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ABSTRACT

EXTENSIONS OF D-OPTIMAL MINIMAL DESIGNS FOR MIXTURE
MODELS

Yanyan Li
DOCTOR OF PHILOSOPHY

Temple University, August, 2014

Examining Committee Members:
Dr. Jagbir Singh, Chair,
Dr. Inna Chervoneva (Thomas Jefferson University),

Dr. Pallavi Chitturi, Dr. Robert Krafty, Dr. Stan Altan (J&J R&D)

Dr. Jagbir Singh, Chair

The purpose of mixture experiments is to explore the optimum blends of mix-
ture components, which will provide desirable response characteristics in finished
products. D-Optimal minimal designs have been considered for a variety of mix-
ture models, including Scheffé’s linear, quadratic, and cubic models. Usually, these
D-Optimal designs are minimally supported since they have just as many design
points as the number of parameters. Thus, they lack the degrees of freedom to
perform the Lack of Fit tests. Also, the majority of the design points in D-Optimal
minimal designs are on the boundary: vertices, edges, or faces of the design sim-
plex.

In this dissertation, extensions of the D-Optimal minimal designs are developed
to allow additional interior points in the design space to enable prediction of the
entire response surface. First, the extensions of the D-Optimal minimal designs

for two commonly used second-degree mixture models are considered. Second, the



methodology for adding interior points to general mixture models is generalized.
Also a new strategy for adding multiple interior points for symmetric mixture
models is proposed. When compared with the standard mixture designs, the pro-
posed extended D-Optimal minimal design provides higher power for the Lack of
Fit tests with comparable D-efficiency.
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CHAPTER 1

INTRODUCTION

Many experiments are being conducted in industrial, agricultural, pharmaceu-
tical, and other branches of science as a mixture of two or more components. Some

examples are as follows:

1. Fruit punch is mixed by watermelon, pineapple, and orange juices. The
flavor of fruit punch depends on the percentages of watermelon, pineapple,

and orange juices that are present in the punch.

2. Chemical pesticides consist of four chemicals: vendex (), omite (z3), kelthane
(x3), and dibrom (x4). The control of the mite population is related to the

component proportions.

3. Pharmaceutical tablets (Anderson Cook et al, 2004) are formed by mixing
a diluent (z1) (used to better dissolve and disperse the active ingredient),
a glidant (x2) (used to avoid clumping during the manufacturing process),
a disintegrant (z3) (helpful for dissolving the tablet during digestion) and
an active component fixed at 25% of the mixture. The hardness of tablet
is a function of the percentages of diluents, glidant and disintegrant in the

mixture.

4. The polymeric mucoadhesive formulation (Chu et al, 1991) consists of propy-

lene glycol (z7), glycerol formal (x2), and water (x3). The viscosity of the



formulation depends on the proportion of propylene glycol, glycerol formal,

and water.

Mixture experiments consist of two primary features: factors that are the com-
ponents of a mixture, and a response that depends only on the proportions of com-
ponents (Myers and Montgometry, 1995) and not on the amount of the mixture.
The purpose of mixing components together is to see whether there exist blends of
two or more components with more desirable properties than the one obtained by
single component. In particular, experiments are focused on predicting the entire
response surface, and it is preferable to include interior design points inside the
design space. The proportion of each component in the compound will influence
the overall product characteristics. Consider a product formed by q components

(21,9, ..., x,) such that without loss of generality (WLOG),

q
d wmi=1, x>0 Vi (1.1)

i=1
These conditions are fundamental restrictions for mixture experiments. This
means that the mixture composition will be formed by lending nonnegative quan-
tities of various components, and the sum of nonnegative component proportions
is fixed for all design points and taken as 1. The g-proportions can be expressed

as a column vector x = (x1,...,2,) in the (¢ — 1)-dimensional design space.
(z1,...,2) €[0,1]7 01+ ... 42, =1,2,>0i=1,...,q

In this context, (z1,xs,...,z,) are called design points. Throughout this disserta-
tion, we will use © <> (z1, 29, ..., z,) to denote any permutation of (xq, xa, ..., x,).
In addition, we will use C(n, k) to denote n!/[k!(n — k)!], when n > k > 0 are

integers.

In mixture experiments, the main considerations are:

1. A suitable design for collecting the observations to fit the model,



2. A test to judge the adequacy of the model to represent the response surface.

There are some commonly used mixture models in q components, where € is

the random error with mean zero and common variance 2.

I. Second-degree Mixture Model

Yorl@) = D B+ Y Bywiw;+e (1.2)

1<i<q 1<i<j<q

II. Special Cubic Mixture Model

yq3 Z 6133@ + Z /Bl]xl‘/rj + Z ﬁzjkle’]l’k + €. (13)

1<i<q 1<i<j<q 1<i<j<k<q

ITI. Special Quartic Mixture Model

Yq, 3( quartzc Z Bzxz + Z /Bl]xlxj + Z Z Bzgkmmzxjxkxm + €.

1<i<q 1<i<j<q m=1 1<i<j<k<q
(1.4)
IV. Full Cubic Mixture Model
Yq,3( full) Z ﬁzxz + Z /Blj'r T + Z ﬁz]kx Ty
1<i<q 1<i<j<q 1<i<j<k<q
1<i<j<q
V. Additive Quadratic Mixture Model
yq 2( addztwe Z Bz-rz + Z ﬁzzx + €. (16)

In three components, equations (1.2),(1.3),(1.4),(1.5), and (1.6) respectively will

appear as follows:
Iy =012+ Poxa + Psxs + Srav122 + 131123 + BazTaxs + €.

II.  y= Bz + Boxe + Psxs + Braxi1xe + fr3x123 + PasTaxs + PrasT1T273 + €.



III.  y = iz + foxa + B3z + Proxi1xe + Bist123 + PozTaxs + 5112356%132%3

2 2
+ Bi223%125%3 + Pr233T 12205 + €.

IV.  y=Bix1 + oy + Bsxs + Braz172 + Bisx123 + BasToxs + Pra3T12273

+ Y122122(21 — T2) + V132103 (21 — T3) + YesToxs(xe — 23) + €.
V. y=b1x1 4 fowa + B3xs + frix] + Posas + Pazal + €.

The mixture models can be written as

y =Xp+¢
-yl- -!1011 fL‘lp- -51- -61-
y = Y2 X = Tor ... Tp = B2 = €2 7 (1.7)
| Yn | | Tp1 o Tp | | By | en |

where n is the number of design points, and p is the number of parameters in the
model. In this model, y represents the response vector, X is the design matrix, 8
is a vector of unknown parameters (or regression coefficients), and € is a vector of
random error terms, which are normally and independently distributed with mean

zero and common variance 0'2.

Assume X’'X is a non-singular matrix, the least
square estimator of 8 is § = (X'X) 1X'y with dispersion matrix 02(X’X)~!, where
X'X is the Fisher information matrix. Optimal designs have been developed for
different mixture models. Kiefer and Wolfowitz (1959) established a theoretical
framework for optimal design criteria. Silvey (1980), and Atkinson and Donev

(1992) described the most commonly used design criteria.

Some popular criteria are:
a. A-optimality, which seeks to minimize the trace of (X'X)~1.

b. D-optimality, which seeks to maximize the determinant of X'X, or equiva-
lently minimizes the determinant of (X’X)~!. This criterion minimizes the

variance of ;.



c. G-optimality, which seeks to minimize the maximum prediction variance over

a specified set of design points.

d. V-optimality, which seems to minimize the average prediction variance over

a specified set of design points.

Among those optimality criteria, D-optimality is the most widely used criterion

and will be used in this dissertation.

1.1 Motivation to the Problem

Numerous design procedures have been developed to address the problem of
model misspecification (too many regressors or too few regressors) for normal,
logistic, and nonlinear models. Little work has been done to address the problem
of model misspecification for mixture models. Usually the optimal designs for
mixture models are minimally supported designs, where the number of design
points is equal to the number of parameters in the model. In such designs, the
Lack of Fit (LOF) test cannot be performed since there are no additional degrees
of freedom available. In other words, minimal support designs lack the ability to
check whether the model fits the data well and to estimate the parameters with
greater precision. We need to add at least one additional design point to test for
the LOF.

Most optimal design algorithms for mixture experiments select additional de-
sign points from a pre-generated candidate set. Also the majority of the design
points are usually the boundary points (e.g., vertices, edges, faces) of the design
space with one or more components equal to zero. However, more and more exper-
iments are interested in predicting the entire response surface, and it is necessary
and preferable to include more interior design points. The additional points are not
replicates of the existing design points. They are inside the design space with all
components greater than zero, and when used to test the adequacy of the model,

they would enhance the power of the test.



1.2 Scope of this Dissertation

This dissertation focuses on the statistical methodology of adding interior
points to the D-Optimal minimal designs for general mixture models, including
a wide subclass of symmetric mixture models. There are a total of seven chapters.

Following the introduction in Chapter 1, the literature on D-Optimal minimal
designs, standard designs for mixture experiment, and optimal designs for the LOF
testing are reviewed in Chapter 2.

In the third chapter, we consider a special mixture model: second-degree mix-
ture model with main effects and two factor interactions including one common
factor. We begin with adding one additional interior point based on D-Optimal
minimal design, and continue to add more points sequentially.

In Chapter 4, we extend the methodology to a widely used Scheffé’s second-
degree mixture model. The triangular association scheme is introduced to solve
the additional interior points.

In Chapter 5, we generalize the methodology of adding interior points to D-
Optimal minimal designs for general mixture models, and investigate multiple
interior design points for symmetric mixture models. For commonly used symmet-
ric mixture models, such as the second-degree mixture mode, additive quadratic
model, and special cubic models, multiple interior points are provided for a prac-
tical useful range of factors.

In the sixth chapter, we explore the power of testing for LOF for various mixture
models, and compare our proposed designs with standard designs by simulation.
We also apply the methodology to mixture experiments with constraints on the
component proportions.

Finally, we conclude with remarks and future research work in Chapter 7.



CHAPTER 2

LITERATURE REVIEW

2.1 D-Optimal Minimal Designs

Cost restrictions often make it desirable to use as few design points as pos-
sible for a particular problem. Then, the standard approach is to construct a
D-Optimal minimal design. D-Optimal minimal design contains minimal support
design points, that is, the number of design points is equal to the number of param-
eters in the model. Chan (2000) summarized known optimal designs for various
mixture models. For example, Kiefer (1961) found that the {¢, 2} simplex-lattice
design is the D-Optimal design for Scheffé’s second-degree model (1.2); Kiefer
(1961) proved that the {g,3} simplex-centroid design is the D-Optimal design
for Scheffé’s special cubic model (1.3). Since those designs are usually minimally

supported, they do not have additional degrees of freedom to test for LOF.

2.2 Standard Designs for Mixture Experiments

In mixture experiments, the design space with ¢ factors is a regular-sided hy-
perplane with q vertices in a (¢ — 1)-dimensional simplex space. There are a
number of standard mixture designs. Scheffé (1958) first introduced the {q,m}

simplex-lattice design, which consists of points by the combination of the compo-



nent proportions: the proportions by each component take the (m + 1) equally
spaced values z; = 0,1/m,2/m,...,1 for i = 1,2,...,q. All possible combina-
tions of the components are used. For example, a {3,2} simplex-lattice design
consists of six points. Each x; may take three possible values x; = 0,1/2,1 with
six possible design points on the boundary of triangular space: (1,0,0), (0, 1,0),
(0,0,1), (1/2,1/2,0), (1/2,0,1/2), and (0,1/2,1/2). The number of points in the
{q, m} simplex-lattice design is C'(¢ + m — 1,m). Another popular design is the
simplex-centroid design (Scheffé, 1963). It consists all possible 27 — 1 points with
q permutations of z <+ (1,0,...,0), C(g,2) permutations of x <> (1/2,1/2,...,0),
..., and the overall centroid (1/¢,1/q,...,1/q). For ¢ = 3, the simplex-centroid de-
sign consists of seven points: (1,0,0), (0,1,0), (0,0,1), (1/2,1/2,0), (1/2,0,1/2),
(0,1/2,1/2) and (1/3,1/3,1/3). The {g,m} simplex-lattice and g-component
simplex-centroid designs are boundary (e.g., vertices, edges, faces) designs with
the exception of the overall centroid. The points of these designs are positioned
on the boundaries of the simplex factor space. Snee and Marquardt (1976) pro-
posed simplex screening designs that contain 2¢ + 1 or 3¢ 4+ 1 points. The 2¢q + 1

point design consists of q vertices of x <+ (1,0,...,0), the overall centroid point
(1/q,1/q,...,1/q), and the q interior points x <« (%, %1, ce 2—1(1) Sometimes it

1

also includes q ’end effect’ points z «+ (0, --, ..., -1). The inclusion of the end
q—1 q—1

effect points results in a (3¢ + 1)-point design. For ¢ = 3, the 2¢ + 1 design con-
tains seven design points: (1,0,0), (0,1,0), (0,0,1), (1/3,1/3,1/3),(2/3,1/6,1/6),
(1/6,2/3,1/6) and (1/6,1/6,2/3). And 3q + 1 designs contains three additional
design points: (1/2,1/2,0), (1/2,0,1/2) and (0,1/2,1/2). There are some other
designs that contain 2¢g 4+ 1 points; for example, one design containing ¢ ver-
tices of z < (1,0,...,0), q interior points x < (z—lq, Qq(qlfl)""’Zq(qlfl))’ and
overall centroid point (1/q,1/q,...,1/q); another design containing q vertices of
g+l 1 1

2 %, ey ZZ
(1/q,1/q,...,1/q). When ¢ = 3, the design points are (1,0,0), (0,1,0), (0,0,1),
(1/6,5/12,5/12), (3/12,1/6,5/12), (5/12,5/12,1/6), (1/3,1/3,1/3), and (1,0,0),

(0,1,0), (0,0,1), (1/6,1/6,2/3), (1/6,2/3,1/6), (2/3,1/6,1/6), (1/3,1/3,1/3) re-

x < (1,0,...,0), q interior points x < ( ), and overall centroid point



spectively.

Draper and Lawrence (1965a,b) first suggested using appropriate designs that
minimize both bias and variance in the fitted model over the simplex region. Kuro-
tori (1966) and Crosier (1984) introduced pseudo components, a transformation
from the original components for the upper and lower bounds constraints. pseudo
components are often used to reduce the ill conditioning created by the restricted
size of the experimental region. McLean and Anderson (1966) developed the ex-
treme vertices design for mixture models with constraints on some or all component
proportions. This design selects all the vertices and various centroids from the sub-
region of the constrained space. Cornell (1990, 2002) provided a comprehensive
review of the literature on mixture experiments. Optimum designs for estimation
of parameters of the response functions have also been studied (Galil and Kiefer,
1977; Liu and Neudecker, 1997; Pal and Mandal, 2006, 2007; Mandal and Pal,
2008, 2013). The question of extending D-Optimal minimal designs has not been

addressed for mixture models.

2.3 Optimal Design to Test For LOF

One common problem in modeling the response in the mixture experiment is
testing for LOF or inadequacy of a fitted model of the form E[y] = X/3. Shelton
et al. (1983) summarized three general approaches for testing for LOF. The first
approach is to have replicate observations at one or more existing design points for
non minimal supported designs, and to partition the residual sum of square from
the fitted model into sum of squares due to LOF and sum of squares due to Pure
Error. The ratio of the mean square due to LOF to the mean square due to Pure
Error provides a test for LOF. If the replicate observations are not available, then
this approach for testing LOF cannot be used. The second approach proposed by
Green (1971), Daniel and Wood (1971), and Shillington (1979) grouped values of
the response at similar settings of the independent variables. A third approach

is to use ’check points” method. In this method, a model is fitted to data at the
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design points and additional observations are collected at other points in the ex-
perimental region. These additional points besides the design points are called
check points, and the observations at these check points are used for testing for
LOF only. The check point method has been investigated by Scheffé (1958), Gor-
man and Hinman (1962), Kurotori (1966), and Snee (1971, 1977, 1979). Shelton
et al.(1983) addressed the question of how to select check point locations so that
the power of Scheffes (1958) suggested F-test for LOF is maximized. Shelton’s
dissertation (1982) provided an example of Kurotori’s rocket fuel. The elasticity
(y) was expressed as a function of the proportion of three factors - binder (),
oxidizer (z2) and fuel (z3). Shelton started with {3, 2} simplex-lattice design with
second-degree mixture model. He wanted to find one powerful additional design
point. Then he chose four additional check points (1/3,1/3,1/3), (2/3,1/6,1/6),
(1/6,2/3,1/6), and (1/6,1/6,2/3) to test for LOF. He compared the power of the
F-test by those check points and concluded that the observed value of the response
at (1/3,1/3,1/3) achieved the highest power and therefore considered it as opti-
mal point. We are interested in the optimal design points for general second-order
mixture model, as well as some other commonly used mixture models.

For nonlinear models, Lupinacci and Raghavarao (2000) proposed adding an
extra point to D-Optimal design for two-parameter logistic model to test for LOF.
Lupinacci and Raghavarao (2003) also proposed adding a third point midway
between the minimal D-Optimal design for the two-parameter Michaelis-Menten
model. Su and Raghavarao (2012) extended their work to more commonly used
nonlinear models, including logistic, probit, and Gompertz models with two, three,
and four parameters.

In practice, optimization problems may be difficult or impossible to solve
analytically. Box and Hunter (1963, 1965) seemed to be the first to introduce
computer-aided programs in tackling this problem for nonlinear models. Mitchell
(1974a, 1974b) developed a computer algorithm called DETMAX to find D-Optimal
designs. It required the user to list all possible design points for the experiment.

This program seeks to maximize the determinant of X’X by adding and deleting
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design points until a convergence criterion is satisfied. Galil and Kiefer (1980)
developed useful modification to DETMAX, which reduced the amount of time
to search for an optimal design and amount of computer space. Welch (1982)
developed a branch-and-bound algorithm, which constructed all possible optimal
designs for a given model and a specified set of possible design points. Welch
(1984) generalized Mitchell’s DETMAX algorithm and developed an efficient pro-
gram for minimizing either the maximum variance or the average variance of the
response estimator over the design region. Snee and Marquardt (1974) constructed
the XVERT program to find extreme vertices of the design region and to calculate
several optimality criteria for a variety of extreme vertex designs. Snee (1979)
developed the CONSIM algorithm for finding extreme vertices and centroids of
mixture design regions. David and William (1984) provided a review on the de-
velopment in experimental design. Montgmomery and Voth (1994) discussed the
impact of leverage, influential observations, and multicollinearity in mixture exper-
iments and illustrated how those potential problems could be evaluated and consid-
ered in selecting mixture designs. In computer-generated designs, the constrained
hyperpolyhedron regions could have very nonuniform distributions of leverage, and
high levels of multicollinearity may be present.

One common feature of computer-aided algorithm is to use a candidate set
of design points. Heredia-Langner et al (2003, 2004) presented a technique to
generate D-efficient designs using genetic algorithm (GA). GA is an iterative op-
timization procedure that repeatedly applies mating, selection, and mutation op-
erations to a group of solutions until some criterion of convergence has been met.
This approach eliminated the need to explicitly consider a candidate set of points.
However certain optimization problems cannot be solved by means of GA, and
there is no absolute assurance of finding a global optimum. In a summary, most
design points from computer algorithms are boundary points (e.g. vertices, edges,
faces) or 'mear-boundary’ points. It is preferable to find distinct interior design
points away from existing points. In this dissertation, we propose additional in-

terior points based on D-Optimal minimal designs for analysis of general mixture
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models, including a wide subclass of symmetric mixture models for a practical

useful range of factors.
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CHAPTER 3

SPECIAL SECOND-DEGREE
MIXTURE MODEL: MAIN
EFFECTS AND TWO-FACTOR
INTERACTIONS, INCLUDING
ONE COMMON FACTOR

In this chapter, we consider adding one or more interior points to a special
second-degree mixture model: main effects and two factor interactions with a
common factor (WLOG, 7). For example, consider a juice factory wanting to
develop a watermelon-flavored fruit punch. The flavor depends on the percentages
of watermelon, pineapple, and strawberry juices and mixed blends of watermelon
with pineapple and strawberry.

Such model with ¢ components could be expressed as:
q q
y=> Bimi+ Y Buymz;+e (3.1)
i=1 j=2

Since there are (2¢ — 1) parameters in the model, at least (2¢ — 1) design points

are needed to estimate all of them.
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3.1 D-Optimal Minimal Design

Let us consider a (2¢ — 1) by (2¢ — 1) design matrix X, partitioned as

X =

Pq Qq,qfl
R b

q—1,q Sq—l

where P is a ¢ by ¢ matrix, Sis a (¢ — 1) by (¢ — 1) matrix, Q is a ¢ by (¢ — 1)
matrix, and Ris a (¢—1) by ¢ matrix. Then |X]| = [P||S—RP~ Q| < |P||S|. The
determinant |X| is maximized when P and S are diagonal matrices of maximum
determinant value. Considering the sum of nonnegative component proportions
adding up to 1, we construct the following (2¢ — 1) design points for model (3.1),

which include g vertex points:

x,= |00 .. 1]

and (¢ — 1) points with one common factor x;:

X:1+1:|:k1 ]_—]{Il 0},

X/2q71:|:kq71 0 ... 1_kq71:|7

where 0 < k; < 1fori=1,2,...,q— 1.
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Then the design matrix X becomes

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0 ,
by 11—k 0 ki(l—Fh) 0

ke 01—k, 0 kg (1= k) |

where P is an identity matrix of order ¢ and S is a diagonal matrix of order
(¢—1). The determinant of X is maximized when the determinant of the diagonal
matrix S is maximized, which implies k’lik’gi...:k’q_lié. Since X is nonsingular,
maximizing the determinant of X is equivalent to maximizing the determinant of
X'X. Therefore the D-Optimal minimal mixture design for model (3.1) is (2¢ — 1)
points described above with /ﬁ:kQ:...:kq,lzé. However, it has no degree of
freedom left to test for LOF, and we need to add at least one additional design

point to enable the LOF test.

3.2 One Additional Interior Point

Suppose z; = (v}, 1)) is a new interior design point to be added, where
/ z

vi' = (af,..,x]), u) = (2fx3,... 2ix]). (3.2)

This additional design point is located inside the design space. The new design
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matrix contains 2¢ distinct design points denoted by Xj:

1 o ... 0 o ... 0
0 1 ... 0 o ... 0
0 0 1 0 0 X
X1: = ,
/2 1/2 ... 0 1/4 ... 0 Z,
/2 0 ... 1/2 0 ... 1/4
|27 x5 ... wp xirs ... x{my |

We assume the responses are independent and the variance-covariance matrix for
the response vector is V = I,02, where I is an identity matrix of order ¢.

The determinant of the information matrix of design matrix X; ignoring o2 is
X, VX, | = X Xq| = |[X'X][[1 4 21 (X'X) z4].

Thus, maximizing the determinant of |X;V~1'X;| is equivalent to maximizing

7, (X' X) z,.

q+3 1
. ’ .. All A12 4 4
The matrix X X can be partitioned as , where A{; =
Az Ay 1 5
1q 5
4-q—1 3
1 /
§1q—1
A=A, = and Aqgy = %Iq_l, and 141 is a column vector of (¢—1)
1
sla-1

ones. We note that |X'X| = ()", and the inverse matrix (X'X)~* can be rep-

resented as

A B
(X'X)™t = (3.3)
B D
where A = I, Bis a (¢ —1) x ¢ matrix with B = [ —21;_1 —2I4-1 ] and

D =20I,_; +4J,,. With one additional point z] = (v}, u]) for testing the LOF,
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. . ! ! _ . . / .
we need to maximize z, (X X) 'z, with constraints v;1 = 1, where 1 is a column
vector of ones.

In order to do that, we consider the following function:

Vi

L = [V; u, ] (X'X) [ ] —(W, - 1), (3.4)

u

where A is the Lagrange multiplier.

Differentiating (3.4) with respect to (w.r.t) vy and equating to zero, we get

aivl{[ v, u, }}(X'X)‘l [ ZI ] — AL (3.5)
Let 5
G llviw =l K],

where K is a ¢ x (¢ — 1) matrix

_xg r3 ... $q_

T 0 0
K, =

_O 0 Z’l_

Choose one (¢ — 1) x ¢ matrix N, such that NA1 = 0,

(1) 1 1 .1 1
0 1 -1 0 O
N =
0 1 0 0 -1
Note that
(g-l) 1 ... x1—(q—Dxg ... 21— (q— 1)z,
0 1 ... T 0
N [ I, Ky } - . ) g
| 0 1 T —T ]

(3.6)
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and

y v_9 z1(1 — 1)
(X'X)! [ ! ] = w , (3.7)

21’1(1 — 21’1)1(],1 — 2(1111 — 10111)

where u}; = (z3,...,2%). Multiplying equation (3.5) by N on both sides and

’q

taking into account equations (3.6) and (3.7), we get

(gol) 1 1 ... z—(@g—1lz2 ... z1—(¢— 1)z,
0 1 -1 ... €T . 0 ,
| 1 | xx)t | " =o.
: : U
| 0 1 0 e T . —T1 |
It can be further simplified as
g
To — T3
Ty — T =0. 3.8
(1 — 4xq + 20273) 2 (3.8)
To — Tyq
Since 1 —4x1 42023 > 0 for any z1, equations (3.8) imply that o = 23 = ... = .
Given the fact that v'1 = 1, we have 7y = 73 = ... = 2, = (1 — 21)/(¢ — 1) and
subsequently
g=1(q—1)(1—2x)[4(q+ 4):6% —(¢g+22)x1+3]=0 (3.9)

The solutions of equation (3.9) are as follows:

1
1. T = bE
9 — (g+22++/ g% —4q+292)
B 8(q+4) ’
q+22—+/q%2—4q+292
3. T = ( )

8(q+4)
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Therefore, the stationary solutions are

’

Solution IS: (3, 52551,-1);

27 2(g-1)
. G224/ %2 —49+292  Tq+10—4/q%—4q+292 L/
Solution I1S: ( e Rt DD g—1);
. L qF22—/q?—4q+292  Tq+104+/q?—4q+292 L/
Solution IT1S: ( R D) D) 1,.4)

Corresponding to these solutions, z; (X' X) 'z, are:

I1a. m(q4 + 120¢% + 8404¢% + 8992¢ — 5040 + (¢* — 6¢* + 300q —
584)\/q* — 4q + 292),

IIIa. m(q4 + 120> + 840¢% + 8992¢ — 5040 — (¢ — 6¢* + 300q —

584)\/q% — 4q + 292).

When ¢ < 8, Solution IS achieves the maximum value of z; (X X)'z;; when
q > 9, Solution I1S gets the maximum value of z; (X'X) 'z;. Note that the
difference of z; (X'X)7'z; between solution IS and solution /1S is negligible
when ¢ > 9. Figure 3.1 sketches z; (X X)~'z; for three stationary solutions (1.9,
I1S and I11S). For practical reasons, we recommend solution IS as the optimal
interior design point, i.e. (3, ﬁl;fl).

Let us denote

/ !/ / _
VIB + ulD —_— |: wq+1 wq+2 o« e w2q_]_ :| )

where B and D are from (3.3). The Hessian matrix for stationary solutions be-

comes
a2f(X) ’ 5’ \4
A a7 lv=vi,u=u; — 2 |: ] XX -1 7 2W
avav 1, 1 Iq Kl ( ) av { u } +
where _ -
0 Wyg4+1 W42 ... W2g-—1
wer 00 ... 0

W=2| wgse 0 0 ... 0 |. (3.10)

i Woq—1 0 0 v 0
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0.6 7 —&S—— Solution IS
— +— = Solution IIS
— X — Solution IS

2(XX) Dz

Number of Factors

Figure 3.1: The z; (X'X)z; of the Stationary Solutions for Special Second-
degree Mixture Model

Since xy = 23 = ... = x4, the Hessian matrix is a function of z; and x5,

14+ 4(1 — 21)(5zy — 1) 2211 — 229 + 20217y — 403)1q 1
2(2z1 — 229 + 20211y — 423)1q 1 (2023 — dxy + D)Igq + 423 T

The Hessian matrix is not negative definite for all three stationary solutions, hence
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none of the stationary solutions maximizes the function z; (X'X)™'z;. In the
absence of maximum values, we choose the stationary solution IS with the max-
imum values for z; (X' X)z;. Furthermore we generate the extended designs,
also known as minimal plus one designs. Each design consists of one stationary in-
terior point from solutions IS, I1S and I11S, and (2¢ — 1) points from D-Optimal
minimal designs. We denote those designs as 1.5, I1S5; and 1115, respectively.

In addition, D-efficiency is calculated to compare the minimal plus one designs:
D ticieney = 100 X ]X’1X1|1/p/N7

where p is the number of parameters in the mixture model (p = 2¢ — 1), and N is
the number of points used to fit the model (N = 2¢). The ternary plots for three
minimal plus one designs are displayed in Figure 3.2. Table 3.1 summarizes the
stationary points and D-efficiencies for minimal plus one designs, denoted as D;.
Design I'S7 has the highest D-efficiency among these designs. We notice that the

determinant of [X;X;| = (&)77'[1 4 z; (X'X)'z4] decreases as the number of

factor ¢ increases. Thus, the difference of D-efficiency for three designs is relatively

small.

Design 1S, Design IS, Design IlIS,

P o §EE 2 o
09 . 0.9 0 08 i

02 5
08 0e £z 0.8 =

03 i
07 or b 07 2

04 & i
06 0.6 A 06 o

05 S :
05 05 05 05

04 05 04 22 04 . 0t

03 2F 03 i 03 P

02 . 0.8 0o 08 02 08

0.1 S . 08 01 Lo
2

- - - . . . - - .
1 09 08 07 06 05 04 03 02 01 <t 09 08 07 06 05 04 03 02 01 -~ 09 08 07 06 05 04 03 02 01

Figure 3.2: Ternary Plots for Minimal Plus One Designs for Special Second-degree
Model

@
el
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Table 3.1: Minimal Plus One Designs for Special Second-degree Mixture Model

Factors Designs One point added to D-Optimal minimal design z)(X'X) 'z, D,
3 18, r= (311 0.500 5.962*
118, = (0.750,0.125,0.125) 0.430 5.905
1118, = (0.143,0.429,0.429) 0.318 5.809
4 1S, z= (4114 0.333 3.969*
115, = (0.673,0.109,0.109, 0.109) 0.317 3.962
1118, = (0,139,0.287,0.287,0.287) 0.215 3.917
5 1S, x = (3,11 0.250 2.990*
115, = (0.614,0.0961) 0.246 2.989
1118, = (0.136,0.2161,) 0.164 2.966
6 IS, = (1 %15) 0.200 2.403
115, = (0.568,0.08615) 0.199 2.403
1118, = (0.132,0.17415) 0.133 2.390
7 1S, r= (3, 51g) 0.167 2.010*
115, = (0.531,0.0781g) 0.167 2.010
1118, = (0.129,0.1451) 0.112 2.003
8 15, = (1417 0.143 1.729*
118, = (1417 0.143 1.729
I71S; o= (0.125,0.1251) 0.098 1.724

Note: * Maximum D-efficiency for Designs ISy, 115, and I11S;.
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3.3 Multiple Additional Interior Points

When we need more than one additional point, we add them sequentially, based

on the previously added points. Denote the second additional point as z/2 =

X
(zf, 25, ..., 2%, x{x3, ..., ziz}). The new design matrix becomes Xy = [ ,1 ] ,
Z2
where ) )
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
Xy =
/2 12 ... 0 /4 ... 0
/2 0 o 1)2 0o ... 1/4
1 1 1 1 1
L2 2(¢-1) 7 2(e-1) A1) T 4(g-1)

Similarly, maximizing the determinant of |X/2V_1X2\ is equivalent to maximizing

7,(X,X1) 2,. Since (X;X;) = (X'X) + z12;, and
(X, Xa) ! = (XX) HI - 202, (X' X) 1 (1 +2,(XX) 'z)
Recall

(X/X)—l _ [ Iq M ]

M 20I, 4 +4Jq 1

. . —21,
where M is a ¢ x (¢ — 1) matrix with M = e .
91,

Also, we can see that
1+ zll(X/X)_lzl]_1 =1+ —)t="—

and

212, (X' X)™ = | 01,0, 0q_y (3.11)

01,1 Og 3
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Therefore,

, , 0 01, 1

(Xp X))t = (XX) P+ | !

01q-1 —%J -1
a q(g—1)%4
I, M
- [M 201, 4 + Xz g ] ' (3.12)
a-1 q(¢—1) “a-1

We want to maximize the determinant of |X5V~1Xj|, such that v,1 =1,

Vo

[ v, ug } (X, X,) ! [ ] oAVl — 1), (3.13)

Uz

where vo—(2%, 25, . .. ,T5), wy = (233, viag, . .. , 2177,
Differentiating (3.13) w.r.t vy and combining the constraint vo'1 = 1, we get three

stationary solutions:

1 1 /
L (3 3g-nla-1);

9 (q2+22q—16+\/q4—4q3+260q2—512q+256 7q2+10q—16—\/q4—4q3+260q2—512q+2561 ,)
) 8(q?+4q9—4) ’ 8(g—1)(¢*>+49—4) a-1 />

3 (q2+22q—16—\/q4—4q3+260q2—512q+256 7q2+10q—16+\/f14—4q3+260q2—512q+2561 /)
' 8(¢%+44—4) ’ 8(¢—1)(¢>+4g—4) a1/

with three corresponding z,(X; X;) 1zy:

e

2. 128(%1)((11%4%4)3 (q" + 12045 + 792¢° + 6880¢* — 252004 + 26112¢> — 8704¢

+/q* — 4¢3 + 2602 — 512q + 256(q° — 6¢* + 268¢> — 1032¢% + 1280¢ — 512)),

55T (;2 Py (7 + 12045 + 792¢° + 6880¢* — 25200¢> + 26112¢> — 8704¢
—/¢* — 4¢3 + 2602 — 512q + 256(q° — 6¢* +268¢> — 1032¢ + 1280q — 512)).

Among them, stationary solution 1 achieves the maximum value of z,(X;X;) 'z,
when ¢ < 7, stationary solution 2 achieves the maximum value of z,(X;X;) 1z,

when ¢ > 8. Since stationary solution 1 is already one of the existing interior
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points, we could choose only solution 2 and 3.
Now we have the following minimal plus two designs. Each design consists of two
additional interior points and 2¢ — 1 D-Optimal minimal design points. We repre-

sent them as designs 115y and 11155, respectively:

Design 11S55:

(q2+22q716+\/q474q3+260q27512q+256 7q2+10q7167\/q474q3+260q27512q+256 1 /) and
8(¢*+4q—4) ’ 8(g—1)(¢*+4g—4) a-1
1 1 ’ . - . .
(5, Q(q—_l)]‘q—l)’ plus D-Optimal minimal design points.

Design I1155:

(q2+22q—16—\/q4—4q3+260q2—512q+256 7q2+10q—16+\/q4—4q3+260q2—512q+256 1 /) and
8(q>+4q—4) ' 8(q—1)(g>+4q—4) a-1
1 1 ’ . .. . .
(5 mlw)’ plus D-Optimal minimal design points.

Table 3.2 summarizes the D-efficiency for minimal plus two designs. Design 1155
has larger D-efficiency than Design [11S55. The same methodology can be applied

to include more than one additional design point into an existing design.
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Table 3.2: Minimal Plus Two Designs for Special Second-degree Mixture Model

Factors Designs D,
3 Design 115, (0.670,0.165,0.165) and (3,4, 1) 5.358*
Design I115, (0.197,0.401,0.401) and (3, 1, 5) 5.357
4 Design 1S, (0.610,0.130,0.130,0.130) and (2, 3.641*
Design 1115, (0,176,0.275,0.275,0.275) and 3.618
5 Design 115, (0.563,0.1091}) and (3, 21}) 2.773*
Design 1115, (0.162,0.2101},) and (3, 11,) 2.761
6 Design 115, (0.526,0.09515) and (3, £15) 2.249*
Design 1115, (0.153,0.16915) and (%, +15) 2.242
7 Design 1155 (0.495,0.0841¢) and (3, 1) 1.896*
Design 1115, (0.145,0.14315) and (3, 514) 1.891
8 Design 1155 (0.470,0.0761;) and (3, 1,) 1.640*
Design 1115, (0.139,0.1231;5) and (3, 417) 1.637

Note: * Maximum D-efficiency for Designs 1155 and I115,.
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3.4 Example

Consider a juice production factory planning to develop a watermelon-flavored
juice. There are three types of concentrated juice: watermelon (1), pineapple (z3),
and strawberry (z3). The response of acceptance values is from scale 1 (extremely
bad taste) to 9 (extremely good taste). Initially, five participants score each of the
five concentrations listed as blend 1 to 5 in Table 3.3. These are the D-Optimal
minimal design points for a special three-factor second-degree mixture model. To
check the adequacy of the fitted model, we consider one additional interior point
(1/2,1/4,1/4). We take 6 more respondents in two groups, three of each. The

responses are shown in Table 3.3 at blends 6 and 7.

Table 3.3: Fruit Punch Acceptance Rating Data

Blend Watermelon Pineapple Strawberry General Acceptance
1 T2 T3 y
1 1 0 0 4.6
2 0 1 0 5.8
3 0 0 1 6.9
4 1/2 1/2 0 7.0
5 1/2 0 1/2 6.5
Extra design points
Group 1
6 1/2 1/4 1/4 6.3,6.9, 7.6
Group II
7 1/2 1/4 1/4 4.4, 3.6, 3.7

By using the first five blends (1 — 5), the fitted model is:
y(x) = 4.6x1 + 5.8x9 + 6.923 + 7.2x 29 + 3.02123 (3.14)

To check the adequacy of the fitted model, we use the additional point listed
at blend 6. The model becomes

J(x) = 4.60z; + 5.80z5 + 6.90z5 + 7.642125 + 3.4421 23, (3.15)



28

where the estimated standard error of the main factor coefficients is 0.5438 and
interaction terms is 2.3826 for x1x9 and xx3. Since there are three replications at

blend 6, the pure-error sum of squares (SSPE) is
SSPE = (6.3 —6.93)% + (6.9 — 6.93)* + (7.6 — 6.93)? = 0.8467,

with 2 degrees of freedom. From model (3.15), the residual sum of squares (SSFE)
is 0.8870, so that LOF sum of squares (SSLF') is 0.0402 with 1 degree of freedom.
Hence the F statistics to test LOF is

 SSLF/1

k= SSPE/2

= 0.095, (3.16)

with p-value equals to 0.7871 and the LOF is not significant at the 0.05 level.
Therefore, the mixture model for Group I indicates a good fit.
If we check the model using the additional point listed at blend 7, the fitted

model is:
y(x) = 4.60x1 + 5.80x5 + 6.90x3 + 0.36x179 — 3.8471 73, (3.17)

where the estimated standard error of the main factor coefficients is 1.827 and the

interaction terms for xyxy and xjx3 is 8.051. Similarly
SSPE = (4.4 —3.9)% 4+ (3.6 — 3.9)? 4+ (3.7 — 3.9)? = 0.38,

and

SSLF =10.127 — 0.380 = 9.747,
SSLF/1
SSPE/2
with p-value equals to 0.0189 and the LOF is significant at the 0.05 level for Group

F= — 51.3,

I1. In this case, the model is inadequate, and one may fit a higher-order model or

add more factors to the experiment.
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CHAPTER 4

SECOND-DEGREE MIXTURE
MODEL

In this chapter, we consider adding one interior point for a popular Scheffé’s second-
degree mixture model based on the D-Optimal minimal designs. In many cases,

this model fits data well. The model is

Y= Z Bir; + Z Bijxiz; + €. (4.1)

1<i<q 1<i<j<q

It has a total of @ parameters, hence it requires at least @ design points

to estimate them all. We consider the models for any ¢ > 3 to encompass most of

the practical applications.

4.1 D-Optimal Minimal Design

Kiefer (1961) proved that the (g,2) simplex-lattice design is D-Optimal. The

design assigns equal weight to each of the extreme vertices <+ (1,0,...,0) and

11

the edge midpoints = <+ (3, 3,0,...,0). Consider the design matrix
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1 0 0 0 0
0 1 0 0 0
S : ; X4,
X=|0 0 ... 1 0 .. 0 |=|_"" . (42
X1 ZIq<qf1>
1/2 1/2 ... 0 1/4 ... 0 2
0 .12 1/2 0 .. 1/4 ]
where Xy is a zero matrix of ¢ x @,and X1 isa@ X ¢ matrix, such that

L wheni=Fk or j=kF,
Xa21 = (ngk) :{ 2

0 otherwise

with ij representing all two factor interaction terms ¢ and j, and k representing

the column of Xgaq, 4,5,k =1,2,...,¢ and 7 < j.

4.2 One Additional Interior Point

In order to allow the LOF test, we consider the problem of adding one interior
design point to the above D-Optimal minimal design. Let z] = (v}, u}) be a new

interior design point to be added, where

vy = (af, ., 2), wy = (2iad, @il ... 2l 1l), (4.3)

where 0 < z7,...,x7 <1 and vil=1.

Further denote the new design matrix by Xj,

X
X,=|" |
[Z1]

Maximizing the determinant |X; V~1X | is equivalent to maximizing z, (X' X)'z,.

/ Ay A
XX:[ t 12], (4.4)

A21 A22
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Whel‘e A]_l — q+2]: + 1Jq7 A22 Iq(q a(q-1), and A12 = A21 . A12 = (ak,ij) is a q
(¢=1)
by £4—=! matrix, such that, for z,j,k: = 1,2, ...,qand i < j,

when k=1 or k=17,

1
8
0 otherwise.

Ay = (anj) = {
Since X’X is nonsingular, we have

XX)" =

A I+ ARF A5 ALY —Ay AR
~F'AnA; ! F!

with F = Ags — Ag1 A1 'Aqo being a nonsingular matrix. It can be verified that

1

—J ’
1 q+2{q 2+
q—2 1
ApAyy = ——1
12A21 6l q+64J
(3—2 when j =4 and [=17
& whenj=j or j=I or I=j or I=10

AziAvz = (a ) = .,
and j £j5 and [ #

| 0 otherwise

where 7,7/, ,I' =1,2,...,q, j <l and j' <.

q(g—1)

5— (Raghavarao,

Next we introduce a triangular association scheme of order

1971). It is an array of ¢ rows and ¢ columns with the following properties:
e The positions in the principal diagonal are blank.

e The L positions above the principal diagonal are filled by the numbers
1,2,...,420

e The array is symmetric about the principal diagonal.

e The ones that lie in the same row and same column are treated as first

associate, the others are treated as the second associate.
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Thus, these association matrices of a triangular association scheme are indexed by

pairs (7,7), 1 < j <[ < q and defined as follows:

Bo = La@-v),
2
B1 = by,

1 if(j=jorj=0lorl=jorl=1)butnot (j=j andl=10)

where by = { 0 otherwise

B2 = Jq(qul) - BO - B1~

Note that
1 1
Ay1;Ao = —B —B;.
21812 = 55 Do + it
From Raghavarao (1971), we have
B1B: = (¢ — 3)B1 + (2¢ — 8)Ba, (4.5)
B2 =2(q—2)Bo + (¢ — 2)B; + 4By, (4.6)
and
—2)(g—3 —3)(g—14 —4)(g—>5
2 2 2
We can express matrix F as:
F = Az — AgAj A
1 4 1 1
= _— — e —I — _B J — .
16 %% ¢+ 3 (gplagn + 5B+ 8(g+ (g +2)" *%H
(4.8)
F = aoBO + G1B1 + CL2B2, where apg = %, ay = _w(q—gl;)l(q—ﬁﬁ)’ and a9 =

1
8(q+1)(g+2)"

We note that F~! can be expressed as:

Fil - (G/OB() + @1B1 -+ ang)*l = boBO + blBl + bQBg.
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Solving the equations for by, b1, by in terms of ag, a; and as, and taking into account

(4.5) - (4.8), we obtain
bo=24 , by=4, by=0.

Hence F~! = 24B, + 4B;.
Since B1A21 = (q — 4)A12 + llqu q(q—1), W€ have

—4 1
—F 1A A;;Y = (24Bg +4B1)Ay——(I,— —J
2111 (24Bo 1) 21q+2(q 2q+ 1) a)
2 4 2q
= - + J a(g—=1) — 16A
W) @ T Do e &
- _16A217
Finally,
_ _ _ _ + 2 1
Thus, we have
I —16A
(X'X)! = a 2o (4.9)
—16A45; 24Bg + 4B,
/
Let the matrix X in (4.5) be partitioned as X = [ vV U ] ,withV = [ Vi ... Valatl) } ,
2
!/
where V; =[zi, ..., Tig| ,and U = [ Up ... Ugq+y) } , where u; = [xﬂxig, s xi(q_l)xiq} .
2
Then, we have
, A A V'V VU
X'xX=| """ = . (4.10)
Ay Ass U'v UU
By replacing A2 and Ay from (4.10), we get
I —-16V'U
(X'X)™1 = 4 . (4.11)
—-16U'V 24B, + 4B,

We use the Lagrange multiplier to maximize z; (X X)~'z;, such that v;'1 = 1.

L= v, | (XX)7 [ v ] (Vi1 - 1), (4.12)

u



where A is the Lagrange multiplier.

Differentiating (4.12) w.r.t vi and equating to zero, we get

P o I —-16V'U
—{[Vl ul]} : =0
ovy —-16U'V 24B, + 4B, u
Let
0 ;o
where _ .
To w3 ... ¢ O 0 ... 0
K:a—u;— xr 0 ... 0 a3 x ... O
aVl
| O 0 e e 371 O O “ e xqfl |

Let N be a (¢ — 1) x ¢ matrix, such that NA1 = 0,

(1 -1 0 ... 0 |

1 0 -1 ... 0
N —

1 0 0 .. —1

Multiplying (4.13) by L on both sides, we get

N [ LK ] Iq —16V'U
4 —16U'V  24B, + 4B,

v
1 —0,
u;

or equivalently,

N(Vl — 16KU/VV1 — 16V'Uu1 + 24KU1 + 4KB1111) =0.
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(4.13)

(4.14)

The (2¢ + 1) stationary points are obtained by solving the equations above. They

are labeled as solutions IQ), [1Q) and I11(), with lower labels representing solutions

with shorter distance between the stationary solutions and the overall centroid

point (%, . %)

Solution IQ: = = (%, e %),
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5q+2+4/¢%>—4q+76)

Solution 11Q): q points of z <> (1—(¢—1)d,4,...,d), where § = ( S ,

5¢+2—+/¢%—4¢+76)

Solution I7T1Q: q points of x <> (1—(¢—1)J,0,...,0), where § = ( ST

The corresponding values of zll(X/X)flzl for each solution group are listed below:

¢®+4q—4
q3 9

IIa. W}W[q6+115q5+712q4—772q3—4648q2+6088q—1664+\/76 —4q+ @ (¢°—
3¢* + 62¢° + 124> — 792¢ + 608)],

IIa. m[q6+115q5+712q4—772q3—4648q2+6088q—1664—\/76 —4q + ¢*(¢°—
3¢* + 62¢° + 1244 — 792q + 608)].

Ia.

Among them, solution Q) attains the maximum value of z; (X X) 'z, when ¢ = 3,
solution 77Q has maximum value of z; (X X) 'z, when ¢ > 4. Figure 4.1 shows

7, (X'X)~'z, for three stationary solutions (1Q, I1Q and I11Q).

w1 | A B
We rewrite (X'X) ™~ = and denote
B D
V/IB/ + llllD = [ Wg41 Wgy2 - U)q(q2+1) :| .

The Hessian matrix for the second-degree mixture model is given by

Ly o |0 0 o1 |V
W|V=v1,u:u1 - W {%Ll] = W <2 [ Iq K ] (X X) [ " ])

reoi=1 O v
:2[ } X'X ,
I, K |(XX) av{[u b+
(vVB'+uD) ;2% . (v'B'+uD) 83125;(1
2 . (4.15)
(VB +uD) ;28 .. (VB +uD) ;20

Equivalently the Hessian matrix for second-degree mixture model can be expressed

as

2
L ,
_aa iy = 21y — 16KU'V — 16V'UK’ + KDK'] + W
VOV
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XKDz’

0.0

—&— SolutionIQ — +— - Solution IQ
— X — Solution MQ
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Figure 4.1: The z}(X'X) 'z, of the Stationary Solutions for Second-degree Mix-

ture Model

where

0 Wgy1  Wgi2 Waq—1
Wq+1 0 Waq ce. W3¢-3
Wy+2 Wagq 0 co. Wyg-6
Waq—2 W3g—4 Wyg—7 .. U)g,(qTJA)
Woq—1 W3¢q—3 Wyg—6 --- 0

(4.16)
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The first part of this Hessian matrix is a nonnegative definite matrix. The sec-
ond part, matrix W, cannot be a negative definite matrix because ei{Wek =0
for any canonical vector ex. Hence the Hessian matrix cannot be a negative def-
inite matrix, and none of the interior stationary points can be a local maximum
of z;(X'X)"'z;. In the absence of a local maximum, we select an additional
design point among the stationary interior points with the maximum value of
7z, (X'X)~'z;. Thus we choose solution IQ x = (%, %, %) when ¢ = 3, and solution

11Q, z <> (1 — (¢ —1)d,0,...,9) when ¢ > 4, where ¢ = (gt 24/ @ ~49+76)

8(q%+9—3)

The three minimal plus one designs are listed below:

Design 1Q:: overall centroid x = (%, %, ce %) plus D-Optimal minimal design
points.

. 5q+2++/ 2 —4q+76

Design 11Q;: one of x <» (1 — (¢ — 1)4,6,...,0), where § = ( q+8?q2fq73)q+ )

plus D-Optimal minimal design points.
Design I11Q);: one of x ¢+ (1 — (¢ — 1)4,0,...,0), where 6 = (5q+2-/0* —49+76)

8(¢%+9—3)

plus D-Optimal minimal design points.

Figure 4.2 displays the ternary plots for three designs. Table 4.1 summarizes the
additional design point, the value of z; (X X)~'z;, and D-efficiencies for minimal

plus one designs, denoted as D;. It also includes the distance between each sta-

q
Design I1Q; has the maximum value of z; (X' X) 'z, and higher D-efficiency than

tionary point and the overall centroid point, defined as dist = \/ S (w—1)2

the other two designs when ¢ > 4, but the difference in D-efficiency is relatively
small because the determinant of X' X decreases as the number of factor increases.
We note that Design 11Q); includes the additional point with shorter nonzero dis-

tance to overall centroid point.
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Design 1Q, Design 11Q, Design 111Q
X2 . X2 o x2 .
5 0.1 e 0.1 o5 0.1
08 e 08 02 s 02
07 03 07 o o 03
05 04 os 04 06 04
05, i 05, 12 05, e
04 0 04 28 04 08
- A 07 e . 07 o3 07
02 08 02 0.8 o 0.8
0.1 LA Noi SRR e A 22
% s
'ﬂ 09 08 07 06 05 04 03 02 01 'm 09 08 07 06 05 04 03 02 01 'ﬂ 09 08 07 06 05 04 03 02 01

Figure 4.2: Ternary Plots for Minimal Plus One Stationary Designs for Second-
degree Mixture Model
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Table 4.1: Minimal Plus One Designs for Second-degree Mixture Model

Factors One Additional Point 7} (X’X)"'z; Distance Dy
to Centroid
3 IQvz=(3.3,3) 0.630 0 3.874*
I1Q, One of x <+ (0.290,0.355, 0.355) 0.629 0.053 3.874
ITIQ, One of z « (0.765,0.117,0.117) 0.442 0.529 3.796
4 IQrz=(3141) 0.438 0 1.786
I1Q; One of x <+ (0.322,0.226,0.226,0.226)  0.439 0.084 1.786*
I11Q; One of z « (0,707,0.098,0.098, 0.098)  0.337 0.528 1.773
5 I1Qy x = (1) 0.328 0 1.003
I1Q, One of z <+ (3, %1,) 0.333 0.149 1.003*
I11Q; One of z +» (2, 515) 0.271 0.522 1.000
6 1Q: © = (31g) 0.259 0 0.634
I1Q; One of ¢ (0.337,0.1331) 0.269 0.186 0.634*
ITIQ; One of z <+ (0.638,0.0731y) 0.225 0.516 0.633
7 1Q) © = (11,) 0.213 0 0.434
I1Q, One of x <+ (0.337,0.1101) 0.225 0.210 0.434*
IT1Q; One of 2 «+ (0.616,0.06415) 0.192 0.511 0.434
8 1Q) z = (31g) 0.180 0 0.314
11Q; One of x <+ (0.336,0.09515) 0.225 0.194 0.314*
IT1Q; One of z « (0.599,0.0571) 0.168 0.507 0.314

Note: * Maximum D-efficiency for Designs 1Q+, I1Q:, and IT1Q);.
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CHAPTER 5

GENERAL MIXTURE MODELS

In this chapter, we consider extending D-Optimal minimal designs by adding
interior points for general mixture models. A wide subclass of symmetric mixture
models, which includes most of the commonly used mixture models are defined.
In this class, the proposed strategy of adding one interior point yields multiple
design points obtained by permuting the stationary points. Numeric solutions for
one and multiple interior points are provided for two other commonly used models:
the additive quadratic and the special cubic mixture models for a practically useful

range of factors.

5.1 One Additional Interior Point for General Mix-
ture Models

A general nth order g-factor mixture model is defined as
y= Z Bixi+ Z Bijha(zi, x5)+. . .+ Z Bityvinlin(@iy, - - -, i, ) +e. (5.1)
1<i<q 1<i,j<q 1<iy,.in<g
where ! 2, =1, z; > 0 for all i. The most well known case of model (5.1) is
the Schefté’s g-factor polynomial model of order n,

y= Z Bixi + Z Bijrix; + ...+ Z BiyoinTiy - - Tip, + €. (5.2)

1<i<q 1<i<j<q 1<i1 <. <in<q
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..........

y= > Bwit+ > Barit..+ Y Bl +e (5.3)

1<i<q 1<i<q 1<i<q
Polynomial mixture models are the most common, but other mixture models have
also been studied and used (e.g., Becker, 1968,1978; Draper et.al, 1977a, 1977b;
Zhang and Wong, 2013).

The D-Optimal minimal designs are known for a variety of mixture models. Let X
be the given M, x M, D-Optimal minimal design matrix for model (5.1). For
the nth order mixture model, the dimension of (X'X)~' is M, x M, where
M, < C(¢,1) + C(q,2) + ...+ C(q,q) = 27 — 1. Scheffé’s polynomial model
(5.2) corresponds to M,, = C(¢+n—1,n), and general additive polynomial model
(5.3) corresponds to M,, = nq. Then the nonsingular information matrix (X'X) is

also known. The design matrix is constructed as

T11 T1q h2 (xn,xm) hn(xn,...,xlq)
X —
TM,1 o - LUan h2 (Q?Mnl,l’an) hn(anlu ...,Q}an)
!/
and is partitioned as X = [ vV U ] , with M,, x ¢ matrix V = [ Vi ... VM, ] ;
/
where v; = [21, ..., T4] , and M,, x (M,, — ¢q) matrix U = [ u; ... un, } , where
w; = [y (231, i) s ooy (T4, . Tiq)] . With this choice of partition, we have
, \'A V'V VU
X'X = [ V U } - , (5.4)
U Uuv UU

where V'V is a ¢ x ¢ matrix and U'U is a (M,, — q) x (M,, — q) matrix.

(X'X>_1 -

Using the Schur Complement,

Let us further denote
A B

B D

-1

A= (V’V —V'U(UU)! U’V)
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D= (U’U UV (V'V) V’U)1

’ — -1 —
B-— [U U-UV VvV V’U} UV (Viv) L
First, consider the problem of adding one interior design point to the known min-
imal D-Optimal design. Let z} = (v}, u}) be the new interior design point to be
added, where
/

vy = (2f,...,22), (5.6)

- Ly

ull = ull (Vl) = (h2($§7 ZL‘;), sy hn(l'i;, . xz))’ (57)

Ly

with 0 < 7, ..., 27 <1 and Vlll = 1. Further denote the new design matrix by Xy,

X
X]_: , .
lzll

Theorem 1 For the extended design X1, |X1X1| has a local maximum with respect
to additional interior design point z, = (vi,uy) (with 0 < 2%, ..., z; <1 and vil=

1) if and only if vy is a solution of the equations

S A K}(X'Xw[“]:o (5.8)

u

! . .
where K :%—“‘, . The Hessian matriz

ou’ du Ou'_ Ou
A B+B_— D
- ov N ov’ N ov 8V’+
2u 2l,l
(VB +u'D) 525~ .. (VB +uD) 575
(5.9)
(VB +uD) ;2% . (VB +uD) 28

1s negative definite.
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Proof: The generalization of the Sylvester’s determinant theorem (Harville, 2008)
implies that
’ ’ ’ —1
X3 Xa| = [XX[[1+2,(XX) z].

Since the determinant |X'X] is already maximized by the definition of the D-
Optimal minimal design X, maximizing | X} X1| is equivalent to maximizing f(v) =
z,(X'X)~'z, subject to constraint v/1 = 1. The general approach is to use the

Lagrange multiplier and maximize

Vi

Ly =[v, o] (X'’X)"" [ ] —2A(Vi1 —1).

u;

where (M, — q) x 1 vector u} = [hs (27,23) , ..., hy(F, ...,z2)] . Then ¢ x 1 vector

Z ey O
is
ﬁLl =2 [ I, K } (X'X)™" [

Vi

5 ] — 21, (5.10)

u

where (M,, — q) x ¢ matrix K :g_:/l,i' Since (Iq_l ® [ 1 -1 ]) 1=0, (5.10) im-
plies (5.8). Further,

62L1 0 0 0 -1 Vi
= — L =2 X'X : A1
ov'ov oV’ {8v 1} ov’ ( [ I, K ] ( ) w (5:11)
Let us denote f, (v) = [ I, K L = [ e, K], } = [ e} gT“; } , where ey is
th : . / -1 Vi
the k' canonical vector in R?, and h (v) = (X'X) [ . Then the 1 x g vector
u

becomes (Vonesh and Chinchilli, 1997),

10 [0 0 /
QW [8—VLlj|k|vv1,uu1 = v {fk (V)h(V)} (512)
! - Iq 1ol N\ — 0
- woen| & |ewaoent L 2 |
Oq

= [ e K, |xx)"

9%u

v ov!

|
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so that 1-2 [3L1}k:a{(+bi(,

20v/ Lav
/ )1 Iq / Ist I~y -1 Oq
where a;, = [ e, K, } (X'X) K and b} = [v/u'] (X'X) p2u |-
Ovg Ov’
Consequently, the Hessian is '
o [0
9L, ov’ [a_le] 1 ay b}
= =2 .. | +2| ..
ovov' 5 ro
v Lovl], ay by
It is straightforward that
a) |
— ’ -1 q
_[IqK](XX) [K/]
ag

Also, bl = h (v) Cx, where Cy =

9%u
vy 0V’

] , and therefore,

bl = [(1, @ h (1)) Vec ((:k)}T — Vee (C)T (b (v) @ 1)

Vec (Cl)T
Let us denote C = , then
Vece(C,)"
b’ Vec(Cy)"
.| = (h(v)®1Iy) =C ((X’X)‘1 ® Iq> . (5.13)
u
b, Ve (Cp)"
Thus, the Hessian may be expressed as
9% Ly | Iq -1
e =2 1, K| (XX) o e xx) 91, | (5.14)
Using (5.5), we can write
ou’ Ju Ou _ du

(5.15)

/ -1 I /
1, K |(XX) [Kq ~A+ S B+B o+ S Do
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Further, we have

L[ o A, B[ o o
b = [Vu](XX) | | =] S| = (B +uD) -,
9%u B D 9%u OV OV’
vy, OV’ vy 0V’

(5.16)
Combining (5.15) and (5.16), we obtain (5.9). O

5.2 One Additional Interior Point for Other Mix-
ture Models

5.2.1 Additive Quadratic Mixture Model

The additive quadratic mixture model is defined as
q q
y=Y B+ Y Bar]+e (5.17)
i=1 i=1

There are 2¢q parameters in the model, and at least 2¢ design points are needed to
estimate all parameters. Here we consider additive quadratic models with ¢ > 3.
Chan et al (1995, 1998) proved that the D-Optimal saturated axial design for model
(5.17) contains the points z <> (1,0,...,0), and x <> (1 — (¢ — 1)4,6,...,0), where
§=1/(g—1) when 3 < ¢ <6, and § = ((5¢ — 1) — 1/(9¢> — 10q + 1))/(4¢®) when
q > 7. The last expression for § is asymptotically 1/2 when ¢ — oc.

Let

A B
B D

9

(X'X) ! =

where A = a;(q, )1, + a2(q,0)J 4, B = b1(q,0)I, + ba(q,6)J, and D = dy(q, 6)1, +
d2(q75)JQ‘

2 —4(=1+q)0 +2(2 — 6g + 3¢*)6* — 49(2 — 3¢ + ¢*)0° + (=2 + q)*¢*6*
(=24 q)?6*(—1 +¢9)? ’

(11((], 5) =
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as(q,8) = [2¢°6° — ¢°5* (11 4 89) + 8(1 + & + §?) + 2¢*0° (12 4 206 + 56%)
— ¢*5%(26 + 765 + 455% + 45%) 4+ 2¢°6(8 + 330 + 360° + 85°)
—2¢(3 + 146 +236% + 106%)] /(=2 + ¢)*(—1 + ¢)*6* (=2 + ¢6)*(—1 + ¢6)];

(14 (1 =gd)(=0*+ (1 —(=1+¢)d)?*)).
(2 — 240 + ¢20%) ’

bl (Q7 5) =

ba(q,0) =[—¢58° — 2¢°6%(3 + 20) — 2q(1 4+ 6)*(3 4+ 56) + 4(2 + 6 + 6°)+
q*63(15 4 218 + 50%) — ¢*6%(19 + 446 + 236% 4 26°)+
q*6(14 + 435 + 396% + 80°)] /[(—2 + ¢)*(—1 + ¢)*6*(—2 + ¢)*(—1 + ¢d)?];

2 — 2q6 + ¢*6?

di(q,0) = (=24 q)20%(—1+ q5)2;

da(q,0) = [(8 — °6* +2¢* 3 (3 + 0) — *6*(12 4+ 125 + 6%) — 2q(3 + 86 + 36%)
+2¢°6(6 + 106 + 362)]/[(=2 + )3 (=1 + ¢)?0* (=2 + q0)*(—1 + ¢d)?].

More specifically, when 3 < ¢ <6, § = 1/(q — 1), they could be simplified as:

_q4—4q3+6q2—4q+21 B (q—1)2J

A
(q —2)? “og=2 "7
—q(¢* =3¢ +3)(¢—1) (q—1)
B-— I
(g —2)? og—2 To
- (4 - 1 ) g1
qg— 1) (¢ —2q+ 2 q—1
D= I — .
(g —2)? og—2 I

When ¢ > 7, let § = ((5¢ — 1) — 1/(9¢2 — 10q + 1))/(4¢®) ~ 1/(2q). We get

17 +4q +4 8(17¢> — 264 + 8q — 3)
o (g-2?2 1 9Ng*—3¢+2)

A
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_ —2q(9¢ + 2)I N 2(71¢® — 110¢* + 29q — 6)
(¢—2)* 1 9(q% — 3¢ +2)* v
and , )
D 20q [ _ 4q(37¢* — 58q + 13)

(@=2"  9(¢*—3¢+2? "7
By solving the equation of
(9 / Vl
—{| v{ u} [JXX)? = A1
st Vi XX L] ,
we get (2¢+ 1) stationary points grouped as solution /A, ITA and I11A except for
g = 4. When g = 4, there is only one stationary solution (overall centroid point).

Figure 5.1 shows the value of z; (X X) 'z, for three stationary solutions.

Furthermore, the Hessian matrix can be expressed as

2
OJNV) _ o[A + KB + (KB) + KDK'] + W,
ovov
where ) _
Wq+1 0 e 0
0 w .0
W=4| a2 ey (5.18)
i 0 0 Waq |
and
V/B, + u,D == wq+1 wq+2 e qu

3+0+q26—2q(146)
3(g—2)(g—1)(¢6—-2)

is greater than 0 when 6 = 1/(¢ — 1) (3 < ¢ < 6) and § = ((bg — 1) —
v/ (9¢2 — 10g + 1)) /(4¢®) (¢ > 7). Hence, the Hessian matrix cannot be a neg-

For any canonical vector ex = (1,0, ...,0), e, Wey = b +by+d,+dy =

ative definite matrix, and the stationary points for additive quadratic model are
either local minimal points or saddle points. We choose the stationary solution
with maximum information as the additional interior design point.

Now we generate minimal plus one designs based on one stationary point from
solutions ([ A, ITA, I1TA), and 2¢q points from D-Optimal minimal designs. We
name them as Design I A, 1A, and I11A,, respectively. When ¢ = 3, stationary
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e
1.25 —©— SolutionIA — +— - Solution ITA
— X — Solution IITA
1.00 +
w~  0.75 4
oy
=
=
™~ 0.50
0.25
0.00
1 1 1 1 1 1
3 4 5 6 7 8
Number of Factors

Figure 5.1: The z} (X'X) 'z, of the Stationary Solutions for Additive Quadratic
Model

solutions and D-Optimal minimal design points are the same for the second-degree
mixture model and the additive quadratic model. The ternary plots for three-factor
additive quadratic model is displayed as Figure 4.2. Table 5.1 summarizes the

additional design point, the value of z’l(X/X)*lzl7 D-efficiencies, and the distance
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between each stationary point and the overall centroid point. There is only one
stationary point when ¢ = 4. We note that Design I1A; has the highest D-
efficiency when ¢ > 5, and Design [ A; has the highest D-efficiency when ¢ = 3,
although the difference between Design I A; and I1A; is negligible. The higher D-
efficiency of the extended design with the additional point is generally associated

with a shorter nonzero distance to overall centroid point.

Table 5.1: Minimal Plus One Designs for Additive Quadratic Mixture Model

Factors One Additional Point z1 (X'X) 'z, Distance D,
to Centroid
3 TA 2= (3,4,3) 0.630 0 4.881*
ITA; One of z > (0.290,0.355,0.355)  0.629 0.053 4.881
IITA; One of z ¢ (0.765,0.117,0.117)  0.442 0.529 4.783
4 A z= (441D 0.320 0 3.364
5 TA; © = (315) 0.228 0 2.296
ITA; One of z ¢ (0.635,0.0911,) 0.725 0.486 2.375*
TITA; One of ¢ (0.821,0.0451) 0.674 0.694 2.368
6 TA; z = (i14) 0.181 0 1.632
ITA; One of z ¢+ (0.605,0.07915) 1.088 0.480 L.711*
IT14; One of x < (0.893,0.02115) 0.790 0.796 1.689
7 TA; z = (313) 0.250 0 1.456
ITA; One of z + (0.550,0.0751) 1.000 0.440 1.506*
I1TA; One of z ¢ (0.866,0.0221) 0.617 0.781 1.483
8 IA; z = (11g) 0.221 0 1.256
ITA; One of z > (0.543,0.0651,) 1.000 0.447 1.293*
ITTA; One of z ¢ (0.864,0.0201) 0.617 0.790 1.269

Note: * Maximum D-efficiency for Designs 1Ay, ITA; and I11A;.
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5.2.2 Special Cubic Mixture Model

Another commonly used mixture model is the Scheffé’s special cubic model. It is

defined as:

Y= Z Bizi + Z Bijxix; + Z BijrkTiT Ty + €. (5.19)

1<i<q 1<i<j<q 1<i<j<k<q

Lim (1990) proved that the D-Optimal minimal design contains x <> (1,0,...,0),

X ¢ (%,%,O,...,O) ,and x < (%,%,%,O,...,O). There are M = C(q, 1)+ C(q,2) +
C(q,3) = % parameters in the model.
Let

A B

(X'X)™ = ,
B D
—-16U'V 24Bg + 4B;  Es

where A =1,, B = ) and D = ) , where U'V,

By and B; are from the second-degree mixture model in Section 4.2, and Dsg is

the matrix of order C(q, 3),

1188 wheni=4 and j =j and k =k,
162  when ijk and i j'k’ have two factors in common,

Doz = (2500 1) = . Ny :
9 when ijk and 7 j k£ have one factor in common,

0 when i #4 and j # j and k # k.

\

i

with ijk, i’ j' k" representing all three factor interaction terms i, j, k and 7', j, k.

Also, C(q,1) x C(q,3) matrix Eq,

El = (l’.,/J ’

i j k

) = 3 wheni=i ori=j orj=Fk,
0 otherwise.

and C'(q,2) x C(q,3) matrix Eg,

.. St .
—60 when ij and i j £ have two factors in common,
.. gt .
E; = (inj,i'j/k') =4 —6 when ij and 7 j k£ have one factor in common,

0 otherwise.
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with 7, j, k representing the rows, 7 and ijk representing two factor and three
factor interactions, respectively.

By solving the equation of

8 |: / ’ :| ! 1 Vi

—1| v; u X X)™ =\,

avl { 1 1 }( ) ul

we get the stationary interior points listed in Table 5.2. The number of stationary
solutions varies with the number of factors.

Let us denote v;B’ + u,D = [ W1 Wgr2 .. WeBis, } . Then the Hessian ma-
6

trix could be expressed as

82 / I
f(v? =2[A + KB+ (KB) + KDK |+ W,
ovov
and
_ o .
a !
w=2|" |, (5.20)
aq'
where
all = [Oa ooy Wog—1 + X2Apypg—2 + .. F xanC(q,m)]
q
az = [wq-H + Z LiWi4i—25 -« - - 7w3q—3 + $1Gl+q—2 + ...+ xq—laM—C(qu,g)],
i=3
and
a:] = [w2CI*1 + T yq—2 +...+ TgQi4+C(qg—1,2)5 - - - ,O],

withl =C(¢+1,2), M = ‘13%5‘], and C(q —2,3) = 0 when ¢ < 5.

The zero-diagonal symmetric matrix W cannot be negative definite, and the
same arguments as in section 5.1 imply that the stationary points are either saddle
points or points of local minimum. Similarly we generate minimal plus one designs

based on one of the stationary solutions and D-Optimal minimal design points.
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We label the proposed designs as Design I1C, ITIC, ..., with lower design labels
representing designs with shorter distances between the stationary solutions and
the overall centroid. For stationary solutions containing more than q additional
points, we choose q out of all permuted points for comparisons. We also include
the overall centroid point for all designs. Table 5.2 summarizes the additional
points, the value of z’ (X’X)*lz, the distance to the overall centroid point, and
D-efficiency. When ¢ = 3, overall centroid point is one of the stationary solutions
and also one of D-Optimal minimal design points, and hence it is not included in
the table. Either Design ICY or IIC) provides higher D-efficiency, although the
D-efficiency of all designs are very close. Figure 5.2 displays the location of the

design points for a three-factor special cubic model.

Table 5.2: Minimal Plus One Designs for Special Cubic Model

Factors One Additional Point 7, (X'X) 'z, Distance D,
to Centroid

3 IIC; One of z ¢ (0.090,0.455, 0.455) 0.626 0.298 1.592*
I1IC, One of x < (0.751,0.124,0.124) 0.391 0.512 1.557

4 ICiz=(3,%113) 0.807 0 0.322*
IIC; One of z ¢+ (0.108,0.297,0.297,0.297)  0.752 0.164 0.322
I1IC, One of x <+ (0.070,0.070,0.430,0.430)  0.451 0.360 0.317
IV C, One of x <+ (0.699,0.100,0.100,0.100)  0.276 0.518 0.314

5 1C) © = (1) 0.633 0 0.093
I1C; One of 2 +» (0.126,0.2181) 0.665 0.083 0.093*
I11C; One of x <+ (0.09915,0.26813) 0.598 0.184 0.093
IV C; One of x <+ (0.41315,0.05813) 0.351 0.389 0.092
VO, One of 2 +» (0.665,0.0841,,) 0.213 0.520 0.092

6 ICy z = (114) 0.502 0 0.035*
IIC, One of z + (0.142,0.17215) 0.502 0.027 0.035
I1IC, One of x <+ (0.1311,,0.1851}) 0.501 0.062 0.035
IV C, One of x <+ (0.09715,0.23715) 0.491 0.171 0.035
V Oy One of z ¢ (0.40115,0.0491) 0.287 0.406 0.035
VIC; One of x <+ (0.640,0.07215) 0.174 0.519 0.035

Note: * Maximum D-efficiency for each factor.
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Figure 5.2: Ternary Plots for Minimal Plus one Designs for Three-factor Special
Cubic Model
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5.3 Symmetric Mixture Models

We consider model (5.1) to be a symmetric mixture model if all functions

Hi(xy,29,...,24) = Z hi (s -y ,.), 2 <k <n, (5.21)
1<in <, < <q

with D2 i, Pa(@iy, - 2y e/ Y 1<icq Tis are symmetric functions of ¢ arguments

Z1,...,%4. Most of the commonly used mixture models are symmetric, including

Scheffé’s linear, second-degree, special cubic, and additive mixture models. From

the proof of Theorem 1, it is straightforward to obtain proposition 1.

Proposition 1 Let model (5.1) be symmetric and f(v) = z,(X X)~'z; be a sym-

metric function of q variables xi,...,x;. The extended minimal design with one
added point vy has the same D-efficiency as the extended minimal design with one

added point vo if Vo <> V1.

Thus, for symmetric mixture models, each stationary point except for the overall
centroid provides at least ¢ distinct additional design points. Proposition 2 gives

a sufficient condition for f(v) to be a symmetric function.

Proposition 2 Let (X'X)™'be partitioned as in (5.5). If matrices A, B and D
are such that functions v Avy, u/Bvy, and u|Du; are invariant with respect to

a transposition of any i and j" coordinates of vector vi (1 <i<j <gq), then

z

f(v) =2, (X'X) " 2z, is a symmetric function of q arguments %, e T

Proof: Since any permutation can be expressed as a composition of a sequence

-1 .
Z1 18

of transpositions, it is sufficient to show that function f(v,) = z| (X'X)
invariant with respect to any transposition of arguments (a permutation of any two
coordinates x7 and 7 in the independent subvector Vo= (2%, zZ)). Using (5.5),
f(vi) =2, (X’X) ' 2y = v/ Av; + 2u,Bv; + u,Duy, then f(v;) is invariant with

respect to a permutation of any two coordinates x7 and x7 by the assumptions. []
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5.4 Multiple Additional Interior Points for Com-
monly Used Symmetric Mixture Models

5.4.1 Second-degree Mixture Model

Since f(v) = z;(X'X) 'z, = v, Av, + 2u/Bv,; + u,Du,, where

A B I -16V'U
(X'X)™ = = 4 (5.22)
B D —-16U'V 24B, + 4B,
from section 4.2. Note that viAv; = Y7 272 u;Bv, = —2Y7  27*(1 —27) and

wiDuy = 240wy +4uw,Bywy = 243700, o (wiad)P A wied (o o) (1 -
T; — :sz) are invariant with respect to a permutation of any two coordinates z}
and z7. The conditions of proposition 2 are satisfied. Hence, the conditions of
proposition 1 are satisfied, and all permutations of a stationary point result in
the same determinant of the information matrix. Thus, we can use permutation of
any stationary point except the overall centroid to get at least ¢ additional interior
points.

We propose the following two designs based on solutions I/Q) and I11(Q), aug-

mented with the overall centroid point.

. . 5q+2++/0?—4q+76
Design I1Q)q41: q points of x <+ (1—(¢g—1)4,0,...,0), where § = (ba Stquq%)ﬁ ),

overall centroid and D-Optimal minimal points.
Desugn 111Q),+1: qpoints of x <+ (1—(¢—1)4,0,...,0), where § = (bat2—y/a* ~49+76)

8(¢%+q—3) ’

overall centroid and D-Optimal minimal points.

The proposed designs are compared with the following three commonly used

designs described in section 2.2.

g+1 1

Design IV: q points of x <> ( TRETIER

.,%), overall centroid and D-Optimal
q

minimal points.

1

Design V: q points of x <> (%, -1 2((]1_1)

), overall centroid and D-Optimal

minimal points.
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Design VI: q points of z - (&, 21 2‘1_1))7 overall centroid and D-

2q° 2q(q—1)" """ 2q(q—1

Optimal minimal points.

Each design contains (¢ + 1) additional interior points and C(gq,2) D-Optimal
minimal points. Figure 5.4 displays the ternary plots for all considered designs
when ¢ = 3. Table 5.3 summarizes the additional design points and D-efficiency
(denoted as Dgyq) for all designs. In general, Design /1],.; has the highest D-
efficiency among all designs except for ¢ = 3, and Design VI has the highest
D-efficiency when ¢ = 3. Design I/, provides comparable D-efficiency compared

with standard designs.

Design 11Q 4.1 Design 1lIQ g.1
X2 . s A
o 01 o 0.1
0.8 = 08 b
o 03 - . 03
06 04 os 04
05, e 05, v
04 ot 04 25
03 Yot e 03 A 07
o 08 - 08
01 83 | . o/ (e
2 e
'ﬂ 06 08 07 06 05 04 03 02 01 ;1 08 08 07 06 05 04 03 02 01
Design IV Design V Design VI
X2 2 X2
09 01 09 01 09 01
08 92 08 2 08 22
07 0 o7 e 07 =
06 J o4 08 J 06 g
] 08 g 4 0 i 08
04 0o 0.4 0.5 04 . . e
o o 07 o 4 07 o 4 07
o 08 o . ’ 08 i 08
01 ¥ ¥ 2 SR 2 | e i 2
2 2
.XT 09 08 07 06 .0.5 04 03 02 U.‘I. .X‘I 09 08 07 06 .05 04 03 02 U.W. .X‘I 09 08 07 06 .U.5 04 03 02 U.W.

Figure 5.3: The Minimal Plus (¢+1) Points Designs for Three-factor Second-degree
Mixture Model

e}
e



Table 5.3: Minimal Plus (¢ + 1) Designs for Second-degree Mixture Model

Factors Designs (¢ + 1) Additional Points Dyq
3 I1Qu1 < (0.290,0.355,0.355) and (1/313) 3.089
IT1Qu41 < (0.765,0.117,0.117) and (1/313) 3.184
1\Y <+ (2/3,1/6,1/6) and (1/313) 3.148
\Y < (1/2,1/4,1/4) and (1/313) 3.121
VI < (1/6,5/12,1/12) and (1/313) 3.212*
4 T11Qu41 < (0.322,0.226,0.226, 0.226) and (1/41,) 1.423
IT1Qu41 < (0,707,0.098,0.098,0.098) and (1/41,) 1.454*
v < (5/8,1/8,1/8,1/8) and (1/41}) 1.447
\Y < (1/2,1/6,1/6,1/6) and (1/41}) 1.442
VI < (1/8,7/24,7/24,7/24) and (1/41}) 1.444
5 I1Q 1 < (1/3,1/61,) and (1/515) 0.812
IT1Qu1 < (2/3,1/121,) and (1/51%) 0.822*
v < (3/5,1/101,) and (1/515) 0.820
\Y% < (1/2,1/81,) and (1/515) 0.819
VI < (1/10,9/401,) and (1/51%) 0.814
6 I1Qg1 < (0.337,0.13315) and (1/61) 0.522
I11Q,1 < (0.638,0.07315) and (1/614) 0.526*
1\Y < (7/12,1/121) and (1/61¢) 0.525
\% < (1/2,1/1015) and (1/61g) 0.525
VI < (1/12,11/6015) and (1/614) 0.520
7 I1Qu1 < (0.337,0.11014) and (1/715) 0.363
I11Q.1 < (0.616,0.06414) and (1/71,) 0.364*
v < (4/7,1/1415) and (1/71,) 0.364
\Y% < (1/2,1/121) and (1/71,) 0.364
VI < (1/14,13/8415) and (1/71,) 0.361
8 I11Q 1 < (0.336,0.0951;) and (1/81) 0.266
ITIQu41 < (0.599,0.0571;) and (1/81) 0.267*
v < (9/16,1/161) and (1/81%) 0.267
\Y < (1/2,1/1417) and (1/81g) 0.267
VI < (1/16,15/11215) and (1/81%) 0.265

Note: * Maximum D-efficiency for each factor.
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5.4.2 Additive Quadratic Mixture Model

Recall the inverse of the information matrix for additive quadratic model from

section 5.2.1:
A B

B D
where A = a;(q, )1, + ax(q,9)J,, B = b1(q,0)I, + ba(q,0)J, and D = d;(q,0)I, +
d2<q,(5>Jq.

Since the blocks of (X'X)™" are the linear combinations of Iy and Jg, it is

(xX)" -

Y

straightforward that conditions of Proposition 2 are satisfied. Thus, conditions of
proposition 1 are satisfied and we can use permutations of any stationary point
except the overall centroid to obtain at least ¢ additional interior points. Then we
propose two designs, consisting of ¢ permuted points from solution ITA or I11A,
one overall centroid and 2¢g D-Optimal minimal design points. We name them as
Design I1A,4+1 and I11A, 4 respectively. The ternary plot is the same as second-
degree mixture model when ¢ = 3. Table 5.4 summarizes the D-efficiencies for all
designs. Note that there is only one stationary solution (overall centroid point)
when ¢ = 4, and Designs I1A,.; and [11A,; are not available when ¢ = 4. In
summary, Design I1A,;; has the highest efficiency among all the designs except

for ¢ = 3, where Design VI has the highest efficiency.
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Table 5.4: Minimal Plus (¢ + 1) Designs for Additive Quadratic Mixture Model

Factors Designs (¢ + 1) Additional Points Dyq
3 1A, x4+ (0.290,0.355,0.355) and (1/315)  3.892
I1TA, x4 (0.765,0.117,0.117) and (1/313)  4.012
v x ¢ (2/3,1/6,1/6) and (1/313) 3.966
\Y% x> (1/2,1/4,1/4) and (1/313) 3.932
VI x ¢ (1/6,5/12,1/12) and (1/313) 4.047*
4 v x> (5/8,1/8,1/8,1/8) and (1/41}) 2.807*
\Y% x> (1/2,1/6,1/6,1/6) and (1/41)) 2.741
VI x> (1/8,7/24,7/24,7/24) and (1/41)) 2.698
5 ITA;, x4+ (0.635,0.0911,) and (1/515) 2.059*
IITA, 2+ (0.821,0.0451,) and (1/515) 2.037
v x4 (3/5,1/101)) and (1/51) 2.055
\Y% x < (1/2,1/81,) and (1/515) 2.007
VI z + (1/10,9/401,) and (1/515) 1.812
6 1A, x4 (0.605,0.07915) and (1/61g) 1.602*
IITA,  x ¢ (0.893,0.02115) and (1/61g) 1.493
v x> (7/12,1/1215) and (1/614) 1.601
\Y% z < (1/2,1/101) and (1/61g) 1.568
VI x4 (1/12,11/6015) and (1/61g) 1.275
7 ITA,1 x> (0.550,0.0751) and (1/71;) 1.394*
IITA, x> (0.866,0.02215) and (1/71;) 1.262
v x4 (4/7,1/1415) and (1/713) 1.393
\Y% x> (1/2,1/1215) and (1/71;) 1.385
VI x> (1/14,13/841;) and (1/715) 1.117
8 ITA;, x4+ (0.543,0.0651,) and (1/81g) 1.231*
IITA, x> (0.864,0.0201,) and (1/81g) 1.067
v x < (9/16,1/161,) and (1/81g) 1.228
\% x < (1/2,1/141;) and (1/81g) 1.229
VI x < (1/16,15/1121,) and (1/81g) 0.958

Note: * Maximum D-efficiency for each factor.
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5.4.3 Special Cubic Mixture Model

Using the expression for (X’ X)f1 provided in section 5.2.2, it is straightforward
1

to show that function f(vy) = 2z, (X'X) 'z, is invariant with respect to any

Z
I

transposition of x7 and z7. Therefore, we can use permutations of any stationary
point to get multiple additional points using propositions 1 and 2. The number
of stationary solutions varies with the number of factors. For stationary solutions
containing more than q additional points, we choose q out of all permuted points
for comparisons. We also include the overall centroid point for all designs. The
corresponding proposed designs are labeled as Design I1Cy41,[11C, ..., and so
forth. Figure 5.2 displays the locations of design points for three-factor special cu-
bic model. Table 5.5 summarizes the additional design points and D-efficiency. In
summary, the proposed designs have either larger or similar D-efficiency compared

with standard designs.
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Figure 5.4: Ternary Plots for Minimal Plus (¢ + 1) Designs for the Three-factor
Special Cubic Model



Table 5.5: Minimal Plus (¢ + 1) Designs for Special Cubic Model

Factors Designs (q+1) Additional Points Dgiq
3 IIC,, x> (0.090,0.455,0.455) and (1/313) 1.418*
IT1IC,; x4 (0.751,0.124,0.124) and (1/313) 1.353
v x4+ (2/3,1/6,1/6) and (1/313) 1.340
\Y% x4 (1/2,1/4,1/4) and (1/313) 1.354
VI x < (1/6,5/12,1/12) and (1/313) 1.375
4 I1C,., x4+ (0.108,0.297,0.297,0.297) and (1/41,) 0.281*
I1IC,,, x + (0.070,0.070,0.430,0.430) and (1/41,) 0.280
IVCyy x4 (0.699,0.100,0.100,0.100) and (1/41,) 0.271
v x < (5/8,1/8,1/8,1/8) and (1/41)) 0.270
\Y% x4 (1/2,1/6,1/6,1/6) and (1/41}) 0.273
VI x < (1/8,7/24,7/24,7/24) and (1/41}) 0.279
5 IIC,; x4 (0.126,0.2181,) and (1/515) 0.082
I1IC,, x ¢ (0.09915,0.26715) and (1/515) 0.083*
IVCy x> (0.41315,0.05813) and (1/515) 0.082
VCyi1 x4 (0.665,0.0841,) and (1/515) 0.081
Y% x4 (3/5,1/101,) and (1/515) 0.080
\Y% x4 (1/2,1/81,) and (1/51y) 0.081
VI x < (1/10,9/401,) and (1/51y) 0.082
6 IIC,; x4+ (0.142,0.17215) and (1/614) 0.031
I1IC,, x4 (0.13115,0.1851,) and (1/61g) 0.032
IVCyy. x4 (0.09715,0.23713) and (1/61g) 0.032*
VCy1 . x4 (0.40115,0.0491,) and (1/61g) 0.032
VIC, x4+ (0.640,0.07215) and (1/61g) 0.031
v x4 (7/12,1/121%) and (1/61;) 0.031
\Y% x4 (1/2,1/1015) and (1/61g) 0.031
VI x < (1/12,11/6015) and (1/615) 0.032

Note: * Maximum D-efficiency for each factor.

62



63

CHAPTER 6

SIMULATION AND
APPLICATION

We have extended D-Optimal minimal designs by adding one or multiple in-
terior points for general mixture models, including commonly used symmetric
mixture models. In summary, our proposed designs show a higher or compara-
ble D-efficiency than standard designs. However, the differences are relatively
small because the determinant of the D-Optimal minimal information matrix
X'X decreases as the number of factors increases. Recall |X;X;| = |X'X]|[1 +
71 (X'X)~1z;], and D-efficiency = 100 x | X} X; [P /N, where X is the D-Optimal
minimal design matrix and z; is the new added design point.

In this chapter, we explore the power of the LOF test using the minimal plus
(g+1) designs for three mixture models in section 5.4 by simulation. LOF describes
how the model fits a set of observations by summarizing the discrepancy between
the observed values and the expected values under the fitted model. We also apply
the proposed designs to mixture experiments with constraints on the component

proportions.
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6.1 Power of the LOF Test

To test for LOF, the residual sum of squares is partitioned into the sum of
squares due to pure error (SSPE) and the sum of squares due to Lack of Fit
(SSLF) as follows:

ii%:ii(%—?})z (6.1)

j=1 i=1 j=1 i=1
c n; . c - N2
= > > (Y- Y + n; (Yj- - Yj) , (6.2)
j=1 i=1 j=1

Vv Vv
(sum of squares due to pure error)  (sum of squares due to Lack of Fit)

where ¢+ = 1,2,3,...,n; and j = 1,2,...,c. Y;; denotes the ith observation at
the jth design point, Y, is the average of the n; observations at the jth design
point, and }?’] is the fitted value at jth design point. Under the assumptions of
normally distributed errors, the SSPE and SSLF have chi-square distributions
with corresponding degrees of freedom. The degree of freedom associated with
SSPFE is N — ¢, where N is the total number of observations and ¢ is the number
of the design points. The degree of freedom for SSE is N — p, where p is the

number of parameters in the mixture model. The SSLF is calculated as follows:

SSLF = SSE - SSPE

with the degree of freedom ¢ — p. The LOF test statistics,

e _ SSLE/(c—p)
- SSPE/(N —¢)’

(6.3)

has distribution with degrees of freedom ¢ —p and N —c. If F* < F(1 — ;¢ —
p, N — ¢), then the LOF is not significant at « level and indicates a good fit. If
F*> F(1 —a;c—p,N — ¢), then the LOF is significant at « level, showing the
model is inadequate, and we may need to add higher order model or add more
factors to the model.

In the simulation, we assume the true models to be the commonly used mixture

models, such as special cubic model, special quartic models, full cubic model, etc.
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The LOF is tested for the assumed simpler mixture models nested within the true
models. We also assume that the errors are independent and identically normally
distributed with mean zero and a common variance 02 = 0.1, ¢ ~ N(0,0.1). There
are 2000 datasets simulated for each design, with two to five replicates for each

design point. The LOF power is calculated based on the 2000 simulated datasets.

6.1.1 Three-factor and four-factor Second-degree Mixture

Model

Here we assume the true models to be special cubic and special quartic models,
while the fitted models are the second-degree mixture models. If the tail probabil-
ity of the LOF test statistic computed for the fitted model is less than 0.05, then
the LOF is detected.

Three-factor Second-degree Mixture Model

We simulate the responses from two models: model 11 (special cubic model)
and model 12 (special quartic model) in table 6.1. Three-factor second-degree
designs in table 5.3 are used. Each design contains 10 points, in which six of
them are D-Optimal minimal points and four of them are interior design points
including the overall centroid point. Two to five replicates are used for each design
point. We denote our proposed designs as Design 11() and Design I11Q). For the
robustness of the results, we allow different coefficient («) for the additional terms
in the true models. The coefficients vary from 2, 4, 6 to 8 for both models. Tables
6.2 and 6.3, and figures 6.1 and 6.2 summarize the empirical rejection rates for
LOF test. These results suggest that Design /1() consistently provides the highest
power to detect LOF among all designs.
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Table 6.1: True Models for Three-factor Mixture Models

True Model 11: y = 2x1 + 1.929 + 1.823 4+ 0.5(x129 + 2123 + T223)
(Special Cubic Model) +QrToT3 + €

a: 2,4,6,8.
True Model 12: y = 2x1 + 1.929 + 1.823 4+ 0.5(x129 + T123 + T223)

(Special Quartic Model) +axizaxs + (a — 0.5)z 2523
+(a — 1)z12973 + €

a: 2,4,6,8.




Table 6.2: The LOF Power when the True Model is Model 11

Replicates Design a=2 a=4 a=6 a=38
2 Design IIQ  9.30  25.65 52.35 80.75
2 Design I1IQ 7.05 1595 32.85 54.80
2 Design IV 720 1735 34.40 58.85
2 Design V 9.06  21.55 4870 75.20
2 Design VI 740  20.75 43.60 71.05
3 Design I1Q  13.80 46.50 84.60 98.25
3 Design I1IQ 10.70 28.75 56.35 85.05
3 Design IV 9.15  30.05 62.05 89.25
3 Design V 12.20  41.15 77.15 96.75
3 Design VI 12.06 38.15 T71.75 94.50
4 Design I1Q  18.00 62.25 95.30 99.95
4 Design I1IQ 11.65 39.95 73.90 95.70
4 Design IV 11.90 41.30 79.70 96.45
4 Design V 16.25 56.20 91.60 99.50
4 Design VI 14.55 52.35 89.05 99.35
) Design I11Q  22.60 76.15 98.85 100.00
5 Design I1IQ 12.90 48.85 86.90 98.90
) Design IV 15.50  53.45 91.05 99.40
) Design V 19.00 68.65 97.30 100.00
) Design VI 18.30  63.40 95.50 99.85
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Figure 6.1: The LOF Power when the True Model is Model 11 and the Test Model
is Three-factor Second-degree Model



Table 6.3: The LOF Power when the True Model is Model 12

Replicate Design a=2 a=4 a=6 a=28
2 Design I11IQ  7.25  20.65 47.50 75.30
2 Design IIIQ 6.40  13.50 29.00 48.00
2 Design IV~ 6.00  14.05 31.35 54.40
2 Design V 7.25 1820 40.80 69.60
2 Design VI 7.85  16.10 37.05 65.30
3 Design IIQ  9.55  34.15 77.50 96.75
3 Design I1IQ 8.05  21.70 49.15 78.40
3 Design IV~ 6.90  23.15 53.85 82.75
3 Design V 8.95  29.95 6845 92.75
3 Design VI 7.75 2890 64.50 91.20
4 Design 11Q  12.75 51.00 90.35 99.75
4 Design ITIQ 9.00  28.80 66.40 91.85
4 Design IV~ 8.65  33.15 71.60 95.35
4 Design V 10.40 4420 84.55 99.10
4 Design VI 10.20  40.30 82.25 98.35
5 Design IIQ  13.85 63.85 96.85 99.95
5 Design I1IQ 10.65 37.25 79.05 97.85
5 Design IV 10.10 44.75 83.25 98.75
5 Design V 12.45 5540 94.20 99.65
5 Design VI 11.45 50.70  92.35 99.55
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Figure 6.2: The LOF Power when the True Model is Model 12 and the Test Model
is Three-factor Second-degree Model
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Four-factor Second-degree Mixture Model

We simulate the responses using the models listed in table 6.4. The four-factor
second-degree mixture model is used to test the adequacy of the model. Tables 6.5
and 6.6, and figures 6.3 and 6.4 summarize the empirical rejection rates for LOF
test. The coefficients are 1, 2, 4, 6 for model 21 and 2, 4, 6 and 8 for model 22.
Similarly, Design I1Q) provides consistently higher power to detect LOF among all

designs.

Table 6.4: True Models for Four-factor Mixture Models

True Model 21: y=2x1+ 1929 + 1.823 4+ 1.7x4

(Special Cubic Model) +0.5(x 1 + 2123 + X124 + ToZ3 + Tokz + ToTy + T3T4)
+a(x1xemy + T1XoTy + T 13Ty + ToX3Ty) + €
a: 1,2,4,6.

True Model 22: y=2x1+ 1925+ 1.823+ 1.7x4

(Special Quartic Model)  +0.5(z122 + 123 + X124 + Tok3 + ToX3 + oy + T32y)
+axy (12213 + T1T2X4 + T1T3T4 + ToX3T4)
+(a — 0.5)z(x12903 + 212924 + T12374 + ToX324)
+(a — Dag(z122m3 + T12224 + T1032T4 + To2x324)
+(a — 1.5)zy(x12003 + 21094 + T12374 + ToX3T4) + €

a: 2,4,6,8.




Table 6.5: The LOF Power when the True Model is Model 21

Replicate Design a=1 a=2 a=4 a=6
2 Design IIQ  9.30  25.85 81.65  99.55
2 Design IIIQ 7.10  14.65 51.20  88.00
2 Design IV~ 7.85  15.15 56.50 91.80
2 Design V 6.35  19.60 68.30 97.25
2 Design VI~ 855  19.55 71.00 97.60
3 Design 11Q  11.45 44.10 97.55  100.00
3 Design I11Q 8.95  24.25 77.15  99.30
3 Design IV~ 820  26.00 85.85 99.65
3 Design V 11.30  34.75 92.70  99.95
3 Design VI 10.60 34.30 93.15  99.95
4 Design 11Q  16.50 59.45 99.90  100.00
4 Design ITIQ 10.55 31.85 92.65  99.95
4 Design IV 11.20 36.30 95.10  100.00
4 Design V 13.90 47.95 98.90 100.00
4 Design VI 13.45 48.10 99.05  100.00
5 Design IIQ  20.90 70.60 100.00 100.00
5 Design I1IQ 12.00 40.10 97.15  100.00
5 Design IV 12.65 46.15 98.70  100.00
5 Design V 16.30 60.25 99.90  100.00
5 Design VI 16.90 59.75 99.85  100.00
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Figure 6.3: The LOF Power when the True Model is Model 21 and the Test Model
is Four-factor Second-degree Model



Table 6.6: The LOF Power when the True Model is Model 22

Replicate Design a=2 a=4 a=6 «a=38
2 Design IIQ  11.50 61.70 96.60  100.00
2 Design IIIQ 8.30  34.05 78.10 9745

2 Design IV~ 895  41.75 82,50 98.45

2 Design V 10.55 50.20 91.95  99.90

2 Design VI 11.05 55.60 95.80  99.90

3 Design 11Q  19.25 87.85 100.00 100.00
3 Design ITIQ 10.70  57.15 96.15  100.00
3 Design IV 12.05 67.00 98.60  99.95

3 Design V 15.30 78.25 99.30  100.00
3 Design VI 1545 83.10 99.90  100.00
4 Design 11Q  25.15 98.05 100.00 100.00
4 Design I1IQ 13.00 74.30 99.50  100.00
4 Design IV 16.35 81.85 100.00 100.00
4 Design V 19.60 92.55 100.00 100.00
4 Design VI 21.35 94.25 100.00 100.00
5 Design 11Q  31.20 99.20 100.00 100.00
5 Design IIIQ 18.85 87.00 100.00 100.00
5 Design IV~ 20.45 90.70 100.00 100.00
5 Design V 25.45 96.95 100.00 100.00
5 Design VI 25.15 98.60 100.00 100.00
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Figure 6.4: The LOF Power when the True Model is Model 22 and the Test Model
is Four-factor Second-degree Model
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6.1.2 Three-factor Additive Quadratic Model

Model 31 and model 32 in table 6.7 are used to simulate the responses. The
three-factor minimal plus (¢ 4+ 1) designs from table 5.4 are used to fit the data
and test for the LOF. The proposed designs are denoted as Design ITA and [11A
respectively. Tables 6.8 and 6.9, Figures 6.5 and 6.6 summarize the empirical
rejection rates for LOF test. In summary, Design ITA consistently provides the

highest power to detect LOF among all designs.

Table 6.7: True Models for Three-factor Additive Quadratic Models

True Model 31:  y = 2z1 + 1.929 + 1.823 + (27 + 23 + 23)
+a(zd + a3+ a3) + e
a: 0.5,1,2,4.

True Model 32:  y = 2x1 + 1.929 + 1.823 + (23 + 23 + 23)

+a(rizom3) + €
a: 2,5,8,10.




Table 6.8: The LOF Power when the True Model is Model 31

Replicate Design a=05 a=1 a=2 a=14
2 Design ITA  7.65 15.55  53.85 99.50
2 Design IIIA  6.25 11.20  31.20 89.75
2 Design IV~ 5.90 1175 36.10 93.10
2 Design V 8.05 15.15 46.60 98.25
2 Design VI 6.70 13.05 43.40 97.70
3 Design ITA  8.70 26.50 83.65 100.00
3 Design IITA  7.70 16.35 55.60 99.85
3 Design IV 7.50 18.70  62.95 99.95
3 Design V 8.80 23.75  79.25 100.00
3 Design VI~ 8.45 22.15 73.90 99.95
4 Design ITA  11.95 37.15  95.50 100.00
4 Design IITA  8.80 22.75  74.40 100.00
4 Design IV 9.40 25.00 78.20 100.00
4 Design V 10.85 32.35  90.90 100.00
4 Design VI 10.70 30.15  89.20  100.00
5 Design ITA  13.50 48.15  99.00 100.00
5 Design IITA  9.65 28.60 86.40 100.00
5 Design IV 10.65 31.20 90.75 100.00
5 Design V 12.80 41.20  96.85 100.00
5 Design VI 11.45 38.95 96.10 100.00

7
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Figure 6.5: The LOF Power when the True Model is Model 31 and the Test Model
is Three-factor Additive Quadratic Model



Table 6.9: The LOF Power when the True Model is Model 32

Replicate Design a=2 a=5 a=8 a=10
2 Design [TA 790  37.05 81.20 94.60
2 Design IITA  8.10  21.25 55.35 76.95
2 Design IV~ 7.20  25.05 58.60 79.90
2 Design V 9.25  34.25 73.35 93.50
2 Design VI 10.20 28.85 7240 89.85
3 Design I[TA  13.20 66.90 98.65  99.80
3 Design ITIA  9.60  40.65 84.70  96.80
3 Design IV 10.25 46.35 89.25 98.10
3 Design V 12.65 60.45 96.55  99.75
3 Design VI 10.90 53.20 93.95  99.60
4 Design ITA  19.05 84.55 99.95  100.00
4 Design ITIA  11.05 56.25 95.05  99.80
4 Design IV~ 12.05 62.60 96.95 100.00
4 Design V 15.55  77.95 99.65  100.00
4 Design VI 13.85 73.10 99.50  99.95
5 Design ITA  22.60 93.50 100.00 100.00
5 Design IITA 14.15 68.85 99.25  100.00
5 Design IV~ 16.05 7540 99.65  100.00
5 Design V 20.35 86.10 100.00 100.00
5 Design VI 18.35 86.20 99.95  100.00
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Figure 6.6: The LOF Power when the True Model is Model 32 and the Test Model
is Three-factor Additive Quadratic Model
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6.1.3 Three-factor Special Cubic Model

In this section, we use model 41 and model 42 listed in table 6.10 to simulate
the responses. The three-factor minimal plus (¢ + 1) designs in table 5.5 are
used to fit the response and test for the LOF. We denote the proposed designs
as Design II1C" and [1IC, respectively. Tables 6.11 and 6.12, and figures 6.7 and
6.8 summarize the empirical rejection rates for LOF test. When the true model is
model 41, Design IIC' provides higher power to detect LOF compared with other
designs. When the true model is model 42 (full cubic model), both Design I1C
and Design IV have higher power to detect LOF than other designs.

Table 6.10: True Models for Three-factor Special Cubic Models

True Model 41: y = a1+ 0.929 + 0.8z3 + 2(z129 + 173 + T273) + 317273
+a(zizs + zizd + 2323) + €
a: 1,5,10, 15.

True Model 42: y =21 + 1.929 + 1.823 + (2122 + X123 + T223) + 2017223

(Full Cubic Model) +axiza(x; — x2) + (o — 0.5)x123(21 — 23)
+(a — Dzoxs(ze — x3) + €
a: 0.5,1,1.5,2.




Table 6.11: The LOF Power when the True Model is Model 41

Replicate Design a=1 a=5 a=10 a=15
2 Design IIC ~ 5.60  22.60 71.60  97.70
2 Design ITIC 4.35  4.70  6.00 7.65

2 Design IV~ 5.15  14.85 49.50  86.15
2 Design V 480 550  6.60 9.30

2 Design VI~ 570 545  4.65 5.90

3 Design IIC ~ 5.65  37.80 93.30  100.00
3 Design ITIC  5.00 545  6.35 9.75

3 Design IV~ 5,50  24.15 74.20  98.25
3 Design V 5656  5.80  8.60 13.15
3 Design VI~ 570 520  6.25 7.80

4 Design IIC ~ 6.95  50.30 98.70  100.00
4 Design IIIC 4.70 440  7.65 11.80
4 Design IV 540  31.50 88.95  100.00
4 Design V 560  6.30  9.55 18.25
4 Design VI~ 4.60 440  6.90 7.95

5 Design IIC ~ 6.35  61.35 99.90  100.00
5 Design IIIC 5.25  6.10  8.15 11.90
5 Design IV~ 6.55  37.70 95.80  100.00
5 Design V 555  6.35 1245  20.85
5 Design VI~ 540  6.35  7.30 9.30
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Figure 6.7: The LOF Power when the True Model is Model 41 and the Test Model

is Three-factor Special Cubic Model



Table 6.12: The LOF Power when the True Model is Model 42

Replicate Design a=05 a=1 a=15 a=2
2 Design IIC ~ 7.85 13.10  30.20 57.95
2 Design ITIIC  5.35 5.95  6.10 8.85

2 Design IV 7.70 15.00 29.90 61.15
2 Design V 5.85 9.05  12.00 22.45
2 Design VI 6.35 5.75  7.90 10.50
3 Design IIC ~ 10.85 21.05  52.75 85.05
3 Design ITIIC  5.05 6.060  8.30 9.50

3 Design IV 11.10 21.90 51.00 85.00
3 Design V 6.70 10.10  21.75 40.60
3 Design VI~ 5.85 5.00  8.95 13.50
4 Design IIC ~ 13.75 29.70  68.05 96.00
4 Design IIIC  4.85 595  8.40 11.75
4 Design IV 14.50 27.75  69.50 94.90
4 Design V 8.25 12.15  27.90 51.65
4 Design VI~ 5.45 7.80  11.10 18.10
5 Design IIC  16.25 35.70  80.85 98.70
5 Design IIIC  5.50 6.55  9.60 14.55
5 Design IV 16.10 37.65  79.90 98.95
5 Design V 8.95 14.70  36.30 66.55
5 Design VI 6.25 745  12.55 22.80
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6.2 Application

In this section, we apply the methodology to mixture experiments with con-
straints on the component proportions. We continue to compare the proposed
designs with standard designs in terms of D-efficiency and power of the LOF by
simulation.

There are three constrained conditions:

1. Lower-bound restrictions are imposed on some or all of the component pro-
portions, i.e. 0 < L; < x; for some or all ¢, 2 =1,2,...,q.
Kurotori (1966) introduced L-pseudocomponent transformation, defined as

/ xX; —LZ
€T

Tl Zlgigq Li'

The factor space in the L-pseudo components z; such that >, <i<q®

(6.4)
i - 1.
The original component proportions could be transformed back as x; = L; +
(1—- Z1gigq Li)z;.
The linear bounds on the component proportions do not distort the shape of

the subregion. It retains the shape of a regular simplex, called as L-simplex.

2. Upper-bound restrictions are imposed on some or all of the component pro-
portions, that is, z; < U; < 1 for some or all 4, 2 =1,2,...,q.
Crosier (1984) defined U-pseudocomponent as follows:

’ Ul — I;
u, = —0———.
(2
Z1gigqUi -1
’

The original components could be transformed as x; = U;— (3, <;<, Ui—1)u;.

(6.5)

The region of the U-pseudocomponents u; is an inverted simplex, called U-
simplex. The subregion is the interaction region of the original and the
inverted simplex. The vertices of the U-simplex may extend beyond the
boundaries of the original simplex, which implies the shape of the subregion
might not be retained. If Zlgigq U —min(Uy,...,U,;) <1, the U-simplex

lies entirely inside the original simplex.
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3. Both upper and lower bounds are imposed on some or all of the component
proportions, that is, 0 < L; < x; < U; <1 forsomeor alli,1=1,2,...,q.

First we need to check the consistency of the upper and lower bounds. Let

Ry=1- Y Ly, Ry=> U-1 R =U—L.
1<i<q 1<i<q

If R, > Ry or R; > Ry, that indicates an inconsistency lower bound L;
or upper bound U;. Next the choice of using L-pseudocomponents or U-
pseudocomponents transformation depends on the shape of the experimen-
tal region. If R; < Ry, then the L-simplex is smaller than the U-simplex.
Additionally if the L-simplex is completely inside the U-simplex, then L-
pseudocomponent is used for transformation; otherwise U-pseudocomponent
is used. If Ry > Ry, then the U-simplex is smaller than the L-simplex, and
furthermore if U-simplex is entirely inside the L-simplex, then U-pseudocomponent
is used; otherwise L-pseudocomponent is used. If neither simplex is inside
the other or if Ry = Ry, then the experimental region is changed from sim-
plex to hyperpolyhedron, and U-pseudocomponent is used.

When the shape of subregion has changed to hyperpolyhedron, it becomes
complicated. Usually we need to first identify the number of vertices and
higher-dimensional boundaries of the region. In general, the set of design
points consists of at least g extreme vertices, the midpoints of at least
q(q—1)/2 edges, and a subset of the face centroid. The procedure of adding

interior points for hyperpolyhedron will not be discussed here.

We use the following example to illustrate pseudo transformation of the pro-
posed designs, and explore the D-efficiency and power of the LOF test.

A tropical beverage was formulated by combining watermelon (z;), orange
(x2), and pineapple (x3) juices. It was decided to restrict the percentage of each
components as follows: at least a proportion of 0.35 of watermelon is required to
be present in each blend, combined with at least a proportion of 0.25 for orange,

and 0.20 for pineapple. Thus, the surface of the simplex is defined by placing the
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lower bounds

r1 > 0.35, 72 >0.25, z3>0.20

Using L-pseudocomponent

’ Xr; — Lz
T = ——
i )
1- Zlgigq Li

we have
, z1 — 0.35 , re —0.25 x3 — 0.20

T 7020 0 T 020 T 020
It retains the shape of a regular simplex region.

Assume a three-factor second-degree mixture model is used to fit the data.
Table 6.13 lists the original and peudocomponent settings for the proposed de-
signs and standard designs. The first 7 points are the common design points for
all designs, including 6 minimal D-Optimal points and one overall centroid point.
The designs are denoted as Design [1Q) and I11() for proposed designs, Design
IV-VI for standard designs. Figure 6.9 shows the ternary plots for the original
settings for all designs. The D-efficiency of the original settings for Designs 170,
I110Q), TV-VI are 0.0423,0.0436,0.0431,0.0427, and 0.0440 respectively. The D-
efficiency are comparable for all designs. To test for the LOF, the following two
models (model 1 and 2) are used to simulate the responses, and the replicates of
each design point are 2, 3, 4 and 5. The second-degree mixture models are used
to fit the data and check the adequacy of the models.

Model 1: y = 0.6214+0.92940.723+0.52122+0.521234+0.52923+ 10002 2023+ €

Model 2: y = 20.6z; + 0.925 + 0.723 + 0.521 29 + 0.52173 + 0.52923 + 60022 7923
+550z 7323 + 65O:L‘1x2x§ + €

Figure 6.10 plots the empirical rejection rate for the LOF test for all designs. De-
sign 11() consistently provides the highest LOF power among all designs. Thus,
Design I1() is recommended as it provides comparable D-efficiency but has sub-

stantially higher LOF power compared with other designs.
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Table 6.13: Original and Pseudocomponents Settings for Juice Example

Designs Pseudocomponent Settings Original Component Settings
zl’ x2' 3 x1 x2 x3
1 1 0 0 0.55 0.25 0.2
2 0 1 0 0.35 0.45 0.2
3 0 0 1 0.35 0.25 04
4 0.5 0.5 0 0.45 0.35 0.2
5 0.5 0 0.5 0.45 0.25 0.3
6 0 0.5 0.5 0.35 0.35 0.3
7 0.333 0.333 0.333 0.417 0.317 0.267
11Q 0.355 0.355 0.290 0.421 0.321 0.258
0.355 0.290 0.355 0.421 0.308 0.271
0.290 0.355 0.355 0.408 0.321 0.271
1711Q 0.117 0.117 0.765 0.373 0.273 0.353
0.765 0.117 0.117 0.503 0.273 0.223
0.117 0.765 0.117 0.373 0.403 0.223
v 0.667 0.167 0.167 0.483 0.283 0.233
0.167 0.667 0.167 0.383 0.383 0.233
0.167 0.167 0.667 0.383 0.283 0.333
Vv 0.500 0.250 0.250 0.450 0.300 0.250
0.250 0.500 0.250 0.400 0.350 0.250
0.250 0.250 0.500 0.400 0.300 0.300
VI 0.167 0.417 0.417 0.383 0.333 0.283
0.417 0.167 0.417 0.433 0.283 0.283

0.417 0.417 0.167 0.433 0.333 0.233
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Figure 6.10: The LOF Power when the True Model is Model 1 and Model 2
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CHAPTER 7

CONCLUSIONS AND FUTURE
RESEARCH

In this dissertation, we investigate the problem of adding interior points to the
D-Optimal minimal designs for mixture models. The proposed designs address the
interest of predicting the interior design surface and enabling testing the LOF. The
problem of adding one interior design point is considered initially for the special
second-degree mixture model (chapter 3), then for the commonly used symmetric
second-degree mixture model (chapter 4), and finally for a general mixture model
with known D-Optimal minimal design (chapter 5).

It is proposed to find an additional design point as a solution to a suitable
optimization problem, which is equivalent to maximizing the determinant of the
information matrix of the extended design. When a local maximum does not
exist in the interior of the design space, we select the stationary point with the
maximum determinant of the extended information matrix as an additional point
for the extended D-Optimal minimal design. The proposed designs and their D-
efficiency are computed for the second-degree model, additive quadratic model,
and special cubic model with a practically useful range of factors.

Furthermore, a wide subclass of symmetric mixture models is defined, which

includes most of the commonly used mixture models. In this class, the proposed
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strategy of adding one interior design point yields multiple interior design points
obtained by using permutations of the stationary point. The proposed designs
are compared with the standard designs in terms of D-efficiency and power of the
LOF test. The proposed designs yield higher or comparable D-efficiency among all
designs, and the difference in D-efficiency is generally small. Nevertheless, the pro-
posed designs with the shortest distance between additional interior design points
and the overall centroid provide substantially higher LOF power than standard
designs for commonly used and assumed mixture models.

In this concluding chapter, we outline two directions for further research. First,
there are applications with mixture models with amount constraints. The D-
Optimal minimal designs for such mixture models with amount constrains have
been recently developed by Zhang and Wong (2013). It might be of interest to
generalize the proposed methodology of extending D-Optimal minimal designs for
a general constrained space.

The second direction is to consider the models that include process variables in
the mixture experiment. Then the response depends not only on the proportion
of the mixture components present in the mixture but also on the processing
conditions. Process variables are factors in an experiment that do not form any
portion of the mixture but whose levels could affect the blending properties of the
components. The models involve both mixture variables and process variables.
The methodology used to construct optimal designs involving process variables is
a composition of two smaller designs, one being a mixture design for the mixture
components only and the other being factorial/fractional factorial design for the
process variables. For the data analysis, the mixed fractions are used for the
process variables, where the matched fraction design consists of same fraction in
the process variables at each and all mixture blends, and the mixed fraction design
consists of different fractions in the process variables at various mixture blends. We
are interested to incorporate the proposed extended D-Optimal minimal designs

for mixture experiment with process variables.
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