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ABSTRACT

In this dissertation, I explore different mechanisms by which information is gener-
ated in financial markets, and whether these mechanisms can account for empirical

anomalies that models without information choice have difficulty explaining.

In the first chapter, I survey the theoretical literature on perfectly competitive
asset markets, with a particular focus on rational expectations models with en-

dogenous information acquisition.

In the second chapter, “The Distribution of Information, the Market for Financial
News, and the Cost of Capital”, I present a rational expectations model with a
competitive market for financial news that provides an explanation for why stocks
with a higher degree of information asymmetry tend to earn higher expected re-
turns. I demonstrate that when a small fraction of investors hold a large fraction
of a firm’s private information, few investors demand a copy of firm-specific news
in equilibrium. As a result, each investor must incur a larger share of the fixed
cost of news production to obtain a copy, which deters investors from learning
more about the firm and therefore raises their required risk premium. This re-
sult hinges crucially on the ability of investors to share in the fixed cost of news
production, which suggests that the financial news media plays an important role
in determining how the cost of capital varies with the inequality of information

across investors.

In the third chapter, “Learning About Noise” (with Oleg Rytchkov), we study
theoretical implications of endogenous acquisition of non-fundamental informa-
tion in financial markets. We develop a rational expectations model with hetero-
geneous information and multidimensional costly learning and demonstrate that 1)
investors specialize in information acquisition, that is, those who are endowed with
high (low) quality information about fundamentals learn only about fundamentals
(noise), ii) learning about fundamentals increases the asymmetry of information,
whereas learning about noise decreases it, and iii) the opportunity to learn about

noise unambiguously increases price informativeness.
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Chapter 1

INTRODUCTION

A central question in the study of financial markets is whether asset prices accu-
rately reflect information dispersed among a large number of market participants.
In recent years, a vast theoretical literature has used the rational expectations
framework to study how well prices aggregate and communicate private infor-
mation to other traders in competitive markets. In this chapter, I review this

literature and briefly discuss the contributions of this work.

One of the first papers to analyze price informativeness within a rational expec-
tations framework is Grossman (1976). Specifically, Grossman (1976) describes a
perfectly competitive market for a single risky asset, where each agent is endowed
with a mutually independent signal about the risky asset’s payoff. After observing
his private signal, as well as the asset’s price (which can be used to infer other
agents’ signals), each agent then decides how many shares to purchase. In this
framework, Grossman (1976) does find that the asset’s price perfectly aggregates
and reveals all private information. However, since Grossman (1976) assumes that
agents take into account that their private signals and the asset’s price are sta-
tistically dependent, in equilibrium agents only condition their demand on price,
which gives rise to a paradox: if no single agent incorporates private information
into their investment decisions, how can prices reveal any private information in

the first place?

To address the paradox presented by Grossman (1976), a second strand of papers,
beginning with Hellwig (1980) and Diamond and Verrecchia (1981), introduces
an additional ingredient: agents are not only uncertain about asset payoffs, but

also about the aggregate endowment of asset shares. Randomness in the supply

1



Chapter 1 2

of shares, usually attributed to the presence of noise traders or uncertain liquidity
preferences, serves to prevent the asset’s price from perfectly revealing all relevant

information.’

In other words, due to this second source of uncertainty, agents
cannot discern whether fluctuations in price arise from agents’ private information
or from randomness in supply. As a result, prices are no longer perfectly revealing,
and agents no longer neglect their private signals when forming portfolios, as they
do in Grossman (1976). Admati (1985) provides a generalization of these results
to the case with multiple risky assets, and finds that an asset’s price can decrease

in its own payoff or increase in its supply when asset payoffs are correlated.

While much of the seminal discussion is focused on the case where participants’
information sets are exogenous, an important step in understanding the work-
ings of financial markets is to recognize that investors have some choice over the
quantity and quality of information at their disposal. This distinction is particu-
larly important when one considers that learning choices and investment choices
are mutually dependent: investors’ portfolio decisions are driven by their beliefs,
but beliefs are determined by learning choices, which are themselves a function of

portfolio expectations.

Beginning with Grossman and Stiglitz (1980) and Verrecchia (1982), a strand of
literature considers endogenous information acquisition within a perfectly compet-
itive market for a risky asset (or risky assets), where asset payoffs and number of
outstanding asset shares are initially unknown to agents, as in Hellwig (1980). In
these models, before agents form their portfolios, they can reduce their uncertainty
about the risky asset by acquiring a signal for some specified cost. In a subsequent
period, agents observe their acquired signals and the asset’s price and use their
updated beliefs to form portfolios. In the final period, payoffs are revealed and

agents consume.

Although these models share the same basic framework, their details often dif-
fer. For example, in the canonical model of Grossman and Stiglitz (1980), agents
choose whether to pay an exogenous cost to acquire the same payoff signal. In
contrast, Verrecchia (1982) allows agents to acquire payoff signals that are inde-
pendent across agents, where the cost of a signal is increasing in its precision. A

general result in this literature is that the informativeness of price with respect

"'While Hellwig (1980) assumes random aggregate supply, Diamond and Verrecchia (1981)
assumes that each agent’s endowment is random. The two approaches are functionally equivalent
as long as the number of agents is finite.
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to fundamentals is increasing in the average amount of signal precision possessed
by agents. Since agents observe asset prices for free, this implies that learning is
a strategic substitute: the value of collecting private information is decreasing in
the amount of private information possessed by others. This also gives rise to the
well-known Grossman-Stiglitz paradox: if learning is costly, prices cannot fully
reveal private information in equilibrium because agents do not have an incentive

to pay for information that they can simply infer from prices for free.

Since the pioneering efforts of Grossman and Stiglitz (1980) and Verrecchia (1982),
this framework has been extended in several dimensions. One of the more pop-
ular extensions is to endogenize the cost of learning by introducing a market for
financial news. Admati and Pfleiderer (1986) consider a monopolistic information
supplier who can observe private signals before deciding how to sell them. Alter-
natively, Admati and Pfleiderer (1990) consider the case where, rather than selling
information directly, a monopolist creates a portfolio based on his private signals
and sells shares of this portfolio to traders. A central message of this literature is
that profit-maximizing information suppliers have an incentive to dilute the qual-
ity of the signals they observe before selling in order to diminish the leakage of

these signals through price.

Rather than assume a monopolistic supplier, Veldkamp (2006) considers a com-
petitive market for financial news by replacing the constant price of information in
Grossman and Stiglitz (1980) with an endogenous price characterized by increasing
returns to scale in production. Specifically, Veldkamp (2006) considers a setting
where each agent can discover the same signal about payoffs and sell the signal to
other agents at no marginal cost. Given free entry into the news market and that
the market is perfectly contestable, Veldkamp (2006) finds that the news signal
is priced at average cost. This serves to counteract the strategic substitutability
result of Grossman and Stiglitz (1980): the more agents who purchase news, the
lower the price of news and the greater the incentive for other agents to purchase
news as well. In the model described in chapter 2, I consider the same competitive
information market, except I assume that agents interpret the acquired news signal
with idiosyncratic noise, so that agents receive independent payoff signals (as in
Hellwig (1980) and Verrecchia (1982)) instead of the same signal (as in Grossman
and Stiglitz (1980)).

In addition to Veldkamp (2006), several other mechanisms have been analyzed

that overturn the strategic substitutability result of Grossman and Stiglitz (1980).
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Barlevy and Veronesi (2000) show that learning can be a strategic complement
when the number of outstanding shares is not normally distributed. Ganguli and
Yang (2009) find that allowing agents to learn about both payoffs and asset supply
can also generate strategic complementarity in information acquisition, as well as
multiple equilibria.? Finally, Goldstein and Yang (2014) consider multiple funda-
mentals that affect an asset’s value, and find that learning about one fundamental
can decrease uncertainty related to trading on information about the other funda-

mental, thus increasing the incentive to learn.

Instead of introducing a market for information, another strand of research models
agents as being “ rationally inattentive” in the sense that they are limited in their
ability to process available information. The type of learning constraint used in
this literature, first introduced in Sims (2006) and motivated by the information-
theoretic concept of entropy, restricts how much agents can reduce their uncer-
tainty about the true state of the world. Each agent must then rationally choose
the joint distribution between observed signals and the true state. Variations
of this entropy-based learning constraint in rational expectations models have
been used to explain asset return comovement (Peng and Xiong, 2006), home bias
(Van Nieuwerburgh and Veldkamp, 2009; Mondria and Wu, 2010), and income
inequality (Kacperczyk et al., 2014). An implicit feature of this learning con-
straint is that the maximum allowable posterior precision of beliefs is increasing
in prior precision. In other words, it is easier to process information about risks
one is already well-informed about, a type of increasing returns to learning that is
consistent with evidence that concentrated portfolios tend to earn higher returns
(Van Nieuwerburgh and Veldkamp, 2010).

The term increasing returns to learning can also refer to a different phenomena: the
value of acquiring information is rising in the expected scale of investment. While
this effect is present in all asset-pricing models, it is less salient when agents have
constant absolute risk aversion (CARA) utility (Van Nieuwerburgh and Veldkamp,
2010). Consequently, several recent papers have departed from the more common
CARA preferences used in the literature in order to exploit returns to scale in the
value of information. For example, Peress (2004) considers agents with constant
relative risk aversion and uses this feature to explain why wealthier households

tend to hold riskier assets. Peress (2010) employs the mean-variance preferences

2In chapter 3, we also consider a model where agents are allowed to learn about both payoffs
and asset supply, but the mechanics and motivation differ.
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first used in Epstein and Zin (1989) and finds that increasing a firm’s shareholder
base reduces each shareholder’s incentive to acquire information (an effect that
may be mitigated by the mechanism I describe in chapter 2). Van Nieuwerburgh
and Veldkamp (2009) and Mondria and Wu (2010) both find that when combining
Epstein-Zin preferences with the entropy-based learning constraint described in
the previous paragraph, agents choose to learn about, and therefore hold, assets
they are already familiar with, a result they then use to explain the persistence of

home bias in household portfolios.

Recent studies have also extended the framework of Grossman and Stiglitz (1980)
and Hellwig (1980) to examine what role, if any, asymmetric information plays
in the determination of prices. Easley and O’Hara (2004) consider a rational ex-
pectations model where agents exogenously receive a mix of private signals (i.e,
signals mutually independent across agents) and public signals (i.e, signals cor-
related across a subset of agents). They find that increasing the ratio of private
signals to public signals decreases price informativeness and raises the risk pre-
mium, thus concluding that asymmetric information raises the cost of capital.
However, as noted by Lambert et al. (2012), changing the composition of private
signals to public signals in these models affects price only because it alters the
average quality of signals that traders possess, not because it changes how a given
quality is distributed across traders.? In chapter 2, I build a rational expectations
model where differences in information quality across traders can lower price in-
formativeness, but only because it makes an asset more difficult to learn about,

thus lowering the average quality of information at the time of investment.

3Tt is important to note that the term asymmetric information here strictly refers to differ-
ences in the quality of signals across traders. This stands in contrast to the type of asymmetric
information frequently attributed to Merton (1987), where a subset of agents refrain from trad-
ing an asset entirely (potentially because they are unaware that the asset exists). Reducing the
number of agents who trade in a risky asset only affects the risk premium in Merton (1987)
because it raises the number of shares, and therefore the risk, that the average trader expects to
hold. Therefore, in Merton (1987) it is still true that only the average amount of risk faced by
traders, and not how this risk is distributed, affects the cost of capital.



Chapter 2

THE DISTRIBUTION OF
INFORMATION, THE
MARKET FOR FINANCIAL
NEWS, AND THE COST OF
CAPITAL

2.1. Introduction

In this chapter, I develop a three-period noisy rational expectations model with
a continuum of risk-averse agents that competitively trade one risky asset. The
total quality, or precision, of prior signals about the risky asset’s payoff is hetero-
geneously distributed across the population. Before agents decide how much to
invest, they each have an opportunity to purchase an additional news signal about
the asset’s payoff. I make two assumptions on the form of this news signal. First,
agents purchase this piece of news on a competitive information market charac-
terized by increasing returns to scale in production. Second, an agent’s ability to

interpret the news signal is increasing in the precision of their initial information.

In this setting, I find that a higher inequality in the distribution of initial (prior)
precision reduces the average (posterior) precision of agents’ beliefs at the time of

investment, which increases the asset’s expected risk premium. Notably, this result
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is contingent on both information markets and increasing returns to learning. In
fact, when the cost of acquiring the news signal is exogenously fixed, I reach exactly
the opposite conclusion: a sufficiently high inequality of initial information actually
decreases excess returns. The reason is that when initial information about a firm
is highly concentrated, a small fraction of agents expect to hold so many shares
that they are willing to acquire news even when the expected return per share is

extremely low, which results in a smaller equilibrium risk premium.

These results have several implications. First, they suggest that whether the
cost of capital rises or falls with a higher inequality of information in competitive
equity markets rests crucially on the extent to which individuals are able to share
in the cost of news production. For example, in financial markets with few media
outlets, a more equal distribution of information across many investors should be
associated with higher costs of capital, as no single investor expects to hold enough
shares to pay the entire fixed cost of producing additional information themselves.
On the other hand, a more equal distribution of information should be associated
with a lower cost of capital in markets with a sophisticated news industry because

stocks that many investors expect to hold will be cheaper to acquire news on.

Second, the model has implications for the reporting preferences of the financial
press. Indeed, one way to interpret the mechanism driving the main result is that
widely-circulated, low-cost news providers are more likely to cover stocks with a
more equal distribution of information, i.e., stocks in which many investors each
expect to hold a smaller number of shares. This interpretation is consistent with
evidence that the mass media is more likely to cover stocks primarily owned by
individual investors (e.g., Fang and Peress, 2009; Solomon, 2012). Because a more
equal distribution of information is associated with more extensive media coverage,
the negative relation between the equality of information and the cost of capital
predicted by the model is also consistent with the growing empirical literature
linking greater media coverage to higher asset prices (e.g., Huberman and Regev,
2001; Fang and Peress, 2009; Tetlock, 2010, 2011; Engelberg et al., 2012).

This chapter is related to several strands of research. First, it contributes to
the recent debate about whether information asymmetry among investors affects
the cost of capital in perfectly competitive markets.! O’Hara (2003), Easley and
O’Hara (2004), and Hughes et al. (2007) conclude that firms with a greater degree

Lambert et al. (2012) shows that asymmetric information can have a separate effect on the
cost of capital, but only in models with imperfect competition, like Kyle (1985).
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of asymmetric information have higher costs of capital. However, Lambert et al.
(2012) point out that these theoretical results are entirely driven by changes to
the average precision of information, not by changes to how this precision is dis-
tributed across the population. Importantly, this debate is concerned with how an
exogenous distribution directly affects returns, whereas the distributional effects I
document arise indirectly via the learning decision. That is, my results imply that
asymmetric information increases the risk premium, but only because it lowers
the total amount of additional information produced, thereby lowering average
posterior precision. The end result is that firms with a less equal distribution of
precision experience a higher cost of capital, even though, consistent with Lambert
et al. (2012), the risk premium is only affected by the average posterior precision
of beliefs.

The learning decision that agents face blends two different approaches used in the
literature. In the first, agents learn by acquiring additional noisy signals about fu-
ture payoffs subject to an exogenous cost (Grossman and Stiglitz, 1980; Verrecchia,
1982). In my model, the precision of an agent’s acquired signal is increasing in the
precision of his prior beliefs, a type of increasing returns to learning that is also
present in the learning constraints motivated by the information-theoretic concept
of entropy, such as those used in Peng and Xiong (2006), Van Nieuwerburgh and
Veldkamp (2009), Mondria and Wu (2010), and Kacperczyk et al. (2014).? In
the second approach, an agent can sell noisy signals about future payoffs to other
agents (Admati and Pfleiderer, 1986, 1990; Allen, 1990). Within this strand of
research, my model is most closely related to Veldkamp (2006), who uses the same
cost structure and competitive information market as the one used here to explain
periodic “media frenzies” during times of heightened market volatility. However,
in her paper, all agents are ex-ante homogenous and acquire news signals with
equal precision, so that her framework cannot address how the cost of capital is

affected by the distribution of information.

Hong and Stein (2007) provide an alternative mechanism through which news
suppliers can affect asset returns. They argue that media coverage captures the

attention of investors with heterogeneous beliefs, which, according to Miller (1977),

2 As Sims (2006) asserts, the entropy-based learning technology is better suited to address the
cost of “processing” readily available information, not the cost associated with how information
is made available in the first place. Most finance-oriented papers in this literature assume that
investors can reduce all asset uncertainty to arbitrarily low levels if endowed with sufficient
information-processing capacity, which, in light of Sim’s criticism, implies that every investor is
exogenously supplied access to payoff information on all stocks.
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drives asset prices up in the presence of short-sales constraints. In contrast, the
mechanism presented here does not rely on short-sales constraints: risk-averse
investors are aware that all assets exist and are free to take any position on them,

but are simply less willing to hold an asset whose payoff they are more uncertain

of.3

Finally, the analysis builds on Peress (2010), who shows that expanding a firm’s
investor base without raising capital induces incumbent shareholders to conduct
less research because they each expect to hold a smaller stake in the firm. His
results are driven by the same scaling effects to the benefit of learning responsible
for the results here, but there are two crucial differences. First, while Peress (2010)
exogenously limits the size of an asset’s investor base (as in ?), in this chapter an
asset’s ownership structure is determined endogenously from the distribution of
prior information. More importantly, I include a competitive market for news,
which partially offsets the risk-sharing effect he documents. That is, those who
invest in a firm with a small shareholder base each expects to hold more risk, but

they must also bear a higher cost of producing news.

The rest of this section is organized as follows. Section 2 develops a noisy rational
expectations model with both heterogeneous agents and endogenous information
acquisition. Section 3 characterizes the model’s equilibrium. Section 4 presents
the model’s main results. Section 5 reviews existing empirical literature that
supports the model’s predictions. Section 6 concludes and offers direction for

future research.

2.2. Model Setup

2.2.1. Timeline and Assets

In this chapter, I analyze how the initial distribution of asset information across
investors affects how much additional asset-specific news is produced. To do so, I

develop a general equilibrium noisy rational expectations model with a continuum

3In heterogeneous noisy rational expectations models, each agent perceives a different risk-
return tradeoff based on their individual information sets. Consequently, unlike the homogenous
information setting of the CAPM, agents differ in their assessment of what constitutes an opti-
mally diversified portfolio.
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of heterogeneously informed agents of measure one and two assets: one risky asset

(stock) and one riskless asset (bond).

The riskless asset has a price and payoff normalized to one and is in perfectly elastic
supply. The per-capita supply of the risky asset is Z + x, where z ~ N(0,02).
Random supply, usually attributed to the existence of noise traders or liquidity
needs, prevents the risky asset price p, which is determined in equilibrium, from

perfectly revealing all aggregate information.

The static model is divided into three periods. In period one, each agent chooses
whether to purchase an additional piece of news about the risky asset that can be
used to reduce payoff uncertainty. In period two, each agent chooses their optimal
portfolio after observing the realization of both acquired news and the risky asset

price. In period three, agents receive their payoffs.

2.2.2. Preferences

Agent ¢, with risk aversion p, makes information and portfolio decisions to maxi-

mize mean-variance utility over terminal wealth, W s:

2
Uip = EiilpEi2(Wiz) — %Val"z‘,z(VVi,:a)]- (2.1)

E;41[-] is an individual’s expectation in period one, before he observes prices and
acquired signals. E;o[-] and Var; o[- are the expectation and variance of terminal
wealth in period two, after individuals have observed signal realizations but before

the investment decision has been made.

Given that terminal wealth is normally distributed, equation (2.1) is functionally

equivalent to:
Uiy = E;allog (Eigle " 2])]. (2.2)

This formulation of utility, whose axiomatic foundations are first provided in Kreps
and Porteus (1978), represents a preference for early resolution of uncertainty, as in
Epstein and Zin (1989). That is, investors with these preferences are not adverse
to the risk resolved in period two: after private signals are realized but before

payoffs are known. This property allows for the benefit of information to rise in
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the scale of investment, a feature that is absent in the case of standard CARA

preferences (Peress, 2010).

2.2.3. The Distribution of Initial Information

The risky asset payoff f is not known with certainty, but each agent is endowed
with some private prior knowledge about it. Formally, agent i is endowed with an

independent private signal: f; ~N (f.771h).

In order to isolate how the initial distribution of information affects the learning

decision, I assume that the prior precision of agent ¢ is:
T = arit, (2.3)

where T = fol 7;di is the average quality of initial information and « > 1. Given this
assumption, « can readily be interpreted as the “inequality” in the distribution of
initial information. Specifically, a higher o corresponds to a greater concentration
of prior precision among a smaller percentage of the population. Consistent with
this interpretation, it can be shown that « is directly proportional to standard
measures of inequality of a distribution used in other literatures, such as a Gini

coefficient, often used to assess the concentration of income in a given population.?

Figure 2.1 plots the distribution of precision for different values of . The dotted
line corresponds to the distribution when a = 1, where all agents are equally
familiar about the risky asset’s payoff. The dashed and solid lines correspond to
the distribution with higher values of «a, where a smaller segment of agents hold a

greater proportion of the risky asset’s prior information.

This inequality in the precision of initial information could originate from many
sources. For example, a large body of theoretical research argues that the quality
of corporate disclosure, which is known to differ widely across firms (Sengupta,
1998), can affect the degree of information asymmetry among shareholders (Di-
amond and Verrecchia, 1991; Kim and Verrecchia, 1997). Alternatively, many
empirical studies have found that investors exhibit a strong preference for local
firms (Coval and Moskowitz, 1999; Huberman, 2001; Grinnblatt and Keloharju,

2001), which is usually attributed to information advantages emanating from their

4In this context, the Gini coefficient is equal to 1 — %ﬂ For an elementary exposition on

the Gini coefficient and how it is used to measure income inequality, see Sen (1973).
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geographic proximity (Brennen and Cao, 1997; Van Nieuwerburgh and Veldkamp,
2009; Mondria and Wu, 2010). Information differences across investors could also
arise due to firm-specific characteristics that affect how quickly its news diffuses
across the population, such as how much media coverage the firm has previously
received (Peress, 2014).

2.2.4. News Production

In the first period, each agent decides whether to acquire an additional news sig-
nal, which can be used to reduce payoff uncertainty. Let y be the per-capita fixed
cost of discovering news about the risky asset’s payoff, which can be interpreted
as the cost of hiring a reporter that covers an upcoming announcement. Following
Veldkamp (2006), I introduce competitive information markets by assuming that
once news is discovered, a copy can be sold to others at no marginal cost.® Im-
portantly, an agent can freely enter the market for news even after other agents
have announced the prices they will charge. In other words, the market for news
is perfectly contestable. One way to ensure this contestability would be to assume
that there are two sub-periods: in the first sub-period, each agent announces the
price they will charge on the news item, and in the second sub-period, agents
decide whether to enter the market by paying the fixed cost. This is a natural
assumption for information markets, where prices are often set well before media

outlets decide whether to report on a particular story.

Let d; be an indicator variable equal to 1 if agent j discovers news and let
li(cj,c—;) = 1 if agent i chooses to purchase news for price ¢;, given other an-

nounced prices c_;. Then, agent j chooses ¢; and d; to maximize profit:

1
m; = maxd; <cj/ li(cj, c_;)di — X) : (2.4)
0

dj,Cj

where 7; enters agent j’s utility function through his terminal wealth, W; 5. Pricing
and entry decisions are a sub-game perfect Nash equilibrium. Since agents are
strictly better off buying news at the lowest possible price, I economize on notation
by denoting [; as an indicator for whether agent ¢ purchases news at the lowest

offered price, c. Once purchased, a copy of news cannot be resold to other agents.

5High fixed costs and low marginal costs appear to be a fundamental aspect of the news
industry (Hamilton, 2004).
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If agent i buys a copy of news (i.e., [; = 1), the signal agent i observes is:
S = f + €4, (25)

where e; ~ N (0,1, ') is noise in interpretation. Importantly, I assume that 7; is

equal to:

where k can be interpreted as an agent’s “capacity” to process financial informa-
tion. A similar form of signal precision can be explicitly derived by the entropy-
motivated learning constraints used in recent asset-pricing literature, such as
Van Nieuwerburgh and Veldkamp (2009), Mondria and Wu (2010), and Kacper-
czyk et al. (2014).° However, unlike those models, I assume that before an agent
can allocate any of their processing-capacity k towards learning about an asset,

they must first pay a separate cost to gain access to its news.”

While agents must pay for access to the news signal, all agents receive a free public
signal about f from the price itself. Agents do not know the realization of this
price signal before period two, but they can infer its precision in period one by

knowing the learning decisions of other investors.®

2.2.5. Portfolio Selection

In period two, individuals use their prior beliefs ﬁ-, their private signal s; (if news
was purchased), and price p to update posterior beliefs, which are then used to
choose portfolios subject to a budget constraint. Let ¢; o denote agent i’s demand

for the riskless asset and let ¢; denote agent i’s demand for the risky asset. If W;

6The assumption that investors’ ability to interpret asset news is increasing in their prior
precision is supported by evidence that portfolio managers who specialize in select stocks tend
to earn higher returns (Ivkovic et al., 2008).

"Requiring agents to pay a separate cost to acquire news addresses the point raised by Sims
(2006) that entropy-based learning constraints are not well-suited to address “costly investiga-
tion”, which includes the production of news.

8By not incorporating the price signal into (2.6), I am implicitly assuming that no processing-
capacity is required to process the information in price. Mondria (2010) shows that subjecting
the price signal to entropy constraints generates multiple equilibria. To avoid this issue, one
can assume that investors are endowed with enough capacity to process the price signal, as in
Van Nieuwerburgh and Veldkamp (2009).
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is agent ¢’s initial wealth, then the budget constraint is:

Wio = qip + qip + lic. (2.7)
Terminal wealth W; 5 is equal to:

Wis = qio+ ¢ f +m. (2.8)
Combining (2.7) and (2.8), agent i’s terminal wealth can be written as:

Wis=Wio+aq(f —p) +m — lic. (2.9)

2.2.6. Equilibrium Definition

A rational expectations equilibrium consists of agent decisions (;, ¢;, ¢;, d;), asset

price p, news price ¢, and exogenous asset supply & + x such that:

e Given prices, each agent i chooses asset demand ¢; and whether or not to

purchase news /; to maximize (2.1) subject to (2.6) and (2.9).

Information supply entry decisions d; and pricing strategies ¢; are a sub-game

perfect Nash equilibrium that maximize (2.4).

%sset markets clear

0

Rational expectations: Beliefs about payoffs, prices, and the optimal asset

demands are consistent with their true distribution.

2.3. Solution

The model is solved through backward induction. First, each agent decides on
their optimal asset demand given arbitrary signals and prices. Second, know-
ing how optimal asset demand relates to every possible signal/price combination,
each agent makes their information choices given the information choices of other

agents.
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2.3.1. Optimal Asset Demand

In period two, agents use the public price signal and acquired private signals to
update beliefs. Let z(p) denote the public price signal and let ¢ denote its precision.
Then with normally distributed random variables, posterior beliefs are a weighted

average of the signals observed:

1

Varo(f|fi lisip) =7 ' = =———, 2.10
A Fulisn) =7 = = (2.10)
= o Ffi Lsi + Cz(p)
E; i lisi,p) = fi = = , 2.11
s Ftisen) = Fi = PR (211)
They make their investment decisions to maximize period two utility:
0
Ui,2 = pEi’2<Wi73) — EVari’g(I/Vi’g). (212)
After substituting (2.9) into (2.12), the period two problem becomes:
Ui,2 = max VVZ‘@ + p%(fz — p) — 2?1 — liC + Ure (213)
ai i

Taking first order conditions with respect to ¢; leads to optimal share-holdings:

(fi —p). (2.14)

Asset demand is increasing in both posterior precision 7; and the expected excess
return per share ﬁ— p. Intuitively, the more certain I am about payoffs or the more
my personal evaluation of the payoff is above the opportunity cost of purchasing

a share, the more risk I will be willing to undertake.

2.3.2. Market Clearing Price

Aggregating optimal asset demand across agents and imposing the market-clearing
condition determines the asset’s equilibrium price. Following Hellwig (1980) and

Admati (1985), price is a linear function of the risky asset’s payoff.
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Proposition 2.1. Giwen information choices, there exists a unique linear rational

expectations equilibrium. The equilibrium asset price is given by:

pr pr
=f— — 2.1
=1 (e + ). (2.15)
where:
1

(= (Uip>2. (2.17)

Proof. See Appendix.

The term 6 represents the average precision of priors and purchased signals, so that
1

6+ is equal to the posterior precision of the “average agent”: [ 7;di. Substituting
0
this term into equation (2.15) and taking expectations reveals that the expected

excess return per share in period one is:

Bi(f =p) = = (2.18)

fo T;di

The realization of price is only observed in period two, so this unconditional ex-
pected return is the same across all agents, and is equivalent to the expected return
that an outside observer would estimate. Note that F;(f —p) is increasing in both
risk aversion and average number of outstanding shares, while it is decreasing in
average posterior precision. The intuition is that, in order for the market to clear,
asset prices must be lower to compensate an average investor for holding more
risk. Since Z, p, and T are exogenous, equation (2.18) implies that a change in

the distribution of initial information can only affect expected returns though the
1

average precision of purchased signals, [ I;n;di.
0

2.3.3. Optimal Information Acquisition

The appendix shows that substituting optimal asset demand (2.14) into the period

two objective function (2.13) and taking expectations over period two indirect
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utility yields the period one problem:

Uia = max Wio+ R(0)(Ti + 1Limi +C) — lic + 7, (2.19)
where:
2
rRO= | (Z2) 4 |2 (220)
5 7 ) )

9+—<p§x)2

Agents are price-takers, so they take the term R(f) as fixed. The first step in
solving an agent’s period one problem is to identify how much suppliers will charge
for a copy of news. The following proposition states that, given increasing returns
to scale in information production, the equilibrium cost of news is declining in the

number of purchasers.

Proposition 2.2. In equilibrium, one agent supplies news to the entire market:
dy =1 and d; =0 for all j # v. Furthermore, this agent will charge at average

cost:

=L (2.21)

1
where X\* = [ I*di.
0

Proof. See Appendix.

The more agents who buy a copy of news, the smaller the share of the fixed cost of
discovery each agent incurs. For this reason, high demand news is less expensive
to purchase. A crucial aspect of Proposition 2.2 for the ensuing analysis is that
equation (2.21) is only a function of how many agents purchase a copy and not how
much each agent is willing to pay conditional on having purchased. The reason is
tied to the assumption of free entry: if any supplier charges above average cost,
another agent can discover news, charge slightly below the incumbent, and take

the entire market.?

9Although this result (i.e., the price of news declining in the number of purchasers) does
rely on both the free entry assumption and the fixed-cost production technology, it is robust to
alternative forms of competition, such as Cournot or monopolistically competitive frameworks
(Veldkamp, 2006).
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Because agents are not ex-ante identical, equilibrium news demand not only de-
pends on how many agents purchase, but also depends on which agents are doing
the purchasing. Before describing how \* is determined, the following Lemma

greatly reduces the number of permissible allocations.

Lemma 2.3. In equilibrium, agent i purchases news only if all agents with a

higher prior precision do the same: IX =1 only if I} =1 for all v > i. Therefore:

1
O\, a) =7+ / kTai®™t, (2.22)

1-A*

Proof. See Appendix.

Two separate factors are responsible for Lemma 2.3. First, recall that agents
who are initially more familiar with the risky asset can more accurately interpret
additional asset news. A second effect, independent of any assumption placed on
7, is that agents who are initially more familiar with the risky asset expect to hold
more shares ex-ante. Since the benefit of information is rising in the expected scale
of investment—one piece of news can be used to evaluate many shares—agents
with a higher prior precision find adding one unit of precision more valuable. The
combination of both these effects mean that, given a particular R(-) and ¢, an
agents’ willingness to purchase is strictly increasing in their prior precision, which
in turn means that if a certain fraction of agents are purchasing, it must be the

fraction who are most initially informed.

Given Proposition 2.2 and Lemma 2.3, equilibrium news production is fully char-

acterized by \*.

Proposition 2.4. Let B(\, ) be the net benefit of news to the marginal purchaser:

B\ a) = R(O(\ a))kra(l — At -

S

(2.23)

Then X* is defined by the following conditions:

o [f B(A\,a) <0 for all A € (0,1], then \* = 0.

o [fB(1,a) >0, then \* = 1.



Chapter 2 19

o [f B(A\,a) > 0 for some X € (0,1) and B(1,a) < 0, then:

BV, a) =0, (2.24)
OB(\*, )

Proof. See Appendix.

There are three factors driving the net benefit of news to the marginal purchaser.
First, the benefit of news is increasing in R(-), which is positively correlated with
the risky asset’s expected excess return per share. Also of note is that, for a given
a, R(-) is strictly decreasing in A. This is the canonical strategic substitutability
in information acquisition result of Grossman and Stiglitz (1980): the more agents
who acquire news, the lower the expected return (or equivalently, the more infor-
mative price is). An additional feature here stemming from my assumption on 7;
is that this negative effect is amplified if the investors who acquire news have a
high prior precision because these investors expect to trade more aggressively on
the news item, which makes price more informative and lowers the required risk

premium further.

Second, the benefit of news to the marginal purchaser is decreasing in the marginal
purchaser’s signal precision k7a(1 — X\)*~1, which is itself a decreasing function of
A. The latter relation is a direct consequence of Lemma 1: the more agents who
purchase news, the lower the signal precision of the agent who derives the least

benefit from doing so.

Finally, the benefit curve is decreasing in the price of news, which is decreasing
in A by Proposition 2.2. Overall, A has three effects on the benefit curve: two
negative and one positive. When A is arbitrarily close is close to 0, the positive
effect dominates, so that the benefit curve generally takes the shape illustrated in
Figure 2.2. Note that while B(\, «) crosses 0 at two different points in Figure 2.2,
only the higher point can be an equilibrium for supply of information. Namely,

. _ dB(\q)
at any point where B(\, ) = 0 and ==

> (), any agent can enter the market

for news, charge slightly below average cost and make a small profit. The same

cannot be said for the point where B(\, a) = 0 and % < 0, making it the

unique equilibrium.
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2.4. Main Results

In this section, I present the main results, most of which are a direct implication

of the following proposition.

Proposition 2.5. Assume a positive fraction of agents purchase news in equilib-

rium. Then:

oc*
Oa

> 0. (2.26)

Proof. See Appendix.

For intuition, consider how an incremental increase in the level of inequality « af-
fects the benefit of news to the marginal agent, holding the fraction of purchasers
A* fixed. First, an increase in « redistributes prior precision from less informed
agents to more informed agents. Due to increasing returns to learning, this re-
distribution increases average posterior precision for any value of A\ admissible by
Lemma 1, which lowers the expected return per share by equation (2.18). Sec-
ond, an increase in a changes the marginal agent’s signal precision n;. Given an
endogenous cost of news, this agent becomes less familiar with the risky asset,
which reduces how aggressively he plans to trade on the story. Since the marginal
agent was indifferent to purchasing before the change (by definition), and both the
expected return per share and expected shareholdings are lower after the change,
he is strictly better off not purchasing. This makes news more expensive for the
other purchasers, who are now left with having to cover a larger share of the fixed
cost of discovery. Figure 2.3 illustrates how the benefit curve is affected by changes
to .19 Note that higher values of o are associated with a smaller fraction of news

purchasers and consequently higher news prices.

For the purposes here, Proposition 2.5 suggests that news markets reduce the
incentive of rational investors to learn about stocks whose information is highly
concentrated. This is most clearly evident by considering how the market for
news alters the learning decision of a hypothetical investor whose prior precision is

unaffected by . Without information markets, an increase in v can only affect this

0Tn Figure 2.3, when o = 1, A* = 1 and no agent is indifferent between purchasing and not
purchasing. However, with an infinitesimally small increase in «, 19 = 0, so that Proposition 2.5
still applies in this case.
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hypothetical investor’s willingness to acquire news via a change in the expected
return per share. However, with information markets, the price of news is also
increasing in «, meaning that the investor may be less inclined to purchase even
if the expected return per share goes up, which gives rise to this chapter’s main

result.

Proposition 2.6. Assume a positive fraction of agents purchase news in equilib-

rium. Then:

OE\(f —p)*
e > 0. (2.27)

Proof. See Appendix.

From Proposition 2.5, an increase in the inequality of prior precision reduces the
number of agents who expect to hold enough shares of the risky asset to warrant
paying for additional asset-related news. As a result, the remaining prospective
purchasers must bear a higher share of the fixed cost of discovery, which discour-

ages them from buying and therefore increases the risky asset’s expected return.

Importantly, the cross-sectional return pattern implied by Proposition 2.5, i.e., a
higher concentration of prior information leads to higher excess returns, hinges
crucially on both an endogenous news price arising from the information market
and increasing returns to learning implied by my assumption on 7;. To emphasize
how both features factor into the result, the next two propositions illustrate how

excess returns vary with o when either feature is absent.

Proposition 2.7. Assume there are no information markets and the price of news

15 exogenously fixed. Then there exists an & such that if o > &:

OB (f — P)*

%o < 0. (2.28)

Proof. See Appendix.

Proposition 2.8. Assume signal precision is independent of prior precision: n; =
k. Then:

3E1(f - p)* _

> 0. (2.29)
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Proof. See Appendix.

Proposition 2.7 states if the price of news is exogenously fixed and « is sufficiently
high, one reaches the exact opposite conclusion: in equilibrium the excess return
actually decreases in o. To understand why, recall that agent i’s terminal wealth
from the risky asset is the return per share times the number of shares purchased,
¢;(f —p). With a low level of «, each agent holds a low amount of prior precision,
and hence expects to hold a low number of shares. Consequently, agents are only
willing to purchase news if each share expects to pay a relatively large amount.
On the other hand, with a high level of «, a small fraction of agents expect to hold
so many shares that they are willing to purchase news even if the payoff per share
is low. Because agents are willing to keep purchasing news even at low returns,

the equilibrium risk premium is smaller.

While this effect is still present when there are information markets, it is out-
weighed by an increasing cost of news. In other words, for high values of o and
correspondingly low values of \*, the marginal agent still expects to hold a large
stake in the risky asset, and is therefore willing to pay for information even at ex-
tremely low excess returns per share. Nevertheless, the high price of news brought
on by low number of purchasers makes it prohibitively expensive to do so. Thus,
the ability of agents to share the fixed cost of information production reverses how

the risk premium moves with the concentration of prior precision.

The impact that an endogenous news price has on the relationship between equi-
librium returns and the inequality of initial information is captured by Figure 2.4.
In Figure 2.4a, the price of news is endogenous, i.e., ¢ = 3%, so that the risk pre-
mium is monotonically increasing in a by Proposition 2.6. In contrast, Figure 2.4b
presents the case where the price of news is exogenously fixed at %, so that the
risk premium monotonically decreases for a high enough level of o by Proposition

2.7.11

Similarly, Proposition 2.8 reveals that when there are information markets but

an agent’s ability to process news is independent of his priors, the equilibrium

HTt is worth noting that Figure 2.4b contains an increasing portion for small values of a.
Recall that an increase in @ amounts to a redistribution of precision from less informed to more
informed agents. At a high A* (brought on by a low «), the marginal agent is losing prior precision
after an incremental increase in «, and hence more willing to forgo purchasing. Eventually, prior
precision becomes so concentrated that the marginal purchaser is actually on the receiving end
of this redistribution, which gives rise to Proposition 2.7. While Proposition 2.7 holds for any
parameters, the increasing portion of Figure 2.4b only occurs for a low a exogenous news cost.
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expected return per share is independent of a. In fact, it can be shown that if
there were multiple risky assets, in this case an agent’s learning choice is completely
independent of the quality of his initial information. The reason is that, on one
hand, an investor can better diversify if he chooses to learn about a less familiar
asset. On the other hand, as discussed in the previous section, an investor expects
to hold a higher share of his portfolio in more familiar assets. Given mean-variance
utility over wealth and a news signal independent of prior precision, these two

effects completely offset.!?

2.5. Empirical Implications

The model described in this chapter makes testable predictions as to what kind
of firms will be inexpensive for investors to learn about and how this affects a
firm’s information environment and cost of capital. In this section, I review some

existing empirical literature that supports the model’s conclusions.

2.5.1. Media Coverage and Individual Investors

A key insight of this model is that assets in which many investors each expect to
hold a small fraction of outstanding shares will be cheaper to learn about than
assets in which few investors each expect to hold a large fraction of outstanding
shares. Insomuch as mass media outlets charge cheaper prices and individual
investors hold smaller portfolios than institutional investors do, this suggests that

the mass media is more likely to cover stocks with high individual ownership.

This prediction is corroborated by several recent studies. In their analysis of the
no-coverage premium, Fang and Peress (2009) also measure the determinants of
media coverage for 4 nationally circulated daily newspapers: New York Times,
USA Today, Wall Street Journal, and Washington Post, which together account
for nearly 11% of daily circulation in the United States. They find that after
controlling for other firm characteristics, most notably firm size and idiosyncratic
volatility, a 1% increase in the fraction of shares owned by individual investors

increases the annual number of articles published about a firm by .18. Similarly,

12The same would not be true in the case of agents with constant absolute risk aversion
(CARA). For an in-depth discussion of alternative learning technologies and information prefer-
ences within a partial equilibrium setting, see Van Nieuwerburgh and Veldkamp (2010).
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Solomon (2012) reports that a 1% increase in the fraction of shares owned by in-
stitutions decreases the number of articles about a firm announcement by between
27% to 30% in the Factiva news archive. Both papers also find that firm size has a
overwhelmingly positive effect on the probability of news coverage, lending further
support to the notion that the media covers firms with a large shareholder base,

even if each shareholder holds a small stake in the firm.

This insight is also consistent with the growing body of evidence suggesting the
mass media can influence the buying behavior of individual investors. Barber and
Odean (2008) find that individual investors are much more likely to be net buyers
of stocks in the news than those that are not. Engelberg et al. (2012) find that
stocks receiving recommendations on the television show Mad Money experience
large overnight price increases and subsequent reversals. Engelberg and Parsons
(2011) find that local newspaper coverage increases the daily trade volume of local
retail investors by anywhere between 8% to almost 50%. In the latter study, the
authors exploit the exact timing of newspaper delivery relative to an observed spike
in local trading, making it unlikely that media coverage and market reactions are
both driven by some unobserved characteristic, such as how much a story peaks
the public interest (Manela, 2014).

2.5.2. Asymmetric Attention and the Cross-Section of Re-

turns

Apart from having consequences for the decisions of news suppliers, the model also
makes a macro-level prediction concerning how the distribution of prior precision
varies with the cost of capital. Although investors’ information is not directly
observable, a central tenet of the learning literature with inattentive agents is
that prior precision should be highly correlated with the amount of attention
paid to a stock (Van Nieuwerburgh and Veldkamp, 2009; Mondria and Wu, 2010).
Therefore, one way to test the model’s main result is to estimate whether stocks
garnering a larger fraction of national attention from a smaller segment of the

population earn higher excess returns.

Using a direct measure of investor attention first suggested by Da et al. (2011),
Mondria and Wu (2012) find just that. Namely, they find that stocks with a greater
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degree of asymmetric attention, defined as the fraction of abnormal Google search

volume for a stock generated by local investors, earn higher returns.

This finding is difficult to reconcile with models that do not include both in-
formation markets and increasing returns to learning. First, the distribution of
information in and of itself should not affect the cost of capital in markets well-
approximated by perfect competition (Lambert et al., 2012). Second, as per Propo-
sition 2.7, a higher concentration of prior precision can actually decrease excess
returns when there are no information markets and the cost of news is exogenous.
Finally, models that incorporate information suppliers, such as Veldkamp (2006)
and Admati and Pfleiderer (1986), typically assume that investors are ex-ante ho-
mogenous, and therefore do not address how the distribution of prior precision
affects the cost of capital. Moreover, Proposition 2.8 shows that a heterogeneous
distribution of prior precision and an information market alone cannot generate

this relationship if all investors interpret a piece of news with equal precision.

2.6. Conclusion

The model presented in this chapter predicts that firms with a higher fraction of
its private information concentrated within a smaller fraction of the population
will be more expensive to learn about, which deters investors from following these
firms and increases their cost of capital. Although the model is static, in a dynamic
setting with multiple risky assets I conjecture that this effect can persist even while
new market participants who are equally familiar with all risky assets continuously
enter the market. This is because new investors are more likely to be initially
exposed to stocks whose news is cheaper to purchase. This initial exposure leads
them to prefer learning about the same stocks in subsequent periods. The end
result is that cross-sectional variation in expected returns can persist even in the
absence of any cross-sectional persistence in volatility. A dynamic framework could
also explain the puzzling observation that higher media coverage is associated with
lower returns, despite the fact that media coverage appears to be a stable firm

characteristic (Fang and Peress, 2009).

Another extension involves allowing investors the ability to purchase news of var-
ious qualities. Given the results documented here, a reasonable hypothesis is that

the demand for news mimics the distribution of prior information: when prior
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information is concentrated, the market for news is represented by a small contin-
gent of investors demanding high-quality news, whereas if prior information were
uniformly distributed across the population, the market for news is represented

by many investors demanding low-quality news.

Finally, this chapter has an important implication for empirical efforts that use
the amount of media coverage as a proxy for learning preferences: while media
coverage may proxy for the information demands of many consumers, the direction
of causality may indeed be reversed for a large segment of the population given
increasing returns to scale in news production, especially if subscribers’ demands
are heterogeneous and the fixed cost of production is high. That is, it is not
that media coverage reflects the learning preferences of all its subscribers, but
rather subscribers’ learning choices are restricted to the subset of stories covered

substantially by the news.
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FIGURE 2.1: The distribution of prior precision with varying levels of in-
equality. This figure presents how the distribution of prior precision varies with a.
The dotted line corresponds to o = 1, where the distribution of precision is uniformly
distributed across agents. The dashed curve and solid curve correspond to = 3 and
a = 20, respectively, whereby prior precision is more concentrated within a smaller
fraction of the population. 7 = 1.

B(\, )

0 A 1

FIGURE 2.2: Equilibrium news production. This figure presents the benefit of
news to the marginal purchaser as a function of \. k=2, p=2.57=1,% =2, 02 = 2,
x=11 a=3.
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FIGURE 2.3: The benefit of purchasing news with varying levels of inequality.
This figure presents how the benefit of news to the marginal purchaser varies with a.

k=.6,p=257=1,7=2 02=2, x =11, a(dotted)=1, a(dashed)=2, a(solid)=8.
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(A) Endogenous Price of News (B) Exogenous Fixed Price of News

FIGURE 2.4: Equilibrium returns with and without an endogenous price of
news. This figure presents how the equilibrium return per share E;(f —p)* is affected
by « with and without an endogenous price of news. k = .2, p =25, 7=1,% = 2,
02 =2, x = 1.1, c(figure a)=xs, c(figure b)=%.
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LEARNING ABOUT NOISE

3.1. Introduction

The objective of this chapter is to study theoretically how the opportunity to ac-
quire both fundamental and non-fundamental information affects the distribution
of information across investors, their incentives to acquire information, and price
informativeness. We develop a three-period rational expectations model with one
risky asset and two types of investors: noise traders, who trade for exogenous
reasons, and an infinite number of competitive rational investors, who maximize
constant absolute risk aversion (CARA) utility over the third-period consumption
and who are initially endowed with information of heterogeneous quality about the
future asset payoff. Before trading, any rational investor can obtain additional in-
formation in the form of two signals with optimally chosen precisions: one is about
the asset payoff (about fundamentals) and the other is about the asset supply by
noise traders (about noise). The information acquisition is costly: to receive the
signals, the investor should buy learning capacity, which determines the maximum
possible reduction in his uncertainty about fundamentals and noise (quantified by
the entropy) and effectively bounds the precisions of the signals from above. After
choosing the amount of purchased learning capacity, each investor decides how to
allocate it between fundamental and non-fundamental information. The obtained
information along with the initial information and the information contained in
the price is used in the trading period for developing the optimal portfolio strategy.

The equilibrium price is determined by the market clearing condition.

29
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Our analysis delivers several insights. First, our model captures the tradeoff be-
tween acquiring fundamental and non-fundamental information and shows that in
equilibrium investors specialize in information acquisition, that is, each investor
decides to learn either only about the future asset payoff or only about noise. In
particular, those investors who are endowed with relatively precise information
about fundamentals choose to learn more about them, whereas the investors who
have poor initial information about fundamentals use all their resources to discover
non-fundamental information. If the marginal cost of learning is large enough for
any amount of information, the investors with fundamental information of inter-
mediate quality do not participate in information acquisition at all. The optimality
of acquiring only one type of information stems from the interaction between the
assumed entropy-based learning technology, which implies increasing returns to
initial information, and the informativeness of the equilibrium price about fun-
damentals. The effect resembles the specialization in acquisition of fundamental
information about individual stocks demonstrated, for example, by Van Nieuwer-
burgh and Veldkamp (2009), Kacperczyk et al. (2012), and Kacperczyk et al.
(2014), although in our model investors choose between fundamentals and noise

and the mechanics of the effect are different.

Second, we demonstrate that learning about fundamentals increases the asym-
metry of information among investors, whereas learning about noise decreases it.
These effects result from interplay of three model ingredients: the cost of learning
capacity, the entropy-based information acquisition technology, and the assump-
tion that the initial fundamental information is dispersed across investors more
unevenly than the information about noise. The latter assumption captures the
idea that empirically investors’ sentiment and liquidity needs are less persistent
than firm fundamentals, so it is harder to preserve information advantage about
noise. The increasing returns to initial information implied by the entropy con-
straint amplify the heterogeneity in information precisions among those investors
who decide to learn about fundamentals, and this makes the asymmetry of ex
post information more pronounced. Meanwhile, those who learn about noise end
up with similar information precisions because initially better informed investors
spend less on learning about noise than those who are initially less informed.
These effects highlight two possible uses of initial information: to facilitate the
acquisition of additional fundamental information and to reduce the information

acquisition costs when the investor learns about noise.
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Third, our analysis shows that the opportunity to obtain non-fundamental infor-
mation increases the price informativeness about fundamentals. This result may
look counterintuitive since learning about noise could be a waste of information
processing resources: some investors who otherwise would pay for learning about
fundamentals switch to learning about noise. However, the investors who are not
well informed about the payoff learn about noise because this helps them to extract
more information about fundamentals from the price and when they trade on that
information they make the price more informative for all other investors. The effect
is magnified by complementarity between the non-fundamental information and
price, that is, a more informative price makes the signal about noise more valuable
for investors. We also find that the magnitude of the effect depends on the initial
distribution of information across investors and appears to be particularly large
when only few investors possess high quality fundamental information and others
are almost uninformed. In that case, the possibility to learn about noise does not
change the information acquisition strategy of the informed minority (they still
learn about fundamentals) but opens up a valuable source of information for the
uninformed majority. When information is dispersed more evenly across investors,
more of them acquire information about fundamentals and the additional oppor-
tunity to learn about noise has a weaker effect on the equilibrium strategies and

price informativeness.

Our results have several interesting implications. In particular, the specialization
in information acquisition predicted by the model can explain the anecdotal evi-
dence that some market participants (like mutual funds) gather mostly fundamen-
tal information about firms, whereas others (like some hedge funds) deal mostly
with temporary market disbalances. Our finding that learning about fundamen-
tals increases the asymmetry of information across investors implies that even a
small difference in the initial quality of information about firms may ultimately
result in a highly unequally informed population of investors. This effect is par-
tially mitigated by acquisition of non-fundamental information, which decreases
the informational inequality among those who learn about noise, but it still can
produce a high concentration of information and, as a result, increase the cost
of capital (Marmora, 2014). Our conclusion that learning about noise improves
price informativeness implies that speculative traders, who are often blamed for
counterproductive trading, make markets more informationally efficient. Without
additional market frictions, investors realize their competitive advantage in infor-

mation acquisition of a particular type and by choosing what to learn about they
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improve information aggregation by prices.

This chapter belongs to a large literature on endogenous information acquisition
in rational expectations models pioneered by Grossman and Stiglitz (1980) and
Verrecchia (1982) and surveyed in Vives (2010) and Veldkamp (2011). In con-
trast to the majority of existing models in which investors can learn only about
fundamentals, our analysis assumes that investors can acquire both fundamen-
tal and non-fundamental information. The closest to our study is the paper by
Ganguli and Yang (2009), who also assume that market participants learn about
random asset supply. However, Ganguli and Yang (2009) focus on the multiplicity
of equilibria and complementarities in information acquisition when the signal is
two-dimensional and, in contrast to this chapter, do not allow investors to decide

on the amount of information in the signal and its composition.

There are also several studies on the role of non-fundamental information in the
Kyle (1985) framework. Madrigal (1996) demonstrates that the entry of agents
with non-fundamental information (non-fundamental speculators) reduces price
informativeness and market liquidity. Yu (1999) examines the value of non-
fundamental information and finds that it can be negative when the information
is imprecise. Park (2010) studies the acquisition of non-fundamental information
and argues that it hurts informed traders. In contrast to these papers, we find
advantages of learning about noise and highlight the role of competitive markets

and learning from prices in efficient aggregation of different kinds of information.

There are also several related studies in which investors, along with the uncertainty
about fundamentals, deal with the uncertainty about various aspects of their trad-
ing environment. Using the Kyle (1985) framework, Hong and Rady (2002) model
learning about the variance of the noise traders’ supply, which evolves over time
according to a two-state Markov chain. Gao et al. (2013) study the impact of
uncertainty about the number of informed investors and conclude that price infor-
mativeness can be a non-monotonic function of the proportion of informed traders.
In Banerjee and Green (2014) some traders are uncertain about whether other in-
vestors trade on informative signals or noise. Banerjee et al. (2014) construct
a model in which investors learn about fundamentals and intensity of feedback
trading and argue that the price informativeness can decrease with the precision
of public information and information processing capacity of investors. In Easley
et al. (2014) some ambiguity-averse investors (mutual funds) are uncertain about

the risk tolerance of other investors (hedge funds).
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The rest of the chapter is organized as follows. In Section 3.2 we present the
main model. Section 3.3 describes the construction of the equilibrium. Section 3.4
discusses the most interesting properties of the equilibrium. Section 3.5 concludes
the main part of this chapter by summarizing the main results. The Appendix

contains the proofs of all propositions.

3.2. Model

3.2.1. Main Setup

Our model extends the classic framework of Grossman and Stiglitz (1980), Hellwig
(1980), and Verrecchia (1982). There are two assets in the economy: a risk-free
asset with the exogenously fixed zero rate of return and 6 shares of a risky asset
with a random payoff f per share. The economy is populated by two types of
investors: competitive rational investors and noise traders. The rational investors
are indexed by 7 € Z, where Z is an infinite countable set with a measure p such
that it weights all investors equally and p(Z) = 1.} The investors live in three
periods. In the first period (¢ = 1) the rational investors acquire information, in
the second period (¢ = 2) all investors trade, and in the third period (¢t = 3) they
observe the payoff f and consume it. Each rational investor ¢ has constant absolute
risk aversion (CARA) preferences with the same coefficient of risk aversion v and
derives utility from terminal wealth W3 ,. Also, investor ¢ is endowed with initial
information about the payoff f: in his information set f ~ N(f;, 7, "), where
the estimates f; are unbiased in the sense that fz fidu(i) = f and 7, i € Z,
are their precisions.? Without losing generality, we assume that 7; is a measurable
function on Z. Note that in contrast to many models with asymmetric information
in which investors can be either informed or uninformed, we allow for a much
reacher heterogeneity of information precisions across investors. As a result, we

can determine not only how many investors decide to become informed but also

IThis approach to modeling an infinite number of investors is promoted in Feldman and Gilles
(1985) and used by He and Wang (1995) and Constantinides and Duffie (1996), among many
others. The assumption that there is a countable number of investors facilitates aggregation
using the law of large numbers. See technical details in Feldman and Gilles (1985) and Judd
(1985).

2This specification admits an alternative interpretation: each investor has an improper
uniform prior about f and before the first period receives a normally distributed signal

fiNN< 7’71).

L)
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who acquires information and how the optimal learning strategy is affected by

prior information.

The noise traders participate in the market due to exogenous reasons such as
sentiment, liquidity needs, willingness to hedge a variation in private endowments
or private investment opportunities, etc. and they supply 6 shares of the risky
asset at ¢ = 2. It is natural to assume that the average supply of shares by noise
traders is zero and liquidity needs as well as other reasons for uninformed trading
are short-lived, at least compared to the information about fundamentals. Thus,
no one initially has superior information about noise and in the information set
of the rational investors at the beginning of the first period 6 ~ N (0,7, 1), where

7, " can be interpreted as the unconditional historical variability of noise trading.

3.2.2. Information Acquisition

A unique element of our model is the specification of information acquisition in
the period ¢t = 1. In contrast to the vast majority of existing studies, we assume
that each investor can learn not only about fundamentals (the future payoff of
the risky asset f) but also about the supply of shares by noise traders 6. Because
the information choice is two-dimensional, each investor effectively makes two
decisions: how much information to acquire in total and what this information is

about. Thus, it is natural to model the learning process as a two-step procedure.

In the first step, each investor buys information processing capacity K for which
he pays ¢(K) from his initial wealth. The cost function ¢(-) is twice continuously
differentiable, positive, increasing, and non-concave: ¢(K) > 0, ¢(K) > 0, and
d"(K) > 0 for K > 0. The information processing capacity can be interpreted
as availability of powerful computers that investors use to process information,

human capital involved in the information analysis, etc.

In the second step, each investor allocates the information processing capacity
between fundamentals and noise. The information takes a form of two individual
signals received by investor i: the signal s;; ~ N(f, Ts_flz> is about fundamentals
and the signal sg,; ~ N (6, Ts;}i) is about noise. The signals are uncorrelated with
each other and their precisions 7,s; and 7, are the investor’s choice variables.
This specification implies that learning about fundamentals and noise are sepa-

rate and distinct tasks. For example, the investor can scour accounting statements,
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subscribe for analyst reports, conduct private surveys of customers and suppliers,
etc. to obtain information on fundamentals and use technical analysis, measure
market sentiment, identify fire sales, etc. to obtain information on noise. The sig-
nals that the investor receives represent the outcome of his information gathering

activity.

To model the allocation of learning capacity between fundamentals and noise, we
assume that the capacity K allows the investor to decrease the entropy of the
joint distribution of f and € by log(1 + K). The entropy is the standard measure
of uncertainty in information theory and for an n-variate normal distribution it
is equal to log|Q2|/2 + nlog(2me)/2, where Q) is the variance-covariance matrix
(e.g., Cover and Thomas, 2006).> Denoting the variance-covariance matrices of
the vector (f @) in the information set of agent ¢ before and after information

acquisition as »; and EA]Z», respectively, the entropy reduction constraint can be

: : <1+K. (3.1)

Because fundamentals and noise are uncorrelated and the signals s;; and sy, are

written as

[\

M

drawn independently, the matrices ; and 3; are diagonal and have the following

¥ = i 0 ’ 3, = (T + Topi) ™ 0 7
0 79_1 0 (T + Tsp.4)

so the entropy reduction constraint in equation (3.1) reduces to

(1+@) (1+@> <1+K. (3.2)

Tfﬂ' To

form:

Note that in contrast to many papers that use the entropy to describe bounds
on investors’ information processing ability that result from limited attention and
other purely psychological factors and consider K as an exogenous parameter, we
use the entropy to model limits of technology that investors employ to learn about
fundamentals and noise. As a results, the level of the capacity constraint in our
model is endogenous as investors decide how much costly technology to devote

to information discovery. Our interpretation of the learning process also implies

3Sims (2003) proposes to use entropy bounds to measure rational inattention of economic
agents. The entropy-based constraints on learning are also used by Peng (2005), Peng and
Xiong (2006), Van Nieuwerburgh and Veldkamp (2009), Mondria (2010), Van Nieuwerburgh and
Veldkamp (2010), Banerjee et al. (2014), Kacperczyk et al. (2014), among others.
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that market prices convey information without error and extraction of information
from them does not consume information processing capacity as it would when

constraints on learning result from limited attention (Sims, 2006).

3.3. Equilibrium

3.3.1. Equilibrium Definition

We define the equilibrium in the model as a standard rational expectations equi-

librium, which is characterized by the following conditions.

1. At time ¢ = 2 each rational investor chooses an optimal trading strategy
that maximizes his expected utility using all available information, which

includes the price of the risky asset.

2. The market for the risky asset clears, that is, the aggregate demand of ra-
tional investors is equal to the sum of the total supply of the asset and the

supply by noise traders.

3. The informativeness of the price implied by the market clearing condition

coincides with its informativeness assumed by rational investors.

4. At time t = 1 each rational investor maximizes his expected utility by de-
ciding how much information processing capacity to buy and choosing the

precisions of the signals about fundamentals and noise that he receives.

As usual, we construct the equilibrium starting from the second period. Taking
the precisions of the signals as given, we find first the equilibrium price function
and then, assuming that investors can commit to a particular portfolio strategy,

compute their optimal information acquisition strategies in the first period.

3.3.2. Trading Period

Denote the information set of investor < € Z at time ¢t = 2 as F»;. It contains the
prior information of the investor, the signals that the investor received at t = 1,

and the price of the asset p. Conditional on this information, the expectation of
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the asset payoff is f; = E[f|Fs,] and its precision is 7 = Var[f|F,]~!. Each
investor i decides how many shares of the risky asset z; to buy by solving the

standard utility maximization problem

—YWs,i

max E [—e Fail (3.3)

T

subject to the budget constraint
Wi = Wai+2i(f —p),

where Wy ; is the wealth of investor ¢ at ¢ = 2. The well-known solution to this
optimization problem is

T = '7_17A_i(fi —p). (3.4)

The aggregation of demands of all investors together with the market clearing

condition

/xid,u(i) =0+0 (3.5)

yields the equilibrium price. The rational expectations equilibrium in the trading

period is described by Proposition 3.1.

Proposition 3.1. Assume that v* > 4(7; + Tsy)Tsp, where

W:/m@@, w:/wm@, wzfmmw- (3.6)
A A A

Then, there exists a linear rational expectations equilibrium with the price function

70

,7—_

p= + [+ pob, (3.7)

where T is the aggregate ex post precision of investors’ information about funda-

mentals

. . . 1
f:/ndu(l% Ti=Tf,z'+7'sf,i+1?(79+7'se,i). (3.8)
T 9

The sensitivity of the price to noise py solves the following equation:

7y
(T + Tup)po + p_: + = 0. (3.9)

Proof. See Appendix.
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As in the vast majority of the rational expectations equilibria constructed in the
literature, the equilibrium price in equation (3.7) is linear in fundamentals f and
noise 6. Following the literature (e.g., Vives, 1995; Goldstein and Yang, 2014), we
identify price informativeness about fundamentals with the precision of the payoff
f conditional only on the price, that is, with Var[f|p]~'. Equation (3.7) implies
that Var[f|p]™' = 19/p3, so the price informativeness is solely determined by py
and inversely proportional to its square. Because of that, our analysis focuses on
the parameter py and, noting that ps < 0 (this immediately follows from equation

(3.9)), we interpret prices with higher py as more informative.

Proposition 3.1 implies that additional information about noise can produce mul-
tiple equilibria in the trading period. When investors do not receive signals about
6, we have 7, = 0 and equation (3.9) has a unique solution py = —v/(7¢ + Tsf),
which corresponds to the equilibrium constructed in Hellwig (1980) and Admati
(1985).* However, the equation for py becomes quadratic when 7,9 > 0. The

solutions to this equation are

_ Y EVY AT+ 7o) T

2(7tf +7tsf) (310)

Do
and they exist only when 7? > 4(7; + 75;)7s, that is, when the information
about fundamentals and noise is relatively imprecise. The multiplicity of equilibria

produced by multidimensionality of private signals is consistent with the results
of Ganguli and Yang (2009) and Manzano and Vives (2011).

Note that for both solutions from equation (3.10) we have py > —v/(Tf + Tsf),
so in both equilibria the prices are more informative about fundamentals than in
the case with 759 = 0 and the same aggregate precision of the information about
fundamentals 7y 4 7. This is not surprising because any additional information
about noise reduces the error in the price as a signal about fundamentals. However,
when the precisions of both signals s¢; and sy ; are choice variables, investors may
decide to learn more about noise (this increases the price informativeness) but less
about fundamentals (this decreases the price informativeness), so the overall effect
of the possibility to learn about noise could be ambiguous. The comparison of the

price informativeness in models with and without learning about noise that takes

4The coefficients of the price function in Hellwig (1980) and Admati (1985) are different
because they assume that all investors have an identical prior about fundamentals.
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into account the endogeneity of information acquisition is performed in Section
3.4.2.

3.3.3. Information Acquisition Period

In the first period, each investor decides how much information to acquire and what
this information is about. Denote by F;; the information set of investor ¢ that
includes only the prior about the payoff f. The optimal information acquisition
strategy maximizes the investor’s utility function in the period ¢ = 1, which is

Uli =F [—G_WWSJL/—‘.LJ . (311)

)

Proposition 3.2 presents U;; as a function of signal precisions when the investor

follows the optimal trading strategy from equation (3.4).

Proposition 3.2. The expected utility of investor v for the chosen precisions of

the signals Ts¢; and 759 ; before the information is acquired is

[ Yarlf = pl7ad <_ . __E[lf - plFul? )
Uri = \/Var[f —plFL] exp | —yWi; + ye(K) Warlf —plFid) (3.12)

Proof. See Appendix.

The expression for Uy ; in equation (3.12) is a generalization of the utility computed
in Grossman and Stiglitz (1980) for the case of arbitrary information sets F;; and
Fa,i, although it is still assumed that conditional on these information sets all

variables are normally distributed.

Using the equilibrium price function from equation (3.7), Var[f — p|Fy] = pi7, !
and E[f — p|F1i] = v0/7. Also noting that Var[f — p|Fei] ™ = 744 + Topi + (19 +

Ts0.1)/Da, the investor’s problem at ¢t = 1 can be written as

max Yo e7eE) (3.13)
{K>0, 751,i>0, T59,,>0} \/Tf’i + Tspi + (1o + ngﬂ-)/pg

subject to

<1+@) (1+@> <1+K, (3.14)

Tfi To
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272
To Yy 9 To
Uvi = —,/— exp (—'yWu - — ) )
V rs 27%p;

Because the information processing capacity is costly and ¢/(K) > 0, the con-

where

straint (3.14) must hold in equilibrium as equality. Noting that Uy, is a negative
constant, the maximization problem from equation (3.13) is equivalent to the fol-

lowing minimization problem:

1

min exp(vc((l—i—@) (1—1—@)—1)).
{732,020, 7020} \/Tp; + Tspi + (To + Tso.i) /D2 Tt To
(3.15)

The properties of its solution are described by Proposition 3.3.
Proposition 3.3.

1. The optimization problem (3.15) has only boundary solutions, that is, either

Ts0 = 0 or 7575 = 0.

2. Assume that ¢(0) = 0. Then there exists 7; such that i) for 1p; < 7}
the optimization problem (3.15) has a unique solution with 755, = 0 and

To0.i = Tagi(T14) > 0, where 73 ,(74;) is defined as a solution to the following

A <TSW) - ! (3.16)

= — ,
To To pon,i"i‘T@""T;e,z’

equation

and ii) for 7;; > 7} the optimization problem (3.15) has a unique solution
with T4, = T:f,i(Tﬁi) > 0 and 759; = 0, where Ts*fyi(Tf,i) is defined as a

solution to the following equation

2 Tati 2
2y, ( 2 ) ] , (3.17)
Tri  \ Tf Pa(Tri +T3:) + o

The threshold T} is uniquely determined by the following equation:

7_*‘7_* 7_*'7_* 1 27_*_’_7_*'7_* + T
C( sf,z( f)) —C( s@,z( f)) — 1o p9< f sf,z( f)) 0 (318)

T To 27y pgT}‘ + 79+ 7'8*971.(7'}‘) ’

where 75 ,(17) and 75 ;(7F) are defined above. The investors with 7s; = 7}

are indifferent between learning about fundamentals and learning about noise.
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3. Assume that ¢(K) = c¢oK and define

1 1
Tsfi = ( - 1) Tri— 1%7 Tso,i = < — 1> Ty — pngﬂ;. (3.19)

27ycy 5 27v¢o

Then the optimal information acquisition strateqy is as follows:

(a) if co < 1/(4y), then

(0, Ts,i), if Tri < To/Dp;
(T:f,mT;e,i) = 4 (0, 7sp,i) or (Tsfi,0), if 745 = Tg/pg; (3.20)
(Ts£.4,0), if Tri > 7o/ D3

(b) if 1/(4vy) < co < 1/(27), then

- . 1 .
(0, 7s0,), if Tpa < ;_% <2’yco - 1>’ .
* * _ 1 1 L ) )
(Tsf,i’ TSG,i) = (0’ 0)’ Zf ;;_% (2"/60 - 1) S Tf7i S ;_% <2’yco - 1> Y

1
(f_sf,iao)a Zf Tfi = ]73—_% <27100 N 1> '

(3.21)

(¢) ifco > 1/(27), then investors do not learn at all and (7;,;,75,;) = (0,0).

s

Proof. See Appendix.

The first statement of Proposition 3.3 implies that it is optimal for investors to
specialize in acquisition of a particular type of information and no one simulta-
neously acquires signals about fundamentals and noise. This result follows from
an interaction of two aspects of the model: i) the entropy-based learning technol-
ogy implies increasing returns to the prior information and ii) the signals about
the asset payoff and noise are substitutes when investors learn from prices. The
first statement is evident from the entropy reduction constraint (3.2): investors
with a higher precision of prior information can obtain a more precise signal using
the same information processing capacity. This property of entropy-based learn-
ing is also exploited by Van Nieuwerburgh and Veldkamp (2009), who explain
the home bias puzzle by the choice of investors to specialize in learning about
domestic firms. However, the entropy-based learning alone does not necessarily
produce the specialization in information acquisition. For example, Van Nieuwer-

burgh and Veldkamp (2010) study the optimal acquisition of information about
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fundamentals of multiple assets and find that an investor with CARA preferences
and an entropy-based information processing constraint is indifferent between any
allocations of his learning capacity. The insufficiency of increasing returns to the
initial information for producing the specialization in learning is also pointed out
by Van Nieuwerburgh and Veldkamp (2009), who illustrate this by considering a
setting in which investors ignore the influence of acquired information on their

portfolios.

The second element of our model responsible for the specialization in information
acquisition is the substitutability of signals about fundamentals and noise. It
is specific to our analysis and arises because investors extract information from
prices, which are determined by both fundamentals and noise. For example, if an
investor receives a signal about noise he uses it to extract more precise information
about fundamentals from the price, which is equivalent to receiving a direct signal
about fundamentals. The dependence of prices on fundamentals and noise is a
very general property of rational expectations models, so our specialization result
does not rely on the linearity of the price function and is likely to be highly robust

to alternative model specifications.

Next, Proposition 3.3 characterizes the information acquisition strategy of an in-
vestor with prior precision 7; when the marginal cost of information processing
capacity is small for low capacities. The latter condition implies that it is subop-
timal for investors not to participate in information production and each of them
learns about either noise or fundamentals. Proposition 3.3 states that those in-
vestors who have a relatively precise prior about fundamentals (77 > T}‘) choose to
receive a signal about fundamentals, whereas those with imprecise priors (77 < T;)
learn about noise. For each value of the parameter py, the threshold 7} is uniquely
defined. Thus, Proposition 3.3 not only establishes the specialization of investors

but also describes how they specialize.

In general, equations (3.16) and (3.17) cannot be resolved for 73 ; and 77 ; and only
indirectly characterize the optimal precisions of the signals. Nevertheless, they still
allow us to identify the relation between price informativeness and incentives of

investors to acquire additional information. Taking derivatives with respect to py,
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we get that
o, 2 2 y 1 B
™ . . T .
s60,i = pHTf,z . - —ZCH ( s@,z) + . . - > 07
Ope (D57ri+To +T3)? | 7o To (P5Tri+To + Thy,)
(3.22)
-1
87—s*f,i . 2p97—f7i 27 " T:f,i pg
- 2 * 2 _20 + 2 * 2 <0
Ipe (p5(Tri + Tip) +70)* | THa Tfi (pg(Tri + 7555) + 7o)
(3.23)

because pg < 0 and ¢ > 0. Equation (3.23) indicates that when the price is more
informative, investors choose a lower precision of the signal about fundamentals,
so the price and the exogenous signal are informational substitutes (Grossman
and Stiglitz, 1980). However, equation (3.22) shows that a more informative price
makes the information about noise more valuable to investors and they increase the
precision of the signal 77 ;. Thus, the price and signal about noise are informational
complements.® The complementarity opens up a possibility for a positive feedback
loop: if learning about noise makes the price more informative, investors rationally
obtain more precise non-fundamental signals, trade on them, and further increase

price informativeness. This effect is further discussed in Section 3.4.3.

The third part of Proposition 3.3 considers a specification with a linear capac-
ity cost function. In this special case, the optimization problem from equation
(3.15) admits a closed-form solution. In particular, when the marginal cost of the
information processing capacity is relatively small (¢g < 1/(47)), investors with
Tpi > To/Pg learn about fundamentals and investors with 7;; < 79/pj learn about
noise. In both cases, the optimal precisions 7;;; and 75 ; are linear functions of
the prior precision 7y;, and this is the main source of analytical tractability. When
the marginal cost is higher (1/(4y) < ¢ < 1/(27)), investors with intermediate
information quality do not participate in information acquisition at all and only
those who have relatively precise (relatively imprecise) prior information choose
to receive signals about fundamentals (noise). When the marginal cost of learning
capacity is high (c¢o > 1/(27)), investors abstain from acquiring information of
any type. Also note that 7yr; (75) in equation (3.19) is a decreasing (increasing)
function of py when pg < 0, so again the price and the signal about fundamentals

(noise) are informational substitutes (complements).

®This conclusion echoes the results of Goldstein and Yang (2014), who identify strategic com-
plementarity in the acquisition of information about different fundamentals, and Avdis (2014),
who demonstrate complementarities in information acquisition in the presence of two trading
periods.
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3.4. Analysis

In this section, we discuss several remarkable properties of the model equilibrium
presented in Section 3.3. In particular, we investigate how endogenous learning
changes the asymmetry of information among investors, how the possibility to
learn about noise changes price informativeness, and how the degree of initial
information asymmetry among investors affects the impact of learning about noise

on the equilibrium.

3.4.1. Ex ante and Ex post Asymmetry of Information

Across Investors

Our model assumes that the precision of initial information about fundamentals
varies across investors, so there is an information asymmetry among them. The
information acquisition strategy described in Proposition 3.3 changes the uncer-
tainty of each investor about the payoff f and, hence, the distribution of infor-
mation across investors and the degree of information asymmetry. To quantify
the impact of learning, it is convenient to use the derivative 07;/07y;. Indeed,
consider two investors with prior precisions 77, and 74, where Aty = 74; — 74,
is small. In the first order approximation, the difference in the ex post precisions
of these investors is 7¢; — 7¢,; ~ (07;/07¢;) X Atp. Thus, when the derivative is
below 1 (above 1) the difference in the ex post precisions is smaller (larger) than
before learning and the asymmetry of information between the investors decreases
(increases). Note that the derivative measures a local change in the asymmetry of
information, that is, a relative change in information of investors who initially had
comparable precisions of their priors. Thus, the asymmetry of information can
increase for some investors (for a range of the prior precisions 7,) and decrease

for others.

Proposition 3.4. Assume that ¢/(0) = 0. Then,

0T; o7
<1 for t4; <77}, — > 1 for T4; > 17, 3.24
Sh <l for TS gL for e (3.21)

where T} is defined in Proposition 3.3.

Proof. See Appendix.
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Proposition 3.4 characterizes the derivative 07;/07;,; in the equilibrium described
in the second part of Proposition 3.3.° Because investors with 77; < 77 learn
about noise and investors with 7;; > 77 learn about fundamentals, Proposition 3.4
implies that learning about fundamentals increases the asymmetry of information,

whereas learning about noise decreases it.

To understand the intuition behind this effect, consider two investors with initial
precisions 7¢; and 7y ;, where 77, < 77, who both learn either about fundamentals
or noise. In general, an investor with more precise prior information can use his
informational advantage in two different ways: i) increase the quality of the signal
about the asset payoff by exploiting the increasing returns to initial information
implied by the entropy-based learning technology or ii) decrease the quality of the
obtained signal and save on the cost of information processing capacity. For those
investors who find it optimal to learn about noise, the first option is unavailable
because their learning efficiency is determined by the precision of their information
about noise, not fundamentals, which is the same for all investors.” As a result, the
investor with a higher precision of initial information 7 ; saves more on learning
compared to the investor with the precision 7¢; and the asymmetry of information

between the investors decreases.

The outcome is different when both investors decide to receive additional signals
about fundamentals. In this case, both effects can be at work and the investor
with the more precise prior faces a non-trivial tradeoff between the consequences
of increasing and decreasing the precision of his signal. Proposition 3.4 shows that
under relatively general conditions the effect of the increasing returns to initial
information dominates and the investor who is more informed from the beginning
acquires a more precise signal. This increases the heterogeneity in information
precisions among those who learn about fundamentals and makes the asymmetry

of information more pronounced.

Proposition 3.4 establishes the change in the asymmetry of information due to
learning for a wide class of cost functions ¢(K) with ¢/(0) = 0. However, the
latter condition is not crucial and the result is even more transparent when the
cost function is linear and the information acquisition strategies can be found in

a closed form as described in the third part of Proposition 3.3. In this case, the

6Note that equation (3.8) for 7;, together with equations (3.16) and (3.17), implies that the
derivative 07; /07y, is well defined.

"Recall that information about noise is assumed to be short-lived and the uncertainty of all
investors about noise is determined by the same unconditional prior.
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ex post precision of investors’ information about fundamentals is

1 : * * ().
Ti _ 27_007_‘]“71'7 lf Tsf,z' > 0, TS@,?: — O, (325)

27%0;—%, 75, =0, 75,;>0.

Again, equation (3.25) shows that learning about fundamentals and learning about
noise have different effects on the asymmetry of information among investors:
the precisions of those who choose to learn about fundamentals become more
diverse (their initial precisions are rescaled by the factor 1/(2v¢p) > 1) but those
who decide to learn about noise end up with identical ex post precisions even
though they have diverse prior precisions 7¢;. The latter implies that the initial
information advantage is used to decrease the precision of the obtained signal

about noise and reduce the cost of learning.

Finally, note that our results pertain to a local change in information asymme-
try, that is, the asymmetry among those investors who initially are comparably
informed and who follow similar information acquisition strategies. The effect of
learning on the asymmetry of information among all investors is ambiguous: it
can increase when many investors specialize in learning about fundamentals or
decrease when many investors learn about noise. The latter possibility challenges
the conclusion of Van Nieuwerburgh and Veldkamp (2009) that learning amplifies
information asymmetry and emphasizes the importance of considering the possi-

bility to learn about noise.

3.4.2. Price Informativeness

The possibility to learn about noise affects the equilibrium price function and,
hence, the informativeness of prices about fundamentals. In general, there are two
opposite effects. On the one hand, some investors who would learn about funda-
mentals in the absence of an opportunity to receive a signal about noise switch to
learning about noise when the opportunity appears. As a result, the precision of
their information about fundamentals decreases, they trade less aggressively on it,
and the informativeness of the price decreases. On the other hand, an additional
signal about noise allows an investor to extract more information about fundamen-

tals from the price and decrease uncertainty about them. This makes the demand
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for the asset more sensitive to their information about fundamentals, so investors

trade more aggressively on it and the informativeness of the price increases.

To make the analysis concrete and as transparent as possible, we only consider
the case with the linear capacity cost function ¢(K) = coK, where ¢y < 1/(47).
As follows from Proposition 3.3, in this case each investor learns either about
fundamentals or noise and the optimal precisions of the signals 77, and 7, are
piecewise-linear functions of 74, given by equations (3.19) and (3.20). The substi-
tution of these functions into equation (3.9) yields an equation for the parameter

pg of the price function:

Do . To . To To
o id, —I\i: 74 < —= - — =0, 3.26
{i: Tfﬂ-zg—%}

where I( - ) denotes the measure of the investors whose initial precisions 7y, satisfy
the stated condition. Note that equation (3.26) is nonlinear and in general may
have multiple solutions. This observation is in line with Ganguli and Yang (2009),
who also recognize the possibility of equilibrium multiplicity at the information

acquisition stage when investors receive multidimensional signals.

To find the impact of learning about noise on price informativeness, we compare
price functions in the economies with and without the possibility to learn about
noise. The latter specification serves as a benchmark model and the rational

expectations equilibrium in it is described by Proposition 3.5.

Proposition 3.5. Without the opportunity to learn about noise, there can exist

not more than one equilibrium in which the price is given by

0
P = _Z_O + f+p20, (3.27)
where
_ _ _x To . % .
70 = T+ Topt+ Tg)z, Top = /ITsf,zdﬂ(Z)- (3.28)

The optimal information acquisition strateqy of an investor with the prior precision

Tf}i 18
To

i = max (h_le — —(pg)Q , O) (3.29)
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and the equilibrium parameter py solves the following equation:

0 _ -1 . To . Teh To
po | T+ h / Trid (e +—I<Z27,¢§—) —— +7=0,
0 f f ( ) (p2)2 f <p8)2 pO
. Toh
(3.30)

where

-1
=5 -1)
2v¢y

Proof. See Appendix.

Proposition 3.5 shows that although the price function in the benchmark economy
has exactly the same functional form as in the main setting, the parameter p) is
determined by a different equation, which in contrast to equation (3.26) can have
only one solution. Not surprisingly, the optimal information acquisition strategy
in the benchmark case is also different: investors with the precision of initial infor-
mation above a certain threshold (ph/(p))?) receive a signal about fundamentals,

whereas the investors below the threshold do not learn at all.

The next proposition compares the equilibrium parameters py and pj) in the models
with and without learning about noise and states one of the most important results

of this chapter.

Proposition 3.6. If py and p) are solutions to equations (3.26) and (3.30), re-
spectively, then pg > pj).

Proof. See Appendix.

Proposition 3.6 implies that in any equilibrium in the model with learning about
noise the price is more informative about fundamentals than in the benchmark
model. Indeed, given that the parameters py and pj are negative, Proposition
3.6 implies that Var[f|p]™" = 7o/p: > 70/(p)*> = Var[f|p°]~'. Note that the
statement of the proposition pertains to all possible equilibria that can exist in
the model with learning about noise and the uniqueness of the equilibrium in the

benchmark model simplifies the proof.
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Proposition 3.6 has another interesting implication. Recall that in the main
economy the agents learn about fundamentals (noise) when 7;; > 79/p3 (7: <
79/p3) and in the benchmark economy they learn about fundamentals when 77; >
moh/(pd)?. Given that the condition ¢y < 1/(4v) implies 0 < h < 1 and Propo-
sition 3.6 together with the negative signs of py and p) yields pi < (pJ)?, the
thresholds appear to be unambiguously ordered as Tph/(p))* < 79/pa. Thus, some
investors who would learn about fundamentals in the benchmark model decide
to learn about noise in the main model. This observation illustrates that in the
main model investors rationally exploit their comparative informational advan-
tages: those who are relatively less informed about fundamentals optimally acquire
information about noise leveraging the knowledge of its unconditional distribution
and use the price to infer fundamental information. Trading on the fundamental

information obtained in this way increases price informativeness.

3.4.3. Information Distribution Across Investors and Learn-

ing about Noise

Finally, we investigate how the effect of learning about noise varies with the degree
of information asymmetry among investors. As in the previous section, we focus
on the specification with the linear cost function ¢(K) = ¢oK with ¢y < 1/(47)
in which the parameters py and pj) solve equations (3.26) and (3.30) in the cases

with and without learning about noise, respectively.

To quantify the heterogeneity in the investors’ initial information about funda-
mentals, we use the parametrization of the precisions 74, proposed in Marmora
(2014). In particular, we assume that the investors are labeled by rational num-
bers in the unit interval, that is, i € Q([0,1]) and 74; = Trai®™!, where 74 > 0
and the parameter o > 1 measures inequality in the distribution of information
across investors. When a = 1, all investors have the same precision of information
about fundamentals; when « is high, a very small fraction of investors possess
highly precise information about fundamentals and others know almost nothing
about them. Note that for any value of a the total amount of information that
the investors have is the same and fol Tridp(t) = Ty, so the parameter 7y coincides
with the aggregate precision of prior information, which is disentangled from the

distribution of information.
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To illustrate the discussed properties of the equilibrium and get new insights,
we fix the model parameters and find the equilibrium in the specifications with
and without learning about noise numerically. In particular, we set v = 5 and
co = 0.03, where the value of ¢ is largely determined by the necessity to satisfy
the condition ¢ < 1/(47). The aggregate precisions of information about fun-
damentals and noise are assumed to be identical and set as 7y = 7p = 1. This
choice ensures that fundamentals and noise have comparable effects on the price
and neither component dominates simply due to the choice of the parameters. The

value of the parameter « is considered in the range from 1 to 20.

The parameters py and pj) that solve equations (3.26) and (3.30) are plotted in
Panel A of Figure 3.1 as functions of o. These graphs provide three observations.
First, for all values of o we have p)) < ps when some investors learn about noise, so
the price in the model with learning about noise is unambiguously more informa-
tive. This is an illustration of Proposition 3.6. Second, in both specifications the
price informativeness increases with the inequality in the distribution of informa-
tion across investors. Indeed, keeping the aggregate precision of the fundamental
information 7 fixed, inequality in the distribution of information implies that a
small fraction of investors is well informed and, because the entropy-based learn-
ing technology implies increasing returns to initial information, such investors can
cheaply obtain fundamental signals of a high quality. Trading on this information,
they make the price more informative. Third, and most importantly, the relation
between price informativeness and « is much stronger in the presence of learn-
ing about noise. For example, when o = 20 we find that py = —0.97, whereas
py = —1.55. In contrast, when « is close to 1 both py and pj are close to —1.68.
Intuitively, the opportunity to learn about noise substantially increases the price
informativeness when « is high due to two effects. First, because high o implies
that the vast majority of investors have poor prior information about fundamen-
tals, they largely benefit from learning about noise, extracting information about
the asset payoff from the price, and trading on it. This makes the price more
informative. Second, a more informative price further increases the value of infor-
mation about noise due to the complementarity of information from the price and
signal about noise discussed in Section 3.3.3. As a result, the investors choose to
receive a more precise signal about noise and trading on it further increases the

price informativeness.

According to Proposition 3.3, in the model with learning about noise the investors
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with 7p; > 79/pj (77 < T9/D}) acquire fundamental (non-fundamental) informa-
tion. Panel B of Figure 3.1 plots the threshold i, = {i : 7;; = 79/p3}, which for
the assumed distribution of precisions 7, is equal to i, = (15/(aTp2))¥ @Y. As
a benchmark, the panel also presents the threshold i = {i : 77, = 79h/(p))?} from
Proposition 3.5, which separates those who learn about fundamentals and those
who do not acquire information at all in the benchmark model. For the assumed

714 it is equal to i0 = (mph/(afr(p])?))/ @D,

The graphs illustrate two facts. First, they demonstrate that the inequality in the
distribution of information reduces the number of investors who receive signals
about fundamentals and the effect is quite strong: the fraction of those who learn
about fundamentals decreases from 100% for o = 1 to 14% (22%) in the main
(benchmark) specification for v = 20. This is a direct consequence of increasing
returns to prior information implied by the entropy reduction learning technology:
when « is high, only a small number of investors have fundamental information
that is sufficiently precise to justify acquisition of additional signals about the
payoff. Second, the comparison of 4, and ¥ shows that 4, > i® for any «, so some
investors who would learn about fundamentals in the benchmark model switch to

learning about noise when such a possibility appears. This effect was discussed in
Section 3.4.2.

3.5. Conclusion

The main objective of this chapter is to study the effect of learning about noise
when investors are endowed with fundamental information of diverse quality. We
find that even though investors can obtain two separate signals about fundamen-
tals and noise, under quite general conditions no one chooses to receive both of
them: those who have high quality prior information learn more about fundamen-
tals, whereas those who are endowed with information of low quality learn about
noise. Moreover, those investors who acquire signals about fundamentals amplify
their initial information advantage, so the asymmetry of information among such
investors increases. In contrast, the asymmetry of information among those who
learn about noise decreases because they use their prior knowledge about funda-

mentals to decrease the cost of learning (those who know more about fundamentals
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learn less about noise). Also, we find that the possibility to learn about noise in-
creases the informativeness of prices and the effect is particularly strong when the

dispersion of the prior information precisions across investors is large.

Our analysis can be potentially extended in several directions. Our model has
one trading period and investors learn about noise only because this helps them
to extract more precise information about fundamentals from the price. In the
presence of multiple trading periods, the information acquisition by investors is
likely to be more complicated because the possibility to exploit price deviations
produced by noise traders in multiple periods opens up new speculative opportu-
nities. Thus, investors may have additional incentives to learn about noise and can
do this either directly (e.g., Froot et al., 1992) or indirectly by getting more pre-
cise information about fundamentals and extracting information about noise from
prices (e.g., Avdis, 2014). Unfortunately, multiple periods in the model with het-
erogeneous precisions of the prior fundamental information technically complicate
the aggregation of investors’ asset demands opening up the possibility for exis-
tence of the “forecasting the forecasts of others” problem (e.g., Townsend, 1983;

Makarov and Rytchkov, 2012) and, thus, make the analysis much less tractable.

Also, it may be interesting to explore the optimal multidimensional information
acquisition and price informativeness in the presence of markets for financial infor-
mation, that is, when investors can sell fundamental and non-fundamental infor-
mation. In the Kyle (1985) framework, Foucault and Lescourret (2003) examine
the effects of sharing fundamental and non-fundamental information between two
speculators and Cheynel and Levine (2012) study the sale of non-fundamental in-
formation and its consequences. A similar analysis in the rational expectations
framework with diversely informed investors and endogenous learning could be an

interesting direction for future research.
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Panel A: price parameter py
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Panel B: threshold i,
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FIGURE 3.1: Price parameter pg and information acquisition threshold i..
Panel B presents the information acquisition thresholds i, = (75/(a7;p2))/ (@Y (solid
line) and i = (mph/ (a7 (p))?))'/ (@1 (dashed line). All variables are plotted as func-
tions of the information distribution inequality parameter « in a model with a linear

cost function and the prior precisions of the fundamental information 7;; = Trai
7v=95,c0=003, 7 =1, 19 =1
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APPENDIX

Proof of Proposition 2.1. The proof is almost identical to the one found in Hellwig
(1980) and Admati (1985), but with independent prior signals. First conjecture

that p is of the form:

p=g1+g2f + gsz.

Next, use the market-clearing conditions to solve for g1, g2, and gs:

1

0

Substituting optimal asset demand (2.14) gives:

Substituting in equation (2.11) for investor i’s posterior mean ﬁ gives:

T~

1 ~
vos [ELnnc)
o (T lmi +¢) P

0
Since 7; = 7; + I;m; + ¢, this reduces to:

1

p(T +x) = /ﬁﬁ + Limisi + C2(p) — oy di
" A
1 1

Z/ﬁf;+lmi8idi+@(p) —/p(%JrlmﬂrC) di.

0 0
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(33)
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From (31), the public signal of f that each investor gleans from price is ’%.

Substituting this in for z(p) gives:

1 1

p(T+x) = /iﬁ + limiside + M - /p (75 + Lims + €) di. (36)
2
0 0

Since f; and s; equal f in expectation:

1 1

,O(J_J—FJ/’):/ﬂ‘f'limdif‘i_%_/p(ﬁ'"‘lini'f‘g)di
2
0 0

1 1

) g2 g2 J

1
Let = 7+ [ [;m;di, which is the average precision of the priors and private signals.

0
Substituting # into equation (37) and rearranging gives:

p<£_(9_C):pj+@—0f+pI. (38)
92 92

Next, solve for g, go, and g3 by matching the coefficients of (31) with the coeffi-
cients of (38). First, solving for gs:

¢ -1
92:_<_—9—<) 0=1. (39)
92
Solving for gs:
—(i—e—c)l - - (10)
93 = % P = 0

Solving for g;:

g1=(£—0—C)_1(P5+%>=—pz : (41)
92 92 0+¢

Substituting these coefficients into equation (31) yields:

p:f—( e +@), (12)

0+C " 0
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which is exactly equation (2.15). Finally, each agent can invert this price function

into a normally distributed signal about f, where the signal’s precision is:

‘= (ajpy’ 43)

which completes the proof.

Deriwving Period One Utility. The period two objective function is:
0
Uiz = pEia(Wi3) — gvari,Q(VVi,ii)a (44)

subject to:

Wis=Wio+aq(f —p)+m — cl;. (45)

Substituting the terminal wealth equation (45) into the period two utility function
(44) gives:
2

Uio = pEio(Wio + ai(f —p)) + m — cl;) — %VWi,2(Wz’,0 +qi(f —p) +m —cli). (46)

Prices are observed in period 2, E;»(f) = fi, and Var; »(f) = 7, *. Distributing
period two expectation and variance operators gives:

_ra

Uig = Wip+ P%’(ﬁ - D)

Next, substitute in optimal asset demand (2.14) to find period two indirect utility
and simplify:
7 ) > (2G-n)\
Ti\Ji — N Ti\Ji —
Uiz = Wig + Tp) (Fi-n -2 (—p) =l

PN 2
:Wlo—i‘%(fl—p) +7Ti—Cli. (48)

~

Signal and price realizations are unknown to investors in period one, so expecta-

tions must be taken over (ﬁ — p)? in order to derive period one utility:

7 N 2
Ei1(Uia) =Ui1 =W, o+ EEi,l [(fz — p) } + 7 — cl;. (49)
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Since E(X?) = Var(X) + E(X)*
Bia |(fi=p)?| = Varia(fi = p) + Eua(fi = p)* (50)

From equation (2.15):

Ell(ﬁ —p)= Ei (ﬁ - f- QTC - %) . (51)
Since E;;(x) = 0:
Ezl(ﬁ —p)= _HT(' (52)

The period one expected return is the same across all agents. Next, using the Law

of Total Variance:

Var, (f; — p) = Vary, (f — p) — Eix(Vargo(f; — p))

= Var;; (f —f- epfg — %) — E;1(Var;o(fi — p)). (53)

The terms 6, Z, and ¢ are known in period one, while p is known in period two,

implying:

Vari,l(fi — p) = — 5_;—1‘ (54)

Substituting equations (54) and (52) into equation (50), and substituting this
equation into the period one utility function (49) yields:

~ 2 92 — 2
Ti [ PPoi pT
Ui1=Wio+ = -7, — i — cl;. 55
1 ,0+2<02 T; +(6+C>>+ﬂ c (55)

Finally, dropping the constant term, substituting pg—; in for ¢ by equation (2.15),

and substituting in the equation for posterior precision delivers the period one

problem captured by equation (2.19):

2

Ui,IZVVi,O“‘l (pgx>2+ #2)2 (Ti +limi + Q) +m — cly. - (56)

2
PO
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Proof of Proposition 2.2. The proof follows directly from the free entry assumption.
If ¢* is above average cost, another agent can enter the market for news, charge
slightly below c¢*, take the entire market and make a positive profit. If ¢* is below
average cost, any agent supplying news is making negative profit and thus strictly
better off exiting the market. Finally, if ¢* is priced at average cost and there is
more than one supplier, then both suppliers must also be making negative profit

and are strictly better off exiting.

Proof of Lemma 2.3. Lemma 2.3 is proven by contradiction. It will first be conve-
nient to derive the (net) benefit of purchasing news to each agent, which is equal
to expected utility conditional on purchasing minus expected utility conditional

on not purchasing, given a particular cost ¢ and average signal precision 6.

After substituting equation (2.10) into equation (2.19), expected utility conditional

onl; =11is:
U1'71 :VV%O—FR(e) (ﬁ—l—m—l—C)—i—m—c (57)
The expected utility conditional on [; = 0 is:

U¢71 = W@o + R(G) (ﬁ + C) + ;. (58)

Taking the difference between equations (57) and (58) gives:
R(0)n; — c. (59)
Substituting in for 7; yields the net benefit of purchasing:
R(0O)kTai® ! —c. (60)
Without loss of generality, assume that agent a purchases news in equilibrium,

but agent b does not, where b > a. Then agent a must weakly prefer purchasing,

whereas agent b must weakly prefer not purchasing:

R(0*)kTaa® ™ — ¢ >0, (61)
R(O")kTab® ™t — " <0. (62)
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Equations (61) and (62) imply that a > b, which is a contradiction. Therefore, an
agent cannot purchase news in equilibrium unless all agents with a higher prior
precision do the same. This in turn means that a given equilibrium fraction of
purchasers A* must be the \* agents with the highest prior precision, i.e., agents
from 1 — A\* to 1, so that:

1
BN 0) = 7+ / nidi (63)
1-\*
Substituting in for 7; gives:
1
OO0 ) = 7+ / krai®di, (64)
1-A

which completes the proof.

Proof of Proposition 2.4. First, given a particular A > 0, define the (net) benefit

of purchasing news to the agent who has the least to gain from doing so:

B(Xa) = R(6(\ a)) mon = 5 (65)

where news is priced at average cost from Proposition 2.2 and the purchaser who
benefits the least is agent 1 — A from Lemma 2.3. Substituting in signal precision
of agent 1 — \ gives:

B\ a) = RO\ a)) kra(l — Nt — (66)

>l

There are three cases:

If B(A\,a) <0 for all A € (0,1]: Assume A\* > 0. Then all agents from 1 — A\* to 1

must weakly prefer purchasing. However, the benefit of purchasing to agent 1 — A

is strictly negative for any A > 0 by assumption. Therefore, A* > 0 cannot be an
equilibrium. By the same logic, if A* = 0, no agent can enter the market for news

and charge a price that makes them positive profit. Therefore, \* = 0.

If B(1,a) > 0: Assume A* = 1. Since the agent with the smallest prior precision
(i.e., agent 0) weakly prefers to purchase, all other agents with a higher prior pre-

cision must as well. Furthermore, if any agent tries to enter the market for news
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and charge a small enough price to undermine the incumbent supplier, he must
be charging less than y and thus be making negative profit. Therefore \* =1 is

an equilibrium.

If B(A, ) =0 for some A\ € (0,1): Assume that A*€(0, 1) and B(A\*,a) = 0. Then

the marginal agent (agent (1—\*) )is indifferent to purchasing by assumption, and

all agents with high prior precisions strictly prefer doing so. Therefore, \* is an

- . OB(\*
equilibrium for news demand. However, consider the case where % > 0. In

this case, an agent can enter the market for news, charge /\*’ie for an arbitrarily

small e > 0 and get at least \*+e to purchase, making a positive profit. Therefore,

OB(\,a)
A

only a point where < 0 can be an interior equilibrium for both the supply

and demand for news, which completes the proof.

Proof of Proposition 2.5. Assume that the equilibrium fraction of purchasers is
positive (A\* > 0). First, note that 179 = 0 when o > 1. Therefore, an equilibrium
where all agents purchase (A* = 1) can only occur when o = 1, which in turn
implies that A* < 1 for any incremental increase in «. Next, note that the cost
of news c¢* is strictly decreasing in the equilibrium fraction of purchasers A* by
Proposition 2.2. Given these two statements, proving Proposition 2.5 amounts to

showing that:

ON*
Jda

<0, (67)

when \* € (0,1). Observe that:

db(N ) _ 9IN,0) 0N OB(X",a)

= 68
do N Oa oa (68)
which implies:
* d9(\*,a)  90(\*,a)
OA _ da [ole" (69)
v 901" ,) :
N

1
Recall that 0(\*, o) =7+ [ kTai® 'di, so by the Leibnitz rule:
1-x

AO(N*, o)
O\

0O(N*, o)

S = k(1= A7) log(1 - A) > 0. (70)

= Th-x >0,
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. . e dO(ON )
Therefore, equation (69) must be strictly negative if =7~

3,if A* € (0,1):

< 0. From Proposition

B(\*,a) = R(O(X, o)) n1_x- — % ~0. (71)

Taking the total derivative of both sides yields:

OB\, a) ON*  OB(\*, «)

= 0. 2
o oo oa (72)
which implies:
* 8B(>‘*7O‘)
O\ _ " b (73)
o 9B(\*,a) °
O

Next, note that:

OB(\,a)  OR(O(N*,a)) DO(N*, ) O+

m-x + RN, a)) (74)

oo 00\, Q) ON* da
OB\, a)  OR(O(N, X)) 90(\*, a) O X
o 00y on oy FRONLa)5Em 4 tg (1)

Substituting equations (73), (74), and (75) into equation (68) and canceling terms

gives:
d@(}\*,a> . 1 89(}{“)@) . 8771—)\* 89(/\*704) . 8771—)\* X
do 2B0) { on \ X )=5= )+ 5 RO, ) =55 T 32

oX* (76)

Since R (6(\, ) n1-x- = 3% in equilibrium:

do(N,a) 1 00N @) (x5 Omoxs +69(/\*,oz) 5 Oy L X
N ON* 1)+ O Oa N1—x* ON* A*2

da OB(\*,a)
X[ ooova) (22 apva) [
_ X . y da + ' & 2% —|—)\—*2
9B\ ) O\ Th— = Oa 1= g .

oX*
oN*
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Next:
T, 2| (@-Dra(-a)e? 1
mox X ] Ta(l — et A*
1—a)*
= —. 78
A1 — M%) (78)

Substituting the equation for PN 0) gapd LX) along with equation (78) into

oxF o
(77) gives:

AN, ) X IS i 1—a)\
- e | =22 | — R — A)%log(1 = M) [ — 2 )] .
Ia 9B ) N1-A T kT ( A*)log( ) (L — )

(79)

Since ané—;** = k7(1 — X\)* (1 4 alog(1 — \*)):

6(\,a) ) [—m(l — A1 + alog(l = A%)) — k7(1 — A")*log(1 — A") (—1 —oX )

do % A (1 =A%)
—NET(1 — Aol x . .
= B0 ) A A"+ log(1 — \%)]. (80)
ON*

The term A* + log(1 — A*) is strictly negative for all A\* € (0,1), and 254-2)

N
cannot be positive for any interior solution by Proposition 2.4. Therefore, %
is strictly negative, which implies % < 0 when A* > 0 by equation (69), thus

completing the proof.

Proof of Proposition 2.6. Assume that the equilibrium fraction of purchasers is

positive (A* > 0). From equation (2.18), the period one excess return per share
Ey(f —p) is:

px

ot

(81)

where fol T;di is strictly increasing in 6(\*, ). Therefore, it is sufficient to show
that:

dI(N*, )

2
T <0 (82)
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when A\* > 0. But this follows directly from equation (80). Therefore the equi-
librium risk premium E;(f — p)* is strictly increasing in «, which completes the

proof.

Proof of Proposition 2.7. If the cost of news c is exogenously fixed, the net benefit

of purchasing to the marginal agent is:
B\, a) = R(O(\*, ) kTa(l — ) ! —¢ (83)

which is now strictly decreasing in A because the endogenous cost is absent. Since
the period one excess return per share Ey(f — p)* is strictly decreasing in 0, it is

sufficient to show that there exists a cutoff value & such that:

dI(N*, )

4
>0 (84)

for all @« > @. First, note that for a sufficiently high «, equation (83) is strictly
positive when A = 0, which in turn implies that A* > 0. Therefore, for a suffi-
ciently high «, we can apply the characterization of an interior solution found in

Proposition 2.4 and repeat the same steps as the proof of Proposition 2.5, which

yields:
do(\*, a) c IS a—1
> = T — E7(1 — X )*og(1 — \*
do[ aBéi\\?Q) [ 771 A (771_)3% + T( ) Og( ) 1_ )\*
—k7(1 =\ )" 1c .

oX*

The term 1 + log(1 — A\*) is strictly positive for all A\* less than 0.632. Since
A* € (0, 1) for a sufficiently high « by the logic above, and A* is strictly decreasing
for a sufficiently large increase in a by Proposition 2.5, 14+ (1 —\*) must be strictly
positive above some cutoff «, which makes equation (85) strictly positive as well,

thus completing the proof.

Proof of Proposition 2.8. Assume that the precision of news is independent of
prior precision: 7; = k. In this case, the average precision of priors and purchased

signals is not influenced by which agents are purchasing, so that:
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which is independent of a.. Since both 6 and 7; are independent of «, a change in

a cannot affect the equilibrium fraction of buyers, which completes the proof.

Proof of Proposition 3.1. Following the literature on the rational expectations

equilibrium, we look for the equilibrium price that has a linear form

p = po +psf + pab. (87)

Equation (87) implies that the price contains information about f and observing
the price is equivalent to receiving a signal s, = f + (ps/ps)f, which is equal to
sy = (p — po)/ps. The investor i’s expectation of the payoff f; = E[f|F,] based

on all exogenous signals as well as on the price is given by

2

p 1 p p
Ji=—|Tpafi + —g(Te + Ts0,i)Sp + TspiSfi — —fTse,ise,i (88)
i Dy Do
and the conditional variance of the payoff is Var|[f|Fy,] = 7!, where

Ty = Tri + Tsfi + p—zc(Tg + Tsp4)- (89)
Py
Indeed, since all variables are normal, we can use the standard formulas for
conditional expectation of a multivariate normal distribution E[Y|X]| = E[Y] +
B(X — E[X]), 8= CovlY,X|Var[X]™' and the conditional variance Var[Y|X] =
Var[Y] — CovlY, X[Var[X]|7'Cov[X,Y]. In our case, Y = f, X = (s, Sp; S0.),
SO

Ef|Fai] = fi + Bp(sp — fi) + Bsg (555 — [i) + BsoSo,4,

where
2 —1
-1, P _—1 —1 pg —1
Tri + » Ty Tri Y Ty
_ (-1 _-1 1 -1 -1

(ﬂp ﬁsf 559) - <7'f7,' Tt O) Tt Tii +Tsf,i 0
po —1 -1 -1
p 70 0 Ty + Tsgs

A straightforward computation yields

1 /p2
(ﬁp Bss 550) = ;(é(TeﬂLTseﬂ') Tsf,i _z_J;TSH,i>7
1
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where 7; is given by equation (89). Hence,

E[f‘f‘ll] = (1 - ﬁp - Bsf>fi + ﬁpsp + ﬂsfssf,i + 539539,1‘

L Py i
= < | TriJi ™ —5 T Te0.i)Sp + TsfiSti — —Ts0.i50.i
'f_i (f,f+pg(0+ 80’) p sfiiof, p@ 56,i°0,1
and this is equation (88). Similarly,
1
-1 1 p? Pf f;il ~A—1
VCLT[fLFQ,z] =Tri — ;z (—3(7'9 + TSQZ) Tsf,i —57'5670 Tt =17, .
0

The market clearing condition (3.5) together with equation (3.4) yields
/ Y (i = p)dp(i) = 6+ 6.
z

Using the expectation of the payoff from equation (88),

2
) p . )
/vaifid“(z) + _JQI (7—9 +/7-59,idu(2)) Sp + / TsfiSf, zd,u@)
T Py 7

_ P ngzsmd,u p/% ) _—1-0).
Pe T

Introducing the notation for average precisions

Tr = /Tf7idp(z'), Teo = /ngﬂ-dp(i), Tsf = /Tsﬁid,u(i), T = /ﬂdu(i)
7 7 7 T

and using the law of large numbers we get

/Tf,ifidﬂ(i) =Ts/, /Tsf,z'Sf,z‘d,u(i) = Tstf5 /Tse,ise,idu(i) = Ts00.
A A

7
Hence, the market clearing condition yields

2
p=7" (—7§+ (Tf + Tsp + %(Te + Tse)) [+ <p—Ta 7)) 9)

6 Do

or
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Comparing equations (87) and (90) we get that py = —8/7, p; = 1, and py solves

the following equation:

o 1 _ T
Tr+ Tep + = (70 + 7o) | Do = — — 7,
Py Po

which can be rewritten as
_ _ 77—89
(Tr + Tof)vo + p_ +v=0.
9

This is equation (3.9). Q.E.D.

Proof of Proposition 3.2. The optimal trading strategy of investor ¢ at t = 2 is
2 =y 1%(f; — p), so the expected utility at ¢ = 2 is

Uy, =F [_6—7W3,i|]:2 J — e Wi [e—ﬂ(fi—p)(f—P”fM — _6_7W2,i_%7ﬁi(fi_p)2‘

For computation of Uy; = E[Uy;|F1;] it is convenient to introduce the variable
z; = ﬁ — p — p;, where p; = E[ﬁ — plFi1i] = E[f — p|F1,] is the expected return
computed at t = 1. Because ﬁ and p are normally distributed, z;|F;; ~ N(0, aﬁ’i).
To find 02, = Var(z|Fi;], note that

Uii = Va?"[ﬁ—f‘f‘f—ﬂfl,i] = Var[fi—f|]:1,z']+Var[f—p|]:1,z']+200U[fi_f7 f_p’fl,i]'

Using the law of iterated expectations and the definition of 7;, we get that Var| ﬁ —

fIF1:] =7 " and C’ov[fi—f, f—p|Fii] = —7'. The term Var[f—p|F, ;] measures

the precision of the price as a signal about the asset payoff, so it is natural to denote
1 a1

. -1 I
itas7,;. Thus, o}, =7, — 7,

Using the variable z and noting that Wy; = Wy ; — ¢(K), the expected utility at
t=11s

— oYW i—c(K)) — 17 (fi—p)? | — oy (Whi—c(K)) — 37 (22 2pizi+p?)
Uy, e E e | e E e

Fiil -

To compute the expectation, we use that for a normally distributed random vari-
able z ~ N(0,0?)

1 b2o2
Elexp(az? + bz +¢)] = ——ex <——|—c>.
[exp( )] =557 P | 3 )
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Hence,
1 (T, =) 1
Ui =— exp <—’7(W1,i - C(K)) + 21 + 7 £ 1 a1 5%‘#1
\/1+%2-(¢];i1 — & (1 +7i(7,; —=77))

Ty 1
=4/ ; exp (—V(Wl,z' —c(K)) - 5%,1‘#?) :

Noting that TI;} =Var[f —p|Fii], 77" = Varlf — p|Fail, and p; = E[f — p|F1.),
we arrive at equation (3.12). Q.E.D.

Proof of Proposition 3.3. To simplify notation, we omit the investor index ¢. The

minimization problem in equation (3.15) is equivalent to minimization of

- 1 1 - -
U(Tsf’TSQ) = —§10g <Tf + Tsf + ]9_3(7—9 + 7'39)) +yc <(1 + T_;) (1 —+ T_:> — 1) .

Assume that U (7,7, 749) has a local internal minimum (T3, Top) = argming, ~o, r,>0} U(Tef, Tt)-
The function U (Tsf, Tsp) is twice continuously differentiable for 7, > 0 and 759 > 0,

so the point (7}, 7},) satisfies the first order conditions

¥ 1 TS 1
l(l‘i‘@)CIZ_A’ l(l"‘—f)C/:T, (91)
Tf Ty 27* Ty Tf 2pyT*

where 7% = 7;+7 4 (19+72) /ps and the argument of the function c is suppressed.

The Hessian matrix of U(Tsf, Tsp) 1S

2
1 s Ts0 /" 1 0 Tsf Ts6 /! 0 A
H= 272+ 7 (1 M ) ¢ w7 T T (1 * Tf) <1 * 792) R
_1 e Tsf Tso \ A o A A 1 e Tsf z
2p; 72 + TFTo (1 + Tf ) (]' + o ) ¢+ TngC W + 5 (]' + Tf ) ¢

Because ¢’ > 0, the element Hy; > 0. A straightforward computation gives that

at the point where the first order conditions (91) are satisfied

2 2 7—: *
det H = ——— s — S () = (1+_f) <1+E)CH<O'
PaTr7e(7%) TfTy PaTsTo(77) Tf 7o

Thus, (75;,74) is a saddle point and it cannot be a local minimum. This contra-

diction proves that U (Tsf, Tsp) is minimized on the boundary 755 = 0 or 74 = 0.

This is the first statement of Proposition 3.3.
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To prove the second statement of Proposition 3.3, note first that the point 7,y =
Tsp = 0 cannot be a solution to the minimization problem (3.15) because
oU v oU

-——(0,0) = — +lc’(0) <0, —(0,0) = —

v,
+—c(0) < 0.
OTs 2(pgTy +19) Ty 0T (0)

2(p31r +710) To
Hence, the solution is either on the boundary 74 = 0 and 7,4 > 0 or 75y = 0 and
Ts0 > 0. The first order conditions (91) on the boundaries 7,9 = 0 and 7,y = 0 yield
equations (3.17) and (3.16), respectively. Each of these equations has a unique
solution because the left hand sides are non-decreasing functions of the unknown
variable and the right hand sides are strictly decreasing functions of the unknown
variable. Thus, the functions 7};(7;) and 7;(7¢) introduced in Proposition 3.3 are
well defined. Noting that

820 * pg Y ou T:f
PYOR (Tsf,O) = + _20 (_) > 07
8Tsf T

2py(1r + 737) + 79)? Ty

02U 1 y
(077_:0> - 2 + 120” Ts >0

0T 2pgTr + 10+ TH)? T o

*

we conclude that the points (77, 0) and (0, 7,) are local minimums of the function

U. To find which point is the global minimum, we need to compare U (7%7,0) and
U (0,7%) and the result depends on 7;. To identify the form of this dependence,
consider the difference AU(7;) = U (73,0) — U(0,7%) as a function of 7;. Using

the envelope theorem and the first order conditions for 77,

OAU _ P} Ty <_f) . P}
oy 2(p3(Ty + %) + 7o) T]% s 2(piTs + 10+ TX)
o p3(1+T:f/Tf) P
Q(pg(Tf—i-T;f)—i—Tg) Q(png—i—Tg—i—Ts*e)
2 *
Dy ( * 7-Sf * )
= — - — |75+ (9 + 7] < 0.
203(rr + 1) + )i T+ 7)) N T 2

Therefore, there could exist at most one point 7 such that AU (r7) = 0. For
74 > 75 we have U(r%,0) < U(0,7%) and 7 is the global minimum of U. For
7r < 77 the inequality is reversed: U (72;,0) > U(0,7%) and 7, is the global

minimum of U. Because

- 1 T -
U(TS*f,O) = —§log (Tf +T;f + p—g) + e (—f> ,
b
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~ 1 1
U(0,7) = —élog (Tf + P(Te +7'S*9)> + e < ;:) ,
b

the condition U (12 T 0) = U (0,7%) yields equation (3.18) that determines 77 and

this equation has a solution when considered on a sufficiently large interval for 7;.

To prove the third statement of Proposition 3.3, consider again the first order
conditions on the boundaries 749 = 0 and 7,4 = 0, which for the linear cost
function take the following form:

27¢o P 27¢y 1

= = — —. (92)
T pa(te+ 7 f) + 7 To PaTE + To + T

Thus, the optimal precisions of the signals are

1 To 1 2
. = ), ‘= 1) 7 — pRry 93
Tsf (2’}/60 ) Tf p§7 Tso (2’}/60 ) To — PoTf ( )

Note that for 2y¢o > 1 both 77, and 77 are negative, the derivatives

oU P Yco oU 1 ~Yco
0,0 + 1% 0,0) =~ 4+ 10
5. 0.0 = (0,0) 2(p31s + 79) To

Y

OTs¢ 2(p§7f +719) Ty 0T
are positive, so the point (0,0) is the global minimum. This is statement 3(c).

In the case 2ycg < 1, an investor would consider acquiring the fundamental (non-

fundamental) information when 77, > 0 (7 > 0). These conditions are satisfied

7'9 1 ! Tg 1
Tf > — —1 , Ty < — —-1].
27cy 27vcq

When 1/(2v¢9) — 1 < 1, these inequalities cannot be satisfied simultaneously

when

and characterize the optimal information acquisition described by statement 3(b).
When 1/(2y¢y) — 1 > 1, the function U can have two local minima at the points
(737,0) and (0, 7) with

~ 1 Tf 1 To
U(7%,,0) = —= log | —L— 1) — e
(Tsf7 ) 2 0g <2700> + Yo (2700 ) Vcopg,rfu

~ 1 To 1 png
U(0,7) = —=1 + — — 1) =y
( 77—30) 2 o8 (2700173) e (2700 ) e To

Obviously, U(7%,0) = U(0,7%) when 7; = 74/p3. Tt is not difficult to show that

s 7

the function U (751,0) — U(0,77%) strictly decreases when 7 ;> 0and 75 > 0, that



Appendiz 77

is, when

To 1 -1 To 1
— (= -1 < <5 |—-1).
Py \27¢o Py \27¢o

As a result, the global minimum of U is (0,7%) when 7; < 75/p and is (7 1, 0)

S

when 7; > 79/p3. This gives statement 3(a). Q.E.D.

Proof of Proposition 3.4. According to Proposition 3.3, an investor with 7; < 7}
learns only about noise and his ex post precision is 7; = 7y, + (79 + 7} ;) /g, Where
T3y solves equation (3.16). Taking the derivative of both sides of this equation

with respect to 74, we get

1
1 87-;01 2’7 " (Ts*e,i> + 1 1
JE— e — —C .
s O7ra o\ T P37ri+ 70+ Tip)? | (D37 + 7o+ 7o)
(94)
Because ¢’(K) > 0, equation (94) implies that

*
i 87-59,1'

-1<
pﬁ an,i

<0

Noting that
07; 1 1 075,

0Ty, B p_g Otri
we obtain the statement of the proposition for 7p; < 7;7. When 7;; > 77, the
investor learns about fundamentals and the precision of the obtained signal is given
by equation (3.17). Again, taking the derivative of both sides of this equation with

respect to 7;;, we get

—1
aT:fi QV 1" Ts*fi 1
9 | =¢ -t . 212
oty T Tt (Tp: + 7 it To /p3)
2 Tofi Tofi Tofi 1
X —Z(c’( f’)—i— f’c”< f’))— - 55 |- (95)
i Th Tri  \ Tt (Tri + 73+ 70/D5)

Given that ¢’(K) > 0, the first factor in equation (95) is always positive. Omitting

the argument of the cost function and using equation (3.17), the second factor can

2 Tof
. <C’ + i 27(0’)2> ,
Tt Tfi

be written as
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which is also positive because ¢’ > 0 and 0 < ¢ < 1/(27v). The last inequality

follows from equation (3.17). Thus, the derivative in equation (95) is positive and

o7, oy
T sl
anﬂ' anJ'

This is the statement of the proposition for 77; > 7;. Q.E.D.

Proof of Proposition 3.5. Equations (3.27) and (3.28) immediately follow from
equations (3.7) and (3.8) after setting 75,; = 0. The optimal information acquisi-
tion strategy in equation (3.29) is a solution to the following optimization problem,

which is the optimization problem (3.15) in the absence of learning about noise:

1 sf,i
min exp (vcol> : (96)
treri20) \/Tpi + Topi + 70/ (95)? Tfi

Thus,
To

h
f::h_l / Tidui——l(i:7i279—>
f = Gt 72 e

. Toh
{Borz gt}

and using equation (3.9) we get equation (3.30).

To prove that the equilibrium is unique, note first that equation (3.9) implies that
py < 0. Next, rewrite equation (3.30) as

_ _ . To . Toh Y
7+ b / Tradu(i) — —2— 1 (z: T,iz—)z——. (97)
! ! NN VA

. Toh

{7,: 'rfﬂ-zi(p%)? }

The right hand side of this equation is a continuous and increasing function of
py for p) < 0. The left hand side can be represented as ¢°(7y/(p))?), where the

function ¢°(2) is

P (z)=7+h" / Teidp(t) — 2L (i 74, > hz).

{i: Tf,Z'th}
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The function ¢%(2) is non-increasing for z > 0. Indeed, for Az > 0

9"z + Az) — g°(2)
= —h! / Tridp(i)—(2+A2)1 (i 2 74 > h(z 4+ Az))+21 (i 0 744 > hz)
{i: ha<ryi<h(z4+A2)}
<—h'hz I(i: he <7p < h(z4 A2)) = Azl (i: 155 > h(z + A2))
+ 2l (i he <7 <h(z+Az)) =—=AzI(i: 77, > h(z+ Az)) <0.

Because 19/(p))? increases with pj) for pJ < 0, ¢°(7e/(p))?) is a non-increasing
function of p). Its graph can intersect a graph of an increasing function (the right
hand side of equation (97)) only once, so equation (97) has maximum one solution.

Q.E.D.

Proof of Proposition 3.6. Equations (3.26) and (3.30) that determine p, and p)

can be written as
o\ 7 0 <Te> oy
g\ — — T T g ) N 98
(Pg) Pe pg Do ( )

() = (14 hY) / (i) £ 21 (i T <2) | 2
{i: Tf,izz}

where

and
@) =7 +h" / Tridp(t) — 21 (i 74, > hz).

{i: Tfﬁith}
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Note first that for any z > 0 we have g(z) > ¢°(z2). Indeed, because 0 < h < 1

92 =) = (L h) [ rpduli) + A G <) -

{iz 75>z}
— 7 —h / Tridp(i) + 21 (02 155 > h2)
{i: 7pi>hz}
- / Tradp(i)—h! / Tradp(i)+21 (i he <75 < 2)+h7 2D (i: 75 < 2)
{is i<z} {i he<rp i<z}

= |- / Tradp(i) + 20 (i 7 < 2)
{i: Tf,igz}

+ | —h7t / Tradp(i) + 2L (i 0 hz <714 < 2)
{i: ha<ry <2}
The expressions in the brackets yield

- / Tradp(i)+h 2l (i Tp < 2) > —2I (i Tp < 2)+h T2l (i T < 2)

{i: Tf7i§z}

=t =12l (i: 74 < 2),

—ht / Tradp(i) + 20 (i: he <75, <2) > —h"'20(i: hz <717, < 2)
{i: hngf’igz}

+2l(i: ha <t <2)=1—=h"N2l(i: hz <74, < 2),
so we get that

g2) =) > (W =Dl (i: 75 <2)+ (1 —=hN2l(i: hz <7143 < 2)
= 'z (i: 1, <2)—T(i: ha<7;,<2)=(h"=1)2I(i: 755 <hz)>0

when [ (i: 77, < hz) > 0.

From the proof of Proposition 3.5 we know that the function ¢°(7y/p3) is non-

increasing for py < 0 and equation (3.30) has a unique solution pj), so for py < p)
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we have ¢°(7y/ps) > —7/ps. Denote the smallest solution to equation (3.26) as

Do.min and assume that pg i, < py. Then,

Ty v 0 To Ty
g == <y <y : (99)
(pg,mm> p@,min (pg,mzn> (pg,mm)

The obtained contradiction proves the statement of the proposition. Q.E.D.
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