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ABSTRACT

POCS Augmented CycleGAN for MR Image Reconstruction

by

Hanlu Yang

Traditional Magnetic Resonance image reconstruction, which may be highly time-

consuming and sensitive to noise, heavily depends on solving nonlinear optimization

problems. By contrast, deep learning(DL) does not need any explicit analytical data

model and is robust to noise due to its large data-based training, which both make

DL a versatile tool for fast and high-fidelity MR image reconstruction. While DL can

be performed completely independently of traditional methods, it can in fact benefit

from incorporating these established methods to achieve better results. To test this

hypothesis, we proposed a hybrid DL-based MR image reconstruction method, which

combines two state-of-the-art deep learning networks, U-Net and Generative adver-

sarial network with cycle loss(CycleGAN), with a traditional data reconstruction

method: Projection Onto Convex SetS(POCS). Experiments were then performed

to evaluate the method by comparing it to several existing state-of-the-art meth-

ods. Our results demonstrate that the proposed method outperformed the current

state-of-the-art in terms of higher signal-to-noise ratio (SNR) and higher Structural

Similarity Index (SSIM).
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CHAPTER 1

INTRODUCTION

Magnetic resonance imaging(MRI) has become a standard diagnostic tool in clinic

service due to the non-invasiveness, multiple-contrasts, and the high temporal and

spatial resolution it can provide. However, the speed of MRI is still much slower than

many other imaging modalities such as computed tomography (CT). The speed bot-

tleneck of MRI is caused by the sequential encoding paradigm used for acquiring the

frequency or phase encoded raw data in the so-calledk-space (the Fourier transform

domain) [2]. Without sacri�cing image resolution and without hardware upgrading,

a necessary approach to shorten the MR imaging time is to acquire a subset of the

fully sampled k-space determined by the Nyquist sampling theory [3]. A subsequent

critical step is to reconstruct the MR image from the incompletek-space data as if

it were from a fully sampledk-space dataset. Tremendous MR image reconstruction

methods have been developed over the past decades. Among them, parallel imaging

[4] and compressed sensing [5] have have become mainstream clinical approaches that

have a substantial e�ect on fast imaging. Parallel imaging recovers the missingk-

space data through a weighted sum of the acquired ones. The weights are calculated

based on the spatially localized sensitivity pro�les of all element coils of a phase array

coil [6], [7], [8], [9], [10]. By contrast, compressed sensing is independent of the use

of a phased array coil and the sensitivity encoding. It is based on a sparse sampling

paradigm and recovers the missed data by iteratively suppressing the incoherent or

sparse noise caused by a random or pseudo-randomk-space sampling [5]. No matter

which traditional method is used, the corresponding image reconstruction often in-
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volves a few iterations in order to gradually improve the reconstruction quality when

sub-Nyquist sampling and non-linear sampling paradigms are used. The nonlinear

iterative process is time-consuming and sensitive to parameter selections. Outside of

the MR research �eld, the past several years have seen the sensational success of a

variety of model-free deep neural networks in image classi�cation [11], computer vi-

sion, auditory processing, information generation, and translational research [12], [13].

Motivated by the superb performance of deep learning (DL) [14] and because of the

capability of DL for approximating highly complex nonlinear processes, DL networks

have been quickly incorporated into MRI reconstructions. Early representative works

include the deep convolutional autoencoder network [15], the deep residual learning

network [16], deep ADMM-net [17], U-Net [18] , Re�neGAN [19], and SANTIS [20]

etc.

While these pioneering studies have successfully shifted MRI reconstruction from

a model-based analytical paradigm to an end-to-end data learning-based MR image

reconstruction era, the merits of those well established traditional image reconstruc-

tions have been left behind at this moment. Though this neglect might be acceptable

for su�ciently large training dataset, it certainly represents a missed of chance to

form a combined approach to achieve better performance. This paper serves as an

initial attempt to combine traditional MR image reconstruction methods and DL-

based approaches.

The hybrid method proposed in this study is based on a combination of Pro-

jection Onto Convex Set (POCS) [21] and Cycle-Consistent Adversarial Networks

(CycleGAN) [22] and we dub it POCS-CycleGAN. While POCS can be combined

with CycleGAN or other DL networks during both the training phase and the re-

construction phase by using the trained network to reconstruct the undersampled

images, we mainly focus on the former in the current study. The current implementa-

tion of POCS-CycleGAN is an iterative process. The CycleGAN was initially trained
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by the original undersampled zero-�lled images. After training, temporarily recon-

structed images were obtained using the trained CycleGAN, which then we enhanced

with POCS and added to the existing training dataset for retraining the CycleGAN.

Network weights trained after the last iteration were used as the initial ones for the

upcoming iteration. This framework represents a �rst attempt to combine traditional

MR image reconstruction methods and DL-based methods. We also extended the pro-

posed fusion concept to other DL networks and the experiments' results showed that

the aforementioned hybrid network structure made the deep learning networks have

better results than the original ones. Through the POCS-based data augmentation,

the trained network has the ability to see both the original image artifacts. Because

the missing data points ink-space and the residual artifacts due to the imperfect

reconstruction of the �rst several rounds of DL reconstructions allow the network to

learn the artifact distribution at di�erent noise levels, the network can remove the

noise e�ectively.

The main contributions of our work can be summarized as follows.

� We proposed a novel hybrid learning method. The DL model can learn rep-

resentative features from data directly. We presumed that incorporating prior

knowledge from a traditional non-DL model (i.e., knowledge based model) would

further improve the representative ability of the DL model. Our research bridges

the gap between the current DL models and the knowledge based models.

� We developed the POCS-CycleGAN by integrating POCS into the CycleGAN

training process. POCS serves as a source of prior knowledge which can help

enrich the training set to facilitate the DL model training and to further improve

the quality of the MRI reconstruction.

� We evaluated the proposed method on several di�erent datasets. To our knowl-

edge, this is the �rst study in the literature applying the hybrid learning method
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to the MR image reconstruction task.

The rest of the thesis is organized as follows. In Chapter 2, we review the most

popular reconstruction methods, both traditional and DL-based methods, for MR

image. In Chapter 3, we formulate the problem and introduce the proposed POCS-

CycleGAN. At the same chapter, we describe the data preparing process, the imple-

mentation of the proposed POCS-CycleGAN model, and the training strategy of the

model. We evaluate the proposed model on two di�erent datasets and compare the

proposed model with several state-of-the-art deep learning models in Chapter 4. We

discuss our �ndings in Chapter 5. Finally, we conclude this thesis in Chapter 6.
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CHAPTER 2

REVIEW OF MR IMAGE RECONSTRUCTION

METHODS

In this chapter, we �rst introduce the de�nition of MR image reconstruction prob-

lem in section 2.1. Then we review the existing traditional and DL-based MR image

reconstruction methods in section 2.2 and section 2.3, respectively.

2.1 Artifacts Caused by Undersampling k-space

MRI scanning speed is limited by the process of acquiring the spatial localization

of MRI signals. The data acquisition in MRI includes: employing magnetic �eld gra-

dient, exciting spins with a radiofrequency pulse, slice selection, frequency encoding,

phase encoding, and data acquisition.The spatial localization includes the frequency

encoding and the phase encoding. Normally, frequency encoding is fast but phase

encoding is very time-consuming because each column ofk-space should be coded

with a signal with unique frequency. The raw MRI data collected from the magnetic

�eld gradients forms a matrix of spatial frequencies calledk-space, and an image

can be generated by applying the 2D discrete Fourier Transform to these data [23].

The desired image's spatial resolution and �eld-of-view (FOV) dictate how much the

correspondingk-space data should be acquired (Figure 2.1). The spacing between

adjacent k-space lines is inversely related to theFOV:

FOV =
1

� k
(2.1-1)
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Figure 2.1: k-space (a) and the corresponding MR image (b).

Figure 2.2: Fully sampled MR image (a) and undersampled images with di�erent
undersampling trajectories (b-e).

To increase theFOV along one direction, the spacing between sampledk-space

points must decrease. The Nyquist sampling theorem [3] states that theFOV should

be larger than the object size to avoiding aliasing. If this condition is not satis-

�ed, high-frequency signals will falsely appear as lower frequency signals. Because

frequency information is used to determine spatial position, any part of the object

outside the encodedFOV will be superimposed on signals from within theFOV,

producing aliasing artifacts, speci�cally wrap-around artifacts (Figure 2.2 (b)).

The spatial resolution (� x, � y) of an image is inversely proportional to the dis-

tance between the center point and the maximum extent ofk-space (kmax ).

6



� x =
1

2kmax
(2.1-2)

To improve the spatial resolution, k-space points farther from the center point

must be sampled. Usually,k-space points are sampled on a Cartesian grid by collect-

ing one phase encoding (ky) line each repetition time (TR) [24]. The total acquisition

time (TA) is determined by the TR, the number of acquired phase encoding lines

(Ny), and the number of signal averages (NA ).

TA = Ny � TR � NA (2.1-3)

Because in imaging,NA is usually set to one for the sake of speed and there are

hardware limitations that restrict the minimum TR, reducing the number of lines col-

lected in the phase encoding direction is an essential way to reduce the MRI scanning

time. Di�erent k-space undersampling strategies have been developed (Figure 2.2

(b) - (e)). One is to decreasekmax by collecting a smaller number ofk-space lines

all near the center ofk-space. However, based on Equation 2.1-2, this will degrade

the spatial resolution, which may lead to non-diagnostic images. Another option is

to skip phase encoding lines at regular intervals (Fig 2.2(b)). The amount of under-

sampling is described by the acceleration factorR, de�ned as the ratio between the

number of k-space points in the fully-sampled data compared to the undersampled

data. Uniformly undersampling increases the spacing between adjacentk-space lines,

which decreases the e�ectiveFOV. This results in coherent aliasing artifacts where

replicates of the object appear at equally spaced intervals in the reducedFOV image,

with the number of replicates equal to the acceleration factorR. Or with variable

density sampling, a higher concentration of lines is acquired near thek-space center,

and the imaging artifacts are more di�use (Figure 2.2(c)). Figure 2.2(d)(e) list the ra-

dial and the spiral undersampling trajectories, which produce the streaking artifacts
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and the swirling artifacts, respectively.

The goal of MR image reconstruction methods is to remove the aliasing artifacts

due to the undersampling of phase encoding lines ink-space.

2.2 Traditional Reconstruction Methods

Parallel imaging (PI) and compressed sensing (CS) have been considered as two

major traditional MRI reconstruction methods. Prussemann et al. [7] showed that

spatial diversity information from coil sensitivity maps, which have additional infor-

mation that can be exploited, allows skipping acquisition ofk-space points. Neverthe-

less, PI requires special hardware known as phased array coils. Also, the acceleration

rate of PI is governed by the Nyquist sampling rate and hence cannot yield accelera-

tion beyond the Nyquist limit due to the resulting aliasing artifacts and their ability

to resolve them in cases of reduced signal-to-noise ratio. Theoretically, the maximum

acceleration factor is limited by the number of array coils [24]. Two main PI methods,

SENSE and GRAPPA, are introduced in subsection 2.2.1.

On the other hand, CS can fully reconstruct image without following Nyquist

Sampling Theorem. There are three requirements for the implementation of CS on

MR image reconstruction, which are explained in subsection 2.2.2

2.2.1 Parallel Imaging

Parallel imaging is a widely used technique where the know placement and sensi-

tivities of receiver coils (2.3) are used to assist spatial localization of the MR signal.

Having this additional information about the coils allows reduction in number of

phase-encoding steps during image acquisition. This, in turn, potentially results in

a several-fold reduction in imaging time. However, skipping phase encoding steps

causes the wrap-around (Figure 2.2 (b)) artifacts.
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Figure 2.3: The coil map generated in Parallel imaging.

SENSE

SENSitivity Encoding (SENSE) is a parallel imaging technique which unfolds

superimposed pixels in the image domain [7]. Figure 2.4 shows an example with

Cartesiank-space sampling, a uniform acceleration factor R=3, and a receiver array

with four coils. The right column of Figure 2.4 shows the undersampled image with

sensitivity weights from each coil. SENSE uses prior knowledge of the coil sensitivity

pro�les to separate folded pixels and recover the full FOV image.

The �rst step of SENSE is to form a sensitivity matrix S for a given pixel in the

aliased image. This matrix has sizenc � np, wherenc is the number of coils andnp

is the number of aliased pixels. Let the signal at location (x; y) in the aliased dataset

received by coilj be denotedI aliased
j (x; y). It can be expressed as the sum of three

pixels in the full FOV image that have been weighted by their coil sensitivities and
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Figure 2.4: Illustration of SENSE.

are separated by distanceFOV=3.

2

6
6
6
6
6
6
6
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I aliased
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I aliased
2 (x; y)

I aliased
3 (x; y)

I aliased
4 (x; y)
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7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
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6
6
4

S1(x; y) S1(x; y + 1
3FOV) S1(x; y + 2

3FOV)
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3FOV)

S3(x; y) S3(x; y + 1
3FOV) S3(x; y + 2
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S4(x; y) S4(x; y + 1
3FOV) S4(x; y + 2

3FOV)

3

7
7
7
7
7
7
7
7
5

2

6
6
6
6
4

I full (x; y)

I full (x; y + 1
3FOV)

I full (x; y + 2
3FOV)

3

7
7
7
7
5

(2.2-4)

This equation can be written more compactly as

a = Sv (2.2-5)

wherev has sizenp � 1 and contains the unfolded image pixels, anda has sizenc � 1

and contains the signals at one location from all coils in the aliased image. When the

sensitivity matrix is square and invertible, the equations can be solved by multiplying

each side byS� 1.

If the acceleration factor exceeds the number of coils, then the SENSE equations
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will not be invertible. In practice, the largest achievable acceleration factor is usu-

ally smaller than the theoretical limit because coil sensitivities overlap and are not

orthogonal.

GRAPPA

Unlike SENSE unfolds aliased signals in the image domain, GeneRalized Auto-

calibrating Partial Parallel Acquisition (GRAPPA) synthesizes missing data points

directly in k-space [6]. As described above and shown in Figure 2.3, collecting data

with multiple inhomogeneous receiver coils weights the magnetization by each coil's

sensitivity pro�le. The e�ects of an inhomogeneous receiver pro�le can be modeled

in the image domain as a multiplication of the magnetization and the coil sensitivity

pro�le. In k-space, This corresponds to a convolution between the coil sensitivity

spectrum and the Fourier Transform of the image, which "spreads" information from

onek-space point to nearbyk-space points (Figure 2.5). In GRAPPA, a single miss-

ing k-space data point, called a target point, is synthesized as a linear combination of

acquired neighboringk-space points, called source points. The spatial arrangement

of source and target points is called GRAPPA kernel. Each acquired source point is

multiplied by a coe�cient, or GRAPPA weight, and the results are added to estimate

the target point. A single target point for one coil is reconstructed using source points

from all other coils. This process can be represented mathematically as

Starg;i (kx ; ky + � ky) =
ncX

j =1

X

� x

X

� y

w(i; j; � x ; � y) � Ssrc;j (kx + � x ; ky + � y) (2.2-6)

where i is the coil index for the target point, j is the coil index for the source

point, � x and � y denote the position of the source points within the kernel, andw

is the weight for a given source point. For Cartesian acquisitions, the weights are
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Figure 2.5: Parallel imaging ink-space.

shift invariant to a �rst approximation, so the same GRAPPA weights can be applied

throughout k-space. For every unacquiredk-space point, the reconstruction may be

written in matrix form as

Starg = W � Ssrc (2.2-7)

where,Ssrc is a vector of source points with sizencnk � 1 (wherenk is the kernel

size, or number ofk-space source points included in the kernel),Starg is a vector of

target points with size nc � 1, and W is a matrix of the GRAPPA weight set with

sizenc � ncnk .

The reconstruction can be visualized as convolving or sliding the GRAPPA ker-

nel throughout k-space; as the kernel moves from point to point, the weights are

multiplied by the kernel source points to reconstruct the kernel's target points (Fig-

ure 2.6). A typical kernel may consist of six source points from each coil, with three

in the readout direction and two in the phase encoding direction, centered around a

target point.
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Figure 2.6: Illustration of GRAPPA

The process of implementing GRAPPA includes two steps. Step one is the calibra-

tion, which is a process to calculate the GRAPPA kernel weights. Several additional

phase encoding lines, called the auto-calibration signal or ACS, are collected near the

k-space origin. The GRAPPA kernel is moved to every possible position within the

ACS to accumulate many instances where the source points and target points are

both known. Then the GRAPPA equation can be inverted to solve for the unknown

weight set. Step two is to apply the estimated weights to synthesize the undersampled

parts of k-space

The GRAPPA weights will be more robust if more calibration data are collected

since the system of equations will be more overdetermined and less susceptible to

noise. However, this may extends the scanning time.

Summary

The aforementioned PI methods, which both rely on collecting complementary

information, coil sensitivity variations, to enable the reconstruction of unaliased im-

ages from undersampled data. Extra array coil equipped in MRI machine provides
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additional spatial information that can partially replace gradient encoding to reduce

scan time. GRAPPA, collecting additionalk-space data, the ACS lines, reconstructs

missing MR signal ink-space. SENSE, with the help of coil sensitivity maps, unfolds

the image with artifacts in image domain. Theoretically, the maximum acceleration

factor of PI is limited by the number of coils and cannot go over the Nyquist sampling

theorem. In practice, the largest achievable acceleration factor is even smaller than

the theoretical limit.

2.2.2 Compressed Sensing MRI

Unlike PI, no complementary information needs to be collected in CS. In addition,

CS allows original signals to be reconstructed without following the Nyquist sampling

theorem. These two advantages make CS a hot topic in MRI research community.

The inspiration for CS came from attempts to solve a somewhat related imaging

problem: storage and transmission of increasingly large imaging data sets. The solu-

tion to this problem was lossy image compression, a process that reduces �le size by

permanently discarding certain data elements. Since medical images can be success-

fully compressed while preserving diagnostic e�cacy, which means most transform

coe�cients negligible or unimportant, is it really necessary to acquire all that data

in the �rst place? Can we not simply measure the compressed information directly

from a small number of measurements, and still reconstruct the same image, which

would arise from the fully sampled set? Furthermore, since MRI measures Fourier

coe�cients, the question is whether it is possible to do the above by measuring only

a subset ofk-space?" [25]

Lustig et all summarized three requirements for successfully implementing CS in

MRI, which are transform sparsity, incoherent undersampling artifact and nonlinear

reconstruction [5].
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Figure 2.7: Transform sparsity. A fully sampled MR image (a) was transformed to
the wavelet domain (b) by using a wavelet transform operator 

Transform Sparsity

A vector is said to be "sparse" if the majority of its coe�cients are zeros and very

few coe�cients contain all the information. Transform sparsity results in a vector,

which becomes sparse after a mathematical transform. For example, a sinusoidal

signal is not sparse in time domain but is sparse in frequency domain after apply

the Fourier Transform. Because, after the transformation, the transformed vector

has all of its information in only two peaks. Most MR images are sparse in some

transform domains. For instance, angiography images are sparse in the identity and

�nite di�erences domains; cardiac cine images are sparse in the spatiotemporal Fourier

domain.

Sparsity is one of the most important requirements for the implementation of CS.

However, choosing the right transform to exploit sparsity existing in a particular class

of MR images is a challenging task. Early work on CS-MRI primarily focused on test-

ing the performance of applying various prede�ned universal sparsifying transforms,

such as the discrete Fourier transform (DFT), discrete cosine transform (DCT), total

variation (TV), or wavelet transform (WT). Generally, the wavelet transform is most

ubiquitously used to sparse the images.
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Incoherent Undersampling Artifact

A randomly undersampledk-space results in artifacts that are incoherent with

the image and can be denoised to obtain the original image. The importance of inco-

herent undersampling shows in Figure 2.8. Consider a sparse signal, Figure 2.8 (a),

is 8-fold undersampled in itsk-space domain, Figure 2.8 (b). Equispaced undersam-

pling results in coherent aliasing, a superposition of shifted replicas of the signal as

illustrated in igure 2.8 (c). In this case, it is not possible to recover the original signal.

However, random undersampling results in a very di�erent situation. The zero-�lling

reconstruction signal exhibits incoherent artifacts that actually behave much like ad-

ditive random noise (Figure 2.8 (d)). An intuitive plausible recovery procedure is

illustrated in Figure 2.8 (e) - (h). It is based on thresholding, recovering the strong

components �rst, and calculating the interference caused by them and subtracting it.

Subtracting the interference of the strong components reduces the total interference

level and enables recovery of weaker, previously submerged components. By itera-

tively repeating this procedure, one can recover the rest of the signal components

[26].

Nonlinear Reconstruction

The implementation of CS is to answer a simple question: what is the minimum

number of coe�cients in a transform domain required to reconstruct a image with

acceptable SNR and high data �delity to represent the object of interest? The "norm"

function in linear algebra can be used to evaluate this criterion [27]. Thèp norm of

a vector x of length n is expressed as follows:

jjxjj p = (
nX

i =1

jx i jp)
1
p (2.2-8)

When p = 1, the `1 norm, penalizes the number of components, which ensures
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Figure 2.8: Importance of incoherent undersampling artifacts

sparsity of the solution vector. The second part of the CS problem is to ensure

data �delity. The `2 norm is an ideal choice for ensuring consistency since the norm

becomes large if the di�erence between the original signal and the reconstructed

signal is large, due to the quadratic nature of the norm. The CS equation includes

two terms: an`1 norm of the transform coe�cients to ensure sparsity, and aǹ2 norm

of the measured data and its iterative approximation to account for data consistency.

The constrained optimized problem put together can be described by the following

equation:
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arg min
y

kx � F uyk`2 + � k y k`1 (2.2-9)

wherey is the desired reconstructed image obtained at the end of this process,x is

the measuredk-space data, is the sparsifying transform, and� is the regularization

parameter that needs to be chosen to balance the data consistency and sparsity terms.

Equation 2.2-9 can be solved using an iterative nonlinear reconstruction method.

Practical reconstruction algorithms include: Unconstrained optimization, like non-

linear conjugate gradient, projection onto convex sets (POCS), greedy methods.

Summary

Though CS has achieved prospective performance in MR image reconstruction,

there are some challenges to implement it in clinical protocols. Even the selection

of the regularization parameter is empirical for the accuracy of the reconstructed

images, however, there is no standardized rule for selecting these parameters. To

address this challenge, pilot studies or multiple iterations of image reconstruction are

necessary to select parameters such as the sampling pattern, regularization parameter

and sparsifying transform in order to optimize results. Nevertheless, such a trial-and-

error approach would not be possible in a clinical setting [25]. After the parameter

selection, the iterative solution algorithm relatively takes a long time to achieve a

high-quality reconstruction.

2.3 Deep learning-based MRI reconstruction

Based on the aforementioned challenges of CS and the observation of recent

achievements of deep learning [14] in computer vision problems, a lot of deep learning-

based methods have been developed to speed up MRI process. In contrast to CS,

deep learning solves the challenge of parameters tuning and slow computation proce-
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dure by o�ine training with enormous data. Once the o�ine training is �nished, the

trained deep learning network can perform very fast online reconstruction result.

Deep learningbased MR image reconstruction methods can be roughly divided into

three categories: data-driven approaches, model-driven approaches and integrated

approaches [28]. Data-driven approaches mainly by adopting the existing network

architecture, relying on a huge amount of data to train the network, to learning

the mapping from input (undersampledk-space or aliased images) to output (clean

images). Though, in data-driven approaches, deep learning network is treated as

a "black box" and there is no clear explanation of network architecture selection,

most recent research results have been proved that advanced network architectures

can remove the artifacts from undersampled images e�ciently [19][15][18][29]. Model-

driven approaches are based on the constraint reconstruction model and unroll the

procedure of an iterative optimization algorithm to a deep network, while learning the

parameters and functions through network training [28]. Because network training

of model-based methods uses the prior knowledge from CS, compared with the data-

driven approaches, it needs a smaller size of training dataset.

2.3.1 Data driven

Because a lot of data-driven-based reconstruction methods have been propose, we

only summary them from the network architecture point of view.

The idea of implementing deep learning network on MR image reconstruction

was �rst proposed by Wang et al [15]. The basic idea is to train the convolutional

neural network (CNN) to learn the mapping between aliased images and the clean

images. Similar CNN-based network structures, like Unet [18] and ResNet [30],

also shows their ability to remove artifacts from undersampled images. The input

of CNN-based network is the aliased image, which is the inverse Fourier Transform

from undersampledk-space data. The output or the desired image is from the fully
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sampledk-space. The loss function (Equation 2.3-11) is de�ned with the root mean

square error between the input and the output of the network.

Compare with the aforementioned data-driven networks, AUTOMAP [31] and

RAKI [32] utilize domain knowledge from undersampledk-space. In AUTOMAP, the

�rst layer is a fully-connected network to perform the Fourier Transform in MR image

reconstruction as Fourier Transform is a global transform. The input of AUTOMAP

is the undersampledk-space data and the reconstructed image is the output. RAKI

uses 3-layer CNN to learn thek-space interpolation for parallel imaging.

Generative Adversarial Networks(GAN) [33] is a type of generative network struc-

ture, which has way di�erent to de�ne loss functions. In GAN, there are two sub-

networks, a generatorG and a discriminator D. The generator can generate high

perceptual quality images according to the feedback from the discriminator, whose

function is a classi�er to separate realistic and generated images. The loss function

used for the generator is a combination of a content term and an adversarial term:

lossG = losscont + � G � lossadv (2.3-10)

where � G is a hyper-parameter. The �rst term is a traditional loss function using

mean squared error (MSE) between pixels,

losscont =
1

Ns

N sX

j =1

jjG(mj ; � G) � mref
j jj 2

2 (2.3-11)

whereNs is the number of training samples,mref
j is the ground truth image,G(mj ; � )

is the output of the generator of the training samplej . The term lossadv is de�ned

based on the probabilities of the discriminatorD over the training dataset as,

lossadv =
N sX

j =1

log
�

1 � D
�
G(mj ; � G)

� �
(2.3-12)
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whereD
�
G(mj ; � G)) is the probability that the input of the discriminator network is

a ground truth image. The �nal goal of a training process of GAN is minimizing the

loss of the generator network while maximizing the loss of the discriminator. The

complete loss function of GAN is,

min
� G

max
� D

L (� D ; � G) =
N sX

j =1

�
log

�
D(mref

j )
�

+ log
�
G(mj ; � G)

� �
(2.3-13)

Due to its outstanding performance in image-to-image translation, GAN has been

widely used in MRI reconstruction [19][34] to correct the aliasing artifacts in the

zero-�lled reconstruction from undersampled MR data.

Usually, data-driven approaches require a large size of training set, high computa-

tional power and engineering experience to design and train the network, which may

limit the practical applications of data-driven methods. Adding prior knowledge into

the network can make the network training process less complex and also improve

the performance of the network.

2.3.2 Model-driven Approaches

Model-driven approach is the expansion of model-based CS methods. There are

three ingredients in a model-driven deep learning method: model, optimization al-

gorithm and deep network. A mathematical model between the measured data and

the reconstructed image is �rst constructed based on the MR physics and other prior

knowledge. It consists of free parameters and functions with a corresponding so-

lution space. An optimization algorithm is then designed to reconstruct the image

from the measured data based on the model and the convergence of the algorithm

is established. The algorithm is �nally unrolled to a deep network in which all free

parameters and functions in the model are learnable using training data. In this

way, the topology of the deep network is determined by the algorithm, and the deep
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network can be trained through back-propagation on training data.

Currently, most model-driven deep learning approaches are based on CS function

(Equation 2.2-9). But instead of the �xed sparsifying transforms and the linear rep-

resentation of the function, deep learning makes adaptive sparsity and non-linearity

of the representation possible for CS. Deep learning-based CS can be expressed as,

arg min
y

kx � F uyk`2 + T (x) (2.3-14)

where T (x) denotes a combination of sparse, low-rank, and/or other types of regu-

larization functions.

The major di�erence among the model-driven methods are the architecture of

deep learning networks, which are derived from di�erent optimization algorithms.

ADMM-net was designed by unrolling the Alternating Direction Method of Multi-

pliers (ADMM) algorithm [17] [35]. ADMM-net learns the image transformations

and nonlinear operators used for the regularization function. The regularization term

T (x) in Equation 2.3-14 can be written as:

T (x) =
LX

l=1

� l (D lm) (2.3-15)

where D l is a transformation matrix (e.g., discrete wavelet transform for a sparse

representation ),g(:) is a nonlinear operator (e.g.,lq-regularizer to promote sparsity),

� l is the regularization parater, and the number of regularization functions isL.

But ADMM-net was designed for the single coil MR reconstruction. To extend

the model-driven idea to multi-coil MR image reconstructions, Variational-net [36]

was developed. In Variational-net, the regularization termT (x) in Equation 2.3-14

is de�ned by the Field of Experts models:

T (x) =
LX

l=1

< g l (D lm); 1 > (2.3-16)
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where 1 is a vector of all ones. Each linear transformD l is realized by convolution

with �lter kernels. The regularization parameters are implicitly contained ing(:).

2.3.3 Summary

The pure data-driven network initially proposed by Wang [15] has the advantage

of simplicity as the network treats image reconstruction as a "black box" of input to

output without the need for any domain knowledge of MRI. However, such network

has high demand on the quality and quantity of training samples. That is, the net-

work is prone to the issues of under�tting and over�tting. After these limitations are

identi�ed, several methods were developed to incorporate domain knowledge in the

data-0driven networks, such as data consistency, Fourier Transform. As more and

more domain knowledge is included in the network, the reconstruction quality is ex-

pected to improve. On the other hand, the model-driven network roots from a basic

compressed sensing reconstruction algorithm, where all regularization functions are

pre-determined, and the regularization parameters are manually tuned. Deep learn-

ing was initially introduced to unroll the iterations of the reconstruction algorithms,

allowing the regularization parameters to be learned [? ]. A number of networks

were further developed to relax the �xed constraints using learnable operators and

functions. As the constraints in the reconstruction model are gradually relaxed and

more functions in the model are learned, the reconstruction quality is expected to

improve.

23



CHAPTER 3

PROPOSED MODEL

From Chapter 2, we can see that, compared with traditional MR image reconstruc-

tion methods, deep learning-based reconstruction methods have many advantages, in-

cluding no more complicated optimization-parameter tuning, and fast-and-accurate

online reconstruction performance. Moreover, the performance of DL-based methods

can be further improved by incorporating MRI-related domain knowledge into DL

networks or the training process of the DL networks. Based on the aforementioned

observations, we proposed a hybrid MR image reconstruction method that combines

Projection Onto Convex Set (POCS) [21] and Cycle-Consistent Adversarial Networks

(CycleGAN) [22], which we dubbed as POCS-CycleGAN.

The details of the proposed work is explained in this Chapter. We �rst list the

de�nitions and notations that are used in the proposed work in section 3.1. Network

structures (including POCS) and loss functions are explained in section 3.2. The

experiments design and implementing are declared in section 3.2.3.

3.1 Problem de�nition and notations

Denote y 2 CN (C is the complex domain,N is the dimension) as the desired

image containing
p

N �
p

N pixels to be reconstructed from the under-sampledk-

space datax 2 CM , where M � N . Let F 2 CN � N represent the two-dimensional

Discrete Fourier Transform, andR 2 CM � N be an under-sampling mask used to select

signals in the Fourier domain (k-space). We can then describe the under-sampling

operator by Fu = RF , whereFu 2 CM � N , and the 2D image reconstruction problem
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Figure 3.1: The three undersample masks used in our experiments. From the left to
the right are the radial 10%, radial 20%, and Cartesian 20% sampling
trajectory, respectively.

as a projection fromF H x to y, where superscriptH is the conjugated transpose

operation.

min
y

S(x) + � kx � F uyk2
`2

(3.1-1)

whereS is a regularization term onx and � is the data �delity of the noise level of

the acquired measurementsx [37].

Using an end-to-end data learning-based approach, Equation. 3.1-1 be rede�ned

by:

min
y

ky � f DL (yu j� )k2
`2

+ � kx � F uyk2
`2

(3.1-2)

wheref DL indicates the forward projection from the undersampled image,F H x to y,

the desired fully sampled image.� represents the network parameters that need to

be learned from the training process.� is a scalar for controlling data �delity of the

recovered image. We further representF H x asyu, which is the zero-�lled reconstruc-

tion from the undersampledk-space (�lling the undersampledk-space locations with

zeros and then conducting non-uniform inverse Fourier Transform).

Eqation. 3.1-2 can be solved by training a multi-layer neural network with many

pairs of undersampled (input) and fully sampled images (ground truth). After the

25



network training converges, the �nal reconstructed image is calculated through the

following forward projection:

y = f DL (yu j�; �; 
) (3.1-3)

where, 
 represents the prior information we derived fromk-space.

3.2 POCS-CycleGAN Architecture

The projection onto convex sets (POCS) [21] is a well-established method for

solving complex optimization problems. It solves the optimization problem by pro-

jecting a signal onto two complex sets alternately until the signal converges. POCS

has been used in MR image reconstructions for a long time and has achieved good

reconstruction performance [38].

CycleGAN [22] is an improved version of GAN [33]. There are two identical GAN

sets in CycleGAN. Each of them includes one generator and one discriminator. The

two GAN sets are connected by cycle loss function (Equation. 3.2-9). The discrimi-

nator and generator in each GAN set are connected by Generative Adversarial Loss

(Equation. ??). The aforementioned loss functions are trainable and used to control

the accuracy of the �nal training results. The cycle loss de�ned in CycleGAN helps

the network generate images in a more accurate way by forcing one generator to gen-

erate the desired output and the other one to restore the generated output back to

the input (3.7). From structure point of view, POCS and CycleGAN are very similar.

The cycle loss-based mirrored forward and backward data projections in CycleGAN

shows a high similarity to the back and forth projections between the two convex

sets in POCS. We can even say CycleGAN is a data learning-based POCS algorithm.

Based on this observation, we incorporated POCS into CycleGAN training process as

a means of data augmentation, which aims to improve the �nal image reconstruction
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performance via boosting the training data size in the middle of the training process.

Figure. 3.2 shows the network structure of POCS-CycleGAN. The network con-

tains two generators (Gf 2u, Gu2f ), two discriminators (Dy, Dyu ) and a POCS layer,

which is only triggered at the preset epoch number (P). The two generators have the

same structures but with di�erent expected output. GeneratorGu2f aims to project

the undersampled images to the fully sampled images. GeneratorGf 2u is to take the

output of Gu2f and project it back to the undersampled images, which should be as

similar as possible to the original undersampled images (Figure. 3.7). Discriminators

aim to separate the generated images (^y, ŷu) from the original inputs (y, yu). If the

input is not the generated image from the corresponding generator, the output is 1.

Otherwise is 0. For example, in Figure. 3.6, the discriminatorDy 's output is 1 if the

input is the original fully sampled image. Or the output value is 0 if the input is the

generated image from generatorGu2f . Discriminator Dyu works in the same way but

to separateyu from y. The �nal training goal is that the discriminator Dy can not

separate reconstructed image (^y) from original fully sampled imagey anymore. At

this point, the reconstructed images is very similar with original fully sampled image.

Three loss functions used to control the �nal training result are de�ned and explained

in subsection 3.2.3.

In general, POCS can be added in at any time during the network's training time.

Set the total training epoch number isM and the epoch that performs POCS isP.

P can be any number or numbers (if POCS is implemented more than one time)

between 0 toM � 1. In our experiments, the CycleGAN was initially trained with

the paired images, the undersampled zero-�lled images and the corresponding fully

sampled images. The details of implementing of POCS are listed in Algorithm 1.

After the initial training, the output of the CycleGAN, the temporally reconstructed

images, were combined with the original zero-�lled images to form an augmented

training set for �shing the rest part of the training (the previously trained network
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Figure 3.2: The scheme of the decomposed CycleGAN.

parameters were used as the initial network weight values).

3.2.1 Architectures of the Generator and Discriminator

For the discriminators D (in Figure. 3.3), we used the PatchGAN discriminator

proposed in [39], which was designed to avoid the blurry e�ect caused by the`1

or `2 loss [40]. This discriminator is still a convolutional neural network but with

a modi�ed loss function that only accounts for the high-frequency image structure

before the discriminator judges whether aw � w patch in an image is fake or real[39].

In other words, the blurry low-frequency information does not a�ect the network

weight training. w � w is the patch size and was 32� 32 in our experiments. 3

convolutional layers and 1 residual block and another convolutional layer were used
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in this discriminator in our experiments. For each convolutional layer, kernel size and

step size was set as 3� 3 and 1� 1, respectively. After each convolutional layer, ReLU

and batch normalization were applied.

Figure 3.3: Structure of discriminatorD.

Figure. 3.4 shows the architecture of the generatorsG used in POCS-CycleGAN.

The generators structures are composed of a Unet with two mirrored elements: the

contraction part and the expansion part. The contraction part includes six convolu-

tion layers. Each layer has a di�erent number of �lters (Figure. 3.4). Filter size is

3 � 3. A stride 1 in both directions is padded with zero padding. After each con-

volution layer, recti�ed linear unit (ReLU) ([41]) and batch normalization ([42]) are

applied. The second convolutional layer is followed by a residual block and a max

pooling layer that has the step size of 1 along both directions. In the expansion part,

the contraction feature map is attached to the same size up-pooling feature map.

Both the generators and discriminators include residual blocks for learning the

residuals between the input and the reference. The residual blocks are composed of

a concatenation of the unit network illustrated in Figure 3.5. For the unit network,

which itself is a residual learning network, the number of output channels is the same

as the number of input channels. It contains two convolutional layers with a kernel

size of 3� 3, and a step size of 1. The output of the �rst convolution layer will pass

through batch normalization, active function (ReLU), and the second convolution

layer with the same parameters. The residual block used in the generators and in the

discriminators, containing 4 and 5 concatenated unit networks, respectively.
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Figure 3.4: Structure of generatorG.

Figure 3.5: The architecture of the residual block.

3.2.2 POCS and its implementation

The projection onto convex sets (POCS) ([21]) is a well-established method for

solving complex optimization problems. The general statement of POCS is: if there

are two convex sets, a signal out of the two convex sets can converge to a point at

the intersection of the convex sets by alternatively projecting the signal onto the

two convex sets. POCS has been used in MR image reconstructions for a long time

([38]). For supervised MR reconstruction problem, two convex sets can be de�ned
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as: � 1 is the reference image set;� 2 is the collection of images whose inverse Fourier

transformed data match the acquired data at the samplingk-space locations ([43]):

� 1 = f ŷj dist (ŷ; y) < � g

� 2 = f ŷj Ff ŷg = x[i; j ]; [i; j ] 2 � g
(3.2-4)

dist(:) means euclidean distance,kŷ; yk2
`2

. � is a small constant de�ning the re-

construction accuracy; � indicates the sampledk-space locations. Projecting into

the two convex sets can be implemented by Fourier transform and inverse Fourier

transform.

In the current implementation of POCS-CycleGAN, POCS was incorporated as a

transit layer to generate augmented training data which has di�erent statistic distri-

butions from the original training data. Speci�cally, after a certain number of training

epochs,P, the output of the generatorGu2f were soft-thresholded and Fourier trans-

formed into the k-space. Determined by sampling trajectory, the k-space data at the

sampled locations were replaced with the acquired data. The thresholding and data

replacement are described by the following two equations:

T(ŷ[i; j ]; " ) =

8
>><

>>:

0; if kŷ[i; j ]k � "

(kŷ[i;j ]k� " )
kŷ[i;j ]k ŷ[i; j ]; otherwise

(3.2-5)

X P OCS [i; j ] =

8
>><

>>:

X recon [i; j ]; if x[i; j ] = 0

x[i; j ]; otherwise
(3.2-6)

where" is a random small number close to 0,X recon [i; j ] is the Fourier Transform
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of the reconstructed image ^y, X P OCS [i; j ] is the value of thek-space data at the coor-

dinate [i; j ]. The output of POCS is de�ned asyP OCS = F H X P OCS . The augmented

image and the original undersampled image allow the CycleGAN to learn the image

reconstruction at di�erent artifact levels.

3.2.3 Loss Function

The loss function of the POCS-CycleGAN implemented in this paper is the same

as in CycleGAN [22]. The POCS process is not directly involved in the loss function.

The loss function contains an adversarial component and a cyclic component.

Adversarial loss

The process of training CycleGAN starts from discriminators' training. The orig-

inal images are fed into two discriminators (in our experiments arey for Dy and yu

for Dyu ) to let the discriminators learn the distribution of the original data. After

the training, the output of discriminators should be 1 when the input is original

data or 0 if the input is the generated data (Figure. 3.6). After this, the training

process of generators is initiated (Figure. 3.7). During the training time, generators

should minimize the di�erence between the network output and the reference data

(in our experiment is ŷ and y for Gu2f , ŷu and yu for Gf 2u). The output of generator

should be judged by the trained discriminators. At this case, because the input of

discriminators are not original data, the output should be 0.

The adversarial loss consists a generator loss and a discriminator loss, which are

described by the following two equations.

The loss function for generators is:

Ex� pdata ( x )
[(D(G(yu)) � 1)2] (3.2-7)
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where G(yu) means the output of the generator for the inputyu, which is the zero-

�lled image produced by an inverse Fourier transform on the zero-�lled under-sampled

k-space datax. The probability distribution of x is expressed aspdata(x) .

The loss function for the discriminator is:

Ey� pdata ( y )
[(D(y) � 1)2] + Ex� pdata ( x )

[(D(G(yu))) 2] (3.2-8)

whereD(y) means the output of the discriminator when the the fully sampled image

is used as the input. D(G(yu)) is the output of the discriminator for the image

reconstructed by the generator. The probability distribution ofy is pdata(y) .

The goal of the adversarial loss is to improve the accuracy of the generated results

of generators so that discriminators cannot separate it from the original data.

Figure 3.6: Flowchart of Discriminators

Cycle loss

The adversarial loss alone can force the generator to project the zero-�lled image

yu[m] into an aliasing-free output ^y[n], where m 6= n. However, the output may

not have the same image content as in the input mainly because that the discrim-

inator is not trained with paired data (aliased imageyu[m] as the input and the

corresponded aliasing-free imagey[m] as the reference). To avoid this ambiguity, a
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Figure 3.7: Flowchart of Generators

cycle loss (Equation. 3.2-9)L cyc is introduced in CycleGAN based on the di�erence

between the output of two generators. In our experiments areGu2f (Gf 2u(y)) and y,

Gf 2u(Gu2f (yu)) and yu. Figure. 3.7 shows the aforementioned process.

L cyc(Gu2f ; Gf 2u) = Ey� pdata ( y )
kGu2f (Gf 2u(y)) ; yk1

`1
+

Ex� pdata ( x )
kGf 2u(Gu2f (yu)) ; yuk1

`1

(3.2-9)

The overall loss function for the CycleGAN is de�ned by a weighted sum of the

above element loss functions:

L (Gu2f ; Gf 2u; Dyu ; Dy) = L GAN (Gu2f ; Dy; x; y)+

L GAN (Gf 2u; Dyu ; y; x) + � L cyc(Gu2f ; Gf 2u)
(3.2-10)

where � is a regularization parameter to balance the weights of generative loss and
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cycle loss.

3.3 Experiments

The aforementioned POCS-CycleGAN implementation was validated with two

di�erent datasets. The �rst one is T1-weighted structrual MR images identi�ed from

our local database. These images were acquired with a 3-T whole-body scanner

(Siemens Medical Systems, Erlangen, Germany) by using a 3D MPRAGE sequence

with the following parameters: time of repetition (TR)/echo time (TE)/inversion

time (TI)= 1620/3/950ms. The training dataset consists of 2240 images. The test

set contains 560 di�erent images.

The other dataset is a knee MRI database, the fastMRI [? ] provided by Facebook

and New York University (NYU). Both single-coil and multi-coil knee data from

fastMRI were included. The training dataset included 10200 image slices. The test

dataset includes 560 image slices.

3.3.1 Data Preparing

The matrix size of all MRI images was 256� 256. Three di�erent undersam-

pling trajectories were applied to the fully sampled images to get the undersampled

data. The sampling paradigms are displayed in Figure. 3.1. The Cartesian 20% un-

dersampling mask was applied to the brain dataset. The radial 10% and 20% ones

were applied to the knee dataset. The undersampled imageyu was generated by

yu = F H RF (y). Where F H represents the inverse Fourier Transform.

3.3.2 Network Training

The training of CycleGAN was implemented by using Tensor
ow. An Nvidia RTX

2080 Titan Graphic Processing Unit card was used to process the code. The discrimi-

nators were trained �rst and the generators second. The initial network weights were
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Algorithm 1: POCS-CycleGAN training
Input:
realA : image from under-sampledk-space
realB : image from fully-sampledk-space dataset
M : total epoch number
P: interval to perform POCS
K full : full sampled dataset
mask: undersample mask
q: POCS sample selection number
Output:
GA2B : trained generator A to B network
GB 2A : trained generator B to A network
DA : trained discriminator A network
DB : trained discriminator B network
Temporary Variables :
tem: an empty list to store data after POCS

^fakeB : reconstructed images by the generator at eachM epoch
K ^fakeB : the Fourier transform of ^fakeB

K full : the fully sampledk-space data
KP OCSB : the k-space data updated by POCS
SSIMP OCS : a tuple stores the image updated by POCS and its SSIM value
compared with the fully sampled image

for epoch = 0 to M do
fakeA  GB 2A (realB )
fakeB  GA2B (realA )
if epoch %P == 0 then

tem = []
^fakeB  ^GA2B (realA )

K ^fakeB = �t2 ( ^fakeB )
KP OCSB = ( mask == 0)? K ^fakeB ; K full

POCSB = i�t2 (K P OCSB )
SSIMP OCS = SSIM (POCSB ; i�t2 (K full ))
/*compare POCSB with the fully sampled image to get the SSIM
value*/

tem += (POCS B ;SSIMP OCS )
end
Randomly selectq from tem, yeilding fakeq

fakeB  fakeB
S

fakeq

train GA2B ; GB 2A ; DA ; DB

end

trained using the original undersampled images and their corresponding fully sam-

pled images. All network weights were randomly initialized. The loss function was
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minimized using the Adam Optimizer. The learning rate was initialized as 0:0002

and started to decreasing after 200 epochs.� 1 was set to be 0:5, and the mini-

batch size was 1 at each epoch. The number of epochs was 400. After 50 epochs

(we set P in Algorithm 1 to be 50), the undersampled images,realA were input to

the temporarily trained generator ^GA2B to generate imperfect reconstructed images

^fakeB , which were then Fourier Transformed to K ^fake B
. After replacing data at the

sampled positions with the acquired data, the POCS-enhancedk-space data KP OCSB

were inversely Fourier Transformed to get the images. The Structure Similarity Index

(SSIM) and the Peak Signal-to-Noise Ratio (PSNR) of those POCS-enhanced inter-

mediate reconstruction images were calculated. 1275 images with the highest SSIM

and PSNR were added to the existing training samples (1275 was arbitrarily chosen

to make the training sample size doubled at the end of all epochs).

3.3.3 Summary

In this chapter, we explained details of implementing the proposed work. The

foundation of our work is the structure similarity between POCS and CycleGAN.

The CycleGAN structure, its loss functions and training strategies were listed and

declared. It is worth nothing that after being updated by POCS, the size of training

dataset got expanded. This could be a reason that the proposed work has a better

reconstruction performance than the other DL-based methods. So to prove that the

structure similarity plays an important role in the proposed work, we implemented

the same POCS process in other deep learning network structures, Unet, GAN,

Re�neGAN. The corresponding results are listed in Section 4.1.
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CHAPTER 4

RESULTS

In this chapter, we provide the �nal results of the proposed network, POCS-

CycleGAN. The results include the cross performance validation of other deep learning-

based MR image reconstruction methods; the validation of adding the proposed idea

to other existing networks; the evaluation of the reconstructed images' quality, and

the blind scoring from two independent radiologists.

4.1 Comparisons to other DL-based MR image reconstruc-

tion methods

The following state-of-the-art MR image reconstruction methods were implemented

as a comparison to the proposed work, POCS-CycleGAN:

1. U-Net: U-Net was originally proposed for image segmentation [44]. It was used

in MR image reconstruction in Hyun's work [18]. Our U-Net implementation

was based on the parameters tested in Hyun's work [18]

2. GAN: we followed the implementation of GAN in the �rst GAN-based MRI

reconstruction work published in Mardani's work [45].

3. CycleGAN: our implementation was based on the �rst CycleGAN [22] applica-

tion in MR image reconstruction work: the SANTIS [20].

4. Re�neGAN: Re�neGAN was composed of a cascade of two GANs. We used the

same GAN network structure as in Quan's paper [19].
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To access the quality of reconstructed images, two image quality metrics were

applied, the Peak-Signal-To-Noise ratio (PSNR) and the Structural Similarity Index

(SSIM). PSNR is most commonly used to measure the quality of reconstruction of

lossy compression codes (e.g., for image compression). The signal de�ned in PSNR

is the original data, and the noise is the error introduced by compression. When

comparing compression codecs, PSNR is an approximation to human perception of

reconstruction quality [46]. SSIM is used for measuring the similarity between two

images. The SSIM index is a prediction of image quality that is based on a distortion-

free image as reference. SSIM is a perception-based model that considers image

degradation as perceived change in structural information [47].

Figure. 4.1 shows the two aforementioned indices of all compared methods. Two

datasets with di�erent anatomical information were used to generate Figure. 4.1. The

dataset used for generating Figure. 4.1a - Figure. 4.1d was the knee dataset collected

from fastMRI [1]. The radial 10% undersampling mask was applied in Figure. 4.1a

- Figure. 4.1b, and the radial 20% mask for Figure. 4.1c - Figure. 4.1d. In compari-

son, the proposed method, POCS-CycleGAN, produced the highest SSIM and PSNR

among all compared methods (p < 0:01 for all paired-t test between POCS-CycleGAN

and any other method). We also noticed that all the listed networks achieved better

reconstruction results on the dataset undersampled by the radial 20% mask than the

radial 10% mask, which is reasonable. Because compared with the radial 10% mask,

the radial 20% mask provides more initial information for network training. The re-

lated mean and standard deviation of SSIM and PSNR were recorded in Table 4.1 and

Table 4.2. The dataset adopted in Figure. 4.1e and Figure. 4.1f was the brain dataset

from our local database and the undersampling mask was the Cartesian 20%. We

noticed CycleGAN [22] had di�erent reconstruction performances on brain dataset

and on knee dataset. On brain dataset, CycleGAN did not signi�cantly outperform

compressed sensing [5]. One reason could be the increase of network parameters
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due to the use of two networks and subsequently needs more training data than our

local brain dataset. We can see this problem was solved on the knee dataset [1],

a larger training dataset. Expect this, all other assessed DL-methods outperformed

compressed sensing, which is consistent with the DL-based MR work published before

([19], [34]).

Table 4.1:
PSNR (mean� standard deviation) of di�erent methods of di�erent Un-
dersampling rates of NYU dataset [1].

Undersampling rate 10% 20%
U-Net [44] 19:67 � 1.89 25:11 � 1.86
GAN [45] 20:51 � 1.67 26:05 � 1.75

CycleGAN [22] 21:55 � 1.79 26:05 � 1.82
Re�neGAN [19] 22:83 � 1.54 26:79 � 1.84

POCS-CycleGAN 24:58 � 2.59 27:86 � 1.92

Table 4.2:
SSIM (mean� standard deviation) of di�erent methods of di�erent un-
dersampling rates of NYU dataset [1].

Undersampling rate 10% 20%
U-Net [44] 0:33 � 0.09 0:39 � 0.10
GAN [45] 0:34 � 0.09 0:46 � 0.10

CycleGAN [22] 0:38 � 0.08 0:46 � 0.07
Re�neGAN [19] 0:40 � 0.08 0:52 � 0.08

POCS-CycleGAN [] 0:42 � 0.09 0:59 � 0.10

Additionally, Figure. 4.4 - Figure. 4.6 display two representative sets of recon-

structed images for the brain and knee. The �rst and third rows are the brain images

with the Cartesian 20% undersampling mask (Figure. 4.4), the knee images with the

Radial 10% and the Radial 20% undersampling mask (Figure. 4.5, Figure. 4.6), sep-

arately; the 2nd and 4th rows are the di�erence maps of the reconstructed images

and the ground truth. The di�erence maps were calculated by subtracting the recon-

structed images from the ground truth images. The color bars, set between [0 255],

on the right indicate the display window for the di�erence maps. The methods used

for reconstructing the images were provided on top of each column. In comparison,
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the proposed method, POCS-CycleGAN, generated results that are very close to the

ground truth images. Also, from the di�erence maps, we can see the noise had been

signi�cantly removed by POCS-CycleGAN while edges were still well preserved.

Overall, POCS-CycleGAN showed better reconstruction quality than the other

methods.

To keep the reconstructed images have reconstructed information as accurate as

possible, we not only evaluated our results with various image quality evaluation

index, two independent radiologists (Dreizin David, Fuqing Zhou) were also asked to

provide a score for judging the radiologic or the clinical value of the reconstructed

images. The two readers were blind to the methods used to reconstruct the images.

Independent readers' reading results were shown in Figure. 4.3. Image quality

reading results by two radiologists who were blind to the image identity (the methods

used to reconstruct the images). The radiologists were provided images from 40

subjects (brain images were from 20 subjects, and knee images were from anther 20).

The reading scores varied from 1 to 5 with 1 means lowest quality for clinical use

due to the presence of artifacts, noise, and the loss of tissue contrast, and 5 means

the highest quality. Vertical axis indicates the number of subjects of each radiologic

score. POCS-CycleGAN obtained the highest average score for both knee dataset

and brain dataset and it showed consistently better radiologic reading values than

the other methods.

Since, theoretically, POCS can be incorporated into any other neural network

structures, we performed additional experiments to verify whether adding POCS im-

proves the performance of the existing DL-based reconstruction methods. We ran

the aforementioned experiments on the knee dataset from fastMRI [1] and the un-

dersampling mask was the Radial 10%. Figure. 4.2 shows the POCS's e�ect on other

neural networks. Adding POCS signi�cantly improved the reconstruction perfor-

mance, both on PSNR and SSIM, for all DL methods (p < 0:01 for all paired t-test).
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POCS-CycleGAN had the best performance even compared to the results from adding

POCS to other DL-based methods.

(a) PSNRs of Knee 10% (b) SSIMs of Knee 10%

(c) PSNRs of Knee 20% (d) SSIMs of Knee 20%

(e) PSNRs of Brain 20% (f) SSIMs of Brain 20%

Figure 4.1: SSIMs and PSNRs of the images reconstructed by di�erent methods.

42



Figure 4.2: Evaluation of adding POCS to other DL-based reconstruction methods.

(a) Radiologist 1 for the knee images (b) Radiologist 1 for the brain images

(c) Radiologist 2 for the knee images (d) Radiologist 2 for the brain images

Figure 4.3: Image quality reading results by two radiologists.
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Figure 4.4: Representative reconstruction of the brain images with Cartesian 20%
mask.

Figure 4.5: Representative reconstruction of the knee images with Radial 10% mask.
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