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ABSTRACT

On Sufficient Dimension Reduction Via Asymmetric Least Squares

Abdul-Nasah Soale

DOCTOR OF PHILOSOPHY

Temple University, March 2021

Dr. Yuexiao Dong, Advisory Chair

Accompanying the advances in computer technology is an increase collection of

high dimensional data in many scientific and social studies. Sufficient dimension

reduction (SDR) is a statistical method that enable us to reduce the dimension of

predictors without loss of regression information. In this dissertation, we introduce

principal asymmetric least squares (PALS) as a unified framework for linear and

nonlinear sufficient dimension reduction. Classical methods such as sliced inverse

regression (Li, 1991) and principal support vector machines (Li, Artemiou and Li,

2011) often do not perform well in the presence of heteroscedastic error, while our

proposal addresses this limitation by synthesizing different expectile levels. Through

extensive numerical studies, we demonstrate the superior performance of PALS in

terms of both computation time and estimation accuracy. For the asymptotic analysis

of PALS for linear sufficient dimension reduction, we develop new tools to compute

the derivative of an expectation of a non-Lipschitz function.

PALS is not designed to handle symmetric link function between the response

and the predictors. As a remedy, we develop expectile-assisted inverse regression

estimation (EA-IRE) as a unified framework for moment-based inverse regression.

We propose to first estimate the expectiles through kernel expectile regression, and

then carry out dimension reduction based on random projections of the regression

expectiles. Several popular inverse regression methods in the literature including

slice inverse regression, slice average variance estimation, and directional regression
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are extended under this general framework. The proposed expectile-assisted methods

outperform existing moment-based dimension reduction methods in both numerical

studies and an analysis of the Big Mac data.
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CHAPTER 1

INTRODUCTION

The discipline of statistics broadly deals with summarizing data for easy interpretation

and visualization. Thus, reducing data into a statistic, a function of the sample, is

at the core of statistical analysis. For a univariate variable, a statistic such as the

mean, median, or variance may provide a sufficient reduction of the data without

discarding any information about the parameter that generated the data. Such a

statistic is called a sufficient statistic. Sufficient dimension reduction extends this

idea of sufficiency to the regression setting where multiple variables are reduced into

a few sufficient variables which capture all the regression information.

1.1 Sufficient Dimension Reduction

Regression analysis is a widely used statistical modeling technique that seeks to esti-

mate the relationship between two sets of quantities: the dependent variable(s) called

the response and the independent variable(s) referred to as the predictor. The cen-

tral goal of regression analysis is dimension reduction, which means reducing many

variables into a few principal variables.

The most popular dimension reduction method is principal component analysis

(PCA). While PCA reduces the predictor dimensionality, the reduced space does
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not guarantee to identify the relationship between the predictor and the response.

This is so because PCA is unsupervised, as it does not incorporate any information

about the response. Sufficient dimension reduction (SDR) overcomes this handicap by

combining dimension reduction and the sufficiency principle. Because SDR involves

the response variable, we say, it is a supervised reduction method. The reduced

predictor obtained from SDR is suffcient to predict the relationship between the

response and the predictor.

To illustrate, let Y P Rq be a response variable and X P Rp be the predictor

variable, where q ¥ 1 and p ¥ 2. A reduction RpXq is sufficient if Y KK X | RpXq,
where the function Rp.q maps X from Rp to Rd such that d ¤ p, and “ KK ” means

statistical independence. Trivially, this holds when RpXq � X. Moreover, RpXq can

take a linear or a nonlinear form. Details of linear and nonlinear sufficient dimension

reduction are given in Chapter 2.

Before we get into the details of sufficient dimension reduction, it is important

to distinguish SDR from variable selection. Unlike SDR which finds a few linear

combinations of the predictor, variable selection believes that only a few of the original

predictors can explain the response. Thus, variable selection discard some of the

predictor variables whereas SDR uses all the variables to create new set of variables.

1.2 Asymmetric Least Squares Loss

One of the most popular SDR methods is the ordinary least squares (OLS) regres-

sion. OLS finds the basis of the central mean space by minimizing the quadratic

loss function. This loss function is the most popular in the literature, and for good

reasons. First, it is mathematically more flexible than other loss functions. Moreover,

the variance of the estimates from the quadratic loss have very good properties.

However, the quadratic loss is not robust to outliers. Hence, in the presence
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of heteroscedastic error, it may not be suitable. Fortunately, we can tilt the loss

function by giving unequal weights to the positive and negative inputs, resulting in

a new function called the asymmetric least squares loss (ALS). Newey and Powell

(1987) introduced the asymmetric least squares as a generalization of the quadratic

loss. ALS is a close surrogate of the check loss for quantiles proposed by Koenker and

Bassett (1978). Thus, ALS is also called expectiles. Although, ALS is very similar

to quantiles, it has some advantages over quantiles, one of which is computational

efficiency. For more on the advantages of ALS over quantiles, see Newey and Powell

(1987).

The asymmetric least squares loss function is defined as

ρτpcq �

$''&''%
p1 � τqc2 if c ¤ 0,

τc2 if c ¡ 0,

(1.2.1)

where τ P p0, 1q. We illustrate the behavior of this function in Figure 1.1 below. The

black solid line is the asymmetric loss for τ � 0.50 which is the same as the regular

quadratic loss. For τ � 0.30, indicated by the red dash line, more weight is given

to the negative residuals. Similarly, for τ � 0.70 which is illustrated by the blue

dash line, the positive inputs are weighed more. Thus, the asymmetric least squares

weighs the contribution of the inputs in determining the target depending on whether

it is above or below a given percentile. This makes it possible to track extreme

behavior at the tails. Thus, in a regression setting, by synthesizing information

across different percentile levels, we are able to obtain complete information about

the conditional distribution of the response given the predictor. Further discussions

about the asymmetric least squares regression are given in Chapters 2 and 3.
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CHAPTER 2

ON SUFFICIENT DIMENSION

REDUCTION VIA PRINCIPAL

ASYMMETRIC LEAST

SQUARES

2.1 Introduction

For univariate response Y and multivariate predictor X P Rp, sufficient dimension

reduction (Li, 1991; Cook, 1998) aims to find B P Rp�d such that

Y KK X|BJX, (2.1.1)

where “ KK2 means statistical independence. Under (2.1.1), the conditional distribu-

tion of Y given X is the same as the conditional distribution of Y given BJX. If B

satisfies (2.1.1), the column space of B is called a dimension reduction space. Under

very general conditions as discussed in Yin, Li and Cook (2008), the intersection of

all dimension reduction spaces is also a dimension reduction space. We refer to this
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minimum dimension reduction space as the central space for the regression between

Y and X, and we denote it as SY |X. The dimensionality of the central space is known

as the structural dimension.

Moment-based methods such as sliced inverse regression (SIR) (Li, 1991), sliced

average variance estimation (SAVE) (Cook and Weisberg, 1991), and directional re-

gression (Li and Wang, 2007) are among the most popular sufficient dimension reduc-

tion methods. These moment-based methods are easy to implement in practice, and

their extensions include sparse sufficient dimension reduction (Li, 2007), dimension

reduction with matrix-valued predictors (Li, Kim and Altman, 2010), and dimension

reduction for functional data (Li and Song, 2017). For an excellent review, please

refer to Li (2018). More recently, Li, Artemiou and Li (2011) proposed the principal

support vector machine (PSVM), which applies a modified support vector machine

to find the optimal separating hyperplanes of the discretized response. It is shown

that the normal vector of the separating hyperplanes can be used to recover SY |X.

Extensions of PSVM include `q PSVM (Artemiou and Dong, 2016), principal logistic

regression (Shin and Artemiou, 2017), and weighted PSVM (Shin et al., 2017).

A well-known limitation of the moment-based sufficient dimension reduction meth-

ods as well as PSVM is that they often do not perform well in the presence of het-

eroscedastic error. In this paper, we propose to replace the hinge loss in PSVM

with the asymmetric least squares loss, and we refer to the new proposal as principal

asymmetric least squares (PALS). By synthesizing different expectile levels, PALS

can improve the performance of PSVM when the error is heteroscedastic. We imple-

ment the sample level estimation of PALS through quadratic programming, provide

the asymptotic normality of the sample PALS estimator, and extend PALS for non-

linear sufficient dimension reduction. Wang, Shin, and Wu (2018) proposed principal

quantile regression (PQR), where quantile regression was used instead of the expec-

tile regression in our proposal. We note that the check loss from the PQR objective

6



function is not smooth, while PALS utilizes a smooth objective function. As a result,

PALS leads to more accurate estimation with much improved computational speed

compared to PQR.

The rest of the paper is organized as follows. The population level development

and the sample level estimation of PALS are studied in Section 2 and Section 3,

respectively. Extensions to nonlinear sufficient dimension reduction are examined in

Section 4. Extensive simulation studies are reported in Section 5 and we provide a

real data analysis in Section 6. Section 7 concludes the paper with some discussions.

All the proofs are relegated to the final section.

2.2 Population level development

Let µ � EpXq and Σ � VarpXq. The population τ-th level objective function of

PALS is

Lτpα,βq � βJΣβ � λE
�
ρτ

 
Y � α � βJpX� µq(� . (2.2.1)

Here τ P p0, 1q denotes the expectile level, λ ¡ 0 is a tuning parameter, and ρτ is the

asymmetric least squares loss function (Newey and Powell, 1987) defined as follows

ρτpcq �

$''&''%
p1 � τqc2 if c ¤ 0,

τc2 if c ¡ 0.

(2.2.2)

The asymmetric least squares loss was originally designed to recover the regression

expectiles, which is known be closely related to regression quantiles (Abdous and

Remillard, 1995). The objective function (2.2.1) is linked to sufficient dimension

reduction through the next result.

Theorem 1. Suppose EpX|BJXq is linear in BJX, where B P Rp�d is a basis of

7



SY |X. Let

pα0,τ,β0,τq � argmin
αPR, βPRp

Lτpα,βq.

Then β0,τ P SY |X.

The assumption about EpX|BJXq is known as the linear conditional mean condition,

and is common in the sufficient dimension reduction literature. As a result of Theorem

1, we have

Corollary 1. Suppose EpX|BJXq is linear in BJX, where B P Rp�d is a basis of

SY |X. Let 0   τ1   . . .   τK   1 and

pα0,τk ,β0,τkq � argmin
αPR, βPRp

Lτkpα,βq for k � 1, . . . , K.

Then spanpΛq � SY |X, where Λ � °K
k�1 β0,τkβ

J
0,τk

.

Here span denotes the column space. Corollary 1 suggests that we can recover the

central space by optimizing the PALS objective function (2.2.1) at multiple expectile

levels.

2.3 Sample level estimation

Given an i.i.d sample tpXi, Yiq : i � 1, . . . , nu, the sample version of (2.2.1) becomes

L̂τpα,βq � βJΣ̂β �
λ

n

ņ

i�1

ρτ
 
Yi � α � βJ

�
Xi � X̄

�(
, (2.3.1)

8



where X̄ � n�1
°n
i�1 Xi and Σ̂ � n�1

°n
i�1pXi � X̄qpXi � X̄qJ. Denote λ̃ � n�1λ,

Zi � Σ̂�1{2pXi � X̄q and θ � Σ̂1{2β. (2.3.1) reduces to

L̃τpα,θq � θJθ � λ̃
ņ

i�1

ρτpYi � α � θJZiq. (2.3.2)

Let c� � maxp0, cq. We now introduce

ξi� � pYi � α � θJZiq� and ξi� � pα � θJZi � Yiq�.

From the definition of ρτ in (3.2.1), (2.3.2) leads to the following primal optimization

problem

pα̂0,τ, θ̂0,τq � argmin
αPR,θPRp

θJθ � λ̃τ
ņ

i�1

ξ2i� � λ̃p1 � τq
ņ

i�1

ξ2i� (2.3.3)

subject to ξi� ¥ 0, ξi� ¥ 0, ξi� ¥ Yi � α � θJZi, and ξi� ¥ α � θJZi � Yi.

Theorem 2. Let Y � pY1, . . . , YnqJ and Z � pZJ
1 , . . . ,Z

J
n qJ. The dual optimization

problem of (2.3.3) is

pâ0,τ, η̂0,τq � argmax
aPRn,ηPRn

pa� ηqJY�
1

4
pa� ηqJZZJpa� ηq �

1

4λ̃τ
aJa

�
1

4λ̃p1 � τqη
Jη

(2.3.4)

subject to a ¥ 0n, η ¥ 0n, and pa� ηqJ1n � 0. Furthermore, we have

θ̂0,τ �
1

2
ZJpâ0,τ � η̂0,τq. (2.3.5)

Consider expectile levels 0   τ1   . . .   τK   1. For a given τk, the dual

problem (2.3.4) can be solved through standard quadratic programming to get â0,τk

9



and η̂0,τk . After computing θ̂0,τk from (2.3.5), we get the minimizer of L̂τk in (2.3.1) as

β̂0,τk � Σ̂�1{2θ̂0,τk . Based on Corollary 1, we get the estimator of Λ � °K
k�1 β0,τkβ

J
0,τk

as Λ̂ � °K
k�1 β̂0,τkβ̂

J
0,τk

. Recall that d denotes the structural dimension of SY |X. The

eigenvectors corresponding to the d largest eigenvalues of Λ̂ then consist the final

PALS estimator to recover the central space.

We conclude this section with the asymptotic normality of VecpΛ̂q, where Vec

means vectorization. The details are provided in the Appendix. In order to compute

the derivative of an expectation of a non-Lipschitz function, we extend the theoretical

development of PSVM (Li, Artemiou and Li, 2011). This extension is necessary as

PSVM deals with discretized response while PALS applies to the continuous response

without discretization.

Theorem 3. Suppose the regularity conditions in Theorem 4 and Theorem 5 from

the Appendix are satisfied. Then we have

?
n
!

VecpΛq � VecpΛ̂q
)

DÝÑ Np0,Ωq

as n Ñ 8, where “
DÝÑ” means converge in distribution and Ω is specified in the

Appendix.

2.4 Nonlinear sufficient dimension reduction

Suppose ϕ : Rp ÞÑ Rd with d   q are nonlinear functions satisfying

Y KK X|ϕpXq, (2.4.1)

where ϕpXq � tϕ1pXq, . . . , ϕdpXqu. Then the conditional distribution of Y given X

is the same as the conditional distribution of Y given ϕpXq, and identifying ϕpXq
is known as nonlinear sufficient dimension reduction. Let H be a reproducing kernel
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Hilbert space of the functions of X with inner product x�, �yH. Let Σ : H ÞÑ H be

the covariance operator such that xf1,Σf2yH � Covtf1pXq, f2pXqu for any f1, f2 P H.

Consider objective function

Πτ pα, ϕq � xϕ,ΣϕyH � λErρτtY � α � ϕpXqus. (2.4.2)

Compared with (2.2.1), we see that Πτ pα, ϕq is a generalization of Lτpα,βq with

the matrix Σ replaced by the operator Σ, the linear function βJX replaced by the

nonlinear function ϕpXq, and the inner product in Rp replaced by the inner product in

H. Let pα0,τ, ϕ0,τq be the minimizer of Πτ pα, ϕq over α P R and ϕ P H. Under proper

conditions, it can be shown that ϕ0,τ is a function of ϕ1, . . . , ϕd. See, for example,

Theorem 2 of Li, Artemiou and Li (2011).

Based on an i.i.d. sample tpXi, Yiq : i � 1, . . . , nu, we now describe the implemen-

tation of nonlinear dimension reduction through PALS. Suppose H can be spanned

by tψ1, . . . , ψmu. Then any function ϕ P H becomes ϕpXq � γJψpXq, where γ P Rm

and ψpXq � tψ1pXq, . . . , ψmpXquJ. The sample version of (2.4.2) thus becomes

Π̂τ pα,γq � 1

n
γJΨJΨγ � λ

n

ņ

i�1

ρτtYi � α � γJψpXiqu, (2.4.3)

where Ψ P Rn�m, and the ith row of Ψ is ψJpXiq. Π̂τ pα,γq has the same form as

L̂τpα,βq in (2.3.1), and can be minimized in a similar fashion. Denote the minimizer

of Π̂τ pα,γq as pα̂0,τ, γ̂0,τq. We then estimate ϕ0,τpXq by ϕ̂0,τpXq � γ̂J0,τψpXq. To

synthesize multiple expectile levels, consider expectile levels 0   τ1   . . .   τK   1.

For a given τk, we get γ̂0,τk from minimizing Π̂τkpα,γq. Denote Γ̂ � °K
k�1 γ̂0,τk γ̂

J
0,τk

with d leading eigenvectors as ν̂1, . . . , ν̂d. The final estimator of ϕpXq in (2.4.1) is

tν̂J1 ψpXq, . . . , ν̂Jd ψpXqu.
It remains to choose a proper basis tψ1, . . . , ψmu for H. Define kernel matrix
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Kn P Rn�n, with the element in the ith row and jth column as

κpXi,Xjq � expp�r}Xi �Xj}2q. (2.4.4)

Here r is a tuning parameter and } � } denotes the Euclidean norm. Define Qn � In�
Jn{n, where In is the n� n identity matrix and Jn is the n� n matrix whose entries

are 1. For j � 1, . . . ,m, let wj � pwj1, . . . , wjnqJ be the eigenvector corresponding to

the j-th largest eigenvalue of QnKnQn. Then ψjpXq � °n
`�1 κpX,X`qwj` following

Proposition 2 of Li, Artemiou and Li (2011). In our simulations, we choose m � n{2,

and use the sample version of E�1{2p}X � X1}q for r in (3.3.1), where X and X1 are

independent Np0, Ipq.

2.5 Simulation studies

2.5.1 Linear sufficient dimension reduction

We evaluate the performance of PALS for linear sufficient dimension reduction in this

section. The following models are considered:

I: Y � X1

0.5 � pX2 � 1.5q2 � ε;

II: Y � 3 sint0.25pX1 �X2qu � 3 sint0.25pX3 �X4qu � ε;

III: Y � X1 � 0.5
�
e0.15X2

�
ε,

where ε � Np0, 1q and ε is independent of X � pX1, . . . , XpqJ. The distribution

of X will be specified later. Let β1 � p1, 0, . . . , 0qJ, β2 � p0, 1, 0, . . . , 0qJ, β3 �
p1, 1, 0, . . . , 0qJ, and β4 � p0, 0, 1, 1, 0, . . . , 0qJ. Denote B as the basis of the central

space SY |X. Then B � pβ1,β2q for models I and III, while B � pβ3,β4q for model II.

We compare PALS with five existing methods in the literature: SIR, SAVE, di-
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rectional regression (DR), PSVM, and PQR. The number of slices for SIR is set as

10, and we use 4 slices for SAVE and DR. Note that SIR is generally not sensitive

to the choice of slice numbers, while SAVE and DR work better with fewer slices.

For PSVM, the number of dividing points is set as 9, as Li, Artemiou and Li (2011)

recommend a larger number is preferable. For a given set of dividing points, two

ways to dichotomize the response are considered in Li, Artemiou and Li (2011), “left

versus right” (LVR) and “one versus another”. We adopt the LVR scheme in our

simulations. For PQR, we follow Wang, Shin and Wu (2018) and set the number

of quantile levels to be 9, which leads to 10 slices. For PALS, we set τk � k{10 for

k � 1, . . . , 9. To evaluate the performance of each estimator B̂, we report

∆ � }PB �PB̂}F , (2.5.1)

where PA denotes the orthogonal projection onto spanpAq, and } � }F is the matrix

Frobenius norm. Smaller ∆ value means more accurate estimation.

For the choice of the tuning parameter λ, PSVM, PQR and PALS seem to be not

overly sensitive. We try λ � 0.1, 1, 10, 100, and report the best results that a fixed λ

can achieve. In addition, we propose a variable λ scheme for PALS so that one can use

different λ values across repetitions. Specifically, denote B̂λ as the PALS estimator for

a specific λ. We choose λ such that the squared sample distance correlation (Székely,

Rizzo and Bakirov, 2007) between Y and B̂J
λX is maximized. We refer to this method

as DC-PALS.

First, we set X � Np0,Σq, where the element in the ith row and jth column of Σ

is σi,j � 0.5|i�j| for i, j � 1, . . . , p. We fix n � 100, and consider p � 10, 15, 20. The

results based on 100 repetitions are summarized in Table 1. We report the average

of ∆ in (2.5.1) and include its standard error in the parenthesis. We see that PALS

with fixed λ leads to the best result across all three models. PSVM is not as good as
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model p SIR SAVE DR PSVM PQR PALS DC-PALS

I

10
1.552 1.779 1.702 1.482 1.530 1.424 1.454

(0.016) (0.013) (0.017) (0.019) (0.018) (0.020) (0.018)

15
1.698 1.854 1.800 1.643 1.643 1.599 1.606

(0.013) (0.010) (0.011) (0.011) (0.012) (0.014) (0.014)

20
1.770 1.914 1.880 1.712 1.722 1.672 1.681

(0.010) (0.006) (0.008) (0.011) (0.010) (0.012) (0.011)

II

10
1.427 1.617 1.445 1.439 1.424 1.410 1.424

(0.006) (0.014) (0.007) (0.005) (0.007) (0.008) (0.006)

15
1.494 1.916 1.526 1.501 1.480 1.467 1.470

(0.005) (0.007) (0.007) (0.005) (0.005) (0.005) (0.005)

20
1.521 1.947 1.584 1.538 1.511 1.505 1.503

(0.005) (0.004) (0.007) (0.006) (0.005) (0.005) (0.006)

III

10
1.331 1.487 1.383 1.335 1.306 1.266 1.299

(0.013) ( 0.011) (0.009) (0.013) (0.016) (0.016) (0.017)

15
1.413 1.843 1.429 1.420 1.360 1.331 1.378

(0.008) (0.012) (0.007) (0.008) (0.011) (0.014) (0.009)

20
1.452 1.924 1.485 1.458 1.416 1.408 1.419

(0.006) (0.006) (0.006) (0.007) (0.008) (0.008) (0.007)

Table 2.1: Results for linear sufficient dimension reduction with different p. The
average of ∆ in (2.5.1) and its standard error (in parenthesis) are reported based on
100 repetitions.

classical method such as SIR in model III, where heteroscedasticity is present. PQR

is very competitive in models II and III, but does not perform as well as PSVM and

PALS in model I. Furthermore, DC-PALS with variable λ has the second best overall

performance, and it is only slightly worse than PALS with fixed λ. As p increases, all

methods deteriorate, while PALS and DC-PALS maintain their advantage over the

other methods.

Next, we fix n � 100, p � 10, and consider three cases for the distribution of

X: case (i), X � Np0, Ipq; case (ii), X � Np0,Σq with σi,j � 0.5|i�j|; and case (iii),

Xj � Uniformp�1, 1q, j � 1, . . . , p, where the components of X are independent.

The linear conditional mean assumption holds for cases (i) and (ii), and is no longer

satisfied for case (iii). The results based on 100 repetitions are summarized in Table 2.

Compared to PALS, PQR does not work as well for model I, and PSVM is significantly

worse for model III when X is normal. For cases (i) and (ii), all the estimators become

worse when the correlation between the normal predictors increase. For cases (i) and
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model case SIR SAVE DR PSVM PQR PALS DC-PALS

I

(i)
1.480 1.751 1.642 1.370 1.433 1.283 1.316

(0.019) (0.014) (0.017) (0.023) (0.018) (0.021) (0.022)

(ii)
1.552 1.779 1.702 1.482 1.530 1.424 1.454

(0.016) (0.013) (0.017) (0.019) (0.018) (0.020) (0.018)

(iii)
1.686 1.759 1.739 1.627 1.623 1.613 1.620

(0.015) (0.013) (0.014) (0.015) (0.013) (0.014) (0.013)

II

(i)
1.383 1.565 1.364 1.361 1.358 1.350 1.357

(0.009) (0.019) (0.012) (0.011) (0.012) (0.012) (0.012)

(ii)
1.427 1.617 1.445 1.439 1.424 1.410 1.424

(0.006) (0.014) (0.007) (0.005) (0.007) (0.008) (0.006)

(iii)
1.404 1.747 1.447 1.402 1.400 1.394 1.393

(0.012) (0.016) (0.014) (0.013) (0.010) (0.012) (0.012)

III

(i)
1.355 1.451 1.360 1.330 1.261 1.203 1.264

(0.010) (0.014) (0.011) (0.012) (0.016) (0.017) (0.016)

(ii)
1.331 1.487 1.383 1.335 1.306 1.266 1.299

(0.013) (0.011) (0.009) (0.013) (0.016) (0.016) (0.017)

(iii)
1.384 1.581 1.391 1.365 1.358 1.355 1.344

(0.009) (0.016) (0.008) (0.012) (0.010) (0.012) (0.012)

Table 2.2: Results for linear sufficient dimension reduction with different predictor
distribution. The average of ∆ in (2.5.1) and its standard error (in parenthesis) are
reported based on 100 repetitions.

(iii) with uncorrelated predictors, we see that all the methods perform worse when

the linear conditional mean assumption is violated. PALS and DC-PALS again have

the best overall performances.

Last but not least, we list the computation time of 100 repetitions in Table 3

for PSVM, PQR and PALS when we fix λ � 1 and n � 100. We only report the

results for model III. The other two models lead to similar results and are omitted.

We see that the computation time generally increases when p increases, although the

increase does not seem to be significant. The predictor distribution does not seem

to affect the computation time. PSVM costs the least computation time among all

three methods. Although not as fast as PSVM, PALS is almost four times faster than

PQR across all settings.
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model case p PSVM PQR PALS

III

(i)
10 3.98 20.91 5.46
15 4.34 21.58 5.66
20 4.81 20.79 5.91

(ii)
10 3.86 20.88 5.57
15 4.36 21.25 5.62
20 4.85 21.57 5.88

(iii)
10 3.80 20.89 5.40
15 4.34 21.10 5.57
20 4.84 22.09 5.70

Table 2.3: Computation time in seconds for 100 repetitions with λ � 1.

2.5.2 Nonlinear sufficient dimension reduction

For nonlinear sufficient dimension reduction, we consider the following models:

IV: Y �
a
ϕ1pXq log

!a
ϕ1pXq

)
� 0.5ε;

V: Y � ϕ2
1pXq � 0.5ϕ2pXqε,

where X � Np0, Ipq, ϕ1pXq �
a
X2

1 �X2
2 , ϕ2pXq � sinpX2q, ε � Np0, 0.2q, and ε

is independent of X. Denote ϕpXq as the basis for nonlinear sufficient dimension

reduction such that Y KK X|ϕpXq. Then ϕpXq � ϕ1pXq for model IV, and ϕpXq �
tϕ1pXq, ϕ2pXqu for model V.

We denote our proposal in Section 4 as kernel PALS (kPALS), and we compare

it with kernel SIR (kSIR) (Wu, 2008), kernel PSVM (kPSVM) (Li, Artemiou and Li,

2011), and kernel PQR (kPQR) (Wang, Shin and Wu, 2018). For estimator ϕ̂pXq, we

measure its performance by the squared sample distance correlation between ϕpXq
and ϕ̂pXq as

Υ � dCor2 tϕpXq, ϕ̂pXqu . (2.5.2)
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model n kSIR kPSVM kPQR kPALS DC-kPALS

IV

100
0.523 0.742 0.750 0.750 0.750

(0.016) (0.004) (0.004) (0.004) (0.004)

150
0.616 0.749 0.762 0.763 0.763

(0.014) (0.003) (0.003) (0.003) (0.003)

200
0.678 0.756 0.770 0.772 0.772

(0.010) (0.003) (0.003) (0.003) (0.003)

V

100
0.496 0.578 0.583 0.605 0.599

(0.008) (0.003) (0.004) (0.004) (0.003)

150
0.537 0.580 0.581 0.606 0.602

(0.005) (0.003) (0.003) (0.003) (0.003)

200
0.554 0.579 0.582 0.605 0.598

(0.004) (0.002) (0.003) (0.002) (0.002)

Table 2.4: Results for nonlinear sufficient dimension reduction with different n. The
average of Υ in (2.5.2) and its standard error (in parenthesis) are reported based on
100 repetitions.

Larger values of Υ mean better estimation. Similar to PSVM, PQR and PALS for

linear sufficient dimension reduction, their kernel counterparts require a choice of λ.

See, for example, λ for kPALS in (2.4.3). For λ � 0.1, 1, 10, 100, we report the results

based on the best λ. Parallel to DC-PALS, we also include DC-kPALS, where λ is

chosen such that the squared sample distance correlation between ϕ̂λpXq and Y is

maximized. We fix p � 10 and set n � 100, 150, 200. From Table 4, we see that

kPALS has the best performance, and DC-kPALS is a close second. All methods

improve as n increases for model IV, and only kSIR improves as n increases for model

V. Together with previous simulation studies, we conclude that distance correlation

can be a useful tool to select λ for PALS in both linear and nonlinear sufficient

dimension reduction.

2.6 Analysis of the Boston housing data

We consider Boston housing data for the real data analysis. The data is originally

studied in Harrison and Rubinfeld (1978). There are a total of 506 observations with
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13 attribute variables. After removing the categorical variable and excluding the cases

where the census tract bounds the Charles river, we end up with 12 predictors and

471 observations. The response (Y ) is the median value of owner-occupied homes in

each census tract. A complete list of the predictors (X) is given in Table 2.5.

variable description
medv median value of owner-occupied homes in $1000’s
crim per capita crime rate by town
zn proportion of residential land zoned for lots over 25,000 sq.ft.
indus proportion of non-retail business acres per town
nox nitric oxides concentration (parts per 10 million)
rm average number of rooms per dwelling
age proportion of owner-occupied units built prior to 1940
dis weighted distances of five Boston employment centres
rad index of accessibility to radial highways
tax full-value property-tax rate per $10,000
ptratio pupil-teacher ratio by town
b 1000pBk � 0.63q2 where Bk is the proportion of blacks by town
lstat % lower status of the population

Table 2.5: Boston housing data variables

As suggested by Wang, Shin and Wu (2018), we set the structural dimension to

be d � 1 and denote the estimator as β̂. We apply PSVM, PQR and PALS to this

data set, and report the squared sample distance correlation between Y and β̂JX for

different λ. From Table 5, we see that PQR and PALS perform similarly, and both

are better than PSVM. Furthermore, PQR and PALS are less sensitive to the choice

of λ than PSVM.

λ � 0.1 λ � 1 λ � 10 λ � 100

PSVM 0.831 0.812 0.721 0.711

PQR 0.866 0.864 0.864 0.864

PALS 0.863 0.863 0.863 0.864

Table 2.6: The squared sample distance correlation between Y and β̂JX for the
Boston housing data.
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The scatter plots of Y against the sufficient predictor β̂J
1 X for PALS, PQR, and SIR

is given in Figure 3.2.

−0.5 0.0 0.5 1.0 1.5 2.0 2.5

1
0

2
0

3
0

4
0

5
0

PALS

1st direction

Y

−2 −1 0 1 2

1
0

2
0

3
0

4
0

5
0

PQR

1st direction

Y

1.0 1.5 2.0 2.5 3.0 3.5

1
0

2
0

3
0

4
0

5
0

SIR

1st direction

Y

Figure 2.1: Scatter plot of response and first sufficient predictors for PALS, PQR,
and SIR.

2.7 Discussion

We propose PALS for linear and nonlinear sufficient dimension reduction in this paper.

Our proposed method is very competitive with existing methods in the literature.

On one hand, our proposal enjoys better estimation accuracy than SIR and PSVM,

especially in the presence of heteroscedasticity. On the other hand, our proposal is

computationally more efficient compared to PQR. Unlike PSVM where the response

is dichotomized, both PQR and PALS deal with continuous response directly. We

develop new tools for the asymptotic analysis of PALS. Specifically, Lemma 3 of Li,

Artemiou and Li (2011) provides a tool to compute the derivative of an expectation of

a non-Lipschitz function, and Theorem 3 of Wang, Shin and Wu (2018) applied this

Lemma directly without considering the continuous support of the response in PQR.

This limitation is addressed in Lemma 1 and Theorem 5 of the Appendix, where

19



Lemma 3 of Li, Artemiou and Li (2011) is adapted for continuous response.

We consider a fixed set of expectile levels in this paper. Although our experience

indicates that the performance of PALS is not sensitive to the choice of expectile

levels, choosing an optimal set of expectile levels is worth further investigation. Kim,

Wu and Shin (2019) develop quantile-slicing for sufficient dimension reduction, and

expectile-slicing for sufficient dimension reduction may be an interesting research

direction.

2.8 Proofs

Proof of Theorem 1. We assume without loss of generality that EpXq � 0. Note

that VarpβJXq � βJΣβ. Then (2.2.1) becomes

Lτpα,βq � VarpβJXq � λEtρτpY � α � βJXqu. (2.8.1)

The first term on the right hand side of (2.8.1) satisfies

VarpβJXq ¥ VartEpβJX|BJXqu. (2.8.2)

The second term on the right hand side of (2.8.1) satisfies

EtρτpY � α � βJXqu � ErEtρτpY � α � βJXq|BJX, Y us

¥ ErρτtEpY � α � βJXq|BJX, Y us

� ErρτtY � α � EpβJX|BJXqus,

(2.8.3)

where the inequlality is due to the convexity of ρτ, and the last equality is due to the

conditional independence (2.1.1). The assumption that EpX|BJXq is linear in BJX
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implies that

EpX|BJXq � ΣpBJΣBq�1BJX. (2.8.4)

(2.8.1), (2.8.2), (2.8.3) and (2.8.4) together imply that

Lτpα,βq ¥ Lτpα, β̃q with β̃ � BpBJΣBq�1Σβ.

Thus the minimizer β0,τ must satisfy β0,τ � BpBJΣBq�1Σβ0,τ P spanpBq � SY |X. l

Proof of Corollary 1. The proof follows directly from Theorem 1 and is omitted.

l

Proof of Theorem 2. Denote ξ� � pξ1�, . . . , ξn�qJ, ξ� � pξ1�, . . . , ξn�qJ, u �
pu1, . . . , unqJ, v � pv1, . . . , vnqJ, a � pa1, . . . , anqJ, and η � pη1, . . . , ηnqJ. De-

note L�pα,θ, ξ�, ξ�,u,v,a,ηq as the Lagrangian of the primal optimization problem

(2.3.3) and abbreviate it as L�. Then we have

L� � θJθ � λ̃τ
ņ

i�1

ξ2i� � λ̃p1 � τq
ņ

i�1

ξ2i� �
ņ

i�1

uiξi� �
ņ

i�1

viξi�

�
ņ

i�1

aipYi � α � θJZi � ξi�q �
ņ

i�1

ηip�Yi � α � θJZi � ξi�q,
(2.8.5)

where ui ¥ 0, vi ¥ 0, ai ¥ 0, and ηi ¥ 0 for all i. Take partial derivatives of (2.8.5)

and set them to be zero. We get

$''''''''''&''''''''''%

BL�{Bθ � 2θ �°n
i�1pai � ηiqZi � 0

BL�{Bα � °n
i�1pηi � aiq � 0

BL�{Bξi� � 2λ̃τξi� � ui � ai � 0

BL�{Bξi� � 2λ̃p1 � τqξi� � vi � ηi � 0

(2.8.6)
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Assume ui ¡ 0 for a particular i. The Karush Kuhn Tucker (KKT) conditions state

that uiξi� � 0 for all i. Then we must have ξi� � 0 from KKT. On the other hand, we

have ξi� � pui � aiq{p2λ̃τq from the third equation of (2.8.6), which leads to ξi� ¡ 0

because ui ¡ 0, ai ¥ 0, λ̃ ¡ 0 and τ ¡ 0. This contradiction guarantees that ui � 0

for all i. Thus we have

ξi� � ai

2λ̃τ
for all i. (2.8.7)

Similarly, from the fourth equation of (2.8.6) and the KKT condition, we have vi � 0

for all i and

ξi� � ηi

2λ̃p1 � τq for all i. (2.8.8)

Furthermore, the first equation of (2.8.6) leads to

θ � 1

2

ņ

i�1

pai � ηiqZi (2.8.9)

By complementary slackness, we have

uiξi� � 0, aipYi � α � θJZi � ξi�q � 0,

viξi� � 0, ηip�Yi � α � θJZi � ξi�q � 0 for all i.

(2.8.10)

Plug (2.8.7), (2.8.8), (2.8.9) and (2.8.10) into (2.8.5), and we get the objective function

in the dual optimization problem (2.3.4). The constraints for the dual problem are

ai ¥ 0 and ηi ¥ 0 for all i. The second equation of (2.8.6) leads to the constraint that

ai � ηi for all i. Equation (2.8.9) leads to (2.3.5), which connects the solution of the

dual problem to the primal problem. l

We provide the proof of Theorem 3 in this section. The following notations are

needed. Without loss of generality, assume EpXq � 0. Denote Ξ � pXJ, Y qJ,
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X̃ � p1,XJqJ and β̃ � pα,βJqJ. Let Σ̃ P Rpp�1q�pp�1q be a block diagonal matrix

such that the block diagonal elements of Σ̃ are 0 and Σ. Then Lτpα,βq in (2.2.1)

becomes Et`τpβ̃,Ξqu, where

`τpβ̃,Ξq � β̃JΣ̃β̃ � λρτpY � β̃JX̃q. (2.8.11)

LetDβ̃ be the pp�1q-dimensional column vector of differential operators pB{Bα, B{Bβ1, . . . , B{BβpqJ.

The next result gives the gradient of Et`τpβ̃,Ξqu.

Theorem 4. Suppose for any y, the distribution of X|Y � y is dominated by the

Lebesgue measure, EpY 2q   8 and Ep}X}2q   8. Then

Dβ̃Et`τpβ̃,Ξqu � p0, 2βJΣqJ � 2λEtτξ�X̃� pτξ � ξ�qIpξ   0qX̃u, (2.8.12)

where ξ � Y � β̃JX̃, ξ� � maxpξ, 0q, ξ� � maxp�ξ, 0q, and Ip�q is the indicator

function.

Proof. Denote `�τpβ̃,Ξq � ρτpY � β̃JX̃q. It is easy to check that

`�τpβ̃,Ξq � τξ2� � p1 � τqξ2�. (2.8.13)

Note that Dβ̃ξ� � �t1 � Ipξ   0quX̃. It follows that

Dβ̃ξ
2
� � �2ξ�t1 � Ipξ   0quX̃. (2.8.14)

Similarly from Dβ̃ξ� � Ipξ   0qX̃, we have

Dβ̃ξ
2
� � 2ξ�Ipξ   0qX̃. (2.8.15)
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Plug (2.8.14) and (2.8.15) into (2.8.13). After taking derivatives, we get

Dβ̃`
�
τpβ̃,Ξq � �2τξ�t1 � Ipξ   0quX̃� 2p1 � τqξ�Ipξ   0qX̃

� �2τξ�X̃� 2τpξ� � ξ�qIpξ   0qX̃� 2ξ�Ipξ   0qX̃

� �2τξ�X̃� 2pτξ � ξ�qIpξ   0qX̃.

(2.8.16)

(2.8.16) and (2.8.11) together imply that

EtDβ̃`τpβ̃,Ξqu � p0, 2βJΣqJ � 2λEtτξ�X̃� pτξ � ξ�qIpξ   0qX̃u. (2.8.17)

Let Θ be the support of β̃. For β̃1 � pα1,β
J
1 qJ P Θ and β̃2 � pα2,β

J
2 qJ P Θ, we

have

`�τpβ̃1,Ξq � `�τpβ̃2,Ξq � τtpY � β̃J
1 X̃q2� � pY � β̃J

2 X̃q2�u

� p1 � τqtpβ̃J
1 X̃� Y q2� � pβ̃J

2 X̃� Y q2�u.
(2.8.18)

Note that u� � v� ¤ |u� v| and u� � v� ¤ |u| � |v|. Then

pY � β̃J
1 X̃q2� � pY � β̃J

2 X̃q2� ¤ |pβ̃1 � β̃2qJX̃|p|Y � β̃J
1 X̃| � |Y � β̃J

2 X̃|q

¤ p1 � }X2}q1{2p|Y � β̃J
1 X̃| � |Y � β̃J

2 X̃|q}β̃1 � β̃2}   c}β̃1 � β̃2}

for some constant c   8. The last inequality is due to the assumption that EpY 2q  
8 and Ep}X}2q   8. Thus the first term on the right hand side of (2.8.18) satisfies

the Lipschitz condition with respect to β̃. Similarly, one can show the second term

on the right hand side of (2.8.18) also satisfies the Lipschitz condition. Together, we

know `τpβ̃,Ξq satisfies the Lipschitz condition with respect to β̃. From Lemma 2 of

Li, Artemiou and Li (2011), we have

Dβ̃Et`τpβ̃,Ξqu � EtDβ̃`τpβ̃,Ξqu. (2.8.19)
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(2.8.17) and (2.8.19) together lead to the desired result. l

The next lemma is used to compute the derivative of an expectation of a non-

Lipschitz function. Let Dε�0 denote the operation of first taking derivative with

respect to ε and then evaluating the derivative at ε � 0.

Lemma 1. Suppose U , V and W are random variables, and hpu, v, wq is a measurable

Rk-valued function. Suppose, moreover,

1. the joint distribution of pU, V,W q is dominated by the Lebesgue measure;

2. for any pv, wq, the function u ÞÑ hpu, v, wqfU |V,W pu|v, wq is continuous, where

fU |V,W denotes the conditional density of U given pV,W q;

3. for each component hipu, v, wq of hpu, v, wq, there is a function cipv, wq ¥ 0 such

that

hipu, v, wqfU |V,W pu|v, wq ¤ cipv, wq and EtcipV,W qu   8.

Then, for any constant a, the function

ε ÞÑ EthpU, V,W qIpW � U � εV   a� εηqu

is differentiable at ε � 0 with derivative

Dε�0EthpU, V,W qIpW � U � εV   a� εηqu

� EW rfU |W pa�W |W qEV tpη � V qhipa�W,V,W q|U � a�W,W us,
(2.8.20)

where Ep�q is with respect to the joint distribution of pU, V,W q, EW p�q is with respect

to the marginal distribution of W , and EV p�|U � a �W,W q is with respect to the

conditional distribution fV |U,W pv|a� w,wq.

Proof. By the mean value theorem and assumptions 2 and 3, there is a δ P p0, εq
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such that

�����ε�1

» a�w�εpη�vq

a�w

hipu, v, wqfU |V,W pu|v, wqdu
�����

� |hipa� w � δpη � vq, v, wqfU |V,W pa� w � δpη � vq|v, wq| ¤ cipv, wq

By the dominated convergence theorem, we have

lim
εÑ0

» » #
ε�1

» a�w�εpη�vq

a�w

hipu, v, wqfU |V,W pu|v, wqdu
+
fV,W pv, wqdvdw

�
» »

lim
εÑ0

#
ε�1

» a�w�εpη�vq

a�w

hipu, v, wqfU |V,W pu|v, wqdu
+
fV,W pv, wqdvdw

�
» »

pη � vqhipa� w, v, wqfU |V,W pa� w|v, wqfV,W pv, wqdvdw

�
» "

fW pwqfU |W pa� w|wq
»
pη � vqhipa� w, v, wqfV |U,W pv|a� w,wqdv

*
dw

� EW rfU |W pa�W |W qEV tpη � V qhipa�W,V,W q|U � a�W,W us.

Here fV |U,W and fU |W are conditional density functions, and fW denotes the marginal

density of W . l

We now present the hessian matrix of the PALS objective function (2.2.1) in the

next Theorem.

Theorem 5. Suppose X has a convex and open support and its conditional distri-

bution given Y � y for any y P R is dominated by the Lebesgue measure. Suppose,

moreover,

1. for any linearly independent β, δ P Rp and any y P R, the following function is

continuous

u ÞÑ EtX̃pτξ � ξ�q| � βJX � u, δJX � v, Y � yuf�βJX|δJX,Y pu|v, yq;
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2. for any i � 1, . . . , p and any y P R, there is a nonnegative function cipv, yq with

EtcipV, Y qu   8 such that

EtXipτξ � ξ�q| � βJX � u, δJX � v, Y � yuf�βJX|δJX,Y pu|v, yq ¤ cipv, yq;

3. there is a nonnegative function c0pv, yq with Etc0pV, Y qu   8 such that

f�βJX|δJX,Y pu|v, yq ¤ c0pv, yq.

Then the function β̃ ÞÑ Dβ̃Et`τpβ̃,Ξqu is differential in all directions with derivative

matrix

Hτ �2diagp0,Σq � 2λτErt1 � Ipξ   0quX̃X̃Js

� 2λEY rf�βJX|Y pα � Y |Y qEXtpτξ � ξ�qX̃X̃J| � βJX � α � Y, Y us,

where Ep�q is with respect to the joint distribution of pX, Y q, EY p�q is with respect

to the marginal distribution of Y , and EXp�| � βJX � α � Y, Y q is with respect

to the conditional distribution fX|�βJX,Y px|α � y, yq. Furthermore, if the function

β̃ ÞÑ τErt1 � Ipξ   0quX̃X̃Js � EY rf�βJX|Y pα � Y |Y qEXtpτξ � ξ�qX̃X̃J| � βJX �
α� Y, Y us is continuous, then Dβ̃Et`τpβ̃,Ξqu is jointly differentiable with respect to

β̃.

Proof. Recall that ξ � Y � βJX � α and ξ� � maxp�ξ, 0q. First, we verify the

directional differentiability of the function β̃ ÞÑ Etpτξ � ξ�qIpξ   0qX̃u. For δ P Rp

and η P R, the directional derivative along pη, δJqJ is the derivative of the following
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function with respect to ε at ε � 0,

EtX̃pτξ � ξ�qIpY � βJX� α � εδJX   εηqu

� ErEtX̃pτξ � ξ�q|Y,βJX, δJXuIpY � βJX� εδJX   α � εηqs

Let W � Y , U � �βJX, V � δJX, hpU, V,W q � EtX̃pτξ � ξ�q|U, V,W u, and

a � α. By (2.8.20) in Lemma 1, the derivative above is

EY rf�βJX|Y pα � Y |Y qEδJXtX̃pτξ � ξ�qpη � δJXq| � βJX � α � Y, Y us.

Since this holds for all pη, δJqJ, the function β̃ ÞÑ Etpτξ � ξ�qIpξ   0qX̃u is direc-

tionally differentiable with derivative matrix

EY rf�βJX|Y pα � Y |Y qEXtpτξ � ξ�qX̃X̃J| � βJX � α � Y, Y us. (2.8.21)

On the other hand, it is easy to see

Dβ̃p0,βJΣqJ � diagp0,Σq (2.8.22)

and

Dβ̃Epξ�X̃q � �Ert1 � Ipξ   0quX̃X̃Js. (2.8.23)

Plug (2.8.21), (2.8.22) and (2.8.23) into (2.8.12), and we get the desired result. l

Let β̃0,τ � pα0,τ,β
J
0,τqJ from minimizing Lτpα,βq in (2.2.1). Let ˆ̃β0,τ � pα̂0,τ, β̂

J
0,τqJ

from minimizing L̂τpα,βq in (2.3.1). The next result gives the influence function of

PALS. Its proof follows Theorem 5.23 of Van der Vaart (2000), and is thus omitted.
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Theorem 6. If the conditions in Theorem 4 and Theorem 5 are satisfied, then

ˆ̃β0,τ �β̃0,τ �H�1
0,τtp0, 2βJ

0,τΣqJ � 2λτEnpξ�0,τX̃q

� 2λEntX̃pτξ0,τ � ξ�0,τqIpξ0,τ   0qu � oP pn�1{2q,

where ξ0,τ � Y � β̃J
0,τX̃, ξ�0,τ � maxpξ0,τ, 0q, ξ�0,τ � maxp�ξ0,τ, 0q, Enp�q is with respect

to the empirical distribution of pX, Y q, and

H0,τ � 2diagp0,Σq � 2λτErt1 � Ipξ0,τ   0quX̃X̃Js

� 2λEY rf�βJ0,τX|Y pα � Y |Y qEXtpτξ0,τ � ξ�0,τqX̃X̃J| � βJ
0,τX � α � Y, Y us.

Proof of Theorem 3. Consider 0   τ1   . . .   τK   1. For any k � 1, . . . , K, let

Fk be the last p rows of H�1
0,τk

. Denote

skpβ̃0,τk ,Ξq � Fktp0, 2βJ
0,τk

ΣqJ � 2λτkξ
�
0,τk

X̃� 2λX̃pτkξ0,τk � ξ�0,τkqIpξ0,τk   0q,
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CHAPTER 3

ON EXPECTILE-ASSISTED

INVERSE REGRESSION

ESTIMATION FOR SUFFICIENT

DIMENSION REDUCTION

3.1 Introduction

Since its inception about three decades ago, sufficient dimension reduction (Li, 1991;

Cook, 1998a) has become a very important tool for modern multivariate analysis. For

predictor X P Rp and response Y P R, the goal of sufficient dimension reduction is

to find B P Rp�d with d ¤ p such that

Y KK X|BJX, (3.1.1)

where KK means statistical independence. The column space of B satisfying (3.1.1)

is known as a dimension reduction space. Under mild conditions, Yin, Li and Cook

(2008) showed that the intersection of all dimension reduction spaces is still a dimen-
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sion reduction space, and it is referred to as the central space for the regression Y

on X. We denote the central space by SY |X . The dimension of the central space is

known as the structural dimension.

There are many sufficient dimension reduction methods in the literature. Moment-

based estimators include sliced inverse regression (SIR) (Li, 1991), sliced average

variance estimation (SAVE) (Cook and Weisberg, 1991), principal Hessian directions

(Li, 1992; Cook, 1998b), sliced average third-moment estimation (Yin and Cook,

2003), and SIR-α (Saracco, 2005). Semiparametric estimators include minimum av-

erage variance estimation (MAVE) (Xia et al., 2002), and semiparametric dimension

reduction (Ma and Zhu, 2012; Luo, Li and Yin, 2014). Sparse dimension reduc-

tion estimators include sparse SIR (Li, 2007; Tan, Shi and Yu, 2020), sparse MAVE

(Wang and Yin, 2008), coordinate-independent sparse estimation (Chen, Zou and

Cook, 2010), and sparse semiparametric estimation (Yu et al., 2013). Other sufficient

dimension reduction methods include ensemble sufficient dimension reduction (Yin

and Li, 2011), nonlinear sufficient dimension reduction (Li, Artemiou and Li, 2011;

Lee, Li and Chiaromonte, 2013), groupwise sufficient dimension reduction (Li, Li and

Zhu, 2010; Guo et al., 2015), post dimension reduction inference (Kim et al., 2020),

and online sufficient dimension reduction (Chavent et al., 2014; Cai, Li and Zhu,

2020). For general reviews, one can refer to Cook (2007), Ma and Zhu (2013), and

Dong (2020). An excellent reference is the recent book by Li (2018).

Due to their ease of implementation, SIR and SAVE are two of the most popular

sufficient dimension reduction methods. One well-known limitation of SIR and SAVE

is that they are not very efficient in the presence of heteroscedasticity. Quantile-based

methods are proposed by Wang, Shin and Wu (2018) and Kim, Wu and Shin (2019)

to address this limitation, and their proposals work better than SIR or SAVE with

heteroscedastic error. However, another well-known limitation of SIR and SAVE is

that they may be sensitive to specific link functions between the response and the pre-

31



dictor. In particular, SIR does not work well when the link function is symmetric, and

SAVE is not efficient with monotone link functions. Since the quantile-based methods

are extensions of SIR and SAVE, they inherit the limitation of their moment-based

counterparts and may still have uneven performances with various link functions.

We propose expectile-assisted inverse regression in this paper. Our contribution is

two-fold. First, we provide a general framework to extend moment-based dimension

reduction methods to their expectile-based counterparts, such as expectile-assisted

SIR, expectile-assisted SAVE, and expectile-assisted directional regression. Similar

to the quantile-based methods, our expectile-based proposals utilize the information

across different levels of the conditional distribution of Y given X, and perform bet-

ter than the corresponding moment-based methods in the presence of heteroscedas-

ticity. Since directional regression (Li and Wang, 2007) is known to perform well

for a wide range of link functions, the expectile-assisted directional regression en-

joys the additional benefit that it is no longer sensitive to the specific forms of the

unknown link functions. Furthermore, to combine the information across different

quantile levels, existing quantile-based methods such as quantile-slicing mean esti-

mation and quantile-slicing variance estimation (Kim, Wu and Shin, 2019) rely on

intricate weights, and it is not clear how the choice of different weights may affect the

final estimation. We propose to combine the information across different expectile

levels through random projection, which has roots in the projected resampling ap-

proach for multiple response sufficient dimension reduction (Li, Wen and Zhu, 2008).

Our proposed expectile-assisted estimators outperform existing methods in both sim-

ulation studies and a real data analysis.

The rest of the paper is organized as follows. In Sections 3.2 and 3.3, we pro-

vide the population level and the sample level development of expectile-assisted SIR,

respectively. Further extensions to expectile-assisted SAVE and expectile-assisted

directional regression are described in Section 3.4. Some practical issues such as tun-
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ing parameter selection are discussed in Section 3.5. Extensive simulation studies

are provided in Section 3.6 and we conclude the dissertation with a real data anal-

ysis in Section 3.7. All proofs and additional simulation results are relegated to the

Appendix.

3.2 Population level development of expectile-assisted

SIR

Expectiles were first introduced by Newey and Powell (1987) in the seminal asymmet-

ric least squares paper. It has gained popularity in finance and risk management for

estimating the expected shortfall and value at risk. See, for example, Kim and Lee

(2016), Daouia, Girard and Stupfler (2018), and Chen (2018). For 0   τ   1, denote

fτpXq as the τ-th expectile of the conditional distribution of Y given X. Then

fτpxq � arg min
a

E
 
φτpY � aq|X � x(, (3.2.1)

where φτp�q is known as the asymmetric loss function and is defined as

φτpcq �

$''&''%
p1 � τqc2, if c ¤ 0,

τc2, if c ¡ 0.

(3.2.2)

Proposition 1. For 0   τ1   � � �   τk   1, let ξX � �
fτ1pXq, . . . , fτkpXq�J. Then

SξX |X � SY |X .

Proposition 1 suggests that we can recover the central space SY |X through estimation

of the central space for the regression of ξX on X. We implicitly assume that fτ`pXq
from (3.2.1) is well-defined for ` � 1, . . . , k.

For ξX P Rk, the original SIR can not be applied directly due to the multivariate
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response. Let T P Rk be a random vector. We follow Li, Wen, and Zhu (2008)

and apply SIR for the regression between ξJXT and X instead. Let EpXq � µ and

VarpXq � Σ. Then Z � Σ�1{2pX � µq denotes the standardized predictor. Let

J1pT q, . . . , JHpT q be the partition of the support of ξJXT . For h � 1, . . . , H, denote

IhpT q as the indicator function of ξJXT P JhpT q. Define

M pT q �
Ḩ

h�1

phpT qµhpT qµJ
h pT q, (3.2.3)

where phpT q � EtIhpT qu and µhpT q � EtZ|ξJXT P JhpT qu.
Before we state the next result, we need the following linear conditional mean

(LCM) assumption, which is a common assumption in the sufficient dimension reduc-

tion literature.

Assumption 3.2.1. EpX|BJXq is a linear function of BJX, where B is a basis

of SY |X .

Proposition 2. Let T be a random vector uniformly distributed on the unit sphere

Sk. Then under Assumption 3.2.1, span
�
Σ�1{2EtM pT qu� � SY |X .

Here spanp�q denotes the column space, and the expectation EtM pT qu is over the

distribution of T . We remark that the LCM assumption is not needed in Proposition

1, and it is only needed in Proposition 2 because the classical SIR requires the LCM

assumption.

3.3 Sample level algorithm of expectile-assisted SIR

3.3.1 A toy example

We first consider a toy example to fix the idea of expectile-assisted sufficient dimension

reduction. Let X � pX1, X2qJ, where X1 � Np0, 1q, X2 � Np0, 1q, and X1 is
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Figure 3.1: A toy example with Y � X1ε. (a) Y versus X1; (b) f̂τpXq versus X1 with
τ � 0.2; (c) f̂τpXq versus X1 with τ � 0.5; (d) f̂τpXq versus X1 with τ � 0.8.

independent of X2. Let Y � X1ε, where ε � Np0, 1q and ε is independent of X.

Given 100 data points generated from this model, the scatter plot of Y versus X1 is

provided in panel (a) of Figure 3.1, which shows a clear heteroscedastic trend. While

the classical sufficient dimension reduction problem aims to recover the central space

SY |X through the original response Y , Proposition 1 indicates that we could consider

the alternative dimension reduction problem with the expectile fτpXq as the new

response. In practice, fτpXq has to be replaced by its sample level estimator f̂τpXq,
which will be examined in Section 3.2. In panels (b), (c) and (d), the scatter plot of

f̂τpXq versus X1 is shown for τ � 0.2, 0.5 and 0.8, respectively. It is obvious from the

scatter plots that f̂τpXq depends on X1, and the strength of such dependence may

vary when we change the expectile level τ.

3.3.2 Kernel expectile regression

Given an i.i.d. sample tpXi, Yiq : i � 1, . . . , nu, we explain how to estimate the τ-th

expectile fτpXq of the conditional distribution of Y given X in this section. This

step is the same for expectile-assisted SIR and the other expectile-assisted inverse
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regression methods to be discussed in Section 4. The original estimator in Newey and

Powell (1987) focused on expectiles in linear regression. To estimate the conditional

expectiles in nonlinear models, Yao and Tong (1996) proposed a local linear polyno-

mial estimator. More recently, Yang, Zhang and Zou (2018) developed a reproducing

kernel Hilbert space (RKHS) estimator for flexible expectile regression. We adapt the

RKHS estimator with the following Gaussian radial basis kernel

KpXi,Xjq � expp�r}Xi �Xj}2q, (3.3.1)

where r is a tuning parameter and } � } denotes the Euclidean norm. Let HK be

the RKHS generated from the kernel function (3.3.1). As an element of HK , fτpXq
evaluated at X �Xi can be estimated by

f̂τpXiq � α̂0,τ �
ņ

j�1

α̂j,τKpXi,Xjq. (3.3.2)

Let α̂τ � pα̂0,τ, α̂1,τ, . . . , α̂n,τq and ατ � pα0,τ, α1,τ, . . . , αn,τq. Then α̂τ in (3.3.2) is the

minimizer of the regularized empirical risk function on HK

α̂τ � argmin
ατ

ņ

i�1

φτ

�
Yi � α0,τ �

ņ

j�1

αj,τKpXi,Xjq
	

� λ
ņ

i�1

ņ

j�1

αi,ταj,τKpXi,Xjq,
(3.3.3)

where φτp�q is defined in (3.2.1) and λ is a tuning parameter. The optimization (3.3.3)

and the evaluation (3.3.2) can be done very efficiently in the KERE package in R.

The choices for the tuning parameters r in (3.3.1) and λ in (3.3.3) are discussed in

Section 5.
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3.3.3 Projective resampling for multiple response SIR

Given an i.i.d. sample tpXi, Yiq : i � 1, . . . , nu, the sample level expectile-assisted

SIR algorithm is as follows.

1. For a given integer k, specify 0   τ1   � � �   τk   1. For i � 1, . . . , n, calculate

ξ̂Xi
� �

f̂τ1pXiq, � � � , f̂τkpXiq
�J

, where the `-th component of ξ̂Xi
is given by

(3.3.2) with τ � τ`.

2. Let µ̂ � n�1
°n
i�1Xi and Σ̂ � n�1

°n
i�1pXi � µ̂qpXi � µ̂qJ. Calculate stan-

dardized predictors Ẑi � Σ̂�1{2pXi � µ̂q for i � 1, . . . , n.

3. For a given integer N , generate an i.i.d. sample tp1q, . . . , tpNq from the uniform

distribution on the unit sphere Sk. For j � 1, . . . , N , let J1ptpjqq, . . ., JHptpjqq
be the partition of the support of ξ̂JXt

pjq. For h � 1, . . . , H, denote Ihiptpjqq as

the indicator function of ξ̂JXi
tpjq P Jhptpjqq.

4. We now calculate the sample version of EtM pT qu.

4.1 For j � 1, . . . , N , let p̂hptpjqq � n�1
°n
i�1 Ihiptpjqq and µ̂hptpjqq � tnp̂hptpjqqu�1

°n
i�1 ẐiIhiptpjqq.

Then the sample estimator of (3.2.3) with T � tpjq becomes

M̂ ptpjqq �
Ḩ

h�1

p̂hptpjqqµ̂hptpjqqµ̂J
h ptpjqq.

4.2 Calculate M̂pT q � N�1
°N
j�1 M̂ptpjqq.

5. For a given structural dimension d, let pv̂1, .., v̂dq be the eigenvectors corre-

sponding to the d leading eigenvalues of M̂ pT q. The final estimator of SY |X is

then spanpB̂q, where B̂ � pΣ̂�1{2v̂1, .., Σ̂
�1{2v̂dq.

In the numerical studies in Section 6 and the real data analysis in Section 7, we fix

N � 1000, k � 9, and set τ` � 10�1` for ` � 1, . . . , 9. The effects of different N and
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k are also studied. Our experience suggests that the proposed method is not very

sensitive to the choice of N and k.

3.4 Extensions of SAVE and directional regression

Expectile-assisted dimension reduction is a very general framework, and can be read-

ily generalized to other moment-based methods such as SAVE and directional regres-

sion. We focus on the population level development of expectile-assisted SAVE and

expectile-assisted directional regression in this section.

Recall that IhpT q denotes the indicator function of ξJXT P JhpT q, phpT q �
EtIhpT qu, and µhpT q � EtZ|ξJXT P JhpT qu. Define

GpT q �
Ḩ

h�1

phpT qtVhpT q � µhpT qµJ
h pT qu2,

where VhpT q � EtZZJ � Ip|ξJXT P JhpT qu. In addition to the LCM assumption,

we need the constant conditional variance (CCV) assumption as follows

Assumption 3.4.1. VarpX|BJXq is a nonrandom matrix, where B is a basis of

SY |X .

Proposition 3. Let T be a random vector uniformly distributed on the unit sphere

Sk. Then under Assumptions 3.2.1 and 3.4.1, span
�
Σ�1{2EtGpT qu� � SY |X .

In a similar fashion, define

F pT q � 2
Ḩ

h�1

phpT qVhpT qVhpT q � 2

#
Ḩ

h�1

phpT qµhpT qµJ
h pT q

+2

� 2

#
Ḩ

h�1

phpT qµJ
h pT qµhpT q

+#
Ḩ

h�1

phpT qµhpT qµJ
h pT q

+
,

and we have
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Proposition 4. Let T be a random vector uniformly distributed on the unit sphere

Sk. Then under Assumptions 3.2.1 and 3.4.1, span
�
Σ�1{2EtF pT qu� � SY |X .

Based on Proposition 3 and Proposition 4, we may update step 4 and step 5 of the

expectile-assisted SIR algorithm to get the sample estimators of Σ�1{2EtGpT qu and

Σ�1{2EtF pT qu. We refer to them as the expectile-assisted SAVE estimator and the

expectile-assisted directional regression estimator, respectively.

3.5 Additional issues

3.5.1 Selecting tuning parameters

We first discuss the choice of r in (3.3.1). For the Gaussian radial basis kernel, Li,

Artemiou and Li (2011) suggested using

r � 1{γ2 with γ � 2

npn� 1q
n�1̧

i�1

ņ

j�i�1

}Xi �Xj}, (3.5.1)

where pX1, . . . ,Xnq is an i.i.d. sample. The effect of different choices of r is examined

in the Appendix, and it is shown that the proposed methods are not sensitive to the

choice of r when it varies around 1{γ2.
Now we turn our attention to selecting λ in (3.3.3). For a given λ, denote the

final estimator from the algorithm in Section 3.3 as B̂λ. Distance correlation (Székely,

Rizzo and Bakirov, 2007) is a good measure of linear as well as nonlinear dependence.

Denote ρ2pY,BJXq as the squared distance correlation between Y and BJX. It is

known that ρ2pY,BJXq � 0 if and only if Y is independent of BJX.

Given an i.i.d. sample tpXi, Yiq : i � 1, . . . , nu and B̂λ, the sample squared

distance correlation between Y and B̂J
λX is denoted as ρ̂2pY, B̂J

λXq. From a set of

candidate values for λ, we choose λ such that the sample squared distance correlation

ρ̂2pY, B̂J
λXq is maximized. The comparison between the data-driven approach and
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using a prespecified λ is provided in the Appendix, which indicates that the data-

driven approach works well in practice.

SIR, SAVE, directional regression, and their expectile-assisted counterparts all

rely on slicing the continuous response. For the number of slices H, existing sufficient

dimension reduction literature suggests that SIR is not very sensitive to H as it only

involves intraslice means (Zhu, L. X. and Ng, K. W., 1995). SAVE, on the other hand,

involves intraslice variances and is more sensitive to H than SIR (Li, Y. and Zhu,

L. X., 2007). We examine the effect of H in the Appendix. It seems that expectile-

assisted SIR and expectile-assisted directional regression are not very sensitive to the

choice of H, while expectile-assisted SAVE prefers smaller values of H.

In step 5 of the sample level algorithm in Section 3.3, we need the structural

dimension d, which has to be estimated in practice. The problem of estimating the

structural dimension is known as order determination. Sequential test is a common

method for order determination in the sufficient dimension reduction literature. For

order determination based on asymptotic sequential test, one may refer to Chapter 9

of Li (2018). Cook and Yin (2001) proposed a permutation sequential test approach

for order determination, which can be directly applied to our proposed expectile-

assisted methods. The comparison between the asymptotic sequential test and the

permutation sequential test is provided in the Section 3.7.

3.5.2 Pooled marginal estimators

In Cook and Setodji (2003), Saracco (2005), Yin and Bura (2006), Barreda, Gannoun

and Saracco (2007), Coudret, Girard and Saracco (2014), pooled marginal estimators

are proposed for sufficient dimension reduction with multiple responses. Without loss

of generality, we propose the pooled marginal expectile-assisted SIR in this section.

The extensions to SAVE and directional regression are similar and thus omitted.

Recall that for ` � 1, . . . , k, fτ`pXq denotes the τ`-th conditional expectile of
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Y given X. Let J1,`, . . . , JH,` be a partition for the support of fτ`pXq. Let ph,` �
Etfτ`pXq P Jh,`u, µh,` � EtZ|fτ`pXq P Jh,`u, and M` �

°H
h�1 ph,`µh,`µ

J
h,`. Define�M � pM1, . . . ,Mkq, and we have

Proposition 5. Under Assumption 3.2.1, span
�
Σ�1{2 �M� � SY |X .

The marginal approach essentially considers k univariate response sufficient dimension

reduction problems separately and then assemble the individual estimators for each

response to get the final estimator. At the sample level, the estimator of the central

space consists of the left singular vectors of the sample version of Σ�1{2 �M . We refer

to it as the pooled marginal expectile-assisted SIR estimator.

3.6 Simulation studies

We examine the empirical performances of our proposals through synthetic examples

in this section. The predictor X is generated from Np0, Ipq with p � 6 or p � 20.

The first six components of β1 P Rp is p1, 1, 1, 0, 0, 0q, and the first six components of

β2 P Rp is p1, 0, 0, 0, 1, 3q. The remaining components of β1 and β2 are all zero when

p � 20. The response Y is generated as follows:

I : Y � 0.4pβJ
1Xq2 � 3 sinpβJ

2X{4q � σε,

II : Y � 3 sinpβJ
1X{4q � 3 sinpβJ

2X{4q � σε,

III : Y � 0.4pβJ
1Xq2 � |βJ

2X|1{2 � σε,

IV : Y � 3 sinpβJ
2X{4q � t1 � pβJ

1Xq2uσε,

V : Y � βJ
1Xε,

where σ � 0.2, ε � Np0, 1q, and ε is independent of X. Models I through IV are

the same models used in Li and Wang (2007), and model V is similar to the toy
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Model SIR EA-SIR QUME SAVE EA-SAVE QUVE DR EA-DR

I
1.648 1.343 1.512 0.626 0.554 0.939 0.384 0.345

(0.043) (0.058) (0.047) (0.059) (0.050) (0.052) (0.041) (0.029)

II
1.521 1.567 1.518 1.565 1.543 1.737 1.492 1.497

(0.046) (0.046) (0.049) (0.047) (0.048) (0.040) (0.051) (0.050)

III
2.620 2.308 2.722 0.652 0.547 0.287 0.638 0.543

(0.063) (0.060) (0.067) (0.050) (0.046) (0.034) (0.049) (0.048)

IV
1.700 1.396 1.556 1.598 1.247 1.734 1.557 1.177

(0.034) (0.054) (0.047) (0.046) (0.056) (0.047) (0.046) (0.056)

V
1.667 1.484 1.513 0.572 0.792 0.967 0.561 0.799

(0.037) (0.052) (0.048) (0.046) (0.061) (0.059) (0.045) (0.064)

Table 3.1: Results based on pn, pq � p100, 6q. The average of ∆ and its standard error
(in parentheses) are reported based on 100 repetitions.

example in Section 3.1. Following Li and Wang (2007), two sample size settings are

considered. For n � 100, we set p � 6 and number of slices H � 5. For n � 500, we

set p � 20 and H � 10.

We compare SIR, SAVE, directional regression (DR), expectile-assisted SIR (EA-

SIR), expectile-assisted SAVE (EA-SAVE), and expectile-assisted directional regres-

sion (EA-DR). Quantile-slicing mean estimation (QUME) and quantile-slicing vari-

ance estimation (QUVE) (Kim, Wu and Shin, 2019) are also included for the com-

parison. For models I through IV, the basis for the central space is B � pβ1,β2q, and

the central space basis for model V is B � β1. For estimator B̂, we measure its per-

formance by ∆ � }PB � PB̂}F . Here PB � BpBJBq�1BJ, PB̂ � B̂pB̂JB̂q�1B̂J,

and } � }F denotes the matrix Frobenius norm. Smaller values of ∆ mean better

performances. We fix the number of projections as N � 1000 and the number of

expectile levels as k � 9 for all three expectile-assisted methods. Furthermore, r for

the Gaussian radial basis kernel is set as in (3.5.1), λ for the regularization term in

(3.3.3) is chosen in a data-driven manner as described in Section 5.1. More simulation

studies are provided in the Appendix for different choices of H, N , k, r and λ.

For the pn, pq � p100, 6q setting, we summarize the simulation results based on

100 repetitions in Table 3.1. First we compare SIR with EA-SIR and QUME, which

all belong to first-order inverse regression estimators. We see that while QUME

42



improves over SIR with the exception of model III, EA-SIR has the best overall

performance among these three methods. Next we compare SAVE with EA-SAVE

and QUVE, which are all second-order inverse regression methods. EA-SAVE again

has the best overall performance in this group. It is interesting to see that QUVE

is worse than both SAVE and EA-SAVE for all models other than model III, where

the link functions are symmetric. When we compare SIR-based methods with SAVE-

based methods, we see that SIR-based methods do not work as well for models I,

III, IV, and V. This is due to the fact that at least one link function in the mean

component is symmetric for models I, III and IV, and SIR is known to be ineffective in

the presence of symmetric link functions. EA-SIR and QUME inherit this limitation.

Although the error term in model V involves an asymmetric linear function of X,

we have seen in panel (a) of Figure 3.1 that there is still symmetry about the y-axis

in this type of heteroscedastic model. We note that EA-SIR improves over SIR in

both model IV and V with heteroscedastic error. DR is very competitive across all

five models as it is not sensitive to the shape of the link functions. EA-DR further

improves over DR in three out of five models and enjoys the best overall performance.

The simulation results for the pn, pq � p500, 20q setting are summarized in Table

3.2. We observe similar results as in Table 3.1: the overall performance of EA-SIR

is better than SIR and QUME; the overall performance of EA-SAVE is better than

SAVE and QUVE; DR and EA-DR enjoy the best overall performances. Furthermore,

SAVE-based methods are significantly worse than their SIR-based counterparts for

model II, where both link functions are monotone. It is known in the sufficient

dimension reduction literature that SAVE may not be very efficient with monotone

link functions (Li and Wang, 2007). EA-SAVE and QUVE also have this limitation.

Next we compare our proposed expectile-assisted methods based on random pro-

jections with the pooled marginal estimators described in Section 5.2. We denote

the pooled marginal expectile-assisted SIR as mEA-SIR. Similarly, mEA-SAVE and
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Model SIR EA-SIR QUME SAVE EA-SAVE QUVE DR EA-DR

I
1.845 1.707 1.724 1.114 0.454 0.846 0.245 0.265

(0.026) (0.037) (0.035) (0.061) (0.017) (0.040) (0.007) (0.009)

II
1.564 1.685 1.871 1.796 1.845 2.017 1.710 1.735

(0.036) (0.033) (0.016) (0.023) (0.019) (0.011) (0.029) (0.032)

III
3.594 3.447 3.534 0.451 0.364 0.710 0.443 0.355

(0.028) (0.036) (0.031) (0.016) (0.012) (0.050) (0.015) (0.013)

IV
1.908 1.832 1.904 1.747 1.524 2.053 1.584 1.473

(0.016) (0.027) (0.015) (0.040) (0.042) (0.013) (0.041) (0.045)

V
1.915 1.850 1.842 0.283 0.388 0.313 0.280 0.373

(0.011) (0.019) (0.018) (0.011) (0.044) (0.022) (0.011) (0.043)

Table 3.2: Results based on pn, pq � p500, 20q. The average of ∆ and its standard
error (in parentheses) are reported based on 100 repetitions.

Model n EA-SIR mEA-SIR EA-SAVE mEA-SAVE EA-DR mEA-DR

I

50
1.531 1.481 1.772 2.050 0.893 0.934

(0.057) (0.059) (0.072) (0.065) (0.057) (0.059)

100
1.343 1.302 0.554 0.678 0.345 0.368

(0.058) (0.059) (0.050) (0.061) (0.029) (0.032)

150
1.274 1.160 0.270 0.270 0.174 0.190

(0.062) (0.057) (0.033) (0.033) (0.012) (0.015)

II

50
1.540 1.558 1.698 2.144 1.574 1.571

(0.050) (0.046) (0.048) (0.071) (0.045) (0.044)

100
1.567 1.564 1.543 1.612 1.497 1.521

(0.046) (0.043) (0.048) (0.043) (0.050) (0.049)

150
1.406 1.473 1.426 1.474 1.425 1.460

(0.055) (0.052) (0.048) (0.050) (0.052) (0.051)

Table 3.3: Results based on p � 6. The average of ∆ and its standard error (in
parentheses) are reported based on 100 repetitions.

mEA-DR denote the corresponding pooled marginal estimators for SAVE and DR.

For this comparison, we fix p � 6, H � 5, and consider n � 50, 100 and 150. The

results based on 100 repetitions are summarized in Table 3.3. The pooled marginal

estimators have decent performances, which confirms the result of Proposition 5. As

sample size increases, the performances of all projective resampling methods as well

as the pooled marginal methods improve. The pooled marginal estimators are out-

performed by the corresponding projective resampling estimators in 5 out of 9 cases

for model I, and in 7 out of 9 cases for model II. This confirms the finding in Li, Wen

and Zhu (2008) that projective resampling is more efficient than the pooled marginal

estimators.
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We present additional simulation results to inspect the effects of H, N , k, r and

λ for expectile-assisted estimators. From Table 3.4, we see that EA-SIR and EA-DR

are not very sensitive to the choice of number of slices in both model I and model II.

EA-SAVE has stable performance in model II, but becomes worse in model I when

H increases from 4 to 10.

Model Method H � 4 H � 5 H � 10

I

EA-SIR 1.364 (0.060) 1.343 (0.058) 1.217 (0.060)

EA-SAVE 0.489 (0.044) 0.554 (0.050) 1.228 (0.062)

EA-DR 0.365 (0.036) 0.345 (0.029) 0.380 (0.035)

II

EA-SIR 1.525 (0.046) 1.567 (0.046) 1.497 (0.047)

EA-SAVE 1.515 (0.051) 1.543 (0.048) 1.616 (0.041)

EA-DR 1.496 (0.049) 1.497 (0.050) 1.517 (0.049)

Table 3.4: Effect of H (number of slices). The average of ∆ and its standard error (in
parentheses) are reported based on 100 repetitions for pn, pq � p100, 6q.

Model Method N � 100 N � 200 N � 500 N � 1000

I

EA-SIR 1.464 (0.052) 1.444 (0.052) 1.431 (0.052) 1.343 (0.058)

EA-SAVE 0.584 (0.054) 0.546 (0.052) 0.558 (0.053) 0.554 (0.050)

EA-DR 0.359 (0.033) 0.359 (0.033) 0.356 (0.033) 0.345 (0.029)

II

EA-SIR 1.494 (0.047) 1.519 (0.047) 1.505 (0.048) 1.567 (0.046)

EA-SAVE 1.514 (0.049) 1.495 (0.048) 1.502 (0.047) 1.543 (0.048)

EA-DR 1.497 (0.051) 1.472 (0.052) 1.461 (0.053) 1.497 (0.050)

Table 3.5: Effect of N (number of projections). The average of ∆ and its standard error
(in parentheses) are reported based on 100 repetitions for pn, pq � p100, 6q.

From Table 3.5, we see that all three expectile-assisted methods are not overly sensi-

tive to N , which denotes the number of projections. Table 3.6 summarizes the results

for different k. For k � 4, we set the expectile levels to be 0.2, 0.4, 0.6 and 0.8; for

k � 9, we set the expectile levels to be 0.1, 0.2, . . . , 0.9; for k � 19, the expectile
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Model Method k � 4 k � 9 k � 19

I
EA-SIR 1.455 (0.052) 1.343 (0.058) 1.429 (0.054)

EA-SAVE 0.567 (0.052) 0.554 (0.050) 0.549 (0.051)
EA-DR 0.358 (0.034) 0.345 (0.029) 0.368 (0.035)

II
EA-SIR 1.504 (0.049) 1.567 (0.046) 1.512 (0.047)

EA-SAVE 1.489 (0.050) 1.543 (0.048) 1.487 (0.049)
EA-DR 1.472 (0.053) 1.497 (0.050) 1.452 (0.053)

Table 3.6: Effect of k (number of expectile levels). The average of ∆ and its standard
error (in parentheses) are reported based on 100 repetitions for pn, pq � p100, 6q.

Model Method
λ

DD
0.001 0.01 0.1 1 10

I

EA-SIR
1.675 1.67 1.634 1.524 1.339 1.343

(0.042) (0.044) (0.043) (0.050) (0.062) (0.058)

EA-SAVE
0.643 0.619 0.576 0.927 1.261 0.554

(0.056) (0.054) (0.047) (0.058) (0.058) (0.050)

EA-DR
0.357 0.376 0.486 0.904 1.114 0.345
(0.033) (0.034) (0.041) (0.053) (0.06) (0.029)

II

EA-SIR
1.521 1.589 1.608 1.576 1.662 1.567
(0.047) (0.041) (0.040) (0.044) (0.044) (0.046)

EA-SAVE
1.573 1.558 1.574 1.600 1.599 1.543

(0.046) (0.047) (0.047) (0.045) (0.047) (0.048)

EA-DR
1.492 1.517 1.574 1.645 1.647 1.497
(0.050) (0.047) (0.045) (0.041) (0.042) (0.050)

Table 3.7: Fixed λ in (3.3.3) versus data-driven λ (DD). The average of ∆ and its standard
error (in parentheses) are reported based on 100 repetitions for pn, pq � p100, 6q.

levels are 0.05, 0.1, 0.15, . . . , 0.95. We see from Table 3.6 that the expectile-assisted

methods are not very sensitive to the choice of different expectile levels.

Table 3.8 summarizes the results for different r in the Gaussian radial basis kernel

(3.3.1). We see that the results are stable when r varies around 1{γ2, which is the

suggested value in (3.5.1). We compare the choice of fixed λ versus the data-driven

λ in Table 3.7. Please refer to Section 5.1 for the details of the data-driven approach

to choose λ, which is in the last column of Table 3.7. The best λ that corresponds to

the optimal result (boldfaced for easy reference) changes across different models and

different methods, and the data-driven λ always achieves a decent result that is very

close to the optimal result.
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Model Method
r

1{p4γ2q 1{p2γ2q 1{γ2 2{γ2 4{γ2

I

EA-SIR
1.294 1.308 1.343 1.344 1.431

(0.058) (0.058) (0.058) (0.056) (0.053)

EA-SAVE
0.571 0.544 0.554 0.576 0.541

(0.045) (0.047) (0.050) (0.051) (0.051)

EA-DR
0.463 0.412 0.345 0.368 0.364

(0.035) (0.037) (0.029) (0.033) (0.034)

II

EA-SIR
1.601 1.567 1.567 1.507 1.508

(0.042) (0.042) (0.046) (0.047) (0.047)

EA-SAVE
1.562 1.535 1.543 1.556 1.494

(0.048) (0.051) (0.048) (0.047) (0.046)

EA-DR
1.602 1.577 1.497 1.504 1.476

(0.044) (0.046) (0.050) (0.049) (0.050)

Table 3.8: Effect of r in (3.3.1). The average of ∆ and its standard error (in parentheses)
are reported based on 100 repetitions for pn, pq � p100, 6q.

3.7 Order Determination

We take a sequential test approach for order determination. Consider

H
pmq
0 : d � m v.s. Hpmq

a : d ¡ m, for m � 0, 1, . . . , p� 1. (3.7.1)

Then we estimate the structural dimension d by the smallest m at which H
pmq
0 in

(3.7.1) is accepted. The asymptotic sequential tests for SIR, SAVE and directional

regression are well-known in the literature. See, for example, Chapter 9 of Li (2018).

Next, we describe a permutation test approach for order determination based on

EA-SIR. Given an i.i.d. sample tpXi, Yiq : i � 1, . . . , nu, let M̂pT q denote the sample
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estimator of EtMpT qu. Suppose η̂1 ¥ η̂2 ¥ . . . ¥ η̂p are the eigenvalues of M̂pT q,
and the corresponding eigenvectors are v̂1, .., v̂p . Consider test statistic

Λm � n
p̧

j�m�1

η̂j. (3.7.2)

Following Section 3.3 of Cook and Yin (2001), we have the following algorithm

1. Calculate standardized predictors Ẑi � Σ̂�1{2pXi � µ̂q for i � 1, . . . , n, where

µ̂ � n�1
°n
i�1Xi and Σ̂ � n�1

°n
i�1pXi � µ̂qpXi � µ̂qJ.

2. Denote Û1 � pv̂1, .., v̂mq and Û2 � pv̂m�1, .., v̂pq. Construct sample principal

predictors Ŵ1i � ÛJ
1 Ẑi and Ŵ2i � ÛJ

2 Ẑi, i � 1, . . . , n.

3. For b � 1, . . . , B, randomly permute the indices i of Ŵ2i to obtain the permuted

set Ŵ
rbs
2i . Construct the test statistic Λ

rbs
m in (3.7.2) based on tpŴ1i, Ŵ

rbs
2i , Yiq :

i � 1, . . . , nu.

4. Calculate the p-value as ppmq � B�1
°B
b�1 IpΛrbs

m ¡ Λmq. For a prespecified

significance level α, reject H
pmq
0 in (3.7.1) if ppmq   α.

A similar permutation test approach can be implemented for EA-SAVE, EA-DR, and

their corresponding marginal expectile-assisted methods. When we combine the pro-

jection step in the algorithm from Section 3.3 with the permutation step 3 above, the

computation becomes very time-consuming. The marginal expectile-assisted methods

in Section 5.2 are computationally more efficient as no projection is needed.

Denote d̂ as the estimated structural dimension. We report the frequency of

d̂ in Table 3.9 based on 100 repetitions. We fix p � 6 and set n � 100 or 300.

Directional regression is used for the asymptotic test, and marginal EA-DR with

B � 200 permutations is used for the permutation test. The significance level is

set as α � 0.1. The true structural dimension is d � 2 for model I and d � 1 for

model V. As n increases, both the asymptotic test and the permutation test lead to
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Model n
Asymptotic Permutation

d̂ � 0 d̂ � 1 d̂ � 2 d̂ ¡ 2 d̂ � 0 d̂ � 1 d̂ � 2 d̂ ¡ 2

I
100 0 28 59 13 0 17 71 12
300 0 0 96 4 0 0 89 11

V
100 8 82 9 1 55 38 6 1
300 0 89 10 1 49 43 5 3

Table 3.9: Sequential test for order determination with α � 0.1. The frequency of d̂ is
reported based on 100 repetitions for p � 6.

higher frequency of correct estimation. While both tests work well for model I, the

asymptotic test is better than the permutation test for model V.

3.8 Analysis of the Big Mac data

The Big Mac data contains 10 economic variables from 45 cities around the world in

1991. The data can be downloaded at http://www.stat.umn.edu/RegGraph/data/

Big-Mac.lsp. The response Y is the minutes of labor needed to buy a Big Mac. The

detailed description of the predictors can be found at the above website. Following the

discussions in Li (2008) (page 92), we apply the optimal Box-Cox transformation (Box

and Cox, 1964) before we compare different dimension reduction methods. Denote

the predictors after the Box-Cox transformation as X � pX1, . . . , X9qJ. As suggested

in Li (2018) (page 139, Table 9.1), we use structural dimension d � 1 for this data.

First, we use leave-one-out cross validation to compare the performances of six

methods: SIR, DR, EA-SIR, EA-DR, QUME and QUVE. Consider the training set

to be the 44 observations after removing one observation from the entire data. For a

given dimension reduction method, denote β̂p�iq P R9 as the central space estimator

based on the i-th training set, where the i-th observation pXi, Yiq is removed, i �
1, . . . , 45. For a fixed expectile level τ, we fit the kernel expectile regression between

Y and XJβ̂p�iq for the i-th training set, and denote the estimated τ-th conditional

expectile function as f̂
p�iq
τ . Then we evaluate f̂

p�iq
τ at XJ

i β̂
p�iq and compare it to Yi
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τ
SIR EA-SIR DR EA-DR

QUME QUVE
H � 2 H � 4 H � 2 H � 4 H � 2 H � 4 H � 2 H � 4

0.2 1165 831 615 711 1294 1330 1028 951 2009 1332
0.5 858 697 492 592 1073 1122 850 780 1776 1035
0.8 1175 994 699 864 1523 1591 1165 1073 2529 1444

Table 3.10: Big Mac data. Average asymmetric least squares loss δτ with leave-one-
out cross validation is reported.

through the asymmetric least squares loss function φτtYi� f̂ p�iqτ pXJ
i β̂

p�iqqu, where φτ

is defined in (3.2.2). Repeat this process for all i, and the average asymmetric least

squares loss is defined as

δτ �
1

45

45̧

i�1

φτtYi � f̂ p�iqτ pXJ
i β̂

p�iqqu.

For SIR, DR, EA-SIR and EA-DR, we use H � 2 or H � 4 to estimate β̂p�iq. Fix τ

to be 0.2, 0.5 and 0.8, and the δτ values are summarized in Table 3.10. We see that

the expectile-assisted methods improve over their classical counterparts. For each

fixed τ , quantile-based methods have the largest δτ values, and EA-SIR with 2 slices

consistently has the smallest δτ.

Next, we use EA-SIR with 2 slices to perform dimension reduction based on the

full data set. Denote the resulting central space estimator as β̂. For a fixed expectile

level τ, we fit the kernel expectile regression between Y and β̂JX based on the entire

data, and denote the estimated τ-th conditional expectile function as f̂τ. For τ � 0.2,

0.5 and 0.8, we plot f̂τ versus β̂JX in Figure 3.2. We see a monotone trend between

Y and β̂JX, which explains the superior performance of EA-SIR over EA-DR in

Table 3.10. As we have seen in models IV and V of the simulation studies, EA-SIR

can improve over SIR in the presence of heteroscedasticity, which can be clearly seen

from the estimated conditional expectile functions.
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Figure 3.2: Scatter plot of the response Y and the first sufficient direction β̂JX with
fitted f̂τ for τ � 0.2, 0.5 and 0.8 respectively.

3.9 Proofs

Proof of Proposition 1. Let B be a basis of SY |X . Then we have

E
 
φτpY � aq|X � x( � E

 
φτpY � aq|BJX � BJx

(
because Y KKX|BJX. By the definition in (3.2.1), fτpXq evaluated at x becomes

fτpxq � arg min
a

E
 
φτpY � aq|BJX � BJx

(
.

This implies that fτpXq is a function of BJX and fτpXq KK X|BJX for any fixed

τ. It follows that ξX KK X|BJX. By the definition of the central space, we have

SξX |X � spanpBq � SY |X . l

Let t P Rk be a realization of T . Denote µhptq � EtZ|ξJXt P Jhptqu. The

following Lemma is needed before we prove Proposition 2.

Lemma 2. Under Assumption 3.2.1, we have Σ�1{2µhptq P SY |X .
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Proof of Lemma 2. Without loss of generality, assume EpXq � 0. Let B be a

basis of SY |X . The LCM assumption implies that

EpX|BJXq � PΣpBqX, (3.9.1)

where PΣpBq � ΣBpBJΣBq�1BJ. From the proof of Proposition 1, we have ξX K
KX|BJX, which implies that

ξJXt KKX|BJX. (3.9.2)

Hence we have

EpX|ξJXtq � EtEpX|ξJXt,BJXq|ξJXtu � EtEpX|BJXq|ξJXtu, (3.9.3)

where the first equality is due to the law of iterative expectations, and the second

equality is guaranteed by (3.9.2). Plug (3.9.1) into (3.9.3) and we get

EpX|ξJXtq � PΣpBqEpX|ξJXtq.

It follows that

Σ�1EpX|ξJXtq � BpBJΣBq�1BJEpX|ξJXtq � spanpBq � SY |X .

Together with the fact that Z � Σ�1{2X and the definition of µhptq, we have

Σ�1{2µhptq P SY |X . l

Proof of Proposition 2. Let t P Rk be a realization of T . Plug T � t into

(3.2.3) and we get M ptq � °H
h�1 phptqµhptqµJ

h ptq. We know from Lemma 2 that

spantΣ�1{2Mptqu � SY |X .

Let ω P Rp belong to the orthogonal space of SY |X . Then it must also belong to
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the orthogonal space of spantΣ�1{2Mptqu. Thus we have ωJΣ�1{2Mptq � 0 for all

t. It follows that

ωJΣ�1{2EtMpT qu � EtωJΣ�1{2MpT qu � 0. (3.9.4)

Note that (3.9.4) holds for any ω orthogonal to SY |X . We have shown that

SK
Y |X �  

span
�
Σ�1{2EtMpT qu�(K , (3.9.5)

where K denotes the orthogonal space. The conclusion follows from (3.9.5). l

Denote Vhptq � EtZZJ � Ip|ξJXt P Jhptqu, where t P Rk be a realization of T .

The following Lemma is needed before we prove Proposition 3 and Proposition 4.

Lemma 3. Under Assumptions 3.2.1 and 3.4.1, we have spantΣ�1{2Vhptqu P SY |X .

Proof of Lemma 3. Without loss of generality, assume EpXq � 0. Let B be a

basis of SY |X . The CCV assumption and the EV-VE formula lead to

VarpX|BJXq � EtVarpX|BJXqu � Σ� VartEpX|BJXqu. (3.9.6)

Recall from (3.9.1) that EpX|BJXq � PΣpBqX under the LCM assumption. To-

gether with (3.9.6), we have

EpXXJ|BJXq � PΣpBqXXJP J
Σ pBq � Σ� PΣpBqΣP J

Σ pBq. (3.9.7)

After rearranging the terms of (3.9.7), we have

EtpXXJ �Σq|BJXu � PΣpBqpXXJ �ΣqP J
Σ pBq. (3.9.8)
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Note that

EtpXXJ �Σq|ξJXtu � ErEtpXXJ �Σq|ξJXt,BJXu|ξJXts

� ErEtpXXJ �Σq|BJXu|ξJXts,
(3.9.9)

where the first equality is due to the law of iterative expectations, and the second

equality is guaranteed by (3.9.2). Plug (3.9.8) into (3.9.9) and we get

EtpXXJ �Σq|ξJXtu � PΣpBqEtpXXJ �Σq|ξJXtuP J
Σ pBq. (3.9.10)

Recall that Z � Σ�1{2X and PΣpBq � ΣBpBJΣBq�1BJ. It follows from (3.9.10)

that

Σ�1{2EtpZZJ � Ipq|ξJXtuΣ�1{2 � Σ�1EtpXXJ �Σq|ξJXtuΣ�1

� BpBJΣBq�1BJEtpXXJ �Σq|ξJXtuBpBJΣBq�1BJ

� spanpBq � SY |X .

Together with the definition of Vhptq, we have shown spantΣ�1{2Vhptqu P SY |X . l

Proof of Proposition 3. Let Gptq be a realization of GpT q. From Lemma 2,

Lemma 3 and the definition of GpT q, we have spantΣ�1{2Gptqu � SY |X . The rest of

the proof is exactly parallel to the proof of Proposition 2, and is thus omitted. l

Proof of Proposition 4. Let F ptq be a realization of F pT q. From Lemma 2,

Lemma 3 and the definition of F pT q, we have spantΣ�1{2F ptqu � SY |X . The rest of

the proof is exactly parallel to the proof of Proposition 2, and is thus omitted. l

Proof of Proposition 5. Let B be a basis of SY |X . From the proof of Proposition

1, we have fτ`pXq KKX|BJX. Similar to the proof of Lemma 2, we can show that

EtX|fτ`pXqu � ΣBpBJΣBq�1BJEtX|fτ`pXqu.
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Thus we have Σ�1EtX|fτ`pXqu P spanpBq � SY |X . From the definition of M`, it

follows that spanpΣ�1{2M`q � SY |X for ` � 1, . . . , k. Hence we have spanpΣ�1{2 �Mq �
spanpΣ�1{2M1, . . . ,Σ

�1{2Mkq � SY |X . l
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CHAPTER 4

CONCLUSION

In Chapter 2, we propose principal asymmetric least squares (PALS) as a new suffi-

cient dimension reduction method. PALS utilizes information across different quan-

tiles levels, which makes it very useful in the presence of heteroscedastic error. Like

other linear SDR methods such as slice inverse regression, linear PALS requires the

linear conditional mean (LCM) assumption. In a situation where this condition can-

not be satisfied, we propose the nonlinear PALS which uses the kernel trick to bypass

the linearity requirement. Both the linear and nonlinear PALS show superior per-

formance in terms of estimation accuracy and computation time when compared to

existing SDR methods in the analysis of synthetic data and Boston Housing data.

A handicap of PALS is that it is not designed to handle a symmetric link func-

tion between the response and the predictors. This motivated the development of

the expectile-assisted inverse regression estimation (EA-IRE) in Chapter 3. EA-IRE

provides a unified framework for moment-based inverse regression such as sliced in-

verse regression, which may not work well in the presence of heteroscedasticity. We

propose to first estimate the expectiles through a kernel expectile regression, and

then carry out dimension reduction based on random projections of the regression

expectiles. Several popular inverse regression methods in the literature are extended
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under this general framework. The proposed expectile-assisted methods outperform

existing moment-based dimension reduction methods in both numerical studies and

an analysis of the Big Mac data.

Lastly, a common limitation of both principal asymmetric least squares and the

expectile-assisted extensions is that the response and the predictors be continuous.

The restriction on the predictors is due to the fact that both the linear PALS and

the expectile-assisted methods require the linearity assumption. This assumption is

shown to be satisfied when the distribution of the predictors follows an elliptically

contoured distribution, which puts an additional constraint on the predictors. This

handicap is well-known in the sufficient dimension reduction literature and not unique

to our method.
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