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ABSTRACT

NOETHERIAN SKEW POWER SERIES RINGS

Linhong Wang

DOCTOR OF PHILOSOPHY

Temple University, August, 2008

Professor Edward S. Letzter, Chair

This dissertation is concerned with noncommutative analogues of formal

power series rings in multiple variables. Our motivating examples arises from

quantized coordinate rings; the completions of these quantized coordinate rings

are iterated noetherian skew power series rings.

Our first focus is on q-commutative power series rings, having the following

form: R = kq[[x1, . . . , xn]], where q = (qij)n×n with qii = 1 and qij = q−1
ji ∈ k×

and where xjxi = qjixixj. The corresponding skew Laurent series ring is

L = kq[[x
±1
1 , . . . , x±1

n ]]. We first study the ideal structure of L. We prove that

extension and contraction of ideals produces a bijection between the set of

ideals of L and the set of ideals of the center Z of L. This bijection further

produces a homeomorphism between SpecL and SpecZ. Applying the anal-

ysis of L to R, we prove that the prime spectrum SpecR can be partitioned

into finitely many strata each homeomorphic to the prime spectrum of a com-

mutative noetherian ring. The rings R and L are completions, respectively, of

the quantum coordinate ring of n-space and of the n-torus.

Our second focus is on power series completions of iterated skew poly-

nomial rings with nonzero derivations. Given an iterated skew polynomial

ring C[y1; τ1, δ1] . . . [yn; τn, δn] over a complete local ring C with maximal ideal

m, we prove, under suitable assumptions, that the completion at the ideal

m + 〈y1, y2, . . . , yn〉 is an iterated skew power series ring. Under further condi-

tions, this completion is a local, noetherian, Auslander regular domain. Ap-
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plicable examples include the following quantized coordinate rings: quantum

matrices, quantum symplectic spaces, and quantum Euclidean spaces.

Results in this dissertation are included in the following two preprints:

1. Prime ideals of q-commutative power series rings (joint with E. S. Letzter),

submitted for publication.

2. Completions of quantum coordinate rings, to appear in Proceedings of the

American Mathematical Society.
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CHAPTER 1

INTRODUCTION

In this dissertation, we study noncommutative analogues of formal power

series rings. The primary motivating examples arise from quantized coordi-

nate rings; the completions of these quantized coordinate rings are iterated

noetherian skew power series rings. The skew power series rings discussed

in this dissertation are divided into two classes. The first class consists of

q-commutative power series rings. The second class consists of iterated skew

power series rings with nonzero derivations.

Results in this dissertation are included in [22] and [30].

q-commutative power series rings

Given a field k and an n × n matrix q = (qij), with qii = 1 and qij =

q−1
ji ∈ k×, we can construct the “q-commutative” power series ring R =

kq[[x1, . . . , xn]]. Multiplication is determined by the commutation relations

xjxi = qjixixj, leading to a rich combinatorial structure (see, e.g., [21]). More-

over, it follows from longstanding ring-theoretic results and techniques (cf. [23],

[29]) that R is a complete, local, Auslander regular, noetherian domain with

Krull dimension, classical Krull dimension, and global dimension all equal to

n (see 3.1.9 and 3.1.11).

We can also construct L = kq[[x
±1
1 , . . . , x±1

n ]], the corresponding skew Lau-

rent series ring. We mainly focus on the ideal theory of L and prime ideal
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theory of R. Our approach builds on earlier studies (particularly [6, §4], [10,

§2], and [13]) on q-commutative polynomial rings (also known as “quantum

affine spaces” and “twisted polynomial algebras”). However, our work in this

dissertation frequently involves topological considerations not needed in the

earlier studies.

Our results depend on a careful examination of the two-sided ideal structure

of L. Our analysis in this setting can be briefly described as follows:

To start, there is an obvious action of the n-torus H = (k×)n on L (and

R) by automorphisms. In 3.2.1 we prove, when k is infinite, that L is H-

simple (i.e., that the only H-stable ideals of L are the zero ideal and L itself).

Consequently, every H-orbit of prime ideals of L is Zariski dense in SpecL

(when k is infinite).

Next, in 3.2.7, we prove that extension and contraction of ideals produces

a bijection

{ideals of L} ←→ {ideals of the center Z = Z(L)}

for any choice of the field k. This bijection produces a homeomorphism be-

tween the prime spectrum SpecL, equipped with the Zariski topology, and

SpecZ; see 3.2.10. Moreover, Z is a commutative noetherian domain.

Our results for L parallel those found in [6, §4], [10, §2], and [13, §1] for

q-commutative Laurent polynomial rings (also known as “quantum tori” and

“McConnell-Pettit algebras”). Additional references are given in 3.2.7.

The analysis of L can be applied to R as follows. First of all, the x1, . . . , xn

provide a stratification

SpecR =
⊔
w∈W

Specw R,

where each w is a subset of {1, . . . , n}, and where

Specw R = {P ∈ SpecR | xi ∈ P ⇔ i ∈ w} .

Each Specw R is naturally homeomorphic to SpecLw, where Lw is a q-commutative

Laurent series ring in n− |w| variables, for a suitable replacement of the orig-
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inal matrix q, and then is homeomorphic to the spectrum of a commutative

noetherian domain; see 3.3.1.

Furthermore, each Specw R is a union of H-orbits in SpecR. When k is

infinite, every H-orbit in Specw R is dense in Specw R (see 3.3.5), and the H-

prime ideals of R are precisely the ideals generated by some of the x1, . . . , xn

(see 3.3.6).

These results parallel those found in [6, §4], [10, §2], and [13, §2] for q-

commutative polynomial rings.

Following the approach in [6], we also consider issues related to the local-

ization and representation theory of R, in the sense of [7] and [18]. First, in

3.3.7 (i), we show that SpecR is normally separated. Consequently, R satis-

fies the strong second layer condition. Second, letting G denote the group of

automorphisms of R generated by r 7→ xirx
−1
i , for r ∈ R and 1 ≤ i ≤ n, we

show in 3.3.7 (ii) that if P  Q in SpecR then there exists an automorphism

τ ∈ G such that τ(P ) = Q.

In addition to similarities with q-commutative polynomial rings, the behav-

ior of q-commutative power series rings also has deep analogues in the theory

of quantum semisimple groups and other quantum function algebras; see for

example [5], [6], [17], and [19].

Completions of quantum coordinate rings

Let R be a ring equipped with a skew derivation (τ, δ). The skew power

series ring R[[y; τ ]], when δ = 0, is a well known, classical object (cf. [9], [24]).

The skew power series ring R[[y; τ, δ]], when δ 6= 0, has more recently appeared

in quantum algebras (cf. [20, §4], [21, §4]) and in noncommutative Iwasawa

theory (cf. [26], [28]).

Let S be the additive group of formal power series in y,
∞∑
i=0

riy
i,

with coefficients ri in R. This additive group always contains a subgroup which

is the underlying set of the skew polynomial ring R[y τ, δ]. The multiplication
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in the ring R[y τ, δ] is determined by the commutation relation yr = τ(r)y +

δ(r), for r ∈ R. In [28], Venjakob proved that S = R[[y; τ, δ]] is a well-defined

skew power series ring (with the same multiplication as that of R[y τ, δ]) under

the following hypotheses: R is a complete local ring, τ(m) ⊆ m, δ(R) ⊆ m,

and δ(m) ⊆ m2.

Our research builds on the work of Venjakob in [28]. We extend the con-

struction in [28] to suitable iterated skew polynomial rings, and then obtain

the power series completions of these polynomial rings. Our main result can

be stated as follows, see 4.1.7:

Let

Rn = C[y1; τ1, δ1] . . . [yl; τl, δl] . . . [yn; τn, δn]

be an iterated skew polynomial ring, where C is a complete local ring with

maximal ideal m, and where C is stable under each skew derivation (τl, δl). For

each 1 ≤ l ≤ n, let Il−1 = m + 〈y1, . . . , yl−1〉, and suppose that τl(Il−1) ⊆ Il−1,

δl(Rl−1) ⊆ Il−1, and δl(Il−1) ⊆ I2
l−1. Then there exists an iterated skew power

series ring

Sn = C[[y1; τ̂1, δ̂1]] . . . [[yl; τ̂l, δ̂l]] . . . [[yn; τ̂n, δ̂n]],

such that τ̂l |Rl−1
= τl and δ̂l |Rl−1

= δl, for 1 ≤ l ≤ n. Moreover, Sn is the

completion of Rn at the ideal m + 〈y1, . . . , yl〉.
By applying the above Theorem, we construct power series completions of

the following quantized coordinate rings at the ideal generated by all vari-

ables: quantum matrices, quantum symplectic spaces, quantum Euclidean

spaces, and more general the class of algebras KP,Q
n,Γ (k) introduced by Hor-

ton [15]. Moreover, it follows again from longstanding ring-theoretic results

and techniques (cf. [23], [29]) that completions of KP,Q
n,Γ (k) are local Auslander

regular, noetherian domains with Krull dimension, classical Krull dimension,

and global dimension all equal to the number of variables.

Organization

The dissertation is organized as follows: The second chapter provides nec-
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essary definitions and background results from noncommutative ring theory

and topological ring theory. The third chapter considers prime ideals of q-

commutative power series rings and q-commutative Laurent series rings. The

fourth chapter considers completions of quantum coordinate rings and iterated

skew power series ring over general complete local rings.

The structure of chapter two is as follows: Section one concerns prime

spectrum. Section two records the generalities about local rings, graded rings

and filtered rings. Section three discusses Ore set and localization. Section four

deals with dimensions of noetherian rings including classical Krull dimension,

Krull dimension, and global dimension. Section five discusses some known

results concerning skew polynomial rings and skew power series rings. Section

six provides three classes of quantum groups which are motivating examples

of our study.

Chapter three is organized as follows: Section one provides basic properties

of q-commutative power series rings. Section two discusses the ideal theory of

q-commutative Laurent series rings. Section three applies the results in section

two and deals with the prime ideal theory of q-commutative power series rings.

Chapter four consists of two sections: Section one discusses the construc-

tion of iterated skew power series rings over general complete local rings. Sec-

tion two presents the completions of various quantum coordinate rings.
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CHAPTER 2

PRELIMINARY

This chapter provides a minimal amount of basic theory of noetherian rings

and filtered rings necessary to describe and prove our results. Almost all of

the results recorded here are either well known or are easily deduced from well

known results. Our exposition has been strongly influenced by [14], [23], and

[24], and the reader is encouraged to consult these works for more details on

what follows. No attempt has been made here to present results in their fullest

generality.

The rings we consider will always be associative and will always contain

an identity element. Also, when we denote I to be an ideal of a ring, we mean

that I is both a left and right ideal. All homomorphisms and modules are

unital.

Definition 2.0.1. R is right (left) noetherian provided R satisfies the ascend-

ing chain condition on right (left) ideals, i.e., there does not exist a properly

ascending infinite chain I1 < I2 < . . . of right (left) ideals of R.

Definition 2.0.2. R is right (left) artinian provided R satisfies the descending

chain condition on right (left) ideals, i.e., there does not exist a properly

descending infinite chain I1 > I2 > . . . of right (left) ideals of R.
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2.1 Prime spectrum

Throughout this section, let R be a ring.

Definition 2.1.1. A proper (i.e., not equal to R itself) ideal P of R is prime

if for any two ideals I and J of R the following property holds: If IJ ⊆ P ,

then one of I or J is contained in P . Also, R is said to be prime if its zero

ideal is prime.

Proposition 2.1.2. For a proper ideal P in R, the following are equivalent:

(a) P is a prime ideal.

(b) R/P is a prime ring.

(c) If I and J are any right (respectively, left) ideals of R such that IJ ⊆ P ,

then either I ⊆ P or J ⊆ P .

(d)If x, y ∈ R with xRy ⊆ P , then either x ∈ P or y ∈ P .

Proposition 2.1.3. Let Z be the center of R. If P is a prime ideal of Z, then

P ∩ Z is a prime ideal of Z.

Definition 2.1.4. A prime ideal P of R is completely prime provided that

R/P is an integral domain.

In the special case of noncommutative power series ring, we will study the

prime ideal structure. Next we briefly review the Zariski topology on the set

of prime ideals of a ring.

Definition 2.1.5. (i) The set of prime ideals of R is called the prime spectrum

of R, and denoted by SpecR. (ii) For each ideal I of R, set

V (I) = {P ∈ SpecR | P ⊇ I}.

Subsets of SpecR of the form V (I) are called algebraic subsets.

It is easy to check that the following are true: ∅ and SpecR are algebraic

subsets of SpecR; if I and J are ideals of R then V (I) ∪ V (J) = V (IJ); if A

is any set of ideals of R, and if I(A) denotes the ideal generated by the set

∪I∈AI then ∩I∈AV (I) = V (I(A)).
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Definition 2.1.6. SpecR is a topological space, with the closed sets taken

to be the algebraic subsets, that is, precisely those of the form V (I) = {P ∈
SpecA |P ⊇ I}, for ideals I of R. This topology is referred to as the Zariski

topology.

Definition 2.1.7. A subset of SpecR is said to be a locally closed subset if it

is an intersection of an open subset and a closed subset of SpecR.

Next, following [14], we consider normal separation of the prime spectrum

of a ring.

Definition 2.1.8. An element x in a ring R is said to be a normal element of

R if xR = Rx.

Definition 2.1.9. SpecR is normally separated if for each inclusion of prime

ideals P0 ( P1, the ideal P1/P0 of R/P0 contains a nonzero normal element of

R/P0; that is, there exists an element y ∈ P1\P0 such that Ry+P0 = yR+P0.

Definition 2.1.10. Let P and Q be prime ideals of a noetherian ring R. There

is a second layer link P  Q provided P ∩Q/PQ has a nonzero R-R-bimodule

factor that is torsionfree (i.e., the annihilator of any nonzero element is the

zero ideal) as both a left R/P -module and a right R/Q-module.

A definition of right strong second layer condition can be found, for exam-

ple, in [14, p. 206], which is related to the Jategaonkar’s Main Lemma.

Theorem 2.1.11. Any noetherian ring R with normal separation satisfies the

right and left strong second layer condition.

Proof. See, e.g., [14, 12.17].

Let Γ be a group of automorphisms of a ring R. The following are standard

terminology for ideals satisfying certain conditions related to the group action.

Definition 2.1.12. An ideal I of R is stable (or invariant) under the Γ-action

provided γ(I) = I for all γ ∈ Γ. Ideals of R stable under the Γ-action are

referred to as Γ-ideals, and we will say that R is Γ-simple if the only Γ-ideals

of R are the zero ideal and R itself.
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Definition 2.1.13. We will say that a proper Γ-ideal I of R is Γ-prime if

whenever the product of two Γ-ideals of R is contained in I, one of these

Γ-ideals must itself be contained in I. Note that any prime Γ-ideal is Γ-prime.

Proposition 2.1.14. Suppose R is right or left noetherian, and suppose that

I is a Γ-prime ideal of R. Then I is a semiprime ideal of R and furthermore

is the intersection of a finite Γ-orbit I1, . . . , It of prime ideals in R all minimal

over I.

Proof. See [11, Remarks 4∗, 5∗, p. 338]

2.2 Local rings, graded and filtered rings

Definition 2.2.1. An ideal P of a ring R is right (left) primitive if it is the

annihilator of a simple right (left) R-module. The intersection of all the right

(left) primitive ideals of a ring R is termed the Jacobson radical of R and

denoted by J(R).

It follows easily that a right or left primitive ideal is prime. Also, unlike

the commutative case, a right or left primitive ideal need not be maximal.

Definition 2.2.2. Let R be a ring. The following conditions are equivalent:

(a) R is prime and right (left) artinian.

(b) R is simple and right (left) artinian.

(c) R is simple and semisimple.

(d) R ∼= Mn(D) for some positive integer n and some division ring D.

Such a ring R is referred to as a simple artinian ring.

Definition 2.2.3. By a local ring, we will always mean a ring R such that the

quotient ring by the Jacobson radical J(R) is simple artinian.

It follows immediately that a local ring has a unique maximal ideal (also

the unique primitive ideal) which is equal to the Jacobson radical. The power
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series rings we will study in this paper are local rings. The topology induced

by the Jacobson radical on a local ring will be an important tool in our study.

Next, following [23], we briefly review rings with grading, filtration, and in

particular, with I-adic filtration.

Definition 2.2.4. A Z-graded ring is a ring T together with a family of ad-

ditive subgroups

· · · , T−2, T−1, T0, T1, T2, · · ·

such that (i) TiTj ⊆ Ti+j, for all integers i and j, and (ii) T = ⊕nTn, as an

abelian group. The family {Tn, n ∈ Z} is called a Z-grading of T .

Definition 2.2.5. A ring A is said to be a Z-filtered ring if there is an as-

cending chain of additive subgroups of A,

· · · ⊆ F−2A ⊆ F−1A ⊆ F0A ⊆ F1A ⊆ F2A ⊆ · · ·

satisfying (i) 1 ∈ F0A and (ii) FnAFmA ⊆ Fn+mA for all m,n ∈ Z. The family

{FnA, n ∈ Z} is called a Z-filtration of A.

Set A0 = F0A, A1 = F−1A, A2 = F−2A, . . . Then we have a descending

chain of additive subgroups (which forms the negative part of the original

filtration),

A0 ⊇ A1 ⊇ A2 · · · ,

satisfying 1 ∈ A0 and AiAj ⊆ Ai+j, for all positive integers i and j. In

this paper, we will only be interested in rings with the “negative” filtration.

Throughout this section we will let A be a ring with the filtration A0 ⊇ A1 ⊇
A2 · · · , or simply {An}.

Now, we briefly describe the topology on A with respect to the filtration

{An}. First of all, A turns into a topological additive group by letting the cosets

of the Ai, for all i = 0, 1, 2, . . ., form a fundamental system of neighborhoods of

0 in A, and then A is a topological ring since the ring operation are continuous.

A Cauchy sequence in A is defined to be a sequence {xv} of elements of A

such that, for any neighborhood U of 0, there exists an integer k(U) with the

property that xu − xv ∈ U for all u, v ≥ k(U).
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Definition 2.2.6. The filtration {An} on A is said to be

(i) exhaustive if A = A0,

(ii) separated if ∩iAi = 0,

(iii) complete if Cauchy sequences converge in the corresponding topology.

Remark. Recall that a topological ring is said to be Hausdorff if and only if

the intersection of all neighborhoods of 0 is 0. It is a standard fact that the

filtration {An} is separated if the corresponding topology on A is Hausdorff.

Next, we give the definition of completion. Here we adopt an algebraic

method which can be found in, e.g., [3]. This definition is equivalent to those

approached from the topological point of view; see, e.g., [1] and [23].

Suppose {av} is a Cauchy sequence in A. The image of av in A/An is ulti-

mately constant, equal to say xn. Let θn+1 be the projection from A/An+1 to

A/An. Then θn+1 : xn+1 7→ xn. It is clear that equivalent Cauchy sequences

define the same coherent sequence {xn}. On the other hand, given any se-

quence {yn} of elements in A/An such that θn+1(yn) = yn+1, we can construct

a Cauchy sequence {bn} giving rise to it by taking bn simply to be any element

in the coset yn (so that bn+1 − bn ∈ An). The set of all coherent sequences

{xn} forms a ring which is called the inverse limit of the sequence {A/An}.

Definition 2.2.7. The completion of A with respect to the filtration {An} is

defined to be the inverse limit of the sequence {A/An}, and denoted by Â.

We will also need the following:

Theorem 2.2.8. Let A be a Hausdorff topological ring. Then (i) there exists a

complete Hausdorff topological ring Â that contains A as a dense subring, (ii)

if A′ is a complete Hausdorff topological ring containing A as a dense subring,

then there exists a topological isomorphism β : Â→ A′ such that β(a) = a for

all a ∈ A.

Proof. See [1, 3.3.5]
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Next, following [23], we introduce the Rees ring and the associated graded

ring of A with respect to the filtration {An}.

Definition 2.2.9. Consider the abelian group Ã = ⊕∞n=0An given by the

filtration. Define the grading and multiplication as follows: for n ∈ Z, Ãn =

An, ai · aj = (aiaj)i+j for an ∈ An, am ∈ Am, and (aiaj)i+j is the product aiaj

in A viewed as an element in Ãi+j. The graded ring Ã defined above is called

the Rees ring of A associated with the filtration {An}.

Definition 2.2.10. The associated graded ring of A with respect to the fil-

tration {An} is

grA = A0/A1 ⊕ A1/A2 ⊕ · · ·

Naturally there is some connection between the properties of a filtered ring

A and its associated graded ring grA.

Proposition 2.2.11. If grA is an integral domain then A is also an integral

domain.

Proof. See, e.g., [24, 1.6.6]

Theorem 2.2.12. Suppose that the filtration {An} on A is exhaustive, sep-

arated, and complete. Then A is right (left) noetherian if grA is right (left)

noetherian.

Proof. See, e.g., [23, pp. 60–61]

Appearing in commutative algebra and algebraic geometry (see, e.g., [31]),

a Zariski ring is a commutative noetherian ring A with an I-adic filtration,

where I is an ideal of A contained in the Jacobson radical of A. The idea of

Zariski ring has been generalized to the noncommutative case by H. Li, F. Van

Oystaeyen, Bjork and others; see, e.g., [23].

Definition 2.2.13. A filtered ring A with filtration {An} is said to be a right

(left) Zariskian ring, or, the filtration {An} is said to be a right (left) Zariskian

filtration, if the Rees ring Ã of A associated with this filtration is right (left)
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noetherian and A1 ⊆ J(A). A (noncommutative) Zariski ring is a filtered ring

which is both right and left Zariskian.

The following provides a large class of (noncommutative) Zariski rings.

Proposition 2.2.14. Suppose that A is complete with respect to the filtration

{An} and that grA is left noetherian. Then A is a left Zariski ring.

Proof. See [23, II.2.2.1]

In the commutative case, every ideal in a Zariski ring is closed (see, e.g.

[31]). A parallel property also holds in the noncommutative case.

Theorem 2.2.15. The right (respectively left) ideals of a right (respectively

left) Zariski ring are closed in the filtration topology.

Proof. See [23, Remark 3 b), page 85]

We end this section with the m-adic topology on a local ring, where m is

the maximal ideal.

Definition 2.2.16. Let I be a two-sided ideal of a ring R. Then we have the

I-adic filtration, R = I0 ⊇ I1 ⊇ . . ., and the corresponding I-adic topology

on R. The fundamental system of neighborhoods of 0 is formed by the cosets

of I i, for all i. Of course, since R = I0, the I-adic filtration on R is always

exhaustive. The I-adic completion of R at the ideal I is the inverse limit of

R/In. Also note that an ideal K of R is closed if

K = ∩∞n=0(K + In),

or, equivalently, any Cauchy sequence in K converges in K.

Recall from 2.2.3 that a local ring has a unique maximal ideal (the Jacobson

radical) such that the quotient ring is simple artinian. Let R be a local ring

with maximal ideal m. We will always equip R with the m-adic topology.

By the associated graded ring grR, we will always mean with respect to the

m-adic filtration
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Definition 2.2.17. We will refer to a local ring R as a complete local ring if

the m-adic filtration on R is complete (i.e., Cauchy sequences converge in the

m-adic topology) and separated. (i.e., the m-adic topology is Hausdorff).

Note that the m-adic filtration on a complete local ring is always exhaustive,

separated, and complete.

2.3 Regular elements, Ore set, Localization

Definition 2.3.1. A multiplicative set in a ring R is a subset X ⊆ R such

that 1 ∈ X and X is closed under multiplication.

Following [14], we describe Ore’s method of localization at a given multi-

plicative set.

Definition 2.3.2. Let X be a multiplicative set in a ring R. Then X satisfies

the right Ore condition provided that, for each x ∈ X and r ∈ R, there exist

y ∈ X and s ∈ R such that ry = xs, that is, rX ∩ xR 6= ∅. A multiplicative

set satisfying the right Ore condition is said to be a right Ore set. The left

Ore condition and left Ore sets are defined symmetrically. An Ore set is a

multiplicative set which is both a right and left Ore set.

Recall that an element a ∈ R is normal if aR = Ra. It follows immediately

that a multiplicative set generated by normal elements is an Ore set.

Definition 2.3.3. Let R be a ring and X ⊆ R a multiplicative set. A right

quotient ring (or right Ore localization) for R with respect to X is a ring

homomorphism φ : R −→ S such that:

(a) φ(x) is a unit of S for all x ∈ X.

(b) Every element of S has the form φ(a)φ(x)−1 for some a ∈ R and x ∈ X.

(c) ker(φ) = {r ∈ R | rx = 0 for some x ∈ X}

Definition 2.3.4. Let X be a multiplicative set in a ring R. Then X is right

reversible if and only if xr = 0, for x ∈ X and r ∈ R implies that there exists
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x′ ∈ X such that rx′ = 0. A right denominator set is any right reversible right

Ore set.

Theorem 2.3.5. Let X be a multiplicative set in a ring R. Then there ex-

ists a right quotient ring of R with respect to X if and only if X is a right

denominator set.

Corollary 2.3.6. Let X be a right denominator set in a ring R, and suppose

that φ1 : R 7→ S1 and φ2 : R 7→ S2 are right quotient rings of R with respect to

X. Then there is a unique ring isomorphism η : S1 7→ S2 such that ηφ1 = φ2.

Given a right denominator set X in R, we now know that there exists a

unique (up to isomorphism) right quotient ring S of R. We shall denote S

by RX−1. It follows that if X is also a left denominator set and if R has a

left quotient ring S ′ with respect to X, then S and S ′ must be isomorphic. If

this last situation occurs, we will simply refer to the quotient ring of R with

respect to X, or localization of R at X.

Theorem 2.3.7. Let X be a right denominator set in a ring R. Then the

localization RX−1 is noetherian if R is noetherian.

Proof. See [14, 10.16].

We next state a result about prime ideals in the localization. We first need:

Definition 2.3.8. An element a of a ring R is said to be regular if the left

and right annihilator of a in R are both equal to 0. Let I be an ideal of R.

An element x in R is said to be regular modulo I if the coset x+ I is a regular

element of the quotient ring R/I. The set of all such x is denoted by CR(I).

Theorem 2.3.9. Let X be a right denominator set in a ring R and assume

that RX−1 is right noetherian. (i) An ideal J of RX−1 is prime if and only if

J ∩ R is prime. (ii) Let P be a prime ideal of R. Then P = Q ∩ R for some

prime ideal Q of RX−1 if and only if X ⊆ CR(P ).

Proof. See [14, Theorem 10.18].
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2.4 Dimension Theory

In this section, following [23] and [24], we briefly review the definitions of

classical Krull dimension, Krull dimension, and global dimension. Some of the

terminologies appearing in those definitions are very technical and have been

skipped; the reader is encouraged to consult [23] and [24].

The classical Krull dimension is a natural generalization, due to G. Krause,

of Krull dimension for commutative rings.

Definition 2.4.1. Let R be a right noetherian ring. Let Spec0R be the set

of maximal ideals of R, and let α be an ordinal such that Specβ R exists

for all ordinals β less than α. Set SpecαR to be the set of prime ideals P

of R satisfying the following property: If P ′ is a prime ideal of R properly

containing P , then P ′ ∈ Specβ R for some ordinal β less than α. Note that

SpecαR = SpecR for some ordinal α. The classical Krull dimension of R,

denoted by clKdimR, is the minimum ordinal α such that SpecαR = SpecR.

The Krull dimension of noncommutative rings and their modules, as de-

fined by Gabriel and Rentschler, is also a generalization of the Krull dimension

for commutative noetherian rings.

Definition 2.4.2. Let R be a ring and let M be a right R-module. The

Krull dimension of M will be denoted by KdimM . If M is the zero module,

then KdimM = −∞. If M is nonzero but satisfies the descending chain

condition on right R-submodules, then KdimM = 0. Let α now be a general

ordinal. Then KdimM = α provided: (i) If β is an ordinal less than α,

then KdimM 6= β. (ii) If {Mi : i = 1, 2, . . .} is a descending chain of R-

submodules of M , then Kdim([Mi/Mi+1]) is less than α for all but finitely

many i ∈ {1, 2, . . .}.
For any ring R, the Krull dimension of the right module RR (if exists) is

called the right Krull dimension of R and is denoted rKdimR. Similarly, the

left Krull dimension of R is the value of the Krull dimension of R as a left

R-module.
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Theorem 2.4.3. Let R be a ring with complete, separated filtration. If grR

is right noetherian then rKdimR ≤ rKdim grR.

Proof. See, e.g., [23, I.7.1.2].

The global dimension of a ring is a non-negative integer or infinity which

is a homological invariant of the ring.

Definition 2.4.4. The right (left) global dimension of a ring R, denoted rglR,

is the supremum of the set of projective dimensions (see [24]) of all right (left)

R-modules. If R is a noetherian ring, then the right and left global dimension

of R are the same, we refer to the global dimension of R.

Theorem 2.4.5. Let R be a a ring with complete, separated filtration. Then

rglR ≤ rgl grR.

Proof. See, e.g., [24, 7.6.18].

The following are about Auslander regularity; see [23]) for further details.

Definition 2.4.6. For any R-module M , the grade number of M , denoted

JR(M), is the unique smallest integer such that Ext
JR(M)
R (M,R) 6= 0. if such

an integer does not exist we write JR(M) =∞.

Definition 2.4.7. Let R be a ring and M be a R-module. We say that M

satisfies the Auslander condition if, for any k ≥ 0 and any R-submodule N of

ExtkR(M,R), it holds that jR(N) ≥ k.

Definition 2.4.8. Let R be a noetherian ring with finite global dimension. If

every finitely generated left and right R-module satisfies the Auslander condi-

tion, then we say that R is an Auslander regular ring.

Proposition 2.4.9. Let R be a filtered ring. If grR is Auslander regular, then

so is R.

We close this section by a theorem due to R. Walker; see [29, Theorem 2.7].

This theorem will be applied to some power series completions in this paper.

We first need the following definition:
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Definition 2.4.10. Let R be a ring. Let I be an ideal of R. The subset

{x1, x2, . . . , xn} is a normalizing set of generators of I if

(a) the ideal 〈x1, x2, . . . , xn〉 is equal to I,

(b) x1 is normal in R.

(c) xi+〈x1, x2, . . . , xi−1〉 is normal in the quotient ring R/〈x1, x2, . . . , xi−1〉,
for each i = 2, . . . , n.

Theorem 2.4.11. Let R be a right noetherian ring with a maximal ideal M

such that (i) M is the Jacobson radical of R, (ii) R/M is artinian, (iii) M has a

normalizing set of generators containing n elements. Then R is prime, and the

right Krull dimension, classical Krull dimension, and right global dimension

of R are all equal to n.

2.5 Skew polynomial, power series rings

Let R be a ring. The structure of the skew polynomial ring can be found

in [14] and [24].

Definition 2.5.1. Let τ be an endomorphism of R. A (left) τ -derivation on

R is any additive map δ : R → R such that δ(rs) = τ(r)δ(s) + δ(r)s for all

r, s ∈ R. The pair of maps (τ, δ) is called a skew derivation on R.

Proposition 2.5.2. Given a ring R and a skew derivation (τ, δ) on R, there

exits a skew polynomial ring R[y; τ, δ].

Proof. See, e.g., [14, Proposition 2.3].

Theorem 2.5.3. Let T = R[y; τ, δ], where τ is an automorphism of R. If R

is right (left) noetherian, then so is T .

Proof. See, e.g., [14, Theorem 2.6].

Theorem 2.5.4. Let R be a right noetherian ring and S = R[x; τ ], where τ

is an automorphism. Then rKdimS = rKdimR + 1 and rglS = rglR + 1.
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Proof. See, e.g., [24, 6.5.4] and [24, 7.5.3].

Definition 2.5.5. An iterated skew polynomial ring is a polynomial ring in

the form of

Tn = R[y1; τ1, δ1][y2; τ2, δ2] . . . [yn; τn, δn],

where each (τl, δl), for 1 ≤ l ≤ n, is a skew derivation on Tl−1.

The structure of the skew power and Laurent series ring with zero deriva-

tions can be found in [24, 1.4.2].

Definition 2.5.6. Let R be a ring and τ an endomorphism. The skew

power series ring R[[y; τ ]] denotes the ring of skew power series
∑∞

i=0 aiy
i,

for a0, a1, . . . ∈ R, with multiplication determined by the commutation rule

ya = α(a)y, for any a ∈ R. Suppose that τ is an automorphism. The Ore

localization of R[[y; τ ]] at the multiplicative set generated by y is called the

skew Laurent series ring, denoted R[[y, y−1; τ ]]. Each element of R[[y, y−1; τ ]]

has a unique representation as
∑

i∈Z aiy
i with a−n = 0 for all but finitely many

n ∈ N and ya = τ(a)y, for any a ∈ R.

Theorem 2.5.7. Let R be a ring with an automorphism τ and let S be either

R[[y; τ ]] or R[[y, y−1; τ ]]. If R is a right (respectively left) noetherian domain,

then S is also a right (respectively left) noetherian domain.

Proof. See Theorem 4.5, [24, 1.4.2] (this is a variation on a standard proof of

the Hilbert basis theorem).

Theorem 2.5.8. Let R be a ring with an automorphism τ and let S be the

skew power series ring R[[y; τ ]]. If R is Auslander regular, then so is S.

Proof. See Theorem 6 (3), [23, III.3.4].

Next, we consider skew power series ring (in one variable) with nonzero

derivations, following Venjakob [28].

Let R be a ring with a skew derivation (τ, δ). Let S be the additive group

of power series of the form
∑∞

i=0 riy
i with coefficients ri in R. Using the
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commutation relation yr = τ(r)y + δ(r), for r ∈ R, we wish to write the

product of two arbitrary elements in S as(∑
i

riy
i

)(∑
j

sjy
j

)
=
∞∑
n

n∑
j=0

∞∑
i=n−j

ri(y
isj)n−jy

n, (2.1)

where each (ynr)i, for 0 ≤ i ≤ n, denotes an element in R such that

ynr =
n∑
i=0

(ynr)iy
i,

for n ≥ 0. Note that the coefficents of yn, for n = 0, 1, . . ., in the right hand

side of (2.1) may not be well defined in R, in the absence of convergence. If,

under some additional restrictions (see 2.5.9), the multiplication formula (2.1)

is well defined for any two power series in S, then we say that S is a well-

defined skew power series ring with (nonzero) τ -derivation δ (or briefly, skew

power series ring), and write S = R[[y; τ, δ]]. Note that S = R[[y; τ, δ]] always

contains the skew polynomial ring R[y; τ, δ] as a subring.

Theorem 2.5.9. [Venjakob] Let R be a complete local ring with maximal ideal

m and (τ, δ) be a skew derivation on R. Assume that

τ(m) ⊆ m, δ(R) ⊆ m, and δ(m) ⊆ m2.

Then the multiplication formula (2.1) is well defined and so S = R[[y; τ, δ]] is

a well defined skew power series ring.

The results in the following proposition can be found in or easily deduced

from [28, 2.8-2.11] (cf. [23, Chap. III, 2.2.5], [23, Chap. III, 3.4.6 (1)]).

Proposition 2.5.10. Retaining the notation in 2.5.9. (i) Any element
∑

i riy
i

is a unit (in S) if and only if the constant term r0 is a unit in R. In particular,

S is a local ring. (ii) The 〈m, y〉-adic filtration on S is exhaustive, separated,

and complete. (iii) There is a canonical isomorphism grS ∼= (grR)[ȳ; τ̄ ].

Assume further that τ̄ is an isomorphism. Then, S is right (left) noetherian

if grR is right (left) noetherian, S is a domain if grR is a domain, and S
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is Auslander regular if the same holds for grR. (iv) Suppose that grR is

right noetherian and that τ̄ is an automorphisms. Then it holds that rglS ≤
rgl grR + 1 and rKdimS = rKdimR + 1.

Proposition 2.5.11. Let R and S be as in 2.5.9. Then S is the completion

of the skew polynomial ring R[y; τ, δ] with respect to the 〈m, y〉-adic filtration.

Proof. Set T = R[y; τ, δ]. It is not hard to see that S and T are Hausdorff

topological rings with respect to the ideal filtration induced by 〈m, y〉S and

〈m, y〉T , respectively. Of course, T is a dense subring of S under the 〈m, y〉-adic

topology. Therefore, S is the completion of T with respect to the 〈m, y〉-adic

topology, following 2.2.8.

2.6 Quantum groups

In this section, we give three well known classes of examples of quantum

algebras, including quantum affine spaces, quantum matrices, quantum sym-

plectic spaces, and quantum Euclidean spaces.

Example 2.6.1. Let Oq(kn) be the multiparameter quantum coordinate ring

of affine n-space over k, where q = (qij) is a multiplicatively antisymmetric

n × n matrix over k; that is, qii = 1 and qji = q−1
ij for all i, j. This algebra

is generated by elements x1, . . . xn subject only to the relations xixj = qjixjxi

for i, j = 1, . . . n, and can be presented as an iterated skew polynomial ring

k[[x1]][[x2; τ2]] · · · [[xn; τn]],

where the τj are automorphisms such that τj(xi) = qijxi for all 1 ≤ i < j ≤
n. This algebra is often referred to as quantum affine n-space and has been

extensively studied; see, e.g., [6, §4], [10, §2], and [13].

Example 2.6.2. LetOλ,p(Mn(k)) be the multiparameter quantum coordinate

ring of n × n matrices over k, as studied in [2] (cf. e.g., [5]). Here p = (pij)

is a multiplicatively antisymmetric n × n matrix over k, and λ is a nonzero
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element of k not equal to 1. Further information of this algebra can be found

in [5]. As shown in [2], Oλ,p(Mn(k)) can be presented as follows:

k[y11] [y1 2; τ1 2] · · · [ylm; τlm, δlm] · · · [ynn; τnn, δnn].

Each (τlm, δlm) is a skew derivation as follows:

τlm(yij) =

{
plipjmyij, when l ≥ i and m > j,

λplipjmyij, when l > i and m ≤ j,

δlm(yij) =

{
(λ− 1)pliyimylj, when l > i and m > j,

0, otherwise.

This algebra is often referred to as quantum matrices.

There are other well known quantum coordinate rings, for example coor-

dinate rings of quantum symplectic space and quantum Euclidean 2n-space

(see, e.g., [5]). Horton introduced a class of algebras, denoted KP,Q
n,Γ (k), that

includes coordinate rings of both quantum symplectic space and quantum Eu-

clidean 2n-space; see [15]. Next we describe this class of algebras.

Example 2.6.3. Let P = (p1, . . . , pn) and Q = (q1, . . . , qn) be elements of

(k×)n such that pi 6= qi for each i ∈ {1, . . . , n}. Further, let Γ = (γi,j) ∈
Mn(k×), with γj,i = γ−1

i,j and γi,i = 1 for all i, j. Then, as in [15, Proposition

3.5], KP,Q
n,Γ (k) is the iterated skew polynomial ring,

k[x1][y1; τ1][x2; σ2][y2; τ2, δ2] · · · [xn; σn][yn; τn, δn],

with automorphisms σi, τi and τi-derivations δi defined as follows:

σi(xj) = q−1
j piγi,jxj 1 ≤ j ≤ i− 1,

σi(yj) = qjγj,iyj 1 ≤ j ≤ i− 1,

τi(xj) = p−1
i γj,ixj 1 ≤ j ≤ i− 1,

τi(yj) = γi,jyj 1 ≤ j ≤ i− 1,

τi(xi) = q−1
i xi,

δi(xj) = 0 1 ≤ j ≤ i− 1,

δi(yj) = 0 1 ≤ j ≤ i− 1,

δi(xi) = −q−1
i

∑
l<i(ql − pl)ylxl.
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CHAPTER 3

q-COMMUTATIVE POWER

SERIES RINGS

In this chapter, we study the power series ring, over a field, in finitely many

q-commuting variables. We refer to this ring as the q-commutative power series

ring. This ring is in fact the completion of the quantum affine n-space, or the

q-commutative polynomial ring.

We study the prime ideal structure of the q-commutative power series ring.

Our main results show that much of the theory for the quantum affine spaces

carries over into this completion. The prime spectrum of the q-commutative

power series ring can be partitioned into finitely many strata each homeomor-

phic to the prime spectrum of a commutative noetherian ring. The results in

this chapter will appear in [22].

3.1 Notation and preliminary results

In this section, we will fix notation and deduce some ring-theoretic prop-

erties for q-commutative power series rings.

Setup 3.1.1. (i) To start, k will denote a field, k× will denote the multi-

plicative group of units in k, n will denote a positive integer, and q = (qij)
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will denote a multiplicatively antisymmetric n×n matrix (i.e., qij = q−1
ji and

qii = 1) with entries from k×. We will use N to denote the set of non-negative

integers.

(ii) R := kq[[x1, . . . , xn]] will denote the associative unital k-algebra of

formal skew power series in the indeterminates x1, . . . , xn, subject only to the

commutation relations xjxi = qjixixj. We will refer to R, in general, as a

q-commutative power series ring (allowing q and n to vary in this usage).

(iii) The elements of R are formal power series∑
s∈Nn

csx
s,

for cs ∈ k, for s = (s1, . . . , sn) ∈ Nn, and for xs = xs11 · · · xsn
n . We will use xs

to refer to a general monic monomial in R, and we can write R = kq[[x]].

(iv) L will denote the q-commutative Laurent series ring

kq[[x
±1]] = kq[[x

±1
1 , . . . , x±1

n ]],

which will be defined later in 3.1.15.

(v) Contained within R is the k-subalgebra kq[x1, . . . , xn] of q-commuting

polynomials in x1, . . . , xn. We will denote this algebra kq[x].

Recall from 2.6.1, the algebra kq[x] is also known as quantum affine n-

space. Both R = kq[[x]] and kq[x] are endowed with J-adic topology, where

J = 〈x1, . . . , xn〉. Then, by 2.2.8, we have the following:

Proposition 3.1.2. The q-commutative power series ring R = kq[[x]] is

the completion of the quantum affine n-space kq[x] at the ideal generated by

x1, . . . , xn.

Remark. Recalling the construction of iterated skew polynomial rings in 2.5.5,

it is clear that R can be written as an iterated skew power series ring as follows:

k[[x1]][[x2; τ2]] · · · [[xn; τn]],

with automorphisms τj such that τj(xi) = qjixi for all 1 ≤ i < j ≤ n.
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Of course, when k = F2 it follows immediately that R is the commutative

power series ring in n variables. However, we will allow this case unless indi-

cated otherwise. We will also include the possibility that n = 1, in which case

R is the commutative power series ring over k in one variable.

Before studying the properties of R, we first consider skew power series, in

a single variable, over more general coefficient rings.

Let A be a ring with an automorphism α, and let B = A[[y;α]] be the skew

power series defined as in 2.5.6. Then we have the following observation.

Proposition 3.1.3. (i) The 〈y〉-adic filtration on B is exhaustive, separated,

and complete. (ii) The associated graded ring grB is isomorphic to A[z;α].

Note that 3.1.3(ii) and 2.2.12 provided an alternative way to prove the first

part of Theorem 2.5.7; that is, B is noetherian if A is noetherian. Furthermore,

in view of 2.5.8, we have

Proposition 3.1.4. If A is a noetherian Auslander regular domain, then so

is B.

Next, we point out the form of the invertible elements in B.

Proposition 3.1.5. A power series in B is a unit if and only if its constant

term is a unit of A.

Proof. Set f = 1 + b1y + b2y
2 + · · · ∈ B, for b1, b2, . . . ∈ A, and set g =

1 + c1y + c2y
2 + · · · , for c1, c2, . . . ∈ A. Then

fg = 1+(b1 +c1)y+(b2 +c2 +p2(b1, c1))y2 +(b3 +c3 +p3(b1, b2, c1, c2))y3 + · · · ,

where each pi(b1, . . . , bi−1, c1, . . . , ci−1) is an element in A depends only on

b1, . . . , bi−1 and c1, . . . , ci−1, for integers i ≥ 2. If b1, b2, . . . are arbitrary then

we can choose c1, c2, . . . such that fg = 1, and if c1, c2, . . . are arbitrary then we

can choose b1, b2, . . . such that fg = 1. Therefore, the proposition follows.

Then, we are able to study the Jacobson radical of B = A[[y;α]].
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Proposition 3.1.6. There is a natural isomorphism from B/〈y〉 to A, and

J(B) = J(A) + 〈y〉.

Proof. Since α is an automorphism, we can just as well write the coefficients

on the right. As either a left or right A-module, we can view B as a direct

product of copies of A, indexed by N. It follows from the commutation rule

ya = α(a)y that y is normal in B. Hence B/〈y〉 ∼= A.

It follows from 3.1.5 that 1 + yh is invertible for all h ∈ B. Hence y

is contained in the Jacobson radical J(B). It now follows from the natural

isomorphism of A onto B/〈y〉 that J(B) = J(A) + 〈y〉.

The proof of the next proposition is adapted directly from the commutative

case.

Proposition 3.1.7. Let A be a ring equipped with an automorphism α, and

let B = A[[y;α]]. Let I be an ideal of A finitely generated on the right and left,

and assume further that α(I) = I. Then BI = IB, and (abusing the notation

slightly)

B/IB ∼= (A/I)[[y;α]].

Proof. Let I[[y;α]] be the set of power series in B whose coefficients (written

on the left) are all contained in I.

Assume first that I = g1A+ · · ·+ gnA, for some g1, . . . , gn ∈ I. Choose

∞∑
i=0

hiy
i ∈ I[[y;α]],

with h0, h1, . . . ∈ I. Then, for suitable choices of rij ∈ A,

∞∑
i=0

hiy
i =

∞∑
i=0

(g1r1i+· · ·+gnrni)yi = g1

(
∞∑
i=0

r1iy
i

)
+· · ·+gn

(
∞∑
i=0

rniy
i

)
∈ IB.

Hence I[[y;α]] ⊆ IB. It is easy to see that IB ⊆ I[[y;α]], and so I[[y;α]] = IB

when I is finitely generated on the right.

Since α is an automorphism and α(I) = I, we can also view I[[y;α]] to be

the set of power series in B whose coefficients, when written on the right, are
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all contained in I. A mirror-image argument to the preceding one now shows

that I[[y;α]] = BI (when I is finitely generated as a left ideal). In particular,

I[[y;α]] = IB = BI is an ideal of B.

It is now easy to see that B/IB ∼= (A/I)[[y;α]], and the lemma follows.

We are now back to R, which is an iterated skew power series ring over a

field. In view of 3.1.3, 3.1.6, and Remark 3.1, we have some readily available

information on R by induction:

Proposition 3.1.8. Let R = kq[[x]] as defined in 3.1.1. Then

(i) The Jacobson radical J(R) is the ideal J = 〈x1, . . . , xn〉, and the J-adic

filtration on R is exhaustive, separated, and complete. Furthermore, R/J ∼= k.

(ii) The associated graded ring grR is isomorphic to the q-commutative

polynomial ring kq[x].

(iii) A power series in R is a unit if and only if it has nonzero constant

term.

Therefore, the fact that R is a complete local ring follows directly from

3.1.8 (i). Also, in view of 3.1.4, we have:

Corollary 3.1.9. R is a complete local noetherian Auslander regular domain

with unique primitive factor isomorphic to k.

Recall from 2.2.14 that a filtered ring is a Zariski ring if it is complete with

respect to the filtration and the associated graded ring is noetherian. The next

proposition, which is crucial to our later analysis, follows from 3.1.8 (i) and

(ii).

Proposition 3.1.10. R is a Zariski ring. The right or left ideals of R are all

closed in the J-adic topology.

We now end our collection of information on R with the following:

Proposition 3.1.11. The right (left) Krull dimension, classical Krull dimen-

sion, and the right (left) global dimension of R are all equal to n.
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Proof. It is clear that {x1, . . . , xn} is a set of normal elements. The Jacobson

radical J(R) = 〈x1, . . . , xn〉 and R/J(R) ∼= k. Therefore the corollary follows

from 2.4.11.

Also required in our later analysis (particularly in the proof of 3.2.1) is the

graded lexicographic ordering on Nn. We review the definition of the ordering

as follows.

Definition 3.1.12. Let s = (s1, . . . , sn) and t = (t1, . . . , tn) be n-tuples in Nn.

The total degree |s| is the sum s1 + · · ·+ sn. Then we say that s precedes t in

graded lexicographic ordering and write s <grlex t either when |s| < |t| or when

|s| = |t| and s precedes t in the lexicographic ordering.

To see the usefulness of this ordering for our purposes, let N denote an

infinite collection of pair-wise distinct n-tuples in Nn. Then we can write

N = {j1, j2, . . .} such that j` <grlex j`+1, for all positive integers `, and such

that

lim
`→∞

xj` = 0

in the J-adic topology on R. When the meaning is clear we will simply use

“<” to denote “ <grlex .”

Definition 3.1.13. Given a power series f ∈ R, we can choose s1, s2, . . . ∈ Nn

and cs1 , cs2 , . . . ∈ k such that

f =
∞∑
i=1

csi
xsi ,

where sl <grlex sl+1 for all positive integers l, and where cs1 6= 0. We will refer

to s1 as the graded lexicographic degree of f .

The tools developed so far allow the following observation:

Proposition 3.1.14. Let P be a prime ideal of R. Then P ∩kq[x] is a prime

ideal of kq[x].
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Proof. Set Q = P ∩ kq[x]. Let a, b ∈ kq[x], and suppose that a(kq[x])b ⊆ Q.

Choose f ∈ R. For each non-negative integer i, let fi denote the sum of the

monomials appearing in f of total degree no greater than i. Since P is closed

in the J-adic topology, and since afib ∈ Q for all i, we see that

afb = lim
i→∞

afib ∈ P.

Since f was arbitrary, we see that aRb ∈ P . Therefore, since P is prime, either

a or b is contained in P . But then either a or b is contained in Q = P ∩ kq[x],

and so Q is a prime ideal of kq[x].

We end this section by describing an Ore localization of R, the Laurent

series ring, constructed as follows:

Setup 3.1.15. Let X denote the multiplicatively closed subset of R generated

by 1 and the indeterminates x1, . . . , xn. Since each xi is normal, we see that X

is an Ore set in R. We will use L to denote the q-commutative Laurent series

ring

kq[[x
±1]] = kq[[x

±1
1 , . . . , x±1

n ]],

obtained via the Ore localization of R at X. We always view R, the q-

commutative power series ring kq[[x]] = kq[[x1, . . . , xn]], as a subalgebra of

L. Each Laurent series in L will have the form∑
s∈Zn

csx
s,

for cs ∈ k, for s = (s1, . . . , sn) ∈ Zn, and for xs = xs1 · · · xsn , but with cs = 0

for min{s1, . . . , sn} � 0.

Remark. i) For n > 1 it is not the case that L can be written as an iterated

skew Laurent series ring

k[[x±1
1 ]][[x±1

2 ; τ2]] · · · [[x±1
n ; τn]],

which is well known to be a division ring.



30

ii) Also inside L is the q-commutative Laurent polynomial ring, kq[x
±1] =

kq[x
±1
1 , . . . , x±1

n ], the localization of kq[x] at the products of the x1, . . . , xn, also

known as McConnell-Pettit algebra.

3.2 q-commutative Laurent series rings

Retain the notation of the preceding sections, continuing to let R = kq[[x]]

and L = kq[[x
±1]]. In this section, we will give a detailed description of the

ideal theory of the q-commutative Laurent series ring L. First we study the

ideal theory of L provided by a group action on L.

We begin by considering the “obvious” n-torus action on L. Let H denote

the algebraic torus (k×)n, and set

h(s) = hs11 · · ·hsn
n ,

for h = (h1, . . . , hn) ∈ H and s = (s1, . . . , sn) ∈ Zn. For each h ∈ H, the

assignment

h.xs = h(s)xs,

for s ∈ Zn, extends linearly to a k-algebra automorphism

h :
∑
s∈Zn

csx
s −→

∑
s∈Zn

csh(s)xs

of L, where each cs ∈ k. Hence we obtain an action of H on L by k-algebra

automorphisms. It is clear that this action by H on L restricts to an action

by automorphisms on the subalgebra R of L.

For ideals I, J , P , and any h ∈ H, observe that IJ ⊆ h.P implies that

h−1.(IJ) ⊆ P , and that h−1.(I)h−1.(J) ⊆ P . Hence the H-actions on R and

L induce H-actions on SpecR and SpecL.

Also note, when k is infinite, that the set of H-eigenvectors in R and the

set of monomials in R coincide. The analogous statement for L also holds

true.
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We will use the terminology introduced in 2.1.13 to describe the ideals

satisfying certain conditions related to the H action. For example, H-ideals

of R are the ideals of R stable under the H action; L is H-simple if the only

H-ideals of L are the zero ideal and L itself.

Theorem 3.2.1. Assume that k is infinite. Then

(i) every nonzero H-ideal of R is generated by monomials.

(ii) L is H-simple.

Proof. (i) Let I be a nonzero H-ideal of R, and choose

0 6= f =
∑
i∈Nn

aix
i ∈ I.

The first step of our proof is to show, as follows, that each xi appearing

nontrivially in f is contained in I.

To start, let Ψ = {i ∈ Nn | ai 6= 0}. For notational convenience we will

assume that Ψ is infinite; the case when Ψ is finite can be handled similarly.

Equip Ψ with the graded lexicographic ordering (see 3.1.12), and write Ψ =

{j1, j2, j3, . . .} such that j` < j`+1 for all positive integers `. So

f =
∞∑
`=1

aj`x
j` .

Replacing f with a−1
j1
f , we can assume without loss of generality that aj1 = 1.

Set f1 = f and aj`(1) = aj` , for all `. Since k is infinite, there exists an h ∈ H
such that h(j1) 6= h(j2). Set

f2 =
h.f − h(j2)f

h(j1)− h(j2)
.

Then

f2 = xj1 +
∞∑
`=3

(
h(j`)− h(j2)

h(j1)− h(j2)

)
aj`x

j` = xj1 +
∞∑
`=3

aj`(2)xj` ∈ I,

where

aj`(2) =

(
h(j`)− h(j2)

h(j1)− h(j2)

)
· aj`(1).
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Continuing, we get

fm = xj1 +
∞∑

`=m+1

aj`(m)xj` ∈ I,

for all integers m ≥ 2. Note that fm converges to xj1 in the J-adic topology

(again see 3.1.12). By 3.1.10, it then follows that xj1 ∈ I.

Replacing f with f − xj1 ∈ I, we can repeat the above procedure to show

that xj2 ∈ I. Continuing, we see that xj1 , xj2 , xj3 , . . . ∈ I. This completes the

first step of our proof.

Now let M be the set of all monic monomials appearing nontrivially in

power series contained in I. It follows from the above that I is the smallest

closed ideal of R containing M . However, by 3.1.10, it then follows that I is

the smallest ideal of R containing M . In other words, I is generated by M ,

and part (i) follows.

(ii) Let K be a nonzero H-ideal of L. Then K ∩R is a nonzero H-ideal of

R. Therefore, K ∩ R contains a nonzero monomial xs for some s ∈ Nn. But

xs is invertible in L, and so K = L.

Corollary 3.2.2. Assume that k is infinite. Then

(i) every H-orbit of prime ideals in L is (Zariski) dense in SpecL.

(ii) J(L) = 0.

Proof. Let P be a prime ideal of L, let O be the H-orbit of P in SpecL, and

let I be the intersection of all of the ideals in O. Then I is an H-ideal of L,

and I is not equal to L itself. Therefore, by 3.2.1, I = 0. It follows that the

closure of O in SpecL is SpecL, and so O is dense in SpecL. Part (i) follows.

Part (ii) also follows, since the intersection of the orbit of a primitive ideal

must equal the zero ideal.

Remark. Part (ii) of the preceding corollary also follows from [27], a study

of the Jacobson radical in general skew Laurent series rings.
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We now give a detailed description of the ideals, and in particular the

prime ideals, of the q-commutative Laurent series ring L through its center.

Henceforth, we will let Z denote the center of L.

To start, we consider a character on Zn × Zn, following [13].

Notation 3.2.3. Set σ : Zn × Zn → k× by

σ(s, t) =
n∏

i,j=1

q
sitj
ij ,

for s = (s1, . . . , sn), t = (t1, . . . , tn) ∈ Zn. Then it is easy to check that

σ(s, s) = 1

σ(t, s) = σ(s, t)−1

σ(s, t+ t′) = σ(s, t)σ(s, t′)

for s, t, t′ ∈ Zn, and so σ is an alternating bicharacter.

Now, we describe Z, following [13, §1] (cf. [6, §4]).

Lemma 3.2.4. (cf. [13, 1.2]) Set

S = {s ∈ Zn | σ(s, t) = 1 for all t ∈ Zn} ,

and

FS =

{∑
s∈S

csx
s ∈ L

∣∣∣∣∣ cs ∈ k, min{s1, . . . sn} � 0

}
.

Then

Z = FS.

Proof. It is clear that the commutation rule in L can be given in the form

xsxt = σ(s, t)xtxs.

Then a monomial xs, for s ∈ Zn, commutes with all monomials xt, for all

t ∈ Zn, if and only if s ∈ S. Hence any series
∑

s∈S csx
s in L is contained in
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the center; that is, FS ⊆ Z. Now given z ∈ Z, write z =
∑

v∈Zn αvx
v for some

αv ∈ k. For any t ∈ Zn,∑
v∈Zn

αvx
txv = xtz = zxt =

∑
v∈Zn

αvx
vxt =

∑
v∈Zn

αvσ(v, t)xtxv,

and since the products xtxv are linearly independent, it follows that σ(v, t) = 1,

whenever αv 6= 0. Therefore the monomials appearing in z are all contained

in S, and so Z ⊆ FS.

Proposition 3.2.5. Z is a right (or left) Z-module direct summand of L.

Proof. Let

f =
∑
s∈N

csx
s

be a Laurent series in L, for a suitable index set N ⊆ Zn. Then f can be

written as a sum of two parts:

f =
∑

s∈N∩S

csx
s +

∑
t∈N\S

ctx
t.

Let s ∈ S and w, v ∈ Zn such that xvxs = qxw for some q ∈ k. Then w ∈ S if

and only if v ∈ S. Therefore, it is not hard to check that L = Z ⊕NZ where

NZ is a right Z-submodule of L in the form of{∑
v/∈S

cvx
v ∈ L

∣∣∣∣∣ cv ∈ k
}
.

That NZ is also a left Z-submodule of L follows similarly.

Recall that N denotes the set of all non-negative integers. Next, we provide

some further information on Z. However, the general structure of Z is not

clear.

Proposition 3.2.6. Suppose that rankS = r ≥ 1. If there exists a basis of S

with all elements in Nn then Z is isomorphic to a commutative Laurent series

ring in r variables. In particular, Z is a field if and only if S is generated by

a single n-tuple in Nn.
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Proof. If S is generated by n-tuples in Nn say, b1, b2, . . . br then the Laurent se-

ries ring in xb1 , . . . , xbr is a subring of L and Z is isomorphic to k[[z±1
1 , . . . , z±1

r ]].

In particular, if S = 〈b〉 for some b ∈ Nn then Z is isomorphic to k[[x±b]], which

is a field. Now suppose that rankS = r ≥ 1 and Z is a field. We claim that

S ⊆ Nn ∪Mn, where M is the set of non-positive integers. If not, there exists

0 6= s ∈ S such that si · sj < 0, for some 1 ≤ i, j ≤ n. Then 1 − xs is an

element in Z which is not invertible in L, contradiction. Hence S is generated

by n-tuples in Nn, and so, by (i), Z is isomorphic to a commutative Laurent

series ring in r variables. However any Laurent series ring in more than one

variable can not be a field. Therefore the proposition follows.

We now present the “main lemma” of this chapter. Analogous conclusions

for q-commutative Laurent polynomial and related rings have appeared in

various forms, including [4, 5.1], [6, 4.4], [10, §2], [12, 2.2], [13, 1.4], [16, 2.1],

and [25, Chapter 11, §3].

Lemma 3.2.7. (i) Let I be an ideal of L. Then I = L(I ∩ Z). (ii) Let K be

an ideal of Z. Then K = (LK) ∩ Z.

Proof. (i) If I = 0 there is nothing to prove, and so we assume otherwise. Let

g be a nonzero element of I, and choose u ∈ Nn such that xug ∈ I ∩ R, and

set f = xug. Let S be as in 3.2.4, and fix a transversal T for S in Zn. Then

we can write

f =
∑
t∈T

xtzt,

where each zt is a skew Laurent series contained in Z. Set

Tf = {t ∈ T | xtzt 6= 0}.

Then

f =
∑
t∈Tf

xtzt.



36

Choose an arbitrary element t0 in the set Tf . The main work of the proof is

to prove the following claim: xt0zt0 ∈ I ∩ R. Of course, if f = xt0zt0 there is

nothing to prove, and so we assume otherwise.

To start, we can choose subsets St of S, for t ∈ Tf\{t0}, such that

f = xt0zt0 +
∑

t∈Tf\{t0}

xtzt = xt0zt0 +
∑

t∈Tf\{t0}

xt
∑
s∈St

csx
s

= xt0zt0 +
∑

t∈Tf\{t0}

∑
s∈St

csx
txs,

for suitable choices of cs ∈ k.

Next, regrouping the preceding monomials csx
txs according to their total

degree, we can write

f = xt0zt0 +
∑
i∈N

∑
t∈Ti

∑
s∈Si

t

csx
txs,

for sets N , Ti, and Sit ⊆ S satisfying the following conditions:

1. N = {1, 2, . . .} is a suitable (possibly finite) index set.

2. {di | i ∈ N} is a set of positive integers such that di < di+1 for all i ∈ N
(if |N | > 1).

3. If t ∈ Ti and s ∈ Sit , then the total degree of the monomial csx
txs is di.

Note that Tf\t0 = ∪Ti, but the subsets Ti need not be pairwise disjoint. In

the later analysis, we will mainly focus on the monomial xt for each t ∈ Ti.

We now have

f = xt0zt0 +
∑
i∈N

∑
t∈Ti

xtwt,i,

where

wt,i =
∑
s∈Si

t

csx
s,

for i ∈ N and t ∈ Ti. Note that each csx
s is a central monomial, and so each

wt,i is contained in Z.
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To prove the claim, set

u1 = f − xt0zt0 =
∑
i∈N

∑
t∈Ti

xtwt,i.

and

f1 = f = xt0zt0 + u1 ∈ I ∩R.

Recall that J = 〈x1, . . . , xn〉 is the augmentation ideal of R and that each∑
t∈Ti

xtwt,i, for i ∈ N is a sum of monomials of total degree di (≥ d1). Then

u1 ∈ Jd1 . Choose some r ∈ T1. Since r 6= t0, and since r and t0 are contained

in the transversal T for S in Zn, it follows that r− t0 /∈ S. Hence, there exists

v ∈ Zn such that

σ(v, t0) 6= σ(v, r),

where σ is as defined in 3.2.3. Next, we consider

ρv(f1) =
xvf1x

−v − σ(v, r)f1

σ(v, t0)− σ(v, r)
.

Note that ρv(f1) is contained in I ∩R. Also,

ρv(f1) = xt0zt0 +
∑
i∈N

∑
t∈Ti,
t6=r

σ(v, t)− σ(v, r)

σ(v, t0)− σ(v, r)
xtwt,i.

Repeating the preceding process, at most |T1|-many times, we obtain a series,

which does not have any term of total degree d1,

f2 = xt0zt0 + u2 ∈ I ∩R,

with

u2 =
∑
i∈N
i≥2

∑
t∈Ti\T1

xtw′t,i,

for suitable w′t,i ∈ Z. Note that each w′t,i appearing will be a nonzero scalar

multiple of wt,i and that u2 ∈ Jd2 . If u2 = 0 then xt0zt0 ∈ I ∩R, and the claim

follows; so assume otherwise.
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Continuing as above, we obtain either xt0zt0 ∈ I ∩ R (proving the claim)

or an infinite sequence

fi = xt0zt0 + ui ∈ I ∩R, i = 1, 2, . . . ,

converging to xt0zt0 in the J-adic topology. Since the ideals in R are closed

in the J-adic topology, as noted in (3.1.10), we see that xt0zt0 ∈ I ∩ R. The

claim follows.

Next, it follows from the claim that zt0 ∈ I ∩ Z, and so

xt0zt0 ∈ (L(I ∩ Z)) ∩R.

Recall, however, that t0 was arbitrarily chosen from Tf . Consequently,

xtzt ∈ (L(I ∩ Z)) ∩R

for all t ∈ Tf .
Following 3.1.13, and recalling that T is a transversal for S in Zn, we can

write

{xtzt | t ∈ Tf}

as (possibly a finite set)

{xt1zt1 , xt2zt2 , . . .},

for integers 1, 2, . . ., with the graded lexicographic degree of xtjztj less than

that of xtj′ztj′ whenever j < j′. Again following 3.1.13, the sequence of partial

sums

xt1zt1 + xt2zt2 + . . .+ xtjztj

converges to f in the J-adic topology on R. Therefore,

f ∈ (L(I ∩ Z)) ∩R,

since (L(I ∩ Z)) ∩R is a closed (left) ideal in R.

Now note that

g = x−uf ∈ L(L(I ∩ Z) ∩R) ⊆ L(I ∩ Z).

Therefore, I ⊆ L(I ∩ Z). Of course L(I ∩ Z) ⊆ I, and (i) follows.

(ii) This follows from 3.2.5.
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We now record some applications of the preceding lemma.

Corollary 3.2.8. Z is a noetherian domain.

Proof. It follows from 2.3.7 that the Laurent series ring L is noetherian. Now,

by 3.2.7, we see that Z is noetherian.

Corollary 3.2.9. L is simple if either S is trivial or S, isomorphic to Z, is

generated by a single n-tuple in Nn.

Proof. This follows from 3.2.6 and 3.2.7.

The following is analogous to [13, 1.5], and provides a detailed description

of the prime ideals of q-commutative Laurent series rings.

Theorem 3.2.10. The assignments P 7→ P ∩ Z, for P ∈ SpecL, and Q 7→
LQ, for Q ∈ SpecZ, provide mutually inverse homeomorphisms between SpecL

and SpecZ.

Proof. It follows from 3.2.7 that the assignments I 7→ I ∩Z, for ideals I of L,

and K 7→ LK, for ideals K of Z, provide mutually inverse, inclusion preserving

bijections between the sets of ideals of L and Z.

Next, recall from 2.1.3 that a prime ideal in any ring intersects with the

center at a prime ideal, and so P ∩Z is a prime ideal of Z for all prime ideals

P of L. Thus P 7→ P ∩ Z produces a map from SpecL to SpecZ.

Now let Q be a prime ideal of Z. To show that LQ is a prime ideal of L,

suppose that I1 and I2 are ideals of L such that I1I2 ⊆ LQ. By 3.2.7(i), there

exist ideals K1 and K2 of Z such that I1 = LK1 and I2 = LK2. So

L(K1K2) = (LK1)(LK2) = I1I2 ⊆ LQ.

Then, by 3.2.7(ii),

K1K2 = (L(K1K2)) ∩ Z ⊆ (LQ) ∩ Z = Q.

Since Q is prime, it follows that either K1 or K2 is contained in Q. Therefore,

either I1 = LK1 or I2 = LK2 is contained in LQ, and we see that LQ is a

prime ideal of L. Hence, Q 7→ LQ produces a map from SpecZ to SpecL.
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It now follows from the first paragraph that the assignments P 7→ P ∩ Z,

for prime ideals P of L, and Q 7→ LQ, for prime ideals Q of Z, provide

mutually inverse, Zariski continuous bijections between SpecL and SpecZ.

The proposition follows.

3.3 Prime ideals in q-commutative power se-

ries rings

Our aim now is to systematically develop a detailed description of the prime

spectrum of R. Using the results we obtained in the preceding sections for q-

commutative Laurent series rings, our approach now largely follows – and in

many cases mimics – the studies of q-commutative polynomial rings found in

[6, §4] and [13]. Moreover, much of the theory developed in this section is also

analogous to that for various more complicated (finitely generated) quantum

function algebras; see (e.g.) [5] for details.

We start by giving an account of the “obvious” stratification of SpecR.

Let W be the set of subsets of {1, . . . , n}. For each w ∈ W , let

Specw R = {P ∈ SpecR | xi ∈ P ⇔ i ∈ w} .

Then

SpecR =
⊔
w∈W

Specw R. (3.1)

For each w ∈ W , let Jw be the ideal of R generated by the indeterminates

xi for i ∈ w, let Rw = R/Jw, and set nw = n− |w|. Then Rw is isomorphic to

a skew power series ring in nw variables, and hence Jw is completely prime.

Notice that each Specw R is the intersection of the closed set of prime ideals

containing xi, for i ∈ w, with the open set of prime ideals not containing xj,

for j /∈ w. That is,

Specw R = V (Jw)\V (I1 · · · Inw),
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where each Ik = 〈xjk〉 with jk /∈ w. Also, the closure in SpecR of each

Specw R is V (Jw), which is a union of subsets Specw′ R, for w′ ∈ W and

w ⊆ w′. Therefore the partition (3.1) is in fact a stratification of SpecR which

meshes nicely with the Zariski topology in the sense that the closure of each

stratum is a union of strata, and each stratum is a locally closed subset (see

2.1.7) of SpecR. Equip each Specw R with the subspace topology inherited

from SpecR.

Let Xw be the multiplicatively closed subset of Rw generated by 1 and the

images of the xj for j /∈ w. Since these generators are normal, in viewing of

2.1.2, the prime ideals in Rw that are disjoint from Xw are precisely the prime

ideals that do not contain xj + Jw for any j /∈ w. These are exactly the prime

ideals of the form P/Jw for P ∈ Specw R. On the other hand, note that Xw

consists of normal elements of Rw, and so it is an Ore set of Rw. We set

Lw = RwX
−1
w ,

the Ore localization of Rw at the set Xw. It follows from 2.3.9 that there is

an inclusion preserving bijection between the set of prime ideals in Rw that

are disjoint from Xw and the set SpecLw. Therefore, we now have a natural

homeomorphism

Specw R
Φw−−→ SpecLw (3.2)

obtained via the assignment

P 7−→ (P/Jw)Lw,

for P ∈ Specw R. Observe that Lw will be isomorphic to a q-commutative

Laurent series ring (for a replacement of q by a suitable nw×nw matrix) in

nw variables. Let Zw denote the center of Lw. By 3.2.8, Zw is a commuta-

tive noetherian domain, and by 3.2.10, SpecLw is homeomorphic to SpecZw.

Therefore, we have the following:

Theorem 3.3.1. The indeterminates x1, . . . , xn provide a finite stratification

on SpecR. Each stratum is naturally homeomorphic to the spectrum of a

commutative noetherian domain.
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Recall the H-action discussed in the beginning of Section 3.2. Now we

consider the H-action on SpecLw , for w ∈ W . Again set nw = n − |w|, and

let Hw denote the nw-torus (k×)nw . Then Hw acts on Lw and so Hw also acts

on SpecLw, in the same way as that H acts on L and SpecL in Section 3.2.

Also, H acts on Lw and SpecLw via the obvious surjection of H onto Hw.

Hence, by 3.2.1 (ii), we have

Corollary 3.3.2. Assume that k is infinite. Then each Lw is H-simple.

Next, since each xi is an H-eigenvector, we have:

Proposition 3.3.3. Specw R is a union of H-orbits of prime ideals in R, and

the H-action on SpecR restricts to an H-action on Specw R.

Let w ∈ W and Φw be the homeomorphism between Specw R and SpecLw,

as in (3.2). Then it is clear that the extension P 7→ (P/Jw)Lw and the

contraction Q 7→ Φ−1
w (Q) interwine the H-action; that is,

Theorem 3.3.4. Let w ∈ W . Then the n-torus H acts on Specw R and

SpecLw, and the homeomorphism Φw between Specw R and SpecLw is H-

equivariant.

Corollary 3.3.5. Let w ∈ W . Assume that k is infinite. Then each H-orbit

of prime ideals in Specw R is (Zariski) dense in Specw R.

Proof. By 3.2.2, when k is infinite each H-orbit of prime ideals in SpecLw

is (Zariski) dense in SpecLw, and so the corollary follows from the preceding

theorem.

Proposition 3.3.6. Assume that k is infinite. Then {Jw | w ∈ W} is the set

of H-prime ideals of R.

Proof. Recall that for any w ∈ W , Jw is a (completely) prime ideal of R.

Moreover, each Jw is H-stable. It therefore follows from 2.1.13 that each Jw

is an H-prime ideal of R.
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Conversely, let I be an arbitrary H-prime ideal of R. Then, by 2.1.14,

I = I1 ∩ · · · ∩ It for some finite H-orbit I1, . . . , It of prime ideals of R. As

noted in 3.3.3, each stratum in the stratification (3.1) is a union of H-orbits,

and so I1, . . . , It ∈ Specw R for some w ∈ W . Therefore, by 3.3.4,

Φw(I1), . . . ,Φw(It)

is a single H-orbit of prime ideals in Lw, and so Φw(I1) ∩ · · · ∩ Φw(It) is an

H-ideal of Lw. However, since Lw is H-simple, again following 3.3.4, we see

that

Φw(I1) ∩ · · · ∩ Φw(It) = 0

in Lw. Since Lw is prime, it now follows that Φw(I1), . . . ,Φw(It) (which com-

prise a single H-orbit) must all equal 0. Consequently,

I = I1 = · · · It = Jw,

by the homeomorphism 3.2 and the assignment P 7→ (P/Jw)Lw. The propo-

sition follows.

Next, we consider localization and representation theoretic issues, in the

sense of [7] and [18]. Retaining the notation of 3.3.1, recall that the prime

spectrum of R is normally separated if for each inclusion of prime ideals P0 (
P1 in SpecR there exists an element y ∈ P1\P0 such that Ry = yR+P0. Also,

for prime ideals P and Q of R, there is a second layer link P  Q provided

P ∩Q/PQ has a nonzero R-R-bimodule factor that is torsionfree as both a left

R/P -module and a right R/Q-module. Normal separation implies the strong

second layer condition. Our approach below is inspired by [6].

Proposition 3.3.7. (i) The prime spectrum of R is normally separated, and

consequently, R satisfies the strong second layer condition. (ii) Let G denote

the group of k-algebra automorphisms of R generated by the maps r 7→ xirx
−1
i

for r ∈ R and 1 ≤ i ≤ n. Suppose that P and Q are prime ideals of R such

that P  Q. Then τ(P ) = Q for some τ ∈ G.
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Proof. (i) Suppose that P0 ( P1 are prime ideals of R, and choose w such

that P0 ∈ Specw R. In particular, Jw ⊆ P0 ( P1. If P1 /∈ Specw R then

there exists some xi ∈ P1 \P0; since Rxi = xiR we see that normal separation

holds in this case. Now suppose that P1 ∈ Specw R. Set P ′0 = Φw(P0) and

P ′1 = Φw(P1), where Φw is the inclusion preserving homeomorphism between

Specw R and SpecLw. Then P ′0 ( P ′1. Note that P ′0 and P ′1 are generated by

their intersection with the center Zw of Lw; see 3.2.7 (i). Therefore, there exists

an element z in Zw such that z ∈ P ′1\P ′0. Moreover, in Lw, z is regular modulo

P ′0. Now recall that Lw is the localization of Rw at the set Xw (consisting of

normal regular elements of Rw) and so there exists some u ∈ Xw such that

uz ∈ Rw. Note that uz is a normal element of Rw, since u is normal and z is

central. Also, it is easy to see that

uz ∈ (P ′1 ∩Rw) \ (P ′0 ∩Rw).

But (P ′0 ∩ Rw) = P0/Jw and (P ′1 ∩ Rw) = P1/Jw. So let y be the preimage of

uz in R. Then y ∈ P1 \P0, and Ry = yR+P0. We can now conclude that the

prime spectrum of R is normally separated. Part (i) follows.

(ii) Suppose that P and Q are prime ideals of R such that P  Q. It

follows (e.g.) from [14, 12.15], for all 1 ≤ i ≤ n, that xi ∈ P if and only if

xi ∈ Q. Hence, there exists w ∈ W such that P,Q ∈ Specw R. In particular,

Jw ⊆ P ∩Q.

Set P ′ = P/Jw and Q′ = Q/Jw. It follows directly from [6, 2.7] that either

P ′  Q′ in SpecRw or that τ(P ) = Q for some τ ∈ G.

So assume that P ′  Q′ in Rw. Set P ′′ = P ′.Lw and Q′′ = Q′.Lw. Since

Lw is noetherian, we have P ′′  Q′′ in Lw. Let T = P ′′ ∩Q′′/A be the linked

module, which is torsionfree as both a left Lw/P
′′ module and a right Lw/Q

′′

module. However, since every ideal of Lw is centrally generated, as proved

in 3.2.7 (i), it follows that Q′′ left annihilates T , and P ′′ right annihilates T .

Therefore P ′′ = Q′′, and so P = Q. Part (ii) follows.

Remark. We close by briefly considering the “generic” case: Assume that the

abelian subgroup 〈qij〉 of k× is free of rank n(n − 1)/2. (This condition will
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hold, for instance, if the qij, for 1 ≤ i < j ≤ n, are algebraically independent

over k.)

(i) Using 3.2.9, it is not hard to show that each Lw, for w ∈ W , is simple.

Consequently, SpecR = {Jw | w ∈ W}.
(ii) It follows from (i) and 3.3.7 (ii) that each Jw can only be linked to itself.

Hence, by 3.3.7 (i) and [6, 2.5], each Jw is linked to itself and only to itself.

It then follows from 3.3.7 (i) and (e.g.) [14, 14.20] that each Jw is classically

localizable.

A more detailed description of the link structure of SpecR, following the

methods of [6], is left for the future.
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CHAPTER 4

POWER SERIES

COMPLETIONS OF

QUANTUM COORDINATE

RINGS

Given an iterated skew polynomial ring C[y1; τ1, δ1] . . . [yn; τn, δn] over a

complete local ring C with maximal ideal m, we prove, under suitable as-

sumptions, that the completion at the ideal m + 〈y1, y2, . . . , yn〉 is an iterated

skew power series ring. Under further conditions, this completion is a local,

noetherian, Auslander regular domain. Applicable examples include quantum

matrices, quantum symplectic spaces, and quantum Euclidean spaces. The

results in this chapter will appear in [30].

4.1 Iterated skew power series rings

In this section, we construct iterated skew power series rings over general

complete local rings. First we set up an iterated skew polynomial ring over

a complete local ring with suitable skew derivations. Then we prove, by ex-

tending skew derivations, the existence of the corresponding skew power series
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rings. Our approach builds on Venjakob’s study of skew power series ring

R[[y; τ, δ]] described in Chapter 2 section 5.

Setup 4.1.1. Let C be a complete local ring with maximal ideal m. Set

R0 = C, and let

Rn = C[y1; τ1, δ1] . . . [yl; τl, δl] . . . [yn; τn, δn]

be an iterated skew polynomial ring with skew derivations (τl, δl) of Rl−1, for

1 ≤ l ≤ n. For each 1 ≤ l ≤ n, set

Il−1 = m + 〈y1, . . . , yl−1〉 ⊆ Rl−1,

and assume that

τl(Il−1) ⊆ Il−1, δl(Rl−1) ⊆ Il−1, and δl(Il−1) ⊆ I2
l−1.

We will also need the following notation.

Definition 4.1.2. Let 1 ≤ l ≤ n+ 1. A nonzero monomial

ci1,...,il−1
yi11 · · · y

il−1

l−1

in Rl−1 is said to be in normal form. We will write

ciY
i
l−1 for ci1,...,il−1

yi11 · · · y
il−1

l−1 ,

where i = (i1, . . . , il−1) ∈ Nl−1.

Next we introduce the notion of degree that we will use for monomials in

normal form.

Definition 4.1.3. Let ciY
i
l−1 ∈ Rl−1. Then there exists an integer k largest

such that ci ∈ mk. Set

s(ci, i) = k + i1 + i2 + · · ·+ il−1.

We will refer to s(ci, i) as the degree of ciY
i
l−1.
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Definition 4.1.4. Let 1 ≤ l ≤ n. By a formal power series in y1, . . . , yl over

C, we will mean an infinite series

f =
∑
i

ciY
i
l ,

where the ci are elements in C and where i ∈ Nl. Note that each monomial

ciY
i
l is in normal form. The set of all formal power series in y1, . . . , yl over C

forms an abelian group, which we will denote as Al.

Next, based on the assumptions in 4.1.1, we have the following observation.

Lemma 4.1.5. Let 1 ≤ l ≤ n, and let ciY
i
l−1 and djY

j
l−1 be two nonzero

monomials in Rl−1. Then

(i) The product ciY
i
l−1 · djY

j
l−1 is a sum of monomials each with degree

greater than or equal to s(ci, i) + s(dj, j).

(ii) Both polynomials τl
(
ciY

i
l−1

)
and δl

(
ciY

i
l−1

)
are 0 or finite sums of

monomials each with degree greater than or equal to s(ci, i).

Lemma 4.1.6. Let 1 ≤ l ≤ n

(i) Any power series f =
∑

i ciY
i
l ∈ Al−1 can be written as

f =
∞∑
k=0

∑
s(ci,i)=k

ciY
i
l ,

where each sum ∑
s(ci,i)=k

ciY
i
l

is 0 or a finite sum.

(ii) Let

g = G0 +G1 + . . .+Gk + . . . ,

where each Gk is 0 or a finite sum of monomials in Rl all with degree k. Then

g is a well-defined (in the sense of 4.1.4) formal power series in Al.
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Proof. (i) can be proved by regrouping the monomials appearing in f (if nec-

essary). To prove (ii), suppose that

Gk =
∑
j∈Mk

c
(k)
j Y j

l ,

where c
(k)
j ∈ C and where Mk ⊆ Nl, for k=0,1,. . . . We will set c

(k)
i = 0 when

i /∈Mk. Now, for a fixed j, the sum

c
(0)
j + c

(1)
j + . . .+ c

(k)
j + . . .

might contain infinitely many terms. But each c
(k)
j is such that the degree of

c
(k)
j Y j

l is equal to k. Hence, the preceding sum is convergent in the m-adic

topology. Therefore,

g = G0 +G1 + . . .+Gk + . . . =
∑
j∈∪Mk

(
c

(0)
j + c

(1)
j + . . .+ c

(k)
j + . . .

)
Y j
l

is a formal power series in Al with all coefficients in C well-defined.

Theorem 4.1.7. Let C be a complete local ring with maximal ideal m. Set

R0 = C, and let

Rn = C[y1; τ1, δ1] . . . [yl; τl, δl] . . . [yn; τn, δn] (n ≥ 1)

be an iterated skew polynomial ring with skew derivations (τl, δl) of Rl−1, for

1 ≤ l ≤ n. For each 1 ≤ l ≤ n, set

Il−1 = m + 〈y1, . . . , yl−1〉 ⊆ Rl−1,

and assume that

τl(Il−1) ⊆ Il−1, δl(Rl−1) ⊆ Il−1, and δl(Il−1) ⊆ I2
l−1.

Set S0 = C. Then there exists an iterated skew power series ring

Sn = C[[y1; τ̂1, δ̂1]] . . . [[yl; τ̂l, δ̂l]] . . . [[yn; τ̂n, δ̂n]],

where each (τ̂l, δ̂l) is a skew derivation on Sl−1 with τ̂l |Rl−1
= τl and δ̂l |Rl−1

= δl,

for 1 ≤ l ≤ n. Moreover, Sn is a complete local ring with maximal ideal

mn = m + 〈y1, . . . , yn〉. (We will refer to Sn as the power series extension of

Rn.)
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Proof. Following 2.5.9, the ring C[[y1; τ1, δ1]] is well defined and we may take

S1 = C[[y1; τ1, δ1]]. In the notation of 4.1.4, S1 is the abelian groupA1 equipped

with a well-defined multiplication restricting to the original multiplication in

R1. Our goal is to show that each abelian group Al becomes an iterated skew

power series ring. In the first step of the proof, we extend the pair of maps τl

and δl to Al−1 for all 1 < l ≤ n. Then, by induction, we will show that each

(τl, δl) extends to a skew derivation on Sl−1 and that each Al forms a ring Sl .

To start, let f =
∑

i ciY
i
l−1 be a power series in Al−1. As in 4.1.6 (i), we

can write

f =
∞∑
k=0

Fk,

where each

Fk :=
∑

s(ci,i)=k

ciY
i
l−1

is a finite sum (possibly equal to 0). Our goal now is to extend τl and δl to

Al−1. For k = 0, 1, 2, . . ., if τl(Fk) 6= 0, we can write

τl(Fk) =
∑
j∈Tk

t
(k)
j Y j

l−1,

for some subset Tk ⊆ Nl−1 and some t
(k)
j ∈ C. Next, let

Gm =
∞∑
k=0

∑
j∈Nm,k

t
(k)
j Y j

l−1,

where

Nm,k = {j ∈ Tk | the degree of t
(k)
j Y j

l−1 is m}.

Then

τl(F0) + τl(F1) + . . .+ τl(Fk) + . . . = G0 +G1 + . . .+Gm + . . . (4.1)

It follows from 4.1.5 that any nonzero τl(Fk) is a finite sum and that each

t
(k)
j Y j

l−1 has degree ≥ k. Hence each Gm is a finite sum by the construction.

Recall from 4.1.6 (ii) that

G0 +G1 + . . .+Gm + . . .
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is a formal power series in Al−1. Therefore,

∞∑
k=0

τl (Fk) ∈ Al−1.

Using the same argument (replacing τl with δl), we also have

∞∑
k=0

δl (Fk) ∈ Al−1.

Then, for 1 ≤ l ≤ n and f =
∑

i ciY
i
l−1 ∈ Al−1, we extend tl and δl by setting

the following maps

τ̂l(f) =
∞∑
k=0

τl

 ∑
s(ci,i)=k

ciY
i
l−1

 and δ̂l(f) =
∞∑
k=0

δl

 ∑
s(ci,i)=k

ciY
i
l−1

 .

(4.2)

It is clear that τ̂l |Rl−1
= τl and δ̂l |Rl−1

= δl.

Now, let n ≥ 2. Assume that the abelian group An−1 is a well-defined

power series ring, which we will denote as Sn−1, and also assume that Sn−1 is

a complete local ring with maximal ideal mn−1 = m + 〈y1, . . . , yn−1〉. Next we

show that (τ̂n, δ̂n), from (4.2), is a skew derivation on Sn−1; that is, τ̂n is an

automorphism of Sn−1 and δ̂n is a left τ̂n-derivation.

Let t be a positive integer. Choose two arbitrary elements a and b in Sn−1.

Write a = at + a′t and b = bt + b′t, where at (respectively bt) is the sum of the

monomials appearing in a (respectively b) with degree ≤ t. Then it follows

from (4.2) that

τ̂n(a) = τ̂n(at) + τ̂n(a′t) and τ̂n(b) = τ̂n(bt) + τ̂n(b′t).

Therefore, we have

τ̂n(ab) = τn (at · bt) + τ̂n(a′t · bt + at · b′t + a′t · b′t), and

τ̂n(a) · τ̂n(b) = τn(at) · τn(bt) + τ̂n(a′t) · τ̂n(bt) + τ̂n(at) · τ̂n(b′t) + τ̂n(a′t) · τ̂n(b′t).

Note that τn(at · bt) = τn(at) · τn(bt). It follows from 4.1.5 that

τ̂n(ab)− τ̂n(a) · τ̂n(b) ∈ mt+1
n−1.
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Let t→∞, then it follows from the completeness of Sn−1 that

τ̂n(ab) = τ̂n(a) · τ̂n(b).

Using the same argument (replacing τ̂n with δ̂n), we can get

δ̂n(ab) = δ̂n(a)b+ τ̂n(a)δ̂n(b).

Therefore (τ̂n, δ̂n) is a skew derivation on Sn−1.

In view of the assumptions in 4.1.1 and (4.2), we see that

τ̂n(mn−1) ⊆ mn−1, δ̂n(Sn−1) ⊆ mn−1, and δ̂n(mn−1) ⊆ m2
n−1.

Following 2.5.9, the skew power series ring Sn = Sn−1[[yn; τn, δn]] is well de-

fined, and Sn is a complete local ring with maximal ideal mn = m+〈y1, . . . , yn〉.
This completes the inductive step. The theorem is proved by induction.

The results in the following corollary are consequences of 2.5.10, 2.5.11 and

4.1.7.

Corollary 4.1.8. The power series extension Sn in 4.1.7 is the completion of

Rn with respect to the ideal mn = m + 〈y1, . . . , yn〉.
(i) Any power series in Sn is a unit (in Sn) if and only if its constant term

is a unit in C.

(ii) The associated graded ring grSn is isomorphic to an iterated skew poly-

nomial ring over grC with endomorphisms τ̄1, . . . , τ̄n and with derivations all

zero.

(iii) Assume further that τ̄1, . . . , τ̄n are automorphisms. If grC is a domain,

Sn is a domain. If grC is right (respectively left) noetherian, so is Sn. If grC

is Auslander regular, then Sn is also Auslander regular.

(iv) Suppose that grC is right noetherian and that τ̄1, . . . , τ̄n are auto-

morphisms. Then it holds that rKdimSn ≤ rKdim grC + n and rglSn ≤
rgl grC + n.
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4.2 Applications to quantum coordinate rings

In this section, we will apply Theorem 4.1.7 to some well-known quantum

coordinate rings, including quantum matrices, quantum symplectic spaces, and

quantum Euclidean spaces to obtain power series completions of these rings.

These power series rings are new examples of quantum algebras.

Example 4.2.1. Quantum Matrices

Let Oλ,p(Mn(k)) be the multiparameter quantum coordinate ring of n×n
matrices over k, as in 2.6.2. It is not hard to see that these skew derivations

satisfy the assumptions in 4.1.1. Hence, by Theorem 4.1.7, the power series

extension of Oλ,p(Mn(k)) is the iterated skew power series ring

k[[y11]] [[y1 2; τ̂1 2]] · · · [[ylm; τ̂lm, δ̂lm]] · · · [[ynn; τ̂nn, δ̂nn]],

where each extended skew derivation is defined as in (4.2). Also note that each

τlm acts by nonzero scalar multiplication on the generators. It now follows

from 4.1.8 that the preceding power series completion is a local, noetherian,

Auslander regular domain.

Example 4.2.2. Quantized k-algebras Kn

Let Kn = KP,Q
n,Γ (k) be the class of Horton algebras, as in 2.6.3; that is,

iterated skew polynomial rings with certain skew derivations. In view of the

defining relations in 2.6.3, we see that the automorphisms and derivations

satisfy the assumptions in 4.1.1, and so, by Theorem 4.1.7, Kn has the power

series extension

k[[x1]][[y1; τ̂1]][[x2; σ̂2]][[y2; τ̂2, δ̂2]] · · · [[xl; σ̂l]][[yl; τ̂l, δ̂l]] · · · [[xn; σ̂n]][[yn; τ̂n, δ̂n]],

where the extended skew derivations are defined as in (4.2). Again, it fol-

lows from 4.1.8 that this completion is a local, noetherian, Auslander regular

domain.

Moreover, comparing with 4.1.8 (iv), the dimensions of the power series

completions in 4.2.2 can be more precisely determined as follows:
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Remark. Let E be an algebra in the class Kn, and Ê be the power series

completion of E with respect to the ideal 〈x1, y1, . . . , xn, yn〉. From 4.2.2, we

see that, among the defining commutation relations, nonzero derivations only

occur in the following cases:

yixi = τi(xi)yi + δi(xi), for i = 2, . . . , n.

Also note that δi(xi) ∈ Ii−1 = 〈x1, y1, . . . , xi−1, yi−1〉. Hence, the set of gen-

erators {x1, y1, . . . , xn, yn} forms a regular normalizing set (see 2.4.10). Since

J(Ê) = 〈x1, y1, . . . , xn, yn〉, it now follows from 2.4.11 that the Krull dimen-

sion, classical Krull dimension and global dimension of Ê are all equal to 2n.

Remark. For the quantum coordinate rings and quantum algebras in exam-

ples 4.2.1 and 4.2.2, it is well known that the derivations δlm and δl are locally

nilpotent. In [8], using this fact (and other assumptions), Cauchon constructed

the “Derivation-Elimination Algorithm”. But, for power series completions of

these examples, the extended derivations δ̂lm and δ̂l are not locally nilpotent.
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