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ABSTRACT

Exchange-correlation kernel within time-dependent density functional theory for
ground-state and excited-state properties

by

Niraj Kumar Nepal

Chair: Adrienn Ruzsinszky

The exact exchange-correlation kernel is a functional derivative of the exact time-dependent

exchange-correlation (XC) potential with respect to the time-dependent density, evaluated

at the ground-state density. As the XC potential is not known, the exact kernel is also un-

available. Therefore, it must be modeled either using many-body perturbation theory or by

satisfying the exact constraints for various prototype systems such as the paradigm uniform

electron gas (UEG). The random phase approximation (RPA) neglects the kernel, therefore,

fails to provide the accurate ground- and excited-state properties for various systems from

a simple uniform electron gas to more complex periodic ones. There are numerous cor-

rections to RPA available, including kernel-corrected RPA, often called the beyond-RPA

(bRPA) methods.

In this work, we employed various bRPA methods for a diverse set of systems together

with RPA. At first, we applied RPA based methods to study the phase stability of the ce-

sium halides. Cesium halides phase stability is one of the stringent tests for a density

functional approximation to assess its accuracy for dispersion interaction. Experimentally,

CsF prefers the rocksalt (B1) phase, while the other halides CsCl, CsBr, and CsI prefer

the cesium chloride (B2) phase. Without dispersion interaction, PBE and PBE0 predict all

halides to prefer the B1 phase. However, all RPA based methods predict the experimental

observations. The bRPA methods usually improve the quantitative prediction over RPA

for the ground-state equilibrium properties of cesium halides. Next, we explored binary
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intermetallic alloys, where we showed that RPA successfully predicts the accurate forma-

tion energies of weakly bonded alloys. However, a kernel corrected RPA is needed when

dealing with strongly bonded alloys with partially filled d-band metals. We utilized the

renormalized ALDA (rALDA) and rAPBE kernel as bRPA methods.

Exact constraints and appropriate norms such as the uniform electron gas are very useful

to construct various approximations for the exchange-correlation potentials in the ground-

state, and the exchange-correlation kernel in the linear-response theory within the TDDFT.

These mathematical formulations not only guide us to formulate more robust nonempirical

methods, but they also have more predictive power. We showed the importance of these

constraints by calculating plasmon dispersion of the uniform electron gas using the non-

local, energy-optimized (NEO) kernel using only a few constraints. More predictive power

comes with more constraint satisfaction. As a result, we developed a new wavevector-

and frequency-dependent exchange-correlation kernel that satisfies all the constraints that

it should satisfy with a real frequency. It gives accurate ground-state correlation energy and

describes the charge density wave in low-density UEG. It also predicts an accurate plasmon

dispersion with a finite lifetime at wavevectors less than the critical one, where the plasmon

dispersion meets the electron-hole continuum.
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CHAPTER 1

GROUND-STATE DENSITY FUNCTIONAL THEORY

(DFT)

The many-body wavefunction obtained by solving the time-independent Schrödinger’s

equation carries a plethora of information about the behavior of an electron in the presence

of an external potential (nuclear potential in the ground-state). With the Born-Oppenheimer

approximation [1], we assume the motion of nuclei can be neglected due to their heavy mass

compared to that of electrons. Now, one can separate a time-independent non-relativistic

Schrödinger’s equation for N electrons within the nuclear potentials as

Hψ = εψ. (1.0-1)

Here, H is the non-relativistic spin-independent Hamiltonian that mainly consists of three

terms, (a) the kinetic energy operator −∑N
i

∇2

2 , (b) the external potential ∑N
i v(ri), and

(c) the electron-electron interaction ∑N
i< j

1
|ri−r j| . ψ = ψ(x1,x2, ...,xN) is the many-particle

wavefunction, where the xi’s represent a mixture of both spatial and spin coordinates. ε is

an eigenvalue representing the total energy of the system. One can solve Eq. 1.0-1 exactly

only for one electron hydrogen-like system (one nuclei with a single electron). However,

solving it for many electron system is not an easy task due to connected motion of electrons.

Wavefunction theory can provide an effective way to decouple the correlated motion

of electrons. Hartree devised a self-consistent-field method (SCF) of finding an effective

interacting potential that an electron experiences in the presence of nuclei and other N-1
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electrons [2]. Later, Fock (Hartree-Fock (HF) method) [3] included the Pauli’s exclusion

principle that a fermion must satisfy by utilizing a Slater determinant of spin orbitals as a

many-body antisymmetrized wavefunction. These methods miss an important correlation

part. Therefore various post-HF methods have been developed to incorporate the elec-

tron correlations in wavefunction theory such as configuration interaction (CI) [4], Mφ ller-

Plesset perturbation theory (MP2, MP3, MP4, etc.) [5], coupled-cluster (CC) method [6],

etc. However, they are mostly feasible for finite systems such as atoms and molecules. They

become inefficient and cumbersome for solids, as the computational costs can skyrocket as

(N4−N6) with particle numbers increasing to Avogadro’s number N ∼ 1028 [7]. An alter-

native approach that is simultaneously accurate as well as computationally efficient, can

be achieved with the electronic density replacing the wavefunction. Similar to wavefunc-

tion theory that uses the wavefunction, this theory using the electronic density as its basic

variable is called the density functional theory (DFT). Density functional theory (DFT) is a

robust electronic-structure method, widely developed and used in different fields of science.

It uses the three-dimensional electronic density n(r) instead of 3N dimensional wave func-

tion ψ(r1,r2, ....,rN) to solve the quantum-mechanical many-body Schrödinger’s equation.

The history of using the electron density as a variable in the quantum mechanical problem

began a long time before the Hohenberg−Kohn (HK) theorems (will discuss later) around

the 1920s by two theorists Llewellyn Thomas [8] and Enrico Fermi [9]. The work of

Thomas laid out an assumption: “Electrons are distributed uniformly in the six-dimensional

phase space for the motion of an electron at the rate of two for each h3 of volume,” and that

there is an effective potential field that “is itself determined by the nuclear charge and

this distribution of electrons [8].” One can write the total energy of the system under the

2



assumption of a simpler Thomas-Fermi (TF) model as

ET F [n(r)] =
3
5
(3π

2)5/3
ˆ

d3rn5/3(r)+
ˆ

d3r n(r)v(r)+
1
2

ˆ
d3r
ˆ

d3r′
n(r)n(r′)
|r− r′|

.

(1.0-2)

Here, the first term is the kinetic energy of independent particles under the influence of an

external potential, which is given by the second term. The electron-electron interactions are

simply represented by a classical Coulomb (or Hartree) interaction (the third term). This

theory has two limitations [10]: (1) the kinetic energy is a crude approximation to the real

one which is the largest source of error, and (2) it misses the important exchange-correlation

energy, nature’s glue, therefore, it does not bind atoms into the molecules. There were nu-

merous attempts to overcome these limitations, but none of them were successful due to

the oversimplified model of a complex real system.

DFT is based on two assumptions provided by Hohenberg and Kohn in 1964, also

known as the Hohenberg−Kohn (HK) theorems [11]. One of the theorem establishes a

one-to-one correspondence between one-body external potentials and one-body electron

densities, whereas the other discusses the variational principle that leads to the minimum

ground-state energy when an electron density becomes the exact ground-state density. Now,

one can write the total energy of a many-body system as a functional of the ground-state

density as

E[n(r)] = T [n(r)]+Eext [n(r)]+Eee[n(r)], (1.0-3)

where T[n] is an interacting kinetic energy. Eext [n] =
´

drn(r)vext(r) and Eee[n] are energies

due to external potential and electron-electron interaction respectively. The electron density

can be computed as

n(r) = N ∑
σ

∑
σ2

...∑
σN

ˆ
dr2

ˆ
dr3...

ˆ
drN |ψ(r,σ ,r2,σ2, ...,rN ,σN)|2. (1.0-4)
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Now, T [n(r)]+Eee[n(r)] is independent of the external potential, and it is called a universal

functional (FHK[n]) of density n(r). The application of the variational principle on Eq. 1.0-3

leads to the Euler-Lagrange’s equation for the density n(r) that minimizes E[n(r)],

µ =
δE[n]
δn(r)

= v(r)+
δFHK[n]

δn(r)
. (1.0-5)

Here µ is the chemical potential and also the Lagrange’s multiplier associated with the con-

straint
´

n(r)dr = N. If one has an exact form of the universal functional FHK[n], then Eqs.

1.0-3 and 1.0-5 would be the equations for the exact density. Unfortunately, it is difficult to

realize these theorems in an application-perspective for real systems, as an explicit closed

form of FHK[n] is not known yet or it is difficult to formulate. In addition, the HK theorems

are only valid for the non-degenerate ground-state (HK 1st theorem) and v-representable

densities (HK 2nd theorem). However, there are situations where the systems have degen-

erate ground-states. Also, there could be the density that is essentially non v-representable

[12]. In those situations, one cannot obtain the ground-state properties as functionals of

the electronic density as the HK theorem suggests. An alternative approach to circumvent

the problem would be to satisfy a much weaker condition for the density that goes into

both the functional as well as in the variational principle: N-representability. A density

that can be obtained from an antisymmetric wavefunction satisfies this condition. For any

N-representable density n(r), the following conditions hold true:

n(r)≥ 0,
ˆ

n(r)dr = N,

ˆ
|∇n(r)1/2|2dr < ∞ (1.0-6)

The constrained-search method, devised by Levy in 1979 [13], eliminates the issues of

v−representability of the HK theorem and provides the recipe to find the universal func-
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tional

FHK[n0] =< Ψ0|T̂ +V̂ee|Ψ0 >

= Min
Ψ→n0

< Ψ|T̂ +V̂ee|Ψ > . (1.0-7)

Here, among all the wavefunctions that gives the same density n0, the ground-state wave-

function Ψ0 minimizes the FHK[n0].

1.1 Kohn-Sham Formalism:

Even though the HK theorem established a basis for DFT, it has still been impractical to

be used for many-body calculations as it has not provided a recipe to calculate FHK[n].

Later Kohn and Sham (KS), in 1965, provided a breakthrough to deal with the many-body

interacting system by converting it to a simple one-body noninteracting system with the

same density as that of the interacting one in the presence of one-body effective potential,

called Kohn-Sham potential [14]. It is similar to HF, however, it explicitly includes many-

body effects that the HF theory does not. In KS formalism, the total energy of the system

given by Eq. 1.0-3 is rewritten as

E[n(r)] = Ts[n(r)]+Eext [n(r)]+EH [n(r)]+EXC[n(r)], (1.1-8)

where Ts[n(r)] = −1
2 ∑N

i < φi|∇2|φi > is a noninteracting kinetic energy evaluated using

the KS orbitals {φi}, Eext [n(r)] is the external energy, EH [n(r)] = 1
2

´ ´
drdr′ n(r)n(r

′)
|r−r′| is the

classical Hartree energy, and EXC[n(r)] = T − Ts +Eee−EH is the exchange-correlation

energy that contains all the quantum many-body effects. The Euler’s equation becomes

µ = ve f f (r)+
δTs[n]
δn(r)

(1.1-9)
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where the effective KS potential is given as

ve f f (r) = vext(r)+
δEH [n]
δn(r)

+
δEXC[n]
δn(r)

= vext(r)+
1
2

ˆ
dr′

n(r′)
|r− r′|

+ vxc(r) (1.1-10)

Here vxc(r) is the exchange-correlation potential. Now, one can obtain the ground-state

density n(r) that satisfies Eq. 1.1-9 by simply solving N one-body equations

[
−1

2
∇2 + ve f f (r)

]
φi(r) = εiφi(r), (1.1-11)

with n(r) = ∑N
i |φi(r)|2. There are various scenarios when one has to take spin densities

(nσ , σ =↑ or ↓) into account; (a) the external potential is spin-dependent, or (b) for the

standard approximate density functional approximation, but not for the exact one. Here,

Eq. 1.1-8 can be written as

E[n↑,n↓] = Ts[n↑,n↓]+Eext [n↑,n↓]+EH [n↑,n↓]+EXC[n↑,n↓] (1.1-12)

with n↑+n↓ = n(the total density). Similarly, one can write all other equations in terms of

spin densities. The major portion of the total energy can be obtained by computing the first

3 terms in the right-hand side of Eq. 1.1-12, as they are exactly known. The last term called

the exchange-correlation energy that has all the quantum many-body effects, comprises of

a small portion of the total energy, but it is completely unknown. It is a small but important

quantity, also known as nature’s glue as it helps to bind atoms into molecules in DFT. In

the next section, we will discuss this term and its several widely-used approximations.

1.2 Exchange-correlation functional:

We know that the exchange-correlation (XC) energy is defined as

EXC = T −Ts +Eee−EH , (1.2-13)
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where T − Ts gives the kinetic-correlation contribution, and the remaining terms include

a nonclassical part of Eee. In principle, one can obtain an exact expression of the XC-

energy using the adiabatic-connection fluctuation-dissipation theorem (ACFDT) within

time-dependent DFT [15, 16]. However, in practice, we need to approximate the XC-

functionals by satisfying exact constraints and appropriate norms such as uniform electron

gas (UEG). Apart from constructing functionals from exact constraints and appropriate

norms, there are other kinds, empirical or semi-empirical ones, that are fitted to some real

systems. We may list them, but we won’t discuss them in detail. Now, we discuss vari-

ous approximations within an approximate ground-state DFT starting from a simpler local

density approximation (LDA) [14].

1.2.1 Local density approximation (LDA):

It is the simplest form of the XC-functionals purposed by Kohn and Sham (1965).

Assuming a slowly varying density, one can obtain the LDA exchange-correlation energy

as

ELDA
XC [n(r)] =

ˆ
drn(r)εxc(n(r)), (1.2-14)

where εxc(n(r)) is the exchange-correlation energy per particle of uniform electron gas

(UEG), computed only with the electron density. Further, εxc can be decomposed into

a separate exchange (εx) and the correlation part (εc). The exchange part εx of UEG is

defined exactly as −(3/4)(3/π)1/3n1/3, whereas there is no exact analytical form for the

correlation. There are three most popular parametrization of LDA correlation, namely

VWN5 [17], PZ81 [18], and PW92 [19], and these correlations combined with the ex-

change give slightly different LDA (or LSDA) functionals. A corresponding LDA XC-

potential (vLDA
xc [n](r)) is a functional derivative of XC-energy with respect to the density

(δELDA
XC [n]

δn(r) ). The KS single-particle equations can be solved using this potential in Eqs.

1.1-10 and 1.1-11 to obtain the LDA orbitals and energies. Finally, one can calculate the

electron density and the total energy of the system. The spin-polarized version of LDA is
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known as the local spin density approximation (LSDA) [14, 19] in which the XC-energy

takes a form

ELSDA
XC [n↑,n↓] =

ˆ
drn(r)εxc(n↑(r),n↓(r)), (1.2-15)

where εxc(n↑(r),n↓(r)) is the same exchange-correlation energy per particle of UEG, but

computed with spin densities n↑, n↓. The LDA functionals are essentially exact for in-

finite UEG, but are highly inaccurate for inhomogeneous densities. Unlike the Thomas-

Fermi model, LDA does bind the atoms into a molecule. However, it typically overbinds a

molecule, predicts too short bond lengths, severely underestimates the energy barriers, etc

[20].

1.2.2 Generalized-gradient approximations (GGA):

The systematic improvement over LSDA can be achieved at the GGA level with the in-

clusion of gradient of density (∇n) along with the density. GGAs reduce the overestimation

of atomization energies of molecules in LSDA by about a factor of 4, improving underes-

timation of energy barrier by ∼ 30%, etc [20]. In generalized-gradient approximations

(GGAs), the exchange-correlation energy is defined as

EGGA
XC [n↑,n↓] =

ˆ
drn(r) f (n↑(r),n↓(r),∇n↑(r),∇n↓(r)). (1.2-16)

Here, the function f (n↑(r),n↓(r),∇n↑(r),∇n↓(r)) is devised to recover the second-order

gradient expansion for slowly-varying density using the εxc of UEG by satisfying more

exact constraints of the exchange-correlation energy than the LDA does. A highly suc-

cessful GGA functional by Perdew-Burke-Ernzerhof (PBE) satisfies 11 exact constraints,

which has PBE exchange combined with the PBE correlation [21]. Some of the other GGA

functionals can be constructed with the combination of different GGA exchange and GGA

correlation. For example, GGA exchange may include PW91, revPBE [22], PBEsol [23],

RPBE [24], B88 [25], while GGA correlations can be PW91, PBEsol [23], P86 [26], LYP

8



[27, 28], etc. Some popular GGAs are BP86 (B88 + P86), BLYP (B88 + LYP), RPBE

(RPBE + PBE) [24], PBEsol (PBEsol + PBEsol) [23], etc. Though there is a systematic

improvement of GGAs over LSDA, they are not accurate enough compared to experiments

or higher level wavefunction calculations. The bond lengths are mostly overestimated. The

error in energy barriers of the reaction and atomization energies of molecules still remains

intact. Furthermore, they do not provide an accurate description of dispersion interactions,

and also fail to describe strongly-correlated systems [29]. GGAs underestimate the band-

gap of semiconductors and insulators [30, 31].

1.2.3 Meta-generalized gradient approximations (MGGA):

The errors in LDA and GGAs can be systematically reduced with the inclusion of the

meta-GGA (MGGA) ingredients such as the kinetic energy density (τ(r) = ∑N
i |∇φi|2) or

Laplacian of the density (∇2n(r)). More exact constraints need to be satisfied with the

addition of these ingredients that make MGGA functionals more useful for a diverse set of

material’s properties. The MGGA exchange-correlation energy is obtained as

EMGGA
XC [n↑,n↓] =

ˆ
drn(r) f (n↑(r),n↓(r),∇n↑(r),∇n↓(r),τ↑,τ↓,∇2n↑,∇2n↓). (1.2-17)

Some commonly used MGGA functionals are TPSS [32], revTPSS [33, 34], made sim-

ple (MS) functionals (MS0, MS1, MS2) [35, 36], PKZB [37], MO6-L [38], SCAN [39],

etc. Among these functionals, the strongly constrained and appropriately normed (SCAN)

MGGA is more successful in predicting a diverse set of properties as it can describe dif-

ferent bonding situations [40–42]. It satisfies 17 exact constraints that a meta-GGA can

satisfy, and also incorporates an intermediate range of dispersion. It is able to describe a

weak hydrogen bond and the dispersion interaction in some materials [40]. The SCAN-

calculated equilibrium bond-lengths of molecules and the lattice constants of solids are

highly accurate [39]. Meta-GGAs also improve the bandgap of various semiconductors
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and insulators beyond GGAs [43, 44] and also describe some of the strongly-correlated

systems [45–47]. We have utilized the SCAN functional to predict the ground-state equi-

librium properties of monolayer transition metal dichalcogenides (TMDs) [48]. It predicts

the accurate lattice constants and the phase stability of these two dimensional materials. In

addition, we have also explored the effect of mechanical bending on these materials using

thin-plate bending method. Interested reader can consult Ref. [48] for more details.

1.2.4 Errors in semilocal approximations:

Though a meta-GGA at the semilocal level can improve a wide range of properties, two

types of the major source of errors remain uneliminated, (a) absence of a full nonlocality (or

a long-range part), and (b) the self-interaction error. Several attempts have been made to in-

clude the missing nonlocality in semilocal approximation with an additional semi-empirical

dispersion correction to DFT including GGAs. For examples, Grimme’s DFT+D methods

[49–52], vdW-DF [53], VV10 [54], SCAN+rVV10 [55], etc. They can be combined with

various DFT methods with a few parameters that can be determined with the fitting to give

an accurate binding energy curve of some basic non-bonded molecules of inert gases such

as He2, Kr2, etc. Sometimes, a benchmark S22 dataset of noncovalent complexes is also

utilized to obtain the optimal parameters for the dispersion-corrected DFT methods. Sur-

prisingly, these simple methods work qualitatively well for some systems, but not always

[56]. However, to get the accurate quantitative prediction, we need full nonlocality as in

the case of RPA.

Regarding the second source of the error, Perdew and Zunger in 1981 devised a way

(self-interaction correction (SIC)) to subtract the self-interaction error (SIE) from the total

energy on an orbital-by-orbital basis [18]. Since then, there have been numerous attempts

to improve the performance of the SIC methods [57–63]. Another way to incorporate
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SIC corrections in the DFT is to mix the exact exchange with semilocal exchange and

correlation, giving hybrid functionals within the generalized KS scheme [64].

1.2.5 Hybrid functionals:

The hybrid functionals are another group of density functionals that systematically im-

prove on many properties such as bandgap, properties related to strong correlation, etc.

over semilocal approximations. Some fraction of the exact exchange (or Hartree-Fock ex-

change) is mixed with the DFT exchange and correlation, thereby incorporating some non-

locality to balance the self-interaction error in the nonlocal Hartree energy. The simplest

form of the hybrid exchange-correlation energy can be written as

Ehyb
xc = Eexact

x +(1−a)(EDFT
x −Eexact

x )+EDFT
c , (1.2-18)

where Eexact
x and EDFT

x are the HF exact-exchange and DFT exchange energy respectively,

while EDFT
c is the DFT correlation energy. “a” is the mixing parameter. The GGAs are

usually taken as the DFT part [65–67], while some meta-GGAs [68] also have been utilized

to construct hybrid functionals. The simplest form is PBE0 which is formulated by mixing

25 % (a = 0.25) of exact exchange with the remaining PBE exchange and correlation [65].

Some other popular hybrid functionals are HSE06 [66, 67], B3LYP [69], SCAN0 [68], etc.

1.2.6 Random phase approximation (RPA):

So far, we have discussed the DFT functionals that use occupied orbitals only to con-

struct the key ingredient, the electron density. On the other hand, the density-density re-

sponse function χ is the key quantity in the linear response theory. It uses both occupied

and virtual (unoccupied) orbitals from ground-state calculations. The total energy in RPA

is defined as

E = EEXX +ERPA
c , (1.2-19)
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with EEXX = Ts +Eext +EH +EExact
x called the EXX energy, and ERPA

c is the RPA corre-

lation energy. EExact
x is the HF exchange energy, evaluated using the KS occupied orbitals,

whereas, ERPA
c is evaluated using the ACFDT within linear-response theory. RPA is widely

applicable for the ground-state properties, where the proper description of a long-range in-

teraction is needed. However, due to a neglect of the dynamic exchange-correlation kernel,

it often fails to describe the short-range correlation in the ground-state and the electron-hole

interactions in the excitation processes. We will discuss the RPA-based methods within

linear-response theory in detail in the next chapter “Time-dependent density functional

theory (TDDFT)”.
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CHAPTER 2

TIME-DEPENDENT DENSITY FUNCTIONAL

THEORY (TDDFT)

2.1 Introduction

Time-dependent density functional theory (TDDFT) is the time-dependent extension of

ground-state density functional theory (DFT) which, in principle, offers the solutions to

the time-dependent quantum-mechanical many-body problem using the one-body density

n(r, t). Suppose that a system (atom, molecule, or solid) is perturbed by a time-dependent

perturbation such as a laser probe, the behavior of electrons within the system can be de-

scribed by the exact solution of the time-dependent Schrödingers equation [70]. Construct-

ing the exact Hamiltonian and obtaining its solutions for the many-body interacting system

is not an easy task, even for the ground-state. Therefore using the Hohenberg-Kohn [11]

in a static ground-state and Runge-Gross theorems [71] for a time-dependent state, one can

map the one-to-one correspondence between the one-body densities (n(r), n(r, t)) and the

one-body external potentials (vext(r),vext(r, t)). Similar to the ground-state, one can define

a fictitious system of non-interacting particles in the time-dependent effective one-body

potential, known as the time-dependent Kohn-Sham potential. It consists of an external

part, the Hartree part, and the exchange-correlation part vxc(r, t). The exchange-correlation

part is a functional of the initial interacting wavefunctions ψ(0), the initial Kohn-Sham

wavefunctions φ(0), and the entire history of the density (n(r, t)), which make it more

complicated to deal with [72]. A simpler quantity would be the one that depends only on

instantaneous density, not on the entire history of the density. This approximation is called
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the adiabatic approximation [73].

When an external time-dependent perturbation is applied to the system of electrons in

its ground-state, it evolves with time. One can describe the effect of the external pertur-

bation in the system in terms of variations of observables. In the context of DFT, we are

interested in density-variations. If the perturbation is weak enough, the density-variation

depends linearly on the applied perturbation (δn = χδvext), and it can be treated using

many-body perturbation theory. The underlying principle that describes such phenomena

is linear-response theory. Many spectroscopic experiments work within the linear-response

regime. However, there are other spectroscopic studies that use strong perturbation such as

strong laser field, and the response beyond linear-regime is necessary, which is out of the

scope for the present work.

The basic approximation within linear-response theory for both ground- and excited-

state systems is the random phase approximation (RPA) [74, 75]. In RPA, the effective in-

teraction between particles can be approximated with collective excitation of independent

particles that are in the same phase plus the screened Coulomb interactions. All out-of-

phase components of random excitations cancel each other, justifying the name “random

phase approximation (RPA)”. RPA can effectively describe various bonding situations such

as covalent [76–82], metallic [83, 84], and van der Waals interactions [85–89] within solids.

However, due to neglect of the dynamic exchange-correlation kernel, it can severely fail in

those situations, where the accurate description of short-range electron-electron correlation

is necessary such as atomization energies of molecules [90], transition metal atoms, for-

mation energies of strongly-bonded intermetallic alloys [91], and equilibrium properties of

cesium halides [92], etc. On the other hand, RPA can qualitatively describe excited-state

properties such as absorption spectra, electron-energy-loss-spectra (EELS), and plasmon

dispersion of various models and real systems. For an accurate description of these proper-
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ties, we need a frequency- and wavevector- dependent exchange-correlation kernel that can

capture all the dynamic effects within the electron density due to time-dependent external

perturbation [93–104].

The main objective of our work is to discuss the construction and the applications of var-

ious exchange-correlation kernels. The exact exchange-correlation kernel is the functional-

derivative of the exact ground-state exchange-correlation potential with respect to the den-

sity. Since the latter is unknown, so is the former. However, one can approximate them ei-

ther using many-body perturbation theory or by satisfying exact-constraints and appropriate

norms. The simplest form is the adiabatic local density approximation or time-dependent

LDA, which is local in both space and time [72].

In this work, we assessed the constructions and applications of various exchange- corre-

lation kernels. We identified different cases, where RPA does not provide accurate results,

and show that the kernel-corrected RPA methods improve various ground- and excited-state

properties. At first, we gave a brief introduction about the ground-state density functional

theory in Chapter 1. Then, we discuss time-dependent DFT in detail in this section (Chap-

ter 2). We also discuss an application of a model kernel to calculate the optical spectra

of various solids in this chapter. Chapters 3-5 cover the applications of RPA and kernel-

corrected RPA for real solids. Chapter 6 is dedicated to ground- and excited-state appli-

cations of TDDFT for uniform electron gas, especially the plasmonic excitations. We dis-

cuss a newly developed constraint-based wavevector- and frequency-dependent exchange-

correlation kernel using the uniform electron gas as an appropriate norm in Chapter 7.

Finally, overall conclusions are presented in Chapter 8, followed by references.

15



2.2 Runge-Gross Theorem

The Runge-Gross theorem is the time-dependent analogue of the HK theorem of the

ground-state theory. It establishes a one-to-one correspondence between the one-body

time-dependent density and the one-body time-dependent potential. However, no vari-

ational principle exists in terms of the total energy, as it is not a conserved quantity in

TDDFT. Suppose, there is system with N electrons interacting with each other and with a

time-dependent external potential v(r, t). Let v and v′ be two time-dependent one-body po-

tentials corresponding to densities n and n′, respectively. The Runge-Gross theorem states

that

v(r, t) 6= v′(r, t)+ c(t)→ n(r, t) 6= n′(r, t), (2.2-1)

where c(t) is purely time-dependent constant. Eq. 2.2-1 implies a one-to-one correspon-

dence between time-dependent densities and potentials.

Proof:

Let us assume that the potential v(r, t) is Taylor expandable with respect to initial time t0

as

v(r, t) =
∞

∑
k=0

Ck(r)(t− t0)k, (2.2-2)

with Ck(r) = 1
k!

∂ k

∂ tk v(r, t) |t=t0 . We also define

uk(r) =
∂ k

∂ tk

[
v(r, t)− v′(r, t)

]
|t=t0= k![Ck(r)−C′k(r)]. (2.2-3)

If the two potentials differ by more than a purely time-dependent function, there should be

at least one uk(r) that differ by more than a constant. Now, we proceed with the proof in

two parts. At first, if the left part of the Eq. 2.2-1 holds true, then the current densities

generated by these potentials also differ with each other. Secondly, we show a one-to-one
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correspondence between the current densities and the one-body electron densities.

Let us define a current density operator ĵ,

ĵ(r) =− 1
2i
{[∇ψ̂

†(r)]ψ̂(r)− ψ̂
†(r) [∇ψ̂(r)]}. (2.2-4)

Now, the current density j(r, t) is simply obtained from the expectation value of this oper-

ator:

j(r, t) =< ψ(t)|ĵ(r)|ψ(t)> . (2.2-5)

The evolution of current densities j and j′ with respect to time is given by the equations of

motion

i
d
dt

j(r, t) =< ψ(t)|[ĵ(r), Ĥ]|ψ(t)> (2.2-6)

i
d
dt

j′(r, t) =< ψ
′(t)|[ĵ(r), Ĥ ′]|ψ ′(t)> (2.2-7)

Subtracting Eq. 2.2-7 from Eq. 2.2-6, using the same initial conditions for the wavefunc-

tion, density, and the current density at t = t0, we get

i
d
dt
[j(r, t)− j′(r, t)]t=t0 =< ψ0|[ĵ(r),H(t0)−H ′(t0)]|ψ0 > (2.2-8)

= in0(r)∇[v(r, t0)− v′(r, t0)] (2.2-9)

where initial values of (ψ0,n0, j0) are given to each of the wavefunction, density, and the

current density respectively. Applying the equation of motion k+1 times leads to

i
dk+1

dtk+1 [j(r, t)− j′(r, t)]t=t0 = in0(r)∇uk(r) (2.2-10)

The right side of Eq. 2.2-10 is nonzero, therefore, the current densities j and j′ are not equal

to each other. Now, the next part is to establish a one-to-one correspondence between the
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current densities and the electron densities. For that, we utilize the continuity equation

∂

∂ t
n(r, t) =−∇ · j(r, t) (2.2-11)

We can write the continuity equation for both primed and unprimed systems. After taking

the time-derivative k+1 times for both systems and taking difference leads to

∂ k+2

∂ tk+2 [n(r, t)−n′(r, t)] =−∇.
∂ k+1

∂ tk+1 [j(r, t)− j′(r, t)] (2.2-12)

=−∇ · [n0(r)∇uk(r)] (2.2-13)

For some k, uk(r) 6= constant. If we show ∇ · [n0(r)∇uk(r)] 6= 0, then we can prove n 6= n′.

Runge and Gross show this using reductio ad absurdum. Let us assume ∇ · [n0(r)∇uk(r)] =

0 with uk(r) 6= constant. The Green’s first identity for two scalars Ψ and φ gives us

ˆ
V
(ψ∇2

φ +∇ψ.∇φ)dV =

‹
S

ψ∇φ ·dS. (2.2-14)

Substituting ψ = uk(r) and φ = n0(r)uk(r), we get following identity.

ˆ
V

n0(r)|∇uk(r)|2dV =−
ˆ

V
uk(r)∇ · [n0(r)∇uk(r)]+

‹
S

n0(r)uk(r)∇uk(r) ·dS (2.2-15)

Here, the first term on R.H.S of Eq. 2.2-15 is zero by assumption. The second term

also vanishes for infinite surface as r → ∞. However, the term on the L.H.S is positive

and becomes zero only if uk(r) is just a constant. This clearly violates our assumptions.

Therefore, ∇ · [n0(r)∇uk(r)] 6= 0 proving n 6= n′ if j 6= j′. This completes the proof of the

RG theorem.
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2.3 Kohn-Sham equations in TDDFT

The Kohn-Sham equation for the interacting electrons in the presence of time-dependent

potential is given by

i
∂

∂ t
φi(r, t) =

[
−∇2

2
+ vKS(r, t)

]
φi(r, t), (2.3-16)

with the density n(r, t) = ∑occupied
i |φi(r, t)|2. The vKS(r, t) is the time-dependent KS po-

tential defined similarly as in Eq. 1.1-10, but with both spatial and time dependences.

Similar to the static case, the most important and complex part in the KS potential is the

exchange-correlation potential which now depends on initial states ψ0,φ0 and also on the

entire history of the density (i.e. memory dependence). The static form of vxc is simply

the functional derivative of the XC-energy. Though its exact form is unknown, several

good approximations exist for the static case. Also, there are various ways of constructing

a time-dependent exchange-correlation potential such as adiabatic approximation, time-

dependent optimized effective potential (TDOEP) [105–107], or some memory dependent

functionals [106]. The kernels we used basically come from the first category, an adiabatic

approximation. Therefore, we will discuss this particular approach more in details.

Adiabatic approximation

In this approximation, we evaluate an exchange-correlation potential simply as a func-

tion of the instantaneous density, instead of using the entire history of the density. There-

fore, the resulting functionals are local in time. This approximation works well in those

scenarios where the effect of temporal dependence is negligible. In common practice, we

simply take various approximations within the static ground-state (GS) and evaluate it us-

ing instantaneous density to obtain a time-dependent XC potential as

vadiabatic
xc (r, t) = vGS

xc [n](r) |n=n(t) (2.3-17)

19



Figure 2.1: Schematic of a linear-response mechanism.

Here vGS
xc [n](r) is simply the static ground-state XC potential. If use LDA XC potential,

then we get adiabatic LDA (ALDA) approximation which is the simplest approximation

available in TDDFT,

vALDA
xc (r, t) = vHEG

xc (n) |n=n(r,t) . (2.3-18)

vHEG
xc (n) is simply the static XC potential of homogeneous electron gas (HEG). Similarly,

one can use GGAs and meta-GGAs ground-state XC-potentials to construct their time-

dependent counterpart. We will discuss their performances on various properties in details

in next section of the dynamic exchange-correlation kernel within the linear response the-

ory. They provide the accurate results for many properties, however, the error in static

ground-state XC potential also transfers to the TDDFT approximations.

2.4 Linear-response theory

The linear-response theory provides an alternative way other than to solve a full time-

dependent KS equations to deal with system of electrons under the influence of the time-

dependent perturbation. However, It works well only when the external time-dependent

potential is small as in the case of many spectroscopic experiments. We assume that our

system remains in the vicinity of the ground-state after the application of a weak time-
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dependent perturbation. Suppose δvext(r′, t ′) be the external perturbation applied to the

system at r′, t ′, then the density fluctuation δn(r, t) at r, t is defined as

δn(r, t) = χ(r,r′, t− t ′)δvext(r′, t ′). (2.4-19)

Where χ is called an interacting density-density response function, which describe the

response of the system under the influence of the external perturbation. Here, we have drop

the necessary spatial and frequency integration, and we will follow the same throughout

the text. In frequency space, the relation is given as

δn(r,ω) = χ(r,r′,ω)δvext(r′,ω). (2.4-20)

The Eqs. 2.4-19 and 2.4-20 show a linear relationship between the perturbation and the

density fluctuation. However, there can be processes [108, 109] that require the nonlinear

response or nonperturbative theory.

2.4.1 Interacting density-density response function

Interacting density-density response function χ is a key quantity in the linear-response

TDDFT, as it can describe various ground-state and excited-state properties related to dif-

ferent phenomenon. For example, static screening, collective plasmon modes, electron-

energy-loss spectra, absorption spectra, Raman spectra, etc. The χ can computed using

noninteracting density response function χ0 of a fictitious system, also known as the Kohn-

Sham response function. The relation between interacting and noninteracting response

function is given by a Dyson-like equation

χ = χ0 +χ0 fHxcχ, (2.4-21)
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where fHxc is known as the Hartree exchange-correlation kernel. χ0 is the noninteracting

response function. Similary, one can obtain the density fluctuation using the Kohn-Sham

effective potential as

δn(r,ω) = χ0(r,r′,ω)δvKS(r′,ω). (2.4-22)

The KS potential δvKS(r′,ω) is defined as

δvKS(r,ω) = δvext(r,ω)+δvHartree(r,ω)+δvxc(r,ω), (2.4-23)

where δvext is the same external potential defined in the case of interacting response func-

tion. The δvHartree is the linear part of the change in the Hartree potential, whereas the

last term δvxc(r,ω) present the change in the exchange-correlation part. Now applying the

chain rule,

χ(r,r′,ω) =
δn(r,ω)

δvext(r′,ω)

=
δn(r,ω)

δvKS(r1,ω)
× δvKS(r1,ω)

δvext(r′,ω)

= χ0(r,r1,ω)× δvext(r1,ω)+δvH(r1,ω)+δvxc(r1,ω)

δvext(r′,ω)

= χ0(r,r1,ω)×
[

δvext(r1,ω)

δvext(r′,ω)
+

δvH(r1,ω)

δvext(r′,ω)
+

δvxc(r1,ω)

δvext(r′,ω)

]
= χ0(r,r1,ω)×

[
δ (r1− r′)+

δvH(r1,ω)

δn(r2,ω)
× δn(r2,ω)

δvext(r′,ω)
+

δvxc(r1,ω)

δn(r2,ω)
× δn(r2,ω)

δvext(r′,ω)

]
∴ χ(r,r′,ω) = χ0(r,r1,ω)×

[
δ (r1− r′)+

1
|r1− r2|

χ(r2,r′,ω)+ fxc(r1,r2,ω)χ(r2,r′,ω)

]
(2.4-24)

Here, we use δvH(r1,ω)
δn(r2,ω) = 1

|r1−r2| ,
δn(r2,ω)

δvext(r′,ω) = χ(r2,r′,ω), and δvxc(r1,ω)
δn(r2,ω) = fxc(r1,r2,ω).

The fxc(r1,r2,ω) is an exchange-correlation kernel and the term fHxc in Eq. 2.4-21 is

simply the sum of this kernel with the Hartree kernel defined by 1
|r1−r2| , also represent the

effective interaction within the system. The kernel is set to zero ( fxc = 0) for the RPA,
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while it should be restored to include other local-field effects beyond a mean-field like

interaction in RPA. Here, again we drop the necessary frequency and spatial integration in

the derivation. A complete form would be

χ(r,r′,ω)= χ0(r,r1,ω)+

ˆ ˆ
d3r1d3r2 χ0(r,r1,ω)

[
1

|r1− r2|
+ fxc(r1,r2,ω)

]
χ(r2,r′,ω).

(2.4-25)

Both Eq. 2.4-24 and Eq. 2.4-21 are the same and called the Dyson’s equation. Furthermore,

in the wavevector and frequency space, it has a form

χ(q,ω) = χ0(q,ω)+χ0(q,ω)

[
4π

q2 + fxc(q,ω)

]
χ(q,ω). (2.4-26)

The uniform electron gas (UEG or HEG) is a paradigm model system, used to construct

the density functionals for both static and the excited-state properties. Approximations

to the exchange-correlation energy in the static ground-state and the dynamic exchange-

correlation kernel within TDDFT obtained using HEG are also highly applicable for many

properties of real systems. Therefore, it is intuitive to discuss Eq. 2.4-25 for UEG. Nonin-

teracting response function (χ0) for UEG can be calculated using an exact expression given

by Lindhard [110]. Alternatively, the noninteracting response function can be constructed

using Kohn-Sham ground-state eigenstates {φ} and eigenvalues {ε}.

χ0(r,r′,ω) = lim
η→0+

∞

∑
i j
( fi− f j)

[
φ j(r)φ∗j (r′)φi(r′)φ∗i (r)

ω− (ε j− εi)+ iη

]
(2.4-27)

Also, the exchange-correlation kernel can be constructed from UEG by satisfying exact-

constraints which is governed by the exact properties of the interacting response function.

For UEG, some of them are listed below.

• A complex quantity

• Stability condition, χ(q,ω = 0)≤ 0.
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• It has poles in a lower half of the complex-frequency plane.

• It is an analytic function of complex frequency along the imaginary-frequency axis.

• It follows the symmetry relations: χ(q,ω) = χ(−q,ω), Reχ(q,−ω) = Reχ(q,ω),

and Imχ(q,−ω) =−Imχ(q,ω).

• High-frequency behavior: Re χ(q,ω)
ω→∞−−−→ M1(q)

ω2 + M3(q)
ω4 ,

where Mi(q) =− 2
π

´ ∞
0 ω iImχ(q,ω)dω is the ith moment of the density-density fluc-

tuation satisfying the sum rules.

• The f-sum rule: − 1
π

´ ∞
0 ωImχ(q,ω)dω = nq2

2

• The third-moment sum rule:

− 1
π

´ ∞
0 ω3Imχ(q,ω)dω = nq2

2 {
q4

4 + nq2vq +
6q2

d t + n ∑
k6=q,k>0

vk

(
k·q
q

)2
[S(q− k)−

S(k)]}. Here, S(q) = M0(q)
2n is the static structure factor, d is the number of dimen-

sions, t is the average kinetic energy per particle in the ground-state, and vq =
4π

q2 is

the Fourier transform of the Coulomb interaction.

2.4.2 Exchange-correlation kernel

The exchange-correlation kernel is simply defined as the functional derivative of the

time-dependent exchange-correlation potential with respect to the density, evaluated using

the ground-state density n0(r).

fxc(rt,r′t ′) =
δvxc(r, t)
δn(r′, t ′)

|n=n0(r) (2.4-28)

The kernel has different role in various kind of problems. It refers to as a “local field cor-

rection” while evaluating the correlation energy of an uniform electron gas. In the Landau’s

Fermi-liquid theory, the combination of kernel and the bare Coulomb’s interaction gives the

effective interaction. It also represents the effective electron-hole interaction when used to
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describe the excitonic effects in the semiconductors and insulators.

The exact exchange-correlation is not known due to an absence of an exact static

exchange-correlation potential. Therefore, it is either constructed by satisfying exact-

constraints and appropriate norms or by using many-body perturbation theory. There

are several attempts to construct the kernel either only with wavevector-dependence, or

only with frequency-dependence, or both. As previously mentioned, the simplest kernel is

ALDA. Using the potential given by Eq. 2.3-18, ALDA kernel can be defined as,

f ALDA
xc (rt,r′t ′) = δ (r− r′)δ (t− t ′) fUEG

xc (n)|n=n(r,t) (2.4-29)

= δ (r− r′)δ (t− t ′)
d

dn
vUEG

xc (n)|n=n(r,t) (2.4-30)

= δ (r− r′)δ (t− t ′)
d2

dn2 EUEG
xc (n)|n=n(r,t), (2.4-31)

where EUEG
xc (n) and vUEG

xc (n) are the exchange-correlation energy and potential respectively

of an uniform electron gas. It is a kernel, local in both space and time. More advance kernel

can be constructed for the UEG, using more exact-constraints listed below.

• Compressibility sum rule

lim
q→0

fUEG
xc (q,ω = 0;n) =

d2

dn2 [nεxc(n))] = f0[n] (2.4-32)

• Third frequency moment rule

lim
q→∞

fUEG
xc (q,ω = 0;n) =−4

5
n2/3 d

dn
(
εxc(n)
n2/3 )+6n1/3 d

dn
(
εxc(n)
n1/3 ) = f∞[n]

(2.4-33)

• f0[n]< f∞[n]< 0

• fUEG
xc (q,ω) is a complex-valued function. Its real and imaginary parts respectively
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are even and odd function of frequency.

• fUEG
xc (q,ω) is an analytic function of ω in the upper half of the complex frequency

plane, with a real high-frequency limit fUEG
xc (q,∞). Therefore, the following Kramers-

Kronig relations hold.

Re fUEG
xc (q,ω)− fUEG

xc (q,∞) = P
ˆ ∞

∞

dω ′

π

Im fUEG
xc (q,ω ′)
ω ′−ω

(2.4-34)

Im fUEG
xc (q,ω) =−P

ˆ ∞

∞

dω ′

π

Re fUEG
xc (q,ω ′)− fUEG

xc (q,∞)

ω ′−ω
(2.4-35)

• Im fUEG
xc (q = 0,ω→∞) =− 23π

15ω3/2 . This result comes from the second-order pertur-

bation expansion of the irreducible polarization operator. It becomes exact at high

densities.

• Re fUEG
xc (q = 0,ω → ∞) = f∞ + 23π

15ω3/2 .

However, the construction of the kernel for properties of an inhomogeneous real system is

somehow complicated. The most important properties of the kernel for the real solids is its

optical limit, i.e., fxc ∼ α(ω)
q2 |q→0, where α(ω) is the some frequency-dependent function

[111]. Here are some commonly used exchange-correlation kernels for an inhomogeneous

system that can be found in the literature, beside ALDA kernel.

(I) Richardson and Ashcroft (RA) kernel

It is a wavevector- and frequency- dependent exchange-correlation kernel. This kernel

is developed using the numerical data calculated by RA [112] and it also satisfies more

exact constraints. The RA kernel for imaginary frequency iu can be expressed in terms of

local-field factors

f RA
xc (q, iu) =−4πe2

q2 [Gs(Q, iU)+Gn(Q, iU)], (2.4-36)
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with Q = q
2kF

, and U = u
4ωF

. Also, the local-field factors Gn and Gs can be obtained from

the on-top pair distribution function g(0). More details can be explored from Ref. [112].

(II) PGG kernel

It was derived by Petersilka, Gossmann, and Gross in 1996 [95], in the context of the

time-dependent OEP method. The PGG kernel is exchange-only, frequency-independent

and its real-space version is given by

f PGG
x (r,r′,ω) =− 2e2

|r− r′|
|∑k fkφk(r)φ∗k (r

′)|2

n(r)n(r′)
, (2.4-37)

whereas, its q-space version is defined as

f PGG
x (q,ω)=−3πe2

10k2
F

{(
2
Q
−10Q

)
ln

1+Q
|1−Q|

+(2Q4−10Q2)ln
[(

1+
1
Q

)∣∣∣∣1− 1
Q

∣∣∣∣]+11+2Q2
}
,

(2.4-38)

where Q = q
2kF

.

(III) Energy optimized XC kernels from Dobson and Wang

This kernel is parametrized for the interacting electron gas, provides accurate correla-

tion energy when applied within the ACFDT framework. Dobson and Wang simply took

the kernel given by Eq. 2.4-31, and employed two kind of scaling schemes with respect to

Coulomb coupling strength λ . The kernel has a simple form of

fxcλ (r,r′, t− t ′)≈ fxc(n,λ )δ 3(r− r′)δ (t− t ′) (2.4-39)

The first scaling scheme is defined as,

fxc(n,λ ) = λ f I
xc(n). (2.4-40)
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Where, f I
xc(rs)≈−0.51887r2

s +4.9359×10−3r3
s−5.9603×10−5r4

s is a function, parametrized

to give an accurate correlation energy of UEG using the least-square fitting. Similarly, the

second scheme is described as

f II
xc(n,λ ) = λ

−1F II
xc (λ rs), (2.4-41)

where, F II
xc (rs)≈−0.50044r2

s +4.9653×10−3r3
s −3.366×10−5r4

s is obtained using similar

optimization procedure as that of scheme I.

CP07 kernel

It is a dynamic exchange-correlation kernel, developed by Constantin and Pitarke in

2007 [113]. It is defined as

fCP07
xc (n;q,ω) =

4π

q2 B(n)
[
e−kn,ω q2

−1
]
− 4π

k2
F

c(n)
1+1/q2 . (2.4-42)

Here, B(n), kn,ω , and C(n) are defined as follows:

kF = (3πn)1/3 (2.4-43)

B(n) =
1+a1x+a2x3

3+b1x+b2x3 ;x =
√

rs,a1 = 2.15,a2 = 0.435,b1 = 1.57,b2 = 0.409 (2.4-44)

c(n) =− π

2kF

d(rsεc)

drs
(2.4-45)

a(n) = 6
√

c(n) (2.4-46)

kn,iu =−
fxc(n;q→ 0,ω = 0)

4πB(n)
1+a(n)u+ c(n)u2

1+u2 (2.4-47)

=− f0

4πB(n)
1+a(n)u+ c(n)u2

1+u2 (2.4-48)

This kernel satisfies the compressibility sum rule and the third-frequency-moment sum

rules. It also provides the correct asymptotic behavior at large q. We also have revised this

kernel to get a modified-CP07 (MCP07) kernel, which is presented in section 7 in detail.
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Renormalized XC kernels (rALDA and rAPBE)

Contrary to the RPA, the ALDA kernel predicts too high correlation energies for a wide

range of densities and wavevectors, compared to the results from the exact parametrization

of Perdew and Wang [19]. Also, the correlation energy from the ALDA kernel decays too

slowly at large q. This is due to its locality in the approximation, as it is independent of q.

To address this problem, Olsen and Thygesen proposed a renormalization scheme defined

by truncating the ALDA kernel at q = 2kF as

f rALDA
Hxc (q) = θ(2kF −q) f ALDA

Hxc (q). (2.4-49)

Similarly, we can define renormalized adiabatic PBE (rAPBE) kernel. We can also include

nonlocal exchange-correlation effects by replacing local density n(r) by an average density

n∗(r) =
´

φ(r− r′)n(r′)dr′. The φ can be chosen as the Fourier transform of the step

function θ(2kF −q). In real space, the kernel has the form:

f rAX
xc [n](r) =

f AX
xc [n]

2π2r3 [sin(qc[n]r)−qc[n]rcos(qc[n]r)]−
1
r

[
1− 2

π

ˆ qc[n]r

0

sinx
x

dx

]
,

(2.4-50)

with qc[n] =
√
−4π

f AX
xc [n] . X is either LDA or PBE. For inhomogeneous systems, following

substitutions have been made.

r→ |r− r′| (2.4-51)

n→ n(r)+n(r′)
2

(2.4-52)

∇n→ ∇rn(r)+∇r′n(r′)
2

(2.4-53)

More details about construction and applications of the renormalized kernels can be found

in Refs. [79, 114, 115]
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NEO kernels

The nonlocal energy-optimized (NEO) kernels are constructed for both uniform elec-

tron gas and for the jellium surface [116]. It is also a kernel having meta-GGA ingredients

such as Zσ and α , and are exchange-like kernels. There are mainly three forms of this

kernel. The first form is called the NEO-I kernel [117]. It is designed to produce a cor-

rectly long-range exchange kernel for one and two electron systems, where Zσ = 1. Also,

it should not produce any second-order gradient correction to the RPA correlation energy

in a slowly-varying high electron density, where Zσ → 0+O(∇2). It is defined as

f NEO
x ([n],r,r′) =−v(r,r′)∑

σ

(nσ

n

)2
× er f c(aNEO−I|r− r′|) (2.4-54)

aNEO−I =
√

c̃(1−Z2
σ )k2

Fσ
(2.4-55)

Zσ =
τW

σ

τσ

(2.4-56)

τ
W
σ =

|∇nσ |2

8nσ

(2.4-57)

τσ =
1
2

occup

∑
i
|∇φiσ |2 (2.4-58)

In momentum space, the kernel becomes

f NEO
x [n,z](q) =−4π

q2 ∑
σ

(nσ

n

)2
×
[

1− exp
(
− q2

4c̃(1−Z2
σ )k2

Fσ

)]
. (2.4-59)

The c̃ = 0.264 parameter is taken to fit the exact second-order exchange contribution to the

correlation energy of the UEG. The problem with this kernel is that it produces an unwanted

long-ranged behavior in the tail of the electron density of a jellium surface where the RPA

should be recovered. The second form has the similar expression as that of the NEO-I

30



kernel, but only differs in Eq. 2.4-55.

aNEO−II =
√

c̃(3ασ −3α2
σ +α3

σ )k2
Fσ

(2.4-60)

ασ =
τσ − τW

σ

τ
uni f
σ

(2.4-61)

τ
uni f
σ = (1/2)(3/10)(3π

2)(2/3)(2nσ )
5/3 (2.4-62)

It preserves all the good features of the first scheme, but also eliminates an unwanted kernel

in the tail of the electron density far away from the surface (ασ → ∞). Moreover, we can

also tune the value of c̃ by fitting with other exact constraints or by fitting with various

parametrization of the ground-state correlation energy of the UEG [116, 118]. In chapter 6,

we will discuss the various forms of these NEO kernels to describe the plasmonic excitation

of the homogeneous interacting electron gas. We will also discuss various forms of the

NEO kernels for the absorption spectra of various semiconductors and insulators in chapter

8.

2.5 Adiabatic-connection fluctuation-dissipation theory (ACFDT) for

the ground-state exchange-correlation energy

The ACFDT formalism accurately describe the ground-state exchange-correlation (XC)

energy within the linear response theory. Here, we provide a detail derivation of the XC

energy using this formalism. The noninteracting and interacting Hamiltonian are connected

adiabatically as

H(λ ) = H0 +λH1(λ ). (2.5-63)

31



Here, H(λ = 0) = H0 and H(λ = 1) are noninteracting and interacting Hamiltonian re-

spectively.

H(λ ) =
N

∑
i=1

[
−1

2
∇2

i + vλ
ext(ri)

]
+

N

∑
i> j=1

λ

|ri− r j|
(2.5-64)

H0 =
N

∑
i=1

[
−1

2
∇2

i + vλ=0
ext (ri)

]
(2.5-65)

H1(λ ) =
N

∑
i> j=1

1
|ri− r j|

+
1
λ

N

∑
i=1

[
vλ

ext(ri)− vλ=0
ext (ri)

]
(2.5-66)

The λ is called the coupling strength with 0 ≤ λ ≤ 1. The switching of the system

is quite smooth in a adiabatic-connection path such that the total electronic densities of

λ−dependent fictitious systems remain conserved and equal to that of interacting system.

nλ (r) = nλ=1(r) = n(r) (2.5-67)

Now, the total energy in AC connection is obtained by solving an eigenvalue problem.

H(λ )|ψλ >= E(λ )|ψλ > (2.5-68)

< ψλ |ψλ >= 1 (2.5-69)

The Hellman-Feynman theorem states,

dE(λ )
dλ

=< ψλ |
dH(λ )

dλ
|ψλ > . (2.5-70)
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Therefore, the total ground-state energy is obtained as

E(λ = 1) = E0 +

ˆ
λ=1

λ=0
dλ < ψλ |H1(λ )+λ

dH1(λ )

dλ
|ψλ > (2.5-71)

= E0 +

ˆ 1

0
dλ < ψλ |

1
2

N

∑
i 6= j=1

1
|ri− r j|

|ψλ >+

ˆ 1

0
dλ < ψλ |

N

∑
i=1

dvλ
ext(ri)

dλ
|ψλ >

(2.5-72)

E = E0 +
1
2

ˆ 1

0
dλ

¨
drdr′×< ψλ |

n̂(r)[n̂(r′)−δ (r− r′)]
|r− r′|

|ψλ >

+

ˆ
drn(r)[vλ=1

ext (r)− vλ=0
ext (r)], (2.5-73)

with n̂(r) = ∑N
i δ (r− ri) is the density operator, and gives n(r) =< ψλ |n̂(r)|ψλ > for any

λ . Also, substituting E0 =< ψ0|H0|ψ0 > in Eq. 2.5-73, we get

E =< ψ0|
N

∑
i=1

[
−1

2
∇2

i + vλ=0
ext (ri)

]
|ψ0 >

+
1
2

ˆ 1

0
dλ

¨
drdr′×< ψλ |

n̂(r)[n̂(r′)−δ (r− r′)]
|r− r′|

|ψλ >

+

ˆ
drn(r)[vλ=1

ext (r)− vλ=0
ext (r)] (2.5-74)

∴ E = Ts[ψi(r)]+
ˆ

drn(r)vλ=1
ext (r)

+
1
2

ˆ 1

0
dλ

¨
drdr′×< ψλ |

n̂(r)[n̂(r′)−δ (r− r′)]
|r− r′|

|ψλ > (2.5-75)

Now, we define the “fluctuation” (δ n̂(r)) of the density operator (n̂(r)) with respect to its

expectation value n(r) as

δ n̂(r) = n̂(r)−n(r) (2.5-76)
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Substituting Eq. 2.5-76 in Eq. 2.5-75 and comparing with Eq. 1.1-8, we get

E = Ts[ψi(r)]+Eext [n(r)]+EH [n(r)]

+
1
2

ˆ 1

0
dλ

¨
drdr′× < ψλ |δ n̂(r)δ n̂(r′)|ψλ >−n(r)δ (r− r′)

|r− r′|
(2.5-77)

∴ Exc =
1
2

ˆ 1

0
dλ

¨
drdr′× < ψλ |δ n̂(r)δ n̂(r′)|ψλ >−n(r)δ (r− r′)

|r− r′|
(2.5-78)

The integrand in Eq. 2.5-78 divided by the density is an exact expression of the exchange-

correlation hole. The quantity < ψλ |δ n̂(r)δ n̂(r′)|ψλ > represents the density-density cor-

relation (or fluctuations). It can be linked to the response of the system via the fluctuation-

dissipation theorem as follows,

< ψλ |δ n̂(r)δ n̂(r′)|ψλ >=− 1
π

ˆ ∞

0
dωImχ

λ (r,r′,ω), (2.5-79)

where χλ is the interacting response function of the fictitious λ−dependent system. The

Dyson’s equation (Eq. 2.4-26) for such fictitious system also becomes λ -dependent as

follows.

χ
λ (q,ω) = χKS(q,ω)+χKS(q,ω)[vλ

c (q)+ f λ
xc(q,ω)]χλ (q,ω) (2.5-80)

Also, the following scaling relation holds [119].

n→ n
λ 3 , q→ q

λ
, rs→ λ rs, ω → ω

λ 2 (2.5-81)

vλ
c (q) =

4πλ 2

q2 (2.5-82)

f λ
xc(q,ω) = λ

−1 f λ=1
xc (q/λ ,ω/λ

2) (2.5-83)

Substituting Eqs. 2.5-79 and 2.5-80 in Eq. 2.5-78, v(r,r′) = 1
|r−r′| , and using the scaling

relations one can get the exact expression for the ground-state exchange-correlation energy
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as,

Exc =
1
2

ˆ 1

0
dλ

¨
drdr′v(r,r′)× [< ψλ |δ n̂(r)δ n̂(r′)|ψλ >−n(r)δ (r− r′)]

=
1
2

ˆ 1

0
dλ

¨
drdr′v(r,r′)× [− 1

π

ˆ ∞

0
dωImχ

λ (r,r′,ω)−n(r)δ (r− r′)]

=
1
2

ˆ 1

0
dλ

¨
drdr′v(r,r′)× [− 1

π

ˆ ∞

0
dωχ

λ (r,r′, iω)−n(r)δ (r− r′)] (2.5-84)

Here, we used the property of χ that it is analytic function of complex frequency along the

imaginary-frequency axis. Also, in the q-space, it gives the wavevector-decomposition of

the ground-state XC energy

Exc =

ˆ
d3q
(2π)3

1
2

ˆ 1

0
dλ

4π

q2 N[Sλ (q)−1], (2.5-85)

with Sλ (q) is the static structure factor obtained from the dynamic spectral function Sλ (q,ω)=(
− 1

π
Imχλ (q,ω)

)
as

Sλ (q) =
1
N

ˆ ∞

0
dω

(
− 1

π
Imχ

λ (q,ω)

)
∴ Sλ (q) =

1
N

ˆ ∞

0
dωSλ (q,ω) (2.5-86)

We can obtain the exact exchange energy by substituting λ = 0 and evaluating Eqs. 2.5-85

as

Ex =

ˆ
d3q
(2π)3

1
2

ˆ 1

0
dλ

4π

q2 N[Sλ=0(q)−1]. (2.5-87)

Finally, the correlation energy is obtained as

Ec = Exc−Ex. (2.5-88)

When the kernel fxc is zero, the correlation energy is called the RPA correlation energy,

while it is called the beyond-RPA (bRPA) correlation energy when the kernel is restored.
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2.5.1 RPA correlation energy

The interacting response function for the RPA is

χ
λ
RPA = χ0 +χ0λvχ

λ
RPA

∴ χ
λ
RPA =

1
χ
−1
0 −λv

(2.5-89)

with v = 1
|r−r′| being the Hartree kernel, and χ0 is given by Eq. 2.4-27. Now, the RPA

correlation energy is defined as

ERPA
c =

1
2

ˆ 1

0
dλ

¨
drdr′v(r,r′)× [− 1

π

ˆ ∞

0
dωχ

λ
RPA(r,r

′, iω)−n(r)δ (r− r′)]

− 1
2

ˆ 1

0
dλ

¨
drdr′v(r,r′)× [− 1

π

ˆ ∞

0
dωχ0(r,r′, iω)−n(r)δ (r− r′)]

=
1
2

ˆ 1

0
dλ

¨
drdr′v(r,r′)×− 1

π

ˆ ∞

0
dω[χλ

RPA(r,r
′, iω)−χ0(r,r′, iω)]

=− 1
2π

¨
drdr′v(r,r′)

ˆ ∞

0
dω[

ˆ 1

0
dλ χ

λ
RPA(r,r

′, iω)−χ0(r,r′, iω)]

∴ ERPA
c =

1
2π

ˆ ∞

0
dωTr[ln(1−χ0(iω)v)−χ0(iω)v]. (2.5-90)

Here Tr represents the trace of the matrix. To calculate the RPA correlation energy of a

real solid, we estimate the noninteracting response function given by Eq. 2.4-27 as

χ0(r,r′,ω) =
BZ

∑
k,q

∑
nn′

fnk− fn′(k+q)

ω + εnk− εn′(k+q)+ iη
ψ
∗
nk(r)ψn′k+q(r)ψnk(r′)ψ∗n′k+q(r

′), (2.5-91)

where, k,q are kpoint indices, and n,n′ are the band indices. εnk and ψnk are the ground-

state KS eigenvalues and eigenstates, which are normalized to 1 within the crystal volume

Ω. The BZ represents the Brillouin zone in the reciprocal space. Now for solids, χ0 can be

expanded in planewave basis

χ0(r,r′,ω) =
1
Ω

BZ

∑
q

∑
GG′

ei((q+G).r)
χ

GG′
0 (q,ω)e−i((q+G).r), (2.5-92)
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where the Fourier coefficients χGG′
0 (q,ω) is defined as [120, 121]

χ
GG′
0 (q,ω) =

1
Ω

BZ

∑
q

∑
nn′

fnk− fn′(k+q)

ω + εnk− εn′(k+q)+ iη

×< ψnk|e−i((q+G).r)|ψn′k+q >< ψnk|ei((q+G′).r′)|ψn′k+q > . (2.5-93)

Here, {G} are the reciprocal lattice vectors. Now the Dyson’s equation in Fourier space

becomes

χ
GG′(q,ω) = χ

GG′
0 (q,ω)+ ∑

G1G2

χ
GG1
0 (q,ω)

(
4πδG1G2

|q+G1|2
+ f G1G2

xc (q,ω)

)
χ

G2G′(q,ω)

(2.5-94)

The result for G = G′ = 0 corresponds to the primitive cell. The inclusion of the reciprocal

lattice vectors in the RPA correlation energy captures a more local-field effects, required

for the periodic solids. The number of the reciprocal lattice vectors can be controlled by

providing a cutoff energy which satisfies the relation, |q+G|2
2 < Ecut . However, a large

number of plane waves or ({G}) vectors should be used, as the RPA correlation energy

has a slow convergence with respect to them. Therefore, an extrapolation scheme has been

developed. The correlation energy is computed for various number of {G} vectors, and

later extrapolated to an infinite number of G-vectors according to [85]

Ec(Ecut) = ERPA
c +

A

E3/2
cut

. (2.5-95)

The correlation energy computed for the homogeneous electron gas from RPA shows a

significant deviation from the exact correlation energies computed from a high level quan-

tum Monte-Carlo method (QMC). The underestimation is up to ∼ 0.5 eV per particle for

a wide range of densities. It is due to the fact that RPA does have self-correlation error,

though, it has the self-interaction-free exchange. There are various beyond-RPA methods

developed to address this deficiency. Some of them are discussed below.
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2.5.2 Semi- and non-local corrections to RPA (RPA+)

As we know, the RPA accurately describes the long-range electron electron interaction,

while it suffers to capture the short-range correlation effects due to the absence of kernel.

The correlations from semilocal DFT functionals such as LDA and GGA are utilized to

improve the short-range correlation in RPA, and the resulting method is called RPA+ [122,

123] In the RPA+ method, the short-range correlation energy is defined as

Ec,sr =

ˆ
d3rn(r)εc,sr. (2.5-96)

The total correlation energy in RPA+ becomes

Ec = ERPA
c +Ec,sr (2.5-97)

Now, εc,sr is the short-range correlation energy per particle of the uniform electron gas,

defined as

ε
LDA
c,sr = ε

uni f
c (rs)− ε

RPA
c (rs)(LDA) (2.5-98)

ε
GGA
c,sr = ε

uni f
c (rs)− ε

RPA
c (rs)+H(rs, t,εuni f

c (rs))−H(rs, t,εRPA
c (rs))(GGA). (2.5-99)

Here, ε
uni f
c (rs) and εRPA

c (rs) are the correlation energy per particle of the uniform electron

gas, parametrized using high-level QMC calculation [18, 19] and RPA calculation [17] re-

spectively. H is a function of a gradient-correction term t, density, and the uniform electron

gas correlation energy per particle. These methods are quite successful in improving the to-

tal energies, ionization energies, etc, over RPA, but fail to correct the RPA underestimation

of molecular atomization energies. It may be due to missing middle-range multicenter non-

locality in the molecule in the direct RPA and RPA+ with semilocal corrections. Therefore,
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Ruzsinszky et. al. [123] proposed a nonlocal correction as

Enonlocal
c,sr =

ˆ
d3rn(r)[εGGA

c (r)− ε
GGA−RPA
c (r)][1−αF( f (r))], (2.5-100)

F( f ) = f [1−7.2 f 2][1+14.4 f 2]exp(−7.2 f 2),and (2.5-101)

f (r) =
εGGA

x (r)− εexact
x (r)

εGGA
x (r)

, (2.5-102)

(2.5-103)

with εx is an exchange energy per particle, and α = 9 provides a good fit to the atomization

energies of Furche [124].

A large part of the short-range correlation error cancels while calculating energy iso-

electronic differences in RPA. The kernel corrections or the semilocal or nonlocal correc-

tions such as in RPA+ methods greatly improve and give exact correlation energy for the

uniform electron gas. RPA+ methods usually give accurate predictions for spin-unpolarized

systems. However, they also break down while dealing with spin-polarized systems such

as H+
2 or other ions. Gould et. al. [125] proposed the gRPA+ method that changes RPA+

only for spin-polarized system, and developed by locally modifying RPA+ correlation en-

ergy density using various meta-GGA ingredients. The gRPA+ method is a self-interaction

corrected version of RPA+, and it is exact for all one-electron densities.

2.5.3 RPA renormalization (RPAr) scheme

The RPA renormalization is a scheme to present the beyond RPA correlation as the

perturbative corrections to the RPA correlation energy. Note that, though, the term sounds

similar as that of kernel renormalization in the cases of rALDA or rAPBE, they are differ-

ent. Instead of evaluating the interacting response function using the KS response function,
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it is expressed in terms of the RPA response function [117, 126].

χ = χ0 +χ0(v+ fxc)χ

χ =
1

χ
−1
0 − (v+ fxc)

χ =
1

χ
−1
RPA− fxc

χ = χRPA (1− fxcχRPA)
−1

χ = χRPA (1+ fxcχRPA + fxcχRPA fxcχRPA + .........)

∴ χ = χRPA +χRPA fxcχRPA +χRPA fxcχRPA fxcχRPA + ......... (2.5-104)

Here, χ
−1
0 − v = χ

−1
RPA and (1− x)−1 = 1+ x+ x2 + ... are utilized. The first two terms

give the RPAr1 approximation. If we replace one of the RPA response functions in RPAr1

by the noninteracting KS response function, we get the ACSOSEX approximation. Unlike

the infinite-order method, these approximations avoid divergences of the single-reference

perturbation theory due to small noninteracting gaps. Also, the computational cost is quite

comparable to bare RPA. We have utilized this scheme with various kernels to calculate the

ground-state equilibrium properties of cesium halide systems, as presented in chapter 3.

2.6 Linear response theory for the excited-states properties

Until now, we have discussed the linear response theory for its application in the ground-

state theory. We derived an exact expression of the exchange-correlation energy within

RPA and various beyond-RPA methods. We also discussed various exchange-correlation

kernels developed using the uniform electron gas by satisfying exact constraints. These

kernels are useful especially for the ground-state correlation energy by improving the short-

range electron-electron correlation within the system. However, these kernels are not useful

for the excited-state properties in real systems, as they miss an important ultranonlocal-

ity fxc ∼ α(ω)
q2 |q→0 behavior at the optical limit (q→ 0). In this section, we will explore
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various kernels especially designed for the optical properties of solids by satisfying the

optical-limit property. Before that, let’s define the dielectric function for real solids within

linear-response theory, which can be utilized to obtain various excited-state properties such

as absorption spectra, electron-energy-loss spectra, etc.

When a time-dependent perturbation is applied to the many-electron system, the system

polarizes. This polarization induces a potential that screens the original applied external

perturbation. Therefore, the total potential becomes

vtot(r, t) = vext(r, t)+ vinduced(r, t)ˆ ∞

−∞
dt ′
ˆ

d3r′ε−1(r,r′, t− t ′)vext(r′, t ′) = vext(r, t)

+

ˆ ∞

−∞
dt ′
ˆ

d3r
′′
ˆ

d3r′
χ(r′′ ,r′, t− t ′)vext(r′, t ′)

|r− r′′ |

∴ ε
−1(r,r′, t− t ′) = δ (r− r′)δ (t− t ′)+

ˆ
d3r

′′ χ(r′′ ,r′, t− t ′)
|r− r′′ |

(2.6-105)

This is the expression of the inverse dielectric function. The Fourier-transformation in

reciprocal space gives,

ε
−1
GG′(q,ω) = δGG′+∑

G′′

4πδGG′′

|q+G||q+G′′ |
χG′′G′(q,ω) (2.6-106)

This is a matrix of G×G′ size. For the RPA approximation,

ε
RPA
GG′(q,ω) = δGG′−∑

G′′

4πδGG′′

|q+G||q+G′′ |
χ

0
G′′G′

(q,ω) (2.6-107)

The macroscopic dielectric function is defined as

εM(q,ω) =
1

ε
−1
G=0,G′=0(q,ω)

(2.6-108)
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Now, the optical absorption spectra can be obtained by ImεM(q → 0,ω), whereas the

electron-energy-loss spectra (EELS) is given by −Im 1
εM(q,ω) .

2.6.1 XC kernels for optical spectra

In order to obtain accurate optical spectra, one needs to predict accurate energy lev-

els and also incorporate any excitonic effects (physics of bound electron-hole pair) present

in the system. The first part is related to the electron-electron (e-e) correlation, while the

second part arises from the electron-hole (e-h) interactions. Since we use the ground-state

KS eigenvalues and eigenstates to compute the noninteracting KS response function, which

raises the energy bands below the Fermi-level while lowering the levels above the Fermi-

level, the bandgaps are underestimated. Therefore, any excitation processes within such

inaccurate energy-levels are also unreliable. The accurate energy-levels can be obtained

using the exact ground-state XC potential, but it is impossible to obtain it. However, an

improved version of DFT functionals in meta-GGA levels such as TASK [44] and the hy-

brid functionals can provide more accurate bandgaps. The most accurate bandgaps can

be obtained using GW methods from many-body Green’s function theory [127], though

they are more expensive than any DFT method. Once, we have accurate bandgaps from

experiments or from the higher-level theoretical calculations then we can correct the e-e

interactions in optical spectra by applying the Scissors shift [128, 129]. The Scissors shift

can be defined as

∆s = Eexact
g −EKS−DFT

g , (2.6-109)

where Eexact
g is an exact bandgap, either taken from the experiment or calculated from the

higher-level methods. The EKS−DFT
g is the KS bandgap. This shift simply raises the unoc-

cupied orbitals. Without the bandgap correction, the optical spectra are usually red-shifted

to the lower binding energies.
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The next important thing to incorporate is the excitonic effects by improving the e-h

interactions. RPA simply uses the Hartree kernel that cannot properly include the e-h in-

teractions, therefore, the binding energies of the absorption spectra computed by RPA with

the Scissors shift are often overestimated (or blue-shifted), compared to the experiment.

Also, some of the features of the exact spectra can be missing. The many-body quantum

theory provided by Hans Bethe and Edwin Salpeter, also known as Bethe-Salpeter equa-

tion (BSE) [130], in conjunction with the GW method (GW-BSE), can give the accurate

optical spectra with correct binding energies, and also includes the exact features of the

spectra. However, these methods are highly expensive in terms of both computational time

and memory consumption. Alternatively, the dynamical exchange-correlation kernel can

be restored to improve the RPA calculated optical spectra. Some of them are discussed as

follows.

Long-range contribution (LRC) to XC kernel

This is also known as the long-range kernel. This kernel is developed just by satisfying

an ultranonlocality property at the optical limit [111, 131]. In real space, it has a static form

of

f LRC
xc (r− r′) =− α

4π|r− r′|
, (2.6-110)

where α is some materials-dependent constant. If starting from GW bandstructures, it has

values of 0.09, 0.05, and 0.15 for Silicon, GaAs, and AlAs respectively [131]. In reciprocal

space, it has a form of (
f LRC
xc (q,ω)

)
GG′

=− αδGG′

|q+G|2
(2.6-111)

It also can be made frequency-dependent, simply changing static α to a ω−dependent α .
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Bootstrap kernel

This kernel is obtained by solving together the Dyson’s equation and the equation of

the inverse dielectric function self-consistently. We have an expression for the inverse

dielectric function as,

ε
−1(q,ω) = 1+χ0(q,ω)v(q) [1−{v(q)+ fxc(q,ω)}χ0(q,ω)]−1 . (2.6-112)

Here, all quantities are matrices obtained using the basis of the reciprocal lattice vectors

{G}. The kernel fxc(q,ω) is approximated by

fxc(q,ω) =−ε−1(q,ω = 0)v(q)
ε00

0 (q,ω = 0)−1
=

ε−1(q,ω = 0)
χ00

0 (q,ω = 0)
(2.6-113)

The RPA dielectric function is defined as ε0(q,ω) = 1− v(q)χ0(q,ω). Only G = G′ = 0

component has been used in the denominator.

The calculation starts by setting fxc = 0 and obtain ε−1 using Eq. 2.6-112. Then, it is

bootstrapped to Eq. 2.6-113 to obtain a new fxc. This process is continuously carried out

until the self-consistency at ω = 0 is achieved. The resulting kernel has ultra-non-locality

at the optical limit that is crucial to capture the excitonic peak within the fundamental gap.

Also in the zero frequency limit (ω → 0), Eq. 2.6-112 yields the static dielectric constants

close to RPA results.

Jellium with gap (JGM) model kernels

This is a static (ω = 0) kernel based on the jellium-with-gap (JG) model [101]. Unlike

other kernels described above, it is designed to obtain the accurate optical properties of the

semiconductor and insulators. This kernel is extended form of the CP07 kernel for the JG
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model. This kernel satisfies the following constraint at the optical limit,

f JGM
xc (q→ 0;n,Eg)'−

E2
g

nq2 , (2.6-114)

where, Eg being the band gap. Now, the kernel itself is defined as,

f JGM
xc (q;n,Eg) =

4π

q2 B′(n,Eg)
[
e−k′n,Egq2

−1
]
− 4π

k2
F

c′(n,Eg)

1+1/q2 . (2.6-115)

B′(n,Eg) =
B(n)+Eg

1+Eg
(2.6-116)

c′(n,Eg) =
c(n)

1+Eg
(2.6-117)

k′n,Eg
= kn +

1
4πq2

E2
g

nB′(n,Eg)
(2.6-118)

Since, the second term in Eq. 2.6-115 does not describe the optical limit property at q→ 0,

a different kernel has been purposed, known as JGMs [81] which is defined as:

f JGMs
xc (q;n,G) =

4π

q2

[
e−knq2

e−G2/(4πn)−1
]
, (2.6-119)

where G = Eg. This kernel provides a proper description of UEG correlation energy, and

improves the ground-state properties of bulk systems. It also satisfies the optical limit as

that of JGM kernel. In addition, the gradient correction to JGM kernel (JGM-G) improves

the optical spectra, as described in Ref. [102].

2.6.2 Absorption spectra of solids with the NEO kernel

Here, we explore various kernels including the NEO kernel to calculate the optical

response, mainly absorption spectra, of the bulk solids. It is a simple model kernel, just

satisfies a few constraints. For optical spectra, we use the NEO kernel of form

f NEO
x (q,n;z) =

4π

q2 ∑
σ

(nσ

n

)2
[
(1− xiσ )

(
exp
[
−cn

q2

Fzσ

]
−1
)
− xiσ

]
, (2.6-120)
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where

Fiσ = 4c̃(1− zσ )
2k2

Fσ (2.6-121)

zσ =
τvW

τσ

, (2.6-122)

τvW (r) =
|∇nσ (r)|2

8nσ (r)
, (2.6-123)

τσ (r) =
1
2 ∑

i
|∇φiσ (r)|2, (2.6-124)

and kFσ = (6π2nσ )
1/3 is the Fermi-wavevector, c̃ = 0.264, and cn is a fitting parameter.

The xiσ is the screening parameter having values between 0 and 1 , inclusive, which can be

defined differently, based on constraint satisfaction. For example, when we chose optical-

limit property of Eq. 2.6-114 at q→ 0 giving

−4π

q2 ∑
σ

(nσ

n

)2
x1σ =−

E2
g

nq2 . (2.6-125)

For spin-unpolarized systems nσ = n
2 , Eq 2.6-125 gives

x1σ =
E2

g

2πn
. (2.6-126)

Here, Eg can be an experimental gap. It is an exchange only, frequency-independent kernel.

Now, we utilize this kernel to calculate an optical spectra of various solids.

2.6.2.1 Computational details

The ground-state eigenstates and eigenvalues required to calculate noninteracting KS

response function have been calculated using ABINIT software [132] with Troullier-Martins

norm-conserving pseudopotentials. The PBE calculations have been performed using a

planewave cutoff of∼ 250 eV, and the Brillouin-zone sampling of Monkhorst-Pack 16×16×16

k-mesh. The total number of bands taken is∼40-60 including the unoccupied ones. The di-
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electric functions, and hence the absorption spectra are computed using the YAMBO [133]

code. We performed beyond-RPA calculations using NEO kernel and JGMs kernel, and

compared the results of the optical spectra from RPA and experiment. The unoccupied en-

ergy levels were shifted up using the Scissors shift, where the experimental bandgaps were

used as the exact fundamental gap.

2.6.2.2 Results and Discussions

Here, we show the role of kernel-corrected TDDFT methods in the excited-state proper-

ties of real solids by calculating the optical absorption spectra (ABS), as shown in Fig. 2.2.

Though the NEO kernel has different mathematical expression than that of JGMs kernel,

the optical spectra from both methods are almost similar. The RPA often blue-shifted the

ABS curve, compared to experiments. On the other hand, both kernel significantly improve

the ABS spectra, where it is needed. However, these kernels still fail to capture the accurate

excitonic effects in the case of more wide-gap insulators. Also, they could not revive the

missing features in RPA spectra. Moreover, these kernels uses the experimental bandgaps,

which makes them semi-empirical. All these discrepancies can be addressed with the cor-

rect optical limit at q→ 0. Though our kernel does not provide the most accurate results

under the present circumstances, it can be improved by using more sophisticated screening

factor. Furthermore, it can include frequency-dependence as well.
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Figure 2.2: Optical absorption spectra calculated using ABS = Im εM(q→ 0,ω). The
experimental bandgaps used are 1.17 eV, 5.50 eV, 2.42 eV, and 1.52 eV with the Scissors
shifts of 0.55 eV, 3.64 eV, 1.4 eV, and 0.51 eV respectively for Si, C, SiC, and GaAs [134].
Lorentz broadening of 0.1-0.2 eV were used in the calculations. Experimental spectra are
taken from Refs. [135–138].
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CHAPTER 3

ROCKSALT OR CESIUM CHLORIDE:

INVESTIGATING THE RELATIVE STABILITY OF

THE CESIUM HALIDE STRUCTURES WITH

RANDOM PHASE APPROXIMATION BASED

METHODS

3.1 Abstract

The ground state structural and energetic properties for rocksalt and cesium chloride

phases of the cesium halides were explored using the Random Phase Approximation (RPA)

and beyond-RPA methods to benchmark the non-empirical SCAN meta-GGA and its em-

pirical dispersion corrections. The importance of non-additivity and higher-order multipole

moments of dispersion in these systems is discussed. RPA generally predicts the equilib-

rium volume for these halides within 2.4% of the experimental value, while beyond-RPA

methods utilizing the renormalized adiabatic LDA (rALDA) exchange-correlation kernel

are typically within 1.8%. The zero-point vibrational energy is small and shows that the

stability of these halides is purely due to electronic correlation effects. The rAPBE kernel

as a correction to RPA overestimates the equilibrium volume and could not predict the cor-

rect phase ordering in the case of cesium chloride, while the rALDA kernel consistently

predicted results in agreement with the experiment for all of the halides. However, due to

its reasonable accuracy with lower computational cost, SCAN+rVV10 proved to be a good

alternative to the RPA-like methods for describing the properties of these ionic solids.
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3.2 Introduction

Alkali halides provide a useful benchmark for new theoretical methods to test their per-

formance in predicting equilibrium and non-equilibrium properties of ionic solids [139–

145]. Among the alkali halides, cesium halides are of particular interest in terms of

their phase stability and have been studied both experimentally as well as theoretically

[141, 146–150]. CsF is experimentally stable in the B1 structure, while the Cl, Br, and

I materials exist experimentally in the B2 structure. In Strukturbericht notation, B1 cor-

responds to the rocksalt (NaCl) phase, whereas B2 refers to the CsCl phase [151]. This

difference in phase preference for the cesium halides can only be understood through the

inclusion of dispersion interactions [141, 146–150].

The unexpected stability of an ionic B2 phase was explained by London [146] through

the presence of relatively large van der Waals interactions between the heavy Cs+ cation

and the heavier halide anions (Cl−, Br−, and I−). Since dispersion effects are proportional

to the polarizability and number of electrons in the anion, they are expected to become more

important as one moves down the halide column. Furthermore, the coordination number of

Cs in the B2 phase is higher than that in the B1 phase so there are locally more halide anions

with which to interact. Dispersion is a pure quantum mechanical effect due to instantaneous

or induced electronic multipole moments and is therefore difficult to capture with classical

models [152]. The simplest treatment of the dispersion interaction is modeled by simple

pairwise-additive interactions between atoms, but this type of approximation completely

ignores any nonadditive, nonlocal, and collective many-body effects [152, 153], which can

be important in cases where screening effects modify electron-electron interactions.

Rather than rely on classical models, ab initio calculations can be readily used to study
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the details of these systems. The development of accurate approximations to the exchange-

correlation energy of density functional theory [11] (DFT) has enabled it to become the

default electronic structure method for the computational molecular sciences. Approxi-

mations such as the local density approximation [14, 154] (LDA) and the Perdew, Burke,

Ernzerhof [21] (PBE) generalized gradient approximation (GGA) have been applied to a

wide range of systems, but they fail to deliver accurate results when non-local interactions

are important. Global hybrid density functionals, such as PBE0 [65], often improve in

situations with stretched bonds [155, 156], but do not have any impact on dispersion in-

teractions. By constructing meta-GGA (MGGA) approximations that include the kinetic-

energy density [35, 38, 39, 157, 157–160], part of the dispersion interaction can be directly

included in a semilocal calculation, however the long-range part is still missing and must

be included through other means. Incorporating the missing long-range dispersion interac-

tions into semilocal DFT calculations by adding empirical pairwise-additive contributions

has been an active topic of research for more than two decades [49, 50, 161–166]. More

recent formulations of these corrections go beyond pairwise contributions and can include

three-body terms [51] or even some non-locality [54, 167, 168].

The adiabatic-connection fluctuation-dissipation theorem (ACFDT) DFT formalism pro-

vides a non-empirical route to construct a nonlocal correlation energy that can be combined

with the self-interaction free exact exchange (EXX) energy to compute the total ground

state energy [169–172]. With improved algorithms [173–177] and ever increasing compu-

tational power, the Random Phase Approximation (RPA) has become an accessible alter-

native to semilocal DFT and is the simplest approximation within ACFDT-DFT. Naturally

accounting for weak interactions, RPA has been demonstrated to yield accurate results for

systems heavily influenced by van der Waals interactions (vdW) [85–89], as well as for

covalently bound systems [76–82]. Since RPA is determined from a Dyson-type equation,

it also naturally incorporates non-pairwise-additive dispersion contributions [178] that are
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missing from simple empirical dispersion schemes [171, 179] and can be used as a bench-

mark for diverse physical and chemical properties involving both van der Waals and co-

valent interactions in the literature [77, 180–182]. However the absence of an exchange-

correlation (xc) kernel in RPA leads to an inaccurate description of short-range correlation

[90, 117, 124, 183]. Beyond-RPA (bRPA) methods including an approximate exchange-

correlation kernel from time dependent DFT [117, 171, 172, 184, 185] (TDDFT) correct

this deficiency of RPA while preserving the accurate description of long-range interactions.

In this work, we have assessed the performance of several semilocal functionals plus

long-range dispersion corrections, as well as ACFDT-based methods to determine the rel-

ative stability of the cesium halides in comparison to experiment. The importance of non-

additivity in these difficult ionic system was also tested. The impact of short-ranged in-

teractions for these systems was explored with a comparative study of RPA and beyond

RPA methods. The rest of the paper is organized as follows. The methods we used for this

assessment are discussed in Sec. 3.3 and computational details are given in Sec. 3.4. The

results are presented in Sec. 3.5, followed by a brief discussion and some conclusions in

Sec. 3.6.

3.3 Methods

In this work, we have used several standard semilocal functionals to assess the ground

state properties of the cesium halides. Analogous to previous works [42, 141], we have

used the local density approximation [14] (LDA) and the generalized gradient approxima-

tion of Perdew, Burke, and Ernzerhof [21] (PBE) as a starting point for comparing the

performance of more advanced methods. These two functionals do not explicitly include

dispersion effects, though sometimes error cancellation in the exchange and correlation en-

ergies can simulate the effects of including these additional attractive forces [42]. Previous

results reported with these functionals demonstrated that LDA predicts the correct phase
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ordering while PBE does not, but adding a long-range dispersion correction to PBE cor-

rects this fundamental failure [141]. In practice dispersion corrections work well with the

PBE0 global hybrid functional. PBE0 itself has been effective in predicting the stability of

hydrogen-bonded ice polymorphs [186]. Long-range dispersion corrections are, however,

essential for an accurate predicition of structures for various systems. In this case PBE0

without dispersion correction does not necessarily deliver the desired accuracy as pointed

out in Refs. [187–189]. In order to explicitly include some dispersion at the semilocal

level, more advanced approximate functionals are needed, such as from the MGGA “rung”

of DFT [157, 190, 191].

The strongly constrained and appropriately normed (SCAN) functional is one such ap-

proximation that incorporates intermediate-range dispersion interactions through its depen-

dence on the kinetic energy density [39]. SCAN is one of the most advanced non-empirical

semilocal functionals to date, satisfying all possible exact constraints that a MGGA can,

and has proven to be accurate for diversely bonded systems [39, 42, 55, 192, 193]. Com-

paring the SCAN results to those of previous non-empirical functionals should show clearly

the impact that including dispersion, if only partially, makes at the semilocal level for the

ground state properties of ionic materials.

Though SCAN includes intermediate-range vdW effects, it does not capture long-range

interactions which arise from electron density fluctuations. To incorporate these missing

contributions to the energy, we have utilized two correction schemes based on approxi-

mate treatments of the dispersion interaction. The first route, Grimme et al.’s D3 [51, 52]

method, improves upon the previous D2 approach by incorporating three-body interactions

and treating effects from the local environment. We also tested the impact of including dis-

persion through the non-local rVV10 correction [54, 55, 168] in combination with SCAN

[39]. The rVV10 correction naturally includes higher-order multipole moments, but does
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not capture non-pairwise-additive effects [55]. Including the impact of these corrections is

important since previous works used lower level approximations, such as D2, and found a

large energy difference between the B1 and B2 phases [141].

In order to verify our semilocal results, we also utilized methods from the adiabatic-

connection fluctuation-dissipation theorem (ACFDT) formulation of DFT [119, 169, 171,

184]. The most common approximation of ACFDT-DFT, known as the Random Phase Ap-

proximation (RPA), was originally developed in the 1950’s [74, 75] for the uniform electron

gas and has received renewed interest more recently due to increased computational power

and more efficient algorithms [124, 173, 175, 176, 194–196]. The detailed mathematical

description of the ACFDT formalism, as well as its implementations, can be found in the

review articles Refs. [171, 172]. To summarize briefly, within the ACFDT-DFT the total

energy is computed from the non-local, self-interaction-error-free exact exchange (EXX)

energy and a non-local correlation energy,

EACFD = EEXX +EACFD
C . (3.3-1)

The total correlation energy itself can be exactly decomposed into two contributions [117],

EACFD
C = ERPA

C +∆EbRPA
C , (3.3-2)

where the second term accounts for all of the many-body effects not captured by RPA.

Within RPA, ∆EbRPA
C = 0 since the exchange-correlation kernel is explicitly neglected. The

RPA correlation energy naturally includes long-range dispersion and is non-perturbative,

meaning that it can be safely applied to zero-gap systems without diverging [197]. For this

work, the non-perturbative nature is important not because the band gaps are small, but be-

cause non-perturbative methods capture non-pairwise-additive contributions to dispersion

[153, 179]. Consequently, we can count on RPA to provide a quasi-benchmark with which
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to compare the semilocal and dispersion-corrected results. However, if treating the short-

ranged correlation accurately is important for these ionic materials, RPA may not provide

the desired accuracy needed for a true benchmark, and more advanced methods beyond

RPA are needed.

Due to neglect of the exchange-correlation kernel within RPA, the short-ranged cor-

relation is not accurately described [90, 183]. To go beyond RPA, we have studied the

impact of two approximate exchange-like kernels, rALDA [114, 198] and rAPBE [115].

These kernels are derived from electron gas model kernels and are spatially renormal-

ized in order to avoid the divergence of the pair-density at the origin from adiabatic, lo-

cal kernels in TDDFT [81, 184, 198]. These kernels have been demonstrated to improve

upon RPA for non-isogyric processes, such as computing atomization or cohesive ener-

gies, while preserving the good performance of RPA for covalent and dispersion bound

systems [115, 198, 199]. We have also used the CP07 [113] exchange-correlation kernel

to determine if the exchange-like kernels are sufficiently accurate for predicting the energy

difference between the B1 and B2 phases. We did not explore the structures with these

exchange-correlation kernels since they are noticably more computationally demanding

and Ref. [81] demonstrated that their performance for lattice constants and bulk moduli of

simple solids is only marginally different than that of rALDA and rAPBE.

Rather than compute the infinite-order response function including the kernel [119, 170,

184], we utilize RPA renormalization [15, 117, 185] (RPAr) to compute ∆EbRPA
C . To briefly

describe these approximations, within RPA renormalization the infinite-order expression

for the bRPA piece [117, 185] for a given kernel is

∆EbRPA
C [ fxc] =−Re

ˆ 1

0
dλ

ˆ ∞

0

du
2π

〈
V χ̂λ (iu) f λ

xc(iu)χλ (iu)
〉
, (3.3-3)
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where V is the bare Coulomb interaction, χλ is the interacting density-density response

function, χ̂λ is the RPA response function, fxc is the exchange-correlation kernel, iu is an

imaginary frequency, though we take the Re part of the integral, λ the adiabatic-connection

coupling constant, and 〈A〉 indicates the trace of matrix A. For periodic boundary condi-

tions, this trace involves an integration over the Brillouin zone and summation over the

reciprocal lattice vectors.

RPAr to first-order, RPAr1, is obtained by replacing χλ with the RPA response function

χ̂λ

∆ERPAr1
C [ fxc] =−

ˆ 1

0
dλ

ˆ ∞

0

du
2π

〈
V χ̂λ (iu) f λ

xc(iu)χ̂λ (iu)
〉
. (3.3-4)

RPA renormaliation to first-order (RPAr1) was previously demonstrated to account for

∼90% of the total bRPA correlation energy, delivering a consistent performance in com-

parison to the traditional infinite-order approach [15, 117, 197]. In order to capture high-

order correlation contributions, we have also utilized an approximate second-order RPAr

correction [185] which we call the higher-order terms (HOT) approximation [200]. This

approximation makes up the difference between RPAr1 and the infinite-order result

∆EHOT
C [ fxc] = EbRPA

C −ERPAr1
C ≈−1

2

ˆ ∞

0

du
2π
〈V χ̂ fxcχ̂ fxcχ̂〉 , (3.3-5)

typically recovering the total infinite-order correlation energy to within 1% when added

to RPAr1. We have also utilized an approximation to RPAr1 called ACSOSEX [15, 16,

117, 185, 201, 202], which neglects a certain set of third and higher-order contributions

to the correlation energy in comparison to RPAr1 [15]. This approximation is obtained by

replacing one χ̂ with χ0 in the RPAr1 correlation energy

∆EACSOSEX
C [ fxc] =−

ˆ 1

0
dλ

ˆ ∞

0

du
2π

〈
V χ̂λ (iu) f λ

xc(iu)χ0(iu)
〉
, (3.3-6)
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and was shown to be less systematic than RPAr1 due to the reintroduction of the non-

interacting KS response function [15, 117]. This is to be distinguished from the coupled-

cluster doubles approximation known as second-order screened exchange [203–205] (SO-

SEX), however ACSOSEX and SOSEX have been shown to be analytically and numer-

ically quite similar [15, 201]. The differences in these approximations hinge on the dif-

ferences in the response functions used to evaluate the traces, which can be important for

describing non-perturbative dispersion interactions, since we cannot expect χ0 to contain

any information beyond the mean-field level. By studying the relative performance of these

three methods we can understand the impact that the partial resummations of the correlation

energy makes on the ground state properties of these ionic materials.

3.4 Computational Details

Ground state LDA and PBE calculations were performed within the Projected Aug-

mented Wave (PAW) formalism [206] as implemented in GPAW [207–209]. We used PBE

input orbitals for all of the RPA and beyond-RPA calculations, since they are evaluated

non-self-consistently. Calculations with the strongly constrained and appropriately normed

(SCAN) functional [39] and its combination with the revised VV10 dispersion correction

(SCAN+rVV10) [55] were obtained self-consistently with VASP [210]. A plane wave cut-

off of 600 eV was used in conjunction with 6× 6× 6 Gamma-centered Monkhorst-Pack

[211] k-point meshes to sample the Brillouin zone for semilocal and hybrid functionals. A

higher plane wave cutoff of 800 eV and Brillouin zone sampling of 8×8×8 were used for

the EXX and RPA correlation energy calculations. Fermi-Dirac occupations correspond-

ing to a temperature of 0.01 eV were used throughout. GPAW calculations were performed

using the 0.9.20000 datasets, while the VASP calculations utilized the sv and simple PP

for Cs and halogens respectively, modified to include kinetic energy density required for

MGGA calculations [212].
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The non-interacting density response function can be computed from a sum-over-states

expression [213] which is truncated at the number of bands determined by the plane wave

cutoff for the response function. Since the calculation of the response function converges

slowly with respect to the sum over unoccupied states, an extrapolation is needed to obtain

converged correlation energies from the adiabatic connection [85, 124]. We used a max-

imum cutoff for the response function of 400 eV, and 4 smaller cutoffs in 5% increments

of the maximum to extrapolate the correlation energy according to Eq. (7) in Ref. [85].

The frequency integral was performed as in Ref. [85] using a 16 point Gauss-Legendre

quadrature, and with a frequency scale of 2.0 for non-metallic systems as recommended

in Ref. [79]. A Wigner-Seitz truncation scheme [214] was used for the EXX energy to

treat the small wavevector divergence of the Coulomb interaction, while the perturbative

approach suggested in Ref. [213] was used for the correlation energy. For the RPA corre-

lation calculations we have used 8×8×8 Gamma-centered k-point meshes, For the bRPA

calculations we have used 6×6×6 meshes for both phases because the kernel-corrected

methods tend to converge faster than RPA with respect to the k-mesh size, much like the

original SOSEX method [204]. We have used a 350 eV cutoff without extrapolation for

these bRPA calculations. For the CP07 calculations, we used the same settings as for the

rADFT kernels, but evaluated the energy difference at only a single volume for each phase

near their respective minima as predicted by rALDA.

The atomic energies for the ACFD methods were computed using rectangular simula-

tion cells of 6Å×7Å×8Å for F and 7Å×8Å×9Å for Cs, Cl, Br, and I. Two cutoffs, 300

and 350 eV, were used to extrapolate the atomic results, since these cutoffs were previously

demonstrated to yield converged results for RPA [79]. Atomic EXX energies were com-

puted using simulation cells of 12Å×12Å×12Å and an 1000 eV plane wave cutoff. The

atomic energies for SCAN and SCAN+rVV10 were calculated using a plane wave basis set

with maximum kinetic energies of 250–400 eV and a 20Å×20Å×20Å simulation cell.
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We calculated the zero-point vibrational energy (ZPVE) from PBE using VASP and

PHONOPY [215] to estimate thermal corrections to the ground state energy. The ZPVE

calculation includes the effect of LO-TO splitting within a polar solid [216]. The equilib-

rium properties of the bulk materials were determined from a fit to the third-order Birch-

Murnaghan equation of state using at least seven volume points around the minimum.

3.5 Results

3.5.1 Equilibrium Structural Parameters

The computed equilibrium volumes and bulk moduli are reported in Tables 3.1 and 3.2

respectively. Beyond-RPA results are computed using rALDA. Experimental volumes were

obtained using the lattice constants reported in the literature [217]. PBE systematically

overestimates the equilibrium volume while LDA underestimates it, and our results are in

good agreement with those of Refs. [141, 150]. On the other hand, a global hybrid PBE0

does improve over PBE slightly, but still overestimates the equilibrium volume. In order

to predict accurate equilibrium volumes, some level of dispersion must be included. The

equilibrium volumes predicted by SCAN, SCAN+D3, and SCAN+rVV10 are much more

accurate than PBE or LDA, and tend to be quite close to one another and to the RPA results.

The beyond-RPA methods tend to be even more accurate than dispersion corrected SCAN

or RPA in comparison to experiment. The accuracy of the various methods to estimate the

bulk modulus follows essentially the same trends as for the equilibrium volumes.

3.5.2 Cohesive Energies

The cohesive energies per formula unit for the low-energy phases of the cesium halides

are presented in Table 3.3. For the fluoride this corresponds to the B1 phase, while for

the other salts B2 is the low-energy phase. LDA and SCAN tend to overestimate the co-

hesive energies for the fluoride and chloride salts and underestimate the cohesive energy
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Table 3.1: Equilibrium volumes per CsX functional unit in Å3. Experimental volumes
correspond to room temperature. LDA underestimates the lattice constants whereas PBE
always overestimates them. RPA along with SCAN (S), S+rVV10, and S+D3 are noticably
more accurate for predicting the equilibrium volumes than PBE and LDA, however the
beyond-RPA methods using rALDA (RPAr1, HOT, and ACSOSEX) yield the most accurate
results.

V0 LDA PBE PBE0 SCAN S+D3 S+rVV10 RPA RPAr1 HOT ACSOSEX Expt.[217]
F-B1 49.299 58.096 55.844 53.783 53.443 52.849 53.566 54.118 53.959 54.027 54.270
F-B2 43.336 51.087 49.298 47.873 47.809 47.018 47.687 47.898 47.770 48.057
Cl-B1 76.719 89.031 87.188 85.863 84.929 84.116 83.128 82.324 82.104 81.826
Cl-B2 62.853 74.780 72.564 70.235 69.483 68.490 68.315 68.873 68.681 68.977 69.934
Br-B1 86.980 101.332 99.234 97.794 96.756 95.666 94.181 93.772 93.453 93.070
Br-B2 71.270 84.980 82.464 79.887 78.922 77.892 77.321 78.154 78.888 78.164 78.954
I-B1 104.001 121.620 119.266 117.978 116.913 115.045 113.348 112.582 112.160 111.715
I-B2 85.622 102.028 99.229 98.182 96.922 95.545 93.525 94.079 93.713 94.010 95.444

Table 3.2: Computed bulk moduli (GPa) from the equation of state fits. The experimen-
tal values of Ref. [218] are taken at 4.2 K, Ref. [149, 219] were measured around liquid
nitrogen temperature, and the remaining were measured around room temperature. RPA
and SCAN are quite accurate in predicting the bulk moduli of these halides, however
SCAN+rVV10 and the kernel-corrected bRPA methods utilizing the rALDA kernel are
still systematic improvements.

B LDA PBE PBE0 SCAN S+D3 S+rVV10 RPA RPAr1 HOT ACSOSEX Expt.
F-B1 33.2 19.8 22.5 27.7 28.4 29.6 25.4 27.5 27.8 27.9 25.0 [220]
F-B2 41.2 23.7 26.4 33.3 29.1 34.7 28.1 31.6 31.9 31.2
Cl-B1 19.3 12.2 13.0 15.0 15.6 16.2 15.6 17.3 17.5 18.1
Cl-B2 24.7 14.3 15.7 19.4 19.7 21.4 20.4 20.6 20.8 20.9 22.9 [219]
Br-B1 16.5 10.3 11.0 12.7 13.2 13.7 13.3 14.5 14.7 15.3
Br-B2 21.0 12.2 13.3 14.6 16.5 17.7 17.5 17.6 17.8 17.9 17.9 [149], 18.4 [218]
I-B1 13.3 8.2 8.7 10.0 10.4 11.0 10.8 11.8 11.9 12.4
I-B2 16.9 9.9 10.7 13.4 12.8 13.7 13.8 14.3 14.5 14.6 13.5 [221], 14.4 [218]
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for the iodide. The bromide tends to be the halide where these semilocal functionals are

closest to the experiment. PBE universally underestimates the cohesive energies for all of

the halide salts. PBE0 still underestimates the cohesive energy providing only a slight im-

provement over PBE. Adding dispersion to PBE improves the cohesive energies of these

halides [141, 150]. Similarly, the D3 correction to PBE0 improves the equilibrium proper-

ties significantly, as presented in Table S5 of the supporting information. Adding long range

dispersion from D3 or rVV10 to SCAN systematically increases the cohesive energies, re-

sulting in larger overestimates for the fluoride and chloride, a little change for the bromide,

and reducing the underestimation of the iodide salt. RPA and the bRPA methods also have

varied performances, tending to yield overestimates for F and Cl, but underestimates for

the Br and I salts. There is some difference amongst the bRPA methods themselves for the

cohesive energies since a free atom is involved, and the different levels of RPAr recover

different amounts of bRPA correlation [185]. The short-ranged contributions captured by

the bRPA corrections become important for the heavier halides since the CsX bond is more

covalent than the lighter halides, based solely on electronegativity differences [222]. Thus

RPA tends to be more accurate vs experiment for the fluoride and chloride and less accurate

for the bromide and iodide salts, whereas the bRPA methods have the opposite trend.

Comparing the semilocal results against the ACFDT results indicates that the incorpo-

ration of dispersion is crucial, as expected. The dispersion corrected SCAN results agree

to a good extent with the higher level calculations, though whether they agree with RPA

or bRPA methods depends on the halide. For the fluoride, the ACFDT methods are likely

superior because they utilize the self-interaction error free exact exchange energy and cor-

rectly incorporate all ranges of dispersion, whereas the semilocal results (other than PBE)

are too large already without dispersion and only become larger with the addition of D3

or rVV10. For the other halides, the difference between the dispersion corrected SCAN

results and the bRPA methods is around 300 meV per functional unit (∼3-5%) indicating
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an adequate prediction by the lower-level methods. Though the magnitude of the cohe-

sive energy is important to compare with experiment, the difference in predicted cohesive

energies is also important for predicting the relative stability of the B1 and B2 phases.

Table 3.3: Computed cohesive energies (eV per formula unit) for the stable phases of the
cesium halides. The columns are labeled as they were for Table 3.1. SCAN+D3 results
were computed using ”zero” damping. The experimental values given by Ref. [148] are
taken at room temperature.

Ecoh LDA PBE PBE0 PBE+D2 [141] SCAN S+D3 S+rVV10 RPA RPAr1 HOT ACSOSEX Expt. [148]
F-B1 8.28 7.19 6.91 7.94 8.09 8.14 8.24 7.51 7.68 7.81 7.82 7.48
Cl-B2 6.97 6.07 6.08 6.84 6.874 6.94 7.08 6.865 7.12 7.24 7.40 6.74
Br-B2 6.49 5.64 5.70 6.48 6.37 6.44 6.57 6.03 6.08 6.20 6.42 6.48
I-B2 5.92 5.12 5.20 6.02 5.73 5.80 5.94 5.56 5.59 5.70 5.93 6.18

Figure 3.1: Bar diagram representing ∆Ecoh =EB1
coh−EB2

coh obtained with various DFT meth-
ods. PBE+D2 results are taken from Ref. [141]. Positive ∆Ecoh corresponds to the B1 phase
being preferred as the ground state, whereas negative values indicate the preferred stabil-
ity of the B2 phase. PBE predicts all ground state cesium halides to be in the B1 phase
whereas all other methods favor the B2 structure except in CsF. Data for energy differences
between cohesive energies between two phases are presented by Table 3.6 in supplementary
material.
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The differences in the predicted cohesive energies between B1 and B2 phases, ∆Ecoh =

EB1
coh−EB2

coh, are summarized in Figures 3.1 and 3.2. Figure 3.1 contains the dispersion-

corrected semilocal results along with PBE0, and RPA. The bRPA results using rALDA

are presented in Figure 3.2. As in Ref. [141], both PBE and PBE0 predict all of the ce-

sium halides to prefer the B1 phase, whereas all the other methods predict CsF to prefer
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the B1 phase and CsCl, CsBr, and CsI to prefer the B2 phase. LDA predicts the correct

energetic orderings for all of the halides in addition to accurately predicting the structural

parameters. The PBE+D2 results of Ref. [141] correct the failure of PBE, but result in a

large difference in cohesive energies due to an inadequate description of dispersion effects

in these ionic compounds. Both RPA and SCAN predict the correct phase ordering, but

the difference in cohesive energies is noticably smaller than that of PBE+D2. RPA yields

a consistent trend of increasing ∆Ecoh going down from Cl in the halide group, as do LDA

and PBE+D2 [141], but SCAN does not yield the same trend, with the predicted energy

difference for the iodide being smaller than that for Cl and Br. Beyond RPA methods fol-

low the RPA trend, but yield consistently larger splittings between the phases. Since the

bRPA methods contain proper short- and long-ranged correlation effects, as well as a self-

interaction error free exchange energy, we prefer them for a benchmark in these systems.

With that in mind, the SCAN and SCAN+dispersion results yield reasonable predictions

for each of the salts, though the chemical trend is not reproduced. We found that the dif-

ference in ZPVE between the two phases is 5 meV for CsF, and decreases to 0.1 meV as

we go towards the heavier anions. No imaginary vibrational modes were observed during

phonon calculation. These thermal shifts are negligible compared to the electronic energy

difference [141], thus the primary contribution to ∆Ecoh comes from electronic correlation

at 0 K and not from any temperature effects.

The beyond RPA results obtained with the rAPBE, CDOPs [223], and CP07 kernels

for CsCl are reported in Tables 3.4 and 3.5. Results for rAPBE are obtained using the

Birch−Murnaghan equation of state with an energy cutoff of 350 eV, while the others

were calculated close to the RPA minimum. Table 3.4 shows that rAPBE significantly

overestimates the equilibrium volume, while Table 3.5 shows that it predicts both phases to

be iso-energetic, in contradiction to the experimental fact that CsCl prefers the B2 phase.

Both CDOPs and CP07 predict that CsCl prefers the B2 phase by at least 15 meV per
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Table 3.4: Comparison of equilibrium volumes for CsCl obtained using rAPBE with other
RPA-based methods.

Vol(Å3) rALDA rAPBE
RPA RPAr1 HOT ACSOSEX RPAr1 HOT ACSOSEX

CsCl-B1 83.128 82.324 82.104 81.826 87.080 87.476 87.257
CsCl-B2 68.315 68.873 68.681 68.977 74.732 75.448 75.074

functional unit, supporting the assertion that the results obtained with the rALDA kernel

are more reliable than those of rAPBE.

Table 3.5: Beyond RPA results for equilibrium energy difference (∆Ecoh = EB1
coh−EB2

coh)
with rAPBE, CDOP, and CP07 kernels. The Birch-Murnaghan equation of state was fit to
get the rAPBE results, whereas the calculation was only done near the equilibrium volume
obtained with RPA for the others. Only rAPBE fails to predict the correct phase ordering.
The HOT approximation is not currently implemented for CP07 or CDOPs. RPA predicts
a splitting of 0.0123 eV.

∆ECoh (eV/f.u.) rAPBE CPO7 CDOPs
RPAr1 0.003 -0.019 -0.035
HOT 0.001 — —

ACSOSEX 0.001 -0.019 -0.040

Figure 3.2: Bar diagram representing ∆Ecoh = EB1
coh − EB2

coh obtained with beyond RPA
methods using rALDA kernel. Dispersion corrected results to SCAN (SCAN+D3 and
SCAN+rVV10) and RPA results are presented alongside for the sake of comparision be-
tween various beyond rALDA approximations. Positive ∆Ecoh indicates the B1 phase is
the preferred ground state, whereas negative values indicate the preferred sability of the
B2 phase. Data for energy differences between cohesive energies between two phases are
presented by Table S3 in supplementary material.
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3.6 Discussion & Conclusion

Due to the lack of explicit treatment of weak, but important, van der Waals interactions

between the ions [141, 147, 150], PBE and PBE0 are inaccurate for determining the equi-

librium ground state properties of the cesium halides. The correct ordering predicted by

LDA, in addition to the accurate cohesive energies, is due to error cancellation between ex-

change and correlation, and is not reliable in general for novel ionic materials. SCAN is a

reliable semilocal functional for these materials, since it incorporates some of the missing

dispersion contributions absent in the other non-empirical functionals we tested. SCAN

simultaneously provides an accurate prediction of the structural properties and cohesive

energies, but is unable to completely capture the same trends as RPA with respect to the

relative magnitudes of the cohesive energies. Adding the long-range dispersion shifts the

magnitude of the SCAN result, but does not impact its underlying physical prediction. For

the cesium halides, the rVV10 correction tends to be larger in magnitude, resulting in un-

derestimated equilibrium volumes and overestimated cohesive energies, while the D3 cor-

rection is smaller and yields overall results in close agreement with the uncorrected SCAN.

The ACFDT-DFT methods delivered highly accurate structural results, though RPA is

more accurate for the cohesive properties of the lighter halogens and bRPA methods only

overtake RPA for the bromide and iodide. Since RPA naturally incorporates long-range

dispersion and the lighter halogens contain more ionic interactions, incorporating addi-

tional short-ranged interactions through an xc kernel overestimates the cohesive energy

difference between the B1 and B2 phases. For the heavier halogens, the kernel is more

important since the interactions are less ionic. Of the kernels we tested, three indicated a

clear preference for the B2 phase for Cl, Br, and I, further validating our RPA and semilocal

results. Though rALDA and rAPBE both share very similar functional forms, the inability

of rAPBE to predict the correct phase ordering is puzzling, and will require further tests to

understand. Amongst the RPAr methods there is little difference in overall performance, in-

66



dicating that any reasonable treatment of bRPA effects should improve the RPA result. We

prefer RPAr1 to ACSOSEX since it is a completely screened perturbation theory [15, 117].

Overall, the splitting between B1 and B2 in cohesive energies predicted by LDA, RPA,

SCAN, and SCAN+rVV10 ranges from 20 to 80 meV for the halogen series, whereas it

ranges from 80 meV to 210 meV for PBE+D2 [141] (See Fig. 3.1). This large splitting in

PBE+D2 is due to the fact that it describes dispersion only through 2-body attractive disper-

sion without taking effects from local environment into account and does not incorporate

repulsive 3-body dispersion contributions to the cohesive energy in these halides [224].

The lower splitting in cohesive energy by RPA and SCAN can be attributed to the fact that

RPA lacks a proper description of short ranged dispersion whereas SCAN does not include

long ranged dispersion. The rALDA results are more accurate for the heavier halogens than

RPA because short-ranged interactions are properly included through an exchange-like ker-

nel. The SCAN+rVV10 results also show systematic improvement over SCAN by adding

missing long-range dispersion, resulting in energy differences that closely mimic the bRPA

results of rALDA. Results obtained with CP07 and CDOPs further support that the rALDA

kernel is sufficiently accurate for explaining the phase stability of these ionic solids. Due

to their lower computational cost, SCAN and dispersion-corrected SCAN methods can be

a reliable alternative to the ACFD methods for ionic systems, where treating the various

distance scales of electron-electron interactions are important. Benchmarking against RPA

or bRPA is reccommended though, if one is interested in chemical trends.
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SUPPORTING INFORMATION

Tables ?? and 3.8 represent the cohesive energy differences data corresponding to FIG.

1 and FIG. 2 respectively in the paper. Table 3.7 demonstrates the faster convergence of

the difference in the cohesive energy between the 2 phases of CsCl with increased energy

cutoff obtained by the beyond-RPA method rALDA, as discussed in the main paper. It can

be seen from Table 3.7 that the energy cutoff of 280 eV is sufficient to study the relative

phase stability of Cesium halides. However, 350 eV was taken for a better convergence of

other ground state equilibrium properties. Finally, the zero point energies are presented in

Table 3.9.

Table 3.6: Difference in cohesive energies between the two phases in eV per formula unit.
Negative sign indicates the stability of the B2 phase. PBE+D2 results are taken from
Ref. [141]

CsX LDA PBE PBE0 PBE+D2 SCAN S+D3 S+rVV10 RPA
F 0.1331 0.2729 0.2043 0.0800 0.1398 0.1479 0.1173 0.1414
Cl -0.0550 0.0960 0.0752 -0.1600 -0.0312 -0.0320 -0.0768 -0.0123
Br -0.0630 0.0830 0.0619 -0.1900 -0.0312 -0.0320 -0.0773 -0.0238
I -0.0720 0.0674 0.0486 -0.2100 -0.0183 -0.0168 -0.0622 -0.0247
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Table 3.7: Difference in cohesive energies (B2-B1) of CsCl in eV per formula unit with
respect to different cutoffs along with the results of extrapolated values which show the
fast convergence of the relative energy with cutoff for rALDA.

E-Cut RPAr1 HOT ACSOSEX
280 -0.0294 -0.0343 -0.0348
297 -0.0294 -0.0341 -0.0346
315 -0.0300 -0.0347 -0.0350
332 -0.0298 -0.0345 -0.0348
350 -0.0295 -0.0342 -0.0345
Extrapolated -0.0300 -0.0345 -0.0345

Table 3.8: Extension of Table ?? to beyond-RPA methods within the rALDA formalism.

CsX RPAr1 HOT ACSOSEX
F 0.1360 0.1330 0.1368
Cl -0.0295 -0.0341 -0.0345
Br -0.0371 -0.0417 -0.0408
I -0.0385 -0.0433 -0.0405

Table 3.9: Zero Point Energy (ZPE) per formula unit using PBE. We have not calculated
ZPE for CsI.

CsX Zero-point(eV)
CsF-B1 0.0350
CsF-B2 0.0301
CsCl-B1 0.0259
CsCl-B2 0.0256
CsBr-B1 0.0190
CsBr-B2 0.0189
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CHAPTER 4

TREATING DIFFERENT BONDING SITUATIONS:

REVISITING AU-CU ALLOYS USING THE RANDOM

PHASE APPROXIMATION
4.1 Abstract

The ground state equilibrium properties of copper-gold alloys have been explored with the

state-of-the-art random phase approximation (RPA). Our estimated lattice constants agree

with the experiment within a mean absolute percentage error (MAPE) of 1.4 percent. Semi-

local functionals such as the generalized gradient approximation (GGA) of Perdew, Burke,

and Ernzerhof (PBE) and strongly constrained and appropriately normed (SCAN) fail to

provide accurate bulk moduli, which indicate their inability to describe the system in a

stretched or compressed state with respect to the equilibrium geometry. The PBE, PBE

revised for solids (PBEsol), and revised TPSS (revTPSS) by Perdew et. al. predict too-

low formation energies while the SCAN slightly overestimates it. The inclusion of thermal

correction or the long-range dispersion provides negligible contribution to the formation

energies estimated with semilocal density functional theory (DFT). The spin-orbit coupling

(SOC) improves the formation energies of PBE only by 7-8 meV, while it intensifies the

overestimation of SCAN. We found that the non-locality present in RPA is able to describe

the transition between two delocalized electron densities (bulk elemental constituents to

crystallized alloys), as required to provide accurate formation energies without any further

corrections. Based on our results, we conclude that it is difficult to find a universal density

functional which can give accurate results for a wide range of properties of inter-metallic

alloys. However, RPA can capture different bonding situations, often better than other den-

sity functionals. It gives accurate results for a wide range of ground state properties for the
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alloys, generated from metals with completely filled d-shells.

c©2019 American Physical Society

4.2 Introduction

Inter-metallic alloys, the mixture of 2 or more metals in a solid form, manifest a defined

stoichiometry and an ordered crystal structure [226]. The brittleness and high melting point

with various electronic and magnetic properties of these solid compounds make them sig-

nificantly useful in industrial applications. The heat of formation or formation energy of

an alloy is the difference between the total binding energy of the system and its pure con-

stituents, and its accurate prediction is extremely important in alloy theory. It governs the

stability of the alloys with different compositions at different temperatures and pressures

[226, 227].

Density functional theory (DFT) is a robust electronic structure method, applicable

across numerous fields of science. Various forms of the approximation to the exchange-

correlation (XC-) energy, a key but unknown quantity in DFT, afford different levels of

accuracy and computational efficiency. These different forms constitute the different rungs

of Perdew’s Jacob’s ladder [190]. The local density approximation (LDA) [14] and general-

ized gradient approximations (GGA) such as PBE [21], AM05 by Armiento and Mattsson

[228], and PBE revised for solids (PBEsol) [23], though being highly accurate and effi-

cient in many cases, often fail to provide an accurate description of the properties which

require either self-interaction correction, at least a fraction of exact exchange, or an ade-

quate description of many-body correlation [229]. Meta-GGAs such as TPSS [32] by Tao,

Perdew, Staroverov, and Scuseria, the made-simple (MS) family [35, 230], and SCAN [39]

provide significant improvement over LDA and GGAs, with the inclusion of kinetic energy

density (τ(r)) as an ingredient in addition to the density (n(r)) and its gradient (∇n(r)).
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However, regarding the formation energy of inter-metallic alloys, semi-local functionals

have a mixed performance [231–233]. To estimate an accurate formation energy, a func-

tional should not only provide reliable energetics of an alloy but also simultaneously of its

constituent elements. However, most semi-local functionals fail in that regard, leading to

inaccurate predictions of the formation energy [234].

At high temperature, copper and gold form a continuous solid solution while they crys-

tallize to form Au-Cu super-lattices at lower temperature [235]. The Au-Cu systems,

AuCu3 (or Au0.25Cu0.75), AuCu (or Au0.5Cu0.5), and CuAu3 (or Au0.75Cu0.25), are the

paradigms of inter-metallic alloys, and have been extensively studied with semi-local as

well as non-local DFT methods [232–234]. Experimentally, the fully ordered AuCu3 and

CuAu3 stabilize in the L12 phase while the ordered AuCu prefers the L10 phase at T = 0 K

[226]. In addition to the distorted face-centered cubic (FCC) phase for AuCu (L10), we also

have explored its FCC phase. Previous work clearly established that LDA could not predict

the ground state of CuAu3 as the L12 phase and also significantly underestimates the for-

mation energies of all the Au-Cu alloys [233]. Similar to LDA, PBE also predicts CuAu2

as the stable phase and CuAu3 as the unstable one [232]. On the other hand, the screened

hybrid XC-functional HSE06 (simply HSE by Heyd, Scuseria, and Ernzerhof) [66, 67] de-

veloped by mixing non-local exact exchange with semi-local exchange-correlation, is able

to provide accurate geometries and formation energies of these compounds [232]. More-

over, HSE is designed to be nonlocal at short range, while the exact exchange is screened

at long range. SCAN was demonstrated to capture medium-range weak interactions, while

HSE is known to reduce the delocalization error in semilocal functionals. Inspired by these

facts, we aim to climb even higher on the rungs of Jacob’s ladder to gain more under-

standing about any competition between weak interactions and free electron-like bonding

in Cu-Au systems [83].
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In this work, we have revisited the Au-Cu alloy systems using the random phase ap-

proximation (RPA) [74, 75, 236]. RPA is the simplest approximation within an adiabatic-

connection fluctuation-dissipation theorem (ACFDT) formalism [169, 170]. It combines

the non-local one electron self-interaction free exact exchange (EXX) energy with the non-

local correlation energy (ERPA
c ) [171, 172]. Most importantly, it can provide accurate results

for systems involving weak interactions such as van der Waals (vdW) interactions [85–87],

as well as ionic [83, 92] and covalent interactions [76, 77, 79, 83]. The total energy in the

ACFDT-DFT framework can be expressed as,

E = EEXX +ERPA
C (4.2-1)

where, EEXX is the Hartree-Fock (HF) total energy evaluated non-self-consistently us-

ing self-consistently-obtained Kohn-Sham DFT orbitals. ERPA
C is the RPA correlation en-

ergy, which can be obtained using the interacting density-density response function (χ)

which is related to the non-interacting response function (χ0) via a Dyson-like equation

[124, 171, 172]. The RPA correlation energy naturally incorporates long-range dispersion

and is non-perturbative. For this work, the systems are heavy coinage metals which are

largely influenced by dispersion interactions [237–239]. Furthermore, the systems have

zero band gap. Due to its non-perturbative nature, RPA can be safely applied to zero-gap

systems without divergence [197]. In both aspects, the application of RPA to these systems

is justified.

For the sake of comparison, we also have assessed semi-local functionals such as PBE,

PBEsol, the revised TPSS (revTPSS) [33, 34] and SCAN along with RPA. We also tested

the impact of long-range dispersion through the nonlocal revised VV10 (rVV10) correc-

tion. We utilized PBE+rVV10 [56, 240] and SCAN+rVV10 [55] to check whether the

discrepancies in semilocal DFT are due to the absence of long-range dispersion interac-
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tions. The rest of the paper is organized as follows. Computational details are provided in

section II, followed by results in section III. We will present our conclusions in section IV.

4.3 Computational details

All DFT calculations were carried out using a projector augmented wave (PAW) [206]

method, as implemented in GPAW [207–209] and VASP [210]. We utilized VASP to

perform semi-local calculations whereas RPA calculations were carried out using GPAW.

Moreover, semi-local calculations were performed self-consistently while RPA calcula-

tions were carried out using a non-self-consistent approach. We used a plane-wave cutoff

of 600 eV and Brillouin zone sampling of 20×20×20 Gamma centered k-mesh to avoid

the convergence test for semi-local DFT calculations. Ground state PBE calculations were

performed as an input for the RPA calculations. Separate convergence tests for EXX and

the RPA correlation energies were carried out to determine the plane-wave cutoffs and k-

mesh sampling with less than 2 meV relative error (Supplementary Table 4.5). We used

a maximum cutoff of 350 eV to compute the response function. All other parameters and

procedure of the RPA calculations were kept similar to that of Ref. [92], except skipping

the gamma point (q = 0) to avoid the possible divergent contribution from metals as dis-

cussed in Ref. [76].

We calculated the zero-point vibrational energy (ZPVE) to estimate the thermal con-

tribution to the formation energy. PBEsol [23] calculations were done with a 2×2×2 su-

percell (32 atoms) using VASP [212, 241] and PHONOPY [215]. The estimated thermal

corrections are less than or equal to 1 meV/atom, consistent with previous results [232].

Relativistic effects are included at the scalar level for each atom within the PAW potentials

provided in VASP and GPAW. We further tested, at least for PBE and SCAN, an impact of

the spin-orbit coupling [242] on semi-local DFT results. We have performed calculations

for 7 volume points near the experimental equilibrium volume and fit the Birch-Murnaghan
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equation of state [243] to evaluate the equilibrium properties. We have used the experi-

mental structures from Ref. [235] and varied the lattice constants isotropically to generate

structures with different volumes. In order to compute the cohesive energies, atomic ener-

gies were computed. We have performed spin polarized semi-local DFT calculations with

VASP using a plane-wave cutoff of 600 eV and 23 × 24 × 25 Å3 simulation cell to avoid

any interactions of an isolated atom with its periodic images. Separate convergence tests

for atomic energies were performed with GPAW for both EXX and RPA (Supplementary

Table 4.5).

4.4 Results

4.4.1 Lattice constants

The equilibrium lattice constants of the ordered Au-Cu alloys are presented in Table 4.1.

As expected, PBE overestimates the lattice constants and PBEsol yields reasonable lattice

constants of the coinage metals such as Au and Cu [83]. The failure of PBE to estimate

accurate lattice constants is related to the poor descriptions of exchange-correlation effects

between completely filled d-shells in coinage metals [83]. RPA lattice constants are also

overestimated which can be decreased by including the Pauli repulsion in SOSEX or adding

a kernel correction to RPA [92, 117, 244], thereby improving the short-range correlations

necessary to describe the systems with more filled d-shells. On the other hand, SCAN along

with revTPSS show good performance in the prediction of equilibrium lattice constant.

With the inclusion of kinetic energy density, both SCAN and revTPSS can distinguish

different bonding regions relevant to lattice constants, and this becomes more effective as

more d bands are filled in the transition metal [83]. Overall, all methods show a reasonable

agreement with the experiment for the lattice constant with mean absolute percentage error

(MAPE) less than 1.4%, as shown in Figure 4.1. Furthermore, the addition of long-range

dispersion correction slightly improves the PBE lattice constants, while it slightly worsens
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the SCAN results (Supplementary Table 4.6). The inclusion of spin-orbit coupling can

change the PBE and SCAN lattice constants by 1 picometer (Supplementary Table 4.7).

Table 4.1: Lattice constants (Å). The experimental lattice constants are taken from Refer-
ence [235]. Among the DFT functionals utilized, PBEsol shows the best performance in
predicting the equilibrium lattice constant.

PBE PBEsol revTPSS SCAN RPA Experiment
Cu 3.64 3.57 3.57 3.57 3.63 3.62
Au 4.16 4.08 4.08 4.09 4.15 4.08
AuCu3 3.78 3.72 3.72 3.72 3.78 3.75
AuCu (FCC) 3.92 3.85 3.85 3.85 3.92 3.87
AuCu (P4/mmm) 2.84 2.79 2.79 2.79 2.83 2.80
CuAu3 4.05 3.97 3.98 3.98 4.05 3.95
MAE (Å) 0.051 0.022 0.023 0.026 0.046 –
MAPE (%) 1.37 0.59 0.64 0.7 1.21 –

Figure 4.1: Mean absolute percentage error (MAPE) for both lattice constants and the bulk
moduli. Overall, PBEsol is the most accurate method for lattice constants, while RPA
predicts excellent bulk moduli compared to experiments.

4.4.2 Bulk Moduli

The bulk modulus measures the curvature of an energy-volume relation, and its accurate

prediction indicates the ability of a DFT approximation to describe the system in a non-

equilibrium state with respect to the equilibrium state. We calculated the bulk moduli of

various Au-Cu systems and tabulated them in Table 4.2. PBE underestimates the bulk

modulus, while PBEsol and revTPSS predict accurate bulk moduli for gold. However, the

performance of these functionals worsens on increasing the concentration of copper. On

the other hand, SCAN provides an improvement for the bulk modulus of copper, thereby
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improving the bulk moduli of all alloys compared to PBEsol and revTPSS (Figure 4.1). The

inability of semi-local functionals to give an accurate prediction of bulk moduli indicates

their inability to describe the compressed or stretched electron densities with respect to

the equilibrium ground state electron densities. One can see that the overall bulk moduli

predicted by PBE for all the alloys are close to the experimental value of copper while

those of other semi-local functionals are closer to gold. On the other hand, RPA provides

accurate bulk moduli for both alloys and those of the constituent bulk elemental systems.

This indicates that, contrary to the lattice constant, the description of short-range correlation

is not crucial for the prediction of the bulk modulus. The inclusion of long-range dispersion

via rVV10 provides a more significant correction to the bulk modulus for PBE than that for

SCAN. On the other hand, spin-orbit coupling can increase the bulk moduli by 3-6 GPa

with respect to DFT results without SOC (Supplementary Table 4.7).

Table 4.2: Bulk Moduli (GPa). Experimental bulk moduli are computed using (C11+2C12)
3

(cubic lattice), where Ci j is the elastic moduli. Overall, RPA predicts the bulk moduli in
close agreement with the experiment.

PBE PBEsol revTPSS SCAN HSE [245] RPA Experiment
Cu 137.89 164.50 170.14 157.91 133.8 144.74 143.6 [246]
Au 139.03 174.34 176.01 166.95 146.6 176.71 177.6 [247], 180.53 [246]
AuCu3 139.49 168.05 171.09 164.84 155.25 151.83 [248]
AuCu (FCC) 139.99 171.02 173.12 169.47 163.77 162.97 [249]
AuCu (P4/mmm) 138.75 169.56 171.90 166.16 159.09 –
CuAu3 139.03 171.64 173.25 165.74 162.15 166.33 [250]
MAE (GPa) 21.71 11.04 13.19 9.31 – 2.42
MAPE (%) 13.02 7.20 8.65 5.93 – 1.50

4.4.3 Formation Energy

The formation energy of a Au-Cu alloy can be obtained using,

∆E f (AuxCu1−x) = ∆Ecoh(AuxCu1−x)− x∆Ecoh(Au)− (1− x)∆Ecoh(Cu) (4.4-2)

where ∆E f (AuxCu1−x), ∆Ecoh(AuxCu1−x), ∆Ecoh(Au), and ∆Ecoh(Cu) are the formation

energy of the system, cohesive energy of the whole system, cohesive energy of gold, and
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the cohesive energy of copper per atom respectively and x is the fraction of gold atoms in

the alloys. We have computed the formation energy of a given alloy as a function of crystal

volume, Figure 4.2. Experimental volumes are indicated by a ‘#’, whereas the formation

energies are represented by black dots. Positive formation energies imply instability of the

alloy while negative formation energies imply stability with respect to their elemental bulk

constituents.

Without any correlation, EXX predicts destabilized systems within the range of vol-

umes considered. Contrary to EXX, PBE stabilizes the systems with the presence of both

exchange and correlation energies (Figure 4.2). Formation energies obtained from PBE

agree with RPA values either at the highly compressed state or at the highly stretched

state. However, they start to deviate from RPA and even from the experimental value as

the equilibrium geometry is approached. On the contrary, SCAN slightly overbinds the

formation energies near the equilibrium geometries, and the overestimation gets larger as

we deviate from the equilibrium. The formation energy vs volume calculated with PBEsol

and revTPSS behave similarly to that of SCAN, however, they are slightly shifted upward

along the direction of positive formation energy. Despite the fact that RPA overestimates

the lattice constant, it accurately predicts the curvature and minima of the equation of state

for these alloys.

The heats of formation of the Au-Cu system at equilibrium are presented in Table 4.3,

whereas the stability of the alloys are represented by a convex hull as in Figure 4.3. As

in the earlier studies [232, 234], PBE severely underestimates the formation energies. On

restoring the second-order gradient expansion for the exchange over a wide range of den-

sities at the GGA level, PBEsol slightly improves the results, but at the meta-GGA level

revTPSS [251] worsens it. By satisfying more exact constraints and including more ap-

propriate norms [39], SCAN shows a considerable improvement over revTPSS. However,

78



it still performs poorly for copper-rich alloys, while the error decreases on increasing the

concentration of gold, as more filled 5d shells in Au are involved [83]. The deficiencies

in semi-local PBE and SCAN could not be overcome simply by taking thermal correction,

long-range dispersion correction, or spin-orbit coupling into account (Supplementary Ta-

bles 4.6 and 4.7). In contrast, non-local density functionals such as hybrid HSE and RPA

consistently predict accurate formation energies of these alloys without any aforementioned

corrections. In comparison, self-consistent HSE outperforms non-self-consistent RPA by

only a little, but there can be room for improvement when RPA is also evaluated self-

consistently [252].

In the present work, both alloys and the constituent metals are in the solid phase and

hence possess delocalized electron densities. The reliable prediction of formation ener-

gies requires an accurate description of the transition from delocalized electron densities of

constituent metals to delocalized electron densities of inter-metallic alloys. All semi-local

functionals included herein fail to describe such a transition, while the non-locality present

in HSE and RPA is able to effectively detect such changes. However, the transition from

localized (atoms) to delocalized (solid metals and alloys) is not straightforward even for

non-local functionals, as evident from the cohesive energies presented in Table 4.4. The

best density functional for formation energies is the worst for cohesive energies. The hy-

brid HSE seriously underestimates the cohesive energies of Au-Cu system with a mean

absolute error (MAE) of nearly 0.7 eV/atom. Surprisingly, semi-local functionals perform

much better than HSE in the order of PBE < revTPSS < PBEsol < SCAN with decreasing

MAE and MAPE. RPA, on the other hand, provides reasonable cohesive energies for Cu-

rich compounds, while it worsens on increasing the concentration of gold in the alloys. As

the number of filled d bands increases, the short-range correlation becomes more crucial

in describing the interactions within transition metal atoms as well as their alloys. Restor-

ing the exchange-correlation kernel within the RPA can improve the cohesive energies of
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transition metals up to 0.3 to 0.4 eV [79, 253].

The performance of various density functionals on Au-Cu alloys clearly depends on

their ability to describe the less-delocalized “3d” electron density of copper as well as the

more-delocalized “5d” electron density of gold. SCAN along with PBEsol and revTPSS

can effectively describe the 5d bands of gold, thereby giving sensibly accurate lattice con-

stants, bulk moduli, and cohesive energies for Au-rich alloys. However, RPA has the oppo-

site trend that it can provide an accurate prediction for Cu-rich alloys, but falls short when

describing Au-rich alloys. On the contrary, HSE fails to provide accurate bulk moduli and

cohesive energies for both copper and gold, giving too low cohesive energies for both Au-

and Cu- rich alloys. With that in mind, one can argue that the density functionals that can

separately describe the constituents, can ultimately describe the weakly bonded alloys.

Table 4.3: The heat of formation (eV /atom). Note that the results for semi-local func-
tionals and HSE are obtained self-consistently, while the RPA results are obtained non-
self-consistently using PBE orbitals. Experimental results taken from Reference [226] are
obtained at 320 K, whereas Reference [227] corresponds to 298.15 K; CuAu3: The ex-
perimental structure taken in Reference [226] is not fully ordered structure. The heat of
formation for a fully ordered CuAu3 is estimated using cubic interpolation of composition
(x)-Gibbs energy (∆G)-entropy (∆S) of formation data taken from Reference [227].

PBE PBEsol revTPSS SCAN HSE [232] RPA Experiment [226]
AuCu3 -0.046 -0.050 -0.040 -0.093 -0.071 -0.080 -0.074 , -0.075 [227]
AuCu (FCC) -0.047 -0.050 -0.037 -0.101 -0.088
AuCu (P4/mmm) -0.058 -0.062 -0.051 -0.111 -0.091 -0.096 -0.093
CuAu3 -0.026 -0.028 -0.019 -0.059 -0.053 -0.052 -0.039, -0.056 [227]

Table 4.4: Cohesive energy per atom (eV/atom). The cohesive energies for HSE are ob-
tained using References [232, 245], while the experimental cohesive energies are obtained
using References [226, 254] using Eq. 4.4-2. Among the functionals used, SCAN predicts
most accurate cohesive energy as compared to the experiment.

PBE PBEsol revTPSS SCAN HSE RPA Experiment
Cu 3.484 4.030 4.057 3.886 3.060 [245] 3.350 3.490 [254]
Au 3.035 3.720 3.627 3.555 2.880 [245] 3.395 3.810 [254]
AuCu3 3.419 4.003 3.990 3.896 3.086 3.441 3.644
AuCu (P4/mmm) 3.317 3.937 3.893 3.828 3.111 3.469 3.743
CuAu3 3.175 3.826 3.753 3.695 2.978 3.436 3.786
MAE (eV/atom) 0.409 0.245 0.256 0.216 0.672 0.276 –
MAPE (%) 10.84 6.78 7.08 5.93 18.05 7.41 –
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Figure 4.2: Formation energy (eV) versus volume (Å3). The positive formation energy
refers to instability of alloys with respect to isolated bulk constituents, while negative for-
mation energy refers to stability. Experimental formation energies are taken form Refer-
ences [226, 227]. The experimental volumes are indicated by ‘#’ in Figures.
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4.5 Conclusions

We have explored copper-gold alloys with various levels of approximations within den-

sity functional theory, including the state-of-art random phase approximation. It is difficult

to find a universal functional which can describe all of the bonding situations. Semi-local

functionals can reasonably describe the transition between localized and delocalized elec-

tron densities, as manifested in the cohesive energies. On the other hand, the non-locality

present in HSE and RPA can distinguish the transition between two delocalized electron

densities, as seen from the formation energies of the alloys. Moreover, the performance of

these functionals in describing the weakly bonded Au-Cu system depends on their potential

to separately describe less-delocalized and more-delocalized electron densities of copper
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Figure 4.3: Convex hull: Formation energy as a function of gold composition (x). PBE
along with PBEsol and revTPSS largely underestimates the formation energy, while SCAN
performs poorly on Cu-rich alloy, but improves the result as the concentration of gold
increases. Formation energies predicted by non-local HSE and RPA are in close agreement
with the experiment.
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and gold respectively. Based on our results, we can conclude that RPA predicts accurate

values for diverse properties of binary alloys, generated from metals with completely filled

d-shells. It has an accuracy of semi-local functionals at the challenging situations, while

consistently providing reliable results where semi-local functionals break down.
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SUPPORTING INFORMATION

Table 4.5: Convergence parameters for RPA calculations; Bulk calculations: Energies for
bulk calculations are converged within 1-2 meV; Atomic calculations: EXX energies are
converged within 1-2 meV for both energy cutoff and cell volume. However for RPA,
convergence was achieved within 1-5 meV for energy cutoff, while it is 15-20 meV for
cell volume. We used PAW pseudopotentials such that the valence electron configuration
includes d10S1 electrons for both copper and gold.

Bulk calculations Atomic calculations
EXX RPA EXX RPA
Energy cutoff (eV) K-mesh Energy cutoff (eV) K-mesh Energy cutoff (eV) Cell volume (Å3) Energy cutoff (eV) Cell volume (Å3)

Cu 1000 16×16×16 800 16×16×16 1000 10×11×12 600 8×9×10
Au 1000 16×16×16 800 16×16×16 900 9×10×11 500 8×9×10
AuCu3 1000 16×16×16 800 16×16×16
AuCu 1000 15×15×15 800 16×16×16
CuAu3 800 15×15×15 800 16×16×16

Table 4.6: The equilibrium ground state properties of Au-Cu alloys using long-range dis-
persion corrected density functional theory (DFT), PBE+rVV10 and SCAN+rVV10. The
inclusion of long-range dispersion in semilocal functionals does not significantly improve
the results with respect to experiments. The rVV10 correction improves the lattice con-
stants and bulk moduli for PBE while it slightly worsens for SCAN. However, it provides
an insignificant correction to formation energies.

Lattice constants (Å) Bulk moduli (GPa) Formation Energy (eV/atom)
PBE+rVV10 SCAN+rVV10 PBE+rVV10 SCAN+rVV10 PBE+rVV10 SCAN+rVV10

Au 4.1328 4.0783 151.518 173.7363
Cu 3.6155 3.5594 146.2200 162.3414
AuCu3 3.7637 3.7054 148.8908 171.2157 -0.0454 -0.0940
AuCu (FCC) 3.9008 3.8405 150.4293 174.5577 -0.0450 -0.1005
AuCu (P4/mmm) 2.8258 2.7830 149.1046 171.7296 -0.0567 -0.1110
CuAu3 4.0240 3.9658 150.2475 172.1039 -0.0248 -0.0585
MAE 0.034 0.028 12.35 12.16
MAPE (%) 0.90 0.78 7.30 7.88
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Table 4.7: The equilibrium ground state properties of Au-Cu alloys using the spin-orbit
coupling (SOC) in DFT calculations; PBE-SOC:- PBE with SOC; SCAN-SOC:- SCAN
with SOC. As expected, SOC affects the results more for Au than that of Cu. Unlike
thermal correction and long-range dispersion, SOC provides a reasonable correction to
formation energies obtained with semilocal DFT results. However, it does not significantly
improve the results compared to experiments.

Lattice constants (Å) Bulk moduli (GPa) Formation Energy (eV/atom)
PBE-SOC SCAN-SOC PBE-SOC SCAN-SOC PBE-SOC SCAN-SOC

Au 4.1457 4.0791 144.3314 172.7929
Cu 3.6345 3.5685 137.9568 157.9051
AuCu3 3.7799 3.7111 141.0283 167.9038 -0.0524 -0.1026
AuCu (FCC) 3.9152 3.8438 143.1033 172.3101 -0.0554 -0.1128
AuCu (P4/mmm) 2.8364 2.7854 141.8966 169.5994 -0.0647 -0.1209
CuAu3 4.0374 3.9674 143.0877 170.6346 -0.0329 -0.0677
MAE 0.047 0.025 18.86 10.06
MAPE (%) 1.25 0.69 11.32 6.47
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CHAPTER 5

FORMATION ENERGY PUZZLE IN INTERMETALLIC

ALLOYS: RANDOM PHASE APPROXIMATION FAILS

TO PREDICT ACCURATE FORMATION ENERGIES

5.1 Abstract

We performed density functional calculations to estimate the formation energies of inter-

metallic alloys. We used two semilocal approximations, the generalized gradient approxi-

mation (GGA) by Perdew-Burke-Ernzerhof (PBE) and the strongly constrained and appro-

priately normed (SCAN) meta-GGA. In addition, we utilized two nonlocal DFT function-

als, the hybrid HSE06, and the state-of-the-art random phase approximation (RPA). The

nonlocal functionals such as HSE06 and RPA yield accurate formation energies of binary

alloys with completely-filled d-band metals, where semilocal functionals underperform.

The accuracy at the nonlocal functionals is greatly reduced when a partially-filled d-band

metal is present in an alloy, while PBE-GGA outperforms in these cases. We show that

the accurate prediction of formation energies by any DFT method depends on its ability to

predict the accurate electronic properties, e.g., valence d-band contribution to the density

of states (DOS). The SCAN meta-GGA often corrects the PBE-DOS, however, it does not

provide accurate formation energies compared to PBE. This is assumed to be due to the

lack of proper error cancellation that should be expected due to the similar bulk nature of

both alloys and their constituents, which may improve with the modification of meta-GGA

ingredients. RPA yields too negative formation energies of alloys with partially-filled d-

band metals. RPA results can be corrected by restoring the exchange-correlation kernel,
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thereby improving the short-range electron-electron correlation in metallic densities.

c©2020 American Physical Society

5.2 Introduction

Intermetallic alloys, composed of two or more d-band transition metals, are often in-

teresting for applications, therefore, their application-governed aspects have been mostly

explored. In most cases, alloys were classified with respect to various factors such as the

radius ratio of two constituents, electronegativity, principle quantum number, ionicity, co-

ordination number, etc. [255–258]. However, there is a scarcity of sufficient information

about the chemical bonding and its relation with the equilibrium properties such as for-

mation energy in both theory and the experiment [255]. Recently in 2014, Zhang et.al.

[232], using DFT calculations [11, 14] for the copper-gold alloys, showed that the accurate

prediction of formation energy accompanies an accurate prediction of the density of states.

Here, we will generalize this result using a more diverse set of compounds.

Intermetallic alloys always have been critical tests for various approximations within

density functional theory (DFT). The accurate prediction of basic equilibrium properties

of intermetallic alloys and their bulk transition metal constituents with many popular DFT

approximations is difficult. Semilocal approximations such as the local density approxi-

mation (LDA) [14] and various generalized gradient approximations (GGA) are unable to

provide accurate formation energy (heat of formation, E f ) of weakly-bonded (WB) sys-

tems such as copper-gold alloys [84, 232–234]. Incorporating an amount of nonlocality by

the kinetic energy density (τ(r)), meta-GGAs slightly improve the equilibrium properties

including formation energies of copper-gold alloys [84], but fail to improve beyond PBE

[21] when dealing with the more strongly-bonded (SB) systems such as HfOs and PtSc

[231]. Attempts at correcting the semilocal results with zero-point vibration energy, addi-

tive long-range van der Waals (vdW) interaction, and spin-orbit coupling couldn’t improve
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the result for copper-gold alloys [84].

In general, hybrid functionals within the generalized Kohn-Sham theory that mix the

non-local exact exchange with DFT exchange do not provide accurate equilibrium prop-

erties of bulk transition metals [259]. However, surprisingly, the hybrid HSE06 [66, 67]

shows some promise in the prediction of the lattice constants and formation energies of

WB systems [232]. It couldn’t provide a reasonable bulk modulus, which is a fundamental

physical quantity describing the system in its nonequilibrium state with respect to the equi-

librium one [84]. On the other hand, the random phase approximation (RPA) [74, 75, 236]

within the adiabatic-connection fluctuation-dissipation theorem [169, 170] predicted ex-

cellent equilibrium properties including bulk moduli of the copper-gold alloys [84]. The

accurate formation energy of WB systems by these methods may be due to the nonlocality

present in them [84, 232]. On the contrary, we will later show that such nonlocality is

not useful for SB systems; it improves the equilibrium volume but cannot correct the bulk

moduli and formation energies.

Many of the earlier works focused mainly on the WB intermetallic alloys [84, 232–

234], while a few others have included SB alloys [231, 260] using semilocal DFT approx-

imations. In this work, we have explored a broad spectrum of binary intermetallic alloys

from weakly- to strongly-bonded ones. The experimental formation energies of our test set

range from 0.07 to 1.18 eV per atom. Most of the systems taken here are binary alloys that

crystallize in the B2 (CsCl) phase. Table I presents the d-band metals with their electronic

configurations. We have utilized one DFT approximation each from the different rungs of

Perdew’s Jacob ladder [190], except for LDA. The PBE-GGA (Perdew-Burke-Ernzerhof)

[21], the strongly constrained and appropriately normed (SCAN) [39], the screened hybrid

HSE06 (simply HSE by Heyd, Scuseria, and Ernzerhof) [66, 67], and RPA were used as

the DFT approximations. In this assessment, we aim to present a broader picture regard-
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Element Sc Cu Zn Y Rh Pd Ag Cd Hf Os Pt Au
Configuration 3d14s2 3d104s1 3d104s2 4d15s2 4d85s1 4d10 4d105s1 4d105s2 5d26s2 5d66s2 5d96s1 5d106s1

ing the performance of various DFT approximations on these intermetallic alloys, which is

missing from earlier works.

We will later classify the alloys into three different classes purely based on the perfor-

mance of different DFT functionals for predicting formation energies, as shown in Fig-

ures 5.1 and 5.2. We have a weakly-bonded (WB) region (Region I), where nonlocal

HSE06 and RPA mostly perform better than semilocal PBE and SCAN. In the interme-

diate region (Region II), HSE06 and PBE work much better than others. Finally, there is

the strongly-bonded (SB) region (Region III), where the nonlocal HSE06 and RPA severely

fail to predict the accurate formation energy, while PBE-GGA outperforms them. Note that

the classification performed here only refers to intermetallic alloys, and it is distinct from

the classification adopted in Ref. [231] for alloys in general.

5.3 Computational details

All DFT calculations were carried out using a projector augmented wave (PAW) [206]

method, as implemented in VASP [210] and GPAW [207–209]. We performed spin-polarized

semilocal and HSE06 calculations using VASP, while we used GPAW to perform the

RPA calculations. The semilocal calculations were initialized with the magnetic moments

per site of 1.5 - 3.5 µB, which converged to the nonmagnetic ground-state during self-

consistency. The total energy is converged with respect to plane-wave cutoff and k-mesh

for all methods within 1-5 meV/atom. Besides, separate convergence tests for the EXX and

correlation energies were performed for RPA. The detailed information about the plane-

wave cutoff and Brillouin zone sampling are given in Supplementary Tables 5.4 and 5.5.

Spin-unpolarized ground state PBE calculations were performed as inputs for the non-self-

consistent RPA (for both EXX and correlation energies). We used a maximum cutoff of
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350 eV to compute the response function. The correlation energies were computed as a

function of the cutoff energy and extrapolated to infinity to get the RPA correlation energy

as described in Refs. [85]. The gamma point (q = 0) was skipped to avoid the possible di-

vergent contribution and for smooth convergence with respect to k-mesh [76], as required

for metallic systems. We used the recommended PBE pseudopotentials (PP) modified to

include the kinetic energy density for VASP calculations [212], while 0.9.20000 data sets

were utilized for GPAW calculations. The calculations include relativistic effects at the

scalar level for each atom within the PAW PP.

Previously, it was showed that the spin-orbit coupling, zero-point vibrational energy,

and the nonlocal vdW corrections have negligible effects on the formation energies of in-

termetallic alloys [84]. Therefore, we did not calculate those corrections in the present

assessment. We have performed calculations for 7 volume points near the experimental

equilibrium volume and fit the Birch-Murnaghan equation of state [243] to evaluate the

equilibrium properties. We have used the structures from Ref. [261] and varied the lattice

constants isotropically to generate structures with different volumes.

5.4 Results and Discussions

In this section, we discuss the results for ground-state equilibrium properties of various

binary intermetallic alloys using DFT calculations. We present and discuss the equilibrium

volumes and the bulk moduli in Supplementary Tables 5.6−5.9 separately. Here, we mainly

focus on the performance of various DFT approximations in predicting formation energies.

The formation energy is an important physical quantity in alloy theory as it governs the

stability of that alloy. Suppose AxB1−x is a binary alloy with constituent metals A and B.

Then, the formation energy per atom ∆E f can be computed as

∆E f (AxB1−x) = E(AxB1−x)− xE(A)− (1− x)E(B). (5.4-1)
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Table 5.1: Formation energy (eV) per atom of intermetallic alloys; the first column rep-
resents the alloys, while the second column shows the combination of the d-bands; CF is
completely filled, PF is partially filled; All the compounds considered here crystallize in
the B2 (CsCl) phase.

Alloys Combination PBE SCAN HSE06 RPA Experiment
AgZn 4d(CF)-3d(CF) -0.045 -0.017 -0.067 -0.080 -0.068 ± 0.002 [227]
AgCd 4d(CF)-4d(CF) -0.057 -0.060 -0.083 -0.093 -0.093 ± 0.002 [227]
CuZn 3d(CF)-3d(CF) -0.088 -0.100 -0.126 -0.110 -0.124 [227]
CuPd 3d(CF)-4d(CF) -0.120 -0.115 -0.193 -0.168 -0.131 ± 0.008 [227]
AuCd 5d(CF)-4d(CF) -0.169 -0.231 -0.196 -0.244 -0.196 [227]
CuY 3d(CF)-4d(PF) -0.252 -0.295 -0.261 -0.354 -0.200 ± 0.002 [262, 263]
AuZn 5d(CF)-3d(CF) -0.211 -0.260 -0.252 -0.290 -0.235 ± 0.043 [227]
ScAg 3d(PF)-4d(CF) -0.282 -0.362 -0.288 -0.411 -0.272 ± 0.017 [263, 264]
AgY 4d(CF)-4d(PF) -0.346 -0.417 -0.353 -0.467 -0.278 ± 0.033 [263, 264]
HfOs 5d(PF)-5d(PF) -0.704 -0.754 -0.923 -0.667 -0.482 ± 0.052 [231, 265]1

AuSc 5d(CF)-3d(PF) -0.812 -1.063 -0.854 -1.045 -0.789 ± 0.031 [263, 264]
RhY 4d(PF)-4d(PF) -0.841 -0.939 -0.979 -0.943 -0.789 ± 0.035 [263, 266]
ScPd 3d(PF)-4d(CF) -0.892 -0.992 -1.027 -1.176 -0.926 ± 0.023 [263, 267]
ScRh 3d(PF)-4d(PF) -1.005 -1.140 -1.264 -1.172 -0.979 ± 0.016 [263, 267]
PtSc 5d(PF)-3d(PF) -1.216 -1.455 -1.382 -1.440 -1.086 ± 0.056 [263, 267]
HfPt 5d(PF)-5d(PF) -0.972 -1.195 -1.073 -1.058 -1.178 ± 0.068 [263, 268]

where, E(AxB1−x), E(A), and E(B) are the total bulk energies per atom of an alloy AxB1−x,

metal A, and metal B respectively. x is the fractional weight of metal A in an alloy. A posi-

tive formation energy represents an instability, while the negative value depicts the stability

of an alloy against its constituents.

We calculated the formation energies using various methods and tabulated the data in

Table 5.1. In Table I, we compare the results for an alloy crystallized in the B2 (CsCl) phase

with available experimental data. The values are tabulated by an increasing magnitude of

experimental formation energies from top to bottom. Figure 5.1 illustrates the graphical

representation of the values in Table 5.1. Based on the observation, we classify the results

into three distinct categories (or regions) depending on the filling of d-band in metals, as

shown in Figure 5.2. To understand the performance of functionals on formation energies,

we plot the electronic density of states (DOS) of alloy and its constituents, because the
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structural stability of an alloy is largely dependent on the density of states [255]. We show

that an accurate prediction of formation energy should be accompanied by an accurate

prediction of the DOS.

A
g

Z
n

A
g

C
d

C
u

Z
n

C
u

P
d

A
u

C
d

C
u

Y

A
u

Z
n

S
c
A

g

A
g

Y

A
u

S
c

R
h

Y

S
c
P

d

S
c
R

h

P
tS

c

H
fP

t

Alloys

-2

-1.8

-1.6

-1.4

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0
F

o
rm

at
io

n
 e

n
er

g
y
 (

eV
)

PBE
SCAN
HSE06
RPA
Experiment

Figure 5.1: Computed formation energies compared with experimental values.

1. Completely-Filled / Completely-Filled (CF-CF)

2. Completely-Filled / Partially-Filled (CF-PF)

3. Partially-Filled / Partially-Filled (PF-PF)

5.4.1 CF-CF combination

This set consists of intermetallic alloys with constituents bulk metals having completely-

filled d bands such as AgZn, AgCd, CuZn, CuPd, AuCd, and AuZn (see Fig. 5.2a). These

weakly-bonded alloys have lower experimental formation energies up to 200 meV, com-

pared to other combinations. In this region, the PBE-GGA underestimates the formation

energies as expected. The SCAN meta-GGA slightly improves upon PBE and yields mixed
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Figure 5.2: Formation energies with respect to three distinct classes.
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results, i.e., underestimates the formation energies for systems AgZn, AgCd, CuZn, and

CuPd, while overestimates them in the cases of AuCd and AuZn. In general, SCAN over-

estimates the experimental energies below CuPd with a formation energy larger than or

equal to 130 meV. On the other hand, the hybrid HSE06 consistently predicts accurate

formation energies compared to the experiment, and in agreement with the previous cal-

culations on alloys of CF-CF combination [232]. Our results are also valid for structures

other than the B2 phase, which is evident from Table 5.2 and Ref. [232]. This indicates that

the phase of the crystal has an insignificant role in the performance of DFT approximations

when predicting formation energies of intermetallic alloys. To describe the results, we in-

vestigate the electronic properties of the alloy and its constituent bulk metals.

We computed valence-state electronic partial density of states (PDOS) for metals hav-

ing completely-filled (CF) d-bands and alloys of CF-CF combination and present them in

Figures 5.3 and 5.4, respectively. The contribution from s- and p- bands near the Fermi

level is negligible (not shown here) compared to that of d-band. Therefore, we only show

the d-band contribution of the density of states (DOS) and compare it with the experi-

mental PDOS of occupied states. Experimentally, one can obtain information about the

valence d-band (or PDOS) from X-ray (XPS) or ultraviolet (UPS) photoemission spectra

[269–280] (see section “Experimental data for valence d-band” in Supporting Information).

In Fig. 5.3, we compare the calculated d-band contribution to DOS (PDOS) with exper-

imental d-band ranges extracted from photoemission spectra (Supplementary Table 5.10).

We present the PDOS for completely-filled metals such as copper, zinc, palladium, silver,

cadmium, and gold with their phase and valence d-band. The negligible density of states at

the Fermi level indicates the complete filling of valence bands (3d in Cu and Zn, 4d in Ag

and Cd, and 5d in Au). Besides, Zn and Cd have even lesser PDOS (more than two fac-

tors in magnitude than other completely-filled d-band metals) at the Fermi level due to the
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filling of valence s-band as well. Copper has the 3d band centered around its binding en-

ergy (Eb) of 3.0−3.5 eV with a d-band width (or range) of∼ 3 eV [269, 270]. Furthermore,

Zinc and Cadmium have similar PDOS with localized valence 3d and 4d bands respectively

centered around the binding energies ∼10 eV [270–272] and ∼11 eV [273, 281] below the

Fermi level with width ∼ 1.5−2.0 eV. On the other hand, Pd, Ag, and Au have d-band

ranges 0−5.5 eV (4d) [275, 276], 3.9−7.4 eV (4d) [271], and 2−8 eV (5d) [269, 272] be-

low the Fermi level respectively. All DFT approximations agree with each other regarding

the shape and width of the d-band in the PDOS plot. However, there is a discrepancy in

the d-band center (Eb) among them. The PBE-GGA underestimates the binding energy

(d-band center) of these metals by ∼ 1−2 eV (maximum for Cd and Zn), whereas SCAN

provides a negligible improvement of ∼ 0−0.5 eV upon PBE. On the contrary, the hybrid

HSE06 considerably improves on PBE and SCAN by increasing the binding energy (blue-

shifted towards the experimental d-band range) and provides accurate results compared to

experiments.

Figure 5.4 depicts the partial density of states of alloys AgZn (Fig. 5.4a), AgCd (Fig. 5.4b),

CuZn (Fig. 5.4c), and AuZn (Fig. 5.4d). In AgZn, the binding energy of Ag’s 4d band in-

creases by ∼ 1 eV (onset shifts from 3.0 to 4.0 eV in PBE and SCAN, and 4.0 to 5.0 eV

in HSE06) and the width also shrinks by ∼ 1 eV compared to pure Ag’s 4d band. On the

other hand, zinc’s 3d band is still localized around almost the same binding energy (small

decrement though) as that of the pure Zn, with a negligible decrease in d-band width. These

observations are consistent with the experimental results that the 4d band of Ag in AgZn

decreases by 1 eV and the width shrinks by 0.7 eV with a negligible effect on the zinc’s

3d band compared to its pure constituents [271]. Similar results can be obtained for AgCd,

CuZn, and AuZn. Ag’s 4d band in AgCd, Cu’s 3d band in CuZn, and Au’s 5d band in

AuZn behave similarly to that of the Ag’s 4d band in AgZn. Also, Zn and Cd in these

compounds behave likewise as that of Zn in AgZn. The sharp decrease in d-band widths of
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Table 5.2: Formation energies (eV) per atom of alloys other than the B2 phase (CsCl,
Pm-3m); CF is completely filled, PF is partially filled.

Alloys Phase combination PBE SCAN HSE06 Expt
AuTi CuTi (P4/nmm) 5d(CF)-3d(PF) -0.442 -0.630 -0.430 -0.458 ± 0.015 [282]
ScRh3 AuCu3 (Pm-3m) 3d(PF)-4d(PF) -0.610 -0.762 -0.770 -0.536 ± 0.015 [267]
YPd3 AuCu3 (Pm-3m) 4d(PF)-4d(CF) -0.867 -0.890 -1.041 -0.819 ± 0.067 [266]
ScPt3 AuCu3 (Pm-3m) 3d(PF)-5d(PF) -1.042 -1.263 -1.173 -0.980 ± 0.021 [283]

Cu, Ag, and Au in alloys can be attributed to the dilution (it increases the distance between

two CF metal nearest neighbors which decreases its overlap with them, thereby giving lo-

calized and bound state) of these metals in alloys in presence of more localized 3d and 4d

band of Zn and Cd respectively [270–273]. Also, the increase in binding energy in one of

the metals and decrease in the binding energy in the other indicates some charge transfer

between the constituents [270, 272]. Qualitatively, all DFT functionals PBE, SCAN, and

HSE06 yield similar results in terms of the change in PDOS of alloys with respect to its

constituents. However, only the nonlocal HSE06 provides an accurate binding energy in

the case of both alloys and constituents, thereby predicting accurate formation energies.

Also, the nonlocal RPA shows similar or better accuracy than that of semilocal functionals

in predicting formation energies of CF-CF alloys. We will discuss the RPA results in detail

later in a separate section “Failure of RPA and beyond RPA correction”.

5.4.2 CF-PF combination

In this section, we discuss the results for alloys with completely-filled / partially-filled

(CF-PF) d-band combinations such as CuY, ScAg, AgY, AuSc, and ScPd having a B2

phase, shown as in Fig. 5.2b. We also present a few other alloys (AuTi and YPd3) with a

different structure than B2 in Table 5.2. The formation energies predicted by PBE-GGA

agree well with the experiment, whereas the hybrid HSE06 concurs with PBE for lower

formation energies (200−500 meV), while differs significantly from PBE and experimen-

tal results in the case of higher formation energies (e.g., YPd3 and ScPd). On the contrary,

SCAN seriously overestimates the formation energies in this region with a decrease in its
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(c) Palladium [275, 276]
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(d) Silver [269, 271]
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(e) Cadmium [273, 281]
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Figure 5.3: The estimated valence d-band density of states with completely-filled d con-
figuration compared with valence d-band ranges extracted from experimental X-ray pho-
toemission spectra or ultraviolet photoemission spectra (denoted by horizontal solid line).
References are given in sub-captions. ε f is the Fermi-level.
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(b) AgCd [273, 281].
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(c) CuZn [270]
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Figure 5.4: The estimated valence d-band density of states of alloys with metals having
completely-filled/completely-filled d-band configuration compared with valence d-band
ranges extracted from experimental X-ray photoemission spectra or ultraviolet photoemis-
sion spectra (denoted by horizontal solid line). References are given in sub-captions. ε f is
the Fermi-level.
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deviation for alloys with increasing formation energy (YPd3 and ScPd). The nonlocal RPA

consistently overestimates the formation energies of alloys with results closer to SCAN at

the best-case scenario.

Partial density of states (PDOS) of valence d-band of partially-filled (PF) metals scan-

dium (3d), yttrium (4d), rhodium (4d), hafnium (5d), osmium (5d), and platinum (5d) are

shown in Figure 5.5. Unlike the completely-filled metals, there is a significantly large den-

sity of states at the Fermi level. Experimentally, both scandium’s 3d and yttrium’s 4d band

is localized near the Fermi level (∼ 0.2 eV below for Sc) with the d-band widths of ∼

1.5 eV and 2.0 eV respectively [274, 279]. Also, rhodium’s 4d band is concentrated at ∼

1.3−1.5 eV below the Fermi-level and has a d-band range of ∼ 4.5−5.0 eV [277, 284].

The 5d bands of both Hf and Pt have similar localization as that of the 4d band of Rh with

centroids around ∼ 0.9 eV and ∼ 1.6 eV respectively, with d-band widths of ∼ 4 eV and

∼ 8 eV [276, 278, 284] (Pt’s 5d-band has two peaks, and it is the first peak). Similary,

osmium’s 5d band has a peak at ∼ 3.0 eV and a d-band width of ∼ 8.0 eV [284]. For these

alloys, the PDOS at the Fermi-level decreases as PBE > SCAN > HSE06, except for plat-

inum. Also, the d-band range is blue-shifted away from the experimental valence d-band

range in the order of PBE < SCAN < HSE06 with PBE being the closest. However, such

a shift is noticeable only in the Rh’s 4d and Os’s 5d bands. Unfortunately, it is difficult

to pinpoint the peak or a d-band centroid of DFT calculated PDOS for Rh’s 4d, Os’s 5d,

and Pt’s 5d bands, therefore, we could not compare it directly with the experimental values.

Figure 5.6 shows PDOS results for alloys AgSc, ScPd, and YPd3. In both ScPd and

ScAg, the large density of states at the Fermi-level mainly consists of the partially-filled 3d

band of scandium, and its tail is slightly stretched towards larger binding energies compared

to its pure counterpart (Sc in ScAg is more stretched than Sc in ScPd) [274]. Our PDOS

calculated by all DFT functionals qualitatively agree with this experimental observation
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(see Figures 5.6a and 5.6b). On the other hand, the completely-filled d-band of metals Ag

and Pd should be red-shifted towards a lower binding energy with a decrease in its width

due to similar reasons of charge-transfer and dilution as in the case of CF-CF alloys. It is

the part where our DFT calculated PDOS differs from the experiment. As expected, PBE

underestimates the d-band centroid of the Ag’s and Pd’s 4d bands, while SCAN slightly

blue-shifts them. HSE06 also raises the binding energy, however, the shifted 4d band of

Ag agrees with the experiment, but is overestimated in the case of Pd’s 4d band. This

could be the reason that the formation energy predicted by HSE06 is accurate for ScAg,

but overestimates the ScPd formation energy. The calculated electronic PDOS of YPd3

has nonseparable 4d bands of yttrium and palladium, similar to the experimental photoe-

mission spectrum [275]. Nevertheless, it has different centroids and d-band ranges for

different DFT methods. Similar to ScPd, the inaccuracy of HSE06 in the prediction of

formation energy of YPd3 is due to an incorrect prediction of the electronic PDOS of an

alloy. Conversely, PBE and SCAN provide a reliable estimate of formation energies for

both ScPd (Table 5.1), and YPd3 (Table 5.2), because these functionals predict the correct

electronic properties of both alloys and the bulk elements simultaneously.

5.4.3 PF-PF combination

Previously, we have observed that the inclusion of partially-filled d-band metals in al-

loys diminish the accuracy of the nonlocal density functionals, while the PBE-GGA consis-

tently outperforms them. The SCAN meta-GGA indeed improves the PBE calculated elec-

tronic properties of many alloys and elemental bulks, but does not possess similar accuracy

in formation energies as that of PBE. Here, we explore the alloys with both partially-filled

d-band metals such as HfOs, RhY, ScRh, PtSc, HfPt, ScRh3, and ScPt3. In the PF-PF

combination of alloys, both nonlocal functionals, HSE06 and RPA, severely overestimate

the formation energies. On the other hand, semilocal functionals perform well with PBE
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(a) Scandium [274]
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(b) Yttrium [279]
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(c) Rhodium [277, 284]
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(d) Hafnium [278]
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(e) Osmium [284]
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Figure 5.5: The estimated valence d-band density of states with partially-filled d configura-
tion compared with valence d-band ranges extracted from experimental X-ray photoemis-
sion spectra or ultraviolet photoemission spectra (denoted by horizontal solid line). Refer-
ences are given in sub-captions. ε f is the Fermi-level.
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(a) AgSc [274]
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(b) ScPd [274]
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Figure 5.6: The estimated valence d-band density of states of alloys with metals hav-
ing completely-filled / partially-filled d-band configuration compared with valence d-band
ranges extracted from experimental X-ray photoemission spectra or ultraviolet photoemis-
sion spectra (denoted by horizontal solid line). References are given in sub-captions. ε f is
the Fermi-level.

101



performing much better than the SCAN except for HfPt. Our DFT results show a signif-

icant error (overestimation) in the case of HfOs, even for PBE. We suspect that there are

some uncertainties in the experiment, as a few traces of Hf54Os17 and unreacted Os are also

present in the sample [265].

In Figure 5.7, we compare the PDOS of HfPt (Fig. 5.7a) and ScRh3 (Fig. 5.7b) obtained

using various methods. Unfortunately, we could not obtain experimental results for HfPt

for comparison. But, the XPS valence d-band spectra of ScRh3 is available [280]. It has

a d-band that ranges from the Fermi-level to around ∼ 5 eV below the Fermi-level [280],

and it has a shape like that of YPd3. As expected, HSE06 PDOS is blue-shifted away from

the experimental range, while PBE and SCAN yield similar PDOS compared to the exper-

iment. However, SCAN overestimates the experimental Rh’s 4d band width by ∼ 1 eV,

while the overestimation is only about ∼ 0.5 eV in the case of PBE. This result leads to

accurate formation energy for the PBE, while SCAN overshoots the experimental value by

∼ 230 meV.

Though all DFT calculated d-band widths of hafnium and platinum metals are close

to each other and agree with the experiment, we expect that only the SCAN calculated

PDOS of HfPt should be close to that of an experimental result if available, as its formation

energies are close to the experimental value.

5.5 Failure of RPA and beyond RPA correction

Earlier, we have compared the PBE and SCAN results with HSE06, and established a

connection between an accurate prediction of formation energies of alloys and their elec-

tronic properties. Here, we discuss the results obtained using the nonlocal random phase

approximation (RPA). The RPA calculated formation energies of binary alloys in the B2

phase are tabulated in Table 5.1 and compared with other semilocal and hybrid functionals
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Figure 5.7: The estimated valence d-band density of states of alloys with metals having
partially-filled/partially-filled d-band configuration compared with valence d-band ranges
extracted from experimental X-ray photoemission spectra or ultraviolet photoemission
spectra (denoted by horizontal solid line). References are given in sub-captions. ε f is
the Fermi-level.

as presented in Figure 5.2. RPA provides accurate formation energies of CF-CF alloys with

a lower energy (∼ < 130 meV) such as for AgZn, AgCd, and CuZn. This is consistent

with the previous results for copper-gold alloys, which have formation energies less than

100 meV [84]. Other CF-CF alloys such as CuPd, AuCd, and AuZn have deviation ranges

from 35−50 meV, which is significant as compared to experimental values. Furthermore,

errors in RPA enormously increase when an alloy consists of partially-filled d-band metals.

In general, it overestimates the experimental formation energies up to the maximum of ∼

350 meV for PtSc.

Though RPA works reasonably well in predicting the cohesive energies of transition

metal bulk comparable to PBE [83] with a mean absolute error ∼ 0.25 eV, there is a no-

table difference in the formation energies of alloys. In contrast to formation energy, the

cohesive energy of transition metal alloys is a more difficult test for DFT functionals as it

involves isolated transition metal atoms [286]. Therefore, more error cancellation is ex-

pected for formation energy as both alloys and constituents have the same phase. Here,

we have computed the RPA formation energies non-self-consistently using the ground-
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Table 5.3: Formation energies (eV) from kernel-corrected RPA for PtSc and HfOs. Improv-
ing the short-range correlation in RPA can improve the formation energies of intermetallics
where RPA fails severely.

RPA rALDA rAPBE Experiment
HfOs -0.667 -0.642 -0.612 -0.482 ± 0.052 [231, 265]2

PtSc -1.440 -1.317 -1.257 -1.086 ± 0.056 [263, 267]

state PBE eigenstates and eigenvalues as reference. Therefore, we do not have RPA cal-

culated partial density of states to compare with experiment. In RPA, the EXX energy

(Etotal−ERPA
c ) is one-electron self-interaction free, but the correlation energy ERPA

c suffers

from self-correlation error due to the absence of the dynamical exchange-correlation kernel

( fxc(q,ω)) [171, 172]. RPA provides a good description of the long-range electron-electron

correlation required to describe van der Waals interactions [85, 86, 92, 182]. However, the

short-range electron-electron correlation is not properly described with bare RPA ( fxc→ 0)

which yields too negative correlation energies (by ∼ 0.4 eV/electron) for the uniform elec-

tron gas in the metallic range densities [119, 287]. Restoring the non-local exchange-

correlation kernel can improve the repulsive short-range correlation, thereby giving an ex-

act result [79, 114, 115, 119, 287]. We suspect that the too-negative formation energies

(compared to experiment) by RPA for alloys with partially-filled d-band metals may be

related to too-low correlation energy due to an imperfect description of the repulsive short-

range electron-electron correlation. Consequently, we computed the formation energies of

PtSc and HfOs using the renormalized adiabatic LDA (rALDA) [79, 114] and renormalized

adiabatic PBE (rAPBE) [115] kernels and tabulated them in Table 5.3 (see Supplementary

Tables 5.4 and 5.5 for input parameters of calculations).

The rALDA kernel is obtained by using a (local) truncation of ALDA kernel for wavevec-

tor q > 2kF , where kF = (3π2∗density)1/3 is the Fermi wavevector [79, 114]. Also, rAPBE

is similar to rALDA, except it also includes a PBE-like gradient correction [115]. A large

overestimation of formation energy from RPA can be reduced a little using rALDA. Fur-
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ther, rAPBE improves the RPA formation energies by a significant amount of ∼ 200 meV

in the case of PtSc, closer to the experimental value. More corrections in the RPA forma-

tion energies can be expected when using a more exact uniform electron gas kernel, such

as modified-CP07 (MCP07) [287].

5.6 Conclusions

We performed DFT calculations to compute the ground-state equilibrium properties of

intermetallic alloys. Many of earlier studies [84, 232] argued that the nonlocality is essen-

tial for accurate formation energies. However, those studies covered only a narrow range

of weakly-bonded compounds having completely-filled d-band metals. Our assessment in-

cludes a broad range of binary alloys, which also include partially-filled d-band metals. We

found that the nonlocality is not always useful for formation energies. Instead, a PBE-like

exchange-correlation can yield accurate results compared to the experiment, especially for

strongly-bonded intermetallic alloys having partially-filled d-band metals.

Based on the observations, we classified intermetallic alloys into three categories based

on their d-band filling combinations, e.g., completely-filled / completely-filled (CF-CF),

completely-filled / partially-filled (CF-PF), and partially-filled / partially-filled (PF-PF).

The formation energies usually increase in the order of CF-CF < CF-PF < PF-PF. As pre-

viously discussed, the nonlocal functionals HSE06 and RPA give accurate formation ener-

gies of CF-CF alloys, while PBE-GGA yields better results in the case of CF-PF and PF-PF

alloys. Therefore, we suggest using a more PBE-like exchange-correlation for strongly-

bonded alloys having a partially-filled d-band metal, while the nonlocality is necessary to

capture the energy differences in the case of weakly-bonded alloys with completely-filled

d-band transition metals. The difficulties to incorporate a delicate balance between the two

such extreme cases make it arduous for any DFT approximation to provide the accurate

equilibrium properties of a wide range of alloys. Nevertheless, a meta-GGA could be a
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natural trade-off, as it contains some nonlocality due to the kinetic energy density, while it

still maintains its status as a semilocal approximation.

Besides, we also established a one-to-one correspondence between formation energies

and electronic properties by estimating the d-band contribution to valence density of states

(DOS). In other words, the functional which predicts accurate DOS of alloys and metals

simultaneously also agrees with the experimental formation energies. The PBE-GGA un-

derestimates the d-band range of completely-filled transition metals and their alloys while

it provides electronic DOS often similar or better than HSE06 in the case of partially-filled

d-band metals and their alloys. Contrarily, SCAN often improves on PBE calculated d-

band centroid and hence the d-band range of many alloys and bulk metals, but it does not

share a similar success as that of PBE. It may be due to a lack of required error cancellation

in the SCAN meta-GGA that should be expected due to the same phase of the alloy and its

constituents.

The state-of-the-art RPA, which can describe different bonding situations often much

better than semilocal and hybrid functionals, severely fails for the formation energies of

intermetallic alloys with partially-filled d-band metals. It significantly overestimates the

formation energies. This may be related to the too-negative correlation energies within

the metallic densities due to the incomplete description of repulsive short-range electron-

electron correlations. Restoring the nonlocal exchange-correlation kernel rAPBE improves

the formation energy of PtSc by ∼ 200 meV, which is substantial.
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SUPPORTING INFORMATION

Table 5.4: Converged parameters for elemental bulk calculations. The kernel-corrected or
beyond RPA calculations were performed at RPA Ecut and a fixed K-mesh of 16x16x16.
Also, the response function is computed using only one cutoff of 300 eV without extrapo-
lation.

HSE06 EXX RPA
Elements Ecut (eV) K-mesh Ecut (eV) K-mesh Ecut (eV) K-mesh
Sc 400 13x13x13 700 16x16x16 600 18x18x18
Cu 400 12x12x12 1000 16x16x16 800 16x16x16
Zn 400 15x15x15 800 18x18x18 800 18x18x18
Y 400 15x15x15 700 10x10x10 500 18x18x18
Rh 400 13x13x13 700 16x16x16 600 18x18x18
Pd 400 13x13x13 700 19x19x19 800 23x23x23
Ag 350 12x12x12 600 16x16x16 600 16x16x16
Cd 400 13x13x13 700 18x18x18 500 21x21x21
Hf 400 13x13x13 700 16x16x16 600 19x19x19
Os 400 15x15x15 700 19x19x19 600 20x20x20
Pt 400 14x14x14 800 18x18x18 600 20x20x20
Au 350 14x14x14 1000 15x15x15 800 16x16x16
Ti 400 13x13x13

Equilibrium volume

In this section, we present the comparison between estimated and experimental equilibrium

volumes for both elemental bulk constituents and alloys in Tables S3 and S4 respectively.

As expected, PBE overestimated the equilibrium volume in most cases with excellent re-

sults for 3d and partially-filled 5d transition metals within −0.2 to 3.0 %, while the results

deviate more with the experiments for 4d and completely-filled 5d elements up to 6 %.

Contrary to PBE, SCAN provides accurate results for completely-filled 4d and 5d elements

with an error of less than one percent. HSE06 hybrid provides more improvement keeping

the trend similar to PBE, while the RPA further improves on it. For alloys, SCAN provides

notable correction to PBE results, except for CuZn and HfPt where one can observe that

the error is propagated from the discrepancies of their elemental bulk results: Cu (−3.8 %),

Zn (−7.8 %), Hf (−4.0 %), and Pt (−4.0 %). Once again, RPA delivers accurate results for
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Table 5.5: Converged parameters for alloys. The kernel-corrected or beyond RPA calcu-
lations were performed at RPA Ecut and a fixed K-mesh of 16x16x16. Also, the response
function is computed using only one cutoff of 300 eV without extrapolation.

HSE06 EXX RPA
Alloys Ecut (eV) K-mesh Ecut (eV) K-mesh Ecut (eV) K-mesh
AgZn 450 14x14x14 800 17x17x17 700 20x20x20
AgCd 450 14x14x14 800 16x16x16 800 18x18x18
CuZn 450 14x14x14 1000 20x20x20 800 19x19x19
CuPd 450 14x14x14 900 16x16x16 800 18x18x18
AuCd 450 15x15x15 800 18x18x18 700 18x18x18
CuY 450 14x14x14 900 18x18x18 700 18x18x18
AuZn 450 15x15x15 900 16x16x16 700 18x18x18
ScAg 450 14x14x14 700 18x18x18 700 18x18x18
AgY 450 14x14x14 800 19x19x19 700 18x18x18
HfOs 450 14x14x14 700 16x16x16 600 16x16x16
AuSc 450 15x15x15 900 18x18x18 700 19x19x19
RhY 450 15x15x15 700 16x16x16 600 18x18x18
ScPd 450 16x16x16 700 21x21x21 500 18x18x18
ScRh 450 14x14x14 700 16x16x16 500 18x18x18
PtSc 450 17x17x17 800 17x17x17 800 15x15x15
HfPt 450 14x14x14 700 18x18x18 600 18x18x18
AuTi 400 11x11x11
ScRh3 400 12x12x12
YPd3 400 14x14x14
ScPt3 400 12x12x12

these alloys similar to their bulk constituents mostly within two percent error compared to

experiment.

We calculated the mean absolute error (MAE) and mean absolute percentage error

(MAPE) for a better understanding of performances of various functionals predicting equi-

librium volumes of the system considered in the present study. As expected, we can ob-

serve that the error decreases from semilocal DFT functionals to nonlocal functionals in

both types of systems. The MAE for elemental bulk systems is in the order of RPA <

HSE06 < PBE < SCAN, while MAPE shows a trend of RPA < HSE06 < SCAN < PBE.

On the other hand, the SCAN functional performs better than HSE06 for alloy systems

with MAPE in the order of RPA < SCAN < HSE06 < PBE.
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Table 5.6: Equilibrium volumes for constituent elemental bulk transition metals (Å3).

Element PBE % Error SCAN % Error HSE06 % Error RPA % Error Experiment [261]
Sc 49.420 0.1 49.944 1.1 50.655 2.6 49.390 0.02 49.38
Cu 12.004 1.6 11.361 -3.8 12.021 1.8 11.958 1.3 11.81
Zn 30.392 -0.2 28.072 -7.8 30.406 -0.1 29.620 -2.7 30.44
Y 65.489 -0.8 67.409 2.1 67.200 1.8 64.872 -1.7 66.02
Rh 14.050 2.2 13.515 -1.7 13.54 -1.5 13.930 1.3 13.75
Pd 15.341 4.2 14.766 0.2 15.018 2.0 14.650 -0.5 14.73
Ag 17.827 4.5 17.043 -0.1 17.798 4.3 17.090 0.2 17.06
Cd 45.886 6.3 43.075 -0.2 44.631 3.4 42.410 -1.8 43.17
Hf 44.896 0.3 42.971 -4.0 44.671 -0.2 45.440 1.5 44.76
Os 28.538 2.0 27.341 -2.3 27.661 -1.1 28.060 0.3 27.98
Pt 15.610 3.0 14.537 -4.0 15.248 0.7 15.200 0.3 15.15
Au 17.961 5.8 17.103 0.7 17.595 3.7 17.868 5.2 16.98

MAE 0.62 0.69 0.53 0.4
MAPE (%) 2.6 2.3 1.8 1.4

Table 5.7: Equilibrium volumes for alloys (Å3); Alloys are presented with an increasing
experimental formation energies (see Table V); % Error means percentage error.

Alloys PBE % Error SCAN % Error HSE06 % Error RPA % Error Experiment [261]
AgZn 32.346 2.6 30.428 -3.4 32.019 1.6 31.242 -0.9 31.519
AgCd 39.005 4.0 37.053 -1.2 38.405 2.4 36.886 -1.6 37.494
CuZn 26.172 1.1 24.493 -5.4 26.119 0.9 25.707 -0.7 25.882
CuPd 27.449 3.6 26.257 -0.9 27.153 2.5 26.946 1.7 26.490
AuCd 39.059 6.3 37.109 1.0 38.176 3.9 37.591 2.4 36.727
CuY 42.264 0.5 41.254 -1.9 42.692 1.6 41.663 -0.9 42.035
AuZn 32.397 4.1 30.432 -2.2 31.856 2.4 31.847 2.4 31.107
ScAg 40.703 2.5 39.335 -1.0 40.537 2.1 39.574 -0.4 39.722
AgY 48.381 2.8 46.930 -0.3 48.398 2.9 47.002 -0.1 47.046
HfOs 34.504 1.5 33.229 -2.2 33.795 -0.5 34.570 1.7 33.981
AuSc 39.525 3.3 38.014 -0.7 39.118 2.2 38.943 1.8 38.273
RhY 40.449 2.3 39.432 -0.3 39.591 0.1 40.254 1.8 39.547
ScPd 36.501 3.4 35.450 0.5 36.073 2.2 35.989 2.0 35.288
ScRh 33.775 2.7 32.850 -0.1 33.096 0.6 33.703 2.5 32.891
PtSc 36.109 3.5 34.722 -0.5 35.634 2.1 35.866 2.8 34.902
HfPt 36.846 -3.1 35.130 -7.6 36.244 -4.6 36.637 -3.6 38.011
MAE 1.06 0.62 0.74 0.59
MAPE (%) 2.97 1.81 2.05 1.70
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Table 5.8: Bulk moduli for the constituent elemental bulk transition metals (GPa); Experi-
mental bulk moduli are taken from Ref [259].

Element PBE % Error SCAN % Error HSE06 % Error RPA % Error Experiment [259]
Sc 53.6 -3.5 55.7 0.2 56.1 0.9 64.0 15.1 55.6
Cu 137.9 -1.7 156.2 11.3 125.8 -10.3 144.7 3.1 140.3
Zn 73.4 5.3 99.4 42.6 74.8 7.3 84.2 20.8 69.7
Y 39.9 -4.3 41.2 -1.3 40.3 -3.4 45.7 9.6 41.7
Rh 254.8 -11.8 289.5 0.3 288.2 -0.2 311.4 7.9 288.7
Pd 164.4 -15.9 206.5 5.7 171.9 -12.0 231.6 18.5 195.4
Ag 91.0 -12.3 110.5 6.5 85.8 -17.3 115.3 11.1 103.8
Cd 43.2 -19.7 59.3 10.2 52.4 -2.6 62.9 16.9 53.8
Hf 108.3 -1.3 115.1 4.9 114.2 4.1 114.1 4.0 109.7
Os 403.8 -4.9 459.6 8.2 460.7 8.5 433.2 2.0 424.6
Pt 247.3 -13.0 331.5 16.6 267.4 -5.9 298.8 5.1 284.2
Au 138.9 -20.5 166.5 -4.8 144.6 -17.3 176.7 1.1 174.8

MAE (GPa) 16.1 13.9 12.7 11.7
MAPE (%) 9.5 9.4 7.5 9.6

Bulk Moduli

Bulk moduli are more difficult to predict than equilibrium volumes, as they require an

accurate prediction of the equation of state. We computed bulk moduli by fitting the Birch-

Murnaghan equation-of-state to the energy-volume data and compared them with available

experimental results in Tables S5 and S6. The PBE-GGA provides reasonably accurate

bulk moduli of 3d metals, while the errors are enormous for 4d and 5d elements. On the

other hand, SCAN meta-GGA significantly improves upon PBE, and it is more accurate in

most cases except copper, zinc, and platinum. The error for SCAN is a maximum at about

42 % in zinc, and it is consistent with the error in its equilibrium volume. Both HSE06

and RPA have a mixed performance on bulk moduli with lower overall mean absolute

error (MAE) and mean absolute percentage error (MAPE) than semilocal results. We also

compared computed bulk moduli of intermetallic alloys with available experimental results.

Unlike constituent elemental bulk metals, all DFT approximations studied here predict

reasonable bulk moduli. For example, the estimated bulk modulus of CuZn alloy agrees

with the experimental value, though, the bulk moduli of zinc significantly deviates from the

experiment.
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Table 5.9: Bulk moduli for the alloys (GPa); The alloys are presented in order of increasing
experimental formation energies (see Table V).

BM PBE SCAN HSE06 RPA Experiment
AgZn 90.5 112.3 92.3 107.8
AgCd 73.8 90.6 76.9 95.2
CuZn 112.8 141.3 110.1 118.4 116 [288]
CuPd 151.6 176.8 147.8 169.3
AuCd 90.5 110.5 98.8 116.6 100 [289, 290]
CuY 69.3 74.6 67.0 77.1 70.1 [291]
AuZn 115.6 143.6 122.6 137 131 [292]
ScAg 79.7 94.4 83.4 99.3
AgY 66.1 75.1 66.6 79.7 70.1 [291]
HfOs 224.9 250.0 245.5 235.4
AuSc 103.3 123.1 112.5 125.2
RhY 108.8 121.4 117.1 121.8
ScPd 110.7 124.8 116.5 127.6
ScRh 138.3 154.9 152.0 154.6
PtSc 136.4 157.7 147.5 155.1
HfPt 179.2 209.1 192.0 191.5
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Figure 5.8: Schematic diagram for estimating the d-band range and FWHM from X-ray or
ultraviolet photoemission spectra.
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Experimental data for valence d-band

Both X-ray and ultraviolet photoemission spectra work via the photoelectric effect. When

an atom absorbs a photon of energy hν , an electron in a core or valence state with binding

energy Eb is ejected with kinetic energy Ek as

Ek = hν−Eb−φ , (5.7-2)

where, φ is the work function and Eb (E−EFermi) is the energy of the photoelectron with

respect to the Fermi energy of the system. In principle, the photoemission spectrum can

give DOS. However, one should be cautious with an exact comparison of theoretical DOS

with experimental photoemission spectra (for exact features including satellite excitations

and tail at high binding energy). The factors that play a crucial role in the difference be-

tween theoretical and experimental DOS could be the influence of matrix elements that

govern the excitation of the photoelectrons and the photon energy itself used for the excita-

tion process [274]. Other factors may be the instrumental resolution and electron-electron

scattering processes. Here, we are not interested in the exact features of the photoemission

spectra. Instead, the information about the valence d-band centroid (or binding energy) and

range (or width) of the system is sufficient, as the previously-mentioned factors have an in-

significant effect on it [275, 276, 279, 280]. Note that the term “d-band range” is different

than the full width at half maximum (FWHM) used in several references. The d-band range

is measured after removing the extra asymptotic tail, while FWHM is measured at half of

the maximum intensity as shown in Supplementary Figure 5.8. We have extracted the d-

band centroid and the d-band range of both alloys and its constituents from experimental

photoemission spectra, and tabulated them in Supplementary Table 5.10.
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Table 5.10: The d-band centroid and d-band ranges with respect to Fermi-level (or below
Fermi-level) extracted from experimental photoemission spectra; unit eV.

Systems d-band d-band centroid d-band range
Cu 3d 3.0−3.5 2.0−5.0 [269], 1.5−4.5 [270]
Zn 3d 10 8.5−11.5 [270–272]
Pd 4d 1 0−5.5 [275, 276]
Ag 4d 3.9−7.4 [269, 271]
Cd 4d 11 9.0−13.0 [273, 281]
Au 5d 2.0−8.0 [269, 272]
Sc 3d 0.2 0.0−1.5 [274]
Y 4d 0−2.0 [279]
Rh 4d 1.3−1.5 0−5.0[277, 284]
Hf 5d 0.9 0−4.0 [278]
Os 5d 3 0−8.0 [284]
Pt 5d 1.6 0−8.0 [276]

AgZn 4d-3d – 4.0−11.0 [271]
AgCd 4d-4d – 4.5−11.5 [273, 281]
CuZn 3d-3d – 2.9−10.7 [270]
AuZn 5d-3d – 3.7−11.5 [272]
AgSc 4d-3d – 0−7.0 [274]
ScPd 3d-4d – 0−5.0 [274]
YPd3 4d-4d – 0−4.8 [275, 285]
ScRh3 3d-4d – 0−5.0 [280]
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CHAPTER 6

UNDERSTANDING PLASMON DISPERSION IN

NEARLY-FREE-ELECTRON METALS: THE

RELEVANCE OF EXACT CONSTRAINTS FOR NOVEL

EXCHANGE-CORRELATION KERNELS WITHIN

TIME-DEPENDENT DENSITY FUNCTIONAL

THEORY
6.1 Abstract

Small-wavevector excitations in Coulomb-interacting systems can be decomposed into the

high-energy collective longitudinal plasmon and the low-energy single-electron excitations.

At the critical wavevector and corresponding frequency where the plasmon branch merges

with the single-electron excitation region, the collective energy of the plasmon dissipates

into single electron-hole excitations. The jellium model provides a reasonable description

of the electron-energy-loss spectrum (EELS) of metals close to the free-electron limit. The

random phase approximation (RPA) is exact in the high-density limit but can capture the

plasmonic dispersion reasonably even for densities with rs > 1. RPA and all beyond-RPA

methods investigated here, result in a wrong infinite plasmon lifetime for a wavevector

smaller than the critical one where the plasmon dispersion curve runs into particle-hole ex-

citations. Exchange-correlation kernel corrections to RPA modify the plasmon dispersion

curve. There is however a large difference in the construction and form of the kernels in-

vestigated earlier. Our current work introduces recent model exchange-only and exchange-

correlation kernels and discusses the relevance of some exact constraints in the construction

of the kernel. We show that, because the plasmon dispersion samples a range of wavevec-
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tors smaller than the range sampled by the correlation energy, different kernels can make

a strong difference for the correlation energy and a weak difference for the plasmon dis-

persion. This work completes our understanding about the plasmon dispersion in realistic

metals, such as Cs, where a negative plasmon dispersion has been observed. We find only

positive plasmon dispersion in jellium at the density for Cs.

c©2020 American Physical Society

6.2 Introduction

Due to its computational feasibility and relatively high accuracy, approximate Kohn-Sham

density-functional theory (KS-DFT) simulations are the basis of present-day first-principles

computational materials science. Particle-particle interactions can require treatment be-

yond semilocal KS-DFT [94]. Experimental applications heavily rely on understanding

and guiding electron-electron interaction. A relevant example of electron-electron interac-

tion is scattering resulting in electron energy loss. Experimentally the electron loss spec-

trum can be realized by electron energy loss spectroscopy or inelastic scattering [293, 294].

Excited states can be accurately characterized by expensive Greens function techniques.

By virtue of the Runge-Gross theorem [71], DFT can be extended to time-dependent pro-

cesses. Time-dependent density-functional theory (TDDFT) is becoming an attractive al-

ternative to many-body perturbation theory and can offer, in principle, an unbiased and

independent framework complementary to experimental observations, enabling the inter-

pretation of specific experimental observations and predictions of new materials with tar-

geted properties [295].

Plasmon excitations are collective oscillations of electrons in the absence of an external

electric field, that incorporate Coulomb interaction between electrons [296, 297]. Due to

the electron-electron interactions, plasmon excitations establish a high barrier when testing

116



ab initio theories. When the external perturbation is weak, linear response TDDFT [95] is

a useful tool to describe optical excitation energies. In TDDFT the electron energy loss is

quantified by the imaginary part of χ , the spatially nonlocal and dynamic density-density

response function. The poles of the interacting density-density response function contain

information about the optical excitation energies. The same density-density response func-

tion can deliver further information about the plasmons for a range of wavevectors.

Plasmon dispersion in nearly-free-electron alkali metals has attracted a great interest

among experimentalists and theorists. The negative dispersion in the volume plasmon of

the low-density alkali metals such as Rb and Cs has triggered a debate about the origin of

the anomaly observed by most theoretical approximations within TDDFT and Fermi liquid

theories [298]. A strong failure of approximations based on TDDFT with a static exchange-

correlation kernel is the lack of a damping mechanism which results in an infinite lifetime

of plasmons for a region of wavevectors smaller than the critical wavevector that separates

plasmonic and particle-hole excitations [298, 299]. Such a damping mechanism is pro-

vided by time-dependent current-density functional theory (TDCDFT) [300–302] or by a

frequency-dependence in the exchange-correlation kernel [287, 301]. The plasmon broad-

ening from the frequency dependence is a very small fraction of the plasmon frequency,

and the frequency dependence of the kernel has a very small effect on the plasmon disper-

sion [287]. The negative plasmon dispersion in low-density alkali metals can be attributed

to correlation effects or band structure [303–306]. There are pros and contras for both

explanations in the literature [305, 306]. In heavier alkali metals such as Cs, electron tran-

sition to the near-Fermi-level d bands can occur [303, 304]. The transition energy of these

electrons is comparable to the plasmon energy, potentially causing a negative dispersion.

Additional corrections to the interacting response function or dielectric function can origi-

nate in a weak lattice potential and core polarization effects [298].
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The random phase approximation (RPA) is a method based on time-dependent Hartree

theory that is often used to obtain the ground-state correlation energy of bulk and two-

dimensional materials [75, 76, 78, 84, 92]. Although RPA relies on the linear response

TDDFT framework, its excitation energies are inaccurate because of the overestimated

short-range exchange-correlation effects [169]. The exact exchange-correlation kernel fxc

that would provide these effects is a functional derivative of the exchange-correlation po-

tential. RPA is often interpreted within DFT to have roots in the adiabatic connection

fluctuation dissipation theorem [170]. The bare RPA fxc = 0 without a band structure does

not yield a negative dispersion in heavy alkali metals [303]. Theoretical predictions from

the late 80’s in polycrystalline metals showed negative dispersion for Cs beyond RPA when

the band structure was included [298]. Some investigations of the role of correlation in the

plasmon dispersion discuss kernels, but most tests consider the exchange-correlation ef-

fects at the level of adiabatic local density functional approximation (ALDA) only. The

work of Tatarczyk et al. [307] steps beyond this limitation to some extent by considering

some more model kernels based either on the uniform electron gas paradigm or on other

constraints.

In our current work we aim to fill the gap in analyzing the plasmon dispersion with

recent exchange-correlation kernels, beyond the early ones developed in the 90’s. Our

work aims to go beyond a simple analysis of exchange-correlation effects with kernels.

The major goal here is to give an a priori numerical analysis why kernels by themselves

(without the band structure effects) can not predict negative dispersion in low density alkali

metals. In this work, we rely on the jellium model. The dimensionless density parameters

(rs) for the jellium model corresponding to different metals are taken from Ref. [217]. We

demonstrate that the exact constraints can lead to kernels that correctly predict a positive

plasmon dispersion in jellium.

118



6.3 Methodology: Exchange-correlation kernels within linear response

TDDFT

Nonempirical construction of density functionals has allowed widespread and success-

ful applications of these approximations for the ground state [40]. Various exact constraints

such as the uniform electron gas limit, Lieb-Oxford bound or the one-electron limit are

known for the ground state [308]. According to linear response theory the interacting and

noninteracting density-density response functions are coupled by the Dyson equation:

χλ (q,ω) = χ0 (q,ω)+χ0 (q,ω)
(

λvc (q)+ f λ
xc (q,ω)

)
χλ (q,ω) , (6.3-1)

χλ (q,ω) and χ0(q,ω) are the interacting and noninteracting response functions, respec-

tively, vc (q) = 4πλ

q2 and f λ
xc (q,ω) are the Coulomb and exchange-correlation kernels. λ

is the coupling constant that provides the adiabatic connection between a noninteracting

Kohn-Sham (λ = 0) and the interacting real system (λ = 1) response. When Eq. 7.2-1 is

applied to the uniform electron gas, χ0 (q,ω) becomes the Lindhard function with complex

frequencies [110], a basic input to our current research. In the adiabatic approximation,

the exact kernel is a second functional derivative of the ground state exchange-correlation

energy. In practice the exact kernel is unknown but can be modeled by satisfying exact

physical constraints. Kernels are related to the “local field factors” as G (q, ω) = fxc(q,ω)
−vc(q)

.

Many real systems have densities close to the paradigm uniform electron gas, as in al-

kali metals. The uniform electron gas is therefore a simple model system with physical

relevance. All exchange-correlation kernels in this work model the uniform electron gas

with known limiting behavior at q→ 0 and q→ ∞. The simplest approximation is known

as the adiabatic local density approximation (ALDA) kernel for λ = 1 [309]:
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f ALDA
xc (q→ 0,ω = 0) =−4πA

k2
F

(6.3-2)

with A = 1
4 −

k2
F

4π

d2(nεc)
dn2 , where kF =

(
3π2n

)1/3 is the Fermi wavevector and εc the correla-

tion energy per particle of the uniform electron gas. A = 1
4 belongs to the exchange-only

ALDA, while the density-dependent term in A gives the correlation beyond the high-density

limit.

The real-space representation of ALDA is a delta function which indicates the spatial lo-

cality of this kernel. ALDA gives reasonable accuracy for low-frequency, long-wavelength

excitations, but is not the right choice for a general correction to RPA [309]. The ALDA

kernel was applied to the ground state correlation energy of the uniform electron gas but

makes an error of ∼ 0.5 eV [119]. This error is the same in magnitude but of opposite sign

to the error that RPA makes for the same system.

The ALDA kernel can be made nonlocal, by applying a cutoff that makes the exchange-

correlation kernel cancel the Hartree kernel for q > kcut. The cutoff is introduced by the

renormalized ALDA (rALDA) expression [114]

f rALDA
xc (n,q) =−[θ(kcut−q)

4π

k2
cut

+θ(q− kcut)
4π

q2 ] (6.3-3)

with the cutoff wavevector kcut =
kF√

A
. By construction the rALDAxc kernel keeps the

correct q→ 0 limit of ALDA, but improves the wrong q→ ∞ behavior of ALDAxc. For

inhomogeneous systems, more ingredients like the density gradient or the kinetic energy

density give more flexibility for kernels, as for ground state density functional approxima-

tions. The kinetic energy density is one of the ingredients of the nonlocal energy optimized

(NEO) exchange-only kernel [117].
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The NEO kernel improves the ground state correlation energy and structural properties

of real systems beyond RPA [117]. The NEO kernel is designed to satisfy further physical

constraints beyond both ALDA or rALDA, and has the form

f NEO
x =− 4π

2q2 [1− e−βq2/k2
F ] (6.3-4)

where β = 1
4c̃(1−z2)

. The one-electron limit is reached when the ingredient z= τw

τ
equals

1, where τw is the one-electron kinetic energy density [310] and τ the positive kinetic en-

ergy density constructed from the Kohn-Sham orbitals. In the uniform electron gas, z is

zero. When q→ 0, the NEO kernel is properly independent of q for the uniform electron

gas. The parameter c̃ has a key relevance to the current work. In the construction of NEO,

c̃ is designed to give a correction to the RPA correlation energy in the high-density limit.

In other words, the standard c̃ = 0.264 parameter in NEO provides a unique fit to the exact

second-order correlation energy for the spin-unpolarized electron gas. The “second-order

exchange” contribution to the second-order correlation energy of the uniform gas is the cor-

rection to direct RPA from wavefunction anti-symmetry that survives in the high-density

limit. It can be evaluated from explicit expressions given by von Barth and Hedin for RPA

[154] and by Langreth and Perdew [169] beyond RPA.

β can be chosen to satisfy another constraint relevant to the long-wavelength ( q→ 0)

limit. This choice is also made in the ALDA, rALDA, and in the CP07 dynamic exchange-

correlation kernel constructed by Constantin and Pitarke [113]. The compressibility sum

rule, [311], as

fxc(n;q→ 0,ω = 0) =
d2

dn2 [nεxc(n)], (6.3-5)

is an important requirement for frequency-dependent exchange-correlation kernels. Satis-

fying the compressibility sum rule, β becomes
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β =
1
4c̃

=−2k2
F

4π

d2

dn2 [nεxc(n)] = 2A (6.3-6)

or c̃ = 0.5 in the high-density limit.

Thus the energy optimized value of c̃ = 0.264 in the high-density limit is different from

the value c̃= 0.5 that yields the correct small- q kernel in the high-density limit. In the next

section we will extensively discuss the impact of these physical constraints on the plasmon

dispersion and provide a novel insight about the role of correlation effects. It will turn out

that the difference between the ALDA and NEO kernels is important for the correlation

energy, but not very important for the plasmon dispersion.

To set the scale of the problem, we plot in Fig. 6.1 three kernels as functions of wavevec-

tor q: the ALDAxc kernel (exact at small q), the NEO xc kernel with c̃ = 0.264 (which we

will argue later is more correct than ALDAxc at larger q), and minus the Hartree kernel

(-4π/q2). Clearly, in the wavevector region 0 < q/kF < 1 that shapes the plasmon disper-

sion, the Hartree kernel (the only one present in RPA) dominates over the xc kernel. This

dominant effect of the Hartree kernel explains the overall good performance of RPA for

plasmon dispersion. For wavevectors q/kF > 1, which are important for the correlation en-

ergy, the xc kernels have a larger effect. An even better xc kernel might interpolate between

ALDAxc at small q and NEO at larger q.

6.4 Plasmon dispersion with spatially nonlocal exchange-correlation

kernels in nearly-free-electron metals

The alkali metals Na and K are nearly-free-electron (NFE) systems and therefore re-

alizations of the uniform electron gas. Correlation effects in alkali metals can be strong

enough, especially for low electron densities, to impact electronic excitations. The high-

resolution electron energy loss experiments indicate that the plasmon dispersion in heavy
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Figure 6.1: The Hartree kernel, ALDAxc kernel, and standard NEO xc kernel with c̃ =
0.264 vs Q = q/kF for the uniform electron gas at rs = ( 3

4πn)
1/3 = 4. For ease of compari-

son, it is actually minus the Hartree kernel (-4π/q2) that is plotted here.

alkali metals such as Rb and Cs becomes negative, i.e., the plasmon frequency decreases

with increasing wavevector q [298]. Since all the above experiments and calculations were

performed for periodic crystals, it is difficult to decouple correlation and band structure

effects [312] in the dispersion of the plasmon excitations.

Further calculations by Ku and Eguiluz in K crystal [304] indicate the relevance of band

structure versus correlation and demonstrate that the exchange-correlation effects beyond

RPA at the ALDA level have only a minor role in the dispersion of plasmons. A similar

observation was made by Quong and Eguiluz [313] for Na crystal. Although crystal pe-

riodicity is important when modeling realistic conditions, the jellium model can offer an

important way to separate the impact of many-body correlations and band structure. Within

our work, we want to provide an additional theoretical and numerical insight only about the

many-body correlation effects and explain why in general no beyond-RPA approximation

for jellium can predict the correct plasmon dispersion and lifetime for Cs. The justification

of our results is based only on exact physical constraints imposed on the construction of

beyond-RPA approximations. By using the jellium model for alkali metals, we can build
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upon the conclusion that ALDA gives a minor improvement beyond RPA for the plasmon

dispersion. With the nonlocal exchange-correlation kernels developed since the later 90’s,

we can make further conclusions about how these recent approximations compare to ALDA

and RPA in terms of correlation effects.

We can make two groups of assessed approximations. The first group includes exchange-

only and exchange-correlation kernels based on the ALDA approximations. ALDAx and

ALDAxc are both local kernels but differ in correlation contribution. rALDAx and rAL-

DAxc are nonlocal. The second group consists of NEO exchange-only kernels [117] with

the c̃ parameter constructed by satisfying different physical constraints. The default version

of the NEO kernel yields the exact correction to the RPA correlation energy of jellium in

the high-density limit:

e2X
c =

3
8π3

ˆ ∞

0
dKK2G̃x(K)

ˆ ∞

0
dW{2b(K,W )}2, (6.4-7)

where G̃x (K) refers to the kernel, according to the correspondence between kernels and

local-field factors. K = q
2kF

is a dimensionless wavevector, and W = Ω
2k2

F
is a dimension-

less frequency. The explicit expression for the second-order exchange energy e2X
c comes

from Langreth and Perdew [170] beyond RPA and uses the RPA correlation energy for the

uniform electron gas given by von Barth and Hedin [154]. The c̃ parameter that corre-

sponds to the second-order correlation energy was found to be 0.264.

Alternatively, in the long-wavelength limit we can use the compressibility sum rule formu-

lated as d2

dn2 [nεxc (n)] to determine “ c̃ ” . Then the c̃ parameter of NEO can be estimated

from the compressibility sum rule of the ALDAxc expression. This fitting delivers a dif-

ferent c̃ = (0.43 - 0.47) at metallic densities considered here. While formally the NEO ap-

proximation remains an exchange-only kernel, this kind of fitting brings long-wavelength

exchange-correlation effects into our NEO kernel [113].
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Clearly “ c̃ ” controls the correlation or screening within the NEO approximation start-

ing from c̃→ ∞ in RPA. The impact of “ c̃ ” as a screening parameter on ground state

correlation energies was established by Bates et al in 2016 [117]. Changing “ c̃ ” from its

default 0.264 value was shown to yield different correlation energies in the uniform elec-

tron gas at rs = 4.

The exchange-only NEO kernel can be explicitly turned into an exchange-correlation

approach by replacing “ c̃ ” by an electron-density-dependent parameter. This approach

was tested for jellium slab correlation energies at moderate densities, and resulted in im-

proved integrated correlation energy [116]. For a given density, the density dependence can

make “ c̃ ” significantly smaller than its default value. In our analysis we also investigate

the effect of a low “ c̃ ” parameter on the plasmon dispersion of various NFE metals. For

testing purposes we choose c̃ = 0.0037. Notice that this choice of c̃ represents an unphysi-

cally low density according to Eq. (13) of Ref. [116].

At first, we discuss the plasmon dispersion up to the wavevector region where plasmons

decay into single-particle excitations. We consider all the exchange-correlation kernels

described above. Within the static approximation for the kernel fxc (q) , the plasmon fre-

quency ωp (q) is found by solving the equation ε (q,ω) = 1− (vc (q)+ fxc (q))χ0 (q,ω) =

0, for λ = 1 [307], and the solutions are undamped outside the particle-hole contiunuum,

i.e., for q < qc where ωp(qc)
εF

= 2
(

qc
kF

)
+
(

qc
kF

)2
. For the rs values considered here, qc/kF ≈

1� kcut/kF ≈ 2, where kcut is the cutoff wavevector for a kernel. Thus rALDA and ALDA

kernels will yield the same plasmon dispersion.

Al is a metal with rather high density, and RPA becomes relatively exact in the high-

density limit [313]. Here, we model Al by jellium with rs = 2.07. The small wavevector
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behavior is demonstrated by the correct plasmon energy known from an EELS experiment

[314]. All ALDA and rALDA kernels return the correct long-wavelength limit of fxc. The

c̃ = 0.47 NEO exchange kernel keeps the correct long-wavelength of fxc. Since the com-

pressibility sum rule delivers direct information about the long-wavelength limit, among all

the approximations NEO c̃ = 0.47 has a direct impact on the curvature of the dispersion.

The fitting against this exact constraint designates that the plasmon dispersion must start

out as horizontal at small wavevectors. NEO c̃ = 0.47 exemplifies the best behavior in the

long wavelength limit (q→ 0) that any static kernel for jellium at rs = 2.07 can demonstrate.

Comparing the ALDA and rALDA kernels in the left panel of Fig. 6.2, it is apparent

that the nonlocal feature of the rALDA relevant in the ground state correlation energy does

not change the plasmon dispersion, and all ALDA and rALDA approximations yield the

same dispersion curve. The NEO c̃ = 0.264 and c̃ = 0.47 methods basically agree, while the

NEO c̃ = 0.0037 is completely unphysical with low plasmon frequencies as an indication

of the lack of exact constraints (See Fig. 6.2).
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Figure 6.2: The plasmon dispersion for Al (modeled as jellium with rs = 2.07) up to the
critical wavevector. The left panel shows the dispersion obtained with RPA and beyond-
RPA with ALDAx, ALDAxc, rALDAx and rALDAxc approximations. The right panel
shows the dispersion from RPA and the three NEO approximations with the c̃ parameters
corresponding to different choices.

For jellium at rs=3.93 (as for Na), all ALDA and rALDA dispersion curves barely dif-
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fer in the left panel of Fig. 6.3. As in Al, there is no significant change coming from the

nonlocal kernels. According to the right subfigure, the NEO c̃ = 0.264 and NEO c̃ = 0.44

kernels differ more than they do in Al for a range of ∼ 0.5 for dimensionless wavevector

Q. NEO c̃ = 0.0037 leads to unphysically low plasmon frequencies.
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Figure 6.3: The plasmon dispersion for Na (modeled as jellium with rs = 3.93), up to the
critical wavevector. The left panel shows the dispersion obtained with RPA and beyond-
RPA with ALDAx, ALDAxc, rALDAx and rALDAxc approximations. The right panel
shows the dispersion from RPA and the three NEO approximations with the c̃ parameters
corresponding to different choices.

Cs is the alkali metal with the lowest density [315]. We modeled it here as jellium with

rs = 5.62. This characteristic manifests itself in the plasmon dispersion when comparing

the approximations in the left and right panels of Fig. 6.4. Being correct at small q, the

ALDAxc and rALDAxc are more suitable than ALDAx for lower densities in Cs, but the

nonlocality versus locality in rALDAxc and ALDAxc does not much affect the dispersion.

Comparing the NEO approximations, NEO c̃ = 0.264 results in more correction beyond-

RPA than it does in the previous two metals. Furthermore NEO c̃ = 0.264 yields more

correction in the plasmon frequencies than any of the ALDA and rALDA kernels. The exact

compressibility-sum-rule-based NEO c̃ = 0.43 behaves more like ALDAx or ALDAxc.

NEO c̃ = 0.0037 considerably lowers the plasmon dispersion. At the first glance this could

be mistaken for the observed behavior for the real low-density Cs.
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Figure 6.4: The plasmon dispersion for Cs (modeled as jellium with rs = 5.62) up to the
critical wavevector. The left panel shows the dispersion obtained with RPA and beyond-
RPA with ALDAx, ALDAxc, rALDAx and rALDAxc approximations. The right panel
shows the dispersion from RPA and the three NEO approximations with the c̃ parameters
corresponding to different choices.

To summarize the role of the exact constraints, we compare all the exchange and

exchange-correlation models described above. Figure 6.5 displays the small wavevector

behavior of all kernels and of RPA. The exact dispersion relation is known to be quadratic

in the wavevector q as E ∼ q2 . Except NEO c̃ = 0.0037, all exchange and exchange-

correlation kernels and RPA are properly horizontal at small Q wavevectors and become

properly quadratic as Q increases. The horizontal line is a consequence of the exact physi-

cal constraints satisfied by these methods. NEO c̃ = 0.0037 is not consistent with any exact

constraint. While NEO c̃= 0.264 is based on the exact high-density limit of the correlation

energy, the unphysical NEO deviates from this constraint and picks up a wrong negative

quadratic dispersion.

We have also extracted the plasmon dispersion for the real metals Na and Cs by calcu-

lating the electron energy loss spectrum using the GPAW[207–209, 213] code. The results

are presented in Figure 6.6. We used the projector-augmented wave (PAW)[206] pseudopo-

tential provided with the GPAW code, an energy cutoff of 600 eV, and a 16×16×16 k-point

mesh to sample the Brillouin zone. Our calculations including band structure effects con-
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Figure 6.5: The long wavelength behavior or all approximations considered in this work.

firm that the band structure significantly alters the plasmon dispersion for Cs, while its

effect is negligible for Na. The plasmon frequency at q→0 shows a 0.5 eV renormalization

compared to the RPA value within the jellium model. The effect of the band structure in

Cs is significantly large enough to dominate over the changes from one kernel to another.
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Figure 6.6: The plasmon dispersion of Na (left) and Cs (right) with RPA and some
exchange-correlation kernels within the jellium model. For both Na and Cs, the disper-
sion with RPA is also displayed with band structure effects obtained from the GPAW code,
showing results close to experiment [298]. The momentum transfer (q) is in the [100]
direction for bulk solids.
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6.5 The dynamic structure factor within and beyond-RPA

The dynamic structure factor [170] or spectral function S(q, ω) shows the distribution

of frequencies ω for density fluctuations of wavevector q in the ground state of the uni-

form electron gas. Although it arises from all density fluctuations of a given wavevector,

the spectral function for small wavevector typically peaks around the frequency of a plas-

mon. The inverse frequency width of this peak, by the uncertainty principle, provides a

lower bound on the decay time for such a fluctuation, while the dependence of the peak

on q reflects the plasmon dispersion. Here we will investigate the effects of various model

exchange-correlation kernels on the spectral function. The dynamic structure factor S (q,ω)

is proportional to Imχ [316], the loss component of the dynamic density-density response

function:

S(q,ω) =− 1
π

Imχ(q,ω)Θ(ω) (6.5-8)

This quantity has been investigated by Lewis and Berkelbach [317] using an equation-of-

motion coupled cluster singles and doubles formalism, which unlike our TDDFT methods

allows for plasmon decay via multi-pair electron-hole decay channels. With our real static

exchange-correlation kernels, the plasmon at small finite q does not decay.

In Figure 6.7, we analyze our approximations at three wavevectors: q = 0.1kF , q =

0.5kF , and q = kF . The latter wavevector is close to the one at which the plasmon decays

into the single-pair electron-hole continuum at rs = 4. To obtain a physically observable

broadening for our spectral function, we have utilized a frequency ω− iη , where ω is real,

in S(q,ω− iη). We used η = 0.032 Hartree and η = 0.063 Hartree respectively for rs = 4

and rs = 5.62 (Cs). This broadening is much higher than the physical one recommended by

Ref [301], but is needed to make all the plasmon peaks more visible in the figure. The first

Figure 6.7 (a) compares RPA to the default NEO kernel with c̃ = 0.264. The line shapes at

q = 0.1kF and q = 0.5kF are very similar for both methods. At q = kF the line shape from
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NEO becomes broader than the one from RPA, and the plasmon peak from NEO is shifted

to a lower frequency. Figure 6.7.b compares three NEO kernels at rs = 4 for the same three

wavevectors.
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Figure 6.7: a: The jellium spectral functions for RPA and NEO c̃ = 0.264 at rs = 4. b:
the spectral functions for three NEO kernels at rs=4. c: the jellium spectral functions for
three NEO kernels at rs=5.62 corresponding to Cs. To make it more visible, the plasmon
peak has been unphysically broadened. At q = 0.1kF, we see only the plasmon peak and it
is barely visible. At q = kF, the plasmon peak is overlapped with the continuum of single
particle-hole excitations.

The static structure factor S(q) is the integral over frequency of S(q, ω), divided by

the electron number N. S(q) determines the well-known correlation energy of the uniform

electron gas. We will now show that the range of q/kF (less than or about equal to 4) that

distributes to the correlation energy is much greater than the range of q/kF (less than or

about equal to 1) that contributes to the plasmon dispersion. In the smaller range (but not
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in the larger one), the ALDAxc kernel is nearly sufficient, while the default NEO kernel

is nearly sufficient over the larger range. This completes our plasmon dispersion analysis

with an explanation why a negative dispersion cannot exist in jellium at the density of Cs.

Exchange-correlation kernels can be applied to improve the ground state correlation

energy of RPA through the adiabatic connection fluctuation dissipation theorem. This is

the basis of the wavevector decomposition of the ground state exchange-correlation energy

as known from Langreth and Perdew [170]:

Exc =

ˆ
d3q
(2π)3

1
2

ˆ 1

0

dλ

λ
(
4πλ

q2 )N[Sλ (q)−1], (6.5-9)

where λ is the coupling constant along the adiabatic connection path and Sλ (q) is the static

structure factor found by integrating Sλ (q, ω) over frequency and dividing by the electron

number. According to the expression given by Eq. 7.4-10, the exchange-correlation energy

depends upon the dynamic structure factor. The exchange energy Ex replaces Sλ by S0, and

the correlation energy is Ec = Exc - Ex. Figure 6.8 shows the wavevector decomposition of

the correlation energy for all exchange and exchange-correlation kernels considered here.

We plot this for rs = 4 and rs = 5.62.

The physical basis of our analysis is the exact exchange-correlation kernel fxc (q,ω) of

the uniform electron gas. For the correlation energy, the static version of the kernel fxc (q,0)

can be applied to a good approximation [119]. Note that the frequency dependence at least

qualitatively can also be ignored for ω ≈ ωp [318, 319]. The ALDA exchange-correlation

kernel f ALDA
xc (q,0) approaches the exact kernel for the uniform electron gas at q→ 0. In

the long wavelength limit,

lim
q→0

fxc(q,0) = lim
q→0

f ALDA
xc (q,0). (6.5-10)
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As we will see below, fALDA
xc breaks down for q/kF ≥ 1, where our constraint-based NEO

kernels become less negative and more accurate. Therefore, as suggested by Fig. 6.1:

f ALDA
xc (q,0)< fxc(q,0)< 0 (6.5-11)

The ALDA approximation becomes a lower bound to the static exact exchange-correlation

kernel for the correlation energy of the uniform electron gas. Figure 6.8 visualizes the rela-

tion between ALDAxc, RPA and some other exchange-correlation kernels. The ALDAxc

is shown in the left panel of Figure 6.8. The ALDAxc is very accurate for small wavevec-

tors but starts to deviate from NEO at q = kF . At q = 2kF the ALDAxc yields a strong

overestimation of the correction to RPA correlation energy. All static beyond-RPA kernels

make the exchange-correlation energy of RPA less negative for any density including rs =

5.62. The correlation energies from NEO c̃ = 0.264 and from the NEO kernel fitted against

the compressibility sum-rule are close to each other but the unphysical NEO c̃ = 0.0037

adds a much larger correction to the RPA correlation energy.

The constraints of Equations 6.5-10 and 7.4-12 control the plasmon dispersion and the

correlation energy. The dynamic structure factor becomes a link that couples the physics

in the correlation energy and plasmon dispersion. From the correlation energy, the exact

uniform-electron gas-based kernel must be less negative than the ALDAxc kernel. The

NEO c̃= 0.264 kernel is uniform electron gas-based only through its energy optimization to

the high-density limit, and performs reasonably for both plasmon dispersion and correlation

energy in jellium.

6.6 Conclusion

We have presented various model exchange-correlation kernels beyond-RPA for the

plasmon dispersion within the jellium model for alkali metals. We have shown that the
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Figure 6.8: Wavevector analysis of the ground state correlation-only energy of jellium from
the dynamic structure factor for reduced wavevector K = q

2kF
. The area under each curve

is proportional to the correlation energy. The left figure shows the correlation-only energy
for RPA, ALDA and NEO with the three choices for c̃, for rs=4. The right figure shows the
same for rs=5.62 corresponding to Cs.

plasmon dispersion is strictly controlled by exact constraints. Additional physics beyond

the ALDA kernel, such as nonlocality in space, can be unimportant for plasmon dispersion.

Physical constraints such as the compressibility sum rule determine the plasmon dispersion

with exchange-correlation kernels. Clearly none of our methods based on particle-hole

RPA for jellium is able to predict the experimentally observed negative plasmon dispersion

for the heavy alkali metal Cs which arises from band structure. The current exchange-

correlation kernels do not have an explicit density dependence that could have a larger

impact. For the exact exchange-correlation kernel, the ALDAxc is likely a lower bound (as

suggested by Fig. 6.1). The ALDAxc is accurate for q
kF

< 1, the range of q that determines
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the plasmon dispersion, even though the ALDAxc kernel fails badly for q
kF
� 1, a range

that contributes significantly to the correlation energy.
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CHAPTER 7

CONSTRAINT-BASED WAVEVECTOR- AND

FREQUENCY-DEPENDENT

EXCHANGE-CORRELATION KERNEL OF THE

UNIFORM ELECTRON GAS

7.1 Abstract

According to time-dependent density functional theory, the exact exchange-correlation ker-

nel fxc(n, q, ω) for wavevector q and frequency ω determines not only the ground-state

energy but also the excited-state energies/lifetimes and time-dependent linear density re-

sponse of an electron gas of uniform density n = 3/(4πr3
s ). Here we propose a parametriza-

tion of this function based upon the satisfaction of exact constraints. For the static (ω =

0) limit, we modify the model of Constantin and Pitarke to recover at small q the known

second-order gradient expansion, and to correct its approach to the large q limit. For all ω

at q = 0, we use the model of Gross, Kohn, and Iwamoto. A Cauchy integral extends this

model to complex ω . Scaling relations are identified. We then combine these ingredients,

damping out the ω dependence at large q. Away from q = 0 and ω = 0, the correlation

contribution to the kernel becomes dominant over exchange, even at rs = 4. The resulting

correlation energies for 1≤ rs≤ 10 from integration over imaginary ω are essentially exact.

The plasmon pole of the density response function is found by analytic continuation of fxc

to ω just below the real axis, and the resulting plasmon lifetime at rs = 4 is found for q

< kF . A static charge-density wave is found for rs > 69, and shown to be associated with
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softening of the plasmon mode.

c©2020 American Physical Society

7.2 Introduction

In time-dependent density functional theory (TDDFT) [71, 95, 319], the exact linear den-

sity response function χ(r, r′, ω) of an electronic system in its ground state yields the

density response δn = χδv to a weak external scalar potential δv(r′, ω), oscillating at an-

gular frequency ω . χ provides access to the exact ground- and excited-state energies of

the system. Under the standard assumption that the ground-state and time-dependent den-

sities for the real interacting system are the same as those of a fictitious non-interacting

system in an effective scalar potential (the Kohn-Sham or KS potential in the ground-

state case), the true response function χ can be constructed from the calculable non-

interacting response function χKS and an exchange-correlation kernel fxc. Through the

adiabatic-connection fluctuation-dissipation theorem [169, 320, 321], χ yields the ground-

state exchange-correlation energy from an integral along the upper half of the imaginary

frequency axis. In other words, the exchange-correlation kernel fxc “exactifies” the random

phase approximation via an effective electron-electron interaction 1
|r′−r| + fxc(r′,r,ω) just

as ground-state Kohn-Sham density functional theory “exactifies” the Hartree approxima-

tion by addition of the exact density functional for the exchange-correlation energy. Under

analytic continuation of fxc to complex frequencies, the poles of the response functions in

the lower-half complex plane are the excitation energies/inverse lifetimes.

The exact ground-state many-electron wavefunction and its total energy as an expecta-

tion value of the Hamiltonian are time-independent, but the electrons still move and their

density still fluctuates around a time-independent average. TDDFT and the fluctuation-

dissipation theorem provide a spectral decomposition of the exchange-correlation term of

the total energy into contributions from correlations between density fluctuations at posi-
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tive frequencies. The required integral over real frequencies would be challenging without

a mathematical transformation by contour integration to the imaginary-frequency axis in

the upper half of the complex plane

For a homogeneous electronic system, Fourier transformation leads to the simple alge-

braic expression

χ(q,ω) =
χKS(q,ω)

ε̃(q,ω)
(7.2-1)

ε̃(q,ω) = 1−
[

4π

q2 + fxc(q,ω)

]
χKS(q,ω). (7.2-2)

with a wavevector of magnitude q. χKS is the Lindhard function [110], and the depen-

dence of all functions upon the uniform density n is implicit. For a uniform density, the

exchange-correlation kernel is known to be short-ranged, with a finite q→0 limit. The

function ε̃ can vanish, introducing a collective excitation or plasmon that is not present in

the non-interacting KS system.

Many exact properties of the exchange-correlation kernel have been derived, and mod-

els have been constructed to satisfy those exact constraints, in much the same way that

the density functional for the ground-state exchange-correlation energy, Exc[n], is often

approximated by the satisfaction of known exact constraints. Note that the uniform-gas

correlation energy from quantum Monte Carlo (QMC) calculations [322], which, as ex-

tended and parametrized in Refs. [17–19], typically serves as an input to the construction

of such functionals, can be accurately predicted (not fitted) by a constraint-based interpo-

lation [323, 324] between known high- and low-density limits.

We know of relatively few q- and ω- dependent TDDFT kernels for the uniform electron

gas, essentially just the Richardson-Ashcroft [112] and Constantin-Pitarke [113] kernels.
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Both are constructed only for imaginary (or zero) frequencies. The Richardson-Ashcroft

kernel accurately predicts [119] the correlation energy per electron of the uniform elec-

tron gas, while the Constantin-Pitarke kernel has a parameter that fits that energy. The

kernels commonly used in TDDFT calculations of excitation energies are usually adiabatic

(ω = 0) and often local density approximation or LDA (q = 0). Our kernel is designed for

the uniform electron gas, and should be used with caution for other systems. An alternative

would be the tensorial kernel [325] of time-dependent current density functional theory

(TDCDFT), which at the LDA level is known to be more applicable than the corresponding

scalar kernel of TDDFT.

In this work, we will develop a constraint-based model kernel that refines the Constantin-

Pitarke 2007 (CP07) [113] q-dependent static (ω = 0) kernel, and combines it with the

Gross-Kohn-Iwamoto [318, 319] dynamic kernel for q = 0. Our kernel is developed for

general complex frequencies, while that of CP07 is developed only for zero and imagi-

nary frequencies. While many practical calculations with TDDFT for real systems use

the adiabatic local density approximation based upon the uniform-gas fxc(q = 0, ω = 0),

we will see that there are strong dependences on both variables, and that, away from q

= 0 and ω = 0, the correlation contribution can dominate over exchange, even at the va-

lence electron densities of metals. Our model passes several early tests: It yields very

accurate correlation energies per electron for the uniform gas without fitting (while the

dynamic CP07 is fitted to those energies), predicts finite lifetimes for plasmons [307] of

small non-zero wavevector, and finds at about the right low density a static charge-density

wave [322, 326, 327] that arises from a softening of the plasmon mode. We did not find a

charge-density wave at any density with the original CP07 kernel. We hope that our model

will have other applications, and that it might have implications for TDDFT in real systems.

The static kernel fxc(q, ω = 0) for the uniform electron gas (jellium) has been calcu-
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lated via QMC [328] and parametrized by Corradini et al. [223]. Jellium is an important

model because it has a Hamiltonian with Coulomb repulsions between electrons, but with

the external potential simplified from that of positive ions to that of a uniform positive-

charge background. If this background is allowed to expand or contract, then jellium is

only stable for an electron density n = 3/(4πr3
s ) with rs ≈ 4 (in atomic units or bohr), near

the valence-electron density of metallic sodium. But, by adding an appropriately-chosen

short-range contribution to the external potential, a stabilized jellium model can be con-

structed for a better description of all simple metals and their surfaces [329]. Since the

bulk electron density remains uniform, all exchange-correlation effects in bulk stabilized

jellium are the same as those in bulk jellium at the same density. The book by Giuliani and

Vignale [297] provides a detailed discussion of exchange and correlation in the uniform

electron gas, and an explanation of the important difference between the short-range kernel

of the uniform electron gas (where fxc(q, ω) tends to a finite constant as q → 0) and the

ultra-nonlocal kernels of other systems (where in this limit fxc diverges like α(ω)
q2 ). For this

and other reasons, kernel development has been generalized [300, 325, 330] from density

to current-density functionals.

Even before TDDFT, it was known that there is a local field factor Gxc(q, ω), with

fxc(q,ω) =−
(

4π

q2

)
Gxc(q,ω), (7.2-3)

that corrects the over-estimation of short-range correlation in the random phase approxi-

mation (RPA) for the correlation energy of a uniform electron gas. Singwi and collabo-

rators [331] modelled a static local field factor that essentially predicted the uniform-gas

correlation energy later found from QMC [322]. Lein, Gross and Perdew [119] used the

Richardson-Ashcroft (RA) [112] dynamic kernel (as developed for imaginary frequencies

only) to show that the static limit of a good kernel can capture most of the correction to
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the RPA correlation energy, although including the frequency dependence of the RA kernel

gives even more-accurate correlation energies. Here we will find that the static version of

our kernel already predicts very accurate correlation energies, which are hardly changed by

inclusion of our frequency dependence. But, as discussed below, the frequency dependence

of the exchange-correlation kernel is needed for other applications.

7.3 Density dependence of constraint-based kernels

For simplicity, we will discuss here the density dependence of constraint- based static

kernels for the uniform gas. The frequency dependence complicates the notation but does

not change the conclusions. Here we will use the Fermi wavevector kF = (3π2n)1/3. The

non-interacting response function has the simple scaling equality χKS(q,0) = kFF( q
2kF

),

and of course the Fourier transform of the Coulomb interaction between electrons is 4π

q2 =

k−2
F π( q

2kF
)−2.

The kernel has Coulomb-like scaling equalities only in the high-density and low-density

limits

fxc(q,0)→ k−2
F G

(
q

2kF

)
(kF→ ∞) (7.3-4)

fxc(q,0)→ k−2
F H

(
q

2kF

)
(kF→ 0) (7.3-5)

Table I shows the density dependences of some of the ingredients of our kernel to be intro-

duced later. The macroscopic or slowly-varying-density limit is achieved when q
2kF
→ 0

Thus, in the high-density limit for fixed finite q
2kF

, ε̃(q,0)→ 1 + O(k−1
F ) and χ(q,0)→

χKS(q,0). In the adiabatic connection fluctuation dissipation expression [169, 320, 321]

for the exchange-correlation energy, the exchange energy per electron εx ∼ kF arises from

χKS (as a function of wavevector and imaginary frequency), and the correlation energy per
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Table 7.1: Density (n) dependences of key ingredients (to be defined later) of the exchange-
correlation kernel fxc(q, ω) for a uniform electron gas with density parameter rs = ( 3

4πn)
1/3,

and of related quantities: the Fermi wavevector kF = 1.9192/rs, the bulk plasma frequency
ωp = (4πn)1/2, and ∆ f0/ f0 from Ref. [325](atomic units).

rs kF ωp k−1/2/kF b1/2ωp k2
F f0 k2

F f∞ k2
F fxc(∞,ω) ∆ f0/ f0

0 ∞ ∞ 1.15 ∞ -3.14 -1.89 0 -
1 1.92 1.73 1.67 0.51 -3.25 -1.10 -0.39 -0.16
2 0.96 0.61 1.76 0.49 -3.36 -0.92 -0.51 -0.12
3 0.64 0.33 1.80 0.48 -3.45 -0.85 -0.57 -0.10
4 0.48 0.22 1.82 0.47 -3.53 -0.83 -0.61 -0.08
5 0.38 0.15 1.83 0.46 -3.60 -0.83 -0.63 -0.08
∞ 0 0 2.06 0 -6.07 -3.65 0 -

electron εc from χ − χKS (as a function of coupling constant, wavevector, and imaginary

frequency). The correlation energy is much smaller than the exchange energy at high den-

sities, but tends to about 0.9εx at very low densities. In this paper, for the ingredients of fxc,

we will employ the parametrization of Ref. [18] for the rs -dependence of εc at zero spin

polarization.

7.4 Modified CP07 static kernel

We begin with the static limit of the original CP07 kernel of Eq. (12) of Ref. [16] (in

atomic units):

fCP07
xc (q,0) =

(
4π

q2

)
B[e−kq2

−1]−
(

4π

k2
F

)
C

[1+ 1
q2 ]

, (7.4-6)

k =
A

4πB
. (7.4-7)

Here A, B, and C are positive functions of density n defined in Ref. [113]. These func-

tions of density typically require derivatives of εxc(rs) or εc(rs), for which we employ the

parametrizations from the appendix of Ref. [18] (numerically almost identical to those of

Refs. [17] and [19]) instead of the less-accurate but simpler ones of Ref. [113]. CP07 is a

constraint-based kernel that aims to reproduce the known small q and large q behaviors of
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the exact kernel:

fxc(q,0)→−A (q→ 0) (7.4-8)

fxc(q,0)→−
(

4π

k2
F

)
C−

(
4π

q2

)
B (q→ ∞). (7.4-9)

Eq. (8) is the well-known compressibility sum rule; approximating fxc by −A is the adi-

abatic local density approximation. Eq. (9) is from Refs. [223, 328]. Note that C arises

from correlation alone, and vanishes in the high- and low-density limits, as shown in Table

I.

Eq. (7.4-6) was intended to recover Eq. (7.4-9), but does not because the q→ ∞ ex-

pansion of the last term of Eq. (7.4-6) is −4π

k2
F

C
[
1− 1

q2

]
, which loses the correct 1/q2

contribution in Eq. (7.4-9). Thus our first change to Eq. (7.4-6) is to replace 1/q2 in the last

term by 1/(kq2)2. This substitution is needed to recover Eq. (9) and the density scalings

discussed in section 2 of this article. Note that, by Table 1, kq2 scales like ( q
2kF

)2 in the

high- and low-density limits.

The second change we make is to replace Eq. (8) by the more accurate and better

controlled

fxc(q,0)→−A+Dq2 (q→ 0), (7.4-10)

D =
2Cxc(rs)

n4/3 (7.4-11)

from Eqs. (25), (32), and (37) of Ref. [327], but with improved input. The q → 0 limit

is the limit of slowly-varying-in-space induced density, in which the second-order gradient

expansion becomes exact. Thus, in Eq. (11), Cxc(rs) is the coefficient of the second-order
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gradient expansion for the exchange-correlation energy:

Cxc(rs) =Cx +Cc(rs = 0)
1+3.138rs +0.3r2

s
1+3.0rs +0.5334r2

s
, (7.4-12)

with Cx = − 0.00238 [332] and Cc(rs = 0) = 0.00423 [333]. Untypically, Cxc does not

reduce to Cx as rs → 0. We have used the rs - dependence of Eq. (36) of Ref. [334], in

which Cxc decreases very slowly to zero as rs increases, taking the values 0.00185, 0.00122,

and 0.00015 at rs = 0, 4, and 70, respectively. This means that, at very low densities with

rs≥ 70, D will be close to 0 and the LDA kernel will be nearly correct through order ( q
2kF

)2.

A better match to the QMC kernel [328] for rs in the metallic range and for q
2kF

< ∼

1 could be achieved by setting D = 0 in Eq. (10). Within its error bars, the QMC kernel

can also be matched [335] by including higher-order terms in the gradient expansion of the

exchange-correlation energy, although the fourth-order terms are not known for the corre-

lation energy. In the interests of simplicity and generality, we have not included a q4 term

in Eq. (10). The goal of constraint satisfaction is not to match every detail, but to make a

correct global map.

The result of these changes is the modified CP07 (MCP07) static kernel:

f MCP07
xc (q,0) =

(
4π

q2

)
B[e−kq2

(1+Eq4)−1]−
(

4π

k2
F

)
C

[1+ 1
(kq2)2 ]

, (7.4-13)

E =
D

4πB
− k2

2
. (7.4-14)

Its exchange-only and exchange-correlation incarnations for rs = 4 are plotted in Fig. 7.1.

We see that, away from q = 0, correlation can be more important than exchange.

We use the name MCP07 only for the static limit of our kernel, since that is the part solely
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Figure 7.1: Modified CP07 (MCP07) static kernels for jellium with density parameter rs =
4 at the exchange-only and exchange-correlation levels, versus reduced wavevector.

based upon a modification of the original CP07.

7.5 Static charge-density wave in jellium

Overhauser [326] proposed that periodic metals could be unstable against the formation

of a static charge-density wave (CDW). Quantum Monte Carlo calculations found a CDW

or incipient body-centered cubic (bcc) Wigner crystallization in spin-polarized jellium at a

low critical density corresponding to rs = 70 [336], or at rs = 85±20 in spin-unpolarized

jellium [322]. The 1980 calculation of Ceperley and Alder [322] also found that ground-

state jellium remains spin-unpolarized for rs ≤ 75±5. In the same year, Perdew and Datta

[327], using a static kernel designed to satisfy Eqs. (10) and (11), also found a CDW near

this critical rs .

Figure 7.2 of the present article, which is similar to Fig. 4 of Ref. [327], was found by

fixing a value for q
2kF

and then searching for the largest value of kF that makes ε̃(q) = 0

(hence a non-zero density response at wavevector q even in the absence of any perturbing
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potential). This happens around rs = 30 in the adiabatic local density approximation, and

around rs = 69 in MCP07. We could not find a charge-density wave at any density from the

original CP07. All the low-density instabilities of jellium are difficult to pinpoint, because

the energies of the different phases as functions of rs are nearly the same at low densities.

0 0.5 1 1.5 2 2.5

Q = q/(2k
F
)

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

k
F

cr
it

ic
al

 (
at

o
m

ic
 u

n
it

s)

r
s

≈ 30

r
s

≈ 69

A
LD

A
xc

M
C
P
07

Figure 7.2: Critical Fermi wavevector for the appearance of a static charge-density wave in
a low-density jellium, from the adiabatic local density approximation (fxc = fxc(0,0)) and
MCP07 static (fxc = fxc(q,0)) exchange-correlation kernels, versus reduced wavevector.

The charge-density wave first appears with q
2kF
≈ 1.14, making q close to the first recip-

rocal lattice vector of a bcc Wigner crystal with one electron per primitive cell. For much

smaller q
2kF

, the CDW is strongly suppressed by the Coulomb term 4π/q2 in Eq. (2). Later

in this article, we will show that the CDW is associated with a softening of the plasmon

mode.

Our Fig. 1 shows that the static MCP07 kernel fxc(q,0) is always more negative than

its exchange-only version fx(q,0). This result confirms Overhauser’s 1968 prediction that

correlation enhances the charge-density wave [326].
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7.6 Frequency-dependent local kernel of Gross and Kohn

A constraint-based model for fxc(q=0,ω) was proposed in 1985 by Gross and Kohn

[319], and later corrected by Iwamoto and Gross [318]. It starts from a constrained inter-

polation for the imaginary part, evaluated at a real frequency, between known real zero-

(f0) and infinite- (f∞) frequency limits at q = 0:

Im fxc(0,ω) =−cb3/4g(b1/2
ω), (7.6-15)

g(x) =
x

(1+ x2)5/4 , (7.6-16)

b = {
(

γ

c

)
[ f∞− f0]}4/3, (7.6-17)

c = 23
π

15
, (7.6-18)

γ =

[
Γ
(1

4

)]2
(32π)1/2 = 1.311. (7.6-19)

Figure 7.3 shows this function of real ω for rs = 4, and also its exchange-only contribution.

Again the importance of correlation is manifest. Table I shows that the dimensionless

quantity b1/2ωp (where ωp = (4πn)1/2 is the bulk plasmon frequency) is nearly constant

over the range of metallic densities, but not over all densities. Thus, in the metallic range,

g(b1/2ω) is approximately a function of ω

ωp
.

The next step is to use the Kramers-Kronig relations [319] between the imaginary and

real parts of fxc - f∞ at real frequency to find

Re fxc(0,ω)− f∞ =

(
1
π

)
P
ˆ ∞

−∞
dω
′ Im fxc(0,ω ′)

ω ′−ω
. (7.6-20)

As ω → ∞, Im fxc(0,ω)∼−c/ω3/2 and Re fxc(0,ω)− f∞ ∼ c/ω3/2.
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Figure 7.3: Imaginary part of the Gross-Kohn q = 0 dynamic kernel for jellium with den-
sity parameter rs = 4 , at the exchange-only and exchange-correlation levels, versus real
frequency.

The principal value of the integral can be found numerically. However, the scaling relation

of Eq. (15) implies the scaling relation

Re fxc(0,ω)− f∞ =−c b3/4 h(b1/2
ω), (7.6-21)

where h(0) = 1
γ

to recover the correct non-zero ω → 0 limit. A fair fit with the correct

large-ω asymptotics is provided by the simple algebraic model

hmodel(x) =
(1

γ
)[1−ax2]

[1+(a/γ)4/7x2]7/4 . (7.6-22)

with a fit parameter a = 0.63.

Figure 7.4 compares the real-frequency dependences of the real part of the kernel, with

and without correlation, from the Kramers-Kronig relation and from the model. The model

is less accurate at intermediate frequencies than at low or high frequencies. While the
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Kramers-Kronig choice is the consistent one, we have found that it does not make any

significant difference from the model in the applications presented here.
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Figure 7.4: Real part of the Gross-Kohn q = 0 dynamic kernel for jellium with density
parameter rs = 4 , at the exchange-only and exchange-correlation levels, versus real fre-
quency. (From the Kramers-Kronig relation of Eq. (20) and from the model of Eq. (22).)

For calculation of the correlation energy, we will need fxc(0,ω) for frequencies ω in

the upper-half complex plane, where this function is analytic [319]. For this, we use the

Cauchy integral over real ω ′:

fxc(0,ω)− f∞ =
1

2πi

ˆ ∞

∞
dω
′ [ fxc(0,ω ′)− f∞]

ω ′−ω
. (7.6-23)

which follows from the residue theorem and exact properties of fxc(0,ω)− f∞ [319]. By

letting ω approach the real axis from above, we can derive the Kramers-Kronig relations

including Eq. (20). Figure 7.5 shows the kernel for frequencies on the upper imaginary

axis, where the kernel is purely real.
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Figure 7.5: The purely-real Gross-Kohn q = 0 dynamic kernel for jellium with density
parameter rs = 4 , at the exchange-only and exchange-correlation levels, versus imaginary
frequency. (From the Cauchy integral of Eq. (23) and the model of Eq. (22).)

7.7 Combining the wavevector dependence of MCP07 with the fre-

quency dependence of the Gross-Kohn kernel

An important constraint is Eq. (5.176) of Ref. [297], attributed there to Ref. [337]. It

says that the ω-dependence of the kernel damps out at large q, even when the kernel itself

has a non-zero large-q limit.

To avoid empiricism, we will use the same Gaussian damping factor that damps out the

local density and gradient expansion terms at large q in Eq. (13):

fxc(q,ω) =

[
1+ e−kq2

{
fxc(0,ω)

fxc(0,0)
−1
}]

f MCP07
xc (q,0). (7.7-24)

When q = 0, Eq. (24) properly recovers fxc(0,ω). When ω = 0, Eq. (24) properly recovers

fMCP07
xc (q,0). And when q→ ∞, Eq. (24) correctly reduces to fMCP07

xc (q,0).
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Figure 7.6 shows the q-dependence of the imaginary part of Eq. (24) for rs = 4 for

various real frequencies that are integer multiples of the bulk plasmon frequency. Figure

7.7 shows the same for the real part (using the model of Eq. (22)). Note that the frequency

dependence is already strongly damped at q
2kF

= 1.

A viscosity correction to the compressibility value for f0 = fxc(0,0) was found by Conti

and Vignale [338]. It is of order 10% at metallic densities, as shown by the values of ∆ f0/ f0

in Table I (based on ∆ f0 values from Ref. [325]), and is not included in our Eq. (24).
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Figure 7.6: Imaginary part of the exchange-correlation kernel of Eq. (24) for jellium with
density parameter rs = 4, for five different real frequencies, versus reduced wavevector.

7.8 Plasmon in jellium

The plasmon is a collective long-wavelength oscillation of the electron density, at a

frequency ωp(q) that tends as q → 0 to the classical limit or bulk plasmon frequency

ωp = (4πn)1/2. At q less than a critical wavevector qc, the real part of the complex plas-

mon energy ωp(q) lies above the highest energy of the continuum of single electron-hole

excitations of wavevector q, which in a non- interacting picture has a highest energy of
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(kF+q)2

2 − k2
F
2 . Thus

Re ωp(qc)

k2
F

=

(
1
2

)(
qc

kF

)2

+
qc

kF
. (7.8-25)

In the range q < qc (the only range we will consider here), the plasmon excitation can-

not decay to a single electron-hole pair excitation, so its lifetime is infinite for any real

(hence frequency-independent kernel). But a frequency-dependent kernel should yield a

plasmon frequency in the lower-half complex frequency plane, where Im ωp(q) is minus

the inverse of a lifetime arising from decay of the plasmon into multiple electron-hole pairs.

We find ωp(q) by fixing a real wavevector q and searching over complex frequencies

ω for the one that zeroes out ε̃(q,ω) of Eq. (2). In practice, we stop when |ε̃| is of order

10−3. Since our Cauchy integral of Eq. (23) is only for ω in the upper-half complex plane,

we find fxc(0,ω) by analytic continuation or Taylor expansion from a near frequency on

the real axis. The zero-th order term of this expansion almost suffices, as we confirm by
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adding the first-order term, using the Cauchy-Riemann conditions on an analytic function

to convert known derivatives of the real and imaginary parts of fxc with respect to Re ω to

derivatives with respect to Im ω .

Figure 7.8 shows the resulting plasmon dispersion or Re ωp(q) for rs = 4, which would be
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Figure 7.8: Plasmon dispersion for jellium with density parameter rs = 4, from the kernel
of Eq. (24), versus reduced wavevector. The real part of the plasmon frequency is plotted.

almost the same if the frequency dependence of the kernel were neglected, and not qualita-

tively different if the kernel were set to 0. Fig. 7.9 shows the resulting Im ωp(q), or minus

the inverse plasmon lifetime, which would equal zero without the frequency dependence.

The calculated inverse lifetime grows like q2 at small q, as expected [297, 301], but starts

to decrease again as q approaches kF, where the Gross-Kohn frequency dependence is in-

creasingly damped out via our Eq. (24). The minimum predicted plasmon lifetime is of the

order of femtoseconds.

Figure 7.10 shows Re ωp(q) for rs = 69, where the static charge density wave was found

to appear in section 4. Unlike the dispersion in Fig. 8, the dispersion here is downward,

and ωp(q) appears to be heading toward zero at q/kF ≈ 2. Thus the static charge density
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Figure 7.10: Plasmon dispersion for jellium with density parameter rs = 69, from the kernel
of Eq. (24), versus reduced wavevector. The softened plasmon mode may lead to the static
charge-density wave.

wave can be understood to arise from a soft plasmon mode.
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7.9 Correlation energy per electron in jellium

The correlation energy of the uniform electron gas has a long history, going back to the

random phase approximation (RPA) (fxc = 0) of the 1950’s [320]. The formula we use here

is Eq. (27) of Ref. [119]. In this equation, an integral over real frequencies from 0 to ∞ has

been transformed by contour integration to an integral over imaginary frequencies in the

upper half plane. This is done to avoid the plasmon pole near the real axis, and results in the

smooth frequency integrand shown in Figs. 3 and 4 of Ref. [119]. The Kohn-Sham non-

interacting and real interacting systems are connected adiabatically through the coupling

constant λ between 0 and 1 in the Coulomb interaction 4πλ

q2 . The exchange-correlation

kernel must also be scaled, as in Eq. (18) of Ref. [119]:

f λ
xc(n,q,ω) = λ

−1 fxc(
n

λ 3 ,
q
λ
,

ω

λ 2 ). (7.9-26)

Figure 7.11 shows our results for the correlation energy per electron as a function of rs in

the metallic range, in comparison with the highly-accurate parametrization and extension

[324] of the results of Ref. [322] by Perdew and Wang 1992 [19] (indistinguishable on the

scale of the figure from the parametrization of Ref. [18]). As is well known, RPA (fxc→

0) makes the correlation energy per electron too low by about 0.4 eV/electron, and the adi-

abatic local density approximation (fxc → fxc(0,0)) makes it too high by about the same

absolute error. A good kernel fxc(q,ω) should produce an accurate result, and our static

MCP07 kernel does so to a remarkable extent. Adding the frequency dependence of Eq.

(24) degrades the accuracy, but almost negligibly. Replacing the Gaussian in Eq. (24) by 1

(thus using the undamped Gross-Kohn frequency dependence) would degrade the accuracy

significantly, correcting only about 2/3 of the RPA error.

In both this work and Ref. [119], the frequency dependence of the exchange-correlation

kernel has very little effect on the correlation energy of the uniform electron gas. But the
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Figure 7.11: Correlation energy per electron for jellium from various kernels, and the
essentially-exact Perdew-Wang 1992 (PW92) parametrization, versus density parameter
rs . The RPA has no kernel (fxc = 0). The adiabatic local density approximation (fxc =
fxc(0,0)), the static MCP07 kernel of Eq. (13) (fxc = fxc(q,0)), and the full dynamic kernel
of Eq. (24) (fxc = fxc(q,ω)) are also tested here. The wavevector dependence and fre-
quency dependence make the kernel fxc(q,ω) less negative (Figs. 1 and 5), which moves
the kernel-corrected correlation energy closer to RPA, in which the kernel is zero.

frequency dependence is what produced the plasmon inverse lifetime in Fig. 9. Other prop-

erties that are or may be sensitive to the frequency dependence are listed in the Conclusions

section.

7.10 Conclusions

The CP07 exchange-correlation kernel for zero frequency and the Gross-Kohn kernel

for zero wavevector were constructed for the uniform electron gas via the satisfaction of ex-

act constraints. By imposing further exact constraints, we have made an improved MCP07

static kernel and combined it with the Gross-Kohn dynamic kernel. Key added constraints

include the second-order gradient expansion for the exchange-correlation energy, and the

damping out of the frequency dependence with increasing wavevector. That damping out

is already substantial at q ≈ kF.
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Without any fitting, we have achieved high accuracy for all studied properties. In partic-

ular, the critical density (rs ≈ 69) and critical wavevector of the static charge-density wave

that appears at low density are accurate. We have shown that this ground-state instability

of the uniform phase is associated with a soft plasmon. We have also found that correlation

enhances the instability, as Overhauser predicted in 1968 [326].

We have also studied the plasmon at the density of metallic sodium (rs = 4), where our

frequency dependence produces a plasmon lifetime that first decreases from infinity to a

few femtoseconds and then increases, as the wavevector increases from 0 toward the Fermi

wavevector kF. Previous work [297, 301], based on a Taylor expansion for q� kF , found

a monotonic decrease in lifetime with increasing q in the latter range.

We have also calculated remarkably accurate correlation energies per electron for metal-

lic rs from 1 to 10. The improvement over RPA arises from the wavevector dependence of

the MCP07 kernel. The frequency dependence of our kernel has almost no effect on the

ground-state energy, a conclusion that might extend to real systems.

It should be noted that [118], for metallic densities, the range of wavevectors relevant

to the plasmon outside the electron-hole continuum, 0 ≤ q < ∼ kF, is different from the

range relevant to the correlation energy, 0 < ∼ q < ∼ 3kF . At much lower densities,

the latter range is also relevant to the plasmon and charge-density wave. In the range 0

≤ q < ∼ kF, the effective interaction 4π

q2 + fxc in Eq. (2) is dominated by 4π

q2 [118], so

modest deviations of fxc from its RPA value 0, or better from the adiabatic local density

approximation fxc(0,0), have almost negligible effect in that range, apart from emergent

phenomena like the plasmon lifetime. Thus our applications test the kernel not only over

a wide range of densities but also over a fairly wide range of q
2kF

. In the future, we hope
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to find more demanding tests for the frequency dependence. Several properties of uniform

or weakly-inhomogeneous densities are expected to be, unlike the correlation energy of

the uniform gas, sensitive to the frequency dependence of the uniform gas kernel, includ-

ing the electronic stopping power [339] and residual resistivity [340], optical absorption of

a weakly-inhomogeneous electron density [341], and the peak widths of the wavevector-

dependent dynamical structure factor [342].

In our uniform-gas exchange-correlation kernel, the full Gross-Kohn frequency depen-

dence is unveiled only in the long-wavelength (q → 0) limit, in which the kernel itself is

overwhelmed by the Coulomb interaction 4π

q2 . Inhomogeneous ground states [297] have

ultra-nonlocal kernels with an α(ω)
q2 variation in this limit that strongly affects optical ab-

sorption, and might quantitatively correct the qualitatively-right RPA description of long-

range van der Waals interaction.
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CHAPTER 8

CONCLUSIONS

In this work, we have explored exchange-correlation kernels for various ground- and

excited-state properties. In the first chapter, we gave a brief introduction to ground-state

density functional theory. We discussed approximations for the exchange-correlation en-

ergy that constitute the different rungs of Perdew’s Jacob ladder. We briefly described

several semilocal approximations with their advantages and limitations. The theoretical

aspects of linear-response theory within time-dependent DFT (TDDFT) were described in

Chapter 2. The random phase approximation (RPA) and various corrections to RPA were

discussed. We have discussed various aspects of the exchange-correlation (XC-)kernel.

Chapters 3-6 describe the performance of the XC kernels in predicting the equilibrium

ground-state properties of real solids. Also, Chapters 7 and 8 discuss the construction and

applications of the XC-kernel to numerous properties of the uniform electron gas (UEG).

We showed that the kernel developed with the proper constraint satisfaction significantly

improves both the ground-state and excited-state properties over RPA. We have developed

a wavevector- and frequency-dependent XC kernel (MCP07) by modifying the static part

of the CP07 kernel [287]. It satisfies all the exact-constraints that a complex-kernel can sat-

isfy with real frequency. It provides accurate properties of the UEG, such as charge density

wave (CDW), plasmonic dispersion, and the ground-state correlation energy. Besides, the

kernel also describes the CDW as a soft plasmon, thereby providing a novel interpretation

of the strong correlation [47].

There are several XC- kernels that can significantly improve the ground-state correla-
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tion energy over RPA, where the accurate description of the short-range electron-electron

correlation is crucial. However, the prediction of reliable excited-state properties such as

the absorption spectra of extended systems with the TDDFT kernel is still a challenging task

due to the absence of the complete knowledge of the behavior of the XC-kernel at the op-

tical or long-wavelength limit q→ 0 for non-uniform electron densities. There are kernels

that have the right ∼ 1
q2 behavior for wavevector at the long-wavelength limit, which can

predict accurate optical properties in many materials. However, the frequency-dependence

is also important to capture the complete electron-hole interaction, as required for excitons.

Therefore, there is still a need for further work on construction and testing of more exact-

constraints in the direction of frequency-dependence for extended systems.

Our work on intermetallic alloys emphasizes the importance of a more accurate ker-

nel that can provide accurate formation energies of intermetallic alloys, where RPA fails

badly. The improvement by the rAPBE kernel is encouraging, but it is not satisfactory. The

MCP07 kernel can be a good alternative for these metallic systems, as they provide accu-

rate ground-state correlation energies over a wide range of metallic densities of the uniform

electron gas. Future work may include the implementation and testing of this kernel for real

solids.
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