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ABSTRACT

Model-Free Variable Selection through Sufficient Dimension Reduction

Angela Minster

DOCTOR OF PHILOSOPHY

Temple University, May, 2016

Professor Yuexiao Dong, Chair

In this thesis we draw upon the natural connection between the fields of

sufficient dimension reduction and variable selection to develop new theory

and methods for model-free variable selection. After developing the natural

connection between sufficient dimension reduction and model-free variable se-

lection we introduce two approaches to select independent variables important

to predicting the response variable without making any assumptions about the

function form of the relationship between predictor and response. The first

is a stepwise procedure and the second takes a penalized approach. Both are

rooted in ordinary least squares regression but with modifications to facilitate

model-free variable selection. We also introduce a set of transformations for

model-free variable selection. Finally we develop a stepwise procedure that is

able to select interaction terms in the model-free setting. We show the effec-
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tiveness of these methods through simulation studies and an analysis of real

data.
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CHAPTER 1

Introduction

1.1 Overview

When creating a statistical model to explain a phenomenon, correctly se-

lecting the key explanatory variables is of the utmost importance. Thus, re-

search on variable selection has been a common theme in the recent literature.

Classical variable selection methods include stepwise linear regression and best

subset selection. See, for example, Thompson (1978). As data grow larger

and the number of predictor variables from which to select increases, many

researchers have necessarily sought to improve upon classical methods. One

key advance has been the introduction of penalized regression methods. Since

the introduction of LASSO (Tibshirani, 1996), many penalized least squares

methods have been developed, such as SCAD (Fan and Li, 2001), elastic net
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(Zou and Hastie, 2005), adaptive LASSO (Zou, 2006), Dantzig selector (Can-

des and Tao, 2007), MCP (Zhang, 2010), etc. These aforementioned methods

are all model-based, and they all rely on the linear model assumption. Since

the linear model assumption can be easily violated in application, more flexible

variable selection procedures are needed to fill the gap.

Our proposed methods are based on the concept of Sufficient Dimension

Reduction (SDR) (Li, 1991; Cook, 1994). For response Y ∈ R and predictor

x = (X1, . . . , Xp)
T ∈ Rp, let F (Y | x) denote the conditional distribution func-

tion of Y given x. One particular goal of SDR is to find indices βT
1 x, · · · ,βT

q x,

where βi = (βi1, . . . , βip)
T ∈ Rp, i = 1, . . . , q and q < p, such that

F (Y | x) = F (Y | βT
1 x, · · · ,βT

q x). (1.1)

Thus the distribution of Y depends on x only through the q indices βT
1 x, · · · ,βT

q x.

On the other hand, the goal of model-free variable selection is to find an active

predictor index set A0 such that

F (Y | x) = F (Y | xA0). (1.2)

Here xA0 = {Xk : k ∈ A0} contains all the predictors whose subscripts are

contained in the set A0, and (1.2) implies that the distribution of Y depends

on x only through the predictors contained in xA0 . Let Ω = {1, 2, · · · , p} be

the full index set. It follows from (1.2) that we can define active set A0 as

A0 = {k ∈ Ω: F (Y | x) depends on Xk}. (1.3)
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From the similar forms of (1.1) and (1.2), one can immediately see the following

important connection between SDR and model-free variable selection. On one

hand, if k ∈ A0, or Xk is active in terms of predicting F (Y | x), then βik 6= 0

for at least one of i = 1, . . . , q. On the other hand, if k 6∈ A0, or Xk is inactive

in terms of predicting F (Y | x), then βik = 0 for all of i = 1, . . . , q.

Through this important connection, it becomes obvious that one can re-

cover the active set A0 directly through the estimation of of βi, i = 1, . . . , q.

However, direct estimation of βi for the purpose of model-free variable selec-

tion may be problematic for the following reasons. First, there are numerous

popular SDR methods in the literature, including as sliced inverse regres-

sion (SIR) (Li, 1991), sliced average variance estimation (SAVE) (Cook and

Weisberg, 1991), directional regression (Li and Wang, 2007), ordinary least

squares (OLS) (Duan and Li, 1989), principal Hessian directions (PHD) (Li,

1992; Cook, 1998), etc. It is not clear which method should be recommended

for the purpose of model-free variable selection. Second, certain distribution

assumptions are required for each of the aforementioned SDR methods, and

variable transformations are common practice in SDR to facilitate such distri-

bution assumptions. See, for example, predictor transformation in Cook and

Nachtsheim (1994) and response transformation in Yin and Cook (2002). So

while transformation is well studied in the SDR literature, it is not immedi-

ately clear what effect variable transformation will have on model-free variable
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selection. Last but not least, in the age of Big Data, direct estimation of βi for

all i = 1, . . . , q in the p > n setting is at best computationally challenging and

time-consuming and at worst not even possible. It is of great computational

advantage if one can achieve model-free variable selection without estimating

all q indices βT
1 x, · · · ,βT

q x.

This dissertation aims to address all of the issues raised above, and pro-

poses effective tools for model-free variable selection through SDR. Our main

contributions are four-fold. First, we propose the principle of using OLS for

model-free variable selection. Unlike slicing-based SDR methods such as SIR

and SAVE, which can lead to different results based on different choices of slice

numbers, OLS does not require slicing of the response. It is well-known in the

SDR literature that OLS is a limited method for the purpose of estimating in-

dices βi’s as OLS is guaranteed to fail if there are more than one index (q ≥ 2).

So while OLS can estimate at most one index under the SDR framework we

reveal that multi-index models are generally not a problem when using OLS

for the purpose of model-free variable selection. As a matter of fact, estimat-

ing one index even if q ≥ 2 can greatly simply the computation. For example,

existing algorithms such as LASSO (Tibshirani, 1996) and Dantzig selector

(Candes and Tao, 2007) can be readily used for OLS, and the computation

for model-free variable selection thus becomes straightforward in the case of
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p > n. The principle of using OLS for model-free variable selection is described

in Section 2.

Second, the effectiveness of using OLS for model-free variable selection

depends on certain assumptions. In the cases when such assumptions are vi-

olated, variable transformations are necessary before application of any OLS-

based variable selection algorithms. Specifically, we discuss three types of vari-

able transformations. In the case when the predictor distribution assumption

is violated, marginal predictor normalization is proposed. In the case when the

response depends on the predictor through the heteroskedastic error, response

transformation is proposed. In the case when the unknown regression link

function between the response and the active predictor is symmetric, a poly-

nomial transformation of the predictor is considered. The principle of variable

transformation to facilitate model-free variable selection is studied in Section

3.

Third, two alternative algorithms for model-free variable selection are pro-

posed under the general framework of OLS, and both algorithms can be applied

together with the variable transformation paradigm discussed earlier. Parallel

to the classical stepwise regression in linear regression, the first algorithm is

a stepwise regression procedure based on a novel permutation test. The sec-

ond algorithm is a direct application of the L1 penalized regression methods,

which include Dantzig selector and LASSO. Although Dantzig selector and



6

LASSO are originally proposed for linear regression, we demonstrate that L1

penalized regression is also applicable for the purpose of model-free variable

selection. Both the stepwise regression algorithm and the L1 penalized re-

gression algorithm are applicable in the challenging case of p > n. The two

algorithms are developed in Section 4, and the numerical studies including

variable transformations are presented in Section 5.

The fourth contribution is concerns model-free interaction detection. For a

simple interaction-only model Y = X1X2 + ε, OLS fails to recover active pre-

dictors X1 and X2, and none of variable transformation procedures described

before can help with interaction detection. We notice that PHD (Li, 1992;

Cook, 1998) can recover β1 = (1, 0, . . . , 0)T and β2 = (0, 1, 0, . . . , 0)T in this

interaction-only model. This motivates us to propose a novel stepwise regres-

sion algorithm based on PHD, which is parallel to the OLS-based stepwise

regression algorithm in Section 4. The PHD-based algorithm for model-free

interaction detection is described in Section 6.

1.2 Review of OLS and PHD for Sufficient

Dimension Reduction

We briefly review OLS (Duan and Li, 1989) and PHD (Li, 1992; Cook,

1998) in this section. There are two types of PHD (principle Hessian direc-
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tions) estimation methods, the response-based PHD and the residual-based

PHD, and we focus on the response-based PHD. Unless specified otherwise,

we assume E(x) = 0 and E(Y ) = 0 throughout this section.

Let B = (β1, . . . ,βq) ∈ Rp×q and denote ⊥⊥ as statistical independence.

Equation (1.1) then implies that

Y⊥⊥x | BTx. (1.4)

Note that if B ∈ Rp×q satisfies (1.4), then BA also satisfies (1.4) for any full-

rank matrix A ∈ Rq×q. Thus B is only unique up to its column space. For any

B satisfying (1.4), we refer to the column space of B as a dimension reduction

subspace. The intersection of all dimension reduction subspaces is called the

central space, and is denoted by SY |x (Cook, 1994). Without ambiguity, we

assume that B = (β1, . . . ,βq) is a basis of SY |x.

Let µ = E(x) and Σ = var(x) be the mean vector and the covariance

matrix of predictor x respectively. Then z = Σ−1/2(x − µ) is the standard-

ized predictor. An important property of the central space is the invariance

property (Cook, 1998). For p × p nonsingular matrix A and constant vector

b ∈ Rp, consider linear transformation w = Ax + b. The invariance property

states that SY |w = A−1SY |x. A practical implication of this property is that

one can first work with the standardized predictor z to get SY |z, and then

transform it to the x-scale using SY |x = Σ−1/2SY |z.
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Denote the OLS estimator as βOLS = Σ−1E(xY ). The next result suggests

that OLS can be used for recovering the central space.

Proposition 1.1. Suppose x is normal with E(x) = 0. Then βOLS ⊆ SY |x.

Proof. Let span(B) denote the column space of B. For span(B) = SY |x, the

conditional independence (1.4) implies that E(Y | x) = E(Y | BTx). We have

E(xY ) = E{xE(Y | x)} = E{xE(Y | BTx)} = E{E(x | BTx)Y }.

Denote PΣ = ΣB(BTΣB)−1BT . The normality of x guarantees that

E(x | BTx) = PΣx. (1.5)

It follows that E(xY ) = E(PΣxY ) = PΣE(xY ) = ΣB(BTΣB)−1BTE(xY ).

Thus we have

βOLS = Σ−1E(xY ) = B(BTΣB)−1BTE(xY ) ⊆ span(B) = SY |x. �

We remark that condition (1.5) is known as the linear conditional mean (LCM)

condition, and the normality assumption in Proposition 1.1 can be replaced

with the weaker LCM condition.

Denote ΣYxx = E(Y xxT ). The next result suggests that the column space

of Σ−1ΣYxx belongs to the central space.

Proposition 1.2. Suppose E(Y ) = 0 and x is normal with E(x) = 0. Then

span(Σ−1ΣYxx) ⊆ SY |x.



9

Proof. For span(B) = SY |x, the conditional independence (1.4) implies that

E(Y | x) = E(Y | BTx). We have

E(Y xxT ) = E{E(Y | x)xxT} = E{E(Y | BTx)xxT} = E{Y E(xxT | BTx)}.(1.6)

Denote QΣ = (I−PΣ)Σ. The normality of x guarantees (1.5) as well as

var(x | BTx) = QΣ. (1.7)

Thus E(xxT | BTx) = var(x | BTx) + E(x | BTx)ET (x | BTx) = QΣ +

PΣxxTPT
Σ. Plugging into (1.6), together with ΣYxx = E(Y xxT ) and E(Y ) =

0, we get

ΣYxx = E(Y xxT ) = QΣE(Y ) + PΣE(Y xxT )PT
Σ = PΣΣYxxPT

Σ.

Note that PΣ = ΣB(BTΣB)−1BT , we have Σ−1ΣYxx = B(BTΣB)−1BTΣYxxPT
Σ.

It follows that span(Σ−1ΣYxx) ⊆ span(B) = SY |x. �

We remark that condition (1.7) is known as the constant conditional variance

(CCV) condition. From the proof of Proposition 1.2, we can see that the

normality assumption can be replaced with the LCM condition (1.5) and the

CCV condition (1.7). Proposition 1.2 provides the theoretical justification

for PHD, which uses the left singular vectors corresponding to the nonzero

singular values of Σ−1ΣYxx to recover SY |x.

The next result provides the connection between OLS and PHD.
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Proposition 1.3. Suppose E(Y ) = 0 and x is normal with E(x) = 0. Then

E

{
∂E(Y | x)

∂x

}
= Σ−1E(xY ) and E

{
∂2E(Y | x)

∂x∂xT

}
= Σ−1ΣYxxΣ−1.

Proof. From first-order Stein’s Lemma, we have E
{

∂g(x)
∂x

}
= Σ−1E{xg(x)}.

From second-order Stein’s Lemma, we have E
{

∂2g(x)
∂x∂xT

}
= Σ−1E{g(x)(xxT −

Σ)}Σ−1. Take g(x) = E(Y | x). Then we get the desired result by notic-

ing that E{E(Y | x)x} = E(Y x), E{E(Y | x)xxT} = E(Y xxT ) = ΣYxx and

E{E(Y | x)Σ} = E(Y )Σ = 0. �

For E(Y | x) with unknown function form, Proposition 1.3 states that OLS is

essentially using the direction information contained in the average first order

derivative of E(Y | x), while PHD coincides with the direction information

contained in the average second order derivative of E(Y | x). Consider model

Y = (X1 + 2X2)2 + ε. Then E(Y | x) = (θTx)2 with θ = (1, 2, 0, . . . , 0)T .

It follows that ∂E(Y |x)
∂x

= 2θTxθ, and βOLS = E(2θTxθ) = 0. On the other

hand, consider model model Y = X1 + 2X2 + ε. Then ∂E(Y |x)
∂x

= θ and

∂2E(Y |x)
∂x∂xT = 0. Thus Σ−1ΣYxxΣ−1 = 0 and span(Σ−1ΣYxx) = 0. We reveal

that for the purpose of recovering SY |x, OLS does not work well when E(Y | x)

is symmetric, and PHD does not work well when E(Y | x) is linear in x.
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1.3 Central Mean Space and Central Kth Mo-

ment Space

Recall that in the definition of central space SY |x, we aim to find linear

combinations of x such that Y⊥⊥x | BTx, and we have F (Y | x) = F (Y | BTx)

as a result. When the interest is about the conditional mean E(Y | x) instead of

the conditional distribution F (Y | x), Cook and Li (2002) propose to consider

Y⊥⊥E(Y | x) | BTx. (1.8)

If B satisfies (1.8), it is easy to see that E(Y | x) = E(Y | BTx). If B ∈ Rp×q

satisfies (1.8), we refer to the column space of B as a mean dimension reduction

subspace. The intersection of all mean dimension reduction subspaces is the

smallest mean dimension reduction subspace. We call it the central mean

space, and denote it by SE(Y |x).

Similar to the idea of central mean space, denote M (k)(Y | x) = E{(Y −

E(Y | x))k | x} for k ≥ 2 and M (1)(Y | x) = E(Y | x). Yin and Cook (2002)

consider

Y⊥⊥{M (1)(Y | x), . . . ,M (K)(Y | x)} | BTx. (1.9)

If B satisfies (1.9), it is easy to see that M (k)(Y | x) = M (k)(Y | BTx), for

k = 1, . . . , K. If B ∈ Rp×q satisfies (1.9), we refer to the column space of B

as a Kth moment dimension reduction subspace. The intersection of all Kth
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moment dimension reduction subspaces is the smallest Kth moment dimension

reduction subspace. We call it the central Kth moment space, and denote it

by S(K)
Y |x .

By the definitions above, central mean space is a special case of the central

Kth moment space with K = 1. Because Y⊥⊥x | BTx implies Y⊥⊥E(Y |

x) | BTx, a dimension reduction subspace is also a mean dimension reduction

subspace. It follows that SE(Y |x) ⊆ SY |x, since the former is the intersection

of at least the same, if not more, subspaces. The central Kth moment space

is contained in the central space for the same reasoning. We can also see that

a dimension reduction subspace is always an ith moment dimension reduction

space, which must be a jth moment dimension reduction space for any j ≤ i.

These relationships can be summarized as below,

SE(Y |x) = S(1)
Y |x ⊆ · · · ⊆ S

(K)
Y |x ⊆ · · · ⊆ SY |x.

If the conditional distribution of Y given x depends only on up to the Kth

moments of x, then SY |x = S(K)
Y |x .

The next result provides estimators in the central Kth moment space.

Proposition 1.4. Suppose x is normal with E(x) = 0. Then for k = 1, . . . , K,

we have

Σ−1E(xY k) ⊆ S(K)
Y |x and span

(
Σ−1E[{(Y k − E(Y k)}xxT ]

)
⊆ S(K)

Y |x .
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Proof. For span(B) = S(K)
Y |x , the conditional independence (1.9) implies that

E(Y k | x) = E(Y k | BTx) for all k ≤ K. Thus

E(xY k) = E{xE(Y k | x)} = E{xE(Y k | BTx)} = E{E(x | BTx)Y k} = PΣE(xY k).

It follows that Σ−1E(xY k) = B(BTΣB)−1BTE(xY k) ⊆ span(B) = S(K)
Y |x .

Because E(Y k | x) = E(Y k | BTx), we also have E[{(Y k − E(Y k)}xxT ] =

E[{E{Y k − E(Y k) | x}xxT ] = E[{E{Y k − E(Y k) | BTx}xxT ] = E[{Y k −

E(Y k)}E(xxT | BTx)]. Plug in E(xxT | BTx) = QΣ + PΣxxTPT
Σ and note

that E[{(Y k − E(Y k)}QΣ] = 0, we get

E[{(Y k − E(Y k)}xxT ] = PΣE[{(Y k − E(Y k)}xxT ]PT
Σ.

Note that PΣ = ΣB(BTΣB)−1BT , we have Σ−1E[{(Y k − E(Y k)}xxT ] =

B(BTΣB)−1BTE[{(Y k−E(Y k)}xxT ]PT
Σ. It follows that span

(
Σ−1E[{(Y k − E(Y k)}xxT ]

)
⊆

span(B) = S(K)
Y |x . �

In the special case of K = 1, Proposition 1.4 implies that both the OLS and

the PHD estimators belong the central mean space SE(Y |x). If the conditional

distribution F (Y | x) depends on x only through the regression mean E(Y | x),

then SE(Y |x) = SY |x, and OLS and PHD are targeting the central space. If

the conditional distribution F (Y | x) depends on x through higher moments

such as E{(Y − E(Y | x))2 | x}, then OLS and PHD are estimating a proper

subspace of the central space.
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CHAPTER 2

Model-Free Variable Selection

through OLS: The Principle

Recall that A0 = {k ∈ Ω: F (Y | x) depends on Xk} denotes the active

predictor set, where Ω = {1, 2, · · · , p} is the full index set. To describe the

principle of using OLS for model-free variable selection, we make the following

assumptions throughout this section:

Condition (a): x is normal with E(x) = 0 and var(x) = Σ;

Condition (b): E{∂E(Y | x)/∂Xk} 6= 0 for any k ∈ A0;

Condition (c): SE(Y |x) = SY |x.
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2.1 The Hypotheses Testing Approach

For some working index set F , let xF = {Xk : k ∈ F}. For a candidate

index j ∈ F c, where F c denotes the complement of F in Ω, consider the

following hypotheses

H0 : Y⊥⊥Xj | xF v.s. Ha : Y is not independent of Xj given xF . (2.1)

We refer to (2.1) as the stepwise regression hypotheses, which is used to test

whether Y is independent of Xj conditional on xF . The next result describes

a key quantity δj|F that can be used for testing the stepwise regression hy-

potheses (2.1).

Proposition 2.1. Suppose condition (a) holds. Let ΨF ,j(x) = E(Y | xF , Xj)

and δj|F = E(Y Rj|F), where Rj|F = Xj − E(Xj | xF). Then

i. δj|F = var(Rj|F)E{∂ΨF ,j(x)/∂Xj};

ii. δj|F = 0 under H0 in (2.1).

Proof. For part i, Stein’s Lemma implies that

E

{
∂ΨF ,j(x)

∂Xj

∣∣∣∣xF} = var−1(Xj | xF)E{ΨF ,j(x)(Xj − E(Xj | xF)) | xF}.

(2.2)

Take expectation on both sides of (2.2) and we get

E{∂ΨF ,j(x)/∂Xj} = var−1(Xj | xF)E{Y (Xj − E(Xj | xF))}. (2.3)
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The normality of x implies that

E(Xj | xF) = ET (XjxF)Σ−1
F xF , where ΣF = var(xF). (2.4)

Then Rj|F = Xj − ET (XjxF)Σ−1
F xF becomes the residual from the linear

regression between Xj and xF . The normality of x further implies that

var(Xj | xF) = var(Xj)− ET (XjxF)Σ−1
F E(XjxF) = var(Rj|F). (2.5)

(2.3), (2.4) and (2.5) together guarantee that δj|F = var(Rj|F)E{∂ΨF ,j(x)/∂Xj}.

For part ii, note that E(Y | xF , Xj) = E(Y | xF) under H0. It follows that

E(Rj|FY ) = E{Rj|FE(Y | xF , Xj)} = E{Rj|FE(Y | xF)} = E{E(Rj|F | xF)Y } = 0.

The last equality above holds because E(Rj|F | xF) = E{Xj − E(Xj | xF) |

xF} = 0. �

From Proposition 2.1, we see that a nonzero value of δj|F provides evidence

against H0. In the stepwise regression procedure, we can go over all the indices

j ∈ F c, select j with a nonzero value of δj|F , update the current working index

set F to F ∪ j, and then go to the next iteration. If δj|F = 0 for all j ∈ F c,

then we can not reject H0 for any j, and F will not be updated. We use this

F to recover the active set A0. To fix the idea, we consider a toy example as

follows.

Example 1. Let x = (X1, X2, X3) ∼ N(0, I), and Y = (X1 + X2)3 + ε, where

ε ∼ N(0, 1) and ε⊥⊥x. The stepwise regression at the population level then
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proceeds as follows. In the initial step, we start from empty working index

set F = ∅. For j = 1, 2, we have δj|∅ = 6. For j = 3, we have δ3|∅ = 0. By

comparing δ1|∅, δ2|∅ and δ3|∅, we either add j = 1 or add j = 2 into the active

set F . Without loss of generality, suppose we add X1 and the working index

set becomes F = {1}. In the second step, we have δ2|{1} = 6 for j = 2 and

δ3|{1} = 0 for j = 3. By comparing δj|F for j = 2, 3, we add j = 2 into the

active set F , and the working index set is now F = {1, 2}. In the last step,

δ3|{1,2} = 0 and F will not be updated. Thus F = {1, 2} successfully recover

the active set A0.

We see in Proposition 2.1 that δj|F = 0 under H0. If δj|F = 0 under Ha as

well, then the stepwise regression procedure will no longer work. Conditions

(b) and (c) are used to rule out such problematic situations. In the discussions

following Proposition 1.3, we have seen that as a dimension reduction method,

OLS does not work well when E(Y | x) is symmetric, in which case the stepwise

regression procedure will also fail.

Example 2. Let x = (X1, X2, X3) ∼ N(0, I), and Y = (X1 + X2)2 + ε, where

ε ∼ N(0, 1) and ε⊥⊥x. Start from empty working index set F = ∅. We have

δj|∅ = 0 for j = 1, 2, 3. Thus we can not reject H0 for any j, and fail to recover

A0 = {1, 2}. However, ∂E(Y | x)/∂Xk = 2(X1 + X2) for k = 1, 2. It follows

that E{∂E(Y | x)/∂Xk} = 0 for k ∈ A0 and condition (b) is violated. By

assuming condition (b) that E{∂E(Y | x)/∂Xk} 6= 0 for any k ∈ A0, we thus
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rule out the case where δj|F = 0 under Ha due to the symmetry of E(Y | x),

hence the use of condition (b).

Regarding condition (c), in the discussions following Proposition 1.4, we

have seen that OLS recovers the central mean space SE(Y |x), which can be a

proper subspace of the central space SY |x. In the case when the conditional

distribution F (Y | x) depends on the higher-order moments, we may have

δj|F = 0 under Ha, and the stepwise regression procedure will fail as a result.

Example 3. Let x = (X1, X2, X3) ∼ N(0, I), and Y = X1 + (X2 + 1)ε, where

ε ∼ N(0, 1) and ε⊥⊥x. Start from empty working index set F = ∅. We have

δ1|∅ = 1 and δj|∅ = 0 for j = 2, 3. Thus we add j = 1 into the active set

F . In the next iteration, F = {1} and δj|{1} = 0 for j = 2, 3. We can not

reject H0 for j = 2 or j = 3. Thus F can not be updated and we stop the

iteration. We see that the active set is A0 = {1, 2} while our final working

set is F = {1}. Our stepwise regression procedure can effectively recover X1,

which is active due to the regression mean E(Y | x). However, the stepwise

regression procedure fails to recover the active predictor X2, which appears

in the variance component. Let β1 = (1, 0, 0)T and β2 = (0, 1, 0)T . We have

SE(Y |x) = span(β1) and SY |x = span(β1,β2). Thus condition (c) is violated

in this example. By assuming condition (c) that SE(Y |x) = SY |x, we thus

rule out the case where δj|F = 0 under Ha due to the active predictor in the

higher-order moments.
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For Example 3 above, we note that E{∂E(Y | x)/∂X1} = 1 and E{∂E(Y |

x)/∂X2} = 0. Thus condition (b) is violated for k = 2 ∈ A0. Generally

speaking, condition (b) is not always more restrictive than condition (c). For

example, consider Y = X1 + X2 + (X2 + 1)ε. Then condition (c) is violated

but condition (b) holds.

We end this section by revealing the connections between the pivotal quan-

tity δj|F and the OLS estimator βOLS = Σ−1E(xY ). Let βF = Σ−1
F E(xFY ) be

the x-scale OLS estimator between Y and xF , and denote ηF = Σ
−1/2
F E(xFY )

as the corresponding z-scale OLS estimator. Let MF = Σ
−1/2
F E(xFY )ET (xFY )Σ

−1/2
F =

ηFη
T
F . Similarly we denote MF∪j = ηF∪jη

T
F∪j. Denote tr(M) as the trace of

matrix M and recall that δj|F = E(Y Rj|F). We have the following result.

Proposition 2.2. Suppose condition (a) holds. Then tr(MF∪j) − tr(MF) =

{var(Rj|F)}−1δ2
j|F .

Proof. Let |F| be the cardinality of F . Denote σ2
j|F = var(Rj|F) = var(Xj)−

ET (XjxF)Σ−1
F E(XjxF). Define (|F|+ 1)× (|F|+ 1) dimensional matrices A

and D as

A =

 I|F| 0

−ET (XjxF)Σ−1
F 1

 and D =

ΣF 0

0 σ2
j|F

 .

Then xF∪j = {xF , Xj}T and AxF∪j = {xT
F , Rj|F}T . Note that E(xFXj) = 0,

and we have var(AxF∪j) = D. On the other hand, var(AxF∪j) = AΣF∪jA
T .
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Together we have Σ−1
F∪j = ATD−1A. Note that

tr(MF∪j) = tr{Σ−1
F∪jE(xF∪jY )ET (xF∪jY )} = tr{D−1E(AxF∪jY )ET (AxF∪jY )}

= tr


Σ−1

F 0

0 σ−2
j|F


 E(xFY )

E(Rj|FY )

(ET (xFY ) E(Rj|FY )

)
= tr{Σ−1

F E(xFY )ET (xFY )}+ σ−2
j|FE2(Rj|FY ) = tr(MF) + {var(Rj|F)}−1δ2

j|F .

It follows that tr(MF∪j)− tr(MF) = {var(Rj|F)}−1δ2
j|F . �

Proposition 2.2 is closely related to trace pursuit (Yu, Dong and Zhu, 2015),

where slicing-based methods such as SIR, SAVE and directional regression

are adapted for model-free variable selection. Our proposal of using δj|F is

equivalent to the OLS-based trace pursuit, which does not require slicing of

the response Y .

2.2 The Direct Estimation Approach

For the OLS estimator βOLS = Σ−1E(xY ) = (βOLS
1 , . . . , βOLS

p )T and the

full index set Ω = {1, 2, · · · , p}, define

AOLS = {k ∈ Ω: βOLS
k 6= 0}. (2.6)

Proposition 2.3. Suppose conditions (a) and (b) hold. Then AOLS = A0.
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Proof. Let B = (β1, . . . ,βq)
T be the basis of SY |x. Then span(B) = SY |x.

From Proposition 1.1, we know that βOLS ⊆ SY |x = span(B), which means

there exist constants c1, . . . , cq such that βOLS =
∑q

i=1 ciβi. Denote βi =

{βi1, . . . , βip}T , and we have βOLS
k =

∑q
i=1 ciβik, k = 1, . . . , p. From the def-

inition of A0 in (1.3), we know that βik = 0 for i = 1, . . . , q if k 6∈ A0. It

follows that βOLS
k = 0 if k 6∈ A0. From the definition of AOLS in (2.6), we have

k 6∈ AOLS if k 6∈ A0. Thus Ac
0 ⊆ Ac

OLS, and AOLS ⊆ A0 as a result.

On the other hand, from Proposition 1.3, we have βOLS = E
{

∂E(Y |x)
∂x

}
.

Condition (b) thus guarantees that βOLS
k 6= 0 for any k ∈ A0. From the defi-

nition of AOLS, we have k ∈ AOLS if k ∈ A0. It follows that A0 ⊆ AOLS. �

Proposition 2.3 is a simple yet insightful result. It suggests that we can

achieve model-free variable selection by recovering the indices corresponding

to the nonzero elements in βOLS. To fix the idea, we revisit the models in

Examples 1 through 3.

Example 4. Let x = (X1, X2, X3) ∼ N(0, I). For Y = (X1 + X2)3 + ε in

Example 1, βOLS = (6, 6, 0)T and AOLS = {1, 2} = A0. For Y = (X1 +X2)2 +ε

in Example 2, βOLS = (0, 0, 0)T . Condition (b) is violated and AOLS = ∅ ⊂

{1, 2} = A0. For Y = X1 + (X2 + 1)ε in Example 3, βOLS = (1, 0, 0)T .

Condition (b) is violated and AOLS = {1} ⊂ {1, 2} = A0. For Y = X1 +X2 +

(X2 + 1)ε in the discussions following Example 3, βOLS = (1, 1, 0)T . Although
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condition (c) is violated, condition (b) is satisfied and we haveAOLS = {1, 2} =

A0.
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CHAPTER 3

Variable Transformation to

Facilitate Model-Free Variable

Selection

Model-free variable selection should be flexible so that it can be applied

to a broad range of underlying true models. As we have seen in Section 2,

the effectiveness of the OLS-based methodology relies on some assumptions.

Motivated by recent work in transformed SDR (Wang, 2014; Mai, 2015), we

introduce two marginal variable transformation methods, which can be used

to expand the capabilities of our proposals in Section 2. We will use variable

transformation to address the following common limitations:
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L1: Predictor Distribution Assumption. Instead of assuming predictor x

follows the normality assumption, we assume that x = (X1, . . . , Xp)
T can

be transformed to u = (U1, . . . , Up)
T through marginal transformations,

and the transformed predictor u follows the normality assumption.

L2: Symmetric Link Function. We have seen before that condition (b) could

fail due to the symmetry of E(Y | x). By marginal transformation of

the predictors in an automatic fashion, the potential symmetry in the

unknown E(Y | x) will be addressed, and model-free variable selection

will become effective again.

L3: Active variables in the Regression Variance Component. We have seen

before that condition (c) can be violated due to the active predictors

in the higher moments of the conditional distribution F (Y | x). We

propose response transformation to alleviate this limitation. As an SDR

method, OLS, for example, will fail to recover any index solely in the

regression variance component. Generally, some SDR methods are able

to recover indices in the regression variance component and some are

not.
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3.1 An Overview of Marginal Predictor Trans-

formation

Consider the mapping ψk : R 7→ R and the marginal transformations ψk(Xk) =

Uk, k = 1, . . . , p. Then u = (U1, . . . , Up)
T denotes the marginally transformed

predictor. Parallel to (1.3), define index set

A = {k ∈ Ω: F (Y | u) depends on Uk}. (3.1)

The main idea is to recover the original active predictor set A0 through esti-

mation of the index set A.

Denote xA0 = {Xk : k ∈ A0} and uA = {Uk : k ∈ A}. Then the active sets

A0 and A are the smallest subsets to satisfy

Y⊥⊥x | xA0 and Y⊥⊥u | uA. (3.2)

Similarly, denote xAc
0

= {Xk : k ∈ Ac
0} and uAc = {Uk : k ∈ Ac}, where Ac

0

and Ac are the complements of A0 and A respectively. The next result forms

the connections between the original active predictor set A0 and the index set

A.

Proposition 3.1. 1. If ψk : R 7→ R is a one-to-one function for k = 1, . . . , p,

then A = A0.

2. If xAc
0
⊥⊥xA0, then A ⊆ A0.



26

3. If we have (i) (Y,uA)⊥⊥uAc guarantees (Y,xA)⊥⊥xAc, and (ii) uA⊥⊥uAc,

then A0 ⊆ A.

Proof. For part 1, because Y⊥⊥x | xA0 , we have Y⊥⊥u | xA0 . It follows that

Y⊥⊥u | uA0 as ψk is one-to-one. Note that A is the smallest set to satisfy

Y⊥⊥u | uA. Thus we have A ⊆ A0. It can be shown similarly that A0 ⊆ A.

Together we have A = A0.

For part 2, xAc
0
⊥⊥xA0 together with Y⊥⊥x | xA0 implies that (Y,xA0)⊥⊥xAc

0
.

It follows that (Y,uA0)⊥⊥uAc
0
, which guarantees that Y⊥⊥u | uA0 . As a result,

we have A ⊆ A0.

For part 3, note that Y⊥⊥u | uA and assumption (ii) together lead to

(Y,uA)⊥⊥uAc . Assumption (i) then implies that (Y,xA)⊥⊥xAc as long as

Y⊥⊥u | uA. As a result, we have Y⊥⊥x | xA as long as Y⊥⊥u | uA. It

follows that A0 ⊆ A. �

Part 1 of Proposition 3.1 states that if we consider one-to-one marginal trans-

formations, the active set A based on the transformed predictors coincides

with the active set A0 based on the original predictors. Part 2 and Part 3

provide, respectively, the sufficient conditions for A to become the subset or

the superset of A0.
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3.2 Marginal Predictor Transformation to Achieve

Normality

To address limitation 1, Proposition 3.1 suggests that we consider the

marginal predictor transformation proposed by Yeo and Johnson (2000). Let

Fk(·) be the marginal distribution function of Xk and denote Φ−1(·) as the in-

verse of the standard normal distribution function. Consider marginal trans-

formations ψk(·) = Φ−1 (Fk(·)) and Uk = Φ−1{Fk(Xk)}. The Yeo-Johnson

transformation has been used in Wang et al. (2014) and Mai and Zou (2015)

for transformed SDR and here we establish its use for transformed variable

selection. Since the Yeo-Johnson transformation is monotone, we know from

Proposition 3.1 that A = A0, and the transformation will not affect the re-

covery of the original active set. Since Fk is unknown in practice, we use the

sample distribution function F̂k. For x(i) = (X
(i)
1 , . . . , X

(i)
p )T , i = 1, . . . , n, we

have F̂k(X
(i)
k ) = (n+ 1)−1r

(i)
k , where r

(i)
k =

∑n
j=1 I(X

(j)
k ≤ X

(i)
k ) is the rank of

X
(i)
k among {X(1)

k , . . . , X
(n)
k }. The sample level transformed predictors become

û(i) = (Û
(i)
1 , . . . , Û

(i)
p )T , where Û

(i)
k = Φ−1{(n + 1)−1r

(i)
k } for i = 1, . . . , n and

k = 1, . . . , p.

The purpose of the Yeo-Johnson transformation is to achieve normality of

the transformed predictor. Note that instead of assuming the normality of

x, we now assume that u = (U1, . . . , Up)
T is multivariate normal with mean
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0 and variance Σ after the Yeo-Johnson transformation. This assumption

was made previously by Mai and Zou (2015). Proposition 1 of Mai and Zou

(2015) states that if there exists a set of increasing univariate functions Ψ =

(ψ1, . . . , ψp) such that Ψ(x) = {ψ1(X1), . . . , ψp(Xp)}T is N(0,Σ), then we

must have ψk(·) = Φ−1 (Fk(·)) for k = 1, . . . , p.

3.3 Marginal Predictor Transformation to Ad-

dress Symmetric Link Functions

For the ease of presentation, we focus on the direct estimation approach in

this section. Denote Σu = var(u) and βu
OLS = (Σu)−1E(uY ) = (βu

1 , . . . , β
u
p )T .

Similar to the definition of AOLS in (2.6), define

Au
OLS = {k ∈ Ω: βu

k 6= 0}. (3.3)

Recall that A0 = {k ∈ Ω: F (Y | x) depends on Xk}. In the case when

E(Y | x) is symmetric for Xk with k ∈ A0, we have seen that k 6∈ AOLS, and

AOLS becomes a proper subset of A0. Our idea is to apply marginal predictor

transformation Uk = ψk(Xk), such that Au
OLS can be used to recover A0. We

use the following example to fix the idea.

Example 5. Let x = (X1, X2, X3)T ∼ N(03, I3), ε ∼ N(0, 1), ε⊥⊥x, and

Y = X2
1 + X2 + ε. Then βOLS = Σ−1E(xY ) = (0, 1, 0)T , and AOLS = {2} ⊂

{1, 2} = A0. Consider u = (U1, U2, U3), where U1 = X2
1 − E(X2

1 ), U2 = X2
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and U3 = X3. Then Σu = var(u) = diag(2, 1, 1), E(uY ) = (2, 1, 0)T , and

βu
OLS = (Σu)−1E(uY ) = (1, 1, 0)T . From the definition of Au

OLS in (3.3), it

follows that Au
OLS = {1, 2} = A0.

The challenge with the approach above is how to determine the correct

transformations for different components of u. In Example 5, suppose we

use the square transformation to all the components of x, such that u =

(U1, U2, U3), where Uk = X2
k − E(X2

k), for k = 1, 2, 3. Then Σu = var(u) =

diag(2, 2, 2), E(uY ) = (2, 0, 0)T , and βu
OLS = (Σu)−1E(uY ) = (1, 0, 0)T . It

follows that Au
OLS = {1} ⊂ {1, 2} = A0. Because Y = X2

1 +X2 +ε is quadratic

in X1 and linear in X2, the square transformation of X1 works well and the

square transformation of X2 does not work.

Next we propose an automatic procedure to decide the proper transfor-

mations for different components of u. Denote x(k) = (X̃k, X̃
2
k , . . . , X̃

M
k )T ,

where X̃m
k = Xm

k − E(Xm
k ), m = 1, . . . ,M . If E(Y x(k)) = 0, then set

Uk = Xk. If E(Y x(k)) 6= 0, set the marginal transformation of Xk as Uk =

ET (Y x(k))Σ
−1
(k)x(k), where Σ(k) = var(x(k)). We revisit Example 5 to fix the

idea.

Example 5. (Continued) Let x = (X1, X2, X3)T ∼ N(03, I3), ε ∼ N(0, 1),

ε⊥⊥x, and Y = X2
1 +X2 +ε. Set M = 2. Then for k = 1, 2, 3, x(k) = {Xk, X

2
k−
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E(X2
k)}T and Σ(k) = var(x(k)) = diag(1, 2). Since E(Y x(1)) = (0, 2)T , we have

U1 = ET (Y x(1))Σ
−1
(1)x(1) = (0, 2)

1 0

0 1/2


 X1

X2
1 − E(X2

1 )

 = X2
1 − E(X2

1 ).

Since E(Y x(2)) = (1, 0)T , we have

U2 = ET (Y x(2))Σ
−1
(2)x(2) = (1, 0)

1 0

0 1/2


 X2

X2
2 − E(X2

2 )

 = X2.

Since E(Y x(3)) = (0, 0)T , we have U3 = X3. Thus we have automatically

choose the square transformation for X1 while keep X2 and X3 the same.

We describe the sample level data-driven transformation as follows. Let

{(x(i), Y (i)) : i = 1, . . . , n} be an i.i.d. sample, where x(i) = (X
(i)
1 , . . . , X

(i)
p )T .

For k = 1, . . . , p, we considering fitting Y through M th order polynomial of Xk

for some fixed integer M , and the fitted response is used as Uk. Specifically,

let ûk = (Û
(1)
k , . . . , Û

(n)
k ) ∈ Rn be the collection of transformed predictor Uk at

the sample level, y = (Y (1), . . . , Y (n))T ∈ Rn and Ξk ∈ Rn×(M+1), where the

ith row of Ξk is {1, X(i)
k , (X

(i)
k )2, . . . , (X

(i)
k )M} for i = 1, . . . , n. Then we have

ûk = Ξk(ΞT
k Ξk)−1ΞT

k y.
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3.4 Response Transformation to Address Ac-

tive Variables in the Regression Variance

Component

For the ease of presentation, we focus on the direct estimation approach in

this section. As we have seen in Section 1.3, if the conditional distribution of

Y given x depends only on up to the Kth moments of x, then SY |x = S(K)
Y |x . We

focus on the case when F (Y | x) depends on x through the regression mean

E(Y | x) and the regression variance var(Y | x). Equivalently, SY |x = S(2)
Y |x.

From Proposition 1.4, we know Σ−1E(xY k) ⊆ S(2)
Y |x = SY |x for k = 1, 2 in this

case. Denote βY 2
OLS = Σ−1E(xY 2) = (βY 2

1 , . . . , βY 2
p )T . Similar to the definition

of AOLS in (2.6), define

AY 2
OLS = {k ∈ Ω: βY 2

k 6= 0}. (3.4)

Then we can recover the active predictor set A0 by the union of AOLS and

AY 2
OLS in (3.4).

To fix the idea, we revisit Example 3 from Section 2.1.

Example 3 (Continued). Let x = (X1, X2, X3) ∼ N(0, I), and Y = X1 +

(X2 + 1)ε, where ε ∼ N(0, 1) and ε⊥⊥x. Since βOLS = Σ−1E(xY ) = (1, 0, 0)T ,

AOLS = {1}. Since βY 2
OLS = Σ−1E(xY 2) = (0, 2, 0)T , AY 2

OLS = {2}. Then

AOLS ∪ AY 2
OLS = {1, 2} = A0.
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From the example above, we see that βOLS can help recover active predic-

tors in the regression mean component, while βY 2
OLS, the OLS estimator based

on the transformed response, can help recover active predictors in the regres-

sion variance component. By taking the union of AOLS and AY 2
OLS, we recover

the active predictors in either the regression mean or the regression variance.

In the case when SY |x = S(K)
Y |x for a general K, we can defineAY k

OLS as the indices

corresponding to the nonzero elements of βY k
OLS = Σ−1E(xY k), k = 1, . . . , K.

Then we recover A0 by the union ∪Kk=1AY k
OLS, where AY 1

OLS = AOLS.
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CHAPTER 4

Sample Level Algorithms for

Model-Free Variable Selection

Suppose {(x(i), Y (i)) : i = 1, . . . , n} is an i.i.d. sample with x(i) = (X
(i)
1 , . . . , X

(i)
p )T .

We provide two algorithms to recover the active predictor set A0 in this sec-

tion. In the cases when one or more predictor transformations are needed, (See

Section 3.2 and Section 3.3), we apply the proposed algorithms to (û(i), Y (i))

with û(i) = (Û
(i)
1 , . . . , Û

(i)
p )T . In the case when response transformation is

needed (See Section 3.4), we apply the proposed algorithms to {x(i), (Y (i))2}.

In the case when both predictor transformation and response transformation

are needed, we apply the proposed algorithms to {û(i), (Y (i))2}. Without loss

of generality, the proposed algorithms are presented with the untransformed

observations (x(i), Y (i)).
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4.1 A Permutation Test Approach and the Step-

wise Regression Algorithm

First we restate the stepwise regression hypotheses introduced in Section

2.1 as follows:

H0 : Y⊥⊥Xj | xF v.s. Ha : Y is not independent of Xj given xF .

We have seen in Proposition 2.1 that the pivotal quantity δj|F = E(Y Rj|F)

with Rj|F = Xj − E(Xj | xF) plays an important role in testing the stepwise

regression hypotheses.

Assume without loss of generality that
∑n

i=1 Y
(i) = 0 and

∑n
i=1 x(i) = 0.

For any index set F , denote x
(i)
F = {X(i)

k : k ∈ F}. Let σ̂2
j = n−1

∑n
i=1(X

(i)
j )2,

Σ̂F = n−1
∑n

i=1 x
(i)
F (x

(i)
F )T and Σ̂F ,j = n−1

∑n
i=1 x

(i)
F X

(i)
j . It follows that

R̂
(i)
j|F = X

(i)
j − Σ̂T

F ,jΣ̂
−1
F x

(i)
F and σ̂2

j|F = σ̂2
j − Σ̂T

F ,jΣ̂
−1
F Σ̂F ,j. The sample level

test statistic for the stepwise regression hypotheses is defined as

Tj|F = nσ̂−2
j|F

(
n−1

n∑
i=1

R̂
(i)
j|FY

(i)

)2

. (4.1)

Before we use Tj|F to formally test the stepwise regression hypotheses, we need

to find the asymptotic distribution of Tj|F under H0. We make the following

key observation.

Proposition 4.1. Suppose x is normal with E(x) = 0. Then Rj|F⊥⊥(xF , Y )

under H0 : Y⊥⊥Xj | xF .
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Proof. FromRj|F = Xj−E(Xj | xF) and Y⊥⊥Xj | xF , we have Y⊥⊥(Xj,xF) |

xF . Thus Y⊥⊥Rj|F | xF under H0. The normality assumption implies that

Rj|F⊥⊥xF . Together we have Rj|F⊥⊥(xF , Y ). �

Proposition 4.1 implies the asymptotic null distribution of Tj|F can be

approximated through random permutations of {Y (i) : i = 1, . . . , n}. More

specifically, Proposition 4.1 motivates us to consider the following permutation

test procedure.

P1. Based on {(x(i), Y (i)) : i = 1, . . . , n} , calculate Tj|F as in (4.1).

P2. Fix {x(i) : i = 1, . . . , n}. For b = 1, . . . , B, denote {Y (i)
{b} : i = 1, . . . , n}

as the bth random permutation of {Y (i) : i = 1, . . . , n}. Then calculate

T
{b}
j|F based on the permuted sample {(x(i), Y

(i)
{b}) : i = 1, . . . , n}.

P3. Calculate the approximate p-value as pj|F = B−1
∑B

b=1 I(T
{b}
j|F > Tj|F),

where I(·) denotes the indicator function. For a given significance level

α, reject H0 : Y⊥⊥Xj | xF if pj|F < α.

The permutation test procedure above is quite straightforward to implement;

it can applied to any response transformation, and has the additional benefit

of not requiring the exact asymptotic expansion of Tj|F .

We now describe the stepwise regression algorithm to recover the active

set A0. The algorithm is parallel to the classical stepwise regression in linear
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models, and the main difference is that our method uses the p-value from the

permutation test procedure described above.

S1. Set initial working set F = ∅. Let pa and pd be presepcified thresholds

for the addition step and the deletion step respectively.

S2. Addition step: find index ja such that ja = arg min
j∈Fc

pj|F . If pj|F < pa,

update F to be F ∪ ja. If pj|F ≥ pa, no predictor is added.

S3. Deletion step: find index jd such that jd = arg max
j∈F

pj|(F∩{j}c). If

pjd|(F∩{jd}c) > pd, update F to be F ∩ {jd}c. If pjd|(F∩{jd}c) ≤ pd, no

predictor is deleted.

S4. Iterate between steps 2 and 3 until no predictors can be added or deleted.

We remark that the stepwise regression algorithm above is applicable in the

p > n setting. Since the algorithm involves inversion of |F| × |F|-dimensional

matrix Σ̂F , it is computationally feasible as long as |F| < p.

4.2 The Direct Estimation Algorithm through

L1 Penalized Regression

Recall from Section 2.2 that AOLS = {k ∈ Ω: βOLS
k 6= 0}, and that the

direct estimation approach recovers the active predictor set A0 through AOLS
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at the population level. Successful implementation of the direct estimation

approach relies on estimating some elements of βOLS = (βOLS
1 , . . . , βOLS

p )T to

be exactly zero at the sample level. Unfortunately, if elements of βOLS are

close yet not exactly zero, we cannot use the classical hypothesis tests as the

violation of the linear model assumption may lead to inaccurate hypothesis

test results.

Assume without loss of generality that
∑n

i=1 Y
(i) = 0 and

∑n
i=1 x(i) = 0.

The sample level OLS estimator is β̂OLS = n−1Σ̂−1
∑n

i=1 x(i)Y (i), where Σ̂ =

n−1
∑n

i=1 x(i)(x(i))T . The OLS estimator can be viewed as the minimizer of

sums of least squares

β̂OLS = arg min
β∈Rp

n∑
i=1

(Y (i) − βTx(i))2.

Let β̂OLS = (β̂OLS
1 , . . . , β̂OLS

p )T and denote ÂOLS
0 = {k ∈ Ω: β̂OLS

k 6= 0}. Since

β̂OLS is not a sparse estimator of βOLS, it turns out that ÂOLS
0 = Ω is a bad

estimator of A0.

To encourage sparsity, LASSO (Tibshirani, 1996) considers L1 penalized

regression and estimate βOLS by

β̂LASSO = arg min
β∈Rp

n∑
i=1

(Y (i) − βTx(i))2 subject to ‖β‖1 < λ.

Here ‖β‖1 =
∑p

j=1 |βj| is the L1 norm of β = (β1, . . . , βp)
T , and λ is a tuning

parameter. Larger values of λ will result in fewer coefficients estimated as

zero, and a smaller λ value will lead to more zero coefficients. Let β̂LASSO =
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(β̂LASSO
1 , . . . , β̂LASSO

p )T and denote ÂLASSO
0 = {k ∈ Ω: β̂LASSO

k 6= 0}. The active

predictor set A0 can then be estimated by ÂLASSO
0 .

The Dantzig selector (Candes and Tao, 2007) is another popular L1 penal-

ized regression approach. The Dantzig selector estimates βOLS by the solution

of

min ‖β‖1, such that ‖xT (Y − βTx)‖∞ < ω. (4.2)

Here ‖ · ‖∞ denotes the L-infinity norm. For a = (a1, . . . , ap), its L-infinity

norm is ‖a‖∞ = max{|a1|, . . . , |ap|}. Let β̂Dantzig = (β̂Dantzig
1 , . . . , β̂Dantzig

p )T be

the solution of (4.2). Denote ÂDantzig
0 = {k ∈ Ω: β̂Dantzig

k 6= 0}. The active

predictor set A0 can then be estimated by ÂDantzig
0 .

We remark that the LASSO estimator β̂LASSO can be viewed as the solution

of

min ‖β‖1, such that ‖Y − βTx‖2
2 < λ∗. (4.3)

Here ‖ · ‖2 denotes the L-2 norm. For a = (a1, . . . , ap), its L-2 norm is ‖a‖2 =√∑p
j=1 a

2
j . Due to the similar forms of (4.2) and (4.3), it turns out that

β̂LASSO and β̂Dantzig are quite close to each other in the linear regression setting.

Efron et al. (2007) outlined the similarities and dissimilarities between the

two and James et al. (2009) further examined the similarities between the

two and studied the exact conditions for them to produce identical results.

Without assuming the linear regression model, numerical studies are presented
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in Section 5 to compare the performances of β̂LASSO and β̂Dantzig for model-free

variable selection.

In the procedures described above, ÂLASSO
0 implicitly depends on the tun-

ing parameter λ, and ÂDantzig
0 implicitly depends on the tuning parameter ω.

Existing tuning parameter selection methods for LASSO and Dantzig selector

relies on the linear model assumption, and can not be used directly in our

setting. We use Dantzig selector as an example and describe how to select ω.

Similar procedures can be used to select λ for LASSO. Let ω1, . . . , ωH be a

set of ω values to choose from. Without loss of generality, suppose ÂDantzig
0

always contains the first c(ωh) predictors X1, . . . , Xc(ωh) when we set ω = ωh,

h = 1, . . . , H. For unknown link function between Y and x, we fit the following

additive model

Y = g1(X1) + · · ·+ gc(ωh)(Xc(ωh)) + ε

and get ĝ1, . . . , ĝc(ωh). The fitted response is then Ŷ
(i)
c(ωh) = ĝ1(X

(i)
1 ) + · · · +

ĝc(ωh)(X
(i)
c(ωh)). The sums of squares of error is thus SSE(ωh) =

∑n
i=1(Ŷ

(i)
c(ωh) −

Y (i))2. The ω is then chosen such that SSE(ω) is minimized among ω =

ωh, h = 1, . . . , H. Instead of the in-sample sums of squares of error, cross-

validation may be used to compute the out-of-sample sums of squares of error,

which can then be used for selecting the optimal ω in (4.2). The choice of the

g(·) functions in the additive model is flexible, and we use smoothing splines

in our numerical studies in the next section.
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CHAPTER 5

Numerical Studies

5.1 Simulation Studies

Now we want to examine the performance the algorithms described in the

previous chapter through extensive simulation studies. For reference purposes

we refer to the stepwise procedure described in Section 4.1 as MFVS-S and

we’ll refer to the penalized version describe in Section 4.2 as MFVS-D, where

the ‘D’ indicates the Dantzig selector. For comparison purposes we also look at

the performance of LASSO with the standard linear cross validation procedure

and another SDR-based model free variable selection procedure called COP

(Zhong et al., 2012).
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Our goal is to understand how our proposed sample level algorithms per-

form with and without the transformations described in Section 3 using data

simulated from six different models:

1. Linear:

Y = βTx + ε, where β = (0.6, 1.4,−2,−0.5)

2. NonLinear Link Function:

Y = X3
2 + exp(X2) + (X3 +X4)1.5 + ε

3. Non-Linear Link Function + Non-Normal Predictors:

Y = X3
2 + exp(X2) + (X3 +X4)1.5 + ε

4. Heteroscedastic Error:

Y = X1 +X2 +X3 +X4ε

5. Quadratic Link Function:

Y = X1 + 0.75X2
2 +X3 + 0.5X4

4 + ε

6. Combination of Models 2 to 5:

Y = X2
1 +X2 +X4

3 +X4ε

For the data simulated for models 1, 2, 4 and 5, x has a multivariate normal

distribution with mean 0 and Toeplitz covariance matrix Σ = {σij}, where

σij = ρ|i−j|. For model 3, x has a skewed Laplace distribution with parameters

(2, 6, 0) and the same Toeplitz covariance structure as the other models. For
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model 6, X2 has the distribution used in model 2 and the other predictors are,

again, multivariate normal. For all five models, the error term has a normal

distribution with mean zero and variance σε.

We also simulate data for each model across a variety of predictor sizes and

across varying degrees of predictor correlation by varying p ∈ {10, 50, 100, 200}

and ρ ∈ {0, 0.1, · · · , 0.9}. The combinations of ρ and p lead to 40 versions of

each model to simulate and we will simulate each of the 40 scenarios 100 times.

Note that, by design, in each simulated dataset A = (1, 2, 3, 4).

For each of the 40 sets of conditions, we’ll select variables using MFVS-S,

MFVS-D, LASSO and COP. For MFVS-S and MFVS-D we’ll use 5 versions of

each, one with all transformations, 3 with each of the 3 transformations only

and one with no transformation. For MFVS-S we use the permutation test

described in Section 4.1 and for MFVS-D we use cross validation as described

in Section 4.2.

Our overall metrics of accuracy will be false positive rate and false negative

rate. False positive rate here is defined as the proportion of variables that are

not in the true active set yet are selected by the method:

FPR =
|F ∩ Ac|
p− |A|

.



43

False negative rate is defined as the proportion of variables that are in the true

active set but are not selected by the method:

FNR = 1− |A ∩ F|
|A|

.

The figures are constructed to show false positive rates and false negative

rates only for each method and model. The tables show, in addition to false

positive and false negative rates, the frequency at which each of the four pre-

dictors in A were correctly selected by each method. The tables also show

the size of the set of selected variables. Since each of the simulated datasets

has 4 active predictors, the frequency of selection is indicated as fi, where

i = (1, 2, 3, 4), indicating each of the four active predictors. The size of the

selected set of variables is indicated in the table as |F|. Note that COP is

not able to perform variable selection when p > n and this is reflected in the

tables and figures.

These extensive simulations show that MFVS-S and MFVS-D work quite

will in the nonlinear setting and that the proposed transformations are very

effective. We will discuss the simulation results pertaining to each of the six

models in the next six sections.



44

5.1.1 Model 1: Linear

The results for model 1 are shown in Tables 5.1 and 5.2 and in Figures 5.1,

5.2, 5.3, 5.4 and 5.5. Recall that model one is:

Y = βTx + ε, where β = (0.6, 1.4,−2,−0.5).

Since model 1 is a linear model, we expect all all four methods to do quite

well, i.e. to have near zero false positive and false negative rates. This is

true for all of the methods but COP. While it is true that COP requires the

estimation of d, the dimension of the central space, since we know that the

true dimension is 1, we used 1 in the selection procedure. Thus the problem

with COP does not stem from model misspecification and we are surprised

by its poor performance. Table 5.1 shows that COP tends to correctly select

predictors 1 and 2 but miss predictors 3 and 4.

MFVS-S and MVFS-D perform quite well in the linear setting. Regardless

of transformation used we see false negative rates of nearly zero in most cases.

For both methods the best performance, in terms of lowest FPR is achieved

when using no transformation or when using the normalizing transformation.

The worst performance happens when the response transformation is used, and

this is especially prominent when p is large and when ρ is large. Since when the

response transformation is used the variable selection procedure run twice, it is

not surprising to see a higher rate of false positives. We posit that this higher
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rate of false positives is justified provided that the response transformation

enhances selection when a heteroscedastic error is present. However, future

research toward lowering the false positive rate associated with the response

transformation may be beneficial.

Finally, in model 1 we also notice that there is some relationship between

false negative rate, correlation and predictor size. As predictor correlation

increases, the false negative rate does as well. This effect is more pronounced

when p is larger, for example in Figure 5.5. The effect is also more pronounced

for the response transformation. Unfortunately, our methods are not the only

ones to have this problem as multicollinearity plagues many variable selection

and modeling techniques.

Method f1 f2 f3 f4 FPR FNR |F|
MFVS-D (All) 0.95 1.00 1.00 0.87 0.06 0.04 6.35
MFVS-D (None) 0.99 1.00 1.00 0.95 0.01 0.01 4.35
MFVS-D (Norm) 0.98 1.00 1.00 0.97 0.01 0.01 4.26
MFVS-D (Symm Link) 0.99 1.00 1.00 0.96 0.02 0.01 4.89
MFVS-D (Response) 0.98 1.00 1.00 0.88 0.05 0.04 6.21
MFVS-S (All) 0.93 1.00 1.00 0.87 0.09 0.05 8.01
MFVS-S (None) 1.00 1.00 1.00 0.92 0.00 0.02 3.92
MFVS-S (Norm) 1.00 1.00 1.00 0.93 0.00 0.02 3.93
MFVS-S (Symm Link) 1.00 1.00 1.00 0.91 0.00 0.02 3.97
MFVS-S (Response) 0.97 1.00 1.00 0.91 0.08 0.03 7.68
Lasso 1.00 1.00 1.00 1.00 0.03 0.00 5.42
COP 0.99 1.00 0.13 0.23 0.15 0.41 9.10

Table 5.1: Linear model: simulation results for p = 50 and ρ = 0.3 for each
method (transformations in parentheses).
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Figure 5.1: Linear model with diverging predictor size: mean false positive
and false negative rates over 100 simulations.
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Figure 5.2: Linear model with varying correlation and p = 10: mean false
positive and false negative rates over 100 simulations.
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Figure 5.3: Linear model with varying correlation and p = 50: mean false
positive and false negative rates over 100 simulations.
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Figure 5.4: Linear model with varying correlation and p = 100: mean false
positive and false negative rates over 100 simulations.
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Method f1 f2 f3 f4 FPR FNR |F|
MFVS-D (All) 0.96 1.00 1.00 0.84 0.02 0.05 7.39
MFVS-D (None) 0.98 1.00 1.00 0.97 0.00 0.01 4.65
MFVS-D (Norm) 0.98 1.00 1.00 0.98 0.00 0.01 4.63
MFVS-D (Symm Link) 0.99 1.00 1.00 0.88 0.01 0.03 5.64
MFVS-D (Response) 0.98 1.00 1.00 0.89 0.02 0.03 7.01
MFVS-S (All) 1.00 1.00 1.00 0.89 0.06 0.03 15.72
MFVS-S (None) 1.00 1.00 1.00 0.90 0.00 0.03 3.92
MFVS-S (Norm) 1.00 1.00 1.00 0.89 0.00 0.03 3.90
MFVS-S (Symm Link) 1.00 1.00 1.00 0.82 0.00 0.04 3.99
MFVS-S (Response) 1.00 1.00 1.00 0.92 0.06 0.02 15.88
Lasso 1.00 1.00 1.00 0.99 0.01 0.00 6.41
COP 0.00 0.00 0.00 0.00 NA NA 1.00

Table 5.2: Linear model: simulation results for p = 200 and ρ = 0.3 for each
method (transformations in parentheses).
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Figure 5.5: Linear model with varying correlation and p = 200: mean false
positive and false negative rates over 100 simulations.
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5.1.2 Model 2: Nonlinear

The results for model 2 are shown in Tables 5.3 and 5.4 and in Figures 5.6,

5.7, 5.8, 5.9 and 5.10. Recall that model 2 is:

Y = X3
2 + exp(X2) + (X3 +X4)1.5 + ε

In model 2, the nonlinear model, we see results similar to the results from

the linear model. This indicates that our methods work as well for nonlinear

models as for linear, thus confirming our theoretical ideas.

In this model we first begin to see a difference between the stepwise pro-

cedure and the penalized procedure. As the predictor variable correlation

increases, the false negative rate of the stepwise procedure increases as well.

This indicates that the stepwise procedure may not be the best choice when

correlation is above ρ = 0.4, and the problem is amplified as p increases. The

penalized method does not appear to suffer from this problem. In particular,

the stepwise procedure misses X2 in 2% to 11% of the simulations.

LASSO also misses X2, up to 5% of the time. This is not a high number of

misses, but the same miss rate for MFVS-D with no transformation is 0% and

with all transformations it is 2%. Since LASSO and the Dantzig selector are so

similar, we have some practical evidence that while the linear L1 penalization

method works well in the nonlinear setting, using the nonlinear (GAM) model

for cross validation may increase accuracy.
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Figure 5.6: Non-Linear model with diverging predictor size: mean false posi-
tive and false negative rates over 100 simulations.
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Figure 5.7: Non-Linear model with varying correlation and p = 10: mean false
positive and false negative rates over 100 simulations.
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Figure 5.8: Non-Linear model with varying correlation and p = 50: mean false
positive and false negative rates over 100 simulations.
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Figure 5.9: Non-Linear model with varying correlation and p = 100: mean
false positive and false negative rates over 100 simulations.
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Method f1 f2 f3 f4 FPR FNR |F|
MFVS-D (All) 1.00 0.99 1.00 1.00 0.05 0.00 6.23
MFVS-D (None) 1.00 1.00 1.00 1.00 0.01 0.00 4.31
MFVS-D (Norm) 1.00 1.00 1.00 1.00 0.01 0.00 4.43
MFVS-D (Symm Link) 1.00 1.00 1.00 0.99 0.02 0.00 4.99
MFVS-D (Response) 1.00 1.00 1.00 1.00 0.03 0.00 5.49
MFVS-S (All) 1.00 0.98 1.00 1.00 0.08 0.01 7.79
MFVS-S (None) 1.00 0.96 1.00 1.00 0.00 0.01 3.96
MFVS-S (Norm) 1.00 0.96 1.00 1.00 0.00 0.01 3.98
MFVS-S (Symm Link) 1.00 0.95 1.00 1.00 0.00 0.01 4.08
MFVS-S (Response) 1.00 0.97 1.00 1.00 0.07 0.01 7.23
Lasso 1.00 0.98 1.00 1.00 0.00 0.01 4.13
COP 0.99 1.00 0.13 0.23 0.15 0.41 9.10

Table 5.3: Non-Linear model: simulation results for p = 50 and ρ = 0.3 for
each method (transformations in parentheses).

Method f1 f2 f3 f4 FPR FNR |F|
MFVS-D (All) 1.00 0.98 1.00 1.00 0.02 0.01 7.49
MFVS-D (None) 1.00 1.00 1.00 1.00 0.00 0.00 4.81
MFVS-D (Norm) 1.00 1.00 1.00 1.00 0.00 0.00 4.91
MFVS-D (Symm Link) 1.00 0.98 0.99 0.99 0.01 0.01 5.56
MFVS-D (Response) 1.00 1.00 1.00 1.00 0.01 0.00 6.70
MFVS-S (All) 1.00 0.93 1.00 1.00 0.06 0.02 15.92
MFVS-S (None) 1.00 0.89 1.00 1.00 0.00 0.03 3.94
MFVS-S (Norm) 1.00 0.89 1.00 1.00 0.00 0.03 4.00
MFVS-S (Symm Link) 1.00 0.95 1.00 1.00 0.00 0.01 4.39
MFVS-S (Response) 1.00 0.93 1.00 1.00 0.06 0.02 14.76
Lasso 0.99 0.95 1.00 0.97 0.00 0.02 4.05
COP 0.00 0.00 0.00 0.00 NA NA 1.00

Table 5.4: Non-Linear model: simulation results for p = 200 and ρ = 0.3 for
each method (transformations in parentheses).
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Figure 5.10: Non-Linear model with varying correlation and p = 200: mean
false positive and false negative rates over 100 simulations.
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5.1.3 Model 3: Nonlinear and Non-Normal

The results for model 3 are shown in Tables 5.5 and 5.6 and in Figures

5.11, 5.12, 5.13, 5.14 and 5.15. Recall that model 3 is:

Y = X3
2 + exp(X2) + (X3 +X4)1.5 + ε

For model 3, the non-linear and non-normal model MFVS-D is much more

accurate compared to LASSO, which is very inaccurate with False Negative

rates above 50%. This shows that violating the assumption of normally dis-

tributed predictors can have very negative consequences. We also see the

same trend as in the previous models that the penalized procedure generally

performs better than the stepwise procedure and that the stepwise procedure

tends to have higher false negative rates as the correlation increases.

There are two particularly interesting results in this set of simulations.

First, the normalizing transformation does not lead to the lowest false negative

rates across the board; however there is no one transformation that is the best

in all cases under model 3. Especially when correlation is high, using all

three transformations tends to lead to the lowest false negative rate. The

second interesting results is that using no transformation with MFVS-D still

leads to accurate results, especially when compared to LASSO. This indicates,

again, that using a linear model criterion in cross validation leads to decreased

accuracy.
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Figure 5.11: Non-Linear, Non-Normal model with diverging predictor size:
mean false positive and false negative rates over 100 simulations.
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Figure 5.12: Non-Linear, Non-Normal model with varying correlation and
p = 10: mean false positive and false negative rates over 100 simulations.
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Figure 5.13: Non-Linear, Non-Normal model with varying correlation and
p = 50: mean false positive and false negative rates over 100 simulations.
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Figure 5.14: Non-Linear, Non-Normal model with varying correlation and
p = 100: mean false positive and false negative rates over 100 simulations.
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Method f1 f2 f3 f4 FPR FNR |F|
MFVS-D (All) 0.96 0.97 0.83 0.68 0.07 0.14 6.76
MFVS-D (None) 0.95 0.97 0.82 0.80 0.04 0.12 5.25
MFVS-D (Norm) 0.97 0.98 0.81 0.77 0.07 0.12 6.69
MFVS-D (Symm Link) 0.93 0.97 0.80 0.65 0.07 0.16 6.39
MFVS-D (Response) 0.97 0.99 0.86 0.83 0.04 0.09 5.39
MFVS-S (All) 0.92 0.97 0.77 0.61 0.13 0.18 9.33
MFVS-S (None) 0.94 0.96 0.69 0.79 0.02 0.15 4.23
MFVS-S (Norm) 0.95 0.94 0.69 0.70 0.04 0.18 4.98
MFVS-S (Symm Link) 0.92 0.96 0.74 0.67 0.06 0.18 6.25
MFVS-S (Response) 0.94 0.97 0.77 0.79 0.06 0.13 6.19
Lasso 0.57 0.61 0.40 0.32 0.00 0.53 1.92
COP 0.99 1.00 0.13 0.23 0.15 0.41 9.10

Table 5.5: Non-Linear, Non-Normal model: simulation results for p = 50 and
ρ = 0.3 for each method (transformations in parentheses).

Method f1 f2 f3 f4 FPR FNR |F|
MFVS-D (All) 0.91 0.90 0.65 0.58 0.02 0.24 7.62
MFVS-D (None) 0.94 0.93 0.77 0.77 0.02 0.15 6.79
MFVS-D (Norm) 0.90 0.93 0.76 0.58 0.02 0.21 6.31
MFVS-D (Symm Link) 0.87 0.88 0.62 0.45 0.01 0.29 5.45
MFVS-D (Response) 0.95 0.93 0.76 0.75 0.02 0.15 6.57
MFVS-S (All) 0.83 0.86 0.59 0.56 0.09 0.29 19.88
MFVS-S (None) 0.92 0.89 0.66 0.70 0.01 0.21 6.03
MFVS-S (Norm) 0.87 0.87 0.62 0.53 0.03 0.28 9.34
MFVS-S (Symm Link) 0.86 0.89 0.67 0.50 0.04 0.27 11.20
MFVS-S (Response) 0.92 0.91 0.60 0.70 0.04 0.22 11.15
Lasso 0.50 0.47 0.38 0.23 0.00 0.60 1.59
COP 0.00 0.00 0.00 0.00 NA NA 1.00

Table 5.6: Non-Linear, Non-Normal model: simulation results for p = 200 and
ρ = 0.3 for each method (transformations in parentheses).
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Figure 5.15: Non-Linear, Non-Normal model with varying correlation and
p = 200: mean false positive and false negative rates over 100 simulations.
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5.1.4 Model 4: heteroscedastic Error or Central Space

The results for model 4 are shown in Tables 5.7 and 5.8 and in Figures

5.16, 5.17, 5.18, 5.19 and 5.20. Recall that model 4 is:

Y = X1 +X2 +X3 +X4ε

We saw in the previous 3 cases and we will see in the next case that the

response transformation can help in several cases in addition to what it was

designed for, which is to select variables in the variance component, i.e. het-

eroscedastic error. In this case the response transformation also helps, but it

unfortunately does not ensure that the variable in the variance component, X4

is always selected. When using the response transformation X4 is only selected

by MFVS-S and MFVS-D about 20 to 30% of the time. This is, fortunately,

much better than the methods without the response transformation which se-

lect X4 nearly 0% of the time. By comparison, COP, which was designed to be

able to select variables in the variance component, was only able to select X4

about 17% of the time. This indicates that variable selection in the presence

of heteroscedastic error can be quite challenging, yet we are able to improve

accuracy with the response transformation.

Since model 3 is essentially a linear model with one variable in the variance

component, the selection results for X1, X2 and X3 are about the same as the

results for model 1, the linear model.
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Figure 5.16: Central Space model with diverging predictor size: mean false
positive and false negative rates over 100 simulations.
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Figure 5.17: Central Space model with varying correlation and p = 10: mean
false positive and false negative rates over 100 simulations.
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Figure 5.18: Central Space model with varying correlation and p = 50: mean
false positive and false negative rates over 100 simulations.
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Figure 5.19: Central Space model with varying correlation and p = 100: mean
false positive and false negative rates over 100 simulations.
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Method f1 f2 f3 f4 FPR FNR |F|
MFVS-D (All) 1.00 1.00 1.00 0.28 0.04 0.18 5.28
MFVS-D (None) 1.00 1.00 1.00 0.09 0.01 0.23 3.40
MFVS-D (Norm) 1.00 1.00 1.00 0.13 0.01 0.22 3.40
MFVS-D (Symm Link) 1.00 1.00 1.00 0.06 0.02 0.23 3.98
MFVS-D (Response) 1.00 1.00 1.00 0.26 0.04 0.19 5.26
MFVS-S (All) 1.00 1.00 1.00 0.28 0.09 0.18 7.57
MFVS-S (None) 1.00 1.00 1.00 0.02 0.00 0.24 3.04
MFVS-S (Norm) 1.00 1.00 1.00 0.02 0.00 0.24 3.02
MFVS-S (Symm Link) 1.00 1.00 1.00 0.00 0.00 0.25 3.11
MFVS-S (Response) 1.00 1.00 1.00 0.21 0.09 0.20 7.13
Lasso 1.00 1.00 1.00 0.04 0.00 0.24 3.11
COP 1.00 1.00 1.00 0.17 0.20 0.21 12.51

Table 5.7: Central Space model: simulation results for p = 50 and ρ = 0.3 for
each method (transformations in parentheses).

Method f1 f2 f3 f4 FPR FNR |F|
MFVS-D (All) 1.00 1.00 1.00 0.16 0.02 0.21 6.30
MFVS-D (None) 1.00 1.00 0.98 0.05 0.00 0.24 3.55
MFVS-D (Norm) 1.00 1.00 1.00 0.11 0.00 0.22 3.68
MFVS-D (Symm Link) 1.00 1.00 1.00 0.07 0.01 0.23 4.45
MFVS-D (Response) 1.00 1.00 1.00 0.11 0.01 0.22 6.05
MFVS-S (All) 1.00 1.00 1.00 0.20 0.06 0.20 15.68
MFVS-S (None) 1.00 1.00 1.00 0.02 0.00 0.24 3.09
MFVS-S (Norm) 1.00 1.00 1.00 0.02 0.00 0.24 3.07
MFVS-S (Symm Link) 1.00 1.00 1.00 0.02 0.00 0.24 3.16
MFVS-S (Response) 1.00 1.00 1.00 0.20 0.06 0.20 14.59
Lasso 1.00 1.00 1.00 0.02 0.00 0.24 3.14
COP 0.00 0.00 0.00 0.00 NA NA 1.00

Table 5.8: Central Space model: simulation results for p = 200 and ρ = 0.3
for each method (transformations in parentheses).
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Figure 5.20: Central Space model with varying correlation and p = 200: mean
false positive and false negative rates over 100 simulations.
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5.1.5 Model 5: Symmetric Link Function

The results for model 5 are shown in Tables 5.9 and 5.10 and in Figures

5.21, 5.22, 5.23, 5.24 and 5.25. Recall that model 5 is:

Y = X1 + 0.75X2
2 +X3 + 0.5X4

4 + ε

For model 5, two of the four predictor variables (X2 and X4) had a sym-

metric relationship with the response and it should be no surprise that the

transformation for symmetric link functions is a great help to both the step-

wise method and the penalized method in the case of symmetric link function.

In this case, using all three transformations or using only the symmetry trans-

formation lead to increased accuracy compared to using no transformation or

using only the normalizing transformation.

Interestingly, again, the response transformation leads to more accurate

results than using no transformation, even though the response transformation

was not designed to correct for the problem of a symmetric link function.

However, again, the response transformation does results in a higher number

of false positives.

We also see that LASSO is unable to select any predictors, even though

X1 and X3 do not have a symmetric relationship with the response. The false

negative rates for LASSO are frequently 100%. Again, we do not see this to be

the case with MFVS-D with no predictors, indicating again that the model-free
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cross validation is crucial to model-free variable selection. It is clear from these

simulations that using a linear model can have very dire consequences if there

is a symmetric relationship between the response and any of the predictors.

Method f1 f2 f3 f4 FPR FNR |F|
MFVS-D (All) 0.71 0.72 0.70 1.00 0.06 0.22 5.74
MFVS-D (None) 0.78 0.46 0.80 0.88 0.09 0.27 7.27
MFVS-D (Norm) 0.78 0.32 0.71 0.83 0.08 0.34 6.45
MFVS-D (Symm Link) 0.74 0.77 0.74 1.00 0.05 0.19 5.66
MFVS-D (Response) 0.79 0.44 0.74 0.92 0.09 0.28 6.91
MFVS-S (All) 0.71 0.70 0.77 1.00 0.13 0.20 8.97
MFVS-S (None) 0.74 0.16 0.70 0.48 0.06 0.48 4.97
MFVS-S (Norm) 0.75 0.12 0.70 0.37 0.06 0.52 4.84
MFVS-S (Symm Link) 0.75 0.79 0.70 1.00 0.04 0.19 5.28
MFVS-S (Response) 0.82 0.19 0.70 0.76 0.11 0.38 7.34
Lasso 0.08 0.03 0.08 0.00 0.00 0.95 0.19
COP 0.99 1.00 0.13 0.23 0.15 0.41 9.10

Table 5.9: Symmetric Link model: simulation results for p = 50 and ρ = 0.3
for each method (transformations in parentheses).
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Figure 5.21: Symmetric Link model with diverging predictor size: mean false
positive and false negative rates over 100 simulations.
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Figure 5.22: Symmetric Link model with varying correlation and p = 10: mean
false positive and false negative rates over 100 simulations.
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Figure 5.23: Symmetric Link model with varying correlation and p = 50: mean
false positive and false negative rates over 100 simulations.
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Figure 5.24: Symmetric Link model with varying correlation and p = 100:
mean false positive and false negative rates over 100 simulations.
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Method f1 f2 f3 f4 FPR FNR |F|
MFVS-D (All) 0.52 0.53 0.54 1.00 0.02 0.35 5.79
MFVS-D (None) 0.64 0.16 0.61 0.70 0.02 0.47 5.23
MFVS-D (Norm) 0.58 0.18 0.65 0.63 0.02 0.49 5.29
MFVS-D (Symm Link) 0.59 0.54 0.54 1.00 0.01 0.33 5.32
MFVS-D (Response) 0.60 0.21 0.67 0.88 0.02 0.41 6.33
MFVS-S (All) 0.61 0.53 0.50 1.00 0.08 0.34 18.56
MFVS-S (None) 0.63 0.08 0.72 0.38 0.05 0.55 10.88
MFVS-S (Norm) 0.61 0.07 0.72 0.29 0.05 0.58 10.88
MFVS-S (Symm Link) 0.67 0.55 0.62 1.00 0.03 0.29 9.04
MFVS-S (Response) 0.59 0.11 0.70 0.62 0.08 0.49 18.32
Lasso 0.06 0.01 0.07 0.02 0.00 0.96 0.16
COP 0.00 0.00 0.00 0.00 NA NA 1.00

Table 5.10: Symmetric Link model: simulation results for p = 200 and ρ = 0.3
for each method (transformations in parentheses).
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Figure 5.25: Symmetric Link model with varying correlation and p = 200:
mean false positive and false negative rates over 100 simulations.
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5.1.6 Model 6: Combination

The results for model 6 are shown in Tables 5.11 and 5.12 and in Figures

5.26, 5.27, 5.28, 5.29 and 5.30. Recall that model 6 is:

Y = X2
1 +X2 +X4

3 +X4ε

The final model is designed to test MFVS-S and MFVS-D when there

is more than one factor contributing to the nonlinearity of the relationship

between the response and the predictors. For this so-called combination model

we have all of the conditions present in models 2 to 5 together in one model.

This case is crucial to showing the effectiveness of our methods since it is not

always know in advance in which ways data may deviate from linearity. We

see in Tables 5.11 and 5.12 that the lowest false negative rates come from the

stepwise and penalized methods when all transformations are used.

As with the previous models, LASSO frequently returns a set of zero vari-

ables, showing yet again that the model free permutation test and cross valida-

tion procedure are essential to performing model-free variable selection using

OLS-based methods.



70

●
●

●

● ● ● ●

●

●

●
●

●
● ●

●

●
●

●

● ● ● ●

●

●

●
●●

●

●

●

False Positives False Negatives

0.00

0.25

0.50

0.75

1.00

10 50 100 200 10 50 100 200
Number of Variables

M
ea

n 
M

et
ric

 R
at

e 
(1

00
 S

im
ul

at
io

ns
) Transformation

● None

All

Norm

Symm

Resp

Method
COP

LASSO

MFVS−D

MFVS−S

Combination Model with Diverging Predictor Size

Figure 5.26: Combination model with diverging predictor size: mean false
positive and false negative rates over 100 simulations.
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Figure 5.27: Combination model with varying correlation and p = 10: mean
false positive and false negative rates over 100 simulations.
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Figure 5.28: Combination model with varying correlation and p = 50: mean
false positive and false negative rates over 100 simulations.
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Figure 5.29: Combination model with varying correlation and p = 100: mean
false positive and false negative rates over 100 simulations.
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Method f1 f2 f3 f4 FPR FNR |F|
MFVS-D (All) 0.40 0.75 1.00 0.10 0.07 0.44 5.52
MFVS-D (None) 0.19 0.81 0.85 0.12 0.09 0.51 6.29
MFVS-D (Norm) 0.13 0.73 0.75 0.12 0.09 0.57 6.04
MFVS-D (Symm Link) 0.44 0.71 1.00 0.06 0.06 0.45 5.04
MFVS-D (Response) 0.15 0.90 0.94 0.10 0.08 0.48 5.85
MFVS-S (All) 0.46 0.73 1.00 0.17 0.13 0.41 8.13
MFVS-S (None) 0.08 0.87 0.44 0.06 0.07 0.64 4.63
MFVS-S (Norm) 0.06 0.75 0.35 0.06 0.08 0.70 4.83
MFVS-S (Symm Link) 0.50 0.79 1.00 0.08 0.05 0.41 4.87
MFVS-S (Response) 0.10 0.87 0.62 0.13 0.11 0.57 6.77
Lasso 0.00 0.06 0.00 0.00 0.00 0.99 0.06
COP 0.04 1.00 0.08 0.04 0.03 0.71 2.56

Table 5.11: Combination model: simulation results for p = 50 and ρ = 0.3 for
each method (transformations in parentheses).

Method f1 f2 f3 f4 FPR FNR |F|
MFVS-D (All) 0.22 0.63 1.00 0.06 0.02 0.52 5.11
MFVS-D (None) 0.09 0.70 0.80 0.02 0.02 0.60 5.44
MFVS-D (Norm) 0.06 0.67 0.69 0.00 0.02 0.65 4.81
MFVS-D (Symm Link) 0.22 0.61 1.00 0.04 0.01 0.53 4.59
MFVS-D (Response) 0.06 0.72 0.91 0.06 0.02 0.56 5.19
MFVS-S (All) 0.33 0.74 1.00 0.11 0.08 0.45 18.43
MFVS-S (None) 0.11 0.78 0.56 0.02 0.05 0.63 10.96
MFVS-S (Norm) 0.09 0.74 0.44 0.06 0.05 0.67 11.09
MFVS-S (Symm Link) 0.35 0.76 1.00 0.00 0.04 0.47 9.31
MFVS-S (Response) 0.17 0.80 0.74 0.09 0.08 0.55 17.37
Lasso 0.00 0.04 0.00 0.00 0.00 0.99 0.04
COP 0.00 0.00 0.00 0.00 NA NA 1.00

Table 5.12: Combination model: simulation results for p = 200 and ρ = 0.3
for each method (transformations in parentheses).
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Figure 5.30: Combination model with varying correlation and p = 200: mean
false positive and false negative rates over 100 simulations.
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5.2 Analysis of Real Data

In this section we show the performance of our methods in two cases using

real data. First we show the performance in the n > p setting with an ap-

plication from experimental psychology using MFVS-S. Second we show the

performance in the p > n setting with an application from genetics using

MFVS-D.

5.2.1 The Good Judgment Project Data

To examine the performance of our methods on real world data, we first

look to the field of experimental psychology. In 2015 Mellers et al. examined

the forecasting accuracy of individuals in the domain of world politics. The re-

searchers sought to understand forecasting accuracy by selecting the attributes

of individual forecasters that were most associated with accurate forecasting.

The data came from the Good Judgment Project forecasting tournament

where one goal was to understand how to elicit the most accurate forecasts

from a large pool of forecasters. In the tournament accuracy was measured

using a version of squared error loss called Brier score.

In 2015 Mellers, et al. found seven variables to be most highly correlated

with forecasting accuracy and used those seven variables to build a model to

predict forecasting accuracy. While performing variable selection by choosing

the most correlated variables is an acceptable approach, there is some evidence
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Selection Method Training MSE Prediction MSE N Vars Selected
MFVS-S 0.0022 0.0032 7
COP 0.0017 0.0045 13
Mellers 0.0024 0.0037 7
LASSO NA NA 0

Table 5.13: Prediction Mean Squared Error on testing dataset and the number
of variable selected for the Good Judgment Project dataset.

of nonlinearity and heterosckdasticity in the data, so a more refined approach

may yield more accurate results. To further the previous work we will select

from the same variables from the Good Judgment Project forecasting tourna-

ment using MFVS-S. We will examine the data from n=130 forecasters across

41 variables that may possibly relate to forecasting accuracy. The variable are

comprised of a mix of demographic information, forecasting behavior and psy-

chological test results. For more information on the variables used see Mellers

et al. (2015).

For variable selection we will again use MFVS-S (with all three transfor-

mations), LASSO, and COP. Then we will build a generalized additive model

using splines for each set of selected variables and we will build an additional

model using the original seven variables identified by Mellers et al. To ensure

that we are not overfitting we use 80% of the data for model building and 20%

of the data for testing. The final judge of accuracy will be the prediction mean

squared error on the testing set.
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COP LASSO Mellers MFVS-S
Age X

Open Minded Thinking Score X
Total Forecasts Made X

News Articles Read X X
Political Knowledge Score X

China Political Knowledge Score X
Russia Political Knowledge Score X

CRT Score X X X
Finance Score X

GPK Score X
Helping Score X

Motivational Prosocial Score X
Avg. Forecasts per Question X X X

Need for Cognition Score X
Numeracy Score X X

Ravens Score X X
Time Contribution X
Question Viewtime X X X

Number Selected 13 0 7 7

Table 5.14: Details of which variables were selected by which method for the
Good Judgment Project dataset.
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MFVS-S selects 7 variables, the same number as Mellers et al., but Table

5.2.1 shows that only 4 of the 7 variables selected by Mellers are also selected by

MFVS-S. We believe the addition of these variable furthers the understanding

of the dataset. COP selects a total of 17 variables. Given COP’s tendency

towards a high rate of false positives it is not surprising to see such a large

number of selected variables and yet a higher prediction mean squared error.

LASSO selects zero predictors. This is consistent with the simulation studies

where LASSO frequency had very high rates of false negatives under departure

from a linear model. Finally Table 5.2.1 shows that MFVS-S has the lowest

prediction MSE which provides evidence that MFVS-S is the most accurate

variable selection method in this case.

5.2.2 Diffuse large B-cell lymphoma

Next we choose the diffuse large B-cell lymphoma dataset (Rosenwald et al.,

2002) to investigate the performance of MFVS-D in the ultra-high dimensional

setting. We selected this dataset as it has been shown in existing model-free

literature to have evidence of nonlinearities (Zhu et al., 2011). This dataset

consists of 7399 gene expression levels (p = 7399) for 240 patients (n = 240).

The response variable is patient survival time. Since it is computationally

infeasible to perform any of the variable selection methods on 7,399 variables
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with only 240 observations, we use distance correlation screening (Li, 2012) to

reduce the variables to 300 before performing variable selection.

We select variables using MFVS-D with each of the possible transforma-

tions, no transformation, all of the transformations and some combinations

of transformations. We also select variables using LASSO. Then we build a

linear model for each set of selected variables and a generalized additive model

(GAM) for each of the selected variables. The purpose of building two sets of

models is to confirm whether or not the data has nonlinearities and thus the

model free procedure is appropriate. We find in Table 5.2.2 that the GAM

model with response has the lowest testing root MSE, indicating the presence

of variables in the variance component or possibly another type of nonlinearity.

We also see that LASSO selects 43 variables which is a very high number;

in fact LASSO returns too many variables to be able to use GAM. We are sur-

prised by the large number of variables returned by LASSO. In the simulations

and in the Good Judgment Project dataset analysis we saw that LASSO was

more likely to return no variables at all, rather than return a large set of false

positives. However we believe that this highlights the importance of the use

of GAM in the cross validation step. We believe that the nonlinearities in the

dataset are the cause for the very large set of variables returned by LASSO,

since the LASSO cross validation was performed using the typical linear model

error. Zhou et al. (2011) explain that only a small amount of genes will show
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GAM Linear
Selection Method N Train. Pred. Train. Pred.
MFVS-D (None) 2 3.78 4.18 3.75 4.17
MFVS-D (All) 12 3.66 4.85 3.20 5.00
MFVS-D (Norm) 13 3.76 4.71 3.89 4.86
MFVS-D (Norm & Symm) 13 3.52 4.73 3.92 5.45
MFVS-D (Response) 7 3.75 4.05 4.00 4.12
MFVS-D (Norm & Resp) 5 3.89 4.65 3.86 4.69
LASSO 43 NA NA 3.21 6.03

Table 5.15: Diffuse large B-cell lymphoma analysis results showing root mean
squared error on training and testing sets using a linear model and a GAM
model. For the MFVS-D method, the transformations used are in parentheses.

a true relationship with survival time and so we may presume that LASSO

has in fact returned a very high number of false positives.



80

CHAPTER 6

A New Procedure for

Model-free Interaction

Detection

6.1 Review of variable selection methods with

interaction detection

When dealing with a large number of predictor variables, the question of

how to perform variable selection has been asked for a long time and many

solutions have been put forth. A more complicated problem, with fewer po-

tential solutions is the question of how to perform variable selection in the

presence of interacting variables.
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Before discussing any actual variable selection techniques for interaction

detection, we must address the issue of hierarchical interactions. A model

that includes a hierarchical interaction will have at least one main effect of

the interaction pair also included in the model. Nelder (1977) postulated that

a linear model with no main effects was “of no practical interest”. His argu-

ments were mathematical in nature and specific to linear models. Regarding

polynomial regression models, Peixoto (1987) asserted that hierarchy must be

preserved in a model since when considering two models where the variables

have been linearly transformed, only the hypothesis tests concerning the high-

est order variables will be equivalent in each model, while the lower order

variables will not. Peixoto’s assertions extend to any higher order terms, not

just interaction terms; i.e. if X2
1 is included in the model, then X1 must be

as well. However, the author does concede that including higher-order terms

but excluding their corresponding lower order terms may be acceptable when

transformation is not desired and the model is used for prediction but not

estimation. On the subject of variable selection, Peixoto recommends that

variable selection algorithms restrict their search to, as he describes it, hier-

archically well formulated models. Next we review some popular interaction

detection methods.

Penalized Least Squares Methods. As an extension of the classical linear

regression model, Choi, Li and Zhu (2010) considered the strong heredity
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interaction model (SHIM)

Y = β0 +
∑
j

βjXj +
∑
j>k

δjkXjXk + ε, (6.1)

and proposed a novel penalty to guarantee the strong hierarchical structure,

i.e. both main effects in a two-way interaction are present in the model. Bien

et. al (2013) proposed the hierarchical LASSO and considered both the strong

hierarchical structure and the weak hierarchical structure, where only one main

effect in a two-way interaction is present in the model.

Model (6.1) is a linear model of both the original predictors and their

two-way interactions, and the methods introduced above will fail when this

linear model assumption is violated. To relax the linear model assumption,

Radchenko and James (2010) proposed “Variable selection using Adaptive

Nonlinear Interaction Structures in High dimensions” (VANISH) under the

following model

Y = β0 +
∑
j

fj(Xj) +
∑
j>k

fjk(XjXk) + ε. (6.2)

After expanding fj and fjk as linear combinations of basis functions, the non-

linear model (6.2) becomes similar to the linear model (6.1), and penalized

least squares approaches can be implemented similar to Choi, Li and Zhu

(2010) and Bien et al. (2013).

Exhaustive Search Methods. These methods exhaustively test every pos-

sible pair of interacting variables for significance in some measurement com-
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parison to the response variable. Unlike the penalized least squares methods,

exhaustive search methods do not necessarily estimate a model, but rather

return a set of variables to be used for modeling. Exhaustive search is time-

consuming and vulnerable to a large number of false positives. Many exhaus-

tive search methods thus focus on reducing computation time (Goudey et al.,

2013) as well as controlling the false positive rate (Wei et al., 2010). If well

executed, exhaustive search methods can find potentially interacting variables

even in the ultrahigh dimensional setting.

Sliced Inverse Regression with Interaction Detection. As we discussed

before in Section 2.1, correlation pursuit (Zhong et al., 2012) can be viewed

as a first-order method for variable selection with roots in sufficient dimension

reduction. Instead of modeling E(Xj | Y ) to test the significance of Xj as

in correlation pursuit, Jiang and Li (2014) propose sliced inverse regression

with interaction detection (SIRI) as a second-order method. SIRI achieves

interaction detection through modeling var(Xj | Y ). A likelihood ratio test

is then proposed to determine whether Xj should be included in the model

given that xF is already included. Like correlation pursuit, SIRI is applicable

in the challenging ultrahigh dimensional setting when p is much larger than n.

Unlike the penalized methods and exhaustive search methods described above,

due to its inverse nature SIRI has no mechanism to differentiate different types

of second order effects.
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6.2 Revisit the pivotal quantity δj|F in step-

wise regression

For working index set F and candidate index j ∈ F c, the stepwise regres-

sion hypotheses from Section 2.1 consider

H0 : Y⊥⊥Xj | xF v.s. Ha : Y is not independent of Xj given xF .

The pivotal quantity is δj|F = E(Y Rj|F), where Rj|F = Xj − E(Xj | xF).

We see from Proposition 2.1 that δj|F = 0 under H0. The stepwise regression

procedure will thus be effective if δj|F 6= 0 under Ha. The stepwise regression

procedure will fail in the cases when δj|F = 0 under Ha. We use the following

example to fix the idea.

Example 6. Let x ∼ N(0, Ip) and Y = X1X2 + ε. Suppose F = ∅, j = 1.

It follows that δj|F = E(Y X1) = 0. In this case Ha is true because Y is

not independent of X1, and we have shown that δj|F = 0 under Ha. Using

similar argument, we can see that δj|F = 0 for F = ∅ and j = 2. The stepwise

regression algorithm thus fails to add either X1 or X2 in the first addition step.

Now consider a modified example. Let x ∼ N(0, Ip) and Y = X1 +X1X2 + ε.

In the initial step, consider F = ∅. Then δj|F = 0 for j = 2, . . . , p, and

δ1|F = E(Y X1) = 1. Hence the working index set F will be updated to

F = {1}. In the next step, consider F = {1} and j = 2, . . . , p. We have

δj|{1} = E(Y Xj) = 0 for j = 2, . . . , p. The working index set F will not be
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updated, and the stepwise regression algorithm will fail to add X2 given that

X1 is already in the model.

Consider model (6.2) with the strong hierarchical structure, where all sig-

nificant predictors due to the interactions have to appear in the main effects

as well. The insight from Example 6 is that stepwise regression based on δj|F

still works well at recovering A0 due to the strong hierarchical structure. In

the modified example Y = X1 + X1X2 + ε with weak hierarchical structure,

stepwise regression based on δj|F will fail to recover the active predictor that

appears in the interaction and does not appear in the main effect. Due to

this observation, we drop the terms with the main effects in model (6.2), and

consider the following interaction-only model

Y =
∑
j>k

fjk(XjXk) + ε. (6.3)

Our goal is to determine the active predictors in model (6.3) without estimating

the unknown link functions fjk(·). For the interaction-only model (6.3), we

remark that the stepwise regression procedure based on δj|F = 0 will totally

fail.

In applications, there is strong evidence (Ritche et. al., 2001; Nagel, 2005;

Jiang and Neapolitan, 2012) that the field of genomics is rife with situations

where interacting genes are not present in the form of main effects. An imag-

ined example of this would be a disease that only occurs when two genes

are both expressed, but not if only one or neither is expressed. The inves-



86

tigation into the quantitative connection between disease and genetics is the

motivating force behind the development of many recent interaction detection

methods. Specifically, the phenomena of interacting genes is called epistasis.

One may refer to Cordell (2002) for a thorough review of the statistical chal-

lenges in identifying epistasis. Motivated from the evidence in genetics studies

that the interacting genes could be absent in the form of main effects, and

that the interaction effects can be nonlinear (Moore, 2006), we focus on the

interaction-only model (6.3) throughout this section.

6.3 Derivation of a new pivotal quantity

Under model (6.3) with Y =
∑

j>k fjk(XjXk) + ε, our goal is to design a

new test for

H0 : Y⊥⊥Xj | xF v.s. Ha : Y is not independent of Xj given xF .

Recall from Proposition 2.1 that δj|F is connected to the first-order derivative

of ΨF ,j(x) = E(Y | xF , Xj). Motivated by the proof of Proposition 1.3,

we now derive a new pivotal quantity based on the second-order derivative of

ΨF ,j(x). Without loss of generality, we also assume E(Y ) = 0 for the following

discussions.

Denote xF∪j = (xT
F , Xj)

T and ΣF∪j = var(xF∪j). The Hessian matrix

of ΨF ,j(x) is denoted as H(ΨF ,j) ∈ R(|F|+1)×(|F|+1). The element in the kth
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row and `th column of H(ΨF ,j) is hk` =
∂2ΨF,j(x)

∂Xk
F∪j∂X

`
F∪j

, where Xk
F∪j and X`

F∪j

and the kth and `th elements in xF∪j respectively. Consider the partition of

E{H(ΨF ,j)} as

E{H(ΨF ,j)} =

E
{

∂2ΨF,j(x)

∂xF∂xF

}
E
{

∂2ΨF,j(x)

∂xF∂Xj

}
E
{

∂2ΨF,j(x)

∂Xj∂xF

}
E
{

∂2ΨF,j(x)

∂Xj∂Xj

}
 . (6.4)

Apply second-order Stein’s Lemma and we have

E{H(ΨF ,j)} = Σ−1
F∪jE(ΨF ,jxF∪jx

T
F∪j)Σ

−1
F∪j −Σ−1

F∪jE(ΨF ,j). (6.5)

Define (| F | +1)× (| F | +1) dimensional matrix A and the partition of ΣF∪j

as

A =

 I|F| 0

−ET (xFXj)Σ
−1
F 1

 and ΣF∪j =

 ΣF E(xFXj)

ET (xFXj) σ2
j

 ,

where σ2
j = var(Xj). It follows that AxF∪j = {xT

F , Rj|F}T with Rj|F = Xj −

ET (xFXj)Σ
−1
F xF . Furthermore, let σ2

j|F = var(Rj|F) = σ2
j−ET (xFXj)Σ

−1
F E(xFXj)

and we have

AΣF∪j =

ΣF E(xFXj)

0 σ2
j|F

 and (AΣF∪j)
−1 =

Σ−1
F −σ−2

j|FΣ−1
F E(xFXj)

0 σ−2
j|F

 .(6.6)

(6.5), (6.6), and the fact that E(ΨF ,j) = E{E(Y | xF , Xj)} = E(Y ) = 0

together implies

E{H(ΨF ,j)} =

Σ−1
F c

0 σ−2
j|F


 E(Y xFxT

F) E(Y xFRj|F)

ET (Y xFRj|F) E(Y R2
j|F)


Σ−1

F 0

c σ−2
j|F

 ,(6.7)
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where c = −σ−2
j|FΣ−1

F E(xFXj). Calculate the matrix multiplication in (6.7)

and compare with the partition of E{H(ΨF ,j)} in (6.4). We get

E

{
∂2ΨF ,j(x)

∂xF∂Xj

}
= σ−2

j|FΣ−1
F E(Y xFRj|F) + σ−2

j|FcE(Y R2
j|F). (6.8)

The two key quantities on the right hand side of (6.8) are E(Y xFRj|F) and

E(Y R2
j|F). Note that Rj|F = Xj−E(Xj | xF) is the residual from the regression

between Xj and xF . When we test H0 : Y⊥⊥Xj | xF , the term E(Y xFRj|F)

can be used to test the effect on Y due to the interaction between Xj and XF ,

while E(Y R2
j|F) can be used to test the second-order effect of Xj given that

xF is already in the model. For our purpose of interaction detection in model

(6.3), consider pivotal quantity wF ,j = E(Y xFRj|F).

Proposition 6.1. Suppose x is normal with E(x) = 0. Then wF ,j = 0 under

H0 : Y⊥⊥Xj | xF .

Proof. Under H0, Y⊥⊥Xj | xF implies E(Y | xF) = E(Y | xF , Xj). Note

that

E{Y xFE(Xj | xF)} = E{Y E(XjxF | xF)} = E{E(Y | xF)XjxF}.

Plug in E(Y | xF) = E(Y | xF , Xj) and we get

E{Y xFE(Xj | xF)} = E{E(Y | xF , Xj)XjxF} = E(Y xFXj).

It follows that wF ,j = E(Y xFRj|F) = E{Y xF(Xj − E(Xj | xF))} = 0 under

H0. �
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6.4 The backward interaction detection algo-

rithm

Suppose we have i.i.d. observations {(x(i), Y (i)), i = 1, . . . , n} from model

(6.3). We propose the backward interaction detection (BIND) algorithm to

recover the active set A0 in this section. We have seen in the previous section

that wF ,j = E(Y xFXj|F) is a pivotal quantity for testing

H0 : Y⊥⊥Xj | xF v.s. Ha : Y is not independent of Xj given xF .

Denote ΣF ,jw = var(Y xFRj|F). Let ŵF ,j and Σ̂F ,jw be the sample estimators

of wF ,j and ΣF ,jw respectively. We consider the the following sample level test

statistic

DF ,j = nŵT
F ,j

(
Σ̂F ,jw

)−1

ŵF ,j. (6.9)

The asymptotic null distribution of DF ,j is needed for testing the hypotheses.

From Proposition 4.1, we have seen that Rj|F⊥⊥(Y,xF) under H0. Similar

to the permutation test approach described in Section 4.1, we can approximate

the distribution of DF ,j under H0 through random permutation. More specif-

ically, given i.i.d. observations {(x(i), Y (i)), i = 1, . . . , n}, we calculate the

residuals R
(i)
j|F from the regression between xj and XF . Combine these residu-

als with the original sample to get new dataset {(x(i)
F , Y

(i), R
(i)
j|F), i = 1, . . . , n}.

We fix x
(i)
F and Y (i), and randomly permute R

(i)
j|F . Suppose the new sample
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after the kth permutation is {(x(i)
F , Y

(i), R̃
(i),k
j|F ), i = 1, . . . , n}. Following (6.9),

the test statistic based on the kth permuted sample is

D̃F ,jk =
(
w̃k
F ,j
)T (

Σ̃F ,jwk

)−1

w̃k
F ,j,

where w̃k
F ,j and Σ̃F ,jwk

are the sample estimators of wF ,j and ΣF ,jw based on

the kth permuted sample. We conclude that D̃F ,jk has the same distribution

as DF ,j under H0. Repeat the random permutation K times, and the p-value

corresponding to test statistic DF ,j can be approximated by

pF ,jI =
1

K

K∑
k=1

I(DF ,j > D̃F ,jk ), where I(·) is the indicator function.

Note that the subscript I implies this is the p-value for interaction detection.

Now we describe the backwards interaction detection (BIND) algorithm.

Note that if we start from F = ∅, the second-order derivative E {∂2ΨF ,j(x)/∂xF∂Xj}

will reduce to the first-order derivative E {∂ΨF ,j(x)/∂Xj}, which is not suit-

able for interaction detection as we have seen earlier. This suggests we consider

the following backward algorithm.

1. Set initial set F = Ω.

2. Find index jd such that jd = arg max
j∈F

p
F\j,j
I . If p

F\jd,jd
I > pd, update F

to be F\jd. If p
F\jd,jd
I ≤ pd, no predictor is deleted.

3. Repeat Step 2 until no predictor can be deleted.
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Instead of the purely backward algorithm, we can incorporate the addition

step and have the modified BIND algorithm as follows

1. Set initial set F = Ω.

2. In the deletion step, find index jd such that jd = arg max
j∈F

p
F\j,j
I . If

p
F\jd,jd
I > pd, update F to be F\jd. If p

F\jd,jd
I ≤ pd, no predictor is

deleted.

3. In the addition step, find index ja such that ja = arg min
j∈Fc

pF ,jI . If pF ,jaI <

pa, update F to be F ∪ ja. If pF ,jaI ≥ pa, no predictor is added.

4. Iterate between Step 2 and Step 3 until no predictor can be deleted or

added.

6.5 Numerical studies

There are very few methods which can detect interactions in the model-free

setting when first order effects are not also present in the model without eval-

uating all pairwise comparisons. We will compare our method to Hierarchical

LASSO (hLasso) and SIRI. In hLasso, the authors assume that the interaction

variables have a hierarchical structure, meaning that at least one main effect

is present in the model. We will see through simulations that, in practice,

the method will correctly select the correct variables even when neither of the
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interacting variables are present in the model as a main effect, but the method

will always show that at least one of the variables is in fact a main effect and

will also often estimate spurious second order effects. This is a disadvantage,

but the larger disadvantage of the hierarchical LASSO when compared with

our method is that when the model assumptions are broken, the hierarchical

LASSO no longer achieves selection consistency, erroneously returning large

sets of variables which do not belong.

SIRI, on the other hand, does not assume a hierarchical structure, but also

does not have a way to differentiate between different types of second-order

effects. The results of this is that SIRI will not be able to differentiate between

a quadratic terms, a heteroscedastic errors and interaction terms.

We used the following models where x is normally distributed with mean

0 variance Σ = {σij}, where σij = ρ|i−j| where ρ increase from 0.1 to 0.9 in

increments of 0.1. The sample size is n = 500 and p = 10:

1. Model 1 - Linear: Y = X1X2 + ε, with ε ∼ N (0, 2)

2. Model 2 - Sine: Y = sin(2X1X2) + ε, with ε ∼ N (0, 2)

3. Model 3 - Exponential: Y = exp(X1X2) + ε, with ε ∼ N (0, 2)

4. Model 4 - Second Order with No Interactions:

Y = X2
1 +X10ε, with ε ∼ N (0, 1)
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BIND hLasso SIRI
Model 1

FP 1.32 (0.16) 0.00 (0.00) 0.11 (0.03)
FN 0.00 (0.00) 0.00 (0.00) 1.14 (0.10)

Model 2
FP 0.80 (0.11) 1.43 (0.12) 0.19 (0.04)
FN 1.80 (0.04) 1.10 (0.09) 1.95 (0.03)

Model 3
FP 2.24 (0.13) .17 (0.05) 0.04 (0.02)
FN 2.00 (0.00) 0.88 (0.10) 0.00 (0.00)

Model 4
FP 0.08 (0.04) 1.41 (0.13) 1.94 (0.02)
FN 2.00 (0.00) 2.00 (0.00) 2.00 (0.00)

Model 5
FP 1.06 (0.18) 0.25 (0.06) 0.04 (0.02)
FN 1.24 (0.13) 0.28 (0.07) 1.69 (0.07)

Table 6.1: Simulation results for three methods under five simulated datasets.
The table lists the mean and (standard error) of the number of false positives
(FP) and false negatives (FN) for 100 simulations for each method and model.
The table shows selection only for interacting variables, i.e. if a method se-
lected a variable based on its first-order relationship with the response, the
variable was not included in the number of false positives.

5. Model 5 - Rational with Additional Interaction:

Y = X1/(0.5 + (1.5 +X2)2) +X3X4 + ε, with ε ∼ N (0, 0.25)

The simulations were run 100 times and the results for ρ = 0.2 are in Table

(6.1).

Model 1 is a linear model. BIND performs with complete accuracy, select-

ing X1 and X2 and no other variables each time. Lasso also performs very

well, but selects an additional pair of interacting variables in more than half

of the simulations. Due to its hierarchical assumptions, Lasso also incorrectly

selected an average of 4.12 first order predictors and 1.20 quadratic predictors
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Figure 6.1: Mean (and standard error) of False-negatives (FN) and false-
positives (FP) in 100 simulations for each interaction detection method and
each simulated model.

on each simulated run of model 1. SIRI performs surprisingly poor on model

1, returning no selected variables in over half of the runs.

Model 2 is the most nonlinear of the five simulated models. While it does

have the best performance of the three methods, BIND still only selects the

correct predictors about half of the time. However, hLasso and SIRI miss the

interacting variables almost all of the time. On average, hLasso returns 1.89

first order predators and 0.67 quadratic predictors for model 2. In model 3,

another highly nonlinear model we see similar results to Model 3 with BIND

and hLasso. However, SIRI performs nearly perfectly. Again, hLasso returns
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additional variables with first and second-order effects, returning on average

2.47 and 1.98 of each type respectively.

Model 4 is included to illustrate the behavior of each method in the presence

of a quadratic variable and heteroscedastic term, but no interacting variables.

Since there are no interacting variables to detect, each method necessarily

has no false negatives. BIND never returns the quadratic variable or the

heteroscedastic variable, but does falsely return other variables erroneously

and unpredictably. As expected, SIRI returns the quadratic variable in every

run and the heteroscedastic variable in nearly all runs. Also as expected,

hLasso identifies the quadratic term in nearly ever run but also returns a

first-order effect with the quadratic term in order to enforce its hierarchical

constraints; hLasso never returns the heteroscedastic term.

In model 5 BIND performs very well compared to the other methods, with

a much lower false negative rate than either of the other two methods. Hi-

erarchical Lasso tends to miss the terms in the rational part of the function

and SIRI tends to miss half of the terms on average. Again, hLasso wrongly

returns a high number of first and second-order effects at an average across all

runs of 4.05 and 1.06 respectively.

These simulations show that interaction detection in a nonlinear setting is

far from a trivial task. We see that BIND outperforms hLasso and SIRI in

several situations, but still suffers from its own drawbacks, including poorer
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performance under highly correlated predictors. Hierarchical Lasso tends to

return larger numbers of variables and indicates linear and quadratic effects

when none are present. SIRI, unfortunately, is unpredictable in its behavior

and cannot differentiate between interacting variables and other second-order

effects.
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CHAPTER 7

Discussion

In this thesis we have shown that connection between sufficient dimension

reduction and model-free variable selection can be developed in such a way

as to extend traditionally linear methods to facilitate model-free variable se-

lection. Today, in the world of ultra-high dimensional data and exploratory,

rather than designed analysis, the importance of less restrictive variable selec-

tion techniques cannot be overstated.

In Section 2 we introduced model-free variable selection through OLS, de-

veloping a stepwise approach and a penalized approach to variable selection.

In Section 3 we introduced three marginal transformations to extend the ca-

pabilities of the procedures introduced in Section 2. With the addition of a

model free permutation test and cross validation procedure in Section 4, we
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developed the sample-level algorithms that make model-free variable selection

through OLS possible.

The simulations in Section 5 show empirically that it is possible to perform

model free variable selection using the methods developed in Section 4. The

simulations also show that directly applying a linear method to nonlinear data

will lead to very poor results. We also see through the simulations that the

addition of transformations serves to make our model-free procedures useful

in a wider variety of cases.

Finally in Section 6 we introduced the concept of model-free interaction

detection through PHD. We showed that our stepwise method can be used to

select interacting terms in a model without any main effects. We also showed

though simulations that while the task of selecting interacting variables in the

model-free setting is quite challenge, our method performs very well.
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