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ABSTRACT

Source direction-of-arrival (DOA) estimation is an important objective in ocean

surveillance. Vertical line arrays with uniform sensor spacing are commonly employed

for this purpose. However, for a given number of sensors, these arrays provide limited

aperture and lower degrees-of-freedom for DOA estimation as compared to sparse

arrays that employ non-uniform sensor spacings. When there are size, weight, power,

or cost constraints, distributed configurations of sparse arrays can be the right choice,

especially when sonobuoys or unmanned underwater platforms are used for their de-

ployment. Under a centralized processing framework, noncoherent processing relaxes

the stringent calibration requirements imposed by coherent algorithms on distributed

arrays. As the spatial covariance matrix corresponding to distributed sparse arrays

is typically sparse with missing elements, high-resolution subspace-based techniques,

such as Multiple Signal Classification (MUSIC), provide degraded performance, espe-

cially in the presence of array imperfections due to ocean currents and environmental

gradients. In contrast, a pre-trained machine learning (ML) method that can infer

the number of sources and estimate their DOAs accurately under array imperfections

would be computationally better suited toward real-time operation.

In recent years, research has been conducted using ML methods for DOA esti-

mation with uniform and sparse line array geometries, including distributed config-

urations. However, the focus of the works on distributed configurations has been

primarily on additive white Gaussian noise assumptions. In the context of underwa-

ter surveillance, ocean ambient noise often deviates from this assumption as it arises

from multiple sources, including ocean turbulance, marine life, geological processes,

and commercial or industrial shipping activities. As such, its statistical character-

istics vary based on location and time. In addition, multiple sensors in the array

may pick up similar noise sources, resulting in spatial correlations. Leveraging ex-

isting ML-based schemes designed for white Gaussian noise assumptions, this thesis

aims to devise ML-based solutions to estimate DOAs of multiple sources in the pres-
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ence of underwater ambient noise with distributed sparse arrays. We focus on quiet

deep-ocean waters, far from the shipping lanes, where ambient noise can be approx-

imated as spatially-correlated Gaussian noise. Using simulated covariance matrices

from a distributed system of three sparse subarrays with sensor imperfections as in-

put, we demonstrate how a white Gaussian noise based ML model can be successfully

adapted for spatially-correlated Gaussian noise using warm start or few shot learning.

The proposed solutions yield capable pre-trained ML models that offer flexible and

lightweight solutions for real-time operation in the field.
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CHAPTER 1

INTRODUCTION

Direction-of-arrival (DOA) estimation of acoustic sources is crucial for effective ocean

surveillance and monitoring [1, 2]. Typically, an array of acoustic sensors, or hy-

drophones, is deployed for DOA estimation which quite often assumes a vertical lin-

ear structure in underwater applications. Traditionally, the vertical line array (VLA)

is a uniform linear array (ULA), having a uniform inter-element spacing of one-half

wavelength. Sparse line arrays, on the other hand, employ non-uniform sensor place-

ments [3–7], thereby offering advantages over ULAs when applications impose cost,

size, or weight constraints. Available methods for processing VLA measurements to

estimate source DOAs are dictated by the employed array configuration [1, 8–15].

Underwater platforms can often benefit from array configurations with fewer sen-

sors. A towed array, which is a system of hydrophones towed behind a submarine,

can be kilometers long [16] and often multiple arrays are towed [17]. Minimizing

its footprint can translate to reducing infrastructure requirements for storage and

the towing platform. Similarly, unmanned underwater vehicles (UUV) or underwater

search units (USU) are other mobile platforms that are limited by the surface area

of the vehicle in case of body-mounted sensors or the weight the vehicle can tow if

using a towed array.

Another type of underwater platform used for short-term monitoring is the sonobuoy

[18, 19]. Sonobuoys can be deployed in the ocean from aircrafts or ships and can

be equipped with sensor arrays, signal processing capabilities, and communication

systems to transmit data to remote operators. These devices are also often con-

strained by size and weight. For instance, the contents of a sonobuoy itself must be

contained within its deployment canister, which must house a float, cable housing,

drogue, battery, electronics, terminal weight, and the hydrophone array, along with

the array support structure. The canister of an A-size sonobuoy, for example, is ap-

proximately 36 inches in length and 4.88 inches in diameter, which severely limits the
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number of hydrophones that can be used. Figure 1.1 shows a rendering of a deployed

sonobuoy [18, adapted from] containing uniform upper and lower arrays. The drogue

and terminal weight provide structural stability.

Figure 1.1. Vertical line array sonobuoy.

Sparse arrays require fewer sensors to achieve a given aperture as compared to a

ULA. When a fixed number of sensors is considered, sparse arrays can provide higher

resolution in beamforming due to larger apertures, and can estimate more sources

than sensors due to higher degrees-of-freedom offered by the non-uniformity of its

sensor placements. The severity of issues, such as mutual coupling between sensors

which affect closely-spaced sensors in ULAs, may also be reduced when the array

is sparse. However, the trade-off of these benefits is an increased signal processing

complexity.
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Distributed hydrophone array systems are also gaining traction as an effective

means of ocean monitoring and surveillance [20, 21]. Efficient deployment of such

systems is accomplished by smaller autonomous platforms or sonobuoys, which again

imposes size, weight, and cost constraints on the subarrays themselves comprising the

distributed configuration [22–24]. Coherent processing of the resulting measurements

under a centralized framework, however, imposes strict calibration constraints on the

distributed system. While coherent processing can result in higher resolution and

array sensitivity, it also comes at the price of high computational overhead. Non-

coherent processing may ease such constraints and permit reliable DOA estimation

even under partly calibrated conditions [25–27].

Additionally, there are inherent aspects of the ocean environment that can render

DOA estimation, whether using a single array or a distributed array, quite challenging.

One such dominant factor is the ocean ambient noise, as discussed below.

1.1 Ocean Ambient Noise

A common challenge of signal processing for in-air and underwater applications is

detecting a source signal embedded in noise [1,28,29]. However, characterizing ocean

ambient noise can be a difficult task. Ref. [30, p.215] offers an apt summary of ocean

ambient noise, saying that “[it] is eminently characterized by variability.” This is

because many factors contribute to ocean ambient noise. These include tides and the

hydrostatic effect of waves, seismic disturbances, ocean turbulence, nonlinear wave

interactions, ship traffic, surface waves, thermal noise, and intermittent biological

sounds [30–32].

In quiet deep-sea waters, far from the shipping lanes, surface waves or ocean

turbulence may be the major contributor to noise. On the other hand, in shallow

harbor waters, ship traffic, tides, and marine life would be dominant components.

Circling back to the observation offered by Ref. [30, p.215], ocean ambient noise

varies from location to location and is different at different depths. Noise arising

from sources, such as turbulence and distant shipping, is typically approximated as



4

colored Gaussian, while noise arising from site-specific sources, e.g., marine life in

warmer waters and harbor ship traffic, generally have non-Gaussian characteristics.

Various statistical models have been proposed in the literature to capture the

non-Gaussian characteristics of ocean ambient noise. Gaussian mixture model and

Middleton Class-A models were used in [33]. A more recent work examines the use of

alpha stable distribution to model ambient noise specific to the northern South China

Seas [34]. However, the aforementioned models correspond to a single sensor. Inter-

estingly, several accessible repositories also exist with underwater recordings from

organizations, such as Ocean Networks Canada (ONC) and the National Oceanic

and Atmospheric Administration (NOAA). Exploration of these repositories revealed

that ONC and NOAA primarily provide single sensor data from a geographical net-

work of hydrophones [35, 36], although ONC also provides limited recordings using

geometric hydrophone arrays. Ref. [37] presents a MATLAB-based simulator which

accepts shipping, wind, rain, turbulence, and thermal noise sources as inputs and

outputs noise characteristics in the frequency domain. Generalized autoregressive

conditional heteroskedasticity (GARCH) model was employed in [38, 39] to fit real

array measurements in sea environments.

From an array processing perspective, an important characteristic of ocean ambi-

ent noise is its spatially correlated nature across the array. Refs. [40, 41] developed

models for spatial correlation in the ocean caused by surface generated noise, while

Ref. [42] analyzed experimental data to examine the spatial correlation arising from

turbulence caused by towed arrays. Spatially correlated noise is modeled as a first-

order autoregressive (AR(1)) process in [43] to analyze the detection performance

and in [44] for performance evaluation of sparse reconstruction based DOA estima-

tion, both using co-prime sparse arrays.

1.2 Array Imperfections

Subspace-based techniques, such as Multiple Signal Classification (MUSIC) [45],

are widely used for DOA estimation due to their high-resolution capabilities. However,
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MUSIC’s performance relies on precise array calibration and the assumption of white

Gaussian noise (WGN). As a result, imperfections in the array and the presence of

colored noise can lead to degraded DOA estimation performance [44,46,47].

Regardless of uniform or sparse configurations, array imperfections can be a com-

mon occurrence. These can arise from various sources, including manufacturing im-

perfections, environmental changes, and sensor position perturbations in the array.

In the underwater environment, array imperfections can be exacerbated by ocean

currents, temperature variations, and pressure changes. The impact of these imper-

fections is typically modeled as gain and phase errors in the signal measurement.

Moreover, as previously stated, ocean ambient noise can exhibit colored Gaussian

characteristics at certain depths and geographical locations, while also following non-

Gaussian distributions at other depths and locations. Consequently, the reliability of

subspace techniques, e.g., MUSIC, can diminish under such conditions, necessitating

the consideration of alternative approaches capable of easily adapting to array imper-

fections and different noise environments. Therefore, a signal processing solution that

accounts for ambient noise characteristics and array imperfections for a distributed

system can be particularly useful for underwater applications.

Most approaches proposed to address array imperfections or colored noise in DOA

estimation with sparse arrays do not consider distributed configurations [48–53]. Ex-

isting works focusing on DOA estimation with distributed sparse arrays under partly

calibrated conditions assume the presence of WGN [25, 26]. In these works, only

knowledge of the relative sensor positions within each subarray is assumed. Raw

measurements at each subarray are processed locally to produce subarray covariance

matrices. The covariance matrix from each subarray is sent to the central processing

station, where these are fused to generate the overall covariance matrix, followed by

DOA estimations. In Ref. [26], the authors show that more sources can be detected

with such non-coherent processing of subarrays than with each individual subarray

for an imperfectly calibrated array. Building on this premise, Ref. [25] demonstrates

how machine learning (ML) can be used for a non-coherent processing scheme to make

accurate DOA estimations with partly-calibrated distributed sparse system. As both
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works assume the presence of additive WGN, a signal processing solution that can

generate reliable DOA estimations with a distributed sparse array and adapt to array

imperfections and the presence of spatially correlated noise would be a valuable asset

for underwater applications.

1.3 Proposed Method

Inspired by the work in [25], we explore the potential of ML as a promising non-

coherent processing solution to this challenge. Unlike conventional covariance-based

signal processing algorithms, ML algorithms can be trained to recognize patterns and

make accurate predictions even in the presence of distributed array imperfections. By

leveraging large datasets of simulated or real-world signals, ML models can potentially

learn to account for array imperfections in a distributed system and provide accurate

DOA estimations. This flexibility and adaptability make ML an attractive option for

underwater signal processing applications.

In this thesis, we develop an ML framework that can overcome the limitations of

subspace-based techniques, such as MUSIC, by effectively handling array imperfec-

tions and spatially correlated noise for a distributed system of sparse subarrays under

the centralized non-coherent processing framework. More specifically, our approach

focuses on training ML models to accurately estimate the DOAs of multiple sources

with partly-calibrated subarrays with imperfections in the presence of both white

and spatially correlated Gaussian noise. We assume knowledge of the relative sensor

positions within each subarray, but lack knowledge of the distance between the subar-

rays. Due to the absence of open-source data for VLAs and ocean ambient noise, we

train an ML model on simulated autoregressive (AR) noise. A multi-layer perceptron

(MLP) architecture is considered for DOA estimation of both a fixed number and

varying number of sources. A summary of the contributions is provided below.

• An ML solution for DOA estimation of varying number of sources under WGN

and array imperfections: We begin by training an MLP in WGN. The initial

architecture considered is an adapted 2-hidden layer MLP proposed by [25].
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General observations are made on data generation and ML techniques that were

implemented in order to train suitable, generalized, baseline models for unseen

data. In the end, separate models are trained for fixed number of sources (one

to five sources) as well as a single model which accounts for a varying number

of sources. These models represent a DOA estimation solution when the noise

characteristics can be approximated as white Gaussian and the array is not

perfectly calibrated.

• An ML solution via warm start learning for DOA estimation with partly-calibrated

arrays in spatially correlated Gaussian noise: Measurements containing AR(1)

and second-order autoregressive (AR(2)) noise are directly applied to pre-trained

models for WGN. This step assesses the model’s ability to generalize and main-

tain accuracy without further training in new noise conditions. Additionally,

model selection using Akaike information criterion (AIC) is considered as a

technique for source detection when varying number of sources are present. To

improve the model’s adaptability to AR(1) and AR(2) noise, we employ warm

start learning. This technique initializes the model with weights from the pre-

trained MLP in WGN and fine-tunes it using varying amounts of data from

the new spatially correlated noise environment. We leverage the pre-trained

model’s knowledge and accelerate convergence to achieve robust DOA estima-

tions in spatially correlated noise scenarios.

• An ML solution with updated pre-trained WGN models via few-shot learning:

A few-shot meta-learning algorithm is implemented to enable the pre-trained

model to adapt to new noise environments with minimal additional data. Few-

shot meta-learning is highly suitable for underwater acoustic applications where

model updates might need to be made quickly and accurately with a small

amount of data. Meta-learning empowers the model to generalize across various

noise types and offers another form of model adaptability.

To date, the work presented in this thesis has resulted in the following publications:
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• Shelley Su and Fauzia Ahmad, ”Data-driven direction finding with distributed

sparse arrays under calibration errors,” in Proc. SPIE Defense + Commercial

Sensing: Machine Learning from Challenging Data Conference, vol. 13460,

Article ID 13460-6, Orlando, FL, April 2025.

• Shelley Su and Fauzia Ahmad, ”Few-shot learning for direction-of-arrival es-

timation in underwater environments using distributed sparse arrays,” to be

submitted to the IEEE Underwater Acoustic Signal Processing Workshop, Nar-

ragansett, RI, October 2025.

The remainder of the thesis is organized as follows. Chapter 2 presents an overview

of foundational topics covered in this thesis, namely, the distributed signal model,

MUSIC, spatially correlated autoregressive Gaussian noise models, MLP, warm start

learning, and few-shot learning. MUSIC is summarized as a popular subspace ap-

proach to high-resolution DOA estimation, prior to discussing the ML concepts, i.e.,

MLP architecture, warm start training, and few-shot meta-learning. In Chapter 3,

we outline the simulation approach for generating training, evaluation, and testing

datasets and train/validate the MLP-based multilabel classifier for DOA estimation

in WGN. Performance of the proposed model is evaluated using testing data in terms

of classification accuracy. Chapter 4 examines the impact of autoregressive noise on

MLP models trained under WGN assumption and also provide results of warm start

training and few-shot learning. Lastly, Chapter 5 offers topics for future work.
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CHAPTER 2

MODELS AND BACKGROUND

In this chapter, we present the signal model for distributed sparse arrays and the

ocean ambient noise model considered in this thesis. The MUSIC algorithm and

the basic structure of a multi-layer perceptron network are also described. We also

provide an overview of warm start and few-shot learning.

2.1 Notation

Throughout this thesis, the following notations are used:

• A lowercase (uppercase) bold letter represents a vector (matrix).

• (·)∗, (·)T, and (·)H denote complex conjugation, matrix transpose, and matrix

conjugate transpose (Hermitian) operations, respectively.

• IM is the M ×M identity matrix.

• vec(·) returns the column-wise vectorization of its matrix argument.

• diag(·) returns a diagonal matrix with the elements of its vector argument on

the main diagonal.

• triu(·) returns the elements constituting the upper triangular part of its matrix

argument.

• E[·] denotes the expectation operator.

• ‘◦’ denotes the Hadamard product.

• R(·) and I(·) denote the real and imaginary parts of their complex-valued

argument, respectively.
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2.2 Signal Model

We consider a distributed configuration of K sparse subarrays, each comprising M

hydrophones. The hydrophones in each subarray are assumed to be located at integer

multiples of λ/2, with λ being the wavelength of operation. For P narrowband,

uncorrelated sources at directions θp, p = 1, 2, . . . , P , the received signal vector at

time t, corresponding to the kth subarray, can be expressed as

xk(t) =
P∑

p=1

ρk ak(θp) sp(t) + nk(t), k = 1, 2, . . . K. (2.1)

Here, ρk denotes the phase shift at the reference sensor of the kth subarray due to

location displacement, sp(t) is the signal waveform of the pth source, nk(t) is the noise

vector which is assumed to be uncorrelated with the source signals, and ak(θp) is the

steering vector of the kth subarray for direction θp, given as

ak(θp) =
[
1, e−

j2π
λ

dk2 sin θp , . . . , e−
j2π
λ

dkM sin θp
]T

, (2.2)

with dkm representing the distance between the first and the mth hydrophone in the

kth subarray. Defining the source signal vector as

s(t) = [s1(t), s2(t), . . . , sP (t)]
T , (2.3)

and the kth subarray manifold matrix as

Āk = [ak(θ1), ak(θ2), . . . , ak(θP )] , k = 1, 2, . . . K, (2.4)

we can express the signal model in matrix-vector form as

xk(t) = ρkĀks(t) + nk(t), k = 1, 2, . . . K. (2.5)

The signal model in (2.5) corresponds to the ideal case. In the presence of array

imperfections, such as calibration errors, imperfect knowledge in sensor gain, and

hydrophone position uncertainties, the array signal model in (2.5) can be modified to

incorporate the resulting gain and phase errors as

xk(t) = ρkAks(t) + nk(t), Ak = diag(gk)Āk, k = 1, 2, . . . K, (2.6)
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where gk = [αk,1e
jβk,1 , . . . , αk,Mejβk,M )]T and αk,m and βk,m are the respective gain

and phase errors corresponding to the mth hydrophone of the kth subarray. The

covariance matrix of the received signal vector for the kth subarray is given by

Rk = E
[
xk(t)x

H
k (t)

]
= AkRsA

H
k +Rn,k, (2.7)

where Rn,k is the noise covariance matrix corresponding to the kth subarray and

Rs = diag([σ2
1, σ

2
2, . . . , σ

2
P ]

T
) is the source covariance matrix with σ2

p being the power

of the pth source. We note that under the assumption of independent and identically

distributed WGN, Rn,k = σ2
n,kIM with σ2

n,k denoting the noise variance corresponding

to the kth subarray. Also, in practice, Rk is estimated as an average over T snapshots,

that is,

R̂k =
1

T

T∑
t=1

xk(t)x
H
k (t). (2.8)

We assume a partially distributed processing framework, wherein each subarray

transmits its locally computed covariance matrix to a central fusion center. Further

processing to obtain the overall covariance matrix, corresponding to the distributed

system of K subarrays, and subsequent DOA estimations are carried out at the fusion

center. Since the sparse configuration and thus the extent of each subarray are not

required to be identical, the subarray covariance matrices can be of different dimen-

sions. We assume the covariance matrix of the largest subarray to be of size L0×L0,

which also denotes the size of the overall covariance matrix at the fusion center when

opting for noncoherent combining. We note that, unlike coherent combining, non-

coherent combining only necessitates intra-subarray hydrophone position calibration

and does not require inter-subarray distance calibration. Further, owing to the sparse

configurations of the subarrays, the locally computed covariance matrices are sparse,

which generally yield a sparse fused covariance matrix with missing elements. With

these stipulations, the overall covariance matrix corresponding to the system of K

sparse subarrays can be expressed as

R =

(
K∑
k=1

R̂k ◦ bkb
T
k

)
◦D, (2.9)
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where the binary vector bk, defined as

[bk]l =

1, lλ
2
∈ Sk

0, otherwise

, (2.10)

indicates the presence or absence of a hydrophone at position lλ
2
in the kth subarray

for l ∈ [0, 1, . . . , L0 − 1], and the matrix D averages the redundant lag entries in R̂k.

The (u, v)th element of D can be expressed as

[D]u,v =
1∑K

k=1 [bkbT
k ]u,v

+ ϵ, (2.11)

where ϵ is a regularization constant applied to provide numerical stability.

Due to the Hermitian property of the covariance matrix, we only use the upper

triangular elements of R for the learning-based DOA estimation. That is, the data

vector, r, used as input to the learning model is given by

r =
[
(R(r̃))T(I(r̃))T

]T
, r̃ = vec(triu(R)). (2.12)

2.3 Multiple Signal Classification (MUSIC)

Once the fused covariance matrix, R, has been computed, we can proceed with

high-resolution DOA estimation by applying techniques such as subspace-based meth-

ods [45, 54, 55]. The MUSIC estimator of source DOAs is a popular subspace-based

approach [45], with its pseudo-spectrum at angle θ is given by

P (θ) =
1

ak(θ)HUnUH
nak(θ)

, (2.13)

where Un is the noise subspace [uD,uD+1, . . . ,uL0−1] with uD,uD+1, . . . ,uL0−1 being

the ordered eigenvectors of R arranged from the largest corresponding eigenvalues

to the smallest, and D denotes the signal subspace dimension. The MUSIC pseudo-

spectrum in (2.13) is computed on a grid of DOAs covering the angular region of

interest, and the locations of the peaks in the spectrum determine the source DOA

estimates. Prior knowledge of the number of sources, i.e., D, is required for applying
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MUSIC which can be determined using information theoretic criteria, such as AIC

[56].

The performance of the MUSIC algorithm, however, degrades in the presence of

correlated noise, which is typical of underwater environments. The MUSIC algorithm

is also sensitive to calibration and positioning errors, as in the considered case of a

distributed system of subarrays with imperfections. Also, in case of sparse covari-

ance matrices with missing elements, matrix completion method is required prior

to application of the MUSIC algorithm [57, 58], but these methods also suffer from

performance degradation under array imperfections. The computational complexity

associated with eigenvalue decomposition, together with that of matrix interpolation

methods, also renders real-time source localization with subspace-based methods chal-

lenging. In contrast to MUSIC, deep learning-based approaches to DOA estimation

can shift the computational complexity to offline training of the architecture and, at

the same time, deal with array imperfections [25].

2.4 Correlated Noise Model

Spatial correlation is a salient feature of the ocean ambient noise. This type

of noise, which is correlated with itself across the array, can negatively impact the

performance of DOA estimation techniques, which are designed under the assumption

of spatially white noise. Similar to [43], we assume the correlated noise to be wide-

sense stationary Gaussian, and modeled as an auto-regressive process, expressed by

c[m] =

√
σ2
W

σ2
C

w[m] +

q∑
i=1

αic[m− i]. (2.14)

Here, w[m] is the input driving noise that is assumed to be white Gaussian with zero

mean and variance σ2
W , αi is the sensor correlation factor between sensors separated

by iλ/2, σ2
C is the variance of the AR process, and q is the model order. The scale

factor
√

σ2
W

σ2
C

in (2.14) is applied to ensure the correlated noise power equals σ2
W at a

single sensor.
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In this work, we focus on first-order and second-order AR noise processes, i.e.,

AR(1) and AR(2), for which the respective variances are given by [59]

σ2
C =

1

1− α2
1

σ2
W , (AR(1) model) (2.15)

σ2
C =

(1− α2)

(1 + α2)(1− α1 − α2)(1 + α1 − α2)
σ2
W . (AR(2) model) (2.16)

Certain conditions for α1 and α2 must be met for the AR noise to be both stationary

and stable. For an AR(1) model, the constraint is 0 ≤ α1 < 1, while the conditions

for AR(2) model are

|α2| < 1, α1 + α2 < 1, α2 − α1 < 1.

2.5 Multi-layer Perceptron (MLP)

A multi-layer perceptron is an ML model that consists of an input layer, one or

more hidden layers, and an output layer. The input layer, consisting of neurons or

nodes with each representing a feature or input variable, receives the incoming data

samples as their input. The output layer produces the final output of the network.

It often consists of one or more neurons depending on the problem (e.g., classifi-

cation or regression). Hidden layers lie between the input and output layers and

perform complex computations through weighted neuron inter-connections, progres-

sively transforming the input layer neuron activations into the output samples. All

neurons in adjacent layers are fully connected, meaning each neuron in one layer is

connected to every neuron in the next layer. Figure 2.1 depicts a simple example of

the architecture of an MLP with one hidden layer. MLPs with more than three layers

are often referred to as deep MLPs (DMLPs).

In an MLP, each inter-connection has a weight associated with it, which determines

the strength of the connection. Each neuron implements an intermediate processing

step by linearly combining its inputs using its inter-connection weights and adding

a bias term. An activation function is applied to the intermediate result to create

the output of the neuron. This function introduces non-linearity into the network,

allowing it to learn complex patterns in the incoming data.
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Figure 2.1. An example of an MLP with a single hidden layer.

During training, the network adjusts weights and biases of the inter-connections

using optimization, such as gradient descent, to minimize a loss function. This process

is known as backpropagation. The loss function is used to evaluate how well the

MLP parameters are being learned. It can assume the form of a distance between the

current output of the MLP and the expected output.

Denoting the input samples of the nth layer of an MLP by yn and the output

samples by zn, the input-output relationship for the nth layer of the MLP can be

expressed as

zn = g(Wnyn + bn), (2.17)

where Wn denotes the weight matrix for all inter-connections between the nth and

the (n− 1)th layers, bn represents the bias vector, and g(·) is the activation function.

This equation describes the forward pass of the network [60, 61]. In the backward

pass, the loss function is optimized, thereby enabling adjustment or “learning” of the

weights and biases of the MLP.
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2.6 Warm Start Learning

Warm start learning refers to an ML technique where pre-trained weights and

biases are utilized instead of starting from a random initialization. This approach

is a type of transfer learning, which utilizes the knowledge gained from a previous

training session, allowing the model to potentially achieve faster convergence and

better perform on new data. Warm start learning is commonly used in transfer

learning, where a model trained on a large dataset is fine-tuned on a smaller, domain-

specific dataset. Warm start models have the potential to perform better on new

data, particularly when the new task is similar to the original task. The pre-trained

model parameters have extracted relevant features and help to reduce the risk of

overfitting on new, smaller datasets.

Instances where warm start learning is not suitable occur when there are domain

mismatches, i.e. when the original task and the new task are vastly different. In such

cases, the benefit of pre-training is negated and the model may require substantial

retraining. Another drawback of warm start training is catastrophic forgetting [62].

In other words, warm start training will update to the newer data but will be unable

to accurately predict the original data it was trained on. Catastrophic forgetting is

more prone to occur with domain mismatch. However, when the original and new

domains are similar, warm start learning offers a clear benefit and serves as a useful

tool when resources and/or new data are limited.

2.7 Few-Shot Meta-Learning

A more recent development in machine learning is few-shot learning [63–65]. In

contrast to warm start training, which may require many additional training samples

for the new task, the samples in few-shot training are in the range of one to five per

class. Therefore, few-shot learning is particularly useful in cases where acquisition

of large amounts of data is challenging or when we want to update a model on new

tasks with limited data. Several types of few-shot learning methods exist in the
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literature [66, 67]. In this work, we employ an optimization-based few-shot meta-

learning approach, namely, model-agnostic meta-learning (MAML) [64].

Few-shot learning is an ML paradigm where a model is trained to learn and

generalize on new tasks with a small number of examples. The terms K-shot and

N -way are used to describe few-shot learning, where K is the number of samples

for each class and N is the number of classes in a support set. The support set is

used to adjust model parameters. A query set contains new examples not contained

in the support set and is used to evaluate the model’s generalization ability. When

combined, the query and support set form the basis for a task. Figure 2.2 shows

an example of a 2-shot, 3-way multilabel classification task, where the multilabel

contains any combination of labels for cat, dog, or rabbit, and the query set contains

three unseen samples.

Figure 2.2. Composition of few-shot meta-learning task.

Meta-learning enables quick adaptation in few-shot learning scenerios. The con-

cept of meta-learning is often described as “learning to learn”, or imparting ML mod-

els with the ability to notice similarities and differences between classes as opposed to

learning only its features. For MAML, as the term model-agnostic implies, any type
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of ML model that uses gradient-based learning can be used. MAML works by train-

ing the model on a variety of tasks sampled from a distribution. Training consists

of an adaptation and optimization process for each task. In the adaptation process,

model parameters are fine-tuned using gradients calculated on the task’s support set.

Optimization occurs after the adaptation process by minimizing the evaluation loss

on the task’s query set.

Few-shot meta-learning begins with a meta-learner, which we denote as a pa-

rameterized function fφ. The meta-learner can be any user-defined neural network

architecture initialized with either random or pre-defined weights. The MAML al-

gorithm is a two-tiered approach, consisting of an inner loop for adaptation and an

outer loop for optimization [64]. In the inner loop, support set samples, Si, undergo a

forward pass, where the meta-learner makes predictions. A loss function, L(·), is used

to quantify how well the model predictions match the true labels. Gradient descent

is performed on the backward pass and optimized such that the updated parameters

after gradient descent are

φ′
i = φ− µ∇LSi

(fφ), (2.18)

where µ is the learning rate of the inner loop. The inner loop represents local opti-

mizations using the support sets.

The adapted model parameters, φ′, from the inner loop are passed to the outer

loop. In the outer loop, the query set, Qi, is used as input and the loss on predictions

of the forward pass is optimized through gradient descent. That is, the objective is

to minimize the loss on the query set,

min
φ

∑
Qi∼p(T )

LQi
(fφ′

i
), (2.19)

where p(T ) is the task distribution. The global parameters, φ, are updated by the

outer loop as

φ← φ− ν∇φ

∑
LQi

(fφ′
i
), (2.20)

where ν is the learning rate parameter of the outer loop. This process iterates over

all tasks Ti ∼ p(T ). Algorithm 2.1 outlines the process for MAML.
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Algorithm 2.1 Model-Agnotstic Meta-Learning [64]

Input: p(T ): distribution over tasks

Input: µ, ν: step size parameters

1: randomly initialize φ

2: while not done do

3: Sample batch of tasks Ti ∼ p(T )
4: for all Ti do
5: Evaluate ∇φLTi(fφ) with respect to K examples

6: Compute adapted parameters with gradient descent: φ′
i = φ−µ∇φLTi(fφ)

7: end for

8: Update φ← φ− ν∇φ

∑
Ti∼p(T ) LTi(fφ′

i
)

9: end while
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CHAPTER 3

DOA ESTIMATION IN WHITE GAUSSIAN NOISE

In this chapter, we consider source DOA estimation in WGN. We extend the learning

method proposed in [25], wherein the study considered a fixed number of uniformly-

spaced sources, to incorporate a varying number of sources with both uniform and

non-uniform separations. The model extension enables estimation of the number of

sources as well as their respective DOAs. The former capability eliminates the reliance

on information theoretic criteria, such as AIC, for determining the number of sources

prior to DOA estimation.

3.1 Simulation Setup

Distributed Array Configuration

We consider the distributed array configuration depicted in Figure 3.1, which is

composed of three collinear subarrays with four hydrophones per subarray. This

configuration is the same as in [25]. Specifically, the hydrophone locations in the

three subarrays are given as

S1 = {0, 2, 5, 9} λ/2,

S2 = {0, 10, 11, 23} λ/2,

S3 = {0, 6, 14, 30} λ/2.

(3.1)

Clearly, the hydrophones in the subarrays are sparsely located and, as a result, the

fused correlation matrix is sparse with missing elements. Also, the largest subarray

aperture equals 30 λ/2, which implies that L0 = 31. That is, the fused covariance

matrix is of dimension 31× 31.
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Figure 3.1. Distributed sparse array configuration.

Dataset Generation

MATLAB simulation of the signal model in Section 2.2 is used to generate the

datasets for experimentation. The number of sources, P , is varied from one to five and

the sources are assumed to be located within the angular sector [−60o, 60o]. A 1o grid

is utilized which yields a total of 121 distinct DOAs. Varying source separations from

2o to 10o with 1o increment are considered and both uniform and non-uniform source

DOAs are utilized. For each value of P , we determine different sets of unique uniform

and non-uniform source DOAs. All sources are assumed to have the same power and

the SNR is set as 0 dB. The antenna gains are independently generated from a uniform

distribution between 0.9 and 1.1, whereas the phase errors are independently selected

from a uniform distribution between −9o and 9o. T = 200 snapshots are utilized for

each scenario to obtain the corresponding fused sample correlation matrix.

For the training dataset, we only use seven out of the nine source separations,

omitting source separations of 4o and 8o. The validation dataset uses only the unseen

separations of 4o and 8o. The testing dataset, on the other hand, utilizes all nine

source separations. However, the sets of unique DOAs used for testing are different

from those employed for training and validation. The data vectors containing the

real and imaginary parts of the upper triangular elements of the fused correlation

matrices and true, one-hot encoded, DOA classification labels are used as inputs to

the learning model.
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3.2 Preliminary Investigations

Uniformly-spaced Sources

To begin, 4,850 data samples are generated for five uniformly-spaced sources with

2o, 6o, or 10o separation. We split the dataset into 90% training and 10% test sets.

Following the MLP architecture in [25], we define a model with an input layer, two

hidden layers, and an output layer. The input layer corresponds to the dimensions of

the vectorized covariance matrix, which is a vector of 930 elements. The output layer

has 121 neurons, corresponding to the DOAs ∈ [−60o, 60o] with 1o step. Lastly, the

first and second hidden layers have 512 and 256 neurons, respectively.

Rectified linear unit (ReLU) activation is used on all hidden layers. Because the

MLP model outputs a 121-element multilabel classification corresponding to the an-

gular sector of interest, a sigmoid activation is used in the output layer to generate

classification probabilities for each label. The sigmoid activation is coupled with

binary cross entropy (BCE) loss, as BCE treats each label as a separate binary clas-

sification problem. The loss is minimized through gradient descent and is defined

as

L = − 1

N

N∑
i=1

[
yi log(ŷi) + (1− yi) log(1− ŷi)

]
, (3.2)

where N is the number of training samples, ŷ is the predicted output and y is the

true value of the output. The first term, (yi log ŷi) measures the loss for the positive

class which represents source presence in the angular grid space. This term penalizes

the model if the true label is 1 and the predicted probability is low. Similarly, the

second term, ((1 − yi) log(1 − ŷi)), provides a penalty if the true label is 0 and the

predicted probability is high.

The model is trained using a 0.001 learning rate, Adam optimizer, and a batch

size of 64. No regularization techniques, such as dropout or batch normalization, are

used. Exact match accuracy is employed as our performance metric, which deems a

multilabel classification as accurate only when all five DOAs are correctly identified.
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We are able to obtain 100% accuracy on the training set and 99.3% accuracy on the

test set. Figure 3.2 shows how both training and test losses decrease by epoch during

training and about 10 epochs are needed for model convergence. In this scenario, the

model is tested on data it encounters during training, i.e., the data always corresponds

to five uniformly-spaced sources. For the MLP model to be useful, it needs to perform

well on unseen data, which forms the premise for the next experiments.
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Figure 3.2. Loss versus epoch for five sources using hold-out testing.

Testing With Unseen Data

The MLP architecture in Section 3.2.1 is used for out-of-sample testing, where the

model is tested with data withheld during training. Keeping with the 90% training

and 10% test set ratio used previously, a 485-sample dataset of five sources with 4o

and 8o uniform separations is generated for testing; these are angular separations not

seen during model training. With no changes made to activation functions, loss, or

learning rate, the result is 99.79% accuracy on the training set and 0.46% accuracy

on the test set. To observe what happens on unseen data when a model is trained
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Figure 3.3. Loss versus epoch for five sources using out-of-sample testing.

on 2o, 6o, and 10o separations, we plot the BCE loss for training and test data in

Figure 3.3. While the loss decreases quickly for the training set, the loss on unseen

test data continually increases with each epoch. This is a characteristic indication

that the model has overfit to training data. The low training loss, coupled with high

test loss, indicates the model parameters are not generalized enough to make accurate

predictions on unseen data. Despite the fact that the unseen dataset contains DOAs

for five sources, the large majority of errors occur because the model underestimates

the number of sources. Specifically, the trained model predicts an incorrect number

of sources on the unseen data 89.49% of the time. An example of incorrect source

number and DOA predictions is provided in Figure 3.4, where only two out of five

sources are estimated with biased DOAs.
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Figure 3.4. Example of incorrect source prediction with unseen data.

Model and Dataset Adjustments

Next, two changes are utilized to avoid overfitting. First, the composition of the

training samples is changed from uniform spacing to non-uniform spacing to allow for

more sample diversity. Models trained on uniform spacing yielded low accuracy on

unseen data, and non-uniform spacing is expected to permit further generalization of

the model. The change also better aligns with real-life scenarios, where sources are

often non-uniformly spaced. Training sets contain data for DOAs separated by 2o to

10o separations, with 4o and 8o separations withheld. Validation sets only contain 4o

and 8o separations, while test sets contain the full span of 2o and 10o separations.

Second, both batch normalization and dropout are used as regularization tech-

niques in our model to prevent overfitting and enable further generalization of the

model. Dropout prevents overfitting by randomly deactivating neurons in a layer dur-

ing each training iteration. Batch normalization, on the other hand, adjusts the input

to each layer by subtracting the mean and dividing by the standard deviation of the

inputs within a mini-batch. Mathematically, batch normalization can be represented

as [68]



26

ŷn =
(Wnyn + bn)− ξB√

σ2
B + ϵ

zn = g(γnŷn + δn).

(3.3)

Recall (2.17), which describes the input-output relationship for MLP neurons.

The input to batch normalization uses the output of the neuron, before the activation

function is applied. For batch normalization, the mean and variance of the minibatch

are calculated, denoted by ξB and σ2
B, respectively. A small term ϵ is applied for

stability, and ŷn is the normalized output. zn is the final scaled and shifted output

after applying the activation function and learnable parameters, γn and δn, from

batch normalization. The learnable parameters ensure the network can still discern

patterns in the data, even after the data has been normalized.

3.3 Model Architecture

In order to appropriately capture the features of more diverse datasets, more dense

layers are required. The network architecture is, therefore, expanded from two to six

hidden layers. Regularization in the form of dropout and batch normalization are

added, as they support better prediction outcomes. ReLU remains the activation

function for the hidden layers along with sigmoid activation for the output layer. The

learning rate is adjusted down from 0.001 to 0.0001 for smoother convergence. Adam

optimizer remains the same. The updated model architecture is depicted in Figure

3.5.

The number of neurons for input and output layers remain the same. However, the

number of neurons in the hidden layers are first increased and then decreased between

layers. Specifically, we use 1024 neurons in the first hidden layer, 2048 neurons in

the second hidden layer, 4096 neurons each in the third and fourth hidden layers,

2048 neurons in the fifth hidden layer, and 1024 neurons in the sixth hidden layer.

Architectures using the same number of neurons in all layers were tested, but could

not achieve similar or better accuracy than when the number of neurons was varied

as in the chosen model.



27

x1

x2

x3

x4

x5

x6

x7

x8

x9

xn

...

h
(1)
1

h
(1)
2

h
(1)
p

...

h
(2)
1

h
(2)
2

h
(2)
3

h
(2)
q

...

h
(3)
1

h
(3)
2

h
(3)
3

h
(3)
4

h
(3)
5

h
(3)
r

...

h
(4)
1

h
(4)
2

h
(4)
3

h
(4)
4

h
(4)
5

h
(4)
r

...

h
(5)
1

h
(5)
2

h
(5)
3

h
(5)
q

...

h
(6)
1

h
(6)
2

h
(6)
p

...

y1

y2

y3

y4

y5

y6

y7

yk

...

Input Layer

n=930
Hidden Layers

p=1024, q=2048, r = 4096

ReLu activation

Output Layer

k=121

sigmoid activation

Figure 3.5. MLP architecture.

By increasing the number of neurons initially, we can capture and extract a range

of features from the input data, allowing the network to learn complex patterns and

representations. By decreasing the number of neurons, the network is allowed to focus

on the most relevant features. Batch normalization, a dropout of 0.2, and a batch

size of 32 (decreased from a size of 64) is used to further prevent overfitting. This

architecture forms the basis of all DMLP models going forward in this thesis.

Fixed Number of Sources

DMLPs were trained for fixed number of sources, which can be used with the

assumption of prior knowledge of source number. One to five sources are considered,

resulting in five separate models, one for each considered source number. Since the

single-source scenario has the least complexity, reliable results are achieved with fewer
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training samples. For the single-source model, 100,000 training samples are generated

by repeating selected sets of unique DOAs and pairing them with WGN realizations.

For two to five source models, 500,000 samples are generated for training in a similar

manner, utilizing both uniform and non-uniform spacings for three or more sources.

The test set consists of 100,000 samples of unseen data, generated similar to the

training sets.

Varying Number of Sources

For DOA estimation of a varying number of sources, we propose three different

methods. The first two methods utilize the pre-trained five models for fixed number

of sources, whereas the third method trains a single DMLP model to accommodate

any number of sources from one to five.

In the first method, the five DMLP models are used for predicting DOAs when

the number of sources in the test sample is not known a priori. Subspace-based

techniques, such as MUSIC, require knowledge of the source number for DOA esti-

mation. The source number can be estimated via information theoretic criteria prior

to applying the MUSIC algorithm. We also employ the AIC to estimate the number

of sources in the test sample, and then use the estimated source number to choose

the most suitable pre-trained DMLP model. In this way, we enable the separately

trained models to be used for predictions on a dataset consisting of a varying number

of sources. The AIC is defined as

AIC(P ) = 2P − 2 logL(P ), (3.4)

where P represents the number of sources, and logL(P ) is the log-likelihood of the

model with P sources. The AIC is computed for different presumed values of P

and the value of P corresponding to the lowest AIC value is chosen as the best fit

for the data. In order to use this method, we must loop through all presumed P

values for every test sample, generate the log-likelihood for each case, determine the

best fit using the lowest AIC score, then use the DMLP model selected to make the

prediction. The efficacy of the AIC method can be measured in terms of the false
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recovery rate, which represents the percentage of incorrect model selections across all

selections.

The second technique for utilizing the pre-trained models is an ensemble method.

The output layer of each pre-trained DMLP model uses a sigmoid activation, which

generates a probability of presence of a source at each considered DOA in the [−60o,

60o] angular sector. The probabilities for each of the five pre-trained models are

averaged to predict the multilabel classification on a test sample. A threshold on the

average probability can be applied and adjusted to provide improved performance.

Unlike the first technique, this technique does not assume prior knowledge of the

number of sources and leverages only the output probabilities of all five fixed source

number models to make a prediction.

Lastly, a single DMLP model trained on data for a varying number of sources is

executed. Similar to DMLPs for fixed number of sources, the model is trained on a

dataset of 2o to 10o separations with 4o and 8o withheld and validated on a dataset

of 4o and 8o separations. Similar to the ensemble method, we do not require prior

knowledge of the source number for DOA estimation. For this model, the training

dataset comprises 500,000 samples with each source number represented equally.

All three aforementioned methods are tested on a dataset of 100,000 samples

containing all separations from 2o to 10o with source number varying from one to five

and having uniform and non-uniform source separations. The validation set contains

100,000 samples.

Detection Tolerance

Based on the intended use for underwater surveillance, 1o granularity is not alto-

gether necessary. We consider tolerances of ±1o and ±2o, corresponding to respective

spans of 3o and 5o centered at the true DOA. The tolerance is applied by finding

the indices of the 121-element multilabel where the one-hot encoded output is a one.

If the predicted and true source numbers are equal and the separation between the

predicted and true indices is within the specified tolerance, we consider the prediction
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to be correct within the applied tolerance. Figure 3.6 provides a simple example with

five non-uniformly spaced sources, where the predicted DOAs of the third and fourth

sources exhibit slight biases. Under zero tolerance, this example would qualify as

an incorrect prediction. However, as the biases fall within ±1o of the respective true

DOAs, this test case would qualify as a successful prediction under the ±1o tolerance.
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Figure 3.6. Example of prediction within detection tolerance of 1o.

3.4 DOA Estimation Results

Table 3.1 summarizes the accuracy of the models trained on WGN. The first

five rows correspond to the fixed source number experiments described in Section

3.3.1. The last three rows correspond to the three methods for vaying number of

sources, discussed in Section 3.3.1. Specifically, the sixth, seventh, and eighth rows

correspond to the single DMLP model, the ensemble method, and the method using

AIC for model selection, respectively. We observe a large drop in the validation

accuracy between one and five sources, about a 40% decrease. However, results

improve considerably when detection tolerance is applied. Validation accuracy for the

five source model improves from 59.50% to 80.24% when 2o tolerance is applied. We

observe that the DMLPs for fixed source number show high test accuracy (> 91%)

even when no detection tolerance is applied. However, as the number of sources
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increases, the validation and test accuracies exhibit a decreasing trend, indicating the

growing complexity of the DOA estimation problem with more sources. We observe

roughly a 5% decrease between one source and five source test accuracies with 0o

tolerance. However, overall performance improves and the performance gaps between

one source and five sources are reduced when tolerances are applied. The AIC-based

model selection method provides the lowest accuracy both with and without detection

tolerance. This is attributed to the fact that the false recovery rate of AIC is 42.20%.

It is well-known that the AIC AIC tends to under-estimate the number of sources

at low SNR [69]. Finally, the ensemble method outperforms the AIC-based model

selection, but it underperforms the single DMLP model trained for varying number

of sources.

Table 3.1. Results of Baseline Models in WGN.

Accuracy (%)

Sources Training
Validation Validation Validation Test Test Test

(± 0o tol.) (± 1o tol.) (± 2o tol.) (± 0o tol.) (± 1o tol.) (± 2o tol.)

1 99.86 96.50 96.71 96.71 96.74 96.74 96.74

2 97.69 94.05 94.93 94.93 96.86 97.05 97.05

3 99.19 87.17 93.08 93.08 96.22 97.39 97.39

4 99.25 78.67 88.85 88.87 93.95 96.62 96.62

5 99.00 59.50 80.15 80.24 91.18 95.60 95.60

1-5s 95.79 76.52 86.54 86.63 91.76 94.48 94.49

1-5e 71.23 73.74 73.74

1-5a 55.04 55.71 55.71

s Single model

e Ensemble

a Model selection using AIC

Delving further into the AIC-selection method, we observe a tendency towards

selecting models for one, two, or three sources. Figure 3.7 shows the distribution

of model selections. The testing dataset consists of each source number represented

equally with 20,000 samples per source number. Recall in (3.4), AIC is determined
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by the number of sources and the log-likelihood. If log-likelihoods of signals models

are similar, AIC will bias towards lower source number and underestimate higher-

valued source models. Additionally, a higher log-likelihood results in a lower AIC

value. With further investigation, we find that the log-likelihood between models is

distinguishable, as the log-likelihood between two models is equal in only 32 samples

out of 42,202 incorrect model selections. More often, the lower source number models

generate higher log-likelihoods, resulting in lower overall AIC values.
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Figure 3.7. Distribution of AIC model selection.

We further investigate the performance of the ensemble model. As an experiment

to observe how the ensemble method performs as the complexity of the DOA problem

changes, other datasets were generated to test its performance on up to two, three,

four, or five sources. In this experiment, the output of the models are weighted

equally, but the probability threshold is adjusted to improve and achieve the results

listed is Table 3.2. The following threshold values are used: 0.45 for the 1-2 source

ensemble, 0.50 for 1-3 sources, 0.40 for 1-4 sources, and 0.40 also for 1-5 sources.

From Table 3.2, we see decreasing accuracy as the diversity of sources increases.
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Table 3.2. Results of Baseline Ensemble Models on Test Data in WGN.

Accuracy (%)

Sources
Test Test Test

(± 0o tol.) (± 1o tol.) (± 2o tol.)

1-2 88.11 88.17 88.17

1-3 87.13 88.59 88.59

1-4 76.51 78.46 78.46

1-5 71.23 73.74 73.74

3.5 Conclusion

Despite array imperfections and partly calibrated distributed array, the results

indicate that DMLP models can be successfully trained to detect sources in WGN,

both in fixed and varying source number scenarios. For fixed source number DMLPs,

the accuracy is >91% without tolerance, and the numbers improve when tolerance

is applied. For varying source models and methods, the single model for varying

sources outperforms both the AIC model selection and the ensemble method. The

AIC method, in particular, tends to under-estimate the number of sources for the

considered low SNR, thereby leading to lowest accuracy values across the board. The

performance of the ensemble method was shown to degrade as the complexity of the

detection problem increased. Its accuracy is 20% lower compared to the single model

for varying source number. Since the ensemble is composed of models trained and

optimized on a fixed number of sources, the ensemble method struggled in a varying

source number scenario, especially because the models are given equal weight. Out of

all the methods used to estimate DOAs for varying source number, the single model

performs best and has the additional benefit of needing no prior knowledge of the

number of sources.



34

CHAPTER 4

DOA ESTIMATION IN SPATIALLY-CORRELATED

GAUSSIAN NOISE

In Chapter 3, DMLPs were trained for fixed and varying number of sources embedded

in WGN. However, underwater acoustic arrays often encounter spatially correlated

Gaussian noise. Based on this characterization, we consider AR(1) and AR(2) pro-

cesses to represent spatially correlated noise. We first use signals corrupted by AR(1)

and AR(2) noise to compute the vectorized upper triangular part of the covariance

matrices, which are then used as input to the pre-trained WGN models of Chapter 3

to observe the impact of spatially correlated noise on DOA estimation performance.

That is, the saved parameters from WGN-trained models are initialized and pre-

dictions on unseen correlated noise data are made without any additional training.

Next, we employ warm start training and few-shot meta-learning to fine-tune the

WGN-trained models to cater to spatially correlated noise.

4.1 WGN-Trained Models

Experimental Setup

Correlation coefficients are assumed to be the same across the subarrays. Test sets

for individual models with a fixed number of sources consist of 100,000 samples, while

data for varying sources are composed of 20,000 samples for each source number from

one to five, totaling 100,000 samples. For AR(1), α1-values are initialized to 0.1, 0.5,

or 0.9, where 0.1 represents a weaker correlation between hydrophones as compared

to 0.9. For AR(2), several sets of values ( α1, α2) are applied, namely, (0.50, 0.20),

(0.50, 0.49), (0.90, 0.09), and (0.85, 0.14), repectively.
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Classification Results

Table 4.1 summarizes the performance of the WGN-trained models with AR(1)

noise based input. For each value of α1, the first five rows correspond to the fixed

source number models. The last three rows correspond to the three methods for

vaying number of sources, namely, the single DMLP model, the ensemble method,

and the method using AIC for model selection. We observe that α1 = 0.1 and α1 = 0.5

do not greatly affect DOA estimation accuracy of the WGN-trained models, except

for the case of the ensemble model, which exhibits performance degradation across

all considered correlation coefficient values. The overall trend is largely in line with

baseline model accuracies with WGN noise based input, with decreasing accuracy

values as the number of sources increases. On the other hand, there is a 9.75% drop

in test accuracy without detection tolerance when the strength of the correlation

increases from α = 0.1 to α = 0.9 for the single model trained on varying number of

sources. Similar to the case when testing with WGN based datasets, the AIC model

determination method yields lower accuracy than the single model for varying source

number. The false recovery values for the AIC corresponding to different values of

α1 are provided in Table 4.2. For α1 = 0.9, the false recovery probability drops a

bit further, as the AIC is known to provide incorrect source number estimates in

correlated noise [70].

The results for AR(2) noise are presented in Table 4.3. The AR(2) datasets

exhibit similar trends as AR(1) noise, with α1 = 0.50 and α2 = 0.49 having the

greatest impact on performance with increasing number of sources. The AIC based

model selection method, again, suffers due to the negative impact of correlated noise

and low SNR conditions on source number estimates. Likewise, the ensemble method

provides the worst performance for all considered values of α1 and α2.
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Table 4.1. AR(1) Noise & WGN-Trained Models, Varying α-Values.

Accuracy (%)

Corr Coeff
Sources

Test Test Test

(α1) (± 0o tol.) (± 1o tol.) (± 2o tol.)

(0.1) 1 96.77 96.77 96.77

2 96.72 96.92 96.72

3 96.03 97.27 97.27

4 93.77 96.30 96.30

5 91.16 95.71 95.71

1-5s 91.56 94.36 94.37

1-5e 25.94 25.94 25.94

1-5a 54.90 55.55 55.55

(0.5) 1 96.82 96.82 96.82

2 96.92 97.08 97.08

3 96.20 97.42 97.42

4 93.53 96.38 96.39

5 91.14 95.67 95.67

1-5s 91.50 94.25 94.26

1-5e 25.56 25.56 25.56

1-5a 55.11 55.76 55.77

(0.9) 1 96.36 96.36 96.36

2 96.39 96.48 96.48

3 93.19 94.92 94.92

4 88.55 92.01 92.01

5 81.81 87.38 87.39

1-5s 77.95 80.98 81.00

1-5e 24.94 24.94 24.94

1-5a 55.91 56.69 56.69

s Single model

e Ensemble

a Model selection using AIC



37

Table 4.2. AIC False Recovery for AR(1) Noise.

Corr Coeff (α1) False Recovery (%)

(0.1) 42.39

(0.5) 42.20

(0.9) 40.45

Remarks

The results of the AR(1) and AR(2) noise datasets, when input to pre-trained

WGN models, point to an underlying need for model adaptability to different noise

scenarios. DMLP models see the most degradation in DOA estimation accuracy in

AR(1) noise when α1 = 0.9 and in AR(2) noise when α1 = 0.50 and α2 = 0.49. The

single model for varying number of sources, in particular, struggles in AR(1) noise

when α1 = 0.9, but is less affected by AR(2) noise, though its performance is degraded

nonetheless. When considering the sparse geometry of the subarrays, there are many

lλ/2 locations in the subarray that do not contain a hydrophone. Referring to Figure

3.1, subarray S2 is the only subarray with sensors positions in adjacent locations

separated by λ/2, while the closest hydrophones in subarray S1 are separated by a

distance of λ. The sparse geometry appears to benefit DOA estimation in AR(2)

noise.

In order to address model adaptability, we next consider warm start learning and

few-shot meta-learning. For the fixed source number models, we only investigate

adaptability for three, four, and fice sources cases, as the performance of the WGN

trained models was impacted more so as the number of sources increased.

4.2 Warm Start Learning

The DMLP models are updated and trained with datasets containing AR(1) or

AR(2) noise via warm start learning. The models are initialized with pre-trained
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parameters and fine-tuned using training samples with correlation coefficients that

have the strongest impact on the distributed array. A varying number of samples are

used to observe the effect of training data size on model performance.

Experimental Setup

As DOA estimation performance of WGN trained models was impacted by datasets

with strong noise correlations, warm start learning is considered to fulfill the demand

for model adaptability. We use training, validation, and test datasets with AR(1)

noise, where α = 0.9, and AR(2) noise, where α1 = 0.50 and α2 = 0.49. Early

stopping is implemented, where the model is stopped if the validation loss does not

improve after 10 epochs and the best weights and biases prior to stopping are saved.

The epoch number listed in Tables 4.4 and 4.5 corresponds to the last epoch of loss

improvement.

For the single model under varying number of sources, each source number is

represented equally in the training samples. For all models, input training samples

of 5, 10, 50, 100, 500, 1000, 5000, and 10,000 are considered. The validation set

consists of 20,000 samples, and the test set contains 100,000 samples. No spacings

are withheld in the datasets in order to optimize DMLP models for DOA estimations

in AR(1) and AR(2) noise.

Classification Results

Classification accuracies for DOA estimation using warm start learning are col-

lected in Tables 4.4 and 4.5 for AR(1) and AR(2) noise, respectively. The AR(1) noise

results show that few samples are needed to fine-tune fixed source number models.

In particular, five-source model exhibits DOA estimation improvement after only five

samples. Recall that when the WGN-trained model was asked to make predictions on

α = 0.9 AR(1) data without retraining, the accuracy was 81.81% without tolerance.

When the model is trained with five samples of data, an improvement of 4.49% is

recorded. Likewise, for the varying source model, there is a 4.92% improvement in
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DOA estimation accuracy after five samples with no tolerance. As expected, DOA

estimation accuracy increases as training samples increase.

Accuracy versus number of training samples for the different models is plotted for

AR(1) noise in Figure 4.2. We observe a large jump in accuracy for the single varying-

source model after 10 samples. Similarly, fixed source models again see improvements

with as few as five samples. The single model for varying sources displays larger

improvements. Accuracy versus samples is plotted for AR(2) in Figure 4.2, showing

the largest improvement for the varying source model between 5 and 10 samples.

We also observe that the number of epochs needed to achieve these improvements is

modest, often < 50 epochs, with the exception of the single model for varying numner

of sources.
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Figure 4.1. Test accuracy (0o tolerance) for warm start learning & AR(1) data.
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Figure 4.2. Test accuracy (0o tolerance) for warm start learning & AR(2) data.
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Table 4.3. AR(2) Noise & WGN-Trained Models, Correlated α-Values.

Accuracy (%)

Corr Coeff
Sources

Test Test Test

(α1, α2) (± 0o tol.) (± 1o tol.) (± 2o tol.)

(0.50, 0.20) 1 96.66 96.66 96.66

2 96.84 97.03 97.03

3 95.98 97.19 97.19

4 94.04 96.55 96.56

5 90.71 95.39 95.40

1-5s 91.29 94.03 94.04

1-5e 25.35 25.35 25.35

1-5a 55.14 55.78 55.78

(0.50, 0.49) 1 96.82 96.82 96.82

2 96.25 96.50 96.50

3 94.69 96.38 96.38

4 93.55 96.13 96.13

5 89.64 94.73 94.73

1-5s 86.15 89.20 89.21

1-5e 24.96 24.96 24.96

1-5a 55.76 56.47 56.47

(0.90, 0.09) 1 97.12 97.12 97.12

2 96.93 97.07 97.07

3 96.24 97.38 97.38

4 95.06 97.19 97.20

5 91.92 96.01 96.01

1-5s 92.01 94.57 94.58

1-5e 25.95 25.95 25.95

1-5a 54.85 55.41 55.41

(0.85, 0.14) 1 97.17 97.17 97.17

2 96.84 97.01 97.01

3 96.19 97.33 97.33

4 94.95 97.11 97.11

5 91.73 95.86 95.86

1-5s 91.91 94.55 94.56

1-5e 25.85 25.85 25.85

1-5a 54.63 55.25 55.25

s Single model

e Ensemble

a Model selection using AIC
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Remarks

Under both AR(1) and AR(2) noise, accuracy improves with only five samples and

continues to improve with more test samples for all models, indicating a robust pre-

trained model. The results suggest that the DMLP models are well-suited for warm

start updates. Based on improvements in DOA accuracy, warm start learning offers

adaptability to new noise environments and retains the ability to make accurate DOA

estimations with array imperfections in the presence of spatially correlated noise. In

the next section, few-shot meta-learning is evaluated as an alternative method for

model update.

4.3 Few-Shot Meta-Learning

Few-shot meta-learning is explored as another way to update models on various

types of noise the subarrays might encounter. The pre-trained WGNmodel is updated

using a meta-learning paradigm, specifically, MAML, where it is exposed to datasets

with AR(1) and AR(2) noise. We investigate whether this technique will allow pre-

trained models to adapt quickly and generalize to different noise patterns.

Experimental Setup

For few-shot MAML, the pre-trained WGN model weights are initialized for the

meta-learner, transferring knowledge from pre-trained models at the start in an effort

to support fast adaptation. This series of training examines several K-shot N -way

combinations. The considered K values are K = 1 and K = 5, which represent the

number of samples per class, while the considered N values are N = 5, N = 10, and

N = 20, each representing the number of classes in a task. Resampling is performed

for each task to allow the model to learn on a diverse set of tasks.



43

Table 4.4. Warm Start Learning: AR(1) Noise α1 = 0.9.

Accuracy (%)

Sources Samples Epochs Train Val
Test Test Test

(± 0o tol.) (± 1o tol.) (± 2o tol.)

3 5 7 100.00 94.31 93.68 95.38 95.38

10 17 100.00 94.89 94.16 95.86 95.86

50 26 100.00 95.17 94.89 96.45 96.45

100 15 99.00 95.37 95.10 96.67 96.67

500 9 100.00 96.19 96.09 97.21 97.21

1000 6 99.50 96.48 96.44 97.27 97.27

5000 12 99.86 98.08 98.15 98.50 98.50

10000 8 99.64 98.61 98.61 98.78 98.78

4 5 14 100.00 89.48 89.74 93.45 93.45

10 12 100.00 90.37 90.35 94.06 94.08

50 26 100.00 92.29 92.16 95.42 95.42

100 23 98.00 92.96 92.41 95.52 95.53

500 15 99.80 93.83 93.47 96.25 96.25

1000 7 99.40 93.99 93.88 96.45 96.45

5000 23 99.88 96.47 96.03 97.41 97.41

10000 22 99.89 97.20 97.39 98.33 98.33

5 5 21 100.00 86.02 86.30 92.21 92.22

10 39 100.00 87.18 86.99 93.19 93.22

50 51 100.00 89.18 88.91 94.62 94.62

100 21 100.00 89.33 89.11 94.16 94.16

500 15 100.00 90.31 89.86 95.17 95.17

1000 16 90.80 89.30 90.55 95.23 95.23

5000 17 99.98 92.70 92.78 95.75 95.75

10000 9 99.71 93.78 93.88 96.60 96.60

1-5s 5 17 100.00 82.87 82.94 86.78 86.79

10 67 100.00 88.04 87.99 91.62 91.64

50 64 100.00 90.16 90.10 93.32 93.33

100 29 100.00 90.73 90.65 93.71 93.72

500 8 99.80 91.43 91.39 94.27 94.27

1000 5 98.40 91.79 91.62 94.33 94.34

5000 5 98.24 92.96 92.82 95.00 95.01

10000 5 98.32 93.56 93.56 95.44 95.44

s Single model
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Table 4.5. Warm Start Learning: AR(2) Noise α1 = 0.50, α2 = 0.49.

Accuracy (%)

Sources Samples Epochs Train Val
Test Test Test

(± 0o tol.) (± 1o tol.) (± 2o tol.)

3 5 8 100.00 94.71 94.81 96.46 96.46

10 28 100.00 95.46 95.24 96.78 96.78

50 34 100.00 95.37 95.40 96.91 96.91

100 13 100.00 96.10 95.95 97.22 97.22

500 9 100.00 96.66 96.87 97.73 97.73

1000 7 99.70 96.90 96.85 97.71 97.71

5000 7 99.84 98.28 98.30 98.67 98.67

10000 12 99.68 99.00 98.94 99.09 99.09

4 5 5 100.00 93.64 93.66 96.23 96.23

10 21 100.00 93.73 93.96 96.48 96.48

50 33 100.00 94.36 94.38 96.68 96.68

100 18 100.00 94.79 95.04 97.06 97.06

500 7 100.00 95.56 95.53 97.39 97.39

1000 16 100.00 95.71 95.93 97.59 97.59

5000 23 100.00 97.78 97.71 98.58 98.58

10000 13 99.90 98.12 98.13 98.76 98.76

5 5 4 100.00 90.41 89.81 94.83 94.83

10 9 100.00 90.33 90.23 95.07 95.07

50 6 98.00 90.36 90.03 94.95 94.95

100 17 100.00 91.27 90.99 95.44 95.44

500 7 99.00 91.69 91.59 95.78 95.79

1000 8 99.90 91.99 91.99 95.99 95.99

5000 7 99.92 94.59 94.28 96.83 96.83

10000 11 99.87 95.34 95.26 97.29 97.29

1-5s 5 31 100.00 87.65 87.73 91.01 91.03

10 29 100.00 90.93 91.19 93.97 93.99

50 39 100.00 91.28 91.37 94.14 94.16

100 23 98.00 91.56 91.79 94.39 94.40

500 7 99.20 92.35 92.52 94.89 94.89

1000 7 99.20 92.74 92.84 95.11 95.12

5000 8 98.90 94.01 93.90 95.66 95.66

10000 7 98.49 94.86 94.35 95.82 95.82

s Single model
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To create a task for multilabel classification, we adopt from the method described

in [71]. We consider each individual label in the multilabel classification as a class. For

our application, an individual label corresponds to a DOA. In task sampling, N DOAs

are randomly selected and K samples that contain the DOAs are gathered to form

the support set. As a hypothetical example, for 1-shot, 3-way few-shot learning, we

randomly select −24o, 1o, and 9o for DOA and select one covariance sample containing

a source at −24o, one sample corresponding to a source at 1o, and one sample with

a source at 9o for the support set. If our query set consists of 10 samples, then we

randomly select 10 samples that contain a source at either −24o, 1o, or 9o.

The MAML algorithm consists of an inner loop, which produces adapted param-

eters using the support set for a given task, and an outer loop, which evaluates the

adapted parameters on the query set for each task. The outer loop is iterated over

the number of tasks in the query set. However, the inner loop optimizes adapted

parameters using the support set, Si, and can be iterated multiple times. For this

implementation, the number of steps for the inner loop is set to 20. The number of

samples in the query set, Qi, is set to 15, and the number of tasks Ti is set to 10. The

total number of samples needed to train the model can be calculated as

Total samples = T̄ × (N ×K +N ×Q), (4.1)

where T̄ is the number of tasks and Q denotes the number of samples in the query

set. While the training samples vary in our investigations, the test dataset has a fixed

value of 100,000 samples.

Classification Results

Tables 4.6 and Table 4.7 summarize the findings of few-shot meta-learning for

AR(1) and AR(2) noise cases, respectively, for different combinations ofK andN . For

signals embedded in AR(1) and AR(2) noise, few-shot learning can be used to update

models with as little as one example for five classes, i.e., 1-shot 5-way. In this case, 800

training samples were used. Without tolerance, the five-source model in AR(1) noise
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was able to achieve 90.65% accuracy and the varying source number model was able

to achieve 91.22%. To compare few-shot MAML to warm start learning, we consider

5-shot 5-way training, which uses 1,000 training samples. Without tolerance, warm

start learning generates 91.62% accuracy, while few-shot learning is able to achieve

91.99% accuracy. The results are comparable.

For the case of AR(2) noise, the accuracy for the five-source model when few-shot

MAML is implemented produces similar results to warm start learning as well; 5-shot

5-way accuracy without tolerance is 92.52% and warm start learning is 91.99%. For

the varying source model, accuracy without tolerance is 92.79% for few-shot MAML,

compared to 92.84% for warm start learning.
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Table 4.6. Few Shot Learning: AR(1) Noise α = 0.9.

Accuracy (%)

Sources K-shot N -way
Train Train Test Test Test

Avg Loss (×10−3) Avg (± 0o tol.) (± 1o tol.) (± 2o tol.)

3 1 5 2.79 91.20 96.02 97.26 97.26

5 5 1.98 93.07 97.40 98.25 98.25

1 10 2.28 93.73 96.51 97.49 97.49

5 10 1.99 93.60 97.84 98.47 98.47

1 20 2.03 93.97 97.51 98.13 98.13

5 20 1.62 94.57 98.19 98.68 98.68

4 1 5 8.15 78.27 93.54 96.32 96.33

5 5 8.20 78.40 94.66 97.32 97.32

1 10 7.16 80.20 94.37 96.88 96.88

5 10 6.68 82.00 94.84 97.21 97.22

1 20 6.99 80.63 94.43 96.98 96.98

5 20 6.58 81.30 95.07 97.09 97.09

5 1 5 8.61 80.93 90.65 95.52 95.53

5 5 8.50 82.40 91.17 95.72 95.72

1 10 8.73 80.07 90.73 95.49 95.49

5 10 7.02 83.67 91.75 95.99 95.99

1 20 8.18 81.47 91.75 95.90 95.90

5 20 7.28 82.50 92.71 96.53 96.53

1-5s 1 5 6.07 84.40 91.22 94.00 94.00

5 5 5.07 85.87 91.99 94.49 94.49

1 10 5.39 86.80 91.75 94.34 94.34

5 10 4.75 86.47 92.51 94.90 94.91

1 20 5.67 86.27 92.04 94.57 94.57

5 20 4.88 87.53 92.72 95.03 95.05

s Single model
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Table 4.7. Few Shot Learning: AR(2) Noise α1 = 0.50, α2 = 0.49.

Accuracy (%)

Sources K-shot N -way
Train Train Test Test Test

Avg Loss (×10−3) Avg (± 0o tol.) (± 1o tol.) (± 2o tol.)

3 1 5 2.88 91.47 96.35 97.40 97.40

5 5 2.14 93.47 97.60 98.35 98.35

1 10 2.24 93.07 97.12 97.94 97.94

5 10 1.18 96.33 98.08 98.62 98.62

1 20 1.73 95.10 97.60 98.32 98.32

5 20 1.15 96.63 98.42 98.85 98.85

4 1 5 4.53 85.87 94.95 96.99 96.99

5 5 4.07 87.47 96.06 97.73 97.73

1 10 3.76 89.33 95.61 97.48 97.49

5 10 2.99 91.80 96.36 97.90 97.90

1 20 3.21 90.13 95.97 97.68 97.68

5 20 2.59 92.47 96.71 98.10 98.10

5 1 5 8.60 80.53 91.78 95.86 95.86

5 5 7.65 82.53 92.52 96.25 96.25

1 10 7.54 80.80 92.01 96.05 96.06

5 10 6.10 84.67 93.01 96.56 96.57

1 20 5.71 86.20 92.34 96.18 96.18

5 20 4.58 88.40 93.48 96.75 96.75

1-5s 1 5 4.58 88.13 92.14 94.58 94.58

5 5 5.37 85.87 92.79 94.97 94.97

1 10 4.68 87.27 92.55 94.83 94.84

5 10 4.60 86.67 93.27 95.34 95.34

1 20 4.18 88.50 92.85 95.03 95.04

5 20 4.22 88.77 93.55 95.56 95.57

s Single model

Conclusion

Few-shot MAML learning is the obvious choice when data is extremely limited,

as it is specifically designed to enable rapid adaptation to new tasks with minimal

data. The results indicate similar performance to warm start training when the same
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number of input samples are considered, suggesting that both methods are capable

of achieving robust performance under the considered conditions. While AR(1) and

AR(2) spatially-correlated noise is employed in our examinations, the spatial noise

remains Gaussian in nature, allowing warm start learning models, pre-trained on

WGN, to generate accurate DOA estimations with a small number of samples.

The unique strength of few-shot MAML lies in its ability to adapt to new and

diverse conditions. This adaptability makes it particularly well-suited for scenarios

involving domain disparities that deviate from the training distribution. In such cases,

few-shot MAML’s framework can provide an advantage by generalizing across tasks

and building a model that is adaptable to unseen variations. On the other hand,

warm start training leverages pre-trained knowledge effectively, excelling in scenarios

where the testing conditions closely align with noise that is Gaussian distributed.
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CHAPTER 5

CONCLUSION AND FUTURE WORK

In this thesis, we considered the problem of source DOA estimation in underwa-

ter environments using a distributed sparse array with imperfections. We explored

various ML models and techniques for handling spatially-correlated noise and array

imperfections under the noncoherent processing paradigm. We trained models for a

fixed number of sources, which can be used when prior knowledge of the number of

sources is available. The resulting models were used for DOA estimation for a varying

number of sources by exploiting the AIC model selection method and an ensemble

method. The performance of these two methods is compared against that of a single

model trained on varying number of sources. The single model for varying source

number outperformed the AIC and ensemble methods by a large margin. The re-

sults also demonstrated the efficacy of warm start learning and few-shot MAML in

updating pre-trained models to new data when the data is limited. Since training

is carried out entirely offline, we have demonstrated how DMLP models can offer a

robust alternative to subspace-based methods. In case of the latter, real-time DOA

estimation can be computationally expensive and the performance can degrade in

spatially-correlated noise and under array imperfections.

The scope of this study was limited to spatially-correlated Gaussian noise. Incor-

porating other statistical models for non-Gaussian noise, applicable in shallow waters,

could provide a more comprehensive understanding of noise impacts and exercise the

flexibility of our methods. Few-shot MAML, in particular, is often used when there

are domain disparities with few samples. Testing with other noise characteristics

naturally follows as a further course of action. Fine-tuning the models to account for

other ocean ambient noise characteristics is essential for enhancing their performance

and viability in real-world applications. In addition, optimizing deep learning models

by reducing the number of training samples and using smaller model architectures

may yield more efficient and faster models without compromising accuracy. Future
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work should include adjusting the DMLP architecture for fewer sources to be more

compact, as the stored parameters for a pre-trained DMLP of this size can be quite

large. Smaller architectures are especially necessary for consideration in embedded

signal processing systems. Future work can focus on optimizations to strike a balance

between computational efficiency and performance.
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