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Abstract

We derive the Hodgkin-Huxley model from a membrane—circuit analogy and extend it to the one-
dimensional cable equation. The membrane is treated as a parallel plate capacitor with conductances for
Na®, KT, and leak. The Na™ and KT pathways use m, h, n voltage-dependent gating. The leak term is
ungated with a fixed reversal potential. The aim is a concise, consistent derivation that explicitly links
the biophysics to the equations. While many graduate-level texts discuss elements of this derivation, in
my experience it is difficult to find a contemporary derivation that is both complete—including the cable

extension—and conceptually accessible to undergraduate readers.
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1 Background

Some evolutionary advantages of squids are their physical speed and quick reflexes. They swim at around 15
mph, twice that of what a human runs, and extend their tentacles in about 20-40 milliseconds, nearly 10
times as fast as a human blink. At first glance, squids are unremarkable, but these agile traits are a product
of something extraordinary, a peculiar characteristic that sets them apart from all other species. Squids have
the largest nerve cell found in the animal kingdom, the giant squid axon. Sharpen a pencil and take a look at
its point. That point is a good estimate of the maximal diameter of a giant squid axon. Reduce that pencil
point by a factor of 1000, this is a good estimate of the diameter of a human nerve cell. As for the giant
squid axon’s length, that has a maximum of approximately 1 meter, or about 3.28 feet. The takeaway: they
have big neurons, making the neuron easy for scientists to work with.

This unique feat caught the research interest of physiologists/biophysicists Alan Hodgkin and Andrew
Huxley. In 1952, Hodgkin and Huxley published a series of papers in The Journal of Physiology that
revolutionized our understanding of computational neuroscience, and earned them the Nobel Prize in
Physiology or Medicine, in 1963. Part of their findings is the primary subject of this paper, the Hodgkin—
Huxley Model, a system of differential equations used to model neuronal signal propagation.

1.1 Neuronal Anatomy and Action Potentials

Before we delve into the intricacies of the Hodgkin—Huxley Model, an introductory understanding of neuronal
anatomy and physiology is crucial for context. Neurons look quite different from other cells. They have a
large center, called a soma, where we could find the cell nucleus and other organelles. Then there is the azon,
a large arm-like structure (in spirit at least) reaching away from the neuron and to another. The axon is
responsible for propagating signals down to its axon terminal. This signal is how neurons communicate with
each other. In this context, the signal propagation is referred to as azxonal propagation.

Neurons communicate via signal propagation like school students whisper a message down a line. The
first student wants to get a message to the front the line, so they tell the student in front of them. The
second student now has a choice: to relay or not relay the message to the next student, an all or nothing
response. The process continues until either someone decides not to share the message with the next student,
or the message reaches its destination.

Signals stop propagating at the axon terminal. This is where a neuron releases a neurotransmitter into the
synaptic gap, an area between the axon terminal of a sending neuron and the dendrites of a receiving neuron.
Dendrites are also arm-like structures, and their purpose is to—let’s say—catch the signal from the axon
of another neuron. Dendrites are generally much smaller than axons. The synapse is the junction between
two neurons, consisting of the presynaptic terminal, the synaptic cleft, and the postsynaptic membrane.
Non-neuronal cells in multicellular organisms communicate by secreting signaling molecules. These molecules
may diffuse through an interstitial medium before being received and interpreted by neighboring cells. Neurons
operate somewhat differently in that their secretions take the form of neurotransmitters, which are released
at specialized junctions such as azodendritic synapses.

Before a neuron releases neurotransmitters into the synaptic cleft, an electrical impulse moves through
the presynaptic neuron (the first or sending neuron). The postsynaptic neuron (the second or receiving
neuron) then takes the data (i.e., neurotransmitter), interprets it and, in some way, responds. The neuron
may respond by sending the signal along to other neurons, ultimately repeating the process, or it can do
absolutely nothing. This phenomenon is called an action potential—a fast electrical signal that travels down
the neuron’s axon as an all or nothing response to some stimuli.

The action potential is the phenomenon that neurons use to conduct electrical impulses. The impulses
are conducted using ion channels which move ions across the neuronal membrane. Neurons like to be in a
resting state, typically around —70 millivolts (mV), which is called the resting membrane potential. However,
signals can displace a neuron from its resting membrane potential. When a signal displaces a neuron from its
resting membrane potential enough so that it reaches what is called the voltage threshold, typically around
—50 mV to —55 mV, the neuron fires an action potential.

For example, if a neuron is at a resting membrane potential of —70 mV with a voltage threshold of —50
mV and you inject a current that depolarizes the membrane by 30 mV, bringing it’s membrane potential to
—40 mV, then it would have surpassed its voltage threshold—causing the neuron to fire an action potential.



An action potential is fired in the effort of returning a neuron to its resting state and to communicate a signal
with other neurons.

2 The Hodgkin—Huxley System of ODEs

From here, we seek to derive the Hodgkin—Huxley system of ODEs. Cells move ions through the cell membrane
using channels and pumps which are embedded in the cell membrane. The channels to be discussed throughout
this derivation are channels for sodium and potassium as well as a general ‘leak’ channel.

The cell membrane is a phospholipid bilayer. Each phospholipid is composed of a phosphate group (the
head) and two fatty-acid chains (the tails), creating the lipid component. The tails are non-polar, and thus
hydrophobic. The heads are polar, and thus hydrophilic. Cytoplasm and the interstitial space consist largely
of water. Thus, the phospholipids arrange themselves in such a way that the heads face the intracellular and
extracellular space, but the tails face each other in a region free of water (see top of Fig. .

The channels allow polar ions to pass through the membrane without disrupting the cell’s structural
integrity. The membrane has a non-polar region enclosed by two polar regions with channels that maintain a
concentration gradient across the intracellular and extracellular spaces. This makes a cell membrane analogous
to a capacitor and the channels analogous to resistors, making the membrane’s organization analogous to a
circuit model. This analogy is where our derivation truly begins.
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Figure 1: Membrane—circuit correspondence for the Hodgkin—-Huxley model.

2.1 ODE System Derivation
2.1.1 Main ODE

Let our cell membrane be a parallel plate capacitor and our ion channels be resistors. Then, our total
current, I, is the sum of the capacitive current (i.e., Ic = C’m%) and the ionic currents through sodium,
potassium, and leak pathways, denoted Ina., Ik, and Iy, respectively (i.e., I = INa + Ix + I1). Voltage
here is the membrane potential (the potential difference between the intracellular and extracellular spaces).
Capacitance, in our case denoted C, for membrane capacitance, is the amount of charge held by a capacitor.

By Kirchhoff’s current law, we arrive at:

dv
I = Cma + Ina + Ix + I (1)



We rewrite this to be

Copp— = —Ina — I — 1 I 2
1 N K L + (2)

2.1.2 Ionic Currents

By Ohm'’s Law, each current may be defined as the net change between membrane potential (or voltage), V,
and reversal potential, V;, all multiplied by the conductance, g;, where j € {Na,K,L} indexes the current.
Reversal potential is the membrane potential at which the net current of ion j is zero (here flow of j across
the membrane will cease or reverse its direction). Conductance is a measure of how easily a particular ionic
current can flow. Hence, our currents take the following general form:

I =g;(V=Vj) (3)

We’ll revisit conductance momentarily.

2.1.3 Gating Variables

The state of an ion channel—open, closed, or inactivated—is set by voltage-dependent gating. There are two
gate types: activation gates—which are open or closed— and inactivation gates—which are blocking (no ion
flow) or non-blocking (ion flow). A channel is open if all activation gates are open and the inactivation gate
(if present) is unblocked, closed if at least one activation gate is closed and the inactivation gate (if present)
is unblocked, and inactivated if the inactivation gate is blocked, in which case the state of the activation
gates is irrelevant.

Imagine a glass wine bottle. An inactivation gate is like a cork and an activation gate is like a cellophane
cover. If the cork is in the bottle, then it doesn’t matter whether the cellophane is on or off—the cork will
keep the bottle closed regardless. If the cork is removed, the cellophane can cover or uncover the bottle
freely. But once the cork is put back in, the bottle is closed again, independent of the cellophane. The key
distinction in their mechanisms is hierarchical. The inactivation gate overrides the activation gate.

Sodium channels have an activation gate (the m-gate) and an inactivation gate (the h-gate). Potassium
channels have only an activation gate (the n-gate). Leak channels have no gates.

Depending on the phase of an action potential, we can guess the likelihood of specific channels being in
specific states. For example, when a neuron is at rest, sodium and potassium channels are mostly closed
(not inactivated). During depolarization, sodium channels are mostly open and potassium channels are only
starting to open. During repolarization, sodium channels are largely inactivated and potassium channels are
open. Hence, we could make probabilistic inferences about the state of each gate.

Let m be the probability that the m-gate is open, n be the probability that the n-gate is open, and h be
the probability that the h-gate is unblocked. Since gating is voltage-dependent and V' varies over time, gate
states change over time through their dependence on V. Accordingly, we treat n, m, and h as time-dependent
probabilities, denoted n(t), m(t), and h(t).

Information about n(t), m(t), and h(t) in specific scenarios may be found experimentally, but that isn’t
our goal. Moreover, since V varies with time, these gating variables generally do not have closed-form
solutions. Instead, we aim to derive expressions for ‘3—’;, %”, and %.

Gates switch between states—closed +» open (activation) or unblocked < blocked (inactivation). Let
a;(V') be the voltage-dependent transition rate into the state represented by i (open for m and n; unblocked
for h), and 5;(V) be the rate out of that state, where ¢ € {m,n, h}.

Without a loss of generality, consider only the m-gate. Over time, some m-gates open while other m-gates
close. Closed m-gates open at a voltage-dependent rate of «v,. Since the probability that a randomly chosen
m-gate is closed is 1 — m(t), opening m-gates (i.e., newly opened m-gates) contribute +a,, - (1 — m) to the
change in probability of a randomly chosen m-gate being open. Open m-gates close at a voltage-dependent
rate of B,,. Since the probability that a randomly chosen m-gate is open is m(t), closing m-gates contribute
—Bm -m(t) to the change in probability of a randomly chosen m-gate being open. There are no other scenarios

to consider. Hence,
dm

T = (L= m(t) = Bm(®) @)
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T = an(1l = n(t) = fun(t), o)
S = anl1 = h(e)) = k() (

2.1.4 Conductances

Potassium channels have four activation gates (n-gates). Sodium channels have three activation gates (m-
gates) and one inactivation gate (h-gate). Recall that leak is ungated. Let ¢; be the maximum conductivity
for a j ion. Then conductance is the product of the maximum conductivity and the probability that each
gate is open or active. We thus obtain

gk = gk (n(t))*, (7)
gNa = gNa (m(t))Sh(t)v (8)
gL = gL 9)

2.1.5 Full ODE System

At this point, every piece of the standard Hodgkin—Huxley model has been derived. Bringing it all together
yields the following system.

Cm% = (Vk = V)gx(n(t)* + (Vaa — V)gna(m())*h(t) + (Vi = V)gL + 1 (10)
dm
e am(l —m(t)) — Bmm(t) (11)
3 = an(l—n(t) = Ban(?) (12)
= an(1~ h(®) - k() 13

This system of ODEs can be used to model the voltage of a point neuron. Neurons are three dimensional
and thus our derivation is, at this point, incomplete.

3 The Hodgkin—Huxley Model

The full Hodgkin—Huxley model includes a rather interesting spatial component. The meaning of this spatial
component is most digestible through its derivation. Neurons receive signals from surrounding neurons at
the dendrites and, if they decideﬂ to, propagate the signal down the axon. We can represent the axon as
an object made up of several cylinders with different heights and different radii. However, if we take the
height to be infinitesimal (i.e., the axon is made of infinitely many cylinders of infinitesimal height), our
representation becomes precise. This is conceptually similar to the Riemann Sum, but we seek to model
voltage, not area or volume.

1This is an intentional oversimplification to avoid discussing derivations of the o and 8 functions, which are experimentally
derived, but include voltage threshold, the parameter that determines if a signal is propagated.
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Figure 2: Cylindrical segment with longitudinal axis z, radius a, and length Az.

Now that we are considering a neuron in three dimensions, we must consider the objects within a neuron
that impede the flow of an incoming current. The results is a longitudinal resistance, R; (the resistance at
some cross section). This resistance depends on intracellular resistivity, r;, which is the resistivity of the
medium—the cytoplasm, along with any other internal structures—within that cross section.

Consider one of these cylinders. Let there be a longitudinal axis along the center of the cylinder—call it
the x-axis. Since it’s a cylinder, the radius, a, and the height, Az, are fixed. Our longitudinal resistance

becomes:
rAx

ma?

R, = (14)

where ma? is the cross sectional area and Az is the height of the cylinder.

Suppose a current is traveling through the axon and begins to enter this specific cylinder at some initial
pointﬂ Tg, at some time, t. Again by Kirchhoff’s current law, all current flow into the cylinder must leave
the cylinder. Define movement across the axis in the direction of g + Ax from xg to be movement in the
positive direction. The change in voltageﬂ at time ¢ is given by

AV =V (t,zo + Ax) — V(t,20). (15)
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Figure 3: Cylindrical segment from xg to zg + Az with radius a.

By Ohm’s law (V' = IR), AV is the product of the incoming current, I;,, and the axial resistance over

ALE, Rl Z A
T AT

AV = —— [y 16
g (16)
By isolating the I;, current:
ma? AV
L, =2V 17
r Az (17)
Finally, we take the height of the cylinder to be infinitesimal. As Az — 0, we obtain the limit definition of a
derivative:
lim 1, = T4V
Az—0 | r Az
wa? OV
L, ="V 18
r; Ox (18)

2While the current does enter the cylinder from a point on its base, we do not assume this base is at the origin of the
longitudinal axis. L.e., zg # 0, at least not necessarily or by the assumptions made here.
3In case you missed it, voltage now has a spatial component—the longitudinal position along the axon.



In order to include this current in our model, we distribute the other currents over the area of a short
cylindrical segment. This area is the product of the circumference of the circular cross-section, 27a, and the
segment height, Az. That is, we distribute the factor 2raAx across each term on both sides of the ODE ((10)).

2raAx [C’ ﬂ

g } — 2mala [(Vic - V)g(n(®)* + (Vaa — V)ana(m()*h(t) + (Vi — Vg +1] (19)

Adding the new current :

= ——— 4 21alz [(Vik — V)ax(n(t)* + (Via — V)gna(m(®)>h(t) + (Vi, — V)gr, + I]

dv wa? OV
r Ox
(20)

Isolating the capacitive current (I¢):

m% = ﬁ [77: 85.‘;] + (Vk = V)ax(n())* + (VNa — V)ana(m(t))*h(t) + (VL = V)gL+1  (21)

Taking the limit as Az — 0 yields a differential operator:

Cny = dim |57 (5550 )|+ 0 = Vcn(o)! + (Vo = Vialm()h(e) + (Vi = Vi +1 (22

Cde 0 {a ov

At~ Oz |2r, Oz
We'll leave the differential operator as is, in lieu of making further assumptions. If we were to assume a

uniform radius, then the resistance may be scaled out of the operator—at which point % [ia—v} would

2r; Ox
become % %1\2{' Without that assumption, resistance depends on longitudinal position. In which case, the

differential operator applies to a and r; and may not be scaled out. Erring on the side of generality, a and 7,
remain within the argument of the operator and the Hodgkin—Huxley Model has been derivedﬂ

] + (Vi = V)gk ()" + (VNa = V)gna(m(t)*h(t) + (Vi = Vg + 1 (23)

Cn S = 35 |30 5|+ (e = VI () + (Vi = V)aalm()*h(0) + (= V) + 1
‘ZL: = (1 = m(t)) = Bm(t)
%‘ = an(1 —n(t) — Bun(t)
% = ap(1 = h(t)) — Buh(t)

4Tadal



References

[1]

Hodgkin, A. L., Huxley, A. F., and Katz, B. Measurement of current—voltage relations in the membrane of
the giant axon of Loligo. Journal of Physiology 116 (1952) 424-448. d0i:10.1113/jphysiol.1952.sp004716.
Available at https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1392219/.

Dayan, P., and Abbott, L. F. Theoretical Neuroscience: Computational and Mathematical Modeling of
Neural Systems. MIT Press, 2001.

Gerstner, W., Kistler, W. M., Naud, R., and Paninski, L. Neuronal Dynamics: From Single Neu-
rons to Networks and Models of Cognition. Cambridge University Press, 2014. Online: https:
//neuronaldynamics.epfl.ch/online/.

Pospischil, M., Toledo-Rodriguez, M., Monier, C., Piwkowska, Z., Bal, T., Frégnac, Y., Markram, H.,
and Destexhe, A. Minimal Hodgkin—Huxley type models for different classes of cortical and thalamic
neurons. Biological Cybernetics 99 (2008) 427-441. |doi:10.1007/s00422-008-0263-8.

Rama, S., Zbili, M., and Debanne, D. Signal propagation along the axon. Current Opinion in Neurobiology
51 (2018) 37—44. doi:10.1016/j.conb.2018.02.017.

Debanne, D., and Russier, M. Axonal propagation: does the spike stop here? The Journal of Physi-
ology (article summary). Available at https://www.ncbi.nlm.nih.gov/pmc/articles/PMC2342886/.
Accessed 2024-04-28.

Schwiening, C. J. A brief historical perspective: Hodgkin and Huxley. Physiology News (2012). Available
at https://www.ncbi.nlm.nih.gov/pmc/articles/PMC3424716/. Accessed 2024-04-28.

Sivadas, A., and Broadie, K. How does my brain communicate with my body? Frontiers for Young
Minds (2020). Available at https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7725213/. Accessed
2024-04-28.

Pitt Medical Neuroscience. Action Potentials. https://pittmedneuro.com/actionpotentials.html.
Accessed 2024-04-28.

Khan Academy. Neuron action potentials: The creation of a brain signal. https:
//www.khanacademy.org/test-prep/mcat/organ-systems/neuron-membrane-potentials/a/
neuron-action-potentials-the-creation-of-a-brain-signal. Accessed 2024-04-28.

Harvard Extension School. Action Potential in the Neuron (YouTube video), 2017-11-09. https://youtu,
be/0abrvUJlg7o. Accessed 2024-04-28.

Queensland Brain Institute. Action potentials and synapses. https://qbi.uq.edu.au/brain-basics/
brain/brain-physiology/action-potentials-and-synapses. Accessed 2024-04-28.

Bearer, E. L., and Jacobs, R. E. Squid. Animal Research Info, 2014-08-21. https://www.animalresearch,
info/en/designing-research/research-animals/squid/. Accessed 2024-04-28.

Understanding Animal Research. Squid. https://www.understandinganimalresearch.org.uk/
what-is-animal-research/a-z-animals/squidl Accessed 2024-04-28.

Wikipedia. Humboldt squid. https://en.wikipedia.org/wiki/Humboldt_squid. Accessed 2024-04-28.

Gallagher, J. Specialized nerves let squid tentacles strike with lightning speed. Massive Science, 2020-01-
18. https://massivesci.com/notes/squid-action-potentials-tentacles-fast/. Accessed 2024-
04-28.

Tubbs, R. S., et al., eds. Nerves and Nerve Injuries. Vol. 2: Pain, Treatment, Injury, Disease and Future
Directions. Elsevier, 2015.

Moini, J., Avgeropoulos, N., and Samsam, M. Epidemiology of Brain and Spinal Tumors. Academic
Press, 2021.


https://doi.org/10.1113/jphysiol.1952.sp004716
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1392219/
https://neuronaldynamics.epfl.ch/online/
https://neuronaldynamics.epfl.ch/online/
https://doi.org/10.1007/s00422-008-0263-8
https://doi.org/10.1016/j.conb.2018.02.017
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC2342886/
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC3424716/
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7725213/
https://pittmedneuro.com/actionpotentials.html
https://www.khanacademy.org/test-prep/mcat/organ-systems/neuron-membrane-potentials/a/neuron-action-potentials-the-creation-of-a-brain-signal
https://www.khanacademy.org/test-prep/mcat/organ-systems/neuron-membrane-potentials/a/neuron-action-potentials-the-creation-of-a-brain-signal
https://www.khanacademy.org/test-prep/mcat/organ-systems/neuron-membrane-potentials/a/neuron-action-potentials-the-creation-of-a-brain-signal
https://youtu.be/oa6rvUJlg7o
https://youtu.be/oa6rvUJlg7o
https://qbi.uq.edu.au/brain-basics/brain/brain-physiology/action-potentials-and-synapses
https://qbi.uq.edu.au/brain-basics/brain/brain-physiology/action-potentials-and-synapses
https://www.animalresearch.info/en/designing-research/research-animals/squid/
https://www.animalresearch.info/en/designing-research/research-animals/squid/
https://www.understandinganimalresearch.org.uk/what-is-animal-research/a-z-animals/squid
https://www.understandinganimalresearch.org.uk/what-is-animal-research/a-z-animals/squid
https://en.wikipedia.org/wiki/Humboldt_squid
https://massivesci.com/notes/squid-action-potentials-tentacles-fast/

[19] Symposium: The Hodgkin—Huxley Heritage: From Channels to Circuits. https://www.ncbi.nlm.nih|
gov/pmc/articles/PMC3500626/. Accessed 2024-04-28.

10


https://www.ncbi.nlm.nih.gov/pmc/articles/PMC3500626/
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC3500626/

	Background
	Neuronal Anatomy and Action Potentials

	The Hodgkin–Huxley System of ODEs
	ODE System Derivation
	Main ODE
	Ionic Currents
	Gating Variables
	Conductances
	Full ODE System


	The Hodgkin–Huxley Model

