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ABSTRACT

Hadron structure is an important field in particle physics because hadrons make
up most of the matter in nature. The theory of the strong nuclear force, via which
the partons of hadrons interact, is Quantum Chromodynamics (QCD) and cannot be
solved analytically. Lattice QCD (LQCD) is an ideal formulation of QCD and is the
only formulation starting from first principles. In this thesis, we use LQCD for two
primary topics of study: 1) nucleon structure and 2) pion and kaon structure.

In the first study, we calculate the quark momentum fraction, helicity, and transver-
sity for the nucleon. The calculations are performed on three ensembles at the physical
point of the pion mass allowing us to study finite volume, discretization, strange and
charm quark quenching, and excited-state systematic effects. Our calculations of the
helicity and transversity are first predictions at the physical point.

In the second study, we investigate pion and kaon structure. We calculate the first
three non-trivial Mellin moments of the meson parton distribution functions (PDFs).
For the kaon, this is the first direct calculation of the second and third moments.
We carefully choose which matrix elements we implement so that there is no mixing
with lower derivative operators, avoiding systematic uncertainties which are not well
understood. We also perform an extensive study of the excited-state contamination.

In a pioneering study, we show that the full x-dependence of the PDFs can be
calculated from the first three Mellin moments. Such a calculation was previously
thought to be unfeasible using moments calculated from LQCD. Our reconstruction
of the PDFs allow us to comment on SU(3) flavor symmetry breaking and the high-z

behavior of the pion PDF which are both interesting topics in hadron structure.
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CHAPTER 1

INTRODUCTION

Hadrons make up most of the visible matter in the universe so understanding their
structure and how they behave is fundamentally important in Physics. The strong
nuclear interactions between hadrons and their constituent particles, quarks and glu-
ons, are described by the theory of Quantum Chromodynamics (QCD). QCD is a
part of the Standard Model of particle physics, which describes how particles interact
via three out of the four known fundamental forces, with gravity being the only force
not included in the theory.

Despite the importance of studying hadron structure, there are still open questions
in the field that are not fully understood, such as the origin of mass and quark dis-
tributions in hadrons. The nucleons, pion, and kaons are among the most important
hadrons. Studying nucleon, pion, and kaon structure provides valuable information
for the experimental program of the future Electron-Ton-Collider [20] 21] as well as for
existing high-energy experiments, such as deep-inelastic lepton scattering and Drell-
Yan in hadron-hadron collisions at facilities such as Jefferson Lab, RHIC, Fermilab,
and the LHC. In this thesis, we study their structure via Mellin moments of: a) parton
distribution functions (PDFs) and b) generalized parton distributions (GPDs).

We study the properties of the nucleon, pion, and kaon using the lattice formula-
tion of Quantum Chromodynamics (LQCD) for our calculations of hadron structure
quantities. LQCD is the only formulation which solves the QCD Lagrangian non-
perturbatively from first principles. In LQCD, space-time is discretized in a Euclidean
lattice and large-scale numerical simulations are used to calculate physical quantities.
The input parameters of LQCD are the quark masses and coupling constant which

are the same as in the continuum theory.



This thesis is organized as follows: in Chapter 1, we cover the basics of QCD
and the hadron structure quantities parton distribution functions. In Chapter 2, we
introduce the theory of LQCD and its fundamentals. In Chapter 3, we explain how
to calculate the hadron structure quantities under study from LQCD. We present and

discuss our results for the nucleon in Chapter 4, and for the mesons in Chapter 5.

1.1 Quantum Chromodynamics

Quantum Chromodynamics (QCD) is the theory which describes the interaction be-
tween fundamental particles via the strong nuclear force. The particles which interact
strongly are the quarks, anti-quarks, and gluons. An interesting property of the strong
nuclear force that makes it unique from other fundamental forces is the running of the
strong coupling. This leads to asymptotic freedom, that is, at short distances or high
energies, the strong coupling decreases and the quarks behave as though they are free
and perturbation theory can be used to solve the QCD equations. At long distances
or low energies, the strong coupling becomes high and quarks are strongly bound in
the hadron. This phenomenon, known as confinement, is the reason that quarks are
always in a hadronic bound state with at least one other quark or anti-quark.

QCD describes the strong force in terms of the partonic degrees of freedom, quarks
and gluons [22]. Before writing the QCD Lagrangian, let us give the definition of its

various ingredients. Quarks are fermions and are represented by color-spinors

br = W), (1.1)

where a = 1,2,3 is the color index, p is the Dirac index, and f = u,d,s,c,t,b is
the flavor index. Gluons are the gauge bosons of the theory and are represented by
elements of the symmetry SU(3), 3 x 3 tensors which are unitary and traceless. They

can be written in terms of the eight SU(3) generators ¢*

A, = A% (1.2)



The product of a quark and anti-quark ¢ is invariant under the local SU(3)

transformation

by =@, Y=Y =) (1.3)
Q) =exp <ia“(m)%) : (1.4)

where a®(x) is a continuous function of the space-time position. It is not clear how

the derivative acting on 1, defined by

Db = lim S [z + €) — ()] (1.5)

e—0 €

where €, is a vector with length e in the direction 4, transforms according to Eq. ((1.4))
because the two terms are at different space-time positions. So we introduce the gluon

fields in a function called the connector which transforms as
Uly,z) = U'(y,z) = Qy)U (y, z)Q(z) (1.6)
and then define the covariant derivative as

Dyt = lim ~(x + ¢,) — Ul + ) ()] (17)

e—0 €

From the infinitesimal form of the connector

a

Ulx+e,z)=1— igeNAZ(x)% +0(€%), (1.8)

where ¢ is the strong coupling constant, we see that the covariant derivative can be
written in terms of the gauge fields as
0 A e
D, =0,—1g "y (1.9)
We want to see how the gauge fields transform under SU(3) rotations so we write the

transformation of the connector

a a

1 - z'geMAZ(:c)% — Qx +¢,) (1 — igeMAZ(x)%) Qf (), (1.10)



and expand the product

Az + €)1 (2) = [(1+ €9, + O(¢%)) )Q(2)]Q (2)
=1+ ¢"(8,9(2))Q(z) + O(e?)) (1.11)
— 1+ e Qx) (-9, () + O(e)).
Now we can see that the gauge fields transform as
5 = 0) (Ag( )5+ 20 > 0 (x)
— (1 + ia“(:r;)E + O(az)) <AZ($)§ + é@lL) (1 + ioz“(x)g — (9(042))

- A0 + O )G+ {a“(m)g, Ag(@%} .

Ay ()

(1.12)

From here, we can also write down the transformation of the covariant derivative

acting on the quark fields as

a a

a b c
Dot — (au —igAZ(x)% — i(da” )’; tyg {a % AZ%D <1+m %) ”
Oy — igAj(x )(1+Zoz E)@/}—I—O( ) (1.13)

(+
()

and see that D,1 transforms the same as 1. Lastly, we define the field strength

tensor as

Fi, = —i[D,,D,] = 0,A" v — 8,A% + gf*" AL AS (1.14)

Vi 2]

where 2 are the anti-symmetric structure constants of SU(3).
Now we have all of the ingredients to construct the gauge invariant QCD La-

grangian

A 1 a v
ﬁQCD = Zzﬁf(zﬁu - va)wf - §FWJF£L . (115)
N

Like the fermions in Quantum Electrodynamice (QED), the quarks interact with the



gauge bosons through the covariant derivative. Conversely, unlike the force carriers
in QED, the gluons experience self-interactions. The action associated with this

Lagrangian can be separated into a fermionic part and a gauge part given by

which will be useful later in our lattice calculations. The fermionic part can be written

as

Ny

where D is called the Dirac matrix. The QCD Lagrangian cannot be solved analyti-
cally because it is highly non-linear and there are infinite degrees of freedom. As we
will see later, the Dirac matrix is important for defining the action in LQCD and its

numerical calculations, as its discretization is not unique.

1.2 Parton Distribution Functions

Parton distribution functions (PDFs) are important quantities in hadron structure.
They are the probability densities of observing a parton with longitudinal momentum
fraction x of the total hadron momentum and are defined in the light-cone frame where

the hadron has momentum p with components p* = (p° £ p*)/v/2, p* = 0 as

1 o
o(z) = = / Ay~ e (| B0,y 0.7+ G1b(0,0,0) [p) (1.18)
d,

4
q:g7u7ﬂ? (z7s7§?"'7 (1'19)

where G is a gauge link which connects the quark field v to infinity and is required
for Eq. to be gauge invariant. For hadrons with spin, such as nucleons, an
unpolarized (helicity averaged) and polarized (helicity dependent) PDF can both be
defined as

q(r) =q (v) +q" (v),
Aq(z) =q 7 (z) — ¢ (v), (1.21)

where — (<) indicates a sum over parton spins along (opposite) the hadron helicity.
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Figure 1.1: The kinematics in the (z,Q?) for which there are available hadronic

cross-section data for global fits of the unpolarized, helicity, and transversity PDF's [1].
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The transverse PDF dq can also be defined which is the probability density of finding
quarks with with an equal or opposite polarization as a transversely polarized hadron.

There are two main ways of calculating PDFs nonperturbatively [23]: global QCD
analysis and LQCD. In global QCD analysis [24] 25| 26], factorization is used to sepa-
rate experimental hard-scattering cross-sections into short- and long-range dynamics.
The short-range or high energy dynamics depend on the process involved and can
be calculated using perturbation theory while the long-range or low energy dynamics
are the PDFs and are universal. The factorization scale which separates the two is
called 4 and depends on the experimental process. The information gained from per-
turbative QCD and global fits of experimental data are used to calculate PDF. High
precision experiments in major facilities such as Jefferson Lab, HERA, and RHIC as
well as advancements in perturbative QCD have led to global analysis calculations
of PDF's with precisions of a few percent. The most well known nucleon PDF is the
unpolarized, since it has the most available experimental data. The helicity only has
a few hundred data sets [I], 27] and the transversity PDF is even less well known [2§].
Fig.|1.1]shows the kinematics that the hadronic cross-section data which are included
in global fits of each PDF have been experimentally measured.

Since the quark fields in PDFs are at light-like separations and since, as will be
discussed later, LQCD uses a Fuclidean space-time, the PDFs can not be calculated
directly on the lattice. There are a number methods to calculate the x dependence of

PDFs on the lattice but these are still under development. In this study we instead



study PDFs as has been done most often up to now in LQCD: by calculating the
Mellin moments of PDFs

(x™) :/ z"q(x) . (1.22)

1
PDFs can be calculated from their Mellin moments using an inverse Mellin trans-
form but one needs to know a sufficient number of moments or else introduce model
dependent information. The first few non-trivial moments are calculated in LQCD
with the main focus being n = 0 and n = 1. This is because the moments (x?) and
higher suffer from power-divergent mixing which is unavoidable and has to be elim-
inated in the renormalization procedure. Even though the PDFs cannot be reliably
constructed from just the first three moments, these moments are useful to calculate
as constraints to global fits and model calculations. Additionally, the Meillin mo-
ments contain physical information. For example, the first moment of the polarized
PDF is the fraction of the hadron mass carried by that parton and the first moment
of the unpolarized PDF is the parton momentum fraction. Furthermore, together
with its zeroth momnet, they privde information on the spin and mass decomposition
[29, [30, 31].

The colinear PDF's only provide one-dimensional information on the structure of
the hadrons under study. To understand the three-dimensional structure of hadrons,
generalized parton distributions (GPDs) and transverse momentum-dependent distri-
bution function (TMD PDFs) are also needed [32], 33| 34]. In this thesis, we will focus
on PDFs and GPDs. The latter appear in processes such as deeply virtual Comp-
ton scattering and deeply virtual pion production and carry information about the
distribution of the partons’ transverse momentum. In the forward limit, that is zero
momentum transfer, GPDs become PDFs. GPDs are also defined in the light-cone
frame so calculating them on the lattice come with the same challenges as PDFs.
The moments of GPDs, which we study here, are the generalized form factors. Gen-
eralized form factors depend on the momentum transfer squared and, in the forward

limit, are the PDF Mellin moments.



CHAPTER 2

LATTICE QCD

Lattice Quantum Chromodynamics (LQCD) is the only formulation which solves the
QCD starting from the Lagrangian. It uses Monte Carlo simulations and large scale
computations. In this chapter, we introduce the motivations for using LQCD as well

as its fundamental concepts.

2.1 The Feynman Path Integral

The expectation value of an observable can be calculated using the Feynman path
integral [35]

(©) = [ PloBI DL S0, . A, 2.1)

where

2= [ D)D) e Seos (2.2

is the partition function and S is the Euclidean action. D[, )] and D[A] are prod-
ucts of integration measures for the quark, anti-quark and gauge fields at every space-
time position, and O[t), v, A] is the functional which represents the observable. In
the continuum, there are an infinite number of space-time position and therefore an
infinite number of integration measures and paths to integrate over which causes
ultraviolet divergences. In order to regularize the formulation so that the path in-
tegral can be solved numerically, the continuous space-time is discretized into a 4D
lattice [36], B7]

A = {TL = (nl,ng,ng,n4) | ny,ng, N3 = 0, 1, ...,NL -1 y Ny = O, ]_, ceny NT — 1}, (23)



whose points are a finite distance apart, typically the same distance for all dimensions,
which is called the lattice spacing and labeled as a. Now, the integration becomes a
sum over all lattice points.

To understand the need for the Euclidean action instead of Minkowski, we write
a correlation functions between two operators in the Heisenberg picture, in which

operators evolve in time according to O(7) = ™ Qe

1 [ oy A A
(0a(r)01(0)7 = = tr [T, (1) 01 (0)

T L
S tr e‘iTﬁe”gOAge_”HOAl] (2.4)

Zr L

1 ro. N oA
_ Z_T tr _e—l(T—T)HO2€—ZTHOI] 7

Zr =tr [e*”ﬁ} , (2.5)

where 7 is in Minkowski time and 7 is a formal maximal distance which will later
be taken to the limit 7 — oo. Writing the trace in the basis of eigenvectors |n) such
that H |n) = E, |n) and ordering n so that Ey < E; < E,..., the corerelator becomes

(0:(1)0: ()7 = - Zm\ T=Oy ) (n] Oy m)

) (2.6)
Z—Ze’mm " (m| Oy [n) e (n] Oy |m)

Zr = Ze BT (2.7)

Since the exponentials are complex, they oscillate in complex space and infinite en-
ergies are needed in the sum. If we rotate from real to imaginary time (it = ¢ and

iT =T), the correlator becomes

5 € 25T (10] O ) €5t (] O )
1_|_ e—AElT + e—AEQT + ..
AE, = E, — E, (2.9)

(02(1)0:1(0))r =

and the exponential terms instead decays with increased energy and imaginary time.
This rotation is what is called a Wick rotation and is equivalent to changing from

Minkowski to Euclidean space. In the limit 7" — oo, only terms with m = 0 remain



and the denominator is one, so the correlator becomes

Jim (0(t)01(0))r = D _ (0] Oz 1) (n] O1 [0) =" (2.10)

where we have simplified the notation by defining Fy to be zero so that AFE, = E,,.
Now, at large enough ¢, only the ground state dominates.

The exponential factor in Eq. is similar to the Boltzmann factor in sta-
tistical mechanics. This similarity extends to the rest of Eq. which has the
same structure as the formula to calculate the average of a function in the canonical
ensemble. We can take advantage of the similarity to statistical mechanics by using
Monte Carlo simulations to calculate the path integral instead of integrating over

every possible path.

2.2 Discretized Fields

In the discretized space-time, the (anti-)quark fields ¥ (z) (¢)(z)) are written as 1)(n)
(¢(n)), where we denote the position by n to emphasize the discretization, since
x — na. The fermions transform under a gauge transformation the same way as in

the continuum

—/

U(n) = ¥ (n) = (n)Qn)". (2.12)

Using a Taylor expansion around the unit vector [

Y(n £ f1) = (n) + ad,b(n) + %Qaiw +0(a%), (2.13)

we find that the partial derivative of the quarks can be discretized as

8, (n) — W””)Q_aw(”_’l) +0(a?). (2.14)
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If we look at how the action for free fermions is discretized
S0 = [ d'a B) o, + m)u(o)

- 4.7 = a' Y () (Z A ﬂ’) i),

neA

(2.15)

we see that it is not gauge invariant because the derivative terms transform as

D(n)p(n + 1) = P (n)y'(n % 1) = P(n)Qn) Qn £ f)ib(n + 1) . (2.16)

To retain gauge invariance of the action, we need to introduce a field to go between

the fermion fields which transforms as
Un(n) > Ul (n) = Qn)U,(m)Qn + )’ (2.17)

so that
YU, (n)(n £ i) = 3§ (UL ()¢ (n £ fi). (2.18)

These fields, called gauge links, are part of the gauge group SU(3) and replace
the gauge fields A on the lattice. In the continuum limit, they become the gauge

transporter which connects a location = to y along a path C,,

G(z,y) = P exp (z/c A- dS) . (2.19)

The gauge links are located between the lattice points n and n + fi, as illustrated by
the left diagram in Figure [2.1] They are also oriented, going from n to n + ji, and
either the adjoint of a gauge link or a negative index can be used to represent a link

oriented in the opposite direction, that is
Uou(n) = Uyln — ) (2.20)

as can be seen in the right diagram in Figure [2.1

11



Up(n) U_p(n) =Uyu(n — ,EL)T

n‘ |n+,EL n—,&} ‘n

Figure 2.1: A graphical representation of a forward (left) and backward (right) ori-
ented gauge link U, (n) and U_,(n).

One object of interest which contains gauge links is a product of k£ gauge links

connecting two lattice points ng and n; along a path P. This product is written as

P[U] = U,uo (nO)Um (no + ﬂ0)~--Uuk_1(n1 - ,[lk - 1)
= [ v.(n). (2.21)
(n,w)eP

By transforming the gauge link in P[U] according to Eq. (2.17)), it is easy to see that
the Qs between U’s cancel so that only €(ng) and Q(n)" remain on either end of the

product. From this, we find that P[U] transforms similarly to a single gauge link
P[U] = P[U] = Q(no) PUIQ(n1)", (2.22)

so that ¢ (ng) P[U](n,) is also gauge invariant.
Another gauge invariant object is the trace of a closed path of gauge links along

a loop £ which is written as

Lvl=t | [] U.(0)] - (2.23)

(n,pn)€L

To see that L[U] is gauge invariant, we again apply Eq. (2.17)), cancel all Q’s between

gauge links so that we are left with

LIV =tr [Qno) [] Un(n)Qno)!
- ’ (2.24)

= tr H U,(n)| = L[U],

12



n-+ o n+ [+ v
U,/(TL)T Uv(n + :u)
n n + [
Un(n)

Figure 2.2: A graphical representation of a plaquette Uy, .

where in the second line, we applied the cyclic property of traces. The simplest non-
trivial loop which can be calculated is a square made of four gauge links with area

a®. This loop is called a plaquette and is written as

~

U = Up(n)Uy(n + )U—n(n + o+ 0)U_,(n + D)

= U, (n)U, (n+ @)U, (n + 2)'0, (n)'" (2:25)

A diagram of a plaquette is given in Figure 2.2

2.2.1 Grassmann Algebra

Since quarks follow Fermi statistic, the expectation value changes sign if its indices

are interchanged, that is

w(f) (n)gw(f’)(n/>al, — _w(f/)(nl)a,’w(f)(n)g’ (2.26)
E(f) (n)gg(f/)(n/)all _ _E(ﬂ)(nl)gl/w(f)(n)g’ (227)
E(f) (n)gg(f/)( /)gll _ _E(f/)(n/)gl/w(f)(n)g . (228)

Numbers with this kind of behavior are called Grassmann numbers [38]. In general,

Grassmann numbers obey

13



which implies n? = 0. So polynomials of Grassmann numbers have a finite number of
terms each with up to only one of each Grassmann number since higher order terms

are zero. Any Grassmann polynomial can then be expressed as

A=a+ Z aini + Z ainin; + Z QMMM + oo+ Q12 NTHT2-- 1IN (2.30)
i i<j i<j<k

where the coefficients a;, a;j, ..., aia. n are complex numbers. An algebra, called
Grassmann algebra, can be constructed from the addition and multiplication of such
polynomials and the Grassmann numbers are the generators.

The derivative rules of Grassmann algebra are

0 0
o, =0, amm =1, (2.31)
o 0 0 0
_— = , 2.32
on; On; on; On; (2:32)
0 0
= —p— ; i 2.
87]2 77] 77] 87]17 7 # .7 ( 33)

As an example of Egs. (2.32)) and (2.33)), we write A for N = 2

A =a+aym + any + ajomns, (2.34)

and take the partial derivative

0A

8_7]1 =ai + aizha . (235)

We can also switch the order of the two generators in the last term of A so that

A=a + am + A2M)2 — Q127211 , (236)

and we see that, in order to agree with Eq. (2.35)), we need Eq. (2.32)) for N = 2

0 0
—Ty = —1g— . 2.37
om & " om ( )

If we apply 8%2 to Eq. 1) we also see the need for Eq. 1)

We also need a definition of integration in the Grassmann algebra which has the

same properties to the integration in R"V. The integration over a subset 2 C RY of a

14



function f which is zero at the boundary 0f) is a linear functional of the function f

and is given by

/de f(x) :/dxldxg...dx]v flxy, 29, ...;xN) . (2.38)

Q Q

In order to ensure that the Grassmann integration is a linear complex functional, it

is required that

/dNn AeC, /dNn (MAL + o) = N /dNnA1 + )\2/dN77A2, (2.39)

where A; and Ay are complex numbers. Requiring that f vanishes at the boundary

implies

/de 0 f(z1,...,zn) =0, (2.40)

81‘,‘
Q

and the equivalent statement for the Grassmann algebra is

3}
N _
/d n amA—O. (2.41)

This means that any integral of terms of a Grassmann polynomial which can be
expressed as a derivative of other generators is zero. Therefore, only the integration
of the highest order term of a polynomial is nonzero and the integral is proportional

to the coefficient a;._ . By requiring the normalization

/dNn M.y =1, (2.42)

we find that the integration is

/ d¥n A= a1 N . (2.43)

Now, we write the integration measure as a product of measures for each 7,

d¥n = dnndnn_1...dm | (2.44)

15



which individually have the properties

dnidn; = —dn;dn; . (2.46)

If we consider a transformation of the generators

N
= Z Mijn;, (2.47)
j=1
which leaves the integration invariant, we find

/dN'f] 771--~77N:/dN77/ 771~-~77§v

:/dNn/ Z Mlil‘ﬂMNiNniy'-niN
e (2.48)
:/dNU’ Z Mgy ... MNiy€iyig.in 11N

i1,ein

= det[M] /dNT]' NN -

In the third step, we reorder the generators and apply the proper sign with €, .,
and in the last step, we use the definition of the determinant. So, the integration

measure transforms as
dVn = det[M])dVn' . (2.49)

We want to use the properties of Grassman variables to find how to calculate the

fermionic part of the correlators. We start with the fermionic partition function [39]
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A0

N N
Zp = /Hdmdﬁi exp (Z ﬁijknk>
i=1

jk=1

N N
= det[M] H/dnédﬁi exp (Z ﬁjn})

i=1 j=1
N

= det(0) [ | asiam, exp () (250)

=1
N

= det[M] H / dn;dn; (1 + m;n;)
i=1
N

= det[M] ]| ( / dnidn;1 + / dm’-dﬁﬁmé)

i=1
Zp = det[M], (2.51)

where in the second line, we use the transformations Eqgs. (2.47) and (2.49), in the
fourth we expand the exponential and use n? = 0, and in the sixth we use the integrals
in Eq. (2.45)). Next, we want to calculate the generating functional for fermions which

is the integral

N N N N
W6, 6] = /Hdmdﬁi exp (Z MM + > 0m; + Zﬁﬂj) : (2.52)
i=1 Jj=1 Jj=1

Jk=1

We start by rewriting the terms in the exponential

7 Mg, + 0,15 + 77,05 = 7; Mgy + 0,15 + 7,60, + 6, (M_l)jk; 0 —0; (M_l)jk; O
= (7,40 (M7Y),)) Moy (e + (M), 80) =5 (M), 00
(2.53)
Then, using the change of variables
me=m+ (M), 0, =740, (M), 2.54)
dny, = dny,  dif; = dn;, (2.55)

17



we rewrite Eq. (2.52)) as

N N N
w(e.9) = /Hdmdm exp (Z T Myt — D, 0 (M), 9m>

1=1 J,k=1 n,m=1

N N N (2.56)
= exp (— Z 0, (M—1>nm Hm) /Hdnidﬁi exp (Z ﬁ;Mﬂmz)
n,m=1 =1 j,k=1
N
W16, 0] = det[M] exp (— Z O, (M) 9m> , (2.57)
n,m=1

where in the last line we used the solution to Eq. (2.51]). Lastly, we want to calculate

expectation values of products of Grassman numbers, called n-point functions,

N N
_ _ 1 _ _ _
s Ty - ) = Z / L1 dnidnm; Ty, -7, exp ( > nnMnmnm> . (2.58)
1=1

n,m=1

We can solve Eq. (2.58) by writing the right hand side in terms of the fermion gen-

erating function

1 0 0 o 0 —
= — — . —WIle
Zp 90, 00; 00, 00;, 19,91

, (2.59)
0,6=0

(i Ty - 1T, )

and substituting the right hand side of Eq. (2.57) for WA, 6]. This results in what is
called Wick’s theorem

</r]]1ﬁk1/r]]nﬁkn> = <_1)n Z Slgn(P> (M_l)ilel (M_l)iQJp2 (M_l)injpn ’
P(1,2,...,n)
(2.60)

where P(1,2,...,n) are the permutations of the numbers 1,2, ..., n and sign(P) is the
sign of the permutation. Comparing Eq. (2.60) to Eq. (2.1), we can use Wick’s
theorem to calculate correlators from the inverse of our lattice action’s Dirac matrix.

The inverse Dirac matrix is the quark propagator.

2.2.2 Quark Sources

Calculating the full quark propagator is prohibitively memory-intensive because it
carries the information for a source (m, «,a) at every lattice point to a sink (n, 5,b)

at every lattice point, which is why it is called an all-to-all propagator. There are
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also twelve complex numbers associated at each space-time point because there are
four Dirac indices and three flavor indices. So the full all-to-all propagator has (3 x
4 x L3 x T)? complex numbers. Additionally, the propagator is highly correlated in
space-time because it is calculated on the same gauge configuration so, instead, we

only calculate the propagators for a few point sources

D! n]mgao ZD n]m mo’ao’%)(m)g, (2.61)

m,x,a

(mo,0,a0) (

where S m)¢ is the point source

S(()mo,oco,ao)(m)g — 5(m _ mo)aaao(saao , (262)

located at (mg, ap, ag). Calculating the propagator for a point source is equivalent to
calculating a single column of the all-to-all propagator.
To improve the hadron propagation signal, we smear the point-source fermions in

space. The smeared fermions at nyg = (ng, n;) are marked with a lower index

¢ nedeo = D570 (02)5:0 0 (1, e (2.63)
ng
—(f no,00,a —(f
1/}5 )(n07nt>a0 = ZSZ( 00 0)(n1)a1¢( )(nl,nt)oq s (264)
ao al al

ni

where we use different indices ¢ and k£ to emphasize that the smearing functions need
not be the same. The smearing function is typically applied multiple times to a point
source in order to achieve the desired amount of smearing. We use Gaussian smearing

in our simulations which changes the quark fields as

+3
S(n,ng) = 1 —:604 (z/J(n, ng) + Oéj;_;l U;(n,n)Y(n —i—j’,nt)) , (2.65)

where « is a parameter which controls how much the quarks are smeared for each
step. We choose a and the number of smearing steps so that the root mean squared

of the smeared quarks is roughly equal to the radius of the hadron under study. A
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smeared quark propagator is then

Gri(110mo) gas = <¢,if><now§” <mo>cgo>

boao bo F

= <Z S](gno,ﬁo,bo) (n)%¢(f) (n)gsi(m(),a(),ao) (m)ga(m)g> (2.66)
™ F

_ Z S’gno,ﬁo,bo)(n)

¢ a

(D7") (nlm)sa S (m)a

S *

In practice, the way we calculate the smeared propagator is to first calculate the

propagator from a smeared source and then apply the smearing at the sink.

2.2.3 Inversion Algorithms

The process of calculating the quark propagator from a source point is to solve the
system of equations
DG =S (2.67)

by inverting the Dirac matrix
G=D"'S, (2.68)

where G is the quark propagator and S the source point. Inverting a matrix the
size of D is computationally intensive and is the main challenge when performing
LQCD calculations. The Dirac matrix is a sparse matrix, meaning that the number
of matrix elements which are zero is proportional to the size of the matrix. The
nonzero elements are located in repeating patterns in the matrix and this pattern
depends on the the discretization and boundary conditions used. The fact that the
Dirac matrix is sparse means that some inversion algorithms are better suited than
others, even though the inverse of the Dirac matrix is not sparse.

One of these inversion methods is the conjugate gradient (CG) solver [41]. The

CG solver calculates the vector x* which minimizes the equation

Q(x) = %xT/m — 27, (2.69)

where A is a real symmetric, positive definite N x N matrix. The minimizing vector
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z* is also the solution to Az = b because

9Q(x)

o =Ar—=b=0. (2.70)
The CG solver finds x* iteratively using the formula

where o; is a real parameter and p; is a direction vector which is orthogonal to Ap¥)
where pl9) is a vector from any previous iteration. These vector form a vector space
called a Krylov space

K® = span(p®, ..., p@) (2.72)

and z(® minimizes Eq. in K&, For an N x N matrix, 2* € K™ so the
maximum number of steps to find the solution is N, though often fewer are needed
for a sufficiently accurate approximate solution. At each iteration, the residual r(?) =
b — Ax is calculated and the approximate solution is considered sufficiently accurate
when ||r(®|| is less than a given parameter. The number of steps to convergence

increases with a greater condition number K (A) which is given by

| Amax|
3
‘)\minl

K(4) = [|A]| [|A7Y]| = (2.73)
where Apax (Amin) is the largest (smallest) eigenvalue of A. The only calculations
needed for the CG solver are scalar products and vector-matrix multiplications and
only the vectors need to be stored which is why this is a good method to use when
inverting sparse matrices.

The Dirac matrix is not positive definite hermitian so CG cannot be used to
directly calculate the quark propagators. One solution is to invert the matrix H? =

DDT instead. The propagator can then be calculated using
G=D7'S=D'H?2S=D'S. (2.74)

This has the drawback that H? has a larger condition number than D because
K(H?*) = K(D)?. Another solution is to use the bi-conjugate gradient (Bi-GCR)
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algorithm which uses two bi-orthogonal search directions and residual vectors. There
is also the Bi-GCR Stabilized (Bi-GCRStab) method and its improved version called
Bi-GCRStab(2).

A major disadvantage to CG solvers is that the time it takes to solve a system of
equations increases as the quark mass decreases, and scales like 1/m?. This is what is
known as critical slowdown and, as a consequence, the time it takes to invert a Dirac
matrix with physical quark masses becomes prohibitively long. A solution to this is
to use multigrid (MG) methods [42] which do not suffer from critical slow down.

MG algorithms aim to reduce the time it takes to invert a matrix by coarsening the
degrees of freedom. The three main steps in a MG inversion are smoothing, restriction,
and prolongation. The smoothing step reduces the short wavelength fluctuations and
is usually done before the restriction step and after the prolongations step, called pre-
and post-smoothing. In the restriction step an operator R is used to map the points
in the fine grid to points in the coarse grid. Similarly, a prolongation operator P is
used to map the coarse grid points back to the fine grid points. These two steps are

applied to define the coarse Dirac matrix
D.= RDP. (2.75)

Take for an example the block aggregation method, in which the restrictor averages
over a certain number of points in the fine grid to create one point on the coarse grid.
The prolongator is then the operator which satisfies the relation between the identity

matrices on the fine and coarse grids
I.= RIP. (2.76)

This process can be repeated to create multiple levels of progressively coarser grids.
Once the Dirac matrix is calculated for the coarsest grid, it is inverted using a standard
inversion routine such as a CG solver before being prolongated back to the fine grid.
The time to initialize the coarse grids is longer than it takes to initialize algorithms
like CG so MG should be used when the difference between the time it takes to invert
on the fine and coarse grid is high enough to make up for the longer setup time of
MG or when enough inversions can be performed on the coarse grid that the setup

time is worth it.
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2.3 Lattice Actions

We can split the calculation of observables we are interested in studying into a gauge

and fermionic part. The calculation of the expectation value then becomes

(0) = {(O)r)a (2.77)
where the fermionic part is
W = [ DT S50 ARG, (278)
7N s Ak |
Zel0) = [ Dip. ) ST, (279
and the gauge part is
(B)g = %/D[U] e 5cVIB[U]. (2.80)

The fermionic expectation value is commonly a product of quark and antiquark fields

O e G P G P ISP (281)

a1 b1 bk
where «; and (; are the Dirac indices, a; and b; are the color indices, n; and m; are
the space-time lattice coordinates, and f; and g; are the quark flavor indices.

There is some freedom to how the action is discretized, as long as it recovers
the form of the continuum QCD action in the continuum limit a — 0. There are
a number of lattice discretizations for both the gluonic and fermionic part of hte
a ction. Beyond the simple Wilson discretization, there is the improved three-level
Symanzik [43], tadpole improved Liischer-Weisz (TILW) [43], doubly-blocked Wilson
(DBW?2) [44] and Iwasaki [45] gluon actions. The latter is used for all calculations
presented in this thesis. For the fermion part of the action, there are the Wilson,
clover, staggered [46], domain-wall [47], and twisted mass fermions. In this section,
we introduce the simplest fermion discretization, the Wilson action, as well as the

discretization used in the results obtained in this thesis, the twisted mass formulation.
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2.3.1 Wilson Action

The simplest way to discretize the QCD fermion action is

o1, .01 = S 5 (Z% Wn+ji) — U (n)¢(n—ﬂ)+m¢(n)>7

2a
nen

which is called the naive discretization. The Dirac matrix for this discretization is

4

Up(N)0nfim — U (1) 0n—jim
D(nlm) =) 7, o +m, (2.83)
pn=1
or, using the notation y_, = —,, it can be written more compactly as
u +1

This discretization has an issue, however, which we can see by taking the Fourier

transform of the Dirac matrix for the free fermion action, i.e. U,(n) =1

D(plq) = ~it-0)m D(p]m)
T

=T\ N

n,men
=d(p— q)D(p)
Blp) = m+ -3y sin(pa). (2.86)

The quark propagator is then

- m—ia~tY . sin(p,a)
D '(p) = B a 2.87
2 m2 + a2 Zu sin?(p,a) ’ (2.87)

and evaluated at m = 0 is

- —ia"tY" v, sin(pua)
Dlp)| =St (2.88)
m=0 a=?>_,sin*(pua)
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Taking the continuum limit, this becomes

~_ a _ZZ Pu
D! —0 d 2.89
() - PR (2.89)
so there is a pole at p = (0,0,0,0) in the continuum. On the lattice however,

there are additional, nonphysical poles at p = (7/a,0,0,0), p = (0,7/a,0,0), ..., p =
(7/a,m/a,7/a,7/a) due to the sin? function in the denominator. The nonphysical
particles at these poles are known as doublers. We can remove the doublers by intro-

ducing a so-called Wilson term [48] to the Dirac matrix

~ Z —
D(p) = - i w 2.90
() =mt 3 sinine) + . (2.90)
B 4
- Z (1 — cos(p,a) (2.91)
Ca ot

This term is zero at p = (0,0, 0, 0), so it preserves the physical pole but, by calculating
the inverse of Eq. (2.90]), we find that it cancels out the doublers. Fourier transforming

the Wilson term results in

i U,LL ab6n+u m 26ab5n,m + U—,u(n)(sn—ﬂ,m (2 92)

a?

p=1

The sum in Eq. (2.92)) is the discretization of the Laplace operator 0,0, and since
it is multiplied by —a/2, the Wilson term goes to zero in the continuum limit. By
adding the Wilson term to Eq. (2.83)), we get what is called the Wilson action

1 +4

Duvlalm) = (m+2) - o PO (2.93)

Since the introduction of the Wilson action, there have been a lot of improvements to
bring lattice results clower to the continuum limit by removing O(a) terms. Improved
formulations are the clover-improved Wilson action, T'wisted-mass fermions, as well

as domain-wall and staggered fermions.
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2.3.2 Twisted Mass Fermion Action

The twisted mass fermion action [49, 50] is another discretized fermion action and is
the lattice action we use for our calculations. It is equivalent to the Euclidean QCD

fermion action and, in the continuum, is written as

SE X, Al = /d%Y(ID +m YT X, (2.94)

where x and ¥ are mass-degenerate flavor doublets, 73 is the third Pauli matrix in
flavor space, and p is what is called the twisted mass. Let us consider the Euclidean
QCD fermion action in order to understand its the equivalence with the twisted mass

action:

Sp[, ), A] = /d%@(ﬂb + M) . (2.95)

The form of the action is invariant under a transformation into the twisted basis via
the relationship
X = @I = G, (2.96)

and the mass transforms as
M' = Me ™ (2.97)

By expanding the exponential, collecting the even and odd terms, and using the fact
that 2 = 1 and 72 = 1, we can rewrite Eq. (2.97) as

M'" = M (cos a + iy573sin ) . (2.98)
With the definitions
m = M cos (2.99)
p=Msina, (2.100)
M =+/m?+ pu?, (2.101)
a = arctan(u/m) , (2.102)

we see that Eq. (2.94) is simply Eq. (2.95)) written in a different basis.
The major advantage to using twisted mass fermions is that, when o = 7/2 and,

therefore, m = 0, which is called mazimal twist, quantities calculated with the twisted

mass action are automatically O(a) improved [51] without any other modifications to
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the action. This can be seen by using the Symanzik improvement [52) 53] in which

an effective action is obtained by expanding the action in terms of a, that is,
S = Sp + aS; +a*Sy + ..., (2.103)

and by requiring that each term is invariant under the same symmetries as the lattice

action. Sy is the continuum action and

Sy = / d*yL(y) (2.104)

where the Lagrangians L (y) are 4 + k-dimension linear combinations of local fields.

We write correlation functions as

Go(x1, ooy 1) = (O(21)...0(2,)) = (D) (2.105)

where ¢(x) is a generic combination of gauge invariant fields made up of quark and

gluon fields. These field are also expanded as

Get = o + ady + a’Pa + ..., (2.106)

and the correlation function is expanded as

(®) = (Bo)o — a / dhy( oLy ()0 + al®1)o + O(a?). (2.107)
The notation (...)o means that the expectation values is taken with the action as Sy
and
(Po)o = (¢o(1).--Po(n))o (2.108)
(B1)o = : (G0(21) -1 (8). 0 () o . (2.109)
~

At maximal twist, that is, m = 0, the contimuum twisted mass action in Eq. (2.94))

becomes
Sp = /dAT(lD + ipysT3) X (2.110)
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and is invariant under the discrete chiral symmetry transformation Ré’2

R5

x(z) —= X'(z) = ipsm2x(@) , (2.111)
(@) Z5 X(2) = X(@)ivsms. (2.112)

In this case, £; in Eq.(2.107) is

Ly = iXOuFuwx + XX S (2.113)

where F" is the discretized field strength tensor and p is the twisted mass. If
the correlation function is even under the Ré’z transformation in Eq. , then
(®oL1(y))o in the second term of the right hand side of Eq. is odd. But the
terms in Eq. need to have the same symmetries as Sy which is invariant under
Ré’Q, therefore,

<(I)0£1>0 = <(I)0£1>6 == —<CI)0£1>0 - 0 . (2114)

The operator ®; is not chirally symmetric, however, it is invariant under the trans-

formation Ré’z x D, where the transformation D is given by

X’(m) = 32\ (—x), (2.115)
(—z)e/2 (2.116)

D
x(z) —
D
—

|

=
I

|

X(x)

and essentially counts the dimensions of the operator. This means that the opera-
tor ®; has the opposite chirality as ®, and, since the continuum action is chirally
symmetric, the third term in Eq. is also zero. So both O(a) terms vanish at
maximal twist and the correlation function is automatically O(a) improved.

In our simulations, we use the twisted-clover action which has the added clover

term from the Symanzik improvement, so that the action becomes

Sebox, Ul =a' ) X(= ( )+4CSW0”VF“”(U)+M+@'M7573> x(z), (2.117)

TEA

where cgy is the Sheikholeslami-Wohlert improvement coefficient [54]. The main
motivation is that in the standard clover improved action, the clover term is included
to achieve O(a) improvement. The addition of the clover improvement to the twisted

mass formulation has been proven beneficial for ensembles at or near the physical
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point, it reduces isospin symmetry breaking effects [55]. The addition of the clover

therm, is relevant for all the ensembles that are part of this thesis.

2.4 Gauge Field Configurations

In the canonical ensemble of statistical mechanics, the average of a function f(x) is

calculated using the formula

_ [dx e F@B f(x)
o Jduf(a)

where F(z) is the energy distribution and 8 = 1/kgT. Comparing this to Eq. (2.1)),

the similarities are obvious. Because of this similarity and since we cannot evaluate

(= / dr P(z)f(x) (2.118)

the integral in Eq. (2.1) over every possible gauge field, even after discretization,
we use a Monte Carlo approach to calculating the expectation value. That is, we
calculate the quantity of interest on N gauge field configurations U,, which have a

7SG [Un

probability distribution proportional to e I'and average the results over the gauge

configurations or, stated mathematically,

<O>:% > o). (2.119)

U, with
probability
xe—SalUn]

This is equivalent to simulating the quantum fluctuations in the vacuum.

2.4.1 Markov Chains

To get the necessary probability distribution, we need to generate a Markov chain [50]
of gauge configurations
U—=>U —..—=U,— ... (2.120)

which means that, starting with an arbitrary gauge configuration Uy, we produce a
new gauge configuration from the last by applying some process. Each update to a
new configuration, or Monte Carlo step, can be thought of as a step in a nonphysical
dimension, sometimes called computer time. This process is done until the equilibrium

distribution P(U) is reached. The update process needs to satisfy some conditions.
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We write the probability of getting to a configuration U, from U, _; as
PU, =U U,y =U)=TU'|U). (2.121)

Since it is a probability,
0<TUNU)<1. (2.122)

The normalization condition is that the total probability of updating from some

configuration to any other configurations (including itself) is 1

d HUU)=1. (2.123)

U/

Another condition is

S TUU)PW)=> TUU)PU), (2.124)

U U
meaning that updating into U’ has the same probability as updating out of U’. This
condition ensures that no extra probability is entering or leaving our Markov chain
and is called the balance condition. One solution to the balance condition, called the

detailed balance condition, is
TUNU)PU)=TUUPU"), (2.125)

which requires that each term of the sum in the balance condition holds true.
One updating method is the Metropolis algorithm [57]. A general overview of the
Metroplolis algorithm is that we use some a priori probability To(U'|U) to select a

new configuration U’ from U and accept the change with probability

(2.126)

TA(U'|U) = min (1, TO(U’U/)eXp(_S[U/D) )

To(U'|U) exp(=S[U])
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These steps are then repeated. The total acceptance probability is T' = TyT4 and

T(U'|U)P[U] = T(U'|U) exp(~S[U])
To(U|U") exp(=S[U"]) B
Ty(U0) exp(—S[0]) ) (=510
= min (To(U'|U) exp(—S[U]), To(U|U") exp(—S[U])) (2.127)
= T(UIU") exp(~S[U")
=TU|U)PIUT,

= To(U'|U) min (1

so the Metropolis algorithm obeys the detailed balance condition. If we choose a

symmetric selection probability such that To(U|U") = Ty (U'|U), the acceptance prob-
ability in Eq. (2.126]) simplifies to

TA(U'|U) = min(1, exp(—AS)), (2.128)

where AS = S[U’] — S[U] is the difference between the action of each configuration.
For an SU(N) lattice gauge action, a single gauge link is updated at each update
step. For the Wilson gauge action, the local action which is affected by one gauge

link change is

S[U(n) )10e = %ZRe tr[1 — U,(n) P 2120
; :
= NR tr[l — U,(n) 4]
A= ZP ; v+ p)U_,(n+ p+0)U_,(n+7) (2.130)

+U_,(n+ p)U_,(n+ p—0)U,(n— D)),

where P;, called a staple, is the product of the other three gauge links in each plaquette

including U,(n). In this case, the change in the action is

AS = S[Uu(n),]loc - S[Uﬂ(n)hoc

; , (2.131)
=¥ Retr[(Uy(n)" — Uyu(n))A].
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A common method for selecting U,(n)’ is by the matrix multiplication
U,(n) = XU,(n), (2.132)

where X is a random element in SU(/V) and is around 1. An example of how to
generate X for SU(2) is to pick a random four-vector r = (ry, r) wherer; € (—1/2,1/2)

for : =0,1,2,3 and compute

xo = sign(ro)v1 — €2, (2.133)
x = er/|r|, (2.134)

where € is the parameter that controls how far away X is spread around 1. Then X
is calculated by
X=z)l+ix o, (2.135)

where o is a vector of the Pauli matrices o; for ¢ = 1,2,3. A similar process can
be done for SU(3) where we calculate three SU(2) elements r, ¢, and s following the

same procedure and then construct from these the matrices

i1 712 0 sit 0 s1o 1 0 0
R = ro1 T2z 0 , S = 0 1 0 , T=10 t11 t19 . (2136)
0 0 1 S921 0 S99 0 t21 t22

From these, we calculate X by matrix multiplication
X = RST. (2.137)

Now, the steps in the Metropolis algorithm are to update U,(n) to U,(n)" according
to Eq. (2.132), accept U,(n)" if a random number r between 0 and 1 is less than or
equal to exp(—AS), and then repeat the process.

2.4.2 Dynamical Fermions

So far, the gauge configuration generation algorithms which have been discussed do
not use any information about the fermions. Quark flavors which are not included
in simulations are said to be quenched. In nature, the quantum fluctuations in the

vacuum are caused by both quarks and gluons, so by including quarks in the produc-
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tion of gauge configurations, called dynamical quarks, the simulations will be more
similar to reality.
From Egs. (2.51)) and (2.57)), we could include the up and down quark anti-quark

loops when averaging over gauge fields by using

— . (det[D,] det[D4)O[U]) s
(O, 9] = (det[D,] det[Dy])a

(2.138)

This calculation is noisy, however, because the determinant can vary a lot between
gauge configurations. Instead, we include dynamical fermions by using the deter-

minant as a weight in the probability of generating gauge configurations, that is,

1
P[U] Ee—SG[Ul det[D,] det[Dg] , (2.139)

as long as the determinant is real and positive. The Dirac matrix is positive 7s-

hermitian, that is, v5D75 = DT, then its determinant is positive, shown by
det[D]" = det[D'] = det[ysDs] = det[D]. (2.140)

Additionally, if the quark flavors are degenerate, then the product of their Dirac

matrix determinants are positive, shown by,
det[D,] det[Dy] = det[D] det[D] = det[D] det[D'] = det[DD'] > 0. (2.141)

The twisted-clover action is ys-hermitian so, as long as it has degenerate quark pairs,
its determinant is real and positive.

The Hybrid Monte Carlo algorithm [58, 59] is a Metropolis algorithm which
includes dynamical fermions and uses concepts analogous to Hamiltonian mechan-
ics [60] [61]. It uses these concepts so that auto correlations between configurations
are low but the acceptance rate is not too low which becomes expensive. As an exam-
ple, consider a real scalar ) with conjugate momentum P generated with a Gaussian
probability Pg(G) o< exp(—P?). We define the action to be

S[Q, P = —%PQ —8[q], (2.142)
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which results in the Hamiltonian

H[Q,P] = %PZ + 9[Q] (2.143)

and the computer time derivative

) d . d
Q=-0Q P=-P. (2.144)

Then, the classical equations of motion are what are called molecular dynamics equa-

tions
. o0H oS
P=——-=—-—— 2.14
0Q Q" ( )
. o0H
Q=5="P. (2.146)

Because this is a numeric calculation changes in computer time are discrete steps,
that is,
e = AT, (2.147)

which lead to unavoidable errors. A number of steps in a row is called a trajectory,

for which we use the notation
(P(T + ne), Q(1 + ne)) = (P’, Q’) . (2.148)

An algorithm with lower error due to discrete time steps than a simple linear inte-
gration and meets the detailed balance equation Eq. (2.125)) is leapfrog integration.
This integration gets its name because the P is updated by a half step which is then

used to update @) by a full step. From Eqs. (2.145)) and (2.146)), () and P change by
these updates to

Q) — Q(e) = Q(0) + Ple/2)e. (2.149)
PO) = P2 = PO~ 5| S PO=PEA =gl 5. (150

For ease of notation, we define () and P after multiple steps as

Q(ne) =Q,, P(ne)=PF,, (2.151)
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and then we can write the change in ) and P after one full step as

1 08

R )

Q1= Qo+ Foe 2 94|, (2.152)
o8 2S

Pi=P+- (aQ ——(h>e. (2.153)

In order for the detailed balance equation to be met, there are two conditions. The
first is that the integration measure D[P|D|Q)] is invariant and the second is that the

trajectory is reversible

Twa(P', QP Q) = Tna(—P, Q| — P, Q). (2.154)

To show that the integration measure is invariant, we expand the Jacobian using the

chain rule

det |:8(P1aQ1):| — det |: a(Ple) a(P1/27621> a(P1/27620):|
(P, Qo) O(Pyj2, Q1) O(Prj2, Qo) O(FPo, Qo) |

(2.155)

The three Jacobians on the right hand side are triangle matrices so their determinant

is 1, for example, the determinant of the last Jacobian is

O( Py, Qo)] {1 : }
det | —=——-| = det 1 2.156

T 01 (2150
and similarly for the other two. This proves that the integration measure is invariant

to leapfrog integration steps. To show that leapfrog integration steps are reversible,

we use Eqs. (2.152) and (2.153]) to calculate () and P starting at computer time €
and taking one step back

1 0S8
Q-9 -ai-pe-3 | @
oS 0S , 108 9
=@ Po€+2<%Q ) 5%@57 (2.157)
1 0S
—Ql—POE—Fi%QOG = Qo
Ple—e) =P + @ @ c=D,. (2.158)
8QQ Qo
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Now that we know how we will update our configurations, we accept an update

with probability

(2.159)

TA(P',Q'|P, Q) = min <1, exp(—HIP, Q’]))

Xp(—H[P, Q])

so that the full probability of producing a configuration @)’ from a configuration () is

Q') = /D PITu(P', Q'|P.Q)Toa (P, Q| P, Q)12 (2.160)

We prove that Eq. (2.160)) satisfies the detailed balance equation and is thus a valid
Metropolis algorithm by writing the acceptance probability as

'’y . exp(—Pl2/2 _ S[Q/D
Ta(P',Q'|P,Q) = min (1’ exp(—P2/2 — S[Q)) >

_ exp(—P2/2 . S[Q/] 4 P2/2 + S[Q]) min (ee}zi(__;Q?; : g{g}]))’ 1)

= exp(—P"?/2 - S[Q'] + P?/2+ S[Q])Ta(P,Q|P', Q )
— exp(—P?/2 — S[Q] + P*/2 + S[Q))Ta(—P,Q| — P, Q'),

(2.161)

and the full probability as

T(Q1Q) = /D D[P|Ta(—P,Q| — P',Q)Tna(—P, Q| — P'|Q)e S 151QI=F2/2

/ DPID[PTA(P, Q|F', Q') Toa(P. Q| P'|Q e 5@ 1+5@1-F2/2
(2.162)

From here, we can easily see that

e ST(QQ) = 9T (QIQ"), (2.163)

that is, that the detailed balance equation is satisfied.

To understand how we use the molecular dynamics equations and leap-frog in-
tegration in our lattice simulations, first consider a vector of N complex variables
¢ = ¢r + i¢; which are called pseudofermions. The pseudofermions have the same

degrees of freedom as fermions, are eigenvectors of some matrix A, and their eigen-
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values have a positive real part. The generating equation for this field is

Wix, x'] / H dpri, dor;) exp( > ol A1J¢J+Z¢TXZ+Z><I¢Z>

2,j=1
| em(sz )
1,7=1

which is similar to the generating function Eq. (2.52) for fermions except the deter-

(2.164)

minant is in the denominator and there is an irrelevant factor 7%V. From Eq. (2.164)),
get can relate a Dirac matrix with a pair of flavor degenerate fermions to the pseudo

fermions by [62]
det[DD'] = 7=V / D¢ r|D[¢r)e? PPN (2.165)

so that we can rewrite the path integral over fermions as

/D d-PuDbu—TaDba _ —N/D ¢r|D[¢r)e¢"@PH™ (2.166)

Now, instead of generating fermions, we generate pseudo-fermions from ¢ = Dy,
where x has a Gaussian generation probability T'(x) o e™X'X_ From this and our

gauge action, we calculate the “force” used to update to the next computer time step

ZTV(Z (Sa[U] + ¢' (DD 1¢) € SU(3). (2.167)

We also need to generate our initial congugate momentum F, which has the same
degrees of freedom as the gauge fields and Gaussian generation probability T'(FPy)
exp(— tr[PZ]). Then, we update U and P using leapfrog steps

Uy = exp (iePk_%) Uity Pyyy =Py — e FIU ]l | (2.168)
For the first and last steps, P is instead updated with

€ €
Py=Py— 5 FlUGly,, Pu=Poy—5 FlUG (2.169)

[V
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respectively. The trajectory is accepted if the condition for a random number r
r€[0,1) <exp (tr[P?] + Sc[U'] + ¢' (DD~ — (D'D'")™") ¢) (2.170)

is met.

2.4.3 Gauge Smearing

In LQCD simulations, we are interested in the long distance behaviour of the corre-
lation functions. This can have significant statistical uncertainties, however, if there
are a lot of short range fluctuations in the the gauge field. These fluctuations can be
reduced by smearing the gauge configurations.

When smearing, we first calculate the average over other nearby links. There
are multiple methods of smearing which include different nearby gauge links in the
average. We use APE smearing [63], where the six staples connected to a gauge link

are averaged over. The formula used is

V(n) = (1 —oz)U#—i-%ZC'W, (2.171)
vER
where C),,(n) are the staples in the right hand side of Eq. and the « is a real
parameter which is chosen based on the gauge coupling. The average over gauge links
is not necessarily still a member of SU(3) so we need to project it back to SU(3) by
maximizing

Retr[XV,(n)T], X € SU(3), (2.172)

and then we use X as the new link variable U} (n).

2.5 Systematic uncertainties

There are a number of systematic uncertainties inherent to LQCD. These systematic
effects arise from finite volume, discretization, excited-state contamination, and non-
physical quark masses. Here, we cover the basics of each source of systematic effect.

Finite volume errors are present in LQCD results because simulations are per-
formed on finite lattices due to numerical limitations. To study these effects and
estimate the related uncertainty, physical quantities must be calculated on multiple

lattice ensembles with varying lattice sizes so that the volume dependence can be
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determined. These results are then fitted to an ansatz proportional to powers of 1/L
or some other volume dependence based on a model so that the infinite volume limit
V — oo can be taken. This can become expensive because, to properly study vol-
ume effects, the volume is varied and the lattice parameter a stays the same so the
simulations require more and more lattice points.

The next systematic effect is present in LQCD because lattices are discretized
with a finite lattice parameter. Similarly to the finite volume effects, discretization
errors can be studied by performing calculations on multiple ensembles only now the
lattice parameter is varied rather than the volume. After fitting these calculations,
the results are extrapolated to the continuum limit a — 0.

The quark masses are input parameters in the gauge configurations so they are
tuned for an ensemble by comparing the lattice calculation of a hadron mass—
typically a pion—to its physical value. Lattice calculations are less expensive with
larger quark masses and it is only in the past 5-7 years that computers and algo-
rithms have advanced to the point where simulations are feasible on ensembles with
physical pion masses, known as the physical point. Even still, higher than physical
pion masses are often used to make simulations less expensive which is useful when
exploring new quantities. This does, however, cause another systematic uncertainty
which can again be studied by calculating lattices results on ensembles with different
pion masses. The function for these fits is determined using chiral perturbation theory
(xPT) and the extrapolation is taken to the physical point. yPT is very successful
for the mesonic sector, while the baryonic sector is less-studied.

When studying hadron structure, we primarily want to calculate ground state
contributions to the quantities of interest, however, the hadron interpolators in the
matrix elements only carry information about the quantum numbers and flavor com-
position so excited states can also be created, causing another source of uncertainty.
Unlike the previous systematic uncertainties, the excited state contamination can be
studied on a single ensemble. At large enough time separations between the source
and sink of the hadron, called the source-sink separation and labelled T}, the ground
state dominates. To ensure the hadron has decayed sufficiently to its ground state,
and to estimate the errors of the excited state contamination, T, is varied and the

Tiink dependence of the lattice data is studied. More details on this study are given
below in Sec. 3.3
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In our calculations for the pion and kaon structure, we use one ensemble of gauge
configurations reproducing a pion mass of about 260 MeV. Therefore, we focus on the
elimination of excited-state effects. For the calculation of the proton structure, we
study three ensembles, all at the physical point and at different volumes and lattices
spacing. This allows us to comment on volume and discretization effects, besides

excited-state contamination.
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CHAPTER 3

CALCULATING HADRON
STRUCTURE QUANTITIES ON
THE LATTICE

In this chapter, we discuss the details of how to calculate physical quantities using
LQCD simulations. We explain which matrix elements are calculated, our procedure
to renormalize them, and how they are related to the physical values under study.
We also describe the analysis techniques we use to control systematic uncertainties

and auto-correlation effects coming from the gauge configurations.

3.1 Matrix Elements

In Section [2.2] we discussed how to calculate N-point functions using Wick’s theorem,
Eq. (2.60). In order to calculate the quantities under study, the two- and three-point

functions are needed. The two-point functions are
Cr(xs) = (H(z,)|H(0)) = (Q] O (25)0n (0) Q) (3.1)

where Oy is a hadron interpolation function. The interpolators for the hadrons under
study are shown in Table[3.1] As an example, we take the connected diagram, which
in a simplistic interpretation gives the valence quark contribution. The connected
diagram is the only contribution to the isovector flavo combination, u — d, in the

nucleon. It is also the major contribution to the mesonic quantities under study.
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Figure 3.1: Three-point function diagrams for a meson (left) and nucleon (right). The
source is at space-time position 0, the current is inserted at = = (¢,x), and the sink
is at x5 = (Tgink, Xs). Lines with forward arrows represent the quark propagators and
lines with backward facing arrows represent anti-quark propagators.

The study of the disconnected quarks and gluon diagrams is beyond the scope of this

thesis. The three-point functions, shown in Figure [3.1] are
Chy(xs,x) = (H(z,)| J" (2) |H(0)) = (2| O ()" (z)0x(0) Q) (3.2)
where JU is the insertion current with structure T’

J'(@) =) 4y(«)Tqs(x) +g(2)lg(x), (3-3)

where ¢y is a quark field with flavor f and g is a gluon field. The gamma structure
is chosen depending on what physical quantities are being studied and the structures

for the quantities in this study are given in Table [3.2

H On
Tt drysu
K+ SYsu
N u(u?Cd)

Table 3.1: Interpolating fields for the particles under study. The fields u, d, and s
are the spinors for up, down, and strange quarks. The transposition 7" in the nucleon
interpolator acts on the Dirac indcies and C' is charge conjugation operator.

As an example, we show the three-point function calculation for the specific case

of a #+ particle. For a 7, the interpolation functions are

O+ (1) = d(z)vsu(z), O+ (z) = —u(2)75d(7), (3.4)
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Nucleons (spin 1/2)

Form factor Charge/moment | J' | T

420, Bao, Cao (), oy | ~D

Ao, Bao (T)aq oy’ sy #D¥}

Ara0, Brao, Cr20, Drao ()sq Oy | g1Drd
Mesons (spin 0)

Form factor Charge/moment | JU [T

FM QM 05 Tu

AQO, BQO <l’>q Oﬁy ’Y{HDV}

Ag(), Bgo <l‘2> O@Vp ’7{‘“DVDP}

A40, B40 <l‘3> O‘lﬁypg ’7{‘“DVDPDU}

Table 3.2: The form factors under study, along with their corresponding charge or
moment, insertion currents, and insertion current gamma structures. The notation {...}
and [...] means symmetrization over enclosed indices and traceless.

so the three-point functions, including only the up quark term of the insertion current,

are

Crt (@, 2) = (Ql d(s)y5u(xs) Wa)Tu(@) (—1(0)75d(0)) |2)

- W . (3.5)
= — (Qfd(2:)a(15)apu(rs) u(z) Tsu()s w(0)¢(v5)ecd(0)E [€2)

where the Greek and Latin indices are the Dirac and color indices, respectively. Our
goal now is what is known as fermion contraction, which is to group quarks and
anti-quarks of the same flavors together, since their expectation values are the quark
propagators, according to Wick’s theorem. Since there are two v and two u fields,
there are also two different combinations of contractions for this term. One combina-

tion is the connected term

CLin™ (s, x) = (9] (7)cd(0)id(s)a (v )agtu(ws) 5u(x), Trsu()5u(0)¢ |2)

(3.6)
= tr [15Ga(0, 2,)75Gu(s, )Gy (2, 0)]

where G,(z,y) is a quark propagator origination at y and ending at x. The other

quark anti-quark combination is the disconnected term

Critn™™ (s, @) = {Q] d(0)¢d(ws)a (15 )agu(ws) 5T(0): (75 )ecu()§u(2) 3055 |2)

(3.7)
= tr [G4(0, 25)15Gu(xs, 0)y5) tr [Gu(z, )T .

This can similarly be shown for the other flavor and the gluon terms of the insertion
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current, as well as for other hadrons. There is only the disconnected part, however,
for the gluon part and the parts for quarks which are not a valence quark of the
hadron.

To study the momentum dependence of the matrix elements, we Fourier transform
the three-point functions. As an example, we continue with the connected part of the

7T three-point functions:

C:fznn' (Tsink7 t; p/7 q) = —tr Z eiiq'XFGu (‘1'7 O)"YS Z 6*ip’~xs Gd(07 ws)ﬁ)/SGu (-1'57 .1') )
X;z0=1 X305 =1 sink

(3.8)
where p’ is the final pion momentum and q is the momentum transferred by the
insertion current. We fix the sink at time T}, and momentum p’ by calculating the

sequential propagator

SO,z;p) = Y e G0, 2,)75G (x5, 7). (3.9)

Xs3%0s=1sink

The three-point functions can now be written as

Ol (T, 9, q) = — tr Z e TG, (7,0)755(0, 2;p') | (3.10)

+u
x;z0=t

Fixing the sink has the benefit that we can vary the insertion structure, insertion time,
and momentum transfer without the need for additional inversions of the Dirac matrix
but with the drawback that for each new source-sink separation or new momentum
of the sink, we need another inversion to calculate the sequential propagator. The
insertion position can also be fixed which has the opposite benefits and drawbacks
but, in this study, we only use the fixed sink method.

The nucleon two and three-point functions are calculated with projector I' which
acts on the spin indices and is needed to disentangle the form factors. An addi-

tional sequential inversion is needed for each projector. The nucleon correlators are
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calculated as

Cy(t;p) = Y e P*tr [To(On(t,x)ON(0,0)] , (3.11)

x;ro=t

C]{/’COHH.(F; Tsinka ;q, p,) = Z Z tr [F<ON(Tsinka XS)‘](ta X)BN(Oa 0))]

X;20="1 X5;20s =1 sink

(3.12)

where the full contraction has not been written out in full so that there is no confusion
between the projectors and the gamma structure of the insertion current J. The four
projectors used in our calculations are the unpolarized projector I'y = %(1 + ) and

the three polarized projectors I'y = ivy5v g for k = 1,2, 3.

3.2 Renormalization

The discretization of space-time is used as a regulator of UV divergences, so a multi-
plicative renormalization factor needs to be used to relate the bare matrix elements
calculated on the lattice to their physical values. The renormalization functions
needed for this study are the ones corresponding to O OFP (1 # v # p # ),
and O"FP° (u #+ v # p # o # p) which we refer to as Z,p, Zypp, and Zyppp,
respectively. The renormalization function Z, for O* is equal to one because we
use the conserved vector currents. We calculate the renormalization functions non-
perturbatively using the Rome-Southampton method (RI’ scheme) [64] then, using
continuum perturbation theory, convert to the pion mass independent MS scheme
and evolve at a renormalization scale of 11 =2 GeV.

The renormalization functions are determined in the RI’ scheme by the conditions

Zo= 5 M0 P w)| (313
2" Zo 75 [Tbio) (C5™w) |, 1. (3.14)

where p is the momentum of the vertex function, set to the RI’ renormalization scale,
po, SBe™ (TE°™) is the tree-level value of the fermion propagator (operator), and the
trace is taken over spin and color. We use the momentum source method [65] which
has been successfully used for twisted mass fermions by other studies [66], 67, 68].

Momentum sources give a high signal with just a few gauge configurations at the
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cost of requiring multiple momentum sources to be calculated as opposed to a single
point source. In these results, we use 10 configurations which already results in
per mil accuracy. Based on empirical arguments [69], we use momenta that have
the same spatial components which suppresses non-Lorentz invariant contributions
(> i/ (52, p?)?*<0.3) and reduces discretization effects. The chosen momenta are:
(ap) = 2 (Z—i + 2LLt =E %) Come[29], mac[2,5], (ap)?e[0.9—6.7],
(3.15)
where L, (L) is the temporal (spatial) extent of the lattice.

B =1.726, a=0.093fm

ajf aMpgs lattice size
0.0060 0.1680 243 x 48
0.0080 0.1916 243 x 48
0.0100 0.2129 243 x 48
0.0115 0.2293 243 x 48
0.0130 0.2432 243 x 48

Table 3.3: Parameters for the N ¢ = 4 ensembles used for the renormalization func-
tions.

We perform a chiral extrapolation so as to calculate the renormalization functions
at the chiral limit. To achieve this, the renormalization functions are calculated on
five ensembles, whose parameters are given in Table (3.3 with varied pion masses. The
quark masses of each ensemble are all degenerate (Ny = 4) and all ensembles have the
same [ value as the ensemble used to calculate the matrix elements. We then fit the
renormalization functions quadratically with respect to the pion mass and extrapolate
to the chiral limit. We use 23 momentum sources to calculate values of the initial
RI scale pig ranging from ((au)? € [0.9 — 6.7]) on each N; = 4 ensemble. Tables
and show Z,p and Z,pp, respectively, for each ensemble and two representative
renormalization scales ((apuo)? = 2, 4) and we find the pion mass dependence of
both renormalization factors to be negligible. Using continuum perturbation theory,
we define an intermediate Renormalization Group Invariant scheme to convert and
evolved to MS(2GeV).

Zwn, Zypp, and Z,ppp are plotted in Fig. in the RI'’ and MS schemes as

a function of the initial RI’ renormalization scale, . Z(@ are plotted at pu = 2
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ZR
aMps  (amo)’=2  (apo)’=4

0.1680  1.1762(2)  1.1043(1)
0.1916  1.1770(3)  1.1045(2)
02129  1.1773(2)  1.1046(1)
02293  1.1782(2)  1.1048(1)
02432  1.1779(2)  1.1047(1)

Table 3.4: Pion mass dependence of the renormalization function Z,p. The first
column is the pion mass (in lattice units) for the ensemble, the second (third) is the
renormalization function at scale (aug)?=2 ((apo)?>=4). The number in the parenthesis
is the statistical error.

Z$
aMps  (amo)’=2  (apo)’=4

0.1680  1.4870(4)  1.3722(2)
0.1916  1.4890(5)  1.3733(2)
02129  1.4888(5)  1.3732(3)
0.2293  1.4922(4)  1.3751(2)
0.2432  1.4914(6)  1.3748(3)

Table 3.5: Table similar to Table (3.4) but for Z,pp.

GeV and the purely non-perturbative data has a small residual dependence on the
initial scale po they were evolved from. In order to remove this dependence, we
calculate finite lattice effects to one loop in perturbation theory and to all orders in
the lattice spacing, O(g? a™), and subtract them from the non-perturbative estimates
of Z,p as explained in Refs. [70, 68]. Though this improvement is not yet available
for two- and three-derivative operators, we subtract the O(g*a™) artifacts from Z,
in the renormalization conditions in Eqgs. and for Z,pp and Z,ppp as
a partial improvement. After removing these artifacts, the slopes are reduced for
both renormalization functions, which shows artifact-subtraction procedure worked
effectively.

We fit the MS values with respect to (au)? to a line so that we can remove any
remaining dependence on the initial scale g which can be caused by finite-a effects

and/or truncation of the conversion factor (to three loops in perturbation theory).
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Figure 3.2: Chirally extrapolated results for Z,p (top), Zypp (middle), and Z,ppp

(bottom). Blue triangles correspond to RI’ scheme, black circles to MS scheme and
magenta diamonds to the subtracted results in the MS scheme. The data are plotted
as a function of the initial RI’ scale (a o). The dashed line corresponds to the fit of
Eq. , and a filled magenta diamond represent our final value for Z,p, Z,pp, and

ZyDDD-

The Ansatz we use is
Zo(ap) = Zo + Z((,)l) - (apo)?, (3.16)

where Zp is the final value of the renormalization function for operator O. We obtain
Z,p = 1.123(1)(5), Z.pp = 1.340(1)(15), and Z,ppp = 1.668(1)(26), where the
numbers in the first and second parentheses are the statistical and systematic errors,
respectively. The systematic errors are caused by the (a o) — 0 extrapolation and
are estimated by varying the (ajo)? fit range. The final values use the fit interval
(ap0)*€[2 — 7] and the reported uncertainty is the difference between the final value
and the value obtained at (a uo)? €[4 — 7).
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3.3 Controlling Excited State Systematic Uncer-

tainties

As discussed above in Sec. [2.5] excited states of the hadron under study can contami-
nate the ground state results. To ensure suppression of excited states, the source-sink
time separation is varied and we extract the matrix elements at sufficiently large sink
times (Tynk/a > 1) where the ground state of the hadron gives the dominant contri-
bution to the correlators. For the three-point functions, the insertion times also need
to be sufficiently far from the source and sink (t/a > 1 and (T — t)/a > 1).

In addition, multiple fitting routines can be employed to study the convergence
to the ground state and the significance of excited-states contributions. We also used
this study in the rest frame, as a guidance for the Ty, values to be employed in the
boosted frame. We use two fits in this study, the plateau fit and the two-state fit,

which are described below.

Plateau method: The first method relies on a single-state fit applied to an appro-
priate ratio of three-point and two-point functions. The ratio is fitted to a constant
with respect to t for each T, separately and in a region where the ratio becomes
time independent (plateau region). We then look for the extracted plateau values
to converge as Ty, increases. The process is slightly different when calculating the
effective mass, which only depends on two-point functions and so has no insertion

current. The effective mass is instead fit to a constant with respect to Ti,y.

Two-state fit: The second method is a two-state fit which takes into account the

contribution from the first-excited state. The two-state fit Ansatz is given by
On(t) = coe Pt + cre 1t (3.17)
for the nucleon two-point functions,

Ot Q%) =ao(Q?) (& F@ - Eol@(T-0)

2 B (Q2)t Er(Q2)(T—t (3.18)
+61(Q)<6— 1@ 4 B (@) —>> ’
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for the meson two-point functions, and

CIS (t7 Tsink) = Aooe_EoTSink + AOle_EO(Tsink—t)—Elt

+A10€_E1(Tsink_t)_E0t_|_A11€_E1Tsink’ (3].9>

for the zero momentum transfer three-point functions. For the finite momentum

transfer three-point functions in the rest frame, the two-state fit Ansatz is

CH(t, Tni; Q%) = Agpe ™0 Tink=t)=Eo(@*)t 1 A o=mo(Tsink—)~E1(Q?)t

2
_+_Aloe—ml(Tsink—t)_EO(Qz)t+Alle—ml(TSink—t)_El(Q2)t‘ (3 0)

We do not fit finite momentum transfer three-point functions in the boosted frames
because the errors are too high to obtain a reliable fit. We first fit the zero momentum
transfer two-point functions using the amplitudes ¢y and ¢; and the ground and first
excited state energies Fy, F; as fitting parameters. We then fit the non-zero mo-
mentum transfer two-point functions using the dispersion relation Ey = \/W
and meg calculated from the plateau fit to increase the reliability of the fit. Lastly,
we fit the zero momentum transfer three-point functions. Given the large number of
parameters in Eqs. and , we use Fy and F; extracted from the two-state
fit of the two-point functions. Therefore, the actual free parameters are the ampli-
tudes Agg, Ao1, and Ay (Agr = Ay for zero momentum transfer). The desired matrix

element of the ground state is extracted via

_ Aw

(H(0)|0"|H(0)) .

(3.21)

3.4 Decomposition

Once we have calculated and fit the two- and three-point functions, we calculate the

ratio
C[I}(T'sinkv t: pf7 q)
Cu(t; p})
y \/CH(Tsink —t,P])Cn(t; P7)Cn(; TsnkpP})

CH(Tsink - tv p?f)CH(t> p?)CH(Tsmka pzz) ’
(3.22)

RH(JF;Tsinkat;pqu =Py — pz) =
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For the mesons, instead of using the two-point functions directly, we use the modified

two-point functions
Cu(t;p®) = coe~ BoP*)t (3.23)

which removes the Ty, dependence from the plateau value of the ratio caused by the
backward propagating meson. This ratio is constructed to remove unknown factors
common to the two- and three-point functions while optimizing for ¢ values with lower
errors. Note that in the case of zero momentum transfer q = 0, the factor under the
square root is equal to 1.

In the limit of large time separations the ratio becomes time-independent, that is

(Tsink — t)/a >1
e T,

y(J': . 3.24
a1 H( 7pf7q) ( )

RH(JF7 Tsink7 t, Py, q)

The time independent ratios are related to the form factors by different kinematic
factors depending on how they decompose. For the four meson form factors under

study, the decompositions are

My (OF; Py, @) = C (py + pi)uAio(@Q°), (3.25)
Iy (OF py.q) = C [2PV P Ay (Q?) + 2A1AY Boy(Q?)] (3.26)
M (OF 7 pr.q) = C [2i PP PP Ay (Q?) + 2 AVAY PP By (Q)] (3.27)

(O pr,q) = C [=2 PP PPPTY Ayy(Q%) — 2 AMAY PP P Byy(Q?)

(3.28)
—2 AMAYAPAT Cyo(Q%)]

where P is the average of the initial and final momenta of the hadron, P = (p+p')/2,
A their difference, A = p’ — p, and Q? the momentum transferred squared. K is a
kinematic factors related to the two-point function normalization and the overlap co-
efficient between the ground state and the interpolating field and, therefore, depends
on the momentum transferred as well as the momentum frame. The convention we
use for the mesons is

(O Jx |m) = L (3.29)

1
V2FE
so each two-point function in Eq. (3.22)) comes with a factor of 1/(2F) and each three-
point function comes with a factor of 1/(4E;Ey). The result is that, for a general
frame,

C = : (3.30)




where E(p)=+/m3, + p? is the energy at momentum p and my, is the mass of meson
M. Therefore, C only depends on p ? and not on the spatial directions of the momen-
tum. For the nucleon moments under study, the decompositions at zero momentum

transfer and zero momentum boost are

v 1 ”
My (O} 1)) = 5 (@) p” (3.31)
Iy (O T5) = §<$>Aq7{“p Y (3.32)
[N (077 1) = %<$>6q0[“{”]pp}7 (3.33)

where I'; is the projector acting on the spin indices.

For Eqgs. , we only use cases where all of the indices are different. This
is to avoid unknown mixing between operators which complicates the analysis. For
(x?) and (x®), the boosted frames are needed because the factor which multiplies it
is zero for the case when Q* = 0 and all indices are different. We do not need the
boosted frames for the electric form factors or (x) but we use them to test the signal
in the boosted frames and to help select which source-sink separations to use. We
find the proper combinations of projector and current indices for each moment by
using

Iy (O,T;) = Ctr [T;AQP)FOAD)] , (3.34)

where A(p) is the renormalization

—ip+m
Alp) = ——— 3.35
m=—1"" (335)
and, for the nucleon and general momentum,
2 2
C = m . (3.36)
VE'E(E"+m)(E+m)
FO is defined via
FI9 =a(p) [FOT up), (3.37)

where FIO! is the insertion current.
In Appendix [A] we give the decomposition equations for each contributing inser-
tion current and for the four combinations of general/rest frames and general/zero

momentum transfers for the mesons. For the nucleon, only the decomposition in the

52



rest frame and at zero momentum transfer is given, since that is all that is needed

for the moments under study.

3.5 Jackknife Resampling

Because the gauge configurations are generated using a Markov chain, there are auto-
correlations between configurations. To reduce the auto-correlation, multiple trajec-
tories are calculated before writing a configuration so that the configurations which
are used for simulations are farther apart. The configurations might still be corre-
lated to each other, however, so we use a resampling technique called jackknife. Auto-
corelations can make the variance between configuration artificially low so jackknifing
gives a better estimation of statistical errors by calculating the variance between re-
sults which are averaged over a subset of configurations.

First, we group the N¢ correlators together into Np different sets, called bins.
The number of configurations in each bin is called the bin size Sy and is related to

the number of configurations and bins by

N¢

Sp =2
B N,

(3.38)

The next step is to average the correlators over configurations, omitting each bin in
turn so that we now have Np resampled correlators GG,. This can be stated mathe-

matically as

. Ne-1
Gyp— —— G 3.39
"7 No—Sp ._23 (3:39)
i=0,i¢ By,
By : [Ssb, Sgb+ Sg), b=0,1,2,...,Ng—1. (3.40)

Then, we calculate our quantity of interest @, (e.g., effective mass, quark momentum

fraction, etc.) for each bin from the resampled correlators. Our result is then the
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mean over bins with the associated error Q + dQ,

Q=—> Q. (3.41)

> (@@ (3.42)

Note that all steps for calculating @), should be done for each bin before calculating

@ so that there is no need to propagate the uncertainty.
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CHAPTER 4

NUCLEON STRUCTURE

Understanding the nucleons and their constituent particles is one of the major goals
of hadron physics, since they are the most common hadrons in matter. Calculating
nucleon structure quantities from first principles is highly desirable, which is why
nucleons have been the focus of most LQCD hadron structure studies. As explained
in Section [I.2] we calculate the Mellin moments of the PDFs on the lattice. For the
nucleon, we calculate the quark momentum fraction (x),_g4, the helicity (z)a,—aq, and
the transversity (x)s,_sq. This work has been published in Physical Review D [2],
along with results on the generalized form factor of the vector and axial one derivative

operators.

4.1 Calculation Detalils

The nucleon quark momentum fraction is calculated using three ensembles whose pa-
rameters are given in Table Two of the ensembles [71], cA2.09.48 and cA2.09.64,
have the same parameters except volume size, allowing us to test finite volume effects
on (x) for the unpolarized, helicity, and transversity cases. Those two are generated
with two mass degenerate quarks (N; = 2). The other ensemble [72] also includes
the charm and strange quarks in the sea (Ny = 2+ 1 4 1) so that we can study
quenching effects and has a slightly smaller lattice spacing. All three ensembles use
quarks around the physical point and were generated by the Extended Twisted Mass
Collaboration (ETMC).

The correlators are calculated at different statistics, as is listed in Table .2l On

each configurations, we calculate N random source positions. The correlators are
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Ensemble B a [fm] volume L3 x T Ny m, [MeV]
cA2.09.48 21 | 0.938(3)(1) |  48° x 96 2 | 130.3(4)(2)
cA2.09.64 21 | 0.938(3)(1) | 647 x 128 2 [130.3(4)(2)
¢cB211.072.64 | 1.778 | 0.801(4) | 645x128 |2+1+1| 139.3(7)

Table 4.1: Parameters of the ensembles used for the nucleon (z) calculation. The
process of determining the lattice spacing from the nucleon mass is outlined in [19].
The systematic errors in the lattice spacing of cA2.09.48 and cA2.09.64 comes from
an interpolation to the physical pion mass using one-loop chiral perturbation theory
because the pion mass was underestimated [19]. The errors in m, are due to the values
being calculated from the lattice spacing.

calculated using N ong configurations so the total statistics are Nigta = Neonfs X Nares-
The two-point functions are calculated at higher statistics for ensembles ¢cB211.072.64
and c¢A2.09.48 because they were used in a separate study of the disconnected con-
tribution, which is beyond the scope of this thesis. All of the nucleon three-point
functions are calculated using the unpolarized projector I'y and all of the three-point
functions at source-sink separations not labeled with an asterisk in Table 4.2] are cal-
culated with the three polarized projectors I'y. As discussed in Section [3.4] different
projectors are needed to disentangle the form factors. We focus on the isovector con-
tribution u — d because the contribution from the disconnected diagrams, which is
costly to calculate, are the same for both flavors and, up to cutoff effects, cancel one

another in the subtraction.

4.2 Systematic Uncertainties

We plot the three- to two-point function ratios for the three moments in Figures [4.1],
[4.2] and for the ¢cB211.072.64, cA2.09.64, and cA2.09.48 ensembles, respectively.
That is, we plot the ratio R of Eq. multiplied by all kinematic factors and
the renormalization function according to the decomposition in Eqs. (A.1{A.4). The
ratios leading to (x)y_4, ()Au—ad, and (x)s,_sq are plotted in the top, middle and
bottom rows, respectively.

We plot the ratios for each value of Ty, and as a function of ¢ so that we can study
the excited-state effects. In the center panels, we compare the plateau values with

the two-state fit. The gray curve is not a fit of the plateau data, but rather calculated
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Tsink /CL Nconfs Nsrcs Ntotal
cA211.072.64

Three-point correlators

8 750 1 750
10 750 2 1,500
12 750 4 3,000
14 750 6 4,500
16 750 16 | 12,000
18 750 48 | 36,000
20 750 64 | 48,000

Two-point correlators
N/A 750 | 264 | 198,000

cA2.09.64
Three-point correlators
12 333 16 5,328
14 515 16 8,240
16 515 32 | 16,480

Two-point correlators
N/A 512 32 16,480

cA2.09.48
Three-point correlators
10,12,14 | 578 16 9,248
16* 530 88 | 46,640
18%* 725 88 | 63,800
Two-point correlators
N/A 2153 | 100 | 215,300

Table 4.2: Statistics used for each nucleon correlator. For cA2.09.48, an asterisk is
used to label which source-sink separations were calculated using only the 'y projector.
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Figure 4.1: Ensemble cB211.072.64 results for (x),—q (top row), (z)ay—aq (middle
row), (x)su—sa (bottom row). In the left column, we plot the ratios in Eq. (3.22
multiplied by the renormalization and kinematic factors according to Eqgs. (A.1HA.4]
for Tynk/a = 8, 10, 12, 14, 16, 18, 20 as blue circles, orange squares, green diamonds,
red downward-pointing triangles, purple upward-pointing triangles, brown left-pointing
triangles, and magenta right-pointing triangles, respectively. The blue, orange, and
green curves are functions calculated from the two-state fit parameters for each value
of Tsnk. In the center panel, the plateau fits for each Ty are plotted and the gray
curve is the function obtained from the two-state fit parameters using t; = Tgnik/2
band. In the right panel, the black squares are the two-state fit values using the ratio
from Eq. plotted as function of the lowest Ty, used in the fit. The open square
is the value selected as the result and the gray bands show its error range across all
three panels. The green triangles are calculated using the summation method, which
is explained in [2]

from the two-state fit parameters as a function of Ty, and at constant ¢ = T, /2.
From these curves, it can be seen that higher source-sink separations are needed to
obtain convergence between the plateau fits and the two-state fit. Since increased
Tiink also means increased noise in the ratios, the statistics of the largest separation
of 1.6 fm has 64x more statistics than the smallest separation of 0.64 fm while the
errors increased by ~ 2.5x. Therefore, O(100) more statistics would be needed to be

calculate separations in the region where the curve agrees with the two-state fit. This
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amount of statistics would be prohibitively expensive so we choose the two-state fit
as our final values.

In order to test the dependence of the two state fit on the range of T}, included
in the fit, we fit the data using different ranges for Tg,. The results of this test
are shown in the right panels, where we plot the results calculated using the ratio in
Eq. as a function of the lowest value of Ty, included in the fit. We find very
little dependence on the fit range. For ¢B211.072.64, we use as our final result the
fit range which agrees with the summation method, which is obtain by the process
described in [2], and for the other ensembles, since there are fewer separations, the fit
range including all separations is chosen. These selections are shown as open squares

in the figures.

o

l [ % i
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01,<X>§u-5d N | P i )
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tins — ts/2 [fm] ts [fm] tgow [fm]

Figure 4.2: Ensemble cA2.09.64 results with notation similar to Figure The
different source-separations, Ty /a = 14, 16, 18, are shown as blue squares for, orange
squares, and green diamonds, respectively.

The final results for all three moments and three ensembles are collected in Ta-
ble We find agreement between the three ensembles within the reported errors
except in the case of (x)ay—ag, for which the results of the Ny = 2+ 1 4 1 ensemble
is within 1.50 of the results of the Ny = 2 ensembles. The only difference between

the two N; = 2 ensembles are their volumes with m,L = 2.98 for the smaller and
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Figure 4.3: Ensemble cA2.09.48 results with notation similar to The different
source-separations, Tgnk/a = 10, 12, 14, 16, 18, are shown as blue squares for, orange
squares, green diamonds, red downward-pointing triangles, and purple upward-pointing
triangles respectively.

N; = 3.97 for the larger. Since the moments obtained from the two ensembles agree,
we conclude that any finite volume systematic effects are less than the statistical er-
rors. Ensemble ¢B211.072.64 has the value m,L = 3.62 which is between the other
two, so we also do not expect any finite volume systematics to affect those results.
The lattice spacing of cB211.072.64 is smaller than the other two and also include the
strange and charm quarks in the sea. Since the final results differ at most by 1.50,
we find that the quenching and cutoff effects, at least between the range of the two

lattice spacings, are also lower than the statistical uncertainties.

Ensemble (T)u—a () ru—nd  {T)su—sd
cB211.072.64 0.178(16) 0.193(18) 0.204(23)
cA2.09.48  0.167(13) 0.221(12) 0.206(25)
cA2.09.64  0.189(23) 0.217(24) 0.205(35)

Table 4.3: Final results for the three nucleon moments and three ensembles. In all
cases, the results of the two-state fit are chosen as the final results.
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Figure 4.4: A comparison of <m)u1\1 4 calculated by different groups and methods. Our
results are shown as a red start(cB211.072.64), a green diamond (cA2.09.64), and blue
square (cA2.09.48). The results from the lattice calculation of the the LHPC group [3]
is plotted as an orange triangle. The open and uncolored shapes are phenomenological
calculations of global fits [4, [5] 6, [7, 8, [9].

4.3 Comparison With Other Calculations

In this section, we compare our results with other studies, including phenomenological
fits and other lattice calculations at or near the physical point, starting with (z),_4.
Many studies have calculated the isovector momentum fraction at higher than phys-
ical pion masses and a review of these are found in [23]. Figure compares our
results with the results from other studies. The red star, green diamond, and blue
square are our final results for the ensembles cB211.072.64, cA2.09.64, and cA2.09.48,
respectively. The orange triangle is another lattice calculation by the LHPC group [3],
who use an ensemble with Ny = 2 4+ 1 HEX-smeared clover improved fermions, pion
mass m, = 149 MeV, lattice volume 483 x 48, and lattice spacing a = 0.116 fm. The
open, uncolored shapes are phenomenological results [4, [5 6], [7, 8, 9]. We choose the
results of ¢B211.072.64 as our result to compare to other studies, since it has more
statistics and a wider range of source-sink separations. Two of the phenomenological
fit results are in agreement with ours within the reported uncertainty while the other
results are all within 1.50.

In Figure we compare our results for (z) a,—aq to the phenomenological results
of [73], 27, [74], [75]. We again select our results from ¢B211.072.64 as our final result
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Figure 4.5: A comparison of <m)uN_ 4 calculated by different groups and methods. Our
results are shown by a green triangle and its errors by a green band. The other lattice
calculations are plotted as an orange triangle for the LHPC group and a blue square
and red star for two other ETMC ensembles. The open and uncolored shapes are

phenomenological calculations of global fits.

due to the other ensembles only having three source-sink separations. We find good

agreement between our results and those from phenomenology. We compare our
()su—sa results for the three ensembles in Figure There have been no other

calculations of the tensor moment from either lattice or phenomenology so this study

offers a valuable prediction. As we did with the previous two moments, we select the

cB211.072.64 calculation as our final results and we collect our final nucleon results

for each moment here:

(2)u_a = 0.178(16)
<x>Au7Ad = 0193(18)

(2)5u_sa = 0.204(23)..
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Figure 4.6: A comparison of (z)Y , calculated by different groups and methods. Our
results are shown by a green triangle and its errors by a green band. The other lattice
calculations are plotted as an orange triangle for the LHPC group and a blue square
and red star for two other ETMC ensembles. The open and uncolored shapes are
phenomenological calculations of global fits.
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CHAPTER 5

MESON STRUCTURE

Studying the pion and kaon is useful for understanding QCD dynamics at hadronic
scales which answer important questions in hadronic physics. Studying the differences
between nucleons on the one hand and pions and kaons on the other can give insights
into how hadron masses are generated. For example, the nucleons mass is on the order
of 1 GeV in the chiral limit whereas the pion and kaon are massless. Pions can explain
why the proton sea has more d than @ anti-quarks [76, (77, [78, [79]. Phenomenological
studies suggest that the strange contribution to the kaon form factors decreases faster
than the up quark contribution with increasing momentum transfer. This interesting
phenomenon has been interpreted as a consequence of confinement [30].

Additionally, the octet of Nambu—Goldstone bosons are made up of the pion and
kaon, along with the eta meson which is not studied in this thesis. The Nambu—
Goldstone bosons are unique among hadrons because their masses vanish in the chiral
limit. The valence quarks in these mesons are a quark and anti-quark pair with
combinations of flavors u, d, and s, and the Nambu—Goldstone bosons are mass
degenerate (up to electroweak effects) if the these quarks have equal masses. The
strange quark is significantly heavier than the light v and d quarks— 2m,/(m,, +
mg) = 27.4640.1540.41 in the MS scheme at a renormalization scale of 2 GeV [81]—
so the QCD and quark mass effects can be better understood by comparing pion and
kaon observables [80)].

Signficant SU(3) flavor breaking effects for the pion and kaon have been observed
in other studies. For example, the pion and kaon charge radii was measured by
experiment to be 7+ = 0.67240.008 and 7+ = 0.560£0.031 [81], which shows flavor

breaking effects of around 10%. The neutral pion and kaon have even more striking
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flavor symmetry breaking effects, where 7,0 vanishes and rxo = —0.277 4+ 0.018 [81].
The pion and kaon PDFs are expected to have similar effects but data is limited,
especially for the kaon. There are some pion data from pion induced Drell-Yan [12] but
the only existing inofrmation on the kaon are some early data on ux-(z)/u,-(z) [82].
Naively, quark mass effects lead to the expectation that sk (z) has more support
at large = (harder) while ug(z) is larger at smaller x (softer). Similarly,sx(x) is
expected, based on flavor breaking, to be harder and ux (z) to be softer than the u/d
quark distributions in the pion. Existing data on the pion and kaon do not contradict
these naive expectations, however, the data are not precise enough to be able to make
any definite conclusions.

Many LQCD studies focus on the nucleons so studies on the of pions and especially
kaons are limited [82] 83, 84] 12 85]. In addition, other LQCD studies of the pion
mostly focus on the electromagnetic form factor [86, 87, 88, 89, O0] and the pion
average momentum fraction [91} 92 93], [94] 88, ©5]. Alternative methods of hadron
structure, mainly models, have be used to study pions and kaons such as the Dyson-
Schwinger equations [96, 97, 08 [17] and the Nambu-Jona-Lasinio model [80, [99].
Since there is a relatively small amount of experimental data to date, first principle
calculations of the Mellin moments are important results to obtain.

Here, we present our calculations of the non-trival moments of the pion and kaon
quark PDFs up to (z3). We study the size of quark mass effects by contrasting
the pion and kaon moments, as well as the light and strange kaon moments. These
moment calculations give important inofrmation about the large-z behavior of the
pion and kaon PDF's, and can be used to check the systematic errors associated with
recent methods employed by other lattice studies to determine the full xz-dependence
of the PDF's using, for example, quasi-PDF's [100, [101], pseudo-PDFs [102, [103], and

current-current correlation methods [104] [105].

5.1 Calculation Details

We calculate the meson quantities on a single ensemble [72], whose parameters are
given in Table Such a calculation is computationally very expensive due to the
increased gauge noise in operators with covariant derivatives, and the need of a kine-
matic setup in which the meson carries momentum (boosted frame). Furthermore,

lattice calculations of two- and three-derivative operators are almost non-existing,
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making this work an exploratory study with unquenched ensembles. Therefore, we
chose an ensemble which allows us to do the calculation with a reasonable computa-
tional cost. In particular, we choose an ensemble iwth pion mass 200 MeV and kaon
mass 530 MeV.

For our pion results, we focus on the valence quark contribution u*, where the
notation gt = ¢ + ¢ is used. We only need to calculate the up part of the three-
point functions for this study, due to the pseudoscalar structure of the pion and the
~vs-hermitian relation between the mass degenerate twisted mass quark propagators.
From Eq. and by calculating the corresponding equation for the down part of

the pion, it can be shown that
Cr,=%(CL,)" . (5.1)

The plus/minus sign is due to the 7-structure being either 7s-hermitian or anti-vs-
hermitian, that is, y5I'7y5 = &I". All of the y-strucures of the operators used in this
study are 7ys-hermitian, so

Cg,qud - 2C£,u : (5.2)

This relation is relevant when we compare our results with phenomenological results.

Parameters
Ensemble | 3 | a [fm] | volume L} x T |  N; | m, [MeV] | Lm, | L [fm]
cA211.32 | 1.726 | 0.093 | 328 x64 |uds.c| 260 4 | 30

Table 5.1: Parameters of the ensemble used to calculate meson quantities under study.

We calculate our results for 9 momentum frames, the rest frame in which p? =0

1272
L bl

which the meson’s final momenta are the eight permutations of p = 2f“(:l:l, +1,+1).
As discussed in Sec. [3.4] the two and three derivative form factors and their moments

can only be calculated in a boosted frame. While the two derivative form factors can

and the eight combinations for the boosted frame in which p? = that is, frames in

be calculated in momentum frames with p? = 8Li22 which would have a better signal,
we choose to calculate (z?) using the p? = &L“Q momentum frames for two reasons.

First, there are a smaller number of permutations for the chosen frames, reducing
the computational cost for the same number of configurations by 33%. The second

reason is that we already need the p? = % frame for the three derivative operators.
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Quantity | p® | p combos. Tsink/a Neonts | Nsres | Niotal
(x) 0 1 12, 14, 16, 18,20, 24 | 122 | 16 | 1,952
(z) 12n° 8 14, 16, 18 122 | 16 | 15,616

(2?), (27) | 12 8 12 122 | 16 | 15,616

(2?), (z7) | 127 8 14, 16, 18 122 | 72 | 70,272

Table 5.2: Statistics used for each meson correlator.

Therefore, we also get data on the two-derivative operator at no additional cost. For
the vector and one derivative form factors and their moments, we take their values
calculated in the rest frame as final estimates, since they have a higher-quality signal.
We also calculate them in the boosted frame which provides a valuable comparison
for the statistical noise and excited-state contamination.

In our rest frame analysis, we include 122 configurations, separated by 20 trajec-
tories to reduce auto-correlation effects. We use 16 randomly chosen source positions
on each configuration, resulting in 1952 total statistics for each value of Ty,.. We
calculate six source-sink time separations, Ty /a = 12, 14, 16, 18, 20, 24 which cor-
responds to T = 1.12 — 2.23 fm so that we can thoroughly study and remove any
possible excited-state contamination. Mesons structure quantities can be calculated
at higher source-sink separations with a reasonable computational cost because the
statistical error remains the same with increasing Ty, for mesons in the rest frame .

We concluded, based on the analysis of the results in the rest frame, that the
source-sink separations Ty,/a = 12, 14, 16, 18 are sufficient for removing excited-
state effects and extracting the ground state matrix elements. We therefore calculate
the matrix elements using only these four time separations in the boosted frames.
We use the same 122 configurations for the boosted frames as we used for the rest
frame, but include 72 source positions for Ty, /a = 14, 16, 18. Since the statistical
uncertainties are smaller for Ty, /a = 12, we need only to calculate 16 source positions

per configuration. The statistics used for the meson quantities are summarized in

Table (.21
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5.2 Effective Mass

As can be seen in the decomposition expressions in Appenix [A] the mass of the hadron
is needed to calculate the various structure quantities in this study. Because of the
boundary conditions, the two-point functions are symmetric around 7°/2. This fact is
useful because it allows us to average the correlators corresponding to ¢t and T'— ¢, for
t € (0,7/2), a process we refer to as symmetrization. The effective mass is calculated

from the symmetrized two-point function according to

Ot — 1)+ (CB(t - 1))2 — (O3 (B)?
M (1 +1) + \/(C (1 + 1)) — (B ()2

!

mM () = L (5.3)

before it is fit to a plateau for a chosen range. The effective mass can also be calculated
using the two state fit, since, in the rest frame, Ej in Eq. is just the mass.
Note that the two state fit is also needed to determine the amplitude ¢y that is
needed in order to calculate the ratios between the three-point and two-point functions
according to Eq. .

We use both the plateau and two-state fits to confirm that the results are consistent
and to select the fit ranges. For both fits, we take the fit over the range t € [t —31a]
and test the dependence of m.g on the range by varying tj,,. We show this test in
Figure by plotting meg as a function of ¢4 /a for both mesons. We consider m.g
resulting from the fits to be good if the condition

1
éémplat Z |mplat - m2st.| (54)

is met, where mpja; (Mog.) is the mass resulting from the plateau (two-state) fit and
dmprat is the statistical error associated with the value extracted from the plateau
method. For tj,,/a > 11 in the plateau fit, there is a very good agreement between
the effective masses calculated by the two fitting methods.
The calculation of the Mellin moments in the boosted frame requires the amplitude
co calculated from the two-point functions with the same momentum so we repeat
1272

a similar process for the two-point functions with momenta p? = 77-. We perform

the fits on the averaged two-point functions over the eight values of the momentum

boost leading to the same p? (p; = 2%(£1,£1,+1)) which increases the accuracy of
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Figure 5.1: Pion (top) and kaon (bottom) mass in the rest frame as a function of the
the lowest value of t/a, t)oy/a entering the fit. The red squares are the results calculated
the plateau method and the green circles are those calculated from the two-state fit.
We also show the values we choose as our final results of the plateau and two-state fits
as a purple square and blue circle, respectively.
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Figure 5.2: Pion (top) and kaon (bottom) mass in the boosted frame as a function of
the the lowest value of ¢/a entering the fit. The notation is the same as in Fig. |5.1

the results and improves the stability of the fit. Fig. shows the results of a similar
test of ¢, done in the boosted frame.

In Table , we present our results for the ground state energies for both frames,
fits, and mesons, along with the corresponding value of #,,, used in the fit. In Fig.[5.3
we show the effective mass in the rest frame calculated from Eq. along with the
final fits plotted as a function of ¢/a. The two fits agree fully for both the pion and
the kaon.

5.3 Mellin Moments of PDF's

As discussed previously, we calculate the Mellin moments up to (x3) for the pion and
kaon. We present our results for all three moments in this section. A main aspect of
our calculation, never done before, is the study of the excited-state contamination.
Lastly, we compare the moments among the different orders as well as among the
pion and kaon. The former is a measure of how quickly the PDFs loss support at

large = and the latter a measure of SU(3) flavor breaking.
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Pion

p? Fit ak tow /@
0 Plateau  0.1250(2) 11
2-state  0.1251(2) 2
12,2 Plateau  0.3668(24) 8
L? 2-state  0.3674(18) 2
Kaon
p? Fit akE How/ @
0 Plateau  0.2507(3) 11
2-state 0.2508(2) 2
o2 Plateau  0.4230(12) 11
L7 2state  0.4230(7) 1

Table 5.3: Final results of the ground state energies and the corresponding value of
tiow used in the fit. Note that for p? = 0, Eg = meg.
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Figure 5.3: Pion (left) and kaon (right) meg in the rest frame. The fitted value from
the plateau mp,¢ is shown with a red band, and from the two-state fit applied on meg

with a green band.
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Tsnc/a (x)7, (@) (x)s

12 0.309(3)  0.278(2)  0.339(2)
14 0.287(3)  0.264(2)  0.330(2)
16 0.275(3)  0.257(2)  0.325(2)
18 0.267(3)  0.252(2)  0.322(2)
20 0.261(4)  0.248(2)  0.319(2)
24 0.255(4)  0.244(3)  0.316(2)
2-state (a)  0.261(3)  0.246(2)  0.317(2)
2-state (b)  0.262(4)  0.246(2)  0.317(2)

Table 5.4: Renormalized data for (z) for various Ty, values and the 2-state fit ((a)
Tsink € [12 — 24], (b) Tyink € [14 — 18]). The numbers shown in the parenthesis are the
statistical errors.

5.3.1 First Mellin Moment (x)

Fig. shows three plots of (z) for the mesons as we have previously shown for
the nucleon. The three plots from top to bottom are for the up contribution to the
pion and the up and strange contributions of the kaon, respectively. The statistical
uncertainties do no change with increased source-sink separation, as we expect for
mesons at rest. We find that the statistical errors associate with the plateau values
are 2% or less.

The excited-states contamination is similar for both the pion and kaon and we
find convergence for T, 2 18a. We collect the plateau fits of (x) for each source-sink
separation in Table as well as the two-state fit using two ranges, Tynk/a € [12—24]
and Tynk/a € [14 — 18]. The two-state fit result plotted in Fig. uses the fit range
Tsink/a € [12 — 24]. Since we find the excited states to be suppressed for Ty, = 18a,
we test the dependence of (z) on the two-state fit range to guide our decision of
what T3, values to calculate in the boosted frame. Since the two-state fit calculated
from both fit ranges are compatible, and in fact identical for the kaon, we chose the
values Ty = 14, 16, 18 in the boosted frame. This is necessary because, in the
boosted frame, the statistical errors increase with Ti;,. Therefore, more statistics are
needed and going beyond three to four values of Tj;, becomes very computationally

expensive.

1272
L2

calculation of () for the pion and kaon with boosted momentum, shown in Fig. [5.5|

To investigate the signal in the p? = boosted frame, we perform a similar
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Figure 5.4: Plots of the meson (z) results in the rest frame. The three rows are for the
up part of the pion (top) and the up (center) and strange (bottom) parts of the kaon.
In the left column, the ratios corresponding to (z) calculated according to Eq. are
plotted for Ty /a = 12, 14, 16, 18, 2024 as blue circles, red squares, green downward-
pointing triangles, magenta left-pointing triangles , cyan right-pointing triangles, and
orange downward-pointing triangles, respectively. In the right column, the plateau fits
are plotted as a function of Tg,. The gray bands in the right column are calculated
from the two-state parameters as a function of Ty, and at a constant t = Ty /2. The
purple bands going across all plots are the results from the two-state fit.
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Figure 5.5: () results in the p? = 1%—22 boosted frame plotted with notation similar
to the left column of Figure The different source-separations, Ty /a = 14, 16, 18,
are shown as blue circles, red squares, and green triangles, respectively.

In the boosted frame, the decomposition is given by Eq. [A.12] We use the same
number of source positions as for the rest frame but the statistics are 8 times higher
since there are eight momentum permutations which have p? = %’;2 In the boosted
frame, all of the plateau values are consistent with the two-state fit results. This
indicates that the systematic uncertainties caused by excited-states are within the
statistical uncertainties, which are larger than those in the rest frame. We collect the
boosted frame results in Table 5.5

We also compare the ratios leading to (z) in the rest frame to those in the boosted
frame in Fig. 5.6l The two frames agree withing statistical uncertainty for all particles
and flavors. The statistical uncertainties of the plateau fits in the boosted frame grows

larger with increased Ty, as is expected for mesons with nonzero momentum. The
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Tiink/a (z)7 () (z)&
14 0208(16) 0.265(5) 0.337(
16 0.296(20) 0.257(6)  0.331(
18 0.280(28) 0.257(8)  0.328(9
2state  0.296(17)  0.255(3)  0.330(4)

Table 5.5: Plateau fit results for (z) in the p? = 1%—’52 boosted frame for the three Ty
values and the 2-state fit using Tgnk € [14 — 18]). The number shown in the parenthesis
are the statistical errors.

errors increase from 5% to 10% for (z)T and from 2% to 3% for (z)X and (z)K.
Compare this to the error in the rest frame which is constant for all source-sink
separations and is less than or equal to 2%.

We take as or final results for (x) the values calculated by the two-state fits in the

rest frame. They are

(x)T, = 0.261(3)(6), (5.5)
()5 = 0.246(2)(2), (5.6)
()& = 0317(2)(1). (5.7)

The quantities in the first parentheses are the statistical uncertainties and in the
second are the systematics uncertainties due to excited-state effects. We use for
this uncertainty the difference between (x) calculated using the two-state fit and the
plateau fit at the highest value of Ty, which, here, is Ty, /a = 24. These results
were published in Physical Review D [106],

5.3.2 The Second Mellin Moment (x?)

There are several factors which make calculating the second nontrivial Mellin moment,
(2?) a greater challenge than for (x). Firstly, as we discussed previously, (z%) needs to
be calculated in a boosted momentum frame, since the kinematic factor in Eq.
vanishes in the rest frame. The signal of the meson state gets worse when we add

momentum and, since we have decided to use the same momentum frame as we use

for (%) (p* = 12&°), the noise is even higher than if we had used the minimum
momentum necessary to calculate (z?). Secondly, the two covariant derivatives in the

insertion operator require information about more gauge link around the insertion
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Figure 5.6: Comparison of (x) in the boosted (filled symbols) and rest frame (open
symbols). From top to bottom we show (z) for the pion and kaon up and strange
contribution. Results at Tynk/a = 14, 16, 18 are shown in the left, center and right
panels, respectively.
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point which also increases noise. Thirdly, there are now three Dirac indices in the
insertion operator which makes the renormalization pattern more complicated. The
indices also have to be different so that there is no mixing with other operators. We
choose one of the indices to always be temporal which simplifies the kinematic factor
so the operator we use is O with i # j. As a result, we increased the statistics
included in the (z?) analysis so that there are three and a half times more than we
used for (z).

In Fig. [5.7, we show the ratio leading to (x?) for the pion and the kaon. We
plot the data for the three values of Ty, considered, that is Ty, /a = 12, 14, 16, 18,
and compare with the two-state results. For the pion, we find that all plateau values
agree within uncertainties with the two-state results as was the case with (z) in the
boosted frame and which again indicates that excited-states contamination are small
compared to the errors on this quantity. For the kaon, we observe larger excited-state
effects at Ty = 12a but find convergence at higher separations. We collect the

plateau and two-state fit values in Table [5.6]
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Figure 5.7: (22) plotted with notation similar to Figure The different source-
separations, Tgnk/a = 12, 14, 16, 18, are shown as blue circles, red squares, green

upward-pointing triangles, and magenta left-pointing triangles, respectively.
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Ta/a  (2%)] S (%)

u u

12 0.110(6) 0.101(2)  0.146(2)
14 0.114(5)  0.099(2)  0.142(2)
16 0.105(9)  0.096(2)  0.139(2)
18 0.099(15)  0.095(3)  0.138(3)
2-state  0.110(7)  0.096(2)  0.139(2)

Table 5.6: Renormalized data for (22) at each value of Ty and the two-state fit
(Tsink € [12 — 18]). The number shown in the parenthesis is statistical error.

We again use the two-state fit for our final results of (z%). Our final results are
then

(x®T, = 0.110(7)(12), (5.8)
(HE = 0.096(2)(2), (5.9)
(5 = 0.139(2)(1). (5.10)

The results were published with fewer statistics along with our (x) results in Physical
Review D [106].

5.3.3 The Third Mellin Moment (x3)

The challenges in the (?) calculation are no only present in the calculatioin of (x?)
but they are more pronounced. The boosted momentum frame we calculate (z3) in is
the same as we used for (z?) and is the lowest momentum without a vanishing kine-
matic factor in Eq. . The insertion operator needed for (z®) has three covariant
derivatives, which consequently needs more gauge links. Additionally, there are now
four Dirac indices, leading to a renormalization which is even more complicated and
limiting the number of combinations with unique indices. We use the only combina-
tions available, which are the permutations of @234, The number of statistics used
in the analysis of (z®) are the same as those used for (z?).

We plot the ratios leading to (z3) in Fig.|5.8for each value of Ty = 12, 14, 16, 18
and compare the two-state fit results. The fit results for all particles and flavors are
consistent with one another, though the low signal can be seen by the fact that the
lower range of the ()T errors are just barely above zero for most fits and the plateau

fit at Tyu/a = 18 is zero within statistical errors. For the kaon, however, there is
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already a clear signal at these statistics. The plateau fits of (x?), along with the

two-state fit, are shown in Table [5.7]
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Figure 5.8: (22) plotted with notation similar to Figure The different source-
separations, Tgnk/a = 12, 14, 16, 18, are shown as blue circles, red squares, green
upward-pointing triangles, and magenta left-pointing triangles, respectively.

Time/a (%) (=) (27)
12 0.026(17) 0.043(7)  00.079(6)
14 0.031(15)  0.042(4)  0.077(3)
16 0.025(23)  0.037(6)  0.077(5)
18 0.026(39) 0.032(11)  0.075(8)

2-state  0.024(18)  0.033(6)  0.073(5)

Table 5.7: Renormalized data for (23) at each value of Ty, and the two-state fit
(Tink € [12 — 18]). The number shown in the parenthesis is statistical error.

Like it was for (x?), the statistical errors on the (z3) two-state fit are lower than for
the Tyni/a = 18 plateau, though we take the two-state fit to be our final results since
the pion plateau fit at tsink/a = 18 does not have signal. Including the excited-state
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systematic uncertainties, these results are

(T, = 0.024(18)(2), (5.11)
(*E = 0.033(6)(1), (5.12)
(5 = 0.073(5)(2). (5.13)

5.3.4 Comparison Between Moments

With each higher moment, the value we find becomes smaller than the last, that is,
(x) > (x*) > (2®). This is caused by the PDFs decreasing at high-x and is expected
based on model calculations. There are several model results which disagree on how
quickly the PDF's decrease at high-x. A way to quantify this using only the moments
is to calculate the ratios of (z?) and (x3) to (x). These ratios are a measure of the
support a PDF has at high-z, since the moments will be higher or lower depending on
if the PDF skews more toward high or low x with the higher moments being affected
more strongly. We take as our results the ratio between the two-state fits. The (z?)

to (z) ratios are

= 0.423(28)(57), (5.14)

T 0.391(10)(16), (5.15)

ST 0.438(8)(11), (5.16)

the (z®) to (x) ratios are

T = 0.092(71)(6), (5.17)

= 0.135(26)(8), (5.18)

= 0.232(16)(1), (5.19)
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and the (z%) to (x?) ratios are

T = 0.216(167)(50), (5.20)

K- = 0.346(66)(5) (5.21)

K — 0.529(36)(18). (5.22)

The ratio in Eqgs. (5.17)), (5.18]), and (5.19)) are lower than those in Egs. (5.14)), (5.15)),
and ([5.16]) which supports the fact that the pion and kaon PDF’s diminish at high-x.

We also compare (z"), and (z")x which is interesting because it is related to
the SU(3) flavor symmetry breaking. The flavor symmetry breaking is caused by
the heavier strange quark mass and is the reason that kaons are heavier compared
to pions. Studying the SU(3) flavor symmetry breaking is important because some
quantities, such as the pion and kaon radii [81], may be sensitive to these effects. We

find the ratios of the up quark contributions to be

T = 1.060(9)(7), (5.23)

T — 1.148(57)(106) (5.24)

T = (.717(488)(94), (5.25)

while for the ratio between the strange quark in the kaon and the up quark in the

pion, we find

T = 0.823(8)(10), (5.26)

T = 0.795(45)(80), (5.27)

= 0.325(244)(23). (5.28)

81



The SU(3) symmetry breaking in our calculates is ~ 5 — 10% for (z) and ~ 10 —
20% for (x?). The (z®) results have larger uncertainties but indicate a ~ 30 — 50%
symmetry breaking. The increased flavor breaking with increasing moment supports
the intuitive argument based on the quark masses of the different flavors which expects
that the strange quark PDF has its support at higher x than the up quark PDF. We
will also discuss SU(3) flavor symmetry breaking effects when reconstructing the PDFs
in Section [5.41

5.3.5 Comparison with Other Studies

Of the moments we investigate, the pion (x) has been studied the most in LQCD [91]
107, [108, 93, ©5], including results which are calculated directly at the physical
point [94]. The kaon (z), on the other hand, has not been studied as much. There is
a method which has been used for both mesons to calculate PDF moments using non-
local operators [109, 15, 110} 4], 11T}, 12| T01], however, the systematic uncertainties
which affect such calculation are very different from ours and so we do not attempt
to compare with them. We choose to compare (x)7, with lattice results calculated
on ensembles which have the same or similar pion masses, that is 240 - 270 MeV.

In Ref. [95], several Ny =2+ 1+ 1 ensembles which have similar lattice spacings
(e = 0.09 fm) and lattice size to the one used in this work were used to calculate
the pion moments. That study used only twisted mass fermions without the clover
improvement. For one esemble (A30.32), they find ()7, = 0.2586(41)(28). They also
use another ensemble (B25.32) with a smaller lattice spacing a = 0.082 fm, m, = 260
MeV and m,L = 3.5, for which they found (z)7, = 0.2523(51)(71). Both values
agree with our Ny =2+ 1+ 1 clover-improved results (z)T, = 0.261(3)(6).

It is also interesting to compare our results with phenomenology calculations,
which can be found in Refs. [10] and [I13]. The analysis of Ref. [I13] is older and
gives a value of (z)7 = 0.217(10), in the MS at a scale at (5.2 GeV)?, while ours is
(2GeV)?. Converting their value to 2 GeV results in ()T = 0.361(17). The JAM
Collaboration [10] performed a more recent analysis on a large set of experimental
data including Drell-Yan data and leading neutron electroproduction from HERA.
Our result, 2(z)7, = 0.522(13), where the error in the parenthesis is the combined
statistical and systematic uncertainties added in quadrature, agrees reasonably well
with ()7 = 0.480(10), the results found by the JAM collaboration. Our value

valence

being higher, by ~ 4%, might be because our calculation does not account for errors
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caused by non-physical quark masses or a finite volume. This value will decrease when
taking both the chiral extrapolation and the continuum limit @ — 0 as demonstrated
in Ref. [95]. We also note our result, as well as all lattice calculations to date, do not
calculate the disconnected contributions which must be included in a final comparison
with phenomenology. We summarize the comparisons of (z)7 results in Table [5.8|
There are not a lot of experimental data available which can be used in a global
fit of the kaon PDF so, instead, we compared our moments to what is expected from

o < ()7 <

model calculations. We find the relation between our lattice results (z)
(z)E which is in agreement with many phenomenological calculations, including the
DSE results of Ref. [I7]. This relative relation between the kaon momentum fractions
and the pion can be explained by the fact that the s quark is heavier than the u
quark so s (), therefore, skews to larger = which is compensated by a shift in ug (z)
to smaller x. If the quark masses were degenerate, then the moments should also be
the same, and so we find that flavor breaking affects these moments by up to 20%.

Even for the pion, there are not as many LQCD calculations of (z?) as there
are of (z). It has been calculated, though, using various lattice formulations in
Refs. [91, 107, ©5]. We can compare our results directly with Ref. [95], who find
()T, = 0.131(18)(24) and (2*)T, = 0.132(40)(53) for ensembles A30.32 and B25.32,
respectively and our value is in agreement with these estimates, within their large un-
certainties. Other studies, in Refs. [01} 107] calculate (x2)™ to be (z*)T, = 0.128(9)(4).
While this is consistent with the value we find, the other study uses a different op-
erator with two of the same Dirac indices. We expect this choice of operator to
lead to mixing and, therefore, a more complicated renormalization pattern, which
Refs. [91], 107] do not address.

Again, there are a limited number of studies done for the kaon moments, so we
compare our values to what we find for the pion, like we did for (x). Due to the larger
uncertainties, we can only definitively say that (z?)X,, (2?)™, < (2?)X and cannot
determine the order of (z2)X, and (z?)7.. The pion and kaon (z?) moments are
expected to have the same ordering as (x) which we find to be the case for the kaon
strange contribution. It would be very interesting if, unlike the quark momentum
fraction, (2%)%, were higher than (2*)T, but more precise results are needed to make
that determination.

The phenomenological study in Ref. [10] estimates a value of ()7 = 0.210(5),

valence

which is compatible within uncertainties with our value of 2(z?)™, = 0.214(35). It
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should be noted, however, that the sea quarks, which are automatically included in the
LQCD calculation, are not included in the phenomenological value. We also compare
to the results from Ref. [I13], for completeness, who find (z?)T = 0.087(5) at scale of
(5.2GeV)?. We convert this result to 2 GeV which results in ()T = 0.169(10) and

is compatible with our value.

Reference ()™ ‘ ()™ ‘
This work (lattice) 0.522(13) 0.220(28)
Ref. [95] (lattice) 0.517(99) 0.262(60)
Ref. [95] (lattice) 0.505 (174) | 0.264(133)
Ref. [I13] (global fits) | 0.361(17) 0.169(10)
Ref. [10] (global fits) 0.480(10) 0.210(5)

Table 5.8: Comparison of lattice results and phenomenological data for (z)™ and
().

We calculate (z%) directly from the three-derivative local vector operator but there
are only a few other studies which have calculated it using the same method. The
first calculation was the pioneering work of QCDSF-UKQCD in 1997 [114], which
was later extended in 2007 [91) [107], and reanalyzed in Ref. [I15]. All of these study
the pion and so ours are the first reported results for the kaon which use the three-
derivative local operator. There are a number of alternative methods to extract the
a-dependence of PDFs using LQCD, such as the quasi-PDF's [100], [116], pseudo-loffe-
time-distributions (ITD) [117], and current-current correlators [I18|, 119 104]. The
lowest moments of the pion, and less for the kaon, have been obtained from such
methods [14], 112 101], by either integrating on the z-dependent PDF, or by the
so-called OPE without an OPE method [120]. Since there are so few calculations
of (x3) using the three-derivative local operators, we compare our results with all of
these method. The comparison is qualitative for now, however, as the calculations
use different methodologies and have their own systematic uncertainties which have
not all been quantified.

The results of Ref. [114] are calculated using the quenched approximation for
Wilson fermions and ensembles with pion masses of 712, 1013, and 1208 MeV. They
use an operator with two different pairs of indices (O, = O%4), so that only one
spatial direction is needed for momentum boost. This operator, however, mixes with

lower dimensional operators. This mixing is difficult to eliminate so it is ignored in the
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calculation and results from perturbation theory are used to renormalize (z3),. The
results for (z%)* are reported in the MS scheme at a scale of 2.4 GeV as 0.0619(45),
0.0580(65), and 0.054(18) for the ensembles with pion mass 1208, 1013, and 712 MeV,
respectively. We evolve their estimate for the 712 MeV ensemble to 2 GeV which is
listed in Table [5.9] The results of Ref. [I14] have been reanalyzed using different
methods for the the chiral extrapolation on the three ensembles by Ref. [I15]. For
two of the more recent extrapolation methods they report (z%)“= 0.043(15)(3), and
0.05(2) at a scale of 2.4 GeV. We evolve the first value to 2 GeV and include it in
Table 5.9

QCDSF-UKQCD have since performed an improved calculation of (z*) [91]. The
calculation is improved compared to the previous study by using ensembles with
unquenched (Ny = 2) clover fermions and pion masses between 450 - 1180 MeV. The
operator 0,4 is used which still has mixing. The mixing is again ignored but the
renormalization is done non-perturbatively. Their result is a chiral extrapolation to
the physical pion mass which gets its accuracy from the accuracy of the m, > 800
MeV ensembles. The chirally extrapolated result is (z%), = 0.074(9)(4) in the MS
at a scale of 2 GeV. Another updated calculation which again uses Ny = 2 clover
fermions was performed at four (§ values, lattice spacings ranging between 0.068—
0.115 fm, and a wide range of pion masses between 440-1173 MeV. The results are
reported for the valence contributions in the RGI scheme in the thesis of Ref. [107] as
(x3)% =0.158(49), 0.117(53), 0.166(28), 0.152(44), for the four 3 values. We choose
to compare to their result at 5 = 5.40 which they obtain from an extrapolation
containing a = 0.068 — 0.077 fm and m, = 444 — 1037 MeV. We use the conversion
factors provided in Ref. [I07] to evolve this result to MS at 2 GeV and include it in
Table (.91

Much more recently, there have been exploratory studies using LQCD to calculate
the z-dependent pion and kaon PDF's [109, 15, 110, 14, 111, 112, T01]. Some of these
studies calculate the first moments indirectly from the PDFs. These new methods
do not use local operators like we do in our study or in the previously discussed
studies. Instead, they calculate matrix elements of non-local operators by separating
the quark fields by a finite spatial distance connecting them by a straight Wilson line.
Therefore, there is none of the mixing among operators which we avoid by carefully
choosing our operator indices. These methods have other systematic uncertainties,

however, which ours do not so only a qualitative comparison can be made.
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In Ref. [14], the pseudo-ITD approach is used to calculate the x-dependence of
PDFs from two ensembles of Ny = 2 + 1 clover fermions, a 415 MeV pion mass,
and different volumes. The lowest moments are extract via two methods: OPE
without an OPE which results in (z3)* = 0.057(4) and an integration of the PDFs
that gives (z°)" = 0.046(19). Both values are given in the MS at 2 GeV, and we
compare the latter to our estimate in Table [5.9] The quasi-PDFs method is used
in Ref. [112] with a mixed-action setup (clover on HISQ) on three ensembles with
pion mass 310, 217, 319 MeV and two lattice spacings (a = 0.06, 0.12 fm). They use
non-perturbative renormalization and chirally extrapolate to the physics point. The
result, (z3)“ = 0.057(10), is reported at a scale of 5.2 GeV. They also perorm a similar
analysis for the kaon with the results (z3)% = 0.042(6) and (z3)% = 0.070(6). We
evolve these results to 2 GeV and compare them to our results for the pion and kaon
in Table and Table respectively. Finally, the work of Ref. [101] calculate
the pion PDF using both the quasi-PDFs and pseudo-ITD approaches and also uses
a mixed-action setup of clover valence fermions on Ny = 2 4+ 1 HISQ configurations.
They use two ensembles at m, = 300 MeV and lattice spacing 0.04 and 0.06 fm. They
fit the pion PDF with a 2- and 4-parameter ansatz to extract the third moment. Their
reported results for the valence case are (z°)?* = 0.0652(49)(36) and 0.0647(47)(38)
for the 2-parameter and 4-parameter fits in the MS scheme at 3.2 GeV. Again, we
evolve their (z3)% results to 2 GeV and include it in Table [5.9]

Reference Method mixing ‘ my (MeV) ‘ (x3)4 (2GeV) ‘
This work | local operator not present 260 0.024(18)
Ref. [114] local operator present chiral extrap. 0.051(21)
Ref. [115] local operator present chiral extrap. 0.046(16)
Ref. [107] local operator present chiral extrap. 0.074(10)
Ref. [14] pseudo-ITD N/A 415 0.046(19)
Ref. [112] quasi-PDF N/A chiral extrap. 0.073(13)
Ref. [101] pseudo-ITD N/A 300 0.075(61)

Table 5.9: Comparison of lattice results for (z3)" in the MS scheme at 2 GeV.

The evolution from the reported scale (“initial” scale) to 2 GeV is applied to

NNLO. Statistical and systematic uncertainties have been added in quadrature
where applicable.

We compare the range of pion (z®) values obtain through the different methods

discussed above in Table [5.9) We find agreement within uncertainties between our
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results and the other local operator calculations Refs. [114, 115, 0T, [107]. The higher
value of Ref. [114] compared to the other studies can be explained by their use of
a perturbative renormalization prescription. We also find that our results are com-
patible with the indirect methods which integrate or fit the pion PDF to obtain the
Mellin moments, except for the results in Ref. [I12], which calculates a higher value
than the local operator calculations. Most of the uncertainties in Table 5.9 however,
are large so the comparison is inconclusive. Within the ranges of values, our result
is at the lower end which is due to the excited states being suppressed in our calcu-
lation. For example, the separations used in in other studies are around our value of
Tink/a = 14, where are calculation is higher (0.031(15)).

In Table , we compare our results for the kaon (x®) with the results of
Ref. [I12]. The two calculations are compatible with one another within errors. We
evolved the value of Ref. [112] from 5.2 GeV to 2 GeV.

Reference Method ‘ my (MeV) ‘ (z3)% (2GeV) ‘ (23)3, (2GeV) ‘
This work | local operator 260 0.033(6) 0.073(5)
Ref. [112] | quasi-PDF chiral extrap. 0.042(6) 0.090(8)

Table 5.10: Comparison of lattice results for (%)% and (2%)% in the MS scheme
at 2 GeV. The evolution from the reported scale (“initial” scale) to 2 GeV is
applied to NNLO. Statistical and systematic uncertainties have been added in
quadrature where applicable.

We also compare our (x3) results to model calculations and global fits on exper-
imental data, of which there are a few for the pion and kaon. As was the case for
the comparisons with many of the other lattice calculations, this comparison is only
qualitative many of the calculation do not have quantified uncertainties. The pion
mass used for our calculation is also higher than the physical value and we have only
used the connected diagrams.

Ref. [121] is one of the earliest calculations and is a next-to-leading-order analysis
of several m £ N experimental data, including Drell-Yan and prompt photon pro-
duction. They find (z%)“ = 0.058(4) at a scale of 2 GeV. An updated analysis was
presented much later in Ref. [I13]. That study analyzes the Fermilab E-615 pionic
Drell-Yan data to obtain the moments of pion PDFs to next-to-leading order with
a value of (z3)* = 0.045(3) at 5.2 GeV. The JAM global fit analysis calculates the
third non-trivial pion moment at 1.3 GeV with a result of ()% = 0.074. [10].
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In Ref. [122], Dyson-Schwinger equations (DSEs) are used to calculate the valence
quark PDF for the pion and obtained result is (z%)* = 0.049 at 2 GeV. A more recent
DSE studies, Ref. [16], also studies the kaon (z3) and finds (z3)* = 0.052, (23)% =
0.048, and (%)% = 0.092 at 2 GeV. Another recent DSE study in Ref. [17] calculates
(x3)% = 0.109, (x3)% = 0.092 and (z3)3 = 0.143 at 0.78 GeV. The chiral constituent
quark model is used in Ref. [I8], which calculates (x3)% = 0.048, (2%)% = 0.045, and
(x3)% = 0.049 at a scale of 5.2 GeV. Ref. [123] uses the Bethe-Salpeter equation and
reports (z%)% = 0.049(7) at 2 GeV. Finally, Ref. [T11] calculates the pion and kaon
PDFs with a combination of QCD evolution and light front quantization. They also
calculate the the moments up to (x?) and find (z3)* = 0.057(8), (z*)% = 0.050(6),
and (x?)% = 0.066(9) at 2 GeV.

Table and Table list the results discussed above for the pion and kaon,
respectively. All fo the results ared evoluted to 2 GeV. An extended list can be found
in Ref. [11]. We find that our results are lower than most of the other calculations
for the pion and up part of the kaon. Not all of the calculations include systematic
uncertainties, however, so a complete comparison is not possible. Our results for the

strange part of the kaon are in the middle of the range from model calculations.

Reference (232 (2GeV) ‘ initial scale
This work (lattice) 0.024(18) 2 GeV
Ref. [121] (global fit) 0.058(4) 2 GeV
Ref. [122] (DSE) 0.049 2 GeV
Ref. [T13] (global fit) 0.058(4) 5.2 GeV
Ref. [16] (DSE) 0.052 2 GeV
Ref. [I8] (CC quark model) 0.061 5.2 GeV
Ref. [17] (DSE) 0.065 0.78 GeV
Ref. [10] (JAM global fit) 0.063 1.3 GeV
Ref. [123] (DSE, BSEs) 0.049(7) 2 GeV
Ref. [11] (BLFQ-NJL) 0.057(8) 2 GeV

Table 5.11: Comparison of (z3), with global fits and model calculations in the MS
scheme at 2 GeV. The evolution from the reported scale (“initial” scale) to 2 GeV is ap-
plied to NNLO. Statistical and systematic uncertainties have been added in quadrature
where applicable.
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Reference (23)% (2GeV) ‘ (z%)s (2GeV) ‘ initial scale
This work (lattice) 0.033(6) 0.073(5) 2 GeV
Ref. [16] (DSE) 0.048 0.092 2 GeV
Ref. [I8] (CC quark model) 0.058 0.063 5.2 GeV
Ref. [I7] (DSE) 0.55 0.85 0.78 GoV
Ref. [IT] (BLFQ-NJL) 0.050(7) 0.066(9) 2 GeV

Table 5.12: Comparison of (z%)% and (x3)3 with global fits and model calculations
in the MS scheme at 2 GeV. The evolution from the reported scale (“initial” scale) to
2 GeV is applied to NNLO. Statistical and systematic uncertainties have been added
in quadrature where applicable.

5.4 Reconstruction of PDF's

There are many challenges to reconstructing PDFs from their Mellin moments. Be-
sides the increasingly difficult challenges of calculating (), (z?), and (z3), which have
been explained previously in this chapter, the local derivative operators needed to cal-
culate (z") for n > 4 cannot avoid mixing among operators by choosing all indices
to be different, as we have done for n < 3. Because of these difficulties, it has long
been argued that it is unfeasible to use Mellin moment to reconstruct PDFs [124] [125].
Computer technologies and solving algorithms have progressed, however, and we have
shown in this thesis that it is possible to calculate the first three nontrivial moments
with sufficient signals. In this section, we attempt to reconstruct the full z-dependence
of the PDF's from only these three moments.
We use for the PDFs the standard functional form

ahi() = Na*(1 = 2)°(1+ pv/a + 7a)., (5.29)

where «, 3, v, and p are the parameters we will calculate and N is a normalization
factor. We obtain the normalization factor from the trivial moment which, for the

connected contributions, is equal to the number of valence quarks

(1)a = /0 q(a) =1, (5.30)

which results in

1
N Bt LA T DBt af 1) 531
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where B(z,y) is the Euler beta function. The parameter p in Eq. [5.29 is generally
assumed to be negligibly small [I6], so we do not include the \/x term in our recon-
struction. By integrating Eq. [5.29, we get the general formula for the moments in

terms of the parameters

(H?Zl(wa)) <n+2+a+ﬂ+(i+1+a)7>

@) = (Hle(z’+2+a+ﬁ)> <2+a+5+(1+a)7)'

(5.32)

We fit our three moments (r), (x?), and (x3) to Eq. for n = 1, 2, and 3,
respectively to calculate the parameters. Before fitting the moments, we evolve them
to a scale of 5.2 GeV using NNLO expressions so that we can compare them to other
calculations of the PDFs.

As a test, we fit our two-state fit moments to a two-parameter fit, where we only
consider o and [ and set v = 0, and to a three-parameter fit, where we consider all
three parameters «, 3, and . In Table [5.13] we list the parameters calculated from
each type of fit, along with their statistical uncertainties and their goodness of fit
in the form of x? per degree of freedom and compare the reconstructed PDF from
each type of fit in Fig. We find that including ~ in the fit does not affect the
shape of the PDFs much but does increase the errors in ¢j.(z). Additionally, the
errors associated with v are large for each fit and so we decide to only look at the

two-parameter fit from here on.

fit type at Jos e x%/d.o.f.
2-parameter  -0.04(20)  2.23(65) 0 1.48
3-parameter  -0.54(22)  2.76(64)  22.17(17.87) 2.77

fit type al- B 0 x%/d.o.f.
2-parameter -0.05(7) 2.42(24) 0 2.21
3-parameter -0.56(72) 3.01(23) 25.11(5.23) 3.78

fit type as B Vi x%/d.o.f.
2-parameter 0.21(8) 2.13(20) 0 0.0036
3-parameter 0.18(95) 2.051(3.46)  0.347(16.10) 0.0018

Table 5.13: The values for the fit parameters, «, 3 and v for ¢y, ¢ and g3 at 5.2
GeV. The error in the parenthesis is statistical.
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Figure 5.9: Top: The = dependence of zq%(z) for the 2-parameter (blue band) and
3-parameter (pink band) fits. Bottom: Same as top panel for zq}; (x) (left) and zqj (x)
(right). Results are given in the MS scheme at 27 GeV?Z.

We also test the excited-state effects on the reconstructed PDF's since o and (8
do not depend linearly on the moments and so may be nontrivial. In Figure [5.10] we
compare the PDFs which are reconstructed by fitting the parameters to the moments
at Ty = 14a, 16a, and 18a, as well as to the two-state fit moments. We find that as
Tk increases, the peak of the PDFs decrease and we see good convergence among
the higher values of T}, and the two-state fit. As a result of this test, we choose as
our final result the PDF's calculated from the two-state fit data.

The last aspect of our reconstructed PDFs we test is their dependence on the
maximum moment included in the fit. To do this, we fit up to (") for n = 2, 3, 4.
For the fits up to n = 2 and 3, we use only our lattice data but, since we do not
calculate (z%), we fit Eq.[5.32]for n = 4 to the value calculated by global fits and model
calculations for the pion and kaon, respectively. Particularly, we use (z*)* = 0.027(2)
from the JAM analysis [10], and (z*)3, = 0.02975005, (z*)% = 0.02175003 from BLFQ-
NJL [II]. We include these values only as a test and do not use as a final result any
fits obtained from data combined from multiple calculation methods. The results of
this test are plotted in Figure [5.11} We find that the resulting PDFs do not depend
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Figure 5.10: Dependence of z¢}(x) (top), zqf. (x) (lower left panel) and zq¢j; (x) (lower
right panel) on the source-sink time separation. The pink, green, yellow and purple
bands correspond to ts/a =14, 16, 18 and the 2-state fit, respectively. The results are
given in the MS scheme at a scale of 27 GeV?2.

strongly on the number of moments included in the fit so we take as our final result
the PDFs calculate with the full set of our lattice data.

A concern about our PDF reconstruction process is whether we are able to get
the correct PDF value since we are fitting a limited number of moments. To test
this, we perform the same process but use instead the pion PDF moments calculated
from the JAM collaboration’s global fits [10]. We include the moments from the
JAM data up to n = 3. In Figure 5.12] we compare the PDF reconstructed from the
JAM moments to the actual JAM PDF calculated from global fits. We use bootstrap
resampling to calculate the errors on our reconstruction. Our comparison shows that
the reconstructed PDF agrees with the actual within the uncertainty. The uncertainty
on the reconstructed PDF is larger which is expected due to the information being
truncated in the reconstruction. We also integrate the reconstructed PDF to predict

the n = 4 moment. The moment calculated from the reconstructed PDF is (z4)% =

™
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Figure 5.11: Top: The x dependence of x¢¥(z) using the 2-parameter with (z"max) =
(x?), (x), (x*), shown with blue, pink and green bands. For the green band we use a
constraint of (z%)* [10]. Bottom: Same as top panel for x¢%(z) (left panel) and zq} (z)
(right panel) using the BLFQ-NJL [I1] (z*)x values as constraints for the pink band.

0.026(2) which agrees excellently with the moment obtained from the actual JAM
PDF, (z*)“ = 0.027(2). These results support the fact that the PDF can be correctly
reconstructed from only the n < 3 moments.

To review and summarize the above discussion, our final results are the two-
parameter fits on the two-state fit moments for n = 1, 2, 3. In Figure [5.13, we
study the SU(3) flavor symmetry breaking by comparing these final results for the
reconstructed PDF's for both flavors of the kaon to the reconstructed pion PDF. We
find that there is agreement between xq(x) and xql(z) for all x regions except for a
small amount of tension around x = 0.5. Based on our findings, then, the up quark is
equally as prevalent in the pion as in the kaon. The up quark distributions are highest
in the low to intermediate = regions. The strange is expected to be larger than the
pion ditribution based on the size of the quark masses and indeed we find that this is
the case in the region between x = 0.3 and z = 0.8. We find the distribution peaks to
be zq¢¥(x = 0.30) = 0.43(5), zq¢*(z = 0.28) = 0.42(2), and zq¢¥(x = 0.36) = 0.51(2).

We integrate over our reconstructed PDFs to calculate the moments for n = 1-6.
We list the moments calculated from the reconstructed PDFs in Table 5.14] in the
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Figure 5.12: Pion PDF using the JAM data (blue band) and the reconstructed PDF
using its moments with n < 3 (pink band). The reported scale is 27 GeV?2.
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Figure 5.13: Comparison of xzq¥(x) (blue band), xz¢}(x) (pink band) and zqj (x)
(green band) at 27 GeV2. The reconstruction uses our lattice data up to (x3) obtained
with the 2-state fits analysis and a 2-parameter fit.

MS scheme at 27 GeV2. The first parentheses are the statistical uncertainties and
the second are the systematic uncertainties due to excited states. Calculating the
moments using this method has two major benefits over calculating them directly
from local derivative operators for n > 4. The first is that this method completely
avoids mixing among operators which is unavoidable for the 4- and higher-derivative
operators needed for the local operator calculation. The second benefit is that the
uncertainties associated with the moments are under control which would be almost
impossible to achieve in a local derivative operator calculation.

There is a lot of interest in the high-x behavior of the pion and kaon PDFs
because there is some disagreement between the findings of available data and model
calculations. The pion PDFs are calculated from an analysis of the Drell-Yan data
from the Fermilab E615 experiment [12] which uses evolution equations only to leading

order in perturbation theory. The analysis suggests that the up quark distribution
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G () (

¢“  0.023(5)(6)  0.014(4)(5)  0.009(3)(3)
g 0.019(1)(2)  0.011(1)(2)  0.007(1)(1)
¢ 0.033(2)(2)  0.021(1)(2)  0.014(1)(2)

)
g“  0.230(3)(7)  0.087(5)(8)  0.041(5)(9)
g 0217(2)(5)  0.079(2)(1)  0.036(2)(2)
¢ 0279(1)(5)  0.115(2)(6)  0.058(
G (z) (z°) (z°
5
1

Table 5.14: Values for the first six moments for the pion and kaon. The number shown
in the first parenthesis is statistical error, while the number in the second parenthesis
is systematic due to excited-states contamination.

falls off like (1—x)* (8 = 1) in the high-z region. However, a more recent analysis [13]
of the Drell-Yan data which also includes next to leading order terms finds that the
fall depends on (1 — z)? (8 = 2). DSE results [16] also find a value for 3 closer to 2.
Because of this tension, a calculation of § from LQCD is desirable and some lattice
studies [126, 110, 14} 15, 112] which calculate the x dependence of the PDFs have
discussed the high-r dependence. As can be seen in Table and Figure [5.9 our
calculation supports the (1 — x)? high-z behavior.

Finally, we compare our reconstructed PDFs to other PDF studies. This com-
parison is shown in Figure [5.14] In the left upper panel, we compare with lattice
results which use the pseudo-ITD approach [I4] and the current-current correlators
(LCS) method [15]. The LCS result has borderline agreement with ours while the
pseudo-ITD has a lower peak. We also include the two analyses of the Drell-Yan
experitmental data, E615 [12] and ASV data [13], as well as the global fits of the
JAM Collaboration [10, 127]. In the upper right panel, we compare with the two
DSE calculations, labeled DSE [16] DSE ’18 [17], the chiral constituent quark model
(xCQ) [18], the BLFQ Collaboration results from basis light front quantization, and
QCD evolution (NJL) [I1]. There are more limited calculations of the kaon PDFs. In
the lower panels in Fig. we compare our kaon PDFs with the xCQ results [18],
the BLFQ-NJL data [11], and DSE 18 [17] for the up quark (left) and strange quark
(right). All results agree with one another in the small-z region (x < 0.1) for the
pion, though the slope of the YCQ PDF at small-z is different. In the intermediate

to large region (z > 0.6) our results are consistent with all other results except the
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original E615 data. Most of the disagreement between the different methods is found
in the intermediate region. Our pion results and DSE [16] are in agreement for all
regions of x, but our peak is higher compared to the updated calculation, DSE’18.
Our kaon PDFs agree with the other studies in the small- and large-z regions, while
we again see disagreement in the intermediate-x region. There are no experimental
kaon data, however, so the comparison is qualitative as all calculations do not fully

quantify their systematic uncertainties.
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Figure 5.14: Top left panel: Comparison of z¢¥(x) with other lattice calculations,
experimental data and global analysis, all in the MS at 27 GeV2. Our results (blue
band) use data up to (z3) obtained with the 2-state fits analysis and a 2-parameter
fit. The E615 data [12] are plotted as gray points and the rescaled ASV data [13] as a
solid cyan curve. The JAM global fit is shown with a red band, and the lattice results
from pseudo-ITD [I4] and current current correlators (LCS) [I5] are shown with orange
and green band, respectively. Top right panel: Comparison of our results for xq“(z)
with DSE [16] (dotted orange curve), the updated DSE’18 [17] (dot-dashed red curve),
BLFQ-NJL [II] (dashed green curve), and xCQ [I§] (solid purple curve). Bottom
panel: Same as top panel for z¢}.(z) (left) and zqj (x) (right).
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5.5 Form Factors

In this last section, we present a preliminary analysis of the scalar, vector and tensor
form factors of the pion and kaon which have information about the internal structure
of the particles. In fact, these are considered Mellin moments of GPDs and carry
information on the momentum transfer between initial and final states. Also, the
scalar form factors carry information related to the generation of the hadron mass
from QCD dynamics and the Higgs boson interaction. From the vector form factors,
the electromagnetic properties of the mesons, such as their radius and spatial charge
distribution, can be calculated. The tensor form factors are related to physics beyond
the Standard Model which might include new tensor interactions.

We calculate all three form factors in the rest frame and the vector and tensor
form factors in the boosted frames. The form factors are functions of the momentum
transfer square Q? = (p’ —p)? — (£’ — E)2. Because the boosted frames have nonzero
p’ and E’, we can obtain a denser range of % from the boosted data. Additionally,
some of the form factors in the boosted frame at large Q? have lower uncertainties
than the form factor in the rest frame at equal or lower Q? due to some of the two-
point functions in the ratio in Eq. being at a lower momentum.

We begin by showing preliminary results of the scalar form factors in Figure [5.15]
The form factors are plotted as a function of Q? for the up part of the pion (top), up
part of the kaon (bottom left), and strange part of the kaon (bottom right) and for
Tsnk/a = 12, 14, 16, 18, 20, 24. Of all the form factors presented in this thesis, the
scalar form factors have the largest statistical uncertainties, which is expected due to
its coupling with the gauge field. We also find non-negligible excited-state effects and
convergence around Ty, > 18a. We have also produced the necessary data for these
form factors in the boosted frames but more work is need for their analysis.

Next, we present our preliminary results of the vector form factors F, and F.

F is calculated as the combination of its flavor parts

Fr(Q") = quFi(Q%) + ¢:F (Q7), (5.33)

where of ¢, and ¢, are the quark charges ¢, = 2/3¢ and ¢, = —1/3¢ and € is the
fundamental charge. For these form factors, we have preliminary results of the rest
frame as well as the boosted frames. In Figure[5.16, we plot the form factors for just

the rest frame for all values of Ty, as well as for the two-state fit. We find small
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excited-state effects at some Q% and a convergence for Ty > 20a and the two-state
fit. In Figure [5.17, we compare the rest frame (open symbols) to the boosted frame

(closed symbols) and find good agreement between the two.
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Figure 5.16: Preliminary results of the vector form factors for the pion (top) and
kaon (bottom) in the rest frame. In addition to the form factors at the various values
of Tiink, the values calculated from the two-state fit is also plotted as purple stars.
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Figure 5.17: Comparison of preliminary results of the vector form factors for the pion
(top) and kaon (bottom) between the rest frame (open symbols) and boosted frame
(closed symbols).
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In Figure 5.18, we plot the preliminary results of the tensor form factors in
the rest frame, divided by the meson mass. We include source-sink separations
Tsnk/a = 12, 14, 16, 18 and find non-negligible excited-state effects which are sup-
pressed around Ty, = 18a. In Figure [5.19, we compare the tensor form factors,
divided by the meson mass, in the two momentum frames. We find that there is some
small tension between the two frames, especially in the region of Q? that is considered
high for the rest frame. This is around 0.6 GeV? for the pion and ~1 GeV? for the
kaon.

We plan to perform a more detailed analysis so that we can better understand
the form factors and we stress that these are only preliminary results. For example,
the systematic uncertainties due to excited states will be extended. In addition to
the three types of form factors presented here, we have also produced the three-point
functions needed to calculate the vector one-, two-, and three-derivative generalized
form factors but the analysis is still under development. Investigating these quantities
will be the next step in this study. In conclusion, having results in the boosted frame

has been pioneering for these form factors, as it gives access to much higher values of
Q? than the rest frame.
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Figure 5.18: Preliminary results of the tensor form factors for the pion (top) and kaon

(bottom) in the rest frame.
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CHAPTER 6

CONCLUSION

There have been two main topics of study in this thesis. The first is the calculation
of the isovector combinations of the nucleon quark momentum fraction, helicity, and
transversity. Three different lattice ensembles were used for these calculations so that
we can study the finite volume, discretization, strange and charm quark quenching,
and excited-state effects. All three ensembles are at the physical point. Our final
results for the nucleon are summarized in Eqs. . We compare our results for
the quark momentum fraction and helicity, where available, to other lattice calcula-
tions at the physical point and to results from global fits and find agreement within
1.50 of our reported errors. The results for the helicity and transversity are first
predictions from LQCD at the physical point.

The second topic of study in this thesis is related to pion and kaon PDFs. We
calculate the first three Mellin moments of the meson PDFs, (x), (x?), and (z%).
We avoid mixing with lower dimension operators by carefully choosing the insertion
operators in the matrix elements we calculate. This simplifies the renormalization

process and ensures our results are free of additional systematic uncertainties which

would have been caused by the mixing. Our results are summarized in Eqgs. (5.5{5.7)

for the first Mellin moments, Eqs. (5.8H{5.10]) for the second moments, and Egs. (5.11]
5.13) for the third moments. We find that our pion results are consistent with other

lattice calculations at similar pion masses as well as with phenomenological results.
The calculations of (z?) and (x3) are the first of their kind for the kaon. We also
study how quickly the PDFs decrease at high-z by calculating the ratios (x)/(x?),

(x)/{x3), and (z?)/(x?), which are summarized in Eqgs. (5.14}{5.22)). We investigate
SU(3) symmetry breaking effects by calculating (z™)7, /(z™)E, and (z™)™, /(z™) for
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the three moments. The results of the symmetry breaking study are summarized in
Eas. 23 5.25)

We also show that the full z-dependence of the PDFs can be reconstructed from
our results for the first three Mellin moments. This is a very exciting development
in this study because it was previously thought that moments up to (z3) obtained
from LQCD could not be feasibly used to reconstruct PDFs. Particularly, it has been
argued that the high-z behavior of the PDFs cannot be reliably understood. Our
moments are precise enough, however, that our reconstruction can be determined to
favor ~ (1—xz)? behavior in the high-x region and we find a 8 parameter around 2. We
are also able to study the SU(3) symmetry breaking by comparing our reconstructed
PDFs for the pion with both flavors of the kaon. We find only small differences
between the up quark distributions in the pion and kaon and larger symmetry breaking
effects between the strange distribution in the kaon and up quark in the pion.

Looking to the future of this study, we intend to perform a complete analysis of
the pion and kaon form factors. We have shown preliminary results of the scalar,
vector, and tensor form factors and plan to also study the SU(3) symmetry breaking
in the vector form factors. Lastly, we will calculate the vector derivative generalized

form factors, the analysis for which is currently under development.
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APPENDIX A

DECOMPOSITION EQUATIONS

We give the decomposition equations which relate the matrix elements to the quanti-
ties of interest. For the nucleon the decompositions are given only for the case of rest
frame and zero momentum frame. For the mesons, the case of general momentum
frame and general momentum transfer is given and then the combinations of also
the rest frame, if applicable, and zero momentum transfer. Here, the indices 1, 2,
and 3 for spatial components and the index 4 is used for the temporal component.
Latin indices range from 1 to 3 and Greek indices from 1 to 4. Primed energy and

momentum components are the values at the hadron sink.

A.1 Nucleon Rest Frame

3mN

ZyIR (Do) = ==~ (2)ua (A1)
I (o) = = () (A2)
ZAIH (1) = —m;N 3k (T) Au—nd (A.3)
20T (00) = €pn (2005 = S0 = 00,) (@) su-sa. (A4)
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A.2 Meson General frame

A.2.1 General momentum transfer

Z, I = C(E' + E) A, (A.5)
2,1V = —iC(p, + p;) Ao, (A.6)
A
Z 144 — o (% ( 2(E'+ F) pppp) + Bag (m —2(E' - E) +pppp)) ’
(A7)
A

ZpIY = C (2 (B + B)(py + ;) + 2iBa(E' — E)(pf; - PJ)) o (A%)

A /
Z DH{jk} =C ( (p] + i) (D), + pr) + 2Bao( pi)(p Z%)) ’ (A.9)

Zop T = C (S8 + B0l + )+ 1)

1 1

E E
(5 (55

Z,ppp T = C (—§A40(E’ + E)(pi + p) (0 + pj) (D) + k)

, 1 1 1 1
+iByg (E’ (gp;pipj + gp}pim + gpépjpk - 519219}292;)

+E
(A.11)

/

1
p] k:pl + pzpkpj + 2pzpjpk>

1 1 1
(ép Pipi + pzpkpj + 6]92]9]]% 2pipjpk))
+’iC40 (
v

E E'
(5 ) Pippy + (E - 7) PiDjDk
1
2

1 1
+ E( 5Pk LDilj — p,pkp] 2p}pipk)>>-
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A.2.2 Zero momentum transfer

Zpmt = L (T g g (A.12)
27\ 2 ’

Z.pp T4 = —pip] (z?), (A.13)

Z.pop T = —ipiplpl (7). (A.14)

A.3 Meson Rest frame

A.3.1 General momentum transfer

ZV HO = C(E + m)Am > <A15)
Zpo = (—%(E +m)(2E +m) — Ag(E — m)(2E — m)> , (A.16)
) ) A
Zp 14 = ¢ (" 220 (E +m)p; — 2iAgy(E — m)pj> : (A.17)
Uk - o (A2
ZVD H = C Tp]pk — 2A22pjpk . (A18)

A.3.2 Zero momentum transfer

3
Zp It = 2y (A.19)
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