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ABSTRACT

NEW APPROACHES TO MULTIPLE TESTING OF GROUPED

HYPOTHESES

Yanping Liu

DOCTOR OF PHILOSOPHY

Temple University, 2016

Professor Sanat K. Sarkar, Chair

Testing multiple hypotheses appearing in non-overlapping groups is a common

statistical problem in many modern scientific investigations, with this group

formation occurring naturally in many of these investigations. The goal of this

dissertation is to explore the current state of knowledge in the area of multiple

testing of grouped hypotheses and to present newer and improved statistical

methodologies.

As the first part of this dissertation, we propose a new Bayesian two-stage

multiple testing method controlling false discovery rate (FDR) across all hy-

potheses. The method decomposes a posterior measure of false discoveries

across all hypotheses into within- and between-group components allowing a

portion of the overall FDR level to be used to maintain control over within-

group false discoveries. Such within-group FDR control effectively captures the

group structure as well as the dependence, if any, within the groups. The pro-

cedure can maintain a tight control over the overall FDR, as shown numerically

under two different model assumptions, independent and Markov dependent



v

Bernoulli’s, for the hidden states of the within-group hypotheses. The pro-

posed method in its oracle form is optimal at both within-and between-group

levels of its application. We also present a data driven version of the proposed

method whose performance in terms of FDR control and power relative to its

relevant competitors is examined through simulations.

We apply this Bayesian method to a real data application, which is the

Adequate Yearly Progress (AYP) study data of California elementary school-

s (2013) comparing the academic performance for socioeconomically advan-

taged (SEA) versus socioeconomically disadvantaged (SED) students, and our

method has more meaningful discoveries than two other competing methods

existing in the literature.

The second part of the dissertation is geared towards making contribu-

tion to the outstanding problem of developing an FDR controlling frequentist

method for multiple testing of grouped hypotheses, which can serve not only

as an extension of the classical Benjamini -Hochberg (BH, 1995) method from

single to multiple groups but also can be more powerful due to the underlying

group structure. We suggest a number of such methods and examine their

performances in comparison with the single-group BH method mainly based

on simulations.

Some possible future directions of research in the proposed area are dis-

cussed at the end of this dissertation.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Multiple testing problems arising in modern scientific investigations often

involve hypotheses that appear in non-overlapping groups. Such group for-

mation occurs naturally in many of these investigations due to the underlying

biological or experimental process, although it can be created in some applica-

tions to effectively capture certain specific features of the data. For instance,

the hypotheses associated with (i) the locations (voxels) in each region of a

brain (either anatomic or functional) in fMRI research (Benjamini and Heller

(2007) and Pacifico et al. (2004)), (ii) the genes in each of non-overlapping

gene sets determined through Gene Ontology in certain microarray experi-

ments (Subramanian et al. (2005) and Heller et al. (2009)), or (iii) the time-

periods corresponding to each gene in a time-course microarray experiment

(Arbeitman et al. (2002) and Calvano et al. (2005)) naturally form a group.

On the other hand, in the applications of multiple testing methods to detect

astronomical transient source from nightly telescopic image consisting of large
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number of pixels (Clements et al. (2011)) or vegetation fluctuation in a partic-

ular region based on satellite remote sensing data collected over large number

of grid points (Clements et al. (2014)), the pixels or grid points were grouped

into suitably defined blocks or sub-regions to capture local dependency.

The hypotheses under such group structure are correlated with their neigh-

boring hypotheses with some correlations in each group but uncorrelated be-

tween groups. Or we can say, if one hypothesis is significant, its nearby hy-

potheses are more likely to be significant in the same group. Ignoring the

group structure when constructing multiple testing methods may result in

misleading conclusions (Efron (2008)). With that being the rationale, a con-

siderable amount of research has taken place recently in the development of

multiple testing methods designed specifically for grouped hypotheses both

from frequentist and Bayesian perspectives (for example, Heller et al. (2009),

Clements et al. (2011), Hu et al. (2010), and Sun and Wei (2011)). Of course,

these methods have been developed in the context of controlling false discovery

rate (FDR), as originally defined by Benjamini and Hochberg (Benjamini and

Hochberg (1995)), or its variants such as local FDR (Efron et al. (2001)) and

marginal FDR (Sun and Cai (2007) and Sun and Cai (2009)), which is a more

acceptable practice in modern large-scale multiple testing than controlling the

more traditional familywise error rate. Moreover, controlling FDR across all

hypotheses has been the ultimate goal in most of these methods, although in

some, the focus has been on controlling FDR only across the groups (Sun and

Wei (2011)), or controlling the expected average value of some error rate over

the selected groups (Benjamini and Bogomolov (2014)).
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1.2 Some Basics of Multiple Hypothesis Test-

ing

Suppose that we have n null hypotheses H1, . . . , Hn to be tested simulta-

neously. Our goal is to determine a rule to specify what decision should be

made for each null hypothesis, based on test statistics or p-values associated

with the null hypotheses. The rule is determined based on the idea of using

a procedure that leads us to the right decisions with high probability and a

control of a suitably defined error rate. For single hypothesis, this problem is

quite straightforward. A good procedure would be the one that controls Type

I error rate, which is the probability of making false rejection of the hypothesis

when it is truly null, while minimizing Type II error rate (or maximizing the

power), which is the probability of accepting it when it is truly false ( or mak-

ing correct rejection). However, when it comes to multiple testing, unlike in

testing of a single hypothesis where the Type I error rate, is being controlled,

a multiple testing procedure adopts the error rate that provides an overall

measure of Type I errors.

The outcomes of multiple testing can be summarized as in Table (1.1).

Different types of error rate could then be defined based on this table. Note

that here the total number of hypotheses n is fixed and known, the number of

true and false null hypotheses n0 and n1, respectively, are fixed but unknown,

while random variables A and R are observable. The four variables U, V, S

and T are not observable.

Now, let’s quickly review these frequently used overall type I error rates in

multiple testing procedures.
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Hi is rejected Hi is accepted
Hi is true V U no

Hi is false S T n1

Total R A n

Table 1.1: Classification of Tested Hypothesis

1.2.1 Overall Type I Error Rates

• Per-Family Error Rate: The expected number of false rejections, i.e.

PFER = E(V ).

• Familywise Error Rate: The probability of having at least one false re-

jection, i.e.

FWER = Pr(V ≥ 1).

• Generalized Family-Wise Error Rate (GFWER): The probability of at

least k Type I errors for a user-supplied integer k, i.e.

GFWER(k) = Pr(V ≥ k).

When k = 1, GFWER(k) reduces to the usual family-wise error rate (FW-

ER). The FWER has been the most commonly used among the above error

rates. However, with large number of hypotheses, as encountered in many

modern statistical investigations, procedures controlling it become too strin-

gent, resulting in conservative procedures with inadequate power. To overcome

this problem, the following alternative measures have been introduced.

• False Discovery Rate (FDR): The expected proportion of false discoveries



5

among all rejections. Let

FDP =





V
R

if R > 0

0 if R = 0

be the False Discovery Proportion. Then, the FDR is defined as

FDR = E(FDP) = E
(

V

R
| R > 0

)
· Pr(R > 0) = E

(
V

R ∨ 1

)
. (1.1)

Here, R ∨ 1 means the maximum value of R or 1.

• Positive False Discovery Rate (pFDR): The expected proportion of false

discoveries among all rejections given there is at least one rejection, i.e.

pFDR = E(FDP | R > 0) = E
(

V

R
| R > 0

)
. (1.2)

• The Exceedance Probability of False Discovery Proportion (γ-ExFDP):

The probability of FDP exceeding γ ∈ (0, 1), i.e.

ExFDP(γ) = Pr(FDP > γ).

• Generalized False Discovery Rate (k-FDR): The expected proportion of

k or more false discoveries among all rejections, where k is pre-specified,

i.e.

k-FDR = E(k-FDP), (1.3)

where

k-FDP =





V
R

if V ≥ k;

0 if V < k.

Note that when k = 1, it reduces to the original FDR.
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• Marginal FDR (mFDR) is the ratio of expected number of Type I errors

to the expected number of rejected hypotheses.

mFDR =
E(V )
E(R)

The concept of FDR has been introduced by Benjamini and Hochberg

(1995), which is more powerful than the concept of the FWER. However, as

Storey (2002) argues, there are some difficulties with this notion of FDR. To

cope with these difficulties, he [Storey (2002) and Storey (2003)] introduced

the notion of positive FDR (pFDR) by deleting the second term (Pr(R > 0))

in the FDR definition (1.1). Of course, the pFDR cannot always be controlled,

as it is equal to 1 when all hypotheses are true. Storey (2002) proposed an

estimation based approach to control it through a suitable estimate of it for a

fixed rejection region.

In many applications, particularly when n is large, one might be willing to

tolerate more than one false rejection and seeks to control at least k, rather

than at least one, false rejections. This will improve the power of a procedure

to detect more false null hypotheses. The concepts of k-FWER, γ-ExFDP and

k-FDR have been introduced as appropriate measures of error rates in these

situations. Korn et al. (2004) first considered using the k-FWER and the γ-

ExFDP. Sarkar (2007) proposed the idea of controlling the k-FDR. It is a less

conservative notion than the k-FWER and is a natural generalization of the

idea of improving the FWER using the FDR. Guo et al. (2014) further intro-

duced γ −FDP , the probability of false discovery proportion (FDP) exceeding

γ ∈ [0, 1), and provided several procedures with more powerful performances

than other existing methods to control the false discovery proportion.

In this dissertation, we will use FDR as the overall Type I error measure..
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We will review some FDR controlling procedures with and without group

structure in Chapter 2.

1.2.2 Power and Overall Type II Error Rates

Different concepts of power have been used in the literature when compar-

ing procedures controlling an overall Type I error rate. These are presented

in the following:

• Probability of rejecting at least one false null hypothesis:

Pr(S > 0) = Pr(T 6= n1).

This power might be too large to compare, especially when the number

of hypothesis is large.

• Probability of rejecting all false null hypothesis:

Pr(S = n1) = Pr(T = 0).

This power might be too small to compare, especially when the number

of hypotheses is large.

• Average Power, the expected proportion of correct rejections among all

false null hypotheses (AvePower):

AvePower =





E(S)
n1

if n1 > 0

1 if n1 = 0.
(1.4)

• Number of rejections: This measure is simple, and is often used when

comparing two procedures controlling the same error rate. The proce-

dure with larger total number of rejections is said to be more powerful

than the other.
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Each of these power measures corresponds to an overall measure of Type

II errors. For example, P (T = n1) and P (0 < T ≤ n1) can be thought of

as overall measures of Type II errors obtained from the first two measures of

power.

The FNR was defined by Genovese and Wasserman (2001), and indepen-

dently by Sarkar (2004) (who calls it the False Negative Rate), as an analogue

of FDR in terms of Type II errors (false negatives). The FNP is defined as,

FNP =





T
A

if A > 0

0 if A = 0

and the corresponding error rate, the False Non-Discovery Rate (FNR), is

defined as:

FNR = E(FNP ) = E
(

T

A
| A > 0

)
· Pr(A > 0),

The marginal false non-discovery rate (mFNR) is also a criteria to measure

the Type II error rate corresponding to mFDR. It is the proportion of the ex-

pected number of false non-discoveries to the expected number of acceptances.

mFNR =
E(U)
E(A)

1.3 Mixture and Hidden Markov Models

The random mixture model is convenient and efficient model for large-

scale multiple testing and has been widely used in many applications. In this

thesis, we also use this model in the grouped multiple testing environment for

our procedures.
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Definition 1 (Mixture Model) Given pairs of independent random vari-

ables (Xi, θi), i = 1, . . . , n, with Xi representing test statistic or p-value asso-

ciated with hypothesis Hi and θi = 0 or 1 indicating whether the hypothesis Hi

is true or false, respectively, the following distributional assumptions describe

a two-group mixture model for the Xi’s: Conditioned on the θi’s , each Xi is

distributed as

Xi|θi ∼ (1 − θi)F0 + θiF1,

given two distribution functions F0 and F1, and the θi’s are Bernoulli random

variables with P (θi = 0) = π0 and P (θi = 1) = π1. Marginally, the cumulative

distribution function of each Xi is the mixture distribution F (x) = π0F0(x) +

π1F1(x).

Also, the following Hidden Markov Model (HMM) was considered in many

papers, such as Sun and Cai (2009) and Sun and Wei (2011), to model the

dependence structure among the test statistics, especially for microarray time-

course (MTC) experiments. In such MTC experiments, the genes at different

time points exhibit Markov dependence.

Definition 2 (Hidden Markov Model) Let θi be the hidden state indicator

indicating whether the hypothesis Hi is true (θi = 0) or false (θi = 1). This

model is described by assuming that θ = (θ1, . . . , θm) form a markov chain with

some initial probability and transition probability (p1
h,aj

kh) , with Xi’s having

distributions as in Definition (1), conditionally given the θi’s.
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1.4 Structure

In Chapter 2 of the thesis, we will go over some existing FDR controlling

procedures for testing multiple hypotheses appearing in a single as well as

multiple groups. Typically, a multiple testing method for grouped hypotheses

operates in two stages. Significant groups are identified at the first stage

and the final discoveries made within each significant group at the second

stage. However, the novel Bayesian method we propose in this thesis takes the

reverse route. We consider controlling FDR a posteriori. Given α at which

the posterior total FDR is to be controlled, our method screens the hypotheses

within each group at the first stage for possible rejections subject to a control

over the posterior within-group FDR at a certain level less than or equal to α.

At the second stage, it makes the final decision on ultimately rejecting these

hypotheses if the groups containing them are identified as significant, given

the potential decisions made about them at the first stage, subject to the

desired control over the posterior total FDR. Thus, our method enjoys, unlike

the other available methods, the added flexibility in adjusting or preserving a

pre-chosen level of control over false discoveries within each significant group

along with controlling the false discoveries across all hypotheses. Such within-

group control of false discoveries is an effective way of capturing the underlying

group structure as well as the within-group dependence. We will present the

proposed methodology in details and discuss the optimality of the proposed

method in Chapter 3.

In Chapter 4, we carried out extensive simulations and numerical stud-

ies assessing the performance of our method, both in terms of its oracle and

data-driven versions, against its relevant competitors under two different de-
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pendence structures, with the distributional parameters being estimated using

the EM algorithm for the data-driven version. With θgj representing the hid-

den state for the jth hypothesis in the gth group, two types of distribution

have been considered for the θgj ’s to reflect these dependence structures, each

under the assumption of independence between but not within groups that

seems justified in most of the aforementioned applications. These are (i) iid

Bernoullis and (ii) dependent Bernoullis with Markovian dependence as often

used in practice (Rabiner (1989), Churchill (1992), Krogh et al. (1994) and

Ephraim and Merhav (2002)). The first one was considered with the idea of

capturing only the group structure while the other pays attention to capturing

both group and dependence structures. These studies have revealed superior

performance of our method in terms of FDR control and power (measured us-

ing false non-discoveries and the expected proportion of correctly rejected false

nulls) over its competitors in many practical scenarios. A real data applica-

tion ( The data from the Adequate Yearly Progress (AYP) study of California

elementary schools (California (2013)) comparing the academic performance

for socioeconomically advantaged (SEA) versus socioeconomically disadvan-

taged (SED) students) under the truncated Independent Bernoulli Model is

also illustrated.

We then further investigate some alternative frequentists’ methods for such

grouped multiple hypotheses testing in Chapter 5. We try several methods

which utilizes the group structure and group information to exam the total

FDR controlling and also we compare these methods with the regular BH

method which ignores the group structure. We show the simulation results

for these methods, try to explain the reasons if the validity is invalid for some
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method, and we would like to have some contributions for the further research

in this area. The performance of AYP application analyzed by the proposed

frequentist’s method 1 is also compared with the regular BH method.

Finally, some summaries and future work are discussed in Chapter 6, and

most of the proofs and technical details are given in Appendix.
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CHAPTER 2

LITERATURE REVIEW

In this chapter, we will review some frequently used FDR controlling ap-

proaches that are related to the procedures we discuss in this dissertation and

grouped hypotheses testing approaches. FDR controlling approaches include

frequentist and Bayes approaches. Frequentist approaches are those that do

not utilize any prior information on the parameters are utilized, while Bayes

approaches take into account such prior information. We also review some

currently available approaches to grouped hypotheses testing.

2.1 FDR Controlling Approaches

2.1.1 The Benjamini and Hochberg Procedure

Benjamini and Hochberg (1995) first proposed this procedure, which is

now referred to as the BH method in the literature. Given n null hypotheses

H1, . . . , Hn that are to be tested simultaneously using their respective p-values

P1, . . . , Pn, the BH method is a step-up procedure based on the Simes critical
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values αi = iα
n

, i = 1, . . . , n (Sarkar and Chang, 1997; Sarkar, 1998). More

specifically, with P1:n ≤ · · · ≤ Pn:n denoting the ordered p-values and H(i)

being the hypothesis corresponding to Pi:n, the BH method rejects H(i) for all

i ≤ R, where

R = max
{

1 ≤ i ≤ n : Pi:n ≤
iα

n

}
,

provided this maximum exists; otherwise, it rejects none.

Benjamini and Hochberg (1995) proved that this method can control the

FDR at n0α/n conservatively when the p-values are independent. Later, Ben-

jamini and Yekutieli (2001) showed that the BH procedure in fact controls

the FDR exactly at n0α/n under independence, and conservatively if the test

statistics are positive regression dependent on subset (PRDS) of the test s-

tatistics corresponding to the null hypotheses; see also Sarkar (2002). Sarkar

(2002) further proved that Simes’ critical values can be adopted in a gener-

alized step-up-down procedure (SUDP) and the FDR can still be controlled

under similar dependency.

2.1.2 Adaptive BH Procedure

The BH procedure, when n0 < n, it is conservative, especially when n0 is

much less than n. Therefore, improving the performance of this procedure by

incorporating into it an estimate of n0 is a problem of importance.

Storey (2002) proposed a different approach to control the FDR. His ap-

proach leads to a (random) rejection threshold for each Pi given by tα = sup{t :

F̂DR(t) ≤ α}, with F̂DR(t) representing an estimate of the FDR of the single-

step test rejecting each Hi if Pi ≤ t, for some fixed t, based on the available

p-values. It was developed under the aforementioned mixture model 1 with
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independent p-values and using a conservatively biased point estimate of the

FDR.

A number of conservatively biased point estimates of the FDR(t) were

obtained through different estimates π̂0 of π0, each producing a step-up pro-

cedure with critical constants of the form iα/nπ̂0, that is, a type of adaptive

BH method (2000).

Definition 3 (Adaptive BH procedure) Let P = (P1, . . . , Pn) be the vec-

tor of p-values corresponding to n hypotheses. A step-up procedure with the

set of critical values {iαG(P)/n, i = 1, 2, . . . , n} is called an adaptive BH pro-

cedure, where G(P) = 1/π̂0 and π̂0 is an estimator for π0.

Storey considered the following estimates of π0.

1. The estimator of π0 in Storey (2002) is

π̂0(λ) =
W (λ)

(1 − λ)n

2. The estimator of π0 in Storey (2004) is

π̂0
∗(λ) =

W (λ) + 1
(1 − λ)n

where W (λ) is the number of accepted hypotheses with significance

threshold λ applied to p-values.

The estimates of FDR(t) corresponding to the above estimates of π0 are:

̂FDRλ(t)(2002) =
π̂0(λ)t

[R(t)
∨

1]/n

and

̂FDR
∗

λ(t)(2004) =





π̂∗
0(λ)t

[R(t)
∨

1]/n
if t ≤ λ,

1 if t > λ,
respectively.
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Benjamini et al. (2006) suggested another estimator of π0 as n−R0

(1−λ)n
, where

λ = α
α+1

and R0 is the number of rejection by a BH procedure at level λ. This

procedure controls the FDR under independence.

In addition to the adaptive methods described above, the general idea of

improving the BH method has led to many other adaptive methods (Benjamini

and Hochberg (2000); Blanchard and Roquain (2009); Gavrilov et al. (2009);

and Sarkar (2008)). Other ways to improve the BH method include incor-

porating information about correlations or utilizing the dependence structure

into the BH method (Efron (2007); Romano and Wolf (2008); and Yekutieli

and Benjamini (1999)), or generalizing the notion of FDR to k-FDR by relax-

ing control over at most k − 1 false rejections (Sarkar (2007); Sarkar and Guo

(2009); and Sarkar and Guo (2009)).

The key point for adaptvie BH procedure is to use data information to get

a better estimate of π0 to improve the performance of the procedure. In this

dissertation, we will use the information of our group model setting to estimate

such π0 in the BH-Bonferroni procedure and also Grouped-BH procedure which

we will discuss later in the following chapters.

2.1.3 Efron’s Empirical Bayes Approach

Efron et al. (2001) introduced an empirical Bayes procedure in the gene

microarray expression study. Based on the mixture model (Definition 1), they

proposed the concept of local FDR and connect it to estimated posterior prob-

abilities.

With the direct application of Bayes’ theorem, the posteriori probabilities
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are given by:

p0(x) = P rob{Not Different|Xi = x} = p0f0(x)/f(x), (2.1)

and

p1(x) = P rob{Different|Xi = x} = 1 − p0f0(x)/f(x), (2.2)

The p0(x) has been defined as the local False Discovery Rate in their paper.

Their local FDR controlling procedures are as follows:

1. Compute the local FDR p0(x) for each hypothesis Hi based on (2.1).

2. Compare the local FDR with α to make the decision. If the local FDR

is less than α, reject the corresponding hypothesis, and verse visa.

In Efron and Tibshirani (2002), the local FDR is estimated by using the

massively parallel structure of microarray data. The ratio f0(x)/f1(x) is es-

timated from the empirical distributions. The estimation of p0 and p1 needs

strong parameteric assumptions. To make sure p̂1(x) to be always nonnegative,

the following condition needs to be satisfied: p0 ≤ p̂0,max = minx{f̂(x)/f0(x)}.

2.1.4 Sarkar and Zhou’s BFDR Approach

Sarkar et al. (2008) proposed a general decision theoretic formulation of

procedures controlling FDR and FNR from a Bayesian perspective. Random-

ized as well as non-randomized procedures controlling the Bayes false discovery

rate (BFDR) and Bayes false non-discovery rate (BFNR) are developed. The

control of the BFDR or BFNR is achieved through local FDR or local FNR.
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Let d = (d1, . . . , dn), with di = 0 or 1 according as Hi is accepted or

rejected, represent the decision vector. Let h = (h1, . . . , hn), with hi = 0 or 1

according as θi ∈ Θi0 or θi ∈ Θi1, represent the unknown configuration of true

or false null hypotheses. The vector δ(X) = (δ1(X), . . . , δn(X)) is referred to

as a multiple decision rule or multiple testing procedure. If 0 < δi(X) < 1, for

at least one i, then δ(X) is randomized; otherwise, it is non-randomized. The

Bayes FDR (BFDR) and Bayes FNR (BFNR) are defined as:

BFDR = EθEX|θ

[∑

d

∑n
i=1 di(1 − hi)

{
∑n

i=1 di}
∨

1
δ(d|X)

]

or = EXEθ|X

[∑

d

∑n
i=1 di(1 − hi)

{
∑n

i=1 di}
∨

1
δ(d|X)

]

BFNR = EθEX|θ

[∑

d

∑n
i=1(1 − di)hi

{
∑n

i=1(1 − di)}
∨

1
δ(d|X)

]

or = EXEθ|X

[∑

d

∑n
i=1(1 − di)hi

{
∑n

i=1(1 − di)}
∨

1
δ(d|X)

]

The BFDR controlling procedures are as follows:

Theorem 2.1 Let K(X) = max{0 ≤ j ≤ n : Aj(X) ≤ α}. Then, the one-

step randomized procedure δ defined as follows given K(X) = k

δi:n(X) =





1 if i ≤ k

α−Ak(X)
Ak+1(X)−Ak(X)

if i = k + 1

0 otherwise,

(2.3)

with δi:n = 1∀i when k = n, controls the BFDR at α.
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The test statistic they used is also local FDR proposed by Efron et al.

(2001), where ri(X) = π0f0(Xi)
f(Xi)

= π0f0(Xi)
π0f0(Xi)+(1−π0)f1(Xi)

. However, different

from Efron’s Bayesian approach through controlling ordered ri(Xi:n) to be

less than or equal to α, BFDR procedure controls max{j : Aj(X) ≤ α}, where

Ak(X) = 1
k

∑k
i=1 r(Xi:n)for k = 1, . . . , n. since max{j : Aj(X) ≤ α} ≥ max{j :

r(Xj:n) ≤ α}, BFDR procedure is more powerful than Efron’s Bayesian pro-

cedure.

The BFNR controlling procedures are as follows:

Theorem 2.2 Let K(X) = max{0 ≤ j ≤ n : Bj(X) ≤ β} − 1. Then, the

one-step randomized procedure δ defined as follows given K(X) = k

δi:n(X) =





1 if i ≤ k

Bk−1(X)−β
Bk−1(X)−Bk(X)

if i = k

0 otherwise,

(2.4)

with δi:n = 0∀i when k = −1, controls the BFNR at β.

Sarkar and Zhou (2008) give a procedure controlling the Bayesian direc-

tional false discovery rate (BDFDR) as an alternative to Lewis and Thayer

(2004). By starting with a decision theoretic formulation of multiple test-

ing null hypotheses against two-sided alternatives, the procedure is developed

through controlling the posterior directional false discovery rate (PDFDR).

They also propose a corresponding empirical Bayes method in the context of

one-way random effects model.

Our proposed novel grouped hypotheses testing procedure adopts similar

BFDR controlling procedure while using the test statistic of local FDR. The

detailed will be discussed in Chapter 3.
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2.1.5 mFDR Controlling Approaches

Sun and Cai (2007) and Sun and Cai (2009) developed a Bayesian decision

theoretic approach which can yield a powerful multiple testing method not

only incorporating costs of false and missed discoveries but also simultaneously

addressing dependency, optimality and multiplicity. Based on the conclusion

derived by Genovese and Wasserman (2001) that, the marginal false discovery

rate mFDR = E(V )/E(R) is asymptotically equivalent to the FDR measure

in the sense that mFDR = FDR + O(m−1/2) under weak conditions, Sun

and Cai (2007) derived an oracle rule based on the z values that minimizes

the FNR (FNR = E(T/A|A > 0)P r(A > 0),Genovese and Wasserman (2001)

and Sarkar (2004)) subject to a constraint on the FDR and also proposed an

adaptive procedure based on the z values.

Under the mixture model (Definition 1), they started with the weighted

0-1 loss function:

Lλ(δ(X, θ) =
n∑

i=1

{λ(1 − θi)δi(X) + θi(1 − δi(X))} (2.5)

for a decision rules δ(X) = (δ1(X), . . . , δn(X)) ∈ {0, 1}n, where λ is the relative

cost of make a false discovery (type I error) to that of missing a true discovery(

type II error) and assumed to be constant over all the hypotheses. They

considered the Bayes rule associated with this loss function and showed that

it is also optimal from a multiple testing view that controlling the mFDR at

level α while minimizing the mFNR, where

mFDR =
E[

∑n
i=1 δi(X)(1 − θi)]

E[
∑n

i=1 δi(X)]
(2.6)

mFNR =
E[

∑n
i=1{1 − δi(X)}θi]

E[
∑n

i=1{1 − δi(X)}]
(2.7)
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They achieved this optimality using the test statistics Ti(x) = P r(θi = 0|x) in

terms of local FDR measures, and called it the oracle procedure.

According to the Bayes rule, δi(x) = 1 when Ti(x) ≤ 1
1+λ

. Then they show

the oracle procedure how to control the mFDR at α in the following steps:

1. Order Ti(x) increasingly by T(1)(x) ≤ T(2)(x) ≤ . . . T(R)(x) . . . ≤ T(n)(x).

2. Choose R = max{j : 1
j

∑j
i=1 T(i)(x) ≤ α}.

3. Set 1
1+λ

= T(R)(x). Reject H(1), H(2), . . . , H(R).

Assuming a monotone likelihood ratio condition on the test statistic Ti(x),

they also constructed a data-driven version of it under independence (Sun and

Cai (2007)) or Markov dependence (Sun and Cai (2009)) for the θi’s. The

numerical results show their oracle procedure outperforms other competitors,

such as BH procedure (1995) and Genovese and Wasserman (2001). They

also proved their data-driven procedure is asymptotically equivalent to the

corresponding oracle procedure.

Sun and Cai (2009) further discussed this mFDR controlling procedure

under dependence. The observed data are assumed to be generated from an

underlying two-state Hidden Markov model. It is shown the procedures pro-

posed control mFDR therefore control FDR at the desired level, enjoy certain

optimality properties and are especially powerful in identifying clustered non-

null cases.

He et al. (2015) reformulate Sun and Cai’s compound decision theoretic

framework for multiple testing by using a general loss function incorporating

the type II error severity and under a general model allowing arbitrary depen-

dence. They derive an oracle procedure taking the type II error severity into
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account without requiring any specific distributional properties for the under-

lying test statistics, and also a data-driven procedure is provided and proved

to be asymptotic equivalence to the oracle procedure under independence.

2.2 Grouped Hypotheses Testing Approaches

For modern large-scale multiple hypotheses testing, we usually have thou-

sands of hypotheses to test at the same time. In many of these cases, there is

some prior information that some group structure exists among these hypothe-

ses, or the hypotheses can be divided into subgroups based on the character-

istics of the problem. Ignoring the group structures in such data analysis can

be inappropriate. Testing such grouped hypotheses has been receiving more

and more research interests. In this section, we will discuss some of these

existing procedures, which will be recalled later in the next few chapters for

the purpose of comparing them with our newly proposed procedures.

2.2.1 Heller et al. Procedure

Heller et al. (2009) posed the problem of discovering differentially expressed

genes with gene sets as a multiple testing problem of grouped hypotheses.

They consider selecting promising gene sets before looking for differentially

expressed genes within these gene sets. They define an erroneous discovery set

if the set is selected while actually there is no significant gene in the set, or if

the set is appropriately selected but one of the genes in the set is erroneously

discovered. They define the Overall FDR (OFDR) as the expected proportion

of erroneous discoveries of gene sets out of all the selected gene sets.
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2.2.2 Grouped BH Procedure

Hu et al. (2010) considered the FDR control for testing groups of hypothe-

ses from a different perspective and named it the Grouped Benjamini-Hochberg

(GBH) procedure. This procedure utilizes a weighting scheme based on a sim-

ple Bayesian argument using prior information on the proportion of true nulls

among the hypotheses within each group. The weighted p- values are calculat-

ed by group based on each groups’ known ratio of null-to-false null hypotheses

before pulling all the weighted p-values into a single group and applying the

BH procedure on them at an adjusted level αw = α
1−π0

. Here, the group struc-

ture of the p-values are assumed to be known, but if it is unknown, the authors

considered two grouping strategies, one using Gene Ontology (GO) and the

other using the k-means clustering.

In the oracle case of the GBH procedure, they set the weighted p-values in a

way that assumes P w
g,i = ∞ if πg,0 = 1, accepting the corresponding hypotheses

for these groups g. This seems to be sophisticated way to do the test and

does not allow making a fair comparison with other relevant procedures in

this context. When πg,0 is unknown, this advantage is unachievable. And if

πg,0 is unknown, they propose an adaptive method to estimate it, with the

corresponding adaptive GBH offering an asymptotic control of the FDR under

weak dependence.. The asymptotic notion assumes N → ∞(the total number

of hypotheses), with the number of groups k being finite, which means that the

at least one group size approaches to ∞. This is not a valid assumption in many

applications. Furthermore, when πg,0 for each group is not estimatable, as in

a precise model setting, the weight is meaningless. Moreover, this procedure

doesnąŕt take advantage of evidence gathered from the data for a particular
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group being significant.

2.2.3 CLfdr Procedure

Cai and Sun (2009) discussed the simultaneous testing of grouped hypothe-

ses for independent data collected from heterogeneous sources from a Bayesian

perspective. The multiple group model they assume is as follows: the M hy-

potheses are divided into G groups with prior probability πg; the random

mixture model X ∼ (1 − pg)Fg0(x) + pgFg1(x) holds separately within each

group, with possibly different pg, fg0 (the density of Fg0), and fg1 (the density

of Fg1). The CLfdr procedure involves the following three steps:

1. Calculate the CLfdr values

CLfdrg(xgj) =
(1 − pg)fg0(xgj)

fg(xgj)

where g = 1, 2, . . . , G; j = 1, 2, . . . , mg.

2. Pull the CLfdr values into a single group and rank them. Denote by

CLfdr(1), · · · , CLfdr(N) the ranked CLfdr values with H(1), . . . , H(N)the

corresponding hypotheses.

3. Reject all H(i),i = 1, . . . , l, where l = max{i : (1/i)∗
∑i

j=1 CLfdrj ≤ α}.

Similar to GBH procedure, CLfdr procedure utilizes the external group infor-

mation to calculate the CLfdr values before pulling them into a single group

to to make the final decision. However, when the specific group information

for each group is ambiguous, or all the groups share the same information, the

CLfdr procedure would become the procedure without group information (we

refer it as PLfdr procedure later).



25

2.2.4 Benjamini and Bogomolov’s Average Error Rate

Controlling Procedure

Benjamini and Bogomolov (2014) considered the adjustment for selection

bias in testing multiple families of hypotheses. They consider selecting groups

first and look into the selected families. However, they are controlling the

expected average value of some error rate C over the selected families. They

apply the selection rule S to the ensemble of sets P , identifying the selected

set of families S(P ). Let R be the number of selected families and apply E(C)-

controlling procedure in each selected family separately at new adjusted level

Rα/G (G is the number of group). This is a continued work of Benjamini

et al. (2009) about selective inference in the context of confidence intervals

(CIs) for the selected parameters.

2.2.5 BH-Bonferroni Procedure

Similar to Benjamini and Bogomolov (2014)’s grouped hypotheses testing

idea which select significant families first then make discoveries within each

selected family, Clements et al. (2011) developed two new statistical procedures

to control the total FDR for group-dependent data, a two-stage BH method

and an adaptive two-stage BH method. The similarity is that they both use

the number of significant group to adjust for the significance level of each

group; while Benjamini and Bogomolov (2014)’s method controls the expected

average value of some error rate, Clements et al. (2011)’s method controls the

overall FDR. In this dissertation, we refer to Clements et al. (2011)’s procedure

as the BH-Bonferroni procedure. The detail of this procedure in the context
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of a rectangular form of data is as follows:

1. Divide the data rectangle into D by D mutually exclusive groups. The

group size is S = D2 and the total number of groups is G = N/S, where

N is the total number of hypotheses.

2. Find the minimum p-value of each group, P
(g)
min. Using Bonferroni Combi-

nation method to find the grouped p-values for each group, Qg = SP
(g)
min,

for g = 1, 2, . . . , G.

3. Apply the BH procedure to these grouped p-values to detect the potential

significant groups.. Record the number of these significant groups as

k∗BH .

4. Identify the jth individual component within the gth potential group

as being significant if the corresponding p-value, say Pgj, is such that

SPgj ≤ k ∗BH α/G.

They proved this BH-Bonferroni procedure controls the FDR at α if the

groups are independent or positively dependent in a certain sense.

In the adaptive two-stage BH method, they use Ŝg instead of S when using

Bonferroni Combination method to find the grouped p-values for each group,

where Ŝg = min{

∑S

j=1
I(Pgj>λ)+1

1−λ
, S} for some tuning parameter λ.

2.2.6 Sun and Wei’s Procedure

Sun and Wei (2011)considered multiple testing of groups of hypotheses in

the context of pattern identification of gene sets in microarray time-course

(MTC) experiments. They formulated their problem as a set-wise multiple
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testing problem using a decision theoretic framework, before proposing a data-

driven procedure that aims to minimize the missed set rate subject to a con-

straint on the false set rate. Their primary focus has been to identify gene

sets that are significant in the sense of exhibiting overall temporal patterns

across time-points, not to carry forward this identification process at each of

the time-points for a significant gene.

They discussed that one feature of the time-course experiments is that if

a gene is differentially expressed at one time point, it is very likely to remain

differentially expressed at the next time point. So, the local dependency struc-

ture can be approximated by a hidden Markov model (HMM). Specifically, an

HMM assumes that the temporal sequence of the underlying states (Differ-

entially Expressed or Equally Expressed) of a particular gene form a Markov

chain and the observed gene expression data are independent conditioning on

the hidden states. In their analysis, they considered inhomogeneous HMMs

and the hierarchical Gamma-Gamma model.

They proposed the false set rate (FSR) and missed set rate (MSR) to

combine the errors in set-wise testing.

FSR = E{

∑G
i=1(1 − ϑi)δi

(
∑G

i=1)
∨

1
}

and

MSR = E{

∑G
i=1 ϑi(1 − δi)
(
∑G

i=1)
∨

1
}

Here, a binary vector ϑ = (ϑ1, . . . , ϑm) ∈ {0, 1}m, where ϑi = o, if θi ∈ Θ0 and

ϑi = 1 otherwise.

And the test statistic they used is the generalized local index of significance
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(GLIS),

GLISi = P
Ψ̂

(ϑi = 0|ei)

=
∑

s={s1,...,sK}∈Θ0

P
Ψ̂

(θi = s|ei)

where Ψ̂ is the collection of all estimated parameters, ϑi is a binary random

variable indicating whether a gene is interesting or not, s is a K-dimensional

binary vector and Θ0 is the null parameter space. Compared to the combined

p-value which can only be used for testing the total number of nonnulls in a

set, the GLIS statistic can be used to screen for various complicated patterns.

And the maximum likelihood estimate (MLE) of Ψ̂ can be obtained by EM

algorithm.

Our proposed Bayesian procedure will be a new multiple testing method for

grouped hypotheses controlling total false discoveries (across all hypotheses)

and within-group false discoveries. The aforementioned existing procedures

identify the significant groups first and then make the final decisions within

each significant group. Our proposed procedure, however, takes the reverse

route. It screens the hypotheses within each group for potential discoveries at

a significant level less than or equal to α, then at the second stage, it makes the

final decision by selecting the significance groups with significant within-group

discoveries by controlling the FDR at level α. We will discuss our procedure

in details in the next chapter.
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CHAPTER 3

THE PROPOSED

METHODOLOGY AND ITS

OPTIMALITY

This chapter provides our proposed new methodology for multiple testing

of grouped hypotheses controlling false discoveries from Bayesian perspective.

The methodology is developed by starting with the definition of false discov-

ery rate in its posterior form across all hypotheses and then representing it in

terms of posterior measures of within-group false discoveries across all signif-

icant groups. In addition to providing the validity of our proposed procedure

as a false discovery rate controlling procedure, we present some optimality

properties for the decisions made both within and between groups.
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3.1 The Proposed Methodology

Let us first define the following with the only model assumption made at

this point that the hidden states are binary random variables:

fdrj|g(X) = P (θj|g = 0|θg = 1, X) and fdrg(X) = P (θg = 0|X). (3.1)

These are the local FDR scores, respectively, for the jth hypothesis in the gth

group given that the group is truly significant and for the gth group itself.

Then, since the posterior total FDR, denoted by PFDRT (X),
∑G

g=1

∑mg

j=1(1 − θgj)δgj(X){∑G
g=1

∑mg

j=1 δgj(X)
}

∨ 1

= I(
G∑

g=1

mg∑

j=1

δgj(X) > 0) −

∑G
g=1

∑mg

j=1 θgjδgj(X){∑G
g=1

∑mg

j=1 δgj(X)
}

∨ 1
,

can also be expressed as follows:

I(
∑

g

∑

j

δgj(X) > 0) − P FDRT (X)

=

∑
g

{
δg(X)P (θg = 1|X)

∑
j δj|g(X)P (θj|g = 1|θg = 1, X)

}

(∑
g δg(X)

{∑
j δj|g(X)

})
∨ 1

=

∑
g

{
δg(X)(1 − fdrg(X))

∑
j δj|g(X)(1 − fdrj|g)(X)

}

(∑
g δg(X)

{∑
j δj|g(X)

})
∨ 1

,

=

∑
g

{
δg(X)(1 − fdrg(X))[I(

∑
j δj|g(X) > 0) − P FDRW |g(X)]

∑
j δj|g(X)

}

(∑
g δg(X)

{∑
j δj|g(X)

})
∨ 1

,

where

P FDRW |g =
∑

j δj|g(X)fdrj|g(X){∑
j δj|g(X)

}
∨ 1

is the posterior FDR within the gth group that is truly significant. Thus,

P FDRT (X) =

∑
g δg(X)

{
1 − (1 − fdrg(X))(1 − P FDRW |g(X))

} ∑
j δj|g(X)

(∑
g δg(X){

∑
j δj|g(X)}

)
∨ 1

.(3.2)
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This leads us to our proposed method in its oracle form, as stated in the

following. For notational convenience, from this point onwards we will often

suppress the symbol X in the quantities that obviously depend on the data.

The Proposed Method

Step 1. For each g, let fdr(1)|g ≤ fdr(2)|g · · · ≤ fdr(mg)|g be the ordered fdrj|g,

with Hg(1), . . . , Hg(mg) being the corresponding hypotheses, and find

Rg = max



kg :

1
kg

kg∑

j=1

fdr(j)|g ≤ η



 ,

given 0 < η ≤ α < 1. Mark the hypotheses Hg(1), . . . , Hg(Rg) for possible

rejection and go to the next step.

Step 2. Calculate ηg = 1
Rg

∑Rg

j=1 fdr(j)|g, and define fdr∗
g = 1−(1−ηg)(1−fdrg),

for each g. Order these fdr∗
g values as fdr∗

(1) ≤ · · · ≤ fdr∗
(G), and find

l = max



k :

∑k
g=1 R(g)fdr∗

(g)∑k
g=1 R(g)

≤ α



 ,

with R(g) being the value of R for the group that corresponds to fdr∗
(g).

The hypotheses that were marked for possible rejection in the groups

(1), . . . , (l) are ultimately rejected.

Theorem 3.1 Given any 0 < η ≤ α < 1, the proposed two-stage multiple

testing method for grouped hypotheses controls the PFDRT at level α.

Proof. A proof of this theorem is immediate, since PFDRT of the proposed

method is
∑l

g=1 R(g)fdr∗
(g)/

∑l
g=1 R(g), which is less than or equal to α.
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Remark 1 The proposed Bayesian method is developed with special attention

given to that the hypotheses are grouped, with each group having a signifi-

cance probability of its own. It also takes into account the dependency, which

could be naturally present or caused inherently due to grouping, between the

significance of a hypothesis and that of the group containing it. More specif-

ically, given data, (i) it measures strength of evidence towards rejection for

each hypotheses within a group conditional on that for the group itself by

using 1 −fdrj|g, (ii) pulls up the hypotheses with the highest average measure

of conditional evidence exceeding 1 − η from each group, and (iii) then sets

up a rejection rule for these selected sub-groups of hypotheses by taking into

account the measures of evidence towards rejection for the respective groups

subject to a control over total false discoveries at the desired level.

Let us consider testing a single group of hypotheses, say H1(1), . . . , H1(m1),

assuming that G = 1. Here, since η1 = 1
R1

∑R1
j=1 fdr(j)|1,

where R1 = max
{
k1 : 1

k1

∑k1
j=1 fdr(j)|1 ≤ η

}
, and fdr∗

1 = fdr1+(1−fdr1) 1
R1

∑R1
j=1 fdr(j)|1,

our method rejects the first R1 of these hypotheses if

R1 = max



k :

1
k

k∑

j=1

fdr(j)|1 ≤ min (η, [α − fdr1]/[1 − fdr1])



 . (3.3)

Our assumption that η should be restricted within the interval (0, α] can be

justified from (2.3), since outside this interval η has no effect on R1. Although

our method works for any η ≤ α, it works the best when η = α with R1 =

max
{
k : 1

k

∑k
j=1 fdr(j)|1 ≤ [α − fdr1]/[1 − fdr1]

}
. This method with η = α is

slightly different from the SC (Sun and Cai (2007)) method for testing a single

group of hypotheses. It actually modifies the SC method by incorporating into

the method the strength of significance of the group measured using its local

fdr, and thus lets the SC method to adapt itself according to the group’s own
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significance. Our method, of course, reduces to the SC method (irrespective

of η) when mg = 1.

Going back to testing multiple groups of hypotheses, although our method

allows η to be chosen differently for the different groups, each within the

interval (0, α], we consider keeping the η’s same. Our reason is that it allows

us to use a certain portion of the overall FDR level to maintain control over

within-group false discoveries. This may be desirable in some applications

where one would like to attach some measure of reliability to decisions made

within each group. Of course, the choice of η is subjective and can be made

judiciously based on ones prior knowledge or expertise.

Nevertheless, we will be choosing η = α in the following sections on simu-

lation studies and real-data application of our method.

3.2 Optimality of the Proposed Method

The proposed two-stage method is a composition of two multiple testing

methods - one applied in Step 1 to the hypotheses within each group to dis-

cover those that are potentially significant, and the other applied in Step 2

to the groups containing these potentially significant hypotheses to discover

those groups that are significant before ultimately rejecting the potentially

significant hypotheses within them. Each of these methods controls a measure

of false (hypothesis- or group-specific) discoveries at its own specified level.

Therefore, when establishing an optimality for our two-stage method, it seems

worthwhile that we do so separately for these two methods.

Our optimality results for the within-group decisions made in Step 1 and

the between-group decisions made in Step 2 (given the within-group decisions
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in Step 1), consist of showing that these decisions are based on a Bayes rule

when ranking the hypotheses or groups in terms of a measure of significance

and minimize appropriate type II errors subject to controlling an appropriate

measure of (hypothesis- or group-specific) false discovery rate aposteriori.

Towards formulating the loss functions for the within- and between-group

decisions, we first note that
∑

g δgθg
∑

j δj|g(1−θj|g) and
∑

g δgθg
∑

j(1−δj|g)θj|g

are the total numbers of type I and type II errors, respectively, associated with

the decisions made within the (truly significant) groups in Step 1. For the

decisions made across the groups in Step 2, given the values of δj|g’s for the

hypotheses within these groups as determined in Step 1, the type I and type

II errors, respectively, are
∑

g δg(1 − θg)
∑

j δj|g +
∑

g δgθg
∑

j δj|g(1 − θj|g) and
∑

g(1 − δg)θg
∑

j δj|gθj|g. In other words,

L1(δ, θ) =
∑

g

δgθg





∑

j

[
δj|g(1 − θj|g) + λg(1 − δj|g)θj|g

]


 (3.4)

is the loss function for the within-group decisions in Step 1; whereas,

L2(δ, θ) =
∑

g

δg(1−θg)
∑

j

δj|g+
∑

g

δgθg

∑

j

δj|g(1−θj|g)+λ
∑

g

(1−δg)θg

∑

j

δj|gθj|g

(3.5)

is the conditional loss function for the between-group decisions given the de-

cisions made within the groups.

Since

E(L1|x) =
∑

g

δg(1 − fdrg)
∑

j

δj|g[fdrj|g − λg(1 − fdrj|g)] +

∑

g

δg(1 − fdrg)
∑

j

λg(1 − fdrj|g),

the within-group risk is minimized aposteriori when the δj|g’s are such that

δj|g = 1 if and only if fdrj|g ≤ λg(1 − fdrj|g). Thus, we note the following:
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Theorem 3.2 For the problem of deciding between θj|g = 0 and θj|g = 1

simultaneously for j = 1, . . . , mg; g = 1, . . . , G under the loss function (3.4),

the following are the Bayes rules:

δj|g =





1 if fdrj|g ≤ λg(1 − fdrj|g)

0 otherwise,
(3.6)

for j = 1, . . . , mg; g = 1, . . . , G.

For between-group decisions, it is noted that

E(L2|x) =
∑

g

δg [1 − (1 − fdrg)(1 − ηg) − λ(1 − fdrg)(1 − ηg)] Rg +

λ
∑

g

(1 − fdrg)(1 − ηg)Rg.

Given (ηg, Rg), for g = 1, . . . , G, it is minimized by the δg’s for which δg = 1 if

and only if 1 − (1 − fdrg)(1 − ηg) ≤ λ(1 − fdrg)(1 − ηg). In other words, we

have the following:

Theorem 3.3 For the problem of deciding between θg = 0 and θg = 1, given

(ηg, Rg), simultaneously for g = 1, . . . , G under the loss function (3.5), the

following are the Bayes decision rules:

δg =





1 if 1 − (1 − fdrg)(1 − ηg) ≤ λ(1 − fdrg)(1 − ηg)

0 otherwise,
(3.7)

for g = 1, . . . , G.

Remark 2 Theorems 3.2 and 3.3 provide optimal paths for developing a two-

stage multiple testing procedure for grouped hypotheses which we talked about

in Section 2. More specifically, Theorem 3.2 suggests that when determining

the significance of the hypotheses within each group subject to a control over
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a within-group measure of false discoveries, the hypotheses within that group

should be ranked according to the values of fdrj|g/(1−fdrj|g), or equivalently

the values of fdrj|g, before determining a threshold guaranteeing the desired

control over that measure of false discoveries. When it comes to determin-

ing the significance of the groups, given the information about the hypotheses

within them obtained in Step 1, subject to controlling a measure of false dis-

coveries across the groups, Theorem 3.3 suggests that the groups should be

ranked according to the values of [1− (1−fdrg)(1−ηg)]/(1−fdrg)(1−ηg), or

equivalently the values of 1−(1−fdrg)(1−ηg) before a threshold is determined

subject to controlling that measure of false discoveries.

Now, with these within- and between- group level decision rules, we have

the following two theorems.

Theorem 3.4 For a two-stage decision rule δ, let the posterior false discovery

rate and the expected type II errors for the multiple testing method applied in

Step 1 to identify the significant hypotheses in group g be defined, respectively,

by PFDRW |g(δ) (as in (3.2)) and as follows:

TypeIIW |g(δ) = E





∑

j

(1 − δj|g)θgθj|g

∣∣∣∣∣x





= (1 − fdrg)
∑

j

(1 − δj|g)(1 − fdrj|g). (3.8)

Then, with δ denoting our two-stage rule, we have TypeIIW |g(δ) ≤ TypeIIW |g(δ′)

for any other two-stage rule δ′ satisfying PFDRW |g(δ′) ≤ PFDRW |g(δ).

Theorem 3.5 For a two-stage decision rule δ, let

P FDRT |W (δ) =
∑

g δg [1 − (1 − fdrg)(1 − ηg)] Rg(∑
g δgRg

)
∨ 1

, (3.9)
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and

TypeIIT |W (δ) = E

{∑

g

(1 − δg)θg(1 − ηg)Rg

∣∣∣∣∣x
}

=
∑

g

(1 − δg)(1 − fdrg)(1 − ηg)Rg, (3.10)

be respectively the false discovery rate and the expected type II errors, a poste-

riori, for the multiple testing method applied in Step 2 to the groups contain-

ing the hypotheses marked as potentially significant in Step 1 to identify those

groups that are significant. Then, given that Step 2 is restricted to the same set

of groups containing the non-zero potentially significant hypotheses, we have,

with δ denoting our two-stage rule, TypeIIT |W (δ) ≤ TypeIIT |W (δ′) for any

other two-stage decision rule δ′ for which PFDRT |W (δ′) ≤ PFDRT |W (δ).
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CHAPTER 4

NUMERICAL STUDIES AND

A REAL DATA

APPLICATION

We conducted numerical studies to examine how well our proposed Bayesian

method performs in comparison with its relevant competitors in their oracle

and data-driven forms under certain model assumptions. In this chapter, we

present these model assumptions, the other competing methods, and the re-

sults of the simulation studies. We also apply this method to a real data

application under the BSG model assumption.

Our simulations involve EM algorithm, which were run through the Owl’s

nest, a Linux cluster for high-performance computing at Temple University.

High-performance computing allows us to run simulations parallelly across

different scenarios, with each scenario taking an exclusive processor and band-

width to increase the speed. The simulations were done on the ”highmem”
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subsection, the most powerful section within the Owl’s nest. The running time

varies for different scenarios. Calculations with independent Bernoulli models

took less time while those with Hidden Markov Model took much more. The

actual running time varied from 5 to 48 hours with 500 replications.

4.1 Model Settings

Consider the following model for (Xgj , θg, θj|g), g = 1, . . . , G; j = 1, . . . , mg,

θg
i.i.d.
∼ Bernoulli(π1),

θ1|g, . . . , θmg |g|θg = 0 i.i.d
∼ Bernoulli (0) (i.e., P (θj|g = 0|θg = 0) = 1),

θ1|g, . . . , θmg |g|θg = 1 ∼

∏mg

j=1

{
(1 − π2|1)1−θj|g π

θj|g

2|1

}
I(

∑
j θj|g > 0)

1 − (1 − π2|1)mg

[Truncated Bernoulli (π2|1)]

or

θj|g|θg = 1 ∼ Hidden Markov Model (p1
h, aj

kh) where k, h ∈ {0, 1},

Xgj | θgj
ind
∼ (1 − θgj)f0(xgj) + θgjf1(xgj), for some given densities f0 and f1 .

(4.1)

For simplicity, we call the model with Truncated Bernoulli hidden states within

each Significant Group as BSG model and the model with Markov hidden

states within each Significant Group as MSG model. For the BSG model,

the π2|1’s are assumed to be the same across all the significant groups. In the

MSG model, p1
h = P (θg1 = h) is the initial probability, and aj

kh = P (θj|g =

h|θj−1|g = k) is the transition probability that doesn’t depend on g. If aj
kh is

the same across all j’s, it is called the homogeneous MSG model; otherwise,

it is called the in-homogeneous MSG model.
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These models reflect group-dependence, that is, the underlying dependence

exists within but not between groups, which is often referred to as clumpy or

weak dependence and assumed in many multiple testing applications. The

BSG model would be adequate if one would like to focus only on the group

structure, whereas the MSG model pays attention to group as well as depen-

dence structures.

When all the parameters are known, it is easy to calculate fdrj|g and fdrg

for the BSG model. As shown in Appendix A.1, with x = (x11, . . . , xGmG
) and

xg = (xg1, · · · , xgmg
), these are, respectively,

fdrj|g (4.2)

= P (θj|g = 0|θg = 1, x)

=
f(θj|g = 0, x|θg = 1)

f(θj|g = 0, x|θg = 1) + f(θj|g = 1, x|θg = 1)

=
(1 − π2|1)f0(xj)

∏mg

k(6=j)=1{(1 − π2|1)f0(xk) + π2|1f1(xk)} − (1 − π2|1)mg
∏mg

k=1 f0(xk)
∏mg

k=1{(1 − π2|1)f0(xk) + π2|1f1(xk)} − (1 − π2|1)mg
∏mg

k=1 f0(xk)

(4.3)

and

fdrg = P (θg = 0|xg) =
(1 − π1)f(xg|θg = 0)

(1 − π1)f(xg|θg = 0) + π1f(xg|θg = 1)
, (4.4)

where

f(xg|θg = 0) =
mg∏

j=1

f0(xgj |θgj = 0)

and

f(xg|θg = 1) =
∏mg

j=1{(1 − π2|1)f0(xj) + π2|1f1(xj)} − (1 − π2|1)mg
∏mg

j=1 f0(xj)
1 − (1 − π2|1)mg

.

For the MSG model, we use forward-backward algorithm to calculate the

local FDR scores (Bilmes (1998)). Define αgj(l) = P (xg1, xg2, . . . , xgj , θj|g =
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l|θg = 1) and βgj(l) = P (xgj+1, . . . , xgmg
|θj|g = l, θg = 1) (for l = 0, 1). Then,

the local FDR values for the MSG model are given by

P (θj|g = 0|x, θg = 1) =
αgj(0)βgj(0)

αgj(0)βgj(0) + αgj(1)βgj(1)

and

P (θg = 0|xg) =
(1 − π1)

∏mg

j=1 f0(xgj)
(1 − π1)

∏mg

j=1 f0(xgj) + π1f(xg|θg = 1)
,

where f(xg|θg = 1) = αgj(0)βgj(0) + αgj(1)βgj(1).

4.2 Competing Methods

The most relevant, alternative approaches against which ours should be

compared are the ones that ignore the group structure and perform multiple

testing by pulling the hypotheses in a single group. With that in mind, we

consider the following two methods and present them in their oracle forms

under the above model setting.

The SC Method (Sun and Cai (2007)). This is the most naive decision

theoretic approach one could take in the present context. Here, the hypothe-

ses are pulled into a single group before applying a multiple testing method

developed from a decision theoretic point of view. Since it ignores the group

structure of the hypotheses, it should be the most relevant one to compare

with for any decision theoretic approach specifically designed to capture the

group and/or the associated dependence structure. Let

P Lfdrgj(x) = P r(θgj = 0|x) =
P (θgj = 0)f0(xgj)

f(xgj)
,
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the pulled local FDR score for each hypothesis. Let P Lfdr(1) ≤ · · · ≤

P Lfdr(N) (N =
∑

g mg) be the ordered P Lfdr values, with H(1), . . . , H(N)

being the corresponding hypotheses. Find

k = max

{
i :

1
i

k∑

i=1

P Lfdr(i) ≤ α

}
,

and reject H(i) for all i = 1, . . . , k.

Under the BSG model, we have

P Lfdrgj(x) =
(1 − π1π2|1)f0(xgj)

(1 − π1π2|1)f0(xgj) + π1π2|1f1(xgj)
.

Under the MSG model, we can use the forward-backward algorithm to

calculate P (θgj = 0) and P (θgj = 1) for each g and j, and then get the PLfdr.

The Adaptive BH Method. (Benjamini and Hochberg (2000)). Let each Xgj

be transformed to its p-value Pgj . Let P(1) ≤ · · · ≤ P(N) be the ordered versions

of the these p-values when they are pulled into a single group. Compute

k = max
{

i : (1 − π1π2|1)P(i) ≤
iα

N

}
.

If such a k exists, then reject the hypotheses associated with P(1), . . . , P(k);

otherwise, do not reject any hypotheses.

Under the BSG model, P (θgj = 0) = 1 − π1π2|1; under the MSG model,

P (θgj = 0) is calculated using the forward-backward algorithm.

Remark 3 It should be noted that Sun and Cai (2009) introduced a multiple-

group version of the SC method. However, it was proposed under a model

setting that is different from ours. Similarly, Hu et al. (2010) developed an

adaptive BH method for grouped hypotheses, but again it relies on differen-

t model assumptions. In particular, in these two approaches, π1 has been

assumed to be one.
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4.3 Oracle Comparison

We now present the results of our numerical studies conducted under both

the BSG and MSG models. We examine the performance of our method

relative to its aforementioned competitors in terms of FDR control and power

as defined through the FNR (the expected proportion of false acceptances

among all the accepted hypothesis) as well as the Average Power (the expected

proportion of truly rejected hypothesis).

BSG Model. Set f0(x) ≡ φ(x), the pdf of N(0, 1), f1(x) = φ(x − δ), and

α = 0.05. There are five unknown quantities, π1, π2|1, δ, G, and mg. The value

of η = α was set at 0.05. The simulated values of FDR, FNR and Average

Power were calculated based on 500 runs for each of these three methods

having chosen some values for these quantities.

Figure 4.1 shows the comparison of the four methods in terms of simulated

FDR, FNR and Average Power. The basic values chosen for the unknown

quantities are π1 = 0.2, π2|1 = 0.6, G = 100, mg = 100, and δ = 2. In each

figure, we allow the value of one of these quantities to vary, holding the other

quantities at the aforementioned values. As seen from the graphs, our proposed

procedure can perform significantly better than the other two methods in all

cases.

MSG Model. For the reason of simplicity, we assume the homogeneous

MSG model with the initial probability of p1
1 and the transition matrix (1 −

a01, a01; 1 − a11, a11) with θg = 1. The simulated values of FDR, FNR and

Average Power were calculated based on 500 runs for each of the three methods

and some chosen values of the unknown quantities G, mg, p1
1, π1, a01, a11, δ, and
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Figure 4.1: Simulation results for the proposed( ), the SC( ), and the

Adaptive BH( ) procedures in their oracle forms under the BSG model.



45

η. We chose G = 50, mg = 100, p1
1 = 0.5, π1 = 0.2, a01 = 0.4, a11 = 0.8, δ = 2,

and η = 0.025 as the basic values for these variables. The FDR, FNR and

Average Power of the four methods are plotted in Figure 4.2 where we allow

just one quantity to vary, holding the others at the aforementioned values, in

each graph. From Figure 4.2, we can see that in most cases, our procedure

has superior performance over the other two methods.

It is clearly demonstrated in this section that our proposed Bayesian method

can successfully capture the group structure and outperform its competitors

when all the model parameters are known. To see how this method performs

when the parameters are unknown, we derive a data-driven version of it in the

next section.

4.4 Data-driven method

In the oracle version of our proposed method, the distribution of the data

under the alternative hypothesis is assumed to have a canonical form f1(xgj).

In this section, however, we model it as an L-component mixture of normal

distributions, that is, we assume Xgj|θgj ∼ (1 − θgj)f0(xgj) + θgjf1(xgj), with

f0(x) ≡ φ(x) and

f1(x) =
L∑

l=1

cl
1
σl

φ
(

x − µl

σl

)
,

while proposing a data-driven version of the method. The data-driven method

is derived by replacing the parameters in our proposed oracle method under

this distributional setting by their estimates that are obtained by the EM

algorithm.

In the following, we outline the EM algorithm steps for estimating the
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Figure 4.2: Simulation Results for proposed( ), the SC( ), and the

Adaptive BH( ) procedures in their oracle form under the MSG model.
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parameters and present the results of simulation studies assessing the perfor-

mance of the resulting data-driven method against its competitors under each

of the BSG and MSG models.

4.4.1 BSG Model

Parameter Estimation

The within- and between-group local FDRs are given by (4.2) and (4.4),

respectively. Let (x, θ) be the complete observation, where θ = (θg, θj|g, g =

1, 2, . . . , G, j = 1, 2, . . . , mg). Let β = (π1, π2|1, cl, µl, σ2
l ) be the parameter and

β′ = (π′
1, π′

2|g, c′
l, µ′

l, σ2′

l ) be the value of the parameter in the current iteration.

By maximizing the Q function, the expected value of the complete-data

log-likelihood l(x, θ), with respect to the unknown θ given the observed data

x and β′, we can update the parameter β as in the following (see Appendix

A.3 for more details):

πnew
1 = 1 −

∑
g P (θg = 0|x, β′)

G
= 1 −

∑
g fdrg(β′)

G

πnew
2|1 =

∑
g

∑mg

j=1 P (θg = 1, θj|g = 1|x, β′)
∑

g

∑mg

j=1 P (θg = 1|x, β′)

cnew
l =

∑
g

∑mg

j=1 P (θj|g = 1, θg = 1, mj|g = l|x, β′)
∑

g

∑mg

j=1 P (θg = 1, θj|g = 1|x, β′)

µnew
l =

∑
g

∑mg

j=1 xgjP (θg = 1, θj|g = 1, mj|g = l|x, β′)
∑

g

∑mg

j=1 P (θg = 1, θj|g = 1, mj|g = l|x, β′)

σ2new
l =

∑
g

∑mg

j=1(xgj − µnew
l )2P (θg = 1, θj|g = 1, mj|g = l|x, β′)

∑
g

∑mg

j=1 P (θg = 1, θj|g = 1, mj|g = l|x, β′)
,
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where

P (θg = 1, θj|g = 1, mj|g = l|x, β′)

= P (θj|g = 1, mj|g = l|θg = 1, x, β′)P (θg = 1|x, β′)

=
clfl(xgj |β

′)
(1 − π2|1)f0(xgj |β

′) + π2|1f1(xgj |β
′)

[1 − fdrg(β′)] ,

and fdrg(β ′) = p(θg = 0|x, β′). Here mj|g = l means that xgj is generated

from N(µl, σ2
l ).

Simulation Results

We simulated the FDR, FNR and Average Power, as in the oracle com-

parison, for each of the two methods with different values of the unknown

quantities π1, π2|1, G, mg, δ, σ, and L. When L = 1, the basic values chosen

for these quantities were: π1 = 0.2, π2|1 = 0.6, G = 100, mg = 100, δ = 2,

and σ = 1. When L = 2, we set c1 = c2 = 0.5, δ2 = −2, and σ2 = 1. The

values of α and η were set at 0.05 and 0.025, respectively. For each setting,

the simulated values were based on 500 runs.

The simulation results are displayed in Figures 4.3 (L=1) and 4.4 (L=2).

In each graph, we allow the value of one of the above quantities to vary while

holding the others at the aforementioned values. As seen from these figures:

(i) The performance of the data-driven method is very close to that of the

oracle version, (ii) the overall FDR of all the procedures are controlled at the

desired level α in all the scenarios considered, and (iii) the average power of

the proposed method is the highest in most cases (as seen from Figures 4.3c

and 4.4c).
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Figure 4.3: Simulation results for our data-driven( ), the SC( ), and the

Adaptive BH( ) procedures with parameters estimated by EM algorithm

and our oracle procedure( ) with L = 1 under the BSG model.
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Figure 4.4: Simulation results for our data-driven( ), the SC( ), and the

Adaptive BH( ) procedures with parameters estimated by EM algorithm

and our oracle procedure( ) with L = 2 under the BSG model.
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4.4.2 MSG Model

Parameter Estimation

Under the MSG model, the parameter to be estimated is β = (π1, p1
h, aj

k,h, cl, µl, σ2
l ).

Let β′ be the value of the parameter at the current iteration. As shown in

Appendix A.3, the parameter β can be updated iteratively as follows:

1.

πnew
1 = 1 −

∑
g P (θg = 0|x, β′)

G
= 1 −

∑
g fdrg(β′)

G
.

2.

p1new
0 =

∑
g P (θg = 1, θ1|g = 0|x, β′)

∑
g P (θg = 1|x, β′)

=
∑

g fdr1|g(β′) [1 − fdrg(β′)]
∑

g(1 − fdrg(β′))
.

3. For homogeneous transition probabilities,

anew
k,h =

∑
g

∑mg

j=2 P (θg = 1, θj−1|g = k, θj|g = h|x, β′)
∑

g

∑mg

j=2 P (θg = 1, θj−1|g = k|x, β′)
,

and for inhomogeneous transition probabilities,

aj,new
k,h =

∑
g P (θg = 1, θj−1|g = k, θj|g = h|x, β′)

∑
g P (θg = 1, θj−1|g = k|x, β′)

.

4. For l = 1, 2, . . . , L,

cnew
l =

∑
g

∑mg

j=1 P (θg = 1, θj|g = 1, mj|g = l|x, β′)
∑

g

∑mg

j=1 P (θg = 1, θj|g = 1|x, β′)
.

5. For l = 1, 2, . . . , L,

µnew
l =

∑
g

∑mg

j=1 xgjP (θg = 1, θj|g = 1, mj|g = l|x, β′)
∑

g

∑mg

j=1 P (θg = 1, θj|g = 1, mj|g = l|x, β′)
,

σ2new
l =

∑
g

∑mg

j=1(xgj − µnew
l )2P (θg = 1, θj|g = 1, mj|g = l|x, β′)

∑
g

∑mg

j=1 P (θg = 1, θj|g = 1, mgj1 = l|x, β′)
,
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where

P (θg = 1, θj|g = 1, mj|g = l|x, β′)

=P (θj|g = 1, mj|g = l|θg = 1, x, β ′)P (θg = 1|x, β′)

=
[
1 − fdrj|g(β

′)
] cnew

l
1

σnew
l

φ(x−µnew
l

σnew
l

)
∑

l cnew
l

1
σnew

l

φ(x−µnew
l

σnew
l

)
[1 − fdrg(β′)] .

Simulation Results

We simulated values of FDR, FNR and Average Power for the four different

procedures obtained by estimating the parameters using the aforementioned

EM algorithm. The basic values of the unknown quantities were chosen as

follows: (i) when L = 1, π1 = 0.2, p1
1 = 0.5, G = 50, mg = 100, a01 = 0.4,

a11 = 0.8, δ = 2, and σ = 1, and (ii) when L = 2, mg = 50, c1 = c2 = 0.5,

δ2 = −2, and σ2 = 1, in addition to the values in (i). We used 500 repetitions

for each simulated value.

The simulated values for all the procedures, including ours in its oracle

form, are displayed in Figures 4.5 and 4.6. Similar to the BSG model, the

estimation of the parameters for MSG model using EM algorithm also yields

a good data-driven procedure, producing similar results as its oracle version.

Similar to previous simulation results, we can see that: (i) The performance

of the data-driven method is very close to that of the oracle version, (ii) the

overall FDR of all the procedures are controlled at the desired level α in all

the scenarios considered, and (iii) the average power of the proposed method

is the highest in most cases.

In summary, as demonstrated through extensive simulation studies, the

proposed method seems to outperform its competitors by effectively capturing
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Figure 4.5: Simulation results for our data-driven( ), the SC( ), and the

Adaptive BH( ) procedures with parameters estimated by EM algorithm

and our oracle procedure( ) with L = 1 under the MSG model.
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Figure 4.6: Simulation results for our data-driven( ), the SC( ), and the

Adaptive BH( ) procedures with parameters estimated by EM algorithm

and our oracle procedure( ) with L = 2 under the MSG model.
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the group structure and also the dependence within the groups. We, therefore,

strongly recommend it for application to multiple testing of grouped hypothe-

ses.

4.5 AYP Study Under Truncated Independen-

t Bernoulli Model

We apply our proposed Bayesian multiple testing method for grouped hy-

potheses to a real data set assuming the BSG model. We take up the ade-

quate yearly progress (AYP) study of California elementary schools in 2013

(http://www.cde.ca.gov/ta/ac/ay/aypdatafiles.asp) comparing the academic

performance for socioeconomically advantaged (SEA) against socioeconomi-

cally disadvantaged (SED) students in the elementary schools. We compare

the success rates in Math exams of SEA versus SED students. Although it is

generally the case that the average success rate of SEA students is higher than

SED students, our focus is in discovering the schools with unusually small or

large advantaged-disadvantaged performance differences, and also to identify

the school districts with such schools. Such identifications could be of use to

policy makers towards implementing social policies that can promote overall

performance of students.

Let p1i and p2i be the success rates and n1i and n2i be the numbers of

students in the groups of SEA and SED students, respectively, in the ith

school, i = 1, . . . , N . Similar to Sun and Cai (2009) and Efron (2008), a
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α=0.05 and η=0.05
Procedures School Discoveries Group Decisions School District Discoveries
Proposed 736 Yes 224
SC 471 No
Adaptive BH 410 No
α=0.1 and η=0.1
Proposed 1085 Yes 284
SC 668 No
Adaptive BH 629 No

Table 4.1: Number of Discoveries Made by the Three Procedures

z-value for school i is computed according to

zi =
p1i − p2i − τ√

p1i(1 − p1i)/n1i + p2i(1 − p2i)/n2i

,

where τ is the overall difference, median (p1i)- median (p2i), which 18.4% in

this AYP study. There are 4118 (= N) elementary schools and 701 qualified

school districts (defined as having at least 20 students in each category and

|z| < 10 for each school). We consider these school districts as the groups in

our application.

We apply the data-driven versions of the proposed, the SC and the adap-

tive BH methods, assuming that f0(x) = φ(x) and f1(x) is a mixture of two

normal distributions each with variance 1. Using the EM algorithm discussed

in Section 5, the estimated proportion of group significance π̂1 is seen to be

about 0.53, the estimated proportion of within-group significance π̂2|1 is about

0.59, and the estimated f1 is ̂f1(x) ∼ 0.21N(2.64, 1) + 0.79N(−1.88, 1). We

chose two different values, 0.05 and 0.10, for η = α.

The numbers of discoveries made by the three methods are shown in Table

4.1. As seen from this table, our proposed method can identify more unusu-

al schools having extremely small or large academic performance difference
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between SEA and SED students than the other methods. Our discoveries

of schools within each district seem statistically more informative than those

made by the other methods that, unlike ours, don’t attempt to control within-

group false discoveries, and so could potentially be of value to district level

education policy makers.
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CHAPTER 5

SOME ALTERNATIVE

FREQUENTIST’S METHODS

Benjamini and Hochberg (1995) proposed the BH procedure as a widely

used False Discovery Rate (FDR) controlling method in large-scale multiple

testings arising in modern scientific investigations. It controls the FDR at the

desired level α, when the p-values are independent or positively dependent in

a certain sense. More specifically, the FDR of the BH procedure equals to π0α

when the p-values are independent, and is less than π0α when the p-values

are positively regression dependent on subset of null p-values (Benjamini and

Yekutieli (2001); Sarkar (2002)), where π0 is the (true) proportion of null

hypotheses. The difference between π0α and the FDR gets larger and larger

with increasing (positive) dependence among p-values.

Sharpening the FDR control of the BH procedure and thereby improving

its performance has been one of the most attractive research topics in modern

multiple testing. An important path of research in that direction is adapting
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the BH procedure to data through estimating parameters, such as π0 and/or

correlation or a measure of dependence that directly affects the FDR control,

and appropriately incorporating them into the BH procedure (Benjamini and

Hochberg (2000); Benjamini et al. (2006); Blanchard and Roquain (2009);

Gavrilov et al. (2009); Sarkar (2008); Storey (2002); Storey et al. (2004);

Yekutieli and Benjamini (1999); Efron (2007); and Romano and Wolf (2008)).

Some researchers have taken another path, which is to relax control over a

few more than one false rejection, based on the argument that such a measure

seems more relevant than the FDR in presence of dependence (Sarkar (2007);

Sarkar and Guo (2009); and Sarkar and Guo (2010)).

Extending the BH procedure from single to multiple groups of hypotheses,

when such groups are available or can be created, and maintaining control over

the overall FDR across all hypotheses falls in the general domain of improving

the BH procedure through its adaptive version, as it leads to adapting the

BH procedure to the underlying group structure. However, even though a

few of such extensions have been put forward in the literature (for instance,

Guo et al. (2009); Clements et al. (2011); Clements et al. (2014); and Guo

and Sarkar (2012)), they do not seem to present natural extensions of the BH

procedure from single to multiple groups. Moreover, they do not provide much

improvements over the BH procedure.

The Bayesian perspective taken in the last chapter towards developing an

FDR controlling procedure for grouped hypotheses yields an approach that

appears to be a natural extension of the method (for instance, Cai and Sun

(2009)) from single to multiple groups, but operates differently from the afore-

mentioned procedures developed from a frequentist perspective. Motivated by
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this, we consider switching our attention in this chapter on developing FDR

controlling procedures for grouped hypotheses from Bayesian to frequentist

perspective, and attempt to propose some newer procedures extending the BH

procedure from single to multiple, or at least two, groups.

5.1 Investigating the FDR control of BB’s Ex-

pected Average Error Rate Control Method

Before we discuss some new frequentist methods for multiple testing of

grouped hypotheses, let us first review Benjamini and Bogomolov (2014)’s Ex-

pected Average Error Rate control method and and investigate the possibility

of using at as an FDR controlling procedure. This procedure, we refer to as

BB’s procedure, works as follows:

Step 1 : Apply a selection rule S to the ensemble of sets P, identifying the

selected set of families S(P). Let R be the number of selected families

(i.e. R = |S(P)|).

Step 2 : Given an error rate C and an E(C) controlling procedure being used

while testing the hypotheses in each family, apply this E(C) controlling

procedure in each selected family separately at level Rα/m.

Then, we have,

Theorem : For any error rate E(C ) such that C takes values in a countable set,

suppose that we have a testing procedure that can control E(C ) at any

desired level α under the dependence structure of the p-value, within a

family. If the p-values in each family are independent of the p-values
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in any other family, then for any simple selection rule S(P), the sBB’s

procedure guarantees E(CS) ≤ α.

Remark : E(CS) = E
[∑

i∈S(P) Ci/max{|S(P )|, 1}
]
.

In the general procedure, they didn’t specify the selection rule S, howev-

er, in their application analysis of voxelwise genome-wide association study

by using the study of Stein et al. (2010), they used Sime’s combination p-

value(min
P(j)mg

j
) as the group p-value, and applied the BH procedure at level

0.05 to select potentially significant families. Let R be the number of such

selected significant families. Then within each family, they applied the BH

procedure at level R ∗ 0.05/G.

What interests us is to investigate if this procedure can control the overall

FDR across all hypotheses, and so we performed a simulation study. Figure

(5.1) presenting the results of this study does seem to indicate that the FDR

may be controlled by this procedure. We do not make any attempt to theoret-

ical validate this assertion, but take it as a numerical support for a promising

future research direction.

5.2 Proposed Procedure 1

Now, let us propose some frequentist methods that would be meaningful al-

ternatives to the BH method to control the overall FDR in grouped hypothesis

setting. The first proposed procedure is as follows.

1. Apply the BH method to each group at level α. Find B =
∑G

g=1 I(Rg >

0).
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Figure 5.1: Simulation results for BB’s method on overall FDR control.
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2. Apply the BH method again to each group at adjusted level B
G

α. Update

B =
∑G

g=1 I(Rg > 0).

3. Repeat Step 2 until B converges.

We conduct numerical studies when the within group hypotheses are inde-

pendent, i.e. the BSG model in the Bayesian method. The simulation result-

s(5.2) show this proposed method could control the overall FDR at the desired

α level, and its performance is a little better than the regular BH method. The

basic values for this simulation are the same as in the BSG model, which are

L = 1, π1 = 0.2, π2|1 = 0.6, G = 100, mg = 100, δ = 2, σ = 1 and ρ = 0.

We further investigate the performance of our proposed procedure when

the within-group hypotheses are correlated. We change the correlation from

0.1 to 0.9, and the simulation results (5.3) show the overall FDR in all scenarios

are still controlled at the desired α level. However, as the FDR control for this

procedure is more conservative than the regular BH procedure, our power is

not as good as the regular BH procedure when ρ > 0.2 and the discrepancy is

increasing when the correlation increases.

It would be interesting to check whether this proposed procedure can con-

trol the expected average error rate as defined in BB’s paper. As we notice,

both of our proposed Procedure 1 and BB’s method control within-group at

adjusted level Bα/G although how to select significant groups are different

between the two methods. Our method update B as the number of groups

that contains positive Rg, and we find the final B through iteration. Whereas,

while applying their method, Benjamini and Mogomolv use Simes combination

of p-values to represent the group p-values before applying the BH method to

them to obtain this B as the number of significant groups. It is calculated
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Figure 5.2: Simulation results for our 1st proposed( ), and BH

method( ) procedures with L = 1 under the BSG model.
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Figure 5.4: Simulation results for Proposed Procedure 1 on Expected Average

FDR Control.

and fixed at the first stage. Nevertheless, our proposed Procedure 1 seems to

qualify as an E(C) controlling procedure as well, which is confirmed by our

simulation results(5.4).

5.3 Proposed Procedure 2

When we extend the BH method from a single group to multiple groups,

it is natural for us to think about the following procedure. We consider it

when G = 2. Let P̃g = mgmin1≤j≤mg

Pg(j)

j
, where Pg(1) ≤ · · · ≤ Pg(mg) are the

ordered p-values in the gth group, for g = 1, . . . , G. Let N =
∑G

g=1 mg, and
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the Proposed Procedure 2 is defined as follows:

Case 1. P̃1 ≤ m1α
N

and P̃2 ≥ α,

Reject H1(j) for all j ≤ R1 = max
{
1 ≤ j ≤ m1 : P1(j) ≤ jα

N

}
.

Case 2. P̃2 ≤ m2α
N

and P̃1 ≥ α,

Reject H2(j) for all j ≤ R2 = max
{
1 ≤ j ≤ m2 : P2(j) ≤ jα

N

}
.

Case 3. P̃1,P̃2 ≤ α,

Reject H1(j),H2(k) for all (j, k) ≤ (R1, R2), where

(R1, R2) = max
{
(1, 1) ≤ (j, k) ≤ (m1, m2) : P1(j), P2(k) ≤ (j+k)α

N

}
.

Note: The (R1, R2) in Case 3 are related to the R1 and R2 defined in Case

1 and 2 as follows: Find R1 as in Case 1, then find

R2(R1) = max
{
1 ≤ j ≤ m2 : P2(j) ≤ (R1+j)α

N

}
; or find R2 as in Case 2, and

then find R1(R2) = max
{
1 ≤ j ≤ m1 : P1(j) ≤ (j+R2)α

N

}
.

By applying this procedure, when there are two groups, we can see from

the simulation results that the total FDR can be controlled at the desired α

level in the all scenarios. However, as the FDR control(5.5) of this procedure is

more conservative than the regular BH method in many scenarios, the power

performance(5.6) is close to or a little worse than the regular BH method in

these cases. We will explore and improve its performance when there are more

groups in the future.

5.4 AYP Application by Proposed Method 1

Since our simulation shows the proposed frequentist’s method 1 might

control the overall FDR at the desired α level, we apply this method to
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Figure 5.5: Simulation results of FDR control for our 2nd proposed( ), and

the regular BH method( ) procedures with L = 1 under the BSG model.

our AYP data to see the performance of this method and the regular BH

method. We use the estimates from EM algorithm we got from Chapter 4

(π̂1 = 0.53, π̂2|1 = 0.59), and (1 − π1 ∗ π2|1) is used to derive the adaptive

version of our proposed method and regular BH method.

After we apply our proposed adaptive frequentist’s method 1 to the AYP

data, we have 634 school discoveries (the adaptive BH method has 410 school

discoveries) when α = 0.05 and 1052 school discoveries (the adaptive BH

method has 629 discoveries) when α = 0.1. This performance is consistent

with our numerical studies when within-group hypotheses are independent.



69

0.2 0.4 0.6 0.8

0.
0

0.
1

0.
2

0.
3

0.
4

π1

A
ve

rg
e 

po
w

er

0.2 0.4 0.6 0.8

0.
00

0.
10

0.
20

π2|1

A
ve

ra
ge

 p
ow

er

20 40 60 80

0.
00

0.
10

0.
20

m1
A

ve
ra

ge
 p

ow
er

20 40 60 80

0.
00

0.
10

0.
20

m2

A
ve

ra
ge

 p
ow

er

1 2 3 4 5

0.
0

0.
1

0.
2

0.
3

0.
4

δ

A
ve

ra
ge

 p
ow

er

Figure 5.6: Simulation results of Average Power for our 2nd proposed( ),

and the regular BH method( ) procedures with L = 1 under the BSG

model.
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CHAPTER 6

SUMMARY AND FUTURE

WORK

When testing grouped hypotheses, how overall false discoveries across all

hypotheses is intertwined with false discoveries of hypotheses within each group

seems fundamental to deeper understanding towards effectively capturing the

underlying group structure. This is an important issue that has not been

answered in the literature, as far as we know. This dissertation presents a the-

oretical framework built on this fundamental understanding from a Bayesian

viewpoint, and develops a new approach to multiple testing of grouped hy-

potheses that allows one to maintain some specific control over within-group

false discoveries while controlling the overall false discoveries across all hy-

potheses. Having a separate control over within-group false discoveries, we ar-

gue, is often an effective way of capturing the underlying group structure when

testing grouped hypotheses, particularly when there is high positive dependen-

cies within groups. Moreover, this is often desired in some applications, such
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as in analyzing the AYP data in Chapter 4 where discovering schools within

a school district controlling a district specific false discovery rate seems prac-

tically more useful than discovering these schools through a global discovery

process controlling a global false discovery rate. It allows making statisti-

cally more reliable district level decisions for policy makers. Of course, the

choice of the level η at which within-group false discoveries is to be controlled

is subjective and can be made judiciously based on ones prior knowledge in

terms of how stringent that control should be. We also make some attempt-

s on some alternative frequentists’ methods to provide a multiple-group and

improved version of the single-group Benjamini and Hochberg (1995) method.

Although these attempts are not fully developed, they will be useful for the

future research in this area.

For future work, we can devote to the universal optimality for the pro-

posed Bayesian method based on current conditional optimality. Working on

developing frequentistąŕs multiple-group multiple testing methods would be

our next and important goal.

An R-package, called “GroupTest”, which is developed to carry out the

numerical calculations associated with our proposed Bayesian method in this

dissertation is made available at

http://astro.temple.edu/˜zhaozhg/software.html.

http://astro.temple.edu/~zhaozhg/software.html
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APPENDIX

A.1 Local FDR scores in Chapter 4.1

Let fθk|g
(xj) = (1 − θk|g)f0(xk) + θk|gf1(xk), θ̃ = (θ1|g, . . . , θmg |g), and Ω =

{0, 1}m\(0, . . . , 0). Then,

f(θj|g = 0, x|θg = 1) =
∑

θj|g=0,θ̃∈Ω

{ mg∏

k=1

fθk|g
(xk)

}
(1 − π2|1)mg−

∑
k

θk|gπ
∑

k
θk|g

2|1

1 − (1 − π2|1)mg

=(1 − π2|1)f0(xj)
∑

θj|g=0,θ̃∈Ω





mg∏

k=1,k 6=j

fθk|g
(xk)





(1 − π2|1)mg−
∑

k
θk|gπ

∑
k

θk|g

2|1

1 − (1 − π2|1)mg

=
(1 − π2|1)f0(xj)

[∏mg

k=1, 6=j{(1 − π2|1)f0(xk) + π2|1f1(xk)} − (1 − π2|1)mg−1 ∏mg

k=1, 6=j f0(xk)
]

1 − (1 − π2|1)mg
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Similarly,

f(x|θg = 1)

=
∑

θ̃∈Ω

{ mg∏

k=1

fθk|g
(xj)

}
(1 − π2|1)mg−

∑
k

θk|g π
∑

k
θk|g

2|1

1 − (1 − π2|1)mg

=
∏mg

k=1{(1 − π2|1)f0(xk) + π2|1f1(xk)} − (1 − π2|1)mg
∏mg

k=1 f0(xk)
1 − (1 − π2|1)mg

.

Therefore,

fdrj|g =
f(θj|g = 0, x|θg = 1)

f(x|θg = 1)

=
(1 − π2|1)f0(xj)

∏mg

k=1,k 6=j

[
(1 − π2|1)f0(xk) + π2|1f1(xk)

]
− (1 − π2|1)mg

∏mg

k=1 f0(xk)
∏mg

k=1

[
(1 − π2|1)f0(xk) + π2|1f1(xk)

]
− (1 − π2|1)mg

∏mg

k=1 f0(xk)

For between-group local FDR,

fdrg =
π0f(xg|θg = 0)

π0f(xg|θg = 0) + π1f(xg|θg = 1)

where

f(xg|θg = 0) =
mg∏

j=1

f0(xgj |θgj = 0)

and

f(xg|θg = 1) =
∏mg

j=1((1 − π2|1)f0(xj) + π2|1f1(xj)) − (1 − π2|1)mg
∏mg

j=1 f0(xj)
1 − (1 − π2|1)mg

A.2 Technical Proofs

Proof of Theorem 3.4.
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For θg = 1, from the definition of P FDRW |g given in 3.2, we let P FDRW |g(δ) =

ηg ≤ η for our proposed procedure, and P FDRW |g(δ′) ≤ ηg for any other pro-

cedure. Then we get

∑

j

(δj|g − δ′
j|g)

[
fdrj|g −

ηg

1 − ηg
(1 − fdrj|g)

]
≥ 0, (A.1)

And from the definition of δ (3.6), we can get

∑

j

(δj|g − δ′
j|g)

[
fdrj|g − λg(1 − fdrj|g)

]
≤ 0. (A.2)

Therefore, from (A.1) and (A.2),

∑

j

(δj|g − δ′
j|g)(1 − fdrj|g)

[
λg −

ηg

1 − ηg

]
≥ 0 (A.3)

Since for each group g,

ηg

1 − ηg
=

∑
j δj|gfdrj|g∑

j δj|g(1 − fdrj|g)
≤ λg

We can conclude that,
∑

j(δj|g − δ′
j|g)(1 − fdrj|g) ≥ 0, which means

∑
j(1 −

δ′
j|g)(1 − fdrj|g) ≥

∑
j(1 − δj|g)(1 − fdrj|g), or TypeIIW |g(δ′) ≥ TypeIIW |g(δ)

for the groups that θg = 1.

For θg = 0 groups, the equality holds as fdrj|g = 1 for these groups.

Therefore, we can conclude TypeIIW |g(δ′) ≥ TypeIIW |g(δ).

Proof of Theorem 3.5.

From the definition of our proposed procedure δ, P FDRT |W (δ) =
∑

g
δgfdr∗

gRg∑
g

δgRg∨1
=

α. And for any other procedure δ′, P FDRT |W (δ′) =
∑

g
δ′

gfdr∗
gRg∑

g
δ′

gRg∨1
≤ α, we can

get,

∑

g

(δg − δ′
g)Rg

[
fdr∗

g −
α

1 − α
(1 − fdr∗

g)
]

≥ 0 (A.4)
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From the definition of δg in (3.7), we have

∑

g

(δg − δ′
g)Rg

[
fdr∗

g − λ(1 − fdr∗
g)

]
≤ 0 (A.5)

Therefore, from (A.4) and (A.5), we can conclude that

∑

g

(δg − δ′
g)Rg(1 − fdr∗

g)
[
λ −

α

1 − α

]
≥ 0 (A.6)

As we know, α
1−α

=
∑

g
δgRgfdr∗

g∑
g

δgRg(1−fdr∗
g )

≤ λ, we can conclude that

∑

g

(δg − δ′
g)Rg(1 − fdr∗

g) ≥ 0

or equivalently

∑

g

(1 − δ′
g)Rg(1 − fdrg)(1 − ηg) ≥

∑

g

(1 − δg)Rg(1 − fdrg)(1 − ηg)

which means TypeIIT |W (δ′) ≥ TypeIIT |W (δ).

A.3 EM Algorithm

A.3.1 EM Algorithm for Independent Bernoulli Model

To better present the result, define π1
1 = π1, π0

1 = 1 − π1, π1
2|1 = π2|1 and

π0
2|1 = 1 − π2|1. Consider (x, θ) as the complete data. Then the complete
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log-likelihood function can be written as:

l(x, θ)

=
∑

g

1∑

k=0

I(θg = k)(logπk
1 + logf(xgj|θg = k))

=
∑

g



I(θg = 0)


logπ0

1 +
mg∑

j=1

logf(xgj|θg = 0)


 + I(θg = 1)

[
logπ1

1 + logf(xg|θg = 1)
]




=
∑

g

1∑

k=0

I(θg = k)logπk
1

+
∑

g

mg∑

j=1

L∑

l=1

[
I(θg = 1, θj|g = 1, mj|g = l)log(π2|1cl) + I(θg = 1, θj|g = 0)log(π0

2|1)
]

+
∑

g


I(θg = 0)

mg∑

j=1

logf0(xgj) + I(θg = 1)
mg∑

j=1

I(θj|g = 0)logf0(xgj)




+
∑

g

I(θg = 1)
mg∑

j=1

L∑

l=1

I(θj|g = 1, mj|g = l)logfl(xgj |θj|g = 1),

where mj|g = l implies that xj|g is generated from N(µl, σ2
l ).

The expected value of the complete-data log-likelihood l(x, θ) with respect

to the unknown θg, θj|g, given the observed data x and the current value β′ of
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the parameter is:

Q(β, β′) = E [l(x, θ)|x, β′]

=
∑

g

1∑

k=0

logπk
1P (θg = k|x, β′)

+
∑

g

mg∑

j=1

1∑

k=0

log πk
2|1P (θj = 1, θj|g = k|x, β′)

+
∑

g

mg∑

j=1

L∑

l=1

logclP (θg = 1, θj|g = 1, mj|g = l|x, β′)

+
∑

g

mg∑

j=1

logf0(xgj)P (θg = 0|x, β′) +
∑

g

mg∑

j=1

logf0(xgj)P (θg = 1|x, β′)

+
∑

g

mg∑

j=1

L∑

l=1

logfl(xgj)P (θg = 1, θj|g = 1, mj|g = l|x, β′).

We want to maximize the Q function which can be realized by maximizing

each of these parts to get the estimates of π1, π2|1, cl and µl, σ2
l , since these

parts are not related. To maximize the first part with the restriction that

π0
1 + π1

1 = 1, using the Lagrange multipliers, we can find the maximizer for π1
1

as

πnew
1 = 1 −

∑
g P (θg = 0|x, β′)

G
= 1 −

∑
g fdrg(β′)

G
,

Similarly, we can find the maximizer for π2|1 and cl as

πnew
2|1 =

∑
g

∑mg

j=1 P (θj|g = 1, θg = 1|x, β′)
∑

g

∑mg

j=1 P (θg = 1|x, β′)

cnew
l =

∑
g

∑mg

j=1 P (θj|g = 1, θg = 1, mj|g = l|x, β′)
∑

g

∑mg

j=1 P (θg = 1, θj|g = 1|x, β′)
.
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For the last part of Q function, we know that f0(x) ∼ N(0, 1), fl(x) ∼

N(µl, σ2
l ) with probability cl . Therefore, for each l, we need to find the MLEs

for µl and σ2
l by maximizing the following log-likelihood function:

∑

g

mg∑

j=1

L∑

l=1

logfl(xgj)P (θg = 1, θj|g = 1, mj|g = l|x, β′)

=
∑

g

mg∑

j=1

L∑

l=1

[
−

1
2

logσ2
l −

1
2σ2

l

(xgj − µl)2

]
P (θg = 1, θj|g = 1, mj|g = l|x, β′).

Taking derivatives with respect to µl and σ2
1 and equating them to zero,

we can get:

µnew
l =

∑
g

∑mg

j=1 xgjP (θg = 1, θj|g = 1, mj|g = l|x, β′)
∑

g

∑mg

j=1 P (θg = 1, θj|g = 1, mj|g = l|x, β′)

σ2new
l =

∑
g

∑mg

j=1(xgj − µl)2P (θg = 1, θj|g = 1, mj|g = l|x, β′)
∑

g

∑mg

j=1 P (θg = 1, θj|g = 1, mj|g = l|x, β′)
.

A.3.2 EM Algorithm for Hidden Markov Model

Consider (x, θ) as the complete data. Then the complete log-likelihood

function can be written as:
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l(x, θ)

=
∑

g

1∑

k=0

I(θg = k)
[
logπk

1 + logf(x|θg = k)
]

=
∑

g



I(θg = 0)


logπ0

1 +
mg∑

j=1

logf0(xgj)




+ I(θg = 1) ·


logπ1

1 +
1∑

h=0

I(θ1|g = h)logp1
h +

mg∑

j=2

1∑

k,h=0

logaj
khI(θj−1|g = k, θj|q = h)

+
mg∑

j=1

(logf0(xgj)I(θj−1|g = 0, θg = 1) + logf1(xgj)I(θj−1|g = 1, θg = 1))








=
∑

g

1∑

k=0

I(θg = k)logπk
1 +

∑

g

1∑

h=0

I(θg = 1, θ1|g = h)logp1
h

+
∑

g

mg∑

j=2

1∑

k,h=0

logaj
khI(θg = 1, θj−1|g = k, θj|q = h)

+
∑

g

mg∑

j=1

L∑

l=1

[
I(θg = 1, θj|g = 0) + I(θg = 1, θj|g = 1, mj|g = l)logcl

]

+
∑

g


I(θg = 0)

mg∑

j=1

logf0(xgj) + I(θg = 1)
mg∑

j=1

I(θj|g = 0)logf0(xgj)




+
∑

g

mg∑

j=1

L∑

l=1

I(θg = 1, θj|g = 1, mj|g = l)logfl(xgj)

where mj|g = l if xj|g is generated from N(µl, σ2
l ).

The expected value of the complete-data log-likelihood l(x, θg, θj|g) with

respect to the unknown θg, θj|g given the observed data x and the current
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value β′ of the parameter is

Q(β, β′) = E
[
l(x, θg, θj|g)|x, β′

]

=
∑

g

1∑

k=0

logπk
1P (θg = k|x, β′) +

∑

g

1∑

h=0

logp1
hP (θg = 1, θ1|g = h|x, β′)

+
∑

g

mg∑

j=1

1∑

k,h=0

logaj
khP (θg = 1, θj−1|g = k, θj|q = h|x, β′)

+
∑

g

mg∑

j=1

1∑

k=0

logckP (θg = 1, θj|g = k|x, β′)

+
∑

g

mg∑

j=1

L∑

l=1

logclP (θg = 1, θj|g = 1, mj|g = l|x, β′)

+
∑

g

mg∑

j=1

L∑

l=1

logfl(xgj)P (θg = 1, θj|g = 1, mj|g = l|x, β′)

+
∑

g

mg∑

j=1

logf0(xgj)P (θg = 0|x, β′) +
∑

g

mg∑

j=1

logf0(xgj)P (θg = 1, θj|g = 0|x, β′).

Similar to the independent case, we maximize the Q function to get the

estimate of β = (πk
1 , p1

h, ak,h, cl, µl, σ2
l ) by maximizing the first six components

in the above equation separately. Using the same technique as the one from

the independent case, we can get the estimates of these parameters as shown

in Section 4.4.2.
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