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ABSTRACT

CONVERGENCE RATES OF SPECTRAL DISTRIBUTION OF

RANDOM INNER PRODUCT KERNEL MATRICES

Nayeong Kong

DOCTOR OF PHILOSOPHY

Temple University, May, 2018

Professor Brian Rider, Chair

This dissertation has two parts.

In the first part, we focus on random inner product kernel matrices. Under

various assumptions, many authors have proved that the limiting empirical

spectral distribution (ESD) of such matrices A converges to the Marchenko-

Pastur distribution. Here, we establish the corresponding rate of convergence.

The strategy is as follows. First, we show that for z = u + iv ∈ C, v > 0,

the distance between the Stieltjes transform mA(z) of ESD of matrix A and

Machenko-Pastur distribution m(z) is of order O
(

logn
nv

)
. Next, we prove the

Kolmogorov distance between ESD of matrix A and Marchenko-Pastur distri-

bution is of order O
(

3

√
logn
n

)
. It is the less sharp rate for much more general

class of matrices. This uses a Berry-Esseen type bound that has been em-

ployed for similar purposes for other families of random matrics.

In the second part, random geometric graphs on the unit sphere are con-

sidered. Observing that adjacency matrices of these graphs can be thought of

as random inner product matrices, we are able to use an idea of Cheng-Singer

to establish the limiting for the ESD of these adjacency matrices.
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CHAPTER 1

INTRODUCTION

1.1 Historical Review on Spectrum of Ran-

dom Matrix Theory

The rapid development of modern science and technology brought statis-

ticians up against the task of analyzing data in large dimension. In 1928,

Wishart introduced random matrix theory [41] in the field of multi-variate

statistics. To understand the asymptotic behavior as the number of samples

increase, he needed a special matrix from samples so that statisticians focused

on a random matrix defined as follows: If X1, X2, · · · , Xn are independent

identically distributed (iid) Gaussian vectors with mean zero and covariance

ΣX1X
T
1 , then a n×n sample covariance matrix (or Wishart matrix) is defined

as

S =
1

n

n∑
i=1

XT
i Xi. (1.1)

The probability distribution of eigenvalues of S (Wishart distribution) and its

density function have played a crucial role in advancing statistical analysis,

information theory and many branches of physics [41].

In 1950, spectral analysis of large dimensional random matrices was devel-

oped by Wigner [36], [37], [39], and [40]. To understand the behavior of large
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dimensional random matrices, Wigner focused on a special type of matrix:

n × n real symmetric random matrix Wn = (wij)1≤i,j≤n (Wigner matrix) of

the form:

(1) For 1 ≤ i < j <∞, wij are independent identically distributed (i.i.d),

(2) For 1 ≤ i ≤ n wii are i.i.d real random variables,

(3) E[w12] = 0,E[w2
12] = σ2

1,E[w11] = 0,E[w2
11] < σ2

2.

To figure out asymptotic behavior of random matrices, we focus on a special

ensemble of it: Let us consider a n × n matrix A with eigenvalues λi, i =

1, 2, · · · , n. If all these eigenvalues are real, we can define an one-dimensional

distribution function

FA(x) =
1

n
#{i ≤ n : λi ≤ x}, # : number of i’s,

called the empirical spectral distribution (ESD) of the matrix A.

In 1955, Wigner proved Wigner’s semi-circle law: If Wn is a n× n Wigner

matrix, then 1√
n
E[FWn(x)] converges to a semicircle law Fsc,σ2(x) whose density

function is

d

dx
Fsc,σ2(x) =


1

2πσ

√
4σ2 − x2, |x| ≤ 2σ,

0, otherwise,

where Fsc,σ2(x) is commonly referred as the limiting spectral distribution

(LSD) of Wn.

The study of the spectrum of large random matrices, since Wigner’s semi-

circle law, has been an active research area motivated by applications such as

quantum physics, signal processing, numerical linear algebra, statistical infer-

ence, among others. One of important results is the Marcenko-Pastur (M.P.)

law [27] for the spectrum of random matrices of the form (1.1). Marcenko-

Pastur distribution with index γ is defined by

ρMP,γ(x) := 1γ>1δ0(x) +
1

2πxγ

√
(b− x)(x− a)1[a,b](x), (1.2)

where a := (1 − √γ)2 and b := (1 +
√
γ)2. In [27], Marcenko and Pastur

proved that if n, p → ∞ with n/p → γ ∈ (0, 1], then the ESD FS(x) of a
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Wishart matrix S defined in (1.1) weekly converged to a distribution with

density function ρMP,γ(x) (See (1.2)) almost surely.

In the recent years, the general task of pattern analysis for the machine

learning is to find and study general types of relations (for example clusters,

rankings, principal components, correlations, classifications) in datasets. The

kernel methods are a class of algorithms in pattern analysis and there has been

a significant advance in pattern analysis via the methods. To use kernel meth-

ods in a random matrix area, probabilists have developed new type of random

matrices called a random kernel matrix. Especially, the matrix whose entry

depends merely on the inner product is considered. It is called an inner prod-

uct kernel matrix defined as follows: If X1, X2, · · · .Xn are iid n-dimensional

Gaussian random vectors with mean 0 and variance 1
n
, then the matrix A is

defined by

A = (Aij)1≤i,j≤n =

f(XT
i Xj, n), i 6= j,

0, i = j,
(1.3)

where f(x, n) is a real valued function which may depend on n and differen-

tiable at x = 0. Note that it is a general type of (1.1).

Until now, there have been many endeavors to find the limiting of the ESD

of random matrices of the form (1.3). It was started from El Karoui’s results

in [15] which investigated the spectrum of kernel random matrices by using

the operator norm ||A||2 of a n× n random matrix A defined by

||A||2 = max
1≤i≤n

√
λi(ATA), λi : eigenvalues of ATA.

He proved that if the function f defined in (1.3) is differentiable at 0 and

three-times differentiable at 1, then

||A−B||2 → 0 in probability as n→∞,

where (i, j)-th entry of matrix B is

Bij = [f(1)− f(0)− f ′(0)]In + f ′(0)(XT
i Xj). (1.4)
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We call the matrix B as a sample covariance matrix and there have been also

many results which proved the limiting spectral distribution of the matrix.

The first success was due to Marcenko and Pastur in [26] named as Marcenko

-Pastur law and next there has been a significant literature rediscovering and

extending this theorem, with contributions by Bai and Yin [4], Grenander and

Silverstein [21], Jonsson [25] and Wachter [34].

Especially, Yin [42] proved the limiting spectral distribution of B using

combinatorial techniques when all entries ofB are real and iid. For the complex

iid case, Silverstein [32] showed that the limiting of Stieltjes transform of ESD

of B satisfied a differential equation and extended the Marcenko-Pastur law.

Also, Cheng and Singer [11] proved the limiting of ESD of random inner matrix

A with the following conditions: Consider the function f in (1.3) and define

the normalized function of it as

k(x, n) =
√
nf(

x√
n
, n). (1.5)

If we denote µ as the probability density function of
√
nXT

1 X2 provided that

f ∈ L2(dµ), then we can express k(x, n) as the series:

k(x, n) =
∑
k≥0

ak,npk,n(x), (1.6)

where pk,n(x) is kth orthogonal polynomial with respect to µ and the coefficient

ak,n can be written as

ak,n =

∫
R
k(x, n)pk,n(x)dµ(x).

Now we assume that the function f satisfies the following three conditions:

(Normalization) There exists c ∈ [0,∞) such that

lim
n→∞

∞∑
i=1

|ai,n|2 = c.

(Uniform convergence) For any ε > 0, there exists L = L(ε) > 0 such that

the following holds for enoughly large n:∑
i>L

|ai,n|2 ≤ ε.
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(Scaling) There exists a ∈ [0,∞) such that

lim
n→∞

a1,n = a.

Then Cheng and Singer proved the following results.

Theorem 1.1.1 (Cheng and Singer [11]). Let A be a random matrix defined as

(1.3) and assume that the function k(x, n) defined by (1.5) satisfies the three

conditions, (Normalization), (Uniform convergence) and (Scaling).

Then the Stieltjes transform of ESD (Empirical Spectral Distribution) of the

matrix A, denoted by mA(z), converges weakly to m(z) which satisfies the

following equation.

− 1

m(z)
= z + a(1− 1

1 + am(z)
) + (c− a2)m(z). (1.7)

From now we keep up with this historical facts and obtain a more advanced

result in Theorem 4.2.4.

1.2 Description of Main Idea and Strategy

In the previous section, we recognized that many probabilists computed the

limiting of ESD for the random matrix A defined in (1.3). One of the important

problems in applications of asymptotic theorems of spectral analysis of large

dimensional random matrices is advancing the convergent rate of the ESD.

So we will improve the rate of convergence for ESD of the random matrix A

defined in (1.3). To do so, we first consider the Stieltjes transform defined as

follows: For a probability measure dµ on R, its Stieltjes transform is defined

by

m(z) =

∫
R

1

x− z
dµ(x), I(z) > 0,

where I(z) is the imaginary part of complex number z. If A is defined as (1.3)

and λ1(A), λ2(A), . . . , λn(A) are real eigenvalues of matrix A, then Stieltjes

transform of ESD of A can be written as

mA(z) =
1

n

n∑
i=1

1

λi(A)− z
=

1

n
Tr(A− zI)−1, I(z) > 0,
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where TrM is a trace of the matrix M .

Now the main goal is to show that for fixed z = u+ iv ∈ C with v > 0, the

expectation EmA(z) converges to m(z) as n→∞, where mA(z) and m(z) are

the Stietjes transforms of ESD for the random matrix A and Marcenko-Pastur

distribution with index 1 defined on (1.2), repectively. In particular, for fixed

z = u+ iv ∈ C with v > 0, we prove the following rate of convergence:

|EmA(z)−m(z)| = O
( log n

nv

)
. (1.8)

Also, we will choose the sequence v = vn later which allows to approach zero

as n tends to ∞.

The main strategy to show (1.8) is as follows: We divide into two steps.

Let B be a n× n random matrix which is defined as

Bij = f(0) + f ′(0)XT
i Xj, (1.9)

where X1, X2, · · · , Xn are iid standard Gaussian vectors and the function

f(x) = f(x, n) is the same function as (1.3).

The first step is to prove the estimate

E
∣∣∣mA(z)−mB(z)

∣∣∣ = O
( log n

nv

)
, z = u+ iv ∈ C, v > 0, (1.10)

which will be Theorem 3.2.2. The second step is to show the estimate∣∣∣EmB(z)−m(z)
∣∣∣ = O

( 1

nv

)
, z = u+ iv ∈ C, v > 0, (1.11)

which will be Theorem 3.3.3. These two estimates prove (1.8).

For the first step, since X1, X2, · · · , Xn are iid standard Gaussian vectors,

using Taylor series and the generating function, we obtain the estimate,

Pr

{
|XT

i Xj| >
√

4 log n

n

}
≤ 2

n2
, (1.12)

which will play an important role in showing the estimate (1.10). Here the

main point is assuming that X1, X2, · · · , Xn are iid standard Gaussian vectors

to handle the tail part of expectation of differences of two Stieltjes transforms.
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For the second step, there are many papers which prove a rate of conver-

gence of ESD for the random matrix B defined on (1.9). However, the random

matrix in the papers is much more general than the matrix B defined on (1.9).

In other word, the matrix B has the same form but it is assumed that Xi is a

random vector with entries Xij, j = 1, · · · , n, as iid standard normal variables

such that

E[Xij] = 0, E[X2
ij] =

1

n
. (1.13)

(This is much more general random vector than Gaussian random vector).

In [2], Bai and Miao assumed the following: Let M = (xij) be a real symmetric

matrix with

(1) E[xij] = 0,E[x2
ij] = 1, 1 ≤ i ≤ p, 1 ≤ j ≤ n,

(2) sup
i,j

E[|x8
ij|] <∞,

(3)
∑
i,j

E[x8
ij]I|xij |>ε

√
n = O(n2), for any ε > 0,

and FM(x) be the ESD of M . They proved that the rates of convergence to

ρMP,γ(x) defined on (1.2) were O(n−1/4) and O(n−5/48) according to γ 6= 1 or

γ = 1. These rates were also established for the convergence in probability

of FB(x) to ρMP,1(x). In 2010, Bai [6] developed the rate of convergence of

the ESD of the random matrix B to ρMP,γ(x): If a Hermitian matrix M =

(xij), 1 ≤ i, j ≤ n satisfies the following conditions:

(1) E[xij] = 0,E[x2
ij] = 1, 1 ≤ i < j ≤ n,

(2) E[|x2
ii|] = σ2, 1 ≤ i ≤ n,

(3) sup
i,j

E[x8
ij]],E[x3

ii] ≤ C <∞,

with σ2 ≤ C for some constant C > 0, then the ESD of M converges to

ρMP,1(x) with a rate O(n−1/2). This rate worked for the convergence in proba-

bility of FB(x) to ρMP,1(x). Moreover, Gotze and Tikhomirov [18] proved that
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the ESD of Wishart matrix W = 1
n
XTX where X = (wij) with

(1) E[wij] = 0,E[w2
ij] = 1, 1 ≤ i, j ≤ n,

(2) Pr{|wij| > t} ≤ 1

M
exp{−tM},

converged to ρMP,1(x) with a rate O
(

(logn)4+
4
M

n

)
.

In this dissertation, we investigate the convergence rate of mB(z) to m(z)

for any z = u + iv ∈ C with v > 0 assuming that Xi is a random vector with

entries Xij, j = 1, · · · , n, as iid standard normal variables with (1.13). The

main idea is to use the diagonal entries of resolvent for random matrix Bn

which comes from O’Rourke’s paper [29]: Let us consider the resolvent of Bn

Rn(z) = (Bn − zI)−1.

Then the diagonal entries of Rn(z) can be expressed by(
Rn(z)

)
kk

=
1

f ′(0)
n∑
s=1

x2
ks − z −BT

k R
k
n(z)Bk

, k = 1, · · · , n, (1.14)

where Bk is the k-th row of Bn except k-th entry. The diagonal entries (1.14)

lead to the rate (See Theorem 3.3.3):∣∣∣EmB(z)− 1

−z − zf ′(0)EmB(z)

∣∣∣ = O
( 1

nv

)
. (1.15)

Using the uniqueness and formula of Stieltjes transform for Marchenko-Pastur

distribution, we get

|EmB(z)−m(z)| = O
( 1

nv

)
.

By using above two steps, we are able to obtain the following theorem and our

desired rate of convergence.

Theorem 1.2.1. Let An be n×n random matrices defined as (1.3) and mAn(z)

be the Stieltjes transform of the ESD FAn(x) of An. Then for any z = u +

iv, v > 0, ∣∣∣∣∣EmAn(z)−m(z)

∣∣∣∣∣ = O
( log n

nv

)
,
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where m(z) is the Stieltjes transform of Marchenko-Pastur distribution defined

on (1.2) with γ = 1.

Next, we compute a rate of convergence of expected ESD of A to the

distribution

G(x) =

∫ x

−∞
ρMP,γ(t)dt, (1.16)

using the Bai’s idea in [1] and Theorem 1.2.1. Indeed, it was proved in [1] that

the bound for Kolmogorov distance,

||F −G|| = sup
x
|F (x)−G(x)|,

was obtained by a Berry-Esseen type inequality whose right side has the inte-

gral term having a finite interval and the integrand as the absolute difference

between their Stieltjes transforms. Then we have the following main result.

Theorem 1.2.2 (Main Result). If A is a random inner product kernel ma-

trix defined in (1.3) and FA(x) is the ESD of A then

||EFA(x)−G(x)|| = sup
x
|EFA(x)−G(x)| = O

(
3

√
log n

n

)
,

where

G(x) =

∫ x

−∞
ρMP,1(x)dx,

and ρMP,1(x) defined in (1.16).

1.3 Beyond the Gaussian

For convenience, we assumed that all vectors X1, X2, · · · , Xn are iid Gaus-

sian with mean 0 and variance 1
n
. In Chapter 3, we prove that if X1, X2,

· · · , Xn are Gaussian then we obtain the right tail part of XT
i Xj,

Pr

{
|XT

i Xj| >
√

4 log n

n

}
≤ 2

n
. (1.17)
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Using (1.17), we have improved a rate of convergence of mAn(z) to mBn(z) in

the Theorem 3.2.2. However, it is known that the condition that the vectors

are Gaussian is too strong and used only to obtain the upper bound (1.17).

Thus, assuming that X1, X2, · · · , Xn are iid random vectors with mean 0 and

variance 1
n

and have the upper bound (1.17) with the condition,

sup
i,j

E[x4
i,j] = O

( 1

n2

)
,

where xi,j is a j-th entry of the vector Xi, we are able to extend the main

results in Theorem 3.2.2 for more general random inner product matrix An

defined in (1.3) with above random vectors.

1.4 Random Graph on Unit Ball

The theory of random graphs was founded in the late 1950s by Erdös and

Rényi [16]. The work of Watts and Strogatz [35] and Barabási and Albert [7]

at the end of the last century initiated new interest in this field. The subject

is at the intersection between graph theory and probability theory.

Based on simulation results, there are interesting differences between the

spectrum of the adjacency matrices of the different classes of graph. It is

proposed to use the spectrum of the adjacency matrix as a tool to indicate

which model may be most appropriate for a particular real-world graph such

as transportation, the Internet, social networks and neural networks [17].

In the second part of this thesis, we investigate the spectral properties of the

adjacency matrix of a random geometric graph on the unit ball. The random

geometric graph G(n, rn) defined as follows: Consider uniformly distributed n

vertices X1, X2, · · · , Xn on the unit sphere,

Sn−1 = {X = (x1, x2, · · · , xn) : x1
2 + x2

2 + · · ·+ xn
2 = 1} ⊂ Rn.

We define that two points are connected if their Euclidean distance is less than

the radius rn. Recently, this class of graphs has attracted attention from a

model for wireless networks [17].
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Now we focus on studying the ESD of the adjacency matrix of a random

geometric graph which has n-uniformly distributed vertex on the unit (n− 1)

sphere in Rn. Then the adjacency matrix is A = (Aij)1≤i,j≤n defined as

Aij =

1 if ||Xi −Xj|| ≤ rn,

0 if ||Xi −Xj|| ≥ rn,
(1.18)

= f(||Xi −Xj||, n),

where

f(x, n) = χ[0,rn)(x, n). (1.19)

We call this type of matrix random as Euclidean matrix. Probabilists recognize

that it is not easy to investigate this random euclidean matrix and so there

have had little results computing the limiting of ESD of the matrix. However,

since X1, X2, · · · , Xn are on the unit sphere for this matrix, then we think of

the Euclidean norm ||Xi −Xj|| as

||Xi −Xj|| =
√

2− 2Xi
TXj. (1.20)

Using (1.20), the random matrix A in (1.18) can be changed by

A = (Aij)1≤i,j≤n =

1 if Xi
TXj ≥ 1− rn2

2
,

0 if Xi
TXj < 1− rn2

2

, (1.21)

= χ
[1− rn2

2
,∞)

(Xi
TXj, n).

Thus, instead of the Euclidean matrix, we think of the adjacency matrix A as

a kind of random inner product matrix with the function f as

f(x, n) = χ
[1− rn2

2
,∞)

(x, n). (1.22)

There have been many results which compute the limiting of ESD of a random

inner product matrix defined by (1.21) and (1.22) assuming thatX1, X2, · · · , Xn

are i.i.d. random vectors uniformly distributed on Sn−1. In [23], Jiang proved
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that ESD of A converged to 1
2f ′(2)

ρMP,1

(
x−f(0)+f(2)−2f ′(2)

2f ′(2)

)
with probability 1.

In the paper, Jiang assumed that f(x) was defined on [0, 4], f ′′(2) was existed

and f ′(2) 6= 0. Whereas, the function f defined as (1.22) does not satisfy this

condition so that we need to use more general result proved by Cheng and

Singer [11]. In this thesis, we show that the function f defined (1.22) satisfies

conditions in [11], and so the ESD for the adjacency matrix converges to the

semi-circle distribution with scaling window a constant c > 0.

1.5 Outline of the Thesis

The main tools proving the theorems and some basic consequences are in-

troduced in Section 2. In Section 3, we compute the rate of convergence of

differences of two stieltjes transforms. To do so, we divided into two steps and

show each steps using generating function and resolvent of the matrix. Based

on the result in Section 3, we compute the difference between the probability

functions for ESD of the matrix A and ρMP,γ(x) by using Berry-Essen type

inequality in Section 4. Finally, in Section 5, we introduce the random geo-

metric graph G(n, rn) on the unit sphere and show the limiting of ESD of the

adjacency matrix of G(n, rn).
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CHAPTER 2

PRELIMINARIES

Based on the definition of the Stieltjes transform of ESD of a random

matrix A, we review basic facts for the trace of an inverse matrix which are

essential for us to prove our results. Most facts in this chapter came from the

classical linear algebra theory, especially the matrix computation.

2.1 Random Inner-Product Kernel Matrix

Let X1, X2, . . . , Xn be iid standard Gaussian vectors in Rn i.e., for each

1 ≤ i ≤ n,

Xi = (Xi1, Xi2, . . . , Xin)T , Xij ∼ N (0,
1

n
).

Since for any 1 ≤ i, j ≤ n, Xij is a Gaussian random variable with mean 0

and variance 1
n
, one can know that

Pr{|Xij| > t} = 2

√
n

2π

∫ ∞
t

exp
{
− nx2

2

}
dx ≤ exp

{
− n

2
t2
}
, t ≥ 0. (2.1)

We consider a special random kernel matrix defined as follows:

Definition 2.1.1. An is called a n× n symmetric random kernel matrix if its

entries are

(An)ij =

f(XT
i Xj, n), i 6= j,

0, i = j,
(2.2)
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where f(x, n) is a real valued function which depends on n.

Definition 2.1.2. Suppose that the eigenvalues of the matrix An are λ1, λ2,

· · · , λn, then Empirical Spectral Distribution (ESD) of An, FAn(x) is defined

by

FAn(x) =
1

n
#{j ≤ n : λj ≤ x}, x ∈ R # : number of i’s. (2.3)

There are a few methods to compute the limiting of ESD of random matrices

and one of them is to use the Stieltjes transform of ESD.

2.2 Stieltjes Transform

Next, we define the Stieltjes Transform, which is an useful tool to compute

the limiting of the ESD of random matrices.

Definition 2.2.1. For a probability measure dµ on R, its Stieltjes Transform

mµ(z) is defined by

mµ(z) =

∫
R

1

x− z
dµ(x), z ∈ C,

where the imaginary part of z is positive, i.e., I(z) > 0.

Now, we have basic remarks about the Stieltjes Transform.

Lemma 2.2.2. Suppose I(z) > 0, then we have I(mµ(z)) > 0.

Proof. It is clear that for z = a+ bi, b > 0,

I(mµ(z)) =I
(∫

R

1

x− z
dµ(x)

)
= I

(∫
R

(x− a) + bi

(x− a)2 + b2
dµ(x)

)
=b

∫
R

1

(x− a)2 + b2
dµ(x) > 0.

Lemma 2.2.3. For a random matrix An with eigenvalues λ1, λ2, . . . , λn, the

Stieltjes Transform of the ESD of An, say, mAn(z) is

mAn(z) =
1

n

n∑
i=1

1

λi − z
=

1

n
Tr(An − zIn)−1, I(z) > 0. (2.4)



15

Corollary 2.2.4. The Stieltjes Transform (2.4) is uniformly bounded for fixed

z ∈ C. Specially, if z = u+ vi is fixed with v > 0, then

|mAn(z)| ≤ 1

v
. (2.5)

Proof. By the definition of the Stieltjes transform, it is clear that

|mAn(z)| ≤ 1

n

n∑
i=1

1

|λi − z|
≤ 1

n

n∑
i=1

1

v
=

1

v
. (2.6)

It is well-known that the ESD of a random inner product kernel matrix

defined on (2.3) converges weakly to a Marcenko-Pastur distribution, (See

[11]). Here, we denote a Marcenko-Pastur distribution with index γ = 1 by

ρMP,1(x) :=
1

2πx

√
x(2− x)1[0,2](x). (2.7)

Theorem 2.2.5. Assume that X1, X2, . . . , Xn are n-independent identically

distributed vectors in Rn with E[Xi] = 0 and E[X2
i ] = 1 for each 1 ≤ i ≤ n.

Also, suppose that f is a real valued function and differentiable at 0. If An is a

random matrix defined as Definition 2.1, then the ESD of An weakly converges

to
1

|f ′(0)|
ρMP,1

(x− α
f ′(0)

)
, α = −f(0)− f ′(0), f ′(0) 6= 0, (2.8)

almost surely. If f ′(0) = 0, then the ESD of A weakly converges to the Dirac

measure δα(x) at α.

2.3 Inverse Matrix and Resolvent

In this section, based on basic linear algebra, we introduce some useful results

below.

Let A = (aij), 1 ≤ i, j ≤ n be an n× n matrix. After deleting the k-th row

and column from A, we have a (n− 1)× (n− 1) submatrix Ak of A. Then we

obtain the following useful theorem.
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Theorem 2.3.1. [See [22]] Let A be nonsingular and U , B and V may be

rectangular. Then

(A+ UBV )−1 = A−1 − A−1U(I +BV A−1U)−1BV A−1. (2.9)

Theorem 2.3.2. [6] If both A and Ak, k = 1, 2, · · · , n are Hermitian nonsin-

gular, and if we write A−1 = (Aij), 1 ≤ i, j ≤ n, then

akk =
1

akk − akA−1
k aTk

, (2.10)

and hence

Tr(A−1) =
n∑
k=1

1

akk − akA−1
k aTk

, (2.11)

where akk is the k-th diagonal entry of A, Ak is a (n− 1)× (n− 1) submatrix

of A defined as above, ak is the vector obtained from k-th row of A by deleting

k-th entry.

In this thesis, we frequently consider the resolvent of a Hermitian matrix A,

i.e, (A − zIn)−1, where z is a complex number with positive imaginary part.

In this case, by (2.11), we have

Tr(A− zIn)−1 =
n∑
k=1

1

akk − z − ak(Ak − zIn−1)−1aTk
. (2.12)

Now, we need the inverse of partitioned matrix formula to compute the dif-

ference of traces of a matrix A and its submatrix Ak for each k = 1, 2, · · · , n.

Suppose that the matrix P is nonsingular positive definite and has the parti-

tion as given by

(
A B

C D

)
. Then the inverse of P has the form

(
A B

C D

)−1

=

(
(A−BD−1C)−1 −A−1B(D − CA−1B)−1

−D−1C(A−BD−1C)−1 (D − CA−1B)−1

)
.

(2.13)

We use the indentity (2.13) to prove the following theorem.
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Theorem 2.3.3. If the matrix A and Ak defined as above are both nonsingular

and Hermitian then

Tr(A−1)− Tr(A−1
k ) =

1 + akA
−2
k aTk

akk − akA−1
k aTk

, (2.14)

where ak is obtained from k-th row of A by deleting k-th entry.

Proof. Note that by (2.13),

TrA−1 = Tr

(
Ak aTk

ak akk

)−1

= Tr

(
(Ak − aTk a−1

kk ak)
−1 −A−1

k aTk (akk − akA−1
k aTk )−1

−a−1
kk ak(Ak − aTk a

−1
kk ak)

−1 (akk − akA−1
k aTk )−1

)
= Tr(Ak − aTk a−1

kk ak)
−1 + Tr(akk − akA−1

k aTk )−1

By Theorem 2.3.1, we have

Tr(Ak − aTk a−1
kk ak)

−1 = TrA−1
k − TrA−1

k aTk (I − a−1
kk akA

−1
k aTk )−1(−a−1

kk )akA
T
k

= TrA−1
k + (akk − akA−1

k aTk )−1 Tr(akA
−2
k aTk ).

This completes the proof.

From Theorem 2.3.3, we obtain the upper bound of the difference between

traces of resolvents of a matrix A and its submatrix Ak for each k = 1, 2, · · · , n.

Theorem 2.3.4. Let z = u+ iv, v > 0 and let A be a n×n Hermitian matrix.

Then

|Tr(A− zIn)−1 − Tr(Ak − zIn−1)−1| ≤ 1

v
. (2.15)

Proof. From (2.14), we have

|Tr(A− zIn)−1−Tr(Ak − zIn−1)−1| =∣∣∣∣∣ 1 + (ak − zek)(Ak − zIn−1)−2(ak − zek)T

(akk − z)− (ak − zek)(Ak − zIn−1)−1(ak − zek)T

∣∣∣∣∣,
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where ek = (0, · · · , 1︸︷︷︸
k−th

, · · · , 0)T is the elementary vector. Put λ1, λ2, · · · , λn−1

as the eigenvalues of matrix Ak. Then we can denote

Ak = B diag[λ1, λ2, · · · , λn−1]BT ,

where B is an (n − 1) × (n − 1) unitary matrix and diag[λ1, λ2, · · · , λn−1] is

a diagonal matrix with diagonal entries λ1, λ2, · · · , λn−1. Since (ak − zek)B =

(y1, y2, · · · , yn−1) and z = u+ iv, we have

|1+(ak − zek)(Ak − zIn−1)−2(ak − zek)T |

=
∣∣∣1 +

n−1∑
i=1

|yi|2(λi − z)−2
∣∣∣

≤ 1 +
n−1∑
i=1

|yi|2((λi − u)2 + v2)−1

= 1 + (ak − zek)((Ak − uIn−1)2 + v2In−1)−1(ak − zek)T .

Note that if C2 + D2 is nonsingular for any two Hermitian matrices C and D,

then

(C + iD)−1 = (C− iD)(C2 + D2)−1. (2.16)

It follows from (2.16) that

I(akk − z − (ak − zek)(Ak − zIn−1)−1(ak − zek)T )

=v(1 + (ak − zek)((Ak − uIn−1)2 + v2In−1)−1(ak − zek)T ),

which proves (2.15).
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CHAPTER 3

RATE OF LIMITING TO

STIELTJES TRANSFORM OF

MP DISTRIBUTION

3.1 Description of Main Result and Ideas

Let An be a n× n random inner product kernel matrix defined by

(An)ij =

f(XT
i Xj, n), i 6= j,

0, i = j,
(3.1)

where f : R × R → R is a twice differentiable function at x = 0, i.e., f ′′(0)

exists.

In this Chapter, the main purpose is to show that for fixed z = u + iv ∈
C with v > 0, EmAn(z) converges to m(z) as n → ∞, where mAn(z) and

m(z) are the Stieltjes transforms of ESD, FAn(x) of An and Marcenko-Pastur

distribution defined on (2.3) and (2.7), respectively. In particular, we prove

the following rate of convergence: For fixed z = u+ vi ∈ C, v > 0,

|EmAn(z)−m(z)| = O
( log n

nv

)
. (3.2)
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Also, if z ∈ {u+ iv ∈ C : |u| ≤ α, 0 < vn < v}, then we obtain

|EmAn(z)−m(z)| = O
( log n

nvn

)
.

This means that the rate of convergence of EmAn(z) to m(z) depends on the

rate of convergence of v = vn to 0 as n→∞. We will choose the sequence vn

later which allows to approach zero.

The outline to show the estimate (3.2) is the following. In the first step, we

define a matrix Bn by

(Bn)ij = f(0) + f ′(0)XT
i Xj, (3.3)

where X1, X2, . . . , Xn are iid standard Gaussian vectors and the function f is

the same function as the definition of An. In Theorem 3.2.2, we prove the

estimate: For all z = u+ iv, v > 0,

E
∣∣∣mAn(z)−mBn(z)

∣∣∣ = O
( log n

nv

)
, n→∞. (3.4)

Second step is to show that mBn(z) converges to the Stietljes transform m(z) of

Marcenko-Pastur distribution in (2.7) as n→∞, i.e., for any z = u+iv, v > 0,∣∣∣EmBn(z)−m(z)
∣∣∣ = O

( 1

nv

)
. (3.5)

This is Corollary 3.3.4. Below, together we have the following theorem.

Theorem 3.1.1. Let An be n×n random matrices defined as (3.1) and mAn(z)

be the Stieltjes transform of the function FAn(x) defined on (2.3). Then we

have for any z = u+ iv, v > 0,∣∣∣EmAn(z)−m(z)
∣∣∣ = O

( log n

nv

)
,

where m(z) is the Stieltjes transform of Marchenko-Pastur distribution defined

on (2.7).
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3.2 Rate of Convergence of mAn(z) to mBn(z)

We start with the following Lemma.

Lemma 3.2.1. Let X1, X2, . . . , Xn be iid Gaussian vectors in Rn with E[X1] =

0 and E[X2
1 ] = 1. Then we have

Pr

{
|XT

i Xj| >
√

4 log n

n

}
≤ 2

n2
. (3.6)

Proof. Note that for any ε > 0,

Pr
{
|XT

i Xj| > ε
}

= Pr
{
|nXT

i Xj| > nε
}

= Pr

{∣∣∣ n∑
k=1

Zk

∣∣∣ > nε

}
, (3.7)

where Zk is the product of two independent Gaussian variables with mean 0

and variance 1
n
. By a simple expectation, we have that

MZk(t) = E[etZk ] =
1√

1− t2
, t ∈ (−1, 1). (3.8)

Hence, by the independence of Zk’s, we obtain

M n∑
k=1

Zk
(t) =

( 1√
1− t2

)n
. (3.9)

Optimizing over t and using the assumption that Zk are independent, it follows

from (3.7), (3.9) and Generic Chernoff Bound that

Pr
{ n∑
k=1

Zk > nε
}

= Pr
{
et

∑n
k=1 Zk > etnε

}
≤ min

0<t<1

1

etnε
E[et

∑n
k=1 Zk ]

= min
0<t<1

1

etnε

( 1√
1− t2

)n
. (3.10)

Similarly,

Pr
{ n∑
k=1

Zk < −nε
}

= Pr
{
e−tnε

∑n
k=1 Zk > etnε

}
≤ min

0<t<1

1

etnε
E[e−t

∑n
k=1 Zk ]

= min
0<t<1

1

etnε

( 1√
1− (−t)2

)n
. (3.11)
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Since for 0 < t < 1,

log(1− t) ≤ −t,

then for large n in N,

1

etnε

( 1√
1− t2

)n
=e−tnε(1− t2)−

n
2

=e−tnεelog(1−t2)−
n
2

=e−ntε−
n
2

log(1−t2)

≤e−tnε+
n
2
t2

=e
n
2

(
(t−ε)2−ε2

)
.

Choosing t = ε, we get

min
0<t<1

1

etnε

( 1√
1− t2

)n
≤ min

0<t<1
e
n
2

(
(t−ε)2−ε2

)
≤ e−

n
2
ε2 . (3.12)

Thus (3.10), (3.11) and (3.12) give us that

Pr
{
|XT

i Xj| > ε
}

= 2e−
n
2
ε2 . (3.13)

Choosing

ε =

√
4 log n

n
,

we have by (3.13)

Pr

{
|XT

i Xj| >
√

4 log n

n

}
≤ 2

n2
.

Thus, we get our desired estimate (3.6).

For convenience, we denote An as A and Bn as B. Using Lemma 3.2.1, we

prove the next Theorem which completes the first step.

Theorem 3.2.2. Let A and B be n×n random matrices defined as (3.1) and

(3.3). Then we have for any z = u+ iv ∈ C, v > 0,

E
∣∣∣mA(z)−mB(z)

∣∣∣ = O
( log n

nv

)
. (3.14)
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Proof. Let {λi(A)}ni=1 be eigenvalues of matrix A and {λi(B)}ni=1 be eigenval-

ues of B. Using Cauchy-Schwarz Inequality, we have for z = u+iv ∈ C, v > 0,

|mA(z)−mB(z)|2 ≤

∣∣∣∣∣ 1n
n∑
i=1

1

(λi(A)− z)
− 1

(λi(B)− z)

∣∣∣∣∣
2

≤

∣∣∣∣∣ 1n
n∑
i=1

(λi(A)− λi(B))
1
2

(λi(A)− z)

(λi(A)− λi(B))
1
2

(λi(B)− z)

∣∣∣∣∣
2

≤ 1

n2

n∑
i=1

∣∣∣∣∣λi(A)− λi(B)

(λi(A)− z)2

∣∣∣∣∣
n∑
i=1

∣∣∣∣∣λi(A)− λi(B)

(λi(B)− z)2

∣∣∣∣∣
≤ 1

n2v4

(
n∑
i=1

|λi(A)− λi(B)|

)2

. (3.15)

Using Hoffman-Wielandt inequality,

n∑
i=1

|λi(A)− λi(B)|2 ≤ Tr(A−B)2,

it follows from (3.15) that

|mA(z)−mB(z)|2 ≤ 1

n2v2

(
n∑
i=1

n∑
j=1

|Aij −Bij|2
)2

. (3.16)

Next, let F be an event that there exist i 6= j such that

|XT
i Xj| >

√
4 log n

n
.

It is clear from Lemma 3.2.1 that

Pr(F) ≤ O
( 1

n2

)
. (3.17)

Notice that

E
∣∣∣mA(z)−mB(z)

∣∣∣2 ≤E
[
1F |mA(z)−mB(z)|2

]
+ E
[
1Fc |mA(z)−mB(z)|2

]
≤M1 +M2, (3.18)

where

M1 = E
[
1F |mA(z)−mB(z)|2

]
, M2 = E

[
1Fc |mA(z)−mB(z)|2

]
.
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Since, by Remark 2.2.4, we have

|mA(z)| ≤ 1

v
, |mB(z)| ≤ 1

v
,

then we obtain

M1 ≤ E
[
1F
(
|mA(z)|2 + 2|mA(z)||mB(z)|+ |mB(z)|2

)]
≤ O

(
Pr(F)

1

v2

)
= O

(
(log n)2

n2v2

)
. (3.19)

Also, since f is twice differentiable at x = 0, then it comes from the Taylor

polynomial that there exists a constant C = C(|x|) > 0 such that

|f(x)− f(0)− f ′(0)x| ≤ C|x|2. (3.20)

This implies that

M2 ≤ E

[
1Fc

1

n2v2

∑
i 6=j

|Aij −Bij|2
]

= E

[
1Fc

1

n2v2

∑
i 6=j

|f(XT
i Xj)− f(0)− f ′(0)XT

i Xj|2
]

≤ E

[
1Fc

C

n2

∑
i 6=j

|XT
i Xj|4

]

≤ E

[
C

n2v2

∑
i 6=j

(log n)2

n2

]

= O

(
1

n2v2

(log n)2

n2
n(n− 1)

)

= O

(
(log n)2

n2v2

)
. (3.21)

Therefore, using (3.19), (3.21) and Cauchy-Schwarz Inequality, we obtain

E
∣∣∣mA(z)−mB(z)

∣∣∣ ≤(E
∣∣mA(z)−mB(z)

∣∣2) 1
2

≤
(
M1 +M2

) 1
2

=O
( log n

nv

)
,

which proves (3.14).
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3.3 Rate of Convergence of mBn(z) to m(z)

Now, we start with the second step. First remark is the following fact:

Remark 3.3.1. If f ′(0) = 0, then the matrix Bn is a nonrandom matrix which

has ESD as a function

FBn(x) = δf(0)(x), (3.22)

where δa(x) is the Dirac measure.

Suppose that f ′(0) 6= 0, then the matrix Bn is a linear function of a sample

covariance matrix which has been more extensively studied. Since the eigen-

values of Bn are translations of the eigenvalues of f ′(0)XT
i Xj, for convenience,

we consider

(Bn)ij = f ′(0)XT
i Xj, (3.23)

where i = 1, · · · , n, Xi is a random vector with entries Xij, j = 1, · · · , n,
defined by (1.13).

So far there have been several papers which showed the convergence of ESD

of Bn defined in (3.23) to Marchenko Pastur Distribution using Stieltjes Trans-

forms of distributions as the introduction.

Now, we prove the estimate of difference between the two Stieltjes trans-

forms. Notice that this way is different from computing the rate of convergence

in the sense of probability convergence. A key point comes from the following

results.

Proposition 3.3.2. Assume that m(z) is the Stieltjes transform of

1

|f ′(0)|
ρMP,1

(x+ f ′(0)

f ′(0)

)
, ρMP,1(x) is defined on (2.7).

Then m(z) satisfies the following quadratic equation,

− 1

m(z)
= z − f ′(0)

1 + f ′(0)m(z)
.

From this we have the equation,

m(z) =
1

−z − zf ′(0)m(z)
. (3.24)
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Our proof is based on using an idea in O’Rourke’s paper [29]. The idea is

to use the diagonal entries of resolvent for the random matrix Bn defined in

(3.23). Let us consider the resolvent

Rn(z) = (Bn − zI)−1, z = u+ iv ∈ C v > 0.

Then we can write(
Rn(z)

)
kk

=
1

f ′(0)
∑n

s=1 x
2
ks − z −BT

k R
k
n(z)Bk

, k = 1, · · · , n

where Bk is the k-th row of Bn except k-th entry. For each k = 1, 2, · · · , n,

we define

ak :=
1(

Rn(z)
)
kk

. (3.25)

Then we have the following theorem.

Theorem 3.3.3. For z = u+ iv ∈ C, v > 0, we have∣∣∣EmBn(z)− 1

−z − zf ′(0)EmBn(z)

∣∣∣ = O
( 1

nv

)
. (3.26)

Proof. Let us consider

Bn =
(
f ′(0)XT

i Xj

)
1≤i,j≤n

= f ′(0)
n∑
s=1

xisxjs,

where Xi is n-dimensional vector by

Xi =


xi1

xi2
...

xin

 , i = 1, 2, · · · , n.

Define the resolvent of Bn by,

Rn(z) =
(
Bn − zIn

)−1

,

and for k = 1, 2, · · · , n, its diagonal entries,(
Rn(z)

)
kk

=
1

f ′(0)
n∑
s=1

x2
ks − z −BT

k R
k
n(z)Bk

, (3.27)
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where Rk
n(z) = (Bk

n − zIn−1)−1 and (n− 1)-dimensional vector

BT
k =f ′(0)

(
XT
k X1, · · · , XT

k Xk−1, X
T
k Xk+1, · · · , XT

k Xn

)
=f ′(0)XT

k

(
X1, · · · , Xk−1, Xk+1, · · · , Xn

)
n×(n−1)

=f ′(0)XT
k X

k
n−1. (3.28)

Here, we denote the n× (n− 1) matrix Xk
n−1 by

Xk
n−1 =

(
X1, · · · , Xk−1, Xk+1, · · · , Xn

)
n×(n−1)

. (3.29)

Based on the definition of ak in (3.25), we have

ak = f ′(0)
n∑
s=1

x2
ks − z −BT

k R
k
n(z)Bk. (3.30)

It is easy to see from the notation (3.28) that

E
[
BT
k R

k
n(z)Bk

]
= (f ′(0))2E

[ n∑
s,r=1
s,r 6=k

XT
k Xs

(
Rk
n(z)

)
sr
XT
r Xk

]
. (3.31)

Notice that

E
[
XT
k Xs

(
Rk
n(z)

)
sr
XT
r Xk

]
=

n∑
q1,q2=1

E
[
xkq1xsq1xk12xrq2

(
Rk
n(z)

)
sr

]
=

n∑
q1,q2=1

E
[
xkq1xkq2

]
E
[
xsq1xrq2

(
Rk
n(z)

)
sr

]
=

n∑
q=1

E
[
(xkq)

2
]
E
[
xsqxrq

(
Rk
n(z)

)
sr

]
=

1

n

n∑
q=1

E
[
xsqxrq

(
Rk
n(z)

)
sr

]
. (3.32)

It follows from (3.32) that

E
[
BT
k R

k
n(z)Bk

]
=

(f ′(0))2

n

n∑
s,r=1
s,r 6=k

n∑
q=1

E
[
xsqxrq

(
Rk
n(z)

)
sr

]
. (3.33)
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Now, let us compute the estimate for E|ak − Eak|. Indeed, we have for k =

1, · · · , n,

E|ak − Eak|

≤E|XT
k Xk − 1|+ E

∣∣∣BT
k R

k
n(z)Bk − E

[
BT
k R

k
n(z)Bk

]∣∣∣ (3.34)

Then for the first term of (3.34), by Cauchy-Schwarz inequality, we have

E|XT
k Xk − 1|

≤
(

E
[ n∑
s,r=1

(
x2
ks −

1

n

)(
x2
kr −

1

n

)])1/2

=


∑n

s=1 E[x4
ks]− 2

n

∑n
s=1 E[x2

ks] + 1
n
, s = r,∑n

s 6=r=1 E[x2
ksx

2
kr]− 1

n

∑n
s=1 E[x2

ks]− 1
n

∑n
r=1 E[x2

kr] + 1
n
, s 6= r.

=


√

2
n
, s = r,

0, s 6= r.
(3.35)

Next let us consider the second term of (3.34). Indeed, by the notation (3.29),

we think of BT
k R

k
n(z)Bk as

BT
k R

k
n(z)Bk = (f ′(0))2XT

k X
k
n−1R

k
n(z)(Xk

n−1)TXk, (3.36)

where Xk
n−1R

k
n(z)(Xk

n−1)T is a n× n matrix. It follows from (3.33) and (3.36)

that

E
[
BT
k R

k
n(z)Bk

]
=

(f ′(0))2

n
E
[

Tr
(
Xk
n−1R

k
n(z)(Xk

n−1)T
)]
.

Also, we have

E
[

Tr
(
Xk
n−1R

k
n(z)(Xk

n−1)T
)]

=E
[

Tr
(

(Xk
n−1)TXk

n−1R
k
n(z)

)]
=E
[ 1

f ′(0)
Tr
(
In−1 + zRk

n(z)
)]

=
(n− 1)

f ′(0)
+

z

f ′(0)
E
[

TrRk
n(z)

]
. (3.37)
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Since
n∑

s,r=1
s,r 6=k

E
[((

Rk
n(z)

)
sr

)2]
≤ E

[
Tr
(
Rk
n(z)

)2
]
, (3.38)

then

E
∣∣∣BT

k R
k
n(z)Bk − E

[
BT
k R

k
n(z)Bk

]∣∣∣2
=
f ′(0)2

n2
E
(
BT
k R

k
n(z)Bk

)2

−
(

E
[
BT
k R

k
n(z)Bk

])2

≤f ′(0)|z|E
[ 1

n2
Tr
(
Rk
n(z)

)2
]
−
(

E
[ 1

n
TrRk

n(z)
])2

=f ′(0)|z|E
∣∣∣ 1
n

TrRk
n(z)− E

[ 1

n
TrRk

n(z)
]∣∣∣2

=O
( 1

n3

)
. (3.39)

It comes from (3.34), (3.35) and (3.39) that

sup
k

E|ak − Eak| = O
( 1

n

)
. (3.40)

Next, (3.37) enables us to show that for large n,

Eak =E
[
f ′(0)

n∑
s=1

x2
ks − z −BT

k R
k
n(z)Bk

]
=f ′(0)− z − E

[
BT
k R

k
n(z)Bk

]
=f ′(0)− z − (f ′(0))2

n
E
[

Tr
(
Xk
n−1R

k
n(z)(Xk

n−1)T
)]

=f ′(0)− z − (n− 1)

n
f ′(0)− zf ′(0)

n
E
[

TrRk
n(z)

]
=− z − zf ′(0)

n
E
[

TrRk
n(z)

]
. (3.41)

Using (3.37), (3.41) and Cauchy’s Interlacing Theorem,∣∣∣ 1
n

TrRk
n(z)− 1

n
TrRn(z)

∣∣∣ = O
( 1

nv

)
,

we get for all k = 1, 2, · · · , n,∣∣∣Eak − (− z − zf ′(0)EmBn(z)
)∣∣∣

≤
∣∣zf ′(0)

∣∣∣∣∣ 1
n

TrRk
n(z)− 1

n
TrRn(z)

∣∣∣
=O

( 1

nv

)
. (3.42)
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Therefore, (3.40) and (3.42) give that for some constant C > 0,∣∣∣∣∣EmBn(z)− 1

−z − zf ′(0)EmBn(z)

∣∣∣∣∣
≤

∣∣∣∣∣EmBn(z)− 1

n

n∑
k=1

1

Eak

∣∣∣∣∣+

∣∣∣∣∣ 1n
n∑
k=1

1

Eak
− 1

−z − zf ′(0)EmBn(z)

∣∣∣∣∣
≤ sup

k
E|ak − Eak|+ C sup

k

∣∣∣Eak − (− z − zf ′(0)EmBn(z)
)∣∣∣

=O
( 1

nv

)
,

which completes the proof.

Corollary 3.3.4. For z = u+ vi, v > 0, we have

|EmBn(z)−m(z)| = O
( 1

nv

)
. (3.43)

Proof. By Theorem 3.3.3, we have for all z = u+ vi, v > 0,

EmBn(z) =
1

−z − zf ′(0)EmBn(z)
+O

( 1

nv

)
. (3.44)

Fix z0 = u0 + iv0. Since |EmBn(z)| ≤ 1
v0

, by using a compactness argument,

one can see that there is a convergent subsequence such that

|EmBnk
(z0)− s(z0)| = O

( 1

nk

)
. (3.45)

Next, since the matrix f ′(0)XT
i Xj are positive semi-definite, then =(zEmBn) ≥

0 for all =z > 0 and so =
(
z0s(z0)

)
≥ 0. Thus, it follows from (3.24) that

s(z0) = m(z0).

Since every convergent subsequences of EmBn converges to the same limit, we

obtain by (3.44) and (3.45),

|EmBn(z0)−m(z0)| = O
( 1

nv

)
.

Finally, since z0 is arbitrary, we get (3.43).



31

3.4 Beyond the Gaussian

In the previous chapters, we assumed that all vectors X1, X2, · · · , Xn were iid

Gaussian vectors with mean 0 and variance 1
n

for convenience. In this section,

we prove the rate of limiting to Stieltjes transform of MP distribution without

the assumption that they are Gaussian distribution. Instead, we assume the

following sub-Gaussian condition on XT
i Xj: For any ε > 0,

Pr
(
|XT

i Xj| > ε
)
≤ 2e−

n
2
ε2 . (3.46)

Under the new assumption, let us consider the random matrix A defined as

(3.1) and the random matrix B defined as (3.3). Then we have the same

results as Theorem 3.2.2 and Theorem 3.3.3.

Theorem 3.4.1. Let A and B be n × n matrices defined as (3.1) and (3.3).

Then for any z = u+ iv ∈ C, v > 0,

E
[
mA(z)−mB(z)

]
= O

( log n

nv

)
.

Proof. Let us consider F as an event that there exist i 6= j such that

|XT
i Xj| >

√
4 log n

n
.

Using (3.46), we have

Pr(F) ≤ O
( 1

n2

)
. (3.47)

Considering as the proof of Theorem 3.2.2, (3.47) completes the proof.

Based on the sub-Gaussian condition on XT
i Xj, we have

sup
i,j

E[x4
i,j] = O

( 1

n2

)
. (3.48)

From this, we have the following theorem.

Theorem 3.4.2. For z = u+ iv ∈ C, v > 0, we have∣∣∣∣∣EmB(z)− 1

−z − zf ′(0)EmB(z)

∣∣∣∣∣ = O
( 1

nv

)
(3.49)
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Proof. Using (3.48), we have

E|XT
k Xk − 1|

≤
(

E
[ n∑
s,r=1

(
x2
ks −

1

n

)(
x2
kr −

1

n

)])1/2

=


∑n

s=1 E[x4
ks]− 2

n

∑n
s=1 E[x2

ks] + 1
n
, s = r,∑n

s 6=r=1 E[x2
ksx

2
kr]− 1

n

∑n
s=1 E[x2

ks]− 1
n

∑n
r=1 E[x2

kr] + 1
n
, s 6= r.

=

O( 1
n
), s = r,

0, s 6= r.
(3.50)

Considering as the proof of Theorem 3.3.3, the estimate (3.50) completes the

proof.
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CHAPTER 4

KOLMOGOROV DISTANCE

BETWEEN ESD FUNCTIONS

Let A = (Aij)1≤i,j≤n be a n×n random inner product kernel matrix defined

by

Aij =

 f(XT
i Xj, n), i 6= j,

0, i = j,
(4.1)

where f : R × R → R is a twice differentiable function at x = 0, i.e., f ′′(0)

exists. Also, we define a matrix B by

Bij = f(0) + f ′(0)XT
i Xj, (4.2)

where X1, X2, . . . , Xn are iid standard Gaussian vectors and the function f is

the same function as the definition of A.

In Chapter 3, we showed that Stieltjes transform mA(z) converged to m(z)

for all z = u + vi, v > 0 with rate O
(

logn
n

)
in Theorem 3.3.4. In this Chap-

ter, using the result, we prove the rate of Kolmogorov distance between the

expected ESD EFA(x) of a random matrix A defined in (4.1) and Marchenko-

Pastur distribution

G(x) :=

∫ x

−∞
ρMP,1(x)dx. (4.3)



34

where ρMP,1(x) defined in (1.2) is of order O
(

3

√
logn
n

)
. For convenience, we

assume that f(0) = 0.

4.1 Kolmogorov Distance

To prove the result, we need the following Berry-Esseen type inequality

proved in [5].

Proposition 4.1.1. (Bai inequality) [See [5]] Let F be a distribution func-

tion and let G be a function of bounded variation satisfying∫ ∞
−∞
|F (x)−G(x)|dx <∞. (4.4)

Denote the Stieltjes transforms by mF (z) and mG(z) respectively, where z =

u+iv ∈ C with v > 0. Then we have the following estimate for the Kolmogorov

distance:

‖F −G‖ = sup
x
|F (x)−G(x)|

≤ 1

π(1− ζ)(2β − 1)

(∫ a

−a
|mF (z)−mG(z)|du

+ 2π
1

v

∫
|x|>b
|F (x)−G(x)|dx

+
1

v
sup
x

∫
|u|<2vε

|G(x+ u)−G(x)|du

)
,

where the constants a > b > 0, β > 0 and ε > 0 are restricted by

β =
1

π

∫
|u|≤ε

1

u2 + 1
du >

1

2
,

and

ζ =
4b

π(a− b)(2β − 1)
∈ (0, 1).

Let us consider G(x) defined as (4.3). By Proposition 4.1.1 with a = 25, b =

5, we have the upper bound for Kolmogorov distance between EFA(x) and
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G(x),

‖EFA −G‖ ≤
1

π(1− ζ)(2β − 1)

(∫ 25

−25

|EmA(u+ iv)−m(u+ iv)|du

+ 2π
1

v

∫
|x|>5

|EFA(x)−G(x)|dx

+
1

v
sup
x

∫
|t|<2vε

|G(x+ t)−G(x)|dt

)
, (4.5)

where β, ε > 0 are restricted by

β =
1

π

∫
|u|≤ε

1

u2 + 1
du >

1

2
, ζ =

1

π(2β − 1)
∈ (0, 1).

Now, we prove the Lemmas to estimate the upper bounds for above three

terms on the right-hand side in the inequality (4.5).

Lemma 4.1.2. For any z = u + vi, v > 0, there exists a constant C1 > 0

such that ∫ 25

−25

|EmA(u+ iv)−m(u+ iv)|du ≤ C1
log n

nv
.

Proof. By Theorem 3.1.1, there exists a constant C > 0 such that∫ 25

−25

|EmA(u+ iv)−m(u+ iv)|du ≤
∫ 25

−25

C
log n

nv
du ≤ 50C

log n

nv
.

Lemma 4.1.3. For any z = u + vi, v > 0, there exists a constant C2 > 0

such that
1

v
sup
x

∫
|t|<2vε

|G(x+ t)−G(x)|dt ≤ C2

√
v.

Proof. By the definition of the function G(x), we have∫ 2vε

−2vε

|G(x+ t)−G(x)|dt = 2

∫ 2vε

0

G(x+ t)−G(x)dt

= 2

∫ 2vε

0

∫ x+t

x

ρMP,1(s) ds dt. (4.6)
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Put

φ(x) =

∫ x+t

x

ρMP,1(s) ds.

Since √
x(4− x)

x
≤ 2√

x
, 0 < x < 4,

then we have

φ(x) ≤
∫ x+t

x

1

π
√
s
ds

=
2

π
(
√
x+ t−

√
x)

=
2t

π(
√
x+ t+

√
x)

≤ 2t

π
√
t

=
2

π

√
t. (4.7)

Notice that

2

∫ 2vε

0

2

π

√
tdt =

8

3π
(2vε)3/2 =

8

3π
(2ε)3/2v3/2. (4.8)

Thus, it follows from (4.2), (4.7) and (4.8) that

1

v
sup
x

∫
|t|<2vε

|G(x+ t)−G(x)|dt ≤ 8

3π
(2ε)3/2

√
v.

Next, we obtain an upper bound of the second term in (4.5). To do so,

we investigate the distribution of the largest eigenvalue of the matrix A. The

following Proposition gives us to get our required estimate for the eigenvalue.

Proposition 4.1.4. Consider a random matrix B defined in (4.2) and the

largest eigenvalue of B, denoted by λmax(B). Then for any x > 0, we have

Pr{λmax(B) > 4 + x} ≤ 1

8
√
π
√
nx

exp
(
− 8nx

3

)
.

Proof. In [24], Johnstone proved that there was a constant C > 0 such that

Pr{λmax(B) > 4 + x} = 1− F1(2
3
√

2
3
√
n2x) + C

1

n2/3
exp(−2

3
√

2
3
√
n2x), (4.9)
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where F1(x) is a Tracy-Widom distribution defined as

F1(x) = exp
(
− 1

2

∫ ∞
x

q(t) + (x− t)q2(t)dt
)
.

Here, q(t) is a solution of the Second Painlevé differential equation:

d2q(t)

dt2
= tq(t) + 2q3(t), q(t) ∼ t−1/4

2
√
π

exp(−2t3/2

3
) as t→∞.

Then we have

F1(x) = exp
(
− 1

2

∫ ∞
x

q(t)dt
)

exp
(
− 1

2

∫ ∞
x

q2(t)dt
)
.

Since ∫ ∞
x

q(t)dt ≤ e−
4x3/2

3

16πx3/2
, (4.10)

and ∫ ∞
x

q2(t)dt ≤ e−
2x3/2

3

2
√
πx3/4

, (4.11)

then we obtain the estimate

1− F1(
3
√

2
3
√
n2x) ≤ 1

8
√
π
√
nx

exp
(
− 8nx

3

)
.

This completes the proof.

Lemma 4.1.5. For any z = u+ vi, v > 0,

2π
1

v

∫
|x|>5

|EFA(x)−G(x)|dx = O
(n2

en

)
.

Proof. It is obvious from the definition of G(x) that

G(x) =

0 if x < 0,

1 if x > 4.
(4.12)

Since A is positive-definite, it is clear that∫ −5

−∞
|EFA(x)|dx = 0. (4.13)
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Next, let us consider the largest eigenvalue λmax(A) of A and the largest eigen-

value λmax(B) of B defined in (4.2). Note that for all x > 0,

Pr(λmax(A) > 5 + x)

≤Pr
(
|λmax(A)− λmax(B)| > 1 +

x

2

)
+ Pr

(
λmax(B) > 4 +

x

2

)
. (4.14)

Using Hoffman-Wielandt inequality, we have

|λmax(A)− λmax(B)|2 ≤
n∑
i=1

|λi(A)− λi(B)|2

≤ Tr(A−B)2

≤
n∑
i=1

n∑
j=1

|Aij −Bij|2. (4.15)

Based on the choice of f in the definition of matrix A, it comes from the Taylor

polynomial that there exists a constant D1 > 0 such that

|Aij −Bij| ≤ D1|XT
i Xj|2. (4.16)

It follows from (4.15) and (4.16) that

Pr
(
λmax(A)− λmax(B) > 1 +

x

2

)
≤Pr

(
|λmax(A)− λmax(B)|2 > 1 +

x

2

)
≤Pr

( n∑
i=1

n∑
j=1

D2
1|XT

i Xj|4 > 1 +
x

2

)
≤D2n

2 Pr
(
|XT

i Xj|4 > 1 +
x

2

)
≤D2n

2 Pr
(
|XT

i Xj| > 1 +
x

2

)
≤D2n

2 exp
(
− n

2
(1 +

x

2
)2
)
, (4.17)

for some constant D2 > 0. Thus, it follows from (4.14), (4.17) and Proposition

4.1.4 that

Pr(λmax(A) > 5 + x)

≤D2n
2 exp

(
− n

2

(
1 +

x

2

)2
)

+
1

8
√
π
√
nx

exp
(
− 8nx

3

)
. (4.18)
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Since

1− FA(x) ≤ χ(−∞, λmax(A))(x) for x ≥ 0,

then there exists a constant D > 0 such that∫ ∞
5

|EFA(x)− 1|dx ≤
∫ ∞

5

Pr(λmax(A) > x)dx

≤ Dn2 exp(−n). (4.19)

Therefore, (4.12), (4.13) and (4.19) enable us to see that∫
|x|>5

|EFA(x)−G(x)|dx

=

∫ −5

−∞
|EFA(x)−G(x)|dx+

∫ ∞
5

|EFA(x)−G(x)|dx.

=

∫ −5

−∞
|EFA(x)|dx+

∫ ∞
5

|EFA(x)− 1|dx = O
(n2

en

)
,

which completes the proof.

Actually, it follows from Lemma 4.1.5 that∫ ∞
−∞
|EFA(x)−G(x)|dx =

∫
|x|≤5

|EFA(x)−G(x)|dx+

∫
|x|>5

|EFA(x)−G(x)|dx

=

∫
|x|≤5

|EFA(x)−G(x)|dx+O
(n2

en

)
<∞,

which satisfies the condition of Proposition 4.1.1. Then we can prove the

following Theorem to get our desired rate.

Theorem 4.1.6. If A is a random inner product kernel matrix defined in (4.1)

and FA(x) is the ESD of A then

‖EFA(x)−G(x)‖ = sup
x
|EFA(x)−G(x)| = O

(
3

√
log n

n

)
, (4.20)

where G(x) =
∫ x
−∞ ρMP,1(t)dt.

Proof. By Lemma 4.1.2, Lemma 4.1.3 and Lemma 4.1.5, we have

||EFA(x)−G(x)|| = O
( log n

nv

)
+O(

√
v).

Now taking v = vn = 3

√(
logn
n

)2

→ 0 as n → ∞, then we obatin the rate

(4.23).
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4.2 Beyond the Gaussian

In this section, we assume that all vectors X1, X2, · · · , Xn are iid with mean

0 and variance 1
n
. To compute the rate of limiting to MP distribution without

the assumption that they are Gaussian distributions, we need the following

sub-Gaussian condition on XT
i Xj : For any ε > 0,

Pr
(
|XT

i Xj| > ε
)
≤ 2e−

n
2
ε2 . (4.21)

Under this new assumption, let us consider the random matrix A defined as

(4.1) and the random matrix B defined as (4.2). Then we have the same

results as Theorem 4.2.4.

First of all, to prove Proposition 4.2.2, we use Soshnikov’s result in [33]. In

this paper, he focused on Wishart matrices with the following four conditions:

(1) For 1 ≤ i < j ≤ n, E[xij] = 0,E[x2
ij] = 1,

(2) The random variables xij have symmetric laws of distribution,

(3) All moments of these random variables are finite,

(4) The distributions of xij decay at infinity at least as fast as Gaussian distribution,

E[x2k
ij ] ≤ (Ck)k, C > 0.

Here, our matrix satisfies automatically the first three conditions so that it

suffices to prove the fourth condition using (4.21).

Lemma 4.2.1. Under the condition (4.21), for any positive integer k ≥ 1,

E[x2k
ij ] ≤ 2

(
2
k

n

)k
,

where xij is j−th entry of the vector Xi.
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Proof. It is clear that

E[x2k
ij ] ≤ E

[
|XT

i Xj|2k
]

=

∫ ∞
0

Pr{|XT
i Xj|2k > t}dt

=

∫ ∞
0

Pr{|XT
i Xj| > t

1
2k }dt

≤ 2

∫ ∞
0

exp
(
− n

2
t
1
k

)
dt

= 2
(

2
1

n

)k
kΓ(k) ≤ 2

(
2
k

n

)k
.

Lemma 4.2.1 leads to the following Proposition.

Proposition 4.2.2. Consider a random matrix B defined in (4.2) and the

largest eigenvalue of B, denoted by λmax(B). Then for any x > 0, we have

Pr{λmax(B) > 4 + x} ≤ 1

8
√
π
√
nx

exp
(
− 8nx

3

)
.

Proof. Under the above assumption, Soshnikov proved the following fact in

[33]: There exists a constant C > 0 such that

Pr{λmax(B) > 4 + x} = 1− F1(2
3
√

2
3
√
n2x) + C exp(−2

3
√

2
3
√
n2x). (4.22)

where F1(x) is a Tracy-Widom distribution defined as

F1(x) = exp
(
− 1

2

∫ ∞
x

q(t) + (x− t)q2(t)dt
)
.

Here, q(t) is a solution of the Second Painlevé differential equation:

d2q(t)

dt2
= tq(t) + 2q3(t), q(t) ∼ t−1/4

2
√
π

exp
(
− 2t3/2

3

)
as t→∞.

Then we have again

F1(x) = exp
(
− 1

2

∫ ∞
x

q(t)dt
)

exp
(
− 1

2

∫ ∞
x

q2(t)dt
)
.

Based on the definition of F1(x), we obtain the estimate

1− F1(
3
√

2
3
√
n2x) ≤ 1

8
√
π
√
nx

exp
(
− 8nx

3

)
.

This completes the proof.
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Using Proposition 4.2.2 and similar argument of the proof for Lemma 4.1.5,

we have the following Lemma.

Lemma 4.2.3. For any z = u+ vi, v > 0,

2π
1

v

∫
|x|>5

|EFA(x)−G(x)|dx = O
(n2

en

)
.

Notice that it follows from Lemma 4.2.3 that∫ ∞
−∞
|EFA(x)−G(x)|dx =

∫
|x|≤5

|EFA(x)−G(x)|dx+

∫
|x|>5

|EFA(x)−G(x)|dx

=

∫
|x|≤5

|EFA(x)−G(x)|dx+O
(n2

en

)
,

which satisfies the condition of Proposition 4.1.1. Then we can prove the

following Theorem.

Theorem 4.2.4. If A is a random inner product kernel matrix defined in (4.1)

and FA(x) is the ESD of A then

‖EFA(x)−G(x)‖ = sup
x
|EFA(x)−G(x)| = O

(
3

√
log n

n

)
, (4.23)

where G(x) =
∫ x
−∞ ρMP,1(t)dt.

Proof. By Lemma 4.1.2, Lemma 4.1.3 and Lemma 4.2.3, we have

||EFA(x)−G(x)|| = O
( log n

nv

)
+O(

√
v).

Now taking v = vn = 3

√(
logn
n

)2

→ 0 as n → ∞, then we obatin the rate

(4.23).
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CHAPTER 5

SPECTRAL DISTRIBUTIONS

OF ADJACENCY MARIX OF

RANDOM GRAPH ON UNIT

SPHERE

5.1 Random Graph on Unit Sphere and its

Adjacency Matrix

Let us consider n vertices X1, X2, · · · , Xn on the unit sphere

Sn−1 =
{
X = (x1, x2, · · · , xn) : x1

2 + x2
2 + · · ·+ xn

2 = 1
}
⊂ Rn,

and assume that these vertices are uniformly distributed on Sn−1.

Now, we define a Random Geometric Graph on the unit sphere in n-dimensional

space and its corresponding adjacent matrix.

Definition 5.1.1. Assume that vertices Xi and Xj are connected if the Eu-

clidean distance ||Xi−Xj|| ≤ rn where rn is a constant which may depend on

n. We call this graph as a Random Geometric Graph on the unit sphere in n-

dimensional space.
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Definition 5.1.2. The matrix A = (Aij)1≤i,j≤n is called an adjacency matrix

if it is defined by

Aij =

1 if ||Xi −Xj|| ≤ rn,

0 if ||Xi −Xj|| > rn,

where Xi are vertices on the sphere defined above.

Remark 5.1.3. If (Xi)’s are random vectors located on the unit sphere in Rn,

then we have

||Xi|| = 1, E[Xi] = 0.

Definition 5.1.4. Consider a n× n random matrix K = (Ki,j)1≤i,j≤n defined

by

Ki,j =

f(g(Xi, Xj), n) if i 6= j,

0 if i = j,

where X1, X2, · · · , Xn are random vectors in Rn and f : R × R → R is a real

valued function. Then the matrix K is called as a random kernel matrix.

Especially, if g(Xi, Xj) = XiX
T
j then we call the matrix K as a random inner

product kernel matrix and if g(Xi, Xj) = ||Xi−Xj|| where || · || is a Euclidean

measure then we call the matrix K as a random Euclidean kernel matrix.

In [15], El Karoui introduced a random kernel matrix and in [11], Cheng

and Singer focused on random inner product kernel matrix. In [13], Yen Do

and Van Vu investigated the limiting of spectrum of random kernel matrices

for the following cases:

(Case 1) g(Xi, Xj) = XiX
T
j and f doesn’t depend on n.

(Case 2) g(Xi, Xj) = ||Xi −Xj|| and f doesn’t depend on n.

(Case 3) g(Xi, Xj) = XiX
T
j and f depends on n.

Let’s go back to and focus on adjacency matrices of Random Geometric

Graphs in Definition 5.1.1. For the random matrix A in Definintion 5.1.2, the

functions g and f can be considered as

g(X, Y ) = ||X − Y ||, f(x, n) = χ[0,rn](x), (5.1)
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respectively. In this case, f depends on the dimension n and g is an Euclidean

kernel function. At first glance, it looks that this random matrix A can not

be applied to (Case 1), (Case 2) nor (Case 3). However, since X1, X2, · · · , Xn

are on the unit sphere, then we can write

||Xi −Xj|| =
√

2− 2Xi
TXj. (5.2)

In the same way, Definition 5.1.2 can be written as

A = (Aij)1≤i,j≤n =

1 if Xi
TXj ≥ 1− rn2

2

0 if Xi
TXj < 1− rn2

2

= χ
[1− rn2

2
,∞)

(Xi
TXj, n). (5.3)

So, one can see that the matrix A defined as (5.3) have the functions

g(X, Y ) =

√
2− 2Xi

TXj, f(x, n) = χ
[1− rn2

2
,∞)

(x, n), (5.4)

and we can say the matrix A is in (Case 3). Also, it is easy to see that the

function f(x, n) is differentiable at x = 0 and

f(2, n) = f ′(2, n) = 0. (5.5)

In [23], Jiang proved the limiting of ESD of a random inner product kernel

matrix defined as:

Bij = g(XT
i Xj, n),

where the function g satisfies

g′′(2, n) exists and g′(2, n) 6= 0.

Unfortunately, the function f having the condition (5.5) doesn’t satisfy the

conditions in [23] so that we need more general results. Nevertheless, using

Cheng and Singer’s idea in [11], we are able to obtain our desired result (See

Theorem 5.6.2). In the next section, we introduce relative results proved by

them.
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5.2 Result of Cheng and Singer

Let us consider random matrices A = (Aij)1≤i,j≤n generated from iid random

vectors X1, X2, · · · , Xn in Rn and a real valued function f : R× R→ R as

Aij =

f
(
g(Xi, Xj), n

)
if i 6= j,

0 if i = j,
(5.6)

where the function g(Xi, Xj) is a kernel function. As mentioned before, we

define the ESD of the matrix A by,

ρA(x) =
1

n

n∑
i=1

δλi(x), (5.7)

where λ1 ≤ λ2 ≤ · · · ≤ λn are eigenvalues of A and the Stieltjes transform of

dρA(x) is

mA(z) =
1

n

n∑
i=1

1

λi(A)− z
=

1

n
Tr(A− zI)−1, I(z) > 0.

Next, assume that X1, X2, · · · , Xn are iid random vectors in Rn whose co-

ordinates are independent copies of a random variable Z with the following

assumptions:

1. E[Z] = 0, E[Z2] = 1
n
.

2. For all k > 0, then there exists a constant ck > 0 such that

E
[
|Z|k

]
≤ ckn

− k
2 .

By using above assumptions, we define a new random variable.

Definition 5.2.1. We define for each n

εn =
√
nXTY, n ∈ N,

where X and Y are independent copies of random vector X1.
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Remark 5.2.2. It is easy to see that

E
[
εn
]

=E
[√
nXTY

]
=

n∑
i=1

√
nE
[
Xi

]
E
[
Yi
]

= 0,

and

E
[
|εn|2

]
=nE

[
|XTY XTY |

]
=n

n∑
i,j=1

E
[
|XiXj||YiYj|

]
=n

n∑
i=1

E
[
|Xi|2

]
E
[
|Yi|2

]
= 1.

Now, let us consider the kth-orthogonal polynomial pk(x) in L2(dµ) with

respect to a probability measure µ(x),

∫
R
ps(x)pt(x)dµ(x) =

0, if s 6= t,

1 if s = t.

Since L2(dµ) is a Hilbert Space, we have the formal expansion of f in L2(dµ):

f(x) =
∞∑
k=0

akpk(x) where ak =

∫
R
f(x)pk(x)dµ(x). (5.8)

Let us assume that f ∈ L2(dµ) is a function defined as (5.6) and we define a

normalized function

k(x, n) =
√
nf(

x√
n
, n). (5.9)

We can write this k(x, n) as a sum of orthogonal polynomials pk,n(x) with

coefficient ak,n as (5.8).

Also, assume that f satisfies the following three conditions: (Normaliza-

tion), (Uniform Convergence), (Scaling) (See Sections 5.4, .5.5, 5.6).

Yen Do and Van Vu [13] showed that one could extend the Chen-Singer result

beyond the Gaussian case considered in their papers. For the function f which

satisfies above three conditions, Cheng and Singer proved the following results.



48

Theorem 5.2.3 (Cheng and Singer [11]). Let A be a random matrix defined

as (5.6) and assume that the function k(x, n) defined by (5.9) satisfies the three

conditions, (Normalization), (Uniform Convergence) and (Scaling).

Then the Stieltjes transform of ESD (Empirical Spectral Distribution) of the

matrix A, denoted by mA(z), converges weakly to m(z) which satisfies the

following equation,

− 1

m(z)
= z + a(1− 1

1 + am(z)
) + (c− a2)m(z). (5.10)

Remark 5.2.4. This limiting spectral distribution defined in (5.10) is no longer

MP when c 6= a2. Actually, for our problem, we have c 6= a2 and it follows the

semi-circle law.

Remark 5.2.5. (Uniform Convergence) holds if the measure is compactly

supported. It follows that the convergence of the orthogonal expansion in

L2(dm) holds automatically if Xi’s are Gaussian or bounded. In the gen-

eral case when completeness of the orthogonal polynomials is not guaranteed,

(Uniform Convergence) has to be checked carefully for both the conver-

gence of the expansion for each n and the uniformity of the convergence over

n large.

5.3 Main Result

Let’s go back to the ESD of adjacency matrix of a random geometric graph

on the unit sphere. In Section 5.1, one can see the adjacent matrix A =

(Aij)1≤i,j≤n of a random geometric graph on the unit shpere as a random

matrix with the entries,

(Aij) =

1 if Xi
TXj ≥ 1− rn2

2

0 if Xi
TXj < 1− rn2

2

= χ
[1− rn2

2
,∞)

(Xi
TXj, n), n ∈ N. (5.11)
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where X ′is are random vectors with ‖Xi‖ = 1, i = 1, 2, · · · , n. According to

Section 5.2, we define the normalized function k(x, n) by

k(x, n) =
√
nχ

[
√
n(1− rn2

2
),∞)

(x, n) =


√
n if x ≥ (1− rn2

2
)
√
n,

0 if x < (1− rn2

2
)
√
n,

where rn is a sequence with rn →
√

2.

To apply for (Case 3) and get the result as Theorem 5.2.3 with the random

matrix A in Section 5.1, it is suffices to prove that the function k(x, n) satis-

fies the three conditions, (Normalization), (Uniform Convergence) and

(Scaling) in Section 5.2.

To do so, we need to do several steps. First, from the volume of the sphere, we

get the explicit formula of the probability density function of εn =
√
nXi

TXj

defined in Definition 5.2.2.

Lemma 5.3.1. Let us consider a random variable

εn =
√
nXi

TXj, n ∈ N. (5.12)

Then for any n ∈ N, the probability density function of εn, qn(x), is

qn(x) =


1√
nπ

Γ(n
2

)

Γ(n−1
2

)

(
1− x2

n

)n−3
2
, if −

√
n ≤ x ≤

√
n

0 , otherwise.
(5.13)

Proof. Since Xi, Xj are uniformly distributed on the unit ball Sn−1, the inner

product XT
i Xj is related to the volume of the ball. Let us consider the subset

of sphere Sn−1,

Sn−1
x =

{
X = (x1, x2, · · · , xn) ∈ Sn−1 : xn ≤ x

}
, n ∈ N.

Using volume of sphere Sn−1(r) ⊂ Rn with radius r

V ol
(
Sn−1(r)

)
=

2
√
πn

Γ(n
2
)
rn,
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we obtain the volume of the subset Sn−1
x for −1 ≤ x ≤ 1:

V ol(Sn−1
x ) =

∫ x

−1

V ol
(
Sn−2(

√
1− u2)

) 1√
1− u2

du

=

∫ x

−1

2π
n−1
2

Γ
(
n−1

2

)(1− u2
)n−3

2
du.

If x ≥ 1 or x ≤ −1 then V ol(Sn−1
x ) = 0 so that qn(x) = 0.

Next, let Xi, Xj ∈ Sn−1. After rotation, we may assume that

Xj =


0

0
...

1

 , Xi =


u1

u2

...

un

 .

This implies that

XT
i Xj = un.

Since εn =
√
nXT

i Xj, then it follows from the volume of the sphere that for

any n ∈ N,

qn(x) =
d

dx
Pr
(√

nXT
i Xj ≤ x

)
=
d

dx
Pr
(√

nun ≤ x
)

=
d

dx

V ol
(
Sn−1

x√
n

)
V ol(Sn−1)

=
1√
nπ

Γ(n
2
)

Γ(n−1
2

)

(
1− x2

n

)n−3
2
.

which completes proof.

From Lemma 5.3.1, we have the following Proposition.

Proposition 5.3.2. Let qn(x) be defined as (5.13). Then for any x ∈ R,

lim
n→∞

qn(x) =
1√
2π
e−

x2

2 .
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Proof. Using the formula of gamma function:

lim
n→∞

Γ(n+ α)

Γ(n)nα
= 1, α ∈ C,

we get

lim
n→∞

1√
nπ

Γ(n
2
)

Γ(n−1
2

)
=

1√
2π
. (5.14)

Also, it is easy to see that

lim
n→∞

(1− x2

n
)
n−3
2 = lim

n→∞

(
(1− x2

n
)−

n
x2

)−x2
2

lim
n→∞

(1− x2

n
)−

3
2 = e−

x2

2 . (5.15)

Thus, it follows from (5.14) and (5.15) that for all x ∈ Rn,

lim
n→∞

qn(x) =
1√
2π
e−

x2

2 .

Let us define a set of orthonormal polynomials of qn(x) by { Pl,n(x) : l =

1, 2, · · · }: ∫
R
Pi,n(x)Pj,n(x)qn(x)dx = δij, n ∈ N, (5.16)

where δij is 1 when i = j and 0 otherwise. Let us define coefficients of the

normalized function k(x, n) by

al,n =

∫
R
k(x, n)Pl,n(x)qn(x)dx.

Proposition 5.3.3. Put the sequence rn as

rn =

√
2
(

1−
√

2 log n− log(log n)

n

)
,

then we have ∫
R
k(x, n)2e−

1
2
x2dx→ 1

2
, n→∞.
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Proof. Choose the sequence rn as

rn =

√
2
(

1−
√

2 log n− log(log n)

n

)
,

which comes from the idea of W-Lambert function (See [12] in details). Notice

that (
1− r2

n

2

)√
n =

√
2 log n− log(log n)→∞, n→∞.

Also, using the sequence rn, we have

−1

2

(
1− r2

n

2

)2

n = − log n+
1

2
log(log n).

It implies that∫
R
k(x, n)2e−

1
2
x2dx =

∫ ∞(
1− r

2
n
2

)√
n

ne−
1
2
x2dx

=n

√
π

2

[e− 1
2

(
1− r

2
n
2

)2

n(
1− r2n

2

)√
n

+R1(
(
1− r2

n

2

)√
n)
]

where R1(
(
1− r2n

2

)√
n) = −1√

π

∫∞(
1− r

2
n
2

)√
n
t−2e−t

2
dt. Since

R1(
(
1− r2

n

2

)√
n) = O

((
1− r2

n

2

)√
n
−1

e−n
(

1− r
2
n
2

)2)
,

we have R1(
(
1− r2n

2

)√
n)→ 0 as n→∞. This implies that∫
R
k(x, n)2e−

1
2
x2dx→ 1

2
, n→∞.

As a corollary of the above Proposition 5.3.3, we can compute limiting of

the following integral.

Corollary 5.3.4. Put the sequence rn as

rn =

√
2
(

1−
√

2 log n− log(log n)

n

)
,

then we have ∫
R
k(x, n)2 qn(x)dx→ 1

2
√

2π
, n→∞,

where qn(x) is defined as (5.13).
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Proof. Since the fact that

lim
n→∞

qn(x) =
1√
2π
e−

x2

2 ,

there exists N > 0 such that for any n > N ,
∣∣∣qn(x)− 1√

2π
e−

x2

2

∣∣∣ < 1

n2
. From

this, ∫
R
k(x, n)2 qn(x)dx−

∫
R
k(x, n)2 1√

2π
e−

1
2
x2dx

≤
∫ √n(

1− r
2
n
2

)√
n

nqn(x)dx−
∫ √n(

1− r
2
n
2

)√
n

ne−
1
2
x2dx−

∫ ∞
√
n

ne−
1
2
x2dx

≤
∫ √n(

1− r
2
n
2

)√
n

n
∣∣qn(x)− 1√

2π
e−

x2

2

∣∣dx
≤
∫ √n(

1− r
2
n
2

)√
n

n
1

n2
dx

=

√
n

n
−
(
1− r2

n

2

)√n
n

for any n > N . Since lim
n→∞

√
n

n
−
(
1− r2

n

2

)√n
n

= 0 , this completes the proof.

From this fact, the constant c in the Theorem 5.2.3 is c =
1

2
√

2π
.

Next, we consider {hl(x) : l = 1, 2, · · · } called normalized Hermite polyno-

mials as an orthonormal polynomials of standard normal distribution,

µ(x) =
1√
2π
e−

x2

2 .

Define the coefficients bl,n of the normalized function k(x, n) by

bl,n =

∫
R
k(x, n)hl(x)µ(x)dx. (5.17)

Lemma 5.3.5. For each n ∈ N, the function k(x, n) belongs to L2(µ(x),Rn)

(See [11]). In particular, for each n ∈ N,

∞∑
l=1

b2
l,n =

∫
R
k(x, n)2µ(x)dx <∞.
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Proof. It is obvious from Proposition 5.3.3 that∫
R
k(x, n)2µ(x)dx =

1√
2π

∫
x>(1−rn)

√
n

nµ(x)dx

≤ 1√
2π

√
log n√

2 log n− log(log n)
<∞.

Lemma 5.3.6. [See Lemma C.1 in [11]]

Suppose that ∫
R
k(x, n)2|qn(x)− µ(x)|dx→ 0, n→∞, (5.18)

then, for each l = 1, 2, · · · , we have

|bl,n − al,n| → 0, n→∞. (5.19)

Lemma 5.3.6 shows that the for each l, two coefficients al,n and bl,n are close

to each other when n→∞ and enables us to check that the function k(x, n)

satisfies the conditions with the coefficients bl,n instead of al,n. Actually, the

coefficients bl,n come from Hermite polynomials and standard normal distribu-

tion which are very well-known functions and we are able to deal with much

better features of the functions than the polynomials Pl,n(x) and distribution

qn(x). To use Lemma 5.3.6, we need to show (5.18) with our normalized

function k(x, n). Indeed, it is obvious from Proposition 5.3.2 that∫
R
k(x, n)2|qn(x)− µ(x)|dx→ 0, n→∞.

Now, we show the function k(k, n) satisfies the three conditions in the following

three sections.

5.4 Normalization

(Normalization) There exists c ∈ [0,∞) such that

lim
n→∞

∞∑
i=1

|ai,n|2 = c.

From Lemma 5.3.5 and 5.3.6, we have the following proposition.
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Proposition 5.4.1. Let bl,n be a coefficient defined as (5.17). Then there

exists c ∈ [0,∞) such that

lim
n→∞

∞∑
i=1

|bi,n|2 = c.

Proof. Suppose that for sufficiently large n,

∞∑
l=1

b2
l,n <∞.

Then for any finite L > 0,

∞∑
l=L+1

b2
l,n →

∞∑
l=L+1

a2
l,n, n→∞.

Since ∞∑
l=1

a2
l,n =

∫
R
k(x, n)2qn(x)dx,

and ∞∑
l=1

b2
l,n =

∫
R
k(x, n)2µ(x)dx,

then it follows from Lemma 5.3.5 and Lemma 5.3.6 that for any finite L > 0,

∞∑
l=L+1

b2
l,n =

∞∑
n=1

b2
l,n −

L∑
l=1

b2
l,n

→
∞∑
n=1

a2
l,n −

L∑
l=1

a2
l,n =

∞∑
l=L+1

a2
l,n n→∞.

Now it suffices to show that

lim
n→∞

∞∑
i=0

b2
i,n <∞. (5.20)

But (5.20) can be proved immediately from Lemma 5.3.5 that

c = lim
n→∞

∞∑
i=0

b2
i,n ≤

1

4π
.
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5.5 Uniform Convergence

(Uniform Convergence) For any ε > 0, there exists L = L(ε) > 0 such

that the following holds for enoughly large n:∑
i>L

|ai,n|2 ≤ ε.

Proposition 5.5.1. For any ε > 0, there exist N = N(ε) > 0 and L = L(ε) >

0 such that for all n ≥ N ,
∞∑
l=L

b2
l,n < ε.

Proof. Let Hl(x) be a hermitian polynomial with respect to N (0, 1) and define

the function h(x) by

hl(x) :=
1√
l!
Hl(x), l = 1, 2, 3 · · · .

By using the identity

Hl(x) = xHl−1(x)− (l − 1)Hl−2(x),

we get

x2H2
l−1(x)

=
(
Hl(x) + (l − 1)Hl−2(x)

)2

= H2
l (x) + 2(l − 1)Hl(x)Hl−2(x) + (l − 1)2H2

l−2(x).

In [8], Bonan and Clark proved that

max
x∈R

h2
l (x)e−

x2

2 ≤ d

2l
1

l
1
6

, (5.21)

for some constant d > 0 which doesn’t depend on l. It follows from (5.21) that

max
x∈R

x2h2
l−1(x)e−

x2

2

≤ l!

(l − 1)!
max
x∈R

h2
l (x)e−

x2

2 +
2(l − 1)

√
l!
√

(l − 2)!

(l − 1)!
max
x∈R

hl(x)hl−2(x)e−
x2

2

+
(l − 1)2(l − 2)!

(l − 1)!
max
x∈R

h2
l−2(x)e−

x2

2

≤C1
l!

(l − 1)!

d

2l
1

l
1
6

, (5.22)
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where C1 > 0 does not depend on l. Also, one can see that for a sufficiently

large n and rn defined in Proposition 5.3.3,

1

(1− r2n
2

)2
e−

(1− r
2
n
2 )2n

2 =
n

2 log n− log log n
e− logn+ 1

2
log(logn)

=

√
log n

log n− log(log n)
≤ 1. (5.23)

It follows from (5.22) and (5.23) that for ηn = (1− r2n
2

)
√
n,

b2
l,n =

(∫
R

1√
2π
k(t, n)hl(x)e−

x2

2 dt
)2

=
(∫ ∞

ηn

1√
2π

√
nhl(x)e−

x2

2 dt
)2

=
( 1√

2π

√
(l − 1)!√
l!

√
nhl−1(ηn)e−

η2n
2

)2

=
1

2π

1

(1− r2n
2

)2
e−

η2n
2

(l − 1)!

l!
η2
nh

2
l−1(ηn)e−

η2n
2 ≤ C

1

2l
1

l
1
6

,

where C > 0 does not depend on l. Thus, for all ε > 0, there exist N = N(ε),

and L = L(ε) which do not depend on n such that for all n ≥ N,

∞∑
l=L

b2
l,n = C

∞∑
l=L

1

2l
1

l
1
6

< ε.

5.6 Scaling

(Scaling) There exists a ∈ [0,∞) such that

lim
n→∞

a1,n = a.

Proposition 5.6.1.

lim
n→∞

b1,n = 0.
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Proof. Note that

b1,n =

∫
R
k(x, n)xµ(x)dx

=
1

2π

√
n

∫
(1− r

2
n
2

)
√
n

xe−
1
2
x2dx

=
1

2π

√
n

∫
1
2

(1− r
2
n
2

)2n

e−tdt

=
1

2π

√
n(−e−t)

]∞
1
2

(1− r
2
n
2

)2n

=
1

2π

√
ne

1
2

(1− r
2
n
2

)2n =

√
log n√
n
→ 0, n→∞.

By Lemma 5.18, a1,n → 0 as n→∞.

From the above Lemma, we have the constant a = 0 in Theorem 5.2.3. Con-

sidering as in Theorem 5.2.3 (c = 1
2
√

2π
, a = 0), we have the following Theorem

immediately.

Theorem 5.6.2. Consider a random matrix A defined as (5.11) with ρA(x),

the ESD of A, defined as (5.7). Then for any z ∈ C, the stieltjes transform

mA(z) of ρA(x), converges weakly to

m(z) =
−z +

√
z2 − 4 1

2
√

2π

2
,

as n→∞. Moreover,

ρA(x)→ 1

2π

√
2√
2π
− x2 almost surely as n→∞.
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