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ABSTRACT

The mechanisms of acceleration and transport of collisionless plasma in the
presence of electromagnetic turbulence (EMT) still remains not fully understood. The
absence of collisions between particles requires means other than collision for the
redistribution and dissipation of energy. An alternative mechanism is the interaction of the
charged particles with the EMT appearing due to the growth and eventual saturation of
plasma instabilities.

The EMT can be modeled as an ensemble of electromagnetic waves. It has been
shown that in such a model the acceleration of the charged particles can be almost free,
growing as ~t2. This is due to the effect known as resonance in which the charged particle
interacts with a specific wave instead of with the ensemble as a whole. This effect can be
explained by the so-called “surfatron” mechanism.

We have conducted several numerical simulations for the models with and without
the presence of EMT. The turbulence has been modeled as small random perturbations on
the background magnetic field. Their dynamics present two regimes of motion: (i) almost
free (Larmor) rotation and (ii) captured (resonance) propagation, which are given by two
different sets of invariants. We have determined the necessary conditions for capture and
release from resonance for the model without EMT, as well as the intrinsic structure of the
initial conditions domain for particles in order to be captured.

After comparing the results, we observe a difference in the orders of magnitude of
the dispersion of adiabatic invariant due to the effects of the EMT at the resonance. These
results are important to describe the mixing of the different energy levels in the presence

of EMT.



We propose a statistical analysis of the effects of the random perturbations in order
to understand the role that the EMT plays on the system dynamics. We will develop the
probability distribution function (PDF) in terms of the random walk for the mixing of the
particles’ energy level. The purpose is to obtain the diffusion partial differential equation
that will describe the properties of the system. This problem can be reverse-engineered to
understand the nature and structure of the EMT, knowing beforehand the energy

distribution of a set of particles.
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CHAPTER 1
INTRODUCTION

Transport and acceleration of charged particles in turbulent electromagnetic fields
is one of the challenging problems of plasma physics. In collisionless plasma (e.qg.,
interplanetary plasma, interstellar medium, regions of planetary magnetospheres) neither
the redistribution of energy between various particle populations nor the energy dissipation
(transformation of magnetic field energy in to Kinetic energy of particles) can be achieved
by particle collisions. One of the alternative mechanisms is the interaction of the charged
particles with the electromagnetic turbulence (EMT) appearing due to the growth and
eventual saturation of plasma instabilities.

For many systems, the turbulence can be approximated as an ensemble of localized
electromagnetic structures (so called “magnetic clouds”). An ensemble of planar
electromagnetic waves is one of the most straight forward models of EMT [3-6]. It was
shown in Refs. [4] and [6] that in such a model the acceleration of particles can be almost
free, with the average energy of the particle ensemble growing as ~t2. The presence of this
regime indicates that at the resonance particles interact not with the waves’ ensemble as a
whole, but rather with a particular wave. The free acceleration of a particle by a single
electromagnetic or electrostatic wave can be explained by the so-called “surfatron”
mechanism (see e.g. [7-10]). In this mechanism, particles can accelerate along the nonlinear
wavefront in the presence of a background magnetic field as the captured particles are
transported by the wave across the energy levels.

The dynamics of charged particles in a uniform magnetic field and a weak

electrostatic wave possesses two regimes of motion: (i) almost free (Larmor) rotation and

1



(ii) captured (resonance) propagation, which are given by two different sets of invariants.
Resonance propagation is the only mechanism of significant changes in the adiabatic
invariant in conservative weakly perturbed systems, with the transition between the two
regimes being of random nature.

It has been shown in Ref.[11] that the stability of surfatron acceleration in the
presence of fluctuations of the magnetic field near the wave front cannot be destroyed for a
relatively large range of frequencies.

In the frame of the present results, we expect to identify a range of fluctuations in
which we can predict certain aspects of the dynamics of the system. We will then obtain the
diffusion partial differential equation that describes such properties. To do so, we will
perform a statistical analysis of the effects of the EMT in order to understand its role in the
system’s dynamics, and compare it to that of the system without fluctuations.

The obtained results may be interesting not just for wave particle interaction, but for
a variety of problems where resonant interaction is important and in practical problems such

as particle separation.



CHAPTER 2
PRELIMINARY WORK
This section describes the Hamiltonian dynamics of a charged particle in a medium
with a uniform background magnetic field in the presence of an electrostatic wave. It
addresses the averaged dynamics, as well as the effects of capture into resonance and

scattering at resonance.

2.1 Charged Particle in Electromagnetic Field
The Hamiltonian of a charged particle moving in a uniform magnetic field, B,
directed along the z axis, in the presence of an electrostatic wave propagating along the y

axis, that generates an electric field, E (see [1]) has the form

H= i [sz +P? + (Py — %Bx)z] + %sin(ky — wt) (2.1.1)
where k is the wave vector and w is the frequency of the wave. P, m, and e are the
generalized momentum, the mass, and the charge of the particle, respectively. P, is an
integral of motion and it can be set to 0, and B and E are constant strengths of the magnetic
and electric fields:

B = Be, E = —Ecos(ky — wt)e,, (2.1.2)

In order to simplify the system we introduce a set of non-dimensional variables and

parameters
x; = kx yi1 = ky P, =P/mv (2.1.3)
H, = H/mv? t; = tkv w; = w/kv
e =cE/vB p =cmv/eB k=1/kp



where v is a typial velocity of a particle and p is the characteristic Larmor radius. w; Is the
ratio of the phase speed of the wave to a typical velocity of a particle which can be smaller

than 1 in plasma. From which we obtain

Hy = %[P’?l + (Py1 — le)z] + exsin(y; — w1ty) (2.1.4)

Performing the change of variable
¢ = ky — wt, P, =P, (2.1.5)
the Hamiltonian of a charged particle becomes (in what follows the subscript “1” omitted)
h = %[sz + (P, - Kx)z] + excsin(g) — wP, (2.1.6)
Hamiltonian (2.1.6) has 2 degrees of freedom. The variable ¢ is fast and the

variables x, P, P, are slow.

2.2 Averaged System
As the first approximation, (2.1.6) system can be averaged over a period of the fast

variable. The averaged system behavior is described by
Pz 1 2
haw == 43 (P, —kx) —wP, (2.2.1)
In the averaged system, P, and h,, are integrals of motion and the problem is
integrable. The characteristic time of the averaged system is 1/k, which introduces the
concept of slow time ~kt. The averaging is valid everywhere except for a small part of the
phase space where ¢ =~ 0. In the (x, Py, F,,) phase space the equation ¢ = 0 defines a plane

parallel to the P, axis. We call that plane the resonant surface, or resonance, and denote it

R= p=FPy—kx—w=0 (2.2.2)



The averaged system describes a motion of particles along a circle defined by the
Larmor radius p. Over one period of Larmor rotation, most particles cross the resonance
zone (RZ) in a relatively short time with just small changes in energy. This process is called

scattering in resonance [10, 12]. The magnitude of the (quasirandom) jump in P,, AP, =

Py — P, is typically of the order ~+/ke. However some of the particles can be captured
into resonance (CR) upon the arrival to RZ. When a particle is captured, it leaves the Larmor
circle and starts moving with the wave while accelerating along its front. A captured particle
drifts for a long time (of order~ 1/(x¢)) along R and P, changes by the value of order 1.
Figure 1 (a) shows a single trajectory of the unperturbed system for ¥ = 0.005, € =
3, and w = 1. The near circular parts represent the Larmor circle dynamics, with a period
of ~2m/k. The resonance effects occur near the line kx — B, = —1. Figure 1 (b) presents
the time evolution of P,. P,, is conserved in Larmor motion, the small jumps correspond to
scattering and the big detour to CR. For a full description on resonance phenomena in

uncontrolled systems, see [13-15].

-2 -1 0 1 2 0 0.05 0.1 0.15 0.2 0.25 0.3
Kz — Py Slow time, 7= & t

FIG.1 Scattering and capture into resonance. (a) Projection on the (x - P, ,Px) plane and

(b) Evolution of the adiabatic invariant F,.



2.3 Capture into Resonance

Introducing a new variable E =P, — (w+kx) near R allows to clearly
differentiate between captured and not-captured trajectories in the (¢, E) plane, dividing
both types of trajectories by the separatrix (dash line X, in Figure 2 (a)).
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FIG.2 (a) Phase portrait in (¢, E) for not captured particles. (b) Capture into resonance and release.

The capture in resonance is only possible if there exists a separatrix (Z), which
occurs when & > |Px,R|, where P, p is the value of P, at the moment of the arrival to the
resonance. If ¢ < |Px,R| there is not a separatrix and the CR is not possible. When a particle
is captured, instead of leaving the vicinity of the resonance (Figure 2(a)), it starts moving

near R along a tight spiral inside the loop as shown in Figure.2 (b). Such particles have been

captured and their dynamics is regular:

x =P, P, = kw (2.3.1)



CHAPTER 3
WORK PERFORMED IN SYSTEM WITHOUT FLUCTUATIONS
This section addresses the conditions under which capture into and release from
resonance for system (2.1.6) takes place, and its dependence on the initial conditions. It
illustrates how the time a particle spends captured into resonance, and therefore

accelerating, is limited.

3.1 Capture into Resonance Structure

Whether the particle is captured or not depends sensitively on initial conditions,
which are represented in Figure 3. At a given P, there is a structured neighborhood of ¢ and
x for which the particles will be captured.

However, as we move away from the resonance this structure is lost.

-4
-1.98

Px 400
398 .0.015 ) L L . . )
-2.02 396 1.99 1.995 2 2.005 2.01 2.015

X

FI1G.3 (a) Capture in Resonance Structure 3D (x, P, ¢), (b) projection on the ((p, Pq,) plane.



3.2 Conservation of the Adiabatic Invariant of the Captured Dynamics
The area under the separatrix loop, S, in the (¢, E) plane is a function of the slow

variables P, and x; therefore it changes slowly while a particle moves along a phase
trajectory (Figure.4). Due to the variation of ¥ with the slow variables, if a particle moves
close to X it may cross X entering the OD inside the loop.

The captured motion has an adiabatic invariant J:

J =5-$P,do (3.2.1)
which is the normalized by 2m area under the trajectory in the (¢, E) plane described by
the phase Hamiltonian (h<p) for the captured locations on the full system (2.1.6).

h, = %EZ + kesing + kP (3.2.2)
Figure 4 shows how the adiabatic invariant (J) remains, approximately constant through the
capture.

J~3% = const (3.2.3)

where S, is the value of S when the particle got captured.

2+

05

FIG.4 Variation of area under the separatrix with S(P,) and conservation of adiabatic

invariant (J).



The fate of a captured particle depends on the behavior of S(t) = S[x, P,, Pq,]. The captured
particle stays captured as long as the value of ] < §/2m, (the value of the invariant is below
the value of the area under the separatrix normalized by 2).

Figure 4 shows the variation of S and J for a captured particle whose dynamics are described
by (2.1.6). The area under the separatrix (S) grows after the particle has been captured until
the plane P, = 0 is reached, and then it decreases forcing the release of the particle from the
resonance. Therefore the time a particle spends captured is limited by the nature of the

system, and so it will be its acceleration through resonance.



CHAPTER 4
CAPTURED ACCELERATION FOR SYSTEM WITH FLUCTUATIONS
In this section we introduce the turbulence of the background magnetic field
respresented by random fluctuations. We derive the Hamiltonian to describe the dynamics
of the particle in the presence of fluctuations and the theoretical framework in which we

base our study.

4.1 Charged Particle in Electromagnetic Field in the Presence of Fluctuations

It was shown in [2] that the Hamiltonian for a nonrelativistic particle moving in the
presence of a constant background magnetic field, B, an electromagnetic wave was
represented by (2.1.1). Now we study the effects that the electromagnetic turbulence (EMT)
has on the previously discussed system. We will model the turbulence by random magnetic

fluctuations (Br).
H=—IpP?+(R —5(B+B)x)2 +Esin(ky — wt) (4.1.1)
L Yy ¢ r k y -

z

A

Magnetic field
B+ Bp

>y

Larmor trajectory

FIG.5 Scheme of particle motion.
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Once again we will simplify the Hamiltonian by non-dimensionalazing its variables:

x; = kx y, =ky P, =P/mv H, =H/mv? t, =tvk (4.1.2)

w;=w/kv e=cE/vB p=cmv/eB k=1/kp I'=Br/B

From which we obtain the non-dimensional Hamiltonian H,

H, = %[P,?l + (Py; — (1 + F)xl)z] + ek sin(y; — wqty) (4.1.3)

For further simplification we perform a change of variable

¢ =ky — wt, P, =P, (4.1.4)

the Hamiltonian of a charged particle becomes (in what follows the subscript “1” omitted)
h = %[sz + (P, — k(1 + F)x)z] + ek sin(p) — wP, (4.1.5)
Let I'(t) be a random Gaussian process with mean zero. I'(t) remains constant

during a time interval z, then switches to a new value for which it stays constant for a time

interval T, swithes again and so on. The high frequency of the fluctuations is represented by

T « 1. This means that during a loop of the captured motion (see Figure 2(b)) the particle

experiences multiple changes (see also Figure 7(a) below).

4.2 Scattering and Capture into Resonance in the Presence of Fluctuations

The averaging of (4.1.5) over the fast-oscillating random field corresponds to
omitting the term I'(t). Therefore the averaged dynamics have the same behavior for the
system without perturbations as long as the particles move around the Larmor circle (see
Figure 6 (b)). However, the perturbations alter the magnitude of the scattering; thus

qualitatively the process does not change.

11



5k . . . . LA 0 10 20 30 40 50
slow time, 7=k t

kx — Py
FIG.6 Scattering and capture into resonance with EMT. (a) Projection on the (Kx —P, ,Px)

plane and (b) Evolution of the adiabatic invariant F,.

The presence of random perturbations significantly affects the process of capture
into resonance, and the acceleration of particles in resonance with the wave.

Figure 7 (a) represents the trajectory in the (o, E) plane for a particle in R in the
presence of EMT. It can be clearly seen that although the particle presents a motion similar
to the one shown in Figure 2 (b) for the unperturbed system, its trajectory in not smooth
due to the effects of the random perturbation. As a direct consequence, in the presence of
EMT the adiabatic invariant is no longer conserved (see Figure 7 (b)). Therefore we can no

longer predict that the particle will leave the resonance at the moment that /~ S, /2.

12
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FIG.7 (a) Phase portrait of captured particle. (b) Evolution of J.

When a particle is moving close to the separatrix the magnitude of the random
fluctuation can be enough to make the particle enter resonance or exit it. Figure 8 shows
how under the same initial condition (IC), and during the same time interval, the particle

behavior is different from one realization of random fluctuations to another.

kr — P, Slow time, T =k t

FI1G.8 Phase portrait for same IC under three different realization of random perturbations.

(VarT' = 0.25)
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CHAPTER 5
NUMERICAL SIMULATIONS
Our choice of equation solver is based on an explicit Runge-Kutta formula. We have

also selected our tolerance (1019) to ensurace convergence of the solution.

5.1.Development of Code
5.1.1. Dynamical System
From the Hamiltonian (4.1.5) we obtain the following dynamical system
x =P, ¢ =P, —kl'x (5.1.1.1)
B,=x(1+D)(P, —kTx +w) P, =—eKxcosep — kP,
which we chose to expresses in function of P,. This choice will simplify the future

calculation of the adiabatic invariant (J) and the area under the separatrix (S). By doing

so we reduced significantly the computational time.

5.1.2. Choice of Initial Conditions

We chose P, = —2, x=200 and ¢ = ¢, —g for our simulations, where ¢,

represents the parabolic point, and calculated 134, such that the particle starts in the
vicinity of the separatrix. In section 3.1 we showed that the unperturbated system
presents a structure on the initial conditions domain for which the particles get captured.
By calculating the value of P, near the separatrix (Z) we know that the growth of the
separatrix with time will cause the capture of the particle. Therefore we are starting our

simulation within this capture domain.

14



To calculate EP, first we determine the value of h,, at the eliptic point for the initial
value of P,. The value of P, can be calculated from (5.1.2.1) after imposing our choice

of the other initial conditions.

P, = i\/Z(h(p — eksing —kPp) £ 6 (5.1.2.1)

Here the + sign will be determined whether we want to chose P, on the positive

or negative section of the (¢, Pq,) plane, and & will determine the proximity to the
separatrix. In our simulations we chose to start near the bottom part of the separatrix and

weset § = 1075,

5.1.3. Calculation of Area Under the Separatrix
From the phase Hamiltonian (3.2.2) we derive the fixed points for the dynamical
system which is given by
p=PF,=0 (5.1.3.1)
Py = —ekcosp — kP, =0
This results in two periodic fixed points (see Figure 9):

FP, = (¢,,0), FP, = (—¢,,0), where ¢, = acos (_TP") (5.1.3.2)

15
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FIG 9. Separatrix (Z) and fixed points.

Therefore for the existence of the separatrix (Z) it must be satisfied that |P,| < €. The
separatrix corresponds to the trajectory that passes through the parabolic point (FP1),
which corresponds to a local maximum of the potential.

In order to calculate the area under the separatrix we need to obtain the area enclosed
by the trajectories of h,, that pass through FP1. Because of P, beign a slow variable, we
can assume P, to be constant during an oscillatory period of the fast variables. This
translates into the conservation of h,,. Therefore the trajectories in the ((p, Pq,) plane are
closed.

The area of these closed trajectories can be derived by expressing 134, as a function of ¢,
and integrating between the two intersections (¢, and ¢,) with the line Ep = 0. (See

Figure 10)

P, = \/Z(h(p‘Fpl — ek sing — kPg) (5.1.3.3)

16



where h, pq is the value of the phase Hamiltonian evaluated at FP1 for each value of
the evolution of P, with time.
hy Fp1= €K SIn @y + kP @q (5.1.3.4)

The area under the separatrix can then be expressed as

S = ﬁFPl Pydep =2 f(Z’: Pydp =2 f;lz \/Z(h(p‘Fpl — eksing — kPp)de  (5.1.35)

where ¢p; = @, and ¢, has been determined by an algorithm to identify the intersection

with the ¢ axis.
K
015 f Y
/
> /
01 PR 4
~ /
/ \\ /
oost / AN 7
> N
p, / ~ 7
oo LN
| AN
\(I)2 4 d)l \
005 \ il \
\ - N
AN - \
0.1 S -7 N
\
0.15 A
2 1 0 1 2 3
P

FIG 10. Limits of integration for calculation of area under the separatrix (S)

5.14. Calculation of Adiabatic Invariant (J)
In section 3.2 we showed how the adiabatic invariant remains approximately
constant during capture in resonance. We described its value as the 2z normalized area

of the closed trajectories in the (¢, E) plane for the captured positions.

1

J =--$P,do (5.1.4.1)

T om
Figure 11 illustrates the evolution trough time of the trajectories for different positions.
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FIG 11. Trajectories for different locations on a captured trajectory.

The calculation of the adiabatic invariant is similar to the calculation of the area

under the separatrix (S). In this case h,, is calculated from the values P;|cg, , ¢|cg, and

E|CR_ at a specific moment for a captured position (CR;). We will define the value of

the phase Hamiltonian for a specific position as h,, cg,. These trajectories do not pass
though the parabolic point; instead they evolve around the elliptic point. The value of J

can be obtain from the expression

1. 5 1 b2 5 1 .
J =52 6p Pode =~ 2 Ppdep =~ [} \/Z(h(p,CRi — exsing —kPp)de  (5.1.4.2)
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FIG 12. Limits of integration for calculation of adiabatic invariant (J)
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The axis intersection points, ¢, and ¢, for each trajectory (see Figure 12 ) have
been obtained by an algorithm that takes into account the sign change between the
extrema present in the expression

hycr, — €xsing — kP (5.1.4.3)

5.15. Condition for Capture and Release from Resonance

With our choice of initial conditions we placed the particle very close to the
separatrix. At this condition and for a particle which dynamics is expressed by (2.1.6),
the particle will get capture. However in the presence of fluctuations (4.1.5) and for
large enough values of T', there are particles that do not get captured or that get released
soon after capture mimicking a scatter in resonance.

Our interest is to study the effects of normally distributed random fluctuations in
the magnetic field on the captured particle dynamics. Therefore we had to consider these
effects within our calculations. We removed these particles from the consideration in

our statistical analysis as they are not representative of the resonance phenomena.

5.2.Results

The parameter T' enters the fluctuation in our dynamical system representing the
electromagnetic turbulence. We have performed multiple simulations with different
distributions of values of T. | have used a random generator with mean zero and different
values of variance of the normal distribution of I' to represent stronger and weaker

fluctuations.
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On the following, we represent the random walk described by the adiabatic invariant
(J) from the moment of capture till the moment of release from resonance (a). We represent
as well the final distribution of the adiabatic invariant (b) and its corresponding value of
P,(c).

5.2.1. Var [T'] = 0.1

1.8 F (a)
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J,S
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021

800 T T T T T T T T 1000

FIG 13. (a) Random walk of the adiabatic invariant (J) from the moment of capture till the moment
of release from resonance, and variation of S/(2m) with Py, (b) J distribution histogram, (c) P,

distribution histogram for Var [T'] = 0.1
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5.2.2. Var [T] = 0.04
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FIG 14. (a) Random walk of the adiabatic invariant (J) from the moment of capture till the moment
of release from resonance, and variation of S/(2m) with Py, (b) J distribution histogram, (c) P,

distribution histogram for Var [T] = 0.04.
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5.2.3. Var [T'] = 0.02
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FIG 15. (a) Random walk of the adiabatic invariant (J) from the moment of capture till the moment
of release from resonance, and variation of S/(2m) with Py, (b) J distribution histogram, (c) P,

distribution histogram for Var [I'] = 0.02.
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52.4.  Var[r] =0.01
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FIG 16. (a) Random walk of the adiabatic invariant (J) from the moment of capture till the moment
of release from resonance, and variation of S/(2m) with Py, (b) J distribution histogram, (c) P,

distribution histogram for Var [T] = 0.01.
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CHAPTER 6
DIFFUSION EQUATION
In this section we obtain the probability distribution function for the adiabatic

invariant (J) in terms of the random walk.

6.1 Oscillation Frequency of Fast Variables

This system presents two time scales, the first one in the gyrorotation frequency (Q)
of the particle along the Larmor circle, and the other is the frequency of oscillation (Q,,) of
the fast variables presented during capture into resonance. In our simulations it has been
shown that a particle makes many turns in the (<p, 15(,,) plane before being release from
resonance. Therefore we can consider P, and ), to be constant during one period of capture

motion (except in the immediate vicinity of the separatrix).
— 2
hy =P, +exsing + Ko (6.1.1)

U(p) = exsing + kP (6.1.2)

—P
U'(p) =ekcosp + kP, =0 — ¢, = tacos (Tx)

When the amplitude of oscillations of ¢ becomes sufficiently small, the expansion
of the potential energy near the bottom of the potential well for the Hamiltonian can be
taken in the quadratic approximation.

Performing a change of variables ¢ + ¢, , we center the calculation to the bottom
of the potential well.

Ulp=o = ek singq + kP, (6.1.3)

U'lp=0 = €k cos g + KPy
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U"|p=0 = —€k sin @

U(p) = eksin@y + kP, — €k sin @ %2 = C — ek sin <p0¢72 (6.1.4)
15 2 . ¢?
E=h,—-(C= EP‘P — &K sin o — (6.1.5)
ap g2
E_\/Z (E+£Ksm<p0 2) (6.1.6)
F e — exsinon 84
= — eKsingy = (6.1.7)

Considering symmetries and the change of variable ¢ = u¢, we obtain

0 \/Z(E+slcsin <p0¢72) 0 \/—ac Sin Qo 4% +€k sin @y P2
1 du 4 1 du 2T
- ﬁdt - 4f0 J=exsingo+exsinpouz  |/—exsin g, fO Vi—uz = [—exsing, (6.1.8)
- _ 2
Qo = —acos (?) = CoS @, = % = sing,=—_[1-— (%) (6.1.9)

A

T=———-n
(Kz(sz—sz)) /

(6.1.10)

At the bottom of the well P,~0 = sin ¢, ~ — 1. From where we obtain T~% =

Qg ~VeK (6.1.11)

6.2 Diffusion Equation

Due to the presence of random fluctuations, the value of J changes. As Q.. =
2ndh,,/d] [16] , we have (A]); = 2m Ah, /Q,, for small AJ. Approximating the action of
I'(t) as a series of pulses with impulses I'(t)t and uniform periodicity t , we obtain [2] the

change (A]); during the ith pulse:
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(A)); zé—”zi(A ), = P KPT(t)T (6.2.1)

To describe the behavior of an ensemble of particles we will derive the diffusion
equation in term of the random walk described in our simulations. The probability for a
particle to have the value of adiabatic invariant in the interval (J — §/,] + &J) at the time t

is given by W(J,t)6] [2].The evolution of W is described by the diffusion type PDE

¥ _ T‘z: ( J,t) _) (6.2.2)

oK
where K is the number of realizations of a random field I'(t). The diffusion coefficient

D(J, t) is given by the variance of (6.2.1)
T 2 —_—
D(,t) = (;— prr) Var [P(pil“(tl-)] (6.2.3)
Assuming that Ei and I'(¢t;) are uncorrelated and have zero mean
2 —
D(,b) = (;—” KPxT) Var [P(pi] Var[[(¢)] (6.2.4)
For Var [pri] we have
Var [Ei] ~ LGP, 2de =2 (6.2.5)
Introducing Y? = Var[l'(t;)] we get for the diffusion coefficient

D(,t) _( ) o y? = Z K2 (P)?Y? (6.2.6)
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CHAPTER 7
DISCUSSION AND CONCLUSIONS
After comparing both systems with fluctuations (4.1.5), and without fluctuations
(1.2.6), it can be observed how their dynamics clearly differ from each other. Although they
maintain the same two regimes of motion: (i) almost free (Larmor) rotation and (ii) captured
(resonance) propagation; the scattering of charged particles through different energy levels
in the system without fluctuations is relatively small, of the order of ~+v/ke, while in the
presence of EMT can vary over order ~1. This translates to a mixing of particles over many
energy levels, and results in acceleration and transport when the turbulence is present.
This significant change on the jumps of the invariant is due to the lack of
conservation of J inherited from the random fluctuations that represents the EMT. Under
this behavior (See Figure 7 (b)) the captured particle can be released at different values of
S, which translates in significant jumps through the energy levels of the adiabatic invariant
P,.
Furthermore, in the presence of fluctuations, the structure of the domains of initial
conditions for capture present for the system without EMT is lost due to the nature of the
random process that represents the EMT. As a result, the effects of capture and scattering at
resonance also become random in nature. Hence, we can consider CR a probabilistic
phenomenon.
We have performed a statistical analysis of the effects of the random fluctuations for

different ranges of variation on the parameter I' that represents the EMT. The simulations

show that for larger values of Var[I'] we obtain a close to normal distribution of the values
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of J and F,, which represents a normal distribution through the different energy levels.
However as we reduce the value of Var[I'] we can observe the appearance of spikes for
certain values of J and P,. This implies that there are certain energy levels for which is most
probable that the particle is going to exit the resonance.

We have obtained the diffusion partial differential equation that describes the mixing
of particles in the presence of fluctuations. To do so, we have constructed the evolution of
the probability distribution function (PDF) in terms of the random walk that describes such
proprieties. We have obtained the oscillatory frequency (£2.,) and the diffusion coefficient
in terms of the adiabatic invariant J and Var[I'] for which the diffusion equation depends
on.

The results of the simulations suggest the existence of different wells of potential
energy at which the particle can access thanks to the turbulence. They also suggest that there
must be a threshold of values of Var[I'] for wich the presence of this wells is not noticible.
We believe that further studies on these two topics will bring more light to the understanding
of the dynamics of the particle in the presence of fluctuations (4.1.5), and will help
understand the effects of the electromagnetic turbulence in collisionless plasma.

The obtained results will serve to predict the behavior of plasma in the presence of
electromagnetic turbulence, and for further understanding of its acceleration and transport.
This problem can be reverse-engineered to understand the nature and structure of the EMT

causing such energy distribution in a given set of particles.
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