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ABSTRACT

SUFFICIENT DIMENSION REDUCTION IN COMPLEX DATASETS

Chaozheng Yang

DOCTOR OF PHILOSOPHY
Temple University, July, 2016

Dr. Yuexiao Dong, Chair

This dissertation focus on two problems in dimension reduction: one is using
permutation approach to test predictor contribution; the other one is through
combining clustering method with robust regression to estimate dimension
reduction subspace.

Aiming to test predictor contribution in a model-free fashion, marginal
coordinate tests based on sliced inverse regression (SIR) and sliced average
variance estimation (SAVE) have been studied. Estimating the null distribu-
tions of the test statistics is a critical step for such tests. We propose a novel
permutation test approach to facilitate the marginal coordinate tests, which
applies to existing tests such as SIR and SAVE, and can be readily extended
to a new marginal coordinate test based on directional regression.

Least absolute deviation (LAD) regression is an important alternative to

ordinary least squares (OLS) regression in linear models. A surprising result
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in Li and Duan (1989) showed that OLS can be used for dimension reduction
in single-index models as long as the predictor distribution satisfies a global
linear conditional mean assumption. The proposal in Li and Duan (1989)
has two limitations. First, it is well-known that OLS is sensitive to outliers
and fails in the case of heavy-tailed error distribution. Second, the global
linearity assumption for the predictor distribution can be violated when there
is nonlinear relationship among the predictors. To address these limitations,
cluster-based LAD for dimension reduction is proposed. By inheriting the
benefit of LAD over OLS in linear models, our proposal becomes more robust to
outliers or heavy-tailed error distribution. We also replace the global linearity
assumption with the more flexible local linearity assumption through k-means

clustering.



ACKNOWLEDGEMENTS

Firstly, I would like to express my sincere gratitude to my advisor Dr.
Yuexiao Dong, who has been a tremendous mentor for me. His guidance
and inspiration have benefited me enormously in all the time of research and
writing of this thesis.

I would also like to thank the rest of my thesis committee memebers: Dr.
William Wei, Dr. Cheng Yong Tang and Dr. Shanshan Ding for their valuable
comments and suggestions.

Last but not least, a special thanks to my parents, my wife and my son for
their unconditional support, love, and encouragement during this memorable

journey.



vi

TABLE OF CONTENTS

ABSTRACT iii
ACKNOWLEDGEMENT \4
LIST OF TABLES viii

LIST OF FIGURES

o

1 INTRODUCTION
1.1 Motivation . . . . . . . ..o
1.2 Central Space . . . . . . . . ...
1.3 Some Popular Estimators of the Central Space . . . . . . . ..
1.3.1 Sliced Inverse Regression . . . . . . .. ... ... ...
1.3.2  Sliced Average Variance Estimator . . . . . . ... ..
1.3.3 Directional Regression . . . . . . . ... ... ... ..
1.3.4 Sample Estimators . . . ... ... ... ... .....

O 00 N U = N =

—_

2 ON PERMUTATION TESTS FOR PREDICTOR CONTRI-
BUTION IN SUFFICIENT DIMENSION REDUCTION 13

2.1 Introduction . . . . . . ... ... 13
2.2 Permutation test for predictor contribution with SIR . . . . . 15
2.2.1 Test statistic construction . . . . . .. ... ... ... 15
2.2.2 A permutation test algorithm based on SIR . . . . . . 18
2.3 Permutation tests with SAVE, PHD and DR . . . . . ... .. 20
2.3.1 The permutation test with SAVE . . . . ... ... .. 20
2.3.2 The permutation test with DR . . . . ... ... ... 22
2.4 Numerical studies . . . . . . ... ... ... ... ... ... 25
2.4.1 Comparisons with asymptotic tests . . . . . . . .. .. 25

2.4.2 Permutation tests with transformations for non-normal
predictors . . . . . . ... 30



vii

24.3 Avrealdataanalysis. . . . . ... ... ... 33

2.5 Proofs . . . . ... 35

3 CLUSTER-BASED LEAST ABSOLUTE DEVIATION REGRES-
SION FOR DIMENSION REDUCTION 42
3.1 Introduction . . . . . .. ... ... ... 42
3.2 LAD for dimension reduction . . . . ... ... ... ..... 45
3.2.1 LCM assumption and LAD for dimension reduction . . 45

3.2.2  An illustration: the role of LCM assumption . . . . . . 47

3.3 Cluster-based LAD for dimension reduction . . .. ... . .. 50
3.3.1 A sample level algorithm . . . . . ... ... ... ... 50

3.3.2 Population level justification . . . . . .. ... ... .. 52

3.3.3 Determination of cluster number £ . . . . . . ... .. 54

3.4 Numerical studies . . . . . . ... .. ... ... 5%)

4 CONCLUSION AND FUTURE WORK 63
4.1 Conclusion and Summary . . . . .. .. .. .. ... .. ... 63
4.2 Future Work . . . . . ... 64

BIBLIOGRAPHY 66



Viil

LIST OF TABLES

2.1

2.2

2.3

2.4

Model I results. Frequencies of rejecting Hy with nominal 5%

tests are reported. . . . . . ... 26
Model II results. Frequencies of rejecting Ho with nominal 5%
tests are reported. . . . . . . . ... 28
Model III results. Frequencies of rejecting Hy with nominal 5%
tests are reported. . . . . . . ... 29

Model I'V with SIR-based permutation test. Frequencies of rejecting
Hy with nominal 5% tests are reported. . . . . . . . . . ... 33



LIST OF FIGURES

2.1

3.1
3.2

3.3

3.4
3.5

3.6

Left panel: the scatterplot matrix of the response M together
with the transformed predictors Ht, L, S and W. Right panel:
the scatterplot matrix after replacing predictors S and W with
independent standard normal predictors Z; and Z,. . . . . . .

Scatterplot of Y versus X; for model Y = log(X;) + €.
Scatterplot of Xy versus X; with e ~ Uniform(—0.3,0.3). The
labels for the points in panel (b) denote the clustering result
from k-means with k =4. . . . .. ... ...
Angle plot (panel (a)) and criterion plot (panel (b)) with &y for
Example 1. The “+” sign in each plot denotes the respective
MIinImMum. . . . . . .o
Effect of n (panel (a)) and effect of p (panel (b)) for Example 2.
Boxplots for OLS, cluster-based OLS, LAD, and cluster-based
LAD for Example 3. Normal error and Cauchy error of € are
plotted in panel (a) and panel (b) respectively. . . . . . . . ..
New Zealand horse mussel data in Example 4. In panel (a), the
hollow circles and the hollow squares denote the original data,
and the hollow squares are replaced by the solid squares for
the contaminated data. In panel (b), the labels for the points
denote the clustering result from k-means with k. =2. . . . . .

1X

36

48

49

25
S7

o8



CHAPTER 1

INTRODUCTION

1.1 Motivation

Regression analysis is widely used for examining relationship among vari-
ables. Given a univariate response and its corresponding explanatory predic-
tors, when the link function is known, traditional parametric approaches (e.g.
the least squares method or maximum likelihood method) can be used to esti-
mate the regression model.

However, it is also not uncommon to have unknown parametric model.
To find relationship among variables for this situation, nonparametric regres-
sion techniques such as local smoothing may be applied. However, smoothing
techniques may not be sufficient as many of them can be used only to one-

dimensional problem and methods can be failed along with increasing of predic-



tors dimensions. Actually, along with the dimension of predictors increasing,
the total number of observations needed for local smoothing escalates exponen-
tially and the sparseness of data points make it harder to continue to meet \/n
convergence rate. Therefore, simply smoothing over high-dimensional space
can restrain the accuracy of statistical inference and this phenomenon is called
the curse of dimensionality (Bellman, 1961).

To avoid the curse of dimensionality, one remedy is to project high-dimensional
data onto a low-dimensional space. In another word, it is aimed at reducing the
number of variables while still maintaining the information for the regression.
Methods in this area is called dimension reduction.

In this proposal, we will study dimension reduction approaches. Following
this introduction, we will show basic dimension reduction model along with
several important concepts. After that, there will be a review of classic

approaches in dimension reduction.

1.2 Central Space

Dimension reduction is efficient to address curse of dimensionality and is
an effective tool in high-dimensional data analysis.

Consider a univariate response Y and a p-dimensional predictor X =
(X1,...,X,)". The goal for dimension reduction is to find linear combina-

tions of X, such that Y is independent of X given these linear combinations.



Mathematically, it seeks a matrix B € RP*? with d<p that can meet the

condition

Y ILX|BTX

, where 1l denotes conditional independence. Note that for any d x d non-
singular matrix A, its multiplication to 8 from right will not change the condi-
tional independence, which means Y Il X|(BA)T X can be met if and only if
Y 1L X|B%TX. Therefore, instead of matrix 3 itself, the column space of 3 is
the one that really drives this conditional independence relationship. We call
the column space of 3 as a dimension reduction subspace (DRS).

Also note that the column space of 3 can be contained by another matrix’s
column space. For example, assuming v € RP*? also satisfying Y I X |47 X,
then it is possible that Span(8) C Span(v) with d < ¢g. Here, Span(A) means
the space spanned by the columns of any matrix A. Because of this, condi-
tional independence relation and its relative dimension reduction subspace are
not necessary to be unique. Aiming at finding a minimum dimension reduc-
tion subspace, Cook (1998) introduced the idea of central space and recovering
such space is one of major goals of dimension reduction. And the central space

definition is illustrated as below.

Definition 1.2.1. The central space (CS) for (X,Y) is defined as the inter-
section of all dimension reduction subspaces for (X,Y). This space is denoted

as Sy|x -



The central space dimension d = dim(Sy|x) is called the structural dimen-
siton of the regression and we assume the structure dimension d is known in
our work.

Let u = E(X) and ¥ = Var(X), then Z = X~Y2(X — p) is the standard-
ized predictor. The relationship between the Z-scale central space Sy|z and

the X-scale central space Sy|x is stated next.

Proposition 1.2.1. Suppose Sy|z has basis m such that Syjz = Span(n).

Then X121 is a basis for Sy|x and satisfies Sy|x = Span(X~1/%n).

The relationship in proposition 1.2.1 is known as the invariance property of
the central space. Due to this invariance property, we can first estimate of the

Z-scale central space, and then transform it back to the X-scale.

1.3 Some Popular Estimators of the Central

Space

In this section, we are going to review several classic dimension reduction
methods. For each method, prerequisites and estimating algorithm will be
stated. Besides, we will discuss the advantages and disadvantages of these

methods.



1.3.1 Sliced Inverse Regression

Sliced Inverse Regression (SIR) was proposed by Li (1991) and this is one of
the most common dimension reduction techniques. Stimulated by SIR, various
Inverse regression based methods have been developed.

Many inverse regression methods require a key assumption which is called
as the linear conditional mean assumption (LCM). This assumption is illus-

trated as below.

Assumption 1.3.1. Suppose 3 € RP*? is a basis for the central space Sy|x,
then the linear conditional mean assumption assumes E(X |37 X) is a linear

function of BT X.

The main idea for inverse regression based method is fulfilled through
reversing standardized predictors Z and response Y in regression. Since
response Y is univariate, the high-dimensional problem is simplified to a
low dimensional problem and the issue of curse of dimensionality for high-
dimensional data can be avoided.

Motivated by this idea, Li (1991) proved the following theorem which is

the key result for sliced inverse regression.

Theorem 1.3.1. Assume assumption 1.3.1 hold, then the inverse regression
curve E(Z|Y') belongs to the central space Sy|z. Also, the column space of the

matric Mgip = Var(E(ZY')) is a subspace of Sy|z.



We use M to represent kernel matrix for each method; and in above
theorem, Mgig represents for SIR’s kernel matrix.

For discrete response Y, assume without loss of generality that Y has
support IT = {1,2,..., H}. Then for h € II, E(Z|Y = h) denotes the within
group mean for the hth category of Y. The meaning of E(Z|Y") for continuous
response Y is explained next. Let {Ji,..., g} be a partition of the support
of Y. Then E(Z|Y) is discretized as E(Z|Y € J,), h = 1,..., H. Therefore,
regardless response Y'’s variable type, the discretized version of the theorem
1.3.1 is applied in practice.

Let f, be the probability of Y € J, and denote &, = E(Z|Y € J,). A
discretized version of Mygr thus becomes Mg = hf: TnEn€tl.

=1

One of nice properties for SIR is it can achieve /n convergence rate.
Besides, SIR can be used to determine structural dimension d of the central
space Sy|z through a sequential hypothesis test (Li, 1991).

On the other side, though SIR has many advantages and can be imple-
mented to solve curse of dimensionality for a wide scope of high-dimensional
data, this method has its restrictions: symmetric on Z may cause the condi-
tional expectation to be zero and this can fail SIR (e.g. Z = (Z3,...,Z,) ~
N(0,I,) and Y = Z?). Another limitation for SIR is assuming there are m
distinct values for predictor Y, then this method can estimate at most m — 1

directions in the central space. For example, if Y is a binary variable, then



SIR can estimate at most one direction.

1.3.2 Sliced Average Variance Estimator

As reviewed, SIR will be failed if there is a U-shaped curve, or in another
way of saying, this method doesn’t work well for the case of E(Z | V) =
0. To overcome this difficulty, instead of calculating first-moment, Cook and
Weisberg (1991) proposed a method to calculate the within slice variance to
estimate central space and this approach is well known as Sliced Average
Variance Estimates (SAVE).

Compared with first-moment based method, second-moment based method
requires more assumptions. In addition to the LCM assumption 1.3.1, it needs

to meet the following constant conditional variance (CCV) assumption.

Assumption 1.3.2. Suppose 3 € RP*? is q basis for the Sy|z. The constant

conditional variance assumption assumes that
T
Var(Z|3" Z)
18 a non-random matriz.

The basis to support this method is illustrated as the follows and I, indi-

cates the identity matrix of dimension p.

Theorem 1.3.2. Under Assumptions 1.3.1 and 1.3.2, the column of the random



matrix

I,—Var(Z |Y)

belongs to the central space Sy|z. Consequently, the column of the random

matrix

Msayp = E(I, — Var(Z | Y))?
belongs to the central space Sy|z.

SAVE’s has y/n convergence rate. Also, this method can accurately esti-
mate U-shape curve and provide exhaustively estimate for that case. However,
since SAVE is a second-order method, as a trade off, it requires both LCM and
CCV assumptions. Compared with SIR, which only requires LCM condition,
the extra condition from SAVE increases complexity of computation and actu-
ally, it is not very efficient for estimating some simple cases such as monotone

trend for small to moderate sample sizes.

1.3.3 Directional Regression

As reviewed, SIR and SAVE are constructed through the first two condi-
tional moments E(Z | V) and E(ZZT | Y), respectively. SIR fails when
the response surface is symmetric about the origin. Unlike SIR, SAVE can
successfully identify U-shape for the response, however, it is not very efficient

in estimating monotone trend for small to moderate sample sizes.



To overcome these shortcomings, Li and Wang proposed Directional Regres-
sion (DR; 2007). This approach synthesize the dimension reduction methods
based upon first two conditional moments, such as SIR and SAVE, so it
combines the advantages of both of these methods. DR has y/n convergence
rate and under mild condition, it provides exhaustive estimator of the central

space.

Let (Z , EN/) be an independent copy of (Z,Y"), and define
AY,Y)=E(Z-2)(Z-2)"|Y,Y).
Then the following theorem provides the theoretical background for DR.

Theorem 1.3.3. Under Assumptions 1.5.1 and 1.3.2, the column space of the
random matrix
21, — A(Y. )
is contained in Sy|z.
Theorem 1.3.3 suggests the DR’s kernel matrix

Mpg = E(2I, — A(Y,Y))?

as the population version of the estimate for Sy|z.

Also, the estimator Mpgr above can be re-expressed as a nonlinear func-
tional of conditional moments of Z given Y, whose estimation requires only
O(n) operations. The updated kernel matrix is provided in the following

theorem.
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Theorem 1.3.4. DR’s kernel matrix can be re-expressed as
Mpr =2E[E*(ZZ" | Y)] +2E*[E(Z | Y)E(Z" | Y))
+2E[E(ZT | Y)E(Z | Y)|E[E(Z | Y)E(ZT | Y)] — 21,.

1.3.4 Sample Estimators

As reviewed, SIR, SAVE and DR are efficient dimension reduction methods
and we have discussed how these methods can effectively find central space
through theorem and next, we are going to take a look of their relative sample
algorithms.

According to proposition 1.2.1, the central space has an important invari-
ance property and because of that, we can always estimate of the Z-scale
central space, and then transform it back to the X-scale. To facilitate our
discussions, same as introduction for theorems, the sample level algorithms
are also illustrated based on Z-scale.

First, let’s take a look of SIR. The sample version of its kernel matrix
Var[E(Z|Y € J3,)] will be used to estimate the central space for sliced inverse
regression. And its sample level algorithm is described through the following

steps.

1. Divide range of Y into H slices, Ji, ..., Jy, and compute the average of

Z within each slice; that is

A 1
shzn—hzzj,

J€JIn
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where ny, is the number of Y that are fall into the hth slice Jj,.

2. Construct kernel matrix for SIR:
Ny 2 op
Mg = Z hEhﬁh

3. Assume structural dimension d is known. Conducting a principal compo-
nent analysis for the sample version of SIR’s kernel matrix ﬁSIRv then
the first d eigenvectors 7y, ...,%q corresponding to the largest d eigen-

values are used to estimate Sy/z.

Similar as SIR’s sample algorithm, the last step for SAVE and DR also
needs to apply eigenvalue decomposition on kernel matrix to estimate central
space. The major difference is each method has its unique kernel matrix and
next, we are going to show how to estimate these kernel matrices at sample
level.

To estimate central space through SAVE, SIR’s mean calculation éh needs
to be updated as

E=1,—Var(Z | Y € J,).

The above adjustment leads the sample version of SIR’s kernel matrix is
replaced by sample version of SAVE’s kernel matrix and this estimate is

provided as below:

;I —VarZ|Y€Jh)).

Mgave =

Fﬂ;

h=1
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Following SIR and SAVE, let’s take a look of DR. Its sample level algorithm
is similar as other inverse regression methods, such as SIR or SAVE, except
the sample version of DR’s kernel matrix is deployed to estimate Sy|z. Still,
let use Ji, ..., Jg to partition in support of Y and assume f, = P(Y € J,),

then DR’s kernel matrix is discretized as

Mpr =2 B2(ZZ" — L |Y € J)fu + 200 Bu(Z | Y € J)EL(Z" | Y € i) fi)?
+2) "B (Z"|Y € JEWNZ | Y € J)fu Y En(Z | Y € J)EL(Z" | Y € i) .

where the summation is over h = 1,..., H and the notation such as E,(Z |

Y € J,,) stands for sample conditional moments, defined by

EZIY € )] _ 30, Zd(Yi€ ) _ 1 Sz,

E,(Z|Y .
A N ST, € dy)

JE€JIn
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CHAPTER 2

ON PERMUTATION TESTS

FOR PREDICTOR

CONTRIBUTION IN

SUFFICIENT DIMENSION

REDUCTION

2.1 Introduction

Besides estimating relationship among predictors, another important topic

in dimension reduction is to determine predictor’s contribution via hypothesis
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test.

For X € R? and subscript i € {1,2,...,p}, denote X _; € RP"! as
(X1, X, Xigr, -, X))
One can test the contribution of X; through the following hypotheses,
Hy:Y 1L X|X_; versus H, : Y is not independent of X given X_;, (2.1)

where I denotes statistical independence. In (2.1), the null hypothesis implies
that Y is independent of X given X ;. If we fail to reject Hy, we conclude that
predictor X; does not have significant contribution to the regression between
Y and X. Hypotheses (2.1) are first proposed as the marginal coordinate
hypotheses in the seminal work of Cook (2004).

Cook (2004) also proposed the corresponding marginal coordinate test
based on SIR. A similar test based on SAVE has been discussed in Shao, Cook
and Weisberg (2007). More recently, the marginal coordinate test based on
DR is developed in Yu and Dong (2015). For marginal coordinate tests based
on SIR, SAVE and DR, a technical difficulty is to develop the distributions
of their corresponding test statistics under Hy. The asymptotic distribution
for each method-specific test statistic turns out to be a sum of weighted x?(1)
distributions, where the exact weights for each method can be found in Cook
(2004), Shao, Cook and Weisberg (2007) and Yu and Dong (2015) respectively.

As an alternative to derive the null distribution of the aforementioned
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marginal coordinate tests, we propose a unified permutation test approach.
Our proposal is easy to implement, as it only involves random permutations
of the observed predictors while fixing the responses before recalculating the
sample test statistics with the permuted samples. It applies to marginal coor-
dinate tests based on SIR, SAVE and DR, and no longer requires calculation
of the method-specific weights to determine the asymptotic null distribution.

The rest of the chapter is organized as follows. The permutation approach
with SIR is developed in Section 2.2, and the analogous approaches for SAVE
and DR are proposed in Section 2.3. Extensive numerical studies are carried
out in Section 2.4. For ease of presentation, all the proofs are delegated to the
last section 2.5. We assume normality for the predictor X throughout this

chapter.

2.2 Permutation test for predictor contribu-

tion with SIR

2.2.1 Test statistic construction

Still, we use Mgr, Mgsave and Mpg to represent kernel matrix for each

method. The we have

Proposition 2.2.1. Suppose Z is normal. Then Span(M) C Sy|z, where M
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can be MSIR; MSAVE or MDR-

We remark that the normality assumption can be relaxed to weaker assump-
tions. See, for example, the discussions in Li and Wang (2007). Proposition
2.2.1 suggests that the eigenvectors corresponding to the nonzero eigenvalues
of kernel matrices Mgir, Msayve and Mpgr can be used to recover the Z-scale
central space.

Also, recall that the null hypothesis Hy : Y 1L X|X_; in (2.1) implies
that X; has no additional contribution to Y given the other predictors. For
1=1,...,p, define e; € RP, where the ith element of e; is 1 and all the other
elements are zero. Alternatively, we can define e; as the ¢th column of the
identity matrix I,,.

The next observation is key to develop the test statistics for (2.1).

Proposition 2.2.2. Suppose Sy|z = Span(n) forn € RP*?. Then el £~1n =

0 if and only if Y 1L X|X_;.

Note that due to Proposition 1.2.1, ~'/25) is the basis of the X-scale central
space. Proposition 2.2.2 thus implies n, or the basis of the Z-scale central
space, can be used to test the conditional independence Y Il X|X_; at the
X-scale.

In the case of SIR, we have Mgr = ZhH:1 [n€n€l with &, = E(Z|Y € J;,).
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To test Hy: Y 1L X|X_;, Proposition 2.2.2 suggests us to consider
Tsir(e;) = el 71V Mg 21 %e;. (2.2)
The next result is due to Cook (2004).

Proposition 2.2.3. Suppose Span(Mgir) = Sy|z. Then Tsip(e;) = 0 if and

only if Y Il X|X_;

We have seen in Proposition 2.2.1 that the normality of the predictor will
guarantee Span(Msgr) € Sy|z. The assumption that Span(Mgr) = Sy|z is
a stronger assumption, and is known as the exhaustive recovery assumption
in the sufficient dimension reduction literature. A similar exhaustive recovery
assumption has been made in Cook (2004).

As a direct result of Proposition 2.2.3, the sample estimator of nTgr(e;),
denoted by Tnysm(ei), can be constructed to test the marginal hypotheses (2.1).
Let I(-) be the indicator function and define ¢y,(e;) = Flel XX —p)I(Y €
Ju)]- Then Tsr(e;) can be reexpressed as S.p, filon(ei) o (e:). At the
sample level, let {(X;,Y;) : 1,...,n} be a random sample of (X,Y).
Set o =n"'Y" X and B =nt Y (X; — 1)(X; — )T, The sample

estimator of nTgr(e;) becomes

n ,SIR ez —

Mm

n(ei)or (eq), (2.3)
h=1

where fr, =n"1 32" | I(Y; € J,) and ¢p(e;) =n 130 el XY (X - @) I(Y; €

Jr). As aspecial case of Theorem 1 in Cook (2004), we know that TAn,SIR(ei) =t
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S WSRY2(1) as n — oo under Hy Y I X|X_;. Here “3” means converge
in distribution, x7(1) are independent chi-square with one degree of freedom
for h = 1,...,H, and Wi® > SR > ... > W3R are eigenvalues of some
QSR € RA*H . Please refer to equation (12) of Cook (2004) for the detailed
form of Q5™. For the ease of reference, we denote D™ ~ 37 wilRy2(1) as

the asymptotic null distribution of Tn,SIR(ei).

2.2.2 A permutation test algorithm based on SIR

Permutation test is a useful tool to test independence. In the sufficient
dimension reduction literature, permutation test has been widely used to deter-
mine the dimensionality of the central space (Cook and Yin, 2001). To use
permutation test for predictor contribution, we have to transform the condi-
tional independence Y 1L X |X _; into the independence test. From the defini-

tion of Tsr(e;) in (2.2), we can rewrite Tgr(€e;) as

!

Tsr(e:) = Y fuE(e] ST Z|Y € J)E" (e] S Z|Y € 7).

h=1
The expression above suggests that a permutation test algorithm could be
naturally designed under the independence between el ~~Y/2Z and Y. The

next observation is key to the permutation test algorithm.

Proposition 2.2.4. Suppose X is normal. Then under Hy : Y 1L X|X _;, we

have Y L ef¥~12Z.
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Given {(X;,Y;) : 7 = 1,...,n} as a random sample of (X,Y), the SIR-

based permutation test algorithm to get the null distribution of TnVSIR(e,—) is

formally described next.

Al. Based on the original sample, calculate T}, sz (€;) as defined in (2.3).

A2 Fix{Y;:j=1,...,n}. For b=1,..., B, denote {Xj{b} cj=1,...,n}
as the bth random permutation of {X; : j = 1,...,n}. Then calculate

Tifgm(ei) based on the permuted sample {(Xj{b}, Y;):j=1,...,n}

A3. Calculate the p-value pgr = B~ Y0 | [(Tif’s}m(ei) > T, sir(e;)). For

given significance level «, reject Hy : Y IL X| X _; if pgr < a.

The permutation test procedure with SIR is valid due to the next result,
which states that the test statistic TAq;{f’S}IR(ei) based on the permutated sample
has the same asymptotic null distribution as TnVSIR(ei). Note that the exhaus-

tive recovery condition is not required for the next Theorem.
Theorem 2.2.1. Suppose X is normal. Then under Hy : Y I X|X_;, we
have Tiigm(ei) A D3,
We remark that step A2 in the SIR-based algorithm can be replaced by an
equivalent step as follows
A2* Fix X;, 7 =1,...,n. For b =1,..., B, denote {Y}{b} cj=1,...,n}
as the bth random permutation of {Y; : j = 1,...,n}. Then calculate

Tfs}m(ei) based on the permuted sample {(X}, Yj{b}) cj=1,...,n}.
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It follows in step A3* that the p-value is calculated as the proportion of
Tﬁs}m(ei) exceeding T, gir(€;). One can prove T i,bs}IR(ei) 2 D™ under H, :

Y I X|X_;. The proof is similar to the proof of Theorem 2.2.1, and is thus

omitted.

2.3 Permutation tests with SAVE, PHD and

DR

2.3.1 The permutation test with SAVE

As we have seen, the discretized kernel matrix for SAVE is Mgavg =
SH A2 with Ay, = f/°[I, — Var(Z | Y € J,)]. Parallel to the development
of Tsir(e;) in Section 2.2.1, we define Tsavg(e;) = Zle(engl/QAthlﬂei)Q.
Recall that f, = E[I(Y € J,)] and ¢p(e;) = Elel X1 (X — p)I(Y € Jp,)].
Denote gy (e;) = F{el[S(% — (X — p)(X — p)")S e, (Y € J)}. We

can rewrite Tsave(e;) as
H
Tsave(e:) = Z o tTon(es) + £ onles) oy, (ed)]*.
h=1
The next result is parallel to Proposition 2.2.3, and its proof is omitted.

Proposition 2.3.1. Suppose Span(Mgavp) = Sy|z. Then Tsavg(e;) = 0 if

and only if Y 1L X|X ;.
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The exhaustive coverage assumption Span(Mgsayvg) = Sy|z is commonly used
in the literature. See, for example, Shao, Cook and Weisberg (2007).

Given {(X;,Y;) : j =1,...,n} as a random sample of (X,Y), the SAVE
marginal coordinate test statistic, denoted by Tn,SAVE(ei), is constructed as

the sample estimator of nTsavg(e;). More specifically,

A

Tn SAVE ez —

Ah_ AR R ACHEACH) (2.4)

|Mm

where 1), (e;) =n"1 Y7 €] [ﬁ:—l(ﬁ: — (X, — ) (X; — ))E e (Y € Jn),
fh and gish(ei) are defined in Section 2.2.1. As discussed in Shao, Cook and
Weisberg (2007), we know that T}, save(€;) 2N S WSAVEN2 (1) as n — oo
under Hy : Y IL X|X_;. Here wPAVE > WSAVE > ... > wPAVE are eigenvalues of
some QSAVE € R¥XH - See Theorem 1 of Shao, Cook and Weisberg (2007) for
the specific form of QS?VE . For the ease of reference, we denote the asymptotic
null distribution of 7, savi(e;) by DEAVE,

The SAVE-based permutation test algorithm is presented as follows.
B1. Based on the original sample, calculate T}, savg(e;) as defined in (2.4).

B2. Fix {Y;:j=1,...,n}. Forb=1,..., B, denote {Xj{b} cj=1,...,n}
as the bth random permutation of {X; : j = 1,...,n}. Then calculate

TigAVE(ei) based on the permuted sample {(Xj{b}, Y;):j=1,...,n}.

B3. Calculate the p-value psavg = 12,) (T rEbS}AVE(ez) > TmSAVE(ei)).

For given significance level «, reject Hy : Y 1L X|X_; if psave < a.
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The permutation test procedure with SAVE is justified by the next result.

Theorem 2.3.1. Suppose X is normal. Then under Hy : Y I X|X_;, we

b} D 1SAVE

Similar to the SIR-based algorithm in Section 2.2.2, step B2 in the SAVE-

based algorithm can be replaced by an equivalent step as follows

B2*. Fix X;, j =1,...,n. For b = 1,..., B, denote {Yj{b} cj=1,...,n}
as the bth random permutation of {Y; : j = 1,...,n}. Then calculate

Tvi,bS}AvE(ei) based on the permuted sample {(X}, Yj{b}) rj=1,...,n}.

The p-value in step B3* is then calculated as the proportion of Tibg v (€i)

exceeding Tnvs ave(e;).

2.3.2 The permutation test with DR

As discussed, the discretized kernel matrix for DR is Mpr = S0 27 B,
with By, = £,/ ft/*{2L,—E[(Z - Z)(Z—Z)V|Y € J,,Y € Ji]}, where (Y, Z)
is an independent copy of (Y, Z). Note that Mpg has the similar form as
Msave. One can thus follow Tsave(e;) and define TS, (e:) = Soh_, S0 (eI 212 B, =12
After some algebra, TS, (e;) can be rewritten as TSg(€;) = 230 | £ (Wn(es)) >+
AT ol on(es)oF (e5)]?. We restate Proposition 1 of Yu and Dong (2015)

as follows.
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Proposition 2.3.2. Suppose Span(Mpg) = Sy|z. Then TPx(e;) = 0 if and

only if Y I X| X _;.

The above result is parallel to Proposition 2.2.3 and Proposition 2.3.1. Please
refer to 1i and Wang (2007) for detailed discussions about the exhaustive
coverage condition Span(Mpg) = Sy|z.

At the sample level, we define the sample estimator of nT3y(e;) as

H 2

TSDR (e:) —QHth (Vn(es))? + 4n Z » L on(e)or (e;)

We have seen in the proof of Theorem 2.3.1 that under Hy : YV I X|X_;,
Soner fi (n(€d)? = Op(n "), 4L, fi ' on(ea) ot (eq) = Op(n) and T, save(es)
Zn Z,Ijzl ft(¥n(e;))? Thus the first term in TS,DR(ei) is of order O, (1) while
its second term has order O,(n™!). The effect of the second term vanishes

2 ~

and we have TAQDR(ei) 2T, save(e;). Recall that the second term involves

Tn,sm(ei) = ”ZhH:1 f}:%h(ei)éf(ei). Thus the effect of Tmsm(ei) is ignored

in the formulation of TT?,DR(ei). To keep the balance between the term due to

SAVE and the term due to SIR, we define the modified DR test statistic
A H ~ ~ H A~ A~ ~
Toon(ed) =203 7 Wn(e)? +4n 3 frldnlendl(es).  (25)
h=1 h=1

As a sufficient dimension reduction method, an attractive property of DR is
that it combines the strength of SIR and SAVE. Our formulation in (2.5)

aims to inherit this desirable property. According to Theorem 1 of Yu and
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Dong (2015), Thpr(e;) = O,(1) and converges to a sum of weighted y2(1)
distributions under H,, which we denote as DEZ,R.

Next we describe the DR-based permutation test algorithm.

C1. Based on the original sample, calculate TmDR(ei) as defined in (2.5).

C2. Fix{Y;:j=1,...,n}. Forb=1,..., B, denote {X}b} cj=1,...,n}
as the bth random permutation of {X; : j = 1,...,n}. Then calculate

TAigR(ei) based on the permuted sample {(Xj{b}, Y)):j=1,...,n}.
C3. Calculate the p-value ppgp = B~} Zlef(fifgf{(ei) > Tn,DR(ei)). For
given significance level «, reject Hy : Y 1L X| X _; if ppr < a.

The permutation test procedure is justified by the next result. Its proof is

similar to the proofs of Theorem 2.2.1 and Theorem 2.3.1, and is thus omitted.
Theorem 2.3.2. Suppose X is normal. Then under Hy : Y I X|X_;, we
have Ti,bz];]z(ei) S DR
Similar to the SIR-based algorithm in Section 2.2.2, step C2 in the DR-
based algorithm can be replaced by an equivalent step as follows
C2*. Fix X;, j =1,...,n. For b =1,...,B, denote {Yj{b} cj=1,...,n}
as the bth random permutation of {Y; : j = 1,...,n}. Then calculate

TigR(ei) based on the permuted sample {(X}, Yj{b}) cj=1,...,n}.

The p-value in step C3* is then calculated as the proportion of TJ%R(ei)

exceeding TmDR(ei).
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2.4 Numerical studies

2.4.1 Comparisons with asymptotic tests

To demonstrate the performance of permutation test through SIR, SAVE

and DR, we generate synthetic data from the following models.

Model I: Y = 3sin(X;) + 3sin(X,) + .1e.
Model II: Y = sgn(X; + X)) exp(Xa + X,—1) + .1e.

Model IIL: Y = (X; + X,)? + Xo + X, 1 + (X3 + 1)%e.

Here, X = (Xi,...,X,)7 is multivariate normal with mean p = 0. The covari-
ance between X; and X is .5/"7! for 1 <, j < p. The error ¢ is independent of
X, and follows the standard normal distribution. In Model II, sgn(-) denotes
the sign function. The number of slices is H = 5, the predictor dimension is
set as p = 10, and we consider sample size n = 100, 400, and 800. The number
of permutations is fixed at B = 500.

Based on 500 repetitions, the proportions of p-values being smaller than
the nominal level a = 0.05 are reported. In each repetition, we test Hy :
Y L X|X_; fori=1,2,...,p. For predictors that are not predictive of Y, we
are not expected to reject Hy, and the proportions should be close the nominal
level. For predictors that are predictive of Y, we are expected to reject Hy with
a large probability, and the proportions are the estimated powers of the test.

The estimated powers are boldfaced for easy reference. All the permutation
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Table 2.1: Model I results. Frequencies of rejecting Hy with nominal 5%

tests are reported.

Model I | Method Test Xi X, X5 Xy X5 X6 X7 XS Xg X10
Asymptotic 1 .092 | .080 | .098 | .094 | .078 | .060 | .084 | .094 1

Permutation 1 .024 | .030 | .030 | .024 | .026 | .026 | .038 | .024 1

Asymptotic | .310 | .024 | .026 | .012 | .020 | .032 | .036 | .022 | .020 | .306
Permutation | .438 | .048 | .050 | .040 | .042 | .068 | .062 | .052 | .044 | .402
Asymptotic | .962 | .024 | .030 | .026 | .032 | .040 | .024 | .026 | .026 | .950
Permutation | .990 | .034 | .044 | .040 | .042 | .058 | .044 | .034 | .040 | .972
Asymptotic 1 .056 | .056 | .062 | .062 | .064 | .062 | .074 | .064 1

Permutation 1 024 | .024 | .022 | .026 | .028 | .024 | .042 | .034
Asymptotic | .996 | .048 | .044 | .036 | .034 | .044 | .040 | .032 | .044
Permutation | .998 | .056 | .064 | .042 | .046 | .056 | .048 | .046 | .054
Asymptotic 1 .032 | .046 | .024 | .040 | .046 | .034 | .042 | .054
Permutation 1 .036 | .036 | .028 | .032 | .050 | .036 | .044 | .052

SIR

n =100 | SAVE

DR

SIR

n =400 | SAVE

DR

Ry Sy [ e =

test results are based on permutation of the predictors as described in A2, B2
and C2. The results based on permutation of the responses (described in A2*,
B2* and C2*) are very similar, and are thus omitted. The permutation tests
with SIR, SAVE and DR are compared with their corresponding asymptotic
tests, which have been introduced in Cook (2004), Shao, Cook and Weisberg
(2007), and Yu and Dong (2015).

We summarize the simulation results of Model I in Table 2.1. For the
active predictors X; and X1, the estimated powers of the SIR-based tests and
the DR-based tests are one or close to one. The SAVE-based tests have less
desirable powers with n = 100. Although the powers improve as sample size
increases, the SAVE-based tests are still not as powerful as the SIR and DR
counterparts. It is well-known in the sufficient dimension reduction literature

that SAVE is suboptimal when the link function between the response and
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the predictor is monotone or close to linear. We see from Table 2.1 that
the SAVE-based tests inherit this limitation. For the inactive predictors X,
through Xy, the estimated Type-I errors are close to the nominal level. When
the sample size increases, the approximation of the estimated Type-I errors
to the nominal level improves. For the SAVE-based and the DR-based tests
in Model I, the overall performances of the proposed permutation tests and
the existing asymptotic tests are very similar in terms of both the estimated
powers and the estimated Type-I errors. In terms of computational efficiency,
the permutation test is computationally intensive when the sample size is
large, and the asymptotic test is preferable with large n. On the other hand,
the asymptotic test seems to be too liberal for the SIR-based tests, especially
when n = 100. Thus the permutation test provides a safe alternative to the
asymptotic test when the sample size is small.

Table 2.2 summarizes the results of Model II. The permutation tests and
the asymptotic tests again have very similar performances. For inactive predic-
tors X3 through Xg, the estimated Type-I errors are generally close to the
nominal level. Note that X; and X are active due to the sign link func-
tion, while Xy and Xy are active due to the exponential link function. The
SIR-based tests and the DR-based tests have large powers for all the active
predictors. Because both the sign function and the exponential function are

monotone, the SAVE-based tests suffer from low powers when n = 100, and
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Table 2.2: Model II results. Frequencies of rejecting Hy with nominal 5%

tests are reported.

Model IT | Method Test Xi X, X3 Xy X5 Xg X7 Xg Xg X10
Asymptotic 1 1 .084 | .104 | .068 | .090 | .084 | .084 1 1

Permutation | .996 1 .020 | .018 | .008 | .018 | .014 | .024 1 .998
Asymptotic | .098 | .080 | .036 | .040 | .026 | .026 | .014 | .020 | .088 | .104
Permutation | .150 | .148 | .060 | .082 | .042 | .048 | .046 | .052 | .164 | .144
Asymptotic | .882 | .906 | .034 | .042 | .030 | .028 | .020 | .024 | .910 | .862

SIR

n =100 | SAVE

DR ermutation | .910 | .936 | .038 | .050 | .028 | .036 | .026 | .036 | .034 | .892
am | Awmpiotic | T | 1 | 046 | 054 | 048 | 052 | 04 [ 054] 1 1
Permutation | 1| 1 |.016 | .016 | .012 | .014 | .018 | .08 | 1 i

Asymptotic | .926 | .980 | .048 | .034 | .030 | .036 | .052 | .044 | .988 | .912
Permutation | .946 | .986 | .062 | .042 | .042 | .040 | .062 | .060 | .994 | .932
Asymptotic 1 1 .046 | .038 | .036 | .032 | .042 | .054 1 1
Permutation 1 1 .042 | .030 | .024 | .028 | .034 | .038 1 1

n =400 | SAVE

DR

the powers of the SAVE-based tests improve when n = 400.

The results of Model III are reported in Table 2.3. Similar to what we
have seen in Models I and II, the performances of the permutation tests and
the asymptotic tests are close to each other. Note that X; and X, are active
due to the square link function in the regression mean, X, and Xy are active
due to the linear link function in the regression mean, and X3 is active due
to the heteroscedasticity in the regression variance. For inactive predictors
X, through Xg, the estimated Type-I errors are close to the nominal level.
Due to the complexity of the link functions, all three tests have low powers
with n = 100. The powers increase as n increases to 400, and the improvement
varies across different methods and different active predictors. For X; and X
that appear in the square term, the SIR-based tests suffer from low powers even

with n = 400. As a dimension reduction method, it is known that SIR is not
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Table 2.3: Model III results. Frequencies of rejecting Ho with nominal 5%

tests are reported.

Model IIT | Method Test X, X5 Xj Xy X5 X6 X7 XS Xg XlO
STR Asymptotic | .178 | .600 | .480 | .086 | .090 | .092 | .070 | .094 | .638 | .162

) Permutation | .108 | .486 | .364 | .036 | .036 | .050 | .034 | .038 | .526 | .082

n—=100 | SAVE Asymptotic | .232 | .022 | .034 | .020 | .032 | .024 | .020 | .020 | .014 | .222
Permutation | .318 | .054 | .078 | .040 | .066 | .052 | .060 | .048 | .040 | .328

DR Asymptotic | .258 | .226 | .178 | .022 | .038 | .032 | .022 | .028 | .236 | .236

Permutation | .330 | .286 | .222 | .032 | .064 | .058 | .034 | .044 | .284 | .314

SIR Asymptotic | .408 | .998 | .978 | .068 | .058 | .070 | .064 | .064 | .998 | .436

Permutation | .382 | .998 | .974 | .048 | .032 | .050 | .052 | .040 | .998 | .418

n—400 | SAVE Asymptotic | .966 | .110 | .150 | .038 | .034 | .040 | .036 | .038 | .102 | .974
Permutation | .976 | .128 | .186 | .044 | .048 | .058 | .040 | .046 | .124 | .978

DR Asymptotic | .978 | .972 | .872 | .042 | .022 | .042 | .058 | .042 | .968 | .976

Permutation | .972 | .976 | .880 | .044 | .026 | .052 | .050 | .050 | .974 | .982

exhaustive when the link function is symmetric. Although the Type-I errors

are not affected, we observe that the SIR-based tests will have large Type-II

errors for those active predictors that appear in the symmetric terms. The

SAVE-based tests have large powers for X; and X;o with n = 400. However,

for X5 and Xy that appear in the linear term and for X3 that appears in the

variance term, the SAVE-based tests suffer from low powers. The DR-based

tests enjoy the best overall performances, and have large powers for all active

predictors when n = 400. As we have discussed in Section 2.3.2, the DR-based

tests combine the strength of the SIR-based tests and the SAVE-based tests.

The simulation results in Model III confirm that the DR-based tests enjoy the

best performance across a wide range of link functions.




30
2.4.2 Permutation tests with transformations for non-
normal predictors

Since the proposed permutation tests rely on the normality assumption
of the predictors, it is interesting to examine their performances when the
normality assumption is violated. In the presence of non-normal predictors,
marginal predictor transformation has been suggested in the sufficient dimen-
sion reduction literature to facilitate estimation of the central space. See, for
example, Wang, Guo and Zhu (2014), and Mai and Zou (2015). In this section,
we study the effect of marginal predictor transformation on the permutation
test for non-normal predictors. We focus on the setting when the original
predictor X = (Xj,...,X,)” becomes normal after some suitable marginal

transformations. Consider the following model
Model IV: Y = 3sin(w(X;)) + 3sin(w(X,)) + .1e.

Here the error € is independent of X and follows the standard normal distri-
bution. Denote the transformed predictors as W = (w(Xy),...,w(X,))7T,
where w : R +— R is a marginal transformation of the original predictor.
Suppose W' is multivariate normal with mean 0, and the covariance between
w(X;) and w(X;) is 5 for 1 < i,j < p. Consider three cases for the
marginal distribution of X;, ¢ = 1,...,p. In case (i), X; ~ Uniform(0,1) has

the standard uniform distribution, and the corresponding transformation is
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w(-) = ®YF,(-)}. Here 7! is the inverse of the standard normal distribu-
tion function and F), is the standard uniform distribution function, which is
the identity mapping. In case (i7), X; ~ x?(2) follows the chi-squared distribu-
tion with 2 degrees of freedom, and the transformation is w(-) = ®~{F\2(-)},
where F,: is the x?(2) distribution function. In case (i), X; ~ Cauchy(0,1)
has the standard Cauchy distribution, and the corresponding transformation
is w(-) = Y F.(-)}, where F, is the standard Cauchy distribution function.
At the sample level, the marginal predictor transformation described above is
known as the Yeo-Johnson transformation (Yeo & Johnson, 2000).

Suppose we observe {(X(;),Y(;)) : 7 = 1,...,n} from Model IV, where
X = (X, X(p)'. Based on these observations, we want to test
Hy:Y 1L X|X_; fori=1,2,...,p. Two approaches are considered for the
permutation tests. The first approach is to carry out the proposed permutation
test directly as in Section 2.4.1. The second approach is to address the non-
normality of X through marginal predictor transformations. Since the actual
transformation w(-) is unknown in practice, we estimate w(-) through the
empirical distribution function. Specifically, let r(;y; = > I(X @y < X))
be the rank of X(;); among {Xq);, ..., Xy} Then F,(X ), F\2(X():) and
F.(X(jy) can all be estimated by F(X(;;) = r(;:/(n + 1). The marginally
transformed predictors become W(j) = (W(j)l, . ,W(j)p)T, where W(j)i =

Q*I{F(X(j)i)} forj=1,...,nandi=1,...,p. This transformation is known
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as the Yeo-Johnson transformation (Yeo and Johnson, 2000) in the literature.
The permutation test is then carried out based on these transformed predic-
tors. We fix n = 100 and p = 10. The number of slices is set as H = 5 and
the number of permutations is fixed at B = 500.

Based on 500 repetitions, we report the results of the SIR-based permu-
tation test in Table 2.4. In cases (i) and (ii), the permutation tests with
or without predictor transformation have similarly good performances, where
the estimated powers are large and the estimated Type-I errors are close to
the nominal level. When the predictors have the uniform distribution or the
chi-squared distribution in this model, the proposed permutation test can still
work well and is not sensitive to the normality assumption. For predictors with
the Cauchy distribution in case (iii), the permutation test without predictor
transformation no longer works well. We see that the estimated powers are
low for active predictors X; and X;g, and the estimated Type-I errors for inac-
tive predictors X, and Xy are inflated. On the other hand, the permutation
test with marginal predictor transformation performs very good, implying that
predictor transformation can be beneficial when the normality assumption is

violated.
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Table 2.4: Model IV with SIR-based permutation test. Frequencies of

rejecting Hy with nominal 5% tests are reported.

Case | Transformation | X3 X X3 Xy X5 Xs X7 Xs X X0
(i) No 1 .026 | .028 | .036 | .020 | .022 | .026 | .038 | .024 1
Yes 1 .026 | .034 | .036 | .026 | .028 | .026 | .038 | .024 1
(“) No .988 | .032 | .020 | .030 | .018 | .032 | .018 | .026 | .030 | .990
Yes 1 022 | .028 | .034 | .026 | .028 | .028 | .030 | .026 1
(ZZZ) No 476 | .140 | .046 | .054 | .042 | .038 | .046 | .038 | .132 | .462
Yes 1 028 | .028 | .032 | .030 | .032 | .030 | .032 | .024 1

2.4.3 A real data analysis

In this section, we consider a real data analysis with the horse mussel
data. This data set contains n = 82 observations collected in an ecological
study in New Zealand. The response is a mussel’s muscle mass in g. The
four predictors are the shell height in mm, the shell length in mm, the shell
mass in g, and the shell width in mm. This data set is available in R under
the dr package. It has been studied before in Cook & Weisberg (1994) and
Wang et al. (2014). Due to the potential non-normality in the predictors, we
apply the Yeo-Johnson transformation to all four predictors. In the discussions
below, the response variable muscle mass is denoted as M. For the marginally
transformed predictors height, length, mass and width, we denote them as Ht,
L, S and W, respectively.

Without fitting a model, we want to decide which of the four predictors are
predictive of the response. Consider the backward elimination procedure with

the DR-based permutation test. This procedure can be viewed as a model-free
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version of the classical backward elimination procedure in linear models. As
we have seen in section 2.4.1, the DR-based test has the best performance
across a wide range of link functions. Fix the number of permutations to be
B = 2000 and set the nominal level at .05. In the first iteration, the p-values
are .118, .011, .084 and .041 for Ht, L, S and W. Thus we delete the least
significant predictor Ht. In the second iteration, the p-values for L, S and
W are .054, .025 and .032, and the least significant predictor L is deleted. In
the third iteration, the p-values for S and W are .010 and .011. Using .05 as
the nominal level, no more predictors can be deleted. The conclusion is thus
M 1L (Ht,L,S,W)|(S, W), or the mussel’s muscle mass can be fully predicted
by the shell mass and the shell width.

Next we consider a modified version of the problem. We keep the first
two predictors shell height Ht and shell length L, and replace the remaining
two predictors with two independent standard normal predictors Z; and Z,.
We refer to (Ht, L, Z1, Z5) as the modified predictors. We rerun the backward
elimination procedure to decide which of the modified predictors are predictive
of the response. Based on the same DR-based permutation test with B = 2000
repetitions, the p-values for Ht, L, Z; and Z, are .051, .065, .624, and 0.966.
The least significant predictor Z; is thus deleted in the first iteration. In the
second iteration, the p-values for Ht, L and Z; are .038, .047 and .603, and 7,

is deleted. In the third iteration, the p-values for Ht and L are .032 and .040.
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With both p-values smaller than .05, no more predictors can be deleted. The
conclusion becomes M I (Ht, L, 7y, Zs)|(Ht, L), or the mussel’s muscle mass
can be fully predicted by the shell height and the shell length.

To understand the seemingly contradicting results in the two settings, the
pairwise scatterplot matrix of Ht, L, S, W and M is provided in the left panel
of Figure 2.1. We see that the four variables in the original data are highly
correlated, and they are all highly correlated with the response M. This
scatterplot matrix provides additional insight to our conclusion in the first
setting. Although Ht and L are marginally correlated with the response M,
due to their large correlations with .S and W, we do not have enough evidence
to reject the hypothesis that Ht and L are independent of M conditioning on
S and W. In the right panel of Figure 2.1, we provide the pairwise scatterplot
matrix for the modified predictors Ht, L, Zy, Z, together with the response
M. Tt is obvious in the second setting that M is independent of Z; and Z,, and
we can reach the conclusion that M Il (Ht, L, Zy, Zs)|(Ht, L), or M depends

on (Ht, L, 7y, Z5) only through Ht and L.

2.5 Proofs

PROOF OF PROPOSITION 2.2.2. Let B3 = X~'/25. Proposition 1.2.1 states
that Span(3) = Sy|x and it follows that Y Il X |37 X. Note that e; is the ith

column of I,. Denote I_; € RP*(P=1) as the p— 1 columns of I, other than the
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Figure 2.1: Left panel: the scatterplot matrix of the response M together
with the transformed predictors Ht, L, S and W. Right panel: the scatterplot
matrix after replacing predictors S and W with independent standard normal

predictors Z; and Z,.
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ith column. Then e/ X = X; and I”,X = X ;. For the “if” part, Y I X|X _;
implies Y I X|IT,X. Thus Span(B) C Span(I_;), and 8 = I_;C for some
C € RP=1xd Together with the fact that e/ T_; = 0 and 8 = X7/%n, we
have e/ 3712 = eI'T_;C = 0. For the “only if” part, e ~/2n = 0 implies
that 3%e; = 0. Since e; is the ith column of I, the ith column of 87 = 871,
is 0. We denote B_; € R®P=D*4 a5 the p — 1 rows of 3 other than the ith row.
Now that the ith row of 3 is 0, it is easy to see that 87X = 87, X _;. Together
with the fact that Y Il X |87 X, we have Y Il X|B%, X _;, which then leads to

Y 1L X|X_. O

PROOF OF PROPOSITION 2.2.3. From Proposition 2.2.2; all we need to show is
that Tgir(e;) = 0 if and only if el £~1/2n = 0, where Span(n) = Sy|z. For the
“if” part, note that &, € Span(n). Thus el X~/2n = 0 implies e/ X71/2¢, = 0
for h = 1,..., H, and Tsm(e;) = Soi, fu(eFS712€,) (eI S1/2¢,)T = 0 as a
result. For the “only if” part, Tsir(e;) = 0 implies that ef2*1/2£h = 0 for
h =1,...,H. Because Span(&;,...,&€x) = Span(Mgr) = Sy|z = Span(n),

we have e/ 371/ = 0. 0

PROOF OF PROPOSITION 2.2.4. Denote I_; € RP*(®=1) as the p — 1 columns
of I, other than the ith column e;. Then we have ITiX = X_,. Hence

Y I X|X_; leads to Y IL X|I”, X, or equivalently Y IL Z|T*,%/2Z. The last
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conditional independency guarantees that Y 1 el "12Z|IT,31/2Z. On the
other hand, we have Cov(e! X7V2Z 1T, 312Z) = I'S~1V/2Var(Z2)SV?1_; =
elT_; = 0. The normality assumption thus implies e/ X~Y/2Z Il 17, %/2Z.
Together with Y 1L eI S"12Z|IT,2Y2Z we have Y I (eI 2712 Z IT,XV2Z).

It follows immediately that Y 1L el X1/2Z. a

ProoF orF THEOREM 2.2.1. Note that @& and 3 are the same before and after
the permutation. Recall that ¢y (e;) = n~* > e TSYX; — p)IY; € )
and denote ¢} (e;) = n! el INX; = wI(Y; € Jy). Then onle;) =
0,(n™112), Gi(e:) = Op(n=""2) and dules) = di(er) + Opn~"). We also have

fh—l — fit = 0,(n"/?). Tt follows that

T D
ez(b ez =

h=1 h=1

n SIR ez —

1¢h (ei (‘bh(@%)) ) (2.6)

Mm
Mm

«Dy

where means having the same asymptotic distribution. Let q@,gb}(ei) =

n S T STUX Y - @) 1(Y; € Jy) and G () =0t S, e B (XY -
w)I(Y; € Ji). Then QE;{lb}@i) = 0,(n"1?), Azb}*(ei) = 0,(n""?) and qg;{zb}(ei) _

Aéb}*(ei) + O,(n~1). Thus we have

T

b b b* blx
Todmled) =n 3 fi 101" ()(8,” (e0) —nth W (e o ()

h=1

(2.7)

To prove T, sir(€:) Z TT;{?S}IR(@), we see from (2.6) and (2.7) that it suffices
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to show that {¢{"*(e;), . .., Agj}*(ei)} Z{di(es), ..., die)}t. We express
op(e;) =n! Zujh and é}gb}*(ei) =nt Z U§2}7 h=1,..., H, (2.8)

where uj, = e/ S (X, — p)I(Y; € Jy) and uly) = T2 Y X — p)I(Y; €
Jn). Denote U; = (uji,...,u;z)’ € R¥ and Ujf{b} = (u oy jl}}) €

Ui

R¥. From (2.8) and the multivariate continuous mapping theorem, we know
{0 (), 0 (e} 2 {di(er), ... dulen)} as long as {U,....U,} 2
LA JALY

From the independency of the random sample and the result of Propo-
sition 2.2.4, {7271 X, ..., el 271X, V), ..., Y, } are mutually independent.
By noticing X 2 x ]{b}, we have the following facts: a) U; 2 Uj{b} for any
fixed j; b) Uy, ..., U, isiid;c) UM, ..., UM isiid. Combine a), b) and c)

and we have {Uy,...,U,} Q{Ul{b},---,Uib}}. -

PROOF OF THEOREM 2.3.1. Define K = (ky,...,ky)T € R¥ with the hth
element as kj, = f,;l/Q[wh(ei)—i-f}:l%(ei)(bg(ei)]. Then Tsave(e;) = KTK. The
sample version K = (ky, ..., kg)T has the hth element as kj, = fh_lﬂ[zﬂh(ei) +
fitdn(e)dF (e;)]. Thus we have T, save(e;) = nKT K. Following the proof of
Theorem 1 in Shao, Cook and Weisberg (2007), we know kj, = O,(n~/2) under

Hy:Y I X|X_;. By noting that ¢, (e;) = O,(n~"/2) and ¢ (e;) = O,(n~"/2)



40

under H,, we have

/\ ~

H
h‘ [Dne:) + fi onlen) o (e))* 2 Z (e:))”.

nSAVE ez =

Mm

A

Recall that ,(e;) = n 137 el (B2 — (X, — ) (X; — @)))E e I(Y; €
Ju). Define 47 (e;) = n 320 e [B7(E — (X — p)(X; — ) )E el (Y] €
Ju). Tt can be shown that under Hy, ¢ (e;) = Op(n~"/2) and ¢y, (e;) = 17 (e;) +

O,(n~Y). Together with f,* — fi* = O,(n"/?), we have under Hy,

|b
M::

(4 (e))?. (2.9)

n ,SSAVE 61
h=1

After the random permutation, use similar argument and we have under H,

H
b D b}
Tis}A\/E (e:) = Z i (e)?, (2.10)

where " (e)) = n =t 31 el [BHE— (X — ) (X[ — )Y B e; 1(Y; €
Jp). To prove TmSAVE(ei) 2 TﬁS}A\,E(ei), we see from (2.9) and (2.10) that
: o b D g e
it suffices to show that {7 (e;),..., ¥y (&)} = {¥i(e), ..., ¥5(ei)}. We
express

Vi (e) =nt Zvjh and @@}{Lb}*(ei) =nt ZU}Z}, h=1,...,H, (2.11)

=1 j=1

where vj, = el [E7HE — (X; — pu)(X; — p)")E e, I(Y; € Jp) and v{ b =
BN E (X ) (X)) Yed (Y, € Jn). Denote V; = (vj1, ..., vju)" €

A and V}{b} = ( ﬂ)}, o ,v]{g)T € R”. From (2.11) and the multivariate

continuous mapping theorem, we know {1\ (e;), ..., i (e)} 2 {0t (es), ... b5 (es)}
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if we have {Vi,...,V,} 2 {Vl{b},...,Vn{b}}. The latter is true due to the

following facts: a) V; 2 V}{b} for any fixed j; b) V4,...,V, is iid.; c)

v v isiid O
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CHAPTER 3

CLUSTER-BASED LEAST

ABSOLUTE DEVIATION

REGRESSION FOR

DIMENSION REDUCTION

3.1 Introduction

Least absolute deviation (LAD) regression is an important tool for regres-
sion analysis. In the case of heavy-tailed error distribution, asymmetric error
distribution, and in the presence of outliers in the response variable, it is well-

known that LAD is preferable to the ordinary least squares (OLS) estimation
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in linear regression models. Compared to the widespread applications of OLS
estimation, the use of LAD is limited historically due to its computational
challenges. With the availability of high-speed modern computation and the
advancement of ¢;-type regression algorithms, LAD for linear regression has
seen much development in recent years. Among others, Koenker and Bassett
(1978) investigated the asymptotic analysis of LAD regression as a special
case of quantile regression, a comparison between the computational aspects
of LAD and OLS was discussed in Portnoy and Koenker (1997), and a survey
of LAD regression was provided in Narula and Wellington (1982).

As a popular semiparametric method, single-index model (Brillinger, 1983)
keeps the index structure of the classical linear regression, while the identity
link function in linear regression is generalized. Namely, the response depends
on a linear combination of the predictors with some unknown link function.
The asymptotic properties of fitting single-index models through nonlinear
least squares have been systematically treated in Ichimura (1993) and Hardle et
al. (1993). More recently, the single-index quantile regression was investigated
in Wu et al. (2010).

Li and Duan (1989) revealed an interesting fact about direction estimation
in single-index models. Instead of estimating both the unknown link function
and the unknown index for dimension reduction, it was shown that one can

directly recover the linear combination through OLS without estimating the
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unknown link function. Although the underlying link function in single-index
models is not the identity link, one can use OLS for the purpose of dimension
reduction as if the identity link assumption still held. Li and Duan (1989)
referred to this phenomenon as “regression analysis under link violation”. A
global linear conditional mean assumption was introduced in Li and Duan
(1989) to facilitate their analysis. Li et al. (2004) proposed a cluster-based
OLS procedure, which relaxed the global linear conditional mean assumption
to the more flexible local linearity assumptions at the cluster level.

Both the procedures in Li and Duan (1989) and Li et al. (2004) will
fail when the error distribution is heavy-tailed or contaminated by outliers.
To address this limitation, we propose a cluster-based LAD procedure for
dimension reduction in single-index models. Our proposal naturally inherits
the benefits of LAD over OLS in linear regression, and is insensitive to the
error distribution or the outliers in the response.

The rest of the chapter is organized as follows. LAD and cluster-based
LAD for dimension reduction are developed in Section 3.2 and Section 3.3

respectively. Numerical studies are presented in Section 3.4.
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3.2 LAD for dimension reduction

3.2.1 LCM assumption and LAD for dimension reduc-
tion

For univariate continuous response Y and p-dimensional predictor X, suppose

Y and X follow the single-index model

Y =g(la+B"X) +e. (3.1)

Here o € R, B € RP, the error ¢ is independent of X, and g : R +— R is an
unknown link function. When g(-) is the identity link, model (3.1) becomes
the linear regression model.

With identity link function in (3.1), we estimate 8 through the classical

least squares optimization problem
argmin B{(Y —a — b" X)?} over a € R and b € R?.

The minimizer of b is known as the OLS estimator, and we denote it as Bors.
It turns out that Bors = X 'cov(X,Y), where ¥ = Var(X). When ¢(-) is the
identity link, cov(X,Y) = 38 and Bors becomes exactly 8 in (3.1). Under

the linear conditional mean (LCM) assumption that
E(X|BT X) is a linear function of 87 X, (3.2)

Li and Duan (1989) showed that Bors is proportional to 3 for unknown g(-)
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in (3.1). Hence OLS can be used to recover 8 without estimating the link
function.
Let {(X(),Y(¢)) : ¢ =1,2,...,k} be a partition of (X,Y) according to X.

Li et al. (2004) considered
argmin E{(Y{¢) — a() — b(TC)X(C))Q} over a(y € R and by € RP.

Denote the minimizer of by in the cth cluster as Bovs,), ¢ = 1,2,...,k.
Assuming that the LCM assumption holds for each cluster X, then Borg, ()
will be proportional to 3. At the sample level, the sample estimators [;'OL&(C)
across different clusters are synthesized to get the final cluster-based OLS
estimator of 3. Please refer to Li et al. (2004) for the details of the sample
cluster-based OLS algorithm.

Consider sample level linear regression model V; = oo + 87X, + ¢, i =
1,...,n. The LAD regression then minimizes the mean absolute deviation
ntY O el =0Tt Y [V —a— BT X,|. The LAD estimators are maximum
likelihood estimates when the error €;’s are i.i.d. double exponential distribu-
tion. The main result in this section is that LAD can be used to recover 3 in

the single-index model (3.1).

Proposition 3.2.1. Under model (3.1) and the LCM assumption (1.3.1),

consider minimization problem

min L(a, b) over a € R and b € R?, where L(a,b) = E{|Y —a —b" X|}.
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Suppose the minimizer of b is unique and denote it as Bpap. Then Brap is

proportional to B in (3.1).
PRroOOF. By the law of iterative expectation and Jensen’s inequality, we have
L(a,b)=E [E{lY —a—-b"X||Y,8"X}| > E{|E(Y —a—-b"X|Y,8"X)|}.

Under model (3.1), Y is independent of b7 X given 87 X, and E(b" X|Y, BT X))
becomes E(b” X |87 X). The LCM assumption (1.3.1) implies that F(b" X |37 X) =

7637 X for some constant 7. Together, we have
L(a,b) = E{|Y —a—b"X|} > B{|]Y —a— 78" X|}.

Thus if Brap minimizes L(a, b), it has to be proportional to 3 given that the

minimizer is unique. O

3.2.2 An illustration: the role of LCM assumption

We consider a toy example to fix the ideas. Suppose there are two predic-
tors X and X5. Let X7 ~ Uniform(0, 1), Xo = Xj+e with e ~ Uniform(—0.3,0.3),
and Y = log(X;) + . Then X = (X1, X2)”, B8 = (1,0)T and 87X = X in
model (3.1). The population correlation between X; and X, is calculated
as 0.857. We want to compare the performance of the OLS estimator BOLS

and the LAD estimator BLAD. Since 3 has unit length, we normalize BOLS
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Figure 3.1: Scatterplot of Y versus X; for model Y = log(X;) + ¢.

and ﬁLAD such that they also have unit length. The sample size is fixed at
n = 100.

First we consider the case with e ~ Normal(0,0.1%). This is exactly
the case considered in Section 2.4 of Li et al. (2004). In a typical run
as depicted in panel (a) of Figure 3.1, we get Bors = (0.999,0.053)7 and
Biap = (0.992,0.126). Although we have a nonlinear logarithm link func-
tion and there is high correlation between X; and X,, both OLS and LAD
successfully recover the true direction B = (1,0)7. Next we consider the case
when ¢ follows a Cauchy distribution with location parameter 0 and scale
parameter 0.1. In a typical run as depicted in panel (b) of Figure 3.1, we get
Bors = (0.953,0.302)7 and Brap = (0.999,0.025)7. Note that Y has a much

wider range in this case due to the heavy-tailed distribution of . As a result,



49

(@) x2=x1+e (b) x2 =log(x;) +e
N o
i 4
4
%o . a4 amg
S - ° %% 3 iy B
& - — 3§ %3% 3P
o o & o T %% 8
S ° 2
o & ©
© o © °s ~ %2
(= ©o° o <] [
~ oo © ~ 11
3 o © [S) &0 ° < 1
S ° e ® f° ogo 1
S -y o ° m | 2
° o8 o o © 1 1
o~ CGC’O ° °
=2 o o
° & 5
o @ < 1
ST o @
1
N * w |
T Lo '
T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X1 X1

Figure 3.2: Scatterplot of X, versus X; with e ~ Uniform(—0.3,0.3). The
labels for the points in panel (b) denote the clustering result from k-means

with k£ = 4.

OLS for dimension reduction does not work as well as the normal error case,
while LAD keeps up the good performance. This is as expected, and we have
demonstrated that LAD inherits its advantage over OLS in linear regression.

Now we explore the limitation of LAD for dimension reduction. Keep all
the other settings the same except that we now set Xy = log(X;) + e with
e ~ Uniform(—0.3,0.3). Consider the case as in panel (b) of Figure 3.1, where
¢ has the Cauchy distribution. Without ambiguity, we will refer to this setting
as the modified setting. In a typical run of this modified setting, we get
Bos = (—0.768,0.639)T and Brap = (0.693,0.721)T. We see that LAD no

longer performs well. As discussed in Section 3.2, the LCM assumption (1.3.1)
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plays a key role in recovering 3. From panel (a) of Figure 3.2, we see that the
LCM assumption holds when X, = X + e. On the other hand, E(X,|X7) is
nonlinear in panel (b) of Figure 3.2 and the LCM assumption does not hold
when X5 = log(X;)+e. From the proof of Proposition 3.2.1, it is not a surprise

that Brap can no longer recover (3.

3.3 Cluster-based LAD for dimension reduc-
tion

3.3.1 A sample level algorithm

Motivated from the discussions in Section 3.2.2, we propose cluster-based
LAD for dimension reduction. Clustering provides a natural solution to the
violation of the LCM assumption (1.3.1). We implement k-means clustering
(Hartigan, 1975) with k£ = 4, and present the clustering result in panel (b) of
Figure 3.2. Here all the points with the same label (1 through 4) belong to
the same cluster. We choose k-means as it is one the most popular clustering
algorithms and it is easy to implement.

Although E(X,|X7) is nonlinear over the entire support of X, we see that
E(X3|X;) is approximately linear within each cluster. Recall that when the
response Y has Cauchy error, the normalized LAD estimator in the modified

setting is BLAD = (0.693,0.721)" without clustering. Denote BLAD,(C) as the
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normalized LAD estimator of 3 within each cluster for ¢ = 1,2, 3,4. It turns
out that Brap 1y = (0.995,0.099)7, Brap 2 = (0.944,0.331)7, Brap,s) =
(0.999,0.016)T, and BLAD7(4) = (0.982,0.188). Obviously, the LAD estimator
within each cluster is more accurate than the original LAD estimator. After
synthesizing across different clusters, we denote the final cluster-based LAD
through k-means as B[k]_L AD, Which turns out to be very accurate as 6[4}—L AD =
(0.999,0.033)7.

Now we present the step-by-step cluster-based LAD algorithm, and we
will see exactly how to synthesize estimators across different clusters. Let
{(X;,Y;) :i=1,2,...,n} be a random sample of (X,Y") generated from the

single-index model (3.1).

1. Perform k-means clustering according to {X; : i = 1,2,...,n}. After
clustering, denote the observations in the cth cluster as {(Xi ), Yi (o)) :

i=1,2,...,n.} forc=1,2,... k. Here n, is the sample size of the cth
cluster and 3% | n. = n.
2. For c=1,2,...,k, solve minimization problem
arg min nc_l Z ‘Y;,(C) — Q) — b%;)XMC)‘ over a( € R and by € R”.

=1

Denote the minimizer of b as ,[;’E AD,(0)"

3. Let éfc) = \/(BEAD,(C))TBEAD,(C) be the length of B}:AD’(C). Calculate the

normalized within cluster estimator as Brap,) = B, AD,(¢) / E(kc). Denote
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B c Rk a5 B = {BLAD’(D, . ,,éLAD7(k)}, where the cth column of B

18 BLAD,(C) :

4. Denote diagonal matrix D € R¥* as D = diag(n/n, ..., n/n), where

the cth diagonal element of D is n./n. Calculate Q@ = BDBT.

5. Perform eigen-value decomposition of Q. The eigenvector corresponding
to the largest eigenvalue of 2 is the final cluster-based LAD estimator,

and is denoted as B[k]_LAD.

The algorithm above synthesizes the within cluster estimators through
eigen-value decomposition. Since it is the direction, not the scale, of the
LAD estimator BE AD,(¢) 1D Step 2 that we want to synthesize, the normalized
estimator BLAD,(C) is calculated in Step 3. Step 4 is a reweighting step where
the weight of each within cluster estimator is proportional to the correponding

cluster size.

3.3.2 Population level justification

We provide the justification for the sample level cluster-based LAD algo-
rithm in this section. Suppose (X,Y) are generated from model (3.1). Let
{H1, Hs, ..., Hy} be a partition of the support of X. For ¢ = 1,...,k, define
X = XI(X € H.) and Y,y = YI(X € H.), where I(X € H,.) is the

indicator function of X belonging to H.. Let D = diag(fi,..., fx), where
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fe = E{I(X € H.)} is the probability of X belonging to H.. For ¢ =1,... k,

consider optimization problem
argmin E{|Y{¢) — a() — b%;)X(C)\} over a(y € R and b € RP.

Suppose the minimizer of b is unique and denote it as B} AD,(0)- Normalize
B}:AD’(C) to get Brap, ) = ,BEAD’(C)/K’("C), where é’(kc) is the length of ,BEAD(C).
Denote B = {ﬁLAD,(l); R 7/3LAD,(k)} and Q = BDBT Let /B[k]—LAD be the

eigenvector corresponding to the nonzero eigenvalue of €2. We have

Proposition 3.3.1. Suppose that E(X (|8 X)) is a linear function of 87 X

forc=1,... k. Then Byj—rap is proportional to B in (3.1).

PROOF. From Proposition 3.3.1, we know that 3], (c) 18 proportional to 3.
Thus Brap,) is proportional to B. It follows that the column space of B
and the column space of € are both spanned by 3. As the eigenvector corre-

sponding to the only nonzero eigenvalue of €2, Bjx)—Lap is proportional to 3. O

We refer to the condition in Proposition 3.3.1 as the local LCM assumption,
which is the key assumption to guarantee the proportionality between 3} AD,(0)
and 3. The normalization step and the reweighting step of the algorithm are
not essential to the proof of Proposition 3.3.1, and different weighting schemes
can be used in applications. Generally speaking, let wy,...,w, be positive

constants and define €2, = Zle WeB ap, (o) (Br AD’(C))T. Then we can recover
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B through eigenvalue decomposition of €2,,,.

3.3.3 Determination of cluster number k

An important issue in application is to determine the number of clusters
in the k-means algorithm. We propose to implement a data-driven procedure
based on local linear median regression, which is a special case of the local
quantile linear regression in Yu and Jones (1998). Compared with the local
linear least squares regression, local linear median regression is less sensitive
to outliers in the response and potential heavy-tailed error distribution.

For random sample {(X;,Y;) : ¢« = 1,2,...,n} and candidate cluster
number k, ,é[k}_LAD is the cluster-based LAD estimator. Let %k} = B[YI;]—LADXi
and we perform local smoothing based on {(2l[k], Y;):i1=1,2,...,n}. Specifi-

cally, for fixed j, consider

Y, —a; — b, (:%[k} - éj[k]> ‘ on (;31[]6] — 2][-19]> over a;,b; € R.

Here ¢5(-) = ¢(-/h)/h with ¢(-) being the standard normal density, and h
is the tuning parameter commonly known as the window size in the local
smoothing literature. Denote the minimizer of a; as Yj[k]. Then f/j[k] is the jth
estimated response and ég-k] =Y, - Yj[k] is the the jth residual through local

linear median regression. Repeat this procedure for j = 1,...,n. The median
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Figure 3.3: Angle plot (panel (a)) and criterion plot (panel (b)) with &y for

Example 1. The “+” sign in each plot denotes the respective minimum.
absolution deviation (MAD) of {ég-k] :j=1,...,n} is then calculated as
) = Median (|17 — Median (7)) (3.3)

The residual MAD is a function of cluster number k, and we can choose the
optimal cluster number such that oy is minimized. Since oy also depends on
the choice of window size h, we may try a set of different A values and choose

the one with the minimum MAD.

3.4 Numerical studies

In this section, we carry out numerical studies to evaluate the performances

of LAD and cluster-based LAD for dimension reduction. To evaluate the
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performance of ﬁ as an estimator of the true direction 3, we report the acute
angle between ,[:3 and (3.
Example 1. This example focuses on determining the number of clusters
through residual MAD in (3.3). Let X = (X1, X2)T with X; and X i.i.d.
N(0,1), Y = X? + ¢, where ¢ follows a Cauchy distribution with location
parameter 0 and scale parameter 0.1. We implement cluster-based LAD with
cluster numbers k = 1,2,...,8, where k = 1 corresponds to the regular LAD
without clustering. The results based on one typical run with sample size
n = 100 are summarized in Figure 3.3. In panel (a), we plot the angle between
B[k]_LAD and the true direction B = (1,0)7 versus the number of clusters k.
In panel (b) of Figure 3.3, we plot 67, the residual MAD in (3.3), versus k.
We clearly see that the two plots have very similar patterns. A larger
residual MAD value means a poorer fit between the response Y; and Bﬂ]fL ADXis
which corresponds to a larger angle between ﬁ[k]_L ap and the true 8. On the
other hand, a smaller residual MAD value corresponds to a better fit, and a
smaller angle consequently. In this example, cluster-based LAD with £ > 1
can significantly outperform the classical LAD with £ = 1. The minimum
value in both plots are achieved with cluster number £ = 7. Compared to
the 48.06° angle from the LAD estimator, cluster LAD with k£ = 7 leads to
the 0.16° angle between 3 and B[k]_LAD. In Section 3.2.2, we have seen that

cluster-based LAD can outperform LAD when the global LCM assumption
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Figure 3.4: Effect of n (panel (a)) and effect of p (panel (b)) for Example 2.

is violated. In this example, X is normal and the global LCM assumption
is satisfied. Thus we provide another instance when cluster-based LAD is
preferred over LAD.

Ezxample 2. This example examines the effects of sample size n and predictor
dimension p on estimating 8. Let X, X3, Xy, ..., X, be i.i.d. Uniform(0,3),
X, = sin(X;) + e with e ~ Uniform(—0.3,0.3), and X = (X1,...,X,)". Let
Y = sin(X; — X3) + .2¢, where ¢ ~ ¢, has ¢ distribution with 2 degrees of
freedom. Then the normalized direction is 8 = (1,—-1,0,...,0)/v/2. Based
on 100 repetitions, we report the median of the angles between (3 and its
estimators in Figure 3.4. Suppose U follows a uniform distribution on the
surface of of RP dimensional sphere. Let n be a random draw from U, which

can be seen as a random guess of 3. The benchmark is then set as the median
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Figure 3.5: Boxplots for OLS, cluster-based OLS, LAD, and cluster-based
LAD for Example 3. Normal error and Cauchy error of € are plotted in panel

(a) and panel (b) respectively.

angle between 7 and 3 based on 1000 random guesses. The benchmark value
is a function of p, and does not change as n varies.
In panel (a) of Figure 3.4, we fix p = 2 and consider n = 50, 100, 150, 200, 500.

In panel (b), we fix n = 500 and consider p = 3,4,5,6,10. We see that
cluster-based LAD is consistently better than LAD. While cluster-based LAD
improves as n increases and deteriorates as p increases, LAD seems to be
consistently bad across all settings. LAD is not much better than the bench-
mark, or the median angle of random guesses, in panel (b), and LAD is not
significantly different from the benchmark in panel (a).

Ezxample 3. Let X, X5 and X3 be i.i.d. Uniform(0,1), X, = —log(X;)+e with
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e ~ Uniform(—0.3,0.3), X = (X1, Xy, X3, X,)7, and Y = exp{0.5(0.6X; +
0.8X4) + 1} + 0.1e. Then we have B = (0.6,0,0,0.8)7. Consider two types
of error distribution, where ¢ is either N(0, 1) or a Cauchy distribution with
location parameter 0 and scale parameter 0.1. Fix sample size n = 200, and we
get the estimator ,[;' based on OLS, cluster-based OLS, LAD, and cluster-based
LAD. The boxplots for the angle between 3 and B based on 100 repetitions
are summarized in Figure 3.5. In panel (a) with normal error, we see that
cluster-based OLS and cluster-based LAD have similar performances, and they
improve over OLS and LAD. In panel (b) with Cauchy error, cluster-based OLS
is outperformed by LAD and cluster-based LAD, with cluster-based LAD being
the best. Recall from Section 3.2.2 that the global LCM assumption does not
hold in this setting. As a result, the cluster-based methods are better than
their counterparts without clustering in both panels.

Ezxample 4. Consider the New Zealand horse mussel data with n = 82 obser-
vations, which has been studied in Cook (1998) and is available from the
R package “dr”. The response Y is the muscle mass in grams, the edible
portion of the mussel. We consider predictor X = (X1, X3)T, where X,
is the shell length in millimeters and X, is the shell mass in grams. The
shell length and shell mass are highly correlated with sample Pearson correla-
tion 0.899. Furthermore, the scatterplot between the predictors (not reported

here) demonstrates some nonlinear relationship. The OLS estimator is BOLS =
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Figure 3.6: New Zealand horse mussel data in Example 4. In panel (a), the
hollow circles and the hollow squares denote the original data, and the hollow
squares are replaced by the solid squares for the contaminated data. In panel

(b), the labels for the points denote the clustering result from k-means with

k= 2.
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(0.463,0.886)T, and the LAD estimator is Brap = (0.415,0.910)T. We refer
to B{ ApX as the oracle predictor, which is essentially the same as BSLSX
because their sample Pearson correlation is 0.999. From the uncontaminated
data in panel (a) of Figure 3.6, we observe a strong linear relationship between
the response and the oracle predictor, which confirms the validity of the oracle
predictor.

Next we argue that LAD is more robust to OLS in the presence of data
contamination. Suppose the largest four response values (represented by the
hollow squares in panel (a)) are mistakenly recorded due to data entry errors,
such that the recorded values are their respective original values plus 100
(represented by the solid squares in panel (a)). Denote the OLS estimator
and the LAD estimator based on this contaminated data as BBLS and Bf AD-
Not surprisingly, the sample Pearson correlation between (8;¢)7 X and the
oracle predictor drops to 0.949, while the sample Pearson correlation between
(Bi ap)TX and the oracle predictor is 0.999.

Now we consider the cluster-based LAD estimator for the contaminated
data. From panel (b) of Figure 3.6, E(X;|BL,pX) seems to have some
nonlinear trend, and the global LCM condition is violated. The k-means
clustering result with £ = 2, on the other hand, suggests that the local LCM
condition is more suitable than the global LCM condition. Denote BE]_L AD

as the corresponding cluster-based LAD estimator, and the sample Pearson
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correlation between (BE‘Q]_LAD)TX and (B ,p)7 X turns out to be 0.999. We
see that when there is a strong linear relationship between the uncontami-
nated response and the predictors, clustering becomes unnecessary even when
the global LCM condition is violated. This is as expected, since LAD does not

require the global LCM condition in linear models.
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CHAPTER 4

CONCLUSION AND FUTURE

WORK

4.1 Conclusion and Summary

Testing predictor contribution has been an important topic in sufficient
dimension reduction since the seminal work of Cook (2004). Existing marginal
coordinate test procedures for SIR, SAVE and DR all rely on approximating
the asymptotic distribution of the test statistics through sum of weighted x?
distributions. Under the normality assumption of the predictor distribution,
we demonstrate the effectiveness of permutation test for predictor contribu-
tion in Chapter 2 through both theory and numerical examples. Our proposed

procedures complement the existing permutation test procedure in the suffi-
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cient dimension reduction literature, which is a popular tool for determining
the dimensionality of central space. The research from this chapter has been
published on the Journal of Multivariate Analysis.

In Chapter 3, LAD and cluster-based LAD are proposed for dimension
reduction in single-index models. Compared with the popular dimension
reduction method OLS, our proposal is less sensitive to heavy-tailed error
distributions. Clustering is used to facilitate dimension reduction when there
is nonlinearity among the predictors. The research from this chapter has been

published on the Journal of Statistical Theory and Practice.

4.2 Future Work

As discussed in Chapter 3, cluster-based regression has been proposed
for dimension reduction. This method is helping with identifying relation-
ship among predictors, but the marginal coordinate test is not yet developed.
Because of that, we are not able to identify whether a predictor is contributed
to response through hypothesis test. In Chapter 2, the proposed permutation
approach for testing predictor contribution is a general framework, and has the
potential to be extended to moment-based estimators other than SIR, SAVE
and DR.

Derived from the above discussion, the synthesis of cluster-based regression

and permutation procedure on hypothesis test provide a potential solution for
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testing predictors contribution in cluster-based regression. To be more specific,
assuming M, ..., My are the kernel matrices from each proportion of data
(e.g. cluster), then it is worth trying if permutation approach can be used to

test predictors contribution through the following test statistic:

—_— .2\4]16Z
n

Mm

h=1

Also, because LAD regression is a special case of quantile regression, it
will also be interesting to further investigate dimension reduction in quantile
regression models without estimating the unknown link function.

Last but not least, the permutation approach can be extended from testing
vector-valued predictor X € RP to matrix-valued predictor X € RP1*P2, To
test matrix-valued predictors contribution, we can consider three types of
hypotheses: test for significant columns, test for significant rows, and test

for significant sub-matrices. This framework is currently under investigation.
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