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ABSTRACT

The work in this Ph.D. thesis lies at the intersection of Harmonic Analysis, Partial Differen-
tial Equations, and Geometric Measure Theory. It focuses on the study of boundary integral
operators associated with elliptic boundary value problems on non-smooth domains via sin-
gular integral methods. The results are joint work with Dorina Mitrea (Baylor University),
Irina Mitrea, and Marius Mitrea (Baylor University) (cf. [2], [3], and [4]), and the thesis is

structured around four interconnected themes:

A. Overdetermined boundary value problems for the Laplacian on uniformly rectifiable

domains;

B. Overdetermined boundary value problems for second-order, homogeneous, constant

complex coefficient elliptic systems on uniformly rectifiable domains;

C. Overdetermined boundary value problems for the Stokes system of linearized hydro-

statics on uniformly rectifiable domains;

D. Fredholm Theory for the Dirichlet boundary value problem for A3 on infinitesimally

flat Ahlfors regular domains in R".

For themes A and B, this dissertation contains a well-posedness theory for overdeter-
mined boundary value problems in bounded uniformly rectifiable domains with boundary
data in LP-based function spaces. A key ingredient to obtaining such results is introduc-
ing a Cauchy-like singular integral operator adapted to second-order homogeneous elliptic
systems and the overdetermined setting. See also [2].

il



For theme C, the well-posedness theory for the overdetermined boundary problem for
the Stokes system of linearized hydrostatics requires the introduction of a new LP-based
divergence-free Lebesgue-Whitney function space, along with a pair of Cauchy-like inte-
gral operators specifically adapted to the Stokes system. Additionally, this work contains a
connection between the Cauchy integrals for the Stokes system of linearized hydrostatics
and those for the Lamé system of linearized elastostatics as one of the Lamé parameters
tends to infinity. See also [3].

Finally, for theme D, this dissertation contains a distinguished coefficient tensor for the
polyharmonic operator A? in all dimensions of the Euclidean space. It also provides an
argument showing that the associated singular integral operator for the Dirichlet problem
for A3 in infinitesimally flat Ahlfors regular domains is compact on L? Lebesgue-Whitney
function spaces for all p € (1, c0), thus opening the door for the employment of Fredholm
Theory for the solvability of the Dirichlet Problem. All developments presented are from

ongoing joint in [4].
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CHAPTER 1

INTRODUCTION

Elliptic boundary value problems arise naturally in modeling a wide range of physical
phenomena, including electrostatics, elasticity, steady-state incompressible fluid flow, and
electromagnetism. A powerful tool for treating such problems is the method of boundary
layer potential, through which matters are reduced to solving a boundary integral equation
involving a singular integral operator naturally associated with the domain, and the under-
lying partial differential equation. This method does not rely on positivity and is suitable
for systems of equations.

For the Laplacian, E. Fabes, M. Jodeit, and N. Riviere in [14] established well-posedness
results for the Dirichlet and Neumann problems in bounded C'* domains with boundary data
in L, for any p € (1,00), and G. Verchota in [34] proved well-posedness results for the
Dirichlet and Neumann problems in arbitrary bounded Lipschitz domains with L? boundary
data. Subsequently, B. Dahlberg and C. Kenig in [10] extended these results to boundary
data in L?, with the range of p depending on the Lipschitz character of the domain. Mov-
ing on to second-order systems, the Dirichlet problem for the Lamé system of elastostatics
in arbitrary Lipschitz domains with boundary data in L? was first treated in [12] by B.
Dahlberg, C. Kenig and G. Verchota and the Stokes system of linearized hydrostatics was
treated in [15] by E. Fabes, C. Kenig and G. Verchota. Much more is known today through

the work of R. Brown, D. Jerison, S. Mayboroda, J. Pipher, Z. Shen, see for instance [7],



[20], [27], [32]. For a comprehensive treatise on solvability and well-posedness results
of boundary value problems for second-order elliptic systems in uniformly rectifiable do-
mains, see the Geometric Harmonic Analysis series [22]-[26] by D. Mitrea, 1. Mitrea, and
M. Mitrea, and the references therein.

In addition to Dirichlet and Neumann problems, another physically relevant class of
boundary value problems is the overdetermined boundary value problem. Loosely speak-
ing, an overdetermined boundary value problem is formulated as the task of finding a func-
tion that solves a certain partial differential equation in the interior of a given region, and
this function and all its first-order partial derivatives take prescribed, compatible values at
the boundary. A concrete example of an overdetermined boundary value problem is the task
of finding the electrostatic potential u within a charge-free region 2 C R?® with prescribed
electrostatic potential and electric field at the boundary. In this setting, the electrostatic

potential satisfies the partial differential equation (cf. J. D. Jackson [19])

Au=0 in(, (1.1)

while the boundary conditions mentioned above are equivalent to

prescribing both u|,, and (Vu)‘aﬂ, (1.2)



since the gradient of the electrostatic potential is, up to a multiplicative constant, the electric
field. The overdetermined nature of the problem comes from the boundary conditions (1.2).

For the Dirichlet problem one solely prescribes u and for the Neumann problem one

o
solely prescribes (v, (Vu)| 0> Where v is the outward unit normal vector to €2, while in
(1.2) one prescribes both u| a0 @nd (Vu) | 00

This dissertation contains a systematic treatment for overdetermined second-order el-
liptic boundary value problems using boundary layer potential methods, in the class of
uniformly rectifiable domains, which form the largest possible class of domains that have
a befitting LP theory, p € (1, c0), for the boundary integrals associated with certain elliptic
systems. These results are from joint work with Dorina Mitrea, Irina Mitrea, and Marius
Mitrea in [2, 3].

This dissertation also contains recent progress in the implementation of Fredholm The-
ory for the treatment of the Dirichlet problem for the polyharmonic operator A? in in-
finitesimally flat Ahlfors regular domains in R" with prescribed boundary data in the space
of Lebesgue-Whitney array with integrability exponent p € (1,00). This is part of an
ongoing joint work with Dorina Mitrea, Irina Mitrea, and Marius Mitrea [4].

Chapter 2 contains background material from geometric measure theory, partial dif-

ferential equations, harmonic analysis, and an overview of the classical Cauchy integral

operator.



Chapter 3 covers the overdetermined boundary value problem for the Laplacian oper-
ator in bounded uniformly rectifiable domains in the Euclidean space. It includes integral
representation formulas, jump relations, well-posedness for the overdetermined boundary
value problem for the Laplacian in bounded uniformly rectifiable domains, and classical
Hardy spaces associated with the Laplacian operator. This chapter also contains a dis-
cussion about the formulation and Fredholm solvability of the overdetermined Riemann-
Hilbert problem for the Laplacian operator in uniformly rectifiable domains with compact
boundary.

Chapter 4 contains the analysis of the overdetermined boundary value problem for
second-order, homogeneous, constant complex coefficients M x M weakly elliptic systems
in bounded uniformly rectifiable domains. We establish integral representation formulas,
jump relations, well-posedness for the overdetermined boundary value problem in bounded
uniformly rectifiable domains, and classical Hardy spaces associated with these systems.

In Chapter 5 we consider the overdetermined boundary value problem for the Stokes
system of linearized hydrostatics in bounded uniformly rectifiable domains. For the treat-
ment of this boundary value problem, one introduces a new function space for the boundary
data, namely, the space of divergence-free Lebesgue-Whitney arrays, and the integral repre-
sentation formulas are modified to take into account the particularities of the Stokes system
of linearized hydrostatics. This chapter contains integral representation formulas, jump
relations, well-posedness for the overdetermined boundary value problem in bounded uni-

formly rectifiable domains, and classical Hardy spaces associated with the Stokes system.



Chapter 6 covers Fredholm Theory for the Dirichlet problem for A in infinitesimally
flat Ahlfors regular domains with prescribed data in Lebesgue-Whitney array spaces with
p € (1,00). The progress registered here consists in the construction a distinguished co-
efficient tensor for the operator A3, The importance of such an object resides in the fact
that this choice leads to double multi-layers of chord-dot-normal type, a brand of singular
integral operators naturally associated with the PDE which is sensitive to the flatness of the
domain under consideration. Indeed, availed of this key object, using machinery developed
in G. Hoepfner, P. Liboni, D. Mitrea, 1. Mitrea, and M. Mitrea [17] and in D. Mitrea, 1.
Mitrea, and M. Mitrea [26], Fredholm solvability of the Dirichlet problem for A? is estab-
lished in the geometric setting of infinitesimally flat Ahlfors regular domains in arbitrary

dimensions.



CHAPTER 2

PRELIMINARIES

2.1 Geometric Measure Theory

Fix n € N with n > 2. Throughout, .Z" denotes the n-dimensional Lebesgue measure,
while H"~! stands for the (n — 1)-dimensional Hausdorff measure in R”. Call a given

closed set > C R™ Ahlfors regular provided

H' N B(x,r)NY) ~r" 2.1)

uniformly in z € ¥ and r € (0, diam(X)).

Following G. David and S. Semmes (cf.,e.g., [13] and the discussion in D. Mitrea, 1.
Mitrea, and M. Mitrea [22]), call a closed set 3 C R"~! a uniformly rectifiable set (or UR,
for short) if > is an Ahlfors regular set with the property that there exist positive constants
€, M such that for each = € ¥ and each r € (0, diam(X)), it is possible to find a Lipschitz
map ¢ : B"! — R™ (where B"~! denotes a (n— 1)-dimensional ball) with ||[V||p- < M
such that

H (SN B(z,r)Ne(Br 1Y) = er™ . (2.2)



Say that an open set {2 C R" is an Ahlfors regular domain provided the topological
boundary 952 is Ahlfors regular, and H"~!(92\ 0,Q2) = 0. Here, 0. denotes the geometric

measure theoretic boundary of (2, defined as

0,8 == {x € 0N : limsup Z"(B(z,r) N9 > 0,

r—0t T

lim sup LM (B(@,r)\ Q) > 0}. (2.3)

r—0t rr

A set 2 C R” is a set of locally finite perimeter provided it is Lebesgue measurable
and H"1(0,Q N K) < oo for each compact set K C R". It follows from the definitions
that every Ahlfors regular domain is a set of locally finite perimeter. Thus if {2 C R" is an
Ahlfors regular domain and we denote by o := H" 1|9 the surface measure on 052, then
a classical result of E. De Giorgi and H. Federer (cf. the discussion in D. Mitrea, I. Mitrea,

and M. Mitrea [22]) implies that

Vxa = —vo in[D/(R™)]", (2.4)

where yq denotes the characteristic function of €2, and v € [L>°(J2, ¢)]™ is a vector field,
hereafter referred to as the geometric measure theoretic (GMT) outward unit normal to €).

Next, say that 2 C R" is a uniformly rectifiable domain (hereafter abbreviated as UR
domain, cf. [22]) if 2 is an Ahlfors regular domain for which 02 is a UR set. This is the
most general class of sets in R" for which there is a suitable Calderén—Zygmund theory for

implementing singular integral methods in elliptic boundary value problems [24].



Let €2 C R™ be an open set and fix x € (0, 00). Then the nontangential approach region

of aperture « at a point x € 0f) is defined as
L(z) := {y eQ:lr—yl< 1+ /@)dist(y,aﬁ)}. (2.5)

The nontangential maximal operator N, acts on any given .£"-measurable function

u : ) — C according to
(New) () == ||ul|peor, (z),2n) foreach z € 09, (2.6)

and the nontangential limit of a function « at the point x € 0f exists, and its value is

A € C, provided

for every € > 0 there exists some r > 0 such that

lu(y) — A| < e for Z"-a.e. pointy € I',(z) N B(z, 7).

K—nt

When this limit exists, we denote it by (u 50

) (x). In [22] has been proved that if 2 C R"™
is an Ahlfors regular domain, then for each x € (0, 00) one has = € I',.(z) for o-a.e. point
x € oS

More generally, define the m-th order nontangential boundary multitrace of a function
u € Wml(Q) (cf. G. Hoepfner, P. Liboni, D. Mitrea, I. Mitrea, and M. Mitrea [17]) by

loc

Ty ™ u o= {(87u) 5™ Hoj<m. 2.7)



assuming that the above nontangential limits exist o-a.e. on 0f2.

2.2 Partial Differential Equations

Fix n, M € N with n > 2 and consider a second-order, homogeneous, complex constant
coefficient, M x M system L in R", that is, L is given by (summation over repeated indices

is assumed here and elsewhere)

L = (a%%0,04)1<a.p<n- (2.8)

The system L is said to be weakly elliptic if for each non-zero £ € R" the characteristic

matrix

L(€) := —(a%P&,€,) 1<a.p<nr is invertible. 2.9)

The Laplacian is a scalar second-order, homogeneous, complex constant coefficient which

is weakly elliptic. Indeed, the characteristic polynomial for the Laplacian is given by

|€|* for each & € R”, (2.10)

hence it satisfies the condition in (2.9) for all £ € R™ \ {0}.



Consider a pair of complex numbers (y, \) € C2 The Lamé operator with Lamé
moduli ¢ and ) is the differential operator that acts on C"-valued functions u = (u®);<a<n

in R" as

Lyu:=Au+ (p+ A)Vdivu = (Au® + (u + A)0.05u”) (2.11)

1<a<n’

is an example of a second-order, homogeneous, complex constant coefficient n x n weakly
elliptic in R™ whenever the Lamé moduli satisfy 1 # 0 and 2 + A # 0 (cf. D. Mitrea, 1.
Mitrea, and M. Mitrea [24, Proposition 1.4.4]).

Following D. Mitrea, I. Mitrea, and M. Mitrea [26, Chapter 1], let [, denote the col-
lection of all coefficient tensors associated with L, that is, the set 2, contains all “blocks of
matrices” of complex numbers A = (a®’ )11%752 u that satisfies (2.8). There are infinitely
many coefficient tensors associated with a gin;nsecond—order system.

As shown in D. Mitrea [21, Theorem 11.1], every homogeneous, constant complex co-
efficient, weakly elliptic M x M system of even order admits a canonical fundamental
solution £ = (E.p)1<a,s<m- Below, we restate the theorem for the case of second-order,

homogeneous, weakly elliptic systems with constant complex coefficients. Unless explic-

itly stated otherwise, the summation convention over repeated indices is in effect.

Theorem 2.2.1. Fixn, M € N, withn > 2, and let

L = (a2?9,0,) (2.12)

1<a,8<M

10



be a second-order homogeneous M x M system in R"™, with complex constant coefficients,

which is weakly elliptic in the sense of (2.9). That is, the characteristic matrix

L(€) = = (6776:6,) o gers» Y6 = (E)1<ren ER” (2.13)

is invertible for every non-zero £ € R™.
Consider the M x M matrix-valued function E = (Eo3), -, s<M defined for each point

z e R\ {0} by

Ag(vn—l)/Q ) )
BT (2, O[] dH" (&) ¢ if nis odd,

SO e
T Lann! if n is even
e Ll L@ e @ ) s ven

In relation to the CM*M _valued function (2.14), the following properties hold:

1. Foreach o, B € {1,..., M} one has

Eos € C= (R"\ {0}) N L

loc

(R*, "), (2.15)

E.5(—x) = Eyp(z) forall x € R\ {0} (2.16)

In fact, each entry E,g is a real-analytic function in R™ \ {0}. Moreover, each E,g is

an even tempered distribution in R" (induced via integration against Schwartz functions).

11



2. If for each y € R" one denotes by 6,, Dirac’s delta distribution with mass at y in R",

then in the sense of tempered distributions in R" one has

L.JE(x —y)] = 6y(x)[prxn, Yy eR" 2.17)

where Iy s is the M X M identity matrix, and the subscript x indicates that the operator
L in (2.17) is applied to each column of the matrix E(x — y) in the variable x. Componen-
twise, for each o, f € {1, ..., M} one therefore has

0 ifa # B3,
ay) 0y, 05, [Eyg(x — )] = 0apdy(x) = z,y € R" (2.18)

5?/ (IE) lfa = 57
3. For each multi-index ~y € N with |y| > 1, the tempered distribution 0" E is positive
homogeneous of degree 2 — n — || in R™. This is also true for |y| = 0 provided n > 3,
i.e., the tempered distribution E is positive homogeneous of degree 2 — n in R" if n > 3.

Finally, corresponding to n = 2 and |7y| = 0, one may express

_ Inlz|

E(x) = ®(x) [L(O]dH(€), Yo € R*\ {0} (2.19)

47'('2 S1
where ® : R?\ {0} — CM*M  given by

T

o) =15 [ ln’<‘x|,£>’[L(£)]1dH1(£), vreRA{0)  (220)

12



is a function of class C*™ and positive homogeneous of degree 0 in R? \ {0}.
4. For each v € Ny there exists a finite constant C., > 0 such that for each x € R"\{0}

one has

mnifﬁ if eithern > 3, orn = 2 and || > 0,
|(VE) (z)] < orn =2 ana’/ [L(&] T dH' (¢) =0, (2.21)
S1
Co(1+ |In|x||) whenever n =2 and |y| = 0.

5. Let ‘hat’ denote the Fourier transform in R". Then Eisa tempered distribution in
R™ (which is positive homogeneous of degree —2 if n > 3), whose restriction to R" \ {0}

is a (matrix-valued) function of class C*°. In fact,

E(€) = [L(&)]™" forall ¢ € R™\ {0}. (2.22)

We highlight that, in particular, if £ = (E,3)1<as<m is the canonical fundamental
solution of a second-order, homogeneous, weakly elliptic systems, with constant complex

coefficients, then F is a matrix whose entries are smooth and even in R™ \ {0},

O, E(z) is smooth and positive homogeneous of degree 1 — non R" \ {0},  (2.23)

and the Fourier transform of £ in R" is smooth on R™ \ {0} and it satisfies

E(€) =[L(&)]™" forall ¢ € R™\ {0} (2.24)

13



2.3 Harmonic Analysis

The work of G. David and S. Semmes (cf. [13]) has shown that uniformly rectifiable sets are
the broadest geometrical setting in which the Calderén—Zygmund theory maintains much
of its original strength as it does in the classical Euclidean setting. Here, we include two
results of this nature that are key for our forthcoming discussions. A proof of the statement

below is available in D. Mitrea, 1. Mitrea, and M. Mitrea [24, Chapter 2].

Theorem 2.3.1. Fixn € N withn > 2. Let 2 C R™ be a UR domain, and consider
a function k € C*(R"™ \ {0}) which is odd and positive homogeneous function of order
1 — n. Fix an integrability exponent p € (1,00) and define the singular integral operator

acting on f € LP(0N), o) according to

T f(z) = /asz k(x —y)f(y) do(y) foreveryx € Q) (2.25)

along with its principal value version defined as the limit

Tf(x) := lim /yeaﬂ k(x —y)f(y)do(y) foro-a.e. x € 0N (2.26)

e—0t
lz—y|>e

Then the operators 7 and T satisfy the following properties:
1. For each function f € LP(0N), o) the limit defining T f (x) in formula (2.26) exists at

o-a.e. point x € 0X), and the induced operator

T:LP(OQ, o) — LP(0R,0) (2.27)

14



is well-defined, linear, and bounded.
2. For each aperture parameter . € (0, 00) there exists a positive constant C' € (0, 00)

such that

[INe(T Dlleroa,e) < Cllfllzr@o0.0) (2.28)

forevery f € LP(0Q,0).

3. For each aperture parameter . € (0,00) and each f € LP(0N2, 0)
K—n 1 T
ff}m t(x) = Zk(u(m))f(x) +Tf(x) ato-a.e. pointx € IS, (2.29)

where v is the outward unit normal to €} and k stands for the Fourier transform of the

function k in R".

Another key result we shall use in our forthcoming discussions in this dissertation is the
one that treats singular integral operators whose integral kernels have an algebraic structure

described in D. Mitrea, I. Mitrea, and M. Mitrea [24, Proposition 1.2.1].

Proposition 2.3.2. Fix n € N withn > 2. Let  C R" be a UR domain with surface
measure o and denote by v = (11, ..., v,) the geometric measure theoretic outward unit

normal vector to ). Next, consider a complex-valued function b € Li. (R", £™) with the

property that b|Rn € ¢ (R"\ {0}), and such that Vb is odd and positive homoge-

\{0}

neous of degree 1 — n. Finally, for each pair of indices j, k € {1,...,n} introduce the

15



o(y)
Tyt

operators acting on each function f € L! (89 > according to

Tiwf(x)i= | Avs(y) Ok0) (@ —y) =vily) (950) (& = y)} (y)doly), Vo €@ (2.30)

along with its principal value version defined as the limit

Tif(a) = lim [ o {vi(y) (0b) (z — ) — vi(y) (9;0) (w = y)} f(y)do(y) (2.31)
lz—y|>e

for o-a.e. x € 0. Then for each aperture parameter k. € (0, 00)

Kk—nt

Tiklpq () =Tjf(x) at o-a.e. point x € OQ. (2.32)

Fix n € N with n > 2 and let 2 C R" be a UR domain. For each j, k € {1,...,n}

consider the first-order tangential derivative operator d,, acting on an arbitrary function

k

¢ € C*(R") via
Or & = 1j(0k®)| 5, — vk (0;0)|,, o-a.e. on Q. (2.33)

Here, v = (14, ..., v,) is the geometric measure theoretic outward unit normal vector to §2.

16



Given indices j, k € {1,...,n} and an integrability exponent p € (1,00), say that a
function f € LP(0€, o) is such that J,, f belongs to LP(0S2, o) provided there exists a

function f;, € LP(02, o) such that

/ (0r,,0) fdo = — [ ¢ (fix)do forevery ¢ € Cy(R™). (2.34)
20 20

Define L7 (052, o), the LP-based Sobolev space of order 1 on 92, as the collection of all
functions f € LP(0, o) such that 9., f defined in (2.34) belongs to LP(952, o) for all the

indices j, k € {1,...,n}. This is a Banach space when equipped with the norm

fllzp 0.0y = 1|l 00.0) + Z 107 fl] 27 (992,0) - (2.35)
ik

Below, we restate two results regarding properties of the boundary Sobolev spaces, which
will be used throughout this dissertation. The first is an integration by parts formula in D.

Mitrea, 1. Mitrea, and M. Mitrea [23, Proposition 11.1.14].

Proposition 2.3.3. Assume 0 C R" is a set of locally finite perimeter and abbreviate

o, = H"10.Q. Consider f € Lip, (0,), and g € LY. (0.Q,0,) withp € [1, 00|, and

1,loc

fix a pair of indices j, k € {1,...,n}. Then

[ €LY (0.Q,0.), O, f € L*(0.9Q,0.), supp (8Tjkf) C supp f (2.36)
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and

[ @un)ade =~ [ 1(2,9) 0. @37)
0xQ 0+ Q2

The second result, which we restate here, is the fact that the boundary Sobolev spaces
just introduced in are modules over the space of compactly supported Lipschitz functions

D. Mitrea, 1. Mitrea, and M. Mitrea [23, Proposition 11.1.15].

Proposition 2.3.4. Fix n € N withn > 2. Let () C R" be a set of locally finite perimeter
and abbreviate o, := H" 10,80 Then, given any pair of functions f € Lip, (0.Q), and
g € L, (0.,0.) with p € [1,00], it follows that fg € L7 (0.Q,0.), and for each

J, k€ {1,...,n} the following product rule holds:

0, (f9) = (0, f) g+ [ (0-,,9) at o.-a.e. on 0.9 (2.38)

Further properties of the boundary Sobolev spaces just introduced are contained in D.
Mitrea, I. Mitrea, and M. Mitrea [23].
Fix n € Nwithn > 2 and let 2 C R" be a UR domain. For p € (1,00), m, M € N

with m > 1, say that a family

f={fy:veN;, h<m—-1} (2.39)
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of CM-valued functions in [LP(0, o)]™, indexed by multi-indices v € N? which are of
order |y| < m — 1, is a Lebesgue-Whitney array if it satisfies the following compatibility

conditions (abbreviated as CC)

' O Jy = Vifyrer — Vifyie; 0-a.€. 0n 00
feCC = (2.40)

forall |[y| <m —2 andall 1< j k <n,

where GTJ. . denotes the tangential derivative operator. Also {ex }1<k<, stands for the canon-
ical basis in Nfj. With this in hand, define the L? Lebesgue-Whitney space of order m — 1

of CM_valued functions as

WAM [IP(09Q,0)] == {f € CC : f, € [LP(dQ,0)|M for |y| <m —1},  (2.41)

equipped with the norm

||f||WA%71[LP(BQ,J)} = Z [ £l ie (a0,09M - (2.42)

[y|<m—1

Note that for each p € [1, 00|, the LP Lebesgue-Whitney spaces are Banach spaces
when equipped with the norm in (2.42). We refer to G. Hoepfner, P. Liboni, D. Mitrea, 1.
Mitrea, and M. Mitrea [17] (cf. 1. Mitrea and M. Mitrea [28] for the theory on Lipschitz

domains) for further properties of these function spaces.
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Let 2 C R” be a UR domain. For every second-order, homogeneous, complex constant
coefficient, M x M system L in R", and every coefficient tensor A € 2, introduce the

boundary-to-domain double layer potential operator, 2,4, acting on C-valued functions

.fZ(fah<<w1€[L%89 —EQLJ}MaS
=as Tyt

9uf(0) == ([ )00 a = a2 o))

1<y<n

__ / ()(0E) = ) A f(5)do ), (2.43)

for z € R™\ 92, where A, := (a%?)1<a.5<m- Also, introduce the boundary-to-boundary
double layer, K 4, acting on C"-valued in the same weighted L' function space as
Kuf(z) :== lim

e—0t | Y€
|lz—y|>e

vs(y)(0-Er)(x —y)Arsf(y)do(y) for o-ae. z € 052 (2.44)

Introduce the boundary-to-domain single layer potential, .#;, acting on C™-valued func-

tions f = (f*)1<a<nr such that

felron. o +1n|yy)a(y))]M ifn— 2,
(2.45)

fe [Ll(aﬂ &)]M ifn >3,

P ty[r 2

as the integral operator

718w = ([ Eule =05 wot))

1<y<n
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_ /8 Eula = ) fW)do(y), (2.46)

for z € R™ \ 05, and the boundary-to-boundary single layer, Sy, as

Spf(x) == /asz Er(z —vy)f(y)do(y) for o-a.e. z € OS. (2.47)

Note that these boundary-to-domain potentials are a mechanism for generating null solu-
tions for the weakly elliptic system L. For completeness, we restate below some of the
mapping properties of these operators when acting on vector-valued functions with com-
ponents in LP(9€2, o). A proof may be found in D. Mitrea, 1. Mitrea, and M. Mitrea [25,

Theorem 1.5.1].

Theorem 2.3.5. Fix an exponent p € (1, 00) along withn € N withn > 2, and let Q C R"
be a UR domain. For some M € N, consider a coefficient tensor A = (a%?)1<a,<n With
1<r,s<n

the property that the M x M homogeneous second-order system L = L 4 associated with
AinR"

Ly = (aff@,ﬁs)lga,ggM is weakly elliptic. (2.48)

Finally, consider the boundary layer potentials 94, K 5, -9, and S}, associated with A and
Qasin (2.43), (2.44), (2.46) and (2.47). Then, in relation to these operators, the following

properties hold.
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1. For each function f € LP(0S), o) the limit defining K 4 f(z) in formula (2.44) exists

at o-a.e. point x € 0X), and the induced operator
Ka: LP(0Q,0) — LP(0Q, 0) (2.49)

is well-defined, linear, and bounded.
2. For each aperture parameter . € (0, 00) there exists a positive constant C' € (0, 00)

depending only on 0X), A, n, k, and p such that
[INe(Zaf)llro9.0) < Cllfllzr09,0) (2.50)
forevery f € LP(09Q,0), and
[IN(Daf)le + IIN(VZaf)|lzro9.0) < ClIfl 2 00,0) (2.51)

forevery f € LY(09,0).

3. For each aperture parameter r € (0,00) and each f € LP(092, o)

.@Af‘g;m(x) = %f(:c) + Kaf(z) ato-a.e. point z € 0N (2.52)

4. Assume OS2 is bounded. Then the boundary-to-boundary single layer, Sy, induces an

operator

Sy« LP(09, o) — L2(09, 0) (2.53)
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that is well-defined, linear, and bounded.
5. Further assume () is a bounded UR domain. Then for each aperture parameter

k € (0,00) there exists a positive constant C' € (0, 00) depending only on 02, n, k, and p

such that

[N (ZL ) er00.0) + [IN(VILH) e 00,0) < Cll fl]r00,0) (2.54)

forevery f € LP(0R,0).

We highlight that a more complete statement on the mapping properties of these op-
erators, including different functions spaces, is contained in D. Mitrea, 1. Mitrea, and M.

Mitrea [25].

2.4 The Classical Cauchy Integral Operator

Let us briefly recall the classical Cauchy integral operator and review some of its properties.
Let 2 C C be a UR domain. Recall that the complex arc-length on the geometric

measure theoretic boundary of the set €2 is defined as

d¢ :=ivdo = ivdH' (09, (2.55)

where v denotes the GMT outward unit normal to €.

23



With the identification C = IR?, consider the Cauchy-Riemann operator O given by
_ 1 )
0:= 5(835 +10y). (2.56)

For an UR domain 2 C C, introduce the boundary-to-domain Cauchy operator acting

on any function f € L' (99, 7 JEICC)\) as

DRV O (SIS (5

" 2mi 90 C — 2 S om 90 C — 2

v(¢)do(C) (2.57)

for z € C\ 052. Note that the above integral is absolutely convergent, and in fact, for each

I(Ef)=0inC\ 9Q. (2.58)

Under the same geometric assumptions, introduce the boundary-to-boundary Cauchy

operator acting on any function f € L'(99, ~ Ji\CC)I) as
oy L fQ f(Q)
Cf(z):= lim 55 geon (= Sde = lm oo geom (= L/(Qdo(Q) - 2:59)

for o-a.e. point z € 0. Below we state the results in D. Mitrea, I. Mitrea, and M. Mitrea
[25], which highlight remarkable properties of the Cauchy operators introduced in (2.57)

and (2.59).

24



Theorem 2.4.1. Let ) C C be a UR domain with compact boundary and surface measure

0. Fix an integrability exponent p € (1,00) and an aperture parameter r € (0,00). Then

the following properties hold:

1. For each function u : 2 — C with

u € CYQ) and du =0 in,

(2.60)

s . iy : —nt, | .
and satisfying the size condition N,u € LP (02, o), the k-nontangential trace u!QQn (z) is

well-defined at o-a.e. point z € 0§}, u‘g;nt € LP(0Q,0), and

u=%(u ggm) in Q.

2. If I denotes the identity operator, then for f € LP(052, o),

2

(€f) ggnt = (lf + C’) f o-a.e. on 0.

3. There exists a constant C' € (0, 00) such that

ING(E )l Lr@0.0) < Cllf || Lro0.0)

forevery f € LP(0Q,0).
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4. The boundary-to-boundary Cauchy operator is bounded from LP(0S), o) into itself,
and satisfies

C? = i] on LP(09), 7). (2.64)

Next, let 2 C C be a bounded UR domain with surface measure o, p € (1,00) be an
integrability exponent and x € (0, 00) be an aperture parameter. Recall that the domain

Hardy space of holomorphic functions in €2 is given by
HP(Q) :={u:ueCQ),du=0 and N,uec LF(0Q,0)}. (2.65)
This is a Banach space when equipped with the norm

[ull ) = [NetllLr90,0)- (2.66)

Note that the results in D. Mitrea, I. Mitrea, and M. Mitrea [25], ensure that the definitions
in (2.65)-(2.66) are independent of the aperture parameter x € (0, 00). Moreover, one has

the following Fatou-type Theorem

Theorem 2.4.2. Let ) C C be a UR domain with surface measure o and fix an integrability
exponent p € (1,00). Then for each function u € FP(S2) and for each aperture parameter

K € (0,00) there holds

u gﬂnt exists o-a.e. on 0N, and u‘gém € LP(09,0). (2.67)
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Moving on, recall that the boundary Hardy space is given by

AP0, 0) = {f € LP(0R,0) : Ju € HP(Q) such that [ = u‘ggnt o-a.e. on 0N2}.
(2.68)
It follows from Theorem 2.4.2 that the boundary Hardy space is a subspace of L? (02, o).

Define the linear operator P : LP(02,0) — LP(0%2,0) as

1
P = 5] +C, (2.69)

where C' is the boundary-to-boundary Cauchy operator. Thanks to the result in Theorem
2.4.1 stating that C* = 11 as operators on LP(9, o), it follows that the operator P is a

linear projection on L?(952, o). Moreover, it can be shown that (cf. [25])
P00, 0) = P(LP(09,0)). (2.70)

In fact, if  C C is a bounded UR domain and p € (1,00) is an integrability exponent,

then the boundary-to-domain Cauchy operator is such that
C . P00, 0) — HAP(Q) is an isomorphism. (2.71)

In this context, the x-nontangential trace and the boundary-to-domain Cauchy operator are

inverses.
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CHAPTER 3
OVERDETERMINED BOUNDARY VALUE PROBLEM FOR THE LAPLACIAN

IN UNIFORMLY RECTIFIABLE DOMAINS

In this chapter we discuss the overdetermined boundary value problem for the Laplacian
in uniformly rectifiable domains with compact boundary and prescribed boundary data in
LP-based function spaces.

In section 3.1 we introduce and analyze a Cauchy-like operator associated with the
Laplacian and its basic properties. We also show that the Cauchy operator associated with
the Laplacian may be used for writing integral representation formulas for harmonic func-
tions in uniformly rectifiable domains with compact boundaries.

In section 3.2 we formulate and establish well-posedness results for the overdetermined
boundary value problem for the Laplacian in uniformly rectifiable domains with compact
boundaries and prescribed boundary data in Lebesgue-Whitney spaces with integrability
exponent p € (1,00).

In section 3.3 we discuss classical Hardy spaces associated with the Laplacian operator
and study equivalent formulations of the overdetermined boundary value problem.

Finally, in section 3.4 we formulate and discuss the overdetermined Riemann-Hilbert
problem associated with the Laplacian operator in uniformly rectifiable domains with com-
pact boundaries, and we show that under suitable assumptions on the twisting function we

have Fredholm solvability for this problem.
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We highlight that throughout the discussion, the Cauchy operator associated with the
Laplacian introduced in section 3.1 plays a key role in obtaining the above mentioned
results. All the results presented in this chapter are based on joint work with Dorina Mitrea,

Irina Mitrea, and Marius Mitrea in [2].

3.1 Cauchy Operators and Integral Representation Formula for Null Solutions of

the Laplacian

Fixn € Nwithn > 2andlet Q2 C R"” be a UR domain with compact boundary and outward
unit normal v = (v4,...,1,). For each integrability exponent p € (1,00) and for each
coefficient tensor A € A, we define the boundary-to-domain Cauchy operator associated
with A, denoted by %4, as the linear operator acting on arrays f € WA;[L”(9%, o)] and

producing a scalar function according to the formula

‘K'Af(:v) = Da(fo)(x) — LAV Arsfe,)(T) (3.1

for all x € R™\ 0L2. Here, 0 stands for the zero multi-index in Njj and {e; }1<s<, stands for
the canonical basis in N, and f = (fo, feys---» fe,)-

As a first goal, we wish to monitor the dependence of the boundary-to-domain Cauchy
operators introduced in (3.1) of the choice of coefficient tensor A used to represent the

Laplacian operator.
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Following D. Mitrea, I. Mitrea and M. Mitrea [26, Chapter 1], consider for the moment

n = 2 and the following two matrices Ay and A;:

Ay = and A; = ‘ ) (3.2)
01 —i 1
A direct computation shows that Ay, A; € 2Ax, hence for each of these matrices we may
associate a boundary-to-domain Cauchy operator.

More precisely, let 2 C R? be a UR domain with compact boundary, and outward unit
normal vector v = (14, /7). Fix next an integrability exponent p € (1,00), and consider
f = (fo, fers fes) € WAL[LP(O92,0)]. Then the boundary-to-domain Cauchy operator
associated with Ay is given by the formula

C, f(2) ! /8 wao(y)da(y)

T o |z — yl?

1

— 5 | logle —ylv(y) e, (y)do(y) (3-3)
o0

for all x € R?\ 09.
With the identification R? = C, z = x; +ix,, and { = 1, +1%, the boundary-to-domain

Cauchy operator associated with A; is given by

Guf() = [ 2

dg

_iﬂ log |2 — C[ (for (C) +ifer (€)) v(O)do () (3.4)

27 Jaq
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forall z € C\ 09, where iv(()do(() = d( is the complex arc-length measure.

Formally, equations (3.3) and (3.4) are distinct and their writings involve different layer
potential-type operators. However, as we will show in the following lemma, one of the
features of the boundary-to-domain Cauchy operator introduced above is that it is indepen-
dent of the choice of coefficient tensor, that is, the Cauchy operator introduced in (3.1) is

intrinsic to the PDE, in this case the Laplacian.

Lemma 3.1.1. Fix n € Nwithn > 2 and let ) C R" be a UR domain with compact
boundary. Let p € (1,00) be an integrability exponent and consider A, B € Ax. Then for

every f € WA, [LP(9S), 0)] there holds

Gaf(x) = Cpf(x) forall z € R™\ 99. (3.5)

Proof. Consider an arbitrary f € WA;[L?(99, 0)]. To conclude that (3.5) holds, we must

show that

9A(f0)($> - yA(VTATSfes)(I) = @B(fo)(l’) - yA(VTBTSfes)(x) (3.6)

for all z € R™ \ 9.

Note that (3.6) is equivalent to the expression

@A(fo)(ﬂé’) - QB(fo)(fB) = yA(VrArsfes)(x) - yA(VrBrsfes)<x>- (37)
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Our goal is to show that (3.7) holds for all z € R™ \ 5.
Fix z € R™\0N. For the given pair A, B € 4, introduce the matrix D = {D,s}1<ys<n
as

D,s:=A,s — B,s forevery 1 <r s <n. (3.8)

Then D is an antisymmetric n X n matrix (cf. D. Mitrea, I. Mitrea, and M. Mitrea [26,
(1.1.38)]), that is,

D,s = —Ds, forevery1 <r,s <n, 3.9)

and in particular D,,. = 0 for every 1 < r < n. With this piece of notation, we can rewrite

the left-hand side of (3.7) as

Do) (&) — Ds(fo)(z) = — / v(1)(0,En) (& — ) Dyefoly)da(y)

o0

= | nw@Bsla =D, o). 310

Using that D, = 0 forevery 1 < r < n and explicitly writing the summation over repeated

indices give us that the right-hand side on the last line in (3.10) is equal to

/a ) (Vs(y)ai’ [Ea(z — )] Drs + v (y)0Y [Ea(z — y)]Dsr>fo(y)d0(y)- (3.11)

1<r<s<n

The antisymmetry of the matrix D as in (3.9), the identity v,0, — v,.05; = 0O,,,, and integra-

E]

tion by parts imply that (3.11) may be written as
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> [ (s = 0D+ B = )]s ) i)

1<r<s<n

= ¥ /8 Q(ys(y)ag — v, (y)0Y)[Ea(z — y)]Drs fo(y)da(y)

1<r<s<n

-y /6987” [Ba(x — y)]Dys fo(y)do(y)

1<r<s<n

= > [ Bla- 0D i)

1<r<s<n

= Y Sa(Dysdn fo)(@). (3.12)

1<r<s<n

The conclusion is that the left-hand side of (3.7) is given by the expression in the last line
of (3.12).

For the right-hand side of (3.7), write

AW Arsfe,) (1) = Sa(WrBrsfe,)(x) = LAV Drs fe, ) (). (3.13)

Explicitly writing the summation over repeated indices and the antisymmetry of the matrix

D as in (3.9) imply that

yA(VTDrsfes)(x) - Z yA(VrDrsfes + VstTfer)(x)

1<r<s<n

= Y AaDnwife, — vife)) (@) (3.14)

1<r<s<n
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The compatibility conditions of the array f € WA, [LP(0R2, 0)] in (2.40) gives that

Vpfeo — Vsfe, = O, fo o-a.e. on 02, (3.15)

thus the last line in (3.14) is equal to

> Fa(Dr0s,, fo) (). (3.16)

1<r<s<n

Since (3.12) is equal to (3.7), it follows from our previous conclusion that (3.7) holds

pointwise for arbitrary z € R" \ 052, and this finishes the proof. [

From now on, given any A € 2Ax, we shall call the boundary-to-domain Cauchy op-
erator introduced in (3.1) the boundary-to-domain Cauchy operator associated with the

Laplacian. The next proposition contains some of its basic properties.

Proposition 3.1.2. Fix n € N withn > 2 and let () C R" be a UR domain with compact
boundary, outward unit normal vector v = (v, . .., v,) and surface measure o. Consider
an integrability exponent p € (1,00) and the coefficient tensor A = (A,s)1<rs<n € An.
Then for each array f = (fo, fers-- .+ fo,) € WAL[LP(OS, 0)] the complex-valued function
N f satisfies

Cuf € C(R™\ 09Q) and A(Gaf) =0 inR™\ 59, (3.17)
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and for each | € {1,...,n} there holds

al(gAf(x) = @A<fez)(m> + /BQ a‘rrl(y) [EA(x - y)]ATSfes (y)do(y) (3.18)

forall x € R™\ 05
Moreover, given an aperture parameter . € (0,00), the following holds. If ) is
bounded, then there is a positive constant C = C(Q,p, k) such that for every Lebesgue-

Whitney array f € WA, [LP(9$2, 0)]

Z N (" Ca ) r@9.0) < ClIf | lwas(ze(00,0))- (3.19)

[v|<1

If Q is unbounded, that is, if () is an exterior UR domain, then there is a positive

constant C = C(S2, p, ) such that for every Lebesgue-Whimey array f € WA [LP(9S), 0)]

> N (@ Caf)lroa.0) < Cllfllwarzeo0.0)- (3.20)

[v]=1

Additionally, there is a constant ¢ € C such that
Caf(x) = cEx(z) + O(|z]*™™) as|z| — oo, (3.21)
and for every € > 0 there is a positive constant C. = C(e, ), p, k) such that

INE(Eaf) o0y < Cellflwas zo@9.0)- (3.22)
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Proof. The claims in (3.17) are an immediate consequence of the definition and the prop-
erties of the canonical fundamental solution for the Laplacian. To prove (3.18) consider

le{l,...,n} and for z € R" \ 0X2 compute

0Guf () = 8,Za(fo)(x) — 0.SA (e Ars fo.) (). (3.23)

Consider the first term on the right-hand side of (3.23). Since F/z is the canonical funda-

mental solution of the Laplacian operator, and A € 2, it follows that
(Ars0,0sEn)(x —y) = (AEA)(z —y) =0 forz € R"\ 02 and y € OS2 (3.24)

Thus using the identity v,0, = 0., + 1,0, equation (3.24), and integration by parts allow

us to write

ATa () = = [ ()00 Fa) = ) Arfulw)ioty)
_ /8 A0S = ) A oly)do(y)
_ /a (Orar T ) (0Fn) (& = )] Arsfo(y)dor(y)
- /a ) Ory ) [(0- Ea) (@ — y)] Ars foy)do (y)

_ / OB8) @ = 1) Arsdr i o)} (), (3.25)
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The compatibility condition of the array f € WA, [LP(092, 0)] as in (2.40) gives us that

O, ) o) = vi(y) fe. (¥) — vs(y) fo, (y), (3.26)

thus the last line of (3.25) is equal to

ADa(fo)(x) = Da(fe,)(x) + / n(y)(0-Ea)(x —y) Arsfe.(y)do(y). (3.27)

o0N

One also readily verifies that

alyA(VTArsfes)(w) = / Vr(yxalEA)(x - y)Arsfes (y)dg(y) (328)

o0

Inserting (3.27) and (3.28) into (3.23), and using the identity 0., = v,.0;, — 1,0, imply the
result in (3.18).

For the boundedness of the nontangential maximal functions stated in (3.19), (3.20)
and (3.22), note that the definitions in (2.42) and the result in (3.18), in concert with the
Calder6n-Zygmund theory in UR domains in [25, Theorem 1.5.1] imply that there is a
constant C' € (0, 00) depending on A € 2, the UR constants of 02, and p € (1, o0), such

that foreach [ € {1,...,n}

N (0B f) Lro0.0) < Ol fllwarzr@0.0) (3.29)

37



By Lemma 3.1.1 the boundary-to-domain Cauchy operator is independent of the choice of
coefficient tensor in 2Ax, so the same argument as above holds for every A € 2A5. This
allows us to take the constant on the last line of (3.29) to be independent of A, hence
proving the desired inequalities.

To prove (3.21) consider ¢ € C given by

c:= —/ Vr(y) Ars fe. (y) do(y). (3.30)
G

Then for every x € R™ \ 052

Gaf(x) — cEa(z) = Dafo(x) —/ [Ea(z —y) — Ea2)]ve(y) Arsfe.(y) do(y). (3.31)

o0

Since 0f2 is compact, it follows from the mean value inequality, properties of the canonical

fundamental solution for the Laplacian, and (3.31) that
Gaf(x) — cEx(x) = O(z|'™) as |z] = (3.32)

and this finishes the proof. 0
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Another remarkable property of the boundary-to-domain Cauchy operator associated

with the Laplacian is reproduces harmonic functions. More precisely, the following integral

representation formula allows one to recover a harmonic function from its nontangential

traces at the boundary (under appropriate assumptions on nontangential traces and size).

Recall the operator Tr{ "™ from (2.7).

Theorem 3.1.3. Fix n € N with n > 2, an integrability exponent p € (1,00) and an

aperture parameter k € (0,00). Let Q C R"™ be UR domain with compact boundary.

Suppose u : ) — C satisfies

ue C*Q) and Au=0 inQ,

and is such that

ulfg™ and Vuliy™ exist o-a.e. on 0N

Additionally, if ) is bounded, then suppose

Nou € LP(02,0) and N, (Vu) € LP(09,0),

and if Q) is unbounded, then suppose

For everye > 0, N°u € LP(09,0) and N,(Vu) € LP(0Q, o)

There is ¢ € C such that u(z) = cEx(z) + O(|z|'™") as |z| — oo.
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Then for all x € Q)

u(r) = Ca(Tri " u) (). (3.37)

Proof. This theorem follows as a consequence of D. Mitrea, [. Mitrea, and M. Mitrea [24,
Theorem 1.5.1], hence we need to verify that the hypotheses are met.

First, note that if {2 C R™ is an UR domain with compact boundary, then it is in partic-
ular a lower Ahlfors regular domain, and the surface measure o is a doubling measure.

Second, the considerations in (3.33) and (3.34) are stronger than the ones stated in [24,
(1.5.2)]. Moreover, the integrability and decay conditions in (3.35) and (3.36), in concert
with the fact that 0f) is compact, imply that conditions of D. Mitrea, I. Mitrea, and M.
Mitrea [24, (1.5.3), (1.5.5) and (1.5.9)] are met.

The conclusion is that u satisfies the hypotheses of [24, Theorem 1.5.1], which finishes

the proof. U

Moving on, let 2 C R" be a bounded UR domain and fix an integrability expo-
nent p € (1,00) along with a coefficient tensor A = (A,5)1<rs<n € Aa. Define the

boundary-to-boundary Cauchy operator as the map that acts on a Lebesgue-Whitney array

f=fo, fers s fe,) € WAL [LP(09, 0)] and produces the family of functions

OAf = {(CAf>07 (CAf)e1’ SRR (CAf)en}w (338)
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where, for o-a.e. point z € 0L, with v = (v, ..., 1,) the outward unit normal to €2,

(Caf)o(z) = Kafo(z) — Sa(vpArsfo.) (), (3.39)

while for each I € {1,...,n} and for o-a.e. point x € 0f)

(Caf)e(®) == Kafe,(z) + dm [ eon
lx—y|>e

aﬂ-l(y) [EA (z — y)]ATSfes (y)do(y). (3.40)

A number of basic properties of this operator and its relation to the boundary-to-domain

Cauchy operator associated with the Laplacian are contained in the next proposition.

Proposition 3.1.4. Fix n € N with n > 2, an exponent p € (1,00) and an aperture
parameter k. € (0,00). Let  C R"™ be a UR domain with compact boundary. Then for

every A € A the following properties hold:

1: For every f € WA{[LP(0, 0)] and o-a.e. on 9, the first-order nontangential bound-

ary trace of the function € f exists and satisfy

T (G f) = (31 + CA)f o-a.e. on OS). (3.41)

2: The operator C4 is bounded from WA, [LP (99, 0)] to itself. More precisely,

Ca - WAL[LP(09, )] — WAL [LP(09, 0)] (3.42)
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is well-defined, linear, and bounded.

Proof. To prove 1 we note that by definition and (3.38)-(3.40) we need to show that

Caflh," = 1fo+ (Caf)o o-ae. on o, (3.43)

and that foreach [ € {1,...,n}

0Caf|hg" = Lfe, +(Caf)e, o-ae. ondQ (3.44)

To check that (3.43) holds we use D. Mitrea, I. Mitrea, and M. Mitrea [25, Theorem 1.5.1]
to conclude that the nontangential boundary trace of the second term on the right-hand side
of (3.39) is given by

ggnt(x) = SA(VpAvsfe,)(z) o-a.e. on O (3.45)

CS/A(Vrfqrsfes)

For the first term on the right-hand side of (3.39) we use the jump formulas in D. Mitrea, 1.
Mitrea, and M. Mitrea [25, Theorem 1.5.1] for the double layer associated with A € A to
obtain

Da(fo) g;)nt(x) = 1fo(z) + Kafo(z) o-a.e. on OXL. (3.46)
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Therefore (3.43) is a consequence of (3.45) and (3.46). To prove that (3.44) holds we use

Proposition 3.1.2 to write

NCsf(x) = D(f.)(x) + / Or [ Ealz — y)|Avs fo. (y)do(y) forz € Q. (3.47)

o0

By the jump formula in D. Mitrea, I. Mitrea, and M. Mitrea [25, Theorem 1.5.1] for the
double layer associated with A € A we have that the nontangential boundary trace of the

first term on the right-hand side of (3.47) is given by

K—nt
Dafe)|ng (@) = 5fe(x) + Kafe () o-ae. on O (3.48)
For the second term, note that the integral kernel of this operator satisfies the hypotheses
in D. Mitrea, 1. Mitrea, and M. Mitrea [25, Proposition 1.2.1], hence its nontangential

boundary trace is given by

K—nt

()

o0

(/ag Oru) [ Ea(: — y)]Ars fe, (y)dg(y))

= lim /ye89 Or [ Ealr — )| Ars fe, (y)do(y) o-a.e. on 0L, (3.49)

e—0t
|lz—y|>e

and this finishes the proof of 1.
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To prove 2 we first check that for an arbitrary f = (fo, fo,, ..., fo,) € WAL[LP(99, 0)],
the family {C’ A fv}lwlﬁl satisfies the compatibility conditions in (2.40). More precisely,

given 5,1 € {1,...,n} we need to verify that for o-a.e. x € 9

Ory @) [(Caf)o(@)] = (@) (Caf)e () = (@) (Caf)e, (). (3.50)

Using the results in 1, the definition of the tangential derivative operator, and the compati-

bility condition for the array f € WA{[L?(99, ¢)], we may write

0r0(Caflo = 0y (Gaf|ig™) = 20, fo
= v, (0a113,") i (0,8a 13" ) — 00,50
= v; (3 + (Cafla) = (3, + (Caf)ey ) = $0n, o
= v;(Caf)e = (Caf)e, + & (Vife — vife, — Or o)

= V;(Caf)e — i(Caf)e;, (3.51)

for o-a.e. on OS2, hence (3.50) holds, hence the family {C A f‘:y}‘,y‘gl is an array.

Secondly, to conclude that the boundary-to-boundary Cauchy operator Cy is a well-
defined, linear, bounded operator from WA, [L? (02, 0)] to itself note that the singular inte-
gral operators involved in the definition of the boundary-to-boundary Cauchy operator C 4

are all treated in D. Mitrea, I. Mitrea, and M. Mitrea [25, Chapter 1], and thus

(CAf)O = KAfO - SA(VrArsfes) (3.52)
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is a well-defined, linear, bounded operator from WA [LP (02, 0)] to L} (0S2, o) and for each
le{l,....,n}

(CAf)el = KAfel + lim aT

e—0+ [ yeod T
|'—y[>e

() Ea = y)]Arsfe, (y)do(y) (3.53)

is a well-defined, linear, bounded operator from WA;[LP (052, o)] to LP (0%, o).
All in all, we conclude that the boundary-to-boundary Cauchy operator C is a well-
defined, linear, bounded operator from WA [L”(052, 0)] to itself and this finishes the proof.

]

We are now ready to formulate and establish well-posedness for the overdetermined
boundary value problem associated with the Laplacian, which is the topic of our next sec-

tion.
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3.2 Formulation and Well-posedness for the Overdetermined Boundary Value Prob-

lem

Fix n € Nwithn > 2, andlet 2 C R" be a bounded UR domain and x € (0, co) be an aper-
ture parameter. For each exponent p € (1, co) we formulate the overdetermined boundary
value problem for the Laplacian in Q with prescribed boundary data f € WA, [L?(99, 0)]

as the task of finding a complex-valued function w in €2 satisfying

e

ue C?*Q), Au=0 in,
(OBVPA ) N (u) € LP(09, o), No(Vu) € LP(9Q, o), (3.54)

Try"u = f € WA[LP(09, do)].

\

As discussed in the Introduction, for n = 3 the boundary value problem (OBVP, ,) stated
above is equivalent to finding the electrostatic potential in a charge-free region €2 with both

electrostatic potential and electric field prescribed at the boundary. Therefore

A solution u for (OBVP, ;) exists provided the components of
' (3.55)
the array f satisfy an additional relation given by the PDE.

Indeed, the content of the next theorem characterizes the space of admissible boundary
data associated with the boundary value problem (OBVP, ,). This can be interpreted as a

rigorous mathematical statement of the comment in (3.55).
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Theorem 3.2.1. Fix n € N with n > 2, an exponent integrability p € (1,00) and an
aperture parameter k. € (0,00). Let 2 C R™ be a bounded UR domain.

Then the space of admissible boundary data for (OBVPy ;) in S, that is, the set

{Tri ™ u:u e C*(), Au=0inQ,

N(u) € LP(89, 0) and N,.(Vu) € LP(092,0)}, (3.56)

may be described as
{f € WAL[LP(09,0)] : Cuf =3[}, (3.57)
where C 4 is the boundary-to-boundary Cauchy operator associated with the Laplacian.

Remark 3.2.2. Before starting the proof of the theorem, let us remark that the set in (3.56)
is well-defined. To this end, suppose u is a function satisfying the properties in (3.56).
Then by the Fatou-type theorem D. Mitrea, 1. Mitrea and M. Mitrea [24, Theorem 3.3.4]

the first-order nontangential boundary trace of u exists o-a.e. on 0f2, that is,

Tey ™ u = (ul5a™, Vulsg™) exist o-a.e. on 95. (3.58)

Moreover, the assumption

N, (u) € LP(9Q,0) and N, (Vu) € LP(09Q,0) (3.59)

ensures that Tr{ " u belongs to WA [LP(99, o)].
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Proof. The first claim is that the set in (3.56) is contained in (3.57). To see that, note that
if u has the properties in (3.56), then by (3.58) the nontangential boundary trace of u exists
c-a.e. on 0f2 and u satisfies the requirements in Theorem 3.1.3. Thus the integral repre-
sentation formula in (3.37) imply that u = € A(Tr{ ™). Taking nontangential boundary

traces and using Proposition 3.1.4 we obtain

Ty = (3 + Ca)Tef e = T "t = O Ty ™, (3.60)

which proves the claim.
The second claim is that the set in (3.57) is a subset of the one in (3.56). Indeed,
consider an element f € WA, [LP(0S2, )] of the set in (3.57). By Proposition 3.1.2 the

function €4 f is a harmonic function satisfying the properties

N (Eaf) € LP(8Q,0) and N, (VEsf) € LP(0, ). (3.61)

Therefore Tr’f’”t(ifA f ) is an element of the set in (3.56). By Proposition 3.1.4 its first-order

nontangential boundary trace satisfies

T (Gaf) = (31 + Ca)f o-ae. ondQ. (3.62)

Since f is in the set defined in (3.57), it follows that C'4 f = % f . Therefore from (3.62)
we conclude that Tr’f’"t(%A f ) = £, and this proves the second claim. These two claims

together prove the theorem. 0
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With this machinery, we are able to obtain a well-posedness result for the overdeter-
mined boundary value problem for the Laplacian in bounded uniformly rectifiable domains
in the Euclidean setting with boundary data in Lebesgue-Whitney spaces for arbitrary inte-

grability exponent p € (1, 00).

Theorem 3.2.3. Fix n € N with n > 2, an exponent p € (1,00) and an aperture pa-
rameter . € (0,00). Let @ C R™ be a bounded UR domain and let A € Ax. Then
the overdetermined boundary value problem for the Laplacian in ) with boundary data

f e WA{[LP(8Q,0)]

(

ue C?*Q), Au=0 inQ,

(OBVPay) § Nio(u) € LP(09,0), Ni(Vu) € LP(99,0),

Tl ™u = f € WA [LP(8Q, do)].

\

is solvable if and only if the boundary data is admissible, i.e., it satisfies

Cuf =3f o-ae on0Q, (3.63)

where C'y is the boundary-to-boundary Cauchy operator associated with the Laplacian.
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Moreover, the (OBVPAJ;) in Q is well-posed in the sense of Hadamard, that is, for
each prescribed data from the space of admissible boundary data there exists a unique
solution u and this solution depends continuously on the boundary data. Additionally, we

may represent the solution as

u=Csf inQ, (3.64)
where € is the boundary-to-domain Cauchy operator associated with the Laplacian

Proof. To prove solvability, note that if u is a solution of (OBVP, ,), then by Theorem
3.2.1

1 .
§Tr’f’”tu = C,Trj . (3.65)

Conversely, if f € WA[LP(99)] is admissible, then by Theorem 3.2.1 there exists u in €
that is a solution of (OBVP, ,,) with boundary data f € WA, [LP(9Q)].

For uniqueness note that if u; and u, are two solutions of the (OBVP4, ,,) for the Lapla-
cian in Q with boundary data f € WA;[L?(dQ, o)], then the function v = u; — uy is a
solution of the (OBVP, ,,) for the Laplacian in €2 with boundary data equal to zero, hence

the integral representation formula in Theorem 3.1.3 implies that v = 0 in €.
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Finally, it follows from the integral representation formula in Theorem 3.1.3 that if
f € WAL[LP(99, 0)] is an admissible boundary data, then the function u = %, f is the
solution of the (OBVP, ;) in €. By Proposition 3.1.2 the nontangential maximal function
of all derivatives up to order one of Gaf are in LP(0Q) and its norm is bounded above by
a positive constant multiple of the WA[LP (02, o)]-norm of the boundary data, and this

finishes the proof. 0

Using the richness of information and structure arising from the function space frame-
work used to describe the boundary data, together with properties of the Cauchy operators
associated with the Laplacian, the integral representation formula in Theorem 3.1.3 and
the powerful Calderon—-Zygmund theory in uniformly rectifiable domains in D. Mitrea, I.
Mitrea, and M. Mitrea [25] we obtain the jump formulas stated in Proposition 3.1.4. These
results allow us to characterize the space of admissible boundary data in Theorem 3.2.1,
and thus conclude that for every p € (1, c0), the overdetermined boundary value problem
(OBVP, ,) is well-posed for arbitrary bounded uniformly rectifiable domains in R™ if and

only if the boundary data is admissible.
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3.3 Hardy Spaces and Equivalent Formulations of the Overdetermined Boundary

Value Problem in Uniformly Rectifiable Domains

The Cauchy operators discussed in the previous section are connected to the study of Hardy
spaces associated with the Laplacian. These function spaces may be used in conjunction
with an appropriate packing operator to construct a dictionary between the overdetermined
boundary value problem (OBVP, ) and different formulations of overdetermined bound-
ary value problems for the Laplacian with L”-based boundary data in uniformly rectifiable
domains.

To set the stage, fix n € N with n > 2 and let 2 C R" be a bounded UR domain,
p € (1,00) be an integrability exponent and x € (0, 00) be an aperture parameter. Recall

that the domain Hardy space associated with the Laplacian in € is given by

AP(Q,A) = {ue C*Q): Au=0inQ,

Ni(u) € LP(09Q,0), N.(Vu) € LP(0Q,0)}.  (3.66)

This is a vector space, and we may endow it with the norm

lullevi@.a) = [N Lr@0.0) + [INa(V)[r(00.0). (3.67)

We claim that the domain Hardy space 77 (f2, A) endowed with the norm in (3.67) is

a Banach space.
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Indeed, note that for all p € (1, 00), it follows from Remark 3.2.2 that the nontangential

boundary trace map

Tei ™ P (Q, A) — WAL [LP(09, 0)]

u — Trf "y (3.68)

is a well-defined, linear, and bounded map. Fix A € 2 coefficient tensor for the Laplacian
and note that by Proposition 3.1.2 the boundary-to-domain Cauchy operator associated with

the Laplacian

Ca: WAL[LP (0, 0)] — H#7P(Q, A)

fr> Caf (3.69)

is a well-defined, linear, and bounded operator.
Now, suppose {u;}jen C H#P(Q,A) is a Cauchy sequence. Then {Tr} " u;};cy is
a Cauchy sequence in WA [LP(0f2, 0)]. Since WA;[LP(0S2, o)] is a Banach space, there

exists a Lebesgue-Whitney array f € WA, [L?(99, o)] such that

Trf ", — f in WA [LP(0Q,0)] as j — oc. (3.70)

Let u = €4 f. Then by (3.69) we have u € J7(Q, A).
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Moreover, it follows from the integral representation formula in Theorem 3.1.3 that for

each 7 € N we have

uj = Ca(Tey " uy), (3.71)
and by (3.69) we conclude that
[lu; — ull vy = €T u; — llevo.n)
< CIT "y = fllwaize 00,00, (3.72)

which combined with (3.70) proves the claim.

Define the linear operator Py : WA [L? (09, 0)] — WA{[LP(0, 0)] as

Puf = (31 + Ca)f o-ae. ondQ, (3.73)

where C'4 is the boundary-to-boundary Cauchy operator associated with the Laplacian.
By Proposition 3.1.4 the map PA is well-defined, linear, and bounded. Furthermore, for

each aperture parameter x € (0, co) the nontangential boundary trace map satisfies

Try ™ (%Af) — P,f forevery f € WA{[LP(09, 0)]. (3.74)

The next proposition establishes further analytical properties of the boundary-to-boundary

Cauchy operator associated with the Laplacian and the map Pj.
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Theorem 3.3.1. Fixn € Nwithn > 2 and let Q) C R"™ be a bounded UR domain with sur-
face measure 0. Let p € (1,00) be an integrability exponent and k. € (0, 00) be an aperture
parameter. Let A € Ax. Then the boundary-to-boundary Cauchy operator associated with

the Laplacian satisfies

(Ca)? = LI on WA [LP(09,0)]. (3.75)
Moreover, the map P, defined in (3.73) is a continuous linear projection on WA, [LP(02, 0)].
Proof. To prove the claim in (3.75), let f € WA{[LP(952, )] be an arbitrary Lebesgue-

Whitney array. Then the function 6 f satisfies the conditions on Theorem 3.1.3, hence the

integral representation formula implies

Caf = Ca(Try ™ (€af)) in Q. (3.76)

It follows from Proposition 3.1.4 that the nontangential boundary trace of (3.76) yields the
equality

AT+ Ca)f = (A1 +Ca)*f o-ae. ondQ, (3.77)

which implies the result. As a consequence of (3.77) we readily verify that P, = Pj on

WA [LP (092, o)], thus finishing the proof. O

Given any A € 2, define the boundary Hardy space associated with the Laplacian on
o)

HP(0Q, A) = Py (WA[LP(0, 0))]), (3.78)
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endowed with the norm from WA, [LP(0f2, 0)]. With this piece of notation, we have the
following corollary that connects the boundary Hardy space associated with the Laplacian

and the space of admissible boundary data for the overdetermined boundary value problem

(OBVP, ) in €.

Corollary 3.3.2. Fixn € Nwithn > 2. Let Q C R" be a bounded UR domain, p € (1, 00)
be an integrability exponent, k € (0,00) be an aperture parameter and A € A be a
coefficient tensor for the Laplacian.

Then the space of admissible boundary data for (OBVPp ;) in Q) introduced in Theorem

3.2.1, that is, the function space

{Trf ™ u:u e C*(), Au=0inQ,

N(u) € LP(89Q,0) and N,.(Vu) € LP(092,0)}, (3.79)

defined in (3.56) coincides with the boundary Hardy space associated with the Laplacian
on 05}

HP(0Q, A) = Py (WA [LP(09,0)]), (3.80)

defined in (3.78).

Proof. Tt follows from (3.57) in Theorem 3.2.1 that an element in the space of admissible

boundary data for (OBVP, ;) in Q are arrays f € WA, [L?(952, o)] that satisfy the identity

Caf =17, (3.81)



where C is the boundary-to-boundary Cauchy operator associated with the Laplacian.

Therefore by the definition in (3.73) we readily verify that for these arrays we have

Paf=(RE1+Ca)f = f o-ae. ondQ, (3.82)

thus f € 27(9Q, A) by (3.78).
Conversely, suppose f € AP(00, A). Then by (3.73) and the definition in (3.78) there

exists g € WA[LP(0€, )| such that

f=Pag= LI+ Ca)g. (3.83)

By Theorem 3.3.1 we have that

Caf =CaART+Ca)g=(ACa+Cg=(LCa+1Dg=1F, (3.84)

hence elements in J#7(0S2, A) are in the set defined in (3.57) in Theorem 3.2.1 and this

finishes the proof. O

We also have the following result regarding these Hardy spaces and the nontangential

boundary trace map.

Theorem 3.3.3. Fixn € Nwithn > 2. Let Q C R" be a bounded UR domain, p € (1, 00)

be an integrability exponent, and k. € (0,00) be an aperture parameter. Then the nontan-

gential boundary trace map Tt~ is an isomorphism from 7P (Q, A) to 7P (0Q, A).
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Proof. It follows from Remark 3.2.2 and the integral representation formula in Theorem
3.1.3 that

ue AP(QA) = u=C(TrF ™u) in Q, (3.85)

thus by Proposition 3.1.4

Tri ™y = Py (Trf ). (3.86)

K—nt

This shows that u +— Tr{""u is a well-defined, linear, and bounded map from J#7(2, A)
to P (012, A).

To see that Tr¥ " is injective, note that if u; and u, are functions in J#7(§), A), then the
linearity of the nontangential boundary trace and the boundary-to-domain Cauchy operator

associated with the Laplacian, together with (3.85) give us that

U — Uy = fA(Tr’f_"t(ul — UQ)) in €. (387)

K—nt

Hence Tr{ "u; = Tr{~""uy o-a.e. on 99 implies u; = uy in F2P(Q, A).

To see that Tr{ ™ is surjective it is enough to show that for a given Lebesgue-Whitney
array f € P(0Q, A) there is an element in .77(2, A) whose nontangential boundary
trace is f

It follows from the definition that for f € #” (02, A) there exists a Lebesgue-Whitney

array g € WA [LP(052, 0)] such that

f=Psg in WA [LP(9Q,0)]. (3.88)
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Consider the function 4¢. Then by Proposition 3.1.2 this is an element of 777 (2, A), and

Proposition 3.1.4 in concert with (3.88) imply

Tey " (649) = Pag = f, (3.89)

thus finishing the proof. [

Remark 3.3.4. 1t follows from the proof of the previous proposition that if 2 C R" is a
bounded UR domain and p € (1,00) is an integrability exponent, then the boundary-to-

domain Cauchy operator associated with the Laplacian is such that

Gu: AP0, A) — HAP(Q,A) is an isomorphism. (3.90)

In this context, the nontangential boundary trace and the boundary-to-domain Cauchy op-

erator associated with the Laplacian are inverses.

Our next goal is to show that different formulations of the overdetermined boundary
value problem for the Laplacian in bounded uniformly rectifiable domains with bound-
ary data in LP-based function spaces are equivalent to the boundary problem (OBVP4 ,,)
discussed in the previous section.

To set the stage, fix n € N with n > 2 and let 2 C R" be a UR domain. Consider an

integrability exponent p € (1, 00) and a matrix B € C"*".
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Define the packing operator associated with B acting on each Lebesgue-Whitney array
f e WA{[LP(99, 0)] as

Opf = (fo,v»Brsfe.). (3.91)

Note that

Op : WA[LP(09Q, 0)] — LP(0Q, 0) ® LP(0Q, ) (3.92)

is a well-defined, bounded, and linear map.

Define 2, (n, 1, §2) as the collection of n X n matrices such that

[B,sv,vs] ! is well-defined and belongs to L>°(952, o), (3.93)

where v is the geometric outward unit normal to 2.
It follows from D. Mitrea, 1. Mitrea, and M. Mitrea [26, Definition 1.1.2] that the inclu-
sion Awg(n,1) C Aiw(n, 1, Q) holds for every 2 C R™ UR domain. Indeed, note that if

B € Awg(n, 1), then

B,s&.6s # 0 for every non-zero £ € R". (3.94)
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Since the expression on the left-hand side of (3.94) is a polynomial of degree two in £ € R",
the map & — |B,&,&,| attains a maximum and a minimum on the sphere ¢ € S"~!. Thus

there are constants ¢y, c2 € (0, 00) such that

c1 < |[Brsvrvs] | < ¢y o-ae. on 05, (3.95)

which ensures that B € 2, (n, 1,9Q).

We then have the following mapping properties for the packing operator.

Proposition 3.3.5. Fixn € N withn > 2 and let ) C R" be a bounded UR domain.
Consider an exponent p € (1,00) and a matrix B € 2;,,(n,1,Q). Then the packing
operator defined in (3.91)-(3.92) is injective.

Moreover, given a pair of functions (go, g1) € L (092, 0) @ LP(0S), o) such that

(g0, 91) € O(WA[LP(0Q,0)]), (3.96)

the family { f. } <1 defined, o-a.e. on %), as

fo == go,
(3.97)

fej = [Bklykyl]_l(ngl + VrBrsaTsjg()) fOl" every.j € {17 cee 7”}7
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and satisfying

fo € L?(@Q,O’),
(3.98)

fe, € LP(0Q,0) foreveryl < j <mn,

is the unique Lebesgue-Whitney array such that Oz f = (go, g1).
Hence for every B € 2Uw(n,1,Q), the packing operator Op assembles Lebesgue-

Whitney arrays in a linear, bounded, and reversible fashion.

Proof. To prove the injectivity suppose that f, h € WA, [LP(09)] are such that

Opf = Oph. (3.99)

Then by definition, we must have

Uy Byrsfe, = V- Brshe, o-a.e. on 051, (3.100)

and fo = ho in L7(0, o). In particular, o-a.e. on 02,

0

Tsj

Jo=0-,ho forevery 1 <s,j <n. (3.101)

It follows from the compatibility conditions of the array f € WA;[L?(99)] in (2.40) that

foreach j € {1,...,n} we have

VerBrsfes + VTB’I‘SaTijO - VerBrsfes + VrBrs(stej - ijes) - VTBrsstej; (3102)
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thus if B € Ay (n, 1,), then (3.102) implies that

fe; = [Brve)) ' (vjvy Bys fe, + 12 BrsOr,, fo) o-a.e. on 9. (3.103)

This result, together with (3.100)-(3.101) and a similar calculation for the Whitney array
h € WA{[LP(992, 0)] allow us to conclude that f = h, as we wanted to show.

To prove the second part, suppose we are given (go, g1) € ©p(WA,[LP(9Q,0)]), and
consider the family { f, },<1 satisfying (3.97) and (3.98).

Due to the conditions in (3.98), we know that

fO € Lll)(aﬂa 0)7
(3.104)

Je, € LP(0Q, 0) foreach 1 < j < n,

hence to conclude the result it remains to prove that the family { f,}, <1 is a Lebesgue-
Whitney array in WA;[LP(0€2, 0)], that is, we need to check if this family satisfy the
compatibility conditions in (2.40). More precisely, it remains to be shown that for every
1<2,7<n

Or; Jo = Vife; — vjfe, o-ae. on ). (3.105)

To see that (3.105) holds, note that (3.97) implies that fo = go in L}(052, o) and for each

1 <1i,7 <nando-a.e. on Jf)

Vifej — Vjfe, = [Blele]il(VjVigl + UTBTSViaTS]'fO — ViVig1 — VrBrsl/ja‘rsifO)
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= [Buvin)) " (vy Brs) (vi0-r,, fo — vj0x, fo)- (3.106)

Now, set 2, = Q, Q_ := R" \ Q, and fix an aperture parameter x € (0, 00). It follows
from G. Hoepfner, P. Liboni, D. Mitrea, 1. Mitrea, and M. Mitrea [17, Theorem 1.6] that

there are functions v+ : 2+ — C such that

uy € C*(4), u_ vanishes in a neighborhood of infinity, both
N (ug) and N, (Vuy) belong to LP(0S2, o), the nontangential (3.107)

traces of uy and Vu exist o-a.e. on 02,

and

nfnt

up|n" —u_ 5" = fo o-ae. on 9Q. (3.108)

These results, in concert with G. Hoepfner, P. Liboni, D. Mitrea, 1. Mitrea, and M. Mitrea

[17, Proposition 2.13], imply that for every 1 < j, s < n and o-a.e. on 0f2

K—nt K—nt
aTsij = 87—@] u+| —U_ o0 )

:87—3] u+|n nt _a

K— nt
TSJ |

= (v50; u+‘n " — ;05 u+‘n nt — (vs0ju_ }H " — v;0su_ |H nt
K—nt K—nt K—nt K—nt
= v (Qjuy|y, —Ou_|ig ) — vi(Osuy |y — Bsu_lly"). (3.109)
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Thus the right-hand side in the last line of (3.109), G. Hoepfner, P. Liboni, D. Mitrea, 1.
Mitrea, and M. Mitrea [17, Proposition 2.13], and (3.108) imply that for each collection

1 <i,j,s < nando-a.e. on 02 we may write

ViaTsj fO - VjaTsi fo

—nt —nt —nt —nt
= Viys(aju+|gﬂn — Oju_ gﬂn ) — ujys(81u+|ggn — Ju_ gﬂn )
Kk—nt Kr—nt
= Vs(Orut g = Onyti—pg )
“nt “nt
= VsOr, (u+‘ggn U= gﬂn )
S (3.110)

Inserting the right-hand side of the last line in (3.110) into (3.106) allows us to conclude

that

Vife, = Vjfer = [Buvii] " (VyBrs) (Vs0r, fo) = Or, fo (3.111)
o-a.e. on 0f), thus establishing (3.105) and finishing the proof. [

Remark 3.3.6. In general, without assumptions on the matrix B, the packing operator O3
is not injective.
Indeed, fix n = 2 and an integrability exponent p € (1,00). Consider the smooth

domain Q2 := {x € R? : |z| < 1} and the matrix

B= . (3.112)
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Note that v(x) = (z1, z2) for every x € 02 and that

B,sv.vs =0 forevery x € 0S). (3.113)

Moreover, for every Lebesgue-Whitney array f € WA, [LP(0N2, 0)] there holds

Opf = (fo i Brsfe.) = (fos Vifes — vafer) = (fo, Oris fo)- (3.114)

Consequently, the Whitney arrays given by f(z) = (0,0,0) and g(x) = (0,21, z3) at

every z € 9 are such that f # ¢ in WA, [L?(99, o)], but

Opf = OpJg. (3.115)

The previous proposition plays a key role in studying other formulations of the overde-
termined boundary value problem for the Laplacian.

Indeed, fix n € N withn > 2, and let 2 C R” be a bounded UR domain and x € (0, 00)
be an aperture parameter. For each integrability exponent p € (1,00) and each matrix
B € Ay (n, 1,), we formulate the LP-based overdetermined boundary value problem for

the Laplacian in €2 associated with B and boundary data (go, g1) € LP(092, o) & LP(0%, 0)
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as the task of finding a complex-valued function w in € satisfying

(

ue C?*(N), Au=0 in{,

(LP-OBVP, ) N (u) € LP(8, o), No(Vu) € LP(9Q, o), (3.116)
u’g;nt =4go € Lp(anO), az/Bu}gg_)nt =01 € Lp<8Q,O')7
where (95 u‘ggnt = V,.Brsasu‘gém is the conormal derivative of u associated with the

matrix B.
We then have the following result regarding the boundary value problem (L”-OBVPx p)
and its connections with Hardy spaces associated with the Laplacian and the overdeter-

mined boundary value problem (OBVPp ).

Theorem 3.3.7. Retain the geometrical and analytical context from the previous para-
graph and bring in the packing operator associated with B defined in (3.91)-(3.92). Then
the boundary value problem (LP-OBVPa p) is solvable if and only if the boundary data

(g0, g1) € LP(0Q,0) & LP(0N2, o) is such that

(90, 1) € Op(H7(0Q,A)). (3.117)
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Moreover, the boundary value problem (LP-OBVP a ) with prescribed boundary data
(90,91) € S) (AP (002, A)) admits a unique solution, and we may represent the solution

as

w=%sf inQ, (3.118)

where [ € P90, A) is the unique array such that Ogf = (go,g1), and €4 is the
boundary-to-domain Cauchy operator associated with the Laplacian.

Finally, v : Q@ — C is the solution of the boundary value problem (LP-OBVPx g)
with boundary data (go, g1) € LP(02,0) @ LP(0S2, o) if and only if the function u is the
solution of the overdetermined boundary value problem (OBVP ,) with boundary data

fewA, [LP(0S2, 0)], where Opf = (90, g1)-

Proof. First, we prove the solvability result stated in the theorem.
Assume u is a solution of the boundary value problem (LP-OBVP, g) with boundary
data (go,q1) € LP(O02) & LP(0f2). Then by (3.66) we have that v € J#7(§2, A), and

Theorem 3.3.3 ensures that

Tr{~""u exists o-a.e. on 02, and Tr{ ""u € HP(0Q, A). (3.119)

By (3.91)-(3.92) we conclude that

(90, 01) = @BTr’f’"tu — (90,91) € @B(%”p(aQ,A)). (3.120)
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Conversely, assume (go, g1) € Op(A7(0Q, A)), and let f € s#P(9Q, A) be such that

(90, 91) = QBf- (3.121)

Since f € #7(99Q, A), it follows from Corollary 3.3.2 that f is an admissible boundary
data for the overdetermined boundary value problem (OBVP, ,), and by Theorem 3.2.3

there exists a unique function u : Q@ — C such that u € J#7(2, A) and

Tri "y = f. (3.122)

Together with (3.121) we conclude that the same function u is a solution of the bound-
ary value problem (LP-OBVP, p) with boundary data (g, g1 ), which proves the solvability
result stated in the theorem.

To prove uniqueness, note that since B € 2,y (n, 1,2), it follows from Proposition
3.3.5 that for a given pair (go,g1) € Op(HP(0Q, A)) there exists a unique Lebesgue-
Whitney array f € #7(9$), A) such that (3.121) holds.

Consequently, if u; and us are solutions of (LP-OBVP, p) with the same boundary
data, then the function v = u; — us is a solution of (LP-OBVP, p) with zero boundary data
and by (3.119), Proposition 3.3.5, and Theorem 3.3.3 we conclude that v = 0 in (2.

The final remark follows from the representation formula in (3.118) and the proofs of

the first parts of this theorem. [
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For the remainder of this section, we expand the discussion on the class of coefficient
tensors 2,y (1, 1, Q) defined according to (3.93).

Note that this definition depends on the geometry of the domain €2 C R”™. Indeed,
consider the open square © = (0,1)? C R? and let B = (B,)1<,s<2 be any 2 X 2 matrix.
Note that the outward unit normal to 2 is, at almost every point x € 02, given by (+1,0) or
(0,+1). Thus, a direct computation using (3.93) shows that B is an element of 2, (2, 1, 2)
if and only if By; and By, are non-zero.

In particular, the matrix

B = (3.123)

is an element of 2;,, (2, 1, 2) that is not weakly elliptic, that is, B ¢ 2wg(2,1). To see that
B is not weakly elliptic, note that the vector & = (1, —1) is such that the symbol B, &, is

equal to zero since

B;s&:&s = B11§1&1 + B1261&2 + B21&281 + B22&a2&o

=14+ (=) +(~=1)+1=0. (3.124)

Moving on, we show that under suitable geometrical considerations on the domain

Q) C R", the classes 2,y (1, 1, Q) and Awg(n, 1) coincide.
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Fix n € N withn > 2 and let 2 C R" be a bounded UR domain. As in D. Mitrea, 1.
Mitrea, and M. Mitrea [22, (5.6.13)], consider the reduced boundary, denoted by 0*(2, as

the subset of the topological boundary 0f) satisfying

0*Q) consists of points z € 02 such that 0 < o(B(z,r)) < oo for
each r € (0, 00), the formula lim, o+ fB(m Vo = v(x) holds, (3.125)

and |v(x)| = 1.

Note that if Q C R" is a bounded C' domain, then the reduced boundary is the same
as the topological boundary. Moreover, the outward unit normal v : 9Q — S"~! defines a

surjective map. This last property is what we shall explore in the following proposition.

Proposition 3.3.8. Fixn € Nwithn > 2 and let Q) C R™ be a UR domain. Let 0*€) denote
its reduced boundary. Then a sufficient condition for Awg(n, 1) = Wiy (n, 1,) is that the

map v : 0*Q0 — S is surjective.

Proof. As observed after (3.93), we have 2wg(n, 1) C iy (n, 1, Q2) for every Q C R™ UR
domain.

For the other inclusion, let B € 2, (n, 1,2). By definition, there exists M € (0, c0)
such that

1
i < |Byspvs| o-a.e. on 0. (3.126)

Thus, under the assumption that v : 9*Q — S"~! is surjective, and the fact that

& — | Bys&:&s| is continuous, (3.127)
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we conclude that

& & | o €1
’Brsgrgs’ = ‘5’2 Brs__ > FVE (3128)
e — M
for every non-zero £ € R™ and this finishes the proof. [

As mentioned earlier, bounded C'* domains are a particular class of domains for which
we have Awg(n, 1) = Ay (n, 1,Q). If the domain 2 is a hemisphere, then we can show
that Awg(n, 1) = Ainy(n, 1, Q) even though v : 9*Q — S"~! is not surjective. This follows
from the fact that the polynomial ¢ — B, is even, hence for a given £ € R" there

holds

Brsfrﬁs 7é 0 «— Brs(_fr)<_€s) 7& 0. (3129)

Let R¢ := —¢ be the reflection map. If the mapping v : 9*Q2 — S"~! is such that
S*t = v(9*Q) |J R(v(0*Q)), we also conclude that Awg(n, 1) = Ay (n, 1, Q).
To establish what are the necessary conditions on the domain ) for which the equality

Awe(n, 1) = Ay (n, 1,2) holds requires further investigation.

3.4 Overdetermined Riemann-Hilbert Problem

This section discusses a formulation of the Riemann-Hilbert boundary value problem in the

overdetermined setting for the Laplacian operator.
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To set the stage, fix n € N with n > 2 and let {2 C R" be a bounded UR domain. It
follows from D. Mitrea, I. Mitrea, and M. Mitrea [23, Proposition 11.1.14] that for every

®, € Lip(02) and for each pair of indices j, k € {1,...,n}, we have

Oy € L3°(09,0) and 0;,D, € L¥(99, 7). (3.130)

Define the function space of bounded Whitney arrays BWA; (02, o) as the collection of
all families ¢ := {®g, D, ..., D, } satisfying the compatibility conditions (CC) in (2.40),
that is,

' 8Tjk<I>0 = v;j®., — 1P, o-ae. on I
P e CC «— (3.131)

forall1 < 7,k < n,

and with @y € Lip(9Q2), and @, € L>(99,0) for each j € {1,...,n}. Equip this space
with the norm

1] [Bwar00.0) = D |4z @0.0)- (3.132)

[vI<1
Note that this function space is a vector space over C when equipped with pointwise
addition and scalar multiplication. Moreover, inclusion BWA (952, o) C WA [L>® (012, 0)]
holds.

For a pair &, U € BWA, (09, ), define the array product as the binary operation

DO = {Dy0,, d, Uy + DU, ..., ., Uy+ DU, }. (3.133)
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We claim that ® © ¥ € BWA, (99, o). Indeed, note that (& ©® W), € Lip(dQ) and that
(® O V), € L0, 0) foreach k € {1,...,n}. As for the compatibility conditions

(3.131) we have

Ori[(2 © W)o] = Or, (o Vo)
= (07, P0) Vo + Po(0y,, Vo)
= (V@ — 1k Pe,; ) Wo + Po(v; Ve, — i ¥e,)
= (Do, Wy + Do, ) — 1D, Uy + D T,)

= Vj[((I)Q\II)ek] _Vk[((ID@\I])ej]v (3134)

where in the second line we used D. Mitrea, 1. Mitrea, and M. Mitrea [23, Proposition
11.1.15], so Lip(0?) is a module over L3 (92, ), and in the third line we use the compat-
ibility conditions for & and \i/, and from the fourth line to the last line we used the definition
of d® V.

Proposition 3.4.1. Fixn € N withn > 2 and let Q) C R"™ be a bounded UR domain. Then

(BWA,(092,0),+,®) is an associative commutative algebra over C, that is, for every

®, U, 17 € BWA, (092, o) and for every a,b € C there holds

POV=U0ed (3.135)

@Pov)on=>206(Fon (3.136)
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P+ on=00n+Ton (3.137)
(ad) © (b¥) = (ab)(d © V) (3.138)

Proof. The commutativity follows from the commutativity of the pointwise product of

complex-valued functions. More precisely, we have

DO Uy = Uyd, everywhere on 0f2, (3.139)

and for every j € {1,...,n}

PV, =WV, Py and VY&, = P, V, o-a.e. on 9. (3.140)

Inserting this in (3.133) gives us (3.135).

To prove the associativity, note that by definition we have

(& © W)ony = DeWony = Do(¥ © 7)o (3.141)

and forevery j € {1,...,n}

(Yo ‘i’)eﬂ?o + (@0 ‘if)(ﬂ?ej = (@, Wo + oW, )10 + PoWone,
= (I)ej ‘110770 + (I)O(‘I’eﬂ?ﬂ + \Ijonej)

- q)ej (\I] © 77)0 + (I)O(\Ij © ﬁ)ej- (3.142)
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The conclusion is that (3.136) holds.
To prove the distributivity property, we use the distributivity and associativity of the

algebra of complex-valued functions to get that

(D +U) @) = (Bo + Yo)1o = Poro + Yoro = (D O 7)o + (¥ @ 7)o,  (3.143)

and forevery j € {1,...,n}

(D + W) ©n)e, = (De, + Ve, )10 + (Po + Wo)e,
= (‘I)ejﬁo + (I)Onej) + (\IjerO + \Ijonej)

= (P ©n)e, + (¥ O n).,, (3.144)

hence (3.137) holds.
Finally, the compatibility with scalars in (3.138) follows from the compatibility with

scalars for complex-valued functions, and this finishes the proof. O]

Consider the array 1 := {1,0,...,0}. Note that 1 € BWA, (95, ¢) and that for every

® € BWA (99, o) there holds

10d=d01=9, (3.145)

hence 1 is the multiplicative identity in the algebra (BWA; (09, o), +, ®).
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Say that an array P € BWA, (0€), o) has a multiplicative inverse with respect to the

array product if there exists ¥ € BWA, (052, o) such that

POV=U0d=1. (3.146)

The next proposition gives necessary and sufficient conditions for the existence of multi-

plicative inverses.

Proposition 3.4.2. Fixn € N withn > 2 and let Q) C R™ be a bounded UR domain. An
element ® € BWA,(0X), o) has a multiplicative inverse with respect to the array product
if and only if

®y #£ 0 everywhere on 05). (3.147)

Moreover, the multiplicative inverse of ®, denoted by o1, is given by

. 1 —& —P
o .= — =N L 3.148
{@07 (p% b b (b% } ( )

Proof. We start by showing the first implication stated in the proposition. Suppose that
P e BWA, (052, o) has a multiplicative inverse with respect to the array product. Then

there exists W € BWA; (99, o) such that (3.146) holds. In particular, ¥, € Lip(99) and

Oy =1 = Py # 0 everywhere on 0f). (3.149)
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For the converse, we shall also prove that the multiplicative inverse is given by the
expression on the right-hand side of (3.148).
Suppose ¢ € BWA, (012, o) is such that ® is non-zero everywhere on 0f). Let 0 be a

family of functions defined as the right-hand side of (3.148), that is,

T 1 _(1)61 _(I)en
U= {\IJO,\I/EI,...,\IIEW}:{(}TO, R } (3.150)

We claim that ¥ € BWA, (99, ¢) and that ¥ is the multiplicative inverse of ® with
respect to the array product.

To prove the first claim, first note that since @ is non-zero everywhere on 02, the func-
tion ¥ is well-defined. Moreover, since 0 is compact, the function ®, has a minimum in

02 and therefore there exists a positive constant C' € (0, 0o) such that

|Wy(x)| = 'CID 1@) < C forevery x € 0€). (3.151)
0
Furthermore, for every z,y € 0f)
1 1 9
00o(r) = Wo(0)] = | gy ~ oy < I ~ o), G152
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which implies that ¥y € Lip(0€2). It is also follows from (3.151) and the definition that
., € L>(0Q,0)forevery j € {1,...,n}. To show that the family U satisfies the compat-
ibility conditions, we use D. Mitrea, I. Mitrea, and M. Mitrea [23, Proposition 11.1.15], so
Lip(0f2) is a module over L°(0S2, o), and we obtain that for every pair j, k € {1,...,n}

0=20

T]-k(q)O\I]O) - 873- ((I)())\I]() + @08 (\I/()) (3153)

T]'k

Bringing in the compatibility conditions for the array $ and rearranging terms in (3.153)

we conclude that

1 1
8.%(\110) = _aoaﬁk(q)o)‘ljo = _@aTjk(q)O)
0
1
= — Vi ®e — ] = vV, — ¥, (3.154)
0

so the conclusion is that &' € BWA, (082, 0). A direct computation shows that

®yWy =1 everywhere on 0f2, (3.155)

and forevery j € {1,...,n}

P, Wy + Po¥,;, =0 o-a.e. on I, (3.156)

hence ® ® U = 1, and this finishes the proof. L]

79



Moving on, our next goal is to define and study the array multiplication operator. Fix
n € N withn > 2 and let {2 C R" be a bounded UR domain. For each integrability expo-
nent p € [1, oc], and for each bounded Whitney array ® € BWA, (92, o), define the array
multiplication operator My, acting on each Lebesgue-Whitney array f € WA [LP(9Q, 0)],

as

Mg f = {®ofo. Pe, fo + Pofers -+, Per fo + Pofe, }- (3.157)
The next proposition explores the mapping properties of the array multiplication operator.

Proposition 3.4.3. Fixn € Nwithn > 2 and let {2 C R" be a bounded UR domain, and
p € [1, 00| be an integrability exponent.
Then for each P e BWA, (02, o) the array multiplication operator My defined in

(3.157) is such that

My : WA [LP(89, 0)] — WAL [LP(89, 0)] (3.158)

is well-defined, linear, and bounded.

Moreover, for ®, U € BWA,(0Q, o) there holds

MyMy = Mgy on WA[LP(09, 0)). (3.159)
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Consequently, if P e BWA, (0%, o) has a multiplicative inverse with respect to the array

product, then My is a continuous bijection with continuous inverse and we have

My = M. (3.160)

Proof. First we show that My f € WA, [LP(9Q, ¢)]. Note that from D. Mitrea, I. Mitrea,
and M. Mitrea [23, Proposition 11.1.15] we obtain the regularity ®qfy € LY(9, o) and

that for each j, k € {1,...,n} the product rule

Or, (Do fo) = Or,, (o) fo + o0, (fo) (3.161)

holds o-a.e. on 952. Since @, € L>(952, 0) and f.; € LP(0Q, o), we conclude that

(Myf)o € L(09,0), and (Myf)., € LP(0Q,0) foreach j € {1,...,n}. (3.162)

It remains to check that M f satisfies the compatibility conditions.
It follows from the compatibility conditions of the arrays ® and f , and the product rule

(3.161) that

8Tjk[(Mi>f)0] = 87—jk ((I)O)fo + q)OaTjk(fO)
= (1@, — k@) fo + Po(vj fe, — vife,)

= V(P fo + Pofe,) — (P, fo + Do fe,)
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= v;(Myf)e, — ve(Mgf)e, (3.163)

holds o-a.e. on S, and this shows that My f € WA,[LP(9%, 0)].
It follows from the definition that the map M, is linear on WA, [L?(0S2, o)]. For bound-

edness, we note that

1Mo fllwaszr@o.o) = D 1(Mgf)alioca0,0

lv|<1

= |0 follzr990.0) + Z || ®e, fo + Pofe, || 2r002,0)

j=1
< |0 follzro0.0) + Z D, fol|Lr(00,0) + Z Do fe, || Lr(002,0)
p =1

< < > ||(I)7||L°°(8Q,U)> | follr (90,0) + || Pol| oo (002,0) ( > Hf’yHLP(BQ,a)>

lvI<1 lv=1
< ( Z Hq)vHLOO(aQJ)) ( Z \|fv||LP(8Q,o)>

[v[<1 [v]<1
= ||(i)||BWA1(BQ,U)||f||WA1[LP(aQ,U)] (3.164)

hence My : WA [LP(052,0)] — WA;[LP(0S, 0)] is well-defined, linear and bounded as
we wanted to show.
To prove the composition formula in (3.159) let &, ¥ € BWA, (0€2, o) and consider an

arbitrary f € WA,[L?(99, o)]. Recall that by (3.133) we have

(PO W)y =00, (3.165)
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and forevery j € {1,...,n}

(® W), =&,V + DT,

and by (3.157)

M\pf ={Uofo, Ve, fo+ Yofer, -, Ve, fo+ Yo fe,}

Therefore we may write

(Msoiflo = (20 U)o fo = @oWofo = Po(Myfo = (MeMyf)o

and forevery j € {1,...,n}

(Myoipf)e, = (@ © W), fo+ (P © W)ofe,
= (o, o + DoW,.,) fo + PoTofe,
=, Vo fo+ Po(¥e, fo+ Vofe,)
= P, (My f)o + ®o(My f).,

= (MgMyf)e,,

hence (3.168) and (3.169) give us (3.159).
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The last part is a consequence of the composition formula (3.159), thus

MgMj = My 41 = M (3.170)

and

M;f = f forevery f € WA{[LP(09,0)]. (3.171)

Since WA [LP (02, 0)] is a Banach space, follows as a consequence of the Open Mapping

theorem. ]

We now formulate and study the Riemann-Hilbert boundary value problem for the
Laplacian in this overdetermined setting.
Fix n € N with n > 2, and let 2 C R" be a bounded UR domain and « € (0, o) be an

aperture parameter. Let 0, := Qand Q_ := R"\ Q.
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For each integrability exponent p € (1,00) and for each & € BWA,(9Q, o), we for-
mulate the Riemann-Hilbert overdetermined boundary value problem for the Laplacian in
Q with twisting coefficient ® and transmission boundary data f € WA;[L?(8Q, 0)] as the

task of finding a pair of complex-valued function (u,u_) in )4 satisfying

(

Uy € CQ<Qi), Aui =0 in Qi,
Noo(uy) € LP(0Q, o), No(Vuy) € LP(09, o),
(LP-RHA 4) § Noo(u_) € LP(0Q, o) if n > 3, Ne(u_) € LP(0Q, o) Ve > 0if n = 2,

N.(Vu_) € LP(0Q,0), u_(x) = cEa(x) + O(|z|'™™) as |z| — oo,

MyTef "y, — T ™™u_ = f € WA [LP(99Q, do)].
\
(3.172)

Note that by the Fatou-type theorem [24, Theorem 3.3.4] it follows that any pair of complex-

valued functions vy € C?().) satisfying the above size conditions are such that

Ty ™u. exist o-a.e. on Of) and are well-defined elements of

(3.173)
WA, [LP(052, o).
Therefore the boundary condition
MgTey "y, — Tev ™. = f € WA [LP(09Q, do)]. (3.174)

is well-defined.
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The strategy we shall implement to study solvability results regarding the boundary
value problem formulated in (LP-RH, 4) is as follows:

Let g € WA{[LP(02, 0)] be an arbitrary Lebesgue-Whitney array. Consider the pair of
functions uy = CK.AQ. Then by Proposition 3.1.2 this pair satisfies both the PDE and size
conditions in the formulation of the Riemann-Hilbert boundary value problem (LP-RH, 4)-

As for the boundary condition in (3.174), note that the jump formulas imply that taking

uy = 6ag reduces the boundary condition to the family of singular integral equations

MyPag+ (I — Py)g = f o-ae. ondqQ, (3.175)

where PA is the projection operator associated with the Laplacian introduced in (3.73).
Introduce the linear operator TA@, acting on Lebesgue-Whitney arrays WA, [LP (092, 0)],
as

Ty 4§ = MyPag + (I — Py)g. (3.176)

Then by Proposition 3.1.4 we have that TA@ is a well-defined, linear, and bounded operator

from WA, [LP (02, o)] into itself, and equation (3.175) becomes

Ty49=f o-ae. on 0. (3.177)

The conclusion is that solvability results of the Riemann-Hilbert boundary value prob-
lem (L-RH Aﬁ)) may be obtained via boundary layer methods using the Cauchy integrals

associated with the Laplacian and the analytical properties of the operator T W
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To study TA@, consider the following linear operators on WA [L?(052, 0)]

he =T+ - Py)MyPy, (3.178)
Qe =1—(~ PA)MyPy, (3.179)

and
T4 = PAMyPa+ (I — Py). (3.180)

Then we have the following proposition.

Proposition 3.4.4. Fix n € N withn > 2, an exponent p € (1,00) and let Q0 C R" be a
bounded UR domain. Then for every A € A and for each array P e BWA, (092, 0) we

have

1: The operators Qj i are well-defined, linear, bounded, and invertible operators, with
Iy e =1 on WA{[LP(09,0)]. (3.181)

16%as = Qs

2: The operator T, 4 is well-defined, linear and bounded. Moreover,

Tyo= TA@Q;‘ 5 on WA [LP(9, 0)]. (3.182)
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Consequently, the operator TA@ is invertible/Fredholm on WA{[LP(0), 0)] if and only if

T, ¢ is invertible/Fredholm on WA, [LP (02, 0)], and we have

ind(T, 4) = ind(T}; ), (3.183)

where ind(T, ;) denotes the Fredholm index.

Proof. To prove 1 we compute

16@ns = I+ (I = Pa)MgPa)(I — (I = Pa)MgPa). (3.184)

Recall that from Theorem 3.3.1 we have that the map P, is a linear projection, so in par-
ticular PA(I — PA) = (. Using these properties to expand the right-hand side of (3.184)
gives us

49@as=1— = Pa)MyPa+ (I — Pa)MyPs =1, (3.185)

which is the desired result. A similar computation holds for Q; éQZ b and this finishes the
proof of 1.

To prove 2 we compute

Th6Q, 5= (MyPa+ (I —Pa)) (I — (I = Pa)MyPy). (3.186)
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Theorem 3.3.1 implies P4(I — P4) = 0 and (I — P4)(I — P4) = I — Py, therefore the

right-hand side of (3.186) may be written as

MyPy+ (I — Py) — (I — Py)MyPy = PyxMy Py + (I — Py). (3.187)

All in all, (3.186) together with (3.187) imply the result in (3.182). From the result in 1
we know that @, , is invertible on WA [LP(9<2, o)], hence the result in 2 follows and this

finishes the proof. 0

Moving on, let &, ¥ € BWA, (092, o). It follows from Theorem 3.3.1 that P, is such
that Pj = P4, and so PA([ — PA) = 0. Recall that Proposition 3.4.3 implies the formula

MyMy = Mg, Therefore,

Ty6Tai = (PaMgPa + (I = Pa))(PaMyPa + (I = Pa))

= PyMyPaMyPs+ (I — Pa), (3.188)

and

Ty éoi = PaMyoyPa+ (I — Pa)

= PoAMyMy Py + (I — Py). (3.189)
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This implies that for every ®, & € BWA, (9%, o)

Ty6Ts — Tasos = PaMePaMy Py — PAMy My Py
= PyMyPyMyPy — PyPyMyMy Py
= Py(MyPy — PaMy) My Py
= Py[My, PA)My Py

= Py[My, CalMy Py (3.190)

where in the second line we used once again that Pj = PA, in the fourth line we introduced
the commutator

(Mg, Py] := My Py — PaM,, (3.191)

and the last line we used that the commutator is linear and a multiple of the identity
commutes with any well-defined, linear, and bounded operator on WA [LP(0S2, o)], hence
[Mg, Pa] = [My, Ca.

Now, suppose that we are given ® € BWA, (99, ) which is invertible with respect to

the array product. If ¥ = &1, then the last line of (3.189) becomes

Thomor = P4+ (I —Pa) =1 on WA{[LP(09,0)], (3.192)
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and from the computations in (3.190) we obtain that

Ty sTh4-1 — I = Pa[My, CalMy1 Pa on WA{[LP(09, 0)]. (3.193)

The conclusion is that

If the commutator [Mg, C4] is zero, then T '\.¢ is invertible on
WA, [LP(09)], and if the commutator [Mg, C4] is a compact op- (3.194)

erator, then 7', 4 is a Fredholm operator on WA, [L7 (02, o)].

Therefore (3.194), in concert with Proposition 3.4.4, implies that under the assumption
that & € BWA, (012, o) has a multiplicative inverse, we may obtain solvability results for
the Riemann-Hilbert boundary value problem formulated in (L?-RH A@) from analytical
properties of the commutator [M;, C4).

Consider the action of the commutator [Mg,C4] on an array g € WA;[LP(9Q,0)].

Unraveling the definitions gives us an array defined, for o-a.e. point z € 0f2, as

([My, Caldlo() = ([®o, Kalgo) (@) = ([P0, Sa)(vsArsges)) (@)

- SA(VTA’FS®ESQO)(:B)7 (3195)

and for each j € {1,...,n}, and for o-a.e. point z € 012,

([Mg, Calg)e, () = ([®0, Kalge,) () + ([, Tr](Arege,)) ()
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= ¢, () (Kago)(x) = Ka(Pe,90)(x)

— @, (2)SA (1 Arsge, ) (). (3.196)

Note that since these are all scalar Calder6n-Zygmund operators it follows that for every

g € LP(09, 0) and for o-a.e. point = € 0N

(K4, Dolg)(z) = lim [ 0 {Po(z) = Lo(y)}vs(y)(0rEn)(z — y) Arsg(y)do(y),
o (3.197)
and
(10, 5al9)() = | {80(e) = Ba(s)}Eale — als)doty) (3.198)
Additionally,

([®0, Tr4]g) (7) = Eli%l |y€8‘Q
r—Y|>€

{®o(z) — Po(y)}0r,, [ Ealz — y)]g(y)do(y). (3.199)

Hence the following result regarding Fredholm solvability of the overdetermined Riemann-

Hilbert boundary value problem (L”-RH, 4) holds

Theorem 3.4.5. Fix n € N withn > 2, and let 2 C R" be a bounded UR domain,

k € (0,00) be an aperture parameter, and let p € (1,00) be an integrability exponent.
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Let Qy == Qand Q_ := R*\ Q, and let & € BWA,(9Q, o) be a bounded array which

is invertible with respect to the array product, that is, assume that

Oo(x) #0 forevery x € 0N). (3.200)

Then the overdetermined Riemann-Hilbert boundary value problem for the Laplacian in )

with twisting coefficient ® and transmission boundary data f € WA, [LP(8Q, 0)]

(

ur € C*(Qy), Auy =0 inQy,
N,Q(U_i_) c Lp(aQ,O'>, NH(VU_F) c Lp(aQ,O'>,
(LP-RHA 3) § Noo(u_) € LP(0Q, 0) ifn > 3, Ne(u_) € LP(9Q, o) Yo > 0 if n = 2,

N (Vu_) € LP(0Q,0), u_(x) = cEa(x) + O(Jz|'™™) as |z| — oo,

MTey ", — T ™u_ = f € WA[LP(09, do)),
\
(3.201)

is Fredholm solvable.

Proof. 1t follows from Theorem 2.4.5 and Lemma 2.4.6 in S. Hofmann, M. Mitrea, and M.
Taylor [18] that for every p € (1, 00) the operator in (3.197) is compact from L (92, o)
to itself, and from LP(0f2, o) to itself. Additionally, the operator (3.198) is compact from
LP(0Q, 0) into LY(09,0). Finally, the operator (3.199) is compact from LP(9S, o) to

itself.
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Hence the conclusion is that the commutator operator [Mj, C 4] 1s a compact operator

on WA, [LP(02, o)]. Hence by (3.194) one has Fredholm solvability of (LP-RH, 4). [

It remains to be understood under which general circumstances one would be able to
obtain well-posedness of the Riemann-Hilbert problem (LP-RH, 4). Moreover, it is also
a question os interest to understand under which general geometric assumptions we may
consider different function spaces for the twisting coefficients in the formulation of the

Riemann-Hilbert boundary value problem.
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CHAPTER 4
OVERDETERMINED BOUNDARY VALUE PROBLEM FOR SECOND-ORDER
HOMOGENEOUS ELLIPTIC SYSTEMS IN UNIFORMLY RECTIFIABLE

DOMAINS

In this chapter, we analyze the overdetermined boundary value problem for general second-
order, homogeneous, constant complex coefficient, weakly elliptic M x M systems L in R"
and boundary data in L”-based function spaces in bounded uniformly rectifiable domains.

In section 4.1 we introduce and analyze a Cauchy-like operator associated with second-
order, homogeneous, constant complex coefficient, weakly elliptic systems M x M in R"
and its basic properties. This includes integral representation formulas and jump formulas
in bounded uniformly rectifiable domains.

In section 4.2 we formulate and establish well-posedness results for the overdetermined
boundary value problem for the system L in bounded uniformly rectifiable domains and
prescribed boundary data in Lebesgue-Whitney array function spaces with integrability
exponent p € (1, 00).

In section 4.3 we discuss classical Hardy spaces associated with the elliptic systems in
bounded uniformly rectifiable domains.

All the results presented in this chapter are based on joint work with Dorina Mitrea,

Irina Mitrea, and Marius Mitrea in [2].
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4.1 Cauchy Operator and Integral Representation Formula for Null Solutions of

Second-order Homogeneous Elliptic Systems

Fix n, M € N with n > 2 and consider a homogeneous, second-order, complex constant
coefficient, weakly elliptic M x M system L in R".
Let {2 C R" be a bounded UR domain with surface measure ¢ and consider a coefficient

tensor A = (a%?)1<a p<n associated with L, that is,
1<r,s<n

L = (a%%0,0)1<a.p<n- (4.1)

For each f € WAM[L?(99, ¢)] define the boundary-to-domain Cauchy operator associated

with L as

Eaf(2) = Da(fo) (@) — L1, Arsfo,) () forz € R™\ 9, 4.2)

where 0 stands for the zero multi-index, and v, A, f,, := (1,02’ f5 )1<a<nm.
The next lemma shows that this operator is independent of the choice of coefficient

tensor used to write the system L.

Lemma 4.1.1 (Independence of choice of coefficient tensor). Retain the geometrical and

analytical context from the previous paragraphs and consider A, B € ;.. Then for every

f e WAM[LP(99), 0)] there holds

Caf(x) =Cpf(x) forz e R™\ O (4.3)
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Proof. Fix p € (1,00) and consider an arbitrary f € WAM[L?(99, 7)]. To conclude the

result it is enough to show that for = € R™ \ 052 there holds

Da(fo)(x) = Dp(fo)(x) = SL(WrArs fe,) (@) — SV Brs fe,) (). 4.4)
If A, B € 2, then the collection D = (d*/ )11§£T€§ M given by
d? = a®® — P for1 <o, < Mand1<r7,5<n (4.5)
is antisymmetric in the lower indices (cf. [26, (1.1.38)]), that is,
dﬁ‘f = —dg‘f forevery l <o, < Mand1<r s <n. (4.6)
More succinctly, the matrices D,., = {d®’},<, g<ar satisfy
D,s = —Dy, forevery1l <r,s <n, “4.7)

and in particular D, = 0 for every 1 < r < n. Now,

Da(fo)(x) — Dp(fo)(z) = / vs(y)O[EL(z — y)]Dys fo(y)do(y). (4.8)

o0
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On one hand, the antisymmetry of D, the identity 0., = v,0, — 1,05, and integration by

parts imply that (4.8) is equal to

S [ () Bule — y)Dre+ ) Eule — )0 ) o))

1<r<s<n

= Y /8 Q(ys(y)ag;f — v, (9)0)[EL(z — y)]Dys foy)do(y)

1<r<s<n

= Z /8(2 aTsr(y) [EL($ - y)]Drst(y)dU(y)

1<r<s<n

= Y [ B 0D ulw)ldot)

1<r<s<n

= Y D0, fo)(@). (4.9)

1<r<s<n

On the other hand, the antisymmetry of D, the identity 0, = v,0, — v,.0s, and the com-

patibility conditions of the Lebesgue-Whitney array f allow us to write

yL(VrArsfes)(x) - tSﬂLO/rlg?“sfes)(x) = tSﬂL(VTZ)TsfeS)(:U)

= Z YL(VTD,«SfeS + Vstrfer)(x)

1<r<s<n
= Z yL(Drs(Vrfes _ster))(x)
1<r<s<n
= Y SUDps fo)(x). (4.10)
1<r<s<n
Thus (4.9) and (4.10) imply (4.4), hence the desired result. ]
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The next proposition contains some properties of the boundary-to-domain Cauchy op-

erator introduced in (4.2).

Proposition 4.1.2. Let 2 C R™ be a bounded UR domain and p € (1,00) be an integra-

bility exponent. Let

L = (a2l 0,05)1<a,p<m

be a homogeneous, second-order, constant complex coefficient, weakly elliptic M x M

system. Then for every A € Uy, and for each f € WAM[L?(99), 0)] the CM -valued function
€ f satisfy

Gaf € [CPR*\ ONVM and L(€sf) =0 inR™\ 9, (4.11)

and for each | € {1, ..., n} we may explicitly write

alchf(x) - @A(fel)(x)_’_/ag aTTl(y) [EL(x_y)]Arsfes(y)do-(y) fOFI e R"” \ on. (412)

Moreover, given an aperture parameter k € (0, 00) there is a constant C = C(Q), L, p, k)

such that for every f € WAM [LP(092, 0)]

D IN(@Caf)ron0) < Cllf vy izron.o)- (4.13)

lv|<1

99



Proof. The claims in (4.11) are an immediate consequence of the definition. To prove the

claimin (4.12) fix [ € {1,...,n} and z € R™ \ 012, then compute

OCaf(x) = PDalfo)(x) — ATV Arsfe,) (), (4.14)

Using the identity v,0; = 0,, + 1,0;, integration by parts, and that £, is a fundamental

solution for the system L, one obtains

AT fo) () = / v ()OO EL) (& — 1)) Ave foly)dor ()

o0

= /8Q(aTSl(y) + Vl(y)afj)[(@rEL)(x - y)]Arsfo@)dU(y)

- /m(arEL)(x = Y)ArsOn () [fo(y)]do (y).

Hence the compatibility conditions 0, fo = v fe, — Vs fe, imply

al-@A(fO)(x) = @A(fel)<x> + / Vl(:g)(arEL)(x - y)Arsfes (y>d0(?/) (415)

o0

One also readily verifies that

OISV Arsfe,)(x) = / v (O EL)(x — y)Arsfe. (y)do (y). (4.16)

oN

Inserting (4.15) and (4.16) into (4.14), and using the identity 0., = v,.0;, — v,0, imply the

result in (4.12).
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The boundedness of the nontangential maximal function stated in (4.13) is a conse-
quence of the definition in (4.2), the independence of coefficient tensors obtained in Lemma
4.1.1, the result in equation (4.12), and the Calder6n-Zygmund theory in UR domains in

[25, Theorem 1.5.1]. ]

Another remarkable property of the Cauchy integral operator associated with the sys-
tem L is that it can be used to concisely write an integral representation formula for null
solutions of the system. More precisely, the following integral representation formula al-
lows one to recover null solutions of L from the nontangential traces at the boundary (under

appropriate assumptions on nontangential traces and size).

Theorem 4.1.3. Fix n, M € N withn > 2, an exponent p € (1,00) and an aperture

parameter r € (0,00). Let Q@ C R" be a bounded UR domain and let

L = (a2P0,0.)1<ap<m (4.17)

be a second-order, homogeneous, constant complex coefficient, weakly elliptic M x M

system. Suppose u is a CM-valued function satisfying

u € [C*M and Lu =0 inQ, (4.18)
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and such that

Nou € LP(09,0) and N, (Vu) € LP(9Q,0),
(4.19)

ulgént and Vu\gém exist o-a.e. on Of).

Then for all x € ()

u(x) = Ca(Tri ") (z). (4.20)

Proof. This theorem follows as a consequence of D. Mitrea, 1. Mitrea, and M. Mitrea [24,
Theorem 1.5.1], hence we need to verify that the hypotheses are met.
First, note that if {2 C R"™ is an UR domain with compact boundary, then it is in partic-
ular a lower Ahlfors regular domain, and the surface measure o is a doubling measure.
Second, the considerations in (4.18) and (4.19) are stronger than the ones stated in [24,
(1.5.2) and (1.5.3)]. In concert with the fact that 02 is compact, it implies that conditions
of D. Mitrea, I. Mitrea, and M. Mitrea [24, Theorem 1.5.1] are met, and this finishes the

proof. ]

Moving on, define the boundary-to-boundary Cauchy operator associated with L as the
map that acts on a Lebesgue-Whitney array f € WAM[L?(99, )] and produces the family

of functions

Caf == {(Caf)os (Caf)ers s (Caf)en}, (4.21)

where, for o-a.e. point x € 01,

(Caf)o(z) = Kafo(z) — Sp(rArvsfo,) (), (4.22)
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while foreach ! € {1,...,n}

(Caf)e(x) = Kafe () + dm [ eon
lx—y|>e

aTrl(y) [EL("L‘ - y)}ATSfes (y)do(y). (4.23)

Some properties of this operator and its relation to the boundary-to-domain Cauchy opera-

tor associated with L are contained in the next proposition.

Proposition 4.1.4. Fix n, M € N withn > 2, an integrability exponent p € (1,00) and
an aperture parameter k € (0,00). Let 2 C R"™ be a bounded UR domain, and let L be a
homogeneous, second-order, constant complex coefficient, weakly elliptic M x M system.

Then for every A € 2y, the following properties hold:

1: For every f € WAM[L?(9Q, 0)] and o-a.e. on 99, the first-order nontangential bound-

ary trace of the function € f exists and satisfy

Ty " (6af) = (31 + Ca)f o-a.e. on ON. (4.24)

2: The operator C 4 is bounded from WAM [LP(0S2, 0)] to itself. More precisely,

Ca: WAM[LP(0Q,0)] — WAM[LP(09Q, 0)] (4.25)

is well-defined, bounded, and linear.
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Proof. To prove 1 note that in light of the definitions, this is equivalent to showing that

%f\gg"t =1fo+ (Caf)o o-ae. on 09, (4.26)

and that foreach [ € {1,...,n}

&%f'\gg"t = 1fo, +(Caf)e o-ae. on 0N 4.27)

To check that (4.26) holds note that by [25, Theorem 1.5.1] the boundary behavior of the
term involving the single layer is given by

K—nt

yL(VrArsfeé-) 90

(x) = Sp(Apsfe,)(x) o-a.e. on 0. (4.28)

For the first term involving the double layer associated with A € 2, we use the jump

formulas in [25, Theorem 1.5.1] to obtain

Da(fo) g;)nt(x) = 1fo(x) + Kafo(z) o-a.e. on OXL. (4.29)

Therefore (4.26) is a consequence of (4.28) and (4.29). To prove that (4.27) holds one uses

Proposition 4.1.2 to write

OCAf(z) = D(f.)(x) + . O | EL(x — y)|Apsfe. (y)do(y) forz € Q. (4.30)
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By the jump formulas in [25, Theorem 1.5.1] we have that the boundary behavior of the

first term in (4.30) is given by

Kk—nt

Dafe)|ng (@) = fe(x) + Kafe () o-ae. on O (4.31)

For the second term, note that the integral kernel of this operator satisfies the hypotheses in

[25, Proposition 1.2.1], hence its nontangential boundary trace is given by

K—nt
([ ouwlBnt =0t io) [ "0
0
— al—i>r(r)l+ Jeon Oruw)[Er(@ — y)]Arsfe, (y)do(y) o-a.e. on 0L, (4.32)
lz—y|>e

and this finishes the proof of part 1.
To prove 2 we first check that for f € WA [LP(9Q, o)] the family {C'4 £, }},/<1 satisfies
the compatibility conditions. More precisely, given j, [ € {1,...,n} we need to verify that

for o-a.e. © € 0N
Oru)[(Caf)o(@)] = v3(@)(Caf)e (@) — (@) (Caf)e, (@). (4.33)
Using the results in 1 and the definition of the tangential derivative operator we may write

asz(CAf)O = 8le(<€Af}g§nt) - %alefO

=Vj (&%f!g;m) U (@'%Aﬂggm) o %amfo
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=y (3o (Cah)e) = (3, + (Caf)e) = 30nfo

= Vj(CAf)el - VI(C’Af)eja (434)

for o-a.e. point on 0f2, hence (4.33) holds.

To conclude that the boundary-to-boundary Cauchy operator C 4 is a well-defined, lin-
ear, bounded operator from WA [LP(9Q, o)] to itself note that the singular integral oper-
ators involved in the definition of the boundary-to-boundary Cauchy operator C'4 are all

treated in [25, Chapter 1], and thus

(OAf)O = KAfO - SL<VTArsfeS) (435)

is a well-defined, linear, bounded operator from WAM[LP (052, o)] to [L} (02, o)™ and for
eachl € {1,...,n}

(Caf)ey = Kafe, + lim Or ) [BL(- — 1)) Ars fe, (y)do (y) (4.36)

e—0t+ | yeoQ
|-—yl>e

is a well-defined, linear, bounded operator from WA} [LP(09, )] to [LP(0%2, 0)]M, and

this finishes the proof. [

With this technology, we are ready to formulate and establish well-posedness for the
overdetermined boundary value problem associated with a system L, which is the topic of

our next section.
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4.2 Formulation and Well-posedness result for the Overdetermined Boundary Value

Problem for Second-order Homogeneous Elliptic systems

Let 2 C R" be a bounded UR domain and let x € (0, c0) be an aperture parameter. For
each exponent p € (1, 00) we formulate the LP-Overdetermined boundary value problem
for the system L in Q with prescribed boundary data f € WAM [LP(9Q, o)] as the task of

finding a C™-valued function u in  satisfying

(

u e [CHM, Lu=0 inQ,
(OBVPL,) § N (u) € LP(OQ, o), No(Vu) € LP(9Q, o), (4.37)

Try "y = f € WAM[LP(09Q, 0)].

\

Our goal is to establish a well-posedness result for the previous boundary value problem.
Proposition 4.1.4 in concert with Theorem 4.1.3 allows us to obtain a characterization
for the space of admissible boundary data associated with the (OBVP,, ,,) formulated in

(4.37) in terms of the boundary-to-boundary Cauchy operator associated with the system

L.

Theorem 4.2.1. Fix n,M € N with n > 2, an exponent p € (1,00) and an aperture

parameter k € (0,00). Let 2 C R™ be a bounded UR domain and let

L = (ap00,05)1<a,p<m
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be a homogeneous, second-order, constant complex coefficient, weakly elliptic M x M

system. Then the space of admissible boundary data for (OBVPy, ) in §)

{Tr}""u:u e [C*(Q)M, Lu=0inQ,

Ni(u) € LP(09, 0) and N,.(Vu) € LP(0,0)}, (4.38)

may be described as

{f e WAV [LP(09,0)] : Cuf = 3} (4.39)

Proof. The first claim is that the set defined in (4.38) is contained in the set in (4.39). In-

deed, if u is a function satisfying the properties in (4.38), then by the Fatou-type theorem

[24, Theorem 3.3.4] the first-order nontangential boundary trace of u exist o-a.e. on 0f2.

Therefore the function u satisfies the requirements in Theorem 4.1.3 and the integral rep-
K—nt

resentation formula implies that u = %A(Trl u). Taking nontangential boundary traces

and using Proposition 4.1.4 we obtain

Trf " = (31 + Ca)Trf ™ = e} "u = CyTr}y "y, (4.40)

which proves the claim.
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The second claim is that the set in (4.39) is a subset of the one in (4.38). Indeed,
consider an element f € WAM[L?(9Q, 0)] of the set in (4.39). By Proposition 4.1.2 the
function €4 f satisfies the properties in (4.38), and by Proposition 4.1.4 its first-order non-

tangential boundary trace satisfies
Tef ™(€af) = GI+ Ca)f. (4.41)
Since Csf = % £, it follows from (4.41) that Trf_”t(cﬁA f ) = f, hence the set defined in

(4.39) is contained in the set in (4.38) and this finishes the proof. ]

With this machinery, we can obtain a well-posedness result for the LP-Overdetermined
boundary value problem for any second-order, homogeneous, constant complex coefficient,
M x M weakly elliptic system L in bounded uniformly rectifiable domains in the Euclidean

setting with boundary data in Lebesgue-Whitney spaces for arbitrary exponent p € (1, 00).

Theorem 4.2.2. Fix n, M € N withn > 2, an exponent p € (1,00) and an aperture

parameter r € (0,00). Let Q@ C R" be a bounded UR domain and let

L = (a770,0s)1<a,p<m
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be a homogeneous, second-order, constant complex coefficient, weakly elliptic M x M
system and consider A € ;. Then the overdetermined boundary value problem for L in

Q with boundary data f € WAM[L?(9Q, )]

(

u € [C*NM, Lu=0 in,
(OBVPLy) § Niy(u) € L(09,7), Ni(Vu) € LP(99,0),

Tey " = f € WAM[LP(09), 0)].

\

is solvable if and only if the boundary data is admissible, i.e., it satisfies

Caf =1f o-ae onog. (4.42)

Moreover, the (OBVPy, ) for L in Q is well-posed in the sense of Hadarmard, that is, for
each prescribed data from the space of admissible boundary data there exists a unique
solution u and this solution depends continuously on the boundary data. Additionally, we

may represent the solution as

w=Cusf in (4.43)

Proof. The first implication of the solvability result is an immediate consequence of The-
orem 4.2.1. To prove uniqueness note that if u; and us are two solutions of the (OBVP L,p)
for L in Q with boundary data f € WAM[L?(9Q, o)], then the function v = u; — us is a

solution of the (OBVPy,,,) for L in 2 with boundary data equal to zero, hence the integral
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representation formula in Theorem 4.1.3 implies that v = 0 in 2. Finally, it follows from
the Integral representation formula in Theorem 4.1.3 that if f € WAM[LP(9Q, ¢)] is an
admissible boundary data, then the function u = %, f is the solution of the (OBVP,,)
in ). By equation (4.13) in Proposition 4.1.2 the nontangential maximal function of all
derivatives up to order one of N f are bounded by the norm of the boundary data, and this

finishes the proof. 0

Thus we conclude that for every p € (1, 00), the overdetermined boundary value prob-
lem (OBVPy, ) is well-posed for arbitrary bounded uniformly rectifiable domains in R™ if

and only if the boundary data is admissible.

4.3 Hardy Spaces associated with Second-order Homogeneous Elliptic systems in

Uniformly Rectifiable Domains

The Cauchy operators discussed thus far are connected to the study of Hardy spaces asso-
ciated with elliptic systems L in bounded UR domains.

To set the stage, fix n, M € N with n > 2 and consider a homogeneous, second-order,
complex constant coefficient, weakly elliptic M x M system L in R". Also, consider

A € 2, a coefficient tensor for L.
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Let 2 C R” be a bounded UR domain, p € (1,00) be an integrability exponent and
k € (0,00) be an aperture parameter. Recall that the domain Hardy space associated with

L in ) is given by

AP L) = {u e [C*(]M : Lu=0inQ, N,(u) € LP(0, o),

and N,,(Vu) € LP(09,0)}. (4.44)

This is a Banach space when endowed with the norm

|l v,y = [WNe(W)||Lr09.0) + [INa(VU)]|Lr(892.0)- (4.45)

From Proposition 4.1.2 it follows that

Gy WAM[LP(0Q,0)] — H#P(Q, L) (4.46)

is a bounded linear operator for all p € (1,00). Moreover, it follows from Fatou-type
theorems in [24, Theorem 3.3.4], that an element in .7#°7({2, L) has nontangential boundary
traces o-a.e. on Of).

Define the linear operator P, : WAM [L?(9Q, 0)] — WAM[LP(0Q, 0)] as

Paf = (RkI+Ca)f o-ae ondf. (4.47)
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By Proposition 4.1.4 the map P, is linear and continuous. Furthermore, for any aperture

parameter x € (0, c0) the nontangential boundary trace map satisfies

Ty " (Gaf) = Paf for f € WAM[LP(Q, 0)]. (4.48)

The next proposition establishes further analytical properties of the boundary-to-boundary

Cauchy operator associated with L and the linear map Py.

Theorem 4.3.1. Let QQ C R"™ be a bounded UR domain, p € (1,00) an integrability ex-
ponent, r € (0,00) an aperture parameter, and A € ;. Then the boundary-to-boundary

Cauchy operator associated with L satisfies

(Ca)? = LI on WAM[LP(0Q,0)]. (4.49)

Moreover, the map P, defined in (4.47) is a continuous linear projection on WAM[LP(99), 0)].

Proof. To prove the claim in (4.49), let f € WAM[LP(99, ¢)] be an arbitrary Lebesgue-
Whitney array. Then the function € f satisfies the conditions of the Integral representation

formula in Theorem 4.1.3, hence

Caf = Ca(Tey ™ (Gaf)) in Q. (4.50)
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It follows from Proposition 4.1.4 that the nontangential boundary trace of (4.50) yields the

equality

LI+ Ca)f = (RAI1+Ca)?f o-ae ondQ, (4.51)
which implies the result. As a consequence of (4.49) one verifies that Py = Pj on
WAM[LP(09, 7)), thus finishing the proof. O

Given any A € 2, define the boundary Hardy space associated with L on 0f2

HAP(0Q, L) := Pa(WAM[LP(0Q, 0))), (4.52)

endowed with the norm from WA} [L?(9, o). Then we have the following result regard-

ing these Hardy spaces and the nontangential boundary trace operator.

Proposition 4.3.2. Fix n, M € Nwithn > 2. Let 2 C R" be a bounded UR domain,
p € (1,00) be an integrability exponent, and . € (0,00) be an aperture parameter. Let

L be a second-order, homogeneous, constant complex coefficient, weakly elliptic M x M

system in R". Then the nontangential boundary trace map Tri™"™ is an isomorphism from

HP(Q, L) to AP0, L).

Proof. It follows from the Integral representation formula in Theorem 4.1.3 that

ue AP L) = u=Ca(Tr" " u) inQ, (4.53)
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thus by Proposition 4.1.4

Tri ™y = Py(Tri ™). (4.54)

Thus Tr{ ™ is a well-defined, bounded, linear map from 7 ({2, L) to sP(9%), L).
To see that Tr’f_”t is injective, note that if u; and s are functions in J#7 (2, L), then
the linearity of the nontangential boundary trace and the Integral representation formula in

Theorem 4.1.3 yields to

Uy — Uy = Ca(Tri ™ (uy — uy)) in Q. (4.55)

Hence Tr{"u; = Tr{ "uy o-a.e. on 92 implies u; = uy in J2P(Q, L).

To see that Tr¥ ™ is surjective it is enough to show that for every Lebesgue-Whitney
array f € P(0N, L) there is an element in .7?(€2, L) whose nontangential boundary
trace is f. Indeed, it follows from the definition that given f € J#? (092, L) there exists
g € WAM[LP(8Q, 0)] such that f = P4¢. Consider the function %4g. Then by Proposition

4.1.2 this is an element of s#’7(S2, L) and by Proposition 4.1.4

Tey " (64g) = Pag = f, (4.56)

and this finishes the proof. 0
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Remark 4.3.3. It follows from the proof of the previous proposition that if 2 C R"™ is
a bounded UR domain and p € (1,00), then the boundary-to-domain Cauchy operator

associated with L is such that

Gy AP0, L) — #P(Q, L) is an isomorphism

and in this context, the nontangential boundary trace and the boundary-to-domain Cauchy

operator associated with L are inverses of each other.
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CHAPTER 5
OVERDETERMINED BOUNDARY VALUE PROBLEM FOR THE STOKES
SYSTEM OF LINEARIZED HYDROSTATICS IN UNIFORMLY RECTIFIABLE

DOMAINS

In this chapter, we analyze the overdetermined boundary value problem for the Stokes sys-
tem of linearized hydrostatics with boundary data in L”-based function spaces in bounded
uniformly rectifiable domains.

In section 5.1, we first introduce a new function space of divergence-free Lebesgue-
Whitney arrays. Then, we introduce and analyze Cauchy integral operators associated with
the Stokes system of hydrostatics. These Cauchy operators are used to write integral repre-
sentation formulas for null-solutions of the Stokes system in bounded uniformly rectifiable
domains.

In section 5.2 we formulate and establish well-posedness results for the overdetermined
boundary value problem for the Stokes system of linearized hydrostatics in bounded uni-
formly rectifiable domains and prescribed boundary data LP-based function spaces with
integrability exponent p € (1, 00).

In section 5.3 we discuss classical Hardy spaces associated with the Stokes system of
hydrostatics in bounded uniformly rectifiable domains, and study equivalent formulations

of the overdetermined boundary value problem for the Stokes system.
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Finally, in section 5.4 we discuss connections between the Cauchy integral for the
Stokes system of linearized hydrostatics and the Cauchy integral for the Lamé system of
elastostatics.

All the results presented in this chapter are based on joint work with Dorina Mitrea,

Irina Mitrea, and Marius Mitrea in [3].

5.1 Cauchy Operator and Integral Representation Formula for Null Solutions of the

Stokes System

Stokes system of linear hydrostatics admits a canonical fundamental solution (£, ¢) in R"
(cf. D. Mitrea [21, Section 11.2]), where, for each x € R" \ {0}, the fundamental matrix

F has entries (r, s) given by

1 x.z,

E,s(x) == %EA(x) " 2o al (5.1)
and the pressure vector g is given by
1 =z
0(#) = (@:(@)hazn =~ — T (5.2)
Note that the fundamental matrix £ is symmetric and satisfy
JsFE.s(x) = 0 pointwise in R" \ {0} and in S'(R"), (5.3)
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and

AFE.s(x) = 0sq.(x) pointwise in R™ \ {0} and in [S'(R")]"™. (5.4)

Additionally, the pressure vector ¢ satisfies

q(x) = =V Ea(z) pointwise in R™ \ {0} and in [S'(R"™)]", (5.5)

where FA is the canonical fundamental solution of the Laplacian operator.
Following the discussion in D. Mitrea, I. Mitrea, and M. Mitrea [25, Chapter 6], for each
fixed 6 € C, set the coefficient tensor associated with the Stokes system and parameter ¢

as the collection
a®f(0) := Ors00p + 00,3050, forl <r s a,B <n. (5.6)
Note that if u € [C?(£2)]", then

Lou = (a22(0)0,0u”)1<acn = Au + 6Vdiv u. (5.7)

Hence for (2 C R"™ open subset, and for each fixed § € C, a null-solution of the Stokes

system in € satisfies

Lou —Vr =0 in€), and divu =0 in €. (5.8)
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Let 2 C R™ be a UR domain, x € (0, c0) be an aperture parameter, and suppose that

K—nt

rot and T|ho"™ exist o-a.e. on 9. (5.9)

VU|39

For each # € C, set the conormal derivative associated with the Stokes system in €2 as

B

m_m) = (vrayy (9)8su'8|?)5nt - Vozﬂgﬁnt)lﬁaﬁn

03(u|§5”t,7r|89

= B 55"+ O 055" — var i iazn (5.10)

o-a.e. on 0f), where v is the geometric outward unit normal to €).

Let 2 C R" be a bounded UR domain and consider for each function
f=(M1zhzn € [L1(09Q,0)]" (5.11)

the boundary-to-domain single layer associated with the Stokes system

Ff(a) = / Ble=)fw)daty)

- (/ Ejx(x = y)f*(y) da(y)> forz € &, (5-12)
o0 1<j<n

and the boundary-to-domain pressure single layer potential
0f(@) = [ {ale =), Fw)do(y
o0
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= /BQ ar(z — ) f*(y) do(y) forz € Q. (5.13)

Consider also, for each fixed # € C, the boundary-to-domain double layer associated with

the Stokes system as the operator

20 = ([ [0t Bs -0} -] S0)it))  rren. G4

1<j<n

and the boundary-to-domain pressure single layer potential

Paf(0) = ~(146) | )@l )] Fdot) forze 0. 515)
Now, if u is a function satisfying

divu=0 in(, and Vulj," exist o-a.e. on O, (5.16)

then w« also satisfies

div u5,™ =0 o-a.e. on 9. (5.17)
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Hence for the treatment of the overdetermined boundary value problem for the Stokes
system in ) with LP-based boundary data, it is natural to consider that the nontangen-
tial boundary trace (u|g;, Vu}g;) of the velocity-field u belongs to the divergence-free

Lebesgue-Whitney space defined as

WAL [LP(0Q, 0)] == {f € WAT[LP(0Q,0)] : 7 =0 o-ae. ondN}. (5.18)

Above f; denotes the r component of the vector-valued function f., and, as before, we
sum over the repeated index 7, which in this current setting runs over the set {1,...,n}.
For (2 C R™ a UR domain and for each integrability exponent p € (1, 00), we equip the
divergence-free Lebesgue-Whitney space with the norm of the space of Lebesgue-Whitney
array. In this way, the divergence-free Lebesgue-Whitney space becomes a Banach space.
Indeed, suppose we are given a Cauchy sequence {f;}jcy C WAL [LP(0S, 0)]. Then is
also a Cauchy sequence in WA'[LP(0S2, 0)], and since the later space is a Banach space,

there exists an array f € WA"[L?(02, o)] such that

fj — f in WAT[LP(0Q, 0)] as j — oc. (5.19)

In particular, if for each j € N we denote by f., ; the r-th component of the array f] and

by f., the r-th component of the array f, then (5.19) implies that

ferj —> fe, In LP(0Q, 0) as j — oo. (5.20)
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Thus it follows that, up to a subsequence,

€r,J

By definition

" . =0 o-a.e. on J€) for each j € N.

er,J

Therefore (5.21) and (5.22) imply that

fl =0 o-a.e. on 012,

er

which implies f € WAT [LP(99, o')] as we wanted to show.

. i — fo o-ae.on0f2asj — oo.

(5.21)

(5.22)

(5.23)

and each pair (f,g) € WAL [LP(09, )] @ LP(9RQ, o) define, for every z € R\ 9Q,

the velocity field boundary-to-domain Cauchy operator

U(f.9)(x) = Do(fo)(x) = L (W f2, +0fL) = Vsg)izsza) (@),

and the pressure boundary-to-domain Cauchy operator

Po(f,9)(x) = Po(fo)(x) — Q(wr(f2. + 0fL.) — veg)1<s<n) ().

Finally, define the Stokes boundary-to-domain Cauchy operator by

Gl f.9)(@) = (Z(f.9)(@). Po(f.9)(@)). forz € R\ 09,
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It will become clear from the arguments in the proofs of the upcoming results the im-
portance of the compatibility conditions and the divergence-free condition of the array
f € WAZ [L?(dQ,0)] in the algebraic and analytical properties of these Cauchy opera-

tors.

Lemma 5.1.1. Fixn € Nwithn > 2 and let () C R"™ a UR domain with compact boundary.
Then for each pair (f,g) € WAL [LP(9Q, 0)] ® LP(3Q, o) and for every 0,,0, € C there
holds

U, (f,9)(x) = Uy, (f,q)(x) forall z € R™\ ON. (5.27)

Additionally, for every 6 € C and for all x € R™ \ 0S) there holds

Fy(f,9)(x) = Palg)(x) + / O [Eale — )L W)doly). 529

Consequently, the Stokes boundary-to-domain Cauchy operator is independent of the pa-

rameter 0 € C.

Proof. To prove (5.27) note that this is equivalent to showing that

Do, (o) (@) = Do, (fo) () = (01 = 62)F (v, f2) () (5.29)

On the one hand,

Do, (fo)(x) — Do, (fo)(x) = (02 — 91)/ ve(y)(O0sEu)(x — y) fo (y)do(y).  (5.30)

o0
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Using the identity —v,.05 = 0

Tsr

— vs0,., property (5.3) of the fundamental matrix F, and

integration by parts, we may write the right-hand side of (5.30) as

(6, 61) / v (1) (OuEur) (i — 1) 5 () dor ()
oN
— (8,—6) /a OBl = )i ()

— (6, 6)) /a e = )05 W)ldo(w) (5.31)

Using the compatibility conditions and the divergence-free condition of the Whitney array

f e WAL [LP(99), 0')] we obtain
Or. Jo = nfl —vsfl = —vsf o-ae. on . (5.32)
Inserting this into the last term of (5.31) gives us

Doy (o) () — Doy (fo) () = (61 — ) / ) Eale — 9 fodoly)  (533)

o0

On the other hand, by definition

(01 — 02)F (v f ) () = (61 — 92)/ vr(y) Eus(z — y) f2,do(y). (5.34)

oN

Rebranding the indices in (5.34) gives us (5.33), hence it implies (5.29).
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To obtain the equality in equation (5.28) note that for every r, s € {1,...,n} one has

0sqr = 0,qs. Therefore for every x € R™ \ 09

Polfo)(x) = —(1 +) / v () (v, (2 — ) 5 (9)do(y)

o0

—(1+6) /8 )0 = 3 ) () (5.35)

Using the identity v,0, = 0. + 105, the fact that the pressure vector ¢ is divergence-free,

and integration by parts we may write

/6 v )otlas(x — IR ()do(y)
= /a . Oro(ny1as(x — y)] fo (y)do(y)

_ /a 0 =00 s W) () (5.36)

Now, the identity (5.32) together with ¢, = —0,F A, imply

/ 0u( = 9)0n () L ()] dor (y) = / 0@ — ) f (v)doly)
o0 oN
. /8 RAOICENEETAOLE

- /an v () [Ealr = y)I [, (y)da(y).  (5.37)
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The conclusion is that

Po(fo)(x) = (1+0) / v (Y Ea(x — )] 2, (y)do(y). (5.38)
a9
For the term involving the pressure single layer, we use that ¢; = —0sFEA to rewrite it as

(v (fo. +012) — vsg)1<s<n) ()
== [ (OB = ) )2 )+ 0L ) = v w)al)ldoty)

= /8 . vr(y)0Y[Ealz — y)I(fS. () + 02, (y))do(y) — Dalg)(z). (5.39)

Subtracting (5.39) from (5.38) and grouping the appropriate terms using tangential deriva-
tives gives the result in (5.28).
The implication that the Stokes boundary-to-domain Cauchy operator is independent of

the parameter § € C is now a consequence of (5.27)-(5.28) and formula (5.26). L]

The next result contains some properties of the boundary-to-domain operators defined

above.
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Proposition 5.1.2. Fix n € Nwithn > 2 and let () C R" be a UR domain with compact
boundary. Let p € (1,00) be an integrability exponent and consider 6 € C. Then for each
pair (f,g) € WAL [LP(0Q,0)] @ LP(0Q, o) the functions defined in (5.24) and (5.25)

satisfy

U(f,9) € [C*(R"\ 0", Zy(f,g) € C(R"\ 9Q), (5.40)

A% (f,9) —VP(f,g) =0 and div %(f,g) =0 in R"\ d.
Additionally, for eachl € {1,... ,n}

O f,9)(x) = Dol f) () — /8 Oraty Bl = ) (0)dr (1)

+ o {0r ) [Bur(z = 9)] + 005, [Euos(x — )] } fL (y)do(y).  (5.41)

Moreover, if Q2 C R" is bounded, then for each aperture parameter r € (0, 00) there exists

a constant C' = C(Q, p, k) such that for every pair (f, g) € WAG, [LP (082, 0)] & LP (0%, o)

Z ||NH(8762/.9(]67g))HLI’(BQ,U) + ‘|NR(‘@0(f’g))HLp(8Q,U)

lvI<1

<C <| 1(f, )l lwan [LP(8Q,U)]€BLP(8Q,J)> (5.42)

Proof. The claims in (5.40) are an immediate consequence of the definition.

128



To prove the result in (5.41) fix [ € {1,...,n} and x € R™\ 012, then compute

O (f,9)(x) = 0Ds(fo)(x) = 0TS (ve(f, + 0FL) = vs@hr<scn) (). (5.43)

For the first term in the right-hand side of (5.43), we differentiate under the integral sign to

get

0D fo)(x /89 ve(y)[(010, Eus) (v — y) + 0(010, E. ) (2 — y)] f5 (y)do(y)

+ / vs(y)(0iq.)(x — y) f5 (y)do (y). (5.44)
o0

Using the identity v,.0, = 0,,, + v,0,, and the properties of the fundamental matrix E gives

e ()(00:Eus) (@ — y) = vn(y)0] (0, Eus) (2 — y)
- aﬂ-z(y)(arE-s)(x - y) + Vl<y)ag(87"E-s)(x - y)
= arrl(y)(arE-s)(x - y) - Vl(y)(AE's)(x - y)

= Or,y(y) (Or Eus) (7 — y) — 11(y)(0sq.) (T — y). (5.45)

Similarly,

—n(y)(00: Eur) (& — y) = 0(y)0/ (s Ewr) (2 = y)
= 0r1) (05 Eur) (x = ) + 11(y) 0} (O Eur ) (2 — y)

= 6Trl(y)(8sE.r)(x - y) - Vl(y)ag<arE-r)(x - y)
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= 6Trl(y)(8sE.r)(x — y) (5.46)

For the term whose integral kernel is first-order derivatives of components of the pressure

vector ¢, we bring in tangential derivatives once again to write

vs(1)(01q.)(x — y) = vs(y) 0/ qu(x — v)
= —Orye(x — y)] — v(y)9Y]g.(x — y)]

= —Ory ()¢ (x — )] + 11(y)(0sq.) (z — y). (5.47)

Note that the last term in (5.45) is the opposite of the last term in (5.47), so they cancel

each other and we conclude that

0 Zs(fo)(x) = m{arTz(y)[(@rE-s)(I —y)] + 00, [(0:Eur)(x — y)I} [ (y)do (y)

— [ Onwla(z —y)lfo(y)do(y). (5.48)
o0

After integrating by parts, and using the compatibility conditions and the divergence-free

condition of the array £, it follows that

0%y (fo)(x) =Zo(f))(x) + / n({(0-Es) (2 — y) + 0(0:Eu)(x — y) } f2.do(y).

o

(5.49)
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For the derivative of the term given by the single layer we obtain

O (e (5 + 017 — vag)rznen) () = — /a O (@~ 1)gly)do(y)

+ / v () (OB (= ) (5. (9) + 0. (y)dor(y).  (5.50)
o0

For the first term on the right-hand side of (5.50) we may use tangential derivatives and

properties of the fundamental matrix £ to write

—vs(y) (01 Es) (x — y) = vs(y) 0} [Eus(z — y)]
= Ory () [ Bes(z = y)] + 1(y) 0¥ [ Eus(x — )]

= Or () [Ees(z — 9)], (5.51)

so that

- / V() (OE.0) (x — 9)g(y)doly) = / Or s Eusl — Pg(p)do(y)  (5.52)
o0 l9]

For the second term on the right-hand side of (5.50), we may rebrand some of the indices

to write it as

/8 Q[Vr(y)(alE-s)<x —y) + 0vs(y) (O E.) (x — )] f2 (y)do(y). (5.53)

131



All in all,

O ((vn(fe, +01,) = Vsghr<s<n) (@) = /a O [Ews(z = y)lg(y)do(y)

+ / e (Y) (01 Ees) (z — y) + Ovs(y) (OB ) (x — y)| f2 (y)do(y).  (5.54)
o0

Subtracting from (5.49) the result in (5.54), and grouping the appropriate terms using tan-
gential derivatives finishes the proof of (5.41).

Finally, the boundedness of the nontangential maximal operator as in (5.42) is a con-
sequence of the definition in (5.24), the independence of the Stokes boundary-to-domain
Cauchy operator with respect to # € C obtained in Lemma 5.1.1, equations (5.28) and
(5.41), all together with the Calderén-Zygmund theory in UR domains designed to accom-
modate the operators associated with Stokes system in D. Mitrea, I. Mitrea, and M. Mitrea

[25, Theorem 6.2.4]. ]

The Cauchy operators introduced in this section may be used to write succinctly an
Integral representation formula for the null-solutions of the Stokes system of linearized

hydrostatics in non-smooth domains, as shown in the following theorem.

Theorem 5.1.3. Fix n € N with n > 2, an integrability exponent p € (1,00) and an
aperture parameter k € (0,00). Let @ C R"™ be a UR domain with compact boundary.

Suppose (u, ) € [C*(Q)]" & C1(Q) is a null-solution for the Stokes system in ), that is,

Au—V7m =0 and divu =0 in(, (5.55)
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and assume that

N (u) € LP(09), N..(Vu) € LP(99Q), and N, (7) € L*(99),

and

K—nt

ro sty and |5 exist o-a.e. on O

U‘ag 5 Vu’a(z

Then for each 6 € C and for all x € 2 there holds:

u(x) = % (T u, wl50™) (2)

and

m(x) = Py (T "u, wlg"™) ()

(5.56)

(5.57)

Proof. This theorem follows as a consequence of D. Mitrea, I. Mitrea, and M. Mitrea [25,

Theorem 6.2.1], hence we need to verify that the hypotheses are met.

First, note that if {2 C R™ is an UR domain with compact boundary, then it is in partic-

ular a lower Ahlfors regular domain, and the surface measure ¢ is a doubling measure.

Second, the considerations in (5.55) imply that the functions « and 7 are smooth. Ad-

ditionally, the size conditions (5.56) and the existence of the nontangential traces in (5.57),

in concert with the assumption that 02 is compact, ensure that the appropriate conditions

in D. Mitrea, 1. Mitrea, and M. Mitrea [25, Theorem 6.2.1] are met, and this finishes the

proof.
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Moving on, let {2 C R" be a UR domain with compact boundary and fix an exponent

p € (1,00). For each # € C and for every pair (f,g) € WAL [LP(9Q,0)] & LP(9Q, o)

define the velocity field boundary-to-boundary Cauchy operator as the family of functions

Us(f,9) == {Us(f,9)e Yo<i<n (5.58)
where, for o-a.e. point x € 01,
Up(f, 9)o(x) = Kofo(x) = S((ve (2. + 0fL) — vsg)1<5<n) () (5.59)

and foreach ! € {1,...,n} and o-a.e. point z € 9

U(f, 9)e(w) = Ko fe () = Tim [ O ) [Eus(w = 0)]g(y)dor(y)
lz—y|>e

+lm o {0, [Bes(x — y)] + 00:, () [Bur(z — )] } f2 (y)do(y).  (5.60)
le—y|>e

Also, for c-a.e. point x € 0f2, define the pressure boundary-to-boundary Cauchy operator

as

By(f,9)(x) = Kag(x) + lim [ 8- y[Ea(z —y)]f2 (y)do(y). (5.61)
e—0*t | Z/Gdlg
T—y|>€
Finally, define the Stokes boundary-to-boundary Cauchy operator as
(5.62)

Co(f,9)(@) == (Us(f,9)(x), Py(f,g)(x)) foro-ae. zec .
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The next proposition summarizes some analytical properties of the Stokes boundary-to-

boundary Cauchy operator.

Proposition 5.1.4. Fixn € N withn > 2, an exponent p € (1,00), an aperture parameter
k € (0,00), and let Q2 C R™ be a bounded UR domain. Then for every 6 € C the following
properties hold:

1: For every pair (f,g) € WAL [LP(9Q,0)] ® LP(dQ,0) and for o-a.e. on O the first-
order nontangential boundary trace of the velocity field boundary-to-domain Cauchy op-

erator exist and satisfy

Tr’f_"t(%g(f,g)) = %f +Uy(f,g) o-a.e. on 09, (5.63)

and the nontangential boundary trace of the pressure boundary-to-domain Cauchy opera-

tor exists and satisfies

,@g(f,g) ggnt = %g + Pg(f,g) o-a.e. on 0f). (5.64)

Consequently, the nontangential boundary trace of the Stokes boundary-to-domain Cauchy

operator (fg( f,g) exist and satisfy

(Tey ™ @ -7 ") (Go(f.9)) = (A + Cy)(f.g) o-ae. ondQ. (5.65)
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2: The operator Cy is bounded from WA, [LP(9Q, 0)] ® LP(0RQ, 0) to itself, that is,

Cy : WAL [LP(99Q, 0)] ® LP(0Q, 0) — WAL [LP(99Q, 0)] ® LP(09Q, 0) (5.66)

is well-defined, linear, and bounded.

Proof. To obtain the result in 1 it is enough to check that the nontangential boundary trace

of the pressure Cauchy operator associated with the Stokes system satisfies

Py(f,9) g;)m = %g + Py(f,g) o-a.e. on 09, (5.67)

and that the nontangential boundary traces of the velocity-field Cauchy operator associated

with the Stokes system satisfy

Yo(f,9)50" = fo+Us(f.g)o o-ae. ondQ, (5.68)

and foreachl € {1,...,n}

O (f,9) g;m =1fo+ Us(f,9)e, o-ae. ond. (5.69)

The proof of (5.67) is a consequence of equation (5.28) in Proposition 5.1.2 and the jump

formula D. Mitrea, 1. Mitrea, and M. Mitrea [24, (2.5.4)].
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Similarly, equation (5.68) follows from the jump formula in D. Mitrea, I. Mitrea, and
M. Mitrea [24, (2.5.4)] and the fact that for every function f € LP(0f2, o) the nontangen-
tial boundary trace of the boundary-to-domain single layer acting on f is the boundary-
to-boundary single layer acting on f. The result in (5.69) is a consequence of (5.41) in
Proposition 5.1.2 and the jump formula in D. Mitrea, I. Mitrea, and M. Mitrea [24, (2.5.4)].

To prove 2, first note that for each pair (f,g) € WAL [LP(0, 0)] @ LP(0NQ, o) the
collection Uy(f,g) = {Ug( 1, G)~}4<1 satisfy both the compatibility condition and the
divergence-free condition.

To conclude that Cy defines a bounded linear operator note that the singular integral
operators involved in the definition of 'y are either weakly singular or satisfy the conditions
of Calder6on—Zygmund theory on Ahlfors regular closed UR sets in D. Mitrea, 1. Mitrea, and
M. Mitrea [25, Theorem 6.2.4], hence they define bounded linear operators from L? (952, o)

to itself and from L7 (09, o) to itself for every p € (1, 00) and this finishes the proof. [

We now move on to the study of the overdetermined boundary value problem for the

Stokes system in UR domains with compact boundaries.
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5.2 Formulation and Well-posedness result for the Overdetermined Boundary Value

Problem for the Stokes System of Hydrostatics

Fix n € N withn > 2. Let 2 C R" be a bounded UR domain and consider an aperture
parameter x € (0,00). For each integrability exponent p € (1,00) we formulate the L?-
OBVP for the Stokes system of linearized hydrostatics in €2 with prescribed boundary data
(f,g9) € WAR [LP(8Q,0)] ® LP(0N, o) as the task of finding a pair of functions (u, )
satisfying

u e [C2Q), e CHQ),

Au—V7 =0 and divu =0 in €2,
(OBVPs,) (5.70)

Ni(u) € LP(0Q), N.(Vu) € LP(09Q), N (r) € LP(99Q),

Tri ™y = f € WAL [LP(09,0)] and ﬂ‘gém =g € LP(09, o).

\

The following result characterizes the space of admissible boundary data for the Stokes

system in bounded UR domains.

Theorem 5.2.1. Fix n € N with n > 2, an integrability exponent p € (1, 00), an aperture
parameter k € (0,00) and let Q@ C R™ be a bounded UR domain. Then the space of

admissible boundary datum for (OBVPg ) in €, that is, the set

{(Tef " u,m g;nt) C(u,m) € [C)]" @ CHR), Au—Vr=0inQ
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divu=0inQ, N.(u) € LP(0Q,0), N.(Vu) € LP(0Q, 0),

and N, (m) € LP(09Q,0)}, (5.71)

may be described as

{(f,9) € WAL[LP(09)] @ L*(99) : Co(f,9) = 5(f,9)}. (5.72)

Remark 5.2.2. To see that the set in (5.71) is well-defined, suppose (u,7) is a pair of
functions satisfying the properties in (5.71). Then by the Fatou-type theorems D. Mitrea,
I. Mitrea, and M. Mitrea [25, Theorem 6.3.2] and [24, Theorem 3.1.13], we conclude that

the first-order nontangential boundary trace of u exists o-a.e. on 0f2, that is,

Try ™ u = (ul5q™, Vulig™) exist o-a.e. on 99, (5.73)

and that the nontangential boundary trace of 7 exists o-a.e. on 9€). Thus the set in (5.71)

is well-defined. Moreover, the assumptions

Ny (u) € LP(0Q,0), N.(Vu) € LP(9Q,0), Ni(7) € LP(0Q,0) (5.74)

ensure that W}gént € LP(99Q,0), and Try ™u belongs to WA}[LP(9S2,0)]. Finally, the
PDE condition div v = 0 in {2 and the existence of the nontangential boundary trace of Vu

guarantee that T} " is a divergence-free array.
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Proof. The first claim is that the set in (5.71) is contained in (5.72). To see that, note that if

a pair of functions (u, 7) has the properties in (5.71), then by Remark 5.2.2 the first-order

nontangential boundary trace of w exists o-a.e. on 02, and the nontangential boundary

trace of 7 exists o-a.e. on 0f). Additionally, we have

r—nt

(Tey ", 7|5, ") € WAS,[LP(09, 0)] & LP(99, 0).

Thus the integral representation formula in (5.1.3) implies that

K—nt

(u, ) = Cy(Tri ", 0q )

Taking nontangential boundary traces and using Proposition 5.1.4 we obtain
K—mnt

(Tef ", 7|5, ) = (%I+ CH) (TYT_ntuv”‘gém)’

o-a.e. on 0f), which proves the claim.

(5.75)

(5.76)

(5.77)

The second claim is that the set in (5.72) is a subset of the one in (5.71). Indeed, con-

sider an element (f, g) € WARL [LP(0, 0)]®LP(0S, o) of the set in (5.72). By Proposition

5.1.2 the pair of functions %( 1, ¢g) is a null-solution of the Stokes system in €2 and satisfy

Ni(u) € LP(0Q,0), No(Vu) € LP(0Q,0), Ni(m) € LP(09,0).
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Moreover, by Proposition 5.1.4 its nontangential boundary trace satisfy

(Tey ™ & -|g;nt)(‘5g(f,g)) = (31 + C’g)(f,g) o-a.e. on Of). (5.79)

Since Cg(f, g) = %(f, g), we conclude that

(Tef ™ @ ‘ggnt) (Cfg(f, g)) = (f, g) o-a.e. on 0f), (5.80)

thus proving the second claim. These two claims prove the theorem. 0

The next theorem concerns the well-posedness of the overdetermined boundary value
problem for the Stokes system in bounded uniformly rectifiable domains formulated in

(OBVPg,,).

Theorem 5.2.3. Fix n € N with n > 2, an integrability exponent p € (1,00) and an
aperture parameter . € (0,00). Let Q@ C R" be a bounded UR domain and let 6 € C.

Then the overdetermined boundary value problem for the Stokes system in () with boundary

data (f,g) € WAL [LP(0Q, 0)] & LP(8Q, o)

"

u € [C*HQ)", me CH),

Au—V7 =0 and divu =0 in ),
(OBVPs,) (5.81)

No(u) € LP(89), N.(Vu) € LP(99Q), N(r) € LP(99),

Te; " = f € WAL [LP(09,0)] and |;," = g € LP(99,0),
\
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is solvable if and only if the boundary data is admissible, i.e., it satisfies

Co(f,g) = %(f,g) o-a.e. on 052, (5.82)

where Cy is the Stokes boundary-to-boundary Cauchy operator.

Moreover, the overdetermined boundary value problem (OBVPyg,,) for the Stokes sys-
tem of linearized hydrostatics in ) is well-posed in the sense of Hadarmard, that is, for
each prescribed pair (f,g) € WAL [LP(0Q, 0)] @ LP(0, o) from the space of admissible
boundary data there exists a unique solution (u, ) and this solution depends continuously

on the boundary data. Additionally, one may represent the solution as

(u,m) :=%s(f,g) inQ. (5.83)

where €, is the Stokes boundary-to-domain Cauchy operator.

Proof. To prove solvability, note that if a pair (u, 7) is a solution of (OBVPg,), then by
Theorem 5.2.1

(Tr'f’”tu, ﬂggnt) = C’g (Tr’f’”tu, W‘g;nt>. (5.84)

| —

Conversely, if (f, g) € WAL [LP(8Q, 0)]® LP(9R, o) is admissible, then by Theorem 5.2.1

there is a pair (u, ) in €2 that is a solution of the boundary value problem (OBVPg,,).
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For uniqueness note that if (u;, 71 ) and (ug, 79) are two solutions of the boundary value
problem (OBVPg,,) for the Stokes system of linearized hydrostatics in €2 with boundary

data (f, g) € WAL [LP(09Q, 0)] @ LP(9, 0 ), then the pair
(v,w) € [C*(Q)]" ® CH(Q), where v :=u; — ug, W=7 — o, (5.85)

is a solution of the (OBVPg,,) with boundary data equal to zero. Thus the integral repre-
sentation formula in Theorem 5.1.3 implies that (v, w) = 0 in €.

Finally, it follows from the integral representation formula in Theorem 5.1.3 that if
(f.9) € WAR [LP(89Q,0)] @ LP(0N, o) is an admissible boundary data, then the pair
(u,m) := Gy(f,g) is the solution of the (OBVPg,) in Q. By Proposition 5.1.2 we con-

clude that there is a constant C' € (0, co) such that

DN U (. 9)lr0.0) + IN(Zo(f, 9Dl 00.0)

[v1<1

<C (! I(f,9)] lwan. [Lp(aQ,a)]@Lp(aQ,a)> (5.86)

and this finishes the proof. [
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The characterization the space of admissible boundary data in Theorem 5.2.1 and the
integral representation formula in Theorem 5.1.3 allow us to conclude that for every in-
tegrability exponent p € (1, 00), the overdetermined boundary value problem (OBVPg,,)
is well-posed for arbitrary bounded uniformly rectifiable domains in R" if and only if the

boundary data is admissible.

5.3 Hardy Spaces associated with the Stokes System of Hydrostatics

Let 2 C R™ be a bounded UR domain, p € (1,00) be an integrability exponent and
k € (0,00) be an aperture parameter. Define the domain Hardy space associated with the

Stokes system in (2 as

AP(Q,5) = {(u,m) € [C*(Q)]"®CHQ) : Au— Vr =0, and divu =0 in ,
Nio(u) € LP(0Q, 0), No(Vu) € LP(0Q, 0), Nyi(m) € LP(9Q,0)}.

(5.87)

This is a vector space, and we may endow it with the norm

1, m)lencs) = Y [INe(@ W)l r00.0) + ING(T)|Lo00.0)- (5.88)

[vI<1
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With the norm in (5.88), the domain Hardy space associated with the Stokes system in €2
becomes a Banach space. Indeed, note that from Remark 5.2.2 we get that the nontangential

boundary trace map

Ty @[5 0" A7(Q, S) — WAL[LP(0Q, o) @ LP(9Q, o)

(u,m) = (Tey ", |5 ") (5.89)

is a well-defined, linear, and bounded map. Moreover, it follows from Proposition 5.1.2

that for each 8 € C we have that

%o - WAL [LP(99Q, 0)] @ LP(0, 0) — H#7(Q, ) (5.90)

is a well-defined, linear, and bounded operator.

Thus if {(u;, 7;) }jen C HP(12,S) is a Cauchy sequence, then

{(Tey "y, 5|50 ) b jew © WAL [LP(09, 0)] @ LP(99, 0) (5.91)

is a Cauchy sequence. Since the function space in (5.91) is a Banach space, we conclude
there exists (f, g) € WAL [LP(0, 0)] ® LP(9Q, o) such that

K—nt

b)) T (Fg) in WAL [LM(0Q.0)) @ LP(02,0).  (5.92)

k—nt
(Try ™" uy, m; |
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Therefore the pair (u, ) := %(f,g) is such that (u,7) € #7(Q,S) and by (5.90) and
(5.92) we have

(uj, ;) 2225 (u, ) in 27(, S). (5.93)

Moving on, for each § € C, define the linear operator

ITy : WAL [LP(0S, )] @ LP(0R, 0) — WAL [LP(0Q, 0)] @ LP(0Q, o) (5.94)

as

y(f,g) = (31 + Co)(f,g) o-ae. on . (5.95)

It follows from Proposition 5.1.4 that the mapping I1y is a well-defined, linear, and bounded
operator, and that for each aperture parameter x € (0, c0) and for every pair of functions

(f,9) € WAL [LP(8Q, 0)] & LP(99, o) the nontangential boundary trace map satisfies

(Tef ™ @[5 ") (ol f,9)) = 1a(f, 9). (5.96)

The next proposition establishes further analytical properties of the Stokes boundary-to-

boundary Cauchy operator and the map I,.
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Theorem 5.3.1. Fixn € N withn > 2 and let Q) C R" be a bounded UR domain,
p € (1,00) be an integrability exponent, k € (0,00) be an aperture parameter. Also, let

0 € C. Then the Stokes boundary-to-boundary Cauchy operator satisfies
(Cy)? = LI on WAL, [LP(09, 0)] @ LF(99, 0). (5.97)

Consequently, T1y : WAL [LP(0Q, 0)] ® LP(0S2, 0) — WAL [LP(0Q,0)] ® LP(0S, 0) de-

fines a continuous linear projection.

Proof. To prove (5.97), let (f,g) € WAL [LP(0S, )] @ LP(0S, o) be an arbitrary element
and consider the pair of functions given by %, (f, g).
It follows from Proposition 5.1.2, Proposition 5.1.4 and the integral representation for-

mula in Theorem 5.1.3 that

6 (T @ -3 (€(f.9))) = %o(f.9) in 2. (5.98)
Taking nontangential boundary traces and using Proposition 5.1.4 gives us

(3T +Co)*(f,9) = A1+ Co)(f,g) o-ae. ond, (5.99)
which proves (5.97). The last statement in the proposition follows from definition (5.95)

and (5.99). [
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Given any ¢ € C, define the boundary Hardy space associated with the Stokes system
on 0f as

P00, S) = 11y (WAL [LF (09, 0)] & LP(09,0)), (5.100)

endowed with the norm from WAG, [LP(0S2, 0)] & LP(0S2, o). Note that this is a Banach
space since Il is a continuous linear projection. Furthermore, as shown in the following
corollary, the boundary Hardy space associated with the Stokes system on 0f2 is equivalent

to the space of admissible boundary data for the overdetermined boundary value problem

(OBVPg,,) in Q.

Corollary 5.3.2. Fixn € Nwithn > 2. Let Q C R" be a bounded UR domain, p € (1, 00)
be an integrability exponent, k. € (0, 00) be an aperture parameter and 6 € C.
Then the space of admissible boundary data for (OBVPyg ) in S introduced in Theorem

5.2.1, that is, the function space

{(T w5 0™) « (u,7) € [CHQ)]" & CHQ), Au—Vr=0inQ

divu=0inQ, N,(u) € LP(0Q,0), N.(Vu) € LP(0Q, 7),

and N () € LP(99,0)}, (5.101)

coincides with the boundary Hardy space associated with the Stokes system

AP (0, S) = 11y (WAL [LP (09, 0)] @ LP(0, ), (5.102)
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defined in (5.100).

Proof. Let (f,g) € WARL [LP(09Q,0)] & LP(99, o) be an admissible boundary data for

(OBVPg,,) in Q. It follows from (5.72) in Theorem 5.2.1 that

where Cj is the Stokes boundary-to-boundary Cauchy operator. Therefore by the definition
in (5.95) we verify that

Iy(f,9) = (f,g) o-ae. ondQ, (5.104)

thus by (5.100) we have (f, g) € 2#7(9Q, S).

Conversely, suppose (f, g) € 7#7(9%2, S). Then by Theorem 5.3.1 we have

Iy(f,9) = (f,g) o-a.e. on L, (5.105)
which implies
. 1 .
Co(f,9) = §(f,g) o-a.e. on 0f), (5.106)
and by (5.72) in Theorem 5.2.1 we conclude the result. ]

The following result connects the domain and the boundary Hardy spaces associated

with the Stokes system and the nontangential boundary trace map.
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Proposition 5.3.3. Fix n € N withn > 2. Let Q) C R" be a bounded UR domain,
p € (1,00) be an integrability exponent, and x € (0, 00) be an aperture parameter. Then

the nontangential boundary trace map (Tr{™™ & - ’g;nt) is an isomorphism from F€P (S, S)

to #7(09, S).

Proof. It follows from Remark 5.2.2 and the integral representation formula in Theorem

5.1.3 that

(u,m) € AP(Q,8) = u=G(Tey ™ @7 ")(u,7) in € (5.107)

thus by Proposition 5.1.4

Kk—nt K—nt

(T @ [0 ) = Mg (T~ @ -5 1, ). G109

This shows that (u,7) — (Tr’f’"tu,ﬂg;nt) is a well-defined, linear, and bounded map
from 7P(92, S) to AP(00, S).

To see that (Tr{™™ @ |g;2m) is injective, note that if (uy, ) and (us, ) are elements
in 7 (52, S) such that

(Ul,ﬂ'l) = (UQ,’iT2> in jfp(Q, S) (5109)

then the linearity of the nontangential boundary trace and the Stokes boundary-to-domain
Cauchy operator, together with (5.107) give us that if

K—nt

(Tr'f*"tul, T ‘89 )

= (Trf ug, m ;") o-a.e. on 99, (5.110)
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then (uy,m) = (ug, m2) in JP(Q, 5).

To see that (Tr{™™ & ]ggm) is surjective note that by Corollary 5.3.2 we have that
for every (f,g) € #7(99Q,S) is an admissible boundary data for the overdetermined
boundary value problem (OBVPg ) in €2, hence by Theorem 5.2.3 there is a (unique) pair
(u,m) € HAP(Q,S) such that

(Tef ", gs_z"t) = (f,g) o-ae. on 99, (5.111)

and this finishes the proof. [

Remark 5.3.4. 1t follows from the proof of the previous proposition that if 2 C R" is a
bounded UR domain and p € (1, 00) is an integrability exponent, then for each 6 € C the

Stokes boundary-to-domain Cauchy operator is such that

Gy P00, S) — HP(Q,S) is an isomorphism. (5.112)

In this context, the nontangential boundary trace and the Stokes boundary-to-domain Cauchy

operator are inverses.

We now study different formulations of the overdetermined boundary value problem
for the Stokes system in bounded uniformly rectifiable domains with boundary data in L”-
based function spaces. We show that, under suitable algebraic conditions on the conormal
derivative, these formulations are equivalent to the boundary problem (OBVPg ) discussed

in the previous section.
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To set the stage, fix n € N with n > 2 and let {2 C R" be a UR domain. Consider
an integrability exponent p € (1,00) and B € 2A(n,n) a coefficient tensor, that is, B is

“blocks of matrices” of complex numbers of the form

B = (b3 )1<a,6<n- (5.113)

1<r,s<n

Define the Stokes packing operator associated with B, @%‘Okes, acting on each pair

(f.g) € WAL [LP(8Q,0)] & LP(09, o) as

OR*(f.9) := (fo. vy Bysfe, — gv), (5.114)

where v, B, fe, := {v;027 [P }1<a<y and gv := {gVa }1<a<n.

Note that

OSikes . WAL [LP(0, 0)] @ LP(0, o) — [LP(0N, 0)]" @ [LP(99Q, o)]" (5.115)

is a well-defined, linear, and bounded map.
Define 213k () as the collection of coefficient tensors in 2A(n,n) with the addi-

mnv

tional property that

[B,svrvs) ! is well-defined, belongs to [L>(9, o)]"*™, and sat-
(5.116)
isfies (v, [B,sv,vs]| 'v) # 0 o-a.e. on 09,

where v is the geometric outward unit normal to (2.
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It follows from D. Mitrea, 1. Mitrea, and M. Mitrea [26, Definition 1.1.2] that the

inclusion 2Apy(n,n) C A3KS(n Q) holds for every Q C R™ UR domain. Indeed, if

mv

B € iy(n,n), then by D. Mitrea, 1. Mitrea, and M. Mitrea [26, (1.1.25)] there exists
¢ > 0 such that

Re[(v, [B,.v,v5)] 'v)] > ¢ o-ae. on 05, (5.117)

which implies that B € 23k ().

mv

We then have the following mapping properties for the Stokes packing operator.

Proposition 5.3.5. Fixn € N withn > 2 and let ) C R" be a bounded UR domain.

Consider an integrability exponent p € (1,00) and a matrix B € 3% (n, Q). Then the

mnv

packing operator

OSiokes . WAL [LP(0Q, )] @ LP(0, 0) — [LP(0Q, 0)|" @ [LP(0Q,0)]"  (5.118)

given by

O™ (f.9) = (fo, v Brsfe, — gv) (5.119)
is injective.
Proof. Suppose (f,g) € WAR [LP(9Q, 0)] @ LP(dQ,0) is in the kernel of the packing
operator @SB“’I‘“, that is,

oftokes(f ) = (0,0) on [LP(9R, do)]™ & [LP(IS, do)]™. (5.120)
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This implies that

fo =0 o-a.e. on 012, (5.121)
thus
Or, fo =0 o-ae. on 05, (5.122)
for every j,k € {1,...,n}. It remains to show that f,, = 0 o-a.e. on OS2 for every
je{l,...,n}and g = 0 c-a.e. on 0.
Note that (5.120) implies
VpBysfe, = gv o-a.e. on 0f). (5.123)
A similar computation to the one in (3.102) allows us to show that
fe; = [Bruwvent] ™ (vjvy Bys fe, + 12 BrsOr, fo) forevery j € {1,...,n} (5.124)
Therefore (5.122) and (5.123)-(5.124) imply that for each pair j,« € {1,...,n}
& = ([Buvwn] (v gv)),, = (v;9) by vier) v, (5.125)
Thus from (5.125) we conclude that
o = (Vag)[bzlﬁukyl]_lyg = g{v, [Burev] 'v) o-ae. on 09. (5.126)
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Since f € WAR [LP(09, 0)], we must have

g(v, [Buviv] ') = fo =0 o-ae. on 0, (5.127)

and under the assumption that B € 55 (n_ () this is equivalent to

mv

g =10 o-a.e. on 0f). (5.128)

It then follows from (5.125) that f., = 0 o-a.e. on 0f) and this finishes the proof. ]

We shall use the previous proposition to study other formulations of the overdetermined
boundary value problem for the Stokes system.
Indeed, fix n € Nwithn > 2,and let Q C R™ be a bounded UR domain and x € (0, 00)

be an aperture parameter. For each exponent p € (1, 00) and each matrix B € 23195 (n, ),

we formulate the L”-based overdetermined boundary value problem for the Stokes system
in 2 associated with B and with boundary data (go, 1) € [LP(0%2, 0)]" @& [LP (02, 0)]" as

the task of finding a pair of functions u : 2 — C" and 7 : 2 — C satisfying

.

we [C2Q), 7 e CY(Q),

Au— V7 =0 and divu =0 in €,
(LP-OBVPg )

Ni(u) € LP(09Q,0), No(Vu) € LP(0Q,0), N(7) € LP(09,0),

K—nt K—nt

oo Tloo ) =01 € L7(0Q,0),
(5.129)

Kr—nt

=g € LP(0Q,0), 08
\U’ 90 9o ( U) v (U
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—nt K—nt

0 Tlao )= V,,Brsasul

K—nt k—nt . . .
-7 v is the conormal derivative of (u, )

where 07 (ul, 20 50

associated with the Stokes system and matrix 5.
We then have the following result regarding the boundary value problem (LP-OBVPg )
and its connections with Hardy spaces associated with the Stokes system and the overde-

termined boundary value problem (OBVPg,,).

Theorem 5.3.6. Retain the geometrical and analytical context from the previous paragraph
and bring in the packing operator associated with B defined in (5.114)-(5.115). Then
the boundary value problem (LP-OBVPg p) is solvable if and only if the boundary data

(g0,91) € [LP(OQ)]™ @ [LP(ON)]™ is such that

(g0, 1) € OF* (709, S)). (5.130)

Moreover, the boundary value problem (LP-OBVPg ) with prescribed boundary data
(90, g1) € Op(HP(0, S)) admits a unique solution, and one may represent the solution
as

(u,7) = Co(f,g) in %, (5.131)

where (f,g) € HP(0K), S) is the unique pair such that O3 (f, g) = (g0, g1), and Gy is

the boundary-to-domain Cauchy operator associated with the Stokes system.
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Finally, a pair (u, ) is the solution of the boundary value problem formulated in
(LP-OBVPg ) with boundary data (go,g1) € [LP(0S2,0)]" & [LP(0, 0)]"™ if and only
if the pair (u, ) is the solution of the overdetermined boundary value problem (OBVPg )

with boundary data (f, g) € #7(99Q, S), where ©5(f, q) = (g0, 91)-

Proof. First, assume (u, ) is a solution of the boundary value problem (LP-OBVPx 5)
with boundary data (go, g1) € LP(92) & LP(0N2). By definition (u, ) € #7(€,S), and

Proposition 5.3.3 ensures that
(Trf~™ @ -‘ggnt)(u, ) exists o-a.e. on 02, it belongs to 7 (012, S). (5.132)
The conclusion is that
(90:90) = O3 (T @ [3,") (w,m)) = (g0, 1) € OF(#7(0, ). (5.133)

Conversely, assume (go, g1) € O3%(#7(99Q, S)), and consider a pair of functions

such that (f, g) € 2799, S) and

(90, 91) = OF*(f, 9). (5.134)
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It follows from Corollary 5.3.2 that ( 1 ¢g) is an admissible boundary data for the overde-
termined boundary value problem (OBVPg ), and by Theorem 5.2.3 there exists a unique
solution (u, 7) for the overdetermind problem (OBVPg,,) with boundary data (£, g), and
we may write

(u,7) = %5(f,g) inQ. (5.135)

Together with (5.134) we conclude that (u, ) is a solution of the boundary value prob-
lem (LP-OBVPg ) with boundary data (go, 1), which proves the solvability result stated
in the theorem.

To prove uniqueness, note that since B € 23 (n, Q), it follows from Proposition

mv

5.3.5 that for a given pair (go, g1) € Og(HP(02, S)) there exists a unique pair of functions

(f,g) € 27(09, S) such that

O1* (£, 9) = (g0, 91)- (5.136)

Consequently, if (uy, ) and (uq, ) are solutions of (LP-OBVPg ) with the same
boundary data, then the function v = u; —us and ¢ = 7 —79 is a solution of (L?-OBVPg p)
with zero boundary data and by Theorem 5.2.3 this implies (v, ¢) is zero in €2, and this

finishes the proof. 0

The above result shows that under suitable conditions over the packing operator and the
coefficient tensor B, the boundary value problem (LP-OBVPg ) is a reformulation of the

overdetermined boundary value problem (OBVPg,).
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5.4 Cauchy Integrals associated with the Lamé System of Elastostatics and the Stokes

System of Hydrostatics

This subsection is focused on an asymptotic relationship between the layer potential oper-
ators associated with the Lamé system of elastostatic and the boundary-to-domain Cauchy
operators associated with the Stokes system of linear hydrostatic, as the Lamé moduli A
tends to infinity.

Recall the following relations between the canonical fundamental solutions for the
Stokes system and the fundamental solution for the Lamé system in R" (cf. D. Mitrea [21,
Chapter 10]). To make matters more precise, given Lamé moduli (1, \) € C? with 1 # 0
and 21 + A # 0, denote by £+ the canonical fundamental solution of the Lamé operator
and by (E*, q) the canonical fundamental solution associated with the Stokes system.

Forevery r € {1,...,n} we have

lim 0, B = lim 0,E4* = 0 pointwise in R” \ {0} andin S'(R"),  (5.137)

A—00 A—00

and

lim AD,Erd = lim AO,Ex* = —g, pointwise in R™ \ {0} andin S'(R"). (5.138)
—00

A—00
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Moreover,

1
lim EX# = ZE° pointwise in R” \ {0} and in [S'(R™)]"", (5.139)
W

A—00

and for every pair (1, \) € C? with u # 0and 20+ X # 0
8,0, Er* =0 pointwise in R" \ {0} and in S'(R"). (5.140)

Then we have the following theorem for the single layer potential operators associated with

the Lamé system and the Stokes system

Theorem 5.4.1. Fixn € N, withn > 2 and let Q) C R" be a bounded UR domain with
surface measure o and p € (1,00) be an integrability index. Then for every i # 0 and

every function f € [LP(0Q)|" there holds:

)\h_{ilo yLuAf = Sstokesf in R" \ o9, (5.141)
Jim div 7, f =0 in R\ 99, (5.142)
—00 ’
and
lim Adiv.7,, f = —Qf inR"\ 9. (5.143)
—00 ’
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Proof. The equality in (5.141) follows from Lebesgue Dominated Convergence Theorem

and equation (5.139). Indeed, for every x € R™ \ 0f2 we have

lim 7, f(@) = lim [ B (e = y) fi(y)do(y)

- /QQ ( lim laﬁ#“(z:—-y))j;(y)da(y)

A—00

1

- /a B =) ) do(y)

1
= ;yStokesf(I)~ (5144)

For (5.142) and (5.143), recall that for any pair (i, \) € C? such that 4 # 0 and

21+ A # 0, we have

1 Ts —1 . . . n
0, Ef (z) = 2+ N 1l = O )\)qs(x) pointwise in R" \ {0},  (5.145)

where ¢, is the s-component of the canonical fundamental solution for the pressure in the

Stokes system. Therefore for every 2z € R™ \ {0}

div 7y, f(x) = o arEé”’A(JC —y)fs(y)do(y)

_ 1 (Is - ys) o
_AQ@M+MM%1W_MHEQM(M

—1

- /a aa — ). ()do(y)

-1
TEL] (5.146)
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Thus the right-hand side of the last line in (5.146) implies that for every x € R™ \ {0}

lim div.v; , f(z) =0 (5.147)
A—00 H
and
/\lim Adiv 7, f(r) = —Qf(x) (5.148)
—00 ]
and this finishes the proof. [

A similar result holds for the asymptotic of the double layer potential operators associ-

ated with the Lamé system and the Stokes system.

Theorem 5.4.2. Fixn € N, withn > 2 and let 2 C R" be a bounded UR domain,
p € (1,00) be an integrability index, and v be the geometric outward unit normal to ).
For every (ju,\) € C?, with u # 0, let ¢ € C and consider the family A, \ ¢y of coefficient

tensors associated with the Lamé system

A(u,)\,() = (uérséaﬁ + (,u +A - <)5TQ55B + Ca’r‘ﬁ(gsa) 1<r,s<n - (5149)

1<a,8<n

Then for every function f € [LP(02)|" there holds:

lim D, o f = Dejuf iR\ O, (5.150)
lim div P, f =0 inR"\ 00 (5.151)
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and

lim Adiv P, f = —HPejuf in R\ OL. (5.152)

A—00

Proof. Tt follows from the definition that for every x € R \ {0}

Dagnef (@) —< /89 {LL v (y)[0; E e —y)]+ Cur(y)[asEer“’A(m — )]

(A = QWO ES (@ — )] Hay) ) |
1<j<n
(5.153)
It follows from (5.139) that
1
lim 9, B, = —0,E% pointwise in R" \ {0} (5.154)
A—00 1%
and (5.145) implies that
hm (,u +A—=()o E " = —q; pointwise in R™ \ {0}. (5.155)

Hence, by the Lebesgue Dominated Convergence Theorem, we have that for x € R™ \ {0}

lim P4, f(2) ( {ur [0- B, (x — )] + %Vr(y)[asEﬁ«(x — )]

— vs(y)g,(x — }fs > (5.156)
1<j<n
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which is equivalent to

lim gA(uAC)f< ) gc/uf<$>. (5157)

A—00

To prove (5.151) and (5.152), note that for every = € R™ \ {0}

div .@A(W)\’Of(x) — aj <@A(M7/\7C)f(x))j

= | Amn @00 E @~ y)] + () 003 ()

+ (1 + X = Qvs(y)[0;0. ;) o (= )]} ) (5.158)

It follows from (5.140) that

8,0, B4 = 0 pointwise in R™ \ {0}, (5.159)
hence
div Za,, o f(x) = {ul/r )[0;0, E; Lo (g — y)]
+ ¢ e (y)[0:0;, E;; Lud (g — y N} fs(y) do(y). (5.160)

Equation (5.160) together with (5.137), and the Lebesgue Dominated Convergence Theo-

rem imply that

lim div Z4,,, ., f(x) =0 forevery x € R" \ {0}, (5.161)

A—00
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which proves (5.151). Also from (5.138) and (5.160), and the Lebesgue Dominated Con-

vergence Theorem we obtain that for every z € R™ \ {0}

Jim Adiv 2, f@) = [ un(o){nl0a.a =)

+ ¢ [05qr (z — y)] } f5(y) do(y). (5.162)

Since 0,q, = 0,.qs, the right-hand side the last line of (5.162) is equal to

(1t 0) /a ) =) dol) = —uPefla), (5163

and this finishes the proof. [

As a consequence, we have the following lemma for the asymptotics of the Cauchy

integral operator associated with the Lamé system.

Lemma 54.3. Fixn € N, withn > 2. Let Q) C R"™ be a bounded UR domain and
p € (1,00) be an integrability exponent. For jn # 0, let A(u, \) be any coefficient tensor

associated with the Lamé operator
L,y = pA+ (p+ X)Vdiv. (5.164)
Then for every f € WAT[LP(0S2, 0)] there holds

lim div €| = Za(f]) inR"\ 00 (5.165)

A—00
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In particular, if f € WA? [LP(9Q, o)), then
Jim div [ @0 f| =0 in R\ 00, (5.166)
—00

Proof. From Lemma 4.1.1 it follows that for each Lamé moduli (u, \) € C* with p # 0
and 2 + A # 0 the Cauchy integral associated with the Lamé system is independent of the
choice of coefficient tensor. Fix ( € C and consider the coefficient tensor in (5.149), that
is,

Arng) = (10rs005 + (11 4+ A = O)0radas + Cr30u) 15r5<n - (5.167)

1<a,8<n

Then write for every x € R™ \ 0f

Caf () = Dy o) = S, (W (2 +CFL) + (1A= OV fL )120n) (7). (5.168)

It follows from (5.142) and (5.143) in Theorem 5.4.1, equation (5.151) in Theorem 5.4.2,

and g, = —0sFa that for every x € R"™ \ 012

lim div [%(M) f(x)} = — lim Adiv.7p,, (0] )1<ocn) (@)
= Q((ef!, )12s2n) (@)
= /@ ) vs(y)as(x — y) 2. (y)do(y)
__ /8 ) (O:F) w — ), (y)do(y)

= Ialfe)(x), (5.169)
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which proves (5.165). The result in (5.166) is now a consequence of the fact that if the

array f € WAL [LP(9Q, )], then fi (y) = 0 at o-a.e. point y € N2 O

Finally, we can establish an asymptotic relationship between the Cauchy integrals as-

sociated with the Lamé system, and the one associated with the Stokes system.

Theorem 5.4.4. Fixn € N, withn > 2. Let Q C R" be a bounded UR domain, p € (1, 00)
be an integrability index, and v be the geometric outward unit normal to ). For . # 0 and

A € C, let A(u, \) be any coefficient tensor for the Lamé system

L,y = pA+ (p+ \)Vdiv. (5.170)

Then for all ¢ € C and every pair (f,g) € WAL [LP(0Q, 0)] & LP(9Q, o) there holds:

T |G f + 151, (v9)] = Uyl 9) in R\ 09 (5.171)
/\lim div [%A(u,/\)]& +us, A(l/g)] =0 inR"\ 09, (5.172)
—00 ’
and
lim Adiv (gA(#,,\)f + 1T, (vg)| = —u@c/#(f,g) in R™\ 0N (5.173)

A—00
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Proof. Tt follows from (5.168) that for every x € R™ \ 02, for each ( € C and for every

f € WAL [LP(99), 0')] we have

Caun (@) = Dag, o fol@) = L1, (e (f2 + CFL))1<s<n) (2) (5.174)

It follows from (5.141) in Theorem 5.4.1 and from (5.150) in Theorem 5.4.2 that

/\h_)r{.lo %A(H,)\)f‘ + ,ufﬁL,M (vg)| = Dejufo — yStokes((”r( o Tt C/u ;) + ng)1§5§n)

= Uu(f,g) inR™\ 09, (5.175)

and this proves (5.171).

To prove (5.172) we use (5.142) in Theorem 5.4.1 and (5.165) in Lemma 5.4.3 to obtain
the result.

The proof of (5.173) follows from (5.142) in Theorem 5.4.1 and (5.165) in Theorem

5.4.2. U

The conclusion is that for a pair (f,g) € WAL [LP(9Q, 0)] & L?(dQ, o), the Cauchy
integrals for the Lamé system are related to the Cauchy integrals for the Stokes system as

the parameter \ tends to infinity.
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CHAPTER 6
FREDHOLM THEORY FOR THE DIRICHLET PROBLEM FOR A3 IN

INFINITESIMALLY FLAT AR DOMAINS

In this chapter, we discuss Fredholm Theory for the Dirichlet problem for A? in infinitesi-
mally flat Ahlfors regular domains with prescribed data in Lebesgue-Whitney array spaces
with p € (1, 00).

Section 6.1 provides a short introduction to the Fredholm Theory approach for higher-
order elliptic systems in non-smooth domains.

Section 6.2 presents results contained in D. Mitrea, I. Mitrea, and M. Mitrea [26], which
are crucial to the developments presented here.

In section 6.3 we construct an infinity family of coefficient tensors for the polyharmonic
operator A3, This construction is important since it allows us to identify one coefficient
tensor leading to a double multi-layer of chord-dot-normal type (at the top level). Then
using machinery developed in G. Hoepfner, P. Liboni, D. Mitrea, I. Mitrea, and M. Mitrea
[17] and in D. Mitrea, 1. Mitrea, and M. Mitrea [26], we establish Fredholm solvability of
the Dirichlet problem in domains with flatness.

Section 6.4 contains a list of conjectures of a programmatic nature to guide future re-
search directions within the scope of boundary value problems for higher-order elliptic
systems in non-smooth domains.

All the results presented in this chapter are based on ongoing joint work with Dorina

Mitrea, Irina Mitrea, and Marius Mitrea in [4].
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6.1 Introduction

The layer potential method serves as a powerful tool for addressing well-posedness of
boundary value problems for elliptic systems in rough domains. The essence of the bound-
ary layer method is the ability to reduce the solvability of a boundary value problem in a
given domain €2 C R” to the task of solving a boundary integral equation involving a sin-
gular integral operator associated with the domain and a coefficient tensor corresponding
to the underlying PDE. When this singular integral operator is compact, the boundary in-
tegral equation can be treated using Fredholm Theory. While significant progress has been
made in studying second-order elliptic systems through this approach, higher-order elliptic
systems remain less understood.

The Fredholm Theory approach for the Dirichlet problem for higher-order elliptic oper-
ators was first treated in S. Agmon [1] for homogeneous, real constant coefficients, elliptic
scalar operators of order 2m in bounded domains of class C'*# in R?, with 8 > %, and
with continuous and Hoélder continuous boundary data. Cohen and Gosselin [8] obtained

well-posedness results for A? in bounded domains of class C' in R? and boundary data in

LP-based function spaces for p € (1, 00).
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Recent advances from D. Mitrea, I. Mitrea, and M. Mitrea have established well-
posedness results in bounded infinitesimally flat Ahlfors regular domains in R? for ho-
mogeneous, real constant coefficients, elliptic scalar operators of order 2m, and boundary
data in LP-based function spaces for every p € (1,00). D. Mitrea, I. Mitrea, and M. Mitrea
have also treated the Dirichlet problem for the biharmonic operator A? in bounded in-
finitesimally flat Ahlfors regular domains in any dimension R", and boundary data in L”
Lebesgue-Whitney array function spaces for every p € (1, 0o) for every p € (1,00).

The work contained in this chapter can be seen as a next step in the research program
of systematical implementation of Fredholm Theory to establish well-posedness results for
the Dirichlet problem for higher-order elliptic systems in non-smooth domains in R".

Here, we establish the existence of a coefficient tensor for A that gives us singular
integral operators that are compact on L” Lebesgue-Whitney array function spaces for ev-
ery p € (1,00) whenever the underlying domain 2 C R”™ is a bounded infinitesimally
flat Ahlfors regular domain. As a consequence, we obtained Fredholm solvability for the
Dirichlet problem for A in bounded infinitesimally flat Ahlfors regular domain and bound-
ary data in L” Lebesgue-Whitney function spaces for every p € (1, 00). This is based on

ongoing joint work with Dorina Mitrea, Irina Mitrea, and Marius Mitrea [4].
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6.2 Infinitesimally Flat AR Domains and Chord-Dot-Normal Singular Integral Op-

erators

First, we introduce the geometrical setting of infinitesimally flat Ahlfors regular (AR) do-
mains. Following D. Mitrea, I. Mitrea, and M. Mitrea [26], fix n € N with n > 2,
and consider a bounded AR domain 2 C R"™ with surface measure 0. Denoting by
A(z,r) := B(x,r) [0 the surface ball at x € 0 with radius r € (0, diam(052)), recall
that the Sarason space VMO(0f2, o) is the collection of all functions f € BMO(0%2, o)

such that

R—0% 290
re(0,R

lim sup ][ ][ |f(y) = f(2)|do(y)do(z) = 0. (6.1)
) Az,r) J A(z,r)
Set v € [L*(02, 0)] to be the geometric measure theoretical outward unit normal to €2.

Definition 6.2.1. Fix n € N with n > 2 and let ) C R"™ be an Ahlfors regular do-
main with compact boundary, surface measure o, and geometric outward unit normal

v = (v1,...,vn). Then Q) is called an infinitesimally flat AR domain provided one has

v € [VMO(09, o)]™

Remark 6.2.2. For bounded domains

{C’ ! domains} C {inﬁnitesimally flat AR domains} - {UR domains}. (6.2)

172



Consider the following class of singular integral operators defined on boundaries of UR
domains and whose integral kernels depend linearly on the geometric measure theoretic

outward unit normal of the domain in question.

Definition 6.2.3. Let (2 C R"™ be a bounded UR domain with surface measure o and
outward unit normal v = (v1,...,v,). An integral operator T is said to be a chord-dot-

normal singular integral operator if it is of the form

Tf(x) :=pw /dQ<V(y) yx—y)k(z —y)f(y)do(y) ato-ae. point x € 0N,

with k € C>*(R™\ {0}) even and positive homogeneous of degree —n.

Below we restate the compactness result in D. Mitrea, 1. Mitrea, and M. Mitrea [26,

Corollary 5.2.4].

Theorem 6.2.4. Let Q) C R" be an infinitesimally flat AR domain and let T’ be a chord-dot-

normal singular integral operator. Then T is compact on LP(0S), o) for every p € (1,00).

This is a key compactness result that will play an important role in the proof of the main

theorem of the next section.
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6.3 The Dirichlet problem for A% and Fredholm Theory

Fixn € Nwithn > 2 and let m € N. Let 2 C R"™ be a bounded AR domain with surface
measure o. For each aperture parameter © € (0, 00) and each function u defined in (2,

recall that

Ty u o= {(07u) 50 Hy<m—1, (6.3)

assuming that the above nontangential limits exist o-a.e. on 0f2.
Recall that for each integrability exponent p € (1, 00), the Dirichlet problem for A™

with boundary data f = { £, },eng pyi<m—1 € WA,,_1[LP(09, 0)] is given by

(

ue C?™(Q), A™u=0 in(,

(Dirar,) " N(07u) € LP(09,0), (6.4)

[y|[<m—1

Tr "y = f € WA,_1[LP(99, ).

m

\

For n,m € N, with n > 2, recall the canonical fundamental solution for A™ in R™ (cf.

D. Mitrea [21, Theorem 7.28]) may be written as

Conlz*™ ™ In|xz|  ifnisevenand n < 2m,
Eam(z) = (6.5)

Conn |2 if n > 2m or n is odd,

where ¢,,, ,, € R are given constants.
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Recall that A is said to be a coefficient tensor for the polyharmonic operator A™ pro-

vided

A = {Aag}al=I81=m 6.6)

is a collection of complex numbers indexed by multiindices o, 5 € N[} of order m such that

A" = Y 0"Ags0” (6.7)

la|=[8]=m

We denote by 2= the collection of all coefficient tensors for A™. For each m € N, there
are infinitely many coefficient tensors associated with A™.

The mechanism we shall consider for generating null-solutions of the polyharmonic
operator A™ is the averaged boundary-to-domain multilayer potential introduced in G.
Hoepfner, P. Liboni, D. Mitrea, 1. Mitrea, and M. Mitrea [17, Theorem 1.1], written below

for convenience.

Definition 6.3.1. Fix n,m € Nwithn > 2, and let () C R" be a bounded UR domain with
surface measure o and outward unit normal v = (vy, ..., v,). Let A € Axm be a coefficient
tensor for the polyharmonic operator A™ in R"™, and let p € (1,00) be an integrability
exponent. For each Lebesgue-Whimey array [ = {3 b venmiyicm—1 € WAL 1 [LP(0Q, 0)],

define the averaged boundary-to-domain multilayer associated with A as

Jaf 3 Bl | ]6]! »
9 f(l’> = — — 1A, l/-(y> OO B am (x—y)f (y)dO'(y)
! o= 7+[;€]:6 18! 4! o! 5/8Q 3(W)( Am) N
|B]|=m
(6.8)
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forall x € ).

It follows from G. Hoepfner, P. Liboni, D. Mitrea, 1. Mitrea, and M. Mitrea [17, Theo-

rem 1.1] that

Daf € C®(Q) and A™(Zaf) =0 in Q. (6.9)

For each f = {f b enmiycm—1 € WAy _1[LP(0S2, 0)] and each multiindex v € Nf of
order < m — 1, recall that the averaged boundary-to-boundary multilayer associated with a
coefficient tensor A € A is the family (cf. G. Hoepfner, P. Liboni, D. Mitrea, 1. Mitrea,

and M. Mitrea [17, Definition 1.4])

Kaf = {(Kaf)s}ri<m— (6.10)

where, for each multiindex v € Njj of length < m — 1,

_ BU AL o]t )t [6]! w]!
(Kaf)y(x) = Z Z |ﬁ|‘W77W " —A,

Lsh
_ Z Z ’2“ |5! a/j p-Vv. /aQ m(y) (85+aEAm) (x — y)f’y+n<y)d0(y) 6.11)

laj=m  d+n+e=5
Bl=m 181>

for o-a.e. point x € 0.

A key result is the Calder6én-Zygmund theory for averaged multilayer layer potentials

(cf. G. Hoepfner, P. Liboni, D. Mitrea, I. Mitrea, and M. Mitrea [17, Theorem 1.5])
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Theorem 6.3.2. Fix n,m € Nwithn > 2, and let ) C R" be a bounded UR domain with
surface measure 0. Let A € Axm be a coefficient tensor for the polyharmonic operator

A™ in R™, and let p € (1,00) be an integrability exponent. For each Whitney array

f= {5 venpiyicm—1 € WA, 1 [LP(09, )] there holds

1: N(87Daf) € LP(0, 0), for every array f € WA,,_1[LP(9Q, 0)] and every multiindex

v <m— 1.

2: Forevery | € WA,,,—1[LP (02, 0)] the expression KAf(as) in (6.11) is well-defined at

o-a.e. point x € 05), and
Ka: WA, _1[LP(09Q, 0)] — WA, _1[LF (09, o)) (6.12)

is a well-defined, linear and bounded operator. Moreover, the following jump formula
holds:

T (Duf) = (%[ + KA>f o-a.e. on 0. (6.13)

From now on we focus on the case when m = 3. Our goal is to identify a coefficient
tensor for A? such that for every Whitney array f = { T renm<2 € WAS[LP(09, o)] the
family K 4 f is composed of singular integral operators which are either weakly singular or
the integral kernel has the chord-dot-normal structure in Definition 6.2.3. For this task one

needs the following lemma.
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Lemma 6.3.3. Fixn € N withn > 2, and let Ens be the canonical fundamental solution

for A3 in R™. Then there is a dimensional constant c,, € R such that for each quadruplet

a,b,c,d € {1,...,n} there holds

"l

8a8b808§EA3 (CC) { (6ab$c + 5aCZEb + 5chEa + 26ab50dxd + 25ac6bd$d

+ 25(1(15(761?(1 + 25ad5bdxc + 25ad5cdxb + 25bd65dxa) |[E|4
— n[(1 4 200q + 2650 + 26ca) Tape + 25(0ap@e + Oacy + Opea) ||z

+n(n + 2)xaxbxcxfl}. (6.14)

Proof. Setting m = 3 in (6.5) gives us that for each n € N with n > 2

Cnlz|7" In || if n is even and n < 6,
Ens(x) = (6.15)
Cn |67 if n > 6 or n is odd.
First, consider the case when n > 6 or n is odd. Then for each d € {1,...,n}
O4Ens(z) = cp(6 — n)zglx[*™, (6.16)

which, after changing the constant, is equal to

O4Ens (z) = coxglz|*. (6.17)
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From (6.17) we obtain

7Eas () = co(|z[*™ + (4 — n)ad|z[*™). (6.18)

Letc € {1,...,n}. Then by (6.18)

0.0;Ens (1) = ¢ ((4=n)zc|z|* " +0ca(4—n) 22|z > " +(4—n) (2—n)z 25|z ). (6.19)

Since d.4ry = dcqv. and (4 — n) is a common factor, we may rebrand the dimensional

constant to write

0.0;Ens(x) = ¢ [(1 + 20cq)ze|z|* ™" + (2 — n)zeai|x| "], (6.20)

Letb € {1,...,n}. Then

D007 Ens () = ¢ [(1 4 260a)pe|z|* ™" + (2 = n) (1 + 200q) x| x| "

+ (2 = n) (e + 20pamcq) x| + (2 — n)(—n)pzery|z| "2, (6.21)

Leta € {1,...,n}. Then

0,0,0.0° Eps (1) = (2 — n)c, [(1 + 20¢q)Opea| ] 4 (1 4+ 200q) (SapTe + Ogep) || ™"
— n(l + 25cd)xaxbmc|x|_n_2 + (26ad5bcxd + 25ad5bdmc + 25a65bdl‘d)|l'|_n

— n(0pe? 4 200q7e8 ) Ta| | T2 — N(SapT el + Sqeyxy 4 204aTyTexq)| |2
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+ n(n + 2)z zprcasz| . (6.22)

Renaming the constant by absorbing the factor (2 — n), and rearranging the terms accord-
ingly we obtain (6.14).
Finally, a direct calculation using the fundamental solution for A3 in (6.15) for the cases

when n € {2,4,6} gives us the same result, hence finishing the proof. O

Moving on, let us discuss the construction of an infinite family of coefficient tensors

for A%. Fix n € N with n > 2. Then we may write

A3 — E a6er +3 E a4er+265 16 E a2er+265+261 (6 23)
1<r<n 1<r,s<n 1<r,s,t<n
r#s (r, s, t) distinct

For each pair (¢1, o) € C?, consider the coefficient tensor

A1, 02) = {Aas}|al=I8=3 (6.24)

as the collection of complex numbers satisfying the following properties: First, assume

A.p = A, forevery o, € Nj, |a] = |5] = 3. (6.25)

Second, for every 7, s,t € {1,...,n}, let

A@en)@3er) =1, (6.26)
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and if the entries in (r, s) are distinct, then let

A(3er)(er+2es) = —¢1 and A(26T+es)(26T+es) =3+ 2¢1.

If the entries in the triplet (r, s, t) are distinct, then let

A(26r+es)(es+2et) = —po and A(€r+es+et)(6r+es+€t) =6+ 6ypo.

Otherwise set

A, =0 a,p € Ny, with |a| = |B] = 3.

A direct computation shows that for every (1, ¢») € C?

A= 3T 0 Auslon, 020,
la]=]8]=3

(6.27)

(6.28)

(6.29)

(6.30)

Among the coefficient tensors in this family, there is one which gives us the chord-dot-

normal kernel structure we are looking for. This is the content of the next theorem.

Theorem 6.3.4. Fix n € Nwithn > 2 and let ) C R" be a bounded UR domain with

surface measure o and outward unit normal v = (v,...,v,). Consider the family of

coefficient tensors A(p1, p2) € Ans defined in (6.25)-(6.29). Then the averaged boundary-

to-boundary multilayer associated with A(p1, @2) is a chord-dot-normal singular integral

operator at top-level |y| = 2 if and only if p1 = py = 3.
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Proof. Let f € WA,[LP(9Q, 0)] arbitrary. For v € N2 with || = 2 we investigate the

top-level (K af ), of the boundary-to-boundary multilayer associated with A. It follows

from (6.11) that under these considerations one has

Lo~ IST D 161 wl!
(Kaf)@) =3 % ﬁluﬂuMA

! 15! | | |
la|=3 d+n+e=8 |ﬁ| |’7| d! n: g w!

o=

X P.V. /ag Or() [(7TTEps) (2 = )] forn(y)do(y)

- > Ig;! ‘2!' of PV. /ag vi(y) (0" Ean) (2 — ) f5(y)do(y).

|a|=3 d+e=p
[B1=3

To prove the statement of the theorem, implement the following strategy.

e First, fix v € N{ such that |y| = 2. Then rewrite (6.31) as

KAf ZT”Af,\ ) for o-a.e. point z € 02

|A|=2
and analyze each term in this sum.

e Second, note that for each A € N, the kernel of T;{’A may be written as

vi(W)[P;.a(V)Es](z — y)

(6.31)

(6.32)

(6.33)

where P; 4(V) are ’packages’ of 5th order partial derivatives that depend on the index

J €{1,...,n} and the coefficient tensor A(y1, ).

182



e Finally, look for parameters (1, ) € C? such that (6.33) is chord-dot-normal, that
18,

Pa(r —y)

vi)[P5a(V)Ensl(z —y) = v;(y) (x5 — y;)

where P, is a homogeneous polynomial of 4th order that is independent of the index

je{l,...,n}.

Now, to implement the above strategy it is beneficial to separate it into cases since for

v € Ny with |y| = 2, there are two possibilities:
o v =2¢, forsomer € {1,...,n}
e v=¢.+e, forsomer,se€{l,...,n} withr # s.

Our goal is to cover all these in order of computational complexity.

Case 1: Consider the case v = 2¢,, with r € {1,...,n}. Following equation (6.32)

write

(KAf)%T (r) = Z T3 (fa)(x) at o-a.e. point z € O (6.35)

|AI=2

For this case, we may have the following possible distinct values for the multiindex A:

A = 2e,,
A=es+e, (rs,t) distinct
v = 2e, —>

A=2e, 1T F#sS

A=e.te, T#£S
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Subcase 1: For v = 2¢,, and A\ = 2e¢,, it follows from formulas (6.31) and (6.35) that the

2er,2er
TA

integral kernel of is given by

n

Z{awy) [((2 + 1) 4 i 36T+el+2€t)Eﬁ3 (z - yﬂ

I=1 t=1
tg{r}

— () [(0UA*Eps) (z — y)]}. (6.36)

The term in the second line of (6.36) is the integral kernel of the classical boundary-to-

boundary harmonic double layer and is given by

n

= )N Eps)(w — y)] = wly)y =) (6.37)

— |z —y["

For the first line in the sum (6.36) we expand the tangential derivatives and write

_ z(y) <(2 + S01)34€T+ez + Z 82€r+el+2et>EA3<x _ y)

=1 t=1
l#r t@{r}
+ Vr(y){z ((2 + 801)8367>+261 + Z a€r+2€l+2et>EA3 (1’ - y)} (6.38)
Zr )

Let us focus on the first line of (6.38). From Lemma 6.3.3, one can verify that for [ # r

Cn
|x’n+4

(' Eps) () = [Bxl|x|4 — 6nz’z|z)® + n(n + Q)xffxl] , (6.39)

Cn
’ ‘n+4

(8234 Bps)(z) = [3xl|x| —n(3z + 2})x|z|* + n(n + 2)a? xl} (6.40)
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and for [ € {1,...,n} with [ distinct from r and ¢

Cn
|ZL’|"+4

(OFrt2eta By () = z|z|* — n(@? + 2))z|z)? + n(n + 2)222x2x |, (6.41)

Note that each of the above packages of derivatives of the fundamental solution Eas factors
an x;. Therefore foreach ! € {1,...,n} with [ # r we have that the term with v;(y)(y; — ;)
is multiplied by a homogeneous polynomial of 4th order as in (6.34), and this polynomial

is given by

Pl ooy () = (2 + 901)(3|x|4 — 6nw2|x|2 +n(n+ 2)90;‘:)

+ |z|* + 2n2?|z)? — n(n + 2)z2, (6.42)

which is independent of the component [ € {1,...,n}. For the term in (6.38) which is

multiplied by v,.(y) we first use Lemma 6.3.3 to write

Cp
| ’n+4

(9'rter Bps)(z) = [3xr!x\4 6naiz,|z|* + n(n + 2)96?%] » (6.43)

Cp,
H+4

(aBeTJrQelEAB)( ) |:3$r‘x’4 _ n(3$l +x )xr‘xP + n(n + 2) :| (644)

and for [ € {1,...,n} with [ distinct from r and ¢

Cn

er+2ei+2e _
(a lEAS)(.Z‘) = |'I|T+4

zolz|t = n(a} + ) vz + nln + 2)xjziz, . (6.45)
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Note that each of the above packages of derivatives of the fundamental solution a3 factors
an z,. Pushing through with the computations one obtains that the numerator of the term
multiplied by v,.(y) (y, — x,) is the same a 4th order homogeneous polynomial as in (6.42),
hence this is a chord-dot-normal integral kernel for every (o1, ¢2) € C2

Subcase 2: Consider v = 2¢,, and A = e5 + ¢, with (r, s, t) distinct. In this case, the
multiindices v and A do not share any common directions. It follows that this pair of
multiindices implies that the terms to be considered in (6.31) and (6.35) have to be such
that

k=r, w=e, 0=06=0and n=es+ ¢. (6.46)

This together with the definition of the coefficient tensor A(y1, 2) allows one to conclude

that the integral kernel of

2er,es+et - :
I is given by

@ (= 2010530 4 (6 + 4y )02t — 2 il o) Ega(x — )|
Ze)
T T D DR ) DRI
=1
i
+ 3 O, (@4 2000 B ) (@ - )] (6.47)
1)
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Expanding the tangential derivatives allows one to write it in the form (6.33). Now,

focus on the term multiplied by v4(y), that is,

Vsé?J) [(2901826T+36t . (6 + 4(101)826r+265+6t + 2902 Z 82€r+6t+26l)EA3 (l’ N y)} (648)

=1
l¢{s,t}
We need to check under which conditions over (1, ¢3) € C? the terms appearing in the

numerator in (6.48) are divisible by x5 — ;.

It follows from Lemma 6.3.3 that

(P Bps)(z) = ||C—n+4 [th|x|4 —n(322 + 22) 3|z |* + n(n + 2)xfac?} ,  (6.49)
x n
(oFert2esta Bg)(z) = ﬁ [xt|x|4 —n(z? + 22 x|z)® + n(n + 2)1‘3&:?9&4 . (6.50)
T n
Cn
(D't Eps)(x) = T [3:Bt|x|4 — 6na’x|z)* + n(n + Q)zfxt} : (6.51)

and for l € {1,...,n} with [ distinct from r, s, and ¢

Cn

2e,+er+2e _
(0 Es)(@) = o

[:ct|a:|4 —n(2? + D) a|x]? + n(n + 22zl | (6.52)

Thus, combining the terms in the numerator in (6.48) which are multiplied by =z, and

imposing that they add to zero gives us the equation

0=2¢; [3xfa:t — Snxffmt} — (6 + 4@1) [xfxt — nxfxt}
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n

+ 202 [3zpmy — bnayx, + n(n + 2)zhw + 200 Z [zpz — nzpa,

=1
I¢{r,s,t}

= {6p1(1 —n) — (6+4p1)(1 - ) }.

(6.53)

Note that in equation (6.53) the terms multiplied by (- add to zero independently of ¢,

and we conclude that (6.53) holds if and only if

6p1 =6+ 4p; = 1 =3.

(6.54)

Henceforth fix ¢; = 3. Now, combining the terms in the numerator in (6.48) which are

multiplied by x7 and imposing that they add to zero gives us the equation

0=6[3z] —na}] — 1827 + 6o} + 200 » ]
=1
l¢{r,s,t}

:x?(—6n+2<p2n),

which implies that ¢ = 3. From here onward set ¢ = @9 = 3.

With these values, the term multiplied by v,(y) in (6.48) is equal to

Vs(y) [( _ 6826r+265+6t ) Z 826T+et+2el>EA3 (ZI’J . y):|
15}

&n ¢,

= vs(y)(xs — ys)m(x — )t = (n+2)(x — y)* + |z — ).
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A similar computation shows that the term multiplied by v;(y) becomes

8ncy cater o
vi(y) (e — yt)m(x —y)et = (n+2)(x —y)* + |z —y)?],

and the term multiplied by v;(y), for j € {1,...,n} with j ¢ {r, s, t}

&ncy,

W@ —y)=t = (n+2)(z —y)* + |z -yl

vi(y)(z; — y;)
Finally, the term multiplied by v,.(y) is given by

v, (y) [4( _ Rertester + Z a€r+€s+et+2€l)EA3 (ZE _ y)} )
1#(n

and by Lemma 6.3.3 once again we obtain

o () (& — m%@ et = (2 — p)* 4z — ).

(6.58)

(6.59)

(6.60)

(6.61)

The conclusion is that for ¢; = o = 3, and for v = 2e, and A = e, + ¢;, with (1, s, )

2e,,es+et
T T7,€s
A

distinct, the kernel of is given by

8nc,

w(y),z—y) | (z =y [ = (n+2)(x —y)* + |z —y|’],

x —y[r

hence it has the desired chord-dot-normal structure if only if p; = g = 3.
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Having fixed ¢; = 3 and @2 = 3, the other cases are now reduced to verifying if this
choice of coefficient tensor gives us chord-dot-normal structure.
Subcase 3 - v = 2e,, and A = 2e,: In this case the multiindices v and A\ do not share any
common directions. This pair of multiindices implies that the terms to be considered in

(6.31) and (6.35) have to be such that
k=r, w=e, 6§ =0=0and n = 2e,. (6.63)

A similar computation as the one in Subcase 2 using Lemma 6.3.3 shows that the kernel of

2,25 < -
T37°° is given by

4n ¢,

w(y),z—y) | (z—y)*[— (n+2)(z -y + |z —y*], (6.64)

T — y|n+4

hence it has the chord-dot-normal structure.
Subcase 4 - v = 2¢,, and A = e, + e;: Now the pair of multiindices v and A share
a common direction, namely, e,. This pair of multiindices implies that the terms to be

considered in (6.31) and (6.35) have to be such that

k=r, 0+w=e., and 0 +n=ce, + e;. (6.65)
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This makes the manipulation of the sum in (6.31) more challenging since one needs to
consider the cases where § = e, or § = 0. Note that if § = e,, then |0| = 1, w = 0 and
n =esand if @ = 0, then 6 = 0, w = e, and = e, + e,. The same strategy still holds,

and the kernel of 75" is given by

n

8TST(y) [( -3 6467- + 0465 _ lz:; <a4el _ 4 8267'+261)
l¢{r,s}
_ Z Z 82€L+2€t> EA3 (l‘ — y):|

=1 t=1
l¢{r,s} t¢{r,s,l}

n

+ 3 O | (1007 e 42 zn: o) B (o — )| (6.66)

=1 t=1
Ig{r,s} t¢{r}

Expand the tangential derivatives and focus on the term multiplied by v;(y), for every

le{l,...,n} with [ ¢ {r, s}. This term has the form

_Vl(y) |:<1O 836T+es+ez +92 Z aer+es+ez+2€t)EA3 (LIZ' — y)] (667)
1)

It follows from Lemma 6.3.3 that

(Pertestapas)(z) = |x|c++4 . 3nz,zex|z* + nin + Q)Ii’%ﬂcz_ ; (6.68)
(O3t Eps ) (z) = |x|c++4 = 3nz, 1| z* + n(n + 2)%37‘;’%_ ; (6.69)
(@4 B (@) = oy | = Sneesailal 4 nln + 2)aaf], 670
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and for all t € {1,...,n} with ¢ distinct from r, s, [

Cn

(oertestat2ap ) (z) = el nz, 1| z|? + n(n + 2)r,.za2? | (6.71)
T n
These equations allow us to show that for I € {1,...,n} with [ ¢ {r, s} the terms multi-
plied by v;(y) are of the form
&nc, erte 2e 2
) =) e @ =)™ [—(n+2)(x—y)* +4z—y[].  (672)

Using the same strategy for the other components gives us that the integral kernel of

2 .
T3°°** may be written as

8nc,

(v(y),z — y)m(x — )t = (n+2)(z — y)* + 4|z — y|?], (6.73)

which has the chord-dot-normal structure.
This finishes the possible subcases associated with the multiindex v = 2e,..
Case 2: Consider the multiindex v = e, + e5, with ;s € {1,... ,n}, r # s. Following

equation (6.32) write

(KAf)erJres (x) = Z TSN fy)(z) at o-a.e. point z € Q. (6.74)
IA|=2
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We may have the following possible distinct values for A:

A=e +es 7#s

A = 2e, (r,s,t) distinct

V=6 F e A =e; + ey, (r,s t,w) distinct (6.75)
A=2e,0r A=2e,, 1#s

A=es+e, or A\=e,+e, (rs,t) distinct

\

Using Lemma 6.3.3 we may verify each of the subcases.
Subcase1-~v = e, +es and \ = e, +e,: A direct computation using Lemma 6.3.3 shows
that the operator 7" is given by the sum of the classical boundary-to-boundary
harmonic double layer and an operator which is chord-dot-normal.
Subcase 2 - v = e, +e4, and A = 2¢;: In this case the multiindices v and A do not share any
common directions, and for this pair of multiindices the terms to be considered in (6.31)

and (6.35) have to be such that
wHe,=e€.+e5, 0 =6=0, and n = 2e¢;. (6.76)

The kernel of 757 is given by

% > i Ory | (3072 = En) g2 ) Ega(w — )|

wter=er+es j=1

=1
¢ {t} It}
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+% Z Drvr) |:<8w+3et _3 i aw+et+2el>EA3 (x — y)} (6.77)

wtep=er+es =1
lg{t}

Expand the tangential derivatives and focus on the term multiplied by v;(y). By (6.76) one

has w + ¢, = e, + e, and thus

O [CAAREEE B DAt VINTEEI} (6.78)
=1
911}

Using Lemma 6.3.3 one obtains that (6.78) reduces to

dn(n+2)c,

i = g, (679

ve(y) (ye — o¢)

Pressing forward with the computations for the other components allows one to conclude
that the kernel of 75 *** is given by

dn(n+2)c,

o = g (630

(v(y),y —x)

Subcase 3 - v = ¢, + e5, and \ = ¢; + ¢,,: In this case the multiindices v and A do not
share any common directions, and for this pair of multiindices the terms to be considered

in (6.31) and (6.35) have to be such that

wHep=e,+e, 0=06=0, and n = e; + e,. (6.81)
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The computation is similar to the one presented in the previous subcase, and the kernel of

TG e is given by

8n(n+2)c,

e 68

(v(y),z—y)

Subcase 4 - v = e, + e5, and A = 2e,: Now, the multiidices v and A share common
directions, hence this case is similar to Subcase 4 presented in (6.65). The restrictions to

be considered in (6.31) and (6.35) are

0+ w+er=e.+es and 0 +n = 2e;. (6.83)

Note that the multiindex § € Nj is allowed to be either § = e, or = 0. For § = e, one has

k=r,w=0,|0| =1and n = es. On the other hand, for § = 0 we have w + ¢, = e, + ¢,

6 = 0and 7 = 2e,. Using Lemma 6.3.3 allows one to conclude that the kernel of 7'+
is given by
4n Cn ertes 2es 2
<V(y),$—y>m(x—y) [ — (n+2)(x —y)** + 3|z —y|*], (6.84)

which is chord-dot-normal.
Subcase 5 - v = e,+¢e4,and A = e;+¢;: The multiidices v and A share common directions,

and the restrictions to be considered in (6.31) and (6.35) are

0+w+er=¢e.-+esand 0 +n=e;+ e. (6.85)
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Note that the multiindex § € Nj is allowed to be either ! = e, or = 0. For § = e, one has
k=r,w=0,|0] =1and n = e;. On the other hand, for # = 0 we have w + ¢, = e, + ¢,
0 = 0 and n = e, + ¢;. Pressing forward and using Lemma 6.3.3 allows one to conclude

that the kernel of 77 "% ** is given by

6n ¢,

(V(y)vy—@m

(x—y) "t = (n+2)(x —y)* + |z —y|*]. (6.86)

This finishes the possible subcases associated with the multiindex v = e, + e5 and proves

the theorem. [

The next theorem regards how the chord-dot-normal kernel structure at top-level en-
sures that under appropriate geometrical considerations we may obtain compactness of the
boundary-to-boundary multilayer on WAo[LP (052, o)] for every p € (1,00). This com-
pactness result then leads to the Fredholm solvability of the Dirichlet problem for A3 on
bounded infinitesimally flat AR domains with boundary data in WA,[L? (052, o)] for every

p € (1,00).

Theorem 6.3.5. Fixn € N withn > 2, and let Q) C R" be a bounded infinitesimally flat
AR domain with surface measure o and outward unit normal v = (vy,...,v,). Consider

the polyharmonic operator A® and the coefficient tensor A(3,3) given by

Ayp = Apa  forevery a, 5 € N,

af =8| = 3. (6.87)
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Foreveryr,s,t € {1,...,n}, let

Aze,)3e,) = 1,

and if the entries in (r, s) are distinct, then let

Ae,)(ert2es) = —3 and Agae, ve)(2e,+es)
If the entries in the triplet (r, s, t) are distinct, then let
A@e,tes)(eater) = —3 and Ae,ve vep)(entester)

Otherwise set

Ay =0, a,B8 € N{, with |a| = ||
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Then the boundary-to-boundary multilayer associated with A(3,3) is a compact opera-
tor on WAS[LP (02, 0)] for every p € (1,00). Consequently, for every integrability ex-
ponent p € (1,00), the Dirichlet problem for A3 in Q with prescribed boundary data

f={frenppice € WAL[LP(0Q, 0)]

.

ue C%N), Adu=0 in{,

(Diras ) < ZNK(QVU) € LP(0Q, o), (6.92)

Iv]<2

Tes"u = f € WAL[LP(09, 7)),

\
is Fredholm solvable.
Proof. Fix an arbitrary integrability exponent p € (1,00). Note that for every array

f € WAL[LP(09,0)], the array {(K4f),}}<2 is a Lebesgue-Whitney array, hence by

the compatibility conditions CC in (2.40)

a'rjk [(KAJC)W} = VJ(KAf>7+ek - Vk‘(KAf.)v-&-ej for 7] < 1, (6.93)

and for every j,k € {1,...,n}. It follows from Theorem 6.3.4 that when |y| = 1, all the
terms

(K A f )y+e, are chord-dot-normal singular integral operators. (6.94)
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Hence by Theorem 6.2.4 they are compact operators on LP(9€2, o). Since multipli-
cation by functions in L>(0€2, o) defines a continuous linear operator on LP(0f2, o), the
conclusion is that the right-hand side of (6.93) defines a compact operator on L? (02, o),
hence for |y| = 1 and for j,k € {1,...,n}, the operator on the left-hand side of (6.93) is
compact from WA, [LP (952, o)] to LP(0%, o).

A similar argument for the case 7 = 0 allow us to conclude that if 2 C R" is an in-
finitesimally flat AR domain, then the compactness property at the top-level of the operator

K4 propagates to the arrays’ lower levels. Therefore
Ka : WAS[LP(09, 0)] — WAL[LP(09, )] is compact for every p € (1,00).  (6.95)
Since K 4 is a compact operator on WA,[LP(92, o)), it follows that
%I + K 4 is a Fredholm operator of index zero for every p € (1, 00). (6.96)
In particular, the range of the operator
%I + Ky : WA [LP(99Q, 0)] — WA, [LP(99, 0)] (6.97)

is a closed subspace of finite codimension in WA, [L? (052, 0)].
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Now suppose f € WA, [LP(0S2, 0)] is the boundary data for the Dirichlet problem
(Dirps ). By Definition 6.3.1 and Theorem 6.3.2 it follows that for any g € WA, [LP(0%2, )]

the function Z4 g 1s such that

Dag € C®(Q), ANZag) =0inQ, and > N.(07%ag) € LP(0Q,0).  (6.98)

[v<2

Moreover, it follows from the jump formula in Theorem 6.3.2 that

Tey ™ (Dag) = (51 + KA)g o-a.e. on ON. (6.99)

By the Fredholmness stated in (6.96), the equation
1 N )
(§]_|_KA)g:f (6.100)

is solvable up to finite dimensional subspaces of WA,[LP(0S2, 0)], and this implies the
Fredholm solvability of the Dirichlet problem for A® (Diras ;) on bounded infinitesimally

flat AR domains and p € (1, 00). O

The above result holds in all dimensions of Euclidean space, and it represents the first
application of Fredholm Theory to the triharmonic operator A? in dimensions three and
higher with boundary data in LP-based function spaces. In the next section, we outline

further research directions within the same programmatic framework.
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6.4 Further Directions

The following conjectures arise as consequences of the results obtained thus far and are
aligned with the broader program of investigating the most general geometric setting in
which boundary layer potentials can be employed to establish well-posedness results for
higher-order elliptic boundary value problems. These conjectures extend the applicability
of the Fredholm Theory and provide a foundation for further developments in the study of
higher-order operators in L”-based function spaces.

Fix n € N withn > 2, and let 2 C R" be a bounded infinitesimally flat AR domain. It
is conjectured that the singular integral operator associated with the Dirichlet problem for

the triharmonic operator A® and coefficient tensor A(3, 3), namely, the operator

1 .
5[ + K4 (6.101)

where K 4 is the boundary-to-boundary multilayer potential operator, is an invertible oper-
ator on WA, [LP(052, o)] for every p € (1,00). If this conjecture holds, then the Dirichlet
problem (Diras ) in € has a solution for all integrability exponents p € (1,00). Fur-
thermore, it is conjectured that the Dirichlet problem (Diras ) in € is well-posed for all

p € (1,00).
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It is also conjectured that for every m & N the polyharmonic operator A™ admits a
coefficient tensor which would imply the validity of the Fredholm Theory approach for
the Dirichlet problem for the polyharmonic operator in €2 with prescribed boundary data in
WA,,,—1[L*(0%2, 0)]. More broadly, it is conjectured that the Dirichlet problem for A™ is

well-posed for every p € (1, 00).
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