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ABSTRACT 

Full Waveform Inversion (FWI) is a powerful seismic imaging technique used to 

reconstruct high-resolution velocity models of the subsurface. It relies on the inversion of 

seismic data acquired from multiple sources and receivers to estimate the mechanical 

properties of geologic materials and can be used to detect anomalous subsurface conditions. 

The accuracy of FWI results is influenced by various factors related to the workflow used 

for its implementation. This includes the survey parameters, the mathematical framework 

of the inversion, and the complexity of the subsurface conditions modeled during the 

inversion process. Therefore, it is crucial to have a fundamental understanding of the 

interplay between these factors and their impact on the accuracy of the reconstructed 

model, particularly given the effects of these factors on computational costs. This is an area 

that has been understudied within the context of near surface geotechnical applications for 

anomaly detection, which is an application that presents unique challenges relative to 

seismic exploration for hydrocarbons where FWI has been more fully developed. One key 

aspect that has not received sufficient attention is the impact of survey parameters on the 

accuracy of FWI results. The lack of formal research in this topic may lead to near surface 

FWI studies that use more seismic sources than required for subsurface feature 

reconstruction, which results in data collection and computational inefficiencies. The 

selection of misfit function and starting model are also essential factors influencing the 

reliability of the reconstructed model. The physics employed for forward modeling can 

also affect the ability to simulate wave propagation in the domain of interest. These factors 

have significant implications for near-surface applications of FWI, and further research is 

required to explore their interplay and improve FWI workflow. 



 

iii  

Given the gaps in the current implementation of FWI for geotechnical applications, 

this research will explore the role of parameterization and workflow on FWI results when 

applied to anomaly detection in karst conditions. This will include selection of an FWI 

workflow that can improve the feasibility of fieldwork and reduce the processing time. The 

research will investigate four key factors of the FWI workflow (i.e., survey design, initial 

model, misfit function, and forward modeling physics) for detection of sinkholes using 

numerical and field testing in different subsurface conditions. Overall, the outcomes of this 

research will help practitioners with more appropriate choices in the FWI process and 

consequently promote its high potential in near surface applications. 
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1 CHAPTER 1  

INTRODUCTION  

1.1  Problem Statement 

Full Waveform Inversion (FWI) is a technique used to evaluate subsurface 

characteristics, including density and velocity, through the analysis of seismic waves 

measurements. The process involves comparing measured seismic waves with synthetic 

waves that are generated using a computer model of the subsurface. The objective is to 

minimize the difference, also known as ñmisfitò between the two sets of waveforms to 

update the subsurface model and enhance the precision of the parameters. The properties 

of the recorded waves are impacted by several factors, such as geological conditions and 

survey parameters. Additionally, the selection of forward modeling and inversion 

parameters significantly affects the accuracy of the analysis of input waveforms. Achieving 

a favorable outcome through FWI therefore demands an understanding of the interplay 

between various factors and striking a balance between complexity and computational 

costs. This is particularly relevant in cases where the subsurface conditions are quite 

heterogeneous and contain anomalous conditions that result in complex wavefields.  

It is widely published that the FWI technique acquires a high-fold distribution of 

seismic sources and receivers as is typical for seismic reflection/refraction testing. This 

ensures the ability of FWI to capture the complex characteristics of a subsurface model. 

However, despite significant research efforts focused on enhancing data processing, 

imaging, and inversion techniques (Moghaddam et al. 2013, Brittan and Jones 2019, 

Bernal-Romero and Iturrarán-Viveros 2021, Rasht Behesht et al. 2022), there has been less 

emphasis on improving survey design, with generalized procedures being commonly 
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utilized no matter the complexity of the underlying model. Additionally, data redundancy 

is frequently proposed as a solution to address the inherent limitations of FWI, but this 

approach can lead to substantial extra costs, particularly when carrying out large-scale tests 

(Romdhane and Eliasson 2020). Although there is limited research on how many 

sources/receivers to use for near surface FWI applications, the current literature does not 

clarify how this may change for scenarios involving the presence of sinkholes in the 

subsurface. Previous investigations conducted by Maurer et al. (2009) on cross-hole 

surveys have suggested that a high density of spatial sampling is unnecessary for FWI 

problems, and Nuber et al. (2017) arrived at the same conclusion for a simple surface-

based survey on a model with increasing velocity. However, it is uncertain whether these 

findings can be applied to scenarios involving sinkhole anomalies. The wavefields caused 

by sinkholes and karst conditions are more complex and exhibit reflections from 

underground anomalies that are more prominent than in typical velocity increasing profiles. 

Another issue that prevents the effective use of FWI is the non-convexity of the 

often employed least-squares (L2) misfit function. Owing to the limitations of modern 

high-performance computing platforms, the FWI process uses local optimization 

techniques to refine the starting model. As a result, if the utilized initial model is too distant 

from the global minimum, FWI tends to converge toward a local minimum that may not 

be geologically relevant. This phenomenon is known as cycle-skipping in which the time 

shift between the synthetic and observed waveforms is larger than half of one period 

(corresponding to the dominant frequency) (Virieux and Operto 2009a). To mitigate its 

risk, data hierarchy approaches like multi-scale frequency introduction or temporal 

selection (windowing) have been suggested and implemented (Bunks et al. 1995, Sirgue 
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and Pratt 2004). Although these techniques enhance the final convergence, they are still 

inadequate in completely resolving the issue in intricate underground settings (Pladys et 

al. 2017). Furthermore, the L2 norm misfit function places equal weight on all parts of the 

waveforms, including noisy or low-amplitude components, which can lead to inaccurate 

inversion results. One potential solution to the limitations of the L2 norm misfit function 

is to use alternative misfit functions that can better handle the problem of cycle-skipping. 

Among all the numerous suggested methods, the use of optimal transport theory-based 

approach has recently gained attention in the field of geophysics due to its ability to handle 

shifts between data and potentially reduce the problem of local minima (Métivier, Brossier, 

and Mérigot 2016). While there have been some promising results in large-scale 

applications (Yang and Engquist 2017, Poncet et al. 2018), incorporation of optimal 

transport into near surface problems still needs further research to fully understand its 

potential. Overall, continued research and development in this area can help to improve the 

accuracy and efficiency of near-surface imaging techniques. 

Another related challenge in the conventional FWI process is its sensitivity to the 

starting model. Even with the recent advances in using more convex objective functions, 

the dependence on the initial model still remains a critical issue. The initial model should 

be kinematically compatible with the observed seismic data, which means that the phase 

of the primary seismic events should be predicted within half a period. This requirement is 

necessary for the inversion to converge towards a plausible solution as incorrect phase 

predictions can lead to significant errors in the reconstructed model. Reviewing the 

literature, there are three primary categories of FWI starting models commonly used, 

namely constant (Kallivokas et al. 2013, Kucukcoban et al. 2019), increasing linearly with 
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depth (Tran and McVay 2012, Dokter et al. 2017), and those derived from other seismic 

methods (Köhn et al. 2019, Wang et al. 2019). The effectiveness of each of these 

approaches for generating an FWI starting model in sinkhole applications has not been 

explored.  

In addition to the aforementioned issues, simplifying the physics of the wave 

propagation used in forward modeling can lead to an incomplete understanding of 

subsurface properties when implementing FWI. For example, elastic forward modeling 

does not consider the contribution of intrinsic absorption of geologic materials, which can 

significantly affect the wave propagation in the medium. Therefore, the overreliance on 

elastic modeling may result in a limited understanding of the true behavior of the 

subsurface and its properties. To mitigate this issue, viscoelastic FWI can be implemented 

and may improve the reconstruction of subsurface conditions when dealing with 

unconsolidated sediments, complex geological structures, or subsurface environments with 

significant heterogeneity. However, viscoelastic FWI also requires additional 

computational resources and data compared to elastic FWI, so it is essential to assess the 

specific requirements and limitations of each case before deciding to use viscoelastic FWI. 

Such efforts have not been implemented for the specific case of anomalous conditions in 

karst as would be encountered at sites with active sinkhole formation.  

1.2 Scope of Research 

Currently, there is a lack of sufficient research on near-surface FWI in the literature, 

particularly as applied to sinkholes. Consequently, it is unclear the extent with which 

typical FWI workflow as implemented in the oil and gas exploration industry would 

accurately evaluate subsurface void features in the near surface as relevant for geotechnical 
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applications. This study aims to enhance our comprehension in this area by investigating 

the effects of survey design, initial model, misfit function, and the physics of forward 

modeling on FWI results when applied to sinkhole evaluation. This was accomplished by 

undertaking an extensive numerical modeling study with a suite of subsurface conditions 

indicative of sinkhole formation. Each of the numerical models were evaluated 

systematically using a range of FWI workflows and parametrizations to explore the role of 

these factors in sinkhole evaluation and to identify inefficiencies and efficiencies in their 

implementation. FWI workflow and parameterization were similarly examined in field data 

at a site with an active sinkhole both before and after remediation efforts were 

implemented. In this manner, this study intends to enhance our fundamental knowledge of 

FWI and offer insights into its potential applications to sinkholes. 

1.2.1 Research Question 1 

The first broad research question to be addressed in this study consists of the 

following: What choices in specific aspects of the full waveform inversion workflow will 

most affect reconstruction of a subsurface sinkhole feature? 

This question focuses on identifying the choices in the FWI workflow that led to 

the most significant effects in reconstructing a subsurface sinkhole feature. The ability to 

accurately reconstruct subsurface sinkhole features is essential for effective geotechnical 

investigations, hazard assessments, and remediation strategies. However, FWI is a complex 

and computationally expensive technique that requires careful consideration of various 

factors, including the distribution of seismic sources and receivers, the parameterization of 

the domain, and the FWI algorithm itself. Choosing appropriate settings for these factors 

is crucial for the accuracy of the anomaly detection, and there is ongoing research to 
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determine the optimal choices for different subsurface conditions and imaging objectives. 

To address the concern, research question one is proposed, which is further investigated 

through the formulation of three hypotheses. The hypothesis is that current practices often 

use more seismic source locations than necessary, leading to inefficiencies with data 

collection and computational costs. Additionally, the most commonly used L2 norm misfit 

function is suggested to be an inappropriate choice for near surface heterogeneous settings, 

and selecting a starting model developed from MASW can lead to the most consistency 

and accuracy in the reconstruction of the subsurface void feature. By exploring these 

hypotheses, this study aims to contribute to the development of more efficient and effective 

FWI workflows for subsurface sinkhole detection and imaging. 

¶ Hypothesis 1: 

For a given array geometry and number of receivers, current practice for FWI 

studies often uses more seismic source locations than necessary to accurately 

reconstruct a near surface void feature, resulting in inefficiencies with data 

collection and computational costs. 

¶ Hypothesis 2:  

The L2 norm is an inappropriate choice for FWI misfit function when 

attempting to reconstruct a near surface void feature due to the excessive 

sensitivity to cycle-skipping and complexity of the waveform field.   

¶ Hypothesis 3: 

All other factors equal, selection of a starting model that is developed from 

MASW will result in the most consistency and accuracy with which a near 

surface void feature can be reconstructed using FWI. 
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1.2.2 Research Question 2 

The second broad research question consists of the following: How does the 

incorporation of viscoelastic wave propagation affect the ability of full waveform 

tomography to resolve near surface conditions in geotechnical applications related to 

sinkholes? 

Research question two aims to investigate the effectiveness of viscoelastic wave 

propagation in resolving near-surface conditions in geotechnical applications using FWI. 

This question is critical since geologic materials exhibit inelastic conditions that introduce 

attenuative effects during wave propagation. However, the use of elastic wave propagation 

in FWI is common due to the challenges and computational costs associated with the 

incorporation of viscoelastic inversion parameters. To address this issue, the research 

proposes the following hypothesis: 

¶ Hypothesis: The introduction of a fixed viscoelastic damping factor during 

FWI will improve the accuracy of shallow target reconstruction relative to 

elastic wave propagation in cases where highly attenuative clayey soils are 

present in the domain. These improvements include enhanced void 

detection resolution and depth in cases where the anomaly exists at deeper 

depths. 

The findings of this study will help to identify the best practices for selecting 

seismic sources and receivers, choosing appropriate parameterization and FWI algorithms, 

and incorporating viscoelastic wave propagation in geotechnical applications of FWI. 

Ultimately, the identification of best practices for these key aspects of FWI will enable 

more efficient and accurate underground imaging, which has significant implications for a 
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wide range of near-surface geotechnical applications. These include the detection of 

sinkholes, characterization of shallow soil conditions for construction and infrastructure 

projects, and identification of potential hazards in mining and other subsurface operations. 

The practical implications of the research are therefore significant, as they will help to 

improve safety and reduce costs in these important areas. 

1.3  Experimental Plan 

Given the goals of this study, a comprehensive and well-designed experimental 

plan is necessary to test the corresponding hypotheses. In particular, several critical factors 

have to be carefully considered, including:  

¶ Choice of forward and inversion techniques 

¶ Workflow properties 

¶ Model complexity 

¶ Inverse problem 

¶ Validation 

¶ Logistical hurdles (e.g., site location, accessibility to the testing area, 

equipment transportation, etc.) 

Numerical tools offer an excellent approach to address the research questions in 

this study by enabling the modeling of various materials and geometries, thereby 

facilitating a comprehensive examination of the system configuration, state of stress, and 

analytical methods. Moreover, numerical modeling provides the added advantage of 

flexibility in isolating different factors and assessing their sensitivity on the model. Finally, 

the ground truth conditions are completely known in numerical efforts since they are 

defined directly by the modeler. The results of the numerical simulations subsequently 
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informed field-based imaging methods to generate tomographic images and velocity 

profiles. 

While the primary focus of this study is on numerical modeling, field testing efforts 

were also conducted in a real sinkhole-prone area. The proposed plan for the development 

and testing of the model is presented at the conclusion of this chapter. The goal of the field 

testing was to assess the effectiveness of numerical methods in identifying anomalous 

features, which can enhance the reliability of FWI as a preliminary site characterization 

technique for routine engineering projects. This approach can obviate the need for more 

invasive investigation techniques such as geotechnical borings or cone penetration testing. 

Detailed information on the hardware, system configurations, data acquisition, and data 

processing methods are provided to ensure transparency and reproducibility of the 

experimental results. 

1.3.1 Approach 

Sinkholes can occur at different depths and diameters and can have varying shapes 

and characteristics that depend on the geological and environmental conditions of the site. 

Therefore, to numerically assess the effect of different factors on FWI in the presence of 

sinkholes, it is important to consider a range of different sinkhole depths and diameters. 

For example, shallow sinkholes with diameters in the range of 2-5 meters may be 

representative of those found in karstic limestone terrains, while deeper sinkholes with 

diameters exceeding 10 meters may occur in areas with high degrees of subsidence due to 

natural or anthropogenic factors. Thus, the procedure simulates a range of sinkhole depths 

and diameters to capture a wide range of scenarios that are representative of real-world 

conditions.  
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The collected data for FWI in near surface applications is dominated by surface 

waves (Pan et al. 2019). The maximum depth of detection in surface wave analysis is 

directly related to the maximum wavelength, which is typically around half the receiver 

array length (Foti et al. 2014). To have an acceptable detection accuracy based on 

wavelength, anomalies were placed at depths corresponding to less than half the receiver 

array length. For diameter, two diameters were explored: one denoting a shallow sinkhole 

with a smaller diameter, and the other signifying a deep sinkhole with a larger diameter in 

alignment with the research conducted by McVay and Tran (2016). According to their 

results, if the embedment depth of the anomaly is more than three times the void diameter, 

the procedure may fail to detect it. 

In terms of calculations, the FWI (forward and inversion) computations proposed 

herein were executed using SalvusCompute as developed by Mondaic®. This tool utilizes 

a spectral element method (SEM) to perform forward modeling of stress wave propagation. 

Despite lacking a user-friendly graphical interface and relying on a text-based Python 

interface, the software consistently produces reliable and accurate results. Furthermore, it 

is capable of parallel computing, utilizing all available CPU and GPU units on the machine 

to expedite the forward modeling process. The SalvusOpt and SalvusFlow modules, also 

developed by Mondaic®, are employed for the inversion process and they utilize trust-

region L-BFGS optimization in the time domain for both 2D and 3D models. However, the 

computational cost of 3D modeling is significantly higher. For further information on the 

software mentioned, readers are referred to the documentation or resources provided by the 

developers, Mondaic® (Afanasiev 2017, Afanasiev et al. 2019). To remotely execute 

forward and inverse modeling in parallel modes, the High-Performance Computing (HPC) 
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resources at Temple University were utilized. The computations were submitted to over 

eight cores of the compute servers of the Temple HPC cluster. Compute is an interactive-

use server that provides 88 CPU cores [Intel® Xeon Gold 6238 (Cascade Lake) processors] 

with up to 1.5 TB of RAM and 0.5 PB shared memory. 

        1.3.1.1 Receiver and Source Configuration. In practice, receiver spacing 

utilized in FWI often adheres to the guidelines set by conventional seismic geophysical 

methods like MASW. These methods are characterized by generally accepted spacing 

ranges, which are contingent upon the anticipated size and depth of the target.  For instance, 

the receiver spacing in MASW generally ranges from 0.5 to 4 meters, a selection that 

depends on both the chosen seismic source and the velocity structure of the site (Foti et al. 

2018). The standardization in spacing is well-documented in the literature, but it is crucial 

to note the distinction in the resolution capabilities between these methods and FWI. While 

traditional seismic methods offer specific lateral and vertical resolutions, FWI is distinct in 

its capability to achieve sub-wavelength resolution (Wu and Toksöz 1987). Given this 

enhanced resolution potential of FWI, it raises the question of whether our current approach 

to source/receiver configuration in FWI is excessively rigorous, potentially exceeding what 

is necessary to achieve the desired data quality. This overextension in configuration could 

lead to inefficiencies in data acquisition and processing, warranting a re-evaluation of the 

methodological framework in light of FWIôs unique resolution capabilities. 

 In general, a denser receiver spacing for seismic geophysical methods can provide 

better imaging resolution and accuracy by fitting a higher number of receiver recordings in 

a fixed distance. However, this also increases the computational cost and the amount of 

data to be processed. Moreover, in contrast to conventional surveys such as refraction or 
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reflection where geophone spacing plays a substantial role in determining resolution, the 

vertical resolution of FWI is governed by the physics of surface wave propagation and 

dispersion (Foti et al. 2011). As a result, the minimum thickness that can be resolved 

decreases with depth according to a geometric progression, which is determined by the 

wavelength of the surface waves, as well as the velocity structure of the subsurface. 

Therefore, when comparing the impact of receiver configurations in numerical modeling, 

it is important to keep the maximum wavelength constant. This ensures that the key 

parameter affecting the depth of detection and imaging resolution remains consistent across 

different receiver setups. Additionally, the number and location of sources should be fixed 

resulting in an irregular of receiver patterns. Thus, to achieve dense receiver arrays, a 

higher number of receivers can be deployed within a fixed array length.  

In this study, the strategy involved employing varying numbers of receivers 

(specifically, 48, 24, 12, and 6) while maintaining a consistent distance between the first 

and last receivers along the array. Once the final meshes were obtained (FWI ended), the 

inversion accuracy was compared with the true model in terms of velocity misfit. To 

achieve this, various statistical metrics were employed to detect any deviation from the true 

model. These statistical metrics included root mean square error (RMSE), and coefficient 

of determination (R2). RMSE quantifies the average magnitude of errors between predicted 

and observed values, emphasizing the accuracy of individual predictions. With a scale 

matching that of the dependent variable, lower RMSE values signify better model 

performance, reaching an ideal of 0 for a perfectly accurate model. On the other hand, R2 

measures the proportion of variance in the dependent variable that the model can predict 

from the independent variables. Ranging from 0 to 1, a higher R2 indicates a greater 
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percentage of variability explained by the model, but it doesnôt provide information about 

the absolute accuracy of predictions. Together, RMSE and R2 offer a comprehensive 

assessment, with RMSE focusing on prediction accuracy and R2 on the overall goodness 

of fit. In addition to comparing the velocity matrices, the anomaly detection area and the 

associated inversion time for each scenario were discussed to better determine whether 

dense receiver spacing is necessary or whether a sparser array may be sufficient to achieve 

the desired inversion accuracy. If the results indicate that dense receiver spacing (equal to 

higher number of receivers) is necessary to achieve accurate inversion results under certain 

sinkhole scenarios, this can provide insights into the complex nature of wave propagation 

and scattering in these scenarios. On the other hand, if sparser receiver spacing is found to 

be sufficient for achieving accurate inversion results, this can help to optimize the 

deployment of field equipment and reduce the overall cost of data acquisition. 

After examining the effects of receiver placement, the next critical step involves 

assessing the impact of source configurations in various sinkhole scenarios within FWI. 

Originating from seismic refraction practices, the conventional practice of placing sources 

between every other geophone (known as the skip line strategy) is an established method 

aimed at enhancing the accuracy of FWI outcomes. However, it is important to consider 

that this approach may not necessarily be optimal, and there is room for exploration to 

potentially achieve similar results with a reduced number of sources or by investigating the 

introduction of exterior source locations. The question of optimality and the feasibility of 

achieving comparable results with a more efficient configuration is a topic that warrants 

thorough investigation.  
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To achieve this goal in the first step, a practical approach was adopted, emphasizing 

the implementation of exterior shots at assorted offset locations. This strategy was chosen 

to critically assess the integrity of the final imaging outcomes, acknowledging the logistical 

complexities and financial implications associated with deploying interior shots in field 

scenarios. Additionally, in the case of interior setups, the study explored a strategic 

reduction in the number of interior shots relative to the traditional skip line strategy to 

assess the accuracy of FWI process. At the end of the inversion process, a thorough 

evaluation was carried out, which included comparing velocity profiles using a range of 

statistical metrics, assessing the percentage of anomaly area detected, and examining 

computational times.  

Overall, exploring the implications and advantages of different source-receiver 

setups, including the introduction of exterior sources, is a valuable avenue for further 

research in the pursuit of more effective and resource-efficient FWI methodologies. 

1.3.1.2 Initial Model . The role of initial model on the accuracy of FWI to detect 

shallow anomalies was examined using four common starting model strategies: constant 

velocity, increasing velocity with depth, and profiles derived from Multichannel Analysis 

of Surface Waves (MASW). To maintain consistency in the results, the receiver and source 

configuration determined in the previous section was used for all sinkhole scenarios. The 

first two starting models, constant velocity and increasing velocity with depth, can be 

created before forward modeling. However, for the MASW- derived profiles, forward 

modeling must be conducted to obtain the receiver recordings. Dispersion information was 

extracted from those waveforms and input into SeisImager, a commercial software package 

for seismic data processing, which utilizes the phase shift method to obtain dispersion data. 
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For inversion of the dispersion data, the Geopsy open-source software package developed 

by Wathelet et al. (2020) was used based on a global search algorithm (neighborhood 

algorithm). 

Once the velocity profile from the MASW analysis was obtained, forward and 

inversion modeling of FWI was conducted using the same simulation configurations for 

each starting model as in the previous section. Finally, the performance of FWI results was 

compared for each scenario using different statistical techniques. This can ultimately 

inform better decision-making in the design and execution of FWI for a more effective 

subsurface characterization. 

1.3.1.3 Misfit Function . The choice of misfit function is a critical factor in FWI 

for reducing cycle skipping and improving the accuracy of the inverted models. This aspect 

was investigated by using the most commonly used L2 norm misfit function as the baseline 

approach. Other misfit functions reported in the literature that aim to enhance the L2 

method (cross-correlation and optimal transport) were then used. As mentioned, the L2 

misfit function has limitations in accurately capturing the wave propagation phenomena, 

especially in the presence of strong heterogeneities. The cross-correlation misfit function 

addresses some of these limitations by considering the phase information of the wavefield. 

It provides a robust solution against noise and cycle skipping, leading to a more accurate 

inversion of the velocity model. However, cross-correlation time shifts are primarily useful 

when dealing with global scales, such as in the context of global seismology, where the 

data is sparse. In other words, these misfits are most beneficial when confronted with 

limited data, where the goal is to discern bulk characteristics of the medium rather than 

pinpointing specific localized features. Optimal transport, on the other hand, is a more 
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complex misfit function that considers the spatial relationships between wavefields. It has 

shown promising results in improving the resolution and accuracy of FWI in complex 

geological settings (Métivier, Brossier, and Mérigot 2016, Yang and Engquist 2017, Poncet 

et al. 2018). 

The same FWI workflow was used for testing all misfit functions, allowing for a 

direct comparison of their performance in detecting subsurface anomalies under various 

sinkhole scenarios. Additionally, the same source-receiver configurations and initial 

models as in the previous section were used. The performance of each misfit function was 

assessed based on the accuracy of the inverted velocity model and the ability to detect 

subsurface anomalies. These factors can have a significant impact on the choice of the 

objective function and provide insights into the computational efficiency of FWI for 

subsurface characterization. 

1.3.1.4 Physics of Wave Propagation During Forward Modeling. It is widely 

acknowledged that clays possess higher damping properties than other soil types (all other 

factors equal). This can potentially have significant effects on the results of FWI if the 

viscoelastic properties of the domain are not considered. In soil mechanics, viscoelasticity 

is accounted for by assigning the quality factor (Q) to the domainôs properties. This factor 

quantifies the mediumôs intrinsic attenuation, reflecting how much the seismic waves are 

damped as they travel through it. It is defined as the ratio of the total energy of the wave to 

the energy lost in one cycle of wave propagation. A higher Q-factor indicates lower 

attenuation, implying less energy loss and suggesting a more elastic material. Conversely, 

a lower Q-factor signifies greater attenuation, typical of materials with more viscoelastic 

properties.  
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The determination of the quality factor in practical geological and geophysical 

studies is a challenging task, primarily due to the complex and dynamic nature of the 

Earthôs subsurface. Nevertheless, reasonable ranges of Q-factors associated with various 

types of rock and soil are available in the existing literature. Leveraging this knowledge, a 

numerical study was performed to assess the impact of the Q-factor in passive viscoelastic 

FWI. To investigate the impact of incorporating viscoelastic modeling in FWI relative to a 

conventional elastic approach, a domain was developed with varying Q values within a 

clayey layer. To increase the complexity of the domain, sinkholes were added to the model, 

thereby introducing additional variables that can impact the seismic response. In this stage 

of the research, the Q-factor of the sinkhole and bedrock were maintained as constants and 

that of the clay layer was varied between the lowest and highest reported Q-values from 

the literature. This range accounts for the natural variability in clay properties and ensures 

a reliable assessment of their impact on the models. After assigning the properties, forward 

and inversion modeling were conducted using the passive viscoelastic model to obtain 

seismic waveforms and refine velocity profiles. The same domain was also modeled using 

elastic wave propagation to obtain the corresponding properties. 

A dual-scenario approach was adopted when dealing with the initial model. In one 

scenario, perfect knowledge of the Q-factor was assumed, aligning it precisely with field 

conditions. In the second scenario, the averaged Q-factor across the entire domain was 

assumed during forward modeling. This deliberate choice accounts for the inherent 

challenges in determining the exact Q-parameter. Finally, elastic FWI was also 

implemented to better understand the results when the intrinsic attenuation of geologic 

materials is ignored during forward modeling. This choice allows the evaluation of the 
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accuracy of updated models and assessment of their performance against less popular 

methods that incorporate attenuation (mainly due to their computational complexity and 

cross-talk issues). 

This set of numerical experiments provides insights into the effects of sinkholes on 

seismic wave propagation and identifies whether viscoelastic modeling is necessary in the 

presence of such features. Overall, this study aims to enhance the accuracy of FWI by 

incorporating viscoelastic modeling and providing a comprehensive understanding of the 

effects of damping values and sinkholes on seismic wave propagation. The findings will 

contribute to the advancement of seismic exploration and improve the understanding of the 

subsurface geological structure. 

1.3.1.5 Field Study. In any comprehensive study involving numerical modeling, it 

is a fundamental principle that numerical results should be verified through laboratory or 

field experiments. This process is essential for addressing the variables and complexities 

encountered in natural environments and for providing a quantitative assessment of the 

numerically recommended approach in real world applications (Hacker et al. 2004). 

Therefore, as part of this research, a significant emphasis was placed on the practical 

validation of the numerical results obtained in previous sections. 

Building on this principle, there was a shift in focus from the numerical aspects 

discussed in earlier sections to their practical application in the field. This part aimed to 

bridge the offered numerical insights with practical applications. In pursuit of this goal, the 

effectiveness of FWI was experimentally assessed, particularly in the identification and 

mitigation of sinkhole/karst hazards, and in the quality control of the mitigation efforts, 

compared against conventional seismic methods like Multichannel Analysis of Surface 
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Waves (MASW), Horizontal to Vertical Spectral Ratio (HVSR), and boring-based prior 

knowledge. 

For this purpose, a field site, marked by multiple sinkhole failures in southeastern 

Pennsylvania, was selected, enabling extensive fieldwork to be conducted both before and 

after sinkhole remediation using grouting. The approach for collecting field data involved 

using both 2D and 3D receiver arrays with a multitude of sources at locations where there 

was pre-existing information about the underground properties, serving as a baseline for 

comparing the accuracy of the FWI results. Additionally, the HVSR method was employed 

to gather more information about the changes in site properties due to the adopted ground 

improvement method. Following data acquisition, insights gained from numerical 

modeling were directly applied in the FWI processing steps. Ultimately, the FWI velocity 

profiles were compared with MASW profiles, and their concordance with existing 

knowledge was assessed. This comparison not only underscores the effectiveness of 

grouting in addressing the sinkhole issue but also illuminates the potential of FWI in 

accurately delineating complex subsurface conditions in urban karst environments. 
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2 CHAPTER 2  

BACKGROUND AND LITERATURE REVIEW  

2.1   Near Surface Seismic Geophysics 

Near-surface geophysics refers to geophysical investigations that explore the 

outermost part of the earthôs crust (usually less than 30 meters). Traditional geophysical 

techniques image targets on a kilometer scale (e.g., hydrocarbon extraction, regional 

mapping), while near-surface methods deal with applications on a meter scale (i.e., 

engineering scale). Although the fundamentals of the methods are similar, the marked 

difference in the scale of projects highly affects the challenges the researchers face in both 

disciplines. Nevertheless, the most used methods in near surface geophysics were first 

developed for oil industry purposes but are now being used for smaller-scale features 

(Butler 2005).  

Unlike the deeper parts of the earth, inhomogeneity in the shallowest parts causes 

the main difficulty in interpretation of near-surface data. Other inherent difficulties include 

the strong attenuation and variability of soil lithology near the surface. However, 

considering all the limitations, seismic methods such as refraction, reflection, boring, and 

surface-wave methods are the most common used techniques in engineering applications. 

Seismic methods are implemented in wide range of geotechnical applications including 

void detection (Sheehan et al. 2005), karst investigations (Debeglia et al. 2006), 

liquefaction assessment (Karastathis et al. 2010), and foundation integrity (Olayanju et al. 

2017). However, most of the existing methods use a specific part of the recorded waveform 

to infer the underlying characteristics, leading to limitations in resolution and accuracy of 

the outputs.  For example, the seismic refraction method considers the first arrivals of 
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waveforms refracted from the interface between different subsurface layers. The problem 

with this method is the tendency of fastest rays to go through stiffer materials which results 

in lower depth of penetration and also missing the embedded anomalies like voids. Surface 

wave-based techniques (i.e., Spectral Analysis of Surface Waves (SASW) (Nazarian et al. 

1983), and Multichannel Analysis of Surface Waves (MASW) (Park et al. 1999)) use the 

dispersion nature of the waves to infer the subsurface properties. However, this dispersion 

curve is developed by spatial averaging the properties of the subsurface materials present 

beneath the array of receivers. This averaging impact will get worse when the investigation 

depth increases in which longer-wavelength components are required. In general, reliance 

on dispersion-based or arrival time analytical approaches leads to limited sensitivity to 

physical characteristics, lower resolution, and reduced accuracy in sub-surface 

characterization, particularly for domains with complex geometries like lateral 

heterogeneity or velocity inversion (Tran et al. 2012). In response to these drawbacks, 

several authors reported the high potential of the Full-Waveform Inversion (FWI) approach 

to propose higher resolution of subsurface mappings by extracting information contained 

in the complete waveforms (Plessix 2008, Virieux and Operto 2009b). FWI proceeds as a 

local optimization problem that minimizes the misfit between measured waveforms from 

the field are compared to observed waveforms from a numerical model of the subsurface. 

In general, the FWI results correspond well with the invasive test results like SPT 

and CPT. Additionally, the offered enhanced resolution has shown high potential to be 

used in quality control/assurance of foundation applications as a robust method replacing 

the conventional ray-based or destructive approaches. However, as a young and developing 

field of research, the geotechnical scale application of the FWI technique is still limited. 
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The following table summarizes the successful implementation of FWI in underground 

inspections using stress-wave data (e.g., seismic or ultrasound waves) (Table 2-1). 

Although there is a huge potential for FWI in near-surface applications, and it is 

still truly novel, there is much to learn regarding data collection, signal processing, forward 

or optimization approaches, to be able to do FWI well. Considering the literature, there 

have been some preliminary studies in the geotechnical area, but still relatively few 

applications with discrepancy in their reported results.  

Table 2-1. Existing literature on the FWI application in the inspection of underground anomalies. 

Researchers FWI Type Application 

Ching and Glaser (2000) 2D Acoustic Internal crack Identification 

Tran et al. (2013) 2D Elastic Sinkhole detection 

Nguyen et al. (2016) 2D Elastic Unknown foundation evaluation 

Nguyen et al. (2017) 2D Elastic Bridge-Deck delamination detection 

Jalinoos et al. (2017) 2D Elastic Concrete bridge abutments evaluation 

Tran and Sperry (2018) 2D Elastic Roadway subsidence 

Takekawa et al. (2020) 2D Elastic Sonic-logging test improvement 

Coe et al. (2020) 2D Elastic Liquefaction triggering 

Mecking et al. (2021) 2D Elastic Cavity detection 

Mahvelati et al. (2021) 2D Elastic Pinnacle bedrock topography evaluation 

Mirzanejad et al. (2020) 3D Elastic Void detection 

Kordjazi et al. (2021) 3D Acoustic Drilled shaft anomaly detection 

Kordjazi et al. (2022) 2D Elastic Unknown Foundation depth and anomaly detection 

Liu et al. (2022) 2D Visco-Elastic Void detection 

 

2.2 Development of Full Waveform Inversion 

During the 1850s, R & W Mallet  were the first researchers who reported that wave 

speed variations are a function of underlying material properties, which then became 

known as the seismic inverse problem . The concept of inverse problem works as 

fundamental theory behind majority of interpretations in seismology.  
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In the context of seismic tomography, most of the general inferences related to the 

earth structure follow the simplified assumptions of ray theory. Based on this theory, 

seismic waves can be considered like rays in which the arrival times of signals are sensitive 

to the wave speeds only along the connection curve between source and receiver. This 

theory suffers from major drawbacks that limit the resolution of tomographic images or 

domain scale problems (Williamson and Worthington 1993, Spetzler et al. 2341). Different 

strategies like finite-frequency tomography or dispersion based analysis were reported to 

overcome the limitations of ray-based analysis (Yomogida 1992, Sigloch and Nolet 2006). 

Among all, FWI have demonstrated the most promising results toward more detailed 

interpretation of seismograms by applying semi-analytical solutions to the wave equation 

using numerical modeling. This depth imaging technique enhances the modeling accuracy 

by exploiting the information from the complete seismic seismograms (i.e., all possible 

wave propagation modes of seismic wavefields including body and Rayleigh waves) 

without the need to identify specific seismic phases. In fact, in the conventional techniques 

(e.g., travel times, phase velocities), long seismograms are reduced to a few bytes of 

information and their interpretations are based on approximate theories. 

Although the concept of FWI was first proposed in the mid-1980s, the associated 

computational costs delayed its real-world applications, especially three-dimensional 

modeling, until the last few years. Lailly et.al, 1983 and Tarantola 1984 were the first who 

proposed the theory of seismic inverse problem. Of course, the computational limitations 

at the time of their publication hindered the efforts to test the performance of the theory in 

a computer simulation. Considering the computational challenges, few researchers tried to 
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assess the capacity and potential of FWI to model simple 2D problems in the time-domain 

approach (Gauthier et al. 1986, Mora 1987, Crase et al. 1990). 

To tackle the computation cost of the time domain approach, different research 

teams have focused on proposing the FWI solution in a different domain to enhance the 

modeling problem by removing the time-stepping schemes. In 1999, Pratt was first who 

came up with the idea of formulating the FWI procedure in the frequency domain. Different 

benefits including non-linearity mitigation and limited frequency dependency led this 

approach to overcome the computer limitations of the time. The emergence of this 

technique accelerated the activity in publishing more field and numerical results using 

FWI. However, due to technological advancements, it is not clear yet which domain 

outperforms the other for application of FWI, and different research groups worldwide are 

currently trying to elucidate it. Although frequency domain is a less computationally 

approach, introducing attenuation profile in visco-elastic modeling is not always 

straightforward (Blanch et al. 1995). Also, in large 3D  models, when the memory usage 

is high and the required frequency range is large, the application of time-domain can be a 

helpful alternate (Fichtner 2010). 

2.3 Fundamentals of Full Waveform Inversion 

The FWI procedure begins with the creation of an initial model. This model 

includes the layout of sources and receivers, as well as the properties of the domain under 

study and other essential parameters related to wave propagation. The procedure then 

advances to forward modeling, where the wave propagation equation is meticulously 

solved within this hypothetical model. This critical step yields computed seismograms for 

each receiver, which are essential for the subsequent stages. Once the synthetic data is 



 

25 

available, the next phase is to compute the residual waves. Here, the focus is on quantifying 

the discrepancies between the observed field data and the modelôs predictions. This 

quantification is done using a carefully chosen misfit function, which serves as a 

benchmark to assess the accuracy of the model. 

If the residuals are outside an acceptable range, the process involves 

backpropagation of the residual wavefield to identify where adjustments are needed. At 

this step, the wavefields are used to compute the gradient. Based on the chosen 

optimization method (usually gradient descent), the gradients can be used to iteratively 

update the initial model properties by perturbing the starting model in the appropriate 

direction. The primary goal here is to iteratively enhance the initial model by methodically 

adjusting its properties. This adjustment aims to align the model more closely with the real-

world data, as indicated by the diminishing residuals. This updating process continues until 

the residuals fall within an acceptable range, indicating that the model accurately reflects 

the observed data. The following figure presents the simplified flow of the FWI technique 

(Figure 2-1): 

 

Figure 2-1. The simplified flow of the FWI process. 
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Preprocessing is a key factor in FWI success especially when it comes to field 

datasets. In this process, the events that are not considered in the wave propagation 

equation should be removed from the seismogram (e.g, in the elastic wave propagation 

modeling, attenuation effects should be removed).  Basic preprocessing techniques like 

denoising, mutation of non-used data, bandpass filtering of low frequency content, etc are 

required to be carefully impleneted (Warner et al. 2013).  

Although FWI has shown promising results in presenting high resolution and 

accurate underground maps, some challenges exist that hinder its practical applications.  

The following key problems need to be recognized and addressed at the early stages for 

having successful FWI modeling: 

¶ Reliability of the initial model: selection of an accurate initial modle is a crucial 

step in preventing the FWI  process from becoming trapped in a local minima or 

matching wrong peaks in the waveforms. Due to the use of local optimization 

techniques, the model should be able to create a synthetic wavefield data within 

half wave-cycle of the real data (Virieux and Operto 2009b). Otherwsie, the model 

building cannot successfuly  converge to the real values of the real media. 

¶ Convexity of the misfit function: Convexity of the misfit function ensures that the 

optimization problem has a unique global minimum, which is the point where the 

misfit function is at its lowest value. This means that, given enough computational 

resources and a well-chosen initial guess, the optimization process is guaranteed to 

converge to this global minimum. Otherwise, this can result in an inaccurate or 

incomplete subsurface image, as the optimization process may get stuck in a local 

minimum that does not represent the true subsurface model. 
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¶ Quality of the available low frequencies: one of the biggest challenges in FWI is 

the cycle skipping issue when the low frequency seismic data do not exist (Hu 

2014). In fact, there is a high probablity of matching synthetic and real data peaks 

in the low frequency range. Matching of data in the range over half a cycle, which 

happens in cases where the low frequency data are missing, can result in inaccurate 

velocity model updates. 

¶ Accurate source signature simulation: besides the subsurface properties, the 

differnce between the observed and synthetic data is controlled by the accurateness 

in the polarity and phase of the modeled source (Skopintseva et al. 2016). 

¶ Ill -posedness of the inverse problem: the solution of the inverse problems are 

known to be either unstable or non-unique (Prieux et al. 2011). Stable solution are 

those which can withstand small data perturbation without affecting the final result. 

On the hand, non-unqieness of the inverse problemôs solution means that several 

models can fit the observed data. Regularization and appropriate data 

preconditioning methods are ways to overcome the instability of the inversion 

problem. 

Besides the mentioned problems, high non-linearity in near-surface applications, 

the 3D/2D transformation, the impact of the described physics of the problem, and the 

necessity of having a large offset seismic data are other challenges that require attention 

when intending to utilize the FW technique. Depending on the problem, the FWI solution 

should be treated and tailored independently according to the specific geometry and 

condition of the case and cannot be generalized to other problems. 
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In what follows, introductory information on the principles of forward modeling 

and inversion in the full wave processing is provided. However, for a more detailed 

information on the mathematical background of the optimization techniques readers are 

referred to Santamarina and Fratta 2005, Fichtner 2010, and Schuster 2017. 

2.3.1 Forward Modeling 

In simple words, forward modeling is the process of numerically solving the wave 

propagation equation in the media of interest. Due to the complexities of the earth on any 

scale, media should be discretized into smaller pieces by means of numerical techniques to 

find the solution and accurately model the propagation of seismic waves. Simulation of the 

wave propagation in an earth model can be accomplished using acoustic, elastic, or visco-

elastic physics, referring to the rheology of the medium in which the waves propagate. 

2.3.2 Wave Equations 

Simulation of mechanical wave propagation for different physics can be described 

mathematically by some form of spatially and time-dependent wave equations. According 

to Aki and Richards 2002, the general form of the wave equation in volume V can be 

represented as: 

 ὒ ὼᴆόὼᴆȟὸ Ὢὼᴆȟὸ                                                                       
(2.1) 

with the operator: 

 ὒ ὼᴆ ”ὼ‏ς ‪ ὼᴆȟὸᶻ ‪ ὼᴆȟὸᶻ                    
(2.2) 

where ὼᴆ ɴ V and t ɴ  (t0, ), ul is the l-component of the particle displacement vector,  

the density and fk the k-component of an external force density,  is a tensor of rank four 

that contains the time derivatives of the relaxation functions which describe the rheology 
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of the medium (in simple words, relating stress to strain), z  denotes a convolution; is the 

Kronecker symbol with = 1 for i = j and = 0 for i  j.  

Generally, the unknown domain can be defined in the displacement field ui(x, t) or 

its time derivative, the velocity field vi(x, t), leading to two sets of equations in any media. 

Also, seismic sources can originate from both volumetric forces fi(x, t) and moment tensor 

M ij(x, t) which need to be considered in the final form of formulas. To introduce the 

fundamental of wave equations, simplification of wave propagation can facilitate the 

learning concept. Thus, the following assumptions have been made in this section: 

¶ One dimensional propagation of wave in x direction 

¶ Perpendicular displacement to the propagation direction 

¶ Sesimic source is initiated by fy 

Detailed mathematical derivation of equations can be found in resources like 

Kennett 2001, and  Aki & Richards 2002.  However, considering one-dimensional 

propagation of the wave in a non-dissipative medium, the elastic wave equation can be 

derived from the general formula as follows: 

 ”‬ό ‬ ό‬ό Ὢ                                                                                            (2.3)                                             

Since the displacement field (strain) is related to the stress field, another form of 

elastic equation which is known as velocity-stress formulation can be derived by obtaining 

the time derivative of the displacement and replacing stress field parametersinside of the 

general equation: 

 ”‬ὺ ‬„ Ὢ 

 ‬„ ό‬ὺȢ                                                                                                            (2.4) 
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The aforementioned equations follow Newtonôs second law that balances the 

momentum of particle displacements under the pressure of external and internal forces. 

These formulas can be simplified by considering the wave propagation in fluid regions 

where the shear waves and modulus vanish. By applying the fluid condition to the 

displacement equation, the acoustic form of the wave equation can be written as: 

‬ὖὼȟὸ ὧῳὴὼȟὸ ίὼȟὸ                                                                                              (2.5) 

where p(x, t) is the unknown pressure field, c(x) is acoustic velocity, s(x, t) is a pressure 

source field, and is the Laplace-operator. In fact, different parametrizations change the 

meaning (physics) of the media that the wave propagates through, leading to various forms 

of mechanical wave equations. 

Due to their simplicity and less computational cost, the elastic and acoustic wave 

equations in their different formulations have been studied extensively in seismology and 

earth science. However, the earth is not perfectly elastic in nature, and energy dissipates as 

it passes through the soil layers. To more accurately model the earth layers, intrinsic 

dissipation must be incorporated in the wave equation with the help of memory variables 

and constitutive (relaxation) functions leading to the formation of visco-elastic equation 

(Fichtner 2011). In these conditions, time dependency of the material behavior must be 

described by using constitutive (relaxation) functions that explain the evolution of the 

stress caused by a unit step function in the strain (Emmerich and Korn 1987). Also, memory 

variables as another set of equations are added to the wave equation to circumvent the 

calculation of convolution integrals. Basically, the existence of convolution integrals in the 

stress-strain relation of the viscoelastic equation makes the numerical modelings complex. 
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As a solution, an additional set of equations should be solved to obtain the memory 

variables for each relaxation mechanism (Carcione et al. 1988).  

To consider damping, a generalized standard linear solid which is the superposition 

of various mechanisms like Maxwell bodies, is a well-established relaxtion mechanism to 

be used in the viscoelastic formulation (Liu et al. 1976). The general velocity-stress form 

of the viscoelastic equation in 2D can be adopted as (Robertsson et al. 1994, Bohlen 2002): 

„ ὓρ † ς‘ρ † ς ‘ρ † В ὶ   Ὢέὶ Ὥ Ὦ         
 

„ ‘ρ † В ὶ   Ὢέὶ Ὥ Ὦ
                                                                (2.6)
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ὶ ὓ† ὶ   Ὢέὶ Ὥ Ὦ                                                           
(2.7)

 

ὺ Ὢ                                                                                                                               
(2.8)

 

where ůij denotes the ij-th component of the stress tensor, vi denotes the i-th component of 

the particle velocities, rijl are the memory variables for each relaxation mechanism denoted 

by the subscript l, f is the external force, Űůl are the relaxation time for each relaxation 

mechanism l. M = ɚ + 2 ɛ (ɚ and ɛ are the attenuative Lameôs parameters) is the attenuative 

modulus for P-waves, ɛ is also the attenuative modulus for S-waves, and ɟ is the density. 

Constants Űp, Űs are the attenuation levels for P- and S-waves determined from the quality 

factors Qp and Qs for P- and S-waves. 

Irrespective of domain physics, the formula should satisfy two types of extra 

conditions known as boundary and initial conditions to find the numerical solution for wave 
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equations (PDE with the space derivatives of order higher than one). The following 

requirements should be applied to the equations in our seismic modeling:  

¶ Normal components of the stress tensor  should be zero on the surface (free 

surface condition). 

¶ Displacement and velocity should be zero at t=t0 

2.3.3 Numerical Modeling 

Seismic waves propagate within the earth as described by the wave equation. The 

analytical solution for this equation exists in relatively simple mediums, and the model can 

describe the underlying properties of the medium in which the waves travel. The condition 

of having an analytical solution is that the modelôs physical parameters can be represented 

by a mathematical, analytical function that is dependent on the parameterization of the 

wave equation media. However, due to the high heterogeneity (complex geometrical 

distribution) of the soil, the wave equation cannot be solved analytically in a real-world 

case. Therefore, numerical methods are used to solve complex realistic modelings of the 

earth at any scale.  

Any analytical solution for studying seismic motions must incorporate, at the very 

least, the following three components: 

¶ Description of seimic source 

¶ Equation of the wave 

¶ Coupling the source into the particular solution 

Since the analytical solution cannot be obtained for the wave in realistic cases, 

solutions are developed by discretizing derivatives that lead to a system of ordinary 

differential equations in time that can be solved numerically both in the frequency or the 

time domain. To this aim, several methods  are widely used across a broad  range  of  
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engineering  and  scientific  disciplines to solve the wave equation. These numerical 

techniques typically fall into two broad categories: (1) the finite difference method (FDM); 

and (2) the finite element method (FEM). Although FDM is the most widely used method 

in the context of seismological and wave propagation studies, this technique fails to address 

the geometrical complexities like major discontinuities within the model. To overcome the 

FDM difficulties, classical FEM approaches have been successfully applied to the wave 

propagation models. Unfortunately, the classical FEM suffers from limitations like 

inadequate spatial discretization due to their low polynomial degree approximation or high 

costs of calculation considering a large number of linear systems (Komatitsch et al. 2005). 

However, more recently, the Spectral Element Method (SEM) as a subset of FEM has 

shown promise compared to other developed methods. In FEM, Hookôs well-known 

equation (F=Kx) must be solved, in which the inverse stiffness calculation can pose a 

significant difficulty due to the presence of high degrees of freedom in the seismic wave-

propagation problems. Using the concepts of exact interpolation on collocation points, the 

SEM approach addresses the issue by transforming the stiffness matrix into a diagonal one, 

simplifying the calculations. 

2.3.3.1 Spectral Element Method (SEM). Developed in the 1980s, the SEM 

technique is a robust numerical scheme that overcomes the deficiencies of FDM or classical 

FEM methods by using a specific set of basis functions inside the elements [i.e., high-order 

(Lagrange) polynomials] to more accurately approximate the spatial derivatives. 

Additionally, by combining the FEM and spectral strategies, SEM is able to accurately 

model the heterogenous domains without any need to increase the number of grids per 

wavelength. In fact, the combination of Lagrange polynomials as interpolants and an 
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integration scheme based on Gauss quadrature defined on the GaussïLobattoïLegendre 

(GLL) points for the wave equation provid a fully explicit scheme that can easily be 

parallelized and is numerically stable. Due to its advantages in seismological studies, SEM 

has attracted the attention of research teams around the world (Serianit et al. 1995, Cohen 

et al. 2001, Chaljub and Valette 2004).  

Following the standard FEM strategy, SEM needs the weak (variational) form of 

the motion equation to solve the problem. Generally, the weak form is an alternate 

representation of the strong form of a PDE that relaxes the continuity and differentiability 

requirements of the strong form. To this aim, considering the one-dimensional elastic wave 

equation (Eq. 1.3), the weak form of this formula can be derived by multiplying both sides 

of Eq. 1.3 by a time-independent test function v(x), and integrating over the spatial domain 

D where : 

᷿ὺ”‬όὨὼ ᷿ὺ‬ ‘‬ό”Ὠὼ ᷿ὺὪὨὼ                                                                                (2.9) 

Applying the integration by parts rule to the second term in the left side satisfies 

the free surface boundary conditions and leads to the reduced form of the weak equation: 

᷿ὺ”‬όὨὼ ᷿‘‬ὺ‬όὨὼ ᷿ὺὪὨὼ                                                                                 (2.10) 

In the next step, due to the heterogeneity of the earth, the seismic wavefield u must 

be discretized to find the solutions numerically. In fact, in the continuous form, the 

analytical means are not able to find the solutions. To this aim, the Galerkin method is used 

to approximate the exact solution by a finite number of basis functions: 

όὼȟὸ όὼȟὸ В ό ὸὺὼ                                                                                      (2.11) 

where ◖i(x) is the basis functions and NP is the number of superiimposed basis functions. 

Applying the Galerkin method to the reduced form of the motion equation: 
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‬όὸ᷿ ”ὼὺὼὺὼὨὼ ό ὸ᷿ ‘ὼ‬ὺὼ‬ὺὼὨὼ ᷿ὺὪὼȟὸὨὼ                                  

                                                                                                                          (2.12) 

This is the famous FE equation which can easily be written down using matrix 

notation. However, to find the final solution, the equation must be further approximated by 

getting down to the level of elements. To this aim, the domain (D) must be discretized into 

non-overlapping ne elements, where e = 1, é, ne: 

‬όὸ ᷿ ”ὼὺὼὺὼὨὼ ό ὸ ᷿ ‘ὼ‬ὺὼ‬ὺὼὨὼ ᷿ ὺὪὼȟὸὨὼ 

                                                                                                                          (2.13) 

To facilitatte the integral operations, the spatial domain can be transfomed to the 

reference interval of [ï1, 1]. To transform from the global coordinate to the local one, the 

integrals can be transformed using the following rule: 

᷿ ὺὪὼὨὼ ᷿ Ὢ‚ Ὠ‚                                                                                              (2.14) 

where   denotes the fixed points in the local interval known as the Gauss-Lobatto-

Legendre (GLL) collocations points. As a rule, for the for a polynomial of order N, a total 

of  N+1 GLL points are needed within each element to accurately interpolate the fuinctions. 

The following figures illustrate the mentioned rule: 
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Figure 2-2. Required collocation points, indicated by vertical lines, for higher order Lagrange polynomials 

(Fichtner 2010). 

The final step is to incorporate the Lagrange polynomials as interpolation functions 

in the equation. These polynomials are defined on the collocation points of GLL and their 

degree of the polynomial can be chosen as N = 4, 5, 6, 7, or 8. It must be noted that higher-

order polynomials may lead to the densification of grids around the boundary, which is 

problematic. 

ὺᴼ‒ ‒ȡ Б  ȟ            ὭȟὮ ρȟςȟȣ ὔ ρ                                                      (2.15) 

Assempling the motion equation by incorporating two last formulas provides us 

with the final form of the SEM equation (Igel 2017): 

‬ ὸό ὸ ”‚‒‚‒‚Ὠὼ ό ὸ ‘‬‒‚‬‒‚
Ὠ‚

Ὠὼ

Ὠὼ

Ὠ‚
Ὠ‚ ‒‚Ὢ‚ȟὸ

Ὠὼ

Ὠ‚
Ὠ‚                                                                 
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(2.16) 

As can be seen, the only unknowns of the equation are the displacement and 

acceleration values which can be solved using the matrix notation easily. Irrespective of 

the time derivation approach, since the mass matrix is diagonal, the inversion process is 

trivial and computationally inexpensive. 

2.3.4 Misfit Function 

Encoding a measure of how ógoodô the current estimate of the model is based on 

the misfit between the observed and simulated seismograms is a pivotal step toward 

unlocking accurate model updates. In fact, the sensitivity of data with respect to model 

parameters (Fréchet derivatives) is affected by the method of quantifying the data misfit 

(Bozdag et al. 2011). Additionally, incorrect misfit functions can lead to cycle skipping, 

hindering the model convergence. In general, the nature of misfit functions differs on what 

characteristics they measure to determine the difference between the observed and 

simulated data. Cross-correlation travel time, relative amplitude variations, and waveform 

differences are among the most common measurements in seismic tomography. 

Among all, the widely used L2 misfit function (least-squares norm) has 

demonstrated its high potential in cases where the difference between the two sets of 

waveforms does not exceed half a cycle. This misfit function can be fomulated as (Groos 

et al. 2014): 

Ὁ В В ᷿ Ὠ ὼᴆȟὸ ίὼᴆȟὸȟάᴆ ὨὸȢ                                                                         (2.17) 

Also, the derivative of the misfit function with respect to the model parameters can 

be calculated as: 
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В В ᷿ ςὨ ὼᴆȟὸ ίὼᴆȟὸȟάᴆ
ᴆȟȟᴆ

Ὠὸ                                            (2.18) 

where mk is the k-th model parameter, nr is the number of receivers, nc is the number of 

components, and T is the recording time. The observed particle displacement of the j-th 

component at point ὼᴆ is Ὠ ὼᴆȟὸ and the corresponding synthetic particle displacement is 

ίὼᴆȟὸȟάᴆ . Also, m denotes to the purturbed  model meaning that the particle 

displacement field in the perturbed model is ί ὼ
ᴼ
ȟὸȟά
ᴼ
Ȣ 

However, if the initial model is too far from the global minimum, the L2-based FWI 

process can suffer from cycle-skipping. Cycle-skipping occurs when the time shift between 

the synthetic and observed waveforms is larger than half of one period (corresponding to 

the dominant frequency). This can lead to convergence towards a local minimum that is 

not geologically relevant, thus affecting the accuracy of the inversion results. This major 

challenge is highly related to the non-convexity of the often employed least-squares L2 

misfit function. To mitigate the risk of cycle-skipping, data hierarchy approaches such as 

multi-scale frequency introduction or temporal selection (windowing) have been suggested 

(Virieux and Operto 2009b). Although these techniques enhance the final convergence, 

they are still inadequate in completely resolving the issue in complex underground settings. 

Furthermore, the L2 misfit function places equal weight on all parts of the waveforms, 

including noisy or low-amplitude components, which can lead to inaccurate inversion 

results. 

To overcome certain limitations inherent to the L2 norm misfit function, cross-

correlation functions can be used which take into account the phase information of the 

wavefield. In fact, cross-correlation is a crucial tool for mitigating the effects of frequency-
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dependent attenuation and measuring phase differences between seismic signals. This 

phase information is essential for a wide range of applications, from earthquake source 

characterization to subsurface imaging and reservoir monitoring in the oil and gas industry 

(Maxwell et al. 2010, Yuan et al. 2020). Proposed by Luo and Schuster (1991), cross-

correlation quantifies the time shift between isolated seismic phases in observed and 

synthetic waveforms and demonstrates low non-linearity in computing finite-frequency 

kernels. In general, the travel time misfit can be measured by calculating the the squared 

traveltime difference for a specific seismic phase: 

ʔ Í  Ў†ά                                                                                                                       (2.19) 

Ў†ά † (m) - †                                                                                                                                  (2.20) 

 

where † represents the observed traveltime, †  denotes the predicted traveltime in the 

Earth model, and ȹŰ signifies their difference.However, when it comes to FWI analysis, 

ȹŰ can be determined by cross-correlating the observed and predicted waveforms (Chen et 

al. 2007): 

Ў†ά ὥὶὫὲὥὼ᷿Ὠὸίὸ ὸȟά‏
 

dt                                                                                           (2.21) 

However, it necessitates that the observed and synthetic waveforms exhibit a 

significant degree of similarity, and that single phases can be distinctly identified for 

meaningful outcomes to be obtained. Consequently, in scenarios where different phases 

interfere, the cross-correlation method may fail to accurately measure their delay times. To 

effectively resolve fine-scale features in near-surface applications, it is necessary to extract 

more information from the signals. As a solution, the following procedure can be employed 

with the previous method (called Phase-Misfit hereafter): 
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¶ Perform a Fourier-transform of the observed and synthetic data (within the 

predefined time windows) and extract the complex-valued frequency-domain 

representation of the signals. The discrete frequencies are determined based 

on the provided band. 

¶ Convert the signals to polar coordinates (i.e. amplitude and phase) 

¶ Sum the linear phase difference for all frequencies. 

By employing this method, multiple data points are acquired across a discrete set 

of frequencies, leading to a higher perfromance in matching sesimic signals. 

Another potential solution to the limitations of the L2 misfit function is to use 

alternative misfit functions that can better handle the problem of cycle-skipping. Optimal 

transport theory-based approaches have recently gained attention in the field of geophysics 

due to their ability to handle shifts between data and potentially reduce the problem of local 

minima. Gaspard Monge, a French engineer, came up with these mathematical ideas in the 

late 18th century to facilitate more efficient sand delivery to construction projects. To 

compare seismic signals, Engquist and Froese (2013) proposed replacing the L2 distance 

with the Wasserstein distance which is a mathematical tool derived from the optimal 

transport theory with various applications in image processing and statistics  (Villani 2021). 

The fundamental idea is to compare two distributions by identifying the optimal mapping 

between them. This requires solving an optimization problem called the Monge-

Kantorovich problem, which determines the distance between the distributions. The cost 

of each mapping option is considered, including the total displacement needed to map one 

distribution to the other. The Wasserstein distance is then obtained by selecting the 

mapping with the lowest cost from all possible mappings. The Wasserstein distance 
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between two functions, f(x) and g(x), defined on a domain X as a subset of Ὑ , can be 

expressed in the following equation: 

ὡ ὪȟὫ ÍÁØ᷿ •ὼ
 

ᶰ
Ὢὼ Ὣὼ ÄØ                                                                                   (2.22) 

where Lip1 is the space of 1-Lipschitz functions (they indicate a specific type of 

boundedness and smoothness in their behavior), such that: 

ᶪὼȟώᶰὢȟȿ•ὼ •ώȿ ȿὼ ώȿ                                                                                               (2.23) 

Two fundamental premises of the standard Wasserstein metricðdespite its 

tempting theoretical qualitiesðare that the compared signals should be nonnegative, and 

that no energy is lost during the process of mapping, which are not the case with the seismic 

data. Consequently, the following conservation equation is not valid in seismic imaging: 

ὉὲὩὶὫώȟ ᷿ Ὢὼ Ὣὼ ÄØ π
 

ᶰ
                                                                                              (2.24) 

To address this, several modifications of the fundamental optimal transport misfit 

function have been proposed. Among all, Métivier et al. (2016) proposed a robust and 

efficient formulation to compute the misfit for seismic data. In their scheme, the 

Wasserstein distance is modified to the Kantorovich-Rubinstein (KR) distance to address 

mass conservation issues. They also use a multidimensional KR distance to account for 

correlations between time samples and traces within a shot, which significantly improves 

the results. In fact, for the non-conservative ( i.e., generalized) scenario, an additional 

requirement must be imposed on ű(x) ᶰ Lip1 to make it bounded such that the function is 

limited to reach a fixed, constant value c: 

ὧɱ πȟᶅ ὼɴ ὢȟ    ȿ•ὼȿ ὧ                                                                                                             (2.25)  
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By considering the Eq.2.22 & Eq.2.25 and substituting f(x) and g(x) with the 

observed and calculated shot-gathers, the following misfit function can be introduced: 

Æ В 7 Ä [m], Ä                                                                                                              (2.26) 

ὡ Ὠ άȟὨ ÍÁØ᷿ ᷿ •
  

ὼὶȟὸὨ ὼὶȟὸ Ὠ ὼὶȟὸὨὼdt                                 

                                                                                                                                     (2.27) 

where Ä ά ὼȟÔ and Ä ὼȟÔ represent the calculated and observed shot gathers, 

respectively. Also, the variable ὼ is linked to the receiver position while the variable t is 

representative of time. The superscript s corresponds to the shot-gather number in a seismic 

survey containing S shot-gathers. The notation [m] indicates the reliance of the calculated 

data on the model parameter m. 

To find further details and the exact formulation of the method, it is recommended 

to refer to the published papers by Métivier et al. 2016. These papers provide a 

comprehensive explanation of their approach, including the use of the Kantorovich-

Rubinstein distance, the cost function involving Wasserstein distance, and the 

multidimensional KR distance for accounting correlations. Additionally, the papers present 

numerical results from synthetic 2D and 3D cases, illustrating the effectiveness of the 

method. 

2.3.5 Inversion 

The minimization of the chosen misfit is the objective of the inversion process. To 

this aim, optimization techniques are used to reconstruct the properties of the medium in a 

recursive process to steadily reduce the difference between the synthetic and real 

waveforms. Considering m as the subsurface distribution model, g as the wave-equation 
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operator based on the chosen physics, and d as the field-collected waveform,  the idealized 

form of the synthetic data can be written as the following equation: 

                                                                                                                                    (2.28)                                                                                         

where g(m) shows the synthetic data. However, the idealized or the perfect match can never 

be reached due to several uncertainties in the subsurface characteristics and the modeling 

process. To find the best solution, knowledge of misfit functions is used to optimize the 

following representation: 

ὼά ᴁὫά Ὠᴁ ὥᴁά άπᴁ                                                                                 (2.29) 

The first term denotes the least-squares norm to estimate the difference between the 

synthetically produced waveforms and the real-field collected ones. While m0 shows the 

a-priori knowledge of the subsurface, the term tries to apply the pre-known information of 

the site to the estimated medium that is called the regularization term. The term   is the 

importance factor of the a-priori knowledge. Since m is the only variable in the right hand 

side of the equation, the minimization of the misfit function is just dependant on optimizng 

the m vector. 

Having p as the direction vector in the model space, the quadratic form of the misfit 

function can be approximated as: 

ὼά Ὢά Ὢά Ὢɳάὴ ὴᶯὪάὖ                                                              (2.30)                                                                

Based on simple calculus, the approximation becomes minimum when the 

derivatives are zero or : 

ά
ᶯ

ᶯ
                                                                                                           (2.31)                                                                                                             
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However, in practice, the misfit functions are larger than the quadratic form, 

making it computationally expensive and infeasible to find the Hessian. In response to this 

issue, algorithms are used that work with an approximate estimate of these conditions. For 

example, the well-established method known as the steepest descent considers the Hessian 

as an identity matrix (pre-conditioning operator), counting on the gradient to compute the 

model updates. In general, the approximation of the Hessian is the primary strategy that 

the most used algorithms like the Quasi-Newton ones use to estimate the misfit function in 

the FWI applications. Reported by Tromp 2020, the limited-memory BroydenïFletcherï

GoldfarbïShanno (L-BFGS) algorithm is the most effective algorithm used in FWI 

simulations. In fact, when the model space grows too big, the original technique (i.e, 

BFGS) becomes impractical due to its memory requirements since the Hessian for a model 

space with M parameters requires (M2-M)/2 indices. To tackle the issue,  Nocedal 1980,  

first proposed the limited memory BFGS in which the technique approximates the inverse 

Hessian without the need to store it in memory. Instead, it uses the previous gradients and 

model updates to compute the approximations. 

Unfortunately, the primary challenge with conventional local optimization 

techniques is their susceptibility to becoming trapped into local minima due to reasons like 

poor initial or physics of the model. Considering the benefits of the global Bayesian 

methods, research teams actively are working to enhance the performance of the FWI 

optimization (Sambridge and Mosegaard 2002, Tarantola 2005, Fichtner et al. 2019).  It is 

important to acknowledge that the feasibility of implementing FWI on a practical scale is 

closely linked to the availability of high-performance computing resources. The escalating 

computational demand is justified by the need for intricate numerical modeling techniques, 
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which, fortunately, have become more accessible and advanced in the recent decade. This 

accessibility, coupled with continuous advancements in computing power, holds promise 

for overcoming some of the limitations in FWI applications. 

2.4 Seismic Energy Loss 

Attenuation is the generic term for energy loss during seismic wave propagation 

caused by the combined effects of multiple factors along the transmission path, including 

geometric spreading, scattering, and intrinsic damping. Each of these factors is described 

in more detail below. 

2.4.1 Geometrical Spreading 

As an acoustic wave propagates from the source, its energy is distributed over an 

increasing area (spherical wavefront). The intensity of the energy correspondingly 

decreases in proportion to  , where r is the distance of the wavefront. Since energy is 

proportional to amplitude squared, it decays as  from spherical spreading. This 

phenomenon is analogous to the manner in which light propagates as well. 

2.4.2 Scattering 

Due to changes in the material properties (i.e., heterogeneity of the medium), the 

energy of a propagated wave scatters in different phases. Depending on the material 

properties, this frequency-dependent factor results in amplitude decay and dispersive 

effects. Scattering can be used to detect different underlying layers like hydrocarbons and 

is defined as the multiplication of the dominant wavenumber (k) and the inhomogeneity 

ratio of the medium (a). Scattering regimes can be described into the following main 

categories: 
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¶ Quasi-homogeneous and effective medium regime (k*a < 0.01): no 

significant scattering 

¶ Rayleigh scattering regime (0.01 Ò k*a < 0.1): produces anisotropy. 

¶ Mie scattering regimes (0.1 Ò k*a Ò 10): produces strong scattering with 

large angles compared to the incident direction in the signal. 

2.4.3 Intrinsic Attenuation or Damping 

This energy loss is due to the anelastic processes or internal friction during wave 

propagation. This process consists of permanent exchange between displacement and 

kinetic energy that mostly occurs at grain boundaries and discontinuities. To describe the 

intrinsic attenuation, the equation of motion for a damped harmonic oscillator can be 

solved: 

άὼ ὶὼ Ὧὼ π                                                                                                       (2.32)                        

where k is the spring constant and m is the mass. By defining the friction coefficient as 

 in which the , the general formula turns into the following form: 

     ὼ ‐‫ὼ ‫ ὼ π                                                                                                             (2.33) 

The solution to this problem can be written as following: 

 ὼὸ ὃὩ ÓÉÎ‫ὸЍρ ‐                                                                                            (2.34) 

As can be seen, the amplitude term is a time-dependent factor in Equation 1.2. By 

relating the friction coefficient to the quality factor (Q) as , the amplitude 

formula becomes: 
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ὃὸ ὃὩ ὃὩ                                                                                                       (2.35) 

The Q parameter defines the level of intrinsic attenuation present in geologic 

materials that compose the subsurface. It is reported that the Q value is usually constant 

over the typical seismic frequency range (5-40 Hz) (McDonal et al. 1958, Spencer Jr 1981). 

The higher the value of Q (less energy loss per cycle), the closer the medium would be to 

an ideal elastic rheology. The interpretation of the latter sentence is drawn from the 

formula: 

ὗ ς“                                                                                                                                   (2.36) 

where the inverse of the  fraction shows the energy loss of seismic wave per cycle (E 

is the total energy). Since high frequencies of the wave undergo more oscillations and have 

shorter wavelengths, they become more attenuated compared to the lower frequency range 

values. This phenomenon also leads to the pulse broadening of the seismic waves.  

In general, the observed values of Q for P-waves are higher than those for S-waves. The 

typical Q value ranges for soil and rocks are not universally standardized and can vary 

depending on factors such as geological conditions, location, and the specific type of 

material being assessed. These ranges are often subject to regional and local variations, 

making it challenging to establish a single, widely accepted standard range. For instance, 

the Q values reported by Steeples (2005) and Santamarina and Park (2017) exhibit notable 

variations, as evidenced in Tables 2-2 & 2-3.  
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                     Table 2-2. Typical quality factor values in soil and rocks (Steeples 2005). 

Type Quality Factor 

Clay and Sand 25-50 

Sandstone 10-50 

Shale 25-75 

Granite 55-130 

Limestone 50-180 

                   

            Table 2-3. Small strain measured quality factors reported by Santamarina and Park (2017). 

Type Quality Factor 

Coarse soils (dry) 62-250 

Coarse soils (saturated) 25-100 

Fine soils (saturated) 10-50 

Organic soil (saturated) 10-50 

Rocks (dry) 125-250 

Rocks (saturated) 20-83 

 

The necessity of addressing the intrinsic absorption of the materials in anelastic 

media has been well established in the literature (Carcione et al. 1988, Samec and Blangy 

1992, Robertsson et al. 1994). Additionally, the damping property is a critical factor in 

solving near-surface soil dynamic problems, including site response and/or liquefaction 

assessment under seismic excitations. In soil mechanics, the loss mechanism is quantified 

using damping ratio (D), which is related to the quality factor (Q = 1/2D) and is 

significantly influenced by the induced strain level. The small strain damping ratio 
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(typically below 10-3 or 10-4) is of particular interest in geotechnical engineering practices 

as it reaches a constant minimum value (Dmin).  Many factors affect the Dmin value in 

geomaterials, including frequency of the propagating wave, confinement, moisture content, 

and fluid properties. Additionally, various properties of the soil medium itself such as grain 

size, shape, and fabric affect Dmin, which makes it a great index to differentiate between 

different soil types in near-surface shallow seismic characterizations (Cascante and 

Santamarina 1996; Wang et al. 2007; Payan et al. 2016; Senetakis and Payan 2018). 

Small-strain damping of geomaterials can be calculated from their dynamic stress-

strain responses using a variety of laboratory testing methods such as torsional and direct 

simple shear, cyclic triaxial, resonant column, and hollow cylinder tests (Pincus et al. 1995; 

Vucetic et al. 1998; Zhang et al. 2005; Senetakis et al. 2013; Guoxing et al. 2016; 

Madhusudhan and K Senetakis 2016). However, determination of soil properties from 

laboratory testing can be problematic when considering the amount of disturbance caused 

by the sampling process. For example, several studies have reported that the shear stress 

release associated with the removal of a soil sample from the ground is an unavoidable 

component of disturbance associated with sampling (Noorany and Seed 1965; Larochelle 

et al. 1981; Santagata and Germaine 2002; Long 2003). Additionally, sampling from a 

limited number of specific locations at the site is not necessarily representative of the whole 

domain as the stratigraphy and soil properties may vary spatially. Besides the laboratory 

tests, in-situ testing methods (e.g., CPT, DMT, etc.) can be used to estimate the dynamic 

properties of soils (Schmertmann 1978; Baldi et al. 1988; Karl et al. 2006) . However, they 

suffer from similar limitations in that they are often point-measurements at a limited 

number of locations. Additionally, the in-situ tests do not directly measure the properties. 
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Instead, they estimate them from empirical correlations to other index properties obtained 

from in-situ testing (e.g., CPT tip resistance).   

To address the issues of sample disturbance and spatial variability, conventional 

geophysical measurements from borehole-based (i.e., downhole and cross-hole) and 

surface-based (i.e., multi-channel or spectral analysis of surface waves) methods have been 

explored as efficient ways to reconstruct the physical properties of the subsurface ( Clough 

and Chameau 1980; Hoar and K. H. Stokoe 1984; Woods and Jedele 1985; Gibbs et al. 

1994; Foti 2003; Armstrong et al. 2020). However, this approach is not without limitations, 

particularly with respect to accurately measuring small-strain damping in challenging 

profiles. For example, poor coupling between a borehole and the receivers in borehole-

based techniques can be problematic and the frequency of the utilized waveforms is not 

routinely within the interest range of earthquake site response analysis (Rix et al. 2000). 

Also, borehole-based methods are often still point-based measurements that provide 

inadequate spatial coverage of the domain of interest. Although surface-based methods 

have less issues with coupling and ñsampleò more of the domain, they do not routinely 

exploit all of the information contained in the acquired waveforms. In general, surface-

based methods either rely on the extraction and inversion of dispersion curves or the 

interpretation of the wave arrival times. Reliance on dispersion-based or arrival time 

analytical approaches leads to limited sensitivity to physical characteristics, lower 

resolution, and reduced accuracy in sub-surface characterization, particularly for domains 

with complex geometries like lateral heterogeneity or velocity inversion (Tran et al. 2012). 

Thus, a reliable geophysical estimate of the spatial distribution of damping across a site is 

still considered a challenge. 
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The continued improvement in computational resources has promoted 

advancements in geophysical techniques like FWI that has ultimately led to better 

characterization of subsurface conditions. Since its inception, several promising 

applications of viscoelastic FWI have been reported on large-scale (kilometers) inverse 

problems, typically associated with the hydrocarbon exploration ( Virieux and Operto 

2009; Malinowski et al. 2011; Prieux et al. 2013; Cheng et al. 2015; Belahi et al. 2016; 

Yang et al. 2016; Operto and Miniussi 2018; Fabien-Ouellet et al. 2020). However, the 

incorporation of viscoelasticity in near-surface FWI is limited due to specific challenges 

associated with the smaller scale (0-100 m) investigations, including the complexity of 

body and surface wave separation, strong attenuation, inconsistent wave excitation, and 

substantial variability of the soil lithology (Tran and Luke 2017). Nevertheless, recent 

advances in numerical solutions of partial equations and the utilization of more powerful 

optimizers have reignited interest in the use of viscoelastic FWI in geotechnical 

characterizations (e.g., Groos et al. 2014; Mirzanejad and Tran 2019; (Gao et al. 2014)Gao 

et al. 2020). 

2.5   Source-Receiver Configuration  

Seismic acquisition involves capturing and analyzing data from the subsurface to 

acquire a thorough understanding of the underlying geological conditions. A crucial aspect 

of this process is the design of a seismic survey that satisfies technical and economic 

criteria. During design of a seismic survey, it is important to carefully determine the 

number and locations of sources and receivers so that the information content is maximized 

while the actual acquisition costs (i.e., logistics, time, and staff) are kept to a minimum 

(Morrice et al. 2001). 
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It has been reported that FWI requires a high-density distribution of seismic sources 

and receivers across the subsurface (Operto and Miniussi 2018). While much research has 

been conducted to enhance data processing, imaging, and inversion techniques, survey 

design has received less attention. Redundant data collection is sometimes suggested to 

address the inherent complexities of the FWI process, but this approach can be costly for 

large-scale tests (Romdhane and Eliasson 2020). In recent years, there has been growing 

interest in the use of FWI for near-surface applications, including the detection of 

sinkholes. However, limited research has been conducted on the ideal effects of sources 

and receivers for such scenarios, which directly impacts the potential accuracy of the 

subsurface imaging and the cost-effectiveness of the survey. Ultimately, achieving a better 

understanding of the appropriate deployment of sources and receivers in FWI for sinkhole 

detection not only holds the promise for safer and more efficient civil and construction 

projects but also contributes to the broader field of geophysical exploration by enhancing 

methodologies for a variety of near-surface challenges. 

Using cross-hole acoustic waveform inversion, Maurer et al. (2009) conducted a 

numerical study to determine the optimum source/receiver spacings along borings. The 

simple experimental setup used in their study involved two 30-m-long, parallel borings. 

Also, they considered various source and receiver spacings of 0.25 m, 0.5 m, 1m, 2m, and 

4m, and boring separations of 10 m, 20 m, 30 m, 40 m, and 50 m (typical of civil 

engineering cross-hole experiments). The authors observed that higher density of source 

and receivers spacing (i.e., reduced spacing) results in marginal improvements, as depicted 

in Figure 2-3. However, it is uncertain if this conclusion applies directly to surface-based 

surveys where sources and receivers are positioned at or just below the ground level. In 
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these cases, the inversion problem is inherently less constrained. The primary challenge is 

characterized by the lack of direct arrivals between source-receiver pairs with ray paths 

that traverse the entire domain of interest.  In contrast to scenarios where direct arrivals 

provide clearer insights into subsurface features, the energy paths in surface-based surveys 

are more likely to be affected by surface complexities and less likely to penetrate deeply, 

failing to offer direct and unambiguous information about the subsurface structures. 

Additionally, the presence of high-amplitude surface waves, which tend to overlay the 

reflected phases, necessitates the application of elastic or viscoelastic FWI techniques, 

which can more accurately account for the full range of wave behaviors in these scenarios, 

including both body and surface waves. 

 

Figure 2-3. Tomographic inversion results using a borehole separation of 30 m. (a) true mode. (b) 

inversion result for a source and receiver spacing of 0.25 m, (c-e) tomograms for a spacing of 0.5 m, 1 m, 

and 2 m, respectively. 

In another study, Nuber et al. (2017) found that there are only marginal benefits 

when a spatial sampling smaller than 1 m was used for both source and receivers in an 
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elastic FWI with noise-contaminated data and free-surface boundary conditions. Source 

and receiver spacings ranging from 0.25 up to 4 m along the surface (Figure 2-4). 

Additionally, based on various optimized experimental design (OED) techniques, the 

authors reported that with a small amount of carefully selected source positions, similarly 

good results can be achieved, as if as many sources as receivers would have been employed 

in a dense scenario. 

Although the aforementioned studies have suggested that a high density of spatial 

sampling is potentially unnecessary for FWI problems, these findings may not be 

applicable to sinkhole scenarios where reflections from underground anomalies are more 

prominent than in typical velocity increasing profiles. Therefore, source and receiver 

configurations in seismic near-surface FWI should account for the specific geological 

structure and the desired resolution and coverage of the survey. 

 

Figure 2-4. (A) tomogram obtained with the comprehensive data set (0.25m source and receiver spacing). 

(B) tomogram obtained with 1m spacing, and (C) tomogram obtained with 2m spacing. 
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2.6   Initial Model Selection  

The initial model plays a crucial role in the conventional FWI process where local 

optimization techniques are implemented to update the parametrization. In fact, the quality 

of the initial model determines the convergence rate and the accuracy of the final inversion 

result. This is more challenging in the near-surface region where subsurface features can 

be highly variable and complex, and the resulting waveforms do not exhibit sufficient 

separation between different wave types. An inaccurate or poorly defined initial model can 

consequently lead to a slow convergence, and the inversion process may get stuck in local 

minima or saddle point, resulting in unreliable inversion results. Therefore, it is essential 

to select an appropriate initial model that is as close as possible to the true subsurface 

velocity structure.  

To accomplish this, a-priori knowledge regarding the subsurface conditions should 

be incorporated into the initial model to restrict its parameters (i.e., velocity, density, or 

damping) and direct the inversion toward a more accurate depiction of the subsurface. This 

information can come from various sources, such as boring log data, geological maps, or 

other seismic surveys. 

The literature highlights three primary categories of commonly used FWI starting 

models: (1) constant velocity (Kallivokas et al. 2013, Kucukcoban et al. 2019); (2) linearly 

increasing velocity with depth (Tran and McVay 2012, Dokter et al. 2017); and (3) velocity 

profiles derived from other seismic methods (Köhn et al. 2019, Wang et al. 2019). Figure 

2-5 reveals that a significant proportion of FWI studies in the geotechnical scale employ 

either constant velocity or linearly increasing velocity. While these starting models have 

some benefits, such as simplicity, computational efficiency, and effectiveness in certain 
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geological settings, they do have some significant limitations and potential shortcomings. 

First, they rely on assumptions which may not be valid in all geological settings, such as 

in regions with significant lateral velocity variations or highly variable velocity profiles. 

Furthermore, these methods may not be able to capture subtle features critical for sinkhole 

detection and characterization, such as small-scale heterogeneities, fractures, or voids. 

Therefore, more sophisticated methods with higher details should be employed when 

necessary to ensure accurate and reliable inversion results. 

 

Figure 2-5. Distribution of the types of initial models used in near-surface FWI (refer to 

Table.2-1). 

In terms of seismic wave methods used to develop starting models, the MASW and 

seismic refraction methods have been the most commonly employed in the studies 

summarized in Figure 2-5. While these methods may contain more information about the 

true subsurface condition than constant/linearly-increasing velocity models, the accuracy 

of MASW and seismic refraction can depend on various factors, such as the quality and 

quantity of input data, the type of seismic wave analyzed, and the complexity of the 

subsurface structure. Additionally, subjective decisions can also affect the interpretation of 
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these seismic methods, especially when it comes to analyzing the waveforms by picking 

arrival times, identifying phases, and similar steps in the data processing. 

A systematic study of the effectiveness of various initial models has not been 

undertaken for near surface geometries. It is essential to quantify the effectiveness of each 

starting model based on how well the final model can be predicted assuming all other 

factors in the FWI processing remain the same. In this manner, the use of statistical metrics 

can help differentiate the performance of each starting model and facilitate the selection 

process in sinkhole applications. 

2.7   Misfit Function Selection  

The primary objective of FWI is to minimize the misfit between the synthetic and 

true (or observed) waveforms to obtain an accurate estimate of the subsurface model 

parameters. FWI can adopt either global or local optimization techniques to search for the 

optimal solution. Unlike local techniques, global techniques search the entire parameter 

space to find the global minimum, thereby reducing the risk of getting trapped in local 

minima. This feature is particularly important when the misfit (objective) function has 

multiple minima, as is often the case in FWI. However, global techniques suffer from the 

drawback of having a high computational cost, which makes their application impractical, 

leading to widespread use of local optimization methods instead (Nocedal and Wright 

1999). Such methods typically require fewer forward problems than their global 

counterparts, making them significantly faster. However, having a non-convex 

optimization problem, these methods are more likely to become stuck in a local minimum 

that prevents them from advancing toward the correct solution. This happens when the 

algorithm converges to a suboptimal solution that is the best in its local neighborhood but 
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is not the best overall. Once trapped in a local optimum, the algorithm cannot escape and 

continues to explore the same area, which leads to suboptimal solutions. Therefore, the 

choice of the misfit function is critical to the success of FWI. However, selecting an 

appropriate misfit function is not a trivial task and requires careful consideration of various 

factors.  

Figure 2-6 presents a bar plot with the frequency of the misfit functions utilized in 

the near surface FWI applications cited in Table 2-1. The data shows that the L2-norm 

misfit function has the highest frequency when compared to the other misfit functions 

employed in the near-surface FWI. However, when the synthetic data produced by the 

initial model deviates by over half a cycle from the observed data (which is the case in 

complex geologies), L2-norm-based FWI may encounter a cycle-skipping issue. 

Additionally, this misfit places equal weight on all parts of the waveforms, including noisy 

or low-amplitude components, which can lead to inaccurate inversion results, especially in 

the presence of cycle-skipping. 

 

Figure 2-6. Frequency of Misfit Functions used in near-surface FWI based on the existing 

literature. 
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To overcome the issue of cycle-skipping, the cross-correlation-based misfit 

function has been proposed for FWI studies (Leeuwen and Mulder 2010, Choi and 

Alkhalifah 2012). This misfit function measures the similarity between the observed and 

synthetic data by computing the maximum correlation coefficient between the two 

waveforms. This misfit function is less sensitive to noise than the L2 norm-based misfit 

function, and it can be more effective in mitigating the problem of cycle-skipping as it 

emphasizes on the travel time contribution while reducing the amplitude effect (Luo and 

Schuster 1991, Luo et al. 2016, Yu et al. 2023). Despite its benefits, the cross-correlation 

misfit function is less sensitive to the specifics of the waveform shape, limiting the FWIôs 

ability to resolve the data details and, consequently, lead to a poor resultant model (Tao et 

al. 2017). 

As another alternative to the conventional L2- norm misfit function, the envelope-

based objective function have demonstrated promising results in seismic inverse problems 

(Bozdag et al. 2011). This misfit function assumes that the envelope of the seismic data is 

related to the amplitude of the wavefield, which is a more reliable indicator of the 

geological properties of the subsurface than the phase. These functions have been shown 

to be particularly useful when dealing with seismic data that contain phase errors, which 

can be challenging to correct using traditional methods. However, there are still some 

challenges associated with combining them with FWI. For example, Bharadwaj et al. 

(2016) notes that envelope-based misfits are not sensitive to travel time errors that exceed 

the width of the predicted and observed envelopes. This means that if the travel time errors 

are too large, they may not be accurately reflected in the misfit function, potentially leading 

to inaccuracies in the final image. Another challenge is that the envelope-based misfit may 
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not be able to retrieve long-wavelength heterogeneity using only reflected data. This is 

because the envelope of the reflected wavefield is primarily influenced by the shorter 

wavelengths, making it difficult to extract information about the longer-wavelength 

features of the subsurface (Wu et al. 2014). 

The use of optimal transport theory-based misfit function has recently gained 

significant popularity in the field of geophysics due to its ability to handle shifts between 

data and potentially reduce the problem of local minima (Métivier, Brossier, and Mérigot 

2016). In seismic signal processing, Engquist and Froese (2013) were the first to propose 

using the Wasserstein distance, which is based on the optimal transport theory, as a 

replacement for problematic L2 distance. The Wasserstein distance assumes that the 

compared signals are positive, and that no energy is lost in the process of mapping one 

signal to the other which are not valid for seismic signals. To address this shortcoming, 

Métivier et al. (2016) proposed the strategy of using a variant of Wasserstein distance relies 

on the dual formulation of the MongeïKantorovich problem, and is defined as a 

maximization problem over the space of bounded functions with variations bounded by the 

unity. This allows us to overcome the restriction associated with the original technique. 

While this updated function has shown promising results in large-scale applications (Yang 

and Engquist 2017, Poncet et al. 2018), incorporation of optimal transport into near surface 

problems still needs further research to fully understand its potential.  

In summary, the choice of the misfit function is a critical aspect of FWI, and 

different types of misfit functions have their advantages and disadvantages. While the L2-

norm-based misfit function is the most commonly used, further research is needed to 
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quantify the effects of misfit function when employed in near surface geotechnical 

applications. 

2.8   Viscoelasticity  

Although acoustic FWI suffers from major shortcomings due to the limited physics 

being modeled, successful near surface applications of FWI have been perfomed in this 

framework under judicious data conditioning (Gadylshin et al. 2014, Mei and Tong 2015, 

Chen et al. 2016, Kontakis et al. 2020, Kordjazi et al. 2021). Reliability of acoustic FWI 

decreases significantly when it comes to domains with complex topographies and velocity 

contrasts where multiple wave types can dominate the recorded waveforms (Brossier et al. 

2009). This is particularly the case in near surface applications where 

direct/reflected/refracted body waves and surface waves can arrive at similar times, which 

makes it very difficult to use techniques that filter surface waves as unwanted noise. 

Additionally, considering shear and surface waves as noise sources in the inversion can 

adversely affect the final resolution of acoustic FWI as they contain important sub-surface 

information. 

Given the limitations of acoustic FWI and the increasing trend of higher 

computational capabilities, elastic and viscoelastic FWI have been increasing 

implemented. One of the first applications of elastic FWI in near-surface problems was 

reported by Gélis et al. 2007. Using numerical simulations, they explain the challenge of 

inverting for combined body and surface waves as they natually behave differently. Based 

on the results, the authors emphasized the reduction of non-linearities using 

preconditioning techniques to enhance the quantifications resolution. In another study, 

Romdhane et al. 2011 performed a 2D elastic frequency domain FWI on a synthetically 
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simulated model of a realistic landslide with strong velocity contrasts and a complex 

surface topography. The authors used a discontinuous Galerkin method, based on a low-

order mixed P0-P1 interpolation to model the wave propagation while the L-BFGS 

optimization method  was adopted to improve the convergence of the waveforms. Using a 

total of 197 Ricker sources placed 1m below the surface, with a 1-m spacing along the 

horizontal axis and 197 receivers located 0.5 m below the surface, they reported the 

significant importance of successive inversions of overlapping groups of finite frequencies 

and introduction of the later arrivals using time windowing to mitigate the nonlinearities in 

the near-surface FWI application. Although the results were acceptable, the authors 

reported the imporance of incorporating quality factors in the FWI process when working 

with real data. The primary challenge that necessitate the transition to viscoelastic FWI is 

the assumption of a purely elastic earth, which ignores the inelastic behavior of real 

geological materials. This oversight significantly compromises the precision of subsurface 

imaging. As elucidated by Robertsson et al. 1994, anelastic phenomena extend beyond 

simple modifications in waveform amplitude and phase. They include intricate wave mode 

conversions, such as the transformarions between P-waves and S-waves.  

Considering the literature, these are relatively few applications of viscoelastic FWI 

with discrepancy in their reported results, calling for a more comprehensive analysis of the 

proposed techniques. For example, using a combined approach of numerical and small-

scale physical modeling simulation, Bretaudeau et al. 2013 investigated passive-

viscoelastic FWI in a complex near-surface structure that contained an unfavorable 

configuration with weak impedance contrasts of layers, strong attenuation, and high-

amplitude surface waves. The results demonstrated some discrepancies in the final 
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underground mapping of the numerical and experimental models. The authors claimed that 

the observed artifacts were due not only to the strong non-linearity at very shallow depths, 

where surface waves dominate, but also to the dependence of the signal-to-noise ratio on 

offset and frequency, source signature inversion, and singularity of the gradient close to 

the sources. They reported that preprocessing of the data and noise handling are critical 

points for successfully applying viscoelastic FWI to near-surface field seismic data. 

However, the authors used pre-known quality factors in their simulations and did not 

investigate the influence of inaccurately chosen quality factors on the reconstructed 

models. 

Groos et al. 2014 synthetically compared the results of elastic and visco-elastic 2D 

FWI to reconstruct the properties of a shallow-seismic profile. They reported that the 

source-wavelet correction can partially explain the residuals between those approaches, but 

it cannot fully address the frequency-dependent amplitude decay with offset (intrinsic 

damping). Although part of the anelastic attenuation can be explained by scattering, the 

authors strongly recommend the inclusion of the quality factor in the forward modeling to 

enhance the reliability of the results. They also showed that the effect of incorrectly chosen 

initial quality factors can be mitigated by applying the source-wavelet correction. The 

authors emphasize that other difficulties such as large dimensionality induced non-

uniqueness, trade-off among the parameters, and out of plane scattering must be taken into 

account to result in a successful FWI implementation. 

To provide more insights into the composition of scattering in seismic recordings 

and mitigate the cross-talk (trade-off between parameters) in FWI, Athanasopoulos and 

Bohlen 2019 used a 2D finite-difference method for solving the viscoelastic wave equation 
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to characterize the scattering response of a shallow structure. By perturbing each sub-

surface property (the P- and S- wave velocities, the density, the quality factors qp and qs) 

indivisually, the authors could show the scattering pattern of the whole waveform and P 

and S waves under the specific perturbation conditions (Figure 2-7). Based on their results, 

the scattering pattern of density is fundamentally different from those of velocity and 

attenuation, leading to less cross-talk. However, the similarity of scattering waves is high 

for attenuation and velocity creating significant cross-talks that result in a challenging 

inversion process. Additionally, it was observable that the changes in the shear velocity 

can form waveforms with 100% amplitude reduction compared to the background model 

(without any property perturbation), which demonstrates the high sensitivity of FWI to this 

parameter. 
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Figure 2-7. Snapshots of the S-wave (Es) and P-wave (Ep) intensity of the background wavefield 

and scattered wavefields caused by perturbations of the viscoelastic parameters (the amplitudes 

of the scattered wavefield are clipped to lower values as indicated by the color bars). The boxes 

signify the reduction in percentage of the amplitudes of the shot gathers compared to the 

background (Athanasopoulos and Bohlen 2019). 

Mirzanejad and Tran 2019 performed extensive 3D passive-viscoelastic and elastic 

FWI simulations on the same field dataset with similar initial model, frequency content, 

numerical modeling  and optimization technique. They showed that the inverted shear wave 

velocity profiles from viscoelastic method are more consistent with the SPT N-values of 

the subsurface soils compared to the reported elastic-medium based results reported by 

Nguyen and Tran 2018. The authors claimed that the simulation of accurate quality factor 

in the viscoelastic modeling is the key step preventing from overshooting of low velocity 

zones. However, in general, both viscoelastic and elastic methods could produce acceptable 
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velocity profiles that were in good agreement with the SPT dataset at four different 

locations (Figure 2-8). 

 

Figure 2-8. Comparison of elastic and passive-viscoelastic FWI results with SPT-derived data. 

 

To reduce the cross talk effects in the inversion process, Dokter et al. 2017 

developed 2D elastic and viscoelastic FWI to invert SH- and Love-wave data for mapping 

remains of historical building foundations in a highly heterogenous subsurface. The high 

potential of this technique was attributed to the independency of Love waves to P-waves 

that reduces the computational time by requiring fewer input parameters for waveform 
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simulation than Rayleigh waves. Using different Qs values (30, 15 and 10) for the 

measured data, the authors reported that the resulting viscoelastic velocity profiles are 

smoother compared to that of elastic ones showing less details. Also, they mention that the 

influence of anelastic effects on the inversion result was rather small (Figure 2-9).  

 

Figure 2-9. Vertical depth profile at x = 5 m for the initial model, elastic FWI , visco-elastic FWI results 

using different Q values for the S-wave velocity and density model. 

 

While the existing literature provides insights into the applications of viscoelastic 

FWI, there is a notable lack of consensus on its superiority over elastic FWI. This gap is 

significant, as the physics underpinning elastic forward modeling are widely recognized as 

insufficient for fully capturing the complexities of field wave propagation. However, the 

extent to which this inadequacy impacts the accuracy and convergence of FWI outcomes 

in practical scenarios remains underexplored.  

2.9 Summary 

In this chapter, a comprehensive review was provided on various critical aspects of 

FWI, focusing on the effects of source-receiver configuration, initial model selection, 

misfit function choice, and the physics of forward modeling. Each of these components 

was identified as vital to the accuracy and effectiveness of FWI, particularly as a near-
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surface imaging technique where the resulting wavefields can be quite complex with 

overlapping arrivals from different wave types. Regarding source-receiver configuration, 

the chapter reviewed attempts to assess the impact of these elements on FWI results, 

highlighting that while high-density spatial sampling might not be necessary for standard 

FWI problems, this might not hold true in scenarios like sinkholes, where reflections from 

underground anomalies are more prominent. The significance of the initial model was also 

discussed, exploring how techniques like MASW could provide more accurate starting 

points for FWI studies and emphasizing the crucial role of initial model selection due to 

factors like data quality, seismic wave type, and subsurface complexity. Additionally, the 

selection of the misfit function was identified as another key aspect, with the strengths and 

limitations of various functions reviewed, underscoring the need for more efficient 

optimization techniques. Finally, the physics of forward modeling was examined, noting 

the limited applications of viscoelastic FWI and discrepancies in reported results, but 

acknowledging the potential of viscoelastic FWI as a valuable tool in geotechnical 

engineering with further research and development. In conclusion, the chapter emphasized 

the necessity of a systematic assessment of these components before employing FWI in 

field scenarios, suggesting that a thorough understanding and careful consideration of these 

factors are imperative for the effective utilization of FWI in geotechnical engineering 

applications, ensuring accurate and reliable results. 
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3 CHAPTER 3 

NUMERICAL EVALUATION  OF FULL  WAVEFORM INVERSION  ON 

THE EFFECTS OF PARAMETERIZATION AND WORKFLOW ON 

ANOMALY DETECTION  

Preface: The contents of this chapter are in part based on the manuscript: Alidoust, P., 

Coe, J., Yang, Y., ñSinkhole Evaluation Using Full Waveform Tomography: A 

Comparative Numerical Study of Objective Functions.ò in proceedings of the Geo 

Congress 2024, Vancouver, CA 

3.1 Introduction  

It is evident from the literature review that FWI performance exhibits high 

dependency on the chosen parameters and workflow. In this chapter, the results are 

presented from a comprehensive numerical analysis to thoroughly assess the impact of 

various key factors on the accuracy of subsurface models derived from FWI. Specifically, 

the influence of the initial model, misfit function, source-receiver configuration, and wave 

propagation physics are explored as pivotal parameters known to significantly impact FWI 

performance. The insights derived from this in-depth investigation not only refine and 

optimize subsequent field modeling but also provide a more reliable approach for 

interpreting field results. By addressing the differences observed in numerical results, this 

chapter contributes to a more robust and informed understanding of FWIôs potential and 

limitations in near surface applications. 

3.2 Sinkhole Modeling  

A 2D elastic/viscoelastic modeling procedure was adopted in this section to analyze 

the performance of FWI in the presence of different sinkhole scenarios. To represent a 
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realistic field-scale case, the model domain covered 80 m in length (100 meters in the case 

of evaluating source configuration) and had a depth of 20 meters. Additionally, a separate 

setup with a domain length of 65 meters was chosen for a detailed assessment of the physics 

involved in the forward modeling process. In terms of soil layering, a layer of soil with a 

shear wave velocity of 450 m/s was situated over a rock layer with a shear wave velocity 

of 900 m/s (the soil and rock layer thicknesses were 7.5 and 12.5 meters, respectively). 

Table 3-1 outlines the specifics of the allocated properties to the soil layers. 

Table 3-1. Material properties of the soil layers. 

Material  Background Soil Rock 

Density (kg/m3) 2000 3000 

VP  (m/s) 900 1800 

VS  (m/s) 450 900 

 

Each model contained an anomalous zone indicative of a sinkhole. The size, shape, 

and depth of sinkholes exhibit substantial variability in nature due to an array of influencing 

factors, including, their formation mechanism, soil strength, underlying geology, 

weathering, the position of the water table, and the composition of carbonate rocks, among 

others (Zisman 2003). From a hazard and engineering perspective, subsidence sinkholes 

are of paramount importance, in which the subsurface dissolution and the subsequent 

downward gravitational movement of the overlying material can cause catastrophic ground 

surface subsidence. Figure 3-1 provides an overview of various subsidence sinkhole 

classes.  
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Figure 3-1. Various types of subsidence sinkholes (Gutiérrez 2016). 

Among these, the cover collapse classes present a more significant threat, primarily 

because they tend to lack surface manifestations that can provide an indication of 

impending damage to existing infrastructure. These sinkholes originate when clay-rich 

surficial soil gradually settles into voids within the limestone, forming an arch that 

eventually collapses. In the modeling, two specific cases of cover collapse sinkholes were 

examined: 

¶ Formation of an arch at the boundary between the soil and rock layers, 

resulting in a shallow formation sinkhole. 

¶ Formation of a sinkhole within the rock layer, characterizing a deep 

anomaly. 
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While there is appreciable variability, the prevailing sinkhole geometry in natural 

occurrences is approximately elliptical or circular (Taqieddin et al. 2000, Gemmi et al. 

2003). The circular or elliptical shape is a consequence of the outward erosion pattern that 

occurs as the material surrounding the sinkhole collapses into the void below. The exact 

shape of a sinkhole may still vary based on factors such as the specific geological 

formations, the type of rock or soil involved, and the environmental conditions (Zhou and 

Beck 2011). To address this variability, both elliptical and circular shapes are considered 

in the modeling for both deep and shallow sinkhole scenarios. 

Much like their shape, the dimensions of sinkholes are also influenced by a 

multitude of factors and can range from small and shallow depressions to large and 

profound craters. For example, Wilson and Beck (1992) analyzed data spanning from 1961 

to 1986 in Orlando, FL, revealing an average sinkhole diameter of 32.5 ft (9.9 m) (Figure 

3-2). Zisman (2003), drawing from approximately 509 data points gathered between 1964 

and 2000 by the South West Florida Water Management District, reported an average 

sinkhole size of 11.2 ft (3.4 m) in Florida, contradicting the findings of Wilson and Beck 

(Figure 3-3). In another study by Constantinou and Van Rooy (2018), which investigated 

200 cases in the southern Pretoria area, it was revealed that around 70% of the sinkholes 

are smaller than 6 meters (Table 3-2). This inconsistency in average sinkhole dimensions 

is not unique to any specific study and can be found in the data presented by other 

researchers (Kochanov 1999, Galve et al. 2009). 
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Figure 3-2. Histogram of sinkhole length  in the Orlando metropolitan area from 

1961 to 1986 (Wilson and Beck 1992). 

 

Figure 3-3. Graphical representation of data reported by South West Florida 

Water management District (Zisman 2003). 
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Table 3-2. Sinkhole diameters in the area south of Pretoria from over 200 data in the area 

(Constantinou and Van Rooy 2018). 

 Sinkhole diameter 

  

0-2 m 2-4 m 4-6 m 6-8 m >10 m Total 

 

Total (%) 93 (38.9) 54 (22.6) 29 (12.1) 16 (6.7) 47 (19.7) 239 
 

 
 

Given the significant variation in sinkhole sizes, 10 m and 5 m diameters were 

chosen for this study, which represent shallow and deep sinkholes, respectively. The 

vertical dimensions of the elliptical sinkholes were set to half of their horizontal length as 

an approximation based on the review of case histories (Youssef et al. 2012, Bonetto et al. 

2023). Figure 3-4 presents a schematic of the modeling framework for this study and 

Figures 3-3 and 3-4 present the actual model geometries based on shear wave velocities. 

 

Figure 3-4. the adopted strategy in modeling sinkholes for the numerical modeling in this 

study. 
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 Considering that sinkholes typically emerge within weathered soil or rock 

formations, the unique material properties of these formations have been taken into account 

in contrast to the conventional soil and rock properties outlined in Table 3-1.  As a result, 

the primary velocity, shear velocity, and density values were established at 400, 200, and 

1000, respectively, (all measured in metric units). This deliberate differentiation in material 

parameters caters to the unique nature of sinkhole formations and ensures the modeling 

aligns with real-world scenarios. Based on the provided explanations, the used true models 

are depicted in Figures 3-5 and 3-6. 

 

Figure 3-5. true models with circular anomalies: (a) border anomaly, (b) within rock 

anomaly. 

 

Figure 3-6. true models with oval-shaped anomalies: (a) border anomaly, (b) within rock 

anomaly. 
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3.3 FWI Data Analysis 

Depending on each simulationôs objectives, the source-receiver geometry was 

adjusted for the forward modeling efforts. The arrangement of sources and receivers 

closely resembled typical configurations as used in surface-based seismic geophysical 

testing. The source used to generate the recorded waveforms for the model was a vertically 

polarized Ricker wavelet with a central frequency of 40 Hz (Figure 3-7). Additionally, in 

order to improve the convergence of misfits, this study employed a hierarchical inversion 

approach involving the gradual introduction of different frequency components, as outlined 

by Bunks et al. (1995). Specifically, the inversion process commenced with a central 

frequency of 10 Hz, followed by 20 Hz, 30 Hz, and eventually 40 Hz (Figure 3-7). Each 

stage of inversion continued until there was no further improvement in the misfit value for 

all the events. 

To perform the forward and inversion simulations, the SalvusProject module of the 

Salvus software suite developed by Mondaic® and documented in Afanasiev et al. (2019), 

was utilized in this study. Salvus employs a robust spectral-element method (SEM) 

formulation for solving the equations related to wave propagation (elastic or viscoelastic). 

Following forward modeling simulations of the true model, the observed waveforms were 

processed using Geometrics SeisImager/SW software to generate dispersion curves for the 

subsequent application of the Multichannel Analysis of Surface Waves (MASW) 

technique. In addition, the dispersion data was inverted using the open-source software 

package Geopsy. This software employs the neighborhood algorithm, a global search 

method described by Wathelet et al. (2020), to efficiently determine the velocity parameter. 
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Figure 3-7. Source time function, and power spectrum of the source 

wavelet generated by Ricker wavelet for each stage. 

Model parameters were updated during FWI using the quasi-newton method called 

the limited-memory BroydenïFletcherïGoldfarbïShanno (L-BFGS) algorithm by 

Nocedal and Wright (1999). As outlined in Chapter 2, this algorithm efficiently 

approximates the Hessian matrix and balances the gradient to facilitate the convergence 

towards the global minima. Also, for mitigating the ill-posedness of the inversion problem 

(i.e., being inherently challenging and mathematically unstable), alongside the a-priori 

assumptions, regularization was applied as a smoothing operator on the model parameters 
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to stabilize the inversion and provide a more reliable solution (Boehm et al. 2018). 

Ensuring the gradient and model parameters are smoothed is essential to avoid the impact 

of small-scale heterogeneities in the model, which can lead to inversion failure. 

Furthermore, employing an effective smoothing strategy is instrumental in enabling the 

successful inversion of smaller-scale features within the domain, as demonstrated by 

Borisov et al. (2018). 

To mitigate the substantial computational costs inherent to FWI, a conventional 

approach is to strategically target a reduced domain subset [i.e., the ñregion of interestò 

(ROI)] for the purpose of model parameter updating during the inversion process. The 

precise determination of this ROI is contingent upon any pre-existing site-specific 

knowledge. However, in this study, it was assumed that there were no previous site 

investigations. Consequently, the decision was made to extend the model updating process 

to encompass the entirety of the domain. This expanded search area introduced a 

heightened degree of uncertainty into the FWI process. Boundary conditions included a 

free surface at the top boundary of the domain in order to prevent unwanted reflections at 

the model boundaries. The bottom and sides of the domain were equipped with absorbing 

boundaries to remove unwanted and unrealistic reflections Clayton and Engquist (1977).  

The forward and inverse modeling were executed remotely in parallel modes by 

using the High-Performance Computing (HPC) resources at Temple University to handle 

the associated high computational costs. These computations were submitted to ten cores 

of the compute servers of the Temple HPC cluster for each modeling [Compute is an 

interactive-use server that provides 88 CPU cores (Intel® Xeon Gold 6238 processors) 

with up to 1.5 TB of RAM and 0.5 PB shared memory]. 
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3.3.1 Initial Model and Misfit Function  

As noted in the literature review, the initial model, and the misfit (objective) 

function used during FWI are intimately linked elements that jointly influence the success 

of the inversion process. The initial model serves as the starting point for the inversion 

algorithm, dictating the general search area for the optimal solution. The misfit function 

guides the optimization process, providing the algorithm with a direction for refinement. 

The shape of the objective function landscape plays a crucial role in the convergence 

behavior of the algorithm. A more convex objective function is less likely to have steep 

local minima, making it easier for the algorithm to escape these traps and reach the global 

minimum. A well-chosen objective function can therefore help mitigate the sensitivity of 

the inversion process to the initial model by providing a smoother, more navigable 

landscape. The joint consideration of both the initial model and the objective function is 

fundamental to advancing the reliability and effectiveness of FWI in various scientific and 

engineering applications. 

Figure 3-8 presents the strategy adopted in this study to assess the performance of 

initial models and misfit functions. As can be seen, the initial models encompass the 

following categories: MASW-derived (2DMASW), constant velocity (Constant(Minimum)), 

true model without anomalies (Two Layers (No Anomaly)), increasing velocity within a 

matching range to the true model (Increasing Velocity), and increasing velocity with a range 

that deviates from the true model (Increasing Velocity (High)). Alongside these initial 

models, three distinct misfit functions are considered: the L2 norm, phase, and optimal 

transport, which have been previously discussed in preceding chapters. 
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Figure 3-8. The chosen strategy to test various initial models and misfit functions in the 

current study. 

 

The methodology involves using the mentioned five initial models for each misfit 

function, all while maintaining a constant true model. This approach enables the 

assessment of each misfit functionôs respective final performance. After identifying the 

most effective initial model for each misfit function, the top-performing combinations can 

be subsequently selected for the purposes of this research application and field efforts. 

The source-receiver geometry for these efforts replicated a common seismic testing 

configuration with 24 surface receivers spaced at 1-meter intervals, and sources were 

positioned at every other geophone, with two extra shots added 6 meters before the first 

geophone and after the last one. The adopted configuration for this section of the study is 

depicted in Figure 3-9. 

 

Figure 3-9. Source and receiver configuration for misfit and initial model 

assessment. 
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In considering the true model, the simplest form of the sinkhole scenario was 

considered with the aim of avoiding the associated higher computational time. 

Furthermore, it is anticipated that in less complex conditions, if any of the misfit and initial 

models outperform others, they will similarly outperform in more complex situations. In 

this regard, an oval-shaped anomalous sinkhole feature with a diameter of 10 meters in the 

x-direction and 5 meters in the y-direction was situated within the soil layer, which had a 

thickness of 4 meters and extended over a bedrock continuing to a depth of 10 meters. 

Furthermore, the domain itself covered an area of 40 meters in the x-direction and had a 

depth of 10 meters.  

To obtain the initial models, it was considered that a-priori information from test 

borings was available for the Two Layers (No Anomaly), Constant (Minimum), Increasing 

Velocity, and Increasing Velocity (High) models. However, in the case of initial models 

derived from MASW results, forward modeling was executed across the entire domain to 

acquire waveforms. Subsequently, software tools like SeisImager and Geopsy were 

employed to transform these waveforms into dispersion curves. These dispersion curves 

were then subjected to MASW inversion for ascertaining velocities for each x location, 

followed by interpolation to yield 2D MASW results. Figure 3-10 provides an illustrative 

overview of the 2D MASW procedure. The final initial models and the true model plots 

are also depicted in Figure 3-11. 

After finalizing the initial models, the inversion process was carried out in four 

stages, each covering an increased frequency range, with twenty iterations for each stage. 

The total inversion time for all of the misfit functions, after 80 iterations, totaled 560 
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minutes, which is roughly 9.5 hours. The results of FWI are presented in Figure 3-12 as 

the inverted Vs profiles derived based on each misfit function. 

 

 

Figure 3-10. MASW data processing flowchart. 
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Figure 3-11. The initial and true models chosen for this study. 

 

When comparing the velocity profiles, all combinations of the initial models and 

misfit functions successfully detected anomalies in the appropriate location. All 

combinations also accurately identified the value of Vs associated with the anomalous 

sinkhole region as well. However, the shape of the anomaly always appears much smoother 

than the true model due to the regularization that is applied to all combinations of initial 

model and misfit function to ensure convergence of the inversion. Itôs important to note 

that the lack of waveform coverage on the ends of the domain (due to limited receiver and 
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source locations in those regions) prevents any appreciable updates in the model in those 

regions. This means that inversions with initial conditions that were very different than the 

true model exhibited more inaccuracy near the ends of the model. This explains the 

observed lower velocities in those regions close to the surface in Figure 3-12. 

As expected, the Two-Layers (No Anomaly) initial model provided the best results 

among all the misfit functions based on a qualitative assessment.  Since this initial model 

closely resembles the true model, it is much more likely that the inversion process proceeds 

along the correct path in the optimization and bypasses local minima in favor of the global 

minimum. However, a more comprehensive quantitative comparison is necessary to 

differentiate the FWI results among the various combinations of initial models and misfit 

functions. To this end, each of the domains in Figure 3-12 were spatially discretized into 

400 by 400 rectangular elements and the corresponding Vs value at a particular location 

was assigned to each element at that location. From this discretization scheme, the 

difference between the inverted Vs and true Vs was statistically quantified using different 

approaches including root-mean-square error (RMSE) and the coefficient of determination 

(R2).  
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Figure 3-12. Resultant velocity profiles for each misfit function and their assigned initial 

model: (a) L2 norm results (b) Phase results (c) Optimal Transport results. 

 

For RMSE, the value for each column (j) of the inverted and true velocity matrix 

was calculated using the following formula: 
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where m represents the number of elements in each column, ’  denotes the true velocity 

model matrix value at i and column j, and ὺӶ signifies the corresponding value in the 

inverted velocity matrix. This calculation provided RMSE values distributed over the 

horizontal axis of the domain, offering a quantitative measure of the fit between the 

inverted velocity matrix and the true velocity model matrix. Additionally, an average of 

the calculated RMSE values was obtained, providing a single numerical representation that 

further gauges the overall accuracy of the inverted velocity matrix in comparison to the 

true model. It is noteworthy that the best-case scenario is characterized by the lowest 

RMSE value, indicating a closer match between the inverted and true models, while the 

worst-case scenario is associated with a higher RMSE, signifying a less accurate 

representation. 

For R2, both the true and inverted matrices were converted into flat vectors, and the 

coefficient was calculated across all values using the following formula: 

Ὑ ρ
В

В
                                                                                                    (3-2) 

where n is the number of observations, ’ represents the true velocity, ’  is the inverted 

velocity and ὺӶ is the mean of the observed velocity values. This results in one value per 

each inverted velocity profile for comparison with the true model. A higher R2 value 

indicates a better fit of the inverted velocity values to the true values, with 1 being the ideal 

value representing a perfect fit. 
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Figure 3-13 displays the RMSE results for the comparison of misfit functions. Upon 

examining the RMSE values for each initial model across all three employed misfit 

functions, it becomes evident that optimal transport outperforms the other two. The RMSE 

values obtained using optimal transport misfit were consistently lower for all the initial 

models, demonstrating its excellence in providing a better fit to the data. The results also 

indicate that the Two Layers (No Anomaly) model excels over other initial models, yielding 

RMSE values of 112 m/s, 79 m/s, and 69 m/s for the L2 norm, phase, and optimal transport 

misfit functions, respectively. 

A notable observation across all the misfit functions is that the 2D MASW and 

Increasing Velocity initial models yield velocity profiles with roughly the same level of 

accuracy. Among these initial models, the optimal transport misfit function yielded slightly 

better results than the phase misfit function, while the L2 norm exhibited a higher RMSE. 

Another point is the weaker performance of the Constant (Minimum) and Increasing 

Velocity (High) models, ranking them as less suitable options for achieving more accurate 

FWI results. Despite the relative ease of using an Increasing Velocity model compared to 

calculating the 2D MASW in seismic practices, the analysis across all misfits implies that a 

large difference in the velocity range compared to the true model for the Increasing 

Velocity model falls short in achieving optimal accuracy. In fact, the velocity range for 

such a model should be estimated close enough to the true model to be effective; otherwise, 

it may get trapped in a local minimum and, in the worst case, may lead to a nonsensical 

velocity profile. 

To enhance the analysis, R2 values were also computed to assess the results. Table 

3-2 reveals a consistent pattern with the results from comparing RMSE.  Figure 3-14 also 
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presents the best performing initial modelôs result for each misfit function. Notably, it 

becomes apparent that the 2D-MASW and Increasing velocity models exhibit the best 

performance. Considering this performance, use of these initial models increases the 

likelihood of inversion convergence, and the same time reduces the potential for non-

unique solutions. However, it is worth considering that this comparison is based on a 

statistical assessment of the accuracy of Vs prediction across the entire domain. Given that 

the application of this study is evaluating sinkholes, it is important to focus on the extent 

with which the anomaly is accurately detected in the immediate area around its anticipated 

location. To address this, a region of interest that centers around the anomaly was defined 

to assess how each initial modelôs result can detect the low-velocity anomaly area (Figure 

3-15). This statistical analysis neglected the performance of the FWI in the regions away 

from the anomalous low-velocity zone. 

The statistical analysis proceeded by first focusing on the designated region of 

interest highlighted in Figure 3-15. In this zone the relative ñareaò of the anomaly was 

obtained by dividing the number of elements with a Vs of 300 or lower (approximately 

67% of the intact Vs of the upper soil layer) by the total number of elements within the 

region of interest. This method offers an alternative approach to determine the size of the 

sinkhole feature in the model by counting the number of elements exhibiting signs of an 

anomalous conditions. The closer the resulting percentage of anomalous elements aligns 

with the percentage found in the true model, the more effective that combination of initial 

model and misfit function becomes during the FWI. Figure 3-16 presents the percentages 

of anomalous elements within the region of interest for each combination of initial and 

misfit function. 
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93 

 

Figure 3-13. RMSE Comparison for misfit functions: (a) L2 norm, (b) Phase, and (c) 

Optimal transport. 

 

Table 3-3. Coefficient of determination (R2) for misfit functions with different initial 

models. 

   
 Increasing Velocity 

(High) 
2D MASW 

Two Layers (No 
Anomaly) 

Constant 
(Minimum) 

Increasing 
Velocity   

L2 Norm 0.59 0.65 0.83 0.3 0.65 
Phase 0.6 0.68 0.91 0.56 0.68 

Optimal 
Transport 0.6 0.73 0.92 0.61 0.72 
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Figure 3-14. R2 plots of different misfit functions for the Two Layers (No Anomaly) 

initial model: (a) optimal transport, (b) Phase, and (c) L2 norm. 
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Figure 3-15. Region of interest to assess the anomaly detection accuracy. 

In general, the observed trend aligns well with the earlier discussions on RMSE and 

R2. The initial model labeled Two layers (No Anomaly) consistently outperforms other 

initial models, regardless of the chosen misfit function. When it comes to the second best 

initial model, this approach significantly simplifies the decision-making process in 

comparison to alternative statistical models. By calculating the differences between the 

true model and inversion results in terms of the percentages of anomalous elements within 

the domain, the 2D MASW model (differences of -1.1%, -1.7%, and 0.5% for L2 norm, 

phase, and optimal transport misfit function, respectively) consistently outperforms the 

Increasing Velocity model (differences of -2.9%, -2.0%, and -1.1%). In fact, even with 

choosing the correct velocity range for the Increasing Velocity models (a task known to be 

difficult), the 2D MASW consistently demonstrated a higher potential for providing the 

most accurate results. Furthermore, the percentage differences in all the initial models are 

consistently lower when utilizing the optimal transport method as compared to the other 

misfit functions. The optimal transport percentage therefore closely approximates the true 

model percentage, underscoring the superior accuracy of this function in locating global 

minima during FWI. 
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Based on the results, it is recommended to use optimal transport in conjunction with 

the 2D MASW initial model for field data analysis. The 2D MASW initial model exhibits 

properties that closely approximate the authentic underlying physical reality in contrast to 

the alternative approaches used in this study. This inherent advantage serves as a pivotal 

factor in enhancing the stability of the inversion process. Additionally, the optimal 

transport function exhibits a heightened degree of convexity relative to other traditional 

misfit functions, which improves the convergence rate of the FWI. However, in scenarios 

where conducting MASW testing is not feasible, the Increasing Velocity model combined 

with available a-priori knowledge can be regarded as a suitable alternative. Such scenarios 

may include sites with limited access, budget constraints, remote locations, or projects 

where a quick initial assessment of the subsurface is needed. 
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Figure 3-16. Anomaly area percentage in inverted models: (a) L2 norm, (b) Phase, and 

(c) Optimal transport. 
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3.3.2 Source-Receiver Configuration 

The primary goal in designing a seismic survey is to obtain the greatest possible 

information about subsurface conditions while keeping the acquisition expenses as low as 

possible. This process involves judiciously selecting the locations for seismic sources and 

receivers, taking into account various factors, including logistics, time, and staff costs 

(Krampe et al. 2021). While significant strides have been made in advancing data 

processing, imaging algorithms, and inversion methodologies within the realm of FWI, 

survey design has, to some extent, remained an underexplored facet of this technique. 

Often, researchers and practitioners focus on optimizing the computational aspects of FWI, 

neglecting the significance of thoughtful selection of source and receiver locations. A well-

informed source and receiver geometry is pivotal for enhancing the efficiency and cost-

effectiveness of FWI applications, particularly in near-surface geophysical investigations. 

A significant gap exists in the current literature concerning the impact of source-

receiver configurations on the efficacy of FWI in detecting sinkholes. This study addresses 

this pivotal question, aiming to determine whether a dense source-receiver distribution is a 

prerequisite for successful sinkhole detection through FWI. If a sparse configuration proves 

sufficient for sinkhole detection, it implies that fewer source and receiver points need 

deployment, which would expedite data collection and demand fewer computational 

resources. The following sections explore this issue directly with the receiver configuration 

effects examined first followed by an exploration of the impacts of the source layout. 

3.3.2.1 Receiver Effects. In practical applications of seismic testing, data 

acquisition cables are typically equipped with multiples of 12 channels for the collection 

of geophysical data. Typically, 24 and 48 channels are the most common number of 
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receivers. The initial investigation of source-receiver effects focused on investigating the 

impact of employing varying receiver quantities, specifically 48, 24, 12, and 6 receivers, 

while keeping the total number of source constant (24 sources). Figure 3-17 represents the 

domain size and the placement of the 48 receivers used in this study, with the sources 

positioned at fixed intervals corresponding to every other geophone location. From this 

configuration, the cases of 24, 12, and 6 receivers were implemented by removing receivers 

from the interior of the array while maintaining the positions of the first and last receivers 

to ensure the theoretical maximum depth of investigation remained consistent. This led to 

irregular spacing between the receivers when using less than 48 receivers. Given these 

considerations, the x-coordinates selected for the various receiver scenarios are presented 

in Table 3-4. 

 

Figure 3-17. Domain information in receiver effect simulations. 

  



 

100 

Table 3-4. Horizontal location of the receivers for analyzing the receiver effect. 

 

The model geometries described in Section 3.2 were used to test the effects of 

source-receiver geometry. More specifically, models with both circular and oval 

anomalous features positioned both within the soil and rock layers were used. Based on the 

recommendations from the previous section, the optimal transport misfit function was 

selected due to its superior convexity and ability to effectively bypass local minima, 

making it the preferred choice for all subsequent modeling efforts. Furthermore, the initial 

model included the soil and rock layering but removed the anomaly. This assumed that a 

reliable representation of the general soil layering and properties was already known from 

previous subsurface investigations, facilitating a strong starting point for the FWI analysis. 

It is also crucial to consider that the properties of the medium in which anomalies 

are embedded play a pivotal role in the induced wavefield. In the specific case of sinkholes, 

the velocity contrast between the rock medium and the sinkhole is much more pronounced 

compared to the contrast between the soil medium and the sinkhole. This velocity contrast 

can exert a profound influence on the efficacy of the FWI procedure for each case as the 

nature of the velocity contrast significantly affects the wave propagation. Furthermore, an 

additional complicating factor arises when dealing with sinkholes that form within rock 

formations. These sinkholes typically manifest at greater depths than their soil 

counterparts. In the context of FWI, this depth discrepancy poses a challenge as it is well-
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established that all seismic inversion processes yield lower resolution as the depth of the 

target increases (Gao et al. 2020). The loss of resolution in deeper sections is attributed to 

the longer wavelengths involved, which makes it more challenging to discern finer details 

in the subsurface structure. Thus, it is important to initiate the comparison of FWI results 

for anomalies within the same medium before proceeding to cross-medium comparisons. 

This approach enables a more controlled investigation of the effects of the parameter of 

interest on the FWI output. 

When interpreting inversion results, relying solely on the visual examination of 

velocity profiles may not yield the depth of insight that statistical approaches can provide, 

especially when the visual differences between inversion results are minimal. For instance, 

Figure 3-18 presents the inversion results of an oval-shaped sinkhole in the soil under 

varying receiver numbers. While all profiles can detect the anomaly, assessing the accuracy 

of detection is challenging through visualization alone.  

To facilitate a more comprehensive analysis, all the velocity profiles have been 

included in appendix A. Looking at the inverted profiles, the FWI results revealed 

indications of anomalies in all the sinkhole scenarios. However, to gain a deeper and more 

detailed understanding of the FWI performance and characteristics of these anomalies, 

statistical analyses were employed to enhance the reliability of interpretations.  
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Figure 3-18. Inverted velocity profiles for the oval-shaped sinkhole in the soil 

under the variation of receiver numbers. 
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Figure 3-19 displays the RMSE values for the inversion results of oval and circular-

shaped anomalies on the rock-soil border (hereafter referred to as ñsoil anomaliesò) when 

considering various numbers of receivers. The large increase in RMSE observed in the 

middle of the domain, present in all the models, results from the inability of FWI to 

accurately resolve the velocity of the anomaly even when the shape is effectively 

reconstructed. As with the qualitative assessments, the most immediate observation is the 

high degree of similarity in the RMSE, even with just six receivers. Nevertheless, in both 

sinkhole scenarios, it becomes evident that the configurations with 12 and 24 receivers 

slightly outperform those with 48 and 6 receivers, with only a marginal decrease in their 

RMSE values. 

Comparing the best receiver configuration for each sinkhole scenario, it becomes 

apparent that the smaller circular-shaped anomaly can be detected with greater precision, 

indicated by its RMSE value of 56 m/s, in contrast to the larger oval-shaped anomaly with 

an RMSE value of 78 m/s. This observation can be linked to the fact that larger anomalies 

tend to generate more diffused responses in the recorded waveforms. Thus, the 

superposition of multiple scattering events from the larger anomaly can introduce 

complexities that make it more challenging for the inversion process to distinguish its 

specific features. In contrast, the inversion algorithm has access to more pronounced and 

well-distributed data points associated with the smaller anomaly, making it easier  for the 

inversion algorithm to constrain the model parameters and recover its characteristics 

accurately. 

As with the initial model and misfit function analysis, the ability of FWI to resolve 

the domain was examined using R2 values between the predicted and observed VS. Table 
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3-5 presents the R2 values for the soil anomaly models with different numbers of receivers. 

Figure 3-20 also shows the R2 plots of the best performing models for both shapes. As can 

be observed, the R2 trend agrees with the earlier discussion regarding RMSE. First, within 

each scenario, the values are close to each other, but configurations employing 12 and 24 

receivers consistently exhibit slightly better results compared to the other two 

configurations. Additionally, the R2 values for the circular (smaller anomaly) are higher 

than those for the larger anomaly. 
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Figure 3-19. RMSE comparison of soil anomaly models with different number of 

receivers: (a) oval-shaped anomaly, (b) circular-shaped anomaly. 

 

Table 3-5. R2 comparison of soil anomaly models with different number of receivers. 

        

   The coefficient of determination (R2) 

Soil 
Anomaly  

Shape 

48 Receivers 
24 

Receivers 
12 Receivers 6 Receivers 

 
Oval 0.85 0.87 0.86 0.85  

Circular 0.92 0.93 0.93 0.92  
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Figure 3-20. R2 values of the models with 24 receivers in soil: (a) Circular-shaped, (b) 

Oval-shaped. 

 

As with the efforts related to initial model and misfit function a specific region of 

interest was defined from 20 to 40 in the x direction and 0 to 10 meters in the y direction. 

The relative area of the anomaly was determined by calculating the number of elements 

with velocities lower than 300 m/s and dividing it by the total number of elements in the 

region. Based on Figure 3-21, the inverted anomaly area for the 24 receivers is the closest 

to the true model, followed by the 48 receivers. This observation holds true for both 

sinkhole scenarios. The performance of the 48 receivers surpasses that of the 12 receivers, 

which differs from the observations with RMSE and R2. However, the overall difference 

in relative area is small in this case. It is essential to consider factors such as data acquisition 

and inversion computational time when exploring how receiver configuration affects the 

FWI efforts. In terms of the computational efforts, the time taken for the 48, 24, 12, and 6 

receivers was 9, 7, 7, and 7 min, respectively. The insignificant variation can be attributed 
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to the usage of parallel processing, which enhances computational efficiency. However, 

the placement of 48 receivers does demand more time compared to a setup with 12 

receivers, and this aspect should be considered during survey design given that the 

subsequent inversion results were practically the same. 

The same analysis of inversion results was performed for the models with deeper 

anomalies (situated within the rock strata hereafter, referred to as ñrock anomaliesò). Given 

the reduction in resolution for deeper targets, it is reasonable to anticipate relatively poorer 

results in comparison to anomalies positioned closer to the surface. It was postulated that 

perhaps this degradation in performance would be most prevalent in the surveys with fewer 

receivers. However, as shown in Figure 3-22, the overall performance follows what was 

observed for the models with shallower anomalies in the soil. Though the RMSE values 

were comparatively higher, as expected when imaging deeper targets, the R2 were nearly 

identical between the different receiver configurations, which complicates the selection of 

the best-performing model (Table 3-6).  The best performing profiles in terms of the R2 

result are also shown in figure 3-23. 

As before, a region of interest surrounding the anomaly was defined in the models 

to better assess the accuracy of anomaly detection. In this case, the region of interest ranged 

from 20 to 40 meters in the x-direction and 9 to 20 meters in the y-direction. An anomaly 

in this region was defined as any element with Vs less than 67% of the surrounding 

material. In the rock, this represented Vs below 600 m/s. Figure 3-24 presents the relative 

area of the anomaly for rock anomalies in the inverted models for both sinkhole scenarios. 
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Figure 3-21. Anomaly area percentage for soil anomaly inverted models: (a) circular-

shaped, (b) oval-shaped. 
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Figure 3-22. RMSE comparison of rock anomaly models with different number of 

receivers: (a) oval-shaped anomaly, (b) circular-shaped anomaly. 
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Table 3-6. R2 comparison of rock anomaly models with different number of receivers. 

   The coefficient of determination (R2)   

Rock 
Anomaly  

Shape 

48 Receivers 24 Receivers 12 Receivers 6 Receivers  

 
Oval 0.49 0.48 0.49 0.49  

 

Circular 0.81 0.81 0.81 0.81    

      
 

 

Figure 3-23. R2 values of the models with 24 receivers in rock: (a) Circular-shaped, 

(b) Oval-shaped. 

 

The analysis of the relative area of the anomaly reveals valuable insights that 

supplement what can be acquired from the examination of the entire domain. The most 

important observation is that no circular anomalies could be accurately detected using any 

of the receiver configurations in the FWI process. However, this is based on the 67% 

criterion selected for what constitutes an anomaly. Figure 3-25 highlights that the presence 

of a lower velocity zone within the rock was still observed. However, the velocity of the 

anomaly was inaccurately inverted and its contrast relative to the surrounding rock velocity 
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was underestimated, resulting in the apparent lack of an anomaly when applying the 67% 

criterion for velocity. 

 

Figure 3-24. Anomaly area percentage for rock anomaly inverted models: (a) 

circular-shaped, (b) oval-shaped. 
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Figure 3-25. Inverted velocity profiles for the true model with circular anomaly 

positioned in the rock. 

 

For inversion results for the oval-shaped anomaly exhibited similar patterns as the 

results for the soil anomalies. The 24-receiver configuration exhibited the highest precision 

in anomaly detection, followed by the 48-receiver and 12-receiver configurations, 

respectively. Notably, the 6-receiver setup could not detect the anomaly. As previously 

discussed, the challenge of detecting small-sized anomalies at depth is rooted in the 

interaction of longer wavelength waves with both the small anomaly and the surrounding 

material. This interaction often results in a loss of detailed information, making the 

identification of such anomalies particularly challenging in geophysical studies. This 

phenomenon was more pronounced for smaller numbers of receivers in the case of deeper 

rock anomaly targets. 
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Overall, these observations suggest that employing 24 receivers is the best choice 

out of the options tested in this study (48, 24, 12, and 6 receivers), though the differences 

were often very small. This observation highlights how an excessively dense receiver 

configuration doesnôt inherently guarantee an enhanced FWI output, nor does a sparse 

configuration guarantee poor result. A higher number of receivers may introduce 

complexity to the waveform comparison process, which can reduce the overall 

performance of FWI. This is compounded by the logistical penalty of increased efforts in 

the field to set up the larger number of receivers. Conversely, when using only 12 or 6 

receivers, data acquisition efforts are reduced but the limited data available may restrict the 

velocity updates during the inversion process, potentially hindering the quality of the 

results. 

3.3.2.2 Source Effects. When it comes to the field data gathering in seismic FWI, 

strategically spacing sources at every other geophone location (commonly referred to as a 

ñskip lineò or ñhalf spreadò) can be a viable approach for effectively covering the entire 

receiver array. However, the positioning of sources between the receivers presents a 

complex and time-consuming challenge as it can increase the potential for interference or 

noise, reducing the signal-to-noise ratio in the collected data. Additionally, it is imperative 

to carefully assess the associated costs of these operations. Consequently, this study aims 

to evaluate the impact of reducing the number of seismic sources on anomaly detection 

accuracy. Furthermore, instead of exclusively utilizing interior sources, the study explores 

the inclusion of exterior sources in the same quantity, which may offer a more manageable 

solution. By concentrating solely on exterior sources, the operational complexity is 

reduced, leading to more streamlined survey logistics and potentially cost-effective 
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fieldwork. Figure 3-26 illustrates the adopted strategy for modeling the sources for each 

sinkhole scenario in this study. The selected methodology involves evaluating the 

placement of 24, 12, 6, and 4 sources for both exterior and interior source configurations 

within each sinkhole scenario. The receiver configuration was consistently maintained at 

48 channels and 1 m spacing between each receiver location for all scenarios. In fact, the 

scenario with 24 sources works out to a skip-line arrangement where sources are positioned 

every other geophone, while in other cases, the number of sources were reduced 

systematically to assess their respective impacts. To ensure a meaningful and valid 

comparison, the fixed receiver locations necessitated an uneven placement of interior shots 

to prevent interference with the receiver locations. 

As in the previous section, the analysis will begin with an assessment of the FWI 

performance in detecting anomalies along the soil-rock boundary for both interior and 

exterior shot configurations. Subsequently, the results pertaining to anomalies located 

deeper within the rock will be examined. 

 

Figure 3-26. Visual representation of the selected approach for modeling the sources in 

various sinkhole scenarios. 
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Figure 3-27 presents the RMSE comparison for FWI results of an oval-shaped 

anomaly on the border between soil and rock. At first glance, the overall RMSE behavior 

is quite similar in both scenarios with average values around 60 m/s. However, upon closer 

examination to discern the best performers based on RMSE, the 24 and 12 sources exhibit 

slightly better performance in the interior case. Meanwhile, in the exterior case, the 6 

sources also demonstrate performance comparable to the other two scenarios. However, 

when focusing on the middle of the domain where the anomaly exists, the 24 interior 

receivers perform better as indicated by their lower RMSE value. 

As indicated in Table 3-7 and Figure 3-28, the R2 values exhibit a similar pattern 

to the RMSE averaged values. While these values are quite close to each other, the 24 

interior source models perform better. Nevertheless, a more reasonable approach would be 

to prioritize attention on the anomaly detection aspect to arrive at a more comprehensive 

and informed final conclusion. 

 

Table 3-7. R2 comparison for FWI results of oval-shaped anomaly on the border for 

different source scenarios. 

        

   The coefficient of determination (R2) 

Oval-Shaped 
anomaly on the 

border 

24 Sources 12 Sources 6 Sources 4 Sources 

 
Interior 0.93 0.92 0.91 0.91  

Exterior 0.92 0.92 0.92 0.91  
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Figure 3-27. RMSE comparison for FWI results of oval-shaped anomaly in the soil: (a) 

interior shots, (b) exterior shots. 

\ 
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Figure 3-28. R2 values of the oval-shaped anomaly models with 24 sources in soil: (a) 

interior, (b) exterior. 

 

For a more detailed analysis, the decision was made to subdivide the spatial domain 

between x = 20 and 40 meters and from 0 to 10 meters along the y-axis. In this reduced 

region, the oval-shaped anomaly within the true model encompasses approximately 10.1% 

of the total area. Figure 3-29 depicts the percentage of the detected anomaly area achieved 

through various source selection methods for an oval-shaped sinkhole located at the rock-

soil boundary. As anticipated, the utilization of 24 sources outperforms the use of 12 

sources, yielding improvements in anomaly detection by 1.1% and 1.5% (compared to the 

values detected by 12 sources) for interior and exterior shots, respectively. While these 

percentage gains may appear modest, it is important to note their substantial practical 

implications. In the context of a grouting program aimed at remedying the sinkhole, a 1.1% 

and 1.5% enhancement in anomaly detection translates to a potential increase in the grout 

volume required. 
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Figure 3-29. Anomaly detection percentage for oval-shaped sinkhole at rock-soil 

boundary (in soil): (a) interior, (b) exterior. 
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Another intriguing observation is that the results for interior and exterior anomaly 

detection are very similar among a comparable number of sources. However, the anomaly 

detection of 24 interior sources model stands out as the best performer among them all. 

This is likely attributable to the interior sources being closer to the anomaly, which 

provides better waveform coverage at that specific depth. Additionally, it should be noted 

that the choice of sources can influence how waves propagate through the subsurface. The 

selected 24 interior sources may have generated waves that interacted more favorably with 

the anomalyôs geological properties, thereby enhancing the signal-to-noise ratio and 

making the anomaly more distinguishable. 

It is also imperative to underscore the computational intricacies inherent in 

employing an increased number of sources, particularly within the context of complex 

inversion algorithms such as FWI. The judicious balance between computational resources 

and inversion quality becomes paramount when determining the appropriate source count. 

In this modeling study, irrespective of whether the sources were positioned in the exterior 

or interior regions, a single iteration using 24, 12, 6, and 4 sources required approximately 

11, 8, 7, and 7 minutes, respectively. For each scenario, a total of 80 iterations were 

executed, which resulted in a cumulative runtime of 880 minutes, 640 minutes, 560 

minutes, and 560 minutes for the respective source counts. These computations were 

conducted on the HPC cluster comprising ten nodes, and in the absence of parallel 

processing capabilities, the computational time would be significantly prolonged. It is 

essential to consider that while higher source counts may enhance accuracy, they also 

necessitate more time-intensive computations. 
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To gain a better understanding of FWI behavior with respect to anomalies in the 

soil, Figure 3-30 illustrates the FWI accuracy for various source configurations with a 

circular-shaped anomaly. The overall RMSE pattern mirrors what was observed for the 

oval-shaped anomaly with lower RMSE values at the periphery of the domain and higher 

values directly above the center of the anomaly both for interior and exterior sources. While 

all source configurations exhibit signs of the anomaly with similar averaged RMSE values, 

the configurations with 24 and 12 sources exhibit slightly better performance for interior 

locations, while the distinction is less clear for exterior shots. This behavior is also 

observable in the R2 results shown in Table 3-8, making it challenging to distinguish the 

best-performing configuration. 

To analyze this further, the same region of interest was selected as in the case of 

the oval-shaped anomaly and the inverted anomaly area was calculated as a percentage of 

the total area. Figure 3-31 presents the anomaly detection percentage for a circular-shaped 

sinkhole at the rock-soil boundary for both interior and exterior shots. In this domain, the 

percentage of the area associated with the true circular-shaped anomaly is 7.5%. 

Percentages closer to this value indicate higher detection accuracy in the inversion results. 

Figure 3-31 demonstrates that all the inverted models perform similar to each other, but 

the configurations with either 24 interior or exterior sources outperform others with an 

anomaly detection of 5.9% and 5.3% of the area, respectively. As demonstrated in the 

results for the oval-shaped anomaly, the 24-source interior configuration exhibits higher 

accuracy in detecting the anomaly area with a difference of 0.6%. The possible reasons for 

this superiority have been explained previously. 
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Figure 3-30. RMSE comparison for FWI results of circular-shaped anomaly in soil: (a) 

interior shots, (b) exterior shots. 
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Table 3-8. R2 comparison for FWI results of circular-shaped anomaly on the border for 

different source scenarios. 

        

   The coefficient of determination (R2) 

Circular-Shaped 
anomaly on the 

border 

24 Sources 12 Sources 6 Sources 4 Sources 

 
Interior 0.94 0.94 0.93 0.93  

Exterior 0.94 0.94 0.94 0.93  

     
 

 

 

Figure 3-31. Anomaly detection percentage for circular-shaped sinkhole at rock-soil 

boundary (in soil): (a) interior, (b) exterior. 
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When comparing the best-performing source scenarios for oval- and circular-

shaped anomalies, the oval-shaped anomaly was detected with 85% accuracy and 78% 

accuracy was achieved for the circular one. This difference in accuracy was predictable, as 

the circular anomaly is smaller in size, which can make it more challenging to distinguish 

from the surrounding environment.  

While it was demonstrated that the 24 interior source configuration performs 

slightly better than the 24 exterior source configuration, the deployment of exterior sources 

in the field offers advantages in terms of accelerating the data acquisition process. This 

reduction in time can also result in cost reductions associated with field operations. These 

considerations are of paramount importance when making decisions about source 

positioning during field operations, as they encompass both the trade-offs in accuracy and 

the practical considerations of operational efficiency. Itôs crucial to strike a balance 

between data quality and the logistical aspects of the field survey, ensuring that the chosen 

source configuration aligns with the specific objectives and constraints of the project. 

After a detailed analysis of near-surface anomalies, it is essential to shift focus to 

the challenges presented by deeper anomalies within stiffer layers, such as rock. When 

dealing with deeper anomalies within a stiffer layer, the results obtained through FWI can 

vary significantly. As anomalies extend to greater depths, they introduce several challenges 

for seismic inversion. The waveforms become more complex, owing to interactions with 

heterogeneous rock structures, leading to intricate patterns of multiple reflections, 

refractions, and mode conversions. Moreover, higher wave attenuation poses difficulties in 

capturing weaker signals associated with these anomalies, resulting in reduced signal-to-

noise ratios. Anomaly size also plays a critical role, with smaller anomalies potentially 
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going undetected, while larger ones have a more pronounced influence on the recorded 

data. Effective handling of deep anomalies may require adaptations to account for source 

effects, consideration of higher data resolution and computational demands. Successfully 

addressing these challenges is essential for accurate seismic anomaly characterization in 

deep, stiffer layers. 

For the first deep anomaly scenario in this study, an oval-shaped anomaly within 

the rock was examined while varying the number of seismic sources. Figure 3-32 displays 

the RMSE behavior of both interior and exterior shots compared to the true model. Figure 

3-33 presents the inversion results for the different source configurations. In line with 

previous findings when the anomaly was positioned closer to the surface, 24 and 12 

interiors sources exhibit slightly better averaged RMSE. The exterior case did not exhibit 

a consistent trend in the RMSE results. However, the shallow anomaly scenarios exhibited 

substantially lower RMSE values overall (approximately 50% lower). This reduction is 

similarly reflected in the R2 values, as presented in Table 3-9. The observed trend aligns 

with the expectations, as deeper anomalies introduce greater complexity to the seismic 

waveforms, making the inversion process inherently more challenging. 

Table 3-9. R2 comparison for FWI results of oval-shaped anomaly in the rock for 

different source scenarios. 

        

   The coefficient of determination 

Oval-Shaped 
anomaly in the rock 

24 Sources 12 Sources 6 Sources 4 Sources 

 
Interior 0.73 0.74 0.71 0.71  

Exterior 0.71 0.71 0.71 0.72  

     
 

 



 

125 

 

 

Figure 3-32. RMSE comparison for FWI results of oval-shaped anomaly in the rock: (a) 

interior shots, (b) exterior shots. 
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Figure 3-33. Inverted velocity profiles for the true model with oval-shaped anomaly 

positioned in the rock for different source scenarios. 
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As in previous discussions, focusing on a more localized region of interest is 

reasonable to examine the anomaly detection capabilities of the different source 

configurations for deep targets. By adjusting the domain size to 20-40 meters in the x-

direction and 9-20 meters in the y-direction, the anomaly area percentages for different 

source scenarios within a deep oval-shaped anomaly case can be analyzed (Figure 3-34). 

Among both source cases, it becomes evident that the use of 24 sources refines the initial 

model more effectively, resulting in anomalous area percentages closer to the true model. 

Interestingly, regardless of their source numbers, interior sources tend to overestimate the 

anomaly area and exterior sources underestimate it. This behavior is also evident in Figure 

3-33, where the velocities of detected anomalies for exterior shots are higher than those for 

interior shots, leading to lower area percentages when considering elements with velocities 

of 600m/s or lower. This can be related to the fact that the interior sources, being closer, 

may have shorter and more direct paths, leading to higher sensitivity to anomalies. On the 

other hand, exterior sources, with longer paths, may experience more averaging effects and 

reduced sensitivity. 

The observations of this study highlight the trade-off between depth and accuracy. 

Deeper anomalies may lead to coarser velocity estimates due to the increased path length 

and associated measurement uncertainty, which can affect the accuracy of detection. 

Conversely, sources in closer proximity to the anomaly can provide a more accurate 

estimation of its true velocity but may introduce bias due to their proximity. This trade-off 

between depth, accuracy, and proximity to the source locations is a crucial consideration 

in geophysical studies. 
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In consideration of the potential influence of anomaly size on inversion results, a 

small circular anomaly was strategically introduced within the rock matrix. After 80 

iterations in four stages, the velocity profiles were refined as shown in Figure 3-35. Each 

scenario successfully pinpointed the location of the anomaly with satisfactory precision. 

The key difference, however, rests in the accuracy of the inverted velocity values relative 

to the true velocity of the anomaly. The visual representation naturally contains constraints, 

which could conceal minor yet significant discrepancies present in the results. To 

rigorously evaluate the performance of different source configurations, it is essential to 

employ quantitative metrics. 
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Figure 3-34. Anomaly detection percentage for oval-shaped sinkhole in rock: (a) interior, 

(b) exterior. 

 

RMSE values for each source configuration are shown in Figure 3-36. In general, 

there is a significant overlap of the RMSE curves for the different source scenarios. This 

suggests that the impact of increasing or decreasing the number of sources on the accuracy 

of the FWI results is minimal. The individual RMSE lines for 24, 12, 6, and 4 sources (both 

interior and exterior) are so closely aligned that they are almost indistinguishable in some 

portions of the plot. When comparing interior and exterior sources, both appear to have a 

similar impact on RMSE values. For instance, the curves for 24 sources, both interior and 

exterior, lie close together. This can be interpreted to mean that the placement of sources 

(inside or along the border) does not significantly affect the RMSE in this specific FWI 

setup. 
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Figure 3-35. Inverted velocity profiles for the true model with circular-shaped 

anomaly positioned in the rock for different source scenarios. 
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Given the similarity in RMSE across different configurations, it is beneficial to 

examine the coefficient of determination as shown in Table 3-10. The R² values for both 

interior and exterior source placements range narrowly from 0.81 to 0.84. This indicates 

that all configurations explain a similar variance in the data, with none distinctly 

outperforming the others. This further underscores that the choice of source configuration 

may be guided more by practical considerations such as operational efficiency or cost-

effectiveness, rather than by substantial differences in the explanatory power of the FWI 

model as indicated by R². Overall, the results from the R² values do not provide a strong 

basis for preferring one source configuration over another within the range of 

configurations tested. 
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Figure 3-36. RMSE comparison for FWI results of circular-shaped anomaly in the rock: 

(a) interior shots, (b) exterior shots. 

 

Table 3-10. R2 comparison for FWI results of circular-shaped anomaly in the rock for 

different source scenarios. 

        

   The coefficient of determination (R2) 

Circular-Shaped 
anomaly in the 

rock 

24 Sources 12 Sources 6 Sources 4 Sources 

 
Interior 0.84 0.84 0.84 0.82  

Exterior 0.83 0.82 0.82 0.81  

     
 

 

 A quantitative perspective focusing specifically on the detection of anomalies with 

velocities lower than 600 m/s is shown in Figure 3-37. Based on the results, the vast 

majority of the domainôs elements do not meet the anomaly detection criterion with a 0% 
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rate indicated across several scenarios. The FWI results did indeed indicate smaller 

velocities in the areas associated with the anomaly, but they did not fall below the 600 m/s 

threshold. In this sinkhole scenario, the combination of the anomalyôs depth and small size 

presents a significant challenge for the inversion process. As the anomaly lies deeper 

beneath the surface, the seismic waveforms that carry information about subsurface 

features become increasingly complex due to phenomena like attenuation, scattering, and 

mode conversion. These complexities can obscure the subtle signals that indicate the 

presence of a small, low-velocity anomaly, leading to a failure in accurately reconstructing 

the true velocity values in the inverted model. Furthermore, the inversion process typically 

involves a trade-off between fitting the data and maintaining a smooth model 

representation, which can result in the smearing of velocity contrasts, particularly when 

dealing with small-scale heterogeneities. 
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Figure 3-37. Anomaly detection percentage for circular-shaped sinkhole in the 

rock: (a) interior, (b) exterior. 

While all configurations displayed the capacity to detect anomalies to some extent, 

their effectiveness varied in terms of how closely the inverted velocities mirrored the actual 

anomaly velocity. In instances involving anomalies located near the surface, regardless of 

their shape, a greater number of sources improved the reliability of inverted velocities. 

Specifically, the interior sources demonstrated marginally superior performance with more 

accurate characterization of the subsurface. This trend held true for oval-shaped anomalies 

embedded within rock; however, challenges arose when imaging circular anomalies in the 

rock. Due to their reduced scale and deeper location, these features evaded precise velocity 

detection, underscoring the inherent limitations of the inversion methods used. 

In this analysis, the results showed that each model was capable of identifying the 

anomaly despite a different number of sources being used. This insensitivity to number of 
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sources suggests that practical factors such as acquisition costs, logistical feasibility, and 

operational limitations may be more suitable to guide source selection compared to 

concerns about inversion anomaly detection capabilities. Such a decision-making process 

recognizes the inherent complexities and trade-offs in geophysical survey planning. 

3.3.3 Wave Propagation Physics  

The initial appeal of representing the Earthôs subsurface with acoustic or elastic 

models is their mathematical simplicity. However, the intricacies of the subsurface are not 

adequately captured by such simplifications. Empirical evidence from reservoir 

engineering and borehole studies has consistently shown that the behavior of the Earthôs 

interior does not conform to the assumptions of purely acoustic or elastic models (Delorey 

et al. 2021). These investigations suggest a different reality - one where the Earthôs 

subsurface is not a pristine elastic body but, rather, an imperfectly elastic medium (i.e., 

viscoelastic). However, including viscoelastic effects in the FWI analysis adds to the 

complexity of optimizing nonlinear problems by expanding the parameter space. This 

expansion exacerbates the nonlinearity of the misfit function, a landscape already contains 

several local minima due to limited illumination of the subsurface and inadequate initial 

models (Gholami et al. 2013). While the benefits of applying viscoelastic modeling to 

large-scale seismic explorations are recognized, its utility in near-surface investigations 

remains a topic of debate. The finer resolution required for shallow subsurface 

characterization may not justify the increased computational demands and complexity, 

raising the question of whether the pursuit of viscoelastic inversion in near-surface contexts 

is a practical endeavor.  



 

136 

One potential compromise is to use passive viscoelastic FWIs, where viscoelastic 

modeling is applied only in the forward simulation step without adjusting the quality factor 

during inversion. By performing passive viscoelastic, the aim is to capture some benefits 

of viscoelastic modeling (more accurate wave propagation) while avoiding the full 

complexity and computational cost of full viscoelastic inversion (which would include 

optimizing for the Q parameter). Considering the literature, the deployment of passive 

viscoelastic FWI in near surface applications is limited, and the reported results exhibit 

discrepancies with respect to its effectiveness in improving inversion results. This variation 

underscores the need for more targeted research to better ascertain the methodôs 

capabilities relative to traditional elastic approaches. Indeed, a deeper investigation into the 

passive viscoelastic FWI could reveal details that might address current ambiguities and 

possibly affirm its superiority or identify specific contexts where it offers distinct 

advantages. 

 

Figure 3-38. Modelled domain and its source-receiver configuration. 

In this study, the impact of passive viscoelasticity and the selection of the quality 

factor on inversion accuracy was examined for cases featuring sinkhole anomalies of 

various sizes and depths. The modeling domain extends 65 meters in the horizontal (x) 
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direction and 20 meters in depth, equipped with 48 surface receivers and 12 symmetrically 

placed sources (Figure 3-38). Consistent with the previous models, the geological setup 

comprises a soil layer overlying rock. The sinkhole location varies within either the rock 

or the soil with consistent velocity and density properties across the different scenarios. 

However, when transitioning to passive viscoelastic modeling, it becomes necessary to 

introduce the quality factor as an additional parameter for domain materials. A quality 

factor of 150 for rock and 10 for the sinkhole was chosen based on Tables 2-2 and 2-3. Due 

to the high stiffness, of rock a value near the upper limit of reported values was selected to 

reflect its lower attenuation properties. Conversely, the lowest value was deemed 

appropriate for the sinkhole, which is a highly attenuative feature. Two different quality 

factor values were selected to model the full spectrum of possible soil behavior for each 

sinkhole scenario, employing both the lower- and upper-bound limits of the quality factor 

indicated in the literature. The viscoelastic modeling strategy for the true models is shown 

in Figure 3-39. 

 

Figure 3-39. Viscoelastic modeling scenario for true models. 
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To better understand the reason for using different quality factors for the soil, it is 

beneficial to review the forward modeling results (waveforms) that consider quality factors 

of 10 (labeled óLOWô), 35 (labeled óMIDDLEô), and 50 (labeled óHIGHô) for the soil layer. 

This examination is carried out with constant values for the sinkhole and rock layers, 

specifically for the scenario that features an oval-shaped sinkhole embedded within the 

rock layer. Additionally, 48 receivers were positioned on the surface, and a single source 

was placed 3 meters preceding the first receiver. Figure 3-40 presents a series of waveform 

comparisons generated from forward modeling, revealing the effects of varying soil quality 

factors on the recorded seismic data. 

The waveforms depicted in Figure 3-40 highlight the significant amplitude 

variations that manifest due to the soilôs attenuation properties, with these variations 

becoming more pronounced at greater distances from the source. The comparison of 

waveforms with ñMIDDLEò (35) and ñHIGHò (50) quality factor values shows relatively 

similar characteristics, implying only subtle changes in the waveôs strength and travel time 

within this range. In contrast, the waveform with a ñLOWôò(10) quality factor displays a 

marked difference, with significantly greater attenuation of signal strength and higher 

frequency content, especially as the waves propagate further from the source. This 

pronounced difference in the ñLOWò quality factor scenario underscores the materialôs 

dampening effect on seismic waves and its critical influence on the accuracy of subsurface 

imaging. The differences among the waveforms with different quality factors illustrate that 

while factors of 35 and 50 produce comparatively minor effects, a factor of 10 introduces 

a change in wave behavior that is critical to acknowledge in viscoelastic inversion 

processes. 
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Figure 3-40. Waveform comparison for different quality factors ion the soil layer : (a) 

receiver one, (b)   receiver ten, (c) receiver twenty, (d) receives thirty, (e) receiver forty, 

(f) receiver forty-eight. 












































































































































































