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ABSTRACT

Nonlinear Viscoelastic Wave Propagation in Brain Tissue

by

Kaveh Laksari

A combination of theoretical, numerical, and experimental methods were utilized

to determine that shock waves can form in brain tissue from smooth boundary con-

ditions. The conditions that lead to the formation of shock waves were determined.

The implication of this finding was that the high gradients of stress and strain that

could occur at the shock wave front could contribute to mechanism of brain injury

in blast loading conditions. The approach consisted of three major steps. In the

first step, a viscoelastic constitutive model of bovine brain tissue under finite step-

and-hold uniaxial compression with 10 s! 1 ramp rate and 20 s hold time has been

developed. The assumption of quasi-linear viscoelasticity (QLV) was validated for

strain levels of up to 35%. A generalized Rivlin model was used for the isochoric

part of the deformation and it was shown that at least three terms (C10, C01 and

C11) are needed to accurately capture the material behavior. Furthermore, for the

volumetric deformation, a linear bulk modulus model was used and the extent of

material incompressibility was studied. The hyperelastic material parameters were

determined through extracting and fitting to two isochronous curves (0.06 s and 14

s) approximating the instantaneous and steady-state elastic responses. Viscoelastic

relaxation was characterized at five decay rates (100, 10, 1, 0.1, 0 s! 1) and the results

in compression and their extrapolation to tension were compared against previous

models.

In the next step, a framework for understanding the propagation of stress waves in

brain tissue under blast loading was developed. It was shown that tissue nonlinearity

and rate dependence are key parameters in predicting the mechanical behavior under
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such loadings, as they determine whether traveling waves could become steeper and

eventually evolve into shock discontinuities. To investigate this phenomenon, the

QLV material model developed based on finite compression results mentioned above

was extended to blast loading rates, by utilizing the stress data published on finite

torsion of brain tissue at high rates (up to 700 s! 1). It was shown that development

of shock waves is possible inside the head in response to compressive pressure waves

from blast explosions. Furthermore, it was argued that injury to the nervous tissue at

the microstructural level could be attributed to the high stress and strain gradients

with high temporal rates generated at the shock front and this was proposed as a

mechanism of injury in brain tissue.

In the final step, the phenomenon of shock wave formation and propagation in

brain tissue was further studied by developing a one-dimensional model of brain tissue

using the Discontinuous Galerkin finite element method. This model is capable of

capturing high-gradient waves with higher accuracy than commercial finite element

software. The deformation of brain tissue was investigated under displacement input

and pressure input boundary conditions relevant to blast over-pressure reported in

the literature. It was shown that a continuous wave can become a shock wave as it

propagates in the tissue when the initial changes in acceleration are beyond a certain

limit. The high spatial gradients of stress and strain at the shock front cause large

relative motions at the cellular scale at high temporal rates even when the maximum

strains and stresses are relatively low. This gradient-induced local deformation occurs

away from the boundary and can therefore contribute to the di↵use nature of blast-

induced injuries.
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CHAPTER 1

INTRODUCTION

The question that this dissertation addresses is whether shock waves can form in

brain tissue from smooth boundary conditions. The main application of the results

of this work is in developing computational models that can predict brain injury

as a result of exposure to blast over pressure. The central hypothesis was that the

nonlinear nature of brain mechanical behavior results in shock wave formation with

high enough stress and strain gradients at the shock front that can cause relative

motions at the cellular length scale in brain that lead to injury. This type of injury

would be distinct from injuries caused by high pressure amplitudes alone.

The approach consisted of three major steps. Each step resulted in a stand-alone

manuscript. These manuscripts are presented in the three subsequent chapters. In

Step 1, a constitutive model was developed for brain tissue based on compression

and shear tests that encompassed the nonlinearity and rate dependence of the tissue

in the form of a quasilinear viscoelastic (QLV) model relevant to the high strain

rates that occur in a blast loading condition. The constitutive models developed in

this study, for the first time, cover such high loading rates. In the next Step, the

theory of propagation of acceleration waves in nonlinear viscoelastic media that was

developed in late 1960s and early 1970s was implemented for brain tissue. This is

the first application of this theory in biomechanics. Based on the theory, it was

determined that certain aspects of the brain constitutive properties play a major role

in predicting the formation of shock wave. In the final step, the applied theory and

developed constitutive models were implemented in a Discontinuous Galerkin (DG)
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finite element model of brain tissue and the formation of shock waves was verified for

various loading conditions. While this powerful numerical method, that is particularly

suited for discontinuous solutions, is used before in various applications, this is the

first time it is used to model shock waves in viscoelastic soft tissues.

The organization of this dissertation includes three main chapters and several

appendices that provide additional mathematical details of the applied methodologies.

As mentioned earlier, each chapter is a stand-alone manuscript:

Chapter 2: Constitutive Model for Brain Tissue under Finite Compression.

In this chapter, compression experimental results on bovine brain tissue are presented

and modeled using a QLV constitutive model. The main feature of this work is that

isochronous curves were used to derive the elastic function of brain tissue. In this

manner, the e↵ect of inertia is minimized and a more reliable elastic function is

obtained. The instantaneous slope and curvature of the elastic function were shown

to be of critical importance to predict the formation of shock waves in brain tissue.

Chapter 3: Mechanical Response of Brain Tissue under Blast Loading. In

this chapter, the theory of propagation of acceleration waves in nonlinear viscoelastic

media is applied to brain tissue. An acceleration wave is a jump in acceleration

that propagates in an initially undisturbed media. The evolution of this wave as a

function of time can determine whether a shock wave will form. If the acceleration

wave increases it means that in the limit velocity or strain become discontinuous, i.e.,

a shock wave is formed. It is demonstrated that shock waves can form for compressive

stress waves in brain tissue. The high stress and strain gradients that occur at the

shock front are proposed as a mechanism of injury in blast loading.

Chapter 4: Computational Simulation of the Mechanical Response of

Brain Tissue under Blast Loading. In this chapter, a one-dimensional DG
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model for brain is presented. The model is validated for shock wave prediction against

LS-DYNA finite element code for a hyperplastic constitutive model for brain tissue.

The model is further validated for the QLV constitutive model against the theoretical

results for an acceleration wave. The model’s results for displacement input (simu-

lating skull deformation) and pressure input (simulating pressure wave transmission

through the skull) both showed formation of high stress and strain gradients at the

shock front, which confirmed the formation of shock waves.

Chapter 2 is already published and Chapter 3 is accepted in archival journals.

The results of this work have also been presented in several national conferences.

The appendices are organized in three parts. Appendix A describes the continuum

mechanics formulations and solutions that were used in this work. Appendix B sum-

marizes the theory of acceleration waves in nonlinear viscoelastic media. Appendix C

explains some details about the discontinuous Galerkin finite element algorithm used

in Chapter 4.
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CHAPTER 2

CONSTITUTIVE MODEL FOR BRAIN TISSUE

UNDER FINITE COMPRESSION

2.1 Introduction

Characterizing mechanical properties of soft tissues and in particular brain tissue

is a major concern in biomechanics, especially with the reported number of Trau-

matic Brain Injuries (TBI) that at around 52,000 deaths each year ranks as the most

significant cause of fatal injuries (CDC , 2011). Recently with the advances in finite

element modeling of brain tissue under impact loading, the issue of material proper-

ties has received greater attention. Studies on deformation of brain tissue in closed

head impact experiments have shown that in order to have realistic models of such

phenomena, theory of large deformation needs to be utilized, i.e., models based on

the infinitesimal theory of continuum mechanics and linear viscoelasticity will not

give accurate results.

Various techniques such as stress-relaxation, creep, and oscillation tests have been

used to determine the needed material models in shear, compression and tension

modes. Among such experiments, few results have been reported for compression of

brain tissue especially at higher rates required to characterize impact related injuries.

The goal of this study was to model the material properties of brain tissue under

uniaxial compression and develop a nonlinear viscoelastic constitutive model useful

for dynamic loading simulations.

Published in the Journal of Biomechanics (2012)
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Estes and McElhaney (Estes and McElhaney, 1970) conducted uniaxial compres-

sion experiments on human and Rhesus monkey brain tissues at strain rates varying

between 0.08 and 40 s! 1. They observed that during the loading ramp, the stress

curves are all concave upward, contain no linear portion, and become sti↵er as the

rate of the applied strain increases. Mendis et al. (Mendis et al., 1995) developed a

2-term Mooney-Rivlin hyperelastic model for the steady-state response of brain tissue

samples using experiments performed by Estes and McElhaney (1970). Based on the

values of the reduced stress function derived from the loading section of the stress

histories, they determined the material parameters, giving the steady-state shear

modulus as 2,748 Pa. Their model exhibits significant nonlinearity in compression

but linear behavior in shear.

Miller and Chinzei (Miller and Chinzei, 1997) performed experiments on porcine

brain samples to develop a constitutive model for brain tissue under unconfined uni-

axial compression and used a nonlinear viscoelastic model to describe the material

behavior. They employed two additional terms compared to Mendis et al. (1995)

and used three strain rates to determine the material parameters for equilibrium and

characteristic time constants of 50 s and 0.5 s and the corresponding linear shear

moduli reported were 1080 Pa, 214 Pa, and 162 Pa, respectively.

Miller and Chinzei (Miller and Chinzei, 2002) also performed uniaxial tensile

experiments on brain tissue with the specimens glued at the top and bottom plates.

In order to compensate for the boundary e↵ects, they proposed a correction factor

for a uniaxial tension analysis. They employed an exponential Ogden model (Ogden,

1997) to account for the hyperelastic portion of the stress response. The linear shear

modulus reported by their study is 842 Pa, which is reportedly softer than their

compression test results by 20%.

The constitutive model proposed in this paper is based on a nonlinear hereditary

integral consisting of a hyperelastic function and an exponentially decaying function
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representing the elastic and time-dependent behaviors of the material. This is in line

with the widely used Quasi-Linear Viscoelastic (QLV) model used in the literature

(Fung, 1993). The hyperelastic function used was a generalized Rivlin model, whose

coe�cients were determined by extracting the isochronous curves in the step-and-hold

response of the material (Pradas and Calleja, 1990; Haddad, 1995). These results were

then used to calculate the viscoelastic coe�cients by fitting the convolution model to

the experimental relaxation curves.

2.2 Experimental Setup

22 Cylindrical samples with diameters and heights of approximately 10 mm and 8

mm were acquired from fresh bovine brain tissue from a local slaughter house (J.W.

Treuth & Sons, Baltimore, MD). The brain specimens were stored in PBS solution

at 5#C and were tested within 5 hours post-mortem (Garo et al., 2007). The samples

were cut from corona radiata and approximately along the fiber direction using a 10

mm diameter steel pipe with sharpened edges. Care was taken that samples were

mostly comprised of white brain matter to achieve a higher level of homogeneity.

The experimental setup consisted of two parallel plates, one of which was attached

to a high-speed linear actuator (WM60, PT-USA, VA; 95UMB300/MD-404, Emerson,

MO) and the other attached to a precision load-cell (LSB200, FUTEK, CA) in order

to measure the compressive force (Figure 2.1). The displacement was measured by an

LVDT (T25, NovoTechnic, MA). A step-and-hold input was applied to the actuator

plate with about 30 ms ramp time and 20 s hold time and the displacement and load

curves were recorded at the rate of 1000 samples per second. The experiments were

performed at room temperature and to avoid dehydration, samples were kept in PBS

until right before they were tested. To ensure uniaxial compression and maintain the

free-sliding boundary condition, vegetable oil was applied to both plates. In order to

achieve repeatable results a constant initial compression of 10% was applied before the
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step-and-hold tests and su�cient time was allowed (2 to 3 minutes) for the samples to

relax. In the step-and-hold tests, samples underwent engineering compressive strains

between 5% to 25% at the strain rate of 10 s! 1. The range of the applied strains

included the injury threshold of 21% reported for traumatic axonal injury (Bain and

Meaney, 2000).

2.3 Material Characterization

A Quasi-Linear Viscoelastic (QLV) constitutive equation was used to model the

stress-strain relationship as a single hereditary integral:

S(t) =

! t

0
G(t " " )

#Se

#"
d" (2.3-1)

Here, S is the second Piola-Kirchho↵ stress tensor, Se is the instantaneous elastic

stress (hyperelastic model) and G(t) is the reduced relaxation function, assumed to

be the same for all stress components, represented by a 5-term Prony series:

G(t) =
4"

i =1

Gi e! ! i t + G" (2.3-2)

where Gi are the reduced relaxation amplitudes and $i are the decay rates ($1..4 =

100, 10, 1, 0.01) chosen to cover the four orders of magnitude of time in the experi-

ments.

The customary method to determine the coe�cients in relaxation and instan-

taneous elastic functions is to fit the model to the whole experimental stress-strain

history. In this study, a novel method is proposed to derive the mentioned coe�cients

in a way that the resulting model has a physically meaningful interpretation. To this

end, the elastic function and the relaxation function were calculated separately. First,

two isochronous curves (stress values at di↵erent strain-levels but at the same time

interval after the peak stress) were derived at t1 = 0.06 s and t2 = 14 s after the
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7 
 

Cylindrical samples (n=30) were excised from 4 brain specimens from the Corona 

Radiata region approximately along the direction of axon fibers using a 12mm diameter 

boring tool (Figure 2.1). Homogeneous samples with mainly white matter were selected 

for this study with approximately 8mm height.  

 

 

Figure 2.1. The sample extraction from the Specimen. 

 

 

!"#$%&

'()*+,-.%"/&

0("1-2&%%

" 3
45-##

6

4

Figure 2.1: Top: Specimen extraction from brain tissue, and bottom: test setup
showing (a) undeformed and (b) deformed samples.
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jump in the displacement curve t0 (Figure 2.2). The hyperelastic material model for

S

e was characterized from these isochronous curves. This model was then used to

calculate the relaxation function coe�cients in a direct numerical integration scheme

with an order of accuracy of O(�t2) as explained by Simo and Hughes (Simo and

Hughes, 1998). Our experience confirmed that this method will give better results

when dealing with high degrees of nonlinearity as seen in brain tissue compared to

the prevalent curve fitting method. This way the inertial e↵ects in the specimen as

well as the overshoot in the fixture at the end of the ramp are eliminated.

The deformation was assumed to be uniaxial compression and therefore the de-

formation gradient (F ) had the stretch ratios on the diagonal as the only nonzero

components. The determinant of F , which is the ratio between deformed and unde-

formed volumes, is given by

J = det(F ) = %1! 2" (2.3-3)

where %is the stretch ratio in the direction of compression and & is the Poissons ratio.

The behavior of a hyperelastic material is governed by a strain energy density

function (W ), which can be described as a function of the Right Cauchy-Green strain

tensor C = F

T
F . The material was assumed to be homogeneous (white matter)

and isotropic (Aimedieu et al., 2001) and therefore, W was defined in terms of the

invariants of C. In the case of an almost incompressible material such as brain tissue,

the material behaves quite di↵erently in shear and bulk. Therefore the strain energy

function can be separated into volumetric (dilatational) and isochoric (distortional)

parts (W = Wvol + Wiso). The deformation tensors are then written in the following

form

F̄ = J ! 1/ 3
F , C̄ = F̄

T
F̄ = J ! 2/ 3

C (2.3-4)
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where F̄ and C̄ are the isochoric (volume-preserving) part of the corresponding ten-

sors. In order to capture the nonlinearity of brain tissue, a 3-term generalized Rivlin

model was used for Wiso :

Wiso = C10(Ī 1 " 3) + C01(Ī 2 " 3) + C11(Ī 1 " 3)(Ī 2 " 3) (2.3-5)

where Cij are the material constants and Ī i are the invariants of C̄. The following

model for volumetric response of a nearly incompressible rubber was used for Wvol :

Wvol = K
#

$ ln J + J ! ! " 1

$2

$
(2.3-6)

where K is the bulk modulus and $ is an empirical coe�cient to be determined

from experimental data (Ogden, 1997). Accordingly, Se has volumetric and isochoric

components:

S

e = 2
#W
#C

= S iso + Svol (2.3-7)

which can be written as (Holzapfel, 2000):

Svol = 2
#Wvol

#C
= JC ! 1 #Wvol

J
(2.3-8)

S iso = 2
#Wiso

#C
= J ! 2/ 3

#
S̄ "

1

3
tr

%
C

T
S̄

&
C

! 1

$
(2.3-9)

where

S̄ = 2
#Wiso

#C̄
= 2

#
#Wiso

#Ī 1
+ Ī 1

#Wiso

#Ī 2

$
I " 2

#Wiso

#Ī 2
C̄ (2.3-10)

For the case of an incompressible material (W = Wiso and C = C̄), Se simplifies to:
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S

e = 2

#
#W
#I1

+ I 1
#W
#I2

$
I " 2

#W
#I2

C " p C

! 1 (2.3-11)

in which p is the hydrostatic pressure to be determined from the lateral stress-free

boundary conditions.

Two isochronous curves were extracted from the experimental data at t1 = 0.06 s

and t2 = 14 s after t0. The stress-strain data were then used to derive the hyperelastic

models S0.06 and S14 corresponding to t1 and t2. Based on the QLV assumption

the relaxation function should be the same regardless of the strain level applied to

the material, which entails that the ratio between the instantaneous and steady-

state responses, as well as any two isochronous curves, be a constant independent of

the strain. This assumption was verified by determining the ratio (point by point)

between stresses corresponding to the same strain levels at t1 and t2.

Another important note is that since in reality an ideal step can never be achieved,

the instantaneous elastic response cannot be determined experimentally. Conse-

quently, S0.06 was used as a close approximation to the instantaneous response where

the inertial e↵ects of the ramp had vanished (t1 " t0 is twice the ramp time). This

function was then scaled by a factor ' to approximate the instantaneous elastic re-

sponse:

S

e = ' S0.06 (2.3-12)

' was calculated together with relaxation amplitudes from the direct numerical inte-

gration scheme.
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The hyperelastic material properties for S0.06 were determined based on Equa-

tions (2.3-5) and (2.3-6) by nonlinear regression analysis (Microsoft Excels Solver

and MATLABs fmincon function). In order to ensure that the hyperelastic behavior

is physically meaningful, the following constraint was applied:

# 2W =
#2W
#%2

$ 0 (2.3-13)

This constraint guarantees a strictly convex energy function, i.e., any increase in

strain either in tension or compression would result in an increase in internal energy.

In infinitesimal deformations, the above constraint reduces to the requirement that

linear shear modulus of the material, µ = 2(C10 + C01), and bulk modulus K be

positive.

For an incompressible material, after applying the stress-free boundary conditions

and determining the hydrostatic pressure, the only nonzero component of the first

Piola-Kirchho↵ stress tensor is:

P33 = 2

#
%"

1

%2

$
C10 + 2

#
1 "

1

%3

$
C01+

6

#
%2 " %" 1 +

1

%2
+

1

%3
"

1

%4

$
C11

(2.3-14)

Taking the factor (%" 1/%2) as the representation of geometric nonlinearity, the

resulting reduced stress (Pr ) describes the material nonlinearity, which is a strictly

positive function of (1/%):

Pr =
P33

2

#
%"

1

%2

$ = C10 +
C01

%
+ 3

#
%" 1 +

1

%
+

1

%2

$
C11 (2.3-15)

As the material model becomes more complicated from Neo-Hookean (C01 = C11 = 0)

to Mooney-Rivlin (C11 = 0) to the 3-term model, Pr changes from a constant to a
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linear and then to a nonlinear function of (1/%). Based on Pr the minimum number

of parameters that is needed in a generalized Rivlin hyperelastic model to capture the

degree of material nonlinearity was determined. A similar analysis was performed for

the compressible case but was not included here due to space limitation. To compare

the compressible and the incompressible models and quantify the goodness of fit an

F -test was performed (Motulsky and Christopoulos, 2005). A 0.05 significance level

and a t-distribution was chosen to determine the confidence intervals of the material

parameters and the confidence curves for the hyperelastic models (Figure 2.3) were

derived using the curve-fitting toolbox of MATLAB.

2.4 Results

The experimental results for engineering stress (P33) versus engineering strain

(1" %) are reported for two isochronous curves at t1 and t2 in Figure (2.2). The 3-term

generalized Rivlin model results with 95% confidence bound satisfactorily predicts

the experimental data. As shown in Figure (2.3), the reduced stress (Pr ) exhibited

a nonlinear behavior as a function of 1/% and therefore at least a 3-term generalized

Rivlin model was required to accurately capture the material nonlinearity. A linear

fit to the reduced stress data would result in a negative intercept (C10) which is not

physically meaningful for the Mooney-Rivlin model. Also, extrapolation to tension in

the linear fit results in a finite tensile stress for infinite extension (1/% = 0) whereas

in the 3-term model the corresponding stress approaches infinity.

The ratio of two isochronous stress data at t1 and t2 was determined to be 2.24 ±

0.05 with no dependence on the strain level, proving the validity of QLV assumption

for strain levels of up to 35%. As a result, only S0.06 was characterized (Table

2.1). The viscoelastic results show about 50% immediate relaxation and almost 85%

steady-state relaxation and ' was determined to be 2.38, which will in turn give an

instantaneous linear shear modulus of µe = 2.26 kPa.
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Table 2.1: Incompressible QLV Material Parameters of brain tissue in compression.

Hyperelastic Viscoelastic
C10 " 1.01 ± 0.06 G1 0.51 ± 0.04 $1 100 s! 1

C01 1.49 ± 0.05 G2 0.15 ± 0.02 $2 10 s! 1

C11 0.19 ± 0.01 G3 0.09 ± 0.01 $3 1 s! 1

' 2.38 ± 0.26 G4 0.09 ± 0.01 $4 0.1 s! 1

µ 2.26 ± 0.19 G" 0.16 ± 0.01 $" 0

For the compressible case, the parameters used in Equations (2.3-5) and (2.3-

6) were determined by optimizing for the values of &, $ and the Rivlin coe�cients

(C10, C01 and C11). These parameters were derived to be as follows: C10 = 1.34

kPa, C01 = 1.83 kPa, C11 = 0.29 kPa, $ = 100, & = 0.490. The optimized Poissons

ratio corresponds to a linear bulk modulus of 46 kPa; however, this value was highly

sensitive to the initial guess for the optimization. The compressible Rivlin parameters

are slightly larger than the incompressible ones but their di↵erence is not statistically

significant.

2.5 Discussion and Conclusions

The results of this study emphasize the physical requirements of a constitutive

model for brain tissue. Contrary to the prevalent method of fitting the QLV model to

the whole stress history, the hyperelastic response was determined by fitting a hypere-

lastic model to isochronous curves at various strain levels. It was observed that when

fitting the model to the whole stress history, the model will capture the maximum

peak in stress, which is mainly an artifact of inertial forces in the viscoelastic medium

experiencing a displacement ramp. Isochronous curves were selected such that this

inertial e↵ect had faded and therefore we believe that the presented model more ac-

curately describes the material behavior. Another advantage of using isochronous

curves was that the QLV assumption was validated as evidenced by a constant ratio
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Figure 2.3: Experimental and corresponding 3-term Rivlin model for isochronous
curves at (a) 0.06 s and (b) 14 s. The R2 for the curves are 0.73 and 0.74, respectively.
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between the two isochrons for strain levels varying from 10% to 35%.

The nearly incompressible model results were statistically indistinguishable from

incompressible results. Nevertheless, the importance of the compressible model is that

it can be used in commercial finite element software such as LS-DYNA (Livermore,

CA) for modeling brain tissue under impact loading. The compressible optimization

is a sti↵ problem and highly sensitive to initial guesses for & and $. Based on the

physics of the problem (& % 0.5 and K & µ), changing the initial values of $ to

200 and 400 resulted in &=0.495, 0.497 and K =93, 173 kPa respectively with no

significant change in µ. It is noteworthy that although K was several times larger

than µ, compression results did not support the assumption that bulk modulus of

brain is similar to that of water (Stalnaker, 1969).

Comparison of several models found in the literature for compression is given

in Figure (2.4). The curves for “Miller and Chinzei Compression” and “Mendis et

17



al. steady-state” are reproduced from Miller and Chinzei (1997) and Mendis et al.

(1995), respectively, and “Miller and Chinzei Tension” is an extrapolation of the

model derived in Miller and Chinzei (2002) to compressive load. The steady-state

curve of the present study is almost identical to that given by Miller and Chinzei

(1997) up to their maximum 22% engineering strain. Their strain rate (0.64' 10! 2s! 1)

had a characteristic time constant of 50 s that was in the time scale of this studys

steady-state data. It is apparent, however, that their compression model gives sti↵er

predictions beyond their maximum experimental strains. The extrapolation of Miller

and Chinzei (2002) tension model to compression at the same strain rate is also in

good agreement with the results of this study and gives a similar trend up to 30%

strain. The steady-state results of Mendis et al., although showing the same trend,

were significantly sti↵er than what was observed in this study.

To further verify the present model, the extrapolation to tensile loading was stud-

ied and compared with other models. This step is crucial since the material model

used in a finite element simulation would generally undergo both compression and

tension. Figure (2.5) shows this comparison between the present model with the

model developed by Miller and Chinzei (2002) from uniaxial tension experiments and

the extrapolations of models of Mendis et al. (1995) and Miller and Chinzei (1997)

to tensile strain. The reproduced curve from Miller and Chinzei’s tension model

falls between the instantaneous and steady-state curves from the present study and

follows the same trend. In contrast, Mendis et al.’s model over-predicts the stress

by a large margin and Miller and Chinzei’s compression model shows a completely

di↵erent trend.

Mendis et al. (1995) have shown that the data they have derived from experiments

in (Estes and McElhaney, 1970) exhibits a linear relationship between the reduced

stress and inverse of stretch ratio (1/%) and have therefore found a 2-term Mooney-

Rivlin model su�cient. However, the experimental data derived from the compression
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tests in this study revealed that a 2-term Rivlin model will result in a negative C10,

which is non-physical for a 2-term Mooney-Rivlin model and therefore would not be

su�cient to capture the nonlinear behavior of the material. Furthermore, assuming

C11 = 0 will dictate the material to behave linearly in shear, which is in contrast to the

studies undertaken in (Arbogast et al., 1995) and (Darvish and Crandall, 2001). The

coe�cients calculated through reduced stress analysis (C10 = 1.02 kPa, C01 = 1.49

kPa, C11 = 0.19 kPa) were similar to the ones determined from direct modeling of

stress data (Figure 2.4). (Miller and Chinzei, 2002) have used an incompressible

Ogden model (Ogden, 1997) to represent their data. This model takes advantage of

fractional powers of stretch ratios to give more flexibility to the model in contrast to

the integer powers used in Rivlin models. This model seems to exhibit satisfactory

behavior both in compression and tension; however, the values given in Miller and

Chinzei show an almost linear stress response in shear up to 30% engineering shear

strain contrary to the nonlinear behavior of brain tissue reported in (Arbogast et al.,

1995) and (Darvish and Crandall, 2001).
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CHAPTER 3

MECHANICAL RESPONSE OF BRAIN TISSUE

UNDER BLAST LOADING

3.1 Introduction

While motor vehicle accidents and sports related injuries remain the major causes

of Traumatic brain injury (TBI) (Elkin and Morrison, 2007; CDC , 2011), blast-

induced neurotrauma (BINT) has recently become of increasing concern (Cernak

and Noble-Haeusslein, 2010; Harrigan et al., 2010). BINT is called the signature

wound of Iraq and Afghanistan wars a↵ecting almost 20% of the soldiers (Elder and

Cristian , 2009). However, the mechanisms of such injuries are not yet completely

understood and the available experimental and computational models to simulate

blast injuries are currently limited (Nyein et al., 2010; Cernak and Noble-Haeusslein,

2010), signifying the need for improvement in such models.

Based on what is known about the mechanics and pathology of BINT, it can be

concluded that some form of stress wave with high strain rate propagates deep into

the brain tissue. When the head is subjected to blast over-pressure (BOP), assuming

a linear approximation, dilatational and shear stress waves may propagate in brain

tissue at two di↵erent time scales. The time scale of shear stress wave propagation

would be in the order of 10 ms and would be similar to shear deformation rates that

occur in automotive accidents (Zhang et al., 2004). The dilatational waves, however,

due to low compressibility of brain tissue, would propagate at a much smaller time

scale (around 10 µs) and it is expected to be primarily significant in BINT due to
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the high amplitude of the incident pressure waves (50 to 500 kPa for mild to se-

vere injuries) (Cernak et al., 2011). In addition to the amplitude of the intracranial

pressure, its rate is expected to play a significant role in causing injury. For incom-

pressible brain material, only small dilatational deformations can be generated due

to pressure, which in low rates are not expected to result in injury. Experimental

results on cultured brain tissue show that small displacements applied at high rates

may result in injury (Elkin and Morrison, 2007). Pathology of BINT shows that

the injury is generally di↵use and a↵ects even regions at the center of the brain, e.g.

hippocampus, implying that the stress waves travel throughout the tissue without

significant damping (Levin and Wilde, 2010; Cernak and Noble-Haeusslein, 2010).

Brain tissue has been shown to exhibit nonlinear viscoelastic behavior in response

to external loading (Miller and Chinzei, 1997; Laksari et al., 2012). Due to this

nonlinearity, based on theoretical and experimental results, it is conceivable that

dilatational waves steepen at the wave front and even develop into shock waves, re-

sulting in high strain rates and gradients and tissue injury. As the rate or the value

of the loading increases, for identical total energy levels, the resulting stress waves

also attenuate at higher rates. The maximum attenuation of the stress wave, which

correlates with the amount of energy dissipation, coincides with the regions experi-

encing the shock front in a nonlinear viscoelastic medium, leading to localized large

accumulations of energy (Valdez and Balachandran, 2013). This highly concentrated

and high-gradient loading may eventually result in tissue damage as the microstruc-

tural elements of the nervous tissue cannot bear such loads. Their theory has not

been applied to wave propagation in soft tissues and particularly in brain tissue and

has not been studied in the context of injury.

Coleman and colleagues developed the foundations of propagation of acceleration

waves and shock waves in nonlinear viscoelastic media (Coleman and Noll, 1961;

Coleman et al., 1964). Based on their theory, confirmed by experimental results
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in polymers (Barker, 1970; Baer et al., 1996; Nunziato and Schuler, 1973), when

certain nonlinear conditions are met, acceleration waves (waves with discontinuous

acceleration and rate of deformation fields) can develop into shock waves (waves

with discontinuous velocity and deformation fields) in the medium. On the contrary,

the discontinuity of acceleration waves in linear viscoelastic materials decays in time

and space leading to continuous acceleration and reduced rate of deformation fields

and therefore shock waves can never develop in such media. Therefore in order to

accurately predict and model the propagation of blast-induced stress waves in brain

tissue, the need for material characterization that includes both the nonlinearity of

the tissue as well as its rate dependence for blast loading conditions is of critical

importance. However, in recent studies, linear viscoelastic constitutive models have

been primarily used for modeling blast-induced waves in brain tissue (Chandra et al.,

2012; Zhu et al., 2011).

In this study, a quasi-linear viscoelastic (QLV) material model was developed

for brain tissue encompassing blast loading-rates. Subsequently, the propagation of

dilatational waves at the smaller time scale was studied and it was shown that with

large enough pressure amplitudes, acceleration waves can develop into shock waves.

It is proposed that such shock waves can be a major contributor to blast related

injuries.

3.2 Propagation of Acceleration Waves and Shock Waves

An acceleration wave is a mechanical wave whose velocity (v) and strain (E )

fields are continuous functions of space (X ) and time (t), whereas their temporal

and spatial derivatives (#v/#t, #E/#t, #E/#X ) have a single jump discontinuity

across the wave front. To demonstrate how acceleration wave parameters depend

on the material properties in a concise manner, a one-dimensional medium will be

considered in the following analysis. The amplitude of discontinuity in an acceleration
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wave, denoted by ! (t), is defined as:

! (t) =

'
#v
#t

(
(3.2-1)

where [.] represents the jump in the function at the wave front (di↵erence between

values immediately before and after the discontinuity). This is a particularly signif-

icant parameter when studying BOP traveling across brain tissue since, as will be

discussed later, the magnitude of ! (t) is related to the incoming pressure profile. An

important aspect of the analysis of wave propagation is determining the evolution of

! (t). Particularly, it can be shown that in nonlinear materials, ! (t) can increase in

time and lead to a discontinuity in velocity and strain. In materials with memory,

i.e., viscoelastic materials, the evolution of ! (t), when an acceleration wave enters a

semi-infinite homogeneous region that is initially at rest, can be obtained by applying

the Rankine-Hugoniot jump conditions (Appendix B) and written as:

! (t) =
! c#

! c

! 0
" 1

$
et/# + 1

(3.2-2)

where ( and ! c are functions of the material properties and ! 0 = ! (0). In Equation

(3.2-2), ! c acts as a critical amplitude for the acceleration wave discontinuity and

( > 0 acts as the time constant for the change in ! (t). For an acceleration wave

there are three distinct possible cases. First, if |! 0| < |! c| or sgn(! 0) (= sgn(! c), the

discontinuity in acceleration monotonically decreases to zero (! (t) ) 0). Secondly,

if |! 0| = |! c| the acceleration wave is called self-preserving as its amplitude remains

constant (! (t) = ! 0). Finally, if |! 0| > |! c| and sgn(! 0) = sgn(! c), the acceleration

wave will reach an infinite amplitude (! (t) ) * ) in a finite time (t" ). In this case a

shock wave, i.e., a discontinuity in velocity and strain, will form. This idea is further

demonstrated in Figure (3.1), where the jump in acceleration is represented by a kink

in the velocity wave front. The angle of the kink depending on whether the initial
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jump in acceleration is smaller than, equal to, or larger than the critical amplitude,

will increase, remain constant, or decrease toward 90#. The time of shock formation

can be determined from the root of the denominator in Equation (3.2-2) as:

t" = " ln

#
1 "

! c

! 0

$
( (3.2-3)

In Figure (3.1), the two cases were the acceleration amplitude is either decaying

with t" not finite (the first case) or increasing and blowing up at t" = t2 (the

third case) are depicted. It should be noted that for compressive acceleration waves

(! (t) > 0) a shock wave can form when ! c > 0 and conversely for tensile acceleration

waves to become a shock wave ! c < 0. The physical interpretation of the three cases

mentioned above can be given based on the balance between the internal dissipation of

viscoelastic materials and the nonlinearity of the instantaneous stress-strain response,

which will be elaborated further in the subsequent section. The significance of the

second and third cases in this study is that an acceleration wave caused by BOP can

penetrate deep into the brain tissue and therefore regions of the tissue, even away

from the BOP impact site (at the skull), may experience high strain rates and strain

gradients that could reach injury thresholds. This characteristic of nonlinear wave

propagation, as it was mentioned earlier, particularly agrees with the di↵use nature

of BINT observed in patients.

3.3 Constitutive Model for Brain Tissue at High Rates

To describe the mechanical behavior of brain tissue at blast loading conditions, a

quasi-linear viscoelastic (QLV) constitutive model is considered. Although this model

simplifies the rate dependence of the tissue to a single hereditary integral, it has been

shown to be su�cient for brain injury related applications (Darvish and Crandall,

2001) and also e�cient for numerical implementation (Simo and Hughes, 1998; Puso
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Figure 3.1: Comparison of models for uniaxial compression.

and Weiss, 1998). The following QLV constitutive model is considered:

S(t) =

! t

0
G(t " " )

#Se

#"
#E
#"

d" (3.3-4)

where S(t) is the Second Piola-Kirchho↵ stress tensor, Se(E) is the nonlinear instan-

taneous elastic response, and E = 0.5(F T
F " I) is the Lagrangian strain tensor with

F representing the deformation gradient. The rate dependence of the material is de-

scribed by the reduced relaxation function 0 < G (t) + 1. The measures of stress and

strain in constitutive Equation (3.3-4) ensure material frame indi↵erence (principle

of objectivity) for a general material undergoing large deformations (Truesdell and

Toupin , 1960).

The stress-strain relationship that is particularly relevant to this study, for the

onset of deformation at the wave front, is the relationship between the First Piola-
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Kirchho↵ (engineering) stress (P = FS) and engineering strain. In a one-dimensional

medium, the stretch ratio %is used as the measure of deformation and engineering

strain is represented as ) = %" 1. The instantaneous elastic response in this case, as

) ) 0, can be written as the following polynomial:

Pe()) = pe
1) +

1

2
pe

2)2 + . . . (3.3-5)

where pe
1 and pe

2 are the initial slope (instantaneous tangent or Young’s modulus)

and initial curvature (second-order modulus) of the stress-strain curve, respectively.

These two parameters, together with the initial slope of the relaxation curve (G$(0) =

dG/dt |(t=0) ) are crucially important in predicting the evolution of acceleration waves.

For a material initially at rest, the intrinsic velocity of the wave front is constant and

is given by U0 =
)

pe
1/* 0 with * 0 representing the density in the undeformed state

and the acceleration wave parameters ! c and ( can be written as (Appendix B):

! c =
pe

1

p2
e
G$(0)U0 (3.3-6)

( = "
2

G$(0)
(3.3-7)

It should be noted that U0 and pe
1 are always positive and G$(0) is always negative for

real materials with memory. Therefore, sgn(! c) = " sgn(pe
2) and ( > 0 as previously

mentioned. This means that shock waves can only develop in sti↵ening materials, i.e.,

materials whose stress-strain curve has a positive curvature in tension and a negative

curvature in compression (Domaski and Ogden, 2006). Propagation of stress waves

in sti↵ening and softening materials is shown schematically in Figure (3.2). In a

sti↵ening material, tangent modulus and as a result wave velocity increase as stress

levels become larger. This causes a smooth stress wave to become sharper at the

wave front and eventually become discontinuous. In contrast, in a softening material,
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a stress wave disperses due to lower wave velocity at higher stresses. Consequently,

in sti↵ening materials, higher stress gradients and rates are reached as the wave

propagates in the medium, which could result in injury in the case of brain tissue as

it will be discussed further in the subsequent sections.

Since estimation of the true instantaneous elastic response is limited by the rate at

which the experimental data were obtained, for an accurate analysis of wave propaga-

tion in blast rate loadings, the instantaneous response should be obtained at relevant

time scales, i.e., a few milliseconds. Also, the reduced relaxation function should

include small time constants of similar magnitudes to give a physically relevant value

for G$(0). There is no single set of published experimental data from which the ma-

terial nonlinearity and rate dependence of brain tissue at blast loading rates can be

characterized. As a result, in this study, material properties of brain tissue were char-

acterized based on experimental results for medium strain rate (10 s! 1) in uniaxial

finite compression reported in (Laksari et al., 2012), extended to high rate loadings

(700 s! 1) based on dynamic torsion test data reported in (Nie et al., 2013). The shape

of the elastic response, as in (Laksari et al., 2012), was derived from isochronous curves

and was therefore considered to be a more physically relevant representation of the

true instantaneous elastic function as the inertial e↵ects, which can be significant in

the loading segment of high rate tests, are minimized in the isochronous curves (for

more details refer to Chapter 2).
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Brain tissue was assumed as an almost incompressible isotropic material in which

S

e(E) was derived from a Mooney-Rivlin-type hyperelastic strain energy density

function (SEDF) given below:

W = C10(Ī 1 " 3) + C01(Ī 2 " 3) +
1

2
K (J " 1)2 (3.3-8)

in which C10 and C01 are the material parameters determined from experiments, Ī 1

and Ī 2 are the first and second invariants of the isochoric part of the right Cauchy-

Green strain tensor C = F

T
F , K is the bulk modulus and J is the determinant of F .

The volumetric response in Equation (3.3-8) is similar to what is used in most com-

mercial finite element software, e.g. LS-DYNA (Hallquist, 2007). For uniaxial com-

pression of a compressible material the instantaneous elastic response was calculated

from S

e(E) = #W/#E. The change of volume is represented by J = det(F ) = %1! 2" ,

where & is the Poisson’s ratio. The stress in the direction of stretch as a function of

stretch ratio %can be written as (Appendix A):

Se(%) =
4

3
%! 3

%
%(7+4 " )/ 3 " %(1! 2" )/ 3

&
C10+

4

3
%! 3

%
%(5+2 " )/ 3 + %(11+8 " )/ 3 " 2%! (1+4 " )/ 3 + %(1! 8" )/ 3 " %(13+4 " )/ 3

&
C01+

%! 3
%
%3! 4" " %2! 2"

&
K

(3.3-9)

Based on the QLV assumption, the material exhibits the same relaxation behavior

independent of the level of strain it experiences. Therefore, the instantaneous elastic

response will have the same shape as any isochronous curve and the ratio between

these two curves is a constant factor ' :

S

e(E) = ' S ic(E) (3.3-10)
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Figure 3.3: Experimental data from medium-rate uniaxial compression of brain tissue
and the resulting model fit (R2 = 75%). The experimental data show the stress-strain
measurements for an isochronous curve at t = 0.06 s.

By fitting the elastic response given in Equation (3.3-9) to the isochronous curve

at t = 0.06 s and assuming a Poisson’s ratio of & = 0.49 reported for brain tissue

(Darvish and Crandall, 2001; Hoberecht, 2009), the material parameters for S ic were

determined to be C10 = " 0.91 kPa, C01 = 1.39 kPa and K = 48.1 kPa. The compar-

ison between the experimental data and the fitted model shows excellent agreement

(Figure 3.3).

The value of ' in Equation (3.3-10) will depend on the loading rate of experimental

data that is used for Se. (Nie et al., 2013) report experimental data with the highest

loading rate to date for brain material. They used a modified split-Hopkinson bar

and applied dynamic finite torsion with 700 s! 1 maximum strain rate to cylindrical

samples of bovine brain tissue. They, however, do not derive a constitutive model in

their paper. In this study, the scale factor (' ) was determined by obtaining a con-

stitutive relation for (Nie et al., 2013) experiments and comparing the experimental
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data with what is predicted by the material parameters obtained for S ic . Based on

the constitutive Equation (3.3-8), the following elastic function relating the twisting

moment M to the shear strain k was derived (Appendix A):

M = +
%
R4

o " R4
i

&
(C10 + C01) k (3.3-11)

where Ri and Ro are the inner and outer radii of the hollow cylindrical specimen. The

stain history given in (Nie et al., 2013) was considered as an arbitrary input and the

material parameters were optimized for a viscoelastic response (Simo and Hughes,

1998). For the relaxation function, the following Prony series form was assumed:

G(t) =
6"

i =1

Gi e! ! i t + G" (3.3-12)

The values of medium-scale decay rates were taken from Laksari et al. (2012)

given as follows: $3..6 = [100, 10, 1, 0.1] s! 1. The high rate decay constant $1,2 and all

the relaxation amplitudes Gi were optimized by fitting the viscoelastic model to the

high rate torsion data. The resulting reduced relaxation function was calculated as:

G(t) = 0.5894e! 1702t + 0.3929e! 719t + 0.009e! 100t + 0.0027e! 10t

+ 0.0016e! t + 0.0016e! 0.1t + 0.0028
(3.3-13)

As expected, G1 and G2 are the dominant terms in Equation (3.3-13) since the largest

portion of the relaxation takes place in the microsecond time scale and the material

tested at this scale shows much sti↵er behavior than the same material tested at lower

time scales. The results for the fit to the high-rate data are shown in Figure (3.4)

and the high-rate material parameters for brain tissue are reported in Table (3.1).
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Figure 3.4: On the top, the results from the high-rate torsion tests with error bars
(mean SE) and the viscoelastic fit for brain tissue are shown. On the bottom, the
combined reduced relaxation function is shown in a log-log graph.
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Table 3.1: Brain tissue material parameters at high rate determined from high-rate
finite torsion experiments.

Hyperelastic Viscoelastic
C10 " 0.91 ± 0.14 kPa G1 0.5894 $1 1702 s! 1

C01 1.39 ± 0.12 kPa G2 0.3929 $2 719.5 s! 1

' 56.17 kPa G3 0.0090 $3 100 s! 1

µ 54.89 kPa G4 0.0027 $4 10 s! 1

K 48.17 kPa G5 0.0016 $5 1 s! 1

( 1.55 ms G6 0.0016 $6 0.1 s! 1

! c 717.55 g G" 0.0028 $" 0

3.4 Acceleration Wave Propagation in Brain Tissue

In the case of a one-dimensional deformation, using constitutive Equation (3.3-8),

the engineering stress in the direction of stretch is expanded about the strain-free state

() ) 0) in order to obtain the initial tangent and second-order moduli (Appendix A):

Pe()) =

#
8

3
C01 +

8

3
C01 + K

$
) "

#
28

9
C10 +

76

9
C01

$
)2 + . . . (3.4-14)

Using the material parameters given in Table (3.1), Equation (3.4-14) can be written

as:

Pe()) = 2749.41) " 500.17)2 + . . . (kPa) (3.4-15)

The negative curvature of the stress-strain curve indicates that the material can

undergo shock wave discontinuities in compression. The corresponding acceleration

wave parameters, assuming * 0 = 1000 kg/m 3, are calculated as G$(0) = " 1286.58 s! 1,

U0 = 52.43 m/s , ! c = 7039.17 m/s 2 = 717.55 G, and ( = 1.55 ms. The relationship

between the time of shock formation (t" ) and the initial acceleration jump (! 0) for

brain tissue (Equation 3.2-3) is shown in Figure (3.5). Based on the value of U0,

for average anatomical lengths of human brain that is about 130 mm (Blinkov and

Glezer, 1968), the shock formation time should be less than 2.5 ms in order for a shock
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Figure 3.5: The time required for the initial wave to become discontinuous as a
function of the acceleration wave amplitude for brain tissue. Estimates of minimum
initial jumps in acceleration in order for a shock discontinuity to form during one pass
in human and rat brains based on their brain sizes are shown by dashed lines.

wave to form inside the tissue. As can be seen in the figure, this shock formation time

can be achieved in human brain for initial jumps in acceleration ! 0 > 750 g. For rat

brain, which is frequently used in laboratory BINT experiments, with brain size of

approximately 40 mm this value is calculated as ! 0 > 1700 g.

An important question regarding the development of shock waves in brain tissue is

whether the initial accelerations (! 0) greater than ! c are achievable in a given blast

over-pressure. In order to determine if shock waves can develop from acceleration

waves while still traveling inside the brain tissue, a case study was performed based

on the experimental blast data by (Chavko et al., 2007) who measured the pressure

time history in a rat brain cerebrospinal fluid (third ventricle) due to BOP generated
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by a shock tube (Figure 3.6). This BOP, with 35 kPa peak pressure and 4 ms

positive duration, resulted in mild brain injuries in the animal. In order to evaluate

the acceleration change corresponding to the BOP inside brain tissue the following

analysis was performed. Noting that for a one-dimensional compressive wave the

position and time at the wave front satisfy the characteristic equation X " U0 t =

constant, pressure p(X, t ) satisfies equation #p/#t = U0 #p/#X and therefore the

equation of motion can be written as (Appendix A):

#p
#t

=
1

* 0U0

3(1 " &)

1 + &
#p
#t

(3.4-16)

with & representing the Poissons ratio and for brain tissue it was assumed & = 0.49.

Using the above equation, the relationship between the pressure profile and the in-

duced particle acceleration in Chavko et al. experiments was approximated. As can

be seen in Figure (3.7), the change in acceleration due to BOP reaches approximately

400 g, which is smaller than the threshold mentioned above, and given the fact that

the study by Chavko et al. resulted in mild injuries in the rat brain, it seems plau-

sible. It should be noted that quantification of the extent of brain injury based on

histology was not reported in Chavko et al. In blast explosions that take place in

theater (Sharma and Zhang, 2011; Roberts et al., 2012) the peak pressures created

are over 200 kPa, which would give initial jumps in acceleration that are higher than

the critical amplitudes derived in this study. This is also shown in Figure (3.6), where

Chavko et al. pressure profile has been scaled to give a peak pressure of 190 kPa that

was shown to have an injurious e↵ect on rat brain (Bolander et al., 2011), and the

corresponding jump in acceleration is calculated based on Equation (3.4-16). In this

case the initial acceleration jump is clearly higher than the critical amplitude for rat

brain.
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3.5 A Proposed Injury Mechanism for Nervous Tissue Un-

dergoing Blast Loading

Brain material due to its high water content is almost incompressible and therefore

the strains induced by hydrostatic pressure are significantly smaller relative to strains

induced by deviatoric (distortional) stresses (Zhang et al., 2004). It has been shown

that BOP > 100 kPa result in neuropathology similar to inertial injuries (with shear

strains at 35% with 50 s! 1 strain rate) while the biomechanics of tissue deformation

in the two cases are fundamentally di↵erent (Rafaels et al., 2011; Bass et al., 2012).

One aspect of blast wave propagation in brain tissue that has been overlooked is the

development of shock waves and regions with high stress rate and stress gradient as

discussed above. In this section this aspect nonlinear wave propagation brain tissue

will be discussed as an additional mechanism of BINT.

Neural tissue consists of neurons, glia, and the extra cellular matrix. It is not

yet clear which elements of tissue microstructure, e.g. cell membranes, gap junctions,

synapses, or cells processes, are more vulnerable to biomechanical stresses and de-

formation. However, two mechanisms are conceivable for mechanical failure of these

elements. First, the tissue stress and/or strain exceed certain thresholds in a region

encompassing multiple cellular structures, damaging several microstructural elements.

Second, stress and strain have high spatial gradients and temporal rates, which cause

neighboring microstructural elements to undergo large relative motions due to the

discontinuity in velocity at the shock front. The latter mechanism, proposed here

as a mechanism of injury in BINT, can occur even at stresses and strains that are

below the injury threshold in the first mechanism. The e↵ect of high strain rate in

neuronal injury has been shown in previous studies (Morrison et al., 2010; E!gen

et al., 2012; Ellis et al., 1995). The fact that the large relative motions occur at high

rates (theoretically infinity) makes such motions a viable candidate for neural injury
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mechanism under blast loading.

The length scale of neural tissue microstructural components is approximately

between 1 to 30 µm (Figure 3.7). High spatial gradients in strain imply that, for

example, an axon and an adjacent oligodendrocyte (with a length scale of about 5

µm) undergo significantly di↵erent strains, which results in large relative motions,

which may lead to mechanical failure at their junction and/or cell bodies. This e↵ect

is similar to crack propagation in solid materials due to blast loading. A practical

example in medicine is extracorporeal shock-wave lithotripsy (ESWL), which is cur-

rently the most common treatment for removing kidney stones (about 4-10 mm in

diameter) in the US (Matlaga and Lingeman, 2011). In ESWL, shock waves are gen-

erated by an under-water condenser and then focused on the desired area of the body,

determined through X-ray or ultra-sound tests, by utilizing a number of lenses and

ellipsoidal reflectors (Wang, 2003). The shock waves, although small in amplitude

compared to blast waves, are applied repeatedly, causing micro-fractures inside the

stones without significant damage to the tissue (Chen et al., 2009; Settles, 2006).

These micro-fractures are arguably caused by the spatially small shock front that can

cause rapid di↵erentials in stress and strain.
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3.6 Discussion

In the present study, the fundamentals of blast-induced nonlinear viscoelastic wave

propagation in brain tissue were investigated. It was shown that an acceleration

wave, i.e. a wave with a jump in acceleration and continuous velocity and strain,

could evolve into a shock wave in brain tissue under certain conditions. Development

of a shock wave is manifested by steepening of the velocity and strain profiles and

developing of regions with high strain rate and strain gradient deep in the tissue away

from the impact site. Localized relative motions at the shock front that occur at the

micro scale can cause damage to the nervous tissue.

The material parameters that govern the behavior of the acceleration wave are

the critical amplitude, beyond which the acceleration wave grows in time, and the

decay rate, which determines how fast this growth occurs. Specifically, in addition to

the slope of the stress-strain curve (tangent modulus), the curvature (second-order

modulus) plays a crucial role in determining the characteristics of nonlinear wave

propagation. It is critical that these properties be characterized at rates relevant

to blast loading. A new comprehensive constitutive model that covers the material

nonlinearity and rate dependence of brain tissue at blast loading rates was developed

based on two sets of recently published experiments. A constitutive model derived

from medium strain rate compression test (10 s! 1) was extended to high rate loadings

based on dynamic torsion test data (700 s! 1 ). This model confirmed that shock waves

can occur in brain tissue under high rate compressive loading. The critical acceleration

amplitude for development of shock waves in brain tissue was determined to be 750 g.

It was shown that brain tissue can undergo such accelerations blast over-pressures.

In contrast to this behavior, a linear viscoelastic material model for brain tissue

does not capture such steepening behavior, and an acceleration wave merely dissi-

pates. This signifies the need for implementation of nonlinear viscoelastic properties

of brain tissue in computational models of blast-induced brain injury. Computational
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models have been a major tool in investigating and mitigating of traumatic brain

injury over the past few decades. The brain material in a majority of these models is

assumed as linear viscoelastic, which may be su�cient for simulating car crashes and

sports-related injuries. However, the results of this study demonstrated that a linear

viscoelastic model of brain tissue could be misleading for blast loading applications by

overestimating the dissipation and dispersion of stress waves. The nonlinear model,

conversely, predicts that stress waves could propagate deep into the tissue while the

wave front is steepening and resulting in large relative motions at the cellular level.

The large relative motion predicted by the nonlinear theory at the cellular level was

proposed as a mechanism of BINT in addition to the rapid rise in dynamic pressure.

The large relative motions a↵ect neuronal cell bodies and various junctions between

the cells and may disrupt their functions. Neuronal microstructural elements are not

designed to be load bearing and therefore can be disrupted or perhaps ruptured due

to high gradient and high rate strains even when the overall magnitudes of strains

due to pressure are small because of low material compressibility.

To validate the steepening of stress waves in brain tissue due to over-critical ac-

celeration waves would require experimental techniques utilizing broadband pressure

sensors and data acquisition system that to our knowledge, have not been reported

to date. As an example of recently published data on blast wave measurements in

brain tissue, the results of (Chavko et al., 2007) are considered. Their data were

obtained with a fiber optic pressure sensor system (FISO) that has a maximum sam-

pling frequency of 100 kHz (FISO Technologies, Quebec, Canada). However, in order

to acquire pressure data with gradients at the micrometer length scale, which is as-

sociated with the microstructural elements in nervous tissue, a sampling frequency of

at least 50 MHz is required (based on the wave velocity U0 given above). This means

that the published data of Chavko et al. do not accurately capture the wave front

and underestimate the rise time and pressure gradient of the shock wave. It should be
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emphasized that even with the underestimated data, the initial jump in acceleration

based on Chavko et al. was in the order of the critical amplitude of brain tissue and

therefore the model presented in this study predicts formation of shock waves inside

the tissue for BOP that occur in theater (Figure 3.7).

The only available data in the literature for shock wave propagation is given for

materials such as PMMA and sapphire (Schuler et al., 1973; Barker, 1970). Stress

waves were applied to the boundary of the specimens that was attached to the tip of a

projectile, which was accelerated using a gas-gun apparatus. One-dimensional impact

was ensured by maintaining extreme flatness in both surfaces. The intrinsic velocity

for PMMA was calculated to be approximately 2800 m/s at a sampling frequency of

100 MHz . This number is consistent with the material properties of PMMA given

in the above study (* 0 = 1184 kg/m 3 and linear tangent modulus of 2944 MPa).

By analogy to the PMMA data, the linear tangent modulus for brain tissue given in

Equation (3.4-14) will give an intrinsic velocity of about 85 m/s, which is in the same

order as the findings in this study.

The results reported in this study, especially the values for t" , are derived based

on the theoretical derivation of nonlinear wave propagation in viscoelastic tissue. This

limits the understanding to one-dimensional waves and also does not take into account

the e↵ects of the boundaries. In reality, the wave gets reflected after traveling through

the tissue and reaching the skull, which acts as a sti↵ boundary. As a result the waves

can become discontinuous even after reflection and still have the high rate and high

gradient e↵ects on the tissue. In order to study this further numerical computations

and simulations are required.

This study was limited to one-dimensional wave propagation to investigate the

fundamental aspects of acceleration wave propagation in brain in an analytical frame-

work. However, the material model of brain tissue for high rates developed in this

study can be used in three-dimensional applications assuming the material to be ho-
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mogenous and isotropic. Analysis of wave propagation and shock formation in brain

tissue in three dimensions would require a computational solution. This model is be-

ing developed by the authors using a discontinuous Galerkin finite element approach

to capture the e↵ect of discontinuities. It is expected that two types of longitudi-

nal (dilatational) and shear (distortional) waves to be generated in three dimensions.

Moreover, in the three-dimensional case, an incident wave type, upon reflection from

the boundaries (e.g., skull) may result in another wave type in addition to the original

one. Shear waves that propagate at lower speeds, could result in significant deforma-

tions in brain tissue and contribute to cellular and microstructural injuries. Injuries

due to shear deformations have been studied extensively in the literature of accidental

injuries (Fitzharris et al., 2004; Zhang et al., 2004) and were not the concern of this

study. Propagation of high amplitude and high rate dilatational waves makes blast-

induced injuries distinct from blunt brain trauma. The main result of this study, i.e.,

formation of shock waves due to BOP in brain tissue, is expected to be valid in three

dimensions as well.

3.7 Conclusion

The underlying physics of propagation of high rate longitudinal waves in brain

tissue was investigated. A quasi-linear viscoelastic model was developed for brain

tissue based on previously conducted finite compression and finite torsion experiments

at medium and high rates respectively. This model is deemed appropriate to be used

in BINT simulations since it represents both the rate dependence of the tissue at

blast time scales and its nonlinearity. Using this model, the possibility of shock wave

formation was predicted in compressive waves with su�ciently high initial acceleration

amplitudes. Furthermore, injury to neuronal cells was proposed to be a result of the

high spatial gradients and high rates of strain and velocity at the shock front.
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CHAPTER 4

COMPUTATIONAL SIMULATION OF THE

MECHANICAL RESPONSE OF BRAIN TISSUE

UNDER BLAST LOADING

4.1 Introduction

Traumatic brain injury (TBI) is continuously reported as one of the leading causes of

death and disability in the world (Elkin and Morrison, 2007). In the United States

alone 1.4 million people sustain a form of TBI each year, of whom 52,000 die and over

200,000 are hospitalized (CDC , 2011). In addition to the TBI cases in motor vehicle

accidents and sports related injuries, which are quoted as the major cause of TBI,

a relatively more recent aspect of TBI known as blast induced neurotrauma (BINT)

has also become of increasing concern as it is being called the signature wound of

war in Iraq and Afghanistan wars, with almost 20% of the soldiers being a↵ected

by it (Elder and Cristian, 2009; Panzer et al., 2011). However, the mechanisms of

such injuries are not yet completely understood and the available experimental and

computational models to simulate blast injuries are currently limited, signifying the

need for improvement in such models (Cernak and Noble-Haeusslein, 2010).

A blast wave is a pressure wave with finite amplitude that in a short time period

releases a significant amount of energy. A sharp increase in pressure and air density

starts propagating away from the source of explosion. As the blast over-pressure

(BOP) enters a biological tissue, high-rate stress waves, which have longitudinal and

shear components, develop that can have devastating e↵ects on the tissue depending
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on the amplitudes of the waves and the type of tissue (Cernak and Noble-Haeusslein,

2010). The duration of a blast wave, depending on the explosion’s intensity, varies

in the range of 100 µs to a few milliseconds, and it can induce pressure rises of

up to 1 MPa (Cernak and Noble-Haeusslein, 2010; Moore et al., 2009). Such high

rates of loading may induce in the tissue propagation of acceleration waves and shock

waves, due to the nonlinear behavior of the tissue, that are not present at low rates

of loading. The wave propagation in a nonlinear viscoelastic brain tissue has been

mostly overlooked in the blast induced neurotrauma literature.

Since the pioneering works in the field of nonlinear viscoelasticity in 1960’s and

1970’s (Coleman et al., 1964; Coleman and Gurtin, 1965a,b,c; Coleman et al., 1966),

little attention has been given to the possibility of propagation of acceleration waves

and shock waves in nonlinear viscoelastic soft tissues including brain tissue. Based

on theoretical results, in a previously undisturbed semi-infinite nonlinear viscoelastic

medium, when certain conditions are met, discontinuities in acceleration, i.e. acceler-

ation waves, and/or in velocity or strain, i.e. shock waves, can develop and propagate.

This is counter-intuitive to the expected dissipative character of viscoelastic media

and indeed in the case of linear viscoelasticity acceleration waves are always dissipa-

tive, i.e., their amplitudes decay in time and space and do not lead to shock waves.

While an analytical solution for the propagation of one-dimensional acceleration

waves in nonlinear viscoelastic materials exists, the solutions to general displacement

or pressure inputs require a numerical solution. For BINT applications, it is necessary

to use a numerical method that can handle the complex constitutive model of brain

tissue derived based on latest reported results and also the propagation of acceleration

and shock waves in such medium.

The Discontinuous Galerkin (DG) method was used in this study as it has been

been shown in the past to be an e�cient method in studying the propagation of

discontinuities in media (Cockburn and Shu, 2001; Hesthaven and Warburton, 2008).
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The DG method is an extension of the conventional finite element (FE) method so

it retains the capabilities of FE methods in handling irregular meshes and a wide

range of material models. In addition, due to locality of this method (each element

only communicates with neighboring elements), it has much better potential for par-

allelization and lower computational cost. The main advantage of the DG method

for this study compared to the FE method is its ability to capture shock wave motion

and evolution with minimal numerical artifact. In most commercial FE software, a

shock wave is handled by using artificial numerical di↵usion in the numerical solution

and reducing a shock wave to a wave with steep gradient. This is performed by using

the bulk viscosity e↵ect explained in (Hallquist, 2007). To the best of the authors’

knowledge, DG has not been performed as a computational approach to studying

wave propagation in nonlinear viscoelastic tissues.

The objective of this study was to put forth a novel DG computational method to

capture and study the formation and propagation of shock waves in brain tissue. The

e↵ects of tissue characteristics such as nonlinearity and viscoelasticity on the stress

waves, in particular steepening of the wave front in contrast with dispersion and

damping, are studied. The theoretical rationale together with the numerical results

are then utilized in order to propose an injury mechanism for BINT based on shock

wave formation in brain tissues.

4.2 Governing Equations

Since the focus of this study was to understand the e↵ects of brain material prop-

erties on shock wave formation and propagation, a one dimensional (1D) domain for

simplicity is considered. Using the conventional continuum mechanics approach, the

position of a material point denoted by X in the undeformed (reference) configura-

tion is described by x = , (X, t) in the deformed configuration. The deformation

gradient tensor (F ), the right Cauchy-Green strain tensor (C) and the Lagrangian
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strain tensor (E), defined below, were used as measures of deformation:

F =
#x
#X

, C = F

T
F , E =

1

2
(C " I) (4.2-1)

where I is the identity matrix. For a one-dimensional deformation, F reduces to a

single stretch ratio %= #x/#X , and ) = %" 1 is the 1D strain. Therefore the Cauchy

equation of motion in the Lagrangian description simplifies to a single equation:

#P
#X

= * 0
#v
#t

(4.2-2)

where P is the first Piola-Kirchho↵ (engineering) stress, * 0 is the density of the

material in the undeformed configuration, and v = #u/#t is the velocity field. For

regions where velocity and strain are continuous, a compatibility equation can be

written between velocity and strain in the following form:

#v
#X

=
#)
#t

(4.2-3)

Equation (A.7), together with Equation (4.2-3), can be written as a system of two

first-order partial di↵erential equations (PDE):

#
#t

*

+
,

)

v

-

.
/ =

#
#X

*

+
,

v

P/* 0

-

.
/ (4.2-4)

The stress (P) is related to strain ()) through a constitutive model. In the subsequent

sections, a hyperelastic and a nonlinear viscoelastic constitutive model suitable for

brain tissue will be considered and their e↵ects on the development of shock waves

based on the governing Equation (4.2-4) will be studied, but before that the general

conditions for the development of shock waves is discussed in the next section.
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4.3 Shock Formation Criteria

To study shock formation, the governing Equation (4.2-4) is written in the follow-

ing form:

#
#t

*

+
,

)

v

-

.
/ + A

#
#X

*

+
,

)

v

-

.
/ = 0 (4.3-5)

where

A =

*

+
,

0 " 1

" c2 0

-

.
/ and c()) =

0
1

* 0

#P
#)

are the coe�cients’ matrix (consisting of the material parameters) and the stress wave

velocity in the medium, respectively. #P/#) is the local material tangent modulus

that in general can be a function of strain ). In a system of first-order PDEs, as

in Equation (4.3-5), characteristic lines are two sets of curves in the X " t plane

aligned with the eigenvectors of the coe�cient matrix A, along which the system of

PDEs simplifies to two ordinary di↵erential equations (ODEs) (Logan, 2010). The

eigenvalues of A gives the speed of propagation of waves along the characteristic lines.

The above system has the following eigenvalues and eigenvectors:

⇤ = ± c, Q =

*

+
,

" 1/c 1/c

1 1

-

.
/ (4.3-6)

the values of which depend on c and therefore on #P/#) . In a linear material, where

the tangent modulus is a constant, the characteristic lines have a constant slope and

therefore the solution of the ODE along each line remains unique. However, in a

nonlinear material where tangent modulus is a function of strain level, the slope of

the characteristic curves changes accordingly and may result in colliding characteristic

lines at a particular point in space and time. When the characteristic lines collide,
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it means that the solution to the PDE s not unique. This situation is known as a

shock wave discontinuity, in which the solutions () and v) have an abrupt jump with

large spatial and temporal gradients (infinite in theory). In a sti↵ening material when

the tangent modulus has a positive curvature in tension and a negative curvature in

compression, shock wave discontinuity can evolve from a smooth initial condition. In

contrast, in a softening material, a stress wave disperses. The higher stress gradients

and rates that are reached in a sti↵ening material as the stress wave propagates in

the medium, are proposed to be a mechanism of injury in the case of brain tissue

undergoing BOP based on the constitutive material model presented in the next

section.

4.4 Constitutive Models for Brain Tissue

The constitutive model presented in this section follows the model reported previ-

ously in (Laksari et al., 2012). Since brain tissue generally undergoes large deforma-

tions, the Lagrangian strain tensor (E) and the second Piola-Kirchho↵ stress tensor

(S = F

! 1
P ) are chosen as the measures of strain and stress that satisfy the principle

of objectivity. Viscoelasticity is implemented using a quasi-linear viscoelastic (QLV)

model consisting of a convolution integral between a strain dependent instantaneous

nonlinear hyperelastic function S

e(E), and a time-dependent decaying reduced re-

laxation function G(t):

S (t) =

! t

0
G (t " " )

#Se

#E
#E
#"

d" (4.4-7)

For simplicity, brain tissue is assumed to be isotropic and S

e is determined from a

compressible generalized Rivlin strain energy density function W :
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W =C10(J1 " 3) + C01(J2 " 3)+

C11(J1 " 3)(J2 " 3) +
1

2
K (J " 1)2

(4.4-8)

The first three terms describe the material behavior in distortion (no volume change)

and the last term is for dilatation. Parameters C10, C01 and C11 are the Rivlin material

parameters and K is the bulk modulus. J1 and J2 are the first and second invariants

of the isochoric part of the right Cauchy-Green strain tensor, and J = det(F ) is the

determinant of the deformation gradient tensor, which represents change of volume.

The 1D instantaneous stress-strain relationship (Pe Vs. )) can be simplified as a

polynomial expansion that vanishes at ) = 0:

Pe = pe
1) +

1

2
pe

2)2 + . . . (4.4-9)

where

pe
1 =

#
8

3
(C10 + C01) + K

$
,

pe
2 = "

#
56

9
C10 +

152

9
C01

$

It is clear from Equation (4.4-9) that sti↵ening or softening of the material behavior

near ) = 0 is dependent on the sign of p2
e. Also for the material to be physically

accurate, the elastic modulus in this region should be positive (pe
1 > 0) to give positive

energy near ) = 0. As for the rate-dependence of brain tissue, the following relaxation

function in the form of a Prony series was employed:

G(t) =
6"

i =1

Gi e! ! i t + G" (4.4-10)

In order to model the brain material behavior in loading conditions related to
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BINT, it is imperative to characterize the constitutive model of brain based in high

rate experiments that resemble blast explosions. On the other hand, it was shown

that the shape of the stress-strain curve is critical in determining whether stress waves

become shock as they propagate in the brain tissue. In this study, the fastest tests

reported in the literature by Nie et al. (Nie et al., 2011) for brain tissue in torsion

using a modified split-Hopkinson bar at strain rates up to 700 s! 1 were combined

with the medium rate (10 s! 1) compression tests reported by Laksari et al. (Laksari

et al., 2012). The approach used by Laksari et al. gives a more accurate estimate

of the elastic function based on the isochronous lines and also results in a unique

determination of C10 and C01 parameters. The two sets of experimental were fitted

simultaneously using least-square optimization. Assuming a Poisson’s ratio of & =

0.49 (Darvish and Crandall, 2001), the Rivlin parameters were determined to be

C10 = " 2427.39 kPa, C01 = 2454.84 kPa and C11 = 1197.43 kPa, resulting in a bulk

modulus of K = 2677.5 kPa. The goodness of fit to the experimental data is shown

in Figure (4.1). Based on these material constants, the following Pe response was

derived:

Pe()) = 2749.41) " 13176.8)2 + . . . (kPa) (4.4-11)

Equation (4.4-11) shows that near ) = 0 the response of brain tissue is sti↵ening in

compression but is softening in tension. Therefore it is expected that shock waves

could form for compressive waves.

For the reduced relaxation function G(t), based on the Nie et al. data, two

additional exponential terms with short time constants (large decay rates) were added

to the Prony series determined in Laksari et al. and renormalized:
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Figure 1: Stress response to a jump in acceleration,! = 1000m/s 2 at three instancest !
{ 1.5, 2, 2.5, 3} ms.

1

Figure 4.1: Elastic response of the QLV material model for brain tissue is shown.
On the left the elastic response of brain is shown for medium rate finite compression
as a function of Lagrangian strain (R2 = 75%). In the right graph, the linear shear
modulus and the high decay rates for the relaxation function are fitted based on the
high rate finite torsion data.

G(t) = 0.5894e! 1702t + 0.3929e! 719t+

0.009e! 100t + 0.0027e! 10t+

0.0016e! t + 0.0016e! 0.1t + 0.0028

(4.4-12)

The first two terms that decay after about 4 milliseconds are the dominant terms in

Equation (4.4-12) indicating that significant reduction of stress occurs in the first few

milliseconds after an abrupt loading of brain tissue. How this viscoelasticity would

a↵ect the formation of shock waves in brain tissue is discussed in the next section.

4.5 Theory of Nonlinear Wave Propagation in Brain Tissue

Based on the nonlinear theory of wave propagation in materials with memory

developed by Coleman and his colleagues (Coleman et al., 1964) in a one-dimensional

medium that is initially at rest, i.e., a wave with a jump in the acceleration at the

53



wave front but continuous in velocity and strain, either disperses or evolves into a

shock wave (discontinuity in velocity and strain) depending on the initial value of the

jump and the stress-strain relationship of the material. The equation that describes

the evolution of the jump in acceleration ! (t) can be written as:

! (t) =
! c#

! c

! 0
" 1

$
et/# + 1

(4.5-13)

where ! c is the critical amplitude, beyond which the acceleration wave grows and

becomes a shock wave (when ! (t) ) * ), ! 0 is the initial value of ! (t), and ( the is

time-constant for the change in ! (t). The parameters ! c and ( are dependent on the

material parameters and be written as:

! c =
pe

1

pe
2
G$(0)U0, ( = "

2

G$(0)
(4.5-14)

where U0 is the wave velocity at zero strain, i.e., U0 = c() = 0) =
)

pe
1/* 0 and G$(0) =

d G/d t (t = 0) is the initial slope of the relaxation curve that is negative for real

materials. For brain material properties presented in Section (4.4) the acceleration

wave parameters become U0 = 52.43 m/s , ! c = 717.55 g (1 g = 9.81 m/s 2), and

( = 1.55 ms. These values are used to verify the numerical algorithm that is used in

this study for determining shock wave formation in brain tissue and is described in

the next section.

4.6 Discontinuous Galerkin (DG) Finite Element Model

A Discontinuous Galerkin (DG) FE algorithm was implemented in this study to

investigate the propagation of acceleration waves and formation of shock waves in

brain tissue. The basics of the formulations used are presented in this section briefly

following the works by Cockburn and colleagues (Cockburn and Shu, 1998). The
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governing Equation (4.2-4) for a 1D medium can be written in the following vector

form:

#q
#t

+
#f(q)

#x
= 0 (4.6-15)

where

q =

*

+
,

)

v

-

.
/ and f =

*

+
,

" v

" P/* 0

-

.
/

represent the primary variables and the flux vectors, respectively. After the inner

product of the above equation with N shape functions - j (x) and twice integrating

by parts, the strong DG form of the partial di↵erential equation can be written as:

!

D k

#
#q
#t

+
#f(q)

#x

$
- i dx =

1
2
f(q) " f

%(q)
3

- i

4xk
r

xk
l

(4.6-16)

where D k represents the kth element of a series of non-overlapping elements that

approximate the domain of the numerical solution. Subscriptions r and l represent

the values at the two ends (right and left) of the 1D element. f

% is a numerical flux

vector that compensates for the di↵erence in nodal solutions obtained from adjacent

elements. The choice of the numerical flux function is important for the stability of

the DG scheme. In this study, the local Lax-Friedrichs flux was used that can be

written as:

f

%(q! ,q+ ) =
f(q! ) + f(q+ )

2
+

C
2
n̂.(q! " q

+ ) (4.6-17)

where superscripts and + represent the values in two adjacent elements and n is the

outward pointing normal vector (+1 in the right side and " 1 in the left), and C is the
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magnitude of the largest eigenvalue of the matrix A = #f /# q (see Equation 4.3-5),

representing the wave velocity in each element edge.

Spatial discretization was accomplished using the same N shape functions for q

and f , considering that f(q) can generally be a nonlinear function of q:

q

k(x, t ) =
N"

i =1

q̂

k
i (t) - k

i (x), x ! D k (4.6-18)

f

k(q(x, t )) =
N"

i =1

f̂

k
i (t) - k

i (x) (4.6-19)

where f̂

k
i (t) = f

%
q̂

k
i (t)

&
. In this manner, the combination of N equations similar to

Equation (4.6-16) can be written in the following semi-discrete matrix form:

M k
ij

dq̂j

dt
+ Sk

ij f̂
k
j =

5
(f k " f

%)- i (x)
6xk

r

xk
l

(4.6-20)

where

M k
ij =

!

D k
- i - j dx, Sk

ij =

!

D k
- i

#- j

#x
dx (4.6-21)

are the mass and sti↵ness matrices, respectively. Equation (C.12) gives a nonlinear

system of N equations for N unknowns considering that f̂ j for each element can be

found through explicit time-stepping at each time step from Equation (4.6-19).

Normalized Legendre polynomials of order n were used as shape functions (- n(x) =

P̃n! 1(x)) with N = 2, i.e.,

q

k(r, t ) = q̂

k
1(t) P̃0(r ) + q̂

k
2(t) P̃1(r ) (4.6-22)

where

P̃0(r ) =
1

,
2

, P̃1(r ) =

7
3

2
r
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and r is a normalized spatial variable with r ! [" 1, 1] along each element. These

polynomials provide accurate results when integrated and give a diagonal mass ma-

trix that can easily be inverted for numerical e�ciency (Hesthaven and Warburton,

2008; Karniadakis and Sherwin, 1999). The integrations in Equation (4.6-21) were

performed using the Gauss-Legendre-Lobatto quadrature. It is important to note

again that the main feature of the DG method that is crucial for this application is

that the solution can be discontinuous, i.e., for the same node i , q̂i in the left element

and in the right element can be di↵erent. For the temporal integration of Equation

(C.12) a third-order Runge-Kutta explicit scheme with adaptive time-stepping was

used. In addition, in order to avoid spurious oscillations near the discontinuities,

a generalized slope limiter (⇧N ) was utilized to ensure the conservation of physical

properties as well as the formal accuracy of the numerical solution. The ⇧N scheme

makes use of the computational result as a piece-wise N th -order polynomial and only

applies limiting in the elements where oscillation is detected, therefore keeps the

accuracy in regions of smooth solution (Hesthaven and Warburton, 2008).

For numerical simulations, a one-dimensional domain with brain material proper-

ties (a bar) with 130 mm length (average anatomical length for human brain in the

anterior-posterior direction (Blinkov and Glezer, 1968)) was considered as shown in

Figure (4.2). The bar was considered to be fixed at one end (no displacement) and

free at the other to deform based on the loading input. At the free end, displace-

ment and pressure boundary conditions were considered. The displacement input

with various rates was used to investigate at which rates shock waves start to form.

The profile is shown in Figure (4.2) on the left, where the maximum displacement

was 5 mm (less than 4% strain) and the ramp speeds resulted in average 500 and

700 s! 1 strain rates. These ramp speeds were chosen based on the predication made

from the nonlinear theory for the critical amplitude of acceleration wave to cover a

range of changes in peak acceleration smaller or larger than the critical value. In the
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Figure 3: on the left is the schematic of the 1D bar. In the middle is the displacement proÞle,
whereu0 = 5 mm andt0 ! { 1/ 500, 1/ 700} ms. On the right is the blast over-pressure given
as input to the free end of the bar.

In terms of the temporal integration, third order Runge-Kutta explicit scheme and adaptive
time-stepping was used. In addition, in order to avoid spurious oscillations that are common-
place in high-order scheme, a MUSCL type slope limiter was used to limit the change of slope
in neighboring elements and avoid spurious oscillations due to the numerical scheme. A brief
overview of the numerical implementation this method is given in Appendix??and more detail
can be found in (Cockburn and Shu (2001); Hesthaven and Warburton (2008)).

3 RESULTS

As mentioned in the previous sections, in this study, the wave propagation in a one-dimensional
bar was considered. As an average anatomical length for human brain, a 130 mm-long bar was
considered as shown in Figure 3 (Blinkov and Glezer (1968)). The bar was considered to be
Þxed at one end (no displacement) and free at the other to deform based on the loading input.
At the free end, two separate boundary inputs were considered. For the Þrst input, the free
end was displaced with a smooth ramp-and-hold proÞle with various rates to investigate the
effects of rates on the response of the tissue. The proÞle is shown in Figure 3 on the left,
where the maximum characteristic displacement was 5 mm (less than4% of the initial length
of the bar) and the characteristic ramp speeds were500, and 700 s! 1. These ramp speeds
were chosen based on the predication made by the nonlinear theory for critical amplitude of
acceleration to cover a range of deformations to give smaller or larger accelerations than the
critical jump in acceleration. In the second set of simulations, two pressure proÞles, based on
the experimental measurements inside the third ventricle of the brain of a rat model exposed to
shock tube over-pressure (Chavko et al. (2007)), were scaled and applied to the left boundary
of the brain sample. The scaling factor of the two pressure proÞles were determined to give
peak pressures (pmax ) according the lower end (190 kPa) and higher end (500 kPa) of the Þeld
measurements as a result of blast explosionref .

9

Figure 4.2: On the left is the schematic of the 1D bar and the applied displacement
input. The left boundary is compressed for 5 mm at t0 = 77 and 55 ms at two strain
rates (500 and 700 s! 1). On the right, a schematic of the 1D bar with the pressure
boundary condition is given, where pmax is the peak over-pressure studied for two
cases (pmax = 190 and 500 kPa).

second set of simulations, based on the experimental pressure measurements in a rat

BINT model with BOP generated from a shock tube and pressures measured in the

third ventricle (Chavko et al., 2007), two pressure profiles were scaled and applied to

the model. The scaling factor of the two pressure profiles were determined to give

peak pressures (pmax ) according the lower end (190 kPa) and higher end (500 kPa)

of the field measurements pertaining to blast induced brain injury as a result of blast

explosions (Zhu et al., 2013).

In the following sections, the results of the numerical simulations obtained for

two di↵erent material models are discussed. First, only the hyperelastic part of the

material model was considered. In this case, the input wave is expected to travel

through the material with no decay; however, the steepening e↵ect of the sti↵ening

material is expected to be observed. Secondly, the complete QLV model was used to

investigate the interaction between the nonlinear and damping e↵ects of the material
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model.

The initial spatial resolution of the DG code was 0.26 mm and an adaptive time-

stepping was used for temporal integration based on the maximum wave velocity in

the entire domain. Comparison of the h-convergence (keeping the order of the polyno-

mial constant and successively increasing the number of elements) and p-convergence

(keeping the number of elements constant and increasing the order of the polyno-

mial) with polynomials of up to order 5 (P̃5(r )) showed a linear h-convergence and

an exponential p-convergence.

4.7 Results

4.7.1 Hyperelastic Results

For simulations with hyperelastic material properties, the material parameters

were taken from the instantaneous hyperelastic parameters given in Section (4.4). In

order to validate the DG results, a similar model was developed in LS-DYNA (LSTC,

Livermore, CA), which is a commercially available explicit nonlinear finite element

code. In the LSDYNA simulation, a three-dimensional bar was considered and con-

strained in two dimensions, allowing the deformation to take place only along one

axis with the same spatial resolution as the DG model. The boundary conditions for

the two ends of the bar were prescribed in the same fashion as described above. For

the hyperelastic material model, MAT-077-H was used, which simulates a compress-

ible generalized Rivlin material with up to six terms and an Ogden energy function

to account for the hydrostatic work (Hallquist, 2007). The resulting stress-strain

relationship is identical to Equation (4.4-8).

The LS-DYNA code uses the method of bulk viscosity in order to treat shock

waves. In this method, a viscous term is added to the hydrostatic pressure response

that smears shock discontinuities into high-gradient but smooth solutions and keeps
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the solution unperturbed far from the shock front (VonNeumann and Richtmyer,

1950; Noh, 1976). This step is taken to ensure that the solution remains unique in

the domain and the continuity assumptions of the finite element method are satisfied.

However, as a result, the gradients of strain and stress at the wave front are reduced.

In this study, since comparing strain and velocity gradients were of primary concern,

care was taken so that the e↵ect of bulk viscosity was reduced to a minimum as

explained in the LS-DYNA user’s manual (Q1 = 1.5, Q2 = 0.06)

4.7.1.1 Displacement Input

Figure (4.3) shows the results of DG and LS-DYNA simulations to the displace-

ment input at the low and high strain rates (500 and 700 s! 1). As can be seen, there

is generally a good agreement between the two simulations in terms of maximum

amplitudes. In the slower rate (top row), the stress wave propagates through the

medium with no significant shape change. In the case of the higher rate (bottom

row), the stress wave steepens in the wave front, representing formation of a shock

wave. In order to give a measure of steepening of the stress waves, the maximum

stress gradient at the wave front (P$
max = max[#P/#x ]) was calculated. Here, the

gradient for a compressive wave in the shock front is reported as positive number.

The DG simulation predicts a higher P$
max in both cases. This di↵erence becomes

significant in the high rate case after about 1.5 ms, which means that, as the wave

propagates deeper in the model, the DG simulation predicts a much steeper shock

front compared to LS-DYNA. These simulations showed that the applied low strain

rate was indeed subcritical and the high strain rate was supracritical.

The results of this section showed that the DG simulations showed a more rapid

growth of P$
max . This e↵ect was further studied for finer spatial resolutions approach-

ing 5 µm. This length scale was chosen in order to compare the two methods at

the cellular level of brain tissue and examine whether their di↵erence in P$
max was
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Figure 1: The left two graphs show the stress response in the viscoelastic material as exposed
to pressure input (at 190 and 500kPa) at the boundary in four instancest ! { 0.5, 1, 2, 3} ms.
The right graph shows the strain results in the 500kPa case, where a shock discontinuity in
strain is seen.

1

Figure 4.3: Stress (left column) and maximum stress gradient as the wave propagates
through the tissue for two strain rates of 500 s! 1 (top row) and 700 s! 1 (bottom row)
for time snapshots t ! { 1, 1.5, 2} ms.
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Figure 1: The left two graphs show the stress response in the viscoelastic material as exposed
to pressure input (at 190 and 500kPa) at the boundary in four instancest ! { 0.5, 1, 2, 3} ms.
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Figure 4.4: Numerical shock front thickness as a function of element size (�X ) for
the strain rate of 700 s! 1. The length scales relevant to brain tissue cellular features
are shown.

dependent on the mesh resolution. P$
max for the 700 s! 1 strain rate is compared for

the two methods as a function of mesh resolution at a shock front (100 mm away

from the left boundary at t = 1.8 ms) as shown in Figure (4.4). The shock thickness

was defined as the distance between 95% and 5% of the maximum stress. As shown

in the figure, if the e↵ect of the shock wave on cellular features with 10 µm is to be

studied, a mesh resolution of 5 µm is needed for the DG method. The shock thickness

with the LS-DYNA model, for the same mesh resolution, will be more than 100 µm,

which means that the cellular features e↵ectively will not see any stress gradient. In

other words, mesh refinement to model the geometry of brain cellular features in the

LS-DYNA model is not su�cient to study the e↵ect of shock waves on these features.
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Figure 1: The left two graphs show the stress response in the viscoelastic material as exposed
to pressure input (at 190 and 500kPa) at the boundary in four instancest ! { 0.5, 1, 2, 3} ms.
The right graph shows the strain results in the 500kPa case, where a shock discontinuity in
strain is seen.

1

Figure 4.5: Stress response in the hyperelastic brain material as exposed to pressure
inputs with 190 kPa (left) and 500 kPa (right) peak pressures at the boundary in
three instances.

4.7.1.2 Pressure Input

In the pressure input simulations (Figure 4.5) also the DG and LS-DYNA simu-

lations showed good agreement in the terms of the amplitude of the stress wave. The

shape of the wave was unchanged in the low pressure (190 kPa) input while for the

the higher pressure (500 kPa) input the wave front became significantly steeper with

time. In the case of pressure input, similar to displacement input, the stress gradient

at the wave front was significantly higher in the DG model for the higher pressure

input.

4.7.2 Viscoelastic Results

The DG model explained in the previous section was used with the QLV material

model derived in Section (4.4) to investigate shock wave formation in the viscoelastic

brain tissue. Since LS-Dyna material library does not include a QLV model similar to

the one described by Equation (4.4-7), the validation of the DG code in this case was

performed against the theoretical results of acceleration waves in nonlinear viscoelastic

materials explained in Section (4.5). For these validations a constant velocity input
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Figure 1: The left two graphs show the stress response in the viscoelastic material as exposed
to pressure input (at 190 and 500kPa) at the boundary in four instancest " { 0.5, 1, 2, 3} ms.
The right graph shows the strain results in the 500kPa case, where a shock discontinuity in
strain is seen.
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Figure 4.6: Evolution of the acceleration wave for two cases of ! 0 = 100 g (subcritical)
and ! 0 = 1, 000 g (supracritical) initial jumps in acceleration.

was considered that resulted in an initial jump in acceleration (acceleration jump)

was applied at the left boundary.

4.7.2.1 Jump in Acceleration

Acceleration waves with subcritical and supracritical initial conditions (! 0 =

100, 1000 g) were considered entering the free end of a long (1 m bar) 1D QLV

model with brain material properties. The evolution of the acceleration wave, shown

in Figure (4.6), agrees with the theoretical predictions given in Equation (4.5-13).

For the subcritical initial condition, the acceleration wave is reduced over time and

for the supracritical initial condition, it is increased, which indicates formation of a

shock wave. These results were considered as validation of the DG QLV model.

4.7.2.2 Displacement Input

The simulation results for displacement input with the QLV brain material (Figure

4.7) shows that while the peak amplitude is decreasing for both rates as a result of

viscoelastic damping, the stress gradient at the wave front initially increases in the
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Figure 1: The left two graphs show the stress response in the viscoelastic material as exposed
to pressure input (at 190 and 500kPa) at the boundary in four instancest ! { 0.5, 1, 2, 3} ms.
The right graph shows the strain results in the 500kPa case, where a shock discontinuity in
strain is seen.
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Figure 1: The left two graphs show the stress response in the viscoelastic material as exposed
to pressure input (at 190 and 500kPa) at the boundary in four instancest ! { 0.5, 1, 2, 3} ms.
The right graph shows the strain results in the 500kPa case, where a shock discontinuity in
strain is seen.

1

Figure 4.7: Viscoelastic stress wave results for 500 and 700 s! 1 strain rate displace-
ment inputs for time snapshots t ! { 1, 1.5, 2, 2.5} ms.

case of the supracritical rate before it eventually decreases and the wave dissipates.

This indicates that while the risk of injury due to peak stress is reduced as the stress

wave in traveling inside the viscoelastic brain tissue, the risk of injury due to stress

gradient may be increasing. This occurs when the initial loading rate surpasses the

critical rate and while the wave has already penetrated deep into the tissue.

4.7.2.3 Pressure Input

The two pressure levels were selected based the hyperelastic model that resulted

in significantly di↵erent steepening behavior of the wave front. In the case of pressure

input in the QLV model, similar to the case of displacement input, the shape of the

wave was changed in the case of supracritical input and unchanged for subcritical

input (Figure 4.8). It is clear from this figure that the stress gradient decreases at

later times for both cases. The strain wave is also shown in the right graph. For a

viscoelastic material is expected that the stress and strain waves have di↵erent trends

due to the stress relaxation phenomena. The formation of shock discontinuity is more

evident in the strain waves. However, even strain waves eventually become smooth

65



0 50 100 130

0

100

200

300

X (mm)

S
tr

es
sP

(k
P

a)

Figure 1: The left two graphs show the stress response in the viscoelastic material as exposed
to pressure input (at 190 and 500kPa) at the boundary in four instancest ! { 0.5, 1, 2, 3} ms.
The right graph shows the strain results in the 500kPa case, where a shock discontinuity in
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Figure 1: The left two graphs show the stress response in the viscoelastic material as exposed
to pressure input (at 190 and 500kPa) at the boundary in four instancest ! { 0.5, 1, 2, 3} ms.
The right graph shows the strain results in the 500kPa case, where a shock discontinuity in
strain is seen.
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Figure 1: The left two graphs show the stress response in the viscoelastic material as exposed
to pressure input (at 190 and 500kPa) at the boundary in four instancest ! { 0.5, 1, 2, 3} ms.
The right graph shows the strain results in the 500kPa case, where a shock discontinuity in
strain is seen.

1

Figure 4.8: The left two graphs show the stress response in the viscoelastic material
as exposed to pressure input (at 190 and 500 kPa) at the boundary in four instances
t ! { 0.5, 1, 2, 3} ms. The right graph shows the strain results in the 500 kPa case,
where a shock discontinuity in strain for the first three snap shots is evident.

as the wave dissipates. This means that high strain and stress gradients are reached

in a limited time interval and therefore a limited spatial domain. Therefore, as in the

case of displacement input, it can be concluded that for a realistic pressure input to

brain, a limited spatial domain in the tissue, away from the exposed boundary, will

be at higher risk of injury due to high strain or stress gradients.

4.8 A Proposed Injury Mechanism of Nervous Tissue Under

Blast Loading

Based on the reported research over the past several decades on the mechanisms of

TBI as a result of car accidents and sports injuries, three main mechanisms have been

proposed namely, intracranial pressure, tissue stress and strain, and relative motion

between brain and skull (Takhounts et al., 2008). In recent years, due to improve-

ments in body armor and protection against blast exposures, the number of soldiers

who survive with various severity of BINT has increased (Vandevord et al., 2012). The

mechanisms of BINT are not yet completely understood and the available experimen-

tal and computational models to simulate blast injuries are currently limited (Cernak
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and Noble-Haeusslein, 2010; Nyein et al., 2010), signifying the need for improvement

in such models. Contrary to the brain tissue deformations induced in car accidents,

where shear deformation plays an important role (Zhang et al., 2004), the deforma-

tions created as a result of BOP are volumetric in nature and result in changes in

the hydrostatic pressure. Due to the incompressibility of brain tissue, the volumetric

deformations are generally small in magnitude (Feng et al., 2013; Humphrey, 2003).

Also the peak pressure decreases significantly as a pressure travels in the tissue due

to viscoelastic damping (see Section 4.7.2.3). Therefore, it is yet puzzling how BOP

results in di↵use brain injuries as in the case of shear-induced TBI. In this study, it

is argued that one of the characteristics of stress waves that may cause injury in the

brain is high spatial gradient of stress and strain that may occur at the wave front.

The high spatial gradients also occur at high temporal rates, which contributes to

their injurious e↵ect.

Neural tissue consists of neurons, glia, and extra cellular matrix and fluid. It

is not yet clear which elements of tissue microstructure, e.g. cell membranes, gap

junctions, or cells processes, are more vulnerable to biomechanical stresses and defor-

mation. However, two mechanisms are conceivable for the mechanical failure of these

elements. First, the tissue stress and strain exceed certain threshold in a region en-

compassing multiple cellular structures, damaging several microstructural elements.

Second, stress and strain have high spatial gradients at temporal rates, which cause

neighboring microstructural elements or the two ends of a single element undergo

large relative motions. The latter mechanism that is proposed here as a mechanism

of injury, can occur even at stresses and strains that are below the injury threshold

in the first mechanism.

To make this point clearer, a schematic of the nervous tissue including axons,

neurons, astrocytes, oligodendrocytes, and small blood vessels are given in Figure

(4.9). The length scale of these microstructural elements is in the range of 1 " 10 µm
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(Bear et al., 2007). In such small spatial resolution, the stress gradients that can be

induced from propagating dilatational and shear waves, where no shock is present, will

be small. To a↵ect this length scales, the waves need to have frequencies at several

MHz to GHz, which would be highly dissipative. However, the waves can evolves

into a shock wave, due to material nonlinearity, and create high stress and strain

gradients relevant to the length scales observed in the nervous tissue microstructural

elements. It is shown in the figure that the method of bulk viscosity that is used

in the LS-DYNA FE code to handle shock waves, is not able to capture the wave

front thicknesses as small as the microstructural elements when the mesh geometry

is at the length scale of these elements. This observation regarding the length scale

of the shock front thickness signifies the application of the DG method in handling

shock waves in this study. The e↵ect of strain rate in neuronal injury has been shown

in previous studies (Morrison et al., 2010; E!gen et al., 2012; Ellis et al., 1995).

Therefore, as mentioned earlier, occurrence of high strain rates due to shock waves

can therefore exacerbate the e↵ect of the relative motion that is caused by the high

stress and strain gradients at the shock front and increase the risk of injury.

4.9 Discussion

In the present study, numerical simulations of nonlinear wave propagation in brain

tissue have been presented and a new mechanism of injury for BINT is proposed. A

constitutive material model was characterized that encompasses the nonlinearity as

well as the rate dependence of the tissue relevant to BINT modeling. A continuous

wave can become a shock wave as it propagates in the tissue when the initial changes

in acceleration are beyond a certain limit. This limit, i.e., the critical acceleration, is

dependent on the nonlinear viscoelastic material properties of brain tissue. The high

spatial gradient and temporal rate of stress and strain that may occur at the shock

front is proposed to cause injury despite the relatively low levels of maximum strains
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Figure 1: The left two graphs show the stress response in the viscoelastic material as exposed
to pressure input (at 190 and 500kPa) at the boundary in four instancest " { 0.5, 1, 2, 3} ms.
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strain is seen.
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Figure 4.9: Schematic of nervous tissue microstructural elements interacting with
a shock front. When the stress gradient is significant at the length scale of these
elements, it will cause relative motion between the elements that may result in injury.

and stresses.

A discontinuous Galerkin (DG) finite element formulation was implemented to

simulate a one-dimensional model of brain tissue. This simplification was necessary

as the complexity of the problem requires a step by step approach and validation

of the modeling approach as each step. Also it was shown that a one-dimensional

simplification was su�cient to argue the main point of this work which was the

formation of shock waves in brain tissue in time scales and length scales relevant

to BINT. The DG model was validated in two steps. First, it was validated for a

hyperelasrtic brain material against the widely used commercial FE code LS-DYNA.

A hyperelastic material model chosen for this step, since a nonlinear viscoelastic

material model did not exist in the LS-DYNA material library. The hyperelastic

validation also revealed an important limitation of the way LS-DYNA handles shock

wave discontinuity (method of bulk viscosity). It was shown that to simulate a shock

front thickness that is in the same length scale of the neural tissue microstructural
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elements, the mesh resolution of the DG model can be in the same of the elements

while LS-DYNA, for the same mesh resolution, yielded a shock front thickness that

was one order of magnitude larger. As a result, in the LS-DYNA simulation, neural

tissue elements would not sense a stress or strain gradient as the shock wave passes

through them.

The second step of the validation of the DG code was with regard to the im-

plementation of the nonlinear viscoelastic (QLV) material model. To this end, the

available theoretical prediction for one-dimensional acceleration waves was utilized.

The evolution of an acceleration wave, i.e., a wave with a step jump in acceleration

entering an undisturbed media, is used in theoretical treatments to predict when

shock waves are formed. When the initial acceleration wave is beyond the critical

acceleration, the acceleration wave increases with time and result in a shock wave,

i.e., a jump in velocity or strain. Otherwise, the acceleration wave decreases with

time. Validation of the DG code for evolution of acceleration waves in brain tissue

showed good agreement in both subcritical and supracritical initial conditions.

To predict the development of shock wave in brain tissue, as a nonlinear viscoelas-

tic material, two parameters are particularly important that govern the behavior of

an acceleration wave. The two parameters are the critical amplitude, beyond which

acceleration wave grows in time, and the decay rate, which determines how fast the

growth occurs. These parameter, in turn, depend on the tissue material properties.

Specifically, in addition to the slope of the instantaneous one-dimensional stress-strain

curve (tangent modulus), the curvature (second-order modulus) of the stress-strain

curve, and the initial rate of reduction of the relaxation function determine the ac-

celeration wave parameters. Due to limitations of available experimental data and

techniques a two-step approach was used to determined the needed material proper-

ties. In step one, the elastic stress-strain curve for brain tissue was determined based

on the isochronous curves obtained from step-and-hold compression tests at medium
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strain rates (10 s! 1). Since the inertia e↵ect is not present in the isochronous curves,

they were considered to be a better representation of the elastic behavior of brain

tissue based on the fact that the tissue behaves, with good approximation, as a

quasilinear viscoelastic material (isochronous curves not dependent on strain). The

medium- and long-term relaxation behavior was also determined from the compres-

sion tests. In step two, the reported data of (Nie et al., 2013) for high-rate torsion

(700 s! 1) were combined with the medium rate results and the material properties

(i.e., compressive tangent modulus, second modulus, and initial rate of relaxation)

that are relevant to the time scales that occur in BINT were determined. Based on

this data it was confirmed that shock wave formation in brain tissue is possible when

the initial jump in acceleration in compression is beyond 718 g. The growth time

constant of the acceleration wave was determined to be 1.6 ms which means that

significant growth can occur before the shock wave amplitude dissipates within the

length scale of human brain.

Since reliable experimental data for brain boundary conditions as a result of blast

over pressures hitting the head are lacking, two loading conditions that were consid-

ered to be relevant were chosen for the numerical simulations. In displacement-input

simulations (e.g., from compression of the skull), 4% nominal strain was applied with

a smooth profile that resulted in peak accelerations below and above the critical

acceleration. In pressure-input simulation (e.g., pressure wave passing through the

scalp and skull), pressure profiles reported in (Chavko et al., 2007) in rat brain were

selected as the basis and the peak pressure was scaled based on blast injuries reported

in pigs in the (Zhu et al., 2013). Clearly for future studies more reliable boundary

conditions that result in various degrees of BINT are needed.

An important result from the simulations of QLV brain model, that was not

predicted by the theory, was that the stress and strain gradients at the shock front

initially increased for supracritical conditions and then decreased. The increase in
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the gradients occurred while the wave amplitude was still significant. Over time,

the viscoelastic damping caused the gradient to decrease and eventually the wave

dissipated. The implication of this finding is that while the risk of injury due to high

stress or strain continually decreases as the stress wave propagates in the brain tissue,

the risk of injury due to high stress or strain gradient increases for some time period.

Therefore, regions in the tissue that are away from the boundary may be at higher

risk for gradient-induced injury. This result can partly explain the di↵use nature

of injuries observed in BINT. It is not yet clear whether strain is a better measure

for brain injury or stress. In terms of gradients, the simulations showed that at the

shock front, strain gradients were higher, in a normalized sense, compared to stress

gradients. This di↵erence can be explained based on viscoelastic stress relaxation. It

can be concluded that an injury model that is based on strain gradient, compared to

stress gradient, may put the brain cells at a higher risk.

Variation in stress peak amplitude and stress gradient at the shock front for the

case of displacement input is demonstrated in Figure (4.10). In this figure, also the

QLV simulation results are compared with simulation results with a linear viscoelastic

material model for brain tissue (ignoring the second-order modulus). The figure shows

that the peak stress amplitude first increases as the displacement input reaches its

peak. Due to viscoelasticity, the peak stress occurs after the peak strain and gradually

dissipates. The QLV model, as expected (a sti↵ening nonlinear elastic stress-strain

curve), predicts higher stress amplitudes than the linear model. The change in stress

gradient at the shock front is drastically di↵erent from the linear model and also

changes significantly for the QLV model between subcritical and supracritical inputs.

In the case of a linear model, the stress gradient decreases regardless of the intensity

of the input, which clearly shows that a linear approximation is not su�cient to study

gradient-induced injuries in brain tissue. The QLV model, shows reduction of gradient

in the case subcritical input, while the gradient was higher than the corresponding
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linear model. In the QLV model subject to supracritical input, the gradient increases

significantly at about 1.5 ms, which indicates formation of shock wave. The gradient

later decreases as the damping e↵ect of viscoelasticity takes over and dissipates the

wave.

Experimental validation of the results presented in this study is currently di�cult

if not impossible since visualization of shock waves in a soft solid material is technically

challenging. An alternative approach would to induce blast induced brain injuries in

an animal model in which the severity of injury can be varied in a controlled manner

and compare the observed injury patterns with computational results. There would

be challenges also in this approach. For example, not every detail in the animal brain

can be modeled in the computational model. Additionally, the injuries would result

from a combination of di↵erent mechanisms in addition to high gradient (e.g., high

pressure and blood brain barrier breakage). Also the experimental measurements will

be limited to larger blood vessels and brain ventricle.

The limitations of this study consists of first and foremost the one-dimensional

approximation for brain tissue. However, it is expected that the main result of this

study, i.e., transformation of compressive waves into shock waves is also valid for

three-dimensional simulations. In three dimensions, there would be two types of waves

propagation in brain tissue namely, longitudinal (dilatational) and shear (distortional)

waves. The two wave types propagate at drastically di↵erent speeds due to brain

incompressibility and therefore the time scale of their e↵ects may be di↵erent. While

a blast over pressure may result in primarily longitudinal waves in brain tissue, shear

waves can also form upon reflections from boundaries (e.g., skull) and interfaces

(e.g., interface between neurons and glia). Each of these wave types can evolve into

shock waves due to material nonlinearity and result in gradient-induced injuries. A

three-dimensional model to study shock wave formation therefore requires a validated

representation of the boundaries and interfaces, which is not a trivial task. The
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Figure 1: Time histories of peak stress amplitude (left columns) and stress gradient at the
shock (right column) for QLV and Linear viscoelastic models at 500s" 1 (top row) and 700s" 1

(bottom row) strain rates.

1

Figure 4.10: Time histories of peak stress amplitude (left columns) and stress gradient
at the shock (right column) for QLV and Linear viscoelastic models at 500 s! 1 (top
row) and 700 s! 1 (bottom row) strain rates.
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material model used in this study was derived from two sets of experimental results.

Since it was shown that the values of nonlinear material properties are critical for

the prediction of shock wave formation, it is better to obtain the brain material

properties at several strain rates that cover medium to high strain rates and increase

the reliability of the brain constitutive model.
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CHAPTER 5

CONCLUDING REMARKS

In this study, the problem of wave propagation and shock wave formation in non-

linear viscoelastic brain tissue is investigated. A computational model brain tissue is

developed that can capture the formation of shock wave in di↵erent loading conditions.

The model is verified with theoretical nonlinear viscoelastic results and a commercial

FE code for a hyperelastic constitutive model. It has been shown that shock wave

discontinuities can develop from smooth initial and boundary conditions, resulting

from blast over pressure. Shock waves create high stress and strain gradients at the

wave front and can cause large relative motions at the cellular level in the nervous

tissue, which can lead to injury. This type of injury, i.e., high gradient-induced-injury,

would be distinct from injuries caused solely by high pressure amplitudes.

The mechanisms of BINT are not yet completely understood and the available

experimental and computational models to simulate blast injuries are limited. Brain

tissue has a high water content and low compressibility, and since the deformations

created as a result of BOP are volumetric in nature, these deformations are generally

small. Also, the viscoelasticity of brain tissue causes the amplitude of the pressure to

decrease significantly. It is the proposition of this study that one of the characteristics

of stress waves that may cause injury in the brain is high spatial gradient of stress

and strain that may occur at the wave front. The high spatial gradients also occur

at high temporal rates, which contributes to their injurious e↵ect.

To predict whether a shock wave discontinuity can form in brain tissue three pa-

rameters are particularly important, namely the tangent modulus (slope), the second-
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order (curvature) of the stress-strain relation, and the initial slope of the relaxation

function, which in turn determine the critical amplitude, beyond which an accelera-

tion wave grows in time, and the decay rate, which determines how fast this growth

occurs. In order to determine these material parameters accurately, a combination

of two sets of experimental data was used, since no study has comprehensively ad-

dressed both nonlinearity and rate dependence of brain tissue at strain levels and

rates pertaining to blast. From the first set of data, the elastic stress-strain curve

for brain tissue was determined based on the isochronous curves obtained from step-

and-hold compression tests at medium strain rates to eliminate the inertia e↵ect and

ramp overshoot in the experiment. This method was considered more appropriate to

represent the elastic behavior of brain tissue. In the second set of data, experimental

results from high-rate torsion were used and combined with the medium rate results

and the material properties (i.e., compressive tangent modulus, second modulus, and

initial rate of relaxation) that are relevant to the time scales that occur in BINT

were determined. Given the developed constitutive material model, it was shown

that shock wave discontinuities can form in brain tissue as a result of blast loading

conditions and the formation of such wave profiles was proposed as a mechanism of

injury.

One limitation of the current study is that both the theory of acceleration wave

propagation and the numerical results are derived for a one-dimensional case. The

propagation of stress waves in reality is a three-dimensional phenomenon. The waves,

in three dimensions, are expected to exhibit more complicated behavior, such as

reflection from the boundaries and conversion of longitudinal waves to shear waves

that all result in a complicated velocity field. Bearing that in mind, the main result

of this study, i.e., transformation of compressive waves into shock waves is also valid

for three-dimensional simulations.

Another shortcoming in the current study is lack of relevant experimental data
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to compare and verify the theoretical predictions and computational results set forth

here. Experimental determination of whether shock waves form in brain tissue is

extremely di�cult given the current state-of-the-art equipment. In order to capture

the wave front in approximately 10 um length-scale that is at the neural tissue mi-

crostructure, broad-band pressure sensors and data acquisition systems with sampling

frequency in the range of 10 to 50 MHz are required.

Two types of investigations in the future can be used to validate the results ob-

tained in this study. In terms of experimental validation, measurements related shock

formation and shock thickness in water due to underwater detonation can be used

to make a connection between the computational shock wave and the wave front in

reality. In terms of histological validation, detailed maps of BINT injuries in animal

models with material properties and boundary conditions to be determined can be

used to verify the predictability of the computational model of this study for risk of

injury. It is expected that a probability distribution of injury threshold is needed in

such models as not all neurons or glia would undergo the same stress and strain as

shock waves propagate through them. Their orientations, connections, and undula-

tion would a↵ect their risk of injury.
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APPENDIX A

CONTINUUM MECHANICS BACKGROUND

Governing Equations

Measures of Stress and Strain

In this appendix, a quick overview of continuum mechanical relations has been

given and the governing equations for several materials have been determined. If

we represent the undeformed configuration . 0 by X and the deformed configuration

. by x, we can define the deformation gradient F , which maps the undeformed

configuration to the deformed one, by:

F =
#x
#X

(A.1)

Defining the displacement field u such that u = x " X, the deformation gradient F

and Lagrangian strain tensors E can be written as:

F = I +
#u
#X

, E =
1

2
(F T

F " I) (A.2)

where I is the identity tensor. The equation of motion is then written as:

Div P = * 0a (A.3)
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in the Lagrangian formulation and

div T = *a (A.4)

in the Eulerian formulation. Here, P is the first Piola-Kirchho↵ stress tensors, T is the

Cauchy stress tensor and a is the appropriate definition of acceleration. The operators

Div and div are divergence in the Lagrangian and Eulerian formulations, respectively.

Also, * and * 0 are the densities in the deformed and undeformed configurations.

The stress tensors are related through the following relations:

P = F S (A.5)

T =
1

J
P F

T =
1

J
F S F

T (A.6)

where S is the second Piola-Kirchho↵ stress tensor, J is the determinant of F , repre-

senting the compressibility of the material. The material is incompressible if J = 1, in

which case a Lagrange multiplier (to be determined from the boundary conditions) is

added to the stress tensors (Equations A.5 and A.6) in order to calculate the correct

state of stress. It is now only required to determine an appropriate constitutive model

to relate stress with the state of strain and substitute in the equation of motion.

In what is to come in this text, we use the Lagrangian formulation for simplicity,

since in this case we do not need to use the gradient terms of velocity (as done in the

Navier-Stokes equations) to calculate the acceleration of each particle and acceleration

is merely the time derivative of the position vector.

Equation of Motion

Due to Newton’s second law of balance of momentum, in the absence of body

forces, the following equation of motion can be written for the wave propagation in
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Lagrangian configuration:

Div P = * 0
#v
#t

(A.7)

where Div represents the divergence operator in the Lagrangian framework. The

above equation can be written in the following form in the indicial notation:

#Pij

#X j
= * 0

#vi

#t
(A.8)

Equation (A.7) gives a system of three second-order equations, which by using the

compatibility equation

Grad v =
#F
#t

, or,
#vi

#X j
=

#Fij

#t
(A.9)

can be written as a system of 12 first-order hyperbolic equations in the following form:

#q
#t

+
#F1

#X1
+

#F2

#X2
+

#F3

#X3
= 0 (A.10)

where

q =

8

9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
:

v1

v2

v3

F11

F12

F13

F21

F22
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F31

F32

F33

;

<
<
<
<
<
<
<
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<
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<
<
<
<
<
<
<
<
<
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=
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9
9
9
9
9
9
9
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9
9
9
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9
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9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
:

" P11/! 0

" P21/! 0

" P31/! 0

" v1

0

0

" v2

0

0

" v3

0

0

;

<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
=
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8

9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
:

" P12/! 0

" P22/! 0

" P32/! 0

0

" v1

0

0

" v2

0

0

" v3

0

;

<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
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=
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9
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:

" P13/! 0

" P23/! 0

" P33/! 0

0

0

" v1

0

0

" v2

0

0

" v3

;
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<
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<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
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<
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(A.11)
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Alternatively, the above equation can be written in the non-conservative form

below:

#q
#t

+ A1
#q

#X1
+ A2

#q
#X2

+ A3
#q

#X3
= 0 (A.12)

where Ai = #Fi /# q.

Hyperbolicity

The eigenvalues of eigenvectors of the above system as well as its hyperbolicity

can be derived from the acoustic tensorbelow:

A = /
n./A = n1A1 + n2A2 + n3A3 (A.13)

for any choice of directional vector /
n. The system of equations above remain hyper-

bolic as long as the eigenvalues and eigenvectors of matrix A , which represent the

velocity and direction of wave propagation respectively, remain real. Strain local-

ization is considered to occur when the acoustic tensor becomes singular for a given

/
n. The loss of ellipticity of the acoustic tensor signals the onset of fracture and is

numerically used to detect it (Thiagarajan et al., 2004).

One-Dimensional Deformation

For a one-dimensional deformation, only one non-trivial value for the deformation

remains:

F =

*

+
+
+
+
,

%1 0 0

0 1 0

0 0 1

-

.

.

.

.
/

(A.14)
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where %1 = #x1/#X 1. Recalling that in the 1D case Div = #/#X 1, and making the

change of variable )11 = %1 " 1, Equation (A.10) simplifies to:

#q
#t

+
#F1

#X1
= 0, q =

8

9
:

)11

v1

;

<
= , F1 =

8

9
:

v1

P11/* 0

;

<
= (A.15)

As a result the acoustic tensor becomes:

A = n.A1 =

8

9
:

0 1
$0

%P11
%&11

1 0

;

<
= (A.16)

The eigenvalue and eigenvector matrices (⇤ and Q) of the above acoustic tensor are

given by:

⇤ =

8

9
:

c 0

0 " c

;

<
= , Q =

8

9
:

" 1/c 1/c

1 1

;

<
= , c =

0
1

* 0

#P11

#)11
(A.17)

Shock Formation Criteria

As shown in Equation (A.15), the behavior of the material and the wave propa-

gating through it depends on the values of #P11/#) 11. Assuming a polynomial con-

stitutive function relating the stress P11 to strain )11 in the form:

P11 = p1)11 + p2)2
11 + . . . (A.18)

In order to have a positive linear modulus p1 > 0. However, depending on the

sign of p2, which represents the curvature of the stress-strain curve, the material can

exhibit di↵erent behaviors in compression and tension. If p2 > 0 then the value of the

tangent modulus increases as more positive strain (tension) is exerted and therefore

the wave propagation velocity increases and a smooth perturbation will eventually
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form into a discontinuity. This is not the case for compressive strains. On the contrary,

if p2 < 0 the material undergoes shocks in compression even for a smooth input.

Two-Dimensional Deformation

For a two-dimensional deformation (plane strain), only one non-trivial value for

the deformation remains:

F =

*

+
+
+
+
,

F11 F12 0

F21 F22 0

0 0 1

-

.

.

.

.
/

(A.19)

As a result, Equation (A.10) in the 2D deformation become:

#q
#t

+
#F1

#X1
+

#F2

#X2
= 0 (A.20)

where

q =

8

9
9
9
9
9
9
9
9
9
9
9
9
9
9
:

v1

v2

F11

F12

F21

F22

;

<
<
<
<
<
<
<
<
<
<
<
<
<
<
=

, F1 =

8

9
9
9
9
9
9
9
9
9
9
9
9
9
9
:

" 1
$0

P11

" 1
$0

P21

" v1

0

" v2

0

;

<
<
<
<
<
<
<
<
<
<
<
<
<
<
=

, F2 =

8

9
9
9
9
9
9
9
9
9
9
9
9
9
9
:

" 1
$0

P12

" 1
$0

P22

0

" v1

0

" v2

;

<
<
<
<
<
<
<
<
<
<
<
<
<
<
=

(A.21)

The acoustic tensor will then become:

A = /
n./A = n1A1 + n2A2 (A.22)
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which can be written as:

A =

*

+
+
+
+
+
+
+
+
+
+
+
+
+
+
,

0 0 " n1
1
$0

%P11
%F11

" n2
1
$0

%P12
%F12

0 0

0 0 0 0 " n1
1
$0

%P21
%F21

" n2
1
$0

%P22
%F22

" n1 0 0 0 0 0

" n2 0 0 0 0 0

0 " n1 0 0 0 0

0 " n2 0 0 0 0

-

.

.

.

.

.

.

.

.

.

.

.

.

.

.
/

(A.23)

Shock Formation Criteria

The eigenvalues and eigenvectors of the above matrix depend on the elasticity

tensor values Cijkl = #Pij /#F kl as well the direction of the vector n. It is clear that,

as in the 1D case, depending on the material behavior, the characteristic curves can

have steepening slopes and collide at higher strain levels.

If material behavior is governed by a linear stress-strain relation, for an isotropic

material the eigenvalues of above acoustic tensor are given by:

⇤ = ± cp, ± cs, 0 (A.24)

where cp and cs are the velocities for the longitudinal and shear components of the

wave, given by:

cp =

0
%+ 2µ

*
, cp =

7
µ
*

However, for a nonlinear material, it would be too complicated to give a general

closed form solution for the eigenvalues and eigenvectors as they will depend on the

elasticity tensor parameters.
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Constitutive Models

In this section, an overview of various constitutive models used for brain tissue in

the literature is given, namely hyperelastic models depending on strain levels only,

and viscoelastic models depending on the strain level as well as the strain rate.

Hyperelastic Materials

By definition, a hyperelastic material postulates the existence of an scalar en-

ergy function W defined per unit volume in the reference configuration. This energy,

referred to as the strain energy density function(SDEF) is solely a function of de-

formation, e.g. deformation gradient (F ) or some other strain tensor. This is true

for homogeneous materials, which is the main focus of this study, since for heteroge-

neous materials W would also be a function of position. Strain energy is assumed to

be objective or frame-indi↵erent, i.e. the amount of stored energy remains constant

after a rigid-body translation or rotation. Hyperelastic materials are defined as a

subclass of elastic materials, where the generated stress in the material is derived

from di↵erentiating the SDEF:

S = 2
#W(C)

#C
=

#W(E)

#E
(A.25)

Here, C and E are the right Cauchy-Green and Lagrangian strain tensors, and S

is the second Piola-Kirchho↵ stress. Since this study is mainly involved in isotropic

materials, it is worth noting how the equations above are derived for such materials.

By definition, for an isotropic material, the strain energy function W must remain

invariant under any rotation and therefore can be expressed in terms of the invariants

of its argument C. Therefore we can write:

W = W (I 1, I 2, I 3) (A.26)
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where I i are the three invariants of the right Cauchy-Green strain tensor, defined as:

I 1 = trace(C)

I 2 =
1

2

2
(trace(C))2 " trace

%
C

2
&3

(A.27)

I 3 = det(C)

As a result, the stress tensor can be derived as:

S = 2
#W(C)

#C
= 2

#
#W
#I1

#I 1

#C
+

#W
#I2

#I 2

#C
+

#W
#I3

#I 3

#C

$
(A.28)

It can be shown that (Holzapfel, 2000):

#I1

#C
=

#tr (C)

#C
=

#(I : C)

#C
= I

#I2

#C
= I 1I " C (A.29)

#I3

#C
= I 3C

! 1

where the operator : represents contraction. Therefore, Equation (A.28) can be writ-

ten as:

S = 2
#W(C)

#C
= 2

2%
W1 + I 1W2

&
I " W2C + I 3W3C

! 1
3

(A.30)

where Wi = #W/#I i .

Incompressible Materials

Many biological tissues as well as polymeric materials can undergo finite deforma-

tions without noticeable change in volume. These materials are regarded as incom-

pressible and certain idealizations such as isochoric (volume-preserving) deformations

are allowed in theoretical and numerical approaches. This constancy in the volume
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gives the following constraint for the deformation gradient F :

J = 1 (A.31)

In order to derive a general constitutive model for the constrained material above,

the following strain-energy function is used:

W = Wiso(F ) + Wvol(J ) (A.32)

where Wiso and Wvol are the isochoric (distortional) and the volumetric (dilatational)

contributions to the total energy function. Wvol can also be regarded as a function of

the Lagrange multiplier introduced to the equation to satisfy the material constraint.

A common form of Wvol is given below:

Wvol(J ) = p(J " 1) (A.33)

where p is referred to as the hydrostatic pressure inside the material, which can only be

determined from the equations of motion and its boundary conditions. It represents

a workless response to the kinematic constraint on the deformation field. As a result,

the stresses is derived as:

S = 2

#
(W1 + I 1W2) I " W2C +

#W
#J

C

! 1

$
(A.34)

Compressible Materials

In contrast with incompressible materials, a compressible material can undergo

change of volume in a deformation field. Since many materials behave di↵erently

in bulk (dilatation) and shear (distortion), it is very common to separate the de-

formation field, and also the resulting strain energy function, into two contributing
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parts: volumetric and isochoric. This is particularly useful for nearly incompressible

materials including soft tissues that are the subject of this study.

Considering the deformation gradient F , we can decompose as shown below:

F = (J 1/ 3
I)F̄ (A.35)

where J 1/ 3
I represents the dilatational (volumetric) contribution and F̄ the distor-

tional (isochoric). As a result we have:

C = J 2/ 3
C̄ (A.36)

It can easily be shown that

Ī 1 = I ! 1/ 3
3 I 1, Ī 2 = I ! 2/ 3

3 I 2 (A.37)

Together with the following identities:

#J
#C

=
1

2
J C

! 1,
#J! 2/ 3

#C
= "

1

3
J ! 2/ 3

C

! 1 (A.38)

and
#C̄
#C

= J ! 2/ 3

#
I + J 2/ 3C -

#J! 2/ 3

#C

$
(A.39)

where I is the fourth-order unity tensor (I ijkl = 0ik 0jl ) and - represents the tensor

(diadic) product, the stress can be calculated as:

S = Svol + S iso (A.40)

where

Svol = 2
#Wvol

#C
= 2

#Wvol

#J
#J
#C

= J
#Wvol

#J
C

! 1 (A.41)
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and

S iso = J ! 2/ 3

#
I "

1

3
C

! 1 - C

$
: S̄ (A.42)

where

S̄ = 2
#Wiso

#C̄
= 2

#
#Wiso

#J1
+ J1

#Wiso

#J2

$
I " 2

#Wiso

#J2
C̄ (A.43)

So since the contraction (:) is commutative ((A - B) : C = (B : C)A), we have:

S iso = J ! 2/ 3

#
S̄ "

1

3
tr

%
C

T
S̄

&
C

! 1

$
(A.44)

Finally in order to derive the first Piola-Kirchho↵ stress, the relation P = S F is

used.

Strong Ellipticity

Here we define the elasticity tensor as below:

Cijkl =
#2W

#Fij Fkl
=

#Pij

#Fkl
(A.45)

The the first Piola-Kirchho↵ stress tensor P is strongly elliptic if at a particular

deformation there exists an 0 such that

Cijkl vi vj wk wl $ 0||v||2 ||w||2, . v, w ! R3 (A.46)

If we seek solutions in the form of traveling waves (as discussed in section A), it

can be shown that existence of these waves with real velocities requires the positive-

definiteness of the acoustic tensor A .This is known as the Legendre-Hadamard crite-

rion, which also implies strong ellipticity of C (Equation A.46).

Strong-ellipticity is used in linear elastostatics and elastodynamics to prove ex-

istence and uniqueness of the solutions and violating this requirement does not ne-
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cessitate instability or buckling, which may be completely physical phenomena. It

has been shown that strong-ellipticity is compatible with necking of bars in uniax-

ial tension (Antman, 1972), but not necessarily in plain strain or crack propagation

(Knowles and Sternberg, 1978). Thus although strong-ellipticity is a valid over a wide

range of deformations it may not be universal.

This physical constraint on the energy density function, which directly correlates

with the hyperbolicity condition of the matrices of equations of motion, is abso-

lutely essential in developing constitutive material models using stress-strain data

from experiments. The importance of this constraint becomes more relevant in large

deformations, where ignoring this requirement can lead to non-physical predictions.

Linear Elastic Model

The simplest case for a hyperelastic material is given by the linear relation below:

W =
1

2
E : C : E =

1

2
Cijkl Eij Ekl (A.47)

where the fourth-order tensor C is called the elasticity tensor. As a result, the second

Piola-Kirchho↵ stress tensor is given by

S =
#W
#E

= C : E (A.48)

Constitutive models (relating the state of stress to that of the applied strain) are either

defined between the second Piola-Kirchho↵ (S) and Lagrangian strain (E ), or Cauchy

(T) and Eulerian strain (e), due to frame indi↵erence considerations. However, for

linear elastic material (theory of infinitesimal deformations) the three measures of

stress (T , P and S) have the same values. In the case of a linear isotropic elastic

material only two martial constants, known as Lamé constants (%and µ) are used to

define the behavior of the material:
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Cijkl = % 0ij 0kl + 2µ 0ik 0jl (A.49)

Alternatively, in the Voigt notation, the constitutive model can be written in the form

below:

*

+
+
+
+
+
+
+
+
+
+
+
+
+
+
,

S11

S22

S33

S23

S31

S12

-

.

.

.

.

.

.

.

.

.

.

.

.

.

.
/

=

*

+
+
+
+
+
+
+
+
+
+
+
+
+
+
,

%+ 2µ % % 0 0 0

% %+ 2µ % 0 0 0

% % %+ 2µ 0 0 0

0 0 0 2µ 0 0

0 0 0 0 2µ 0

0 0 0 0 0 2µ

-

.

.

.

.

.

.

.

.

.

.

.

.

.

.
/

*

+
+
+
+
+
+
+
+
+
+
+
+
+
+
,

E11

E22

E33

E23

E31

E12

-

.

.

.

.

.

.

.

.

.

.

.

.

.

.
/

(A.50)

Generalized Rivlin Model

Compressible formulation for the generalized Rivlin model is considered with the

following strain energy density function:

W = Wiso + Wvol

=
2

C10(I 1 " 3) + C01(I 2 " 3) + C11(I 1 " 3)(I 2 " 3)
3

+
2 1

2
K (J " 1)2

3 (A.51)

The material exhibits more complex and more nonlinear behavior as the number of terms

is increased from Neo-Hookean (C01 = C11 = 0) to Mooney-Rivlin (C11 = 0) to the 3-term

model.
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Viscoelastic Materials

A class of viscoelastic material models known as Single Hereditary Integral (SHI) models

is given by the following equation in the di↵erential form:

"
"t

S(t) + #S(t) =
"
"t

#
S

e
2
E(t)

3$
+ #S"

2
E(t)

3
(A.52)

where S(t) is the second Piola-Kirchho↵ stress tensor as before and # is the decay rate, rep-

resenting the rate at which the material relaxes under a given displacement. The functional

S

e is the instantaneous elastic response and is the response of the material to a jump in the

applied strain to a material point that has been undisturbed prior to the jump. S

e is the

hyperelastic contribution of the viscoelastic material and can be modeled by the relations

derived in the previous section. In a similar fashion, S" is the steady-state response to the

same jump in strain over times that are large in comparison with #! 1. Stress functionals Se

and S

" only depend on the value of the jump in strain. One can think of the S

e and S

"

functionals as the elastic representation of the material that was discussed in the previous

section.

Linear Viscoelasticity

In the simplified one-dimensional model sketched in Figure (A.1), consisting of two

linear springs and a linear dashpot element, and recalling that in the infinitesimal theory of

elasticity all the measures of stress (first Piola-Kirchho↵ P , second Piola-Kirchho↵ S and

Cauchy stress T ) are the same, the relationship between the stress (P) and linear strain $

can be derived from the di↵erential equation below:

"
"t

P(t) + # P (t) = (k0 + k1)
"
"t

$(t) + # k0 $(t) (A.53)

where # = k1/c 1 is the decay rate. It is easy to see the correlation between the above

equation and the model given in Equation (A.52).
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k0

k1

c1

! , P

1

Figure A.1: Standard Linear solid

Quasi-Linear Viscoelasticity (QLV)

In general Se and S

" can take any form. However, a subclass of material behavior

defined by the SHI relation, is called Quasi-Linear Viscoelastic (QLV) where the relaxation

function G(t) is independent of the strain history and therefore for any strain input the

material has the same relaxation in time. Therefore, the integral form of the constitutive

model for a QLV material is shown below:

S (t) =

! t

0
G (t " %)

" Se

" E
" E
"%

d% (A.54)

where G(t) is the relaxation function. Assuming the material to have the same relaxation

function in all directions and for all levels of strain (Se/ S" = constant), the material

is called Quasi-Linear Viscoelastic (QLV ) and the relaxation function reduces to a scalar

function G(t). It is customary to use the following Prony series relation for the relaxation

function:

G(t) =
n"

i =1

Gi e! ! i t + G" (A.55)

where S

" = G" S

e.
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Deformations for Material Characterization and Model Vali-

dation

In this section, Equations (3.3-9) and (3.4-14), which give uniaxial and one-dimensional

stress-strain relationships respectively, are derived. In addition, the derivation of Equation

(3.4-16), which gives a one-dimensional equation of motion, is given at the end. For addi-

tional reference the reader is referred to (Lai et al. , 2009; Holzapfel, 2000). In the case of an

almost incompressible material such as brain tissue, the material behaves quite di↵erently

in volumetric and shear deformations. Therefore the strain energy function is generally sep-

arated into volumetric (dilatational) and isochoric (distortional) parts (W = Wvol + Wiso).

For the strain energy given in Equation (3.3-8) these parts are defined as:

Wiso = C10(Ī 1 " 3) + C01(Ī 2 " 3) + C11(Ī 1 " 3)(Ī 2 " 3) (A.56)

Wvol =
1

2
K (J " 1)2

C10, C01, and K are the material parameters and Ī 1, Ī 2, and J are measures of deformation.

J , the determinant of the deformation gradient F , is the measure of volumetric deformation.

The deformation tensors describing the isochoric deformation are defined as in Equations

(A.35) and (A.36). Using Equation (A.43), S̄ is given by:

S̄ = 2

>
2

C10 + C11(Ī 2 " 3)
3

+ Ī 1

2
C01 + C11(Ī 1 " 3)

3
?

I " 2 C01 C̄ (A.57)

The second part of the above equation is derived assuming isotropy, i.e., Wiso(Ī 1, Ī 2). Al-

though brain tissue is anisotropic especially in the brain stem and corpus callosum (Arbogast

and Margulies, 1998), for simplicity, it is assumed that the small brain samples used in this

study, which were taken from corona radiata, were isotropic. It should be noted that for

the case of an incompressible material or an isochoric deformation W = Wiso and C̄ = C.
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Uniaxial Deformation

For a uniaxial deformation in the X 3 direction of a compressible material with Poissons

ratio &, the deformation gradient is given by:

F =

*

+
+
+
+
,

' ! " 0 0

0 ' ! " 0

0 0 '

-

.

.

.

.
/

(A.58)

Due to isotropy, the material deforms uniformly in the X 1 and X 2 directions such that

the change of volume is J = ' 1! 2" . The volumetric and isochoric Second Piola-Kirchho↵

stresses in the direction of the applied deformation X 3, are derived as:

Svol = K
%
' ! 4" " ' ! 1! 2" &

(A.59)

and

Siso =
4

3
' 4/ 3" (' ! 2 " ' ! 2" ! 8/ 3) C10+

4

3
' ! 2

2
' 2/ 3(" +1) + ' 8/ 3(" +1) " ' 4/ 3(" +2) " 2' ! 4/ 3(" +1) + ' ! 2/ 3(4" +1)

3
C01+

1

3
' ! 4

2
" 4' 2 " 12' (2" +8) / 3 " 12' (4! 8" )/ 3 + 4' (8! 3" )/ 3 " 8' (2" +14) / 3 +

24' (2! 4" )/ 3 + 12' (4! 2" )/ 3 " 12' (10+4 " )/ 3 " 20' ! 2" + 8' (2! 10" )/ 3 " 4' (20+8 " )/ 3)+

20' 4+2 " ) + 4' 6+4 " + 12' (16+4 " )/ 3
3

C11

(A.60)

From the addition of Siso and Svol , the total Second Piola-Kirchho↵ stress can be obtained

as given in Equation (3.3-9).

One-dimensional Deformation

For a material under one-dimensional deformation in the X 3 direction, the deformation

gradient is given by:
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F =

*

+
+
+
+
,

1 0 0

0 1 0

0 0 '

-

.

.

.

.
/

(A.61)

The stresses in the direction of deformation in this case can be written as:

Svol = K (1 " ' ! 1) (A.62)

and

Siso = "
4

3

2
' ! 2/ 3(' 2 " 1)

3
C10

"
4

3

2
" ' ! 4/ 3 " ' 2/ 3 + ' 4/ 3 + 2' ! 10/ 3 " ' ! 8/ 3

3
C01

"
4

3

2
" 3' 4/ 3 + 3' ! 2/ 3 + ' ! 2 + ' 8/ 3

" 5 " ' 2 + 2' ! 4/ 3 + 5' ! 4 + 5' 2/ 3 " 8' ! 10/ 3
3

C11

(A.63)

From the summation of Equations (A.62) and (A.63), the following expression for the First

Piola-Kirchho↵ (engineering) stress (P = FS) in the X 3 direction can be derived:

Pe = "
1

3
' ! 3

2
4' 4/ 3 " 4' 10/ 3

3
C10

"
1

3
' ! 3

2
" 4' 14/ 3 + 4' 16/ 3 + 8' 2/ 3 " 4' 4/ 3 " 4' 8/ 3

3
C01

"
1

3
' ! 3

2
20 + 4' 2 " 32' 2/ 3 + 12' 10/ 3

+ 8 ' 8/ 3 + 20' 14/ 3 " 4' 6 " 20' 4 + 4' 20/ 3 " 12' 16/ 3
3

C11

"
1

3
' ! 3 %

3' 3 " 3' 4&
K

(A.64)

Substituting $ = 1 " ' in Equation (A.64) and keeping only the linear and second-order

terms of $ will result in Equation (3.4-14)).
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Pressure-Acceleration Relation

In order to derive Equation (3.4-16), a one-dimensional displacement field (u1 = u2 =

0, u3 = u3(X 3)) is considered. For a linear elastic material, the normal strain components

become:

E33 =
1

EY
(T33 " &(T11 + T22)) (A.65)

E11 = E22 = T11 " &(T22 + T33) = 0 (A.66)

and the shear strains are all zero. In the above equations, EY is the Youngs modulus and

Tij is the Cauchy stress tensor. As a result, the shear stresses vanish and the normal stresses

are related by:

T11 = T22 =
&

1 " &
T33 (A.67)

and therefore, the hydrostatic pressure, for compressive stress T33, becomes:

p =
1

3
trace(T ) =

1 + &
3(1 " &)

T33 (A.68)

T33 in this case is the same as the First Piola-Kirchho↵ stress (P33 = T33) and therefore,

the equation of motion in the reference configuration, in the X 3 direction, can be written

as:

P33

"X 3
=

3(1 " &)

1 + &
"p

"X 3
= ! 0

"v 3

"t
(A.69)

As explained previously, along the characteristic line (wave front) X " U0t = constant,

which results in:

"p
"X

=
1

U0

"p
"t

(A.70)

Using Equation (A.70), and omitting the subscript 3, Equation (A.69) can be written in

terms of only time derivatives at the wave front as given by Equation (3.4-16) and repeated
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here:

"v
"t

=
1

! 0U0

3(1 " &)

1 + &
"p
"t

(A.71)

Finite Torsion of Hollow Cylinder

In this appendix Equation (3.3-11), which gives a relationship between the twisting

moment and the shear strain based on the constitutive Equation (3.3-8), is derived. This

relationship was used to characterize the brain tissue high rate material properties based

on the dynamics tests reported in (Nie et al., 2013). For a cylindrical brain sample under

finite torsion in these experiments, the deformation in cylindrical coordinates (R, ⇥, Z ) was

assumed to be r = R, ( = ⇥+ kZ and z = Z with k representing the amount of shear. The

deformation gradient can be written as:

F =

*

+
+
+
+
,

1 0 0

0 1 rk

0 0 1

-

.

.

.

.
/

(A.72)

which is isochoric. The Cauchy shear stress (T = J ! 1
FSF

T ) can be written as:

T 'z = 2kr
#

"W
" Ī 1

+
1

' 3

"W
" Ī 2

$
= 2kr

#
C10 +

1

' 3
C01

$
(A.73)

The total twisting moment can therefore be written as:

M =

! r o

r i

T 'z 2)r dr = )
%
R4

o " R4
i

&
(C10 + C01) k (A.74)

As can be seen, the twisting moment (M ) has a linear relationship with the amount of

shear (k). It should be noted that from the experimental M Vs. k data, contrary to the case

of compression tests, the material properties C10 and C01 cannot be uniquely determined.

As a result, in this study, the torsion tests data was used to scale the constitutive model

that was uniquely characterized based on finite compression tests.
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APPENDIX B

DERIVATION OF THE EVOLUTION

EQUATION OF ACCELERATION WAVES IN

NONLINEAR VISCOELASTIC MEDIA

In this appendix the equation for evolution of acceleration wave (Equation 3.2-2) is

derived. For this purpose, d* (t)/dt is calculated mostly based on the work of Coleman et al

(B D Coleman and Gurtin 1965) while it is adapted to the notation and constitutive model

used in this study and some additional explanations are provided. More information on

this matter can also be found in (Schuler, Nunziato, and Walsh 1973). A mechanical wave

entering a one-dimensional semi-infinite viscoelastic medium is considered. The undeformed

and deformed coordinates of the particles are represented by X and x respectively and the

deformation gradient is defined by F = "x/"X . The jump in a function f (X, t ) at the wave

front X̂ (t) is defined as:

[f ] = f (X̂ ! (t), t) " f (X̂ + (t), t) (B.1)

where X̂ ! and X̂ + are the material positions right behind and ahead of the wave front.

The wave front is assumed to have positive intrinsic velocity, i.e., U = dX̂/dt > 0. Based

on Equation (B.1) and using chain rule, the time-derivative of the jump in function f can

be written as:

d
dt

[f ] = [ ˙f ] + U[
"f
"X

] (B.2)
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In this appendix, for simplicity, Newtons notation is used for partial derivatives with

respect to time. The second term in the RHS of Equation (B.2) is due to the spatial

movement of the discontinuity. By substituting f = * and f = Ḟ , both of which are

discontinuous in acceleration waves, in Equation (B.2), the following two equations are

obtained:

d*
dt

= [v̈] + U
5
F̈

6
(B.3)

d
dt

5
Ḟ

6
=

5
F̈

6
+ U

5
Ḟ

6
(B.4)

In the case of continuous functions, Equation (B.2) reduces to the following equation which

is also known as the condition of compatibility:

5
˙f
6

= " U
'

"f
"X

(
(B.5)

By substituting f = v and f = F , both of which are continuous in acceleration waves, in

Equation (B.5), the following two equations are derived:

* = " U
5

˙f
6

(B.6)

5
Ḟ

6
= " U

'
" F
"X

(
(B.7)

The following relationship is obtained by combining Equations (B.6) and (B.7):

* = U2
'

" F
"X

(
(B.8)

By combining Equations (B.3), (B.4) and (B.8), the following di↵erential equation for the

evolution of * is derived:

2
2*
dt

"
*
U

dU
dt

= [v̈] " U2

1
" Ḟ
"X

4

(B.9)
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Equation (B.9) is a purely kinematic equation. As mentioned above, the assumption is

that the wave enters into a material with homogeneous deformation (initially at rest) and

therefore, it can be shown that the intrinsic velocity is a constant denoted by U0 =
)

pe
1/! 0

(Coleman et al. 1964) and as a result dU/dt = 0 in Equation (B.9). To determine the

contribution of the term [v̈] in Equation (B.9), the one-dimensional equation of motion

(balance of linear momentum) in the reference configuration is considered:

! 0v̇ =
" P
"X

+ ! 0b (B.10)

where P is the First Piola-Kirchho↵ stress and b is the body force per unit volume. Using

the time derivative of Equation (B.10) and assuming a smooth function for b, the following

relationship holds at the wave front of an acceleration wave:

! 0 [v̈] =

1
" Ṗ
"X

4

(B.11)

Applying the QLV constitutive model given in Equation (3.3-4), the right-hand side of

B.11 can be written as:

1
" Ṗ
"X

4

% pe
1

1
" Ḟ
"X

4

+ pe
2

'
" F
"X

Ḟ

(
+ pe

1G$(0)

'
" F
"X

(
(B.12)

In the above approximation only terms with one spatial and one time derivative were con-

sidered (a first-order approximation). This approximation is justified at the wave front

since the wave that enters a material that is initially at rest. It is important to note that

the second term in the RHS of Equation (B.12) makes the second-order modulus involved

in the evolution equation of acceleration waves. Substituting Equations (B.11) and (B.12)

into (B.9) yields:

2
d*
dt

=
1

! 0
pe

2

'
" F
"X

Ḟ

(
+

1

! 0
pe

1 G$(0)

'
" F
"X

(
(B.13)

From the assumption of the medium being initially at rest (F + = 0), the following rela-

tionships hold:
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'
" F
"X

Ḟ

(
=

'
" F
"X

( 5
Ḟ

6
=

*
U2

0

#
"

*
U0

$
= "

* 2

U3
0

(B.14)

As a result, Equation (B.13) simplifies to:

d*
dt

=
pe

2

2! 0

#
"

* 2

U3
0

$
+

1

2
G$(0)* (B.15)

By defining the parameters * c = pe
1/p e

2 G$(0)U0 and + = " 2/G $(0), the di↵erential

equation for the evolution of * is derived:

d*
dt

=
* 2

* c+
"

*
+

(B.16)

Integration of the above equation results in Equation (3.2-2) given in Section (3.2) that is

repeated here with * 0 = * (0) representing the initial condition of * :

* (t) =
* c2

( c
( 0

" 1
3

et/# + 1
(B.17)
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APPENDIX C

DISCONTINUOUS GALERKIN METHOD

One-Dimensional Scalar Equation

In this section, the derivation of the discrete Discontinuous Galerkin (DG) finite ele-

ment equations and the numerical implementation is derived for a one-dimensional medium.

The governing equation is given below for a dependent variable u (displacement) that is

conserved in time through the function f (u):

"u
"t

+
"f (u)

"X
= 0 (C.1)

subjected to the following initial condition:

u(x, 0) = u0(x) (C.2)

and either one of the boundary conditions below depending on the wave propagation direc-

tion:

u(L, 0) = g(t), or u(R, t ) = g(t) (C.3)

In the numerical solution, the domain ⌦ is approximated by ⌦h that can be discretized

into K non-overlapping subdomains (or elements) D k where k ! [1, K ]:

⌦ % ⌦h =
K@

k=1

D k (C.4)
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Here we represent the numerical approximation to the true solution of the problem with

uh(x, t ) and the local approximations (in each element) by uk
h(x, t ). We wish to express the

local solution in each element by a polynomial of order N using the shape functions , k
i (x):

uk
h(x, t ) =

N +1"

i =1

uk
h(xk

i , t), k
i (x) xk

i ! D k (C.5)

Next the Legendre inner product of the two vectors u and v in the reference (canonical)

element I is defined as

(u, v)I =

! 1

! 1
u v dx (C.6)

and the the L 2 norm is defined as ||u||2 = (u, u)I .

The inner product of Equation (C.1) with the same test function , k
i (x) as the shape

function used to approximate the solution, which is called the Galerkin projection, and

integrating by parts results in the following weak form of the di↵erential equation:

!

D k

#
"u k

"t
, j " f k ", j

"x

$
dx = "

!

%Dk
n̂.

2
f k , j

3
dx (C.7)

where 1 + j + N + 1 and the right hand side in one-dimension can be written as

"
!

%Dk
n̂.

2
f k , j

3
dx = "

5
f k , j

6xk
r

xk
l

A note that needs to be mentioned is that, contrary to the continuous Galerkin methods

(Finite Element methods), the shape functions only need to be smooth within each element

D k and are not continuous across element faces or otherwise constrained. This gives the

advantage of these Discontinuous Galerkin Methodsover other methods for solving conser-

vation law problems.

From now on, the subscript h is dropped to reduce the clutter of super and subscripts.

Integrating Equation (C.7) by parts in space, we will get the weak form

!

D k

#
"u k

"t
, j " auk ", j

"x

$
dx = "

!

%Dk
n̂.

2
auk, j

3
dx (C.8)
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where 1 + j + N + 1 and the right hand side in one-dimension can be written as

"
!

%Dk
n̂.

2
f k , j

3
dx = "

5
f k , j

6xk
r

xk
l

(C.9)

At this point, it is important to note that due to the lack of continuity of the test

functions at the element faces, the solution at these points is not unique. Let us assume

for the moment that these values are given by f %, representing the numerical flux at the

element boundaries responsible for recovering the global solution to the problem from the

local approximations and imposing the boundary conditions.

If we integrate Equation (C.8) by parts again to remove the smoothness constraint on

the test function, we will achieve the strong form:

!

D k

#
"u k

"t
, j +

"f k

"x
, j

$
dx =

!

%Dk
n̂. (f " f %) , j dx (C.10)

As mentioned above the constraint on the test functions has been removed and they can

even be non-smooth or essentially delta functions.

Using local mass and sti↵ness matrix defined as

M k
ij = (, i , , j )D k , Sk

ij =

#
, i ,

", j

"x

$

D k
(C.11)

we can rewrite Equation (C.10) as the following local semi-discrete equation

!

D k

#
M k d

dt
uk + M kf k

$
dx = [(f " f %) , ]x

k
r

xk
l

(C.12)

Equation (C.12) gives a system of K ' (N +1) system of equations with the same number

of unknowns. As a result, by defining the specific test functions that we want to use for our

approximations and the appropriate flux functions, we can recover the local nodal values

as well as the global solution.
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Test Functions

The simplest polynomial test function space that can be used is the space of modal

expansion functions, where , n(x) = xn! 1. However, in order to recover the nodal values,

we need to calculate M ! 1 and since the modal functions chosen become more and more

linearly dependent as the degree of the polynomial increases, the condition number of the

mass matrix M becomes larger, leaving it as an inappropriate test space. In order to remedy

this problem, we use an L 2-based Gram-Schmidt algorithm to recover the orthonormal basis

below:

, n(x) = P̃n! 1(x) =
Pn! 1(x)
,

- n! 1
(C.13)

where Pn(x) are the Legendre polynomials of order n given as

P̃n+1 (r ) =
1

an+1

2
r P̃n(r ) " an P̃n! 1(r )

3
(C.14)

and

an =

0
n2

(2n + 1)(2n " 1)
, P̃0(r ) =

1
,

2
, P̃1(r ) =

7
3

2
r

with the normalization parameter

- n =
2

2n + 1

Using this matrix, the mass matrix M become the identity ((, i , , j )I = . ij ) and the problem

of conditioning is solved.

We need only to devise a method to numerically calculate the integrations in order to

solve the element-wise systems of equations. This is done by approximating each integral

with a sum of function evaluations at certain points and their weights, which is known as

the Gaussian quadrature:
! 1

! 1
f (x)dx %

N"

i =1

f (%i )wi

where %i are the quadrature points and wi are the weights. Keep in mind that this approxi-

mation is exact given that f (x) is a polynomial function of order 2N " 1 or less. So from the
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numerical perspective, it would make sense to evaluate and store the Legendre polynomials

only at the quadrature points:

V ij = P̃j ! 1(%i ) (C.15)

where matrix V is called the generalized Vandermonde matrix. Using this Vandermonde

matrix, we can easily calculate the mass (M ) and sti↵ness (S) matrices on the reference

element. Mass matrix can be written as M = (VV T )! 1 as shown below:

M ij =

! 1

! 1
, i (r ), j (r )dr

=

! 1

! 1

N +1"

n=1

(VT )! 1
in P̃n! 1(r )

N +1"

m=1

(VT )! 1
jm P̃m! 1(r )dr

=
N +1"

n=1

N +1"

m=1

(VT )! 1
in (VT )! 1

jm (P̃n! 1, P̃m! 1)I

= (VT )! 1
in VT )! 1

jn

Also, the sti↵ness matrix can be written as S = MD r , where D r is the di↵erentiation

matrix defined as

D r ij =
d, j

dx

A
A
A
xi

(C.16)

which can also be written as D r = V r V ! 1, where V r is the gradient of the Vandermonde

matrix.

The only step left is to choose the best quadrature points and it can be shown that

the best choice for these quadrature points (where the determinant of V is maximized and

therefore its condition number is minimized) is the Legendre-Gauss-Lobatto quadrature

points, which are the roots of the polynomial f (%) = (1 " %2)P̃ $
N (%).
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Numerical Flux

The flux f %needs consistency

f (uh) = f %(uh, uh)

and monotonicity
%
f %(a, b) " f (v)

&
(b" a) + 0

for . v ! [a, b].

Defining the average and di↵erence operators below

/u0=
u! + u+

2
, !u" = n̂! u! + n̂+ u+

Recall the scalar conservation law on the domain x ! ⌦ = [xL , xR ]:

"u
"t

+
"f (u)

"x
= 0 (C.17)

with the following initial conditions:

u(x, 0) = u0(x)

Assuming that the flux function f (u) is convex and the boundary conditions are given at

the inflow boundaries, where

n̂.
"f
"u

= n̂.f u < 0

Recall that n̂ is outward pointing normal on the boundary " ⌦. This gives an intuitive

physical understanding of the time evolution of the property being studied (u) as a di↵erence

in the incoming and outgoing fluxes at the boundaries, which is the same as satisfying the

conservation law.

d
dt

! b

a
u(x)dx = f (u(a)) " f (u(b))
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It is obvious that if the flux vanishes or is periodic at the boundaries, no change will occur

to u.

As a consequence, we can use the method of characteristics, where the characteristic

path s(t) is defined as

d
dt

s(t) = f u(u(s, t))

Taking u(s, t) = us, we have

dus

dt
=

"u
"t

+
"s
"t

"u
"s

=
"u
"t

+ f u
"u
"s

= 0

This entails that us(t) is constant along the characteristic paths, and unless these paths

cross we can uniquely determine the solution u(x, t ) entirely based on the initial values

(u0(x)). However, this is not always the case and even with smooth initial conditions there

are situations where the characteristic paths cross, since as shown these paths depend on

the local values of u. This destroys the uniqueness of the solution and finding the correct

solution becomes an important issue for such cases, which is carried out by determining

which of the solutions satisfies the entropy condition.

To this end, we consider the viscosity solution u&(x, t ), which is the solution to the

equation below

"u &

"t
+

"f (u&)

"x
= $

" 2u&

"x 2

with u&(x, 0) = u(x, 0). The physical solution would be achieved as the limiting case of

lim
&& 0

u&(x, t ) = u(x, t )

However, we cannot prove the existence of the above solution for a general flux, and we can

only prove the existence for the case of a entropy flux

F (u) =

!

u
/ $(u)f $(v)dv
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where / (u) is a convex entropy. So if u(x, t ) satisfies the entropy condition

"/
"t

+
"

"x
F (u) + 0

uniqueness is guaranteed provided that f (u) is convex, i.e. f $$(u) > 0. In the above relation,

the equality case is for smooth solutions and the inequality for discontinuous solutions.

The uniqueness can also be expected for weak solutions if the flux is convex. Now, we

only need to ensure that a solution satisfies the entropy condition to be taken as the correct

solution. This can be ensured using Lax’s entropy condition, which is very similar to the

Rankine-Hugoniot condition for shock speeds.

LaxÕs entropy condition

Let u(x, t ) be a weak solution andS be a curve along whichu has a discontinuity. Let

(x0, t0) ! S and u! and u+ be the left and right limits of u(x, t ), respectively, at (x0, t0)

and deÞne

s =
! f (u)"

!u"
=

f (u! ) " f (u+ )

u! " u+

Then u(x, t ) satisÞes the entropy condition at(x0, t0) if and only if

f $(u! ) > s > f $(u+ )

A discontinuity satisfying this is called a shock and s is the shock velocity.

Lax-Friedrichs

One such flux is Lax-Friedrichs flux, which is defined as below

f %(u! , u+ ) = / f 0+
C
2

n̂.!u" (C.18)

or simplified

f %(u! , u+ ) =
f (u! ) + f (u+ )

2
+

C
2

n̂.(u! " u+ )
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where for the global Lax-Friedrichs flux, the coe�cient C is defined as

C $ max
inf uh (x)' s' sup uh (x)

|f u(s)|

and the local version is defined as below

C $ max
min ( u! ,u+ )' s' max ( u! ,u+ )

|f u(s)|

The local LF flux tends to have less dissipation since the wave speed is calculated only

locally. In the above equations, f u = "f /"u is the flux Jacobian.

Numerical Implementation

As mentioned in the previous section, in order to calculate the surface integral we need

to determine the value

n̂. (f " f %)

where

f %= / f 0+
C
2

n̂.!u"

Therefore the flux is calculated as

n̂.(f " f %) = n̂.
#

f ! "
f ! + f +

2
"

C
2

n̂.
%
u! " u+ &

$

= n̂.
#

f ! " f +

2

$
"

C
2

%
u! " u+ &

Now if we assemble a 2 ' K matrix to associate the first row with the left boundary of

the element k and the second row with the right boundary, the index of left and right nodes

(shown by using " and + superscripts) at each discontinuity can be shown by connectivity

matrices mapM and mapP respectively. These matrices have the following form in 1D:
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mapM =

*

+
,

(1, 1) (2, 1) (3, 1) . . . (K, 1)

(1, Np) (2, Np) (3, Np) . . . (K, N p)

-

.
/ =

*

+
,

(k, 1)

(k, Np)

-

.
/

and

mapP =

*

+
,

(1, 1) (1, Np) (2, Np) . . . (K, 1)

(2, 1) (3, 1) (4, 1) . . . (K, N p)

-

.
/ =

*

+
,

(k, Np)

(k + 1, 1)

-

.
/

where Np is the number of polynomial nodes (Np = N +1 in 1D). Also if we define a 2 ' K

matrix of the normals (nx) where the first row is " 1 and the second row is 1, we can use

an element-by-element multiplication (performed by .1 in MATLAB) and recover the flux

terms:

u! = u(mapM ), u+ = u(mapP) !u" = u! " u+

n̂.(f " f %) = nx . 1
f ! " f +

2
"

C
2

%
u! " u+ &
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