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ABSTRACT

Accurate modeling of structural ensembles is essential for understanding molec-

ular function, predicting molecular interactions, refining molecular potentials, protein

engineering, drug discovery, and more. Here, we enhance molecular modeling through

Bayesian Inference of Conformational Populations (BICePs), a highly versatile algo-

rithm for reweighting simulated ensembles with experimental data. By incorporating

replica-averaging, improved likelihood functions to better address systematic errors, and

adopting variational optimization schemes, the utility of this algorithm in the refinement

and validation of both structural ensembles and empirical models is unmatched. Uti-

lizing a set of diverse experimental measurements, including NOE distances, chemical

shifts, and vicinal J-coupling constants, we evaluated nine force fields for simulating

the mini-protein chignolin, highlighting BICePs’ capability to correctly identify folded

conformations and perform objective model selection. Additionally, we demonstrate

how BICePs automates the parameterization of molecular potentials and forward mod-

els—computational frameworks that generate observable quantities—while properly ac-

counting for all sources of random and systematic error. By reconciling prior knowledge

of structural ensembles with solution-based experimental observations, BICePs not only

offers a robust approach for evaluating the predictive accuracy of molecular models but

also shows significant promise for future applications in computational chemistry and

biophysics.
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CHAPTER 1

INTRODUCTION

A fundamental tenet of biophysics asserts that the protein sequence determines

structure, which in turn dictates function, underscoring the essential role of conforma-

tional dynamics in biological processes. Deciphering the behavior of proteins in solution

involves complex challenges, necessitating sophisticated computational models to predict

the dynamics of biological molecules.

1.1 Physics-Driven & Data-Driven Modeling

At the heart of our inquiry is physics-driven modeling, which encompasses a

variety of methods to simulate atomic interactions within biological molecules. These

include classical approaches like molecular dynamics, which often utilize empirical po-

tentials under the Born-Oppenheimer approximation, as well as specialized applica-

tions of hybrid quantum-classical methods. While full quantum mechanical treatments

are generally impractical for entire proteins due to computational demands, these hy-

brid approaches can be applied to speci�c aspects of protein behavior. Each method

o�ers unique insights based on its theoretical underpinnings and foundational prin-

ciples, enabling detailed investigations into conformational dynamics[2, 3, 4, 5, 6, 7],

energetics[8, 9], charge transport[10, 11], di�usion[12], and binding a�nities[13, 14, 15],

thereby enriching our understanding of molecular properties[16, 17]. While these models

are invaluable for their detailed depiction of molecular interactions, they are computa-

tionally intensive, and their accuracy heavily depends on the �delity of the underlying

empirical molecular potentials (force �elds). Despite signi�cant advancements in force

�eld development[18, 19, 20, 21, 22, 23], these models generally remain approximations

constrained by their respective theoretical frameworks, underscoring the ongoing need

for re�nement to align more closely with experimental observations.

Contrastingly, data-driven modeling harnesses statistical and machine learning

techniques to analyze vast datasets[24, 25, 26, 27], identifying patterns and forecasting

outcomes without the necessity of detailed theoretical underpinnings. This modeling

approach proves invaluable when experimental data is plentiful, yet the governing phys-

ical laws are overly complex for direct modeling. It provides computational e�ciency

and has shown e�cacy in scenarios where theoretical approaches falter[28].

1.2 Modeling Structural Ensembles

Acknowledging that biological molecules may inhabit a dynamic range of states,

including folding, unfolding, conformational changes, aggregation, and binding interac-

tions, we recognize the importance of modeling structural ensembles. These ensembles,

which associate di�erent structures with their equilibrium populations, re
ect the dy-

namic nature of biological molecules more accurately than static structural represen-
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tations. This approach aligns well with solution-based experimental methods such as

NMR, SAXS, Cryo-EM, and FRET, which measure ensemble-averaged properties, thus

o�ering a more faithful correlation with experimental data.

Molecular modeling, essential for understanding the dynamics of biological

molecules, confronts signi�cant challenges stemming from the accuracy of force �elds

and the intricacies of conformational sampling. These limitations are particularly ev-

ident in applications such as drug discovery, where the inherent time-correlation and

�nite sampling of molecular dynamics trajectories obscure behaviors on long timescales.

Moreover, the task of predicting experimental observables from simulated ensembles in-

troduces model errors, exacerbated by the sparse and noisy nature of ensemble-averaged

experimental data, prone to both systematic and random errors. Addressing these issues

requires the integration of advanced computational techniques with sophisticated sta-

tistical frameworks, including the utilization of maximum entropy (MaxEnt) methods

alongside Bayesian inference. This dual approach, which mirrors the process of deriving

distributions of microscopic states in statistical mechanics by maximizing entropy under

imprecisely de�ned physical constraints, enhances the robustness of model predictions

by fully accounting for uncertainties in both experimental measurements and predic-

tive models. This comprehensive approach to managing uncertainty not only re�nes

the �delity of molecular simulations but also aligns them more closely with real-world

experimental observations, facilitating continuous improvements in molecular modeling.

To integrate the strengths of physics-driven and data-driven paradigms, knowledge-

based modeling merges diverse and often ambiguous data with established physical

models. The central focus of this thesis is the Bayesian Inference of Conformational

Populations (BICePs) algorithm, which serves as an excellent example of how prior

physical knowledge can be integrated with experimental observations to validate and

re�ne our models while accounting for all sources of uncertainty. This approach is cru-

cial for ensuring that simulations of biological molecules accurately re
ect the actual

dynamics that occur in solution.

1.3 Outline

Throughout this dissertation, we interrogate the question: How well does the

ensemble-averaged experimental data match the simulated ensemble while considering

all sources of error? Herein, a series of studies critically evaluates the alignment of simu-

lated structural ensembles with solution-based experimental observations, underscoring

the necessity for ongoing re�nement of molecular modeling techniques to attain reliable

and precise representations of protein behaviors.

In Chapter 2, we delve into the core of molecular modeling challenges, focus-

ing on the BICePs algorithm and its capability to reconcile simulated ensembles with
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sparse and/or noisy experimental data. Here, we ask: Can we quantify the agreement to

objectively measure how good the physical model is? Can we use this metric to objec-

tively rank force �elds? By applying BICePs to reweight conformational ensembles and

evaluate them against experimental data, we demonstrate a robust approach to model

selection, guided by the BICePs score as a novel, free energy-like metric.

Subsequently, Chapters 3 & 4 extend the theoretical framework of the BICePs

algorithm to re�ne our physical models using this free energy-like metric. These chapters

illustrate the algorithm's 
exibility in addressing the inherent complexity of molecular

structure while accounting for random and systematic error in experimental observa-

tions, from the optimization of force �eld parameters to the parameterization of models

that generate observable quantities, thereby enhancing molecular modeling.

Finally, Chapter 5 will provide insights into the future of BICePs, encapsu-

lating the journey from theory to practical application, and setting the stage for the

advancement of molecular modeling methodologies essential for discovery and innova-

tion.
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CHAPTER 2

MODEL SELECTION USING BAYESIAN INFERENCE OF

CONFORMATIONAL POPULATIONS WITH REPLICA-AVERAGING

Robert M. Raddia, Tim Marshalla, Yunhui Geb, and Vincent A. Voelza

a Department of Chemistry, Temple University, Philadelphia, PA 19122, USA
b Department of Pharmaceutical Sciences, University of California, Irvine, CA

92697, USA

2.1 Abstract

Bayesian Inference of Conformational Populations (BICePs) is a reweight-

ing algorithm that reconciles simulated ensembles with sparse and/or noisy ob-

servables, by sampling the full posterior distribution of conformational popula-

tions in the presence of experimental restraints. By modifying BICePs to use

replica-averaging in its forward model, BICePs becomes similar to other Max-

Ent approaches, but with the signi�cant advantages of (1) being able to sample

over the posterior distribution of uncertainties due to random and systematic er-

ror, with improved likelihoods to deal with outliers, and (2) having an objective

score for model selection, a free energy-like quantity called the BICePs score. To

demonstrate the power of our approach, we used BICePs to reweight conforma-

tional ensembles of the mini-protein chignolin simulated in nine di�erent force

�elds with TIP3P water, using a set of 158 experimental measurements (139 NOE

distances, 13 chemical shifts, and 6 vicinalJ -coupling constants for HN and H� .

In all cases, reweighted populations favor the correctly folded conformation. The

BICePs score, which reports the free energy of "turning on" conformational popu-

lations along with experimental restraints, provides a metric to evaluate each force

�eld. For the nine force �elds tested (A14SB, A99SB-ildn, A99, A99SBnmr1-ildn,

A99SB, C22star, C27, C36, OPLS-aa), we obtain results consistent with previous

work that used a conventional� 2 metric for model selection for small polypeptides

and ubiquitin (Beauchamp et al 2012). These results suggest a powerful role for

BICePs in future applications requiring ensemble reweighting and model selection.

2.2 Introduction

A central problem in molecular modeling is constructing accurate mod-

els of conformational populations that agree with ensemble-averaged experimental

measurements. While molecular simulation models can provide valuable micro-

scopic insight, they are limited by the accuracy of the chosen force �eld, and must
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be validated by comparing experimental measurements (e.g., NMR observables)

with theoretical predictions of those measurements from the simulated ensembles

(the \forward model"). In doing so, however, one is faced with several complica-

tions. First, the forward model has some error due to the approximate description

of the measurement. Second, ensemble-averaged experimental measurements may

be sparse and/or noisy, subject to random and systematic errors, which are often

unknown a priori. Comparing di�erent models thus requires some way of integrat-

ing these multiple sources of uncertainty to perform objective model selection.

Numerous methods have been developed to address these challenges, most

of which use either a maximum entropy (MaxEnt) approach, Bayesian inference,

or some combination of the two to reconcile simulation predictions with ensemble-

averaged experimental observables.[29, 30, 31, 32, 33, 34, 35, 36, 37] Bayesian infer-

ence methods estimate a posterior model of conformational populations by treat-

ing simulation predictions as prior information, weighted by a likelihood function

constructed from the experimental measurements and their uncertainties. Max-

Ent methods aim to maximize the relative entropy of population distributions

with respect to predicted distributions, given constraints to ensemble-averaged

observables. Both approaches often utilize a replica-based sampling approach,

where replica-averaged forward model predictions are restrained against ensemble-

averaged experimental observables; in the limit of large numbers of replicas, this

produces the maximum entropy distribution [38, 39, 40, 41, 42].

Proper consideration of the sources of error and their unknown uncertain-

ties is a major challenge. The Metainference method[33], and its combined use

with MetaDynamics (M&M) [34, 43], is a Bayesian inference approach that ad-

dresses this challenge by imposing replica-averaged restraints within a simulation,

sampling over various restraint strengths to infer the distribution of experimental

uncertainties. A drawback of this approach{and others like it [31, 39, 41, 44, 45]{is

that dynamic restraints must be implemented within a simulation.

Alternatively, many methods reweight predicted conformational popula-

tions as a post-processing step after simulations [31, 32, 33, 36, 42, 46, 47, 48, 49,

50, 51, 52]. MaxEnt approaches such as BioEn [42, 53] and BME [44, 54] reweight

populations to maximize entropy with a constraint on the� 2 metric characterizing

the expected error between simulated and experimental observables. A drawback

of this approach is the requirement that the expected error must be speci�ed

beforehand, determined using a heuristic procedure .

The Bayesian Inference of Conformational Populations (BICePs) algo-
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rithm [47, 55, 56, 57, 58, 59] is a related (see SI Text) but unique MaxEnt method

that addresses both of these shortcomings: it is a post-processing reweighting

method that does not require knowledge of experimental errors, and instead infers

this from the data.

2.3 The BICePs Algorithm

BICePs uses a Bayesian statistical framework, inspired by Inferential

Structure Determination (ISD) [29], to treat the extent of uncertainty in experi-

mental observables,� , as nuisance parameters. Previous versions of BICePs sam-

pled conformational statesX and uncertainty parameter(s)� from the Bayesian

posterior, which takes the form

p(X; � jD)
| {z }

posterior

/ p(D jX; � )
| {z }

likelihood

p(X )p(� )
| {z }

priors

: (2.1)

Here, the prior p(X ) comes from a theoretical model of conformational state pop-

ulations (typically from a molecular simulation), p(D jX; � ) is likelihood function

quantifying how well a forward model predictionf (X ) agrees with the experimen-

tal data D, and p(� ) � � � 1 is a non-informative Je�reys prior.

When BICePs is equipped with a replica-averaged forward model, it be-

comes a MaxEnt reweighting method in the limit of large numbers of replicas

[38, 39, 40, 41, 42]. The posterior takes the general form

p(X ; � jD) /
N rY

r =1

n
p(X r )

N jY

j =1

1
q

2�� 2
j

exp
h

�
(f j (X ) � dj )2

2� 2
j

i
p(� j )

o
(2.2)

where X is a set ofNr conformation replicas,dj is an observable in the set of

N j ensemble-averaged experimental measurements, andf j (X ) = 1
N r

P N r
r f j (X r )

is the replica-averaged forward model prediction of observablej . The � j values

are nuisance parameters that capture uncertainty in the measurements as well as

the replica-averaged forward model. In equation 2.2, a Gaussian model is used for

the likelihood, but more sophisticated models can be used to capture outliers and

systematic error with fewer parameters, as discussed below. Markov chain Monte

Carlo (MCMC) is used to sample the posterior.

2.3.1 Model Selection Using the BICePs Score

BICePs evaluates model quality by calculating a free energy-like quantity

called the BICePs score. For a modelk with prior populations p(k)(X ), the BICePs

scoref (k) is computed as the negative logarithm of a Bayes factor comparing the

total evidence of a given model against a well-de�ned reference, marginalizing over

all uncertainty [57],
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f (k) = � ln
Z (k)

Z0
; (2.3)

where

Z (k) =
Z

P (k)(X ; � j D)dX d� (2.4)

is the evidence for modelk, and Z0 is the evidence for a suitable reference state.

To construct the reference state, we consider a series of priorsp� (X ) � [p(X )]�

parameterized by� 2 [0; 1] and likelihoodsp� (D jX ; � ) � [p(D jX ; � )]� parame-

terized by � 2 [0; 1], and set the reference state as the thermodynamic ensemble

corresponding to� = 0; � = 0. The BICePs score is then calculated as the change

in free energy of \turning on" experimental restraints with uniform microstate

populations (� = 0; � = 0 ! 1), and then scaling the prior populations in the

presence of the restraints (� = 1; � = 0 ! 1) (Figure 2.1). The calculation is

performed using the MBAR free energy estimator, by sampling at several inter-

mediates (see SI Methods).

Figure 2.1 : BICePs scoresf (1) and f (2) for two theoretical models, p(1) (X ; � jD ) and
p(2) (X ; � jD ), are calculated using a common reference state, in which the prior and
the likelihood with experimental restraints are turned o�. To e�ciently and accurately
calculate ratios of model evidences, a free energy perturbation approach is used, in which
posterior sampling is performed for a series of models that scale the likelihood (� = 0 !
1), and then the prior ( � = 0 ! 1). The MBAR estimator is then used to calculate the
BICePs score as the free energy change of this transformation,f (k) = � ln(Z (k)=Z0).

The above approach is di�erent from previous versions of BICePs, which

used the (� = 0; � = 1) ensemble as the reference, assuming the conformational
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state de�nitions are identical for each model. We have found this criterion very

di�cult to achieve in practice for biomolecular simulations (for further discussion,

see SI Text).

Note that the BICePs score is an extensive quantity that grows linearly

with the number of replicas. For this reason, our results report thereducedBICePs

score,f (k)=Nr .

2.3.2 Accounting for Sampling Error in the Replica-Averaged Forward Model

Replica-averaging introduces �nite sampling error, which must be con-

sidered as additional uncertainty in the forward model. Following Bonomi and

Camilloni et al. [33, 34], we estimate the standard error of the mean� SEM
j for an

observablej by taking a windowed average over our �nite samplef j (X ):

� SEM
j =

r
1

Nr

X N r

r =1
(f j (X r ) � h f j (X )i )2: (2.5)

This quantity decreases as the square root of the number of replicas.

The Gaussian model. In this likelihood model (see equation 2.2), errors

between a forward modelf j (X ) and experimental measurementdj are assumed

to be normally distributed with unknown uncertainties � j =
q

(� SEM
j )2 + ( � B

j )2,

which considers both uncertainty in the forward model, and Bayesian uncertainty

� B
j in the experimental measurements.

The single-replica model. The Gaussian model reduces to thesingle-

replica model whenNr = 1. In this case, � SEM is ignored, and only the Bayesian

uncertainty � j = � B
j is required. This is equivalent to the version of BICePs used

in previous work [46, 59].

2.3.3 Likelihoods to Better Account for Systematic Error

Systematic error is ubiquitous in both experimental data and the forward

model used to predict those same observables. The problem of accounting for such

error can be approached in two ways: 1) assign higher uncertainties to particular

observables, or 2) neglect those a�ected by systematic error and treat them as

outliers.

Towards the �rst approach, BICePs can be used with theGaussianmodel

in Equation 2.2, which uses one uncertainty per data point and is able to auto-

matically assign higher uncertainty to data a�ected by systematic error. However,

as the number of observables grows, sampling over multiple� j becomes costly.

As an alternative, we introduce two di�erent models: 1) theGood-and-Baderror
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formulation and 2) the Student's model. Both approaches marginalize the uncer-

tainties for individual observables, assuming a uniform level of noise, except for

a few erratic data points. This limits the number of uncertainty parameters that

need to be sampled.

Consider a model where uncertainties� j for particular observablesj are

distributed about some typical uncertainty � B according to a conditional prob-

ability p(� j j� B). We derive a posterior with a single uncertainty parameter� B

by marginalizing over all � j . For a single replica (for simplicity), the posterior is

given by

p(X r ; � 0jD) / p(X r )
N jY

j =1

1Z

� SEM

p(dj jX ; � j )p(� j j� 0)d� j (2.6)

where� 0 =
p

(� B)2 + ( � SEM )2.

The "Good-Bad" error model Under the Good-Bad model, we say

that the \good" data consists of observables normally distributed about their true

values with e�ective variance � 2
0, while the \bad" data is subject to systematic

error, leading to a larger e�ective variance� 2� 2
0, where � � 1 [60, 61]. By this

assignment,p(� j j� 0) from equation 3.3 becomes

p(� j j� 0; !; � ) = !� (� j � �� 0) + (1 � ! )� (� j � � 0) (2.7)

where 0� ! < 1 describes the fraction of \bad" observables. Since the value of!

is unknown, it is treated as a nuisance parameter, and marginalized over its range.

The resulting posterior is

p(X r ; � 0; � jD) / p(X r )
N jY

j =1

1Z

0

d!

1Z

� SEM

d� j
!� (� j � �� 0) + (1 � ! )� (� j � � 0)

p
2�� j

� exp
�

�
(dj � f j (X ))2

2� 2
j

�

= p(X r )
N jY

j =1

" �
1 � H

�
� SEM � � 0

��

2
p

2�� 0
exp

�
�

(dj � f j (X ))2

2� 2
0

�

+

�
1 � H

�
� SEM � �� 0

��

2�
p

2�� 0
exp

�
�

(dj � f j (X ))2

2� 2� 2
0

� #

;

(2.8)

where H is the Heaviside step function. After marginalization, we are left with

the Bayesian uncertainty parameter� B
0 , and an additional parameter� . Both

parameters are sampled in the posterior. When� = 1, the model reverts to

the Gaussian model. When considering the full posterior, this extra nuisance

parameter is given a non-informative Je�reys prior,p(� ) � � � 1.
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The Student's model is an intermediate between Cauchy and Gaus-

sian distributions. Modeling p(� j j� 0) as a Cauchy distribution is very useful

because its long tail makes it able to tolerate outliers[33, 62]. In most cases,

however, it is uncleara priori what distribution is best for modeling the input

data. To improve the situation, we introduce a model with an additional nuisance

parameter � , that is able to tune the extent of the distribution's tail:

p(� j j� 0; � ) =
�(( � + 1) =2)

�( �= 2)
2� � � 0

2� � 1

p
�� j

2�
exp

�
�

�� 0
2

� 2
j

�
: (2.9)

where � 0 is de�ned as above, and 1� � < 1 . When this distribution is inserted

into the posterior, and marginalized over all� j , the result is

p(X r ; � 0; � jD) / p(X r )
N jY

j =1

�(( � + 1) =2)
�( �= 2)

1
p

2��� 0

�
�
1 +

(dj � f j (X ))2

2�� 2
0

� � �



�

�;
(dj � f j (X ))2 + 2�� 2

0

2 (� SEM )2

�
:

(2.10)

Here, the marginal likelihood contains the lower incomplete gamma function,
 .

We call this the Student's model because it is a variation of Student's t-distribution

that can be interpolated between functional forms. When� = 1, the model is

equivalent Metainference's Outliers model[33] . In the limit of� ! 1 , the likeli-

hood becomes Gaussian. When considering the full posterior, this extra nuisance

parameter is given a non-informative Je�reys prior,p(� ) � � � 1.

Plots of the probability density functions for these likelihoods are found

in Figures S2.1-S3.2. For more detials regarding likelihood moels, see SI methods.

Overview. In this article, we demonstrate how BICePs can now per-

form robust MaxEnt reweighting of protein conformational ensembles and select

optimal models. Using a simple toy model, we show how BICePs can better deal

with various sources of error than existing approaches. We test di�erent likelihood

models that can e�ciently and accurately detect outliers, and evaluate their per-

formance in reweighting conformational ensembles of the mini-protein chignolin

simulated in nine di�erent force �elds, against a set of 158 experimental NMR

observables. In each case, we compute the BICePs score to objectively evaluate

the performance of each force �eld model.

11



2.4 Results & Discussion

2.4.1 BICePs Ensemble Reweighting is Robust in the Presence of Unknown

Random and Systematic Error

First, to demonstrate the performance of BICePs with noisy experimental

data, we use a simple toy model to quantitatively compare our replica-averaging

BICePs algorithm with the previous Bayesian single-replica approach, and existing

MaxEnt approaches that use �xed estimates of uncertainty (Figure 2.2).

The toy model consists of three conformational states: a folded stateS0,

intermediate state S1, and unfolded stateS2. Each conformational state is char-

acterized by a collection of 500 intermolecular distancesx, normally distributed

about means 3.0, 4.5 and 6.0, respectively. Thetrue populations of each state

are set to 65%, 15%, and 20%, respectively. In this toy example, we assume that

experimental observables are directly averaged, such that in an ideal experiment

with no sources of error, the 500 distances would be measured as the population-

weighted average of each distance.

Next, we generate synthetic experimental measurements a�ected by ran-

dom and systematic error, by adding normally-distributed error of standard devi-

ation 0.5, and then systematic error by shifting 30% of the distance measurements

by +3 to +5, resulting in a set of experimental measurements that vary about

a mean value of 4.8. Finally, we generate a prior model of conformational pop-

ulations by supposing that some theoretical method predicted populations that

incorrectly estimate the populations as 13%, 41%, and 46%, respectively (an over-

all RMSE of 0.363).

With this input data, we proceed to test each method using 100,000

MCMC iterations of BICePs sampling (see Supplemental Methods). The single-

replica approach signi�cantly overestimates the population ofS2, resulting in an

RMSE of 0.601 compared to the true populations. Due to the lack of replica-

averaging in the forward model, the sampled posterior places nearly 100% of the

population in this state, as it is favored by both the prior and synthetic experi-

mental data. The �xed-sigma (MaxEnt) (� = � Exp. = 0:70) method does a better

job, achieving an RMSE of 0.345 compared to the true populations, but is unable

to fully account for systematic error in the experimental data, minimally perturb-

ing the prior, leading to slight over-population ofS1. Both the single-replica and

�xed-sigma approaches use a Gaussian likelihood. In contrast, BICePs can use

the Student's likelihood model (results shown in Figure 2.2) or Good-Bad model

(Figure S2.5) that automatically handle systematic error by sampling an extra
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