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ABSTRACT

Representation Learning is ubiquitous in state-of-the-art machine learning workflow, in-

cluding data exploration/visualization, data preprocessing, data model learning, and model

interpretations. However, the majority of the newly proposed Representation Learning

methods are more suitable for problems with a large amount of data. Applying these

methods to problems with a limited amount of data may lead to unsatisfactory perfor-

mance. Therefore, there is a need for developing Representation Learning methods which

are tailored for problems with “small data”, such as, clinical and biomedical data analyt-

ics. In this dissertation, we describe our studies of tackling the challenging clinical and

biomedical data analytics problem from four perspectives: data preprocessing, temporal

data representation learning, output representation learning, and joint input-output repre-

sentation learning.

Data scaling is a critical component in data preprocessing. The objective in data scaling

is to scale/transform the raw features into reasonable ranges such that the machine learning

model equally exploits each feature of an instance. For example, in a credit flaw detection

task, a machine learning model may utilize a person’s credit score and annual income as

features, but because the ranges of these two features are different, a machine learning

model may consider one more heavily than another. In this dissertation, I thoroughly

introduce the problem in data scaling and describe an approach for data scaling which can

intrinsically handle the outlier problem and lead to better model prediction performance.

Learning new representations for data in the unstandardized form is a common task in
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data analytics and data science applications. Usually, data come in a tubular form; namely,

the data is represented by a table in which each row is a feature (row) vector of an instance.

However, it is also common that the data are not in this form; for example, texts, images,

and video/audio records. In this dissertation, I describe the challenge of analyzing imper-

fect multivariate time series data in healthcare and biomedical research and show that the

proposed method can learn a powerful representation to encounter various imperfections

and lead to an improvement of prediction performance.

Learning output representations is a new aspect of Representation Learning, and its

applications have shown promising results in complex tasks, including computer vision

and recommendation systems. The main objective of an output representation algorithm

is to explore the relationship among the target variables, such that a prediction model

can efficiently exploit the similarities and potentially improve prediction performance. In

this dissertation, I describe a learning framework which incorporates output representation

learning to time-to-event estimation. Notably, the approach learns the model parameters

and time vectors simultaneously. Experimental results do not only show the effectiveness

of this approach but also show the interpretability of this approach from the visualizations

of the time vectors in 2-D space.

Learning the input (feature) representation, output representation, and predictive mod-

eling are closely related to each other. Therefore, it is a very natural extension of the

state-of-the-art by considering them together in a joint framework. In this dissertation,

I describe a large-margin ranking-based learning framework for time-to-event estimation

with joint input embedding learning, output embedding learning, and model parameter

learning. In the framework, I cast the functional learning problem to a kernel learning

problem, and by adopting the theories in Multiple Kernel Learning, I propose an efficient

optimization algorithm. Empirical results also show its effectiveness on several benchmark

datasets.
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CHAPTER 1
INTRODUCTION

Representation Learning has been a very hot research area in Machine Learning. While

high-capacity models, such as Deep Neural Networks, have achieved excellent perfor-

mance in a variety traditionally challenging tasks, for example, computer vision, machine

translation, text mining; however, they have a significant drawback: a massive volume of

data is required to train the model. In this thesis, we focus on Representation Learning

techniques which are tailored to address the learning challenges in problems with a small

amount of data; for example, clinical and biomedical data analytics.

In Chapter 2, an approach for learning a representation based on data scaling and its ap-

plications in biomedical data analytics are described. Machine learning models have been

adapted in biomedical research and practice for knowledge discovery and decision support.

While mainstream biomedical informatics research focuses on developing more accurate

models, the importance of data scaling draws less attention. We propose the Generalized

Logistic (GL) algorithm that scales data uniformly to an appropriate interval by learning

a generalized logistic function to fit the empirical cumulative distribution function of the

data. The GL algorithm is simple yet effective; it is intrinsically robust to outliers, so it

is particularly suitable for diagnostic/classification models in clinical/medical applications
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where the number of samples is usually small; it scales the data in a nonlinear fashion,

which leads to a potential improvement in accuracy. To evaluate the effectiveness of the

proposed algorithm, experiments on 16 binary classification tasks with different variable

types and cover a wide range of applications are conducted. The resultant performance in

terms of area under the receiver operating characteristic curve (AUROC) and percentage

of correct classification showed that models learned using data scaled by the GL algorithm

outperform the ones using data scaled by the Min-max and the Z-score algorithm, which

are the most commonly used data scaling algorithms. The proposed GL algorithm is sim-

ple and effective. It is robust to outliers, so no additional denoising or outlier detection

step is needed in data preprocessing. Empirical results also show that models learned from

data scaled by the GL algorithm have higher accuracy compared to the commonly used

data scaling algorithms.

In Chapter 3, an approach of learning the representations for biomedical multivariate

time-series data and its applications are described. Time series in healthcare practices

and biomedical research are typically multivariate, i.e., multiple biomarkers are observed

simultaneously at a time. However, they tend to be short, noisy, unaligned, irregularly

sampled, partially observed, and with only limited samples. These imperfections pose a

challenge for mining information from data. In this work, we propose to use dynamic-

based representations to present such imperfect multivariate time series. Specifically, we

propose an approach to learn a corresponding Linear Dynamical System (LDS) for a mul-

tivariate time series example and use the set of system parameters as a representation for

that example. Such a representation can capture interactions of different variables and pro-

vide a unified view of multivariate time series with different lengths, different missingness

mechanisms, and different starting points. Other techniques are then used to mine useful

information and perform learning tasks based on the new representation. For example, we

use support vector machine classification models with LDS kernels in time series classifi-

cation tasks. To evaluate the effectiveness of the proposed approach, we conducted exper-

2



iments on both synthetic data sets and real-life datasets. The results in synthetic datasets

demonstrated that the proposed approach could correctly learn the similarities of underly-

ing linear dynamical systems. Our real-life data sets included human influenza A (H3N2),

Rhinovirus (HRV), and respiratory syncytial virus (RSV) gene expression time series. The

accuracies in the leave-one-out symptomatic/asymptomatic diagnostic tasks showed that

our approach outperformed three baseline algorithms. Moreover, in experiments where

various levels of imperfections were imposed on the H3N2 dataset, the accuracies of other

baseline methods degraded significantly, but the accuracy of our approach remained high.

Chapter 4 and 5 focus on output Representation Learning and its applications in the

problem of time-to-event estimation. The primary goal of a time-to-event estimation

model is to infer the occurrence time of a target event accurately. Most existing studies

focus on developing new models to utilize the information in the censored observations

effectively. In chapter 4, an output Representation Learning model is described to tackle

the time-to-event estimation problem. The model relaxes a fundamental constraint that

the target variable, time, is a univariate number which satisfies a partial order. Instead,

the proposed model interprets each event occurrence time as a time concept with a vec-

tor representation. We hypothesize that the model is more accurate and interpretable by

capturing 1) the relationships between features and time concept vectors and 2) the re-

lationships among time concept vectors. We also propose a scalable framework to learn

the model parameters and time concept vectors simultaneously. Besides, similarity infor-

mation among time concept vectors helped in identifying time regimes, thus leading to

a potential knowledge discovery related to the human cancer datasets considered in our

experiments. The model described in Chapter 5 complements some of the drawbacks in

the model in Chapter 4. The proposed model adopts a kernel-based large-margin learning

framework and simultaneously learns an input (feature vector) kernel and an output (event

time) kernel to leverage the similarities among features and the similarities among event

times. Both of the models are evaluated and analyzed in experiments on 7 benchmark

3



datasets, and they are compared to 15 traditional and state-of-the-art models. The results

demonstrated the efficiency and effectiveness of the proposed models.

4



CHAPTER 2

A ROBUST DATA SCALING ALGORITHM TO
IMPROVE CLASSIFICATION ACCURACIES IN

BIOMEDICAL DATA

2.1 Introduction

Machine learning models have been adapted in biomedical research and practice for knowl-

edge discovery and decision support. While mainstream biomedical informatics research

focuses on developing more accurate models, the importance of data preprocessing draws

less attention. We propose the Generalized Logistic (GL) algorithm that scales data uni-

formly to an appropriate interval by learning a generalized logistic function to fit the empir-

ical cumulative distribution function of the data. The GL algorithm is simple yet effective;

it is intrinsically robust to outliers, so it is particularly suitable for diagnostic/classification

models in clinical/medical applications where the number of samples is usually small;

it scales the data in a nonlinear fashion, which leads to potential improvement in accu-

racy. To evaluate the effectiveness of the proposed algorithm, we conducted experiments

on 16 binary classification tasks with different variable types and cover a wide range of

applications. The resultant performance in terms of area under the receiver operation

5



characteristic curve (AUROC) and percentage of correct classification showed that models

learned using data scaled by the GL algorithm outperform the ones using data scaled by

the Min-max and the Z-score algorithm, which are the most commonly used data scaling

algorithms. The proposed GL algorithm is simple and effective. It is robust to outliers, so

no additional denoising or outlier detection step is needed in data preprocessing. Empir-

ical results also show models learned from data scaled by the GL algorithm have higher

accuracy compared to the commonly used data scaling algorithms.

2.2 Background

There is an increasing interest in research and development of machine learning and data

mining techniques for aid in biomedical studies as well as in clinical decision making

Kourou et al. (2015)Swan et al. (2013)Kelchtermans et al. (2014)Foster et al. (2014). Typ-

ically, statistical learning methods are performed on the data of observed cases to yield

diagnostic or prognostic models that can be applied in future cases in order to infer the

diagnosis or predict the outcome. Such learned models might be used to assist physicians

in guiding their decisions, and are sometimes shown to outperform the experts’ predic-

tion accuracy Maltoni et al. (2005). Furthermore, such models can discover previously

unrecognized relations between the variables and outcome improving knowledge and un-

derstanding of the condition. Such discoveries may result in improved treatments or pre-

ventive strategies. Given that predictive models compute predictions based on information

of a particular patient, they are also promising tools for achieving the goal of personalized

medicine.

Predictive models have huge potential because of their ability to generalize from data.

Even though predictive models lack the skills of a human expert, they can handle much

larger amounts of data and can potentially find subtle patterns in the data that a human

could not. Predictive models rely heavily on training data, and are dependent on data
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quality. Ideally, a model should extract the existing signal from the data and disregard

any spurious patterns (noise). Unfortunately, this is not an easy task, since data are often

far from perfect; some of the imperfections include irrelevant variables, small numbers of

samples, missing values, and outliers.

Therefore, data preprocessing is common and necessary in order to increase the abil-

ity of the predictive models to extract useful information. There are various approaches

targeting different aspects of data imperfection; such as imputations for missing values,

smoothing for removing the superimposed noise, or excluding the outlier examples. Then

there are various transformations of variables, from common scaling and centering of the

data values, to more advanced feature engineering techniques. Each of those techniques

can make a significant improvement in predictive model performance when learned on the

transformed data.

2.2.1 Data Scaling in Classification Modeling

In the machine learning and data mining community, data scaling and data normalization

refer to the same data preprocessing procedure, and these two terminologies are used in-

terchangeably; their aim is to consolidate or transfer the data into ranges and forms that

are appropriate for modeling and mining Han et al. (2011). Models trained on scaled data

usually have significantly higher performance compared to the models trained on unscaled

data, so data scaling is regarded as an essential step in data preprocessing. Data scaling is

particularly important for methods that utilize distance measures, such as nearest neigh-

bor classification and clustering. In addition, artificial Neural Network models require the

input data to be normalized, so that the learning process can be more stable and faster

Haykin (2009).

Confusions of Gene Expression Normalization In medicine, gene expression data obtained

from microarray technology are widely used for disease/cancer diagnosises. Usually, a

7



normalization step is conducted for the purpose of identifying and removing sources of

systematic variation in the measured fluorescence Dudoit et al. (2002), before the data

are ready for analysis. However, the gene expression normalization step is not equivalent

to the data scaling step that we study in this context. In most cases, a normalized gene

expression dataset needs to be processed/scaled by a data scaling step before learning a

classification model. The models that are learned from gene expression data with scaling

usually outperform the models that are learned from gene expression data without scaling,

with considerable margins.

2.2.2 Commonly Used Data Scaling Algorithms

Two data scaling algorithms are widely used: Min-max algorithm and Z-score algorithm.

Min-max Algorithm In the Min-max algorithm, the original data are linearly transformed.

We denote xmin and xmax as the minimum and the maximum of a variable in the samples.

The Min-max algorithm maps a value, v, of this variable to a value, v1, using the following

formula:

v1 “
v ´ xmin

xmax ´ xmin
` xmin. (2.1)

The Min-max algorithm scales a variable in the training samples in the interval of

[xmin, xmax] to [-1, 1] (or [0, 1]) by using a linear mapping. However, when the un-

seen/testing samples fall outside of the training data range of the variable, the scaled values

will be out of the bounds of the interval [-1, 1] (or [0, 1]), and that may pose problems in

some applications; in addition, it is very sensitive to outliers, as shown in latter sections.

Z-score Algorithm In the Z-score algorithm, the new value, v1, of a variable, is scaled from

the original value, v, using the formula:

v1 “
v ´ x̄

σx
, (2.2)
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where x̄ and σx are the mean and standard deviation of the variable values in the training

samples, respectively. After the scaling, the new values will have value 0 as the mean,

and value 1 as the standard deviation. This algorithm does not map the original data into

an interval, and it is also sensitive to outliers. When the number of examples is small,

especially in scenarios in biomedical research, the mean and standard deviation calculated

from the data may not be able to approximate the true mean and standard deviation well,

so future input values will be scaled poorly.

2.3 Methods

The idea of the GL algorithm for data scaling is adapted from the histogram equalization

technique, and it can map both the original and future data into a desired interval. The

algorithm has no assumption on the sample distribution and utilizes generalized logistic

functions to approximate cumulative density functions. Since it maps data into a uniformly

distributed range of values, the points that were previously densely concentrated on some

interval become more discernible, which allows more room for representation of the subtle

differences between them. In addition, the GL algorithm reduces the distance of outliers

from other samples, which makes the algorithm robust to the outliers. This advantage is

particularly significant in diagnostic/classification modeling in medicine and healthcare,

where the number of samples is usually small, and outliers have a huge impact on the

model training, leading to poor accuracy.

In a preliminary study Cao and Obradovic (2015), the GL algorithm was effective

in classifying tasks with microarray gene expression data. In this manuscript we have

significantly extended our preliminary work in the following ways:

1. providing a thorough description of the proposed GL algorithm as well as intuitive

and qualitative explanations of scenarios where the new algorithm is superior to the

Min-max and Z-score algorithms;
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2. extending the GL algorithm to include a much better and more general parameter ini-

tialization for the non-convex optimization, which is a critical part of the algorithm

for fitting the generalized logistic function to the empirical cumulative distribution

function;

3. empirically demonstrating that the GL algorithm is not only effective in gene ex-

pression classification tasks, but also in a broad variety of different diagnostic/clas-

sification tasks with different types of variables.

Data Scaling Formula

We model the values of a variable in the samples as a random variable (r.v.) X . In the GL

algorithm, the scaled value v1 of a value, v, is obtained by

v1 “ PXpvq, (2.3)

where PXp¨q is the cumulative density function (CDF) of the r.v. X .

Using a CDF as a mapping can be also seen in the Histogram Equalization technique

Gonzalez and Woods (2008) in the field of Digital Image Processing for image contrast

enhancement. The difference of the GL algorithm versus the Histogram Equalization tech-

nique is that we do not only use the CDF to scale the data, but also learn/approximate the

functional expression of the CDF, so that it can be used to scale unseen values.

2.3.1 Approximation of the Cumulative Density Function

From the data, we do not know the exact functional form of the cumulative density function

(CDF) of an variable whose value is represented by the r.v. X; therefore, we need to

approximate the CDF. We can find the empirical cumulative density function (ECDF)

using the formula

P̂Xpvq “
1

n

n
ÿ

i“1

1xiďv, (2.4)
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where P̂Xpvq is the ECDF at a value v, n is the number of samples, and xi is the value of

the variable in the ith sample.

Unfortunately, in most cases, the ECDF has no functional form expression. Moreover,

the original data tend to be noisy, so the ECDF is usually very bumpy. Therefore, we use

a generalized logistic (GL) function to approximate the ECDF. It has been proven that a

logistic function can be used to accuractely approximate the CDF of a normal distribution

Bowling et al. (2009). In this algorithm, we do not make any assumption on the distribution

of the data; therefore, we use a more general form of the logistic function, called the

generalized logistic (GL) function

Lpxq “
1

p1`Qe´Bpx´Mqq1{ν
. (2.5)

Compared to the logistic function used in Bowling et al. (2009), this GL function provides

the flexibility to approximate a more variety of distributions. One of the notable properties

of (2.5) is that it maps the values in the interval (8,´8) to the interval (0,1). This property

makes our GL algorithm robust to outliers, and guarantees that the scaled data will be in

(0,1).

In order to approximate the ECDF, we need to learn the parameters Q, B, M , and

ν from the data, so that the GL function could best fit the ECDF. The sum of squared

differences of the GL function and the ECDF can be represented by

η “
n
ÿ

i“1

||Lpxiq ´ P̂Xpxiq||
2. (2.6)

The best set of parameters is the minimizer of η, so the key to find the most appropriate

GL function to approximate the ECDF is to solve an optimization problem

minimize
B,M,Q,ν

ηpB,M,Q, νq. (2.7)

Because (2.5) and (2.6) are differentiable, the derivatives of η with respect to the parame-
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ters can be easily obtained, as shown in the following:

dη

dB
“

n
ÿ

i“1

´T1
Qe´Bpxi´Mqpxi ´Mq

T2

,

dη

dM
“

n
ÿ

i“1

T1
BQe´Bpxi´Mq

T2

,

dη

dQ
“

n
ÿ

i“1

T1
e´Bpxi´Mq

T2

,

dη

dν
“

n
ÿ

i“1

´T1
lnpQe´Bpxi´Mq ` 1q

ν2pQe´Bpxi´Mq ` 1q1{ν
,

where

T1 “ 2pP̂Xpxiq ´ Lpxiqq

T2 “ νpQe´Bpxi´Mq ` 1q1{ν`1.

Therefore, a local minimum of (2.7) can be solved efficiently by any gradient descent

optimization algorithms.

2.3.2 Parameter Initialization

The optimization problem described in (2.7) is non-convex, so in order to achieve a good

local minimum (or even global minimum) of the objective function, the values of the

parameters should be carefully initialized; i.e. determine B0,M0, Q0, ν0, which are the

initialization of the parameters for the gradient descent iterations. By looking at the struc-

ture of the GL function, we can see that parameter M determines the “center” of the GL

curve; therefore, parameter M , should be close to the median of the sample values. We

first arrive at:

M0 “ P̂´1
X p0.5q “ xmed, (2.8)

where xmed denotes the median value of the variable in the samples. From Lpxmedq «

P̂Xpxmedq « 0.5, we have Lpxmedq “ 1
p1`Q0e

´B0pxmed´xmedqq1{ν0
« 0.5, noting that we
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replace M0 by xmed because of (2.8). We obtain:

ν0 “ log2p1`Q0q. (2.9)

It is reasonable to assume that the minimum value in the samples will be scaled to a value

close to 0.1, that isLpxminq « P̂Xpxminq « 0.1, we haveLpxminq “ 1
p1`Q0e

´B0pxmin´xmedqq1{ν0
«

0.1, where xmin denotes the minimum value of the variable in the samples. We obtain:

B0 “
lnpp1`Q0q

log2p10q ´ 1q ´ lnpQ0q

xmed ´ xmin
. (2.10)

Now, ν0 and B0 are dependent on Q0. We further assume that the maximum value in the

sample will be scaled to a value close to 0.9, that is Lpxmaxq « P̂Xpxmaxq « 0.9, thus

Lpxmaxq “
1

p1`Q0e
´B0pxmax´xmedqq1{ν0

« 0.9, where xmax denotes the maximum value of

the variable in the samples. Combining (2.9) and (2.10), we obtain the following equation

in terms of Q0:

1

1`Q0e
plnpp1`Q0q

log2p10q´1q´lnpQ0qq
xmax´xmed
xmin´xmed

“ 0.9log2p1`Q0q, (2.11)

and the most suitable value for Q0 is the root of equation (2.11). The root can be resolved

numerically and quickly by using the Newton’s method. With this initialization, we could

find a set of parameters which make the GL function fit the ECDF well, as shown in

Figure. 2.1.

2.3.3 Qualitative Comparisons of Data Scaling algorithms

In this section, we will intuitively and qualitatively discuss the scenarios where the GL

algorithm is superior to the commonly used data scaling algorithms.

The GL Algorithm is Robust to Outliers During the data collection period, the data might be

corrupted for various reasons; e.g., system error, human error, sample contamination, etc.

Therefore, a data de-noising or outlier detection procedure may be necessary in the data

13



Original Values

0 50 100 150 200

S
c
a

le
d

 V
a

lu
e

s

0

0.2

0.4

0.6

0.8

1

ECDF

Best-fit GL function

FIGURE 2.1: Fitting of the ECDF using the GL algorithm: an example showing the ap-
proximation of an ECDF using a generalized logistic (GL) function.

preprocessing step. The GL algorithm is intrinsically capable of handling situations where

there are noisy samples and outliers in the samples. As Figure 2.2 shows, in the situation

that there are no outliers in samples, all data scaling algorithms perform similarly. How-

ever, when an outlier exists in the data, as shown in Figure 2.3, the Min-max algorithm

and the Z-score algorithm are affected by the outlier - the original values in the normal

range are squeezed after the scaling. In contrast, the outlier’s impact to the GL algorithm

is neglectable, as shown in Figure 2.3c. Outliers are samples deviate strongly from the

majority of (normal) samples, so the number of outliers will be always much smaller than

the number of normal samples, and therefore, the contribution of outliers to the CDF of

the samples is neglectable. However, outliers do not necessarily need to be the result of

measurement errors, but may also occur due to variability, and represent completely valid

instances. There are applications that are particularly concerned with such anomalies in

the observations as they may carry valuable information about some rare modality of the

processes responsible for its generation. For such applications, algorithms for outlier de-

tection are utilized to interrogate the data and bring the focus to the rare signal in the data,
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and our data preprocessing algorithm is inappropriate to use for such purposes. Never-

theless, regardless of the outliers’ origin (error or variability), for the supervised task of

classification, outliers are typically detrimental for classification accuracy, and their re-

moval/correction is very welcome, if not necessary Acuna and Rodriguez (2004).

The GL Algorithm can Improve Classification Accuracy One of the complications which

leads to poor classification accuracy is that the samples in different classes are dense and

“crowded” near the decision boundary (otherwise, the accuracy would be expected to be

high). Therefore, although in the training stage, the model can perfectly distinguish sam-

ples in different classes, in the testing stage, the model may make mistakes. Figure 2.4a

(a) shows an artificially generated data of two groups (red v.s. blue), and we can imagine

those samples are used to test the classifier. Although the two groups of data are separable,

a trained classifier may make mistakes because these data are not seen in the training. One

way to improve the classification in the test is to enlarge the separation the data from two

groups near the decision boundary. The intuition is that if the separation of two groups

is by a large margin, it allows a wider variety of decision boundaries to separate the data.

Because the Min-max algorithm and the Z-score algorithm are linear mappings, after the

data are scaled, their relative distance will not change (Figure 2.4 (b)&(c)). In contrast,

the GL algorithm is a nonlinear mapping; it will enlarge the distance of the dense samples

that are located near the decision boundary, and squeeze the samples that are located away

from the decision boundary (Figure 2.4 (d)). This effect reduces the classifier’s potential

of making mistakes, thus improving the accuracy.

Experiments and Results

Descriptions of Datasets We have included 16 datasets in our experiments. The tasks as-

sociated with the datasets cover a broad variety of diagnostic/classification problems in

biomedical research. The information of the datasets, including the number of samples,

15



Original Values

-0.012 -0.011 -0.01 -0.009
S

c
a
le

d
 V

a
lu

e
s

0

0.5

1
Min-max Mapping Algorithm

(a)

Original Values

-0.012 -0.011 -0.01 -0.009

S
c
a
le

d
 V

a
lu

e
s

-1

0

1

2
Z-score Algorithm

(b)

Original Values

-0.012 -0.011 -0.01 -0.009

S
c
a
le

d
 V

a
lu

e
s

0.2

0.4

0.6

0.8

Proposed Algorithm

(c)
FIGURE 2.2: Behavior of data scaling algorithms without outliers. When there is no
outlier in the data, the behavior of the Min-max algorithm, Z-score algorithm and the GL
algorithm is very similar.
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FIGURE 2.3: Behavior of data scaling algorithms with outliers. When there is an outlier in
the data, the behaviors of the Min-max algorithm and Z-score algorithm are significantly
affected, but the impact of the outlier on the GL algorithm is neglectable.
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FIGURE 2.4: An 2D illustration on how the GL algorithm can affect the classification
accuracy. (a) raw data without scaling; (b) data scaled by the Min-max algorithm; (c) data
scaled by the Z-score algorithm; (d) data scaled by the GL algorithm.

variable types, and tasks, are summarized in Table 2.1. Among them, LSVT, Pima In-

dian diabetes, Parkinsons, Wdbc, Breast tissue, and Indian liver were downloaded from

the UCI dataset repository (https://archive.ics.uci.edu/ml/datasets.

html). These 6 datasets were selected because the majority of their variables are con-

tinuous, so that the data scaling algorithms could be applied (non-continuous variables

were deleted). If a dataset was originally associated with a multiclass classification task,

we will formulate a binary classification task as one-class-vs-others. The datasets, Breast

cancer, Colon cancer, Lung cancer, Prostate cancer, and Myeloma were made available

by Stantnikov et al.Statnikov et al. (2005), and we downloaded the datasets from the sup-

plementary material website (http://www.gems-system.org/). The datasets DL-
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BCL and Leukemia were downloaded from the Kent Ridge Bio-medical Dataset Reposi-

tory (http://datam.i2r.a-star.edu.sg/datasets/krbd); we removed the

variables with missing values in the DLBCL dataset, so 715 variables were used in our

experiments. The datasets GSE 25869, GSE 27899IL, and GSE 29490, were downloaded

from the Gene Expression Omnibus Repository Edgar et al. (2002). We converted the

datasets to .mat format, and made them available to the public; please refer to Section

Availability of data and material for details.

Evaluation Methods To assess how different data scaling algorithms affect classification

performances, we used Logistic Regression (LR) and Support Vector Machine (SVM) as

the classification models. These two classification models have been used extensively in

biological and medical research due to their simplicity and accessibility. The program

code of the experiments was implemented in MATLAB 8.4. The results were obtained us-

ing 5-fold cross-validations. One of the performance metrics we used was the area under

the receiver operation characteristic curve (AUROC), which has been commonly used for

binary classification performance evaluations; one of the advantages of AUROC is that its

value does not depend on a classification score threshold. To have a more complete com-

parison of different data scaling methods and classification models, we also used accuracy

(proportion of correct classifications). The threshold we used to determine the class la-

bels (and thus, the accuracy) of the testing set samples was obtained by selecting a score

which could maximize the accuracy in the training set; if multiple, or a range of scores

could achieve the maximum accuracy, we would select the minimum. The mean value and

95% confidence interval of the AUROC of each binary classification task can be found in

Table 2.3, and the mean value and 95% confidence interval of the proportion of correct

classifications can be found in Table 2.2. Due to the large number of variables, the AU-

ROC’s and accuracies of datasets GSE 25869, GSE 27899IL, and GSE 29490 on Logistic

Regression model were not available.
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Results and Discussions In most of the classification tasks, models learned with unscaled

data have the worst performances. This is consistent with our expectations. In general,

an appropriate data processing step (i.e., data scaling) is able to improve the accuracy of a

model. Comparing the GL algorithm to the Z-score algorithm and the Min-max algorithm,

in most tasks, models learned with the data scaled by the GL algorithm achieved the best

average AUROC’s and the best average accuracies. Specifically, in the experiments, out of

the 29 task-model cases (16 tasks; 2 models per task, but LR was not available in 3 tasks),

the GL algorithm achieve the best AUROC’s in 27 cases and the best accuracies in 25

cases. The advantage of the GL algorithm was more notable in datasets with a small num-

ber of samples, such as colon, lung, and prostate, in which the existence of outliers may

significantly affects the model performance. For example, in the colon cancer diagnostic

task, while using the SVM classifier, the model learned using GL scaled data achieved a

0.822 AUROC, while the best AUROC achieved by the SVM classifier from other data

scaling methods was 0.725; it was a 13.4% of improvement. The improvements of AU-

ROC using the data scaled by the GL algorithm were less notable in the tasks Parkinsons,

Wdbc, Indian liver, and Pima Indians Diabetes. One of the reasons was that the number

of samples in those data sets was relatively large, so the negative effects of outliers be-

came less significant; another possible reason was that before the contributors uploaded

the data set, they might have performed a preprocessing step to correct/remove abnormal

samples. It is worthwhile to point out that, in three task-model cases (i.e., RL and SVM

in the Parkinsons task, and SVM in the Pima Indians Diabetes task), although the GL al-

gorithm achieved the best AUROC’s, it did not achieve the best accuracies. That might be

due to the the threshold selection rule in our experiments; while the AUROC’s of different

task-model cases were close, the ranking of the accuracies would be very sensitive to the

selected threshold.
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2.4 Conclusion

In this article, we present a simple yet effective data scaling algorithm, the GL algorithm,

to scale data to an appropriate interval for diagnostic and classification modeling. In the

GL algorithm, the values of a variable are scaled in the (0,1) interval using the cumulative

density function of the variable. Since obtaining the functional expression of the CDF is

difficult, a generalized logistic GL function is used to fit the empirical cumulative distribu-

tion function, and the optimized GL function is used for data scaling. The GL algorithm

is intrinsically robust to outliers, so it is particularly suitable for diagnostic/classification

models in clinical/medical applications, where the number of samples is usually small; it

scales the data in a nonlinear fashion, which leads to improvement of accuracy. Experi-

mental results show that models learned using data scaled by the GL algorithm generally

outperform the ones using the Min-max algorithm and the Z-score algorithm, which are

currently the most commonly used data scaling algorithms.
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Table 2.1: Summary of datasets used in experiments (sorted by the no. of subjects in ascending
order)

Dataset
No. of

subjects
(pos/neg)

Var. type No. of
var. Task

GSE 27899IL 10/10 DNA methylation 27578 diagnose ulcerative
colitis

Prostate cancer 14/9 microarray gene
expression 15009 diagnose prostate

cancer

Colon cancer 15/11 microarray gene
expression 15009 diagnose colon

cancer

Lung cancer 20/7 microarray gene
expression 15009 diagnose lung cancer

Breast cancer 17/15 microarray gene
expression 15009 diagnose breast

cancer

Leukemia 11/27 microarray gene
expression 7129 diagnose leukemia

GSE 29490 20/7 DNA methylation 26916 diagnose colorectal
carchinoma

GSE 25869 14/9 DNA methylation 27570 diagnose gastric
cancer

Breast tissue 21/85 impedance
measurements 9 diagnose breast

tumor

LSVT 42/84
wavelet and

frequency based
measurements

310
assessment of
treatments in

Parkinson

DLBCL 88/72 microarray gene
expression 715 diagnose DLBCL

Myeloma 137/36 microarray gene
expression 12625 diagnose bone

lesions

Parkinsons 147/48 vocal based
measurements 22 diagnose Parkinson

disease

Wdbc 212/357 nuclear feature from
image 30 diagnose breast

tumor

Indian liver 414/165 biochemistry based
measurements 9 diagnose liver

disease
Pima Indians

diabetes
268/500 clinical

measurements 8 diagnose diabetes
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Table 2.2: Results of 16 datasets (16 binary classification tasks) using different data scaling al-
gorithms and classification models. The performances are measured by the average proportion of
correct classification in 5-fold cross-validations. The means and 95% confidence intervals are in-
cluded. Column names: None - no data scaling; Minmax - Min-max algorithm; Zscore - Z-score
algorithm; GL - GL algorithm. Best performances are emphasized in bold

dataset Method None Minmax Zscore GL
GSE27899IL LR NA ˘ NA NA ˘ NA NA ˘ NA NA ˘ NA

SVM 0.770 ˘ 0.054 0.780 ˘ 0.134 0.780 ˘ 0.134 0.780 ˘ 0.134
Prostate Cancer LR 0.609 ˘ 0.000 0.757 ˘ 0.132 0.722 ˘ 0.078 0.765 ˘ 0.100

SVM 0.635 ˘ 0.078 0.748 ˘ 0.156 0.748 ˘ 0.156 0.835 ˘ 0.114
Colon Cancer LR 0.577 ˘ 0.000 0.877 ˘ 0.064 0.877 ˘ 0.064 0.923 ˘ 0.054

SVM 0.677 ˘ 0.178 0.900 ˘ 0.042 0.915 ˘ 0.034 0.946 ˘ 0.042
Lung Cancer LR 0.741 ˘ 0.000 0.859 ˘ 0.062 0.852 ˘ 0.052 0.896 ˘ 0.062

SVM 0.778 ˘ 0.052 0.859 ˘ 0.034 0.859 ˘ 0.034 0.867 ˘ 0.040
Breast Cancer LR 0.773 ˘ 0.000 0.918 ˘ 0.040 0.955 ˘ 0.000 0.955 ˘ 0.000

SVM 0.827 ˘ 0.040 0.909 ˘ 0.000 0.909 ˘ 0.000 0.936 ˘ 0.050
Leukemia LR 0.710 ˘ 0.000 0.956 ˘ 0.030 0.965 ˘ 0.030 1.000 ˘ 0.000

SVM 0.939 ˘ 0.030 0.965 ˘ 0.030 0.965 ˘ 0.030 1.000 ˘ 0.000
GSE29490 LR NA ˘ NA NA ˘ NA NA ˘ NA NA ˘ NA

SVM 0.942 ˘ 0.034 0.954 ˘ 0.034 0.958 ˘ 0.034 0.979 ˘ 0.000
GSE25869 LR NA ˘ NA NA ˘ NA NA ˘ NA NA ˘ NA

SVM 0.891 ˘ 0.038 0.891 ˘ 0.044 0.894 ˘ 0.034 0.897 ˘ 0.034
Breast tissue LR 0.778 ˘ 0.016 0.930 ˘ 0.010 0.930 ˘ 0.016 0.927 ˘ 0.016

SVM 0.681 ˘ 0.220 0.932 ˘ 0.024 0.926 ˘ 0.020 0.942 ˘ 0.008
LSVT LR 0.500 ˘ 0.000 0.870 ˘ 0.012 0.824 ˘ 0.038 0.915 ˘ 0.002

SVM 0.500 ˘ 0.000 0.873 ˘ 0.036 0.858 ˘ 0.036 0.908 ˘ 0.006
DLBCL LR 0.567 ˘ 0.014 0.571 ˘ 0.014 0.579 ˘ 0.032 0.602 ˘ 0.074

SVM 0.594 ˘ 0.082 0.592 ˘ 0.064 0.585 ˘ 0.044 0.600 ˘ 0.100
Myeloma LR 0.792 ˘ 0.000 0.805 ˘ 0.020 0.804 ˘ 0.018 0.805 ˘ 0.026

SVM 0.794 ˘ 0.006 0.809 ˘ 0.014 0.807 ˘ 0.026 0.813 ˘ 0.020
Parkinsons LR 0.865 ˘ 0.006 0.894 ˘ 0.022 0.891 ˘ 0.016 0.868 ˘ 0.006

SVM 0.880 ˘ 0.016 0.884 ˘ 0.006 0.877 ˘ 0.020 0.868 ˘ 0.016
Wdbc LR 0.878 ˘ 0.002 0.965 ˘ 0.010 0.963 ˘ 0.012 0.971 ˘ 0.012

SVM 0.960 ˘ 0.010 0.979 ˘ 0.004 0.976 ˘ 0.002 0.980 ˘ 0.008
Indian Liver LR 0.716 ˘ 0.002 0.727 ˘ 0.014 0.733 ˘ 0.008 0.736 ˘ 0.006

SVM 0.719 ˘ 0.006 0.720 ˘ 0.014 0.718 ˘ 0.010 0.720 ˘ 0.008
Pima Indi-
ans Diabetes

LR 0.490 ˘ 0.070 0.738 ˘ 0.010 0.738 ˘ 0.010 0.740 ˘ 0.012
SVM 0.734 ˘ 0.052 0.765 ˘ 0.008 0.753 ˘ 0.040 0.748 ˘ 0.034
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Table 2.3: Results of 16 datasets (16 binary classification tasks) using different data scaling algo-
rithms and classification models. The performances are measured by the average Area Under the
ROC in 5-fold cross-validations. The means and 95% confidence intervals are included. Column
names: None - no data scaling; Minmax - Min-max algorithm; Z-score - Z-score algorithm; GL -
GL algorithm. Best performances are emphasized in bold

dataset Method None Minmax Zscore GL
GSE27899IL LR NA ˘ NA NA ˘ NA NA ˘ NA NA ˘ NA

SVM 0.768 ˘ 0.104 0.814 ˘ 0.084 0.814 ˘ 0.074 0.824 ˘ 0.058
Prostate Cancer LR 0.464 ˘ 0.000 0.749 ˘ 0.130 0.689 ˘ 0.156 0.761 ˘ 0.108

SVM 0.573 ˘ 0.198 0.725 ˘ 0.232 0.713 ˘ 0.244 0.822 ˘ 0.194
Colon Cancer LR 0.500 ˘ 0.000 0.895 ˘ 0.092 0.892 ˘ 0.082 0.962 ˘ 0.046

SVM 0.670 ˘ 0.184 0.940 ˘ 0.058 0.937 ˘ 0.050 0.981 ˘ 0.020
Lung Cancer LR 0.450 ˘ 0.000 0.839 ˘ 0.096 0.834 ˘ 0.108 0.890 ˘ 0.050

SVM 0.397 ˘ 0.274 0.716 ˘ 0.136 0.710 ˘ 0.152 0.774 ˘ 0.182
Breast Cancer LR 0.324 ˘ 0.000 0.809 ˘ 0.038 0.821 ˘ 0.020 0.819 ˘ 0.022

SVM 0.708 ˘ 0.158 0.793 ˘ 0.052 0.795 ˘ 0.042 0.812 ˘ 0.038
Leukemia LR 0.500 ˘ 0.000 0.988 ˘ 0.014 0.990 ˘ 0.006 1.000 ˘ 0.000

SVM 0.935 ˘ 0.034 0.992 ˘ 0.010 0.991 ˘ 0.008 1.000 ˘ 0.000
GSE29490 LR NA ˘ NA NA ˘ NA NA ˘ NA NA ˘ NA

SVM 0.983 ˘ 0.012 0.984 ˘ 0.034 0.985 ˘ 0.034 0.994 ˘ 0.004
GSE25869 LR NA ˘ NA NA ˘ NA NA ˘ NA NA ˘ NA

SVM 0.935 ˘ 0.024 0.937 ˘ 0.020 0.938 ˘ 0.016 0.943 ˘ 0.014
Breast tissue LR 0.520 ˘ 0.006 0.961 ˘ 0.032 0.961 ˘ 0.044 0.940 ˘ 0.054

SVM 0.713 ˘ 0.108 0.968 ˘ 0.006 0.970 ˘ 0.014 0.972 ˘ 0.010
LSVT LR 0.500 ˘ 0.000 0.875 ˘ 0.008 0.846 ˘ 0.022 0.921 ˘ 0.012

SVM 0.500 ˘ 0.000 0.879 ˘ 0.012 0.863 ˘ 0.014 0.919 ˘ 0.020
DLBCL LR 0.601 ˘ 0.038 0.608 ˘ 0.038 0.610 ˘ 0.048 0.660 ˘ 0.062

SVM 0.616 ˘ 0.050 0.622 ˘ 0.052 0.619 ˘ 0.052 0.654 ˘ 0.054
Myeloma LR 0.500 ˘ 0.000 0.729 ˘ 0.044 0.739 ˘ 0.072 0.746 ˘ 0.038

SVM 0.573 ˘ 0.098 0.748 ˘ 0.052 0.747 ˘ 0.054 0.750 ˘ 0.054
Parkinsons LR 0.875 ˘ 0.012 0.896 ˘ 0.054 0.893 ˘ 0.058 0.906 ˘ 0.048

SVM 0.882 ˘ 0.010 0.875 ˘ 0.010 0.885 ˘ 0.024 0.891 ˘ 0.018
Wdbc LR 0.942 ˘ 0.002 0.982 ˘ 0.004 0.978 ˘ 0.006 0.993 ˘ 0.004

SVM 0.990 ˘ 0.002 0.994 ˘ 0.002 0.993 ˘ 0.004 0.995 ˘ 0.000
Indian Liver LR 0.680 ˘ 0.002 0.743 ˘ 0.008 0.742 ˘ 0.008 0.746 ˘ 0.010

SVM 0.636 ˘ 0.068 0.696 ˘ 0.008 0.692 ˘ 0.034 0.695 ˘ 0.008
Pima Indi-
ans Diabetes

LR 0.604 ˘ 0.004 0.827 ˘ 0.004 0.827 ˘ 0.004 0.834 ˘ 0.006
SVM 0.826 ˘ 0.004 0.828 ˘ 0.006 0.828 ˘ 0.006 0.834 ˘ 0.006
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CHAPTER 3

LEARNING A DYNAMIC-BASED
REPRESENTATION FOR MULTIVARIATE

BIOMARKER TIME SERIES
CLASSIFICATIONS

3.1 Introduction

Time series in healthcare practices and biomedical research are typically multivariate, i.e.

multiple biomarkers are observed simultaneously at a time. However, they tend to be short,

noisy, unaligned, irregularly sampled, partially observed, and with only limited samples.

These imperfections pose a challenge for mining information from data. In this work, we

propose to use dynamic-based representations to present such imperfect multivariate time

series. Specifically, we propose an approach to learn a corresponding Linear Dynamical

System (LDS) for a multivariate time series example and use the set of system parameters

as a representation for that example. Such a representation is able to capture interactions

of different variables and provide a unified view of multivariate time series with different

lengths, different missingness mechanisms, and different starting points. Other techniques

are then used to mine useful information and perform learning tasks based on the new rep-
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resentation. For example, we use support vector machine classification models with LDS

kernels in time series classification tasks. To evaluate the effectiveness of the proposed ap-

proach, we conducted experiments on both synthetic data sets and real-life datasets. The

results in synthetic datasets demonstrated that the proposed approach could correctly learn

the similarities of underlying linear dynamical systems. Our real-life data sets included hu-

man influenza A (H3N2), Rhinovirus (HRV), and respiratory syncytial virus (RSV) gene

expression time series. The accuracies in the leave-one-out symptomatic/asymptomatic

diagnostic tasks showed that our approach outperformed three baseline algorithms. More-

over, in experiments where various levels of imperfections were imposed on the H3N2

dataset, the accuracies of other baseline methods degraded significantly, but the accuracy

of our approach remained high.

3.2 Background

3.2.1 Time series data in biomedical research

Data mining and machine learning techniques have great potential to improve healthcare

quality by allowing effective knowledge extraction from observed data. Among different

forms of data, time series data are very important for both medical research and clinical

practice. A multivariate time series (MTS) is a sequence of observations on multiple vari-

ables in time. An efficient data mining model for time series analysis would capture the

dynamics of the ongoing disease progression and interactions among biological system

components and thus lead to an accurate forecasting of health state changes Omranian

et al. (2015). More advanced methodologies can reveal hidden phenomena in the biolog-

ical/physiological mechanism of a subject and provide the insights for proper treatments

Henn et al. (2013).
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3.2.2 Imperfections in biomedical time series data

To evaluate the health of a patient, we need to measure quantities related to the patient’s

physiological states in time. Some of the measurements can be made frequently; for ex-

ample, heart rate, blood pressure, oxygen level, ECG, EEG, etc. Other measurements are

made infrequently, for not only the cost but also the burdens to patients. Examples of

these measurements include laboratory tests, CT images, MR Images, gene expressions

etc. Many techniques (e.g. Fourier transform, Wavelet transform, etc.Rangayyan (2015))

have been developed to analyze frequently made measurements where data points are suf-

ficient, there are no missing values, and samples are regularly spaced. In most cases, these

techniques are not applicable to time series measurements with imperfections; i.e. short,

noisy, unaligned, irregularly sampled, partially observed, and with limited samples. A

typical example of an imperfect time series is the blood cell count (e.g. white blood cell,

cytokine, etc.) time series. Usually, blood cell counts are measured through time; however,

they are measured infrequently, such that typically, a very limited number of samples are

available. In addition, such measurements are often noisy due to uncontrollable factors.

Sample contamination and other human errors may also cause missing measurements of

some biomarkers, so the data are partially observed (only a subset of variables is observed

at a time point). Clinical measurements are usually made by humans (nurses), so the data

are irregularly spaced. The onset of the disease is often unknown, so the time series data

are usually unaligned. In emergency situations, decisions should be made in a short time,

so the time series may be very short. However, these clinical data are closely related to pa-

tients’ health states; therefore, developing methodologies to efficiently analyze them could

tremendously help healthcare practitioners to better serve patients.
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3.2.3 Using a linear dynamical system to represent a multivariate time series

In this section, we introduce briefly the basics of a linear dynamical system (LDS) and

how a multivariate time series (MTS) can be represented by an LDS.

In our work, we consider the LDS in the following form:

9xxxptq “ Axxxptq, (3.1)

where t P R denotes time, xxxptq P Rd denotes an d-dimensional state vector, A P Rdˆd is

the dynamic matrix, and 9xxxptq is the derivative of the state vector with respect to time. If an

MTS consists of samples taken from the state trajectories generated by an LDS, then we

can create a connection between the MTS and LDS. Therefore, we can represent an MTS

by the parameters of its corresponding LDS. We argue that we can use the initial condi-

tion, xxx0, and dynamics matrix, A, to represent an MTS, for the trajectories of the states

are intrinsically determined by these two parameters. In the case that the MTS’s are not

aligned, the initial conditions of the LDS are unknown, and we can then use the dynamics

matrix, A, to represent an MTS. For example, in the time series classification tasks in our

conducted experiments, we firstly learned an LDS (represented by a parameter set {xxx0,

A}) from each MTS example, and then used the learned parameters as representations for

model training and inference.

3.2.4 Contributions

In this work, we propose a method to learn informative representations from imperfect

MTS’s. The proposed method is able to overcome several important challenges of the

MTS data in biomedical/healthcare researches and applications.

Contribution 1: the proposed approach learns an efficient representation from an MTS

which is short and with a limited number of irregularly spaced samples. Many physiolog-

ical variables, such as heart rate, blood pressure, and electrocardiogram, can be measured

by specific devices. Measurements of these variables can be made noninvasively by ma-
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chines at small costs; therefore, samples of the variables are usually acquired regularly and

frequently. However, there are variables that are also very costly and need to be acquired

by humans; as a result, only a limited number of samples are available. Moreover, these

samples are irregularly spaced due to the schedule of the humans. Existing widely adapted

time series analysis techniques usually require the samples of the variables to be acquired

frequently and regularly. Inspired by Candes et al. (2006), which showed that stable sig-

nals can be recovered from incomplete and inaccurate measurements, the proposed method

employs an optimization-based approach to learn a continuous-time, time-invariant linear

dynamical system to fit an MTS which has irregularly spaced samples; in addition, the

LDS is regularized by both smoothness and ridge loss to ensure that the learned model

overcomes the problem of overfitting.

Contribution 2: The proposed approach learns an efficient representation from an

MTS with noisy, partially observed, and unaligned samples. Because of the limitations

of the acquisition techniques and laboratory equipments, measurements tend to be noisy;

in addition, contaminations and human errors may cause missing measurements, so the

variables at a time point may be partially observed. The multivariate time series of differ-

ent subjects/patients are usually unaligned; this is because the onsets of the conditions are

usually unknown, hospitalization times are different, and observation lengths are different.

The proposed approach uses Prediction Error Methods (PEM) to fit the state trajectories of

an LDS to the MTS and simultaneously estimate the initial condition (first observation of

the time series), which is corrupted by noise. There are many interpolation methods pro-

posed to estimate the missing values in time series data; however, if the underlying missing

mechanism is unknown, interpolations would introduce bias. In our method, when fitting

the state trajectories to an MTS, we only consider the available values, thus, this approach

does not suffer from the bias introduced by interpolations. We assume that the LDS’s

are time-invariant; therefore, even though the onsets of the conditions are unknown, the

LDS’s still represent the dynamics of the time series; also, because of the time-invariances
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of the LDS’s, the observation lengths of the time series will have no impact on the learn-

ing. Because an LDS can be represented by a dynamics matrix, and the dimensions of the

dynamics matrix are determined by the number of variables in the time series; therefore,

an LDS is a unified representation of time series with various lengths.

3.3 Related Work

3.3.1 Related work in learning LDS

Linear dynamical systems have been extensively used in various fields, including engi-

neering, medicine, economics, etc. Learning an LDS from data is a long-lasting research

topic. An Expectation-Maximization approach was proposed to learn the parameters of

an LDS from data, and the relationships among LDS, factor analysis, and hidden Markov

models were studiedGhahramani and Hinton (1996); Shumway and Stoffer (1982). Sub-

space methods were proposed to learn the LDS parameters by fitting the state observations

Katayama (2006); Van Overschee and De Moor (2012). However, the above methods

assume that the states are completely observed (no missing observations) and samples

are regularly spaced; moreover, when the observation durations are short, the parameters

learned using the above methods are susceptible to overfitting. Recently, regularization

frameworks were proposed to address this problem. A framework was developed to reg-

ularize the largest eigenvalue of the dynamics matrix A and learn the parameters using

a spectral algorithm Boots et al. (2007). More recently, an L1-regularization framework

Städler et al. (2013), a low-rank regularization framework Liu and Hauskrecht (2015), and

a matrix factorization based framework with regularizations Liu and Hauskrecht (2016)

were also proposed. While these frameworks overcome the overfitting problem and are

able to learn an LDS efficiently from fully observed state trajectory samples, they do not

explicitly handle the situations in which states are partially observed. Moreover, since they

are based on the formulation of a discrete-time LDS, they require that the state trajectory
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samples are regularly spaced. In this work, we proposed a learning algorithm to learn

the dynamics matrix, A, and the initial condition, xxx0, from an imperfect MTS (i.e. state

trajectory samples), based on the formulation of a continuous-time LDS. Therefore, our

learning algorithm does not require that the observations are regularly spaced.

3.3.2 Related work in learning representation from MTS’s

Learning representations from data is crucial for many machine learning tasks Bengio et al.

(2013). Time series Representation Learning does not only aim to reduce the storage of a

large amount of time series data, but more importantly, it aims to extract informative fea-

tures for classification, prediction, or clustering. The Discrete Fourier Transform (DFT) is

one of the most well-known representations for time series. The first few coefficients of

the DFT were proposed to represent a time series and showed promising results in search-

ing and indexing time series in databases Agrawal et al. (1993). The Discrete Wavelet

Transform (DWT) is proposed as a good alternative to the DFT Chan and Fu (1999), for

the DWT is able to capture both the global and local shapes. However, these two represen-

tations require a rigorous sampling rate and completed observations. Piecewise Aggregate

Approximation (PAA) Keogh et al. (2001) is an efficient representation for long-duration

time series. Symbolic Aggregate Approximation (SAX) Lin et al. (2003) is a represen-

tation based on PAA; it is obtained by discretizing the PAA coefficients of a time series

into some predefined symbols. The aim of both PAA and SAX is to reduce the length of

a long time series, so they are not applicable to short time series. The concept of shapelet

and a time series representation called shapelet transform were proposed Ye and Keogh

(2009). A generalized shapelet-based method on multivariate time series showed advan-

tages in early classification tasks Ghalwash and Obradovic (2012). The shapelet-based

representations are able to capture the class-specific local features of time series; however,

they are not applicable to a time series that is partially observed or irregularly sampled.

Discrete-time Linear Dynamical Systems (DTLDS’s) were proposed as kernels for a Sup-
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port Vector Machine classifier in the tasks of MTS classification, and demonstrated that

DTLDS’s were efficient as representations for MTS’s Borgwardt et al. (2006); however,

the learned DTLDS’s were susceptible to overfitting due to the lack of regularization, and

are only applicable to MTS’s with fixed lengths, due to the constraints in the learning

algorithm.

3.4 Methods

In this section, we describe our approach to learn an LDS from an imperfect multivariate

time series and use the LDS-based representation for the multivariate time series classifi-

cation problem using a kernel support vector machine.

3.4.1 Notations

In this paper, scalars are denoted by lowercase alphabets (e.g., t). Vectors are represented

by boldface alphabets (e.g., xxx). Matrices are represented by boldface uppercase alphabets

(e.g., A). The pi, jqth element of a matrix, A, is denoted by its lowercase alphabet with

a subscript, namely aij . The identity matrix is denoted by I with suitable dimensions in

equations. We list the main symbols in Table 3.1.

3.4.2 Learning an LDS from an imperfect MTS

The LDS in the form of (3.1) is also known as the first order continuous-time autoregres-

sive (AR) model. A general framework to estimate the higher-order continuous-time AR

model was proposed in Harvey and Stock (1985); however, this framework lacked reg-

ularizations, so the learned model is highly susceptible to overfitting; more importantly,

this general framework is not applicable to the imperfect MTS for which our algorithm is

proposed.

Using the Euler forward method, (3.1) can be approximated by

xxxpt` hq ´ xxxptq

h
“ Axxxptq, (3.2)
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Notation Definition

m
The number of time points in a time
series is m` 1

ti
i “ 0, 1, 2, ¨ ¨ ¨ ,m, the time stamp of
the i-th time point

d
The Number of biomarkers
measured at a time

h A small time increment

ni
The number of h’s in between t0 and
ti

xxxptiq P Rd The i-th biomarker measurement
vector in a time series

x̂xxptiq P Rd The approximation of xxxptiq
oooi P
t0, 1ud

The encoding of observed
measurement at the i-th time point

xxx0 P Rd Initial condition of a time series
A P Rdˆd Dynamics matrix

Oi P Rdˆd A diagonal matrix with oooi as the
diagonal

Table 3.1: Notations and definitions

where h is a small time increment. The state vector h units ahead of current time t is

approximated by

xxxpt` hq “ pI` hAqxxxptq. (3.3)

Let’s say in an MTS, there are m` 1 samples txxxpt0q,xxxpt1q, ...,xxxptmqu which are taken

from the state trajectories of an LDS at time point tt0, t1, t2, ..., tmu. xxxptiq P Rd is a

state vector consists of d biomarker measurements at time ti. Because h is small, we can

approximate the future time point as the current time point with integer multiples of h’s

ahead. Namely,

ti » t0 ` ni ¨ h, i “ 1, 2, ...,m

where tni|ni “ rpti ´ t0q{hs, i “ 1, 2, ...,mu are positive integers. If the initial state

vector is known, then the state vector at time ti can be approximated by

x̂xxptiq “ xxxpt0 ` ni ¨ hq “ pI` hAqnixxxpt0q (3.4)
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and the squared error of the ith approximation and the sample can be computed as

}eeei}
2
“ }x̂xxptiq ´ xxxptiq}

2
2

“ }pI` hAqnixxxpt0q ´ xxxptiq}22,
(3.5)

where } ¨ }2 is a vector L2-norm.

3.4.3 Learning the dynamics matrix from complete and accurate measurements

To learn the dynamics matrix, A P Rdˆd, we adopt the framework of regularized risk

minimization Murphy (2012). Namely, we formulate an optimization problem in which

the objective consists of an error term and regularization terms. The dynamics matrix is

learned by minimizing such an objective; as shown in (3.6).

minimize
A

JpAq “ JepAq ` JrpAq ` JspAq; (3.6)

where

JepAq “
1

2m

m
ÿ

i“1

}pI` hAqnixxx0 ´ xxxptiq}
2
2, (3.7)

JrpAq “
λ1

2d2
}A}2F , (3.8)

JspAq “
λ2h

2nm

nm´1
ÿ

j“1

}pI` hAqj`1xxx0 ´ pI` hAqjxxx0}
2
2. (3.9)

The error term, denoted by Je, is the sum of squared errors (3.5) normalized by the num-

ber of time points, m. There are two regularization terms in the objective: the term Jr

denotes the ridge loss (Frobenius norm) of the dynamics matrix; minimizing such a loss

aims to prevent the overfitting of the model Vapnik and Vapnik (1998); the term Js aims to

ensure that the approximated time series are smooth Hamilton (1994). Theoretically, we

can apply any appropriate regularization terms (e.g. matrix 2-norm/spectral norm in Boots

et al. (2007) and nuclear norm in Liu and Hauskrecht (2015)) in this optimization formu-

lation; however, in the considerations of computational efficiency and simplicity, we use
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the above regularizations which are differentiable, so that we can employ gradient descent

optimization methods to solve the problem.

The limitations of this formulation are that: 1) it assumes all the measurements are

accurate, especially the initial measurement; 2) it assumes all the measurements are com-

plete, which means all the variables must be observed in a measurement. However, in

many cases, these two assumptions are too strong; therefore, we have to further extend the

model to accommodate the cases in which the MTS is noisy and partially observed.

3.4.4 Learning an LDS from noisy MTS measurements

If measurements are noisy, we have to formulate the objective function differently. In an

LDS, the initial condition of the variables is extremely important because it is always one

of the multipliers for approximating the time points, as shown in (3.4). Therefore, in order

to learn the dynamics matrix, we need to also learn the initial state. To learn the initial

state and the dynamics matrix simultaneously, we formulate the objective function of the

optimization as follows:

minimize
xxx0,A

Jpxxx0,Aq “ Jepxxx0,Aq ` JrpAq

` Jspxxx0,Aq ` Jipxxx0q.

(3.10)

The first three terms, Jepxxx0,Aq, JrpAq, and Jspxxx0,Aq, in this formulation are the same

as defined in (3.7), (3.8), and (3.9). However, under the formulation in (3.6), we are

only interested in solving the dynamics matrix, A, so JepAq and JspAq were functions of

variable A alone. In a more realistic formulation, (3.10), we are interested in both xxx0 and

A, and thus Jepxxx0,Aq and Jspxxx0,Aq are functions of both variables, xxx0 and A. We use

the regularization term,

Jipxxx0q “
λ3

2d
}xxx0 ´ xxxpt0q}

2
2

(3.11)

to ensure that the optimized intitial observation is closed to the measurement.
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3.4.5 Learning an LDS from partially observed MTS measurements

When only a subset of variables are observed, the error term in the objective function can

be written as:

Jepxxx0,Aq “
1

2m

m
ÿ

i“1

}Oieeei}
2
2

“
1

2m

m
ÿ

i“1

}OirpI ` hAqnixxx0 ´ xxxptiqs}
2
2,

(3.12)

where Oi “ diagpoooiq is a diagonal matrix, and oooi “ roi1, oi2, ...s indicates whether the

biomarkers are observed at time point, ti; namely,

oij “

#

1, if at time point i, the jth biomarker is observed
0, otherwise.

3.4.6 Solving the optimization problem

It is challenging to simultaneously find xxx0 and A to minimize the objective function, es-

pecially when the objective function involves their products, as shown in (3.7). In order

to solve this optimization problem, we employ an iterative strategy. Specifically, the al-

gorithm minimizes the objective function, and finds the minimizers iteratively: in one

iteration, the algorithm treats xxx0 as known, and solves for the optimal A; in the following

iteration, the algorithm treats A as known and solves for the optimal xxx0. In each iteration,

we can solve the sub-problem efficiently using a gradient descent approach.

Using the identities described in Gallier (2011) and Chen and Zadrozny (2001), results

in the first-order differentiation of each term in the objective function w.r.t. A, while
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treating xxx0 was a constant:

BJe
BA

“
1

m

m
ÿ

i“1

Oirf1pA, h, niq ´ f1pA, h, 0qs (3.13)

ˆ f2pA, h, niq;

BJr
BA

“
λ1

d2
vecpAqT ; (3.14)

BJs
BA

“
λ2h

nm

nm´1
ÿ

i“1

rf1pA, h, i` 1q ´ f1pA, h, iqs (3.15)

ˆ rf2pA, h, i` 1q ´ f2pA, h, iqs;

where

f1pA, h, nq “ ppI` hAqnxxx0q
T
pxxxT0 b Iq; (3.16)

f2pA, h, nq “
n
ÿ

k“1

ˆ

n

k

˙

hk
k
ÿ

j“1

pAT
q
k´j

b Aj´1. (3.17)

Here, the symbol I represents the identity matrix with the same size of A, vecp¨q is the

vectorization operator on a matrix, and the symbol b represents the Kronecker product

operator.

While treating A as a constant, the first differentiation of the objective function terms

w.r.t. the initial condition, xxx0, are

BJe
Bxxx0

“
1

m

m
ÿ

i“1

OirpI` hAqnixxx0 ´ xxxptiqs
T
pI` hAqni (3.18)

BJs
Bxxx0

“
λ2h

nm

nm´1
ÿ

j“1

xxxT0 rpI` hAqj`1
´ pI` hAqjsT (3.19)

ˆ rpI` hAqj`1
´ pI` hAqjsxxx0

BJi
Bxxx0

“
λ3

d
pxxx0 ´ xxxpt0qq

T (3.20)

The iterative procedure to learn A and xxx0 from an imperfect MTS is summarized in

Procedure 1. The regularization parameters are user-specified. In our experiments, we
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simply set {λ1, λ2, λ3} as {1, 1, 1}. The objective function is non-convex; therefore,

the solution may not be at the global minima. For MTS classification tasks, where a

parameter set is learned from an MTS example, in order to have fair comparisons between

dynamic matrices learned from MTS examples, we do not recommend to initialize xxx0 and

A randomly. In our experiments, we initialized the dynamics matrix as a zero-matrix and

initialize the initial condition as the initial sample. In the optimization procedure, we need

to set parameters {η, Tol, Niter}, where η is the update step size, Tol is the optimality

tolerance, and Niter is the maximum iteration number. In our experiments, we empirically

found that setting η “ 10´2 allowed a good balance of convergence and convergent rate,

and setting tTol,Niteru “ t10´4, 20u allowed a good balance of computational time and

optimality.

3.4.7 Classifying LDS’s via a Kernel method

After learning the dynamics matrices and the initial conditions of all imperfect MTS ex-

amples in the data set, we would like to use them as representations of the MTSs for

classification tasks. In previous studies, various metrics were developed to quantify the

similarities/dissimilarities of two dynamical systems. Examples include the Martin dis-

tance Martin (2000) and subspace angles De Cock and De Moor (2002). In this study, we

adapted the kernel-based framework proposed in Vishwanathan et al. (2007) as the basis

of our LDS classification model, as this framework is a generalization of the previous two

examples and can be directly integrated into a support vector machine classifier.

A kernel of two LDS’s, pxxx0,Aq and pxxx10,A
1q, can be defined as

kppxxx0,Aqq, pxxx
1
0,A

1
qq

:“ xxxT0

„
ż 8

0

exppAtqTWexppA1tqµptqdt



xxx10,
(3.21)

where exppAtq is a matrix exponential, matrix W is a positive semi-definate matrix which

is used to weight the different variables in the MTS’s, and the function µptq is a discount
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Procedure 1 Iteratively learning A and xxx0 from an Imperfect MTS
Input:
1: An MTS with time stamp set tt0, t1, ¨ ¨ ¨ , tmu and state vectors txxxpt0q,xxxpt1q, ¨ ¨ ¨ ,xxxptmqu
2: A small time increment h Ź A user-decide variable
3: η, Tol and Niter Ź Step size, tolerance and max iteration number

Output:
1: Estimated initial state vector, xxx0
2: Estimated dynamics matrix, A

Procedure:

1: initialize A, and initialize xxx0 as xxxpt0q
2: Jold Ð Jpxxx0,Aq as definted in (3.10)
3: compute tn1, n2, ¨ ¨ ¨ , ni, ¨ ¨ ¨ , nmu, where ni “ pti ´ t0q{h
4: Counter1 Ð 0
5: repeat
6: counter1 ``

// Use BCGD Aglorithm and treat xxx0 as a constant
7: counter2 Ð 0
8: repeat
9: counter2 ``

10: compute BJe

BA using (3.13)
11: compute BJr

BA using (3.14)
12: compute BJs

BA using (3.15)
13: BJ

BA Ð BJe

BA ` BJr

BA ` BJs

BA

14: AÐ A´ η BJ
BA

15: until } BJ
BA} ă Tol or counter2 ą Niter

// Use BCGD Aglorithm and treat A as a constant
16: counter2 Ð 0
17: repeat
18: counter2 ``
19: compute BJe

Bxxx0
using (3.18)

20: compute BJs

Bxxx0
using (3.19)

21: compute BJi

Bxxx0
using (3.20)

22: BJ
Bxxx0

Ð BJe

Bxxx0
` BJr

Bxxx0
` BJs

Bxxx0

23: xxx0 Ð xxx0 ´ η
BJ
Bxxx0

24: until } BJ
Bxxx0
} ă Tol or counter2 ą Niter

25: Jnew Ð Jpxxx0,Aq
26: ∆J Ð Jold ´ Jnow
27: Jold Ð Jnew
28: until }∆J} ă Tol or counter1 ą Niter

29: Return xxx0 and A

function. This kernel can be seen as a special inner product of the trajectories of the two

LDS’s.

In our study, since we do not have any prior knowledge of the weights of the states in
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an LDS, we assume the states are equally weighted; therefore, without loss of generality,

we replace matrix W with an identity matrix I. The definition of the discount function,

µptq, is problem specific. In general, there are two popular choices, one is the Dirac delta

function, µptq “ δpt´τq, and the other one is the exponential decay function, µptq “ e´λt.

When µptq “ δpt´ τq, the kernel is reduced to the inner product of the state vectors at

time, τ . Namely, the kernel defined in (3.21), with W replaced by I, is reduced to

kppxxx0,Aqq, pxxx
1
0,A

1
qq

:“ xxxT0 exppAτq
T exppA1τqxxx10.

(3.22)

This kernel is useful if we know the MTS’s (or LDS’s) are the most distinguishable at

time, τ , a priori. In our case, we used the exponential decay function, in which there is

no discount at time zero, and the discount become large as the time series progress. Using

the exponential decay function, the kernel defined in (3.21), with W replaced by I, can be

written as

kppxxx0,Aq, pxxx
1
0,A

1
qq

:“ xxxT0

„
ż 8

0

exppAtqT exppA1tqe´λtdt



xxx10,
(3.23)

where λ is a hyper-parameter, which controls how fast the discount increases. However,

there is a restriction on the value of λ; that is λ ą 2Λ, where Λ “ maxp}A}2, }A
1}2q.

The symbol } ¨ }2 represents the L-2 norm operation, and when the operand is a matrix, it

is also called the spectral norm, which is the largest singular value of the matrix. Such a

restriction on λ could ensure the convergence of the integral.

Even though the integral in (3.23) converges, it is hard to compute because of the

infinite sum. To simplify the integral, we first let

M “

ż 8

0

exppAtqT exppA1tqe´λtdt, (3.24)

and then, by assuming both A and A1 are non-singular and using integration by parts, we
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arrived at

M “

ż 8

0

exppAtqT exppA1tqe´λtdt

“pAT
q
´1e´λtpexppAtqqT exppA1tq

ˇ

ˇ

8

0

´

ż 8

0

pAT
q
´1e´λtexppAtqT exppA1tqpA1

´ λIqdt

“pAT
q
´1

´ pAT
q
´1

„
ż 8

0

e´λtexppAtqT exppA1tqdt



pA1 ´ λIq

“pAT
q
´1
´ pAT

q
´1MpA1

´ λIq.

By multiplying both sides by pAT q´1 and arranging the terms, we obtained an equation of

M:

ATM`MA1
´ λM “ ´I. (3.25)

Solving for M is an easier task; by vectorizing both sides of (3.25) and organizing the

terms, we obtain

rIbAT
` pA1

q
T
b I´ λI1svecpMq “ ´vecpIq,

where I1 is an identity matrix whose number of column is the same as the dimensionality

of vecpMq. Then we can solve vecpMq as

vecpMq “ rλI1 ´ IbAT
´ pA1

q
T
b Is´1vecpIq. (3.26)

Combining (3.26), (3.24), and the vectorized (3.23), we get

kppxxx0,Aqq, pxxx
1
0,A

1
qq “ vecpxxxT0 Mxxx10q

“rxxx10 b xxx0s
T
rλI1 ´ IbAT

´ pA1
q
T
b Is´1vecpIq

(3.27)

We would like to point out that the first equality in (3.27) holds true because kppxxx0,Aq, pxxx
1
0,A

1qq

is a scalar, and its vectorization is a scalar. Comparing to (3.23), (3.27) is computable, but
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we need to inverse the matrix, λI1´IbAT´pA1qTbI. At the first sight, one may think the

matrix inversion could cost high computation overhead; however, this matrix has a sparse

and block diagonal structure, so we can exploit the structure and compute its inverse rather

cheaply.

In the cases where the MTS’s are not aligned, namely, the initial states of the LDS’s

were observed at different times among individual MTS’s after the onset, the terms xxx0 and

xxx10 in (3.27) seem to become meaningless. Therefore, we can define the kernel between

dynamics matrices by

kpA,A1
q “ trpMq (3.28)

With this computable kernel defined, we can employ the support vector machine model

for classification.

3.5 Experiments and Results

To evaluate our approach, we have conducted experiments on both synthetic and real-life

data.

3.5.1 Experiments on synthetic MTS data

The purpose of the experiments on synthetic MTS data is to check whether the dynamics

matrices learned by our approach can preserve the similarities of the underlying LDS’s.

Based on the state trajectory generation procedure, we had two experiments.

Sub-Experiment 1: noisy initial states

In this experiment, we generated the state trajectories based on the following proce-

dure:

1. Randomly generate K LDS’s; i.e. K tuples of (xxx0, A), where xxx0 P R5 and A P

R5ˆ5.
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2. Add random noise to a initial state and generate state trajectories using Euler forward

method (eq. 3.4), and repeat L times for each (xxx0,A) tuple.

For ease of visualization, we set K “ 3 and L “ 10 in our experiments; therefore,

there are 3 different LDS’s, and each LDS is used to generate 10 trajectories with noisy

initial states. MTS’s were obtained by sampling the trajectories at 20 equally spaced time

points. At the end, we have 30 MTS’s with 20 time points and equal lengths. We applied

our algorithm on the MTS’s to learn the dynamics matrices. The pairwise similarity of

dynamics matrices, simA, is computed by (3.29).

simApi, jq “ }Ai ´Aj}F (3.29)

Based on the pairwise similarities, we projected the learned dynamics matrices on a 2D

space using multidimensional scaling Borg and Groenen (2005). Each object in the 2D

space represents a learned dynamics matrix, thus, ideally, dynamics matrices learned from

the MTS’s sampled from the same LDS (with noisy initial states) should form a cluster.

For comparison, we also computed the pairwise similarity of the generated trajectories,

simxxx, by using (3.30)

simxxxpi, jq “
ÿ

k

}xxxiptkq ´ xxxjptkq}2 (3.30)

Although the dynamics matrices were the same, trajectories generated from two noisy

initial states varied significantly, as shown in Figure 3.1a and 3.1b, in which Example 1 and

Example 2 are trajectories generated from the same LDS, with the same dynamics matrix

but noisy initial states. These variations of trajectories are also shown in the trajectory

similarity plot, as shown in Figure 3.1c), in which the symbol of Example 1 and the symbol

of Example 2 are far apart. Despite the variations in the trajectories, the learned dynamics

matrices preserved the similarities of the LDS’s, as shown in Figure 3.1d), in which the

symbol of Example 1 and the symbol of Example 2 are close. Therefore, our learning

approach is able to learn the underlying LDS despite the initial states being noisy.
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(a) (b)

(c) (d)
FIGURE 3.1: Examples of trajectories generated by the same LDS with noisy initial con-
ditions and similarity plots of generated trajectories and learned dynamics matrices. a)
and b) two example trajectories generated by the same LDS with noisy initial states; the
same color indicates the same state. c) and d) similarity plots of generated trajectories and
learned dynamics matrices; the same color indicates the trajectories generated from the
same LDS.

Sub-Experiment 2: noisy dynamics matrices

This experiment was similar to the above experiment; however, in the trajectory gener-

ation procedure, instead of making the initial states noisy, we made the dynamics matrices

noisy. Using the same parameter settings (i.e. K “ 3 and L “ 10), we generated 30 tra-

jectories and thus 30 MTS’s. Dynamics matrices were learned from the generated MTS’s.

Trajectories generated from the same LDS with noisy dynamics matrices also varied,

as shown in Figure 3.2a and 3.2b, in which, Example 1 and Example 2 are trajectories

generated from the same LDS, with the same initial states but noisy dynamics matrices.
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The trajectories generated with noisy dynamics matrix may vary significantly, as shown in

Figure 3.2c, in which Example 1 and Example 2 are far apart. But the dynamics matrices

learned by our algorithm preserved the similarities much better, as shown in Figure 3.2d,

in which the clusters of the 3 LDS’s are very distinct.

(a) (b)

(c) (d)
FIGURE 3.2: Examples of trajectories generated by the same LDS with noisy dynamics
matrices and similarity plots of generated trajectories and learned dynamics matrices. a)
and b) two example trajectories generated by the same LDS with noisy initial states; the
same color indicates the same state. c) and d) similarity plots of generated trajectories and
learned dynamics matrices; the same color indicates the trajectories generated from the
same LDS.
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3.5.2 Experiments on real-life datasets

Datasets and baselines

To evaluate the efficiency of using LDS’s as representations of imperfect MTS’s, we con-

ducted experiments on three human blood gene expression time series datasets, influenza

A (H3N2), Rhinovirus (HRV), and respiratory syncytial virus (RSV) Zaas et al. (2009).

The number of MTS’s in the H3N2, HRV, and RSV datasets were 17, 20, and 20, respec-

tively. At each time point of the MTS, expression levels of multiple genes were measured.

The number of genes in each dataset was originally over 10,000. In our experiments, in

each dataset, we only included the genes suggested by a previous study Zaas et al. (2009);

therefore, the number of genes included in the H3N2, HRV, and RSV datasets were 23,

26, and 24, respectively. Each MTS in the datasets has a different number of time points

(i.e., the number of temporal gene expression measurements was different from subject

to subject). In the H3N2 dataset, most of the subjects had 16 temporal gene expression

measurements, and thus there were 16 time points available in the MTS’s of those sub-

jects; a small number of subjects in the H3N2 dataset had 15 time points available in their

MTS’s. The numbers of temporal gene expressions in the subjects in the HRV dataset

varied significantly, ranging from 7 to 14. The numbers of temporal gene expressions in

the subjects in the RSV dataset varied even more significantly, ranging from 6 to 21. In

the MTS’s of the H3N2 dataset, every two consecutive gene expressions were spaced by

1 time unit. However, the gene expressions in MTS’s of the HRV and RSV datasets were

not equally spaced. The interval of two consecutive gene expressions may be separated

as much as 7 units and as little as 1 unit in the HRV dataset. The interval of two con-

secutive gene expressions may be separated as much as 10 units and as little as 1 unit in

the RSV dataset. A summary of the datasets is given in Table 3.2. MTS’s in the H3N2

dataset are close to “perfect”; namely, most of them have the same lengths, and samples

are regularly spaced. In contrast, the RSV dataset is a good demonstration of an imperfect
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MTS dataset, in which both lengths and sampling intervals of the MTS’s vary significantly.

Within each dataset, we formulated a binary classification task to determine whether an

MTS was from an individual with symptomatic acute respiratory infection or an individual

with no infection.

Table 3.2: Summary of 3 datasets
H3N2 HRV RSV

Number of genes 23 26 24
Number of MTS’s (pos/neg) 9/8 10/10 9/11

Number of time points (range) 15-16 7-14 6-21
Sampling interval (range) 1 1-7 1-10

For comparison, in our experiments, we also included three baseline representation-

s/methods:

• stat + SVM Using statistical summaries of temporal samples as time series features

has been proven effective in biomedical applications Henry et al. (2015). In our

experiments, for each variable in an MTS instance, we computed four statistical

measures (mean, standard deviation, maximum, minimum) to summarize the time

series. That is, if there are n variables, in this approach, an MTS is represented

by a 4n-dimensional feature vector. After the features were generated, we used a

support vector machine (SVM) model as the classifier. The kernels used in the SVM

model were linear, radial basis function, and polynomial of order 3. The best result

among the different kernels will be reported. The hyperparameter in the model was

determined by a nested leave-one-out cross-validation in the training set.

• PAA + 1NN Piecewise Aggregate Approximation (PPA) Keogh et al. (2001) is an

efficient representation for long time series. In our experiment, for each (MTS) in-

stance, we applied PAA on each variable, and then concatenated all the variables as

a feature vector. The feature vectors of all the instances have the same dimension-
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alities. After the transformation, we used 1-nearest-neighbor as the classification

model.

• DTLDS-kernel SVM In our experiments, we implemented this baseline based on

Borgwardt et al. (2006), in which a singular value decomposition based approach is

used to learn a discrete time linear dynamical system (DTLDS) from an MTS with

regularly spaced samples. Then a classification was performed on an SVM classi-

fier by constructing a kernel using learned DTLDS’s. This method is similar to our

proposed method; however, it is not applicable to time series with imperfectness;

therefore, in order to use this method on the MTS’s used in the experiments, inter-

polation and(or) truncation of the time series were necessary. More details are given

in the following section about data preprocessing.

3.5.3 Data preprocessing

Different genes are expressed in different scales; therefore, we needed to normalize the

MTS before learning and modeling. In our experiments, we scaled each gene in all MTS

into the (0,1) interval Cao and Obradovic (2015). In some of the baseline models (i.e. PAA

+ 1NN and DTLDS-kernel SVM), gene expressions are required to be measured regularly;

therefore, for MTS’s with irregularly spaced measurements, we performed linear interpo-

lations. In addition, in PAA + 1NN and LDS-kernel SVM models, MTS’s are required to

be of equal length. In our experiments, we truncated the MTS’s in a dataset to the length

of the shortest MTS in that dataset.

3.5.4 Experiments on using all available data in the datasets

In this experiment, we ran all the baseline methods and the proposed method on all three

datasets and used all available time points in each dataset. Due to the limited number of

MTS in each dataset (Table 3.2), in our experiments, the results were obtained by using

leave-one-out cross-validations. The prediction accuracy of each representation and model
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is shown in Table 3.3.

Table 3.3: Leave-one-out cross validation accuracies on 3 binary classification tasks. Best
performances are in bold

H3N2 HRV RSV
PAA + 1NN 1.000 0.800 0.750
stat + SVM 1.000 0.850 0.750

DTLDS-kernel SVM 1.000 0.750 0.650
proposed 1.000 1.000 0.800

All the representations/methods performed equally extremely well on H3N2. That is

not surprising because instances in that dataset are of very high quality (see Table 3.2):

the lengths of the MTS’s are almost equal, samples are acquired in regular intervals, and

all MTS’s have a decent number of time points. In contrast, the accuracies on HRV and

RSV were negatively affected by the imperfectness of MTS’s, such that all the baseline

methods could not achieve as high accuracy as on H3N2. Our proposed method has the

best accuracies across all datasets. It is worth pointing out that even in an imperfect MTS

HRV dataset, our proposed method still achieved 100% accuracy, while the second best

accuracy was only 85%.

3.5.5 Experiments on the H3N2 dataset with imposed imperfectness

When using all available time points in the H3N2 dataset, all the models achieved perfect

classification accuracies. In the following experiments, we manually imposed imperfect-

ness into the H3N2 dataset to characterize the performance of four methods when affected

by various levels of defects seen in real-life applications.

MTS’s with missing time points In this experiment, we removed completely at ran-

dom approximately 20%, 40%, 60%, and 80% of the time points from the original MTS’s.

Because each MTS in the dataset has 15 to 16 time points, after the removal, there were

13, 10, 7, and 4 time points left. We repeated the removal process for 5 times, and each

time, different time points were removed. By doing this, we can emulate imperfectness
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such as irregular sampling intervals and potentially unaligned MTS’s. Then we applied

the classification methods on the imperfect MTS’s. The mean accuracies of each method

and their standard deviations as the percentage missing increases are shown at Figure 3.3.

FIGURE 3.3: Means and standard deviations of each methods as the percentage of missing
time points increases from 20% to 80%. The vertical line indicates one standard deviation.

From Figure 3.3, we notice that the DTLDS-kernel SVM was affected the most by

irregular sampling intervals. The performances of PAA+1NN and stat+SVM were affected

minimally, as they both kept 100% accuracy when up to 40% of time points were missing,

and their accuracies only degraded around 5% when 80% of time points were missing.

Our proposed method achieved 100% accuracy even when 80% of data were missing.

MTS’s with truncations In this experiment, we imposed imperfectness by randomly

truncating the leading and ending time points from individual MTS’s; specifically, we

randomly truncated 25%, 50%, and 75% time points at the beginning, at the end, or both

(at the beginning and the end) from the original MTS’s. By doing this, we obtained MTS’s

which are unaligned, short, and with a limited number of samples. After the truncation,

50



each MTS had 12, 8, and 4 regularly spaced time points. We repeated the truncation

process 5 times, and at each time, different portions of the leading and ending time points

would be truncated. The mean accuracies of each method and their standard deviations as

the percentage truncation increases are shown at Figure 3.4.

FIGURE 3.4: Means and standard deviations of each methods as the percentage truncating
increases from 20% to 80%. The vertical line indicates one standard deviation.

In contrast to the previous experiment, the accuracies of all the methods were affected

more in this experiment, although the MTS’s had roughly the same number of time points.

When time points were removed uniformly and randomly, the length of an MTS might

not be reduced; however, in this experiment, we did not only reduce the number of time

points in an MTS but also reduced its length. Therefore, methods such as PAA+1NN and

stat ` SVM , which are highly dependent on the trend and the values (usually the min-

imal/maximum values) at the beginning/end of a process, were hurt more by this kind

of data deficiency. Our proposed method kept its perfect classification accuracy until the
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percentage of truncating exceed 50%. The proposed method was able to continue per-

forming well because the learned LDS’s were able to capture the unique characteristics of

the dynamics in the MTS’s from different classes.

3.6 Conclusion

In this paper, we proposed a method to learn continuous-time LDS’s from MTS’s with

various forms of imperfectness; i.e. limited time points, irregular sampling intervals, un-

aligned, noisy, partially observed, and short spanned. By adopting a powerful LDS kernel

formulation, we employed a support vector machine model for classification tasks. Em-

pirical results on three diagnostic tasks with different levels of imperfectness provided

evidence that our proposed method is effective and able to outperform alternative meth-

ods.
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CHAPTER 4

TIME-TO-EVENT ESTIMATION BY
RE-DEFINING TIME

4.1 Introduction

The primary goal of a time-to-event estimation model is to accurately infer the occurrence

time of a target event. Most existing studies focus on developing new models to effectively

utilize the information in the censored observations. In this paper, we propose a model to

tackle the time-to-event estimation problem from a completely different perspective. Our

model relaxes a fundamental constraint that the target variable, time, is a univariate number

which satisfies a partial order. Instead, the proposed model interprets each event occur-

rence time as a time concept with a vector representation. We hypothesize that the model

will be more accurate and interpretable by capturing 1) the relationships between features

and time concept vectors and 2) the relationships among time concept vectors. We also

propose a scalable framework to simultaneously learn the model parameters and time con-

cept vectors. Rigorous experiments and analysis have been conducted to demonstrate the

efficiency and effectiveness of the proposed model. Furthermore, similarity information

among time concept vectors helped in identifying time regimes, thus leading to a potential
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knowledge discovery related to the human cancer datasets considered in our experiments.

4.2 Background

The primary goal of a time-to-event estimation model is to accurately infer the occurrence

time of a target event. Time-to-event data analysis has been an active research topic due to

its tremendous application values in a variety of disciplines including biology, healthcare,

engineering, economics, and sociology Tierney et al. (2007). Time-to-event estimation is

also called survival analysis Klein and Moeschberger (2006), reliability analysis, duration

modeling, and event history analysis. The most unique characteristic of the time-to-event

estimation problem is the presence of censored examples in the data. A censored example

is an example whose event occurrence time is unobserved due to observation window

limits or losing track during the observation window. The most common censoring cases

are left censoring and right censoring. In the left censoring case, the event occurs before

the beginning (left edge) of the observation window; similarly, in the right censoring case,

the event occurs after the end (right edge) of the observation window. In this paper, we

only consider the right censoring case.

Because of the uniqueness of the time-to-event data, most existing models focus on

developing algorithms for effectively extracting information from the censored examples.

Recently, machine learning methods have been adopted for time-to-event modeling Wang

et al. (2017b), for instance, Survival Tree Models Gordon and Olshen (1985); LeBlanc

and Crowley (1992); Bou-Hamad et al. (2011), Support Vector Machine for censored data

Khan and Zubek (2008); Van Belle et al. (2007, 2011), Random Survival Forest Ishwaran

et al. (2011), and Survival Boosting Trees Hothorn et al. (2005). Highly innovative new

approaches have been proposed; for example, active learning Vinzamuri et al. (2014),

transfer learning Li et al. (2016b), multi-task survival analysis Li et al. (2016a); Wang

et al. (2017a), deep survival analysis Ranganath et al. (2016) and adversarial learning

54



Feature Space

Time Concept Vector Space
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𝒕𝟏 𝒕𝟐 𝒕𝟑

𝒗𝟏

𝒗𝟑
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A mapping from feature 
space to time concept space

Time concept vector and 
actual time correspondence

FIGURE 4.1: The proposed model first determines the corresponding time concept of each
example and then infers the event occurrence time.

Chapfuwa et al. (2018).

In this paper, we approach the time-to-event estimation problem from a different per-

spective. In a conventional time-to-event problem formulation, the target variable time is

univariate and satisfies a partial order; i.e., if t1 ă t2 ă t3, then t2 ´ t1 ă t3 ´ t1. In

our model, instead of directly using time as the target variable, we propose to treat each

discretized event occurrence time as a concept with a vector representation (called a time

concept vector), and use the vector representation to replace time as the target. Our hy-

pothesis is that an event occurrence time should be treated as a word/concept which carries

an abstract meaning. Therefore, instead of univariate numbers, multidimensional vectors

are more suitable for capturing the similarities among the concepts representing the event

occurrence times. By effectively exploiting the relations between features and time con-

cepts, we can obtain a more accurate model for time-to-event estimation. Furthermore, the

similarity among time concept vectors may reveal information for knowledge discovery;
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for example, time regime identification. The high-level idea of the proposed model is il-

lustrated in Figure 4.1. In the figure, each example is represented by a dot in a 2D feature

space, each time concept is represented by a dot in a 3D vector space, and each event

occurrence time is represented in a 1D time space (time line). Instead of learning a model

to directly assign each example an event occurrence time (i.e. R2 Ñ R), the proposed

model assigns each example a time concept (i.e. R2 Ñ R3), and then the actual event time

is inferred by the known concept-time correspondence. Because the time concept vector

of an event occurrence time is unknown a priori, we developed a framework to learn the

model parameters and the time concept vectors jointly. The contributions of our paper are

summarized as follows:

• We propose a new time-to-event estimation model which indirectly infers event oc-

currence times via time concept vectors.

• We develop an efficient framework to learn model parameters and time concept vec-

tors jointly.

• We conduct rigorous experiments to demonstrate the effectiveness, interpretability,

and scalability of the proposed model.

4.3 Related Work

The time-to-event model (or survival analysis model) is one of the most fruitful research

topics in statistics. For a comprehensive survey on this topic, one can refer to Wang et al.

(2017b) and references therein. In this section, we will briefly summarize some of the

most widely used models.

The Cox proportional hazard model Cox (1992) is one of the earliest and one of the

most influential models in the topic of survival analysis. The parameters in the Cox model

are determined by optimizing a partial likelihood function. Models which use the partial
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likelihood as the optimization objective are considered as Cox-based models. The basic

formulation of the Cox model is highly subject to overfitting in high-dimensional data.

To address this shortcoming, variants of the Cox model based on different regularizations

are proposed; for example, LASSO-Cox Tibshirani (1997), is a Cox-based model with an

L1-norm regularization, and EN-Cox Simon et al. (2011) is a Cox-based model with the

elastic net regularization.

Parametric models are another class of widely used survival analysis models. In para-

metric models, the event occurrence time is usually assumed to satisfy an underlining

distribution of which the density, survivorship, hazard and cumulative hazard functions

are easy to derive. The model parameters are then determined by optimizing a likelihood

function based on the given data. Some popular choices of the underlining distributions

include Logistic, Weibull, Log-Gaussian, and Log-Logistic Lee and Wang (2003).

The time-to-event problem is similar to the traditional regression problem in the sense

that the target variable is continuous. However, the traditional regression model cannot

be directly applied to the time-to-event problem due to the existence of censored exam-

ples. The Tobit model Tobin (1958) is one of the earliest linear regression models which

incorporate the censored examples in the optimization objective. The Buckley-James (BJ)

regression model Buckley and James (1979) handles the censored data by using an auxil-

iary Kaplan-Meier estimator Kaplan and Meier (1958). The variant, BJ-EN, is proposed

in Wang et al. (2008) for high-dimensional data.

Recently, machine learning techniques are adopted for time-to-event estimation prob-

lems Wang et al. (2017b). A survival tree model was proposed in Gordon and Olshen

(1985), in which the the Wasserstin metric was used estimate the homogeneity and as the

choice of splitting criterion. Support vector machines (SVM) were also adopt for survival

analysis. In Khan and Zubek (2008), a SVM-based model was proposed for censored data

by using an updated asymmetirc loss function. In Van Belle et al. (2007), an SVM-based

model was proposed using a health index a proxy for the censored time. In Van Belle et al.
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(2011), an SVM-based model was proposed to incorporate ranking and regression to solve

the time-to-event estimation problem. Ensemble models were also adopted to solve the

time-to-event estimation problem. In Ishwaran et al. (2011), a random survival forests was

proposed to use survival trees Gordon and Olshen (1985) as week learners. In Hothorn

et al. (2005), a boosting algorithm was proposed to incorporate censored data. An active

regularized cox regression model was proposed Vinzamuri et al. (2014) to use an active

learning algorithm to incorporate the Cox model by using a discriminative gradient sam-

pling strategy. A transfer learning survival analysis model was proposed Li et al. (2016b)

to improve the Cox PH model by transferring knowledge from the source domain to the

target domain in the context of survival analysis. Multi-task learning model for survival

analysis (MTLSA) Li et al. (2016a) model introduced an indicator matrix which allows

it to take the advantage of multi-task learning and be able to simultaneously learn from

both uncensored and censored examples. In Ranganath et al. (2016), a hierarchical gen-

erative approach to survival analysis in the context of the Electronic Health Records was

proposed. In Chapfuwa et al. (2018), a time-to-event model as proposed to focus on the

estimation of time-to-event distributions by using adversarial generative approach.

4.4 Method

4.4.1 Notations

In this paper, scalar variables are denoted by letters (e.g., t and N ), vector variables are

represented by boldface letters (e.g., xxx), matrix variables are represented by boldface up-

percase letters (e.g., V). The j-th column vector and the i-th row vector of V are denoted

by V:j and Vi:, respectively. We list the main symbols used in our subsequent derivations

in Table 4.1.
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Notation Definition

n
The number of examples in a
dataset

m
The dimensionality of a feature
vector

d
The dimensionality of a time
vector

T
T “ tt1, t2, ¨ ¨ ¨ , tj, ¨ ¨ ¨ , t|T |u,
the set of distinct time points in
the dataset

xxxi P Rm The feature vector of the i-th
instance

yi P T
The last observation time of the
i-th example

si P t0, 1u
The status of the i-th example in
its last observation (0: no event;
1: event)

V P

Rdˆ|T |

A matrix whose j-th column
vector, V:j P Rd, is the concept
vector of time point, tj

W P

Rdˆm A linear transformation matrix

Table 4.1: Notations and definitions.

4.4.2 Problem formulation

In the time-to-event model learning, each example in the dataset is represented by a triplet,

(xxxi, yi, si) with i P t1, 2, ¨ ¨ ¨ , nu being the index of the example and n being the number

of examples. Within each triplet, xxxi P Rm denotes a m-dimensional feature vector, yi P T

denotes the last observation time, and si P t0, 1u denotes the status of the example at

its last observation time. If si “ 1, the target event occurs at time yi and subsequent

observations are not necessary. If si “ 0, the target event has not occurred up to time yi,

and subsequent observations are not available; thus, we call this example censored, and

the event may occur at anytime t ą yi. The symbol, T “ tt1, t2, ¨ ¨ ¨ , t|T |u with |T | ă 8,

denotes the set of all possible event occurrence times. In this context, the time-to-event
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task is to learn a probabilistic model,

ppy|xxx,θθθq,

with model parameter, θθθ.

4.4.3 Objective Function Formulation

Time-to-event probability

In our model, we compute the time-to-event probability, i.e., the probability that “the target

event occurs at time tj”, by

ppy “ tj|xxx,θθθq “ ppy “ tj|xxx,W,Vq

“
expp´||Wxxx´V:j||

2
2q

ř|T |
j1“1 expp´||Wxxx´V:j1 ||

2
2q
,

(4.1)

with model parameter θθθ “ tW,Vu, where W P Rdˆm denotes the linear transformation

matrix which maps a vector from the m-dimensional feature space to the d-dimensional

time concept vector space; V P Rdˆ|T | denotes a matrix whose j-th column vector, V:j , is

the vector representation of the event occurrence time, tj with j “ 1, 2, ¨ ¨ ¨ , |T |.

When an example is censored, the target event’s exact occurrence time is unknown,

therefore (4.1) is not appropriate for calculating the time-to-event probability. Instead,

since we know the censoring time and the fact that the event has not occurred up to that

time, we can model the probability of “the target event will occur after time tj” by

ppy ą tj|xxx,θθθq “ ppy ą tj|xxx,W,Vq

“

ř|T |
k“j`1 expp´||Wxxx´V:k||

2
2q

ř|T |
j1“1 expp´||Wxxx´V:j1 ||

2
2q
.

(4.2)

Optimization Objective

For notation simplicity, qi, defined by (4.2), is used to denote the event probability for the

i-th example if it is censored, otherwise, pi, defined by (4.1), is used to denote the event
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probability for the i-th example. Using the short-hand notations, pi and qi, the negative

log-likelihood based on the dataset can be written as

`pW,Vq “
n
ÿ

i“1

´p1psi “ 1q log pi ` 1psi “ 0q log qiq,

where 1p¨q is an indicator function whose returned value is 1 if the condition is met, oth-

erwise 0. It is important to note that the negative log-likelihood is a function of both the

linear transformation matrix, W, and the time concept vector matrix V; therefore, min-

imizing the negative log-likelihood could provide an optimal solution for our model. To

avoid overfitting and to enhance the generalization of the model, we apply several regu-

larization terms (note: detailed discussions on the regularization terms are provided in the

following section) and propose to solve the fallowing minimization problem:

minimize
W,V

F pW,Vq “ `pW,Vq ` λ1||W||2,1

` λ2||V||˚ `
λ3

2
||VD||2F ,

(4.3)

in which, || ¨ ||2,1 denotes the L2,1-norm, || ¨ ||˚ denotes the nuclear norm, || ¨ ||F denotes

the Frobenius norm, and tλ1, λ2, λ3u are the trade-off parameters. The definition of the

matrix, D, will be given in the following section.

Regularization

The L2,1-norm is known for inducing column sparsity. Therefore, in addition to preventing

overfitting, the L2,1-norm regularizer also acts as a feature-selection mechanism. In prac-

tice, especially in the time-to-event estimation tasks in the medical domain, the feature

vectors are often very high-dimensional. Being able to select the most relevant features

can not only improve the performance but also enhance the interpretability of the model.

The nuclear norm is a low-rank matrix inducing regularizer. It has a high utility value

in our model. First, because the time concept vector dimensionality is unknown in our

optimization algorithm, we intend to over-estimate the dimensionality in initialization.
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Having a low-rank inducing regularizer could help determine the effective dimensionality.

Second, the nuclear norm regularizer may help generate structures in the time concept

vector space; i.e., similar time concepts vectors reside in the same linear subspace.

The Frobenius norm is used to enhance the temporal smoothness among time concept

vectors. The time concept vectors corresponding to two consecutive time points are sim-

ilar, and thus the cumulative differences of all consecutive time points should be small.

The cumulative difference square is represented by

|T |´1
ÿ

j“1

||V:j ´V:j`1||
2
2 “ ||VD||2F ,

where the matrix D P R|T |ˆp|T |´1q with the (i,j)-th element being

Dij “

$

’

&

’

%

1, i “ j

´1, i “ j ` 1

0, otherwise.

4.4.4 Optimization

There are two challenges to optimize our proposed objective function: first, the objective

function is non-smooth; therefore, conventional gradient-based approaches (e.g. conju-

gate gradient methods) are not applicable; second, multiple variables (i.e. W and V) are

required to optimize, and their terms are not separable.

To address these challenges in this optimization problem, we propose an iterative prox-

imal algorithm. In our proposed algorithm, we formulate two non-smooth sub-problems:

in the first sub-problem, the time concept vector matrix, V, is treated as a constant, and

a proximal algorithm is applied to solve the optimal W; in the second problem the linear

transformation matrix, W, is treated as a constant, and a proximal algorithm is applied to

solve the optimal V. Then these two sub-problems are solved repeatedly until the overall

objective converges. As the procedures for solving these two sub-problems are similar, we

will give a detailed description on solving the first sub-problem, and a similar procedure
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can be used to solve the second sub-problem.

Sub-problem 1: solving W, with V as a constant

By treating V as a constant, the original optimization problem with objective function

(4.3) is reduced to

min
W

F1pWq “ `pWq ` λ1||W||2,1. (4.4)

It is important to note that the objective function F1pWq is convex because its first term (a

log-softmax function) and second term (a norm) are both convex. However, this problem

is challenging due to the non-smoothness in the L2,1-norm regularization. To solve this

problem, we make use of an auxiliary function

QpW,W1
q “`pW1

q ` trppW ´W1
q
J∆`pW1

qq

`
L

2
||W ´W1

||
2
F ` λ1||W||2,1.

(4.5)

Proposition 1. Let L(`) denote the Lipschitz constant of `pWq, then for any L ě L(`), we

have

F1pWq ď QpW,W1
q.

This is straightforward to prove based on the convexity and the smoothness of `pWq

and the definition of the Lipschitz constant. It is also straightforward to verify

QpW1,W1
q “ F1pW

1
q and QpW,Wq “ F1pWq.

Therefore, letting W1 “ Wt and

Wt`1
“ arg min

W
QpW,Wt

q, (4.6)

we arrive at the following relations:

F1pW
t`1
q ď QpWt`1,Wt

q ď QpWt,Wt
q “ F1pW

t
q.
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Namely, (4.6) can be used as an updating rule for optimizing the objective function,

F1pWq. By completing the square in (4.5), we can find that (4.6) is equivalent to

Wt`1
“

arg min
W

L

2
||W ´ pWt

´
1

L
∆`pWt

qq||
2
F ` λ1||W||2,1

“ proxλ1
L
||¨||2,1

pWt
´

1

L
∆`pWt

qq

(4.7)

where proxλ1
L
||¨||2,1

is the the proximal operator Parikh and Boyd (2013) of λ1
L
||¨||2,1. Know-

ing the analytical form of the proximal operator for the scaled L2,1-norm, α|| ¨ ||2,1, being

proxα||¨||2,1pAq “ A:jp1´
α

||A:j||2
q`, @j, (4.8)

and combining (4.7) and (4.8), we obtain the updating rule for Wt`1
:j , @j

Wt`1
:j “

pWt
´

1

L
∆`pWt

qq:jp1´
λ1

L||pWt ´ 1
L

∆`pWtqq:j||2
q`,

(4.9)

where p¨q` “ maxp¨, 0q. The procedure for solving sub-problem 1 is described in Algo-

rithm 2.

Procedure 2 Sub-problem 1: solving W, while treating V as a constant

1: initialize W0

2: tÐ 0
3: repeat
4: Wt`1

:j Ð pWt
:j ´

1
L

∆`pWtqq:j

p1´ λ1
L||pWt´ 1

L
∆`pWtqq:j ||2

q`, @j

5: t++
6: until t ă max iter and not converge
7: Return W
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Sub-problem 2: solving V, with W as a constant

By treating W as a constant, the original optimization problem with objective function

(4.3) is reduced to

min
W

F2pVq “ `pVq ` λ2||V||˚ `
λ3

2
||VD||2F . (4.10)

Following the derivations as in solving sub-problem 1, we arrive at the updating rule of V

in a proximal operator form:

Vt`1
“ proxλ2

L
||¨||˚
pVt

´
1

L
p∆`pVt

q ` λ3V
tDDJ

qq. (4.11)

The proximal operator of a scaled nuclear norm Parikh and Boyd (2013), α|| ¨ ||˚, is

proxα||¨||˚pAq “ Udiagpproxα||¨||1pσpAqqqR
J, (4.12)

where σpAq denotes the vector of singular values of a matrix, A; {U, diagpσpAqq,RJ} is

the singular value composition of A, and

proxα||¨||1paaaq “ paaa´ α111q` ´ p´aaa´ α111q` (4.13)

is the proximal operator for the scaled vector L1-norm. The symbol, 111, denotes a one-

vector with an appropriate dimension. Combining (4.11), (4.12), and (4.13), the updating

rule of V can be written as

Vt`1
“

UdiagppσpV̂q ´
λ2

L
111q` ´ p´σpV̂q ´

λ2

L
111q`qR

J,
(4.14)

where {U, diagpσpV̂qq,RT} is the singular value decomposition of Vt ´ 1
L
p∆`pVtq `

λ3V
tDDJq. The procedure of solving sub-problem 2 is given in Algorithm 3.

To solve the optimization problem with the objective function (4.3) involving both

variables W and V, we propose to use Algorithm 4, in which sub-problems 1 and sub-

problem 2 are solved iteratively until a convergence is reached.
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Procedure 3 Sub-problem 2: solving V, while treating W as a constant

1: initialize V0

2: tÐ 0
3: repeat
4: tU, diagpσpV̂qq,RJu Ð SV DpVt ´ 1

L
p∆`pVtq

`λ3V
tDDJqq

5: Vt`1 “ UdiagppσpV̂q ´ λ2
L

111q`
´p´σpV̂q ´ λ2

L
111q`qR

J

6: t++
7: until t ă max iter and not converge
8: Return V

Procedure 4 An iterative proximal algorithm for solving (4.3)

1: initialize W0 and V0

2: repeat
3: Solve sub-problem 1 using Algorithm 2
4: Solve sub-problem 2 using Algorithm 3
5: until converge
6: Return W and V

4.5 Experiments

In this section, we describe our conducted experiments on the proposed model. The first

experiment focuses on demonstrating the effectiveness of the proposed model by compar-

ing the performance with those from state-of-the-art models on several benchmark datasets

for the time-to-event estimation tasks. In the second experiment, we visualize the learned

time concept vectors and show a few interesting observations. The third experiment fo-

cuses on empirically characterizing the scalability of the proposed model by running on a

number of synthetic learning tasks in different settings.

4.5.1 Setup

The proposed model is implemented in Python 3.6.6 based on the Numpy package. We

also use the Autograd package for computing the derivatives; i.e., ∆`pWtq in (4.7) and

∆`pVtq in (4.11). The code runs on a workstation with an Intel Core i7 CPU 4GHz
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and 32 GB of RAM. Each of the hyper-parameters tλ1, λ2, λ3u were determined by grid

searches in values {0, 0.1, 1.0} using cross-validation within the training set. The time

concept vector dimensionality, d, is set to d “ 5|T |, where T is the set of event times

in the training set, and the effective dimensionality of the time concept vector will be

automatically determined by the regularizations.

4.5.2 Experiment #1: comparisons to state-of-the-art models on benchmark datasets

In this experiment, we compare the performance, in terms of the concordance index, of the

proposed model with the state-of-the-art baseline models on several benchmark datasets

for the time-to-event estimation tasks.

Datasets

The 7 benchmark datasets used in this experiment are publicly available for download.

Details information of the datasets and the task descriptions are provided as the follows:

• Van de Vijver’s Microarray Breast Cancer data (VDV)Van’t Veer et al. (2002) con-

tains 4,707 gene expression values on 78 (44 censored) breast cancer patients for

predicting occurrence of death in terms of year, up to 13 years.

• Gene-expression profiles of lung adenocarcinoma (Lung) Beer et al. (2002) contains

7,129 gene expression values on 86 (62 censored) early-stage lung adenocarcinoma

patients for predicting occurrence of death in terms of month, up to 110 months.

• Mantle Cell Lymphoma (MCL)Rosenwald et al. (2003) contains 8,810 gene expres-

sion values on 92 (28 censored) MCL patients for predicting occurrence of death in

terms of year, up to 14 years.

• Norway/Stanford breast cancer data (NSBCD) Sørlie et al. (2003) contains 549 gene

expression values on 115 (77 censored) breast cancer women for predicting occur-

rence of death in terms of month, up to 188 months.

67



• Adult myeloid leukemia (AML)Bullinger et al. (2004) contains 6,283 gene expression

values on 116 (77 censored) AML patients for predicting occurrence of death in

terms of month, up to 54 months.

• Diffuse Large B-Cell Lymphoma (DLBCL) Lossos (2008) contains 7,399 gene ex-

pression values on 240 (102 censored) DLBCL patients for predicting occurrence

time of death in terms of year, up to 21 years.

• Dutch Breast Cancer Data (DBCD) van Houwelingen et al. (2006) contains 4,919

gene expression values on 295 (216 censored) breast cancer women for predicting

occurrence time of death in terms of year, up to 18 years.

The 7 benchmark datasets are summarized in Table 4.2. To have a fair comparisons to

the baseline models, we adopt the evaluation settings in Li et al. (2016a), in which 5-

fold cross-validation is used when the number of examples is greater than 150 and 3-fold

cross-validation otherwise.

Dataset # example # censored # feature # time
VDV 78 44 4705 13
Lung 86 62 7129 110
MCL 92 28 8810 14
NS-
BCD

115 77 549 188

AML 116 49 6283 54
DL-
BCL

240 102 7399 21

DBCD 295 216 4919 18

Table 4.2: Summaries of the 7 benchmark datasets (ordered by # example).

Baseline models

Based on the popularity and accessibility, we compared our proposed model to 16 baseline

models.
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Cox based models The Cox proportional hazards model Cox (1992) is the most commonly

used survival analysis model. Besides the basic formulation, the L1-norm regularized

variant, LASSO- Cox Tibshirani (1997), and the elastic net regularized variant, EN-Cox

Simon et al. (2011), are also widely used.

Censored regression models Standard likelihood function estimation incorporates censored

examples Lee and Wang (2003). Based on the assumptions of the underlining distributions,

it has four variants: Weibull, Logistic, Log-Logistic, and Log-Gaussian.

Linear models Tobit model Tobin (1958) is an extension of linear regression that incor-

porates censored examples with parameters estimated by the maximum likelihood method

rather than using least squares error. Buckley-James regression Wang et al. (2008) (BJ-

EN), is a linear model which incorporates censored examples by estimating the censored

value using the Kaplan-Meier estimator Kaplan and Meier (1958) with elastic net regular-

ization.

Pairwise ranking based models Boosting concordance index Mayr and Schmid (2014) (Boost-

CI) is a gradient boosting algorithm to optimize the smoothened version of the concor-

dance index.

Multi-task learning models MTLSA is multi-task formulation tailored for handling cen-

sored examples Li et al. (2016a) by introducing an indication table and a non-negative

non-increasing list structure constraint.

Others SurvGB Hothorn et al. (2005) is a gradient boosting model for survival analysis.

SurvSVM-Linear Pölsterl et al. (2015) is a rank and regression based SVM adoption for

survival analysis using a linear kernel. SurvSVM-RBF Pölsterl et al. (2016) is an efficient

SVM-based survival analysis model using the radial basis function kernel. BJ-Neural is
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a 2-layer neural network with Rectified Linear Unit Activation functions to optimized an

objective of Buckley-James regression Wang et al. (2008).

Performance metric

Due to the presence of censored examples, concordance index (CI or c-index) Heagerty

and Zheng (2005) is used to evaluate the performance of time-to-event estimation models.

The CI of a model, g, is defined as Steck et al. (2008):

ICpgq “
1

num

ÿ

si“1

ÿ

yjąyi

1pgpxxxjq ą gpxxxiqq,

where 1p¨q is an indication function, and num is a normalization factor such that CI(g)

ď 1, and CI(g) “ 1 is the best possible performance. The CI’s and corresponding standard

deviations of all baseline models and the proposed model on the benchmark datasets are

shown in Table 4.3. The results of SurvSVM’s and SurvGB were obtained by using the the

functions in the Scikit-Survival package. The result of BJ-Neural was obtained by using

the Scikit-Learning package. Results of the other baseline models are adopted from Li

et al. (2016a).

Figure 4.2 shows the Critical Difference Diagram Demšar (2006) of Experiment #1.

The proposed method achieves the best overall ranking. Models with regularizations, i.e.,

proposed, MTLSA, BJ-EN, CoxEN, and CoxLasso have the best overall rankings; this may

suggest that in datasets with relatively small number of examples, regularzation is very

important to prevent overfitting.

4.5.3 Experiment #2: Regimes identification by visualizing the learned time concept vec-
tors

The proposed learning framework does not only learn the model parameters (i.e. matrix

W) but also learns the time concept vectors (i.e. column vectors in matrix, V). In this

experiment, we visualize the learned time concept vectors and point out some interesting

findings based on cluster formations. To generate time concept vectors, we apply the
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VDV Lung MCL NSBCD AML DLBCL DBCD

CoxPH 0.597 (7) 0.516 (13) 0.577 (11) 0.441 (12) 0.552 (8) 0.455 (13) 0.554 (11)
˘ 0.011 ˘ 0.133 ˘ 0.059 ˘ 0.059 ˘ 0.068 ˘ 0.072 ˘ 0.123

CoxLasso 0.648 (4) 0.670 (3) 0.682 (8) 0.591 (10) 0.600 (4) 0.634 (4) 0.688 (8)
˘ 0.028 ˘ 0.091 ˘ 0.07 ˘ 0.109 ˘ 0.031 ˘ 0.042 ˘ 0.043

CoxEN 0.642 (5) 0.665 (4) 0.673 (9) 0.605 (9) 0.572 (6) 0.649 (3) 0.721 (4)
˘ 0.068 ˘ 0.07 ˘ 0.073 ˘ 0.1 ˘ 0.06 ˘ 0.039 ˘ 0.031

Logistic 0.528 (8) 0.571 (11) 0.483 (12) 0.379 (13) 0.454 (15) 0.484 (12) 0.491 (13)
˘ 0.14 ˘ 0.094 ˘ 0.068 ˘ 0.02 ˘ 0.077 ˘ 0.05 ˘ 0.087

Weibull 0.316 (16) 0.429 (15) 0.474 (14) 0.305 (15) 0.529 (12) 0.251 (16) 0.456 (16)
˘ 0.132 ˘ 0.01 ˘ 0.075 ˘ 0.153 ˘ 0.055 ˘ 0.063 ˘ 0.105

Log-Gaussian 0.521 (10) 0.412 (16) 0.256 (16) 0.444 (11) 0.405 (16) 0.317 (15) 0.488 (14)
˘ 0.165 ˘ 0.075 ˘ 0.072 ˘ 0.054 ˘ 0.065 ˘ 0.091 ˘ 0.055

Log-Logistic 0.527 (9) 0.592 (9) 0.480 (13) 0.238 (16) 0.468 (14) 0.425 (14) 0.526 (12)
˘ 0.107 ˘ 0.066 ˘ 0.072 ˘ 0.05 ˘ 0.08 ˘ 0.124 ˘ 0.023

Tobit 0.519 (11) 0.469 (14) 0.459 (15) 0.373 (14) 0.473 (13) 0.497 (11) 0.487 (15)
˘ 0.158 ˘ 0.136 ˘ 0.032 ˘ 0.021 ˘ 0.076 ˘ 0.053 ˘ 0.076

BJ-EN 0.608 (6) 0.665 (4) 0.723 (3) 0.622 (8) 0.650 (3) 0.629 (5) 0.709 (6)
˘ 0.065 ˘ 0.132 ˘ 0.11 ˘ 0.092 ˘ 0.059 ˘ 0.073 ˘ 0.039

Boost-CI 0.665 (3) 0.571 (11) 0.705 (5) 0.626 (7) 0.582 (5) 0.608 (7) 0.710 (5)
˘ 0.059 ˘ 0.093 ˘ 0.096 ˘ 0.083 ˘ 0.05 ˘ 0.03 ˘ 0.043

MTLSA 0.701 (1) 0.633 (8) 0.727 (2) 0.682 (3) 0.715 (2) 0.653 (2) 0.758 (2)
˘ 0.033 ˘ 0.075 ˘ 0.096 ˘ 0.045 ˘ 0.049 ˘ 0.071 ˘ 0.03

SurvGB 0.509 (12) 0.586 (10) 0.650 (10) 0.634 (5) 0.539 (11) 0.564 (10) 0.665 (10)
˘ 0.085 ˘ 0.07 ˘ 0.048 ˘ 0.089 ˘ 0.051 ˘ 0.056 ˘ 0.043

SurvSVM-Linear 0.481 (14) 0.706 (1) 0.719 (4) 0.647 (4) 0.552 (8) 0.599 (8) 0.709 (6)
˘ 0.055 ˘ 0.075 ˘ 0.059 ˘ 0.052 ˘ 0.044 ˘ 0.039 ˘ 0.027

SurvSVM-RBF 0.491 (13) 0.656 (6) 0.704 (6) 0.725 (1) 0.566 (7) 0.611 (6) 0.753 (3)
˘ 0.05 ˘ 0.053 ˘ 0.063 ˘ 0.04 ˘ 0.029 ˘ 0.025 ˘ 0.033

BJ-Neural 0.467 (15) 0.643 (7) 0.687 (7) 0.628 (6) 0.542 (10) 0.579 (9) 0.679 (9)
˘ 0.073 ˘ 0.066 ˘ 0.075 ˘ 0.042 ˘ 0.047 ˘ 0.037 ˘ 0.038

Proposed 0.681 (2) 0.685 (2) 0.742 (1) 0.712 (2) 0.719 (1) 0.669 (1) 0.759 (1)
˘ 0.128 ˘ 0.035 ˘ 0.038 ˘ 0.032 ˘ 0.042 ˘ 0.068 ˘ 0.081

Table 4.3: Concordance Indices (CI’s) and corresponding standard deviations of all the
models; The ranking of a model among all compared models in each dataset is included.

proposed model to each of the benchmark datasets using all available examples within

a dataset. Using the best hyper-parameter settings found in Epxeriment #1. After each

learning process is finished, the learned time concept vectors, which are high-dimensional,

are projected on to a 2-dimensional space using t-SNE Maaten and Hinton (2008) for

visualization. The 2D projected time concept vectors are indicated by their corresponding

event occurrence times. The two axes in the 2D plot usually have no specific meanings, but

the projections using t-SNE preserve the time concept vector distribution; in other words,

time concept vectors that are in the same manifold in the high-dimensional space will be

projected to the same cluster in the low-dimensional space.

Clusters can be easily identified in each scatter plot. For example, three major clusters

71



Critical Difference=8.1333

16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

1.4286 Proposed

2.8571 MTLSA

5.2143 BJ-EN

5.7857 CoxEN

5.8571 CoxLasso

6 SurvSVM-RBF

6.2143 Boost-CI

6.5714 SurvSVM-Linear9BJ-Neural

9.7143SurvGB

10.7143CoxPH

12.0714Logistic

12.4286Log-Logistic

13.2857Tobit

14Log-Gaussian

14.8571Weibull

FIGURE 4.2: The Critical Difference Diagram shows the average rankings and overall
rankings of all the compared models in the measure of Concordance Index.

can be identified in the Lung dataset (Figure 4.4) and two clusters can be identified in the

AML dataset (Figure 4.7). The cluster formations reveal the time regime information. For

example, in the AML dataset, one cluster consists of event occurrence time points 1 to 10,

and another cluster consists of time points 11 and above; this may suggest that when a

patient is estimated to have a survival time in-between 1 month and 10 months, they are

not likely to achieve a complete remission, or are likely to suffer fatal complications of

therapy. If a patient is estimated to have a survival time 11 months or above, the patient

is more likely to achieve a durable complete remission. Another interesting finding is that

early occurrence time concepts are able to form a cluster with the late occurrence time

concepts. For example, in the plot of the DBCD time concepts, the early time concepts

(0, 1, 2) are in the same cluster as late occurrence time concepts (11 and above), and time

concepts 3-10 form a second cluster. Clinical experience bears this out: some patients will

present very critically ill, with most known prognostic factors not in their favor, yet they

survive and achieve a durable complete remission.
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FIGURE 4.3: 2D scatter plots of the learned time concept vectors in the VDV datasets. The
numbers in each plot indicate the corresponding time concepts, and their cluster formations
may help in revealing time regimes.
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FIGURE 4.4: 2D scatter plots of the learned time concept vectors in the VDV datasets. The
numbers in each plot indicate the corresponding time concepts, and their cluster formations
may help in revealing time regimes.
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FIGURE 4.5: 2D scatter plots of the learned time concept vectors in the MCL datasets. The
numbers in each plot indicate the corresponding time concepts, and their cluster formations
may help in revealing time regimes.
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FIGURE 4.6: 2D scatter plots of the learned time concept vectors in the NSBCD datasets.
The numbers in each plot indicate the corresponding time concepts, and their cluster for-
mations may help in revealing time regimes.
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FIGURE 4.7: 2D scatter plots of the learned time concept vectors in the AML datasets. The
numbers in each plot indicate the corresponding time concepts, and their cluster formations
may help in revealing time regimes.
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FIGURE 4.8: 2D scatter plots of the learned time concept vectors in the DLBCL datasets.
The numbers in each plot indicate the corresponding time concepts, and their cluster for-
mations may help in revealing time regimes.
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FIGURE 4.9: 2D scatter plots of the learned time concept vectors in the DBCD datasets.
The numbers in each plot indicate the corresponding time concepts, and their cluster for-
mations may help in revealing time regimes.

4.5.4 Experiment #3: model scalability evaluation on synthetic datasets

We empirically evaluate the scalability of the proposed model with respect to the number

of examples (n), the number of features (m), the number of possible event times (T ), and

the dimensionality of the time concept vector space (d). In the synthetic dataset, the feature

vectors (xxxi’s) are generated by using a uniform distribution in the (-1, 1) interval, the event

occurrence times (yi’s) are generated by using a discrete uniform distribution between one

and the number of possible event occurrence times, and the event status (si’s) are generated

by a Bernoulli distribution with mean 0.5. Multiple runs are conducted for each (n, m, T ,

d) setting; however, because the learning time variations of the runs within the same setting

are very small, the error bars (standard deviations) of each point in the plots in Figure 4.10

are not obvious. Each curve in Figure 4.10a shows the learning time of the model as the

number of examples (n) takes {100, 200, 500, 600} while m, T , and d remain constant.

Each curve in Figure 4.10b shows the learning time of the model as the number of features

(m) takes {1000, 2000, 4000, 5000} while n, d, and T remain constant. Each curve in
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Figure 4.10c shows the learning time of the model as the number of possible event times

(T ) takes {25, 50, 75, 100} while n, m, and d remain constant. Each curve in Figure 4.10d

shows the learning time of the model as the time concept dimensionality (d) takes {100,

150, 200, 250} while n, m, and T remain constant. These figures demonstrate that the

learning time of the proposed model is approximately linear with respect to n, m, T , and

d. Therefore, the time complexity of the proposed algorithm is approximately OpnmTdq.

That means, in each sub-figure, the slope of the top (red) curve is approximately 50 times

as the slope of the bottom (blue) curve, and thus the bottom (blue) curve looks very “flat”.
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FIGURE 4.10: Learning time of the proposed model with different n, m, T , and d settings.
a) learning time changes as n changes while other variables are constant; b) learning time
changes as m changes while other variables are constant; c) learning time changes as T
changes while other variables are constant; d) learning time changes as d changes while
other variables are constant.
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4.6 Conclusion

In this study, we propose a new model for the time-to-event estimation problem. In the

proposed model, instead of using the actual time points, time concept vectors are used as

the target. A scalable optimization framework is also developed to learn the model pa-

rameters and time concept vectors jointly. Empirical results show that the proposed model

is effective and efficient. It yields results consistent with clinical observation. Using this

methodology may reveal previously unrecognized associations between specific clinical

characteristics and survival, generating hypotheses to drive further prospective investiga-

tion.
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CHAPTER 5

LEARNING INPUT AND OUTPUT KERNELS
FOR TIME-TO-EVENT ESTIMATION ON

HIGH-DIMENSIONAL DATA

5.1 Introduction

Time-to-Event estimation is also commonly known as survival analysis, whose primary

goal is to accurately infer the occurrence time of a target event. The most unique charac-

teristic of the time-to-event estimation problem is the presence of censored examples in the

data. Therefore, many existing studies focus on developing new models to effectively uti-

lize the information in the censored observations and optimize a ranking-based objective.

In this paper, we propose a model to tackle the time-to-event estimation problem from a

output Representation Learning perspective. Our model relaxes a fundamental constraint

that the target/output variable, time, is a univariate number which satisfies a partial order.

Instead, the proposed model adopts a kernel-based large-margin learning framework and

simultaneously learns an input (feature vector) kernel and an output (event time) kernel to

leverage the similarities among features and the similarities among event times. Experi-

ments and analysis have been conducted to compare the proposed model to 15 traditional
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and state-of-the-art models across 7 benchmark datasets. The results demonstrated the

efficiency and effectiveness of the proposed model.

5.2 Background

Time-to-event data analysis has been an active research topic due to its tremendous ap-

plication values in a variety of disciplines, including but not limited to, biology, health-

care, engineering, economics, and sociology Tierney et al. (2007). Based on different

application purposes, time-to-event estimation is also called survival analysis Klein and

Moeschberger (2006), reliability analysis, duration modeling, and event history analysis.

The primary goal of a time-to-event estimation model is to accurately infer the occurrence

time of a target event or the risk of the event occurrence, and it is a common assumption

that the higher the risk, the shorter the time to the occurrence of the event. Therefore,

instead of directly estimating the target event occurring time, many existing models, for

instance, the notable Cox Proportional-Hazards Model Cox (1992), estimate the risk of

the target event occurrence. The most unique characteristic of the time-to-event estima-

tion problem is the presence of censored examples in the data. A censored example is an

example whose event occurrence time is unobserved due to observation window limits or

losing track during the observation window. The most common censoring case is right

censoring in which the event occurs after the end (right edge) of the observation window.

In this paper, we only consider the right censoring case.

The event time of a censored example is not completely missing; therefore, most ex-

isting models focus on how to effectively make use of the information from the censored

examples. Recently, machine learning methods have been adopted for time-to-event mod-

eling Wang et al. (2017b), for instance, Survival Tree Models Gordon and Olshen (1985);

LeBlanc and Crowley (1992); Bou-Hamad et al. (2011), Support Vector Machine for cen-

sored data Khan and Zubek (2008); Van Belle et al. (2007, 2011), Random Survival Forest
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Ishwaran et al. (2011), and Survival Boosting Trees Hothorn et al. (2005). Highly inno-

vative new approaches have been proposed; for example, active learning Vinzamuri et al.

(2014), transfer learning Li et al. (2016b), multi-task survival analysis Li et al. (2016a);

Wang et al. (2017a), deep survival analysis Ranganath et al. (2016) and adversarial learn-

ing Chapfuwa et al. (2018).

In this paper, we approach the time-to-event estimation problem from an Represen-

tation Learning perspective. In a conventional time-to-event problem formulation, the

target variable time is univariate and satisfies a partial order; i.e., if t1 ă t2 ă t3, then

t2 ´ t1 ă t3 ´ t1. In the proposed approach, instead of directly using time, i.e. t1, t2,

and t3, we use their embedded versions, i.e. ψpt1q, ψpt2q, and ψpt3q, with ψp¨q as the em-

bedding function. Therefore, the partial ordering relation may not hold in the embedding

space; for example, in the original time space, we have t2´ t1 ă t3´ t1, but in the embed-

ding space, we may have ||ψpt2q ´ ψpt1q||2 ą ||ψpt3q ´ ψpt1q||2. We hypothesize that the

embeddings are more suitable for capturing the similarities among the event occurrence

times, and by effectively exploiting the relations between feature embeddings and time

embeddings, we can obtain a more accurate model for time-to-event estimation.

To effectively exploit relations between the observed features and the event time, the

proposed approach aims to learn both the input (feature) embedding function and output

(time) embedding function (as illustrated in Figure 5.1) along with the model parameter

via a ranking-based large-margin objective. By applying the Mercer Theorem Mercer

(1909) and the Representer Theorem Schölkopf et al. (2001), the proposed approach learns

the corresponding input kernel and output kernel for the input embedding function and

output embedding function, respectively. Subsequent steps are then applied to convert the

constrained optimization problem to an unconstrained one, and thus off-the-shelf efficient

subgradient-based optimization routines can be applied to solve the the problem.

The contributions of our paper are summarized as follows:
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FIGURE 5.1: The proposed model first determines the corresponding time concept of each
example and then infers the event occurrence time.

• We propose a new time-to-event estimation model and a learning framework to

jointly learn the input kernel, the output kernel and model parameters.

• We develop an efficient optimization framework to learn model parameters and ker-

nels

• We conduct experiments on 7 benchmark datasets and compare the proposed model

to 15 traditional and state-of-the-art models and the results demonstrate the effec-

tiveness of the proposed model.

5.3 Related Work

The time-to-event model (also called survival analysis) has been one of the most active

research topics in statistics, for its vast application values across different fields. For a

comprehensive survey on this topic, one can refer to Wang et al. (2017b) and references

therein. In this section, we will briefly summarize some of the most widely used models.
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The Cox proportional hazard model Cox (1992) is considered as one of the earliest

and most influential models in the history of survival analysis research. The parameters

in the Cox model are determined by optimizing a partial likelihood function; therefore,

models which use the partial likelihood as the optimization objective are considered as

Cox-based models. The basic formulation of the Cox model is highly subject to overfitting

in high-dimensional data. To address this shortcoming, variants of the Cox model based

on different regularizations are proposed; for example, LASSO-Cox Tibshirani (1997), is

a Cox-based model with an L1-norm regularization, and EN-Cox Simon et al. (2011) is a

Cox-based model with the elastic net regularization.

Parametric models are another widely used class of survival analysis models. In para-

metric models, the event occurrence time is usually assumed to satisfy an underlining

distribution of which the density, survivorship, hazard and cumulative hazard functions

are easy to derive. The model parameters are then determined by optimizing a likelihood

function based on the given data. Some popular choices of the underlining distributions

include Logistic, Weibull, Log-Gaussian, and Log-Logistic Lee and Wang (2003).

The time-to-event problem is similar to the traditional regression problem in the sense

that the target variable is continuous. However, the traditional regression model cannot be

directly applied to the time-to-event problem because of the existence of censored exam-

ples. The Tobit model Tobin (1958) is one of the earliest linear regression models which

incorporate the censored examples in the optimization objective. The Buckley-James (BJ)

regression model Buckley and James (1979) handles the censored data by using an auxil-

iary Kaplan-Meier estimator Kaplan and Meier (1958). The variant, BJ-EN, is proposed

in Wang et al. (2008) for high-dimensional data.

Recently, machine learning techniques are adopted for time-to-event estimation prob-

lems Wang et al. (2017b). A survival tree model was proposed in Gordon and Olshen

(1985), in which the the Wasserstin metric was used estimate the homogeneity and as the

choice of splitting criterion. Support vector machines (SVM) were also adopt for survival
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analysis. In Khan and Zubek (2008), a SVM-based model was proposed for censored data

by using an updated asymmetirc loss function. In Van Belle et al. (2007), an SVM-based

model was proposed using a health index a proxy for the censored time. In Van Belle et al.

(2011), an SVM-based model was proposed to incorporate ranking and regression to solve

the time-to-event estimation problem. Ensemble models were also adopted to solve the

time-to-event estimation problem. In Ishwaran et al. (2011), a random survival forests was

proposed to use survival trees Gordon and Olshen (1985) as week learners. In Hothorn

et al. (2005), a boosting algorithm was proposed to incorporate censored data. An active

regularized cox regression model was proposed Vinzamuri et al. (2014) to use an active

learning algorithm to incorporate the Cox model by using a discriminative gradient sam-

pling strategy. A transfer learning survival analysis model was proposed Li et al. (2016b)

to improve the Cox PH model by transferring knowledge from the source domain to the

target domain in the context of survival analysis. Multi-task learning model for survival

analysis (MTLSA) Li et al. (2016a) model introduced an indicator matrix which allows

it to take the advantage of multi-task learning and be able to simultaneously learn from

both uncensored and censored examples. In Ranganath et al. (2016), a hierarchical gen-

erative approach to survival analysis in the context of the Electronic Health Records was

proposed. In Chapfuwa et al. (2018), a time-to-event model as proposed to focus on the

estimation of time-to-event distributions by using adversarial generative approach.

5.4 Method

5.4.1 Notations

In this paper, scalar variables are denoted by letters (e.g., t and N ), vector variables are

represented by boldface letters (e.g., xxx), matrix variables are represented by boldface up-

percase letters (e.g., Φ). The j-th column vector and the i-th row vector of Φ are denoted

by Φ:j and Φi:, respectively. We list the main symbols used in our subsequent derivations
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Notation Definition
N The number of examples in a dataset.
d The dimensionality of the feature vectors.

xxxn P Rd The feature vector of the n-th instance, for
n “ p1, ¨ ¨ ¨ , Nq.

yn P R
The last observation time of the n-th example, for
n “ 1, ¨ ¨ ¨ , N .

sn P t0, 1u
The status of the n-th example in its last observation (0:
no event; 1: event), for n “ p1, ¨ ¨ ¨ , Nq.

φp¨q The input embedding function.
ψp¨q The output embedding function.
www The model parameter for the ranking function.

Φ P RNˆN The iutput kernel; i.e. Φi,j “ Φpxxxi,xxxjq “ φpxxxiq
Jφpxxxjq,

for i “ 1, ¨ ¨ ¨ , N and j “ 1, ¨ ¨ ¨N .

Ψ P RNˆN The output kernel; i.e. Ψi,j “ Ψpyi, yjq “ ψpyiq
Jψpyjq,

for i “ 1, ¨ ¨ ¨ , N and j “ 1, ¨ ¨ ¨N .

P The set of the comparable index pairs in the
optimization objective function.

Table 5.1: Notations and definitions.

in Table 5.1.

5.4.2 Problem formulation

In the time-to-event model learning, each example in the dataset is represented by a triplet,

(xxxn, yn, sn) with n P t1, 2, ¨ ¨ ¨ , Nu being the index of the example andN being the number

of examples. Within each triplet, xxxn P Rd denotes a d-dimensional feature vector, yn P R

denotes the last observation time, and sn P t0, 1u denotes the status of the example at

its last observation time. If sn “ 1, the target event occurs at time yn and subsequent

observations are not necessary. If sn “ 0, the target event has not occurred up to time yi,

and subsequent observations are not available; thus, we call this example censored, and

the event may occur at anytime t ą yi.

The objective of the proposed approach is to learn a ranking function with parameter

fpxxx;wwwq from which the output ranking scores are consistent with the event time in the
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dataset; namely, yi ą yj ùñ fpxxxi;wwwq ą fpxxxj;wwwq.

A Ranking-based Large-Margin Objective

Similar to RankSVM Joachims (2002) and StructSVM Joachims et al. (2009), we can

setup the following 1-soft large-margin objective:

min
www,ψp¨q,φp¨q
tξpi,jqupi,jqPP

1

2
||www||22 ` C

ÿ

pi,jq

ξpi,jq

subject to wwwJφpxxxiq ´www
Jφpxxxjq ě ||ψpyiq ´ ψpyjq||

2
2 ´ ξpi,jq,

ξpi,jq ě 0,

@pi, jq P P ,

(5.1)

in which the ranking function is defined as fpxxx,wwwq fi wwwJφpxxxq, a linear function with

respect to the input embedding. The constraints encapsulate the margin requirements: the

ranking score difference between two examples has to be at least the Euclidean distance

square of the corresponding output embeddings. This optimization formulation aims to

simultaneously optimize the ranking function parameter,www, the input embedding function,

φp¨q, the output embedding function, ψp¨q, and the slack variables, ξpi,jq, @pi, jq P P;

where pi, jq is a comparable pair in the set:

P “ tpi, jq|pyi ą yj ^ sj “ 1u.

The trade-off hyper-parameter C is problem-specific.

5.4.3 Optimization

The Failure of the Dual Formulation

In many margin-based learning problems, for instance, Joachims (2002); Schölkopf et al.

(2001), the optimization problem’s dual form may be easier to solve compared to the

primal problem. In our case the dual form of the optimization problem (5.1) can be written
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as the following:

max
λλλ,ννν

gpλλλ,νννq

subject to λλλ ě 0, ννν ě 0,

(5.2)

where

λλλ “ p¨ ¨ ¨λpi,jq ¨ ¨ ¨ q, @pi, jq P P

ννν “ p¨ ¨ ¨ νpi,jq ¨ ¨ ¨ q, @pi, jq P P

and

gpλλλ,νννq “ inf
www,ψp¨q,φp¨q
tξpi,jqupi,jqPP

1

2
||www||22 ` C

ÿ

pi,jq

ξpi,jq `
ÿ

pi,jq

νpi,jqξpi,jq

`
ÿ

pi,jq

λpi,jqp||ψpyiq ´ ψpyjq||
2
2 ´ ξpi,jq ´www

J
pφpxxxiq ´ φpxxxjqqq,

(5.3)

where λpi,jq and νpi,jq with @pi, jq P P , are the Lagrangian multipliers for the inequality

constraints in (5.1). In a glance, the dual formulation 5.2, is easier to solve because there

are only box constraints involved. Unfortunately, the optimizing objective 5.3 does not

have an analtyical expression with respect to the Lagrandian multipliers because the forms

of the embedding functions, φp¨q and ψp¨q are unknown. Therefore, solving the (5.2) is

also very difficult.

Our approach

We first rewrite (5.1) using a hinge loss:

min
www,ψp¨q,φp¨q

1

2
||www||22 ` C

ÿ

pi,jqPP

maxp0, ||ψpyiq ´ ψpyjq||22 ´www
J
pφpxxxiq ´ φpxxxjqqq (5.4)

By using the the Representer Theorem Schölkopf et al. (2001), we can express the ranking

function parameter as:

www “
N
ÿ

n“1

βnφpxxxnq. (5.5)
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By using the Mercer Theorem Mercer (1909), and by letting Φ ě 0 be the kernel

matrix corresponds to the Hilbert space defined by the input embedding function, we have:

Φij “ Φji “ φpxxxiq
Jφpxxxjq. (5.6)

Similarly, by letting Ψ ě 0 as the kernel matrix corresponds to the Hilbert space defined

by the output embedding function, we have:

Ψij “ Ψji “ ψpyiq
Jψpyjq. (5.7)

Combining (5.5), (5.6), and (5.7), we can rewrite the 2-norm of the ranking function pa-

rameter as:

||www||22 “ wwwJwww “ p
N
ÿ

h“1

βhφpxxxhqq
J
p

N
ÿ

m“1

βmφpxxxmqq

“

N
ÿ

h“1

N
ÿ

m“1

βhβmφpxxxhqq
Jφpxxxmq

“ βββJΦβββ,

(5.8)

the Euclidean distance of the output embeddings as:

||ψpyiq ´ ψpyjq||
2
2 “ pψpyiq ´ ψpyjqq

J
pψpyiq ´ ψpyjqq

“ ψpyiq
Jψpyiq ` ψpyjq

Jψpyjq ´ ψpyiq
Jψpyjq ´ ψpyjq

Jψpyiq

“ Ψii `Ψjj ´Ψij ´Ψji

“ Ψii `Ψjj ´ 2Ψij,

(5.9)

the ranking score difference as:

wwwJpφpxxxiq ´ φpxxxjqq “
N
ÿ

n“1

βnφpxxxnq
J
pφpxxxiq ´ φpxxxjqq

“

N
ÿ

n“1

βnΦni ´

N
ÿ

n“1

βnΦnj

“ βββJpΦ:i ´Φ:jq.

(5.10)
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By plugging (5.8), (5.9), and (5.10) in (5.4), we can transform (5.4) to the following opti-

mization problem:

min
βββ,Ψ,Φ

1

2
βββJΦβββ ` C

ÿ

pi,jqPP

maxp0,Ψii `Ψjj ´ 2Ψij ´ βββ
J
pΦ:i ´Φ:jqq

subject to Ψ ě 0,

Φ ě 0.

(5.11)

The the symbol, ě, represents a Linear Matrix Inequality (LMI), and the LMI’s constrain

that the kernel matrices are positive semi-definite (PSD). The optimization problems (5.1)

and (5.11) are equivalent. Instead of explicitly solving for the ranking function parameter,

www, (5.11) aims to optimize theβββ from (5.5). Since directly solving for the input embedding

function, φp¨q, and the the output embedding function, ψp¨q, is infeasible, (5.11) aims to

optimize the their corresponding kernel matrices, Φ and Ψ, respectively.

However, the optimization problem (5.11) is not scalable because both Φ P RNˆN

and Ψ P RNˆN , in which the number of variables to optimize is in OpN2q, and thus it

is quadratic with the number of examples in the dataset; in addition, the PSD constraints

on the kernel matrices make the optimization be challenging. To mitigate the drawbacks

in (5.11), we adapt the formulation of Multiple Kernel Learning (MKL) Lanckriet et al.

(2004); Rakotomamonjy et al. (2008), in which, the optimized kernel is a convex combi-

nation of a set of predetermined kernels, i.e., we can represent

Ψ “

K
ÿ

k“1

akΨk, with
K
ÿ

k“1

ak “ 1 and ak ě 0, @k, (5.12)

Φ “

L
ÿ

l“1

blΦl, with
L
ÿ

l“1

bl “ 1 and bl ě 0, @l, (5.13)

in which tΨku
K
k“1 is a set of predetermined output kernels, and tΦlu

L
l“1 is a set of pre-

determined input kernels. Instead of solving Ψ and Φ explicitly, we can solve for their
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optimal convex combinations, and thus, we reformulate (5.11) as:

min
βββ,aaa,bbb

1

2
βββJΨ̂paaaqβββ

` C
ÿ

pi,jqPP

maxp0, Φ̂pbbbqii ` Φ̂pbbbqjj ´ 2Φ̂pbbbqij ´ βββ
J
pΨ̂paaaq:i ´ Ψ̂paaaq:jqq

subject to aaaJeee “ 1, bbbJeee “ 1,

aaa ě 0, bbb ě 0,

(5.14)

where aaa “ pa1, ¨ ¨ ¨ , aKq, bbb “ pb1, ¨ ¨ ¨ , bLq, eee is a vector with all 1’s, and let

Ψ̂ : RK
Ñ RNˆN be a function Ψ̂paaaq “

K
ÿ

k“1

akΨk,

Φ̂ : RL
Ñ RNˆN be a function Φ̂pbbbq “

L
ÿ

l“1

blΦl,

We can further simplify (5.14) by eliminating the constraints with the following changes

of variables:

ak “ σpγγγqk “
eγk

řK
k“1 e

γm
, for k “ p1, ¨ ¨ ¨ , Kq, γγγ “ pγ1, ¨ ¨ ¨ , γKq P RK ; (5.15)

bl “ σpµµµql “
eµl

řL
l“1 e

µm
, for l “ p1, ¨ ¨ ¨ , Lq,µµµ “ pµ1, ¨ ¨ ¨ , µLq P RL. (5.16)

Thus, we have

Ψ̂paaaq “ Ψ̂pσpγγγqq, (5.17)

and

Ψ̂pbbbq “ Ψ̂pσpµµµqq. (5.18)

By combining (5.17), (5.18), and (5.14), we arrive at the final form of the optimization
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problem

min
βββ,γγγ,µµµ

1

2
βββJΨ̂pσpµµµqqβββ

` C
ÿ

pi,jqPP

maxp0, Ψ̂pσpγγγqqii ` Ψ̂pσpγγγqqjj ´ 2Ψ̂pσpγγγqqij

´ βββJpΦ̂pσpµµµqq:i ´ Φ̂pσpµµµqq:jqq

(5.19)

which is unconstrained (i.e. βββ P RN , γγγ P RK , and µµµ P RL). To solve this unconstrained

optimization problem, we use a sub-gradient descent approach.

5.5 Experiments

5.5.1 Setup

The proposed model is implemented in Python 3.6.6 based on the Numpy package. We

also use the Autograd package for computing the derivatives. In the proposed model, there

is only one hyper-parameter, C, as shown in (5.19). The value of the hyper-parameter

was determined by a grid search in values {0.001, 0.01, 0.1, 1.0, 10.0, 100.0} using cross-

validation within the training set.

The predetermined input kernels are shown in Table. 5.2. There are four types of ker-

nels used: Constant Kernel, Linear Kernel, Polynomial Kernel, and Radial Basis Function

(RBF) Kernel. In the Polynomial Kernel, there are three parameters, and each of them

has 3 values, so there are 3 ˆ 3 ˆ 3 “ 27 combinations. In the RBF Kernel, the ker-

nel parameter has 5 values, so 5 RBF kernels are included. Therefore, in total, there are

1` 1` 27` 5 “ 34 predetermined input kernels used.

Using the same types of kernels and the same parameter settings as the predetermined

input kernels, there are also 34 predetermined output kernels used.
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Name Definition Parameter settings
Constant Kernel Φpxxxi,xxxjq “ 1 n/a
Linear Kernel Φpxxxi,xxxjq “ xxxJi xxxj n/a

Polynomial
Kernel

Φpxxxi,xxxjq “ pηxxx
J
i xxxj` c0q

p

η “ t0.1, 0.5, 1.0u,
c0 “ t´1, 0, 1u,
d “ t3, 4, 7u

RBF Kernel
Φpxxxi,xxxjq “
exppη||xxxi ´ xxxj||2q

η “ t0.1
d
, 0.5
d
, 1
d
, 5
d
, 10
d
u

Table 5.2: The predetermined input kernels used in our experiments

5.5.2 Comparisons to State-of-the-art Models on Benchmark Datasets

In this experiment, we compare the performance, in terms of the concordance index, of the

proposed model with the state-of-the-art baseline models on several benchmark datasets

for the time-to-event estimation tasks.

Datasets

The 7 benchmark datasets used in this experiment are publicly available for download.

Details information of the datasets and the task descriptions are provided as the follows:

• Van de Vijver’s Microarray Breast Cancer data (VDV)Van’t Veer et al. (2002) con-

tains 4,707 gene expression values on 78 (44 censored) breast cancer patients for

predicting occurrence of death in terms of year, up to 13 years.

• Gene-expression profiles of lung adenocarcinoma (Lung) Beer et al. (2002) contains

7,129 gene expression values on 86 (62 censored) early-stage lung adenocarcinoma

patients for predicting occurrence of death in terms of month, up to 110 months.

• Mantle Cell Lymphoma (MCL)Rosenwald et al. (2003) contains 8,810 gene expres-

sion values on 92 (28 censored) MCL patients for predicting occurrence of death in

terms of year, up to 14 years.
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• Norway/Stanford breast cancer data (NSBCD) Sørlie et al. (2003) contains 549 gene

expression values on 115 (77 censored) breast cancer women for predicting occur-

rence of death in terms of month, up to 188 months.

• Adult myeloid leukemia (AML)Bullinger et al. (2004) contains 6,283 gene expression

values on 116 (77 censored) AML patients for predicting occurrence of death in

terms of month, up to 54 months.

• Diffuse Large B-Cell Lymphoma (DLBCL) Lossos (2008) contains 7,399 gene ex-

pression values on 240 (102 censored) DLBCL patients for predicting occurrence

time of death in terms of year, up to 21 years.

• Dutch Breast Cancer Data (DBCD) van Houwelingen et al. (2006) contains 4,919

gene expression values on 295 (216 censored) breast cancer women for predicting

occurrence time of death in terms of year, up to 18 years.

The 7 benchmark datasets are summarized in Table 5.3. To have a fair comparisons to

the baseline models, we adopt the evaluation settings in Li et al. (2016a), in which 5-

fold cross-validation is used when the number of examples is greater than 150 and 3-fold

cross-validation otherwise.

Dataset # example # censored # feature # time
VDV 78 44 4705 13
Lung 86 62 7129 110
MCL 92 28 8810 14
NSBCD 115 77 549 188
AML 116 49 6283 54
DLBCL 240 102 7399 21
DBCD 295 216 4919 18

Table 5.3: Summaries of the 7 benchmark datasets (ordered by # example).
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VDV Lung MCL NSBCD AML DLBCL DBCD

CoxPH 0.597 (7) 0.516 (13) 0.577 (11) 0.441 (12) 0.552 (8) 0.455 (13) 0.554 (11)
˘ 0.011 ˘ 0.133 ˘ 0.059 ˘ 0.059 ˘ 0.068 ˘ 0.072 ˘ 0.123

CoxLasso 0.648 (4) 0.670 (3) 0.682 (8) 0.591 (10) 0.600 (4) 0.634 (4) 0.688 (8)
˘ 0.028 ˘ 0.091 ˘ 0.07 ˘ 0.109 ˘ 0.031 ˘ 0.042 ˘ 0.043

CoxEN 0.642 (5) 0.665 (4) 0.673 (9) 0.605 (9) 0.572 (6) 0.649 (3) 0.721 (4)
˘ 0.068 ˘ 0.07 ˘ 0.073 ˘ 0.1 ˘ 0.06 ˘ 0.039 ˘ 0.031

Logistic 0.528 (8) 0.571 (11) 0.483 (12) 0.379 (13) 0.454 (15) 0.484 (12) 0.491 (13)
˘ 0.14 ˘ 0.094 ˘ 0.068 ˘ 0.02 ˘ 0.077 ˘ 0.05 ˘ 0.087

Weibull 0.316 (16) 0.429 (15) 0.474 (14) 0.305 (15) 0.529 (12) 0.251 (16) 0.456 (16)
˘ 0.132 ˘ 0.01 ˘ 0.075 ˘ 0.153 ˘ 0.055 ˘ 0.063 ˘ 0.105

Log-Gaussian 0.521 (10) 0.412 (16) 0.256 (16) 0.444 (11) 0.405 (16) 0.317 (15) 0.488 (14)
˘ 0.165 ˘ 0.075 ˘ 0.072 ˘ 0.054 ˘ 0.065 ˘ 0.091 ˘ 0.055

Log-Logistic 0.527 (9) 0.592 (9) 0.480 (13) 0.238 (16) 0.468 (14) 0.425 (14) 0.526 (12)
˘ 0.107 ˘ 0.066 ˘ 0.072 ˘ 0.05 ˘ 0.08 ˘ 0.124 ˘ 0.023

Tobit 0.519 (11) 0.469 (14) 0.459 (15) 0.373 (14) 0.473 (13) 0.497 (11) 0.487 (15)
˘ 0.158 ˘ 0.136 ˘ 0.032 ˘ 0.021 ˘ 0.076 ˘ 0.053 ˘ 0.076

BJ-EN 0.608 (6) 0.665 (4) 0.723 (3) 0.622 (8) 0.650 (2) 0.629 (5) 0.709 (6)
˘ 0.065 ˘ 0.132 ˘ 0.11 ˘ 0.092 ˘ 0.059 ˘ 0.073 ˘ 0.039

Boost-CI 0.665 (2) 0.571 (11) 0.705 (5) 0.626 (7) 0.582 (5) 0.608 (7) 0.710 (5)
˘ 0.059 ˘ 0.093 ˘ 0.096 ˘ 0.083 ˘ 0.05 ˘ 0.03 ˘ 0.043

MTLSA 0.701 (1) 0.633 (8) 0.727 (2) 0.682 (3) 0.715 (1) 0.653 (2) 0.758 (1)
˘ 0.033 ˘ 0.075 ˘ 0.096 ˘ 0.045 ˘ 0.049 ˘ 0.071 ˘ 0.03

SurvGB 0.509 (12) 0.586 (10) 0.650 (10) 0.634 (5) 0.539 (11) 0.564 (10) 0.665 (10)
˘ 0.085 ˘ 0.07 ˘ 0.048 ˘ 0.089 ˘ 0.051 ˘ 0.056 ˘ 0.043

SurvSVM-Linear 0.481 (14) 0.706 (2) 0.719 (4) 0.647 (4) 0.552 (8) 0.599 (8) 0.709 (6)
˘ 0.055 ˘ 0.075 ˘ 0.059 ˘ 0.052 ˘ 0.044 ˘ 0.039 ˘ 0.027

SurvSVM-RBF 0.491 (13) 0.656 (6) 0.704 (6) 0.725 (2) 0.566 (7) 0.611 (6) 0.753 (3)
˘ 0.05 ˘ 0.053 ˘ 0.063 ˘ 0.04 ˘ 0.029 ˘ 0.025 ˘ 0.033

BJ-Neural 0.467 (15) 0.643 (7) 0.687 (7) 0.628 (6) 0.542 (10) 0.579 (9) 0.679 (9)
˘ 0.073 ˘ 0.066 ˘ 0.075 ˘ 0.042 ˘ 0.047 ˘ 0.037 ˘ 0.038

Proposed 0.650 (3) 0.710 (1) 0.757 (1) 0.745 (1) 0.606 (3) 0.656 (1) 0.755 (2)
˘ 0.090 ˘ 0.051 ˘ 0.024 ˘ 0.040 ˘ 0.030 ˘ 0.016 ˘ 0.040

Table 5.4: Concordance Indices (CI’s) and corresponding standard deviations of all the
models; The ranking of a model among all compared models in each dataset is included.

Baseline models

Based on the popularity and accessibility, we compared our proposed model to 16 baseline

models.

Cox based models The Cox proportional hazards model Cox (1992) is the most commonly

used survival analysis model. Besides the basic formulation, the L1-norm regularized

variant, LASSO- Cox Tibshirani (1997), and the elastic net regularized variant, EN-Cox

Simon et al. (2011), are also widely used.
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Censored regression models Standard likelihood function estimation incorporates censored

examples Lee and Wang (2003). Based on the assumptions of the underlining distributions,

it has four variants: Weibull, Logistic, Log-Logistic, and Log-Gaussian.

Linear models Tobit model Tobin (1958) is an extension of linear regression that incor-

porates censored examples with parameters estimated by the maximum likelihood method

rather than using least squares error. Buckley-James regression Wang et al. (2008) (BJ-

EN), is a linear model which incorporates censored examples by estimating the censored

value using the Kaplan-Meier estimator Kaplan and Meier (1958) with elastic net regular-

ization.

Pairwise ranking based models Boosting concordance index Mayr and Schmid (2014) (Boost-

CI) is a gradient boosting algorithm to optimize the smoothened version of the concor-

dance index.

Multi-task learning models MTLSA is multi-task formulation tailored for handling cen-

sored examples Li et al. (2016a) by introducing an indication table and a non-negative

non-increasing list structure constraint.

Others SurvGB Hothorn et al. (2005) is a gradient boosting model for survival analysis.

SurvSVM-Linear Pölsterl et al. (2015) is a rank and regression based SVM adoption for

survival analysis using a linear kernel. SurvSVM-RBF Pölsterl et al. (2016) is an efficient

SVM-based survival analysis model using the radial basis function kernel. BJ-Neural is

a 2-layer neural network with Rectified Linear Unit Activation functions to optimized an

objective of Buckley-James regression Wang et al. (2008).
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Critical Difference=8.1333

16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

1.7143 Proposed

2.5714 MTLSA

5.0714 BJ-EN

5.7857 CoxEN

5.8571 CoxLasso

6.0714 Boost-CI

6.1429 SurvSVM-RBF

6.7143 SurvSVM-Linear9BJ-Neural

9.7143SurvGB

10.7143CoxPH

12.0714Logistic

12.4286Log-Logistic

13.2857Tobit

14Log-Gaussian

14.8571Weibull

FIGURE 5.2: The Critical Difference Diagram shows the average rankings and overall
rankings of all the compared models in the measure of Concordance Index.

Performance metric

Due to the presence of censored examples, concordance index (CI or c-index) Heagerty

and Zheng (2005) is used to evaluate the performance of time-to-event estimation models.

The CI of a model, g, is defined as Steck et al. (2008):

ICpfq “
1

num

ÿ

sj“1

ÿ

yiąyj

1pfpxxxi;wwwq ą fpxxxj,wwwqq,

where 1p¨q is an indication function, and num is a normalization factor such that CI(g)

ď 1, and CI(g) “ 1 is the best possible performance. The CI’s and corresponding standard

deviations of all baseline models and the proposed model on the benchmark datasets are

shown in Table 5.4. The results of SurvSVM’s and SurvGB were obtained by using the the

functions in the Scikit-Survival package. The result of BJ-Neural was obtained by using

the Scikit-Learn package. Results of the other baseline models are adopted from Li et al.

(2016a).

Figure 5.2 shows the Critical Difference Diagram Demšar (2006) of Experiment #1.

The proposed method achieves the best overall ranking. Models with regularizations, i.e.,

proposed, MTLSA, BJ-EN, CoxEN, and CoxLasso have the best overall rankings; this may
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suggest that in datasets with relatively small number of examples, regularzation is very

important to prevent overfitting.

5.6 Conclusion

In the paper, we propose a new model for the time-to-event estimation problem and an

efficient learning framework. The proposed model uses the time-to-event data to learn an

input kernel, an output kernel and a ranking function parameter jointly. Experiments have

been conducted to compare the proposed model to 15 baseline traditional and state-of-the-

art models across 7 benchmark datasets. Model performance shown the effectiveness of

the proposed model.
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CHAPTER 6

CONCLUSION

To conclude, in this dissertation, four different Representation Learning approaches are

described in details. These approaches provide Representation Learning treatments in

different steps in general data analytics workflow, including, data preprocessing (Chapter

2), input representation learning (Chapter 3 and 5), and output representation learning

(Chapter 4). These four methods also make use of different Machine Learning paradigms,

including, unsupervised learning (Chapter 2 and 3) and supervised learning (Chapter 4

and 5). More importantly, these approaches are heavily focused on applicability in real-

world problems; therefore, they share the characteristics of scalable, interpretable, and

easy-to-use. Each chapter is written in a structured way that each of them includes:

• a detailed background section to motivate the target problem and lead to the main

idea of the approach;

• a comprehensive related work section to list major state-of-the-art related approaches;

• a thorough method section to provide the technical details of the method and algo-

rithm;
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• a rigorous experiment section to analyze the advantages and disadvantage of the

proposed approach.

Therefore, while the chapters are related via the typical data analytics workflow, they

can be seen as standalone treatments for specific problems encountered in biomedical

informatics research.

In Chapter 2, We propose the Generalized Logistic (GL) algorithm that scales data

uniformly to an appropriate interval by learning a generalized logistic function to fit the

empirical cumulative distribution function of the data. This approach aims to learn a repre-

sentation based on data scaling. The GL algorithm is simple yet effective; it is intrinsically

robust to outliers, so it is particularly suitable for diagnostic/classification models in clini-

cal/medical applications where the number of samples is usually small; it scales the data in

a nonlinear fashion, which leads to a potential improvement in accuracy. The experimental

performance in terms of area under the receiver operating characteristic curve (AUROC)

and percentage of correct classification showed that models learned using data scaled by

the GL algorithm outperform the ones using data scaled by the Min-max and the Z-score

algorithm, which are the most commonly used data scaling algorithms.

In Chapter 3, we propose an approach of learning the representations for biomedi-

cal multivariate time-series data with real-work imperfections. Time series in healthcare

practices and biomedical research are typically multivariate, i.e., multiple biomarkers are

observed simultaneously at a time. However, they tend to be short, noisy, unaligned,

irregularly sampled, partially observed, and with only limited samples. These imperfec-

tions pose a challenge for mining information from data. In this work, we propose to use

dynamic-based representations to present such imperfect multivariate time series. Specif-

ically, we propose an approach to learn a corresponding Linear Dynamical System (LDS)

for a multivariate time series example and use the set of system parameters as a repre-

sentation for that example. Such a representation can capture interactions of different
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variables and provide a unified view of multivariate time series with different lengths, dif-

ferent missingness mechanisms, and different starting points. Other techniques are then

used to mine useful information and perform learning tasks based on the new representa-

tion. For example, we use support vector machine classification models with LDS kernels

in time series classification tasks. We have conducted experiments on both synthetic data

sets and real-life datasets. The accuracy in the leave-one-out symptomatic/asymptomatic

diagnostic tasks showed that our approach outperformed three baseline algorithms. More-

over, in experiments where various levels of imperfections were imposed on the H3N2

dataset, the accuracy of other baseline methods degraded significantly, but the accuracy of

our approach remained high.

Chapter 4 and 5 focus on output Representation Learning and its applications in the

problem of time-to-event estimation. The primary goal of a time-to-event estimation

model is to infer the occurrence time of a target event accurately. Most existing studies

focus on developing new models to utilize the information in the censored observations

effectively. In chapter 4, an output Representation Learning model is described to tackle

the time-to-event estimation problem. The model relaxes a fundamental constraint that

the target variable, time, is a univariate number which satisfies a partial order. Instead,

the proposed model interprets each event occurrence time as a time concept with a vec-

tor representation. We hypothesize that the model is more accurate and interpretable by

capturing 1) the relationships between features and time concept vectors and 2) the re-

lationships among time concept vectors. We also propose a scalable framework to learn

the model parameters and time concept vectors simultaneously. Besides, similarity infor-

mation among time concept vectors helped in identifying time regimes, thus leading to

a potential knowledge discovery related to the human cancer datasets considered in our

experiments. The model described in Chapter 5 complements some of the drawbacks in

the model in Chapter 4. The proposed model adopts a kernel-based large-margin learning

framework and simultaneously learns an input (feature vector) kernel and an output (event
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time) kernel to leverage the similarities among features and the similarities among event

times. Both of the models are evaluated and analyzed in experiments on 7 benchmark

datasets, and they are compared to 15 traditional and state-of-the-art models. The results

demonstrated the efficiency and effectiveness of the proposed models.
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