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Abstract

GENERALIZED LINEAR MIXED MODEL FOR FINITE NORMAL MIXTURES

WITH APPLICATION TO

TENDON FIBRILOGENESIS DATA

Tingting Zhan

DOCTOR OF PHILOSOPHY

Temple University, May, 2012

Chair: Dr. Boris Iglewicz. Department of Statistics, Temple University

We propose the generalized linear mixed model for finite normal mixtures (GLMFM), as

well as the estimation procedures for the GLMFM model, which are widely applicable to the

hierarchical dataset with small number of individual units and multi-modal distributions

at the lowest level of clustering. The modeling task is two-fold: (a) to model the lowest-

level cluster as a finite mixtures of the normal distribution; and (b) to model the properly

transformed mixture proportions, means and standard deviations of the lowest-level cluster

as a linear hierarchical structure. We propose the robust generalized weighted likelihood

estimators and the new cubic-inverse weight for the estimation of the finite mixture model

(Zhan et al., 2011). We propose two robust methods for estimating the GLMFM model,

which accommodate the contaminations on all clustering levels, the standard-two-stage

approach (Chervoneva et al., 2011, co-authored) and a robust joint estimation. Our research

was motivated by the data obtained from the tendon fibril experiment reported in Zhang

et al. (2006). Our statistical methodology is quite general and has potential application in
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a variety of relatively complex statistical modeling situations.
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Chapter 1

Introduction

This work is motivated by the tendon fibril genesis experiment first reported in Zhang

et al. (2006), which focuses on the functional roles of a genetic mutation called ”decorin-

deficiency” in the development of the structural and functional properties of collagen tendon

in newborn mice. We will use these data to motivate and illustrate the development and

explanation of new statistical methodologies that can be useful in parameter estimation and

analysis of such complex data sets.

The tendons are the tissues that connect the muscle to the bone for transmitting and

withstanding the tissue loads. The tendons are composed primarily of aligned columns

of fibroblasts, collagen fibrils grouped as fibers and an interfibrillar matrix. The tensile

strength depends on the high collagen fiber content. The tissue-specific fibril genesis and

extracellular matrix assembly is required for the development, growth and repair of the

tendons, thus the studies of collagen fibril genesis afford better understanding of tendon

development, growth, and maturation as well as the pathobiological changes associated

with aging or injury and regeneration after wounding or surgical intervention. During the

tendon development, collagen fibrils are initially assembled as immature fibril intermediates,
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followed by linear and lateral growth of mature fibrils from the preformed intermediates.

Zhang et al. (2006) studied the mechanisms of the tendon extracellular matrix assembly

that allow for the independent regulation of initial fibril assembly as well as growth in length

and diameter by analyzing fibril diameters, with particular interest in the roles of decorin,

lumican and fibromodulin in regulation of fibril genesis and the roles of type XIV collagen

in regulation of growth. Decorin deficient mice demonstrate altered fibril structure and

mechanical function in mature skin and tail tendons, with abnormal, irregularly contoured

fibrils. The biologists are interested in further elucidating the developmental roles of decorin.

In the experiment reported in Zhang et al. (2006), the maturation of collagen fibril

intermediates is disrupted using different genetic deficiencies, in order to illustrate the reg-

ulatory mechanisms. The primary covariates concerned are animal developmental stage

(age as measured in postnatal days) and genotype. The primary response is the collagen

fibril diameter measurements taken from experiment animals. In this study, 4-7 animals

from each of the two mice strains, decorin deficient (DD) and wild type (WT), are sacri-

ficed at different postnatal ages. Multiple fibril cross-sections are made from each animal,

photographed under a transmission electron microscope and 5-6 negatives per animal are

selected randomly. The fibril diameters in microscopic fields of defined size are digitized and

measured (in unit of nm) by an image analysis system. Typically, each microscopic field of

immature fibrils (post natal 1 month or younger) have around 200-500 diameter measure-

ments, while mature fibrils have around 50-150 measurements per field. Figure 1.1(a), in

Appendix ??, presents the scanned image of microscopic fields at different post natal ages.

Figure 1.1(b) presents a few histograms of the fibril diameter measurement distributions

on selected microscopic fields taken from postnatal 3-month animals. The Gaussian kernel

density estimates of these distributions are plotted along with each histogram.
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 P3M.wild Field 21 n=112  

50 100 150 200

 P3M.wild Field 3 n=100  

50 100 150 200

 P3M.mut Field 38 n=53  

0 50 100 150 200 250 300

Figure 1.1: Top: scans of microscopic fields at different postnatal ages 1 day, 10 days, 2
months, 3 months; wild type (upper row) and decorin deficiency (lower row). Bottom:
Selected microscopic fields of the fibril diameter measures from postnatal 3-month mice.
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The data from the tendon fibril experiment serves an example of the various biological

nano-structures of the hierarchically clustered data with large number of observations and

multi-modal distributions at the lowest level of clustering. It is interesting to investigate

the following two topics for the tendon fibril data,

• the mechanisms regulating the tendon fibril development, by decomposing the condi-

tional distributions of the fibril diameters into sub-populations with different charac-

teristics and functional roles, and

• the dependence of those sub-populations within each cluster

In Chapter 2, we propose the generalized linear mixed model for finite normal mixtures

(GLMFM), which assumes a linear hierarchical relationship after proper transformation of

the mixture proportions, means and standard deviations of the lowest-level sub-populations.

We also provide a brief review of the related statistical methods in literature.

In Chapter 3 (published in Zhan et al., 2011), we investigate the robust estimation of

the finite normal mixture model, in which the mixing proportions, location and spread of

each sub-populations are of the primary interest. Zhang et al. (2006) suggested that the

field-specific distributions be modeled as finite mixtures of the normal distributions: two-

component for 4-day-old animals and three-component for 2 month or older. The fixed-

number-of-components assumption is appropriate from the biological point of view, which

is attributed to a common underlying distribution of the fibril diameters associated with

each developmental age. The biological hypothesis is that the first component (∼ 35nm),

representing the initially assembled immature protofibrils or fibril intermediates, will remain

the same in thickness during the maturation process, while the second component (∼ 50nm)

corresponds to the subpopulation of maturing fibrils, involving linear and lateral growth of
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preformed protofibrils. Even thicker fibrils (> 100nm) emerge at later ages, representing

the subpopulation of mature fibrils. On the other hand, the microscopic-field-specific dis-

tributions of the fibril diameters are often contaminated, shown as the heavy tails in Figure

1.1. These contaminations are either due to the genetic alterations (e.g. abnormally large

fused fibrils) or the cross sections through the tapered ends of fibrils (smaller than diameter

in the main cylindrical part). We develop robust estimation methods for the mixture model

of exponential family distributions with fixed number of components, which is less sensitive

to the contaminations and accommodate to the situation when the mixture components

may exhibit moderate departures from the chosen model. We propose the family of gen-

eralized weighted likelihood estimators, which include many minimum divergence density

estimators in literature. We also propose a new member of this family, named the cubic-

inverse weight, with advantages in handling more complex contaminations. The proposed

cubic-inverse-weighted likelihood estimator demonstrates desirable asymptotic properties

and proves a good estimation method for the tendon fibril data.

In Chapter 4, we investigate the robust estimation of the GLMFM model. The clustered

structure of the tendon fibril data enables the study of the functional roles of decorin on the

subpopulation parameters of the field-specific distribution of the fibril diameter measure-

ments, adjusted for the animal and field random effect. The between-animal and between-

field variabilities are considered coming from the small variation of actually postnatal ages

and the sampling variability due to shifts of cross-sections within tendons, respectively. The

standard, i.e. the linear, generalized linear and nonlinear, and semi-parametric, mixed ef-

fects models in literature focus on analysis of mean structure as a function of the covariates,

without identifying or addressing the properties such as mixing of sub-populations. The

GLMFM model is an extension of the generalized linear mixed model to the conditional
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finite normal mixture distribution. It is also an extension of the so-called finite mixture

regression model to include all subpopulation parameters into the regression model. We

propose a robust joint estimation for estimating the GLMFM model, which accommodates

the contaminations on both animal-level and field-level.

In Chapter 5, we present a brief summary with discussions and outlines of the future

work.
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Chapter 2

Modeling framework and literature

review

In this chapter, we formalize the statistical framework for modeling the tendon fibril

data of Zhang et al. (2006) and provide a brief review of the related models as well as the

non-robust and robust estimation methods in literature. In section 2.1, we introduce the

generalized linear mixed model for finite normal mixtures (GLMFM) for the hierarchical

data with multi-modal conditional distributions. We outline the proposed robust joint

estimation methods for the GLMFM model. In section 2.2, we review the finite normal

mixture model with fixed number of components, which is suitable for the skewed and

multi-modal conditional distributions of the tendon fibril data. We concentrate on the

corresponding density estimation techniques, both the maximum likelihood and the robust

minimum divergence estimation. We also include a detailed review of the robust minimum

divergence estimators. In section 2.3, we review the standard linear and nonlinear mixed

models, as well as the non-robust and robust estimation methods. In section 2.4, we review

the best linear unbiased predictor (BLUP) procedure for the linear mixed model. In section
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2.5, we review the limited research in the family of non-mean-structure mixed model, to

which the proposed GLMFM model belongs.

2.1 Modeling estimation framework

Consider the tendon fibril data (Zhang et al., 2006), let yijk be the kth (k = 1, · · · , nij)

fibril diameter measurement taken from the jth (j = 1, · · · , ni) microscopic field of the ith

(i = 1, · · · ,M) animal. The sample sizes, in the postnatal three-month (P3M) data for

example, the nij ’s are around 150 fibrils, the majority of ni’s range from 5 to 11 fields and

M = 11 animals. The covariates associated with animal i are the animal body weight mi,

the genotype gi (0 for wild type and 1 for mutant) and the postnatal age ti. No covariate

is associated with the microscopic fields.

The fibril diameter measurements on field j of animal i, yij = {yijk : k = 1, · · · , nij}, are

assumed to follow a S-component normal mixture distribution, where S is a pre-specified

integer. The field-specific parameters include the component means µij = {µs,ij}, standard

deviations σ2
ij = {σ2s,ij} and mixing proportions πij = {πs,ij} for components s = 1, · · · , S.

The mixing proportions πij satisfies the constraint that
∑S

s=1 πs,ij = 1, ∀ i, j. The iden-

tifiability constraint of the mixture model is the increasing order of the component means

µ1,ij < · · · < µS,ij . Therefore, the joint distribution of the diameter measurements yij on

field j of animal i is

f(yij ;ηij(µij ,σij ,πij)) =

nij∏
k=1

f(yijk;ηij) =

nij∏
k=1

S∑
s=1

πs,ij ϕ(yijk;µs,ij , σ
2
s,ij) (2.1)

The model (2.1) is a density model in which no error term is involved, i.e. the measurement

errors of yijk are considered negligible in comparison to other sources of variability. The

vector ηij is a proper transformation of all independent parameters in (µij ,σij ,πij). For
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example, a two-component mixture distribution may have the vector ηij as

ηij =
(
logitπ2,ij , µ1,ij , µ2,ij , lnσ1,ij , lnσ2,ij

)′
(2.2)

The generalized logit transformation yields independent parameters from the multinomial

distribution parameters. The transformation and its Jacobian matrix are derived in Ap-

pendix A.1.1.

The vector ηij plays a similar role as the linear predictor in (generalized) linear mixed

model. We assume that the following linear relationship holds for all i and j,

ηij(µij ,σij ,πij) = ηij

(
β, b

(1)
i , b

(2)
ij

)
= Aiβ +B

(1)
i b

(1)
i +B

(2)
ij b

(2)
ij (2.3)

Let h be the length of vector ηij . In the linear relationship (2.3), Ai is an h by a design

matrix of fixed effect β, which is a length-a vector, B
(1)
i is an h by b1 design matrix of

length-b1 animal random effects b
(1)
i ∼ N(0,Σ1(θ1)) and B

(2)
ij is an h by b2 design matrix

of length-b2 field random effects b
(2)
ij ∼ N(0,Σ2(θ2)). We assume that all random effects

b
(1)
i , and b

(2)
ij given i fixed, are independent with each other. The following notations will

be extensively used in the body and appendices of this work:

es(S) or simply es, the length-S base vector with the sth element being 1

1n the length-n vector with all elements being 1

In the order-n identity matrix

1n = 1n1
′
n

ϕ(·;µ,Σ) The (multivariate) normal density with mean µ and (co)variance Σ.

The parameters θ1 and θ2 depend on our choice of covariance parametrization. The co-

variance structures of the random effects b
(1)
i and b

(2)
ij would explain the correlation among

the elements of ηij . The multivariate-response linear model (2.3) can be transformed into a
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univariate-response model by using the index of the multivariate response as a covariate for

indicating the repeated measurements (Wright, 1998). The transformed univariate-response

model has a balanced design, as the original multivariate responses ηij ’s are of the same

length across all j and i. The same transformation applies to the linear mixed model. Un-

der such transformation, the error covariance and total covariance in linear mixed context,

referring to the correlation structure among the repeated measurements, correspond to the

correlation among elements of the multivariate-response ηij . We choose the simplified de-

sign of random effects so that B
(1)
i = B

(2)
ij = Ih. The linear predictor (2.3) is equivalent

to

η = η(β, b) = Aβ +B1b1 +B2b2 = Aβ +
(
B1,B2

) b1

b2

 = Aβ +Bb (2.5)

where, using ⊗ to represent the Kronecker product,

η = (η′1, · · · ,η′M )′, where ηi = (η′i1, · · · ,η′ini
)′

b1 =
(
b
(1),t
1 , · · · , b(1),tM

)′
Σ1 = var(b1) = IM ⊗ Σ1

b2 =
(
b
(2),t
1 , · · · , b(2),tM

)′
, where b

(2)
i =

(
b
(2),t
i1 , · · · , b(2),tini

)′
Σ2 = var(b2) = Diag {Ini ⊗ Σ2 : i = 1, · · · ,M}

Σ = Σ(θ) = var(b) = Diag{Σ1,Σ2}, θ = (θ1,θ2)

A = stack by rows {1ni ⊗Ai : i = 1, · · · ,M}

B1 = Diag
{
1ni ⊗B

(1)
i : i = 1, · · · ,M

}
B2 = Diag

{
Diag

{
B

(2)
ij : j = 1, · · · , ni

}
: i = 1, · · · ,M

}
We introduce the hierarchical model (2.1); (2.5) as the generalized linear mixed model

for finite normal mixtures (GLMFM). As the tendon fibril data contains contaminations in
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all levels of the hierarchy, i.e. in both the finite mixture (2.1) and the distribution of random

effects b in (2.5), the estimation of the GLMFM model, as well as its robust counterpart,

may be carried out using the following two kinds of approaches.

The first kind is the two-stage approaches which consider the GLMFM model as two sep-

arate models: the stage-1 subject-specific model (2.1) and the stage-2 linear mixed model

(2.5). The stage-1 subject-specific estimates (µ̂ij , σ̂ij , π̂ij) are passed into the stage-2 model

as the pseudo-observations η̂ij = ηij(µ̂ij , σ̂ij , π̂ij). Two major classes of the two-stage ap-

proaches are the standard-two-stage (STS) and global-two-stage (GTS) approaches (Da-

vidian and Giltinan, 1993). The two-stage approaches allow the flexibility in choosing the

robust or non-robust estimation methods independently for each stage. They also allow

constructing the stage-2 model with only a subset of the stage-1 estimates. The intrinsic

drawback of the two-stage approaches is that by estimating the stage-1 model separately

for each subject, we fails to ”borrow strength” from all subjects. The stage-1 estimates

and the pseudo-observations η̂ij will be very poor if there are not enough sample size on

each subject. However, the two-stage approaches can serve as an exploratory analysis of

screening potentially significant covariates and variance structure, as well as a method of

obtaining the starting values of other more complicated algorithms.

The second kind is the joint estimation which is motivated by the drawbacks of the

two-stage approach. We have an extensive literature on the joint estimation of standard

mixed models with a mean structure, which is reviewed in section 2.3 and 2.4, however, we

don’t have a joint estimation method for the GLMFM model, not to mention the robust

counterpart.
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2.2 Finite normal mixture model and robust density estima-

tion

The finite mixture model is often used to model the skewed or multi-modal densities, such

as the microscopic-field-specific distributions of the tendon fibril diameter measurements of

Zhang et al. (2006). This section reviews the robust density estimation techniques of the

finite mixture model, which would be directly applicable if we choose to adopt the two-stage

approaches for the tendon fibril data.

In the finite mixture model, it is often assumed that all of the mixing components come

from the same family of distributions. Most frequently used is the finite normal mixture

model. The S-component normal mixture density is

fθ(x) =

S∑
s=1

πsϕ(x;µs, σ
2
s), πs > 0,

∑
s

πs = 1 (2.7)

Model (2.7) is equivalent to the notation that x|z ∼ ϕ(x; z′µ, z′σ2) and z ∼ mnomial(1;π),

where z is the latent component indicator variable taking values es. The identifiability

constraints must be specified, since any permutation of component index s gives the identical

model fit. For univariate models, it could be a strictly increasing or decreasing order of mean

parameters µs. The choice of the number of components d is in hot debate (Roeder, 1994;

Turner and West, 1993; West, 1997; Richardson and Green, 1997; Stephens, 2000; Ishwaran

et al., 2001; Ishwaran and James, 2002; Chen and Khalili, 2009), however, we assume a fixed

number of components d and focus on robust estimation of µs, σs and πs without additional

restriction or prior knowledge.

The maximum likelihood estimation (MLE) for finite mixture model are covered exten-

sively in Titterington et al. (1985); McLachlan and Basford (1988); McLachlan and Peel

(2000); Boldea and Magnus (2009). The EM algorithms for solving MLE of finite mix-
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ture model includes MIXFIT (McLachlan and Peel, 1998) and EMMIX (McLachlan and

Peel, 1999). Many applications could be found in Belin and Rubin (1995); Celeux et al.

(2001); Pilla and Lindsay (2001). Woodward et al. (1984) provided ways to evaluate the

amount of separation between components and to find starting values for iterative algo-

rithms, which were adopted widely in later work. Bayesian estimations are also imple-

mented for finite, especially normal, mixtures model (Diebolt and Robert, 1994; Vounatsou

et al., 1998; Fruhwirth-Schnatter, 2001). Jasra et al. (2005) provides an extensive review

of methods dealing with non-identifiability of the components under symmetric priors. Ro-

bust estimation is required for the finite mixture model under model misspecification (Gray,

1994) or in the presence of contamination, which often result in ML failures such as ”single

match” to one or few data points when the estimated variance approaches zero and log-

likelihood becomes unbounded, if the component variances are allowed to differ in model

(2.7) (Kiefer and Wolfowitz, 1956; Day, 1969; Kiefer, 1978; Hathaway, 1985). The robustness

can be achieved by modifying the EM algorithms (DeVeaux and Krieger, 1990; Windham,

1995) or by using the robust minimum divergence estimators, which will be discussed in

detail below. The choices of divergences in estimating finite normal mixture model include

the L2 distance (Clarke and Heathcote, 1994; Scott, 2001, 2004), Hellinger distance (Cutler

and Cordero-Braña, 1996), symmetric χ2 distance (Markatou et al., 1998; Markatou, 2000)

and density power divergence (Basu et al., 1998; Fujisawa and Eguchi, 2006). In the rest of

this section, we give a brief review of the robust minimum divergence estimators from the

literature.

Studies on robustness have been an expanding area since Andrews et al. (1972); Tukey

(1977); Huber (1981); White (1982); Hoaglin et al. (1983); Hampel et al. (1985). Ro-

bust statistics focus on balancing these two fundamental but potentially competing ideals:
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efficiency when the model precisely describes the data and robustness when a slightly miss-

specified model is used. Non-robust methods such as those based on maximum likelihood

are often optimal in efficiency, but badly affected by contaminations. Let G be the class of

all distributions on a dominating measure such as the Lebesgue or the counting measure on

sample space X . Consider a general parametric model class FΘ = {Fθ, θ ∈ Θ} ⊂ G, so that

the unknown true distribution G is within the neighborhood of the class FΘ. The estimation

of the density model picks the parameter estimate θ̂ ∈ Θ so that Fθ̂ is an appropriate esti-

mate of the underlying distributionG. The density estimate θ̂ = T (G) is called the minimum

divergence estimate (MDE) if the estimation minimizes a certain divergence measure from

the model to the underlying distribution D(Fθ, G), where T (·) is the minimum divergence

functional defined on G. Given a random sample X1, · · · , Xn with empirical distribution

Ĝn and density ĝn, the density estimate θ̂n = T (Ĝn) is often an M-estimate (Huber, 1981)

solved from the estimating equation
∑n

i=1 ψ(xi, θ) = 0, where the estimating function ψ is

the derivatives the target divergence measure D(Fθ, Ĝn). The target divergence measure

D may be defined based on the characteristic, moment generating, distribution or density

functions, such as the Kolmogorov-Smirnov, Wolfowitz, Cramér-von Mises and squared L2

norm (Parr, 1981). The maximum likelihood estimator (MLE) belongs to the family of M-

estimators, where the target function is the Kullback-Leibler divergence and the estimating

function is ψ(xi, θ) = uθ(xi) = ∇ log fθ(xi). However, the general M-estimation theory does

not require the existence of a target function. The M-estimator T (·) is Fisher consistent for

model class FΘ when T (Fθ) = θ, if and only if the estimating function ψ is unbiased under

FΘ.

The influence function (IF or influence curve, Huber, 1981) reflects the robustness of

estimator T (·) under the gross-error model Gε,x0 = (1 − ε)G + ε∆x0 , where ∆x0 is the
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distribution assigning mass 1 to point x0,

IF := T ′(G, x0) = lim
ε↓0

T (Gε,x0)− T (G)

ε
=
∂T (Gε,x0)

∂ε

∣∣∣∣
ε=0

(2.8)

The influence function (2.8) is the functional derivative of T (·) at G in the direction of

∆x0 − G. The upper bound of the influence function, if it exists, is defined as gross-

error sensitivity GES = supx∈X ∥T ′(G, x)∥ (Hampel et al., 1985). The influence function

at Fθ, T
′(Fθ, x0), can be calculated from the M-estimating function ψ and its deriva-

tives (Hampel et al., 1985, Chapter 4) or by taking the derivative with respect to ε on

the estimating equation
∫
ψ(x, T (Fθ,ε,x0)) dFθ,ε,x0 = 0, and solving for ∂T (Fθ,ε,x0)/∂ε|ε=0

(Lindsay, 1994). The M-estimators are asymptotically normal with covariance matrix

VFθ
= Eθ(T

′(Fθ, x)[T
′(Fθ, x)]

t). The MLE is considered non-robust as the corresponding

influence function T ′(Fθ, x0) = I(θ)−1uθ(x0), where I(θ) is the Fisher information matrix

for model Fθ, is unbounded when x0 → ∞. On the other hand, only the influence function

of MLE achieves the Cramér-Rao lower bound for VFθ
, i.e. the MLE is first order efficient.

Robust estimators with bounded influence function sacrifice the first order efficiency (Ham-

pel et al., 1985), such as the family of MDE’s minimizing the density power divergence

(Basu et al., 1998)

Dβ(fθ, g) =

∫
[f1+β

θ − (1 + β−1)gfβθ + β−1g1+β]dx, β > 0 (2.9)

The density power divergence family (2.9) include the Kullback-Leibler divergence (β → 0)

and L2 distance (β = 1). The minimum density power divergence estimators are not first

order efficient when β > 0 because of the bounded influence function (Jones et al., 2001).

However, the influence function does not tell the whole story of robustness for the gross-

error model. Define the bias response curve ∆T (ε, x0) = T (Fθ,ε,x0)−T (Fθ) (Lindsay, 1994)

and the ε-influence curve εIF (ε, x0) = ε−1∆T (ε, x0) (Beran, 1977). The influence function
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is either the first order coefficient in series expansion of bias response curve ∆T (ε, x0) ≈

εT ′(Fθ, x0), or the point-wise limit of ε-influence curve T ′(Fθ, x0) = limε↓0 εIF (ε, x0). By

studying the second or third order approximation of the bias response curve (Lindsay, 1994)

or the boundedness of each ε-influence curves (Basu et al., 1998), robust estimators with the

first-order efficiency are proposed. Beran (1977, 1978) addressed both robustness and full

first order efficiency of minimum Hellinger distance estimator, as well as the non-uniform

convergence of ε-influence curve to the influence function. Lindsay (1994); Basu and Lindsay

(1994) addressed the inaccuracy of influence function as the first-order approximation to

the bias response curve. In other words, an estimator could both have the same influence

function as MLE so that to be first-order efficient, and be robust at the cost of the second-

order efficiency (Rao, 1962). Define the smoothed model density f∗θ (t) =
∫
k(x; t, h)fθ(x)dx

and the smoothed empirical density ĝ∗n(t) =
∫
k(x; t, h)ĝn(x)dx, where k(x; t, h) = k((x −

t)/h) is the common smoothing kernel. Larger value of the smoothing bandwidth h leads

to faster convergence but less robustness (Basu and Lindsay, 2004). (see the choice of

smoothing bandwidth h in Markatou, 2000). Define the smoothed Pearson residual δ∗n

(Lindsay and Roeder, 1992)

δ∗n(x) = ĝ∗n(x)/f
∗
θ (x)− 1 (2.10)

Therefore, the contaminations are distinguished as outlier when δ∗n > 0 and ’inlier’ when

−1 < δ∗n < 0, where less observations are present than the model predicts. Basu and

Lindsay (1994) defined the family of δ-divergences

D(f∗θ , ĝ
∗
n) =

∫
f∗θ (x)G

(
δ∗n(x)

)
dx (2.11)

where G is a thrice-differentiable function on [−1,∞) with G(0) = 0, G′(0) = 0 and

G′′(0) = 1. The family (2.11) includes the power class (Cressie and Read, 1984), blended-
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χ2 and general negative exponential (Jeong and Sarkar, 2000) through the choice of function

G. For example, the symmetric-χ2 divergence (Markatou et al., 1998), which is a special

case of the blended-χ2, corresponds to G(δ) = δ2/(δ + 2); the negative exponential diver-

gence (Bhandari et al., 2006) corresponds to G(δ) = e−δ + δ − 1. Figure 2.1 compares

the functions G(·) corresponding to the Kullback-Leibler divergence with the Hellinger di-

vergence, symmetric-χ2 divergence and negative exponential divergence, as the function of

smoothed Pearson residuals δ∗ (section 2.2). The symmetric-χ2 and negative exponential

divergences are either comparable or more robust than the Kullback-Leibler divergence, for

both inliers (−1 < δ∗ < 0) and outliers (δ∗ > 1).

δ*

w
(δ

* )

MLE
Symmetric χ2

Negative exponential
Hellinger

−1 0 1

0.
0

0.
5

1.
0

Figure 2.1: Divergence discriminating function G(δ∗n)
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2.3 Standard mixed models based on mean structure

The mixed model is often referred to as the ”hierarchical” model, as the subjects within

the same hierarchical clusters are often correlated because of the random effects associated

with each clusters. In this section we review the standard mixed models based on a mean

structure and the corresponding estimation techniques in literature.

In this work, the term ”standard mixed models” includes the linear, generalized linear

and nonlinear mixed models. The observations within each cluster is modeled by a mean

structure and a random error. These models are described using the following two-level

data example. Let yi = {yij : j = 1, · · · , ni} be the repeated observations from the ith

individual. Let µyi be the parameter vector specific to individual i. Most of the time, we

do not need to fully specify the conditional distribution yi|µyi , as the first two conditional

moments are often sufficient for inference. In other words, yi|µyi is often assumed to be

multivariate normal with

E(yi|µyi) = fi(µyi), cov(yi|µyi) =Di(µyi , ξ) (2.12)

where fi is a length-ni vector-valued function specific for the individual i and ξ is the

population dispersion parameter. The within-individual heterogeneity is reflected in the

covariance matrixDi(µi, ξ), while the form ofDi is assumed common across all individuals.

Let xi be the vector of covariates for the ith individual. Let β be the vector of fixed effect

and bi be the vector of random effect specific to the ith individual, The distribution of

random effect bi comes from a general distribution class H. The linear predictor ηi for the

ith individual is

ηi = d(xi,β, bi), bi ∼ h(θ) ∈ H (2.13)

where d is a vector-valued function and very often the random effects follow a multivariate
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normal distribution h = N(0,Σ(θ)). By different parametrization of h, we may have fully

parametric, nonparametric or semiparametric population models. The conditional mean

fi(µi) is connected to the linear predictor through a link function gi(·)

gi(fi(µyi)) = ηi (2.14)

In Bayesian context, we need yet to specify hyperpriors, often non-informative, for param-

eters β, ξ and θ.

The model (2.12); (2.13); (2.14) provides a general framework for the standard mixed

models, including (1) linear mixed effect model (LME), where fi is linear with respect

to µyi , gi is the identity function, d is linear with respect to β and bi and Di depends

on i only through the dimension ni; (2) generalized linear mixed model or hierarchical

generalized linear models (GLMM or HGLM, Lee and Nelder, 1996, 2001, 2003, 2006) where

the within-subject observations yi|µi are i.i.d. following an exponential-family distributions

as in the case of generalized linear model (GLM, McCullagh and Nelder, 1983), gi = g

is the corresponding (canonical) link function, d is linear with respect to β and v(bi),

where v(·) is a strictly monotone function of the random effect bi. The distribution h is

conjugate to the distribution of yi|µyi . The usual LME is the normal-normal GLMM with

identity link, where the first normal refers to the conditional model and the second refers

to distribution of random effect; (3) nonlinear mixed model (NLMM, Lindstrom and Bates,

1990; Davidian and Giltinan, 1993, 1995, 2003) where fi is nonlinear with respect to µyi ,

simple link function µyi = ηi and d can be either linear or nonlinear.

Standard estimation techniques of LME and GLMM are extensively reviewed in Searle

et al. (1992), such as MLE, generalized least squares (GLS) and restricted maximum likeli-

hood estimator (REML, Patterson and Thompson, 1971; Harville, 1977). Robust estimation

techniques in literature fall in the following categories: (i). Applying Huber (1981)’s weight-
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ing functions to the ML and REML estimating equations to obtain the bounded-influence

estimates (Welsh and Richardson, 1997; Richardson, 1997; Richardson and Welsh, 1995;

Huggins, 1993); (ii). Construction of peudo-observations which are less extreme by apply-

ing Huber or Tukey’s weight functions, onto the extreme estimated residuals (Dueck and

Lohr, 2005; Yau and Kuk, 2002; Stahel and Welsh, 1997; Rocke, 1983, 1991; Fellner, 1986;

Bickel et al., 1976); (iii). Using a family of smoothed functionals with robust properties,

such as the Fréchet differentiable functionals (Bednarski and Zontek, 1996); (iv). Uhlig’s

high-breakdown-point variance component estimator (Uhlig, 1997; Muller and Uhlig, 2001);

(v). Bayesian robustness with respect to priors in nonparametric mixed model (Betrò et al.,

2006); (vi). Incorporating a sub-model for the contaminations in random effects, such as

adding random effects in dispersion of conditional model (Yun and Lee, 2006), using par-

tially specified priors (Polasek and Pötzelberger, 1988; Pötzelberger and Polasek, 1991), or

replacing the normal random effects by t-distribution (Wakefield et al., 1994), normal gross-

error model and scale normal mixtures (Sharples, 1990; Gelman and King, 1990; Moreno

and Pericchi, 1993; Datta and Lahiri, 1995; Muller and Rosner, 1997; Choy and Smith, 1997)

or the family of exponential-power distributions (Box and Tiao, 1973; Solaro and Ferrari,

2007).

2.4 Best linear unbiased predictor procedure for linear mixed

model

McGilchrist and Yau (1995) developed an algorithm for calculating the maximum like-

lihood estimator (MLE) and the restricted maximum likelihood estimator (REML) for the

linear mixed model, through the help of the best linear unbiased predictors (BLUP, Hen-
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derson et al., 1959; Henderson, 1975). Consider the standard normal-normal linear mixed

model

y = Aβ +Bb+ ε, where b ∼ N(0,Σ(θ)) and ε ∼ N(0,D(ξ)) (2.15)

The joint log-likelihood l(β, b,θ;y) of the LME model (2.15) is the sum of the conditional

log-likelihood given random effects l1(β, ξ|b;y) and the log-likelihood of random effects

l2(b,θ),

l(β, b,θ;y) = l1(β, ξ|b;y) + l2(b,θ)

= logϕ(y;Aβ +Bb,D(ξ)) + logϕ(b;0,Σ(θ))

(2.16)

The best linear unbiased predictors (BLUP) (βl, bl,θl, ξl) are the realized values of the

random effect b, as well as the estimates of fixed effect β and the covariance parameters

of θ and ξ, which maximizes the joint log-likelihood l(β, b, ξ,θ;y). The BLUP estimating

equations respect to β and b boil down to the following BLUP matrix equation (Henderson

et al., 1959), or the normal equations A′D−1(ξ)A A′D−1(ξ)B

B′D−1(ξ)A B′D−1(ξ)B +Σ−1(θ)


 βl

bl

 =

 A′D−1(ξ)y

B′D−1(ξ)y

 (2.17)

The term ”linear” indicates the linear relationship between the observations y and the

estimated BLUP of bl in (2.17). The BLUPs are not maximum likelihood estimators, be-

cause the joint log-likelihood l(β, b, ξ,θ;y), sometimes called the hierarchical h-likelihood

(Lee and Nelder, 1996) or penalized log-likelihood (McGilchrist, 1994), is not a likelihood

(Robinson, 1991). The BLUP procedure is an early and computationally expensive estima-

tion method, as it requires the solving of random effects b.

McGilchrist and Yau (1995) proposed an iterative algorithm for calculating the maximum

and restricted maximum likelihood estimates from the BLUPs for linear mixed model. Each
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iteration of the algorithm contains two steps. First, given the starting values (β0, b0, ξ0,θ0),

solve the BLUP’s (β̂l(θ0, ξ0)b̂l(θ0, ξ0) using the BLUP matrix equation (2.17). Second,

solve (ξ̂, θ̂) from (β̂l(θ0, ξ0), b̂l(θ0, ξ0)) using the ML (or REML) estimating equations for

covariance parameters (section 7, McGilchrist and Yau, 1995). Let the new starting values

be (β̂l(θ0, ξ0), b̂l(θ0, ξ0), ξ̂, θ̂) and repeat the iteration until all parameters converge. The

final estimates (β̂l(ξ̂, θ̂), ξ̂, θ̂) are the ML (or REML) estimates of the standard LME model

(2.15), i.e. they maximize the ML (or REML) likelihood in section 5 and 6 of McGilchrist

and Yau (1995). McGilchrist and Yau (1995) also demonstrates that the MLE and REML

estimates, as well as their information matrix, only depend on the BLUP’s and the second

order derivatives of the log-likelihoods l1 and l2.

2.5 Mixed models without a mean structure

In this section, we provide an overview of the family of the non-mean-structure mixed

model, which does not belong to the standard mixed models framework of (2.12); (2.13);

(2.14). In the standard mixed models (2.12), the conditional distribution yi|µyi is assumed

to be multivariate normal through the inverse link function of the linear predictor g−1(ηi).

On the other hand, the non-mean-structure mixed model deals with the situation when

the conditional distributions yi|µyi cannot be assumed multivariate normal, but has to be

written as a density model. Consider

yij ∼ f(yij ;µyi) (2.18a)

µyi = g
−1(ηi), g is an arbituary link function (2.18b)

ηi = d(xi,β, bi), bi ∼ h(θ) ∈ H (2.18c)
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The proposed GLMFMmodel belongs to the non-mean-structure mixed model (2.18), where

(2.18a) is the finite mixture density with parameters µyi and (2.18c) is the linear predictor

with h being multivariate normal.

The non-mean-structure mixed model (2.18) is more than a generalization of the standard

mixed models (2.12); (2.13); (2.14) in the following aspects. First, the non-mean-structure

mixed model includes both the mean and covariance structures, while in standard mixed

models, only the mean structure of the repeated measurements are taken into account in the

link function and linear predictor. Specifically, in the GLMFM model we are interested in

the overall properties of the mixture distribution, thus all independent parameters from the

mixture would be of interest, transformed and passed into the linear predictor η. Second, in

standard mixed models, the random errors are naturally the variances or ”uncertainty”of the

conditional distribution, whether it is normal or a general exponential family distribution.

In non-mean-structure mixed model this no longer holds as the variances parameters are

included in the linear predictor. Instead, the random error terms come from estimating

these mixture parameters. Luckily we may make use of the asymptotic normality of finite

mixture estimates, so as to assume a multivariate-normal error term. Third, the concept of

the ”canonical link” no longer exists in the non-mean-structure mixed model. The choice of

transformation (2.18b) depends more on the distribution assumptions, such as the choice

of log transformation for standard deviations and general logit transformation for mixing

proportions in the GLMFM model.

The examples of non-mean-structure mixed model (2.18) are very few in literature. These

are often analyzed under the Bayesian framework, with the help of the latent multinomial

indicator variables zij associated with observations yij (Gelman et al., 2004; Yau et al., 2003;

Scaccia and Green, 2003; Skates et al., 2001; Pauler and Laird, 2000; Thompson et al., 1998).
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The tendon fibril data inspires to construct an hierarchical model with little constraint on

mixture parameters and versatile enough to depict the dependency and correlations of those

parameters. The proposed GLMFM model which emphasizes the correlation among the

finite mixture parameters, together with reasonable robust estimation techniques, are not

discussed in literature.
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Chapter 3

The robust estimation of finite

mixture model

The family of weighted likelihood estimators largely overlaps with the minimum diver-

gence estimators. They are robust to data contaminations compared to maximum likelihood

estimators. In this chapter, we define the class of the generalized weighted likelihood es-

timators (GWLE) and introduce a new truncated cubic-inverse weight. In section 3.1, we

unify previously considered minimum divergence estimators as the GWLE’s. In section 3.2,

we provide their influence function and discuss the efficiency requirements. In section 3.3,

we introduce the GWLE with a new truncated cubic-inverse weight, which is both first and

second order efficient and with stronger robustness than those previously reported weights.

We also discuss new ways of selecting the smoothing bandwidth and weighted starting values

for the iterative algorithm. In section 3.4, we consider the density estimation of the finite

mixture of exponential family distributions. We describe a simple iterative algorithm for

computing such GWLE. In section 3.5, the advantage of the truncated cubic-inverse weight

is illustrated in a simulation study of three-components normal mixtures model with large
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overlaps and heavy contaminations. In section 3.6, we apply the GWLE to the analysis of

the tendon fibril data. The content of this chapter has been published in Zhan et al. (2011).

3.1 Generalized weighted likelihood estimators

Let X1, · · · , Xn be a random sample and Ĝn be the corresponding empirical distribution.

Let FΘ = {Fθ : θ ∈ Θ} be the fitted model family. Consider an estimator T (·) which is the

root of estimating equation
∑

i ψ̃(xi, θ) = 0,

ψ̃(x, θ) = w(x;Fθ, Ĝn)uθ(x)− a(θ), a(θ) = Eθ

(
w(x)uθ(x)

)
(3.1)

In the estimating function (3.1), uθ is the vector of score functions and a(θ) is the bias

adjustment term to ensure that (3.1) is unbiased under Fθ. Kuk (1995) has provided an

iterative algorithm to calculate a(θ) when the integration in (3.1) is numerically difficult.

The term w(xi;Fθ, Ĝn) is the weight assigned to observation xi, as an adjustment to the

potential contaminations. For example, the MLE corresponds to the ordinary score function

ψ̃(x, θ) = uθ(x), which assigns weight w(x) = 1 to all observations, and the log-likelihood

target function, which is the empirical version of the Kullback-Leibler divergence (Kullback

and Leibler, 1951; Kullback, 1959). Generally, the estimating function ψ̃(x, θ) does not

satisfy the definition of M-estimators, where the estimating function ψ(xi, θ) contains only

the observation xi and parameter θ. On the other hand, ψ̃(x, θ) in (3.1) may contain

the whole random sample Ĝn through the weight w(x;Fθ, Ĝn). Therefore we must be

cautious when deriving the inferential properties comparable to M-estimators. We call the

solution of estimating function (3.1) the generalized weighted likelihood estimator (GWLE)

with weights w. We provide an explanation of the weights for some previously reported

estimators, and discuss the possibility of introducing more general weights combining these
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advantages.

The minimum density power divergence (Basu et al., 1998) estimator (Dens.Pow) is an

M-estimator with corresponding GWLE terms

w(x, Fθ) = fβθ (x); a(θ) =
∫
uθ(x)f

1+β
θ (x)dx (3.2)

with β ∈ [0, 1]. In equation (3.2) the weight w(xi) = fβθ (xi) depends on the concordance

between the single observation xi and the fitted model. High leverage points are down-

weighted at a scale less extreme than local density fθ. The flaws of this scheme are obvious.

First, no distinction between outliers and inliers can be made; sample points with more or

less observations than they should will receive the same weights. Second, outlier contami-

nations are down-weighted only if they occur at high leverage sample points; they are not

going to be noticed if they occur at the “middle” of the data.

The estimating equation of Lindsay’s family, as the derivative of the δ-divergence (Basu

and Lindsay, 1994), is
∫
w(δ∗n) · ∇ ln f∗θ · ĝ∗n dx = 0. Since the presence of smoothed em-

pirical density ĝ∗n disallows writing the integration into a summation, we substitute the

smoothed densities f∗θ and ĝ∗n by the original densities fθ and ĝn, respectively, while keeping

the smoothed Pearson residual δ∗n intact (Basu and Lindsay, 2004). We end up with the

estimating equation
∫
w(δ∗n) ·∇ ln fθ · ĝn dx = 0, which is equivalent to GWLE with a(θ) = 0

and weights w(x;Fθ, Ĝn) = w(δ∗n(x)). For the minimum symmetric χ2 divergence estimator

(Sym.Chi), the weight term is

w(δ∗n(x)) = 1− δ∗n
2/(δ∗n + 2)2 (3.3)

and for minimum negative exponential divergence estimator (Neg.Exp),

w(δ∗n(x)) =
(
e− (2 + δ∗n)e

−δ∗n
)
/(δ∗n + 1) (3.4)
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The estimators from Lindsay’s family of estimating equations are not M-estimators, as the

estimating equations contain the empirical density ĝn in the δ-weights w(δ∗n(x)). Compared

to the weight in (3.2), the weights w(xi) = w(δ∗n(xi)) allow the distinction of outliers and

inliers by concordance between the whole sample and the fitted model. The weight of

Lindsay’s estimators has an one-to-one correspondence to certain divergence measure from

Fθ to Ĝn or G. This weight is rescaled to w(0) = 1 for zero residual, which corresponds to

zero divergence and concordance, as a reference for comparing different weight functions.

This task is not feasible for weights depending on fθ such as (3.2). Figure 3.1 shows the

weights Sym.Chi (3.3) and Neg.Exp (3.4) together with the constant weight for MLE, as well

as the weight for the popular minimum Hellinger distance estimator w(δ∗) = (2
√
1 + δ∗ −

1)/(δ∗ + 1). Both (3.3) and (3.4) provide more down-weight for outliers (δ∗ > 0) than

minimum Hellinger distance estimator. The difference is that Sym.Chi (3.3) represents

the intuitive idea of a unimodal weight on interval (0, 1] with w(−1) = w(∞) → 0 for

extreme inlier or outlier; while Neg.Exp (3.4) assigns weights larger than 1 for inliers, as a

compensation of lack of observed data. Lindsay (1994) showed that Neg.Exp shrinks the

residual adjust function for both outliers and inliers, and is second order efficient, which

favors the latter interpretation. It’s also noticed that this difference is only observed for

significant inliers, which is not a phenomena frequently encountered in real data.

A heuristic way of understanding the GWLE estimating equation is described as follow:

in the kernel part of (3.1), i.e. w(xi)uθ(xi) = w(xi)∂ ln f(xi|θ)/∂θ = ∂[ln f(xi|θ)w(xi)]/∂θ,

although the weight function w(xi) contains parameter θ, the differential does not involve

w(xi). Thus we may treat the weight w(xi) as a constant and the notation f(xi|θ)w(xi)

implies the fact that we are assuming that we observed data xi for w(xi) times, which is a

way to ”dilute” outliers and ”condense” inliers. In order to take advantage of the weights
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a) Weight functions
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b) Cubic modification of inverse weight (solid line)
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Figure 3.1: Weight functions depending on smoothed Pearson residual δ∗n

(3.2), (3.3) and (3.4), we propose a generalized weight of the form

w(xi;Fθ, Ĝn) = w(xi; δ
∗
n, fθ) (3.5)

with normal smoothing kernel k(x; t, h) = ϕ(x; t, h), which allows simultaneous down weigh-

ing of the outliers, inliers and low-density points. In the rest of this work, we refer to the

estimator with weight (3.5) as our GWLE.

3.2 Influence function and asymptotic normality

Theorem 3.1 (Influence function and asymptotic covariance). Let G be the true distribution

and Fθ be the model distribution. T (·) is the GWLE with weights (3.5). Let θ = T (G), we

have

(i). Under mild regularity conditions (Basu and Lindsay, 1994), the sequence of estimators

T (Ĝn) exists.
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(ii). The influence function of T is

IF(x0, G, Fθ) = T ′
h(x0, G) = −DEN−1

h,g NUMh,g,x0 (3.6)

NUMh,g,x0 =

∫
k(x;x0, h)− g∗(x)

f∗θ (x)
· w′

δ uθ (g − fθ) dx

+ w(x0, δ
∗, fθ)uθ(x0)−

∫
w(x, δ∗, fθ)uθ g dx

DENh,g =

∫ [
(δ∗ + 1)w′

δ u
∗
θ − fθ w

′
f uθ

]
ut
θ (fθ − g) dx

+

∫
w(x, δ∗, fθ)∇ut

θ g dx−
∫
w(x, δ∗, fθ)∇2fθ dx

(3.7)

where u∗
θ(x) = ∂ log f∗θ (x)/∂θ. The notation (·)t denotes vector transposition. The partial

derivatives are w′
δ = ∂w(x, δ∗, fθ)/∂δ

∗ and w′
f = ∂w(x, δ∗, fθ)/∂fθ.

(iii). The asymptotic distribution of
√
n(T (Ĝn)− T (G)) is multivariate normal with mean

0 and covariance matrix VG =
∫
T ′
h(x,G)[T

′
h(x,G)]

t dG(x), and

V̂Ĝn
= DEN−1

h,ĝn

(
1

n

n∑
i=1

NUMh,ĝn,xi
NUMt

h,ĝn,xi

)(
DEN−1

h,ĝn

)t
(3.8)

Proof of Theorem 3.1. The proof is straightforward but tedious differentiation of ψ̃ (Ap-

pendix A.2)

Theorem 3.2 (Efficiency requirement). The GWLE T (·) with weight (3.5) is first order

efficient if

w′
δ(δ

∗, fθ)|δ∗=0 = 0

and is second order efficient (Rao, 1962) if

w′′
δ (δ

∗, fθ)|δ∗=0 = 0

where w′′
δ is the second order derivative.

Proof of Theorem 3.2. The proof is a quick derivation from Remark E of Lindsay (1994),

where the author listed the efficiency requirements on residual adjustment function. As
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there exists a one-to-one correspondence between residual adjustment function and weight

function, the equivalent requirement on weight function is obtained.

Note on Theorem 3.2. Theorem 3.2 implies that an estimator which is second order efficient

assigns weights larger than 1 to inliers, as does the negative exponential weight (3.4) shown

in Figure 3.1.

3.3 The new truncated cubic-inverse weight

We introduce a new truncated cubic-inverse weight in this section. This new weight

not only satisfies the efficiency requirements in Theorem 3.2. but also has better empirical

robustness properties than the previous weights (3.2), (3.3) and (3.4), which will be shown

later using simulation. First, we define the inverse weight

w1(δ
∗
n(x)) = (δ∗n(x) + 1)−1 = f∗θ (x)/ĝ

∗
n(x) (3.9)

A heuristic explanation of the advantage of inverse weight is given below. Consider the

estimating function

∫
x
w1(δ

∗
n(x))ũθ(x)ĝ

∗
n(x) dx =

∫
ũθ(x)f

∗
θ (x) dx (3.10)

where ũθ(x) =
∫
k(t;x, h)uθ(t)dt. On the other hand, let estimator MLE∗ be the solution

of estimating equation
∑

i u
∗
θ(xi) =

∫
u∗
θ(x) dĜn(x) = 0, where u∗

θ(x) =
∫
k(t;x, h)ũθ(t)dt

(Basu and Lindsay, 1994). For any random sample ĝn coming from underlying density

g = fθ, the asymptotic limit of MLE∗ estimating equations is (3.10),

lim
n→∞

∫
x
u∗
θ(x) dĜn(x) =

∫
u∗
θ(x) dFθ(x) =

∫
ũθ(x)f

∗
θ (x) dx

Given the full efficiency of MLE∗ under transparent kernels, such as a normal kernel

k(x; t, h) for normal model (Basu and Lindsay, 1994), the estimator as solution to (3.10) is
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also fully efficient. The estimating equation (3.10) is simplified by removing the smoothing

kernel on score function uθ and ĝn (Basu and Lindsay, 2004),

∫
x
w1(δ

∗
n(x))ũθ(x)ĝ

∗
n(x) dx ≈

∫
x
w1(δ

∗
n(x))uθ(x)ĝn(x)dx = 0 (3.11)

which is equivalent to WLE with the inverse weight w1 in (3.9).

However, the simplification (3.11) no longer keeps the efficiency of the estimator. We

restore the efficiency (according to Theorem 3.2) by replacing the inverse weight w1 by a

cubic curve at the neighborhood of δ∗ = 0. Define the cubic-inverse weight

w2(δ
∗
n(x), c, x+, x−) =


w1(δ

∗
n(x)) if δ∗n(x) ̸∈ [x−, x+]

c[δ∗n(x)]
3 + 1 if δ∗n(x) ∈ [x−, x+]

(3.12)

Any one of the three parameters (c, x+, x−) determines the other two by solving the conti-

nuity equations at the positive real root δ∗ = x+. The negative real root x− may not exist,

in which case we let w2 = w1 when δ∗ > x+ and be the cubic curve when δ∗ < x+. Figure

3.1(b) gives some examples of weight w2 with different (c, x+, x−), in which the solid line

represents the inverse weight w1.

3.3.1 Selection of smoothing bandwidth h

The choice of bandwidth h in the smoothing kernel k(x; t, h) plays an important role in

determining the cubic coefficient c and the appropriate right-truncation point. Let g be an

arbitrary continuous density and X1, · · · , Xn be a random sample with empirical density ĝn.

Define the nonparametric Pearson residual δ̃∗n calculated by smoothed empirical densities

at a narrow bandwidth h1 and a wide bandwidth h2 = 2h1,

δ̃∗n(x) = ĝ∗1(x)/ĝ
∗
2(x)− 1 (3.13)
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where ĝ∗i (x) =
∫
k(x; t, hi)ĝn(t)dt for i = 1, 2. Our criterion of choosing h = h1 is that

the distribution of δ̃∗n(x) does not depend heavily on density g nor sample size n, since the

subsequent choice of cubic coefficient c and truncation threshold l2 will be decided by the

approximated distribution of δ̃∗n(x).

It has been suggested that for the k-component normal mixtures model, one may use

the smoothing bandwidth h2 = κ
∑k

i=1 p̂iσ̂
2
i in the iteration algorithm, where κ takes values

roughly in range (.001, .05) based on the criterion of average down-weight (Markatou, 2000).

However, this choice of bandwidth does not satisfy our criterion; as it’s difficult to generalize

it to an arbitrary density g, and unrealistic to use the same bandwidth for both large and

small sample size n. Therefore, we propose a new choice of bandwidth

h = mad(x)/
√
n (3.14)

where MAD stands for median-absolute-deviation. We compare the bandwidth (3.14) with

the standard R (R Development Core Team, 2011) functions of bandwidth selection for

Gaussian kernels bw.*. The choices in R function include replacing the * by nrd0 or nrd

representing the ”rule-of-thumb” choice (Silverman, 1986; Scott, 1992); ucv or bcv repre-

senting unbiased or biased cross-validation (Scott and Terrell, 1987); and SJ representing

the method using pilot estimation of derivatives (Sheather and Jones, 1991). All these

choices contain different powers of the sample size n. In Figure 3.2, the nonparametric

Pearson residuals δ̃∗n for various densities g’s are calculated and we provide the boxplots of

δ̃∗n under sample size n = 500 and 100, with y-axis range (−0.6, 0.6) to magnify the boxes

and exclude the points outside the whiskers. The six sets of box-plots, from left to right, are

from density g consisting of Unif(0, 1), Beta(5, 3), N(0, 1), t4, F7,10 and our finite normal

mixture density in Figure 3.3(a) of next section, respectively. Within each set of box-plots,

the five parallel boxes are, from left to right, using bandwidth (3.14), ”nrd”, ”ucv”, ”bcv”
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and ”SJ”, respectively.

sample size n=500

δ*

U(0, 1) β(5, 3) N(0, 1) t(4) F(7, 10) Mix−N

−
0.

6
−

0.
2

0.
2

0.
6

sample size n=100

δ*

U(0, 1) β(5, 3) N(0, 1) t(4) F(7, 10) Mix−N

−
0.

6
−

0.
2

0.
2

0.
6

Figure 3.2: Distribution of δ∗ for 6 generating distributions. For each distribution the 5
boxplots represent smoothing bandwidths h for (3.14), nrd, ucv, bcv, and SJ.

The bandwidth (3.14), which is the first box-plot of each set, best satisfies our criterion

that the distribution of δ̃∗n is closer to symmetry around 0 and stays roughly the same across

different models and sample sizes. The other choices, however, have varying performances

under our criterion for different sample sizes, and are overall not as good as bandwidth

(3.14). Thus we suggest that bandwidth (3.14) is preferred under our criterion regardless of

the underlying distribution and sample size. Nonetheless, the choice of h is still wide open

for different weights, and researchers may choose other h for their own smoothing problems.

3.3.2 Selection of cubic coefficient c

The cubic coefficient c is chosen such that within the inter-quartile range of the smoothed

Pearson residuals (3.13), the cubic-inverse weight w2(δ
∗
n) falls in the interval 1±∆w. Figure

3.2 shows that when using h = MAD(x)/
√
n, the inter-quartile range of nonparametric

Pearson residuals δ̃∗n is safely covered by the interval (−0.2, 0.2); thus the cubic coefficient

c is determined by solving 0.23|c| 6 ∆w. Let ∆w = 0.1, then |c| 6 12.5. On the other

hand, we place another restraint that |c| > 8 to avoid too much cubic modification. As
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shown in Figure 3.1(b), different c values in the range (−12.5,−8) hardly affect the shape

of cubic-inverse curve, thus we may pick our choice as we like. The weight w3 with c = −8

is added to Figure 3.1(a) for comparison.

A refinement to the cubic-inverse weight w2 is to truncate the weight when δ∗ exceeds a

threshold l2, since the smoothed Pearson residuals for most continuous densities are right-

skewed with a very heavy tail, which is not shown in Figure 3.2. In order to further reduce

the influence of extreme outliers, we iteratively assign weight zero to sample points with

Pearson residuals δ∗n greater than a threshold l2. Define the truncated cubic-inverse weight

w3(x) = w2(δ
∗
n(x)) · I{δ∗n(x)<l2} (3.15)

One possible choice is to let l2 be the 95% percentile of δ∗n calculated at each iteration step.

3.4 The iterative algorithm

In this section we briefly outline the steps for obtaining the truncated cubic-inverse weight

(3.15) and provide an iterative algorithm for solving GWLE (3.1) under the finite mixture

model of exponential-family distributions

f(xi; ξ,p) =

d∑
s=1

πsϕ(x; ξs) (3.16)

where ξs = (ξs1, · · · , ξsQ)t are the canonical parameters and ηs = (ηs1, · · · , ηsQ)t the mean

parameters of the sth component. Let TX = (TX,1, · · · ,TX,Q)
t be the sufficient statistics

of X. Further discussion of the mixture model (3.16) can be found in Appendix A.1.2.

In this work, we do not step away from the discussion of the selection of the number of

mixture components, which itself constitutes a major topic of interest in this field (see

Turner and West, 1993; Roeder, 1994; West, 1997; Richardson and Green, 1997; Stephens,
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2000; Ishwaran et al., 2001; Ishwaran and James, 2002). Instead, we assume that the number

of components k is fixed and known in our problem.

First of all, the choice of starting value is critical for most iterative algorithms. We

obtain a tentative partition of the data into k groups through one of the existing methods

such as k-means and trimmed k-means (Cuesta-Albertos et al., 1997), robust clustering

(Woodward et al., 1984) or the watershed algorithm (Vincent and Soille, 1991). All of

these partitions have been developed under certain robustness considerations and produce

their own corresponding starting values. However, for our iterative algorithm with updating

steps (3.17a) and (3.17b), we can greatly reduce the number of iterations if we use these

partitions to produce our ”weighted starting values”, which is described in detail below.

Within each group, we calculate the nonparametric smoothed Pearson residual (3.13) and

the corresponding weight w̃i = w(δ̃∗n(xi)). We use weight w̃i to obtain the starting values

π(0), as the weighted proportion of the sample size in each group π
(0)
s =

∑
xi∈S w̃i/

∑
w̃i,

where S represents the set of random sample in group s, and the weighted moments of the

random sample within each group. As every exponential family distribution has a one-to-

one correspondence to its first few moments, we could get the starting values ξ
(0)
s through

simple transformation of these weighted moments. Specifically, when the model (3.16) is a

mixture of normals, the starting µ0’s are the weighted medians and σ0’s are the weighted

median-absolute-deviation (MAD)’s of each group. The steps of solving model (3.16) is

given below,

1. Let θ(γ−1) = (p(γ−1),η(γ−1)) or θ(γ−1) = (p(γ−1), ξ(γ−1)) be the estimates from (γ −

1)th iteration.

2. Calculate Pearson residual δ∗n (2.10) with θ(γ−1).
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3. Let w(γ−1)(xi) = w(xi, δ
∗
n, fθ(γ−1)). For truncated cubic-inverse weight (3.15), choose

c and l2 as suggested in previous discussion. Let

p(γ−1)
w (s;xi) = w(γ−1)(xi) πsϕ

(
xi; ξ

(γ−1)
s

)
/f(xi;θ

(γ−1)), s = 1, · · · , k

4. Obtain the bias adjustment term a(ξ(γ−1),p(γ−1)) by numeric integration. Let a:ξsq

and a:ps be the elements of a corresponding to ξsq and ps.

5. Update ps and ηsq, s = 1, · · · , k, q = 1, · · · , Q, by

p(γ)s =
1

n

n∑
i=1

p(γ−1)
w (s;xi)− psa

(
ξ(γ−1),p(γ−1)

)
:ps

(3.17a)

η(γ)sq =

[
n∑

i=1

p(γ−1)
w (s;xi)

]−1( n∑
i=1

Txi,q p
(γ−1)
w (s;xi)− na

(
ξ(γ−1),p(γ−1)

)
:ξsq

)

(3.17b)

The derivation of the updating steps (3.17) are presented in Appendix A.1.3 and A.1.4.

The corresponding updating steps for finite normal mixtures model are included in this

algorithm with ηs = (µs, µ
2
s +σ

2
s)

t and Tx = (x, x2)t; this special case together with density

power weight (3.2) is discussed in Fujisawa and Eguchi (2006).

The convergence of the series of estimates θ̂’s is equivalent to the convergence of the

series of weights w, since they depend on each other iteratively, i.e. θ(γ−1) ⇒ w(γ) ⇒ θ(γ) ⇒

w(γ+1) ⇒ θ(γ+1). The convergence criterion based on weights w rather than estimates θ is

more reliable and not specific to particular model. Let wnew(x) = w(x, δ∗n, fθ|θnew). Similar

to R2 in regression, the criterion is set to be

n−1∥wnew − w∥2

var(wnew)
< ε (3.18)

where function var() calculates the sample variance. We use ε = 1% in the simulation

studies.
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3.5 The simulation studies

The simulation study is carried out on a scenario of three components normal mixtures

sketched in Figure 3.3 with sample size n = 400. We generate 1000 data sets from each

scenarios: a clean density (a) .2N(−10, 3) + .5N(0, 5) + .3N(15, 4); and a contaminated

density (a1) where outliers of 5% are added at N(−18, 4) and the third component is replaced

by a shifted and re-scaled F-distribution with the same mode as the original normal density.

The overlaps (Woodward et al., 1984) between adjacent components in scenario (a), the

areas highlighted, are 7.2% and 3.7%, respectively.
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Figure 3.3: (a) clean data; (a1) contaminated data.

The estimators compared are the MLE and the GWLEs with weights of density power

(3.2), symmetric χ2 (3.3), negative exponential (3.4), cubic-inverse (3.12) and truncated

cubic-inverse (3.15). The starting partitions are obtained from robust clustering (Wood-

ward et al., 1984). The tuning parameter for density power weight (3.2) is selected from

β = .15, .20, .25, .30 by minimizing Cramer-von Mises divergence through cross-validation

(Fujisawa and Eguchi, 2006). The kernel smoothing bandwidth is h = mad(X)/
√
n. The

truncated cubic-inverse weight (3.15) has the cubic coefficient c = −8. The convergence cri-

terion for MLE is a set of pre-specified thresholds on the L2 norms of ∥pnew−p∥2, ∥µnew−µ∥2

and ∥σnew − σ∥2; while for all GWLE estimators we use criterion (3.18). Figure 3.4 shows
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boxplots of errors of different estimators for µ’s, σ’s and p’s, where the scale of p’s are multi-

plied by a factor of 10 in order to enlarge the boxplots. The truncated cubic-inverse weight

(3.15) generally retains efficiency under the uncontaminated scenario (lower panel of Figure

3.4) and provides the overall best estimation under the contaminated scenario (upper panel

of Figure 3.4), in terms of smaller bias and mean squared error. This advantage is especially

obvious when estimating the scale parameters σ1 and σ3, where either inliers or outliers are

present.
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Figure 3.4: Box-plots of estimation errors of contaminated (a1) at top vs. clean (a) at
bottom, with sample size 400. From left to right: MLE, density power, symmetric χ2,
negative exponential, cubic-inverse, truncated cubic-inverse.

3.6 The tendon fibril data example

We apply the GWLE’s with various robust weights to the tendon fibril data. It was

suggested (Zhang et al., 2006) that three-components finite-normal-mixture model is ap-

propriate for 2 month or older data, which provides insight into the mechanisms of collagen

fibrilogenesis.

The MLE and robust GWLE estimates with various weights are calculated, using the
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microscopic fields from the postnatal three-month mice (P3M) as the data example. In

Figure 3.5, the estimates from selected microscopic fields (which are previously shown in

Fig 1.1) are plotted as the density curves against the histograms and the Gaussian smooth

curves of the fibril measures, with MLE, negative-exponential weight Neg.Exp(3.4) and

cubic-inverse weight Cub.Inv(3.12) from the top to bottom.

The first of the three selected fields shows an ”almost clean” scenario, in which the MLE

and all robust GWLE estimates give similar results. The second and third fields contain

small clusters of outliers appearing to the left of the data, which is a common contamination

present in the tendon fibril data. The cubic-inverse weights Cub.Inv(3.12) (as well as the

truncated cubic-inverse weights (3.15), which is not shown in Figure 3.5) is much less affected

by the outliers. We prefer the (truncated-)cubic-inverse weights over the previously robust

GWLE’s from the literature based on the simulation results presented in section 3.5.

3.7 Summary of Chapter 3

In this chapter, we approached the first task in the analysis of the tendon fibril data,

presented in Chapter 1, by developing the robust generalized weighted likelihood estima-

tors with (truncated-)cubic-inverse weights. We also made numerical improvements to the

EM-like algorithm in selection of the starting values and the specification of convergence

criterion. Our approaches are more appropriate for the kind of contamination presented in

the tendon fibril data, compared to previous robust GWLE’s in literature. This work as

been published in Zhan et al. (2011).
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 P3M.wild Field 21 n=112 p=3 MLE

50 100 150 200

 P3M.wild Field 21 n=112 p=3 Neg.Exp

50 100 150 200

 P3M.wild Field 21 n=112 p=3 Cub.Inv

50 100 150 200

 P3M.wild Field 3 n=100 p=3 MLE

50 100 150 200

 P3M.wild Field 3 n=100 p=3 Neg.Exp

50 100 150 200

 P3M.wild Field 3 n=100 p=3 Cub.Inv
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 P3M.mut Field 38 n=53 p=3 MLE
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 P3M.mut Field 38 n=53 p=3 Neg.Exp
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 P3M.mut Field 38 n=53 p=3 Cub.Inv
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Figure 3.5: The robust estimates of selected microscopic fields (previously shown in Fig 1.1)
of the fibril diameter measures from postnatal 3-month mice. Upper row: MLE estimates.
Middle row: negative-exponential estimates (Bhandari et al., 2006). Lower row: cubic-
inverse estimates (Zhan et al., 2011).
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Chapter 4

Robust estimation of generalized

linear mixed model for finite

normal mixtures

The generalized linear mixed model for finite normal mixtures (GLMFM) assumes a

linear relationship (after proper transformation) between the predictors and the mixture

proportions, means and standard deviations of the lowest-level distributions of the response.

We develop a robust joint estimation for fitting the GLMFM model to the hierarchical data

with potential contaminations present in all clustering levels.

This chapter is organized as follow. In section 4.1, we review the standard-two-stage

(STS) approach to the GLMFM model (Chervoneva et al., 2011), and use the STS estimates

as the starting values of our approach. In section 4.2, we introduce the joint estimation to

the GLMFM model. In section 4.4, we derive the asymptotic distribution of the fixed effect

estimates and provide the empirical formulas. In section 4.3, we discuss the robust joint

estimation, which is summarized in Algorithm 4.1, and some computational simplifications.
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In section 4.5, we describe the simulation study to illustrate the advantages of robust joint

estimation over the STS approach. In section 4.6, we apply the robust joint estimation to

the tendon fibril data and compare the results with previous studies.

4.1 STS approach to the GLMFM model

The STS approach treats the joint GLMFM model (2.1); (2.5) as two separate models:

the stage-1 subject-specific model (2.1) and the stage-2 linear mixed model (2.5). In the

first stage, we obtain the mixture parameters estimates (µ̂ij , σ̂ij , π̂ij) from each animal i

and field j, using MLE or one of the robust estimators such as Dens.Pow or Sym.Chi. An

exploratory analysis of the stage-1 subject-specific estimates is performed to screen for po-

tentially outliers, the significant covariates such as animal genotype and body weight, as

well as the variance structure of the animal and/or field random effects. Then the stage-1

estimates are transformed, as necessary, so that the response vector η̂ij = ηij(µ̂ij , σ̂ij , π̂ij)

has a linear relationship with the covariates and the normal distribution assumption is ap-

propriate for the error terms and random effects. In the second stage, the LME model (2.5)

is fitted to the linear response vector η̂ = {η̂ij : i, j} using either the REML estimators

(Harville, 1977) or a robust version (Welsh and Richardson, 1997). The population pa-

rameter estimates from the stage-2 model (2.5) are reported as the STS estimates of the

GLMFM model.

The STS approach allows for the flexibility in choosing the robust or non-robust es-

timation methods independently for each stage, as well as the possibility of construct-

ing the stage-2 model based on only a subset of the stage-1 parameter estimates such as

η̂ij = ηij(µ̂ij , σ̂ij). However, the STS approach uses the subject-specific estimates η̂ij ,

which may be very poor if there are not enough observations on each subject. In this work,
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we use the STS estimates (β̂STS, θ̂STS) as the starting values of our joint estimation pro-

cedure. The implementation and results from using the STS approach for the tendon fibril

data are described in section 4.6.1.

4.2 Joint estimation of the GLMFM model

The joint estimation of the GLMFM model (2.1); (2.5) is an iterative procedure, which

involves an alteration between calculating the BLUP-like estimates of the fixed and random

effect and estimating the covariance parameters. We describe a joint estimation procedure

and show that it reduces to the procedure described in sections 8 and 9 of McGilchrist and

Yau (1995) under certain conditions.

Given the GLMFM model (2.1); (2.5), we consider a conditional divergence measure

l1(β|b;y) which is based on the observations y given the random effects b, and a divergence

measure l2(b,θ) of the random effects b. For the standard linear mixed model, the condi-

tional divergence l1 is the conditional log-likelihood and the random effect divergence l2 is

the log-likelihood of the multivariate normal distribution of the random effect. Therefore,

the summation l1 + l2 is the joint log-likelihood l of the observations y and the random

effects b, i.e. the objective function (2.16) of the BLUP procedure. In this work, we choose

different divergence measures for l1 and l2 for more complicated model structures as well as

for robust purposes. The tendon fibril data are substantially contaminated in the distribu-

tion of fibril diameter measurements on each microscopic field. Lindsay (1994)’s divergences

(2.11) are good target functions for the robust estimation of the finite normal mixture model

(Zhan et al., 2011). Therefore, we choose the family of Lindsay (1994)’s divergences as the
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conditional divergence lD1 on each microscopic field,

lD1 (β|b;yij) = Lindsay.Div
(
f∗(yij ;ηij(β, b)), ĝ

∗(yij)
)

as in (2.11) (4.1)

where f∗(·) and ĝ∗(·) are the same-kernel-smoothed conditional model density (2.1) and

conditional empirical density, respectively. We define the negative value of the second order

derivative of the conditional divergence lD1 (β|b;yij) with respect to ηij , which would be the

Hessian matrix if lD1 were the log-likelihood, as

Hij(β, b) =Hij

(
ηij(β, b)

)
= −∂

2lD1 (β|b;yij)
∂ηij ∂η′ij

(4.2)

The derivation of equation (4.2) is given in Appendix A.1.5. We define the cross product of

the first order derivative, which would be the cross product of the score function if lD1 were

the log-likelihood, as

Jij(β, b) = Jij

(
ηij(β, b)

)
=

(
∂lD1 (β|b;yij)

∂ηij

)(
∂lD1 (β|b;yij)

∂ηij

)′

(4.3)

Let the total conditional divergence of all microscopic fields and animals be lD1 (β|b;y) =∑
i,j l

D
1 (β|b;yij). In this work, the random effect divergence l2 remains the negative of the

multivariate normal log-likelihood. Define the total divergence measure lD(β, b,θ;y) for

the GLMFM model (2.1); (2.5),

lD(β, b,θ;y) = lD1 (β|b;y) + l2(b,θ) (4.4)

The parameters of the GLMFM model are obtained by minimizing the total divergence

measure (4.4)

(βl(θ), bl(θ)) = arg(β,b)min lD
(
β, b,θ(β, b);y

)
(4.5)

The term ”BLUP” is no longer appropriate, as the linear relationship (2.17) between the

BLUP’s (βl(θ), bl(θ)) and the observations y in standard linear mixed model is voided.
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Nevertheless, our approach carries over the idea of minimizing the total divergence measure

based on the observed data y and the unobserved random effects b in the BLUP procedure.

We describe the following two steps in each iteration of the joint estimation.

The first step is that for given starting values (β0, b0,θ0), solve for the global minima

(β̂l(θ0), b̂l(θ0)) of the total divergence measure lD(β, b,θ0;y). The minimization is accom-

plished by the Newton-Raphson iteration with the updating step β̂l(θ0)

b̂l(θ0)

 :=

 β0

b0

−

 A′Ĥθ0A A′Ĥθ0B

B′Ĥθ0A B′Ĥθ0B +Σ−1(θ0)


−1 ∂lD/∂β0

∂lD/∂b0

 (4.6)

where the block-diagonal matrix Ĥθ0 = Diag{Ĥij,θ0} = Diag{Hij(β̂l(θ0), b̂l(θ0))}.

The second step is to update the covariance parameter θ̂ conditional on the current esti-

mates (β̂l(θ0), b̂l(θ0)). This is accomplished through the construction of a pseudo normal-

normal linear mixed model. The rational is that the total divergence measure lD(β, b,θ0;y)

can be approximated by a multivariate normal distribution (i.e. quadratically) in the neigh-

borhood of its global maxima (β̂l(θ0), b̂l(θ0)). Since we assume that the divergence l2 of

the random effects is multivariate normal, it follows that the conditional divergence lD1 is

quadratically approximated in the neighborhood of the global maxima (β̂l(θ0), b̂l(θ0)) by

lD1 (β|b;y) ≈ c− 1

2

 β̂l(θ0)− β

b̂l(θ0)− b


′ A′

B′

 D̂−1
θ0

(
A,B

) β̂l(θ0)− β

b̂l(θ0)− b

 (4.7)

The block-diagonal matrix D̂θ0 = Diag{D̂ij,θ0} is the asymptotic error covariance matrix

of the estimates η(β̂l(θ0), b̂l(θ0)), in the sandwich form

D̂ij,θ0 = n−1
ij ·

(
E
[
Ĥij,θ0

])−1
· E
[
Ĵij,θ0

]
·
(
E
[
Ĥij,θ0

])−1
(4.8)

where Ĵij,θ0 = Jij(β̂l(θ0), b̂l(θ0)). The expectation in equation (4.8) is taken with respect to

the finite normal distribution of the fibril diameters yij . If we define the pseudo-observations
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by

ŷl(θ0) = Aβ̂l(θ0) +Bb̂l(θ0) (4.9)

the quadratic term in equation (4.7) becomes (ŷl(θ0)−Aβ−Bb)′D̂−1
θ0

(ŷl(θ0)−Aβ−Bb),

which implies that ŷl(θ0) satisfies an approximate LME model

ŷl(θ0) = Aβ +Bb+ ε, where b ∼ N (0,Σ(θ)) and ε ∼ N(0, D̂θ0) (4.10)

We can use the pseudo-model (4.10) to obtain the estimates of θ̂, holding the pseudo-

covariance matrix D̂θ0 of the random error fixed in the estimation. We let the new starting

values be (β̂l(θ0), b̂l(θ0), θ̂) and repeat the iteration until all parameters converge.

Our joint estimation procedure should not be confused with the non-iterative global-

two-stage (GTS) approach (Chervoneva et al., 2006; Yeap and Davidian, 2001; Davidian

and Giltinan, 1993). The GTS approach calculates the subject-specific estimates, which

essentially utilizes the quadratic approximation based on the conditional log-likelihood

l1(β|b;y) alone at the neighborhood of its global maximum (β̂l1 , b̂l1). The correspond-

ing quadratic term (ŷl1 − Aβ − Bb)′D̂−1
l1

(ŷl1 − Aβ − Bb), where ŷl1 = Aβ̂l1 + Bb̂l1

and D̂−1
l1

= −∂2l1/∂η∂η′|β̂l1
,b̂l1

, suggest the pseudo-model ŷl1 = Aβ +Bb + ε with b ∼

N (0,Σ(θ)) and ε ∼ N(0, D̂l1). The ML or REML estimates (β̂, θ̂) of the pseudo-model,

holding matrix D̂l1 fixed in estimation, are reported. In the GTS approach, the quadratic

approximation does not involve the covariance parameter θ. The maxima (β̂l1 , b̂l1), as well

as the pseudo-observations ŷl1 , are essentially the subject-specific estimates of the condi-

tional model (2.1). Therefore, the GTS approach is indeed an ”inference based on individual

estimates” (Davidian and Giltinan, 1995) which fails to account for the correlation of the

random effect.
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4.3 Robust estimation of covariance parameters

The pseudo-model (4.10) is difficult to solve by standard software for solving linear mixed

models, such as the lme() function in R, because the block-diagonal elements of the random

error matrix D̂θ0 are different for each animal and microscopic fields. On the other hand,

by using negative multivariate normal log-likelihood as the random effect divergence l2 in

the total divergence measure breakdown (4.4), the joint estimation may be subject to the

contaminations in the field random effects.

We address these two issues simultaneously by modifying the random effects b̂l(θ0) be-

fore passing them into the pseudo-observations (4.9). The total variance of the pseudo-

observation (4.9) is var(ŷl(θ0)) = BΣ(θ0)B
′ + D̂θ0 , which implies that

var
(
b̂l(θ0)

)
= Σ(θ0) + (B′B)−1B′D̂θ0B(B′B)−1

Therefore, we re-scale the random effect estimates b̂l(θ0) to have

b̂∗l (θ0) = Σ1/2(θ0) ·
(
Σ(θ0) + (B′B)−1B′D̂θ0B(B′B)−1

)−1/2
· b̂l(θ0) (4.11)

so that var(b̂∗l (θ0)) = Σ(θ0), and define the corresponding pseudo-observation as ŷ∗l (θ0) =

Aβ̂l(θ0) +Bb̂
∗
l (θ0). Then the pseudo-model (4.10) is replaced by

ŷ∗l (θ0) = Aβ +Bb, where b ∼ N (0,Σ(θ)) (4.12)

and Bb is regarded as the combined random error term. In other words, the re-scaled

random effect b̂∗l (θ0) is adjusted for the estimation errors of ε, so that we may eliminate

the matrix D̂θ0 from the pseudo-model.

We further modify the re-scaled random effect (4.11) to down weigh the potential outliers

in the field random effect. We choose not to change the random effect divergence l2 into

robust divergence measures, because of small sample size of both animals and fields. We
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apply the Huber’s weight function or Tukey’s bi-weight function ψc with tuning constant c

to the re-scaled random effects, similar to Dueck and Lohr (2005),

b̂∗∗l (θ0) = Σ1/2(θ0) ·Kc ·ψc

((
Σ(θ0) + (B′B)−1B′D̂θ0B(B′B)−1

)−1/2 · b̂l(θ0)
)

(4.13)

where Kc is a pre-specified constant to correct the downwardly biased estimated variance

calculated from the set of Winsorized standardized residuals, i.e. so that when Z ∼ N(0, 1)

and Y ∼ ψc(Z), var(KcY ) = var(Z). The closed form of Kc for Huber’s weight function

is available in Dueck and Lohr (2005). An estimate of Kc for Tukey’s bi-weight function

can be obtained through Monte-Carlo method. The Huber tuning parameter c = 1.345

(Huber, 1981; Rey, 1983), or the Tukey’s biweight tuning parameter c = 4.685 (Goodall,

1983), corresponds to the 95% asymptotic efficiency on the standard normal distribution.

The corresponding pseudo-observation and pseudo-model are ŷ∗∗l (θ0) = Aβ̂l(θ0)+Bb̂
∗∗
l (θ0)

and

ŷ∗∗l (θ0) = Aβ +Bb, where b ∼ N (0,Σ(θ)) (4.14)

The robust joint estimation using a robustified pseudo-model is summarized in the following

algorithm.

Algorithm 4.1. The robust joint estimation for the GLMFM model (2.1); (2.5), based on

the chosen definition of the conditional divergence (4.1), is an iterative procedure with the

following steps,

1. Obtain the stage-1 subject-specific estimates η̂ij’s from the finite normal mixture model

(2.1). Substitute η̂ij’s into the linear mixed model (2.5). Record the STS estimates

(or predictors) as the starting values (β0, b0,θ0) = (β̂STS, b̂STS, θ̂STS).

2. For given estimates of θ0, solve for the minima (β̂l(θ0), b̂l(θ0)) of the total divergence

l(β, b,θ0;y) by the Newton-Raphson iteration (4.6).
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3. Define the pseudo-observations using the rescaled and robustified random effects (4.13)

and fit the pseudo-model (4.14). Record the covariance parameter estimates θ̂.

4. Let the new starting values be (β̂l(θ0), b̂l(θ0), θ̂) and repeat the iteration until all pa-

rameters converge.

The final estimates (β̂, b̂, θ̂) are reported as the robust joint estimation for the GLMFM

model.

4.4 Inference for fixed effects estimates

Let M be the total number of independent units in the GLMFM model, either the

animals or the fields if there is no animal random effect, and β0 be the true value of the

fixed effects parameters. The robust joint estimation of the fixed effect β̂(M), based on the

M independent units, is the solutions of the generalized estimating equation

∂

∂β
lD(β, b,θ;y) =

∂

∂β
lD1 (β|b;y) = 0 (4.15)

Let lD1i(β|bi,yi) be the conditional divergence based on the ith independent unit, the esti-

mating equation (4.15) is also the sum of independent score functions

∂

∂β
lD1 (β|b;y) =

M∑
i=1

∂

∂β
lD1i(β|bi,yi)

Following the general theory of GEE, the Proposition 5.6 and Theorem 5.14 of Shao

(2003) imply the consistency and the asymptotic normality of the fixed effects estimator

β̂(M), that is

(
Σ(M)(β0)

)−1/2
(
β̂(M) − β0

)
→ N(0, I) when M → ∞ (4.16)

The asymptotic covariance matrix Σ(M)(β0) has the sandwich form

Σ(M)(β0) =
[
H(M)(β0)

]−1
J(M)(β0)

[
H(M)(β0)

]−1
(4.17)
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where

H(M)(β0) = −
M∑
i=1

E

[
∂2lD1i(β|bi,yi)

∂β∂β′

∣∣∣∣
β=β0

]
= −

M∑
i=1

A′
i E

[
∂2lD1i(β|bi,yi)

∂ηi∂η′i

∣∣∣∣
β=β0

]
Ai

J(M)(β0) =
M∑
i=1

A′
i E

[
∂lD1i(β|bi,yi)

∂ηi

∂lD1i(β|bi,yi)
∂η′i

∣∣∣∣
β=β0

]
Ai

Given the final estimates (β̂, b̂, θ̂), the finite sample approximation to the asymptotic

covariance matrix (4.17) may be computed as

Σ̂β = Ĥ−1
β ĴβĤ

−1
β (4.19)

where

Ĥβ = A′ Diag
{
Hij(β̂, b̂)

}
A

Ĵβ = A′ Diag
{
Jij(β̂, b̂)

}
A

with Hij and Jij defined in (4.2) and (4.3). For a general linear hypothesis H0 : Gβ = 0,

where G is the contrast matrix, the Wald test statistic is

(Gβ̂)′ (GΣ̂βG
′)−1 (Gβ̂)

H0∼ χ2
rank(G) (4.21)

4.5 Simulation studies

The simulation study was carried out to evaluate and compare the performance of the

proposed estimation methods for the GLMFM model. We simulated 6 animals in each of

the two different genotypes, with 5 microscopic fields per animal and 100 fibril diameter

measures per microscopic field, which was similar in structure to the P4 tendon fibril data.

For each microscopic field j from animal i, the conditional distribution of fibril diameters

was either an uncontaminated or contaminated two-component normal mixture distribution.

The uncontaminated data were generated as 100 realizations of the random variable with
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density function f(x) = π1,ijϕ(x, µ1,ij , σ
2
1,ij) + π2,ijϕ(x, µ2,ij , σ

2
2,ij). The vector of the mix-

ing parameters ηij = (logitπ2,ij , µ1,ij , µ2,ij , lnσ1,ij , lnσ2,ij)
′ are generated from the LME

model

ηij = βgi + b
(2)
ij

which had the field random effects b
(2)
ij only. We assumed no animal random effect because

of the limited number of animals. The fixed effect parameters βg took values

βwild =
(
log(0.75/0.25), −10, 5, log 2.2, log 2.7

)′
βmut =

(
log(0.6/0.4), −7, 10, log 2.4, log 2.9

)′
and the field random effects b

(2)
ij followed a common compound-symmetry covariance struc-

ture for both genotypes

cov
(
b
(2)
ij

)
=
(
0.3, 1.5, 1.7, 0.3, 0.5

)



1 0.3 0.3 0.3 0.3

0.3 1 0.3 0.3 0.3

0.3 0.3 1 0.3 0.3

0.3 0.3 0.3 1 0.3

0.3 0.3 0.3 0.3 1





0.3

1.5

1.7

0.3

0.5


The standard deviations and correlations of b

(2)
ij are chosen as such so that the normal

mixture distributions have meaningful overlap. We simulated the data with contaminations

in both levels of the clustering, within and between microscopic fields. The between-field

contamination was that for 10% of all the microscopic fields, the mean parameter of the first

component was shifted towards left by a constant so that µ∗1,ij = µ1,ij − 5. The within-field

contamination was a 5% normal outlier N(µ2,ij + 4× σ2,ij , 0.7× σ2,ij) on the right side of

the mixture, so that the second mixture component had a thicker tail than the standard

normal distribution.
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We compare the following four methods under the clean and contaminated scenarios:

I. the starting values from the STS approach, using the MLE in the stage-1 estimation

and the non-robust REML as the stage-2 estimator;

II. the non-robust joint estimation, using MLE as the stage-1 estimator and the re-scaled

random effects (4.11) in the pseudo-observations;

III. the starting values from the STS approach, using the robust GWLE estimator Sym.Chi

in the stage-1 estimation and the non-robust REML as the stage-2 estimator; and

IV. the robust joint estimation, using the robust GWLE estimator Sym.Chi in stage-1

estimation and the re-scaled and robustified random effects (4.13), using Tukey’s bi-

weight function with tuning parameter c = 4.7 in the pseudo-observations.

We have a fifth method serving as the ”gold standard” under the clean scenario, which sub-

stitutes the known simulated mixture parameters logitπ2,ij , µ1,ij , µ2,ij , log σ1,ij , log σ2,ij

from each animal i and field j into the pseudo-model (4.12) and calculates the fixed effect

estimate β̃ and the covariance estimate θ̃. The estimates (β̃, θ̃) are considered to be the

”best-possible” estimates, should we be able to restore the value of the true mixture param-

eters in the stage-1 estimation. Therefore, it provides more insight under the clean scenario

if we compare the methods I, II, III and IV with the ”gold standard”.

The simulation results are summarized in Figures 4.1 and 4.2, which are the boxplots

of the parameter estimates of the fixed effects as well as the standard deviations of the

field random effects, under the clean and contaminated scenarios, respectively. Under the

clean scenario in Figure 4.1, both the non-robust joint estimation II and the robust joint

estimation IV improve their corresponding STS approaches I and III, respectively, and

they perform almost as good as the ”gold standard”. The non-robust joint estimation II
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has slightly better efficiency than the robust joint estimation IV. Under the contaminated

scenario in Figure 4.2, the robust joint estimation IV gives much more accurate estimates of

the standard deviations of the field random effects, especially on the first component mean,

than the non-robust joint estimation II.

4.6 Tendon fibril data example

4.6.1 A simplified two-stage model and STS approach

In this section, we use a simplified two-stage model for the postnatal-4-day (P4) subset

of the tendon fibril data and obtain the corresponding STS estimates. We limit the vector of

the mixing parameters to the mean and standard deviations of the two-component normal

mixture distribution η∗ij = (µ1,ij , µ2,ij , lnσ1,ij , lnσ2,ij)
′. In the second stage linear mixed

model, we have the animal genotype gi and body weight mi as the covariates for the fixed

effect β, and both the animal and field random effect

η∗ij = βgi + βmmi + b
(1)
i + b

(2)
ij (4.23)

where βgi = (µ1gi , µ2gi , lnσ1gi , lnσ2gi)
′, gi = 1, 2 and βm = (βmµ1 , βmµ2 , βmσ1 , βmσ2)

′. The

exploratory analysis suggested that the initial covariance structure include uncorrelated

animal random effects and unstructured field random effects, as it is not feasible to estimate

unstructured covariance matrix for the animal random effects based on merely 12 animals.

In the STS approach, we compare MLE, Dens.Pow and Sym.Chi as the stage-1 estimates,

using REML as the common stage-2 estimate. The result shows that (a). the estimates of

fixed effects βgi , βm and covariance parameters were similar for all stage-1 estimates, but

their standard errors were lower by using the Dens.Pow or Sym.Chi estimates other than

MLE; (b). the robust stage-1 estimates Dens.Pow or Sym.Chi detected the genotype differ-
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Figure 4.1: The box-plots of the parameter estimates of the fixed effects βwild and βmut

(top) and the field random effect covariance parameters (bottom) under the clean scenario.
The adjacent boxplots represents the methods I, II, III, IV and the ”gold standard”, from
left to right. The true parameter values are plotted as the thick dot.
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Figure 4.2: The box-plots of the parameter estimates of the fixed effects βwild and βmut

(top) and the field random effect covariance parameters (bottom) under the fibril- and field-
contaminated scenario. The adjacent boxplots represents the methods I, II, III and IV, from
left to right. The true parameter values are plotted as the thick dot.
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ence in both µ1 and µ2, while MLE detected the genotype difference only in µ1. Therefore,

the robust stage-1 estimates such as Dens.Pow and Sym.Chi, instead of MLE, improved the

precision of population parameters estimation in stage-2, which allowed the identification

of the biologically important difference between the second component means as significant,

in addition to the significance of the difference between the first component means. These

findings support the biological hypothesis that decorin deficiency further manifests in the

process of fibril growth. This simplified two-stage model as well as the STS approach has

been published in the co-authored work Chervoneva et al. (2011).

4.6.2 GLMFM model and robust joint estimation

We consider the full GLMFM model and compare the two-stage estimation vs. the joint

estimation, either non-robust or robust, for the postnatal-3-month (P3M) tendon fibril

data. The GLMFM model assumes a three-component normal mixture distribution on each

microscopic field and the vectors of transformed mixture parameters

ηij =
(
logitπ2,ij , logitπ3,ij , µ1,ij , µ2,ij , µ3,ij , lnσ1,ij , lnσ2,ij , lnσ3,ij

)′
where logitπ2,ij = log(π2,ij/π1,ij) and logitπ3,ij = log(π3,ij/π1,ij), are assumed to follow the

linear mixed model with fixed effects of the animal genotype gi and body weight mi,

ηij = βgi + βmmi + b
(2)
ij (4.24)

where the field random effects b
(2)
ij follow a common unstructured covariance structure

Σ2(θ2) for both genotypes.

We apply the following four estimation methods to our GLMFM model: the maximum-

likelihood two-stage approach I, the maximum-likelihood joint estimation II, the robust

two-stage approach III and the robust joint estimation IV. The standard errors of the fixed



58

effect parameters (βgi ,βm) are calculated and the tests on genotype difference are carried

out. Figures 4.3 and 4.4 present the estimates from all four methods for three sample

microscopic fields.
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Figure 4.3: Maximum-likelihood estimates of 3-component normal mixtures for selected
microscopic fields from P3M tendon fibril data. Dashed lines corresponds to two-stage esti-
mation result (method I) and solid line corresponds to the joint estimation result (method
II)

Table 4.1, in Appendix ??, presents the population average of the transformed normal

mixture parameters for both the wild and mutant mice, obtained from each of the four

methods, as well as the standard errors of these estimates. Table 4.2 is the conventional

normal mixture parameters in mixing proportions, means and standard deviations, as well

as the corresponding standard errors, obtained from applying δ-method on Table 4.1 re-

sults. The population averages are calculated by βwild + βmmean{mi : wild} for wild mice

and βmut + βmmean{mi : mut} for mutant mice. All four estimation methods show that

the mutation leads to both larger means and larger standard deviations of all three normal

components. The standard errors of the estimates are generally lower using the joint esti-

mations (methods II and IV) than using the corresponding two-stage approaches (methods

I and III). The maximum-likelihood and robust two-stage approaches (method I vs. method
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Figure 4.4: Robust estimates of 3-component normal mixtures for selected microscopic
fields from P3M tendon fibril data. Dashed lines corresponds to two-stage estimation result
(method III) and solid line corresponds to the joint estimation result (method IV)

III) give similar estimates for all mixing parameters of either genotype, except µ1 for wild

and mutant mice, due to the fact that the robust approach III downweighs outliers from

measuring tapered ends and results in larger µ1 estimates, 55.75nm for wild and 67.12 for

mutant, compared to 52.32nm for wild and 63.14nm for mutant. Similarly, compared to the

maximum-likelihood joint estimation II, the robust joint estimation IV has larger estimates

of µ1 (50.65 vs. 48.40nm for wild and 60.58 vs. 57.64nm for mutant) and smaller estimates

of µ3 (174.67 vs. 178.70nm for wild and 199.92 vs. 203.85nm for mutant). Thus, the robust

joint estimation IV also reduces the bias due to the large outliers corresponding to the fused

fibrils.

Table 4.3 presents the estimates of the genotype differences in each of the mixture pa-

rameters, the standard errors of these estimates and the corresponding p values from Wald

test. The point estimates of the genotype differences are similar for all four methods, but

the corresponding standard errors from the joint estimations (methods II and IV) are either

of the same magnitude or much smaller than the standard errors from the two-stage ap-
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proaches (methods I and III). Therefore, the significance of these differences are of the same

magnitude or larger based on the joint estimations than the two-stage approaches. Among

the eight normal mixture parameters, the largest decrease in the standard errors, resulting

from using the joint estimations rather than two-stage approaches, happens for µ1, µ2, µ3,

log σ1 and log σ3. The joint estimations, but not the two-stage approaches, identify the

genotype differences in µ1 as significant, so that all mean parameters of the three normal

components have significant genotype differences. The joint estimations results indicate

significantly larger spread of the first and third normal components in mutant mice, while

two-stage approaches attribute larger spread to the second component. On the other hand,

the test results of based on the robust joint estimation IV are generally more conserva-

tive than the non-robust joint estimation II, with larger p-values due to larger estimated

standard error.

4.7 Summary of Chapter 4

In this chapter, we approached the second task in the analysis of the tendon fibril

data, presented in Chapter 1, by developing the robust joint estimation for the GLMFM

model. The robust joint estimation improved greatly compared to the previous two-stage

approaches.

By applying the robust joint estimation to the tendon fibril data, we may answer the

biological question of the genotype effect of decorin deficiency by performing Wald tests on

the population parameters of each genotype. The analysis shows that the three-normal-

component assumption for the multi-modal microscopic-field-specific distribution of the

fibril diameter measures from postnatal-3-month mice are adequate, as the three compo-

nents are statistically significant from each other, for both genotypes. The mutant (decorin



61

deficient) mice have significantly thicker fibrils represented by larger means of the normal

components, and slightly wider spread of fibrils represented by the standard deviations.
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Chapter 5

Discussion and future work

The theoretical work presented in this dissertation is motivated by the tendon fibril

data and has potential application in a variety of relatively complex statistical modeling

situations. The tendon fibril data has small number of individual units and multi-modal

distributions at the lowest level of clustering. The biological question we are trying to

answer is the genotype effect of decorin deficiency on the distribution of the fibril diameter

measurements. We approached this question by constructing the generalized linear mixed

model for finite normal mixtures (GLMFM) and developing robust estimation techniques.

The biological conclusion is that the fibrils from postnatal-3-month mice constitute three

normally distributed components, the mutant (decorin deficient) mice have significantly

thicker fibrils represented by larger means of the normal components and slightly wider

spread of fibrils represented by the standard deviations.

In Chapter 3, we developed the family general weighted likelihood estimators and also

developed the robust (truncated-)cubic-inverse weights for the finite mixture model of nor-

mal distributions. We applied our robust estimation methods to the mixture model of

exponential family distributions with fixed number of components. Our robust weight is
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equally efficient but more robust to potential outliers compared to the other robust weights

found in the literature. In Chapter 4, we developed the standard-two-stage approaches

and the robust joint estimation for the GLMFM model. We also developed the asymptotic

covariance matrix for the fixed effect estimates, which is useful to construct the Wald test

statistics for the evaluation of comparison of covariates on means. We effectively applied

our method to the P3M tendon fibril data and evaluated the genotype effect of decorin

deficiency in the mixture parameters.

The following future improvements could be made on both the estimation approach and

the statistical model. The robust estimation of the covariance parameters in the GLMFM

model may be accomplished using the estimating equations of Richardson and Welsh (1995).

Furthermore, we may adopt a full Bayesian approach to the GLMFM model. The GLMFM

model itself may be extended to a general non-linear mixed effects models with flexible

conditional and random effects distributions. The random effects distributions may also be

represented by a mixture of normal components (Beal and Sheiner, 1988) or by a member

of the class of smooth densities defined in Gallant and Nychka (1987), as developed by

Davidian and Gallant (1993).

The future work may be incorporating variable number of components, so that we may

analyze the tendon fibril data over time. In the tendon fibril data, P4 microscopic fields

generally have two components and P3M three, while the postnatal-10-day (P10) fields

have either two or three components. By making the number of components an additional

parameter in the finite mixture, we may be able to analyze P4, P10 and P3M data together

and have more interesting findings.
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Appendix A

Derivation and proof

A.1 Finite exponential-family mixtures

We give a few important results about the finite mixture model of exponential-family

distributions. In section A.1.1, we give the Jacobian matrix of the general logit transforma-

tions. In section A.1.2, we prove that the augmented (by the latent component indicator

variable) distribution of the finite exponential-family mixtures model belongs to the ex-

ponential family. In section A.1.3, we develop the EM algorithm from the derivatives of

conditional expectation of complete log-likelihood. In section A.1.4, we give the estimating

equations in the form of weighted score functions. We also give the robust EM updating

steps for the finite exponential-family mixtures model. In section A.1.5, we give the Fisher

information matrix and the asymptotic covariance matrix of the finite exponential-family

mixtures model.
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A.1.1 General logit link for multinomial distribution

In this section, we discuss the general logit parametrization of the multinomial proba-

bilities and provide the Jacobian matrix of this transformation. Consider the multinomial

distribution with parameters π̃ = (π̃1, · · · , π̃d)′, which satisfy the restriction 1′π̃ = 1. How-

ever, instead of working with the restricted parameters π̃, we consider the unrestricted set of

mixing proportions π = (π1, · · · , πd)′, which satisfy that π̃t = πt/
∑

s πs. The unrestricted

parametrization π is not unique, but it is symmetric and of d degree-of-freedom. Define the

natural-logs of the unrestricted proportions τs = log πs, which are not unique neither. The

general logits of the mixing proportions are

τ̃ = (0, τ̃2, · · · , τ̃d)′, where τ̃1 = 0 and τ̃s = τs − τ1 for s = 2, · · · , d (A.1)

The general logits (A.1) is unique and the relationship between the restricted mixing pro-

portion π̃ and the general logits τ̃ is

π̃t = exp τ̃t/
∑

s exp τ̃s (A.2)

The Jacobian matrix elements of the transformation from π̃ to τ̃ are

∂π̃t
∂τ̃t

=
exp τ̃t∑
s exp τ̃s

(
1− exp τ̃t∑

s exp τ̃s

)
= π̃t(1− π̃t), t ̸= 1 (A.3a)

∂π̃u
∂τ̃t

= −
(

exp τ̃u∑
s exp τ̃s

)(
exp τ̃t∑
s exp τ̃s

)
= −π̃uπ̃t, t ̸= u, t ̸= 1, u ̸= 1 (A.3b)

∂π̃1
∂τ̃t

=
∂(
∑

s exp τ̃s)
−1

∂τ̃t
= −

(
exp τ̃t∑
s exp τ̃s

)(
1∑

s exp τ̃s

)
= −π̃tπ̃1, t ̸= 1 (A.3c)

A.1.2 Augmented distribution of finite mixture model

Consider a k-component mixtures model, where each component comes from a same

member distribution ϕ(·) of the general exponential family. Let Y be the observed values.



84

The marginal likelihood is

fY (Ξ,π) =

k∑
s=1

π̃s · ϕ(y; ξs) (A.4)

where π̃s’s are mixing proportions summed up to 1, ξs = (ξs1, · · · , ξsQ)t are the canonical

parameters for the sth component, and Ξ is the k by Q canonical parameters matrix such

that Ξ = (ξ1, · · · , ξk)t. Let Z be the corresponding latent component indicator taking

values es, s = 1, · · · , k, following multinomial distribution with restricted parameters π̃.

The base vector es is a length-k vector whose jth element is 1 and others are 0. Thus the

finite mixture model (A.4) can be written in the missing data form as

fY |Z=es(Ξ) = ϕ(y; ξs); Z ∼ multinormial(π̃) (A.5)

Let τ be the natural logs of π, the marginal log-likelihood of Z is

log fZ=es(τ ) = τZ − log

(∑
s

exp τs

)
= etsτ − C(τ ) (A.6)

where C(τ ) = log[
∑

s exp(τs)] is the normalization factor of the multinomial distribu-

tion. For each component distribution (Y |Z = es) ∼ ϕ(y; ξs), let the mean parameters

be ηs = (ηs1, · · · , ηsQ)t and the normalization factor be b(ξs) = b(ξs1, · · · , ξsQ). Let

TY = (TY,1, · · · , TY,Q)t be the vector of sufficient statistics based on random sample Y .

Define the length-k normalization vector b(Ξ) = {b(ξs)}, s = 1, · · · , k. The log-likelihood

of Y |Z is

log fY |Z=es(Ξ) = ets ·Ξ · TY − etsb(Ξ) (A.7)

Therefore, the log-likelihood based on complete data (Y,Z)

log fY,Z=es(Ξ, τ ) =
(
ets[τ − b(Ξ)] + ets ·Ξ · TY

)
− C(τ ) (A.8)



85

belongs to the exponential family with canonical parameters Ξ and a new length-k param-

eter ξ(τ) = τ − b(Ξ) with elements ξ
(τ)
s = τs − b(ξs). If we let ξ(q) = (ξ1q, · · · , ξkq)t be the

qth column of Ξ, the complete log-likelihood (A.8) is equivalent to

log fY,Z=es(ξ
(τ),Ξ) =

etsξ(τ) + Q∑
q=1

TY,q e
t
s ξ

(q)

−B(ξ(τ),Ξ) (A.9)

thus it’s clear that the complete log-likelihood (A.9) belongs to the exponential family with

canonical parameters ξ(τ) and ξ(q), q = 1, · · · , Q. Based on a random sample of size n, the

corresponding sufficient statistics are

T (τ)(Y, Z) =

n∑
i=1

esi (A.10a)

T (q)(Y, Z) =

n∑
i=1

TYi,q esi , q = 1, · · · , Q (A.10b)

On the other hand, the normalization factor in (A.9) is indeed the normalization factor of

multinomial distribution,

B(ξ(τ),Ξ) = C(τ ) = log

(∑
s

exp
(
ξ(τ)s + b(ξs)

))
(A.11)

thus the corresponding mean parameters are

E
(
T (τ)

)
= ∂B/∂ξ(τ) = n(π̃1, · · · , π̃k)t (A.12a)

E
(
T (q)

)
= ∂B/∂ξ(q) = n(π̃1η1q, · · · , π̃kηkq)t, q = 1, · · · , Q (A.12b)

For example, the sufficient statistics of the augmented finite normal mixtures model are

T (τ)(Y,Z) =
∑

i esi , T
(1)(Y, Z) =

∑
i yiesi and T

(2)(Y,Z) =
∑

i y
2
i esi .

A.1.3 EM algorithm

If we consider the component indicator variable z as missing data, the finite mixture

model (A.5) can be estimated by EM algorithm. The updating steps of EM algorithm can
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be obtained in two ways. One is from the standard expectation-maximization approach,

the other is solving the so-called Sundberg formulas (McLachlan and Krishnan, 2008) of

conditional and unconditional expectation of sufficient statistics. In this section we give

the formulas needed in both of these approaches, as these formulas themselves will be

used later in this work. For simplicity, we use [·]s=1,··· ,k to represent a length-k vector

with corresponding elements, and ⟨·⟩s=1,··· ,k to represent a diagonal matrix of order k with

corresponding diagonal elements.

The first approach is the standard expectation-maximization procedure, calculating the

conditional expectation of the complete log-likelihood (A.9) and maximizing it by having

it’s derivatives equal to 0. The posterior (or conditional) expectation pi = (p1,i, · · · , pk,i)t

of missing data zi, given observed data yi, is

ps,i = Pr(Zi = es|yi,Ξ,π) =
πsϕ(yi, ξs)∑k
t=1 πtϕ(yi, ξt)

=
π̃sϕ
(
yi; ξs

)
f(yi;Ξ,π)

(A.13)

The conditional expectation of the complete log-likelihood (A.9) is

Ez|y
(
log fY,Z=es

)
=

d∑
s=1

ps

ξ(τ)s +

Q∑
q=1

TY,qξsq

−B(ξ(τ),Ξ) (A.14)

and the derivatives of conditional expectation (A.14), with respect to canonical parameters

ξ(τ) and Ξ, are

∂ Ez|y(log fY,Z=es)

∂ξ(τ)
=
[
ps

]
s
− π̃ (A.15a)

∂ Ez|y(log fY,Z=es)

∂ξ(q)
=
[
psTY,q − π̃sηsq

]
s
, q = 1, · · · , Q (A.15b)

The second approach solves equations between conditional and unconditional expecta-

tions, also known as the Sundberg formulas

E
(
T (Y,Z)|Y,Ξ,π

)
= E

(
T (Y, Z)|Ξ,π

)
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Given a random sample of size n, the left-hand-side conditional expectations are

E
(
T (τ)|y,Ξ,π

)
=

n∑
i=1

k∑
s=1

es · ps,i; (A.16a)

E
(
T (q)|y,Ξ,π

)
=

n∑
i=1

k∑
s=1

es · Tyi,qps,i, q = 1, · · · , Q (A.16b)

The right-hand-side unconditional expectations are

E
(
T (τ)|Ξ,π

)
= n

k∑
s=1

es · π̃s (A.17a)

E
(
T (q)|Ξ,π

)
= E

[
E
(
T (q)(Y,Z)|π

)∣∣Ξ] = n

k∑
s=1

es · π̃sηsq, q = 1, · · · , Q (A.17b)

Either the derivatives (A.15) of conditional expectation, or the Sundberg formula (A.16)

with (A.17), give us following updating equations of ordinary EM algorithm

π̃news =
1

n

n∑
i=1

ps,i, s = 1, · · · , k (A.18a)

ηnewsq =

(
1

n

n∑
i=1

Tyi,qps,i

)/
π̃news , s = 1, · · · , k, q = 1, · · · , Q (A.18b)

A.1.4 Weighted score functions

The score functions are the derivatives of the marginal log-likelihood (A.4) based on

observed data y. Since the marginal distribution (A.4) does not belongs to the exponential

family distributions, we take these derivatives with respect to mixing proportions π and

canonical parameters ξ’s of the subpopulations. Given random sample Y1, · · · , Yn, the

vectors of score functions, as the derivatives of log fY (Ξ,π), are

u(y;π) =
n∑

i=1

⟨
1

πs

⟩
s

[
π̃sϕ(yi; ξs)

f(yi;Ξ,π)
− π̃s

]
s

=
n∑

i=1

⟨
1

πs

⟩
s

([
ps,i

]
s
− π̃

)
(A.19a)

u(y; ξ(q)) =

n∑
i=1

[
π̃sϕ(yi; ξs)

f(yi;Ξ,π)
· (Tyi,q − ηsq)

]
s

=

n∑
i=1

[
ps,i · (Tyi,q − ηsq)

]
s

(A.19b)

Denote the elements of these score functions as u(y;π) = {us(y;π)} and u(y; ξ(q)) =

{us(y; ξ(q))}, for s = 1, · · · , d. The updating steps for the iterative solution of score func-
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tions (A.19) are equivalent to the EM updating steps (A.18). The weighted score functions

discussed in Chapter 3 apply weights w(yi) and the bias adjustment term a(Ξ,π) onto the

score functions (A.19),

u∗(y;π) =
n∑

i=1

w(yi)

⟨
1

πs

⟩
s

([
ps,i

]
s
− π̃

)
− na(Ξ,π):π (A.20a)

u∗(y; ξ(q)) =

n∑
i=1

w(yi)
[
ps,i · (Tyi,q − ηsq)

]
s
− na(Ξ,π):ξ[q] , q = 1, 2 (A.20b)

The corresponding weighted likelihood estimating equations let (A.20) equal to 0 and

element-wise they are

0 =

n∑
i=1

w(yi)
(
ps,i − π̃s

)
− nπsa(Ξ,π):πs ≈

n∑
i=1

w(yi)ps,i − nπ̃s − nπsa(Ξ,π):πs (A.21a)

0 =
n∑

i=1

w(yi) · ps,i · (Tyi,q − ηsq)− na(Ξ,π):ξsq (A.21b)

The approximation in (A.21a) follows from the fact that w(yi) ≈ 1 for all yi’s. The WLE

updating equations discussed in Chapter 3 provides an iterative solution to (A.21). For the

special case of finite normal mixtures, these updating equations reduce to those in Fujisawa

and Eguchi (2006).

We have shown in Appendix section A.1.3 and A.1.4 that although the derivatives of

conditional expectations (A.15) are not equivalent to the score functions (A.19), the deriva-

tives of marginal log-likelihood, the iterative updating steps for solving these two sets of

equations are essentially the same for the finite exponential-family mixture model. We use

this fact to formulate the robust estimation of LME with conditional finite normal mixtures

model discussed in Chapter 4.

The basic idea is to apply weight w(yi) on derivatives (A.15), just as we did for weighted

score equations in Chapter 3, and these ”weighted derivatives”will be used as building blocks

in the robustified BLUP procedure. We have shown that for weighted likelihood estimators
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which belong to Lindsay (1994)’s family, the bias adjustment term a(Ξ,π) = 0. Thus the

weighted derivatives modified from (A.15), based on (yi, zi), i = 1, · · · , n, are

(
∂ Ez|y(log fY,Z=es)

∂ξ(τ)

)∗
=

n∑
i=1

w(yi)
([
ps,i
]
s
− π̃

)
≈

n∑
i=1

w(yi)
[
ps,i
]
s
− nπ̃ (A.22a)

(
∂ Ez|y(log fY,Z=es)

∂ξ(q)

)∗
=

n∑
i=1

w(yi)
[
psTY,q − π̃sηsq

]
s
, q = 1, · · · , Q (A.22b)

Thus in the robust BLUP procedure of Chapter 4, we do not look for a robust l∗1 to substitute

the conditional loglikelihood l1, instead we substitute the derivatives ∂l1/∂ (canonical par.)

with (A.22), as only the derivatives are what we concern about.

A.1.5 Fisher information and asymptotic normality

The Fisher information of the finite mixture density (A.4) and the variance of the score

functions will not be equivalent even when all weights wi = 1. The calculation requires the

”full rank” score function with respect to canonical parameter ξ’s of the mixing components

and the general logit parameters τ̃ . The score function (A.19a) with respect to mixing

proportions π is not ”full rank”, as π’s are not independent. Let

u(y; τ̃ ) =
∂π̃

∂τ̃
· u(y; π̃) = (A.3) · (A.19a) (A.23)

and the ”full-rank” score function be u(y; τ̃ , ξ) = (ut(y; τ̃ ),ut(y; ξ(1)),ut(y; ξ(2)))t. The

variance of the score function is

I1(τ̃ , ξ) = E
(
u(y; τ̃ , ξ) ut(y; τ̃ , ξ)

)
(A.24)

The second method calculates the expected second order derivative of the log-likelihood

l = log fY (Ξ,π). Let ϕs = ϕ(y, ξs), the second order derivatives with respect to ξ’s and π
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are

∂2l

∂πt ∂πu
=

(
1∑
πs

)2(
1− ϕtϕu

f2

)
∂2l

∂πt ∂ξuq
= −πuϕuϕt(Tq − ηuq)

(
∑
πsϕs)

2 , t ̸= u

∂2l

∂πt ∂ξtq
=
ϕt(Tq − ηtq)(

∑
πsϕs − πtϕt)

(
∑
πsϕs)

2

∂2l

∂ξtq1 ∂ξuq2
= −πtπuϕtϕu(Tq1 − ηtq1)(Tq2 − ηuq2)

(
∑
πsϕs)

2 , t = u and t ̸= u

If we use π̃ instead of π and define ϕ̄ = (ϕ1, · · · , ϕd)′, ϕ̄π̃ = (π̃1ϕ1, · · · , π̃dϕd)′ and T̄ η
q =

(Tq − η1q, · · · , Tq − ηdq)
′, these derivatives take matrix form

∂2l

∂π̃ ∂π̃′ = 1d −
(
f−1ϕ̄

) (
f−1ϕ̄

)′
∂2l

∂π̃ ∂(ξ(q))′
=
((
f−1ϕ̄

) (
T̄ η
q

)′)⊗(
Id − 1d

(
f−1ϕ̄π̃

)′)
∂2l

∂ξ(q1) ∂(ξ(q2))′
= −

(
T̄ η
q1

(
T̄ η
q2

)′)⊗((
f−1ϕ̄π̃

) (
f−1ϕ̄π̃

)′)
where

⊗
denote the element-wise multiplication of vectors or matrices. The Fisher infor-

mation matrix is

I2(τ̃ , ξ) = Diag

{
∂π̃

∂τ̃
, Id, Id

}
E

(
− ∂2l

∂(π̃, ξ(1), ξ(2))2

)
Diag

{
∂π̃

∂τ̃
, Id, Id

}
(A.27)

The Cramer-Rao lower bound for the asymptotic covariance matrix is

(
I2(τ̃ , ξ)

)−1
I1(τ̃ , ξ)

(
I2(τ̃ , ξ)

)−1
(A.28)

A.2 Influence function of GWLE

Proof of Theorem 3.1. Given a fixed distributionG, contaminatedGε,x0 = (1−ε)G+ε∆(x0)

and model family FΘ, the estimating equation (3.1) for GWLE T (·) with weight w(x, δ∗ε , fθ)

is equivalent to∫
w(x)uθ(x) ·

(
gε,x0(x)− fθ(x)

)
dx = 0 (A.29)
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where θ = T (Gε,x0) and k(x; t, h)-smoothed Pearson residual δ∗ε(x) = g∗ε(x)/f
∗
θ (x) − 1.

The general theory about influence function of M-estimator (Hampel et al., 1985) is not

applicable. Here let (·)t denote transposition of vectors and take the derivative of equation

(A.29) with respect to ε,

0 =

∫ (
∂δ∗ε
∂ε

∂w(δ∗, fθ)

∂δ∗ε
+
∂θt

∂ε

∂fθ
∂θ

∂w(δ∗, fθ)

∂fθ

)
ut
θ

(
gε,x0 − fθ

)
dx

+

∫
w(δ∗, fθ)

∂θt

∂ε

∂ut
θ

∂θ

(
gε,x0 − fθ

)
dx

+

∫
w(δ∗, fθ)u

t
θ

(
(χx0 − g)− ∂θt

∂ε

∂fθ
∂θ

)
dx

(A.30)

where

∂θ

∂ε

∣∣∣
ε=0

= IF(x0),
∂g∗ε,x0

(x)

∂ε
= k(x;x0, h)− g∗(x)

and u∗
θ(x) = [f∗θ (x)]

−1 ∂f∗θ (x)/∂θ. Therefore

∂δ∗

∂ε

∣∣∣∣
ε=0

=
k(x;x0, h)− g∗(x)

f∗θ (x)
− g∗(x)

f∗θ (x)
· IFt ·u∗

θ(x) (A.31)

Substitute (A.31) into (A.30) and evaluate at ε = 0,

0 =

∫ (
k(x;x0, h)− g∗(x)

f∗θ (x)
−
(
δ∗ + 1

)
IFt u∗

θ

)
w′
δu

t
θ · (g − fθ) dx

+

∫
IFt fθw

′
fuθu

t
θ · (g − fθ) dx+

∫
IFtw

∂ut
θ

∂θ
· (g − fθ) dx

+w(x0)u
t
θ(x0)−

∫
wut

θg dx−
∫

IFt fθwuθu
t
θ dx

(A.32)

and substitute fθ ·
(
∂ut

θ/∂θ + uθu
t
θ

)
= ∂(fθuθ)

t/∂θ = ∂2fθ/∂θ
2 into (A.32), one could

solve for influence functions (2.8). Note this is influence function of the WLE from (3.1),

which is an approximation of minimum disparity estimator of Lindsay (1994); for influence

function of the latter, refer to Basu and Lindsay (1994). The proof is applicable to empirical

distribution Ĝn and contaminated Ĝn,ε,x.


