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ABSTRACT

CONVERGENCE RATES OF SPECTRAL DISTRIBUTION OF
RANDOM INNER PRODUCT KERNEL MATRICES

Nayeong Kong
DOCTOR OF PHILOSOPHY

Temple University, May, 2018

Professor Brian Rider, Chair
This dissertation has two parts.

In the first part, we focus on random inner product kernel matrices. Under
various assumptions, many authors have proved that the limiting empirical
spectral distribution (ESD) of such matrices A converges to the Marchenko-
Pastur distribution. Here, we establish the corresponding rate of convergence.
The strategy is as follows. First, we show that for 2 = u +iw € C, v > 0,
the distance between the Stieltjes transform ma(z) of ESD of matrix A and
Machenko-Pastur distribution m(z) is of order O(loﬁ) Next, we prove the

nv

Kolmogorov distance between ESD of matrix A and Marchenko-Pastur distri-
bution is of order O({”/ k’%) It is the less sharp rate for much more general
class of matrices. This uses a Berry-Esseen type bound that has been em-

ployed for similar purposes for other families of random matrics.

In the second part, random geometric graphs on the unit sphere are con-
sidered. Observing that adjacency matrices of these graphs can be thought of
as random inner product matrices, we are able to use an idea of Cheng-Singer

to establish the limiting for the ESD of these adjacency matrices.
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CHAPTER 1

INTRODUCTION

1.1 Historical Review on Spectrum of Ran-

dom Matrix Theory

The rapid development of modern science and technology brought statis-
ticians up against the task of analyzing data in large dimension. In 1928,
Wishart introduced random matrix theory [41] in the field of multi-variate
statistics. To understand the asymptotic behavior as the number of samples
increase, he needed a special matrix from samples so that statisticians focused
on a random matrix defined as follows: If X7, X5, ---, X, are independent
identically distributed (iid) Gaussian vectors with mean zero and covariance
Y X, X[, then a n x n sample covariance matrix (or Wishart matrix) is defined

as

n

1
S=-Y XX, 1.1
PO (11)

The probability distribution of eigenvalues of S (Wishart distribution) and its
density function have played a crucial role in advancing statistical analysis,
information theory and many branches of physics [41].

In 1950, spectral analysis of large dimensional random matrices was devel-

oped by Wigner [36], [37], [39], and [40]. To understand the behavior of large



dimensional random matrices, Wigner focused on a special type of matrix:
n X n real symmetric random matrix W,, = (w;;)1<ij<n (Wigner matrix) of

the form:

(1) For 1 <i < j <oo, w; areindependent identically distributed (i.i.d),
(2) For 1 <i<n w; areii.d real random variables,

(3) E[wio] = 0,E[w},] = of, E[wi] = 0,E[w,] < o3.

To figure out asymptotic behavior of random matrices, we focus on a special
ensemble of it: Let us consider a n X n matrix A with eigenvalues \;, i =
1,2,--- ,n. If all these eigenvalues are real, we can define an one-dimensional

distribution function
1
Fa(x)=—=#{i <n: )\ <z}, # :number of i’s,
n

called the empirical spectral distribution (ESD) of the matrix A.
In 1955, Wigner proved Wigner’s semi-circle law: If W,, is a n x n Wigner
matrix, then \/LEE[F w, ()] converges to a semicircle law Fgc ,2(x) whose density

function is

d s=V40? — 2?2, |z| < 20,

_FSC,0'2 (.T) =
dz 0, otherwise,

where Fge,2(x) is commonly referred as the limiting spectral distribution
(LSD) of W,.

The study of the spectrum of large random matrices, since Wigner’s semi-
circle law, has been an active research area motivated by applications such as
quantum physics, signal processing, numerical linear algebra, statistical infer-
ence, among others. One of important results is the Marcenko-Pastur (M.P.)
law [27] for the spectrum of random matrices of the form (1.1). Marcenko-
Pastur distribution with index v is defined by
27?1:137 V(b —z)(xr — a) L (), (1.2)

where a := (1 —/7)? and b := (1 + ,/7)>. In [27], Marcenko and Pastur
proved that if n,p — oo with n/p — ~v € (0, 1], then the ESD Fg(z) of a

prpA(x) = 1,5100() +



Wishart matrix S defined in (1.1) weekly converged to a distribution with
density function pyrp~(z) (See (1.2)) almost surely.

In the recent years, the general task of pattern analysis for the machine
learning is to find and study general types of relations (for example clusters,
rankings, principal components, correlations, classifications) in datasets. The
kernel methods are a class of algorithms in pattern analysis and there has been
a significant advance in pattern analysis via the methods. To use kernel meth-
ods in a random matrix area, probabilists have developed new type of random
matrices called a random kernel matrix. Especially, the matrix whose entry
depends merely on the inner product is considered. It is called an inner prod-
uct kernel matrix defined as follows: If X, X5, -+ .X,, are iid n-dimensional

Gaussian random vectors with mean 0 and variance %, then the matrix A is

defined by
A= (Ayh<ijn = fOEKm) 125 (1.3)
0, 1 =7,
where f(z,n) is a real valued function which may depend on n and differen-
tiable at « = 0. Note that it is a general type of (1.1).
Until now, there have been many endeavors to find the limiting of the ESD
of random matrices of the form (1.3). It was started from El Karoui’s results

in [15] which investigated the spectrum of kernel random matrices by using

the operator norm ||Al]y of a n x n random matrix A defined by

[|All2 = max VA(ATA), N @ eigenvalues of ATA.

He proved that if the function f defined in (1.3) is differentiable at 0 and

three-times differentiable at 1, then
||A— Blla — 0 in probability as n — oo,
where (i, 7)-th entry of matrix B is

By = [f(1) = £(0) = F(O)} L + F/(0)(XTX,). (1.4)



We call the matrix B as a sample covariance matrix and there have been also
many results which proved the limiting spectral distribution of the matrix.
The first success was due to Marcenko and Pastur in [26] named as Marcenko
-Pastur law and next there has been a significant literature rediscovering and
extending this theorem, with contributions by Bai and Yin [4], Grenander and
Silverstein [21], Jonsson [25] and Wachter [34].

Especially, Yin [42] proved the limiting spectral distribution of B using
combinatorial techniques when all entries of B are real and iid. For the complex
iid case, Silverstein [32] showed that the limiting of Stieltjes transform of ESD
of B satisfied a differential equation and extended the Marcenko-Pastur law.
Also, Cheng and Singer [11] proved the limiting of ESD of random inner matrix
A with the following conditions: Consider the function f in (1.3) and define

the normalized function of it as
T

If we denote p as the probability density function of v/nX{ X, provided that

f € L?(du), then we can express k(z,n) as the series:

k(z,n) = Z gDk (), (1.6)

k>0
where py.,(z) is k™ orthogonal polynomial with respect to u and the coefficient

ax,, can be written as
ot = [ blzin)pin (0)du(z).
R
Now we assume that the function f satisfies the following three conditions:

(Normalization) There exists ¢ € [0, 00) such that
Ji > Joinl =
(Uniform convergence) For any ¢ > 0, there exists L = L(¢) > 0 such that
the following holds for enoughly large n:

D ainl® <e

i>L



(Scaling) There exists a € [0, 00) such that

lim a;, = a.
n—oo

Then Cheng and Singer proved the following results.

Theorem 1.1.1 (Cheng and Singer [11]). Let A be a random matriz defined as
(1.3) and assume that the function k(x,n) defined by (1.5) satisfies the three
conditions, (Normalization), (Uniform convergence) and (Scaling).
Then the Stieltjes transform of ESD (Empirical Spectral Distribution) of the
matriz A, denoted by ma(z), converges weakly to m(z) which satisfies the

following equation.

1 1

—W:z—ka(l—m

)+ (c — a®)m(z). (1.7)

From now we keep up with this historical facts and obtain a more advanced

result in Theorem 4.2.4.

1.2 Description of Main Idea and Strategy

In the previous section, we recognized that many probabilists computed the
limiting of ESD for the random matrix A defined in (1.3). One of the important
problems in applications of asymptotic theorems of spectral analysis of large
dimensional random matrices is advancing the convergent rate of the ESD.
So we will improve the rate of convergence for ESD of the random matrix A
defined in (1.3). To do so, we first consider the Stieltjes transform defined as
follows: For a probability measure du on R, its Stieltjes transform is defined

by

m(z) = / L), 1) >0,

r—z
where Z(z) is the imaginary part of complex number z. If A is defined as (1.3)
and A;(A), A\a(A),..., A\ (A) are real eigenvalues of matrix A, then Stieltjes

transform of ESD of A can be written as

1

ma(z) = %; ﬁ =m0



where Tr M is a trace of the matrix M.

Now the main goal is to show that for fixed z = u+iv € C with v > 0, the
expectation Em4(z) converges to m(z) as n — oo, where ma(z) and m(z) are
the Stietjes transforms of ESD for the random matrix A and Marcenko-Pastur
distribution with index 1 defined on (1.2), repectively. In particular, for fixed

z=u+1w € C with v > 0, we prove the following rate of convergence:

[Ema(z) — m(2)] = o(k’g”). (1.8)

nv
Also, we will choose the sequence v = v,, later which allows to approach zero
as n tends to oo.

The main strategy to show (1.8) is as follows: We divide into two steps.

Let B be a n X n random matrix which is defined as
Bij = f(0) + f(0) X[ X;, (1.9)

where X, Xy, -+, X, are iid standard Gaussian vectors and the function
f(z) = f(z,n) is the same function as (1.3).
The first step is to prove the estimate

1
:O(Ogn>, z=u+iveC, v>0, (1.10)
nu

E‘mA(z) —mp(z)
which will be Theorem 3.2.2. The second step is to show the estimate

1
’EmB(z)—m(z) 2(9(—>, z=u+iveC, v>0, (1.11)

nv

which will be Theorem 3.3.3. These two estimates prove (1.8).
For the first step, since X, Xo,---, X, are iid standard Gaussian vectors,
using Taylor series and the generating function, we obtain the estimate,

a1 2
Pr{\XZ’Xj| > Ogn} <= (1.12)

n n2’

which will play an important role in showing the estimate (1.10). Here the
main point is assuming that Xy, Xo, -+, X, are iid standard Gaussian vectors

to handle the tail part of expectation of differences of two Stieltjes transforms.



For the second step, there are many papers which prove a rate of conver-
gence of ESD for the random matrix B defined on (1.9). However, the random
matrix in the papers is much more general than the matrix B defined on (1.9).

In other word, the matrix B has the same form but it is assumed that X is a

random vector with entries X;;, 7 =1,--- ,n, as iid standard normal variables
such that
5 1
E[X;] =0, E[Xij] o (1.13)

(This is much more general random vector than Gaussian random vector).
In [2], Bai and Miao assumed the following: Let M = (x;;) be a real symmetric

matrix with

(1) Efz;;] = 0,Efz},] =1, 1<i<p,1<j<m,
(2) sup E[|:U§j | < o0,
Y]
(3) Z E[a:?j]f‘xij‘x\/g = O(n?), for any € > 0,
Y]
and Fy/(z) be the ESD of M. They proved that the rates of convergence to
parp~ () defined on (1.2) were O(n=/4) and O(n~%/*%) according to v # 1 or
v = 1. These rates were also established for the convergence in probability
of Fg(x) to pypa(z). In 2010, Bai [6] developed the rate of convergence of
the ESD of the random matrix B to payp(x): If a Hermitian matrix M =

(xi;), 1 <i,j < n satisfies the following conditions:

(1) E[zi;] = 0, E[mfj] =1, 1<i<j<n,
(2) E[jz7]] = 0% 1 <i <,

(3) sup E[23]], E[z3] < €' < o0,
7‘7.]

with 02 < C for some constant C' > 0, then the ESD of M converges to
pupa(x) with a rate O(n~1/?). This rate worked for the convergence in proba-

bility of Fi(z) to pppi(x). Moreover, Gotze and Tikhomirov [18] proved that



the ESD of Wishart matrix W = X7 X where X = (w;;) with

(1) Efw;] = 0,E[w}] =1, 1<4,j<n,

2) Pr{fug| > 1} < 3 exp{—"},

4
(logn)** 31 )

converged to pyp1(x) with a rate (’)( -

In this dissertation, we investigate the convergence rate of mpg(z) to m(z)
for any z = u +iv € C with v > 0 assuming that X, is a random vector with
entries X;;, j = 1,---,n, as iid standard normal variables with (1.13). The
main idea is to use the diagonal entries of resolvent for random matrix B,

which comes from O’Rourke’s paper [29]: Let us consider the resolvent of B,
Rn(2) = (B, — zI)™".

Then the diagonal entries of R,(2) can be expressed by

(Rn(z)) - . L k=1, .n,  (1.14)
Y p(0) Y a3, — 2 — BIRE(2)By

where By, is the k-th row of B,, except k-th entry. The diagonal entries (1.14)
lead to the rate (See Theorem 3.3.3):

Emp(z) = —z — zf’(lO)EmB(z) ‘ B O(n_1v> (1.15)

Using the uniqueness and formula of Stieltjes transform for Marchenko-Pastur

distribution, we get

1
E - 0 (—) .
Emp(z) — m(z)] = 0=
By using above two steps, we are able to obtain the following theorem and our

desired rate of convergence.

Theorem 1.2.1. Let A, be nxn random matrices defined as (1.3) and my, (2)
be the Stieltjes transform of the ESD Fa, (x) of A,. Then for any z = u +
w, v >0,

_ O(logn)

Ema,(z) — m(z) —




where m(z) is the Stieltjes transform of Marchenko-Pastur distribution defined

on (1.2) with v =1.

Next, we compute a rate of convergence of expected ESD of A to the
distribution

Ga)= [ puro(t)dr (1.16)

using the Bai’s idea in [1] and Theorem 1.2.1. Indeed, it was proved in [1] that

the bound for Kolmogorov distance,
|F = G|| = sup|F(z) — G(z)],

was obtained by a Berry-Esseen type inequality whose right side has the inte-
gral term having a finite interval and the integrand as the absolute difference

between their Stieltjes transforms. Then we have the following main result.

Theorem 1.2.2 (Main Result). If A is a random inner product kernel ma-

triz defined in (1.3) and Fa(z) is the ESD of A then

[EFu(x) — G| = sup [EFs(x) — Ca)| = O(({/*21),
where N
G(z) = /_ prvpa(x)de,
and pyrpi(z) defined in (1.16).
1.3 Beyond the Gaussian
For convenience, we assumed that all vectors X, Xo,--- , X, are iid Gaus-

sian with mean 0 and variance % In Chapter 3, we prove that if X, Xs,

-+, X,, are Gaussian then we obtain the right tail part of X/ X,

Pr{|XfXj| > 410g”} <2 (1.17)
n n
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Using (1.17), we have improved a rate of convergence of my, (2) to mp, (2) in
the Theorem 3.2.2. However, it is known that the condition that the vectors
are Gaussian is too strong and used only to obtain the upper bound (1.17).
Thus, assuming that X, X, -, X,, are iid random vectors with mean 0 and
variance % and have the upper bound (1.17) with the condition,

sup E[xij] =0 (%),

ij n
where z;; is a j-th entry of the vector X;, we are able to extend the main
results in Theorem 3.2.2 for more general random inner product matrix A,

defined in (1.3) with above random vectors.

1.4 Random Graph on Unit Ball

The theory of random graphs was founded in the late 1950s by Erdos and
Rényi [16]. The work of Watts and Strogatz [35] and Barabasi and Albert [7]
at the end of the last century initiated new interest in this field. The subject
is at the intersection between graph theory and probability theory.

Based on simulation results, there are interesting differences between the
spectrum of the adjacency matrices of the different classes of graph. It is
proposed to use the spectrum of the adjacency matrix as a tool to indicate
which model may be most appropriate for a particular real-world graph such
as transportation, the Internet, social networks and neural networks [17].

In the second part of this thesis, we investigate the spectral properties of the
adjacency matrix of a random geometric graph on the unit ball. The random
geometric graph G(n,r,) defined as follows: Consider uniformly distributed n

vertices X1, Xo, -, X, on the unit sphere,
ST =X = (w1, @0, ) tat " - a® = 1} C R

We define that two points are connected if their Euclidean distance is less than
the radius r,. Recently, this class of graphs has attracted attention from a

model for wireless networks [17].
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Now we focus on studying the ESD of the adjacency matrix of a random
geometric graph which has n-uniformly distributed vertex on the unit (n — 1)
sphere in R™. Then the adjacency matrix is A = (A4;;)1<i j<n defined as

= f(||XZ - Xj||7n)7
where

f(x,n) = X[O,rn)<x7n)' (119>

We call this type of matrix random as Euclidean matrix. Probabilists recognize
that it is not easy to investigate this random euclidean matrix and so there
have had little results computing the limiting of ESD of the matrix. However,
since X1, Xo, -+, X, are on the unit sphere for this matrix, then we think of

the Euclidean norm ||X; — X|| as

I1X; — X;|| = /2 — 2X,7 X (1.20)

Using (1.20), the random matrix A in (1.18) can be changed by

1t XX > 1 -
A= (Aij)lgm‘gn = T , (1'21)

7500)

Thus, instead of the Euclidean matrix, we think of the adjacency matrix A as

a kind of random inner product matrix with the function f as

flz,n) = X[l_#m)(l’,n). (1.22)

There have been many results which compute the limiting of ESD of a random
inner product matrix defined by (1.21) and (1.22) assuming that X, X5, - -+, X,

are i.i.d. random vectors uniformly distributed on S"~!. In [23], Jiang proved
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that ESD of A converged to ﬁpMpJ (m_f(o);rf,(é))_ﬁ/@)> with probability 1.
In the paper, Jiang assumed that f(z) was defined on [0, 4], f”(2) was existed
and f'(2) # 0. Whereas, the function f defined as (1.22) does not satisfy this
condition so that we need to use more general result proved by Cheng and
Singer [11]. In this thesis, we show that the function f defined (1.22) satisfies
conditions in [11], and so the ESD for the adjacency matrix converges to the

semi-circle distribution with scaling window a constant ¢ > 0.

1.5 Outline of the Thesis

The main tools proving the theorems and some basic consequences are in-
troduced in Section 2. In Section 3, we compute the rate of convergence of
differences of two stieltjes transforms. To do so, we divided into two steps and
show each steps using generating function and resolvent of the matrix. Based
on the result in Section 3, we compute the difference between the probability
functions for ESD of the matrix A and pyp(2) by using Berry-Essen type
inequality in Section 4. Finally, in Section 5, we introduce the random geo-
metric graph G(n,r,) on the unit sphere and show the limiting of ESD of the

adjacency matrix of G(n,r,).
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CHAPTER 2

PRELIMINARIES

Based on the definition of the Stieltjes transform of ESD of a random
matrix A, we review basic facts for the trace of an inverse matrix which are
essential for us to prove our results. Most facts in this chapter came from the

classical linear algebra theory, especially the matrix computation.

2.1 Random Inner-Product Kernel Matrix

Let X1, Xs,..., X, be iid standard Gaussian vectors in R" i.e., for each

1<1<n,
1
X = (X1, X, - .. ,Xm)T, Xi; ~ N(0, E)

Since for any 1 < 7,5 < n, Xj; is a Gaussian random variable with mean 0

and variance %, one can know that

[n [ na? n
Pr{|X;;| >t} =2 %/t exp{—T}dajgexp{—gtz}, t>0. (2.1)

We consider a special random kernel matrix defined as follows:

Definition 2.1.1. A, is called a n x n symmetric random kernel matrix if its

entries are

(An)ij =

0, iL=7,
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where f(x,n) is a real valued function which depends on n.

Definition 2.1.2. Suppose that the eigenvalues of the matrix A, are A1, A,
-, An, then Empirical Spectral Distribution (ESD) of A, Fa,(z) is defined
by

1
Fy, () = E#{] <n:\ <z}, x€R # :number ofi’s. (2.3)

There are a few methods to compute the limiting of ESD of random matrices

and one of them is to use the Stieltjes transform of ESD.

2.2 Stieltjes Transform

Next, we define the Stieltjes Transform, which is an useful tool to compute

the limiting of the ESD of random matrices.

Definition 2.2.1. For a probability measure du on R, its Stieltjes Transform
my(z) is defined by

1
m,(z) = du(x), ze€C,
(0= [ —duta)
where the imaginary part of z is positive, i.e., Z(z) > 0.
Now, we have basic remarks about the Stieltjes Transform.

Lemma 2.2.2. Suppose Z(z) > 0, then we have Z(m,(z)) > 0.

Proof. 1t is clear that for z = a + bi, b > 0,

T(m(2) :z(/R . ! du(r)) = z(/R %du(;ﬁ))

:b/R (;du(x) > 0.

x—a)?+b?

Lemma 2.2.3. For a random matriz A, with eigenvalues A, X, ..., \,, the

Stieltjes Transform of the ESD of A,,, say, ma, (z) is

e 1 1
== = —Tr(A, — zI,)! 7 . 2.4
mAn(Z) n;Ai—z n r( n Zn) ) (Z)>O ( )
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Corollary 2.2.4. The Stieltjes Transform (2.4) is uniformly bounded for fixed
z € C. Specially, if z =wu+ vi is fized with v > 0, then

1
a2l < - (2.5
Proof. By the definition of the Stieltjes transform, it is clear that
1« 1 11 1
< — — < = —=-. 2.6
|mAn(Z)’_nizl|)‘i_Z|_nizlv v ( )
O

It is well-known that the ESD of a random inner product kernel matrix
defined on (2.3) converges weakly to a Marcenko-Pastur distribution, (See
[11]). Here, we denote a Marcenko-Pastur distribution with index v =1 by

prpa(T) ! V(2 —x)lpy(z). (2.7)

" 2

Theorem 2.2.5. Assume that X1, Xs, ..., X, are n-independent identically
distributed vectors in R™ with E[X;] = 0 and E[X?] = 1 for each 1 < i < n.
Also, suppose that f is a real valued function and differentiable at 0. If A, is a
random matrix defined as Definition 2.1, then the ESD of A, weakly converges

to

1 Tr—«
S —_— |, o = — 0 — ! O 5 ! 0 07 28
almost surely. If f'(0) = 0, then the ESD of A weakly converges to the Dirac

measure d,(x) at a.

2.3 Inverse Matrix and Resolvent

In this section, based on basic linear algebra, we introduce some useful results
below.

Let A = (a;j),1 <4i,j <n bean n x n matrix. After deleting the k-th row
and column from A, we have a (n — 1) X (n — 1) submatrix A; of A. Then we

obtain the following useful theorem.
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Theorem 2.3.1. [See [22]] Let A be nonsingular and U, B and V may be

rectangular. Then
(A+UBV) '=A"' - A'U{I +BVA'U) 'BVA™. (2.9)

Theorem 2.3.2. [6] If both A and Ay, k =1,2,--- ,n are Hermitian nonsin-
gular, and if we write A~ = (A¥),1 < 14,7 <mn, then

1
kk
a"™t = — , (2.10
Al — akAk la;f )
and hence "
1
Tr(A™) = , 2.11
(A7) 2 e~ Ayl (2.11)

where ayy, is the k-th diagonal entry of A, Ay is a (n—1) X (n — 1) submatriz
of A defined as above, ay, is the vector obtained from k-th row of A by deleting
k-th entry.

In this thesis, we frequently consider the resolvent of a Hermitian matrix A,
i.e, (A — z2I,)"!, where z is a complex number with positive imaginary part.
In this case, by (2.11), we have

n

Tr(A—zI,) ' = Z

k=1

1
) 2.12
apr — 2 — ap(Ag — ZIn_l)—lag ( )

Now, we need the inverse of partitioned matrix formula to compute the dif-
ference of traces of a matrix A and its submatrix Ay for each £k =1,2,--- n.

Suppose that the matrix P is nonsingular positive definite and has the parti-

B
) . Then the inverse of P has the form

tion as given by
D

A By _ (A-BD7'C)"'  —AT'B(D—-CA'B)™!
¢ D)  \-D'C(A-BD7'C)"'  (D—CA"'B)"! ‘
(2.13)

We use the indentity (2.13) to prove the following theorem.
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Theorem 2.3.3. If the matriz A and Ay, defined as above are both nonsingular

and Hermitian then

1+ akA,fa{

Tr(A™) — Tr(AY) = 2.14
(A7) = A = (2.14)
where ay, is obtained from k-th row of A by deleting k-th entry.
Proof. Note that by (2.13),
Ay al\
TrA™' =Tr ( g ak)
ar gk
T ( (A — afagga) ™" — Ayt af (ar, — akAilafW)
—ap ar(Ax — afagiay) " (ar — ap Ay 'af) ™!

= Tr(Ay — aj agtar) ™ + Tr(ap — ar Ay al) ™!
By Theorem 2.3.1, we have

Tr(Ap — ajaglar) = Tr A — Tr A el (I — alap A ar ) (—apl ) ar AL

=Tr A + (ape — ap Ay tad) ! Tr(ap AL 2a)).
This completes the proof. n

From Theorem 2.3.3, we obtain the upper bound of the difference between

traces of resolvents of a matrix A and its submatrix Ay foreach k =1,2,--- ,n.

Theorem 2.3.4. Let z = u+iv,v > 0 and let A be a n x n Hermitian matriz.
Then
| Tr(A — 2L,) " — Tr(Ap — 2L, 1) 7Y <

S| =

. (2.15)
Proof. From (2.14), we have

| Tr(A — 20,) = Tr(Ay — 2L, 7| =

1+ (ap — zex)(Ap — 2L1) 2 (a, — zex)T
(apr — 2) — (ap — zegp)(Ax — 2L, 1) Hap — zep)T |
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where ey = (0,-+-, 1 ,---,0)T is the elementary vector. Put Ay, A, -+, Ay
k—th
as the eigenvalues of matrix A;. Then we can denote

Ak =B diag[)\lv )\27 T 7>\n—l]BT7

where B is an (n — 1) X (n — 1) unitary matrix and diag[A;, Ao, -+, Ap_1] 18
a diagonal matrix with diagonal entries Ay, Ag, -+, A,_1. Since (ay — zex)B =
(y1,Y2,* "+ ,Yn—1) and z = u + iv, we have

|1+(ar — zex)(Ap — 2L, 1) 2 (ay, — zex)"|
n—1
— |1+ > =)

< 1+2:]yZ (N —u)?> +0*)7!
=1+ (ax — zex)((Ax — ufn,l)2 + v2[n,1)’1(ak — zek)T.

Note that if C* 4+ D? is nonsingular for any two Hermitian matrices C and D,

then
(C +iD)™' = (C —iD)(C* + D" (2.16)
It follows from (2.16) that

T(agk — z — (ax — zex)(Ax — Z]n—l)_l(ak - Zek:)T)

=v(1 + (a, — zex)((Ap — ulp_1)* + 0 L,_1) Hag — zep)h),

which proves (2.15). O
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CHAPTER 3

RATE OF LIMITING TO
STIELTJES TRANSFORM OF
MP DISTRIBUTION

3.1 Description of Main Result and Ideas

Let A, be a n x n random inner product kernel matrix defined by

0, L=,

where f : R X R — R is a twice differentiable function at x = 0, i.e., f”(0)
exists.

In this Chapter, the main purpose is to show that for fixed z = u 4+ v €
C with v > 0, Ema,(z) converges to m(z) as n — oo, where my, (z) and
m(z) are the Stieltjes transforms of ESD, Fs4 (x) of A, and Marcenko-Pastur
distribution defined on (2.3) and (2.7), respectively. In particular, we prove

the following rate of convergence: For fixed z =u+wvi € C, v > 0,

Ema, (2) — m(z2)| = o(log”>. (3.2)

nv
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Also, if z€ {u+iv e C:|u| <, 0 <v, < v}, then we obtain

|[Ema, (z) —m(z)| = O(logn>.

nu,

This means that the rate of convergence of Emy, (z) to m(z) depends on the
rate of convergence of v = v, to 0 as n — co. We will choose the sequence v,
later which allows to approach zero.

The outline to show the estimate (3.2) is the following. In the first step, we
define a matrix B,, by

(Bn)ij = f(0) + f/(0)X] X, (3-3)

where X, Xs, ..., X, are iid standard Gaussian vectors and the function f is
the same function as the definition of A,. In Theorem 3.2.2, we prove the

estimate: For all z = u + v, v > 0,

_O(IOg”), n — oo. (3.4)

nv

E’mAn(z) —mp, (2)

Second step is to show that mp, (2) converges to the Stietljes transform m(z) of

Marcenko-Pastur distribution in (2.7) as n — oo, i.e., for any z = u+iv, v > 0,

_ o<i). (3.5)

nv

’EmBn (z) —m(z)
This is Corollary 3.3.4. Below, together we have the following theorem.

Theorem 3.1.1. Let A, be nxn random matrices defined as (3.1) and ma, (2)
be the Stieltjes transform of the function Fa,(z) defined on (2.3). Then we

have for any z = u + 1w, v > 0,

() — m(2)] = O(“E),

where m(z) is the Stieltjes transform of Marchenko-Pastur distribution defined

on (2.7).
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3.2 Rate of Convergence of my, (2) to mp (2)

We start with the following Lemma.

Lemma 3.2.1. Let X, Xo, ..., X, be iid Gaussian vectors in R™ with E[X,] =
0 and E[X?] = 1. Then we have

41 2
Pr{\X?Xj| > Og"} <. (3.6)

n n?

Proof. Note that for any € > 0,

Pr{|XTX;| > e} = Pr{nXTX;| > ne} =P {’ anzk) > ne}, (3.7)
k=1

where Zj, is the product of two independent Gaussian variables with mean 0
and variance % By a simple expectation, we have that
My () = E[e%] = — 2 te(~1,1). (3.8)
Vie
Hence, by the independence of Z;’s, we obtain

Mg, ()= <\/%)n (3.9)

Optimizing over t and using the assumption that Z, are independent, it follows
from (3.7), (3.9) and Generic Chernoff Bound that

Pr { Z Zy, > ne} = Pr {etz;;;l Zk > eme}
k=1

. 1
< min
0<t<1 elne

11y
~ min ——( m) . (3.10)

E[ef X1 %]

Similarly,

Pr { Z I < —ne} =Pr {e’mez?’;ﬂZ’“ > emé}

) 1
min
0<t<1 etne

o1 1 n
= min (—) . (3.11)
0<t<1 etne 1—(—t)2

Efe 21 2]

IN
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Since for 0 <t < 1,

then for large n in N,

1 1 " —tne -2
etne (m) — (]. - t ) 2
:eftneelog(lftQ)_%

:e—nte—% log(1—t2)

2
Se—tn&—i—%t
5 ((t76)27€2>
=€ .

Choosing t = €, we get

1 1 n . 5 <(t*€)2*62) _ne2
< < <. .
0<i1 gtne (M) = ocian =67 (3.12)
Thus (3.10), (3.11) and (3.12) give us that
Pr {\XZTXJ-] > e} = 93¢ (3.13)
Choosing
4logn
€=/ :
n
we have by (3.13)
41 2
Pr{\Xfij >4/ Og"} <=
n n
Thus, we get our desired estimate (3.6). O

For convenience, we denote A, as A and B,, as B. Using Lemma 3.2.1, we

prove the next Theorem which completes the first step.

Theorem 3.2.2. Let A and B be n X n random matrices defined as (3.1) and
(3.3). Then we have for any z =u+iv € C, v > 0,

E|mua(z) — mB(z)’ - o(k;i}”). (3.14)
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Proof. Let {\;(A)}, be eigenvalues of matrix A and {\;(B)}!, be eigenval-
ues of B. Using Cauchy-Schwarz Inequality, we have for z = u+v € C, v > 0,

s _ |1 1 B 1 ’
male) = me S L 2 i = T B =2
1 ) = AB)E ua) - n(B)E[
ST @ -2 (B -2
1 [A(A) = A(B) | - [Mi(4) = Ai(B)
P oy el D vy s
< njw(bxi(A)—Ai(Bn) | (3.15)

Using Hoffman-Wielandt inequality,
> IN(A) = N(B)]® < Tr(A - B)?,
i=1

it follows from (3.15) that

Ima(z) —mp(2)]* < ngva (Z > 1A - Bz’j|2) - (3.16)

i=1 j=1

Next, let F be an event that there exist ¢ # j such that

41
XTX] > ) =2
n

It is clear from Lemma 3.2.1 that

Pr(F) < (9<i>. (3.17)
Notice that

ma(z) = ma()P’

<M, + M, (3.18)

i SE[lf\mA(z) — mB(z)IQ] + E|:1].‘c

E‘mA(z) —mp(2)

where

M, = E[l;\mA(z) - mB<z)|2], M, = E[lfc|mA(z) - mB(z)yQ].
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Since, by Remark 2.2.4, we have

ma(z)] < =, |mp(2)] <

Y

[SE
(SR

then we obtain

My < E[Lr(ma()? + 2ma(2) I (2)] + (=) )|

< O(Pr(f)%) - 0<(IZ§;)2>. (3.19)

Also, since f is twice differentiable at x = 0, then it comes from the Taylor

polynomial that there exists a constant C' = C(|x|) > 0 such that

() = f(0) = f/(0)z] < Claf*. (3.20)

This implies that

1 2
My SE|lpess 27&: | Aij — Bijl
L 17

|1 Z|f<X?Xj>—f<o>—f’(O)X?XjF]

2,2
noy? —
L i#]

2
n= —
i#]

e (log n)?
<E 202 Z n2
L i#]

=0 (mlm (loizn)?n(n - 1)>

- (9<(10gn)2>. (3.21)

[ C
<E|1s Z|XfXj|4]

n2y?

Therefore, using (3.19), (3.21) and Cauchy-Schwarz Inequality, we obtain

S(E‘mA(z) — mB(z)‘Q>é

E‘mA(z) —mp(z)
<(m +M2)§

_O(logn>’

nv

which proves (3.14). O
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3.3 Rate of Convergence of mp (2) to m(z)

Now, we start with the second step. First remark is the following fact:

Remark 3.3.1. If f’(0) = 0, then the matrix B, is a nonrandom matrix which
has ESD as a function

FBn (.CE) = 5f(0) (x), (3.22)

where d,(x) is the Dirac measure.

Suppose that f'(0) # 0, then the matrix B, is a linear function of a sample
covariance matrix which has been more extensively studied. Since the eigen-
values of B, are translations of the eigenvalues of f'(0) X7 X, for convenience,

we consider

(Bn)ij = '(0)X] X, (3.23)

where ¢« = 1,---,n, X, is a random vector with entries X;;, 7 = 1,--- ,n,
defined by (1.13).

So far there have been several papers which showed the convergence of ESD
of By, defined in (3.23) to Marchenko Pastur Distribution using Stieltjes Trans-
forms of distributions as the introduction.

Now, we prove the estimate of difference between the two Stieltjes trans-
forms. Notice that this way is different from computing the rate of convergence
in the sense of probability convergence. A key point comes from the following

results.

Proposition 3.3.2. Assume that m(z) is the Stieltjes transform of

L z + f(0) .
|f/(0>|PMP,1<W>, prpa(x) is defined on (2.7).
Then m(z) satisfies the following quadratic equation,

L i O
m(z) 1+ f'(0)m(z)’

From this we have the equation,

(3.24)
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Our proof is based on using an idea in O’Rourke’s paper [29]. The idea is
to use the diagonal entries of resolvent for the random matrix B, defined in

(3.23). Let us consider the resolvent
R.(2)=(B,—z)"', z=u+iveC v>0.

Then we can write

1
(%), = TS == mEE

where By is the k-th row of B, except k-th entry. For each k = 1,2,--- ,n,

k=1, .n

we define

1
ap = . (3.25)

(R”(Z)> Kk

Then we have the following theorem.

Theorem 3.3.3. For z =u+ v € C, v > 0, we have

‘EmB”(Z)  —z— zf/((l))EmBn(z) ‘ - O(%) (3:26)

Proof. Let us consider

Bn = (fl(O)XiTXj> 1<ij< = f(0) Z LisTjss
ShI=n s=1

where X; is n-dimensional vector by

Define the resolvent of B,, by,

R.(2) = (Bn — z[n>1,

and for £k =1,2,--- ,n, its diagonal entries,

(Ba(2)),, = 1

/"(0) ;xi — 2 — B Ri(2) By

, (3.27)



where RF(z) = (B¥ — 21,_1)~! and (n — 1)-dimensional vector
B =f/(0) (X X1+, X Xp1, X{ X, o+, X[ X))

:f/(O)Xg<X17 an—lek;—‘rh'" aXn>

nx(n—1)

=1 (0) X X,
Here, we denote the n x (n — 1) matrix X* | by

XF | = (Xl,"' s X1, Xpg1, - ,Xn>

nx(nfl).

Based on the definition of a in (3.25), we have

ar = f'(0) ins — 2z — BI'RF(2)B,.

s=1

It is easy to see from the notation (3.28) that

E[B%Rﬁ(z)Bk} = ( f’(O))ZE[ i XTX,(RE(2)) X7 Xk].

s,r#£k

Notice that

E [X,Z’ X, (RE(2)) X7 Xk}

= Z E|:.qu1xsq1xk12x“p (be(z))sr]

q1,92=1

= zn: E [xkqlqu} E [wsqﬁprqz (Rz(z))sr]

q1,92=1

- Z: E [(mkq)Q] E [%q%q (Rﬁ(z))sr]

3

n

= ; E |:xsqx’f‘q (R’]:L(z))sr} )

n

—_

It follows from (3.32) that

n n

E [B,zRfL(z)Bk} = %0))2 Z Z E[msqxrq (Rﬁ(z))sr}

s,r=1 q=1
s,r#k

27

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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Now, let us compute the estimate for E|ay — Eay|. Indeed, we have for k =

1,"',7’L,

ElCLk — Eak|
<E|XT X, — 1| + E|BTR(2)B;, — E[B,{Rﬁ(z)Bk} ‘ (3.34)

Then for the first term of (3.34), by Cauchy-Schwarz inequality, we have

EIXIX) — 1
n ) _l ) _l} 1/2
§<E[s§—:1 (%s n)(xkr n) >

Z::l E[xis] o % ZZ:I E[I%S] + %7 §=T,
Z:;érzl E[xisxzr] - %ZZ:I E[:Cis] - %Z?:l E[xir] =+ %7 S 7& .

V2o s =y

= (3.35)
0, s#r.

Next let us consider the second term of (3.34). Indeed, by the notation (3.29),
we think of Bf R¥(2)B, as

By Ryy(2) B = (f'(0))* X X5y Ry (2) (X)X, (3.36)

where X* | RF(2)(XF_ )T is a n x n matrix. It follows from (3.33) and (3.36)
that

e[mriem] = L e[ (L, mh T

n

Also, we have

Tr Rﬁ(z)} . (3.37)
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Since
n

3 E[((Rﬁ(z))sry] <E[Tr (R5(2)°]. (3.38)
Sk
then

2
E‘B,{Rﬁ(z)Bk —E[BIR(2) B | ‘

:flqsO)ZE(Bng( )Bk>2 - (E[B{Rﬁ(z)Bk])z
7)€ [ T (RE())?] - (E[- T RE2)] )
=/ (0) 2[E| - Tx RE(2) — €[~ e Rb )] |
—0 (%) (3.39)
It comes from (3.34), (3.35) and (3.39) that
sup Elay — Eay| = o(%) (3.40)
Next, (3.37) enables us to show that for large n,
Eay, _E[ ka - BgRﬁ(z)Bk}
—f'(0)—z—E [B,fR’“( )Bk}
=) =~ PO [ (xR (¢ )7))]
=f(

70~ L Ve[ i)
e %()E[Tr Rﬁ(z)} . (3.41)

Using (3.37), (3.41) and Cauchy’s Interlacing Theorem,

1
=0(5)
we get for all k =1,2,--- ) n,
Eay — (— 2z — zf'(0)Emp, (2))
<|zf'(0) |‘1TI‘R7’2(Z)—%T1"R”(Z)

_O(nv> (3.42)

1 1
—TrRi(z) — =Tt R,
T R(2) -~ T Ra(2)
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Therefore, (3.40) and (3.42) give that for some constant C' > 0,

1
—z —zf"(0)Emp, (2)

I 1
k=1

<sup E|ax — Eay| + C'sup )Eak —(—2z- zf’(O)EmBn(z)))
k k

o)

which completes the proof. O]

Emp, (2) —

_|_

1 z”: 1 1
n<=Ea, —z—2zf(0)Emp,(2)

Corollary 3.3.4. For z =u+ vi, v > 0, we have

Ems, () — m(2)] = (9(%) (3.43)

Proof. By Theorem 3.3.3, we have for all z = u + vi, v > 0,

1 1
Ems, () = — e " (9(%) (3.44)

Fix zo = ug + ivg. Since |[Empg, (2)| < %, by using a compactness argument,

one can see that there is a convergent subsequence such that

Ema,, (20) — s(z0)| = o(nik) (3.45)

Next, since the matrix f(0) X/ X; are positive semi-definite, then S(zEmp,) >

0 for all Iz > 0 and so F(29s(2p)) > 0. Thus, it follows from (3.24) that
s(z0) = m(zo).
Since every convergent subsequences of Emp  converges to the same limit, we

obtain by (3.44) and (3.45),

Emag, (20) — m(z)] = o(i).

nv

Finally, since 2, is arbitrary, we get (3.43). ]
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3.4 Beyond the Gaussian

In the previous chapters, we assumed that all vectors X;, X, --- , X,, were iid
Gaussian vectors with mean 0 and variance % for convenience. In this section,
we prove the rate of limiting to Stieltjes transform of MP distribution without
the assumption that they are Gaussian distribution. Instead, we assume the

following sub-Gaussian condition on X} X;: For any € > 0,

n_2
5€

Pr (yXiTXj\ > e) < 2 (3.46)

Under the new assumption, let us consider the random matrix A defined as
(3.1) and the random matrix B defined as (3.3). Then we have the same
results as Theorem 3.2.2 and Theorem 3.3.3.

Theorem 3.4.1. Let A and B be n x n matrices defined as (3.1) and (3.3).
Then for any z =u+1v € C,v > 0,

E[mA(z) — mB(z)} = O(logn)_

nv

Proof. Let us consider F as an event that there exist ¢ # 7 such that

41
IXTX;| > 4 —82,
n

Pr(F) < o(i) (3.47)

n2

Using (3.46), we have

Considering as the proof of Theorem 3.2.2, (3.47) completes the proof. O]
Based on the sub-Gaussian condition on X/ X, we have

supE[z! ] = 0( ! ) (3.48)

ij n?
From this, we have the following theorem.
Theorem 3.4.2. For z =u+ 1w € C, v > 0, we have

1
—z—zf"(0)Emp(z)

- O(i) (3.49)

nv

Emgp(z) —
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Proof. Using (3.48), we have

EIXIX, — 1]
(e[ - e )"

Dot Elon) = 2370 o]+ 5, s=v

Depret Eloigai,] — 5 20 EloR] — 4 L Bl + 5 s # T
o), s=r,

0, s#r.

Considering as the proof of Theorem 3.3.3, the estimate (3.50) completes the
proof. O]
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CHAPTER 4

KOLMOGOROV DISTANCE
BETWEEN ESD FUNCTIONS

Let A = (A;j)1<i,j<n be a n x n random inner product kernel matrix defined
by
f(XiTXjan)a 27&]7

0, =7,

Ay = (4.1)
where f : R X R — R is a twice differentiable function at = = 0, i.e., f”(0)

exists. Also, we define a matrix B by
By = f(0) + f(0)X] X;, (4.2)

where X1, Xo, ..., X, are iid standard Gaussian vectors and the function f is
the same function as the definition of A.

In Chapter 3, we showed that Stieltjes transform my4(2z) converged to m(z)
for all z = u + vi, v > 0 with rate (9(10%) in Theorem 3.3.4. In this Chap-
ter, using the result, we prove the rate of Kolmogorov distance between the
expected ESD EF4(x) of a random matrix A defined in (4.1) and Marchenko-
Pastur distribution

G(x) = /I prvpa(x)de. (4.3)

—00
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where pypi(z) defined in (1.2) is of order (’)(f/ 1"%) For convenience, we
assume that f(0) = 0.

4.1 Kolmogorov Distance

To prove the result, we need the following Berry-Esseen type inequality

proved in [5].

Proposition 4.1.1. (Bai inequality) [See [5]] Let F' be a distribution func-

tion and let G be a function of bounded variation satisfying

/_00 |F(z) — G(z)|dx < . (4.4)

[e.e]

Denote the Stieltjes transforms by mp(z) and mg(2) respectively, where z =
u+iv € C withv > 0. Then we have the following estimate for the Kolmogorov

distance:

|F" = G|l =sup | F(z) — G(2)]

1 a
ST 0@ -1 </ mr(z) = mo(z)ldv

1
+ 27r—/ |F(z) — G(x)|dx
U Jlz|>b
1
+—sup/ \G(x+u)—G(x)\du>,
Uz Jul<2ve

where the constants a > b >0, 5 > 0 and € > 0 are restricted by

1 1 1
== du >,
6 A§€U2+1u 2

and
4b

TR
Let us consider G(x) defined as (4.3). By Proposition 4.1.1 with a = 25,b =

(= 0,1).

5, we have the upper bound for Kolmogorov distance between EF4(x) and
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G(x),

25
nau_gnSWﬂ_dbﬁ_n(/%Em4u+wywmu+wmm

1
+27r—/ |[EFs(z) — G(z)|dx
U Jla|>5
UV gz

+ 1 sup/ |Gz +1t) — G($)|dt> , (45)
|t|<2ve

where (3, € > 0 are restricted by

1 1 1 |
_ ! du>= (=——""€(0,1)
& WL<GU2+1U>2’C 25— €O

Now, we prove the Lemmas to estimate the upper bounds for above three

terms on the right-hand side in the inequality (4.5).

Lemma 4.1.2. For any z = u + vi, v > 0, there exists a constant C; > 0

such that

25
1
/ |[Ema(u +iv) — m(u + iv)|du < Cy ogn
—25 nv

Proof. By Theorem 3.1.1, there exists a constant C' > 0 such that

25 25 1 1
/ |[Ema(u+iv) —m(u+ v)|du < o281 gy < 50C e
—25 —95 nv nv

]

Lemma 4.1.3. For any z = u + vi, v > 0, there exists a constant Cy > 0

such that

lmm/‘ Gz + 1) — G(2)|dt < Cov/o
|t|<2ve

UV =z

Proof. By the definition of the function G(z), we have

tf“m@+w—qmw:2 " Gt 1) — Gyt

2ve 0
2ve x4+t
:2/ /‘;Wm@ykﬁ. (4.6)
0 T
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Put
T+t
P(x) :/ pupa(s) ds
Since
4 —
il 7) gi, 0<zx<4,
x T
then we have
-+t 1
o(x) S/ ds
. TS
2
= ;(VUC +t—x)
B 2t
T(vVr +t+ Vx)
2t 2
< — =V (4.7)

g ﬂ_\/g - T
Notice that

2’U€ 2 8 8
2 ZVtdt = —(20e)3/? = —(26)3/203/2, 4.8
i Wf 37T( ve) 37T( )" v (4.8)

Thus, it follows from (4.2), (4.7) and (4.8) that

UV oz

! sup/ |G(z+t) — G(z)|dt < i(26)3/2\/5.
[t|<2ve 3
O]

Next, we obtain an upper bound of the second term in (4.5). To do so,
we investigate the distribution of the largest eigenvalue of the matrix A. The

following Proposition gives us to get our required estimate for the eigenvalue.

Proposition 4.1.4. Consider a random matriz B defined in (4.2) and the
largest eigenvalue of B, denoted by Apax(B). Then for any x > 0, we have

Pr{\mac(B) > 4+ 2} < 8’”).

1
8/m/ne P ( T3

Proof. In [24], Johnstone proved that there was a constant C' > 0 such that

Pr{mec(B) > 4+ 2} = 1 — Fy (292¢n%2) + C—— exp(—29/3¢n?x), (4.9)

n2/3
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where Fi(z) is a Tracy-Widom distribution defined as

R =exo (=5 [ a0+ (o = 0g?(0)r).

Here, ¢(t) is a solution of the Second Painlevé differential equation:

d2q(t) 3 t71/4 2t3/2
e tq(t) +2¢°(t), q(t) ~ NG exp(—T) as t — oo.

Then we have

Fi(x) = exp ( - %/:O q(t)dt) exp ( - %/IOO qQ(t)dt).

Since
0o 4223/2
/ e < < (4.10)
x 4 ~ 167x3/2’ '
and
o0 _ﬂ
/ Pt)dt < —— (4.11)
- = 2y /mad/
then we obtain the estimate
1—F(\3/§\3/ﬁx)<—1 exp<—8n—x>
! = 8/m/nx 3 )
This completes the proof. O]

Lemma 4.1.5. For any z = u + vi, v > 0,
2

1 n
- /|z|>5 IEF4(z) — G(x)|dz = 0(7).

(Y €

Proof. 1t is obvious from the definition of G(z) that

0 ifz<0,
G(z) = (4.12)
1 ifx>4.

Since A is positive-definite, it is clear that

/ R ()| = 0. (4.13)

[e o]
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Next, let us consider the largest eigenvalue \ax(A) of A and the largest eigen-

value Apax(B) of B defined in (4.2). Note that for all z > 0,

Pr(Amax(A4) > 5+ x)

<Pr <|)\mx(A) Awan(B)| > 1+ g) 4 Pr ()\max(B) S 44 g) (4.14)

Using Hoffman-Wielandt inequality, we have
’)‘maX(A) - )‘maX(B)’2 < Z p‘i(A> - )‘i(BMQ
i=1
< Tr(A - B)?

< ZZ|AU — Byl*. (4.15)

i=1 j=1
Based on the choice of f in the definition of matrix A, it comes from the Taylor

polynomial that there exists a constant D; > 0 such that
|Ai; — By| < Di| X[ X% (4.16)
It follows from (4.15) and (4.16) that

Pr (Aax(4) = Anax(B) > 1+ 5

2
<Pr <|)\max(A) (B2 > 1+ g)
<P ( 2\ xT x| f)
<Pr ZZDJXZ X[t > 145
=1 j=1
<D? Pr (IXT X[ > 1+ g)
<Dyn? Pr (IXTX;| > 1+ 5)
<Dyn?exp ( - 3(1 + g)2), (4.17)

for some constant Dy > 0. Thus, it follows from (4.14), (4.17) and Proposition
4.1.4 that

Pr(Amax(4) > 5+ x)

SDQnQexp<—ﬁ(1+$)2) + ! (_871_:)0) (4.18)
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Since
1 — Fa(7) < X(=o0, Amax(a)(®) for x>0,
then there exists a constant D > 0 such that
/OO |[EFs(x) — 1]dx < /00 Pr(Amax(A) > z)dx
5 5
< Dn?exp(—n). (4.19)
Therefore, (4.12), (4.13) and (4.19) enable us to see that

/| ERA) — G

:/_ |EFA(x)—G(x)|dx+/:o|EFA(x)—G(x)|dx.

:/__5 |EFA(93)|dx+/500 [EFA(x) — 1]dz = O(%)

o)

which completes the proof. O]

Actually, it follows from Lemma 4.1.5 that

/OO |EFA(z) — G(z)|dx :/|<5 |EFA(z) — G(z)|dx + /|>5 |EFA(x) — G(z)|dx

:/II§5 EFa(z) - G(a)|dz + O

which satisfies the condition of Proposition 4.1.1. Then we can prove the

) <o
en
following Theorem to get our desired rate.

Theorem 4.1.6. If A is a random inner product kernel matriz defined in (4.1)
and Fa(x) is the ESD of A then

nwm@—aww:gmaw@—awn:o<“%”> (4.20)

n
where G(x) = [*__ pupa(t)dt.

Proof. By Lemma 4.1.2, Lemma 4.1.3 and Lemma 4.1.5, we have

) +0(o).

logn

EFA(x) — Gla)l| = 0=

, 2
Now taking v = v, = ¢ (bﬂ> — 0 as n — oo, then we obatin the rate

(4.23). O
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4.2 Beyond the Gaussian

In this section, we assume that all vectors Xi, X, -+, X,, are iid with mean
0 and variance % To compute the rate of limiting to MP distribution without
the assumption that they are Gaussian distributions, we need the following

sub-Gaussian condition on X/ X; : For any € > 0,

n_2
5 €

Pr (|XfXj| > e) < 2~ (4.21)

Under this new assumption, let us consider the random matrix A defined as
(4.1) and the random matrix B defined as (4.2). Then we have the same
results as Theorem 4.2.4.

First of all, to prove Proposition 4.2.2, we use Soshnikov’s result in [33]. In

this paper, he focused on Wishart matrices with the following four conditions:

1) For1<i<j<n, E[xij]:()vE[xQ]:L

ij

(1)
(2) The random variables x;; have symmetric laws of distribution,
(3) All moments of these random variables are finite,

(4)

4) The distributions of z;; decay at infinity at least as fast as Gaussian distribution,

Elz}f] < (Ck)*, C > 0.

Here, our matrix satisfies automatically the first three conditions so that it

suffices to prove the fourth condition using (4.21).

Lemma 4.2.1. Under the condition (4.21), for any positive integer k > 1,

E[+%] < 2<2§)k,

where x;; is j—th entry of the vector X;.
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Proof. 1t is clear that
Elet] XTGP = [ PTG P >
0
_ / Pr{{XTX,| > t3 }dt
0

gz/ exp(—ﬁt )dt
; 2
<

- 2(21)kkr(1€) 2(2E>k.

n n

e

Lemma 4.2.1 leads to the following Proposition.

Proposition 4.2.2. Consider a random matriz B defined in (4.2) and the
largest eigenvalue of B, denoted by Ayax(B). Then for any x > 0, we have

Pr{\pax(B) > 4+ 2} < 8””3).

1
8/mnz P ( 3
Proof. Under the above assumption, Soshnikov proved the following fact in

[33]: There exists a constant C' > 0 such that
Pr{dmax(B) > 4+ 2} = 1 — F1(2V2Vn2z) 4+ Cexp(—2V2Vn%z).  (4.22)

where Fi(z) is a Tracy-Widom distribution defined as
1 o0
) e (=5 [ a0+ @ - 0e(0dt).

Here, ¢(t) is a solution of the Second Painlevé differential equation:

d?q(t)

T — ta(t) + 260,

t_1/4 ( 2t3/2

q(t)wzﬁexp 3 )ast—>oo.

Then we have again

Fi(x) = exp ( - %/:0 q(t)dt) exp ( — %/:O q2(t)dt).

Based on the definition of Fj(z), we obtain the estimate

1 — Fy(V2Vn2z) < mexp<— 87%)

This completes the proof. n
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Using Proposition 4.2.2 and similar argument of the proof for Lemma 4.1.5,

we have the following Lemma.

Lemma 4.2.3. For any z = u + vi, v > 0,

7’L2

27r1 /|x|>5 |[EFs(z) — G(z)|dx = O(—n>

(Y (&

Notice that it follows from Lemma 4.2.3 that

/OO |EFA(x)—G(x)|da::/l<5|EFA(Q:)—G(x)|dx+/ EFu(z) — G(x)|dz

|z|>5

_ AM EFa(z) — G(2)|dz + O(Z—j)

which satisfies the condition of Proposition 4.1.1. Then we can prove the

following Theorem.

Theorem 4.2.4. If A is a random inner product kernel matriz defined in (4.1)

and Fa(x) is the ESD of A then

Hmmm—cuw:gmawm—cmﬂ=0<“%”) (4.23)

n

where G(x) = [*__ pupa(t)dt.

Proof. By Lemma 4.1.2, Lemma 4.1.3 and Lemma 4.2.3, we have

logn

[EFs(2) ~ G@)l| = O( =27 ) + O().

nv

2
) — 0 as n — oo, then we obatin the rate
(4.23). ]

Now taking v = v, = ¢ (—
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CHAPTER 5

SPECTRAL DISTRIBUTIONS
OF ADJACENCY MARIX OF
RANDOM GRAPH ON UNIT
SPHERE

5.1 Random Graph on Unit Sphere and its
Adjacency Matrix
Let us consider n vertices X, Xo,---, X,, on the unit sphere
St = {X = (21,29, ,Tp) 22 F 22+ 1, = 1} C R",

and assume that these vertices are uniformly distributed on S™~1!.
Now, we define a Random Geometric Graph on the unit sphere in n-dimensional

space and its corresponding adjacent matrix.

Definition 5.1.1. Assume that vertices X; and X; are connected if the Eu-
clidean distance ||X; — X;|| < r,, where 7, is a constant which may depend on
n. We call this graph as a Random Geometric Graph on the unit sphere in n-

dimensional space.
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Definition 5.1.2. The matrix A = (A;;)1<ij<n is called an adjacency matrix
if it is defined by
1 it || X, — X <7,
0 lf||XZ—Xj||>T‘n,
where X; are vertices on the sphere defined above.
Remark 5.1.3. If (X;)’s are random vectors located on the unit sphere in R",

then we have

| X;l| =1, E[X;]=0.

Definition 5.1.4. Consider a n x n random matrix K = (K ;)1<i j<n defined

by
fl9(Xi, X5),n) it i # j,
Ki,j —
0 if 1 = j,
where X7, Xo, -+, X, are random vectors in R” and f : R x R — R is a real

valued function. Then the matrix K is called as a random kernel matrix.
Especially, if g(X;, X;) = XinT then we call the matrix K as a random inner
product kernel matrix and if g(X;, X;) = ||X; — X;|| where ||| is a Euclidean

measure then we call the matrix K as a random Fuclidean kernel matrix.

In [15], El Karoui introduced a random kernel matrix and in [11], Cheng
and Singer focused on random inner product kernel matrix. In [13], Yen Do
and Van Vu investigated the limiting of spectrum of random kernel matrices

for the following cases:

(Case 1) g(X;, X;) = X; X[ and f doesn’t depend on n.
(Case 2) ¢g(X;, X;) =||X; — Xj|| and f doesn’t depend on n.
(Case 3) g(X;,X;) = X;X] and f depends on n.

Let’s go back to and focus on adjacency matrices of Random Geometric
Graphs in Definition 5.1.1. For the random matrix A in Definintion 5.1.2; the

functions g and f can be considered as

g(X.Y) =X =Y, f(z,n) = X0, (%), (5.1)
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respectively. In this case, f depends on the dimension n and ¢ is an Euclidean
kernel function. At first glance, it looks that this random matrix A can not
be applied to (Case 1), (Case 2) nor (Case 3). However, since X7, Xo, -+, X,

are on the unit sphere, then we can write

In the same way, Definition 5.1.2 can be written as

y 1if X,7X; > 11

(Aij)1<i i<n —
- 0 if X,X; <11

= Xy oo (Xi" Xy ). (5.3)

5500)

So, one can see that the matrix A defined as (5.3) have the functions

g(X,)Y)=1/2— ZXZ»TXJ»7 f(z,n)=x 2 (x,n), (5.4)

[1_%700)

and we can say the matrix A is in (Case 3). Also, it is easy to see that the

function f(z,n) is differentiable at z = 0 and

f(2,n)=f'(2,n) =0. (5.5)

In [23], Jiang proved the limiting of ESD of a random inner product kernel
matrix defined as:

By = g(X] X;,n),

where the function g satisfies
g"(2,n) exists and  ¢'(2,n) # 0.

Unfortunately, the function f having the condition (5.5) doesn’t satisfy the
conditions in [23] so that we need more general results. Nevertheless, using
Cheng and Singer’s idea in [11], we are able to obtain our desired result (See
Theorem 5.6.2). In the next section, we introduce relative results proved by

them.
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5.2 Result of Cheng and Singer

Let us consider random matrices A = (A;;) generated from iid random

1<i,j<n
vectors X1, X, -+, X, in R” and a real valued function f : R x R — R as

0 if i = j,

where the function g(X;, X;) is a kernel function. As mentioned before, we

define the ESD of the matrix A by,

pala) = > 6 (o) 5.1)

where A\; < Ay < --- < )\, are eigenvalues of A and the Stieltjes transform of

dpa(z) is
ma(z) = %; ﬁ _ %Tr(A _D7h I(2) >0

Next, assume that X, X,,---, X, are iid random vectors in R™ whose co-
ordinates are independent copies of a random variable Z with the following

assumptions:
1. E[Z] =0, E[Z?] =1
2. For all k > 0, then there exists a constant ¢, > 0 such that
E[|Z|*] < exn” 3.
By using above assumptions, we define a new random variable.
Definition 5.2.1. We define for each n
en =/nXTY, neN,

where X and Y are independent copies of random vector X;.
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Remark 5.2.2. 1t is easy to see that

n

Ele.) =E[vaX"Y] =) VRE[X]E[Y] =0,

=1

and
E[len]?] =nE[|XTY XTY]

=n Y E[|X.X;||v}Y]]

ij=1
=n Y E[X,PIE[|Vi]"] = 1.
i=1

Now, let us consider the k*-orthogonal polynomial py(x) in L2(du) with

respect to a probability measure u(x),

0, if s ,
[ = 7

1 if s==¢.

Since L*(dp) is a Hilbert Space, we have the formal expansion of f in L?(du):

f(a:):Zakpk(x) where ak:Lf(x)pk(x)du(x). (5.8)

Let us assume that f € L?*(dp) is a function defined as (5.6) and we define a
normalized function

X

k(z,n) = \/ﬁf(\/ﬁ,n)- (5.9)

We can write this k(z,n) as a sum of orthogonal polynomials py ,(x) with
coefficient ag,, as (5.8).
Also, assume that f satisfies the following three conditions: (Normaliza-
tion), (Uniform Convergence), (Scaling) (See Sections 5.4, .5.5, 5.6).
Yen Do and Van Vu [13] showed that one could extend the Chen-Singer result
beyond the Gaussian case considered in their papers. For the function f which

satisfies above three conditions, Cheng and Singer proved the following results.



48

Theorem 5.2.3 (Cheng and Singer [11]). Let A be a random matriz defined
as (5.6) and assume that the function k(x,n) defined by (5.9) satisfies the three
conditions, (Normalization), (Uniform Convergence) and (Scaling).
Then the Stieltjes transform of ESD (Empirical Spectral Distribution) of the
matriz A, denoted by ma(z), converges weakly to m(z) which satisfies the
following equation,

1

~Tram) T @me) (5.10)

m(z) =z+all

Remark 5.2.4. This limiting spectral distribution defined in (5.10) is no longer
MP when ¢ # a®. Actually, for our problem, we have ¢ # a? and it follows the

semi-circle law.

Remark 5.2.5. (Uniform Convergence) holds if the measure is compactly
supported. It follows that the convergence of the orthogonal expansion in
L?*(dm) holds automatically if X;’s are Gaussian or bounded. In the gen-
eral case when completeness of the orthogonal polynomials is not guaranteed,
(Uniform Convergence) has to be checked carefully for both the conver-
gence of the expansion for each n and the uniformity of the convergence over

n large.

5.3 Main Result

Let’s go back to the ESD of adjacency matrix of a random geometric graph
on the unit sphere. In Section 5.1, one can see the adjacent matrix A =
(Aij), <ij<n of a random geometric graph on the unit shpere as a random

matrix with the entries,

1if XX > 1 -
(Ay) = )
0 if X,"X; <1— "

= X[1, 2 (XiTXj7n)7 n < N. (511)

75500)
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where X!s are random vectors with || X;|| =1, ¢ = 1,2,--- ,n. According to

Section 5.2, we define the normalized function k(x,n) by

Vi itz > (1= 1)y,

k(z,n) = VX, o2 (@1) =
) 0 ifz<(-m)ym

where r,, is a sequence with r,, — V2.

To apply for (Case 3) and get the result as Theorem 5.2.3 with the random
matrix A in Section 5.1, it is suffices to prove that the function k(x,n) satis-
fies the three conditions, (Normalization), (Uniform Convergence) and
(Scaling) in Section 5.2.

To do so, we need to do several steps. First, from the volume of the sphere, we
get the explicit formula of the probability density function of €, = \/ﬁXiTXj
defined in Definition 5.2.2.

Lemma 5.3.1. Let us consider a random variable
en = vVnXi'X;, neN. (5.12)

Then for any n € N, the probability density function of €,, q.(x), is

n—3
r(z 2\ 2 .
_\/%F(EL—EZ)O—%)Q, if —vn<z<yn

0 , otherwise.

n(z) = (5.13)

Proof. Since X;, X; are uniformly distributed on the unit ball S™~!, the inner
product X X; is related to the volume of the ball. Let us consider the subset
of sphere S" 1,

Sit={X = (21,29, ,x,) €5 iz, <2}, nEN.

Using volume of sphere S"~!(r) C R™ with radius r

Vol (S"’l(r)> = 2F\</;T_;

2

r’,
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we obtain the volume of the subset S?~! for —1 <z < 1:

Vol(S"1) = / ' Vol(S"_2(m)>ﬁdu

= n—1 n—
:/ %_2<1_u2>23du,
()

If v >1orz < —1then Vol(S?!) = 0 so that ¢,(x) = 0.
Next, let X;, X; € S"~1. After rotation, we may assume that

1

0 Uq
0 U9
Xj = , Xi= |
1 Up,
This implies that
XX, = u,.

Since €, = /nX X}, then it follows from the volume of the sphere that for

any n € N,
qn(z) _4 Pr <\/ﬁX.TX < x)
dl' 7 J
d
- <
o Pr <\/ﬁun x)
n—1
ACICy
dx Vol(S"1)
re 2\ %52
) (1ot
vnr I'(%5=) n
which completes proof. n

From Lemma 5.3.1, we have the following Proposition.

Proposition 5.3.2. Let g,(z) be defined as (5.13). Then for any x € R,

I I —
1m q,\Tr) =

e
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Proof. Using the formula of gamma function:

nh—>nolo Flg?n;—n(j) =1 act
we get
INE
Jm jm(% \/127 (5.14)
Also, it is easy to see that
lim (1 — 2% — Jim ((1 - ﬁ)—ﬁ)_f im (1= 5) % =% (5.15)
n—so0 n n—00 n n—»00 n
Thus, it follows from (5.14) and (5.15) that for all z € R",
. I
o) = ane
[

Let us define a set of orthonormal polynomials of g,(x) by { P.(x) : | =
1,2, )

/ P27n(x)P],n(-T)qn(.T)d.T = 57Lj7 n & N, (516)
R

where d;; is 1 when ¢ = j and 0 otherwise. Let us define coefficients of the

normalized function k(x,n) by

arp :/Rk(:l:,n)Pm(:zr)qn(x)dx.

Proposition 5.3.3. Put the sequence r,, as

- \/2<1 B \/QIOgn—log(logn)),
n

1 1
/k(m, n)’e 2% dr — 5 Moo
R

then we have
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Proof. Choose the sequence r,, as

- \/2<1 B \/210gn—10g(10gn)>7
n

which comes from the idea of W-Lambert function (See [12] in details). Notice

that

2
(1 — %)ﬁ: V/2logn — log(logn) — 0o, n — co.

Also, using the sequence r,,, we have

1/ 1r2\2 1
—§<1 - ?> n = —logn + §log(logn).

It implies that

/k(w,n)Qe_;‘”de:/ , ne 2" dx
R (17%")\/5

where R;((1 — %)\/ﬁ) = \_/—}r fﬁ,ﬁ)\/ﬁfz‘fﬁ dt. Since
r2 7,2 -1 B (1_i)2
Ri((1=2)vn) =o((1-2)va 1)),

we have Ry ((1 — %)\/ﬁ) — 0 as n — oo. This implies that
1
/k(m,n)Qe_éxde — =, n— 0.
R 2
[l

As a corollary of the above Proposition 5.3.3, we can compute limiting of

the following integral.

Corollary 5.3.4. Put the sequence 1, as

21 — log(1
rn:\/2<1_\/ ogn og(ogn))7
n

/k(:c,n)2 qn(x)dr —
R
where q,(x) is defined as (5.13).

then we have
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Proof. Since the fact that

’ 1 22
m qg,(xr) = e 2,
n—>ooq ( ) \ 27
th ists N > 0 such that f > N, |gn(2) Losl<Lly
ere exists suc at for any n s gn () — e —. From
Yy q o 2
this,
/k(x,n)2 qn(yc)alyc—/k(yz;,n)2 L e 3% dy
R R V2T
vn vn 1.2 © i
< oo Ngp(T)dr — .. ne 2" dr — ne 2% dx
(1-5)vm (1-5)vm VA
/\/ﬁ ‘ ( ) 1 2 4
< n |qp(xr) — e 2 |dx
(1-%)va V2
vn 1
S/ 5 n —2dl’
(-%)va "
_ Vi (1- ﬁ)@
n 27 n
2
for any n > N. Since lim \/—H - (1 — %”)\/—ﬁ = 0, this completes the proof.
n—oco N n

]

From this fact, the constant ¢ in the Theorem 5.2.3 is ¢ =

1
2v2r
Next, we consider {h;(z) : [ = 1,2,---} called normalized Hermite polyno-

mials as an orthonormal polynomials of standard normal distribution,

Define the coefficients b;,, of the normalized function k(z,n) by

b = /R k(s n) () () da (5.17)

Lemma 5.3.5. For each n € N, the function k(x,n) belongs to L*(u(x), R™)
(See [11]). In particular, for each n € N,

Zbl%n = /k(x,n)%(:v)d:v < 0.
=1 R
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Proof. 1t is obvious from Proposition 5.3.3 that

1
k‘x,nzuazdm:—/ nu(x)dx
/R ( ) ( ) \/ﬁ x>(1—rp)v/n ( )
1 Vdlogn

< < Q.
V2 /2logn — log(log n)
O]
Lemma 5.3.6. [See Lemma C.1 in [11]]
Suppose that
/k;(x,n)2|qn(:c) — w(x)|de -0, n— oo, (5.18)
R
then, for each l =1,2,---, we have
lbin — arn] — 0, n— oo. (5.19)

Lemma 5.3.6 shows that the for each [, two coefficients a;,, and b;,, are close
to each other when n — oo and enables us to check that the function k(x,n)
satisfies the conditions with the coefficients b;,, instead of a;,. Actually, the
coefficients b; ,, come from Hermite polynomials and standard normal distribu-
tion which are very well-known functions and we are able to deal with much
better features of the functions than the polynomials P, (z) and distribution
qn(x). To use Lemma 5.3.6, we need to show (5.18) with our normalized

function k(z,n). Indeed, it is obvious from Proposition 5.3.2 that

/Rk(x, n)?|gn(z) — p(z)|de — 0, n— oc.

Now, we show the function k(k, n) satisfies the three conditions in the following

three sections.

5.4 Normalization

(Normalization) There exists ¢ € [0, 00) such that

o
: 2
lim E la;n|” = c.
n—oo

i=1

From Lemma 5.3.5 and 5.3.6, we have the following proposition.
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Proposition 5.4.1. Let b, be a coefficient defined as (5.17). Then there
ezists ¢ € [0,00) such that

o0
lim Z bin|? = c.
n—oo

i=1

Proof. Suppose that for sufficiently large n,

o0
Z bzn < 00.
=1

Then for any finite L > 0,

o0 [e.9]
E bl%n—> E ain, n — oo.

I=L+1 I=L+1
Since -
S at = [ Mg, @),
=1 R
and

S = [ Kw.nPula)ds,
=1 R
then it follows from Lemma 5.3.5 and Lemma 5.3.6 that for any finite L > 0,
[e's) [e's) L
D V=D W= Db
I=L+1 n=1 =1
00 L )
= al, =Y al,= Y a;, n— o
n=1 =1

I=L+1

Now it suffices to show that
. 2
nh_{](r)lo E_O bi, < 0. (5.20)

But (5.20) can be proved immediately from Lemma 5.3.5 that

> 1
¢ = lim g
nﬁoozo B A
1=



o6

5.5 Uniform Convergence

(Uniform Convergence) For any € > 0, there exists L = L(e) > 0 such
that the following holds for enoughly large n:
D lainl® <e
i>L
Proposition 5.5.1. For any € > 0, there exist N = N(€) > 0 and L = L(e) >
0 such that for alln > N,

[e.9]
Z bin <€
I=L

Proof. Let H;(z) be a hermitian polynomial with respect to N'(0, 1) and define

the function h(z) by
1

hy(z) = ﬁHl(:c), 1=1,2,3---.
By using the identity
Hy(x) = xH;_1(x) — (I — 1) Hy_y(x),
we get
2 H? ()
= (Hi@)+ (1~ VH())
= H}(x) +2(1 — 1) Hy(x)Hy_o(z) + (I — 1)*Hf 5 ().

In [8], Bonan and Clark proved that

%

[\
| .
| —

max h}(z)e” 2 < (5.21)

z€R 2l l

max z*hy ()
! Ce2 20 = D)V =2)! L2
< 2 2 2
Sy ki (w)en + (=1 max hy(w)hyo()e
(1 —1)2(1 —2)! 9 22
(-1 R huz(w)e

I di1

< o 22
—Cl(z— 2t s (5:22)
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where C'; > 0 does not depend on [. Also, one can see that for a sufficiently

large n and r, defined in Proposition 5.3.3,

2
(a-3)?
1 6_% _ n e log n+% log(logn)

(1— )2 " 2logn — loglogn

Viogn

:logn —log(logn) —

(5.23)

It follows from (5.22) and (5.23) that for n, = (1 — %)\/ﬁ,

22 2
B2, = /—ktnhl )‘Tdt)

/ V()% dr)

1/ ﬁ?
(g Vieame )
2 (1= 1)

L1 g Dhope (-

= 2 Tle

2m (1 — 22 !

=
N5

| -

1
<C5
-2

~
=

where C' > 0 does not depend on [. Thus, for all € > 0, there exist N = N (e),
and L = L(e) which do not depend on n such that for all n > N,

&) > 1
ZXL:le,n Z:Q_

< €.

c:\»—Al —

5.6 Scaling
(Scaling) There exists a € [0, 00) such that

lim a;, = a.
n—oo

Proposition 5.6.1.
lim b;, = 0.

n—oo



Proof. Note that
bin —/k:($ n)xp(z)ds
\/_/ 1, 2 d
\/_ / e tdt
(1— )2n

— 0, n— oo.

By Lemma 5.18, a1, — 0 as n — oo.

o8

]

From the above Lemma, we have the constant @ = 0 in Theorem 5.2.3. Con-

sidering as in Theorem 5.2.3 (¢ = ﬁ, a = 0), we have the following Theorem

immediately.

Theorem 5.6.2. Consider a random matriz A defined as (5.11) with pa(x),
the ESD of A, defined as (5.7). Then for any z € C, the stieltjes transform

ma(z) of pa(x), converges weakly to

2 1
—z+ /27 —d5=
m(z) = )
2
as n — 0o. Moreover,
1 2
pa(x) = — | —= — 22 almost surely as n — co.

2\ V27
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