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ABSTRACT

Asynchronous Optimized Schwarz Methods for
Partial Differential Equations in Rectangular Domains

by

José C. Garay

DOCTOR OF PHILOSOPHY

Temple University, 2018

Professor Daniel B. Szyld, Chair

Asynchronous iterative algorithms are parallel iterative algorithms in which commu-

nications and iterations are not synchronized among processors. Thus, as soon as a

processing unit finishes its own calculations, it starts the next cycle with the latest

data received during a previous cycle, without waiting for any other processing unit

to complete its own calculation. These algorithms increase the number of updates in

some processors (as compared to the synchronous case) but suppress most idle times.

This usually results in a reduction of the (execution) time to achieve convergence.

Optimized Schwarz methods (OSM) are domain decomposition methods in which

the transmission conditions between subdomains contain operators of the form

∂/∂ν + Λ, where ∂/∂ν is the outward normal derivative and Λ is an optimized lo-

cal approximation of the global Steklov-Poincaré operator. There is more than one

family of transmission conditions that can be used for a given partial differential equa-

tion (e.g., the OO0 and OO2 families), each of these families containing a particular

approximation of the Steklov-Poincaré operator. These transmission conditions have

some parameters that are tuned to obtain a fast convergence rate. Optimized Schwarz

methods are fast in terms of iteration count and can be implemented asynchronously.

In this thesis we analyze the convergence behavior of the synchronous and asyn-

chronous implementation of OSM applied to solve partial differential equations with
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a shifted Laplacian operator in bounded rectangular domains. We analyze two cases.

In the first case we have a shift that can be either positive, negative or zero, a one-way

domain decomposition and transmission conditions of the OO2 family. In the sec-

ond case we have Poisson’s equation, a domain decomposition with cross-points and

OO0 transmission conditions. In both cases we reformulate the equations defining

the problem into a fixed point iteration that is suitable for our analysis, then derive

convergence proofs and analyze how the convergence rate varies with the number of

subdomains, the amount of overlap, and the values of the parameters introduced in

the transmission conditions. Additionally, we find the optimal values of the param-

eters and present some numerical experiments for the second case illustrating our

theoretical results. To our knowledge this is the first time that a convergence analysis

of optimized Schwarz is presented for bounded subdomains with multiple subdomains

and arbitrary overlap. The analysis presented in this thesis also applies to problems

with more general domains which can be decomposed as a union of rectangles.

iii



ACKNOWLEDGEMENTS

I would like to express my deep gratitude to Professor Daniel Szyld, for his guid-

ance and patience, and for challenging me to become better. His example of work

ethics, honesty, efficiency and diligence really had a deep impact in many aspects of

my life. Thank you for being a great advisor.

I would also like to thank Professor Frédéric Magoulès for hosting me in his lab

during my visit in France, for always being willing to help, for all the fruitful conver-

sations, and for agreeing to be my co-advisor.

Additionally, I would like to thank the following people.

Professor Edmond Chow. For all the enriching conversations and for letting me

use his code to perform some numerical experiments for this thesis.

Professor Benjamin Seibold. For asking interesting and insightful questions that

helped me to learn more and understand things better.

Professor Gillian Queisser. For all the good advise, the encouraging words and

the great conversations from which I always learned something interesting.

Professors Gerardo Mendoza and Yury Grabovsky. For being open to help me

when I had questions, and for the very useful conversations.

Professor Christian Schaerer. For being my first research mentor, for suggesting

to me the idea of going to graduate school and giving me the possibility to do so.

My graduate school professors. For helping me to mature as a mathematician.

My math friends Giordano, Mireille, Shelby, Xingting and Dong. Thank you for

all the good times filled with interesting conversations, laughs and good advise.

My beloved parents. For always being supportive and selfless. Thank you for

helping me to see that studying mathematics can be fun. For all the good advise and

for teaching me values by example. For always being available when I needed to talk

iv



to somebody. For raising me in the catholic faith, which is the greatest gift I could

ever receive and that helped me throughout the graduate school years.

My siblings. For their support, for being good friends and making life more fun.

v



To my parents.

vi



TABLE OF CONTENTS

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . iv

DEDICATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii

CHAPTER

1. INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.4 Contribution of this thesis . . . . . . . . . . . . . . . . . . . . . . 6

2. SHIFTED LAPLACIAN: ONE WAY DECOMPOSITION OF 2D
DOMAIN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 Formulation of the Problem . . . . . . . . . . . . . . . . . . . . . 8
2.3 A fixed point iteration . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3.1 Coefficients formulas . . . . . . . . . . . . . . . . . . . . 14
2.3.2 Iteration operator . . . . . . . . . . . . . . . . . . . . . . 23

2.4 Bounds on the coefficients . . . . . . . . . . . . . . . . . . . . . . 26
2.4.1 Bound based on the max norm . . . . . . . . . . . . . . 26
2.4.2 Another bound . . . . . . . . . . . . . . . . . . . . . . . 27

2.5 Asynchronous Optimized Schwarz methods . . . . . . . . . . . . . 28
2.5.1 Mathematical Model of asynchronous iterations . . . . . 28
2.5.2 Asynchronous Optimized Schwarz iterations . . . . . . . 30

2.6 Convergence Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.7 Optimal parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.7.1 Optimal parameters for the ω ≤ 0 case . . . . . . . . . . 39
2.7.2 Optimal parameters for the ω > 0 case . . . . . . . . . . 49

2.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

vii



3. POISSON’S EQUATION: DECOMPOSITION WITH CROSS-POINTS
OF 2D DOMAIN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.2 Formulation of the Problem . . . . . . . . . . . . . . . . . . . . . 58
3.3 Recasting equations as a fixed point iteration . . . . . . . . . . . 61
3.4 Convergence of Synchronous Optimized Schwarz . . . . . . . . . . 67
3.5 Asynchronous Optimized Schwarz methods . . . . . . . . . . . . . 69
3.6 Convergence proof of Asynchronous OS . . . . . . . . . . . . . . . 71
3.7 Spectral Radius of T̂kmax and |T̂kmax | . . . . . . . . . . . . . . . . 77

3.7.1 Optimal α . . . . . . . . . . . . . . . . . . . . . . . . . . 80
3.8 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . 83
3.9 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4. CONCLUSIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

APPENDICES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

A.Series expansion of solutions of the homogeneous Shifted-Laplacian 90

A.1 Expressions for ψm and φm when a = c = 0 and b = d = 1 . . . . 100
A.2 Expressions for ψm and φm when c = −a = 1 and b = d = α . . . 101

B.Additional proofs for the case with a one-way decomposition . . 102

B.1 Decay of the coefficients of the series . . . . . . . . . . . . . . . . 102
B.2 Justification of order interchange between derivatives, integral and

infinite summation for the one-way decompostion case . . . . . . . 104
B.3 Coefficient identities for the one-way decomposition case . . . . . 113

C.Proofs for the case with a decomposition with cross-points . . . . 124

C.1 Proof of convergence of series . . . . . . . . . . . . . . . . . . . . 124
C.2 Decay of the coefficients of the series . . . . . . . . . . . . . . . . 124
C.3 Justification of order interchange between derivatives, integral and

infinite summation . . . . . . . . . . . . . . . . . . . . . . . . . . 128
C.4 Identities of the coefficients for the case of decomposition with

cross-points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
C.5 Bound on the growth of the coefficients . . . . . . . . . . . . . . . 142

viii



LIST OF FIGURES

Figure

2.1 One-way decomposition of the domain . . . . . . . . . . . . . . . . 10
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2.13 Optimal ᾱ vs. L̄ for γ̄ = 0.01L̄, p = 10 and ω̄ = 0 . . . . . . . . . . 46

2.14 Optimal convergence factor vs. ω̄ for p = 10, γ̄ = 0.01 and L̄ = 1 . 47
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Since approximately 2005, the clock speed of processors has stagnated [5]. Con-

sequently, the time it takes to perform a floating point operation has stagnated as

well. Since then, the computational power of the computers has been improved by

packing more cores into a single processor, and with this increase in the number of

floating point operations (flops) per second that a computer can do. This implies that

to take advantage of the computational power of current computers, parallelization

of the problems to solve is important. A problem is fully parallelizable if it can be

divided into independent parts, i.e., parts that do not need to communicate informa-

tion among themselves. In many situations, however, we run into problems that are

not fully parallelizable, i.e., the tasks performed by different processing units need

some information from the tasks performed at other processors. Therefore, in these

cases communication of information between different processing units in necessary.

Unfortunately, there has not been a substantial improvement in the speed of commu-

nication of data among processors and between processors and memory devices [4].

Thus, although computers are able to perform a large number of flops per second, in

practice the number of flops performed per second is less than the maximum possible

given that some (or all) processing units are idle, waiting to receive the information

needed to start performing their next assigned task. Given the gap between the

number of flops that a computer can be done per second and the time required to

communicate data among processors and memory, the communication part is creating
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a bottleneck in current computations, and thus producing a performance inefficiency.

Therefore, it is desirable to formulate the problem in a way that solving it requires

the less communication as possible.

In the context of simulations requiring extreme scale computing, parallel compu-

tations are necessary, and they are usually performed through parallel iterative algo-

rithms that require the communication of information among processors and among

processors and memory.

Synchronous iterative algorithms are parallel iterative algorithms in which itera-

tions and communications are synchronized among processors. In this synchronous

paradigm, in addition to the waiting time due to communication speed, any load

imbalance or non-uniformity in hardware performance also causes processing units

to idle at the synchronization point, waiting for the slowest unit, and deteriorates

performance even more.

Given the heterogeneous and distributed architecture of the anticipated exascale

computers [15], idle times in processing units will be an issue in terms of efficiency,

and this problem will be in particular exacerbated due to the synchronization. There-

fore, it is desirable to minimize the amount of communication and/or the time that

processors remain idle.

Asynchronous iterative algorithms are parallel iterative algorithms in which com-

munications and iterations are not synchronized among processors [8]. Thus, as soon

as a processing unit finishes its own calculations, it starts the next cycle with the

latest data received during a previous cycle, without waiting for any other process-

ing unit. These algorithms increase the number of updates in some processors (with

respect to the synchronous case) but suppress most idle times. This usually results

in a reduction of the (execution) time to achieve convergence. In other words, in

certain cases we might be able to reach the finish line faster by walking a longer

path but without stopping after each step, than a shorter path with a certain waiting
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time between steps. Thus, in certain situations, asynchronous iterative algorithms

can reduce the bottleneck problem due to communications and therefore reduce the

execution time of a solver.

1.2 Background

Domain Decomposition (DD) methods are iterative in which the original problem

is divided into coupled smaller subproblems that are solved to produce local approx-

imations of the global true solution until the approximations are close enough to the

true global solution [17]. In the context of the solution of partial differential equa-

tions, the original domain is divided into smaller subdomains, possibly with overlap.

Some of the boundaries of these subdomains are artificial, i.e., they were created ar-

tificially after the decomposition of the original domain, and some other are physical

boundaries, i.e, those who coincide with the boundaries of the original domain. Then,

subproblems (local problems) are defined in each subdomain. Each of these subprob-

lems consists of the partial differential equation (PDE) that we want to solve in the

original domain but restricted to the subdomain, and the corresponding boundary

conditions. There are two possible types of boundary conditions, namely, artificial

boundary conditions, also known as transmission conditions, which are defined on

the artificial boundaries, and the physical boundary conditions related to the physi-

cal boundaries. Once the subproblems are defined, each subproblem is solved using

boundary data coming from other subdomains. This process is repeated until each

local approximation is close enough to the true global solution, i.e., the true solution

of the original problem.

Domain decomposition methods are naturally parallel in the sense that the only

information needed to produce a new approximation in each local problem is the

boundary data at the beginning of the computation of this new approximation. Be-

sides this, each local process is completely independent from the others. Two major

3



DD categories are the non-overlapping methods, also known as iterative substructur-

ing methods, and the overlapping methods known as Schwarz methods. In this thesis

we focus on Schwarz methods.

There are different types of Schwarz domain decomposition methods, each of them

defined by a particular choice of artificial boundary condition. Classical Schwarz

methods are those in which the artificial boundary conditions are Dirichlet condi-

tions. Optimized Schwarz methods are those in which the artificial boundary condi-

tions contain an operator of the form ∂
∂ν

+Λ where ν is the normal derivative pointing

outwards and Λ is an approximation of the Steklov-Poincaré operator by using local

differential operators. There is more than one family of transmission conditions that

can be used for a given PDE , each of these families consisting of a particular approx-

imation of the optimal transmission conditions [9]. For example, we have the OO0

and OO2 families. In the OO0 family Λ is the zero−th order approximation of the

Steklov-Poincaré operator, i.e., Λ = α, where α is a constant. As for the OO2 family,

we take Λ = α+β∆, where α and β are constants and ∆ is the Laplace-Beltrami op-

erator. The convergence factor (usually the spectral radius of the iteration operator)

of the method depends on the value of the boundary conditions parameters (i.e., α

and β). Thus, in optimized Schwarz we tune the values of these boundary parameters

to improve convergence with respect to the classical Schwarz case (α =∞, β = 0).

Schwarz methods can be used as solvers or as preconditioners for a Krylov sub-

space method. Usually, a Krylov subspace method preconditioned with an optimized

Schwarz method will be somewhat faster than the same optimized Schwarz method

applied as a solver, when both solvers are implemented synchronously. However, the

difference in terms of iteration count is not always very large; see e.g., [1].

Preconditioned Krylov subspace methods are very fast in terms of iteration count.

Unfortunately, these type of methods are inherently synchronous containing inner

products that require global synchronization. In fact, the inner products involved in
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the orthogonalization of the basis of the Krylov subspace are operations that nec-

essarily require global synchronization. Schwarz methods, however, when used as

solvers, do not require global synchronization. Therefore they can be implemented

asynchronously.

With the goal of reducing the bottleneck problem in extreme-scale computations,

Magoulès proposed in [13] a method composed of two ingredients:

1. The use of optimized Schwarz methods as outer solvers.

2. Asynchronous iterations.

Optimized Schwarz methods are fast in terms of iteration count and implementing

it in an asynchronous fashion may in principle reduce substantially the execution

time of the solver. The numerical results presented by Magoulés in [13] provided

evidence of this idea. However, a proof of convergence was needed. Magoulés, Szyld

and Venet in [14] presented a convergence proof of Asynchronous Optimized Schwarz

(AOS) for the problem defined by Poisson’s equation in an infinite plane using a one

way decomposition; see also [10]. In this thesis we present a convergence proof of

Asynchronous Optimized Schwarz for cases with bounded rectangular domains. We

study the problem with the shifted Laplacian operator. The case with zero shift

corresponds to Poisson’s equation, the negative shift case to the Screened Poisson’s

equation and the positive shift case to the Helmholtz equation. Poisson’s equation

has applications in problems modelling the diffusion of substances or the steady-state

heat distribution in materials. The Screened Poisson’s equation arises for example

in electric field screening in plasmas. The Helmholtz equation has applications in

seismology and acoustics.
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1.3 Outline

In Chapter 2, we study the convergence of AOS applied to solve a PDE with the

shifted Laplacian operator, with Dirichlet physical boundary conditions, and artificial

boundary conditions of the OO2 family. We use a one-way domain decomposition,

and the analysis applies to the cases where the shift is positive, negative or zero. In

Chapter 3 we study the convergence of AOS applied to the problem involving Pois-

son’s Equation, with Dirichlet physical boundary conditions, OO0 artificial boudnary

conditions and a partition of the domain containing cross-points. Cross-points are

points where the boundaries of more than two subdomains meet.

In each of the chapters, we first recast the equations defining the corresponding

problem into a fixed point iteration that is suitable for our analysis. Then we present

convergence proofs of the Asynchronous Optimized Schwarz method. Next, we ana-

lyze the behavior of the convergence rate for different values of the parameters. From

this analysis we obtain the evidence that confirms that the hypotheses of our con-

vergence theorems hold, and we also determine the optimal values of the boundary

parameters that optimize the convergence rate of the method.

1.4 Contribution of this thesis

Our main contribution can be divided into five parts.

1. The reformulation of the original iteration formulas (from which no conclusion

can be made about convergence) into an equivalent fixed point iteration from

which convergence can be analyzed and proved.

2. The proof of convergence of the synchronous and asynchronous iterations of

Optimized Schwarz for the case of the shifted-Laplacian equation when we have

• a shift that can be positive, negative or zero (this encompasses both Pois-
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son’s equation and Helmholtz equation),

• a one-way domain decomposition,

• a bounded domain with multiple subdomains,

• OO2 artificial boundary conditions,

• arbitrary overlap between adjacent subdomains, and

• any number of subdomains.

3. The proof of convergence of the synchronous and asynchronous iterations of

Optimized Schwarz for the case of Poisson’s equation when we have

• a bounded domain,

• a domain decompostion with cross-points,

• OO0 boundary conditions, and

• arbitrary overlap

4. The study of the convergence behavior of the Optimized Schwarz method when

we vary the values of parameters such as the number of subdomains, the amount

of overlap between subdomains, the shift and the artificial boundary conditions

parameters.

5. The provision of empirical formulas for the optimal boundary parameters for

certain cases.
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CHAPTER 2

SHIFTED LAPLACIAN: ONE WAY

DECOMPOSITION OF 2D DOMAIN

2.1 Preliminaries

In this chapter we consider the solution of a PDE with the shifted Laplacian op-

erator, in a rectangular domain with Dirichlet boundary conditions using optimized

Schwarz methods, where the division of the domain is carried out in a one-way decom-

position. We consider that the transmission conditions on the artificial boundaries

are of the OO2 family. The shift can be positive, negative or zero. The zero shift

case corresponds to Poisson’s equation, which has applications in problems involving

diffusion of substances or the steady state heat distribution in a material. The PDE

resulting from a negative shift is known as the Screened Poisson’s equation and arises,

for example, in electric field screening in plasmas. The positive shift case corresponds

to the Helmholtz equation, which models, for example, the propagation of acoustic

waves.

2.2 Formulation of the Problem

We want to solve the problem defined by

 ∆u+ ωu = f in Ω,

u = g on ∂Ω,
(2.1)
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where Ω = [0,W ] × [0, H] and ω ∈ R. We consider that ω and H are such that

ωH2/π2 /∈ N.

We divide the physical domain into p overlapping rectangular subdomains. Each

of these subdomains is represented by an index s with s ∈ {1, ..., p}. Let h be the

length of the side of each subdomain as if it were a partition with no overlap. Let us

now displace (outwards) the boundaries artificial boundaries of the nonoverlapping

subdomains by an amount γ so as to have overlapping rectangular subdomains. Thus,

we have interior subdomains (i.e., subdomains that have artificial boundaries on their

left and the right sides) with width L := h+2γ and height H, and the left-most and a

right-most subdomains with width h+ γ and height H. The union of all subdomains

is the original domain; see Figure 2.1. The overlap between two adjacent subdomains

is 2γ, thus we can use γ as a parameter to quantify the amount of overlap between

subdomains. The subdomain s, denoted by Ω(s), is given by

Ω(s) = [(s− 1)h− γχ{1}c(s), sh+ γχ{p}c(s)]

where

χ{j}c(s) :=

 1 if s 6= j

0 if s = j .

Thus, the interior subdomains are those corresponding to 1 < s < p, the left-most

subdomain corresponds to s = 1 and the right-most subdomain to s = p.

We define each local problem using local coordinates. The local coordinates asso-

ciated to the subdomain s are those in the coordinate system whose origin is on the

bottom-left corner of the subdomain s. The relation between the local coordinates,

denoted by (x, y), and the global coordinates, denoted by (xg, yg), is given by the

9



Figure 2.1: One-way decomposition of the domain

following formulas

x = xg − (s− 1)h− γχ{1}c(s), (2.2)

y = yg. (2.3)

Thus, the optimized Schwarz (OS) iteration process associated with problem (2.1)

and with OO2 transmission conditions, using local coordinates is defined, for an

interior subdomain (i.e., for 1 < s < p), by



∆usn+1 + ωusn+1 = f in (0, L)× (0, H)

−∂usn+1

∂x
+ αusn+1 + β

∂2usn+1

∂y2 = −∂us−1
n

∂x
+ αus−1

n + β ∂
2us−1
n

∂y2 for x = 0

∂usn+1

∂x
+ αusn+1 + β

∂2usn+1

∂y2 = ∂us+1
n

∂x
+ αus+1

n + β ∂
2us+1
n

∂y2 for x = L

usn+1 = g for y = 0

usn+1 = g for y = H,

(2.4)

where ∂
∂x

is, in this instance, a normal derivative and ∂2

∂y2 a tangential second deriva-

tive corresponding to the Laplace-Beltrami operator. The equations describing the
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Optimized Schwarz (OS) iteration process for the left-most subdomain are given by



∆usn+1 + ωusn+1 = f in (0, L− γ)× (0, H)

αusn+1 = g for x = 0

∂usn+1

∂x
+ αusn+1 + β

∂2usn+1

∂y2 = ∂us+1
n

∂x
+ αus+1

n + β ∂
2us+1
n

∂y2 for x = L− γ

usn+1 = g for y = 0

usn+1 = g for y = H,

(2.5)

and for the right-most subdomain



∆usn+1 + ωusn+1 = f in (0, L− γ)× (0, H)

−∂usn+1

∂x
+ αusn+1 + β

∂2usn+1

∂y2 = −∂us−1
n

∂x
+ αus−1

n + β ∂
2us−1
n

∂y2 for x = 0

usn+1 = g for x = L− γ

usn+1 = g for y = 0

usn+1 = g for y = H.

(2.6)

In all cases we consider that β ≤ 0 and α > 0.

Equations (2.4)-(2.6) describe a fixed point iteration of the form un+1 = Tun,

where the iteration operator T is defined implicitly by those equations. In order to

analyze the convergence of the method, however, we shall obtain an equivalent fixed

point iteration which is easier to analyze and for which we can obtain an explicit

expression for its iteration operator. To that end, in the next section we introduce

the Fourier series expansion of the local errors and then find the formulas relating the

Fourier series coefficients of the local errors at iteration n+ 1 to those at iteration n.

Then we will use this relation between coefficients to define the equivalent fixed point

iteration.
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2.3 A fixed point iteration

To determine the new fixed point iteration, we obtain first the equations defining

the local errors. Hence, let us denote the local error corresponding to the subdomain

s at iteration n by ηsn. Let u∗ be the solution of (2.1). Let us∗ be the restriction of

u∗ to Ω(s). Then, we have that ηsn = u∗ − usn. Thus, plugging this expression of ηsn

in (2.4)-(2.6) we can see by linearity that ηsn+1 satisfies a set of equations of the form

(2.4)-(2.6) but with f = g = 0.

We define the normalized parameters as ᾱ := αH, β̄ := β/H, γ̄ := γ/H, L̄ :=

L/H, and ω̄ := ωH2. As we will see later in the chapter, the advantage of working

with these normalized parameters is that when we do the change of variables given

by their definitions, the resulting formulas for the error coefficients and for the entries

of the new iteration operator do not contain the parameters L and H. This means

that when we applied optimized Schwarz to two problems that are such that one

is a scaled version of the other and they have the same partitioning of the original

domain (i.e., they have the same number of subdomains, and the subdomains of one

of the problems are just scaled versions of the subdomains of the other problem), the

iterative method resulting from both cases will have the same convergence behavior.

From the theory given in Appendix A, it follows that the solution of (2.4) can be

written in terms of the following series

ηsn+1,1(x, y) =
∞∑
m=1

[
Asn+1,m,1ψ

(1)
m (x) + Asn+1,m,2ψ

(2)
m (x)

]
φm(y), (2.7)

where

φm(y) = sin
(zmy
H

)
, (2.8)

12



with zm = mπ, and

ψ(1)
m (x) =


i
√
z2
m−ω̄+(ᾱ−βz2

m)

i
√
z2
m−ω̄−(ᾱ−βz2

m)
e−i
√
λ−ω(x−L) + ei

√
λ−ω(x−L), if z2

m < ω̄,

e−
(x−L)
H

√
z2
m−ω̄ −

(
α−βz2

m−
√
z2
m−ω̄

α−βz2
m+
√
z2
m−ω̄

)
e

(x−L)
H

√
z2
m−ω̄, if z2

m > ω̄,

(2.9)

and

ψ(2)
m (x) =


i
√
z2
m−ω̄−(ᾱ−βz2

m)

i
√
z2
m−ω̄+(ᾱ−βz2

m)
e−i
√
λ−ω(x) + ei

√
λ−ω(x), if z2

m < ω̄,

e−
x
H

√
z2
m−ω̄ −

(
α−βz2

m+
√
z2
m−ω̄

α−βz2
m−
√
z2
m−ω̄

)
e
x
H

√
z2
m−ω̄, if z2

m > ω̄.

(2.10)

In other words, for a fixed value of x, the series in (2.7) is the Fourier sine series

in the variable y of ηsn+1(x, y).

The solution of the left-most and right-most subdomain local problems can be

written as

η1
n+1(x, y) =

∞∑
m=1

A1
n+1,m,2ψ

(3)
m (x)φm(y) (2.11)

and

ηpn+1(x, y) =
∞∑
m=1

Apn+1,m,1ψ
(3)
m (x− L)φm(y), (2.12)

respectively, where

ψ(3)
m (x) =


2i sin(

√
z2
m − ωx), if z2

m < ω̄,

e−( x
H

√
z2
m−ω) − e( x

H

√
z2
m−ω), if z2

m > ω̄.

(2.13)

Remark 2.1. Note that the expressions on the first line of equations (2.9), (2.10),

and (2.13) are qualitatively different from those on the second line of the respective

equations. The error series terms containing these expressions only appear when we

have m ∈ N such that z2
m < ω̄. This is only possible when ω̄ > 0, i.e., for the
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Helmholtz equation case. Given that ω is fixed and zm → ∞ as m → ∞, there are

only a finite number of these terms. The error series for the Helmholtz case contain

two types of terms, each type having a different behavior. The error series for ω ≤ 0

contain only terms of one type, those containing the expressions on the second line

of equations (2.9), (2.10), and (2.13). Therefore, we expect that the behavior of the

error (and therefore the convergence behavior) will be somewhat different for the

Helmholtz case from that of cases with ω ≤ 0.

We want to determine a fixed point iteration with an iteration operator T̂k map-

ping a vector containing all error coefficients at iteration n to a vector with all the

error coefficients at iteration n+ 1. To determine the expression of this operator, we

derive the formulas that relate the coefficients at iteration n to those at iteration n+1.

2.3.1 Coefficients formulas

Before deriving the coefficients formulas, we state two lemmas which will be nec-

essary in the derivation of these formulas. The proof of both lemmas are given in

the Appendix B. These lemmas enable us to interchange the order of the derivatives,

summation and integral, when integral and differential operations are applied to the

series given by (2.7), (2.11), and (2.12).

Lemma 2.2. Consider the series in (2.7), (2.11), and (2.12). If we can write their

coefficients as follows

Asn,m,1 =
Bs
n,m,1

z2
m

(
−dψ(1)

m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

) (2.14)

and

Asn,m,2 =
Bs
n,m,2

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

) (2.15)
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for 1 < s < p,

Asn,m,2 =
Bs
n,m,2

z2
m

(
dψ

(3)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(3)
m (L)

) (2.16)

for s = 1, and

Asn,m,1 =
Bs
n,m,1

z2
m

(
−dψ(3)

m

dx
(−L) + 1

H
(ᾱ− β̄z2

m)ψ
(3)
m (−L)

) (2.17)

for s = p, where

Bs
n,m,i ≤Mn,s (2.18)

for some constants Mn,s > 0, then the following holds.

1. The order of their first derivatives and summation can be interchanged in [0, L]×

[0, H]

2. The order of their second derivatives and summation can be interchanged in

[0, L]× [0, H] if β 6= 0 and in (0, L)× (0, H) if β = 0

3. The order of their integral over y ∈ [0, H], first derivatives and summation can

be interchanged.

Lemma 2.3. Consider the series expansion of the local error ηsn from equations (2.7),

(2.11), and (2.12). Let u0 be the initial approximation of the solution of (2.1) and such

that the initial error η0 is C3((0,W ) × (0, H)). Then, for all n ∈ N, the coefficients

Asn,m,i can be written as in (2.14)-(2.17).

The identities (2.14)-(2.17) in Lemma 2.2 will also be useful later in the chapter

to prove that the local error series converge to zero uniformly. In fact, let

Cs
n,m,i :=

 z2
mA

s
n,m,i, if z2

m < ω̄

Bs
n,m,i, if z2

m > ω̄,
(2.19)
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where Bs
n,m,i is defined in Lemma 2.3. Note that, by Lemma 2.3, we have that

|Cs
n,m,i| ≤ M̃n,s for all m ∈ N and some M̃n,s > 0. We can think of the coefficients

Cs
n,m,i as scaled versions of the error coefficients. In our convergence proofs we need

to show that these scaled coefficients converge to zero uniformly. Consequently, we

shall determine the formulas relating the scaled error coefficients Cs
n+1,m,i and Cs

n,m,i

instead of those relating Asn+1,m,i to Asn,m,i.

We are ready to determine the formulas relating error coefficients at iterations

n + 1 and n. Plugging (2.7) into the non-homogenous boundary condition on the

second line of (2.4) and since, by in Lemmas 2.2 and 2.3, the order of derivatives and

summation interchange, we obtain for 2 < s < p that

∞∑
m=1

[
Asn+1,m,1

(
−dψ

(1)
m

dx
(0) +

1

H
(ᾱ− β̄z2

m)ψ(1)
m (0)

)

+Asn+1,m,2

(
−dψ

(2)
m

dx
(0) +

1

H
(ᾱ− β̄z2

m)ψ(2)
m (0)

)]
φm(y) =

∞∑
m=1

[
As−1
n,m,1

(
−dψ

(1)
m

dx
(L− 2γ) +

1

H
(ᾱ− β̄z2

m)ψ(1)
m (L− 2γ)

)

+As−1
n,m,2

(
−dψ

(2)
m

dx
(L− 2γ) +

1

H
(ᾱ− β̄z2

m)ψ(2)
m (L− 2γ)

)]
φm(y).

Multiplying both sides by φk(y), integrating over [0, H], interchanging the order of

the summation and integral, using the orthogonality of the set {φm}m∈N and noticing

that
(
−dψ

(2)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (0)

)
= 0, we obtain

Asn+1,k,1

(
−dψ

(1)
m

dx
(0) +

1

H
(ᾱ− β̄z2

m)ψ(1)
m (0)

)∫ H

0

(φk(y))2dy =[
As−1
n,k,1

(
−dψ

(1)
k

dx
(L− 2γ) +

1

H
(ᾱ− β̄z2

k)ψ
(1)
k (L− 2γ)

)

+As−1
n,k,2

(
−dψ

(2)
k

dx
(L− 2γ) +

1

H
(ᾱ− β̄z2

k)ψ
(2)
k (L− 2γ)

)]∫ H

0

(φk(y))2dy.
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This implies that

Asn+1,k,1

(
−dψ

(1)
m

dx
(0) +

1

H
(ᾱ− β̄z2

m)ψ(1)
m (0)

)
= (2.20)

As−1
n,k,1

(
−dψ

(1)
k

dx
(L− 2γ) +

1

H
(ᾱ− β̄z2

k)ψ
(1)
k (L− 2γ)

)

+As−1
n,k,2

(
−dψ

(2)
k

dx
(L− 2γ) +

1

H
(ᾱ− β̄z2

k)ψ
(2)
k (L− 2γ)

)
.

Then, solving for Asn+1,k,1 we obtain

Asn+1,k,1 = As−1
n,k,1

−dψ
(1)
k

dx
(L− 2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(1)
k (L− 2γ)

−dψ
(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

 (2.21)

+As−1
n,k,2

−dψ
(2)
k

dx
(L− 2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(2)
k (L− 2γ)

−dψ
(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

 .

By a similar procedure as the one just carried out, but using the non-homogenous

boundary condition on the third line of (2.4) and noticing that(
dψ

(1)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (L)

)
= 0, we obtain for 1 < s < p− 1,

Asn+1,k,2

(
dψ

(2)
m

dx
(L) +

1

H
(ᾱ− β̄z2

m)ψ(2)
m (L)

)
=

As+1
n,k,1

(
dψ

(1)
k

dx
(2γ) +

1

H
(ᾱ− β̄z2

k)ψ
(1)
k (2γ)

)

+ As+1
n,k,2

(
dψ

(2)
k

dx
(2γ) +

1

H
(ᾱ− β̄z2

k)ψ
(2)
k (2γ)

)
.

17



Consequently

Asn+1,k,2 = As+1
n,k,1

 dψ
(1)
k

dx
(2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(1)
k (2γ)

dψ
(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)


+ As+1

n,k,2

 dψ
(2)
k

dx
(2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(2)
k (2γ)

dψ
(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

 .

For s = 1 we have

A1
n+1,k,2 = A2

n,k,1

 dψ
(1)
k

dx
(2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(1)
k (2γ)

dψ
(3)
m

dx
(L− γ) + 1

H
(ᾱ− β̄z2

m)ψ
(3)
m (L− γ)

 (2.22)

+ A2
n,k,2

 dψ
(2)
k

dx
(2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(2)
k (2γ)

dψ
(3)
m

dx
(L− γ) + 1

H
(ᾱ− β̄z2

m)ψ
(3)
m (L− γ)

 ,

for s = p

Apn+1,k,1 = Ap−1
n,k,1

 dψ
(1)
k

dx
(L− 2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(1)
k (L− 2γ)

dψ
(3)
m

dx
(L− γ) + 1

H
(ᾱ− β̄z2

m)ψ
(3)
m (L− γ)

 (2.23)

+ Ap−1
n,k,2

 dψ
(2)
k

dx
(L− 2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(2)
k (L− 2γ)

dψ
(3)
m

dx
(L− γ) + 1

H
(ᾱ− β̄z2

m)ψ
(3)
m (L− γ)

 ,

for s = 2

A2
n+1,k,1 = A1

n,k,2

−dψ
(3)
k

dx
(L− 3γ) + 1

H
(ᾱ− β̄z2

k)ψ
(2)
k (L− 3γ)

−dψ
(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

 , (2.24)

and for s = p− 1

Ap−1
n+1,k,2 = Apn,k,1

 dψ
(3)
k

dx
(L− 3γ) + 1

H
(ᾱ− β̄z2

k)ψ
(3)
k (L− 3γ)

dψ
(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

 . (2.25)

As for the coefficients Bs
n+1,k,1, using the identities (2.14) and (2.15) in (2.20) and
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solving for Bs
n+1,k,1 we obtain for 2 < s < p that

Bs
n+1,k,1 = Bs−1

n,k,1

−dψ
(1)
k

dx
(L− 2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(1)
k (L− 2γ)

−dψ
(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

 (2.26)

+ Bs−1
n,k,2

−dψ
(2)
k

dx
(L− 2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(2)
k (L− 2γ)

dψ
(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

 .

Similarly for 1 < s < p− 1 we obtain

Bs
n+1,k,2 = Bs+1

n,k,1

 dψ
(1)
k

dx
(2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(1)
k (2γ)

−dψ
(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (0)

 (2.27)

+ Bs+1
n,k,2

 dψ
(2)
k

dx
(2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(2)
k (2γ)

dψ
(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

 .

For s = 1 we have,

Bs
n+1,k,1 = B2

n,k,1

 dψ
(1)
k

dx
(2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(1)
k (2γ)

−dψ
(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (0)

 (2.28)

+ B2
n,k,2

 dψ
(2)
k

dx
(2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(2)
k (2γ)

dψ
(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

 ,

for s = p

Bs
n+1,k,1 = Bs−1

n,k,1

−dψ
(1)
k

dx
(L− 2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(1)
k (L− 2γ)

−dψ
(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

 (2.29)

+ Bs−1
n,k,2

−dψ
(2)
k

dx
(L− 2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(2)
k (L− 2γ)

dψ
(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

 ,

for s = p− 1

Bp−1
n+1,k,2 = Bp

n,k,1

 dψ
(3)
k

dx
(L− 3γ) + 1

H
(ᾱ− β̄z2

k)ψ
(3)
k (L− 3γ)

−dψ
(3)
m

dx
(γ − L) + 1

H
(ᾱ− β̄z2

m)ψ
(3)
m (γ − L)

 (2.30)
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and for s = 2

B2
n+1,k,1 = B1

n,k,2

−dψ
(3)
k

dx
(L− 3γ) + 1

H
(ᾱ− β̄z2

k)ψ
(2)
k (L− 3γ)

dψ
(3)
m

dx
(L− γ) + 1

H
(ᾱ− β̄z2

m)ψ
(3)
m (L− γ)

 . (2.31)

Coefficients formulas for k such that z2
k > ω̄

Recall that zm = mπ for all m ∈ N and ω̄ = ωH2. From (2.19) we have for k ∈ N
such that z2

k > ω̄ that Cs
n,k,i = Bs

n,k,i. Thus, considering k ∈ N such that z2
k > ω̄, and

plugging (2.9) and (2.10) into (2.26) and (2.29) , we observe for 2 < s ≤ p that

Csn+1,k,1 =


(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)
2 − e−4γ̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
2(

ᾱ− β̄z2
k +

√
z2
k − ω̄

)
2 − e−2L̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
2

 e
−(L̄−2γ̄)

√
z2
k
−ω̄

Cs−1
n,k,1

+


(
e
−2(L̄−2γ̄)

√
z2
k
−ω̄ − 1

)(
(ᾱ− β̄z2

k)2 − (z2
k − ω̄)

)
e
−2L̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)2
−
(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)2

 e
−2γ̄

√
z2
k
−ω̄

Cs−1
n,k,2. (2.32)

Similarly, plugging (2.9) and (2.10) into (2.27) and (2.28) we find for 1 ≤ s < p that

Csn+1,k,2 =


(
e
−2(L̄−2γ̄)

√
z2
k
−ω̄ − 1

)(
(ᾱ− β̄z2

k)2 − (z2
k − ω̄)

)
e
−2L̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)2
−
(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)2

 e
−2γ̄

√
z2
k
−ω̄

Cs+1
n,k,1 (2.33)

+


(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)
2 − e−4γ̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
2(

ᾱ− β̄z2
k +

√
z2
k − ω̄

)
2 − e−2L̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
2

 e
−(L̄−2γ̄)

√
z2
k
−ω̄

Cs+1
n,k,2 ·

Also, using (2.13) in (2.31) and (2.30), we see that for s = 2, p− 1 we have

C2
n+1,k,1 =

 e
−2(L̄−3γ̄)

√
z2
k
−ω̄
(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)
−
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
e
−2(L̄−γ̄)

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
−
(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)
 e
−2γ̄

√
z2
k
−ω̄

C1
n,k,2 (2.34)

and

Cp−1
n+1,k,2 =

 e
−2(L̄−3γ̄)

√
z2
k
−ω̄
(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)
−
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
e
−2(L̄−γ̄)

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
−
(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)
 e
−2γ̄

√
z2
k
−ω̄

Cpn,k,1 , (2.35)

respectively.
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Coefficients formulas for k such that z2
k < ω̄

Considering the expression of (2.9) for k ∈ N such that z2
k < ω̄ and noticing that

sin(z) =
eiz − e−iz

2i

and

cos(z) =
eiz + e−iz

2
,

we have that

−
dψ

(1)
m

dx
(x) +

1

H
(ᾱ− β̄z2

m)ψ
(1)
m (x) = (2.36)

1

H

[
(i
√
z2
m − ω̄ + (ᾱ− βz2

m))2

i
√
z2
m − ω̄ − (ᾱ− βz2

m)
e−i
√
λ−ω(x−L) −

(
i
√
z2
m − ω̄ − (ᾱ− βz2

m)

)
ei
√
λ−ω(x−L)

]
=

1

H
(
i
√
z2
m − ω̄ − (ᾱ− βz2

m)
) [e−i (x−L)

H

√
ω̄−z2

m

(
2i
√
ω̄ − z2

m

(
ᾱ− β̄z2

m

)
+
(
ᾱ− β̄z2

m

)
2 + z2

m − ω̄
)
−

ei
(x−L)

H

√
ω̄−z2

m

(
−2i

√
ω̄ − z2

m

(
ᾱ− β̄z2

m

)
+
(
ᾱ− β̄z2

m

)
2 + z2

m − ω̄
)]

=

1

H
(
i
√
z2
m − ω̄ − (ᾱ− βz2

m)
) [2i√ω̄ − z2

m

(
ᾱ− β̄z2

m

)(
e−i

(x−L)
H

√
ω̄−z2

m + ei
(x−L)

H

√
ω̄−z2

m

)
+

(
e−i

(x−L)
H

√
ω̄−z2

m − ei
(x−L)

H

√
ω̄−z2

m

)((
ᾱ− β̄z2

m

)
2 + z2

m − ω̄
)]

=

i
[
2
(
−
(
ᾱ− β̄z2

m

)
2 − z2

m + ω̄
)

sin
(

(x−L)
H

√
ω̄ − z2

m

)
+ 4
√
ω̄ − z2

m

(
ᾱ− β̄z2

m

)
cos
(

(x−L)
H

√
ω̄ − z2

m

)]
H
(
i
√
z2
m − ω̄ − (ᾱ− βz2

m)
) .

Similarly, we obtain

−dψ
(2)
m

dx
(x) +

1

H
(ᾱ− β̄z2

m)ψ(2)
m (x) =

2

H

(√
z2
m − ω̄ + (ᾱ− β̄z2

m)i
)

sin
( x
H

√
z2
m − ω̄

)
.

(2.37)

Then, plugging (2.36) and (2.37) in (2.21), multiplying both sides of the resulting

equation by z2
k and recalling that Cs

n,k,i = z2
kA

s
n+1,k,i for k ∈ N such that z2

k < ω̄, we

have for 2 < s < p that

Csn+1,k,1 =

((
ᾱ− β̄z2

k

)2 − (ω̄ − z2
k

))
sin
(

2γ̄
√
ω̄ − z2

k

)
+ 2

(
ᾱ− β̄z2

k

)√
ω̄ − z2

k cos
(

2γ̄
√
ω̄ − z2

k

)
((
ᾱ− β̄z2

k

)2 − (ω̄ − z2
k

))
sin
(√(

ω̄ − z2
k

)
L̄
)

+ 2
(
ᾱ− β̄z2

k

)√(
ω̄ − z2

k

)
cos
(√

ω̄ − z2
kL̄
)Cs−1

n,k,1

+
−
(
i
√
ω̄ − z2

k −
(
ᾱ− β̄z2

k

))2
sin
(√

ω̄ − z2
k

(
L̄− 2γ̄

))
((
ᾱ− β̄z2

k

)2 − (ω̄ − z2
k

))
sin
(√(

ω̄ − z2
k

)
L̄
)

+ 2
(
ᾱ− β̄z2

k

)√(
ω̄ − z2

k

)
cos
(√

ω̄ − z2
kL̄
)Cs−1

n,k,2.

(2.38)
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Similarly, we have for 1 < s < p− 1 that

Csn+1,k,2 =
−
(
i
√
ω̄ − z2

k +
(
ᾱ− β̄z2

k

))2
sin
(√

ω̄ − z2
k

(
L̄− 2γ̄

))
((
ᾱ− β̄z2

k

)2 − (ω̄ − z2
k

))
sin
(√(

ω̄ − z2
k

)
L̄
)

+ 2
(
ᾱ− β̄z2

k

)√(
ω̄ − z2

k

)
cos
(√

ω̄ − z2
kL̄
)Csn,k,1

+

((
ᾱ− β̄z2

k

)2 − (ω̄ − z2
k

))
sin
(

2γ̄
√
ω̄ − z2

k

)
+ 2

(
ᾱ− β̄z2

k

)√
ω̄ − z2

k cos
(

2γ̄
√
ω̄ − z2

k

)
((
ᾱ− β̄z2

k

)2 − (ω̄ − z2
k

))
sin
(√(

ω̄ − z2
k

)
L̄
)

+ 2
(
ᾱ− β̄z2

k

)√(
ω̄ − z2

k

)
cos
(√

ω̄ − z2
kL̄
)Csn,k,2.

(2.39)

For s = 1 we obtain

C1
n+1,k,2 = −

(
i
√
ω̄ − z2

k +
(
ᾱ− β̄z2

k

))
sin
(√

ω̄ − z2
k

(
L̄− 2γ̄

))
((
ᾱ− β̄z2

k

)
sin
(√

ω̄ − z2
kL̄
)

+
√
ω̄ − z2

k cos
(√

ω̄ − z2
kL̄
))Csn,k,1 (2.40)

+

((
ᾱ− β̄z2

k

)2 − (ω̄ − z2
k

))
sin
(

2γ̄
√
ω̄ − z2

k

)
+ 2

(
ᾱ− β̄z2

k

)√
ω̄ − z2

k cos
(

2γ̄
√
ω̄ − z2

k

)
(
i
√
ω̄ − z2

k +
(
ᾱ− β̄z2

k

))((
ᾱ− β̄z2

k

)
sin
(√

ω̄ − z2
kL̄
)

+
√
ω̄ − z2

k cos
(√

ω̄ − z2
kL̄
)) Csn,k,2 ,

and for s = p

Cpn+1,k,1 = −

((
ᾱ− β̄z2

k

)2 − (ω̄ − z2
k

))
sin
(

2γ̄
√
ω̄ − z2

k

)
+ 2

(
ᾱ− β̄z2

k

)√
ω̄ − z2

k cos
(

2γ̄
√
ω̄ − z2

k

)
(
i
√
ω̄ − z2

k −
(
ᾱ− β̄z2

k

))((
ᾱ− β̄z2

k

)
sin
(√

ω̄ − z2
kL̄
)

+
√
ω̄ − z2

k cos
(√

ω̄ − z2
kL̄
)) Csn,k,1

+

(
i
√
ω̄ − z2

k −
(
ᾱ− β̄z2

k

))
sin
(√

ω̄ − z2
k

(
L̄− 2γ̄

))
(
ᾱ− β̄z2

k

)
sin
(√

ω̄ − z2
kL̄
)

+
√
ω̄ − z2

k cos
(√

ω̄ − z2
kL̄
)Csn,k,2 . (2.41)

Also, for s = 2 we obtain

C2
n+1,k,1 = −

(
i
√
ω̄ − z2

k +
(
ᾱ− β̄z2

k

))((
ᾱ− β̄z2

k

)
sin
(√

ω̄ − z2
k

(
L̄− 2γ̄

))
−
√
ω̄ − z2

k cos
(√

ω̄ − z2
k

(
L̄− 2γ̄

)))
((
ᾱ− β̄z2

k

)2 − (ω̄ − z2
k

))
sin
(√

ω̄ − z2
kL̄
)

+ 2
(
ᾱ− β̄z2

k

)√
ω̄ − z2

k cos
(√

ω̄ − z2
kL̄
) Csn,k,2 ,

(2.42)

and for s = p− 1

Cp−1
n+1,k,1 =

(
i
√
ω̄ − z2

k −
(
ᾱ− β̄z2

k

))((
ᾱ− β̄z2

k

)
sin
(√

ω̄ − z2
k

(
L̄− 2γ̄

))
−
√
ω̄ − z2

k cos
(√

ω̄ − z2
k

(
L̄− 2γ̄

)))
((
ᾱ− β̄z2

k

)2 − (ω̄ − z2
k

))
sin
(√

ω̄ − z2
kL̄
)

+ 2
(
ᾱ− β̄z2

k

)√
ω̄ − z2

k cos
(√

ω̄ − z2
kL̄
) Csn,k,1 ·

(2.43)
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2.3.2 Iteration operator

Based on (2.32)- (2.35), for k ∈ N such that z2
k > ω̄ we can write

Cs
n+1,k,2 = c2(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs+1

n,m,1 + c1(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs+1
n,m,2, for s = 1

Cs
n+1,k,1 = c3(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs+1

n,m,2, for s = 2

Cs
n+1,k,1 = c1(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs−1

n,m,1 + c2(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs−1
n,m,2, for 2 < s ≤ p− 1

Cs
n+1,k,2 = c2(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs+1

n,m,1 + c1(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs+1
n,m,2, for 2 ≤ s < p− 1

Cs
n+1,k,2 = c3(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs+1

n,m,2, for s = p− 1

Cs
n+1,k,1 = c1(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs−1

n,m,1 + c2(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs−1
n,m,2, for s = p.

(2.44)

where

c1(k, ᾱ, β̄, γ̄, ω̄, L̄) =


(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)
2 − e−4γ̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
2(

ᾱ− β̄z2
k +

√
z2
k − ω̄

)
2 − e−2L̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
2

 e
−(L̄−2γ̄)

√
z2
k
−ω̄

, (2.45)

c2(k, ᾱ, β̄, γ̄, ω̄, L̄) =


(
e
−2(L̄−2γ̄)

√
z2
k
−ω̄ − 1

)(
(ᾱ− β̄z2

k)2 − (z2
k − ω̄)

)
e
−2L̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)2
−
(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)2

 e
−2γ̄

√
z2
k
−ω̄

, (2.46)

and

c3(k, ᾱ, β̄, γ̄, ω̄, L̄) =

 e
−2(L̄−3γ̄)

√
z2
k
−ω̄
(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)
−
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
e
−2(L̄−γ̄)

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
−
(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)
 e
−2γ̄

√
z2
k
−ω̄

. (2.47)

Let

Cn,k :=
(
C1
n,k,2, C

2
n,k,1, C

2
n,k,2, . . . C

p−1
n,k,1, C

p−1
n,k,2, C

p
n,k,1

)
, (2.48)

i.e., Cn,k is the vector obtained by collecting the local error coefficients of frequency

k from all subdomains at the iteration n. Thus, if we collect the coefficients on the

left hand side of the equations in (2.44) into the vector Cn+1,k as in (2.48), this set of

equations define the operation Cn+1,k = T̂kCn,k, which is the new fixed point iteration

that we are seeking. The operator T̂k is a pentadiagonal square matrix of order
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N = 2(p− 1) whose non-zero entries are located in the first and second subdiagonals

and first and second superdiagonals, i.e., its main diagonal is zero. We have that

(
T̂k

)
i,i−2

=

 0, if i is odd

c1, if i is even,
(2.49)

(
T̂k

)
i,i−1

=


c3, if i = 2

0, if i is odd

c2, if i is even and i 6= 2,

(2.50)

(
T̂k

)
i,i+1

=


0, if i is even

c2, if i is odd and i 6= 2(p− 1)− 1

c3, if i = 2(p− 1)− 1,

(2.51)

(
T̂k

)
i,i+2

=

 0, if i is even

c1, if i is odd.
(2.52)

Similarly, from (2.38)-(2.43) we have that, for k ∈ N such that z2
k > ω̄, the relation

between the coefficients Cs
n+1,k,i and Cs

n,k,i can be written as

Cs
n+1,k,2 = d1(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs+1

n,m,1 + d2(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs+1
n,m,2, for s = 1

Cs
n+1,k,1 = d3(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs−1

n,m,1 + d4(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs−1
n,m,2, for 2 < s < p

Cs
n+1,k,2 = d5(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs+1

n,m,1 + d4(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs+1
n,m,2, for 1 < s < p− 1

Cs
n+1,k,1 = d6(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs+1

n,m,2, for s = 2

Cs
n+1,k,2 = d7(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs+1

n,m,2, for s = p− 1

Cs
n+1,k,1 = d8(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs−1

n,m,1 + d9(k, ᾱ, β̄, γ̄, ω̄, L̄)Cs−1
n,m,2, for s = p,
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where

d1

(
k, ᾱ, β̄, γ̄, ω̄, L̄

)
= −

(
i
√
ω̄−z2

k+(ᾱ−β̄z2
k)
)

sin
(√

ω̄−z2
k(L̄−2γ̄)

)
(
(ᾱ−β̄z2

k) sin
(√

ω̄−z2
kL̄
)

+
√
ω̄−z2

k cos
(√

ω̄−z2
kL̄
))

d2

(
k, ᾱ, β̄, γ̄, ω̄, L̄

)
=

(
(ᾱ−β̄z2

k)
2−(ω̄−z2

k)
)

sin
(

2γ̄
√
ω̄−z2

k

)
+2(ᾱ−β̄z2

k)
√
ω̄−z2

k cos
(

2γ̄
√
ω̄−z2

k

)
(
i
√
ω̄−z2

k+(ᾱ−β̄z2
k)
)(

(ᾱ−β̄z2
k) sin

(√
ω̄−z2

kL̄
)

+
√
ω̄−z2

k cos
(√

ω̄−z2
kL̄
))

d3

(
k, ᾱ, β̄, γ̄, ω̄, L̄

)
=

(
(ᾱ−β̄z2

k)
2−(ω̄−z2

k)
)

sin
(

2γ̄
√
ω̄−z2

k

)
+2(ᾱ−β̄z2

k)
√
ω̄−z2

k cos
(

2γ̄
√
ω̄−z2

k

)
(
(ᾱ−β̄z2

k)
2−(ω̄−z2

k)
)

sin
(√

(ω̄−z2
k)L̄

)
+2(ᾱ−β̄z2

k)
√

(ω̄−z2
k) cos

(√
ω̄−z2

kL̄
) ,

d4

(
k, ᾱ, β̄, γ̄, ω̄, L̄

)
=

−
(
i
√
ω̄−z2

k−(ᾱ−β̄z2
k)
)2

sin
(√

ω̄−z2
k(L̄−2γ̄)

)
(
(ᾱ−β̄z2

k)
2−(ω̄−z2

k)
)

sin
(√

(ω̄−z2
k)L̄

)
+2(ᾱ−β̄z2

k)
√

(ω̄−z2
k) cos

(√
ω̄−z2

kL̄
) ,

d5

(
k, ᾱ, β̄, γ̄, ω̄, L̄

)
=

−
(
i
√
ω̄−z2

k+(ᾱ−β̄z2
k)
)2

sin
(√

ω̄−z2
k(L̄−2γ̄)

)
(
(ᾱ−β̄z2

k)
2−(ω̄−z2

k)
)

sin
(√

(ω̄−z2
k)L̄

)
+2(ᾱ−β̄z2

k)
√

(ω̄−z2
k) cos

(√
ω̄−z2

kL̄
) ,

d6

(
k, ᾱ, β̄, γ̄, ω̄, L̄

)
= −

(
i
√
ω̄−z2

k+(ᾱ−β̄z2
k)
)(

(ᾱ−β̄z2
k) sin

(√
ω̄−z2

k(L̄−2γ̄)
)
−
√
ω̄−z2

k cos
(√

ω̄−z2
k(L̄−2γ̄)

))
(
(ᾱ−β̄z2

k)
2−(ω̄−z2

k)
)

sin
(√

ω̄−z2
kL̄
)

+2(ᾱ−β̄z2
k)
√
ω̄−z2

k cos
(√

ω̄−z2
kL̄
) ,

d7

(
k, ᾱ, β̄, γ̄, ω̄, L̄

)
=

(
i
√
ω̄−z2

k−(ᾱ−β̄z2
k)
)(

(ᾱ−β̄z2
k) sin

(√
ω̄−z2

k(L̄−2γ̄)
)
−
√
ω̄−z2

k cos
(√

ω̄−z2
k(L̄−2γ̄)

))
(
(ᾱ−β̄z2

k)
2−(ω̄−z2

k)
)

sin
(√

ω̄−z2
kL̄
)

+2(ᾱ−β̄z2
k)
√
ω̄−z2

k cos
(√

ω̄−z2
kL̄
) ,

d8

(
k, ᾱ, β̄, γ̄, ω̄, L̄

)
= −

(
(ᾱ−β̄z2

k)
2−(ω̄−z2

k)
)

sin
(

2γ̄
√
ω̄−z2

k

)
+2(ᾱ−β̄z2

k)
√
ω̄−z2

k cos
(

2γ̄
√
ω̄−z2

k

)
(
i
√
ω̄−z2

k−(ᾱ−β̄z2
k)
)(

(ᾱ−β̄z2
k) sin

(√
ω̄−z2

kL̄
)

+
√
ω̄−z2

k cos
(√

ω̄−z2
kL̄
)) ,

d9

(
k, ᾱ, β̄, γ̄, ω̄, L̄

)
=

(
i
√
ω̄−z2

k−(ᾱ−β̄z2
k)
)

sin
(√

ω̄−z2
k(L̄−2γ̄)

)
(ᾱ−β̄z2

k) sin
(√

ω̄−z2
kL̄
)

+
√
ω̄−z2

k cos
(√

ω̄−z2
kL̄
) .

(2.53)

Then, with the vector Cn,k as in (2.48), and based on (2.53) we have for k ∈ N

such that z2
k > ω̄ that Cn+1,k = T̂kCn,k, where T̂k is also pentadiagonal and with zeros

on the diagonal. We have that

(
T̂k

)
i,i−2

=


0, if i is odd

d3, if i is even and i < N

d9, if i = N,

(2.54)
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(
T̂k

)
i,i−1

=



d6, if i = 2

0, if i is odd

d4, if i is even and i < N

d8, if i = N,

(2.55)

(
T̂k

)
i,i+1

=



d1, if i = 1

0, if i is even

d5, if i is odd and i < N − 1

d7, if i = N − 1,

(2.56)

(
T̂k

)
i,i+2

=


d2, if i = 1

0, if i is even

d3, if i is odd.

(2.57)

2.4 Bounds on the coefficients

2.4.1 Bound based on the max norm

The max norm of T̂k is given by its maximum absolute row sum. Thus, based on

(2.49)-(2.52) we have for k ∈ N such that z2
k > ω̄ that

||T̂k||∞ = max{c1(k, ᾱ, β̄, γ̄, ω̄, L̄) + c2(k, ᾱ, β̄, γ̄, ω̄, L̄), c3(k, ᾱ, β̄, γ̄, ω̄, L̄)} (2.58)

and from (2.54)-(2.57) we have for k ∈ N such that z2
k < ω̄ that

||T̂k||∞ = max { d1(k, ᾱ, β̄, γ̄, ω̄, L̄) + d2(k, ᾱ, β̄, γ̄, ω̄, L̄),

d3(k, ᾱ, β̄, γ̄, ω̄, L̄) + d4(k, ᾱ, β̄, γ̄, ω̄,

d4(k, ᾱ, β̄, γ̄, ω̄, L̄) + d5(k, ᾱ, β̄, γ̄, ω̄, L̄), L̄),

d6(k, ᾱ, β̄, γ̄, ω̄, L̄), d7(k, ᾱ, β̄, γ̄, ω̄, L̄),

d8(k, ᾱ, β̄, γ̄, ω̄, L̄) + d9(k, ᾱ, β̄, γ̄, ω̄, L̄)
}
.
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Note that

|Cs
n+1,k,i| ≤ ||Ck,n+1||∞ = ||T̂kCk,n||∞ ≤ ||T̂k||∞||Ck,n||∞.

From the above inequality we obtain the following bound for the scaled coefficients

of the series expansion of the errors

|Cs
n+1,k,i| ≤ ||T̂k||n∞||Ck,0||∞. (2.59)

2.4.2 Another bound

The bound on the coefficients given in (2.59) contracts at a rate given by the

contracting factor ||T̂ ||∞. We can obtain a better contraction factor and therefore a

better bound for the coefficients Cs
n,k,i by using the spectral radius of |T̂k|, where the

absolute value is understood componentwise. In fact, the matrix T̂k defined by (2.49)-

(2.52) is irreducible and consequently so it is |T̂k|. Moreover, |T̂k| is a non-negative

matrix. Therefore, by the Perron-Frobenius theorem (see e.g, [18]) we have that its

largest eigenvalue in modulus, ρk, is positive and the corresponding eigenvector vk

can be chosen to be a positive vector (i.e., a vector whose entries are all positive).

Thus, we have

|T̂k|vk = ρkvk.

Then, denoting the smallest entry of vk by vk,min and letting wn,k :=
||Cn,k||∞
vk,min

vk we

have

|Cn+1,k| = |T̂kCn,k| ≤ |T̂k||Cn,k| ≤ |T̂k|wn,k = |T̂k|
||Cn,k||∞
vk,min

vk = ρk
||Cn,k||∞
vk,min

vk = ρkwn,k .

Then,

|Cn,k| ≤ (ρk)
nw0,k. (2.60)

27



Note that ||T̂k||∞ =
∥∥∥|T̂k|∥∥∥

∞
. Then,

ρk = ρ(|T̂k|) ≤
∥∥∥|T̂k|∥∥∥

∞
= ||T̂k||∞.

Thus, ρk ≤ ||T̂k||∞. Therefore, the contraction factor ρk of the coefficients bound given

in (2.60) is not larger than the contraction factor of the bound given by (2.59). It turns

out that there exists a positive vector of weights w and an associated weighted max

norm such that ||T̂k||w ≤ ρk. Therefore, in cases where ||T̂k||∞ > 1 but supk∈N ρk < 1,

we could still show that there exists a bound on the error coefficients (i.e., the one

whose contraction factor is the weighed max norm) that is contracting and that the

local errors converge uniformly to zero even if ||T̂k||∞ > 1.

2.5 Asynchronous Optimized Schwarz methods

In asynchronous iterations, as soon as a processing unit finishes its own calcula-

tions, it starts the next cycle with the latest data received from the other processing

units during a previous cycle, without necessarily waiting to receive new information

from every other processing unit connected to it.

Before analyzing the convergence of the asynchronous implementation of the Op-

timized Schwarz method described in Section 2.2, we review the mathematical model

of asynchronous iterations.

2.5.1 Mathematical Model of asynchronous iterations

Let U1), . . . , U (p) be given sets and U be their Cartesian product, i.e., U = U (1)×

· · · ×U (p). Thus u ∈ U implies u = (u1, . . . , up) with us ∈ U (s) for s ∈ {1, . . . , p}. Let

T (s) : U → U (s) where s ∈ {1, . . . , p}, and let T : U → U be a vector-valued map (the

iteration map) given by T = (T (1), . . . , T (p)) with a fixed point u∗, i.e., u∗ = T (u∗).

Let us define a time stamp as the instant of time at which at least one processor
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finishes its computation and produces a new update. Thus, let {tn}n∈N be a sequence

of time stamps at which at least one processor updates its associated component.

Let {σ(n)}n∈N be a sequence with σ(n) ⊂ {1, . . . , p} ∀n ∈ N. The set σ(n) consists

of labels (numbers) of the processors that update their associated component at the

n − th time stamp. Define for s, q ∈ {1, . . . , p}, {τ sq (n)}n∈N a sequence of integers,

representing the time-stamp index of the update of the data coming from processor

q and available in processor s at the beginning of the computation of u
(s)
n which ends

at the time stamp tn. Let u0 = (u1
0, . . . , u

p
0) be the initial approximation (of the fixed

point u∗). Then, the new computed value updated by processor s at the n− th time

stamp is

usn =

 T s
(
u1
τs1 (n), . . . , u

p
τsp (n)

)
, s ∈ σ(n)

usn−1, s /∈ σ(n)·

In other words, at the time stamp tn either us is updated (if s ∈ σ(n)) or it is

not (if s /∈ σ(n)). It is assumed that the three following conditions (necessary for

convergence) are satisfied

τ (s)
q (n) < n, ∀s, q ∈ {1, . . . , p} ,∀n ∈ N, (2.61)

card {n ∈ N∗|s ∈ σ(n)} = +∞, ∀s ∈ {1, . . . , p} , (2.62)

lim
n→+∞

τ (s)
q (n) = +∞, ∀s, q ∈ {1, . . . , p} . (2.63)

Condition (2.61) indicates that data used at the time tn must have been produced

before the beginning of the computation of u
(s)
n , i.e., time does not flow backward.

Condition (2.62) means that no process will ever stop updating its components. Con-

dition (2.63) corresponds to the fact that new data will always be provided to the

process. In other words, no process will have a piece of data that is never updated.
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2.5.2 Asynchronous Optimized Schwarz iterations

Now that we have introduced the asynchronous iteration model, we are ready

to define the asynchronous optimized Schwarz (AOS) iterations. Similarly as for the

synchronous case, we shall present the equations describing the local problems for the

asynchronous case in terms of local coordinates (see Section 2.1 for the definition of the

local coordinates). While we understand by un to be the value of u at the time stamp

tn we emphasize this fact an call it utn instead. Let l1 = τ ss−1(n) and l2 = τ ss+1(n),

i.e., the time-stamp indexes of the updates of the data coming from the neighboring

processors and available in processor s at the beginning of the computation which

ends at the n− th time stamp. Let



∆ustn+1
+ ωustn+1

= f in (0, L)× (0, H)

−
∂ustn+1

∂x
+ αustn+1

+ β
∂2ustn+1

∂y2 = −
∂us−1

tl1

∂x
+ αus−1

tl1
+ β

∂2us−1
tl1

∂y2 for x = 0

∂ustn+1

∂x
+ αustn+1

+ β
∂2ustn+1

∂y2 =
∂us+1

tl2

∂x
+ αus+1

tl2
+ β

∂2us+1
tl2

∂y2 for x = L

ustn+1
= g for y = 0

ustn+1
= g for y = H,

(2.64)

for 1 < s < p,



∆ustn+1
+ ωustn+1

= f in (0, L− γ)× (0, H)

ustn+1
= g for x = 0

∂ustn+1

∂x
+ αustn+1

+ β
∂2ustn+1

∂y2 =
∂us+1

tl2

∂x
+ αus+1

tl2
+ β

∂2us+1
tl2

∂y2 for x = L− γ

ustn+1
= g for y = 0

ustn+1
= g for y = H,

(2.65)
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for s = 1 and

∆ustn+1
+ ωustn+1

= f in (0, L− γ)× (0, H)

−
∂ustn+1

∂x
+ αustn+1

+ β
∂2ustn+1

∂y2 = −
∂us−1

tl1

∂x
+ αus−1

tl1
+ β

∂2us−1
tl1

∂y2 for x = 0

ustn+1
= g for x = L− γ

ustn+1
= g for y = 0

ustn+1
= g for y = H,

(2.66)

for s = p. Then, the local approximation of the solution at the time stamp tn

corresponding to the subdomain s is

ustn =



solution of (2.64), if 1 < s < p, s ∈ σ(n)

solution of (2.65), if s = 1, 1 ∈ σ(n)

solution of (2.66), if s = p, p ∈ σ(n)

ustn−1
, if s /∈ σ(n)

· (2.67)

Again, the equations defining the local errors are given by (2.64), (2.65) and (2.66)

with f = 0 and g = 0.

2.6 Convergence Proofs

We are now ready to present the convergence proof of Asynchronous Optimized

Schwarz applied to the problem considered in this chapter, namely, the one having a

PDE with the shifted Laplacian operator and in which a one-way domain decomposi-

tion is used. We present the proof of two convergence theorems. The second theorem

requires a stronger condition than in the first theorem, but, relatively speaking, these

conditions are easier to evaluate than those of the first theorem. The conditions in the

first theorem are a little bit more complicated to test (it requires the computation of

the spectral radius of Tk) but it allows us to guarantee convergence for a wider range
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of cases, i.e., for a wider range of values of L̄, γ̄, ω̄, ᾱ, β̄ and number of subdomains p.

Theorem 2.4. Let T̂k be the irreducible matrix defined by (2.49)-(2.52) and (2.54)-

(2.57). Let ρk the largest eigenvalue of |T̂k| and vk be the corresponding (positive)

eigenvector. Let vk,min be the smallest entry of vk. Then, the asynchronous iterations

given by (2.64)-(2.67) converge provided that

sup
k∈N

ρk < 1

and

sup
k∈N

{
ρk
||vk||∞
vk,min

}
<∞.

Proof. Note first that, since |T̂k| is a non-negative irreducible matrix, it holds that

|T̂k|vk = ρkvk.

Let

wk :=
||Ct0,k||∞
vk,min

vk.

Let tj be the stamp at which the processor s produces its first new update. Let

Cs
tj ,k

be the vector containing the coefficients corresponding to the subdomain s, e.g.,

Cs
tj ,k

= (Cs
tj ,k,1

, Cs
tj ,k,2

) for 1 < s < p. We have that T̂k = (T̂ 1
k , . . . , T̂

p
k ), where T̂ sk is the

local operator associated to the subdomain s. We partition vk as vk = (v1
k, . . . , v

p
k),

and if follows that

|T̂ sk |vk = ρkv
s
k.

The same partition applies to w, i.e., wk = (w1
k, . . . , w

p
k). Then, we have

|Cs
tj ,k
| = |T̂ skCt0,k| ≤ |T̂ sk ||Ct0,k| ≤ |T̂ sk |

||Ct0,k||∞
vk,min

vk = ρk
||Ct0,k||∞
vk,min

vsk = ρk .w
s
k < wsk,
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Note that, in particular, we have

|Ctj ,k| ≤ wk.

Thus, for this processor it holds that

|Cs
tm,k| ≤ ρkw

s
k (2.68)

for all time stamps tm ≥ tj.

Then, after every processor has produced its first update, say at time stamp tj1

we have that (2.68) holds for all s, and consequently |Ctj ,k| ≤ ρkwk for all tj ≥ tj1 . Dy

a similar reasoning, we can see that once every processor has produced a new update

after tj1 , say at tj2 ,we have |Ctm,k| ≤ ρ2
kwk for all tm ≥ tj2 . Thus, we have

|Ctm,k| ≤ ρ
Φ(m)
k wk, (2.69)

where, denoting by tj` the first time stamp at which all processors have updated

their values at least ` times, we have Φ(m) = max{` ∈ N : tj` ≤ tm}, i.e., Φ(m) is

the update number (at time tm) of the processor that produced the least number of

updates among all processors until the instant of time tm.

We have that

|Cs
tm,k,i| ≤ ρ

Φ(m)
k wsk,i = ρ

Φ(m)−1
k ρkw

s
k,i .

Let

M = sup
k∈N

ρk
||vk||∞
vk,min

·

By hypothesis, M <∞. Note that

ρkw
s
k,i = ρk

vsk,i
vk,min

≤ ρk
||vk||∞
vk,min

≤ sup
k∈N

ρk
||vk||∞
vk,min

= M <∞.
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Then,

|Cs
tm,k,i| ≤ ρ

Φ(m)−1
k M ≤ (sup

k∈N
ρk)

Φ(m)−1M.

Consequently, letting ρ := supk∈N ρk, we have

|Cs
tm,k,i| ≤ ρφ(m)−1M. (2.70)

Conditions 2 and 3 of the asynchronous model imply that new updates will always be

produced and used by the processors (see Section 2.5), thus we have that Φ(m)→∞

as m → ∞. Consequently, from (2.69) we have that Ctm,k → 0 uniformly in k ∈ N,

s = 1, . . . , p, i = 1, 2 as m→∞.

In order to complete the proof we need to show that limtm→∞ η
s
tm = 0. We present

the proof of this fact for the case of an interior subdomain, i.e., for 1 < s < p, but

in a similar way it can be shown that this also holds for the left-most and right-most

subdomains.
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Note first that
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He−
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1− e−2L̄
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ᾱ− β̄z2
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√
z2
m − ω̄
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2H(

1− e−2L̄
√
z2
1−ω̄
)(

ᾱ− β̄z2
1 +

√
z2

1 − ω̄
) := K.

Similarly, we have that

∣∣∣∣∣ ψ
(2)
m (x)

dψ
(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

∣∣∣∣∣ ≤ 2H(
1− e−2L̄

√
z2
1−ω̄
)(

ᾱ− β̄z2
1 +

√
z2

1 − ω̄
) = K.

Note from (2.9), (2.10), and (2.13) that for k ∈ N such that z2
k < ω̄ we have

|ψ(ν)
k (x)| ≤ 2

for ν = 1, 2, 3, k ∈ N and x ∈ [0, L].

Let K̄ = max{2, K}. Given that ω is fixed and zk → ∞ as k → ∞, there is a
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number Nω̄ ∈ N such that z2
k > ω̄ for all k ≥ Nω̄ and z2

k < ω̄ for all k < Nω̄. Then,

we have

|ηstn(x, y)| =

∣∣∣∣∣
∞∑
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Astn,m,1ψ
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m)ψ
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z2
m

+
∞∑

m=Nω̄
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z2
m

≤
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1

z2
m

2ρΦ(n)−1MK̄ = 2ρΦ(n)−1MK̄

∞∑
m=1

1

z2
m

.

Then, since
∑∞

m=1
1
z2
m

=
∑∞

m=1
1

(mπ)2 <∞ and limtm→∞ ρ
Φ(n) = 0 we have

lim
tm→∞

|ηstn(x, y)| ≤ lim
tm→∞

2ρΦ(n)−1MK̄

∞∑
m=1

1

z2
m

= 0 ·

Thus, we just showed that for 1 < s < p, ηstn(x, y)→ 0 uniformly in [0, L]× [0, H]
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as n→∞. With a similar procedure, it can be shown that the same result holds for

s = 1, p. Therefore,

lim
tm→∞

ηstn = 0

uniformly in [0, L] × [0, H] as n → ∞ for all s ∈ {1, . . . , p}. Since we have a finite

number of subdomains, this implies that

lim
tm→∞

ηtn = 0,

i.e., the global error converges to zero uniformly in [0,W ]× [0, H].

Now we present a second convergence result using a different hypothesis.

Theorem 2.5. The asynchronous iterations given by (2.64)-(2.67) converge if the

values of ᾱ, β̄, γ̄, ω̄ and L̄ are such that

sup
k∈N
||T̂k||∞ < 1. (2.71)

Proof. Let {tn} be a monotonically increasing sequence of time stamps.

Let ρ := supk∈N ||T̂k||∞. By hypothesis we have supk∈N ||T̂k||∞ < 1. Then it follows

that

||T̂kCtn,k||∞ ≤ ||T̂k||∞||Ctn,k||∞ ≤ ρ||Ctn,k||∞.

Let tj be the stamp at which the processor s produces its first new update. Let

Cs
tj ,k

be the vector containing the coefficients corresponding to the subdomain s, e.g.,

Cs
tj ,k

= (Cs
tj ,k,1

, Cs
tj ,k,2

) for 1 < s < p. We have that T̂k = (T̂ 1
k , . . . , T̂

p
k ), where T̂ sk is

the local operator associated to the subdomain s. Then, we have

|Cs
tj ,k,i
| ≤ ||Cs

tj ,k
||∞ = ||T̂ skCt0,k||∞ ≤ ρ||Ct0,k||∞.
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In particular, we have

|Cs
tj ,k,i
| < ||Ct0,k||∞.

Consequently, for this processor it holds that

|Cs
tj ,k,i
| ≤ ρ||Ct0,k||∞ (2.72)

for all tn ≥ tj.

In a similar way as in the Theorem 2.4, we have that after every processor has pro-

duced its first update, say at tj1 we have that (2.72) holds for all s, and consequently

|Cs
tj ,k,i
| ≤ ρ||Ct0,k||∞ for all tj ≥ tj1 . Then, this implies that we have

|Ctj ,k,i| ≤ ρΦ(j)||Ct0,k||∞, (2.73)

where, denoting by tj` the first time stamp at which all processors have updated

their values at least ` times, we have Φ(j) = max{` ∈ N : tj` ≤ tj}, i.e., Φ(j) is

the update number (at time tj) of the processor that produced the least number of

updates among all processors until the instant of time tj.

Then, following the same procedure as in the Theorem 2.4 but using (2.73) instead

of (2.70) we can see that the local error ηstn → 0 uniformly in [0, L] × [0, H] as

n→∞.

From (2.58), we have for k ∈ N such that z2
k > ω̄ that

||T̂k||∞ = max
{
c1(k, ᾱ, β̄, γ̄, ω̄, L̄) + c2(k, ᾱ, β̄, γ̄, ω̄, L̄), c3(k, ᾱ, β̄, γ̄, ω̄, L̄)

}
.

Then, based on this expression and the previous theorem, we have the following

corollary.

Corollary 2.6. Let ω ≤ 0. Let c1, c2 and c3 be defined as in (2.45)-(2.47). Then,
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the asynchronous iterations given by (2.64)-(2.67) converge if the values of ᾱ, β̄, γ̄,

ω̄ and L̄ are such that

sup
k∈N

{
max

{
c1(k, ᾱ, β̄, γ̄, ω̄, L̄) + c2(k, ᾱ, β̄, γ̄, ω̄, L̄), c3(k, ᾱ, β̄, γ̄, ω̄, L̄)

}}
< 1. (2.74)

2.7 Optimal parameters

From the bound on the coefficients given in (2.60) we can see that Asn,k,i, C
s
n,k,i → 0

as n → ∞ if ρ(|T̂k|) < 1. In other words, if ρ(|T̂k|) < 1, then this quantity is a

measure of how fast the coefficients of frequency k converge to zero as the number of

updates increases. Then, it follows that the quantity ρ = supk∈N ρ(|T̂k|) describes the

convergence rate at which all the coefficients of the series expansion of the local errors

decrease to zero, and therefore describes the convergence rate of the method. As we

shall see, ρ(|T̂k|) varies with k and it has one maximum. Therefore, we define the

optimal values of the normalized artificial boundary parameters ᾱ and β̄ as follows.

For the OO2 case, i.e., for β 6= 0, the optimal ᾱ and β̄ are such that

(ᾱopt, β̄opt) = argminᾱ∈(0,∞),β̄∈R

{
max
k∈N

ρ(|T̂k|)
}
.

For the OO0 case, i.e., for β = 0, the optimal ᾱ is given by

(ᾱopt) = argminᾱ∈(0,∞),β̄=0

{
max
k∈N

ρ(|T̂k|)
}
.

2.7.1 Optimal parameters for the ω ≤ 0 case

Optimal ᾱ for the OO0 case

In Figure 2.2 we can see that for any value of ᾱ, the maximum of ρ(|T̂k|) falls into

a region of low frequencies (e.g, for k < 20). For higher frequencies ρ(|T̂k|) is very

small, which implies that the coefficients Cs
n,k,i corresponding to high frequencies are
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damped at a very fast rate. Thus, in order to optimize the convergence of the method

it suffices to minimize the maximum value of ρ(|T̂k|) over the range of low frequencies;

usually considering the range k ≤ 20 is enough to find the optimal parameters.

Figure 2.2: ρ(|T̂k|) vs. k for ᾱ ∈ [0.01, 30], with β̄ = 0, p = 10, ω̄ = 0 and γ̄ = 0.01

In Figure 2.3 we see a typical curve of how supk ρ(|T̂k|) varies with ᾱ for a fixed

normalized overlap γ̄, fixed number of subdomains p and fixed L̄ = L/H. This curve

corresponds to the case γ̄ = 0.01, p = 100, L̄ = 1 and ω̄ = 0. We can see that the

curve has a minimum, which we call the optimal convergence rate factor, and the

value of ᾱ at which this minimum occurs is the optimal ᾱ for the OO0 case.

In Figures 2.4-2.6 we can see blue curves showing how the optimal values of ᾱ (for

the case β = 0) vary with the normalized overlap γ̄ for given number of subdomains

p, L̄ = 1 and ω̄ = 0. As it can be seen, these curves are essentially the same. It turns

out that for small enough values of γ̄ (e.g, γ̄ ≤ 0.06, which is the case of interest in

practice) these curves can be approximated well by the graph of a power function.

Therefore,

ᾱopt ≈ D(p, L̄, ω̄)γ̄Q(p,L̄,ω̄).
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Figure 2.3: Convergence factor ρ vs. ᾱ for γ̄ = 0.01, p = 100, L̄ = 1, β̄ = 0

The power-law approximation of these curves are shown in 2.4-2.6 by the red curves.

In this case, i.e., when L̄ = 1, ω̄ = 0 and p ≥ 10, we have that D = 1.7305 and

Q = −0.2822.

In Figures 2.7-2.9 we can see how the optimal convergence factor varies with γ̄ for

different values of p when L̄ = 1 and ω̄ = 0. In all of these figures we can observe

that the optimal convergence factor decreases as the normalized overlap γ̄ increases.

In Figures 2.10 and 2.11 we can see how the optimal convergence rate factor and

the optimal parameter ᾱ vary with the number of subdomains p for γ̄ = 0.01, L̄ = 1

and ω̄ = 0. In these figures we can observe that for large enough values of p, the

value of ᾱopt remains constant as p increases.

In Figures 2.12 and 2.13 we can see how the optimal convergence factor and ᾱ

vary with L̄ for γ̄ = 0.01L̄, p = 10, and ω̄ = 0. From Figure 2.12 it follows that, for

a fixed domain, as we increase the number of subdomains the optimal convergence

factor deteriorates. From the same result, it can be concluded that between two

domain decompositions with the same number of subdomains and same normalized

overlap γ̄, the decomposition with larger normalized width L̄ = L/H will produce
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Figure 2.4: Comparison between the computed values of ᾱopt and their power-law
approximations for γ̄ ∈ [0.001, 0.13], p = 10, ω̄ = 0 and L̄ = 1

Figure 2.5: Comparison between the computed values of ᾱopt and their power-law
approximations for γ̄ ∈ [0.001, 0.13], p = 20, ω̄ = 0 and L̄ = 1
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Figure 2.6: Comparison between the computed values of ᾱopt and their power-law
approximations for γ̄ ∈ [0.001, 0.13], p = 50, ω̄ = 0 and L̄ = 1

Figure 2.7: Optimal convergence factor vs. normalized overlap γ̄ for p = 10, L̄ = 1
and ω̄ = 0

a better optimal convergence factor. Note that the length of a physical boundary is

L and the length of an artificial boundary is H. Thus the ratio L̄ = L/H indicates

what proportion of the boundaries are physical boundaries. Thus, the larger is the
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Figure 2.8: Optimal convergence factor vs. normalized overlap γ̄ for p = 20, aL̄ = 1
and ω̄ = 0

Figure 2.9: Optimal convergence factor vs. normalized overlap γ̄ for p = 50, L̄ = 1
and ω̄ = 0

of ratio physical boundaries vs. artificial boundaries of a subdomain, the faster is the

convergence.

In Figure 2.14 we see how the optimal convergence factor varies with ω̄ when

ω̄ ≤ 0, p = 10, γ̄ = 0.01 and L̄ = 1.
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Figure 2.10: Optimal convergence factor vs. number of subdomains p for γ̄ = 0.01,
L̄ = 1 and ω̄ = 0

Figure 2.11: Optimal ᾱ vs. number of subdomains p for γ̄ = 0.01, L̄ = 1 and ω̄ = 0

As we can see, the optimal convergence factor varies monotonically with

ω̄ for ω̄ ≤ 0.
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Figure 2.12: Optimal convergence factor vs. L̄ for γ̄ = 0.01L̄, p = 10 and ω̄ = 0

Figure 2.13: Optimal ᾱ vs. L̄ for γ̄ = 0.01L̄, p = 10 and ω̄ = 0

Optimal Parameters for the OO2 case

In the case where β < 0, we still have that for a fixed value of ᾱ, ρ(|T̂k|) has

a maximum over the frequencies k and it falls into a region of low frequencies (e.g,

k < 20). In figure 2.15 we can see how ρ(|T̂k|) varies with k for β̄ = −0.044, γ̄ = 0.01,
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Figure 2.14: Optimal convergence factor vs. ω̄ for p = 10, γ̄ = 0.01 and L̄ = 1

ω̄ = 0, p = 10 and ᾱ ∈ [0.01, 30].

Figure 2.15: ρ(|T̂k|) vs. k with ᾱ ∈ [0.01, 30], β̄ = −0.044, γ̄ = 0.01, p = 10, and
ω̄ = 0

In Figure 2.16 we can see how the values of the convergence factor vary with

ᾱ for two values of β̄, namely, β̄ = 0 (blue curve) and β̄ = −0.044 (red curve),

with γ̄ = 0.01, p = 100 and L̄ = 1. From this figure we can see that there is a
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substantial improvement in the convergence factor when this second parameter β̄ is

tuned. Therefore, the OO2 case gives a better convergence factor with respect to the

OO0 case, for the case of a one-way domain decomposition.

Figure 2.16: Comparison between the optimal convergence factor values for β̄ = 0
and β̄ = −0.04 when ᾱ ∈ [0.01, 30] γ̄ = 0.01, p = 100 L̄ = 1, and ω̄ = 0

In Figure 2.17 we can see how the convergence factor ρ varies with the values of

ᾱ and β̄ when γ = 0.01, ω̄ = 0 and L̄ = 1. In particular we can observe that the

convergence factor has one minimum.

In Figures 2.18-2.20 we can see how the spectral radius, ᾱ and β̄ vary with the

value of γ̄ for p = 10, L̄ = 1 and ω̄ = 0.

In Figures 2.21-2.23 we can see how the optimal convergence rate factor and the

optimal parameters ᾱ and β̄ vary with the number of subdomains p for γ̄ = 0.01 ,

L̄ = 1 and ω̄ = 0. Also, in Figures 2.24-2.26 we can see how the optimal convergence

factor and the optimal parameters ᾱ and β̄ vary for γ̄ = 0.01L̄ and p = 10.
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Figure 2.17: Optimal convergence factor vs. (ᾱ, β̄) when γ̄ = 0.01, L̄ = 1, p = 100
and ω̄ = 0

Figure 2.18: Optimal convergence factor vs. γ̄ for p = 10, L̄ = 1 and ω̄ = 0

2.7.2 Optimal parameters for the ω > 0 case

This corresponds to the Helmholtz equations case. We analyze how the conver-

gence factor is affected by the different parameters for the OO0 case.

In cases where ω̄ > 0, in contrast with the cases with ω̄ ≤ 0, the optimal values
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Figure 2.19: Optimal parameter ᾱ vs. γ̄ for p = 10, L̄ = 1 and ω̄ = 0

Figure 2.20: Optimal parameter β̄ vs. γ̄ for p = 10 , L̄ = 1 and ω̄ = 0

of the parameter ᾱ are complex values. Also, in our computations we have obtained

that supk ||T̂k||∞ > 1 which is not the case for ω̄ ≤ 0. However, we still observed that

ρ = supk ρ(|T̂k|) < 1 in many cases.

In Figure 2.27 we can see how ρ varies with ᾱ for β̄ = 0, γ̄ = 0.01, ω̄ = 100, p = 10

and L̄ = 1. In this picture the minimum of the convergence factor ρ = supk ρ(|T̂k|)
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Figure 2.21: Optimal convergence factor vs. p for γ̄ = 0.01 , L̄ = 1 and ω̄ = 0

Figure 2.22: Optimal parameter ᾱ vs. p for γ̄ = 0.01 , L̄ = 1 and ω̄ = 0

occurs when ᾱ = ᾱopt = 0.4 + 6.755i.

In Figure 2.28 we can observe how the optimal convergence factor vary with the

normalized shift ω̄ when γ̄ = 0.01, p = 10 and L̄ = 1. In particular, we can observe

that the convergence factor does not vary monotonically with γ̄. The largest value of

the convergence factor within these range of values of ω̄ was ρ = 0.9994 corresponding
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Figure 2.23: Optimal parameter β̄ vs. p for γ̄ = 0.01 , L̄ = 1 and ω̄ = 0

Figure 2.24: Optimal convergence factor vs. L̄ for γ̄ = 0.01L̄ and p = 10

to ω̄ = 150. In Table 2.1 the values of ᾱopt are given for different values of ω̄ using

the same values of γ̄, p and L̄.

In Figure 2.29 we observe how the optimal convergence factor varies with the

normalized overlap γ̄, for p = 10, ω̄ = 50 and L̄ = 1. In Table 2.2 the corresponding

values of ᾱopt are given. In this case we can also see that there is not a monotonic
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Figure 2.25: Optimal parameter ᾱ vs. L̄ for γ̄ = 0.01L̄ and p = 10

Figure 2.26: Optimal parameter β̄ vs. L̄ for γ̄ = 0.01L̄ and p = 10

behavior of the convergence factor as γ̄ increases. Note in this figure that for large

values of γ̄, the convergence factor ρ = supk ρ(|T̂k|) > 1. Thus, our convergence

theorems hold only for values of the normalized overlap γ̄ smaller than 0.06, i.e.,

overlap of 6% of the width of the subdomain. Now, the fact that the contraction factor
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Figure 2.27: Optimal convergence factor vs. ᾱ for γ̄ = 0.01, p = 10, ω̄ = 100, β̄ = 0
and L̄ = 1

Figure 2.28: Optimal convergence factor vs. ω̄ for γ̄ = 0.01, p = 10 and L̄ = 1

is larger than one and that this bound does not contract does not imply necessarily

that the asynchronous method will not converge. We might still get convergence in

practice. Also, note that in practice we are interested in small values of overlap.

In Figure 2.30 we can see how the optimal convergence factor varies with the

number of subdomains p, for γ̄ = 0.01, ω = 50 and L̄ = 1, and in Table 2.3 we have
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Table 2.1: Values of ᾱopt for different values of ω̄, when p = 10, γ̄ = 0.01 and L̄ = 1.
ω̄ ᾱopt

10 0.0811 - 0.4000i
20 0.5222 - 2.9310i
50 0.3111 - 5.1224i
70 0.0195 - 6.5918i
100 0.5222 - 6.8367i
150 0.3111 - 9.4490i
200 0.1000 - 12.0816i

Figure 2.29: Optimal convergence factor vs. γ̄ for p = 10, ω̄ = 50 and L̄ = 1

Table 2.2: Values of ᾱopt for different values of γ̄, when p = 10, ω̄ = 50 and L̄ = 1.
γ̄ ᾱopt

0.001 1.1556 - 4.9592i
0.005 0.5222 - 4.9592i
0.01 0.3111 - 5.1224i
0.03 - 5.2041i
0.05 - 5.0408i
0.07 - 4.9592i
0.1 - 4.8776i

the corresponding values of ᾱopt. We can see that for p = 100 the convergence factor

ρ goes slightly above one. Therefore, based on the previous comment, for p = 100

convergence cannot be guaranteed with our theory. However, in practice we might
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get convergence of the asynchronous iterations for this and even larger values of p.

Figure 2.30: Optimal convergence factor vs. p for γ̄ = 0.01, ω̄ = 50 and L̄ = 1

Table 2.3: Values of ᾱopt for different values of p, when γ̄ = 0.01, ω̄ = 50 and L̄ = 1
γ̄ ᾱopt

5 1.1556 - 5.2857i
10 0.3111 - 5.1224i
20 0.0147 - 5.0408i
30 0.0905 - 5.1224i
40 0.0000 - 4.9592i
50 0.0716 - 5.0408i
100 0.1000 - 5.1224i
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2.8 Conclusion

In this chapter we have studied the convergence of the asynchronous version of

the Optimized Schwarz method when it is applied to solve a PDE containing the

shifted Laplacian operator in a bounded rectangular domain with Dirichlet physical

boundary conditions. We have considered artificial boundary conditions of the OO2

family, which contains two parameters α and β. We obtained a fixed point iteration

mapping on the error coefficients. We showed that the error of the asynchronous

implementation goes to zero uniformly provided that certain conditions hold, and

then showed evidence that this conditions actually hold. We studied the dependence

of the convergence factor on the parameters normalized parameters ᾱ, β̄, γ̄, ω̄, and L̄,

and obtained the optimal values for the parameters ᾱ and β̄. We obtained some

empirical formulas for the optimal ᾱ for the OO0 case. We compared the OO0 and

OO2 cases and found that the OO2 case gives a better convergence rate factor, i.e.,

there is a substantial improvement in the convergence factor when the parameter β̄

is tuned to its optimal value over the case of β̄ = 0. Finally, we studied how the

convergence factor behaves for the positive shift case, i.e., the Helmholtz equations

case, when we vary the values of the parameters ᾱ, β̄, γ̄, ω̄ and L̄.
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CHAPTER 3

POISSON’S EQUATION: DECOMPOSITION

WITH CROSS-POINTS OF 2D DOMAIN

3.1 Preliminaries

In this chapter we analyze the convergence of the synchronous and asynchronous

versions of an Optimized Schwarz method applied to solve Poisson’s equations in a

rectangular domain with Dirichlet physical boundary conditions and a domain de-

composition with cross-points (i.e., points where the boundaries of more than two

subdomains meet). We use boundary conditions of the OO0 family on the artificial

boundaries, i.e, Robin boundary conditions containing a parameter α.

3.2 Formulation of the Problem

We want to solve the following problem,

 −∆u = f in Ω,

u = g on ∂Ω,
(3.1)

where Ω = [0, L1]× [0, L2].

We divide the physical domain into p×q overlapping rectangular subdomains. To

simplify the presentation, we consider square subdomains where each side is of length

H, i.e., all subomains have the same size. Also, we consider the same overlap on

each side. Note, however that the analysis presented here is also valid for arbitrary
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rectangles and arbitrary overlaps. Each of these subdomains is represented by a pair

of indexes, (s, r), with s ∈ {1, ..., p} and r ∈ {1, ..., q}. We consider that the overlap

on each side is of length 2γ, see Figure 3.1. There are nine types of subdomains, that

can be put into three categories.

1. Interior subdomains, i.e., sudomains whose sides are all artificial boundaries.

2. Corner subdomains, which have two sides in common with the physical bound-

aries and the other sides are artificial boundaries. Thus, we have top-left, top-

right, bottom-left and bottom-right corner subdomains.

3. Subdomains having one side in common with the physical boundaries and the

other three sides being artificial boundaries. Thus we have top, bottom, left

and right subdomains.

The subdomain (s, r) is denoted by Ω(s,r) and given by

Ω(s,r) = [(s− 1)(H − 2γ), sH − 2(s− 1)γ]× [(r − 1)(H − 2γ), rH − 2(r − 1)γ].

The local coordinates associated to the Ω(s,r) are those in the coordinate system

whose origin is on the bottom-left corner of the subdomain (s, r). Thus, the relation

between the local coordinates, denoted by (x, y), and the global coordinates, denoted

by (xg, yg), is given by the following formulas

x = xg − (s− 1)(H − 2γ),

y = yg − (r − 1)(H − 2γ).

The equations corresponding to an interior subdomain (i.e., for 1 < s < p, 1 < r <

q ) in the Optimized Schwarz (OS) iteration process associated with problem (3.1),

with OO0 transmission conditions, using a domain decomposition with cross-points
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and local coordinates are given by



−∆u
(s,r)
n+1 = f in (0, H)× (0, H)

−∂u
(s,r)
n+1

∂x
+ αu

(s,r)
n+1 = −∂us−1,r

n

∂x
+ αus−1,r

n for x = 0

∂u
(s,r)
n+1

∂x
+ αu

(s,r)
n+1 = ∂us+1,r

n

∂x
+ αus+1,r

n for x = H

−∂u
(s,r)
n+1

∂y
+ αu

(s,r)
n+1 = −∂us,r−1

n

∂y
+ αus,r−1

n for y = 0

∂u
(s,r)
n+1

∂y
+ αu

(s,r)
n+1 = ∂us,r+1

n

∂y
+ αus,r+1

n for y = H.

(3.2)

The equations for the subdomains touching the boundaries are similar to (3.2) with

the exception that one or two of the boundary conditions are Dirichlet, namely, those

associated to the physical boundaries. The parameter α is the one which we want to

optimize, so as to minimize the convergence rate.

Figure 3.1: Partition of Domain

In order to study the convergence of the OS iteration described by (3.2) together

with the equations associated to the subdomains touching the boundaries, and its

asynchronous version, following the same approach as in Chapter 2, we obtain a
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series representation of the local errors and then recast the iteration into a fixed

point iteration on vectors containing the error series coefficients.

3.3 Recasting equations as a fixed point iteration

To obtain the new fixed point iteration, we begin first by analyzing the local

error of an interior subdomain. Let η
(s,r)
n be the local error after n iterations corre-

sponding to the subdomain (s, r). By linearity, we can see that the local error (of

interior subdomains) of the iteration process is described by (3.2) with f = 0. Fur-

thermore, by superposition principle, we can write η
(s,r)
n = η

(s,r)
n,1 +η

(s,r)
n,2 +η

(s,r)
n,3 +η

(s,r)
n,4 ,

where η
(s,r)
n,i , i = 1, ..., 4, is the solution of (3.2) with f = 0 and with one nonhomo-

geneous boundary condition and the rest homogeneous (e.g., see equation (A.4) in

Appendix A). We use the following convention: i = 1 corresponds to the case where

the non-homgoneneous boundary condition is at the bottom, i = 2 to the case with

non-homogeneous boundary condition on the right, i = 3 at the top, and i = 4 on the

left. Thus, using separation of variables, superposition principle and Sturm-Liouville

theory (see Appendix A), we can write each part of the local error η
(s,r)
n as

η
(s,r)
n,1 (x, y) =

∞∑
m=1

A
(s,r)
n,m,1φ

(1)
m (x)ψ(1)

m (H − y) , (3.3)

η
(s,r)
n,2 (x, y) =

∞∑
m=1

A
(s,r)
n,m,2φ

(1)
m (y)ψ(1)

m (x) , (3.4)

η
(s,r)
n,3 (x, y) =

∞∑
m=1

A
(s,r)
n,m,3φ

(1)
m (x)ψ(1)

m (y) , (3.5)

η
(s,r)
n,4 (x, y) =

∞∑
m=1

A
(s,r)
n,m,4φ

(1)
m (y)ψ(1)

m (H − x) , (3.6)

where

φ(1)
m (x) =

ᾱ

zm
sin
(zmx
H

)
+ cos

(zmx
H

)
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and

ψ(1)
m (x) =

ᾱ

zm
sinh

(zmx
H

)
+ cosh

(zmx
H

)
,

with zm = zm(ᾱ) satisfying the transcendental equation

tan(z) =
2zᾱ

ᾱ2 − z2
, (3.7)

and ᾱ = αH is the normalized Robin parameter.

Note that {φ(1)
m }m∈N is a complete orthogonal set in [0, H]. Therefore, equa-

tions (3.3) and (3.5) can be seen as Generalized Fourier series in x and equations

(3.4) and (3.6) as Generalized Fourier series in y.

Let {z̃m}m∈N be such that z̃1 < z̃2 < . . . and such that z̃m satisfies the transcen-

dental equation

tan(z) = − z
ᾱ
.

Also, let

ψ(2)
m (x) := sinh

(
z̃mx

H

)
and

φ(2)
m (x) := sinh

(
z̃mx

H

)
.

Note that, similarly to {φ(1)
m }, {φ(2)

m } is a complete orthogonal set that spans the set

of piecewise continuous functions. Then, the series expansion of the local errors of

corner subdomains are

η(1,q)(x, y) =
∞∑
m=1

A
(1,q)
n,m,1φ

(2)
m (x)ψ(2)

m (y −H) +
∞∑
m=1

A
(1,q)
n,m,2φ

(2)
m (y −H)ψ(2)

m (y −H),

η(p,q)(x, y) =
∞∑
m=1

A
(p,q)
n,m,1φ

(2)
m (x−H)ψ(2)

m (y −H) +
∞∑
m=1

A
(p,q)
n,m,4ψ

(2)
m (x−H)φ(2)

m (y −H),
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η(p,1)(x, y) =
∞∑
m=1

A
(p,1)
n,m,3φ

(2)
m (x−H)ψ(2)

m (y) +
∞∑
m=1

A
(p,1)
n,m,4ψ

(2)
m (x−H)φ(2)

m (y),

η(1,1)(x, y) =
∞∑
m=1

A
(1,1)
n,m,2ψ

(2)
m (x)φ(2)

m (y) +
∞∑
m=1

A
(1,1)
n,m,3φ

(2)
m (x)ψ(2)

m (y).

The series representation of the local errors of the subdomains touching the boundary

that are not corners are

η(1,r)(x, y) =
∞∑
m=1

A
(1,r)
n,m,1φ

(2)
m (x)ψ(1)

m (H − y)

+
∞∑
m=1

A
(1,r)
n,m,2φ

(1)
m (y)ψ(2)

m (x)

+
∞∑
m=1

A
(1,r)
n,m,3φ

(2)
m (x)ψ(1)

m (y), (3.8)

η(p,r)(x, y) =
∞∑
m=1

A
(p,r)
n,m,1φ

(2)
m (x−H)ψ(1)

m (H − y)

+
∞∑
m=1

A
(p,r)
n,m,3φ

(2)
m (x−H)ψ(1)

m (y)

+
∞∑
m=1

A
(p,r)
n,m,4φ

(1)
m (y)ψ(2)

m (x−H), (3.9)
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η(s,1)(x, y) =
∞∑
m=1

A
(s,1)
n,m,1φ

(2)
m (y)ψ(1)

m (H − x)

+
∞∑
m=1

A
(s,1)
n,m,2φ

(1)
m (x)ψ(2)

m (y)

+
∞∑
m=1

A
(s,1)
n,m,3φ

(2)
m (y)ψ(1)

m (x), (3.10)

η(s,q)(x, y) =
∞∑
m=1

A
(s,q)
n,m,1φ

(2)
m (y −H)ψ(1)

m (H − x)

+
∞∑
m=1

A
(s,q)
n,m,3φ

(2)
m (y −H)ψ(1)

m (x)

+
∞∑
m=1

A
(s,q)
n,m,4φ

(1)
m (x)ψ(2)

m (y −H). (3.11)

For our convergence analysis, we want to show that the series in (3.3)-(3.6) and

(3.8)-(3.11) converge uniformly to zero. To that end, we want to express the coeffi-

cients A
(s,r)
n,m,i of the series as a quotient with a denominator having z2

m, such as in the

following theorem.

Lemma 3.1. Consider the series expansion of η
(s,r)
n,i (the i−th part of the local error of

an interior subdomain) from equations (3.3)-(3.6). Let u0 be the initial approximation

of the solution of (3.1) and such that the initial error η0 is C3((0, L1)× (0, L2)). Let

S1 := {(s, r) : 1 < s < p, 1 < r < q}, S2 := {(s̄, r̄) : 1 < s̄ < p, r̄ = 1} ∪ {(s̄, r̄) :

1 < s̄ < p, r̄ = 1} ∪ {(s̄, r̄) : 1 < r̄ < q, s̄ = 1} ∪ {(s̄, r̄) : 1 < r̄ < q, s̄ = p},

S3 := {(s̄, r̄) : s̄ ∈ 1, p, r̄ ∈ 1, q}, i.e., S1 is the set of indexes for interior subdomains,

S2 is the set of indexes of the subdomains touching the boundaries which are not on

the corners and S3 are the set indexes of subdomains lying on the corners. Then, for
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all n ∈ N, we have for (s, r) ∈ S1 that

A
(s,r)
n,m,i =

B
(s,r)
n,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] , (3.12)

for (s, r) ∈ S2 that

A
(s,r)
n,m,i =

B
(s,r)
n,m,i

z2
m cosh(zm)

, (3.13)

and for (s, r) ∈ S3 that

A
(s,r)
n,m,i =

(ᾱ + 1/zm)B
(s,r)
n,m,i

z2
m cosh(zm)

, (3.14)

where B
(s,r)
n,m,i ≤

Mn,s,r

z
1/2
m

for all m ∈ N and some Mn,s,r > 0. Also, the series (3.3)-(3.6),

(3.3)-(3.6) are uniformly convergent.

The proof of this lemma is given in Appendix B.

We want a fixed point iteration with an iteration operator mapping the vector

of all the local error series coefficients at iteration n to the vector of coefficients at

iteration n+1. Thus, the next step towards obtaining the expression of this operator,

is to find the formulas that relate coefficients of the error series at iterations n and

n + 1. To that end, plugging (3.12) into (3.3)-(3.6), then plugging the resulting

expressions into the nonhomogeneous boundary conditions in (3.2), multiplying both

sides of the resulting equation by φk, integrating over y ∈ [0, H] and noticing the

orthogonality property of the set
{
φ

(1)
m

}
m∈N

, we obtain the expression of the error

series coefficients at iteration (n + 1) in terms of those at iteration n. For interior

subdomains that are not adjacent to subdomains touching the boundary, we have for
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example the following expression for B
(s,r)
n+1,k,1.

B
(s,r)
n+1,k,1 =

(
zk + ᾱ2

zk

)
sinh (2γ̄zk) + 2ᾱ cosh (2γ̄zk)(

zk + ᾱ2

zk

)
sinh (zk) + 2ᾱ cosh (zk)

B
(s,r−1)
n,k,1 (3.15)

+
∞∑
m=1

4z5
k

[
ᾱ
zk

tanh(zk) + 1
] (
zm + ᾱ2

zm

)
sin ((1− 2γ̄)zm)[(

zk + ᾱ2

zk

)
tanh(zk) + 2ᾱ

]
z2
m

(
zmz3

k + zkz3
m

)
{

tanh(zm)
[
ᾱ(z2

k + z2
m) sin(zk)− zk(ᾱ2 − z2

m) cos(zk)
]

+ zm(ᾱ2 + z2
k) sin(zk)

}[
ᾱ
zm

tanh(zm) + 1
] [

(z2
k)− ᾱ2 sin(2zk) + 2zk(ᾱ2 + z2

k + ᾱ)− 2ᾱzk cos(2zk)
] B

(s,r−1)
n,m,2


+

(
−zk + ᾱ2

zk

)
sinh ((1− 2γ̄)zk)(

zk + ᾱ2

zk

)
sinh (zk) + 2ᾱ cosh (zk)

B
(s,r−1)
n,k,3

+
∞∑
m=1

4z5
k

[
ᾱ
zk

tanh(zk) + 1
] (
zm + ᾱ2

zm

)
sin ((1− 2γ̄)zm)[(

zk + ᾱ2

zk

)
tanh(zk) + 2ᾱ

]
z2
m

(
zmz3

k + zkz3
m

)
{

tanh(zm)zk(ᾱ
2 + z2

m)− zm
[
−2ᾱzk +

(ᾱ2−z2
k) sin(zk)+2ᾱzk cos(zk)

cosh(zm)

]}
[
ᾱ
zm

tanh(zm) + 1
] [

(z2
k)− ᾱ2 sin(2zk) + 2zk(ᾱ2 + z2

k + ᾱ)− 2ᾱzk cos(2zk)
]B(s,r−1)

n,m,4

 .

Similar expressions follows for B
(s,r)
n,m,i with i = 2, 3, 4. The coefficients for the other types of

subdomains can be obtained with the same procedure.

Note from (3.15) that, as a difference from the formulas for the coefficients of the

local error series for the case in Chapter 2, in this case the coefficients of frequency k

at iteration n+ 1 depend not only on the coefficients of the error series at iteration n

of frequency k, but also on the coefficients of other frequencies. This means, in other

words, that error modes of different frequencies are coupled.

Let Bn be the infinite vector containing all the error series coefficients at itera-

tion n, i.e., Bn = (bn1 , bn2 , ...) with bnj ∈
{
B

(s,r)
n,k,i : s ∈ {1, ..., p}, r ∈ {1, ..., q}, k ∈ N,

i ∈ {1, ..., 4}}. Then, the relation between coefficients of the local errors can be writ-

ten as Bn+1 = T̂Bn, where T̂ : R∞ → R∞ is an infinite matrix. The fact that T̂ is

an infinite matrix is a consequence of the coupling between modes of different fre-

quencies. Note that T̂ = (T̂ (1,1), . . . , T̂ (p,q)), where T̂ (s,r) is a local operator such that
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B
(s,r)
n+1 = T̂ (s,r)Bn with B

(s,r)
n+1 being a vector containing all the error coefficients of the

local problem (s, r) at iteration (n+ 1).

This new fixed point iteration means, in other words, that given the expression

of the local errors η
(s,r)
n in terms of the series (3.3)-(3.6),(3.8)-(3.11) but written with

the coefficients B
(s,r)
n,m,i as in (3.12)-(3.14), solve the local problems to obtain the new

coefficients B
(s,r)
n+1,m,i which determine η

(s,r)
n+1 .

3.4 Convergence of Synchronous Optimized Schwarz

In this section we discuss the convergence of a synchronous implementation of the

optimized Schwarz method (3.2). We have the following result. We do not call this

a theorem since we use some experimental results as arguments in some parts of the

proof.

Result 3.2. For any positive value of the relative overlap γ̄ there exist a computable

range of values of ᾱ for which the OSM iteration given by (3.2) converges.

Proof. Let (Bn)|k≤kmax
denote the vector resulting after discarding all the entries

of Bn corresponding to k > kmax.

Then,we can write

(Bn+1)|k≤kmax
=
(
T̂ (Bn)

)
|k≤kmax

= T̂kmax

(
(Bn)|k≤kmax

)
+ξn+1,kmax((Bn)|k>kmax

), (3.16)

where T̂kmax is a finite matrix obtained by discarding the rows and columns of T̂

related to the coefficients pertaining to k > kmax, and ξn+1,kmax((Bn)|k>kmax
) is the

error vector obtained by approximating (Bn+1)|k≤kmax
by T̂kmax

(
(Bn)|k≤kmax

)
.

Note that each entry of ξn+1,kmax((Bn)|k>kmax
) is the truncation error that results

after truncating the series in the formulas of the coefficients B
(s,r)
n+1,k,i, k ≤ kmax, by

keeping only the terms corresponding to k ≤ kmax. Thus, as it can be seen in (3.15),

ξn+1,kmax((Bn)|k>kmax
) is just a linear combination of the entries of (Bn)|k>kmax

. Note
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also that the entries of (Bn)|k>kmax
are linear combinations of the entries of Bn−1.

Using equation (3.16) recursively, we obtain the following equation

(Bn+1)|k≤kmax
= T̂ n+1((B0)|k≤kmax

) +
n+1∑
j=1

T̂ n+1−j(ξj,kmax((Bj−1)|k>kmax
)). (3.17)

We discuss in Section 3.7 conditions for the spectral radius ρ(T̂kmax) < 1. Com-

puting the spectral radius of T̂kmax for any (normalized) overlap γ̄ > 0, we can observe

that ρ(T̂kmax) tends to a constant less than one for large enough values of the normal-

ized parameter ᾱ; see Figure 3.3. In other words, for γ̄ > 0 and ᾱ large enough, we

have

lim
kmax→∞

ρ(T̂kmax) = ρ∞ < 1, (3.18)

where ρ∞ = ρ∞(ᾱ, γ̄).

Let ε > 0. From (3.15) and Result C.4 we have that the elements B
(s,r)
n+1,k,i of

|Bn+1| = |TBn| are bounded as B
(s,r)
n+1,k,i ≤ C/z

1/2
k for some C > 0. Thus, we can

always find a large enough kmax such that the entries of |Bn+1| = |TBn| corresponding

to k > kmax are as small as desired. From this fact and since (3.18) hold, we have

for large enough n, say for n > nε, that there exists a kmax(nε) such that for all

kmax > kmax(nε) we have

T̂ n+1((B0)|k≤kmax
) ≤ ε||B0||∞


1

...

1

 . (3.19)

Then, from this fact and since

lim
kmax→∞

n+1∑
j=1

T̂ n+1−j(ξj,kmax((Bj−1)|k>kmax
)) = 0, (3.20)
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it follows that for n > nε we have

|Bn+1| ≤ ε||B0||∞


1

...

1

 . (3.21)

But ε > 0 was arbitrary. Consequently, for any ε > 0 there exists an nε such that

(3.21) holds. Therefore, |Bn| → 0. More over B
(s,r)
n,k,i converges to zero uniformly in

s ∈ {1, . . . , p}, r ∈ {1, . . . , q}, k ∈ N and i ∈ {1, 2, 3, 4}.

Using the fact that B
(s,r)
n,k,i converges uniformly to zero and using the result from

Lemma 3.1, we have that η
(s,r)
n,i converges uniformly to zero in [0, H]2. Consequently

limn→∞ ηn = 0, i.e., the error goes to zero as n goes to infinity. Therefore, the

synchronous implementation of OS given by (3.2) converges.

Figure 3.2: Spectral radius of T̂kmax for p, q = 10, kmax = 20, normalized overlap
γ̄ = 0.01 and normalized boundary parameter ᾱ ∈ [0.01, 100]

3.5 Asynchronous Optimized Schwarz methods

In this section we study the asynchronous optimized Schwarz iterations. We start

by defining the equations for the local problems. We use the same model for the
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Figure 3.3: Spectral radius of T̂kmax vs. kmax for p, q = 10, normalized overlap γ̄ = 0.01
and normalized boundary parameter ᾱ = 0.72

asynchronous iterations as the one introduced in Section 2.5. Thus, let l1 = τ
(s,r)
s−1,r(n),

l2 = τ
(s,r)
s+1,r(n), l3 = τ

(s,r)
s,r−1(n) and l4 = τ

(s,r)
s,r+1(n), i.e., the time-stamp indexes of the

updates of the data coming from the neighboring processors and available in processor

(s, r) at the beginning of the computation which will end at the n− th time stamp.

Let 

−∆u
(s,r)
tn+1

= f (s,r) in Ω(s,r)

−∂u
(s,r)
n+1

∂x
+ αu

(s,r)
tn+1

= −
∂us−1,r

tl1

∂x
+ αus−1,r

tl1
for x = (s− 1)h− γ

∂u
(s,r)
tn+1

∂x
+ αu

(s,r)
tn+1

=
∂us+1,r

tl2

∂x
+ αus+1,r

tl2
for x = sh+ γ

−
∂u

(s,r)
tn+1

∂y
+ αu

(s,r)
tn+1

= −
∂us,r−1

tl3

∂y
+ αus,r−1

tl3
for y = (r − 1)h− γ

∂u
(s,r)
tn+1

∂y
+ αu

(s,r)
tn+1

=
∂us,r+1

tl4

∂y
+ αus,r+1

tl4
for x = rh+ γ.

(3.22)

Then, the local approximation of the solution at the time stamp tn corresponding to

the (s, r) interior subdomain is

u
(s,r)
tn =

 solution of (3.22), if (s, r) ∈ σ(n)

u
(s,r)
tn−1

, if (s, r) /∈ σ(n)
· (3.23)
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In our case, the processors are numbered with a pair of indices corresponding to the

numbering of the subdomains, say (s, r). The local equations for the other type of

subdomains are the same as (3.22)and (3.23) with the exception that the boundary

conditions corresponding to the boundaries that coincide with the physical boundaries

are Dirichlet.

Note that following the same process as in the synchronous case we can obtain

local operators that relate the error coefficients at different time stamps. These local

operators are the same as in the synchronous case. In the asynchronous case, the

local operations are performed without synchronization, therefore the expression of

the global operator is more complex than in the synchronous case. However, as it is

shown in the next section, we can study the convergence of the asynchronous method

by studying the spectral properties of the operator |T̂ |, where T̂ is the global operator

of the synchronous case, and the absolute value is understood componentwise.

3.6 Convergence proof of Asynchronous OS

As we shall see in Section 3.7, at least for certain subdomain configurations there

are values of the normalized boundary parameter ᾱ = αH and the normalized overlap

γ̄ = γ/H for which ρ(|T̂kmax|) < 1, where H is the side length of the subdomains.

Also, for these configurations the value of ρ(|T̂kmax|) < 1 remains practically constant

for large enough kmax, which implies that if ρ(|T̂kmax|) < 1 for large enough kmax, then

there exists δ > 0 such that ρ(|T̂kmax|) + δ < 1. We use these results to prove the

convergence of Asynchronous OS (AOS) for the given Poisson’s problem. We divide

the convergence proof into two parts. In the first part we show that, for an arbitrary

sequence of time stamps {tj}j∈N, Btj → 0 as j →∞ for values of ᾱ and γ̄ such that

ρ(|T̂kmax |) < 1. In the second part we show that the series expansions of the local

errors converge to zero as the number of time stamps go to infinity.

The standard results one uses for the analysis of asynchronous iterations are those
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in [2, 3, 16] (see also [8]), where the the iteration operator is finite dimensional.

In [6] the convergence conditions for the asynchronous iterations is extended to infinite

dimensional operators. Our convergence proof of the asynchronous method, although

inspired in part by [3] and aligned with the ideas of [6], is new.

Theorem 3.3. Let kmax > 0 and let T̂kmax be the operator (matrix of finite dimension)

obtained by dropping the entries of T̂ , defined by (3.15), corresponding to k > kmax.

Let us then assume that there exists a kmax such that the absolute row sum of the

rows corresponding to k > kmax are less than some 0 < ζ < 1 and for the rows

corresponding to k ≤ kmax the sum of the absolute values of the entries lying in the

columns discarded are less than some 0 < δ < 1. Then, if ρ(|T̂kmax|) + δ < 1, the

asynchronous implementation of the optimized Schwarz iteration (3.23) converges.

We prove this theorem in two parts.

Part 1 of the Proof of Theorem 3.3. We want to show that, for an arbitrary

sequence of time stamps, the infinite vector of the error series coefficients Btj goes to

zero as j →∞. We begin by quoting a result in [3].

Lemma 3.4. If A is a nonnegative matrix with spectral radius ρ(A) < 1, then for

any ε > 0 there exist a positive vector vε such that Avε ≤ (ρ+ ε)vε.

We have, by hypothesis, that ρ(|T̂kmax|) < 1. Given that |T̂kmax | is a nonneg-

ative matrix, then, for an arbitrarily small ε > 0 there exist a positive vector v

such that |T̂kmax|v ≤ (ρ(|T̂kmax|) + ε)v. By hypothesis, ρ(|T̂kmax|) + δ < 1. Then,

since we can choose ε > 0 as small as we want, we choose ε small enough so that

ρ(|T̂kmax |) + ε+ δ < 1. Let Bt0 be the initial vector containing the coefficients of all

local errors parts η
(s,r)
n,i , with i ∈ {1, . . . , 4}, s ∈ {1, . . . , p} and r ∈ {1, . . . , q}. Let

w ∈ R∞ be an infinite vector of the same size as Bt0 such that

(w)|k≤kmax =
||Bt0 ||∞
vmin

v,
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where vmin is the smallest entry of v, and

(w)|k>kmax = ||Bt0||∞
||v||∞
vmin


1

...

1

 ,
Note that |Bt0| ≤ w (this inequality is component wise). Let us denote by v(s,r)

and ξ
(s,r)
tj ,kmax

the restriction of v and ξtj ,kmax to the subdomain s, r, respectively, where

ξ
(s,r)
tj ,kmax

is defined by the following equation (analogous to equation (3.16))

(B
(s,r)
tn+1

)|k≤kmax
=
(
T̂

(s,r)
kmax

(B∗)
)
|k≤kmax

= T̂
(s,r)
kmax

(
(B∗)|k≤kmax

)
+ ξ

(s,r)
tn+1,kmax

((B∗)|k>kmax
).

(3.24)

where B∗ is the coefficients vector whose values are the ones available at processor

(s, r) when the computation of B
(s,r)
tn+1

started.

Note that

T̂
(s,r)
kmax

(
(Bt0)|k≤kmax

)
≤ |T̂ (s,r)

kmax
|(|Bt0 |)|k≤kmax

≤ |T̂ (s,r)
kmax
| ||Bt0 ||∞
vmin

v ≤ (ρ(|T̂kmax |) + ε)
||Bt0||∞
vmin

v(s,r). (3.25)

Let tj be the time stamp at which the processor (s, r) produces its first new update.

Then, by (3.24) and (3.25) we have

(B
(s,r)
tj )|k≤kmax

= T̂
(s,r)
kmax

(
(Bt0)|k≤kmax

)
+ ξ

(s,r)
tj ,kmax

((Bt0)|k>kmax
)

≤ (ρ(|T̂kmax|) + ε)
||Bt0||∞
vmin

v(s,r) + ξ
(s,r)
tj ,kmax

((Bt0)|k>kmax
).
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Note that

ξ
(s,r)
tj ,kmax

((Bt0)|k>kmax
) ≤ δ||(Bt0)|k>kmax

||∞


1

...

1

 ≤ δ||(Bt0)|k>kmax
||∞

1

vmin

v(s,r).

Hence, the error series coefficients corresponding to k ≤ kmax of the error at subdo-

main (s, r) are bounded as follows

(B
(s,r)
tj )|k≤kmax

≤ (ρ(|T̂kmax |) + ε+ δ)
||Bt0||∞
vmin

v(s,r). (3.26)

As for the coefficients corresponding to k > kmax, we have the following bound

(B
(s,r)
tj )|k>kmax

≤ ζ||Bt0||∞
||v||∞
vmin


1

...

1

 · (3.27)

Let

ρ̃ = max{(ρ(|T̂kmax|) + ε+ δ), ζ}. (3.28)

Thus, from (3.26), (3.27) and (3.28) we obtain

B
(s,r)
tj ≤ ρ̃w. (3.29)

Since ρ̃ < 1, we have that B
(s,r)
tj ≤ ρ̃w(s,r) < w(s,r). Thus, for this processor it holds

that B
(s,r)
tm ≤ (ρ̃)ws,r ≤ ws,r, for all tm ≥ tj. Then, after every processor has produced

its first update, say at tj1 we have that (3.29) holds for all s,r, and consequently

Btj ≤ ρ̃w for all tj ≥ tj1 . By a similar reasoning, we can see that once every processor

has produced a new update after tj1 , say at tj2 ,we have Btj ≤ ρ̃2w for all tj ≥ tj2 .

Thus, we have

Btj ≤ ρ̃Φ(j)w, (3.30)
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where, denoting by tji the first time stamp at which all processors have updated their

values at least i times, we have Φ(j) = max{i ∈ N : tji ≤ tj}, i.e., Φ(j) is the update

number (at time tj) of the processor that produced the least number of updates among

all processors until the instant of time tj. Conditions 2 and 3 of the asynchronous

model imply that new updates will always be produced and used by the processors

(see Section 2.5), thus we have that Φ(j)→∞ as j →∞. Consequently, from (3.30)

we have that Btj → 0 as j →∞. This concludes the first part of the proof.

The weighted max norm of an operator A with a positive weight vector w is defined

as

||A||w = sup
x 6=0

||Ax||w
||x||w

,

where

||x||w = sup
i

∣∣∣∣ xiwi
∣∣∣∣ .

Hence, note that we just proved that the infinite dimensional operator T̂ is a

contraction in the weighted max norm corresponding to the (infinite) weight vector

w > 0. In fact, we have

|T̂ |w ≤ ρ̃w.

Then, using the following lemma, whose proof is a simple extension to the infinite-

dimensional case of that for [7, Lemma 2.1], we have that

||T̂ ||w ≤ ρ̃ < 1.

Lemma 3.5. Let T : R∞ → R∞ be an infinite matrix. Let w be a positive infinite

vector, and θ > 0 such that

|T |w ≤ θw.

Then, ‖T‖w ≤ θ. In particular, ‖Tx‖w ≤ θ‖x‖w for all infinite vectors x.
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In other words, we have shown the following.

Theorem 3.6. Let kmax > 0 and let T̂kmax be the operator (matrix of finite dimension)

obtained by dropping the entries of T̂ , defined by (3.15), corresponding to k > kmax.

Let us then assume that there exists a kmax such that the absolute row sum of the

rows corresponding to k > kmax are less than some 0 < ζ < 1 and for the rows

corresponding to k ≤ kmax the sum of the absolute values of the entries lying in the

columns discarded are less than some 0 < δ < 1. Then, if ρ(|T̂kmax |) + δ < 1, we have

that T̂ (infinite dimensional operator) is a contraction in a weighted max norm.

Part 2 of the Proof of Theorem 3.3. The local error, for an interior subdomain, is

given by

(3.31)

η
(s,r)
tn (x, y) =

4∑
i=1

η
(s,r)
tn,i

(x, y)

=
4∑
i=1

∞∑
m=1

{
A

(s,r)
tn,m,i

[
ᾱ

zm
sin
(zmx
H

)
+ cos

(zmx
H

)]
×[

−ᾱ
zm

sinh

(
zm(y −H)

H

)
+ cosh

(
zm(y −H)

H

)]}

=
4∑
i=1

∞∑
m=1

 B
(s,r)
tn,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] [ ᾱ

zm
sin
(zmx
H

)
+ cos

(zmx
H

)]
×

[
−ᾱ
zm

sinh

(
zm(y −H)

H

)
+ cosh

(
zm(y −H)

H

)]}
.

So far, we have shown that each of the coefficients B
(s,r)
tn,m,i

goes to zero as n→∞.

This implies that each term of the infinite sum in (3.31) go to zero. But this fact

alone does not guarantee that the infinite sum will go to zero as n→∞. In order to

insure that this series goes to zero (and consequently η
(s,r)
tn goes to zero), it suffices

to show that it converges uniformly in (x, y) ∈ [0, H]× [0, H], since this implies that
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the order of the limit and infinite sum operations can be interchanged, and thus

lim
n→∞

η
(s,r)
tn (x, y) =

lim
n→∞

∞∑
m=1

 B
(s,r)
tn,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] [ ᾱ

zm
sin
(zmx
H

)
+ cos

(zmx
H

)]
×

[
−ᾱ
zm

sinh

(
zm(y −H)

H

)
+ cosh

(
zm(y −H)

H

)]}
=

∞∑
m=1

lim
n→∞

 B
(s,r)
tn,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] [ ᾱ

zm
sin
(zmx
H

)
+ cos

(zmx
H

)]
×

[
−ᾱ
zm

sinh

(
zm(y −H)

H

)
+ cosh

(
zm(y −H)

H

)]}
= 0.

Hence, in order to complete the convergence proof, we just need to show that the

series

(3.32)

η
(s,r)
n,i (x, y) =

∞∑
m=1

 B
(s,r)
tn,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] [ ᾱ

zm
sin
(zmx
H

)
+ cos

(zmx
H

)]
×

[
−ᾱ
zm

sinh

(
zm(y −H)

H

)
+ cosh

(
zm(y −H)

H

)]}

converges uniformly in [0, H]2.

From (3.30) we have that B
(s,r)
tj ,m,i

≤ ||w||∞ < 1 for all m ∈ N. Then, using this fact

and the result from Lemma 3.1 we have that (3.32) converges uniformly in [0, H]2.

This concludes part 2 of the proof of Theorem 3.3.

3.7 Spectral Radius of T̂kmax
and |T̂kmax

|

Recall that T̂kmax is a finite matrix obtained by discarding the rows and columns

of T̂ related to the coefficients pertaining to k > kmax. The subdomains form a

two-dimensional array, p is the number of subdomains per row and q the number of
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subdomains per column. The values of the entries of the matrix T̂kmax depend on γ̄,

ᾱ (the normalized overlap and normalized OO0 parameter) and kmax. The structure

of the matrix depends on kmax, p, q and the way we order the entries of Bn, i.e., the

way we order each coefficient B
(s,r)
n,k,i based on the values of s, r, k and i. However, the

eigenvalues (and thus the spectral radius) do not depend on the ordering of the en-

tries, since a change in the order is a just a similarity transformation obtained through

permutation matrices. For the ordering we have chosen, we computed the spectral ra-

dius of the resulting matrix T̂kmax , for γ̄ ∈ {0, 0.01, 1/30, 0.04, 0.1, 0.13, 0.18, 0.2, 0.25},

a set of values of ᾱ in the range [0.01, 500], kmax ∈ {1, 2, 3, 5, 10, 20, 50, 100, 200}, and

p, q ∈ {5, 10, 20, 30, 40}. In these computations we have observed the following.

1. There exist values of ᾱ for which the spectral radius of T̂kmax is less than one.

2. For a given γ̄ and the range of ᾱ considered in the experiments, ρ(T̂kmax) has a

minimum and it approaches a constant less than one for large values of ᾱ.

3. Given γ̄, ᾱ, p and q, the value of ρ(T̂kmax) remains practically constant for large

enough kmax (see Figure 3.3).

4. For a given γ̄, the optimal spectral radius of T̂kmax increases as the number of

subdomains p× q increases; see Figure 3.5.

5. The optimal spectral radius of T̂kmax decreases as γ̄ increases up to a certain

point, see Figure 3.4.

In Figure 3.2, the result for the case γ̄ = 0.01 , with p, q = 10, kmax = 20,

ᾱ ∈ [0.01, 100], is shown.

In Figure 3.6 a plot of the values of the spectral radius of |T̂kmax| for different

values of ᾱ is shown for the case γ̄ = 0.025, p, q = 2 and kδ = 40.

With ᾱ = 2.55, γ = 0.025 and kδ = 40, we have ρ(T̂kmax) ≤ 0.6862 and δ < 0.3072.

Thus, (ρ(T̂kmax) + δ) < 0.9934. The sum of the entries of the rows discarded (i.e., the
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Figure 3.4: Optimal spectral radius of T̂kmax vs. the normalized overlap γ̄ = γ
H

for
p, q = 8 and kmax = 10

Figure 3.5: Optimal spectral radius of T̂kmaxvs.p for γ̄ = γ
H

= 0.01 and kmax = 7,
where the number of subdomains is p× q = p2 (i.e., q = p)

rows corresponding to k > kmax) are less than 0.8. Consequently, we have that there

exists a positive vector w whose elements are bounded and such that |T̂ |w < 0.9934w.

Therefore, for the case ᾱ = 2.55, γ̄ = 0.025 and p, q = 2 the convergence of the
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asynchronous implementation of OS is guaranteed.

We remark that the discussion we just presented for p = q = 2 does not carry

over to much larger values of p, q for the asynchronous case. This situation arises

because ρ(|T̂ |) is not a tight upper bound on the asymptotic convergence of the

method. Nevertheless, as we see in the next section, convergence is achieved in the

asynchronous case for higher values of p, q.

Figure 3.6: Spectral Radius of |T̂kmax| vs. normalized boundary parameter ᾱ for the
normalized overlap γ̄ = 0.025, p, q = 2 and kmax = 40

3.7.1 Optimal α

For large enough kmax, such that ρ(T̂kmax) < 1, the spectral radius of T̂kmax de-

scribes the asymptotic convergence rate of the Optimized Schwarz method for the

synchronous case. Thus, in the synchronous case we define the optimal ᾱ, for a given

(normalized) overlap amount γ̄, as the one which minimizes the spectral radius of T̂kmax

and thus gives the optimal asymptotic convergence rate. Note that T̂kmax is a banded

square matrix of dimension N = 2kmax(2pq−p−q). Let ρ∞ = limkδ→∞ ρ(T̂kmax). Usu-
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ally, for kmax = 3 we have that ρ(T̂kmax) is a good estimation of ρT̂∞ . Thus, computing

the spectral radius of T̂kmax is not an expensive operation. Consequently, finding the

optimal ᾱ is not an expensive operation in comparison with the cost of solving the

discretized version of the given problem.

The spectral radius of T̂kmax is a function of the normalized Robin parameter ᾱ,

the normalized overlap γ̄, the number of subdomains in each direction p and q, and

the truncation parameter kmax. The optimal value of ᾱ is a function of γ̄, p, q. From

the computation of the optimal ᾱ (taking kmax large enough so that ρ
(
T̂kmax

)
remains

essentially constant for larger values of kmax) we observed that for small enough values

of γ̄, the values of ᾱopt follow approximately a power law. Thus, for small γ̄ we have

that

ᾱopt ≈ c(p, q)γ̄`(p,q). (3.33)

In Table 3.1, the values of the constant c and exponent ` are given for

p = q = 4, 5, 6. In figures 3.7-3.9 the comparison between the computed values of ᾱopt

and their approximation obtained using (3.33) are presented for different amounts of

overlap.

Table 3.1: Coefficients of empirical formula of ᾱopt for different number of subdomains
p, q

p, q c `
4 0.5467 -0.2620
5 0.3722 -0.2875
6 0.2376 -0.3327
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Figure 3.7: Comparison between computed values of ᾱopt and the values of ᾱopt using
the empirical formula (3.33) for different values of overlap γ and p, q = 4

Figure 3.8: Comparison between computed values of ᾱopt and the values of ᾱopt using
the empirical formula (3.33) for different values of overlap γ and p, q = 5
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Figure 3.9: Comparison between computed values of ᾱopt and the values of ᾱopt using
the empirical formula (3.33) for different values of overlap γ and p, q = 6

3.8 Numerical experiments

In this section we present some numerical experiments that validate the values of

the optimal parameter α predicted by the theory developed in the previous sections.

In these experiments1 we used a finite difference MATLAB implementation of the

synchronous version of the optimized Schwarz method with OO0 artificial boundary

conditions and a domain decomposition as that from section 3.2.

In Figures 3.10 and 3.11 we can see a comparison between the optimal iteration

count (blue curve), obtained by running the solver for several values of ᾱ and taking

the minimum iteration among these, and the iteration count obtained by running the

solver with the value of ᾱopt predicted by our theory (red curve), for p = q = 4 and

p = q = 6, respectively, and varying amount of normalized overlap γ̄.

In these numerical experiments we have used different mesh sizes. Given that the

1The experiments were performed using the ORAS.m MATLAB code written by Edmond Chow
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Figure 3.10: Iteration count comparison for p = q = 6 and γ̄ ∈ [0.005, 0, 1]

Figure 3.11: Iteration count comparison for p = q = 6

above curves are very close to each other, these results seems to suggest that the

value of the optimal α is determined mainly by the domain decomposition and not
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by the discretization.

In Figure 3.12, we can see the iteration count values for different values of p, with

p = q and fixed γ̄ = 0.01, obtained by running the solver with the value of ᾱopt given

by our theory.

Figure 3.12: Iteration count vs. p for γ̄ = 0.01 and theoretical optimal ᾱ

In Figure 3.13 we can see the iteration count values for different values of ᾱ, when

p = q = 6 and γ̄ = 0.01. As we can observe, when we use the optimal value of ᾱ,

the iteration count is reduced substantially with respect to the classical Schwarz case

(which corresponds to the limit of the iteration count as ᾱ→∞).

For numerical experiments from practical applications2, see [11]. These experi-

ments illustrate on the one hand the method indeed converges, as the theory indicates,

and on the other hand that the asynchronous implementation is faster than its syn-

chronous counterpart, in terms of execution time.

2These experiments were performed by Frédéric Magoulès using the optimal values of ᾱ given by
our theory
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Figure 3.13: Iteration count vs. ᾱ for p = q = 6 and γ̄ = 0.01

3.9 Conclusion

We have analyzed the convergence of the Optimized Schwarz method when it is

used as an outer solver for the solution of Poisson’s problem in a rectangular domain

with Dirichlet (physical) boundary conditions and zeroth order artificial boundary

conditions (OO0). We presented convergence proofs for the synchronous and asyn-

chronous implementations of OS. As a key preliminary step to prove convergence we

recast the problem into a fixed point iteration with an infinite matrix as the itera-

tion operator T̂ . Then we showed that to prove convergence of the method in the

synchronous case it suffices to study the spectral properties of a truncated version of

this operator, T̂kmax . For the convergence proof of the asynchronous case, it suffices

to study the spectral properties of |T̂kmax|. We defined as optimal values of the OO0

parameter as those whose normalized values minimize the spectral radius of T̂kmax , for

both the synchronous and asynchronous cases. Finally, we presented some numerical

experiments that validate the choice of optimal boundary parameter values predicted

by our theory.
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CHAPTER 4

CONCLUSIONS

In this thesis we analyze the convergence behavior of the synchronous and asyn-

chronous implementation of optimized Schwarz methods when they are used to solve

partial differential equations with a shifted Laplacian operator and defined in bounded

rectangular domains. We analyze first the case where we have a shift that can be

either positive, negative or zero, a one-way domain decomposition and transmission

conditions of the OO2 family. We analyze next the problem involving Poisson’s equa-

tion, a domain decomposition with cross-points and OO0 transmission conditions. In

both cases we recast the equations into a fixed point iteration that is suitable for our

analysis, present convergence proofs of the method, and study how the convergence

rate varies with the different parameter values such as the number of subdomains,

the amount of overlap and the parameters introduced in the transmission conditions.

We obtain the optimal values of the transmission conditions parameters. We present

some numerical experiments for the second case illustrating our theoretical results.

Finally, it is important to mention that although we study problems defined in rect-

angular domains, the analysis presented in this thesis also applies to problems with

domains with more arbitrary shapes that can be decomposed as a union of rectangles.
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APPENDIX A

Series expansion of solutions of the homogeneous

Shifted-Laplacian

In Chapters 2 and 3 we deal with equations of the following form



∆η + ωη = 0 in (0, L)× (0, H)

−∂η
∂x

+ αη + β ∂
2η
∂y2 = g1(y) for x = 0

∂η
∂x

(x, y) + αη(x, y) + β ∂
2η
∂y2 (x, y) = g2(y) for x = L

a∂η
∂y

(x, y) + bη(x, y) = 0 for y = 0

c∂η
∂y

(x, y) + dη(x, y) = 0 for y = H,

(A.1)



∆η + ωη = 0 in (0, L)× (0, H)

η = 0 for x = 0

∂η
∂x

(x, y) + αη(x, y) + β ∂
2η
∂y2 (x, y) = g2(y) for x = L

a∂η
∂y

(x, y) + bη(x, y) = 0 for y = 0

c∂η
∂y

(x, y) + dη(x, y) = 0 for y = H,

(A.2)

and 

∆η + ωη = 0 in (0, L)× (0, H)

−∂η
∂x

+ αη + β ∂
2η
∂y2 = g1(y) for x = 0

η = 0 for x = L

a∂η
∂y

(x, y) + bη(x, y) = 0 for y = 0

c∂η
∂y

(x, y) + dη(x, y) = 0 for y = H,

(A.3)
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where a, b, c, d, ω ∈ R and b, d 6= 0.

Since the equations in (A.1) are linear and homogenous, the solution of (A.1) can

be split into two parts, i.e., η = η1 + η2, where one of these two parts, say η1 is the

solution of 

∆η1 + ωη1 = 0 in (0, L)× (0, H)

−∂η1

∂x
+ αη1 + β ∂

2η1

∂y2 = g1(y) for x = 0

∂η1

∂x
(x, y) + αη1(x, y) + β ∂

2η1

∂y2 (x, y) = 0 for x = L

a∂η1

∂y
(x, y) + bη1(x, y) = 0 for y = 0

c∂η1

∂y
(x, y) + dη1(x, y) = 0 for y = H,

(A.4)

and the other is the solution of

∆η2 + ωη2 = 0 in (0, L)× (0, H)

−∂η2

∂x
+ αη2 + β ∂

2η2

∂y2 = 0 for x = 0

∂η2

∂x
(x, y) + αη2(x, y) + β ∂

2η2

∂y2 (x, y) = g2(y) for x = L

a∂η2

∂y
(x, y) + bη2(x, y) = 0 for y = 0

c∂η2

∂y
(x, y) + dη2(x, y) = 0 for y = H,

(A.5)

In this section we show how to obtain series expansion of the solutions of equations

(A.1)-(A.5). Given that the procedure to obtain these series is the same for each case,

we will show the procedure to obtain a solution series for the case given by (A.4).

Thus, let η be the solution of (A.4). To determine a series expansion of η, we find
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first a series expansion of the general solution of



∆η + ωη = 0 in (0, L)× (0, H)

−∂η
∂x

+ αη + β ∂
2η
∂y2 = 0 for x = 0

a∂η
∂y

+ bη = 0 for y = 0

c∂η
∂y

+ dη = 0 for y = H.

(A.6)

Let us assume (ansatz) that a solution of (A.6) can be written as a product of two

one-variable functions. Thus, let us assume that

η(x, y) = ψ(x)φ(y). (A.7)

Plugging (A.7) into the first equation in (A.6) we have

φ(y)
d2ψ

dx2
(x) + ψ(x)

d2φ

dy2
(y) + ωψ(x)φ(y) = 0,

Dividing both sides of the above expression by ψ(x)φ(y), it follows that for all (x, y) ∈

(0, L)× (0, H) such that ψ(x)φ(y) 6= 0 we have

1

ψ(x)

d2ψ

dx2
+

1

φ(y)

d2φ

dy2
+ ω = 0,

which implies that

1

φ(y)

d2φ

dy2
= − 1

ψ(x)

d2ψ

dx2
− ω.

Note that the above equality is only possible if both sides of the equation equal a

constant, i.e.,

1

φ(y)

d2φ

dy2
= − 1

ψ(x)

d2ψ

dx2
− ω = −λ,
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where λ is a constant. Then, we have the following two ordinary differential equations

d2φ

dy2
(y) + λφ(y) = 0 (A.8)

and

d2ψ

dx2
(x) + (ω − λ)ψ(x) = 0. (A.9)

With η(x, y) = ψ(x)φ(y), from the boundary conditions a∂u
∂y

(x, 0) + bu(x, 0) = 0

we have

ψ(x)

(
a
dφ

dy
(0) + bφ(0)

)
= 0.

Then since there exists at least an x such that ψ(x) 6= 0 it follows from the last

equality that

a
dφ

dy
(0) + bφ(0) = 0. (A.10)

Similarly, c∂u
∂y

(x, 0) + du(x, 0) = 0 implies

c
dφ

dy
(H) + dφ(H) = 0. (A.11)

Equations (A.8), (A.10) and (A.11) define a regular Sturm-Liouville eigenvalue

problem where λ is an eigenvalue and φ the corresponding eigenfunction; see [12] .

According to the Sturm-Liouville theory, this eigenvalue problem has infinitely many

eigenvalues, and the corresponding eigenfunctions form a complete orthogonal set

spanning the set of piecewise continuous functions. Hence, every piecewise continuous

function can be expressed as a linear combination of the functions of this basis. This

eigenvalues and eigenfunctions can be determined as follows. Let us assume (ansatz)

that φ(y) = eζy. Then, plugging this expression into (A.8) we obtain

ζ2eζy + λeζy = 0.
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Noticing that eζy 6= 0 for all ζ, y ∈ R, we obtain

ζ2 + λ = 0,

and thus

ζ = ±
√
−λ.

As we shall see, the functional form of φ depends on the value of λ. For λ > 0, we

have that ζ = ±i
√
λ, and the general solution of (A.8) has the form

φ(y) = Aei
√
λy +Be−i

√
λy,

where A,B are arbitrary constants. In other words, for λ > 0, any solution of (A.8)

can be written as a linear combination of ei
√
λy and e−i

√
λy. Note that sin(

√
λy) =

(ei
√
λy − e−i

√
λy)/(2i) and cos(

√
λy) = (ei

√
λy + e−i

√
λy)/2 are solutions of (A.8). Since

sin(
√
λy) and cos(

√
λy) are linearly independent, then any solution of (A.8) can also

be written as

φ(y) = A sin
(√

λy
)

+ A cos
(√

λy
)
, (A.12)

where A and B are constants.

Thus, we just determined that for positive eigenvalues λ, the corresponding eigen-

functions (i.e., the solutions of the regular Sturm-Liouville eigenvalue problem) can

be written as a linear combination of sines and cosines. Now, in addition to satisfying

(A.8), the eigenfunctions also need to satisfy equations (A.10) and (A.11). Hence,

plugging (A.12) into (A.10) we obtain

(
−aB

√
λ+ bA

)
sin(
√
λ0) +

(
aA
√
λ+ bB

)
cos(
√
λ0) = 0,
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which implies that

B =
−aA

√
λ

b
.

Then, we have

φ(y) =
−A
√
λ

b

[
− b√

λ
sin(
√
λy) + a cos(

√
λy)

]
. (A.13)

Now, plugging (A.13) into the remaining boundary condition (A.11) we obtain

−A
√
λ

b

[(
−ca
√
λ− bd√

λ

)
sin(
√
λH) + (−bc+ ad) cos(

√
λH)

]
= 0.

Since the eigenfunctions are non-trivial (non-zero) solutions of (A.8), we have A 6= 0.

Also, we assume b 6= 0. Then, since λ > 0, we have A
√
λ

b
6= 0. Therefore, the above

equality implies necessarily that

(
−ca
√
λ− bd√

λ

)
sin(
√
λH) + (−bc+ ad) cos(

√
λH) = 0 (A.14)

Thus, any positive eigenvalue λ of the eigenvalue problem defined by equations (A.8),

(A.10) and (A.11) is a solution of the transcendental equation (A.14), and the cor-

responding eigenfunction is given by (A.13), where A is an arbitrary constant, and

where λ in (A.13) is understood to be a solution of (A.14).

Note that if

(−bc+ ad) cos(
√
λH) = 0, (A.15)

given that b, d 6= 0 we have that the eigenvalue λ is the solution of

sin(
√
λH) = 0. (A.16)

Note that equation (A.16) is satisfied for all λ ∈ {λm}m∈N, where λm = (mπ
H

)2.

Thus, in the case that A.15 holds, there are infinitely many eigenvalues. If (−bc +
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ad) cos(
√
λH) 6= 0 we have

tan(
√
λH) =

(ad− bc)
√
λ

caλ+ bd
, (A.17)

which also has infinitely many solutions. Consequently, if (A.15) does not hold, there

are also infinitely many eigenvalues. In both cases, the eigenfunctions are given by

φm(y) =
−A
√
λm

b

[
− b√

λm
sin(
√
λmy) + a cos(

√
λmy)

]
.

With a similar procedure we can determine the equations defining the eigenvalues

and eigenvectors for the cases λ < 0 and λ = 0. For λ < 0, we have ζ = ±
√
−λ. This

leads to have eigenfunctions of the form

φ(y) = B

[
a
√
−λ− b

a
√
−λ+ b

e
√
−λy + e−

√
−λy
]
,

and the (negative) eigenvalues, if they exist, are solutions of

a
√
−λ− b

a
√
−λ+ b

(c
√
−λ+ d) + (−c

√
−λ+ d)e−2

√
−λL = 0.

As for λ = 0, we obtain that zero is an eigenvalue only if c+ bL− da/b = 0, and if it

is, the corresponding eigenvector is given by

φ(y) = A
(
y − a

b

)
.

Thus, so far we determined the expressions of φ(y) for each possible value of λ.

Now it remains to determine the expressions for ψ(x).
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Note that

∂u

∂x
+ αu+ β

∂2u

∂y2
= φ(y)

dψ

dx
(x) + αψ(x)φ(y) + βψ(x)

d2φ

dy2

= φ(y)
dψ

dx
+ αψ(x)φ(y)− βλψ(x)φ(y)

= φ(y)

[
dψ

dx
+ (α− βλ)ψ

]
,

where in the second equality we used (A.8). Then, from the boundary condition

−∂η
∂x

(0, y) + αη(0, y) + β ∂
2η
∂y2 (0, y) = 0 we obtain

φ(y)

[
−dψ
dx

(0) + (α− βλ)ψ(0)

]
= 0.

But there exists at least a y ∈ [0, L] such that φ(y) 6= 0, then we have that

dψ

dx
(L) + (α− βλ)ψ(L) = 0. (A.18)

Similarly as for φ, the functional form of ψ depends on the values of λ − ω. In

fact assuming that ψ(x) = eζ̄x, and plugging this expression into (A.9) we obtain

that ζ̄ = ±
√
λ− ω. Then, depending on the values of ω and λ, we have that ζ̄ can

be positive, imaginary or zero, and each of these options give expressions of ψ with

different behavior.

For ω − λ < 0, any solution of (A.9) can be written as a linear combination of

exponentials such as

ψ(x) = C1e
(x
√
λ−ω) + C2e

−(x
√
λ−ω), (A.19)

or equivalently, as a linear combination of hyperbolic sines and cosines, i.e.,

ψ(x) = C1 sinh
(
x
√
λ− ω

)
+ C2 cosh

(
x
√
λ− ω

)
. (A.20)
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Also, given that (A.9) is invariant under translations, we can also write any of its

solutions as

ψ(x) = C1e
(
√
λ−ω(x−L)) + C2e

−(
√
λ−ω(x−L)). (A.21)

In what follows, we use the expression (A.19). Thus, plugging (A.19) into the bound-

ary condition (A.18) we obtain

C1(
√
λ+ α− βλ) + C2(−

√
λ+ α− βλ) = 0.

This implies that

C1 = −

(
−
√
λ+ α− βλ√
λ+ α− βλ

)
C2,

and therefore

ψ(x) = C2

[
−

(
−
√
λ+ α− βλ√
λ+ α− βλ

)
e(x
√
λ−ω) + e−(x

√
λ−ω)

]
, (A.22)

For ω − λ > 0 we have that ψ can be written as a linear combination of certain

complex exponentials, as follows

ψ(x) = C3e
−i
√
λ−ω(x−L) + C4e

i
√
λ−ω(x−L). (A.23)

Plugging (A.23) in (A.18) we obtain

C3 =
i
√
λ− ω + (λ− βλ)

i
√
λ− ω − (λ− βλ)

C4.

Then,

ψ(x) = C4

[
i
√
λ− ω + (λ− βλ)

i
√
λ− ω − (λ− βλ)

e−i
√
λ−ω(x−L) + ei

√
λ−ω(x−L)

]
(A.24)
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For ω − λ = 0, we have

ψ(x) = C5x+ C6.

Plugging this equation into (A.18) we obtain

C5 = (α− βλ)C6,

which implies that

ψ(x) = C6 [(α− βλ)x+ 1] . (A.25)

Thus, we have determined the expressions for ψ for every possible value of λ− ω.

Now, let ψm be the function obtained after plugging λ = λm in equations (A.22)-

(A.25). Then, we can have that any ηm := ψm(x)φm(x) is a solution of (A.6). More-

over, since the equations in (A.6) are linear and homogeneous, by the superposition

principle we have that any finite linear combination of the ηm, say

N∑
m=1

Amηm(x, y) =
N∑
m=1

Amψm(x)φm(y),

is a solution of (A.6).

The function

η̄(x, y) =
∞∑
m=1

Amηm =
∞∑
m=1

Amψm(x)φm(y) (A.26)

is the most general solution of (A.6) provided that the order of differential and sum-

mation operators commute when differential operators are applied to (A.26). Also, if

in addition to this, the coefficients Am are such that η̄ satisfies the equation on the

third line of (A.4), i.e., if

∂η̄

∂x
(L, y) + αη̄(L, y) + β

∂2η̄

∂y2
(L, y) = g1(y),

then η̄ will be a series expansion of the solution of (A.4). We show later in sections B
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and C Lemmas B.2, B.3, C.2 and C.3, from where it follows that such coefficients Am

exist for the case λm > 0 for all m ∈ N, and that for these coefficients, the order of

differential and summation operators commute when differential operators are applied

to (A.26). This result can be extended to cases where there are also eigenvalues λm

that are negative or zero (in this thesis we deal with problems that yield Sturm-

Liouville eigenvalue problems that have only positive eigenvalues, therefore we do not

present the proof for the cases containing negative or zero eigenvalues).

Thus, the solution of (A.4) indeed can be written as a series

∞∑
m=1

Amψm(x)φm(y).

where the expression of φm depends on the value of λm and the expression of ψm

depends on λm and ω.

A.1 Expressions for ψm and φm when a = c = 0 and b = d = 1

In chapter 2 we have the case where a = b = 0 and c = d = 1 and ω such that

ωH2/π2 /∈ N. These values of a, b, c, d give a Sturm-Liouville eigenvalue problem

whose eigenvalues are all positive, whose eigenvalues are solutions of (A.16). Conse-

quently, the eigenvalues are λm = (mπ)2/H2. Taking A = 1, a = 0 and λ = λm in

(A.13), and letting zm :=
√
λmH, we have that the eigenfunctions are

φm(y) = sin
(zmπ
H

)
.

The condition ωH2/π2 /∈ N implies that λm 6= ω for all m ∈ N. Then, Taking

C2 = C4 = 1, and with ᾱ := αH, β̄ := β/H and ω̄ := ωH2 in (A.22)-(A.24), we

100



obtain

ψm(x) =


i
√
z2
m−ω̄+(ᾱ−βz2

m)

i
√
z2
m−ω̄−(ᾱ−βz2

m)
e−i
√
λ−ω(x−L) + ei

√
λ−ω(x−L), if z2

m < ω̄,

e−
(x−L)
H

√
z2
m−ω̄ −

(
α−βz2

m−
√
z2
m−ω̄

α−βz2
m+
√
z2
m−ω̄

)
e

(x−L)
H

√
z2
m−ω̄, if z2

m > ω̄,

(A.27)

A.2 Expressions for ψm and φm when c = −a = 1 and b = d = α

In chapter 3 we have a = −c = −1, b = d = α and ω = 0. These values of

a, b, c, d give again a Sturm-Liouville eigenvalue problem whose eigenvalues are all

positive. The eigenvalues λm in this case are solutions of (A.17). Taking λ = λm and

A = b/
√
λm in (A.13), and again with zm =

√
λmH, we have that the eigenfunctions

in this case are given by

φm(y) =
ᾱ

zm
sin
(zmy
H

)
+ cos

(zmy
H

)
.

Then, from (A.19) we have that φm in this case is given by

φm(x) =
i
√
z2
m − ω̄ + (ᾱ− βz2

m)

i
√
z2
m − ω̄ − (ᾱ− βz2

m)
e−i
√
λ−ω(x−L) + ei

√
λ−ω(x−L).

Alternatively, one could use (A.20) instead of (A.19), and with we can see that

another option for ψm is given by

ψm(x) =
ᾱ

zm
sinh

(zmx
H

)
+ cosh

(zmx
H

)
.
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APPENDIX B

Additional proofs for the case with a one-way

decomposition

B.1 Decay of the coefficients of the series

Lemma B.1. Let M > 0 and g : [0, H] → R be such that g ∈ C2 ((0, H)) and

g(0) = g(H) = 0. Let φm = sin
(
zmy
H

)
and zm = mπ. Note that the set {φm}m∈N is

a complete orthogonal set spanning the set of piecewise continuous function. Let us

define Cm as the coefficients of the expansion of g(x) in the basis given by {φm}m∈N,

i.e,

g(y) =
∞∑
m=1

Cm

[
ᾱ

zm
sin
(zmy
H

)
+ cos

(zmy
H

)]
. (B.1)

Then, the coefficients Cm can be written as

Cm =
C̄m
z2
m

where
{
C̄m
}
m∈N is uniformly bounded in m ∈ N.

Proof. The coefficients of the series expansion are given by

Cm =

∫ h
0
gφmdy∫ H

0
φ2
mdy

. (B.2)

Applying integration by parts to the integral in the numerator of the r.h.s of the

previous equation we obtain
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∫ H

0

g sin
(zmy
H

)
=

[
−g(y) cos

(zmy
H

) H
zm

]H
0

+
H

zm

∫ H

0

cos
(zmy
H

) dg
dy

(y)dy

=
H

zm

∫ H

0

cos
(zmy
H

) dg
dy

(y)dy, (B.3)

since g(0) = g(H) = 0. Now using again integration by parts we have that

∫ H

0

cos
(zmy
H

) dg
dy

(y)dy =

[
H

zm

dg

dy
(y) sin

(zmy
H

)]H
0

− H

zm

∫ H

0

sin
(zmy
H

) d2g

dy2
(y)dy

= −H
zm

∫ H

0

sin
(zmy
H

) d2g

dy2
(y)dy, (B.4)

since |dg
dy

(0)|, |dg
dy

(H)| <∞ and sin(zm) = 0.

Then, from (B.3) and (B.4) we have

∫ H

0

g sin
(zmy
H

)
= −

(
H

zm

)2 ∫ H

0

sin
(zmy
H

) d2g

dy2
(y)dy. (B.5)

We have that ∫ H

0

φ2
mdy =

∫ H

0

sin2
(zmy
H

)
dy =

H

2
· (B.6)

Then plugging (B.5) and (B.6) into B.2 we obtain

Cm =
−
(
H
zm

)2 ∫ H
0

sin
(
zmy
H

)
d2g
dy2 (y)dy

H
2

Then,

|Cm| ≤

(
H
zm

)2 ∥∥∥d2g
dy

∥∥∥
∞
H

H
2

=
2H2

∥∥∥d2g
dy

∥∥∥
∞

z2
m

Let M :=:= 2H2
∥∥∥d2g
dy

∥∥∥
∞

. Let

C̄m := z2
mCm
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Then, we have

|C̄m| = z2
m|Cm| ≤ z2

m

2H2
∥∥∥d2g
dy

∥∥∥
∞

z2
m

= M

Hence, |C̄m| ≤M for all m ∈ N.

Therefore, we have

Cm =
C̄m
z2
m

,

where |C̄m| < M for all m ∈ N, i.e, {C̄m} is uniformly bounded in m ∈ N.

B.2 Justification of order interchange between derivatives,

integral and infinite summation for the one-way decom-

postion case

Lemma B.2. Consider the series in (2.7), (2.11), and (2.12). If we can write their

coefficients as follows

Asn,m,1 =
Bs
n,m,1

z2
m

(
−dψ(1)

m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

) , (2.14)

and

Asn,m,2 =
Bs
n,m,2

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

) , (2.15)

for 1 < s < p,

Asn,m,2 =
Bs
n,m,2

z2
m

(
dψ

(3)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(3)
m (L)

) , (2.16)

for s = 1, and

Asn,m,1 =
Bs
n,m,1

z2
m

(
−dψ(3)

m

dx
(−L) + 1

H
(ᾱ− β̄z2

m)ψ
(3)
m (−L)

) , (2.17)
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for s = p, where

Bs
n,m,i ≤Mn,s (B.7)

for some constants Mn,s > 0, then the following holds.

1. The order of their first derivatives and summation can be interchanged in

[0, L]× [0, H].

2. The order of their second derivatives and summation can be interchanged in

[0, L]× [0, H] if β 6= 0 and in (0, L)× (0, H) if β = 0.

3. The order of their integral over y ∈ [0, H], first derivatives and summation can

be interchanged.

Proof. We present the proof for the case of interior subdomains, but a similar proce-

dure can be used to prove the above facts for the left-most and right-most subdomains

cases.

We have that

ηsn =
∞∑
m=1

 Bs
n,m,1

z2
m

(
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)ψ(1)
m (x)

+
Bs
n,m,2

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)ψ(2)
m (x)

φm(y) (B.8)

Let σ = (σx, σy) be a multi-index. Let S ⊂ [0, L] × [0, H] be arbitrary, i.e., any

set completely contained in [0, L]× [0, H]. Note that the series

∞∑
m=1

∂σ

 Bs
n,m,1

z2
m

(
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)ψ(1)
m (x)

+
Bs
n,m,2

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)ψ(2)
m (x)

φm(y)

 (B.9)
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converges uniformly in S if for all (x̃, ỹ) ∈ S we have

∣∣∣∣∣∣
∂σ
(
ψ

(1)
m (x)φm(y)

)
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

< Mσ (B.10)

and ∣∣∣∣∣∣
∂σ
(
ψ

(2)
m (x)φm(y)

)
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

< Mσ (B.11)

for some Mσ > 0. In fact, let us assume that (B.10) and (B.11) hold for any (x̃, ỹ) ∈ S.

Then, we have

∞∑
m=1

∂σ
 Bs

n,m,1

z2
m

(
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)ψ(1)
m (x)

+
Bs
n,m,2

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)ψ(2)
m (x)

φm(y)


|(x,y)=(x̃,ỹ)

=
∞∑
m=1

Bs
n,m,1

z2
m


[
∂σ
(
ψ

(1)
m (x)φm(y)

)]
|(x,y)=(x̃,ỹ)(

−dψ
(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)


+
Bs
n,m,2

z2
m


[
∂σ
(
ψ

(2)
m (x)φm(y)

)]
|(x,y)=(x̃,ỹ)(

dψ
(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)


=
∞∑
m=1

|Bs
n,m,1|
z2
m

∣∣∣∣∣∣
∂σ
(
ψ

(1)
m (x)φm(y)

)
(
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)
∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

+
|Bs

n,m,2|
z2
m

∣∣∣∣∣∣
∂σ
(
ψ

(2)
m (x)φm(y)

)
(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)
∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

≤
∞∑
m=1

Mn,s

z2
m

Mσ +
Mn,s

z2
m

Mσ = 2Mn,sMσ

∞∑
m=1

1

z2
m

<∞,

which implies that the series in (B.9) converges uniformly in S.
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Now, note that

∂σ
∞∑
m=1

 Bs
n,m,1

z2
m

(
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)ψ(1)
m (x)

+
Bs
n,m,2

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)ψ(2)
m (x)

φm(y) =

∞∑
m=1

∂σ

 Bs
n,m,1

z2
m

(
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)ψ(1)
m (x)

+
Bs
n,m,2

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)ψ(2)
m (x)

φm(y)

 (B.12)

holds in S, i.e., the order of summation and differentiation interchanges in S when a

differential operator is applied to the series in (B.8), if the series on the r.h.s of the

above equation converges uniformly in S.

Thus, in order to prove parts 1. and 2. of the theorem it suffices to show that

(i) For any (x̄, ȳ) ∈ [0, L] × [0, H] there exists a subset Sx̄ such that

x̄ ∈ Sx̄ ⊆ [0, L] × [0, H] and for any (x̃, ỹ) ∈ Sx̄ conditions (B.10) and (B.11)

hold for some Mσ with σ = (0, 1), σ = (1, 0) and β ≤ 0.

(ii) For any (x̄, ȳ) ∈ [0, L] × [0, H] there exists a subset Sx̄ such that

x̄ ∈ Sx̄ ⊆ [0, L] × [0, H] and for any (x̃, ỹ) ∈ Sx̄ conditions (B.10) and (B.11)

hold for some Mσ, with σ = (0, 2), σ = (2, 0) and β < 0.

(iii) For any (x̄, ȳ) ∈ (0, L) × [0, H] there exists a subset Sx̄ such that

x̄ ∈ Sx̄ ⊂ (0, L) × [0, H] and for any (x̃, ỹ) ∈ Sx̄ conditions (B.10) and (B.11)

hold for some Mσ, with σ = (0, 2), σ = (2, 0) and β = 0.

To that end, let us consider σ = (0, 1). Then, ∂σ = ∂
∂y

. Also, let β ≤ 0. Then, we
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have that

∣∣∣∣∣∣
∂
∂y

(
ψ

(1)
m (x)φm(y)

)
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

=

zm
∣∣cos

(
zmỹ
H

)∣∣
e− (x̃−L)

√
z2m−ω̄

H −
(
ᾱ−β̄z2

m−
√
z2
m−ω̄

)
e

(x̃−L)

√
z2m−ω̄

H

ᾱ−β̄z2
m+
√
z2
m−ω̄


e
L

√
z2m−ω̄
H

(
ᾱ− β̄z2

m +
√
z2
m − ω̄

)
−

e−
L

√
z2m−ω̄
H

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

)2

ᾱ−β̄z2
m+
√
z2
m−ω̄

=

zme
−
x̃

√
z2m−ω̄
H

∣∣cos
(
zmỹ
H

)∣∣
1−

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

)
e

2(x̃−L)

√
z2m−ω̄

H

ᾱ−β̄z2
m+
√
z2
m−ω̄


(
ᾱ− β̄z2

m +
√
z2
m − ω̄

)(
1− e−

2L

√
z2m−ω̄
H

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

ᾱ−β̄z2
m+
√
z2
m−ω̄

)2
) ≤

2zm(
1− e−

2L

√
z2m−ω̄
H

)(
ᾱ− β̄z2

m +
√
z2
m − ω̄

) =

2(
1− e−

2L

√
z2m−ω̄
H

)(√
1− ω̄

z2
m

+ ᾱ
zm
− β̄zm

) ≤
2√

1− ω̄
z2
1

(
1− e−2

L
√

z21−ω̄
H

) := M1 <∞
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for all (x̃, ỹ) ∈ [0, L]× [0, H]. Also, for σ = (1, 0), i.e., for ∂σ = ∂
∂x

, we have

∣∣∣∣∣∣
∂
∂x

(
ψ

(1)
m (x)φm(y)

)
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

=

√
z2
m − ω̄

∣∣sin ( zmỹ
H

)∣∣
e− (x̃−L)

√
z2m−ω̄

H +

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

)
e

(x̃−L)

√
z2m−ω̄

H

ᾱ−β̄z2
m+
√
z2
m−ω̄


e
L

√
z2m−ω̄
H

(
ᾱ− β̄z2

m +
√
z2
m − ω̄

)
−

e−
L

√
z2m−ω̄
H

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

)2

ᾱ−β̄z2
m+
√
z2
m−ω̄

=

e−
x̃

√
z2m−ω̄
H

√
z2
m − ω̄

∣∣sin ( zmỹ
H

)∣∣
1 +

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

)
e

2(x̃−L)

√
z2m−ω̄

H

ᾱ−β̄z2
m+
√
z2
m−ω̄


(
ᾱ− β̄z2

m +
√
z2
m − ω̄

)(
1− e−

2L

√
z2m−ω̄
H

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

ᾱ−β̄z2
m+
√
z2
m−ω̄

)2
) ≤

2
√
z2
m − ω̄(

1− e−
2L

√
z2m−ω̄
H

)(
ᾱ− β̄z2

m +
√
z2
m − ω̄

) =

2(
1− e−

2L

√
z2m−ω̄
H

)(
1 + ᾱ−β̄z2

m√
z2
m−ω̄

) ≤
2(

1− e−2
L
√

z21−ω̄
H

) := M4 <∞,

for all (x̃, ỹ) ∈ [0, L]× [0, H].

In a similar way, we have for all (x̃, ỹ) ∈ [0, L]× [0, H] that

∣∣∣∣∣∣
∂
∂y

(
ψ

(2)
m (x)φm(y)

)
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

≤M1

and ∣∣∣∣∣∣
∂
∂x

(
ψ

(2)
m (x)φm(y)

)
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

≤M2.
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Thus, taking Sx̄ = [0, L] × [0, H] we see that conditions (B.10) and (B.11) hold

for σ = (0, 1), (1, 0) for every x̄ ∈ [0, L]× [0, H].

Now, considering σ = (0, 2) we obtain

∣∣∣∣∣∣
∂2

∂y2

(
ψ

(1)
m (x)φm(y)

)
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

= (B.13)

1

H

z2
m

∣∣− sin
(
zmỹ
H

)∣∣
e− (x̃−L)

√
z2m−ω̄

H −
(
ᾱ−β̄z2

m−
√
z2
m−ω̄

)
e

(x̃−L)

√
z2m−ω̄

H

ᾱ−β̄z2
m+
√
z2
m−ω̄


e
L

√
z2m−ω̄
H

(
ᾱ− β̄z2

m +
√
z2
m − ω̄

)
−

e−
L

√
z2m−ω̄
H

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

)2

ᾱ−β̄z2
m+
√
z2
m−ω̄

=(B.14)

1

H

z2
me
−
x̃

√
z2m−ω̄
H

∣∣sin ( zmỹ
H

)∣∣
1−

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

)
e

2(x̃−L)

√
z2m−ω̄

H

ᾱ−β̄z2
m+
√
z2
m−ω̄


(
ᾱ− β̄z2

m +
√
z2
m − ω̄

)(
1− e−

2L

√
z2m−ω̄
H

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

ᾱ−β̄z2
m+
√
z2
m−ω̄

)2
) ≤ (B.15)

2z2
m

H

(
1− e−

2L

√
z2m−ω̄
H

)(
ᾱ− β̄z2

m +
√
z2
m − ω̄

)e− x̃
√

z2m−ω̄
H = (B.16)

2

H

(
1− e−

2L

√
z2m−ω̄
H

)(√
1− ω̄

z2
m

+ ᾱ
z2
m
− β̄

)e− x̃
√

z2m−ω̄
H . (B.17)
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Then, if β 6= 0, it follows for all (x̃, ỹ) ∈ [0, L]× [0, H] that

∣∣∣∣∣∣
∂2

∂y2

(
ψ

(1)
m (x)φm(y)

)
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

≤

2e−
x̃

√
z2m−ω̄
H

H

(
1− e−

2L

√
z2m−ω̄
H

)(
1
zm

√
1− ω̄

z2
m

+ ᾱ
z2
m
− β̄

) ≤
2

H

(
1− e−

2L

√
z2m−ω̄
H

)
(−β̄)

:= M2 <∞.

Now, if β = 0, let x̄ ∈ (0, L) × [0, H], let ax̄ = x̄/2, bx̄ = (L − x̄)/2 and Sx̄ =

(ax̄, bx̄) × [0, L] ⊂ (0, L) × [0, H]. Note that x ∈ Sx̄ and 0 < ax̄ < x̃ for all x̃ ∈ Sx̄.

Then, from (B.13) and for all x̃ ∈ Sx̄ we have

∣∣∣∣∣∣
∂2

∂y2

(
ψ

(1)
m (x)φm(y)

)
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ)ψ

(1)
m (0)

∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

≤

2z2
m

H

(
1− e−

2L

√
z2m−ω̄
H

)(
ᾱ +

√
z2
m − ω̄

)e− x̃
√

z2m−ω̄
H ≤

2z2
m

H

(
1− e−

2L

√
z2m−ω̄
H

)(
ᾱ +

√
z2
m − ω̄

)
((

1
x̃
H

√
z2
m − ω̄

))
=

2(
1− e−

2L

√
z2m−ω̄
H

)(
ᾱ
zm

+
√

1− ω̄
z2
m

)
 1

x̃
√

1− ω̄
z2
m

 ≤
2(

1− e−
2L

√
z2m−ω̄
H

)(√
1− ω̄

z2
m

)2

x̃

≤

2(
1− e−

2L
√

z21−ω̄
H

)(
1− ω̄

z2
1

)
ax̄

:= M3 <∞.
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Similarly, for σ = (2, 0) we have

∣∣∣∣∣∣
∂2

∂y2

(
ψ

(1)
m (x)φm(y)

)
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

= (B.18)

1

H

(z2
m − ω̄)

∣∣− sin
(
zmỹ
H

)∣∣
e− (x̃−L)

√
z2m−ω̄

H +

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

)
e

(x̃−L)

√
z2m−ω̄

H

ᾱ−β̄z2
m+
√
z2
m−ω̄


e
L

√
z2m−ω̄
H

(
ᾱ− β̄z2

m +
√
z2
m − ω̄

)
−

e−
L

√
z2m−ω̄
H

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

)2

ᾱ−β̄z2
m+
√
z2
m−ω̄

=(B.19)

1

H

(z2
m − ω̄)e−

x̃

√
z2m−ω̄
H

∣∣sin ( zmỹ
H

)∣∣
1 +

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

)
e

2(x̃−L)

√
z2m−ω̄

H

ᾱ−β̄z2
m+
√
z2
m−ω̄


(
ᾱ− β̄z2

m +
√
z2
m − ω̄

)(
1− e−

2L

√
z2m−ω̄
H

(
ᾱ−β̄z2

m−
√
z2
m−ω̄

ᾱ−β̄z2
m+
√
z2
m−ω̄

)2
) ≤ (B.20)

2(z2
m − ω)

H

(
1− e−

2L

√
z2m−ω̄
H

)(
ᾱ− β̄z2

m +
√
z2
m − ω̄

)e− x̃
√

z2m−ω̄
H . (B.21)

Then, if β < 0 it follows that

∣∣∣∣∣∣
∂2

∂y2

(
ψ

(1)
m (x)φm(y)

)
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

≤

2
(

1− ω̄
z2
m

)
e−

x

√
z2m−ω̄
H

H

(
1− e−

2L

√
z2m−ω̄
H

)(
1
zm

√
1− ω̄

z2
m

+ ᾱ
z2
m
− β̄

) ≤
2

H

(
1− e−

2L

√
z2m−ω̄
H

)
(−β̄)

:= M4 <∞.

If β = 0, let ax̄ = x/2, bx̄ = (L − x)/2 and Sx̄ = (ax̄, bx̄) × [0, L] ⊂ (0, L) × [0, H].

Note that x̄ ∈ Sx̄ and 0 < ax̄ < x̃ for all x̃ ∈ Sx̄. Then, from (B.18) and for all x̃ ∈ Sx̄

112



we have

∣∣∣∣∣∣
∂2

∂y2

(
ψ

(1)
m (x)φm(y)

)
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ)ψ

(1)
m (0)

∣∣∣∣∣∣
|(x,y)=(x̃,ỹ)

≤

2(z2
m − ω)

H

(
1− e−

2L

√
z2m−ω̄
H

)(
ᾱ +

√
z2
m − ω̄

)e−x
√

z2m−ω̄
H ≤

2(z2
m − ω)

H

(
1− e−

2L

√
z2m−ω̄
H

)(
ᾱ +

√
z2
m − ω̄

)
(

1
x̃
H

√
z2
m − ω̄

)
=

2(
1− e−

2L

√
z2m−ω̄
H

)(
ᾱ√
z2
m−ω̄

+ 1

) (1

x̄

)
≤

2(
1− e−

2L

√
z2m−ω̄
H

)
x̃

≤

2(
1− e−

2L
√

z21−ω̄
H

)
ax̄

:= M5 <∞.

Note that the summation sign and the integral of a series commute if the series

converges absolutely. In the proof of part 1. we have shown that (B.9) converges

absolutely and uniformly in [0, L] × [0, H]. From this fact, part 3. of the lemma

follows.

B.3 Coefficient identities for the one-way decomposition case

Lemma B.3. Consider the series from equations (2.7), (2.11), and (2.12). Let u0

be the initial approximation of the solution of (2.1) and such that the initial error η0

is C3((0,W )× (0, H)). Then, for all n ∈ N, the coefficients Asn,m,i can be written as

in (2.14)-(2.17).

Proof. We present the proof for the case of interior subdomains, but a similar pro-
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cedure can be used to prove the series coefficients identities for the left-most and

right-most subdomains cases.

The proof is by induction. Note that {φm}m∈N is a complete orthogonal set span-

ning the set of piecewise continuous functions. Let

gn,1(y) =

(
− ∂

∂x
+ α + β

∂2

∂y2

)
ηs−1
n (L− 2γ, y) (B.22)

and

gn,2(y) =

(
∂

∂x
+ α + β

∂2

∂y2

)
ηs+1
n (2γ, y) (B.23)

for n ∈ N0.

By hypothesis, the initial approximation u0 is such that the initial error η0 is

C3 ((0, L1)× (0, L2)) (e.g., u0 = 0). Hence, g0,1 and g0,2 satisfy the hypothesis of

Lemma B.1.

The series expansion of g0,1 and g0,2 in the basis {φm}m∈N is given by

g0,1(y) :=
∞∑
m=1

Dmφm(y)

and

g0,2(y) :=
∞∑
m=1

Emφm(y),

where

Dm =

∫ H
0
g0,1φmdy∫ H

0
φ2
mdy

and

Em =

∫ H
0
g0,2φmdy∫ H

0
φ2
mdy

·

By Lemma B.1, we have that Dm = D̄m/z
2
m, Em = Ēm/z

2
m, and D̄m < MD and

Ēm < ME for all m ∈ N and some ME,MD > 0.
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Let Bs
1,m,1 := D̄m and Bs

1,m,2 := Ēm Let

Ãs1,m,1 :=
Bs

1,m,1

z2
m

(
−dψ(1)

m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

) . (B.24)

and

Ã1,m,2 :=
Bs

1,m,2

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

) (B.25)

Now, let υ : R2 → R be such that

υ(x, y) :=
∞∑
m=1

(
Ãs1,m,1ψ

(1)
m + Ãs1,m,2ψ

(1)
m

)
φm(y). (B.26)

Then,

υ(x, y) =

∞∑
m=1

 D̄mψ
(1)
m (x)

z2
m

(
−dψ(1)

m
dx

(0) + 1
H

(ᾱ− β̄z2
m)ψ

(1)
m (0)

) +
Ēmψ

(2)
m (x)

z2
m

(
dψ

(2)
m
dx

(L) + 1
H

(ᾱ− β̄z2
m)ψ

(2)
m (L)

)
φm(y). (B.27)

By Lemma B.2 we have that

• If β > 0, the first and second derivatives of the series given in (2.7), (2.11), and

(2.12) are such that the order of the summation and differentiation operations

can be interchanged in [0, L]× [0, H].

• If β = 0, the first and second derivatives of the series given in (2.7), (2.11), and

(2.12) are such that the order of the summation and the second derivatives in-

terchange in (0, L)×(0, H), and the summation and first derivatives interchange

in [0, L]× [0, H].

Based on this fact and since (∆ + ω)(ψ
(1)
m (x)φm) = 0 and (∆ + ω)(ψ

(2)
m (x)φm) = 0 in
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(0, L)× (0, H), we have

(∆ + ω)υ(x, y) =
∞∑
m=1

D̄m

z2
m

(
−dψ(1)

m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)(∆ + ω)(ψ(1)
m (x)φm(y))

+
Ēm

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)(∆ + ω)(ψ(2)
m (x)φm(y)) = 0

in (0, L)× (0, H). Also,

(
−
∂

∂x
υ + αυ + β

∂2

∂y2
υ

)
(0, y) =

∞∑
m=1


(
−
∂

∂x
+ α+ β

∂2

∂y2

)
 Bs1,m,1

z2
m

(
−dψ(1)

m
dx

(0) + 1
H

(ᾱ− β̄z2
m)ψ

(1)
m (0)

)ψ(1)
m (x) +

Bs1,m,2

z2
m

(
dψ

(2)
m
dx

(L) + 1
H

(ᾱ− β̄z2
m)ψ

(2)
m (L)

)ψ(2)
m (x)

φm(y)



|x=0

=

∞∑
m=1

 Bs1,m,1

z2
m

(
−dψ(1)

m
dx

(0) + 1
H

(ᾱ− β̄z2
m)ψ

(1)
m (0)

) (−dψ(1)
m

dx
(0) +

1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)

+
Bs1,m,2

z2
m

(
dψ

(2)
m
dx

(L) + 1
H

(ᾱ− β̄z2
m)ψ

(2)
m (L)

) (−dψ(2)
m

dx
(0) +

1

H
(ᾱ− β̄z2

m)ψ
(2)
m (0)

)φm(y) =

∞∑
m=1

Bs1,m,1

z2
m

φm(y) =

∞∑
m=1

D̄m

z2
m

φm(y) =

∞∑
m=1

Dmφm(y) = g0,1(y) =

(
−
∂

∂x
+ α+ β

∂2

∂y2

)
ηs−1
n (L− 2γ, y),

where on the r.h.s of the third inequality we used the fact that(
−dψ

(2)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (0)

)
= 0.
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Similarly, we have

(
∂

∂x
υ + αυ + β

∂2

∂y2
υ

)
(L, y) =

∞∑
m=1


(
∂

∂x
+ α+ β

∂2

∂y2

)
 Bs1,m,1

z2
m

(
−dψ(1)

m
dx

(0) + 1
H

(ᾱ− β̄z2
m)ψ

(1)
m (0)

)ψ(1)
m (x) +

Bs1,m,2

z2
m

(
dψ

(2)
m
dx

(L) + 1
H

(ᾱ− β̄z2
m)ψ

(2)
m (L)

)ψ(2)
m (x)

φm(y)



|x=L

=

∞∑
m=1

 Bs1,m,1

z2
m

(
−dψ(1)

m
dx

(0) + 1
H

(ᾱ− β̄z2
m)ψ

(1)
m (0)

) (dψ(1)
m

dx
(L) +

1

H
(ᾱ− β̄z2

m)ψ
(1)
m (L)

)

+
Bs1,m,2

z2
m

(
dψ

(2)
m
dx

(L) + 1
H

(ᾱ− β̄z2
m)ψ

(2)
m (L)

) (dψ(2)
m

dx
(L) +

1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)φm(y) =

∞∑
m=1

Bs1,m,2

z2
m

φm(y) =

∞∑
m=1

Ēm

z2
m

φm(y) =

∞∑
m=1

Emφm(y) = g0,2(y) =

(
∂

∂x
+ α+ β

∂2

∂y2

)
ηs+1
n (2γ, y),

Additionally,

υ(x, 0) =
∞∑
m=1

 Bs
1,m,1

z2
m

(
−dψ(1)

m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)ψ(1)
m (x)

+
Bs

1,m,2

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)ψ(2)
m (x)

φm(0) = 0

and

υ(x,H) =
∞∑
m=1

 Bs
1,m,1

z2
m

(
−dψ(1)

m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)ψ(1)
m (x)

+
Bs

1,m,2

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)ψ(2)
m (x)

φm(H) = 0,

since φm(0) = φm(H) = 0.

Thus, υ solves (3.2) and consequently ηs1 = υ. Then, comparing (B.26) and (2.7),
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we see that

As1,m,1 = Ãs1,m,1 =
Bs

1,m,1

z2
m

(
−dψ(1)

m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

) ,
and

As1,m,2 = Ãs1,m,2 =
Bs

1,m,2

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

) ·
Thus, we just proved that (2.14) and (2.15) hold for n = 1. Now it remains to show

that it also holds for n > 1. Note that we do not know what the regularity of gn,1

and gn,2 is or whether their derivatives are bounded at y = 0 and y = H. Therefore,

we cannot use the integration by parts approach as we did for the case n = 1, and

this is the reason why we have to prove the theorem by induction. Thus, given that

we already proved that (2.14) and (2.15) hold for n = 1, it remains to show that if

these coefficient identities hold for the step n then they hold for the step n+1. To

that end, let us define Es
n,m,1 and Es

n,m,2 as the coefficients of the expansion of gn,1(y)

and gn,2(y), respectively, in the basis given by {φm}m∈N. Thus,

gn,1(y) =
∞∑
m=1

Es
n,m,1φm(y)

and

gn,2(y) =
∞∑
m=1

Es
n,m,2φm(y),

with

Es
n,m,1 =

∫ H
0
g0,1φmdy∫ H

0
φ2
mdy

(B.28)

and

Es
n,m,2 =

∫ H
0
g0,2φmdy∫ H

0
φ2
mdy

· (B.29)

118



Let us define

Bs
n+1,m,1 :=

z2
mE

s
n,m,1(

−dψ
(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

) (B.30)

and

Bs
n+1,m,2 :=

Es
n,m,2(

dψ(2)m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

) · (B.31)

We shall see that these are indeed the coefficients we need in (2.14) and (2.15).

We then write

Es
n,m,1 =

Bs
n,m,1

z2
m

(
−dψ

(1)
m

dx
(0) +

1

H
(ᾱ− β̄z2

m)ψ(1)
m (0)

)
(B.32)

and

Es
n,m,2 =

Bs
n,m,2

z2
m

(
dψ(2)m

dx
(L) +

1

H
(ᾱ− β̄z2

m)ψ(2)
m (L)

)
. (B.33)

By the inductive hypothesis we have that ηsn and is given by the series in (2.7)-

(2.12) with the coefficients Asn,m,i given by

A
(s)
n,m,1 =

Bs
n,m,1

z2
m

(
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)
and

A
(s)
n,m,2 =

Bs
n,m,2

z2
m

(
dψ(2)m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

) ·
Thus,

ηs−1
n,1 (x, y) =

∞∑
m=1

 Bs−1
n,m,1

z2
m

(
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)ψ(1)
m (x)

+
Bs−1
n,m,2

z2
m

(
dψ(2)m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)ψ(2)
m

φm(y), (B.34)
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and

ηs+1
n,1 (x, y) =

∞∑
m=1

 Bs+1
n,m,1

z2
m

(
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)ψ(1)
m (x)

+
Bs+1
n,m,2

z2
m

(
dψ(2)m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)ψ(2)
m

φm(y). (B.35)

Multiplying both sides of (B.22) by φm(y) and integrating over [0, H] we obtain

∫ H

0

gn,1(y)φk(y)dy =∫ H

0

((
− ∂

∂x
+ α + β

∂2

∂y2

)
ηs−1
n (L− 2γ, y)

)
φk(y)dy = (B.36)

∞∑
m=1

Bs−1
n,k,1

−dψ
(1)
k

dx
(L− 2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(1)
k (L− 2γ)

−dψ
(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)


+ Bs−1

n,k,2

−dψ
(2)
k

dx
(L− 2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(2)
k (L− 2γ)

dψ
(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

∫ H

0

φm(y)φk(y)dy.

Note that we have interchanged the order of the summation, derivatives and in-

tegrals in the r.h.s of the above equation. These order interchanges are justified in

Lemma B.2.

Using (B.33) and (B.36) in (B.28), evaluating the integrals and then solving for

Bs
n+1,k,1 we obtain for k ∈ N such that z2

k < ω̄ the following expression

Bsn+1,k,1 =

((
ᾱ− β̄z2

k

)2 − (ω̄ − z2
k

))
sin
(

2γ̄
√
ω̄ − z2

k

)
+ 2

(
ᾱ− β̄z2

k

)√
ω̄ − z2

k cos
(

2γ̄
√
ω̄ − z2

k

)
((
ᾱ− β̄z2

k

)2 − (ω̄ − z2
k

))
sin
(√(

ω̄ − z2
k

)
L̄
)

+ 2
(
ᾱ− β̄z2

k

)√(
ω̄ − z2

k

)
cos
(√

ω̄ − z2
kL̄
)Bs−1

n,k,1

+

(
ω̄ − z2

k +
(
ᾱ− β̄z2

k

)2)
sin
(√

ω̄ − z2
k

(
L̄− 2γ̄

))
((
ᾱ− β̄z2

k

)2 − (ω̄ − z2
k

))
sin
(√(

ω̄ − z2
k

)
L̄
)

+ 2
(
ᾱ− β̄z2

k

)√(
ω̄ − z2

k

)
cos
(√

ω̄ − z2
kL̄
)Bs−1

n,k,2 ·
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and for k ∈ N such that z2
k > ω̄ we have

Bsn+1,k,1 =


(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)
2 − e−4γ̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
2(

ᾱ− β̄z2
k +

√
z2
k − ω̄

)
2 − e−2L̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
2

 e
−(L̄−2γ̄)

√
z2
k
−ω̄

Bs−1
n,k,1

+


(
e
−2(L̄−2γ̄)

√
z2
k
−ω̄ − 1

)(
(ᾱ− β̄z2

k)2 − (z2
k − ω̄)

)
e
−2L̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)2
−
(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)2

 e
−2γ̄

√
z2
k
−ω̄

Bs−1
n,k,2 · (B.37)

Note that, since ω is fixed and zm → ∞ as m → ∞, there is a number Nω̄ ∈ N
such that z2

m > ω̄ for all m ≥ Nω̄ and z2
m < ω̄ for all m < Nω̄. We have that

M1 := max
k<Nω̄

∣∣∣∣∣∣∣

(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)
2 − e−4γ̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
2(

ᾱ− β̄z2
k +

√
z2
k − ω̄

)
2 − e−2L̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)
2

 e
−(L̄−2γ̄)

√
z2
k
−ω̄

Bs−1
n,k,1

+


(
e
−2(L̄−2γ̄)

√
z2
k
−ω̄ − 1

)(
(ᾱ− β̄z2

k)2 − (z2
k − ω̄)

)
e
−2L̄

√
z2
k
−ω̄
(
ᾱ− β̄z2

k −
√
z2
k − ω̄

)2
−
(
ᾱ− β̄z2

k +
√
z2
k − ω̄

)2

 e
−2γ̄

√
z2
k
−ω̄

Bs−1
n,k,2

∣∣∣∣∣∣∣∣ <∞ · (B.38)

From (B.37), we have for k ≥ Nω̄ that

|Bs
n+1,k,1| ≤

∣∣Bs−1
n,k,1

∣∣+
1

1− e−2L̄
√
z2
1−ω̄

∣∣Bs−1
n,k,2

∣∣
≤

(
1 +

1

1− e−2L̄
√
z2
1−ω̄

)
Mn,s−1 := M2 <∞,

where we used the inductive hypothesis that |Bs−1
n,k,i| ≤ Ms−1,n for some Ms−1,n > 0

and i = 1, 2. Then, taking Mn+1,s,1 := max{M1,M2} we have |Bs
n+1,k,1| ≤ Mn+1,s,1

for all k ∈ N.

Similarly, multiplying both sides of (B.23) by φm(y), integrating over [0, H], using

the resulting equation together with (B.33) in (B.29) and then solving for B
(s,r)
n+1,k,2 we
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obtain the following expression

Bs
n+1,k,2 = Bs+1

n,k,1

 dψ
(1)
k

dx
(2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(1)
k (2γ)

−dψ
(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (0)

 (B.39)

+ Bs+1
n,k,2

 dψ
(2)
k

dx
(2γ) + 1

H
(ᾱ− β̄z2

k)ψ
(2)
k (2γ)

dψ
(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

 .

From this equation if follows that

|Bs
n,k,2| ≤Mn+1,s,2

for some Mn+1,s,2 > 0 and for all k ∈ N.

Then, taking Mn+1,s = maxMn+1,s,1,Mn+1,s,2, we have that |Bs
n,k,i| ≤ Mn+1,s for

all k ∈ N and i = 1, 2.

Now, let

Ãsn+1,m,1 :=
Bs
n+1,m,1

z2
m

(
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

) ,
and

Ãsn+1,m,2 :=
Bs
n+1,m,1

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

) ·
Also, let

ῡ(x, y) =
∞∑
m=1

 Bs
n,m,1

z2
m

(
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

)ψ(1)
m (x)

+
Bs
n,m,2

z2
m

(
dψ(2)m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

)ψ(2)
m (x)

φm(y). (B.40)

By a similar reasoning as done before for υ, we can see that ῡ solves all the

equations given by (3.2) defining ηsn+1. Consequently, ηsn+1 = ῡ. Therefore, defining
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As,rn+1,m,i as

Asn+1,m,1 = Ãsn+1,m,1 =
Bs
n+1,m,1

z2
m

(
−dψ

(1)
m

dx
(0) + 1

H
(ᾱ− β̄z2

m)ψ
(1)
m (0)

) ,

and

Asn+1,m,2 = Ãsn+1,m,2 =
Bs
n+1,m,1

z2
m

(
dψ

(2)
m

dx
(L) + 1

H
(ᾱ− β̄z2

m)ψ
(2)
m (L)

) ·
Thus, we just showed that if (2.14) and (2.15) hold for the step n, then they also

hold for step n+ 1. Then, since (2.14) and (2.15) hold for n = 1, it holds for every n.

Using the same procedure it can be shown that the identities (2.16) and (2.17)

hold for the left-most and right-most subdomains, respectively.
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APPENDIX C

Proofs for the case with a decomposition with

cross-points

C.1 Proof of convergence of series

The solutions of (3.7) are the zeros of the function Φ : R → R given by

Φ(z) = tan(z) − 2zᾱ
ᾱ2−z2 . Thus, zm is a positive zero of Φ for all m ∈ N. Plotting

the graph of Φ we can see that zm > (m− 1)π for all m ∈ N (see Figure C.1). Then

we have

∞∑
m=1

1

z2
m

=
1

z2
1

+
∞∑
m=2

1

z2
m

≤ 1

z2
1

+
∞∑
m=2

1

((m− 1)π)2
(C.1)

=
1

z2
1

+
1

π2

∞∑
j=1

1

j2
· (C.2)

Note that
∑∞

j=1
1
ja
< ∞ for any a > 1. Then,

∑∞
j=1

1
j2
< ∞. Consequently, since

z1 > 0 and
∑∞

j=1
1
j2
<∞, we have

∑∞
m=1

1
z2
m
<∞.

C.2 Decay of the coefficients of the series

Lemma C.1. Let M > 0 and g : [0, H]→ R be such that g ∈ C2 ((0, H)), dσg
dxσ

(x) ≤M

for all x ∈ (0, H) and σ = 0, 1, 2, and limx→0
dσg
dxσ

(x),

limx→H
dσg
dxσ

(x) < M for σ = 0, 1. Let us define Cm as the coefficients of the ex-
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Figure C.1: Graph of Φ for ᾱ = 2. Note that zm is the m− th positive zero of Φ.

pansion of g(x) in the basis given by {φm}m∈N, i.e,

g(x) =
∞∑
m=1

Cm

[
ᾱ

zm
sin
(zmx
H

)
+ cos

(zmx
H

)]
. (C.3)

Then, the coefficients Cm can be written as

Cm =
C̄m
z2
m

where
{
C̄m
}
m∈N is uniformly bounded in m ∈ N.

Proof. We have that

Cm =

∫ H
0
g(x)

(
ᾱ
zm

sin
(
zmx
H

)
+ cos

(
zmx
H

))
dx∫ H

0

(
ᾱ
zm

sin
(
zmx
H

)
+ cos

(
zmx
H

))2

dx
·

Using integration by parts, we have

∫ H

0

ᾱ

zm
sin
(zmx
H

)
g(x)dx = (C.4)

ᾱH

z2
m

[
−g(H) cos(zm) + g(0) +

∫ H

0

ᾱ

zm
cos
(zmx
H

) ∂g
∂x

(x)dx

]

and
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∫ H

0

cos
(zmx
H

)
g(x)dx = (C.5)

H

zm

[
g(H) sin(zm)−

∫ H

0

sin
(zmx
H

) ∂g
∂x

(x)dx

]
=

H

zm
g(H) sin(zm)−

(
H

zm

)2 [
−∂g
∂x

(H) cos(zm) +
∂g

∂x
(0)

+

∫ H

0

ᾱ

zm
cos
(zmx
H

) ∂2g

∂x2
(x)dx

]
=

H

zm
g(H)

zm sin(zm)

zm
−
(
H

zm

)2 [
−∂g
∂x

(H) cos(zm) +
∂g

∂x
(0)

+

∫ H

0

ᾱ

zm
cos
(zmx
H

) ∂2g

∂x2
(x)dx

]
.

Using (C.4) and (C.5) we have

(C.6)∫ H

0

g(x)

[
ᾱ

zm
sin
(zmx
H

)
+ cos

(zmx
H

)]
dx =

ᾱH

z2
m

[
−g(H) cos(zm) + g(0) +

∫ H

0

ᾱ

zm
cos
(zmx
H

) ∂g
∂x

(x)dx

]
+g(H)H

zm sin(zm)

z2
m

−
(
H

zm

)2 [
−∂g
∂x

(H) cos(zm) +
∂g

∂x
(0)

+

∫ H

0

ᾱ

zm
cos
(zmx
H

) ∂2g

∂x2
(x)dx

]
=

1

z2
m

{
ᾱH

[
−g(H) cos(zm) + g(0) +

∫ H

0

ᾱ

zm
cos
(zmx
H

) ∂g
∂x

(x)dx

]
+g(H)Hzm sin(zm)−

(
H2
) [
−∂g
∂x

(H) cos(zm) +
∂g

∂x
(0)

+

∫ H

0

ᾱ

zm
cos
(zmx
H

) ∂2g

∂x2
(xl)dx

]}
:=

1

z2
m

Nm.
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Then, using (C.6) we can write

Cm =
C̄m
z2
m

, (C.7)

where C̄m = Nm/Dm, with

Dm =

∫ H

0

[
ᾱ

zm
sin
(zmx
H

)
+ cos

(zmx
H

)]2

dx .

We have that

Dm =
H (−ᾱ2 sin (2zm) + 2ᾱzm (ᾱ− cos (2zm) + 1) + z2

m sin (2zm))

4z3
m

+
H

2
· (C.8)

Note that Dm > 0 for all m ∈ N and that the first term in (C.8) goes to zero as m

goes to infinity. Then, there exist an m̂ such that for all m ≥ m̂ we have Dm ≥ H/4.

Let

ω = min

{
min

m∈{1,...,m̂}
Dm,

H

4

}
.

Then, ω > 0 (since it is the minimum of a finite set of positive numbers), and for all

m ∈ N we have Dm ≥ ω and thus,

1

Dm

≤ 1

ω
<∞. (C.9)

By hypothesis we have that there exists an M > 0 such that g(H−), g(0+),

dg
dx

(H−), dg
dx

(0+) < M < ∞ and d2g
dx2 ≤ M in (0, H). Note also that 0 < z1 < z2 < . . .

Then, we have

|Nm| ≤ ᾱ [2M +MH]H +MH +H2 [2M +HM ] . (C.10)
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Thus, from (C.9) and (C.10), we have that for all m ∈ N

|C̄m| =
∣∣∣∣Nm

Dm

∣∣∣∣ ≤ M

ω

{
ᾱ (2 +H)H +H +H2 (2 +H)

}
<∞, (C.11)

i.e., C̄m is uniformly bounded for all m ∈ N.

C.3 Justification of order interchange between derivatives,

integral and infinite summation

Lemma C.2. The series in (3.3)-(3.6) with coefficients

A
(s,r)
n,m,i =

B
(s,r)
n,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]

and B
(s,r)
n,m,i ≤Mn,s,r/z

1/2
m with Mn,s,r > 0 are such that

1. The order of first derivatives and summation can be interchanged in [0, H]2,

2. The order of second derivatives and summation can be interchanged in (0, H)2,

3. The order of the integral over [0, H], first derivatives and summation can be

interchanged.

Proof. We present the proof for the case i = 1, but a similar procedure can be used

for the proof in the cases i = 2, 3, 4.

We have that

η
(s,r)
n,1 (x, y) =

∞∑
m=1

B
(s,r)
n,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y).
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Note that

∂σ
∞∑
m=1

B
(s,r)
n,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y) =

∞∑
m=1

∂σ

 B
(s,r)
n,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y)


if the series in the r.h.s of the above equation converges uniformly. Thus in order to

prove parts 1 and 2 of the lemma, it suffices to show that

∞∑
m=1

∂σ

 B
(s,r)
n,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y)

 (C.12)

converges uniformly for σ = (0, 1), σ = (1, 0) in [0, H]2 and for σ = (0, 1), σ = (1, 0)

in (0, H)2.

Since B
(s,r)
n,m,i ≤ Mn,s,r/z

1/2
m , then we have that B

(s,r)
n,m,i = C

(s,r)
n,m,i/z

1/2
m with

C
(s,r)
n,m,i ≤Mn,s,r. Then

η
(s,r)
n,1 (x, y) =

∞∑
m=1

C
(s,r)
n,m,i

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y). (C.13)

We have that

∞∑
m=1

∂

∂y

 C
(s,r)
n,m,i

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y)

 =

∞∑
m=1

C
(s,r)
n,m,i

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)

∂ψm
∂y

(H − y).
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Note that

∂ψm
∂y

(H − y)

zm

[
ᾱ
zm

sinh (zm) + cosh (zm)
] =

−ᾱ
H

cosh(y −H) + zm
H

sinh(y −H)

zm

[
ᾱ
zm

sinh (zm) + cosh (zm)
]

=
1

H

−ᾱ
zm

+ tanh(y −H)
ᾱ
zm

tanh(zm) + 1

cosh ((H − y)zm)

cosh(zm)

≤ 1

H

(
ᾱ

z1

+ 1

)
.

In the last inequality we used the fact that cosh ((H − y)zm) ≤ cosh(zm) for

y ∈ [0, H], | tanh(H − y)| ≤ 1 for all y ∈ [0, H], and 1
ᾱ
zm

tanh(zm)+1
≤ 1.

Then

∞∑
m=1

C
(s,r)
n,m,i

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)

∂ψm
∂y

(H − y) ≤

∞∑
m=1

C
(s,r)
n,m,i

z2
m

∂ψm
∂y

(H − y)

zm

[
ᾱ
zm

sinh (zm) + cosh (zm)
] ≤

1

H

(
ᾱ

z1

+ 1

)
Mn,s,r

∞∑
m=1

1

z2
m

<∞.

Thus the series in (C.12) converges uniformly in [0, H]2 for σ = (0, 1).

Note that

∂

∂x
φm(x) =

1

H

[
ᾱ cos(

zmx

H
)− zm sin(

zmx

H
)
]
≤ 1

H
(ᾱ + zm) . (C.14)

Also ψm(H − y) ≤
[
ᾱ
zm

sinh (zm) + cosh (zm)
]

for y in [0, H].

Then for σ = (1, 0) we have

∞∑
m=1

∂

∂x

 C
(s,r)
n,m,i

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y)

 ≤
∞∑
m=1

Mn,s,r
1

H

(
ᾱ

zm
+ 1

)
1

z
β(m,ᾱ)
m

<∞.
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Hence, the series in (C.12) converges uniformly in [0, H]2 for σ = (1, 0). We have that

∂2φm
∂x2

(x) =
1

H2

[
zm sin(

zmx

H
)− z2

m cos(
zmx

H
)
]
. (C.15)

Note that

ψm(H − y)[
ᾱ
zm

sinh (zm) + cosh (zm)
] =

ᾱ
zm

sinh
(
zm(y−H)

H

)
+ cosh

(
zm(y−H)

H

)
[
ᾱ
zm

sinh (zm) + cosh (zm)
] (C.16)

=

ᾱ
zm

tanh
(
zm(y−H)

H

)
+ 1[

ᾱ
zm

tanh (zm) + 1
] cosh

(
zm(y−H)

H

)
cosh(zm)

,

and for y ∈ (0, H)

cosh
(
zm(H−y)

H

)
cosh(zm)

=
1 + e−2( zm(H−y)

H )

1 + e−2zm
ezm

(H−y)
H
−zm (C.17)

=
1 + e−2( zm(H−y)

H )

1 + e−2zm
e
−zmy
H

≤ 2
1

z2
m

(
y
H

)2 ·

Then we have for σ = (2, 0) and 0 < y < H that

∞∑
m=1

∂2

∂x2

C
(s,r)
n,m,i

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y) =

∞∑
m=1

C
(s,r)
n,m,i

z
5/2
m

1

H2

[
zm sin(

zmx

H
)− z2

m cos(
zmx

H
)
] ψm(H − y)[

ᾱ
zm

sinh (zm) + cosh (zm)
] ≤

≤
∞∑
m=1

C
(s,r)
n,m,i

z
5/2
m

1

H2

[
zm sin(

zmx

H
)− z2

m cos(
zmx

H
)
] ᾱ
zm

tanh
(
zm(y−H)

H

)
+ 1[

ᾱ
zm

tanh (zm) + 1
] (

2
1

z2
m

(
y
H

)2

)

≤ Mn,s,r

y

(
1

z1

+ 1

)(
ᾱ

z1

+ 1

) ∞∑
m=1

1

z
5/2
m

<∞.

Consequently, the series in (C.12) converges uniformly in (0, H)2 for σ = (2, 0).
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Finally, we analyze the case σ = (0, 2). We have that

d2

dy2 (ψm(H − y))
ᾱ
H

sinh(zm) + cosh(zm)
=

z2
m

H2

ψm(H − y)
ᾱ
H

sinh(zm) + cosh(zm)

≤ z2
m

H2

ᾱ
zm

tanh
(
zm(y−H)

H

)
+ 1[

ᾱ
zm

tanh (zm) + 1
] (

2

z2
m

(
y
H

)2

)

≤
ᾱ
zm

tanh
(
zm(y−H)

H

)
+ 1[

ᾱ
zm

tanh (zm) + 1
] (

2

y2

)
,

where in the second to last inequality we used (C.16) and (C.17).

Then, for σ = (0, 2) and 0 < y < H, we have

∞∑
m=1

∂2

∂y2

 C
(s,r)
n,m,iφm(x)ψm(H − y)

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]
 =

∞∑
m=1

C
(s,r)
n,m,i

z
5/2
m

φm(x)

(
d2

dy2 (ψm(H − y))
)

[
ᾱ
zm

sinh (zm) + cosh (zm)
] ≤

∞∑
m=1

Mn,s,r

z
5/2
m

(
ᾱ

z1

+ 1

) ᾱ
zm

tanh
(
zm(y−H)

H

)
+ 1[

ᾱ
zm

tanh (zm) + 1
] 2

y2
≤

Mn,s,r

(
ᾱ

z1

+ 1

)2
2

y2

∞∑
m=1

z5/2
m <∞.

Thus, the series in (C.12) converges uniformly in (0, H)2 for σ = (0, 2), and therefore

the proof is complete.

Note that the summation sign and the integral of a series commute if the series

converges absolutely. In the proof of part 1. we have shown that (C.12) converges

absolutely and uniformly in [0, H]2. From this fact, part 3. of the lemma follows.
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C.4 Identities of the coefficients for the case of decomposi-

tion with cross-points

Lemma C.3. Consider the series expansion of η
(s,r)
n,i (the i − th part of the local

error of an interior subdomain) from equations (3.3)-(3.6), i = 1, 2, 3, 4. Let u0 be

the initial approximation of the solution of (3.1) and such that the initial error η0 is

C3((0, L1)× (0, L2)). Let S1 := {(s, r) : 1 < s < p, 1 < r < q}, S2 := {(s, r) : 1 < s <

p, r = 1} ∪ {(s, r) : 1 < s < p, r = 1} ∪ {(s, r) : 1 < r < q, s = 1} ∪ {(s, r) : 1 < r <

q, s = p}, S3 := {(s, r) : s ∈ 1, p, r ∈ 1, q}, i.e., S1 is the set of indexes for interior

subdomains, S2 is the set of indexes of the subdomains touching the boundaries which

are not on the corners and S3 are the set indexes of subdomains lying on the corners.

Then, for all n ∈ N, we have for (s, r) ∈ S1 that

A
(s,r)
n,m,i =

B
(s,r)
n,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] , (3.12)

for (s, r) ∈ S2 that

A
(s,r)
n,m,i =

B
(s,r)
n,m,i

z2
m cosh(zm)

, (3.13)

and for (s, r) ∈ S3 that

A
(s,r)
n,m,i =

(ᾱ + 1/zm)B
(s,r)
n,m,i

z2
m cosh(zm)

, (3.14)

where B
(s,r)
n,m,i ≤

Mn,s,r

z
1/2
m

for all m ∈ N and some Mn,s,r > 0. Also, the series (3.3)-(3.6)

are uniformly convergent.

Proof. We present the proof for the case of interior subdomains and where i = 1,

but a similar procedure can be applied for the cases i = 2, 3, 4 and for subdomains

touching the boundary. We prove by induction. Let us first consider the case n = 1.

Let

g0,1(x) :=

(
− ∂

∂y
η

(s,r−1)
0 + αη

(s,r−1)
0

)
(x,H − 2γ). (C.18)
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i.e., g0,1 is the right hand side of the non-homogeneous boundary condition from

the equations defining η1,1. By hypothesis the initial approximation u0 is such that

the initial error η0 is C3 ((0, L1)× (0, L2)) (e.g., u0 = 0). Then, g0,1 satisfies the

hypothesis of Lemma C.1.

Consequently, by Lemma C.1 there exist {C(s,r)
1,m,1}m∈N and {C̄m}m∈N such that

g0,1(x) =
∞∑
m=1

C
(s,r)
1,m,1

[
ᾱ

zm
sin
(zmx
H

)
+ cos

(zmx
H

)]
, (C.19)

where

C
(s,r)
1,m,1 =

C̄
(s,r)
1,m,1

z2
m

,

with
{
C̄

(s,r)
1,m,1

}
m∈N

uniformly bounded in m ∈ N. Let us define

B
(s,r)
1,m,1 =

C̄
(s,r)
1,m,1

[
ᾱ
zm

sinh (zm) + cosh (zm)
]

(
zm + ᾱ2

zm

)
sinh(zm) + 2ᾱ cosh(zm)

.

Since ᾱ > 0, tanh(zm) < 1 for all m ∈ N, 0 < z1 < z2 < . . ., and 0 < tanh(z1) <

tanh(z2) < . . ., it follows that

[
ᾱ
zm

sinh (zm) + cosh (zm)
]

(
zm + ᾱ2

zm

)
sinh(zm) + 2ᾱ cosh(zm)

=
ᾱ
zm

tanh(zm) + 1

zm

[(
1 +

(
ᾱ
zm

)2
)

tanh(zm) + 2ᾱ
zm

]
≤

ᾱ
zm

tanh(zm) + 1

zm tanh(zm)

≤ 1

zm

(
ᾱ

zm
+

1

tanh(zm)

)
≤ 1

zm

(
ᾱ

z1

+
1

tanh(z1)

)
.

Thus, with M̄1,s,r = C̄
(s,r)
1,m,1 (ᾱ/z1 + 1/ tanh(z1)) and M1,s,r = M̄1,s,r/z

1/2
1 , we have

|B(s,r)
1,m,1| ≤

M̄1,s,r

zm
=

M̄1,s,r

z
1/2
m z

1/2
m

≤ M̄1,s,r

z
1/2
1 z

1/2
m

=
M1,s,r

z
1/2
m
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for all m ∈ N. Then, there exists {D(s,r)
1,m,1}m∈N such that

B
(s,r)
1,m,1 =

D
(s,r)
1,m,1

z
1/2
m

and D
(s,r)
1,m,1 ≤M1,s,r for all m ∈ N. Let

υ(x, y) =
∞∑
m=1

B
(s,r)
1,m,1

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y)

=
∞∑
m=1

D
(s,r)
1,m,1

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y).

Let σ̄ be a multi-index. In Lemma C.2 it is shown that the derivative and the

summation permute with each other, i.e.,

∂σ̄
∞∑
m=1

D
(s,r)
1,m,1

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y) =

∞∑
m=1

∂σ̄
D

(s,r)
1,m,1

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y)

in [0, H]2 for σ̄ = (1, 0), σ̄ = (0, 1) and in (0, H)2 for σ̄ = (2, 0), σ̄ = (0, 2).

Then, since ∆(φm(x)ψm(H − y)) = 0 in (0, H)2 and the order of derivatives and

summation interchange, we have that

∆υ(x, y) =
∞∑
m=1

 D
(s,r)
n+1,m,i∆(φm(x)ψm(H − y))

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]
 = 0.

Also,

(
− ∂

∂x
+ α

)
υ(0, y) =

∞∑
m=1

D(s,r)
n+1,m,i

(
−dφm

dx
+ αφm

)
(0)ψm(y)

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]
 = 0,
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since
(
−dφm

dx
+ αφm

)
(0) = 0,

(
∂

∂x
+ α

)
υ(H, y) =

∞∑
m=1

D(s,r)
n+1,m,i

(
dφm
dx

+ αφm
)

(H)ψm(y)

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]
 = 0,

since
(
dφm
dx

+ αφm
)

(H) = 0 and

(
∂

∂y
+ α

)
υ(x,H) =

∞∑
m=1

 D
(s,r)
n+1,m,i

(
dψm
dy

+ αφm

)
(0)

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)

 = 0,

since
(
dψm
dy

+ αφm

)
(H) = 0.

Now, note that

(
− ∂

∂y
+ α

)
υ(x, y) =

∞∑
m=1

D
(s,r)
n+1,m,i

(
dψm
dy

+ αψm

)
(H − y)

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] φm(x) =

∞∑
m=1

D
(s,r)
n+1,m,iφm(x)

[(
zm + ᾱ2

zm

)
sinh

(
zm

H−y
H

)
+ 2ᾱ cosh

(
zm

H−y
H

)]
z

5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] ·
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Then for y = 0 we have

(
− ∂

∂y
+ α

)
υ(x, 0) =

∞∑
m=1

D
(s,r)
n+1,m,iφm(x)

[(
zm + ᾱ2

zm

)
sinh(zm) + 2ᾱ cosh(zm)

]
z

5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]

=
∞∑
m=1

B
(s,r)
n+1,m,1φm(x)

[(
zm + ᾱ2

zm

)
sinh(zm) + 2ᾱ cosh(zm)

]
z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]

=
∞∑
m=1

C̄
(s,r)
n+1,m,1

z2
m

φm(x)

=
∞∑
m=1

C
(s,r)
n+1,m,1φm(x)

= g(x) =

(
− ∂

∂y
ηs,r−1
n−1 + αηs,r−1

n−1

)
(x,H − 2γ).

Thus, υ solves the equations defining η
(s,r)
1,1 . Consequently, η

(s,r)
1,1 = υ. Then, we can

define A
(s,r)
1,m,1 as

A
(s,r)
1,m,1 =

B
(s,r)
1,m,1

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] .

Recall that B
(s,r)
1,m,i ≤MB/z

1/2
m for all m ∈ N.

Now it remains to show that if (3.12)-(3.14) hold for the step n then they hold for

the step (n+1). To that end, let gn,1(x) =
(
− ∂
∂y

+ α
)
ηs,r−1
n (x,H−2γ), i.e., gn,1 is the

r.h.s of the non-homogeneous boundary condition from the equations defining ηs,rn+1,1.

Let us define E
(s,r)
n,m as the coefficients of the expansion of gn,1(x) in the basis given by{

ᾱ
zm

sin
(
zmx
H

)
+ cos

(
zmx
H

)}
m∈N

. Thus,

gn,1(x) =
∞∑
m=1

E(s,r)
n,m

[
ᾱ

zm
sin
(zmx
H

)
+ cos

(zmx
H

)]

and

E(s,r)
n,m =

∫ H
0
gn,1(x)

(
ᾱ
zm

sin
(
zmx
H

)
+ cos

(
zmx
H

))
dx∫ H

0

(
ᾱ
zm

sin
(
zmx
H

)
+ cos

(
zmx
H

))2

dx
· (C.20)
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Let us define

B
(s,r)
n+1,m,1 =

E
(s,r)
n,m z2

m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]

(
zm + ᾱ2

zm

)
sinh(zm) + 2ᾱ cosh(zm)

· (C.21)

We shall see that these are indeed the coefficients we need in (3.12)-(3.14). We then

write

E(s,r)
n,m =

B
(s,r)
n+1,m,1

[(
zm + ᾱ2

zm

)
sinh(zm) + 2ᾱ cosh(zm)

]
z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] · (C.22)

Following the decomposition of the error into four parts as in (3.3)-(3.6), we have

that

gn,1(x) =
4∑
i=1

(
− ∂

∂y
+ α

)
η

(s,r−1)
n,i (x,H − 2γ). (C.23)

By the inductive hypothesis we have that η
(s,r−1)
n,i is given by the series in (3.3)-(3.6)

with the coefficients As,r−1
n,m,i given by

A
(s,r−1)
n,m,i =

B
(s,r−1)
n,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] ,

where B
(s,r−1)
n,m,i ≤

Mn,s,r

z
1/2
m

, i.e.,

η
(s,r)
n,1 (x, y) =

∞∑
m=1

B
(s,r−1)
n,m,1

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y), (C.24)

η
(s,r)
n,2 (x, y) =

∞∑
m=1

B
(s,r−1)
n,m,2

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(y)ψm(x), (C.25)

η
(s,r)
n,3 (x, y) =

∞∑
m=1

B
(s,r−1)
n,m,3

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(y), (C.26)

η
(s,r)
n,4 (x, y) =

∞∑
m=1

B
(s,r−1)
n,m,4

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(y)ψm(H − x). (C.27)
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Then, multiplying both sides of (C.23) by φm(x) and integrating over [0, H] we

obtain

∫ H

0

gn,1(x)φm(`)dx = (C.28)∫ H

0

(
4∑
i=1

(
− ∂

∂y
+ α

)
ηs,r−1
n,i (x,H − 2γ)

)
φm(x)dx =

∞∑
m=1

B
(s,r−1)
n,m,1

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] ∫ H

0

φm(x)φk(x)(x)dx

(
dψm
dy

+ αψm

)
(2γ)

+
∞∑
m=1

B
(s,r−1)
n,m,1

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] ∫ H

0

ψm(x)φk(x)dx

(
dφm
dy

+ αφm

)
(H − 2γ)

+
∞∑
m=1

B
(s,r−1)
n,m,1

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] ∫ H

0

φm(x)φk(x)dx

(
dψm
dy

+ αψm

)
(H − 2γ)

+
∞∑
m=1

B
(s,r−1)
n,m,1

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] ∫ H

0

ψm(H − x)φkdx

(
−dφm
dy

+ αφm

)
(H − 2γ).

Note that we have interchanged the order of the summation, derivatives and integrals

in the right hand side of the above equation. These order interchanges are justified

in Lemma C.2.

Let γ̄ = γ/H be the normalized overlap. Using (C.22) and (C.28) in (C.20), eval-

uating the integrals and then solving for B
(s,r)
n+1,m,1 we obtain the following expression

139



B
(s,r)
n+1,k,1 =

(
zk + ᾱ2

zk

)
sinh (2γ̄zk) + 2ᾱ cosh (2γ̄zk)(

zk + ᾱ2

zk

)
sinh (zk) + 2ᾱ cosh (zk)

B
(s,r−1)
n,k,1 (C.29)

+
∞∑
m=1

4z5
k

[
ᾱ
zk

tanh(zk) + 1
] (
zm + ᾱ2

zm

)
sin ((1− 2γ̄)zm)[(

zk + ᾱ2

zk

)
tanh(zk) + 2ᾱ

]
z2
m

(
zmz3

k + zkz3
m

)
{

tanh(zm)
[
ᾱ(z2

k + z2
m) sin(zk)− zk(ᾱ2 − z2

m) cos(zk)
]

+ zm(ᾱ2 + z2
k) sin(zk)

}[
ᾱ
zm

tanh(zm) + 1
] [

(z2
k)− ᾱ2 sin(2zk) + 2zk(ᾱ2 + z2

k + ᾱ)− 2ᾱzk cos(2zk)
] B

(s,r−1)
n,m,2


+

(
−zk + ᾱ2

zk

)
sinh ((1− 2γ̄)zk)(

zk + ᾱ2

zk

)
sinh (zk) + 2ᾱ cosh (zk)

B
(s,r−1)
n,k,3

+

∞∑
m=1

4z5
k

[
ᾱ
zk

tanh(zk) + 1
] (
zm + ᾱ2

zm

)
sin ((1− 2γ̄)zm)[(

zk + ᾱ2

zk

)
tanh(zk) + 2ᾱ

]
z2
m

(
zmz3

k + zkz3
m

)
{

tanh(zm)zk(ᾱ
2 + z2

m)− zm
[
−2ᾱzk +

(ᾱ2−z2
k) sin(zk)+2ᾱzk cos(zk)

cosh(zm)

]}
[
ᾱ
zm

tanh(zm) + 1
] [

(z2
k)− ᾱ2 sin(2zk) + 2zk(ᾱ2 + z2

k + ᾱ)− 2ᾱzk cos(2zk)
]B(s,r−1)

n,m,4

 .

In the Result C.4 it is shown that B
(s,r)
n+1,k,1, defined by (C.29), satisfies the inequality

B
(s,r)
n+1,k,1 ≤

Mn+1,s,r

z
1/2
k

. Therefore, we can writeBs,r
n+1,k,1 =

Ds,rn+1,k,1

z
1/2
k

withDs,r
n+1,k,1 ≤ Mn+1,s,r.

Now, let

ῡ(x, y) =
∞∑
m=1

Bs,r
n+1,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(y) (C.30)

=
∞∑
m=1

Ds,r
n+1,m,i

z
5/2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(y). (C.31)

By a similar reasoning as done before for υ, we can see that ῡ solves all the

equations defining ηn+1,1. Consequently, ηn+1,1 = ῡ. Therefore, defining As,rn+1,m,i as

As,rn+1,m,i :=
B

(s,r)
n+1,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
] ,
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and using (C.30) we obtain

η
(s,r)
n,1 = ῡ(x, y) =

∞∑
m=1

Bs,r
n+1,m,i

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y)

=
∞∑
m=1

As,rn,m,1φm(x)ψm(H − y).

Thus, we just showed for i = 1 that if (3.12) holds for the step n, then it also holds

for step n + 1. Then, since (3.12) holds for n = 1 when i = 1, it holds for every n.

The same result can be obtained for A
(s,r)
n,m,i with i = 2, 3, 4.

Finally, we show that each of the series of (3.3)-(3.6) with the coefficients A
(s,r)
n+1,m,i

given by (3.12) are uniformly convergent. We show this for i = 1, but the same

reasoning follows for i = 2, 3, 4. We have that

η
(s,r)
n,1 (x, y) =

∞∑
m=1

B
(s,r)
n,m,1

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y). (C.32)

Since cosh
(
zm(y−H)

H

)
and sinh

(
zm(y−H)

H

)
are decreasing functions of y and their maxi-

mum values are attained at y = 0, i.e., cosh
(
zm(y−H)

H

)
≤ cosh(zm) and

sinh
(
zm(y−H)

H

)
≤ sinh(zm), we have

∣∣∣∣∣∣ ψm(H − y)[
ᾱ
zm

sinh (zm) + cosh (zm)
]
∣∣∣∣∣∣ =

∣∣∣∣∣∣
[
−ᾱ
zm

sinh
(
zm(y−H)

H

)
+ cosh

(
zm(y−H)

H

)]
[
ᾱ
zm

sinh (zm) + cosh (zm)
]

∣∣∣∣∣∣ ≤ 1.

(C.33)

Then using (C.33), and since |B(s,r)
n,m,1| ≤Mn,s,r/z1 and

|φm(x)| = | ᾱ
zm

sin
(zmx
H

)
+ cos

(zmx
H

)
| ≤ ᾱ

z1

+ 1,
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we have

∞∑
m=1

B
(s,r)
n,m,1

z2
m

[
ᾱ
zm

sinh (zm) + cosh (zm)
]φm(x)ψm(H − y) ≤

Mn,s,r

z1

(
ᾱ

z1

+ 1

) ∞∑
m=1

1

z2
m

<∞,

i.e., the above series converges absolutely and uniformly. In the last inequality we used

the fact that 1
z2
m
<∞, which is shown in the subsection C.1.

C.5 Bound on the growth of the coefficients

Result C.4. The coefficients B
(s,r)
n+1,k,1 defined in (C.29) are such that

B
(s,r)
n+1,k,1 ≤

Mn+1,s,r

z
1/2
k

for some Mn+1,s,r > 0 and all k ∈ N.

Proof. From equation (C.29) we have
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B
(s,r)
n+1,k,1 =

(
zk + ᾱ2

zk

)
sinh (2γ̄zk) + 2ᾱ cosh (2γ̄zk)(

zk + ᾱ2

zk

)
sinh (zk) + 2ᾱ cosh (zk)

B
(s,r−1)
n,k,1 (C.34)

+
∞∑
m=1

4z5
k

[
ᾱ
zk

tanh(zk) + 1
] (
zm + ᾱ2

zm

)
sin ((1− 2γ̄)zm)[(

zk + ᾱ2

zk

)
tanh(zk) + 2ᾱ

]
z2
m (zmz3

k + zkz3
m)

{tanh(zm) [ᾱ(z2
k + z2

m) sin(zk)− zk(ᾱ2 − z2
m) cos(zk)] + zm(ᾱ2 + z2

k) sin(zk)}[
ᾱ
zm

tanh(zm) + 1
]

[(z2
k)− ᾱ2 sin(2zk) + 2zk(ᾱ2 + z2

k + ᾱ)− 2ᾱzk cos(2zk)]
B

(s,r−1)
n,m,2


+

(
−zk + ᾱ2

zk

)
sinh ((1− 2γ̄)zk)(

zk + ᾱ2

zk

)
sinh (zk) + 2ᾱ cosh (zk)

B
(s,r−1)
n,k,3

+
∞∑
m=1

4z5
k

[
ᾱ
zk

tanh(zk) + 1
] (
zm + ᾱ2

zm

)
sin ((1− 2γ̄)zm)[(

zk + ᾱ2

zk

)
tanh(zk) + 2ᾱ

]
z2
m (zmz3

k + zkz3
m){

tanh(zm)zk(ᾱ
2 + z2

m)− zm
[
−2ᾱzk +

(ᾱ2−z2
k) sin(zk)+2ᾱzk cos(zk)

cosh(zm)

]}
[
ᾱ
zm

tanh(zm) + 1
]

[(z2
k)− ᾱ2 sin(2zk) + 2zk(ᾱ2 + z2

k + ᾱ)− 2ᾱzk cos(2zk)]
B

(s,r−1)
n,m,4

 .

Let

t1 :=

(
zk + ᾱ2

zk

)
sinh (2γ̄zk) + 2ᾱ cosh (2γ̄zk)(

zk + ᾱ2

zk

)
sinh (zk) + 2ᾱ cosh (zk)

·

Then we have

t1 =

(
zk + ᾱ2

zk

)
tanh (2γ̄zk) + 2ᾱ(

zk + ᾱ2

zk

)
tanh (zk) + 2ᾱ

· cosh (2γ̄zk)

cosh (zk)
;

Note that

cosh (2γ̄zk)

cosh (zk)
=
e2γ̄zk + e−2γ̄zk

ezk + e−zk
=

1 + e−4γ̄zk

1 + e−2zk

e2γ̄zk

ezk
=

1 + e−4γ̄zk

1 + e−2zk
e−(1−2γ̄)zk

≤ 2e−(1−2γ̄)zk ≤ 2

(1− 2γ̄)zk
=

2

(1− 2γ̄)z
1/2
k z

1/2
k

≤ 2

(1− 2γ̄)z
1/2
1 z

1/2
k

:=
C1

z
1/2
k

.
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Also, since tanh (2γ̄zk) < tanh(zk) for 2γ̄ < 1, we have

(
zk + ᾱ2

zk

)
tanh (2γ̄zk) + 2ᾱ(

zk + ᾱ2

zk

)
tanh (zk) + 2ᾱ

≤ 1 ·

Then, |t1| ≤ C1/z
1/2
k for all k ∈ N.

Similarly, letting

t3 :=

(
−zk + ᾱ2

zk

)
sinh ((1− 2γ̄)zk)(

zk + ᾱ2

zk

)
sinh (zk) + 2ᾱ cosh (zk)

,

we have that |t3| ≤ C3/z
1/2
k for some C3 > 0 and all k ∈ N.

Now, let

t2,k :=
4z5
k

[
ᾱ
zk

tanh(zk) + 1
] (
zm + ᾱ2

zm

)
sin ((1− 2γ̄)zm)[(

zk + ᾱ2

zk

)
tanh(zk) + 2ᾱ

]
z2
m

(
zmz3

k + zkz3
m

) ×

{
tanh(zm)

[
ᾱ(z2

k + z2
m) sin(zk)− zk(ᾱ2 − z2

m) cos(zk)
]

+ zm(ᾱ2 + z2
k) sin(zk)

}[
ᾱ
zm

tanh(zm) + 1
] [

(z2
k)− ᾱ2 sin(2zk) + 2zk(ᾱ2 + z2

k + ᾱ)− 2ᾱzk cos(2zk)
] ·

Then,

∞∑
m=1

4z5
k

[
ᾱ
zk

tanh(zk) + 1
] (
zm + ᾱ2

zm

)
sin ((1− 2γ̄)zm)[(

zk + ᾱ2

zk

)
tanh(zk) + 2ᾱ

]
z2
m (zmz3

k + zkz3
m)

{tanh(zm) [ᾱ(z2
k + z2

m) sin(zk)− zk(ᾱ2 − z2
m) cos(zk)] + zm(ᾱ2 + z2

k) sin(zk)}[
ᾱ
zm

tanh(zm) + 1
]

[(z2
k)− ᾱ2 sin(2zk) + 2zk(ᾱ2 + z2

k + ᾱ)− 2ᾱzk cos(2zk)]
B

(s,r−1)
n,m,2


≤

∞∑
m=1

|t2,k||B(s,r−1)
n,m,2 | ≤

∞∑
m=1

|t2,k|
Mn,s,r

z
1/2
m

= Mn,s,r

∞∑
m=1

|t2,k|
1

z
1/2
m

·
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Similarly, we define

t4,k :=
4z5

k

[
ᾱ
zk

tanh(zk) + 1
] (
zm + ᾱ2

zm

)
sin ((1− 2γ̄)zm)[(

zk + ᾱ2

zk

)
tanh(zk) + 2ᾱ

]
z2
m (zmz3

k + zkz3
m){

tanh(zm)zk(ᾱ
2 + z2

m)− zm
[
−2ᾱzk +

(ᾱ2−z2
k) sin(zk)+2ᾱzk cos(zk)

cosh(zm)

]}
[
ᾱ
zm

tanh(zm) + 1
]

[(z2
k)− ᾱ2 sin(2zk) + 2zk(ᾱ2 + z2

k + ᾱ)− 2ᾱzk cos(2zk)]

and we have

∞∑
m=1

4z5
k

[
ᾱ
zk

tanh(zk) + 1
] (
zm + ᾱ2

zm

)
sin ((1− 2γ̄)zm)[(

zk + ᾱ2

zk

)
tanh(zk) + 2ᾱ

]
z2
m (zmz3

k + zkz3
m){

tanh(zm)zk(ᾱ
2 + z2

m)− zm
[
−2ᾱzk +

(ᾱ2−z2
k) sin(zk)+2ᾱzk cos(zk)

cosh(zm)

]}
[
ᾱ
zm

tanh(zm) + 1
]

[(z2
k)− ᾱ2 sin(2zk) + 2zk(ᾱ2 + z2

k + ᾱ)− 2ᾱzk cos(2zk)]
B

(s,r−1)
n,m,4


≤

∞∑
m=1

|t4,k||B(s,r−1)
n,m,4 | ≤

∞∑
m=1

|t4,k|
Mn,s,r

z
1/2
m

= Mn,s,r

∞∑
m=1

|t4,k|
1

z
1/2
m

·

Figure C.2: z
1/2
k S2,k vs. k for ᾱ = 0.7 and γ̄ = 0.01

Let S2,k =
∑∞

m=1 |t2,k|
1

z
1/2
m

and S4,k =
∑∞

m=1 |t4,k|
1

z
1/2
m

. In Figures C.2 and C.3, plots

of z
1/2
k S2,k vs. k and z

1/2
k S4,k vs. k, respectively, are presented for fixed values of ᾱ and

γ̄. For any value of ᾱ and γ̄ the graphs z
1/2
k S2,k vs. k and z

1/2
k S4,k vs. k look qualita-
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Figure C.3: z
1/2
k S4,k vs. k for ᾱ = 0.7 and γ̄ = 0.01

tively the same as in those figures. In the plots we observe that zkS2,k = zkS4,k ≤ C

for some C = C(ᾱ, γ̄) > 0. This implies that |S2,k|, |S4,k| ≤ C/z
1/2
k . Consequently,

we have

∞∑
m=1

4z5
k

[
ᾱ
zk

tanh(zk) + 1
] (
zm + ᾱ2

zm

)
sin ((1− 2γ̄)zm)[(

zk + ᾱ2

zk

)
tanh(zk) + 2ᾱ

]
z2
m (zmz3

k + zkz3
m)

{tanh(zm) [ᾱ(z2
k + z2

m) sin(zk)− zk(ᾱ2 − z2
m) cos(zk)] + zm(ᾱ2 + z2

k) sin(zk)}[
ᾱ
zm

tanh(zm) + 1
]

[(z2
k)− ᾱ2 sin(2zk) + 2zk(ᾱ2 + z2

k + ᾱ)− 2ᾱzk cos(2zk)]
B

(s,r−1)
n,m,2


≤ C

z
1/2
k

and

∞∑
m=1

4z5
k

[
ᾱ
zk

tanh(zk) + 1
] (
zm + ᾱ2

zm

)
sin ((1− 2γ̄)zm)[(

zk + ᾱ2

zk

)
tanh(zk) + 2ᾱ

]
z2
m (zmz3

k + zkz3
m){

tanh(zm)zk(ᾱ
2 + z2

m)− zm
[
−2ᾱzk +

(ᾱ2−z2
k) sin(zk)+2ᾱzk cos(zk)

cosh(zm)

]}
[
ᾱ
zm

tanh(zm) + 1
]

[(z2
k)− ᾱ2 sin(2zk) + 2zk(ᾱ2 + z2

k + ᾱ)− 2ᾱzk cos(2zk)]
B

(s,r−1)
n,m,4


≤ C

z
1/2
k

146



for all k ∈ N.

Using the results from above we have that

|B(s,r)
n+1,k,1| ≤ |t1||B(s,r−1)

n,k,1 |+
∞∑
m=1

|t2,k||B(s,r−1)
n,m,2 |+ |t3|+

∞∑
m=1

|t4,k||B(s,r−1)
n,m,4 |

≤ (C1 + C + C3 + C)Mn,s,r

z
1/2
k

·

Therefore, with Mn+1,s,r := (C1 + C + C3 + C)Mn,s,r, we have that

|B(s,r)
n+1,k,1| ≤

Mn+1,s,r

z
1/2
k

.

147


