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ABSTRACT

DEFORMATION QUANTIZATION OVER A Z-GRADED BASE

Elif Altinay-Ozaslan
DOCTOR OF PHILOSOPHY

Temple University, August, 2017

Professor Vasily A. Dolgushev, Chair

We investigate the problem how to describe the equivalence classes of for-
mal deformations of a symplectic manifold M in the case when we have several
deformation parameters €1, €9, . . ., £, of non-positive degrees. We define formal
deformations of M over the base ring Cl[e, 1, ...,¢,4]] as Maurer-Cartan ele-
ments of the differential graded Lie algebra (¢, ¢4, ...,e,)PD*(M)[[e, €1, . .., &4]]
where PD*(M) denotes the algebra of polydifferential operators on M. The
interesting feature of such deformations is that, if at least one formal pa-
rameter carries a non-zero degree, then the resulting Maurer-Cartan element
corresponds to a C[[e, e1, . . ., g4]|-multilinear A,-structure on the graded vec-
tor space O(M)][e, €1, ...,¢,4]] with the zero differential, where O(M) is the
algebra of smooth complex-valued functions M.

This dissertation focuses on formal deformations of O(M) with the base
ring Cl[e, €1, . .., g4]] such that corresponding MC elements p satisfy these two
conditions: The Kodaira-Spencer class of u is eav and pu satisfies the equation
f|e=0 = 0. The main result of this study gives us a bijection between the set
of isomorphism classes of such deformations and the set of all degree 2 vectors
of the graded vector space €D, (€.€1,...,&) HY(M,C)[[e, ey, ..., &,]] where
H*(M,C) is the singular cohomology of M with coefficients in C and every
vector of H1(M,C) carries degree q.
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CHAPTER 1

INTRODUCTION

Let M be a real manifold M, O(M) be the algebra of smooth complex-

valued functions on M, and ¢, ¢4, ...,g,4 be formal variables of degrees
deg(e) =0, deg(e1) =dy, deg(es) =ds, ..., deg(ey) =d,, (1.0.1)
where dy,ds, ..., d, are non-positive integers.

In this dissertation, we investigate the problem of deformation quantization
[B1, [, [5], [6], [8], [15], [24] of M in the setting when we have several formal
deformation parameters €,¢y,...,¢, and some of the (non-positive) integers
di,ds, ..., d, are actually non-zero.

A formal deformation of O(M), in this setting, is a (non-curved) C[[e, €1, ..., g4]]-
linear As-structure on O(M)[[e, €1, . .., ¢&,4]] with the multiplications {m,,},>2

of the form

(

ko _k k .
aias + E g™elt .. .eggukmkh,“’kg(al, as) if n=2,
k0d0+---+kgdg:0
my(ag,...,a,) =
ko _k k .
g o L I N (P , ) if n>2,
\ kodo+---+kgdg=2—n
(1.0.2)
where each fig r,, .k, is a polydifferential operator on M (with complex coef-
ficients) acting on 2 — kody — - - - — kyd, arguments. Moreover, fuz, k... K, =0

if at least one k; < 0 or kg + ki +--- + kg = 0.



Such A-structures are in bijection with Maurer-Cartan (MC) elements of

the dg Lie algebra
(e,€1,...,64) PD*(M)][[e, €1, - - ., 54]], (1.0.3)

where PD*(M) denotes the algebra of polydifferential operatorsﬂ on M.

Let us denote by & the group which is obtained by exponentiating the Lie
algebra of degree zero elements of and recall [7], [I8] that this group
acts in a natural way on the set of MC elements of .

By analogy with l-parameter (“ungraded”) formal deformations, we de-
clare that two such formal deformations are equivalent if the corresponding
MC elements of belong to the same orbit of the action of &.

Let us observe that, for every MC element p of , the coset of p in

(e,e1,...,69) PD*(M)[[e,e1,. .., 54]] / (e, €1,...,29) PD*(M)[[g, 1, . .., )]

(1.0.4)

is closed with respect to the Hochschild differential 9", Moreover, if two

MC elements p; and ps lie on the same orbit of &, then the corresponding

cosets in ([1.0.4]) are 9"°"-cohomologous. By analogy with “ungraded” formal

deformations, we call the 9"°"-cohomology class of the coset of p in
the Kodaira-Spencer class of u.

Let us recall that the cohomology space of PD®*(M) (with respect to 9toch)

is isomorphic to the space PV*(M) of polyvector fields on M. So the Kodaira-

Spencer class of every MC element of can be identified with a degree 1

vector in the graded space
PV (M) @ PV (M) & --- @ ,PV(M).

Let us now assume that M has a symplectic structureﬂ w and denote by
o € PV'(M) the Poisson structure corresponding to w.
In this dissertation, we consider formal deformations ([1.0.2)) of O(M) which

satisfy these two conditions:

1See Section
2In particular, it means that the dimension of M is even.



1. the Kodaira-Spencer class of this deformation is € a and

2.
a1as if n=2,

e=0
0 if n>2.

We denote by TL the set of equivalence classes of formal deformations
satisfying the above conditions and call TL the topological locus of the
triple (M, w, {e,e1,...,g,}). Using Kontsevich’s formality [24] and a construc-
tion inspired by paper [32] due to Sharygin and Talalaev we give a description
of the topological locus TL in terms of the singular cohomology of M. More

precisely,

Theorem 1.0.1 For every symplectic manifold (M, w), the equivalence classes
of formal deformations (1.0.2) of O(M) satisfying the above conditions are in

bijections with degree 2 vectors of the graded vector space

B e e HUM,C)le,cn, - ., 5,

q=>0

where H*(M,C) is the singular cohomology of M with coefficients in C and
every vector of H1(M,C) carries degree q.

Remark 1.0.2 In the “ungraded” case (i.e. g = 0), this result reproduces
the classical theorem [6], [§] of Bertelson, Deligne, Cahen, and Gutt on the
description of the equivalence classes of star products on a symplectic mani-
fold. In this respect, Theorem may be viewed as a generalization of this

classification theorem to the case of a Z-graded base.

Remark 1.0.3 Deformations over a Z-graded (and even differential graded)
base were considered in the literature. See, for example, paper [2] by Baran-
nikov and Kontsevich or J. Lurie’s ICM address [30] in which even more so-
phisticated examples of bases for deformation problems were considered. We

should also mention that deformations over a differential graded base naturally



show up in the construction of rational homotopy models for classifying spaces

of fibrations. For more details, we refer the reader to paper [28] by Lazarev.

The organization of this dissertation is as follows.

The first chapter is devoted to the preliminaries. At first, we give basic
notation and conventions we use throughout the thesis. Here, we also recall
algebraic structures on Hochschild complexes of an associative algebra. In
the second section, we recall the basic tools of differential graded (dg) Lie
algebras. We give a review of Maurer-Cartan (MC) elements of dg Lie alge-
bras, Goldman-Millson groupoid and Deligne-Getzler-Hinich co-groupoid. In
Section [2.3] we recall some required notions of L,-morphisms and L..-quasi-
isomorphisms of dg Lie algebras. We also introduce the twisting procedure
to obtain a new dg Lie algebra structures and L..-morphisms via a MC el-
ement. Section is a reminder of 1-parameter formal deformations of an
associative algebra A (over C). We describe the formal deformations of A as
MC elements of the dg Lie algebra C*[[¢]](A) of shifted Hochschild cochains.
In the last section of this chapter, we review the sheaf PD® of polydifferential
operators and the sheaf PV*® of polyvector fields on a smooth manifold M and
recall Kontsevich’s Formality Theorem for M in Theorem [2.5.3]

Chapter 3 is the main part of this dissertation. We begin by proposing
a natural generalization of the 1-parameter formal deformations to the case
when the base ring of the deformation problem is the completion of the free
gradedﬂ commutative algebra Cle, €1, ..., g,4]. Next, we consider the case when
A is the algebra of functions O(M) on a smooth real manifold M. Finally, we
assume that M has a symplectic structure and formulate the main result of
this thesis (see Theorem [3.1.5).

The proof of Theorem [3.1.5]is given in Section and it is based on two
auxiliary constructions which are presented in Sections [3.2] and [3.3] respec-
tively. In Section [3.2] by applying Kontsevich’s Formality Theorem, we con-

struct a bijection between the topological locus TL and the set of isomorphism

3Cle, €1, - - - ,€g) should not be confused with the polynomial algebra because e;e; =
(—1)didj€j€i.



classes of MC elements of a dg Lie algebra which is obtained by twisting the
extended dg Lie algebra of polyvector fields on M. In Section |3.3] we describe
this set in terms of the singular cohomology of M with the help of a degree
zero coderivation IT of the cocommutative coalgebra S(s™! Lq).

In the last chapter, we propose two conjectures related to Theorem |3.1.5|

Appendix[A]contains the proof of a very useful lemma on a quasi-isomorphism
between filtered complexes which we use in the proof of Claim [3.2.3]

Finally, Appendix [B] is devoted to the proof of the technical Proposition
3.3.3

This dissertation is based on joint paper [I] with my advisor.



CHAPTER 2

PRELIMINARIES

In this chapter, we firstly introduce notation and conventions which will
be used throughout this thesis. We give a review of Maurer-Cartan elements
of a differential graded Lie algebra, Goldman-Millson groupoid and Deligne-
Getzler-Hinich oo-groupoid in Section 2.2} Next, we recall L,-morphisms of
differential graded Lie algebras and twisting procedure via a Maurer-Cartan
element. In Section we review 1-parameter formal deformations of an as-
sociative algebra. In the last section of this chapter, we recall the sheaf of
polydifferential operators and the sheaf of polyvector fields on a smooth man-

ifold and give the statement of well-known Kontsevich’s Formality Theorem.

2.1 Notation and conventions

Throughout, we assume that the ground field is the field of complex num-
bers C and set ® := ®¢, Hom := Hom¢. For a cochain complex V' we denote
by sV (resp. by s™'V) the suspension (resp. the desuspension) of V. In other

words,

(sV)'=vt, o (sTV) =Vt

For a homogeneous vector v in a cochain complex or a graded vector space the

notation |v| is reserved for its degree.



The notation S, is reserved for the symmetric group on n letters and

. denotes the subset of (py, ..., py)-shuffles in S, i.e. Sh,, _, consists

77777777

of elements o € S,,, n = p; + pa + - - - + p such that
o(l) <o(2) <--- <oa(p),

o(pi+1) <o(pr+2) < <o(p1+pa),

on—pr+1)<on—pr+2)<---<on).

For a groupoid G, my(G) denotes the set of isomorphism classes of objects
of G. For a graded vector space (or a cochain complex) V' the notation S(V)
(resp. S(V)) is reserved for the underlying vector space of the symmetric

algebra (resp. the truncated symmetric algebra) of V:
SVy=CoVesWVesS*WVa...,

SV =VaeS?V)esS*(V)a...,

where
_ (®
SMV) = (Vo)
is the subspace of coinvariants with respect to the obvious action of S,,.
Recall that S(V) is the vector space of the cofree cocommutative coalgebra

(without counit) cogenerated by V. The comultiplication on S(V)

A:S(V)= S(V)®S(V) (2.1.1)
is given by the formula:
A(vy) =0,
n—1
A(’Ul, Vo, ... ,Un) = Z (_1)8(0;1)1 ,,,,, vn)(va(l), Ce ,Ug(p))®(vg(p+1), e ,Ug(n)) s
p=1 0€Shp n—yp
)

where (—1)5(71vn) is the Koszul sign factor

(_1)8(0’%”1 ----- U'n) — H (_1)|U1||UJ| (212)

(i<3)



and the product in (2.1.2) is taken over all inversions (i < j) of o € S,.

For an associative algebra A, we denote by C*(A) the graded vector space
of Hochschild cochains with the shifted grading:
C*(A) = @ c*A),  CH(A) == Hom(A®* 1 A). (2.1.3)
k>—1

We denote by [, ]¢ the well-known Gerstenhaber bracket [17] on C*(A):
[P17P2]G<a0a"'7ak1+k2) = (214)

> (=1)*2Pi(ao, ... a1, Palti, - Gisky ), Giskats - -5 Gypi)— (1) (1 5 2),
=0

where P; € C*i(A). Indeed, (2.1.4) is a Lie bracket.

It is convenient to think of the multiplication on A as the Hochschild
cochain my € C'(A) and define the Hochschild differential 9o on C*(A)
as

oMot = Imy, . (2.1.5)

Notice that the Hochschild differential is exactly the usual Hochschild
coboundary operator 9 on C*(A) up to a sign factor. Namely, for any P €
CF1(A)

MNP = [ma, Plg = (~1)*"10P

where the Hochschild coboundary operator 0 is given by the formula

(OP)(ag,aq .. .,a;) = agP(ay,...,a;) — Plagay,as, ..., a;)+
P(ag,aras, as, ... a;) — -+ (=1)*P(ag, . . ., ap_2, ap_1az)+
(=D)*P(ag, ..., ap_o, ax_1)az
(2.1.6)
for all elements a; € A.

We also recall that the graded vector space C*~'(A) is equipped with the

cup product
U: 71 (A) @ O 71(A) — Crhel(4)

P1 U Pg(al, . ,ak1+k2) = P1<a1, Ce ,akl) . Pg(ak1+1, . ,alier) (217)



where P, € C*71 q; € A and ” - “ denotes the usual multiplication in the
algebra A.
The cup-product is compatible with the Hochschild differential in the fol-

lowing sense
aHoch(Pl U PQ) _ Pl U aHoch(PQ) + (_1)k28Hoch<P1) U P2 : ]31 c Oki—l )

We reserve the notation H H*(A) for the Hochschild cohomology of A with

coeflicients in A, i.e.

HH*(A) := H*(C*(A)).

For example, if A is the polynomial algebra C[x!,... 2™] in m variables then
[29, Section 3.2]
HH*(A) = S (sDer(A)), (2.1.8)

where S4(E) denotes the symmetric algebra of an A-module £ and Der(A) is
the A-module of C-linear derivations.

If €,e1,...,¢4 are variables of degrees
deg(e) = d07 deg(gl) = d17 deg(€2> = d?a ey deg(eg) = dg7

then the notation
Cle, €1, - - -, (2.1.9)

is reserved for the free graded commutative algebra over C generated by

€,€1,...,E4. Furthermore,

C[[E, €1y 759]]

denotes the completion of with respect to the ideal m = (g,¢1,...,¢4) C
Cle,e1,...,&4). For example, if 1 carries an odd degree then £ = 0 in
and in its completion.

For a smooth real manifold M, the notation Oy, (resp. O(M)) is reserved
for the sheaf (resp. the algebra) of smooth complex valued functions on M.
The symbols x!, 22, .. ., ™ are often reserved for coordinates on an open subset

UC M. TM (resp. T*M) denotes the tangent (resp. cotangent) bundle of M.
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Moreover, {dz', dz?, ... dz™} and {6;,0,,...,0,,} will be the standard local
frame for T*M‘U and TM}U corresponding to coordinates z!,2,..., 2™,
respectively. In particular, the graded commutative algebra Q°*(U) (resp.
NTM(U)) of exterior forms (resp. polyvector fields) on U will be tacitly
identified withP] Op(U)[dzt,da?, ..., dx™] (vesp. Ou(U)[01,02,...,0,]). Oc-
casionally, we will use the (left) “partial derivative”

0
0daxt

LQU(U) - Q)

with respect to the degree 1 symbol da’. This operation is defined by the

formula
d i1 12 % 12 J,.13 %
doi Niyip (x)dxrdx™ .. dx™ = kny, 4, (v)dx?dz® ... dz'™.

Equivalently, 772. is the contraction of an exterior form 7 with the local

ddx
vector field 0/0x".

2.2 Maurer-Cartan equation in differential graded

Lie algebras

In this section we recall some basic concepts of differential graded Lie

algebras which are very useful for our purposes in the next chapters. Let L be

L:@Lk.

kEZ

a Z-graded vector space

Definition 2.2.1 A differential graded Lie algebra (or dg Lie algebra for short)
is a graded vector space L equipped with a linear map of degree one 0 : LF —
LEFL called differential, and a bilinear map of degree zero | , | : L* @ L' —

LF called bracket, which satisfy the following axioms:

n other words, 0; := 9/0x".
2Recall that, since the symbols dx’ and 6; carry degree 1, we have dx’dx’ = —dz/da’
and 9293 = —9]‘91'.
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(i) 9% =0
(ii) Ola,b] = [0a,b] + (=1)l[a, Ob] (graded Leibniz rule)
(i) [a,b] = —(—1)l2lll[p, q] (graded skew-symmetry)

() [a byl + (-1 b, e af] + (1) e 6] = 0
(graded Jacoby identity)

For dg Lie algebras, we will use the notation

(L,0,[, 1)

Example 2.2.2 For an associative algebra A, the Hochschild cochain complex
(C*(A),0Mh) is a dg Lie algebra with the Gerstenhaber bracket (2.1.4).

Definition 2.2.3 We call a dg Lie algebra filtered if the underlying cochain
complex (L, ) is equipped with a complete descending filtration

D F LD LD FLDFLD... LglllgnL/]:kL (221)

For every filtered dg Lie algebra (L, 0, [, ]), we assume that the differential

and the bracket are compatible with the filtration in the following sense
0FiL C FiL, [Fle,kaL] C Frytky L - (2.2.2)
Most of the dg Lie algebras (L,d,[, |), we consider, are filtered.

Definition 2.2.4 A Maurer-Cartan element of L is a degree degree 1 element

u € F1L satisfying the equation

1
op + 5[#, pl=0. (2.2.3)

In this work, the abbreviation "MC” is reserved for the term ”Maurer-
Cartan” and the set of Maurer-Cartan elements of a dg Lie algebra L is denoted
by

MC(L).
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Since the filtration is complete the subalgebra F;L° of degree zero elements in
FiL is a pro-nilpotent Lie algebra (in the category of C-vector spaces). Hence,
F1 LY can be exponentiated to a group which we denote by @&.

As a set & = F;L°. The multiplication in the group & is defined by
Campbell-Hausdorff series:

CH(&,n) = log(efe) = € +n + %[{, nl+... (2.2.4)

for all £,n € FiL°.
For a degree zero element ¢ and a Maurer-Cartan element p of L we consider

the new degree 1 element i € L which is given by the formula

eS(p) == el& 1y — 6[5[75]—_]1(35), Ee FL° (2.2.5)

In (2.2.5)), the expressions el | and

el 1

€ ]

are defined by the Taylor expansion of the functions e* and (e —1)/x, respec-
tively, around the point z = 0. Both terms on the right-hand side of
are well defined because the filtration on L is complete.

Let us recall [7, Appendix B], [I8] that for every degree zero element £ €
F1 LY and for every MC element p of L, the degree 1 element of F; L obtained
by the formula is also a MC element of L. Moreover, the formula
defines a left action of the group & on the set of MC elements of L, i.e. for all
&,m € FL° we have

3 (e"(u)) — CH(Em) (11) .

Definition 2.2.5 The transformation groupoid corresponding to the action
(2.2.5)) is called the Goldman-Millson groupoid of the dg Lie algebra L. It is
denoted by G(L).
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The objects of the Goldman-Millson groupoid are MC elements of L and its
morphisms between two MC elements p and ji are elements of the group &
which transform p to fi.

We denote by
mo(G(L))
the set of isomorphism classes of MC elements of L. For a MC element p €

FiL( i.e. an object of G(L)) we denote by [u] the isomorphism class of .

Definition 2.2.6 Let (L,0,[ , ]y and (i,é,[ , |7) be dg Lie algebras. A

morphism of dg Lie algebras is a degree zero linear map F : L — L such that

FO=0F and F([a,b])=[F(a), )]~ a,be L.

We consider morphisms of filtered dg Lie algebras which are compatible
with the filtrations, i.e.
F(Fw, L) C Fi, L. (2.2.6)

We will also need L.-morphisms and L..-quasi-isomorphisms of dg Lie

algebras. We recall them in Section [2.3]

Now, for every dg Lie algebra L (equipped with a complete filtration
(2.2.1))), we introduce a very useful simplicial set MCq(L) [19], [20] with

MC, (L) :== MC(L ®%,), (2.2.7)

where

L&, = lm ((L/FrL) ® )
k

and €2, is the de Rham-Sullivan algebra of polynomial differential forms on
the geometric simplex A™ (with coefficients in C).

As the graded commutative algebra (with 1), €, is generated by n + 1
symbols tg, %1, ...,t, of degree 0 and n + 1 symbols dtg, dtq, ..., dt, of degree

1 subject to the relations



14

Furthermore, the differential d; on €, is defined by the formulas
dt(t,L) = dtl, dt(dtl) = 0.

For example, Qy = C and Q; = C[t] & C[t] dt.
Since 2, is a dg commutative algebra for every n, the completed tensor

product
L®Q,

is naturally a dg Lie algebra with the differential
dvew) =) @w+ (-1 ® dw,
and, with the bracket
(V1 ® w1, v @ wy] = (—1)|w1||v2‘[?11,v2] ® wiwa ,

where v, v1,v9 € L and w,wyi,wy € €.
Moreover, the simplicial structure on the collection {£2,},>0 gives us the

simplicial structure of a simplicial set on the collection
MC,, (L) := MC(L®,).

Due to [I3 Proposition 4.1}, the simplicial set MC,(L) is a Kan complex

(a.k.a. an oo-groupoid).

Definition 2.2.7 The Kan complex (a.k.a. a fibrant simplicial set) M Cq(L)
is called the Deligne-Getzler-Hinich (DGH) co-groupoid.

We naturally view MC elements of L as 0-cells of MCq(L). 1-cells of
MC,(L) are elements

n = mno(t) + dtm(t), m(t) € L' @ C[t], m(t) € L’ & C[t]

satisfying equations

1

A(mo(t)) + 3 [10(t), mo(t)] = 0, and (2.2.8)
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Eﬁo(t) = "W (t) (2.2.9)

where ™" denotes the differential on L & C[t] twisted by the MC element
10(1)-

Moreover, we have the following proposition :

Proposition 2.2.8 Two MC elements p and fi of a dg Lie algebra L (i.e.

0-cells of MC4(L)) are connected by a 1-cell if and only if they belong to the

same orbit of the action (2.2.5)). In other words, we have the identification:
mo(G(L)) = mo(MC,(L)). (2.2.10)

Proof. Suppose that p and i belong to the same orbit of the action (2.2.5)).

Namely, there exists a degree zero element & € F; L° satisfying the equation

0= el ], — 6[&]—_1 o 2211
fi=e'p [é“,]<£)‘ (2:2.11)
Set
n:=mno(t) — dt§ (2.2.12)
where .
— e ] _et7 _15

Hence, we get that

770(t)|t:0 = ,u and T]()(t)lt:l — IU/ .

A direct computation shows that

d

201 = =06+ & m(t)] = =0¢ + [mo(t), =¢] = 9™V (=¢)

and 7y(t) satisfies the MC equation (2.2.8). Thus the proposition is proved

from the following lemma. O

Lemma 2.2.9 (Lemma B.2, [12]) If two 0-cells are connected in MCq(L)
then they can be connected by a rectified 1-cell, which are of the form

n = 10(t) + dtn (2.2.13)
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where 1y is a vector in L° C L° @ C[t], i.e. the component 1, does not "depend”

on t.

Remark 2.2.10 In this dissertation, we mostly use the “truncation” of MC, (L),

i.e. the honest (transformation) groupoid G(L).

2.3 L,-morphisms of differential graded Lie
algebras
For every dg Lie algebra (L, 0, [, |), the cofree cocommutative coalgebra
S(s™' L) (2.3.1)

is equipped with a degree 1 coderivation () which satisfies Q? = 0.
We recall that every coderivation ) of a cofree cocommutative coalgebra

(2.3.1) is uniquely determined by the composition
psipoQ:S(s'L) —»s L. (2.3.2)

with the canonical projection pg-1 : S(s™' L) — s™' L. The composition
(2.3.2)) is expressed in terms of 0 and [, | as follows:

(

s (Ovy) if n=1,

psrpoQ(s . ..s7 ) = (=Dl =181 [0y, 0y if n=2, (2.3.3)
\O if n>3,
where vy, vs, ..., v, are homogeneous elements of L. The assignment

(L,0,[, )= (S(s7' L),Q,A)
is often called the Chevalley-FEilenberg construction.

Definition 2.3.1 An L.,-morphism F from a dg Lie algebra (L,0,[ , ]) to
a dg Lie algebra (f},é,[ , 17) is a homomorphism of the corresponding dg
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cocommutative coalgebras
F:(S(s7'L),Q) — (S(s™' L), Q). (2.3.4)

compatible with the coderivations Q and Q
FoQ=QoF. (2.3.5)

In this dissertation, we denote by Fj, the restriction of p._,; o I’ onto
S (st L):
Fpi=peajoF| Sn(s=1L) S*(sT'L)—»s 'L
and call Fy the linear term of the L,,-morphism F'.

Since the compatibility condition (2.3.5)) holds for every L..-morphism F,
its linear term F} is a cochain map (L,d) — (L, d). That is,

Fl(ﬁv)zéFl(v), veL.
This motivates the following definition:

Definition 2.3.2 An L., -quasi-isomorphism F' from the dg Lie algebra (L, 0, |, ])
to the dg Lie algebra (L, 0, [, |”) is an Log-morphism from L to L whose linear

term

Fi:L—1L
gives an isomorphism of the spaces of cohomologies H*(L,d) and H*(L, ).

In what follows the notation

F:L~L

means that I’ is an L.-morphism from the dg Lie algebra (L,0, ], ]) to the
dg Lie algebra (L,0,[, ]).

Example 2.3.3 An example of an L. -quasi-isomorphism from a dg Lie al-
gebra (L,,[ , ]) to a dg Lie algebra (L,d,[, ]7) is given by a morphism of
dg Lie algebras

F:L—L
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which induces an isomorphism on the spaces of cohomologies H*(L,d) and

H*(L,d). In this case, the only nonzero structure map is F}:
F12:F and F2:F3::0

Moreover, the compatibility of an L.,-morphism F' with the coderivations
Q and Q (2.3.5)) yields to the relation on F} :

5F2(v1,vg)+F2(av1,Ug)-i—(—l)‘”lng(vl,@Ug) = Fl([Ul,UQ]) — [Fl(vl), Fl(UQ)] - s

where vy, vy € L. Hence, F) is compatible with the brackets up to homotopy.
For every Lo.-morphism F : L ~ L of filtered dg Lie algebras we tacitly

assume that our F' is compatible with the filtrations in the following sense
F(s'"Ful® - @s " FL) C s7! Fierooihe, L. (2.3.6)

If F: L~ Lisan Le-morphism of filtered dg Lie algebras and we FL
is a MC element of L then
1
> s )" (2.3.7)

nl
n=1

is a MC element of L. The infinite sum in (2.3.7) makes sense because L is
assumed to be complete with the respect to the corresponding filtration. Thus,

for every Loo-morphism F : L ~» L, the formula
0= 3 Le (s )
n=1

defines a map of sets

F, : MC(L) — MC(L). (2.3.8)

Furthermore, any L..-morphism of filtered dg Lie algebras F': L ~ L gives

us the collection of L.,-morphisms of dg Lie algebras

FW:L&Q, ~ Lo,
F(")(Ul®w1,vg®w2,...,vm®wm) = +F(v1,09,...,0n) @WiWs ... Wny ,
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where v; € L,w; € §,, and £ is the usual Koszul sign. This collection is
obviously compatible with the all faces and all the degeneracies. Hence, the

map F naturally upgrades to the morphism of simplicial sets

F. : MC,(L) — MC,(L) (2.3.9)

for which we use the same notation and F (2.3.9)) is given by the formula

Therefore F, gives us a map of sets

mo(Fy) : mo(G(L)) — mo(G(L)) (2.3.10)
thanks to the identification ({2.2.10).

Remark 2.3.4 It is not hard to see that the assignments L — MGC,(L) and
F +— F, define a functor from the category of filtered dg Lie algebras to the

category of simplicial sets.

Now, we give the following version of Goldman-Millson Theorem which will

play an important role in the proof of our main result in the next chapter:

Theorem 2.3.5 (Goldman-Millson Theorem for filtered L.-morphisms [24])
Let L and L be filtered dg Lie algebras and F : L ~ L be an Log-morphism
compatible with the filtrations on L and L. If the linear term Fy : L — L of F

induces a quasi-isomorphism of cochain complexes
Filrn: Fol — FoL (2.3.11)
for every n, then the map induces a bijection
70(MC.(L)) — 79 (MC.(L)). (2.3.12)

Finally, we introduce a procedure to construct a new filtered dg Lie algebra

L* from a filtered dg Lie algebra L using a MC element p of L. As a graded
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vector space with a filtration, L# = L. The Lie bracket of the dg Lie algebra
L# is unchanged and the differential is defined by

=0+ [u - (2.3.13)

Thanks to the MC equation (2.2.3)), 0" is indeed a 2-nilpotent derivation.

Definition 2.3.6 This procedure of changing the initial dg Lie algebra struc-
ture on L 1is called twisting of the dg Lie algebra L by the MC element p.

A twisting procedure can be also defined for L.,-morphisms. For every
Loo-morphism F : L ~» L of filtered dg Lie algebras and for every MC element

i € L, we can construct a new L,,-morphism
FH o L s [
with the structure maps

o
1
Fr(s™tuis™tuy...s7 ) = Z EFern((S_l w"s tusTtuy st vm).
n=0

(2.3.14)

2.4 1-parameter formal deformations

Before we start talking about deformation quantization, the deformations
of the algebra of smooth functions on a smooth manifold, we review the de-
formations of any associative algebra over C.

Let A be an associative algebra overf] C. Let us consider the ring C|[¢]] of
formal power series in variable ¢ and the algebra A[[¢]] of formal power series

over C[[e]] with coefficients in A.

Definition 2.4.1 A formal deformation (so-called a star product) of A is an

associative Cl[e]]-linear product

« Allel) @cey Allel] = All] (2.4.1)

3The general deformation theory works for any ground field of characteristic zero.
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which is given by the following formula for a,b € A C Alle]] :
a*xb=ab+eBi(a,b)+e*By(a,b) + ... (2.4.2)

where B; are bilinear maps A ® A — A. The product of arbitrary elements of
Al[e]] is defined by the condition of C-linearity and e-adic continuity:

(Zak5k> * (Zbl5l> = Z akblng + Z Bm(ak,bl)€k+l+m. (243)
>0

k>0 k,1>0 k1>0m>1

We can define an equivalence relation on the set of star-products of an

associative algebra A.

Definition 2.4.2 Let x and x be two star-products on A. x and * are called

equivalent if there exists a C|[e]]-linear map
T : Alle]] — Alle]] (2.4.4)

such that
T=Id+eTy +Ty+ ...

where Ty, : A — A are C-linear maps and,
T(axb)=T(a)¥xT(b) (2.4.5)
for all a,b € A[[e]].

Since T' starts with the identity it is indeed an isomorphism of associative

algebras:
(Allell, ) — (A[[E]], %)

Let us recall the dg Lie algebra
(C*(A), 0" [, ]a) (2.4.6)

of Hochschild cochains from Example (2.2.2). We can construct a filtered
dg Lie algebra C*(A)[[¢]] over the ring C[[¢]] by extending the Hochschild
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differential and the Gerstenhaber bracket by C-linearity. Then C*(A)[[¢]] has

the following obvious descending filtration
FrC*(A) = eFC*(A)[[€]]. (2.4.7)

The new dg Lie algebra with extended Hochschild differential and extended
Gerstenhaber bracket
(C (A, ™, [, ]a) (24.8)

is clearly complete with respect to this filtration.

MC elements of the dg Lie algebra (2.4.8) are elements of the form
p=> e € eC'(A)e]] (2.4.9)
k>1

satisfying the MC equation

1
otoch 4 5[% e = 0. (2.4.10)

Every MC element p € eC*(A)[[¢]] gives us an associative multiplication
on Alfe]]
ae,b:=ab+ u(a,b) (2.4.11)
because the MC equation is equivalent to the associativity condition
for the multiplication (2.4.11)).

Therefore, formal deformations of A with the base ring C[[¢]] are in bijec-

tion with MC elements ([2.4.9)).

Furthermore, if p and fi are isomorphic MC elements of C*(A)[[e]], that is,
i €, ]
~ es o —1 oc
o= lop — ——— ("¢
[67 ]G

for some ¢ € eCY(A)[[¢]] then the operator

= 1
Te: Alle]] = Alell,  Tela) i=a+) Eﬁk(a)
k=1 "
intertwines the multiplications e, and e:

Te(a oy b) =Te(a) o Te(b),  Va,be Alf]].
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Thus equivalence classes of 1-parameter formal deformations of A are in
bijection with isomorphism classes of MC elements in C*(A)[[¢]], i.e. elements
in

mo (GECH A ED)-

MC equation (2.2.3) implies that the first term gy of 1 in (2.4.9)) is nec-
essarily a degree 1 cocycle in C*(A). For isomorphic MC elements p and fi,

since there exists an operator T : Al[e]] — A[[¢]] such that

T(a)=a+ Y Ti(a) and T(ae,b)=T(a)e;T(b),

we get that
1 (CI,, b) - ,al(av b) = 8HOChT1 (CI,, b) .

Therefore, the cohomology class x of this cocycle in HH'(A) depends only on

the isomorphism class of the MC element.

Definition 2.4.3 Let s be the cohomology class in HH'(A) corresponding to
the cocycle py. It is traditionally [17], [23] called the Kodaira-Spencer class of

1.
MC equation (2.2.3)) also implies that the Kodaira-Spencer class x of any

formal deformation satisfies the “integrability” condition
[k, k] =0, (2.4.12)

where [, | is the induced Lie bracket on HH*(A).

The general story presented above applies to the case A = O(M) with the
minor amendment: instead of the full Hochschild cochain complex, we use the
sub- dg Lie algebra

PD*(M) C C*(O(M)), (2.4.13)

where PD® is the sheaf of polydifferential operators on M.
Thus, 1-parameter formal deformations of A = O(M) are defined as the
MC elements of the dg Lie algebra

ePD*(M)][e]]
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We define the sheaf of polydifferential operators on M in the next section.

2.5 Kontsevich’s Formality Theorem

We begin with a review of the sheaf PD® of polydifferential operators and
the sheaf PV*® of polyvector fields on M.

Let U C M be an open coordinate subset of a manifold M with coordinates
ot 2, ™,

For every k > —1, the space PD*(U) consists of C-multilinear maps
P: OM(U)®k+1 — OM(U>

which can be written (in local coordinates) as finite sums

P = Z PO (1) ) ag @ Ogoy @ + -+ @ Dok (2.5.1)
Q0,01 5.,
where «; are multi-indices, P**%(z) € Op(U) and, if a = (iy,..., 1),
then

axoz = 8wi1 am ce e axis .

For example, PD™! := O, and PD" is the sheaf of differential operators on
M.

We do consider polydifferential operators which do not necessarily annihi-
late constant functions. For example, the usual (commutative) multiplication
mo,, can be viewed as the global section of PD".

It is easy to see that the Gerstenhaber bracket is defined on sections
of the sheaf

PD* := (P PD". (2.5.2)

k>—1
Thus PD® is a sheaf of graded Lie algebras.

It is also easy to see that the formula

oot = Ime,, , | (2.5.3)
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defines a differential on PD*® which is compatible with the Lie bracket | , ]a.
So we view PD* as a sheaf of dg Lie algebras.

Let us denote by PV* the sheaf of local sections of AFt'TM and set

PV*:= P PV*.

k>—1

We call PV* the sheaf of polyvector fields on M.
Since the graded commutative algebra A*TM (U) is identified with

OM(U)[QDG% s 78771]7

where 0,60,,...,0,, are degree 1 symbols, every polyvector field v of degree k

has the unique expansion
v = Z Uioil"'ik (x)@ioﬁil R 9% s UiOil"'ik (.T) € OM(U),

,Uio.‘.izitJrlA..ik (:L,) — _U’io...itJrlit...ik (x)

The functions v (z) are called components of v € PV¥(U).
Recall [27] that PV*® is a sheaf of Lie algebras. The Lie bracket [, |g (known
as the Schouten bracket) is defined locally by the equations

[ZEi, l’j]s == [9“ gj]g == 0, [9i7ZL’j]S == —[ZE]', 6)1]5 == 5Z (254)
and the Leibniz compatibility condition with the multiplication

[v1[+1)[v]

[V, v109]g = [V, v1]5 V2 + (—1)( vy [v, v9)s .

Let us also recall the every polyvector field v € PVk(U ) can be identified
with the polydifferential operator in PD*(U) which acts as

G @ar @ @ag = Y 0O (2)(00,00) (0,1 a) - (Do i),

where v (r) are components of v and x!,..., 2™ are coordinates on U.

This embedding of sheaves

PV* < PD* (2.5.5)



26

is often called the Hochschild-Kostant-Rosenberg (HKR) map [21].

Clearly, every polyvector field is a 9%"°-closed polydifferential operator.
So is a chain map from the graded sheaf PV® with the zero differential
to the graded sheaf PD® with the Hochschild differential 9o,

We claim that

Proposition 2.5.1 (M. Kontsevich, Section 4.6.1.1, [24]) The embedding
(2.5.5) gives us a quasi-isomorphism of cochain complezes

(PV*(M),0) = (PD*(M), 0""). (2.5.6)
In other words, H*(PD*(M), 0t°h) = PV*(M) for all k.

Remark 2.5.2 A version of Proposition in the setting of algebraic ge-

ometry is known as the Hochschild-Kostant-Rosenberg theorem [21].

One has to be careful with the above identification of PV* (resp. PV*(M))
with the corresponding subsheaf of PD*® (resp. subspace of PD®*(M)) because
the embedding (2.5.5)) is compatible with the Lie brackets only up to homotopy.

So in general,
[v,w|s # [v,w]a, v, w e PV*(M).

On the other hand, we have celebrated Kontsevich’s formality theorem

which states that

Theorem 2.5.3 (M. Kontsevich, Section 7.3.5, [24]) There exists an Loo-
quasi-isomorphism from the dg Lie algebra (PV'(M),O,[ , ]s) to the dg Lie
algebra (PD'(M),@HOCh,[ , ]G)

Remark 2.5.4 Paper [24] gives us an explicit sequence of quasi-isomorphisms
of dg Lie algebra connecting (PV*(R™),0,[, ]s) with (PD*(R™), 0" [, ]¢).
For a detailed proof of Theorem for an arbitrary smooth manifold, we
refer the reader to [9], [25, Appendix A.3].
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CHAPTER 3

DEFORMATION
QUANTIZATION OVER A
7-GRADED BASE

Now, we begin the generalization of deformation quantization to the case

when we have several formal deformation parameters of non-positive degrees.

Let ,¢1,...,g4 be formal variables of degrees
deg(e) =0, deg(e1) =dy, deg(ea) =do, ..., deg(ey) =d,, (3.0.1)
where dj,ds, ..., d, are non-positive integers.

First, we start with the case A is any associative algebra over C. By
analogy with the section (2.4)) “classical” 1-parameter case, we define formal

deformations of A with the base ring
k :=Clle, 1, -.,&4)]
as MC elements

— ko ~k1 k 1—(kodo+---+kgd
p= ) e e bk, s bk, € T #42)(A)
Kotk 4ty >1

(3.0.2)
of the dg Lie algebra
mC*(A)[le, 1, .., &4]], (3.0.3)
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where m is the maximal ideal
m=(g¢e1,...,&) CCle,e1,...,&4

Furthermore, we declare that two such deformations are equivalent if the cor-
responding MC elements are isomorphic.

An interesting feature of such deformations is that, if at least one formal
parameter carries a non-zero degree, then the resulting MC element p corre-

sponds to (a C[[e, e1, ..., &4]]-linear) A-structure on the graded vector space:
Alle, €1, -, &4]] (3.0.4)

with the multiplications:

(

k0d0+~~+kgdg=0
“w R
mh(ay, ... a,) =

( kodo++kgdg=2—n
Since the degrees of all formal parameters are non-positive, all non-zero A..-
multiplications have > 2 inputs. In other words, p gives us a usual (i.e.
non-curved) A.-structure on with the zero differential.

Just as in the 1-parameter case, the MC equation for p implies that the
element

EN1,0,...0 T E1100,1,0,...0 + -+ Egllo,...01 (3.0.5)

is a degree 1-cocycle in

eC*(A)De1C*(A)®- - ®e,C°(A) = mC*(A)[[e,e1,...,54)] / m*C*(A)[[e, e, . ..

(3.0.6)
Furthermore, isomorphic MC elements have cohomologous cocycles in (3.0.6]).
As in the 1-parameter case, we call the cohomology class x of (3.0.5) the

Kodaira-Spencer class of p.

Example 3.0.1 (The Penkava-Schwarz example) Let A be the polyno-

2n—1]

mial algebra Clz!,... in 2n — 1 variables (of degree zero) and e; be

ko -k k :
ajag + g E0EY L8y kg kg (01, G2) if n=2,

ko _k k .
E €T o €y Mg ey ooy (15 - - -5 ) if n>2.
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formal parameter of degree 3 — 2n. Then the element
=610, U2 U+ U2 € mC"(A)[[e, €1y ,89]] (3.0.7)

is 9Hoh_closed. Furthermore,

[, pl =0

since £ is an odd variable and hence €} = 0.
Thus p is a MC element of (3.0.3]) which gives an example of a deformation
of A in “the Ay -direction”. It is easy to see that the Kodaira-Spencer class

of [u] is non-zero. So this is an example of non-trivial deformationﬂ.

Now, we start investigating the problem of deformation quantization over
a Z-graded base. Let M be a real manifold M, O(M) be the algebra of smooth
complex-valued functions on M. By analogy with the 1-parameter “ungraded”
case (when g = 0) we define formal deformations of O(M) with the base ring
Clle,e1,---,&4]):

Definition 3.0.2 Formal deformations of O(M) with the base ring Cl[e, €1, . .., &,]]

are defined as MC' elements

M= Z XL R g ey Hko oy oy € PDIR0%0FFada) (1)
Ko+t 4 kg >1
(3.0.8)
of the dg Lie algebra
Lpp :=mPD*(M)[[e, 1, ... ,&4]]- (3.0.9)

Furthermore, the equivalence classes of such deformations are elements of
To (g(»CPD));
where the dg Lie algebra Lpp is considered with the filtration

FiLlpp = m*PD*(M)[[e, e1, ..., ,]]- (3.0.10)

LA very similar example is described in [22, Section 3.2] and [31].




30

The MC equation for pu (3.0.8])

1
oMoy, ¢ é[u, pa =0 (3.0.11)

implies that the coset of u in
FiLlpp | Folpp = ePD*(M) @ ePD*(M) ® e;PD*(M) @ - - - @ ,PD* (M)
is OHoh_closed and the corresponding vector in
ePVHM) @ e,PVI (M) @ - @ g, PV (M) (3.0.12)

does not depend on the choice of a representative in the equivalence class of

the deformation. This motivates the following definition:

Definition 3.0.3 We call the corresponding vector in (3.0.12)) the Kodaira-

Spencer class of .

Since the degrees of all formal parameters are non-positive, the A,.-structure

on
O(M)[[e,e1,- -, 4]] (3.0.13)
corresponding to p has the following Cle, €1, .. ., €,4]]-multilinear multiplica-
tions:
(
a1ao + Z Ekoz’:‘lfl - Eggﬂko,kh...,kzg (al, ag) if n= 2,
kodo+--+kgdg=0
mh(ay, ..., a,) = <

ko k1 k :
E EET €9 Mo kg (A1 - -+ ) if n>2,
\kodo—l-'“-f—kgdg:Q—n

where a; € O(M) and g, k, .k, are the coefficients in the expansion of u

9

_ ko k1 k
o = E ever ... 5ggﬂko,k1,...,kg .
ko+k14+-+kg>1
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3.1 The main result

Let M be a smooth real manifold equipped with a symplectic structure w
and o € PV'(M) be the corresponding (non-degenerate) Poisson structure. In

other words, for every open coordinate subset U C M, we have
o (z)wi(x) = 3y,

where o’ () (resp. w;;(z)) are components of a‘U (resp. w‘U).

Let us consider MC elements x in (3.0.9) satisfying these two conditions:
Condition 3.1.1 The Kodaira-Spencer class of p equals ecv.

Condition 3.1.2 The MC' element p satisfies the equation

n__, = 0. (3.1.1)

We denote by G(Lpp) the full subgroupoid of G(Lpp) whose objects are

MC elements p satisfying Conditions [3.1.1]and [3.1.2] Furthermore, we denote

by TL the set of isomorphism classes of the subgroupoid G (Lpp), i.e.
TL := m(G(Lep)) (3.1.2)

Definition 3.1.3 We call TL the topological locus of my (Q(EPD)).

Remark 3.1.4 Note that every MC element p satisfying Condition [3.1.2] is
isomorphic to infinitely many MC elements of Lpp which do not satisfy this
condition. Indeed, consider a MC element p which satisfies and a
polydifferential operator P € PD™ (M) for which 9"°" P £ 0. Then the MC

element
e[Elpv ]G — 1

[51P7 ]G
e —
a [e1P, e

(aHoch Elp)
does not satisfy equation (3.1.1)).

Equation (3.1.1)) guarantees that the A.-multiplications {m,},>2 corre-
sponding to the MC element y satisfy the property

a109 if n=2
mn(al,...,an)|€:0 = (3.1.3)
0 otherwise.
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In other words, the A,-algebra

(O(M>H5a €1y .- ’Eg]]’ {mn}TLZ?)

can be viewed as a 1-parameter formal deformation of the graded commutative
algebra O(M)[[e1, ..., &4]]-
The goal of this dissertation is to describe the topological locus TL of equiv-

alence classes of formal deformations of O(M) with the base ring C[e, e, .. ., g4]]:

Theorem 3.1.5 For every symplectic manifold M, the equivalence classes of

formal deformations of O(M) with the base ring Clle,e1,...,&4]] satisfying

Conditions|3.1.1 and|3.1.2 are in bijection with degree 2 elements of the graded

vector space

@L (ms? HY(M,C)|[e, &1, ..., 5,)])". (3.1.4)

ga—1
q=>0

Here m is the mazimal ideal (g,¢1,...,e,) C Cle,e1,...,e4], H*(M,C) is the
singular cohomology of M with coefficients in C, and (ms? H(M,C)|[e, &1, . . ., 59]])2

1s the subspace of degree 2 elements in
ms? HI(M,C)[[e,e1,...,54]] -

Remark 3.1.6 In the “ungraded” case (i.e. ¢ = 0), this result reproduces
the classical theorem [6], [§] of Bertelson, Deligne, Cahen, and Gutt on the
description of the equivalence classes of star products on a symplectic mani-
fold. In this respect, Theorem [3.1.5 may be viewed as a generalization of this

classification theorem to the case of a Z-graded base.

The rest of the chapter is organized as follows. The proof of Theorem
[B.1.5] is given in Section [3.4] and it is based on two auxiliary constructions.
The first construction is presented in Section [3.2] and its main ingredient is
Kontsevich’s formality quasi-isomorphism [24] for polydifferential operators.
The second construction is presented in Section [3.3| and it is inspired by a

result [32] due to G. Sharygin and D. Talalaev.
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3.2 Applying Kontsevich’s formality theorem
Let us fix an L.,-quasi-isomorphism
U : PV*(M) ~ PD*(M) (3.2.1)

whose linear term coincides with the embedding (2.5.6). Let us also extend it
by Clle, €1, ..., g4]]-linearity to

U:mPV*(M)[e,e1,...,g)] ~» mPD*(M)[[e,e1,...,54]] (3.2.2)

and denote by p, the following MC element of Lpp
fo = U.(ca). (3.2.3)

Twisting by «a, we get an L,.-morphism
Uue: (mPV'(M)[[a, €1,.-,84]]s [, sy [, ]5) ~ LBy (3.2.4)

where the dg Lie algebra L5y is obtained from Lpp (3.0.9) via twisting MC

element ji, and replacing the differential oo by

aHOCh+[Na7 ]G‘

Notice that
aHoch + [,uaa ]G —_ a}(—[och,

where 01! is the Hochschild differential corresponding to the star product
axb:=ab+ ps(a,b). (3.2.5)

Furthermore, the dg Lie algebra L& carries the same descending filtration as
Lpp
Frlhy = m*PD*(M)[[e, e1, ..., ] (3.2.6)

We will need the following technical lemma :
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Lemma 3.2.1 Let p, be the MC element of the dg Lie algebra Lpp defined in
(3.2.3) and Ly be the twisted dg Lie algebra obtained from Lpp via the MC

element .. Then the following assignment
Shift,, (@) :== pta + i1 (3.2.7)

defines a bijection from the set of MC' elements of Ly to the set of MC ele-
ments of Lpp (3.0.9). Furthermore, Shift, upgrades to a functor

which acts “as identity” on the set of morphisms and (3.2.8)) is actually a strict
isomorphism of groupoids.
Proof. Let fi be a MC element of the twisted dg Lie algebra £g. Then, f

satisfies the MC equation in £5Y:

o1
0 i+ S file = 0 (3.2.9)

Also, p, € MC(Lpp) satisfies MC equation in dg Lie algebra Lpp:

1
aHOCh,ua + 5[”047 /’LO&]G = 0. (3210)

(3.2.9) and (3.2.10|) imply that

1. 1
0= o+ 5l Bl + "M g + 5P ol

oc ~ 1 ~ ~
= 0%t + 1) + S la + [y o+ il

Namely, p, + it is @ MC element of Lpp. Thus the assignment (3.2.7)) gives us
a map
Shift,,, : MC(Lpg) — MC(Lpp) (3.2.11)

from the set of MC elements of L& to the set of MC elements of Lpp (3.0.9).
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We can directly compute E| that for every degree zero element £ € L5

[57 ]G J— 1
Shift,, (e$(i)) = pa + el o — = (gHoch
(€)= u R PR
5 6[57 ]G — ]_ e[é: }G — 1
= Mo + el }G,u - (aHOChg) + ([Na7§]G>
[57 ]G [ga }G
[57 ]G — 1
= Ha — c (8H06h§) + el ]G<Ma + ﬂ) — Mo
[57 ]G
5 6[5: ]G _ 1
= ey ) — S (@)
[57 ]G
= eg(,ua + la) :
Therefore, Shift,, upgrades to a functor
Shift,,, : G(Lpy) — G(Lep) (3.2.12)

which acts “as identity” on the set of morphisms. It is not hard to see that
(3.2.8) is actually a strict isomorphism of groupoids and the inverse functor

operates on objects as
po i — o : MC(Lpp) = MC(Lpp). (3.2.13)

O
Let us denote by Lpp the following sub- dg Lie algebra of JUArS

Lep = (emPD*(M)][[e,e1,...,24)], 07°", [, ]a) (3.2.14)

and observe that the filtration from £5% induces the descending filtration on

,CNPD:
Filpp = Fplhe N Lpp = emF L PD(M)][[e, €1, .. ., &,]]- (3.2.15)

Next, we denote by G(£k) the full subgroupoid of G(£ke) whose set of

objects is MC(Lpp). Moreover, we set
TL™ == 1o (G(Lhy))- (3.2.16)

Let us prove that

2For the version of this statement in the setting of L..-algebras and the corresponding
DGH oo-groupoids, we refer the reader to [I3] Lemma 4.3].



36

Proposition 3.2.2 The restriction of the functor (3.2.8)) to the subgroupoid

G(Lpy) induces a bijection
TL™ >~ TL.

Proof. Let i be a MC element of £~pD. It is clear that the Kodaira-Spencer
class of p, + fi coincides with the Kodaira-Spencer class of u,. Hence p, + i
satisfies Condition B.1.11
Since
“a|e:0 = i, =0,
the MC element p, + fi also satisfies Condition [3.1.2]
Thus restricting Shift,, to the full sub-groupoid G (L), we get a functor

G(Lhy) — G(Lep). (3.2.17)

Hence we get a map
TL™ — TL. (3.2.18)

Using the functor (3.2.13)) from G(Lpp) to G(Lpp), it is easy show that the
map (3.2.18)) is one-to-one. So it remains to show that, for every u € MC(Lpp)

satisfying Conditions and there exists i € MC(Lpp) such that p
is isomorphic to e + fi-
Since the Kodaira-Spencer classes of p and p, coincide, the coset of the

difference p — p, in
mPD*(M)|[[e,e1,...,54]] / m*PD*(M)][[e, €1, ..., 5]

is oHoch_exact.

Hence there exists a degree zero vector £ € mPD*(M)[[e, e, ..., &4]] such
that
& le 6[6’ le —1 Hoch 2 .
(e o= 0 g)) — o € M2PDY(M)[[¢, 1, .. 2,)]. (3.2.19)

Moreover, since /L|E:0 = 0, the vector &, for which ([3.2.19)) holds, can be found
in

(e)PD*(M)][e, €1, - - -, E4]]-
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Therefore,

€ la, _ €
<€ : [§7 ]G

In other words, the MC element

€ le — 1
(§Hloch 5)) — e € 2mPD*(M)[[z, 1, ., 2]

6[57 ]G — 1

[57 ]G

of £ belongs to the sub- dg Lie algebra Lop.

fi = (e[g’ Jop — (0H°°h§)> — o

The MC element p, + ji of Lpp is isomorphic to p by construction.
Thus the proposition is proved. 0

Now, we would like to describe the set TL™. For this reason, we need to
define the following dg Lie algebras :
Let Lpy be the dg Lie algebra obtained from

(mPV*(M)[e,e1,...,54)],0[, ]s)
via twisting ea, i.e.
Lpy = (mPV* (M), e1,...,0], [e, s, [, 1s)
We denote by Lpy its sub- dg Lie algebra
Lpy == emPV*(M)[[e,e1,...,5,]] C Lpy. (3.2.20)
We consider Lpy and £~pv with the following descending filtrations:
Filpy := m* PV (M)[[,e1,...,2,]], (3.2.21)

.Fk-ZpV = ﬁpv N Jrk[,pv = 5mk_1 PV’(M)H&, Elyenn ,59]]. (3.2.22)

Furthermore, we denote by G (Lpy) the full subgroupoid of G(Lpy) whose
set of objects is MC(Lpy) and set

TLpV = Wo(g(ﬁpv)). (3223)
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Restricting 4 ([3.2.4) to the sub- dg Lie algebra Lpy, we get an Lo-
morphism

U : EPV ~ ENPD . (3224)

Let us prove that

Claim 3.2.3 The Lo-morphism (3.2.4) (resp. (3.2.24]) ) is compatible with the

filtrations (3.2.6), (3.2.21)) (resp. (3.2.15), (3.2.22)) in the sense of ([2.3.6)).
Moreover the linear terms of the Loo-morphisms (3.2.4) and (3.2.24) give us

quasi-isomorphisms of cochain complezxes

Filpy — FrLhy,

Filey — Filep

for every k > 1, respectively.

Proof. The L.-morphisms (3.2.4) and (3.2.24)) are compatible with the filtra-

tions by construction. So we proceed to the second statement.
For every fixed k > 1 the dg Lie algebras FiLpy, ]-"k[ipv, FirLley, and

FiLpp are equipped with the complete descending filtrations. For example,
Filpv O Frr1Llpv D Frpalpy D ...
The linear term U}* gives us chain maps
(Felpv, [ea, |s) — (Fulhy, oM™ (3.2.25)

and
(]:kﬁpv, [EO(, ]S) — (FkﬁpD,afIOCh) (3.2.26)

compatible with these filtrations. As above, 92°" is the Hochschild differential
corresponding to the star product (3.2.5)).

At the level of associated graded complexes, we get the chain maps

Jurr: (m"PVI(M)[e,e1,...,8.,0) = (m*PD*(M)[e,e1,. .. g4, 0")
(3.2.27)
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and

kg : (em" P PV(M)[e,e1,...,8-,0) = (em* ' PD*(M)[e, 1, ..., g4, 0""),
(3.2.28)
where 9HoM is the Hochschild differential corresponding to the usual (commu-
tative) multiplication on Oy and Jy kg is the Hochschild-Kostant-Rosenberg
embedding extended by linearity with respect to Cle, 1, ..., ¢,].

Since the functors ®@cm* and ®cem*~! preserve quasi-isomorphisms of

cochain complexes, Proposition implies that (3.2.27) and (3.2.28)) are

quasi-isomorphisms.

Hence, by the LemmalA.0.3] the chain maps ([3.2.25]) and ({3.2.26|) are quasi-

isomorphisms of cochain complexes.
Claim |3.2.3| is proved. OJ
Let us prove that

Proposition 3.2.4 The L..-morphism (3.2.24)) induces a map

TI—PV — TL™ . (3229)

Furthermore, this map is a bijection.

Proof. To prove the first statement, we observe that the L..-morphism ([3.2.24])
gives a map

U : MC(Lpy) — MC(Lpp). (3.2.30)
Let pq and po be isomorphic MC elements of va. Due to the identification
m0(G(Lev)) =2 70 (MC.((Lpv))
1 and ps are connected by a 1-cell
n € MC;(Lpy) = MC(Lpy @ C[t] ® Lpy & C[t] dt),

i.e.

77|t:dt:0 = Hi U}tzl,dtzo = H2-
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Clearly, the 1-cell
Us(n) € MCy(Lpp)

connects the MC elements
U (), U (i) € Lpp.
Thus (3.2.30]) descends to the map of sets

TI—PV — TL™ .

Let us now show that this map is a bijection.
According to Claim [3.2.3] both L.,-morphisms (3.2.4))

U . (mPV(M)[[e,e1,...,54]], e, ]s) ~ Lbg,
and (3.2.24)
U*: Loy ~ Lpp
satisfy conditions of Theorem [2.3.5| So, applying Theorem to (3.2.4), we

get that
To(MCa(Lpv)) = mo(MCa(LhD)) - (3.2.31)

Let pu1, po € MC(Lpy) such that U%(uy) and U®(uz) are MC elements of
Lpp C LE2 connected by a 1-cell

i1 € MCy (L) = MC(Lhy @ C[t] @ Lb3 @ Ct] dt).
Due to the isomorphism ((3.2.31)), there exists a 1-cell
n € MC;(Lpy) = MC(Lpy ® C[t] ® Lpy @ C[t] dt),

connecting the MC elements ; and py. So, we conclude that the map ((3.2.29))
is one-to-one.

Furthermore, applying this theorem to ([3.2.24]), we get that
70 (MC(Lpy)) = 70 (MC(Lpp)) - (3.2.32)

Due to (3.2.32), for every fi € MC(Lpp), there exists a MC element pu €
MC(Lpy) such that U*(p) and ji are connected by a I1-cell in MCy(Lpp).

Thus, the map (3.2.29) is surjective. 0



41

3.3 Passing to exterior forms

Let f € O(M) and 6; := 0,: be the local vector field defined in a coordinate
chart of M. Since the symplectic structure w is non-degenerate, the formulas
1 )
Jw(f) = f? Jw(el) = gwij(l')dl']

define an isomorphism of (shifted) graded commutative algebras

Jo WPV, 21, 2y]] — @8—1[]5_1qu(M)[[e,sl,...,sg]]. (3.3.1)

The inverse of J,, is given by
LA =F 1N de') = ea”(x)6; (3.3.2)

where o/ (z) are components of the corresponding Poisson structure (in local
coordinates).

Here, we tacitly assume that every vector n € Q9(M) carries degree q. The
latter means that the vector 775]1“ .. .559 carries degree q + kidy + - - + kyd,
and the vector s~'neht .. .g’;g carries degree ¢ — 1 + kydy + - - - + kyd,.

Using this isomorphism and the dg Lie algebra structure ([ec, |s, [, |s) on
Lpy, we equip the graded vector space

Lo = @is-l m QU M)[[e,e1,...,&]] (3.3.3)

c4
=0

with the structure of a dg Lie algebra.
A direct computation shows that the differential on Lg corresponding to
lea, |g is
—d

(where d is the de Rham differential) and the Lie bracket [, |, corresponding

to [, |s is given by the formulas (in local coordinates)

[S_l m,s” ! No)w =

Oy

odxi
(3.3.4)

8d77xli 8d77;j —(=D)Mls ™ 0 (2) L 5yt 20 (2) (D)

s ! edr* 0,k () o
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For example,
[s™' f,s7 gl =0, s da', st flo =87 e 0 (2)(0u f), (3.3.5)
57 det, 57 da], 1= 57 e dat Dt (2),

where f,g € O(M).
It is clear that, restricting J,, to the sub- dg Lie algebra (3.2.20)), we get an

isomorphism of dg Lie algebras
Jo: Lpy — L, (3.3.6)
where Lq is the sub- dg Lie algebra of Lo:

Lo =D gq—lls—l w21, el (3.3.7)

q>0

Both dg Lie algebras (3.3.3) and (3.3.7) are equipped with the obvious

complete descending filtrations

1
Filg = @ —qs_1 m* QI(M)|[[e,e1, ..., 54l, (3.3.8)
q=0 c
. 1
Filo =P gq—_lsfl mF L QUM [[e, €1, . . ., &) (3.3.9)
q>0

Moreover, the isomorphisms and are compatible with these fil-
trations.
We denote by Q(ﬁg) the full subgroupoid of G(Lg) whose set of objects is
MC(Lq) and set
Tlg = mo(G(La)). (3.3.10)

Using the above properties of the isomorphism J, we easily deduce that
Claim 3.3.1 The map J, gives us an isomorphism of groupoids
(Ju)s : G(Lrv) — G(Lq)

and hence a bijection

Tlpy — Tlg.
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Remark 3.3.2 Note that the grading on £q and L comes with an additional
shift. For example, every degree zero exterior form en € eQY(M) = eO(M)
gives us the degree —1 vector s™ten € Lg. In particular, monomials in

S™(s7! L) will be written as

B, S —2
S "MmsS M2 ...8 Nn,

where 71,72, ...,n, belong to the space

&y ! mQI(M)[[e,e1,. .., &) (3.3.11)

gq-1
q>0

Let us consider the cocommutative coalgebra
S(s7' Lq) (3.3.12)

with the degree 1 coderivations Q_q, and @ j,, where Q_4 (vesp. Q. 1,)
comes from the dg Lie algebra structure (—d,[, ] = 0) (resp. (0 =0,[, |.))
on Lg in the sense of (2.3.3). For example,

Q,d(s’%]l s’2n2) = —s 2djps %, — (—1)"71‘572 ms 2dn,, (3.3.13)
and
B N B o 0m 0
Q. (s s %) = (—1)Mls™2 £ 40,00 (2) ac?;i 5 d’ﬁj (3.3.14)
B » 8771 B » 6172
g 2zY : _1)Imlg=2 2 4 ;

where || is the degree of n; in (3.3.11]).

Using the idea of [32], we consider the coderivation II of the coalgebra
(3.3.12)) defined in local coordinates by the formulas

’ 9] 9]
-2, =2 — (—1)Imlg—=2 o,
poll(s™ms ") = (—1)™s " ea¥(x) <8dxi 7]1> <8dxj 7]2> ,  (3.3.15)

poll(s s %y ... 5%y, =0, if n#2,

where p is the canonical projection S(s™* Lg) — s~ L.

Properties of the coderivation II are listed in the following proposition:
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Proposition 3.3.3 The coderivation 11 has degree 0. Furthermore,

H (] Q—d — Q—d O H = Q[ , }w (3316)

and
H @) Q[ , ]w = Q[ , ]w O H (3317)
[

Remark 3.3.4 By keeping track of terms of negative powers of ¢, it is easy

to see that, in general,
po H(S_1 EQ X S_1 £Q) ¢ S_1 EQ .
However
po H(S_1 ENQ X st £Q) c s ! Lo (3318)

and we will use the inclusion (3.3.18) to extend the coderivation II to the
coalgebra
S(s™ L), (3.3.19)

where L is the following graded vector space
L:=Lqa®&C[t] @ Lo®Clt]dt, (3.3.20)

® is the completed tensor product and C[t] @ C[t]dt is the algebra of poly-

nomial de Rham forms on the 1-simplex. We will freely use the obvious gen-

eralizations of (3.3.16]) and (3.3.17)) to the corresponding coderivations of the
coalgebra (3.3.19)).

The proof of Proposition is given in Appendix [B] Here we use this propo-

sition to deduce the following statement:
Corollary 3.3.5 The formula

1
exp(Il) := 14 ) S (3.3.21)

m>1
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defines a strictly invertible Lo.-quasi-isomorphism
(297 _d> 0) ~ (ﬁﬂa _da [ ) ]w)

This isomorphism extends, in the obvious way, to a strictly invertible L..-

quasi-isomorphism
(L, =d +dy,0) ~ (L, —d +dy, [, L),

where L is defined in (3.3.20)) and d; is the de Rham differential dt0, on C[t] &
Cl[t] dt.

Proof. It is straightforward to show that the equation (3.3.21)) defines auto-

morphisms of the cocommutative coalgebras (3.3.12)) and (3.3.19) (considered
with the zero differentials). The inverse of (3.3.21)) is given by the formula:

exp(—IT) := 14 ) <_n1!)mnm. (3.3.22)

m>1

It remains to prove that
exp(Il) 0 Qg = (Q-a+ Qy , ..) o exp(Il)
or equivalently
exp(Il) o Q_goexp(—II) = Qg+ Q[ , 1., - (3.3.23)
For this purpose we introduce two elements
Uy, Vg € Hom(S(s™ Lq), S(s7! ﬁg)[u])
defined by
Uy :=exp(ull) o Q_4 0 exp(—ull), Upi=Q_qg+uQ 1., (3324

where v is an auxiliary variable of degree 0.

Using ((3.3.16)) and (3.3.17)) we get

%\I/L = exp(ull) o (H 0Q_gq—Q_yq0 H) o exp(—ull)
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= exp(ull) o @, o exp(—ull) = Q[ 1.

Hence both ¥, and ¥y satisfy the same formal ordinary differential equa-
tion

d

2 =
du Q[ » o

with the same initial condition \If|u:0 =Q_q4.
Therefore, W, = Uy and (3.3.23)) follows.

The similar argument shows that the same operator exp(Il) defines an

L.-quasi-isomorphism
(L, —d ‘I— dt7 0) ~ (L, —d ‘I— dt7 [ , ]w)

Thus the corollary is proved. 0

Now, we can give the proof of the main theorem:

3.4 The proof of Theorem 3.1.5

Let us denote by G(Lq, —d,0) the full subgroupoid of G(Lg, —d,0) whose
set of objects is MC(Lgq, —d, 0).
Clearly,

I

@5(;1_1 (msq Hq(M,C)[[e,sl,...759]])2, (3.4.1)

q>0

0 (Q(EQ, —d, 0))

where (ms? HY(M,C)[[e, e1, ... ,59]])2 is the subspace of degree 2 elements in
ms? HY(M,C)[[e,e1,...,54]] -

Since the L..-quasi-isomorphism ([3.3.21)) is strictly invertible, it induces a

bijection of sets

exp(I), : MC(Lq, —d,0) — MC(Lq, —d,[, ].). (3.4.2)
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Moreover, the second part of Corollary [3.3.5] implies that, if uy,us €
MC(Lg, —d, 0) are connected by a 1-cell in MC,(Lg, —d, 0) then exp(II), (1)
and exp(II).(uz) are connected by a 1-cell in MC(Lq, —d, |, |.).

In other words, gives us a well defined map

O : m0(G(La, —d,0)) = TLa. (3.4.3)
Let us prove that

Claim 3.4.1 The map Oy is a bijection of sets.

Proof. The surjectivity of O follows from the fact that the map is a
bijection.

To prove the injectivity, we consider two MC elements i1, pty € MC(Lg, —d, 0)
and assume that the MC elements exp(II).(p1) and exp(II).(u2) are connected
by a 1-cell in MC(Lg, —d, [, ). Due to the second part of Corollary [3.3.5]
the MC elements

exp(—I), oexp(l).(u1) =1 and  exp(—II). o exp(I).(p2) = po

are connected by a 1-cell in MC(Lg, —d, 0).
Thus O is indeed injective. O
By putting all the things together, we can now complete the proof of The-
orem [3.T.5]

Indeed, due to Proposition [3.2.2] we have a bijection
TL = TL™.

The map (3.2.29) induced by the L,.-quasi-isomorphism (|3.2.24)) gives us a
bijection
TLpy = TL™.

The isomorphism J,, from (3.3.6)) gives us a bijection

Tley = Tlg



and, finally, the map exp(Il), induces a bijection

70(G(La, —d,0)) = TLq.

Since

1%

q>0

the proof of Theorem [3.1.5( complete.

@gql_l (ms? HI(M,C)[le. e, ..

48
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CHAPTER 4

FINAL REMARKS

In this concluding section, we would like to pose two open questions.

It is known [11], [24], 4.6.3] and [26] that there are infinitely many homotopy
classes of formality quasi-isomorphisms from the dg Lie algebra of polyvector
fields to the dg Lie algebra of polydifferential operators. So it would be inter-
esting to determine whether the bijection from Theorem depends on the
homotopy type of the formality quasi-isomorphism for polydifferential opera-
tors.

We believe that

Conjecture 4.0.1 There is a construction of a bijection between TL and the
set of formal series in (3.1.4) which bypasses the use of Kontsevich’s formality
theorem. This construction comes from an appropriate generalization of the

zig-zag of quasi-isomorphisms of dg Lie algebras from paper [10)].

Conjecture 4.0.2 The bijection between TL and the set of formal series in
(3.1.4) coming from the above conjectural construction coincides with the bi-
jection produced in this paper for any choice of a formality quasi-isomorphism

B3.2.1).

If true, the statement of Conjecture would imply that the constructed
bijection between TL and the set of formal series in (3.1.4)) does not depend

on the choice of a formality quasi-isomorphism (3.2.1)).
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We believe that a solution of Conjecture 4.0.1] will allow us to produce
explicit examples of A.-structures on O(M)[[e, €1, ..., &,4]] corresponding to
formal series in for a large class of symplectic manifolds. To our genuine
surprise, Kontsevich’s quasi-isomorphism [24] is not very helpful for computing
these A, -structures even in the case when M is an even dimensional torus with
the standard symplectic structure!

We also believe that Conjecture [4.0.2] can be tackled using the ideas from

.
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APPENDIX A

A LEMMA ON A
QUASI-ISOMORPHISM OF
FILTERED COMPLEXES

Let us recall that a cone Cone(f) of a morphism of cochain complexes

f : C — K is the cochain complex
Cone(f)* =C*"' @ K*
with the differential
%0 (v + v3) = A1) + flvr) — O(ws),

where we denote by 0 the differentials on both complexes C' and K . Let us
also recall a claim which follows easily from Lemma 3 in Section III. 3. 2 in
[16] :

Claim A.0.1 A morphism f : C — K of cochain complexes is a quasi-

isomorphism if and only if the cochain complex Cone(f) is acyclic.

Let C be a cochain complex equipped with a complete descending filtration

~"3f003f103f203f303.... CglliIlC/ka
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Let us denote by Gr(C) the associated graded cochain complex
Gr(C) == P FnC/FrnC.
We will need the following claim :

Claim A.0.2 Let C be a cochain complex with a complete descending filtration

which is bounded above. I.e.,
C=F NCDODF NuuCD--DFCDODFCDODFCDODFCD.... C = liinC/]-“kC.

If the associated graded complex Gr(C') is acyclic then so is C.

Proof. Let v be a cocycle in C' of degree d. Our goal is to show that there

exists a vector w € C% ! such that
v=0w.

Since C' is bounded above there exists an integer m such that ¢ € F,,,C.

Thus, ¢ represents a cocycle in the quotient
FnC Fr1C4.

Then by acyclicity of the associated graded complex, there is a vector w,, €
FmC such that v — dw,, € F,,1C. Continuing this process, we define vectors

Wina1, Wmi2,---. Lhen we set

w = E Wiy, -
m

The sum converges, since the filtration on C' is complete. Again by complete-

ness, we get that

v—Ow = lim U—Z&umzo.

N—o0
m<N

Thus v is exact. U
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Lemma A.0.3 Let C' and K be cochain complexes equipped with complete
descending filtrations which are bounded above. Let f : C' — K be a morphism
of cochain complexes compatible with filtrations. If the induced map of the

cochain complezxes

Gr(f) : Gr(C) — Gr(K) (A.0.1)
1S a quasi-isomorphism then so is f.

Proof. Let us introduce the obvious descending filtration on the cone of f :
-+ D FoCone(f) D FiCone(f) D F2Cone(f) D F3Cone(f) D ... (A.0.2)

FmCone(f)* := F,C*™ @ F,K*.

The differential 9“°"¢ is compatible with the filtration because f is compatible
with the filtrations on C' and K. It is obvious to see that the filtration (A.0.2)

is complete and bounded above. Furthermore, we observe that
Gr(Cone(f)) = Cone(Gr(f)) .

Then, since Gr(f) is a quasi-isomorphism Claim implies that Gr(Cone( f ))
is acyclic. Thus, by the Claim we get that Cone( f) is acyclic. Therefore,
applying once again we conclude that f is a quasi-isomorphism. O
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APPENDIX B

PROPERTIES OF THE
CODERIVATION II

In this appendix, we prove the properties of the coderivation IT (see ([3.3.15)))

of the coalgebra (|3.3.12)) listed in Proposition m

It is straightforward to see that Il has degree zero.

Since
po[ILQ g (s 2m ... s %n,) =poQ, 1, (s 2m1...82n,) =0
if n # 2, to prove , it suffices to show that
po(MloQ_q—Q_goll)(s?As?n) =po@Q[, 1, (s>As?n), (B.0.1)
where A and 7 are homogeneous vectors in

L1‘(1(2’“(]\4)[[5,51,...,€g]] and L

Ek_l 57“—1
respectively.
Let U C M be an open coordinate subset with coordinates z!, 2%, ... 2™
and
/\’U = da"dz™ ... dx™* iy 5 77|U = darda?? .. dadr Mir i s

where \;, ;. € C®(U)[[e,e1,---,&,)lle™s njy.jr € C(U)[[e,e1,- -, 84]][e71]

and summation over repeated indices is assumed.



The direct computation shows that

polloQ (s As™?n)|, =

on

(—1)"“5’2 e (x)dzdz" ... dx"™ Oy, ., Ddei

g A o j
5220/ <x>% dx?dx’ ... dx’" Opinj,..j,

— (=D)PMs 2 e kot (z)da'da™ ... da* axi)\il_,_ikaTZj
+ 572 57“0/7'1(15)ﬂ dx?dz? ... dx’™ Oy, -
ad.’l?l x/ HJLeJr
Furthermore,
—poQ_qoll(s > As?n)|, =
g o\ On
1\ o2 t o
(=1)*s 2 edz'Opa” (z) S Dl
o | an
1V M2 i17] i 7.0 i B
(—D)"Ys™ e ka™ (z)dx'dx™ ... dx"™ aﬂ)\“”'z’“adxj
—s?era™ (m)% da’dz? ... dx’ Ony, .., -

29

(B.0.2)
(B.0.3)
(B.0.4)

(B.0.5)

(B.0.6)
(B.0.7)

(B.0.8)

Term (resp. term (B.0.8)) cancels term (B.0.4]) (resp. term (B.0.5))

in the left hand side of (B.0.1). Moreover the sum of terms (B.0.2), (B.0.3)

and (B.0.6) coincides with
poQ. 1, (s As )|,

Thus identity (B.0.1)) (and hence (3.3.16))) is proved.
To prove (3.3.17]), we observe that

pollo@r 1, (s_2m s_2nn) :poQL]on(s_Qm s_277n) =0

if n # 3.

For n = 3, a direct computation shows that

polloQ 1, (52 ms 2 msn) —poQ(, 1, oll(s>msns2n3) =

o Ona Ons

—2( (—1)l §72 22 01131 (2)(8,0, 0 ()

Odxt 0dxi Odxin
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+(_1)|713|+|7]1|(\772|+\7]3\) g2 22 o (l‘) (axn ai‘j(:p)) 68;72 8ad773j 86d771j
Xt X )t
I s |+ l) <2 -2 i iy O3 Om Onp N
=) st (@) (Oma ($))adxi3dxj 0 dxi ) a

om  Ony  Ons

_1\Ime| L =2 2 (i BN i14 i Jj i1] i J1i i : _
(=) s 72 (a7 (2)0pn 07 )+ (2) Dy & (1) 40" (2) 0y 07 () o om o

Thus (3.3.17)) is a consequence of the Jacoby identity for the Poisson structure
a. Proposition is proved. [
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