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ABSTRACT

Asynchronous Optimized Schwarz Methods for
Partial Differential Equations in Rectangular Domains

by
José C. Garay
DOCTOR OF PHILOSOPHY
Temple University, 2018
Professor Daniel B. Szyld, Chair

Asynchronous iterative algorithms are parallel iterative algorithms in which commu-
nications and iterations are not synchronized among processors. Thus, as soon as a
processing unit finishes its own calculations, it starts the next cycle with the latest
data received during a previous cycle, without waiting for any other processing unit
to complete its own calculation. These algorithms increase the number of updates in
some processors (as compared to the synchronous case) but suppress most idle times.
This usually results in a reduction of the (execution) time to achieve convergence.
Optimized Schwarz methods (OSM) are domain decomposition methods in which
the transmission conditions between subdomains contain operators of the form
0/0v + A, where 0/0v is the outward normal derivative and A is an optimized lo-
cal approximation of the global Steklov-Poincaré operator. There is more than one
family of transmission conditions that can be used for a given partial differential equa-
tion (e.g., the OO0 and OO2 families), each of these families containing a particular
approximation of the Steklov-Poincaré operator. These transmission conditions have
some parameters that are tuned to obtain a fast convergence rate. Optimized Schwarz
methods are fast in terms of iteration count and can be implemented asynchronously.
In this thesis we analyze the convergence behavior of the synchronous and asyn-

chronous implementation of OSM applied to solve partial differential equations with
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a shifted Laplacian operator in bounded rectangular domains. We analyze two cases.
In the first case we have a shift that can be either positive, negative or zero, a one-way
domain decomposition and transmission conditions of the OO2 family. In the sec-
ond case we have Poisson’s equation, a domain decomposition with cross-points and
OO0 transmission conditions. In both cases we reformulate the equations defining
the problem into a fixed point iteration that is suitable for our analysis, then derive
convergence proofs and analyze how the convergence rate varies with the number of
subdomains, the amount of overlap, and the values of the parameters introduced in
the transmission conditions. Additionally, we find the optimal values of the param-
eters and present some numerical experiments for the second case illustrating our
theoretical results. To our knowledge this is the first time that a convergence analysis
of optimized Schwarz is presented for bounded subdomains with multiple subdomains
and arbitrary overlap. The analysis presented in this thesis also applies to problems

with more general domains which can be decomposed as a union of rectangles.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Since approximately 2005, the clock speed of processors has stagnated [5]. Con-
sequently, the time it takes to perform a floating point operation has stagnated as
well. Since then, the computational power of the computers has been improved by
packing more cores into a single processor, and with this increase in the number of
floating point operations (flops) per second that a computer can do. This implies that
to take advantage of the computational power of current computers, parallelization
of the problems to solve is important. A problem is fully parallelizable if it can be
divided into independent parts, i.e., parts that do not need to communicate informa-
tion among themselves. In many situations, however, we run into problems that are
not fully parallelizable, i.e., the tasks performed by different processing units need
some information from the tasks performed at other processors. Therefore, in these
cases communication of information between different processing units in necessary.
Unfortunately, there has not been a substantial improvement in the speed of commu-
nication of data among processors and between processors and memory devices [4].
Thus, although computers are able to perform a large number of flops per second, in
practice the number of flops performed per second is less than the maximum possible
given that some (or all) processing units are idle, waiting to receive the information
needed to start performing their next assigned task. Given the gap between the
number of flops that a computer can be done per second and the time required to

communicate data among processors and memory, the communication part is creating



a bottleneck in current computations, and thus producing a performance inefficiency.
Therefore, it is desirable to formulate the problem in a way that solving it requires
the less communication as possible.

In the context of simulations requiring extreme scale computing, parallel compu-
tations are necessary, and they are usually performed through parallel iterative algo-
rithms that require the communication of information among processors and among
processors and memory.

Synchronous iterative algorithms are parallel iterative algorithms in which itera-
tions and communications are synchronized among processors. In this synchronous
paradigm, in addition to the waiting time due to communication speed, any load
imbalance or non-uniformity in hardware performance also causes processing units
to idle at the synchronization point, waiting for the slowest unit, and deteriorates
performance even more.

Given the heterogeneous and distributed architecture of the anticipated exascale
computers [15], idle times in processing units will be an issue in terms of efficiency,
and this problem will be in particular exacerbated due to the synchronization. There-
fore, it is desirable to minimize the amount of communication and/or the time that
processors remain idle.

Asynchronous iterative algorithms are parallel iterative algorithms in which com-
munications and iterations are not synchronized among processors [8]. Thus, as soon
as a processing unit finishes its own calculations, it starts the next cycle with the
latest data received during a previous cycle, without waiting for any other process-
ing unit. These algorithms increase the number of updates in some processors (with
respect to the synchronous case) but suppress most idle times. This usually results
in a reduction of the (execution) time to achieve convergence. In other words, in
certain cases we might be able to reach the finish line faster by walking a longer

path but without stopping after each step, than a shorter path with a certain waiting



time between steps. Thus, in certain situations, asynchronous iterative algorithms
can reduce the bottleneck problem due to communications and therefore reduce the

execution time of a solver.

1.2 Background

Domain Decomposition (DD) methods are iterative in which the original problem
is divided into coupled smaller subproblems that are solved to produce local approx-
imations of the global true solution until the approximations are close enough to the
true global solution [17]. In the context of the solution of partial differential equa-
tions, the original domain is divided into smaller subdomains, possibly with overlap.
Some of the boundaries of these subdomains are artificial, i.e., they were created ar-
tificially after the decomposition of the original domain, and some other are physical
boundaries, i.e, those who coincide with the boundaries of the original domain. Then,
subproblems (local problems) are defined in each subdomain. Each of these subprob-
lems consists of the partial differential equation (PDE) that we want to solve in the
original domain but restricted to the subdomain, and the corresponding boundary
conditions. There are two possible types of boundary conditions, namely, artificial
boundary conditions, also known as transmission conditions, which are defined on
the artificial boundaries, and the physical boundary conditions related to the physi-
cal boundaries. Once the subproblems are defined, each subproblem is solved using
boundary data coming from other subdomains. This process is repeated until each
local approximation is close enough to the true global solution, i.e., the true solution
of the original problem.

Domain decomposition methods are naturally parallel in the sense that the only
information needed to produce a new approximation in each local problem is the
boundary data at the beginning of the computation of this new approximation. Be-

sides this, each local process is completely independent from the others. Two major



DD categories are the non-overlapping methods, also known as iterative substructur-
ing methods, and the overlapping methods known as Schwarz methods. In this thesis
we focus on Schwarz methods.

There are different types of Schwarz domain decomposition methods, each of them
defined by a particular choice of artificial boundary condition. Classical Schwarz
methods are those in which the artificial boundary conditions are Dirichlet condi-
tions. Optimized Schwarz methods are those in which the artificial boundary condi-
tions contain an operator of the form a% -+ A where v is the normal derivative pointing
outwards and A is an approximation of the Steklov-Poincaré operator by using local
differential operators. There is more than one family of transmission conditions that
can be used for a given PDE | each of these families consisting of a particular approx-
imation of the optimal transmission conditions [9]. For example, we have the OO0
and Q02 families. In the OO0 family A is the zero—th order approximation of the
Steklov-Poincaré operator, i.e., A = o, where « is a constant. As for the OO2 family,
we take A = a+ SA, where o and 3 are constants and A is the Laplace-Beltrami op-
erator. The convergence factor (usually the spectral radius of the iteration operator)
of the method depends on the value of the boundary conditions parameters (i.e., «
and ). Thus, in optimized Schwarz we tune the values of these boundary parameters
to improve convergence with respect to the classical Schwarz case (v = o0, 5 = 0).

Schwarz methods can be used as solvers or as preconditioners for a Krylov sub-
space method. Usually, a Krylov subspace method preconditioned with an optimized
Schwarz method will be somewhat faster than the same optimized Schwarz method
applied as a solver, when both solvers are implemented synchronously. However, the
difference in terms of iteration count is not always very large; see e.g., [1].

Preconditioned Krylov subspace methods are very fast in terms of iteration count.
Unfortunately, these type of methods are inherently synchronous containing inner

products that require global synchronization. In fact, the inner products involved in



the orthogonalization of the basis of the Krylov subspace are operations that nec-
essarily require global synchronization. Schwarz methods, however, when used as
solvers, do not require global synchronization. Therefore they can be implemented
asynchronously.

With the goal of reducing the bottleneck problem in extreme-scale computations,

Magoules proposed in [13] a method composed of two ingredients:
1. The use of optimized Schwarz methods as outer solvers.
2. Asynchronous iterations.

Optimized Schwarz methods are fast in terms of iteration count and implementing
it in an asynchronous fashion may in principle reduce substantially the execution
time of the solver. The numerical results presented by Magoulés in [13] provided
evidence of this idea. However, a proof of convergence was needed. Magoulés, Szyld
and Venet in [14] presented a convergence proof of Asynchronous Optimized Schwarz
(AOS) for the problem defined by Poisson’s equation in an infinite plane using a one
way decomposition; see also [10]. In this thesis we present a convergence proof of
Asynchronous Optimized Schwarz for cases with bounded rectangular domains. We
study the problem with the shifted Laplacian operator. The case with zero shift
corresponds to Poisson’s equation, the negative shift case to the Screened Poisson’s
equation and the positive shift case to the Helmholtz equation. Poisson’s equation
has applications in problems modelling the diffusion of substances or the steady-state
heat distribution in materials. The Screened Poisson’s equation arises for example
in electric field screening in plasmas. The Helmholtz equation has applications in

seismology and acoustics.



1.3 Outline

In Chapter 2, we study the convergence of AOS applied to solve a PDE with the
shifted Laplacian operator, with Dirichlet physical boundary conditions, and artificial
boundary conditions of the OO2 family. We use a one-way domain decomposition,
and the analysis applies to the cases where the shift is positive, negative or zero. In
Chapter 3 we study the convergence of AOS applied to the problem involving Pois-
son’s Equation, with Dirichlet physical boundary conditions, OO0 artificial boudnary
conditions and a partition of the domain containing cross-points. Cross-points are
points where the boundaries of more than two subdomains meet.

In each of the chapters, we first recast the equations defining the corresponding
problem into a fixed point iteration that is suitable for our analysis. Then we present
convergence proofs of the Asynchronous Optimized Schwarz method. Next, we ana-
lyze the behavior of the convergence rate for different values of the parameters. From
this analysis we obtain the evidence that confirms that the hypotheses of our con-
vergence theorems hold, and we also determine the optimal values of the boundary

parameters that optimize the convergence rate of the method.

1.4 Contribution of this thesis

Our main contribution can be divided into five parts.

1. The reformulation of the original iteration formulas (from which no conclusion
can be made about convergence) into an equivalent fixed point iteration from

which convergence can be analyzed and proved.

2. The proof of convergence of the synchronous and asynchronous iterations of

Optimized Schwarz for the case of the shifted-Laplacian equation when we have

e a shift that can be positive, negative or zero (this encompasses both Pois-



son’s equation and Helmholtz equation),

a one-way domain decomposition,

a bounded domain with multiple subdomains,

0OO02 artificial boundary conditions,

arbitrary overlap between adjacent subdomains, and
e any number of subdomains.
3. The proof of convergence of the synchronous and asynchronous iterations of
Optimized Schwarz for the case of Poisson’s equation when we have
e a bounded domain,
e a domain decompostion with cross-points,
e OO0 boundary conditions, and
e arbitrary overlap
4. The study of the convergence behavior of the Optimized Schwarz method when
we vary the values of parameters such as the number of subdomains, the amount

of overlap between subdomains, the shift and the artificial boundary conditions

parameters.

5. The provision of empirical formulas for the optimal boundary parameters for

certain cases.



CHAPTER 2

SHIFTED LAPLACIAN: ONE WAY
DECOMPOSITION OF 2D DOMAIN

2.1 Preliminaries

In this chapter we consider the solution of a PDE with the shifted Laplacian op-
erator, in a rectangular domain with Dirichlet boundary conditions using optimized
Schwarz methods, where the division of the domain is carried out in a one-way decom-
position. We consider that the transmission conditions on the artificial boundaries
are of the OO2 family. The shift can be positive, negative or zero. The zero shift
case corresponds to Poisson’s equation, which has applications in problems involving
diffusion of substances or the steady state heat distribution in a material. The PDE
resulting from a negative shift is known as the Screened Poisson’s equation and arises,
for example, in electric field screening in plasmas. The positive shift case corresponds
to the Helmholtz equation, which models, for example, the propagation of acoustic

waves.

2.2 Formulation of the Problem

We want to solve the problem defined by

Au+wu =f inQ,
(2.1)

u =g on 0,



where = [0, W] x [0, H] and w € R. We consider that w and H are such that
wH?/7? ¢ N.

We divide the physical domain into p overlapping rectangular subdomains. Each
of these subdomains is represented by an index s with s € {1,...,p}. Let h be the
length of the side of each subdomain as if it were a partition with no overlap. Let us
now displace (outwards) the boundaries artificial boundaries of the nonoverlapping
subdomains by an amount 7 so as to have overlapping rectangular subdomains. Thus,
we have interior subdomains (i.e., subdomains that have artificial boundaries on their
left and the right sides) with width L := h+2v and height H, and the left-most and a
right-most subdomains with width h +~ and height H. The union of all subdomains
is the original domain; see Figure 2.1. The overlap between two adjacent subdomains
is 2, thus we can use 7 as a parameter to quantify the amount of overlap between

subdomains. The subdomain s, denoted by Q). is given by

Q) = [(s — D)h — yxq1ye(s), sh + Yx(pye(5)]

where
1 ifs#y

0 ifs=y.

Xijpe(s) =

Thus, the interior subdomains are those corresponding to 1 < s < p, the left-most
subdomain corresponds to s = 1 and the right-most subdomain to s = p.

We define each local problem using local coordinates. The local coordinates asso-
ciated to the subdomain s are those in the coordinate system whose origin is on the
bottom-left corner of the subdomain s. The relation between the local coordinates,

denoted by (z,y), and the global coordinates, denoted by (z4,y,), is given by the
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Figure 2.1: One-way decomposition of the domain

following formulas

r=1x5—(5—1)h —yxq(s), (2.2)

Thus, the optimized Schwarz (OS) iteration process associated with problem (2.1)
and with OO2 transmission conditions, using local coordinates is defined, for an

interior subdomain (i.e., for 1 < s < p), by

ANTR U in (0, L) x (0, H)
8 s—1 s—1
S aud, + ﬁ 6"“ =% 4 qusTt + ﬁ—62(;‘"2 forx =0
{ "“ +auy g + B "“ = 8“" + austt + 582 u forz =L
Upip =9 fory =0
\ Upi =9 fory = H,
(2.4)
where a% is, in this instance, a normal derivative and g—; a tangential second deriva-

tive corresponding to the Laplace-Beltrami operator. The equations describing the

10



Optimized Schwarz (OS) iteration process for the left-most subdomain are given by

S S —
Aug o twus = f

aufz+1 =9

n+1 +aun+1 +B n+1 _ %751 +aus+1 682 ustl
Uy =9
Upi1 =9

and for the right-most subdomain

S S —
Aun+l Twup = f

n+1 +aun+1 +6 n+1 — 6un —|—ozu5 1 _}_5

s _
un—i—l =9
s —
unJrl =g
s —
un—i—l =g

In all cases we consider that § < 0 and o > 0.

in (0,L —~) x(0,H)

forx =0
fore =L —7~
fory =0
fory = H,

(2.5)

in (0,L—~) x (0,H)

forz =0
forx=L—7
fory=0
fory = H.

(2.6)

Equations (2.4)-(2.6) describe a fixed point iteration of the form wu,y1 = Tup,

where the iteration operator T is defined implicitly by those equations. In order to

analyze the convergence of the method, however, we shall obtain an equivalent fixed

point iteration which is easier to analyze and for which we can obtain an explicit

expression for its iteration operator. To that end, in the next section we introduce

the Fourier series expansion of the local errors and then find the formulas relating the

Fourier series coefficients of the local errors at iteration n 4 1 to those at iteration n.

Then we will use this relation between coefficients to define the equivalent fixed point

iteration.

11



2.3 A fixed point iteration

To determine the new fixed point iteration, we obtain first the equations defining
the local errors. Hence, let us denote the local error corresponding to the subdomain
s at iteration n by n?. Let u, be the solution of (2.1). Let u? be the restriction of
u, to Q). Then, we have that 7 = u, — u?. Thus, plugging this expression of 7?
in (2.4)-(2.6) we can see by linearity that 7, satisfies a set of equations of the form
(2.4)-(2.6) but with f =g = 0.

We define the normalized parameters as & := oH, 3 := 8/H, ¥ := v/H, L =
L/H, and & := wH?. As we will see later in the chapter, the advantage of working
with these normalized parameters is that when we do the change of variables given
by their definitions, the resulting formulas for the error coefficients and for the entries
of the new iteration operator do not contain the parameters L and H. This means
that when we applied optimized Schwarz to two problems that are such that one
is a scaled version of the other and they have the same partitioning of the original
domain (i.e., they have the same number of subdomains, and the subdomains of one
of the problems are just scaled versions of the subdomains of the other problem), the
iterative method resulting from both cases will have the same convergence behavior.

From the theory given in Appendix A, it follows that the solution of (2.4) can be

written in terms of the following series

Mo (@ y) = 3 [An iy 00 (@) + Ay o0 2(2)] b)), (2.7)
m=1
where
Only) = sin (2] (2.8)

12



with z,, = mm, and

z:\/« /Z?_ME&_zz?;GiM(xL) 4 eVA—w@=L) - if 2 <@,

Vi (@) = (2.9)
e~ TN e (—222 Y Z2 _w) eLEL)\/Z?n_*@, if 22 > @,
and

\\// - :w+§a 222) —z«/)\—w(x) + ei\/)\—UJ(CL‘)7 if ng <@,

V@ (x) = (2.10)
z — a—B22 4~/ 22, —@ x - .
eIV I (%) eFVERTEf 22 > @,
a—Pz2,—\/ 72, —w

In other words, for a fixed value of z, the series in (2.7) is the Fourier sine series
in the variable y of 17, (z,y).
The solution of the left-most and right-most subdomain local problems can be

written as

M (2,9) ZA 12 () D (y) (2.11)

and

M1 (T,Y) ZA U (2 = L)om(y), (2.12)

respectively, where

2isin(/22, —wx), if 22 <©,
V() = (213
e_(lgfl\/zgn__w) — e(%\/z*zn__“), if 22, > .

Remark 2.1. Note that the expressions on the first line of equations (2.9), (2.10),
and (2.13) are qualitatively different from those on the second line of the respective
equations. The error series terms containing these expressions only appear when we

have m € N such that 22 < @. This is only possible when @ > 0, i.e., for the

13



Helmholtz equation case. Given that w is fixed and z,, — oo as m — oo, there are
only a finite number of these terms. The error series for the Helmholtz case contain
two types of terms, each type having a different behavior. The error series for w < 0
contain only terms of one type, those containing the expressions on the second line
of equations (2.9), (2.10), and (2.13). Therefore, we expect that the behavior of the
error (and therefore the convergence behavior) will be somewhat different for the

Helmholtz case from that of cases with w < 0.

We want to determine a fixed point iteration with an iteration operator T, map-
ping a vector containing all error coefficients at iteration n to a vector with all the
error coefficients at iteration n 4+ 1. To determine the expression of this operator, we

derive the formulas that relate the coefficients at iteration n to those at iteration n-+1.

2.3.1 Coefficients formulas

Before deriving the coefficients formulas, we state two lemmas which will be nec-
essary in the derivation of these formulas. The proof of both lemmas are given in
the Appendix B. These lemmas enable us to interchange the order of the derivatives,
summation and integral, when integral and differential operations are applied to the

series given by (2.7), (2.11), and (2.12).

Lemma 2.2. Consider the series in (2.7), (2.11), and (2.12). If we can write their

coefficients as follows

B’fzml
A= U (2.14)

n,m,l — (1) —
22, (FH(0) + (e — Bz2)ul)(0)

and
szmQ
Ay =~ ot (2.15)
2, (2(0) + H(a - A=)l (L))

14



forl<s<p,
BS

Aoms =7 1”7’1"“2 — (2.16)
2, (M2(0) + fa - B)uid (1))
fors=1, and
As _ sz,m,l
1 = (2.17)

n,m,1 _
2, (F2 (1) + h(a - B=2)ud (1))

for s = p, where

B, . < M,, (2.18)

for some constants M, s > 0, then the following holds.

1. The order of their first derivatives and summation can be interchanged in [0, L] X

[0, H]

2. The order of their second derivatives and summation can be interchanged in

[0,L] x [0,H] if B#0 and in (0,L) x (0,H) if =0

3. The order of their integral over y € [0, H], first derivatives and summation can

be interchanged.

Lemma 2.3. Consider the series expansion of the local error n® from equations (2.7),
(2.11), and (2.12). Let ug be the initial approzimation of the solution of (2.1) and such
that the initial error ny is C*((0, W) x (0, H)). Then, for all n € N, the coefficients
AS

n,m,t

can be written as in (2.14)-(2.17).

The identities (2.14)-(2.17) in Lemma 2.2 will also be useful later in the chapter

to prove that the local error series converge to zero uniformly. In fact, let

2 2
oo 2 Ay 1 2 <@
By . if 2 >,
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where B? is defined in Lemma 2.3. Note that, by Lemma 2.3, we have that

an

| < Mn,s for all m € N and some ]\7[717S > 0. We can think of the coefficients

| nmz

Cy.m.i as scaled versions of the error coefficients. In our convergence proofs we need

to show that these scaled coefficients converge to zero uniformly. Consequently, we

shall determine the formulas relating the scaled error coefficients C ., ; and C}
instead of those relating A7, ; to A7 ..

We are ready to determine the formulas relating error coefficients at iterations
n 4+ 1 and n. Plugging (2.7) into the non-homogenous boundary condition on the
second line of (2.4) and since, by in Lemmas 2.2 and 2.3, the order of derivatives and

summation interchange, we obtain for 2 < s < p that

o0 1)
5 s (—dﬁg (0) + (6 - 5%)%?(0))
sy 1 :
A 12 (— jﬁx (0) + (@ - 6%)%?(@)] Om(y) =
| ge dwm L a g2y -

Multiplying both sides by ¢x(y), integrating over [0, H], interchanging the order of
the summation and integral, using the orthogonality of the set {¢,, }men and noticing

that (—%’(5)(0) + (@ — Bzfn)¢£3)(0)> = 0, we obtain

T

d 7(71) 1 _ H
A (— s (0)+E(a—ﬂz?n)¢£i)(0)> | tontan =

dipV 1 _
A ( ﬁfx (L= 27) + (6 = B=)uy” (L — 27))

(2) H
HAT, ( Yo (1 —29) 4 26— B (L - 27>>] | @ty
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This implies that

E dw(l) ~ 732\,
Aprn | =520 + (@~ B2 (0) ) = (2:20)

d 1) 1 _
A (— Yo (1, 29) 4 (= AL 27))

d (2) _
A (— Y (1 29) + (- Bt (L - 27)) .

: s .
Then, solving for A}, , we obtain

. . L (L —2y) + L(a— B2 (L — 2)
An+1,k,1 - An,kl,l d ) f - = 1 (2'21)
— W (0) + L@ — B22)04)(0)
(2) _
e [T =2+ (@ - AR (L - 2)
n, k 2 (1) _
W (0) + L (@ — B22,)1(0)

By a similar procedure as the one just carried out, but using the non-homogenous
boundary condition on the third line of (2.4) and noticing that

(%’?(L) + L(a— Bz%) (1)( )> = 0, we obtain for 1 <s <p—1,

Ao (dﬁj’" (L) + (0 — B2 (0 >)

iy 1
A;iﬁj,l( Ve () + (@~ B2}) (1)(27))

d (2)
+ Aiﬁf,z( Ve (29) + 3 (e~ B >).

17



Consequently

dw® - 1
e [ S0+ g@ - B2
n+1,k2 n,k,1 d’L/J(Q) 1 /- > 9 @)
2o(L) + (@ = Fa2)un (L)
d¢(2> _ _ 9
Lo S0+ f@ - AR ()
n,k,2 (2) B _
(L) + g (6 — B2 )un (L)

For s =1 we have

d%(cl)Q 1/~ 2.2 (1)2
1 42 2 (27) + o= By (29)
An+1,k,2 - An,k’,l ) _ 3) (222)
b ([ — ) + L@ — B2 (L — )
dw® o
Lo (20 + 5@ — A (29)
n,k,2 (3) B _ )
W ([ — ) + £ (@ — B22)pw (L — )
for s =p
dvV I
) por [ (L= 2v) + &(@ - BR)u (L - 2)
An+1,k,1 An,k,l dw(3) 1 5.9 3) (223)
b ([ — ) + L@ — B2 ) (L — )
FC) -
oo [ Z (=20 4 (e = BRI - 29)
n,k,2 (3) B — )
W ([, — ) 4 (@ — B22) 0 (L — )
for s =2
(3) _
. Wi (L —37) + L (a— B22)vP(L - 3)
A +1,k,1 A k.2 1 9 (2'24)
e ! i’ (0) + L (G — Bz2 )yl (0)
and for s=p—1
(3) _
o (L= 3y) + &G = B (L - 39)
An+1,k,2 = An,k,l 0@ — 2) (2-25)
Vo (L) + L (@ — B22)uw (L)

As for the coefficients B, ,, , |, using the identities (2.14) and (2.15) in (2.20) and

18



solving for B}, we obtain for 2 < s < p that

du® o
g g [T @R -
n+1,k, 1 — n,k,1 dl/)ﬁ,p 1= 3.9 (1) < : )
2-(0) + (o= B2, )m’ (0)
(2) _
Lo [T =2 + (@ - BRI (L - 2)
n,k,2 (2) B _ 9
W (L) + (@ — Bz2)08 (L)
Similarly for 1 < s < p — 1 we obtain
dy, -2 1
g e[S+ 46 - B () (227
n+1,k,2 n,k,1 dzp%) 1/ %9 (2)
— = (0) + (@ = B23,)¢m (0)
vy’ L — B2
LB d’;m(?v) + gl — ?le)wk (27)
o (L) + (@ = Bz )i (L)
For s = 1 we have,
dyy - 1
g _ o [+ EE - Be () 2.28)
n+1,k,1 n,k,1 _dﬂh(vp (0) N l(d B 522 ) @) (0)
dzx H m/)rm
) 2 2
g [T+ HE - AR (@)
n,k,2 (2) _ _ )
W (L) + 4 (6 — Bz2)08 (L)
for s =p
d® -
B gt [T -2 ga BN o2 )
n+1,k,1 n,k,1 (1) _ _ 1 :
W (0) + 37 (a = B2 v (0)
(2) _
Lo [T =)+ (@ - BRI (L - 2)
n,k,2 (2) B _ 5 )
Lo (L) + #:(a — B2 ) (L)
fors=p—1
%(L -3 1 /(5= 2 (3) _
_ . v) + (@ = B (L — 3y)
BZJ&,k,z = BZ k1 < i AL (2-30)




and for s =2

2 _ 1 dx
BnJrl,k,l - Bn,k,Q

Coefficients formulas for k£ such that 2} > @

Recall that z,, = mm for all m € N and & = wH?. From (2.19) we have for k € N
such that z7 > @ that CJ , ; = B ;. Thus, considering k € N such that 2 > @, and

n,k,i*

plugging (2.9) and (2.10) into (2.26) and (2.29) , we observe for 2 < s < p that

67(1372’7)\/ Z%*‘L’Csfl

n,k,1

S —
Cotihn =

e T e st (2.32)

n,k,2"

+
~
/~
|
=
ol
|
)
2l
33
TN
|
€l
I
—
N—
| ’2
=]}
I
@I
183
ESINS
NIDZ
(V]
I
—
N
>
I
€l
=
=
|
€l
~—
M)
~_

—2(L—27),/22—® _ 3 _
(VR 1) (@ By - (- @) T
Crtike = - = e 7 Z’“_NCZ:*;I (2.33)
[

- (<a’éz’%+ 2 -e) - i (a5 - VZ’EWV) e el
Pt z

n,k,2

Also, using (2.13) in (2.31) and (2.30), we see that for s = 2,p — 1 we have

oo 672(%3?) Ziiw (a-B2+ 22 -0) - (a-pp -/ - o) e T%%C}L,k,z s
eI (- f2 -\ [~ ) — (a- B+ /22 @)

and

respectively.



Coefficients formulas for k£ such that 2} < @
Considering the expression of (2.9) for k € N such that 27 < & and noticing that

iz —iz

sin(z) = %
and ' '
cos(z) = #,
we have that
S L e By ) - (2.36)

1| (V2 —o+(@—B22))° i /smo(a— . (A VA= (z—
H[i\/z%@w(aﬁzfn) e L)_(l Zg"_w_(a_'BZg"Oe e

1 _i%‘/@ i\ W — & — Bz2 3,22 2 _ )
A=) | (3ot = st + (@ 522+ =4 )

R (mm (6= Bzp) + (& = Bzh) * + 25 — “’)} -

1 [ T o~ = _ilemL) e (2o L) o
2i\/© — 22, (& — B22, (e IEEEVE-, T Ve sz)+
H(i\/zgn—w—(éz—ﬁzgnw ( )

(- VETR e SHVER ) (@ - 227+ - 9)| =

i [2 (- (a- Bz2)2 — 22, + @) sin (%m> + 4@ — 22, (a- Bzfn) cos <LHL)\/:D—72,2,1)]
H (iv/7 =6 - (- 54))

Similarly, we obtain

(2)
_djs (z) + %(o‘z — B (x) = % ( 22 —w+(a- Bzfn)z) sin (% 22 — @) _

(2.37)

Then, plugging (2.36) and (2.37) in (2.21), multiplying both sides of the resulting

equation by z; and recalling that C5 , ; = 22 A5 |, for k € N such that 2} < @, we
have for 2 < s < p that

sin (27y/2 <) +2 (8- Bap) o e (3B 3f)

in (/@ - R)L) +2(a-523) /(@ - 27) cos (o - 22) "

)
_ (z ) _zz — (d—Bzi))Qsin (M(i— 2’7)) o1
N )

(2.38)

s _
Cn+1,k:,1 -




Similarly, we have for 1 < s < p — 1 that

(2.39)
For s = 1 we obtain
(z wfz,%Jr(o?fBzi))sm( o?fzz(Lf?y))
Cn-H’k’Q - ((&7Bzz)sm( Q*Zii)ﬁ* oifz,%cos< wfz,%E))C”kl (2.40)
((afBz,%)?f(&zfzi))sm(Q"y wfzi>+2(d75z£)1/®fzzcos<2'yw/wfzz) .
" iy/@— 22 a — 22 a — Bz2) sin @—22L @ — 22 cos @—22L Cn7k2
(i =2+ (@ B=D)) (5 = pep)sim (/o = 2L) + /& = s cos (/o= 22L))

+

Also, for s = 2 we obtain

C?L_Hkl :7<i1/w—zi+(6¢—ﬁzk ) ( a ,sz)sm(q/w Zk (L 25 ) — /w0 — zkcos<1/w z,% ))C
w ((@=622)° = (@—22)) sin (\J@ - 2L) + 2 (a— Bz}) \Jo — 2} cos (/o — ,gi)

and for s=p—1

o ikl (z«/@—z%—(&—ﬁzi)) ((&—Bzi)sin(,/w Zk L 27) \/w zkcos(\/w zk(L 25 )>C7Slkl.
" ((&—Bzz)z—(Q—Zﬁ))sin(,/w—sz>+2(o¢ sz)\/w zkcos(\/w z ) H

(2.43)

(2.42)

22

n,k,2



2.3.2 Iteration operator

Based on (2.32)- (2.35), for k € N such that 2} > @ we can write

CfLJrl,k,Q = CQ(ka Q, 67 7’ W, ‘Z)C’ij_i,l + Cl(kv Q, Ba ’7a W, L)Cf:;?i,% fors =1
Coiipr = as(k, @, B,7,0, L)CiEL 5, for s = 2

TSL-‘rl,k,l = Cl(ka d/a B,;}/’w7 E)C'rsz,_ri,l + CQ(ka 54) Ba :}/,(;J, E)Crsz,_n%,% for2 <s S 2 1
Cfl+1,k,2 = CQ(kv O_éa 67’7/’@7 E>Cf:;rlb,1 + Cl(ka 6‘7 Ba ’77@7 L)Cf:;ri% for 2 S s§<p— 1
C'fz-i—l,k;g = C3(k7 O_éa B? ﬁ_}/a (Z), E>OZ;~01727 for s = p— 1
Criikn = a(k,a, B, 7, o, E)Cfb;ijl + ek, a, B, 7,0, I_/)C'fl;iz, for s = p.

(2.44)
where
— —4 VEe—9 (= 7 _ -
Cl(k, d,ﬁ_,'_y,@, Z) — (a - le% + Z/% B w) 2 ’j — (a BZI% \/ ZI% w) ? —(L=27)\/2}—® (2.45)
(6—62%%— zi—@)Q—e72vak7W (64—52,%— z%—@)2

n

,_ 1 2 2 p—1 p—1 P
ka T (Cn,k,2> C Sk, 10 Cn,k,Q’ T Cn,k,l’ Cn,k,27 Cn,k:,l) ) (248)

i.e., C, is the vector obtained by collecting the local error coefficients of frequency
k from all subdomains at the iteration n. Thus, if we collect the coefficients on the
left hand side of the equations in (2.44) into the vector C, 11 as in (2.48), this set of
equations define the operation Cj, 11, = TkCn,k, which is the new fixed point iteration

that we are seeking. The operator T}, is a pentadiagonal square matrix of order
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N = 2(p — 1) whose non-zero entries are located in the first and second subdiagonals

and first and second superdiagonals, i.e., its main diagonal is zero. We have that

C3,

(%) =% o
2,0—1

Ca,

0,
i) =1
< ii+1 2

637

(74),,0 =
ii+2

0, if¢isodd

c1, if 7 is even,
ifi1=2

if 7 is odd

if 7 is even and 7 # 2,

if 7 1s even

ifi=2p—1)—1,

0, if ¢ is even

if 7 is odd.

C1,

ifiisodd and i #2(p—1) —1

(2.49)

(2.50)

(2.51)

(2.52)

Similarly, from (2.38)-(2.43) we have that, for k € N such that 27 > ©, the relation

] S S
between the coefficients C} . ; ; and C}

Coiipo = di(k, @, B,7%,0, L)Cyt | + da(k, @, B,7,0, L)Cy o o,
Cn+1,k; 1= ds(ka 54757”77@7 E)Cz;r} 1t d4(k, a, Ba’_%@a E)Cifni,z,
Cipo =ds(k,a,B,7,0, L)CoH +dy(k, &, 3,7,0,L)C
Coyypr = do(k,a, B,7,0, L)CL 5,
Cn+1,k2 - d7(k> 0_4>Ba”7>°7> [_/)CZ:"’;:L-Q?
Criipn = ds(k,d75ﬂ7@7i)CZ,—£1 +dy(k, @, B,7,@,L)C3 5,

; can be written as

24

fors =1
for2 <s<p
forl<s<p
for s =2
fors=p—1
for s = p,

-1



[ —(i\/w—zg—(d—ﬁzi))Qsm( w—z}%(i—??))
d kaau 3 7Y, W, = — 2
4( B v L) ((’—sz) —(az—zz)) sin(\/(az—zi)L)—i—Z(a—ﬁzg)\/(w—zi)cos(ML)
ds (k, i, B,7,@, L) = B ) Bl “"2’3“‘2”32

5
—~
[\
=2l
€l
|
I8

S ,%)JrZ(o’szzi)\/(sz,% 005(2'7\/(21722)
((&—Bzz) sin(\/@—zgi>+\/w—z,§ coS(\/@_zzi)) )

(2.53)
Then, with the vector C, as in (2.48), and based on (2.53) we have for k € N
such that z,? > w that Cy1p = TAkOnﬁk, where Tk is also pentadiagonal and with zeros

on the diagonal. We have that

0, if 7 is odd
<Tk) o, ds ifiisevenand i< N (2.54)
dy, if i = N,
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d67
. 0,
(%), -
1,0—1 d4,
. d87
(
d17
. 0,
(%), =
4,0+1 d5,
d77

2.4 Bounds on the coefficients

2.4.1 Bound based on the max norm

if1=2
if 7 is odd

if7iseven and 71 < N

ifi =N,

ifi=1

if 7 is even

if7isoddand 7 < N —1

d27

d37

ifi=N—1,

ifz=1
if 7 is even

if 7 is odd.

(2.55)

(2.56)

(2.57)

The max norm of T}, is given by its maximum absolute row sum. Thus, based on

(2.49)-(2.52) we have for k € N such that 27 > & that

(2.58)



Note that

Crsriil S NChmiilloo = [1TiCrinllos < 11Tl lool [ Clinl -

From the above inequality we obtain the following bound for the scaled coefficients

of the series expansion of the errors
Ot kal S N Tkl5 | Chrol o (2.59)

2.4.2 Another bound

The bound on the coefficients given in (2.59) contracts at a rate given by the
contracting factor ||T|s. We can obtain a better contraction factor and therefore a
better bound for the coefficients C7, ; ; by using the spectral radius of |Tk|, where the
absolute value is understood componentwise. In fact, the matrix T}, defined by (2.49)-
(2.52) is irreducible and consequently so it is |T;|. Moreover, |T}| is a non-negative
matrix. Therefore, by the Perron-Frobenius theorem (see e.g, [18]) we have that its
largest eigenvalue in modulus, py, is positive and the corresponding eigenvector vy
can be chosen to be a positive vector (i.e., a vector whose entries are all positive).

Thus, we have

|Tk|vk = PkUk-

Then, denoting the smallest entry of v, by vk min and letting w,, ;= —”f:”“”“vk we
have
a T r~ - an e an 00
|Crsrkl = [TkCrie| < |Ti||Crel < [Th|wne = |Tk|||k+“1}k = pkH%;“vk = i -
Then,
Criel < (k)" wo - (2.60)
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Note that ||Tx||e = Hm\H . Then,
o= plTil) < |17l = 11Tl

Thus, pr < ||Tk||se- Therefore, the contraction factor py of the coefficients bound given
in (2.60) is not larger than the contraction factor of the bound given by (2.59). It turns
out that there exists a positive vector of weights w and an associated weighted max
norm such that ||[Tk||w < pg. Therefore, in cases where ||T||os > 1 but supgey pr < 1,
we could still show that there exists a bound on the error coefficients (i.e., the one
whose contraction factor is the weighed max norm) that is contracting and that the

local errors converge uniformly to zero even if ||T||o > 1.

2.5 Asynchronous Optimized Schwarz methods

In asynchronous iterations, as soon as a processing unit finishes its own calcula-
tions, it starts the next cycle with the latest data received from the other processing
units during a previous cycle, without necessarily waiting to receive new information
from every other processing unit connected to it.

Before analyzing the convergence of the asynchronous implementation of the Op-
timized Schwarz method described in Section 2.2, we review the mathematical model

of asynchronous iterations.

2.5.1 Mathematical Model of asynchronous iterations

Let UY,..., U® be given sets and U be their Cartesian product, i.e., U = UM x
- x U, Thus u € U implies u = (u!,...,u?) with u®* € U® for s € {1,...,p}. Let
T®) .U — U® where s € {1,...,p}, and let T : U — U be a vector-valued map (the
iteration map) given by T' = (TW, ..., T®) with a fixed point u,, i.e., u, = T(u,).

Let us define a time stamp as the instant of time at which at least one processor
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finishes its computation and produces a new update. Thus, let {t, },en be a sequence
of time stamps at which at least one processor updates its associated component.
Let {o(n)}nen be a sequence with o(n) C {1,...,p} Vn € N. The set o(n) consists
of labels (numbers) of the processors that update their associated component at the
n — th time stamp. Define for s,q € {1,...,p}, {7;(n)}nen a sequence of integers,
representing the time-stamp index of the update of the data coming from processor
q and available in processor s at the beginning of the computation of u%s) which ends
at the time stamp ¢,. Let ug = (u}, ..., ub) be the initial approximation (of the fixed
point u,). Then, the new computed value updated by processor s at the n — th time
stamp is

T <uils(n), L ,u%(n)) , s€a(n)

Up 1, s & o(n)-

In other words, at the time stamp ¢, either u® is updated (if s € o(n)) or it is
not (if s ¢ o(n)). It is assumed that the three following conditions (necessary for

convergence) are satisfied

Tq(S)(n) <n, Vs,q€{l,...,p},Vn € N, (2.61)
card{n € N*|s € o(n)} = +o0, Vs € {1,...,p}, (2.62)
nl_l)Iiloo Tq(s)(n) = +oo, Vs,q € {1,...,p}. (2.63)

Condition (2.61) indicates that data used at the time ¢, must have been produced
before the beginning of the computation of ugf), i.e., time does not flow backward.
Condition (2.62) means that no process will ever stop updating its components. Con-
dition (2.63) corresponds to the fact that new data will always be provided to the

process. In other words, no process will have a piece of data that is never updated.
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2.5.2 Asynchronous Optimized Schwarz iterations

Now that we have introduced the asynchronous iteration model, we are ready

to define the asynchronous optimized Schwarz (AOS) iterations. Similarly as for the

synchronous case, we shall present the equations describing the local problems for the

asynchronous case in terms of local coordinates (see Section 2.1 for the definition of the

local coordinates). While we understand by u,, to be the value of u at the time stamp

t, we emphasize this fact an call it u,, instead. Let [; = 77_,(n) and l, = 77,4 (n),

i.e., the time-stamp indexes of the updates of the data coming from the neighboring

processors and available in processor s at the beginning of the computation which

ends at the n — th time stamp. Let

for 1

S S J—
Aug L Twu = f

s s—1 82

in (0,L) (0, H)

ou? u Uy U,
— =L+ auf T 5 By = 1 auy, 14+ 8;1 forz =0
s us s+1 52 f+1

”“ +auy , + ﬁ 502 "“ = aglf + auSH + 08— 12 forx =L
up =9 fory =0
u =g fory=H,

(2.64)

< s <p,
Auj  twup = f in (0,L —~) x (0,H)
ug . =9 forx =0
ous us 6us+1 82uf+1

”“—l—autH—l—ﬁ 8”“: a;f:? —|—au8+1+ﬁ al2 forz =L —~
ug . =9 fory=20
U§n+1 =49 for y= H’
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for s =1 and

Aug  +wui =] in (0,L —~) x (0, H)
ous 2us 61/,571 2u571
_% +au; , +p 3;’5+1 =— 5;1 + auf;l + 06 a;l forx =0
) ui =9 forz=L—~
up =g fory =10
| Y =9 fory = H,
(2.66)

for s = p. Then, the local approximation of the solution at the time stamp ¢,

corresponding to the subdomain s is

solution of (2.64), if1<s<p, s€a(n)

solution of (2.65), ifs=1,1¢€ d(n)
u = : (2.67)

solution of (2.66), ifs=p, p€ o(n)

uj if s ¢ o(n)

Again, the equations defining the local errors are given by (2.64), (2.65) and (2.66)
with f =0 and g = 0.

2.6 Convergence Proofs

We are now ready to present the convergence proof of Asynchronous Optimized
Schwarz applied to the problem considered in this chapter, namely, the one having a
PDE with the shifted Laplacian operator and in which a one-way domain decomposi-
tion is used. We present the proof of two convergence theorems. The second theorem
requires a stronger condition than in the first theorem, but, relatively speaking, these
conditions are easier to evaluate than those of the first theorem. The conditions in the
first theorem are a little bit more complicated to test (it requires the computation of

the spectral radius of T}) but it allows us to guarantee convergence for a wider range

31



of cases, i.e., for a wider range of values of L, 7, W, &, # and number of subdomains p.

Theorem 2.4. Let T}, be the irreducible matriz defined by (2.49)-(2.52) and (2.54)-
(2.57). Let py the largest eigenvalue of |Ty| and vy, be the corresponding (positive)
etgenvector. Let Uy min be the smallest entry of viy. Then, the asynchronous iterations

given by (2.64)-(2.67) converge provided that

sup pr < 1
kEN

and

$m{WWmm}<m
keN Vk,min

Proof. Note first that, since |Tk| is a non-negative irreducible matrix, it holds that

|Tk|vk = PkUk-

Let
C,
L || to,kHoovk.

Uk, min
Let t; be the stamp at which the processor s produces its first new update. Let
ij + be the vector containing the coefficients corresponding to the subdomain s, e.g.,
i = (CF k1, Cf o) for 1 <'s < p. We have that Ty, = (T}, ..., TP), where T} is the
local operator associated to the subdomain s. We partition vy as vy = (v, ..., v%),
and if follows that

T |ve = prvy.

The same partition applies to w, i.e., wy = (wy,...,w?). Then, we have

A A . |C C,
1G5 4 = F2Ciupl < 12IIChpl < 1Ty S0t W0l o e

k,min Vk,min
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Note that, in particular, we have

|C, ] < wy.

Thus, for this processor it holds that

|Gk

< (2.68)

for all time stamps t,,, > ¢;.

Then, after every processor has produced its first update, say at time stamp t;,
we have that (2.68) holds for all s, and consequently |Cy, x| < prwy, for all t; > t;,. Dy
a similar reasoning, we can see that once every processor has produced a new update

after t;,, say at t;, ,we have |Cy, x| < piwy for all t,, > t;,. Thus, we have
el < o™, (2.69)

where, denoting by t;, the first time stamp at which all processors have updated
their values at least ¢ times, we have ®(m) = max{¢ € N : ¢;, < t,}, i.e,, ®(m) is
the update number (at time t,,) of the processor that produced the least number of
updates among all processors until the instant of time ¢,,.

We have that

o ®(m)—1
|Ofm,k,¢| < Py (m)wlsc,i = Pk ) Psz,i .
Let
M- SuppkHkaoo .
keN Vk,min
By hypothesis, M < co. Note that
(e v v
prws; = pp—oe < PkH GIES < SuppkH lloe _ M < .
Uk,min kaJm'n keN Uk,min
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Then,

1G5 il < ™M < (sup o) PV TIM.

keN
Consequently, letting p := sup,¢y pr, We have
1G5, il < P77 (2.70)

Conditions 2 and 3 of the asynchronous model imply that new updates will always be
produced and used by the processors (see Section 2.5), thus we have that ®(m) — oo
as m — oo. Consequently, from (2.69) we have that C;, , — 0 uniformly in k € N,
s=1,...,p,2=1,2 a8 m — o0.

In order to complete the proof we need to show that lim;,, .77 = 0. We present
the proof of this fact for the case of an interior subdomain, i.e., for 1 < s < p, but
in a similar way it can be shown that this also holds for the left-most and right-most

subdomains.
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Note first that

v (2) -
(1) _ -
— % (0) + % (@ — Bz2 v’ (0)
S R o
H(e_(x_HL) Z—w_ " (a-72, */Zm—”>)

dfﬁz%ﬁr\/z?nfw

N (0 g+ ) - VT

@—3272”-1-\/2'2”—@
o552 VaE—e ¢ B A G E e
e a—P22,+4/22,—@
—L z?nfw _ 2.9 B —\o
A — B2 =\ [ oyEe Y (aBR VAR
<a /Bzm + Zm w) (e (@—BZ?,L-F\/%%L—‘D)Q

L) STD,
Heiﬁ Z?nf(f) (1 - 672 LH z?nw(aﬁz%qwz?nw>>
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(1 — e v 272“_‘7’) <d — B2, + /22 — (D)

2H

=K.
(1 _ e 2Ly Zl"") (@ — B2+ /22— (D)
Similarly, we have that
) 2H

@il (L) + (@ — B2 )02 (L) <<1—6‘2Lm) (a-pet+ Zf‘@_

Note from (2.9), (2.10), and (2.13) that for k£ € N such that 2} < @ we have
(v) <92
()] <

forv=1,2,3, k€ Nand z € [0, L].

Let K = max{2, K}. Given that w is fixed and 2z, — oo as k — oo, there is a
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number N € N such that 27 > @ for all k > N and 27 < @ for all k < N;. Then,

we have

Then, since > >°

Thus, we just showed that for 1 < s < p, n; (x,y) — 0 uniformly in [0, L] x

I, (, y))|

e}

Z [Afn,m,lwr(w}b)(x) tn m2¢<2)< )] Gm(y)

m=1
Ng—1

> A @)+ A7t ()] dm(y)

tn,m,1¥m tan m
Y (ALt (@) + U (@)] b (y)
m:N@
Ng—1
w Cs m C’S m
= 30 (P + 200 ) o)
m=1 m m
= C1158 m,1 1
+ e Y ()
=\ (—22(0) + (e — B=2)u82(0)
CS
e v R @) | Gn(v)
2 (H(1) + fa - B0 (1)
Ng—1
— (G} il |C 2]
< X (e )]+ 2 o)) lon)
m=1 m m
S v’ (@)
' Z B <|Otn7m’1| disy) L~ _ 3-2Y,0
m=Ng ™ —2-(0) + (@ — Bz7,)¢m (0)
Ui (@
10l | o)
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Ng— o)
' 2(2p%( >—1M) 2(p®*M1MK)
< YT Y T
m=1 m m=Ng m
Lo b D (n)- 1
m=1 " m=1 “m
- z2 =3, W < 00 and limy, 00 p®™ = 0 we have
P(n)— = 1
hm n; (2, y)| < hm 2p Z o=
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as n — oo. With a similar procedure, it can be shown that the same result holds for

s = 1,p. Therefore,

i, =0
uniformly in [0, L] x [0, H] as n — oo for all s € {1,...,p}. Since we have a finite

number of subdomains, this implies that

lim n, =0,
tm—r00
i.e., the global error converges to zero uniformly in [0, W] x [0, H]. O

Now we present a second convergence result using a different hypothesis.

Theorem 2.5. The asynchronous iterations given by (2.64)-(2.67) converge if the

values of &, 3, 7, @ and L are such that
sup || Tk||oe < 1. (2.71)
keN

Proof. Let {t,} be a monotonically increasing sequence of time stamps.
Let p := supycy ||Tk||so- By hypothesis we have supycy ||Tk||so < 1. Then it follows
that

175:Ct oo < 11Tkl lool|Chn il oo < PUICh koo

Let t; be the stamp at which the processor s produces its first new update. Let
C’fj 1« be the vector containing the coefficients corresponding to the subdomain s, e.g.,
Ct = (Cf 115 CF gp) for 1 < s < p. We have that T, = (T},...,TP), where T} is

the local operator associated to the subdomain s. Then, we have

| ki

< ICE klloo = 1175 Cro klloo < plICt k|-
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In particular, we have

G2 el < 1 Co oo

Consequently, for this processor it holds that

|CF, ki

< lICro sl (2.72)

for all ¢, > t;.
In a similar way as in the Theorem 2.4, we have that after every processor has pro-
duced its first update, say at t;, we have that (2.72) holds for all s, and consequently

|C’f],“] < p||Ci k|l for all t; > ¢;,. Then, this implies that we have
[Crpil < PP Cro il oo, (2.73)

where, denoting by t;, the first time stamp at which all processors have updated

their values at least ¢ times, we have ®(j) = max{l € N : ¢;, < ¢;}, i.e,, O(j) is
the update number (at time ¢;) of the processor that produced the least number of
updates among all processors until the instant of time ¢;.

Then, following the same procedure as in the Theorem 2.4 but using (2.73) instead
of (2.70) we can see that the local error n; — 0 uniformly in [0,L] x [0, H] as

n — 00. O

From (2.58), we have for k € N such that 2z > @ that

Then, based on this expression and the previous theorem, we have the following

corollary.

Corollary 2.6. Let w < 0. Let ¢, co and c3 be defined as in (2.45)-(2.47). Then,
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the asynchronous iterations given by (2.64)-(2.67) converge if the values of &, B, 7,

@ and L are such that

sup {max {c\(k, &, 3,7, @, L) + co(k, @, B,7,@, L), cs(k, &, 3,7, 0, L) } } < 1. (2.74)
keN

2.7 Optimal parameters

From the bound on the coefficients given in (2.60) we can see that A, , ;,Cy , ; — 0
as n — oo if p(|T]) < 1. In other words, if p(|T|) < 1, then this quantity is a
measure of how fast the coefficients of frequency k converge to zero as the number of
updates increases. Then, it follows that the quantity p = sup,cy p(|7k|) describes the
convergence rate at which all the coefficients of the series expansion of the local errors
decrease to zero, and therefore describes the convergence rate of the method. As we
shall see, p(|Tk|) varies with k and it has one maximum. Therefore, we define the

optimal values of the normalized artificial boundary parameters & and 5 as follows.

For the OO2 case, i.e., for B # 0, the optimal & and /3 are such that

(ot ) = 000 { s i)

For the OO0 case, i.e., for § = 0, the optimal & is given by

() = a5 50 { i (1)

2.7.1 Optimal parameters for the w < 0 case
Optimal a for the OOO0 case

In Figure 2.2 we can see that for any value of @&, the maximum of p(|T}|) falls into
a region of low frequencies (e.g, for k < 20). For higher frequencies p(|T}|) is very

small, which implies that the coefficients C7 ; ; corresponding to high frequencies are
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damped at a very fast rate. Thus, in order to optimize the convergence of the method
it suffices to minimize the maximum value of p(|T}|) over the range of low frequencies;

usually considering the range k£ < 20 is enough to find the optimal parameters.

1 ;
ool a=0.01
a=0.07
0.8+ a=0.5
0.7f a=1
a =1.9474
_0BF a = 6.8421
E a=10 ]
- oo a = 22.8947
T 04t
031 -
02} .
0.1 N
U ) ) ) B

Figure 2.2: p(|T;|) vs. k for @ € [0.01,30], with 8 =0, p =10, @ = 0 and 5 = 0.01

In Figure 2.3 we sece a typical curve of how sup, p(|T|) varies with & for a fixed
normalized overlap ¥, fixed number of subdomains p and fixed L = L/H. This curve
corresponds to the case ¥ = 0.01, p = 100, L = 1 and @ = 0. We can see that the
curve has a minimum, which we call the optimal convergence rate factor, and the
value of & at which this minimum occurs is the optimal & for the OO0 case.

In Figures 2.4-2.6 we can see blue curves showing how the optimal values of & (for
the case § = 0) vary with the normalized overlap 7 for given number of subdomains
p, L =1and @ = 0. As it can be seen, these curves are essentially the same. It turns
out that for small enough values of 4 (e.g, ¥ < 0.06, which is the case of interest in
practice) these curves can be approximated well by the graph of a power function.

Therefore,

CYopt ~ D(pa [_/7 Q)’VQ(ELQ)'
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Figure 2.3: Convergence factor p vs. @ for ¥ = 0.01, p =100, L=1, 3 =0

The power-law approximation of these curves are shown in 2.4-2.6 by the red curves.
In this case, i.e., when L = 1, @ = 0 and p > 10, we have that D = 1.7305 and
Q = —0.2822.

In Figures 2.7-2.9 we can see how the optimal convergence factor varies with 7 for
different values of p when L = 1 and @ = 0. In all of these figures we can observe
that the optimal convergence factor decreases as the normalized overlap 7 increases.

In Figures 2.10 and 2.11 we can see how the optimal convergence rate factor and
the optimal parameter & vary with the number of subdomains p for ¥ = 0.01, L = 1
and w = 0. In these figures we can observe that for large enough values of p, the
value of @,p¢ remains constant as p increases.

In Figures 2.12 and 2.13 we can see how the optimal convergence factor and &
vary with L for 4 = 0.01L, p = 10, and @ = 0. From Figure 2.12 it follows that, for
a fixed domain, as we increase the number of subdomains the optimal convergence
factor deteriorates. From the same result, it can be concluded that between two
domain decompositions with the same number of subdomains and same normalized

overlap ¥, the decomposition with larger normalized width L = L/H will produce
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Figure 2.4: Comparison between the computed values of dop and their power-law
approximations for 4 € [0.001,0.13), p =10, 0w =0and L =1
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Figure 2.5: Comparison between the computed values of opy and their power-law
approximations for 4 € [0.001,0.13], p =20, =0 and L =1
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Figure 2.6: Comparison between the computed values of qopy and their power-law
approximations for 7 € [0.001,0.13], p =50, 0w =0 and L =1
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Figure 2.7: Optimal convergence factor vs. normalized overlap 7 for p = 10, L = 1
and w =0

a better optimal convergence factor. Note that the length of a physical boundary is
L and the length of an artificial boundary is H. Thus the ratio L = L/H indicates

what proportion of the boundaries are physical boundaries. Thus, the larger is the
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Figure 2.8: Optimal convergence factor vs. normalized overlap 7 for p = 20, aL = 1
and w =0
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Figure 2.9: Optimal convergence factor vs. normalized overlap 7 for p = 50, L = 1
and w =0
of ratio physical boundaries vs. artificial boundaries of a subdomain, the faster is the
convergence.
In Figure 2.14 we see how the optimal convergence factor varies with w when

©0<0,p=10,5=0.01 and L = 1.
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Figure 2.11: Optimal & vs. number of subdomains p for ¥ = 0.01, L =1 and @ = 0

As we can see, the optimal convergence factor varies monotonically with

w for w < 0.

45



0.8

(supep (17:1))
oplt

Figure 2.12: Optimal convergence factor vs. L for ¥ = 0.01L, p = 10 and @ = 0
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Figure 2.13: Optimal @ vs. L for ¥ = 0.01L, p=10 and @ = 0

L

Optimal Parameters for the OO2 case

In the case where 3 < 0, we still have that for a fixed value of @&, p(|T;|) has
a maximum over the frequencies &k and it falls into a region of low frequencies (e.g,

k < 20). In figure 2.15 we can see how p(|T|) varies with k for 5 = —0.044, 5 = 0.01,
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Figure 2.14: Optimal convergence factor vs. @ for p = 10, ¥ = 0.01 and L = 1

@=0,p=10 and & € [0.01,30].

Figure 2.15: p(|Tx|) vs. k with @ € [0.01,30], 8 = —0.044, ¥ = 0.01, p = 10, and
w=20

In Figure 2.16 we can see how the values of the convergence factor vary with
a for two values of 3, namely, 3 = 0 (blue curve) and 3 = —0.044 (red curve),

with 4 = 0.01, p = 100 and L = 1. From this figure we can see that there is a
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substantial improvement in the convergence factor when this second parameter 3 is
tuned. Therefore, the OO2 case gives a better convergence factor with respect to the

00O case, for the case of a one-way domain decomposition.
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Figure 2.16: Comparison between the optimal convergence factor values for =0
and § = —0.04 when & € [0.01,30] ¥ =0.01, p=100 L = 1, and @

In Figure 2.17 we can see how the convergence factor p varies with the values of
@ and 3 when v = 0.01, @ = 0 and L = 1. In particular we can observe that the
convergence factor has one minimum.

In Figures 2.18-2.20 we can see how the spectral radius, & and /3 vary with the
value of 4 for p=10, L = 1 and @ = 0.

In Figures 2.21-2.23 we can see how the optimal convergence rate factor and the
optimal parameters & and (3 vary with the number of subdomains p for ¥ = 0.01 ,

L =1 and w = 0. Also, in Figures 2.24-2.26 we can see how the optimal convergence

factor and the optimal parameters & and 3 vary for ¥ = 0.01L and p = 10.
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Figure 2.18: Optimal convergence factor vs. 4 for p =10, L =1 and @ = 0

2.7.2 Optimal parameters for the w > 0 case

This corresponds to the Helmholtz equations case. We analyze how the conver-

gence factor is affected by the different parameters for the OO0 case.

In cases where w > 0, in contrast with the cases with w < 0, the optimal values
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Figure 2.20: Optimal parameter 3 vs. 5 for p=10, L =1 and @ = 0

of the parameter & are complex values. Also, in our computations we have obtained
that supy, ||Tk||eo > 1 which is not the case for @ < 0. However, we still observed that
p = supy, p(|Tk|) < 1 in many cases.

In Figure 2.27 we can see how p varies with & for 3 = 0, ¥ = 0.01, @ = 100, p = 10

and L = 1. In this picture the minimum of the convergence factor p = supy p(|Tx|)

20



0 20 40 60 80 100
P

Figure 2.21: Optimal convergence factor vs. p for ¥ =0.01 , L=1and @ =0
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Figure 2.22: Optimal parameter @ vs. p for y=0.01 , L=1and @ =0

occurs when & = Qep, = 0.4 + 6.7554.

In Figure 2.28 we can observe how the optimal convergence factor vary with the
normalized shift @ when 4 = 0.01, p = 10 and L = 1. In particular, we can observe
that the convergence factor does not vary monotonically with 4. The largest value of

the convergence factor within these range of values of @ was p = 0.9994 corresponding
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Figure 2.23: Optimal parameter 3 vs. p for ¥ =0.01 , L =1 and @ = 0
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Figure 2.24: Optimal convergence factor vs. L for ¥ = 0.01L and p = 10

to @ = 150. In Table 2.1 the values of &,y are given for different values of @ using
the same values of 4, p and L.

In Figure 2.29 we observe how the optimal convergence factor varies with the
normalized overlap 7, for p = 10, @ = 50 and L = 1. In Table 2.2 the corresponding

values of aipe are given. In this case we can also see that there is not a monotonic
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B opt.

Figure 2.26: Optimal parameter 3 vs. L for ¥ = 0.01L and p = 10

behavior of the convergence factor as 74 increases. Note in this figure that for large
values of 7, the convergence factor p = sup, p(\T k]) > 1. Thus, our convergence
theorems hold only for values of the normalized overlap 4 smaller than 0.06, i.e.,

overlap of 6% of the width of the subdomain. Now, the fact that the contraction factor
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Figure 2.27: Optimal convergence factor vs. & for ¥ = 0.01, p = 10, @ = 100, 5 =0

and L =1
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Figure 2.28: Optimal convergence factor vs. @ for ¥ = 0.01, p =10 and L = 1

is larger than one and that this bound does not contract does not imply necessarily
that the asynchronous method will not converge. We might still get convergence in
practice. Also, note that in practice we are interested in small values of overlap.

In Figure 2.30 we can see how the optimal convergence factor varies with the

number of subdomains p, for ¥ = 0.01, w = 50 and L = 1, and in Table 2.3 we have
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Table 2.1: Values of ap; for different values of @, when p = 10, 4 = 0.01 and L = 1.

w O_éopt

10 | 0.0811 - 0.4000i
20 | 0.5222 - 2.9310i
50 | 0.3111 - 5.1224i
70 | 0.0195 - 6.5918i
100 | 0.5222 - 6.8367i
150 | 0.3111 - 9.4490i
200 | 0.1000 - 12.08161
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Figure 2.29: Optimal convergence factor vs. 7 for p =10, @ =50 and L =1

Table 2.2: Values of ayp for different values of 4, when p = 10, @ = 50 and L=1.
’7 &opt
0.001 | 1.1556 - 4.9592i
0.005 | 0.5222 - 4.9592i
0.01 | 0.3111 - 5.1224i

0.03 - 5.20411
0.05 - 5.04081
0.07 - 4.9592i
0.1 - 4.87761

the corresponding values of @,p;. We can see that for p = 100 the convergence factor
p goes slightly above one. Therefore, based on the previous comment, for p = 100

convergence cannot be guaranteed with our theory. However, in practice we might
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get convergence of the asynchronous iterations for this and even larger values of p.
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Figure 2.30: Optimal convergence factor vs. p for ¥ = 0.01, @ = 50 and L = 1

Table 2.3: Values of @,y for different values of p, when 4 = 0.01, @ = 50 and L = 1

'7 &opt

5 | 1.1556 - 5.2857i
10 | 0.3111 - 5.1224i
20 | 0.0147 - 5.0408i
30 | 0.0905 - 5.1224i
40 | 0.0000 - 4.9592i
50 | 0.0716 - 5.0408i
100 | 0.1000 - 5.1224i
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2.8 Conclusion

In this chapter we have studied the convergence of the asynchronous version of
the Optimized Schwarz method when it is applied to solve a PDE containing the
shifted Laplacian operator in a bounded rectangular domain with Dirichlet physical
boundary conditions. We have considered artificial boundary conditions of the OO2
family, which contains two parameters o and . We obtained a fixed point iteration
mapping on the error coefficients. We showed that the error of the asynchronous
implementation goes to zero uniformly provided that certain conditions hold, and
then showed evidence that this conditions actually hold. We studied the dependence
of the convergence factor on the parameters normalized parameters &, (3, 7, @, and L,
and obtained the optimal values for the parameters @ and 5. We obtained some
empirical formulas for the optimal & for the OO0 case. We compared the OO0 and
002 cases and found that the OO2 case gives a better convergence rate factor, i.e.,
there is a substantial improvement in the convergence factor when the parameter
is tuned to its optimal value over the case of 3 = 0. Finally, we studied how the
convergence factor behaves for the positive shift case, i.e., the Helmholtz equations

case, when we vary the values of the parameters &, 3, 7, @ and L.
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CHAPTER 3

POISSON’S EQUATION: DECOMPOSITION
WITH CROSS-POINTS OF 2D DOMAIN

3.1 Preliminaries

In this chapter we analyze the convergence of the synchronous and asynchronous
versions of an Optimized Schwarz method applied to solve Poisson’s equations in a
rectangular domain with Dirichlet physical boundary conditions and a domain de-
composition with cross-points (i.e., points where the boundaries of more than two
subdomains meet). We use boundary conditions of the OO0 family on the artificial

boundaries, i.e, Robin boundary conditions containing a parameter o.

3.2 Formulation of the Problem

We want to solve the following problem,

—Au =f in{,
(3.1)
u =g on 0,
where ) = [O, Ll] X [O, LQ]
We divide the physical domain into p X ¢ overlapping rectangular subdomains. To
simplify the presentation, we consider square subdomains where each side is of length

H, ie., all subomains have the same size. Also, we consider the same overlap on

each side. Note, however that the analysis presented here is also valid for arbitrary
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rectangles and arbitrary overlaps. Each of these subdomains is represented by a pair
of indexes, (s,r), with s € {1,...,p} and r € {1, ...,q}. We consider that the overlap
on each side is of length 2+, see Figure 3.1. There are nine types of subdomains, that

can be put into three categories.
1. Interior subdomains, i.e., sudomains whose sides are all artificial boundaries.

2. Corner subdomains, which have two sides in common with the physical bound-
aries and the other sides are artificial boundaries. Thus, we have top-left, top-

right, bottom-left and bottom-right corner subdomains.

3. Subdomains having one side in common with the physical boundaries and the
other three sides being artificial boundaries. Thus we have top, bottom, left

and right subdomains.

The subdomain (s,r) is denoted by Q™) and given by

QN = [(s — 1)(H — 27),sH — 2(s — 1)y] x [(r — 1)(H — 27),rH — 2(r — 1)4].

The local coordinates associated to the Q") are those in the coordinate system
whose origin is on the bottom-left corner of the subdomain (s, 7). Thus, the relation
between the local coordinates, denoted by (x,y), and the global coordinates, denoted

by (xg4,v,), is given by the following formulas

=, — (s — 1)(H - ),

y =y, — (r—1)(H —27).

The equations corresponding to an interior subdomain (i.e., for 1 < s <p, 1 <r <
q ) in the Optimized Schwarz (OS) iteration process associated with problem (3.1),

with OO0 transmission conditions, using a domain decomposition with cross-points
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and local coordinates are given by

N in (0, H) x (0, H)
_ du 85’5:1) n augffl) _ M + ous” Lr forxz =0
4 % + Oéugls.;.? _ M + us-i—l r forx = H (32)
§+T1) 4 U£LS+T1) _ % +ausT L fory =0
\ 8usf+r1) Ta 7(18:1) _ Bus L +aud 1 for y = H.

The equations for the subdomains touching the boundaries are similar to (3.2) with
the exception that one or two of the boundary conditions are Dirichlet, namely, those
associated to the physical boundaries. The parameter « is the one which we want to

optimize, so as to minimize the convergence rate.

Figure 3.1: Partition of Domain

In order to study the convergence of the OS iteration described by (3.2) together
with the equations associated to the subdomains touching the boundaries, and its

asynchronous version, following the same approach as in Chapter 2, we obtain a
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series representation of the local errors and then recast the iteration into a fixed

point iteration on vectors containing the error series coefficients.

3.3 Recasting equations as a fixed point iteration

To obtain the new fixed point iteration, we begin first by analyzing the local
error of an interior subdomain. Let 77 ") be the local error after n iterations corre-
sponding to the subdomain (s,7). By linearity, we can see that the local error (of
interior subdomains) of the iteration process is described by (3.2) with f = 0. Fur-
thermore, by superposition principle, we can write 5\ = n,(lf’f) + ns’;) +777(f’:’;) +7]7(f;f),
where nfl‘f;r), i =1,...,4, is the solution of (3.2) with f = 0 and with one nonhomo-
geneous boundary condition and the rest homogeneous (e.g., see equation (A.4) in
Appendix A). We use the following convention: i = 1 corresponds to the case where
the non-homgoneneous boundary condition is at the bottom, i = 2 to the case with
non-homogeneous boundary condition on the right, ¢ = 3 at the top, and ¢ = 4 on the
left. Thus, using separation of variables, superposition principle and Sturm-Liouville

theory (see Appendix A), we can write each part of the local error 775{9’1”) as

Z A oW (@)D (H —y) (3.3)

e Z ACT 6D ()P () (3.4)

e Z AL 6D ()M (y) (3.5)

et (@, y) =Y ACD 6D () (H - z) (3.6)
m=1

where
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and

YW (z) = gsmh (ZH ) + cosh( Hx) :

Zm

with z,, = z,,(@) satisfying the transcendental equation
=— (3.7)

and @ = aH is the normalized Robin parameter.

Note that {qﬁ%)}meN is a complete orthogonal set in [0, H]. Therefore, equa-
tions (3.3) and (3.5) can be seen as Generalized Fourier series in z and equations
(3.4) and (3.6) as Generalized Fourier series in y.

Let {Z,, }men be such that Z; < Z; < ... and such that Z,, satisfies the transcen-

dental equation
Also, let
and

Note that, similarly to {(bﬁ)}, {gzﬁ,(ﬁ)} is a complete orthogonal set that spans the set
of piecewise continuous functions. Then, the series expansion of the local errors of

corner subdomains are

9 (z Z ALD 6D ()@ (y — H) + Z ALD 6@y — HyP (y — H),
NP (z,y) = Z APD 62 (3 — H)y? ) + Z APD Dz — H)pP (y — H),
m=1

62



77(p 1) Z Anpnll)?) ¢(2) + Z An m,4 - H)ng) (y)’

77(1 Y Z An m, 2¢(2) + Z Anlnlz 3¢ ( )¢ (y)

The series representation of the local errors of the subdomains touching the boundary

that are not corners are

N (z,y) = ZASTL (@)% (H —y)

T ZAS;;Q ()P ()

+ Z AL 82 (@) (), (3.8)
n®(z,y) = ZAnml H)Y\) (H — y)
+ Z AP (@ — H)u (y)
+ ZA,”M VP (z — H), (3.9)
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D (z,y) = ZA;:JI ()Y (H - z)

+ Z ALY 6D () D (), (3.10)

N (z,y) = ZA“% (y — H)D(H — )

m=1

T ZAnms (y — H)o ()

+ Z AT 60 ()P (y — H). (3.11)
m=1

For our convergence analysis, we want to show that the series in (3.3)-(3.6) and
(3.8)-(3.11) converge uniformly to zero. To that end, we want to express the coeffi-
cients An m Of the series as a quotient with a denominator having 27, such as in the

following theorem.

Lemma 3.1. Consider the series expansion ofnT(lS’;r) (the i—th part of the local error of
an interior subdomain) from equations (3.3)-(5.6). Let ug be the initial approzimation
of the solution of (3.1) and such that the initial error ny is C3((0,Ly) x (0, Ly)). Let
Si={(s,r) 1 <s<pl<r<gqgl, So:=A{G7):1<s5<p7r=1U{(57) :
l<s<pr=1U{s7r) :1<7<gqs=1}U{(57) :1<7T<q5=p}
Ss:={(5,7):5€1,p,7 €1,q}, i.e., Sy is the set of indexes for interior subdomains,
Sy is the set of indexes of the subdomains touching the boundaries which are not on

the corners and Sz are the set indexes of subdomains lying on the corners. Then, for
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all n € N, we have for (s,r) € Sy that

(s,7) BT(LL?;:L),Z
Al - , (3.12)
22 [% sinh (2,,) + cosh (zm)]
for (s,r) € Sy that
(5.1 By
| — . 3.13
st 22 cosh(zy,)’ (3:13)
and for (s,r) € Sy that
a+1/z,)BE").
AT = @+ 1/2m) o, , (3.14)

22 cosh(z,,)

where B < MQL’/“;" for allm € N and some M, s, > 0. Also, the series (3.3)-(5.6),

n,m,i

(8.3)-(3.6) are uniformly convergent.

The proof of this lemma is given in Appendix B.

We want a fixed point iteration with an iteration operator mapping the vector
of all the local error series coefficients at iteration n to the vector of coefficients at
iteration n+ 1. Thus, the next step towards obtaining the expression of this operator,
is to find the formulas that relate coefficients of the error series at iterations n and
n + 1. To that end, plugging (3.12) into (3.3)-(3.6), then plugging the resulting
expressions into the nonhomogeneous boundary conditions in (3.2), multiplying both
sides of the resulting equation by ¢y, integrating over y € [0, H] and noticing the
orthogonality property of the set {qb%)}meN, we obtain the expression of the error

series coefficients at iteration (n + 1) in terms of those at iteration n. For interior

subdomains that are not adjacent to subdomains touching the boundary, we have for
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example the following expression for Br(iq),k,l-

(o) (zk + %j) sinh (29z) + 2a cosh (27z) (s:r—1)
B s,r B ST (315)

+1,k1 — -2\ . _ k1
" (zk + ‘;‘—}j) sinh (zx) + 2a cosh (zx) "

< | 4z} [% tanh(z) + 1} (zm + %) sin ((1 — 2%)zm,)

+
m=1

{tanh(zm) [@(z] + 22) sin(zp) — 2,(@% — 22,) cos(zk)] + 2m(a% + 2}7) sin(zi) } B

* ) 72
[% tanh(zm) + 1} [(22) — a2sin(22;) + 224(62 + 22 + @) — 2az, cos(22x)]

[(zk + %j) tanh(zg) + 207} 22, (zm2} + 223,)

(—zk + cﬁ) sinh (1 — 27)21,)

2k
(zk + %j) sinh (zx) + 2a cosh (zx)
< [ 427 [% tanh(z) + 1} (zm + %) sin ((1 — 2%)zm)
2

m=1 [(zk + %}j) tanh(zg) + 207} 22, (zm2p + 223,)

(a2—22) Slﬁé:ﬁgjj)&% cos(zk):| }

(871”— 1)
+ Bn,k,?)

{tanh(zm)zk(642 +22) — zm [—2@zk +

(S,T*l)
Bn,m,4

[% tanh(zm ) + 1} [(22) — @?sin(2z1) + 22,(@% + 27 + @) — 2z, cos(22;)]

Similar expressions follows for Bgsn?z with ¢ = 2, 3,4. The coefficients for the other types of
subdomains can be obtained with the same procedure.

Note from (3.15) that, as a difference from the formulas for the coefficients of the
local error series for the case in Chapter 2, in this case the coefficients of frequency k
at iteration n + 1 depend not only on the coefficients of the error series at iteration n
of frequency k, but also on the coefficients of other frequencies. This means, in other
words, that error modes of different frequencies are coupled.

Let B, be the infinite vector containing all the error series coefficients at itera-
tion n, i.e., B, = (bn,, bpy, ...) With b, € {Bff,:z cse{l,...,p},re{l,....q}, k€N,
i €{1,...,4}}. Then, the relation between coefficients of the local errors can be writ-
ten as B, 11 = TBn, where T : R® — R™ is an infinite matrix. The fact that T is

an infinite matrix is a consequence of the coupling between modes of different fre-

quencies. Note that T = (T(M), e ,T(p"J)), where T is a local operator such that
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ijj;) = T B, with Bﬁl‘i’r’? being a vector containing all the error coefficients of the
local problem (s,7) at iteration (n + 1).
This new fixed point iteration means, in other words, that given the expression

of the local errors 75" in terms of the series (3.3)-(3.6),(3.8)-(3.11) but written with

the coefficients B,(fn?l as in (3.12)-(3.14), solve the local problems to obtain the new

(s.7)

coefficients B') . which determine %7

n+1,m,i

3.4 Convergence of Synchronous Optimized Schwarz

In this section we discuss the convergence of a synchronous implementation of the
optimized Schwarz method (3.2). We have the following result. We do not call this
a theorem since we use some experimental results as arguments in some parts of the

proof.

Result 3.2. For any positive value of the relative overlap 7 there exist a computable

range of values of & for which the OSM iteration given by (3.2) converges.

Proof. Let (B,) _ denote the vector resulting after discarding all the entries

[k<kma

of B,, corresponding to k > kpax.

Then,we can write

(Bn‘i‘l)‘kgkmax = (T (Bn)> - Tkmax ((Bn)|k§kmax) +£n+1,kmax((Bn)|k>kmax)7 (316)

|k§klnax

where Tkmx is a finite matrix obtained by discarding the rows and columns of T
related to the coefficients pertaining to k > Enayx, and &nit kmae ((Bn)jysy,.. ) is the
error vector obtained by approximating (Bpi1)|,-,.... by T (B jpcrpns ) -

Note that each entry of &,11 k,..((Bn) ) is the truncation error that results

‘k>kmax
after truncating the series in the formulas of the coefficients B,(iq)m, k < Emax, by
keeping only the terms corresponding to k < kp.x. Thus, as it can be seen in (3.15),

EntLkmax ((Bn)jpop,...) is just a linear combination of the entries of (B,) . Note

‘k>kmax

67



also that the entries of (B,,) are linear combinations of the entries of B,,_;.

‘k>k’max

Using equation (3.16) recursively, we obtain the following equation

n+1

(Bn+1)|k§kmax = Tn+1(<BO)|k§kmax) + Z Tn+1_j(€j7kmax((Bj_l)‘k>kmax))' (317)

j=1

< 1. Com-

max)

We discuss in Section 3.7 conditions for the spectral radius p(7}
puting the spectral radius of Tkmax for any (normalized) overlap 4 > 0, we can observe
that p(T ker ) teNds to a constant less than one for large enough values of the normal-
ized parameter &; see Figure 3.3. In other words, for 4 > 0 and & large enough, we
have

A

lim  p(Th,..) = Poo < 1, (3.18)

Kkmax—>00

where poo = poo(@, 7).
Let € > 0. From (3.15) and Result C.4 we have that the elements B1(18+r1)k1 of
|Bn11] = |T'B,| are bounded as Bfi:l)m < C/z/* for some C' > 0. Thus, we can

always find a large enough k. such that the entries of | B, 11| = |T'B,,| corresponding
to k > kmax are as small as desired. From this fact and since (3.18) hold, we have
for large enough n, say for n > n., that there exists a kmyax(ne) such that for all

Emax > Kmax(ne) we have

1
T ((Bo)jiciyna) < €l Bolloc |1 - (3.19)
1
Then, from this fact and since
n+1
I ST € (B ) =0 (320
J:
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it follows that for n > n. we have

[ Brt1| < €l[Bolloo | 1] - (3.21)

But € > 0 was arbitrary. Consequently, for any ¢ > 0 there exists an n. such that
(3.21) holds. Therefore, |B,| — 0. More over Bffkrz converges to zero uniformly in
se{l,....,p},re{l,...,q}, ke Nand i € {1,2,3,4}.

Using the fact that B(S’T’)

n,k,i

(s:7)

k)
n,i

converges uniformly to zero and using the result from
Lemma 3.1, we have that 7 converges uniformly to zero in [0, H]?. Consequently
lim, o1, = 0, i.e., the error goes to zero as n goes to infinity. Therefore, the

synchronous implementation of OS given by (3.2) converges. [

1.056

)

‘Ef 0.95
S

0.9

0.85

0.8

aH

Figure 3.2: Spectral radius of Tkmax for p,q = 10, knax = 20, normalized overlap
7 = 0.01 and normalized boundary parameter & € [0.01, 100]

3.5 Asynchronous Optimized Schwarz methods

In this section we study the asynchronous optimized Schwarz iterations. We start

by defining the equations for the local problems. We use the same model for the
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k’max

Figure 3.3: Spectral radius of Tkmx vS. kmax for p, ¢ = 10, normalized overlap 4 = 0.01
and normalized boundary parameter a = 0.72

asynchronous iterations as the one introduced in Section 2.5. Thus, let [ = Ts(i’;)r (n),
ly = Ts(i;)r(n), Iy = Ts(;’i)l(n) and Iy = Ts(jji)l(n), i.e., the time-stamp indexes of the
updates of the data coming from the neighboring processors and available in processor

(s,r) at the beginning of the computation which will end at the n — th time stamp.

Let
( —Aul) = flon) in Q0
s s—1,r
S0 o) = M aup Y fora=(s— Dh -1
s st1,r
Mt e = T b fora = shtn 3:22)
, s,r—1
—gfl + augzﬁ = _—Bug; + ozufl’gfl fory=(r—1)h—~
s,7 ,r+1
\ ég”)l + auﬁif 3 - _au:;lg + aufl’IH forx =rh + 7.

Then, the local approximation of the solution at the time stamp ¢, corresponding to

the (s,r) interior subdomain is

solution of (3.22), if (s,7) € a(n
o _ (3:22), if (s,1) €aln) o)
ul™"), if (s,7) ¢ o(n)
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In our case, the processors are numbered with a pair of indices corresponding to the
numbering of the subdomains, say (s,r). The local equations for the other type of
subdomains are the same as (3.22)and (3.23) with the exception that the boundary
conditions corresponding to the boundaries that coincide with the physical boundaries
are Dirichlet.

Note that following the same process as in the synchronous case we can obtain
local operators that relate the error coefficients at different time stamps. These local
operators are the same as in the synchronous case. In the asynchronous case, the
local operations are performed without synchronization, therefore the expression of
the global operator is more complex than in the synchronous case. However, as it is
shown in the next section, we can study the convergence of the asynchronous method
by studying the spectral properties of the operator |T |, where T is the global operator

of the synchronous case, and the absolute value is understood componentwise.

3.6 Convergence proof of Asynchronous OS

As we shall see in Section 3.7, at least for certain subdomain configurations there
are values of the normalized boundary parameter & = aH and the normalized overlap
5 = ~/H for which p(|T},..|) < 1, where H is the side length of the subdomains.
Also, for these configurations the value of p(|T},...|) < 1 remains practically constant
for large enough kp,.x, which implies that if p(\Tkmax|) < 1 for large enough ky,ax, then

there exists ¢ > 0 such that p(|Tk |) + 0 < 1. We use these results to prove the

convergence of Asynchronous OS (AOS) for the given Poisson’s problem. We divide
the convergence proof into two parts. In the first part we show that, for an arbitrary
sequence of time stamps {t;};en, By, — 0 as j — oo for values of @ and % such that
p(|TAkmaX|) < 1. In the second part we show that the series expansions of the local

errors converge to zero as the number of time stamps go to infinity.

The standard results one uses for the analysis of asynchronous iterations are those
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in [2, 3, 16] (see also [8]), where the the iteration operator is finite dimensional.
In [6] the convergence conditions for the asynchronous iterations is extended to infinite
dimensional operators. Our convergence proof of the asynchronous method, although

inspired in part by [3] and aligned with the ideas of [6], is new.

Theorem 3.3. Let k. > 0 and let Tk be the operator (matriz of finite dimension)

obtained by dropping the entries of T, defined by (8.15), corresponding to k > kuyax-
Let us then assume that there exists a kuyax Such that the absolute row sum of the
rows corresponding to k > kuyax are less than some 0 < ¢ < 1 and for the rows
corresponding to k < knax the sum of the absolute values of the entries lying in the

columns discarded are less than some 0 < 8 < 1. Then, if p(|Tk,..|) + 06 < 1, the

asynchronous implementation of the optimized Schwarz iteration (3.23) converges.

We prove this theorem in two parts.
Part 1 of the Proof of Theorem 3.3. We want to show that, for an arbitrary
sequence of time stamps, the infinite vector of the error series coefficients B;; goes to

zero as j — oo. We begin by quoting a result in [3].

Lemma 3.4. If A is a nonnegative matriz with spectral radius p(A) < 1, then for

any € > 0 there exist a positive vector v. such that Av. < (p + €)v..

We have, by hypothesis, that p(|T},..|) < 1. Given that |1}, . | is a nonneg-
ative matrix, then, for an arbitrarily small ¢ > 0 there exist a positive vector v
such that |7y, |v < (p(|T,..]) + €)v. By hypothesis, p(|Th...|) + 0 < 1. Then,
since we can choose € > 0 as small as we want, we choose € small enough so that
p(|Tr,..]) + €+ 6 < 1. Let B,, be the initial vector containing the coefficients of all
local errors parts nr(ff), with 7 € {1,...,4}, s € {1,...,p} and 7 € {1,...,q}. Let
w € R*> be an infinite vector of the same size as By, such that

_IBull,

(w)lkgkmax - Y

Umin
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where vy, is the smallest entry of v, and

[[0]]oo

(w)|k>kmax = | |Bt0 | ’00 . )
min

1

Note that |B,,| < w (this inequality is component wise). Let us denote by v

to the subdomain s, r, respectively, where

kmax

and ffj,:[)nax the restriction of v and &,

5;;’,:311% is defined by the following equation (analogous to equation (3.16))

(Bézfl))lkgkmax = (Téi:,z (B*)>|k<k = Aéj},:j (<B*)|kgkmax) + ft(jﬁ,kmax«B*)\k>kmax)'
o (3.24)
where B, is the coefficients vector whose values are the ones available at processor
(s,7) when the computation of Bt(jfl) started.

Note that

Tli:j (<Bt0>|k5kmax) < |Tk(:2|(|Bt0|)|kgkmax

~(s,r B o0 - B oo (s.r
< g Belley, < (o, )+ Dol (3.95)

Let t; be the time stamp at which the processor (s, r) produces its first new update.

Then, by (3.24) and (3.25) we have

(Bt(;’r))lkgkmax - Tlgilg ((Bto)\kgkmax) + glf(;,ﬁlax((BtOkamax)

7 |Bt ||OO s,r s,r
S (p(lTkmaxl) _'_ 6)—0U( ' ) + é-t(]'7]i'r)rAaL><(('Bto>|k>kmax)'

min
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Note that

"),

s,T . 1
0 (B < OBl || < 0B o

min

Hence, the error series coefficients corresponding to k < k. of the error at subdo-

main (s, r) are bounded as follows

s,r - B oo (s.r
(BN < (o[ T ) + e 4+ 0y Brolle o) (3.26)

Umin

As for the coefficients corresponding to k > k., we have the following bound

1
S,r U o0
(BE )i, < Bl L (3.27)
1
Let

p = max{(p(|Th,..|) + €+ 0),C} (3.28)

Thus, from (3.26), (3.27) and (3.28) we obtain
B < puw. (3.29)

Since p < 1, we have that Bt(],s’r)

< ﬁw(”) < wsn), Thus, for this processor it holds
that Bt(fn’r) < (p)w*" < w*", for all t,, > t;. Then, after every processor has produced
its first update, say at t;, we have that (3.29) holds for all s,r, and consequently
By, < pw for all t; > ¢;,. By a similar reasoning, we can see that once every processor
has produced a new update after ¢;, say at t;, ,we have By, < pPw for all t; > t;,.
Thus, we have

B, < 0w, (3.30)
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where, denoting by ¢, the first time stamp at which all processors have updated their
values at least ¢ times, we have ®(j) = max{i € N : ¢;, <t;}, i.e., (j) is the update
number (at time ¢;) of the processor that produced the least number of updates among
all processors until the instant of time ¢;. Conditions 2 and 3 of the asynchronous
model imply that new updates will always be produced and used by the processors
(see Section 2.5), thus we have that ®(j) — 0o as j — oo. Consequently, from (3.30)
we have that By, — 0 as j — oo. This concludes the first part of the proof.

The weighted max norm of an operator A with a positive weight vector w is defined

as
Az
I p—
w0 ||2]|w
where
||[|lw = sup|—|.
1 1

Hence, note that we just proved that the infinite dimensional operator T is a
contraction in the weighted max norm corresponding to the (infinite) weight vector
w > 0. In fact, we have

Tw < pw.

Then, using the following lemma, whose proof is a simple extension to the infinite-

dimensional case of that for [7, Lemma 2.1], we have that

Pl <<l

Lemma 3.5. Let T : R® — R*> be an infinite matriz. Let w be a positive infinite
vector, and 6 > 0 such that

|T|w < Ow.

Then, || T < 0. In particular, |Tz|, < 0||x||. for all infinite vectors x.

5



In other words, we have shown the following.

Theorem 3.6. Let kyax > 0 and let Tkmax be the operator (matriz of finite dimension)
obtained by dropping the entries of T, defined by (3.15), corresponding to k > kuyax-
Let us then assume that there exists a kpyax Such that the absolute row sum of the
rows corresponding to k > kunax are less than some 0 < ¢ < 1 and for the rows
corresponding to k < knax the sum of the absolute values of the entries lying in the
columns discarded are less than some 0 < 6 < 1. Then, if P(|Tkmax|) +0 < 1, we have

that T (infinite dimensional operator) is a contraction in a weighted max norm.

Part 2 of the Proof of Theorem 3.3. The local error, for an interior subdomain, is

given by

(3.31)

e @y = Y ()

(541 ()

55 (e [ )
4 |:64 Zm H H

——sinh (2,) + cosh (zm)}

o () o ()]

(s.7)

tn,m,t

So far, we have shown that each of the coefficients B goes to zero as n — oo.
This implies that each term of the infinite sum in (3.31) go to zero. But this fact
alone does not guarantee that the infinite sum will go to zero as n — oo. In order to
insure that this series goes to zero (and consequently nﬁj’r) goes to zero), it suffices

to show that it converges uniformly in (x,y) € [0, H] x [0, H], since this implies that

76



the order of the limit and infinite sum operations can be interchanged, and thus

lim 7" (z,y) =
n—
0 (s r) _
lim Z Bimi {g sin (@) + cos (ﬂ)] X
n—oo S — [i m) + cosh (Zm)] “m H H

(S s (e )}

(sr

i 7}13;0 - D (Zm)] {g sin (%) + cos (%)] X

m—1 22 [% sinh (2,,) + cosh “m

=% s (=) | (0]}

Hence, in order to complete the convergence proof, we just need to show that the

series
(3.32)
> B a ZmT ZmT
(sr tn,m,i o (L) <L) %
U Z - Lm sin % + cos I%

~ = [% sinh (z,) + cosh (zm)}
{;_: o (zm(yH— H)> + cosh (zm(yH— H))] }

converges uniformly in [0, H]?.
From (3.30) we have that Bt(S;“ < ||w||so < 1 for all m € N. Then, using this fact

and the result from Lemma 3.1 we have that (3.32) converges uniformly in [0, H]?.

This concludes part 2 of the proof of Theorem 3.3. 0

3.7 Spectral Radius of 7}, _and |7}

max |

Recall that T}, is a finite matrix obtained by discarding the rows and columns

max

of T related to the coefficients pertaining to k > kpax. The subdomains form a

two-dimensional array, p is the number of subdomains per row and ¢ the number of

7



subdomains per column. The values of the entries of the matrix Tkmx depend on 7,
@ (the normalized overlap and normalized OO0 parameter) and k.. The structure
of the matrix depends on k.x, p, ¢ and the way we order the entries of B, i.e., the
way we order each coefficient Bff,;i based on the values of s, r, k and 7. However, the
eigenvalues (and thus the spectral radius) do not depend on the ordering of the en-
tries, since a change in the order is a just a similarity transformation obtained through
permutation matrices. For the ordering we have chosen, we computed the spectral ra-
dius of the resulting matrix Tkmax> for 4 € {0,0.01,1/30,0.04,0.1,0.13,0.18,0.2,0.25},
a set of values of & in the range [0.01,500], kmax € {1,2, 3,5, 10,20, 50, 100,200}, and

p,q € {5,10,20,30,40}. In these computations we have observed the following.
1. There exist values of & for which the spectral radius of T}, is less than one.

2. For a given 7 and the range of @ considered in the experiments, p(T}, . ) has a

minimum and it approaches a constant less than one for large values of a.

3. Given ¥, @, p and ¢, the value of p(Tkmax) remains practically constant for large

enough kpax (see Figure 3.3).

4. For a given 7, the optimal spectral radius of Ty, increases as the number of

max

subdomains p X ¢ increases; see Figure 3.5.

5. The optimal spectral radius of T} . decreases as 7 increases up to a certain

point, see Figure 3.4.

In Figure 3.2, the result for the case ¥ = 0.01 , with p,q = 10, ky.. = 20,
a € [0.01,100], is shown.
In Figure 3.6 a plot of the values of the spectral radius of |’f kay | fOT different

values of & is shown for the case ¥ = 0.025, p,q = 2 and ks = 40.

A

With & = 2.55, v = 0.025 and ks = 40, we have p(T} < 0.6862 and 6 < 0.3072.

max)

Thus, (p(Th,..) +0) < 0.9934. The sum of the entries of the rows discarded (i.e., the
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Figure 3.4: Optimal spectral radius of T, kmax VS the normalized overlap ¥ = 4 for
p,q =8 and k. = 10

0.45

p
Figure 3.5: Optimal spectral radius of Tkmaxvs.p for ¥ = & = 0.01 and kpax = 7,
where the number of subdomains is p x ¢ = p? (i.e., ¢ = p)

rows corresponding to k > kyay) are less than 0.8. Consequently, we have that there
exists a positive vector w whose elements are bounded and such that |T|w < 0.9934w.

Therefore, for the case @ = 2.55, 4 = 0.025 and p,q = 2 the convergence of the
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asynchronous implementation of OS is guaranteed.

We remark that the discussion we just presented for p = ¢ = 2 does not carry
over to much larger values of p,q for the asynchronous case. This situation arises
because p(|T|) is not a tight upper bound on the asymptotic convergence of the

method. Nevertheless, as we see in the next section, convergence is achieved in the

asynchronous case for higher values of p, q.

0.95

091

o
o'
3

Spectral Radius

e
-
o

0.7

0.65 ! !
0 20 40 60 80 100

aH

Figure 3.6: Spectral Radius of |Tkmax| vs. normalized boundary parameter & for the
normalized overlap 4 = 0.025, p,q = 2 and k. = 40

3.7.1 Optimal «

For large enough kyax, such that p(T k) < 1, the spectral radius of Tkmax de-
scribes the asymptotic convergence rate of the Optimized Schwarz method for the
synchronous case. Thus, in the synchronous case we define the optimal &, for a given
(normalized) overlap amount 7, as the one which minimizes the spectral radius of Ty,
and thus gives the optimal asymptotic convergence rate. Note that Tkmax is a banded

square matrix of dimension N = 2k, (2pg—p—q). Let poo = limy, | p(Ty.. ). Usu-
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ally, for ky.x = 3 we have that P(Tkmax) is a good estimation of pz . Thus, computing
the spectral radius of Tkmax is not an expensive operation. Consequently, finding the
optimal & is not an expensive operation in comparison with the cost of solving the
discretized version of the given problem.

The spectral radius of T}, is a function of the normalized Robin parameter @,
the normalized overlap 7, the number of subdomains in each direction p and ¢, and
the truncation parameter k... The optimal value of & is a function of %, p, ¢. From
the computation of the optimal & (taking k.. large enough so that p <Tkmax> remains
essentially constant for larger values of kmax) we observed that for small enough values
of 7, the values of &y, follow approximately a power law. Thus, for small ¥ we have
that

@opt ~ C<p7 q>,7€(p,q)' (333)

In Table 3.1, the values of the constant ¢ and exponent ¢ are given for
p=q=4,5,6. In figures 3.7-3.9 the comparison between the computed values of &
and their approximation obtained using (3.33) are presented for different amounts of

overlap.

Table 3.1: Coefficients of empirical formula of &, for different number of subdomains
b, q
D, q ‘ c ‘ l
4 10.5467 | -0.2620
5 10.3722 | -0.2875
6 | 0.2376 | -0.3327
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Figure 3.7: Comparison between computed values of &,, and the values of &, using
the empirical formula (3.33) for different values of overlap v and p,q = 4
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Figure 3.8: Comparison between computed values of o, and the values of &, using
the empirical formula (3.33) for different values of overlap v and p,q =5
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Figure 3.9: Comparison between computed values of &, and the values of &, using
the empirical formula (3.33) for different values of overlap v and p,q = 6

3.8 Numerical experiments

In this section we present some numerical experiments that validate the values of
the optimal parameter o predicted by the theory developed in the previous sections.
In these experiments! we used a finite difference MATLAB implementation of the
synchronous version of the optimized Schwarz method with OO0 artificial boundary
conditions and a domain decomposition as that from section 3.2.

In Figures 3.10 and 3.11 we can see a comparison between the optimal iteration
count (blue curve), obtained by running the solver for several values of & and taking
the minimum iteration among these, and the iteration count obtained by running the
solver with the value of a,, predicted by our theory (red curve), for p = ¢ = 4 and
p = q = 6, respectively, and varying amount of normalized overlap 7.

In these numerical experiments we have used different mesh sizes. Given that the

!The experiments were performed using the ORAS.m MATLAB code written by Edmond Chow
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Figure 3.11: Iteration count comparison for p =g =6

above curves are very close to each other, these results seems to suggest that the

value of the optimal « is determined mainly by the domain decomposition and not
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by the discretization.

In Figure 3.12, we can see the iteration count values for different values of p, with

p = ¢ and fixed 7y = 0.01, obtained by running the solver with the value of &, given

by our theory.

140
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80

Iteration count
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P

Figure 3.12: Iteration count vs. p for ¥ = 0.01 and theoretical optimal &

In Figure 3.13 we can see the iteration count values for different values of &, when
p=¢q=06and 5 = 0.0l. As we can observe, when we use the optimal value of &,
the iteration count is reduced substantially with respect to the classical Schwarz case
(which corresponds to the limit of the iteration count as & — 00).

For numerical experiments from practical applications?, see [11]. These experi-
ments illustrate on the one hand the method indeed converges, as the theory indicates,
and on the other hand that the asynchronous implementation is faster than its syn-

chronous counterpart, in terms of execution time.

2These experiments were performed by Frédéric Magoules using the optimal values of & given by
our theory
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Figure 3.13: Iteration count vs. & for p = ¢ =6 and 7 = 0.01

3.9 Conclusion

We have analyzed the convergence of the Optimized Schwarz method when it is
used as an outer solver for the solution of Poisson’s problem in a rectangular domain
with Dirichlet (physical) boundary conditions and zeroth order artificial boundary
conditions (O00). We presented convergence proofs for the synchronous and asyn-
chronous implementations of OS. As a key preliminary step to prove convergence we
recast the problem into a fixed point iteration with an infinite matrix as the itera-
tion operator T. Then we showed that to prove convergence of the method in the
synchronous case it suffices to study the spectral properties of a truncated version of
this operator, Tkmx. For the convergence proof of the asynchronous case, it suffices
to study the spectral properties of |Tkmax|~ We defined as optimal values of the OO0
parameter as those whose normalized values minimize the spectral radius of 7] Fomax s LOT
both the synchronous and asynchronous cases. Finally, we presented some numerical
experiments that validate the choice of optimal boundary parameter values predicted

by our theory.
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CHAPTER 4

CONCLUSIONS

In this thesis we analyze the convergence behavior of the synchronous and asyn-
chronous implementation of optimized Schwarz methods when they are used to solve
partial differential equations with a shifted Laplacian operator and defined in bounded
rectangular domains. We analyze first the case where we have a shift that can be
either positive, negative or zero, a one-way domain decomposition and transmission
conditions of the OO2 family. We analyze next the problem involving Poisson’s equa-
tion, a domain decomposition with cross-points and OO0 transmission conditions. In
both cases we recast the equations into a fixed point iteration that is suitable for our
analysis, present convergence proofs of the method, and study how the convergence
rate varies with the different parameter values such as the number of subdomains,
the amount of overlap and the parameters introduced in the transmission conditions.
We obtain the optimal values of the transmission conditions parameters. We present
some numerical experiments for the second case illustrating our theoretical results.
Finally, it is important to mention that although we study problems defined in rect-
angular domains, the analysis presented in this thesis also applies to problems with

domains with more arbitrary shapes that can be decomposed as a union of rectangles.

87



1]

BIBLIOGRAPHY

Daniel Bennequin, Martin J. Gander, Loic Gouarin, and Laurence Halpern. Op-
timized schwarz waveform relaxation for advection reaction diffusion equations
in two dimensions. Numerische Mathematik, 134:513-567, 2016.

Dimitri P. Bertsekas and John N. Tsitsiklis. Parallel and Distributed Computa-
tion: Numerical Methods. Prentice Hall, Englewood Cliffs, NJ, 19809.

Daniel Chazan and Willard D. Miranker. Chaotic relaxations. Linear Algebra
and Its Applications, 2:199-222, 1969.

James Demmel, Laura Grigori, Mark Hoemmen, and Julien Langou.
Communication-optimal parallel and sequential QR and LU factorizations. SIAM
Journal on Scientific Computing, 34:206—-239, 2012.

Victorita Dolean, Pierre Jolivet, and Frédéric Nataf. An introduction to Do-

main Decomposition Methods: Algorithms, Theory, and Parallel Implementation.
SIAM, Philadelphia, 2015.

Andreas Frommer. On asynchronous iterations in partially ordered spaces. Nu-
merical Functional Analysis and Optimization, 12:315-325, 1991.

Andreas Frommer, Hartmut Schwandt, and Daniel B. Szyld. Asynchronous

weighted additive Schwarz methods. FElectronic Transactions on Numerical Anal-
ysis, H:48-61, 1997.

Andreas Frommer and Daniel B. Szyld. On asynchronous iterations. Journal of
Computational and Applied Mathematics, 123:201-216, 2000.

Martin J. Gander. Optimized Schwarz methods. SIAM Journal on Numerical
Analysis, 2:699-731, 2006.

José C. Garay, Frédéric Magoules, and Daniel B. Szyld. Convergence of asyn-
chronous optimized Schwarz methods in the plane. Technical Report 17-05-17,
Department of Mathematics, Temple University, May 2017. Revised January
2018 and March 2018. To appear in Domain Decomposition Methods in Science
and Engineering XXIV, Lecture Notes in Computer Science and Engineering,
Springer, Berlin and Heidelberg, 2018.

88



[11]

[16]

[17]

18]

José C. Garay, Frédéric Magoules, and Daniel B. Szyld. Synchronous and asyn-
chronous optimized Schwarz method for Poisson’s equation in rectangular do-
mains. Technical Report 17-10-18, Department of Mathematics, Temple Univer-
sity, October 2017. Revised April 2018.

Richard Haberman. Applied Partial Differential Equations with Fourier Series
and Boundary Value Problems. Prentice Hall, Englewood Cliffs, NJ, 4th edition,
2003.

Frédéric Magoules. Asynchronous Schwarz methods for peta and exascale com-
puting. In B.H.V. Topping and P. Ivanyi, editors, Developments in Parallel,
Distributed, Grid and Cloud Computing for Engineering, chapter 10, pages 229—
248. Saxe-Coburg, Stirlingshire, UK, 2013.

Frédéric Magoules, Daniel B. Szyld, and Cédric Venet. Asynchronous optimized
Schwarz methods with and without overlap. Numerische Mathematik, 137:199—
227, 2017.

Summary Report of the Advanced Scientific Computing Advisory Com-
mittee (ASCAC) Subcommittee. The opportunities and challenges of ex-
ascale computing.  Technical report, Office of Science, U.S Department
of Energy, 2010. https://science.energy.gov/~/media/ascr/ascac/pdf/
reports/Exascale_subcommittee_report.pdf.

Mouhamed Nabih El Tarazi. Some convergence results for asynchronous algo-
rithms. Numerische Mathematik, 39:325-340, 1982.

Andrea Toselli and Olof Widlund. Domain Decomposition Methods - Algorithms
and Theory, volume 34 of Series in Computational Mathematics. Springer,
Berlin, Heidelberg, New York, 2005.

Richard S. Varga. Matriz Iterative Analysis. Series in Computational Mathe-
matics. Springer, Berlin and Heidelberg, 2nd edition, 2000.

89



APPENDIX A

Series expansion of solutions of the homogeneous

and

Shifted-Laplacian

In Chapters 2 and 3 we deal with equations of the following form

An+wn=0

2
—S+an+ 54 = a1y
n=20

agl(x,y) +bn(z,y) =0

Gz, y) + dn(z,y) =0

90

An+wn =0 in (0, L) x (0, H)
—5+an+ 85 = gi(y) forz=0

2 (x,y) + an(,y) + BoH(z,y) = gay) forz =1L (A.1)
a?—Z(&y) +bn(z,y) =0 fory =10

Gz, y) + dn(z,y) =0 for y = H,

An+wn=0 in (0,L) x (0, H)
n=>0 forx =0
2 (z,y) + an(z,y) + LA (z,y) = g2(y) forz =L (A.2)
ag—;l(a:,y) +bn(z,y) =0 fory=0
\ cg—Z(x,y)—i—dn(x,y) =0 fory = H,

in (0,L) x (0, H)

forx =0

forx =L (A.3)
fory =0

fory=H,



where a,b,c,d,w € R and b,d # 0.
Since the equations in (A.1) are linear and homogenous, the solution of (A.1) can
be split into two parts, i.e., n = 1y + 12, where one of these two parts, say 7, is the

solution of

Am +wn =0 in (0,L) x (0,H)
%75+04771+586—2;’2l291(y) for x =0

am Lz, y) +am(z,y) + Ba G (@ y) =0 forz =1L (A.4)
8n1(37 y) +bm(z,y) =0 fory =0

am@ y) +dm(z,y) =0 fory = H,

and the other is the solution of

Any +wnp =0 in (0,L) x (0, H)

oy gt G2 for 2 =0
B (2, y) + am(x,y) + BGE (v,y) = g2y) forz =L (A.5)
aéﬁ(ﬁc, y) + bna(z,y) =0 for y =0

G2 (2,y) + dny(x,y) = 0 fory = H,

In this section we show how to obtain series expansion of the solutions of equations
(A.1)-(A.5). Given that the procedure to obtain these series is the same for each case,
we will show the procedure to obtain a solution series for the case given by (A.4).

Thus, let 1 be the solution of (A.4). To determine a series expansion of 1, we find

91



first a series expansion of the general solution of

;

An+wn=20 in (0,L) x (0,H)
on ?n _ —
—sttan+ B34 =0 forx=0
0 o (A.6)
ag—Z—i—bn:O fory=20
\cg—Z—l—dn:O fory = H.

Let us assume (ansatz) that a solution of (A.6) can be written as a product of two

one-variable functions. Thus, let us assume that

n(z,y) = Y(x)d(y). (A7)

Plugging (A.7) into the first equation in (A.6) we have

o) o (@) + $(0) L5 0) + w(2)0la) =

Dividing both sides of the above expression by ¥ (x)d(y), it follows that for all (z,y) €
(0, L) x (0, H) such that 1 (z)¢(y) # 0 we have

1 2y 1 &2
O(@) da? | oly) dy?

w =0,

which implies that
1 d%p B 1 d*)

o(y) dy?  Y(z) da?

Note that the above equality is only possible if both sides of the equation equal a

constant, i.e.,
1 d?¢ L 1 d*y
o(y) dy*  p(x) do?

—w ==\,
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where A is a constant. Then, we have the following two ordinary differential equations

%f(y) +Ad(y) =0 (A-8)
and
@) + (= M) = 0. (A.9)

With n(z,y) = ¥(x)¢(y), from the boundary conditions ag—Z(x, 0) + bu(z,0) =0

we have

v(a) (a50) +b0(0) ) =0

Then since there exists at least an = such that ¥(z) # 0 it follows from the last

equality that

d¢

2y (0) +09(0) =0 (A.10)

Similarly, cg—Z (x,0) + du(z,0) = 0 implies

d¢

gy () =+ do(H) = . (A.11)

Equations (A.8), (A.10) and (A.11) define a regular Sturm-Liouville eigenvalue
problem where A is an eigenvalue and ¢ the corresponding eigenfunction; see [12] .
According to the Sturm-Liouville theory, this eigenvalue problem has infinitely many
eigenvalues, and the corresponding eigenfunctions form a complete orthogonal set
spanning the set of piecewise continuous functions. Hence, every piecewise continuous
function can be expressed as a linear combination of the functions of this basis. This
eigenvalues and eigenfunctions can be determined as follows. Let us assume (ansatz)

that ¢(y) = €Y. Then, plugging this expression into (A.8) we obtain

C%e%Y 4+ Nt = 0.
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Noticing that €% # 0 for all ¢,y € R, we obtain
¢CHA=0,

and thus

C=+vV—A

As we shall see, the functional form of ¢ depends on the value of A. For A > 0, we

have that ¢ = #+iv/), and the general solution of (A.8) has the form
d(y) = AV 4 Be VN,

where A, B are arbitrary constants. In other words, for A > 0, any solution of (A.8)
can be written as a linear combination of ¢V and e~*V™. Note that sin(v\y) =
(e — e=iVM) /(24) and cos(VAy) = (VN 4 e~iV2) /2 are solutions of (A.8). Since
sin(v/Ay) and cos(v/Ay) are linearly independent, then any solution of (A.8) can also

be written as

o(y) = Asin (\/Xy> + Acos (\/Xy> : (A.12)

where A and B are constants.

Thus, we just determined that for positive eigenvalues A, the corresponding eigen-
functions (i.e., the solutions of the regular Sturm-Liouville eigenvalue problem) can
be written as a linear combination of sines and cosines. Now, in addition to satisfying
(A.8), the eigenfunctions also need to satisfy equations (A.10) and (A.11). Hence,

plugging (A.12) into (A.10) we obtain

(—aB\/X + bA) sin(VA0) + <aA\/X + bB> cos(VA0) = 0,
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which implies that

Then, we have

—AVX l

o(y) = - _b sin(vVy) + acos(\/Xy)] : (A.13)

VA

Now, plugging (A.13) into the remaining boundary condition (A.11) we obtain

_%X K_ca S %) sin(v/AH) + (—be + ad) cos(\/XH)} 0

Since the eigenfunctions are non-trivial (non-zero) solutions of (A.8), we have A # 0.
Also, we assume b # 0. Then, since A > 0, we have A\TE # 0. Therefore, the above

equality implies necessarily that

bd \ . B
(—ca A — ﬁ) sin(VAH) + (—bc + ad) cos(VIH) = 0 (A.14)

Thus, any positive eigenvalue A of the eigenvalue problem defined by equations (A.8),
(A.10) and (A.11) is a solution of the transcendental equation (A.14), and the cor-
responding eigenfunction is given by (A.13), where A is an arbitrary constant, and
where A in (A.13) is understood to be a solution of (A.14).

Note that if

(=be + ad) cos(VAH) = 0, (A.15)

given that b, d # 0 we have that the eigenvalue A is the solution of
sin(VAH) = 0. (A.16)

Note that equation (A.16) is satisfied for all A € {A,}men, where X, = (%)%

Thus, in the case that A.15 holds, there are infinitely many eigenvalues. If (—bc +
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ad) cos(vAH) # 0 we have

(ad — be)V/A

tan(\/XH) T caN+bd

(A.17)

which also has infinitely many solutions. Consequently, if (A.15) does not hold, there

are also infinitely many eigenvalues. In both cases, the eigenfunctions are given by

o) = 22 [ i R) + acos(y A

With a similar procedure we can determine the equations defining the eigenvalues
and eigenvectors for the cases A < 0 and A = 0. For A < 0, we have ( = £+v/—\. This

leads to have eigenfunctions of the form

av/—A — b\ﬁy —V=Xy
o(y) = Ba\/—er +e :

and the (negative) eigenvalues, if they exist, are solutions of

a\/_ —2V=AL _
)\+b(\/_+d) + (—evV=A+d)e VA =,

As for A = 0, we obtain that zero is an eigenvalue only if ¢+ bL — da/b = 0, and if it

is, the corresponding eigenvector is given by

Thus, so far we determined the expressions of ¢(y) for each possible value of A.

Now it remains to determine the expressions for 1 (x).
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Note that

Getaut B = o))+ avle)oly) + Bu() s
= Hl) 52+ ap(@)éy) — AAY()6)

— o) |+ =)

where in the second equality we used (A.8). Then, from the boundary condition

_%(Ov y) +an(0,y) + 52—:2(0, y) = 0 we obtain

o(y) {—%(0) + (o0 — 5)\)1/1(0)] = 0.

But there exists at least a y € [0, L] such that ¢(y) # 0, then we have that

@

. (L) + (a— BA)Y(L) = 0. (A.18)

Similarly as for ¢, the functional form of 1) depends on the values of A — w. In
fact assuming that i) = ¢, and plugging this expression into (A.9) we obtain
that ( = £v/X\ —w. Then, depending on the values of w and A, we have that ( can
be positive, imaginary or zero, and each of these options give expressions of ) with
different behavior.

For w — A < 0, any solution of (A.9) can be written as a linear combination of

exponentials such as
Y(x) = Ce(VA%) 4 e (av A_w), (A.19)
or equivalently, as a linear combination of hyperbolic sines and cosines, i.e.,

Y(x) = Cy sinh (x\/E) + C5 cosh (xﬂ) : (A.20)
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Also, given that (A.9) is invariant under translations, we can also write any of its

solutions as

¢(x) = Cle(m(m_l’)) + 026—(\/E(z—L)>. (A.Ql)

In what follows, we use the expression (A.19). Thus, plugging (A.19) into the bound-

ary condition (A.18) we obtain
Cr(VA+a — BA) + Co(—V A +a — ) = 0.

This implies that

. —VA+a—BA
oo (emme,

and therefore

Y(z) = Cy

B —VA+a—BA (ovAw) | —(avA)
(\/X+a—ﬁ)\)€ +e , (A.22)

For w — A > 0 we have that ¢ can be written as a linear combination of certain

complex exponentials, as follows
77/)(33) _ Cge—z\/A—w(a:—L) + C46i\/>‘_w(z_l’). (A.23)

Plugging (A.23) in (A.18) we obtain

O — i\/)\—w—l—()\—ﬂ)\)c
TV —w—(—5\
Then,
o) = IVA—w+ (A= BA) e~ iVA=w(a—L) | ivA—w(a—L) (A.24)

iVA—w— (A — BN
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For w — A = 0, we have

P(z) = Csx + Cg.

Plugging this equation into (A.18) we obtain
Cs = (a — BN)Cs,

which implies that
() = Cg (v — BA)z + 1] (A.25)

Thus, we have determined the expressions for v for every possible value of A — w.
Now, let 1, be the function obtained after plugging A = A, in equations (A.22)-

(A.25). Then, we can have that any 7, := ¥, ()¢, () is a solution of (A.6). More-

over, since the equations in (A.6) are linear and homogeneous, by the superposition

principle we have that any finite linear combination of the 7,,, say

Z Am'flm(% y) = Z Amwm(x)¢m(y>7

is a solution of (A.6).

The function

ﬁ(x7y) = Z Amnm = Z Amwm(x)¢m(y) (A'26)

is the most general solution of (A.6) provided that the order of differential and sum-
mation operators commute when differential operators are applied to (A.26). Also, if
in addition to this, the coefficients A,, are such that 7 satisfies the equation on the

third line of (A.4), i.e., if

— 2_

on 0°n

- (Loy) +an(L,y) + b5

e (L,y) = 1 (y),

then 77 will be a series expansion of the solution of (A.4). We show later in sections B
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and C' Lemmas B.2, B.3, C.2 and C.3, from where it follows that such coefficients A,,
exist for the case \,, > 0 for all m € N, and that for these coefficients, the order of
differential and summation operators commute when differential operators are applied
to (A.26). This result can be extended to cases where there are also eigenvalues A,
that are negative or zero (in this thesis we deal with problems that yield Sturm-
Liouville eigenvalue problems that have only positive eigenvalues, therefore we do not
present the proof for the cases containing negative or zero eigenvalues).

Thus, the solution of (A.4) indeed can be written as a series

D At (2)dm()-

where the expression of ¢,, depends on the value of A,, and the expression of v,

depends on A\, and w.

A.1 Expressions for v, and ¢,, when a=c=0and b=d=1

In chapter 2 we have the case where a = b = 0 and ¢ = d = 1 and w such that
wH?/7? ¢ N. These values of a,b,c,d give a Sturm-Liouville eigenvalue problem
whose eigenvalues are all positive, whose eigenvalues are solutions of (A.16). Conse-
quently, the eigenvalues are \,, = (mm)?/H?. Taking A =1,a =0 and A = ), in
(A.13), and letting 2,, := /A, H, we have that the eigenfunctions are

$m(y) = sin (%) :

The condition wH?/7* ¢ N implies that \,, # w for all m € N. Then, Taking
Cy = Cy = 1, and with & := aH, § := /H and @ := wH? in (A.22)-(A.24), we
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obtain

) (A.27)

a—Bz2,+\/22,—@

A.2 Expressions for ¢, and ¢,, whenc=—-a=1and b =d = «

In chapter 3 we have a = —¢ = —1, b = d = a and w = 0. These values of
a,b,c,d give again a Sturm-Liouville eigenvalue problem whose eigenvalues are all
positive. The eigenvalues A, in this case are solutions of (A.17). Taking A = A, and
A =0b/vAn in (A.13), and again with z,, = /\,, H, we have that the eigenfunctions
in this case are given by

Om(y) = % sin (ZLHy> + cos (ZLHy> :

Then, from (A.19) we have that ¢,, in this case is given by

25—+ (a—p2)) ,
gbm(x) _ I/ 2, w (Oé Bzm) e—z\/m(x—L) + ez\/m(x_[/)‘

Alternatively, one could use (A.20) instead of (A.19), and with we can see that

another option for 1, is given by

m(x) = zﬁ sinh (ZZ—ZB) + cosh (%) )
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APPENDIX B

Additional proofs for the case with a one-way

decomposition

B.1 Decay of the coefficients of the series

Lemma B.1. Let M > 0 and g : [0, H] — R be such that g € C*((0,H)) and

9(0) = g(H) = 0. Let ¢, = sin (22¢) and z,, = mm. Note that the set {¢n}, o i

a complete orthogonal set spanning the set of piecewise continuous function. Let us
define Cy, as the coefficients of the expansion of g(x) in the basis given by {dm},.cn
i.e,
- a2y ZmY
= C,, | — sin <—> + cos (—) . B.1
o) = > C | Zsn (7 g (B.1)
Then, the coefficients C,,, can be written as

0 _Cn

zZ,

2
where {C’m}meN 18 uniformly bounded in m € N.

Proof. The coeflicients of the series expansion are given by

_ 1 gdmdy
foH ¢72ndy

m

(B.2)

Applying integration by parts to the integral in the numerator of the r.h.s of the

previous equation we obtain
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/OHgSin (%) = [—g(y) cos (%) %II + % OH cos (%) Z—g(y)dy
_ % OHcos (222) %(y)dy, (B.3)
since g(0) = g(H) = 0. Now using again integration by parts we have that
/OH cos (%) Z—Z(y)dy = {%3—5@/) sin (%)]: - % OHsin %) Z—yg(y)dy
= —% OH i (%) ﬁg(y) v, (B.4)
since |Z—g(0)|, |Z—Z(H)| < oo and sin(z,,) = 0.
Then, from (B.3) and (B.4) we have
/OHgsin (%) = — (%)2 /OH sin (%) ;%g(y)dy (B.5)
We have that
/OH P2 dy = /OH sin? <%> dy = g . (B.6)

Then plugging (B.5) and (B.6) into B.2 we obtain

C,, = -
5
Then,
(ﬂ)Q ol f op? | Lo
< Zm dy 00 . dy 00
Let M :=:= 2?2 %q . Let
Cppi= 22.Ch
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Then, we have

202 ||%9|
|C_’m| = 372n|0m| < Z?n Pl M
Hence, |C,,| < M for all m € N.
Therefore, we have
Crm
-3
where |C,,| < M for all m € N, i.e, {C},} is uniformly bounded in m € N. O

B.2 Justification of order interchange between derivatives,
integral and infinite summation for the one-way decom-
postion case

Lemma B.2. Consider the series in (2.7), (2.11), and (2.12). If we can write their

coefficients as follows

BfLm 1
A= s (2.14)

n,m,l ) 7 — 5
2, (F52(0) + (e — Bz2)ui(0))

and
As Bamo 2.15
n,m,2 9 d’lbg) 1/ 7 9 (2) ) ( . )
zp | S (L) + (a0 — B23,)vbm’ (L)
forl <s<p,
s Bz,m,2
An,m,2 - 5 dw(s) 1/ 3 9 (3) 9 (216)
2, (L) + (@ - A2zl (1)
fors=1, and
BfLm 1
5 A , (2.17)

nym,l = 2 (%(—L) + %(0‘4 — Bz%)ib,(ﬁ)(—L))
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for s = p, where

B, . < My, (B.7)

n,m,i
for some constants M, s > 0, then the following holds.

1. The order of their first derivatives and summation can be interchanged in

[0, L] x [0, H].

2. The order of their second derivatives and summation can be interchanged in

[0, L] % [0, H] if B # 0 and in (0,L) x (0, H) if B = 0.

3. The order of their integral over y € [0, H], first derivatives and summation can

be interchanged.

Proof. We present the proof for the case of interior subdomains, but a similar proce-
dure can be used to prove the above facts for the left-most and right-most subdomains

cases.

We have that

mo = 3 ; Bium i) ()
i\ (~2E0) + 2@ - 20 (0)
BS
.2 V() | dm(y) (B.8)

2, (H5(0) + (@ - B2)el (1)

Let 0 = (04, 0,) be a multi-index. Let S C [0, L] x [0, H] be arbitrary, i.e., any

set completely contained in [0, L] x [0, H]. Note that the series

BS

- 9° . n,m,1 w7(T1L)
2715 (~20) + F @ - B=2)01 0)) "
BS
" i U2 (@) | 6m(v) (B.9)

2, (Z2(0) + H(a— G20 (1))
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converges uniformly in S if for all (Z,7) € S we have

07 <w%)($)¢m<y>>
_dpy) PRWACY = (B
da (0) + ( BZ Jom (0) l(z,9)=(2,5)
and
o° (zm(ﬁ) (x)¢m(y)>
dly) L(s _ 73,2,,32 < M (B
W(L) + ﬁ(a B 6zm)¢m (L) (e y)=(2,9)

for some M, > 0. In fact, let us assume that (B.10) and (B.11) hold for any (z,7) € S.

Then, we have

o Dnms v ()
= 2 (22 (0) + (@ - B2)ui ()
By o
+ e V(@) | dmly)
L (S0 + e B ) e
o (1)
_ i sz,m,l [8 < n}b (x)(bm(y))}l(m,y):(f,@)
w0+ Fa - B2 (0)
o (.2
By [ 7 (R @00},
+ 2 dly) L~ _ 7 (2)
| (D) + fa— B2 (L)
— i | B3 .1 o (1’/} (%)m(y )>
A (FSE0) + e - )l 0)
l,0)=(3.9)
1Bl o (V82 (@)om(w))
22 <d’/”:)(L) %( — B22) (2)( ))
|@)=(.9)
< D0 REM, M, = 20,0, > <

m=1 m mlm

which implies that the series in (B.9) converges uniformly in S.
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Now, note that

BS

P B 50 (2)
mz_l 22, (~2(0) + (@ - B2)ui(0))
B 5
2 e w'g) ¢m =
2 (S (1) + (@ - B2)ui (1) )
o0 BS 1
0° . nam, ()
2 2 (0 + fa- o)
i e O(2) | émly) (B.12)

2 - U
2 (220 + f(a - B2)el (1)

holds in S, i.e., the order of summation and differentiation interchanges in S when a
differential operator is applied to the series in (B.8), if the series on the r.h.s of the
above equation converges uniformly in S.

Thus, in order to prove parts 1. and 2. of the theorem it suffices to show that

(i) For any (z,y) € [0,L] x [0,H] there exists a subset S; such that
T € S; C[0,L] x[0,H] and for any (z,y) € Sz conditions (B.10) and (B.11)
hold for some M, with o = (0,1), 0 = (1,0) and 8 < 0.

(ii) For any (z,y) € |[0,L] x [0,H] there exists a subset S; such that
T € S; C[0,L] x [0, H] and for any (Z,y) € Sz conditions (B.10) and (B.11)
hold for some M,, with o = (0,2), 0 = (2,0) and 8 < 0.

(ii) For any (Z,y) € (0,L) x [0,H] there exists a subset S; such that
T €Sz C (0,L) x [0,H] and for any (Z,y) € Sz conditions (B.10) and (B.11)
hold for some M,, with o = (0,2), o0 = (2,0) and 8 = 0.

To that end, let us consider o = (0,1). Then, 07 = a%' Also, let 8 < 0. Then, we
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have that

oy .
(1) _ 1 o
dqﬁ;n (0) + %(& 6272”) : )(0) l@.v)=(2.9)
. (@=L 22, —® (&752%7 /Z?niw?)e% V #m—®
Zm |COS ( H )| € " o &*BzrszF\/Zgn*a’
/.2 _—
L z?n—w B 2.9 3 — 67“# (&—Bz?n— 2’72”—(3)2
€ " <a o Bzm TV~ OJ> a a—pz2, +\/z2 —@
2(z—L) szw
&/ 22, —o - a—Bz2 —+/22 —o)e  H
e feos (52)] | 1 - PR T

a—P22,+4/22,~@

2Zm B
2L\/z2n7&
(1—6_ " )(a—ﬁzfn—i— z?n—a_))
2
S
204/ 22, —@ — _ _
(1—6 H )(1/1—Z%+%—5zm>
2
= M; < 00
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for all (z,9) € [0, L] x [0, H]. Also, for o = (1,0), i.e., for 9" = £, we have

2 (08 (@)om())

for all (z,9) € [0, L] x [0, H].

In a similar way, we have for all (z,7) € [0, L] x [0, H] that

2 (v @)on(y)

) 1(~_ 7 (2) =t
(L) + (o — B22 )m’ (L) l(29)=(5.9)
and
2 (v @)on ()
@ 5 =M
dlﬁa: (L) Ili(d_ﬁzgn)wg)@ l(@w)=.9)
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Thus, taking Sz = [0, L] x [0, H] we see that conditions (B.10) and (B.11) hold
for o = (0,1), (1,0) for every z € [0, L] x [0, H].

Now, considering o = (0, 2) we obtain

2 (v @on )

_ B.13)
(1) _ = 1 (
420+ o BR0)|
(z,y)=(2,9)
(Z—L)\/ zf, —@
z— 22— a—Bz2,—\/22,—o)e
2 | sin (25)] ! DyAe (a-p22—/72—) H
m H a—Pz2 —i-\/z?n—w
1
E —(B.14)
H 2o ) — e*L” q (afszgnﬂ/zgfw)z
e H (a — B22, + /22, — w) — Y
2(3—L)\/ 22, —®
i/ 22, —& a—pz2,—/22,—@)e
e H ’sin (ng)| 1— (a5 ) .
m H afﬁz,%ﬁr\/z?nfw
1
= e - < (B.15)
= FmmY [ a—Bz2 —4/22,—©
(@ — (22 + /22, — (D) (1 —e @ (&_gzg+ Zg_w) )
2 2 T zgn—w
2L 2 _o = e " = (B]'G)
H(l—e‘ T ><6¢—62§n+ z%—@)
2 i\/z?nfzi)
e” ®H . (B.17)
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Then, if 5 # 0, it follows for all (Z,7) € [0, L] x [0, H] that

£ (v @)om(y)

ity 1 2\, =
~E(0) + fla - FRRO)|
(z,9)=(2,9)
7i\/z,?nfzﬁ
2e H
<
2L 22 o _
H(l—e‘ H ><z1/ —T-i- 5)
2
=My < 0

Now, if 5 = 0, let z € (0,L) x [0,H], let az = z/2, bz = (L — Z)/2 and S; =
(az,bz) x [0, L] C (0,L) x [0, H]. Note that x € Sz and 0 < az < Z for all T € S;.
Then, from (B.13) and for all Z € S; we have

25 (68 @)n )
42 (0) + (@) 0)

l(2,9)=(2.5)

H(l—e E a+¢7) :
)

H|1l—e" a+
1
<
\/z,%l—az _ — _ W
[ ><%+ )WV
2
<
2LA/ 22, —® — 2
l—e =& < 1—Z%> T
2
= M5 < o0
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Similarly, for o = (2,0) we have

25 (v @on )

4 I = (B.18)
—"z(0) + g (@ = Bz3)¢m (0) | o
(z,y)=(Z,7)
G- 2
2 ) |—sin (220 | | - =Y (a—ﬁzﬁm—\/zzn_—w)em,{/_
(zm—w)|—31n( H )| e H + a—B22 /72—
1
! (B:19)
H L\/Zgn_,w ] g
L/ 2% —® _ e G—f22 /72 5
O W Wi . S
‘3‘_6272”+\/z72n—w
i 2 5
2 e Vi Join (2 (a-Ba- Z%—w)ew/_
(27, —@)em 7 |sin (Z2)| [ 1+ PRI s
1
5 2 < (B.20)
2in/2 o [ - = -
_ = — _ m a—ﬁz%l—\/zgn__w
(a—ﬁz%+m) (1—6 H (m)>
2 e
2(z, — w) Nz .

<

If 5=0,let az = /2, by = (L —x)/2 and S; = (az,bz) x [0, L] € (0,L) x [0, H].

Note that £ € Sz and 0 < az < ¥ for all £ € S;. Then, from (B.18) and for all z € S;
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we have

IA

: )
-] <
204/ 22, —@ _ iy
(1 — e H ) (# + 1)
2
<
2L/ 22, —®
l—e =& x
2

Note that the summation sign and the integral of a series commute if the series
converges absolutely. In the proof of part 1. we have shown that (B.9) converges
absolutely and uniformly in [0, L] x [0, H]. From this fact, part 3. of the lemma

follows. L

B.3 Coefficient identities for the one-way decomposition case

Lemma B.3. Consider the series from equations (2.7), (2.11), and (2.12). Let ug
be the initial approzimation of the solution of (2.1) and such that the initial error ng
is C*((0,W) x (0,H)). Then, for alln € N, the coefficients A3, . can be written as
in (2.14)-(2.17).

Proof. We present the proof for the case of interior subdomains, but a similar pro-
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cedure can be used to prove the series coefficients identities for the left-most and
right-most subdomains cases.
The proof is by induction. Note that {¢, }men is a complete orthogonal set span-

ning the set of piecewise continuous functions. Let

a 82 s—1
In1(y) = (—g +a+ %—yg) m (L —27,y) (B.22)
and
W= (2 +arsL )@y (B.23)
gn,Q y - ax «@ ayz 7777, ,77y .
for n € Nj.

By hypothesis, the initial approximation u, is such that the initial error ng is
C3((0,Ly) x (0,Ly)) (e.g., up = 0). Hence, go1 and goo satisfy the hypothesis of
Lemma B.1.

The series expansion of go1 and go2 in the basis {¢m }men is given by

go,1 (y) = Z Dm¢m<y)

and
9o2(y) = Z Endm(y),
m=1
where
H
D — fo 90,1Pmdy
Jo" ¢,y
and
H
_ fo gO,2¢mdy .
foH ¢3ndy

By Lemma B.1, we have that D,, = D,,/22,, E,, = E,,/2%, and D,, < Mp and

E,, < My for all m € N and some Mg, Mp > 0.
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Let By, := D,, and B o= E,, Let

Aj g = Pima (B.24)
Im,1 - PG _ ~ ) )
22, (F222(0) + 4@ — B0l (0)
and
It Bf m,2
Al m.2 +— 2 (B25)
. o (dps (s — G2 )@
2 (S5 (0) + (6 - B2 (1)
Now, let v : R? — R be such that
v(ayy) = D (ALt + A 20D Gmy). (B.26)
m=1
Then,
o Do) () Emyp (2)
v =3, —dyp) LAY ) L 32 @) omy). (B:27)
m=1\ 22, (T;’L(O) + g(@— Bz2)bm (0)) 22, ( o (L) + g (& — Bz2)m (L))

By Lemma B.2 we have that

o If 3 > 0, the first and second derivatives of the series given in (2.7), (2.11), and
(2.12) are such that the order of the summation and differentiation operations

can be interchanged in [0, L] x [0, H].

e If 5 =0, the first and second derivatives of the series given in (2.7), (2.11), and
(2.12) are such that the order of the summation and the second derivatives in-

terchange in (0, L) x (0, H), and the summation and first derivatives interchange

in [0, L] x [0, H].

Based on this fact and since (A + w)(w%)(x)qu) =0 and (A + w)( @ ()¢pm) =0 in
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(0,L) x (0, H), we have

[e’e) Dm

A+ wu(x = - A+w ,(;)m m
(A +w)e(z,y) leZ%(%&)(O)ﬁ(@_gng)l/}m)(o))( 5 (@)om())

n (0,L) x (0,H). Also,
(7£v+av+ﬂa—2v) (0,y) =
z oy? ’

% P o2 B m,1 e
3 (——+a+6f) N - (o)
oz o) || L2 (%(0) + %@ Bz%)wﬁé)(O))

BS
o Lt (@) | ém(v) =
2 (20 + e - B m) ‘

x=0

o0 Bi diy) _ ) )
2 ( (22 wio) ( s OF FE- AR

m=1 | 22, (0) + % (a—Bz2,
B; (2) 1 _
+ (2) - 2 (_ 1590 )+ ﬁ(d a ,Bzfn) (2)(0)> Pl =
22 (%(L) +La- ﬂzmwﬁ?(m)
S Bs,m, Dm 0 0?2 s
mZﬂ ;Qn = (y) = mZ:1 2 ¢ mzl Dmém(y) = go1(y) = (7% +a+/38—yz) L = 27,y),

where on the r.h.s of the third inequality we wused the fact that

(-2 (0) + (@ - B2)uel(0) = 0.
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Similarly, we have

- 9 & By (1)
= { (et 2%e) K (4520 + e - B0 )

- Bf,m,? ws,%) ((E) d)m(y) =
22, (dgg (L) + g (@— Bz?n)w%?)(L)) oz

oo Bs (1) _
> ( O — <d“j;” D)+ @ —ﬁzfnwﬁ?@))

=\ (220 + fa- B0 0)
s (2)
+ Blmiz - (dﬁ;;; (L) + (@~ B2)wid (L )) dm(y) =

22, (d% 1)+ Hla- 22 (D)

oo S oo oo 2

5 o) = 3 Ben) = 3 Bntns) = g0a0) = (5 o 85 ) it ),

— m=1 "m m=1

Additionally,
> Big m,1
v(z,0) = Z D ’ = o ()
nmt \ 2 (4 0) + (@ - B0 (0)
BS
T a2 11771172 2) 1/17(5) (x) | #m(0) =0
2 (B0 + la— 5200 (1)
and
o BS
v(r,H) = —m L o (@)
7\ 2 (F5(0) + (@ - B30 0)
BS
+ .2 O (@) | dm(H) =0,

2, (ML) + f(a RV L))

since ¢,,(0) = ¢ (H) = 0.
Thus, v solves (3.2) and consequently 7j = v. Then, comparing (B.26) and (2.7),
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we see that

AS . A~5 o Bim,l
1m,1 — “*1,m,1 — 9 dw’(ﬂ) 1/ 9 ’
22, (F222(0) + (@ — B22)00(0))
and
Aimﬂ = Aim,Q = —

2 (L) + hla— B2 ()

Thus, we just proved that (2.14) and (2.15) hold for n = 1. Now it remains to show
that it also holds for n > 1. Note that we do not know what the regularity of g,
and g, 2 is or whether their derivatives are bounded at y = 0 and y = H. Therefore,
we cannot use the integration by parts approach as we did for the case n = 1, and
this is the reason why we have to prove the theorem by induction. Thus, given that
we already proved that (2.14) and (2.15) hold for n = 1, it remains to show that if
these coefficient identities hold for the step n then they hold for the step n+1. To
that end, let us define E; | and E}  , as the coefficients of the expansion of g, 1(y)

and gn2(y), respectively, in the basis given by {¢n, },,cy- Thus,

gnl Z nm1¢m

and
gn2 Z nm2¢m 7
with
H
s B fo 90,1¢mdy B.28
n,m,l fH ¢2 dy ( . )
0 m
and
s fH 90,2¢mdy
nm2 — OfH ng dy : <B29)
0 m
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Let us define
B e (B.30)
n+1,m,1 = (1) B — 1 .
(—242(0) + % (a - B=2)0i) (0))

and

EfzmQ
o 1 ’_ = —3 ) (B.31)
W (L) + @ — B (L))

We shall see that these are indeed the coeflicients we need in (2.14) and (2.15).

S .—
Bn+1,m,2 T (

We then write

BS 1 dw(l) 1 = 9
s _ _nm, _Crm (s (1)
and
Bg o [ dipPm 1 _
ES = L)+ —(a— B2 )W3(L) ). B.
o = 222 (B 0) 4 e - WD) (B.33)

By the inductive hypothesis we have that 72 and is given by the series in (2.7)-

(2.12) with the coefficients A; . given by

A(s) _ sz,m,l

T (0 + e - B0 0)

and
A(s) , = BZ,m,Q
" (M) + ha - B (1)
Thus,
o0 BS—1
() = D Tm,l ~ 1) U ()
=\ 22 (F 2 0) + S a— Fz2)00 (0)
By o
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and

772+11< y) = 3 ) B::;}L’l — lpri)(x)
o\ 2 (450 + f(a - B2)ui 0)
Bs+1 )
: ol 0@ | (). (B.35)
2, (L) + H(@ = B2)uR (L)

Multiplying both sides of (B.22) by ¢,,(y) and integrating over [0, H] we obtain

/O gt (9) 1)y =

/OH <(_a% +o+ ﬂaa—;) (L — 2%y)) Oi(y)dy = (B.36)

o0 )

Z Bl = (L —29)+
n,k,1

m=1 —d—;;n(O) -+ %

(

2

dw,i) I —9 1= 7.2 (2
— e (L —29)+ L(a— B2 —2)

(2 B —
“ (L) + (o - ﬂzznw%%)

Note that we have interchanged the order of the summation, derivatives and in-
tegrals in the r.h.s of the above equation. These order interchanges are justified in

Lemma B.2.
Using (B.33) and (B.36) in (B.28), evaluating the integrals and then solving for
B; 11 We obtain for k& € N such that z; < @ the following expression

p o (B @)y ) c2a o e (o)
P T (e ) (o D) v ) o s (Yo )
(65t (a5 s (5= R 229) -

(@5 @) sin (@ =)L) +2 (@ = 5:3) (@ - B) cos ((fo - 22) ™"
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and for k£ € N such that z7 > @ we have

Biyika = (@BZ%JF 22*0)27674?\/% <diéz’%7 z%@)2> e_(ff—Q’?)\/‘zlzc?BS—kll

h (o?f,éziJr\/zif@)QfeizL\/z’%:(&fBzzf zsz)Q o
(Ve ) (@ )7 - - @)

’ (e_QL\/Z’%T(d—Bz,%— z2—a>2—(&—ﬁ_z2+ 22— @

Note that, since w is fixed and z,, — 0o as m — oo, there is a number N; € N
such that 22 > @ for all m > N, and 22, < @ for all m < N,. We have that

_ — —43.\/23-o (- 3 —
< fﬁziJr z,%fw)Qfe TV Zk w(afﬁz — z,%fw)Q —(E—Z’)\/ﬂ
M; = max —= e TV Ek sz_kll
= ) 2 _ —2Ly\/zg—w (- 3 2 2 _ "
(a—,@zk+ zk—w)Q—e k (a—ﬁzk— zk—w>2

<oo- (B.38)

+ .
—2L\[z}-@ (- 7 o 2N (~_ a2 2
e a— Bz — /2, — @) — (&= Bz +4/2;

1 |Bs—1
7 2 - n,k,2
o 672L\ [ 2y —@w

1
< =

where we used the inductive hypothesis that |Bffkli\ < M;_y, for some My 1, >0

1B iikal < |Bi|+

and ¢ = 1,2. Then, taking M, 1,1 := max{M;, My} we have |BZ+1,k,1| < Mytisa
for all kK € N.
Similarly, multiplying both sides of (B.23) by ¢,,(y), integrating over [0, H], using

the resulting equation together with (B.33) in (B.29) and then solving for BS’QM we
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obtain the following expression

; ; = (20) + (e — )y (2)
Bn—i—l,k,? = Bn:z%l ddw(l) Hl B _ ‘ 2) <B39)
=2 (0) + g (@ = 525 )¢m (0)
2

s+1
+ Bn,k,Q

From this equation if follows that

1By kol < Mpjis2

for some M, 4152 > 0 and for all k£ € N.
Then, taking M, 1 s = max My, 1151, Myt1.52, we have that |BS ;| < M, for

n,k,i

all ke Nand i =1,2.

Now, let
~ B
A;S"H—l,ml = d’L/)(l) nj—lin’l _ (1) )
2, (—2(0) + Fla - B2)ui (0))
and
~ B2
Afﬁ-l,m,Z = ) ?H:m’l — @) )
2 (S50 + fla - B2 (L)
Also, let
o0 Bs
oz,y) = ) Tmfl 3 (1) o ()
a7\ (4 (0) + (e = 5200k (0)
By
@) | (). (B.A0)
(ML) + (@ = B2)ud (1)

By a similar reasoning as done before for v, we can see that v solves all the

equations given by (3.2) defining 77, ,. Consequently, 1., = 0. Therefore, defining
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s,r
An—i—l,m,i as

and

- 1218 o Bvi—&—l,m,l
1= “*n+lm,1 — (1) _ —
(250 + F(a— 8206 0)

9

Bfﬂrl,m,l .
©) I
L (L) + @ — B2 )0 (L))

s _ As _
An+1,m,2 - An+1,m,2 -
22 <
m

Thus, we just showed that if (2.14) and (2.15) hold for the step n, then they also

hold for step n+ 1. Then, since (2.14) and (2.15) hold for n = 1, it holds for every n.

Using the same procedure it can be shown that the identities (2.16) and (2.17)

hold for the left-most and right-most subdomains, respectively. O
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APPENDIX C

Proofs for the case with a decomposition with

cross-points

C.1 Proof of convergence of series

The solutions of (3.7) are the zeros of the function ® : R — R given by

®(z) = tan(z) — =22%;. Thus, 2, is a positive zero of ® for all m € N. Plotting

the graph of ® we can see that z,, > (m — 1)7 for all m € N (see Figure C.1). Then

we have

=1 J R |
2o T ot

2 2
m=1 " m=2 M
1 > 1
< S5+ C.1
2 2 oy (©1)
1 1 <1
= S+=>) — (C.2)

Note that 7%, ]ia < oo for any @ > 1. Then, 377, %2 < oo. Consequently, since

z1>0and Y772, 5 < 00, we have 30| % < 0.

C.2 Decay of the coefficients of the series

Lemma C.1. Let M > 0 and g : [0, H] — R be such that g € C* ((0, H)), (‘Z—f(m) <M
for all x € (0,H) and o = 0,1,2, and lim,_ fl;—f(:ﬁ),

lim, .z g;—ff(x) < M for o = 0,1. Let us define C,, as the coefficients of the ex-

124



Figure C.1: Graph of ® for & = 2. Note that z,, is the m — th positive zero of ®.

pansion of g(x) in the basis given by {dm},.cn: i-€,

- o Zm T Zm T

Co |y () e (7))
m221 [ sin % + cos I%
Then, the coefficients C,, can be written as

Cn

V4

Cy, =

2
where {C’m}meN s uniformly bounded in m € N.

Proof. We have that

fo (— sm(
Jy' (£ sin (%2

Cm =

Using integration by parts, we have

/OH % sin (%) g(x)dx =
L)oo+ o0)+ [ o (22) B

2
Zm m

and
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/O " @) {% sin (22 + cos (%)} dr =

Zi2 {aH [—g(H) cos(zm) + 9(0) + /O ’ % cos () %(x)dx]

m

H a ZmT\ 0%g 1
—|—\/0\ ZCOS (?> @(Sﬁl)d(ﬁ} } = %Nm
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Then, using (C.6) we can write
Crn
C,, = 2 (C.7)
where C,, = N,,/D,,, with

Hr - 2
Dm:/o [%sin (%)+COS (%)] dx .

We have that

D — H (—a?sin (22,,) + 20z, (@ — cos (22,,) + 1) + 22, sin (22,,)) N H
" 4z3 2

(C.8)

Note that D,, > 0 for all m € N and that the first term in (C.8) goes to zero as m

goes to infinity. Then, there exist an m such that for all m > m we have D,, > H/4.

Let

Then, w > 0 (since it is the minimum of a finite set of positive numbers), and for all

m € N we have D,, > w and thus,

< — <. (C.9)

gl

1

Dy,
By hypothesis we have that there exists an M > 0 such that g(H™),g(0"),
29(H7),%(07) < M < oo and 327‘3 < M in (0, H). Note also that 0 < z; < z5 < ...

Then, we have

|Nu| <&[2M + MH|H + MH + H*[2M + HM] . (C.10)
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Thus, from (C.9) and (C.10), we have that for all m € N

- N, M
|C’m|:‘D— §E{d(2+H)H+H+H2(2+H)}<oo, (C.11)
i.e., Cy, is uniformly bounded for all m € N. O

C.3 Justification of order interchange between derivatives,

integral and infinite summation
Lemma C.2. The series in (3.3)-(3.6) with coefficients

(s,r)
A(s,r) L Bn,m,i

o 22, [% sinh (z,,) + cosh (zm)]

and B®". < Mn7s7r/,qu7~b/2 with M, s, > 0 are such that

1. The order of first derivatives and summation can be interchanged in [0, H]?,
2. The order of second derivatives and summation can be interchanged in (0, H)?,

3. The order of the integral over [0, H|, first derivatives and summation can be

interchanged.

Proof. We present the proof for the case ¢ = 1, but a similar procedure can be used
for the proof in the cases 1 = 2, 3, 4.

We have that

s, - B’r(Ls’;’:L)Z
et (@y) =Y —— o G @) (H — ).
—l 2 [% sinh (2,,) + cosh (zm)]
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Note that

S
P o G (@) (H — y) =
— [% sinh (2,,) + cosh (zm)]
= B
Z 6 _ — gbm(x)qu)m(H - y)
— 22 [% sinh (2,,) + cosh (zm)}

if the series in the r.h.s of the above equation converges uniformly. Thus in order to

prove parts 1 and 2 of the lemma, it suffices to show that

> B(S,'f‘).
o . e O ()0 (H — y) (C.12)
=1 22, [% sinh (2,,,) + cosh (2,,)

converges uniformly for o = (0,1), o = (1,0) in [0, H]? and for o = (0,1), ¢ = (1,0)

in (0, H)?.
Since B,(fn?z < M,,,/=/*, then we have that Bffn?l = 07257;)@ 2/ with
M. < M. Then
(o) oo C(s,r)‘
i (y) = Y s O (@) m(H —y).  (C.13)
m=1 Zm [% sinh (z,,) 4+ cosh (zm)]
We have that
[ (s,7)
0 Cnmi
Z a_ 5/2 _ — ¢m(x)wm(H - y) -
1 %Y\ 2z [% sinh (2,,) + cosh (zm)]
S 6ul2) 2 (B — ).
m=1 Zm [% sinh (z,,) + cosh (zm)] Yy

129



Note that

% (H —y)

Zm [% sinh (2,,) + cosh (Zm)]

Z* cosh(y — H) + 2= sinh(y — H)
Zm [% sinh (2,,) + cosh (z,,)

1 22 +tanh(y — H) cosh (H — y)2m)
2 tanh(z,) + 1 cosh(z,)

()

In the last inequality we used the fact that cosh ((H —y)z,) < cosh(z,) for

H
1
H

€ [0, H], |tanh(H —y)| <1 for all y € [0, H], and m <1.

Then
Z 37 2 — ﬁ%(ﬂﬁ)a—(ﬂ —y) <
m=1 Zmm [% sinh (2,,) + cosh (zm)] Yy
oo (577") 6’[[]_"" —
Z On,m,i dy (H y)
o [% sinh (z,,) + cosh (zm)}
1 (& |
— | —4+1) M, — < 0.
(5 g
Thus the series in (C.12) converges uniformly in [0, H]? for o = (0, 1).
Note that
0 1 Zm X Zm X 1 _
— = — lacos(Z%2) — 2, sin(22)| < = . .
axgbm(x) i [acos( Vi ) — Zm sin( I )} =g (@ + zm) (C.14)

Also ¥, (H —y) < [% sinh (z,,) + cosh (zm)] for y in [0, H].
Then for o = (1,0) we have

= 9 okt

Z a_ 5/2 _ — gbm(x)d)m(H - y) S
m=1 Y% \ 2 [% sinh (z,,) + cosh (zm)}

> 1 [ a 1

Z Mn,s,rﬁ (; + 1) —Zgl(m@) < Q.
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Hence, the series in (C.12) converges uniformly in [0, H]? for o = (1,0). We have that

82¢m 1 : ZmL 2 AmL
W(w) = [Zm sm(F) -2z COS(F)} (C.15)
Note that
& e zm(y—H zm(y—H
bo(H — ) - Zsmh( (% )> + cosh (—(Z )> ©16)
2 sinh (2,) + cosh (zm)} [% sinh (2,,) + cosh (zm)]
2 tanh (—) + 1 cosh (—Zm(y H)>

)

[% tanh (z,,) + 1} cosh(z,)

and for y € (0, H)

Zm (H— z2m(H—y
cosh <%> 1 +e_2<#) G
= em m TEm (C.17)
cosh(z,,) 1+ e2m
1+ 6_2<W) —zmy
= H
1+e22m
1
S 2 5"
2 (#)
Then we have for o = (2,0) and 0 < y < H that
g G ()l )
_ m\ L) Pm\ 41 —Y) =
. 9a? 5 [% sinh (z,,) + cosh (zm)}
> o) 1[ Zm® Zm® Ym(H —y)
it sin(TR2) — 22 cos(Z2 )] - i <
mz—:l o H? H H [% sinh (2,,) + cosh (zm)]

() s,r o Zm (y—H)
Cn m)l 1 2T ) o e tanh ( i ) +1 1
~ E 2{2 ﬁ |:Zm SlH(7> — Zm COS( I >i| 2Z )2

[% tanh (z,,,) + 1}
MnST 1
< 1 1

mlm

Consequently, the series in (C.12) converges uniformly in (0, H)? for o = (2,0).
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Finally, we analyze the case o = (0,2). We have that

L (Wm(H — y)) 2 u(H—y)
sinh(z,,) + cosh(zy,) 2 & sinh(2,) + cosh(zy,)

2 tanh (%) +1 5
2 (%)

[% tanh (z,,) + 1}

a ZM( *H)
ﬁtanh(yT) +1 <2>

[% tanh (z,,) + 1}

a
H

A
SERe

IA

where in the second to last inequality we used (C.16) and (C.17).

Then, for o = (0,2) and 0 < y < H, we have

i Crrmim(@)m (H — y)
L= oy \ Lo [% sinh (z,,) + cosh (zm)}

0o (T & B
Zcfé’/"é?%m(x)[ (e tomtit =)
m=1 m

= Mn,s,r « 1
Z 5/2 z_1+

m=1 Zm

IN

2= sinh (2,,) + cosh (zm)}

2 tanh (%) +1,
— =

[%tanh(zm)qu} Y
& 2 9 00
M, or ——i—l) — z;r’n/2<oo.

Thus, the series in (C.12) converges uniformly in (0, H)? for ¢ = (0,2), and therefore
the proof is complete.

Note that the summation sign and the integral of a series commute if the series
converges absolutely. In the proof of part 1. we have shown that (C.12) converges

absolutely and uniformly in [0, H]?. From this fact, part 3. of the lemma follows. [
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C.4 Identities of the coefficients for the case of decomposi-

tion with cross-points

Lemma C.3. Consider the series expansion of nfj;” (the i — th part of the local
error of an interior subdomain) from equations (3.3)-(3.6), i = 1,2,3,4. Let ugy be
the initial approximation of the solution of (3.1) and such that the initial error ng is
C3((0,Ly) x (0, Ly)). Let Sy :={(s,r): 1 <s<pl<r<gq}, So:={(s,7):1<s<
pr=1}U{(s,r): 1 <s<pr=1yU{(s,r):1<r<gqgs=1}U{(s,r):1<r<
q,s =p}, S :={(s,7) : s € 1,p,r € 1,q}, i.e., Sy is the set of indexes for interior
subdomains, Sy is the set of indexes of the subdomains touching the boundaries which
are not on the corners and Ss are the set indexes of subdomains lying on the corners.

Then, for alln € N, we have for (s,r) € Sy that

B(Svr)'
() _ nmi , (3.12)

22, [Zi sinh (2,,) + cosh (zm)]

n,m,t

for (s,r) € Sy that
(s,r)

Alen), = Pami__ (3.13)
It 22 cosh(zy,)

and for (s,r) € Ss that

(@ +1/2m) Bui -
22 cosh(z,) (3:.14)

A(S,T) _

n,m,i

where BET < Musr for gllm € N and some M, ., > 0. Also, the series (3.3)-(3.6)

nm, — 2%2

are uniformly convergent.

Proof. We present the proof for the case of interior subdomains and where i = 1,
but a similar procedure can be applied for the cases ¢ = 2,3,4 and for subdomains
touching the boundary. We prove by induction. Let us first consider the case n = 1.

Let

a S, r— S, r—
Goa(x) := (_f)_ym()’ D4 om[()’ 1)> (x, H — 27). (C.18)
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i.e., go1 is the right hand side of the non-homogeneous boundary condition from
the equations defining 7, ;. By hypothesis the initial approximation u, is such that
the initial error 7y is C®((0, L1) % (0, Ly)) (e.g., up = 0). Then, go; satisfies the
hypothesis of Lemma C'1.

Consequently, by Lemma C.1 there exist {Cfi;:?l}meN and {C,,}men such that

- s,r a ZmT ZmT
Goa(x) = mZ:l Cim?l [Z sin (7) + cos <F>] : (C.19)
where B
C(s,r) o Cﬁ;r?;,)l
1,m,1 — 22 )

with {C_’fsn:)l} uniformly bounded in m € N. Let us define

meN

o) C’fsr,:)l [% sinh (z,,) + cosh (zm)]
Bl ;n,l - _ .
, <zm + %) sinh(z,,) + 2a cosh(z,,)

Since & > 0, tanh(z,) < 1 forall m € N, 0 < 23 < 29 < ..., and 0 < tanh(z) <

tanh(zo) < ..., it follows that

|2 sinh (z,) + cosh (=) = fanh(s,) + 1

(2 + 22) sinh(z,) + 20 cosh(zp) ) [(1 N (%f) tanh(z,) + 2_a}

Zm

2 tanh(z,) + 1

<

~  zptanh(z,,)

< 1 Q " 1

= zm \zm  tanh(z,)
<

1 Q N 1
Zm \ 21 tanh(z) /)’

Thus, with M, ,, = C_’fsn:)l (@/z1 + 1/ tanh(zy)) and M, = ]\7[175,7«/,2%/2, we have

(s,r) Ml,s,r Ml,s,r Ml,s,'r Ml,s,r
|B ‘ < = < =
Lm1l =, 1/2 1/2 — _1/2 1/2 1/2
m Zm Zm Z1' Zm Zm
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for all m € N. Then, there exists {Df;,?l}meN such that

(s:7)

B(s,r) o Dl,m,l
1,m,1 — 1/2
Zm

and D§Smr)1 < M, for all m € N. Let

ey = Y AE Zet ol =

=1 22, | 2 sinh (2,) + cosh (2,

2. n

S Dih
m—=1 Zm [% sinh (z,,) + cosh (z,,)

} ¢m(x)wm(H - y)'

Let & be a multi-index. In Lemma C.2 it is shown that the derivative and the

summation permute with each other, i.e.,

D)

] O (2)Ym(H —y) =

m=1 Zm [% sinh (z,,) 4 cosh (2,,)

Diwh

- Gm ()P (H = y)
m=1  Zm [zim sinh (z,,) + cosh (zm)}
in [0, H)? for & = (1,0),5 = (0, 1) and in (0, H)? for & = (2,0),5 = (0,2).
Then, since A(¢p(2)m(H —y)) = 0 in (0, H)? and the order of derivatives and

summation interchange, we have that

o0 (57) . B
Avfay) = 3 [ LriimaBOnl)n(H =)

= 0.
o\ 252 [% sinh (z,,) + cosh (zm)]

Also,

9) D(s,r) (_dém + Y OV,
(-5 +a) oo =3 s (2 4 00m) )| _
Oz e \ 2 [% sinh (z,,) + cosh (zm)}
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since (—% + ady) (0) =0,

=1

0 s DY i (22 4 ag,) (H)m(y) |
(3 +a) (H) = Z ( 5;; [_msmh(zm)—f—cosh(zm)] ) -0

since (% + agy) (H) =0 and

CADECUE

m=1

( D (2 + adn) (0 ¢@g0
52 [— sinh (z,,) + cosh (zm)} " 7

since (‘Zﬁ—y’” + aqu) (H)=0.

Now, note that

o D) (d¢m+awm>( —y)

n+1,m,i
mzzl Pl [— sinh (z,,) + cosh (zm)}
D(S,r)7 ¢m(x) [(zm 4 & - ) sinh (zm 7 ) + 2« COSh( Ty)}

i n+1,m,:
2l? [ - sinh (z,,,) + cosh (zm)}

Om(z) =
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Then for y = 0 we have

—a—y-i-Oé

( 0 ) @.0) o0 Dniﬁ)m@m( ) (Zm + %) sinh(z,,) + 2a cosh(zm):

2l? Z% sinh (z,,) + cosh (zm)]

3

0o Béiq)7m7l¢m(a:) _(zm + %) sinh(z,,) + 2& cosh(zm)_

m—1 22, [% sinh (z,,) 4+ cosh (zm)]
- C_Yr(zsml)m 1
- Z ; 20
m=1 m

a s,T s,T
= g(.f(]>:< a nn 11+O”7n 11) (I,H—2’7)

s;r)

Thus, v solves the equations defining 771 1 . Consequently, 771 1’ = v. Then, we can

define Alsn?l as

By
22 [% sinh (2,,) + cosh (zm)]

Agsn:,)l -

Recall that stn?l < Mp/z? for all m € N.

Now it remains to show that if (3.12)-(3.14) hold for the step n then they hold for
the step (n+1). To that end, let g,,1(x) = <_a_y + a) ne Y@, H—27), i.e., gn1 is the
r.h.s of the non-homogeneous boundary condition from the equations defining 7,7, ;.

Let us define Eﬁﬂz) as the coefficients of the expansion of g, 1 () in the basis given by

{% sin (222) + cos (Z}rf)} o Thus,

o) = 322157 [ o (57) oon (57)]

and

El(s,r) _

n,m

Jo gnalz) (—m sin (% i : (C.20)

Jy" (2 sin (357) + cos (57) ) e
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Let us define

(o) ET(LSTZ)Z2 [ < sinh (z,,) + cosh (zm)]
anjkrl,m,l = - )

- (C.21)
(zm + j—m> sinh(zy,) + 2a cosh(z,)

We shall see that these are indeed the coefficients we need in (3.12)-(3.14). We then

write
Bf:l)m 1 [(zm + %) sinh(z,,) + 2a cosh(zm)}

22 [% sinh (z,,) + cosh (zm)]

E(S,T) _

n,m

(C.22)

Following the decomposition of the error into four parts as in (3.3)-(3.6), we have

that
- 0 (s,r—1)
gna(z) = ; (_a_y + a> ke )z, H — 2v). (C.23)

(s,r—1)

n,t

By the inductive hypothesis we have that 7 is given by the series in (3.3)-(3.6)

with the coefficients A} - ! given by

(s,r—1)
A(&T—-l) _ Bn,m,i
o 22, | 2 sinh (2,,) + cosh (2,)
where Bff%ll) < Tf/‘;’", Le.,
00 B(s,r—ll)
e (@ y) =Y —— . G () (H — 1), (C.24)
m=1 22, [% sinh (z,,) 4+ cosh (zm)]
(o) 00 B(s,r;l)
Moy () = > ——— - =6 () (), (C.25)
m=1 2, | 2= sinh (z,,) + cosh (z,,)
(o) 0 B(s r 31)
My (2,y) =Y —— = O (T) Y (y), (C.26)
m=1 23, | = sinh (z,,) + cosh (z,,)
(o) 00 B(s,r;l)
i (2,y) = ) — = Pm(Y)¥m(H — ). (C.27)
m=1 22, [% sinh (z,,) + cosh (zm)]
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Then, multiplying both sides of (C.23) by ¢,,(x) and integrating over [0, H] we

obtain

T

S— S

H ( <__ + 0‘) i (e, H — 27)) P () da =

(sr 1)

Dnm / G (@) Pp () (x)da (ﬁb—ym + awm> (27)

— zfn [Zi sinh (z,,) + cosh ( zm

By Y Ao
_ b k] - m d m -
+ / Un(2)0() ( T o )(H 27)

m=1 22, | 2= sinh (z,,) + cosh (zm)

00 B(s,r—l)
+ Do - / () das(ﬁm@wm)( ~9y)

m=1 22, | = sinh (z,,) + cosh (zm)

00 B(s,r—l) —d .
+ Z - — n,m,1 _ / wm ¢kdﬂf ( d:(gb + 05¢m> (H — 2")/)

m=1 Zp, | 2 sinh (z;,) + cosh (zm)

8

Note that we have interchanged the order of the summation, derivatives and integrals
in the right hand side of the above equation. These order interchanges are justified
in Lemma C.2.

Let 4 = 7/ H be the normalized overlap. Using (C.22) and (C.28) in (C.20), eval-

uating the integrals and then solving for Bff_gml we obtain the following expression
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(2 + 2 sinh (272) + 26 cosh (29)

(s,7)
Bnirlkl

By (C.29)
i n,k,1
(zk + ‘;—) sinh (zx) + 2a cosh (zx)

o (428 [a tanh(z;) + 1} ( + %) sin (1 = 27)2m)

+
me1 [(zk + Z) tanh(zx) + 207} 22, (zm2} + 223,)
{tanh(zp,) [a(z} + 22,) sin(zx) — 2k(62 — 22,) cos(z)| + 2zm (&% + 27) sin(z;) } B
[% tanh(z,,) + 1} [(22) — a?sin(2z;) + 22,(@% + 27 + @) — 2az;, cos(22;)] e
a2 . _
. (—zk + 5) sinh ((1 — 27%)z) (s.r1)

_ n,k
(zk + ‘;‘—2) sinh (z) + 2accosh (zx) ?

N i 427 [0‘ tanh(zg) + 1} ( + %) sin (1 — 29)zm)

2 (o 2) o) 28] o 1

{tanh(2m>2k(@2 +25) = Zm [ 202y + (e Zk)s?é:ﬁz:j)a% COS(Zk)} } (s,r—1)
n,m,4
[ < tanh(zy,) + 1} [(22) — a?sin(2z1) + 22,(@% + 27 + @) — 2dz;, cos(22;)]

In the Result C.4 it is shown that B +1 r.1» defined by (C.29), satisfies the inequality

(s,r) Mnii,s,r . s,r - Dn+1 k,1 EN
Bn+1,k,1 < VR Therefore, we can write Bn+1,k,1 = with D> k] S Myiq s
k

Now, let
o - quil m,i
o(wy) = Y —— G ()0 () (C30)
m—1 22, [% sinh (2,,) + cosh (zm)]
00 Ds,r A
=Y ot lmy D (2) UV (1) (C.31)

o1 20 [% sinh (z,,) + cosh (zm)]

By a similar reasoning as done before for v, we can see that © solves all the

equations defining 7,,+11. Consequently, 7,111 = 0. Therefore, defining A" as

n+1,m,.

(s,7)
As T L Bn+1,m,i
n+lm, = 9 5 . )
Zp, |- sinh (25,) + cosh (z,,)
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and using (C.30) we obtain

s,T _ - B:T m,i
) =0@y) = Y —— A Gm (@) (H — 1)
— [% sinh (2,,) + cosh (zm)]
= > A Gum(@) i (H —y)
m=1

Thus, we just showed for ¢ = 1 that if (3.12) holds for the step n, then it also holds
for step n + 1. Then, since (3.12) holds for n = 1 when ¢ = 1, it holds for every n.
The same result can be obtained for AELS;L)Z with i = 2,3,4.

Finally, we show that each of the series of (3.3)-(3.6) with the coefficients Aﬁfﬁ,m,i

given by (3.12) are uniformly convergent. We show this for i = 1, but the same

reasoning follows for i = 2,3,4. We have that

s,Tr - B'f(ls';:l)
ot (@ y) =D —— S On(@)n(H —y).  (C32)
m=1 22, [% sinh (z,,) + cosh (zm)]

Since cosh (@) and sinh (W) are decreasing functions of y and their maxi-

mum values are attained at y = 0, ie., cosh (%) < cosh(z,,) and

sinh (#) < sinh(z,,), we have

bl —g) || [0 (22 +com (=) ]|

[% sinh (z,,) + cosh (zm)] [% sinh (z,) + cosh (Zm)]

Then using (C.33), and since |B(S’T) | < M, ,/7 and

n,m,1

)] = | Zsin (220) 4 cos (1) | < & 41,

m
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we have

= Bimn

m=1 22, [% sinh (z,,) + cosh (z,)

M, [ & =1
— | —+1 — < 09,
e (L40)3 S

m=1 """

i.e., the above series converges absolutely and uniformly. In the last inequality we used

the fact that Z% < 00, which is shown in the subsection C.1. O

C.5 Bound on the growth of the coefficients

Result C.4. The coefficients Bfiq),m defined in (C.29) are such that

B(s,'r’) < Mn+1,5,7"
n+1l,k1 = 1/2
K

for some M, 41, > 0 and all £ € N.

Proof. From equation (C.29) we have
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BY, = BYY (C.34)

(zk + ‘3—:) sinh (27zx) + 2& cosh (27zy,)
(zk + 0;‘—5) sinh (zy) + 2a cosh (zy)
2 tanh(z) + 1] (zm + a—m) sin (1 — 29)2)

<Zk —+ %j) tanh(zk) + Qd] Zrzn (Zng + Zkz?n)
)

{tanh(z,,) [@(22 + 22) sin(zx) — zx(@% — 22)) cos(2x)] + zm(@% + 27) sin(zx) }
[% tanh(z,,) + 1} [(22) — a2sin(2zx) + 22, (% + 27 + &) — 2az; cos(22)]
(—zk n a—) sinh (1 — 29)21)
<zk + ?—j) sinh (zx) + 2a cosh (zx)
. i 427 [% tanh(zy) + 1] (zm - %) sin (1 — 2%)z,)

=1 [(zk + f—j) tanh(z) + 264] 22 (zmzd + 223)

(&% —27) sin(zy,)+2az, cos(zy)
cosh(zm)

B(s,rfl)

n,m,2

B(s,rfl)

+ n,k,3

{tanh(zm)zk(d2 +22) — 2m [—QO’zzk +

B(s,r—l)

n,m,4

[% tanh(z,,) + 1] [(22) — a?sin(2z;) + 22¢(@% + 27 + @) — 2azy, cos(2zy,)]

Let
(1) s+ 200
tl = ‘

(zk + i‘—:) sinh (z;) + 2@ cosh (z,)
Then we have

a? = =
(zk + Z) tanh (2y2;) + 20 oqp (2721)

t = )
(zk + i‘—j) tanh (zx) + 2 cosh (z)

Note that

cosh (2yzp) €2 4 e 2% 14 e % 23 1 4 e P

cosh (z) e%* +e = 1+e 2% e 1+ e 2%

] 2 2
< 9o (1-29)a _
Q=22 (1-29)5/%2"
2 Cy

1-2m275" " 5/

IA
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Also, since tanh (29z;) < tanh(z;) for 25 < 1, we have

(zk + ‘2—:) tanh (29z;) + 2
<1-

<zk + ‘;“—:) tanh (z;) + 2

Then, |t1] < Cy/z,/? for all k € N.
Similarly, letting

(—zk + a—) sinh (1 — 29)2)
t3 —- )

(zk + ‘j—:) sinh (zj) + 2a cosh (z)

we have that |t3] < 03/211/2 for some C3 > 0 and all £ € N.

Now, let

42 [% tanh(zy) + 1} (zm v a%) sin (1 — 27)2m)
t27k = - X
sz + 2‘—5 tanh(zy) + 2@} 22, (zm2) + 2123,)
{tanh(zm) [a(z] + 22,) sin(zk) — z,(@% — 22,) cos(zk)] + zm(a* + 27) sin(zx) }

[% tanh(zm) + 1} [(22) — a2 sin(2z;,) 4 221,(02 + 27 + @) — 2azy, cos(22;)]

o [ 4z [i tanh(zy) + 1] <zm + %) sin ((1 — 29)z)

5
k
m—1 [(zk + 5‘—2> tanh(z;) + 207] 22 (223 + 223)

2k

B(sg’—l)

n,m,2

{tanh(z,,) [a(2? + 22)) sin(z;) — 2,(a® — 22) cos(zi)] + zm(@* + 23) sin(z;) }
1

m

i -1 99y
< D ltanlI B2 | € D ltasl =55 = Musr D ltonl =75
m=1 m=1 m=1 Zm

Zm
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Similarly, we define

427 [% tanh(zg) + 1] (Zm + %) sin (1 — 29)z)

[(Zk + %j) tanh(zy) + 264] 22 (zmzd + 223)
(&% —23) sin(zg)+2azy, cos(zk)] }

cosh(zm)

Ly

{tanh(zm)zk(072 +22) — 2 [—Z@zk +

[ tan(z,) + 1] [(27) — a2 sin(225) + 22402 + 27 + @) — 205 cos(22.)
and we have

o (42 [ tanh(zy) + 1] ( + a—j) sin (1 — 27)2)

| [(zk + ‘;‘—k> tanh(zx) + 264] 22 (zmzy + 223)
(&% —22) sin(zg,)+2azy, cos(zk)] }

cosh(zm)

3

{tanh(zm)zk(o‘z2 +22) — 2m [—Q@Zk + (s,7—1)
n,;n,4

h(z,) + 1] [(22) — a?sin(2zg) + 22(62 + 27 + @) — 20z cos(2z)]

1

1)

nsnr;4 | < Z 2% T/ZT = M s Z |t4,k|ﬁ )
m=1 Zm

2 ngl

m=1

0.8r

0.6 -

0.4 . . . .
0 2000 4000 6000 8000 10000

k
Figure C.2: z;/QSQ,k vs. k for @ = 0.7 and 4 = 0.01

Let So g =Y oo |ta k| == and Syp = Do |tax| - In Figures C.2 and C.3, plots
of z,i/ ZSQJC vs. k and z;/ 2,5'47;c vs. k, respectively, are presented for fixed values of & and

~. For any value of @ and 7 the graphs Z;/zSM vs. k and z;/2547k vs. k look qualita-
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k

Figure C.3: zi/254,k vs. k for & = 0.7 and ¥ = 0.01

tively the same as in those figures. In the plots we observe that z;S5, = 2pSar < C
for some C' = C(a,%) > 0. This implies that |Sa x|, [Sux| < C’/zk Consequently,

we have

o |4z [Q tanh(z;) + 1] <zm + %) sin ((1 —2%)z,)

> tanh(zy,) + 207] 22 (223 + 223)

/N
N
B
_|_
|Q|

{tanh(z,,) [a(22 + 22)) sin(z;) — 2x(a® — 22) cos(zi)] + zm (% + 22) sin(zk)}B(M_Zl)
[ < tanh(z,,) + 1} [(22) — a2sin(22;) + 22,(@% + 27 + @) — 2az cos(22)]
C

< —
172

and

427 [ tanh(zy,) + 1] ( + a—) sin (1 — 29)2m)
[(zk + 2 > tanh(z;) + 2a] 22 (zmzy + 223)
(&% —22) sin(zg)+2azy, cos(zk)] }

cosh(zm)

oS
m=1

{tanh(zm)zk(c’v2 +22) — 2m [—207zk -
B(sm—l)

n,m,4

3 |Q|

tanh(z,,) + 1] [(22) — a2 sin(2zg) + 22,(a2 + 22 + &) — 2z, cos(22)]

E
C
Sl—/
2k
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for all k¥ € N.

Using the results from above we have that

Breal < 10lIB T+ D sl Bia |+ 1tsl + Y tasl | Broma”|
m=1 m=1
(Cl +C + 03 + C)Mn,s,r
= 1/2 '
2k
Therefore, with M,1s, = (C; + C + C3 + C)M,,s,, we have that
s, Mpi1,s,r

Bl < M .
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