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ABSTRACT

Title: Resonance Phenomena and Long-term Chaotic Advection in Stokes Flows
Candidate’s name: Alimu Abudu
Degree: Master of Science in Engineering
Doctoral Advisory Committee Chair: Dr. Dmitri Vainchtein

Creating chaotic advection is the most efficient strategy to achieve mixing in a
microscale or in a very viscous fluid, and it has many important applications in
microfluidic devices, material processing and so on. In this paper, we present a
quantitative long-term theory of resonant mixing in 3-D near-integrable flows. We
use the flow in the annulus between two coaxial elliptic counter-rotating cylinders as a
demonstrative model. We illustrate that such resonance phenomena as resonance and
separatrix crossings accelerate mixing by causing the jumps of adiabatic invariants.
We calculate the width of the mixing domain and estimate a characteristic time
of mixing. We show that the resulting mixing can be described in terms of a single
diffusion-type equation with a diffusion coefficient depending on the averaged effect of
multiple passages through resonances. We discuss what must be done to accommodate

the effects of the boundaries of the chaotic domain.
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1. INTRODUCTION

Mixing problems appear in a wide range of applications. Although creating tur-
bulent flows is a common method to achieve mixing, it works only in flows with a
high Reynolds number. It is really difficult to create turbulent flow on a microscale or
in very viscous fluids. In these cases the most efficient strategy to achieve mixing is
to create chaotic advection (advection means that particles in the fluid always follow
the streamlines, and the inertial of the particles can be neglected). There are many
important applications of the chaotic advection, for example, in microfluidic devices,
material processing, chemistry, heat transfer, and so on.

The mixing process is quite complicated in many systems, so the aim of this study
is to construct a simple mathematic model to describe the chaotic advection caused
by resonance phenomena. The main purpose here is not to construct a detailed de-
scription of our specific problem but rather to develop an approach for a broad class
of problems and to generate intuition about what might happen in more complex
situations. D.L.Vainchtein, A.I.Neishtadt and I.Mezic proposed a general theory of
scattering on resonances and capture into resonances in volume-preserving systems.
In [9], they considered a 3D flow field between two coaxial counter-rotating cylin-
ders. They described what happens during a single passage through the resonance
and showed that the accumulation of the effects of multiple passages through the
resonance leads to the destruction of the adiabatic invariancy and chaotic advection.
They estimated the width of the chaotic domain, and the characteristic time of mix-
ing. They proposed that the boundaries of the chaotic domain are the streamlines

tangential to the resonance surface. Streamlines between those boundaries intersect



1. INTRODUCTION 2

the resonance surface, while those outside the boundaries do not. They proposed that
the resultant mixing can be qualitatively described by a diffusion type equation with
a diffusion coefficient depending on the average effect of multiple passages through
the resonance.

Based on the results and theory developed before, we improve the analytical de-
scription of the long-term evolution of the system and it is supported with numerical
simulations. In particular we prove that the long-term mixing can be quantitatively
described by the diffusion type equation.

The structure of the thesis is as follows: Chapter 1 is the introduction of the
general theory of scattering on resonances in volume-preserving systems and settings
of the model under study. Chapter 2 is the review of current literature. Chapter
3 presents the main equations of the system under study, and main definitions and
terminologies. Chapter 4 presents long-term chaotic behavior of the system and new
discoveries near boundaries of the chaotic domain of the system. Chapter 5 is the

conclusion of the research.

1.1 Chaos

Chaos theory is a topic in mathematics, physics, economics, and philosophy study-
ing the behavior of dynamical systems that are highly sensitive to initial conditions.
Chaotic behavior has been observed in a variety of systems in fluid dynamics, mechani-
cal and magneto-mechanical devices, electrical circuits, lasers, and chemical reactions.
Observations of chaotic behavior in nature include changes in weather, population
growth in ecology, and so on.

Lorenz started to study the chaotic behavior of weather in 1950s and set up a
simplified model [7|, for which he found that the solutions never settled down to
an equilibrium or to a periodic state. He also showed that slightly different initial

conditions resulted in totally different behaviors. The implication was that the system
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was inherently unpredictable, because the tiny errors in measuring the current state
of the atmosphere would be amplified rapidly, eventually leading to embarrassing
forecasts.

A few years later, many examples of chaos in iterated maps were found in popula-
tion biology. Later, Feigenbaum [17] discovered that there are certain universal laws
governing the transition from regular to chaotic behavior; roughly speaking, com-
pletely different systems go chaotic in the same way. Finally, many experimentalists
such as Gollub and Libchaber [18] tested the new ideas about chaos in experiments
on fluids, chemical reactions, electronic circuits, mechanical oscillators, and semicon-
ductors.

The formal definition of chaos [1]| is aperiodic long-term behavior in a system
that exhibits sensitive dependence on initial conditions. (1) "Aperiodic long-term
behavior" means that there are trajectories which do not settle down to fixed points,
periodic orbits, or quasiperiodic orbits as ¢ — oo. For practical reasons, we should
require that such trajectories are not too rare. For instance, we could insist that there
should be an open set of initial conditions leading to aperiodic trajectories, or perhaps
that such trajectories should occur with nonzero probability, given a random initial
condition. (2) "Sensitive dependence on initial conditions" means that nearby trajec-
tories separate exponentially fast, i.e., the system has a positive Liapunov exponent.

Small changes of initial conditions will make the system behave totally differently.

1.2 Mixing

Mixing is one of the most popular areas implementing chaos theory. As we know,
viscous fluids are not easily mixed. For example, much effort is required to mix honey
and sugar syrup. One of the reasons for this challenge is that turbulence is nonexistent
for such viscous flows. However, in such flows, certain simple dynamics gives rise to

chaotic behavior of particles’ trajectories, and it helps to mix the viscous fluids more
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easily. It is known as chaotic advection, which refers to the chaotic motion of particles
in a laminar flow.

Creating chaotic advection in the fluid makes neighboring fluid particles separate
exponentially with time, and particles spread over different regions of the fluid rela-
tively quickly which is a requirement for efficient mixing. For instance, the chaotic
advection is visualized as beautifully elongated structures stretch-and-fold in dye
spreading experiments. Nowadays, many industrial processes benefit from a better
understanding of mixing. This might partly explain the enthusiasm generated by
chaotic advection. In the following chapter, we will discuss the chaotic advection in

more detail.



2. LITERATURE REVIEW

2.1 Chaotic advection

When a particle moves with the fluid, the advection means that the particle can
do nothing but follow the fluid, instantaneously adjusting its own velocity to that of

the ambient flow:

Vparticle = VAuid- (2.1)
The particle’s velocity, Vparticlev is given by the rate of change of its position:
dr dy dz
Vparticle = (%’ e @) : (2.2)

where (z,y, z) is the position vector of the particle in Cartesian coordinates. We also

assume that the velocity component of the fluid is given by,

Viuid = [u(z,y, 2, t),v(z,y, 2, 1), w(z,y, 2, )] . (2.3)

The condition that the particle’s velocity equals fluid velocity leads to a system of

ordinary differential equations(ODEs) called advection equations:

dz
dt
dy
dt

= u(x7 y7 Z? t)?

= U(Jj,y72’,t),
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dz

- = . 2.4
== () (2.4

In 3D the flow need not be time-dependent in order to have chaos; steady flow will
do. In 2D the flow must be time-dependent to produce chaotic particle motion. Two-
dimensional kinematics of advection by an incompressible flow is equivalent to the
Hamiltonian dynamics of a one-degree-of-freedom system. In an integrable Hamilto-
nian system, all the trajectories are regular. The KAM(Kolmogorov-Arnold-Moser)
theorem [16] tells us that for sufficiently small nonintegrable perturbations of nonlin-
ear integrable Hamiltonian systems, most of the KAM tori survive, and are gradually

destroyed as the perturbation is increased.

2.2 Averaging method and adiabatic invariant

We consider the base flow is an integrable 3D flow that possesses two invariants
[9], and we assume that almost all the streamlines are closed curves. We can write

evolution equations (2.4) in the following forms:

jl = 0, jg = O, 0 = W(Il,IQ). (25)

Each curve is defined by the values of I; and I, and denoted as I'j, ;,. Now we

add a small perturbation to the base flow, and the full system becomes:

jl = 81]1(]1,]2,0), jg = €U2(Il,12,9), 9 = W(Il,IQ) +€g<11712,0). (26)

System (2.6) is volume-preserving if the right-hand side is divergence-free. For
0 < e << 1, flow (2.6) possesses two different time scales. The variable 6 changes
fast, of order of 1, while the variables I; and I, change very slowly, of order of ¢.
Thus, system (2.6) is called the slow-fast system. For a slow-fast system, if we want

to analyze short time dynamics of the system, we analyze exact governing equations.
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However, if we want to analyze the long time evolution, we can use the averaging
method to average evolution equations over the fast period (fast variable ). This
method can simplify our analysis on the long time dynamics of the system by reducing

the dimension of the system by 1. After averaging, system (2.6) becomes:

2m
jg = 8—/ ’Ugde. (27)
0

The original 3D volume-preserving system becomes a 2D volume-preserving sys-
tem. Introduce the flux ®(1y, I3) of the perturbation vector V = (vq, vy, g) across a

surface S spanning I'y, 7,:

B(I, I) = /(v - n)dS. (2.8)

The positive direction of n is the direction of angular velocity along the edge of S
in the base flow. Because of the conservation of volume, the value of ® is independent

of the choice of a surface. System (2.7) can be expressed as a Hamiltonian system:

: od . 0P
]1 = &=, IQ =

2 2.
al, o1, (2.9)

Therefore, ® is an adiabatic invariant of exact system (2.6). If 0 does not var-
nish anywhere along a streamline, ® (1, I5) would be conserved with the accuracy of
order of € over time which is of order of 1/e. However, this approximation is valid

everywhere except for a small part of the space where 0 ~ 0.

2.3 Resonance phenomena and mixing

For system (2.6) discussed in the previous section, the averaging method is not

valid near the resonance given by w(/y, I;) = 0. The equation w([, I5) = 0 defines a
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2D surface in the original 3D space [curves on the (I3, I3) plane], called the resonance
surface, or the resonance. In the vicinity of the resonance, the change of # is not fast
compared to the changes in /; and I5, so we can not expect the averaged system to
approximate the exact system adequately in the vicinity of the resonance.

As the trajectories pass through the resonance, the structure of streamlines be-
comes chaotic. A single passage through the resonance leads to the jump of adiabatic
invariant [4], and multiple passages through the resonance lead to the destruction of
adiabatic invariancy and chaotic advection. The accumulation of the effects of the

resonance phenomena creates mixing.

2.4 Applications of mixing

Mixing by chaotic advection has numerous applications in diverse areas of fluid
mechanics, especially for Stokes flows. There are several recent popular applications
in the engineering science. First, application is in microfluidic devices, in particular
in biofluidics, where the objective is to perform mixing within the microchannels of
a chip. In this kind of fluids, the Reynold number is low, of order of 1. Chaotic
advection provides an attractive engineering solution to achieve efficient stirring in
this context.

Another important application is in the material processing. Chaotic advection
offers a new method to develop fine-scale structures, and offers new opportunities to
develop processes where structure development among material components can be
better controlled, so that a variety of distinct material arrangements can be formed.

There are many other applications in different fields such as chemistry, heat trans-

fer and so on.



3. SETTINGS AND MAIN EQUATIONS OF THE FLOW

In the rest of thesis we discuss a model developed by D.L.Vainchtein, A.I.Neishtadt
and I.Mezic [9]. They set a model of Stokes Taylor-Couette flow between two infinite
coaxial counter-rotating cylinders, shown in figure 3.1. The inner cylinder is a perfect
circle and rotates in constant angular velocity, while the outer cylinder is elliptic and
rotates in the opposite direction with the angular velocity periodically changing in

the vertical direction.

(W]

ot

in

Fig. 3.1: Model of Stokes Taylor-Couette.

3.1 Unperturbed flow

The base flow is a Stokes Taylor-Couette flow between two infinite counter-rotating
circular coaxial cylinders. The z; variable is along the axes of the cylinders, r is the

distance from the common axis and 6 is an angle in the horizontal plane. The velocity
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field is shown in following form:
=0, 24 =0, 0 = wa(r, z4), (3.1)
with

wa(r, 2a) = wir |1 — ﬁ(l —nZ)| +w (1 - 77“5—‘;)1_17]2. (3.2)

Here 7;, 7, are the radii of the inner and outer cylinders, respectively, and n = r; /7.

The inner cylinder rotates with constant angular velocity w;, while angular velocity
of the outer cylinder w, is given by w, = w;(—1 + dsin(Agzq)), where A\, is the wave
number and ¢ is the amplitude of oscillations. Thus w, changes periodically with z,.
Qualitatively similar results can be obtained if instead of the varying w,, the outer
cylinder has a varying radius. Similarly, we could consider a flow inside a torus-shaped
container instead of the annulus.

We change all the variables into dimensionless variables. We rescale the time by

w; and the distances by r;:

_ w r z
f=tw;, w=— p=—, 2= A=A (3.3)
W; T T

From now on all the variables are in the dimensionless forms and the dot denotes
the derivative with respect to t. The following set of parameters was used in our

numerical results presented in the following sections:

=02 1,=10 n=02 0§=04, =2 (3.4)

The value of p changes between p = 1 (at the inner cylinder) and p = (1/n) =5
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(at the outer cylinder). For w(p, z), we have:

n 1 1 n . 1
4+ = + dsin(Az)(p — —). 3.5
[y el (Az)( p) (3.5)

w(p,2) = —p

In unperturbed system (3.1), everything moves nice and smooth. The trajectories

in (p, z) plane are straight lines with constant values of p.

3.2 The flow with perturbation

A perturbation consists of two parts. The first is a vertical (in the axial direction)
shear-type flow. We slowly pull up the inner cylinder in z direction with velocity in
order of €, and 0 < ¢ < 1 is a small parameter. The second is the cross section of
the outer cylinder is not a perfect cycle. It is elliptic, and its major axis a and minor

axis b have the following relationship:
—1=c¢x. (3.6)

Parameter k ~ 1 defines a characteristic ratio of the two perturbations. The full

3D flow is given by

p = ek(p—1)cosb,
z = e(1+Inp/lnny), (3.7)

0 = wip z)— 1e’;‘/<o(2p — 1) siné.
P

System (3.7) is a volume-preserving system. The axial velocity 2 equals € at p = 1
and vanishes at p = 1/n. In a limiting case of kK = 0, when the outer cylinder is
circular, the flow possesses the axial symmetry. Note that the reason for choosing
both perturbations to be of the same order is that it is the interaction between the

two perturbations that results in chaotic advection.
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08f
0B w=0
04r

02f

1 1 .I5 2 2.‘5 3I 3.I5 1‘1 4.I5 g
Radius Distance, p

Fig. 3.2: Flow domain of the system in (p, z) plane.

The right-hand side of (3.7) depends on z periodically with a period 27/X (1
for A\ = 2m) while z itself changes monotonically, regardless of the values of other
variables. Therefore, in all the figures below, we assume periodic boundary conditions

in z with a period 1.

3.2.1 Structure of the resonance

The wavy line in the middle of figure 3.2 is the resonance given by w(p,z) = 0,
and the vertical lines are tangential to the resonance surface. Trajectories between
two vertical lines intersect with the resonance, while those outside vertical lines do
not. The width of the domain between two vertical lines is calculated using (3.5) in
condition w = 0. The resonance surface R is given as a function of z in the following

form:

11471 —ndsin(\z)
pr(z) = \/5 14+n—0dsin(Az) (3:8)

Depending on equation (3.8), the minimum and maximum values of pg(z), respec-
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tively, are given by

114+n+nd 11+n—mno
Pmin =\ Ty s M MM Ty 39

Depending on values of the parameters defined in (3.4), we can calculate the width

of the mixing domain which is located between
Pmin =2 and  pmax = V7 = 2.6458. (3.10)

The domain between p, i, and pmax is known as the chaotic domain, and the
domain outside py i, and pmax is known as the regular domain.

3.2.2  Averaging method

Far from the resonance, which was defined in the previous section, the variables
p and z change slowly, ¢ and the variable 6 changes relatively fast, § ~ 1. Thus,
we can use the averaging method to average the evolution equations over the fast

variable 6 to get the averaged equations of motion:
p=0, 2 =¢(1+Inp/Inn). (3.11)

The averaged trajectories [in the full 3D, (p, z, 0), space| spiral around the cylin-
ders of constant radius with the direction of the rotation depending on the sign of
w. System (3.11) can be written as Hamiltonian equations, and p is an invariant. It
is also an adiabatic invariant of the exact system. In the absence of the resonance,
it would stay within order € from the initial value over time of order 1/e, which is
shown in figure 3.3a. The trajectories in the regular domain plotted in (p, z) plane
are just straight lines with constant p, shown in figure 3.4a.

However, when trajectories are close to the resonance, |6\ is decreasing. In the

vicinity of the resonance, 6, p, and 2z change in the same order, of order of . Thus,
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Fig. 3.4: The motion of the particle in (a) regular and (b) chaotic domain plotted in (p,z)
plane.
the averaging method is not valid anymore. When trajectories pass through the
resonance, the adiabatic invariancy breaks down. For instance, the trajectory in
chaotic domain keeps constant p for some time, and at certain point it jumps to
another value of p. This behavior continues all the time, and the jumps look quite
random, shown in figure 3.3b. The jumps of adiabatic invariant happen when the
trajectory passes through the resonance, shown in figure 3.4b. Therefore, we have
to analyze the dynamics of particles separately when they are in the vicinity of the

resonance.
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| =
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0 0
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Fig. 3.5: Schematic phase portraits on the (6,6) for (a) |bi| > |a| and (b) |b1] < |al.
3.2.3 Resonance variables

The equations of motion in the vicinity of the resonance are derived using changing

of variables discussed in [9]:

w = efilw,0,0),
0 = efy(w,0,0), (3.12)

0 = w+teg(w,o,0).

The new variable o is defined as,

N e/ Pr(2) s
=", /0 =0/ + )] sin(he) & (3.13)

Note that o is just an auxiliary variable. All the final results will be given in terms
of the original variable p, and z, and pg(z) denotes the value of p at the resonance
for the given value of z. As ¢ is a function of z only, we can simplify the right-hand

side of equation (3.12) to the following forms:

fio = a+bicost,
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a = 1_777725)\cos()\z)(p—%)(1+lnp/1nn), (3.14)
by = —Qkﬁ,
and
foo = (s~ 1)(1+ p/). (3.15)

Note that fi and f50 are derived from plugging the resonance condition (w = 0)
into functions f; and f,. The relation between a and b, defines the properties of the

phase portrait on the (0, ') phase plane. If

[b1] > al, (3.16)

the phase portrait looks like the one shown in figure 3.5a. If (3.16) does not hold,
the phase portrait looks like the one shown in figure 3.5b. Notice that these figures
correspond to a > 0. For a < 0 the plots should be reflected with respect to the
vertical axis and the direction of the arrows reversed. Note that a = 0 at Az = 7/2
and Az = 37/2 (where cos(Az) = 0). Therefore, while in the center of the mixing
region condition (3.16) may be satisfied or not, there are always zones near the edges

of the mixing regions where (3.16) is satisfied.

3.2.4 Scattering on resonance

Jump of Al between first layer boundaries

We name the two vertical lines tangential to the resonance surface the first layer
boundaries of the chaotic domain shown in figure 3.2. The position of inner and outer
first layer boundaries is at pjyper = 2, and poyter = 2.6458 from (3.10). The single

jump of adiabatic invariant Ap between first layer boundaries can be calculated using
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the following expression:
Ap = —25/Fk(p— 1) b st (3.17)
= —2s Klp — —qv, .
p p so00 \/ Q(h/* - V)
where s = sign(a). Hp is the resonance energy given by
1,5
Hp = 5(9) + V. (3.18)
The resonance potential, V, is
V(p,0) = —ab — by sinf — V, (3.19)
where V. is the value of V' at the hyperbolic fixed point 6. in figure 3.5a,
V.= —al, — by sinf,; cosf, = —a/b;. (3.20)

The value of p must be taken at the moment of crossing, and 6, and h, are the

values of 6 and Hpg, respectively, when the exact trajectory is at resonance R. The

potential V' = 0 at special points 6. and 6, at the resonance. In terms of &, we can

write (3.17) as

cos 0

p_l /9*
ViIal Jso /2] 820+ 60+ (by/a)sind |

Ap = —2s\/ek
with

h.
= Fractional part{ ———}.
¢ = Fractional par {27T }

[

o,

(3.21)

Note that £ is a variable uniformly distributed on (0,1) and it is very sensitive

to the initial condition. A change of order of ¢ in the initial condition results in an
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Fig. 3.6: The plot of Ap(§)/+/e as function of & for (a) kK =2 and (b) Kk =0.2.

order 1 change in £. For multiple resonance crossings, £ can be treated as a random
variable. Statistical properties of the scattering depend on the shape of the phase
portrait on the (6, 8) plane. If the phase portrait look like the one shown in figure

3.5a, the ensemble average of Ap is

2
pe—1
S 3.22
21 B ( )

(Dp) = —sv/e
where Sg is the area under the separatrix loop in figure 3.5a,

90
Sp =2 / \/—2Vd9’. (3.23)
0,

a

If the phase portrait look like the one shown in figure 3.5b, (Ap) = 0, as there is
no separatrix, Sg = 0.

We calculated Ap(€)/+/e for various values of parameter ¢ using equation(3.21),
and compared it with the results of numerical simulations obtained by direct integra-
tion of (3.7). In figures 3.6a and 3.6b, the plots represent Ap(§)/+/2 as a function of
&, respectively, for kK = 2 and kK = 0.2. The solid lines correspond to analytical val-

ues calculated from equation(3.21), and asterisks correspond to the values obtained
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Fig. 3.7: The motion of particles between (a) inner and (b) outer side of first and second
layer boundaries plotted in (p,z) plane.

numerically from equation(3.7). In figure 3.6a, kK = 2 and |by| > |a|, the Ap(&) has a
singularity. Therefore, there is a small possibility of large changes in p in the process
of scattering. However, as this singularity is logarithmic, (Ap) is finite. The values
of p in the right-hand side of equations(3.21) and (3.22) are, strictly speaking, those
at the moment of crossings. But, as characteristic values of Ap of a single crossing
are small, if we specify the initial conditions far from the resonance, we can use those
values of p in equations(3.21) and (3.22).

One can see that (Ap) > 0 if cos(Az) < 0 and (Ap) < 0 if cos(Az) > 0. As a
single jump is small, two consecutive crossings occur at almost the same values of p
and Sg. Therefore, it follows from equation(3.22) that the average change in p during

one z period is zero.

Jump of AT between first and second layer boundaries

The numerical results in following sections show that there is large transport of
particles between the domain inside first layer boundaries and the domain outside first
layer boundaries. We find out that the jump of the adiabatic invariant also happens

for particles in the domain outside first layer boundaries, where the resonance does
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Fig. 3.8: The plot of Ap as function of 0 for different values of p.

not exist. The jump of adiabatic invariant happens at z; = 3/4 (sin(Az;) = —1), near
the inner first layer boundary, shown in figure 3.7a. The jump of adiabatic invariant
happens at zo = 1/4 (sin(Azg) = 1), near the outer first layer boundary, shown in
figure 3.7b. The jump of adiabatic invariant happens once in each slow period in
the domain outside first layer boundaries, instead of twice in each slow period in the
domain between first layer boundaries.

The magnitude of Ap outside first layer boundaries depends on both 6 and the
distance between the particle and the first layer boundary, shown in figure 3.8. When
particles are close to the first layer boundaries, the magnitude of Ap is large, and w is
relative small (of order of /) at z; close to the inner first layer boundary, and at zo
close to the outer first layer boundary. As particles moving further from the first layer
boundaries, w increases and the magnitude of Ap decreases. Figure 3.9 represents
the variance of the distribution of Ap for uniformly distributed 6 as the function of
p. The absolute values of Ap and the variance of the distribution of Ap decrease
as the distance between particles and the first layer boundaries increases. We can
use the variance of A\p to estimate the approximate position of the boundaries which
the streamlines that start in the mixing domain do not penetrate. The boundaries

are named second layer boundaries or last invariant tori, and they are the actual
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Fig. 3.9: The variance of distribution of Ap as function of p.

boundaries of the chaotic domain.

Improved AT

As discussed in the previous section, when particles are in the region between
first and second layer boundaries, as the distance between particles and the first
layer boundaries increases, the magnitude of jumps of adiabatic invariant decreases.
If this distance keep increasing, it becomes really difficult to distinguish the jumps
of adiabatic invariant from oscillations of adiabatic invariant. In this situation the
improved adiabatic invariant is very useful. The improved adiabatic invariant p is

given by,

p=p—cr”

sin 6. (3.24)

The change of p is of order of €2, shown in equation(3.25). Improved adiabatic
invariant p has a singularity at the resonance. This property of p helps to distinguish
Ap from oscillations of p, shown in figure 3.10.

dp __ sinf p—1 ow . Ow .,

ik [T(a—pﬂ + 52) — /) (3.25)
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3.2.5 Long-term chaotic advection

The accumulation of the effects of the jumps of adiabatic invariant leads to the
destruction of adiabatic invariancy and the chaotic advection in 3D volume-preserving
flows. There are two quantities that describe the chaotic advection: the size of the
chaotic domain and a characteristic rate of mixing inside the chaotic domain.

The chaotic domain is separated into three parts, represented as A, B;, Bo. Do-
main A is between the first layer boundaries, B; is the domain between the inner first
layer and inner second layer boundaries, and By is the domain between the outer first
layer and outer second layer boundaries. The size and the location of A depend on
the size of the annulus, 7, and the amplitude of the frequency oscillation, 9, and is
independent of €. However, the sizes of B; and Bp not only depend on 7 and 4, but
depend on € as well. As ¢ decreases, domain B; and Bg squeeze. When ¢ goes to
zero, the sizes of Bj and By go to zero, and the second layer boundaries overlap with
the first layer boundaries. For instance, the second layer boundaries are much closer
to the first layer boundaries for ¢ = 10~* than they are for ¢ = 1073,

We can estimate the rate of mixing by assuming the statistical independence of
consecutive crossings. Recall that for multiple resonance crossings, £ can be viewed
as a random variable, and the jump of adiabatic invariant can be treated as a random

walk with a characteristic step of order of \/c. Hence, after N resonance crossings,
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Fig. 3.11: The diffusion coefficient, D(p), as function of p.

a value of p changes by a quantity of order of VN x V€. The mixing can be called
complete if a trajectory spreads all over a chaotic domain, and the difference of p
between inner and outer chaotic boundaries is of order of 1. Thus, it takes N ~
1/e resonance crossings to complete the diffusion. The time between two successive
resonance crossings is of order of 1/e, so the characteristic time of mixing Ty is
of order of e72. For € = 0, the rate of mixing 1/Ty varnishes, and the dynamics is
regular. As e — 0, it takes a longer and longer time for streamlines to mix, Ty; — oo.
Many systems with random walks are described using diffusion equations, that for
the system under consideration can be written as
Mo (200, 20
In (3.26) Up is a probability distribution function, which denotes the number of
trajectories having the value of p in the interval p + ¢ after N resonance crossings.

The diffusion coefficient, D(p) is given by the dispersion of Aps.

D(p) = / (Dpl€) — (Lp))e. (3.27)
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The profile of D(p) as a function of p for k = 0.2 is presented in figure 3.11. The

values of other parameters are specified in (3.4).

The boundary conditions used for solving diffusion equation (3.26) are

ov

_ e O

ap | p=2.0085 ;

ov

— | _ = 0. 3.28
ap | p=2.6301 ( )

This boundary conditions are given by condition |b1] < |a|, to make sure all

particles are pure scattering.
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4.1 Numerical results of adiabatic spreading

In [9], Vainchtein, Neishtadt, and Mezic proposed that the mixing process can
be qualitatively described by the diffusion type equation (3.26), but they did not
quantitatively demonstrate it. To quantitatively check the validity of the theory
developed in [9], we performed a set of numerical simulations using the values of
parameters specified in (3.4) and e = 1073, k = 0.2. We took 1000 different particles
uniformly distributed in a small cubic box in the size of e. We took 4 boxes (boxl,
box2, box3 and box4) from different positions in the chaotic domain. Box1, box2 and
box3 were picked from the middle of the chaotic domain, and respectively the size
of box1 was pj, X 2, X 03, = [2.220,2.229] x [0.251,0.260] x [0.011,0,020], the size
of box2 was pj, X 2y, x 0, = [2.232,2.241] x [0.251,0.260] x [1.100,1.109], and the
size of box3 was p;, X 2y X 05, = [2.331,2.34] x [0.251,0.260] x [0.001,0.01]. We
picked box4 close to the outer first layer boundary with the size of p;, X 2, X 05, =
[2.551,2.560] x [0.251,0.260] x [0.001,0.010]. We considered the Poincaré sections
located at z = N 4 0.25 and z = N + 0.75, where N is a set of integer numbers.
Every trajectory crosses the resonance once between two consecutive sections.

The results of our numerical simulations for 4 different boxes showed that the
particles which initially concentrated in those small boxes start to diffuse after mul-
tiple resonance crossings, and in the end, the distribution of particles in the radius

direction is quite uniform, shown in figure 4.1 for box1. The solid line in figure 4.1 is
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the solution of the diffusion equation (3.26) using box1 as the initial condition, and
both results are consistent with each other. The same results are also obtained for
other boxes.

The second moment of the distribution function ¥(p, N') of numerical simulations
for box1, 02, is shown as the dash line in figure 4.3. The constant slope of the solid
line in figure 4.3 is the diffusion coefficient D(p) analytically calculated using equation
(3.27) for box1({pg) = 2.225). The second moment of numerical simulations o2 is very
close to D(p) in the beginning, before particles reaching the first layer boundaries.
However, when particles start to cross the first layer boundaries, o and D(p) start
to diverge. In the end, 0 comes to an asymptotic value with small oscillations. That
asymptotic value is the variance of uniformly distributed particles in the chaotic
domain, shown as horizontal lines in figure 4.3. The same results are also obtained
for box2({py) = 2.236) and box3((py) = 2.335). However, the second moment of the
distribution function W(p, N) for box4({pg) = 2.556) does not follow D(p) at all, and
it means the diffusion coefficient(3.27) need to be modified near the boundaries of the
chaotic domain in order to match the numerical simulations.
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Fig. 4.1: The histogram of ¥(p, N) after different numbers of resonance crossings for boxl.
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4.2 The structure of second layer boundaries

The first layer boundaries is used to be thought as the boundaries of the chaotic
domain. However, the results of numerical simulations showed that there is large
transport of particles between the domain inside and outside first layer boundaries,
shown in figure 4.5 for box2. However, those particles do not go too far from the
first layer boundaries and stop at second layer boundaries, shown as the dash lines in
figure 4.17. The estimated locations of second layer boundaries are at pj e = 1.958
and poyter = 2.734 based on the numerical results. The existence of the second layer
boundaries is also proved by the second moment of distribution function ¥(p, N) for
box2, shown in figure 4.7. The total number of particles out of first layer boundaries
is approximate 1/5 of total particles when the system reaches the steady state. These
results are shown in figures 4.18a and 4.18b. The same results are also obtained for

box1, box3 and box4.



4. PROPERTY OF DIFFUSION

33

Fig. 4.18:

Fig. 4.19:

Fig. 4.20:

260

. o ~
=1 @ 5}
= 3 El

Number of Particles

m
=

L L L L L L L L
200 400 600 800 1000 1200 1400 1600 18000

N
(a)

Number of Particles

260

I
5}
El

@
3

=1
=

m
=

L
200

L
400

L
600

L L
800 1000

N
(b)

L
1200

L
1400

L
1600

1800

The number of particle out of (a) inner side, and (b) outer side of the first layer
boundaries versus number of resonance crossings for box2.

250

200

180

100

Number of Paricles

50

- ‘ot o B £s

e be

200 400 600 G600 1000 1200 1400 100 1800

(a)

Number of Paricles

250

200

200

400

600

600 1000

(b)

1200

1400

1600

1600

The number of particle out of (a) inner side, and (b) outer side of the first layer
boundaries versus number of resonance crossings for box3.

250

200

180

100

Number of Paricles

50

L L L L L L L L
200 400 600 800 1000 1200 1400 1600 18000

N

(a)

Number of Paricles

250

50

L
200

L
400

L
600

L L
800 1000

N

(b)

L
1200

L
1400

L
1600

1800

The number of particle out of (a) inner side, and (b) outer side of the first layer
boundaries versus number of resonance crossings for box4.



5. CONCLUSIONS

In the present thesis, we have shown that the jumps of adiabatic invariant not
only happen when the trajectories pass through the resonance between first layer
boundaries, but also happen in the domain between first and second layer boundaries
where the resonance does not exist.

We show that multiple passages through the resonance lead to the destruction of
the adiabatic invariancy, and lead to the chaotic advection and mixing. We quantita-
tively demonstrated that the resultant mixing can be described by diffusion equation
with flux-free boundary conditions. However, the boundary conditions need to be
modified when the initial conditions picked near first layer boundaries, in order to
make the solution of the diffusion equation to match the numerical simulations of the
system.

The first layer boundaries are not actual boundaries of the chaotic domain, while
second layer boundaries are. We showed that there is large number of particles trans-
ported between the domain inside first layer boundaries and the domain between first
and second layer boundaries, but particles do not penetrate second layer boundaries .
The distance between first and second layer boundaries not only depends on the size
of the annulus, 7, and the amplitude of the frequency oscillations, §, but also depends
on the magnitude of perturbation, . As e decreases, for fixed value of n and 9, the
distance between first and second layer boundaries decreases. And ¢ — 0, first layer

and second layer boundaries will be overlap.
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