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ABSTRACT

Semilocal density functionals up to the generalized gradient approximation (GGA)

level cannot accurately describe band gaps of bulk solids. Meta-GGA density function-

als with a dependence on the kinetic energy density ingredient (t) can potentially give

wider band gaps compared with GGAs. The recently developed TASK meta-GGA func-

tional yields excellent band gaps of bulk solids. The accuracy of the TASK functional for

band gaps of bulk solids cannot be straightforwardly transferred to low-dimensional mate-

rials due to reduced screening in low-dimensional materials. We have developed mTASK

from TASK by changing (a) the tight upper-bound for one or two-electron systems (h0
X )

from 1.174 to 1.29 and (b) the limit of the interpolation function fX(a ! ¥) of the TASK

functional that interpolates the exchange enhancement factor FX(s;a) from a = 0 to 1,

so that mTASK has the screening appropriate for low-dimensional materials. These two

conditions guarantee the increased nonlocality within the generalized Kohn-Sham scheme

in the mTASK functional and yield a better description of band gaps of low-dimensional

materials.

We computed the band gaps of bulk solids from mTASK having a wide range of gaps such

as Ge, CdO, ZnS, MgO, NiF, Ar. The improvement in the band gaps from mTASK is more

consistent than TASK for the large-gaps crystals. We have studied the band structures in

two forms of transition metal dichalcogenide (TMD) monolayers, i.e., monolayer hexag-

onal (1H) and monolayer trigonal (1T) and their nanoribbons. The mTASK functional

systematically improves the band gaps and is in close agreement with the experiments or

the hybrid level HSE06 density functional for 2D single-layer and nanoribbon systems.

In the second part of this assessment, we explore the large tunability of band gaps and opti-
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cal absorption of phosphorene nanoribbons under mechanical bending from first-principles.

Bending can induce an unoccupied edge state in armchair phosphorene nanoribbons. The

electronic and optical properties of nanoribbons drastically change because of this edge

state. GW-Bethe–Salpeter equation calculations for armchair phosphorene nanoribbons at

different bending curvatures show that the absorption peaks generally shift toward the high

energy direction with increasing curvature. Our study suggests that bright excitons can

also be formed from the transition from the valence bands to the edge state when the edge

state completely separates out from the continuum conduction bands. We systematically

study the role of the edge state to form bound excitons at large curvatures. Our analysis

suggests that the optical absorption peaks of zigzag phosphorene nanoribbons shift toward

the low-energy region, and the height of the absorption peaks increases while increasing

the bending curvature.

In the third part of this assessment, we extend our study of phosphorene nanoribbons to

MoS2 nanoribbons under bending from GW and Bethe-Salpeter equation approaches. We

find three critical bending curvatures for armchair MoS2 nanoribbons, and the edge and

non-edge band gaps show a non-monotonic trend with bending. The edge band gap shows

an oscillating feature with ribbon width n, with a period of Dn=3. The binding energy and

the lowest exciton energy decrease with the curvature. The large tunability of optical prop-

erties of bent MoS2 nanoribbon is applicable in tunable optoelectronic nanodevices.
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R Å�1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.3 (a)-(c)Isosurfaces of partial charge densities of V1, V2, C1, and C2 states

at G (0,0,0) at the different radii of curvature (R) from the mTASK density
functional for APNR. (d) Isosurfaces of partial charge densities of V1,
V2, C1, and C2 states at Xi (0.35,0,0) at the radius of curvature (R =10
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CHAPTER 1

GROUND-STATE DENSITY FUNCTIONAL THEORY

(DFT)

1.1 Introduction to Many-body Problem

Density functional theory (DFT) [9–11] is a widely-used method in electronic structure

theory to solve the many-body Schrödinger equation, based on the electron density distri-

bution n(r), instead of the many-body wave function. The total electron density of a system

of N electrons can be defined as

n(~r) = N å
s

å
s2

:::::::å
sN

�
d~r2

�
d~r3::::

�
d~rN jY(~r;s ;~r2;s2; :::::;~rN ;sN)j2 (1.1-1)

where N!Y(~r;s ;~r2;s2; :::::;~rN ;sN)j2 gives the probability of finding an electron with

spin s1 in volume d~r1, spin s2 in volume d~r2,..... and with spin density sN in volume d~rN .

The spin density is defined as

ns (~r) = N å
s2

:::::::å
sN

�
d~r2

�
d~r3::::

�
d~rN jY(~r;s ;~r2;s2; :::::;~rN ;sN)j2 (1.1-2)

A one-body density matrix is an object fundamental to quantum mechanics. The one-body

density matrix is defined as

1



r1(~r0;s 0;~r;s) = N å
s2

:::::::å
sN

�
d~r2

�
d~r3::::

�
d~rN �

[Y�(~r0;s 0;~r2;s2; :::::;~rN ;sN)Y(~r;s ;~r2;s2; :::::;~rN ;sN)]

(1.1-3)

The two-body density matrix is given by

r2(~r0;s 0;~r;s) = N(N�1)å
s3

:::::::å
sN

�
d~r3

�
d~r4::::

�
d~rN jY(~r0;s 0;~r;s ;~r3;s3; :::::;~rN ;sN)j2

(1.1-4)

The two-body density matrix provides the joint probability of finding a particle with

spin s in d~r at~r and another particle with spin s 0 in d~r0 at ~r0. Then,

r1(~r0;~r) = å
s ;s 0

r1(~r0;s 0;~r;s) (1.1-5)

ns (~r) = r1(~r0;s 0;~r;s) (1.1-6)

The total energy can be obtained from the expectation value of the Hamiltonian.

E = hYjT̂ +V̂ext +V̂eejYi (1.1-7)

The expectation value of external potential is given by

hYjV̂ext jYji= hYjå
i

v(~ri)jYi (1.1-8)

where

v(~ri) =

�
d~rv(~r)d (~r�~ri) (1.1-9)

2



ns = hYj
N

å
i

d (~r�~ri)jYi (1.1-10)

From the above equations, we get

hYjV̂ext jYji=

�
d~rv(~r)n(~r) (1.1-11)

The kinetic energy is defined as

hT̂ i=�1
2
hYj

N

å
i

Ñ
2
i jYi

=�1
2 å

s1

:::::::å
sN

�
d~r1

�
d~r2::::

�
d~rN [Y�(~r1;s1; :::::;~rN ;sN)

N

å
i

Ñ
2
i Y(~r1;s1; :::::;~rN ;sN)]

(1.1-12)

Simplifying,

hT̂ i=�1
2

�
d~rÑ

2
r r1(~r;~r0)

��
~r=~r0 (1.1-13)

The repulsion energy is

hV̂eei=
1
2
hYj

N

å
i

N

å
j

1
j~ri�~r jj

jYi (1.1-14)

We get

hV̂eei=
1
2

�
d~r

�
d~r0

r2(~r0;~r)

j~r�~r0j
(1.1-15)

where,

r2(~r0;~r) = å
s ;s 0

r2(~r0;s 0;~r;s) (1.1-16)

If the electrons do not interact with each other, then

r2(~r0;s 0;~r;s) = ns 0(~r0)ns (~r)�jr1(~r0;s 0;~r;s)j2 (1.1-17)

3



For realistic systems, the electrons interact with each other.

r2(~r0;s 0;~r;s) = ns 0(~r0)ns (~r)+ nXC(~r0;s 0;~r;s) (1.1-18)

nXC(~r0;s 0;~r;s) is the electron exchange-correlation hole spin density at ~r0 where an elec-

tron of spin s at~r. Then,

hV̂eei=
1
2

�
d~r

�
d~r0

n(~r0)n(~r)

j~r�~r0j
+

1
2

�
d~r

�
d~r0 å

s ;s 0

ns (~r)nXC(~r0;s 0;~r;s)

j~r�~r0j
(1.1-19)

The first term on the right-hand side of Eq. (1.1-19) is the Coulomb repulsion energy

(Hartree energy), and the last term is the exchange-correlation energy.

1.1.1 Thomas-Fermi Model

In 1927, Thomas [12] and Fermi [13] independently developed the model to compute

the total energy by using the electron density as a basic variable instead of a wave function.

In Thomas-Fermi (TF) model, the energy functional can be written as

ET F [n] = A
�

d~rn5=3(~r)+

�
d~rn(~r)v(~r)+

1
2

�
d~r0d~r

n(~r0)n(~r)

j~r�~r0j
(1.1-20)

where A = 3
10(3p2)2=3. The first term on the right side of Eq. (1.1-20) represents

the kinetic energy, based on the uniform electron gas model. The second term on the

right represents the interaction with the external potential, and the last term represents the

classical Coulomb interaction between the two electron density distributions. Minimizing

the total energy by using Lagrange’s method of undetermined multipliers while keeping the

number of electrons constants, i.e., dN = d
�

d(~r)n(~r) = 0 as

d [ET F [n]�mT F(

�
d(~r)n(~r)�N)] = 0 (1.1-21)
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where mT F is chemical potential. Solving above equation yields

mT F =
5
3

An2=3(~r)+ v(~r)+

�
d~r0

n(~r0)

j~r�~r0j
(1.1-22)

This model provides reasonable results for heavy atoms, but it fails for light atoms and

solids. Atoms do not bind to form molecules in this model [14] as it completely neglects

the exchange-correlation effect. The inaccurate representation of kinetic energy results in

a crude description of many systems. However, this is the first step of a density functional

theory (DFT). TF model is the predecessor to modern DFT.

1.1.2 Hohenberg-Kohn (HK) Theory

In 1964, Hohenberg and Kohn [9] developed an exact theory for the ground-state en-

ergy, in which the density n(~r) is the variable function instead of the wavefunction.

Theorem I: For the non-degenerate ground state, the external potential v(~r) is a unique

functional of electron density.

Proof: It can be proved by reductio ad absurdum . Let us consider an external potential

v(~r) with the ground state wave function Y having the electron density n(~r). Consider

another external potential v’(~r), with the ground state wavefunction Y0, that gives rise to

the same electron density n(~r). v(~r) and v’(~r) differ more than a trivial additive constant.

The Hamiltonians and ground state energies associated with Y and Y0 are Ĥ, Ĥ 0 and E, E’.

From the Rayleigh-Ritz variational principle, we can get

E 0 = hY0jĤ 0jY0i< hYjĤ 0jYi= hYjĤjYi+
�

(v0(~r)� v(~r))n(~r)d~r (1.1-23)

E 0 < E +

�
(v0(~r)� v(~r))n(~r)d~r (1.1-24)

Similarly,
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E < E 0+
�

(v(~r)� v0(~r))n(~r)d~r (1.1-25)

Adding above Eqs. (1.1-24) and (1.1-25)

E 0+ E < E + E 0 (1.1-26)

This inconsistency proves that the external potentials having the same ground-state den-

sity can not differ by more than an additive constant. Thus, v(~r) is a unique functional of

electron density n(~r). From this theorem, we can write the energy as a functional of the

density

E[n] = T [n]+Vee[n]+

�
v(~r)n(~r)d~r (1.1-27)

F [n] = T [n]+Vee[n] (1.1-28)

where F[n] is universal functional and independent to external potential.

Theorem 2: For a trial electron density n0(~r) such that n0(~r) � 0 and
�

n0(~r) d~r = 1

E0 � E0[n0(~r)] (1.1-29)

where E0 is the ground state energy.

An electron density, for which the associated v(~r) exists, is called V-representable. The

universal functional F[n] exists only for V-representable electron densities. There are many

examples where the electron density is not V-representable [15, 16]. In order to overcome

the V-representability problem, a more general variational routine was proposed by Levy

[17] and Lieb [18]. The requirement of V-representability can be replaced by a weaker

condition of N -representability. An N-representable electron density satisfies the following

properties.
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n(~r)� 0 (1.1-30)

�
n(~r)d~r = N (1.1-31)

where N is non-negative integer.

1
2

�
jÑn1=2(~r)j2d~r < ¥ (1.1-32)

1.1.3 Kohn-Sham Theory

In 1964, Kohn and Sham [10] introduced an idea to solve the many-body problems

to one body problem similar to Hartree-Fock equations. The ground state energy of an

interacting electron gas can be written as:

E[n] =

�
v(~r)n(~r)d~r +Vee[n]+ F [n] (1.1-33)

where, n(~r) is density and F[n] is the universal functional of the density. The universal

functional F[n] can be written as

F [n] = Ts[n]+U [n]+ EXC[n] (1.1-34)

where Ts[n] is the kinetic energy of non interacting electrons and EXC[n] is the exchange-

correlation energy of an interacting system with density n(~r). For a non-interacting system

with electron density n(~r), the Hamiltonian is defined as

Ĥ =
N

å
i=1

[�1
2

Ñ
2
i + vs(~ri)] (1.1-35)

This Hamiltonian represents the electron density which is equal to the one of the real
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system. The wave function with the electron density n(~r) is given by

F =
1p
N!

det[f1;f2; ::::;fN ] (1.1-36)

where fi’s are the Kohn-Sham orbitals. fi’s can be obtained from the solution of one-

electron Hamiltonian.

[�1
2

Ñ
2
i + vs(~ri)]fi = eifi (1.1-37)

where ei are the Kohn-Sham eigenvalues. For the non interacting system, the electron

density is constructed

n(~r) =
N

å
i=1
jfij2 (1.1-38)

Further, one can easily get

vs(~r) = vext(~r)+

�
d~r0n(~r0)

j~r�~r0j
+ vXC(~r) (1.1-39)

where, vXC(~r) is exchange-correlation potential.The Kohn-Sham approach provides

how one can define a non-interacting system defined from the external potential such that

the Kohn-Sham orbitals fi resulting in an electron density of the real system can be found.

The effective potential vs(~r) clearly depends on the electron density. vs(~r) can be obtained

from an initial guess of the electron density, and vs(~r) can be solved to obtain the Kohn-

Sham orbitals fi, which provides the electron density. To approach the non-interacting

system we have to make approximations for the exchange-correlation potential vXC.

1.1.4 The Exchange-Correlation Functional

The exchange-correlation functional takes into account the difference in the kinetic

energy of the real and Kohn-Sham system and the changes in the classical and quantum

mechanical electron-electron interaction. The exchange-correlation functional EXC can be
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separated into the exchange (EX ) and correlation (EC) functionals.

EXC[n] = EX [n]+ EC[n] (1.1-40)

EXC[n] = T [n]�Ts[n]+Vee[n]�Uee[n] (1.1-41)

where Ts[n] is the kinetic energy of the non-interacting system, Ts[n] is the non-interacting

kinetic energy, and Uee is the Hartree energy. Vee[n] includes the quantum mechanical

electron-electron interactions. An explicit expression that allows for the calculation of

the exact EXC[n] is not possible. However, there are some constraints that guide the non-

empirical construction of functionals.

Coordinate Scaling [19, 20]

For the Hartee energy and the non-interacting kinetic energy the scaling rule is straightfor-

ward.

ng(~r) = g
3ng(~r) (1.1-42)

U [ng ] = gU [n] (1.1-43)

Ts[ng ] = g
2Ts[n] (1.1-44)

EX [ng ] = gEX [n] (1.1-45)

EC[ng ] = g
2EC

1=g [n] (1.1-46)

where EC
1=g [n] is related to the reduced electron interaction in a system.

Derivative Discontinuity [21]

The derivative discontinuity defined as a step structure in the exact exchange-correlation
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potential

DXC = vXC (r) j+� vXC (r) j�=
dEXC [n]

dn(r)
j
+

� dEXC [n]

dn(r)
j
�

(1.1-47)

where the positive and negative signs refer to the left and right-hand sides of the poten-

tial at integer electron number. The functional derivative discontinuity of the exchange-

correlation density functional plays a crucial role in the correct prediction of fundamental

band gaps.

Asymptotic Behavior

The exchange-correlation energy density (eXC) and the exchange-correlation potential

show an asymptotic relation as

lim
~jrj!¥

eXC(~jrj)!� 1

2~jrj
(1.1-48)

lim
~jrj!¥

vXC(~jrj)!� 1
~jrj

(1.1-49)

Size-Consistency [22]

EA and EB are the energies of two sub-systems (A and B), which are separated by large

distance, and having electron densities nA(~r) and nB(~r), respectively. The size-consistency

states that the total energy and the electron density of the system (A+B) should be equal to

the sum of energies and densities of sub-systems.

E(A + B) = EA + EB (1.1-50)

nAB(~r) = nA(~r)+ nB(~r) (1.1-51)

Spin-Scaling Relation [23]

n" and n# represent the electron densities of up spins and down spins, then the spin
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scaling relation for the exchange energy is given by

EX [n";n#] =
EX [2n"]+ EX [2n#]

2
(1.1-52)

Lieb-Oxford Bound [24]

EXC ��1:679
�

d(~r)n(~r)4=3 (1.1-53)

1.1.5 Approximate Exchange-Correlation Functionals

The exact form of the exchange-correlation energy is not known and needs to be approx-

imated. Many empirical and non-empirically functionals were developed over the years to

predict the ground-state properties of the system. Empirical functionals are developed by

fitting molecular or solid data sets. In contrast, non-empirical functionals are developed to

satisfy exact mathematical conditions. Density functional approximations are often classi-

fied into different rungs of Jacob’s ladder [25] based on increasingly complex ingredients

constructed from the density, and computational time with increasing accuracy in predict-

ing the properties of the system. The first or lowest rung of the ladder is the local density

approximation (LDA), which has only the local density ingredient. The ladder’s second

rung is a generalized-gradient approximation (GGA), which has the density and the gra-

dient of the density. The third rung of the ladder is the meta-GGA level, which adds a

third ingredient, the orbital kinetic energy density. The fourth rung of the ladder is the

hybrid functional approximation that uses some exact energy information. The fifth rung

of the ladder includes functionals which use the unoccupied Kohn–Sham orbitals like the

random-phase-approximation (RPA).
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1.1.6 Local Density Approximation

Local density approximation (LDA) [10] is approximating the exchange-correlation

energy functional by the local density. This approximation was proposed by Kohn and

Sham in 1965. In the LDA, the dependence of functional on the density is given as

ELDA
XC [n] =

�
n(~r)e

uni f
XC (n(~r))d~r (1.1-54)

where e
uni f
XC [n(~r] is the exchange-correlation energy of the uniform electron gas having den-

sity n(~r). The exchange-correlation energy density can be separated into the exchange and

correlation densities. The exchange part can be calculated analytically. The correlation

energy density can be accurately calculated from the Monte Carlo simulation [26]. By con-

struction, this approximation gives accurate results if the density of the system is uniform

or slowly varying. Perdew and Zunger parametrized the Ceplerley-Alder values obtained

from Monte Carlo simulation by interpolating and extrapolating those values for low- and

high-density limits. For the spin-polarized system the LDA can be extended to the local

spin density approximation (LSDA) [27] by the inclusion of the spin densities

z (~r) =
n"(~r)�n#(~r)

n(~r)
(1.1-55)

where n(~r)= n"(~r) + n#(~r). z (~r) represents the relative spin polarization. The value of

z (~r) is 0 for unpolarized case and 1 for fully polarized case.

In LSDA, the exchange-correlation energy is given by;

ELSDA
XC [n;z (~r)] =

�
n(~r)e

uni f
XC (n(~r);z (~r))d~r (1.1-56)
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1.2 Generalized Gradient Approximation

LSDA uses the properties of uniform electron gas to define the density functional. The

density of LSDA depends on a point in space. In reality, the system’s energy depends

not only on the density at the point but also on the density of the surrounding points.

The generalized gradient approximation (GGA) [28–32] has the ingredient of density and

density gradient. In GGA, the exchange-correlation energy is given by

EGGA
XC =

�
d~r f (n";n#;Ñn";Ñn#) (1.2-57)

The exchange-correlation energy can be split into the exchange and correlation ener-

gies.

EGGA
XC = EGGA

X + EGGA
C (1.2-58)

The most successful GGA is Perdew-Burke-Ernzerhof (PBE) [31], which was devel-

oped to reproduce the limits of slowly and rapidly varying densities. The exchange energy

of PBE for the spin-unpolarized case can be given as

EPBE
X =

�
n(~r)e

uni f
X (n)FX(s)d~r (1.2-59)

where FX(s) is the exchange enhancement factor and s is the dimensionless density gradi-

ent. PBE can satisfy 11 exact constraints.

1.3 Meta-Generalized Gradient Approximations

Meta-generalized gradient approximations (meta-GGAs) depend on the Kohn-Sham

(KS) orbitals through the kinetic energy density as an ingredient in addition to the elec-

tron density and its gradient, meta-GGAs can satisfy more exact constraints. Compared to

LSDA and GGAs, meta-GGAs tend to improve total energies, atomization energies, band

13



gaps etc [33–35].

EmGGA
XC [n";n#] =

�
d~rneXC f (n";n#;Ñn";Ñn#;t";t#) (1.3-60)

1.3.1 Strongly Constrained and Appropriately Normed meta-GGA Approximation

(SCAN)

In SCAN [36], exchange-correlation energy can be written as

ESCAN
XC [n";n#] =

�
d~rne

uni f
XC (n) f (n";n#;Ñn";Ñn#;t";t#) (1.3-61)

Here n" and n# are the electron spin densities.

ts = å
occ
i

1
2

��Ñyi;s
��2 is the positive orbital kinetic energy densities of s -spin electrons. The

exchange energy for the spin unpolarized case is

ESCAN
X =

�
d~rne

uni f
X (n)FX(s;a) (1.3-62)

where e
uni f
X is the exchange energy per particle of the uniform electron gas and FX(s;a)

is the exchange enhancement factor. a is the iso-orbital indicator. a = (t�tw)
tuni f , contains

the Weizsäcker kinetic energy density tw=

��Ñn
��2

8n , and the Thomas Fermi uniform density

tuni f = 3
10(3p2)2=3n5=3. a can simultaneously recognize covalent (a �0), metallic (a �1)

and weak (a >>1) bonds. The exchange part of the enhancement factor in SCAN is written

as

FSCAN
X (s; a) = h0

X gX (s)+ [1� fX(a)]
�
h1

X (s)�h0
X
�
[gX (s)] (1.3-63)

1.3.2 ”TASK” meta-GGA Approximation

The exchange part of the TASK functional [37] is

FTASK
X (s; a) = h0

X gX (s)+ [1� fX(a)]
�
h1

X (s)�h0
X
�
[gX (s)]d (1.3-64)
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h0
X and gX(s) keep the form of the ones in SCAN meta-GGA [36].

gX(s) = 1� exp(�cs�1=2) (1.3-65)

FTASK
X � h0

X = 1:174 (1.3-66)

h0
X is an upper bound, satisfying the tightened Lieb-Oxford bound condition [24] for a = 0,

and FTASK
X (s; a) is the exchange enhancement factor that satisfies the tight Lieb-Oxford

bound for the one-electron-limit. This latter condition is satisfied by some meta-GGA

functionals [38].

d = 10 makes the exchange enhancement factor (FTASK
X ) less dependent on a for a large

value of s.

For slowly varying densities with s � 0 and a � 1, one can get the relevant condition

for ma for the TASK functional from fourth-order gradient expansion (GE4) as

m
�
a =�

97 + 3h0
X�
q

9(h0
X)2 + 74166h0

X �64175

1200
(1.3-67)

A more negative solution, i.e. m�a � �0.209897, is chosen to get sizeable derivative

discontinuity.

h1
X(s) and fX(a) of the TASK functional are defined as

h1
X(s) =

2

å
n=0

anRn(s2); fX(a) =
4

å
n=0

bnRn(a) (1.3-68)

In Eq. (1.3-68) h1
X(s) and fX(a) are expressed as Chebyshev rational functions Rn(x)

[39, 40] of degree n .

These conditions determine the eight coefficients.

h1
X(0) = 1; fX(0) = 1; fX(1) = 0 (1.3-69)
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¶ 2h1
X

¶ s2

��
s=0;

¶ 4h1
X

¶ s4

��
s=0;

¶ fX

¶a

��
a=1;

¶ 2 fX

¶a2

��
a=1 (1.3-70)

fX(a ! ¥) =�3:0 (1.3-71)

The exchange energy of the TASK functional in practice is combined with the PW92-

LDA correlation energy.

1.3.3 Modified TASK (mTASK)

The mTASK functional [41] is modified from the TASK functional (a) by changing

the tight upper-bound for one or two-electron systems (h0
X ) from 1.174 to 1.29, and (b) by

changing the limit of the interpolation function fX (a ! ¥) of the TASK functional that

interpolates the exchange enhancement factor FX (s, a) from a = 0 to 1.

FmTASK
X � h0

X = 1:29 (1.3-72)

fX(a ! ¥) =�3:5 (1.3-73)

For h0
X = 1.29 , m+

a � �0:231993 and m�a � 0:063877. The more negative solution is

chosen in mTASK (similar to TASK) to get sizeable nonlocality, m+
a ��0:231993.

For mTASK, fX (a ! ¥) =�3:5. We found that the eight coefficients are a0� 0:924374,

a1 � �0:09276847, a2 � �0:017143, b0 � �0:639572, b1 � �2:087488, b2 = �0:625,

b3 ��0:162512, and b4 � 0:014572.

1.4 Self-Interaction Error (SIE)

In Kohn-Sham DFT, the total exchange-correlation energy can be expressed as the sum

of the Hartree, exchange and correlation terms. In the exact theory, the exchange energy of
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one-electron systems exactly cancels the Hartree energy and the correlation energy.

EX [n";0] =�U [n"]

EC[n";0] = 0
(1.4-74)

However, in an approximate density functional, these two quantities do not cancel each

other completely, and a residue of self-interaction remains. Thus, the imperfect cancellation

of self-exchange energy by the self-Hartree energy yields the self-interaction error (SIE).

Perdew and Zunger [42] suggested a scheme for the self-interaction correction (SIC) to

approximate functionals. PZ-SIC corrects the SIE on orbital-by-orbital basis, and the total

energy is expressed as,

EPZ�SIC = EDFT [n";n#]�ESIC
XC

ESIC
XC = å

is
Eapprox

XC [nis ;0]+U [nis ]
(1.4-75)

where DFT is the DFT total energy, and nis (~r) = jfis (~r)j2 are the one-orbital densities that

are constructed from the KS orbitals fis (~r).

1.5 Hybrid Functionals

In 1993 Becke [29] introduced the first hybrid functional by mixing a fraction of exact-

exchange energy with a fraction of semilocal exchange and correlation energy. The exchange-

correlation energy of the global hybrid functionals is given by

Ehybrid
XC = aEExact

X +(1�a)EDFT
X + EDFT

C (1.5-76)

where a is the mixing parameter that is bounded between 0 to 1. a determines the mixing

ratio of the nonlocal exact-exchange and semilocal components. The PBE0 [43] is a well-

known hybrid functional, which mixes PBE exchange energy with HF exchange energy
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with a 3:1 ratio ( a = 0:25, determined by perturbation theory) with full PBE correlation

energy.

EPBE0
XC =

1
4

EExact
X +

3
4

EPBE
X + EPBE

C (1.5-77)

The PBE0 functional, in general, improves the ground state properties of materials

compared to the PBE functional. The computational cost is higher for the PBE0 functional

than the one of PBE as it requires HF exact energy. In 2003 Heyd et al. [44] developed the

hybrid HSE functional by applying the screened Coulomb potential only to the exchange

interaction to screen the long-range part of HF exchange. The HSE functional splits the

Coulomb potential for the exchange into short-range and long-range as

1
r

=
1� er f (wr)

r
jshort�range +

er f (wr)

r
jlong�range (1.5-78)

where w is the screening parameter that defines the separation range. The exchange-

correlation energy for the HSE functional is defined as

EHSE
XC = aEHF;SR

X (w)+(1�a)EPBE;SR
X (w)+ EPBE;LR

X (w)+ EPBE
C (1.5-79)

where EHF;SR
X (w) is the short-range HF exchange, EPBE;SR

X (w) and EPBE;LR
X (w) are

the short-range and long-range components of the PBE exchange functional. The HSE06

functional with parameters a = 0:25 and w = 0:11 bohr�1 provides good accuracy for

band gaps and lattice constants of solids. The improvement of hybrid functionals over

the semilocal functionals for ground-state properties is also related to reducing the self-

interaction error because the hybrid functionals include nonlocal effects.
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1.6 Random Phase Approximation (RPA)

The fifth rungs of Jacob’s ladder include random phase approximation (RPA) [45–47],

which use occupied and unoccupied Kohn Sham orbitals. The total energy in RPA is given

by

E = EEXX + ERPA
C (1.6-80)

where EEXX = Ts+Eext+EH +EExact
X , is the exact exchange energy and ERPA

C is the RPA

correlation energy. The random phase approximation is based on the density-density re-

sponse function c(r, r’; w) within the adiabatic connection fluctuation dissipation theorem

(ACFDT) formalism. The RPA correlation energy Ec is given by

ERPA
C =

�1
2p

� 1

0
dl

�
¥

0
dw

� �
d~rd~r0Im

[cl (~r;~r0;w)�c0(~r;~r0;w)]

j~r�~r0j
(1.6-81)

where cl (~r;~r0;w) is the interacting density response function and satisfies the Dyson

equation

c
l = c

0 + c
0�(lvcoul + fxc;l )�cl (1.6-82)

The Coulomb interaction vcoul and the interacting density response function determines the

response of density at point ~r due to an electron at ~r0 . fxc;l is the frequency dependent

exchange-correlation kernel. The non-interacting density response function is given by

c
0(~r;~r0;w)) = å

i;a

yi(~r)ya(~r0)y�i (~r)y�a (~r0)
w + i0+ + ei� ea

+ c:c: (1.6-83)

The indices i and a represent the occupied and virtual orbitals, respectively. The simple

or direct RPA has fxc;l =0. RPA improved self-interaction error via exact exchange and

reasonably described the long-range van der Waals interaction.
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CHAPTER 2

GW AND GW-BSE METHODS

2.0.1 Quasi-Particles and the GW Approximations

This chapter focuses on the theory for excited states of the systems. In the first chapter,

we discussed the theories of the ground state properties of materials. The one-body Green’s

function (GW) approaches successfully describe the single-particle spectrum of electrons

and holes. The GW approach has accurately predicted quasi-particle properties (QP) of

materials.

Let jYN
0 i is the many-body ground state for N particles, then the one-body Green’s

function is given by

G(~r; t;~r0; t 0) =�ihYN
0 jT [y(~r; t);y†(~r0; t 0)]jYN

0 i (2.0-1)

The one-body Green’s function describes the probability of finding a particle after excita-

tion in which electron is added to the system or removed from the system. If we consider

time-translational invariance, the Green’s function can be written in Fourier transform by

the Lehman representation as

G(~r;~r0;w) =å
s

hYN
0 jy(~r)jYN+1

s ihYN+1
s jy†(~r0)jYN

0 i
w� (EN+1

S �EN
0 )+ i0+

+
hYN

0 jy†(~r)jYN�1
s ihYN�1

s jy(~r0)jYN
0 i

w� (EN�1
S �EN

0 )+ i0+

(2.0-2)

where YN+1
s and YN+1

s are the many body Hamiltonian with N+1 and N-1 electrons with

total energies EN+1
S and EN�1

S , respectively. The quasiparticle energy Es is defined as the

energy required to add or remove an electron to N electrons system so that the final state
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has one more or less than N electrons. The quasipartile energy of sth excited state is given

by

Es = EN+1
S �EN

0 ��A (2.0-3)

Es = EN
0 �EN�1

S ��I (2.0-4)

where I is the first ionization energy and A is the first electron affinity. The eigenstates

of the interacting system are not exactly known, therefore considering the non-interacting

system and the Green’s function associated with it is given by

GO(~r;~r0;w) = å
s

FMF
s (~r)FMF�

s (~r0)
w�EMF

S � i0+
(2.0-5)

where FMF
s (~r) and EMF

S are mean-field orbitals and eigenvalues. From the Dyson equation,

the single-particle Green function can be written as

G(~r;~r0;w) = G0(~r;~r0;w)+

�
d~r1d~r2G0(~r;~r1;w)S(~r1;~r2;w)G(~r2;~r0;w) (2.0-6)

The central quantity in the theory of quasiparticle approximation is the self energy operator

S, which is non-local and energy dependent integral operator. The self energy provides the

difference between the energy of the quasiparticle and the energy of the non-interacting

(bare) particle. There are several ways to approximate self energy and one of the approxi-

mation is

S(~r;~r0;w) = i
�

¥

�¥

dw 0

2p
e�idw 0G(~r;~r0;w�w

0)W (~r;~r0;w 0) (2.0-7)

where d = 0+ and W is the screened Coulomb interaction. The approximation is called

GW approximation. The screened Coulomb interaction is

W (~r;~r0;w) =

�
e
�1(~r; ~r00;w)v(~r00;~r0)d~r00 =

�
e
�1(~r; ~r00;w)

e2

j~r0�~r00j
d~r00 (2.0-8)
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where v and e�1 are the bare Coulomb and the inverse dielectric matrix. W is calculated

within RPA. e�1 is related to the polarization propagator (density response function) c by

the given relation

e
�1 = d (~r;~r0)+

�
v(~r; ~r00)c(~r00;~r0;w)d~r00 (2.0-9)

where c can be expressed in the GW approximation as

c(~r;~r0;w) =�i
�

dw 0

2p
G(~r;~r0;w 0)G(~r0;~r;w 0�w): (2.0-10)

Here, self-energy S can be determined from the above equations if we exactly determine

the interacting single-particle Green’s function G. The screened Coulomb interaction W can

be obtained from the non-interacting polarizability c0 from Dyson like an equation.

W = v + vc0W (2.0-11)

Similar to the interacting polarizabilty c , the non-interacting polarization c0 can be ex-

pressed as

co(~r;~r0;w) =�i
�

dw 0

2p
G0(~r;~r0;w 0)G0(~r0;~r;w 0�w) (2.0-12)

The non-interacting polarizability can be expressed in terms of Kohn Sham DFT orbitals

co(~r;~r0;w) =
1
2 å

v
å
c

f
DFT
v (~r)fDFT�

c (~r)fDFT�
v (~r0)fDFT

c (~r0)�

[
1

EDFT
v~k+~q
�EDFT

c~k
�w� i0+

� 1
EDFT

v~k+~q
�EDFT

c~k
+w + i0+

]
(2.0-13)

where v runs over the occupied valance states and c runs over the unoccupied conduction

states. fDFT
v and fDFT

c are Kohn Sham DFT orbitals. If the Kohn-Sham DFT and quasi-

particle wave functions are same, the quasi-particle energy of a state m is given by

EQP
m = EDFT

m + hfmjS(EQP
m )�VXCjfmi (2.0-14)
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where VXC is the exchange-correlation potential. If Kohn-Sham DFT and quasi-particle

wave functions are different, one can expand the quasiparticle states in the basis of DFT

states.

jfQP
m i= å

l0
c(m)

l0 jf
DFT
l0 i (2.0-15)

The quasi-particle Hamiltonian (HQP
ll0 ) can be expressed as

HQP
ll0 = EDFT

l dll0 + hfDFT
l jS(E)�VXCjfDFT

l0 i (2.0-16)

The quasi-particle states and energies can be determined from HQP
ll0 .

2.0.2 The Bethe-Salpeter Equation

The single-particle spectrum of electron and hole can be described by one body Green’s

function approaches. However, neither the standard DFT nor the single-particle GW ap-

proaches describe optical spectra. To accurately describe optical spectra, two body ap-

proaches are required. A photon can excite a quasiparticle, and these excited quasi-particles

are bounded by attractive interactions. Optical absorption is a two-particle process where

the motion of the quasiparticle is correlated. The Bethe-Salpeter equation (BSE) solves

the equation of motion of the two-particle Green’s function. The bound exciton state can

be expressed as a linear combination of quasiparticle states [48] as

jS~Qi= å
vc~k

AS
vc~k~Q
jv~ki
 jc~k + ~Qi (2.0-17)

where S represents the exciton state and ~Q is the exciton center-of-mass momentum.

AS
vc~k~Q

is the amplitude of the free exciton having an electron in the state of jc~k + ~Qi and an

electron missing from the state jv~ki.
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L(12;1020) = L0(12;1020)+

�
d(3456)L0(14;103)�K(35;46)L(62;520) (2.0-18)

where L(12;1020) is the interacting electron-hole correlation function [49], K(35;46)

is the electron-hole interaction kernel and L0(14;103) corresponds to free electron-hole

pairs with no electron-hole interaction kernel K. The notation (1) stands for (~r1;s1;t1) with

position, spin, and time coordinates. L depends on four-time variables, including creation

and annihilation processes. Let us consider the optical absorption for the simultaneous

creation and annihilation process. The four time-independent variables reduce to two. The

Fourier transform of the above equation in the absence of external field (time homogeneity)

contains only position and spin degrees of freedom.

The complexity of the method arises from all occupied and unoccupied states involved

in L0 and L.

L0 = iå
v;c

[
fc(x1)f�v (x01)fv(x2)f�c (x02)

w� (Ec�Ev)
�

fv(x1)f�c (x01)fc(x2)f�v (x02)

w +(Ec�Ev)
] (2.0-19)

where v, c denote the valence and conduction quasi-particle electronic states with the

wave functions fc, fv and Ec-Ev the difference between the corresponding energies. (x)

represents position and spin co-ordinates i.e, (x)= (~r;s). Considering electron-hole long-

lived transitions, the correlation function L can be expressed as

L = iå
S

[
cS(x1;x01)c�S (x02;x2)

w�WS
�

cS(x2;x02)c�S (x01;x1)

w +WS
] (2.0-20)

where cS(x1;x01) is the electron-hole amplitude of the correlated electron excitation “S”
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with the corresponding excitation energy WS. The electron-hole amplitude is expressed as

cS(x;x0) = å
v
å
c

[AS
vcfc(x)f�v (x0)+ BS

vcfv(x)f�c (x0)] (2.0-21)

v runs over occupied states where c runs over valence states. With the help of above equa-

tions, BSE can be written as a generalized eigenvalue problem

(EQP
c �EQP

v )As
vc +å

v0c0
KAA

vc;v0c0(WS)AS
v0c0 +å

v0c0
KAB

vc;v0c0(WS)BS
v0c0 = WSAs

vc

(EQP
c �EQP

v )Bs
vc +å

v0c0
KBB

vc;v0c0(WS)BS
v0c0 +å

v0c0
KBA

vc;v0c0(WS)AS
v0c0 =�WSBs

vc

(2.0-22)

The BSE Hamiltonian in matrix form is given by

HBSE(~Q) = (EQP
c �EQP

v )d~k+~Q;~k0 +

0B@KAA(~Q) KAB(~Q)

KBA(~Q) KBB(~Q)

1CA (2.0-23)

The electron-hole interaction kernel K can be expressed as

KAA
vc;v0c0 = i

�
d(3456)fv(x4)f�c (x3)K(35;46;Ws)f

�
v0(x5)fc0(x6) (2.0-24)

KAB
vc;v0c0 = i

�
d(3456)fv(x4)f�c (x3)K(35;46;Ws)f

�
v0(x6)fc0(x5) (2.0-25)

KBB =�KAA� and KBA =�KAB� (2.0-26)

The off-diagonal blocks of the interaction kernels (KAB and KBA) are small and have negli-

gible effects on the excitation energies. The BSE Hamiltonian with neglecting off-diagonal

blocks of in the interaction kernel is given by
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HBSE;T DA(~Q) = (EQP
c �EQP

v )d~k+~Q;~k0 + KAA(~Q) (2.0-27)

This approximation is known as the Tamm-Dancoff approximation (TDA) [50, 51]. The

electron-hole interaction kernel can be obtained from functional derivative as

K(35;46) =
d [VCoul(3)d (3;4)+S(3;4)]

dG(6;5)
(2.0-28)

Spin-Singlet and Spin-Triplet

Introducing additional an condition by assuming the derivative of the screened interaction

W with respect to G is negligible, the above equation becomes

K(35;46) =�id (3;4)d (5�;6)v(3;6)+ id (3;6)d (4;5)W (3+;4)

= Kx(35;46)+ Kd(35;46)

(2.0-29)

where Kx(35;46) is the exchange term and Kd(35;46) is the direct interaction term of

the BSE kernel. Kx controls the optical exciton spectrum, which includes splitting between

spin-singlet and spin-triplet excitations. Kd is responsible for the formation of bound exci-

tons. Kx contains the bare Coulomb interaction v while Kd contains the screened Coulomb

interaction W . The BSE kernel matrix can be decoupled into spin-singlet and triplet solu-

tions in the systems where spin-orbit interaction is negligible. For the singlet solutions, the

kernel matrix is Kd+ 2Kx. While for the triplet solutions, the kernel matrix is Kd , there is

no exchange term.

Optical Spectra

The interaction of an external light field with excitations in the system is quantified by

the macroscopic transverse dielectric function e(w) of the material [52]. The imaginary

part of the dielectric function is given by
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e2(w) =
16pe2

w2 å
S
j~l � h0j~vjSij2d (w�WS) (2.0-30)

where~l is the polarization vector of light and~v is the velocity operator. If the electron-

hole interaction is neglected (i.e.,neglecting excitonic effects), the above equations reduces

to

e2(w) =
16pe2

w2 å
c;v
j~l � hvj~vjcij2d (w�EQP

c + EQP
V ) (2.0-31)
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CHAPTER 3

OPENING BAND GAPS OF LOW-DIMENSIONAL

MATERIALS AT THE META-GGA LEVEL OF

DENSITY FUNCTIONAL APPROXIMATIONS

3.1 Abstract

The quasiparticle band structure can be properly described by the GW approximation,

at a high computational cost. For fundamental band gaps, semilocal density functionals

up to the generalized gradient approximation (GGA) level cannot compete with the accu-

racy of hybrid-based approximations or GW. Meta-GGA density functionals with a strong

dependence on the kinetic energy density ingredient can potentially give wider band gaps

compared to GGA’s. The recent TASK meta-GGA density functional [Phys. Rev. Re-

search, 1, 033082 (2019)] is constructed with an enhanced nonlocality in the generalized

Kohn-Sham scheme, and therefore harbors great opportunities for band gap prediction.

Although this approximation was found to yield excellent band gaps of bulk solids, this ac-

curacy cannot be straightforwardly transferred to low-dimensional materials. The reduced

screening of these materials results in larger band gaps compared to their bulk counterparts,

as an additional barrier to overcome. In this work we demonstrate how the alteration of this

functional affects the band gaps of monolayers and nanoribbons, and present accurate band

gaps competing with the HSE06 approximation. In order to achieve this goal, we have mod-

ified the TASK functional (a) by changing the tight upper-bound for one or two-electron

systems (h0
X ) from 1.174 to 1.29, and (b) by changing the limit of the interpolation func-

tion fX(a!¥) of the TASK functional that interpolates the exchange enhancement factor
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FX(s;a) from a = 0 to 1. The resulting modified TASK (mTASK) was tested for various

materials from 3D to 2D to 1D (nanoribbons), and was compared with the results of the

higher-level hybrid functional HSE06 or with the G0W0 approximation within many-body

perturbation theory. We find that mTASK systematically improves the band gaps and band

structures of 2D and 1D systems, without significantly affecting the accuracy of the original

TASK for the bulk 3D materials, when compared to the PBE-GGA and SCAN meta-GGA.

We further demonstrate the applicability of mTASK by assessing the band structures of

TMD nanoribbons with respect to various bending curvatures.

c
 2021 American Physical Society

3.2 Introduction

Due to their reduced dimensionality, two-dimensional (2D) materials (e.g., transition

metal dichalcogenides or TMDs) exhibit an extraordinary optical response [4, 53] in com-

parison with bulk counterparts, as has been shown early via the examples of graphene and

2D MoS2. The spatial confinement and reduced dielectric screening of 2D materials causes

strong Coulomb interaction that allows more stable exciton formation with large binding

energy and oscillator strength compared to bulk crystals. These attractive features can in

principle be harvested for optoelectronics. Fine tuning of the optical properties can be

achieved by mechanical bending that alters the electronic structure. Optical nanodevice

functionality can require the optimization of exciton binding energy, optical absorption,

and most importantly the fundamental band gap with respect to the strains existing in the

bending space. Strain engineering [54] has been known as a tool to control the electronic

properties of 2D materials, but the impact of bending is not yet thoroughly explored.

Fundamental band gaps carry a great relevance from a theoretical and practical view

[55]. Since the fundamental band gap is the unbound limit of an exciton series, it controls

the optoelectronic response of materials. Optical absorption spectra within time depen-
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dent DFT (TDDFT) are usually evaluated on a scissor-operator-corrected DFT band gap

[56, 57]. This approach is simpler than applying the more expensive GW approximation,

but the scissor-shift correction is often evaluated from experiments, and the correction is

very unlikely to be available for strained or bent structures relevant for industrial appli-

cations. In bulk crystals, GW yields a nearly constant shift to the fundamental gap of

semilocal DFT even for strained structures, but this is not necessarily true any more for

low-dimensional systems [58, 59]. This difference is a consequence of enhanced many-

body effects present at low-dimensionality [58, 59]. A similar effect can be expected for

nanoribbons. As an alternative to the missing scissor corrections for the bent structures, we

can use the hybrid functional HSE06 [44, 60] in a generalized Kohn-Sham scheme to esti-

mate the band gaps and band structures for various bending curvatures. HSE06 is known to

yield reasonably accurate band gaps for bulk crystals. Less information is available about

the band gaps of nanoribbons with HSE06, and the increased size of supercells can make

such calculations more demanding. The demand for an alternative approximation with

more computational feasibility is large, but semilocal density functionals are far from be-

ing reliable for accurate band gap prediction. The underestimation of band gap in semilocal

functionals is a consequence of the lack of derivative discontinuity within the Kohn-Sham

potential [21, 61–63]. Accurate band gaps require an effective potential that is either a dis-

continuous multiplicative operator or a continuous nonlocal operator. Early band-structure

calculations showed that the LSDA band gaps for semiconductors were often about half

the measured fundamental energy gaps. Meta-GGA density functional approximations are

placed on the third rung of density functional approximations [64]. Meta-GGA’s are ex-

plicit functionals of the Kohn-Sham orbitals and implicit functionals of the density. Some

meta-GGA’s were already found to open band gaps more than GGA’s [36]. The successful

SCAN [36] meta-GGA usually yields a slight improvement for the band gap of bulks solids,

but it is still far from approaching the accuracy of HSE06 or GW. Alternatively the recently

developed TASK meta-GGA [37] for band gaps of bulk solids in a generalized [55, 65]
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Kohn-Sham scheme (in which its effective potential is a differential operator) is a promis-

ing approximation. The TASK meta-GGA is not designed to yield accuracy comparable to

that of SCAN for ground-state properties; capturing accurate ground-state properties and

accurate electronic structures simultaneously is not to be expected from the first three rungs

of Jacob’s ladder of density functional approximations. Nevertheless, our focus in this work

is on band gaps and not on ground-state properties. TASK and similar meta-GGA’s, im-

plemented within the generalized Kohn-Sham scheme, could provide improved estimates

of quasiparticle energies. Further hints refer to the TASK meta-GGA as a potential tool

for excitonic peaks in the spirit of Nazarov and Vignale [66], taking the second functional

derivative of the exchange-correlation energy. With the consideration of meta-GGA’s for

band gaps we follow an approach like that of the Tran-Blaha potential functional [67], with

the change that the potential is properly a functional derivative of the exchange-correlation

energy. While the TASK functional has been tested on a set of bulk solids with great accu-

racy as a result, its performance is completely unknown for low-dimensional materials. By

now, tremendous numbers of references point out the enhanced optical response from the

different screening in low-dimensional materials compared to bulk solids [4, 68–70].

The direct approximation of the exchange-correlation potential vxc can also include the

discontinuity of the derivative of the exchange-correlation energy with respect to the elec-

tron density at integer number of electrons, hence the needed nonlocality, leading to im-

proved descriptions of band gaps. For example, based on the GLLB potential [71], which

was developed by Gritsenko et al. and is an orbital dependent KLI approximation for the

exchange-correlation potential. Based on GLLB, Kuisma et al. developed the GLLB-SC

[72] functional. They used an orbital energy related factor to replace the computation-

ally heavy Fock-operator related weight factor in the approximated exchange response

potential, which is responsible for the needed derivative discontinuity. GLLB-SC shows

very accurate results for many 2D layered materials [73]. Similarly, the modified Becke-

Johnson (MBJ) potential by Tran et al.[67] and the generalized local modified Becke-
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Johnson (LMBJ) potential by Rauch et al. [74] were used for potential-approximation-

based functionals. LMBJ was applied to calculate the band gaps of many 2D materials,

and its accuracy is close that of HSE06 [74]. However, functionals that model or approx-

imate directly the potential usually violate serious constraints, and cannot access the total

energy correctly, and hence are not accurate for structural properties or cohesive energies

[75]. AK13 is a GGA level exchange energy functional [76]. The enhancement factor FX of

AK13 is so designed that its potential has a more correct leading log(r)/r asymptotic behav-

ior for finite systems, instead of the exponential one. It was shown that AK13 yields ener-

gies that are worse than traditional energy functionals and potentials that are less accurate

than functionals that model directly the exchange-correlation potential. However, AK13

may provide a good compromise for applications that require at the same time reasonable

energies and good potentials [75]. Verma and Truhlar presented the High Local Exchange

2016 (HLE16) functional [77] by reparameterizing the HCTH (Hamprecht-Cohen-Tozer-

Handy) series of functionals [78–80]. The HCTH functionals utilize the form of the semilo-

cal GGA parts of the B97 (Becke 1997) functional [81] and keep more high-order terms

in the enhancement factors of the GGA exchange and correlation parts. HLE16 increased

the local exchange and decreased the correlation in the form of HCTH, leading to a much

improved description for band gaps of bulk solids over the PBE functional. Both HLE16

and HCTH are empirical GGA functionals and their many parameters are determined by

fitting to a set of many materials.

3.3 Methods

Typical meta-GGA’s utilize the kinetic energy density as an additional ingredient be-

yond the ones of GGA’s [36, 37, 64]. The kinetic energy density makes the meta-GGA form

an implicit density functional, in principle, with the potential [55] for band gap prediction

and optical spectra. Accurate band gap prediction is based on the derivative discontinuity

[21]; a feature that semilocal density functional approximations are missing. The derivative
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discontinuity manifests itself as a step structure in the exact exchange-correlation potential

as [82]

DX = vX (r) j+� vX (r) j�=
dEX [n]

dn(r)
j
+

� dEX [n]

dn(r)
j
�;

(3.3-1)

where the positive and negative signs refer to the left and right-hand sides of the poten-

tial at integer electron numbers. Perdew and Levy showed that the functional derivative

discontinuity of the exchange-correlation density functional plays a crucial role in the cor-

rect prediction of band gaps [61]. The functional derivative of a meta-GGA within the

Kohn-Sham scheme contains the �-dependence in the third term below that increases the

derivative discontinuity [83]
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(3.3-2)

To date, only a few meta-GGAs have been identified to display the necessary depen-

dence on the kinetic energy density [36]. A recent effort [37] demonstrates that meta-

GGA’s with an enhanced dependence on the dimensionless kinetic energy density ingredi-

ent (iso-orbital indicator) a = (���w)
�uni f , give accurate band gaps and can be applied to optical

properties. Band gap calculations with the TASK meta-GGA have been done within the

generalized Kohn-Sham scheme, in which the exchange-correlation potential is a differen-

tial operator with significant nonlocality [84]. The dimensionless iso-orbital indicator a

contains �w, the kinetic energy of a one-electron system and �uni f ,the kinetic energy den-

sity of the homogeneous electron gas. The condition that is responsible for an improved

band gap as well as for excitonic peaks is:

¶eX

¶�
> 0 (3.3-3)

¶eX
¶�

is a �-dependent factor that contributes to a first or second functional derivative of

the exchange-correlation potential or the corresponding energy. For practical use it is easier
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to show the �-dependence of the exchange enhancement factor FX , which shows how much

the exchange energy density is enhanced over its local density approximation. A sizeable

nonlocality leads to the condition [66]:

¶FX

¶a
< 0: (3.3-4)

The recent SCAN meta-GGA was found to exhibit an observable opening of band gaps of

various bulk solids. Still, SCAN is a ground-state density functional. The TASK meta-

GGA approximation is a thoughtful re-construction of the exchange form of SCAN so that

with the increased slope ¶FX
¶a

more nonlocality in the exchange potential can be achieved.

The TASK exchange basically keeps the exchange FX of SCAN

FTASK
X (s; a) = h0

X gX (s)+ [1� fX(a)]
�
h1

X (s)�h0
X
�
[gX (s)]d (3.3-5)

In the expression of FX , h0
X is the tight upper-bound for one or two-electron systems. The

same h0
X was applied in the SCAN functional. For a =0, FTASK

X � 1:174, which is also

the conjectured bound for this limit [38]. In the second term of Eq. (3.3-5), we choose

d = 10,as in the TASK functional, which makes the exchange enhancement factor less

depend on a for a large value of s. fX(a) is a function that satisfies the fourth-order

gradient limit and interpolates between a=0 and a =1. When fX (a = 0) =1, the TASK

functional recovers SCAN by satisfying the two-dimensional scaling [20, 38, 85] of the

reduced gradient s = jÑnj
2(3p2)

1=3
n4=3

as,

gX (s) = 1� e

�
�cs

1
2

�
: (3.3-6)

In Eq. (3.3-6), c is a parameter that was found by fitting to the exact atomic energy of hy-

drogen. TASK deviates from SCAN in the construction of h1
X (s). The TASK construction

of h1
X (s) and fX(a) aims to increase the slope defined by Eq. (3.3-4). The fourth-order
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gradient expansion arounds= 0 anda = 1 recovered by bothh1
X (s) and fX(a ) together is

FGE4
X (s;a ) � 1+ mss2 + ma (a � 1)+ Css4 + Csa s2 (a � 1)+ Ca (a � 1)2 + O (Ñ)6

(3.3-7)

along with a fourth-order expansion for� [86, 87]. ms, ma , Cs, andCsa are chosen to cor-

respond to the coef�cients of the Taylor expansions forh1
X (s) and fX (a ) to fourth-order,

respectively. All these coef�cients and the exact conditions forfX (a ) lead to eight equa-

tions for the eight coef�cients of Chebyshev expansions [39, 88] forh1
X (s) and fX (a ) to

fourth-order. ma is determined from a quadratic equation with the ingredient ofh0
X. The

more negative value ofma yields an increased nonlocality compared to any previous meta-

GGA's, so that TASK delivers excellent fundamental band gaps for bulk solids with a large

variety of structures.

In the last decade, utilizing methodological and computational advances [89], hybrid

functionals [90] have been increasingly used to investigate a variety of periodic systems

with plane wave basis sets. Among hybrid functionals the HSE06 approximation [44, 60]

is particularly popular, but some other hybrid approximations [43, 91–94] with various ra-

tios of exact exchange admixture have also become bene�cial for the condensed matter

community. The most successful hybridization schemes that can potentially work in Con-

densed Matter and Chemistry are based on partitioning the Coulomb operator into short–

and long-range components in a two-parameter form in which the parametersa andb con-

trol the mixing ratio of long– and short-range exchange. This scheme is the basis of various

popular density functionals, such as CAM-B3LYP [91], LC-wPBE [92]. Hybrid density

functional approximations that satisfy the uniform electron gas paradigm can be accurate

for periodic systems [95]. HSE06 withb = 0.25 andw = 0.11 Bohr� 1 is a short-range

screened hybrid that recovers PBE0 for the short range therefore enabling computational
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ef�ciency for periodic systems. The mixing of exact exchange in hybrid functionals is

obviously linked to spatial nonlocality. The hybrid parametera is often treated as an ad-

justable parameter to reproduce the experimental band gap of solids [96–100]. Since in

semiconductors and insulators the screening of the long-range tail of the Coulomb inter-

action was found to be proportional to the inverse of the static dielectric constant(e� 1
¥ ),

it has become natural to linka to e� 1
¥ [93, 101]. It should be also noted that an analogy

was established between hybrid functionals and the static COulomb Hole plus Screened

EXchange (COHSEX) approximation [102], in which the screened Coulomb interaction is

expressed as [93, 101, 103, 104]

W(r ; r0) �
1
e¥

v(r ; r0) (3.3-8)

Our work, although in a completely different way, seeks the same spatial nonlocality

needed for band gaps, considering the reduced screening with increasing low-dimensionality.

Semilocal density functionals such as GGA's do not exhibit full spatial nonlocality, but,

througha , meta-GGA's [105–107] are implicit functionals of the density, and can over-

come this limitation [36, 108, 109] . The dimensionless ingredienta in the TASK and

SCAN functional is an explicit functional of the Kohn-Sham orbitals, and therefore carries

potential spatial nonlocality.

Semiconductors have a signi�cantly weaker screening than metals, as a consequence of

their less-localized exchange-correlation hole. Meta-GGA functionals based on the Lapla-

cian of the electron density and not on the kinetic energy density can better describe the

more localized exchange-correlation hole of metals than the one of semiconductors [110–

112]. Meta-GGA's with gradient and Laplacian-only ingredients were found more accurate

for metals than for semiconductors, while SCAN and other meta-GGA's with orbitals in

their a or � -dependence work better for semiconductors and insulators [110–112]. With a

proper modi�cation of the original TASK functional the slope¶FX
¶a can be made more neg-
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ative so that the modi�ed TASK (mTASK) has screening appropriate for low-dimensional

materials.

In section 3.5, we will discuss how the increased nonlocality with the corresponding

decreased screening affects 3D, 2D and 1D materials, when the fundamental band gaps of

these materials with various dimensionality are compared to HSE06. In our modi�cation

(modi�ed TASK or mTASK) we focus on the coef�cientma . An increased slope is equiva-

lent to increaseda -dependence ofFX. Based on the fourth-order gradient expansion ofFX,

ma is determined from a quadratic equation withh0
X as an ingredient

m�
a = �

97+ 3h0
X �

q
9

�
h0

X

� 2 + 74166h0
X � 64175

1200
: (3.3-9)

This TASK expression is able to deliver a large-enough nonlocalitym+
a = � 0:209897 for

bulk solids, but not for low-dimensional materials. We realize that the increased band

gap from the reduced screening in monolayers and nanoribbons requires a differentm+
a

and therefore differenth0
X. Lacking more exact constraints for the ground state, with any

choice forFX � h0
X > 1:174, we have to sacri�ce the tight upper bound [38]. In this work,

we chooseFX � h0
X = 1:29. This choice is far from the Lieb-Oxford boundFX � 1:804

known for GGA's. This condition is explained in Ref. [38] for meta-GGA functionals. To

make the exchange enhancement factor a smooth and monotonically decreasing function

of a for any value of s, we choose the limiting conditionfX (a ! ¥ ) = � 3:5. From

Figure 3.1, it can be seen that¶FmTASK
X
¶a � ¶FTASK

X
¶a for any value of s. We expect the inclu-

sion of more nonlocality in the mTASK exchange-correlation potential compared to TASK

provides better band gaps and band structures for 2D materials and nanoribbons. In addi-

tion, when choosing the value ofh0
X = 1:804 known for GGA's, we have observed that the

exchange enhancement factor is not a positive smooth and monotonic function ofa . On

choosing a higher value of the interpolation function ata ! ¥ i.e., fX (a ! ¥ ) = � 1:5,

we get¶FX
¶a > 0, which violates the condition¶FX

¶a < 0. On the other hand, on choosing a
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lower value of fX (a ! ¥ ) = � 5:5, the curve becomes much steeper and more negative

which leads to convergence problems in total energy. To keepFX > 0 for the most impor-

tant values ofa and¶FX
¶a < 0, we chooseh0

X = 1:29 andfX (a ! ¥ ) = � 3:5 (Fig. 3.10 of

the Supplemental Material for more details). This can guarantee a sizable negative slope

and well-behaved numerical performances. Further largerh0
X and lowerfX (a ! ¥ ) will

result in a non-positive or non-smooth enhancement factor and hence convergence issues.

The exchange energies of TASK and mTASK functionals are combined with the PW92-

LDA [27] correlation energy.

Figures 3.1 and 3.2 demonstrate the changes in mTASK compared to TASK. Figure

3.1 presentsFX for s anda respectively.FX of mTASK starts out ath0
X = 1.29, compared

to h0
X = 1.174 of TASK. The largera - and s- dependence of mTASK is evident in Figure

3.1. The three-dimensional surface plot ofFX (Figure 3.2) allows showing all s anda -

dependence.

3.4 Computational Details

All calculations were performed in the Viennaab initio simulations package (VASP)

[113, 114]. The valence electrons of all elements are treated by the projector augmented

wave (PAW) pseudo-potential method [115], which is recommended in the VASP manual.

The pseudopotential for the tungsten atom with valence electron con�guration 6s15d5 was

utilized. The plane-wave energy cut-off is set as 450 eV for all calculations and it leads to

converged results. The Brillouin zone is sampled by a Gamma centered mesh of 8� 1� 1

for both the hexagonal armchair TMD nanoribbons and trigonal TMD nanoribbons. The

Gamma centered k-point mesh of 18� 18� 1 and 20� 20� 20 were used for TMD monolay-

ers and bulk solids, respectively. The total energy is converged with respect to plane-wave

cutoff and k-mesh for all methods within 1:0� 5 eV/atom. A vacuum layer of more than

15 	A was inserted along both the width and thickness directions to prevent interactions

between periodic images due to the long-range Coulomb interactions. The bent nanorib-
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Figure 3.1: The enhancement factorsFX for the TASK (upper panel) and modi�ed TASK
(lower panel) as functions of s anda , respectively.

bons were constructed by �xing the distance between the two edge metal atoms (i.e., M in

MX2). Two hydrogen atoms are attached to every edge metal atom and one hydrogen atom

is attached to every edge X atom in the MX2 nanoribbon. The edge atoms for the bent

nanoribbons were only allowed to relax in the periodic direction. All other atoms were

fully relaxed until the force on each atom became less than 0.01 eV/	A. For the bulk solids

we used experimental lattice constants in the calculations, in order to directly compare re-

sults with references. The PBE functional was used to optimize (or relax) the nanoribbon

structures, and we utilized them to calculate the band structures using various DFT approx-

imations. The lattice parameter along the periodic direction of the nanoribbon was also

relaxed.
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Figure 3.2: The three-dimensional surface plot of the exchange enhancement factorFX as
a function ofa and s for the original TASK (purple color surface with pink color lines),
h0

X = 1.174,ma = � 0.209897,fX (a ! ¥ ) = � 3 and the mTASK (green color surface
with yellow color lines),h0

X = 1.29,ma = � 0.231993,fX (a ! ¥ ) = � 3.5.

3.5 Results

3.5.1 Bulk Crystals

Bulk solids and low-dimensional materials often exhibit dramatically different physical

properties, especially for optical response. To obtain a general picture about the applica-

bility of the approximations considered in this work, �rst we have assessed several density

functional approximations including TASK and mTASK for bulk solids. Figure 3.3 rep-

resents a correlation between the experimental and calculated band gaps of the same set

of bulk solids from Ref [37]. The underestimation of band gaps from PBE is not surpris-

ing. As a semilocal density functional approximation, PBE has only the ingredients of
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the local density and the gradient of the local density, without explicit inclusion of nonlo-

cal exchange effects, the latter being important for an accurate description of band gaps.

The SCAN meta-GGA yields a systematic and slight improvement. As a meta-GGA func-

tional, SCAN can include some nonlocal exchange effects through the orbital dependent

ingredienta . Although SCAN is largely accurate for equilibrium structures and energies

for various bonds, the nonlocality derived froma may not be pronounced due to cancella-

tion within the exchange and correlation parts. TASK proves to be very accurate, for many

band gaps, but not for the Ar crystal that has the largest band gap in this set and is underes-

timated by TASK. The enhanced screening in mTASK results in a slight overestimation of

band gaps for bulk solids.

The effect of the correlation is exempli�ed through the SCANx+PW92c and TASKx

+SCAN c approximations. In the former, SCANx refers to SCAN exchange, while the

correlation component is from the PW92 local spin density approximation [27]. In the lat-

ter, TASK x is the TASK exchange, and SCANc is the correlation of SCAN. SCANx+PW92c

and TASKx+SCAN c can be directly compared with SCAN and TASK, respectively, be-

cause they have the same exchange but different correlation approximations. In general,

both these approximations open the band gaps slightly more than SCAN, but they underes-

timate them compared to TASK. This can serve as an evidence for the cancellation effects

between SCAN's exchange and correlation parts of the nonlocality needed for band gap

description. The improvement of the band gaps from TASK and mTASK is more consis-

tent for the large-gap crystals such as MgO, LiCl, Kr, LiF, and Ar, as can be seen in Figure

3.3 a and b.

3.5.2 Band Gaps of Single Layers of 2D TMDs

Next, we have extended the application of our methods to monolayers of transition

metal dichalcogenides (TMDs). Two forms of structure of TMD monolayers, namely,
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Figure 3.3: Comparison of calculated and experimental band gaps of bulk solids with var-
ious density functional approximations (a) PBE, SCAN, TASK, and mTASK (b) SCAN,
SCAN x+PW92c, TASK x+SCAN c, and TASK. TASKx+SCAN c is a functional with
the exchange component of TASK and the correlation from SCAN. SCANx+PW92c
refers to the exchange part of SCAN and correlation of PW92. The experimental band
gaps are from Refs. [1, 2].

Figure 3.4: (a) Top view and (b) side view of monolayer 3� 3� 1 1H-TMDs. (c) Top view
and (d) side view of monolayer 3� 3� 1 1T TMDs. The larger balls represent M, while the
smaller ones represent X in MX2.
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