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ABSTRACT 

Organic conducting polymers are essential for the development of various 

electronic devices, including field-effect transistors, light-emitting diodes, solar cells, and 

thermoelectric devices. Understanding the charge transport mechanisms within these 

materials, particularly the roles of polarons and bipolarons as charge carriers, is crucial. 

Despite the recognized importance of these carriers, there are ongoing debates regarding 

the interpretation of their mid-IR absorption spectral signatures in the 0.3-0.7 eV range. 

This is mainly due to challenges in applying the conventional mid-gap state model, 

especially in the context of doped P3HT (poly(3-hexylthiophene)) films. The conventional 

model predicts a blueshift for the mid-IR P1 band of bipolarons compared to polarons, yet 

recent experiments reveal both blueshifted and redshifted bands, at elevated oxidation 

levels, leading to confusion about the true mid-IR spectral hallmark of spinless singlet 

bipolarons. This thesis aims to resolve these inconsistencies by proposing a Holstein-style 

model for singlet bipolarons in -́conjugated polymers with nondegenerate ground states. 

The model incorporates hole hopping, electronīvibration coupling involving the prominent 

aromatic-quinoidal mode, and Coulombic interactions between (hole) polarons and 

between polarons and dopant anions. In contrast to the conventional interpretation where 

bipolaron formation results from self-trapping, our findings indicate that it is primarily 

driven by attractive electrostatic interactions with dopant anions. Without these anions, two 

holes would not pair to form singlet bipolarons. More importantly, our results indicate that 

the observed blueshift at lower oxidation levels signifies the increased localization of 

Coulombically interacting polarons, whereas at higher oxidation levels, the simultaneous 

emergence of both redshifted and blueshifted bands is indeed the spectral signature of 
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spinless singlet bipolarons formation. Furthermore, we find that the binding energy of 

bipolarons in ́-stacks of P3HT chains is significantly higher, nearly threefold, than in a 

single chain, highlighting the profound influence of long-range order and chain stacking 

on bipolarons formation. This work contributes to resolving the theoretical ambiguities 

surrounding charge carrier dynamics in organic conjugated polymers and enhances our 

understanding of their optoelectronic properties. 
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CHAPTER 1. BACKGROUND AND MOTIVATION 

1.1. Introduction 

In the realm of organic electronics, polarons play a pivotal role in defining the 

performance and efficiency of Organic Photovoltaic (OPV) Solar Cells1ï4 and Organic 

Light-Emitting Diodes (OLEDs)5ï8. Polarons are the charge carriers in organic 

semiconductors, whose formation and mobility are central to the function of these devices. 

In OPVs, the efficient conversion of solar energy into electrical energy relies on the 

generation and transport of polarons. Their mobility and recombination rates are critical 

factors that determine the power conversion efficiency of the solar cells9. In OLEDs, the 

emission of light is a result of the recombination of electron and hole polarons, making 

their controlled management essential for achieving high luminescence efficiency and 

color purity10. Thus, the understanding of polarons dynamics and photophysics are critical 

to the advancement of organic electronic devices, which promise innovative applications 

in energy and display technologies due to their potential flexibility, light weight, and cost-

effectiveness11,12. 

In the specialized domain of organic photovoltaics, the interaction between P3HT 

(poly(3-hexylthiphene)) and PCBM ([6,6]-phenyl-C61-butyric acid methyl ester) represents 

an essential example of the critical importance of polaron generation. P3HT, a widely used 

conjugated polymer, acts as an electron donor, while PCBM serves as an efficient electron 

acceptor. The chemical structure of both P3HT and PCBM are shown in Figure1.1A. The 

blend of these two materials forms a bulk heterojunction, a nanostructured interface crucial 

for enhancing light absorption and charge separation efficiency13. Figure1.1B illustrates 
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the main physical process as well 

as the energy diagram for a 

polymer-fullerene-based solar cell. 

Upon illumination, excitons 

(bound electron-hole pairs) are 

generated within the P3HT chains. 

However, the limited exciton 

diffusion length in organic 

materials necessitates a close 

proximity of the donor-acceptor 

interface for effective exciton 

dissociation14. This is where the 

role of PCBM becomes vital. The 

excitons, once reaching the P3HT-

PCBM interface, dissociate into 

free charges (polarons) ð the 

electron is transferred to PCBM 

while the hole remains on P3HT. 

This process is essential, as the 

efficiency of solar energy conversion largely depends on the ability of these free charges 

to reach the respective electrodes without recombining. The P3HT/PCBM system has been 

a model for studying and optimizing organic solar cells due to its relatively high charge 

 

 

ITO PEDOT:PSS Polymer:PCBM Ca/Al

P3HT PCBM

Figure 1.1. (a) The chemical structure of P3HT and PCBM. (b)  

the operating mechanism of a polymer-fullerene-based solar 

cell (c) Schematic illustration of the lattice distortion 

(polarization) caused by an excess electron, which results in the 

creation of a small polaron. The red (blue) arrows show the 

Coulomb attractive (repulsive) forces involved. Parts (b) and 

(c) are adapted and reprinted with permission from Ref.13 and 

Ref.21, respectively. 
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carrier mobility15ï17, offering insights into the broader field of organic photovoltaics and 

setting a benchmark for the development of new materials and solar cell architectures. 

The concept of polaron was first introduced by Lev Landau18 in 1933 and Solomon 

Pekar19,20 in 1946 to describe the behavior of a charge carrier (either an electron or a hole) 

moving in an ionic crystal. The 

charge carrier becomes localized 

within a self-generated potential 

well caused by displacing the 

surrounding ions. This entity is 

essentially a quasiparticle, 

comprising an electron or a hole 

surrounded by a cloud of virtual 

phonons. As shown in Figure1.1C, 

when an excess charge (in this case 

an electron) is introduced into a 

polarizable solid, it causes the 

surrounding ions to shift, creating a 

polarization cloud that moves with 

the charge carrier as it travels 

through the crystal structure21. 

In conjugated polymers such as P3HT, charge carriers are produced through the 

formation of so-called localized mid-gap states22 situated between the valence and 

conduction bands. Upon redox doping23, photoexcitation24, or charge injection25, holes or 

 

 Figure 1.2. (a) Formation of a positive polaron within a P3HT 

chain undergoing a p-doping process. (b) and (c) illustrate the 

band structures and optical transitions of polarons and 

bipolarons as predicted by the conventional mid-gap states 
(pre-DFT) and DFT models, respectively. Parts (b) and (c) are 

adapted and reprinted with permission from Ref.43, and part 

(a) is adapted and reprinted with permission from Ref.22. 



4 
 

electrons will be created in the valence and conduction bands of these polymers, causing 

distortions in the surrounding lattice structures and an overall reduction in energy. In fact, 

this lattice distortion is more accurately linked to a shift in the polymer backbone structure 

from an aromatic to a quinoidal form, as illustrated in Figure1.2A. This leads to the 

formation of localized singly and doubly charged quasiparticles, known as polarons and 

bipolarons, respectively, which serve as the primary charge carriers within these 

materials26. Figure1.2A depicts a P3HT chain undergoing a p-doping process where, 

through a redox reaction, an electron is transferred to the dopant, leading to the creation of 

a hole (radical ion) at a redox-active site on the polymer chain. This hole then causes 

distortions in the nearby lattice structures, resulting in the creation of a positive spin  

polaron27. When an additional electron is tremoved from the backbone of the polymer, 

either a second polaron or a bipolaron may emerge, with the outcome depending on the 

energy and position of the excitation28,29. A bipolaron is essentially a localized di-cation 

that is surrounded by significant distortions in the lattice structure. 

The advancement of theories explaining how polarons behave started with the 

influential work of Herbert Frºhlich30,31 and Theodore Holstein32,33 who described the 

behavior of large-radius and small-radius polarons by proposing quantum-field 

Hamiltonians, which laid the foundation for successive research in this area34ï36. Several 

semi-empirical models have also been formulated including the Su-Schrieffer-Heeger 

Hamiltonian37, the semi-empirical MNDO method (which stands for modified neglect of 

diatomic overlap)38,39, and the semi-empirical Hartree-Fock (HF) INDO method 

(intermediate neglect of differential overlap)40,41 to describe the band structure and optical 

transitions of conjugated polymers such as polythiophenes (PTs) and its derivatives. 
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The Density Functional Theory (DFT) and time-dependent DFT (TD-DFT)42ï45 

have also been employed to investigate the optical properties of PTs and PEDOTs (or 

poly(3,4-ethylenedioxythiophene)). Nonetheless, it has been observed that the predictions 

made by DFT and TD-DFT not only differ quantitatively but also qualitatively from those 

made in the earlier studies based on pre-DFT semi-empirical approaches44ï47. Figure1.2B 

illustrates the band structure and the associated optical transitions for polarons and 

bipolarons in PTs predicted by pre-DFT semi-empirical approaches, whereas Figure1.2C 

presents the results as predicted by DFT. A key characteristic of the band structure in the 

pre-DFT picture is the emergence of two spin-degenerate energy levels within the gap. In 

the bipolaronic state, these levels are unoccupied, while in the polaronic state, the lowest 

level is filled by a single electron. In a crystalline structure, this single electron results in a 

polaronic band that is half-filled, in contrast to the completely unoccupied bipolaronic 

band. The optical transitions, which are marked by blue lines in Figure1.2B, reflect this 

band structure. The so-called P1 transition corresponds to the absorption of photons that 

excite an electron from the valence band to the lower mid-gap state, while the P2 transition 

is associated with the excitation of the unpaired electron from the lower mid-gap state to 

the upper mid-gap state. It should be noted that, according to the pre-DFT picture, the P1 

transition for a bipolaron terminates on a higher-energy mid-gap state (resulting in a blue-

shift) compared to the P1 transition of a polaron. 

The DFT picture, on the other hand, reveals a band structure and optical transitions 

that are fundamentally different from those in the pre-DFT picture. As shown in 

Figure1.2C, for polarons DFT shows that spin degeneracy is broken, resulting in 

completely distinct band structures for spin-up and spin-down states. For example, as is 
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the case in Figure1.2C, the band structure for spin-down (Ź) displays an empty level within 

the gap, indicative of a polaronic state, while that of the spin-up (ŷ) lacks any polaronic 

level. It's important to highlight that the nature of polaronic states differs between pre-DFT 

and DFT approaches. In the pre-DFT model, there are two spin-degenerate polaronic states, 

with the lower one being half-filled, whereas DFT predicts only one empty spin-resolved 

state in the gap. This leads to a significant difference in polaronic optical transitions. In the 

DFT model, since the polaronic level is empty, no optical transitions can occur from this 

level. In contrast, the pre-DFT model allows for optical transitions from its occupied 

polaronic level. Additionally, transitions into the second polaronic level are not possible in 

the DFT model, as this level is absent, whereas they are feasible in the pre-DFT model 

where this level exists. Regarding the bipolaronic state, the DFT approach predicts a single 

empty spin-degenerate level in the gap, contrasting with the two empty spin-degenerate 

levels found in pre-DFT models. It is noteworthy that, even with the emergence of modern 

DFT calculations, the semi-empirical pre-DFT models remain widely used in the current 

literatures for interpreting experimental data26,48ï52, in particular studies involving PTs and 

PEDOTs as the active materials53ï55. 

1.2.  Motivation: Spectroscopic Signatures of Polarons to Bipolarons Evolution in 

Electrochemically Doped P3HT 

In an effort to understand the fundamental mechanisms governing charge transport 

and carrier formation in semiconducting polymers, Christina Enengl et al.26 delved into the 

intricate process of electrochemically doping P3HT with 0&. This pioneering research 

meticulously elucidates the transition from polarons to bipolarons with increasing doping 

levels. They measured the mid-IR to UV-Vis spectrum along with the electron 
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paramagnetic resonance (EPR) spectrum as a function of the oxidation potential (from 0 

to1300 mV vs. Ag/AgCl). As can be seen in Figure1.3A, while the potential is increased 

up to 1300 mV, the absorption band associated with the neutral P3HT band gap transition 

(3.54ï2.07 eV) steadily diminishes, while simultaneously two new absorption bands (P1 

and P2 transitions) become apparent, signaling the formation of polarons. The P2 transition 

emerges at approximately 1.68 eV which continues to grow up to 900 mV. Note that the 

intensity of this band begins to diminish beyond 900 mV. The P1 transition appearing at 

approximately 0.52 eV (see Figure1.3B) initially shifts to higher energies (blue-shift) until 

the potential reaches 600-700 mV, and then begins to shift to lower energies (red-shift) at 

higher voltages. The authors attributed these observed spectroscopic changes with the 

transition from polarons to bipolarons in agreement with their EPR measurements (see 

Figure1.3C). With increasing the oxidation potential to up to 600 mV, an increase in the 

EPR signal intensity is observed, corresponding to the rising population of spin  polarons. 

 

Figure 1.3. (a) UV/Vis/Near-IR and (b) mid-IR spectral changes observed during the in situ electrochemical 
oxidation of RR-P3HT thin films, with applied potentials ranging from 0 to 1300 mV. Here, 0 mV serves as 

the reference spectrum. (c) EPR signal variations corresponding to potential changes from 0 to 600 mV and 

from 600 to 1300 mV. The EPR signal intensifies up to 600 mV, but beyond 700 mV, it begins to diminish 

and broaden. All panels are adapted and reprinted with permission from Ref.26. 
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However, as the potential voltage continues to increase beyond 600 mV, a significant 

decrease in the signal is noted, indicating the formation of spinless (singlet) bipolarons. It 

should be noted that the EPR signal is nearly zero at the highest potential (1300 mV), 

indicating that the population of charge carriers is predominantly composed of singlet 

bipolarons.  

Building on these observations, the study further demonstrates that at high 

oxidation levels, the P1 transition of bipolarons, which become the predominant charge 

carriers, is redshifted compared to that of a polaron. This shift in the P1 transition, as 

observed in the electrochemical doping process, contrasts sharply with the conventional 

perspective. As discussed in previous section, the pre-DFT picture suggests that the P1 

transition for bipolarons occurs at higher energy levels, leading to a blueshift, as opposed 

to the P1 transition of a polaron. This discrepancy highlights the importance of the findings 

from Enengl et al.'s study26, which not only provide a deeper understanding of the behavior 

of polarons and bipolarons in doped P3HT but also challenge the theoretical interpretation 

that is still widely used to explain such experimental observations. 

It should be noted that as the P1 peak redshifts with increasing oxidation potential, 

another peak begins to emerge at approximately 0.8 eV when the voltage reaches 1000 mV, 

and this peak persists at higher oxidation potentials (up to 1300 mV). This feature appears 

more like a shoulder peak, as depicted in Figure1.3B, and has been observed and attributed 

to bipolarons in previous works37,43,56ï60. Enengl et al.26 did not discuss this feature, which 

aligns closely with the conventional perspective related to the spectral signatures of 

bipolarons formation. Intrigued by this inconsistency, Schwartz and coworkers61,62 have 

recently argued that the newly observed redshifted P1 peak at high doping levels (high 



9 
 

oxidation potentials) should be attributed to coupled polarons rather than bipolarons, while 

the blueshifted shoulder peak typically seen between 0.8 and 1.1 eV61 is indeed the spectral 

hallmark of a singlet bipolaron. The authors define coupled polarons as two independent 

polarons that are not spin paired but rather interacting Coulombically through their 

transition dipoles. Given that the transition dipole moment of the lowest-energy polaronic 

transition is oriented along the polymer chain axis63, adjacent polarons with aligned 

transition dipoles can J-couple62. Their findings indicate that TD-DFT electronic structure 

calculations combined with Natural Transitional Orbitals (NTOs)64 analysis strongly 

corroborate the conventional view and effectively describe the behaviors of both polarons 

and bipolarons. 

The observations and subsequent interpretations by Enengl et al.26 and Schwartz et 

al.61,62 have emphasized the necessity to reassess our understanding of the spectral 

signatures of polarons and bipolarons in doped P3HT. The significant redshift of the P1 

peak and the emergence of an additional shoulder peak at high oxidation potentials (high 

dopant levels) suggest a more intricate interplay of electronic structures than previously 

recognized. The conventional perspective, while useful, does not reflect the observed 

redshift of P1 peak at all. On the other hand, the latest DFT/NTOs approach attributes the 

red and blue signatures to two distinct species, namely coupled polarons (or triplet 

bipolaron) and bipolarons, coexisting at the same time, which does not align with the EPR 

findings reported by Enengl et al.26.  

In light of these inconsistencies, we have aimed at explaining these observations 

with a refined theoretical approach that can accurately capture the complex dynamics 

observed. We propose that the spectral signatures of a singlet (spinless) bipolaron are 
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indeed reflected in both the blueshifted and redshifted signatures. Moreover, we argue that 

a Holstein-style Hamiltonian32,33, a model known for its ability to describe electron-phonon 

interactions65,66, is well capable of capturing these dual characteristics. This approach could 

potentially offer a unified understanding of the polarons' and bipolarons' behaviors, 

providing a more accurate and comprehensive description of the electronic structure in 

doped conjugated polymers, which aligns well with the complex spectral features observed. 

 

 Figure 1.4. (a) Geometry of a two-dimensional 5x6 lattice of ́-stacks of P3HT chains, where the lattice 

hosts a single hole. (b) Sideview of the lattice as seen through the z-axis, with each site (represented as an 

oval) corresponding to a thiophene unit. Dopant anion (shown as a green ball) is situated in the lamellar 

region of the central chain along the z-axis, at a distance of dan=0.5 nm. (c) Illustration of fragment HOMO 

and LUMO levels in a P3HT chain, highlighting the third thiophene unit hosting a hole, indicated by the 

absence of an electron in its HOMO level. (d) Illustrates the hole transfer process through int er

ht between 

nearest neighbor thiophene units on adjacent P3HT chains. 
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1.3. Background Materials 

1.3.1. Holstein-Style Hamiltonian for Polarons in -́stacks of P3HT Chains   

In this section we focus on exploring a coarse-grained Holstein-style model 

pioneered by Spano and coworkers67ï69, which has proven quite successful in elucidating 

the band structure and mid-IR spectral signatures of polarons in doped P3HT films70ï76. 

The success of the Holstein-style Hamiltonian arises from its ability to treat all key 

processes involved in describing polaronsð including electronic coupling, vibronic 

coupling, and disorder ðon equal footing. The Holstein model interpretation varies 

substantially from the conventional perspective which relies on the formation of mid-gap 

states, primarily because it precisely accounts for nuclear kinetic energy without resorting 

to the Born-Oppenheimer approximation. This is crucial as the energy associated with the 

predominant aromatic-quinoidal mode, around 0.18 eV77, is quite significant and 

comparable to electronic couplings. 

A typical -́stack configuration of P3HT chains hosting a polaron (hole/anion pair), 

as shown in Figures 1.4A and 1.4B, can be modeled as a two-dimensional ὔ ὔ lattice, 

where the polymer's backbone aligns with the y-axis, and the stacking direction extends  

along the x-axis. Each thiophene unit is denoted by the coordinate (n, m), which refers to 

the mth thiophene on the nth chain. A hole located in a given thiophene unit (site) is viewed 

as a half-filled local HOMO, as illustrated in Figure1.4C. Adjacent HOMOs along the 

polymer backbone are connected through the hole transfer integral, ὸ . Additionally, in 

a ́-stack arrangement, there's substantial wave-function overlap between HOMOs of 

neighboring units on adjacent chains, with the interchain hole transfer integral, ὸ , 
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representing this electronic coupling. An example of interchain hole hopping between 

nearest neighbor thiophene units is depicted in Figure1.4D. The position vector describing 

a given site therefore reads: 

, int intn m er rand md= +r x y   
1,2,3,...,

1,2,3,...,

x

y

n N

m N

=ë
ì
=í

   (1.1) 

where x and y are the unit vectors along the interchain and intrachain directions. Nx and Ny 

denote the number of thiophene units in each chain and the number of chains in the 2D 

lattice, respectively.  The nearestīneighbor distances between thiophene units along the 

polymer (int ra
d ) and along the stacking axis (int er

d ) are both roughly around 0.4 nm. 

For a polaron (hole-anion pair) in this 2D lattice, the Holstein-style Hamiltonian 

including both electronic as well as vibronic couplings reads,  

Ĕ Ĕ Ĕ
ele vibH H H= +      (1.2) 

where the electronic part of the Hamiltonian, in the subspace containing a hole, is defined 

as,  

 
int À À int À À

, 1 , , , 1 1, , , 1,
Ĕ Ĕ( ) ( )ra er

ele h n m n m n m n m h n m n m n m n m Coul

n m n m

H t d d d d t d d d d H+ + + += + + + +ää ää        (1.3) 

The first term in Eq.(1.3) shows the intrachain hole hopping along the polymer 

backbone while the second term specifies the interchain hole hopping along the -́stacking 

direction. The Fermion operators 
À

,n md and ,n md are responsible for respectively creating and 

annihilating a hole on the mth thiophene on the nth chain. The third term in Eq.(1) denotes 

the electrostatic attraction energy between the anion and the hole and is expressed as 

follows: 
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2
À

, ,

0 ,

1Ĕ
4

Coul n m n m
n m n m a

e
H d d

pee r r
                      (1.4) 

Here, ► refers to the position vector of the static point-charge anion, and ►ȟ 

represents the hole located at site (n,m). When the electrostatic energy, Ĕ
CoulH  is set to zero, 

Ĕ
eleH in Eq.(1.3) can be diagonalized exactly,  with energies expressed as 

          int int

, 2 cos( ) 2 cos( )
1 1x y

yer rax
k k h h

x y

kk
E t t

N N

pp
= +

+ +
         

1,2,3,...,

1,2,3,...,

x x

y y

k N

k N

=ë
ì
=í

     (1.5) 

with the polaronôs ground state energy (1x yk k ) denoted as 

int int2 cos( ) 2 cos( )
1 1

er ra

G h h

x y

E t t
N N

p p
= +

+ +
                     (1.6) 

Note that the ground state has no nodes, consistent with negative values for tintra and 

tinter.  

Unlike polymers such as trans-polyacetylene78 with a degenerate ground state 

(where the exchange of single and double bonds results in two geometries with the same 

 

 
Figure 1.5. (a) Illustration of the adiabatic potential well for conjugated polymers with non-degenerate 
ground state such as P3HT, highlighting that the quinoid structure possesses a higher energy minimum 

compared to the aromatic structure. (b) Harmonic potential wells of the ground (S0) and cationic (S+) states. 

The excited state (cationic) nuclear well is shifted by the distance Q0 relative to that of the ground state. 
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energy), polythiophene polymers exhibit a non-degenerate ground state77. Alternating 

single and double bonds lead to two distinct geometries with differing energies, as shown 

in Figure1.5A. The adiabatic potential energy in this figure illustrates that the quinoidal 

structure possesses a higher energy minimum compared to the aromatic form, positioning 

the excited state to have greater quinoidal character compared to the more aromatic  ground 

state. Oscillation along the symmetric aromatic/quinoidal vibrational mode (Q), has energy 

0.18vibw eV. 

To properly account for the nuclear relaxation associated with the formation of a 

hole on a thiophene unit, the model includes the local vibronic coupling involving the 

symmetric aromatic/quinoidal vibrational mode in a non-adiabatic manner thereby moving 

beyond the Born-Oppenheimer approximation. This effective mode is responsible for the 

pronounced vibronic progressions observed in the aggregated P3HT absorption and 

emission spectra79ï81. The nuclear potential wells representing vibrational mode Q in both 

the ground (S0) and cationic (S+) states of any thiophene unit are approximated as shifted 

harmonic wells with identical curvature, as depicted in Figure1.5B. The Hamiltonian 

accounting for the vibrational energy of mode Q as well as the local vibronic coupling is 

defined as,   

{ }À 2 À À

, , , , , ,
Ĕ ( )vib vib n m n m vib n m n m n m n m

n m n m

H b b b b d dw w l l= + + +ää ää   (1.7) 

with the operator À

,n mb ( ,n mb ) creating (annihilating) a vibrational quantum within the 

ground state (S0) potential well of the thiophene unit at site (n,m), defined as follows,  

À

,
Ĕ

2

vib
n m

vib

M
b Q

M Q

w

w

è øµ
= -é ù

µê ú
     (1.8) 
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     (1.9) 

where M refers to the mass of the chromophore. The Huang-Rhys (HR) factor, denoted as

2l, refers to the geometric relaxation energy (expressed in units of 
vibw ) that a single 

thiophene unit undergoes upon 

oxidation. This factor is essentially 

nonzero only when the ground (S0) and 

cationic (S+) potential wells are shifted 

(ὗ) relative to each other. It should be 

noted that the zero-point vibrational 

energy as well as the polaronôs on-site 

energy are neglected for simplicity, as 

we are solely interested in transition 

energies from the ground state to the 

excited states. 

1.3.2. Multiparticle Basis Set 

An accurate and commonly 

used basis set for representing the 

Holstein-style Hamiltonian in Eq.(1.2) is the multiparticle basis set proposed by Philpott82 

to describe the photophysics of molecular aggregates. The basis set includes one-particle 

states, two-particle states etc., assuming a single electronically excited thiophene unit but 

 

 Figure 1.6. (a) Illustration of one-particle states, with an 

example of a vibronic (one-particle) excitation labeled as 

, ,2n m . (b) Depiction of two-particle states, featuring a 

vibronic/vibrational pair (two-particle) excitation, denoted 

as , 1,3; , ,2n m n m+ . 
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any number of purely vibrational excitations in the considered ὔ ὔ lattice. The l-

particle state is defined as follows,  

1 1 1 2 2 2 1 1 1, , ; , , ; , , ;....; , ,l l ln m v n m v n m v n m v- - - 1 2 10; 1; 1;....; 1lv v v v-² ² ² ²  (1.10) 

where site (n,m) is electronically excited with v quanta in the shifted cationic (S+) potential 

well (excited state) and counts as the first ñparticleò. The remaining l-1 excitations occur 

in the ground state (S0) potential and are therefore purely vibrational. In practical 

applications, the multiparticle basis set is truncated by enforcing a cap, 
maxv , on the total 

number of vibrational quanta, 
maxj

j

v v v . Although the size of the multiparticle basis 

set grows exponentially with the number of thiophene units, accurate calculations are 

obtainable for aromatic/quinoidal mode by making the two-particle approximation 

(TPA)83, where the basis set is truncated to include only one- and two-particle states.  

In a one-particle state, referred to as , ,n m v , a hole is located on the mth thiophene 

unit of the nth chain, accompanied by v vibrational quanta within its shifted S+ potential. 

The remaining ὔ ὔ ρ sites are in their vibrationless ground states S0. In a two-

particle state, denoted as , , ; , ,n m v n m v¡ ¡, the thiophene unit at site (n,m) is vibronically 

excited with v vibrational quanta in its shifted S+ potential well, whereas thiophene unit at 

site (,n m¡ ¡)  is solely vibrationally excited with 1v vibrational quanta in its unshifted S0 

ground state potential. The other ὔ ὔ ς sites remain in their vibrationless ground 

states. 
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Figure1.6A and 6B depict diabatic states , ,2n m and, 1,3; , ,2n m n m+ , 

respectively, exemplifying one-particle and two-particle states. The state , ,2n m  

represents the case where site (n,m) hosts a hole with two vibrational quanta in S+  harmonic 

well, while all other sites are in their vibrationless ground state. The state 

, 1,3; , ,2n m n m+  indicates the case where a vibronic excitation with 3 vibrational quanta 

in S+ well occurs at site (n,m+1), and site (n,m) hosts a purely vibrational excitation with 3 

vibrational quanta in its unshifted S0 ground state.  

1.3.3. Polaronôs Mid-IR Spectral Line-shape 

The eigenvectors of the Hamiltonian in Eq.(1.2) can be expressed as a linear 

combination of all diabatic states: 

, , , , , , ,

0 1

, , , , ; , ,n m v n m v n m v

n m v n m v n m v

c n m v c n m v n m vg g

g ¡ ¡

¡ ¡= =

¡ ¡Y = +äää ääääää  (1.11) 

in which ‎=1 is the polaronôs ground state with energy EG, and ‎ >1 refers to the excited 

states. The polaronôs mid-IR absorption spectrum can be constructed by considering the 

transitions starting from the polaron ground state and terminating on polaronôs excited 

states (‎ >1). These transitions are associated with the frequently observed P1 peak, situated 

within the 0.3-0.7 eV range in polymers like P3HT. It should be noted that purely infrared 

transitions, which are the sources of the distinctive infrared-active vibrational transitions 

(IRAVs) and anti-resonant peaks observed in the absorption spectrum of oxidized 

polythiophene84,85 as well as other conjugated polymers86,87, are omitted. The higher energy 

P2 peak, observed in the near-IR region (roughly 1.3-1.5 eV in P3HT), is also disregarded, 
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as its accurate representation necessitates the inclusion of the local LUMO level for each 

thiophene unit. Our focus here is solely on the broad absorption bands spanning the spectral 

range from several hundred to several thousand wave numbers. The expression for the 

spectrum polarized along the j direction is given as follows,  

1

( ) ( )j j LS GA f W E Eg

g
g

w w
>

è ø= - -ê úä   ,j x y=   (1.12) 

where the summation goes over all polaronôs excited states, and the oscillator strength for 

the transition from the polaron ground state, GY to an excited state, gY  is represented 

by: 

2

2 2

2
Ĕ( )

3

e
j G G j

m
f E E

e

g

g gm= - Y Y     (1.13) 

with the vector operator Ĕɛin Eq.(1.13), defined as, 

À

, , ,
Ĕ

n m n m n m

n m

e d d=ääɛ r     (1.14) 

 arises from the interaction between the infrared electric field E and the hole, via 

int
Ĕ Ĕ.H =-ɛEΦ Lastly, LSW  in Eq.(1.12) represents the homogeneous line shape function, 

which is an area-normalized Gaussian with a standard deviation of G. 

We begin our analysis of the polaronôs absorption spectrum by initially disregarding 

the electrostatic attraction between the hole and the anion. Figure1.7A and 7B illustrate the 

occupancy diagram as well as absorption spectrum, respectively, for a free hole (h1) in both 

one-dimensional (1D) and two-dimensional (2D) lattices. In the 1D scenario, pertaining to 

a single P3HT chain, the polaronôs ground state is state k=1 with the absorption spectrum 
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revealing a single peak associated with k=1 to k=2 transition. In the 2D context, which 

involves -́stacks of P3HT chains, the polaron's ground state is state kx=1, ky=1, leading to 

a more intricate absorption spectrum, displaying two distinct peaks. The first peak arises 

due to the transition to state kx=1, ky=2, representing an intra-chain (y) polarization. The 

second peak is attributed to the transition from the ground state to state kx=1, ky=2, 

signifying an inter-chain polarization (x). 

 

 

Figure 1.7. (a) Occupancy diagrams representing the ground state of a polaron within a single chain (labeled 

as h1,1D) and in a two-dimensional 9x10 lattice of ˊ-stacks of P3HT chains (labeled as h1,2D), in the limit 

of no electrostatic interactions, i.e., in the absence of the anion. Accompanying these diagrams, part (b) 

displays the corresponding 1D and 2D polaron absorption spectra, assuming int ra

ht = -0.4 eV and int er

ht = -

0.15 eV, and open boundary conditions. (c) Cartoon illustration depicting the gradual buildup of a 9x10 

lattice of ́ -stacks of P3HT chains where the dopant anion, represented as a green ball, remains consistently 

positioned in the lamellar region of the central chain (between the 5th and the 6th thiophene units). The anion 

is situated along the z-axis at a distance of dan=0.5 nm from the polymer backbone axis. Part (d) showcases 

the corresponding evolution in the polaron absorption spectrum (labeled as h1a1) during the stepwise buildup 

of the ˊ-stack. The electrostatic attraction between the hole and dopant anion is included with ‐=2. 

 



20 
 

We next evaluate the polaronôs absorption spectrum in the presence of an anion. 

Figure1.7C presents a simple schematic where we build up the -́stack structure starting 

with a single chain (Nx=1) and progressively incorporating additional chains. The static 

point charge anion is positioned and maintained within the lamellar region of the central 

chain, at a fixed distance of 0.4 nm. 

Figure1.7D demonstrates the 

evolution of polaronôs absorption 

spectrum upon increasing the 

number of P3HT chains. For a 

single chain, the absorption 

spectrum of a bound hole (h1a1) 

exhibits a single intra-chain 

polarized band which is notably 

blue-shifted when compared to the 

spectrum of a free hole (h1) shown 

in Figure1.7B. This blueshift is in 

fact a manifestation of the hole's 

localization, a direct consequence of 

the attractive Coulomb force exerted by the anion. As the number of chains increases, the 

inter-chain polarized peak starts to emerge which also exhibits a blueshift relative to that 

of a free hole (h1). It's important to note that alongside this emergence, the intra-chain 

polarized peak undergoes a redshift as the number of chains increases. This shift is directly 

linked to the hole's delocalization, which occurs as a result of introducing the -́stack 
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Figure 1.8. Intra-chain polarized (//y) absorption spectrum of 

a bound polaron (h1a1) in a 9x10 lattice of ˊ-stacks of P3HT 

chains, both with and without vibronic coupling, assuming 
int ra

ht = -0.4 eV and int er

ht = -0.15 eV, and open boundary 

conditions. The spectrum with vibronic coupling is calculated 

within two-particle approximation with 
max 5v . We have set 

2l=1 and 
vibw =0.17 eV. The dopant anion is positioned in the 

lamellar region of the central chain (between the 5th and the 6th 

thiophene units) along the z-axis at a distance of dan=0.5 nm 

from the polymer backbone axis.  The electrostatic attraction 

between the hole and dopant anion is included with ‐=2. 
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degree of freedom, resembling the behavior observed in a particle-in-a box, where 

enlarging the box size causes the energy states to converge, reducing the energy differences 

between them. 

Finally, we re-evaluate the polaronôs absorption spectrum, this time incorporating 

vibronic coupling that involves the aromatic-quinoidal stretching mode with an energy of 

0.18 eV. Additionally, we also consider the relevant Huang-Rhys factor, ɚ2 =188. Figure1.8 

illustrates the intra-chain polarized absorption spectrum of a bound polaron (h1a1), both 

with and without vibronic coupling. The spectrum with vibronic coupling is calculated 

within the two-particle approximation with 
max 5v . In the absence of vibronic coupling 

the spectrum reveals a single peak, designated as peak B, occurring at approximately 0.4 

eV. However, the introduction of vibronic coupling adds an additional, lower-energy peak, 

referred to as peak A occurring in this case at roughly 0.16 eV. The position and notably 

low intensity of this peak suggest a significant localization, likely due to the strong 

interaction with the adjacent dopant anion. Peak B also experiences a small blueshift in 

response to the activation of vibronic coupling with some additional higher-energy 

structure 

Previous studies72ï75,89 on polarons have shown that both peaks A and B are greatly 

influenced by the extent of hole localization. Generally, peak B, often known as P1 

transition, exhibits a blue shift and increases in intensity as localization increases, which 

can be caused for example by moving the dopant anion closer to the P3HT chain. On the 

other hand, peak A, also known as DP184,90 and CT91 in the original studies, tends to 

decrease in intensity and undergoes a slight blue shift converging toward the quinoidal-

aromatic frequency (0.18 eV) under strong localization conditions72,89. 
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1.3.4.  Origin of Peaks A and B:  

The origin of the polaron peaks A and B can be thoroughly elucidated in the context 

of a dimer, where only two thiophene units are present to host the hole. The local state 1

represents the case where the first thiophane unit hosts the hole, while the local state 2

indicates that the hole is located on the second thiophane unit. The electronic Hamiltonian 

for a dimer therefore reads,  

                   { } { }Ĕ 1 1 2 2 1 2 2 1ele hH V t= + + +    (1.15) 

where ht  represents the hole hopping between two units, and V is the electrostatic attraction 

energy between the anion and the hole. We assume that the dopant is symmetrically placed 

at a distance danion from the central point between two units separated by a distance d. 

Taking 0ht <  and diagonalizing Eq.(1.15) results in a symmetric ground state,  

{ }
1

1 2
2

S = +           (1.16) 

with energy hV t- , and an antisymmetric excited state,  

{ }
1

1 2
2

AS = -           (1.17) 

with energy hV t+ Φ The mid-IR transition between the ground state G  (=S ), and the 

electronic excited state B (=AS ) is dipole-allowed via the matrix element, 

Ĕ
2

ed
G Bm =- , with transition energy equal to2 ht , and therefore the spectral signature 
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of the polaron, in the absence of vibronic coupling, manifests solely as a single peak B, 

also referred to as the P1 transition. 

Intriguingly, the inclusion of 

vibronic coupling leads to the 

appearance of the low-energy peak 

A through a mechanism known as 

HerzbergīTeller effect, whereby the 

initially dipole-forbidden and dark 

transition A becomes bright by 

borrowing oscillator strength from 

peak B via both intrachain and 

interchain interactions. This effect can be understood by perturbatively incorporating the 

(electronic) off-diagonal components of the polaron-vibrational coupling, as is valid in the 

regime of strong polaron coupling limit, defined by 
22 h vibt w l>> . To elucidate this, one 

must first express both the electronic and vibrational terms of the Hamiltonian in terms of 

the symmetry adapted basis sets, S and AS . The total Hamiltonian including both 

electronic and vibrational couplings in this basis set then reads, 

      
(0)Ĕ Ĕ Ĕ

pH H H= +         (1.18) 

where the unperturbed dimer Hamiltonian,
(0)ĔH  is taken to be diagonal in the symmetrized 

electronic basis set, as follows,  

{ } { }(0)Ĕ
hH V S S AS AS t S S AS AS= + + -      

 

 
Figure 1.9. Diagram illustrating the emergence of peak A due 

to the Herzberg-Teller effect in the presence of vibronic 

coupling. 
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{ }À À 2 À( )
2

S S AS AS S Sb b b b b b S S AS AS
l

l
è ø

+ + + + + +é ù
ê ú

       (1.19) 

in which the creation operators for the symmetric and antisymmetric vibrational modes 

(phonons) are defined as, 

( )À À À

1 2

1

2
Sb b b= +          (1.20) 

( )À À À

1 2

1

2
ASb b b= -           (1.21) 

The eigenstates of the unperturbed Hamiltonian, aka polaron-phonon basis, can be 

written as, 

, ,S ASE q q          (1.22) 

where E = (S or AS) denotes the electronic state. Sq  and ASq indicate the number of 

symmetric and antisymmetric vibrational quanta, respectively. The bar overstrike in Sq  

signifies that the nuclear potential for the symmetric mode is shifted by 
2

l
 relative to the 

nuclear potential of the antisymmetric mode.  

The perturbation Hamiltonian, ĔpH , is off-diagonal within the electronic basis set 

and includes a vibronic coupling term as follows,  

{ }ÀĔ ( )
2

vib
p AS ASH b b S AS AS S
w l

= + +        (1.23) 

The zero-order electronic/vibrational ground state is then given by, 
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(0)
,0 ,0S ASG S=            (1.24) 

where 0S and 0AS indicate that both vibrational modes have no quanta. The zero-order 

excited states which are relevant to the A and B transitions include the vibrationally excited 

ground state, 

(0)
,0 ,1S ASA S=            (1.25) 

and the electronically excited state, 

(0)
,0 ,0S ASB AS=            (1.26) 

The effect of Ĕ
pH  on the zero-order ground state can be evaluated as follows,  

(0) ÀĔ ( ) ,0 ,0
2

vib
p AS AS S ASH G b b AS S S

w l
= +              

À( ) ,0 ,0 ,0 ,1
2 2

vib vib
AS AS S AS S ASb b AS AS

w l w l
= + =      (1.27)     

which essentially shows thatĔ
pH  mixes the symmetric,0 ,0S ASS  and antisymmetric

,0 ,1S ASAS  polaron-phonon states with the coupling term,  

Ĕ,0 ,1 ,0 ,0
2

vib
S AS p S ASAS H S

w l
=                        (1.28) 

Similarly, the impact of Ĕ
pH on the zero-order vibrationally excited ground state can 

be assessed in the following manner,  
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(0) ÀĔ ( ) ,0 ,1
2

vib
p AS AS S ASH A b b AS S S

w l
= +             

       
À( ) ,0 ,1 ,0 ,0 2 ,0 ,2

2 2 2

vib vib vib
AS AS S AS S AS S ASb b AS AS AS

w l w l w l
= + = +  (1.29) 

leading to the mixing of the symmetric,0 ,1S ASS  state with the antisymmetric

,0 ,0S ASAS , which is crucial for the HerzbergīTeller mechanism. The ground and excited 

state wave functions corrected to first-order are then given by, 

,0 ,0 ,0 ,1
2(2 )

vib
S AS S AS

h vib

G S AS
t

w l

w
= -

+
           (1.30)

,0 ,1 ,0 ,0 ,0 ,2
22(2 )

vib vib
S AS S AS S AS

h vibh vib

A S AS AS
tt

w l w l

ww
= - -

+-
  (1.31) 

  ,0 ,0 ,0 ,1
2(2 )

vib
S AS S AS

h vib

B AS S
t

w l

w
= +

-
          (1.32) 

with the energies of the ground state and the excited states corrected to second-order 

given by, 

( )
2

2(2 )

vib

G h

h vib

E V t
t

w l

w
= - -

+
              (1.33) 

( ) ( )
2 2

2(2 ) 2

vib vib

A h vib

h vib h vib

E V t
t t

w l w l
w

w w
= - + - -

- +
     (1.34) 

( )
2

2(2 )

vib

B h

h vib

E V t
t

w l

w
= + +

-
          (1.35) 
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where we have omitted a constant additive term 

2

2

vibw l
.One can readily calculate the 

transition energies for peaks A and B in the strong polaron coupling limit as,  

  

2

2 2

4( )

2 4 ( )

hvib
vibG A

h vib

t

t

w l
w

w
­

ë û
D = - ì ü

-í ý
              (1.36) 

2

2 2

2
2 ( )

4 ( )

h

h vibG B

h vib

t
t

t
w l

w
­

D = +
-

            (1.37) 

which essentially shows that the transition to state A  occurs at an energyG A­
D , which 

is roughly equivalent to one vibrational quanta, whereas the transition to state B  takes 

place at 2 hG B
t

­
D º . The oscillator strengths corresponding to peaks A and B can 

similarly be determined as follows,  

 

2
2 2

2 2

2 2

4
Ĕ ( )

8 4 ( )

h

vib

h vib

te d
G A

t
m w l

w

è ø
= é ù

-ê ú
         (1.38) 

{ }

2
22 2

2

2 2

( )
Ĕ 1

4 2 4 ( )

vib

h vib

e d
G B

t

w l
m

w

è ø
é ù= -

-é ùê ú

          (1.39) 

Eq.(1.38) illustrates that under the condition of strong polaron coupling, peak A is 

vibronic in origin, characterized by an increasing line strength proportional to the 

vibrational frequency and the HR factor, yet inversely related to ht . In contrast, Eq.(1.39) 



28 
 

reduces to 

2 2
2

Ĕ
4

e d
G Bm =  in the absence of polaron-vibrational coupling ( 0l= ), 

indicating that peak B's nature is electronic.  

1.3.5. The Effect of Disorder 

The spectra depicted in the previous section do not fully reproduce the actual mid-

IR measurements of P3HT films. This is primarily because polymer films are not simply 

collections of rigid and disorder-free P3HT chains. Instead, the complex and inherent 

morphology of these films leads to various forms of disorder. This disorder can be broadly 

 

 Figure 1.10. Mid-IR absorption spectrum of a hole in a 6x6 lattice of ́ -stacks of P3HT chains, accounting 

for short-range site-disorder in both intrachain and interchain directions. The disorder width s is varied as 

follows: (a) 0.2 eV, (b) 0.4 eV, and (c) 0.6 eV. These simulated spectra are derived by averaging over 103 

randomly generated disorder configurations. 
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classified into two main categories: (i) diagonal, or energetic, disorder which includes 

random site-energy shifts caused by inhomogeneous distribution of electric fields, and (ii) 

off-diagonal, or paracyrstalline, disorder which includes both intra- and inter-chain defects 

typically causing disruptions in crystallinity such as grain boundaries and the presence of 

amorphous regions. 

The total Hamiltonian with the inclusion of diagonal disorder reads,  

À

, , ,
Ĕ Ĕ Ĕ

dis ele vib n m n m n m

n m

H H H d d= + + Dää       (1.40) 

where energetic disorder is incorporated phenomenologically by adding site-energy 

deviations, denoted as ,n mD Σ which are randomly selected from a Gaussian distribution with 

standard deviation s. The probability of a given thiophene site having deviation ,n mD  is 

then given by, 

2

,

, 2

1
( ) exp

22

n m

n mP
sps

å õD
D = -æ öæ ö

ç ÷
      (1.41) 

Figure1.10 effectively demonstrates how increasing short-range energetic disorder 

influences the absorption spectrum of a free hole (h1) within a 6x6 polymer -́stack. As the 

disorder width s progressively increases from 0.2 eV to 0.6 eV, noticeable from the top 

panel to the bottom, two key changes are observed: a blue shift in peak B and a reduction 

in the A/B peak ratio. These changes collectively signify the hole localization upon increase 

in site disorder.  This phenomenon is analogous to the effect observed when an anion is 

moved closer to the polymer chain, both resulting in similar spectral signatures indicative 

of hole localization. It is important to note that the effect of disorder also leads to a 
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broadening of the overall spectrum. This broadening primarily arises because, for each 

specified disorder width s, the simulated spectrum is derived by averaging over a 

substantial number of randomly generated disorder configurations, typically ranging from 

103 to 104, to ensure convergence. This process leads to the observed inhomogeneous 

broadening in the spectrum. For single polarons, the described disorder model has yielded 

near quantitative reproductions of the mid-IR spectra for doped and undoped P3HT films72ï

75,89 where the hole density is assumed low enough to justify single polarons. We note in 

passing, that including a gaussian distribution of inter-site couplings (ht ), i.e. off-diagonal 

disorder, gives qualitatively similar results. 

1.4. Overview of the Thesis 

This thesis addresses the following important issues: 

¶ Should the dual spectral signatures (blue- and redshift) observed at high 

oxidation potentials in doped P3HT filmsð specifically, the notable redshift of 

the P1 peak and the emergence of an additional shoulder peak at roughly 0.8 eV 

ð be attributed to the formation of a single species, namely a singlet bipolaron? 

Or do these signatures indicate the formation of two distinct species, 

specifically bipolarons and coupled-polarons? 

¶ How do the spectral signatures of a singlet bipolaron differ from those of an 

ionized bipolaron, where a hole is intensely localized and surrounded by two 

anions? Additionally, can the emergence of the additional shoulder peak, 

observed at approximately 0.8 eV, be attributed to ionized species such as an 

ionized bipolaron? 
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¶ What are the spectral differences between the formation of a singlet 

bipolaron within a single P3HT chain (1D lattice) and its formation in a -́

stack of P3HT chains? In essence, how do the spectral signatures of a 2D 

bipolaron differ from those of a 1D bipolaron? 

¶ How do Coulombic interactions, both among holes and between holes and 

dopant anions, affect the mid-IR spectral signatures? Additionally, is the 

presence of dopant anions a prerequisite for the formation of bipolarons? 

This question is crucial, as the conventional midgap state model indicates 

that the formation of bipolarons does not necessitate the presence of dopant 

anions. 

¶ What is the significance of electron-vibration coupling, especially the 

aromatic-quinoidal stretching mode with an energy of 0.18 eV, in the 

formation of bipolarons? Specifically, is the formation of bipolarons 

feasible without incorporating vibronic couplings? This inquiry probes a 

key assumption of the conventional midgap state model, which posits that 

nuclear relaxation and lattice distortion are critical for the formation of 

bound bipolarons. 

¶ How does the A/B peak ratio differ between a singlet bipolaron and a 

polaron formation within a single P3HT chain? Furthermore, how is this 

ratio influenced by the hole-hole repulsion in a bipolaron? Does this ratio 

provide insights into the extent of delocalization in a bipolaron compared to 

that in a polaron? 
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¶ How does the formation of larger multi-polaron complexes such as 

tripolarons and tetrapolarons, particularly at high oxidation potentials, 

influence the mid-IR absorption band and the hole ionization potential? 

Furthermore, how do the spectral signatures of these complexes differ from 

those of bipolarons and polarons within a single P3HT chain? What 

implications do the findings on hole delocalization and hole-hole repulsion 

in large polaron-anion complexes have for charge transport in organic 

materials? 

This thesis is structured as follows: 

Chapter 2: This chapter expands the Holstein-style model for mid-IR polaron 

absorption in -́conjugated polymers with nondegenerate ground states to include singlet 

bipolarons. The model integrates electron-vibration coupling involving the prominent 

aromatic-quinoidal mode, along with Coulombic interactions between holes and between 

holes and dopant anions. In comparison to single polarons, the mid-IR band for bipolarons 

shows a redshift of up to 0.2 eV, dependent on the level of disorder. This redshift is 

indicative of enhanced hole delocalization in the bipolaron complex, corroborating recent 

measurements on electrochemically-doped P3HT films. 

Chapter 3: In this chapter, multi-polaron complexes in P3HT films are investigated 

theoretically for polaron-anion configurations in which stationary dopant anions are 

positioned on both sides of the polymer chain, within the lamellar region.  Complexes as 

large as tetrapolarons, consisting of 4 anions and an equal number of mobile holes, are 

considered. It is found that the mid-IR absorption band (P1) redshifts and the hole 

ionization potential decreases as the complex grows in size, from a single polaron to a 
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tetrapolaron. Such behavior is shown to arise mainly from enhanced hole delocalization 

due to hole-hole repulsion and has important implications for charge transport in organic 

materials. 

Chapter 4: This chapter significantly expands the coarse-grained model for singlet 

bipolarons, introduced in Chapter 2, to encompass -́stacks of P3HT chains. The refined 

model aligns exceptionally well with recent experimental measurements on 

electrochemically-doped P3HT films. It accurately captures the mid-IR spectral evolution 

in doped P3HT films during electrochemical oxidation, where the P1 band initially shows 

a blueshift with increasing oxidation potential. At higher oxidation potentials, however, the 

P1 band redshifts back, surpassing the polaron's P1 band, and an additional shoulder peak 

at approximately 0.8 eV appears. The findings indicate that both the red-shifted and blue-

shifted signatures are characteristic of singlet bipolaron formation, rather than coupled 

polarons. Furthermore, the analysis reveals that the binding energy of bipolarons in a -́

stack of P3HT chains is significantly higher, about three times, compared to a single chain, 

emphasizing the profound effect of long-range order and chain stacking on bipolarons 

formation.  

Chapter 5: In this concluding chapter, we explore a pivotal future research 

direction and the capability of the Holstein-style model to elucidate the nature of the near-

IR polaron peak, known as P2 peak, by expanding the multiparticle basis set to incorporate 

states with two holes and an electron, the so called trions. 
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CHAPTER 2. UNDERSTANDING BIPOLARONS IN 

CONJUGATED POLYMERS USING A MULTIPARTICLE 

HOLSTEIN APPRAOCH 

2.1. Introduction 

The nature of charge carriers in -́conjugated polymers has been a subject of intense 

interest since the discovery of conducting polymers over four decades ago92.  Upon doping, 

polymers like polythiophene (PT), with nondegenerate ground states, are believed to 

support polarons and bipolarons as the major charge carriers93. Early studies supported 

bipolarons as the primary charge storage state94ï99, although more recent studies show that 

polarons also contribute, depending in a complex manner on the doping mechanism (i.e. 

chemical vs electrochemical), the nature of the dopant, and the morphology of the polymer 

film26,51,56,63,73,75,100ï109. 

Recently, Enengl et al.26 conducted an in-depth spectroscopic/electron 

paramagnetic resonance (EPR) study of poly(3-hexylthiophene) or P3HT. They measured 

the mid-IR to UV-Vis spectrum along with the EPR spectrum as a function of the oxidation 

potential for P3HT electrochemically doped with ὖὊ. Their experiments showed that with 

increasing chain oxidation, the mid-IR (ñP1ò) band initially blue-shifts while the EPR 

signal grows, indicative of a rising population of spin-1/2 polarons. However, when the 

potential reaches 600-700 meV the trend reverses; at 600 meV the EPR signal starts to 

diminish, while at a slightly higher potential (700 meV) the P1 band begins to red-shift. 

The authors attributed the trend-reversal to the formation of spinless (singlet) bipolarons at 
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the highest oxidation potential, a conclusion supported by later studies of Neusser et. al.100 

and Nightingale et. al.109. In the very early studies, a blue-shift of P1 in electrochemically-

doped PT was observed by Kaneto et. al.94, although Chung et. al.95 found essentially no 

shift. For poly(3-methylthiophenes (P3MT)) a blue-shift was first observed by Harbeke et. 

al.96,97. Further ESR studies by Colaneri et al.98 indicated bipolaron formation at all but the 

lowest doping levels. In P3HT early spectroscopic and magnetic studies by Nowak et. al.99 

also implicated bipolarons as the main charge-storage species. However, the situation is 

more complex, with additional evidence of single polarons attributed to interchain 

interactions as well as chains hosting an odd number of charges. A blue-shifted P1 peak in 

chemically-doped P3HT was more recently observed by Wang et al.101 and  Jacobs et 

al.102,103 as a function of increasing dopant (F4TCNQ) concentration. Detailed EPR studies 

by Tait et al.104 showed mostly polaron formation. For F4TCNQ-doped films they obtained 

direct evidence of dipolar and exchange interactions between the hole and dopant anion 

indicative of more localized, bound holes, with obvious strong implications for charge 

mobilities. Recent Raman studies also support polarons as the main charge carriers in 

chemically-doped P3HT51. Blue-shifted P1 bands in other conjugated polymers with 

increasing dopant concentration have also been documented, and interpreted as an 

increasing propensity to oxidize segments with shorter conjugation lengths110. However, a 

subsequent red-shift at higher dopant concentrations has not, to our knowledge been 

observed before the work of ref. 26. 

With the exception of ref.110, all of the early studies (< 1995) cited above focused 

not on the spectral shift of P1 to spectrally distinguish polarons and bipolarons, but on the 

number of sub-gap bands: the appearance of two-bands (P1 plus the higher-energy near-IR 
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band)  was taken as evidence for bipolarons, while three bands indicated polarons. The 

assignment is based on conventional theory which predicts two mid-gap polaron states111ï

113. The theory also predicts a blue shift of the P1 transition upon formation of bipolarons
111, 

which contrasts the observations by Enengl et al.26 However, over the years the 

conventional model has come under increasing scrutiny, beginning with the work of 

Deussen and Bassler110 , who provided strong spectroscopic evidence showing that 

absorption in doped semiconducting polymers is very likely due to a Franck-Condon 

allowed transition of radical anions and cations, and not necessarily reflective of the 

polaron binding energies. Moreover, the conventional theory predicts the second ionization 

potential in a semiconducting polymer should be smaller than the first ionization potential, 

an observation that has thus far eluded confirmation in semiconducting polymers, and 

shown to be incorrect for organic polarons in other systems114. More recently, Heimel44,115 

has shown that inclusion of Coulombic interactions, which was lacking in the earlier 

theories111ï113 recovers the normal ordering of ionization potentials in semiconducting 

polymers. The Heimel model shows the existence of a single, unoccupied mid-gap state 

for polarons, in stark contrast to the conventional model. Excellent descriptions of the more 

modern interpretation of polarons based on DFT, including also the effect of Coulomb 

interactions and the presence of dopant anions, was provided by Sahalianov et. al.58 and 

Png et. al.116. 

In several recent works67,68,72,73,75,89,117 we have developed an alternative course-

grained model to describe mid-IR polaron absorption in conjugated polymers. The model, 

which includes hole-hopping between repeat units, Coulombic interactions between the 

hole polaron and dopant anion, site-energy disorder, and, importantly, local electron-
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vibrational coupling involving the quinoidal-aromatic stretching mode, successfully 

accounts for the mid-IR spectral line shape in a variety of doped P3HT 

films67,68,72,73,75,76,89,107,117.  The Holstein-style Hamiltonian was analyzed in a multiparticle 

basis set, originally developed to account for exciton-phonon coupling in Frenkel 

excitons82,118ï120. Unlike in past approaches, the adiabatic approximation is not invoked; 

nuclear kinetic energy is treated exactly at the start, which is essential when the vibrational 

mode energy is of the order of the electronic bandwidth, as is the case for conjugated 

polymers. Barford et. al.121 utilized a similar Holstein-style Hamiltonian to describe 

vibronic coupling in conjugated polymers, finding that polarons are more likely formed via 

disorder-induced (Anderson) localization as opposed to self-trapping.  

In what follows, we expand the Holstein-style Hamiltonian to include a singlet pair 

of polarons in conjugated polymer chains containing N thiophene units or sites. The 

Hamiltonian is represented in a multi-particle basis set, where a particle is defined as an 

on-site excitation, be it a vibronic (i.e. a hole) excitation or a pure vibrational excitation on 

a neutral site. Coulombic interactions between polarons, as well as between the polarons 

and dopant anions, are explicitly accounted for. We further include disorder, by considering 

random site energy fluctuations, governed by a Gaussian distribution with standard 

deviation, „. We focus only on the mid-IR band, and confirm that a red-shifted P1 band 

with increasing dopant concentration is indeed a result of bipolaron formation. Here, 

bipolaron stabilization relative to two independent polarons is achieved via Coulombic 

coupling between holes and dopant anions. The aromatic-quinoidal vibrational energy 

(0.174 eV) is too high to support self-trapping and the formation of mid-gap states. 
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2.2. Model and Hamiltonian 

We continue to utilize the coarse-grained model for conjugated polymers with 

nondegenerate ground states, which has been successful in accounting for the mid-IR 

spectral line shape in doped and undoped polymer films67,72,73,75,76,89,107,117. For P3HT, only 

the local HOMO for each thiophene unit is retained, with each HOMO level coupled to its 

immediate neighbors via the hole transfer integral, th as illustrated in the simplified 

schematic shown in Figure2.1A. The figure also shows the assumed geometries 

corresponding to a chain doped with a single anion (Figure2.1A), as well as a chain doped 

with two anions (Figure2.1B and C). 

For a singlet pair of polarons, the wave function for hole excitations at sites m and 

n with m ņ is expressed as, 

À À À À 1
(

2

1
{ } , )

2
m n n m

d d d d G m n n m
¬ ® ¬ ®

¬® - ®¬+ = Ã >    (2.1a) 

When projected onto the space spanned by the coordinates of polaron 1 and 2 the 

function |m,n> attains the form, 

1
| , { (1) (2) (2) (1)}

2
m n m nm n n my y y y>­ + >    (2.1b) 

Here, (1)my indicates that hole ñ1ò resides in the local HOMO of the mth thiophene 

ring. For the case of a doubly-occupied site the local wave function is, 

À À 1

2
,

m m
d d G m m
¬ ®

¬® - ®¬= Ã        (2.2a) 

with 
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| , (1) (2)m mm m y y>­ .         (2.2b) 

  

With the basis functions defined above, the electronic part of the Hamiltonian can 

be written in the subspace containing two holes as, 

el h

,
( )

'{ , , 1 , 1, . .}
m n
n m

H t m n m n m n m n h c

>

= + + + +ä  

h ,

,
( )

2 { , , 1 , 1, . .} V , ,m n

m m n
n m

t m m m m m m m m h c m n m n

²

+ + + - + +ä ä           (2.3) 

where we have omitted the spin part and taken the zero of energy to correspond to the local 

HOMO level of each thiophene site. The first term in the Hamiltonian in Eq.(2.3) accounts 

for hole hopping between initial and final states with the polarons remaining separated on 

distinct sites throughout (as indicated by the prime). In what follows we employ the value 

 

Figure 2.1. a) Simplified anion-polymer geometry assumed for a single polaron within a conjugated polymer 

chain with N=10 units.  For P3HT each unit corresponds to a thiophene ring with nearest neighbor separation 

d of approximately 0.4 nm.  dan is the distance between the point-charge anion and the chain center.  b) 

Geometry assumed for the bipolaron. Here, dan-an is the distance between anions projected onto the chain 

axis. Rotating either anion around the polymer axis while maintaining dan results in equivalent anion-polaron 

electrostatic interactions (but variable anion-anion repulsion).  c) Complex with greater anion-anion 

repulsion results when both anions are on the same side of the chain. 
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th = -0.4 eV as supported by DFT calculations
122. The second term accounts for the hole 

transport involving the state |m,m> where two polarons reside within the same (mth) 

thiophene ring. The last term accounts for the electrostatic (Coulomb) energy, 

         
h-h an-h

, , ,V V Vm n m n m n= +            (2.4) 

h-h

,Vm nrepresents the repulsion between holes on thiophene rings m and n, while 
an-h

,Vm n  

represents the attraction between the holes (m and n) and the two anions. To evaluate Vm,n 

we assume a simplified one-dimensional charge distribution, where the hole in the nth 

thiopheneôs HOMO is considered a positive point charge, +e, located at the position ndi

89. Here, i  is the unit vector along the chain axis, and the nearest neighbor distance 

between two thiophene centers is approximately, d = 0.4 nm, see Figure2.1. For this charge 

distribution the hole repulsion energy 
h-h

,Vm n with m ņis then given by, 

2
h-h

,

0

1
V

4 | |
m n

e
m n

d m npe
= ¸

-
         (2.5) 

The on-site repulsion energy 
h-h

,Vn n, for two holes double filling the HOMO on the 

same thiophene unit, is evaluated as described in the Appendix(I) ï by assuming atomic 

orbital coefficients corresponding to  a butadiene HOMO, and using the Ohno 

potential123,124, 

  
2

2

0

U
V ( )

U
1 { }

( / 4 )

Ohno r

e rpe

=

+

          (2.6) 

to approximate the hole-hole repulsion (with U = 11.5 eV). We find that the repulsive 

interaction between two holes on the same thiophene ring is about 1.5 times greater than 
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that between two holes on neighboring rings. Finally, the attractive component of the 

Coulomb energy is 

2
an-h

,

1,20 , ,

1 1
V ( )

4 | | | |
m n

i m a i n a i

e

pe=
=- +

- -
ä

r r r r
         (2.7) 

where ra,i locates the ith (point-charge) anion while, rm =mdi. The hole-anion geometry is 

illustrated in Figure2.1B and C. In all that follows we neglect the small exchange coupling 

term as is done in the PPP and Hubbard models for conjugated polymer chains125.  

When the electrostatic energy, ,Vm nis set to zero, the Hamiltonian in Eq.(2.3) can 

be diagonalized exactly,  with energies expressed as 

1 2, 1 22 cos( / ( 1)) 2 cos( / ( 1))k k h hE t k N t k Np p= + + +              k1,k2=1,é.N     (2.8) 

Hence, taking th < 0 gives the ground state energy, 1,1 4 cos( / ( 1))G hE E t Np= = +, 

which, as expected for a singlet polaron pair, corresponds to a doubly-occupied state with 

k1=1. 

To include the local vibronic coupling involving the aromatic-quinoidal vibrational 

mode we utilize a Holstein-style Hamiltonian,  

À À À

vib vib vib
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ä ä

ä
      (2.9) 

where 1=is assumed. wvib is the energy (0.17º  eV) of the aromatic-quinoidal vibration 

and l2 ( 1º ) is the corresponding Huang-Rhys factor, which accounts for the shift of the 

harmonic well in going from a neutral to a cationic thiophene unit. For simplicity we 

assume the same HR factor for the di-cationic potential. (We have investigated a range of 
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dicationic HR factors from 0.5 to 1.5 and found negligible impact on the mid-IR spectrum. 

This is expected since hole-hole repulsion discourages double occupation of a single 

thiophene unit). 

After considering all of the electronic and vibrational contributions discussed 

above, the total Hamiltonian can be written as,  

an-anel vib VH H H= + +        (2.10) 

where 
2

an-an 0 ,1 ,2V / (4 (| |)a ae pe= -r r represents the anion-anion repulsion. Since the anions 

are assumed to be immobile (after finding a local minimum within the polymer complex), 

Van-an simply contributes an overall constant to all bipolaron state energies. As detailed in 

Appendix(I), H is represented in a local multiparticle basis set containing up to four-particle 

states, which is sufficient to obtain convergence in the spectral observables. Here, a p-

particle state is one in which p-sites are excited either vibronically (hosting one or two 

holes) or purely vibrationally (but with no holes). Accordingly, the ith two-polaron 

eigenstate of H in Eq.(2.10)) is expressed as, 

( ) ( )

, , , ,

0,1,... , ,
( )

( )

, ; ,

( ) 1,2,...

| , , | , , ,

| , , ; , ...

m m n

m m n

m l

m l

i i

i m v m m n v v m n

m v m n v v
n m

i

m v l v m l

m v l m v

c m m v c m n v v

c m m v l v

Y
=

>

¸ =

= >+ >

+ >+

ä ä ä ä

äää ä
      (2.11) 

Here | , , mm m v > is a one-particle state in which both holes are confined to a single 

site (m) with mv  ( 0² ) vibrational quanta in the shifted di-cation potential well. (Here, the 

bar overstrike indicates vibrational quanta relative to the shifted potential well). In the two-

particle state, | , , ,m nm n v v >, hole excitations appear at two sites, m and n, with mv  and nv  

vibrational quanta residing in the respective cationic potential wells. The state, 

| , , ; ,m lm m v l v> is also a two-particle state, comprised of a double-hole excitation at site m 
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and a pure vibrational excitation at site l with vl  (1²) vibrational quanta in the un-shifted 

potential well corresponding to a neutral double-filled HOMO. The three- and four-particle 

states are described in Appendix(I). The energy of the ith bipolaron state is denoted as, Ei. 

In what follows, the ground state of H in Eq.(2.10) is denoted as EG.  

Table 2.1. Calculated two-polaron energies (2E(1P)) and bipolaron binding energies for several values of dan  

and dan-an using the Hamiltonians in Eq.s (A.1) and (2.10) for one- and two-polarons, respectively. Binding 

 energies in brackets do not include Van-an. For two polarons the Hamiltonian in Eq.(2.10) is expressed in a 

 multiparticle basis set containing up to 4-particle states. All energies are reported in eV. 

Based on the Hamiltonian in Eq.(2.10) we evaluated the two-polaron ground state 

energy, EG, for a chain with N=10 sites and with the two anions situated as depicted in 

Figure2.1B. We found that convergence in the ground state energies is obtained for values 

of dan-an which are less than approximately half the chain length, i.e. dan-an < 1.8 nm for 

N=10. We also evaluated the single polaron ground state energy, EG(1P), using the 

Hamiltonian in Eq.(A.1) (see Appendix A), with the geometry depicted in Figure2.1A. Two 

polarons are bound to form a bipolaron when the binding energy, defined as 2EG(1P) - EG, 

is a positive number. Table.2.1 shows 2EG(1P) - EG for several combinations of dan and 

dan-an as defined in Figure2.1B. Also shown in brackets, are the binding energies evaluated 

neglecting Van-an . Generally, the binding energy diminishes with increasing   dan-an and 

increasing dan. A more detailed discussion is presented in Appendix A, where it is further 

dan (nm) 2EG(1P)  2 EG (1P) - EG 

dan-an=0 

2 EG (1P) - EG 

dan-an=0.8 nm 

2 EG (1P) - EG 

dan-an=1.6 nm 

0.5 -6.231 0.2934 

(1.7344) 

0.1064 

(1.2315) 

0.0341 

(0.7977) 

0.75 -4.709 0.0921 

(1.0526) 

0.0714 

(0.9190) 

0.0408 

(0.6977) 

1.0 -3.911 0.0586 

(0.7790) 

0.0507 

(0.7196) 

0.0310 

(0.5935) 
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shown that the binding energy approaches zero when dan-an approaches infinity, consistent 

with two noninteracting polarons. Interestingly, if the anions are instead located on the 

same side of the chain as in Figure2.1C,an-anV , is significantly greater, making the two-

polaron states unstable relative to two free polarons. Such higher-energy metastable states 

likely exist in doped P3HT films, since the anions are essentially locked into local minima 

via steric forces due, for example, to interactions with the C6 side chains. Importantly, for 

a given dan and dan-an, the two-polaron ground and excited state wavefunctions from 

Eq.(2.11) are invariant to rotation of either anion around the polymer chain. Hence, we 

continue to refer to the two-polaron wave functions in all such geometries as bipolarons. 

2.3.  Bipolaron Absorption Spectrum 

The goal in this Section is to uncover spectral signatures which allow one to 

differentiate polarons from bipolarons. To this end, we evaluate the linear steady-state 

absorption spectrum based on the vibronic Hamiltonian in Eq.(2.10) for bipolarons and 

compare to the spectrum for polarons based on the Hamiltonian in Appendix A. The latter 

has been studied rather extensively in past works67,68,73,75,76,89,107,117. As we have limited the 

basis set to include only local HOMO levels, we focus entirely on the mid-IR spectral 

region. For polarons (bipolarons) mid-IR absorption is due to transitions which terminate 

on one- (two-) polaron states. Such transitions account for the commonly observed P1 peak, 

which in polymers like P3HT resides in the spectral range 0.3-0.7 eV, depending on 

morphology and dopant26,73. To account for the higher energy peak, P2, which occurs in the 

near-IR region (approximately 1.3-1.5 eV in P3HT) requires at least the inclusion of the 

local LUMO level for each thiophene unit.  
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In what follows we assume an ensemble of P3HT chains, each containing N=10 

thiophene rings. For single polarons, the point-charge-approximated anion is located at a 

distance dan from the chain center as indicated in Figure2.1A. For bipolarons, the two 

anions are symmetrically displaced about the chain center but on opposite sides of the 

chain, as depicted in Figure2.1B. Note that rotating either anion around the chain while 

maintaining dan will only change the anion-anion repulsion energy, an-anV . Since an-anV  

appears as an additive constant to all bipolaron energies, the transition energies are 

unaffected by the aforementioned rotation.  Hence, the anion geometries in Figures 2.1B 

and 2.1C will give identical absorption spectra, despite having different ground state 

energies. 

The absorption spectrum is evaluated from the expression, 

   
2Ĕ( ) ( ) | | [ ( )]j G G j j G

j

A E E W E Ew Y Y w= - - -ä m    (2.12) 

 where GY is the bipolaron ground state which is the minimum-energy eigenstate from 

Eq.(2.11) with energy EG. The dipole moment operator Ĕm is given by, 

,
( )

Ĕ ( ) , ,
m n
n m

e m n m n m n

²

¹ +äm d       (2.13) 

 with d = di, where i is the unit vector pointing in the direction of the long polythiophene 

axis and d is the nearest neighbor thiophene-thiophene separation, d= 0.4 nm. (Note the 

anion contribution to Eq.(2.13) is omitted since does not contribute to Ĕ
G jY Ym ). Finally, 

W(w) in Eq.(2.12) is the homogeneous line shape function taken to be Gaussian with 

standard deviation G. 
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 We begin the analysis with the simplest case of no vibronic coupling (l2=0) and 

no disorder. For both the single- and bipolarons, dan =0.75 nm, while for the bipolaron dan-

an=0, see Figures 2.1A and 2.1B. The 

resulting polaron and bipolaron 

absorption spectra are shown in 

Figure2.2. The dashed spectra are 

evaluated without any Coulombic 

interactions, ,V 0m n= . The spectra 

provide a simple check on our 

numerical procedure; in this limit 

the two-polaron peak absorption 

frequency has transition energy

1 2 1 21, 2 1, 1k k k kE E= = = =- , which, using 

Eq.(2.8), is identical to the one-

polaron transition frequency. The 

spectra have not been normalized by 

the number of polarons ï hence the 

factor of two increase in the peak 

intensity for the two-polaron 

compared to the single polaron.   

Figure2.2 shows that 

activating the Coulomb coupling leads to substantial blue spectral shifts for both quasi-

particles, however, the single polaron undergoes a much greater shift reflecting its greater 

 
Figure 2.2. a) Calculated polaron (solid blue) and bipolaron 

(solid red) absorption spectrum for N=10 chains without 

vibronic coupling (
2l=0). For the polaron the point-charge 

anion is at 0.75 nm from the chain center while for the bipolaron 

both anions are at 0.75 nm from the chain center (with dan-an=0, 

see Figure2.1B). For bipolarons (polarons) the Hamiltonian in 

Eq.(2.3) (Eq.A.2) was used with the electronic coupling set to th 

= -0.4 eV. The dash-dot spectrum  is for bipolarons lacking just 

the p-p repulsion.  The dashed spectra are evaluated without 

attractive and repulsive electrostatic interactions. b) Calculated 

polaron density as a function of site number. 
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localization. The bipolaron is more delocalized due to the repulsive interaction between the 

two holes. To better appreciate this, we also calculated the bipolaron spectrum by 

neglecting hole-hole repulsion (red dot-dash). As can be seen from the figure, the blue-shift 

now exceeds the one-polaron blue shift due to the greater attraction (two anions vs one 

anion). Overall, Figure2.2 shows that the bipolaron spectrum (including h-h repulsion) is 

red-shifted relative to the single polaron spectrum by approximately 0.2 eV.  

Figure2.3 shows how the peak frequency in the bipolaron absorption spectrum 

changes over a broad (dan ,dan-an) phase space. In the limit of large inter-anion separation, 

the absorption spectrum approaches the single-polaron spectrum; hence, the dip in the peak 

frequency as the two anions approach each other gives the relative bipolaron red-shift. The 

figure shows how the magnitude of the red-shift increases as dan-an decreases and as dan 

decreases. 

 To better appreciate the structure of the polarons and bipolarons we next evaluate 

the hole density function p(m), which is the probability that the mth thiophene unit hosts a 

hole. For a single polaron, the density is ( ) | |G Gp m m my y= ><  , where |m> indicates 

the  mth thiophene ring hosts the positive charge. For bipolarons, the probability density 

function is, 

( ) ( )

1 1
( ) | , , | , ,

2 2

| , ,

G G G G

n n m n n m

G G

p m m n m n n m n m

m m m m

y y y y
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ä ä
     (2.14) 
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In both cases, the density function is normalized, ( ) 1
m

p m =ä . Figure2.2B shows 

the probability density functions corresponding to polaron and bipolarons in Figure2.2A. 

As is immediately apparent, the 

bipolaron is delocalized over a 

greater number of sites, not unlike 

the electron density corresponding 

to the hydrogen molecule.  

However, eliminating h-h repulsion 

causes substantial localization to 

mainly the central (fifth and sixth) 

thiophene units, to a degree which 

exceeds the single polaron. As 

shown in Figure A.3 in Appendix 

A, separating the anions to dan-an= 

0.4 nm leads to small modifications of the wave function- only a slight decrease in the 

values at m=5 and m=6, compensated by a slight increase for other values of m away from 

the central region.  

Enhanced polaron delocalization due to Coulomb repulsion can be understood in 

terms of a ñflatteningò of the attractive cation-anion Coulomb well. For the bipolaron 

geometry in Figure2.4A, the diabatic bipolaron energies (i.e., taking th=0) are plotted as a 

function of eigenvalue index in Figure2.4B. The diabatic energies derive entirely from the 

electrostatic interactions, 
h-h an-h

, ,V Vm n m n+  Σ in Eq.(2.4). Without h-h repulsion the energies map 

out the attractive, hole-anion Coulomb well (black curve in Figure2.4A). However, 
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Figure 2.3. Calculated peak bipolaron absorption frequency as 

a function of dan-an for two anion point charges symmetrically 

displaced about the chain center and held at various distances 

dan from the chain (see inset), based on the eigenvalues of the 

Hamiltonian in Eq.(2.3) with the electronic coupling set to th= 

-0.4 eV. All electrostatic interactions are included. 
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activating h-h repulsion significantly reduces the well depth for the lowest 10-20 states 

where the bandwidth is almost three times narrower than without repulsion. The reduced 

well depth allows for much more efficient polaron delocalization as indicated in 

Figure2.4C which indicates the polaron pairs which contribute to each diabatic energy 

state. For example, without repulsion the three lowest-energy states (5,5), (5,6) and (6,6) 

are triply degenerate as can be appreciated from the Figure2.4A. Blue arrows show the 

connectivity between states which arises when th is activated. (Only one connective path is 

shown). The figure shows that the bipolarons with repulsion can sample the complete 

polymer chain with reduced energy barriers compared to the case with no repulsion. 

Vibronic Coupling  

We next recalculated the polaron and bipolaron spectra from Figure2.2, but 

including vibronic coupling involving the aromatic-quinoidal stretching mode with energy 

0.17 eV, and using the physically relevant HR factor, l2=188 for thiophene-based oligomers 

and polymers. Figure2.5 shows the spectra evaluated using up to four-particle states (see 

Appendix A). Both the polaron and bipolaron spectra feature a low-energy peak A and a 

higher-energy peak B which are also observed experimentally by Enengl et. al.26 (see 

Section 2.4). 

Previous analyses for polarons72,73,75,89,107 showed that peaks A and B are highly 

sensitive to the hole localization. Generally, peak B, more commonly referred to as P1, blue 

shifts with increasing localization, as caused, for example, by bringing the dopant anion 

closer to the chain, while peak A (also referred to as DP1
84,126and CT127 in the original 

works) diminishes in intensity and slightly blue-shifts, converging towards the quinoidal-

aromatic frequency (0.17  eV) in the limit of strong localization72,89.  In Figure2.5A, peak 
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A appears at approximately 0.15 eV for the polaron (blue curve). Its peak position, along 

with its very low intensity, indicates strong localization due to the strong binding to the 

nearby dopant ion.   

For bipolarons, peak B in the calculated spectrum in Figure2.5A (red curve), 

correlates to the main band in Figure2.2, which is only slightly blue-shifted upon addition 

of vibronic coupling. Figure2.5A shows that peak B is significantly red-shifted by over 0.2 

eV compared to peak B in the polaron spectrum, consistent with the behavior of the main 

band in Figure2.2, and indicative of enhanced hole delocalization in the bipolaron.  

Moreover, peak A slightly red-shifts and undergoes a large increase in intensity in going 

from the polaron to bipolaron, also indicative of enhanced delocalization. However, upon 
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Figure 2.4. a) Bipolaron  geometry for a chain with N=10 thiophene units indicating the diabatic state 

(5,7). Both anions are taken to be 0.75 nm from the chain center. b) Diabatic energies (th=0, 2l=0) 

evaluated as a function of state index excluding (black) and including (red) inter-hole repulsion. c) A 

close-up of (b) showing just 11 lowest-energy states. The labels refer to the associated diabatic bipolaron 

state. Blue arrows indicate paths which connect sites 6-8 via hole hopping. (Other paths not shown). 



51 
 

removing the hole-hole repulsion (red 

dash-dot curve) the bipolaron 

becomes far more localized: peak B 

strongly blue-shifts while peak A 

strongly diminishes in intensity while 

blue-shifting to 0.15 eV, so that it 

practically overlaps peak A for a 

single polaron. 

The hole probability density 

function in Figure2.5B directly 

reveals the enhanced hole 

delocalization in the bipolaron 

compared to the polaron, as well as 

the significant localization 

subsequent to removal of the hole-

hole repulsion. Interestingly, 

adding vibronic coupling alone 

(compare to Figure2.2B) does not appear to seriously impact the bipolaron wave function. 

We have also analyzed the effect on the bipolaron spectrum and wave function upon 

removal of just the attractive Coulombic forces (by removing the anions). This results in a 

spectrum (not shown) which very much resembles the single polaron spectrum. In this 

limit, hole-hole repulsion forces the holes to opposite ends of the chain where they behave 

as single polarons, i.e two-polarons vs bipolarons.  

 Figure 2.5. a) Calculated polaron (blue) and bipolaron (red) 

absorption spectrum for N=10 chains with vibronic coupling. 

For the polaron the point charge anion is at 0.75 nm from the 

chain center while for the bipolaron both anions are at 0.75 nm 

from the chain center (see Figure2.1C). For bipolarons 

(polarons) the Hamiltonian in Eq.(2.10) (Eq.A.1) was used with 

the electronic coupling set to th = -0.4 eV, and the vibronic 

coupling  described with 2l=1, and 
vibw =0.17 eV. The dashed 

red spectrum is evaluated without the h-h repulsion. b) 

Calculated polaron density as a function of site number. In all 

calculations the basis set includes 2-, 3- and 4- particle states 

with a max of 5 vibrations. 
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Disorder 

 None of the spectra shown in previous sections accurately resemble what is actually 

measured in P3HT films in the mid-IR simply because polymer films do not consist of an 

ensemble of rigid, defect-free chains, as assumed up until now. The complex morphology 

inherent to films leads to disorder, which is manifest in a variety of ways, broadly divided 

into two main categoriesï intrachain defects, including torsional defects and site energy 

shifts due to an inhomogeneous distribution of electric fields, and interchain defects, which 

generally includes disruptions in the crystallinity ï for example, grain boundaries, the 

presence of amorphous regions etc. Here, we treat disorder phenomenologically, by 

assuming a Gaussian distribution of thiophene ring offset energies described by the 

Hamiltonian,  

el vib an-an

,

( ) , , Vdis m n

m n

H H H m n m n= + + D +D +ä      (2.15) 

where Dn is the site energy deviation corresponding to the local HOMO on thiophene ring 

n.  The probability of a given thiophene site having deviation D is given by, 

2 21
( ) exp( / 2 )

2
P s

ps
D = -D         (2.16) 

where s is the standard deviation measuring the width of the disorder distribution. 

Diagonalization of the Hamiltonian in Eq.(2.15) for a given disorder representation then 

gives the eigenstates and energies with which to compose the absorption spectrum 

particular to that disorder distribution. After averaging the spectrum over enough random 

configurations to obtain convergence (usually 103-104) we obtain the final absorption 

spectrum. For single polarons, the disorder model so described has yielded near 
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quantitative reproductions of the mid-IR spectra for doped and undoped P3HT 

films72,73,75,76,89,107, where the hole density is assumed low enough to justify single polarons. 

We note in passing, that including a gaussian distribution of inter-site couplings (th), i.e. 

off-diagonal disorder, gives qualitatively similar results68.  

 Figure2.6 shows the effect of increasing site disorder on the absorption spectrum 

for the polarons and bipolarons on N=10 chains with Hel and Hvib  parameterized as in 

Figure2.5. We additionally assume spatially uncorrelated disorder, or short-range disorder, 

as referred to in earlier works67,68,72,73,75,89,117. As can be observed, the A and B peaks in the 

polaron and bipolaron line shapes from Figure2.5 remain intact, although broadened 

increasingly with s .  The figure further shows that the red-shift in peak B in comparing 

the bipolaron and polaron spectra decreases as the disorder increases, from roughly 0.2 eV 

for s=0.1 eV to approximately 0.08 eV when s=0.3 eV. Generally, the bipolaron spectrum 

converges towards the polaron spectrum with increasing disorder. The trend is expected, 

since in the limit of strong disorder, polarons are energetically isolated and cannot combine 

to form bipolarons.  

 Figure 2.6. Calculated polaron (blue) and bipolaron (red) absorption spectrum for N=10 chains with 

vibronic coupling and site disorder. The disorder line width s increases from the left to right panels. For 

the polaron the point charge anion is at 0.75 nm from the chain center while for the bipolaron both anions 

are at 0.75 nm from the chain center (see Figures 2.1A and 2.1B). For bipolarons (polarons) the Hamiltonian 

in Eq.(2.15) (Eq.A.4) was used with the electronic coupling set to th = -0.4 and the  vibronic coupling  

described with 2l=1, and 
vibw =0.17 eV. Each spectrum is the result of averaging over 1000 disorder 

configurations. In all calculations the basis set includes 2-, 3- and 4- particle states with a max of 5 vibrations. 
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2.4. Comparison to Experiment 

From the analysis of the previous Section, the main signature of bipolaron 

formation is a red-shift of the mid-IR peak B (or P1) relative to that for a single polaron. In 

addition, Peak A is more intense and more red-shifted in the bipolaron vs polaron spectrum. 

If we assume that the anions do not dramatically change their mean distance to the polymer 

chain as a function of concentration, then the bipolaron signatures are manifest as a 

concentration dependent red-shift of peaks B and A with a concomitant increase in the 

intensity of peak A relative to peak B, with all such deviations reflective of an enhanced 

polaron delocalization within the bipolaron. 

It turns out that such spectral changes with increasing dopant concentration are 

consistent with the observations of Enengl et. al.26, who measured the mid-IR and UV-vis 

spectrum of P3HT upon electrochemical doping, finding a pronounced red-shift of the P1 

peak with increasing chain oxidation, as well as an increase in the relative intensity of peak 

A relative to peak B. Figure2.7A reproduces some of their spectra: at a potential of 600 

meV a slightly blue-shifted P1 peak is observed relative to the peak of P1 corresponding to 

the lowest doping levels (lowest oxidation potentials, as indicated by the black vertical 

line). By contrast, the spectrum at 1100 meV is significantly red-shifted. Based on 

additional EPR evidence the spectrum at 600 meV was assigned to polarons while that 

1100 meV assigned to bipolarons. As can also be observed, the peak A also substantially 

increases in intensity and also slightly red-shifts with bipolaron formation. Note the sharp 

resonances on top of the broader A peak are due to infrared-active vibrational (IRAV) 

modes84 which are not included in our model. 
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Figure2.7B show representative theoretical spectra evaluated using our polaron/ 

bipolaron model for a mean anion-

polymer distance of 0.75 nm with an 

assumed disorder width of s=0.2 eV. 

Note, the polaron-bipolaron red-shift (

0.1º  eV) is slightly smaller than the 

measured value. Although the 

approximate 2-3 fold increase in the 

relative intensity of peak A in going 

from the polaron to bipolaron agrees 

fairly well with experiment, the 

absolute value of the A to B ratio is 

smaller in our calculated spectra. 

Moreover, the measured spectra are 

significantly broader. However, our 

attempt here was merely to reproduce 

the qualitative features, as a 

quantitative fit will require details of 

the polaron/bipolaron distributions. It is also very likely that the spectrum reflects the 

presence of higher-order bound states containing three or more polarons, expected at very 

high dopant concentrations. 

 Figure 2.7. a) Representative mid-IR absorption spectra 

replotted from Ref.26 at two oxidation potentials. Black 

vertical line indicates the position of the P1 peak at very low 

doping levels.  b) Calculated polaron and bipolaron spectra 

for disordered N=10 chains (s=0.2 eV) assuming anions 

0 .75 nm from the chain. For bipolarons (polarons) the 

Hamiltonian in Eq.(2.15) (Eq.A.4) was used with the 

electronic coupling set to th = -0.4 eV and with with 
2l=1, 

vibw =0.17 eV. In all calculations the basis set includes 2-, 

3- and 4- particle states with a max of 5 vibrations. 
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2.5. Discussion/Conclusion 

In this work, we extended the Holstein Hamiltonian approach, which has been 

successful in describing the mid-IR spectral line shape for single 

polarons67,68,72,73,75,76,89,107,117, to include two interacting polarons. In this approach, 

bipolaron formation is driven by the attractive electrostatic interactions with dopant anions, 

and therefore differs from the conventional interpretation in terms of self-trapping. 

However, the energy of the aromatic-quinoidal vibrational mode is too high to justify the 

adiabatic approximation necessary for the formation of mid-gap states.  

The Holstein model qualitatively reproduces the bipolaron signatures measured by 

Enengl et. al.26, in particular the observed red-shifts of the A and B (P1) bands with 

increasing electrochemical doping, as well as the relative increase in the intensity of the A 

vs B peak, indicative of increasing polaron delocalization. Each polaron is attracted to both 

anions giving a bound state which resembles a one-dimensional hydrogen molecule, see 

Figure2.5B. Hole delocalization within the bound state is strongly dependent on the 

repulsion between the two positively charged particles, which acts to reduce the depth of 

the polaron-anion binding well, as demonstrated in Figure2.4. In the limit of very large dan-

an, the bipolaron probability density agrees exactly with that pertaining to two well-

separated one-polarons. 

The initial, small blue-shift of peak B with increasing dopant concentration in P3HT 

observed by Enengl et. al.26 is likely due to the increased doping of more disordered regions 

having higher ionization potentials ï for example,  shorter chain segments - as originally 

suggested by Deussen and Bassler110 for other polymers.  As shown here, the larger red-

shift of spinless bipolaron formation is also highly sensitive to disorder (see Figure2.6). 
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With increasing spatially uncorrelated site disorder, the bipolaron mid-IR spectrum 

approaches the polaron spectrum, indicating that the two polarons are no longer bound in 

a strongly disordered landscape. In realistic samples, the polaron/bipolaron composition is 

strongly dependent on 1) the nature of doping (i.e. chemical vs electrochemical), 2) the 

nature of the dopant and its ability to effectively bind holes76, and 3) the film morphology, 

especially the presence of aggregates and p-stacking63,72,105,107,109. In donor-acceptor 

polymers bipolaron stability has also been linked to the conjugation length of the donor 

units56. We further surmise that, with very high dopant concentrations tri-polarons and 

higher multi-polarons are created due to the smoothing out of the Coulomb binding 

potential. For example, assuming periodic boundary conditions, a linear lattice of anions 

will exert uniform binding, independent of the position of the hole128.  

One important assumption made throughout is that with increasing doping 

concentration the mean separation (dan) between anions and the polymer chain remains 

constant. For polarons, moving the anion closer to the chain causes a blue-shift in peaks A 

and B as the polaron is more tightly bound89; accordingly, on can interpret the red-shift 

observed by Enengl et al26 with increased oxidation potential as due to an increasing 

population of more weakly bound single polarons. This, however, is inconsistent with the 

diminishing EPR signal. Generally, the IR absorption spectrum of a doped semi-crystalline 

polymer film is sensitive to where the dopant resides, for example,  in the alkyl-rich 

lamellar region between P3HT chains or in the amorphous region63,75,102,103,105,107,108. To 

address this important point, we plan to expand our analysis to include two holes 

delocalized over multiple chains within a P3HT p-stack. Finally, although not emphasized 

by Enengl et. al., the formation of a shoulder near 0.7 - 0.8 eV also appears to coincide 



58 
 

with the growth of the red-shifted features in the mid-IR spectrum. The  shoulder is also 

apparent at high F4TCNQ doping levels in sequentially-processed P3HT films measured 

by Schwartz and coworkers and attributed to bipolarons57. Moreover, a peak in the mid-IR 

spectrum at 0.8 eV in push-pull polymers was also attributed to bipolarons based on pump-

probe transient absorption measurements56. We are currently investigating whether the 0.8 

eV shoulder in P3HT might be related to higher-energy bipolaron absorption signatures. 

Thus far our theoretical approach is limited to transitions from bipolarons to higher-

energy bipolarons ï transitions amongst the states represented by Eq.(2.11), which are 

responsible for mid-IR absorption. However, by expanding the multiparticle basis set to 

include states with two holes and an electron ï the so called trions129ï131 ï we can address 

the nature of the near-IR peaks, referred to as P2 and P3 peaks. A trion can be very 

approximately understood as an exciton on an oxidized chain, as the exciton consists of an 

electron and a hole and the oxidized chain already contains a hole. However, the exciton 

can charge-separate giving a Coulomb-stabilized hole-electron-hole sequence which likely 

contributes to states with lower energy (relative to the exciton) responsible for the near-IR 

absorption band. We are currently investigating this hypothesis with the long-term goal of 

eventually accounting for the full spectrum of a conjugated polymer like P3HT from the 

mid-IR to the UV-vis. 
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CHAPTER 3. MULTIPOLARON COMPLEXES IN 

CONDUCTING POLYMERS: THE IMPORTANCE OF 

HOLE-HOLE REPULSION IN CHARGE 

DELOCALIZATION 

3.1. Introduction 

The implementation of organic conducting polymers as the active elements in field 

effect transistors132ï140, light-emitting diodes5,6,8,141ï143, solar cells1,2,4,144ï149 and 

thermoelectric devices150ï154 remains an active area of research. Of utmost importance is 

the nature of charge transport in doped polymers, which has received considerable attention 

over the years and has been frequently reviewed155ï160. The role of polarons and bipolarons 

as charge carriers was established early on through detailed electrical, magnetic and 

spectral analyses95ï97,99,161,162. However, there remains questions over the theoretical 

treatment of polarons and bipolarons and how their mid- and near-IR absorption spectral 

signatures should be interpreted, as the conventional mid-gap state model29,113,163 is 

increasingly challenged44,58,115ï117,164,165.  

Increasing dopant concentration generally leads to increased conductivity in 

conducting polymers, although the responsible mechanism is complex166ï169. The impact 

of Coulomb binding between the dopant counterion and the mobile charge carrier ï for 

example, the dopant anion and hole in p-doped systems ï is particularly relevant. Bassler 

and coworkers168 showed that charge mobility is strongly impacted by overlapping dopant 

Coulomb wells, which leads to a smoothening of the potential energy landscape. This 



60 
 

allows for greater hole delocalization and enhanced mobilities at high dopant 

concentrations.   Interestingly, in some cases the conductivity increases superlinearly at 

high dopant concentrations, attaining a power law dependence on the charge density167. To 

account for this, Derewjanko et al.167 introduced an energy-dependent localization length 

in a variable range hopping model. Gregory et al169 developed a model to describe the 

evolution of conductivity in semiconducting polymers, from a hopping regime at low 

charge densities to a band-like metallic regime at high concentrations. 

The impact of charge density on transport is complicated by structural changes in 

polymer morphology that occur upon doping, with much attention given to where the 

dopant resides within the semi-crystalline polymer matrix63,73,75,102,103,105,107,108,170,171. The 

mean distance between the dopant charge center and the polymer chain is a main 

consideration, with larger dopant radii resulting in weaker Coulombic binding energies 

between the dopant anion and hole (in the more common case of p-doping). In some cases, 

such as in P3HT films chemically doped with a very large-radius dodecaborane derivative, 

the conductivity is much larger than in films doped with much smaller dopants such as 

F4TCNQ, and equivalent to films doped with no anions present at all (i.e. using an electrical 

bias)76.  However, in several cases the impact of ion size on conductivity is not clearly 

observed172,173. It was recently shown that longer-range structural disorder such as 

paracrystallinity173 has a more dominant influence on conductivity. 

The presence of polaron and bipolaron charge carriers, created by either chemical 

or electrochemical doping, is associated with the emergence of mid-IR (P1) and near-IR 

(P2) absorption bands. Of particular relevance to the present study is the work of Enengl et 

al26, who measured the mid-IR to UVīvis absorption spectra, along with the electron 
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paramagnetic resonance (EPR) for electrochemically-doped P3HT as a function of the 

oxidation potential. The authors initially observed that the P1 band blueshifts and the EPR 

signal grows with increasing potential, indicating an increasing population of spin İ 

polarons. The observed blueshift is associated with polarons becoming more localized, 

possibly from the impact of isolated Coulomb wells in enhancing disorder168. More 

importantly, it was observed that at 600 meV, the trend reverses, the EPR signal starts to 

diminish, and at a slightly higher potential (700 meV), the P1 band begins to redshift. The 

observed redshift at high oxidation potential was attributed to singlet bipolaron formation. 

A subsequent study by Neusser et al100 on electrochemically doped P3HT, also showed that 

both polarons and bipolarons coexist at the highest doping levels. A red-shifted P1 band 

attributed to bipolarons was also obtained for doped IDT-BT174 and PBTTT175 as a function 

of increasing dopant concentration. Recently, we showed that the red-shift measured by 

Enengl et al26 is consistent with hole delocalization within a bound bipolaron complex165. 

The enhanced hole delocalization is driven by a flattening of the Coulomb well caused 

primarily by hole-hole repulsion. The well-flattening is distinct from a similar effect 

attributed to the potential land scape smoothing described by Bassler and coworkers168. 

In what follows, we generalize our coarse-grained model for single 

polaron67,68,72,89,117 and bipolaron165 complexes in p-doped conjugated polymers such as 

P3HT to larger multi-polaron complexes. Unlike the traditional models, our model 

emphasizes the Coulomb interactions between holes and between holes and counterions.  

The importance of such interactions has been demonstrated in more recent DFT 

treatments44,58,115,116. Heimel, for example, has shown that hole-hole repulsion leads to the 

correct energetic ordering of the first and second ionization potentials in conjugated 
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polymers, which is reversed in the traditional models44. Coulombic interactions with 

dopant counterions are also crucial, leading Heimel to declare that without such 

interactions, ñthe formation of bipolarons in the traditional sense is, therefore, unlikelyò. 

Here, we define a multi-polaron complex as one containing an equal number of mobile 

holes and fixed (stationary) dopant anions. Anions are taken to be evenly distributed along 

both sides of a model P3HT chain within the lamellar region containing the C6 side-chains.  

Complexes containing up to four anions (and four holes) are considered. Our main goal in 

the present work is to further investigate the mid-IR polaron band (P1) as a function of the 

number of dopant anions in the multi-polaron complex. In order to make connections to 

hole conductivity we also calculate the first ionization potential ï the minimum energy 

required to liberate a single hole from the multi-polaron complex. Generally, we find that 

the IR peak red shifts and the ionization energy substantially decreases with increasing size 

of the multi-polaron complex (i.e. number of anions) due to delocalization induced 

primarily by hole-hole repulsion. 

3.2. Model and Hamiltonian 

To model mid-IR absorption due to multi-polarons within a single N-mer P3HT 

chain, we consider a linear array of N thiophene units, with nearest-neighbor units 

separated by a distance d (º0.4 nm). To describe the P1 mid-IR band in p-doped polymers, 

only the local highest occupied molecular orbital (HOMO) of each thiophene unit is 

retained, with a hole defined as a half-filled HOMO. Neighboring HOMOs are coupled 

electronically through the hole hopping integral, th, which allows the hole to delocalize 

along the chain. Dopant counter-anions are assumed to reside in the lamellar region (the 

region occupied by the C6 side-chains). The counterions are assumed to be stationary point 
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charges, locked in position by steric interactions with the polymer backbone and side-

chains. Figure3.1 shows a simplified schematic of the assumed multi-polaron zigzag 

geometry in which consecutive anions are placed alternately on both sides of the chain, 

where    dan-an = nd (n=0,1,2,é) is the distance between consecutive anions projected along 

the chain axis (see Figure3.1B).  Finally, all anions are situated a distance, dan, from the 

chain axis.  

The electronic Hamiltonian for the model described above takes the form,  
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where the Fermi operator 
À

, ,( )
n nn nd ds s  creates (annihilates) a hole with spin sn  on the nth 

thiophene unit, and open boundary conditions are assumed in all that follows. The first 

term in Eq.(3.1) accounts for hole hopping between nearest neighbor thiophene rings 

 Figure 3.1. Simplified geometries assumed for bound polaron complexes involving a model P3HT chain, 

with each site (oval) corresponding to a thiophene unit with d =0.4 nm, the distance between neighboring 
units. Dashed lines represent the hexyl groups. Anions are distributed about the chain center, with anions 

located on both sides of the chain in the lamellar region and at a distance of 
and  from the chain axis. The 

distance between consecutive anions projected onto the polymer axis is
an and -

. 
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through the hole transfer integral, th.. We employ the value ὸ πȢτ Ὡὠ as supported by 

DFT calculations122. The second term in Eq.(3.1) accounts for all of the electrostatic 

interactions, including hole-hole repulsion,  as well as hole-anion attraction, with 
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where 
À

, ,
Ĕ

n n nn nn d ds s s¹ is the number operator counting the number of spin sn (=or¬ ®) 

holes on the nth thiophene ring. 
h-h

,m nV  is the hole-hole repulsion energy between two holes 

located on the mth and nth units:  
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where we assume a simplified one-dimensional charge distribution, where the nth hole 

associated with the nth thiophene unit, is treated as a positive point charge, +e, with the 

position vector ► ὲὨ░ (i is the unit vector along the chain axis). In addition, e0 is the 

permittivity of free space and e is the relative dielectric constant. 

  As described in  our prior work165, the on-site (ὲ ά) repulsion energy ὠȟ  

between two holes with opposite spins occupying the same thiophene unit is derived from 

the Ohno potential, and is roughly 1.5 times the repulsion energy between two holes on 

neighboring thiophene units when the dielectric constant, e , is unity. In Appendix B 

(section B.3, Figure B.1) we show that when the dielectric constant is doubled (e=2) to 

approximately reflect screening at small distances on the order of 1 nm168, the on-site 

repulsion becomes 2.7 times larger than the repulsion between two holes on neighboring 

sites. This arises because the longer-range repulsion between neighboring units (and 

beyond) is reduced by a factor of 1/e, whereas the short-range repulsion in the Ohno 
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potential only slightly decreases. Consistent with the PPP and Hubbard models for 

conjugated polymer chains176 we also neglect the smaller exchange term. 

 
h-an

nV  in the last term in Eq.(3.2), is the electrostatic energy between a hole on the 

nth site and all Nan anions with, 
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here, ►ȟ refers to position vector for the ith (point-charge) anion and ► is the position 

vector of the hole located on the nth thiophene unit of the chain. 

Finally, the last term in Eq.(3.2)  represents the repulsive Coulomb energy between 

all Nan anions with, 
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We note that an-anV represents an additive constant to the Hamiltonian, as all anions 

are assumed to be immobile after settling in the local minima within the lamellar region of 

the polymer complex. Hence, an-anV  will not affect the transition energies (as all states, 

including the ground state, are shifted by an-anV ) or the structure of any of the multi-polaron 

wave functions. 

 We have omitted a term due to vibronic coupling involving the aromatic-quinoidal 

vibration, as in our bipolaron work in Ref165, due to the enormous basis set size required to 

accurately treat tri- and tetrapolarons. Interestingly, the bipolaron binding energy, defined 

as the difference in energy between two single polarons and a bipolaron, is only slightly 
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increased with vibronic coupling, as demonstrated in Table B.1 (see Appendix B). Table 

B.2 contains the binding energies of all multipolaron complexes without vibronic coupling. 

The impact of vibronic coupling on the mid- IR spectrum is discussed in Section 3.3. 

 We have numerically diagonalized the Hamiltonian in Eq.(3.1) represented in the 

site basis set, À À À

, , ,... vac
n m ln m ld d ds s s , where vac  is the state with no polarons on any of the 

thiophene units and the number of creation operators is one, two, three and four for single 

polarons, bipolarons, tripolarons and tetrapolarons, respectively.  In this manner, we 

obtained the ground state of the multi-polaron complex,  GY Σ with energy EG, along with 

excited state wavefunctions and energies. We have confirmed numerically that the ground 

state is the state of lowest multiplicity: a bipolaron singlet, a tripolaron doublet, and a 

tetrapolaron singlet. Furthermore, states with higher multiplicities become approximately 

degenerate with the ground state as a function of chain length for the zig-zag counterion 

distributions under consideration, see Figure B.2 in Appendix B. Our ground state analysis 

therefore differs from the DFT approach in Ref.58 which supports mainly  triplet bipolaron 

and triplet tetrapolaron ground states. However, in that analysis the ground state 

multiplicity is a strong function of counterion geometry with some geometries yielding 

singlet bipolaron and tetrapolaron ground states in agreement with the current work. Ref.58 

also showed that without counterions the singlet bipolaron remains the ground state for 

N=6, changing to the triplet ground state when N is 10 or greater. 

 The ground-state spin assignment is most easily appreciated in the limit of no 

electrostatic interactions, where just the hole hopping term in Eq.(3.1) is retained. In this 

case of noninteracting polarons, the eigenfunctions and energies of ĔHfor multi-polaron 
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complexes with Nh holes are simply obtained by occupying the noninteracting one-polaron 

orbitals, which resemble the particle-in-a box wavefunctions, with Nh holes, while abiding 

by the Pauli Exclusion Principle. In this manner, the ground states of multi-polaron 

complexes with increasing Nh are obtained in a manner analogous to the Aufbau principle 

for many-electron atoms, as is demonstrated in Figure3.2A. The energies of the one-

polaron states are given by,  
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so that the total energy of a multi-polaron state is simply the sum of the energies of the 

occupied orbitals. For example, for tetrapolarons, the ground state consists of two double-

occupied lowest energy levels (k=1 and k=2 when th<0) so that the total spin is zero (singlet) 

and the total ground-state energy is,  
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We have verified that our numerical code exactly reproduces the ground state (and 

excited state) energies of all multi-polaron complexes in the limit of no electrostatic 

interactions.   

3.3.  Multi-polaron Absorption Spectrum 

To simulate the mid-IR absorption band (the P1 peak) in doped P3HT, we consider 

a chain of N=20 thiophene units with anions distributed in the zigzag geometry of Figure3.1 

with dan= 0.75 nm and dan-an = 0.4 nm.  The absorption spectrum is constructed using the 

expression:  
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where the ground-state, GY Σ is the lowest-energy eigenstate of Ὄ in Eq.(3.1) with energy 

EG, while jY represents the jth excited state with energy Ej.   Ⱨ is the multi-polaron dipole 

moment operator which reads: 
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Figure 3.2. a) Occupancy diagrams representing the ground states of polarons, bipolarons, tripolarons and 

tetrapolarons in the limit of no electrostatic interactions. b) Calculated multipolaron absorption spectra for a 

chain of N=20 thiophene units. The Hamiltonian in Eq.(3.1) was used with the electronic coupling set to th = 

ī0.4 eV. c) Calculated hole probability density associated with the ground state of each multi-polaron complex 

as a function of site number. 
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with Ἤ ░Ὠ. Finally, W(w) is a Gaussian homogeneous line shape function. 

In what follows, we also evaluate the hole probability density -the probability of 

finding a hole at a given site of the chain - in the ground multi-polaron state, in order to 

correlate the absorption spectral red-shift with the multi-polaron wave function 

delocalization. Accordingly, the probability of finding a hole at site m in a multi-polaron 

complex with Nh holes is, 

Ĕ( ) G Gp m m= Y Y        (3.10) 

where,   
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Summing p(m) over all m gives unity, i.e. В ὴά ρ, as required for the 

probability density. 

Case I: No electrostatic Interactions 

 Figure3.2B shows the mid-IR absorption spectra in the limit of no electrostatic 

interactions for different multi-polaron complexes involving a chain of N=20 thiophene 

with th = -0.4 eV. Similar to the particle-in-a-box, single polaron absorption is dominated 

by the k=1 to k=2 transition67. Using Eq.(3.6) with the aforementioned parameters gives 

the transition energy of 0.027 eV, which corresponds to the absorption maximum in 

Figure3.2B. Bipolaron absorption from the ground singlet state involves the same 

transition as of that of the single polaron, however, the intensity is doubled as there are two 

holes in the ground state. Interestingly, the tripolaron shows two absorption bands, one 

derived from the k=1 to k=2 transition and the second derived from the k=2 to k=3 
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transition at a higher energy of 0.044 eV. The k=1 to k=2 transition expectedly vanishes 

for the singlet tetrapolaron whereas the k=2 to k=3 transition doubles in intensity relative 

to the tripolaron band.  One can consider even higher multi-polarons (beyond tetrapolarons) 

in the non-interacting hole limit, with the general trend that the absorption spectrum 

initially blue-shifts as the polaron size grows, coincident with the increasing separation 

between neighboring energy levels characteristic of the particle-in-a-box level structure, 

see Figure3.2A. As we will see, this opposes the behavior which results when electrostatic 

interactions are included. 

Figure3.2C shows the hole probability density function for the ground state of the 

multi-polaron complexes in Figure3.2B. Note that in all cases, the polaron density is 

delocalized over the entire chain, as expected for the particle-in-a-box character of the 

occupied orbitals.  The polaron and bipolaron probability densities mimic the densities of 

the node-less k=1 state. The tripolaron and tetrapolaron densities also contain contributions 

from the k=2 state which has a central node, which is responsible for the dip in the density 

near the chain center. The dip is more pronounced in case of the tetrapolaron, since the k=2 

state hosts two holes. 

Case II: Including Electrostatic Interactions 

We now analyze the absorption spectra derived from the full Hamiltonian in 

Eq.(3.1) with all of the electrostatic interactions activated. Here, the hole localization 

induced by the attractive hole-anion interactions opposes the delocalization induced by 

hole-hole repulsion, allowing for an interesting competition. As mentioned in previous 

section, anion-anion repulsion does not contribute to the absorption spectrum, since it 

increases all the multi-polaron energies by a constant amount, including the ground state 
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energy, EG. Figure3.3A shows the simulated, mid-IR absorption spectrum in a chain with 

N=20 thiophene units, including all electrostatic interactions; hole-hole repulsion as well 

as all interactions associated with the zigzag distribution of counterions (dan = 0.75 nm,  

dan-an=0.4 nm, see Figure3.1, with no screening (e=1). As shown in Figure B.3 in Appendix 

B, N=20 is sufficient for the spectrum to become independent on N, for all multi-polaron 

complexes. As can be seen in Figure3.3A, in the presence of electrostatic interactions the 

P1-band continuously redshifts as the size of the multi-polaron complex increases, opposing 

the behavior observed in Figure3.2A when electrostatic interactions are neglected. 

Figure3.3B-D shows that the width of the corresponding ground-state hole probability 

density function increases substantially in going from a single polaron to the tetrapolaron.  

The spectral redshift observed in Figure3.3A is associated with an enhanced 

delocalization of holes within the multi-polaron complex as exhibited in Figure3.3B-D. 

The effect is due primarily to hole-hole repulsion and the resulting Coulomb well flattening 

exhibited by the larger polaron complexes165,168, as described in greater detail in the 

following Section. To better appreciate the correlation between hole delocalization and 

hole-hole repulsion we show in Figure3.3B-D the hole  probability density functions 

evaluated with and without  hole-hole repulsion. In all cases (bi-, tri- and tetra-polarons) 

the width of the probability distribution is substantially enhanced due to hole-hole 

repulsion. It is interesting to note, however, that even in the absence of hole-hole repulsion 

there remains some hole delocalization due entirely to the Pauli Exclusion Principle. For 

example, for the tetrapolaron in Figure3.3D the hole probability density (dashed red) is 

spread over mainly three centrally located thiophene sites, numbers 10, 11 and 12 in a chain 

with N=20 thiophene units, where the 11th thiophene unit resides at the center of symmetry 
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(see also Figure3.1D). One can appreciate that in the absence of hole-hole repulsion the 

diabatic ground state (i.e. with no hole hopping) is triply degenerate, consisting of the states 

(11,11,12,12), (10,10,11,11) and (10,11,11,12), where each index identifies a thiophene 

ring hosting a hole. In this case the spread in p(m) is due to the Pauli Exclusion principle 

since a given thiophene unit HOMO can accommodate at most two holes. Figures B.4 and 

B.5 in Appendix B show that hole-hole repulsion remains effective in increasing both the 

red-shift and hole delocalization as the number of holes (or anions) increases within the 

complex, out to dan-an = 1.2 nm.  

 
Figure 3.3. Calculated polaron and multi-polaron absorption spectra for a chain of N=20 with the zigzag 

distribution of counterions as in Figure3.1 (dan =0.75 nm, and dan-an= 0.4 nm) . The Hamiltonian in Eq.(3.1) 

was used  with th = ī0.4 eV and with all electrostatic interactions included with ‐=1. In b)-d) solid curves 

correspond to ground-state hole probability density functions for b) bipolarons, c) tripolarons and d) 

tetrapolarons. Hole-hole repulsion is omitted in the dashed curves. 
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Dielectric screening can be included by increasing the dielectric constant e in Eq.ôs 

3.3-3.5. The value eº2 was suggested by Bassler and coworkers168 for close-range 

Coulomb interactions  (< 1-2 nm), with more distant interactions modelled using the bulk 

dielectric constant of  approximately 3.  To evaluate the on-site hole-hole repulsion requires 

the use of a screened Ohno potential as discussed in Appendix B, see Figure B.1. Not 

surprisingly, we find that with increased screening the multi-polaron spectral peak further 

red-shifts as the hole delocalizes- compare Figure3.3 and Figure B.6, where e=2 was used 

in the latter (with all other parameters identical to those used in Figure3.3).  To 

approximately recover the red-shifts and delocalization lengths from Figure3.3 using e=2 

requires reducing the value of dan from 0.75 nm in Figure3.3 to approximately 0.5 nm, as 

shown in Figure B.7 in Appendix B. 

 At this point, we pause to consider the impact of vibronic coupling involving the 

aromatic-quinoidal mode, which has hitherto been neglected. Although the basis set is too 

large to treat tri- and tetrapolarons using the full Holstein Hamiltonian, the effect of 

vibronic coupling can at least be evaluated for single polarons and bipolarons, see Ref.165. 

A comparison of the mid-IR spectrum with and without vibronic coupling is shown in 

Figures B.8 and B.9 in Appendix B for single polaron and bipolaron complexes, 

respectively. For both quasi-particles vibronic coupling leads to the emergence of a low-

energy peak with energy less than 0.2 eV (referred to as the ñAò peak in refs.67,68,72,89,117), 

as well as a blue-shift of the P1 peak (aka ñBò peak). When dan=0.75 nm (and e=1) , Figure 

B.9 shows that the bipolaron B peak shifts from 0.23 eV to 0.31 eV when vibronic coupling 

is activated. However, a similar blue-shift of the B peak for single polarons leads to only a 

slight difference in the relative red-shift in going from a polaron to a bipolaron caused by 
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vibronic coupling; the difference is 0.20 eV without vibronic coupling (see also 

Figure3.3A), and 0.16 eV with vibronic coupling. 

Case III: Effect of Disorder 

 The ability of disorder to trap holes is important for understanding conductivity as 

discussed in detail by Bassler and coworkers168. Disorder can be described 

phenomenologically by assuming a random distribution of on-site hole energies arising, 

for example, from inhomogeneous electric fields, conformational disorder within the 

polymer chain, and structural disorder.  Including disorder the total Hamiltonian takes the 

form,   

À

dis , ,

,

Ĕ Ĕ
n n n

n

H H d ds s

s=® ¬

= + Dää        (3.12) 

here, the energy fluctuation Dn for a cation (hole) at site n is chosen randomly from a 

Gaussian distribution with mean zero and with standard deviatioƴΣ s. The absorption 

spectrum for each configuration 1 2{ , ,..., }ND D Dcan be evaluated from dis
ĔH  and then 
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Figure 3.4. Calculated polaron and multi-polaron absorption spectra for a chain with N=20 with the zigzag 

distribution of counterions (dan =0.75 nm, and dan-an= 0.4 nm) using the Hamiltonian in Eq.(3.12) , th = ī0.4 

eV and with all electrostatic interactions included (‐=1). In a) and b) the Gaussian width is 0.2 eV and 0.3 

eV respectively. Each spectrum represents the average over 1000 configurations of disorder. 
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averaged over many configurations to obtain a converged spectrum. Figures 3.4A and 3.4B 

show the results for s=0.2 eV and s=0.3 eV, respectively for the P3HT/dopant geometries 

used in Figure3.3. The P1 band blue-shifts and broadens with increased s, however, the 

red-shift in going from the polaron to tetrapolaron is reduced. The latter effect is expected, 

since in the limit of very large s, single polarons are very efficiently trapped, preventing 

the formation of the larger multi-polaron complexes. 

3.4. Coulomb Well Flattening and Ionization Energy 

In this Section we show that the main factor contributing to the enhanced 

delocalization experienced by holes in the larger polaron complexes is due to hole-hole 

repulsion and its ability to ñflattenò the Coulomb wells. In ref.165 we showed the hole 

delocalization is enhanced in bipolaron vs single polarons, where anions in the former are 

situated diametrically on opposite sides of the chain center with dan-an=0.  Here we extend 

the analysis to multi-polarons with the zig-zag geometries in Figure3.1. 

 As in ref.165 the Coulomb well is analyzed using the Hamiltonian in Eq.(3.1) after 

setting the hole transfer integral, th, to zero. Two cases are considered i) without hole-hole 

repulsion and ii) with hole-hole repulsion. The diabatic eigenstates are identified by 

locating the positions of the holes. For example, for chains with N=10 thiophene units with 

anions situated as shown in Figure3.1B, the lowest energy state for bipolarons without hole-

hole repulsion is the state designated as (5,5) ï the state with two holes residing in the fifth 

thiophene unit. As demonstrated in Figure3.5A the Coulomb binding energy is maximum 

in this state. The next two higher energy states, (4,5) and (5,6) are degenerate. However, 
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when hole-hole- repulsion is included the lowest energy diabatic state becomes (4,6), see 

Figure3.5B. Here, the next two higher energy states, (3,6) and (4,7), are also degenerate. 

  Figure3.6A shows the state energies corresponding to the lowest 15 states for 

singlet bipolarons in a polymer chain with N=10 units, and with the counterions distributed 

as in Figure3.1B with dan=0.75 nm and dan-an =0.4 nm. The figure shows the two-hole 

Coulomb well profile when hole-hole 

repulsion is neglected (bottom) and 

included (top). (The constant anion-anion 

repulsion term is neglected.) We display 

15 states since this is the minimum 

number which allows full connectivity 

(blue arrows) via hole-transfer amongst 

all ten thiophene units in the chain. As in 

the case with dan-an=0 reported in Ref.
165, 

hole-hole repulsion flattens the well 

considerably, by more than a factor of 

three, thereby allowing more efficient hole 

delocalization as observed in Figure3.3B. 

 The situation is even more dramatic for the doublet tripolarons in Figure3.6B with 

the geometry depicted in Figure3.1C. Here we need to consider the lowest 36 diabatic states 

in order to obtain full connectivity amongst the ten units. As can be seen, activating the 

hole-hole repulsion flattens the Coulomb well profile by about a factor of six - almost 

doubled compared to the singlet bipolaron, allowing for a more efficient hole 

 Figure 3.5. Diabatic ground state for a bipolaron with 

the anions situated as in Figure3.1B when a) hole-hole 

repulsion is neglected and b) when all electrostatic 
interactions are retained. For a chain with N=10 the 

state in a) is labelled as 5,5 while the state in b) is 4,6. 
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delocalization. This accounts for the wave function expansion of the tripolaron vs the 

bipolaron observed in Figure3.3. Overall, hole-hole repulsion significantly flattens the 

Coulomb well for the lowest set of 

diabatic states which allow full 

connectivity amongst all polymer 

units in the chain. As shown in 

Appendix B (see Figure B.10) the 

flattening is further enhanced for a 

singlet tetrapolaron compared to a 

doublet tripolaron.  

 We finally consider the 

ionization potential, IP, for a 

polaron vs multi-polaron complex. 

The IP is the minimum energy 

required to liberate a free hole from 

a neutral NanP complex containing 

Nan anions (which is equal to the 

number of holes). The IP is 

computed from, 

IP = E(NanP-) + E(h+) - E(NanP)         (3.13) 
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Figure 3.6. Coulomb well profiles based on the diabatic state 

energies of a) the lowest 15 states in a bipolaron and b) the lowest 

36 states in a tripolaron. The constant anion-anion repulsion term 

is neglected. with ‐=1. Double arrows indicate sites connected 

through hole transfer. Note that only a subset of such connections 

are shown. 
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where E(NanP) is the ground-state energy of the neutral Nan-polaron complex, E(h+) is the 

(ground-state) energy of a free hole and E(NanP-) is the (ground-state) energy of the 

complex containing Nan anions and Nan-1 holes.  

   Figure3.7 shows how the IP 

changes with dan for a single 

polaron as well as the multi-

polaron complexes with the 

geometries of Figure3.1 with N=20 

thiophene units and dan-an=0.4 nm. 

In Figure3.7A hole-hole repulsion 

is neglected while in Figure3.7B it 

is included. As expected, for a 

given complex the IP diminishes 

with dan independent of hole-hole 

repulsion. However, the impact of 

hole-hole repulsion on the IP as one 

trends from a single polaron to a 

tetrapolaron is dramatic. When 

hole-hole repulsion is excluded, the 

IP increases substantially as the 

multi-polaron complex gets larger, since the Coulomb binding energy increases. However, 

including hole-hole repulsion not only lowers the IP, but it completely reverses the trend, 

with the larger multi-polaron complexes now much easier to ionize than the single polaron. 
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The IP drops substantially, with a factor of three reduction in going from the polaron to 

tetrapolaron, due to the increased hole delocalization. As shown in Appendix B Figure 

B.11, increasing the dielectric constant to the value of e=2 to reflect screening essentially 

reduces the ionization energies by roughly a factor of two, but the trends observed in 

Figure3.7 are maintained. Hence, the presence of larger polaron clusters should increase 

hole mobility, an effect that may be responsible for the observed super linear increase in 

mobility as a function of doping concentration167,168. 

3.5. Discussion/Conclusion 

Our finding that the ionization potential diminishes and the hole delocalization 

increases with the number of anions in a multi-polaron complex may be related to the 

super-linear increase in the conductivity with charge density observed at high doping levels 

in some conjugated polymers167. Enhanced hole delocalization has mainly been attributed 

to the overlap between dopant Coulomb wells, which acts to reduce the energy barrier for 

charge transport168. It is important to note that our model, as in ref.168, includes the effects 

of overlapping Coulomb potentials. However, we find the dominant mechanism for hole 

delocalization within the multi-polaron complexes to be hole-hole repulsion. As 

demonstrated in Figure3.6, hole-hole repulsion acts to smooth the potential energy 

landscape, thereby making it easier to delocalize holes. Hole delocalization results in a 

spectral red-shift of the mid-IR peak (P1) in going from the polaron to higher multi-polaron 

complexes,  consistent with the red-shift of P1 observed by Enengl et al
26, as a function of 

oxidation potential in the electrochemical doping of P3HT. Our results also account for the 

red shifts of P1 with increasing dopant concentration observed for IDT-BT174 and 

PBTTT175. Interestingly, the P1 red-shift is independent of the ground state multiplicity. As 
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shown in Appendix B Figure B.12, for example, the P1 band for a triplet bipolaron is 

slightly red-shifted relative to the P1 band for a singlet bipolaron. The multi-polaron nature 

of the P1 band is also supported by the DFT approach of Ref.58, although they obtain a 

slight blue-shift with increasing chain oxidation. 

As shown in Figure3.4, the P1 red-shift with increasing multi-polaron size is 

mitigated by the presence of inhomogeneous site disorder. In the limit of very strong 

disorder when every site can potentially trap a hole, the red-shift vanishes as the disorder 

prevents formation of bound multi-polaron states. In this work we consider only short-

range Gaussian disorder in the on-site HOMO energies. As we are treating only a single 

chain, we do not consider paracrystallinity, where disorder is manifest in the p-

stacking177,178. Recent work by Sirringhaus and coworkers173 showed that paracrystallinity 

is more important than counter-ion size in affecting hole mobility in conducting polymers. 

We are currently expanding our investigation to include several p-stacked polymer chains 

to investigate paracrystallinity and general interchain effects. We also plan to investigate 

the P2 band which requires expanding the basis set to include thiophene LUMO levels. 

Interestingly, based on our prior work with bipolarons165 we find that inclusion of 

vibronic coupling in the Holstein model will not affect the basic conclusions reached in the 

current paper. For example, including vibronic coupling for bipolarons results in only a 

small change in the ionization energy. As reported in Appendix B Table B.1, the IP 

increases from 0.937 eV without vibronic coupling to just to 0.952 eV with vibronic 

coupling when the two dopant ions are 0.75 nm from the chain (with dan-an=0, e=1). There 

is a similarly small increase in binding energy. Moreover, as mentioned previously, the 

bipolaron-polaron red-shift of peak P1 decreases slightly, from 0.2 eV to 0.16 eV, when 
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vibronic coupling is activated (see Figure B.9). Hence, we expect such trends to continue 

through tripolarons and tetrapolarons. Especially interesting is the limit of a periodic, linear 

array of dopant anions distributed as in Figure3.1, with dan-an=0.4 nm, where each site in 

the chain is equivalent (with the same biding energy) thereby allowing for extreme 

delocalization and rapid, metallic-like transport.  

Finally, an important question regarding multi-polaron complexes is their stability. 

Because the Hamiltonian in Eq.(3.1) omits the steric interactions between the dopant 

anions and the C6 chains in the lamellar regions, one cannot unambiguously evaluate 

stability by comparing the energy of an Nan-polaron complex E(NanP) with the energy of 

Nan single-polaron complexes, NanE(P), using Eq.(3.1). This is because it is possible for the 

anion-anion repulsion to be compensated in part by steric interactions, where the latter may 

act to ñholdò the complex together in a stable or metastable state. However, if one 

demonstrates stability without the steric interactions, i.e. NanE(P)-E(NanP) > 0 using H in 

Eq.(3.1),  then stability will almost certainly prevail in the presence of steric interactions. 

In Appendix B Table B.2 we report multi-polaron binding energies for the dopant 

geometries of Figure3.1, where it is shown that bipolaron complexes of Figure3.1B are 

uniformly stable over the entire range dan and dan-an values investigated, whereas tripolaron 

and tetrapolron complexes require sufficiently large values for dan-an. It would be a worthy 

endeavor to investigate stability of multi-polaron complexes with atomistic detail using 

MD calculations. Such an investigation may lead to valuable insight into engineering the 

side-chains for accommodating dopant anions. 
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CHAPTER 4. BIPOLARON MID-IR SPECTRAL 

SIGNATURES IN ́-STACKS OF P3HT CHAINS: THE 

REDSHIFTED VS BLUESHIFTED P1 BIPOLARONIC 

BANDS 

4.1. Introduction 

Our analysis thus far has focused on the mid-IR spectral signatures associated with 

bipolarons and multipolaron complexes formed within a single P3HT chain. The coarse-

grained model described in Chapters 2 and 3 reveals that a singlet bipolaron within a single 

P3HT chain is characterized by a single P1 bipolaronic band, which exhibits a redshift 

relative to that of a polaron. This redshift signifies the enhanced hole delocalization within 

bipolarons, primarily due to hole-hole repulsion. 

The observed redshift aligns closely with recent findings by Enengl et al.26, who 

also correlated the redshift of the P1 band at high oxidation levels with the formation of 

singlet bipolarons, as supported by their EPR measurements. This redshift, though, 

challenges the conventional mid-gap states theory which predicts a blueshifted P1 

bipolaronic band. It is noteworthy that as the P1 peak redshifts with increasing oxidation 

potential, a blueshifted shoulder peak also emerges around 0.8 eV at 1000 mV, persisting 

at higher potentials. Schwartz and coworkers61,62 have recently argued that the newly 

observed redshifted P1 peak at high doping levels should be attributed to coupled polarons 

rather than bipolarons, while the blueshifted shoulder peak typically seen between 0.8 and 

1.1 eV represents singlet bipolarons. The authors define coupled polarons as two 
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independent polarons that are not spin paired but rather interacting Coulombically through 

their transition dipoles. 

Given these inconsistencies and acknowledging that our coarse-grained model thus 

far only accounts for the redshifted band, this chapter aims to extend the model to include 

-́stacks of P3HT chains and assess how aggregation influences the bipolarons mid-IR 

spectral signatures. Our findings indicate that the concurrent appearance of redshifted and 

blueshifted P1 bands at high oxidation potentials is indeed the spectral hallmark of a singlet 

bipolaron. The critical role of hole-hole repulsion is emphasized, and it is demonstrated 

that only a blue-shifted band appears when this interaction is neglected. Furthermore, our 

analysis reveals that the binding energy of bipolarons in -́stacks of P3HT chains is 

significantly higher, nearly threefold, than in a single chain, highlighting the profound 

influence of long-range order and chain stacking on bipolarons formation.  

4.2. Model and Hamiltonian 

In what follows, we extend the coarse-grained model for singlet bipolarons that we 

introduced in chapter 2, to encompass -́stacks of P3HT chains. A typical -́stack 

configuration of P3HT chains hosting a singlet bipolaron (comprising two mobile holes 

and two fixed anion) can be modeled as a two-dimensional ὔ ὔ lattice, where the 

polymer's backbone aligns with the y-axis, and the stacking direction extends along the x-

axis, as depicted in Figure4.1A. 

As further detailed in Figure4.1B, each thiophene unit within the lattice is identified 

by the coordinate (n, m), which indicates the mth thiophene on the nth chain. The thiophene 

units on the same chain are separated by a distance
int rad Σ whereas two neighboring chains 
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are spaced apart at a distance
interd Σ both taken to be approximately d=0.4 nm. A hole 

located in a given thiophene unit (site) is viewed as a half-filled local HOMO. The transfer 

of holes along the polymer backbone is facilitated by an intrachain hole transfer integral, 

int ra

ht , which quantifies the electronic coupling between adjacent thiophene HOMOs on the 

same chain. Moreover, in the -́stacked arrangement, there is a significant overlap of wave 

functions between HOMOs of neighboring thiophene units on adjacent chains, leading to 

an appreciable interchain hole transfer integral, int er

ht Φ 

The model also incorporates dopant counter-anions (illustrated as green spheres in 

Figure4.1) which are treated as stationary point charges. These counter-anions are 

 

 
Figure 4.1. Geometry of a two-dimensional 5x6 lattice of ́-stacks of P3HT chains, where the lattice hosts 

a singlet bipolaron (comprising two hole/anion pairs), denoted as h2a2. (b) Sideview of the lattice as seen 

through the z-axis, with each site (represented as an oval) corresponding to a thiophene unit. (c) Cross-

sectional view through the y-axis, emphasizing the position of dopant anions (shown as green spheres) 
situated in the lamellar region of the central chain along the z-axis, at a distance of dan=0.5 nm. (d) Sideview 

of the lattice as seen through the x-axis, illustrating the hole transfer process through 
int ra

ht between nearest 

neighbor thiophene units on the same P3HT chain. Dashed lines in part (d) represent the alkyl (R) groups. 
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positioned in the lamellar region on opposite sides of the central P3HT chain along the z-

axis, at a distance
and from the chain axis (see Figure4.1C). The counterions remain fixed, 

a consequence of steric interactions with both the polymer backbone and its side chains. 

The position vector describing a given site therefore reads: 

, int intn m er rand md= +r x y   
1,2,3,...,

1,2,3,...,

x

y

n N

m N

=ë
ì
=í

         (4.1) 

where x and y are the unit vectors along the interchain and intrachain directions. The wave 

function for hole excitations at sites 
,n mr  and ,l pr  with , ,n m l p¸r r  is expressed as, 

 

{ }À À À À

, ,, , . , . , , ,

1
(

2

1
, )

2
n m l pn m l p l p n m

d d d d vac
¬ ® ¬ ®

¬® - ®¬+ = Ãr r              (4.2) 

 where vac  is the state with no polarons on any of the thiophene units, and the Fermi 

operator 
À À

, , , ,
( )

n m n m
d d

¬ ®
 creates a hole with spin up (down) on the thiophene unit at site 

,n mr

. Open boundary conditions are assumed in all that follows. When projected onto the space 

spanned by the coordinates of holes 1 and 2 the function , ,,n m l pr r attains the form, 

{ }, , , , , ,

1
, (1) (2) (2) (1)

2
n m l p n m l p n m l p­ +r r r r r r        (4.3) 

Here,
, (1)n mr indicates that hole ñ1ò resides in the local HOMO of the (n,m) 

thiophene ring. For the case of a doubly-occupied site the local wave function is, 

     
À À

, ,, , , ,

1

2
, ( )n m n mn m n m

d d vac
¬ ®

¬® - ®¬= Ãr r       (4.4) 

     , , , ,, (1) (2)n m n m n m n m­r r r r            (4.5) 
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 With the basis functions defined above, the electronic part of the Hamiltonian can 

be written in the subspace containing two holes as, 

Coul
Ĕ Ĕ Ĕ Ĕ

Intra InterH H H H= + +            (4.6) 

where ĔIntraH  and ĔInterH read as follows: 
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                           (4.8) 

whereĔInterH accounts for hole hopping between nearest neighbor thiophene rings on 

adjacent P3HT chains through the hole transfer integral, int er

ht , while ĔIntraH describes the 

hole hopping between nearest neighbor thiophene rings on the same P3HT chain through 

int ra

ht . The first and second terms in Eq.(4.7) and Eq.(4.8) represent hole hopping between 

the initial and final states with the holes remaining separated on distinct sites. This is 

particularly highlighted in the second term by the prime. The third term accounts for hole 

transport in the state , ,,n m n mr r , where two holes are located within the same thiophene 

ring. We employ the values of int 0.4ra

ht =- eV and int 0.15er

ht =- eV.  
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The third term in Eq.(4.6) accounts for all the electrostatic interactions, including 

hole-hole repulsion,  as well as hole-anion attraction, with 
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where 
h-h

, , ,n m l pV represents the hole-hole repulsion energy between two holes treated as 

positive point charges (+e). When holes are located on two different sites
,n mr and

,l pr , 

h-h

, , ,n m l pV reads: 
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, , ,

0 , ,
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4

h h

n m l p
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e
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pee

- =
-r r

       (
, ,n m l p¸r r )       (4.10)        

where e0 is the permittivity of free space and e is the relative dielectric constant. Note that 

the first term in Eq. (4.9) accounts for the case where two holes reside on different chains, 

while the second term accounts for the case where two holes are on the same chain. As 

outlined in chapter 2, the on-site repulsion energy
h-h

, , ,n m n mV  between two holes with opposite 

spins occupying the same thiophene unit, 
,n mr , is derived from the Ohno potential and is 

approximately 1.5 times the repulsion energy between two holes on neighboring thiophene 

units when the dielectric constant (Ů) is unity. In Appendix B, we demonstrate that doubling 

the dielectric constant to account for screening at small distances on the order of 1 nm 

results in the on-site repulsion becoming 2.7 times larger than the repulsion between two 

holes on neighboring sites. This is attributed to the short-range repulsion in the Ohno 

potential remaining unscreened, while the longer-range repulsion between neighboring 

units (and beyond) is reduced by a factor of 1/Ů. 
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The electrostatic attraction energy,
h-

, , ,

an

n m l pV is given by: 
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e
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pee r r r r
           (4.11) 

Here, ►ȟ refers to position vector for the ith (point-charge) anion. Finally, the last term in 

Eq.(4.9)  represents the repulsive Coulomb energy between the anions with, 
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4
an an

a a

e
V

peer r
       (4.12) 

We emphasize that 
an anV -
 represents an additive constant to the Hamiltonian, as all 

anions are assumed to be immobile after settling in the local minima within the lamellar 

region of the polymer complex. Therefore, 
an anV -
will not affect the transition energies (as 

all states, including the ground state, are shifted by
an anV -
) nor will it affect the structure of 

bipolaron wavefunction (eigenfunctions of ĔH). 

 When the electrostatic term,Ĕ
CoulH  in Eq.(4.6) is neglected, the eigenfunctions and 

energies of ĔH are simply obtained by occupying the noninteracting one-polaron orbitals, 

which resemble the particle-in-a box wavefunctions while abiding by the Pauli Exclusion 

Principle. The energies of the one-polaron states are given by, 
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    (4.13) 

Hence, the energy of a bipolaron-state is simply the sum of the energies of the one-polaron 

orbitals that are occupied by the two holes. Therefore, taking inter intra

h h, 0t t < , the ground state 

energy of a singlet bipolaron reads: 
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int int

1, 12 4 cos( ) 4 cos( )
1 1x y

er ra

G k k h h
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= == = +

+ +
      (4.14) 

which corresponds to a doubly-occupied state with 1x yk k= =. 

4.3. Bipolaron Absorption Spectra in -́stacks of P3HT chains 

Our goal here is to explore how -́stack aggregation influences the absorption 

spectra of polarons and bipolarons within P3HT chains, and subsequently uncover spectral 

signatures which allow one to differentiate interacting polarons from bipolarons. Since we 

have only retained the local HOMO level of each thiophene unit, our focus centers 

exclusively on the mid-IR spectral region. For polarons (bipolarons), mid-IR transitions 

are exclusively those terminating on one- (two-) polaron states. These transitions are 

associated with the frequently observed P1 peak, situated within the 0.3-0.7 eV range in 

polymers like P3HT. To elucidate the higher energy P2 peak observed in the near-IR region 

(around 1.3-1.5 eV in P3HT), it is required to incorporate, at the very least, the local LUMO 

level for each thiophene unit. 

The bipolaron unpolarized absorption spectrum is evaluated from the expression, 

  
2

1

Ĕ( ) ( ) | | [ ( )]G G GA E E W E Eg g g
g

w Y Y w
>

= - - -ä m      (4.15) 

 where GY  represents the ground state of the bipolaron, identified as the minimum-energy 

eigenstate derived from Eq.(4.6) with energy GE .The dipole moment operator Ĕm is 

expressed as, 
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Note that the anion-anion repulsion contribution to Eq.(4.16) is omitted since it 

does not contribute to Ĕ
G gY Ym ). Finally, W(w) is the homogeneous line shape function 

taken to be Gaussian with standard deviation G. 

We begin our analysis with a comparison of how aggregation impacts the 

absorption spectra of polarons and bipolarons. Figure4.2A presents a simple schematic 

where we build up the -́stack structure starting with a single chain (Nx=1) and 

progressively incorporating additional chains on each side. The dopant anions, treated as 

static point charges, lie within the lamellar region and straddle the central chain at its 

midpoint. In addition, each anion lies at a fixed distance of 0.5 nm from the central chain 

axis. Figure4.2B depicts how the bipolaron's bininng energy evolves as a function of the 

number of P3HT chains (Nx) within the -́stack.m The bipolaron binding energy is defined 

as, 2E(P) ï E(2P), where E(2P) and E(P) are the ground-state energies of a bipolaron 

complex (2anions/2 holes) and a single polaron complex (one anion/one hole), respectively. 

It becomes evident that as the number of chains increases, the bipolaron achieves stronger 

binding energy, signifying greater stability. Specifically, the binding energy nearly triples 

when the structure expands from a single chain to encompass nine chains. 

The corresponding evolution of the polaronôs and bipolaronôs absorption spectra 

during the stepwise buildup of the -́stack are shown in Figures 4.2C and 4.2D. For a 

polaron in a single chain, the absorption spectrum of a bound hole (h1a1) exhibits a single 

intra-chain polarized band which is notably blue-shifted when compared to the spectrum 
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of a free hole (h1) (see FigureC.1 in Appendix C). This blueshift is in fact a manifestation 

of the hole's localization, a direct consequence of the attractive Coulomb force exerted by 

the anion. As the number of chains increases, the inter-chain polarized peak starts to emerge 

which also exhibits a blueshift relative to that of a free hole (h1). It's important to note that 

alongside this emergence, the intra-chain polarized peak undergoes a redshift as the number 

of chains increases. This shift is directly linked to the hole's delocalization, which occurs 

as a result of introducing the -́stack degree of freedom, resembling the behavior observed 

 

 

Figure 4.2. (a) cartoon illustration depicting the gradual buildup of a 9x10 lattice of ́ -stacks of P3HT chains 

where the dopant anions, represented as green spheres, remain consistently positioned in the lamellar region 

of the central chain (between the 5th and the 6th thiophene units). The anions are situated along the z-axis at 
a distance of dan= from the polymer backbone axis. (b) illustrates the variation in the bipolaronôs binding 

energy as a function of the number of P3HT chains (Nx) within the ˊ-stacks configuration. (c) and (d) 

illustrate the corresponding evolution in the absorption spectrum of a polaron (labeled as h1a1 in part c) and 

a bipolaron (labeled as h2a2 in part d) during the stepwise buildup of the ˊ-stack. In b) and d) dan=0.5 nm 

and all the electrostatic interactions are included with ‐=2. 
int ra

ht and  
int er

ht  are set to -0.4 eV and -0.15 eV, 

respectively with open boundary conditions. 
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in a particle-in-a box, where enlarging the box size causes the energy states to converge, 

reducing the energy differences between them. 

As illustrated in Figure4.2D, bipolarons within a single P3HT chain are 

characterized by a single intra-chain (y) polarized band, which is notably redshifted in 

comparison to the absorption spectrum of a polaron (h1a1) within a single chain. This red 

shift, as extensively analyzed in chapters 2 and 3, serves as a clear indicator of the 

considerably greater delocalization length of bipolarons relative to that of polarons. The 

underlying reason for this enhanced delocalization is attributed to the hole-hole Coulomb 

repulsion, which effectively flattens the attractive potential well created by the cation-anion 

Coulomb interaction.   
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Figure 4.3. Panels (a) and (b) display the hole probability density distributions for the ground states of 

the polaron (labeled as h1a1) and bipolaron (labeled as h2a2), respectively. The hole density for the excited 

state of the polaron, corresponding to its y-polarized band occurring at 0.406 eV, is depicted in part (c). 

Similarly, the hole densities for the bipolaron's red-shifted and blue-shifted bands, occurring at 0.32 eV 

and 0.681 eV, are illustrated in parts (d) and (e), respectively. In all cases a 9x10 lattice of ́ -stacks of 

P3HT chains is assumed with the dopant anions positioned in the lamellar region of the central chain 

(between the 5th and the 6th thiophene units). The anions are situated along the z-axis at a distance of 

dan=0.5 nm from the polymer backbone axis. All the electrostatic interactions are included with ‐=2.  
int ra

ht and  
int er

ht  are set to -0.4 eV and -0.15 eV, respectively with open boundary conditions. 
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With the introduction of additional chains into the -́stack, the absorption spectrum 

of bipolarons develops two prominent features. Most notably, the spectrum now includes 

two peaks polarized along the y-axis: one exhibits a redshift while the other demonstrates 

a significant blueshift when compared to the single polaronôs y-polarized peak. 

Additionally, the inter-chain polarized peak starts to emerge which is also redshifted 

relative to that of the polaron.  

To further elucidate the observed dual blue-shift/red-shift spectral signatures 

characteristic of bipolarons, we next assess the hole probability density function ( , )n mgr , 

which is the probability of finding a hole at site 
,n mr Φ Here 1g= corresponds to ground state 

and 1g>refers to all excited states.  For a single polaron the hole probability density 

function is 
2

,( , ) n mn mg gr = Y r  , where 
,n mr indicates the thiophene ring at 

,n mr hosts the 

positive charge. For bipolarons, the hole probability density at site (n,m) is the probability 

of finding one hole there, independent of the second hole. The latter requires an additional 

summation. The hole probability density function thereby reads,  
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By integrating over all sites, we find that the total probability density sums to 1 for 

both polaron and bipolaron. Figures 4.3A and 4.3B illustrate the ground state hole 

probability density distribution for polarons and bipolarons, respectively. Notably, the 

bipolaron's hole density is more extensively spread over a larger number of sites within the 

-́stack, somewhat reminiscent of the electron density distribution in a hydrogen molecule. 
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Figure4.3C presents the hole probability density distribution for the polaron's excited state, 

which occurs in the y-polarized band at 0.406 eV (see the black spectrum of Figure4.2C), 

intriguingly resembling the charge distribution of a hydrogen-like p orbital. 

 Figures 4.3D and 4.3E further delineate the hole probability density distribution 

associated with the bipolaron's red-shifted and blue-shifted bands (their corresponding 

excited states), occurring at 0.32 eV and 0.681 eV, respectively. It becomes evident that in 

the blue excited state, the hole density extends more broadly along the -́stack direction, 

contrasting with the red excited state, where it appears more confined along the polymer 

backbone axis. It is important to highlight that the emergence of the bipolaron's blue-shifted 

band is directly attributable to the incorporation of the -́stack degree of freedom. In 

contrast, bipolarons confined to a single chain exclusively display a red-shifted band. We 

note in passing that the magnitude of the observed redshift decreases with the stepwise 

formation of the -́stack arrangement. This reduction is directly linked to the incorporation 

of the -́stack degree of freedom, leading to a shift in the bipolaron's hole density towards 

the -́stack direction. This shift promotes localization of hole density along the polymer 

backbone, consistent with the conservation of total hole density. Consequently, this 

intrachain localization is reflected as a reduction in the magnitude of the observed redshift. 

The origins of the bipolaron's red and blue excited states can be more 

comprehensively understood by analyzing the wavefunctions for its ground and excited 

states. In this context, we introduce the chain-chain correlation function, ( , )C n lg  , which 

expresses the probability of having one hole on chain n and the other on chain l in the 

bipolaronic eigenstates g. This function reads,  
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probability distribution is normalized, i.e. 

( , ) 1
n l n

C n lg
²

=ää         (4.19) 

For instance, 1(1,2)C  is the probability that within the bipolaron ground state one 

hole is in the first chain, while the other is in the second chain. Similarly, 1(5,5)C  is the 

probability that both holes are positioned in the fifth chain.  

 

 

Figure 4.4. Wavefunction admixture analysis for (a) the bipolaronic ground state (b) the red excited state, 

and (c) the blue excited state. In all cases a 9x10 lattice of ́ -stacks of P3HT chains is assumed with the 

dopant anions positioned in the lamellar region of the central chain (between the 5th and the 6th thiophene 

units). The anions are situated along the z-axis at a distance of dan=0.5 nm from the polymer backbone axis. 

All the electrostatic interactions are included with ‐=2. 
int ra

ht and  
int er

ht are set to -0.4 eV and -0.15 eV, 

respectively with open boundary conditions. 
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 Figure4.4 illustrates the wavefunction admixture analysis for the bipolaronic 

ground state (as shown in Figure4.4A), along with the bipolaronic blue and red excited 

states (depicted in Figures 4.4B and 4.4C, respectively). Figure4.4A reveals that the 

bipolaronic ground state is predominantly composed of four types of local states, 

constituting approximately 70% of its structure. Notably, 40% of this composition involves 

local states where the two holes are spaced one chain apart, identified as 1(4,5)C  and

1(5,6)C . This arrangement is energetically favorable due to a balanced interplay of 

electrostatic interactions, where the proximity of the holes on adjacent chains optimizes the 

balance between repulsion and attraction forces through effectively reducing the hole-hole 

repulsion. Additionally, a significant portion of the ground state encompasses local states 

with both holes located on the fifth chain, denoted by 1(5,5)C . The smaller contribution of 

1(5,5)C in comparison to that of 1(4,5)C  and1(5,6)C underscores the lesser electrostatic 

stability of the local states where both holes occupy the same chain, as opposed to those 

spread across adjacent chains. Finally, the analysis also highlights a considerable presence 

of local states where the holes are positioned two chains apart, marked by 1(4,6)C . 

Figures 4.4B and 4.4C illustrate the wavefunction admixture analysis for the 

bipolaronic blue and red excited states, respectively. The analysis reveals that the 

wavefunction admixture of the red excited state is primarily composed of (4,5)redC ,

(5,6)redC , and (5,5)redC , while the blue excited state's wavefunction admixture is 

predominantly characterized by (4,6)blueC , where the holes are spaced two chains apart. 

This distinction further highlights that in the blue excited state, the hole density is more 
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extensively distributed along the -́stack direction, emphasizing the spatial variation in 

charge distribution between the two excited states. 

Finally, it is essential to emphasize that the transition dipole moment operator, Ĕm , 

crucial for calculating oscillator strength, acts diagonally, which implies it connects the 

same type of local states from the ground state to a designated excited state to calculate the 

oscillator strength of the corresponding transition. Given that the bipolaronic ground state 

predominantly comprises four types of local states, it is primarily these same four types of 

local states within the excited state wavefunction that contribute to the oscillator strength. 

As a result, the oscillator strength for the red-shifted band primarily arises from the 

contributions of local states (4,5)redC , (5,6)redC , and (5,5)redC , whereas local states 

(4,6)blueC  are the sole contributor to the oscillator strength of the blue-shifted band. 

4.4. Bipolarons vs. Interacting Polarons 

Building on the findings presented in our work thus far, the simultaneous 

emergence of red-shifted and blue-shifted bipolaronic P1 bands has been identified as a 

hallmark of singlet (spinless) bipolaron formation. We now turn our attention to Enengl et 

al.'s study26 on the mid-IR spectral evolution in doped P3HT films during electrochemical 

oxidation. Their observations indicate that the P1 band initially exhibits a blueshift with an 

increase in oxidation potential. At higher oxidation levels, however, the P1 band undergoes 

a redshift, eventually surpassing the polaron's P1 band, alongside the appearance of an 

additional shoulder at approximately 0.8 eV. 

To accurately simulate the dynamic spectral evolution observed in Enengl et al.'s 

work26, we focus on a scenario where two anions are initially positioned as far apart as 
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possible within the lamellar regions of two distant P3HT chains. This arrangement, with 

the anions significantly separated, should lead our numerical analysis to produce an 

absorption spectrum indicative of two non-interacting, independent polarons. As the anions 

are gradually moved along the -́stack direction and towards the central chain, the 

previously independent polarons will start to interact, a change that is expected to be 

observable in their spectral signatures. This process closely mirrors what might occur with 

increasing oxidation levels in P3HT films; at lower oxidation levels, holes are likely to 

 

 
Figure 4.5. (a) cartoon representation of the scenario where anions, initially placed 16 chains apart, are 

progressively moved vertically along the ˊ-stack axis (x-axis), ultimately positioning them on opposite 

sides of the central chain. (b) Illustrates the corresponding evolution of the bipolaronôs absorption 

spectrum, and (c) shows the corresponding changes in the bipolaronôs binding energy. In all cases a 25x10 

lattice of ́ -stacks of P3HT chains is assumed. The anions are situated along the z-axis at a distance of 

dan=0.5 nm from the polymer backbone axis. All the electrostatic interactions are included with ‐=2. 
int ra

ht

and  
int er

ht  are set to -0.4 eV and -0.15 eV, respectively with open boundary conditions. In all panels, 
anionnD

signifies the number of chains by which the two anions are separated. 
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form on distant chains, while higher levels of oxidation promote the formation of holes on 

adjacent chains or the same chain. 

Figure4.5A provides a visualization of the scenario where anions, initially 

positioned 16 chains apart (on a 25x10 lattice), are progressively moved vertically along 

the -́stack axis (x-axis), ultimately positioning them on opposite sides of the central chain. 

Figures 4.5B and 4.5C illustrate the subsequent changes in the bipolaronôs absorption 

spectrum and binding energy, respectively. Throughout the panels, anionnD signifies the 

number of chains by which the two anions are separated. Initially, with anions 16 chains 

apart, the bipolaron spectrum  closely resembles that of two non-interacting polarons, 

essentially mirroring a single polaron's spectrum but with double the intensity. The 

polarons remain non-interacting until the anions are 8 chains apart. As the anions continue 

to approach each other, the polarons begin to interact Coulombically, with each hole 

experiencing the Coulomb attraction from both anions as the dominant electrostatic force 

(relative to hole-hole repulsion), thereby enhancing polaron localization. This dynamic is 

marked by an initial blueshift in the spectrum until the anions are three chains apart, as 

depicted in Figure4.5B, indicating coupled-polarons that are Coulombically interacting but 

have not yet undergone spin pairing to form singlet bipolarons. Figure4.5C reveals that, up 

to this point, the bipolaron's binding energy remains negligible compared to kT at room 

temperature, suggesting that the bipolaron structure is not bound at room temperature. 

Interestingly, when the anions come within two chains of each other, we observe a 

transition: the previously blue-shifted polaron band begins to redshift, signaling the 

polarons spin pairing and the formation of singlet bipolarons. This transition is marked by 

a notable increase in bipolaron binding energy to roughly 0.1 eV when the anions are 
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merely two chains apart. With the anions situated on opposite sides of the same chain, the 

formation of a tightly bound bipolaron with a binding energy of approximately 0.22 eV is 

observed. At this stage, as shown in Figure4.5B, the spectrum features both redshifted and 

blue-shifted bands. Therefore, we conclude that the emergence of both redshifted and blue-

shifted bands observed by Enengl et al.26 at elevated oxidation levels signifies the 

formation of spinless singlet bipolarons, while the initial blueshift  at lower oxidation levels 

indicates Coulombically interacting polarons becoming more localized. 

4.5. Spectral Signatures of Ionized Bipolarons and Ionized Tripolarons 

Thus far, the findings presented in this chapter have established that the presence 

of simultaneous red-shifted and blue-shifted polaronic bands at elevated oxidation levels 

typically signals the formation of singlet bipolarons. Nevertheless, the appearance of only 

a single red-shifted or blue-shifted band under similar conditions raises critical questions: 

What does the presence of just a blue- or red-shifted band suggest about the type of charge 

carrier formations at elevated oxidation levels? Can the simultaneous emergence of red-

shifted and blue-shifted polaronic bands be attributed to the formation of ionized entities, 

such as an ionized bipolaron, in addition to singlet neutral bipolaron complexes? Aimed at 

addressing these questions, this section is dedicated to unraveling the spectral signatures 

of ionized charge carriers, such as ionized bipolarons and ionized tripolarons, examining 

the variety of charge carriers that could result in either a red-shifted or a blue-shifted band.  

An ionized bipolaron, denoted as h1a2, is characterized as a hole surrounded and 

bound by two dopant anions. The energy required to release a hole from the neutral 

bipolaron complex, referred to as h2a2, is defined as the bipolaron's first ionization energy. 
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Similarly, an ionized tripolaron, h2a3, involves a singlet pair of holes surrounded and bound 

by three dopant anionsΦ Figure4.6A illustrates a particular arrangement of an ionized 

tripolaron, with two dopant anions positioned within the lamellar region of the central 

chain, while the third anion resides within the lamellar region of a neighboring chain. This 

configuration creates a significant electrostatic attractive force, resulting in the ionized 

 

 

Figure 4.6. (a) Illustrates the specific geometry of an ionized tripolaron (h2a3), with two dopant anions 

positioned within the lamellar region of the central chain, while the third anion resides within the lamellar 

region of a neighboring chain. (b) Displays the first ionization energy for bound polaron (h1a1) and 

bipolaron (h2a2) complexes across two scenarios: one with 1e=  and 0.75and =  nm, and the other with 

2e=   and 0.5and =  nm, plotted as a function of the number of P3HT chains in the ˊ-stack arrangement. 

For the polaron, a single dopant anion is situated within the lamellar region of the central chain. For the 

bipolaron, two anions are placed within the lamellar region of the central chain but on opposite sides. (c) 

Presents the absorption spectra of a polaron complex (h1a1), an ionized bipolaron (h1a2), and a free hole 

(h1) (d) Showcases the absorption spectra of a neutral bipolaron complex (h2a2) and an ionized tripolaron 

(h2a3) corresponding to the dopant anions configuration depicted in part (a). Across all parts a 9x10 lattice 

of ˊ-stacks of P3HT chains is assumed with all electrostatic interactions included. . 
int ra

ht and  
int er

ht   are 

set to -0.4 eV and -0.15 eV, respectively with open boundary conditions. 
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species being considerably more localized than its neutral bipolaron counterpart. For both 

ionized bipolarons and tripolarons, this elevated degree of localization, distinct from their 

neutral counterparts, is a feature that can be traced in their distinct mid-IR spectral 

signatures. 

Figure4.6B presents the first ionization energy for bound polaron (h1a1) and 

bipolaron (h2a2) complexes across two scenarios: one with 1e=and 0.75and = nm, and the 

other with 2e=  and 0.5and = nm, plotted as a function of the number of P3HT chains in  

the -́stack arrangement. For the polaron case, a single dopant anion is located within the 

lamellar region of the central chain. In the case of the bipolaron, two anions are positioned 

within the lamellar region of the same chain but on opposite sides. As can be seen, 

increasing the number of P3HT chains leads to a slight increase in the bipolaron's ionization 

energy and a slight decrease in the polaron's ionization energy. Notably, the bipolaron 

complex exhibits a first ionization energy that is consistently lowerðnearly halfð

compared to that of the polaron complex. This is consistent with results from chapter 3 on 

a single P3HT chain, which detailed how the growth in the size of the multipolaron 

complex leads to a marked decrease in the first ionization energy of the charge carrier. For 

example, it was found that the first ionization energy of a tetrapolaron is significantly lower 

than that of a tripolaron, indicating that as the multipolaron complex increases in size, it 

becomes progressively easier to liberate a hole from it. 

Figure4.6C showcases the absorption spectra of a polaron complex (h1a1) alongside 

an ionized bipolaron (h1a2) and a free hole (h1). The y-polarized band of the free hole is 

significantly red-shifted compared to that of a neutral polaron. In contrast, the y-polarized 
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band of the ionized bipolaron exhibits a pronounced blueshift relative to the neutral 

polaron's band. When a neutral bipolaron complex undergoes ionization, it results in a free 

hole and an ionized bipolaron 

(effectively, a super-localized hole 

bound by two anions). The composite 

spectrum, assuming no electrostatic 

interaction between the free hole and 

the ionized bipolaron, is derived by 

summing the spectra of the free hole 

and the ionized bipolaron. It is crucial 

to recognize that combining the 

spectra of the free hole and ionized 

species results in the appearance of 

markedly blue-shifted and red-shifted 

bands, potentially leading to 

confusion with the simultaneous emergence of the red-shifted and blue-shifted polaronic 

bands typical of neutral spinless bipolarons. This analysis clarifies that the simultaneous 

emergence of red and blue-shifted bands observed by Enengl et al.26 may originate from 

both the formation of singlet bipolarons as well as the presence of ionized bipolarons along 

with free holes. Furthermore, the significant reduction in the EPR signal at elevated 

oxidation levels, as reported in Enengl et al.'s work26, implies that singlet spinless 

bipolarons predominantly constitute the charge carrier population. Nonetheless, the 
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Figure 4.7. Illustrates the y-polarized absorption spectra for 

various polaron complexesðnamely h1, h1a1, and h1a2, each 

incorporating a single holeðas well as for bipolaron 

complexes, including h2, h2a2, and h2a2 in the absence of 

hole-hole repulsion, with each species accommodating two 

holes. For all cases a 9x10 lattice of ˊ-stacks of P3HT chains 

is assumed. 
int ra

ht and  
int er

ht  are set to -0.4 eV and -0.15 eV, 

respectively with open boundary conditions. Dopant anions 
are placed within the lamellar region of the central chain but 

on opposite sides with 0.5and =  nm. Electrostatic 

interactions are included with 2e= . 
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presence of free holes and ionized bipolarons (spin İ entities) might also make a partial 

contribution to the red-shifted and blue-shifted bands, respectively. 

To further emphasize the significance of the spectral signatures associated with 

ionized species, Figure4.6D showcases the absorption spectrum of both a neutral bipolaron 

complex (h2a2), and an ionized tripolaron (h2a3) corresponding to the dopant anions 

configuration illustrated in Figure4.6A. Notably, the y-polarized band of the ionized 

tripolaron shows a substantial blue shift compared to both the neutral bipolaron complex 

and the neutral polaron complex (see Figure4.6C). When comparing Figures 4.6C and 

4.6D, it becomes evident that the primary y-polarized band for both the ionized bipolaron 

and the ionized tripolaron occurs at approximately 0.62 eV. This observation indicates that 

ionized species invariably induce a blue-shifted polaronic band, while the presence of a 

free hole contributes to a pronounced red-shifted band. 

Finally, a crucial question to address is the role of hole-hole repulsion in the 

simultaneous emergence of red and blue-shifted bipolaronic bands. As discussed in detail 

in Chapters 2 and 3, the hole-hole repulsion in a singlet bipolaron serves to 'flatten' the 

attractive cation-anion Coulomb well, resulting in enhanced hole delocalization. Within a 

single P3HT chain, this effect is demonstrated by the appearance of exclusively a redshifted 

P1 band for bipolarons in contrast to polarons. Disregarding the hole-hole repulsion, as 

emphasized in Figure2.2 of Chapter 2, results in a significant blueshift in the bipolaron 

spectrum, highlighting the critical role of hole-hole repulsion in the observed redshift for 

singlet bipolarons.  

Figure4.7 showcases the y-polarized absorption spectra for various polaron 

complexesðnamely h1, h1a1, and h1a2, each incorporating a single holeðas well as for 
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bipolaron complexes, including h2, h2a2, and h2a2 in the absence of hole-hole repulsion, 

with each species accommodating two holes. As observed, in polaron complexes, the 

addition of more dopant anions leads to a progressive blueshift in the P1 band, indicating 

increased hole localization. The h2 bipolaron complex, which lacks dopant anions, exhibits 

an absorption spectrum that closely resembles that of the h1 polaron complex, but with 

doubled intensity. This resemblance suggests that in the absence of dopant anions, singlet 

bipolarons remain unbound due to extreme hole-hole repulsion, effectively causing the two 

holes to avoid each other and maintain the maximum possible separation.  

The h2a2 complex, however, displays two distinct P1 bands: one exhibits a redshift, 

and the other shows a pronounced blueshift compared to the h1a1 polaron complex. 

Intriguingly, when the hole-hole repulsion is neglected, the h2a2 spectrum reveals solely a 

blue-shifted band, aligning precisely in energy with that of h1a2 but with doubled intensity. 

This observation makes sense, considering that in the absence of hole-hole repulsion, the 

band structures of both h1a2 and h2a2 consist of one-polaron orbitals, with the ground state 

accommodating one hole in h1a2 and two holes in h2a2, effectively doubling the intensity. 

This further highlights the necessity of hole-hole repulsion for the simultaneous emergence 

of red and blue-shifted bipolaronic bands; without it, only the blue-shifted P1 band is 

observed.  

4.6. Discussion/Conclusion 

In this chapter, we examined the effects of -́stack aggregation on the mid-IR 

absorption spectra of polarons and bipolarons within P3HT chains, utilizing a coarse-

grained model that solely retains the local HOMO level of each thiophene unit, thereby 
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centering exclusively on the commonly observed P1 peak within the 0.3-0.7 eV range. The 

model is particularly adept at identifying spectral signatures that distinguish between 

interacting polarons and singlet bipolarons, offering a new perspective on bipolaron 

formation. In contrast to the conventional interpretation where bipolaron formation results 

from self-trapping, our findings indicate that it is primarily driven by attractive electrostatic 

interactions with dopant anions. Without these anions, two holes would not pair to form 

singlet bipolarons; instead, they would repel each other, seeking to maximize their 

separation. We note in passing that the energy of the aromatic-quinoidal vibrational mode 

is too high to justify the adiabatic approximation necessary for the formation of mid-gap 

states. 

The model qualitatively reproduces the bipolaron signatures measured by Enengl 

et. al.26, where the P1 band initially exhibits a blueshift with increasing oxidation potential. 

At higher oxidation levels, the P1 band undergoes a redshift, exceeding the polaron's P1 

band, with the emergence of an additional shoulder peak around 0.8 eV. Our analysis 

suggests that the initial blueshift at lower oxidation levels is indicative of Coulombically 

interacting polarons becoming more localized. In contrast, the simultaneous appearance of 

redshifted and blueshifted bands at elevated oxidation levels is indicative of the formation 

of spinless singlet bipolarons. This interpretation is supported by the EPR measurements 

from Enengl et. al.26, where the EPR signal is nearly zero at the highest potential (1300 

mV), indicating that the population of charge carriers is predominantly composed of singlet 

bipolarons. Attempting to associate the observed redshift and blueshift with different 

species, namely coupled polarons (or triplet bipolarons) and bipolarons coexisting 

simultaneously, as argued recently by Schwartz and coworkers61,62, contradicts the EPR 
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results. A significant population of coupled polarons (or triplet bipolarons) at elevated 

oxidation levels would be expected to produce a considerable EPR signal, which is notably 

absent, reinforcing our findings. 

Furthermore, the exploration of the spectral signature of ionized charge carriers 

such as ionized bipolaron (h1a2) and ionized tripolaron (h2a3) has yielded significant 

insights into the diverse array of charge carriers that can form at elevated oxidation levels, 

resulting in either blue or redshifted polaronic bands. Our findings indicate that ionized 

species invariably induce a blue-shifted band, whereas a free hole leads to a distinctly red-

shifted band. Importantly, the concurrent appearance of red and blue-shifted bands, as 

observed by Enengl et. al.26, may in part be attributed to the coexistence of ionized species 

and free holes. This combined spectrum, featuring both red and blue-shifted bands, should 

be carefully distinguished from the simultaneous emergence of red and blue-shifted bands 

associated with singlet bipolarons. 

The critical role of hole-hole repulsion in enabling the simultaneous emergence of 

red and blue-shifted bipolaronic bands was also highlighted, demonstrating that in its 

absence, only a blue-shifted P1 band is observed. Within a single P3HT chain, the singlet 

bipolaron is characterized by a uniquely redshifted P1 band, indicative of substantial hole 

delocalization primarily driven by hole-hole repulsion. In -́stacks of P3HT chains, the 

introduction of the interchain degree of freedom notably mitigates hole-hole repulsion, 

allowing the holes to be closer to dopant anions by residing on separate chains. This 

arrangement leads to a more localized bipolaron complex in a two-dimensional lattice (2D) 

compared to a one-dimensional chain (1D). The enhanced localization observed in 2D 

bipolarons relative to 1D bipolarons is indeed reflected in the bipolaron's binding energy, 



108 
 

which nearly triples as the -́stack configuration expands from a single chain to encompass 

nine chains. We argue that the blue-shifted bipolaronic band reflects the enhanced hole 

localization in 2D bipolarons versus 1D bipolarons, whereas the red-shifted bipolaronic 

band highlights the enhanced hole delocalization in bipolarons compared to polarons. 

Finally, we address the impact of vibronic coupling involving the aromatic-

quinoidal mode, which has thus far been neglected in this chapter. Given the substantial 

size of the basis set required, a full-scale analysis of 2D bipolarons (h2a2) with the complete 

Holstein Hamiltonian is not feasible. Nonetheless, the effects of vibronic coupling can be 

assessed for less complex systems, such as single polarons (h1a1) and ionized bipolarons 

(h1a2). As demonstrated in FigureC.2 of Appendix C, incorporating vibronic coupling 

results in the emergence of a low-energy peak below 0.2 eV (referred to as the ñAò peak in 

refs.67,68,72,89,117), and causes a blue shift in the P1 peak (aka ñBò peak). Notably, FigureC.2 

reveals that the magnitude of this blue shift decreases for polarons and ionized bipolarons 

in 2D compared to their 1D counterparts, becoming almost negligible in 2D. This indicates 

that incorporating vibronic coupling would minimally affect the position of peak B in a 2D 

lattice, implying that the positions of red-shifted and blue-shifted bipolaronic bands, as 

predicted in our current model which excludes vibronic coupling, are expected to remain 

nearly the same upon the inclusion of vibronic coupling. Future work will focus on a 

comprehensive analysis of 2D bipolarons by employing the complete Holstein Hamiltonian 

represented in a local multiparticle basis set. 
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CHAPTER 5. FUTURE RESEARCH DIRECTION: 

TRIONS 

The theoretical model presented in this thesis has thus far focused on the transitions 

between the bipolaronic (polaronic) ground and excited states, which give rise to the P1 

mid-IR absorption band frequently observed between 0.3-0.7 eV for polymers such as 

P3HT. Given that the model exclusively retains the local HOMO level of each thiophene 

unit, it does not account for the higher energy P2 band that appears in the near-IR region, 

approximately between 1.3 and 1.5 eV in P3HT. A crucial direction for future research, as 

highlighted by this chapter, involves extending the model to account for the P2 polaronic 

band. As discussed in Chapter 1 and reported in Enengl et al.'s work26, for the oxidized 

P3HT chain the P2 transition begins to emerge at around 1.68 eV as the oxidation potential 

increases, intensifying up to 900 mV before its intensity starts to diminish beyond 900 mV. 

The accurate representation of the P2 band necessitates the inclusion of the local 

LUMO level for each thiophene unit. By expanding the multiparticle basis set to 

encompass states with a hole and an exciton (a bound electron-hole pair), along with states 

comprising two holes and an electron  ï the so called trions129ï131 ï we can address the 

nature of the near-IR P2 band. A trion can be very approximately understood as an exciton 

on an oxidized chain, as the exciton consists of an electron and a hole, and the oxidized 

chain already contains a hole. However, the exciton can charge-separate, giving rise to a 

Coulomb-stabilized hole-electron-hole sequence which likely contributes to states with 

lower energy (relative to the exciton) responsible for the near-IR P2 absorption band. 

Figure 5.1 highlights the core components of such coarse-grained model for a single 

P3HT chain. Panel A depicts a neutral P3HT chain, with all local HOMO levels doubly 
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occupied, indicating a state with no charge carrier or exciton. In Panel B, the chain 

undergoes oxidation: an electron is removed by the dopant, creating a hole within the chain. 

 

 Figure 5.1. Illustrating the core components of a coarse-grained model that accounts for both P1 and P2 

polaronic bands in doped P3HT films. Panel (a) depicts a neutral P3HT chain, with all local HOMO levels 

doubly occupied. In Panel (b), the chain undergoes oxidation: an electron is removed by the dopant (green 

point charge), creating a hole within the chain. Panel (c) illustrates the formation of an exciton on the 

P3HT chain that already hosts a hole. Panel (d) visualizes the exciton's charge separation process via th, 

leading to a Coulomb-stabilized hole-electron-hole sequence. Panel (e) demonstrates that activating the 

hole and electron transfer integrals yields two distinct bands, referred to as the polaron and trion bands, 

with the former acting as the ground state for the P2 transition. In panels (b) and (c), each oval in the 

depicted simplified geometries of the P3HT chain represents a thiophene unit, with nearest neighbor 

separation d of approximately 0.4 nm.  dan is the distance between the point-charge anion and the chain 

center. Dashed lines in these simplified geometries represent the alkyl (R) groups. 
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Panel C further illustrates the formation of an exciton on the P3HT chain that already hosts 

a hole. This is indicated by the presence of a hole in the HOMO level and an electron in 

the LUMO level of the thiophene unit hosting the exciton. Lastly, Panel D demonstrates 

the exciton's charge separation process in this case through th, leading to the formation of 

a Coulomb-stabilized hole-electron-hole state. 

It is noteworthy to mention that the model outlined above includes two subspaces: 

(i) the polaron subspace, where the P3HT chain hosts only a hole, and (ii) the trion 

subspace, which encompasses states with both a hole and an exciton, as well as states 

containing two holes and an electron. Upon activating the hole and electron transfer 

integrals, this model yields two distinct bands, referred to as the polaron and trion bands, 

as illustrated in Figure5.1E. The P1 transition is defined as the transition within the polaron 

band, starting from the polaron's ground state and terminating in its first excited state. 

Conversely, the P2 transition is identified as the transition from the polaronôs ground state 

to the lowest eigenstate within the trion band, as shown in Figure5.1E.  

As further highlighted in Panel E, the lowest trion eigenstate predominantly 

consists of local states with a hole-electron-hole sequence. This configuration is preferred 

due to its enhanced Coulombic stability compared to local states comprising a hole and an 

exciton. Initially, these trion states are optically dark because the transition dipole moment 

operator, essential for calculating the oscillator strength of the P2 transition, solely connects 

the ground state (state with no exciton, referred to as the polaron band ground state) to 

states featuring a hole and a bound exciton, but not to the trion states which contain three 

charges. However, by activating the electron and hole transfer integrals, the trion states will 

become optically bright and gain oscillator strength through mixing with the states that 
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have a hole and a bound exciton. We are currently investigating this hypothesis with the 

long-term goal of eventually accounting for the full spectrum of a conjugated polymer like 

P3HT, from the mid-IR to the UV-vis. 
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APPENDIX A: SUPPORTING INFORMATION FOR CHAPTER 2 

A.1. Single Polaron Hamiltonian 

For the single-polaron calculations we employ the Hamiltonian, 

1p el,1p vib,1pH H H= +           (A.1) 

which is the counterpart to Eq.(2.10) in chapter two for bipolarons. Here, the electronic 

term is given by, 

el,1p { 1 . .}h

n

H t n n h c= + +ä
2

0

1

4 | |n ann

e
n n

pe
-

-
ä

r r
     (A.2) 

with the state |n> indicating a cation on the nth thiophene unit (while all other units are in 

their neutral ground states). In addition, rn is the position of the nth cationic point charge, 

assumed to be given by ndi, where i is the unit vector pointing along the chain, and d =0.4 

nm is the nearest neighbor thiophene-thiophene distance.  The vibrational part of the 

Hamiltonian is, 

À À

vib,1p vib vib {( )}n n n n

n n

H b b b b n nw w l l= + + +ä ä Φ      (A.3) 

where wvib =0.174 eV is the aromatic-quinoidal vibrational frequency and l2 is the HR 

factor, which is set to unity in all calculations. For cases which include short-range disorder 

we employ the Hamiltonian, 

dis,1p el,1p vib,1p n

n

H H H n n= + + Dä         (A.4) 

where Dn is a random energy offset chosen from a Gaussian distribution of width s (chapter 

two). 
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A.2. Multi-particle basis set 

As is mentioned in the main text of chapter two, the Hamiltonian expressed in Eq. 

(2.10) is represented in a multi-particle basis set, and numerically diagonalized to obtain 

all eigenvectors and energies through which one can construct a converged absorption 

spectrum. Each basis vector contains information about the electronic as well as vibrational 

excitations associated with each thiophene unit of the polymer chain. We consider a linear 

array of thiophene units which are covalently bonded and form the P3HT polymer chain. 

The local HOMO for each thiophene unit is retained, with each coupled to its immediate 

neighbors via the hole transfer integral, th so as to create the delocalize the holes.  

Herein, the diabatic states include one-particle (1P), two-particle (2P), three-

particle (3P), and four-particle (4P) states. A ñparticleô is defined as an excited thiophene 

unit, involving either an electronic excitation ï a cation ï or a purely vibrational excitation 

on a neutral thiophene unit. Hence, for a bipolaron, a one-particle state, ȿάȟάȟὺἃ has both 

holes on single thiophene unit with ὺ vibrational quanta in the excited, shifted dicationic 

nuclar harmonic well. All other sites (besides m) are electronically and vibrationally 

unexcited. Here, the bar overstrike indicates vibrational quanta relative to a shifted 

potential well. Two-particle states, denoted as ȿάȟὲȟὺȟὺἃ ,  have  holes located on the 

mth and nth thiophene units, having ὺ and ὺ (ὺ π  vibrational quanta, respectively, 

within their cationic harmonic nuclear potentials.  

Three-particle states are referred to as ȿάȟὲȟὺȟὺȠὰȟὺἃ where site l (ὰ άȟὲ ) 

is now purely vibrationally excited with ὺ ρ quanta in the unshifted nuclear potential 

well corresponding to a neutral thiophene site (while all other sites are unexcited). Finally, 

four-particle states are denoted as άȟὲȟὺȟὺȠὰȟὺȠήȟὺ  in which fragments l and q (ὰ
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ήȠ ὰȟή άȟὲ) are purely vibrationally excited with ὺ ρ quanta in the unshifted nuclear 

wells, and the two holes are located on the mth and nth fragments with  ὺ and ὺ 

vibrational quanta within their ionic nuclear potentials. All other sites are in their electronic 

ground-states with no vibrational quanta. It has to be mentioned that our three-particle and 

four-particle states will also become two-particle, ȿάȟάȟὺȠὰȟὺἃ, and three-particle, 

άȟάȟὺȠὰȟὺȠήȟὺ  states, respectively, for the case that two holes occupy the same 

thiophene unit.  

In order to reduce the size of the basis set, we have only considered nearest-

neighbor four-particle states, in which two purely vibrationally excited sites are the nearest 

neighbor of either of the holes. Since the size of multi-particle basis set increases 

exponentially with the number of the sites, we truncate the basis set at the four-particle 

level. Additionally, we have also enforced a cap, ὺ , on the total number of the quanta 

such that ὺ ὺ Вὺ ὺ . 

The eigenvectors of the Hamiltonian can be expressed as a linear combination of 

all diabatic states: 

ȿ‪ἃ ὅȟ
ȿάȟάȟὺἃ ὅȟȟ ȟ

ȿάȟὲȟὺȟὺἃ

ȟȟ

 

ὅ ȟ Ƞȟ
ȿάȟάȟὺȠὰȟὺἃ

ȟȟȣ

ὅ ȟȟ ȟ Ƞȟ
ȿάȟὲȟὺȟὺȠὰȟὺἃ

ȟȟȣȟȟȟ

ὅ ȟ ȠȟȠȟ άȟάȟὺȠὰȟὺȠήȟὺ

ȟȟȣȟȟȟȣ

ὅ ȟȟ ȟ ȠȟȠȟ άȟὲȟὺȟὺȠὰȟὺȠήȟὺ

ȟȟȣȟȟȟȟȣȟȟȟ

     !Ȣυ 
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in which i=1 is the ground state of the bipolaron with energy Ὁ, and i>1 denotes the excited 

states. In this work all states in Eq.(A.5) were capped at a total of five vibrational quanta 

(ὺ υ. 

A.3. Convergence of the Absorption Spectrum 

Once the eigenvectors ȿ‪ἃ have been calculated by numerically diagonalizing the 

Hamiltonian, one can construct the absorption spectrum ὃ:using ‫ 

                        ὃ‫  Ὁ Ὁ ‪ ‘Ƕ‪ ὡ ̯‫ Ὁ Ὁ                          !Ȣφ 

in which ‪  is the jth excited-state eigenfunction of the bipolaron Hamiltonian in 

Eq.(2.10) with energy Ὁ, ‘Ƕ is the dipole moment operator, and Ὁ Ὁ ‪ ‘Ƕ‪  is 

the oscillator strength for the transition between the ground state ȿ‪ἃ and an excited state 

‪ . ὡ is a line shape function, taken here to be a Gaussian function, ὡ

ÅØÐ̯  with standard deviation G.  

We now show that the bipolaron absorption spectrum converges well-enough 

within the four-particle approximation with ὔ ρπ and ὺ φ. FigureA.1A shows the 

simulated absorption spectrum for ὔ φ, ὔ ρπ, ὔ ςπ, and ὔ σπ with only the 

inclusion of electronic degree of freedom. As can be seen, peak B red-shifts significantly 
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as we change N=6 to N=10, however, increasing N from 10 to 20 causes a rather small red-

shift (πȢπςτ Ὡὠ). Further increases in N gives essentially the same absorption spectrum.  

FigureA.1B shows the simulated absorption spectra for N=6 with now the inclusion 

of vibronic coupling within the four-particle approximation while varying the vibrational 

cap up to ὺ χ. Within the four-particle approximation, increasing the vibrational cap 

from ὺ τ to ὺ χ causes both peaks A and B to slightly redshift along with a 

small decrease in peak A intensity. FigureA.1C shows the same results along with the same 

trend but now for N=10. As can be seen, the four-particle approximation converges nicely 

 

 

(C)

(2P3P4P)
N=10

(A)

(B)
(2P3P4P)

N=6

Figure A. 1. Bipolaron simulated absorption spectrum A) with only the inclusion of electronic degree of 

freedom for  ὔ φ (black solid), ὔ ρπ (red solid), ὔ ςπ (green solid), and  ὔ σπ  (black dashed), as 

well as with the inclusion of vibronic coupling B) for ὔ φ with ὺ τ (black solid), ὺ υ (red 

solid), ὺ φ (green solid), and ὺ χ (black dashed) C) for  ὔ ρπ with ὺ τ (black solid), 

ὺ υ (blue solid), ὺ φ (red solid), and  ὺ χ (green solid). In all cases, we have set th = 0.4 

eV, anions are at 0.75 nm from the chain center (see Figure 2.1C). In parts (B) and (C) the vibronic coupling 

is described with 
2l=1, 

vibw =0.17 eV, and the basis set includes 2-, 3- and 4- particle states. 
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by ὺ φ. In order to keep the size of the basis set in a manageable order, in particular 

with regard to the disorder calculations, we have used N=10 and ὺ υ for all the 

calculations presented in the main text of chapter two.  

A.4. Ohno potential and the on-site repulsion energy, ╥▪ȟ▪
▐ ▐ 

The on-site repulsion energy, ὠȟ , for two holes double filling the HOMO of a 

given thiophene unit can be evaluated using the Ohno potential123. Here, we evaluate the 

Coulomb interactions between two electrons in the HOMO which is the same as two holes 

occupying the HOMO. For two electrons in the pz orbitals of the carbon atoms at positions 

r1 and r2 the Ohno potential is, 

                                    ὠ►ȟ►
Ὗ

ρ
Ὗ
Ὡ

τ“‭ὶȟ

                                                        !Ȣχ 

where U=11.5 eV and ὶȟ is the distance between the two charges. U is the Coulombic 

energy for two electrons in the same carbon pz orbital obtained by taking ὶȟ =0 in 

Eq.(A.7), see FigureA.2B. When the two electrons are located on distant sites, Eq.(A.7) 

takes on the limiting form, ὠὶȟὶ
ȟ
, which is the usual Coulomb repulsion 

between two like charges located at the distance ὶȟ.  
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We next consider a dimer of thiophene units so as to evaluate the on-site repulsion 

by assuming atomic orbital coefficients corresponding to a butadiene HOMO and the Ohno 

potential. FigureA.2A shows the structure of the dimer having been optimized in vacuum 

using Gaussian16179, employing the PBE1PBE functional180,181 and 6-31+G(d) basis 

set182,183. As can be seen, the distance between the centers is approximately 0.4 nm which 

is the value we have used for the nearest neighbor distance between two thiophene centers 

in our calculations.  

 

 

(A)

(B)

(C)

Figure A. 2. A) The molecular structure of bithiophene having been optimized using PBE1PBE functional 

and 6-31+G(d) basis set. Purple dots indicate the center of each thiophene ring. B) the repulsive energy 

between two positive point charges based on Coulomb as well as Ohno potentials. C) the repulsive energy 

between two holes located on different thiophene sites as a function of inter-ring distance calculated based 

on Coulomb as well as Ohno potentials. Note that in case of Coulomb potential, two holes are treated as 

point charges located at the center of the rings. 
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Having two electrons in the HOMO gives the wave function: 

                                                  ‪ὶȟὶ ‪ ὶ‪ ὶ                                                      !Ȣψ 

in which ‪  is the wave function of the HOMO orbital of a butadiene as follows: 

                                                          ‪ ὶ ὅὴὶ                                                       !Ȣω 

with coefficients ὅ corresponding to the carbon atomic orbital ὴὶ. Using H¿ckel 

theory, one can easily calculate the HOMO orbital for the butadiene: 

 ‪ ὶ πȢφπςὴ ὶ πȢσχς ὴ ὶ πȢσχςὴ ὶ πȢφπςὴ ὶ                       !Ȣρπ 

giving the coefficients in Eq.(A.9).  

Inserting Eq.(A.9) into Eq.(A.8), gives, 

                                     ‪ὶȟὶ  ὅὴὶὅὴ ὶ                                              !Ȣρρ 

One can readily calculate the expectation value of ὠὶȟὶ using this wave function as 

follows: 

  ἂ‪ὶȟὶȿὠὶȟὶȿ‪ὶȟὶἃ  

 ὅᶻὴᶻὶὅᶻὴᶻὶὠὶȟὶὅὴ ὶὅὴὶ ὨὶὨὶ                  !Ȣρς 

in which the Coulomb and Exchange contributions are as follows: 

 ὅέόὰέάὦ ὧέὲὸὶὭὦόὸὭέὲ  

ȿὅȿȿὴὶȿὠὶȟὶ ὅ ὴ ὶ ὨὶὨὶ       Ὢέὶ Ὥ ὯȟὮ ὰ                         !Ȣρσ 
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ὉὼὧὬὥὲὫὩ ὧέὲὸὶὭὦόὸὭέὲ 

ὅᶻὴᶻὶὅᶻὴᶻὶὠὶȟὶ ὅὴὶὅὴ ὶὨὶὨὶ  Ὢέὶ Ὥ ὰȟὮ Ὧ                 !Ȣρτ 

The small exchange coupling term has been neglected as is done in the PPP and Hubbard 

models for conjugated polymer chains184.  

Finally, using Eq.(A.7), Eq.(A.12), Eq.(A.14) and the molecular geometry shown 

in FigureA.2A, we have calculated the on-site as well as the nearest neighbor repulsions as 

5.6 eV and 3.8 eV, respectively, which means that the on-site repulsion is almost 1.5 times 

greater than the nearest neighbor repulsion, and that is the ratio we have used through all 

the calculations presented in the main text of chapter two. Moreover, FigureA.2C shows 

the repulsive energy between two holes located on nearest neighbor (n.n) thiophene rings 

and beyond up to the 5th n.n, calculated based on the usual Coulomb as well as Ohno 

potentials. Note that in case of Ohno potential the molecular geometry of a hexathiophene 

(ὔ φ) was used, while for Coulomb potential two holes were treated as point charges 

located at the center of the rings. As is apparent, the results of Coulomb and Ohno potentials 

are almost identical when two holes are located on different sites, in particular for beyond 

n.n. Accordingly, the repulsive energy between two holes located on different thiophene 

rings is approximated in our model by simply using the usual Coulomb potential.  
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A.5. Hole probability density for different values of ▀╪▪╪▪ 

FigureA.3 shows the hole probability density functions corresponding to different values 

of Ὠ  for N=10 chains with only the inclusion of electronic degree of freedom. As is 

apparent, separating the anions to Ὠ πȢτ ὲά leads to small modifications of the 

wave function- only a slight decrease in the values at m=5 and m=6, compensated by a 

slight increase for other values of m away from the central region. Further increase in 

Ὠ  causes a more pronounced separation of polarons.  

A.6. Bipolaron binding energy, Ў╔ 

The bipolaron binding energy, ЎὉ is defined as: 

Ў╔ ςὉ ρ0 Ὁ        (A.15) 

 

 Figure A. 3. Calculated bipolaron density as a function of site number for different values of dan-an for N=10 

chains with the exclusion of vibronic coupling. We have set th =- 0.4 eV, and anions are at 0.75 nm from the 

chain center. 
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where EG is the bipolaron ground state energy and EG(1P) is the one-polaron ground state 

energy, evaluated as the lowest energy eigenstates corresponding to the Hamiltonians in 

Eq.(2.3) and Eq.(A.1), respectively. In order to understand the behavior of the binding 

energy for large N we report here calculations involving long chains with N=40, but 

suppressing the vibronic coupling. FigureS4 shows the bipolaron binding energy as a 

function of inter-anion distance for N=40 with the anions located at 0.5 nm, 0.75 nm, and 

1.0 nm away from the chain. FigureA.4A shows the binding energies with the anion-anion 

repulsion (point charges) omitted, whereas FigureA.4B shows the energies with the 

inclusion of anion-anion repulsion. One can retrieve the binding energies in part (B) by 

subtracting the anion-anion repulsion from the energies in part (A).   

 

 

(A) (B)

Figure A. 4. Calculated bipolaron binding energy as a function of inter-anion distance dan-an for N=40 

chain with (A) the exclusion of anion-anion repulsion, (B) the inclusion of anion-anion repulsion. The 

anions are located at dan πȢυ ὲά (black-solid), πȢχυ ὲά (red-solid), and ρȢπ ὲά (blue-solid) away from the 

chain. The dotted-lines in part (A) show the anion-anion repulsion (point charges) associated with 

each Ὠὥὲ.The vibronic coupling is omitted. For bipolarons (polarons) the Hamiltonian in Eq.(2.3) (Eq.A.1) 

was used with the electronic coupling set to th = 0.4 eV. For bipolarons the geometry in Figure2.1B is 

assumed. 
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As can be seen, the binding energy generally decreases as the inter-anion distance 

increases, converging to zero for large values of Ὠ . This means that when two anions 

are located relatively away from each other the energy of the system converges to the 

energy of two well-separated polarons. The figure shows that the anion-anion repulsion 

makes the convergence slower. Moreover, convergence with Ὠ is more rapid when 

anions are at closer proximity to the chain (for example see Ὠ πȢυ ὲά vs Ὠ

ρȢπ ὲά). For a fixed value of Ὠ  , the binding energy uniformly decreases as the anion 

moves further away from the chain (Ὠ  increases) as long as the anion-anion repulsion is 

neglected. In the presence of anion-anion repulsion the binding energy decreases with 

increasing dan as long as  Ὠ  is smaller than approximately 1.5 nm. Interestingly, 

beyond 1.5 nm, the dependence on dan is inverted because the anion-anion repulsion 

decreases faster with increasing dan than the attractive Coulombic coupling. 
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APPENDIX B: SUPPORTING INFORMATION FOR CHAPTER 3  
 

B.1. Bipolaron Binding Energy and Ionization Energy with and without vibronic 

coupling 

 The bipolaron binding energy is defined as, 2E(P) ï E(2P), where E(2P) and 

E(P) are the ground-state energies of a bipolaron complex (2 anions/2 holes) and a single 

polaron complex (one anion/one hole), respectively. The bipolaron ionization energy is 

E(2P-) + E(h+) - E(2P) , where E(h+) is the ground-state energy of a free hole while E(2P-) 

is the ground-state energy of a complex consisting of the two dopant anions and a single 

bound hole. The Table below lists binding energies and ionization energies for bipolaron 

complexes with and without the inclusion of vibronic coupling. 

 

 

ἥἱἼἰ ἤἱἪἺἷἶἱἫ ἍἷἽἸἴἱἶἯ 

▀╪▪▪□ ἌἱἶἬἱἶἯ ἏἶἭἺἯὁ Ἥἤ ἓἷἶἱὂἩἼἱἷἶ ἏἶἭἺἯὁ Ἥἤ 

0.5  1.73699 (0.29619) 1.56646 

0.6 1.35881 (0.15815) 1.21732 

0.75 1.05662 (0.09609) 0.95166 

ἥἱἼἰἷἽἼ ἤἱἪἺἷἶἱἫ ἍἷἽἸἴἱἶἯ 

▀╪▪▪□ ἌἱἶἬἱἶἯ ἏἶἭἺἯὁ Ἥἤ ἓἷἶἱὂἩἼἱἷἶ ἏἶἭἺἯὁ Ἥἤ 

0.5  1.65729 (0.21649) 1.46509 

0.6 1.33203 (0.13137) 1.17509 

0.75 1.05076 (0.09023) 0.93728 

 

 Table B. 1. Calculated bipolaron binding energies and ionization energies for the dopant anion geometry of 
Figure3.1B with dan-an=0 for a chain containing N=10 thiophene units. In this geometry, both anions are 

positioned on opposite sides of the chain center, at a distance dan from the chain. The electronic coupling is 

set to th = -0.4 eV, and all electrostatic interactions are unshielded, ‐ ρ. When vibronic coupling is 

excluded we utilize the Hamiltonian in Eq.(3.1). Vibronic coupling is included using a Holstein-style 

Hamiltonian as described in chapter two with Huang-Rhys factor, l2=1, and vibrational energy, wvib=0.17 

eV. The Hamiltonian is represented in a multiparticle basis set including 2-, 3- and 4- particle states with 

ὺ υ. Binding energies inside (outside) parenthesis include (exclude) anion-anion repulsions. 
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B.2. Multi-polaron binding energies with Ⱡ  

 The binding energy, DE, of a multi-polaron complex consisting of Nan stationary 

anions and an equal number of mobile holes, is the energy required to separate the complex 

into Nan independent single polaron complexes,  

 

    DE = Nan E(P) -  E(Nan P)       (B.1) 

where E(Nan P) and E(P) are the ground state energies of the multi-polaron complex and 

single polaron complex, respectively. Binding energies for the zig-zag multi-polaron 

complexes of Figure3.1 are presented in TableB.2. Positive values of DE indicate stable 

complexes relative to separated polarons. Values inside (outside) the parenthesis include 

dan= 0.5 nm 

▀╪▪╪▪▪□ ЎἏἌἱἸἷἴἩἺἷἶἭἤ ЎἏἢἺἱἸἷἴἩἺἷἶἭἤ ЎἏἢἭἼἺἩἸἷἴἩἺἷἶἭἤ 

0.4 1.51337 (0.17563) 4.14220 ( 0.33428) 7.71860 ( 0.81899) 

0.8 1.22487 (0.09980) 3.20835 (0.05772) 5.74255 (0.01219) 

1.2 0.98453 (0.06216) 2.52868 (0.08360) 4.46021 (0.10681) 

1.6 0.80513 (0.04151) 2.04646 (0.06898) 3.58398 (0.09877) 

dan = 0.75 nm 

▀╪▪╪▪▪□ ЎἏἌἱἸἷἴἩἺἷἶἭἤ ЎἏἢἺἱἸἷἴἩἺἷἶἭἤ ЎἏἢἭἼἺἩἸἷἴἩἺἷἶἭἤ 

0.4 1.01770 (0.08960) 2.89599 ( 0.76119) 5.51685 ( 1.61947) 

0.8 0.92297 (0.07545) 2.49457 ( 0.10098) 4.56394 ( 0.28871) 

1.2 0.81264 (0.06260) 2.13267 (0.03224) 3.81591 ( 0.00433) 

1.6 0.70769 (0.05074) 1.82826 (0.06412) 3.23599 (0.07815) 

 

 
Table B. 2. Calculated multi-polaron binding energies, DE, based on the Hamiltonian in Eq.(3.1) for the 

zigzag distribution of counterions (see Figure3.1 of chapter three) with several values of dan and dan-an . The 

P3HT chain contains N=20 thiophene units. The electronic coupling is set to th = -0.4 eV, and for all 

electrostatic interactions are unshielded, ‐ ρ. Binding energies inside (outside) parenthesis include 

(exclude) anion-anion repulsions. 
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(neglect) the anion-anion repulsion energy. The Table shows that if anion-anion repulsion 

is neglected all complexes are bound in the sense that the attractive interactions between 

holes and counterions exceeds the repulsive interactions between holes so that the resulting 

hole wave function is localized. When anion-anion interactions are included all bipolarons 

maintain positive values of DE, indicating that the repulsive interactions will not affect the 

formation of bipolarons from two polarons. However, the binding energies for tripolarons 

and tetrapolarons are negative when dan-an is small. This indicates that in order for such 

complexes to exist as stable or metastable entities, steric interactions between anions and 

the polymer side-chains are required to hold the anions in place. It should also be pointed 

out that the values reported in the Table are most likely influenced by finite size effects 

since the chain contains only N=20 thiophene units. 

 Stability can also be measured by the binding energy, DE1, which is the energy 

required to remove just a single polaron complex (anion/hole) from the original multi-

polaron complex,  

    DE1 = E(P) + E((Nan -1)P)  -  E(Nan P)     (B.2) 

For a bipolaron complex DE1 is equal to DE. However, for a tri- and tetrapolaron 

complexes DE1 generally differs from DE, and is given by, 

 

    DE1 = DE(3P) - DE(2P)  tripolaron  (B.3a) 

    DE1 = DE(4P) - DE(3P)  tetrapolaron  (B.3b) 

Using Eq.ôs (B.3a,b) with the DE values in TableB.2 shows that when anion-anion repulsion 

is included, tripolaron complexes are more stable than well-separated bipoloron and single 
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polaron complexes as long as dan-an is sufficiently large. The same holds for tetrapolaron 

complexes vs tripolaron and single polaron complexes.  

B.3. Ohno potential and the on-site repulsion energy, ╥▪ȟ▪
▐ ▐ 

The on-site repulsion energy, ὠȟ , for two holes double filling the HOMO of a 

given thiophene unit can be evaluated using the Ohno potential123. Here, we evaluate the 

Coulomb interactions between two electrons in the HOMO which is the same as two holes 

occupying the HOMO. For two electrons in the pz orbitals of the carbon atoms at positions 

r1 and r2 the Ohno potential is, 
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Figure B. 1. A) The molecular structure of bithiophene having been optimized using PBE1PBE functional 

and 6-31+G(d) basis set. Purple dots indicate the center of each thiophene ring. B) the repulsive energy 

between two holes located on different thiophene sites as a function of inter-ring distance calculated based 

on Coulomb as well as Ohno potentials with ‐ ρ and C) with ‐ ς . Note that in case of Coulomb 

potential, two holes are treated as point charges located at the center of the rings. 
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where U=11.5 eV and ὶȟ is the distance between the two charges. U is the Coulombic 

energy for two electrons in the same carbon pz orbital obtained by taking ὶȟ =0 in Eq.(B.4). 

When the two electrons are located on distant sites, Eq.(B.4) takes on the limiting form, 

ὠὶȟὶ
ȟ
, which is the usual Coulomb repulsion between two like charges 

located at the distance ὶȟ.  

We next consider a dimer of thiophene units so as to evaluate the on-site repulsion 

by assuming atomic orbital coefficients corresponding to a butadiene HOMO and the Ohno 

potential. FigureB.1A shows the structure of the dimer having been optimized in vacuum 

using Gaussian16179, employing the PBE1PBE functional180,181 and 6-31+G(d) basis 

set182,183. As can be seen, the distance between the centers is approximately 0.4 nm which 

is the value we have used for the nearest neighbor distance between two thiophene centers 

in our calculations.  

Finally, using Eq.(A.7), Eq.(A.12), Eq.(A.14) (see Appendix A) and the molecular 

geometry shown in FigureB.1A, we have calculated the on-site as well as the nearest 

neighbor repulsions with Ů=1 as 5.6 eV and 3.8 eV, respectively, which means that the on-

site repulsion is almost 1.5 times greater than the nearest neighbor repulsion, and that is 

the ratio we have used through all the calculations presented in the main text. The same 

calculations with Ů=2 show that the on-site and the nearest neighbor repulsions decrease to 

4.8 eV and 1.8 eV, respectively resulting in a ratio of 2.7.   
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Moreover, Figures B.1B and B.1C show the repulsive energy with Ů=1 and Ů=2, 

respectively between two holes located on nearest neighbor (n.n) thiophene rings and 

beyond up to the 5th n.n, calculated based on the usual Coulomb as well as Ohno potentials. 

Note that in case of Ohno potential the molecular geometry of a hexathiophene (ὔ φ) 

was used, while for Coulomb potential two holes were treated as point charges located at 

the center of the rings. As is apparent, the results of Coulomb and Ohno potentials are 

almost identical when two holes are located on different sites, in particular for beyond n.n. 

Accordingly, the repulsive energy between two holes located on different thiophene rings 

is approximated in our model by simply using the usual Coulomb potential.  
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B.4. Multi-polaron ground state multiplicity as a function of chain length (N) 

 

 

 

 

 

(B)(A)

(D)(C)

Figure B. 2. Ground state energy for a (A) polaron, (B) bipolaron, (C) tripolaron, and (D) tetrapolaron as a 

function of chain length N for a zig-zag anion configuration with dan = 0.75 nm and dan-an= 0.4 nm. The 

electronic coupling is set to th = -0.4 eV, and for all electrostatic interactions the dielectric constant is set to 
‐ ρ. 
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B.5. Convergence of the Absorption Spectrum   

In this section we evaluate the convergence of the absorption spectrum for a 

tripolaron and a tetrapolaron and show that the spectrum converges well enough with 

N=20.  FigureB.3 shows the absorption spectra for two different configurations: in Figures 

B.3A and B.3B dan-an is set to zero such that all anions are located on a circle of radius dan 

around the center of the chain, and in Figures B.3C and B.3D the anions located in a zigzag 
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Figure B. 3. Simulated absorption spectrum for a tripolaron (parts A and C) and a tetrapolaron (parts B and 

D) for  ὔ ρτ (red solid), ὔ ρφ (blue solid), ὔ ρψ (green solid), and  ὔ ςπ  (black solid). In parts 

A and B, all anions are located with dan-an=0 (i.e. on a circle of radius dan around the center of the chain), 

whereas parts C and D show the spectra when anions are located in a zigzag arrangement on opposite sides 

of the chain with dan-an=0.4 nm (see the simple schematics on parts C and D). In all cases, we have set th = 

-0.4 eV, anions are at 0.75 nm away from the chain. For all electrostatic interactions the dielectric constant 

is set to ‐ ρ 
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arrangement on opposite sides of the chain. For the zigzag arrangement, a tripolaron 

configuration with anions at 6.5, 7.5, and 8.5 means the first anion is located between the 

6th and 7th sites, the second anion is placed between the 7th and 8th sites, and the third anion 

is located between the 8th and 9th sites (see the simple schematics in parts C and D of Figure 

B.3). As can be seen for both tripolaron and tetrapolaron, peak B red-shifts significantly as 

we increase the number of sites (N=14 to N=20), and it converges faster for a tripoalron. In 

case of a tetrapolaron, increasing N from 18 to 20 causes a rather small red-shift (less than 

0.02 eV) for both configurations. 
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B.6.  Multi-polaron absorption spectrum with ▀╪▪╪▪ Ȣ ▪□ and Ⱡ    
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Figure B. 4. Calculated polaron and multi-polaron absorption spectra for a chain of N=20 with the zigzag 

distribution of counterions (dan =0.75 nm and dan-an= 0.8 nm, see Figure1 in the main text) in (A) with the 

inclusion of hole-hole repulsion and (C) with the exclusion of hole-hole repulsion. The polaron and multi-

polaron ground state hole densities as a function of site number corresponding with (A) and (C) are shown in 

(B) and (D), respectively. The electronic coupling is set to th = -0.4 eV, and for all electrostatic interactions the 

dielectric constant is set to ‐ ρȢ 
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B.7.  Multi-polaron absorption spectrum with ▀╪▪╪▪ Ȣ ▪□ and Ⱡ  
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Figure B. 5. Calculated polaron and multi-polaron absorption spectra for a chain of N=20 with the zigzag 

distribution of counterions (dan =0.75 nm and dan-an= 1.2 nm, see Figure1 in the main text) in (A) with the 

inclusion of hole-hole repulsion and (C) with the exclusion of hole-hole repulsion. The polaron and multi-

polaron ground state hole densities as a function of site number corresponding with (A) and (C) are shown 

in (B) and (D), respectively. The electronic coupling is set to th = -0.4 eV, and for all electrostatic interactions 

the dielectric constant is set to ‐ ρ. 
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B.8.  Multi-polaron absorption spectrum and hole probability density with ▀╪▪╪▪

Ȣ ▪□ and Ⱡ  
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Figure B. 6. Calculated polaron and multi-polaron absorption spectra for a chain of N=20 with the zigzag 

distribution of counterions (dan =0.75 nm, and dan-an= 0.4 nm, see Figure3.1 in chapter three). The electronic 

coupling is set to th = -0.4 eV, and all electrostatic interactions are included with ‐ ς. In B)-D) solid curves 

correspond to ground-state hole probability density functions for B) bipolaron, C) tripolaron and D) 

tetrapolaron. Hole-hole repulsion is omitted in the dashed curves. 
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B.9. Multi-polaron absorption spectrum with ▀╪▪╪▪ Ȣ ▪□ and Ⱡ  
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Figure B. 7. Calculated polaron and multi-polaron absorption spectra for a chain of N=20 with the zigzag 

distribution of counterions (dan-an= 0.4 nm, see Figure3.1 of chapter three) in (A) with dan =0.5 nm and (C) 

with dan =0.75 nm. Calculated hole density as a function of site number corresponding with the ground 

state of polaron and multi-polarons are shown in (B) with dan =0.5 nm and (D) with dan =0.75 nm. The 

electronic coupling is set to th = -0.4 eV, and for all electrostatic interactions the dielectric constant is set to 
‐ ς 
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B.10. Polaron and Bipolaron absorption spectrum with and without vibronic coupling 

with ▀╪▪ Ȣ ▪□ 
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Figure B. 8. Calculated (A) polaron and (C) bipolaron absorption spectrum for N=10 chains without vibronic 

coupling (black-solid) and with the inclusion of vibronic coupling (blue-solid). For the polaron the point-

charge anion is at 0.5 nm from the chain center while for the bipolaron both anions are at 0.5 nm from the 

chain center (with dan-an=0). Calculated hole density as a function of site number corresponding with the 

ground state of polaron and bipolaron are shown in (B) and (D), respectively. The electronic coupling is set 

to th = -0.4 eV, and the vibronic coupling is described with 
2l=1, 

vibw =0.17 eV. When vibronic coupling is 

included, the basis set includes 2-, 3- and 4- particle states with ὺ υ. 
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B.11. Polaron and Bipolaron absorption spectrum with and without vibronic coupling 

with ▀╪▪ Ȣ  ▪□ 
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Figure B. 9. Calculated (A) polaron and (C) bipolaron absorption spectrum for N=10 chains without 

vibronic coupling (black-solid) and with the inclusion of vibronic coupling (blue-solid). For the polaron 

the point-charge anion is at 0.75 nm from the chain center while for the bipolaron both anions are at 0.75 
nm from the chain center (with dan-an=0). Calculated hole density as a function of site number 

corresponding with the ground state of polaron and bipolaron are shown in (B) and (D), respectively. The 

electronic coupling is set to th = -0.4 eV, and the vibronic coupling is described with 
2l=1, 

vibw =0.17 

eV. When vibronic coupling is included, the basis set includes 2-, 3- and 4- particle states with ὺ υ. 
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B.12. Tetrapolaron diabatic Coulomb potential well with and without hole-hole 

repulsion 
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Figure B. 10. Coulomb well profile based on the diabatic state energies of the lowest 55 states in a 

tetrapolaron complex  where N=20 and all anions are at 0.75 nm from the chain center (with Ä
π). The electronic coupling is set to ὸ πȢπ, and for all electrostatic interactions the dielectric constant 

is set to ‐ ρ. The constant anion-anion repulsion term is neglected. 
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B.13. Multi-polaron ionization energies with ▀╪▪╪▪ Ȣ ▪□ and Ⱡ  
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Figure B. 11. The calculated IP as a function of dan for the single- and multi-polaron complexes of 

Figure3.1 (see chapter three) for N=20 with dan =0.75 nm and dan-an=0.4 nm in (A) with the inclusion of 

hole-hole repulsion and (B) with the exclusion of hole-hole repulsion. The electronic coupling is set to 

th = -0.4 eV, and for all electrostatic interactions the dielectric constant is set to ‐ ς. 
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B.14.  Singlet vs Triplet Bipolaron and Tetrapolaron 
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Figure B. 12. Simulated absorption spectrum for Singlet vs Triplet bipolaron ((A) and (C)) and 

tetrapolaron ((B) and (D)) for N=14 when anions are positioned in a zigzag arrangement on opposite sides 

of the chain with dan= 0.4 nm. In all cases, we have set th= -0.4 eV. For all electrostatic interactions the 

dielectric constant is set to Ů=1. In (A) and (B) anions are 0.75 nm away from the chain center, whereas in 

(C) and (D) anions are 0.5 nm away from the chain center. 
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B.15. Eigenvectors of ╢ for three spin  holes (Tripolaron with □▼ )  

In what follows, we consider a chain of N thiophene units (sites) which are 

covalently bonded and form the P3HT polymer. Each site represents a local HOMO 

coupled to its immediate neighbors via the hole transfer integral, th. The local basis 

functions for a tripolaron can be divided into two types of functions: (i) states with all three 

holes located on three different sites, here referred to as •, •, •, and (ii) states 

represented with • with a single site hosting two holes with opposite spins forming a 

dication, and the other hole located on a different site. Each of these local functions are 

described through a slater determinant to account for fermions indistinguishability and 

anti-symmetric wavefunction. For example, labeling three sites as a, b, and c with ὥ ὦ

ὧ, the local states •, •, and • are defined as follows: 

•
ρ

ЍσȦ
 

ὥρ‌ρ ὦρ‌ρ ὧρ‍ρ
ὥς‌ς ὦς‌ς ὧς‍ς
ὥσ‌σ ὦσ‌σ ὧσ‍σ

 

 

(B.12) 

•
ρ

ЍσȦ
 

ὥρ‌ρ ὦρ‍ρ ὧρ‌ρ
ὥς‌ς ὦς‍ς ὧς‌ς
ὥσ‌σ ὦσ‍σ ὧσ‌σ

 

 

(B.13) 

•
ρ

ЍσȦ
 

ὥρ‍ρ ὦρ‌ρ ὧρ‌ρ
ὥς‍ς ὦς‌ς ὧς‌ς
ὥσ‍σ ὦσ‌σ ὧσ‌σ

 

 

(B.14) 

Assuming that site a hosts a single hole and the dication is located on site b, the 

local state • is described as:   

•
ρ

ЍσȦ
 

ὥρ‌ρ ὦρ‌ρ ὦρ‍ρ
ὥς‌ς ὦς‌ς ὦς‍ς
ὥσ‌σ ὦσ‌σ ὦσ‍σ

 

 

(B.15) 
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It must be mentioned that •, •, and • are not eigenfunctions of the total spin 

angular momentum, and our goal in this section is to find a linear combination of these 

states having a well-defined spin quantum number.   

The total spin angular momentum operator Ὓ reads: 

Ὓ Ὓ ςὛὛ Ὓ Ὓ Ὓ Ὓ  

(B.16) 

 

in which Ὓ and Ὓ are the total spin and its z-component operators for the ith hole. Ὓ  and 

Ὓ  are the raising and lowering operators, respectively associated with the ith hole. The 

matrix representation of Ὓ in the basis of •, •, and • is: 

Ὓ

ở

Ở
Ở
ờ

χ

τ
ρ ρ

ρ
χ

τ
ρ

ρ ρ
χ

τỢ

ỡ
ỡ
Ỡ

 

 

(B.17) 

 

Diagonalizing this matrix will give us the following set of eigenvalues: 

ὥ
σ

τ
ȟὥ

σ

τ
ȟὥ

ρυ

τ
  

(B.18) 

with their associated eigenfunctions as follows: 

  ί
ρ

ς

ρ

Ѝφ
ς• • •  

(B.19) 

  ί
ρ

ς

ρ

Ѝς
• •  

 

(B.20) 

  ί
σ

ς

ρ

Ѝσ
• • •  

 

(B.21) 
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As can be seen, there are two doublet states and one quartet state. It can be also 

shown that • is already an eigenfunction of Ὓ with the eigenvalue of , which basically 

means • is a doublet state. One can readily show that: 

• Ὄ• ὸ (B.22) 

• Ὄ• ὸ (B.23) 

• Ὄ• π (B.24) 

The matrix element • Ὄ•  is zero since the spin of the particles occupying 

sites a and c in • changes in comparison to •, and accordingly ἂ‌Ὥȿ‍Ὥἃ π. It is 

worth mentioning that the Hamiltonian does not include spin-orbit coupling, and therefore, 

it will not couple a doublet state to a quartet state, which means:  

• Ὄ  π (B.25) 

  Ὄ  π (B.26) 

  Ὄ  π (B.27) 

Moreover, the Hamiltonian will not mix two singlet states   and  , meaning  

  Ὄ  π. This can be simply shown as follows: 

  Ὄ 
ρ

Ѝρς
ς• Ὄ• ς• Ὄ• • Ὄ• • Ὄ•

• Ὄ• • Ὄ•  

 

(B.28) 

in which 

• Ὄ• • Ὄ• • Ὄ• π (B.29) 

• Ὄ• • Ὄ• ὸ (B.30) 
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B.16.  Eigenvectors of ╢ for four spin  holes (Tetrapolaron with □▼ )  

The same strategy can be used to find the eigenvectors of Ὓ for a tetrapolaron 

with ά π in which we have four spin half holes. In this case, the local basis functions 

are divided into three types of states: (i) states with all four holes occupying four different 

sites presented with •, •, •, •, •, • (ii) states with a single site hosting a dication, 

and two other holes located on two other sites, and (iii) states composed of two dications 

located on two different sites. Like the previous section, • to • are slater determinants 

and do not have a well-defined spin quantum number. For example, considering four sites 

as a, b, c, and d with ὥ ὦ ὧ Ὠ,   • is defined as: 

•
ρ

ЍτȦ
 

ὥρ‍ρ ὦρ‌ρ ὧρ‍ρ Ὠρ‌ρ

ὥς‍ς ὦς‌ς ὧς‍ς Ὠς‌ς
ὥσ‍σ ὦσ‌σ ὧσ‍σ Ὠσ‌σ
ὥτ‍τ ὦτ‌τ ὧτ‍τ Ὠτ‌τ

 

 

 (B.31) 

in which the spin downs are located on sites a and c. • to • can be easily constructed by 

rearranging the spin downs (or ups) among the four sites. The matrix representation of Ὓ 

in the basis of • to • reads: 

Ὓ

ở

ỞỞ
ờ

ς π ρ ρ ρ ρ
π ς ρ ρ ρ ρ
ρ ρ ς π ρ ρ
ρ ρ π ς ρ ρ
ρ ρ ρ ρ ς π
ρ ρ ρ ρ π ςỢ

ỡỡ
Ỡ

 

 

(B.32) 

 

Diagonalizing this matrix will give us the following set of eigenvalues: 

ὥ πȟὥ πȟὥ ςȟὥ ςȟὥ ςȟὥ φ  (B.33) 

with their associated eigenfunctions as follows: 
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ρ

Ѝς
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ρ
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As can be seen, there are two singlet states, three triplet states, and one quintet 

state. 
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APPENDIX C: SUPPORTING INFORMATION FOR CHAPTER 4  
 

C.1. Bipolarons Absorption Spectra in the Absence of Electrostatic Interactions 

When the electrostatic term,Ĕ
CoulH  in Eq.(4.6) is neglected, the eigenfunctions and 

energies of ĔH are simply obtained by occupying the noninteracting one-polaron orbitals, 

which resemble the particle-in-a box wavefunctions while abiding by the Pauli Exclusion 

Principle. The energies of the one-polaron states are given by, 

int int

, 2 cos( ) 2 cos( )
1 1x y

yer rax
k k h h

x y

kk
e t t

N N

pp
= +

+ +
            

1,2,3,...,

1,2,3,...,

x x

y y

k N

k N

=ë
ì
=í

    (C.1) 

and so that of a bipolaron-state is simply the sum of the energy of the one-polaron orbitals 

that are occupied by the two holes. Therefore, taking th < 0, the ground state energy of a 

singlet bipolaron reads: 

int int

1, 12 4 cos( ) 4 cos( )
1 1x y

er ra

G k k h h

x y

E e t t
N N

p p
= == = +

+ +
      (C.2) 

which corresponds to a doubly-occupied state with 1x yk k= =. 

Figures C.1A and C.1B showcase occupancy diagrams for the ground states of 

polarons and bipolarons, alongside their mid-IR absorption spectra, contrasting one-

dimensional (1D) with two-dimensional (2D) lattices in the absence of electrostatic 

interactions. In 1D lattice, both entities exhibit exclusively y-polarized, or intrachain 

polarized bands. Bipolaron absorption from the ground singlet state is analogous to that of 

a single polaron, but with doubled intensity, reflecting the presence of two holes in the 

bipolaron's ground state. With the introduction of -́stacking degree of freedom, both 

entities display y-polarized as well as x-polarized bands. The y-polarized band corresponds 
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to transitions from the kx=1,ky=1 state to the kx=1,ky=2 state, whereas the x-polarized band 

results from transitions from the kx=1,ky=1 state to the kx=2,ky=1 state. The x-polarized 

band, in this case, occurs at a lower energy because the interchain hole transfer integral is 

smaller than its intrachain counterpart, ὸ =-0.15 vs ὸ =-0.4 eV. Similar to the 1D case, 

in the 2D scenario, both x- and y-polarized bands in bipolarons occur at the same energy 

as that of polaron, yet with doubled intensity. 

Figures C.1C and C.1D highlight the hole probability density distribution for 

polaron and bipolaron ground states without electrostatic interactions. Note that in both 

cases, the hole density is delocalized over the entire lattice, as expected for the particle-in-

a-box character of the occupied orbitals. Moreover, the polaron and bipolaron ground state 

charge distributions mimic the densities of the node-less kx=1,ky=1 state. 
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Figure C. 1. (a) Occupancy diagrams representing the ground states of polarons and bipolonans in one-

dimensional vs two-dimensional lattices in the limit of no electrostatic interactions. b) Calculated polaron 

and bipolaron absorption spectra for a Nx=9 by Ny=10 lattice of thiophene units. 
int ra

ht and  
int er

ht  are set to 

-0.4 eV and -0.15 eV, respectively with open boundary conditions. Calculated hole probability density 

distributions associated with the ground state of polaron and bipolaron as a function of site number are 

shown in parts (c) and (d) for one-dimensional and two-dimensional lattices, respectively. 
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C.2. The Effect of Vibronic Coupling 

This section delves into the effects of vibronic coupling involving the aromatic-

quinoidal mode, which has been neglected in chapter 4. Given the substantial size of the 

basis set required, a full-scale analysis of 2D bipolarons (h2a2) with the complete Holstein 

Hamiltonian is not feasible. Nonetheless, we proceed to assess the effects of vibronic 

coupling on less complex systems, such as single polarons (h1a1) and ionized bipolarons 

(h1a2), within a 2D lattice.  

To illustrate the effect of vibronic coupling, we present a comparison of the mid-IR 

spectra for single polarons, ionized bipolarons, and neutral singlet bipolarons in a 1D 

lattice, both with and without vibronic coupling, as illustrated in Figures C.2A and C.2B, 

respectively. In the 2D scenario, the assessment of vibronic coupling is limited to polarons 

and ionized bipolarons due to the exponential growth in the basis set size for neutral 

bipolarons (h2a2). Figure C.2C shows the spectrum without vibronic coupling for all three 

species in 2D, and Figure C.2D features the spectrum with vibronic coupling, exclusively 

for polarons and ionized bipolarons in 2D.  

For all three quasi-particles, vibronic coupling introduces a low-energy peak below 

0.2 eV (referred to as the ñAò peak in refs.67,68,72,89,117), and causes a blue shift in the P1 

peak (aka ñBò peak). As is seen in FigureC.2, the magnitude of this blue shift diminishes 

for polarons and ionized bipolarons in 2D compared to 1D, to the point where the blue shift 

in 2D becomes almost negligible. This indicates that incorporating vibronic coupling 

would minimally affect the position of peak B in a 2D lattice, implying that the positions 

of red-shifted and blue-shifted bipolaronic bands, as predicted in our current model which 
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excludes vibronic coupling, are expected to remain nearly the same upon the inclusion of 

vibronic coupling. 

Furthermore, a comparison between Figures C.2A and C.2B reveals that the A/B 

peak ratio is significantly higher for neutral bipolarons, highlighting enhanced hole 

delocalization in singlet bipolarons compared to polarons. Conversely, this ratio is slightly 

lower for ionized bipolarons than for polarons, indicating an enhanced hole-localization in 

h1a2 due to the presence of two dopant anions. 

 

 

Figure C. 2. (a) The y-polarized absorption spectra of polaron (h1a1), ionized bipolaron (h1a2), and 

bipolaron (h2a2) in a single chain (1D with Ny=10) as well as ˊ-stacks of P3HT chains (2D with Nx=7 

for h1a1 and h1a2, and with Nx=9 for h2a2), when the vibronic coupling is neglected (a and c) as well as 

with the inclusion of vibronic coupling (b and d). For the polaron the point charge anion is at 0.5 nm 

along the z-axis from the central chain, while for the bipolaron anions are located on opposite sides of 

the central chain at 0.5 nm along the z-axis. When vibronic coupling is included, the basis sets up to 

2-particles with vmax=4 for h1a1 and h1a2 , and up to 4-particles with vmax=5 for h2a2 are included. The 

electronic couplings are set to 
int ra

ht = -0.4 eV and 
int er

ht = -0.15 eV with =2, and the vibronic coupling 

is described with 2l=1, 
vibw =0.17 eV. 


