EXACT RELATIONS SATISFIED BY THE EFFECTIVE
TENSORS OF TWO-DIMENSIONAL TWO-PHASE
THERMOELECTRIC COMPOSITES.

A Thesis
Submitted to
the Temple University Graduate Board

in Partial Fulfillment
of the Requirements for the Degree of
MASTER OF SCIENCE

by
Sarah Childs
August, 2020

Examining Committee Members:

Yury Grabovsky, Advisory Committee Chair, Mathematics
Martin Lorenz, Mathematics, Temple University

Vasily Dolgushev, Mathematics, Temple University
Solomon Jekel, Mathematics, Northeastern University



©

by
Sarah Childs
August, 2020

All Rights Reserved

iii



iv

ABSTRACT

EXACT RELATIONS SATISFIED BY THE EFFECTIVE TENSORS OF
TWO-DIMENSIONAL TWO-PHASE THERMOELECTRIC COMPOSITES.
Sarah Childs
MASTER OF SCIENCE
Temple University, August, 2020

Professor Yury Grabovsky, Chair

Thermoelectric materials have been used for cooling and heating systems for over a
hundred years. Today practical applications of thermoelectric devices include cooling
car seats, power generation, and refrigeration. Thermoelectric materials are special
for their ability to convert temperature imbalances into electricity. Their applications
can inform the discourse about the transition to renewable energy sources—something
that our Earth most desperately needs. The goal of this dissertation is to describe how
the effective tensors of two-dimensional thermoelectric composites made from two
isotropic materials depend on thermoelectric parameters of the constituents. Using
the theory of exact relations and links developed by Grabovsky and his collaborators,
we describe all equations satisfied by the thermoelectric effective tensor of a composite
without the explicit knowledge of its microstructure. In some special cases, the
effective tensor can be determined completely. Even in the general case, four out
of 10 components of the two-dimensional thermoelectric tensor can be expressed in
terms of the remaining 6, regardless of the microstructure. We started with special

cases and worked our way up to the more general ones.
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CHAPTER 1

EQUATIONS OF

THERMOELECTRICITY

1.1 Physics of thermoelectricity

Thermoelectric properties of a material are described by the relations be-
tween the gradient Vu of an electrochemical potential, temperature gradient VT,
current density jg and entropy flux jg [2]. The total energy U = U(S, N) is a func-
tion of entropy and the number of charge carriers N. Therefore, the energy flux U is
given by

ou ou

where T is the absolute temperature and p is the electrochemical potential. Thus,

in a general heterogeneous medium we have
Ju=T3s+ nje,

where jy is the total energy flux, jg is the entropy flux and jg is the electric current

(charge carrier flux). The conservation of charge and energy laws are expressed by



the equations

V.jg=0, V-jy=0. (1.1)

In addition to conservation laws we also postulate linear constitutive laws that relate
the electric current and the entropy flux to the non-uniformity of electrochemical
potential and temperature. In a thermoelectric material these two driving forces are

coupled:

JE = M1V (—p) + M2V (=T,
M}, = My, M., = Moy, (1.2)

Js = MV (—p) + MxnV(-T),
where the Onsager reciprocity relation are incorporated in the above constitutive
laws in the form of the symmetry of the tensor relating the fluxes to the gradients
of the thermodynamic driving forces. We will now examine the physical meaning of
the constitutive tensors M;;, and change notation for them accordingly.

When the temperature is constant, we have jp = M1V (—p), which is
an ordinary conductivity. Indeed, the electrochemical potential p is a sum of the
electrostatic potential and a chemical potential. The latter depends only on the
temperature and is therefore constant. In this case E = V(—pu) is the electric field
and the first equation in (1.2) should read jr = o E, where o is the isothermal
conductivity tensor. Thus, M7; = o, which is a symmetric, positive definite d x d
matrix, where d = 2 or 3.

In the absence of the electrical current (jp = 0) the gradient of —u has
the meaning of the electromotive force generated by a temperature gradient. This is

called the Seebeck effect [8]. Writing
€Eemf = _V,U' = SVTy

where the d x d matrix S is called the Seebeck coefficient (tensor). We see, from the

first equation in (1.2), that My = o S.



The heat flux at zero electric current is characterized by the heat conduc-

tivity tensor jy = —k VT, which gives a formula for Mas:

K
My = T—FStO'S.

We observe that the assumption of symmetry and positive definiteness of
the electrical and heat conductivity tensors o and k, respectively, is equivalent to

the symmetry and positive definiteness of the 2d x 2d matrix
o oS

S'c k/T+S'cS

that describes constitutive relation (1.2)
=M . (1.4)

Notwithstanding the assumption of linear dependence of fluxes on the gradients of
the thermodynamic driving forces, the equations of thermoelectricity are inherently

“material” tensors o, S and k depend on the tem-

nonlinear, especially since all the
perature. Recalling that the flux jy and not jg, which is conserved (i.e., divergence-
free), we should rewrite the constitutive equations relating (jg,ju) to gradients of
the potentials. However, this will break the symmetry of the constitutive relation.
To retain the symmetry we follow Callen [2] and define the new potentials

1

T

P ==, Py =

NI=

denoting
er =V, e =Vio, J1=—Jp, J2=Ju,

we obtain

J1 = Li1e1 + Lises,

jo = Liye1 + Lases,



where
Ly =To, Lis=-T(uo+Tc8S), Ly =T[p?c+Tvy+Tu(cS+ S'o)]. (1.6)

Now the new “material tensor”

o —o(p+1T8)
L=T (1.7)

—(p+TS)Yo Tk+ (u+T8)'o(n+TS)
is symmetric and positive definite if and only if M, given by (1.3), is symmetric and
positive definite, i.e. if and only if o and k are symmetric and positive definite d x d

matrices, d = 2 or 3.

1.2 Linearized equations of thermoelectricity
In what follows we will be interested in the “small fluctuation regime”
/’L:,UO—FQE’ T:T0+6f

As € — 0 the equations of thermoelectricity (1.1), (1.3) and (1.4) become linear
with respect to iz and T, with temperature-dependent coeflicients set to their values
corresponding to T' = Ty. We have already observed that the full thermoelectric
system is invariant with respect to addition of a constant to the electrochemical
potential p. Therefore, we can set pg = 0, without loss of generality.

In what follows we use notation p and 7" instead of iz and T. Thus, modifying

the potential ¢

[+ — Mo
T Y

1 —
Thus, for linearized problems we can write

jl VI/Jl O'/To —oS
=L , L=12 , (1.8)

o Vo ~S'oc k+TpS'oS



where all physical property tensors o, k and S are evaluated at T" = Ty—the working
temperature. From the block-components of L in (1.8) we can recover the physical

parameters:

_ _ 1
o =pBoL11, S=-BoLy]Liz, k=pF(Lar— LiZLi'L1s), fo= T (1.9)



CHAPTER 2

ISOTROPIC MATERIALS

From this point on we will be dealing only with block-components L;; of the
thermoelectric tensor L. All our conclusions could then be translated into statements
about physical parameters via (1.9), while the physical parameters themselves will
no longer be used or referred to in the sequel.

A general thermoelectric tensor L is anisotropic, i.e. its N components will
change when we rotate the material. However, of particular interest are isotropic
materials, which look the same in all orientations, like a ball. Such materials have

thermoelectric tensors of the form

sitdg <i2dg S11 S12
L= =¢® I, S = ) (2.1)

ciodg <a2ly G12 S22

when d = 3. When d = 2 the form is a little more complicated

0 -1
L:U®IQ+TRJ_®RJ_, RJ_: . (2.2)

1 0

Here I; denotes a d x d identity matrix. The tensor (2.2) is positive definite if
and only if & > 0 and det o > 2. In this study we will be interested in two-phase
composites, i.e., composites made of two different thermoelectric materials L4 and Lp.

If tensors L4 and Lp are anisotropic, it means that in a composite described above we



have to use these materials in one fixed orientation. This is very often impractical,
and we will restrict our attention to polycrystals, where we are permitted to use
each anisotropic material in any orientation, so that at different points we may have
different orientation of the same material. Because of this, tensors L4 and Lg have to

be isotropic, if we wish to consider two-phase composites that are also polycrystalline.



CHAPTER 3

PERIODIC COMPOSITES

Let Q = [0,1]¢. Tt is a unit square when d = 2 and unit cube when d = 3.
Let us suppose that @ is divided into two complementary subsets A and B. We place
one thermoelectric material in A and another in B. If the corresponding tensors of

material properties are denoted by L4 and Lpg, then the function
L(x) = LaXa(x) + LpXp(x)

describes this situation mathematically, since L(x) = L4, if and only if * € A and
L(z) = Lp, if and only if # € B. Here Xg(x) is the characteristic function of a subset
S, taking value 1, when x € S and value 0, otherwise.

Now we are going to tile the entire space R? with copies of the “period cell”
@, generating a Q-periodic function Lpe(x), T € R?. Specifically, in order to find
the value of Lpe () at a specific point € R? we first find a vector z with integer
components, such that x — z € @ and then define Lyer(x) = L(x — 2). In general
Lper(1) = Lper(2), whenever &1 — a2 has integer components.

A periodic composite material [9, 1] would have such a structure on a mi-
croscopic level. Mathematically, we choose ¢ > 0, representing a microscopic length

scale and define L (x) = Lpe;(x/€), restricting @ to lie in a subset & C R? occupied



by our composite. On a macroscopic level, such a composite will look as though it
is a homogeneous thermoelectric material. Its thermoelectric tensor L*, called the
effective tensor of the composite, is a complicated function not only of the tensors L 4
and Lp of its constituents, but also of the set A (B = @ \ A) [5]. Specifically, if we
keep L4 and Lp fixed and change only the shape of A, then the effective tensor L* will
change as well. Understanding how L* depends on the shape of A is an important
(and difficult) problem that could help design thermoelectric composites with desired
properties. Even though, there is a mathematical description of L* as a function of

A, it is complicated and we will not be needing or using this description.
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CHAPTER 4

EXACT RELATIONS AND

LINKS

Let us recall that the thermoelectric tensor L is a 2 x 2 block-matrix

Ly Ly
L= , (4.1)

Liy Ly

where Lq; and Loy are symmetric d X d matrices. Therefore, we are going to think
of each such tensor as a point in an N-dimensional vector space, where N = 2d? +d,
the dimension of all symmetric 2d x 2d matrices.

Now, let us imagine that we have fixed two such points, representing tensors
L4 and Lp and we are making periodic composites with all possible subsets A C Q.
For each choice of the set A we get a point L* in our N-dimensional vector space. The
topological closure of the set of all such points corresponding to all possible subsets
A C @ is called the G-closure of a two-point set {La,Lp} [6, 11]. We will see that in
the case of two-dimensional thermoelectric composites such G-closures will in general
be compact subsets of 6-dimensional submanifolds of the 10-dimensional space of all
two-dimensional thermoelectic tensors. In particular, making composites made of

thermoelectic materials from such a submanifold will produce effective tensors lying
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on that same submanifold. Equations describing such a submanifold are called exact
relations [7, 4]. In the language of composite materials, these relations will be satisfied
by all composites, as long as they are made of materials that satisfy these equations.

In addition to exact relations we will also be interested in links between ef-
fective tensors of composites with the same microstructure but different constituents.
The links of special interest to us relate thermoelectric properties of our composite

to conducting properties of the composite with the same microstructure.

4.1 Exact relations

One example of exact relations is physically obvious. If all materials in
a composite do not exhibit thermoelectric effect, then the composite will not be
thermoelectric, no matter what microstructure is used to create the composite. In
our geometric point of view such an exact relation is given by the 6-dimensional
submanifold in the 10-dimensional space of symmetric 4 x 4 matrices, representing

thermoelectric tensors.

Mg = L1 >0, Ly>0,. (4.2)
0 Lo

In order to distinguish and refer to various exact relations we use the same numbering
as in [3], where all exact relations, including all intersections have been enumerated
and described. Here the numbers carry no other information or function than to
distinguish different exact relations, which are fully described here.

A nontrivial example of an exact relation from [3] is

Mi;={L>0:LJ@R)L=J®R,}, J= , (4.3)
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In block-components we can rewrite this as

ng COf(LQQ)
det ng

Lt
M17:{L>O:L11: 12, dethg—detLu:l}. (44)

Of course, there is symmetry between indices and we also have

L§2C0f(L11)L12
det Lo

M17={L>0:L22: ,detLH—detLu:l}.

4.2 Links

A physically obvious example of a link comes from the physically obvious

exact relation (4.2). The effective tensor

Ly 0
L* =
0 L3
of such a composite is expressed in terms of the effective conductivity of composites
Lq(x), Ly(x).

Let us now give an important nontrivial example of a link, which we call a
global link. Suppose that L(x) is a local thermoelectric tensor of a two-dimensional
periodic composite, and L* is its effective thermoelectric tensor. A global link is a
function W(L) with values in the space of thermoelectric tensors that has the property

that W(L*) is the effective thermoelectric tensor of the periodic composite with the

local thermoelectric tensor ¥(L(x)). In short,
U(L(x))" = ¥(LY). (4.5)
All such links have been computed in [3]. They are given by

ai; a2
Uap(l)= (B L) (a1l + anT)(anpl + anT) ' T(B'® L), A= ;

az1 a2
(46)
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where A and B are 2 x 2 invertible matrices, and T = R| ® R|. We remark that
Uap(L)=(B®L)T(ail + anT)  (anl + anT)(B' ® I).

It is important to note that different pairs of matrices { A, B} C GL(2,R) can define

the same transformation ¥4 g. Specifically,

Ao
UVxaB=VYan, Yars=V¥a, s, Ay = A (4.7)

for any nonzero real number A. Thus, without loss of generality, we may assume that

|det A| = |det B| = 1. Even with this assumption we still have symmetries

V_aB=VasB, Va_-B=VYaB.

We note that transformations (4.7) form a Lie group with the composition law

-1
det B 0 detB 0
VarpoVayp =V my g g, A” = A

(4.8)

We note that if det By = 1, then V4, B, oV a, B, = Va4, 4, B, B, For future reference

we observe that the most general transformation W4 g, such that U4 g(l) =1 has
ag 1
A= , BeO(2,R). (4.9)
1 ag

We note that each of the global links (4.6) maps an exact relation into an exact
relation. We therefore, have the option of deriving only the exact relations passing
though Ly = I. Any other exact relations can be obtained as images of the ones

passing though Ly by an application of the link (4.6).
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CHAPTER 5

TWO PHASE COMPOSITES

WITH ISOTROPIC PHASES

5.1 Problem formulation
Suppose, we are given two isotropic thermoelectric tensors
Li=a®Iy+mT, Lo = @Iy + 1T,

Our goal is to say as much as we can about the effective thermoelectric tensor L* of a
two phase composite made with L; and Lo, provided we know about the microstruc-
ture at most the volume fractions with which they are used in the composite. The
most natural approach is to use the global link (4.6) to eliminate the thermoelectric
coupling coefficients r; and (¢;)12. For three-dimensional thermoelectric composites
this has been done in [10] by means of the linear links (4.6) of the form ¥y, g. In two
space dimensions the same method applies only when r; = r9 = 0. We can eliminate

the thermoelectric coupling from L; by the transformation

Vi) = (g PO L)(L—nT)(q * o L) (5.1)
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maps L; to I, while

L' = Uy(Ly) = s ® Iy + pT,

where

— — ro —T
C=¢q 1/2§2§1 12 p=—— (5.2)

Vdet¢

Next we apply transformation Wy = W4 1,, where A is given by (4.9).

Wo(L) = (aol + T)(L + aoT) ' T = T(L + aoT) *(agL + T). (5.3)

This family of transformations parametrized by ag € R\ {1,—1} have the property

that Wo(l) = 1. A direct calculation gives the formula
Uo(c @ I+ pT) = ps @ Ip + vT,

where

1 —a? apdets — (p+ ag)(agp + 1)
= 3 VvV = 2 . (54)
dets — (p+ ap) dets — (p+ aop)

Our goal is to choose the value of ap so that v = 0 in (5.4) and ¢ is diagonal. It will
therefore be convenient to work in the frame in which ¢ is diagonal. The requirement

v = 0 gives the quadratic equation for ag:

(a3 + 1)p = ao(dets — (p* +1)). (5.5)

This equation has distinct real roots if and only if

|r1—r2|< ‘\/detgl—\/detgg‘. (56)

For this reason we call this a “weakly coupled regime”. If we have equality in (5.6),
then we will say that we are in a “borderline regime”. Let us consider the weakly

coupled regime first. If (5.6) holds and ag solves (5.5), then

S
V(s +pRI @R,) = (CLOP‘Fl)R@I} (5.7)
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This choice of ag (by design) eliminates the thermoelectric coupling coefficients, per-
mitting us to express the effective thermoelectric tensor of the composite in terms of
the effective tensors of 2D conducting composites.

When inequality in (5.6) is reversed we are in a “strongly coupled regime”.
In this case we need to find a transformation (4.6) that maps L; into a different exact

relation. The appropriate one is (4.3) A simple calculation shows that
¢ +rTeMy; <= o011 =09 and detg =72+ 1. (5.8)
We therefore choose a different chain of global links. We first apply
V(L) = (o P @ R)Lg @ 1) (5.9)

and compute

"

Pi= Vdetg

\I’O(Ll) = |+p1T:L/1, \Ifo(Lg):§®IQ+p2T: LIZ,

In this case we will choose to work in the frame in which 011 = 099, as suggested by

(5.8). It turns out that affine transformations

Usl) =al +bT, a>0,beR (5.10)
are sufficient for our goal to map L into My7. For L = W5(L%), j = 1,2, we compute

LY = al + (ap1 +b)T, 5 =as® I+ (apy +b)T.
In our frame the requirement that L;-’ lie on M7 is equivalent to
a® = (ap1 +b)? +1, a?det¢ = (aps + b)* + 1.

The values of ¢ > 0 and b € R with these properties are
Jets—1+pi—pf 4p?

a? = . (5.11)

b= % ; ((p+1)2 — det)(dets — (p — 1)2)

Recalling that |p;| < 1 and |p2| < v/det s, we obtain

ol = lp2 = p1] < |p2| + |p1]| < Videtc + 1.
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The positivity of the right-hand side in the expression for a? in (5.11) is then equiv-

alent to

(p+1—+dets)(Vdets — 1+ p) >0,

which is also equivalent to

p? > (Vdets —1)? = |r; — 1| > [V/detg — v/det gl

We conclude that, the desired parameters ¢ > 0 and b € R exist if and only if we
are in the strongly coupled regime. Hence, we can always use (5.10) with a > 0 and
b, given by (5.11) to map L;- onto M7 exact relation. Applying this exact relation
permits us to express the 10 thermoelectric moduli of the composite in terms of only
6 microstructure-dependent parameters. The explicit structure of the effective tensor

will be derived in the next section.

5.2 Summary of results

In the list below we will use several common notations.

e In those cases when ¢; and ¢y are not scalar multiples of one another we denote

A1 and A2 the two distinct (and positive) generalized eigenvalues solving
det(ca — A1) = 0. (5.12)
The ordering of the eigenvalues (as well as of ¢; and ¢2) is unimportant.

e The expressions for the effective tensor of the composite will frequently involve

the matrices

2= Ais

G2 — A2y
S = _ 27 A2t
1 )\2_)\1 ;

Sy = . 5.13
2= oy (5.13)
e The notation ¢*(h) refers to the effective conductivity of the 2D conducting

composite where the conductivity of material 1 is 1 and the conductivity of

material 2 is A > 0.
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Within the context of weakly coupled, strongly coupled and borderline cases there
are several special case where we can say a lot more about the effective thermoelectric
tensor of a composite. All such special cases correspond to smaller exact relations
lying inside the ones corresponding to the three general cases above. The knowledge
of a complete list of exact relations permits us to identify all the special cases, which

we presently describe.
Deterministic case

1 = 6150, 2 = bacp, |r1 — 12| = |01 — 02]v/dety. The formula for the effective

thermoelectric tensor is L* = ¢* ® Is + r*T, where

% 1y -1 o (r(@)f(x)"")
(cl@)), = ROCEE (5.14)

In this case the effective thermoelectric tensor is determined regardless of the mi-

crostructure, which is why we call this the “deterministic case”.
Special borderline case

Li=¢ +irgR,, Ly = o +irgR |, moreover, det¢; = det¢p. The formula for the

effective thermoelectric tensor is

S1
L* =roT S * F=¢"(A 1
T (s k82 wc =) (5.15)

where A > 0 is one of the two roots of (5.12). (The other is then 1/A.) The result
is independent of the choice of the root in (5.12) and the choice of which material is

has index 1 and which has index 2.

Generic borderline case

r1 — | = [V/detq — /det

, 71 # 9. The formula for the effective thermoelectric
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tensor is

(%

det 1

L* = S1®¢"cof (L*)¢*+So @ L* + (S1R1S>®¢*R  L*+SsR | S1®L* R ¢*)+

+ (r1 —a)T (5.16)

where

0o VIS VTG fape ( M) |

T — T2 A1
Special weakly coupled case

1 = 010, 2 = 0250, |r1 — 12| < |61 — O2|\/detgy. The formula for the effective

thermoelectric tensor is

ao(1 — det ¢*)y/det ¢1
S pra—— T, (5.17)
S ag

|+
SECAN (1 det< — a2

where g solves (5.5) and

o ((7"2 —7r1)ag + \/detq)
vV det $)

A uniform field relation

|11 — ro|? = det(s; — ¢2). This equation states that the tensor AL = L; — Ly is
singular. Since the tensors Li, Lo are isotropic the null-space of AL is rotationally
invariant, and therefore, two-dimensional, since AL # 0. For any vector e in the
null-space of AL we have Lie = Lye. This means that the two constituents of the
composite respond identically to the applied uniform fields e, and therefore L*e =
Lie = Lee. That’s why these equations are called the uniform field relations. In
addition to these formulas our general theory shows that L* can be expressed in
terms of the effective conductivity of a specific conducting composite. This fact is
not captured by the uniform field relations. We therefore follow our general procedure

to obtain an explicit representation of the effective tensor in terms of the material
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properties of the constituents and the effective conductivity of a composite with the

same microstructure. The effective tensor of a composite is

L* =ao" <S1 ® AT+ S, ® A5 + L(51RLSQ ®¢"RL + SR, 81 ® Rﬁ*)>

vdet ¢
+ BT, (5.18)
where
AY =¢* —a2l,, A5=Iydet¢* —alc* a—l_a%
1=9 042, o = 12 S 0S > *_detA’{’
* 2 x )‘1_1 * * )‘1
B* = (r1 —apv/detsi (1 + aga™)), ao:r " vdetg, ¢ =g SR
2 —T1 2

The case ag = oo corresponding to 71 = ro = ro and det(s; — ¢2) = 0 is also included

by taking a limit as ap — oo in (5.18). In this case

L'=rgT+ 81 @ L+ S2®@c¢" (A1), A #1=DX.

Generic weakly coupled case

|r1 —ro| < ‘\/det 61 — v/det g2/, assuming that ¢; # Oz and |r1 — 72| # det(s1 — 62).

The formula for the effective thermoelectric tensor is

ao

L*=a*"[S1QAT+ 5,0 A + ——
“ < ! ! 2 20 Jdetq

(S1IR1S: ® iR ¢y + SRS ® chch)>
+4T (5.19)
where ag is one of the roots of (5.5), S1, Sy are given in (5.13), and
v =11 — agy/det ¢ (1 + aZa*)

1—ad)detsy (1 —ad)detst
A} =g det i —alsy, Ay =g detsi—alsl, of = ( . 2= . '
1= ¢ det ¢; —agcy, 2 = Sz det ¢y —agsy, det A* det A3

§*_§* <GOP+1> §*_§* <a0p+1>
1 )\2 ) 2 )\1 *

and
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Generic strongly coupled case

|ri—ro| > ‘\/ det ¢ — /det ¢ | The effective tensor L* satisfies the following equation:

(L* + AT)T(ZQ ® RJ_)T(L* + AT) +BZy® R, =0, Zy=SR, S — SRS,

where
_ 2 _ .2
s det 2 d;z;—i_ r{ 7“2’ Ar =1y — 11 (5.20)
5 = (Ar) = (VAels — Vet o)) (VAet +vAeto) — (Ar)) o)
= 4(Ar)? ‘ 21

Special strongly coupled case

¢1 = 6150, 2 = 0250, |11 — 12| > |01 — O2]v/det go. The formula for the effective tensor
is

L*=q @ L* +t*T,  detg det L* = (t* + A)? + B,

where A and B are given by (5.20) and (5.21), respectively.
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CHAPTER 6

COMPUTATIONS

6.1 Deterministic case

61 = 0150, s2 = 0250, |r1 — ra| = |01 — O2|v/det gp. The relevant exact relation

and link are

pd +(p— 1R, 1 . .
Mg = L ESYE (L) =)
Fu—-1)R, pdy

We apply ¥; given by (5.1), mapping:
\I’l(l_l) = | \I’l(Lg) =P

where P is a new isotropic tensor of the form ¢® I+ pT given by (5.2). We calculate

P directly, substituting Lo := ¢ ® Io + roT:
P=( "o L) (L —nT)(g o L)

We simplify via the constraints above:

b2 —(ra—r1)
_ 6, 61v/det ¢ +
P v (6.1)
(rg — 1) 02
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To solve for A such that P will have the same form as My (), we only need to consider

their first block components. Then, we can see that

02 92 - 91
= — — 1 =
A 01’ A 01

(6.2)

From the given parameters, we see that M is associated with the following property,

respectively:
re — 11 = F(02 — 01)y/det (6.3)

Now, we use the fractional linear relation given for all tensors on My , where () is the

average value notation. By design,
U(L*) = My(X\*) :=P*
Ly — Mg(l) = | with f;

0
Ly — M, (0?) = P with f

where f; 4+ fo = 1. Note that L™ = %Ig. Then, our linear fractional relation gives

1 1 1L _Afithfe
— ={ZY=f.1 o= 02 A4
= <A> frlt gy =20 (6.4)
which gives the following definition:
A
N=—n— 6.5
Af1+ f2 (6.5)
Plugging in for A and simplifying, we get
. 02 . (02 — 61) f2
N=——— and N —-1=_—"—"= 6.6
02 f1 + 01 f2 02 f1 + 01 f2 (6.6)
Undoing ¥; via (6.12), we get
N +(N*=1)R,
L = 07 (M (V) = (" @ I) (@ @ L) +nT

FOF - )R, AT,
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In order to distribute and simplify this formula, we write the matrix as a sum of

tensor products of two matrices:
L' = (@@ L)(VEo L) F(\ - DR @ R(G @ L) +nT
Then, we can distribute on either side to get
=NgeLF(\ - )1/2R g/ QR +nrT

To simplify this, consider that ¢; is 2x2 symmetric, then by properties of the charac-

teristic equation of the determinant, we get :

L* =Xq @ Iy F (A — 1)y/det )T +mT

Plugging in our original constraints, we have

L" =0 NI, F (()\* — 1)91 v/ det §0)T +rT (6.7)

Now, we can substitute \* given by (6.6):

s _ (002 (92—91>f2> }
L*= <92f1+91f2>§0®12¢{(92fl+91f2 O1y/det(co) | T+ 71T

where we note the following simplification:

()~ (i)
———— o= ——7 ] s
O2f1 +01f2) " F1O7Y + f2051 ’

By definition of ¢; and ¢, we have (f15) " = 91—1%—1 and (f269) "1 = 92_1§0_1. Then,
we have

fisr 4 fasy = (07 + fay ) !
Let

=(fisg '+ fosg )7 = (co(@) ) 7! (6.8)

where ¢* is defined to be the harmonic mean of ¢;. So, we have

L*—§*®I2¢K( —0) f2>0 \/detgo}T—i—rlT

O2f1 + 01 f2
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By (6.3), we get:

(ro — 1) f2

L = @ Iy + [(
2 02 f1 + 01 f2

> (91:| T+T1T

Note that for any two phase composite, we define the average, (q) := ¢q1 f1 +¢af2. Let
rfi= L (6.9)

Then, our final form of our isotropic material composite tensor for the deterministic
case is given by
" =¢"@ L +r*T (6.10)

such that ¢* and r* are defined in (6.8) and (6.9).

6.2 Special borderline case

Li=¢ +irgR|, Ly = ¢o +irgR |, moreover, det ¢; = det ¢o. The relevant

exact relation is

L 0
My = :L>0
L
det L
and the relevant link is that L* is the effective conductivity tensor of the conducting

composite with local conductivity L(x). As in the previous case, we apply ¥; as

defined in (5.1):

Uy (Ly) = (5] * @ L) @ I+ 1T —roT)(s; /? @ I)

= Cl_l/2§1§1_1/2 @Iy = I, ® I

\Ifl(LQ) =P .= (§1_1/2 X IQ)(CQ X I2 =+ ’I"QT — 7’0T)(§1_1/2 & IQ)

=§f1/2§2§f1/2®12=§®12

by definition of ¢ given by (5.2). We can see that P lies in our exact relation as ¢ > 0

is symmetric, with determinant:

detcy 1

1
det = —
et(s) detgr  detg

det ¢o

1
N vdet ¢
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1
where we work in the frame where ¢ is diagonal such that its eigenvalues are A and Y
Let us denote the effective conductivity of a composite made with conductors 1 and

A by ¢* := ¥*(X). Considering our chosen exact relation M, we write our effective

tensor as follows:

s* 0 1 0
P* = ¢ =()F >0 = ®c* (6.11)
* 1
0 degtc* 0 det ¢*

Note that P* depends on the microstructure of ¢, and hence dependent upon A, the
eigenvalues of ¢ with an invariant coordinate system. During most computations, we
need to invert the effective tensors via ¥ given by (5.1). We calculate the inverse

the map of ¥; to be:
VW) = (¢ © LYW)(q* ® L) + T (6.12)

Now, we undo ¥ to compute the effective tensor L*:

1 0
L* =0T+ (5}* ® I) ®¢ | (6*® L)

1

_0 detg*_

1 0

L* = roT + [ 7/ Sl E
0 -1
L detq*_

Since we are working in the frame where ¢ is diagonal, we can use a ”2D-linear

machine” that we describe below to get a more simplified form of L*. We have

A O 1 0
§11/2 =g ; §11/2 <11/2 =q (6.13)

0 A 01

1/2
§1/

1
by definition of ¢ given by (5.2). In this case, we have A\ = XA and \y = T 5° that

we may solve the following system of linear equations:

1 1
r(1,1) +y (/\7 )\> = <1’detg*>
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Solving via maple, we get

- A2 — det ¢* ~ A(det¢* —1)
~detg*(A2 —1) ’ Y7 det ¢*(A2—1)

Then, by (5.13), we get the following simplification for the linear combination:

S
det ¢*

xS + Ys2 = + 5>

We have the following form of our effective tensor L* for the special borderline case:

Sy
L* =roT S * .14
0 +<detg*+ 2>®< (6.14)

such that ¢* = ¢*(\).

6.3 Generic borderline case

|11 — ra| = ‘\/ det ¢, — /det §2|, r1 # r9. The relevant exact relations are

L +(LM — R))
My = :TrM =0, L>0, L' +2MR, <0

+(M'L+ R)) M'LM
(6.15)

The relevant link is as follows. M™* = R ¢*, where ¢* is the 2D effective conduc-
tivity tensor of the composite with local conductivity ¢(x) = —R; M (x), which is
symmetric and positive definite for M (x) satisfying the constraints in (6.15). For

this case, we only need to use the automorphism ¥; such that:
Uy(Ly) =1, Ui(Le) =P

where P is a new isotropic tensor of the form ¢ ® Iy + pT. Then, substituting

Lo = ¢ ® I + 72T into (5.1):
P=(q "0 L) (oo L+rT—rT)(q > L)

P= (§51/2§2 ® Iy + (ro — T1)§;1/2RL ® RL)(@“fl/Q ® Iy)
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P= §f1/2§2§f1/2 ® Iy + (rq — T1)§;1/2RL§;1/2 QR
Pocal+""p oR,
vdet ¢

P=¢I+pR, Q R,

)\1I2 0 0 —pRJ_
P= +

0 )\2 I 2 pR 1 0
Finally, we get the form

Ml —pR
p= (6.16)
pR, Mol

There are two equalities implied by the original constraint that can be written in

terms of ¢ and p given by (5.2):

+ (11 — 1) = /det(s1) — v/det() (6.17)

Later, we will verify that this in fact corresponds to MJ,. We can rewrite this property

in the following way:

~—

:F\/det(gl) B det(sy)

Since we continue to work in the frame where ¢ is diagonal, we have

(ro—7m1) 1 v/ det (s

~ detg
~ detg

det(g) = )\1)\2

Then, (6.17) gives the following relation between Aj, A2 and p:

\ )\1)\2 = 1:|:p (6.18)

Note that we have not guaranteed that all signs align with cases given by form of
Magg. (In fact, we will show that it is the opposite).
We want to see if P, given by (6.16), lies either in M;O or My,. Considering the

components of Myy and (6.16), we get the following equalities:

L=M\I (6.19)
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M'LM = \p 1, (6.20)
+ (LM - RJ_) = —,ORJ_ (6.21)

After plugging in (6.19) into (6.21), we get :

R, (6.22)

Then, plugging (6.19) and (6.22) into (6.20):

2

MtLM — <(1:F)\p)RJ_> ()\112) <(1;:p)RJ_> —_ (I:FIO> I2 :A2I2

-1 1 A1

Therefore, we can see that (6.16) and (6.17) implies
PcMf — Mo = (1T p) (6.23)
Comparing these results with (6.18), we have the following sign correspondence:
+ in (6.17) corresponds to M3, (6.24)

From (6.23) and (6.22), we see that M can also be written as:

)
M=,/22R, (6.25)
A1

Let ¢* be the effective conductivity of the composite made with conductors 1 and
A2 . . A2 . e .
" such that ¢* :=¢ ) which by definition is symmetric. Then, by the
1 1
relevant link our final form of our effective conductivity tensor lies Myg and can be

given by:
L* FL*M*—-R))
P* = (6.26)
where L* is a 2x2 symmetric, positive definite matrix describing the composite’s ther-

mal electricity. In general, L* cannot be related nicely to 2-dimensional conductivity.

We apply the relevant link, M* = R ¢*, to get:
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P+ L* :F(L*ng* *RL)
F(—<*R,L*+R,) —<*R|L*R¢*
L* $L*RJ_§*
P* = FT
+¢*R) L* ¢*cof (L*)s*

Via Maple, we have verified that components (12) and (21) are transposes of one

another. We write P* as a sum of tensor products:

10 0 0 01 0 0
P* = ® L* + ®AF ® B+ @B'+T
00 01 0 0 10
where
A = ¢"cof (L*)s* (6.27)
B:=L"R,¢" (6.28)
Applying (6.12) to P*, we get
1 0 0 0
vP) = [ | g G oL+ | d”? G leAf..
0 0 01
01 0 0
. F §11/2 §11/2®B+<11/2 <11/2®Bt+T (§11/2®12)+7“1T
0 0 10

To simplify, we apply the 72D linear machine”, given by (6.13), which was introduced

in the previous case. We solve the following systems of equations:

$(1’ 1) + y()\l, )\2) = (17 0)

Via Maple, we get

B -2 B 1
S VR VR S VI W
Therefore,
1 0
1/2 /2 S2— A2s1
§1/ §1/ = 7)\1 W =Sy
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which we defined by (5.13). Similarly,

2(1,1) +y(A1, A2) = (0,1)

Via Maple, we get

A1 -1

xr= - =

YD VAR S P

Therefore,
12100 12 S2— A1s1 _g
‘1 R VO W
2 — A1
01

which we defined by (5.13). In order to compute the other two systems seen in our
formula for \Ill_l(P*)7 which are no longer diagonal, we must solve two other systems

with our linear machine. First, we solve
l’(l, 1) + y()‘la )‘2) = (17 _1)

This linear system can be found by taking the difference of the last two systems

solved:
1 0 10 00
§11/2 §11/2 _ §11/2 §11/2 o <11/2 §11/2
0 -1 00 0 1
(A2 = A)ar +2 4 26
Al — Ao
So that we have
1 0
51/ G/ =8, -8 (6.29)
0 -1

This next linear system can be found by multiplying previously calculated systems

in the following way:

1/2 1/2 1/2 1/2
o/ 2o 2| R, /

= \/det(q)Rchlgll/2 <11/2
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= \/det(s) Ry ! (( : A —1>;12 <2>

So that we have

§11/2 = 1/ det §1 RJ_CI SQ — Sl) (6.30)
10

Finally we can compute the following for our current case:

0 1 1 0 01
§11/2 §11/2 _ g11/2 _ 1/2

= Sos; '/det Ry ' (Sy — Sy)

vdet ¢

= dotg SoR | (S2 — S1)
1 —SoR | S ! —SR | S
T 18 — AT 151

Note that within this case, ¢; and ¢ are not scalar multiples of each other, and as

such (5.12) implies that det(S2) = 0, which gives the following simplification:

01

1/2 1/2 _

S SoR, S 6.31

1 1 detgl 2R S (6.31)
00

Similarly, we compute
00 0 0 |0 1
§11/2 §11/2 _ gll/2 §11/2
10 0 1] (1 O

= Sy ' det g Rys; H(S2 — S1)

vdet ¢y

= SR, (S-S

dot, ! 1(S2 — 81)
! —S1R,| S ! —S1R|S
Torc MRS - = SRS

Once again, (5.12) implies that det(S7) = 0, which gives the following simplification:

0 0
172 /2 _ SR, S 6.32
S1 S1 \/M 141 92 ( )
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Finally we substitute the values given by (5.13), (6.32), (6.31) into W (P*) to get

-SSR, S S R, S
:SQ@L*—}—Sl@A:F(M®B+1H®Bt+m1—>+rﬂ_

vdet ¢ vdet ¢
SQRJ_Sl SIRJ_SQ >
=SHQL"+S519A+| —— QLR "+ ——= ®¢'R| L* detgT+rT
2 1 ( Tt 19 dota ¢ Iy ?\/TQ T1

Note that our final form of L* should not have any representation of cases - i.e. we
need to remove our ”+” by substituting the definition given by (6.17). We have the

following form of our effective tensor L* for the generic borderline case:

«
det ¢

L*=8; ®§*C0f(L*)§* + S, L*+ (SlRJ_SQ ®§*RJ_L* +SoR | S, ®L*RJ_§*)

+(r1—a)T (6.33)

where B, A, S, and S; are given by (6.27), (6.28), and (5.13), and we define where

det g1 — +/det A
a:\/eﬂ \/GCQ\/M7 g*:g*( 2>.

T — T2 A1

6.4 Special weakly coupled case

¢1 = 0150, s2 = 0260, |r1 — ra| < |01 — O2|v/det gp. The relevant exact relation
is

L 0
My = :L>0

0 L

and the relevant link is that L* is the effective conductivity tensor of the conducting
composite with local conductivity L(x).

Note that the given constraint ensures that the discriminant of the quadratic equation
given by (5.5) is positive, which means that the roots, ag € R. We, also, redefine ¢

and p in terms of our new conditions:

_ _ ZP1S 0
s = (0150) "% (B250) (B10) V% = ﬁ = éIQ (6.34)
T2 —T1 _ ro—T (635)

P= Vdet(01c0)  01+/det(<p)
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Note that since (My) is mirror-symmetric (self-symmetric), we do not have + cases
- instead we have two mirror copies of the same case. The goal is to rewrite the
given constraint in terms of p,#;, 02 such that we find the admissible values of the
parameters. In this case, we let ¥ be a composition of global automorphisms ¥; and
Uy given by (5.1) and (5.3):
Ui (L) =L ® I
Uy (L) =Ly =c® I + pT
VoI, @ Ip) = I, ® I

Wy(Ly) = P e My

We can use (5.4) to find a formula for P:

B2 ro —1T1 ) < ro —1T1 > 01
Uy | =L Lh+ ——R, R = —— 41| =L &I
2 <91 2 2 01+/det ¢ + + aoﬁlx/detgo 0 2 2

p_ (W"l L0
N 01+/det ¢ ) 02

where Ar = ro — r1. Simplifying via common denominator, we have

>12®I2

P (aQAr + 61+/det ¢

Ir® I
92\/det So ) 2 2

By the new conditions for ¢; and ¢, we have:

b (aoAr + /det ¢

I, ® I 6.36
vdet s ) 2 2 ( )

which lies on the exact relation My. Our effective tensor of the composite, P*, mixes

the following conductivity tensors from materials L1/ and Lo/:

Ar + /det
LI, and IQ®<GO rt egl)I2

v/det ¢

Let ¢* be the effective conductivity defined by:

- (agAr + v/det g1> (6.37)

v/det ¢



We get the following form of P*:

¥ 0
pP* .= =L® C*
0 ¢*
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(6.38)

In order to find L*, we need to undo Wo(¥(L*)) = P*. We know that the map

A® B +— B® A is an algebra automorphism. Therefore, to invert ¥s, we need to

switch the order of tensor products in (5.4) and replace all occurrences of ag with

—ag. We also need p = 0 by the form of P* given by (6.38).
Q' =V 'P=p' Lo +V"R.®R,
where

= 1 — a? .. ao(l — det¢*)
" dets* — ad ' det ¢* — a?

Finally, we can compute L* by applying \111_1 given by (6.12):

UHQY) = (1?0 L)Q (o * @ L) + T

= (L)W Lo + 'R o R ) (@ L) +rT

v, 1/24 1
=u (<1/ Irg,

By properties of R, we simplify to get

=g @¢  +vi/detgT+rT

2 @¢) + V*§11/2RL§11/2 QR)+nmT

(6.39)

Therefore, we have the following form of the effective tensor L* for the special weakly

coupled case:

2
det ¢* — aj

1 — a2 ag(l — det ¢*)y/det
L*:—( 0 ><1®§*+<r1+ ol C)Vdeta

2
det ¢* — aj

where qq is a root of (5.5) and ¢* is given by (6.37).

(6.40)
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6.5 A uniform field relation

|71 — ro|? = det(s; — s2). The relevant exact relation is

L 0
My = L >0

0 I
and the relevant link is that L* is the effective conductivity tensor of the conducting
composite with local conductivity L(x). We can factor the given constraint into the

following helpful form:
det(s1 — ¢2) = det(s1) det(I2 — <)
Then, dividing by det ¢; and using formulas given by (5.2), we get:
p? = det(I — ) (6.41)

We can use this equation to find roots of the quadratic equation. Let A1, A2 be the

eigenvalues of ¢, which we have once again assumed to be diagonal. Then,
PP =(1—=X)(1=)\p) (6.42)

For simplification, we solve (6.42) for A2 to get:

M-

Ay = .
2 e (6.43)

As in the previous case, we let W be a composition of global automorphisms ¥; and
Uy given by (5.1) and (5.3):

(L) =1
Ui(ly) i=Lly=c@L+pRT
Uo(I@I)=I

‘I/Q(LIQ) =P eMp
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Let ag be the root of (5.5) such that when we apply P*, the antisymmetric part will

disappear. To describe P, Maple allows us to substitute L/2 into (5.3): :

M(ad —1) —i(p%ag + pad — aph A2 + p + ap)
p_ (p+aog)® — Ao (p+ao0)? — Ao
i(p?ap + pa3d — apAi A2 + p + ap) Ai(a3 —1)
(p+ao)? — Ao (p+ao)? — Mo
(6.44)

After factoring (6.44), and by definition of eigenvalues, A\j Ay = det(s), we have

M@ - 1) ~i((ao + p){aop + 1) — apdet )
P—| (p+ag)? — dets (p+ ao)22 — detg (6.45)
i((ao + p)(aop + 1) — ag det <) Ai(ag —1)
(p+ag)? —dets (p+ag)? —dets

In order to land on our chosen exact relation, we must solve for ag such that (6.45)
is of the form Mj;. We divide by —i, substitute A2, given by (6.43), into the second

block component of (6.45) and set equal to 0 to get:

(pao — A1+ 1)(—apA1 + p + ao)

0=-—
A — 1

(6.46)

Although there are two solutions for ag, we choose the following definition of ag such

that P is of the necessary form:

A —1
ag = 6.47
0 5 (6.47)

Then, substituting in for ag, and Ay as in (6.43), we can simplify to get the following:

A
A1, 0
P— A2 (6.48)
0 I

Our effective tensor of the composite, P*, mixes the following conductivity tensors

from materials L1/ and Ly/:

Lol and A2 @ I,
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A
Let ¢* = ¥*(h) be the effective conductivity of P, where h := )\—1 We can write
2

¢k 0
P* = (6.49)
0 I

which lies on the exact relation My;. Note that P* is no longer isotropic. To find L*,

we need to undo Wo (¥ (L*)) = P*. We compute the inverse map of s to be:
T, H W) = T(W — aoT) (T — agW) (6.50)

In some cases, including this one, we need to directly compute the above (6.50)
formula. To make these calculations easier, Professor Grabovsky has created the
following method. Let F be a 2x2 block matrix defined by components F;; which are

2x2 matrices. We can compute its inverse via the following formula:

1 Sil _SﬂlFl?ngl Sﬁl _Ff11F128521
_8521F21Ff11 Sizl _F521F2lsf11 8521
such that
Si1 := Fy; — F15F5) Fyy (6.52)
and
Sgg := Fay — F  F1'Fpy (6.53)

Now, we apply ¥, ! to (6.49), which needs to be computed piece by piece:

0 —-R, aps® 0 —aps* —Rjy
T —agP* = — = (6.54)
RJ_ 0 0 (I()IQ RJ_ —aoIQ
¢* acR )
P* —aoT = (6.55)
—aoR, Iy

Then, by (6.51), we calculate the 2x2 block matrix’s inverse:

(¢* — a,gIg)*1 —ap(¢* — a%Ig)*lRJ_

I, — 2 R *\—1 I, — 2
a0< ’ aodet(<*)) 1) ( ’ aodet(g*)>

(6.56)
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We combined our pieces by matrix multiplication and simplified via the characteristic

equation of the determinant for 222 matrices, (i.e. Ry A™'R = cof(A™!) = ﬁ@).

After verifying with Maple that components (12) and (21) are transposes of each

other, we have that U5 !(P*) is symmetric:

—a? t
d%ii*_g(%b) (det(g*)12 - a%g*) (_GORJ_<C* —a3l) 7t (¢* — 12))
(-a)

det(¢* — als)

Uy (PY) =
—agRL(¢* — ail) (" — L) (¢* — ajly)

(6.57)

Let W5 1(P*) := Q, and after more algebraic simplification, Q can be written as:

Q=aH—aT (6.58)
where
=" —ddly (6.59)
Al = det(¢*) Iy — ais* (6.60)
(1 - ap)
= 6.61
“T det(A7) (6.61)
Al —aoR, (¢* — a2l
H.— ? S (6.62)
agp (c* — a%Ig) R, A7

To substitute Q given by (6.58) into \111—1 we must write H as a sum of three tensor

products:
10 0 0 01 0 0

H = ® As+ ® AT+ @ (—agR1¢™) + ®(aps*Ry)—agT
0 0 0 1 00 10

Once again, we have verified that the last two tensor product components are trans-

poses via Maple. Then, Q has the following form:

10 00 01 00
Q:=« ® A+ ® A} + ® B+ @B —adT | —aoT

(6.63)
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where

B = —aoRJ_C* (664)

Next, we apply (6.12) to (6.63) to get

1 0 0 0 0 1
7HQ) =« <11/2 §11/2®A§+§11/2 §11/2®A’{+§11/2 §11/2®B
0 0 0 1 0 0
1/2 00 1/2 ¢ 3.1/2 1/2 1/2 1/2
+a | g " ®B" —ays; R QR | —aps;) R OR +mT
1 0

To simplify, we apply the ”2D-linear machine” given by (6.13). We substitute the

previously computed (5.13), (6.31), and (6.31) to get

SoR, S SR, S
L*:a<Sl®AT+SQ®A§—;ﬁ@B—i—\;ﬁgf@Bt—ag\/detng)—m

. —agy/detg T+ T

Substituting for B and B!, we have a final form of the effective tensor L* for the

uniform field relation:

SoR S SR, S
'=a* (S0 A+ S @B+ 2222 g R ot W2 g R | 40T
det(s1) det(s1)
(6.65)
where
B*: (r1 — apy/det s (1 + a*ad)) (6.66)
A —1
ap = vdetg (6.67)
9 — T

where a* is given by (6.61).
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6.6 Generic weakly coupled case

|r1 — o] < ‘\/det 51 — V/det |, assuming that ¢; # O and |r; — ro|? #

det(¢1 — ¢2). The relevant exact relation is

Ly O
Mg = L1 >0, Loy >0

0 Lo

and the relevant link is that L}, and L}, are the effective conductivity tensors of the
conducting composites with local conductivity Lqi(x) and Los (), respectively.

For this case, let ¥ be a composition of global automorphisms ¥; and ¥y given by
(5.1) and (5.3).

Uy(Ly) =1
Ui(ly) =Ly =c® I+ pT
Uy(Io @ I5) =1
Wy(Ly) = P € Myg

By (5.4), we have

S

I
det ¢ ® 12

P=(aopp+1)
We are, once again, working in the frame where < is diagonal with eigenvalues Ay and

A9. Then, we have
1

— 0
P=(app+1) | ek (6.68)
0 R
A
Our effective tensor of the composite, P*, mixes the following:
1
(agp +1) I, 0
Ib® I, and A2
0 (aop +1) I
Y
1 1
Let ¢f = ¥* laop+1) and ¢ = X~ laop+1) , then we write
)\2 )\1
S0
P* = (6.69)
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To find L*, we need to undo Wo(W;(L*)) = P*. First, we must substitute (6.69) into

v, ! given by (6.50), which will need to be computed piece by piece:

0 _RJ_ gik 0 —aggf —RJ_
T —aoP* = —ag = (6.70)
RJ_ 0 0 §§ RJ_ —a0§5
S apR |
P* —aoT = (6.71)
—aR, ¢

Then, as in the last case, we calculate the 2x2 block matrix’s inverse by (6.51):

g -1 §* -1
<§ik d ) —aop (gf - CL% d6t2§*> RLg; !
(P* —agT) ™' = o 2
1

§
N\ =1
1 * 2 S1
ap | S5 R ¢~ G —a
(- ) ! (-t

Then, after multiplying T by (6.72), we have

(6.72)

—1 -1
S S
_aORL< o t1§1> Ry —RL< a2 detl§1>

g \ ' g \
RJ_< —a%d 5§2> —aoRJ_< —a%d 5§2> RJ_§; 1

Next, we multiply the above matrix by our formula given by (6.70) to calculate

U, 1 (P*). We want to simplify such that we can factor out a shared fractional scalar

from each component. Note that Maple verifies the following equality:

S S
det <§f — ag de‘fg*) det(c3) = det <g§ — ag detlg*> det(s7)
2 1

For simplification, let us define
A} = (s} det s — ajsy) (6.73)

A} = (¢ det s} — ajsy) (6.74)

. (1—dad)dets; (1 —ad)detss
= = 6.75
“ det A det A3 (6.75)
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As we compute each component of Wy L(P*), we verify with Maple that component
(12) and component (21) are transposes of one another. Let Q* := W,'(P*) for

simplicity. Then, after much algebraic simplification, we can write:

A} B
Q" :=a" —ap(1 4+ a*ad)T (6.76)
B! A;
where we define the following:
B = —aoCSRJ_CT (677)

Next, we need substitute (6.76) into W' given by (6.12). We need split Q up into a

sum of tensor products:

10 00 0 1 0 0
QF=a* ® A+ ® B + ® C + ® C' | —ag(1+a*ad)T

(6.78)
After substituting (6.78) into (6.12), we apply the ”2D-linear machine” given by
(6.13). We substitute the previously computed (5.13), (6.31), and (6.31) to get the

final form of L* for the generic weakly coupled case:

ao

L*=a* [ S1 QA +5, R A} + ——
“ < ! ! 2 2 vdet ¢

(S1R1S2 @RI + SR S1) ® c%‘Rﬁf)

AT (6.79)

where S; and S5 are given by (5.13), a* is given by (6.75), A} by (6.74), and A% by

(6.73) and we define

v =11 — agy/det ¢ (1 + ada®) (6.80)

where ag is one of the roots of (5.5).
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6.7 Special strongly coupled case

1 = 0160, s2 = 02y, |11 — 12| > |01 — O2|v/det gp. The relevant exact relation
is

L —tR |
Mg = :L>0,detL=1+¢> teR

tR| L

What is special for this case is that ¢ is a multiple of the identity matrix and therefore

we have 011 = 092 in every frame. It remains to compute L* = \Ilal o \IIgl(Lg), where
L —t'R,
"R L*
satisfying det L* = 1 + (¢*)2. Applying the given conditions, we can redefine ¢ as in
the special weakly coupled case:

¢ = 71’2 (681)

As we are in a general case, we will need to use a different composition of automor-
phisms than in the previously calculated cases. The transformation W3o W, given by
(5.9) and (5.10) with a and b given by (5.11) takes L; to the relevant exact relation.

First, we apply ¥( given by (5.9) to our materials to get

Wo(Ly) =L
0 Vdet o

We then apply W3 given by (5.10) to map L} into Mg:
Us(L) =L =L =al+ (ap1 + b)T

1 9
Us(ly) =Ly = a9*2| + (ap2 +b)T
1
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Our effective tensor of the composite, P*, mixes the following conductivity tensors of

. " "
materials L; and L,:

0
al, —(ap + DR, aalIQ —(aps + DR,
and 1 p
(ap1 +b)R al, (ap2 +b)R. QQ—ZIQ
1

To land on the exact relation Mg, our effective tensor of the composite, P*, is given

by

L; iR,
pP* .= (6.82)

t¢éR1  L§
such that det L} = 1+ (¢5)2. It remains to compute L* = ¥y ' o W31 (P*). Calculating

the inverses of both transformations we have,
UL = (7 @ L)L(s{? @ I) (6.83)

TN (L) =a HL-0T) (6.84)

Applying (6.84) to (6.82), we get

(t5-BR. L

Before we apply \Ifgl, we write Wy L(P*) := Q* as a sum of tensor products
* 1 * *
Q* = o (I ® Ly + (t5 —b)T) (6.85)

Finally, we substitute Q* into (6.84). By relation of ¢ and ¢; and properties of R,

we get:
1
vl = (1@ L5 + (8 — b)det i T)
a
To create a better presentation of our results, let L = aL* and t = t* 4+ b.
P 0 0 vV det 1
We compute
2
detLg;:t;;?H:( c t*+b> +1 (6.86)
det ¢
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Since det(aL*) = det L, we have
* 1 *

Substituting (6.86) into (6.87) to eliminate L, we have:

1 a S|
———t"+b) +
a

det L* = —
¢ a? <\/det§1

which can be simplified to the form

t* b\? 1
det L* = - —
¢ (x/detgl * a) a?

Multiplying both sides by det ¢;, we write

2
bv/det det
(t*—i— ae §1> i 62§1

det¢; det L* =
a

Let us define the following:

bets o, detg

A= ——
) a2

a

We can derive explicit formulas for A and B, by substituting in for a?, and b given

2 2

T T

A— \/m det ¢ ie: g1 detg
2

Vdet ¢

Vdetsy det o — det sy + 12 — 13

A = +/det
el det ¢y 2Ar

by (5.11). For compactness of notation, let us denote Ar = ry — 1. Computing

det ¢y

We obtain the following
_ detg —detgy + 7§ — 13 (6.88)

A
2Ar

Similarly, calculating for B we get:

B (Ar 4 /detc1)? — det ¢2)% — det ¢3)(det ¢ — (Ar — /det ¢1)?)
N 4(Ar)?

Rewriting the numerator of B into a more symmetric form, we have

Num(B) = (Ar + y/det¢; — \/det ¢3)(Ar + v/det ¢ + /det¢z) x ...
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. X (vdetga + Ar — y/det ¢ )(v/det o — Ar + +/det <)

We combine the first and third terms together, as well as the second and fourth terms

together to get:

Num(B) = ((Ar)? — (/det ¢, — /det ©)?)((v/det ¢ + v/det )% — (Ar)?)

Therefore, we found a more symmetric formula for B:

((Ar)? — (Vdet e — /det2)?)((v/det o1 + v/det 52)? — (Ar)?)

B .= 1A (6.89)
Then, the final form of L* for the special strongly coupled case is
L":=q®L"+t'T (6.90)
such that
det¢; det L* := (t* + A)* + B (6.91)

where A and B are given by (6.88) and (6.89).

6.8 Generic strongly coupled case

|r1 — ro| > ‘\/ det ¢ — /det §2|. The relevant exact relation is M7

M17:{L>0:L(J®RL)L:J®RL}, J =
0 -1

In this case it will be convenient to describe L* by the equation that it solves in
the same way the exact relation M7 is defined. However, while there is also a
fairly compact equivalent description of M7 in terms of its block-components, such
a description does not seem to be available for L*. As in the previous case, we use

the automorphism ¥ = W30 ¥y. Applying ¥y given by (5.9), we get:

"

L'=L+ipR,, L,=¢+ipR, : =
1 2 p1iv] 2 S p2LL | p] \/Cm
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Note that we are, once again, working in the frame where ¢;1 = ¢92. Then, we apply

W3 given by (5.10) to map L} into Mz
Us(L) =L] =al + (ap1 +b)T

Us(Lh) =Ly = as ® I + (apy + b)T

Our effective tensor of the composite, P*, mixes the following conductivity tensors of

. " "
materials L; and L,:

aly —(ap1 + )R} 1 asi112 asiz — (ap2 +b)R .
an

(ap1 +b)R1 aly asi2 + (ap2 +b)R 1. as111y
Note that our values of a and b, given by (5.11), ensures that L} and L, lie on M.
Therefore, our effective tensor of the composite, P*, is also guaranteed to lie on M.
We want to find P* = W3(¥g(L*)). All we need to do is use the description of the

exact relation as an equation. We have:
P* = W3(Wo(L")) = Ts((s @ L)L (s @ I))

= (a(cfl/2 ® Iz)L*(cl_l/2 ® I) + bT)

Then, in order for P* to lie on the exact relation M7, it must satisfy the following

equation: (J @ R,) =
= (s P @ LU (G2 @ B) +0T) (& Ry) (ol * @ B)L* (1 @ ) +0T)

For compactness, let S = (gl_l/2 ®Iy), and J = J ® R;. We work with the following

version of the equation for L* written to highlight the structure.
(aSL*S + bT)J(aSL*S 4+ 0T) = J
Factoring out S on both sides,

S(aL* + bSTITS™H)SIS(aL* + bS7ITS™H)S = J
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Multiplying by S~! on both sides:
(aL* +bS71TS™H)SIS(al* + S 1 TS 1) =S5~ 1Js~!

Observe now that all tensors, aside from L*, are nice tensor products. We multiply

them separately:
SIS = (2R I)T((* ® I) = \/detq T
SIS=(q P ob)g P eon) =q I PR,
1e—1 1/2 1/2 1/2 4 1/2
S7JS = (gl ®I2)J(§1 ®IQ) =6 ng ®RL

Note that J~! = J, so that we may write:

_1/2J -1/2 COf(gll/Z,Igll/Q) B COf(gll/Qngl/Z)
L T A2 U T dete
det(c;""J;"") !
It remains to simplify §11 2y gll/ 2. Let us first divide our equation by a? given by

(5.11), so that we may use the same constants A and B from the previous case given
by (6.88) and (6.89). We have

S-1js—1

L'+ AT L*+AT)=RB
(L* + AT)SJS(L* + AT) doier

Denoting Zy = g11/2J§11/2, we obtain
—(L* + AT)T(ZO X RJ_)T(L* + AT) =BZy® R,

We work in the frame where

Let us denote the eigenvalues of ¢ as
At =p+v, Ay =p—v

Solving for 1 and v, we get

A+ Ao A1l — A2
/JJ: y UV =
2 2
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By definition of ¢ given by (5.2), we can write:

[T
=g’ o/ = par +vX (6.92)
v op
1/2 01 1/2
where X := ¢ ;' ”. Solving (6.92) for X we obtain
1 0
- 260 — (A1 + A
X:Q ps1 _ 2s2 (A1 + A2)s1 -
v A1 — A9
0 1
Now, we use that J = R, to obtain:
10

R R
Zy 1/2J§1/2 X¢; ! 1/2R¢§1/2 Ct;lg L /det¢ R,
1

We use our previously defined variables S and Sy given by (5.13) to obtain

XRc _ (S2—S1)R,(S2+ S1) _ SR S-SR, Sy
vdet ¢ vdet ¢ vdet ¢

Zy =

Then, the final form of the effective tensor L* for the generic strongly coupled case
is given by

(L*+ AT T(Z@R)T(L* + AT) + BZ@ R, =0 (6.93)

where

Z=SR.S — SRS (6.94)

and where A, and B are given by (6.88), and (6.89).
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