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ABSTRACT

In the first portion of this thesis, we report on the observation of the quantum interference

between localized f - orbitals and dispersive d and p like bands in the LnAlSi (Ln= La,

Ce, Pr, and Nd) family of Weyl semimetals. An asymmetric Fano resonance was observed,

resulting from the interference between electronic states derived from lanthanide f -band

and electrons in the conduction band. Rotational anisotropy second harmonic generation

measurements conducted with incoming photon energies range of 1.1 - 1.8 eV revealed

the presence of strong magnetic dipole (MD) transitions that we assign to the trivalent lan-

thanide ions. Extracting the spectra of the MD transition susceptibility tensor, we observe

an asymmetric resonance at� 1.5 eV, consistent with a Fano lineshape. Comparison of our

data with a band structure obtained from density function theory revealed the hybridiza-

tion of an unoccupied band deriving from unassigned orbitals in LaAlSi and CeAlSi, the

unoccupied 1D2 state of PrAlSi, and occupied 4I9
2

state in NdAlSi. Moreover, polarimetry

measurement was conducted at normal incidence in the paramagnetic phase of LnAlSi re-

vealed a novel, nonlinear form of electromagnetically induced chirality (EIC) that derives

from resonant MD transitions. This form of nonlinear magnetoelectricity is expressed as

Pi = ceem
i jk E jHk, which causes the emission of elliptically polarized SHG.

In a separate study, we used the second and third harmonic nonlinear harmonic gen-

eration spectroscopy to study 1T – TiSe2 below its charge density wave phase transition

temperature at 200 K. The lack of a second harmonic signal below and above the transi-

tion temperature indicated that the low-temperature symmetry-breaking phase is achiral.

Further study using rotational anisotropy nonlinear third harmonic generation revealed that

1T – TiSe2 experiences a non-trivial phase transition at � 180 K within the charge density

phase that comprises two separate domain types that randomly rearrange upon thermal cy-

cling. Taken together, our data support the onset of orbital ordering at 180 K without the

emergence of an electronically chiral state.
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Finally, we describe THz emission spectroscopy to study the circular photogalvanic ef-

fect (CPGE ) and linear photogalvanic effect (LPGE) spectra of the structurally chiral Weyl

semimetal PdGa. We reveal that CPGE and LPGE spectra produce signals of opposite signs

for the two PdGa enantiomers, as predicted by theory. Measurement of the spectra deriving

from the material’s bulk reveals a peak in the photogalvanic spectra at 0.68 eV, which is

due to optical transitions between the parallel bands near the Weyl nodes dispersing from

G to R and similar transitions between M and R. Surface sensitive measurement are consis-

tent with helicoidally dispersing states of opposite helicity from the two different chirality

samples.
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CHAPTER 1

INTRODUCTION

In recent years, two phases of matter have dominated the focus of hard condensed mat-

ter research: topologically ordered phases and two-dimensional materials. These trends

began with the discovery of the quantum Hall effect in 1980 [1], with research in topolog-

ical physics exploding in 2007 with the discovery of bulk topological insulators [2]. Since

then many more 3D topological phases have been discovered such as Dirac semimetals [3],

Weyl semimetals [4, 5] and, more recently, nodal line semimetals [6] and axion insulators

[7]. Similarly, in the two-dimensional phase of materials, the fabrication of a single atomic

layer of graphene using mechanical exfoliation in 2004 [8] led to the development of other

2D materials such as the transition metal-dichalcogenides (TMDs) [8], hexagonal boron ni-

tride (h-BN) [9] and black phosphorous [10]. Below, we will brie�y discuss each material

class as it relates to my thesis.

Topological materials host exotic electronic properties, and nontrivial band structures

give rise to protected electronic states at their surface or interface. In 2005, Kane and

Mele proposed that time-reversal symmetry would impose a topological indexZ2, which

classi�es the topological property of the topologically ordered phase [11]. It has been re-

alized in 3D topological insulators, which exhibit four distinctZ2 indices [2], with one

being strong [12], indicating the existence of insulating bulk material with metallic sur-

face properties [13]. The topological index typically applies to systems characterized by

an insulating bulk with a topologically protecting surface [12]. Recently, a topologically

protected semimetallic phase has been observed in which bands of opposite polarity cross

at a 1D point in the Brillouin zone, known as either Dirac points or Weyl points depending

upon the symmetries realized by the lattice and the electrons [14]. The materials that host

1



the Dirac points are known as Dirac semimetals, which preserve both time-reversal and

inversion symmetry [5]. Due to the presence of both symmetries, all bands on the Dirac

semimetal are doubly degenerate. In the topological semimetals that break either time-

reversal-symmetry and/or inversion symmetry, the band degeneracy is lifted, which splits

the Dirac nodes into two opposite chirality nodes, known as Weyl nodes. The low-energy

quasiparticles are described by the Weyl equation, and thus, these materials are known as

Weyl semimetals. In both topological semimetals, the projection of the Dirac/Weyl nodes

on the surface Brillouin zone is connected to the so-called Fermi arc. Fermi arc states are

closed for Dirac semimetals and unclosed for Weyl semimetals. The unique feature of the

unclosed Fermi arc and linearly dispersing bands gives novel physical phenomena.

Weyl semimetals are further classi�ed into Type-I and Type-II based on the geometry

of the cone formed by the linearly dispersing bands. In Type-I Weyl semimetals, the Weyl

cones are vertical and have a point-like Fermi surface, while in Type-II Weyl, they are tilted,

and electron and hole pockets are connected at Weyl points. The tilting of the Weyl cones

breaks Lorentz invariance and can lead to unique properties such as directional-dependent

conductivity [15]. The study of the electromagnetic response of magnetic Weyl semimetals

with both type-I and type-II fermions is still relatively limited. Thus, we have studied the

LnAlSi ( Ln= La, Ce, Pr, Pr0.8Nd0.2, Nd) series of WSMs. They are noncentrosymmetric

materials belonging to the space group (I41md), the same as the �rst experimentally dis-

covered Weyl semimetal TaAs. High-�eld magnetotransport measurements have revealed

that LnAlSi materials host both type-I and type-II Weyl nodes [16]. The family of LnAlSi

belongs to magnetic or nonmagnetic semimetals, depending on the presence of f-electron

in rare earth elements, i.e., LaAlSi is paramagnetic while the rest host different forms of the

magnetic order. An electric dipole (ED) primarily mediates most light-matter interactions,

but the intra� 4f optical transition of Ln3+ enhances magnetic dipole contributions. Most

rare-earth ions support the strong magnetic dipole transitions [17]. Such a strong magnetic

dipole has been observed in Eu3+ atoms with a transition from7F0 ! 5D1 [18].
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Electromagnetically induced chirality (EIC) is de�ned by an achiral material obeying

the constitutive equation of a chiral medium, i.e., it induces magnetoelectric cross-coupling

term [19]. The quantum coupling between the MD transition and ED transition has been

extensively studied in magnetically ordered materials [20] and nanoparticles [21]. Here,

we will demonstrate EIC at second optical order in LnAlSi, signaled by a Fano resonance

in the SHG spectrum and measured by helical SHG emission for normal incidence linearly

polarized light.

The transition metal dichalcogenides (TMDs) are another class of material that exhibit a

wide range of unique electronic, optical, and mechanical properties. The TMDs comprise a

two-dimensional material with the generic chemical formula MX2, (M = Mo, W, Ti, etc.; X

= S, Se, Te) and are characterized by a hexagonal lattice structure. The common structural

phases of TMDs are octahedral (1T) and trigonal prismatic (2H). In the 1T phase, the

transition metal ions are surrounded by six chalcogen atoms in an octahedral con�guration,

while in the 2H phase, the transition metal ions are surrounded by six chalcogen atoms in

a trigonal prismatic con�guration [22].

Electronically, TMDs exist in semiconductors (e.g., MoSe2, WS2), semimetals (e.g.,

WTe2, TiSe2), and metals (e.g., VSe2), and possess exceptional properties such as a tunable

band gap [23], high carrier mobility [24], strong spin-orbit coupling [25] and strong light-

matter interactions due to quantum con�nement [26]. Certain TMDs support a charge

density wave (CDW) instability due to their electronic structures spontaneously undergoing

a periodic modulation under various conditions, such as temperature [27], pressure [28],

intercalation [29], doping [30], and optical excitation [31]. Thus, the TMDs are an ideal

platform for studying a wide range of physical phenomena.

The TMD studied here, 1T–TiSe2, is no different in that it also exhibits a wide range

of electronic, structural, and optical properties [32]. Angle-resolved photoemission spec-

troscopy (ARPES) [33], scanning tunneling microscopy (STM) [34], and X-ray diffraction

(XRD) [27] studies show the existence of CDW phase transition below� 200 K. However,
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the mechanism and nature of the phase transition are still a subject of intense debate. One

important question regarding the CDW phase transition is whether it is driven by electron-

phonon interaction [35] or the formation of excitonic pairs [36]. 1T–TiSe2 was at �rst

proposed to exhibit a secondary transition to a chiral CDW phase at 180 K as observed

through STM [34], which is attributed to helical charge ordering induced by a2p
3 phase

slip from layer among the three planes that comprise the CDW. Subsequent STM experi-

ments found no differences in charge density con�guration between the neighboring layers

[37]. Even though low-temperature optical measurement has been done in the monolayer

of transitional metal dichalcogenide in 1T–TiSe2 and observe the CDW-induced second

harmonic generation (SHG) [38], higher-order nonlinear experiments on bulk have yet to

be performed, which was our focus here.

In this thesis, we measured the nonlinear optical response from the topological Weyl

semimetals PdGa and LnAlSi and the 2D material 1T–TiSe2. In LnAlSi, using second

harmonic generation spectroscopy, we measured the second harmonic generation suscep-

tibility spectrum with incoming photon energies ranges of 1.1 - 1.8 eV. Signi�cantly, we

observed that there was a strong magnetic dipole contribution to SHG. This revealed the

strong band hybridization between localizedf � electron and itinerant conductionp� and

d� electrons, leading to a Fano resonance in the SHG spectrum. We also observed EIC due

to this quantum interference between magnetic dipole transitions and electric dipole transi-

tions. Second and third harmonic generation measurements were performed in 1T–TiSe2

below its charge density wave phase transition temperature to study the low-temperature

symmetry of the material. THz emission spectroscopy was also employed to study the cir-

cular photogalvanic effect (CPGE) and linear photogalvanic effect (LPGE) spectra of the

bulk of both left and right handed enantiomers of the structurally chiral Weyl semimetal

PdGa, which resulted in opposite polarity THz transients in both CPGE and LPGE spectra

for the enantiomers due to the opposite handedness.
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This thesis is organized as follows:

In Chapter 2, we will discuss the theory and recent progress in nonlinear study on Weyl

semimetals. We will also discuss electric and magnetic dipole transitions and how they

may result in quantum coherent phenomena such as the Fano resonance [39] and EIC [19]

in the LnAlSi series of Weyl Semimetals. Chapter 3 includes the theory of transition metal

dichalcogenides and recent experimental progress on 1T–TiSe2. We will discuss experi-

mental methods such as pump-probe spectroscopy and nonlinear optical effects, including

second and third harmonic generation and the photogalvanic effect, in Chapter 4. Chap-

ter 5 will focus on the study of rotational anisotropy nonlinear optical measurements on

the LnAlSi family of materials. Nonlinear measurement data reveals the magnetic dipole

transition in the paramagnetic phase, which is evident as a Fano resonance that leads to

EIC in the second order. The study of the charge density phase of 1T–TiSe2 using the

third-harmonic generation technique will be presented in Chapter 6. Chapter 7 will include

the study of LPGE and CPGE in both left and right handed enantiomers of the structurally

chiral Weyl semimetal PdGa. In Chapter 8, we will provide a summary of our conclusions.
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CHAPTER 2

INTRODUCTION TO FANO RESONANCE AND

ELECTROMAGNETICALLY INDUCED CHIRALITY

IN WEYL SEMIMETALS

This chapter will brie�y discuss the fundamental concepts of two quantum effects: the

Fano resonance and electromagnetically induced chirality. We then will provide a basic

introduction to Weyl semimetals and conclude by introducing the two primary material

classes explored in this thesis: LnAlSi (Ln= La, Ce, Pr and Nd) family Weyl semimetals

and the chiral Weyl semimetal belonging to space group 198.

2.1 Fano Resonance

Resonance typically refers to the enhancement of a response to an external perturba-

tion at a speci�c energy or wavelength. It usually manifests as a symmetric peak in the

response curve. In 1961, Ugo Fano identi�ed an asymmetric resonance pro�le in the ab-

sorption spectra during his analysis of the spectral lines of helium [40]. Later, he provided

a theoretical quantum mechanical explanation for this phenomenon by examining the au-

toionizing states of atoms, thereby de�ning it as a Fano resonance [41]. The Fano reso-

nance is characterized by an asymmetric resonance pro�le resulting from the interference

between two different states: a discrete resonant quantum state and a much broader res-

onance “continuum” of states. This phenomenon requires the energy of the discrete state

to fall within the energy range of the continuum of states. Typically, near the resonance

energy, the amplitude of the background scattering changes slowly with energy, in contrast
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to the resonant scattering amplitude, which exhibits rapid changes in both magnitude and

phase. This difference is responsible for the asymmetric pro�le.

In mathematical terms, the Fano lineshape is dependent upon the resonance energyEres

and the linewidth of the resonance curveGres. The intensity of the asymmetric lineshape

near resonance is given by

I(E) µ
(qGres

2 + E � Eres)2

( (Gres
2 )2 + ( E � Eres)2

�
(q+ 2(E� Eres)

Gres
)2

1+ ( 2(E� Eres)
Gres

)2
(2.1-1)

whereq is the Fano parameter that induces the asymmetry in the resonance line pro�le. It

is dependent upon the relative phase difference between the discrete resonance atEres and

the background continuum.

Wood et al. observed the �rst asymmetric line shape in 1902 when working on metallic

gratings, where anomalies served to improve grating ef�ciency [42]. Although the concept

of Fano resonance was developed in the context of atomic physics, it also appears in nuclear

and molecular physics [43, 44], in scattering theory [45], resonant tunneling in semicon-

ductor devices [46], and nanophotonics and plasmonics [47]. In nanophotonics, the Fano

resonance enhances light-matter interactions at the nanoscale [39]. It is also important to

the design of metamaterials [48] and photonic crystals [49], some of which host tunable

Fano resonances [50], which are useful for creating highly sensitive sensors and narrow

band �lters as well as devices for controlling light �ow at the subwavelength scale [51].

In recent years, the study of Fano resonance has extended to quantum dots [52], quantum

wells [53], and even in topological insulators [54] and semimetals [55]. Our interest in

Fano resonances is more relevant to nonlinear optical systems, where it could enhance or

control nonlinear phenomena such as harmonic generation [56].
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2.1.1 Two Coupled Oscillators

Although the Fano resonance is a quantum effect, we can gain some insight on it using

a classical model based on coupled oscillators. We begin by considering an oscillator,

labeledA, with a large damping rate subject to an external time-dependent driving force.

This oscillator is the equivalent of the continuum. Another oscillator, labeledB, with a low

damping rate that is not driven serves as the equivalent of the discrete state.

These two oscillators,A andB, are coupled by a spring of constantK. Let Ma, ka, and

ga be the mass, spring constant, and damping coef�cient for oscillatorA, respectively. Sim-

ilarly, Mb, kb, andgb are the mass, spring constant, and damping coef�cient for oscillator

B, respectively. For simplicity, let us assume the unit mass of two oscillators is the same

Ma=Mb=1.

With a time-harmonic forceF(t) applied to oscillatorA, the equations of motion of the

system are

Figure 2.1: Two coupled oscillators. An OscillatorA is driven by external harmonic force
F(t) and coupled with oscillatorB by spring constantK. ka andkb are the spring constant
for oscillatorA andB. Figure taken from Ref. [57].

ẍa + ga �xa + w2
axa + vabxb = a1eiwt (2.1-2)

ẍb + gb �xb + w2
bxb + vabxa = 0 (2.1-3)
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Assuming a time-harmonic behavior for the response of the oscillatorsxa(t) = ca(w)eiwt

andxb(t) = cb(w)eiwt , the amplitude response of oscillator A is

ca(w) =
w2

b � w2 + igbw

(w2
a � w + igaw)(w2

b � w2 + igbw) � v2
ab

a1 (2.1-4)

The amplitudeca(w) will give the characteristics of the resonance behavior re�ecting the

presence of the second oscillatorB near the frequencyw = wb. The numerator of Equa-

tion 2.1-4 de�nes the extra phase shift,

q = tan� 1
�

gbwb

w2
b � w2

a

�
(2.1-5)

which will provides the background phase shift of the resonance inca(w).

The coupled oscillator has two eigenmodes: a symmetric mode in which the two os-

cillators swing back and forth together and an antisymmetric mode in which they move in

opposite directions. By solving the Equations 2.1-2 and 2.1-3 for under the condition of

friction i.e., (ga, gb = 0), the eigenmode can be obtained as

(w2
a � w2)(w2

b � w2) � vab = 0 (2.1-6)

If the coupling parameter is weak (wb � wa >> vab), the eigenmodes of the coupled system

can be written as

w̃a
2 � w2

a �
v2

ab

w2
b � w2

a
; w̃b

2 � w2
b +

v2
ab

w2
b � w2

a
(2.1-7)

which are shifted byv2
ab=(w2

b � w2
a) in the opposite direction from their original.
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In the vicinity ofw = wb, we may de�ne the shift in resonancee as

e = w2 � w̃2
b = w2 � w2

b �
v2

ab

w2
b � w2

a
(2.1-8)

=) w2 = e+ w2
b +

v2
ab

w2
b � w2

a
(2.1-9)

With Equations 2.1-4 and 2.1-9 and in the neighbor ofe = 0, if we use the approxima-

tion

v2
ab

w2
b � w2

a
>> e � 0 (2.1-10)

the amplitude Eq. 2.1-4 can be written as,

ca(w) � �
z + q
z � i

a1

w2
b � w2

a
(2.1-11)

where,

z =
1

gawb
((w2

b � w2
a)2=vab)

2e; q =
1

gawb
(w2

b � w2
a) (2.1-12)

Therefore, the magnitude of the oscillation of the systemjca(w)j2 can be written as,

jca(w)j2 �
(z + q)2

z2 + 1
a2

1

(w2
b � w2

a)2
(2.1-13)

This is a Fano formula whereq is the Fano pro�le parameter. substituting the value ofq in

the Equation 2.1-5, the phase shift of the damped oscillator is tan� 1(1=q) or cot� 1(q). This

classical result is the analog to the quantum effect, that is at the heart of electromagnetically

induced transparency.
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2.1.2 Electromagnetically Induced Transparency

Electromagnetically induced transparency (EIT) is a special case of Fano resonance [41].

When the frequencies of the two modes match in Equation 2.1-12 i.e.,wa = wb, the Fano

parameter vanishes atq = 0 and generates the transmission band [39], which is shown in

Figure 2.2a. It is a quantum interference effect that eliminates optical absorption in an

opaque medium [40]. This is due to destructive interference between the two excitation

pathways, effectively preventing the probe beam's absorption.

EIT can be de�ned by the three-level system as shown in Figure 2.2b, wherej1i is

the ground state couple to the excited statej3i by a laser at Rabi frequencyWP. When

another electromagnetic �eld resonant to the transition fromj2i to j3i is applied, there

are two ways to excite atoms from the ground state to the upper level:j1i ! j3i and

j1i ! j3i ! j2i ! j3i that can interfere destructively, allowing the absorption to reach

zero.

EIT was �rst predicted in 1989 by Harries at coherent population trapping [58], and

experimentally, it has been realized in Sr vapor by Boller et al. [59] and Field et al. in Pb

vapor [60]. EIT has been widely studied in e.g., atomic systems [61], superconductors [62]

and photonic crystals [39]. EIT materials not only possess zero absorption but also over a

limited frequency range, exhibit giant nonlinearity.

2.2 Electromagnetically Induced Chirality

Electromagnetically-induced chirality (EIC) is a quantum coherent interference effect

due to the electromagnetic cross-coupling between an electric dipole (ED) transition and

a magnetic dipole(MD) transition [19]. Chirality is an asymmetry property in which a

material cannot be superposed upon its mirror image.

In chiral medium, the induced polarization and magnetization are different from the normal
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(a) (b)

Figure 2.2: (a) Electromagnetically induced transparency (EIT) with absorption line. Ini-
tially, a weak probe beam is absorbed, illustrated by the blue line; however, the introduction
of a second coupling beam leads to the creation of a ”window” within this absorption re-
gion, depicted in red, where absorption is signi�cantly reduced. (b) three-level system
scheme for EIT. Figure taken from [63].

medium and are given as

Pi = c ee
i j E j + c em

i j H j (2.2-14)

and

Mi = c mm
i j H j + c me

i j E j (2.2-15)

wherec em
i j andc me

i j are electric and magnetic susceptibilities of the chiral medium.

EIC typically emerges not from the inherent structural asymmetry of matter but from

its interaction with electromagnetic �elds. The process is fundamentally grounded in the

principle of quantum coherence, which allows for a system to exist in a superposition of

quantum states otherwise symmetric.

The operational basis at EIC involves preparing atoms or molecules in a dark state i.e.,

a superposition state that interacts with both the electric and magnetic components of an

electromagnetic �eld. This interaction is mediated through a driving �eld, often a laser,

which can control the magnitude and phase of the coherence between the quantum states.
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Figure 2.3: Five-level scheme for the electromagnetic induce cross-coupling.W1, W2 and
Wc are the Rabi frequencies of the external laser �eld.WE andWB are Rabi frequencies
of electric and magnetic dipole �elds. The electric and magnetic dipole �elds are coupled
with W3, with the upper level at detuningD. Figure taken from [19].

One of the various atomic level “topologies” for EIC via the closed-loop level scheme

shown in Figure 2.3, where photon absorption and emission occurs cyclically. It contains

two nearly degenerate ground statesj1i andj4i . These ground states are coupled to the

excited statej5i by control �elds of Rabi frequencyW1 andW2. The ED transition and

MD transition statesj3i andj2i , respectively, are coupled toj1i andj4i , as shown in the

Figure 2.3. The nearly degenerate ground coherence forms the dark state, which leads to

an asymmetrical distribution of electromagnetic �elds around the atoms. This asymmetry,

induced by the precise control of light, can make the system behave as if it were chiral.

This setup ensures that the induced chirality is not a transient effect but is embedded within

the material's interaction with the light.

From Eqs 2.2-14 and 2.2-15, the refractive index for a circularly polarized beam in the

chiral medium is

n =

r

(1+ c ee)(1+ c mm) �
(c em+ c me)2

4
+

i
2

(c em� c me) (2.2-16)
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If the material satis�es the relation,c em= � c me= ic , then

n =
p

(1+ c ee)(1+ c mm) � x (2.2-17)

implying that if c >
p

(1+ c ee)(1+ c mm) the refractive index is negative. Negative

refractive index due to EIC has been studied extensively [64] and shows evidence of tun-

ability [65].

2.3 Overview of Topological Materials

Michael Berry �rst introduced his theoretical model in 1984 to study the characteristics

of topological properties in condensed phase systems under the cyclic, adiabatic evolution

of eigenstates of a HamiltonianH(Ri) via slowly varying parametersRi = ( R1(t) ; R2(t) ; :::: )

[66]. The eigenvalue for thenth eigenstate is de�ned as

H(R) jn(R)i = en(R) jn(R)i (2.3-18)

The states evolved adibatically in parameter space (so that they remain in the same eigen-

state) will acquire an extra geometrical, gauge-invariant phase factor known as the Berry

phase. That geometrical phase only depends on the path taken through the parameter space.

In particular, Berry found that this phase can be written as

gn =
�

c
dR � An(R) (2.3-19)

where,

An(R) = i hn(R)j
¶

¶R
jn(R)i (2.3-20)

is known as the Berry connection, which does not explicitly depend on time. SinceAn(R)

is gauge-dependent, it cannot be physically observed.
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Using the generalized Stokes theorem, the Berry phase can be written as the �ux of the

curl of the Berry connection.

gn =
�

c
dR � An(R) =

�

S
(DR � An(R)) � dS=

�

S
Wn(R) � dS (2.3-21)

where

Wn(R) = DR � An(R) (2.3-22)

is the Berry curvature of thenth band and is a gauge-invariant quantity. The magnetic vector

potential and magnetic �eld are analogous the Berry connection and curvature, respectively,

as they have the same mathematical relationship between them.

The Aharonov-Bohm effect is a phenomenon where a charged particle is affected by an

electromagnetic �eld, even in regions where both the electric and magnetic �elds are zero.

In quantum mechanics, the Berry formalism and its geometrical phase can be realized

through the analogy of the Aharonov-Bohm effect. In the Aharonov-Bohm effect, the

electrons acquire a phase shift even when traveling outside of the solenoidal region where

there is no magnetic �eld [67]. Both phenomena describe how a system acquires a phase

shift due to its geometrical path through a parameter space and independent of the dynamic

properties of the system.

Furthermore, Equation 2.3-21 closely resembles the principles of Cauchy's Residue

Theorem. Cauchy's Residue Theorem states that the integral of a function over an oriented

closed contour in the complex plane equals the sum of the residues enclosed. Similarly, the

integral of the Berry curvature over a close surface of the Brillouin zone must be an integer

multiple of 2p. This integer multiple, known as the Chern numberCn is de�ned as

Cn =
1

2p

�

BZ
Wn(k)dk (2.3-23)
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and is a topological invariant representing the global geometrical properties of the band

structure. The Chern number for a single band is well de�ned only if there exists a local

gap in energyjEn(k) � En+ 1(k)j > 0. When electronic bands are degenerate at some subset

of points in the Brillouin zone, then the Chern number given by Equation 2.3-23 is not

well-de�ned for any of those bands. The Nielsen-Ninomiya theorem [68] dictates the sum

of Chern numbers should be zero in the 1st Brillouin zone.

The integral quantum Hall effect (QHE) was discovered in 1980, in which the quan-

tization of transverse electric Hall resistanceRH was measured in 2D electronic gas as a

function of the applied magnetic �eld [1]. The QHE is the �rst experimental evidence

of invariant properties of topologically ordered systems in solid-state physics. Here, the

transverse current is characterized by a quantized conductivity given as

sxy =
e2

2p}
I (Cn) (2.3-24)

whereI(Cn) is the Chern number de�ned in Equation 2.3-23. Thus, the Hall conductivity

is a Chern number, an integer that cannot vary continuously. It is, therefore, invariant under

small changes of the Hamiltonian. Large deformations can lead to energy level crossings,

which are the transitions to other Chern numbers.

In 2005, Kane and Mele proposed a quantum spin Hall effect (QSHE) in graphene,

where the induced spin-up and spin-down 1D edge states exhibit chiral and anti-chiral type

integer quantum Hall effect due to strong spin-orbit coupling, even in the absence of an

external magnetic �eld [69]. Due to the lack of strong spin-orbit coupling, it is impossible

to observe the QSHE in graphene. But evidence for the effect exists in (Hg, Cd)Te quantum

wells [70], as predicted by Bernevig et al. [71]. Recently, many quantum materials have

shown evidence for the QSHE, such as monolayers of WTe2, MoSe2 and WSe2 [72–74].

This new phase of material is known as the 2D Topological Insulator.

The general mechanism for topological insulators is band inversion, in which the order-
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ing of the odd parity conduction band and even the parity valence band is inverted by

spin-orbit coupling. A three-dimensional topological insulator can be understood as an

extension of its two-dimensional counterpart and is characterized by an insulating bulk

with metallic states on its surface. These surface states exhibit linear crossings at speci�c

points in momentum space due to the band inversion that is protected by crystal symmetry.

Angle-resolved photoemission spectroscopy (ARPES) experiment showed that BixSb1–x is

the �rst three-dimensional topological insulator that hosts these exotic surface states [75].

In contrast to graphene, which exhibits two band crossing points with spin degeneracy, the

surface of a topological insulator is characterized by a single Dirac point without any spin

degeneracy.

2.4 Topological Semimetals

Following the discovery of 3D topological insulators with an insulating bulk, research

was more focused on �nding topologically non-trivial gapless metallic or semimetallic

phases of materials. In 2014, Liu et al. experimentally discovered a 3D analog of graphene

using ARPES measurements [76] that has linear band crossing in the bulk with Dirac

fermions as low-energy excitations, known as the Dirac semimetal (DSM). The next year,

another new class of topological materials was discovered using ARPES measurements,

which is known as the Weyl semimetal [77]. The Weyl semimetal comprises linear dis-

persing bands but obeys a two-component Dirac equation. Weyl semimetals (WSMs) host

Weyl quasiparticles as their low-energy excitation and also exhibit unclosed surface states

in k-space known as Fermi arcs.

In Weyl semimetals (WSMs) and Dirac semimetals (DSMs), bulk topological bands

originate from band inversion, where the conduction and valence bands touch even under

spin-orbit coupling. However, in topological insulators (TIs), this interaction opens up a

gap with the metallic surface state, as illustrated in Figure 2.4a. The DSM preserves both

inversion symmetry (P) and time-reversal symmetry (T), leading to the DSM. Dirac points
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with doubly degenerate bands. The WSM requires either inversion symmetry or time-

reversal symmetry to be broken, which splits the doubly degenerate linear dispersing bands

into two Weyl nodes with opposite chirality as shown in Figure 2.4c.

Figure 2.4: 3D topological matter (a) topological insulator opens a full gap after spin-orbit
coupling (SOC) with metallic surface state (b) Dirac/Weyl semimetals gapped by the SOC
except at some linearly crossing point and form Dirac/Weyl points and form the Fermi arc.
(c) A Dirac point hosts the two Weyl nodes of opposite chirality. Figure taken from Ref.
[78].

2.5 Weyl Semimetals

Weyl semimetals host two opposite chiral massless quasiparticles. The dynamics of

such quasiparticles can be described by the Hamiltonian proposed by Hermann Weyl in

1937 in which the mass term of the Dirac eqution is set to zero, which is given as

H� (k) = � vF (k � ko) � s (2.5-25)

wherevF is the Fermi velocity ands = ( sx;sy;sz) is the vector of the Pauli matrices
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1 0
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i 0
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1 0
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A

The� sign in equation 2.5-25 represents the positive and negative chirality of Weyl fermions.

An investigation of this Hamiltonian shows that a small perturbation onk0 does not create

a gap at the location of Weyl points. Similarly, a perturbation on onlyvF changes the slope

of the dispersion. The solution of the Weyl Hamiltonian is left and right-handed spinors,

each of which has the general form:

y (r ;t) =

0

B
@

y 1

y 2

1

C
A = ce� i(k�r � wt) (2.5-26)

which represent Weyl fermions with different chirality. These particles have not yet been

realized in the standard model.

The Berry curvature of the Weyl Hamiltonian was used to obtain the relation [79]

W(k) = �
k

jk � k0j3
(2.5-27)

This relation requires that the Berry curvature must have singularities at the Weyl points.

This implies that the WPs serve as sources and sinks of Berry curvature and must corre-

spond to a nonzero Berry phase. They have non-zero Chern numbers and, therefore, must

be topologically protected.

ARPES measurement can directly observe these band crossings at the Weyl nodes. Ma-

terials belonging to the same family of TaAs, such as TaP, NbAs, and NbP, show evidence

of linear band crossing with Weyl nodes [80]. Surface Fermi arch was also observed using

ARPES measurement in these materials [81].
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2.5.1 Type-I and type-II Weyl Semimetal

In the TaAs family of Weyl semimetals which belong to space group 109, the Fermi

surface at the Weyl node is point-like. The linear dispersing bands form a 3D cone that

is perpendicular to the Fermi surface, and in the vicinity of the Weyl node, the energy

difference between the conduction band and valence band changes linearly with momentum

as shown in Figure 2.5a. However, Soluyanov et al. introduced a new type of Weyl node

in WTe2 [82], which has Weyl fermions emerging at the boundary between the electron

and hole pockets. They named the former con�guration Type-I WSM, while the latter is

Type-II which is shown in Figure 2.5.

(a) (b)

Figure 2.5: (a) Type-I and (b) type-II Weyl nodes with tilting Weyl nodes. Figure taken
from Ref. [82].

The most general Hamiltonian of a Weyl point linear ink can be written as [83],

H� (k) = E0(k0) + v0 � (k � k0) + å
i; j= x;y;z

vi j (k � k0) is j (2.5-28)

wheresx;y;z are Pauli matrices andv0 and vF characterize the band dispersion near the

touching points.
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The eigenvalues of Equation 2.5-28, ignoring the constant term, are

e� = v0 � dk �
r

å
i; j= x;y;z

dki(vvT)dk j ; dk = k � k0 (2.5-29)

= T(dk) � U(dk) (2.5-30)

where,T(dk) andU(dk) are the kinetic and potential components of the energy spectrum,

respectively. Applying the classi�cation to Equation 2.5-29, we can recover both possi-

ble types of Weyl points from this dispersion relation. Moreover,T(dk) > U(dk) is the

condition for type-II WSM where two bands overlap in energy yielding electron and hole

pockets around the Weyl point. Since the formation of the Weyl point is different, the Weyl

cone for type-II is tilted, as shown in Figure 2.5b, even though it is still linearly dispersing.

TheTd phase of the TMD MoTe2 hosts strong Type-II Weyl nodes [84], in which one

node is located 6 meV and another 59 meV above the Fermi level. This large separation

makes it easy to observe the nodes and the surface band structure by ARPES measurements

[84]. Later, type-II nodes were observed in rare-earth-based Weyl semimetal LaAlGe and

MoxW1–xTe2 alloys [85]. The tilt of the Weyl cone leads to speci�c transport proper-

ties, such as a chiral anomaly associated with unusual magnetoresistance [15]. It will also

support a modi�ed anomalous Hall effect [86], and new quantum oscillations due to mo-

mentum Klein tunneling [87].

2.6 Recent Nonlinear Experimental Study on Weyl Semimetal

Due to their unique electronic structure, both Type-I and Type-II Weyl semimetals can

exhibit strong nonlinear effects, such as SHG [88], photogalvanic effect [89] and nonlinear

Hall effect [13]. In this thesis, we will focus only on the SHG and photocurrent measure-

ment.
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2.6.1 SHG in Weyl Semimetals

A suitable theoretical approach to studying the topological nature of nonlinear optical

effects was introduced in 2016 using the Floquet formalism link with the Berry formalism

and observed that SHG enhanced at the exciton resonance [90]. In the same year, an exper-

imental study observed unusually strong SHG in the Weyl semimetal TaAs, which is about

an order of magnitude larger than that of the well-known strong and robust SHG response

material GaAs [88]. However, a later study on TaAs has shown that this large response

is due to a resonance effect along the polar axis of the materials along with a large third

cumulant of the Bloch wavelength [91]. Thus, it is not a topological effect. Recently, SHG

has been studied on the multifold semimetal RhSi, where the response is suppressed by the

linear band crossing in the BZ indicating that Weyl topoogical band structures are, in fact,

antagonistic to SHG at all but the lowest frequencies rather than enhancing SHG [92].

Although generally only non-centrosymmetric materials generate the SHG signal, SHG

has been theoretically studied in the inversion symmetric magnetic Weyl semimetal Co3Sn2S2

under DC current and THz pump since both can serve to break inversion to allow bulk SHG

[93]. In the former expriment strength of the induced SHG is about the same order of mag-

nitude as SHG in GaAs; however, with THz pump, it is 103 times larger than GaAs and

102 times larger than TaAs. Beyond the ED SHG, electric quadrupole SHG (EQ-SHG) has

also been studied in Co3Sn2S2 to reveal a magnetic phase transition at 175 K, which is due

to ferromagnetic order, and another transition at 120 K, which is due to antiferromagnetic

order [94].

SHG has also been studied in the type-II Weyl semimetals MoTe2 and WTe2 using ul-

trafast pump-probe and time-resolved second-harmonic-generation spectroscopy [95, 96].

In MoTe2, the SHG revealed the presence of a phase transition through a change in the

intensity of the response, while in WTe2, it was used to experimentally verify a structural

transition from a topologically ordered phase to a topologically trivial phase [97]. The

magnetic Weyl semimetal, CeAlSi, shows the evidence of directionally dependent SHG
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intensity at low temperatures known as the nonlinear optical diode effect [98].

All of these studies on SHG in Weyl semimetals have focused on two-photon absorption

via ED transitions, with MD transitions remaining largely unexplored. This motivates our

study of SHG in Weyl semimetals, where we investigate two-photon absorption attributed

to MD transitions alongside ED transitions in the rare earth family of Weyl semimetals, as

described in Chapter 5.

2.6.2 Photocurrent in Weyl Semimetals

The generation of electrical current in response to light, known as photocurrent, has

been the subject of various theoretical investigations [99], particularly in Weyl semimetals

and other materials lacking inversion symmetry [100]. Particularly relevant on the shift

current/linear photogalvanic effect (LPGE) and the injection current/circular photogalvanic

effect (CPGE).

The �rst topological material predicted to support CPGE/LPGE is in Bi2Se3 [101],

where it was realized that the current due to interband transition at momentumk was pro-

portional to the Berry curvature. In these experiments, a photon with de�nite helicity in-

duced a transition that �ipped the direction of spin and, through spin-momentum locking,

created a particle-hole pair that carried a net current. Later, de Juan et al. showed the ev-

idence that CPGE may depends on only the topological charge and fundamental constant

[102], i.e., independent of material-speci�c properties and the frequency of the excitation

of light over a band of wavelengths. Although theoretically, quantized CPGE exists only in

idealized, non-interacting Weyl systems, WSMs can still realize large helicity-dependent

photocurrents, these were measured by Rees et al. [102]. Further research examining the

CPGE/LPGE in a range of Weyl Semimetals such as TaAs and TaIrTe4 has uncovered be-

havior dependent on helicity linked to the chirality of the Weyl nodes [89, 103].

23



Besides the bulk CPGE, the surface of the Weyl semimetal also provides the photogal-

vanic effect. Chang et al. [104] theoretically studied the photocurrent from RhSi surface

Fermi arcs which are typically transverse to the propagating excitation beam due to the

nonsymmorphic nature of space group 198 compounds. This effect was experimentally

studied using THz emission photogalvanic effect spectroscopy, where measurement re-

vealed an emergent mirror symmetry inconsistent with the chiral structure of the crystal

[105].

2.7 Weyl Semimetals- LnAlSi and PdGa

In this section, we will outline some basic details of two Weyl semimetals studied here,

LnAlSi ( Ln = La , Ce , Pr and Nd ) and PdGa.

2.7.1 LnAlSi

LnAlSi is noncentrosymmetric, belonging to the space group 109 (I41md), i.e., the

same space group as the �rst experimentally observed Weyl semimetal TaAs. The tetrag-

onal unit cell and the �rst BZ with a high symmetry point and mirror planes of NdAlSi

are shown in Figures 2.6a and 6.5a. NdAlSi has two mirror plainsmx andmy, and two

glide mirror planes,mxy andmxȳ, but site mixing between the Al and Si atom restore the

glide plane symmetry and change to the centrosymmetric space group 141 (I41=amd). The

second harmonic generation (SHG) is only allowed in non-centrosymmetric materials, so

we used the SHG probe to identify whether the mixing between the Al and Si atoms is

present or not. Our experimental data for SHG measurement for all LnAlSi family of Weyl

semimetal is presented in Chapter 5.

The �rst-principles band structure of structural analog PrAlGe in its ferromagnetic

phase is shown in Figure 2.6d with red (blue) for the spin up (down) with the Weyl node

near the Fermi energy level. Rare earth atoms occupy the speci�c lattice points within the

tetragonal structure, maximizing their interaction with Al and Si atoms and carrying an in-
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(a) (b)

(c) (d)

Figure 2.6: Crystal and band structure of LnAlSi and DOS for PrAlGe. (a) Crystal struc-
ture of LnAlSi. (b) First Brillouin zone of NdAlSi with mirror planes. (c) Band structure
of NdAlSi from �rst-principles calculations with Paramagnetic state in the PBE approxi-
mation (d) The partial DOS for PrAlGe, closely related material with LnAlSi, spin-up, and
spin-down states are plotted in red and violet colors, respectively. The DOS from localized
f – orbitals are in green. Figures taken from Ref. [106, 107].

trinsic f -electron magnetic moment. The LaAlSi hosts both type-I and type-II Weyl nodes

and supports the various topological phenomena arising from the Weyl fermions, such as

the large spin Hall effect [16]. LaAlSi is nonmagnetic semimetal due to it does not have an

f electron in its trivalency. As a class, these materials host various forms of magnetic or-

der, such as canted magnetic ordering in CeAlSi at a temperature of 8.2 K with a nontrivial

magnetic domain wall [108]. Also, ARPES measurement shows evidence of tunable Weyl
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Figure 2.7: Magnetic order in LnAlSi materials with their transition temperatures (a) no
magnetic order in LaAlSi, (b) canted AFM order in CeAlSi [108], (c) FM order in PrAlSi
[110], and (d) spin density wave order in NdAlSi [107].

nodes with external magnetic �eld and pressure [109]. Strong local-moment, out-of-plane

ferromagnetic ordering has been observed in PrAlSi at 17.2 K as shown in Figure 2.7c,

which also exhibits an anomalous Hall effect [110]. The spin density wave ordering at 7.2

K in NdAlSi is shown in Figure 2.7d. The magnetic behavior in these materials mainly

derives fromf -orbitals, which are linked to the rare earth ions in their trivalent state.

The LnAlSi family of WSMs also shows evidence of strong nonlinear and quantum

effects. The partial DOS for PrAlGe, shows that localizedf -orbital are found below and

above the Fermi level. The semimetal CeAlSi shows nonlinear optical diode effect [98]

and anisotropy Fano resonance in LaAlSi in phonon modes measured by Raman Scatter-

ing [55].

2.7.2 PdGa

The crystal structure of PdGa is cubic in the space group 198 (P213) with lattice con-

stanta = 4:9 	A. The cubic unit cell of PdGa having eight Pd atoms at the corner and one

Ga atom at the center is shown in Figure 2.8a. Figure 2.8b shows the band structure of

PdGa in which Weyl nodes are at the high symmetry pointsG, and R. Both Weyl nodes
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lie below the Fermi surface and are separated by� 0:45 eV [111]. This offset in energy

is due to the structural chirality. This material has higher pseudospin generation of Weyl

semimetal due to the fact that more than two bands cross, pseudospin-3=2 fermions were

observed near theGpoint and double pseudospin-1 fermions at the R point. Thus, this is a

topological multifold fermion with Chern number 4 at the crossing nodes.

(a) (b) (c)

Figure 2.8: PdGa (a) unit cell (b) band structure (c) BZ with high symmetry points. Figure
taken from Ref. [112].

The BZ with a high symmetry point is shown in Figure 2.8c. The enantiomers of PdGa

have the same band structure and BZ. ARPES and STM measurements on enantiomers of

PdGa showed the opposite helicity of Fermi arc dispersion. In Chapter 7, we will discuss

the nonlinear photogalvanic effect on enantiomers of PdGa and the effect of structural

chirality on the response.
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CHAPTER 3

CHARGE DENSITY WAVE IN TRANSITION METAL

DICHALCOGENIDE 1T–TiSe 2

3.1 Brief Introduction to Charge Density Wave Physics

The Charge Density Wave (CDW) is a phenomenon that arises from the interplay be-

tween the electronics and the lattice [113]. It is characterized by a periodic distortion of

the lattice, leading to a modulation of the charge density. In this phenomenon, the system

minimizes its energy due to the reconstruction of the electronic structure, which Peierls

[114] and Frohlich [115] �rst proposed for a 1D free electronic system in the 1950s. In

Peierls picture the electrons of the 1D metals experience electron-phonon coupling at a low

temperature, resulting in a periodic lattice distortion. After such a lattice distortion, the

relevant conduction band gaps as the real-space charge exhibit a new charge density. The

Brillion Zone is also reduced in size as the Fermi surface reconstructs.

In the 1D linear chain of atoms, the modulated electron density ofr (r ) with periodic

wave vectorq is given by

r (r ) = r 0 + r 1cos(q � r + f ) (3.1-1)

In Equation 3.1-1,r 0 describes the unperturbed electron density with constant periodic

lattice spacinga as shown in Figure 3.1(a),r 1 andf are the amplitude and phase of the

electron density modulation of CDW, respectively. The CDW is commensurate ifq =

(m=n)a, wherem=n is a rational number; otherwise, it is considered to be incommensurate.
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The rearrangement of charge density can be written in terms of Fermi- Dirac distribu-

tion f (e) in d dimensions as

r (r ) =
�

dk
(2p)d [ f (ek) + f (ek+ q)] +

�
dk

(2p)d

f (ek) � f (ek+ q)
ek � ek+ q

f (q) (3.1-2)

wheref (q) is the time-independent potential. The second term can be written in the form

of the Lindhard response functionc (q) with,

c (q) =
�

dk
(2p)d

fk � fq+ k

ek � ek+ q
(3.1-3)

Figure 3.1: (a)Schematic representation of a Peierls transition in a one-dimensional mate-
rial, blue (red) represents the system before (after) the Peierls transition. (b) A gapDopens
up at the wavevectorq = 2kF corresponding to the new lattice periodicity with dispersion
before (after) the Peierls transition. (c) An illustration of Fermi surface nesting with a
wavevectorq. (d) The Lindhard response functionc (q) as a function of wavevectorq for
one, two, and three-dimensional free electron gases. Figure taken from Ref. [116].

In a CDW, large regions of the Fermi surface can be perfectly or nearly perfectly

mapped onto each other by so-called “nesting” wave vectors, as shown in Figure 3.1(b).
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The susceptibility Lindhard function response at the Fermi nesting vector also shows a dis-

continuity at this value ofq. In a 1D system with large regions of the Fermi surface nested

by a wavevectorq = 2kF, i.e., ek = ek+ 2kF and the denominator of Equation 3.1-3 van-

ishes resulting in a divergence, as shown in Figure 3.1(b). This indicates that the electronic

structure is not stable, and small perturbation will cause a charge density redistribution with

Fermi surface reconstruction. Most importantly, periodic lattice modulation can overcome

the Coulomb repulsion by lowering the energy of the system as a gap opens at the Fermi

level. The lattice distortion drives the conduction electrons' density periodic modulation

to maintain charge neutrality and form a CDW, as shown in Figure 3.1(c). Because the

Fermi surface gaps, as shown in Figure 3.1(d), the 1D Peierls transition is accompanied by

a metal-to-insulator/semiconductor transition. The �rst evidence of a Peierls distortion was

observed at room temperature in the one-dimensional conductor K2Pt(CN)4Br0.30� xH2O

using X-ray diffuse scattering [117].

The Peierls transition can also be applied to higher dimensions. The �rst evidence for

a CDW in transition metal dichalcogenides (TMDs) was reported in 1976 in NbSe3, which

was observed through enhanced electrical conduction at increased electric �elds [118].

Later on, many TMD materials such as 2H–TaS2 [119], 2H–NbSe2 [120], 1T–Tise2

[121], 1T–Tas2 [122] were discovered to show evidence of a CDW instability, which were

experimentally veri�ed by new experimental techniques such as X-ray diffraction, neutron

scattering and scanning tunneling microscopy.

The electron-phonon coupling driven Peierls transition in a one-dimensional system

was originally considered the only mechanism for CDW formation. However, the existence

of a pseudogap in NbSe3 above the highest known Peierls transition temperature suggests

the presence of other driving mechanisms [123]. In complex 2D and 3D systems, alter-

native driving mechanisms [22] and even multiple competing effects have been observed

to be responsible for the formation of CDW. These alternative mechanisms are excitonic

instability [124] and the Jahn-Teller effect [125]. In TMDs, many materials show a CDW
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at low temperatures, but the microscopic mechanism behind them varies from system to

system.

3.1.1 Excitonic Instability

An excitonic instability refers to a state in condensed matter physics where a system

becomes unstable due to the formation of bound states of electrons and holes known as

excitons. When the temperature decreases, there is a drop in the population of thermally

excited electrons and their corresponding holes, leading to insuf�cient screening to prevent

the formation of bound states; consequently, as the free electrons diminish completely, the

material transitions into an insulator. In 1976, D. Jerome initially introduced the theoretical

idea of a phase transition instability driven by exciton formation in semimetals or semicon-

ductors characterized by a very small or even negative band gap [126].

Figure 3.2: Figure for excitonic instability where electrons and holes form bound states and
undergoes Bose-Einstein condensation.

The Hamiltonian for a semimetal system with Coulomb attractionV(q) between the

electron and hole at valence and conduction band separated byQ in momentum space is,

H = å
k

eh(k)a†
kak + å

k
ee(k)b†

kbk +
1
N å

k;k0;q
V(q)b†k+ qbka

†
k0� qak0 (3.1-4)
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where the momentum space potential is given by

V(q) =
4pe2

h(q)q2 (3.1-5)

In Equation 3.1-5,h (q) is an effective dielectric constant.ak (a†
k) andeh(k) are the creation

(annihilation) operators and energy dispersion respectively for the hole at the valence band,

while bk (b†
k) and ee(k) are the creation (annihilation) operators and energy dispersion

respectively for the electrons in the conduction band.

For simplicity, we assume the same effective mass of electrons and hole, i.e.,mh =

me = m. The single-particle holeeh(k) andek(k) energies can be written as

eh(k) = �
G
2

+
k2

2m
; ee(k) =

G
2

�
(k � Q)2

2m
(3.1-6)

whereG is the energy gap.G > 0 indicates a system is semiconductor andG < 0 indicates

a system is semimetal. For further simpli�cation, let's assumeQ = 0, i.e., there is a direct

band gap. In a semimetal, the valence and conduction bands cross, at Fermi momentumkF

i.e.,eh(kF) = ee(kF) using this in Equation 3.1-6, we obtain

e = eh(k) = ee(k) =
k2

F
2m

�
k2

2m
(3.1-7)

The gap parameter of the exciton condensation state is de�ned as [127],

D(k) = �
1
Wå V(k � k0) < bk†ak > (3.1-8)

In this equation, Coulomb interaction can be written in terms of screening parameterk due

to both electron and hole,

V(k) =
4pe2=h
k2 + k 2 ; k 2 =

2m
p

e2

e
kF (3.1-9)
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From the Bogoliubov transformation [128] and Equation 3.1-8, the gap equation of the

excitonic phase is given by,

D(k) =
�

V(k� k0)
D(k0)
2Ek0

tanh
�

bEk

2

�
dk0

(2p)3 (3.1-10)

b = KBT andE0
k =

r

(
e(k0)e+ e(k0)h

2
)2 + D(k0)2 (3.1-11)

A non-zero value for self-consistent solutions of Equation 3.1-10 indicates the emer-

gence of the excitonic phase. The functionD(k) induces a hybridization gap between

the valence and conduction bands, resulting in the system being either an insulator or a

semiconductor. The STM and X-ray diffraction techniques in materials such as Sb(110)

nano�akes [129] and HfTe2 [130] show evidence for a purely electronic origin of their

CDW rather than a lattice-based origin. The two-dimensional material 1T–TiSe2 also fol-

lows this excitonic phase instability due to the hole in the valence band near the center of

BZ forming a bound state with the electron at the edge of the BZ, which will be discussed

later in this Chapter.

3.1.2 Jahn-Teller Effect

Jahn-Teller effect occurs in electronically degenerate states in polyatomic systems where

the nonlinear symmetrical nuclear con�guration is unstable. As a result of this instability,

the nuclei displace themselves to break the con�guration's symmetry and lift the electronic

degeneracy [131].

Let us assume thatqn andQa are the electronic and nuclear coordinates withV(qn;Qa )

as the electron-nuclei interaction operator. Let the nuclei be displaced by a small displace-
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ment from symmetric con�gurationQa o. The small perturbation can be considered as

dV = V(qn;Qa ) � V(qn;Qa o) (3.1-12)

= å
a

�
¶V

¶Qa

�
(Qa � Qa o) +

1
2 å

a ;b

�
¶2V

¶Qa ¶Qb

�
(Qa � Qa o)(Qb � Qb o) + :::::

(3.1-13)

For a f -fold degenerate electronic state, we obtain af � rank secular equation

jjV0
i j � e0di j jj = 0; i; j = 1;2; :::::; f (3.1-14)

from which thef rootse0
k(Qa ) can be obtained. By considering the atomic core interaction

to be approximated by the harmonic term1
2 å a Ka Q2

a , the adiabatic potential can be written

as,

ek(Qa ) =
1
2å

a
Ka Q2

a + e0
k(Qa );k = 1;2; :::::; f (3.1-15)

whereKa is force constant.

(a) (b)

Figure 3.3: (a) Two vibrational components of theeg mode,Qq and Qe, in octahedral
symmetry which transform as 3z2 � r2 andx2 � y2, respectively (b) The potential energy
surfaces of a Jahn–Teller effect with distortions around the origin. Figure taken from [132].
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Let us take a twofold degenerateeg orbital type vibration represented by the coordi-

natesQq = r cos(f ) andQe = r sin(f ) in a cylindrical coordinate system [ In a cartesian

coordinate system, the symmetry properties determined to be 3z2 � r2 for Qq andx2 � y2

by Qe ]. Using this in Equation 3.1-14 we obtain

e0
� (r ; f ) = r [A2

1 + A2
2r 2 + 2A1A2r cos(3f )]

1
2 (3.1-16)

and adiabatic potential as;

e� (r ; f ) =
1
2

Ker 2 � r [A2
1 + A2

2r 2 + 2A1A2r cos(3f )]
1
2 (3.1-17)

whereA1 = ( ¶Vqq
¶Qa

)0 andA2 = 1
2( ¶2Vqq

¶Q2
q

)0 are the so-called linear (A1) and second-order (A2)

vibronic coupling constants. At second order, the vibronic coupling terms are negligible,

i.e.,A2 = 0. Thus,

e� (r ; f ) =
1
2

Ker 2 � r A1 (3.1-18)

This equation shows that inQq , Qe coordinates, the adiabatic potential is independent off

and has a rotation symmetry like the Mexican hat function shown in Figure 3.3b. The cone-

like shape around the degeneracy point near the origin indicates the instability. The Jahn-

Teller instability has been observed in cuprate-based superconductors such as YBa2Cu3O7

[133] and TMDCs such as 1T–TiSe2 [134, 135].

3.2 Transition Metal Dichalcogenides (TMDs)

TMDs are two-dimensional materials with the generic chemical MX2, where M is a

transition metal and X is chalcogen. They consist of a transition metal layer sandwiched

between two chalcogen atom layers. Depending on the stacking order, TMDs can exist in
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two different structural phases. These phases are characterized by either trigonal prismatic

(2H) or octahedral (1T) coordinates as shown in Figure 3.4. The 2H phases correspond to

three atomic layers (chalcogen-metal-chalcogen) in which the chalcogen atoms in different

atomic planes occupy the same position and are located on top of each other in the direction

perpendicular to the layer. By contrast, in the 1T phase, the chalcogen atoms in the top and

bottom layers are not located on top of each other. Bulk TMDs are composed of many

stacking layers held together by weak van der Waals forces.

(a) (b)

Figure 3.4: The schematic model for (a) 2H and (b) 1T phase of TMDs. Figure taken from
Ref. [136]

While Linus Pauling �rst determined the structure of TMDs in 1923 [137], interest

in them increased after the fabrication of a single atomic layer of graphene in 2004 [8].

TMDs address some limitations of graphene, such as the existence of intrinsic band gaps.

TMDs exhibit a wide spectrum of electronic behavior from insulating HfS2, through semi-

conducting WS2, and semimetallic WTe2 to true metallic like NbS2, depending on their

composition and structure [138]. TMDs are also well known for hosting collective behav-
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iors such as superconductivity, spin density waves, and CDW in materials like, e.g., NbSe2

[139], MoS2 [140], TaS2 [141].

In this thesis, we have studied 1T–TiSe2, which is a layered TMD with a trigonal crys-

tal structure that hosts the CDW phase below 200 K. Experimentally, it has been observed

by transport experiments that either intercalation of Cu between layers or application of

hydrostatic pressure suppresses the CDW and induces a superconducting phase at transi-

tion temperatures up to� 3 K [30, 142]. While not a focus of this thesis, this is a suitable

material to interplay between the superconductivity and CDW phase in a single material.

Here, our interest is exclusively in the CDW phase.

3.3 Overview of the Properties of 1T–TiSe2

3.3.1 Lattice and Electronic Structure

1T–TiSe2 is a layered material that crystallizes in a hexagonal structure with space

groupP3m1 (No. 164). Each layer consists of a sublayer of Se–Ti–Se in which each Ti

atom is coordinated by six Se atoms in an octahedral con�guration. Figure 3.5b shows the

�rst Brillouin Zone (BZ) de�ning the high symmetry position points.

Structurally, neutron diffraction at room temperature has obtained the lattice parame-

ters for 1T–TiSe2 as a = b = 3.54	A and c = 6.00	A [32]. The electronic band structure

of 1T–TiSe2 is shown in Figure 3.5c; the conduction band mainly comes from Se-4p

orbitals and the valence band mainly comes from Ti-3d orbitals. Angle-resolved photoe-

mission spectroscopy (ARPES) measurements have been used to explore the band gap of

1T–TiSe2. However, due to resolution limitations, the exact energy values of the minima

of the conduction band and the maxima of the valence band are not known [33]. Never-

theless, photoemission experiments by Kidd et al. have revealed a small indirect band gap

[143], while measurements by Cercellier et al., as well as ab initio density functional theory

calculations suggest that the system has a semimetallic nature [144, 145]. This is evidenced
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by a band overlap between valence bands, which have hole-like characteristics near theG

point, and conduction bands, which have electron-like characteristics near the L (M) point.

The semimetallic phase is commonly acknowledged as the stage for investigating the CDW.

(a) (b) (c)

Figure 3.5: Electronic structures of 1T–TiSe2 (a) Crystal structure (b) Brillouin zone with
high symmetry points having hole pocket atG and electron pocket at L/M point, and (c)
band topology nearGand M point. Figure taken from Ref. [146, 147].

3.3.2 CDW in 1T–TiSe2

1T–TiSe2 undergoes a second-order phase transition into the CDW phase below the

200 K. X-ray diffusion scattering measurements indicate that the CDW is commensurate

[27], but under pressure or intercalation of Cu atoms, it becomes incommensurate [148,

149]. The charge density is de�ned by the three wave vectors that connect theG and L

points in the hexagonal Brillouin zone (BZ). The charge density modulation is given by,

r (r ) = r 0(r )[1+
2

å
i= 0

r i cos(qir + f )] (3.3-19)

with ordering vectorsq1 = 1
2(a� + c� ), q2 = 1

2(b� + c� ), andq3 = 1
2(b� + c� ), wherea� ,

b� andc� are the reciprocal lattice vectors [146]. These three charge density wave vectors

are shown in Figure 3.5b. The �rst signature of the CDW phase transition is an anomalous

increase in resistivity near the transition temperature of 200 K, which is consistent with

the Fermi nesting description of a metal-to-insulating (MIT) transition [150]. However,
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ARPES and DFT calculations rule out this case due to a lack of parallel Fermi surface

sheets for nesting.

3.4 Mechanism Behind the Phase Transition

In a 1D metallic system, the CDW is de�ned by the Peierls transition, which is ex-

plained by the mechanism of Fermi surface nesting that is also applied to higher dimen-

sional systems. In 1976, Di Salvo proposed that electron-phonon interaction with Fermi

nesting [150] was the most likely origin of the CDW in 1T–TiSe2. However, it was later

observed that Fermi nesting is not favorable in 1T–TiSe2 due to the fact that bothGand

L/M points have too much a 3D spherical shape [151]. In a higher dimensional system,

the behavior of the Lindhard function is different than the 1D system, as shown in Fig-

ure 3.1(b) and does not favor a CDW instability. Consequently, an alternative explanation

for the CDW is required. In 1977, Wilson et al. suggested that the CDW is purely electronic

due to the excitonic insulator mechanism [36]. However, the same year, Hughes proposed

a new mechanism behind the CDW, which is a band-type Jahn-Teller effect, based on the

effects of the detailed atomic movements involved in thed-band electronic energy bands

[152]. Thus, the debate on the driving mechanism behind the CDW in 1T–TiSe2 is ongo-

ing.

Jerome and coworkers proposed theoretically that the condition for an excitonic phase

transition in a semimetal or semiconductor is a small or negative band gap [126]. If the

Coulomb interaction is weakly screened, it may be suf�cient to bind together electrons

from the conduction band (CB) and holes from the valence band (VB) to form excitons.

The formation of the exciton is depicted in Figure 3.6. If the binding energy of the exciton

is greater than the gap, the material undergoes a CDW transition. 1T–TiSe2 meets all

the criteria de�ned by Jerome et al., for the formation of exciton. It exists either as a

semiconductor or semimetal with an indirect band gap between theGand L points in the

band structure with a small band gapD� 20 meV and a very small number carrier density
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� 1020 cm� 3 [153]. The Coulomb interaction between the holes atGand electrons at L is

weakly screened, leading to the form of excitons. This formation lowers the overall energy

of the system, which undergoes a structural distortion that doubles the lattice period. The

observation of a soft electronic mode nearqCDW in momentum-resolved electron energy-

loss spectroscopy (M-EELS) data provides evidence of excitonic condensation coexisting

with the periodic lattice distortion (PLD) [154]. This is among the large collection of

theoretical and experimental evidence in favor of the excitonic insulator scenario as the

pure driving force for the CDW transition in 1T–TiSe2 [144, 155].

Figure 3.6: Excitonic insulator mechanism. Weakly screened electrons (e) and holes (h) in
the conduction and valence bands of a semiconductor with a small band gap or a semimetal
with band overlap couple via the Coulomb interaction to form a condensate of excitons at
low temperature.

Another mechanism behind the geometrical distortion on 1T–TiSe2 lattice is the Jahn-

Teller mechanism described above. In the crystal �eld, the Tid orbital manifold is split

into threet2g orbitals and twoeg orbitals. Thisd orbital-based band dominates the electron

pocket at M. AtG, the two low energyt2g orbitals hybridize with the Se-p orbitals to deter-

mine the electron distribution and orbital arrangement in 1T–TiSe2. At low temperatures,

the atoms are displaced from their original position, which is known from neutron diffrac-

tion experiments [156], and the charge is transferred between thet2g and Se-p orbitals

through along the ordering vector [157]. Within the framework of the Jahn-Teller mech-
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anism in 1T–TiSe2, two different approaches arise to de�ne the distortion pattern. The

�rst approach is given by Hughes, who noted that for transition-metal dichalcogenides, the

lowest-lyingd-band is slightly lower in the 2H-type structure compared with the 1T struc-

ture [152]. The atomic displacements observed during the phase transition of 1T–TiSe2

show a change from octahedral (1T) to trigonal prismatic (2H) local coordination. Such a

transformation would lead to a downward shift of the Ti 3d band, thereby reducing the to-

tal energy. Contrary to Hughes, Whangbo and Canadell argued that within the Jahn-Teller

mechanism framework, the energy reduction leading to structural modulation in 1T–TiSe2

should be attributed not to changes in the Ti 3d bands but to the Se 4p bands [158]. They

suggested that thisp-band energy reduction is linked with Ti-Se bond shortening in the

displacement pattern observed during the phase transition.

One mechanism is purely electronic, focusing on exciton condensation, and the other is

driven by electron-phonon interactions, following a Jahn-Teller type mechanism. However,

while exciton condensation and Jahn-Teller-type mechanisms are separate mechanisms for

the CDW, their combined contribution is also possible. Much theoretical and experimental

evidence supports the existence of both hypotheses [159–161]. Some are focusing on clari-

fying how much of the CDW phenomenon in this material is due to the collective behavior

of excitons, purely electronic effect, and how much is due to the Jahn-Teller type effect

driven by electron-phonon interaction. In 2006, Morosan et al. observed that the critical

temperature of CDW can be suppressed by doping with Cu [30]. A follow-up experiment

by Kogar and coworkers suggests that an incommensurate CDW emerges with doping [29],

as shown in Figure 3.7. They suggest that Cu doping affects the Ti-3d conduction band,

which suppresses excitonic correlations while leaving the electron-phonon interaction less

affected. Therefore, at low doping levels, both excitonic and electron-phonon coupling

contribute, while at high doping levels, only electron-phonon coupling is important.
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Figure 3.7: CDW transition temperature as a function of Cu intercalation in TiSe2. The
phase diagram shows the commensurate and incommensurate phases along with the super-
conductive phase. Figure taken from [29].

3.5 Recent Study on the Nature of CDW Phase Transition

Chirality in solids refers to a geometric property of certain materials where the struc-

ture breaks mirror re�ection, space inversion, and roto inversion symmetries. Chirality in

CDWs refers to a pattern of electron density modulation that lacks mirror symmetry. Such

a chiral CDW has been reported in TMDCs, topological semimetals, and Kagome lattices

such as Ti-doped TaS2 [162] , 1T–TiSe2 [34, 163, 164], (TaSe4)2I [165] and KV3Sb5

[166], respectively. Fourier transform analyses of Scanning Tunneling Microscopy (STM)

images from Ti-doped 1T–TaS2 revealed the existence of a chiral CDW from doping-

enhanced orbital order.

In 1T–TiSe2, a chiral CDW was allegedly observed in STM measurements, which

is due to a phase shift of the electronic function by 2p=3 between the layers along the

crystalline axisc [34]. The STM image and amplitude of the line pro�le along the CDW

vectors are shown in Figure 3.8. It has been noted that the three intensity peaks of CDW

decrease clockwise and anticlockwise, which rotates the relative phase shift between CDW
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