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ABSTRACT

Quantum degenerate molecular gases are of interest for the unique level of control

they offer over chemical interactions and processes. To reach the quantum degenerate

regime, these molecular gases must be cooled to ultracold temperatures, typically on

the order of 100 nanoKelvins. Unlike atoms, with a few-level system that facilitates

cooling, molecules represent a many-level system, which makes these temperatures

experimentally difficult to achieve. As a result, experiments have turned to photoasso-

ciation and Feshbach resonance as shortcuts to form ultracold molecules from already

ultracold atoms. Photoassociation and Feshbach resonance have been utilized to suc-

cessfully create stable quantum degenerate molecules, but not on a routine basis, and

only for a small range of molecular species. The primary focus of this thesis will be

to study photoassociation and Feshbach resonance, and investigate possible routes to

more efficient long-lived quantum degenerate molecule formation. We will also inves-

tigate realistic limiting conditions to open the possibility to more routine molecules,

and to molecular species that are currently inaccessible. Overall, we find combined

photoassociation and Feshbach resonance are viable schemes for efficiently creating

quantum degenerate molecules, under realistic restrictions such as low laser intensity,

narrow Feshbach resonance, and strong elastic collisions. As the techniques to create

quantum degenerate molecules become more robust and experimentally available, the

creation of colder, larger, and more long-lived samples will facilitate study of these

molecules, and spur development into new applications.
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CHAPTER 1

INTRODUCTION

The study of quantum degenerate molecular gases is a vibrant field of research, lying

at the crossroads between condensed-matter physics and atomic molecular optical

physics. Interest in these molecules is driven by the high level of control they offer

researchers, to more precisely study a wide range of interactions and chemical pro-

cesses [1–4]. To reach the quantum degenerate regime, these molecular gases must

be cooled to ultracold temperatures, typically on the order of 100 nanoKelvins [5,6],

which has so far been experimentally difficult to achieve [7–10].

As a result, experiments have turned to photoassociation [11] and magnetoas-

sociation [12] as shortcuts to form ultracold molecules from already ultracold atoms.

Quantum degenerate molecules have been produced [13–17], but not on a regular ba-

sis, and broadening the available methods, and making methods available to systems

that are not otherwise accessible [18,19] continue to move the field forward. Further-

more, obstacles to condensate formation, for instance strong collisions [20], require

further study to develop schemes robust enough to overcome these limitations. As the

techniques to create quantum degenerate molecules become more robust and exper-

imentally accessible, the creation of colder, larger, and more long-lived samples will

open the door to new applications for these molecules. In addition, expanding the

conditions under which photoassociation and magnetoassociation are effective could

potentially blaze a trail to more complex molecular configurations, such as Efimov

trimers [21–23], alkali-earth dimers [18, 19], and molecular ions [24]. The primary

focus of this thesis will be to theoretically investigate ways to enhance the combined

photoassociation and magnetoassociation techniques to create populations of quan-

tum degenerate molecules more efficiently, and under more realistic and restrictive

conditions.
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Quantum degenerate molecules are of interest for a number of reasons. Their

large dipole moments and long range dipole-dipole interactions [25] make them ideal

systems for implementing quantum computation schemes [26,27] and studying macro-

scopic quantum behavior such as coherent oscillations [28, 29]. Quantum degenerate

molecules have opened up a new field of ultracold chemistry [1], allowing researchers

to directly study the role of fine and hyper-fine interactions in chemical reactivity [3],

chemical reactions in reduced dimensions [4], and even provide information on chem-

ical dynamics at higher temperatures. Since quantum degeneracy allows for tighter

constraints and precise spectroscopic determination of physical constants, ultracold

molecules could test the limits of the standard model, allowing for an independent con-

firmation of astrophysical measurements [30]. Additionally, coupled atom-molecule

systems have possible applications for creating a macroscopic superposition to de-

termine the upper limit for quantum characteristics [31–34] and as quantum gravity

analogs [35]. As quantum degenerate molecules become easier to produce in the lab-

oratory, their potential applications are likely to drive advances in our understanding

of fundamental physics for decades to come.

The most prevalent technique, magnetoassociation, was first proposed as a

means of creating a BEC of molecules around the turn of the century [36–38]. Also

referred to as a Feshbach resonance, magnetoassociation occurs when one atom in

a colliding pair spin flips in the presence of a magnetic field tuned near a colli-

sion resonance, creating a molecule. The first experiments that successfully created

molecules via magnetoassociation were reported in 2003 by multiple groups [39–42].

Subsequently, quantum degeneracy has been achieved on short time scales using mag-

netoassociation [16].

In an analogous collisional process, photoassociation occurs when a pair of col-

liding atoms absorbs a photon to create a molecule. Theoretical studies on photoasso-
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ciation of ultracold [43–45] and quantum degenerate molecules [46–48] have developed

rapidly over the last few decades. The first experiments to create molecules at ultra-

cold temperatures (T < 1 mK) using photoassociation were in 1993 on Na [49] and

Rb [50], soon followed by other alkali metals [51–53]. Subsequently, experiments have

photoassociated heteronuclear molecules [54], including alkali-earth molecules [55]

and molecules consisting of different isotopes [56], all in the ultracold regime, and

quantum degeneracy (T < µK) has also subsequently been achieved [13–15].

Molecules formed by photoassociation are electronically excited, and can spon-

taneously decay to lower levels. To create stable molecules, an additional laser is

required to drive the excited molecules into a specific ground state, resulting in a

two-color photoassociation process. These two-color processes can be divided into

three distinct types, based on the laser configurations. Lasers with fixed intensity

and fixed frequency lead to collective oscillations between atoms and stable molecules

similar to Rabi oscillations in quantum optics [29,57,58] and Josephson oscillations in

a superconductor [59]. Next, lasers with pulsed intensity and fixed frequency, where a

free-bound laser pulse creates excited molecules and then a bound-bound pulse drives

them to the ground state. The pulses can also take a counter-intuitive order, known

as stimulated Raman adiabatic passage (STIRAP), where the bound-bound laser pre-

cedes the free-bound laser, so that the excited state is “dark” [60, 61]. Lastly, lasers

with fixed intensity and slowly changing frequency, whereby the system adiabatically

follows the ground state as it evolves from atoms into stable molecules. This method

is used extensively in magnetoassociation experiments [17, 62–64], but has somehow

been overlooked as a means to create stable molecules with photoassociation. An-

other interesting advance has been using the combination of photoassociation and

magnetoassociation to create ground state molecules [17,62]. Studies show that these

schemes lead to higher rates of molecular formation [65, 66], making them some of
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the most promising avenues yet toward the goal of more routine quantum degenerate

molecules.

Although photoassociation and magnetoassociation have led the way to quan-

tum degenerate molecules, further flexibility is necessary to expand the available

systems on which these techniques will be effective. For example, the laser intensi-

ties necessary for photoassociation may prove insufficient for desired atomic species,

vibrational levels, condensate sizes, or temperatures. On the other hand, magnetoas-

sociation relies on the width of the Feshbach resonance, which may not be wide enough

for the desired application, or may not be available for the atomic species at all [12].

The question is whether association can be harnessed to create stable molecules on a

routine basis. The present focus of this thesis will be on modeling the formation of ul-

tracold molecule production via combined photoassociation and magnetoassociation

under realistic limiting conditions, with the goal of maximizing efficiency. Some of

the limiting conditions that will be explored include low laser intensity, strong elas-

tic collisions, and weak magnetoassociation. Whereas the proof of principle has been

firmly demonstrated, there remains room to improve the overall efficiency of molecule

formation, or to find configurations that would be useful in systems that are less than

ideal for photoassociation or magnetoassociation to succeed.

1.1 Overview

In Chapter 2, we develop the simple model for our study. To illustrate the

model, we focus on photoassociation of a homonuclear Bose-Einstein condensate. We

define the Hamiltonian that we use to derive the nonlinear Schrödinger equation

that describes association of a condensate. One of the advantages of our approach

is that further complications can be added to the system without significantly al-

tering the Hamiltonian of the model. We then develop a solution by applying a

recursive predictor-corrector algorithm that accounts for the inherent non-linearity
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of the system, and reduces the error at each time step by over an order of magni-

tude [67,68]. Finally, we incorporate a quasicontinuum of non-condensate dissociated

atom pairs [69], which provides the beginning of a more realistic model.

In Chapter 3, we investigate the role of spontaneous decay of molecules on

the photoassociation rate of a condensate. Once photoassociation of an atomic con-

densate was proposed as a shortcut to creating a molecular condensate, the question

arose whether a fundamental rate limit on atom-molecule conversion exists [14,65,68].

Simply put, the rate limit is set by the time scale for re-filling the atom-pair wave func-

tion depleted by strong photoassociation, and this is determined by the inter-particle

spacing. In a many-body model, the condensate density sets the inter-particle spacing

(ρ−1/3), and in a unitary model, the De Broglie wavelength (ΛD) sets the spacing.

This leaves the correct length scale unconfirmed, especially in the deeply quantum

degenerate regime. However, the quantum-optics model of strong photoassociation

does not currently include spontaneous decay, and the thesis will therefore adapt

this model to include spontaneous decay and re-visit the rate limit for atom-molecule

conversion [70].

We find that an unanticipated shift in light frequency leads to a maximum in

the numerical photoassociation loss rate for strong atom-molecule coupling, similarly

to the original many-body model without spontaneous decay [68]. Accounting for the

light shift leads to saturation of the numerical rate at about 9ωρ, so that the many-

body rate constant for resonant photoassociation scales with density as K ∝ ρ−1/3.

This limit holds for over two decades of density, where previous analytical results

[71, 72] predict this density dependence for limited densities only. The numerical

rate agrees with the rate limit obtained for combined photoassociation and Feshbach

resonances [73], and we find the many-body rate limit to be generally more strict

than a two-body unitary rate limit.
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In Chapter 4, we investigate stable molecule formation using two-photon pho-

toassociation by adiabatically sweeping the laser frequencies [74]. In addition to

spontaneous decay included in Chapter 3, the thesis will adapt the model to include

the addition of a second laser to drive transitions to the ground molecular state, as

well as collisions between the particles. Creating stable molecules requires a two-step

Raman laser configuration, wherein photoassociation “pumps” atomic population into

the electronically-excited molecular state, and a second laser dumps that population

into the ground molecular state [75]. However, mostly high laser intensity is required

to overcome collisions in the first step, and subsequent strong photodissociation limits

creation of molecular condensate.

We focus on adiabatic following, where the ground state of the system “fol-

lows” along from atoms to molecules or vice versa, depending on the direction, which

is executed by slowly changing the laser frequencies. Using this model, we investigate

the feasibility of adiabatic following in low-intensity Raman photoassociation against

strong collisions. We also investigate two possible schemes, a two-laser configura-

tion and a four-laser configuration. In the two-laser scheme, stable molecules are

coupled to the ground state atoms through an electronically excited state, while in

the four-laser scheme, transitions to stable molecules occur through an intermediate,

vibrationally excited molecular state in the ground electronic manifold.

Using a model based on a joint Li-Na system, we find that adiabatic following

is a viable means for creating a quantum degenerate gas of stable molecules at prac-

tical laser intensities and against strong collisions. Transitions directly to the stable

molecular state require the least photoassociation intensity, about 30 W/cm2, and

are thus more feasible than transitions via an intermediate state. Collisions cause a

DC bias in the frequency, so efficient low-intensity conversion is robust against rea-

sonable increases in the elastic s-wave collision strength. Starting the sweep above

6



resonance means photodissociation is energetically forbidden once resonance is crossed

and molecules begin to form. Since requisite intensity decreases for heavier particles

(I ∝ 1/µ) [69,74], the method should be feasible for heavier species, heteronuclear or

homonuclear, and most likely for other statistics as well.

In Chapter 5, we investigate creating stable molecules through Feshbach-

enhanced Raman photoassociation [76]. Building on the model from the previous

chapter for two-photon photoassociation, we couple the system to a Feshbach state

using strong magnetoassociation, and go from varying the frequency to varying the

intensity. Another possible way to mitigate the need for high intensity lasers in Ra-

man photoassociation is to incorporate magnetoassociation. Previous research had

shown that strong magnetoassociation can enhance photoassociation [66, 77, 78], due

to quantum interference between direct photoassociation and photoassociation via

the Feshbach state [73,79], but whether or not this enhancement would carry over to

two-color Raman photoassociation was unclear.

Focusing on pulsed lasers, converting atoms into stable molecules boils down to

pulse ordering: the intuitive scheme, where the pump laser turns on first, as opposed

to the counterintuitive scheme, where the dump laser turns on first. Whereas the

counterintuitive scheme can transfer population to the target state with near-unit

efficiency [80], it actually breaks down for an even number of levels [81, 82]. Here we

have an even number of levels (atom, Feshbach, excited and stable molecules), but it

is possible that the dissociation continuum will act as an effective level, as it has on

a separate occasion [68]. We look at both the quasicontinuum model [48, 83], and a

resonant-interaction model [65,73,79,84,85], where the Feshbach resonance effectively

modifies the photoassociation interaction and laser frequency.

Our results show that strong magnetoassociation can substantially improve

photoassociation at low intensities, independent of pulse ordering, but not at high
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intensities. The lack of Feshbach enhancement at high intensity is attributed to an

already-saturated atom-molecule transition, and the independence of pulse ordering

to an unoptimized pulse length for the counterintuitive pulse order. In the quasi-

continuum model, vicarious photoassociation losses from the atomic state mean that

peak enhancement occurs when the Feshbach frequency is large compared to the

photoassociation line width. In the resonant-interaction model, peak enhancement

occurs where the resonant inter-atomic interaction vanishes. Disagreement between

the resonant-interaction and quasicontinuum models on final conversion efficiencies

and the nature of the dark state highlights the importance of explicitly including

the Feshbach molecular state in modeling magnetoassociation. Finally, whereas the

peak conversion efficiency decreases for stronger intra-atomic, molecular, and atom-

molecule collisions, we find that the peak conversion efficiency actually increases for

stronger inter-atomic collisions. Systems with a combination of a strong magnetoas-

sociation and strong inter-atomic collisions will therefore be of greater experimental

utility, compared to those with a strong magnetoassociation and weak inter-atomic

collisions.

In Chapter 6, we investigate creating stable molecules in the case of both

weak photoassociation and weak magnetoassociation with assistance from a bound-

bound laser coupled to the Feshbach state. In the previous chapter we found that

strong magnetoassociation improved molecular conversion of photoassociation at low

laser intensity. The question then is whether weak magnetoassociation is capable

of enhancing photoassociation in place of strong magnetoassociation. This would

open the door to far more experimental capabilities, since the excited state leaks

at a much faster rate than Feshbach molecules. Enabling more efficient molecule

production using weak association would facilitate studies into species without a

strong Feshbach resonance, transitions with poor Frank-Condon overlap, and more

8



deeply-bound levels. The strong coupling nature of magnetoassociation needs to be

replaced, however.

We replicate the effect of strong association by coupling an assisting laser be-

tween the Feshbach state and a bound-bound excited state, which has been shown

to enhance magnetoassociation [86, 87]. Since it relies on a bound-bound transition

rather than a free-bound transition [80], the assisting laser is therefore cheaper and

more flexible than either strong magnetoassociation or photoassociation. The ques-

tion then is whether or not the assisting laser will enhance weak magnetoassociation.

The thesis will therefore build on the Chapter 5 model by coupling a laser between

the Feshbach state and an additionally-excited molecular state, and thereby inves-

tigate Feshbach-enhancement of low intensity Raman photoassociation with a weak

magnetoassociation coupling rather than strong.

We find that adding a bound-bound laser in the case of weak magnetoassoci-

ation and weak photoassociation can improve the efficiency of ground state molecule

conversion. The most improvement in efficiency is observed for the strongest collision

strength tested, where the laser-assisted system is twice as effective as Feshbach-

enhanced photoassociation, converting 50% stable molecules compared to 20%. Fur-

thermore, as this study was based on light molecules at low density, this efficiency

should hold for heavier species, heteronuclear molecules, and higher densities as well.

Consequently, this study is proof of principle that the enhanced system offers more

flexibility to optimize the experimental setup based on whatever resource is more

readily available, while still remaining highly efficient vs. realistic limiting factors.

Finally, Chapter 7 presents an overall conclusion to our findings and the pos-

sible directions of further research.
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CHAPTER 2

SIMPLE MODEL

In this chapter, we describe the model used to investigate photoassociation and mag-

netoassociation. Using a simplified model, we demonstrate the numerical components

we use to produce our results, which consist of a recursive algorithm to solve the equa-

tions of motion, and a predictor-corrector step to account for the nonlinearity. Finally,

we demonstrate the advantages of this model by introducing a slightly more complex

model.

To understand the theoretical approach used for these investigations, it is

useful to begin with a simplified model that demonstrates the basic method that only

involves the key characteristics of photoassociation. We focus on photoassociation

of a homonuclear Bose-Einstein condensate. We assume that N � 1 atoms have

Bose condensed into the zero momentum state |a〉, and a laser couples these atoms to

zero momentum molecules in the state |b〉 (Fig. 2.1) so that, in the simplest model,

the condensates can be approximated as a two-body system. In second-quantized

notation, the Hamiltonian for this system is [69]

H

~
= νb†b− 1

2
Ω(b†aa+ a†a†b), (2.1)

where a(b) and a†(b†) represent the annihilation and creation operators for atoms

(molecules), respectively. Ω is the atom-molecule coupling, and ν is the detuning of

the photoassociation laser, or the difference between the energy of a photon and the

energy required to bind the atoms into a molecule. The annihilation and creation

operators follow the commutation relations for bosons, so that [a, a†] = 1, [b, b†] = 1,

and all other operators commute. This Hamiltonian is analogous to the Hamiltonian

used to model second harmonic generation in quantum optics [88, 89].

We derive equations of motion for the model by taking a mean-field approach,

10



Figure 2.1: Basic 2-level model for photoassociation. |a > and |b > represent atoms
and molecules, respectively.

where we make two approximations. First, that the condensates can be described by

a single quantum mechanical wave function, and that all bosonic operators can be

taken as c-number operators [69] (a†(b†) = a∗(b∗)). Using the Heisenberg equation,

i~ẋ = [x,H], where x is the relevant operator, the equations of motion are

iȧ = −Ωa∗b, (2.2a)

iḃ = νb− 1

2
Ωa2, (2.2b)

where a is the atomic amplitude and b is the molecular amplitude. Being that this

system is the simplest model, yet still including the relevant physics, we use this

model to demonstrate the numerical approach to solving the system.

2.1 Numerical Solution

To obtain a numerical solution, we begin by rewriting Eqs. 2.2 in matrix

notation

i~

 ȧ

ḃ

 =

 0 −Ωa∗

−1
2
Ωa ν


 a

b

 (2.3)

yielding the nonlinear Schrödinger equation

i~Ψ̇ = Ĥ(Ψ)Ψ, (2.4)
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where Ψ is the wave function

Ψ =

 a

b

 , (2.5)

and Ĥ is a Hamiltonian matrix that depends on Ψ.

With the equations of motion in this form, we formulate a numerical solution

using a recursive algorithm adapted from the Crank-Nicolson method [67, 90]. If we

ignore the Ψ dependence of Ĥ for the time being, taking the differential equation

Ψ̇ = −iĤ
~

Ψ, (2.6)

and applying the Crank-Nicolson formula provides the numerical result

Ψi −Ψi−1

dt
= −1

2

i

~

[
ĤΨi − ĤΨi−1

]
. (2.7)

The time evolution of the wave equation has been discretized, so that Ψi = Ψ(ti) in

general, with ti = idt and Ψ0 = Ψ(0).

Evaluating Eq. 2.7 for Ψi results in the recursive formula

Ψi =
Î − idt

2
Ĥ
~

Î + idt
2
Ĥ
~

Ψi−1, (2.8)

or more simply

Ψi = M−M
−1
+ Ψi−1, (2.9)

where

M± = Î ± idt
2

Ĥ

~
. (2.10)

If we introduce another vector φ = M−1
+ Ψi−1, then M+φ = Ψi−1. Using this

relation, we can solve the function for the next step, so that Ψi = M−φ. Using this

formula, we model the evolution of the system for two simple cases in Fig. 2.2.

Fig. 2.2 shows the evolution of the wave function in the cases of (a) resonance

ν = 0, and (b) off resonance ν = Ω. For both graphs, Ω = 1, τ = Ωt is a dimensionless

time quantity, so both graphs share the same timescale, and dτ/Ω = 0.001, so the
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Figure 2.2: Results for 2-Level System in the case of (a) resonance (ν = 0) and
(b) off resonance (ν = Ω). The solid (blue) line represents the wave probability of
atoms and the dashed (green) line represents molecular probability, as functions of
the dimensionless time τ . Ω is set to 1.

time steps are small enough to ensure convergence. The probabilities are the typical

probability amplitudes, PA = |a|2 and PB = 2|b|2, where the factor of 2 in PB arises

since one molecule equals 2 atoms. In the case of resonance, the atomic population

is fully transferred to the molecular state, and the rate at which this occurs depends

on the strength of the photoassociation coupling Ω. In the case of off-resonance

photoassociation, the population oscillates between atoms and molecules, analogous

to Rabi and Josephson oscillations [29, 57, 59, 91]. The fraction of atoms turned

into molecules depends on the detuning, which is a measure of the energy mismatch

between atoms and molecules. A larger detuning means more energy mismatch and

less population.

In numerical experiments, a quantity that is often used to characterize the

photoassociation rate is the time that it takes for the atom condensate probability to

drop to ∼ 1/e, which we call τr. The rate is then defined as R = 1/τr. Using this

measure, we can see how the rate changes, with the results shown in Fig. 2.3.

13



Figure 2.3: Photoassociation rate. The rate is determined by the time it takes for
the atomic probability to drop to 1/e. Quantities are dimensionless, with the rate in
units of 1/τ and the detuning in units of Ω, which is set to 1.

Close to resonance, the rate reaches a maximum at about 0.67Ω−1. Far from

resonance, the rate drops to a vanishingly small rate at a detuning of 0.67Ω, which

means this is where the oscillations prohibit the atomic condensate from dropping

down to 1/e. In this region the rate does not exist, since it is presumed on an

exponential decay.

To account for the nonlinearity of the system, we adopt a predictor-corrector

method, wherein we calculate a predicted solution, and then use this predicted solu-

tion to calculate a corrected value. At each time step, we predict a solution Ψpredicted
i

according to Eq. 2.8, and we then use this solution to approximate a modified initial

vector, Ψ̃ = [Ψpredicted
i + Ψi−1]/2 in Ĥ. Using this, the reevaluated functions become

M̃± = M±(Ψ̃) and φ̃ = M̃−1
+ Ψi−1 to obtain a corrected value Ψcorrected

i = M̃−φ̃. The

corrected value is then taken as the solution for that step, Ψi = Ψcorrected
i .

To demonstrate the general effects of the nonlinearity, we compare the wave

function time evolution according to our model with and without the predictor-

corrector step in Fig. 2.4. The first graph shows the atomic probability with a timestep
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Figure 2.4: Results comparing the numeric model with (solid green lines) and without
(dashed blue lines) predictor-corrector step. (a) dτ = 0.1 and (b) dτ = 0.01, with
Ω = 1 and ν = 0.5 for both cases. The probability of the atomic condensate is
calculated as a function of dimensionless time τ = Ωt.

of dτ = 0.1, and the second graph with a timestep dτ = 0.01. Since both graphs share

the same timescale, (b) requires ten times as many steps to cover the same amount

of time. Even though the timestep is relatively large, the predictor-corrector method

is already essentially equivalent to previously reported results [68], and to the case

with a much smaller timestep, as evidenced by the identical nature of the predictor-
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corrector result between (a) and (b). On the other hand, the method without the

predictor-corrector shows considerable error accumulation. Even in (b), it still has

not converged on the predictor-corrector graph. In other words, at least in this case,

the predictor-corrector method was able provide a more accurate model with over an

order of 10 times as few time steps compared to without predictor-corrector.

Our numerical model, based on the Crank-Nicholson formula with predictor-

corrector, comes with the additional convenience that any further complications

can be incorporated into the model without changing the numeric solution or the

predictor-corrector algorithm. For example, spontaneous decay and collisions can

be added terms within the detuning, while additional states, such as ground state or

magnetoassociation molecules, can be added dimensions to Ψ and Ĥ. To demonstrate

these advantages, we now incorporate non-condensate dissociation into the system as

an example.

2.2 Photodissociation

Since total momentum is conserved, the atoms with zero momentum will create

molecules with zero momentum. However, molecules need not necessarily dissociate

back into a pair of atoms with zero momentum, so the model should take this into

account [69]. Molecules with zero momentum can photodissociate either back into a

pair of condensate atoms in |a〉, or a pair of non-condensate atoms with equal-and-

opposite momentum in the state |±~k〉 (Fig. 2.5). To account for the non-condensate

levels of equal and opposite momentum, the Hamiltonian is modified to read

H = ~νb†b− 1

2
~
∑
~k

Ωk(b
†a~ka ~−k + a†~ka

†
~−k
b), (2.11)

which shows the interaction now between molecules and two atoms with equal and

opposite momenta. The atom-molecule coupling is now Ωk = Ωfk, where fk contains

the momentum-dependence. When ~k = 0, fk = 1 and Ω0 = Ω, representing the

condensate of zero momentum atoms. Using the new Hamiltonian, the Heisenberg
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Figure 2.5: Basic model that includes photodissociation. Once atoms are photoasso-
ciated into molecules, that can dissociate back into noncondensate pairs, represented
by the additional levels coupled through ξ.

equations, and converting the sum over ~k into an integral over ε, we derive the new

equations of motion

iȧ = −Ωa∗b, (2.12a)

iḃ = νb− 1

2
Ωa2 − ξ

∫
dε
√
εf(ε)A(ε), (2.12b)

iȦ(ε) = εA(ε)− Ωf(ε)b. (2.12c)

Here we define the operator A(ε) = a~ka−~k, which is the amplitude for dissociated

pairs with kinetic energy ~ε = ~2~k2
2µ

, ξ is the photodissociation coupling between the

states |b〉 ↔ |A(ε)〉, and f(ε) contains the energy dependence of the photodissociation

coupling.

Before converting Eqs. 2.12 into matrix notation for numerical analysis, the

integral over ε is converted into a summation over ε∫
dε→

nQC∑
i=0

ξdε
√
εif(εi)A(εi). (2.13)

This is done to allow the integral to be evaluated numerically. The matrix notation

can be used to approximate the dissociation integral over ε by representing it as a

quasicontinuum of nQC levels. The number of levels nQC need only be enough so
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that the summation numerically represents the integral over a continuous spectrum

to within a margin of error. In matrix notation, the nonlinear Schrödinger equation

is now

i


ḃ

ȧ

Ȧ(ε)

 =


ν −1

2
Ωa −

∑
i ξdε
√
εif(εi)

−Ωa∗ 0 0

−Ωf(εi) 0 εi




b

a

A(εi)

 , (2.14)

where the non-linear Hamiltonian is now

Ĥ =



ν −1
2
Ωa −1

2
ξdε
√
ε1f(ε1) . . . −1

2
ξdε
√
εQCf(εQC)

−Ωa∗ 0 0 0 0

−Ωf(ε1) 0 ε1 0 0

...
...

...
. . .

...

−Ωf(εQC) 0 0 0 εQC


(2.15)

and the wave function is now

Ψ =



b

a

A(ε1)

...

A(εQC)


. (2.16)

Overall, the numeric solution remains unchanged. In addition, the Hamil-

tonian matrix remains inherently sparse, up to an arbitrarily large number of di-

mensions n for the number of condensates nC and non-condensate levels nQC , where

n = nC + nQC . Except along primary horizontal, vertical, and diagonal rows, most

of the elements in the matrix remain zero. This sparseness can be utilized to scale

calculations proportional to n instead of n2, significantly conserving computational

resources.
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CHAPTER 3

THE PHOTOASSOCIATION RATE LIMIT

We begin our study of using association to create quantum degenerate stable molecules

by investigating basic characteristics of photoassociation. Photoassociation is a useful

shortcut to quantum degeneracy, where a condensate of ultracold molecules is cre-

ated from a condensate of ultracold atoms [57,92–95], and so should behave quantum

mechanically. On the other hand, photoassociation requires two atoms to drift close

enough to each other for photoassociation to occur, and the correct length scale for

this collision was an open question at the beginning of this dissertation. This offers

an interesting test of the wave-particle duality of the condensates, and raises the fun-

damental question of whether or not a limit on the maximum rate of atom-molecule

conversion exists. In a two-body model [96, 97], the De Broglie wavelength ΛD sets

the rate, according to K = R/ρ ∼ ~ΛD/µ, where K is the density-independent rate

constant, R is the photoassociation rate, ρ is the condensate density, and µ is the

reduced mass of a dissociated atom pair. This limit is also known as the unitary

limit, and at zero temperature depends on the size of the condensate. Conversely, in

a many-body model [68], the interparticle spacing determines the rate, and the max-

imum rate per unit density is approximately K = R/ρ ∼ ~ρ−1/3/µ. Like the unitary

rate, the many-body rate is expected to reach a maximum for strong atom-molecule

coupling, and previous numeric results indicated a maximum rate of ∼ 6ωρ [68], where

ωρ is the characteristic frequency of the condensate. This model, however, did not

take spontaneous decay into account, and a final answer should include this important

physics.

Experiments above [98] or at [15] the quantum degenerate limit have studied

the rate limit, and the two limits should merge at the onset of quantum degeneracy,

since 1/ρ ∼ Λ3
D, however the deeply degenerate regime has yet to be fully tested for
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association. The first experiments with a condensate were thwarted by strong dipole

forces at strong laser intensity [14]. Subsequent condensate experiments combined

photoassociation and the Feshbach resonance, which enhances photoassociation, and

thereby allowed for observation of the rate limit at manageable intensities [65]; these

were again consistent with both the many-body [68] and the unitary model [79], and a

definitive answer remained elusive. Recent theory [73] has shown that, up to an inter-

ference factor, the many-body result for Feshbach-photoassociation agrees reasonably

well with the result for photoassociation alone, but agrees with the unitary limit only

in a small magnetic-field window near the Feshbach resonance and is otherwise more

strict.

Based on an upgrade of the original many-body model [68] of photoassociation

that includes spontaneous decay, we investigated the photoassociation rate limit of

a Bose-Einstein condensate at zero temperature [70]. The model we use to study

the rate limit matches the model introduced in Ch. 2 Sec. 2 with the additional

complications of spontaneous decay and heteronuclear photoassociation [99–101], as

opposed to simply homonuclear. Numerical experiments reveal an unanticipated light

shift in the position of the laser resonance, and the effect of this light shift on the

photoassociation rate is examined for high and low condensate densities. Using Li-Na

as an example, we find general agreement between numerical results and analytical

results, and expect that these results should apply to heavier species, homonuclear

pairs, and the analogous Feshbach resonance.

3.1 Many-Body Model with Spontaneous Decay

Consider two miscible Bose-Einstein condensates of atoms [102–104] with N1

atoms of mass m1 and N2 atoms of mass m2. Photoassociation generally occurs on a

time scale much shorter than the timescale for the dipole-dipole and trap interactions,

and these are therefore neglected. The atoms are all assumed to be in the zero-
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momentum state |a1, a2〉 = |01〉 |02〉, with the total number of atoms N = N1 + N2.

The photoassociation laser destroys an atom from each species and creates a dipolar

molecule of mass m3 = m1 + m2 in the electronically excited state |e〉, with the

laser detuning δ0 > 0 indicating an open dissociation channel, as per Fig. 3.1(a). In

operator notation, the annihilation of an atom (molecule) from an atomic (molecular)

condensate is represented by ai,0 ≡ ai(b0 ≡ b). In the simplest model, only three levels

or modes are accessible, and molecules can only dissociate back into the original

atomic condensates. To complete our model, we include molecular dissociation to

non-condensate levels, as per Fig. 3.1(b). As long as total momentum is conserved, a

condensate molecule need not dissociate back to the atomic condensate, but can just

as well dissociate into a pair of atoms with equal and opposite momentum. This so-

called rogue [68, 71, 72] or unwanted [105, 106] dissociation to non-condensate modes

therefore introduces the operators ai,±~k. The Hamiltonian for this system is

Figure 3.1: Few-level illustration for heteronuclear photoassociation. (a) Basic free-
bound transition from the joint condensate to the electronically excited molecular
state, where δ0 is the laser detuning from resonance and Ω is the atom-molecule cou-
pling. (b) Quasicontinuum levels account for photodissociation to atom pairs with
equal and opposite momentum, where Ωk = Ωfk. (c) For steady-state photodisso-
ciation, the system is effectively a two-level system with a light-shifted detuning δ.
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H

~
= (δ0 − i

1

2
Γ0)b

†b− 1

2

∑
~k

Ωk(b
†a1,~ka2,−~k + a†

1,~k
a†
2, ~−k

b), (3.1)

where Ω is the atom-molecule coupling, δ0 is the detuning of the photoassociation

laser from the |a1, a2〉 ↔ |e〉 transition, and Γ0 is the spontaneous decay strength

from the electronically excited molecular state.

To obtain mean-field equations [69], we apply the Heisenberg equation of mo-

tion for a given operator, i~ẋ = [x,H], where x is the relevant operator, and the

operators are then declared c-numbers. We define an operator for the anomalous

density, A~k = a1,−~ka2,~k, which arises from the non-condensate dissociation. The

summation over ~k implicit to the Hamiltonian is then converted to an integral over

frequency, introducing the frequency ωρ = ~ρ2/3/µ, with µ = m1m2/(m1 + m2) the

reduced mass of the atom pair. All told, the mean-field equations of motion are

iȧ1 = −1

2
Ωa∗2b (3.2a)

iȧ2 = −1

2
Ωa∗1b (3.2b)

iḃ =

(
δ0 −

1

2
iΓ0

)
b− 1

2
Ωa1a2 −

1

2
ξ

∫
dε
√
εf(ε)A(ε) (3.2c)

iȦ(ε) = εA(ε)− 1

2
Ωf(ε)b (3.2d)

A microscopic fraction of molecules means that Bose enhancement of spontaneous

molecular decay [107] is negligible. Dissociation is treated discretely in terms of the

kinetic energy of the atom pair ~ε, the coupling 4πξ = Ω/ω
3/2
ρ , and the continuum

shape f(ε). For the sake of numerical convergence, we use a Gaussian for the con-

tinuum shape, which takes the form f(ε) = e
ε2

2β2 , where the width β is set by the

semi-classical size of the molecular state, L0, according to β = ~/(2µL2
0).

3.2 Results

We develop a simple analytical result for the atom-molecule conversion rate,

similar to the approach used in Refs. [79] and [73]. Beginning from Eqs. 3.2, we use
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the approximation Ȧ = 0 to adiabatically eliminate A from our system, with the

equations of motion becoming

iȧ1 = −1

2
Ωa∗2b, (3.3a)

iȧ2 = −1

2
Ωa∗1b, (3.3b)

iḃ =

(
δ − 1

2
iΓ

)
b− 1

2
Ωa1a2, (3.3c)

which leaves us with an effectively light shifted few-level system, as per Fig. 3.1(c),

where the detuning and damping are now δ = δ0 + σ0 and Γ + Γ0 + γ0, respectively.

The light shift σ0 = <(Σ) and the photodissociation rate γ0 = =(Σ), where

Σ = lim
ω→0

[
1

4
Ωξ

∫
dε
√
ε
f 2(ε)

ε− ω

]
. (3.4)

From here, we approximate ḃ = 0 in a similar manner to eliminate b. This produces

all-atom equations of motion with a tunable interaction,

iȧ1 = −Ω2

4δ̃
|a2|2a1, (3.5a)

iȧ2 = −Ω2

4δ̃
|a1|2a2, (3.5b)

where δ̃ = δ − iΓ/2 which defines the (complex) resonant scattering length,

ρ1/3ares = − Ω2

16πωρ(δ − iΓ/2)
. (3.6)

The analytical rate for two-body losses from the condensate due to heteronuclear

photoassociation becomes

RA =
1

2
ρKA = 4π

~ρ
µ

Im(ares), (3.7)

where KA is the rate per unit density, that is, the rate coefficient. The factor of two

accounts for the two atomic condensates, whereas ρ is the total density.

In numerical experiments, the rate is determined from the time τ required for
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the atomic probability to decay to ∼ 1/e,

RN =
1

2
ρKN =

1

τ
, (3.8)

For concreteness, we focus on photoassociation of a joint Li-Na condensate. The

atom-molecule coupling is borrowed from photoassociation of 7Li alone [79], so that

Ω = Ω0

√
ρ/ρ0 with Ω0 = 290 × 2π kHz and ρ0 = 4 × 1012 cm−3. We also borrow

the semi-classical size of the molecular state L = 133a0, which sets the width of the

Gaussian f(ε), and Γ0 = 12× 2π MHz, the natural linewidth of the excited state.

Results are shown in Figs. 3.2(a) and (c) for ρ = 1014 cm−3 and in Figs. 3.2(b)

and (d) for ρ = 1012 cm−3. For lasers tuned to the usual light-shifted resonance

[108–111], δ0 = −σ, the numerical rate maximizes at a critical atom-molecule coupling

Ωc [Fig. 3.2; dashed (green) lines], at a value that increases with decreasing density,

Rmax ∼ 4ωρ for ρ = 1014 cm−3 and Rmax ∼ 5ωρ for ρ = 1012 cm−3. This density

Figure 3.2: Many-body rate limit for heteronuclear photoassociation of a joint Li-
Na condensate. (a,b) The solid (blue) line is the analytical rate, and the dashed
(green) and dot-dashed (red) lines are the numerical rate without and with the unan-
ticipated light shift, respectively. (c,d) Photoassociation rate constant K = R/ρ,
where the solid (blue) and dot-dashed (red) lines are, again, the analytical and the
light-shifted numerical results, respectively. The open (red) circle in (d) is given
by Ko = Kmax/(ρh/ρl)

1/3, where Kmax is the rate constant for ρl = 1012 cm−3 and
ρh = 1014 cm−3.
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dependence is similar to that in Ref. [68], which includes the light shift σ0.

Moreover, the corrected numerical rate saturates at a value that increases

slightly for increasing density, Rmax/ωρ = 8.2 for ρ = 1012 cm−3 and Rmax/ωρ = 8.8

for ρ = 1014 cm−3, in contrast to the unshifted result and Ref. [68]. The rate constant

scales with density as K ∝ ρ−1/3, as indicated by the open (red) circle in Fig. 3.2(b).

Also, the analytical results [solid (blue) line] agree best with the numerical results for

high density. Finally, R/ωρ depends very weakly on density, so that inhomogeneous

effects, which we have neglected, should be marginal.

To find the unanticipated light shift, we began with a detuning with the initial

expected light shift δ = σ0. We then changed the detuning incrementally so that τ is

minimized. We found an unanticipated light shift of the form

σu = 1.2

(
Ω

Ωc

)2

Γ0, (3.9)

where σ = σ0+σu. Including σu leads to saturation instead of maximization [Fig. 3.2;

dot-dashed (red) lines].

The detuning light shift is shown in Fig. 3.3. At photoassociation couplings

Figure 3.3: Detuning light shift for ρ = 1014 cm−3. The solid (black) line is the total
light shift σ, the dashed (green) line is the expected light shift due to dissociation σ0,
and the dot-dashed (red) line is the unanticipated light shift).
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below the saturation region, the deviation from resonance accounted for by the unan-

ticipated shift is small compared to the overall shift. On the other hand, since both

the expected light shift σ0 and the unexpected light shift σu increase proportional

to Ω2, this means σ0 ∝ σu. So even though the unanticipated shift grows as the

photoassociation coupling increases, its overall contribution to the shift remains pro-

portionally the same. Nevertheless, neglecting this shift makes a significant difference

in the rate limit, as Fig. 3.2 shows, since photoassociation is most effective close to

light-shifted resonance.

Without the light shift, the effective detuning away from resonance is larger,

which hampers photoassociation into bound state molecules. This effect is shown in

Fig. 3.4, which shows the conversion of the probability of atoms into dissociated pairs

(a) without and (b) with the unanticipated light shift in the just saturated regime.

The atomic probability is calculated as PA = |a1|2 + |a2|2, and the probability of

dissociated pairs is PD =
∫
dε
√
εA(ε)/4π2ω

3/2
ρ . The probability of excited molecules

remains minuscule and are thus neglected from the figures.

Figure 3.4: Probability evolution (a) without and (b) with the unanticipated light
shift at Ω/ωρ = 200. The solid (blue) lines represent the probability of atoms and
the dashed (green) lines show the probability of dissociated pairs. ρ = 1× 1014 cm−3.
Time is in the dimensionless quantity τ = Ωt.
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At the coupling strength of 200 ωρ at the density ρ = 1 × 1014 cm−3, the

unanticipated light shift accounts for a 75% higher photoassociation rate, from 4 ωρ

to 7 ωρ. This can be seen in Fig. 3.4, where PA drops to 1/e in 50τ without the light

shift [Fig. 3.4(a)], but it only takes 29τ with the light shift [Fig. 3.4(b)].

The precipitous drop in the numerical rate in Fig. 3.2(a) arises because coher-

ent (Rabi) oscillations are now strong enough to obstruct photoassociation, especially

when the system is not on light-shifted resonance. Absent the light shift, the strongly

coupled system undergoes Rabi oscillations between atomic condensate and photodis-

sociated pairs [68] before the atomic probability can drop to 1/e, significantly sup-

pressing the rate constant. Results comparing the effect of the anomalous light shift

for this region are shown in Fig. 3.5. Not accounting for the light shift [Fig. 3.5(a)]

reduces the photoassociation rate, so that PA takes 459τ to drop to 1/e. However,

including the light shift [Fig. 3.5(b)] increases the rate at which the atomic probability

drops, so that it reaches 1/e in 48τ , nearly a tenfold increase. Since the unantici-

pated shift gets increasingly larger for increasing photoassociation, its suppression of

Figure 3.5: Probability evolution (a) without and (b) with unanticipated light shift
at Ω/ωρ = 400. The solid (blue) lines represent the probability of atoms and the
dashed (green) lines show the probability of dissociated pairs. ρ = 1 × 1014 cm−3.
Time is in the dimensionless quantity τ = Ωt.
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the rate, combined with Rabi oscillations, is subsequently magnified.

In Fig. 3.4, collective oscillations between PA and PD are suppressed by sponta-

neous decay, which is the dominant process. In Fig. 3.5, the photoassociation strength

(Ω = 400ωρ) is approaching the strength of spontaneous decay (Γ0 = 593ωρ), so col-

lective oscillations are again becoming relevant. The rate of the oscillations are faster

with the light shift, which is the expected result when the system is closer to reso-

nance.

We also compare the many-body rate to the two-body unitary limit, shown

in Fig. 3.6. The unitary limit is set by the De Broglie wavelength of the condensate

atoms according to

RU

ρ
= KU =

~
m

ΛD. (3.10)

In the zero-temperature limit, the De Broglie wavelength is given by the mean

Thomas-Fermi radius of the condensate

ΛD = 2RTF =

√
8~µ
mω̄2

, (3.11)

where ω̄3 = ωxωyωz defines the mean trapping frequency, and we assume that the

Figure 3.6: Photoassociation rate constant for a Bose-Einstein condensate vs. trap
frequency. The solid (blue) line is the unitary-limited rate constant and the dashed
(green) line is the many-body rate constant.
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frequencies can be adjusted so that the two condensates have identical sizes. The

condensate chemical potential is [112]

µ =
1

2
ω̄

(
15Na

Lho

)2/5

, (3.12)

where N is the number of atoms in the condensate, and Lho =
√

~/(mω̄) is the

harmonic oscillator length scale. The s-wave scattering length is a and is taken

to be the background (zero-field) value, as the expansion of the condensate due to

photoassociation is at the same time scale as the motion of the atoms in the trap,

which is much longer than the timescale of photoassociation. Results are shown in

Fig. 3.6 for trap frequencies satisfying
√

2ωx = ωy = ωz/
√

2 and Ni = 106 atoms. For

loose traps, that is, low density, the two-body unitary limit set by the condensate size

is over an order of magnitude larger than the many-body rate limit.

3.3 Summary

We have investigated the rate limit on photoassociation of a Bose-Einstein

condensate, using an upgraded model that explicitly includes spontaneous radiative

decay. We found an unanticipated light shift that, once taken into account, produces

a maximum numerical photoassociation loss rate for strong atom-molecule coupling

that agrees with the many-body model without spontaneous decay [68]. Overlooking

this shift qualitatively alters the characteristic result of a rate-limit that saturates

and a stricter rate limit that optimizes.

The numerical rate saturates at about 9ωρ, so that the many-body rate con-

stant for resonant photoassociation scales with density as KN ∝ ρ−1/3. This limit

holds for over two decades in densities, whereas recent analytical results [71, 72] pre-

dict this density dependence for limited densities. This limit also agrees with the rate

limit obtained for combined photoassociation and Feshbach resonances [73]. Our ana-

lytical approximation yields a rate constant that is independent of density and agrees

best with the numerical result for dense condensates. Finally, the many-body rate
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limit has been shown explicitly to be generally stricter than a two-body unitary rate

limit. Having answered a fundamental question on the rate limit of photoassociation

alone, we can turn our attention to creating stable molecules through two-photon

photoassociation.
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CHAPTER 4

STABLE MOLECULES I: ADIABATIC PASSAGE

IN RAMAN PHOTOASSOCIATION

While in the previous chapter, we studied the formation of molecules using one-photon

photoassociation, here we study schemes with two or more lasers. Photoassociation

creates excited molecules, and at least one other laser is required to drive the molecules

into a ground state due to dipole selection rules. These two-photon schemes [113,

114] can take different forms based on the laser characteristics, as discussed in our

Introduction. Here we focus on an adiabatic following scheme [93, 115, 116], where

the laser intensity remains fixed while the frequency is slowly changed. Although this

method is used extensively in magnetoassociation experiments [17,62–64], it has been

overlooked in photoassociation experiments. In particular, we look at two schemes:

a two-laser scheme, where stable molecules are effectively coupled directly to the

atomic state via a two-photon photoassociation transition, and a four-laser scheme,

where stable molecules are created through an intermediate, vibrationally excited

state. We find that this adiabatic following scheme is a viable method for creating

stable molecules using practical laser intensities, that the two-laser scheme is more

efficient than the four-laser scheme for manageable intensities, and that this scheme

is robust against reasonable increase in the collisional interaction strength [74].

Although atoms can be cooled to the quantum degenerate regime through

direct cooling techniques alone [117–119], molecules require the cooling of more de-

grees of freedom [92], and the direct cooling methods that are effective for atoms

have yet to reach sufficiently low temperatures to achieve quantum degeneracy for

molecules [7,120]. Photoassociation is an efficient shortcut that bypasses the need to

cool molecules directly; instead, ultracold molecules are formed from already ultra-

cold atoms [92]. In photoassociation, two colliding atoms absorb a photon to create
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a bound molecule [97]. The molecule is electronically excited [92], and a second laser

is needed to drive the excited molecule into a ground state. We focus on an adiabatic

following scheme, where laser intensity is fixed while frequency is slowly changed, and

the system adiabatically follows the ground state as it evolves from atoms into stable

molecules [93,115,116].

Adiabatic following is used extensively in magnetoassociation experiments

[17, 62–64], but had been largely overlooked as a means to create stable molecules

with photoassociation. According to the adiabatic theorem [121–124], when a system

undergoes an adiabatic change after starting in the ground state, then the system

will follow the ground state as it evolves under the adiabatic change [125]. Consider a

system that consists of atoms and molecules coupled by association, be it photoassoci-

ation or magnetoassociation. The system begins in the ground state, either all atoms

for large positive laser detuning (∆), or all molecules for large negative detuning. We

then apply an adiabatic change in the detuning from the association resonance, as in

Fig. 4.1, where a slow change of the laser detuning from large and positive to large

and negative changes the ground state from atoms to molecules. In the other direc-

tion, beginning with a large and negative detuning and going to large and positive,

the ground state follows from molecules to atoms. This is just the adiabatic theorem

in action, whereby the system follows the ground state from atoms to molecules and

vice versa.

Figure 4.1: Adiabatic Following Diagram.
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We study these expected results with an upgraded model, building upon the

model from Ch. 3. The model is enhanced to include the addition of multiple lasers

to drive transitions to the ground molecular state. Because the lifetimes for stable

molecules are much longer than the lifetimes for excited molecules created in one-

photon photoassociation that was studied in Ch. 3, we also explicitly include elastic

collisions between particles. To model realistic results, we use parameters based on

a Li-Na system to measure stable molecule formation, and we also investigate more

restrictive conditions such as low intensity lasers and strong collisions.

We find that for practical laser intensities, adiabatic following is a possible

method for creating stable molecules. To create stable molecules, the frequency

sweep should be started above resonance, in which case photodissociation is energet-

ically forbidden. The two-laser scheme requires the least photoassociation intensity,

∼ 30 W/cm2 for the Li-Na system, and is therefore more feasible than the four-laser

scheme with an intermediate, vibrationally excited molecular state, and this inten-

sity decreases for heavier particles. Low-intensity conversion is also robust against

reasonable increases in the strength of elastic s-wave collisions, which cause a mean-

field shift in the frequency resonance. This method should therefore be applicable

to a wide range of systems, including heavier species, heteronuclear or homonuclear

systems, and other statistics.

4.1 Two-Laser Scheme

In keeping with Ch. 3, we focus on the creation of dipolar molecules via het-

eronuclear Raman photoassociation [99–101] as per Fig. 4.2(a). Consider a mixture

of two atomic species that have Bose condensed into the state |a1, a2〉. One pho-

toassociation laser converts an atom from each species to an electronically excited

molecule in the state |e〉, where Ω1 is the atom-molecule coupling and δ is the one-

photon detuning, which arises from the energy mismatch between the laser 1 photons
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Figure 4.2: Adiabatic Following via Two-Level Scheme. (a) Two-photon photoasso-
ciation. (b) When laser 1 is far off resonance, the effect is a two-photon coupling
between atoms and stable molecules.

and the energy of the molecular state |e〉 relative to the atomic state |a1, a2〉. The

state |e〉 undergoes spontaneous radiative decay at the rate Γ0, as well as stimulated

decay, where the molecule dissociates into a pair of atoms with equal and opposite

nonzero momentum, and are therefore not part of the original condensate. A second

laser converts excited molecules from |e〉 into stable molecules in the state |g〉, with

Ω2 the molecule-molecule coupling, and ∆0, the two-photon detuning that describes

the difference between the total energy of the two laser photons and the energy of

the molecular state |g〉 relative to the atomic state |a1, a2〉. Elastic collisions between

particles change the relative energy between the states, and therefore the detuning

of the lasers, according to the coupling Λij ∝ ρaij/µij, where ρ is the total particle

density, aij is the s-wave scattering length, and µij is the reduced mass for the ith

and jth particles.

The mean-field equations of motion for this system are obtained in a similar

fashion to Ch. 2 and Ch. 3, and are

iȧ1 = ω1a1 −
1

2
Ω1a

∗
2b, (4.1a)

iȧ2 = ω2a2 −
1

2
Ω1a

∗
1b, (4.1b)

iḃ = (δ − i1
2

Γ0)b−
1

2
Ω1a1a2 −

1

2
Ω2g − ξ

∫
dε
√
εf(ε)A(ε), (4.1c)
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iġ = (∆0 + ω3)g −
1

2
Ω2b, (4.1d)

iȦ(ε) = εA(ε)− 1

2
Ω1f(ε)b. (4.1e)

Here a1(2) is the probability amplitude for atomic species 1 (2), b (g) is the

amplitude for excited (stable) molecules in the |e〉 (|g〉) molecular state, and A(ε)

is the amplitude for atom pairs that are photodissociated out of the condensate.

~ε = p2/2µ12 is the kinetic energy of a photodissociated pair, f(~ε) is the energy

spectrum of dissociated pairs, and ξ = Ω1/8π
2ω

3/2
ρ is the photodissociation coupling,

where ωρ = ~ρ2/3/2µ12. The shifts in the energy levels due to elastic collisions are

accounted for by ω1 = Λ11|a1|2 + Λ12|a2|2 + Λ13|g|2, ω2 = Λ12|a1|2 + Λ22|a2|2 + Λ23|g|2,

and ω3 = Λ13|a1|2 + Λ23|a2|2 + Λ33|g|2. Trapping of the particles and dipole-dipole

interactions are negligible on the time scale for atom-molecule conversion and so are

excluded from the model.

When the photoassociation laser is far off resonance with the transition |a1, a2〉

↔ |e〉, i.e., for |δ| � 0, then one-photon transitions to the excited state |e〉 are negli-

gible and two-photon transitions directly to the stable molecular state |g〉 dominate,

as per Fig. 4.2(b). The excited state is thus only ever negligibly populated, and so

we have neglected their contribution to collisions. The two-photon coupling between

the atoms and stable molecules is χ = Ω1Ω2/2δ, the effective two-photon detuning is

∆ = ∆0 − Ω2
2/δ, and the effective spontaneous decay rate is Γ1 = (Ω2/2δ)

2Γ0. The

mean-field equations of motion become

iȧ1 = ω1a1 −
1

2
χa∗2g, (4.2a)

iȧ2 = ω2a2 −
1

2
χa∗1g, (4.2b)

iġ = (−∆ + ω3 − i
1

2
Γ1)g −

1

2
χa1a2 −

χ

8π2ω
3/2
ρ

∫
dε
√
εf(ε)A(ε), (4.2c)

iȦ(ε) = εA(ε)− 1

2
χf(ε)g. (4.2d)
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We refer to this model as the two-level scheme, per the initial condensate

atoms and the final stable molecules. The role of photodissociation to noncondensate

pairs is expected to be significant when χ & ωρ [68, 72].

4.1.1 Two-Laser Results

Since the required laser intensity for photoassociation decreases for heav-

ier atomic species, we look at the lightest (alkali-metal) heteronuclear molecule Li-

Na. The atom-molecule coupling Ω1 for the |a1, a2〉 ↔ |e〉 transition is obtained

by scaling a typical Ω1 for homonuclear photoassociation of 7Li [15, 79], so that

Ω1/2π =
√

(µ0/µ12)(ρ/ρ0)(I/I0) × 290 kHz, where µ0 = 3.5 a.u., ρ0 = 4 × 1012

cm−3, and I0 = 28 W/cm2. For Γ0/2π = 12 MHz, the detuning of the photoassocia-

tion laser is set to δ = 100Γ0, which is large enough to suppress spontaneous decay

with χ = 100Γ for reasonable intensities but small enough to avoid interference from

neighboring states of the photoassociation target |e〉. The molecule-molecule coupling

is set to Ω2 . Γ0, which is generally possible for reasonable laser intensity. For dense

condensates, ρ = 1014 cm−3, the largest coupling for elastic collisions is estimated [20]

as Λmax ≈ 0.3ωρ, so that strong with respect to two-photon photodissociation is es-

sentially the same as strong with respect to collisions. As per Table 4.1, we vary

the coupling χ from strong to weak (relative to ωρ), although only weak coupling

corresponds to photoassociation laser intensities that are easily achieved [14,65].

In general, the detuning ∆ represents the difference between the two-photon

energy and the relative atom-molecule energy. We can think of ∆ as simply the energy

χ(ωρ) Ω1(ωρ) I1 (W/cm2) Ω2(Γ0)
6.16 602 3.05× 103 1.02
0.61 191 307 0.324
0.065 62 32.3 0.105

Table 4.1: Estimated Typical Parameters for 7Li-Na.
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of the stable molecular state (relative to the atomic state) that is tunable according to

the frequency of the lasers. For a laser frequency such that ∆ > 0, as in Fig. 4.2(b),

the ground state of the system is then stable molecules, whereas the ground state

of the system is atoms for ∆ < 0. According to the adiabatic theorem [124], if the

system begins as atoms above resonance and the laser frequency is adjusted so that ∆

changes adiabatically from positive to negative, then the system will follow the ground

state as it evolves from atoms to stable molecules. Since the two-photon coupling χ

sets the frequency scale, a change of laser frequency is adiabatic if |∆f −∆i| . χ for

(tf − ti) . χ−1. Hence, we use ∆(t) = ∆i± (χ2/10)t. To maintain the condition that

δ = 100Γ0, which mitigates decay, we effect the change in the two-photon detuning

∆ by changing the frequency of laser 2, leaving the frequency of laser 1 fixed.

Results of photoassociation via adiabatic following are illustrated for an ideal

gas in Figs. 4.3(a)-(c), where solid (dashed) lines are molecules (atom pairs) and ini-

tial atoms are not shown. For ∆initial < 0, as discussed above, the system follows the

ground state as it evolves from atoms to molecules, independent of the atom-molecule

coupling, following the right arrows. Following the left arrows where ∆initial > 0,

the system follows the ground state from molecules to atoms. At strong coupling

[Fig. 4.3(a)], molecules form near resonance but are quickly lost to photodissociation,

since it is energetically favorable for ∆ < 0. At weak coupling [Fig. 4.3(c)], photodis-

sociation produces few pairs on the given time scale, so results are independent of the

sign of ∆initial.

Adding collisions makes little difference for strong and moderate couplings

[Figs. 4.3(d) and 4.3(e)]. For weak photoassociation [Fig. 4.3(f)], collisions produce a

shift in the two-photon resonance and lead to an apparent asymmetry with respect to

the direction of the detuning change. Atom-molecule conversion takes place largely

near resonance within ∆ ≈ ±χ/2, which for weak coupling translates into a rate
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Figure 4.3: Two-laser scheme probability vs. two-photon detuning for ideal gases
(a)-(c) and interacting gases (d)-(f) at varying coupling strength χ. Arrows indicate
direction of change in ∆ over time. Solid lines denote molecules and dashed lines
denote dissociated pairs. (g) Maximum molecule percentage at weak coupling and
varying collision strength. Blue diamonds (red circles) denote starting below (above)
resonance.
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R ≈ χ/10� ωρ and a time scale of about 0.5 ms, far below the rate limit [14,65,68,72].

To determine how much collisions can affect the results, we examine stronger

collisions by setting Λij = Λ and fixing χ = 0.06ωρ [Fig. 4.3(g)]. For increasing Λ,

the conversion efficiency maximizes for ∆initial < 0, and conversion for ∆initial > 0

is relatively unaffected. Compared to Λmax/χ ≈ 5 in Fig. 4.3(f), conversion ∼ 90%

survives an increase in the strength of elastic collisions ∼ 30%. Finally, extrapolating

to heavier systems should be possible. Since Λmax/χ ∝ (amax/µmax)
√
µ12/I1, heavier

particles will require less intensity I1 to satisfy equivalent photoassociation coupling

strength relative to s-wave scattering length amax to maintain equivalent molecule con-

version, although other considerations may ultimately negate this advantage. Further

study is warranted.

4.2 Four-Laser Scheme

We also consider the four-laser scheme illustrated in Fig. 4.4(a), where transi-

tions to stable molecules occur through an intermediate, vibrationally excited molec-

ular state in the ground electronic manifold. The photoassociation laser still converts

atom pairs in the state |a1, a2〉 into electronically excited molecules in state |e1〉, but

Figure 4.4: Adiabatic Following via Four-Laser Scheme. (a) Four-photon transitions
through an intermediate vibrational state. (b) When lasers 1 and 3 are both off
resonance, the effect is a three-level system of atoms, vibrationally excited molecules,
and vibrationally stable molecules.
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the second laser now converts molecules in the state |e1〉 into electronically stable,

vibrationally excited molecules in state |v〉. A third laser then converts molecules

in |v〉 into molecules in a second electronically excited state |e2〉, and a fourth laser

converts molecules in state |e2〉 into molecules in the stable state |g〉. The laser 1 and

2 couplings and detunings are as defined previously, whereas the laser 3 (4) coupling

is Ω3(4), the detuning of laser 3 from the |v〉 ↔ |e2〉 transition is δ2, and the detuning

of lasers 3 and 4 from the two-photon transition |v〉 ↔ |g〉 is ∆02. Spontaneous decay

from the states |e1〉 and |e2〉 is taken to occur at the same rate Γ0. The mean-field

equations of motion are now

iȧ1 = ω1a1 −
1

2
Ω1a

∗
2e1, (4.3a)

iȧ2 = ω2a2 −
1

2
Ω1a

∗
1e1, (4.3b)

iė1 = (δ1 − i
1

2
Γ0)e1 −

1

2
Ω1a1a2 −

1

2
Ω2b− ξ

∫
dε
√
εf(ε)A(ε), (4.3c)

iḃ = (∆01 + ω3)b−
1

2
Ω2e1 −

1

2
Ω3e2, (4.3d)

iė2 = (δ2 − i
1

2
Γ0)e2 −

1

2
Ω3b−

1

2
Ω4g, (4.3e)

iġ = (∆02 + ω4)g −
1

2
Ω4e2, (4.3f)

iȦ(ε) = εA(ε)− 1

2
Ω1f(ε)e1. (4.3g)

where e1(2) is the amplitude for the molecules in the electronically excited |e1(2)〉 state,

and b(g) is the amplitude for the electronically stable, vibrationally excited (stable)

molecular state |v〉 (|g〉).

When laser 1 is far off resonant from the transition |a1, a2〉 ↔ |e1〉, and laser 3

is off resonant with the |v〉 ↔ |e2〉 transition, then two-photon transitions |a1, a2〉 ↔

|v〉 and |v〉 ↔ |g〉 will dominate, as illustrated in Fig. 4.4(b). The primary two-photon

parameters are the same as Eqs. (4.2), and the secondary two-photon parameters are

χ2 = Ω3Ω4/2δ2, ∆2 = ∆02 + Ω2
4/2δ2, and Γ2 = (Ω2

4/2δ2)
2Γ0. Here the frequency of
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laser 1 (3) is fixed such that δ1(2) = 100Γ0, so that adiabatic following due to changing

∆1(2) is effected by changing the frequency of laser 2 (4). The ωi are again determined

by Λij ∝ ρaij, and collision-induced vibrational relaxation [126] of molecules in |v〉

is included with imaginary scattering lengths estimated from 87Rb [13, 127]. The

resulting mean field equations of the model for the three-level scheme are

iȧ1 = ω1a1 −
1

2
χ1a

∗
2b, (4.4a)

iȧ2 = ω2a2 −
1

2
χ1a

∗
1b, (4.4b)

iḃ = (∆1 + ω3 − i
1

2
Γ1)b−

1

2
χ1a1a2 −

1

2
χ2g −

χ1

8π2ω
3/2
ρ

∫
dε
√
εf(ε)A(ε), (4.4c)

iġ = (∆2 + ω4 − i
1

2
Γ2)g −

1

2
χ2b, (4.4d)

iȦ(ε) = εA(ε)− 1

2
χ1f(ε)b. (4.4e)

4.2.1 Four-Laser Results

We now slowly change atoms into stable molecules in two steps, where a slow

change in ∆1 converts atoms to vibrationally excited molecules, and similarly a slow

change ∆2 converts the vibrationally excited molecules into stable molecules. The

process is defined ∆i = |∆initial
i |+ |∆̇i|t and |∆̇i| = χ2

i /10 define slow.

Results are shown in Fig. 4.5. For the first step in (a) and (b), the same

photoassociation parameters are used as Figs. 4.3(d) and (e), respectively. For the

second step, the fixed parameters are Ω3 = 10Ω4 = δ2 = 100Γ0, so that χ2/Γ2 =

1000. The best yield is about 75% [Fig. 4.5(a)] but requires an impractically strong

photoassociation laser, I1 = 14.2 kW/cm2, to compete against vibrational relaxation,

even for low condensate density ρ = 1012 cm−3. Moderate coupling [Fig. 4.3(b)]

requires less intensity, I1 = 1.42 kW/cm2, but the yield drops to about 65%. Atom-

molecule conversion takes about 0.3 ms. Weak coupling, χ = 0.06ωρ (not shown),

requires only I1 = 150 W/cm2, but yields only 35% molecules.
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Figure 4.5: Four-laser scheme molecular probability vs. dimensionless time (τi = χit)
for two-step adiabatic following, at (a) strong and (b) moderate coupling. In the first
step, atoms are turned into vibrationally excited molecules at τ ∼ 100. In the second
step, molecules are converted from vibrationally excited to stable at τ ∼ 200.

4.3 Summary

Our results demonstrate that two-photon photoassociation via adiabatic fol-

lowing can be used to create a quantum degenerate gas of stable 7Li-Na molecules

relying on practical laser intensities. Changing the system from a positive detun-

ing to a negative detuning changes the ground state from atoms to molecules, and

molecules are thus created. Going in the other direction, the ground state changes

from molecules to atoms; molecules are momentarily created, but then dissociate into

noncondensate atom pairs. However, dissociation is only energetically accessible in

the case where χ & ωρ, and at weak coupling dissociated atom pairs are suppressed.

As a result, weak coupling creates molecules going in both directions.

We find that low-intensity conversion remains efficient against reasonable in-

creases in the strength of elastic s-wave collisions. Since the requisite laser intensity

decreases for heavier particles, this method should be feasible for heavier species, as

well as heteronuclear or homonuclear molecules, and most likely for other statistics

as well. We also looked at a four-laser scheme, that creates stable molecules through
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an intermediate, vibrationally-excited bound state. While transitions directly to the

stable molecular state require the least photoassociation intensity, about 30 W/cm2,

transitions via the intermediate states require an impractically strong photoassocia-

tion laser, roughly 500 times stronger. Consequently, stable molecule creation using

the two-laser scheme remains more favorable than the four-laser scheme.
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CHAPTER 5

STABLE MOLECULES II: PULSED INTENSITY

PHOTOASSOCIATION AND FESHBACH RESONANCE

In this chapter, we study yet another approach to creating quantum degenerate

molecules, using pulsed laser photoassociation enhanced by strong magnetoassoci-

ation [76]. Previous research has shown that magnetoassociation can enhance one-

photon photoassociation [66, 73, 78, 84, 128, 129], but whether or not this enhance-

ment will carry over to two-photon photoassociation of stable molecules has yet to

be confirmed. We focus on pulsed lasers, where one free-bound laser pulse creates

electronically excited molecules and a bound-bound laser pulse couples the excited

molecular state to a ground state [80]. This introduces the additional variable of pulse

ordering, where the intuitive scheme has the free-bound laser occurring first, and the

counterintuitive scheme has the bound-bound laser occurring first [80,130]. We model

enhancement by coupling the atom state to a vibrationally excited molecular state via

a strong magnetoassociation coupling. We find that strong magnetoassociation im-

proves stable molecule formation using low-intensity photoassociation, independent of

pulse ordering. This conversion efficiency decreases for stronger intra-atomic, molec-

ular, and atom-molecule collisions, but increases for stronger inter-atomic collisions.

In the previous chapter, we studied the case of two-photon (Raman) photoas-

sociation with a fixed intensity, varying frequency laser scheme. Here we investigate

two-photon photoassociation with fixed frequency, pulsed intensity lasers to create

stable quantum degenerate molecules. One laser pulse (pump pulse) couples the ini-

tial atomic ground state to an electronically excited molecular state, and a second

laser pulse (dump pulse) couples the excited molecular state to a ground molecu-

lar state [80]. This method of pulsed lasers can be divided into two types, which

is determined by the pulse order. In an intuitive pulse sequence, the pump laser
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turns on first, and in a counter-intuitive pulse sequence (also known as stimulated

rapid adiabatic passage or STIRAP), the dump laser turns on first [61, 131]. The

counter-intuitive pulse has been shown to transfer population to the target state with

near-unit efficiency [80,130], however it requires high laser intensities [13,127], which

can be experimentally difficult to achieve. One possible route around this requirement

is to enhance photoassociation using magnetoassociation.

Also referred to as a Feshbach resonance [12], magnetoassociation occurs when

one atom in a colliding pair spin flips in the presence of a magnetic field tuned near

a collision resonance, creating a bound molecule. While photoassociated molecules

are electronically excited, the Feshbach molecules are vibrationally excited. There

are then two loss channels, vibrational relaxation due to collisions and dissociation

into a pair of atoms. Previous research has shown that strong magnetoassociation

can enhance photoassociation [66,73,78,79,84,128,129], due to quantum interference

between direct photoassociation and photoassociation via the Feshbach state [73,79].

This enhancement should theoretically carry over to Raman photoassociation, and

herein we examine whether such is the case. With the Feshbach state, the system

consists of four levels: atoms, excited molecules, stable molecules, and Feshbach

molecules. In the case of the counter-intuitive sequence, the near-unit efficiency should

only work with an odd number of levels [132–135], due to the intermediate states

being “dark,” and should break down for an even number of levels [81, 82]. One

possibility is that the dissociated atom pairs will act as an effective level, as it has

on a separate occasion [68], enabling a fully effective counter-intuitive scheme. Even

if the counterintuitive scheme is less than perfect, this still leaves open the question

of whether it outperforms the intuitive scheme, and whether the additional level still

provides enhancement over lasers alone, especially with the condition of low-intensity.

We model pulsed intensity Raman photoassociation with enhancement from
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a Feshbach resonance, to create stable quantum degenerate molecules. The model

includes relevant elastic collisions between particles, dissociative decay of the Fes-

hbach molecules, as well as spontaneous and dissociative decay of the electroni-

cally excited photoassociation molecules. Collision-induced vibrational relaxation

is ignored compared to the irreversible losses already included. We use two mod-

els, a second-quantized model that explicitly includes dissociated pairs and Feshbach

molecules [68,83], and one that treats them as virtual [65,66,73,79,84,85,128,129,136].

Both the full and virtual models contrast with a previous model [61] where the Fes-

hbach resonance was accounted for merely with a magnetically tunable collisional

interaction.

We find that strong magnetoassociation can substantially improve weak-but

not strong-Raman photoassociation, independent of pulse ordering. For larger pulse

areas, the counter-intuitive sequence is more efficient for both weak and strong pho-

toassociation, due to the excited state still being dark (numerically), even if the Fesh-

bach molecular state is dim. In the mean-field model, vicarious photoassociation losses

from the atomic state mean that peak enhancement occurs when the Feshbach detun-

ing is large compared to the photoassociation line width. In the resonant-interaction

model, peak enhancement occurs where the resonant inter-atomic interaction van-

ishes. Disagreement between the resonant-interaction and mean-field models on final

conversion efficiencies and the nature of the dark state highlights the importance of

explicitly including the Feshbach molecular state in modeling magnetoassociation en-

hanced photoassociation. Finally, whereas the peak conversion efficiency decreases for

stronger intra-atomic, molecular, and atom-molecule collisions, we find that the peak

conversion efficiency actually increases for stronger inter-atomic collisions. Systems

with a combination of a strong Feshbach resonance and strong inter-atomic collisions

will therefore be of greater experimental utility, compared to those with a strong
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Feshbach resonance and weak inter-atomic collisions.

5.1 Model

In keeping with Ch. 4, we focus on a two-component condensate, motivated

by the interest in the dipolar properties of the resulting heteronuclear molecules [26,

27, 30, 137–140], but our results also apply to homonuclear systems. However, any

dipolar interaction is considered relevant only after the molecules are formed, and is

not accounted for in the association process on the supposition that conversion from

atoms to molecules is faster than any dipolar interaction. We also expect the results

to apply to homonuclear systems.

In the few-level description illustrated in Fig. 5.1(a), we consider N1 (N2)

atoms of species 1 (2) that have Bose condensed into the plane-wave state |01〉 (|02〉)

with zero momentum ~~k = 0 which are represented in Fig. 5.1(a) as a single state |0〉

= |01〉 |02〉. A photoassociation pump laser couples two atoms in the |0〉 state to an

electronically excited molecule in the state |1〉, and a secondary dump laser couples

the molecule in |1〉 to a molecule in the absolute ground state |2〉. Additionally, a

magnetic field tuned nearby a Feshbach resonance couples the atom state in |0〉, to

a vibrationally excited molecule in the state |3〉. In the full model of Fig. 5.1(a), the

Feshbach and photoassociation molecules dissociate into noncondensate atom pairs

Figure 5.1: Feshbach-enhanced Raman photoassociation Models. (a) Full model,
which explicitly includes dissociation states and Feshbach state. (b) Resonant-
interaction model, after dissociation and Feshbach states have been adiabatically
eliminated.
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that occupy one of a discretized continuum of plane-wave states with momentum

±~~k 6= 0. In second-quantized notation, the Hamiltonian corresponding to Fig. 5.1(a)

is

H = HP +HD +HM +HC , (5.1)

where the contribution due to the photoassociation pump laser is

HP

~
= δ̃0b

†b+
∑
~k

Ω~k(b
†a~k,1a−~k,2 + a†

−~k,2
a†~k,1b), (5.2)

the contribution due to the secondary dump laser is

HD

~
= −∆g†g + χ(g†b+ b†g), (5.3)

the contribution due to the magnetic field is

HM

~
= ν0c

†c+
∑
~k

α~k(c
†a~k,1a−~k,2 + a†

−~k,2
a†~k,1c), (5.4)

and the contribution due to s-wave collisions in the condensates is

HC

~
= λ00c

†c†cc+ λ03c
†cg†g +

1

2

∑
i

a†iai

(
λ0ic

†c+ λ3ig
†g +

∑
j

λija
†
jaj

)
. (5.5)

Here atoms in the ith condensate are represented by ai = ai,0, atoms with

momentum ~~k by ai,~k, Feshbach molecular condensate by c0 = c, photoassociation

molecules by b0 = b, and stable molecular condensate by g0 = g. The detuning

of the magnetic field from the Feshbach resonance is ν0, spontaneous decay of the

Feshbach molecules [141] is neglected, the one-photon laser detuning is δ0 = <[δ̃0],

the spontaneous decay rate for the photoassociation molecule is Γs = 2=[δ̃0], and the

two-photon detuning is ∆. The magnetic-field coupling between the atoms and the

Feshbach molecules is α~k = αfM,~k, the pump-laser coupling between the atoms and

the photoassociation molecules is Ω~k = ΩfP,~k, and the dump-laser coupling between

the photoassociation and stable molecules is χ. The momentum dependence of the

Feshbach and photoassociation couplings are contained in fM,~k and fP,~k, respectively,
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where f~k=0 = 1. Finally, the strength of collisions is determined by λij, which is

determined by the s-wave scattering length. Compared to the spontaneous decay

rate, elastic collision involving primary photoassociation molecules are neglected, and

we also neglect vibrational relaxation [126] of the photoassociation and Feshbach

molecules.

5.1.1 Mean-Field Model

The mean-field model is derived from a c-number approximation to the Heisen-

berg equations, i~ẋ = [x,H], with x being the relevant operator, which generally

works best for N & 100 [69]. Dissociation of Feshbach and photoassociation molecules

into noncondensate atoms pairs is accounted for with the operator a~k,1a−~k,2, and

the corresponding c-number amplitude A~k = 〈a~k,1|a−~k,2〉. The dissociation in mo-

mentum is converted into frequency according to
∑

~k → N/(4π2ω
3/2
ρ )

∫
dε, where

~ε = ~2k2/(2µ) is the kinetic energy and ωρ = ~ρ2/3/(2µ) is the characteristic fre-

quency for a dissociated pair, with ρ the total particle density and µ the reduced

atomic mass.

This produces the equations

iȧ1 = ω1a1 −
1

2
Ωa∗2b−

1

2
αa∗2c, (5.6a)

iȧ2 = ω2a2 −
1

2
Ωa∗1b−

1

2
αa∗1c, (5.6b)

iḃ = δ̃0b−
1

2
Ωa1a2 −

1

2
χg − 1

2
ξP

∫
dε
√
εfP (ε)A(ε), (5.6c)

iċ = (ν0 + ω3)c−
1

2
αa1a2 −

1

2
ξM

∫
dε
√
εfM(ε)A(ε), (5.6d)

iġ = −(∆0 − ω4)g −
1

2
χb, (5.6e)

iȦ(ε) = εA(ε)− 1

2
ΩfP (ε)b− 1

2
αfM(ε)c. (5.6f)

Defining Λi 6=j = 1
2
ρλij and Λi=j = ρλij, the shifts in the energy levels due to elastic
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collisions are

ω1 = Λ11|a1|2 + Λ12|a2|2 + Λ01|c|2 + Λ13|g|2, (5.7a)

ω2 = Λ12|a1|2 + Λ22|a2|2 + Λ02|c|2 + Λ23|g|2, (5.7b)

ω3 = Λ01|a1|2 + Λ02|a2|2 + Λ00|c|2 + Λ03|g|2, (5.7c)

ω4 = Λ13|a1|2 + Λ23|a2|2 + Λ03|c|2 + Λ33|g|2. (5.7d)

Finally, the photodissociation and magnetoassociation couplings are ξP = Ω/4π2ω
3/2
ρ

and ξM = α/4π2ω
3/2
ρ , respectively.

5.1.2 Resonant-Interaction Model

The resonant-interaction model is derived by first treating the dissociated pair

amplitude adiabatically (Ȧ = 0), which is equivalent to the limit of weakly bound

molecules [73,79], and leads to the effective four-level system [Fig. 5.1(b)] with mean-

field equations of motion

iȧ1 = ω1a1 −
1

2
Ωa∗2b−

1

2
αa∗2c, (5.8a)

iȧ2 = ω2a2 −
1

2
Ωa∗1b−

1

2
αa∗1c, (5.8b)

iḃ = δ̃b− 1

2
Ωa1a2 −

1

2
χg − 1

2
κc, (5.8c)

iċ = (ν̃0 + ω3)c−
1

2
αa1a2 −

1

2
κb, (5.8d)

iġ = −(∆0 − ω4)g −
1

2
χb, (5.8e)

The virtual continuum leads to an effective coupling between the Feshbach and pho-

toassociation molecules [73,79] of strength

κ =
1

8π

αΩ

ω
3/2
ρ

<
[

lim
ε0→0

∫
dε
√
ε
fM(ε)fP (ε)

ε− ε0

]
. (5.9)

Additionally, there are real and imaginary shifts [73] for each molecular detuning:

ν̃ = ν0 − σM − iγM/2 and δ̃ = δ̃0 − σP − iγP/2, where σM(P ) = <[ΣM(P )] and
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γM(P ) = =[ΣM(P )] with

ΣM =
1

8
αξM

[
lim
ε0→0

∫
dε
√
ε
f 2
M(ε)

ε− ε0

]
, (5.10a)

ΣP =
1

8
ΩξP

[
lim
ε0→0

∫
dε
√
ε
f 2
P (ε)

ε− ε0

]
. (5.10b)

The real shift is the result of coupling a bound state to a continuum [48, 108–111],

and the imaginary shift is the dissociation rate. In this case, σM is static, while the

photoassociation σP shift is transient, and both are treated as implicit in the detuning

rather than explicitly.

Next, we arrive at the resonant-interaction model by treating the Feshbach

amplitude adiabatically (ċ = 0), which is the limit of large detuning of the magnetic

field from the Feshbach resonance, and leads to an effective three-level system,

iȧ1 = ω′1a1 −
1

2
Ω′a∗2b, (5.11a)

iȧ2 = ω′2a2 −
1

2
Ω′a∗1b, (5.11b)

iḃ = δ̃′b− 1

2
Ω′a1a2 −

1

2
χg, (5.11c)

iġ = −(∆0 − ω4)g −
1

2
χb, (5.11d)

As detailed previously [65, 66, 73, 79, 84, 85, 128, 129, 136], in the resonant-interaction

model the Feshbach resonance effectively modifies the photoassociation interaction

Ω′ = Ω − ακ/ω, and the detuning δ̃′ = δ′ − iΓ′/2, with an effective detuning δ′ =

δ−κ2/ω and an effective decay rate Γ′ = Γ + (κ2/ω2)γM , where Γ = Γs+γP . Finally,

we find the usual resonant collisional interaction, where ω′1 = Λ11|a1|2 + Λ′12|a2|2 +

Λ01|c|2 + Λ13|g|2, ω′2 = Λ′12|a1|2 + Λ22|a2|2 + Λ02|c|2 + Λ23|g|2, and Λ′12 = Λ12− α2/2ω.

In one-photon transitions [73, 79], collisions—resonant or otherwise—are neglected

compared to the spontaneous decay rate, but here the time scale for conversion is long

enough, especially in the counterintuitive scheme, that collisions become relevant.

Depending on the sign of the Feshbach detuning, the modified photoassoci-
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ation coupling can be greater than the unmodified coupling, zero, or less than the

unmodified coupling. Similarly, the real part of the resonant contribution to the pho-

toassociation detuning, κ2/ω, can produce a red shift, no shift, or a blue shift, as

opposed to the ambient shift, σP , which is strictly to the red [48,108–111]. Moreover,

the resonant contribution to the decay rate, (κ2/ω2)γM , leads to decay that depends

on magnetic field and diverges near the Feshbach resonance.

To model the pulsed intensity, we use Gaussian shaped pump and dump cou-

plings. The pulses are

Ω(t) = Ω0exp[−(t− Tp)2

2τ 2p
], (5.12a)

χ(t) = χ0exp[−(t− Td)2

2τ 2d
]. (5.12b)

where Ω0 (χ0) is the pump (dump) pulse amplitude, Tp (Td) is the time at which the

peak occurs. The pulse width is τp (τd), and determines the timescale for the pulse.

The timing of the pulses determines the amount that the pulses overlap as well as the

timing sequence, as shown in Fig. 5.2. The intuitive pulse sequence is pump-dump,

Figure 5.2: Laser pulse timing sequence. In the intuitive sequence, Ω precedes χ, and
the ground state evolves from molecules to atoms. Conversely, in the counter-intuitive
sequence, χ precedes Ω, and the ground state evolves from atoms to molecules.
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whereas the counter-intuitive sequence is dump-pump.

The counter-intuitive case gets its name from the intuition that population

transfer to the ground state is predicated on the pump pulse coming first, since

transition must somehow include the excited state. One way to properly understand

this is to treat the scheme similarly to the adiabatic following scheme from Ch. 4,

assuming the adiabatic condition applies [131]. Treating the case where Ω � χ,

atoms are energetically favored, so that molecules can be considered to be the ground

state. In the opposite case χ� Ω, molecules are energetically favored, making atoms

the ground state. In the case of the pump-dump scheme, the system then begins with

molecules as the ground state and then ends with atoms as the ground state. In the

dump-pump scheme, the system begins with atoms as the ground state, and ends

with molecules as the ground state. The issue arises in the case of low laser intensity,

in which case the adiabatic condition requires longer pulses, which then means the

photoassociation timescales approach those of collisions.

5.2 Parameters and Results

Considering the parameter values, the strength of the free-bound association

couplings are measured relative to the characteristic frequency ωρ [68, 69] and, for

consistency, so are the collisional couplings. Hence, we consider a strong magnetoas-

sociation coupling α � ωρ, as well as both strong (Ω0 � ωρ) and weak (Ω0 . ωρ)

photoassociation. Finally, collisions are pre-mitigated to a certain extent with low

density [61] ρ = 1012 cm−3, and we assign elastic collisional couplings that range from

weak to moderate.

In particular, the Feshbach coupling is α = 134.8, the weak (strong) pho-

toassociation pump coupling is Ω0 = 15.4(154), and the spontaneous decay rate for

Ω0 = 154 is Γs = 41Ω0. Here strong photoassociation corresponds to a laser set at the

saturation intensity and, since Ω ∝
√
I, the weak coupling corresponds to an inten-
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sity two orders of magnitude below the saturation intensity [14, 15, 70, 96, 98]. In the

counterintuitive scheme, the dump coupling is χ0 = 50Ω0, but the intuitive scheme is

more efficient for χ0 = Ω0. The respective coupling to the dissociation continuum is

then determined by the Lorentzian fi = 1/(1+ε2/β2
i ), which is in turn determined by

the molecular size βi = ~/mL2
i . For magnetoassociation we choose a point particle,

LM = ρ−1/3, and for photoassociation we choose a typical size, LP = 130a0, where a0

is the Bohr radius. For the collisional couplings, we choose values for λij such that

Λ00 = Λ30 = 0.8, Λ11 = 5.1×10−3, Λ22 = 2.1×10−2, Λ12 = 4×10−2, Λ33 = 8.1×10−3,

Λ13 = 4.3 × 10−2, and Λ23 = 1.9 × 10−2. Finally, in the tunable collision model,

the magneto-dissociation rate is γM/Γs = 7.4 × 10−2, the photodissociation rate for

strong (weak) coupling is γp/Γs = 1 (1/100), and the peak cross-molecular coupling

is κ0 = 3.9× 103 (3.9× 104) for weak (strong) photoassociation.

To give the counterintuitive scheme the best chance for success, i.e., slow

enough to be considered adiabatic but fast enough to outrun ambient collisions, we

set the pulse width according to Ω0τ = 5× 103, where we set the pulse widths equal

to each other, τp = τd = τ . Also, to ease the numerical overhead we only optimize the

one-photon detuning δ, which is consistent with the expected dispersive-like behavior

[65, 73, 79]. The counter-intuitive pulse delay is fixed to D = T1 − T2 = −2τ , and

we also fix the two-photon detuning to resonance (∆ = 0) in the weak case and

Stark-shifted resonance (∆ = Ω2
0/2δ) in the strong case. For the intuitive scheme,

coincident pulses (D = 0) are generally optimal for all magnetic fields, both the

pulse width and one-photon detuning are optimized at each magnetic field, but the

two-photon detuning is again fixed to resonance in the weak case and Stark-shifted

resonance in the strong case.
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5.2.1 Feshbach Enhancement

Results are presented in Fig. 5.3 for [(a)-(d)] weak photoassociation and [(e)-

(h)] strong photoassociation. Below resonance, The node arises from destructive

interference between direct photoassociation and indirect photoassociation occurring

via the Feshbach molecular state [73,79]. On resonance, a second node appears, and

in the full model this node is due to the absence of an atom-molecule dark state that

includes both excited molecules, while in the effective model it is due to divergence of

the magnetically tunable decay rate. Regarding the magnitude of peak enhancement,

for weak coupling the magnetic field enhances both schemes by about a factor of five,

and the counterintuitive scheme outperforms the intuitive scheme by about 10% in

the full model, and the two are roughly tied in the resonant-interaction model. Strong

photoassociation is enhanced very little, to about about 80%, regardless of pulse order.

The agreement with the full model is reasonable given the simplicity of the effective

model. It is worth noting that a model where the primary photoassociation molecule

is virtual instead of the Feshbach molecule improves the agreement between the two

models near magnetic resonance, but worsens the off-resonant disagreement.

Focusing on weak photoassociation, improvements to the counterintuitive scheme

can be made by increasing the pulse area from Ω0τ = 5×105 to 2.2×105 (6×105) in the

resonant-interaction (mean-field) model, whereby the maximally enhanced counterin-

tuitive efficiency improves from 30% to nearly 50% (76%). In the resonant-interaction

model, further improvements can also be made by setting the pulse area according to

Ω′ instead of Ω, but this would require a change in the dump coupling to χ = 50Ω′,

in order to satisfy the conditions for adiabatic following (specifically, χ � Ω for

t→ −∞ and Ω� χ for t→∞), and therefore would require an impractical amount

of dump laser intensity as Ω′ diverges on resonance. More importantly, this improve-

ment is misleading since a larger peak dump pulse does not improve conversion in
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Figure 5.3: Feshbach-stimulated Raman photoassociation of a two-component Bose-
Einstein Condensate for weak photoassociation [(a)-(d)] and strong photoassociation
[(e)-(h)]. The solid lines and solid with circle markers represent results for the mean-
field model with zero magnetic field and varying magnetic field, respectively, while
the dashed and dashed with squares represent the magnetically-tunable model. The
Feshbach detuning ω is in units Γs.
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the full model, which we attribute to the absence of a dark state that includes both

photoassociation and Feshbach molecules.

The dip near resonance and the off-resonant peak together indicate that en-

hancement from magnetoassociation does not account for the results alone, since

Feshbach enhancement peaks near magnetic resonance [65,73,79]. In the full model,

cross-coupling between the photoassociation and Feshbach molecules arises due to the

shared dissociation continuum [61], which effectively enhances the weak photoassoci-

ation coupling to be comparable to the Feshbach coupling, but it also enhances the

Feshbach losses to be comparable to the photoassociation losses. In other words, the

Feshbach molecular state decays vicariously through the photoassociation state, and

peak enhancement therefore occurs where the Feshbach detuning is large compared

to the spontaneous decay rate of the photoassociation state, roughly ω/Γs ≈ 5 in Fig.

5.3.

Although a completely dark state is absent, it so happens that the photoas-

sociation state is dark and the Feshbach state is dim. In weak photoassociation,

collisions disrupt the dark state and conversion is independent of pulse sequence for

short pulses, and longer pulses help the counterintuitive scheme until the time scale

for collisions is reached. In strong photoassociation, collisions play a lesser role. For a

counterintuitive pulse sequence, the dark photoassociation state then allows efficient

conversion closer to the Feshbach resonance, and the enhancement peak shifts to the

red. For an intuitive pulse sequence where the dark state is moot, stronger laser

coupling requires larger Feshbach detuning to combat vicarious losses, and the peak

shifts to the blue. As with lasers alone, the peak efficiency decreases with increasing

strength of intra-atomic, molecular, or atom-molecule collisions.

In terms of the effective model, peak improvement in the weak case occurs

roughly where the resonant collisional interaction vanishes Λ′12 = 0, or ω/Γs =
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α2/(4Λ12Γs) ≈ 9, regardless of pulse sequence. For strong photoassociation, colli-

sions again play a lesser role, and the counterintuitive scheme is more efficient closer

to resonance, even closer than in the mean-field model due to the dim state in the

effective three-level model. For the intuitive pulse sequence, the difference is made

up-perhaps coincidentally-by the peak laser contribution to the resonant collisional

interaction, −Ω2
0/(4δ). For weak or strong photoassociation, with tunable collisions

nulled, the conversion efficiency is determined by the non-tunable collisional inter-

actions. That peak improvement occurs where the magnetically tunable collisional

interaction vanishes, and that the magnitude of peak improvement is determined by

non-tunable collisions, is in line with previous work on Raman photoassociation of

an interacting Bose condensate [60, 61] combined with a far-detuned Feshbach reso-

nance [61].

The role of Feshbach enhancement can be understood further by considering

the magnetically tunable parameters in the effective model [Fig. 5.4], where panel

(a) corresponds to the parameters in Fig. 5.3. The resonant decay rate drops rela-

tively quickly to its ambient value, and the photoassociation coupling follows shortly

thereafter, but it is not until the resonant collisional interaction reaches a reasonable

value (ω/Γs . 9) that any improvement kicks in. At peak enhancement, the pho-

toassociation coupling, weak or strong, is enhanced to Ω′/Ω = 1.2, which amounts

to an effective increase in intensity of a factor of about 1.4. Part of the reason for

the lackluster improvement in strong photoassociation is due to its already being

saturated [14,15,70,96,98], so any increase in coupling is moot.

What is unexpected is that while an increase in the strength of non-tunable

collisions (intra-atom, molecule, or atom-molecule) will decrease the conversion effi-

ciency [60,61], an increase in the ambient value of the tunable inter-atomic collisional

interaction, Λ12, will actually increase the efficiency of stable molecule production.
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Figure 5.4: Magnetically tunable parameters vs. Feshbach detuning for weak pho-
toassociation. The solid line is the photoassociation coupling (ΩR/Ω). the dashed line
is the tunable PA decay rate (ΓR/Γ), and the dot-dashed line is the tunable collisions
(ΛT/Λ12). The vertical line denotes ΛR = 0, the dimensionless Feshbach detuning is
defined ω/Γs, and the parameters in (a) are the same as in Fig. 5.3.

In particular, since the magnetoassociation coupling [12, 36, 142, 143] α ∝
√

Λ12, the

Feshbach-detuning location of Λ′12 = 0, i.e., ωz = α2/4Λ12, is independent of Λ12.

At the magnetic-field location of peak enhancement, ωz, the resonant contribution

to the photoassociation coupling is ακ/(2ωz) ∝ Λ12, and stronger inter-atomic col-

lisions therefore lead to stronger Feshbach enhancement at ω = ωw, as illustrated

in Fig. 5.4(b) for weak photoassociation and Λ12 → 10Λ12. For the counterintuitive

scheme at a pulse area of Ω0τ = 5 × 103, in the resonant-interaction model a factor

of two (ten) increase in Λ12 enhances conversion from 30% to 37% (60%), and in the

mean-field model the former (latter) increase in Λ12 enhances conversion from 30%

to 42% (67%).

5.2.2 Analytical Results

Deriving a two-level system from Eqs. 5.11 in the limit of large Feshbach-shifted

detuning (ν � Γs), and then deriving a rate equation for the atom losses [73, 79],

we obtain the rate constant for Feshbach-enhanced Raman photoassociation for cw
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lasers

ρK =
1

4

χ2
2Γ2

σmf )2R + Γ2
2/4

, (5.13)

where the tunable two-photon coupling is 2χ2 = Ω′χ/δ′, the tunable two-photon

decay rate is 4Γ2 = (χ/δ′)2Γ′, and the tunable mean-field shift is approximated to

the static value σmf )R = σmf + 2Λ′12 with the nonresonant mean field shift σmf =

Λ11 + Λ22 − (Λ13 + Λ23 + Λ33).

The results shown in Fig. 5.5 for weak photoassociation with δ′ = 10Γs are

broadly consistent with Fig. 5.3. In particular, the dip below the Feshbach resonance

corresponds to Ω′ = 0. The peak in atom losses at the Feshbach resonance corresponds

to a peak in two-photon losses, which corresponds to the decreased molecule formation

near Feshbach resonance in Fig. 5.3. The peak far above the Feshbach resonance

arises from Λ′12 = σmf/2, which corresponds to the numerical peak for Λ′12 = 0.

We attribute the difference to the static mean-field shift approximation that neglects

transient populations, which also leads to a peak location that is not independent

Figure 5.5: Rate Constant for weak Feshbach-enhanced Raman photoassociation com-
pared to the unenhanced rate constant for (a) a noninteracting condensate (K00

and (b) an interacting K0 condensate. The solid (dashed) lines correspond to
Λ12 = 0.04(0.4). Detuning is defined ω/Γs.

60



of Λ12. Nevertheless, for Λ12 = 0.04 the enhanced two-photon rate constant peaks

at roughly the value for a noninteracting gas, K00 = χ2
20/Γ20, and for Λ12 = 0.4 it

increases to K ∼ 5K00. Moreover, compared to the α = 0 result for an interacting

condensate, 4K0 = χ2
20Γ20/[σmf )0 + Γ2

20/4], the Feshbach resonance enhances the rate

two-photon constant by roughly three orders of magnitude for Λ12 = 0.04, which

increases to well over four orders of magnitude for Λ12 = 0.4. Note that 2χ20 = Ωχ/δ,

4Γ20 = (χ/δ)2(Γs + γPA), and σmf )0 = σmf + 2Λ12.

Before closing, we emphasize that the two-photon detuning has not been op-

timized in our numerical experiments, and that the laser detunings in general have

not been chirped [77], both of which could lead to further improvements. Also, while

comparisons between thermal and condensate systems should be taken with a grain

of salt, the results for Feshbach enhancement in a thermal gas [144] indicate reduced

efficiency upon averaging over density, and improved efficiency for narrower Feshbach

resonance. Off hand, in association of an interacting condensate the atom-molecule

coupling ∝ √ρ and the collisional coupling ∝ ρ. Collisions therefore play the biggest

role at the center of the trap, and inhomogeneity should have less of an effect on

final conversion efficiencies in a local density approximation. Nevertheless, we look

forward to a full investigation-including an explicit trapping potential of condensate

inhomogeneity for both wide and narrow Feshbach resonances.

5.3 Summary

In short, we find that strong magnetoassociation can substantially improve

weak Raman photoassociation, independent of pulse ordering. This enhancement

does not occur in strong photoassociation, due to an already-saturated transition from

atoms to molecules. The independence of pulse ordering is due to an unoptimized

pulse widths for the counter-intuitive pulse order. For larger pulse areas, the counter-

intuitive sequence is more efficient, since the photoassociation molecular state is still
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dark (numerically), even if the Feshbach molecular state is dim.

In the mean-field model, vicarious photoassociation losses from the atomic

state mean that peak enhancement occurs when the Feshbach detuning is large com-

pared to the photoassociation line width. In the resonant-interaction model, peak

enhancement occurs where the resonant inter-atomic interaction vanishes. Also, dis-

agreement between the resonant-interaction and mean-field models on final conversion

efficiencies and the nature of the dark state highlights the importance of explicitly

including the Feshbach molecular state in modeling magnetoassociation.

Finally, whereas the peak conversion efficiency decreases for stronger intra-

atomic, molecular, and atom-molecule collisions, we find that the peak conversion

efficiency actually increases for stronger inter-atomic collisions. Systems with a com-

bination of a strong Feshbach resonance and strong inter-atomic collisions will there-

fore be of greater experimental utility, compared to those with a strong Feshbach

resonance and weak inter-atomic collisions. While this scheme shows that stable

molecules can be created using weak photoassociation, it still depends on a strong

associative process, in this case magnetoassociation is strong. In the next chapter,

we therefore investigate the possibility of creating stable molecules using both weak

photoassociation and weak magnetoassociation.
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CHAPTER 6

STABLE MOLECULES III: LASER-ASSISTED WEAK

PHOTOASSOCIATION AND WEAK MAGNETOASSOCIATION

In this chapter, we study another route to stable quantum degenerate molecules. We

propose a scheme of weak photoassociation and weak magnetoassociation, enhanced

by a bound-bound laser coupled to the Feshbach state. Previous studies have shown

that the additional laser enhances strong magnetoassociation [86,87], but whether or

not this enhancement holds for weak magnetoassociation as well has yet to be con-

firmed. We find that adding the bound-bound laser in the case of weak magnetoas-

sociation and weak photoassociation improves the efficiency of ground state molecule

formation. The most improvement in efficiency is observed for the strongest collision

strength tested, where the laser-assisted system is twice as effective as Feshbach-

enhanced photoassociation. This improvement opens the door to stable molecules for

weak magnetoassociation.

In Ch. 4, we found that weak Raman photoassociation is a viable method for

creating quantum degenerate molecules, and in Ch. 5, that strong magnetoassocia-

tion provides an additional boost. However, desired systems may not possess the wide

Feshbach resonance required for strong magnetoassociation [12]. On the other hand,

a laser provides a cheaper, more flexible option. Therefore, we investigate the ad-

dition of a bound-bound laser to assist Feshbach-enhanced Raman photoassociation.

The additional laser couples the Feshbach-excited molecular state to a higher-lying

vibrational bound state. Studies have shown that coupling the Feshbach state to an

optical bound-bound transition can enhance magnetoassociation [86, 87], simulating

a wider Feshbach resonance.

The question then is whether the assisting laser would lead to more efficient

ground state molecules using weak photoassociation and weak magnetoassociation,
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since the laser transition also leads to more spontaneous decay. The laser-assisted

system could also lead to further experimental applications, since the excited state

leaks at a much faster rate than Feshbach molecules. The expected advantage of this

approach is that even though it requires an additional laser, it will still provide the

strong coupling needed to associate atoms into molecules, and do so for reasonable

laser intensity. Even if the proposed scheme is less than perfect, the question of

enhancement over weak Feshbach resonance still remains. Using a model based on

7Li with a strong collision strength, we compare stable molecule formation using

weak photoassociation alone, weak magnetoassociation enhancement, and the laser-

assisted scheme. To model the system under more restrictive conditions, we also

consider stronger s-wave elastic collisions.

We find that adding a bound-bound laser in the case of weak magnetoassoci-

ation and weak photoassociation can improve the efficiency of ground state molecule

conversion. The most improvement in efficiency is observed for the strongest collision

strength tested, where the laser-assisted system is twice as effective as weak Feshbach-

enhanced photoassociation. Consequently, this study is proof of principle that the

enhanced system offers more flexibility to optimize the experimental setup based on

whatever resource is more readily available, while still remaining highly efficient vs.

realistic limiting factors.

6.1 Model

We focus on a homonuclear system where N atoms have Bose condensed into

the |0〉 plane-wave state with zero momentum ~~k = 0. In the few-level description

illustrated in Fig. 6.1(a), a photoassociation (pump) laser couples two atoms in the

|0〉 state to an electronically excited molecule in the state |1〉, and a secondary (dump)

laser couples the molecule in |1〉 to a molecule in the absolute ground state |2〉. A

magnetic field tuned nearby a Feshbach resonance also couples the atom state in
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Figure 6.1: Basic model for laser-assisted Feshbach-enhanced photoassociation. (a)
Mean-field model with quasicontinuum of dissociation states. (b) Model with effective
cross-coupling.

|0〉 to a vibrationally excited molecule in the state |3〉, and the additional assisting

bound-bound laser couples a molecule in the |3〉 state to a triplet vibrationally-excited

molecular state |4〉.

In the full model of Fig. 6.1(a), the Feshbach and photoassociation molecules

dissociate into noncondensate atom pairs that occupy one of a quasicontinuum of

states, say, plane-wave states of momentum ±~~k 6= 0. In second-quantized notation,

the Hamiltonian corresponding to Fig. 6.1(a) is

H = HP +HD +HM +HB +HC , (6.1)

where the contribution due to the photoassociation (pump) laser is

HP

~
= δ̃0b

†b− 1

2

∑
~k

Ω1~k(b
†a~ka−~k + a†

−~k
a†~kb), (6.2)
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the contribution due to the secondary (dump) laser is

HD

~
= −∆0g

†g − 1

2
Ω2(g

†b+ b†g), (6.3)

the contribution due to the magnetic field is

HM

~
= ν0c

†c− 1

2

∑
~k

α~k(c
†a~ka−~k + a†

−~k
a†~kc), (6.4)

the contribution due to the assisting bound-bound laser is

HB

~
= ω̃0d

†d+ χ(d†c+ c†d), (6.5)

and the contribution due to s-wave collisions in the condensates is

HC

~
=

1

2

∑
i

x†ixi
∑
j

λijx
†
jxj. (6.6)

Here atoms in the ith condensate are represented by ai = ai,0, atoms with

momentum ~~k by ai,~k, Feshbach molecular condensate by c0 = c, photoassociation

molecules by b0 = b, the additional assisting molecules by d0 = d, and stable molecular

condensate by g0 = g. The detuning of the magnetic field from the Feshbach resonance

is ν0, spontaneous decay of the Feshbach molecules is neglected, the one-photon laser

detuning is δ0 = <[δ̃0], the spontaneous decay rate for the photoassociation molecule

is Γ1 = 2=[δ̃0], the assisting laser detuning is ω0 = <[ω̃0], while the spontaneous

decay rate for the assisting molecule is Γ2 = 2=[ω̃0], and the two-photon detuning

is ∆0. The magnetic-field coupling between the atoms and the Feshbach molecules

is α~k = αfM,~k, the pump-laser coupling between the atoms and the photoassociation

molecules is Ωp,~k = ΩpfP,~k, and the dump-laser coupling between the photoassociation

and stable molecules is Ωd, and the assisting laser coupling between the Feshbach and

bound-bound molecular states is χ. The momentum dependence of the Feshbach and

photoassociation couplings are contained in fM,~k and fP,~k, respectively, where f~k=0 =

1. Finally, the strength of collisions is determined by λij, which is determined by the
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s-wave scattering length. Since we are primarily interested in the magnetoassociation

and photoassociation production of molecules, we neglect vibrational relaxation of

the photoassociation and Feshbach molecules [126] and three-body losses which occur

at much slower rates, as well as dipole interactions which are only considered relevant

after molecules have formed.

The mean-field model is derived from a c-number approximation to the Heisen-

berg equations, i~ẋ = [x,H], with x being the relevant operator, which generally

works best for N & 100 [69]. A quasicontinuum of molecules that dissociate from

Feshbach and photoassociation molecules back into noncondensate atom pairs is ac-

counted for with the operator a~k,1a−~k,2, and the corresponding c-number amplitude

A~k = 〈a~k,1a−~k,2〉. Lastly, the quasicontinuum in momentum representation is con-

verted into a continuum in frequency according to
∑

~k → N/(4π2ω
3/2
ρ )

∫
dε, where

~ε = ~2k2/(2µ) is the kinetic energy and ωρ = ~ρ2/3/(2µ) is the characteristic fre-

quency for a dissociated pair, with ρ equals the total particle density and µ the

reduced atomic mass. The resulting equations of motion are given by

iȧ = Λaa− Ω1a
∗b− αa∗c, (6.7a)

iḃ = (δ̃0 + Λb)b−
1

2
Ω1a

2 − 1

2
Ω2g − ξP

∫
dε
√
εfP (ε)A(ε), (6.7b)

iċ = (ν0 + Λc)c−
1

2
αa2 − 1

2
χd− ξM

∫
dε
√
εfM(ε)A(ε), (6.7c)

iḋ = (ω̃0 + Λd)d−
1

2
χc, (6.7d)

iġ = (−∆0 + Λg)g −
1

2
Ω2b, (6.7e)

iȦ(ε) = εA(ε)− Ω1fP (ε)b− αfM(ε)c. (6.7f)

Defining Λij,i6=j = 1
2
ρλij and Λij,i=j = ρλij, i, j = a, b, c, d, g, and Λij = Λji, the shifts

in the energy levels due to elastic collisions are

Λi =
∑
j

Λij|xj|2. (6.8)
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Finally, the photodissociation and magnetodissociation couplings are ξP = Ω/8π2ω
3/2
ρ

and ξM = α/8π2ω
3/2
ρ , respectively.

The role of photodissociation has been previously studied [70, 73, 83], and re-

sults have found good agreement between the quasicontinuum model and an effective

model. Therefore, we simplify the model by treating the dissociated pair amplitude

adiabatically (Ȧ = 0), which is equivalent to the limit of weakly bound molecules,

and leads to the effective five-level system [Fig. 6.1(b)] with mean-field equations of

motion

iȧ = Λaa− Ω1a
∗b− αa∗c, (6.9a)

iḃ = (δ̃ + Λb)b−
1

2
Ω1a

2 − 1

2
Ω2g −

1

2
κc, (6.9b)

iċ = (ν̃ + Λc)c−
1

2
αa2 − 1

2
χd− 1

2
κb, (6.9c)

iḋ = (ω̃0 − Λd)d−
1

2
χc, (6.9d)

iġ = (−∆0 + Λg)g −
1

2
Ω2b. (6.9e)

The virtual continuum leads to an effective coupling between the Feshbach and pho-

toassociation molecules of strength

κ =
1

8π

αΩ

ω
3/2
ρ

<
[

lim
ε0→0

∫
dε
√
ε
fM(ε)fP (ε)

ε− ε0

]
(6.10)

Additionally, there are real and imaginary shifts for each molecular detuning [73]:

ν̃ = ν0 − σM − iγM/2 and δ̃ = δ̃0 − σP − iγP/2, where σM(P ) = <[ΣM(P )] and

γM(P ) = =[ΣM(P )] with

ΣM =
1

8
αξM

[
lim
ε0→0

∫
dε
√
ε
f 2
M(ε)

ε− ε0

]
, (6.11a)

ΣP =
1

8
ΩξP

[
lim
ε0→0

∫
dε
√
ε
f 2
P (ε)

ε− ε0

]
. (6.11b)

The real component is the resulting shift of coupling a bound state to a continuum,

and the imaginary shift is the dissociation rate, and the shifts are treated as implicit
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in the detuning rather than explicitly.

6.2 Results

We focus on parameters based on 7Li homonuclear molecules at low density

(ρ = 1012 cm−3). The free-bound photoassociation coupling Ω1 =
√

(I/I0)(ρ/ρ0)Ω0,

where Ω0 = 290 × 2π kHz, I0 = 28 W/cm2, and ρ0 = 4 × 1012 cm−3. To set a

weak photoassociation coupling, we set an intensity 1/100 of the saturation intensity,

I = 0.28 W/cm2. The free-bound magnetoassociation coupling α0 = 127 × 2π kHz

for a typical strong Feshbach resonance. To set a weak magnetoassociation, we set

a magnetoassociation coupling 1/100 of the strong coupling, so that α = (1/100)α0.

The effective cross-coupling is calculated as κ = 22×2π kHz. The bound-ground laser

coupling is set to Ω2 = 2Ω1, and the bound-bound laser is set to χ = 10Γ0, where

Γ0 is the spontaneous radiative decay Γ0 = 12 × 2π MHz. The spontaneous decay

from the photoassociation level is set to Γ1 = Γ0 and from the assisting bound-bound

level is set to Γ2 = Γ0. The losses due to photodissociation is γP = I/I0 and due

to magnetodissociation is γM = α2/8πωρ. The collision terms are simplified so that

λij,i=j = λij,i6=j = 2π~a/µ, where the scattering length a = 100a0, and a0 is the Bohr

radius, producing an initial collision strength Λ0 = 96×2π Hz, which is stronger than

typical collisions for magnetoassociation [145] or photoassociation [74].

To evaluate the system performance, we look at the maximum population of

ground state molecules created with the given set of coupling strengths, and varying

the detunings to find the optimal parameters, where the population is defined as the

wave function probability. By measuring how many ground molecules are created

with a certain set of detunings, we are able to determine the optimal detuning values

to create a maximum. To determine the relative performance of the laser-assisted

system, we compare the maximum ground state molecules created by photoassociation

alone (α = 0, χ = 0), and Feshbach-assisted photoassociation only (α = α, χ = 0) at
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equal coupling strengths. Finally, we compare how they perform over increases in the

collision strength (Λ/Λ0) by factors of 2, 5, and 10.

The time evolution of the condensate populations is shown in Fig. 6.2. For

atoms, P = |ψ|2, while for molecules P = 2|ψ|2. Even with the additional lev-

els explicitly considered in the model, coherent probability oscillates only between

atoms and ground state molecules. The photoassociation molecules and assisting

laser-bound molecules are effectively dark, while the Feshbach molecules remain dim

(< 1%). However, losses due to the Feshbach state are small compared to the pho-

toassociation and laser-bound losses, so in effect, the Feshbach molecules are dark as

well. To compare the performance of the systems, only the maximum probability of

Figure 6.2: Time evolution of probabilities for laser-assisted weak magnetoassociation
and weak photoassociation. The dotted-dashed (blue) line is total probability, the
dashed (green) line is atomic condensate probability, and the solid (red) line is ground
state molecule probability. The probability of excited molecules, Feshbach molecules,
and assisting laser-bound molecules remain minute, and are neglected. The magnitude
of their max probability is included in the legend.
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ground state molecules is considered.

Results comparing the schemes are shown in Fig. 6.3. The results show that

both the laser-assisted system and the system with Feshbach enhancement perform

better than the system with photoassociation alone. Both create more ground state

molecules where collisions are relatively weak, converting about 80% of the initial

atomic condensate compared to 55% using photoassociation alone, representing about

one and a half times as many molecules. However, when collisions are ten times

stronger, the laser-assisted system performs better than both the Feshbach-assisted

system and photoassociation alone, still producing about 50% compared to 20% and

15%, respectively.

As expected, magnetoassociation, even with a weak coupling, enhances pho-

Figure 6.3: Results for laser-assisted Feshbach-enhanced photoassociation. Maximum
population of ground state molecules as a function of collisions, relative to initial col-
lision coupling Λ0. Results for the laser-assisted system (green, dashed) compared
to system with photoassociation alone (blue, dashed-dotted) and with Feshbach en-
hancement only (red, solid).
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toassociation, via constructive quantum interference of the bound levels. However, as

the collision strengths increase, they reduce the effectiveness of the magnetoassocia-

tion enhancement. The improvement stems from the enhancement that magnetoas-

sociation and the assisting laser provide photoassociation over elastic collisions. This

is supported by taking an effective resonant-interaction approach to the model [76].

In the case of enhancement from magnetoassociation alone, adiabatically eliminating

the Feshbach state (ċ = 0) yields the effective coupling strengths

Ω′1 = Ω1 −
ακ

2ν
, (6.12a)

Λ′ = Λaa +
α2

2ν
, (6.12b)

where Ω′1 is the effective photoassociation coupling strength and Λ′ is the effective

inter-atomic collision strength. While Raman photoassociation is still explicitly in-

cluded in the model, magnetoassociation only enters into the system by modifying

the photoassociation parameters.

In the case of laser-assisted Feshbach-enhanced photoassociation, in addition

to modifying photoassociation, effectively eliminating the Feshbach state also modifies

the additional excited bound level coupling strength

α′ =
αχ

2ν
, (6.13)

and the effective cross-molecular coupling

κ′ =
κχ

2ν
. (6.14)

To model the effect that the assisting laser has on photoassociation, after

adiabatically eliminating the Feshbach state, the assisting state is then adiabatically

eliminated (ḋ = 0). This additionally modifies the photoassociation coupling and
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collision strengths

Ω′′1 = Ω′1 −
α′κ′

2ω
, (6.15a)

Λ′′ = Λ′ +
α′2

2ω
, (6.15b)

The enhancement due to the assisting laser then is dependent on tuning the sys-

tem parameters so that the effective photoassociation is stronger than the effective

collisions.

The effective couplings for each system is shown in Fig. 6.4, using the param-

eters that produce the results shown in Fig. 6.3, where the effective photoassociation

strength is calculated relative to the effective inter-atomic collision strength. As

the non-tunable collision strength increases, the photoassociation strength decreases

Figure 6.4: Effective photoassociation coupling, relative to the effective collision
strength. The dashed-dotted line (blue, triangles) are the bare couplings representing
photoassociation alone (Ω1/Λ), the dashed line (red, circles) represents the effective
coupling due to Feshbach enhancement (Ω′1/Λ

′), and the solid line (green, squares)
represents the laser-assisted system’s effective parameters (Ω′′1/Λ

′′).
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compared to the tunable strength. However, at the strongest non-tunable collision

strength, only the laser-assisted system achieves strong enhancement over the tunable

collision strength.

The assist from the bound-bound laser then provides the most benefit when

overall collisions are at their strongest, while performing comparatively well to the sys-

tem with magnetoassociation enhancement alone when collisions are weaker. There-

fore, the laser-assisting system proves to be more robust over relative increases in

collision strengths.

Since the association couplings increase ∝ √ρ, while collisions increase ∝ ρ

[74], this also means that the boost the laser-assisted system provides over the other

systems should remain as the overall density increases as well. This is seen in Fig. 6.5,

where an order of magnitude change in the density does not change the conversion

efficiency overall. The improvement due to the assist laser is therefore insensitive to

reasonable changes in density.

Figure 6.5: Molecule conversion over varying density for (a) photoassociation alone,
(b) Feshbach enhancement, and (c) laser-assisted system. Lines represent varying
collision strength.
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6.3 Summary

We have shown a proof of principle that adding a bound-bound laser to assist

weak magnetoassociation and weak photoassociation can improve the efficiency of

ground state molecule conversion. The laser-assisted system is generally 30% more

efficient than photoassociation alone, and at the strongest collision strength mea-

sured, over twice as efficient than either photoassociation alone or Feshbach-enhanced.

Compared to the other schemes, the laser-assisted scheme is insensitive to reasonable

increases in the density or collision strength, making it more favorable for a wider

range of molecular species.

Finally, the laser-assisted system offers more flexibility to optimize the ex-

perimental setup based on what is more readily available, whether it is stronger

photoassociation lasers, a stronger assisting laser, or a species with wider resonances.

There have also been experiments that use frequency-chirped photoassociation to cre-

ate molecules [146, 147], and utilizing similar techniques could allow for optimizing

the detuning over the whole condensate and improve conversion efficiency.
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CHAPTER 7

CONCLUSION

Developments in superchemistry and quantum physics have driven interest in cold

molecules. They offer a glimpse into the precise interactions and astrophysical con-

stants that constitute our scientific understanding, and a path to future technologies.

While much of the research is focused on studying the molecules themselves, creating

them in the first place is no trivial matter. With that in mind, we are interested

in studying the processes used to create these molecules, and under what conditions

would they still reasonably work.

The main objective of this dissertation was to study creating stable quantum

degenerate molecules using photoassociation and magnetoassociation. Although these

techniques have proven successful under the right conditions, more routine molecules

are necessary for many desired applications, such as quantum computing. Further-

more, finding conditions under which photoassociation and magnetoassociation are

still effective in a realistic model is vital for adapting these schemes to more complex

molecular systems.

In Chapter 2, we began with a simple model that illustrates our methodology.

Focusing on photoassociation, we defined the Hamiltonian that we used to derive the

equations of motion that described our system. We then developed the numerical

algorithms used to solve the system, including a predictor-corrector to account for

the nonlinearity. One of the advantages of this system is that further complications

can be added without significantly altering the Hamiltonian of the model. As an

example, we introduce further complexity by including photodissociation [69].

In Chapter 3, we studied the photoassociation many-body rate limit on atom-

molecule conversion [14, 65, 68]. Understanding the rate limit is a vital concept for

association and probing the quantum mechanical aspects of these molecules. The rate
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limit is set by the time scale at which strong photoassociation depletes the atom-pair

wave function, which is determined by the inter-particle spacing. Confirmation was

needed on whether the correct time scale coincided with a unitary model or a many

body model, especially in the deeply quantum degenerate regime. Consequently, we

re-visited the rate limit for atom-molecule conversion with a model that included

spontaneous decay [70].

An unanticipated light shift leads to a maximum in the numerical photoassoci-

ation loss rate for strong atom-molecule coupling, similarly to the original many-body

model without spontaneous decay [68]. With the light shift, the numerical rate sat-

urates at about 9ωρ, and the many-body rate constant for resonant photoassociation

scales with density as K ∝ ρ−1/3. This limit holds for over two decades of density,

where previous analytical results [71, 72] predict this density dependence for limited

densities only. The rate limit also agrees with results for combined photoassociation

and Feshbach resonance [73], and we found the many-body rate limit to be generally

more strict than a two-body unitary rate limit.

In Chapter 4, we investigated stable molecule formation using Raman photoas-

sociation via adiabatic following [74]. Creating stable molecules requires a two-step

Raman laser configuration [75], and here we focused on the fixed intensity, varying

frequency scenario. This is referred to as adiabatic following, where the ground state

of the system “follows” along with an adiabatic change in laser frequency, from atoms

to molecules or vice versa, depending on the direction. We looked at two possible

schemes, a two-laser configuration and a four-laser configuration. In the two-laser

scheme, stable molecules are coupled to the ground state atoms through an electron-

ically excited state, while in the four-laser scheme, transitions to stable molecules

occur through an intermediate, vibrationally excited molecular state in the ground

electronic manifold.
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We found that adiabatic following is a viable means for creating a quantum

degenerate gas of stable molecules using practical laser intensities and against strong

collisions. The two-laser scheme requires the least photoassociation intensity, about

30 W/cm2, and is thus more feasible than the four-laser scheme. Collisions cause a DC

bias in the frequency, so efficient low-intensity conversion is robust against reasonable

increases in the elastic s-wave collision strength. We also expect this scheme to be

feasible for heavier species, homonuclear and heteronuclear, based on a study of Li-

Na, the lightest (alkali-metal) heteronuclear molecule, and subsequently provides an

upper bound on requisite laser intensity [69,74].

In Chapter 5, we looked at stable molecule formation through Feshbach-

enhanced Raman photoassociation [76]. Magnetoassociation, or Feshbach enhance-

ment, offers another method for enhancing photoassociation [66,77,78] and bypassing

the need for high laser intensity. Focusing on pulsed lasers, we studied both the in-

tuitive scheme, where the pump laser turns on first, and the counterintuitive scheme,

where the dump laser turns on first.

Our results confirmed that strong magnetoassociation can substantially im-

prove photoassociation at low intensities, but offers no further improvement at high

intensities. The lack of Feshbach enhancement at high intensity is attributed to an

already-saturated atom-molecule transition. This improvement is also independent of

pulse ordering, which we attribute to an unoptimized pulse length for the counterintu-

itive pulse order. Disagreement between these models on final conversion efficiencies

and the nature of the dark state highlights the importance of explicitly including

the Feshbach molecular state in modeling magnetoassociation. Finally, whereas the

peak conversion efficiency decreases for stronger intra-atomic, molecular, and atom-

molecule collisions, we find that the peak conversion efficiency actually increases for

stronger inter-atomic collisions.
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In Chapter 6, we investigated whether or not an assisting laser can enhance

both weak photoassociation and weak magnetoassociation. In the previous chapter we

found that strong magnetoassociation improved molecular conversion of photoassoci-

ation at low laser intensity. The question then is whether weak magnetoassociation

is capable of enhancing photoassociation in place of strong magnetoassociation if it is

backed up by an additional laser. In particular, we couple an assisting laser between

the Feshbach state and a bound-bound excited state, which has been shown to en-

hance magnetoassociation [86,87], and provides further flexibility regarding the need

for strong association.

We found that the assisting laser improved efficiency of ground state molecule

formation in the case of weak magnetoassociation and weak photoassociation. The

improvement was greatest at the strongest collision strengths tested, and insensitive

in reasonable change in condensate density. Finally, the laser-assisted system offers

the most flexibility to optimize the experimental setup based on what is more readily

available, whether it is stronger photoassociation lasers, a stronger assisting laser, or

a species with a wider Feshbach resonance.

7.1 Outlook

In closing, we look at possible subjects for future studies. An interesting di-

rection for this research is to more realistically model experimental conditions by

modeling molecular condensates in a trap. This condition introduces an inhomoge-

neous density, which affects overall association efficiency since association resonance

depends on the density. Even though comparisons between thermal and condensate

systems should be taken with a grain of salt, the results for Feshbach enhancement

in a thermal gas [144] indicate reduced efficiency upon averaging over density, and

improved efficiency for narrower Feshbach resonance. Therefore, investigations into

condensate inhomogeneity, including an explicit trapping potential, for both wide and
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narrow Feshbach resonances will prove highly informative.

Another route for future research is to further investigate the laser-assisted

system. The laser-assisted system offers more flexibility over experimental setups,

but introduces more parameters to control, making optimization difficult. Developing

an adaptive algorithm would therefore improve optimization and reduce computation

requirements. Another possible improvement would be to apply pulses to the system

and use STIRAP due to its high conversion efficiency. The assist level returns the

system into an odd-leveled system, which should establish the dark state on which

efficiency is predicated.

Furthermore, applying these methods to create heteronuclear molecular sys-

tems offers a rich avenue of future work. For example, heteronuclear alkali-earth

molecules give rise to significantly different interactions than bi-alkali dimers [11]

and have possible applications in lattice-spin models for quantum computing [148]

and measuring the electron permanent electric dipole moment [149]. Molecular ions

are another interesting candidate [24], in that they can replace neutral molecules

in many of their applications, with the added benefits of being species independent

and easily trapped. Finally, Efimov states [21, 22] are of interest for studying three-

body recombination [150] and due to their long-lived nature [23], are ideal candidates

for studying long-range dipole interactions. Realizing any of these in the quantum

degenerate regime would represent a new phase of studies on ultracold molecules.

In conclusion, photoassociation and magnetoassociation offer some of the most

promising routes to routine stable quantum degenerate molecules. These methods

have already proven to be highly effective, and the focus of this dissertation has only

bolstered that assessment. With continued study, photoassociation and magnetoas-

sociation could be the key to considerably easing the requirements to create these

molecules in the laboratory, and the multitude of potential applications they repre-
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sent. As new milestones in ultracold molecular condensation are achieved, the field

of study in these systems is likely to only continue to broaden over time.
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