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ABSTRACT

QUANTUM RANDOM WALK ON FRACTALS

Kai Zhao
DOCTOR OF PHILOSOPHY

Temple University, May, 2018

Professor Wei-Shih Yang, Chair

Quantum walks are the quantum mechanical analogue of classical random
walks. Discrete time quantum walks have been introduced and studied mostly
on the line Z or higher dimensional space Z¢ but rarely defined on graphs with
fractal dimensions because the coin operator depends on the position and the
Fourier transform on the fractals is not defined. Inspired by its nature of
classical walks, different quantum walks will be defined by choosing different
shift and coin operators. When the coin operator is uniform, the results of
classical walks will be obtained upon measurement at each step. Moreover,
with measurement at each step, our results reveal more information about the
classical random walks.

In this dissertation, two graphs with fractal dimensions will be considered.
The first one is Sierpinski gasket, a degree-4 regular graph with Hausdorff
dimension of df = In3/In2. The second is the Cantor graph derived like
Cantor set, with Hausdorff dimension of dy = In2/In3. The definitions and
amplitude functions of the quantum walks will be introduced. The main part
of this dissertation is to derive a recursive formula to compute the amplitude
Green functions. The exiting probability will be computed and compared
with the classical results. When the generation of graphs goes to infinity, the
recursion of the walks will be investigated and the convergence rates will be

obtained and compared with the classical counterparts.
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CHAPTER 1

INTRODUCTION

Quantum walks are the quantum analogue of classical random walks. Dis-
crete time quantum walks have been introduced and studied mostly on the
line Z or higher dimensional space Z¢. Central limit theorems for quantum
random walks with partial decoherence have been proved in the quantum ver-
sion; see [2, 8]. Some model involving potential barrier has been studied in [7]
and some applications in Z? using recursive formula to solve return probability
have been studied in [1]. See [4] and [5] for a comprehensive review of quantum
walks.

Fractals have many applications in medicine and computper vision, how-
ever quantum walks on graphs with fractal deimensions have rarely been stud-
ied or even defined because the coin operator depends on the position and the
Fourier transform on the fractals is not defined. Therefore computing the hit-
ting probability and expection of passage time using combinatorics or Fourier
on Z% is not working. In my dissertation, I focus on the quantum random
walks on graphs with fractal dimensions.

First we focus our attention on the Sierpinski gasket, a fractal set with
the overall shape of an triangle, generated recursively into more triangles with
the same shape. Let F'™ be the n'* order Sierpinski gasket, see the following
graph for n = 0,1,2. And define F*) = U F™,

The n'* order Sierpinski gasket F™ is a degree-4 regular graph except for
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Figure 1.1: 0" order Figure 1.2: 1% order
Sierpinski Gasket F(©) Sierpinski Gasket F(!)

Figure 1.3: 2" order
Sierpinski Gasket F(?)

overall corners. Let V,, be the number of nodes for F™. Then V, = 3, V; = 6,

V, = 15 and it is easy to check that V,, = 3V, _; -3 =3""1 —3n —3»-1 ... 3
_3(3741)
e at

Let S, be the number of nodes in the = direction, for example,
So=2,5=3,59%=5%25,=2S5,1—1=2"+1. By the definition of
Hausdorff dimension dy,

V, ~ S

Vs, — In3 "which is bigger than dimension of the line and
In S, In2’

we have dy = lim,,_,
smaller than that of the plane. Some basic properties about classical random
walks on the Sierpinski gasket have been studied in [11]. And a self-avoiding
random walk on the Sierpinski gasket has been introduced in [14].

To define the quantum random walk on the Sierpinski gasket, we use the



idea introduced in [6]. Some combinatorics techniques were applied in Z [12,
13], however, they can not be applied in Z? or fractals. In this dissertation
we use the path integral approach as in [1]. By solving the Dirichlet problem,
we generalize a iterative formula, based on which we compute the hitting
probabilities and the expected hitting time.

Some strange behaviors about quantum random walks are observed in this
dissertation. For example, the quantum random walk starting with |0°) will
not exit at |a;°) from the right bottom direction. And with probabiliy less
than 1, the particle will ever exit the boundary of F(™ and its reflection part.
When the coin operator is uniform, the evolution operator is no longer unitary,
and it becomes the classical walk.

The second part of my thesis is about the quantum walks on the Cantor
set. The Cantor set is built by removing the middle thirds and iterating the
process. If one bulids the Cantor set by growing the fractal, then for generation

G, it is considered as two generation G-1 connected by a removed(void) set of

In Vg
InSqa

the same length see Figure 1.4. So it is easy to check that dy = limg_,

BT n2G+1 1n?2
= limg e m(3C+1) — In3"

Figure 1.4: Cantor set with G =1,2,3, while the sites inside the red line are in
the removed (void) set.

Inspired by [9, 10], we define a quantum walk on this set. By generating
a iterative formula, we prove the recursion of the quantum random walk and
compare the rate with the classical case.

The method of using path integral to find the iterative Green amplitude

functions can be extended to other fractals with self-similar property. The



iteration of the Green amplitude functions from n' level to (n + 1) level can
be obtained by solving the Dirichlet problem on 1%¢ level of the graph.

In this dissertation we analyze in detail the quantum random walks on the
Sierpinski gasket and the Cantor set. We define and solve the Green amplitude
functions iteratively when the level of the fractal graph goes to infinity. We
obtained exact recursive formulas of the Green amplitude functions, based
on which the hitting probabilites and expection of the first-passage time are
calculated. And we obtained that when the level of these two fractal graph
goes to infinity, with probability 1 that the quantum random walks will return
origin, i.e., the quantum walks on these two fractal graph are recurrent.

This dissertation is organized as follows. In Chapter 2, we first introduce
the classical random walks on the Sierpinski gasket and the Cantor graph, we
also discuss the hitting time and diffusion, and then obtain some properties
for the classical random walks.

In Chapter 3, we present the basic concepts of quantum random walks on
the Sierpinski gasket and explain how to choose coin operater which is dif-
ferent from the case in Z¢. We then introduce the amplitude functions on
the graph and define the corresopning amplitude Green functions. The main
computation part is to derive the amplitude Green functions iteratively using
symmetry and self-similar property. And we calculate the exit probability us-
ing Parseval’s theorem. Second we find the expection of the first-passage time
on the Sierpinski gasket using these amplitude Green functions. By choos-
ing the coin operator uniformly, we obtain the same results for the classical
random walks as that in Chapter 2.

In Chapter 4, we define the quantum random walks on the Cantor set.
This new definition depends on the the site location. If the partical resides on
the void set, it keeps the dirction till it hits the other end, and if the partical
resides on the Cantor set, it follows the rule of quantum random walks on Z*.
Following the scheme as in Chapter 3, we discuss the limiting behavior of the

hitting probabilities as G goes to infinity.



CHAPTER 2

RANDOM WALKS

2.1 Random walks on Sierpinski gasket

The n* order Sierpinski gasket F™ is a degree-4 regular graph except
overall corners with Hausdorff dimension of df = In3/In2, which is bigger
than dimension of the line and smaller than that of the plane. The graph of
F@) is shown in Figure 2.1. For the n'® order Sierpinski gasket F(™ embedded
in the two-dimensional plane, we can extend F™ as following: if we think of

0,a,, b, as boundary points of F(, then we call reflection of F™ denoted

by F™" with boundary points 0,al, b’ here a/, = —a, = (—2", —2") and

Y n’

bl = (2", —2"), see Figure 2.2.

Figure 2.1: 2" order Sierpinski Gasket F(?)
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Figure 2.2: F® y F®'

Let us introduce the random walk on generations of Sierpinski Gasket.
The walker can reside on any site of the lattice, at each time it only moves
to one of its neighbors with equal probability 1/4. A path w is defined by
w = (wo, ..., Wy), where w, = x, € F™ U F™' and |x¢41 — X¢|| = 2, where
Ix —y| = |1 — y1] + |z2 — y2|. Each step w; is updated from one of four
neighbors of w;_; with equal probability 1/4. The length of w is defined by

|w| = m.

Definition 2.1 Let ™ = {x € F™;2 # 0,a,,b,}, and 7™ = inf{t >
1w, & Fy ]3’(”)'} be the first exiting time of FO Y F®™' | Let

Wln) ={w = (wg,...,wW.m), wo = 0,W, () =an}
the set of path with initial O first exit of FMUEF®™ gt a,. And simalarly, let
Wgn) ={w = (wo, ..., Wym ), wy = 0,w,.n) =0}
Definition 2.2 Let
So(w) = #{i;wipq = w;,i =0,1,..., 71 — 1}
be the number of self-loops. And

Sl(w> = #{’l, ||wi+1 - wl” = 27Z = OJ 17 "'77—(1) - 1}



Let

(I)én)(a,ﬁ) = Z aSO(w)le(w)7 and (I)g”) (Oé,ﬂ) — Z OCSO(w)ﬁfh(w)‘

weWw ™ wew ™
By assigning a = 0, and = 1/4 we have the hitting probability
P (w_ = Olwy = 0) = &Y (0,1/4),
P (w ) = ag|wy = 0) = ®{"(0,1/4).
In general we can obtain a map 7" : R? — R? such that
(05", ") = T(@g”, 21).
Using the self-similar property of the Sierpinski gasket, we have

Lemma 2.1 Let
o (0, f) = Y aIgne),

wEWém

and

B (@)= 3 aSgn)

weVVl(n)

Then &) (v, 8) = a, ®”(a, 8) = B,

and

Theorem 2.1 The recursive relation between (B, &™) and (0§, &™)

18
4 (I)(”) 2 1— (I)(n)
by = @) (@, @) = o + @ 2 (n)) ( 0(n)> @
and

(@{)2(1 — " + 20(")

(") — (o™ M) — ,




Figure 2.3: relabel on F'™)

Proof 2.1 To find @gl)(a,ﬂ) and @gl)(a,ﬁ), consider the following graph on
FW with vertices relabeled. For FV' | we just apply on FY by symmetry.

Let

1 2 3
1fa [ B

A= 28 a B |,
3\ [ «

hi, = P(w.q) = 5|wy = k), and g = P(w,a) = 0lwg = k) for k =1,2,3. Then

hy B
ho| = ! 0

2 - 13 o A 9
hs B

g3

o\ (a, B) = a + Bgy + Bgs + Bhy + Bhs = a + 484,



By computing the inverse, we have

. 1-a)p=pF F+(1-a)f 52 +
(IS_A)_ :<1—Oé+ﬁ)2(1—04—2ﬁ) 62—*—(1_05)5 (1_04) _ﬁ2 (

BF+(l-a)p 2+(1-a) ( —04)2—

So
46%(1 — a)
(1—a+p8)(1—a—2p)

o5 (o, B) = a +
and

(o g = PA—a+20)
17 (@, ) (1-a+pB)(1—a—28)

Therefore, we obtain the map T : R? — R?, T'(«, 8) = (To(«, B), Ty (c, 8)):

where
4@ (1 — )

(I)("'H) TO((I)( )’ (I)(n)) _ q)(”) +
: - e - ) —2e)

and
(@{)2(1 — " + 20)

CI)(n+1) T ((I)(”), (I)(n)) _ ]
0 (1 -2 4+ o)1 - o™ — 29

Let « =0 and § = 5 we have

1
~)=04

1
(I)(l) =01 (I)(l)
0,5 = 015, a0,

1 1
o7(0,~) =0.09, (0, ;) = 0.64

4
! 1
2"(0,7) = 0.054, @f"(0, ) = 0.784

Corollary 2.1 For initial probability distribution @E]O) =0, <1>§°) = i, we have
oy 4 40! =1,

moreover
o = 060" and " = 0.4 + 0.605".

(n)

So lim,,_, CIDEn) = 0 and lim,,_,o, ;" = 1. The random walk is recurrent.
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2.1.1 Hitting time and diffusion

Let T™ = inf{t > 0;w, € (FMWUF™} J(FMUF™") .= {a,, by, al,, b’}

n

be the first-passage time taken to exit F U F™’ at the four vertices.
Theorem 2.2 E(T"Y|w, = 0) = 5E(T™|w, = 0).

Proof 2.2 Consider the following graph on FMUF®M" with vertices relabeled.
Letr =1/4 and

oOfo0 »» » 0 r r 0
11t 0 » 0 0 O
21r r 0 r 0 0 O
A=310 » » 0 0 0 0 [,
fr 00 0 0 r r
2lr 00 0 » 0 r
3\0 0 0 0 r r O

Let H" = B(TW|wy = k) for k=0,1,2,3,1,2,3. By

Hi(l) =14 ZAin]('l)’
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we have - -
HY 1
HY 1
HY 1
7o) p——

3 I — A

Y 1
HY 1
pid 1]

So Hél) = 0.

This can be generated to any n by
MY = HY 4> Ay H™Y,
S0 HUD — 550
The diffusion exponent d,, is defined as
o(t) ~ tiu ., (2.1)

where o(t) is the standard deviation of the random walk at time t. (2.1) can

be written as

T ~ de7

where L is the length from 0 to a, [11]. So from F™MUF®™’ to F+Dy Fpr+)’
L — 2L and T — 5T, and by 5T ~ (2L)%, we have d,, = {22.

n2

2.2 Random walks on the Cantor graph

Let us introduce the random walk on generations of the Cantor set. The
particle can reside on either the Cantor set or the void set. When the particle
enters to the void set from left (right), it keeps going left (right) without
changing direction until it reaches the other edge of the void set itself. If the
particle is on the Cantor set, it performs a standard random walk with 1/2

probability to move either left or right to the neighbor.
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Figure 2.5: Cantor set with G =1,2,3

Figure 2.6: Cantor Graph with G=1,2,3

An equivalent approach is to associate the Cantor set to a directed Cantor
graph, obtained by replacing the voids with bubbles of appropriate length
whose sites are connected by directed links as above. One can introduce the
above random walk on the graph as Figure 2.6 [9].

Let HZSG) denote the Gth generation of Cantor graph and HISG)/ denote its
reflection on the origion. A path w is defined by w = (wy,...,w,,), where
wy € H,()G) U H,(,G)/ walks as in the graph.

For the Gth generation, let 7(¢) = inf{t > 1,w, € 8HI(,G) U@HISG)/}, QHZQG) U
8HZSG)I = {—3%,0,3%}. The probability that a random walk starts with 2 and
hits y € 8H,§G) U 8HI(,G)/ is given by

PO a0) = 3 Plan = 1 = 7 =1,

t=1

The Green function that a random walk starts with x and hits y € GHF(,G) U
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GHISG)/ is given by
g(G)(Z)(I,y) - Zth(wo =T, W = y7T(G) = t>.

t=1

Notice ¢(@(1)(x,y) = P9 (x,y).
For simplicity, let o!¥)(2) = ¢(¥(2)(0,0) and 3 (2) = ¢¥)(2)(0, 3%).

First let’s decide the initial condition on HZSU, then H}gl)/ is obtained by
symmetry:

gM(2)(0,0) = 2(rz) * gM(2)(1,0) and g™ (2)(0,3) = (rz) * g (2)(1, 3), where

1 rz —Z2_Z4
g<1><z><2,0>] L [o ] H E [—]

Theorem 2.3 The recursive relation between ('S (z), BT (2)) and (a9 (2), B (2))
18

40 (2)*(a9(2) - 2)
al®(2)?2 — 408 (z) — 2239 + 4’

B(GH)( ) 25(@)(z)223
2) = :
al@(2)2 — 4a(@) (2) — 22%3¢ + 4

a(G“)(z) = @(G)(Z) —

Proof 2.3 Since HZSGH) 1s obtained by connecting two HZSG) by the void set of
the same length, assuming we know g'@(2)(0,0) and g'“(2)(0,3%), consider
the following graph on HZ(,GH) with sites relabeled where A = 3%, B = 2 x
3¢, C = 36+,
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Figure 2.7: relabel on H,(,GH)

- B -A 0 A B C

Figure 2.8: H™ U g+

a@(2) = oD (2) 45D (2)g @ (2)(A, 0) and 5T (2) = B9 (2)g\ T (2)(A, ).

gt (2)(A,0) 1 B(z)
g ¢t (2)(B,0) I [ra(G)(z) rz3¢ ] 0
2 2)

G
rz3 ra(G)(
_ 28D (2) (a9 (2)—2)
a(@)(2)2—4a(®) (z)_z2x3G+4
2,B(G)(z)z3c
alG)(2)2—4a(S) (z)—z2X3G +4

By symmetry, ¢\ (2)(A,C) = ¢'9(2)(B,0). So we have

48D (2)* (D (2) - 2)
a9 (2)2 — 4G (2) — 223 + 4’

O () = 269 (22" |
al@)(2)2 — 4al@)(z) — 2239 4

a(G+1)(Z) — a(G)(z) —
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Let z = 1, a/® = o(@(1) = P©)(0,0) and b@ = B (1) = P(0,3%).

The initial probability ) = aM(1) = 2/3 and b = g1 (1) = 1/6.
Corollary 2.2 For initial probability ') = 2/3 and b)) = 1/6,

LG+ _ (@) 4(b(G)>2(@(G) —2) HGH+) _ 2(b(G))2 |
(@ =)@ = 3)’ (0 = D)@ —3)

PY(0,0)=2/3,  PW(0,3) =1/6.
PP(0,0)=6/7, P?(0,3% =1/14.
P®(0,0) =14/15,  P®(0,3%) = 1/30.

PW(0,0)=30/31, PY(0,3%) =1/62.

It is easy to see that a(®) +2b(¢) = 1 for G = 1,2, 3... and b(G+)) =

(&)
2(1+b(G)) "

So limg_e 0@ = 0 and limg_,o, a(® = 1. So the recurrence is also obtained.
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CHAPTER 3

QUANTUM WALKS ON
SIERPINSKI GASKET

3.1 Notation and Definition

For the n* order Sierpinski gasket F(™ embedded in the two-dimensional
plane, it is spanned by |x) = |z1,79) with 0 <y < 2" and 0 < zy, < 27
restricted to be on the gasket. Let H. be the coin space with computational
basis {|e;),0 < i < 5}. So we can define |eg) = [2,0), |e;) = [1,1), |es) =
| —1,1), |es) =|—2,0), les) = | —1,—1), |es) = |1, —1) as in Figure 3.1. But
for each x € F™ only four of these basis vectors are used, so define out(x) to
be the set of these four basis vectors. For a, and by, we can take F(™ as part
of F"1) 50 out(a,) = {ey, e, ey, e5} and out(by,) = {eg, e1, ey, e3}. As for
0, we can extend F™ as following: if we think 0,a,, b, as boundary points
of F( then we call reflection of F™ denoted by F™" with boundary points
0,al,bl, here |al) = | —a,) = | — 2", —2") and |bl) = |2", —2"), see Figure
2.2. Therefore, out(0) = {eg, €1, €4, €5}.

Let HS™ = Span{|x);x € F™ U F®'} be the position subspace.

The state space is defined by H™ = Span{|x) = |x) ® |e;),x € F™W U
F®)' e; € out(x)}. H™ is a subspace of H,&”) ® H,. For simplicity, throughout
this paper, we write the state space as H™ = Span{|x) = |x*),x € F™ U
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FM e; € out(x)}.

r=--r=-- (= TTTTTTTITTIyTTO TS 1
i i | | | |
| | | | | |
| | | | | i
| | ‘ ‘ ‘ |

RSP G S P
N N T |
| ‘ ‘ ‘ ‘ |
i i | | | |
Les | L eq |

ffffffff et ——Q4 1
| | | | | |
| | | | | |
Lé LN\gs |

e it e e B R R
| | | |

| |
|
|

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -1

Figure 3.1: computational basis

Let F(®) = 12 (F™ and F(*®)' = 1% F™' then the state space can be
extended as H™) = Span{|x’),x € F(®) U F(™) e; € out(x)}.

The shift operator S : H(™) — H() is defined by S|x*) = |y?), for
j=k+3 (mod 6), where y = x + €.

| ~1/2 ifi=j
Let G be the 4 x 4 Grover matrix (g;;), where g;; = .
/2 ifi#]
So _ -
-1 1 1 1
1 -1 1 1 1
G=r ,where r = —.
1 1 -1 1 2
1 1 1 -1
Let Gy : H®) — H() be a local operator defined by
Gy(ly") = Z 9ji| X)) 0y, ¥y € F) U F e € out(y).

jwhere e;j€out(y)

Define G = >« Gx. The evolution operator for the quantum random walk is
defined by U = SG. Then U : H®) — H®) is a unitary operator.

Let 1o € H®) and 9); = Uttyy. The sequence {1 }5° is called a quantum
random walk with the initial state ).

Let vy = 3 . cout(x) 2xereureer Yi(X, 1) |x") be the quantum random walk
at time ¢, where 1;(x,1) is the coefficient at |x’). Let p,(x,i) = [thy(x,4)]?
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be the probability that the particle is at state |x') at time ¢, and p,(x) =
D eicout(x) Pt(X, 1) be the probability that the particle is found at state |x) at

time ¢.

3.2 The Path Integral

Our formulation of path integral is described as follows. For the state
space Span{x’,x € F(>) U F(®) e € out(x)}, a path w is defined by w =
(wo, - - ., W), where w; = x*, and ||x;41 —X¢|| = 2 where |[x —y| = |z, —y1| +

|zo — y2|. The length of w is defined by |w| = m. Let Q™ = {w; |w| = m}.

Definition 3.1 (Amplitude function)
Let

—r if |x—y|=2,7=143 (mod 6)
p(x'y) =X r if lx—yll=2,j#i+3 (mod6),y =x+ej=k+3 (mod 6)
0 otherwise

The amplitude function for w € Q™ is defined as

m—1

P(we, Wey1)- (3.1)
=0

Definition 3.2 Let I' C Q™ .Then the amplitude function of a ' is defined by

= U(w). (3.2)

wel

Let Q = UX_ Q™. ForI' € Q with I'™ =T NQ™, we also define

D)= ¥Im).
m=0
For any ¢ € H®) we shall write ¢) = Zeleout Y e roupeer V(X i)]|x%).
Suppose ¥ = [x'), and 1) = U4y, then

wt(ya]) = \I](’LUO = Xi7wt = y])
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Let 7™ = inf{t > L;w, € OF™ U JF™'}, where OF™ U 9F ™ =
{0,a,, by, al,b.}. Define the set of path that start with x* and exit from y7,
where x,y € OF™ UJF™ at time t as {w = (wo, ..., w,m),wy = X', w, =
yi, ™ =t}

The amplitude Green function for quantum random walk is defined by

9" (2)(x,y); = 2 U(wy =x"w, =y, 7 =1). (33)
t=1
The probability that a quantum random walk starts with 0 and exits from y’
is given by
PO (x,y)h =3 [W(wy = x'wy = y7, 7 = 1) (3.4)
t=1
So by Parseval’s theorem,

1

27
PM(x,y)i = > /0 9™ () (x,y)5[*d6. (3.5)

On F® consider the exiting amplitude Green matrix g™ (z) as

0o° ol 0% 0° anO anl an4 an5 bnO bnl bn2 bn3

00/ g (2)(0,0)] . . 9™ (2)(0, bn);

bu? \ g (2)(bn,0); 9™ (2)(ba, bn)j

The matrix g™ (z) contains 12 x 12 entries, with each one defined as in (3.3).
In fact, g™ (2) only requires six variables instead of 12 x 12 ones. The argu-
ment is as follows:

Let 0 (2)(x, y); be the same path amplitude Green function as ¢™(z)(x, y);
without applying the first ratation G. Then ©( (z) has only six different vari-



Figure 3.5: 6" Figure 3.6: 6" Figure 3.7: 6"

ables which are corresponding to the graph from Figure 3.2 to Figure 3.7. The

rest will be one of these six variables by the symmetry of (. For example,

O (2)(an, bn); = O (2)(0,a,); and O)(2)(by, 0)g = O (2)(0, ay),.

0" () = 0)(2)(0,a4),
0 () = ©)(2)(0,a4);
05 () = ©)(2)(0,a,),
0 (2) = 0 (2)(0, an),
08 (z) = ©()(2)(0, 0),

65" (2) = 0 (2)(0,0);



Therefore
01 4 5
ofo 0 6"
1o o o™ o
@(")(z)(O,an) = ! ! )
40 0 o o0
500 0 0 0
and
0 1 4 5
of6™ 6™ 0 0
1l o™ 6™ o o
@(n)<z) <O> 0) = ° ’ (n) (n)
s5\Vo o0 6 o

Notice that g™ (2)(0, an); = [GO™(2)(0, ay)];;, so we have

g™(0,a,) = GO™(2)(0,a,)

0 1 4 5
0of0 0 67— 67— 6y

C11{o o0 68— 68 — ey

C2alo 0 e d e e |
5\0 0 o +0o” o8+ o

and

9"™(0,0) = GO (2)(0,0)

o5 — o ol — o) 6 ol ol + 6y
o) — o8 oy — o o o o + ol
o+ 6 0 ol 6y — 6 gl — o
o5 o o 6 ol — ol o) — oL

o

—_

DN | —
ot o~

21
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Let uy” = 5(6" +65"), us” = 565" + 60"), wg” = 5607 — 6,7), uf” =
%(9&") — o), ulm = %(9&") — 6", and u{" = %(Hé") + 6. We can get all
the blocks of ¢(™(z) with variables ugn)(z) fori=1,...,6 as following:

01 4 5
ofo 0 u WY
(n) (n)
110 0 —u —u
g(n)(07 an) = (n4) (S)
410 0 g Uy
500 0 o™ M
0 1 45
of «” W™ 0 0
(n) (n)
N 1] ws Uy 0 0
9" (an,0) = QIO
41 —uz’ —uy’ 0 0
s\ ul” WM o0 o0
01 2 3
0[0 0 —uf” —ul”
(n) (n)
110 0 wu U
g(n)(ov b,) = ?n) ?n)
410 0 wuy Uy
500 0 o ™
0 1 5
0
(n) _
9" (by,0) =
0
0

w [\} —_ o
ity T
Lo s =
S~ 3 3 3
\3/ ~— ~— ~—
Q' S 2 g
WD N N
W 3 3
3 ~— ~—
o (@) o (@) W~
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0 1 4 5
ofo0 0 o
(n) 110 0 uén) uﬁ”’
9" (b, an) = ),
3\o 0 o
0 1 4 5
0 uf-)n) —uén) ué") ué")
oy |
J5 T N I O RO RN
6 6 5 5
sLa
0 1 4 5
0 ugn) uén) uén) uén)
(n) (n) (n) (n)
g(n)<an7an): 1 Us Us Ug Ug
4 uén) uén) uén) —uén)
5 uén) uén) —ué") ué”)
0 1 2 3
0 uén) —ué") ué") uén)
_,,m (n) (n) (n)
g™ (by, by) = 1 Us Us Ug Ug
! of W™ e e @
6 6 5 5
3 uén) uén) —ué") uén)

As for F(' we can obtain ¢’ by symmetry of ¢™. Our goal is to find g™
(n)

%

iteratively with those six variables

a function of six variables ugn),z’ = 1,...,6 instead of a 12 x 12 matrix. By

;i =1,...,6. Here we can think ¢ as

applying the self-similar property again, we have

Lemma 3.1 ¢tV = g(¢™), for n >0, where g = gV, the amplitude Green

function on FO.

To find g, for convenience of notations we consider the following graph on F()
with vertices relabeled and g(z)(x,y)} = >2,°, 2" ¥ (wy = X, w, =y, 7 = ¢),
where 7() = inf{t > 1;w, € {0,4,5}}.



where
9(1,5) , 9" (1,5)
2.5)| = (n) 2,
9(2,5) Liz = [g™][123 g7
9(3,5) g™ (3,

where
9(1,0) X g™(1,0)
2,0)| = () (2,
( ) Iy — [9(")”1,2,3 (
9(3,0) g™ (3,

For:=0,1,4,5, 5 =4,5,

24

g"™(0,0)% = g(0,0); = g™ (5,5): + [¢"(5,1)g(1,5)]: + [¢"(5,3)g(3,5)]},
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where
9(1,5 , 9™ (1,5)
2,5)| = m)(2,5)| . 3.8
g( ) ]12_[9(,1)”1’273 g ( ) ( )
9(3,5 9™ (3,5)

Let’s first find g™ base on ¢(© by applying the formulas above:

Step 1. Determine u(%.
For F©),
rz

—Trz

rz

o O o o o
o O O O =
o O O O ot

9'(0,0) =

[ N =)

o o o o O
o O o o =
S O O O =
o O O O ot

Comparing with ¢(™(0,a0) and g™ (0,0) with n = 0, we have

(0)

Uy =rz,
uf =0,
uéo) =0,
uflo) =rz,
ugo) =0,
uéo) =0

By the same argument as ¢(™, we do not have to find all nine 4 x 4 block ma-
trices in ¢(®. We just think ¢© = ¢©@@{”, ..., uéo)) as the transition function



on FO,
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Step 2. Extend ¢(® to be a transition function on F(!) by translations. Here

we have [¢(0]|; 53 =

1° 1! 14 15
10 uéo) fuéo) uéo) ué())
1t 7u(50) uéo) uéo) ué())
14 uéo) uéo) uéo) uéo)
1° uéo) uéo) uéo) uéo)
22 0 0 u(30) uio)
23 0 0 ugo) uflo)
20 0 0 uéo) ugo)
2! 0 0 uéo) ugo)
3t | W2 WY o 0
35 | W W0 0
32 [ W WY o0 0
33 \—ul? —ul” o 0

20 21

0 0

0 0

0 0

0 0
uéo) uéo)
uéo) uéo)
u(50) uéo)
uéo) uéo)
“:(),0> UELO)
ué()) uio)
uéo) u<10)
uéo) u<10)

34 35 32 33
0 0 ugo) u&o)
0 0 ug()) uio)
0 0 u(20> ugO)
0 0 ug)) ugO)
u(lo) uéo) 0 0
u(lo) ugo) 0 0
uflo) ugo) 0 0
ufl()) uéo) 0 0
WO 0 @ O
uéO) uéO) uéO) uéO)
uéO) ué{)) uéO) _uéO)
uéO) ué{)) uéO) uéO)

Notice we switch 2°, 2! with 22, 2% and 32, 3% with 3%, 3° for rows and columns.

The reason of doing this is after switching, this matrix has the following block

structure.

AlBlc
CB
Blcola

And so is I — [g\9]]; 23 and its inverse. According to this reordering,

0
0f0
1] o
4] 0
5\ 0

9 (2,5) =
0
4(0
5] 0
2] 0
3\ 0



99(0,2)

99(0,1)

o 0
Pluging in the values of ug ),

9(1,5)

9(3,5)

W N Ot

[ B )

_= O W N

o o o o o o o o o O

o O o o o

ot =~ = O ot =~ = O

o o o o =

o o O O

2 3
uéo) _uflo)
u:(sO) UELO)
ugO) u§0)
uéo) ugo)
01 4

00 uf
00 —ul
00
00 ul”

,uéo) and applying (3.6), we have

rz
_ 2r3z3
147z

2r323
147z +rz

rz

_r22?

147z
2.2 r3z3
rezt 4 1+7rz

2.2 r323
ezt + 14+rz

r222

1+7rz

r2z?

1+rz
2.2 r3z3
Tzt + 147z
2.2 r3z
rz + 1+7rz

r2,2

T 14rz

—_

o O o o O

T222

T 14z
2.2 r323
rezt+ 147z
2.2 r323
Tzt + 147z

r2z2

147z

r222

1+rz
2.2 r3z3
rezt + 147z
2.2 r323
rezt 4+ 147z

T222

T 14rz

rz

2r323
1+rz +rz

2r323

- 1+7rz

rz

27



Then

9(1)(07 al) = 9(07 5) - 9(0)(07 1)9(17 5) + 9(0)(07 2)9(27 5)

Next, we have

99(0,0) =

9" (5,5) =

TSt = = O

Ot = = O

0

o o o O

1

0
0
0
0

28

(3.9)
4 5)
—r323 4 r22? — ﬁ—i 0
P33 252 + ﬁ_rz;* 0
r3z3 4 r22? — % 2r323 + ﬁ—i
r3z3 4 r22? — % 2r323 + 217:;?:
(3.10)
1 4 5)
uéO) uéO) uéO)
ORI
UE‘,O) ugO) ué()) ?
o ORO
1 4 )
_uéO) uéO) uéO)
ORI )
ué()) uéO) _ué()) ’
uéO) uéO) ugO)
0 1 4 5
u§°> u§°) 0 O
uéo) ugo) 0 0
uéo) uflo) 00|
uéo) uflo) 0 0



Pluging in the values of u; /, ...

9(1,0)

9(2,0)

ot =~ = O

_ O W N

o O O O ot

(0)

r222

1+rz

2.2 r323

rz -+>1+rz

2,2 4 123

rz -+-1+rz
r222

T 14rz

rz
233
1+rz

2r3z3
147z +rz

rz

1 4
uéo) 0
ugo) 0
ugo) 0
ugo) 0
Ouxa,

1 4
u§°) 0
u§°) 0

uflo) 0
uflo) 0
2 3

ug()) uéo)
ugo) uéo)
ué(f)) u:(SO)
UQO) _uéO)

rz
_2r328
1+rz‘+>rz
__2r3z3
14+rz

rz

r2z2?

__]:%rz
2.2 r323
rz -+-1+rz
2.2 r323
Tz <+-1+TZ

,,,22:2

1+rz

o O O O =~

o O o O e~

|
J
]7

,uéo) then applying (3.7) and (3.8), we have

o O O O ot

o O o O ot

29



4
5
9(3,0) =
2
3
Therefore
9"(0,0) = 4(0,0)
0
4_4
0 [ m234+r222 4+ 3;:_752
_ 1| —r323 — 222 — 311:;1::
4 323 —p222 {jjj:
5 323 — 222 — {i{i

0 1 4
_r22? r222 0
1+rz 1+rz
2.2 r323 2.2 r323
Tzt + 1+rz Tzt + 1+7rz O
2.2 r323 2.2 r323
rezt+ 1+rz reet + 14+rz 0
252 22 0
147z 147z
1 4
3.3 2 2 _ 3rizt 3.3 2.2
—rz—rz—lz_fz rozd —rfze —
.4 _4
r3z3+r2z2+5f+fz P33 L p2,2
3,3 _ 2.2 424 3.3 .22
rz—'rz—ﬁ_zm roz° +reze 4+
3,3 2. 2 izt 3,3 2,2
rozd —riz® — 2 —r9z3 —rlz% —

30

5)
0
0
0
0
(3.11)
5
e et ===
et =
317::7;; 323 2,2 ?inf:
e R A v
(3.12)

Comparing the pattern of ¢ (0, a,) and ¢ (0, 0) with (3.10) and (3.12),

we obtain the following theorem.

Theorem 3.1 Given initial u§0)

0, uéo) =0, we have

ugl)(z) =323 41222 —

rd 4

14rz’

3rdzt
14rz’

3rizt

uV (z) = 27323 + Zl’f—fj,
uf(z) =0,

ufll)(z) = 323 4222 —
uM(z) = 1323 + 1222 4

3.3

and uél)(z) =1’z

—Trez

1+rz’

2 _ rizt
1+rz"

= TZ,Uy

(0) 0)

= O,ug3

= 0,uy

(0) (0)

= Tz, u;
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0

o O O O
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W

o o o O

o o o o o

o

BT o o o

El,_. Bl»—t = 0ol

o o o O

o o o O

(@4

By (3.5), we can have the exit probabilities

31

4 5!
g ()P Juy ()P
(1) io\|2 1)/ 6|2
U e U e
e R
g () Juy ()]
1 i 1 i
i (@) Juy ()2
4 5)
. 29
5—}5—14]100050 0
. 29
5_?_1;0030 0 do
1 1+4cosf 1 14cosf
2 5+4cosf 2 5+4cosf
1 1+4cosf 1 1+cosf
2 5+4 cosf 2 544 cos
)
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and

D
s
[N} [a\] [a\] N
~—~ ~—~ —~ —
ey ey Ny ey
e ~ e )
\S) \S) \S) \8}
N— N— ~— N~—
— — — —
Zo Zo T Zin
3 3 3 3
[N} [a\] [a\] [N}
e e e
> > e D
e e ~ )
8] \S) \S) \8}
— S~— S~— S~—
— — — —
Zo Zo T Zin
3 3 3 3
[N} [a\] [a\] [N}
7 N 7 N — 7~ ~
=) =) =) =)
= = = =
\S) \S) NS \8}
~— ~— N— N—
— — — —
— — — —
T T To To
3 3 3 3
[N} N [a\] [N}
— —~ — —
=) =) =) =)
= = = =
\B) 8] 8] (\S)
N— N— N— N~—
— — — —
— — — —
—D D O — O
3 3 3 3
@] — <t 0
[
[a\]
A
i W
_2
~—~
o=
(=]
S~—
—~
—
[

do

> S
7} 9}
2 |2 ~|8 &8
Q Q
— QO —~|© m4 MA..
< < Mm mm
+ +
0 0 | |
I I
=< I
> >
2] [72]
> > Do Do
92} n N o N [}
3 S Elv &l+
+ +
I I
It I
> >
SESE BB
< EH< |88
a4 A+ < <
© e + +
_ _ 0 0
It <
I I
RS RS
w0 w0
e~ 12 %
Elv Ey 48 I8
A4 @A < <
o o + +
_ _ 0 0
I I
It I
@] — <# o)

1 27
)

=Y HY —l i
=Y HY o o
o o [T~
=0 o (T~
o —~H < 1o

|0%), then distribution of 71 is as follows.

Suppose 1

---A

Figure 3.10: probability distribu-

tion of 7 on FO y O’

Figure 3.9: amplitude distribution

of 71 on FM y FO
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RN YRR
P 10.01834N010186
AR a /KNG
N ANVA 0156
. 01%3:,3:
L OISO T sy
BRE AV SREE
0.0455 T
T 455,
?1/2 A

Figure3 11: amplitude distribution Figure 3.12: probability distribu-
of 7@ on F@ yu F®’ tion of 7 on F® u F®'

For u®, just use the same recursive formula by plugging u(!) instead of
1 we have
uf) (2) = —(2%(227 4+ 328 + 627 + 625 + 72° + 821 + 623 + 422)) /(2(42 — 4210 +
1529 — 2328 + 3327 — 502° + 562° — 662 4 5223 — 6422 + 162 — 32)),
ug)(z) = —(2%(32% + 627 + 1025 + 112° + 82* + 42%)) /(2(42" — 4210 4 1529 —
2328 4+ 3327 — 5025 + 562° — 662* + 5223 — 6422 4+ 162 — 32)),
u:(f) (2) = —(2%(327 + 220 + 25 — 220 — 423)) /(2(4210 +42° + 1928 + 727 4 3620 +
425 4 542 +122% + 6422 4+ 162 + 32)),
U (2) = —(22(228 + 27 + 425 + 25 — 224 — 223 — 422)) /(2(4210 4+ 42° + 1928 +
72T+ 3625 + 42° 4+ 542" + 1223 + 6422 + 162 + 32)),
U (2) = (8212 4+ 4211 4 28210 4 2% 4+ 4528 + 227 + 6025 + 202° + 5224 + 1623 +
1622)/(2(4210 + 429 +1928 + 7274 3625 + 42° + 542* + 122° + 6422 + 162 + 32)),
and ul”(z) = (=821 + 4212 — 24211 4 29210 — 3929 4 6128 — 5827 + 6425 —
522° + 4424 — 1623 4+ 1622) /(2(421 — 4210 + 1529 — 2328 + 3327 — 502° + 5625 —
662" + 5223 — 6422 4+ 162 — 32)).

The corresponding exit probabilities are:

L2 ) (e9)[2d6 = 0.0455,

0

L2 ) (e9)[2d6 = 0.0503,

0
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% 0277 |u§1)(ei0)|2d9 _ 0.0486,

L2 (i) 2dh = 0.0183,

L2 u) () |2d6 = 0.1831,

L 20 (e)2d = 0.1542.

In general, we can find a function T : C® — C°,

(ugn—i-l), ugn-&-l)’ U,én—i_l), uin+l)7 uén-i—l)’ uén+l)) _ T(ug )’ ugn)7 Ué )’ UE; )7 Ué )7 ué )).

Equation (3.6) can be generalized on F"+1)

as
uf" = [(0,1)g(1, 5)]8 + [¢(0,2)9(2,5))}
= u{"g(1,5)3 + uf"g(1,5)] — ufVg(2,5)} — u”g(2,5)2

= u"(g(1,5)} — 9(2,5)%) +u§” (9(1,5) — 9(2,5)?)

ul"™ = [g™(0,1)g(1,5)] + [¢(0,2)g(2, 5)]!
= u$g(1,5)} + ufg(1,5)5 — u{Vg(2,5)3 — ui"g(2,5)?

= u"(g(1,5)1 — 9(2,5)3) +u§" (9(1,5)] — 9(2.5)3)

uf™ = ™ (0,0)0 + [¢™(0,1)g(1,0)]3 + [¢ (0,2)g(2,0)]7
= uf” +uf” (1,003 + u§"g(1, 0)5 — uf”g(2,0)F — ui”g(2,0)3
= ug” + i (9(1,0)5 — 9(2,0)) + us” (9(1,0)F — 9(2,0)5)

Similarly, on F(**D" we have

™t = [g"(0,1)9(1, )9 + [¢(0,2)9(2', )]
= 0" g(1, )} + uy"g(1, 5] + u)"g(2,5)} + uyg(2, 5)}
= (g1, 5 + 92, 5)7) + " (91, 5)] + 9(2,5)})
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us™™ = [¢™(0,1")g(1', 5] + [¢™(0,2")g(2', 5)]

= uMg(1',5)} +uy”g(1,5) + uVg(2',5")2 + uig(2',5)3

= u{"(g(1, 5" + g(2,5)2) + uy” (g(1', 5) + g(2',5')3)

ud™™ = ¢™(0,0)9 + [¢™(0,1)g(1",0)]3 + [¢(0,2')9(2', 0]}

= u{” + uMg(1",0)} + ulg(1,0)9 + M g(2',0)% + uig(2', 0)3

= ul" +u{(g(1,0) + g(2',0)2) + u$ (g(1',0)S + g(2',0)%)

Substituting z by €, we have

g™ () + uy™ () + Jug” () = 5. (3.13)
g ()2 o i () + Ju™ () = 5. (3.14)

Also we have the limiting behavior as follows.

1 27 " ]
hmwwmm:%ﬁ|%%W%:0

n—o0

1 27 )
1mpwg%w-—/|wwﬂmkw
0

n—00 0 o2

1 21 )
1mﬂ%m&=—/|ﬂ%mwzo
0

n— 00 2

n—00 2

1 21 ]
1mﬂwm&:—/|wWWwﬂ1
0

1 21 )
muWQWZ%/|WWWw=
0

n—oo

n—oo

= =

1 27 ]
mmMQMZT/\wWWw:
T Jo

In summary, these results show the following theorem.

Theorem 3.2 The quantum random walk on Sierpinshi gasket is recurrent.
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3.3 hitting time

Let O(F™ U F™") := {a,, by, a,, b/} and T = inf{t > 1;w, € O(F™ U
F™)} be the first-passage time taken to exit F(™ U F™)" at the four vertices.

The corresponding amplitude Green function for quantum random walk is

defined by
g () y) =D W (we = X wy =y, T = 1), (3.15)

The probability that a quantum random walk starts with 0° and exits from y’

is given by
= Z U (wo = x*, wy =y, T = 1)) (3.16)

In this section, we shall use the result of amplitude Green functions ul(") in

previous section to find the expection of first-passage time (T™) given wy =
0.

BTy = Y S S0y ) = 0

yea(F()uF(n))ej€out(y) t=1

- Z Z Zt|‘1’(w0 :Oi,wt :yj7T(") :t)‘2

yea(F(n)uF(n)')ejcout(y) t=1

Z Z / Zelett\ll(wo = 04w =yl , T =) Ze‘wtlll(wg = 0% wy

yea(F(n)uF(")/)eJEOut(y) —

> L / 0 (€9)(0, )i [s=0)g™ (=) (0, y)'db.

yea(F()up () )eJEOut(y)

So we have the following formula for expection of hitting time

B(T™) = S Z / (095 (19)(0,3): s=0)g\ " (e=)(0,y)ids.  (3.17)

yEB(F(”)UF(“)/) e; Cout(y

Given ugn) fori =1,...,6, we will first compute the matrix g( +1)( )(0,5).

Then the Green function from 0 to other vertices can be obtained by symmetry.

y] T(") = t)



Figure 3.13: relable of vertices on F U F(1)'

Consider the relabled figure agian as Figure 3.13, we have

1

Los — [ (2)]lo12.3,17,2.3

37

. (3.18)

where [ggn)(z)]\07172,371/,2/73/ is the transition matrix in terms of ugn), for 1 =

1,...,6.

For n = 0, by solving the above equation, we obtain

0 1
00 O
110 O
(1)
g, (2)(0,5) =
1(2)(0,5) Ao o
5\0 0

4 5
22(2242—2) 25
2(23—22-4)  2(23-22-4)
22(22—2+42) 25
2(23—22—-4)  2(23-22—4)

—22(242) —23(242)
2(23—22-4)  2(23-22-4)
—22(242) —23(242)
2(z3—22—-4)  2(z3-22-4)

(3.19)

If we start wy = 0°, then each exit Green amplitude function can be ob-

tained from above matirx (3.17). For example g%l)

(2)(0,4)3 = g1"

(2)(0,5); =
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Figure 3.14: distribution of 7" on Figure 3.15: distribution of £(T™)
FOUFY with wy = 0° on FU U FW' with wy = 0°

22(22—2+42 1 1 —22 (242
M and 95 )(z)(07 5)) = gg )(Z)(074)3 = 2(237(z2+721)'

So by Parseval’s theorem again,

n i L [* i i
POy = 5 [ 1) v o,
™ Jo
we have
01 4 5
17 19
0f0 0 L o
1o o & 19
PV (2)(0,5) = S (3.20)
410 0 15 056
91 91
5\0 0 5 1o%6

. _ 2173
Using (3.17), we have E(TW") = 233,
One notices that unlike 7(Y if we sum the exit probablities for T, we

have Py (T < oo) = 29 < 1. So we obtain

2173
E(TW|TY < 0) = o = 312t

3.4 Uniform Coin Operator

When the coin operator is uniform, then U is no longer a unitary operator
and in this case, the quantum random walk becomes the classical random

walk. The amplitude function becomes the transition probability. The result



coincides with the classical one obtained in Section 2.1. Let

— = =
— = =
— = =
— = = =
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1
where r = 7 Here O™ (2) is the same as in Section 3.2. The amplitude Green

function before the first rotation. So in this case,

and

o

—_

|
ot e~

1 4 5 0 1
0 65 o ofo o o
0 6" oM 110 0
0 0 0 440 0
0 0 0 5\0 0
0 1 4 5
o 6 0 o
o 6" 0 0
o o o o
0o o0 6" ¢
0 1 4

05" + 05"
05" + 0"
05" + 0"
05" + 6"

o) ol ol oY
o) 6 ol gl
o) ol ol + ol
o) ol ol oY

4
+05 0%
05" + 01"
o + 05
o + 65"

5
05" + 0"
05" + 05"
05" + 05"
05" + 05"

(n)
05" + 05"
05" + 05"
65" + 6"

By replacing ugn) = }1(9@ +9§n)), ué") — i(@é”) +0in)), u:(,)") = }l(Qén) +0én)), SO

each iteration we only have three variables compared with six in the quantuam

case.



10 1! 14 15 22 23 20

1! ugo) ugo) uéo) uéo) ugo) ugo) 0
14 ugo) ugo) uéo) ugo) ugo) ugo) 0
15 uéo) uéo) uéo) ugo) ugo) ugo) 0
22 0 0 ugo) ugo) ugo) ugo) ugo)
[g(O)] 128 = 2’ 0 0 ugO) ug()) ug()) ugO) ugO)
20 0 0 ugo) ugo) ugo) ugo) ugo)
21 0 0 ugo) ugo) ugo) ugo) ugo)

3| W 0o 0o 0o 0 4
32 W W 0 0o 0o o0 W
B\ WP 0 0o 0o 0o wW?

21

It follows from the same procedure as in Section 3.2, for F©)

0 1
0(0 O
1{0 O

g(O) (OaaO) =
410 O
5\0 0
0 1
0/0 O
110 O

9"%(0,0) =
410 0
5\0 0

SO u§°) =1z, uéo) =0, ugo) = 0.

4

rz

rz

rz

S O O O =~

o O O O ot

)
0
0
0
0

g1(0,a;) = ¢(0,1)g(1,5) + ¢ (0,2)g(2,5),

where
g(1,5)
1

2,9) =
) Iy — [9(0)]|1,2,3
5)

40

(3.21)

(3.22)

(3.23)



and

99(0,1) =

99(0,2) =

99 (1,5) =

99(3,5) =

Ot =~ = O St =~ = O

Tt =~ = O

W N Ot

o o o o o

o o o o o

o O O O

o o o o O
o o o o =

o O O O

o O o o =
[ R s

o o o o O
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(3.24)

(3.25)

(3.26)

(3.27)



Plug in the values of u§0) , ugo), uéo), we have

0 1 4 )

22 23
00 0 - 2(22422—8)  4(2242z-8)

22 23
g(l)(O a;) = 1100 _2(22+§z—8) _4(z2+§z—8)
410 0 — 2(z2j2z78) B 4(22j2278)

22 23
5\0 0 T 2(22422-8)  4(22+22-8)

Similarly, for ¢ = 0,1,4,5, 7 =0, 1,

g(l)(ov O); = g(O)(O’ O); + [g(O)(O’ 1)9(17 O)]; + [9(0)(07 2)9(27 O)E,

where
9(1,0) : 99(1,0)
2.0)| = ©)(2,
g( ) Iy — [9(0)]‘1,2,3
9(3,0 g (3,

where
0 1 45
0fu) u” 0 0
©) , (0)
(0)<1 0) = 1| uy” w3y’ 0 0
g il 4@ O !
uy’ w0 0
s\l W 0 o0
0 1 45
2 uﬁ‘” ugo) 0 0
©) ()
(0)(2 0) = 31wy’ uy,” 0 0
7S ol wo o ’
uy uy 00
1 ugo) ugo) 0 0

42

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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01 4 5
40 0 0 O
510 0 0 O
9" (3,0) = :
210 0 0 O
3\0 0 0 O
0 1 4 5
0 uéo) uéo) ug()) ugo)
1| 2@ Lo Lo 0
(0) . 3 3 3 3
9"7(0,0) = : (3.33)
4 ugo) uéo) ugo) uéo)
5) ugo) ugo) ugo) uéo)
0 1 4 5
0fu W% 0 o
1« «” 0 o
PTGV , (3.34)
2l uy” w0 0
3\u? W 0 o0
4 5 2 3
2(0 0 ugo) ugo)
0 (0
310 0 wu U
99(5,3) = o o (3.35)
410 0wy’ wy
500 0 wul® Y
Plug in the values of u§0) , ugo), ugo), we have
0 1 4 5
0/f — 22 . 22 . 22 . 22
2(22+422—8) 2(22422—8) 2(22422—8) 2(22+422—8)
Z2 2’2 22 Z2
g(l)(0,0) _ 1 _2(z2—232—8) _2(;;2—‘;32'—8) _2(22-1;32—8) _2(z2—232—8)
4 T 2(z2422-8)  2(2242z—8)  2(2242z-8)  2(22+2z-8)
Z2 22 22 Z2
5 T 2(22422-8)  2(22422-8)  2(22422—8)  2(22+22-8)
1 22 0 23 0 22
So Ug) = _2(z2+22—8)’ug) = _4(22+2z—8)’uf(3) = “3riay et 2 =1, we

have the transition probability
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01 4 5 0 1 4 5
0f0 O 0.1 0.05 0/01 0.1 0.1 0.1
110 0 0.1 0.05 11 0.1 0.1 0.1 0.1
7(0,a,) = , ¥(0,0) =
410 0 0.1 0.05 41 0.1 0.1 0.1 0.1
5\0 0 0.1 0.05 5\01 0.1 0.1 0.1

We iterate the above calculation by pluging u(") instead of u(® into (3.21)-

(3.35) to obtain u(®.
01 4 D 0 1 4 )

0/0 0 0.05 0.04 0016 0.16 0.16 0.16
110 0 0.05 0.04 11 0.16 0.16 0.16 0.16
7(0,a,) = , ¥(0,0) =
410 0 0.05 0.04 41 0.16 0.16 0.16 0.16
5\0 0 0.05 0.04 5\0.16 0.16 0.16 0.16
0 1 4 5 0 1 4 5
0/0 0 0.028 0.026 0/ 0.196 0.196 0.196 0.196
110 0 0.028 0.026 11 0.196 0.196 0.196 0.196
\11(3)<0,3_1) = ) @(3)<070> =
410 0 0.028 0.026 41 0.196 0.196 0.196 0.196
5\0 0 0.028 0.026 5\ 0.196 0.196 0.196 0.196

Suming each row, we get the probability the same as the classical case.

In general, we have a map T : R® — R3,

(ugnJrl)’ ugn+1)7 ui(})nJrl)) _ T(ugn)’ ugn)’ uén))

where
WD 7y () ) )
7(u(1n)+u;n) )(2(u(2n))2+2ugn)uén)+ugn) 74ugn)u(n))

- (2('u(1n))2+4u(1n>ugn)74u§n)uén)+u§n)+2(u(1n))274ugn)uén)+ugn>716('ué77’))2+8'ué")—1)‘
u;n+1) _ T2(u(1n) ; u;n) ; uérz))
B I O T COTC IO CON (O I (O CO I CON

- (2(1ugn))2+4ug")u(2n)7411.(1”)uén)+ugn)+2(u§n))274ugn)u§n)+u(2n>716(u:(3n))2+8u§")71)‘
ugn+ ) _ Ta(u(ln)’ugn)’u(n))

_ G(ugn))Qu(sn) _ (uin))g +12u(1n)uén)ugn) _ngn)u;n) _4u(1n) (u(sn))z +u§n)u:(sn) +6(uén))2u(3n) _ (u(Qn))z _4u(2n) (u:(in))z
+ugn)ugn) — 16(ugn>)3 + 8(':1,:(371))2 — ugn>/(2(u(ln))2 + 4u§”)ugn) — 4u§n)uén) + ugn) + 2(u(1”) )2 — 4u;n)uén) + uén) —

16u{™)? +8u{ —1). We have thus obtained

Theorem 3.3 For initial probability distribution U§0)|z:1 = i, u(20)|z:1 = O,u§0)|z:1 =

0, we have

n n n 1
Ug )lz:I +Ug )|z:1 + ué )|z:1 - Zl
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Moreover
WY = 0402+ 0208 |y, Y = 0200 |y + 040l
ul™ L = 0.1+ 0.6ul"]..

Corollary 3.1 lim,_, ugn)lzzl = ugn)lzzl =0 and lim,_ ué”)\

Figure 3.16: Green function and probability distribution of 7 on F(M U F(

Also for the uniform coin operator, let’s retrieve the hitting time as in
Section 3.3. Let T = inf{t > 1w, € A(F™ u FMW)} 9(F®™ U FM') .=
{a,, by, al, b’} be the first-passage time taken to exit F(™ U F™ at the four

n

vertices.
The corresponding amplitude Green function for quantum random walk is

defined by

The probability that a quantum random walk starts with 0 and exits from y’

is given by

o
PM(0,y)) = W(w =x",w =y, T =1).
t=1
(n)

In this section, we shall use the result of Green functions w; ’ in previous
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section to find the expection of first-passage time E(T™) given wy = 0°.

B(T™) = 3 > itpl(m((), y, T =1t)}

yeB(F(")UF(”y) e;Cout(y) t=1

Z Z it\lf(wozoi,wt:yj,T:t)

yea(F()uF(n)')ej€out(y) t=1

>, ST (029 (2)(0,y)i]:1)

yed(F(m)uF(n)')e;€out(y)

Figure 3.17: relable of vertices on FM u F'

Given u§”> for i = 1,2, 3, let’s first compute the matrix gi”“)(z)(o, 5).

3" (2)(0,5) [ (2)(0,5)

g (2)(1,5) 9" (2)(1,5)

gV (2)(2,5) 9" (2)(2,5)

(1 (,)(3,5) | = . (2)(3,5)| . (336)

9 1 ’ Los — (g1 (2)]lo12,3.1 23 n 7

gV (=), 5) ST g ) (1, 5)

g (2)(2',5) 9" (2)(2',5)

g (2)(3,5)] 0 (2)(3',5)

where [¢\"(2)]]0.1.2.3.17.2 3 is the transition matrix in terms of u\™ fori = 1,2, 3.
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Figure 3.18: distribution of 7" on Figure 3.19: distribution of E(T™)
FOUFY with wy = 0° on FU U FW' with wy = 0°

For n = 0, by solving the above equation, we obtain

0 1 4 5)
22 23
00 0 T 2(322422-8)  4(322+422-8)
22 23
951)(2)(0,5): Lo 0 _2(322+22z78) _4(3z2+32z78)
4100 _2(3z2i2z—8) _4(322—Zl—2z—8)
22 23
5\0 0 T 2(322422—8)  4(32242z-8)

Since this is classical random walk, each vertex has the same hitting prob-

ability by letting z = 1.

01 4 5
ofo 0o & &
1o o & &

P(2)(0,5) = oo
410 0 + &
500 0 ¢ 1

Unlike quantum random walk, if we sum the exit probablities for 7', then
P (T < o) = 1. By taking derivative of g§1)(z)(0,5) and pluging z = 1,
we have E(T(M) = 5 agreeing Theorem 2.2. Therefore we have obtained
the hitting probability and expected hitting time from each direction, which

generalize Theorem 2.1 and Theorem 2.2.
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CHAPTER 4

QUANTUM WALKS ON THE
CANTOR SET

4.1 Notation and Definition

The Cantor Graph is introduced in Section 2.2. For generation G, we can
think of it as two generation G-1 connected by a removed (void) set of the same
length. Let H;G) be the position subspace spanned by |z) with x in the site of
the lattice while HISG), denote its reflection about the origion, and H. be the
coin space with computational basis {|1),]2),]3),]4)}. But for each x in the
lattice only two of these basis are used, so define out(z) to be the set of these
two basis. If a site x belongs to the Cantor set C, then out(x) = {|1),|2)}; if a
site belongs to the void set C, then out(x) = {|3),]4)}. In the above definition,
we can think of |1) and |3) as the positive directions (to the right), while |2)
and |4) as the negative directions (to the left).

The state space is defined by H@ = Span{|a’),z € HY U H,()G)/,i €
out(x)}.

Let H,SOO) = UOGO:1H,§G) and HZS‘”)' = UOGO:1H,(;G)/, then the state space can
be extended as H(™®) = Span{|z'),r € H UHS i e out(z)}.

The shift operator S : H®) — H(*) is defined by S|z*) = |37), where
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Forz,ye C,ifk=1,theny=x+1land j=1. [f k=2, theny =2z —1
and j = 2.

Forx,yeé,ifk:3,theny:x+1 and 7 =3. If k =4, theny =2x—1
and j = 4.

ForzeC,yeC,ifk=1theny=x+1and j =3. If k = 2, then
y=z—1and j = 4.

ForzeC,yeC,ifk=3theny=x+1and j =1. If k = 4, then
y=x—1and j=2.

The coin operator A : H. — H. is a unitary operator,

r r 00
—-r 0 0
s r r |
0O 0 10
0O 0 01

where r = —.

V2

Then the evolution operator for the quantum random walk is defined by

U=5(I,®A), where I, denotes the identity operator on H;“) U Héoo)/.
Proposition 4.1 The evolution operator U is unitary.

Proof 4.1 U is unitary by directly checking that (U, U¢) = (¢, ), for ¢

and ¢ i Cantor or void sets.

Let 1o € H®) and ¢, = Ut1yy. The sequence {1 }5° is called a quantum
random walk with the initial state ).

Let ¥ = 3 icour(a) 2o Ve(, i)|z%) be the quantum random walk at time ¢,
where v (z,1) is the coefficient at |2%). Let py(x,4) = |[¢¢(,4)]* be the proba-
bility that the particle is at state [27) at time ¢, and pi(z) = 37, Pe(,9)
be the probability that the particle is found at state |z) at time ¢.
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4.2 The Path Integral

Our formulation of path integral is described as Section 3.2. For the state
space Span{x’,x € H;OO) U HZE"")',@' € out(x)}, a path w is defined by w =
(wo, . .., Wy,), where w; = 2 and |z111 — 24| = 1. The length of w is defined
by |w| = m. Let Q™ = {w;|w| = m}.

Definition 4.1 (Amplitude function) Let

—r ifzeClr—yl=1i=2and j=2 or 4.
r ifeeClze—y|l=1i=1lori=2,7=1o0r 3.

p(a',y’) = . o .
ifeeCy=a+1 fori=3,7=30r1.Ory=xz—1fori=4,j=4o0r j=2.

0 otherwise.

The amplitude function for w € Q™ is defined as

m—1

Cb Wy, wt+1 (4-1)
t=0

Definition 4.2 Let I' C Q™ .Then the amplitude function of a I' is defined by

= U(w). (4.2)

wel

Let Q = Ux_ Q™. ForI' € Q with I'™ =T'NQ™, we also define
D) => wIm).
m=0

For any ¢ € H™), we shall write ¢ = Zi@ut(x) >, w(x,4)]a’). Suppose
= |2%), and v, = U1}y, then

@Dt(yaj) = ‘If(wo = xi,wt = ?Jj)

Let 7@ = inf{t > 1;w, € 0OH\ UOHD"}, 0HS UOH? = {-3¢, 0,351,
Define the set of path that start with zi and exit from 3, where z,y € OH,"
at time ¢ as {w = (wo, ..., w,),wy = 2, w, = y?, 7@ = t}.

The amplitude Green function for quantum random walk is defined by

f(G)(z)(x,y)z- = Z 2wy = 01w, =97, 7D =1). (4.3)

t=1



ol

The probability that a quantum random walk starts with z¢ and exits from 3’

is given by
PO (z,y)s = [T(wy = ', wy =3/, 7D = 1), (4.4)
t=1
1 27 o )
7 112
“ o ), [ ) (@, y)j2db. (4.5)

On H, ISG) , consider

0! 0?
L[ #G)(, I (c)Ye !
ﬂ@gxam::%<fc<>mmg fG()wﬁE>’
0\ FO)(0,0 f()(0,0),
(39! (32

1 @) (5 N I(c) )0 ay!
ﬂ@@mﬂ%:0<f (2)(0,3%), f()&3b>

02\ f9(2)(0,3%);  fD(2)(0,3%),
By the definition of the amplitude function, (& (2)(0, 3G); = (@ (2)(0, 3G)§ =
0, since it can only first arrive at 3¢ with type 1. Also by symmetry f(&)(2)(0, O); =
FOE)(0,0)5 = FO(2)(0,0), = —fO(=)(0,0)7, fD()(0,39), = fD(2)(0,37)].
Let u{”)(z) = £(©(2)(0,0); and u{?(z) = £(©(2)(0,3);, then

0t 0?
0t [ ui?(z)  u?(2)
F9(2)(0,0) = 02<_U§G)<2) @ | (4.6)
(39) (39
@, e _ o' (ul?(z) 0
f1(2)(0,3%) Oz(ugg) 5 0 ) (4.7)

Now let’s solve ugG),i = 1, 2 iteratively.

Let’s start with the initial step on H,gl) as below, see Figure 4.1. The Green
amplitude function for H,(,l)/ is the same as for H,(,l) if wy = 0!, and the Green
amplitude function for H,Sl)l is negative of the Green amplitude function for
HEY if wy = 02,

f(l)(oa O); = [f(o)(07 1)f(1)<1’ O)]é: (4'8)
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Figure 4.1: HS)

F(0,3) = f(0,1) f(1,3), (4.9)
where
fO0] 1 Ol (o)) 1 FO(1,3)
0] L=UOlhe [fO0] [fOe3)] L-FOhe [f023)]
And
1 2 1 2
1/0 0 rz 0
21 0 0 0
F D)2 = =
110 rz 0 0
2\0 —rz 0 O
1 2
10 1rz
FOMo) 2[00 —rz
102, 0) 1o o [
2\0 0
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1
=
=
—_
w0
N—
—
Il

N = N =
o

o O O O N

So we get

ZT—Z zZT—Z

1 A2 A2
00.0) = 2< )

1 2

1 =2 0
f(1)<0 3) = 2(2-2)
Y 7\/523

2 2(22-2) 0

(1) _ 24-22
1=

>, and

Then by comparing (4.6) and (4.7) with n = 1, we have u

(1) _ =228
U™ = 529y

Since HISGH) is obtained by connecting two Hng) by the void set of the
same length, assuming we know f(“)(2)(0,0) and f(©)(2)(0,3%), consider the
following graph on HI(,GH) with sites relabeled where A = 3¢, B =2x 3%, C =
3G+y




Figure 4.2: relabel of H;()GH)

FE0,0)5 = 190,005 + [£90, A) f (A, 0)]5,
FE0,0) = f190,A) f9D(4, 0),

where

FEA,0)] 1 [ /©)(4,0)
FE(B,0)| T L [fE)]|up F9(B,0)]

femae] 1 [f9uo)
7 B,0))  L- s [fo(B,0)]

1 2 1 2

I ART 0 rzB9 0

2| —ul® 0 rzG9 0

[f(G+1)]|A,B =

54

(4.10)

(4.11)
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Also,
1 2
el
1{0 u©
FOU0] _2fo —u?
F(B,0 1o o |
2\ 0 0
1 2
1{ 0 0
fA,0) 21 000
fOB.o)) 1w’ o
2 uéG) 0
And
1 2
(G) (G)
Uy Uy
F19(0,0) = :
2 —ugG) ugG)
1 2
(@)
f(G)(O A) = 1 uy 0
’ 2 ugG) 0
So we get
1 2
1 2u§G)(u§G)+z2X3G—2ugG>z2X3G—1)
(G+1) - 4u(G)+z2X3G+4(u(G))2z2X3G—2(u(G))2—4u(G>22><3G—2
e = | oo 7

4ugG> +22x36 +4(u§G) )222%x39 —2(ugc) )2—4ugG>22 x3¢ _g

1 2
1 —vaul? 25
G
f(G+1)(A C) _ 4ugG)+z2X3G+4(u§G))2z2XgG—Q(UEG))2—4US ),2x3C _9
’ 9 ﬁugG>z3 (2u§G)—1) 0

4U§G)+z2><3c +4(u<1G))222><3G —2(u5G))2—4ugG>z2X3G —2

Therefore by (4.10) and (4.11), we have
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&+ 0,0) =

1 2

[ wo y (uéG))z(ngG)Jrhzst —2u(6),2x39 _y) (uéG))2<2u(1G)+222><SG —au(©),2x3% _y)

(@)
4ugG)+22X3G+4(u§G))222X3G72(u§G))274u5G)22X3G72 o 4u§c)+22><3c+4(u(lc))222X3G 72(ugc))274ugc>22><?’c72

N (uéG))z(ZHgG)Jrhzst,4u(1G)22><3G _2) (ugG))2(2u§G)+222><3G —au(@)2x39
1

(@)
w +
4ugc)+22x3c+4(u(lc))222><3c72(u(1c:))274ugc)22><3c72 1 4,ugc)+22x30+4(ugc))222><3c ,2(ugc>)2,4ugc)22x3G,2

1 2
,ﬁ(ugG))zzSG

4“&G)+zzx3G +4(,‘,§G>)2zzx3G _2(1L§G))2_47"(1G>Z2><3G _o
,\/g(ugc))zzsc

4u§G)+z2><3G +4(U§G))2z2><3G ,z(ugG)p,‘mgG)zstG o

1
f(G+1) (0, 3(G+1)) —
2

0

0

So we have iteration as below:

G e}
WG _ (@) (uS)2 (20D 1222537 gD ;2337 _g)
1 1 4u(1G)+22><3G +4(u§c))2z2><3c 72(ugc))274u5G)z2><3G -2’
u(G—f—l) . ,\/g(uéc))zz:sc
2

o 4u5G)+z2X3G +4(U§G))2z2><3c 72(u§G))274u5G)z2><3G —2°

With initial condition u{" = 272 and u = %, z=c¢"fort € [0, 2n]:
i) When ¢ = 0, «\”(1) = 0,us? (1) = L2, for G =1,2,3....
i) When ¢ = 7,u{? (1) = 0,uf” (~1) = =¥, for G = 1,2,3....
iii) [l ()] + [ul (eit))? = T for G=0,1,2,.. and t € [0, 27].

Now let’s compare the quantum results with Corollary 2.2.

For G =1, uf" = 25, and uy) = 5%, so

—
N}
—_
[\

11 1oy
PY0,0)= (% ), PY03)= {7
o\1 1 1
3 3 6
For G = 2,
u(2) o —421041021-1221249210-92841226 10244422
1 42141221241 17210 _142841226-1624+1622—-8
w2 = —v/22°
2 7T 8214-24212434210 282842426 32244322216
1 2 1 2
1/ 0.3809 0.3809 1/0.1191 O
P®(0,0) = . PP(0,3%) =
2\ 0.3809 0.3809 2\0.1191 0



1 2 1 2

1(0.4222 0.4222 1(0.0778 0
P¥(0,0) = ( > P(0,3%) = ( >

2\ 0.4222 0.4222 2\0.0778 0O

For G = 4,

1 2 1 2

104471 0.4471 100529 0
P9(0,0) = ( ) P®(0,3") = ( )

2\0.4471 0.4471 2\0.0529 0

And we have the limiting behavior as follows.

1 27 )
lim P(0,0)! = — W\ (e®)2do = 1/2.
2 27T 1
0

G—o

1 21 )
lim P9(0,3%)! = o / 1S () 2d6 = 0.
0

G—o0

These results show that the following theorem.

Theorem 4.1 The quantum random walk on Cantor set is recurrent.
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The following graph compares the hitting probability of the quantum ran-

dom walk with that of the Classical random walk at 3%, where x-axis denotes

the generation G.

0.18

0.16 \

0.14

0.12 - \

0.1 \

0.08 - \

0.02 -

0.06 -
0.04 -

classical

quantum |

Figure 4.3: comparsion of hitting probability at 3¢
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CHAPTER 5

CONCLUSION

We have defined two quantum random walks in this dissertation. One is
so called flip-flop quantum walk on the Sierpinski gasket and the other is the
quantum walk without flip of types on the Cantor set. For each one, the
recrusive formulas of the Green amplitude functions have been developed and
the corresponding exit probabilities have been calculated. As the generation
goes to infinity, the hitting distribution for Sierpinski gasket converges faster
than the classical case since the flip-flop property, it has more trending to go
back, but the hitting distribution for the Cantor set converges slower than
the classical random walk because it has more trending to expand like the

quantum walk in Z.
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