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ABSTRACT

The reconstruction of phylogenetic trees from molecular sequences is a central
task in evolutionary biology. These trees are typically inferred from pairwise sequence
distances, under the assumption that sequence similarity reflects shared evolutionary
history. However, this task often relies on models that treat sites in a sequence as
evolving independently of one another. While this simplification enables tractable
inference, it does not account for the effects of epistasis (interactions among sites),
which, by constraining the accessible sequence space, distort the distribution of pair-
wise distances. This model misspecification can introduce biases in tree topology,
such as artificial hierarchies or compressed branches, even under neutral evolution
and in the absence of phylogenetic relatedness.

This thesis investigates the impact of epistasis on phylogenetic tree structure
through a multi-scale approach, combining theoretical modeling, numerical simula-
tions, and natural protein sequence analysis. We introduce a two-state model of
protein evolution based on an Ising-like model with tunable pairwise correlations,
allowing precise control over epistatic strength and structure. We show that epistatic
constraints restrict the dynamics to a subset of sequence space. By analyzing the
distribution of distances between evolved sequences, we show that sequences lie on a
low-dimensional hypersurface, which we call the Neutral Evolution Manifold (NEM).
We then demonstrate that the dimensionality of this manifold is controlled by the
strength of epistasis and significantly affects the shape of the reconstructed phy-
logenetic trees. Thus, we derive several useful analytical results and validate our
approximations with extensive numerical simulations.

We then extend this framework to real protein sequence data. Using multiple
methods, including linear autoencoders, geodesic graph analysis, and discrete metric-
based estimators, we show that real proteins exhibit significantly reduced intrinsic

dimensionality compared to shuffled controls. This supports the hypothesis that
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epistatic constraints are a dominant factor shaping the observed sequence landscape.
To isolate the impact of epistasis on tree topology, we generate synthetic MSAs from
variational autoencoders trained on real protein data and assess tree structure using
lineage-through-time plots and cherry proportion metrics. Finally, we apply statistical
tests, including a likelihood ratio test, to quantify the dependence of tree shape on
epistasis strength.

Our results reveal that even modest epistatic interactions can bias phyloge-
netic inference, leading to trees that suggest evolutionary structure where none exists.
We conclude that a more accurate understanding of sequence evolution is essential for
reliable phylogenetic reconstruction, especially in the presence of site dependencies.
This work lays the foundation for dimensionality-aware models of sequence evolu-
tion and offers a geometric perspective on the relationship between sequence space

constraints and tree topology.
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CHAPTER 1
INTRODUCTION

The core problem of molecular phylogenetics is uncovering how present-day
genes evolved from their ancestors by reconstructing the branching events that shaped
their history. This reconstruction is obtained exclusively from the sequences we ob-
serve today, with no direct records of extinct intermediates. Each gene sequence,
therefore, serves as a clue—an evolutionary “trace” of past mutations, divergences,
and shared ancestries. By comparing these traces across multiple organisms or genes,
we piece together plausible histories of divergence, building a tree-like representation
that illustrates how extant lineages likely branched off from common ancestors over

evolutionary time.

1.1 The Problem of Gene Family Phylogenetic Inference

Gene families are groups of genes that come from a shared ancestral gene and
diversify over time into orthologs and paralogs [I}, 2, [3]. Orthologs, which arise from
speciation events, typically preserve their ancestral biological roles across divergent
species and thus serve as reliable indicators of conserved functions. For example,
the FOXP2 gene, linked to neural development and vocalization, is common among
mammals and highly conserved, reflecting its critical and preserved function across
species [4]. In contrast, paralogs emerge from gene duplication events within the
same genome and often diverge functionally, contributing to phenotypic innovation.
A well-known example is the globin gene family, whose members have evolved distinct
oxygen-binding properties tailored to different tissues and developmental stages, such
as embryonic, fetal, and adult hemoglobins [5].

Studying gene families sheds light on the evolutionary history of genomes

and the mechanisms that drive functional diversification [6]. After a duplication



event, genes can either acquire new functions (neofunctionalization) [7] or divide their
original functions (subfunctionalization), contributing to the emergence of novel traits
and biological specialization. Phylogenetic trees constructed from gene families are
key to identifying these duplication events and elucidating the evolutionary pathways
leading to novel traits and the specialization of biological functions [8] 9].

Despite offering crucial insights into molecular evolution, phylogenetic recon-
struction of gene families remains a complex and error-prone task. A key challenge lies
in correctly distinguishing between orthologous and paralogous relationships, which
often requires identifying and interpreting discrepancies between gene-family trees
and the overarching species tree [10, [11]. While gene duplication events are expected
to produce specific topological patterns in the tree [I], these signals are frequently
masked by gene loss, where a gene present in an ancestral species is lost in one or
more descendant lineages [12]. This results in missing branches and ambiguous rela-
tionships within the inferred trees.

Furthermore, incomplete lineage sorting (ILS) adds another layer of complex-
ity. ILS occurs when ancestral gene variants persist across multiple speciation events
and are sorted randomly among descendant species [13], sometimes producing gene
trees that conflict with the actual species relationships [II]. Additional biological
processes—such as horizontal gene transfer [14], hybridization [I5], introgression [16],
recombination [I7], and convergent molecular evolution [I8] 19]—can similarly dis-
tort tree topologies and lead to incorrect inferences if not properly accounted for.
All these factors highlight a major problem in molecular phylogenetics: the inferred
shape and structure of gene-family trees often do not straightforwardly reflect evolu-
tionary history. This brings us to a key unresolved question: what underlying factors
shape the topology of phylogenetic trees, and how much of the observed complexity in
gene-family trees reflects true evolutionary processes? Understanding this is essential

for accurate phylogenetic inference.



Several computational frameworks have been developed to disentangle the con-
tributions of gene duplication, loss, ILS, and other evolutionary processes to observed
gene-family tree topologies [10, 20, 21} 22]. These models aim to reconcile discordances
between gene and species trees by inferring the most likely sequence of evolutionary
events. However, a common limitation of most such approaches is their reliance on
site-independent substitution models [23, 24], which assume that each site in a se-
quence evolves independently of others. This assumption simplifies computation but

overlooks a biologically significant factor: epistasis.

1.2 Potential Role of Epistasis in Shaping Phylogenetic Trees

Epistasis occurs when the effect—or even the probability—of a mutation at
one site depends on the genetic context, i.e., the presence or absence of variants at
other sites within the same sequence [25]. In protein-coding genes, where structure
and function are often shaped by inter-residue interactions, such dependencies are
especially prominent. Ignoring epistasis can distort evolutionary inferences by mis-
representing the constraints that shape sequence evolution.

Recent simulation-based studies underscore this concern. Nasrallah et al.
(2011) showed that neglecting pairwise epistatic interactions reduces the accuracy
of phylogenetic inference [26]. Similarly, Magee et al. (2021) found that while the
degradation in inference accuracy due to epistasis may not always be catastrophic,
it is consistent and measurable across a range of evolutionary scenarios [27]. These
results highlight a critical gap in current models: the shape of phylogenetic trees may
be influenced not only by evolutionary events like duplication and ILS, but also by
constraints imposed by epistasis.

This raises an important question that motivates the present work: To what
extent can epistasis induce distortions in inferred tree topology, and how can these

distortions be quantified or corrected? In the following chapters, we address this



question by first constructing theoretical models that incorporate epistatic constraints

and then extending these insights to real protein sequences.

1.3 Advances in Generative Models for Molecular Evolution

Recent developments in generative modeling have transformed how protein
sequence evolution is studied. Machine learning models such as Variational Autoen-
coders (VAEs) [28] 29, [30} B1], 32], Transformers [33] [34], Diffusion Models [35], and
Potts models [36] now generate synthetic protein sequences that closely reflect the sta-
tistical and structural properties of natural sequences. These models capture complex
mutational patterns by reproducing high-order correlations arising from intramolecu-
lar epistasis. The Potts model, inferred from multiple sequence alignments, estimates
residue-residue couplings that reflect coevolutionary constraints. These couplings en-
code not only local interaction patterns but also long-range dependencies important
for structural stability and function. Similarly, deep generative models like VAEs
and diffusion-based frameworks learn latent manifolds that support the generation of
viable sequence variants within biologically meaningful regions of the sequence space.

These innovations enable controlled simulations of protein evolution under re-
alistic conditions, where sequence diversity and constraint patterns are preserved. The
resulting synthetic datasets provide a new lens through which to examine fundamental
questions in molecular evolution, such as the distribution of sequence distances, the
emergence of conserved sites, and the statistical structure of phylogenetic trees. This
paradigm shift—from empirical sequence collection to mechanistic generative mod-
eling—offers a testbed for evaluating evolutionary hypotheses in silico under known
ground truth conditions [37], 38, [39, 40l 4T, 42, 43| [44], 45].

In this work, we leverage this framework to investigate how epistasis influ-
ences the structure of phylogenetic trees inferred from synthetic protein sequence

alignments. A primary observation motivating this work arises from a comparison



of phylogenetic trees inferred from sequences generated by different models using the
multiple sequence alignment of the PFAM family PF00520. In a controlled experi-
ment, we simulated the neutral evolution of 1,000 sequences from a shared ancestral
state under two conditions: an independent site model and an epistatic Potts model.
Both models were calibrated to reproduce identical marginal amino acid distribu-
tions, using the same founder sequence and evolving in parallel over 200 generations.
Despite these shared initial conditions and equivalent constraints at the single-site
level, the resulting phylogenetic trees differ markedly in structure. To quantify these
structural differences, we analyzed the distribution of cherries as a measure of tree
balance. In phylogenetics, a cherry refers to a pair of leaves (tips) that share a direct
common ancestor—i.e., they form a two-taxon clade. The cherry proportion quan-
tifies the number of such leaf pairs in a tree, normalized by the maximum possible
number for a given number of tips. This metric serves as a proxy for tree balance,
with higher values indicating more symmetric topologies [40].

Figure 1 compares the outcomes of two models: Panel A shows results from the
independent site model, while Panel B shows results from the epistatic Potts model.
In each panel, the left side displays a representative phylogenetic tree reconstructed
from one of the simulations, and the right side shows the distribution of normalized
cherry proportions across all 50 repetitions. In Panel A, the tree appears balanced,
and the cherry proportions are generally higher. In Panel B, the tree is more asym-
metric, and the cherry proportions are consistently lower. The result suggests that
correlations among sites can introduce biases in inferred tree topologies, even under
neutral evolution. This finding prompts a broader question: to what extent does
sequence similarity reliably reflect evolutionary history?

While sequence similarity—and by extension, tree topology—is often inter-
preted as evidence of shared ancestry, this assumption does not always hold. Similar

sequences can also arise between unrelated proteins through random coincidence or
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Figure 1: Phylogenetic tree reconstruction for sequences evolved from the
same founder. Panel A: sequences generated by an independent site model. Panel B:
sequences generated by a Potts model. Despite identical evolutionary conditions (200
generations, neutral drift), the Potts model produces a tree with a strong hierarchy
and fewer cherries. This highlights the spurious phylogenetic structure introduced by
epistasis.

convergent evolution driven by functional constraints [47]. Our simulation results
reflect this concern: even under neutral evolution, epistatic interactions alone can
produce tree structures with apparent hierarchy. When residues co-evolve, evolution
becomes confined to a limited set of accessible directions in sequence space. This
confinement imposes a geometric structure on the distribution of observed pairwise
distances between sequences and suggests that tree topology may not solely reflect a
record of branching events, but may also bear the geometric imprint of the underly-
ing sequence space. To understand how such constraints influence tree topology, it is
essential to examine the geometry of protein sequence space and its organization by
the fitness landscape. The next section introduces these foundational concepts and

formalizes the idea of the Neutral Evolution Manifold (NEM)—the effective subset

of sequence space explored under neutral and epistatically constrained dynamics.



1.4 Fitness Landscapes and the Geometry of Protein Sequence Space

The fitness landscape is a mathematical representation that assigns a scalar
value to each protein sequence, quantifying its biological efficacy. Formally, it is a
function f : & — R, where S denotes the space of all possible protein sequences of
a given length, and f(s) is the fitness value of sequence s € S. This value reflects
the sequence’s ability to fold into a stable structure, perform a specific function, or
contribute to the reproductive success of the organism.

In the simplest models, the fitness of a sequence is additive: each site con-
tributes independently to the total fitness. Such models result in smooth landscapes
with a single global optimum [48]. However, proteins are subject to a variety of phys-
ical and biochemical constraints, including epistasis. Epistasis introduces ruggedness
into the landscape, characterized by multiple local optima and large regions of near-
neutral fitness [48), [49] 50].

According to Kimura’s neutral theory, most mutations that become fixed in
a population are selectively neutral — they do not significantly alter the organism’s
fitness. As a result, molecular sequences can drift through sequence space, accumu-
lating mutations, as long as the resulting fitness remains within a nearly similar range
[51]. The dynamics in this regime can be approximated as a random walk restricted

to sequences of roughly equal fitness [52].

Protein Sequence Space and Geometric Embedding. Protein sequences of
fixed length L, composed from an alphabet of size ¢, can be represented as points in
a discrete, high-dimensional space, where each axis corresponds to a residue position
and each coordinate represents a possible amino acid. Mathematically, the full se-
quence space, for sequences of length L over an alphabet of size q, contains ¢* possible
configurations. In binary models (¢ = 2), sequences are often represented as vectors

s = (81,82,...,81) € {—1,+1}, forming the vertices of an L-dimensional hypercube



[53]. In such a space, two sequences are connected by an edge if they differ at exactly
one position (a single mutation), establishing a natural graph structure via Hamming

distance [54].

Epistasis Makes Only a Subset of Sequence Space Accessible. While the
ambient dimension of this space is ¢ * L, not all directions are equally explored under
realistic evolutionary scenarios. Epistasis limits the accessibility of many regions in
sequence space, thereby concentrating the distribution of viable or observed sequences
onto a lower-dimensional structure. Formally, a finite set of sequences A C {q}* has
no intrinsic geometry beyond its cardinality. However, once this set is embedded into
a metric space, it becomes meaningful to ask whether the points approximately lie
on a lower-dimensional surface. The key question then becomes: can the accessible

sequence ensemble be approximated by a manifold of reduced dimension D < ¢ * L?

The Neutral Evolution Manifold. We define the Neutral Evolution Manifold
(NEM) as the effective geometric support of the sequence ensemble evolving under
neutral dynamics with epistatic constraints. The NEM is not an explicit geometric
object defined by coordinates, but rather an abstract manifold M C R%*% of dimen-
sion D, such that the empirical distribution of accessible sequences is concentrated
near M. This notion captures the idea that although the full sequence space is
combinatorially large, neutral evolution in the presence of epistasis explores only a
structured, low-dimensional subset of that space, which in turn affects the statistical
properties of sequence ensembles and the topology of inferred phylogenetic trees [55].
Understanding the geometry of the NEM is crucial for accurately modeling evolution-
ary processes. In the following chapters, we formalize this concept and analyze how

different types of epistatic interactions affect the shape and dimension of the NEM.



Investigating the NEM’s Geometry. This thesis is organized to build a con-
ceptual and computational framework for understanding how epistasis influences the
geometry of sequence space and, in turn, reshapes the topology of phylogenetic trees.
Following this introductory chapter, the subsequent chapters progressively develop
and test this framework, beginning with minimal models and ending with analyses
of real protein data. The next chapter lays the theoretical foundation by examining
simplified two-state sequence models, where sequences are encoded as binary strings
evolving under either independent-site dynamics or correlated dynamics induced by
epistatic couplings. This minimal model enables the derivation of exact results and
offers intuitive geometric interpretations of how epistasis reduces the effective dimen-
sionality of the space. Through both analytical calculations and numerical simula-
tions, the chapter establishes a direct link between the strength of site-site interactions
and the emergence of hierarchical structure in the phylogenetic tree. Building on this
foundation, the third chapter transitions to real protein sequence datasets and bi-
ologically motivated generative models. Here, the focus shifts to assessing whether
the dimensionality-reducing effects observed in simplified models persist in natural
systems. Various techniques—including shuffling experiments, generative modeling,
and topological tests on inferred phylogenies—are applied to disentangle the role of
epistasis from true relatedness among sequences.

Together, these chapters develop and validate a new perspective on sequence
evolution: one that treats epistasis not merely as a biochemical constraint but as a
geometric force capable of reorganizing the space of possible sequences and distorting

the inferred evolutionary history.



CHAPTER 2

RESULTS 1: A MINIMALIST EPISTATIC MODEL OF SEQUENCE
EVOLUTION

To motivate the central question of this chapter, we begin with a conceptual
schematic that illustrates how distance-based phylogenetic inference can distort the
true evolutionary relationships among sequences. Figure [2| presents two scenarios
involving five binary sequences composed of letters A and B. Each panel compares
the true evolutionary history, the distribution of Hamming distances, and the inferred
phylogenetic tree derived from those distances. Panel a represents a case in which
the sequences share an evolutionary history: they have diverged from a common
ancestor through a series of branching events. The left subfigure shows the true
phylogenetic tree, where two representative sequences are highlighted, along with their
patristic distance—the sum of branch lengths connecting them along the tree—and
their Hamming distance, which simply counts the number of differing characters. In
the center, we show the distribution of all pairwise Hamming distances among the
sequences. On the right is the inferred tree constructed from these distances. While
the Hamming metric approximates the patristic distances to some extent, it may
inherently not capture the true evolutionary relatedness. Panel b depicts a contrasting
scenario in which the sequences are not evolutionarily related —they are equally
distant from one another and do not descend through a branching process. This
corresponds to a star phylogeny in which all sequences are equidistant from a common
founder. The true tree (left) reflects this structure, where all patristic distances are
equal. However, due to random fluctuations and local correlations, the pairwise
Hamming distances (center) vary, leading to an inferred tree (right) that displays
artificial hierarchy, despite the absence of genuine evolutionary relatedness. This
schematic encapsulates the major problem we aim to explore: distance-based inference

methods, such as those using Hamming distance, can produce spurious phylogeny.
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This occurs when the metric used for inference fails to accurately reflect the underlying
evolutionary process, often due to the presence of correlations or epistasis. The
remainder of this chapter develops a theoretical framework to investigate how these
distortions arise.

True phylogenetic tree Distribution of hamming distances Inferred tree

dP (i, j)

— d" (i, )

(&) B "2 ABBAA —

! — dP, )

(b) AABAA —
BAAAA

Figure 2: True Phylogenetic Tree vs Inferred One. (a) When the true history
is hierarchical, Hamming distances can approximate the underlying structure. (b)

When the true history is star-like, correlations among sites cause sequences with closer
Hamming distances to cluster, producing a spurious hierarchy in the inferred tree.

To investigate the distortions illustrated above, we require models that are
both analytically tractable and capable of modulating epistatic interactions. In this
chapter, we introduce a minimalist model based on correlated binary characters,
which allows us to explore how local epistatic interactions shape the structure of
sequence space and the geometry of phylogenetic inference. By simplifying protein
sequences to two-state systems and implementing blockwise correlations inspired by
the Ising model, we construct a framework that isolates the contribution of epistasis
to patterns of sequence divergence. This controlled setting enables direct comparison
between independent and epistatic models, facilitates theoretical analysis of distance

distributions, and manifold dimensionality. The simplicity of the model offers both

11



computational efficiency and conceptual clarity, making it an ideal starting point
for investigating the geometric and topological consequences of epistasis in sequence

evolution.

2.1 Distance Estimation and the Geometric Consequences of Correlation

In distance-based phylogenetic methods, the structure of a tree is inferred
from pairwise distances between sequences. Ideally, the dissimilarity between two
taxa should reflect their total evolutionary divergence. This is quantified by the
patristic distance, which is defined as the sum of branch lengths separating two leaves
in a phylogenetic tree. The patristic distance between two sequences s and s is
denoted dp(s™),s?)) and represents the total number of substitutions (or expected
substitutions under a model) accumulated since their last common ancestor [56].

However, patristic distances are not directly observable from sequence data.
Instead, empirical distances are often estimated from aligned sequences using simple

metrics such as the Hamming distance. For two aligned sequences of length L, s =

(sgl), ce 59)) and s = (352), . ,sg)), the Hamming distance is defined as:
L
di(sW,5@) =355 # 51, (2.1)

where 4(+) is the indicator function. The normalized Hamming distance is:

dy(sV), s?)) = %dH(s(l),s(z)). (2.2)

In the binary {—1, +1} encoding used in this chapter, the normalized Hamming

distance can also be expressed as:

L

. 1 1

dy(sW,s?) = 3 <1 - 2351)352)) . (2.3)
i=1

ll

12



This form emphasizes the geometric interpretation: the inner product ), sgl)s?) mea-

sures angular similarity in Euclidean space after normalization (derivation of equation

2.3 can be found in Appendix [E)).

2.2 Constructing a Minimal Model of Epistasis

To explore the effects of site correlations explicitly, we adopt the Ising model—a
canonical model from statistical physics used to study systems of binary variables with
pairwise interactions [57]. A sequence s = (s1,...,sr) with s; € {—1,+1} is assigned
an energy:

E(S) = — Z JijSiSj; (24)
(4,3

where J;; denotes the coupling between sites 7 and j. Positive J;; favors alignment
(si = s;), while negative J;; favors anti-alignment.
The equilibrium distribution over sequences is given by the Boltzmann distri-

bution:

P(s) = 7 exp (~BE(s) (2.5)

where [ is the inverse temperature and Z is the partition function. The partition

function is defined as

Z= Y exp(—BE(s)), (2:6)

se{—1,+1}L
that is, a weighted sum over all possible sequences in the space. It ensures normaliza-
tion of the probability distribution, ) P(s) = 1, and encapsulates the full statistical
structure of the system: quantities such as average energy, entropy, and fluctuations
can all be derived from Z or its logarithm. In particular, log Z corresponds to the
free energy, which measures the effective number of states accessible under the given
interaction structure.

At high temperatures (8 — 0), all configurations contribute nearly equally,

13



so Z =~ 2% and the distribution approaches the independent-site model. At low
temperatures, only low-energy configurations contribute significantly, so Z effectively
counts a much smaller set of states. Thus, the partition function provides a natural
way to quantify how epistasis restricts accessible configurations: stronger correlations
reduce the effective number of degrees of freedom, collapsing the enormous space of
2% sequences into a much smaller manifold.

In this framework, epistasis is not added as a perturbation but built into the
generative model itself. By varying the coupling structure (e.g., blockwise, random,
sparse), we can simulate sequence ensembles with different correlation strengths and

directly study how these affect the distribution of distances and tree topology.

Modeling Epistasis via Structured Local Correlations To explore how lo-
calized epistatic interactions influence sequence variability, we simulate correlations
using a blockwise coupling scheme. Instead of coupling all sites in a fully connected
network, we divide the sequence into non-overlapping blocks of fixed size b and in-
troduce pairwise interactions only within each block. This approach mimics modular
structures in real proteins, such as structural motifs or domains, where residues within
a module co-evolve more tightly than those in separate regions [5§].

The coupling matrix J;; for the spin system is defined as:

J if i and j belong to the same block,
Jij = (2.7)

0 otherwise.
This structured coupling introduces intra-block correlations while maintaining inde-
pendence across blocks. Each block resembles a ferromagnetic domain: local inter-
actions within the block encourage spin alignment. As temperature decreases, this
results in collective behavior where entire blocks tend to stabilize in uniform spin

states, thereby reducing the number of effective degrees of freedom.
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Figure |3 illustrates this mechanism for sequences with different block sizes:
b=1, 2,4, and 8. The color scale reflects correlation strength, with blue indicating
weak or no correlation (b = 1), and red indicating strong correlations for larger block
sizes. As b increases, regions of coordinated evolution expand, and the color shifts

from blue to red, visually encoding the growing epistatic influence.

olololololotolol
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Figure 3: Blockwise Correlation in Ising Model. Each row shows a spin sequence
under a different block size: b = 1 (independent sites), b = 2, b = 4, and b = 8.
Color denotes correlation strength: blue for weak or no correlations, red for strong
intra-block correlations. As block size increases, sites within each block evolve as
coordinated units, introducing stronger epistasis.

The parameter b effectively controls the correlation length in the model. For
b =1, the model behaves like an independent-site model, where all positions mutate
independently. For larger b, blocks of residues evolve in a correlated fashion, leading
to sequence manifolds with fewer effective degrees of freedom. This reduction is
reflected directly in the partition function. As shown in Appendix E, the blockwise

Ising model has an effective partition function that scales approximately as
7 ~ 2L (2.8)

rather than 2” as in the independent case. In other words, correlations collapse the
L degrees of freedom into L/b effective ones, since each block of size b behaves like
a single coupled unit at low temperature. This scaling provides a natural measure
of dimensional reduction: increasing block size compresses the accessible state space

exponentially, with direct consequences for equilibrium distributions and dynamical
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quantities. This framework provides a controlled setting to modulate the strength
of epistasis and investigate its impact on geometric and evolutionary properties of
sequences. In the next section, we define the generative model using an Ising-like
Hamiltonian and describe the simulation procedure used to generate these synthetic

sequences.

2.3 Simulating Sequence Evolution Using Markov Chain Monte Carlo

To investigate how structured epistatic interactions affect the distribution of
pairwise distances and the topology of inferred phylogenetic trees, we simulate binary
sequences sampled from the equilibrium distribution of the blockwise Ising model
introduced in the previous section. The goal is to generate sequence ensembles that
reflect the thermodynamic constraints imposed by the model, while retaining a mu-
tation mechanism that resembles biological evolution.

We employ a Markov Chain Monte Carlo (MCMC) technique based on Glauber
dynamics to sample from the model’s Boltzmann distribution. MCMC is a class
of algorithms that constructs a stochastic process whose equilibrium distribution
matches the desired target distribution, enabling efficient sampling from complex,
high-dimensional spaces [59]. Glauber dynamics is a type of MCMC update rule
where, at each step, a single site in the sequence is randomly selected and its state is
updated probabilistically based on its local energy change [60]. This method allows us
to model biologically plausible evolutionary trajectories while ensuring convergence

to the equilibrium distribution.

MCMC Sampling via Glauber Dynamics Glauber dynamics proceeds by se-
lecting a site ¢ at random and proposing a spin flip, s; — —s;. The proposed mutation

is accepted with probability:
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P B 1
accept — 1+exp(6AE)’

(2.9)

where AE = E(Spew) — E(Scurrent) 18 the change in energy due to the spin flip,
and § = 1/T is the inverse temperature. In all simulations, we set T = 0.5, balancing
exploration and constraint.

This probabilistic rule ensures that energetically favorable changes are usually
accepted, while unfavorable changes are occasionally accepted, preserving ergodicity
and enabling the system to explore the full configuration space. Glauber dynamics is

ideal for mimicking biological mutation because:

e It models single-point mutations.

o It satisfies detailed balance (which guarantees that the Markov chain’s sta-
tionary distribution is exactly the target distribution) and converges to the

Boltzmann distribution.

Star Phylogeny Design: Independent Walkers To focus solely on the effect
of epistasis without confounding effects from shared ancestry, we simulate a star
phylogeny. All sequences originate from a single common ancestor and evolve inde-
pendently. We simulate N = 100 independent trajectories (walkers), each starting
from the same root sequence and subject to identical model parameters.

This setup ensures that any observed structure in the inferred phylogenetic
trees arises purely from convergence in sequence space due to epistatic constraints,

not from actual shared evolutionary history.

Simulation Parameters and Equilibrium We fix sequence length L = 100 and

vary block size b to control epistasis strength:

be{1,2,3,4,5,6,7,8,9, 10,20, 50, 70, 100}
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Here, b = 1 denotes the independent-site model, and b = 100 indicates a fully
correlated system.

Each walker is evolved for a number of MCMC steps ranging from 5 x 10* to
105, depending on b, selected based on empirical autocorrelation analysis to ensure
equilibrium. Larger b leads to stronger correlations and longer autocorrelation times,
requiring more iterations for convergence.

The resulting ensemble of 100 sequences per b serves as the input for down-
stream analyses, including distance distribution measurements, intrinsic dimension-
ality estimation, and phylogenetic tree inference. By modulating b, we construct
a continuum of models spanning from uncorrelated to highly epistatic systems, en-
abling investigation of how epistasis forms the geometry of sequence space and biases

phylogenetic inference.

2.4 Geometric Analysis of Distance Distributions

After generating sequences using the blockwise Ising model, we analyze the
geometry of the resulting sequence ensembles. Specifically, we examine how corre-
lations among sites reshape the distribution of pairwise distances and how this can
be interpreted in terms of effective dimensionality. The analytical expression for the
variance of pairwise distances under this model, as a function of block size, is derived
in Appendix [Fl This analysis is grounded in a geometric framework that maps bi-
nary sequences onto the surface of a hypersphere, allowing us to leverage results from
high-dimensional geometry to quantify epistatic compression.

Each binary sequence s = (s1, S9,...,sr), with s; € {—1,+1}, can be viewed
as a vertex of the L-dimensional hypercube [53]. To facilitate geometric analysis, we

normalize each sequence by scaling it by 1/ VL:

T = —=S. (2.10)



The resulting vector x € R has unit norm and thus lies on the surface of the (L —1)-
dimensional unit hypersphere S*~!. This embedding enables direct comparison to
theoretical distance distributions derived for uniformly sampled points on the hyper-
sphere. The convergence between the distribution of vertices on the L-cube and that
on the (L — 1)-sphere is formally derived in Appendix @

To connect this geometric representation to Hamming distance, we consider

two normalized sequences z(!) and z(?:

L

di(sM,s?) = 25(351) + 352)), (2.11)

=1

We embed the discrete Hamming space into the surface of the (L — 1)-sphere. In this

embedding, the Hamming distance:

Aoz, 2?) = |20 — 2| = 24/dy (sD), s2). (2.12)

Thus, through the map s + z, we pass from the discrete metric space ({£1}%, dg)
to the continuous manifold (SL_l, dpuc), allowing us to leverage tools of continuous
geometry to analyze sequence-space structure (derived in Appendix |C)).

To benchmark these empirical distances, we compare them to the theoretical
distribution of chord lengths between points sampled from a uniform distribution on

a hypersphere. This distribution is [61] :

fold) = 7573 (1 - Z)D;g : (2.13)

where B(a,b) is the Beta function and D is the dimension (derived in Appendix [B).
As D increases, the distribution concentrates around its mean, reflecting the concen-
tration of measure [62].

To estimate the intrinsic dimension, ID, we minimize the total variation dis-
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tance (TVD) between the empirical and theoretical distance distributions:

1 2
V(D) = 5 [ Vfomeald) = fo(d)] . (2.14)

ID = argml%nTVD(D). (2.15)

Figure [4b illustrates this procedure: the gray area between the empirical and

theoretical curves represents the TVD, and the dimension minimizing this area is

selected as ID.
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Figure 4: Correlation’s Effect on Geometry of Sequence Space. (a) Schematic
of dimensional reduction in a three-spin system. Each vertex of the cube corresponds
to a configuration of three binary variables (£1), lying on the surface of a 2D sphere
in R®. Without correlations, all eight vertices (gray) are accessible. Introducing a
ferromagnetic coupling between first two spins, leaving four states on a great circle
(red) accessible. (b) ID estimation by minimizing the TVD (gray area) between the
empirical distance distribution and the theoretical chord distribution on SP~1. (c)
Estimated ID across block sizes b, plotted against L/b. Larger blocks correspond to
stronger correlations and lower dimensionality.

To build intuition, Figure [ shows a simple three-spin system. Without cor-
relations, all eight binary configurations lie on the surface of a 2D sphere in R3.
Introducing a ferromagnetic coupling between the first two spins constrains them
to align, reducing the accessible states to four points on a great circle—effectively
a one-dimensional submanifold. This demonstrates how correlations compress the

configuration space.
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An alternative estimate can be derived from the variance of Hamming dis-
tances,

oy =2, ID= é (2.16)

which provides a computationally efficient proxy when sequences are approximately
uniform on a hypersphere. Empirically, as shown in Figure [dc, ID decreases with
increasing block size b. Expressing the estimates as a function of L/b reveals a mono-
tonic trend: larger blocks impose stronger correlations, reducing independent varia-

tion and collapsing the sequence space onto a lower-dimensional manifold.

2.5 Mutational Dynamics and Phylogenetic Tree Shape

The geometric structure of sequence space profoundly influences not only static
properties such as the distribution of pairwise distances but also the temporal dy-
namics of sequence evolution. Correlations among sites, introduced via epistasis,
constrain mutational pathways and slow the exploration of sequence space. This re-
duced dynamical freedom shapes the diversity of sequences observed over time and

manifests as structural changes in inferred phylogenetic trees.

2.5.1 Awutocorrelation and Convergence to Equilibrium

Since our simulations of sequence evolution are based on a Markov chain (via
Glauber dynamics), it is important to understand how quickly this chain explores
sequence space. Two complementary quantities help us characterize this: the auto-
correlation function, which measures temporal dependence along the chain, and the
total variation distance (TVD), which measures how close the ensemble distribution

is to equilibrium.
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Autocorrelation time. In a Markov chain, successive states are not independent:
each new sequence is generated from the previous one by a single-site mutation. The
autocorrelation function quantifies the dependency between the system’s state at time

t and its state at a later time ¢ + At. For an observable O(t), it is defined as

(O(t + A) O(t))

—(0)*
(02) = (0)? '

C(At) =

(2.17)

If C(At) is close to one, the system remains highly correlated with its past; if it is
close to zero, the system is almost independent from its initial state. The rate of this
decay is summarized by the autocorrelation time 7,.t,, which may be defined either

as

Tanto = i C(AL), (2.18)

At=0

or as the time at which C'(At) drops to 1/e. These definitions coincide when correla-
tions decay exponentially. Intuitively, T,uo tells us how many Monte Carlo steps are
required before successive samples can be treated as approximately independent [63].
Longer autocorrelation times indicate stronger constraints on sequence dynamics.

Figure shows that T.uo grows with block size. As epistasis strengthens,
mutations within a block are no longer independent, and the chain requires more
steps to decorrelate. Thus, autocorrelation time provides a direct measure of how

intrablock interactions slow down exploration of sequence space.

Total variation distance. FEarlier in this chapter, we introduced TVD as a way
of comparing empirical distance distributions to the theoretical hypersphere distribu-
tion, thereby estimating the intrinsic dimension of sequence data. Here, we use the
same concept in a different way: to quantify how far the evolving ensemble is from

its stationary distribution. Specifically, the TVD between the empirical distribution
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Figure 5: Autocorrelation Time and Convergence to Equilibrium. (a) Tuut0
vs block size: Larger block sizes (stronger epistasis) produce longer decorrelation
times. (b) TVD(t) vs time ¢ for the different block sizes. Vertical dashed lines mark
t = Tauto(b) from panel (a). Stronger epistasis slows both local decorrelation and
global convergence to equilibrium, with 7,., setting the characteristic timescale for
TVD decay.

of pairwise distances at time ¢ and the stationary distribution f., is

TVD() = 5 ) [fild) — fuc(d)]. (2.19)

TVD takes values between 0 and 1: it is 0 if the chain has reached equilibrium, and 1
if the current distribution is completely disjoint from the stationary one. Thus, TVD
provides a rigorous way of quantifying global convergence in the Markov chain.

Figure[5p shows that TVD decreases over time as the chain converges. Stronger
epistasis (larger block sizes) slows this decay, consistent with the longer autocorrela-
tion times observed in Figure[Ph. Vertical dashed lines mark the autocorrelation times,
illustrating how the local persistence of correlations sets the characteristic timescale
for global convergence. Together, autocorrelation and TVD give a complementary
View: Tauto captures dependence along trajectories, while TVD tracks the ensemble’s
approach to equilibrium.

Having characterized both local convergence (via autocorrelation) and global
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convergence (via TVD), we now ask how often the system revisits previously explored
neighborhoods of sequence space. This quantity provides a direct probe of dimen-
sional reduction and extends our analysis from temporal persistence to spatial return

dynamics.

2.5.2 Recurrence Time and Dimensional Reduction

While autocorrelation measures how quickly correlations between states decay,
recurrence addresses this question: how often does the system revisit already explored
neighborhoods of sequence space? Correlations reduce the number of effectively ac-
cessible configurations, thereby increasing the likelihood of recurrence. This makes
recurrence time a natural probe of dimensional reduction: the more constrained the
system, the faster typical neighborhoods are revisited.

Formally, recurrence time measures the expected number of steps for a stochas-
tic process to return to a specified set A C 2. For an ergodic stationary process

(X¢)i>0, the first return time to A is

Ry=inf{t >1: X, € A| X, € A}.

Kac’s lemma [64] states that the mean recurrence time is the reciprocal of the sta-
tionary probability of the set,

E[R4] = AT (2.20)

Rare states or small neighborhoods therefore, have long recurrence times, while con-
strained or low-dimensional spaces yield rapid recurrence.
This probability can be expressed in statistical-mechanics form as a ratio of
partition functions,
Za A

P(A)=Z,  ElR]=, (2.21)
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where Z, sums over states in A and Z over the full state space. In the presence
of blockwise correlations, the effective number of degrees of freedom is reduced from
L to D = L/b. Embedding this effective state space into a (D — 1)-sphere, the
neighborhood of radius r corresponds to a Hamming ball with radius r (B,) which
can be approximated by a spherical cap with volume scaling as ar?. Thus,

2D
arD’

E[Rg,| ~ (2.22)

capturing the exponential growth of the full state space with dimension D versus the
polynomial growth of neighborhoods with radius r.

Simulation results confirm these predictions. Fixing r = 1, we tracked the frac-
tion of recurrent pairs F,(t) over time. As shown in Figure [6] larger block sizes lead
to higher stationary recurrence fractions, consistent with reduced effective dimension-

ality. Fitting the exponential relaxation of F,.(t) yields estimates of recurrence time
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Figure 6: Fraction of Recurrent Pairs F.(t) For Radius » = 1 Across Block
Sizes. Larger block sizes yield higher stationary recurrence fractions, consistent with
dimensional reduction under correlations. Averages are taken over 10 independent
simulations.

Then, we normalize the recurrence time 7,.. by the autocorrelation time 7,0,
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which is the characteristic timescale of the Markov chain. from Eq. (2.22)) there is a

linear relation between log(7,..) and ID:
10g(Tree) ~ —log(a) + log(%) D (2.23)

where log denotes the natural logarithm. Thus, for fixed neighborhood radius
7, the quantity 1og(7,ee/Tauto) increases linearly with D with slope log(2/7). Smaller
D implies shorter recurrence (higher revisit probability), while larger D expands the
effective state space and raises 7,... As shown in Figure m, simulation results follow
this predicted linear dependence: lower intrinsic dimensions yield reduced recurrence
times, an effect further amplified by increasing r, whereas higher dimensions and

smaller radii correspond to markedly longer recurrence times.
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Figure 7: Normalized Recurrence as a Linear Function of ID. Log normalized
recurrence time, log(neC / Tauto), plotted against ID for multiple neighborhood radii r.
For each r, a straight line is fit (solid) over the empirical linear regime, with dashed
extensions indicating the model’s extrapolation outside the fitted range. Lower 1D
(stronger epistasis) yields shorter recurrence times; increasing r further elevates revisit
probability (downward shift and flatter slope), whereas higher ID or smaller r lengthen
recurrence.

As shown, epistasis slows convergence to equilibrium, lengthens autocorrela-

tion times, and accelerates recurrence by constraining the accessible sequence space
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to a lower-dimensional manifold. These effects, controlled by ID, directly shape the
branching and diversification of evolutionary trajectories, as we explore in the next

section.

2.5.3 Lineage-Through-Time (LTT) Curves and Tree Topology

To examine how epistasis alters tree topology, we simulate evolution under a
star phylogeny. At fixed time intervals, we extract the current sequences from each
lineage and construct a phylogenetic tree using the UPGMA algorithm [65]. This
distance-based clustering method assumes uniform mutation rates and reflects our
symmetric simulation design.

From each tree, we compute a Lineage-Through-Time (LTT) curve that tracks
the cumulative number of branching events versus depth from the root. While these
branches do not reflect true speciation events, they represent structure emerging from
sequence similarity. To quantify LTT curves, we fit a sigmoid function and extract

two features:

e X;,: Inflection point, indicating the time of rapid diversification.

e S;,: Slope at the inflection point, quantifying diversification rate.

Figure [8h depicts the sampling procedure and sequence-to-tree workflow. Pan-
els b and ¢ compare star-like and hierarchical topologies, respectively. In star-like trees
(panel b), branching happens early and saturates quickly, leading to steep slopes. In
more hierarchical trees (panel c), diversification is gradual and spread over time,
resulting in shallower slopes.

Figure [9 illustrates the temporal evolution of two features derived from the
LTT analysis under varying levels of epistasis, modeled by different block sizes. Panel
(a) shows the inflection point Xj,, which captures when branching activity is most

pronounced. Panel (b) displays the slope S;,, quantifying the rate of lineage formation
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Figure 8: Sequence Extraction Process and LTT Test (a) Sampling scheme
and inference process. Sequences are extracted at fixed time steps and clustered via
UPGMA. (b) Star-like tree with early saturation in the LTT curve and steep slope.
(c) Hierarchical tree with gradual branching and shallower slope at inflection.
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Figure 9: Inflection Point and Its slope of Sigmoidal Fit To LTT Inflection
point (a) and slope (b) over simulation time for different block sizes. Larger blocks
(stronger epistasis) delay diversification and reduce branching speed.

through time. For all block sizes, both metrics exhibit rapid changes at early times,
reflecting an initial phase of accelerated diversification. As evolution progresses, these
changes gradually slow down and saturate, indicating a stabilization in the branch-
ing dynamics. Importantly, increasing the block size increases Xj;,, suggesting that
stronger epistatic constraints postpone the emergence of diversification. At the same
time, the slope S;, decreases with larger block size, indicating a slower accumulation
of branching events over time. This effect is also influenced by the increase in the au-
tocorrelation time of the underlying Monte Carlo process, as stronger epistasis slows
down the decorrelation of sequence states, delaying diversification events along the
phylogeny.

These trends reveal a clear shift in tree structure with increasing epistasis:
smaller block sizes yield more star-like trees, marked by early inflection points and
steeper slopes in the LTT curve. In contrast, larger block sizes produce more hier-
archical trees, where diversification is delayed and unfolds more gradually over time.
This reflects how stronger epistatic constraints reduce the rate of lineage expansion
and reshape the overall topology of the phylogenetic tree.

Finally, Figure [10|illustrates the relationship between the intrinsic geometry of
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sequence space and the structure of the resulting phylogenetic trees. Here, we plot the
inflection X;, and S;, at convergence —i.e., after the system has reached its stationary
distribution—as functions of the estimated intrinsic dimensionality (inferred via TVD
minimization). The results reveal a clear geometric-tree correspondence: as intrinsic

dimensionality decreases, X;, increases and S;, decreases.
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Figure 10: Connection Between the Inflection Point and ID Inflection index
Xin and slope Sj, at equilibrium as functions of intrinsic dimensionality estimated via
TVD minimization. Lower dimensionality correlates with later inflection points and
shallower slopes, indicating that epistatic compression leads to more hierarchical tree

structures.

In other words, lower-dimensional evolutionary manifolds are associated with
delayed diversification and more gradual lineage accumulation. This finding demon-
strates that, even without shared ancestry, strong epistatic interactions can induce
tree-like structures in inferred phylogenies. These emergent hierarchies reflect the
geometry of constrained sequence space and highlight the risk of interpreting tree

shape solely as evidence of historical divergence.
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CHAPTER 3

RESULTS 2: DIMENSIONAL COMPRESSION AND TREE
INFERENCE IN NATURAL SEQUENCES

From Models to Molecules In the previous chapter, we developed a theoretical
framework to examine how epistatic interactions influence the structure of phyloge-
netic trees. Using simplified two-state models with blockwise Ising-like correlations,
we demonstrated that epistasis compresses the accessible sequence space, reduces
its intrinsic dimensionality, and induces spurious hierarchy in inferred phylogenies,
even under neutral evolution. These findings suggest that deviations from star-like
topologies, often interpreted as signatures of historical divergence or selection, can
instead arise as geometric artifacts of constrained evolution within a low-dimensional
manifold.

Building on these theoretical insights, this chapter investigates whether sim-
ilar phenomena are detectable in real protein sequence data. Specifically, we test
the central hypothesis that epistasis constrains the set of viable protein sequences
to a lower-dimensional subset of the full sequence space, and that this dimensional

compression distorts phylogenetic inference.

Protein Family The dataset used throughout this study is derived from the PFAM
protein family PF00520, which corresponds to the Ton Transporter (IT) family. This
family encompasses a broad class of membrane proteins responsible for facilitating
the movement of ions across cellular membranes. This family includes diverse mem-
bers such as sodium and calcium ion transporters, many of which share conserved
structural motifs that are essential for their functional integrity. These proteins often
exhibit co-evolving residue networks, which makes this family particularly suitable
for analyzing the impact of correlated mutations.

To evaluate our hypothesis, we analyze multiple sequence alignments (MSAs)
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introduced above and apply three distinct methods to estimate the intrinsic dimen-
sionality of these datasets. Each method draws on a different conceptual foundation: a
linear autoencoder that identifies minimal latent representations supporting accurate
reconstruction; a graph-based geodesic distance estimator that infers dimension from
connectivity patterns in a neighborhood graph; and a discrete metric-based approach
rooted in probabilistic modeling of distances. Despite their differing assumptions and
methodologies, these estimators consistently reveal that natural protein sequences
occupy a significantly lower-dimensional space than expected under independent-site
models.

We then explore the role of epistasis in driving this dimensional reduction.
Under the assumption that correlated sites constrain the number of effective degrees
of freedom, we repeatedly disrupt epistatic couplings by shuffling MSA columns and
re-estimating the intrinsic dimensionality. As expected, increasing the number of
shuffled columns leads to an increase in dimensionality, supporting the notion that
epistasis is responsible for compressing the sequence space.

To isolate the effects of epistasis from those of shared evolutionary ancestry,
we introduce a generative approach based on variational autoencoders (VAEs). By
training VAEs on MSAs with varying levels of shuffled columns, we generate synthetic
sequences that reproduce local statistical properties of the data while eliminating
phylogenetic relatedness. The dimensionality of these generated sequences follows the
same increasing trend with shuffling, confirming that the underlying correlations—and
not shared descent—drive the observed compression.

Finally, we assess how these geometric constraints influence tree topology. We
employ two statistical tests: a cherry test, which measures the abundance of cherry
structures (pairs of closely related leaves) in reconstructed trees, and a likelihood ratio
test (LLRT), which compares the fit of a star-like tree to that of a more hierarchical

alternative. Both tests reveal that stronger epistatic constraints—quantified via de-
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creased shuffling or higher correlation—lead to deviations from star phylogenies, even
in the absence of true lineage divergence.

Together, these results demonstrate that the geometric consequences of epista-
sis are not confined to synthetic models but are evident in empirical protein sequence
data. They underscore the need for dimensionality-aware phylogenetic inference and
motivate a shift from purely historical interpretations of tree structure to ones that

account for the topological imprint of the sequence space itself.

3.1 Method I: Linear Autoencoders

Here, we estimate the intrinsic dimensionality of the NEM using a Linear
Autoencoder (LAE). This approach is motivated by the principle of local lineariza-
tion, which suggests that a complex high-dimensional manifold can be approximated
locally by linear subspaces [66] [67]. According to the manifold hypothesis, these
data points, although embedded in a high-dimensional space, lie on an intrinsically
low-dimensional manifold [68]. Manifold learning techniques aim to uncover this un-
derlying structure by identifying a compact set of latent variables that preserve the
essential features of the data. Our objective is to determine the intrinsic dimension
of this linearized manifold representation of the sequence space.

LAE is an unsupervised neural network architecture commonly used for dimen-
sionality reduction and feature extraction [69]. Unlike nonlinear autoencoders, LAEs
rely solely on linear transformations in both the encoding and decoding stages. The
network is trained to minimize the reconstruction error between the input sequence

x and its reconstruction X, defined as:
min ||x — VIVx|? (3.1)
W,V
where W € R™! is the encoding matrix, V € RY*4 is the decoding matrix, L
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is the original dimension, and d < L is the latent (intrinsic) dimension. By optimizing
this reconstruction loss, the LAE identifies the minimal number of directions necessary
to accurately represent the data, thereby providing an estimate of the manifold’s
intrinsic dimensionality.

To better capture the local geometry of the sequence space—consistent with
the concept of a curved NEM—we restricted the analysis to local clusters of sequences.
Specifically, sequences from an MSA were grouped using a normalized Hamming dis-
tance threshold of 0.08, corresponding to approximately 15 amino acid substitutions.
A separate linear autoencoder was trained within each cluster to evaluate reconstruc-

tion accuracy as a function of latent dimensionality.
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Figure 11: Reconstruction Accuracy of a LAE Trained on Local Clusters of
Protein Sequences. Sequences were grouped using a normalized Hamming distance
threshold of 0.08 (approximately 15 substitutions). The latent dimension d is varied
from 1 to 30. The fitted sigmoidal curve shows an inflection point at d = 4.88, which
is interpreted as the local ID of the NEM.

The latent dimension d was varied from 1 to 30. For each value of d, we trained
the LAE on a training subset and evaluated its performance on a held-out test set.
The resulting reconstruction accuracy curve is fitted with a sigmoidal function as

shown in Figure (11}

The figure supports the conclusion that the reconstruction accuracy is higher
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when the latent dimensions is low. The inflection point was estimated to be d = 4.88.
We interpret this value as the intrinsic dimensionality of the sequence data for the
following reason: it marks the transition from rapidly improving reconstruction (when
each added dimension contributes significantly to variance explained) to a regime of
diminishing returns. In differential geometry, the tangent space to a manifold is the
best linear approximation at a point. Similarly, the inflection point in this curve
corresponds to the dimension at which a linear subspace provides a locally sufficient
representation of the underlying nonlinear structure—in this case, the NEM.

This result aligns with our findings from synthetic models in Chapter 2, where
blockwise correlations induced low-dimensional sequence manifolds. Here, the same
compression is observed in empirical data, suggesting that epistasis reduces the num-

ber of degrees of freedom required to describe functional sequence diversity.

3.2 Method II: Geodesic Graph-Based Estimation of Intrinsic Dimen-
sionality

To validate and complement the linear autoencoder results, we adopt a second
method that estimates intrinsic dimensionality based on geodesic distances derived
from a neighborhood graph. This approach, developed by Granata and Carnevale
[70], is particularly well-suited for analyzing high-dimensional biological data because
it captures the global geometric structure of the underlying manifold.

The core idea of the method is to approximate geodesic distances between
points on the data manifold using the shortest paths through a k-nearest neighbor
(k-NN) graph. Unlike Euclidean distances, which may cut across the curved manifold
and underestimate true separation, geodesic distances respect the intrinsic geometry
of the data. The statistical distribution of these distances contains information about
the dimensionality of the space in which the data is embedded.

Let D = {z1,79,...,7,} C RL be the set of n protein sequences encoded as
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binary vectors. We begin by constructing a k-nearest neighbor graph: each node cor-
responds to a sequence, and edges connect it to its k closest neighbors in normalized
Hamming distance. The graph provides a local approximation of the manifold’s ge-
ometry. To compute global distances, we use Dijkstra’s algorithm to find the shortest
path length between all pairs of nodes in the graph, which serves as a proxy for the
geodesic distance.

To estimate the intrinsic dimension D, we compare the empirical distribution
of these geodesic distances with the theoretical distribution of pairwise distances on
the surface of a unit hypersphere in R”. Let € [0, 7] denote the angle between two
points uniformly distributed on the surface of an (D — 1)-dimensional unit hyper-

sphere. The probability density function is given by:

f(0; D) = k - sin®~2(0), (3.2)

where the normalization constant & is:

r(s)

NENCER)

and I'(-) denotes the Gamma function (See Apendix |A|for derivation).

k:

(3.3)

For each value of D, we compute the root mean square deviation (RMSD)
between the empirical geodesic distribution and the theoretical distribution fp(6).
The dimension that minimizes the RMSD is taken as the estimated ID.

In Figure [12] we present the results of this analysis for the MSA dataset. The
dataset was filtered at 80% sequence identity, and pairwise distances were computed
using normalized Hamming distance.

The figure shows that the minimum RMSD occurs at D = 5, in close agree-
ment with the inflection point obtained from the linear autoencoder analysis (Sec-

tion [3.1)). This convergence between two conceptually distinct methods—one local
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Figure 12: RMSD Between the Empirical Distribution of Geodesic Dis-
tances and the Theoretical Distribution on a D-dimensional Hypersphere.
The minimum RMSD in this example occurs at dimension D=5. This result repre-
sents one of five independent repetitions, with an average estimated dimension of 4.7
across all runs.

and linear, the other global and graph-based—provides strong evidence that the ac-
cessible space of real protein sequences is effectively embedded in a low-dimensional
manifold. Therefore, only a small number of collective variables govern the diversity
of protein sequences. This supports the NEM hypothesis as a guiding framework for

understanding the geometry of sequence space.

3.3 Method III: Intrinsic Dimensionality Estimation in Discrete Sequence
Spaces

In this section, we present a statistically grounded method to estimate the
intrinsic dimensionality of discrete datasets developed by Macocco et. al [71]. The
method, known as I3D (Intrinsic Dimension for Discrete Datasets), is implemented
in the DADApy Python library and is well-suited for data such as protein sequences,

which reside in Hamming space [72].
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Volume in Discrete Sequence Space Consider sequences of length L compared
by Hamming distance. Under the assumption of an intrinsic dimension d, the number

of points within Hamming radius ¢ is given by Ehrhart theory:

d+t
Vt,d) = ( ;r ) oFi (—d, —t; —d —t; —1), (3.4)
where 5 F} is the Gauss hypergeometric function. Consider that the number of neigh-
bors within radius ¢; is n; and the number of neighbors within radius s is k;. so the

shell volum of the nested radii ¢; < ¢, is:

 V(t,d)
* T Vit d) (3:5)

Modeling Neighbor Counts as a Binomial Process Given k; neighbors in the

outer shell, the count n; in the inner shell is

ki

)

P(n; | ks, d) = ( ) " (1 — x)kim (3.6)

Hence the joint likelihood over all N points is:

L] {nk}) =] <ﬁ> e (L—2)fm w= %jﬁ (3.7)

i=1 t

Bayesian Inference and Posterior Distribution We choose a uniform prior on
x:

T ~ Beta(ao = ]_7 60 = ].) (38)

Combining with the binomial likelihood yields the posterior:
N

x| {ng, ki} ~ Beta(a =1+ Zni, g=1+ Z<kl — nz)> (3.9)

i=1 i=1
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Since z and d are related by z = p(d) = V(t1,d)/V (t2,d), the posterior density on d

is obtained by:

P(d) = Beta(p(d); a,8) x |p'(d)

, (3.10)

where |p/(d)| = |4 p(d)| is the Jacobian. Scanning d over its domain gives the full
posterior P(d), whose mean and variance yield the Bayesian estimate and uncertainty

of the intrinsic dimension.

Practical Implementation The I3D method proceeds as follows:
1. Encode the sequences numerically (one-hot encoding).
2. Compute all pairwise Hamming distances.
3. For each point, count the number of neighbors n; and k; within radii ¢; and t,.
4. Fit the intrinsic dimension d using Bayesian inference.

Applying this methodology to our protein dataset (filtered at 80% sequence
identity, as in previous analyses), we compute the posterior distribution over the
intrinsic dimension D, using the discrete-metric estimator introduced by Macocco et
al. [7I] The resulting posterior curve is shown in Figure and the maximum a
posteriori (MAP) estimate is extracted as our inferred dimension.

As shown in Figure [13] the posterior is sharply peaked near D = 5, indicating
a strong and unambiguous estimate of intrinsic dimensionality. This finding is con-
sistent with our previous estimates from the linear autoencoder (Section and the
geodesic graph-based method (Section , all of which independently converge near
D = 5.

Together, these complementary approaches—Ilinear projection, graph-based
geometry, and discrete statistical modeling—lead to the same conclusion: natural

protein sequences are not scattered uniformly throughout the high-dimensional space,
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Figure 13: Posterior Distribution over Dimension Posterior distribution P(d |
{ni, k;}) over dimension d, computed for the protein sequence dataset using the
discrete-metric estimator of Macocco et al. This narrow peak reflects a strong, sta-
tistically supported estimate of the dataset’s intrinsic dimension.

but are instead confined to a low-dimensional NEM, with an effective dimension of

approximately D = 5.

3.4 Epistasis as the Source of Dimensional Compression

Having established in Sections that the NEM for protein sequences
resides in a low-dimensional subspace, we now examine the hypothesis that epistasis
is a primary driver of this dimensional reduction. Epistasis refers to statistical de-
pendencies between residues, where the presence of a specific amino acid at one site
influences the distribution of residues at another site. These interdependencies reduce
the number of effectively independent positions in a sequence and thereby constrain
the accessible configuration space. To understand how site correlations contribute to
dimensional compression, we begin with a schematic example shown in Figure [14 In
the left panel, we highlight two columns of an MSA, positions ¢ and j, which show
a strong pattern of covariation. For example, when Arginine (R) at position 7 is

replaced by Lysine (K), Aspartic acid (D) at position j changes to Glutamic acid
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(E); when Lysine mutates to Tryptophan (W), Glutamic acid shifts to Valine (V).
Correlated amino acid substitutions often reflect structural or functional constraints
in the protein’s 3D fold. Conservative changes like Arginine to Lysine and Aspartic
acid to Glutamic acid preserve charge and bonding capacity, maintaining local electro-
static interactions. In contrast, coordinated non-conservative changes—such as Lysine
to Tryptophan and Glutamic acid to Valine—suggest compensatory mutations that
preserve hydrophobic packing or structural stability. These patterns indicate that

epistasis arises from the need to maintain compatibility within the folded structure.
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One amino acid can be inferred from

= -—n 4| the other one.
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Figure 14: Epistatic Couplings. Left: Example from an MSA highlighting two
positions, ¢ and 7, that undergo coordinated substitutions. Amino acid changes such
as R—K with D—E, or K»W with E—V, illustrate joint constraints imposed by
epistasis. Right: Scatter plot of residue identities at positions j (x-axis) and 7 (y-
axis) across sequences. The linear relationship indicates that the state of one site
predicts the other.

This relationship is formalized by the covariance matrix C, which quantifies
how amino acid identities at two positions co-vary across an alignment. Let f;(a) be
the marginal frequency of amino acid a at site 4, and f;;(a, b) the joint frequency of

observing a at site ¢ and b at site j. Then the covariance is:

Cij(a,b) = fij(a,b) — fi(a) f;(b).
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If sites are independent, then f;;(a,b) = f;(a)f;(b), and Cjj(a,b) = 0. Epistasis

manifests as nonzero covariances—off-diagonal structure in the matrix C.

3.4.1 Column Shuffling as a Tool to Disrupt Epistasis

To test whether such correlations are responsible for the observed low dimen-
sionality of protein sequence space, we perturb epistasis directly. This is done by
shuffling entire columns of the MSA independently, one at a time. Shuffling destroys
inter-site correlations while preserving intra-column information, such as conserva-
tion.

Figureillustrates this procedure. In the original alignment (left), positions i
and j contain coordinated amino acid substitutions. After shuffling column j (right),
the marginal distribution of amino acids at j is unchanged, but the joint distribution

fij(a,b) is randomized, effectively eliminating correlations:

isjh“ﬂqed(a, b) = fi(a) f;(b).

%
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Figure 15: Epistasis Modulation via Shuffling MSA. Left: correlated positions ¢
and j in the original MSA. Right: column j is shuffled across sequences, preserving its
amino acid composition (i.e., marginal frequencies) but eliminating joint correlations
with column «.
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3.4.2 Quantifying the Effect: Intrinsic Dimensionality vs. FEpistasis
Strength

To quantify how epistasis influences the dimensionality of the sequence space,
we incrementally shuffle an increasing number of columns and compute the intrinsic
dimensionality for each modified MSA using the geodesic graph and discrete metric-
based estimators. We also compute the strength of inter-site coupling using the

Frobenius norm of the covariance matrix:

IClle = > > Cilab)2
ij ab
This norm aggregates the total magnitude of covariation in the alignment. As more
columns are shuffled, we expect ||C||r to decrease, reflecting reduced epistatic con-
straint.

Figure |16 presents these results. Panel a shows that the ID increases as more
columns are shuffled. When only a few columns are shuffled, correlations remain in-
tact and dimensionality stays low (around five), whereas extensive shuffling disrupts
correlations and drives the dimension toward higher values. The colorbar quantifies
epistatic strength as 1 — shuffled columns/L, providing a numerical measure of how
much correlation is preserved at each level of shuffling. Panel b shows the same trend
in terms of the Frobenius norm of the covariance matrix: datasets with stronger
coupling (higher ||C||r) have lower dimensionality, while those with weaker coupling
exhibit higher values. Together, Panels a and b demonstrate an inverse relation-
ship between coupling strength and dimensionality, showing that epistasis effectively
reduces the number of accessible directions in sequence space.

To confirm that these trends are not artifacts of shared evolutionary ances-
try (phylogeny), we use variational autoencoders (VAEs) to generate synthetic MSAs

with different levels of epistasis. VAEs consist of an encoder—decoder architecture
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Figure 16: Epistasis—dimensionality Relationship. (a) Estimated ID vs. num-
ber of shuffled columns in the MSA. I3D estimates are shown as green dots; the inset
highlights the low-shuffling regime. The dashed line indicates the theoretical maxi-
mum dimension, set at Dy = ¢ X L. (b) ID vs. Frobenius norm of the covariance
matrix. Higher coupling strength corresponds to lower dimension. (c) Same analysis
as (a) with sequences generated by VAEEZLtrained on MSAs with different levels of
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trained to reconstruct sequences while compressing them into a latent space. The
VAE optimizes a loss function that balances reconstruction accuracy and prior regu-

larization:

Lyvag = Eq()a) logp(z | z)] — KL[q(z | ) || p(2)],

where ¢(z | z) is the encoder, p(x | z) is the decoder, and p(z) is a Gaussian prior.
By training VAEs on MSAs with increasing numbers of shuffled columns, we control
the amount of epistasis present in the training data.

Panel ¢ shows the ID of VAE-generated sequences as a function of the number
of shuffled columns in the training set. Even though these sequences lack any phylo-
genetic relatedness, they reproduce the same pattern: more epistasis leads to lower
dimensionality.

These results collectively support the interpretation that epistatic interac-
tions—not phylogeny—are responsible for the low ID of protein sequence space. By
restricting mutational freedom through inter-site constraints, epistasis compresses the
NEM into a structured, low-dimensional manifold. Having established this connec-
tion between sequence-level correlations and the structure of the NEM, we now turn
to investigating how these geometric constraints influence phylogenetic inference and

the resulting tree topologies.

3.5 Epistasis and the Topology of Phylogenetic Trees

Having established that the dimensionality of the NEM is tightly linked to
epistasis, we now ask whether this dimensional constraint influences the structure of
phylogenetic trees inferred from protein sequences. Phylogenetic trees, which encode
evolutionary relationships, often exhibit either hierarchical or star-like structures de-
pending on the distribution of pairwise distances between sequences. A broad distance

distribution tends to yield trees with diverse branch lengths and nested clades, while
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a narrow distribution leads to star-like topologies where all tips are approximately
equidistant from the root.

In Section 3.4, we demonstrated that high epistasis results in lower intrinsic
dimensionality. Here, we test whether this reduced dimensionality correlates with
increased tree hierarchy. We analyze trees reconstructed from both natural and syn-

thetic MSAs with varying levels of epistasis using two metrics: the number of cherries

and a log-likelihood ratio test (LLRT).

3.5.1 Tree Balance and the Number of Cherries

The number of cherries serves as a useful proxy for assessing tree balance: star-
like topologies typically contain many cherries, while more hierarchical trees contain
fewer. To examine how epistasis influences tree structure, we reconstruct phylogenies
using the Neighbor-Joining (NJ) method, a widely used distance-based algorithm that
builds trees by iteratively joining pairs of taxa to minimize total branch length [73].

We applied this method across a spectrum of datasets varying in their level
of epistatic signal: from natural protein MSAs (unshuffled), to sequences generated
by VAEs trained on these MSAs, to VAE-generated sequences with increasing levels
of column-wise shuffling, and finally to sequences evolved under an independent site
model. A clear monotonic trend emerges (Figure: the number of cherries increases
as epistatic constraints are progressively disrupted. Natural sequences yield the most
hierarchical trees, with the fewest cherries, followed by unshuffled VAE-generated
sequences. As more columns are shuffled, the cherry count steadily rises, resulting in
the highest values for trees inferred from independent-site simulations.

This continuous transition supports the interpretation that epistasis restricts
accessible sequence configurations to a low-dimensional NEM, leading to hierarchical

phylogenies even under neutral evolution.
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Figure 17: Effect of Epistasis on Number of Cherries. Each point corresponds
to a tree reconstructed from a dataset with a specific level of shuffling. Red points
correspond to unshuffled or highly epistatic data; blue points correspond to heavily
shuffled or independently evolving datasets. The trend confirms that increasing epis-
tasis reduces cherry count, supporting the emergence of hierarchy in tree shape.

3.5.2 Likelthood Ratio Test Against the Star Model

To quantify this effect further, we apply a Log-Likelihood Ratio Test (LLRT)
comparing the fit of each inferred tree to a null star phylogeny [74, [75]. The test
evaluates whether the observed pairwise distances significantly deviate from the ex-

pectations under a star model. Formally, the LLRT statistic is given by:

Aty to | x) =2[InL(ty | x) —InL(to | x)] (3.11)

where z is the observed pairwise distance data, ¢; is the inferred tree (alternative
hypothesis), ty is the star tree (null hypothesis), and L(t | z) is the likelihood of
the data under tree t. This formulation compares how well each tree explains the

observed data. A large A indicates that the tree t; fits the data significantly better
than the null star tree.

As shown in Figure , datasets with higher epistasis (and thus lower intrinsic
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dimension) yield strong rejection of the null model. As epistasis diminishes through
shuffling, the LLRT statistic drops, approaching insignificance—indicating that the

inferred trees become increasingly compatible with the star topology.
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Figure 18: Log-Likelihood Ratio Test (LLRT) as a Function of Epistasis
Strength. The y-axis shows the computed A for each dataset. Datasets with
strong epistatic structure deviate significantly from the star tree model, while weakly
epistatic datasets align more closely with the star model. This demonstrates that

epistasis not only shapes the geometry of sequence space but also alters the topology
of the inferred phylogeny.

Together, these findings confirm that the shape of phylogenetic trees is not
solely a consequence of shared ancestry but also reflects the geometric constraints
imposed by epistasis. Reduced dimensionality of the NEM-—driven by correlated
evolution—Ileads to more hierarchical tree structures. Ignoring this effect could result
in overinterpreting hierarchical signal as evidence of evolutionary divergence rather
than structural constraints. Accounting for NEM geometry thus offers a principled

way to improve phylogenetic inference.

48



CHAPTER 4
DISCUSSION

4.1 Summary of Findings

This thesis set out to investigate how epistatic interactions influence the recon-
struction of phylogenetic trees, with particular emphasis on the geometry of sequence
space and the dimensionality of accessible sequence ensembles. By combining the-
oretical modeling, numerical simulation, and empirical protein data, we established
a framework that connects epistasis to distortions in inferred tree topologies. The
main result is that correlated mutations compress the effective dimensionality of se-
quence space into what we defined as the NEM, and that this compression alters the
distribution of distances in ways that bias phylogenetic inference.

Across synthetic and real systems, the findings converge on the same conclu-
sion: even modest levels of epistasis produce measurable reductions in intrinsic di-
mensionality, which in turn generate tree-like structures with strong hierarchy. These
structures can emerge independently of any genuine branching history, underscoring
the risk of attributing topological patterns to evolutionary divergence. This manifold
thus provides a unifying concept for interpreting how genetic dependencies reshape

sequence landscapes and their phylogenetic representations.

4.2 Interpretation of Theoretical Models

The minimalist models presented in Chapter 2 demonstrated that even simple
blockwise correlations, when embedded into an Ising-like framework, are sufficient
to reconfigure the geometry of sequence space. Independent-site models produce en-
sembles that approximate a uniform distribution on a high-dimensional hypersphere,

consistent with star-like tree topologies. By contrast, blockwise correlated models col-
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lapse the space into lower-dimensional manifolds, narrowing the range of accessible
directions and amplifying apparent hierarchy in reconstructed trees.

These results highlight a purely geometric mechanism by which phylogenetic
inference can be misled. In distance-based approaches, a wide spread of pairwise
distances is interpreted as evidence of nested branching. Yet in our simulations,
this structure emerged only from correlations constraining mutational freedom. The
implication is clear: dimensionality itself becomes a hidden parameter in phylogenetic

inference, and ignoring it can lead to overestimation of historical structure.

4.3 Evidence from Natural Protein Sequences

Analyses of empirical sequence alignments confirmed that the dimensional
compression observed in minimal models persists in real proteins. Three meth-
ods—Ilinear autoencoders, geodesic graph-based estimation, and discrete metric-based
Bayesian inference—consistently identified intrinsic dimensionalities near five, far
lower than the length of the sequences. This finding reinforces the notion that func-
tional and structural constraints confine protein diversity into restricted regions of
sequence space.

Importantly, shuffling experiments demonstrated that this low dimensionality
is a direct consequence of inter-site correlations. Disrupting epistasis by permuting
alignment columns led to increases in estimated dimensionality, and VAE-generated
sequences trained on shuffled data reproduced the same pattern in the absence of
shared ancestry. Together, these results provide strong evidence that epistasis, rather
than phylogeny, is the primary driver of dimensional compression in protein sequence

space.
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4.4 Consequences for Phylogenetic Inference

The impact of epistasis extends beyond abstract geometry to the practical
interpretation of phylogenetic trees. Hierarchical topologies, delayed diversification
in lineage-through-time curves, and reduced cherry counts all appeared in simulations
and empirical analyses under high correlation. Likelihood ratio tests further confirmed
that correlated datasets reject star-like models, favoring more structured alternatives
even when no branching history is present.

These results highlight the risk of assuming that tree balance or hierarchy
must reflect biological processes. Instead, they may also encode the geometric im-
print of epistatic constraints on sequence space. In this sense, phylogenetic inference
becomes sensitive not only to historical processes but also to the statistical dependen-
cies governing mutational accessibility. Recognizing and correcting for this influence
is essential if trees are to be interpreted as records of ancestry rather than artifacts

of correlation.

4.5 Broader Implications

Beyond their technical implications, these findings contribute to a broader
rethinking of how molecular evolution is modeled. Traditional substitution models
treat sites as independent, sacrificing realism for tractability. The evidence presented
here shows that such simplifications underestimate the role of epistasis, which acts as
a pervasive organizing force in sequence space. Accounting for this structure opens
the door to dimensionality-aware models that better capture both the geometry and
the dynamics of protein evolution.

Moreover, the NEM framework offers a conceptual bridge between molecular
evolution and disciplines such as statistical physics and machine learning. Generative

models, whether Potts-based or neural-network driven, provide practical tools for ex-
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ploring constrained sequence spaces and testing how geometric properties translate
into tree topology. By framing epistasis as a geometric constraint rather than a com-
plication, this thesis lays the groundwork for unifying diverse approaches to sequence

analysis under a common perspective.

4.6 Limitations

Several limitations of the present work should be acknowledged. The minimal-
ist models employed binary alphabets and blockwise interactions, choices made for
analytical tractability rather than biological realism. While these simplifications re-
vealed essential principles, they cannot capture the full diversity of epistatic patterns
in natural proteins. Similarly, intrinsic dimensionality estimators, though consistent
across methods, rely on assumptions about uniform sampling and metric embeddings
that may not hold universally.

In addition, while empirical datasets were carefully controlled with shuffling
and generative modeling, they remain influenced by evolutionary processes not explic-
itly modeled here, such as selection, recombination. These factors may interact with
epistasis in complex ways that were not disentangled in this study. Thus, while the
results strongly support the role of epistasis in dimensional compression, they should
be viewed as a foundation for more comprehensive models rather than a complete

description of molecular evolution.

4.7 Future Directions

Future research can build on this framework in several directions. On the
methodological side, developing phylogenetic inference algorithms that explicitly in-
corporate dimensionality estimates would allow tree reconstruction to account for

the NEM. Extending models to capture higher-order and heterogeneous epistatic in-
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teractions could also reveal how complex dependency structures further compress
accessible sequence space.

On the empirical side, applying these methods across diverse protein families
and integrating them with experimental fitness landscapes will be crucial for vali-
dating the generality of the findings. Advances in generative modeling, including
diffusion frameworks and transformer-based architectures, provide new opportunities
to probe the relationship between sequence space geometry and evolutionary infer-
ence. Ultimately, the integration of geometric, statistical, and biological perspectives
may yield a new generation of evolutionary models that are both computationally

feasible and biologically faithful.

4.8 Conclusions

This thesis has shown that epistasis is not merely a complicating factor but
a fundamental determinant of sequence space geometry and phylogenetic inference.
By compressing sequence ensembles into low-dimensional manifolds, epistatic interac-
tions generate tree structures that can mimic historical branching even under neutral
evolution. Recognizing this effect shifts our interpretation of phylogenetic trees, high-
lighting that hierarchy does not arise from ancestry alone.

The introduction of the NEM provides a conceptual and analytical framework
for capturing these effects. By bridging theoretical models, simulations, and real
protein data, this work highlights the necessity of dimensionality-aware approaches
to molecular evolution. This work provides a foundation for future studies that seek
to reconstruct history and understand the geometric and statistical forces that shape

the landscape of life.
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APPENDIX A

DERIVATION OF THE DISTRIBUTION OF GEODESIC DISTANCES
ON A (D—1)-SPHERE

In this section, our goal is to derive the probability distribution of geodesic
distances between points on the (D — 1)-dimensional unit hypersphere SP~! c RP.
The geodesic distance between two points on the sphere is defined as the length of
the shortest arc connecting them along the surface. On a unit sphere, this geodesic
distance is equal to the angle 6 between the two vectors originating from the origin to
each point. Therefore, deriving the distribution of geodesic distances is equivalent to
deriving the distribution of angles between two independent and uniformly sampled

vectors on SP~! [76].

Geodesic distance = 6 = cos ™' (x - y). (A.1)

Uniform Sampling and Rotational Symmetry Let x,y € SP~! be two inde-
pendent, uniformly distributed unit vectors. The angle 6 between them is defined via
the dot product:

cosf=x-y, 0¢€]l0,n]. (A.2)

Due to the rotational symmetry of the sphere, we can fix one vector without

loss of generality. Let us set

x = (1,0,0,...,0), (A.3)

and sample y uniformly from SP~!. The angle 6 is then determined entirely by the
first coordinate of y:

cos =y, = 0=cos (). (A.4)

Therefore, the distribution of # can be derived from the marginal distribution
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of the first coordinate y; of a uniform vector on the sphere.

Hyperspherical Coordinates and the Surface Measure To describe points on
the surface of the sphere, we introduce hyperspherical coordinates, which generalize
the familiar polar and spherical coordinate systems from 2D and 3D to D dimensions.

A point y € SP~! can be represented as:

y1 = cos Oy,
Yo = sin 67 cos 0,

Y3 = sin @ sin 0, cos 05,

(A.5)
Yp_1 = sinfysinfy - - -sinfp_o cos ¢,
yp = sinfy sinfy - - -sinfp_o sin @,
where the angular variables vary over:
b1,....,0p_2€[0,7], ¢€]l0,2n]. (A.6)

This coordinate system ensures that all points lie on the unit sphere. Impor-
tantly, the angle # we care about corresponds exactly to 6y, since cos @ = y; = cos 6.
The infinitesimal surface area element in hyperspherical coordinates is deter-
mined by the Jacobian of the transformation from Cartesian to angular variables.
This Jacobian reflects how the coordinates are arranged on the sphere. In these co-
ordinates, each point on the sphere is described by a set of angles. Here, we change

variables from (y1,4s,...,yp) to (61,0s,...,0p_2,®) which leads to:

D—2
ds = (H sin? 1 @) dby - - - dp_ode. (A7)

J=1
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In particular, the first angle #; — which corresponds to the angle between a
sampled point and the fixed reference axis — appears in the form sin®~26,. This
factor reflects the surface area of the (D — 2)-dimensional subsphere (a ”band” or
7slice”) at angular height 61, and it determines the relative number of points on the
sphere at that angle. Therefore, the marginal distribution of the angle § = 6, between

two random vectors is directly proportional to:

sin?~20. (A.8)

Deriving the Angle Distribution Function F(f) We now derive the density
function F(6) for the angle § between two independent random vectors on SP~1.
As discussed, the number of such pairs forming an angle in the infinitesimal range

[0,0 + df] is proportional to the surface area at that angle, which scales like:

F(#) o sin®~24. (A.9)

To turn this into a proper probability density function, we normalize it over

the interval [0, w]. That is, we define:

1

F(0) = —sin” 20, (A.10)
Zp
where the normalizing constant Zp is:
Zp :/ sin? 2 6 df. (A.11)
0

This integral has a known closed-form expression involving the Gamma func-

tion:

(A.12)



Thus, the final expression for the probability density function of the angle

18:

F(0) = ﬁF(%) -sin” 7?0, 0 €[0,7]. (A.13)

High-Dimensional Behavior As the dimension D increases, the function sin”~2(#)
becomes sharply peaked around # = 7/2. In the limit of large D, nearly all randomly
sampled vectors are almost orthogonal, and the angle distribution approaches a nor-

mal distribution centered at 7 /2 with variance close to zero.
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APPENDIX B

DERIVATION OF THE DISTRIBUTION OF EUCLIDEAN
DISTANCES ON THE SURFACE OF A HYPERSPHERE

This appendix derives the probability distribution of Euclidean (chord) dis-
tances between points uniformly sampled on the surface of a (D—1)-dimensional
sphere (hypersphere) [61]. The results offer geometric insight into the structure of

high-dimensional spaces.

Preliminraies Let S(°~1) ¢ R” denote the surface of a hypersphere of radius R,
defined as:
SPD = {x eR” | |x| = R}. (B.1)

Let sV and s® be two independent, uniformly distributed points on S(P~1.

The Euclidean (chord) distance d between them is given by:

d= sV —s?| = v2R? — 2R2cos § (B.2)

where 6 € [0, 7] is the central angle between the two vectors. Then using half-angle
identity 1 — cos @ = 2sin? (g), we can rewite it as:

0
d= s —s®| = 2Rsin (§> : (B.3)

Cumulative Distribution Function via Spherical Cap Geometry To find the
distribution of chord lengths, we first compute the cumulative distribution function
(CDF). For a fixed point s(!), the set of points within Euclidean distance ¢ from it

forms a hyperspherical cap on S’~Y. The CDF is the probability that a randomly
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chosen second point s lies within this cap:
F(d)=P(|s" -s?| <a). (B.4)

The surface area of a hyperspherical cap of angular radius « is given by inte-

grating the surface area of a (D—2)-sphere of radius Rsin@ [77]:

A(Dfl),cap(R) =R- / AD_Q(R sin 0) Rdo
o (B.5)
= RADQ(R)/ sin” 2 6 db,
0

where Ap_»(R) is the surface area of a (D—2)-sphere of radius R.

The total surface area of S~ is:

orD/2 RD-1

Ap_1(R) = (B.6)
r(%)
Thus, the CDF of the chord length is:
Aca (R 05) AD—2(R) /a . _
Fp_i(d) = =222 7 — sin? 26 de. B.7
P =T T AR o (B7)

Probability Density Function (PDF) To obtain the probability density function

of the chord length d, we differentiate the CDF with respect to d. This yields:

d2 d4 3
— = - = <d< .
fa(d) B (2L, 1) (R2 434) , 0<d<2R, (B.8)

where B(a,b) is the Beta function:

Y T 01

This PDF describes the distribution of Euclidean distances between uniformly

67



chosen pairs of points on a hypersphere.

Mean and Variance of the Euclidean Distance As shown by Sidiropoulos
(2014) in the analysis of chord-length distributions on N-spheres, explicit expressions
for the raw moments—including the mean and variance—are available [61]. The exact

expressions for the mean and variance are as follows:

(B.9)

B2 (2 2)
0 = Var(d) = (2— Y -22D—2> R?, (B.10)
B*(D - 3,3)

Using properties of the Beta and Gamma functions, this can also be written as:

2 _ F4 (%) 2D-2 2
0—(2—m-2 )R. (B.11)

Asymptotic Behavior: As the dimension D — oo, these expressions sim-

plify due to properties of the Gamma function and concentration of measure [62] on

high-dimensional spheres:
E[d] — RV2,  Var(d) — 0.

In this limit, the Euclidean distance d between two randomly chosen points on the

N-1) concentrates sharply around Rv/2. This behavior reflects the

hypersphere S(
concentration of measure phenomenon: in high dimensions, most points lie on the
equator, resulting in a near-constant pairwise distance. As a result, the variance of

the distance distribution tends to zero.
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APPENDIX C

MAPPING BETWEEN HAMMING AND EUCLIDEAN DISTANCES

This section proves the relationship between Hamming and Euclidean dis-
tances for binary sequences. The Euclidean distance between rescaled binary se-
quences is proportional to the square root of their normalized H distance, connecting
discrete and continuous measures of similarity

For two binary sequences s and s of length L, the Hamming distance is:
L
di (s, @) = o(s (i) # 5P (0)), (C.1)

=1

and the normalized Hamming distance is:

do (s @
it nomm(5), 52 % (C.2)

Binary sequences are mapped to vectors on the hypersphere using:

6(s) = (25\1/%1,...,23L\/;>. (C.3)

This transformation maps each binary element s; such that:

—:—’ SZ: = — .
vL VL VL VL

The resulting vector ¢(s) is centered around the origin and lies on the surface of a

si=1=

(C.4)

hypersphere of radius R = 1.
Let sV and 5 be two binary sequences of length L, and let ¢(s™")) and ¢(s(?)
be their corresponding rescaled vectors. The Euclidean distance between ¢(s!)) and

#(5?) is given by:
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diuc(sV, ) = | Y~ (6(s(i)) = (s ()", (C.5)

i=1

Expanding the expression:

L s () — s@(i) — 1\ 2
a5, 5%) = \[ 3 <2 ( \(/% L2 ()\(/% 1> , (C.6)

Simplifying each term under the square root:

260(i) =1 2s@() =1 2(sD (i) — s (i)

_ — , C.7
VI VI VI (©7)
Thus, the Euclidean distance becomes:
L A 2 L
(s (5) — 5@ (4))
dpue (s, s = ( ) —s@(4))2, (C.8
o5 = | 3 (2 | 2600 — s (©3)

Since (s (i) — 5@ (7))? = 1 if s () # 5@ (i) and 0 otherwise, the summation

SF (sM(i) — 5@(4))? is simply the H distance d (s, s)). Therefore:

dipue (s, 5%)) = du (s, s), (C.9)

2
VL
The normalized Hamming distance is given by:

dH(S(1)>S(2))

dH, norm(s(l)a 8(2)) = L )

(C.10)

Substituting dg(sV, s)) = m, where m is the number of mismatches, we

have:

2
diguc(sV, s?) = —/m =2 2\/dH norm S (C.11)

VL
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The Euclidean distance between rescaled binary sequences is proportional to
the square root of their normalized H distance, connecting discrete and continuous

measures of similarity.
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APPENDIX D

CONVERGENCE OF DISTANCE DISTRIBUTIONS ON THE L-CUBE
AND THE (L—1)-SPHERE

Consider a sequence of length L, where each position can assume one of two
possible values: A or B. We define an encoding that maps these characters to real

numbers:

1
An—>ﬁ, BH_E' (D.1)

Using this encoding, each sequence is represented as a vector in R”, where the

i-th component corresponds to the value at position ¢ in the sequence.

This representation has several important geometric properties:

e Each encoded sequence corresponds to a vertex of an L-dimensional hypercube

with side length v2L.

e Since each vector contains components of magnitude \/LE or —\/iz, the Euclidean

norm of every vector is:

b=y () =g =1 (D2)

meaning that all such vectors lie on the surface of the (L—1)-sphere of radius 1

embedded in RE.

Thus, this encoding defines a discrete set of points lying both on the unit
sphere and at the vertices of a hypercube in R”.
As L grows, the vertices of the L-cube become uniformly dense on the surface

of the L-sphere. Hence, one can approximate the distribution of distances between
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these vertices using the distribution of chord lengths between points on the (L — 1)-

sphere.

Distance Distribution on the L-Cube

Consider a vector Z uniformly distributed on the vertices of an L-cube of side
V2L. The Cartesian components of this vector satisfy x; = j:\/iz. The scalar product

between two independent vectors 5V and 5 is:

L L
SOIECIE S CONCIN e D.3
5.5 Zsl s; ; T (D.3)

i=1

This scalar product is a random variable equal to the sum of L i.i.d. terms with
mean 0 and variance % By the Central Limit Theorem, it converges to a Gaussian

distribution as L — oo. The squared Euclidean distance between two such vectors is:
Aoy =2 — 250 - 5@ (D.4)

This is distributed as a Gaussian centered at 2 with variance %. For large L,

the corresponding probability density function is:

oy 1 (d2ube.r. — 2)°
P(dcube,L) - \/S—WTGXP <_8/—L> . (D5)

Alternatively, the scalar product can be expressed in terms of a binomial vari-

able:
2k k
5.5 = =L A2 e, =4 (1 — Z) : (D.6)
The corresponding characteristic function is:
€4it ait\ L
Gaver(t) = S (147 H) . (D.7)
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By computing the derivative:

0 1
7, Pcube,L — 4i cube 1- T 4t | D.8
T () (D)
and expanding for L — oo:
0 4t 124t? 1
— = 2 — — — - D.
8t¢cube,L gbcube,L ( [ I + L2 +o0 (L3)> ( 9)

It is clear that eq. D.9 has the Gaussian solution in eq. D.5 if approximated
at the order o(cll). We will use the previous expression to prove that the convergence
between the distribution on the cube and on the sphere is limited to the order o(%).

For higher orders, both the distributions converge to zero, but with different rates.

Distance Distribution on the (L—1)-Sphere

Consider two vectors 59 and §? uniformly distributed on the surface of a
unit (L — 1)-sphere. In Appendix B, we derived the distribution of distances for
such a sphere. Using a change of variable, the distribution of the squared distance

dzphere,L = Hg’(l) - §(2)H2 satisfies:

i (L=3)/2
) . (D.10)

2 2 sphere, L
P(dsphere,L) X <dsphere,L - 4

. . d? . ..
Introducing the change of variable x = =2=L this becomes a beta distribu-

tion with parameters a = = %:
N(L—1) s -3

Note that because the maximum distance between points on a unitary (L —1)-

sphere is always 2, z is defined in the range [0, 1].
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The characteristic function of a beta distribution with parameters o = 3 = %
can be written in terms of the confluent hypergeometric function ; Fi(a, 2av,it) and

the modified Bessel functions /. Rescaling the variable ¢ — 4t, we obtain:

. 1 t
o(t) = " 1 Fy (o, 2, 1t) = € o) / ez (1 — 2)* ' du. (D.12)
@) Jo

Alternatively, using the modified Bessel functions, the characteristic function
can be expressed as:

B(t) = e I,(2it), (D.13)

where [, is the modified Bessel function of the first kind.

. ) 2
Psphere e (—tH)™. (D.14)
ph L 7nZ:0 m'F %)

Convergence of Distributions as L — oo

Consider the beta distribution with equal parameters o = g = %, as defined

d2
in equation (D.10). Recall that the variable x = 2L 'is defined between 0 and 1.
The average of this distribution is equal to =, while the variance is E

If we standardize z with the change of variable y = 2v/L (9: — ) and compute

the corresponding Jacobian, we get:
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(y) = %P (% * %) . L
B le/flggL(;)) (2\% ! %> L: (1 . <% :%)) | (D.15)
e (1t avz) (iavp)
I (1 y_)
2VLT?(557) \4 4L

We can now use Stirling’s formula for the Gamma function which given by

z

['(z) ~ \/z (2)"[1+0(2)], and the fact that L — oo, to write:

P(y) = 2L A(L—1) <L2;1>L71

_L-12l o pNTL (]
T2 -1var\d 4L oz

N IO/

4 AL

1 2r(L—1) (=) (1 yz)zs

which is the same distribution in D.5.
This proves that the random variable y is distributed as a standard normal, up
to corrections of the order o (%) Returning to the squared distance with the change

d2

sphere,L. = 47 = —%= +2, we find:

4
dzphere,L ~ N (27 Z) ’ (D].?)

which matches the Gaussian distribution derived for d?

cube,, I equation D.5.

The distance distributions on the L-cube and (L — 1)-sphere converge to the
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same Gaussian distribution as L — oo, with corrections of order o (%) This demon-

strates the equivalence of the two distributions in the high-dimensional limit.
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APPENDIX E

NORMALIZED HAMMING DISTANCE OF BINARY SEQUENCES

Here, we derive normalized hamming distances between binary sequences.
Each site ¢ along the chain can take one of two values, commonly denoted as +1
or —1. These values can represent simplified sequence elements, such as the presence
or absence of a feature. We denote each site by s; € {—1,+1}, and a full sequence of
length L by the vector s = (s1, S2,...,5L).

The normalized Hamming distance between two sequences s and s(?, which

measures the fraction of sites at which the sequences differ, is defined as:

- 1
1) 2y = 1) @)
dy(s',s'%) = L;é(si .S ), (E.1)
where d(a, b) is the Kronecker delta:
0 ifa=b
d(a,b) = (E.2)
1 ifa#b

For binary values in {—1,+41}, we can express the Kronecker delta using the

identity:
1—ab
5(a,b) = 2“ . (E.3)
Substituting this identity into the expression for dyr, we obtain:
R S L
L& 2
= (E.4)

N | =

1 L
(1) (2
PR
=1
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APPENDIX F

BLOCKWISE 1D ISING MODEL

We consider binary sequences of length L generated from an independent
block Ising model. The sequence is partitioned into n = L/b independent blocks,
each containing b sites. Inside each block, spins interact according to the one-

dimensional nearest-neighbor Ising Hamiltonian:

b—1
Hy(s) = —=J ) sisis1, (F.1)
=1

where s; € {—1,+1}, and J > 0. There is no interaction between different blocks.
This energy function favors aligned spins, with the lowest energy achieved

when all spins are identical within the block (i.e., fully ferromagnetic).

Partition Function of Block-Wise Correlated Sequences

The partition function is the weighted sum over all configurations in the block,

where each configuration is weighted by its Boltzmann factor:

Zy(B) = Z exp (52&'&41) ) (F.2)

se{—1,+1}b i=1

As f — oo (i.e., low temperature), the system becomes increasingly biased toward
low-energy configurations (all spins aligned).

Block Size b = 1: When b = 1, there are no interactions between spins:

Hi(s1))=0 = Zi(f)= > 1=2 (F.3)

s1==+1
All configurations are equally probable, independent of temperature. This corre-

sponds to a model with no epistasis.

79



Block Size b = 2: With two spins, the Hamiltonian contains one interaction:
HQ(Sl, 82) = —S818592. (F4)

Thus, the partition function becomes:

ZQ(B): Z ePsis2
$1,52==%1 (F5)

= 2¢7 +2¢77 = 4cosh(p).

General Case: For larger blocks, we apply the transfer matrix method. De-

fine the transfer matrix 7" by:

Tog = s e{-1,+1}. (F.6)
This yields:
e e
T = (F.7)
e B b
Let v = . Then the partition function for block size b is given by:
1
Zy(B) = v T v, (F.8)
The eigenvalues of T are:
Ay =2cosh(f), A_ =2sinh(f), (F.9)

and the matrix is diagonalizable. Therefore, the partition function simplifies to:

Zy(8) = N1 4 A1 = (2cosh(B))"! + (2sinh(B))" " (F.10)
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Block size b | Number of interactions Partition function Z,(f)

1 0 2
1 4 cosh(p)
>3 b—1 (2 cosh(B8))"" + (2sinh(B))""

Table F.1: Summary Partition function Z(/) for various block sizes

Full Partition Function For a sequence of length L divided into blocks of size b,

the full partition function is the product of block contributions,

L/b L/
ZeaB) = [ 28) = 28] " (F.11)
m=1
Using the block expression derived above, this becomes
L/b
Zseq(B) = | (2cosh 3) "~ + (2sinh B)"! . (F.12)

High temperature (§ — 0). When § is small, coshf ~ 1, sinh ~ 3, so each
block has Z,(0) = 2°=1. Thus

lim Zeq(8) = (287150 ~ 28 (F.13)
B—0
corresponding to all 2% configurations being equally likely.

Low temperature (8 — o0). At large (5, only the ground states contribute. Each
block has two ferromagnetic ground states, so the total degeneracy is 2//°. Including

the Boltzmann weight of the ground-state energy,

Zoq(B) ~ 2810 PELY), (F.14)
Thus,
Jim U0 Z,00(8) = 2H (F.15)
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As block size increases, the partition function becomes increasingly dominated
by low-energy (ferromagnetically aligned) configurations, especially at low tempera-
tures (high ). This reflects stronger epistatic constraints within each block. When
b = 1, the model reduces to an independent site model with no correlation. When
b = L, the entire sequence behaves as a single Ising chain, corresponding to maximal

correlation (global epistasis).

Expected Value and Variance of Hamming Distance

For two independent sequences s and s, we define the normalized Ham-

ming distance:
5 1
dy =+ X, (F.16)

(1) (2)
1—sM !
where X; = 812 %

Expected value. The mean of the normalized Hamming distance remains un-
changed even in the presence of intra-block correlations. Since the 1D Ising model
without an external field is symmetric under global spin flip, each spin has zero mean,
i.e., E[s;] = 0. For two independently sampled sequences from this model, the ex-
pectation ]E[sgl)sf)] = [E[s;]* = 0 still holds. Consequently, the expected value of the
normalized Hamming distance is E[dy] = £, regardless of block size or interaction

strength within blocks.

Variance. As defined in Appendix E, the variance of normalized Hamming distance

is given by:

Var(dy) = % S°% Cov(X;, X;). (F.17)

i=1 j=1

Since blocks are independent, covariance terms vanish between different blocks,
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SO:

b b
Var(dy) = = Z Z Cov(X;, X;). (F.18)

b b
Var(d :Liz::z:: ov(X;, X;). (F.19)

We first compute E[X;]. Since E[s;] = 0, we have:

1
Next, we expand:
1 1) (2 1 1) (2 2
XX = 2 (1= 5050 = s 1 50525052 (F.21)
Taking expectation and using independence between sequences:
1 2
E[X:X;] = 1 (1+C7), (F.22)
where C;; = E[s;s;| is the two-point correlation function within a block.
Thus, the covariance is:
L
We obtain:
Vi d F.24
ar(dz) 4Lb Lo L (F.24)

For the 1D Ising model without an external field, the correlation function is:

Cij = tanhlifﬂ <5J), (F25)
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where = 1/T. Thus:
boob
Var(dy) = ZZ tanh?"71(5.]). (F.26)

Let o = tanh?(3.J). The double sum can be rewritten as:

b b b—1
Z 2=l = Z(b — k)a*. (F.27)
i=1 j=1 k=0
Hence,
A =
Var(dy) = 170 (b— k). (F.28)

b
I

0

This sum can be rewritten as:

Q“

-1

b—1
(b—k)x —be Zlmk (F.29)
k=0

£
Il

0

The closed-form expressions for the sums are:

ixk - 11__”;, (F.30)

and -
Y ket = z(1 - x(glj;)(j —2) (F.31)

k=0

Thus, we obtain the final formula:

Var(dy) =

1 [b‘ 1—2 2(1—2°(1+0b(1—-21))) (F.32)

ALb | 1—z (1— )2

High temperature limit At high temperature (7' > 1), tanh(5J) =~ J < 1, so
x — 0. Then:

Var(dy) ~ 0. (F.33)
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This corresponds to the independent site model.

Low temperature limit At low temperature (7" — 0), tanh(8J) — 1, so  — 1.

Then,
b—1
1
S (b k) - % (F.34)
k=0
which gives:
- b+1

Numerical Evaluation In Figure[l9] we show the variance Var(dy) as a function of
block size for different temperatures. It illustrates how the variance of the normalized
Hamming distance depends on both block size b and temperature 7. At low tem-
perature, increasing the block size leads to stronger intra-block correlations, resulting
in larger variance due to collective block-level fluctuations. This behavior saturates
according to the analytical low-temperature approximation Var(dy) ~ (b+1)/(8L).
In contrast, at high temperature, where spin interactions are weak, the variance ap-
proaches its uncorrelated limit of which is approximately 0, independent of the block

structure.
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Figure 19: Variance of Normalized Hamming Distance Var(dy) as a Function
of Block Size b for Different Temperatures, with J = 1. The thick purple curve

corresponds to 7' = 0.5. The dashed line is the low-temperature limit b;—Ll.
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