FFRU: A TIME- AND SPACE-EFFICIENT CACHING
ALGORITHM

A Dissertation
Submitted to
the Temple University Graduate Board

in Partial Fulfillment

of the Requirements for the Degree of
DOCTOR OF PHILOSOPHY

by
Benjamin Garrett
August, 2021

Examining Committee Members:

Dr. Richard Beigel, Advisory Chair, Computer & Information Sciences
Dr. Yuan Shi, Computer & Information Sciences

Dr. Pei Wang, Computer & Information Sciences

Dr. Daniel Szyld, External Member, Mathematics



©
by
Benjamin Garrett
August, 2021
All Rights Reserved

111



v

ABSTRACT

FFRU: A TIME- AND SPACE-EFFICIENT CACHING ALGORITHM

Benjamin Garrett
DOCTOR OF PHILOSOPHY

Temple University, August, 2021

Dr. Richard Beigel, Chair

Cache replacement policies have applications that are nearly ubiquitous
in technology. Among these is an interesting subset which occurs when ref-
erentially transparent functions are memoized, eg. in compilers, in dynamic
programming, and other software caches. In many applications the least re-
cently used (LRU) approach likely preserves items most needed by memoized
function calls. However, despite its popularity LRU is expensive to imple-
ment, which has caused a spate of research initiatives aimed at approximating
its cache miss performance in exchange for faster and more memory efficient
implementations.

We present a novel caching algorithm, Far From Recently Used (FFRU),
which offers a simple, but highly configurable mechanism for providing lower
bounds on the usage recency of items evicted from the cache. This algorithm
preserves the constant time amortized cost of insertions and updates and mini-
mizes the memory overhead needed to administer the eviction guarantees. We
study the cache miss performance of several memoized optimization problems
which vary in the number of subproblems generated and the access patterns
exhibited by their recursive calls. We study their cache miss performance us-
ing LRU cache replacement, then show the performance of FFRU in these
same problem scenarios. We show that for equivalent minimum eviction age
guarantees, FFRU incurs fewer cache misses than LRU, and does so using less

IMemory.



We also present some variations of the algorithms studied (Fibonacci,
KMP, LCS, and Euclidean TSP) which exploit the characteristics of the cache
replacement algorithms being employed, further resulting in improved cache
miss performance. We present a novel implementation of a well known ap-
proximation algorithm for the Euclidean Traveling Salesman Problem due to
Sanjeev Arora. Our implementation of this algorithm outperforms the cur-
rently known implementations of the same. It has long remained an open
question whether or not algorithms relying on geometric divisions of space
can be implemented into practical tools, and our powerful implementation of

Arora’s algorithm establishes a new benchmark in that arena.
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CHAPTER 1

INTRODUCTION

Computers are useless. They can

only give you answers.

Pablo Picasso

1.1 Challenges

Research on cache replacement policies has seen decades of activity for one
simple reason. Despite the growing amounts of memory available in primary
and secondary storage devices, the memory appetite of information systems
keeps growing as well. It is commonplace today to speak of the memory
resources of systems in terms of terabytes, petabytes, and exabytes, however
that does not mean we are ready to throw terabytes of memory at every single
task. For example when waiting for source code to compile and build, software
engineers want faster completion times, but not at the expense of bringing the
available memory on their systems to its knees.

For decades the gap in performance between processor speed and memory
speed has grown despite ongoing attempts to cope with it. The average ac-
cess time of DRAM hovers around 60 ns, whereas a typical ARM11 MPCore
processor clock period is around 2 ns. Even though embedded SRAM can



attempt to mitigate this bottleneck, allowing memory retrievals every clock
cycle, this type of memory is very expensive and has severely limited capac-
ity!. As a result when designing fast systems the memory access time is the
critical performance bottleneck.

Techniques for solving problems quickly while limiting the memory require-
ments thus indeed remain relevant. In software engineering modern build sys-
tems make heavy use of caching techniques to automate and speed up the

software build process?

. Contemporary enterprise database systems like Re-
dis, MongoDB, and Cassandra feature the ability to deploy cache replacement
policies like LRU, and research on novel caching techniques with databases
continues (for an example see [Chavan and Sane, 2011]).

Evidence of the continued importance of caching/memoization techniques
can be seen by the growth in programming language constructs, which allow
annotations to mark functions for automatic memoization. Michie coined the
term memoization to denote the augmentation of functions with a cache of
argument-result pairs [Michie, 1968]. Hughes later applied applied memoiza-
tion, in the original sense of Michie, to functional programs [Hughes, 1986].
Almost all of the popular languages embraced by industry now offer au-
tomatic memoization as either a built-in language feature or standard li-
brary, owing to the heightened awareness on software engineering teams of
the possibility to gain performance advantages through memoization. In func-
tional programming settings, lazy values are automatically cached for per-
formance advantages. Memoization is fundamental to the implementation
of lazy data structures. Using the call-when-needed programming construct
known as the “thunk”, one can delay the execution of a function by wrap-

ping it in a no-argument lambda expression, eg. g = () — f(z), which is

'For a good discussion of cache memory performance tradeoffs and further motiva-
tion of the performance gap between processor speed and memory access speed, consult
[Hennessy and Patterson, 2017].

2To glimpse some of the pain points related to tracking down third party artifacts and
their transitive dependencies, see [Winters et al., 2020], which discusses the importance of
caching to manage complexity in build systems.



then automatically memoized behind the scenes. Provided a function ex-
hibits referential transparency, using memoization when memory resources
permit can often speed up applications dramatically. For some background
on the functional programming theoretical underpinnings of lazy values, check
out [Michaelson, 1989] and [Okasaki, 1998]. For a treatment on how auto-
matic memoization in Scala can be elegantly accomplished via functors, see
[Chiusano and Bjarnason, 2014]. Dynamically typed languages like Javascript,
Python, and Closure also support annotating functions for automatic func-
tion value caching (see [Halloway and Bedra, 2018] and [Emerick et al., 2012]).
Automatic memoization was first introduced by Peter Norvig [Norvig, 1991],
with applications to context free language parsing algorithms like CYK and
Earley’s algorithm?. In other contexts like telecommunications systems (DNS
caches, routing table management algorithms), operating systems, compilers,
gaming applications, and many other settings, caches are employed to derive
improvements in execution speed at the cost of some hopefully limited amount
of memory overhead.

To address the challenges of effectively maintaining caches, many cache
replacement policies have been developed, with the LRU family of algorithms
having seen experimental results that make it often the preferred method.
Many approximation algorithms exist which reduce the time and/or memory
resources compared to LRU. However, in these various alternative caching
algorithms the evicted items do not provide the same guarantee on the mini-
mum usage age of evicted items the way that LRU does. The ability of LRU
to adapt to changing degrees of popularity of cached items and its clear lower
bound on the minimum usage age of evicted items has cemented its position
as a “gold standard” in cache replacement policies, also because evicting items
“farthest in the past” is like a mirror image of Bélady’s “farthest in the future”
idealized cache replacement policy. Nonetheless, the implementation costs as-

sociated with the pure, exact version of LRU, are a disadvantageous aspect of

3For a good discussion of these algorithms and some theoretical implications, see
[Floyd and Beigel, 1994].



this caching algorithm.

This is particularly true in hardware and operating systems contexts where
high associativity renders infeasible the usage of exact LRU*. One could avoid
excessive memory overhead by implementing LRU as a priority queue, however
this would suffer thee amortized O(logn) insertion and retrieval times. The
preferred approach is usually to place the items into a hash table which is
tied to a linked list, so that insertion and retrievals, as well as updates to the
recency ranks of the items, are all done in O(1) time. However, the memory
overhead with this approach involves an additional O(n) for the linked list.
There have been many attempts to mitigate the memory overhead issue, but
these typically lose the recency guarantees on how old the items are when they

are evicted.

1.2 Contributions

The main contribution of this project arises in the form of a novel family
of cache eviction algorithms (FFRI, FFRU Absolute, FFRU Relative), which
provides the ability to configure guarantees on both the minimum recency of
items in the cache and the maximum load factor of the same. Our goal is
to match or exceed the performance of LRU under a variety of application
workload scenarios and to do so using less overall memory overhead. To es-
tablish this, we take an empirical approach, by solving memoized optimization
problems and noting their cache miss growth as a function of decreasing cache
size or increasing problem size. When we compare LRU with three variants
of our proposed caching algorithm, Far From Recently Used (FFRU), we look
at the number of cache misses incurred by caches having equivalent recency
guarantees. Our expectation is that FFRU incurs no greater cache misses than
those incurred by LRU.

In the course of verifying the performance of our new caching algorithm

4For a good explanation of set associativity in hardware caching and its relevance to
LRU, consult [Patterson and Hennessy, 2013].



(FFRU), this thesis presents novel techniques for solving recursive, memoized
problems when the cache replacement policy in use evicts items that have not
been recently accessed or inserted, where recency can be measured in terms
of time (time recency) or the number of cache operations (item recency). As
we investigate several chosen optimization problems, we perform algorithm
optimizations which exploit the access patterns of LRU’s eviction policy and
achieve on several occasions notable improvements in their cache miss perfor-
mance. Some of the problems we studied are straight forward to memoize,
since they are by default recursive algorithms. This includes Fibonacci, LCS,
and Arora’s TSP PTAS. However, in order to memoize the KMP string match-
ing algorithm we first convert it into recursive form, which then allows us to
study the effect of storing only a subset of the values it needs to perform string
matching. We also reformulate these problems in the attempts of achieving
improved cache miss performance. Our reformulations of the Fibonacci algo-
rithm, the KMP string matching algorithm, and the longest common subse-
quence algorithm, show the improved cache performance achievable when the
algorithm is designed with a specific cache replacement policy in mind.

Our work on one of the optimization problems used for testing FFRU pro-
vides a separate set of contributions of its own, so we devote an entire chapter
to our implementation of it. We are referring to the Euclidean traveling sales-
man problem. Many exact and approximate methods have been developed for
solving the TSP. A notable and interesting subset of these is the category of
algorithms which rely on geometric divisions of space in order to find their
solutions. It has long remained an open question whether or not such algo-
rithms can be implemented into practical tools. One such algorithm is Arora’s
polynomial-time approximation scheme (PTAS) for the Euclidean TSP, which
partitions the space of data points then finds a short tour of these via dynamic
programming. Arora’s algorithm generates exponentially many subproblems,
but with the help of abundant memory resources, memoization tables are used
to tackle them all in linear time. We present a powerful implementation of

Arora’s algorithm (which we affectionately name al00) whose performance



establishes a new benchmark concerning its capabilities.

We discuss methods for addressing the implementation challenges sur-
rounding this algorithm. Germane to the discussion of implementation consid-
erations is the issue of how to generate subproblems in Arora’s recursive, divide
and conquer strategy. To this end we introduce a useful formalism, termed
canonical schema, which serves as the basis for discussing how to generate the
large, static tables that map parent subproblems to child subproblems. As
yet we've not seen other implementations of Arora’s algorithm address this
issue, hence we devote space to describing a practical approach for encoding
canonical schema mappings by means of automatic source code generation,
that is performed offline. Our discussion of canonical schema is useful as it
would inform future efforts to build upon the scalability of the present imple-
mentation.

Our implementation of Arora’s algorithm shows some promising signs of
being able to mature into a more robust TSP approximation tool, one that
could potentially serve to generate candidate tours that other methods like
Lin-Kernighan could then refine into optimal or nearly optimal tours quickly.
We provide results for our solver under three different configuration scenarios,
in order to demonstrate that it has the ability either to provide high quality
solutions, i.e. tour length is close to optimal or is optimal, or to provide
approximate solutions to large instances, i.e. well above 100,000 data points, in
a feasible amount of time. With respect to presently known implementations of
Arora’s algorithm, our implementation yields shorter run times, higher solution
quality, and most notably the ability to generate approximate tours for much

larger TSP instances.

1.3 Remaining Chapters

In chapter 2 we survey related work in the areas of cache replacement
algorithms and the traveling salesman problem. We establish some conven-

tions and useful terminology that renders the discussion of empirical results



and conjectures in later chapters more succinct. In particular we adopt the
conventions presented in [Garey and Johnson, 1979] with regards to how to
specify the solution quality of an approximation algorithm with respect to a
known optimal solution.

In chapter 3 we present a novel cache replacement algorithm, called Far
From Recently Used (FFRU), and describe its performance in terms of recency
and load factor guarantees. We define the configuration parameters of FFRU
and discuss constraints on choosing values for these as well as performance
tradeoffs involved. We also present empirical evidence which substantiates
the run time analysis of insertions into an FFRU cache. The three caching
algorithm variants that we present — FFRI, FFRU Absolute, FFRU Relative —
each have certain special cases based on the selection of their configuration pa-
rameters. We break down the run time and memory analysis of these variants
according to these various parameter selection cases.

In chapter 4 we present evidence that FFRU exhibits recency and load fac-
tor performance as predicted in the preceding chapter. We explain techniques
used in ensuring the correct functioning of our implementation, including a
framework for determining the ages of evicted items that makes use of fized
operation sequences. We use these to simulate various workloads on LRU and
FFRU caching. Using an offline analysis of logs detailing the evictions that
occurred during the execution of fixed operation sequences, we are able to
verify the minimum eviction age for each caching algorithm that we studied.
The second method by which we verify the performance of FFRU is by solving
recursive, memoized optimization problems. We investigate several variants of
the Fibonacci algorithm, the KMP algorithm, the LCS algorithm, and Arora’s
algorithm using our implementation, giving notable results arising from having
measured their cache performance using LRU and FFRU. We also investigated
the cache miss performance of the Needleman-Wunsch sequence alignment al-
gorithm and algorithms for the Levenshtein distance (edit distance), although
we omit the reporting of empirical results for these two problems, because

their access patterns were identical to those of one of our reformulations of



the LCS algorithm. In this chapter we establish that for each problem studied
we observe for a wide variety of input types, problem sizes, and cache sizes,
that memoized problems incur cache misses with FFRU that are less than or
equal to those incurred by LRU, when the two algorithms are equipped with
equivalent recency guarantee configurations.

In chapter 5 we present our implementation of Arora’s PTAS for the Eu-
clidean TSP. We discuss relevant design decisions encountered while imple-
menting this algorithm, which includes the challenge of automatically gener-
ating the large and complicated schema mapping tables that are needed to
resolve individual subproblems. We present empirical results in terms of so-
lution quality and run time on the performance of our implementation when
memoized using an amount of cache memory greater than the number of sub-
problems. In these experiments having plenty of memory allows us to focus
on the run time performance and solution quality of our implementation by
itself, i.e. without the influence of a memory management policy. Our im-
plementation of Arora’s algorithm provides the ability to fine tune the ability
to search for high quality TSP solutions, or instead to product crude approx-
imations very quickly. To demonstrate this variability of performance, we
present empirical results arising from three ways of configuring our implemen-
tation. When solution quality is the priority, our solver yields solutions that
are on average within 3% of optimality. When run time speed is the priority,
our solver is capable of yielding approximate solutions to large instances. The
largest instances our solver tackled during experimentation was 100, 000 points
in around 30 minutes to within 15% of optimality.

In chapter 6 we draw some conclusions from the work conducted in this

project and suggest some future extensions to this research.



CHAPTER 2

BACKGROUND

Savoir pour prévoir, afin de pouvoir.
(From knowledge comes prediction

and from prediction action.)

A. Comte

In this chapter we provide references to previous results and some seminal
work about cache replacement algorithms and the traveling salesman problem.
An exhaustive survey of either topic would exceed the scope of this chapter.
We restrict our attention to results that are most relevant to the work done in
this thesis. We also present some notation and conventions that will be used

in later chapters to facilitate the reporting of our empirical results.

2.1 Cache Replacement Policies

Cache replacement policies attempt to manage memory resources, with
the overreaching goal of providing convenient access to important previously
stored items while avoiding storing items which won’t be needed in the near
future. Applications store the results of computations in caches because of the
assumption that the results of those computations will need to be obtained

more than once. The applications of cache replacement policies can be found
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across a wide variety of technology settings, including database applications
(see for example [O’Neil et al., 1993] on disk buffering), telecommunications
(for proxy servers and DNS implications consult [Forouzan, 2009], which dis-
cusses time to live purging of DNS name resolution using caching, and see
[Taher et al., 2018] for some recent work on caches in named data networks),
operating systems, compilers, and many other domains. Since many research
initiatives in caching algorithms are aimed at reducing the number of page
faults in operating systems and database contexts, several of the approaches
among those surveyed below are particularly germane to page replacement al-
gorithms. Although cache replacement strategies and page replacement strate-
gies share the goal of making the best possible eviction choice, the latter often
take into account whether or not a cached page has been modified, as an indi-
cator of its popularity. However, there are many contexts, notably in compilers
and in memoized software functions, when cached values are invariant, since
they represent the result of some deterministic computation. In such cases any
strategy based on checking whether cached items have been modified is liable

to lose some of its advantages.

2.1.1 Clairvoyant Caching and Bélady’s Anomaly

Given the goal of maximizing the likelihood that a given item is in the
cache when requested, the most efficient eviction policy would be to evict the
item whose future request time is farthest in the future. Laszlé Bélady presents
the clairvoyant algorithm in [Belady, 1966], also known as Bélady’s algorithm,
or the optimal cache replacement policy. Since it is generally impossible to
know in advance the request times of items for an application into the future,
Bélady’s algorithm is considered impossible to implement for online perfor-
mance. However, it is still considered useful as a benchmark when post-facto,
i.e. offline, comparisons of cache eviction policies are able to be carried out.
Bélady’s anomaly [Belady et al., 1969] refers to a phenomenon exhibited by

certain page replacement algorithms, notable FIFO, in which the number of
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page frames, i.e. the size of the cache, can result in an increase in page faults.

2.1.2 Random

The simplest solution to the problem of selecting an item for eviction is not
to make the choice at all. Using linear feedback shift registers has been used
to implement random cache replacement, although in one study the reported
performance was 22% worse than LRU on average [Al-Zoubi et al., 2004]. See
[Baroughi and Naderi, 2020] for a recent performance comparison of random

replacement to LRU and MRU.

2.1.3 FIFO, Second Chance, and Clock Variants

The FIFO cache replacement strategy places cached items into a simple
queue, and replaces the item that has been in memory the longest. Although
simple to implement and fast, this strategy requires an additional O(n) mem-
ory overhead to maintain the queue data structure. Furthermore, repeated
accesses to a given item do not alter its position in the queue, making it a
poor choice for applications where certain cached items are more popular than
others. FIFO cache replacement was shown to have miss ratios that were 12-
20% higher than LRU on average [Smith and Goodman, 1983]. And it has
been shown to suffer form Bélady’s anomaly in [Belady, 1966].

The Second Chance page replacement strategy is a modification of FIFO
that was designed for virtual memory. It checks the oldest item in a FIFO
queue. If that item hasn’t been referenced it is evicted, otherwise the item
is moved to the front of the line and is set as unreferenced. If everything in
the FIFO queue has been referenced since the last clock tick!, then the oldest
item is evicted, namely the one that had been moved to the front of the line
and whose referenced bit was reset.

A slightly faster implementation of Second Chance is known as the Clock

!Second chance and FIFO are both page replacement algorithms, which is why clock
ticks determine how often such data structures are administrated.
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replacement algorithm [Corbato, 1969], which maintains a pointer to cached
items. Cached items are stored in a circular linked list. When a page fault oc-
curs, if the item pointed to has not been referenced it is discarded, otherwise
it’s dirty bit is reset and the pointer is advanced to the next item. Vari-
ants on the general clock approach include Gelock [Smith, 1978], Clock-pro
[Jiang et al., 2005], and working set [Carr and Hennessy, 1981].

2.14 LRU

Least recently used caching always evicts the item whose most recent usage
time is the farthest in the past with respect to the other items that are in the
table. As such conceptually it can be considered to perform the same strategy
as Bélady’s algorithm, but with the direction of time reversed. Given that
many applications exhibit locality of reference it is widely believed that LRU
is well suited to most problems. Sleator and Tarjan showed that the number
of cache misses incurred by LRU can be bounded by a constant factor with
respect to those incurred by an offline determination of Bélady’s algorithm
[Sleator and Tarjan, 1985]. Some useful discussions of LRU can be found in
[Kleinberg and Tardos, 2006]. When implementing LRU, one could opt to
avoid memory overhead by using a priority queue, however in practice this
isn’t feasible, as insertions and retrievals suffer amortized logarithmic slow
down. Another more popular approach is to store items in a hash table and
keep their ranks stored in a linked list, which preserves the amortized constant
time insertion and update costs, but incurs a O(n) memory overhead cost
to maintain the doubly linked list of ranks. LRU has been shown to be free
from Belady’s Anomaly [Belady et al., 1969]. In [Panagakis et al., 2008] it was
shown LRU is insensitive to the length of local correlations in access patterns,
provided that the memory of such access pattern correlations was smaller than
that of the cache. This result was used to corroborate LRU’s good suitability

for web caching applications.
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2.1.5 LRU approximations
PLRU Variants

In bit-PLRU using only one bit per cached item, the cache can be par-
titioned into those most recently used and not most recently used, with the
latter set available for eviction. On access the MRU bit for an item is set,
placing it into the set of items most recently used. When a cache miss
occurs the first non-MRU item found is evicted. In comparison studies it
was shown to sometimes perform slightly better than LRU in some cases,
and given its efficient operation it has found use in embedded systems. See
[So and Rechtschaffen, 1988] and [Al-Zoubi et al., 2004] for further discussion.

Tree-PLRU (PLRUt) uses a binary tree to approximate LRU. In an
N-way associative cache it requires N — 1 bits. The tree bits encode the paths
to the leaves corresponding to each cached item. On a cache hit the bits on
the path leading to the chosen item are flipped in order to protect it from
subsequent eviction. On a cache miss the item pointed to in the PSLRU tree
is evicted. It was shown in [Al-Zoubi et al., 2004] that this strategy is only
slightly worse than LRU. The Modified Pseudo LRU (MPLRU) policy
[Ghasemzadeh et al., 2006] is another variant using a tree-based approach and
has given similar performance to PLRUt. The SIDE algorithm also makes use
of O(NlogK) bits for counters, where N is the cache size and K is the degree
of set associativity [Deville, 1990]. The performance of the SIDE algorithm is
up to 20% worse than LRU.

LRU/K

The LRU/K algorithm [O'Neil et al., 1993] keeps track of the K most
recent access time for every item in the cache. When an eviction must occur,
the item whose K" most recent access time is longer ago than any other item’s
K™ most recent access time, is the item to be evicted. The mentality behind
this approach is that popular items have frequent requests and should be kept

in preference over items accessed more intermittently. It was originally devised
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as a strategy to keep popular database pages in memory. According to this
terminology conventional LRU would be termed LRU/1, since it adjusts item
ranks based on the time of the last access. From their empirical results they
found that LRU/2 most exploits the advantages of their method. It requires
two delicate tuning parameters, Correlated Reference Period which determines
how far apart in time repeated references to an item are to count as separate
instances and Retained Information Period which is how long after eviction an
item’s reference history is retained. Empirical evidence and discussion found
on LRU/K would suggest that it’s particularly suited to database settings,

especially given that it’s tuning parameters are based on access times.

2Q and Variants

The 2Q buffer management algorithm [Johnson and Shasha, 1994] builds
on ideas of LRU/K by maintaining a two tiered approach. Like LRU, LRU/K
also suffers from some overhead needed to implement the priority queue that
ranks items in terms of their latest reference time. The main buffer for cached
items is maintained as an LRU priority queue. When an item therein is re-
referenced it is deemed “hot” and is placed into the second buffer, which is
implemented as a FIFO queue. Once in the second buffer, it an item is re-
referenced it gets moved back into the first buffer. One advantage of 2Q over
LRU/K is that it offers amortized constant time insertions and updates, al-
though it’s memory overhead remains a potentially detracting factor, just as
with LRU. 2Q was shown in empirical studies to outperform LRU and Gelock
and to have comparable performance to LRU/2 using Zipfian distributed in-
puts. The low inter-reference recency set [Jiang and Zhang, 2002] builds on

ideas of 2QQ and shows slight improvements over LRU in certain scenarios.

2.1.6 Adaptive Replacement Cache

The Adaptive Replacement Cache (ARC) shows improved performance
over LRU for certain applications by keeping track of both the most recently
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used and most frequently used items [Megiddo and Modha, 2003]. It also
tracks the eviction history for both sets, the sizes of which are smaller than
that of the cache and must be configured. See [Megiddo and Modha, 2004]
for a comparison of ARC with several other caching algorithms. For a good

survey of different categories of caching algorithm see [Zebchuk et al., 2008].

2.2 Traveling Salesman Problem

2.2.1 Variations of the TSP

The traveling salesman problem (TSP) is a famous and classic problem that
has fascinated researchers for over a hundred and fifty years. It has generated
enormous attention from algorithms experts seeking a testing ground for their
optimization strategies. The TSP has been formulated in numerous ways, in
various numbers of dimensions, and using different types of constraints. Some
of the variants that have been formulated and studied include: MAX TSP, bot-
tleneck TSP, TSP with multiple visits (TSPM), Messenger problem, Clustered
TSP, Generalized TSP (GTSP), m-salesmen TSP, Time dependent TSP, Pe-
riod TSP, Delivery man problem, Black and white TSP, Angle TSP, Film-copy
Deliverer problem, Selective TSP, Resource constrained TSP, Serdyukov TSP,
Ordered Cluster TSP, Precedence constrained TSP, k-Peripatetic Salesman
Problem, Covering Salesman Problem, TSP with time windows, Moving target
TSP, Remote TSP, Distances one and two, and asymmetrical distance matri-
ces. There are many more. For a comprehensive treatment of some of the most

important variations of the TSP, consult [Punnen, 2007] and [Worboys, 1986].

2.2.2 Applications of the TSP

Although solving the TSP has considerable theoretical importance, this
problem also has many concrete and practical applications. Apart from the

obvious task of routing a salesman through a given number of cities cover-
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ing the shortest distance, there are applications of the Traveling Salesman
Problem to be found in biology, astronomy, health care, construction, indus-
trial manufacturing, and the arts. Some of the applications of the TSP in-
clude: Machine Scheduling, Cellular Manufacturing, Arc Routing Problems,
Frequency Assignment, Structuring of Matrices, Data analysis in psychology,
X-Ray crystallography, Overhauling gas turbine engines, Warehouse order-
picking problems, and Wall paper cutting. See [Cook, 2011] for a fascinating

discussion of many of the most common applications of the TSP.

2.2.3 Defining the TSP

The Traveling Salesman Problem, in its simplest form, can be stated as
follows: given n nodes in some space having k dimensions, determine a closed
path of minimal cost that visits each node exactly once. Costs are typically
given by some distance value d; jy for each pair (i, j) of distinct nodes, hence
the cost of the minimal length salesman tour would be the sum Xdy ), of the
distances along the tour. Since the distances are known, or at least are easy
to determine, then solving the problem amounts to determining the function
o : {l.n} — {1..n} which gives the ordering of nodes to visit corresponding
to such a path.

The Metric TSP can be defined as follows. Given a graph with weights
assigned to the edges, find a minimum weight tour that visits each vertex at
least once. This is called metric TSP because it is equivalent to solving the
original TSP (without revisiting vertices) on the “metric completion” of the
graph. By metric completion, we mean that we put an edge between every
pair of nodes in the graph with length equal to the length of the shortest
path between them. The shortest path function on a connected graph forms
a metric. A metric is an assignment of length to every pair of nodes, u,
v, and w, such that d(u,y) >= 0, d(u,v) = 0if fu = v, d(u,v) = d(v,u),
d(u,v) <= d(u,w) + d(w, v).

The Euclidean TSP is a special case of the Metric TSP and can be defined
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as follows. Given n points in the d-dimensional Euclidean metric space (for
some fixed d), find a minimum length tour that visits them all. The points are
typically taken from R? and the metric used is typically the I, norm, although
higher dimensions may be used (i.e. R¢ where d > 2) and other norms are

possible (i.e. I, for other values of p).

2.2.4 Complexity of the TSP

Although it is simple to define, the Traveling Salesman Problem is consid-
erably difficult to solve. Papadimitriou showed that exact optimization is NP-
Hard in [Papadimitriou, 1977]. It has been shown that approximating the op-
timum within any constant factor is also NP-Hard [Sahni and Gonzalez, 1976],
[Vazirani, 2001]. Trevisan has shown that the Euclidean TSP becomes MAX-
SNP-hard in O(logn) dimensions [Trevisan, 1997].

2.2.5 Heuristic Approaches to the TSP

There exist a number of solution heuristics for the TSP. Although, as op-
posed to algorithms, heuristics provide no guarantees on solution quality or
run time bounds. Perhaps the simplest heuristic for finding a short tour of a
set of points is through trial and error, i.e. generating some number of differ-
ent tours, calculating the length of each, and keeping the shortest one found.
However, since the space of possible tours grows as the factorial of the number
of cities, any trial and error approach that stops after having considered a con-
stant and fixed number of tour candidates will have progressively decreasing
solution quality performance as the number of cities grows.

For this reason heuristics for solving the TSP often perform what is known
as hill-climbing, wherein the vast space of solutions is viewed as a landscape
one can traverse via local search. One way to perform local search when solv-
ing the TSP is to perform k-opt moves. A k-opt move selects k edges in the
candidate TSP tour and looks at all possible ways of reconnecting the vertices

directly accessed by these edges that still results in a valid tour. If a shorter
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tour is formed by reconnecting these vertices differently, then this new tour be-
comes the current candidate tour, otherwise that given k-opt move leaves the
candidate tour unchanged. This process of considering “neighboring tours”
continues until some stopping criteria has been met, which is typically either
a distance threshold, a predefined number of trials, or a predefined run time
threshold. There have been many strategies devised for solving the TSP that
fall under the rubric of local search heuristics. For a good survey of some
of the most popular probabilistic techniques see [Greco, 2008], which include
genetic algorithms, bio-inspired algorithms, Ant Colony Optimization (ACO),
Evolutionary Computing, Particle Swarm Optimization (PSO), and Neural
Networks. Dorigo gives an in depth survey and history of Ant Colony Opti-
mization in [Dorigo and Stiitzle, 2004], and he places ACO in the context of
other probabilistic approaches. An advantage to these techniques is that with
the proper tuning of their algorithmic parameters, they are often able to solve
many problem instances quickly. It remains challenging, however, to establish
their algorithmic complexity and provide tight and consistent solution quality
bounds, since they are sometimes subject to getting trapped in suboptimal

minima.

2.2.6 Algorithmic Approaches to the TSP

In the category of algorithmic approaches to the TSP, the Nearest Neighbor
algorithm is one of the simplest approaches. It starts at a given city and at
every step adds the nearest city to the most recently added city. As such it is
a greedy algorithm. The problem with this approach is that the final city is
often very far from the original city. As a result this algorithm rarely finds a
shortest-possible solution, and it is easy for an adversary to construct a TSP
instance for which the nearest neighbor algorithm chooses a tour that is much
longer than the optimal tour. The worst-case guarantee of nearest neighbor is
1+ log(n)/2 times the cost of an optimal tour for an n-city TSP.

Another greedy approach is to grow separate subpaths by adding the short-
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est edge to one of the subpaths at every step. Like with nearest neighbor, one
can begin with any city. This strategy allows for slight variations on how
successive cities are chosen. However, despite numerous attempts to improve
its performance in handling certain particularly hard instances, the worst-case
guarantee of this algorithm is 1/2+log(n)/2 times the optimal tour length for
instances that satisfy the triangle inequality. Thus, it is a slight improvement
over nearest neighbor.

There are a variety of different insertion algorithms, i.e. algorithms that
grow a tour by starting with a complete tour of just three points and adding
points using some selection policy. Some popular selection policies are cheap-
est, nearest, farthest, and random. Using this mechanism the tour grows until
it includes all of the instance points. Cheapest and nearest insertion have been
shown to produce tours no worse than twice the length of optimal solutions
when the triangle inequality holds.

Another well-known algorithm for solving the TSP is to determine the
minimum spanning tree (MST) of the instance points, then perform a depth-
first-search traversal of the tree. This algorithm guarantees that the resulting
tour is never longer than twice the length of the MST, and the length of the
MST is always less than the length of the optimal tour.

In addition to tour growing algorithms, there are also tour improvement
algorithms. A notable family of such algorithms is due to Shen Lin & Brian
Kernighan [Lin and Kernighan, 1973], and it starts by selecting an initial tour,
then it makes a number of adjustments, known as k-opt moves. A k-opt move
considers k edges at a time and, for a given set of k edges determines the best
way to connect the vertices. Using k-opt moves is the same technique for it-
eratively improving tours that was discussed above in the context of heuristic
solution techniques, except that in this case all possible k-opt moves are at-
tempted until no further improvements have been found. The Lin-Kernighan
and the family of algorithms later developed due to Lin, Kernighan, & Hels-
gaun, all rely on a fundamental result, which is that an optimal tour will never

cross itself [Flood, 1956]. Implementations have been developed for k = 2 up
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to k = 10, and one of the most recent ones was able to solve a 24,978-city
instance to optimality.

Finally, the algorithm with the best solution quality guarantee is due to
Christofides, who designed an approximation algorithm that runs in polyno-
mial time and for every instance of the metric TSP computes a tour of cost at
most 3/2 times the optimum [Christofides, 1976].

Christofides’ algorithm solves the TSP by creating a minimum spanning
tree of the input points. It then finds a perfect matching with minimum weight
in the complete graph over the vertices that have odd degree. It combines the
edges from the perfect matching with those of the minimum spanning tree
to form a multigraph. It then forms an Eulerian circuit in that multigraph.
Finally, the algorithm finds the salesman tour of the original points by skip-
ping visited nodes in the Eulerian circuit. For a good comparison of empir-
ical results arising from different approximation algorithms to the TSP, see

[He and Xiang, 2017].

2.2.7 Concorde

Perhaps the most successful of all known implemented TSP solution meth-
ods, indeed the one adopted by the Concorde implementation (considered by
many to be the current state-of-the-art of TSP solvers), is linear programming.
There exists an enormous amount of research concerning these methods. For
a good survey of the prominent LP methods, consult [Cook, 2011]. The Con-
corde TSP Solver is a software implementation, written in C, using an ensemble
of linear programming strategies aimed at finding upper and lower bounds on
the optimal tour lengths of TSP instances. It is able to generate tours us-
ing those bounds, and has been able to find the optimal tour to the entire
TSPLIB collection. The solver has also been applied to problems like vehicle
routing, protein function prediction, gene mapping, others having computa-
tional difficulty germane to the TSP. The Concorde solver has indeed produced

formidable results in solving the traveling salesman problem. Nevertheless the



21

parameters dictating its operation are numerous, and for certain configura-
tions of Concorde there are TSP instances that have shown themselves to be
particularly difficult or not possible to be solved. Despite producing remark-
able empirical results, this solver exhibits considerable variability in run times,
owing to the fact that certain TSP instances are much harder than others. At
present we are unaware of any proven guarantees on the run time needed by
Concorde to produce a tour having a degree of optimality under some chosen
threshold. An in depth treatment of its capabilities and the concepts under-
lying its construction can be found in [Applegate et al., 2006].

2.2.8 Arora’s PTAS

Arora showed a non-deterministic (1 + €)-approximation with n®0/¢) run-
ning time, which he later improved to n(logn)°®/9, for the geometric TSP
[Arora, 1998]. This algorithm computes a salesman tour of length no more
than (1 + €) times the optimal salesman tour length with probability %, inde-
pendent of €. The run times depend on €, but for each fixed € the run time is
polynomial in the input length. Arora’s algorithm can be made to work de-
terministically, although this increases the run time by a factor of n®® with
respect to the non-deterministic approach?. Arora’s seminal result proves that
a polynomial run time algorithm can generate tours that can be made arbi-
trarily close to the optimal length, although his algorithm exhibits a crucial
aspect of many approximation techniques, which is that run time and memory
requirements increase dramatically as e decreases. His techniques also extend
other problems, such as Minimum Steiner Tree, k-TSP, k-MST, and several
other Euclidean optimization problems. Mitchell shortly thereafter published
a similar algorithm in [Mitchell, 1999]. Although unlike Arora’s algorithm,
Mitchell’s algorithm does not scale to work with metric spaces having higher

dimensions and does not extend to other Euclidean problems.

2Note that the implementation we present in chapter 3 uses the non-deterministic ap-
proach, which accounts for the variability in solution quality encountered in our empirical
results.
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Survey of Known Implementations

Much research concerning Arora’s algorithm has remained at the theoret-
ical level, and few attempts have been made to implement Arora’s algorithm
into a robust, practical tool. We are aware of two such cases. Zhao et al.
[Zhao Weizhong and Daming, 2007] produced a Java implementation and con-
ducted a cursory study of the effect of varying a few of the algorithm’s main
parameters. However, it remains unclear what capabilities their solver has,
because empirical results are given for only three of the smallest of problem
instances found in the TSPLIB, namely ulysses16, ulysses22, and eil51. They
varied four of the parameters associated with Arora’s algorithm, but obtained
results ranging from 2% to 40% of optimality, and their run times vary greatly.

Rodeker et al. [Rodeker et al., 2009] produced a C++ implementation
of Arora’s algorithm and compared the performance of their implementation
with that of the Concorde solver, as well as several well-known algorithms,
such as Greedy, Nearest Neighbor, and Lin-Kernighan. They appear to have
managed the increasing memory requirements inherent in Arora’s dynamic
programming algorithm, although the largest instances their solver appears
to be able to handle are around 200 points, with high variability in solution
quality as measured in percentage of optimality, and high variability in run

times.

2.3 Conventions & Notation

2.3.1 Pseudocode Listings

In all pseudocode algorithm listings herein, unless otherwise stated we as-
sume that sequences, lists, and arrays have indices that start with zero, as
they do in contemporary programming languages. We adopt the <— symbol to
denote variable assignment, and the operator = to denote the test for equality.
In all algorithm listings we also assume that invalid inputs, eg. array indices

out of bounds, are handled properly, and we omit such error handling logic
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from our exposition of the algorithms discussed herein.

2.3.2 Cache Replacement Policies

Unless otherwise stated we generally use n to refer to the problem instance
size with respect to some optimization problem P, and we assume CJ refers to
the cache size used with respect to some cache replacement strategy S. When
the cache replacement strategy is irrelevant to the given context, the subscript

is omitted and we simply use C' to represent the cache size.

Definition 2.1

e A cache miss happens when a memoized procedure consults the cache and
does not find the desired key therein.

e Mg (P) denotes the number of cache misses encountered when solving problem
P using cache replacement strategy S. The subscript is omitted if the caching
strateqy is irrelevant to the conjecture in question.

o We let C’(P) denote the critical cache size for problem P, which is the
smallest cache size for which the only cache misses that occur when solving P
are those not due to eviction of previously inserted keys.

o We let M(P) denote the critical cache misses, which is the minimum

number of cache misses that arise when solving P. It follows that when C(P) >

C(P), then Mg(P) = M(P).

An intuitive perspective on the notion of the critical cache misses is that it is
a measure of how many total subproblems are encountered when solving P.
As such it can be a convenient metric when attempting to establish the run
time complexity of a memoized procedure, given that the base case is usually
completed in O(1) time. Likewise the critical cache size lets us know how much
memory would be needed to solve a problem such that every subproblem is
able to be stored in memory. This is why these two metrics omit mention of

a cache replacement strategy, S.
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Total cache misses versus cache hit ratio

When characterizing caching algorithm performance, sometimes a useful
metric is to normalize the number of cache misses occurred by taking into
account how many cache hits occurred as well. The is called the cache miss
ratio. In the results we present, we are sometimes interested in the total
number of cache misses as a function of cache size, and sometimes interested
in the number of cache misses as a function of problem size. This is because in
addition to showing that our algorithms produce fewer cache misses than LRU,
we also want to demonstrate the effect of modifying the memoized functions

themselves in order to achieve improved cache miss performance.

2.3.3 Approximation Algorithms

In this section we intend to establish the terminology for evaluating the
results of approximation algorithms, the five categories in Gary & Johnson
[Garey and Johnson, 1979] and specify what is the case for TSP with and
without triangular inequality. Five categories: Ry.;,(I1) = 1 with difference
guarantee; Ry, (II) = 1 fully polynomial scheme; R,;,(II) = 1 polynomial
scheme; 1 < Rin(IT) < 00; Rypin(IT) = o00.

In order to discuss the results of approximation methods®, a measure of
solution quality is needed. For our purposes, solution quality is measured by
determining the difference in length between the obtained solution and the
optimal solution. We use OPT(I) to denote the quality associated with an
optimal solution for a given problem, and ALG(I) to denote the quality pro-
duced by the approximation algorithm under consideration. Ideally we would
like to provide a guarantee that ALG(I) <= aOPT(I) where a >= 1 and « is
as close to unity as possible. The I above denotes any instance of the optimiza-
tion problem being solved. In this context, we refer to a as the approximation

factor. Often approximation factors are stated as percentages. For example,

3See [Hochbaum and Hochbaum, 1997] for a comprehensive survey of approximation al-
gorithms for optimization problems.
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if we solve a problem instance for which ALG(I) = aOPT(I) where o = 1.05
then we say we've solved instance to within 5% of optimality*. Approximation
factors may depend only on some constant factor inherent in the approxima-
tion algorithm being used. In this case we represent the approximation factor
as & = (1 +¢€) where € > 0 . In the case of a (1 + €)-approximation algorithm,
we call such an algorithm a polynomial time approximation scheme, PTAS.
If an algorithm is polynomial in n and 1/e then we call such an algorithm a
fully polynomial time approximation scheme, FPTAS. This is one of the best
scenarios for approximation algorithms. Other less favorable situations exist
where the approximation factor, a , may be some function of n, where n is
the size of the instance. Note that Arora’s algorithm is a PTAS and not a
FPTAS, since it is not polynomial in 1/e.

4In the research surrounding strategies for solving the TSP, one finds both styles of
expressing the degree of optimality obtained. We opted for the style found in Gary &
Johnson, since it seems to be present across discussions of a variety of problem types.
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CHAPTER 3

FAR FROM RECENTLY
USED (FFRU) CACHE
REPLACEMENT

Veritatis simplex oratio est. (The

language of truth is simple.)

Seneca — FEpistulae morales ad

Lucilium

In this chapter we present a novel caching algorithm and analyze its perfor-
mance. Since our caching algorithm is built as an extension of cuckoo hashing,
we present the results from experiments done on cuckoo hash tables in order
to quantify the average number of probes per insertion. These results inform

our run time analysis of insertions with FFRI & FFRU.

3.1 Far From Recently Inserted (FFRI)

In this section we discuss the basic framework for FFRI and FFRU caching
and present a caching algorithm that always evicts a not-recently-inserted

item. In FFRI caching, an item’s timestamp is set when it is inserted and is
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not updated on subsequent references. Items and their timestamps are stored
in a cuckoo hash table. We define the following parameters for FFRI and
FFRU caching.

Definition 3.1

e N is the table size, i.e. the total number of memory locations able to hold
an item. This is not the same as capacity (see load factor below).

e k is the number of cuckoo tables allocated. Note that N is some multiple of
k.

o v < N is the number of distinct timestamps. Fvery active cache item has a
timestamp t € {0,...,xk — 1}.

e 1 < d < Kk is the number of “recent” timestamps.

e a denotes the timestamp update threshold factor, such that alN is the maxi-
mum items per timestamp. We require alN to be an integer.

e S, is the number of items having timestamp t, i.e. we maintain item counts
for all timestamps.

e « is the load factor, i.e. the ratio of occupied table slots to the total number
of table slots; (1 — )N table entries are unoccupied.

e ¢ is the freshness factor; the oIN most recently inserted data items are still

i the table.
The memory needed for administering the timestamps is:
Nlogs(K) + ck (3.1)

Where c is the size of integers used for each of S;. We describe how FFRI

caching works by discussing its behavior for different choices of d.

3.1.1 Cuckoo Clock Caching

We begin with the simplest scenario, namely when d = k — 1, the highest
valid value for d. In this case the assignment of successive timestamps is

sequential mod k. At time ¢, locations with timestamp (¢ + 1) mod & are
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considered to be available, in that new items can be stored there, possibly
evicting an item if the given table slot is already occupied. When S; reaches
aN, the time changes to (t + 1) mod . This new timestamp has the fewest

entries.

3.1.2 Drunken Cuckoo Clock Caching

Another special case is when d = 2, it’s lowest valid value. In this case
the choice of which successive timestamp is to be considered the current one
is not sequential. We must now keep track of the previous time, s, as well
as the current time, ¢. Locations with any timestamp other than s or t are
considered available. When S; reaches a/N, we let s =t and we assign t to be
the timestamp with the fewest entries. Note that this is the same as d-Drunken

Cuckoo Caching with d = 2.

3.1.3 d-Drunken Cuckoo Caching

This is the general case, namely when 2 < d < k — 1. The assignment of
successive timestamps is not sequential. We maintain a queue of the d most
recent timestamps, which includes the current timestamp ¢. Locations with
any timestamps other than the d most recent are considered available. When
S; reaches alN, we discard the oldest timestamp in the queue, and we assign ¢

to be the timestamp with the fewest entries.

3.2 Far From Recently Used

3.2.1 FFRU Absolute

In this section we explain how to modify FFRI to evict an item that was
not recently used, where recency is measured by number of operations since
the item was used (call this the time-recency). An item’s timestamp must

be updated whenever it is referenced.
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In order for FFRI/FFRU to work correctly it is necessary that each recent
timestamp be assigned to exactly N/k items. When an item in the table
with timestamp i is referenced and its timestamp is updated, S; decreases to
N/k — 1. If i is one of the recent timestamps, we rectify this situation by
choosing a pseudorandom item with a non-recent timestamp and changing its
timestamp to 7. To choose the pseudorandom item, we can employ a strategy
inspired by linear probing as follows. Suppose that the item referenced has
key x and it was hashed using hash function f; into cuckoo hash table j, i.e.,
the item is in position f;(z) in table j. Then we look in position f;(x) in all
of the tables except j for a cell that is currently available. If we find one, then
we change its key to i. If we don’t find one then we look in position f;(z) +1
mod N/k, and so on, as with linear probing. Note that the value of f;(z) does

not need to be recomputed.

3.2.2 FFRU Relative

Given the definition of FFRU Absolute just discussed, suppose hypotheti-
cally that a single item was referenced many times in a row. That would make
all other items non-recent and therefore fair game for eviction. In some situ-
ations we would prefer to preserve a number of most recent items regardless
of how many operations occurred after they were referenced. We call this the
item-recency.

Suppose that we are preserving the d most recent timestamps. This is the
most general case. If an item with one of the [d/2] most recent timestamps
is referenced then we don’t update its timestamp. If an item with one of
the other |d/2] of the d most recent timestamps is referenced, then we do

1

update its timestamp. The resulting item-recency and time-recency are s of

2
the recency obtained by FFRU Absolute.
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Table 3.1: Constraints on k, d, and a.

Variant FFRI and FFRU (Absolute & Relative)
Cuckoo
Clock Caching l/k<a<l1l/(k—1)
Drunken Cuckoo
Clock Caching I/k<a<1/2
d-Drunken
Cuckoo Caching 1/k<a<1/d

Table 3.2: Performance guarantees.

Variant ~ FFRI & FFRU Absolute FFRU Relative
Cuckoo a<(k—1)a a<(k—1)a
Clock
Caching ¢ > (k—2)(ka—1) ¢ > %2”“_1)
Drunken a<2a a<2a
Cuckoo
Clock
Caching § > mact o> go-t
d-Drunken o <da o <da
Cuckoo
. (d—1)(ka—1) (d—1)(ka—1)
Cachlng QZS Z I — QZS 2 W

3.3 Parameter Constraints & Performance

Guarantees

Table 3.1 lists the parameter constraints that all versions and variants
thereof must satisfy, and table 3.2 lists the performance guarantees provided
by each version and variant. We must choose N, k, d, and a such that ¢ > 0,
otherwise undefined behavior results. When d = k—1, the largest cache size for
which ¢ < 0is N = kd. When N < kd and N mod x = 0 then ¢ = 0, because
all timestamp counts become equal when the cache is full. For certain cache
sizes when N < kd, we sometimes find ¢ < 0. The smallest such case is N =4,
k =3, d = 2, which yields ¢N = —1. Under this configuration, alN = 1, and
a point is reached when there are three items in the cache and all timestamp

counts are 1. When the fourth item is inserted, if a collision occurs the cache
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eviction policy tries to find a candidate for eviction, despite the cache not
being full. No eviction should be warranted, but it attempts eviction anyway,
because the current timestamp has count equal to a/N. However, all the other
timestamp counts equal alV, so the eviction attempt has undefined behavior.
Therefore, the freshness guarantees risk being compromised again and the load
factor suffers as well. Therefore when N < kd and ax < 1 then ¢ < 0, because

all timestamps become equal but the cache doesn’t reach capacity.

3.4 Run Time Analysis

In this section we examine the run time analysis of FFRI & FFRU. The
underlying storage data structure used with FFRI & FFRU is cuckoo hash-
ing. Cuckoo hashing was originally presented in [Pagh and Rodler, 2004]. The
storage for a k-ary cuckoo hash table having size NN is divided into k separate
tables. For each table j € {1, ..., k} the hash function, f;(z) mod N/k, deter-
mines the position that key x would occupy if placed in table j. We denote
the position of key x in table j by

pi(x) = f;(z) mod N/k (3.2)

On insertion key z is placed into one of the k tables. If none of the k positions
p;(x) is available, then we choose one of these positions and replace the existing
key, x’, with key x. The displaced item, key 2, is placed into one of the other
k—1 tables, in position pj (2’). If none of those positions is available the process
continues, thereby causing a series of item displacements until every key has
found a position. The number of memory accesses, i.e. probes, needed for
inserting a key depends on how many item displacements, as just described,
occur before every item is hashed into one of its k£ possible positions. The
advantage of this insertion strategy is that on retrieval of key =z, it is guaranteed
to be found in exactly one of the j < k positions p;(x). In other words no
more than k probes are ever required to locate an item (or to determine that

it is not in the table).
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The method just described used by cuckoo hashing for determining a ta-
ble position is a type of closed hashing. Linear probe hashing, when im-
plemented using closed hashing, is known to require on average 1/(1 — «)
probes per insertion, where « (the load factor) is the fraction of table full
[Cormen et al., 2009]. When analyzing the insertion time of k-ary cuckoo hash
tables, [Fotakis et al., 2003] determined using empirical evidence that as k in-
creases, there is a threshold load factor, a, at which the average number of
probes per insertion begins to increase quickly.

In order to determine how long insertions take using cuckoo hashing, we
conducted two experiments inspired by [Fotakis et al., 2003]. We wish to ana-
lyze the number of probes required to insert an item into a k-ary cuckoo hash
table. In the following sections we describe two procedures which we use to

generate empirical data about the average number of probes per insertion.

3.4.1 Average Probes per Insertion into Cuckoo Hash

Tables with Deletions

Algorithm 1 describes the procedure by which we measured the average
number of probes per insertion into a k-ary cuckoo hash table with using
deletions. As with the previous method we accumulate the results across all
trials, and we obtain the average afterwards. Similarly we initialize a new
hash table before every trials, and we stop collecting probe counts above a
threshold when the number of probes exceeds the cache size, N. Within the
loop involving deletions followed by insertions, the load factor is o = j/N,
just as it is within the innermost loop in Algorithm 2.

Figure 3.1 shows the average number of probes per insertion when N =
4096, k = 4, max_trials = 100, and max_iterations. The asymptote at
a = 97% is shown, because [Fotakis et al., 2003] reported this threshold for
k = 4. We re-scale the x-axis as 1/(0.97 — «) and use log-log regression to
determine y = b + muz, yielding m ~ 0.73, b ~ 0.53 (figure 3.2). We find

the smallest ¢ such that for all x in our empirical data, ¢ 4+ 1/(0.97 — «) is
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Table 3.3: Number of timestamps that are inspected.

Variant FFRI and FFRU (Absolute & Relative)
Cuckoo Clock Caching 1
Drunken Cuckoo Clock Caching K—2
d-Drunken Cuckoo Caching k—d

Table 3.4: Average Run Time for Insertions using 4 Cuckoo Tables.

Variant FFRI and FFRU (Absolute & Relative)
Cuckoo
Clock Caching 0.05 + go7—(e=17a
Drunken Cuckoo
Clock Caching 0.05 + m
d-Drunken
Cuckoo Caching 0.05 + m

greater than the measured average number of probes per insertion, yielding
¢ ~ 0.05 (figure 3.3). Figure 3.4 shows the hypothesized bound with the

original empirical data.

Observation 3.1 When N = 4096, using a cuckoo hash table with k = 4,
the average number of probes per insertion when deletions are supported is less

than 0.05+ 1/(0.97 — «).

Table 3.3 shows the number of timestamps that must be checked every time
the current timestamp must be changed, although this occurs so infrequently
that it has a negligible effect on the average run time of insertions. Given
the bound found above, we can now provide in table 3.4 the average run
time formulae for all three versions and all three variants. For the analysis
of retrievals we assume 4-ary cuckoo hash tables, which have 2.5 probes in
the expected case. FFRU incurs a degradation as shown in table 3.5 due to
the possibility of having to adjust timestamps as described in the preceding

sections.



Table 3.5: Average Run Time for Retrievals using 4 Cuckoo Tables.

FFRI FFRU (Absolute & Relative)
Cuckoo
Clock Caching 2.5 2.5+ m
Drunken Cuckoo
Clock Caching 2.5 2.5+ -
d-Drunken
Cuckoo Caching 2.5 2.5+ 1_1da
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Algorithm 1 Procedure to measure average # of probes per insertion using

a k-ary cuckoo hash table with deletions

Input: N, k, max_trials, mazx_iterations

Output: pu, the average # of probes per insertion as a function of «
1: procedure AVE — PROBES(N, k, mazx_trials, mazx_iterations)
2: for j < 0 to N do

3: total_probes[j] < 0
4: total_insertions[j] < 0
5: maz_insertions <— N
6: while j < maz_insertions do
7 num_trials < 0
8: while num_trials < max_trials do
9: Initialize a k-ary cuckoo hash table having N empty entries and o = 0.
10: Insert j random keys into the hash table.
11: 140
12: while i < max_iterations do
13: Delete a randomly chosen key from the hash table.
14: Insert a new random key into the the hash table.
15: Measure the probes for this insertion as num_probes.
16: total _probes[j] < total_probes[j] + num_probes
17: total_insertions[j] < total_insertions[j] + 1
18: if num_probes > N and maz_insertions = N then
19: mazx_insertions <— j
20: 14—1+1
21: num_trials <— num_trials + 1
22: jg+1
23: [4 < new associative array
24: for j < 0 to max_insertions do
25: INSERT (1, (cj — total_probes|j]/total insertions[j]))

26: return p
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3.4.2 Average Probes per Insertion into Cuckoo Hash

Tables without Deletions

Algorithm 2 describes the procedure by which we measured the average
number of probes per insertion into a k-ary cuckoo hash table without using
deletions. We use two arrays, total_probes and total_insertions, to accumulate
the results across all trials, and we obtain the average afterwards. Before every
trial we initialize an empty k-ary cuckoo hash table. The value max_insertions
represents the highest load factor, o = max_insertions/N that we deem fea-
sible. If in any trial the number of probes needed for an insertion exceeds the
cache size, N, then we cease to obtain probe counts for higher load factors, as
the conditional statement on line 17 accomplishes.

By similar data analysis techniques as in the previous section we find a
bound on the average number of probes per insertion when no deletions are
involved. Since FFRI and FFRU perform evictions, this bound does not inform
the run time analysis of FFRI and FFRU in the preceding section, although it
shows that a difference occurs when the average number of probes per insertion

is measured when only insertions and updates are performed.

Observation 3.2 When N = 4096, using a cuckoo hash table with k = 4, the
average number of probes per insertion when deletions are not supported is less

than 0.05+1/(0.98 — a).
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Algorithm 2 Procedure to measure average # of probes per insertion using

a k-ary cuckoo hash table without deletions
Input: N, k, mazx_trials

Output: pu, the average # of probes per insertion as a function of «

1: procedure AVE — PROBES(N, k, maz_trials)
2: for j < 0 to N do

3: total_probes[j] < 0
4: total _insertions[j] <+ 0
5 num_trials < 0
6 max_insertions < N
T while num _trials < max_trials do
8 Initialize a k-ary cuckoo hash table having N empty entries and o = 0.
9 7«0
10: while j < maz_insertions do
11: key < random value
12: if key is not in hash table then
13: Insert key into hash table
14: Measure the probes for this insertion as num_probes.
15: total_probes[j] < total_probes[j| + num_probes
16: total insertions[j] < total_insertions[j] + 1
17: if num_probes > N and maz_insertions = N then
18: max_insertions < j
19: Jg+1
20: num_trials < num_trials + 1
21: [ < new associative array
22: for j < 0 to max_insertions do
23: INSERT (p, (oj — total_probes|j]/total_insertions[j]))

24: return u
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CHAPTER 4

VERIFYING FFRU’S
PERFORMANCE
GUARANTEES

Gutta cavat lapidem, non vi sed
saepe cadendo. (A water drop
hollows a stone, not by force but by

falling often.)

Ovid

In this chapter we report empirical evidence to substantiate the cache
miss performance of FFRI and FFRU. Our expectation is that FFRU always
evicts an item having recency no less than ¢/N. Furthermore, when LRU and
FFRU are configured to provide equivalent recency guarantees, memoizing
with FFRU should incur fewer cache misses than with LRU. In order to give
support to these claims we employ two approaches.

The first approach is to perform a fixed sequence of cache operations on
both LRU and FFRU. While performing these operations we log the items that
are evicted and analyze this eviction log. In the analysis of the evicted items

we compute the recency of each eviction, in order to verify that every evicted
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item has recency greater than or equal to ¢ N. This approach is discussed in
section 4.1.

The second approach is to solve a variety of memoized optimization prob-
lems using both LRU and FFRU. We repeatedly solve a given problem with
varying cache size or with varying problem size. For each trial we record
the number of cache misses incurred, in order to verify that FFRU incurs no
greater cache misses than LRU when the two are configured with equivalent

recency guarantees. This approach is discussed in sections 4.2-4.5.

4.1 Veritying Recency Guarantees for Fixed

Operation Sequences
A fixed operation sequence is a list of tuples having the form:

operationy, key
operations, keys

( )
( )
(operations, keys)
( )

operationy, keyy

Where an operation is either an insertion or a retrieval on a caching module. A
fixed operation sequence can be performed on a given caching module with the
objective of recording when each cached item is evicted. Once all operations
are performed and the corresponding eviction log is obtained, we can analyze
this log to obtain for each evicted item its relative and absolute usage ages.
Across any given range of operations the minimum eviction age should be
at least ¢/N. Using a logged sequence of insertions, accesses, and evictions,
a separate cache analysis module maintains absolute timestamps for every
operation (something FFRU does not maintain), so that it can compute the

absolute eviction age of every evicted item. Additionally, the cache analysis
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module maintains a priority queue of all items currently in the cache, in order
to compute the relative eviction age of every evicted item.

The recency bound specified above holds true for both the absolute and
the relative versions of FFRU. With Absolute FFRU the lower bound on ¢
determines the minimum time recency of any eviction, which is the difference
between the most recent absolute timestamp when the evicted item was han-
dled and the current absolute timestamp (if absolute timestamps were being
tracked). With Relative FFRU the lower bound on ¢ determines the mini-
mum item recency of any eviction, which is the number of items still in the
table that have been handled more recently than the evicted item. Given this
distinction between relative and absolute eviction age, LRU can be defined as
always evicting the item having greatest relative usage age.

The second approach by which we may surmise the performance of a
caching module is to solve memoized problems and observe the cache miss
behavior with various cache size/problem size scenarios. With LRU the min-
imum eviction age is known by definition to be N, i.e. the size of the LRU

cache. With FFRU caching instead we have the expression:
¢N > N(d—1)(ka—1)/(k — d) (4.1)

which tells us how many of the items still in the cache are guaranteed to be
recent. Therefore, if we configure FFRU, via appropriate values for x and
d, to provide for similar performance guarantees to a given LRU cache, then
we would expect that the cache misses from the former module would remain
within a constant factor of those from the latter. In the rest of this chapter,
we study the cache performance of several memoized algorithms when using
LRU and when using the variants of FFRU cache replacement policies with
intention of confirming that claim.

In the following sections we observe that in practice the recency and load
factor guarantees are respected when FFRU is used to solve the below men-

tioned memoized optimization problems.
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4.2 Fibonacci

With the Fibonacci versions we benefit from having predictable access
patterns, which allows us to realize a couple of notable cache performance
improvements. We consider several variants on the classical formulation of the
Fibonacci algorithm, which make two recursive calls at every level of recursion.
We explore the effect of varying the order of recursive calls and of decreasing
the problem size, in terms of its effect on the critical cache size and on its

effect on cache misses as a function of problem size.

4.2.1 Version 0

We begin by analyzing the original version of Fibonacci. Algorithm 3
shows Fibonacci version 0A, which handles the larger subproblem first. This
means that all of the recursive calls needed to satisfy the n — 1 case must be
completed before recursive call for the n — 2 case begins, because we assume
these procedures are executed on a single processor thread. We measure the
cache misses of version 0A and note that only three values are needed to be

stored before affecting the cache misses.

Observation 4.1 When C > 2, for all positive n, Mpry(Foa(n)) =n+1. It
follows that, C’LRU(FoA) =3 and M(FoA(n)) =n+1.

This observation is obtained by solving a given problem size repeatedly using
increasing cache sizes and recording the cache misses that occur after each
trial. Given the access pattern of variants of our version 0 of the Fibonacci
algorithm, we note that nothing is gained by caching more than three values
at a time using LRU. However, when the cache size is reduced by just one
item, the performance changes notably. A corollary to this observation is that
any cache replacement policy which provides for a minimum relative eviction
age of 3 will incur the same number of cache misses as noted here, a point
which will help us show that the performance guarantees of our FFRI/FFRU

implementation are met.
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Observation 4.2 When C' =2, n > 3, Mpry(Foa(n)) = Mpry(Foa(n—1))+
Mpru(Foa(n —4)) 4+ 2, with initial conditions Mpry(Foa(1)) =1,
Mpru(Foa(2)) = 3, Mpru(Foa(3)) =5, Mpru(Foa(4)) = 8.

This observation points out that the growth of the number of cache misses
can be expressed by the recurrence relation f, = f,_1 + fn_4 + 2, with ini-
tial conditions f; = 1, fs = 3,f3 = 5, f = 8. This is a non-homogeneous
linear recurrence relation having constant coefficients, and as such it can
be solved by symbolic differentiation. Given that this polynomial has sev-
eral non-trivial roots, we obtain an approximate solution by evaluating at
www.wolframcloud.com the Wolfram language expression given in the list-
ing below, and we take the largest summand of the returned result.
N[RSolve [
{

f[n]

f[1]

f[2]

f[3]
f[4]

+ f[-1+n] + f[-4+n],

2
1
3,
5
8

fn]
1,

1,501

Listing 4.1: Wolfram language to solve recurrence relation

We then use this strategy to formulate the following conjecture.

Observation 4.3 When C = 2, n > 1, Mpry(Foa(n)) = round(ab™ — 2)
where a ~ 2.63 and b ~ 1.38.

We verify this observation for large n and find that it converges exponentially

fast, as the smaller terms become negligible.
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Observation 4.4 When C < 2, for all positive n, M (Fya(n)) = 2F(n+1)—1.

When we cache less than 2 values we notice the above pattern in the cache
misses. This observation holds regardless of caching strategy, given that a
cache size of one or zero renders the eviction policy irrelevant. It’s notable at
any rate that caching one value yields no difference in cache miss performance
in this scenario.

Algorithm 3 Fibonacci Version 0A

Input: n, a positive integer

Output: the n" Fibonacci number
1: procedure Fga(n)
2 if n =0 then
3 return 0
4: if n =1 then
5 return 1
6

return Foa(n — 1) + Foa(n — 2)

Algorithm 4 shows Fibonacci Version 0B, which handles the smaller sub-
problem first. This access pattern exploits LRU’s priority queue behavior
better, as we see in observation 4.5, which shows the improved critical cache

size.

Observation 4.5 When C > 1, for all positive n, Mpry(Fop(n)) =n+1. It
follows that, Cpry(Fop) =2 and M(Fyp(n)) =n + 1.

When the caching strategy is irrelevant however algorithm 4 does no better

than algorithm 3, as seen in observation 4.6.

Observation 4.6 When C < 2, for all positive n, M(Fyg(n)) = 2F(n+1)—1.
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Algorithm 4 Fibonacci Version 0B

Input: n, a positive integer

Output: the n” Fibonacci number
1: procedure Fop(n)
2 if n =0 then

3 return 0

4: if n =1 then

5 return 1

6

return Fog(n —2) + Fop(n — 1)

Algorithm 5 shows Fibonacci Version 0C, which handles the smaller sub-
problem first for even problem sizes. Checking the parity of the problem size

has no advantage in terms of cache miss performance as observation 4.7 shows.

Observation 4.7 When C > 1, for all positive n, Mpry(Foc(n)) =n+1. It
follows that, Cpry(Foc) = 2 and M(Fye(n)) =n+ 1.

When we only cache one value, algorithm 5 exhibits a stepwise behavior, as
shown in figure 4.2.1, albeit one having a regular pattern. As a consequence

in observation 4.8 we notice two separate recurrence relations.

Observation 4.8 When C < 2, whenn > 3, M(Fyc(n)) = M(Foc(n—1))+1
if n is even. When n is odd, M(Fyc(n)) = 2M(Fyc(n — 1)), with initial
cases M(Foc(1)) = 1, M(Foc(2)) = 3, M(Foc(3)) = 5. When n is even,
M (Foc(n)) = M(Foc(n — 1)) +1=2M(n—2)+ 1. When n is odd, M(n) =
2M(n—1)=2M(n—2) + 2.

Using semilog regression we observe exponential growth, and by analyzing the
growth rate we obtain the following closed form. We verify the correctness of

this closed by direct comparison against the empirical data.

Observation 4.9 When C < 2, forn > 2, M(Fyc(n)) = E\/TH — 2 when n
is odd and M (Fyc(n)) = ;1\/5” — 1 when n is even.
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Fibonacci Versions 0B & 0C, Cache Size 1

— Versions 0A and 0B
-~ Version 0C

nnnnn

15000

10000

Figure 4.1: Versions 0A, 0B, and 0C, Cache Size 1

As figure 4.2.1 shows, the parity check employed by algorithm 5 yields an

enormous advantage in cache miss performance.

Algorithm 5 Fibonacci Version 0C
Input: n, a positive integer

Output: the n'® Fibonacci number
1: procedure Foc(n)
if n =0 then
return 0

if n =1 then

2

3

4

5 return 1

6 if n is odd then
7 return Foc(n — 1) + Foc(n — 2)
8 else

9

return Foc(n —2) + Foc(n — 1)
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4.2.2 Version 1

In this series of versions of Fibonacci, we decrease the problem by half each

time. We use the fact that when n is even,
F(n) = (F([n/2) + 1)+ F([n/2] = 1)) - (F(In/2] + 1) = F([n/2] — 1)) (4.2)
Otherwise, when n is odd,
F(n) = (F([n/2] + 1) + F(n/2] = 1)) - F(ln/2] +1) = (=1!"* (4.3)
When we cache only one value, we observe just a linear growth in cache misses.

Observation 4.10 When C = 1, for all positive n, 0.5n < M(Fia(n)) <
1.3n.

When we measure the critical cache size, C', and the critical cache misses, M,

for this version we observe logarithmic growth.

Observation 4.11 For n > 50, C(Fi4(n)) < 4.17 - logy(n) — 11.18
Observation 4.12 Forn > 50, M(Fy4) < 4.17 - logy(n) — 11.20.

In order to arrive at observation 4.11, we obtain the running max of the critical
cache size. We then compute the semi-log regression lines of the left and right
endpoints of the the running max, with the x-axis logarithmic and the y-axis
linear. We adjust the slopes of both regression lines until they bound the
running max of critical cache size in sample data. We take the slope and
intercept of the upper bounding line of running max. And then we confirm
this observation for greater values of n. Figure 4.2.2 gives an illustration
of what that procedure looks like. Repeating recursive calls in algorithm 6
does not improve the cache miss performance. Changing the order of calls
affects the cache miss performance only slightly. At any rate the order of calls
given in algorithm 6 gave the best performance of those tried. The values in

observations 4.11 and 4.12 represent the magnitude of these problems from a
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memoization standpoint. As such they place version 1 of Fibonacci low on the
scale of difficulty of memoization problems, since the overall load on a caching

algorithm grows slowly as larger problem sizes are solved.

Algorithm 6 Fibonacci Version 1A
Input: n, a positive integer

Output: the n'® Fibonacci number
1: procedure Fia(n)
if n =0 then
return 0

if n=1orn=2then

2

3

4

5 return 1
6 k<« |n/2]

7 f1 < Fia(k+1)
8 fo < Fia(k—1)
9 if n is even then

10: return (f1 + f2) - (f1 — f2)

11: else

12: return (f; + f2) - f1 — (=1)F

4.2.3 Version 2

In this series of versions of Fibonacci, we achieve even fewer cache misses us-
ing LRU than with the previous versions. It was shown in [Gries and Levin, 1980]
that Fibonacci numbers can be computed in time proportional to the logarithm
of the problem size. Algorithm 7 takes into account both the parity of n and
the parity of [n/2]. In this approach we exploit the following identities of the
Fibonacci sequence.

When both n and [n/2]| are even,

F(n) = F([n/2])(2F(In/2] +1) = F(|n/2])) (4.4)
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ibonacci version 1a, critical cache size as a function of problem size
critical cache size is the smallest cache size having cache misses which are minimal for problem size
sample n is between 50 and 1000, confirmation n is between 50 and 50000

Figure 4.2: Version 1A, Bounding the Critical Cache Size

When 7 is even and |n/2] is odd,
F(n) = F(In/2))(F([n/2]) + 2F(In/2] - 1)) (4.5)

When 7 is odd and [n/2] is even,
F(n) = F(|n/2] + 1)(2F(|n/2] + 1) = F(|n/2])) = (=1)!"* (4.6)

When both n and |n/2] are odd,

F(n) = (F(In/2])+F(In/2] =1)(F(In/2]) = 2F (In/2]=)) = (=1)"/* (4.7)

We explore the effect in this algorithmic approach to Fibonacci of changing the
order in which we perform the above parity checks and the effect of repeating
certain recursive calls in order to exploit the eviction policy of LRU. The worst
variant of version 2 is when we swap the order of lines 9 and 10 in algorithm
7. We called this version 2B, and with 4 cached values using LRU, we observe

linear growth in cache misses.

Observation 4.13 When C =4, forn >4, Mppy(Fep(n)) < 1.25n — 1.
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We analyze and confirm this observation programmatically by choosing a small
range of data points for small instance sizes, fit a regression line, then confirm
our observation for much larger sizes, as figure 4.2.4 illustrates. Without
swapping lines 9 and 10 in algorithm 7, we find that when caching only 4
values with LRU, we see the performance improve to logarithmic growth in

the cache misses.
Observation 4.14 When C >4, n > 0, Mpry(Foa(n)) = 2[loga(n)] + 1.

And when we repeat recursive calls as shown in algorithm 8, we are able to

achieve the same cache miss growth with one fewer cached item.
Observation 4.15 When C' > 3, n > 0, Mygpy(Foar(n)) = 2|loga(n)| + 1.

The reason version 2AR improved over version 2A is because the repeated calls
serve to adjust the position of the given subproblems within the LRU priority

queue.



ol

Algorithm 7 Fibonacci Version 2A

Input: n, a positive integer

Output: the n” Fibonacci number

1: procedure Fap (1)
2 if n == 0 then
3 return 0
4 if n == 1 then
5: return 1
6 k<« |n/2]
7 if n is even then
8 if k£ is even then
9 f1 < Faa(k)
10: fo < Faa(k+1)
11: return fi * (2 fo — f1)
12: else
13: f3 < Faa(k)
14: fa+ Faa(k—1)
15: return f3 s (f3 + 2% f)
16: else
17: if k is even then
18: f5 < Faa(k+1)
19: fo < Faa(k)
20: return f5* (2% f5 — fg) — (—1)F
21: else
22: fr < Faa(k)
23: fs < Faa(k—1)
24: return (f7 + f3) * (fr + 2 fs) — (—1)*

When we compare FFRU with LRU, we restrict our attention to version
2, as it was out best performing version. We configure LRU with a cache size

of 5, which means it always evicts the fifth oldest item. Likewise, with FFRU
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we configure an equivalent guarantee by choosing x = 3, d = 2, which yields:

3
¢ = 16 (4.8)

¢Crrry = 5 (4.9)

In the case of version 2B, FFRU greatly outperforms LRU despite that their
performance guarantees are similar, as shown in figure 4.2.4. This arises from
the larger cache size that FFRU uses. If we look at figure 4.2.4 we see that all
three variants exhibit the same cache miss behavior, which tells us that with

this algorithm items are not being re-referenced.

Observation 4.16 When Crry = 5, Cprry = 16, kK = 3, and d = 2, for
n >0, Mprry(Fop(n)) < Mpry(Fap(n)).

Observation 4.17 When CLRU = 5, OFFRU = 16, R = 3, and d = 2, fOT’
n >0, Mprru(Foa(n)) < Mpry(Foa(n)).

Observation 4.18 When Crry = 4, Cppry = 16, k = 3, and d = 2, for
n >0, Mprry(Faar(n)) < Mpry(Foar(n)).

With versions 2A and 2AR we find that the cache misses are identical for LRU
and FFRU.

4.2.4 Conclusions

To summarize what we have accomplished in this series of experiments
with the above variants of the Fibonacci algorithm, we have succeeded in ob-
taining notable improvements to the cache miss performance when computing
Fibonacci numbers. When we incorporate specific knowledge about the access
patterns of this recursive algorithm and we use those insights together with a
known cache eviction policy, we are able to modify the memoized algorithm by
either changing the order of recursive calls or by repeating them. This adjusts
the position of items within an LRU or FFRU cache so that items likely to be

needed again will not be evicted.
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Additionally, we established empirically that when our best performing
Fibonacci version, i.e. version 2, is memoized with LRU and FFRU caching,
the latter never incurs more cache misses, when the two caching algorithms are
configured with equivalent recency guarantees. It should be noted that in this
case we measured cache misses as a function of problem size, instead of cache
size, because the number of subproblems that must be cached is already very
low, regardless of how large the problem is. Additionally, given that the access
patterns for this problem follow a simple pattern, we observe no difference in
the cache misses incurred by LRU compared to FFRU. In the following sections
as we explore memoized problems having more complex access patterns this
will not be the case. We will see a clear difference between the cache misses
incurred by LRU and FFRU, because with LRU there is always only one
candidate for eviction, whereas FFRU always evicts a pseudorandom non-

recent item.
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Algorithm 8 Fibonacci Version 2AR

Input: n, a positive integer

Output: the n” Fibonacci number

1: procedure Faoar(n)
2 if n == 0 then
3 return 0
4 if n == 1 then
5: return 1
6 k<« |n/2]
7 if n is even then
8 if k is even then
9 J1 < Faar(k)
10: fo < Faar(k+1)
11: f1 < Faar(k)
192: return f; x (2 fo — f1)
13: else
14: fs < Faar(k)
15: fa < Faar(k - 1)
16: f3 < Faar(k)
17: return fs« (f3+ 2 * f4)
18: else
19: if k is even then
20: fs < Faar(k+1)
21: fo < Faar(k)
22: f5 < Faar(k +1)
23: return f5* (2 f5 — fg) — (—1)*
24: else
25: f7 < Faar(k)
26: fs < Faar(k—1)
27: fr < Faar(k)
28: fs < Faar(k— 1)

29: return (f7 + fs) * (fr + 2% fg) — (—1)F
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Fibonacci version 2b with LRU, cache misses as a function of problem size for cache size 4
sample n is between 10 and 1000, confirmation n is between 10 and 70000
1st method: adjust y-intercept
2nd method: adjust slope

— cache misses for problem size (original data)
—— running max of critical cache size

® left endpoints of running max
—— regression for left endpoints 1.25 -1.0
—— upper bound (1st method: adjust intercept) 1.25 -0.9999 errors 0
—— upper bound (2nd method: adjust slope) 1.2501 -1.0 errors 0

80000

60000

40000

cache misses for cache size 4

20000

o 10000 20000 30000 40000 50000 60000 70000
problem size (n)

Figure 4.3: Fibonacci Version 2B, confirming our LRU observation
programmatically

4.3 KMP String Matching

The Knuth-Morris-Pratt string matching algorithm finds all positions within
text T' where pattern P occurs. The original version of the KMP algorithm
was presented in iterative form [Knuth et al.]. Given our objectives of ex-
ploring memoization performance we ideally want to express the algorithm in
recursive form. We present a recursive variant of the Knuth-Morris-Pratt in
this chapter and discuss its performance using LRU, FFRI, and FFRU cache
replacement policies.

Problems like KMP, which include LCS (discussed later in this chapter),
and other problems like shortest common supersequence, Levenshstein dis-
tance, sequence alignment, etc., all assume that sequences are drawn from
some finite “alphabet” of symbols, eg. ¥ = {a,b}. In the experiments on
LCS and KMP in this chapter the size of the underlying alphabet from which
instances are drawn, although finite, is allowed to grow as input sizes grow.
Therefore, we use integers as our “symbols” to match on, meaning that if

we needed an alphabet of size 20, for example, we would just use the set
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Figure 4.4: Fibonacci Version 2B, LRU and FFRU compared

{0,1,...,19}. In addition to analyzing the cache miss performance of these
problems, we would like to find out what are the “hard” instances to these

problems, which leads us to considering several types of input sequences.

4.3.1 Developing a Recursive Version

As a starting point for discussing our investigation of KMP, algorithm 9
shows the original iterative search algorithm. Given text 7" and pattern P,
return all indices into T" where P was found. Note that this search procedure
allows for overlapping matches, so if P contains a prefix that is a proper suffix
of the same, then the returned match indices could have spacing shorter in
length than P. For example, if P = abcdabc and T = abedabedabe, then the
search would return R = (0,4).

The search mechanism relies on a pre-computed table, next, which is com-
puted before traversing 1. Table next allows the index into 7" to skip past posi-
tions where a match with P could not occur. Knuth et al. [Knuth et al., 1977]
develop the ideas behind computing next by breaking it into two constituent

concepts, which we’ll refer to as the failure function and the prefix-suffix
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Figure 4.5: Fibonacci Version 2B, FFRU variants compared

function. These are described as follows.

Definition 4.1

e Given P = (pop2...pm—1), flq], the prefix-suffix function, is the length of
the longest proper prefix of P that is also a proper suffix of P[0..q].

e Given P = (popa...pm—1), next[t], the failure function, is the largest index
1 less than t such that the last t characters of the input matched P except for

the ith character.

As such next[t] indicates the least amount of shift for which successive input
characters can possibly match the portion of P already referenced. The above
definition specifies proper prefixes and suffixes, because the longest prefix of
any string that is also a suffix of the same is always the string itself. Given
these two functions, Knuth et al. establish that next depends on f, in that

ety = {70 AP PG w10,

next[f[j]] if P[j] = P[f[j]]

This relation serves as the basis for our investigation of a memoized, recursive
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version of KMP?!. The idea here is that a potentially fortunate choice of cache
replacement policy could allow the recursive version of KMP to enjoy the same
run time efficiency as the iterative version, but with improved memory usage.
This is because instead of computing table next before traversing text T', we
make memoized calls to two new functions as we traverse the text, T', being
searched, and a cache employing an eviction policy will only retain a limited set
of the values that would comprise table next. We will call these new functions

PS (for “prefix-suffix function”) and F'F (for “failure function”), such that
PS(i) = fli] (4.11)

FF(i) = next|i] (4.12)

Both of these functions rely only on the search pattern, P. As a consequence
when looking at their memoized performance, we don’t report test results
for the overall search algorithm. Instead we’re interested in the number of
references to the pattern while calculating all of the table entries for a given
pattern P. From this perspective we can then discuss potentially discuss

“hard” inputs to this algorithm.

I'Note that this isn’t the first time KMP has been reformulated in recursive terms, al-
though we aren’t aware of other investigations of memoized recursive formulations of KMP.
See [Ager et al., 2002] for a reformulation of KMP using functional programming constructs.
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Algorithm 9 KMP Iterative String Search
Input: P = (popg...pmfl), T = (totg...tnfl)

Output: R is a sequence of array indices where P was found within T

1: procedure ITERATIVE — KMP — SEARCH(P, T)
2 140

3 j<0

4 next < COMPUTE — FAILURE — FUNCTION — TABLE(P)
5 R+ 0

6 while 1 <m and j <n do

7 while —1 <iand P; #7; do

8

i < next[i]
9: 1+—1+1
10: J+—J+1
11: if i = m then
12: add k —m to R
13: i < nextl]
14: jej—i

15: return R

4.3.2 Prefix-suffix Function

Algorithm 10 shows the iterative procedure that computes the entire prefix-
suffix table. Although not directly implicated by the iterative search routine
given above in algorithm listing 9, the values computed by this function would
be needed for building a recursive version of the failure function. So, given the
goal of memoizing the entire process, we would like a recursive version of this
procedure, that let’s us ask for one value of the prefix-suffix function at a time.
This way if we vary the cache size and employ different cache eviction policies,
we can gain insight as to how many of those values (and which ones) are really
needed to be kept in memory before run time performance (as measured here

by by cache miss increases) suffers prohibitively. The procedure showing our
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recursive version of the prefix-suffix function is given in algorithm 11.

The base case occurs when we’ve reached the first character, in which case
it is trivially the case that the longest proper prefix of one character that
is also a proper suffix of the same is the empty string. In any other case,
when considering the substring P]0..q], we are able to build upon the prefix-
suffix result of the substring P[0..(¢ — 1)]. However, we notice that despite
the iterative version making a pass through the entire pattern, in order to
compute a single given value of the prefix-suffix, potentially we need only to
inspect very few values. This is why this function is a good candidate to look
at memoizing strategies using limited memory.

We solve this memoized prefix-suffix algorithm with LRU for a variety of
input types. When Knuth et al. describe the KMP algorithm, they discuss
what happens when P = a"~!'b. While they do not explicitly claim that this
input is the hardest type for KMP, that would certainly appear so, since a
possible mismatch wouldn’t be noted until having reached the last character
of the string. In our investigation of LRU, we find this input type to be the
worst case of those we’ve tried, which includes random strings, as well as

strings such as:

a" (4.13)
(ab)™2 (4.14)
a2/ (4.15)

As the cache size, C gy, decreases we find the following hyperbolic growth in

cache misses within a certain range of cache sizes:

Observation 4.19 For inputs of type is a"~'b for all positive n, when 1 <
CLRU(PS(TL)) < \/ﬁ, then n2/2 S MLRU(PS(TL))CLRU(PS(TL)) S n2/2+n\/ﬁ

In order to confirm this observation, we observe this relationship at certain
smaller instances sizes. We fit curves to the data points using regression in

order to obtain upper and lower bounds. We then test the observation for



61

larger instances. Despite the prefix-suffix function having linear run time per-
formance, it still requires O(n?) memory before noticeable increases in cache
misses slow it down. Figure 4.6 illustrates these fitted curves for several in-
stance sizes.

We are interested in comparing the performance of LRU and the variants
of FFRU that we describe in the sections above. When the eviction age lower
bounds of LRU and FFRU, denoted ¢ ryN and ¢rpry N respectively, offer
equivalent guarantees, our expectation is the cache misses incurred with FFRU

never exceed those of LRU.

Observation 4.20 For inputs of type is a®'b for all positive n, when

1 < Crru(PS(n)) < v/n, and ¢rruNrry = ¢rrruNrFrrU,
MFFRU(PS(TL)) S MLRU(PS(TL))

With input type a” 'b all variants of FFRU outperform LRU, as figure 4.7
illustrates, and the margin of performance improves as the cache size decreases.
To get a better look at the comparative performance of the three variants of
FFRU, figure 4.8 shows small differences, owing to the fact that some references
do occur, but the close similarities between the three variants tell us that this is
still an instance of sparse dynamic programming, like in the case of Fibonacci.
We select a variety of FFRU parameter settings that provide eviction age lower
bound guarantees that are in the same range as those of the LRU cache miss
data to be compared. These FFRU parameter settings are reported in table
4.1.
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Algorithm 10 KMP prefix-suffix iterative version
Input: P = (pop2...pm—1)
Output: table f specifies for each character 7 in P the length of the longest proper

prefix of P[0..7] that is also a proper suffix of the same
1: procedure COMPUTE — TABLE — F()

2: f[0] <0

3: k<0

4: g1

5: while ¢ < |P| do
6: while 0 < k£ and P, # P, do
7 k<« flk—1]
&: if P, = P, then
9: k+—k+1
10: fla) <k

11: qg+—q+1

12: return f

Algorithm 11 KMP prefix-suffix recursive version
Input: index ¢ into globally available P = (popa2...pm—1)

Output: the length of the longest proper prefix of P|0..q] that is also a proper
suffix of the same
1: procedure PS(q)
2 if ¢ =0 then
3 return 0
4: k<« PS(qg—1)
5 while 0 < k£ and P, # P, do
6 k<« PS(k—1)
if P, = P, then
return k + 1
9: else

10: return k
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Figure 4.6: KMP’s prefix-suffix function memoized with LRU
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Figure 4.7: KMP’s prefix-suffix, comparing LRU to FFRU

63



KMP Prefix Suffix Function

oooooo

£ 200000

nnnnnn

nnnnnn

uuuuu

Figure 4.8: KMP’s prefix-suffix, FFRU all three variants

Table 4.1: FFRU Parameters used with KMP Prefix-suffix function.

oN cache size (N) Kk d a
224 64 3 2 0.45
25.6 64 4 3 0.3
30.17142857 64 9 7 0.1285714286
36.57142857 64 10 7 0.1285714286
37.54666667 64 8 5 0.18
40 64 10 6 0.15
44.8 128 3 2 0.45
48 128 5 4 0.225
51.2 128 4 3 0.3
64 256 7 6 0.15
81.92 256 6 5 0.18
87.77142857 512 8 7 0.1285714286
89.6 256 3 2 0.45
96 256 5 4 0.225
102.4 256 4 3 0.3

64
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4.3.3 Failure Function

Algorithm 12 shows the iterative procedure that computes the entire failure
function table, namely the one that algorithm 9 relies on as it traverses the
search text T'. It is this function whose recursive version would allow us to
eliminate the need to generate the entire table up front. The choice of setting
next[0] to —1 is merely a convention, since this value isn’t really needed.
When the value —1 occurs in table next it means none of the pattern has
been matched, therefore the procedure cannot skip ahead in the search text.
Empirical results suggest that F'F' has comparable cache miss performance to
PS.

4.3.4 Conclusions

To summarize some takeaways from studying our recursive reformulation
of KMP string matching, we do not require the entire prefix-suffix table nor
the failure function table to be in memory. By caching only a subset of these
values, we are able to perform efficient string matching with the same run time
performance. As opposed to Fibonacci, our memoized reformulation of KMP
exhibits cache miss performance when memory is limited that shows a notable
difference between LRU and FFRU.

Another important theme arising from these results and the ones in the
following sections has to do with how similar the cache miss behavior observed
across the three variants of FFRU. In particular FFRI and FFRU incur very
similar cache miss behavior, which indicates very low overlap of subproblems.
This is because after most values in the cache are inserted, they are seldom

retrieved again.
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Algorithm 12 KMP failure function iterative version
Input: P = (pop2...pm—1)
Output: next[t] is the largest index ¢ less than ¢ such that the last ¢ characters of

the input matched P except for the it" character

1: procedure COMPUTE — FAILURE — FUNCTION — TABLE(P)

2 next[0] < —1
3 t+0
4: k<« —1
5 while t < |P| do
6 while —1 < k and P, # P, do
7 k < next[k]
k< k+1
t+—t+1
10: if P, = P; then
11: next[t] « next[k]
12: else
13: next[t] < k
14: return next

Algorithm 13 KMP failure function recursive version

Input: index t into globally available P = (pop2...pm—1)
Output: the largest index 7 less than ¢ such that the last ¢ characters of P matched
except for the i*" character
1: procedure FF(t)
2: if t =0 then
3 return —1
4 k<« PS(t—1)
5: if P, = P; then
6 return FF (k)
7 else
8

return k




67

Algorithm 14 KMP recursive string search

Input: P = (popg...pmfl), T = (totg...tnfl)

Output: R is a sequence of array indices where P was found within T

1: procedure RECURSIVE — KMP — SEARCH(P, T)

8:

10:
11:
12:
13:

14:

2
3
4:
5
6
7

140
j<0
R+« 0
while i <m and j <n do
while —1 <iand P; #7; do
i < FF(i)
141+1
j+—j+1
if i = m then

add k—m to R

i < FF(i)
j—j—1
return R

4.4 Longest Common Subsequence

The Longest Common Subsequence (LCS) problem consists of determining

the length of the longest subsequence common to two input sequences, X =

(xox1...Zp,—1) and Y = (Yoyi...Yn,—1). For the purposes of discussing empirical

results from our experimental trials, we’ll refer to the problem size n as length

of the longer of X and Y, although in the following results we only consider

inputs where | X| = |Y|. As with our work with KMP, the alphabet from which

we draw LCS problem instances consists of the non-negative integers. In trying

to find hard inputs we explore a variety of types of sequences, and for each

type we measure the critical cache size, C , for a range of problem sizes. We

find the critical cache size using binary search. In addition to random inputs
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we initially considered simple inputs like these:

(X =1"Y =1") (4.16)

(X =0"Y =1") (4.17)

(X =012..n,Y = n...210) (4.18)

(X = (01)"2Y = (10)"/?) (4.19)

(X = 02172y = 1M20m/?) (4.20)

(X = on/10qn/109n/10 gn/10 7yr — n/109n/103n/10  gn/10(n/10) (4.21)
(X = Qn/101n/109n/10 gn/10 1y — gn/10_ on/107n/100n/10y (4.22)

Of these input 4.22 produced the greatest cache misses for any given n. So, we
investigated repeating symbols while increasing the number of total symbols,
each time using the reverse string as the second input. But given that there’s
nothing special about the value 10 in input 4.22, we tried to generalize over

that type of pattern with inputs of the form:
(X = 0va1/e/e (a—1)V9)Y = (a—1)V2..2Ma1"0" %) a = f(n) (4.23)
As a starting point we looked at the case when a = y/n:
(X =0Vm1vrove (Vo — 1)V Y = (Vi — 1)VP..2YV"1VivT) (4.24)
which generalizes to:
(X =0"1"2" .. (n°— )™)Y = (n° — 1)™..2" 1" 0"™) (4.25)

where 0 < ¢ < 1, for which we investigated values of ¢ in 0.01 increments. The

form given by the expression in 4.25 simplifies to:
(X = 0%1927..b%(b + 1)~y — (p 4 1)n~C+Dapa 9e1202) (4.26)

where a = [n¢] and b = |n/a]. Through regression analysis we conclude that

the hardest input that we were able to find have the form:
(X =0°192" 20 Y = 2"201%0%) (4.27)

where a = [n/3].
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4.4.1 Cost Function

We examine two methods of computing the length of the longest common
subsequence of X and Y. For both methods we study the affect of changing the
order of recursive calls. Algorithms 15 and 16 show the conventional approach,
which makes the necessary recursive calls corresponding to reducing the length
of X or of Y separately. We explore the effect of swapping the order of the
subproblems visited, hence the two separate versions. Of these two versions,
algorithm 16 performs better. For the hardest inputs we could find, we see
that the critical cache size does not grow faster than the product of the lengths

of the two input sequences.

Observation 4.21 For n > 10, when X has the form 0°1°2"2* q = [n/3],
Y is the reverse of X, then the running maz of C’(LCSQ(n)) is between
0.270 - n? + 1.055n + 4.085 and 0.278 - n? + 0.145n + 1.764.

We confirm this observation by fitting a regression based curve to a small
portion of data for small input sizes, then check whether the bound holds true

for larger input sizes.

Observation 4.22 For n > 10, when X has the form 07192772 ¢ = [n/3],
Y is the reverse of X, and ¢rruNrLry = ¢rrruNFFRU,
Mprru(LCS3(n)) < Mppy(LCS3(n)).

Figure 4.4.1 shows that all three variants of FFRU clearly outperform LRU
in terms of cache misses. Note that this figure illustrates the behavior of
cache misses as a function of the minimum eviction age guarantee of the cache
eviction policy in question and not the cache size. At the smaller cache sizes in
figure 4.4.1 we see quite a bit of differences among the three variants of FFRU,
which makes this problem type more complex than KMP. There isn’t a clear
favorite across the variants, and it varies across cache sizes which variants
performs best. When LRU is used minimum eviction age guarantee happens

also to be the cache size, but with the FFRU variants used the values along
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LCS Cost Version 2
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Figure 4.9: LCS Cost Version 2, comparison between LRU and FFRU

the x-axis are ¢/N. Table 4.2 reports the FFRU configuration parameters used

for the empirical data shown in figure 4.4.1.

4.4.2 Oblivious LCS

For the sake of improved cache miss performance we found that making
the third redundant recursive call, i.e. reducing the length of both strings,
produced favorable results. Algorithms 17, 18, 19, 20, 21, 22 show different
orders of calls made to what we call Oblivious LCS, which we present due to
its superior cache miss performance. When compared with the conventional
variants of LCS, namely algorithms 15 and 16, the oblivious versions incur
much fewer cache misses, because they exploit the cache eviction policy being
used.? We notice a slight advantageous difference in versions 1-4 compared to
versions 5 and 6. Evidently making the redundant recursive call first incurs

more cache misses, due to where it places the relevant subproblem in the LRU

2We investigated the Needleman-Wunsch algorithm for sequence alignment and the Lev-
enshtein distance, but omitted reporting those results, as they exhibit the same pattern of
recursive calls as Oblivious LCS does.



Table 4.2: FFRU Parameters used with LCS Cost Version 2.

oN cache size (N) Kk d a
128 512 7 6 0.15
163.84 512 6 5 0.18
175.5428571 1024 8 7 0.1285714286
179.2 012 3 2 0.45
192 512 5 4 0.225
204.8 512 4 3 0.3
256 1024 7 6 0.15
327.68 1024 6 5 0.18
332.8 012 11 6 0.15
351.0857143 2048 8§ 7 0.1285714286
358.4 1024 3 2 0.45
384 1024 5 4 0.225
409.6 1024 4 3 0.3
012 2048 7 6 0.15
655.36 2048 6 5 0.18
716.8 2048 3 2 0.45
768 2048 5 4 0.225
819.2 2048 4 3 0.3
896 2048 10 8 0.1125
965.4857143 2048 9 7 0.1285714286
1024 2048 5 3 0.3
1433.6 4096 3 2 0.45
1638.4 4096 4 3 0.3
2129.92 4096 7 95 0.18
2402.986667 4096 8 5 0.18
2867.2 8192 3 2 0.45
3276.8 8192 4 3 0.3
4259.84 8192 7 5 0.18
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LCS Cost Version 2
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Figure 4.10: LCS Cost Version 2, FFRU all three variants

priority queue.

Observation 4.23 For n > 0, when C > 2n + 2, Mpry(OLCS;_4(n)) =
(n + 1)%, regardless of input type.

Observation 4.24 For n > 0, when C > 4n — 5, Mpry(OLCS54(n)) =
(n + 1)%, regardless of input type.

At any rate all six OLCS Cost versions perform much better than the conven-
tional LCS cost algorithm with the added oblivious subproblem.

With regard to the comparison between LRU and FFRU, we measure cache
misses with LRU and FFRU in the same range of eviction age lower bound

guarantees.

Observation 4.25 For n > 0, regardless of input type, and ¢pruNrry =
¢rrruNFFRU, MFFRU(OLCS4(H)) < MLRU(OLCS4(TL))'

Figure 4.4.2 illustrates the advantage of all three FFRU variants with respect
to LRU with version 4 of OLCS cost. The cache misses with FFRU are never
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greater than those with LRU for comparable freshness guarantees. The reg-
ular patterns observed in the LRU data are due to the fact that the eviction
age of every item is the same. Table 4.3 lists the FFRU parameters used to
generate the empirical results illustrated in figure 4.4.2. We zoom in on a small
portion of the cache sizes tested and show in figure 4.4.2 that for this problem
type there are only small variations in the performance exhibited by the three
variants of FFRU. Something to note in the FFRU parameters listed in these
tables is that the amount of memory overhead varies in the scenarios tested,
but this was intentional in order to observe (and report) the behavior arising

from a variety of degrees of memory usage.

Algorithm 15 LCS Cost Version 1

Input: index ¢ into X, and index j into Y

Output: the length of the longest subsequence common to X and Y
procedure LCSq(7,5)
if X; =Y, then
return LCS(i —1,j — 1)+ 1

¢l + LCSy(i,j — 1)

1:
2:
3
4: else
5
6 2+ LCS1(i—1,7)
7

return maz(cy, cz)

Algorithm 16 LCS Cost Version 2
Input: index ¢ into X, and index j into Y

Output: the length of the longest subsequence common to X and Y
1: procedure LCS2(i,5)
if X; =Y, then
return LCSy(i —1,j — 1)+ 1

2 + LCS3(i — 1, 4)

2
3
4: else
5
6 cl + LCSay(i,j — 1)
7

return maz(cy, cz)
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Algorithm 17 Oblivious LCS Cost Version 1

Input: index ¢ into X, and index 5 into Y

Output: the length of the longest subsequence common to X and Y

1: procedure OLCS1(7,5)

2. ¢ « OLCS1(i,j — 1)

3. ey ¢ OLCSy(i —1,5)

4: 3+ OLCS1(i —1,j— 1)+ (X; =Yj)
5

return mazx(cy, co, c3)

Algorithm 18 Oblivious LCS Cost Version 2

Input: index ¢ into X, and index j into Y

Output: the length of the longest subsequence common to X and Y

1: procedure OLCS2(7,7)

2: c1 < OLCS3(i,j — 1)

3: c3 OLCS3(i—1,j — 1)+ (X; =Y))
4: ¢y < OLCS3(i — 1, 5)
5:

return mazx(cy, ca, c3)

Algorithm 19 Oblivious LCS Cost Version 3

Input: index ¢ into X, and index j into Y

Output: the length of the longest subsequence common to X and Y

1: procedure OLCS3(3,7)

2 ¢y < OLCS3(i — 1, j)

3 ¢1 < OLCS3(i,j — 1)

4: 3 OLCS3(i—1,j — 1)+ (X; =Y))
)

return maz(cy, ¢z, c3)
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Algorithm 20 Oblivious LCS Cost Version 4

Input: index ¢ into X, and index 5 into Y

Output: the length of the longest subsequence common to X and Y

1: procedure OLCS4(i,))
2 co < OLCS4(i — 1,7)
3 3 OLCS4(i—1,j— 1)+ (X; =Y))
4: c1 + OLCS4(i,5 — 1)
5

return mazx(cy, co, c3)

Algorithm 21 Oblivious LCS Cost Version 5

Input: index ¢ into X, and index j into Y

Output: the length of the longest subsequence common to X and Y

1: procedure OLCS5(i,j)
2 3+ OLCS5(i — 1,5 — 1)+ (X; = Y))
3. ¢ + OLCS5(i,j — 1)
4 ¢y« OLCSs(i—1,7)
5

return mazx(cy, co, c3)

Algorithm 22 Oblivious LCS Cost Version 6

Input: index ¢ into X, and index j into Y

Output: the length of the longest subsequence common to X and Y

1: procedure OLCSg(%,))
2 ¢34+ OLCSg(i — 1,5 — 1)+ (X; = Y))
3. ¢y + OLCSg(i —1,5)
4 ¢ + OLCSg(i,j — 1)
5

return mazx(cy, co, c3)

4.4.3 Traceback Function

The algorithm for the traceback of the oblivious version follows the same

format as in algorithm 23, except that it calls OLC'S¢ instead of LC'S¢, which
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OLCS Cost Version 4

Figure 4.11: OLCS Cost Version 4, comparison between LRU and FFRU

refers to whichever version of the cost function is being used. Bounding the
growth of the critical cache, é, gives us a sense of how hard a memoized
function is, since it indicates how much memory is needed before additional
cache misses would occur due to eviction. Figure 4.4.3 shows the pattern of
growth when we measure the critical cache size for problem instances having

the form given by observations 4.26 and 4.27.

Observation 4.26 For n > 10, when using version 2 of LCS with LRU
caching and X has the form 091927724 a = [n/3], and Y is the reverse of X,
the mazimum C(LCSr(n)) < 0.611 - n2 4 1.456n — 3.965.

Observation 4.27 For n > 10, when using version 2 of LCS with LRU
caching and X has the form 0°1°2"72 q = [n/3], and Y is the reverse of X,
the mazimum C(LCSy(n)) > 0.611 - n2 4 0.210n — 6.457.

Given the pattern of growth observed in figure 4.4.3, we obtain in the above
observations upper and lower bounds on the mazimum critical cache size,

because what we’re bounding is the running maximum.
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OLCS Cost Version 4

aaaaaaa

ooooooo

aaaaaaa

§  so0000

aaaaaa

oooooo

Figure 4.12: OLCS Cost Version 4, FFRU all three variants

We compare LRU to FFRU for LCS version traceback in figure 4.4.4, using
the same hard input type as in the above observations, and we find as expected
that for a large FFRU is able to solve these instances using much less memory.
It should be pointed out that the memory overhead incurred in the various
FFRU configurations tested varies greatly. But the advantage gained in terms
of reduced cache misses seems not to be directly impacted by the degree of
memory overhead incurred. As we will discuss further down, by varying the
parameters to FFRU it is possible to achieve vastly different performance
guarantees, each with its corresponding tradeoffs in terms of load factor, which
in turn impacts the amortized cost of insertions and updates. When we zoom
in here to the places where the differences between the FFRU variants occur in
figure 4.4.4, we would expect that if many re-references happened, then FFRU
would be better than FFRI.

Observation 4.28 For n > 0, when X has the form 0°192"7%¢ q = [n/3],
Y is the reverse of X, and ¢rruNrry = ¢rrruNrrrU, then
Mrprru(LCSor(n)) < Mpry(LCSar(n)).

We present the OLCS traceback bound for version 4, i.e. algorithm 20,
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Table 4.3: FFRU Parameters used with OLCS Cost Version 4.

oN cache size (N) k d a
30.17142857 64 9 7 0.1285714286
36.57142857 64 10 7 0.1285714286
37.54666667 64 8 5 0.18

40 64 10 6 0.15

44.8 128 3 2 0.45

48 128 5 4 0.225

51.2 128 4 3 0.3

64 256 7 6 0.15
81.92 256 6 5 0.18
87.77142857 512 8§ 7 0.1285714286
89.6 256 3 2 0.45
96 256 5 4 0.225
102.4 256 4 3 0.3

since it was the best performing of the six variants in the previous section.
Figure 4.4.4 shows the growth of the critical cache size as problem sizes in-

crease.

Observation 4.29 For n > 2, when solving OLCS traceback version 4 with
LRU caching and X has the form 0919272 q = [n /3], and Y is the reverse
of X, when Mpry(OLCSr(n)) = n?+2n, then C < 0.667-n*+1.686n —0.208.

Observation 4.30 Forn > 0, regardless of input type, and
¢rruNLRU = ¢rrRUNFFPRU, MPRRU(OLCST()) < MRy (OLCSr(n)).

4.4.4 Conclusions

To summarize we note that when computing the cost function, the oblivi-
ous variant exhibits the same improved cache miss performance regardless of
input type. Conventional LCS instead incurs vastly different amounts of cache
misses depending on the type of input sequences. The “hard” input types we
discovered share the characteristic that the number of repeated symbols are

a function of the cache size. However, contrary to our expectation the total
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LCS Traceback Version 2
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Figure 4.13: LCS Traceback Version 2, critical cache size as a function of
problem size

number of subproblems, indicated by the critical cache size, C , is considerably
less than n?.

From the standpoint of sparseness of subproblems, this problem also ex-
hibits strong overlap between FFRI and FFRU, owing to the fact that while
attempting to find long subsequences, the LCS cost function is not encounter-
ing the same subproblem often. Nevertheless, the superiority of FFRU over

LRU is once again demonstrated by the above performance comparisons.
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OLCS Traceback Version 4
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Figure 4.14: OLCS Traceback Version 4, critical cache size as a function of
problem size

Algorithm 23 LCS Traceback
Input: X = (l’oxg...xnl_l), Y = (ylyg...ym_l)

Output: a subsequence common to X and Y having maximal length

1: procedure LCSt(X,Y)
2 i+ |X|]—-1

3 j Y| -1

4 S0

5: while ¢ >0 and j > 0 do
6 if X; =Y; then

7 append X; to S
8

9

141—1
J=g—1
10: else if LCSc(i — 1,j) > LCSc(i,7 — 1) then
11: 14 1—1
12: else
13: j—j—1

14: return S
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LCS Traceback Version 2
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Figure 4.15: LCS Traceback Version 2, comparison between LRU and FFRU

4.5 Arora’s Algorithm using al100

When we solved TSP instances using Arora’s algorithm we observe a growth
rate of cache misses using LRU that grows exponentially as the cache size de-
creases. In this section we present a few representative illustrations which

show the comparative performance of LRU and the three variants of FFRU.

4.5.1 2 Points per Border, all subproblems

In figure 4.5.1 we show a comparison of cache miss performance when
using al00 to solve burmal4 using 2 portal points per border and covering all
encountered subproblems in each partition. We observe a similar advantageous
difference in cache misses here as with the previous problems studied. When
we zoom in just the three FFRU variants in figure 4.5.1, we finally notice the
effect of re-referencing occurring, because FFRI does slightly worse than the

two FFRU variants.
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LCS Traceback Version 2

Figure 4.16: LCS Traceback Version 2, FFRU all three variants

4.5.2 1 Point per Border, all subproblems

Likewise in figure 4.5.2 we see slightly different behavior between FFRI
and the two variants of FFRU (Absolute and Relative). Notice that at a few
points FFRI did slightly worse than LRU, and this doesn’t surprise us, because
we've seen with many instances that Arora’s algorithm revisits subproblems
plenty of times and the re-referencing of those proves advantageous for the
variants that update timestamps upon access. Figure 4.5.2 shows this more
clearly, namely the clear advantage the FFRU has over FFRI due to the re-

referencing of subproblems by this algorithm.

4.5.3 2 Points per Border, limited subproblems

Figure 4.5.3 shows a 2319 point instance, u2319, being solved for a range
of effective cache sizes. This third case shows the instance being solved us-
ing our fastest al00 configuration, which limits how many total subproblems
are visited. The important takeaway in these cases is that we see FFRU

outperforming LRU in terms of cache misses when the effective eviction age
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OLCS Traceback Version 4

Figure 4.17: OLCS Traceback Version 4, comparison between LRU and FFRU

guarantees are comparable. In this scenario an additional observation we make
is that when we look more closely at the comparative performance of the three
variants of FFRU in figure 4.5.3, we see at many points FFRU Absolute is
the clear winner over FFRI and FFRU Relative. This suggests that in this
configuration scenario of al00, certain subproblems are being re-referenced

but not in short repeated bursts.

4.5.4 Conclusions

In the final section of this chapter we studied the cache miss performance of
our memoized implementation of Arora’s PTAS, the implementation of which
we describe in the following chapter. That algorithm can be configured by
choosing the number of portal points per border. The first two subsections
above show results for 2 portals per border and 1 portal per border respectively.
The remaining subsection shows results for a configuration option whereby few
subproblems per partition are invoked. As the cache size decreases there is a
clear exponential increase in the number of cache misses incurred. In all three

cases FFRU clearly outperforms LRU.
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OLCS Traceback Version 4

Figure 4.18: OLCS Traceback Version 4, FFRU all three variants

The expectation is that FFRU never incurs more cache misses than LRU,
and we observe confirmation of this expectation in every problem scenario
explored. As opposed to the previous problems, Arora’s PTAS shows for a few
cache sizes that the cache misses incurred by FFRI are slightly higher than
those with LRU. This to be expected in certain cases, because it indicates that
for the cache size and problem size in question, there were certain retrievals
repeatedly encountering cache misses.

We have investigated the performance of FFRU in a limited number of
application scenarios, and we have observed a clear cache miss performance
advantage with FFRU compared to LRU. However, we acknowledge that we
are not yet able to make a more general claim, like Mppry(P) < Mpry(P)
for all problems P. In particular comparing LRU’s performance to FFRU’s
performance in a wide variety of industry and theoretical settings is still needed

before being able to establish the suitability of this caching algorithm.
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Arora, 2 points per border, burma14
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Figure 4.19: Arora, burmal/, 2 points per border, comparison between LRU
and FFRU
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Figure 4.20: Arora, burmaly, 2 points per border, FFRU all three variants
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Arora, 1 point per border, pr136
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Figure 4.21: Arora, pr136, 1 point per border, comparison between LRU and
FFRU
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Figure 4.22: Arora, pri36, 1 point per border, FFRU all three variants
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CHAPTER 5

IMPLEMENTING ARORA’S
TSP PTAS

If you don’t know where you’re

going, any road will take you there.

George Harrison — Any Road

In this section we review how Arora’s algorithm works and explain the
details of various design decisions taken in our implementation of this al-
gorithm, which we affectionately call al00!. Given a sequence of points
P = (p1,p2,...,pn) Arora’s algorithm returns an ordering of that sequence
T = (P[t1], Plts], ..., P[t,]) such that the sum

n—1
> (T, Tyn) + d(T, Th) (5.1)
j=1
has minimal length, where d(p1,ps2) is the Euclidean distance. Algorithm 24
lists the five main stages of Arora’s PTAS. The following sections expand on

the procedures mentioned therein.

'The a obviously stands for “Arora”, and the 100 refers to the author, who implemented
al100, and whose name is featured on the one hundred dollar bill.
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Algorithm 24 High level procedure for Arora’s PTAS
Input: P = (p1,p2,...,pn), pi € R?, input data points

Output: T = (Plt1], P[te], ..., P[tn]), a tour P having minimal length
1: procedure SOLVE — ARORA(P)

2. P+ PERTURB - DATA — POINTS(P)

3: G < PARTITION — INSTANCE(P)

4: Gp < PORTALIZE(G)

)

6

7

Spest + GET — BEST — DISTANCE(G,)
T + GET — BEST — TOUR(R,, Spest)

return T

5.1 Perturbing Input Points

The first step involves re-scaling and slightly moving each data point as
detailed in algorithm 25. The original input points P are assumed to be taken
from R?, however Arora’s algorithm needs to operate on integer values. We
must also ensure that each nonzero inter-node distance is at least 8 units,
and that the maximum inter-node distance is O(n). Additionally, given a
design decision related to capping the number of portal points to two for
this implementation (see discussions below about portal points), we ensure all
data points are not multiples of three, so that they never occur along partition
lines. As a consequence no leaf partition has width less than 3, in order to

accommodate one or two portal points along any edge of a partition?.

2We discuss later in the chapter the importance of limiting the number of portals per
border when the schema tables are explained.
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Algorithm 25 Perturbing and re-scaling input points

Input: P = (p1,p2,...,pn), pi € R?, input data points
Output: P = (p1,P2, ..., pn), Pi € Z2 perturbed and re-scaled input points
1: procedure PERTURB — DATA — POINTS(P)
2 scaling_constant < 192
3 min_dist < MIN(DIST <;<i<n(pj, pk))
4: scaling_factor <— MIN(1, scaling_constant/min_dist)
5 rescaled_real_points <— (1 < j < n|P; - scaling_factor)
6 integer_points <~ ROUND(1 < j < n|rescaled_real_points;)
7

return integer_points

After this step is complete, the perturbed points must lie on a grid of even val-
ues. The effect of this transformation of data points was shown in [Arora, 1998]
to introduce a degree of error into the final solution that is bounded by a
constant additive. This procedure can be completed in O(n) time. The
scaling_constant used in algorithm 25 was chosen because it yields decent
performance in practice on the instances we studied. Generalizing our pertur-
bation strategy to do away with such hard-coded constants is an area where

our implementation could be improved.

5.2 Partitioning Strategies

The second step in algorithm 24 consists of partitioning the space where
the perturbed points lie. In [Arora, 1998] Arora discusses partitioning the
space into a quad tree by dividing every bounding box into four subdivi-
sions. Arora refines this approach and discusses slicing every bounding box
in two to form a binary tree. In our implementation we cut every parti-
tion into two pieces, because it greatly simplifies the creation of the table
used in the dynamic programming procedure discussed below. The procedure
PARTITION-INSTANCE returns a tree, G = (V| E), of partitions, where

each vertex V' is a bounding box and each vertex has two edges pointing to
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Figure 5.1: A Partitioned Instance

left and right child partitions.

We found no noticeable advantage to varying the amount by which we cut
partitions, eg. exactly at the midpoint versus a 1/3-2/3 split, therefore we
cut each one exactly in half, selecting a vertical or horizontal cut depending
on which whether the partition in question is landscape or portrait. One
consequence of this design decision is the need to account for landscape versus
portrait partitions in the schema table, the creation of which is discussed
below.

As child partitions are formed from parent partitions, the number of data
points contained in them decreases until the partitions at the lowest level of the
tree contain either zero or one data point. One clear advantage however was
gained by adjusting the partitioning strategy to ensure that no leaf partition
was empty of data points. Doing this greatly reduces run time. As such we
guarantee exactly n leaf partitions, resulting in 2n — 1 total partitions. Since
each partition takes a constant amount of time to create, this portion of the
algorithm can be completed in O(n) time. Figure 5.1 illustrates an instance

after the data points have been partitioned.
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5.3 Portal Points

After the space is partitioned, the third step in algorithm 24 consists of
setting portal points along the borders between partitions. The purpose of
these portal points is that as we consider various tours of the data points,
we constrain the tour to pass through the portal points that have been placed
along the edges of the partitions. We define a salesman path to be a sequence
of path points, with perturbed data points and portal points occurring in
alternating order. Instead of directly finding the shortest tour of the original
data points, the algorithm finds a salesman path of minimal length. Having
found the shortest salesman path, a tour can be formed by removing the portal
points. The number of portal points placed has an impact over the error
introduced by having tour deviate to pass through them. The fewer portal
points are used, the greater the chance that error will be introduced into the
final solution. However, as greater portal points are used, the algorithm takes
longer to terminate, because it must consider every combination of portal
points as it searches for a shortest tour. In practice we found that little was
gained in terms of solution quality when two points per border are chosen
instead of one. Since the number of partitions is always less than 4n and it
takes constant time to place portal points along the partition edge, so this
portion of the algorithm takes O(n) time. Figure 5.2 illustrates an instance
after the portal points have been set along the borders of the partitions. In
this figure we place two portal points along each partition border. We note
that certain partitions have more than two portal points placed along a given
edge, and this is because those partitions border more than one partition along

that edge.

5.4 Cost Function

The fourth step in algorithm 24 consists of determining the length of the

shortest salesman path and is where the real work of Arora’s algorithm is ac-
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Figure 5.2: A Partitioned Instance with Portal Points

complished. Algorithm 26 outlines the principle steps involved in determining
the cost of the shortest salesman path. It recursively solves subproblems that
are defined in terms of the portal points placed along the edges of the partition
in question. For a given partition, for a given subset of the portals associated
with that partition, and for a given order of those portal points, referred to
below as pairings, the algorithm determines the length of the shortest sales-
man path segment set that utilizes the given portal points. We refer to the
subset of portal points as pairings because their order matters. The number
of portal points given by pairings is always even, because they are considered
to be entry and exit points to the partition.

We recall that G is the entire portalized and partitioned problem instance,
which as described above cuts every region into a left and a right sub-region.
The top level recursive calls to GET-BEST, then, consist of considering every
combination of sibling portal points adjoining the left and right partitions. It
takes as input the portalized partition tree G and returns a sequence Spest
consisting of k£ indices, s, 9, ..., s Which indicate the top level portal points

that are used to form the shortest tour. In our implementation k& € 2,4 but
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it can be any even number, since it indicates which top level portals the best
tour enters and leaves. The objective of this step is to find the distance of
the shortest portal respecting salesman tour, i.e., the tour of all data points
that passes through portal points as it crosses partition boundaries. Knowing
the distance is not what the final step needs in order to find actual shortest
salesman tour. Instead, knowing which top level portal points lead to the
best portal respecting tour allows the final step to consult the memoization
table and reconstruct the sequence of subproblems that find the shortest tour.
In terms of run time this step requires reaching leaf nodes from the root of
the tree. There are O(n) leaves. Reaching a leaf node requires log(n) steps,
which is the height of a binary tree having n leaves. Solving the base case at
the leaf level takes constant time. At each node in the tree there are ¢ = %
subproblems, and this constant depends on how many portal points are at each
node. Therefore, this step of the algorithm takes O(n(logn)) = O(n(logn)«)

steps to complete.

Algorithm 26 Recursive Cost Function

Input: P is the current partition, R = {r¢..rx} are the current portal pairings
Output: the length of the segment set corresponding to the shortest salesman path
passing through P and utilizing the pairings R
procedure GET — BEST(P, R)
if P is a leaf node then
return LEAF-COST( P, R)

else

1:

2

3

4

5: for each valid parent-child mapping m; € ¥ do

6 for each valid combination of sibling portals ¢; do

7 (Ricft, Rright) < GET — CHILD — INDICES(R, m;, ¢j)
8 costiesr < GET — BEST (Piest, Riest)

9 costyight < GET — BEST(Pyignt, Rright)

10: cost; j <= coStiefi + COStright

11: return min(cost)
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5.4.1 Solving the Base Case - Leaf Partitions

If the partition is a leaf, then determining the minimum cost is straight-
forward, although there are several cases to consider, based on how many
pairings are given and whether the leaf contains a data point. If there is only
one pairing, i.e. two portal points chosen, p; and p,, and one data point py,

LEAF-COST returns the sum of their distances, namely

d(p1,pa) + d(pa, p2) (5.2)

If there is more than one pairing, then one must consider all of the possible
ways of connecting the portals of those pairings with the data point, and the
number of possible cases to consider is proportional to the number of pairings
given. In the case of two pairings and one data point, there are two cases to
consider. To illustrate this, let the pairings be (p1,p2), (p3,ps), and let the
data be pg. Then, LEAF-COST returns min(d;, ds) where

dv = d(p1, pa) + d(pa, p2) + d(ps, ps) (5.3)

dy = d(p1,p2) + d(p3, pa) + d(pa; pa) (5.4)

Likewise, three pairings necessitate a three-way comparison using the same

reasoning, and LEAF-COST returns min(dy, ds, d3) where

di = d(p1,pa) + d(pa, p2) + d(ps, ps) + d(ps, pe) (5.5)
d2 - d(p17p2) + d(p27pd) + d(pd7p3) + d(p47p5) (56)
ds = d(p1,p2) + d(ps, ps) + d(ps, pa) + d(pa, pe) (5.7)

The four-pairing case follows the same pattern, namely LEAF-COST returns
min(dy, ds, ds, dy) where

dy = d(p1,pa) + d(pa, p2) + d(ps, ps) + d(ps, ps) + d(p7, ps) (5.8)

dy = d(p1,p2) + d(ps, pa) + d(pa, ps) + d(ps, ps) + d(p7, ps) (5.9)
ds = d(p1,p2) + d(ps, ps) + d(ps, pa) + d(pa, ps) + d(p7, ps) (5.10)

dy = d(p1,p2) + d(ps, ps) + d(ps, ps) + d(p7, pa) + d(pa, ps) (5.11)
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5.4.2 Solving non-base cases

In algorithm 26 above, when the subproblem involves a partition that is
not a leaf partition, two sets of recursive subproblems are generated, because
we divide every partition into two child partitions. A subproblem is identified

by partition P and a set of portal pairings R.

Portal pairings

One pairing in R is a 2-tuple of portal points. The pairings of portal points
at which the candidate tour segment enters and leaves the partition in question

can be represented as:

Rparent = {(P11,01.2), (P21, D2.2), s (Ph1, Pi2) } (5.12)

Note that the ordering of the pairings within R, as well as the ordering of
portals in each pairing, are both immaterial. What is important is topology
that the pairings indicate. Nevertheless in order to manage the task of mapping
parent pairings to child pairings, we adopt a canonical ordering by sorting

pairings by lowest portal index and by sorting tuples similarly.

Local versus global portal indices

Each p;; in R is simply an index indicating a portal point within the
partition. The values of k are constrained as indicated above because we limit
the number of times the tour can cross any partition side to two crossings.
This limits the possible number of pairings of a subproblem to four pairings.
Let the values shown in figure 5.3 be called global indices that identify the
portal points across all partitions. For convenience we adopt the convention
of numbering the portal points clockwise starting from the upper left corner.
Given the example just mentioned, the local indices for the partition depicted

would be
0,1,2,...,17) (5.13)
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Figure 5.3: Partition and portal points with local indices

However, in general it isn’t always necessarily the case that the indices match
the values as this example shows. This local portal indexing convention al-
lows for a pairing at any level in the partition hierarchy to be unambiguously
expressed. In figure 5.4 we show the portal points which two child partitions
share, and we denote these portal points as sibling portal points. Using the
convention just described, we can extend it to allow the unambiguous indexing
of the sibling points also. According to that convention the local indices for

the left child partition are:
(0,1,2,3,18, 19,20, 21,10, 11,12, 13, 14, 15, 16, 17) (5.14)
And the local indices for the right child partition are:
(4,5,6,7,8,9,21,20, 19, 18) (5.15)

Ultimately the importance between the two systems can be summed up as
follows. Since portal points are only stored one time in memory, we need

global indices to unambiguously identify them across all partitions. However,
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each subproblem must determine the portal pairings of the child partitions
(discussed below) by means of a precomputed table, which necessitates refer-
ring to the portals from the standpoint of their relative position within the

partition in question.

Determining child pairings using the Canonical Schema Table ¥

When GET-BEST solves a non-base case, it determines the portal pair-
ings for the subproblems of its left and right child partitions. When problem
instances are partitioned, the dividing lines between the child partitions can
be either vertical or horizontal. Without loss of generality we refer to the
two subproblems as left and right child partitions, regardless of whether the
partition orientation is landscape or portrait.

To determine the child portal pairings from the parent pairings is a trivial
matter to the naked eye. One can look at the pairings that were chosen, see the
sibling partition boundary, and observe easily the topology that would result
from applying the given parent pairings to the partition in question. However,
in order to automate this process a very large table of parent to child canonical

schema mappings is required.

Definition 5.1

e Canonical schema, C' = {{coo,c01},---s {Cko,cr1}}, is a set of sets indi-
cating a portal connection topology within a partition.

e Canonical schema table, U : (Cpurent; S) — {(Cir,Cir)}, is a mapping
from a parent canonical schema Cparent and information about where the sibling
partition boundary lies, given by S, to a set of valid 2-tuples of child canonical

schemata.

A canonical schema serves to encode the topology of which portal points
connect to one another within a partition. As such it employs indices that
must then be mapped to the local partition indices that are discussed above.

As an example consider a partition having four portal points chosen for use
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and let their local partition indices be pg, p1, p2, and p3. Suppose we wish to
connect the first portal with the fourth and the second with the third. The re-
sulting canonical schema that represents this topology is, then, {{0, 3}, {1,2}}.
The utility of this encoding is that captures the relevant connection arrange-
ment without regard to how many total portals comprise a given partition.
Therefore, canonical schemata can be applied to any partition. The canoni-
cal schema table, ¥, encodes all valid child topology possibilities arising from
(a) the parent canonical schema and (b) the location of the sibling partition
boundary with respect to the parent portal connections. To explain this con-

cept we’ll use some examples.

5.4.3 Subproblems involving one sibling point

Consider the partition illustrated in figure 5.4. It shows a parent partition
having 18 portals points and left and right child partitions respectively having
16 and 10 portal points. Suppose for example that the parent portal pairing
is {{p1,pr})}. Using our definitions above, this corresponds to a canonical
schema of {{0,1}}. In order to determine the child portal connection topology
options that result from choosing these parent portals, we also need to know
that the first portal lies in the left partition and the second one lies in the
right side. Using this information the canonical schema table determines that
there is only one valid child topology corresponding to this parent topology,
namely {{0,1},{0,1}}. As a result the left and right child partitions will have
pairings which share one common portal point as shown in figure 5.5. It follows
from this example that four subproblems are generated, because there are four
sibling portal points in the figure shown, namely pig, p19, P20, and po;.

We notice that in the parent partition the number of crossings is two, i.e.
the number of times the salesman tour segment enters or leaves the partition
boundaries. Likewise the number of crossings is two in both child partition
subproblems. In order for Arora’s algorithm to bound the search space, the

number of crossings must not exceed a predefined limit. We discuss below the
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Figure 5.4: Left and right partitions with common sibling points

consequences of allowing the maximum number of crossings to increase, but
for now assume that no more than two border crossings are allowed in these
examples. Also notice that given the position of the parent portal points in
figure 5.5, it is unavoidable to cross the sibling partition boundary. However
it is not always the case that the sibling partition boundary is crossed in every
generated subproblem, as we illustrate in the following section. Also notice
that in figure 5.5, if the parent portal points had instead been p; and pi3,
then the resulting subproblems generated would involve two crossings of the
sibling partition boundary, in order to ensure that the resulting salesman tour

includes the data points contained in the right side partition.

5.4.4 Subproblems involving two sibling points

As an example of a parent pairing generating multiple child topology op-
tions, consider the partition illustrated in figure 5.6. In the illustration the

pairings are {{ps, 7}, {p14,P16}}. Using our definitions above, this corre-
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Figure 5.5: Portal pairing involving one sibling point

sponds to a canonical schema of {{0,1},{2,3}}. As in the previous exam-
ple with only the canonical schema we don’t know which actual portal points
are used. What we need to know is which ones lie to the left of the sibling
partition boundary and which ones lie to the right. We see that the first
two portals in the given parent pairing lie in the right child partition and the
second two portals lie in the left side. Using this information the canonical
schema table determines that several topology possibilities result, which are
illustrated in the following figures. The first option in figure 5.6 yields left
and right child canonical schemata {{0,1}} and {{0,1}}. The second option
in figure 5.7 yields left and right child canonical schemata {{0,1},{2,3}} and
{{0,3},{1,2}}. The third option in figure 5.8 yields left and right child canon-
ical schemata {{0,3},{1,2}} and {{0,1},{2,3}}. Note that the first option
listed is valid, despite that it uses no sibling portal points. This is because
there are portal connections on both sides, which ensures that all data points
can be incorporated into the final solution. Since the first option involves no

sibling portal points, it follows that only subproblem is generated for that case.
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Figure 5.6: Portal pairing involving no sibling points

Figures 5.7 and 5.8 show the other subproblems that occur as a result of
this configuration of portal pairings. Note that it is not possible for both tour
segments to cross the sibling partition boundary, because this would result
in four total crossings at the sibling boundary, which is above the limit of
two used in our implementation. In figures 5.7 and 5.8 no sibling points are

depicted, however let there be k siblings shared between these two partitions

be. Then there would be
k
(5.16)
2

subproblems generated per child for this given parent pairing.



103

O Y Y
p— N N N | N Y
P Po P P2 P | Pa Ps
|
C) Pis |
|
I P @D
C:) Pis
|
C) Pia |
| r. D
CD Pis !
|
C‘D Pz |
P Pio | Ps Ps
) Y Y T
p— p

Figure 5.7: Portal pairing involving two sibling points entered from left
partition

Y ) T Y Y T
R ~ ~ S | S S
8) P Po P P Ps | Pa P
|
Pis |
O I Ps
: )
C:) Pis |
|
|
Pia |
I p- O
Pis I
|
P I
pll plD I p9 pﬂ
') D D I
~ N

Figure 5.8: Portal pairing involving two sibling points entered from right
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5.4.5 Dead-end scenarios due to impossible child parti-

tion subproblems

In the above scenarios we’ve noted that the maximum number of crossings
per partition border must be two in all cases. This allows for subproblems
involving a maximum of four portal pairings, i.e. eight portal points. In this
section we examine situations in which a given parent subproblem becomes
impossible to solve, due to the limit on the number of allowable crossings per
partition border.

In the first such example figure 5.9 shows a parent subproblem involving
pairings {{p2, ps}, {p7, P16}, {Ps, P10}}. Given the topology that these pairings
have with respect to the where the sibling partition boundary occurs, three
crossings would result, which is not allowed due to the limit imposed.

In the second example figure 5.10 shows a parent subproblem involving
pairings {{p2, ps}, {ps, P15}, {7, p1a}, {ps, P10} }. Likewise, given the topology
that these pairings have with respect to the where the sibling partition bound-
ary occurs, four crossings would result, which is not allowed due to the limit

imposed.

5.5 Traceback

The fifth and final step in algorithm 24 consists of determining the sales-
man tour corresponding to the best distance found in the previous step. The
sequence Spesr, together with a memoization table that will have been filled
in, is used by the final step, GET-BEST-TOUR, to generate the indices of
the shortest tour. Since the costs associated with each subproblem are already
known and stored in the memoization table, each node is visited once and con-
stant time is spent at each. There are O(n) nodes, so assuming every needed
subproblem is still cached it takes O(n) steps to complete this portion of the
algorithm.
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5.5.1 Base case

In algorithm 27 once recursion reaches a leaf partition, i.e. a partition
having no children partitions, the action to take is straightforward. The in-
put parameter R specifies the portal pairings that for the given partition P
were found to yield the best combination of connections leading to a salesman
path having the shortest length able to be found using the given constraints.
Therefore, at the leaf level the only thing to be done is return the line segments
that are indicated by R and the data point contained in partition P. These
individual line segments, once the entire traceback procedure is finished, can

then be assembled into a salesman path.

Algorithm 27 Traceback procedure to obtain the shortest salesman tour

Input: P is the current partition, R = (rg..r) are the current portal pairings

Output: T = (P[t1], P[ts], ..., P[ty]), a tour P having minimal length

1: procedure GET — BEST — TOUR(P)
2 if P is a leaf node then
3 add relevant line segments to T'
4 else
5: for each valid parent-child mapping m; € ¥ do
6 for each valid combination of sibling portals ¢; do
7 (Ricft, Rright) < GET — CHILD — INDICES(R, m;, ¢j)
8 costiesr < GET — BEST (Piest, Rieft)
9 costyight <= GET — BEST(Pright, Rright)
10: cost; j < COStieft + COStright
11: if cost; ; is the lowest seen so far then
12: Ricpi + Riept
13: Rright < Ryight
14: GET — BEST — TOUR(P, /4, Rief1)
15: GET — BEST — TOUR(P,ignt, Ryight)

16: return T
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Figure 5.11: A Solved Instance

5.5.2 Non-base case

The non-base case part of the traceback procedure resembles the cost func-
tion already discussed, with a couple of differences. The assumption is that
the search space has already been covered by the cost function, therefore the
solutions to all needed subproblems should already be in memory. Given a
partition P and a set of portal pairings R, we still need to determine which
parent-child mapping m; and which combination of sibling points ¢; corre-
sponds to the best overall solution. However this time after recursing on the
cost function, we use the best mapping and sibling point combination to re-
curse on GET-BEST-TOUR itself.

5.6 Schema Tables and the Catalan Numbers

It has been shown by Flood (Flo56) that in the Euclidean plane the minimal
(or optimal) tour does not intersect itself. Arora notes that when considering
the search space of connections between portal points, we can greatly reduce

the number subproblems generated if we restrict our search to portal point
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connections that do not allow the tour to intersect itself. It turns out that
the number of such combinations given n portal points is given by C,,, which
is the n* Catalan number. The Catalan numbers form a sequence of natural
numbers that occur in various counting problems, especially those that are

recursively defined. This number sequence can be described by the expression:

1 2n
e o

Asymptotically, C,, grows as:

4n
n3/2\/m

and this has implications for how many border crossings to allow per side. If

Cp ~ (5.18)

we limit the number of crossings to one per partition side, then the maximum
number of portal points involved in a pairing would be four. Four portal
points means two pairings, or two separate tour segments. If we allow for up
to three segments, this means a maximum of six total portal points along the
four borders of a partition. Allowing up to four segments means a maximum
of eight total portal points, and so on. Given that we wish to restrict the
portal pairing to only allow tour paths which do not intersect, this is akin
to enumerating the expressions containing n pairs of parentheses which are
correctly matched. We illustrate this by listing the first several canonical
schemata as the number of tour segments increases. Figure 5.12 illustrates
the topology of the first several canonical schemata. This figure accounts for
allowing a maximum of two crossings per border, or up to four tour segments
per partition. As the number of allowable tour segments per partition grows,
the total number of canonical schemata that must be accounted for in a schema

table mapping grows dramatically, as table 5.1 shows.
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Schema 1 Schema 2 Schema 3 Schema 4
{0,1) (01,2 3) (0,3, 1 2) (01,2 3,4, 5)

Schema 5 Schema 6 Schema 7 Schema &
(0,1,2,5 3, 4) 0,3 1,2 45) 0,5,1,2 3, 4) (0,5 1, 4,2 3)

Schema 9 Schema 10 Schema 11 Schema 12

0,1,2,3,4,56,7) (0,1,23,47,56) (0,1,2,53,4,67) (0,127 23,4,5,6)

Schema 13 Schema 14 Schema 15 Schema 16
0,1,2,7,3,6,4,5) (0,3,1,2,456,7) (0,3,1,2,47,56) (0,51,23,4,67)

Schema 17 Schema 18 Schema 19 Schema 20
0,51,4,2, 367 (0,7,1,2,3456) (0,7,1,2,3,6,45) (0,71, 42,3, 56)

Schema 21 Schema 22
(0,7,1,6,23,45) (0,7,1,6,2,5,3 4)

Figure 5.12: Canonical schemata for one, two, three, and four tour segments.
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Table 5.1: Growth of canonical schemata.

Max # of segments, n ), Total schemata
1 1 1
2 2 3
3 5 8
4 14 22
5 42 64
6 132 196
7 429 625
8 1430 2055

5.7 Automatic Table Generation

Given that we cut partitions into two children and that the cut direction
depends on which dimension is longer for a given partition, a full canoni-
cal schema table must account for both portrait and landscape orientations.
In source code we implemented our canonical schema table as a struct con-
taining a four dimensional array of structures, as shown in the listing below.
The canonical schemata themselves are hardcoded one time and need not be
repeated; what the schema table maps is canonical schema index numbers.
These can be stored in one byte, because our schema tables only account for
up to six tour segments per partition, which table 5.1 tells us only needs to be
able to index 196 canonical schemata.

Since these schema table mappings are considerably large and manually
coding them would risk errors, we automate their creation by using a separate
program to automatically generate the source code which initializes the schema
tables. Algorithm 28 shows how we generate the source for these schema tables.
The concept behind this algorithm is to generate every combination of left and
right child schema, see if they match, and only keep the valid mappings. There
may be faster methods of generating a schema table, but this approach gave us
confidence that the resulting table would be accurate and complete. Extending
this procedure to be able to generate larger tables would require adding the

canonical schemata corresponding to the number of pairings that one wishes
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to support.

struct child_schema {
int8_t left;
int8_t right;

int8_t num_siblings;

1

2

3

4

5 };
6 struct child_schema_table {

7 // parent schema, orientation, num left points, ith entry
8 struct child_schema cs[22][8][8][5];

9 // mumber of schemata, orientation, num left points

10 int8_t ns[22]1([8]1[8];

11 };

Listing 5.1: Schema table structure declarations

Algorithm 28 Schema table source code generator
Input: M is the maximum allowable number of tour segments per partition

Output: None.
Side effect: automatically generates source code wherein parent canonical
schemata are matched to corresponding left and right child schemata
1: procedure GENERATE — SCHEMA — TABLES(M)
A « all canonical schemata having 1 to M pairings.

for each canonical schema Si.;; € A do

if Sjcpr matches Spighicatalan then

2:

3

4: for each canonical schema Sy;gn € A do

5

6 Sparent < GET — PARENT — SCHEMA (Sict, Sright)
7

generate source code encoding mapping Sparent — (Siefts Sright)

5.8 Further Implementation Considerations

In this section we examine some implementation decisions that we con-
fronted, as well as some variations on the basic algorithm itself that gave us

insight into where potential improvements could be made.
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Identifying Subproblems for Memoization

A common issue with caching memoized subproblems is about how to iden-
tify them in the cache. In many industry settings this issue is resolved by using
built-in programming language constructs that generate a hashcode for the ob-
jects being cached, and this is often computed based on the object’s location
in memory. Such an approach is not robust when trying to distribute the com-
putation across devices, and a preferable approach is to generate cache keys
using the semantic content of the item being cached (when possible).

Our caching module makes no attempts to abstract over these issues, as
both keys and values are given as arrays of unsigned bytes. This leaves it to
the module using the cache to prepare its keys and values by manually loading
those arrays in a way that’s meaningful to the application in question. In
the case of Arora’s algorithm, as we’ve discussed in the sections above, what
identifies a subproblem are two things: the partition P and the portal pairings
R. These two pieces of information constitute the key being cached and the
cost associated with P and R is the value stored for that key. When we limit
the schema table to allow a maximum of four segments per partition, the
number of portal points we store is no longer than eight values. Therefore, we
need to store the partition index and the portal indices in order to retrieve the
cost for the given subproblem. For reasonably small instances, eg. n < 200
data points, we are able to identify the partition using an 8-bit integer and
each local portal point index can also fit into 8-bits, which means 9-byte keys
are sufficient. When we solve larger instances, the number of partitions grows,
as well as the number of portal points that a given partition can contain,
which increasing the number of bits per partition index and the number of
bits per portal index. For medium sized instances we use 18 bits to identify

subproblems and 27 bits to identify subproblems when solving large instances.
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Caching distances

The base case for both the recursive cost function and the traceback proce-
dure checks the distances between data points and portal points. We noticed
that caching the distances between data points and portal points yielded a

margin improvement in the run time performance of our implementation.

Parallelization Strategies

Our implementation at present does not support computing subproblems
simultaneously on multiple threads. However, given that siblings in the par-
tition tree are non-overlapping, the modifications needed to parallelize our
implementation might not be extensive. One approach chooses the number of
execution threads as a power of two, 2¥, such that subproblems on partitions
at depth k£ — 1 become delegated to separate threads on sibling partitions
at depth k. A more ambitious idea takes into account that an unfortunate
partitioning of the data points could result in an imbalanced partition tree,
rendering the strategy of multi-threading the execution of siblings at a given
depth a bad idea. The number of different binary trees on n nodes is C,,, the
n!" Catalan number. Therefore, if multiple partition trees were created in the
attempt of landing on a balanced partition tree, the partitioning procedure

could be slowed down by a factor of C,.

5.9 Performance without limiting cache space

In this section we present empirical results from solving TSP instances
using al00. The aim here is to surmise the capabilities of our solver alone,
i.e. without attempting to limit memory usage through a cache replacement
policy. In Chapter 4, we examine the effect of solving instances with limited
memory and employing cache replacement policies. In the results reported in
this section a total of 180 different instances were tested, ranging in size from

10 to 100,000 data points. Most of these are published data sets having prior
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Table 5.2: a100 configuration scenarios tested.

portals/border sibling points used
2 portals/all subproblems 2 all possible
1 portal/all subproblems 1 all possible
limited subproblems 2 one set per schema mapping

empirical results for comparison. We also generated many random instances.
In the tables below we follow the naming convention for TSP instances con-
sisting of including the number of data points in the instance name. Problem

sizes larger than that were killed after 30 minutes of run time.

5.9.1 Configuration Scenarios Tested

Arora’s algorithm involves choosing several parameters, such as the max-
imum number of crossings per border, the number of portal points used, the
shift (and possible rotation) of the data points before partitioning, and the
number of subproblems to explore at every recursive step. This allows for
a large number of possible configuration scenarios, of which we chose three
for the results reported below. Table 5.2 summarizes the differences between
the three types of tests we ran with al00. The first two scenarios operate
exactly as described in the algorithms above. In the scenario labeled “lim-
ited subproblems” we only choose one set of sibling portal points for every
valid schema mapping. In algorithms 26 and 27 this effectively means that
the inner for loop in each iterates only once. The significance of this scenario
is that it corresponds to having made one single “guess”? at the best sibling
portal to use at each level of recursion. As the results show this approach
sometimes results in a fortunate outcome in terms of tour length, and the run
times (and thus scalability) of this approach allow for quite large instances to

be approximated.

3In Arora’s original description of the algorithm, he refers to the portal selection as a
guess. In the configuration scenario in question, we are essentially making only one guess.
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Table 5.3: Average approximation factor achieved by a100.

Average o

2 portals/all subproblems 1.037

1 portal/all subproblems 1.079
limited subproblems 1.324

5.9.2 Solution Quality

We measure solution quality as the approximation factor that was described
in Chapter 2, which is the ratio of the length of the tour found by al00 to
the length of the optimal tour, when the latter is known. In a few cases the
optimal tour length wasn’t available, although best known tours were reported
to be within less than 0.01% of the bound provided by linear programming
methods. In those cases the approximation factor reported uses the best known
tour length. Table 5.3 shows the average degree of approximation achieved for
each configuration scenario explored. Tables 5.4, 5.5, 5.6, and 5.7 list the raw
data used to obtain those averages.

For two portals per border, the average approximation factor achieved was
1.037 for instances having as many as 136 data points. For one portal per bor-
der, the average approximation factor achieved was 1.079 for instances having
as many as 442 data points. When we limited the number of subproblems to
using only one choice of sibling points per schema mapping, the average ap-
proximation factor achieved was 1.324 for instances having as many as 100,000
data points. In none of the three scenarios does it appear that « increases as
a function of problem size. Certain small instances appeared to be “hard”,
i.e. yielded low solution quality, whereas in certain other cases the chosen
shift /perturbation of points and resulting partitioning yielded good perfor-
mance, even in the limited subproblems scenario. In this latter case a100 was
able to achieve solutions within 10% of optimality for several instances, and
even solved the mona-lisal 00K instance to within 15% of optimality in less

than 30 minutes.



Table 5.4: Approximation factor («), 2 portals/border, all subproblems.

instance  tour length a instance tour length !

burmalj 31 1.000 rat99 1,254 1.028
ulysses16 74 1.000 | kroA100 23,002 1.081
ulysses22 75 1.000 | kroB100 22,781 1.029
wi29 27,601 1.000 | kroC100 21,752 1.048
dj38 6,816 1.024 | kroD100 22,574 1.060
att48 35,079 1.046 | kroE100 22,963 1.041
eil51 440 1.022 rd100 8,317 1.051
berlin52 7,804 1.034 | [lin105 15,392 1.070
st70 693 1.021 | pr107 45,492 1.027
eil76 571 1.047 | pri2y 63,239 1.071
pr76 111,757 1.033 | pri36 99,109 1.024

Table 5.5: Approximation factor («), 1 portal/border, all subproblems.

instance tour length « instance tour length Q@
wi29 27,749 1.005 | pri36 101,738 1.051
dj38 7,568 1.137 | prij4 61,008 1.042
att48 36,591 1.091 | chi50 7,268 1.113
eil51 445 1.035 | kroA150 28,395 1.071

berlin52 8,191 1.086 | kroB150 27,685 1.059
st70 699 1.030 | pri52 82,844 1.124
el 76 580 1.063 ulb9 45,257 1.076
pr76 113,183 1.046 | qal94 10,776 1.152
gr96 572 1.117 | rat195 2,409 1.037
rat99 1,269 1.040 d198 17,851 1.131

kroA100 23,217 1.091 | kroA200 32,061 1.092

kroB100 23,935 1.081 | kroB200 31,779 1.080

kroC100 21,988 1.060 | tsp225 4,023 1.042

kroD100 22,946 1.078 |  qul262 2,595 1.091

kroE100 23,039 1.044 | pr264 54,414 1.107

rd100 8,428 1.065 a280 2,775 1.073
eil101 689 1.073 | pr299 51,637 1.072
lin105 15,627 1.087 | lin318 47,296 1.125
pri07 47,835 1.080 | linhp318 47,296 1.125
pri24 69,666 1.180 | pcb442 54,963 1.082
ch130 6,640 1.087
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Table 5.6: Approximation factor (a), 2 portals/border, limited
subproblems.
instance  tour length Q@ instance tour length «
burmaly 36 1.156 | rat783 11,376 1.292
ulysses16 80 1.082 | 2929 132,459 1.389
ulysses22 83 1.094 | [u980 14,903 1.314
wi29 29,941 1.085 | dsj1000 26,466,570 1.418
dj38 8,407 1.263 | pri002 363,744 1.404
att48 39,534 1.179 | w1060 305,237  1.362
eil51 471 1.096 | vm1084 342,601 1.432
berlin52 10,103 1.339 | pcb1173 78,158 1.374
st70 840 1.245 | d1291 75,086 1.478
eil76 676 1.239 | rl1304 388,301 1.535
pr76 128,270 1.186 | rl1323 413,261 1.529
gr6 639 1.248 | nrw1379 74,004 1.307
rat99 1,529 1.254 | fl1400 26,990 1.341
kroA100 29,380 1.380 | w1432 183,631 1.200
kroB100 27,008 1.220 | fl1577 35,762 1.607
kroC100 30,989 1.493 | rwi621 36,347 1.395
kroD100 26,673 1.253 | d1655 85,397 1.375
kroE100 25,926 1.175 | vml1748 464,676 1.381
rd100 9,975 1.261 | w1817 79,202 1.385
eil101 763 1.188 | rl1889 473,853  1.497
lin105 18,658 1.297 | mu1979 129,801 1.494
pr107 49,176 1.110 | d2103 114,664  1.425
pri2j 75,088 1.272 | w2152 88,657 1.380
bier127 148,043 1.252 | w2319 256,376 1.095
ch130 7,747 1.268 | pr2392 504,666  1.335
pri136 111,080 1.148 | pcb3038 181,296 1.317
prij4 74,976 1.281 | nu3496 132,887  1.382
ch150 8,828 1.352 | fi3795 46,053 1.601
kroA150 34,586 1.304 | fnl}461 237,535 1.301
kroB150 33,673 1.289 | ca4663 1,824,086  1.414
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Table 5.7: Approximation factor («), 2 portals/border, limited sub-
problems (cont.).

instance tour length Q@ instance tour length Q@
prib2 100,728 1.367 rlb915 861,342 1.523
ulb9 54,773 1.302 115934 854,444 1.537
qal94 12,070 1.291 126117 557,509 1.412
rat195 2,871 1.236 eq7146 246,701 1.431
d198 18,881 1.196 pla7397 32,296,611  1.388
kroA200 37,880 1.290 ym7663 339,307 1.424
kroB200 36,542 1.241 pm8079 155,898 1.357
gr202 572 1.040 e18246 284,368 1.379
ts225 165,342 1.306 ar9152 1,182,504  1.412
tsp225 5,112 1.325 Ja9847 713,623 1.451
pr226 90,072 1.121 gr9882 418,356 1.390
qil262 3,168 1.332 k29976 1,505,639  1.418
prl64 62,042 1.263 110639 712,802 1.369
a280 3,409 1.322 rl11849 1,323,664  1.434
pr299 63,747 1.323 usal3509 27,523,901  1.377
lin318 27,680 1.372 brd14051 618,037 1.317
linhp318 57,680 1.372 mol4185 584,344 1.367
rd400 20,026 1.311 ho14473 233,142 1.317
fiy17 18,127 1.528 d15112 2,083,460  1.324
pr439 147,287 1.374 it16862 763,813 1.371
pcbq 42 70,187 1.382 d18512 842,179 1.305
d493 44,026 1.258 vmB22775 755,927 1.328
ud74 47,934 1.299 sw24978 1,179,515  1.379
rat575 8,673 1.281 bm33708 1,299,898  1.355
p654 46,080 1.330 pla33810 92,526,026  1.399
657 64,134 1.311 ch71009 6,184,003  1.354
gro66 4,142 1.048 pla85900 189,348,165 1.330
u724 54,381 1.298 | mona-lisal00K 6,628,388  1.151
uy 734 105,371 1.332
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5.10 Run Time and Cache Miss Performance

Tables 5.8, 5.9, 5.10, 5.11, 5.12, 5.13, 5.14, and 5.15 report the raw data
listing run times and cache miss totals for the instances tested using the three
configuration scenarios of a100 that we explored. When the parameters of our
implementation are adjusted for obtaining good quality solutions, eg. within
5% of optimality, the run times become prohibitively high for instances above
200 data points. When approximations within 10% of optimality are accept-
able, our implementation can obtain solutions rather quickly and consistently
for data sets of up to around 450 points. When the parameters of our im-
plementation are adjusted for reducing the number of subproblems visited,
that’s when our implementation becomes truly scalable in run time perfor-
mance, albeit with significant sacrifices in solution quality. The initial choice
of orientation and shift of the data points before partitioning is likely to be a
crucial factor in allowing our solver to obtain better solutions. Therefore, an
area to be explored is to use our parameter settings adjusted for high speed
combined with several shifts and rotations of the data points. That could re-
sult in greatly improved solution quality with only a constant additive in run
time. When we limit the subproblems visited, the bulk of the time is spent
in setting portal points and in partitioning the instance. In the other two
scenarios tested the bulk of the time is spent obtaining the cost of the shortest
tour.

In terms of the cache misses that occur, figures 5.10, 5.10, and 5.10 il-
lustrate, for the three configuration scenarios tested, the rate of increase that
happens as problem sizes increase. In the first two cases even though problems
vary in difficulty there is a clear explosion in cache misses as problem sizes in-
crease. In the case of limited subproblems we see a more gradual increase,

suggesting the scalability of this option.



Table 5.8: Run time and cache misses, 2 portals/border, all
subproblems.
instance  total time (sec) cache misses
random10 0.444275 1264
burmaly 0.44369 4287
ulysses16 0.977672 199762
random20 0.710591 146695
ulysses22 2.164056 492637
wi29 0.594852 92347
random30 0.63352 162375
dj38 34.288559 5798212
random40 4.310083 1378061
att)8 4.986496 1417845
randomdb0 4.631562 1538483
eil51 4.768721 1621361
berlind2 293.536629 31541755
random60 16.363247 5857362
random70 157.089442 19707228
st70 12.201555 3586481
eil76 95.150107 13899716
pri6 3.620041 1280241
randomd80 111.446084 16733703
random90 138.851729 27420242
rat99 54.76024 10789899
random100 131.44615 22113673
kroA100 43.331197 14527147
kroB100 316.931973 15791793
kroC100 16.572458 4652159
kroD100 71.193981 10487992
kroE100 42.080023 10816897
rd100 81.963075 13273783
lin105 42.035804 7218938
pr107 1.913265 558233
random110 128.521855 19125982
random120 111.111805 18837249
pri2/ 70.521321 22080578
pri36 17.375342 5072446
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Table 5.9: Run time and cache misses, 1 portal /border, all subproblems.

instance  total time (sec) cache misses
random10 0.442839 94
random20 0.446769 3230
wi29 0.501845 2359
random30 0.446759 3744
dj38 0.571435 52740
random40 0.481214 22473
att)8 0.445306 21295
randomb0 0.471856 21699
eild1 0.452218 26621
berlin52 0.920635 234012
random60 0.516012 73637
random70 0.890702 192803
st70 0.492169 55229
eil76 0.680832 149769
pri6 0.450978 20781
random80 0.683069 155243
random90 0.765612 221515
gr96 1.929057 601900
rat99 0.641254 137799
random100 0.786839 214967
kroA100 0.614557 128513
kroB100 1.404107 245526
kroC100 0.517718 75330
kroD100 0.723081 152251
kroE100 0.599902 124382
rd100 0.703176 153920
eil101 1.430207 335263
lin105 0.586476 104412
pri107 0.442432 13974
random110 0.820011 221179
random120 0.761679 201203
pri24 0.716201 230322
bier127 140.01324 10902434
random130 2.763805 835729
ch130 2.118787 811255
pri36 0.508422 64298




Table 5.10: Run time and cache misses, 1 portal/border, all subprob-

lems (cont.).

instance  total time (sec) cache misses
gri87 10.072184 1968275
random140 1.334788 440236
pril4 4.166754 2954606
random150 11.625614 2872149
ch150 3.212551 939915
kroA150 1.120474 329788
kroB150 1.349027 432484
pribs2 2.724821 1121814
ul59 0.893602 305412
random160 4.847981 1139656
random170 8.555562 2294416
random180 10.190972 2662410
random190 28.0782 5188566
qal94 18.1527 3786904
rat195 3.503327 813341
d198 11.302157 2095234
random200 8.302201 2509494
kroA200 2.090698 772851
kroB200 5.802944 1418063
random220 23.217693 4233861
tsp225 5.877902 1557686
gr229 62.480743 8336406
random240 21.443264 5228811
random260 47.462579 6796331
qil262 39.236887 8497010
pr26) 1.340845 473533
random280 49.805961 9307800
a280 6.30503 1964324
pr299 6.989829 2116047
random300 44.081897 7454967
lin318 30.802472 6560429
linhp318 30.898 6560429
random350 219.255829 22412749
random400 208.189237 25046990
pchb42 119.880631 17056428

122



123

Table 5.11: Run time and cache misses, 2 portals/border, limited sub-
problems (cont.).

instance  total time (sec) cache misses
random10 0.424162 18
burmaly 0.46377 30
ulysses16 0.47687 39
random?20 0.422682 42
ulysses22 0.465886 51
wi29 0.465975 56
random30 0.426436 81
dj38 0.459277 105
random40 0.428999 87
att)8 0.43936 106
randomb0 0.431649 154
eilh1 0.472064 116
berlin52 0.474722 163
randomb60 0.427536 193
st70 0.469389 174
random70 0.436047 206
eil76 0.474014 226
pr76 0.475181 221
random80 0.430619 204
random90 0.431317 269
gr96 0.426358 308
rat99 0.478055 419
kroA100 0.470552 280
kroB100 0.479733 226
kroC100 0.483919 296
kroD100 0.469753 244
kroE100 0.478394 253
rd100 0.420771 290
random100 0.430593 231
eil101 0.468714 264
lin105 0.480219 341
pr107 0.475588 413
random110 0.432506 399
random120 0.432652 375
pri24 0.478003 373
bier127 0.483441 409
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Table 5.12: Run time and cache misses, 2 portals/border, limited sub-
problems (cont.).

instance  total time (sec) cache misses
ch130 0.48026 337
random130 0.430344 354
pri136 0.482479 448
gri37 0.472887 471
random140 0.43147 397
prij4 0.464467 401
ch150 0.477999 502
kroA150 0.471261 404
kroB150 0.474631 339
random150 0.430655 379
prib2 0.48527 419
ulb9 0.477554 432
random160 0.429548 609
random170 0.430074 545
random180 0.433193 478
random190 0.435718 552
qal94 0.486139 697
rat195 0.479925 790
d198 0.477352 659
kroA200 0.470095 596
kroB200 0.476092 683
random200 0.436571 668
gr202 0.485946 1257
random220 0.438859 817
ts225 0.469027 556
tsp225 0.480252 890
pr226 0.471906 638
gr229 0.472933 1185
random240 0.432237 754
random260 0.433423 810
qil262 0.486148 728
pr26) 0.467543 919
a280 0.483722 916
random280 0.433945 914
pr299 0.489953 1245
random300 0.440295 910
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Table 5.13: Run time and cache misses, 2 portals/border, limited sub-
problems (cont.).

instance  total time (sec) cache misses
lin318 0.490147 1067
linhp318 0.476587 1067
random350 0.443977 1055
rd400 0.515255 1277
random400 0.446233 1181
Y17 0.489471 1547
gr431 0.499756 1618
pr439 0.488926 1414
pchbj42 0.488019 1356
random450 0.444812 1590
d493 0.492087 1756
randomb00 0.45428 1809
atts32 0.50183 2019
alib35 0.49153 2130
ud74 0.496873 1972
rat575 0.465661 2753
random600 0.462823 2213
P65/ 0.512764 2523
d657 0.536183 2928
gro66 0.507453 2873
random700 0.478452 2169
w724 0.517875 2388
u734 0.537618 3114
rat783 0.528535 3961
random800 0.495146 2762
random900 0.514872 3601
21929 0.548544 5627
980 0.499383 2812
dsj1000 0.576934 4740
random1000 0.528127 3114
pr1002 0.566561 3885
u1060 0.591727 5955
vm108/ 0.555389 4099
pchb1178 0.616408 5092
random1200 0.574463 4325
d1291 0.605569 4852
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Table 5.14: Run time and cache misses, 2 portals/border, limited sub-
problems (cont.).

instance  total time (sec) cache misses
rl1304 0.628199 5297
rl1323 0.613523 4773
nrwl379 0.660213 6143
fl1400 0.638544 6282
random1400 0.615777 4824
ul432 0.628393 5775
fi1577 0.687664 6802
random1600 0.692061 6028
rwi1621 0.536907 2874
d1655 0.708673 7201
vm1748 0.726826 6388
random1800 0.743825 5989
ul817 0.70354 7805
rl1889 0.797197 6640
mul979 0.860584 8073
random2000 0.823442 7600
2103 0.762181 8810
u2152 0.782816 9154
u2319 0.79948 10731
pr2392 1.038637 9570
random2500 1.075242 10793
random3000 1.334445 11605
pcb3038 1.372929 11397
nu3496 0.998721 12770
random3500 1.667924 12942
fi3795 1.547532 15496
random4000 2.015858 17109
fnl4461 2.398364 19445
ca4663 2.530927 28072
random5000 2.862496 21818
rl5915 3.444655 23091
rl593/ 3.522624 26744
random6000 4.04534 24522
tz6117 3.885315 25258
random 7000 5.244103 29074
eq7146 5.438541 44874
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Table 5.15: Run time and cache misses, 2 portals/border, limited sub-
problems (cont.).

instance total time (sec) cache misses
pla7397 4.437727 33694
ym7663 6.230499 38645
random8000 6.792605 33123
pm8079 2.734395 25366
€18246 7.236932 41070
random9000 8.076343 39817
ar9152 4.893452 37499
Ja9847 9.604251 48136
gr9882 8.701355 48945
k29976 10.287256 54282
random10000 10.123077 43919
fl10639 11.017062 57692
rl11849 12.175853 54769
usal13509 18.041182 87623
brd14051 19.247134 75634
mol4185 18.776937 69815
ho14473 5.009122 42228
d15112 22.979666 85278
it16862 26.790909 101392
d18512 34.264042 95430
random20000 39.721757 95072
vm22775 45.265587 130940
sw24978 59.794845 132566
random30000 105.347772 132960
bm33708 116.991816 228,311
pla33810 98.348389 180369
random40000 231.451925 179340
randomb50000 388.2521 233951
random60000 600.06444 273965
random70000 806.234255 327693
ch71009 871.174714 395804
randomd80000 1216.134349 390467
pla85900 917.263725 487745
random90000 1530.93131 418909
random100000 1803.230146 469515
mona-lisal 00K 1774.370209 518159
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Cache misses as a function of problem size
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Figure 5.13: Cache misses as a function of problem size - 2 portals/border, all
subproblems

Cache misses as a function of problem size
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Figure 5.14: Cache misses as a function of problem size - 1 portal /border, all
subproblems
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Cache misses as a function of problem size
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Figure 5.15: Cache misses as a function of problem size - 2 portals/border,
limited subproblems

5.11 Areas for Improvement in Our Implemen-

tation

We don’t not explore multiple shifts and rotations of the data points in
our implementation. We merely rescale them and slightly move them until
partitioning can be done such that no border coincides with data points, i.e.
all data points must be properly contained within partitions. A future im-
provement of this implementation, one that could improve solution quality
with only a constant multiple in runtime, depending on how many shifts and

rotations of the data set are explored before partitioning the data.

5.12 Conclusions

In this chapter we have presented a novel implementation of Arora’s well-
known traveling salesman problem algorithm. We employed several effective
software design and implementation strategies in order to render manageable

the complexities inherent in turning this solution approach into a concrete
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tool. In the empirical data section we demonstrated the capabilities of al100
both as a tool for obtaining good quality solutions to instances of modest size,
and as a tool for obtaining crude approximations to very large instances.

As opposed to the experiments in the previous chapter, all of the experi-
ments in this chapter made use of a cache having enough memory to hold all of
the subproblems encountered while solving the given instance. In other words
for the experiments in this chapter, it was always the case that the cache size
C was greater than the critical cache size, C , for the given problem instance.
These empirical results show that our implementation have the flexibility to
be used either to emphasize solution quality or run time speed. It should be
noted that when determining that a given problem instance was to be deemed
“infeasible”, this decision was taken when the run time had exceeded what
was considered a reasonable amount of time. That is to say that memory was

not the limiting factor when determining the instance sizes able to be solved.
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CHAPTER 6

CONCLUSIONS

Go on till you come to the end;

then stop.

Lewis Carroll — Alice’s Adventures
in Wonderland / Through the
Looking-Glass

This thesis has presented several innovative strategies for rendering recur-
sive, memoized problems more efficient both in terms of run time performance
and memory requirements. We have shown that the caching algorithm pro-
posed in this thesis generates fewer cache misses than LRU under a variety of

workloads. In particular we have presented the following contributions:

e FFRU is a flexible, highly configurable mechanism for providing exact
bounds on cache load factor, «, and recency of cached itemss, ¢/N. The
performance of our FFRU implementation confirms the expectation that
for comparable eviction age lower bounds, FFRU never generates greater
cache misses than LRU when solving memoized problems, because the
usage ages of candidates for eviction span a greater range than those
of LRU. Our implementation of FFRU caching was done using cuckoo
hash tables. These provide guaranteed constant time retrieval speed and

amortized constant time insertions. Since we wished to optimize memory
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usage, we opted for 4 cuckoo tables because this choice leads to the ability
to support high load factors, eg. in certain configurations exceeding 99%.
Through empirical investigations we observed that when we limit the
number of bits per cached item to one byte the maximum achievable
recency factor (¢) as cache sizes increase converges to approximately
0.996. This can be viewed as a degree of approximation to LRU. Using
this terminology, classic LRU would be the case in which ¢ = % In
other words, with just one byte of administrative data per cache item, we
are able to achieve very close approximation behavior to LRU. Another
concern relates to the effect of the load factor, «, which increases as
¢ increases. A common complaint of cuckoo hashing (and many other
hashing algorithms) is that insertion times can degenerate considerably
when high load factors occur, eg. for & > 0.95. Although given the high
number of choices for x and d in our algorithm, we observed empirically
that as cache size increases when we limit « to fit into one byte, it is
always feasible to choose k and d such that o < 0.90, thereby preserving

the expected amortized hash table operation performance.

Several reformulations of classic optimization problems have yielded im-
proved cache miss performance due to taking design decisions that ex-
ploited the cache replacement strategy generically characterized as evict-
ing items that are not recently used. By leveraging several chosen factor-
izations of the Fibonacci recurrence, our best reformulation of Fibonacci
shows cache miss growth that is logarithmic as problem sizes increase
using a constant sized LRU/FFRU cache. Our recursive reformulation
of KMP maintains the efficiency of the original version while needing
only a fraction of the memory that the original iterative version uses.
Our tweak to the classic LCS algorithm, i.e. OLCS, yields improved
cache miss performance over the original using less cache memory. And
in the process of investigating the LCS variants we discovered several

families of particularly hard inputs from the standpoint of LRU cache
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miss performance.

e The implementation of Arora’s algorithm, al00, presented in this the-
sis demonstrates run time and solution quality performance that clearly
outperforms the currently known implementations of this approximation
scheme. There has been suggestions (see [Applegate et al., 2006] for one
such example) that the class of random Euclidean TSP instances drawn
uniformly from a square bounding box constitutes in some ways a chal-
lenging set of instances. In this regard, al00 appears to offer promising
empirical results, both in terms of the growth in run time as a function
of problem size and the solution quality obtained. The ability of our
solver to generate a solution to the well known MonaLisal00K to within
15% of optimality in less than 30 minutes provides some encouragement
regarding the potential of this implementation to mature into a more

robust and practical tool.

These contributions provide quantitatively measurable performance ben-
efits in certain problem domains. The methods and strategies demonstrated

herein can be extended to other problem contexts.

Future Work

Techniques in this thesis open several directions for future work. Despite
the saturation of research in cache replacement policies, this research topic
remains ever-present both in theoretical and applied contexts.

Sparseness of dynamic programming problems: It would be interesting
to further explore the performance of FFRU (and related caching algorithms)
when the degree of overlap in encountered subproblems is the parameter being
controlled. Such results might inform which is the preferred variant of FFRU
to be deployed for a given application context. The optimization problems
investigated in this study showed considerable sparseness of subproblem pat-
terns, therefore a proper follow-up study would apply FFRU to a wider variety

of workloads, including those encountered in real-world applications.
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Applying FFRU to other hash table algorithms: Our implemntation
of FFRU runs as an extension of cuckoo hashing, which is known to require
certain limits on load factor in order to avoid the risk of insertions failing due
to the inability to re-build the cuckoo tables. Given the high load factors — and
hence low memory overhead — inherent in FFRU’s design, it would be worth
investigating the viability of implementing FFRU over top other approaches
to hash table maintenance.

Hardware/OS applications of FFRU: Given the importance of caching
techniques on page fault reduction in operating systems, databases, and telecom-
munications devices, it would be interesting to deploy a hardware version of
FFRU to glean insight as to its usefulness in such settings. Likewise, there
are several opportunities to test the viability of FFRU in open source Linux
distributions.

Extending al00 to operate deterministically: In terms of future areas
for investigation into the viability of our implementation of Arora’s algorithm,
it would be interested to explore a form of the deterministic version, namely
one that performs an exhaustive number of shifts in the data points prior
to partitioning. This conjecture arises due to the high variability of solution
quality we report, suggesting that certain cases could very well benefit from
simply shifting and/or rotating the data points several times to see which one
yields the shortest tour. Note that the run time of such a modification would
only increase by a constant multiple of the current run times, which would
depend on how many shifts and rotations were chosen.

Employing al00 for generating candidate solutions: While our imple-
mentation of Arora’s algorithm by itself might not threaten to become the
new state-of-the-art in Euclidean TSP solvers, it would be worth investigating
the potential of techniques like those exhibited by al00 of generating de-
cent candidate solutions that can be further refined, using other optimization

heuristics.
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