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ABSTRACT

NON-PARASITIC WARLORDS AND GEOGRAPHICAL DISTANCE
by

Jerry Hionis, Jr.

Chair: Dimitrios Diamantaras

This dissertation presents an extension of the warlord competition models found in
Skaperdas (2002) and Konrad and Skaperdas (2012). I consider two non-parasitic
warlords located on a line. Each warlord allocates resources for the extraction of
natural resources, the production of goods and services, and conflict with the opposing
warlord. Within the symmetric rates of seizure model, I use three different forms of
the contest success function, a primary tool in the conflict theory literature, in my
analysis. I show that the warlord closer to the point of conflict will invest less into the
hiring of warriors and more into the production of goods and services, yet wins a larger
proportion of total goods and services produced within the economy. Under certain
conditions, the placement of the point of conflict at the midpoint between the two
warlords maximizes the total resources toward war and minimizes total production.
Under the asymmetric rates of seizure model, I find that the warlord closer to the
point of conflict invests more in warfare and less in production; that is, results that

counter what is found in the symmetric model.
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CHAPTER 1

Introduction and Statement of the Problem

1.1 Introduction and Statement of Problem

One of the goals within the conflict theory literature is to understand the factors
that influence the decisions of people, groups, nations and so on to participate in wars
of appropriation. Of course, not all conflicts are identical in terms of scope, structure

and method. There exist within the literature a number of distinct conflict types:
State-to-State Two or more distinct states engaging in acts of war.

Insurgency Within a single state, two or more groups battling against an established

ruler.

Civil War Within a single state, two or more groups battling against each other

where no established ruler exists.

While state-to-state and insurgency style conflicts have been studied heavily within
the literature, the role and effects of civil wars has begun to be empirically studied on
a much larger scale to go beyond “anecdotal” results and relationships (See Sambanis
(2002) for a review).

In two seminal studies, Fearon and Laitin (2003) and Collier and Hoeffer (2004)

show that, against the conventional wisdom, areas with high risk of civil conflict



are not ethnically /religiously diverse or suffer from “political shocks”, but conflicts
occur when certain factors that favor insurgency and war are found; factors such as
poverty, political instability, terrain and geography, high population densities and
abundance of natural resources. In a similar study, Buhaug and Rgd (2006) find two
sets of results in relationship to geography. First, conflict is more likely to erupt in
rural areas and along national borders. Second, there exists a positive relationship
between distance to the “capital”’, or the area with the highest population density,
and the likelihood of conflict. These two results emphasize the difference between civil
wars waged as an insurgency of a group against an established government presence
and territorial conflicts amongst warlords. Buhaug and Gates (2002) and Buhaug
et al (2009) study the determinants of conflict points within a geographic area and
highlight the importance of ethnic identity, geography and ideology. These studies
focus on the determinants of the location of conflicts and not the effects that the
locations of conflicts have on the wars themselves.

While empirical studies show the important relationship between geography and
civil war, less has been done within a theoretical framework. Early models of in-
surgency have focused on territorial expansion (Findlay (1996) and Wittman (2000))
and the effect that conflict has on geographic location of insurgency (Brito and Intrili-
gator (1990,1992)), but not on the effects that geographic locations of conflict have
on wartime decision making. To the author’s knowledge, the only serious study on
the geographical effects on decision making within a conflict is Gates (2002). Gates
creates a principal-agent model which studies how an insurgent leader and an estab-
lished ruler each construct a system of rewards and punishments for possible supports.
The model is built upon a geographical framework in that both the insurgent leader
and the established ruler are located at distinct areas with varying distances from
possible supporters. In general, the model shows that the more distant supporters

are rewarded more than those closer to the associated leader.



As opposed to Gates (2002), this dissertation specifically aims to explicitly explore
the theoretical implications that geographical distance has on the decisions made by
two warlords partaking in civil war. The models I present, and their results, show that
the geographical location of conflict with respect to the location of the two warlords
affects both the expenditure on conflict and the production of goods and services as
well as the level of success each warlord gains from conflict. These models and results

can, in the future, be tested with empirical data.

1.2 Model Overview

I present a guns-and-butter economy based upon the structure found in Skaperdas
(2002) and Konrad and Skaperdas (2012). The economy modeled is one where no
central government authority exists to enforce law and offer security for its populace;
such as Yemen, Somalia, Afghanistan, Libya and, to an extent, Iraq, Nigeria, Mali
and Pakistan. In lieu of such a government, two warlords, A and B, exist that offer
protection and leadership for those within the economy. The models presented by
Skaperdas and Konrad view warlords as kleptocratic, or parasitic, leaders who only
offer protection to those willing to pay tribute and, hence, do not directly influence
production within an economy. The model developed here allows warlords to offer
protection as well as invest within the production of goods and services within the
economy. In addition, each warlord is in control of a specific territory, known as a
stronghold. The strongholds of warlord A and warlord B are separated by a linear
distance.

Within his own territory, each warlord is endowed with certain exogenous re-
sources. First, each warlord rules over a population group which dedicates its time
to the economic activities dictated by the warlord. Second, each warlord has a cache
of un-extracted natural resources that can be extracted and sold to some external

purchaser for a fixed and exogenous price. To extract these natural resources, a war-



lord must both dedicate members of his population for the extraction as well as pay
each extractor a fixed and exogenous wage. It is assumed within the model that the
extraction wage per unit is less than the price paid per unit of a natural resource.
Third, a pre-game budget exists for each warlord that can be interpreted as spoils
earned in previous conflicts, foreign aid and so on. From his own set of resources, each
warlord has two decisions: production of goods and services and the appropriation of
goods and services through conflict.

Production of goods and services within the economy is done through capital in-
vestment by both warlord A and warlord B. Each warlord purchases units of capital
from an external seller, for a fixed and exogenous price, using either the sales of ex-
tracted natural resources or the pre-game budget. Each warlord’s production process
is then a function of capital investment and the relative technology/productivity level
of the warlord’s production process.

Conflict within the economy is modeled through a Contest Success Function
(CSF); that is, a function that shows the effect a warlord’s effort has on the pro-
portion of goods and services he is awarded through conflict. Each warlord’s effort
toward conflict in the model is the number of warriors he chooses to hire. A warlord
hires warriors from his own population and also pays a fixed and exogenous wage
to each. Hypothetically, most models within the conflict theory literature focus on
battlefield conflicts, where players can implicitly be viewed as standing across from
each other on different sides of a line. As a result, the CSF predominately used is the
ratio form developed by Tullock (1980). In many modern conflicts in the developing
world, there exist external factors that negatively affect the effort put forth toward
conflict; such as climate, topography, geography and so on. The difference form of
the Contest Success Function, developed by Hirshleifer (1988, 1989), addresses such
factors.

The impact of a warlord’s effort toward winning the conflict can be constructed



in various ways. Employing the difference form of the CSF, I create three models
of conflict to investigate the different effects that geographical distance can have on
decision making: (1) the Base model, (2) the Gates-logit model and (3) the Ratio
model. The first is a quasilinear formulation of a warlord’s impact on the conflict
which is based upon the CSF modeled in Buhaug et al (2009) to interpret distance
having a subtractive effect on the number of warriors hired for conflict. The Gates-
logit model uses the formula found in Gates (2002) in which distance has a subtractive
effect on the log-linearized number of warriors hired for conflict. Finally, the Ratio
model, views the relationship between warriors hired and distance from the point of
conflict as a ratio.

The results found in Chapter 3 show that there are many similarities and contrasts
in the results of the three above mentioned models. One constant theme found within
the three models resembles what is known as the “Paradox of Power” (Hirshleifer
(2001)); that is, the richer of two contestants within a conflict will invest more in
the production of goods and services, while the poorer invests more in appropriation
and less in production. Specifically, any increase in either warlord’s population size
or pre-game budget causes both warlords to increase their hiring of warriors. In
regards to investment in capital, any increase in warlord A’s population size or pre-
game budget causes warlord A to increase his investment in capital and warlord B
to decrease investment in capital. Any increase in warlord B’s population size or
pre-game budget causes warlord A to decrease his investment in capital and warlord
B to increase investment in capital. In addition, as the point of conflict moves closer
to warlord A’s stronghold, warlord A invests more in capital and warlord B invests
less. Interestingly, the Gates-logit model differs from the other two by showing that
an increase in either warlord’s population size and/or pre-game budget will result in
an increase in the total amount of goods and services produced, on aggregate, within

the economy. Alternatively, the Base and Ratio models show that the total amount



of goods and services produced is unaffected by increases in population sizes and
pre-games budgets.

All three models show that when both warlords face the same prices and the point
of conflict is at the midpoint of the two strongholds, warlords hire the same number of
warriors. As the point of conflict moves closer to a warlord’s stronghold, the warlord
hires fewer warriors and the opposing warlord hires more. The Base and Gates-logit
models agree that the total number of warriors hired in the economy is unaffected
by the point of conflict. The Ratio model differs in that when the point of conflict
is at the midpoint between the two strongholds, total expenditure in conflict is at
its highest and as the point of conflict moves away from the midpoint toward either
warlords’ stronghold, the total number of warriors hired decreases.

In terms of capital investment and the production of goods and services, all three
models again agree: as the point of conflict moves closer to a warlord’s stronghold,
the warlord will invest in less capital while the opposing warlord invests more. The
Base and Gates-logit model both show that the increase in one warlord’s production is
offset by the opposing warlord’s decrease in production such that the total production
of goods and services is unaffected by the point of conflict. The Ratio model’s results,
again, illustrate a different conclusion. Specifically, when the point of conflict is at
the midpoint between the two strongholds, the total expenditure toward production
of goods and services is at its lowest and as the point of conflict moves away from
the midpoint toward either warlords’ stronghold, the total production of goods and
services increases.

While the Base and Gates-logit model have many similar results, the effect that
the point of conflict has on the CSF in equilibrium under the Base model differs
from both the Gates-logit and Ratio models. The Base model finds that the CSF in
equilibrium depends upon the wages paid to the warriors hired and the wage paid

to extractors of natural resources. The Gates-logit and Ratio model show that the



CSF in equilibrium is not impervious to other exogenous variables. Instead, the
CSF depends on both the point of conflict as well as the wages paid to warriors and
extractors. Assuming the wages for warriors and extractors are identical, warlord A
wins a greater proportion of produced goods and services when the point of conflict
moves closer to warlord A’s stronghold while warlord B wins less. As the point of
conflict moves closer to warlord B’s stronghold, warlord B wins a larger proportion
of goods and services and warlord A wins less.

The existence of an interior Nash equilibrium, where a positive number of warriors
are hired and capital invested, differs between the three models. The existence of an
interior Nash equilibrium within the Base model depends largely on the existence
of pre-game budgets, a result that is in line with Collier and Hoeffler (2004); that
is, conflicts and civil wars are more likely to take place when there is funding from
international sources. When both warlords have a pre-game budget of zero, the only
warrior equilibrium solution found is when no warriors are hired unless the wages
paid to warriors are negative, which is a violation of a model assumption. As pre-
game budgets get larger, an interior Nash equilibrium becomes possible as long as
the profits made on the extraction and selling of natural resources outweigh the cost
to hire each warrior. The dependence of the equilibrium’s existence on the value
of pre-game budgets seems to be caused by the requirement that warlords extract
natural resources. In other words, each warrior that is hired costs a warlord a unit
of population plus whatever units of population are needed to extract and sell the
natural resources to pay the warrior. The Gates-logit and Ratio models establish
that the existence of an interior Nash equilibrium is not as sensitive to the values of
the pre-game budgets. Indeed, it is shown that an equilibrium solution with warriors
being hired exists where both warlords’ pre-game budgets are equal to zero.

The results stated above are found assuming a symmetric relationship between the

amount of each warlord’s production of goods and services available for appropriation.



One interpretation of such a situation is that both warlords are investing in a good
and/or service that has a public value element, such as investing in the infrastructure
of a country that both warlords share and benefit from. While this type of scenario
does exist in modern civil conflict, it is also common to see an asymmetric relationship.
Using the Base model formulation of the CSF, Chapter 4 extends the model developed
in Chapter 3 by not assuming symmetry and allowing only a portion of a warlord’s
goods and services produced to be available for appropriation. The amount of a
warlord’s goods and services at risk is assumed to depend upon the location of the
point of conflict; that is, more of a warlord’s production of goods and services are
subject to appropriation when the point of conflict moves closer to his own territory
and less as it moves closer to the opposing warlord’s territory.

In Chapter 4, the total expenditure on warfare is at its peak and the total invest-
ment on capital is at its lowest when the point of conflict is equidistant between the
two stronghold. As the point of conflict moves closer to either warlord, total warrior
hiring decreases and total capital investment increase. More specifically, when the
point of conflict is closer to warlord A’s stronghold, warlord A spends more on the
hiring of warriors and less on capital investment than warlord B — the opposite holds
true when the point of conflict is closer to warlord B. These contradictions can be
explained by the importance that the point of conflict has on determining the rate
of seizure. In the symmetric rate of seizure model, the closer the point of conflict is
to a warlord’s stronghold means fewer warriors need to be hired because the negative
effect of travel and distance is small. With an asymmetric rate of seizure model,
the closer the point of conflict is to a warlord’s stronghold means that the warlord
has more to gain from conflict because most of his production is being fought over.
The opposing warlord has less to gain from engaging in conflict because little of his
production is being fought over and the cost of conflict for the opposing warlord, due

to the large distance, is high and the returns are low.



CHAPTER 2

Literature Review

This chapter is structured as follows. Section 2.1 introduces the concept and
axiomatic treatment of Contest Success Functions, the essential “heart” of con-
test/conflict theory. Section 2.2 reviews the theoretic literature pertaining to both
conventional and unconventional conflict types; such as, nation-to-nation, predator-
prey, insurgency, guerilla warfare and so on. Section 2.3 introduces the concept of
“warlord competition”. Finally, Section 2.4 shows the contribution that this disserta-
tion has on the literature. Readers who are familiar with the literature are encouraged
to forgo Sections 2.1 through 2.3, while those unfamiliar to the study may find these

sections helpful in gaining insight into the literature.

2.1 Contest Success Functions

The study of conflict as a theoretical economic problem appears to have originated
as its own field through the developing and modeling of a contest. A contest can be
defined as a competitive scenario where all players, simultaneously or sequentially, put
forth effort to win a prize. A contest can be perfectly discriminating and imperfectly
discriminating. A perfectly discriminating contest is such that that the player who
contributes the most to the conflict wins the prize outright, such as a standard auction

(Moldovanu and Sela (2001)). An imperfectly discriminating contest presumes that



the player who contributes the highest toward the contest has the greatest probability
of winning the prize. Imperfectly discriminating contest models are based upon a
Contest Success Function (CSF), or what Hirshleifer (1988) calls the “technology of
conflict”. While the functional form of a CSF can vary, all are constructed to relate
a player’s effort within the contest to his success in said contest. Effort levels enter
in the CSF through an Impact Function which shows the per unit effect of a player’s
effort on the CSF.

Certain relationships and axioms must be satisfied to properly define a CSF within
a contest: probability, marginal effects, anonymity, consistency and independence of
irrelevant alternatives (Rai and Sarin (2009) for detailed descriptions). The proba-
bility axiom states that the CSF satisfies the properties of a probability distribution;
that is, it is assumed the summation of all winning probabilities across all players
is equal to one (additive to unity) !. The marginal effects axiom states that only a
player’s individual effort levels will increase his probability to win and, hence, one
player’s effort levels will not help another player’s chance of winning (Miinster (2009)
for an extension into complementary effects and group contests). Anonymity requires
that each player will have the same probability as an opposing player with the same
effort and exogenous factors. In other words, the probability of winning a contest,
given a specific effort level and set of exogenous traits, is not dependent upon the ac-
tual player himself. Consistency and the independence of irrelevant alternatives both
deal specifically with a sub-contest between players. The consistency axiom implies
that contests consisting of a smaller number of players will be qualitatively similar
to the global contest with a large set players. Finally, the independence of irrele-
vant alternatives axiom states that only players active within the contest affect the
CSF; that is, the contest should/can not depend on external players not participating

within the contest itself.

!Blavatskyy (2004) presents an axiomatic model of a CSF which includes the possibility that no
player wins and so there is a draw.
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Skaperdas (1996) proves that there exists a specific class of CSFs that satisfy the
above five axioms. Let a contest take place with ¢ € N players. Let there exist L
types of investments that a player can put efforts toward, where some are allowed
to be fixed. Each player is willing to put forth effort levels x; > 0 Vi € N, where
X; € Rf; is the effort vector of player ¢ for all L investments. Let 7, : RﬁN — R, be
a probability of success where x € RYY is the effort matrix of all N players for all
L investments. The above axioms are then satisfied if and only if the CSF has the

following form,
fi (xi)

jen fi (%5)

7 (x) = 5= vx € REN Vi e N, (2.1)

where f; () : RYY — Ry is an impact function that is increasing in its arguments
(Skaperdas(1996), Clark and Riis (1998) and Rai and Sarin (2009) for proofs). While
the above CSF form is required for the five stated axioms to be satisfied, the impact
function itself often varies depending on the model and its assumptions.

The two most common explicit impact functions used within the literature are
the power and difference models. Originating in the rent-seeking literature, the power

model, first presented by Tullock (1980), equates the impact function as f(x;) = ;-0

1
where L = 1, z; € R is player ¢ effort put toward the contest, a; > 0 is a positive
scalar representing exogenous factors and > 0 is commonly known as a mass effect
factor; that is,

=t Vie N if ZjeNaj-x§>0;

ZjGN ;T

1 .
N Otherwise.

The above CSF model is often the workhorse of the conflict theory literature that is
also present in other economics fields that incorporate competition in their models

such as rent-seeking models, auctions, advertising and sports (Konrad (2007) for a
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survey). The presence of the parameter «; is meant to represent some exogenous
factor that influences a player’s probability of winning the contest that does not stem
from effort (Clark and Riis (1998)). Such factors are a player’s charisma, favoritism
or some biased advantage, pre-game standings and so on. The mass effect variable
0 is frequently interpreted as an element that captures the marginal increase in a
player’s probability of winning from an increase in effort. This variable can also be
interpreted as a description of the type of conflict taking place. As d approaches
zero, the influence that effort has on the probability of winning the contest becomes
less and the contest converges toward a random lottery. As § approaches infinity, the
contest converges toward a perfectly discriminating contest such as an all-pay auction
(Jai et al (2011)).

The other common, albeit less popular, impact function form is known as the

difference (Hirshleifer (1988,1989)) form:

1

U (X) = 1+ ZjeN\{i} eb(ay-xj—a-m;)

Vi e N,

where variables a and ¢ are positive scalars. There are a few notable advantages of
the difference CSF form that are generally agreed upon. First, from an econometric
standpoint, one can easily introduce an additive constant to the impact functions that
would normally cause problems for the power form; that is, if f(x;) = x; and the
impact function for each i € N is f; (x;,¢) = x; + ¢, where ¢ > 0, then the difference

CSF form is

1 1
= 1t ZJEN 65(1j+0*xi*0) o 1+ ZJEN 65(93]'*12')

Vi € N,

T
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while the power CSF form is

1 .
T = . N (J—l)-c—&-ZjeN\{i} Py VZ & N.

x;+c

Second, the functional form of the difference CSF is helpful in creating a decaying
effect that territory, environment, climate factors and other causes of fatigue have on
a player’s effort level. Given the possibilities of imperfect conditions and imperfect
information (hidden resources, numerous strongholds and battlefields, clandestine
operations and so on), a player may lose a contest yet not lose everything he owns;
that is, a player may hide some of his resources so that an opposing player may not
win them during a conflict. In other words, the difference CSF form allows a player
to not put forth any effort toward the contest and still be able to survive the contest
with some nonnegative value. As an example, assume that a contest exists between
N players for some exogenous prize and the impact function is again f (x;) = x; for

all 7 € N. If the power CSF is used and player ¢ puts forth zero effort, then

Tit D jeniy T 2jen\(i T

T

The difference CSF illustrates a different outcome where, again, if player ¢ expends

no effort toward the contest, then

1 1

= — = - Vie N.
L2 emn €77 14 2 jemn &

Uy

The two equations show that the difference CSF allows the opportunity for player i
to survive the contest with some portion of the prize when he puts no effort into the
contest while the power CSF form does not. Therefore, the difference form is said
to represent a CSF which equates the proportion of the prize one wins and not the

probability of winning the entire prize (Hirshleifer (1988), Skaperdas (1996)).
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Likewise, there are two key problems with the difference CSF. The first and prob-
ably most obvious problem that arises with the use of the difference CSF is computa-
tion. Given the exponential form of the impact function, models using the difference
CSF may not produce a tractable set of results. Secondly, a Nash equilibrium is not
always guaranteed, when we seek a Nash Equilibrium in the interior of the strategy

space (Garfinkel and Skaperdas (2007) have examples).

2.2 Economics of Conflict

As asserted above, many fields of economics use CSFs in their models, such as
the development of alliances (Sandler (1999)), coalition games (Jordan (2006) and
Piccione and Rubinstein (2007)), defense treaty organizations (Sandler and Hart-
ley (2001)), sports economics (Szymanski (2003)), civil wars (Sambanis (2002) and
Skaperdas (2008)), and organized crime (Skaperdas (2001)). Another field that uses
CSFs within their models is the economic analysis of conflict and appropriation
through warfare. The field itself is divided into many categories from the more un-

conventional conflicts to the more conventional conflicts.

2.2.1 Unconventional Conflicts

One of the unconventional types of conflict common within the literature is rev-
olutionary insurgency; that is, a conflict between an established economic leader or
regime and a group of players set upon usurping power. Early results show that
in equilibrium, established regimes will always hire soldiers to defend their current
wealth and insurrection will always take place (Grossman (1991,1999)). When a war-
ring side must contend with a non-warring social class, the incentives and relationships
between the two groups are such that a regime’s level of tyranny and wealth distribu-
tion levels are directly linked to the usurping coalition’s size and promises of future

wealth distribution (Roemer (1985), Grossman (1995)). Anticipation and, hence,
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expectation of such revolutions can be rationalized as well. Specifically, the occur-
rence of a revolution depends upon the collective sentiment of a ruled population and
the difference between those who are identified as non-activists and activists, known
as a “threshold” function. As the threshold function, based upon self-interested
preferences, becomes smaller, those identified as non-activists need fewer and fewer
incentives to participate within a revolution (Kuran (1989)). There are also more non-
conventional forms of insurrection, such as dynamic guerilla warfare models (Brito
and Intriligator(1992)) and terrorism (Ferrero (2005)).

Such early results lead to the persistent question of the existence and/or rationale
of Hobbesian stability within certain political states, such as anarchy, dynasties and
despotism; that is, does the constant threat of war and appropriation lead popula-
tions to submit to a despotic government or ruler? The overwhelming answer is that
anarchy itself is not stable, yet the reasoning varies depending on the model. Reasons
include population growth versus income per capita (Usher (1989)), property rights
(Skaperdas (1992), Grossman (1995), Grossman and Kim (1995)), morality (Gross-
man and Kim (2000)), the technology of predation (Grossman (2002)), technology
of warfare and the effectiveness of conflict (Hirshleifer (1995)), the expected time in
which warfare begins (Powell (1993)), religion (Ferrero (2008)), spatial distance and
coalitions (Jung (2009)) and a competitive security market (Konrad and Skaperdas

(2012)).

2.2.2 Conventional Conflicts

The models of unconventional conflicts, such as revolution and insurrection, usu-
ally assume that at least the usurper, if not the incumbent ruler as well, acts in a
purely parasitic manner; that is, using an economy’s resources to win the contest’s
prize and never investing within the economy itself. A rich set of models exists for

conventional conflict scenarios, such as state-to-state conflicts and modern wars of
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secession, where the decision process involves both the expending of resources toward
production of goods and services and/or the appropriation of goods and services,
what is known as a Guns and Butter economy. One key distinction between contests
within a guns and butter economy and other possible contests is the notion of how
the prize — the object over which players are contesting — is developed. One class
of models involves exogenous prize contests in which the players’ actions do not affect
the prize. The other class deals with endogenous prize contests where players’ actions
directly or indirectly affect the actual value of the contest’s prize. A guns and butter
economy can be placed in the later class of models.

The earliest attempt, to the author’s knowledge, to present an analytic model
of such an economy is by the econometrician Trygve Haavelmo in his treatise A
Study in the Theory of Economic FEvolution. Within a series of what he believes are
oversights by the economics profession, Haavelmo presents a primordial model of a
guns and butter economy influenced by the writings of Vilfredo Pareto. Even though
a framework is present, Haavelmo does not produce any startling conclusions except
for the intuitive result that the existence of conflict decreases the amount of resources
toward goods and services produced (Haavelmo (1954)).

Excluding the work done by Haavelmo, guns and butter conflict models are gen-
erally believed to have originated as a distinct field through a series of papers by Jack
Hirshleifer (See Skaperdas (1992), Garfinkel and Skaperdas (2006) and Sandler and
Hartley (1995)). The guns and butter economy is modeled and solved using an array
of CSF's with a focus on whether or not peace is possible. The result that many of
these models have in common is known as the Paradox of Power: within the inte-
rior of the strategy space, poorer players benefit more from conflict than their richer
counterparts (Hirshleifer(1988, 1991, 1995)). This conclusion is the product of their
derived symmetric levels of effort toward conflict within the Nash equilibrium. The

paradox of power holds for both the difference and the power CSF forms when the aim
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is for a symmetric solution. The existence of asymmetric solutions has been known to
be more problematic. Specifically, some models show that all difference CSFs lead to
an interior asymmetric Nash equilibrium, yet this notion has been discredited (Dixit
(1987) and Garfinkel and Skaperdas (2007)). In terms of the possibility of a peace-
ful solution, the standard guns and butter economy can have a peaceful outcome
when the logit CSF is used and the decisiveness parameter is low. It is demonstrated
that a peaceful solution can not exist when the power CSF is applied (Hirshleifer
(1991,1995)).

Many of the early models and results are limited by a few key assumptions. First,
contests are two party interactions with no consideration of group formation (Noh
(2002), Sandler (1999), Skaperdas (1998), and Sandler and Hartley (1995)). Second,
it is assumed that full/complete information is held by both players (Fearon(1995),
Sénchez-Pagés (2004) and Bester and Warneryd (2006)). Third, the CSFs used are
simplistic in nature in that they ignore the distinction between defensive and offensive
measures (Grossman and Kim (1995)). Fourth, issues of timing and repeated inter-
actions are ignored (McBride and Skaperdas (2005) and Bester and Konrad (2004)).
Finally, geographical factors — such as distance of conflict and resources, environ-

mental concerns, etc, — are left out (Findlay (1996), Gates (2002), Olsson (2007)).

2.3 Warlord Economies

The literature pertaining to guns and butter economies primarily focuses on bat-
tlefield conflicts, where players can implicitly be viewed as standing across from each
other on different sides of a line. These types of conflicts are not as prevalent as they
once were, especially within and between developed economics (Collier and Sambanis
(2005a,b)). Incidentally, most conflicts and civil wars take place within developing
economies such as Angola, Somalia, Sierra Leone, Afghanistan and the Republic of

Congo and, hence, the standard methods will not effectively model said economies
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(Collier and Sambanis (2005a,b) and Ali and Matthews (1999)). A key facet of these
economies is that a state government is either too weak to enforce law or is com-
pletely non-existent. Individuals within such an economy need protection from the
predator-prey system that exists which gives rise to warlords who offer protection to
individuals within the economy from other competing warlords. Some studies have
also shown that many warlord economies form and function in an almost identical
way that many organized crime syndicates do (Reno (1998) and Skaperdas (2001)).
Skaperdas (2002) first developed a model of a “warlord economy” by defining
warlords as warmongers who compete against each other over rents, such as oil,
diamonds and other natural resources, instead of the production of marketable goods
and services. To illustrate the model, let L > 2 be the number of warlords, 7" € R,
be the total amount of resources or rents, P > 0 the total number of producers and
a > 0 the tax or “tribute rate” that each producer pays to their associated warlord

for protection. Initially, each warlord is given an equal portion of resources; that is,

TH+ao-P

7. Warlords can then compete with other warlords for a larger share of rents and

producers by employing warriors, denoted by W. The warriors hired and producers
by the warlords come from a single population set N such that N = P + W.

Under a localized competition model, warlords are spaced equally around a circle
where each warlord ¢ € L can only engage his two neighbors, warlord ¢/ — 1 and
warlord £ + 1. Let 3 € R, be the wage paid to each warrior, w. , be the number
of warriors that warlord ¢ hires to combat the warriors hired by warlord ¢ — 1 and
wy, , be the number of warriors that warlord ¢ hires to combat the warriors hired by

warlord £+ 1 . Warlord ¢’s payoff function is defined as follows:

w} wy T+a-P
Vloc _ -1 + £+1 . ( > Q. U}E_ + w@ vl e L.
‘ (wf—l - wgil wf+1 - wﬁ“ L 0 ( ! Hl)
(2.2)

Under a globalized competition model, warlords are allowed to engage all other op-
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posing warlords. The payoff function for warlord ¢ is then

j=1v

Under the localized competition model, a symmetric Nash equilibrium is found where
as the number of warlords increases, each warlord hires fewer warriors and receives
a smaller payoff while the sum of all warlord payoffs is constant. As the amount of
total rents within the economy increases, the number of producers decreases while
the number of warriors hired increases; that is, as the total amount of rents increases,
warlords prefer the appropriation of these rents over the taxation of producers. Within
the globalized competition model, a Nash equilibrium exists that illustrates a conflict
which is much more intense than its localized counterpart. Specifically, as the number
of warlords increases, not only are more warriors hired, but both individual warlord
payoffs and the sum of warlord payoffs decrease. In addition, for a large enough L, it
is possible for there to be zero producers and N = W.

This model is constructed under seven important assumptions. First is that war-
lords, and hence warlord competition, are those who compete over natural resources
and the taxation of a group of protectorates. Second, warlords are completely para-
sitic in appropriating the surplus of resources within the economy without investing
in its future. Third, the aggregate of natural resources and the collection of producers
within the economy are equally distributed before conflict begins. Fourth, warlords
hire warriors and protect producers from a single population set. Fifth, warriors are
implicitly being paid for their services after conflict from the warlord’s post-contest
spoils. Sixth, rents are assumed to be fully extracted and do not impose any cost on
the warlords. Finally, the model assumes a quasi-linear utility function and, hence,
sets the Lagrangian multiplier of the budget constraint equal to one.

Konrad and Skaperdas (2012) also construct a model of warlord competition but
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direct their attention more on the development of the protection market than the
appropriation of an economy’s rents. The model evaluates four types of political or-
ders that have existed: anarchy, collective protection and self-governance, competing
warlords and a Leviathan-like state. Like Skaperdas (2002), there exists a popula-
tion of producers that need protection. Unlike Skaperdas (2002), the protection is
needed against bandits, who prey upon the producers, and not from other warlords.
Producers can choose to defend themselves against bandits or create a union of self-
governance to defend themselves as a whole. As an alternative, warlords may exist
that offer protection for a fee or “tribute rate”. Konrad and Skaperdas show that
self-governance produces lower payoffs for producers than under anarchy or warlord
competition. In addition, the existence of multiple warlords competing over producers
to protect does not increase the quality of protection against bandits, but increases
the resources spent on the competition between warlords. Therefore, a single and

unified autocratic state is preferred over a competitive market for protection.

2.4 Contribution of the Present Dissertation

The aim of my research is to extend the warlord competition model in a few
important directions. First, the model found in Skaperdas (2002) focuses on purely
parasitic warlords that do not invest in the economy but only extract an economy’s
resources through taxing protected producers. This is not the only type of warlord
competition present within developing economies. There exist many situations where
civil war has erupted between warlords who use an economy’s resources for both
conflict and investment in the future of the economy as a whole. Such cases can be
found, in varying degrees, in the conflicts taken place in Kenya, Democratic Republic
of Congo, Somalia, and Northern Ireland (Collier and Sambanis (2005a, 2005b) and
Ali and Matthews (1999) for case studies), as well as in the history of organized crime

syndicates such as the yakuza and the mafia (Reno (1998) and Skaperdas (2001)).
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The model I present here studies an economy where warlords may be non-parasitic in
that they can both produce goods and services and forcefully take opposing warlords’
profits.

Skaperdas (2002) also assumes that the size of the population and the set of
rents or natural resources are shared by all warlords. Again, there are many cases in
practice, such as Sierra Leone and Liberia, where warlords control areas endowed with
natural resources and a population set that is rarely, if ever, under explicit conflict by
opposing warlords. Instead, the points of conflict within these economies are distant
from the territories/strongholds of the warlords. Likewise, the budget constraints
found in Skaperdas (2002) and Konrad and Skaperdas (2012) do not reflect the true
costs of many warlords. Natural resources, such as diamonds, oil, timber and so on,
need to be physically extracted in order to be sold and, hence, explicitly and implicitly
affect the warlord’s resources. Loyal subjects within a warlord’s population set may
also seek explicit compensation in the short-term, as opposed to a fraction of the
warlord’s spoils. My model includes both the necessity of natural resource extraction
and wage compensation given by warlords to motivate their population.

In addition to this point, the model does not consider the role of geographical
distance between the warlords. To the author’s knowledge, there has been very lit-
tle theoretical research on the relationship between geography and conflict?. Gates
(2002) presents a model including both conflict and geographical distance between

an established government and an insurrectionist movement. Using a principal-agent

2Findlay (1996) analyzes the role of territorial expansion by illustrating an economy where an
individual leader seeks to increase his territory through force, but does not include the possibility
of production of goods and services nor direct conflict against another player. Through a series of
papers, Brito and Intrillgator (1988,1989,1992) develop a model of a dynamic guerilla warfare which
includes movement toward optimal territories for both conflict advantages and the accumulation of
membership. The works by Brito and Intrillgator deal strictly within an insurrection scenario against
an established government and, again, do not include the possible production of goods and services.
More so, their focus is placed on how conflict affects the location of the insurrectionist players and
not the effect that the location of conflict has on decision making. Jung (2009) develops an extension
of a pillage game with three players to include spatial movement. The model is concerned with the
question of alliances and coalitions between the players and not the effects that geography and points
of conflict have on the level of conflict.
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framework, the focus of the analysis is on the set of rewards and penalties that both
the establish government and insurrectionist leader create to attract and maintain
supporters that are located along some geographical spectrum. Using Gates (2002)
as a theoretical base, Buhaug and Scott (2002) and Buhaug et al (2009) empirically
study the effects that the distance between warlords has on the timing and length
of civil war. The above models assume that combatants are parasitic and do not
include any form of investment into the production of goods and services. The model
I present expands on these papers by narrowing in on how the location of conflict
affects the expenditures on both the war effort and production of goods and services.
In a further extension, I analyze the effect that asymmetric rates of seizure, based on
the point of conflict, has on conflict and the production of goods and services by each
warlord.

Third, Skaperdas (2002) and Konrad and Skaperdas (2012) use the standard power
CSF. Gates (2002) uses the difference CSF to include the effects that geographical
distance may have on an insurgent’s war effort. Since the model developed below
is giving special focus to the effects of geography on conflict and production, the

appropriate CSF to use is the difference form presented earlier by Hirshleifer.
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CHAPTER 3

Two Warlord Models Including Geographical

Distance

3.1 Model Construct

Consider an economy where two warlords, A and B, are each in control of a
distinct and separate territory. Within each territory of warlord A and B, there is
a population of loyal subjects, N4 € R, and Ng € R,, and a cache of unextracted
natural resources, R4 € R, and Rp € R,. Both warlord A’s population size N4y
and warlord B’s population size Ng are taken to be continuous. Each member of the
populations N4 and Np is endowed with a single unit of resource that can be used
toward one and only one economic activity. Let V4 and Vp measure the payoffs of
warlord A and warlord B.

Each warlord’s strategy set, denoted by S4 and Sg, includes two economic activ-
ities: producing goods and services and appropriating goods and services produced
by the opposing warlord through force. All decisions by the two warlords are made
simultaneously during a one-stage game. In addition, it is assumed that both war-
lords have complete information in that each warlord knows with full certainty both
the game structure as well as his own and the opposing warlord’s payoff structure

and abundance of resources.
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3.1.1 Production of Goods and Services

The production of goods and services by warlord A, denoted by () 4, is a function
of the level of capital invested into production by the warlord A, denoted by K4 € R.
This dissertation interprets capital as a basic input into the production of goods and
services and does not consider intertemporal issues.

To help facilitate production within his territory, warlord A can invest in the
capital stock at a price of ¢, > 0 per unit of capital K,. Assuming linearity, Q)4 is
defined by,

Qa=04 Ky 04 >0, (3.1)

where 6,4 represents the effectiveness that each unit of capital invested by warlord A
has on the total quantity produced. Warlord B’s production function for goods and

services is similarly defined:

Qp=0p-Kp  05>0. (3.2)

Both 04 and fp are assumed to be equal to 1; that is, Q4 = K4 and Qp = Kp. It
is assumed that the goods and services produced by both warlord A and warlord B
are sold to an external purchaser, who pays a fixed exogenous price of 0 < m < 1 per

each unit of 4 and @p.

Remark It should be emphasized here that the model does not include local con-
sumption of the goods and services being produced on the part of either the two
warlords and their respective population sizes. Therefore, all goods and services be-
ing produced within the economy are being sold to the external purchaser, regardless

of any conflict that may occur.
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3.1.2 Appropriation through Force

As opposed to financing his own territory’s production, warlord A also has the
ability to take revenues earned by the opposing warlord through force. The contest
between the two warlords is determined by a Contest Success Function (CSF). A CSF
is defined by the difference between the impact of each warlord’s effort put toward
the conflict. The effect or impact of each warlord’s effort on the outcome of the
conflict is explicitly defined as an Impact Function. The impact function of warlord
A’s effort toward the contest against warlord B is denoted by I4. The impact function

of warlord B’s effort toward the contest against warlord A is denoted by I5g.

Definition 1. Let w4 : R:Z — Ry be the CSF for the conflict between warlord A and

B. From Hirshleifer (1989), the explicit form of wa is defined as

ea-IA 1

TA = (33)

eoz-IA + ea-IB - 1 + ea-(lelA)7

where 0 < a < 1 1s an exogenous mass effect variable and 74 =1 — 7p.

The CSF 7,4 should not be interpreted as the probability that warlord A will
defeat B. Instead, m4 reflects the share of the total prize that warlord A is able to
acquire while B acquires the remaining 1 — m4. From equation (3.3), if warlord A
exerts no effort toward the conflict such that I, = 0 while Iz > 0, the contest will

not necessarily end in his receiving no income; that is, /4 = 0 does not imply 74 = 0.

3.1.3 Resources

Warlord A and B are each able to increase their chances within the conflict by
employing Warriors, denoted by W4 € R, and Wp € R, respectively. Warriors
hired by warlord A are hired from his population N4 and paid a compensating wage
of ¢Zt. Similarly, warriors hired by warlord B are hired from his population N and

paid a compensating wage of ¢Z. The compensating wages, set exogenously, of ¢4
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and cB are taken from the gains made by selling of a warlord’s extracted natural
resource stock R4 € R,y and R € R, ., respectively, and some pre-existing cache
of monetary resources Y4 € Ry and Yz € R,, respectively. Extracting a unit of
natural resources occupies a population unit, denoted by EF4 € R, and Fg € R,.
Warlord A pays each extractor an exogenously set wage of ¢4 € R, and warlord B
pays each of his extractors an exogenously set wage of ¢ € R,,. Let Ry € R,
and Rp € R, be the amount of natural resources that warlord A and warlord B,

respectively, chooses to extract.

Assumption 1. Both warlord A and warlord B are incapable of extracting all of the

natural resources such that,

Ry < Ry (3.4)

RB < Rp. (35)

Equations (3.4) and (3.5) state that each warlord’s level of extracted natural
resources is not constrained by the total amount that is endowed within his given

territory.

Assumption 2. Fach unit of natural resources extracted is equal to a population unit

of extractors. That is, Riy=E4 and R = Ep.

The goal of each warlord is to maximize his own income subject to two constraints.

The first is labeled the Population Constraint and it is

Ny=Ws+ E4. (36)

Equation (3.6) states that warlord A’s decision on how to allocate his population
amongst the two economic activities is restricted by the total population within his

stronghold. Similarly, equation (3.6) states that everyone within warlord A’s populace
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will be economically active. The second constraint is a Resource Constraint:
mR'ﬁ{A—i—YA:Ck'KA—f-Cé'WA—f—Cg'EA, (37)

where mp € R, is the exogenously set price paid, by some external buyer, to each
warlord for a single unit of natural resource extracted and sold. The population and

resource constraints are similarly defined for warlord B.

Assumption 3. The price for a unit of natural resource is greater than the cost to

extract; that is, mg > c and mg > cB.

Given the relationship between the variables R4 and E, from Assumption 2,
the population and resource constraints are simplified into a single equation. Let
op = mR—cg and og = mR—cg. In addition, let N4 = NA+:—2 and Ng = N+ :—133
Substituting the budget constraint from equation (3.7) into the population constraint
from equation (3.6) and using Assumption 2, warlord A’s income maximization deci-

sion is constrained by the total population at his disposal, N4, such that

CZ‘} Cr
Ny= (-2 +1) Wit — K4 (3.8)
oA OA

Likewise, warlord B’s income maximization decision is constrained by the total pop-

ulation at his disposal, Np, such that

NB:<C—w+1)-WB+C—k-KB. (3.9)

OB 0B

3.1.4 Geography of the Economy

Within each territory, the prevailing warlord has an established stronghold where
all economic operations take place. Let the location of warlord A’s stronghold be

denoted by ¢4 and the location of warlord B’s stronghold be denoted by (5.
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Definition 2. The Geography of the economy is defined as a line of fized length on
an interval [0,1] where {4 = 0 and € = 1. Figure 2 illustrates the basics of the

economy’s geography.

EA o OKB

0 1

Figure 3.1: Geography of the Economy

Let /. denote the location that the conflict actually takes place between warlord

A and B. The location of conflict /. is exogenously determined.

3.1.5 Income Gained from Conflict

The income gained by each warlord is the total amount of production profits he

is able to defend and the amount he is able to take from the opposing warlord.

Definition 3. Let V4 and Vg be the income gained by warlord A and warlord B,
respectively, from both production and warfare. In addition, let the price paid for
the sale of warlord production be non-negative; that is, m > 0. Warlord A’s income
equation 1s

VA:T('A'm'(KA—f—KB), (310)

where warlord B’s income equation is similarly defined as

VB:WB'm'(KA—{—KB). (311)

Given Wpx and Kpg, warlord A seeks to solve his share of income made on the total
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production within the economy subject to his population size such that

max Vy = ma-m-(Ka+ Kg)
Wa,Ka

CA Ck
S.t. Ny=(-2+1| -Wa+—- Ky, (312)
gA gA
warlord B seeks to solve his share of income made on the total production within the

economy subject to his population size such that

max Vg = wp-m-(Ka+ Kp)
Wg,Kp

05 Ck
s.t. NB: — +1 'WB+—'KB. (313)
opB op

Table 3.1 presents a quick list and explanation of all the model’s variables.

Remark It is important to point out aspects of the model that may limit the ro-
bustness of the results. First, the conflict within the model is solely over the total
production of goods and services within the economy and not over the natural re-
sources, an assumption that is not made in the warlord competition model from
Skaperdas (2002) in which a common set of natural resources are contested over. One
alternative would be to model the competition solely over natural resources, as in
Skaperdas (2002), while another would be to construct a dual conflict model in which
each warlord can distribute resources toward the conflict over productive goods and
services and the conflict over natural resources. The later has been modeled and
attempted a number of different ways, but I could not find any tractable solutions.
The former alternative is compelling and will possibly be pursued in future research.

Second, the model assumes that each warlord has the same rate of seizure and that
it is set exogenously; that is, all of a warlord’s production is subject to appropriation.
While this assumption is later dropped in the next chapter, there still is relevancy to

this symmetric assumption. In the current model, one can envision that the point of
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Table 3.1: Summary of Variables within the Model

’ Endogenous
Variable Explanation
WA, WB Number of warriors hired by warlord A and warlord B
KA, KB Units of capital that warlord A and warlord B choose to invest in
E A E B Number of natural resource extractors hired by warlord A and warlord B
K Total production of goods and services within the economy
’ Exogenous
Variable Explanation
N A, N B Population sizes for warlord A and warlord B
YA, YB Pre-game budget allocated to warlord A and warlord B
R A R B Set of un-extracted natural resources for warlord A and warlord B
RA, RB Amount each warlord chooses to extract from R4 and Rp where Rio < Ra
and Rp < Rp
C{?}, 05 Wage paid to each warrior hired by warlord A and warlord B
Cr Price per unit of capital
m Price paid for each good and service produced and sold
mpg Price paid on each unit of natural resource that is extracted and sold
Cé, Cgv Wage paid to each extractor hired by warlord A and warlord B
gA, gB Location of warlord A’s stronghold and warlord B’s stronghold
gc Location of conflict
¢ Scalar that represents the importance of distance on conflict
(0% Mass-effect variable
’ Include Both Endogenous and Exogenous Variables
Variable Explanation
TA CSF function for warlord A against warlord B
™R CSF function for warlord B against warlord A
VA, VB The income made by warlord A and warlord B from the production and
appropriation of goods and services

conflict /. is the location where both warlord A and warlord B produce their goods
and services and, hence, have an equal rate of seizure. For example, two separate
individuals or groups may invest their own time and unique level or resources toward
the completion of a single project yet also work against each other on securing a larger
share of the project’s benefit — such as the credit of the project’s success. In the
context of a civil war or an scenario involving organized crime syndicates, one can

conceive two warlords choosing to invest their time, money and resources into some
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profitable good or services, such as the economy of a local area, while also battling

against each other over who gains a larger segment of these profits.

3.1.6 Equilibrium

Before the three models are presented and solved, the appropriate equilibrium
concept must be defined. Given that the model is constructed on the assumption of
complete information and that both warlords are making their respective decisions
simultaneously within a single stage game, a Pure Strategy Nash Equilibrium would

be the most appropriate solution concept for the game.

Definition 4. Let Sy € RY x R% and Sg € R3 x R% denote the strategy set for
warlords A and B, respectively. Let s4 = {Wa, Ka} € S4 and sp = {Wp,Kp} €
Sg. In addition, let T' = (Sa,Sp,Va, Vi) be the two-player strategic-form game as
constructed above. A Pure Strategy Nash Equilibrium for the game I" specifies a set

of strategy profiles (s%, s%) which solve mazimization problems (3.18) and (3.19).

3.2 Base Model

Following Buhaug et al (2009), the impact function /4 and Ip are therefore ex-

plicitly defined as

In(beba=0,W4) = Wa—¢-(le—L04)° =Wa—¢- 12 (3.14)

]B (EC,EB = I;WB) = WB — ¢ (€6—63)2 = WB — Qb (fc— 1)2, (315)

where ¢ is an exogenous scalar such that 1 > ¢ > 0. Equations (3.14) and (3.15) state
that the impact function of warlord A’s effort toward the contest against warlord B
is dependent upon the amount of warriors hired and the distance between warlord

A’s stronghold and the area of conflict.
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From Definition 1 and using equations (3.14) and (3.15), the CSF 74 for the

conflict between warlord A and B equals

1

M + e (Wp=Wa+¢:(2:£e—1)) (3.16)
and the CSF w4 for the conflict between warlord B and A equals
1
Ty =1 =T = (3.17)

1+ co(Wa—Wp—6(26e—1)) "

As intuition would predict, 74 is a function increasing in W, and decreasing in Wg.
In addition, as the distance between warlord A’s stronghold and the conflict zone
location /. increases, w4 decreases. As the distance between warlord B’s stronghold
and the conflict zone location /. increases, w4 increases.

Warlord A then must decide on the optimal levels of W, and K, to maximize
his income subject to the single constraint from equation (3.8). Similarly, warlord
B simultaneously decides on the optimal levels of Wp and Kg to maximize his in-
come subject to to the single constraint from equation (3.9). Using equations (3.10),
(3.11),(3.8) and (3.9), each warlord’s maximization problem is fully constructed.

Given Wp and Kpg, warlord A seeks to solve his share of income made on the total

production within the economy subject to his population size such that

1
Wa ks Va = (1 + ea'(WB—WA+¢-(2~éc—1))> wm- (Ka+ Kp)
CA Cr
s.t. Ny = (—w+1> Wa+— Ky (318)
oA oA

Warlord B seeks to solve his share of income made on the total production within
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the economy subject to his population size such that

1
AL (1 + ea-(WA—WB—¢~<2.eC_1>)) wm- (Ka+ Kp)
cB Ch
opB opB

Solving maximization problems (3.18) and (3.19) for the choice variables and

rearranging the appropriate variables gives rise to the following equilibrium result.

Theorem 1. Let { = ¢- (2-0.—1). Allowing Assumptions 1, 2 and 3 to hold, in the

game I' defined above, given that the following two conditions are satisfied,

(04) Na) + (05) (Np) (08) Rp)  (04) (Ra))

Q
054—03 Z Rz CE—{-OB Cf}—i-OA
’ (3.20)
(04) ®a) + (08) Re) _(, _ (04)Ra)  (98) Rp)
A+ oy B A+ oy cB+op )

where

1 B A B
0, — a(ln(zz—l—mg)+(cw—i-cw—l—aA—i-UB)) (20— 1)

B
Cp T 0B

1 A A B
0y — _(ln(cw+UA)+(Cw+0w+UA+UB))+¢.(2€C_1)7

B A
o Cw+0'3 Cw+0'A

an interior pure strateqy Nash equilibrium exists where,

1. Warlord A and warlord B hire warrior numbers of

Wi = ((UA> Ba) + (o) (Rp) — {ca 4 o) .QB> -5 a2
Cpy T Cp +0aA+0B o

Wp = ((OA> = +A(UB)B(NB) o) .QB> - (32
Cpy T Cp+0a+0B o

33



2. Warlord A and B will invest in capital levels of

Kjg _ ((cngoB)(oA-NA)+(cg+UA)-(CB+UB)'QA(C{?ﬁ‘UA)("B'NB)); (323)

ck»(c,ﬁ‘,+cg+dA+o'B)

K}’% _ (<c£+oA)(JB'NB)+(C£+0A)'(65+UB)'QB(CBJFUB)(”A“A))A (324)

ck<(c{3+05+o'A+aB)

3. the total production of goods and services within the economy is

A B
K = Kf+ K= St 0atos (3.25)
- Ck

Proof. See page 108 in the Appendix. O

The two conditions in equation (3.20) spotlight the importance of the relationship
between resources in the economy and the price paid to warriors. As the total pop-
ulation, pre-game budget and/or the profits made on the extraction and selling of a
natural resource increase, the higher the wage paid to warriors can possibly be before
it causes one of the decision variables to become negative. This problem derives from
the fact that hiring a warrior costs the warlord in more ways that just the wage; that
is, an increase in hired warriors decreases the warlord’s population size available for
extraction and yet also requires the extraction of more natural resources in order to
pay the warriors’ wages.

To illustrate one possible Nash equilibrium, let both population sizes be normal-
ized to one, such that Ny = Ng = 1, and let each warlord have a pre-game budget of
one, Y4 = Yp = 1. Let the two warlords’ warrior and extraction wages be identical,

A =cB =c, and ¢4 = B = cp. Finally, let both the cost of hiring a warrior and

w
the cost per unit of capital equal 1/10 of the profit made from the extraction and
selling of a natural resource; that is, ¢,, = ¢ = (1/10) - . Finally, let the importance

of location be ¢ = 1/4, the mass-effect variable be & = 1 and the point of conflict
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be located at the midpoint of the two warlord strongholds. From Theorem 1, both

warlord A and B hire the same amount of warriors:

and capital investments of

K% =K} =11.

Theorem 1 also states that equilibrium is found in the above example as long as the
profit made from the extraction and selling of a natural resource is positive and no
greater than ten; that is, 10 > o > 0.

The more interesting results of Theorem 1 are the effects that a warlord’s popu-
lation size has on not only his own production and appropriation levels, but on the
opposing warlord’s; as well. Equations (3.21) and (3.22) illustrate that an increase
in N4 will increase the number of warriors hired by both warlord A and warlord B.
Therefore, any increase in a warlord’s population will cause the total war effort W*
to increase due to both W} and W3 increasing.

An increase in population does not have such a positive effect on a warlord’s
production. Using equations (3.23) and (3.24), an increase in N4 will cause warlord
A to increase the amount of capital invested, while warlord B responds by choosing to
decrease his investments in capital. The interpretation within this scenario is that an
increase in warlord A’s population size will have his invest more in both warfare and
the production of goods and services. To keep up with the escalated conflict effort
by warlord A, warlord B puts more resources into hiring warriors and dedicates less
toward the production of goods and services. As a result, the total level of production
K~ is not affected by either warlords’ resources.

By substituting equation (A.10) into the contest success function defined in equa-

tion (3.16), warlord A and B each receive a proportion of K* dependent upon the
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wages per warrior hired and the profits made on the extraction and selling of a unit

of natural resources.

Theorem 2. In the game I' defined above, given assumptions 1 through 3 hold and
the two conditions in equation (3.20) are satisfied, the proportions of K* that each
warlord receive in equilibrium are dependent upon wages paid per warrior hired and

the profits made on the extracting and selling of a unit of natural resources; that is,

1
Ty = ——a—— (3.26)
1+
g ! (3.27)
7TB = — 7TA = W .
L+ cé—l—oj
Proof. See page 121 in the Appendix. n

3.2.1 Comparative Statics
3.2.1.1 Varying Population Sizes and Pre-Game Budgets

Let the point of conflict be equidistant from each warlord’s stronghold such that

¢, = 1/2; that is, (. —EA)2 = (EC—KB)2 and ¢ = 0. In addition, ¢* = ¢B = ¢,

w w

cp =cB =cp, Ya =Yg and a = 1. Suppose that both warlord A and warlord B

have identical population sizes; that is, N4y = Np. The equilibrium levels of W and

K for each warlord are:

Wi=Wg = + -1

K= K; — (cw—ka)'
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The results above show that both warlords will invest symmetrically. Additionally,
an increase in the cost per warrior will decrease the level of conflict and increase the
role of production. Because each warlord will mirror the other’s number of warriors
hired, the proportion of goods and services produced, K*, will be equally split *.
Suppose, now, that warlord B’s population size is double that of warlord A such

that Np = 2 - N4. The equilibrium levels of W and K are now:

3- Ny Y
W = =W
A %w%—l—'—cw%—a B

Cw+ 0O Ny Cw+ O Ny
K, = — < + = K5}.
A C 2- C 2%“ B

Qe

This augmented example shows that when warlord B has double the population size
of warlord A, warlord B will invest in more capital than warlord B. Unfortunately
for warlord B, each warlord still maintains half of the total production K* because
both warlords are investing equal amounts of resources toward conflict.

To better emphasize this result, it can be assumed instead that warlord B has
a population size that is 10 times as great as warlord A’s population size; that is,

Np =10 - N4. The equilibrium levels of W and K are then,
11- Ny Ya

W = =W
A %+1+cw—|—a B

Cwto 9Ny cy,+0 9-Ny
K* = — < = K7,.
YT e Tre T e Tae T

As in the previous example, warlord B’s greater population size causes his to in-
vest more into the production of goods and services while warlord A decreases his

production levels equivalently. Warlord A instead chooses to spend his resources on

!This example, and those to follow, are presented as illustration for the reader. Standard partial
derivative analysis is used and can be found in the accompanying proofs in the Appendix chapter.
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the hiring of warriors so that both warlords again win half of K*. The above three

examples lead to an important characteristic of the model’s equilibrium.

Corollary 1. In the game I' defined above, given assumptions 1 through 3 hold and
the two conditions in equation (3.20) are satisfied, an increase in either a warlord’s
population size or pre-game budget in relation to the opposing warlord’s population

size or pre-game budget will cause

1. the warlord to spend more on the production of goods and services while the

opposing warlord will invest in less;
2. no change in the total production of goods and services;

3. both warlords will increase their hiring of warriors.

Proof. See page 122 in the Appendix. O

3.2.1.2 Varying Distance from the Point of Conflict

Let « =1, Yy = Yg and Ng = 0 - Ny where ¢ > 0 still holds. In addition,
let ¢ = 1, cﬁ = cf = ¢, and ¢g, = cg, = cg. Now allowing /. to vary from 1/2,
suppose that the point of conflict is exogenously set at warlord A’s stronghold such

that £, = {4 =0 and { = —1. The equilibrium levels of W* and K* are

_(+0)Ny

N Y +2 (140)-N Y, 2— * .
W= e g\ 2 < A A 2¢=WB,
[eg

cwto 2 [ETE] cwto

« _cwto [ (A1=0)Ng | ¢+2 to [ (1=0)Ng | 2—¢ \ _ o=
KA—cuékU(z.(CTWJrQ"'T) > (7(47 +T>_KB'

The results given by the above equations show that when the point of conflict is set at
warlord A’s stronghold, warlord A will hire fewer warriors while warlord B will need

to hire more warriors because of the distance that needs to be travelled. By hiring
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a smaller number of warriors, warlord A is given the opportunity to invest in more
capital. Likewise, warlord B is unable to invest in greater quantities of goods and
services due to the high number of warriors needed to be hired; that is, K} > KF.
The opposing extreme of . = 0 is to locate the point of conflict at warlord B’s
stronghold such that /. = 1. The equilibrium levels of W* and K* now become

Wz:(1+a)-NA Y4 2—¢ > (1+rr)~NA+ Ya _¢;2:W}§;

Cw T2 Cw g
W +1 cwto 2 W +1 cwto

_cwto ((1=0)Ng | 2— o ((1=0)Na , ¢4+2 ) _
K27M< . +T) < %(2(%&_},_1)—"_7)7[(;'

By changing the location of /. from 0 to 1, the equilibrium results are reversed.
Warlord B now chooses to spend less on the hiring of warriors while investing more
in capital. Warlord A, having to travel long distances to fight warlord B, must spend
more on the hiring of warriors and forgo large investments into the production of
goods and services; that is, K} < K.

The illustrative examples above lead to another important characteristic of the

model’s equilibrium.

Corollary 2. In the game I' defined above, given assumptions 1 through 3 hold and
the two conditions in equation (3.20) are satisfied, as (. increases away from €4 = 0

toward {g =1,

1. Warlord B spends more on the production of goods and services while warlord

A invests in less;
2. the total production of goods and services stays the same;
3. Warlord A will increase his hiring of warriors while warlord B decreases hers;

4. the proportion of goods and services that each warlord takes is unaffected.
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Proof. See page 123 in the Appendix. n

3.2.1.3 Exogenous Prices

To begin, the price paid on the selling of a productive good or service m is absent
from the equilibrium decision variables of both warlord and the equilibrium CSF; that
is,

owy oWp 0Ky 0Ky  OK*

om  Om  Om  Om 8m:0

and
377',4 o 87?13 —0
om  Oom
This result is not surprising since the price m affects each warlord’s post-conflict value
identically.

The per unit price of capital ¢, has the expected inverse relationship on both
the individual and total production of goods and services. From equation (3.25),
an increase in the per unit cost in capital causes the total production of goods and
services to decrease: OK*/dcy, = —2-(ct+cB+o4+0p)/c2 < 0. Similarly for warlord
A, using equation (3.23)

oK, 1

=—— K} 3.28
ack Ch A ( )

From definition, K* cannot be negative and, therefore, K% /Jc; < 0. From equation

(3.24),

oK% 1
- K, 2
aCk Ch B (3 9)

Again from definition, K} cannot be negative and, therefore, 0K}, /0ci < 0.
Theorem 2 states that the proportion of goods and services each warlord will

attain within equilibrium is independent of the per unit cost of capital but dependent

upon the wages per warrior hired and the costs per extractor hired. Equations (3.26)

and (3.27) state that, all other variables remaining constant, an increase in a warlord’s
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wage per warrior results in a decrease in the amount of K* won while an increase in

a warlord’s wage per extractor results in an increase in the proportion of K* gained.

Corollary 3. In the game I defined above, given assumptions 1 through 3 hold and

the two conditions in equation (3.20),

1. an increase in a warlord’s wage paid per warrior hired will decrease the propor-

tion of total goods and services won after conflict;

2. the proportion of goods and services that a warlord wins after conflict increases

when the opposing warlord’s wage paid per warrior hired increases;

3. an increase in a warlord’s wage paid per extractor hired will increase the pro-

portion of total goods and services won after conflict;

4. the proportion of goods and services that a warlord wins after conflict decrease

when the opposing warlord’s wage paid per extractor hired increases.

Proof. See page 124 in the Appendix. n

A B

A B )
s Cp, Cp and cp have on each warlord’s

Finding the effects that changes in ¢
warrior hiring and capital investment decisions are problematic and are based on
variable relationships that have no clear interpretation. The effects of these variables

can more easily be seen when there is a unilateral increase in both ¢ and ¢Z as well

ca and c¢B. From equations (3.21) and (3.22):

oWs  OWE (1N [, o
e = e~ () (0 o) s 20

The above equation affirms that a unilateral increase in warrior wages will result in

both warlords decreasing the number of warriors they hire. While an increase in ¢,

has an identical effect on both warlords’ warrior hiring decision, its effect on each
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warlord’s production of goods and services differs. For warlord A, the effect that an

increase in ¢,, has on K7 is

oK% [ 1 1
e (2.%)-<—¢<2~ec—1>>+a,6k

where,

K™, >0 if ﬁ+%>€c;

e = (3.30)
<0 if gb.ia + 3 < L.
In similar fashion for warlord B
oK, 1 1
- (20, —1
0cy, (2-ck) (0 ))+a-ck
where,
oK, >0 if - g5 <l
e (3.31)
<0 if 1- fa > /(.

Equation (3.30) states that the effect that wages paid to warriors has on the equi-
librium depends upon the location of conflict, the importance of location variable ¢
and the mass-effect variable a. When the point of conflict passes (1/2) + (1/a - ¢)
and moves closer to /4 = 0, an increase in warrior wages will cause warlord A to
spend less on capital and when the point of conflict moves toward /g = 1 by passing
(1/2) + (1/a - ¢), an increase in the wage paid to warriors will result in a greater
investment in capital. Likewise for warlord B, equation (3.31) asserts that when the
point of conflict passes (1/2) — (1/a - ¢) and moves closer to {p = 1, an increase in
warrior wages will cause warlord B to spend more on capital and when the point of
conflict moves toward ¢4 = 0 by passing (1/2) —(1/a-¢), an increase in the wage paid
to warriors will result in a less investment in capital. Therefore, when the location

of conflict lies on the interval (% — c%dﬂ % + a%b), both warlords will increase their
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capital investments as the wage paid to warriors increases. These results are mildly
intuitive since it was shown earlier that a warlord invests in fewer warriors and in
more capital as the location of conflict moves toward his own stronghold.

Regarding a unilateral increase in extracted natural resource profits o4 and op,

equations (3.21) and (3.22) expound the following:

ow;  (Na+Np)- 26 (v, 4 Vp)

2 2
aO-A 2(;_1:_’_1) 2‘(Cw+O'A)

Y

where,
oW >0 if ¢, > %;
. (3.32)
o
4 <0 if ¢, < Jatie
and
owy _ (Nat Np)- 26 (v, +Vp)
e e
where
; Ya+Yp .
W * >0 if ¢, > AEE
B _ Natie (3.33)

603

: Ya+Yn
<0 if ¢, < NN

Equation (?7?) states that the effect o has on each warlord’s number of warriors hired
is dependent upon the wages paid to warriors and the ratio of pre-game resources.
For an increase in extracted natural resource profit to positively affect the number of
warriors hired, the wage paid to each warrior must be more expensive than the ratio
of pre-game resources. If the value of pre-game budgets outweighs the size of the
populations, the wage must be very high for ¢ to have a positive effect on W} and
Wg. If the value of pre-game budgets is outweighed by the size of the populations,
the wage does not need to be very high for ¢ to have a positive effect. In other words,
if pre-game budgets are relatively more abundant than the population sizes, there is

no real need to extract and sell natural resources and more warriors can be hired.
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On the other hand, if pre-game budgets are low, warlords need to extract and sell
resources in order to hire more warriors.
In general, the effect that extracted natural resource profits have on the production
of goods and services is positive; that is, from equation (3.25),
oOK* O0K* 1

00 4 dogp «-¢

Therefore, production of goods and services increases within the economy when more

is paid for extracted natural resources.

3.3 Examples

3.3.1 Simplified Example with No Distance Effects

Let both warlord A’s and warlord B’s population sizes be generalized to 1; that
is, No = Ng = 1. Let ¢! = B = ¢, and ¢ = ¢ = cg. Finally, let the mass-effect
variable be equal to one, & = 1, and the point of conflict be equidistant from each

warlord’s stronghold; that is, £. = % or ¢ = 0. From equations (3.21) and (3.22), the

number of warriors hired by each warlord is

Yi+Y)
Wi = A— AT Y -1
Cwto  2-(cy,+o0)

Ya+Y,
wy — 2 XAt g
cwt+o  2-(cw+0)

Given the above equations, the contest success functions 745 and w4 are equal at

%. From equations (3.25), the total amount of goods and services produced within

the economy is

Cw+ 0O
: )

K*=2
Ck
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where, from equations (3.23) and (3.24),

oo YA—YB+cw+a‘
A Q-Ck Cp ’

YB — YA cp, +o
Ky = .
B 2-cy + Ck

3.3.1.1 No Pre-Game Budgets

Suppose, initially, that each warlord has a pre-game budget of zero such that

Y4 =Yg = 0. The number of warriors hired under the Nash Equilibrium are

o
Wi =W;= -1,
A B Cw + 0O
and the amount of capital investment is
Cy +0O
Ki=Kp==>2
Ck

Theorem 1 states that for the Nash equilibrium to exist, W3, W} > 0. For this
condition to be satisfied, the wage offered to warriors by both warlords must be equal
to 0 and neither warlord will hire a single warrior. In other words, for W3}, Wj > 0,
then ¢, < 0; for W3, Wj = 0, then ¢,, = 0. As a result of hiring no warriors, each

warlord invests in capital levels of

which is greater than zero by definition. The total production within the economy is
then K* =2 =
The above example illustrates that when both warlords are not endowed with a

pre-game budget are left with only their current set of resources, neither warlord is
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able to afford putting any resources toward conflict unless the wage paid to warriors
is negative. Therefore, each warlord will dedicate his resources toward the extraction

of natural resources and the production of goods and services.

3.3.1.2 An Established Warlord versus an Upstart

Now suppose that warlord A is an established warlord that has a pre-game budget
of Y4 = 1 while warlord, being an upstart, has a pre-game budget of Yz = 0. The

number of warriors hired under the Nash equilibrium now are

o 1 1
Wi = W5 = - 1
A B cw—l—a+2 (Cw+0'> ’

and the amount of capital investment is

. 1 Cy+ 0O
Ky = + ;
2'Ck Cr
w + 1
Ky = @779 %
Cr 2'Ck

For the equilibrium conditions from Theorem 1 to be satisfied, the wage paid to

warriors cannot be greater than % That is,

cw+to

z +%< L )—1 if cw <3

0 if ¢, =32,

While it may be intuitive as to how warlord A can afford to invest in warfare, one
maybe perplexed as to how warlord B can afford to hire warriors now when Y3 is still
equal to zero. The answer lies within equation (3.21) and (3.22), which state that
any increase in either Y, and/or Yp will increase both W and W}, proportionately.

Therefore, both warlords will hire the same number warriors such that m4p = 74 =
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%. To afford the increase in warrior purchasing, warlord B will decrease the amount of
goods and services he produces while warlord A will increase his production of goods
and services. By definition, the equilibrium level of capital investment by warlord
A satisfies the equilibrium conditions of Theorem 1: from mpg > cp, K% > 0. For
warlord B’s equilibrium level of capital investment to be positive, o > % — Cy; that
is,

cwto 1 : 1 1.
e — e if o>35—cycw<y;

Kp=q2 L if ¢,=0;

0 otherwise.

\

The above example illustrates that when one warlord is endowed with a pre-game
budget and one is not, both warlords will begin to put resources toward conflict while

total production within the economy will stay unchanged.

3.3.1.3 Two Established Warlords

Finally, suppose that both warlord A and warlord B are established and each have
a pre-game budget of Y4 = Yg = 1. The number of warriors hired under the Nash

equilibrium are
o 1

Wi=Wg= + -1,
4 B Cow+0 Cy+oOo

where W} and W are positive when the wage paid to warriors is less than 1 and
equal to zero when the wage is exactly 1; that is, W3, Wj5 > 0 when 1 > ¢, and

Wi =W} =0 when 1 = ¢,. Each warlord then invests in capital levels of
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where K} = Kj > 0 when ¢ > —c¢,. From the assumptions that ¢, > 0 and
mp > cg, K and K will always be positive.

The final example presented shows that when both warlords have equal pre-game
budgets that are greater than zero, warfare will take place as well as the production

of goods and services.

3.3.2 Simplified Example with Distance Effects

Let both warlord A’s and warlord B’s population sizes still be generalized to 1;
that is, Ny = N = 1. For added simplicity, let ci = 05 = Cw, CE, = CE, = Cpg, the
mass-effect variable again be equal to one, a = 1, and the effect of distance on each
warrior, ¢, be equal to % From equations (3.21) and (3.22), the number of warriors

hired by each warlord is

g YA“—YB é
Wi — -1
A Cowto 2-(c,+o) 4 7
Ya+Ys {
wy = 2 Aatis Ly

cw+0+2-(cw+a) 4

Given the above equations, the contest success functions 745 and wg4 are equal at
%. From equations (3.25), the total amount of goods and services produced within

the economy is

K*:Q_Cw_‘_o—’
Ck

where, from equations (3.23) and (3.24),

Yi—Ys c,+o0 /
K, = o2
A 2‘Ck + 2'Ck ( >,

Ye—-Y4s c+4o /
K, = N
B 2 Cy +2~ck <+2
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3.3.2.1 No Pre-Game Budgets

Suppose, initially, that each warlord has a pre-game budget of 0 such that Y, =

Ys = 0. The number of warriors hired under the Nash Equilibrium are

o 14
Wi = - -1
A cw—|—0+4 ’
o /
W5 = e |
B Cy+ O

and the amount of capital investment is

K*—Cw+0 Ql?'
AT 9., 2]’

Cyw T+ 0O /
K% = 2+=].
B 2 ¢ <+2>

Theorem 1 states that for a Nash equilibrium to be found, W}, W} > 0. For this

condition to be satisfied, the wage offered to warriors by warlord A must be

1.
Wi>0 — (a).(2 )zcw.

In the extreme case where ¢, = ¢4 = 0, warlord A’s equilibrium condition from
equation (3.20) will not hold unless the wage paid to warriors, ¢, is negative which,
by definition, is not possible. In the polar extreme case where ¢, = {g = 1, warlord
B’s equilibrium condition will not hold unless ¢, is negative. In fact, warlord A’s

equilibrium condition will only be satisfied when ¢, < % and warlord B’s equilibrium
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condition will only be satisfied when ¢, > % Therefore, the only outcome that is
possible is when the point of conflict is /. = % and, hence, the wage paid to warriors
is ¢,, = 0 and there are no warriors are hired by either warlord; that is, W} = W5 = 0.

As a result of hiring no warriors, each warlord invests in capital levels of

which is greater than zero by definition. The total production within the economy is
then K* =2 - %

The above example illustrates that when both warlords are not endowed with a
pre-game budget and are left with only their current set of resources, the only equi-
librium outcome occurs when the point of conflict is the half way point between the
two warlord strongholds and neither warlord is able to afford putting any resources
toward conflict unless the wage paid to warriors is negative. Therefore, each war-
lord will dedicate his resources toward the extraction of natural resources and the

production of goods and services.

3.3.2.2 An Established Warlord versus an Upstart

Now suppose that warlord A is an established warlord that has a pre-game budget
of Y4 = 1 while warlord, being an upstart, has a pre-game budget of Yz = 0. The

number of warriors hired by warlord A under the Nash equilibrium now is

o 1 1 1
Wi = = - —1,
A cw—|—0+2 (cw+0)+4

and the number hired by warlord B is

| o~

()
. - - —1.
Cw+ O 4

DO | —

Cyw+ 0O
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The level of capital investment by each warlord is thus

1 Cw+ O /
K, = “N2-=1;
4 2'Ck+ Cp < 2>’

Cw+O / 1
K5 = 24+ =] - .
B Ck ( +2) 2-Ck

For the conditions from Theorem 1 to be satisfied, the wage paid to warriors by

warlord A must be

and the wage paid to warriors by warlord B must be

14, 1
Wi>0 — <o>-<2 >+ > Cy.
sH+Ll) S+l

If the point of conflict is equidistant from each warlord’s stronghold, ¢, = 1/2, the
same conditions hold as the did within the above example without the effects of
distance. If the point of conflict is located at warlord A’s stronghold, ¢. = 0, warlord
B’s above condition is satisfied when 2 > 3 - ¢,, — (0), while warlord A’s equilibrium

condition is satisfied only if 2 > 5 - ¢,, + (0); hence,
2 >max{3 ¢, — (0),5 ¢, + (0)}.

Likewise, if the point of conflict is located at warlord B’s stronghold, ¢. = 1, warlord
A’s equilibrium condition is satisfied when 2 > 3-¢,,— (), while warlord B’s condition

is satisfied when 2 > 3 - ¢,, — (0). Therefore, the above conditions are satisfied when

. gc_l 1 l—fc 1
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The equilibrium conditions from Theorem 1 also require that both K% > 0 and

K3 > 0. Specifically for warlord A, the existence of an equilibrium requires
Ky,>0 —

The above condition itself will be satisfied when 1 > o - (2- ¢, —5), which, for any
value of 4. € [0, 1], will always be satisfied because of the assumption that mgr > cg.

Likewise for warlord B,

- >
3+2‘€C+0'_ Cw,

which, for any ¢, € [0, 1], is satisfied.

3.3.3 Summary

The examples illustrated above show that the value of each warlord’s pre-game
budget is crucially important for the game to have a solution.

When the point of conflict is located at an equidistant point of the two strongholds,
l. = %, and the pre-game is equal to zero, Theorem (1) requires each warlord pay each
warrior a wage of 0 — which causes each warlord to hire zero warriors and dedicate
all their resources toward production of goods and services — for an equilibrium to
exist. As pre-game budgets start to increase, the wage paid to each warrior that
results in an equilibrium increases. This fact only requires that the total pre-game
budget amount increases and not each warlord’s own budget; that is, it is possible
for an equilibrium to be found that includes warfare even when one warlord has a
positive pre-game budget while the opposing warlord has a pre-game budget of zero.

By allowing the point of conflict to vary between zero and one, the above examples
show that, again, the existence of pre-game budgets are a necessary component to

the game having a solution. More so, the examples imply that as the point of conflict
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moves closer to one’s stronghold, the wage paid to each warrior must decrease to
satisfy equation (3.20). Since the wage paid to warriors is the same for both warlords,
the wage paid to warriors must decrease as the point of conflict varies from the

midpoint for an equilibrium to exist.

3.4 Multi-Warlord Conflict

Consider an economy where J > 2 warlords, J = {1,2,...,j}, are each in control
of a distinct territory. Within each territory of warlord ¢ € J, there is a population
of loyal subjects, N; € R, and a cache of unextracted natural resources, R; € R.
Warlord j’s population size IV; is understood to be continuous. Each member of the
population N; Vi € J is endowed with a single unit of resource that can be used
toward one and only one economic activity.

Each warlord’s strategy set includes two economic activities: producing goods and
services and appropriating goods and services produced by another warlord through
force. All decisions by the warlords are made simultaneously during a one-stage game.
In addition, it is assumed that all warlords have complete information in that each
warlord knows with full certainty both the game structure as well as his own and the

other warlords’ payoft structure and abundance of resources.

Production of Goods and Services

The production of goods and services by warlord i, denoted by @);, is a function
of the level of capital invested into production by the warlord i, denoted by K; € R.
This paper interprets capital as a basic input into the production of goods and services
and does not consider intertemporal issues.

To help facilitate production within his territory, warlord ¢ can invest in the capital
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stock at a price of ¢, > 0 per unit of capital K;. Assuming linearity, (); is defined by,

where 6; represents the effectiveness that each unit of capital invested by warlord ¢
has on the total quantity produced. 6; is assumed to be equal to 1; that is, Q); = K;
Vi € J. It is assumed that the goods and services produced by all warlords are sold

to an external purchaser, who pays a fixed exogenous price of m € R per each unit

of Ql
Resources

Each warlord is able to increase his chances within the conflict by employing
Warriors, denoted by W; € Ry Vi € J. Warriors hired by warlord ¢ are hired from
his population N; and paid a compensating wage of ¢! . The compensating wages are
taken from the gains made by the selling of a warlord’s extracted natural resource
stock R; € R, and some pre-existing cache of monetary resources ¥; € R,. Let
E; € R, denote the total number of natural resource extractors hired by warlord <.
Each warlord 7 € J pays each extractor an exogenously set wage of ¢t € R,. Let

}A‘Zi € R, be the amount of natural resources that warlord ¢ chooses to extract.

Assumption 4. Fach warlord © € J is incapable of extracting all of the natural
resources such that,

Equation (3.35) states that each warlord’s level of extracted natural resources is

not constrained by the total amount that is endowed within his given territory.

Assumption 5. Each unit of natural resources extracted requires a population unit

of extractors. That is, for all i € J, R, = E;.

The goal of each warlord is to maximize his own income subject to two constraints.
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The first is labeled the Population Constraint and it is
N; =W; + E;, Vi e J. (3.36)

Equation (3.36) states that each warlord ¢’s decision on how to allocate his population
amongst the two economic activities is restricted by the total population within his
stronghold. Similarly, equation (3.36) states that everyone within warlord i’s populace

will be economically active. The second constraint is a Resource Constraint:

where mp € R, is the exogenously set price paid, by some external buyer, to each

warlord for a single unit of natural resource extracted and sold.

Assumption 6. The price for a unit of natural resource is greater than the cost to

extract; that is, mp > ¢k for all i € J.

Given the relationship between the variables R; and E; from Assumption 5, the
population and resource constraints are simplified into a single equation. For sim-
plicity, let the profit each warlord 7 € J earns from the sale of each unit of extracted
natural resources be denoted by o; = mg — ¢%. Substituting the budget constraint
from equation (3.37) into the population constraint from equation (3.36), warlord i’s
income maximization decision is constrained by the total population at his disposal,
N;, such that
Y

op

N, + :(C—w+1>-wi+%~m. (3.38)

0; A

Geography of the Economy

Within each territory, the prevailing warlord has an established stronghold where

all economic operations take place. Let the location of each warlord ¢’s stronghold
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be denoted by ¢;. Each warlord’s stronghold is connected to a point of conflict £,
which is exogenously determined, by a line of fixed length. Figure 3.4 illustrates the

economy.

Figure 3.2: Geography of the Multi-warlord Economy

Appropriation through Force

Following Buhaug et al (2009), the impact function I; Vi € J is explicitly defined,

using the base model form, as

I (Wis iy ley @) = Wi — ¢ - (Lo — )% (3.39)

where ¢ is an exogenous scalar which represents the implicit costs of geographical
distance, such that 1 > ¢ > 0. Equations (3.39) states that the impact function of
warlord ¢’s effort toward the contest against all other warlords dependents upon the
amount of warriors hired and the distance between warlord i’s stronghold and the
area of conflict.

As in the previous chapter, each warlord also has the ability to take revenues
earned by an opposing warlord through force. The difference form CSF, presented

by Hirshleifer (1989), is again used to model situations where contests can result in
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both contestants surviving but with different portions of the prize.

Definition 5. For each warlord i € J, let m; : R2 — R be the CSF for the conflict
between warlord i and all other warlords h € J. From Hirshleifer (1989), the explicit

form of w; is defined as

a-1; 1
™, = ¢ = (340)

J ) 7 1)
Dol 1+ ZheJ,h;éi ee(In=1)

where 0 < a < 1 1s an exogenous mass effect variable and m;, =1 — Z}{# iy

From Definition 5 and using equation (3.39), the CSF m; is defined as

1

- 7 (W Wit (bt~ (lot)?
1+ ZheJ,h;«éz‘ea< h ( )2 =¢-(Le—4;)%)

Let J/i = {1,2,...;i—1,i+1,...,5}. As intuition would predict, 7; is a function
increasing in W; and decreasing in W), Vh € J/i. In addition, as the distance between

warlord ¢’s stronghold and the conflict zone location /. increases, 7; decreases.

Income Gained from Conflict

The income gained by each warlord is the total amount of production profits he
is able to defend and the amount he is able to take from the opposing warlords.
Let W = {Wy,W,,...,W;} and K = {K;, K,,...,K;}. In addition, let W/i =
Wi, Wa, oo Wiy, Wi, ..., Wb and KJi = {Ky, Ko, ..., K1, Kifq, ..., K}

Definition 6. Let V; be the income gained by each warlord i € J from both production

and warfare. Warlord i’s income is

J
Vi(Wi, KgW/i,KJi) =m-m- Y K, Vi€l (3.42)

=1

Given W/i and K /i, warlord ¢ optimizes W; and K; to maximizes V; subject to the

constraint (3.38).
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Each warlord ¢ € J then must decide on the optimal levels of W; and K; to
maximize his income subject to the single constraint from equation (3.38). Using
equations (3.42) and (3.38), each warlord’s maximization problem is fully constructed.

Assume that each warlord pays identical wages to each extractor and warrior; that
is, ¢l = ch Vi h € Jand ¢§, = . Vi,h € J. Then given W/i and K/i, warlord i

seeks to solve his share of income made on the total production within the economy

subject to his population size such that

1
max V; = : — — | -m- K;
L P e )
Y; w
s.t. N+== (C— + 1) Wi+ LK, (3.43)
g o o

Solving maximization problem (3.43) for each warlord ¢ € J for the choice variables

and rearranging the appropriate variables gives rise to the following equilibrium result.

Theorem 3. Let N; = (Ni + %) for all i € J. Suppose assumptions 1, 2 and 3 with

the following condition,

where

B 1 Z;-Izl (gc_gi)z 2
Qi—m+¢'< 7 _(Ec_gi)>‘

Then a pure strateqy Nash equilibrium exists. Additionally, this equilibrium is char-

acterized as follows.

1. Fach warlord i € J hires a number of warriors equal to

J

N .

W = ( 7 ) . Lzt —Q; Vi € J. (3.45)
Cw+ 0 J
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2. Each warlord v € J will invest in capital levels of

J
© N
K: = <3> . (Ni - Z—1> + (C“’ +U) ., Vield (3.46)
C J C

3. the total production of goods and services within the economy is

(3.47)

K*=%l K, = <Cw+0) _J

o (J—1)°

Proof. See page 126 in the appendix. O

As in the previous chapter when the base form of the impact function was used,
Theorem 3 shows that a change in a warlord’s (exogenously given) resources has the
expected effect. Any increase in N; Vi € J will cause every warlord to increase his
hiring of warriors while an increase in N, Vh # i € J will make warlord ¢ decrease
his capital investment; that is, the paradoz of power is still present when there are
J > 2 warlords present. Likewise, the farther warlord ¢’s stronghold is from the
point of conflict, the more he will choose to spend on hiring warriors and less on the
production of goods and services. As another warlord h # ¢ is located further away
from the point of conflict, warlord ¢ will need to hire fewer warriors and, therefore,
increase his investment in capital.

The more interesting results of Theorem 3 come with an increase in the number
of warlords J. Equation (3.45) demonstrates that each individual warlord will put in-
creasing amounts of resources toward warfare as the number of warlords involved gets
larger. As a result, which is confirmed by both equation (3.46) and equation (3.47),
the increasing dedication to conflict by each warlord decreases his own production of
goods and services.

The economy is then worse off, if the social welfare is being defined as increasing

with production of goods and services and decreasing with warfare, when there are
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fewer warlords present. More so, it is better for the economy as a whole to have
warlords closer to the point of conflict than further away. In other words, theorem
3 elucidates that conflicts will be more intense when the number of combatants are
many and further away from each other. Conflict will de-escalate when either fewer
combatants are present and/or closer to each other.

By substituting the above equilibrium equations into the contest success function
defined in equation (3.40), each warlord i receives a proportion of K* dependent only

upon the total number of warlords involved within the conflict.

Theorem 4. Suppose assumptions 1, 2 and 3 and the condition in equation (3.44).
The proportions of K* that each warlord receives in equilibrium are dependent the

number of warlords involved in the game:

(3.48)

Given that warrior and extractor wages are held to be symmetric between war-
lords, theorem 4 simply states that each warlord ¢ € J obtains an equal division of
the economy’s total production and its division decreases as the number of warlords

increases.

Proof. See page 133 in the appendix. n

3.5 Gates-Logit Model

Returning to the original two warlord case, the impact function from Gates (2002)

can be constructed and implemented into the above guns-and-butter model that again

Ol 5
OW 4

olp
? OWpR

Iy
7 0l

dlp

< 0 and A

>0 >0

has the properties of > (. Recalling /4 = 0 and
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g = 1, the newly constructed impact functions /45 and Ig4 are explicitly defined as

]A = CY—{—ID(WA)—Qb'(éC—EAf:Oé—i—lD(WA)—ng'gg; (349)

Is = a+In(Wg)—¢-(le—Llg) =a+In(Wg)—6¢-(L.—1)*. (3.50)

where ¢ is again an exogenous scalar such that 1 > ¢ > 0 and £, € [0, 1]2.
From equations (3.49), (3.50) and (3.3), the CSF m4 for the conflict between

warlord A and B equals

1

A 1+ elp=1a
1
1 + eln(Wp)—In(Wa)+¢-(£2—(Lc—1)?)
1
= 3.51
1+ lei_i . eb(2Lc—1) ( )

and the CSF mp4 for the conflict between warlord B and A equals

1

14 Wa, L
Wg  e?(2lc—1)

np=1—my =

(3.52)

2Gates (2002) uses slightly modified versions of equations (3.49) and (3.50) to include two stochas-
tic elements such that

Iy = a+ln(WA)—(fc—fA)2+77A;
I = a+In(Wg)—(le—L5)° +ns.

To derive the logit success function, the stochastic element of the impact function is featured. The
cumulative density function of the difference between the two stochastic elements, F(ng — n4) is
assumed to have the following logistic form,

elB 1A

F(np —na) = 1+ emm—na’
The contest success function is derived by applying the above impact functions into the cumulative

density function:
Wa
Wpg

Wa Le—La)2—(Le—Lp)2"
W + e )?2—=( B)

F(np —na) =ma =

which is very similar to the formula in equation (3.51).
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As stated previously, the new impact functions still result in 74 being an increasing
function in Wy and a decreasing function in Wg. In addition, as the distance between
warlord A’s stronghold and the conflict zone location ¢, increases, 74 decreases. Asthe
distance between warlord B’s stronghold and the conflict zone location /. increases,
T 4 increases.

Let Assumptions 1 through 3 still hold as well as the structure of game I' defined
above. Solving maximization problems (3.18) and (3.19), given the alternative forms
of map and w4 defined in equations (3.51) and (3.52), for the choice variables and

rearranging the appropriate variables gives rise to the following equilibrium result.

Theorem 5. Let { = ¢-(2-L.—1). In the game I" defined above, given assumptions

1 through 3 hold and the following condition is satisfied,

P N 1
1+ > (U—B> (—B) > (3.53)
ol . (%m) oa) \Ra ; cs+aA)

‘
cB+op 1+2- € (05+UB
an interior pure strateqy Nash equilibrium exists where,

1. Warlord A and warlord B hire warrior numbers of

1 N,) N
(o) | 2722 e
Cw+0'A cE—i—o’B
MCORES

Wh = —-< ! > (94 NA)+( R) ) (3.55)

B
C + O-B cqu+UA
w =W <2
14 4/€l " Eron

N | —

—_

[\]
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2. Warlord A and B will invest in capital levels of

1 (1+%'\/%)'<UA'NA)—UB'NB

K% = : . (3.56)
2- Ck 1 cB+o
1+ ( eé> . c3+af
1 <1+2‘\/€é'§§%:g)'(O'B'NB)—UA‘NA
K; = : v . (357)

2-c ) ca+
- 1+ /el - chtoa

3. the total production of goods and services within the economy is

1 N N
K== (UA AT 5 B). (3.58)
2 Ck
Proof. See page 133 in the Appendix. n

To illustrate a few possible Nash equilibria, let both population sizes be normalized
to one, such that Ny = N = 1, and let each warlord have a pre-game budget of
one, Y4 = Yz = 1. In addition, let ¢ = c& = ¢, and ¢ = cB = cp where both the
cost of hiring a warrior and the cost per unit of capital equal 1/10 of the profit made
from the extraction and selling of a natural resource; that is, ¢, = ¢, = (1/10) - (o).
Finally, let the importance of location be ¢ = 1/4. Figure 3.2 illustrates the results

of Theorem 5 for the three points of conflict of /4 = 0, % and /g = 1.

Remark Through a series of examples, the existence of a Nash equilibrium in the
Base model was shown to be dependent upon the the total pre-game budget being
greater than zero. Interestingly, the existence of a Nash equilibrium in the Gates-
logit Model is not fully dependent upon positive pre-game budgets. It can further be
shown that equilibria can exist where both warlords have a pre-game budget of zero.

Let Ny=Np=1,Y,=Yp=0,a=1and ¢ = 1/2. In addition, let ¢} = & = ¢,

w
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Table 3.2: Three Simple Examples for the Logit-CSF

(., =0 le=1 (., =1
Equ. Con. [ 3.27>1>0.36 | 3>1>033 |2.77>1>0.31
A 0.532 0.5 0.469
T8 0.469 0.5 0.532
Wi (043) (1+ 1) T(045) (1+ 1) T (047) (1 + 1)
W 047) (1+ 1) | (05)(1+2) | (043)(1+1)
W 05 (1+2) | (05 (1+21) | (05 (1+12)
K GBI+ T G)a+L) T @6n(1+13)
K3 467) (1+1) | B)(1+2) | (533)(1+1)
K (10) (1+7) (10) (1+7) (10) (1+7)
and cp = c2 = cp. From equation (3.53), an interior Nash equilibrium exists when,
1 1
l+—|>21>(———F+].
( \/2> (1 +2. \/Q>

Assume at first that the point of conflict is set at /. = 0 such that \/g = 0.78.
Therefore,

3.56 > 1 > 0.39.

Adjusting the point of conflict to the polar opposite position of /. = 1 such that

Vel =1.28:

2.56 >1>0.28.

From the above simplified examples, it is possible to find an equilibrium when both
warlords have pre-game budgets equal to zero. These examples give different results

from those examples shown for the Base model with the same specifications; that is,
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positive pre-game budgets are not required for a Nash equilibrium being found.

By substituting equation (A.47) into the contest success function defined in equa-
tion (3.69), warlord A and B each receive a proportion of K* dependent upon the

point of conflict £..

Theorem 6. In the game I' defined above, given assumptions through 1 and 3 hold

and the condition in equation (3.53) is satisfied, the proportions of K* are divided as

such
1
Ty = —— (3.59)
1+ 4/el- ;%igg
* * 1
Ty = l—7 = - (3.60)
1 cyto
1+ <\/e_z) "V C£+0j

Proof. See page 144 in the Appendix. m

Like in the Base model, Theorem 6 affirms that the proportion of goods and
services won by each warlord after conflict is dependent on both the location of
the point of conflict and the wages paid per worker and extractor hired. In terms of
geographical distance, a warlord gains a greater proportion of total goods and services

won when the location of the point of conflict is closer to his stronghold.

Corollary 4. Given assumptions 1 through 3 hold and the condition in equation
(3.53) is satisfied, warlord B’s proportion of total goods and services gained through

conflict increases while warlord A’s proportion decreases when the point of conflict
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moves away form {4 = 0 and closer to {, = 1:

i cilAtoa
o SARVASRE =
A Bt <0 (3.61)
Ote (14-\/;57?51;:)

cBtop

cBtop
orp ¢ \V cd+oa

= 5> 0. (3.62)
ol, \/g 142 Biop
\/; Cﬂ—‘,—o’A

As in the Base model, an increase in a warlord’s wage paid per warrior hired
will decrease the proportion of total goods and services awarded after conflict and
increases the opposing warlord’s proportion. Likewise, an increase in a warlord’s wage
paid per extractor hired will increase the proportion of total goods and services won

through conflict and decreases the opposing warlord’s proportion.

Corollary 5. Given assumptions 1 through 3 hold and the condition in equation

(3.53) is satisfied,

1. an increase in a warlord’s wage paid per warrior hired will decrease the propor-

tion of total goods and services won after conflict;

2. the proportion of goods and services that a warlord wins after conflict increases

when the opposing warlord’s wage paid per warrior hired increases;

3. an increase 1 a warlord’s wage paid per extractor hired will increase the pro-

portion of total goods and services won after conflict;

4. the proportion of goods and services that a warlord wins after conflict decrease

when the opposing warlord’s wage paid per extractor hired increases.

Proof. See page 145 in the Appendix. m
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3.5.1 Comparative Statics
3.5.1.1 Varying Population Sizes and Pre-Game Budgets

An increase in either warlord’s population size and/or pre-game budget affects
each warlord’s individual decisions as well as the aggregate. Using the results in both
Theorem 5 and 6, an increase in either population size, N4 and/or Np, or pre-game
budget, Y4 and/or Yp, increases the number of warriors hired by both warlords:

8W2_ oA
8NA - 2(C£+UA)

oW o
(1—m4a) >0 Ny = 3 ian (L= Ta) >0

aWE O-A aw* o
ON 4 N 2(05 + UB) <7TA) >0 8N§ - g(cgng) (7TA) >0
oW oW 1 oW} OW™
A _ A _ (1—m4) >0 aV;//f = 8@522@31@) (1—74) >0

oY 4 g  2(cA+04)

In regards to capital investment, an increase in either N4 or Y4 will cause an increase

in K7} and a decrease in K,

GKZ oA 2 B+ op 8K§ oA

== (1-— 1 w > 0; =(—-1) | — < 0;
aNA 2Ck; ( 7TA) ( + \/g C’l‘?} + oA ) 8NA ( ) 2Ck (WA) y
oK% 1 2 [cB +op K3, 1

- (1— 1 w > 0; =(=1)(=— <0
8YA QCk ( WA) ( + \/; Cf} + 04 ’ 8YA ( ) ZCk (WA) ’

while an increase in either Np or Y causes an increase in K3 and a decrease in K}:

(9K:‘ oRB OKE 0A 5 CA—I-O'A
= (-1 (=)(1- > 0: == 1+424/ef- 22— <0;
ONp (=1) (20k> (1=ma) > 0; ONg  2¢ (ma) | 1+2[e cB+op ’
K™, 1 oKy 1 . A toa
=(-1{— ) (1—- > 0; = — 14+ 2¢/et- 22— | <.
8YB (26k> ( 7TA) ’ GYB QCk (7TA) * c 05 +o0p
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As opposed to the results of the Base model, population sizes and pre-game budgets
do have an affect on the total amount of goods and services. Equation (3.58) shows
that any increase in either warlord’s population sizes or pre-game budget will cause

K* to increase:

OK* K*

8NA QCk 8NB QCk
0K~ 1 0K~ 1
6YA QCk 8YB 2019

Therefore, even though an increase in a variable such as N, will cause an increase
in K7} and a decrease in K7, the increase in warlord A’s population sizes will have
an increasing affect on the total amount of goods and services produced within the

economy.

3.5.1.2 Varying Point of Conflict and Importance of Geographical Dis-

tance

From Theorem 6, the effect that the variable ¢ has on the proportion of goods
and services each warlord receives after conflict depends on the location of the point

of conflict. From equation (3.59),

j chAto
87TA - (ﬁc o ) /et cg—f—ag
= R = (3.63)
ci+oa
(1 + /el c5+oB)

which is positive when the location of the point of conflict is less than 1/2 and negative

N[ =

when the location of the point of conflict is greater than 1/2. From equation (3.60),

1 [cB+oB
0 EC ) clfl; o

( .
oo - 2
V(e B
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which is positive when the location of the point of conflict is greater than 1/2 and
negative when the location of the point of conflict is less than 1/2. The above two
equations demonstrate that when the point of conflict is past the midpoint and closer
to g = 1, an increase in the effects of geographical distance, ¢, will decrease the
proportion of goods and services awarded to warlord A and increases the amount to
warlord B after conflict. Oppositely, when the point of conflict is located before the
midpoint and closer to £4 = 0, an increase in ¢ will increase the proportion of goods
and services awarded to warlord A and decrease the size won by warlord B after
conflict.

From equations (3.54) and (3.60), the equilibrium number of warriors hired by
warlord A is

04Ny +o0p-Np

W = . .65
A (A +oa) B, (3.65)

which, from equation (3.62), increases as the point of conflict moves away from his
stronghold, ¢4 = 0, and closer to warlord B’s stronghold, /g = 1. Furthermore, from
equations (3.55) and (3.61), the equilibrium number of warriors hired by warlord B
is

0a-Ny+o0p-Npg

Wi = . 3.66
B 2(cB+op) A ( )

which, from equation (3.61), decreases as the point of conflict moves away from war-
lord A’s stronghold and closer his own. As in the Base model, the above two equations
illustrate that as the point of conflict moves away from a warlord’s stronghold, the
greater the distance that needs to be traveled by each warrior hired and, hence, the
less effective each warrior is against the opposing warlord’s hired army. Therefore,
the further the point of conflict is from a warlord’s, the greater number of warriors
he needs to hired.

The effect that the variable ¢ has on the number of warriors hired by both warlord

A and B is also dependent upon the location of the point of conflict. Again, from
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equations (3.65) and (3.64),

N[

oW >0 if o>
o6

<0 if 4.<

N[ =

and from equations (3.66) and (3.63),

NI

oW, >0 if /.<
oo

<0 if ¢.>

N =

In other words, when the point of conflict is located closer to warlord A’s stronghold,
an increase in the effect of the point of conflict, ¢, will cause warlord B to increase
the number of warriors hired — due to the increasing negative affect that distance
has on warlord B’s warriors — and warlord A to decrease the number of warriors
hired. On the other hand, when the point of conflict is located closer to warlord B’s
stronghold, an increase in ¢ will cause warlord B to decrease the number of warriors
hired while warlord A increases the number.

The relationship between /. and a warlord’s investment in capital is quite the
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opposite of its relationship with the number of warriors hired. From equation (3.56),

® C,LB;JrO'B
LY Veidroa 12 [R5 (8 0)
lc 2 \/f C{%_‘_UA gA A
\/_é 1 1 05+UB et
e + = A
\/e_f Cwtoa

® cihtop

A B

= — L= [ S8 ) (0a)(Ra)
- B el V cwtoa

- <1+ \}Z%) (ca)(Ra)=(oB) (stj—g)

= -V 62(6£+UA)(0A)(NA+%)—\/ el(ch+oa)(op)(Rp)<O.

As the point of conflict moves from ¢4 = 0 to g = 1, the amount of goods and
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services produced by warlord A decreases. From equation (3.57),

o fel it
"
9Kp Btop

Ole é0113+0'_,4 2
e B o
cptop
1 icwtoa
+ — 2¢- eﬁ (oB)(RB)
14 [oé Cwton wToB
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b Jel citoa
ch+op Y\ >
T (UA)<NA+7)ZO
14, el Ctoa A
cB+o'
w B

J— *c{%+a‘
— —(1-‘1‘21/6@%)(03)(&3)

/N
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| icwtoa
1424 /e CE-FO'B)(O-B)(NB)

s oA
+2(1+ ee%)(@)(m})

cw

+(0a)(Ra)Z0

AV

= (oB)(Rp)+(ca)(R4)>0.

As the point of conflict moves away from ¢4 = 0 and closer {g = 1, warlord B

increases his capital investment and produces more goods and services. As in the

oW oW 0K
o, * L. Ol

q %Kk

Base model, the partial derivatives 5

an show that as the point
of conflict moves away from a warlord’s stronghold, more resources must be spent
on hiring warriors and less on the production of goods and services. As the point of
conflict moves closer to a warlord’s stronghold, less resources are needed for hiring

warriors and more is shifted to the production of goods and services.
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3.5.1.3 Exogenous Prices

The effect of the exogenous prices are similar to those found in the previous section.
Because each warlord pays the same price in capital, an increase in the price per unit
of capital will result in both K7 and K7J; to decrease; that is,

0K, L
aCk - (_1) <a) ’ KA < 07

OK?, |
— (-1 (=) K3 <o0.
b= >() 5 <0

Since an increase in ¢; decreases the production of goods and services for both war-
lords, it is not surprising that the total amount of goods and services produced within
the economy also decreases when the price per unit of capital rises

OK* 1
= (-1
Ocy, ( )2~ci

((04) (Ra) + (05) (Rp)) < 0.

Conversely, each warlord does not necessarily pay the same per warrior wage as
the other. As a result, the wage per warrior hired affects many important aspects
the game. Inspecting the number of warriors hired by each warlord in equilibrium,

an increase in the wage per warrior hired by warlord A will decrease the amount of
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warriors he hires,

1 A03+<’B -
A ciytmp—c
awz . 1 N 2'\/6_[ w R~ “w . >
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aciy +oa 1 CB+ch
(Cw+UA) w2§
ci cwtoa
cg—&-(rB

9. \/_ cw‘H"A
= —1+
1
+7
aNE e
cw+‘7A
o1 [eB+op
2. \/_ cwtoA
\/cw+o'B
\/_ cw+oA

AV
o

AV

which is negative by definition. An increase in ¢ will also lead to a decrease in the

number of warriors hired by warlord A

1

0WZ . 2\/_ (cA4oa)(cB+op)
g A-
ocB 14 L [ci+on
sqrtet \ cytoa

Analogously for warlord B, an increase in ¢2 will decrease the number of warriors

warlord B will choose to hire,

et CéJFUA
OWE — —1 2 CB+0'
ch o (CB+UB)WE+ wAc‘fJﬁa Wg%o
& g =y
cptoa
5 C$+UA
= 14 Cw+“B >0

<
(Btop) 1+¢ iciton
Cw+UA

11 Z Cw‘h’A
2
_ alton | >
< b
(‘w cwtoa
1+ BT
cwtop

which is negative by definition. An increase c2 will also cause warlord B to decrease
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the number of warriors to hire,

_1 [piciton
8W]’§ W 2\ ¢ chhitoa
=W;g =
80@ 1+ egc;j—i—aA

cB+op

The above equations illustrate an interesting relationship between wages paid to war-

< 0.

A

riors hired and the number of warriors hired by each warlord. When ¢,

increases,
warlord A cannot afford to hire as many warriors and warlord B now does not need
to hire as many to remain competitive within the conflict. Likewise, an increase in

cB will decrease the number of warriors that warlord B can hire and warlord A has

the incentive to decrease the number of warriors he hires.

A

Expanding on this point, it can be recalled from Corollary 5 that an increase in ¢,

will decrease the proportion of goods and services gained by warlord A after conflict
takes place and an increase in ¢2 will increase the proportion. Therefore, an increase
cA will cause warlord A to decrease the number of warriors he hires and be awarded
less of the total production of goods and services within the economy after conflict
takes place. Warlord B can now also decrease the number of warriors hired and
still gain an increased proportion of post-conflict goods and services won. A similar

analysis holds for an increase in ¢Z.

B

While equation (3.58) from Theorem 5 reveals that an increase in either ¢ or ¢2

will not affect the total amount of goods and services produced within the economy,
both warrior wages do affect the individual warlord’s capital investment decision.
Therefore, it should be expected that any affect that an increase in one warlord’s
wage per warrior hired has on his own capital investment decision will have the

opposite affect on the opposing warlord’s investment; that is, from equation (3.56),
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an increase in ¢ will cause K% to decrease:

Lw +aB
* c +0'A
OK ) _ “w
aclt
o (ciitoa \/°w J”’B)
Cw+‘7'A

_ 1 < 1 /c§+03> ((‘72)(3\4))20
l C: o C: o <
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Vet \ ciivan

= K3—2(ca)(Ra)5— 3er 20

_ (1+ﬁ%)(mxm)—wxm

—<2+ NE %i—j) (7.4)(R))20

= —(04)(Ra)—(oB)(RB)<0

and from equation (3.57), an increase in ¢/ will result in a increase in Kj:

]
IKp (C$+UA)P(65+UB)

9cA - ~ A B
“w 2( 1+ eficgJ”’A
cptop

\/(cw+JA)e<cw+aB> 1+\/ igﬂ (("BQ)C(kNB))>O.

cptop

In words, an increase in ¢/ will cause warlord A to decrease the number of warriors
hired but the increased wage decreases the amount of resources available for capital
investment and, hence, K% decreases as well. Similarly for ¢Z, an increase in the wage
that warlord B pays per warrior hired will cause result in a decrease in the level of
capital investment by warlord B and an increase the production of goods and services

by warlord A.
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3.6 Ratio Model

The impact functions defined above in the both the Base and Gates-logit models
interpret the location of the point of conflict as having a linear affect on each warlord’s

decision. An alternative form of the impact function, known as the Ratio model, can

be constructed that still upholds the properties ({%};‘ > 0, 8%‘; > 0, 68% < 0 and

%% > (. Recalling again ¢4 = 0 and /g = 1, the newly constructed impact functions

I, and I are therefore explicitly defined as

Iy (e, ba;Wa) = = (3.67)

W, W,
Ip (0, 0p:Wg) = B = 4 (3.68)

¢ (be—Llp)° ¢ (Le—1)"

where ¢ is again an exogenous scalar such that 1 > ¢ > 0 and 0 < ¢. < 1. Equations
(3.67) and (3.68) state that the impact function of warlord A’s effort toward the
contest against warlord B is still dependent upon the amount of warriors hired and
the distance between warlord A’s stronghold and the area of conflict.

From equations (3.67), (3.68) and (3.3), the CSF m4 for the conflict between

warlord A and B equals

1
A= o (3.69)
14 ew(“’(‘fl)2 _723)
and the CSF mg for the conflict between warlord B and A equals
1
7TB:1_7TAB: (370)

a(¥a__ WB
14 e \9@ @le—D?

As stated previously, the new impact functions still result in 74 being an increasing
function in Wy, and a decreasing function in Wx. In addition, as the distance between

warlord A’s stronghold and the conflict zone location /. increases, 74 decreases. As the
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distance between warlord B’s stronghold and the conflict zone location /. increases,

T 4 increases.

Let Assumptions 1 through 3 still hold as well as the structure of game I' defined

above. Solving maximization problems (3.18) and (3.19), given the alternative forms

of map and w4 defined in equations (3.69) and (3.70), for the choice variables and

rearranging the appropriate variables gives rise to the following equilibrium result.

Theorem 7. In the game I' defined above, given assumptions 1 through 3 hold and

the following two conditions are satisfied,

A+ oy l,

B l,—1\? )
o4 Ny +op-Ng > gQA><TB'NB—<Cw—i_UB(C ))'(UA'NA)

A / 2
oa-Ny+0op-Ng > gQA>UA'NB—<Cw+UA( . ))'(UA'NA)
Vs

cBtop \l.—1

(3.71)

where
Qy = @ (cit+0a) 2+ (B +05) (t.—1)*[1-1n Cw + 05
¢ w c w ClAU_’_O-A Ec
Op = 2 (ch+op)(le—1)+ (ch+o04) 2|1 —In CotTa L
b o w OB e w A T cBt+op\l.—1

an interior pure strateqy Nash equilibrium exists where,
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1. Warlord A and warlord B, where {4, =0 and {g = 1, hire warrior numbers of

T o)+ (B top)(L—1)
B (. — 2 21 cB+op (£.—1
5 (cw—i-aB)(c 1)" 22 1In el G
+- " o ST ; (3.72)
(Cw+UA> c+<cw+03)(8 1)
Wy = <ec—1>2-( o Ll e 2—?>
(cA4+04) 02+ (cB+0p)(l.—1) o
2
5 (cA+04) (L. —1)*21n (j%jjg (gfil) )
+= " > = 5 . (3.73)
o (cA+0a)?+ (cB+0op)(l.—1)

2. Warlord A and B will invest in capital levels of

1 ((05 + o) (04 Ry) (€, — 1) — (ciy+04) (05 NB)@)

Ky = — A 2 B 2
Ck (cA+0a)02+ (cB+0op)(l.—1)

6 ([ (co+oa)(cd+os)(lc—1)0 cotoa( L\
il ) »(F5 )

acy At oa)(le—1)7+ (B +op)2

+ L (4 aa) )

oo L (cih+04) (05 -Np) 2 — (B +0p) (04 Ra) (L — 1)
B (A4 0a) 2+ (cB+op) (l, — 1)

o (cit+04) (B +0p) (6. —1)%¢2 Biog (l.—1\>
(G J»(E50))

cA4o4) (0. — 1)2 + (cB +op) 2

(3.75)

%% (8 + 03) (6 — 1)?).
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3. the total production of goods and services within the economy is

K*:£<(C£+O’A)-624—(054—03)-(&:—1)2). (3.76)
k
Proof. See page 146 in the Appendix. ]

By substituting equation (A.47) into the contest success function defined in equation
(3.69), warlord A and B each receive a proportion of K* dependent upon the point

of conflict /..

Theorem 8. In the game I' defined above, given assumptions 1 through 3 hold and
the two conditions in equation (3.71) are satisfied, the proportion of K* that each
warlord receives after conflict is based upon the location of the point of conflict and

the wages each warlord pays per warrior and extractor hired; that is,

. 1
= o 0 (3.77)
1+ (#3) - ()
1
T = l—7 = . 5 (3.78)
v () ()
Proof. See page 155 in the Appendix. n

Theorem 8 states that the proportion of goods and services each warlord will attain
within equilibrium is dependent upon both warlord A and warlord B’s wage per

warrior hired, the wage per extractor hired and the point of conflict /..
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3.6.1 Comparative Statics
3.6.1.1 Population Sizes and Pre-Game Budgets

The effect that the size of each warlord’s population has on the equilibrium number
of warriors hired and level of capital produced is identical to both the Base and Gates-

logit models presented above; that is, for warlord A

BWZ — (UA)'ZC >0 8W2 — (UB)'ZC >O,
ONA\ (cthton )R+ (B+op )ec—1? ONB \ (cthton)B+(cBrop)te—1)?

and for warlord B

aw;;:< (74)-(te=1? >>0 awg:< (r2)-(6e=1? >>0.

ONA T\ (cthton )@+ (B+op ) ec-1? ONB \ (cthtoa)B+(cBrop)te—1)?

Again, as in both the Base and Gates-logit model, any increase in the size of either
warlord’s population is going to raise the number of warriors hired by each warlord.

The same holds true with increases in Y4 and Yz such that

oW oW ( 0 )

0Y 4 0Yg (cA4+04) 2+ (cB+0p)(l.—1)

owy oWy (L. — 1)* .
Y, Yp (cA+04) 2+ (cB+op) (L. —1)° '

Population sizes and pre-game budgets again have the same effects on the equi-
librium investment level of capital as in the first two model. Any increase in either

Ny or Y, will cause an increase in warlord A’s investment in capital and decrease
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warlord B’s investment; that is,

cth+oa )2 +(cBrop)ee—1)2 Wa | (ctbton)+(cBop)tc—1)2

BHoB )y 12
g ) ( (B2a) v )

o o (Bron o 12
(i), (S )

ONa C$+0A)Zg+(cg+03)(fc*1)2 Y (Cé‘FaA)e%?L(CLB;JrUB)(ZC*I)z

Likewise, any increase in either Ng or Yz will cause a decrease warlord A’s investment

in capital and increase warlord B’s; that is,

o L1y (ctoa .2
M CC N S ( v )

ONE "\ (efhron )2+ (Brop ) (te—1)? e "\ (eliton) 2+ (Btop)te—1)?

A
TR ECCC ( (st ) )

ONB \ (cth+on)+(B+op)tc-1)? e | (cfi+on)@+(B+op)tc-1)2

3.6.1.2 Location of the Point of Conflict

To help get some clear results, it is assumed that ¢2 = ¢Z = ¢, and ¢ = c& = cp.
Comparing equations (3.25) and (3.76), it stands out that the the total amount of
goods and services produced within the Ratio model is strictly dependent upon the
point of conflict. Starting at the midpoint of /. = 1/2, any variation either toward
ly =0 or {g =1 will cause an increase in the total production of goods and services.

Specifically, by taking the partial derivative of K™,

(
<0 if <3

OK*
o,

>0 if (> 1.
\

The above equation states that as the point of conflict moves away from warlord

A’s stronghold, the amount of goods and services produced within the economy de-

82



creases. Once the point of conflict crosses the midpoint and moves toward warlord
B’s stronghold, the amount of goods and services produced within the economy starts
to increase again. This implies that the worst outcome, in terms of the production of
goods and services, is when the war is fought at an equidistant location between the
two warlords.

Similarly, using equations (3.72) and (3.73), the total number of warriors dedicated

toward warfare is

W*:( d >-(NA+NB)—§-(2-63—2.ec+1),

Cw+ 0O

in which,

>0 it 4. <3
oW
ol,

<0 it (> 1.

\

The partial derivative states that as the point of conflict moves away from ¢4 = 0
toward the midpoint, the amount of warriors dedicated for warfare increases. As the
point of conflict moves away from the midpoint and toward /g = 1, the amount of
warriors dedicated for warfare decreases. Therefore, warfare is at its height when the
point of conflict is at the midpoint between the two strongholds.

Finally, the equilibrium CSFs found in equations (3.77) and (3.78) state that each
warlord gains a greater proportion of the total production of goods and services when

the point of conflict is close to his stronghold. Specifically,

In other words, as the point of conflict moves away from /. = 0 toward ¢z = 1, the

proportion of goods and services attained and retained by warlord A decreases while
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warlord B’s proportion increases.

3.6.1.3 Model Comparison

These results are in stark contrast to those of the Base model which state that
the total production of goods and services and the total amount of warriors hired are
unaffected by the point of conflict. The reason being that any shift in resources by
one warlord was made up by the opposing warlord.

The Ratio model seems to suggest a different scenario. Assuming warrior and
extractor wages are the same for both warlord, when the point of conflict is set at the
midpoint between the two strongholds, each warlord wins half the goods and services
produced within the economy while production is at its lowest and warfare its highest.
When the point of conflict moves closer to warlord A’s stronghold, the production
of goods and services increases while warfare decreases and warlord A wins a larger
proportion of goods and services. When the point of conflict moves closer to warlord
B’s stronghold, the production of goods and services again will increase while warfare

decreases and warlord B now wins the larger proportion of goods and services.

3.6.2 Remark

Through a series of examples, the existence of a Nash equilibrium in the Base
model was shown to be dependent upon the the total pre-game budget being greater
than zero while such restrictions are not necessarily needed for an equilibrium to
be found in the Gates-logit model. Like the Gates-logit model, the existence of a
Nash equilibrium in the Ratio Model is not fully dependent upon positive pre-game
budgets. It can further be shown that equilibria can exist where both warlords have
a pre-game budget of zero.

Let Ny=Np=1,Y4 =Yg =0,a = 1and ¢ = 1/2. In addition, let ¢4 = c& = ¢,

w

and ¢ = ¢ = cp.Assume at first that the point of conflict is set at £. = 1/2. The
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equilibrium values of the decision variables are thus

* « o 1
Wa=Ws = (c —|—0>_§;

. . Cw+ O 1
e - (5 ()

Substituting these values into the two conditional equations found in Theorem 7 leads

to an equilibrium as long as 7 (0) > ¢y.
Adjusting the point of conflict to ¢, = 1/4 results in the equilibrium values W3
and W of

o 1
Wi = = 0.031;
() (2) o
o 9
Wy = -l =] —0.343
B (cw+0) (5) ’

and equilibrium capital investment levels of

Ky = (%) : (g) — (0.031) - (cw;’:a) ;
v (22)-() 9

Substituting the level of capital investment and number of warrior hired by each

warlord into equation (3.71) results in a Nash equilibrium when

(4.25) - (0) > co > (1.33) - (0) .

The same holds true when the point of conflict is located at ¢, = 3/4.

From the above simplified examples, it is possible to have an equilibrium where
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there exist no pre-game budgets. These examples give different results from those
examples shown for the original model with the same specifications; that is, positive

pre-game budgets are not required for a Nash equilibrium being found.
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CHAPTER 4

Asymmetric Rates of Seizure

The model introduced in Chapter 3 was based on the assumption that the rate
of seizure of a warlord’s production of goods and services was symmetric and equal
to 1; that is, when J = 2, the total production of goods and services and the total
number of goods and services being fought over is K* = K4 + K. One can interpret
this symmetric assumption as the production of goods and services by both warlords
taking place at the same location — namely, the point of conflict /.. While a sym-
metric model can represent some, if not many, modern civil conflicts, the asymmetric
scenario is also prevalent and studied.

The model is now altered to have each warlord’s production of goods and services
taking place at his respective territory or stronghold, ¢4 and ¢g respectively, instead

of the point of conflict /..

Definition 7. The Geography of the economy is defined as a line of fixed length on
an interval [0,1] where {4 = 0 and € = 1. Figure 7 illustrates the basics of the

economy’s geography.

Once again, it is assumed that the location of conflict /. is exogenously determined
Assuming each warlord produces goods and services at her own stronghold loca-
tion, the point of conflict now also affects the amount of each warlord’s production

available for appropriation. Recalling K* as denoting the total amount of goods and
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Figure 4.1: Geography of the Asymmetric Economy

services produced by both warlords, it now does not accurately represent the total
amount of production that is being fought over between warlords A and B. Therefore,

let K be the amount of goods and services on the table for appropriation such that
K=Ki (lg—L) B+Kp (le—La) B=Ka-(1—L) - B+Kp-Ll-B, (41)

where 8 > 0 is a scalar representing the effect that terrain and distance have on
the rate of seizure. Equation (4.1) asserts that as ¢, moves closer to warlord A’s
stronghold ¢4 = 0, more of K4 and less of Kp is subject to appropriation through
conflict. Likewise, as £, moves toward warlord B’s stronghold /g = 1, less of K4 and
more of Kp is subject to appropriation through force.

Holding assumptions 1, 2 and 3 from Chapter 3, the income gained by warlord A

after conflict is constructed from equations (3.39), (3.41) and (4.1) where J = {A, B}:

Va(Wa, Ka; W, Kg) = (m-m4) - K4+m-Ka-(1—(lg—1¢)-p)

= (mema) - K4m-Ki-(1=(1=£)-5), (42)
and for warlord B,

Ve (Wp, Kp;Wa,Ka) = (m-mp)-K+m-Kg-(1—(l,—l4)-B)

= (m-wB)-f?+m-KB-(1—€C‘ﬁ)- (43)
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For simplicity, it is again assumed that both warlords pay the same warrior and

A B A B

extractor wages; that is, ¢, = ¢}, = ¢y, ¢ = ¢y = cg and 0 = mp — cg. Therefore,

given Wp and Kp, warlord A optimizes W, and K4 to maximize equation (4.2)

subject to equation (3.38). The same holds for warlord B given W, and K 4.

4.1 Equilibrium

Solving maximization problems (4.2) and (4.3) for the choice variables and rear-

ranging the appropriate variables gives rise to the following equilibrium result.

Theorem 9. Let { = (bo—04)° — (b, — Lg)?, Ny = (NA + %) and Np = (NB + %)

Suppose assumptions 1, 2, 3 and

(B=2)+4+pP2>(2-0)l.> 2+ P)— 4+ 2 (4.4)

with the following two conditions,

Cw+ O )

a-0

NA-<1—zc>+NB-ecz( )-QAzec-<NB—NA>

(4.5)

Cw + 0

Q-0

NA~<1—EC>+NB~&2( )-QBzu—ec)-(NA—NB)

/

where

-0, (1-¢0)-8 ‘. N
O, = o IS
A ( €C<1—€C)6 +£c n(1_€c> o gc 60)7

- (A o) e ).

a pure strateqy Nash equilibrium exists where,
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1. Warlord A and warlord B hire warrior numbers of

Wi = (0] () R b e~ S (4.6)
W5 = (05 ) (0=t Rat o ie) = O (17)

2. Warlord A and B will invest in capital levels of

K = <"C'50) Ny — Np) + (C;" t:) Qi (4.8)
K = (%}:“) (R — Na) + (C;“ t:) - Qp. (4.9)

3. the total production of goods and services within the economy is

K — (%) 0 (R = Rp) +2 (%) | (1@%.@(3 -_zfc-)ﬂﬁ)

Cw+0\ =~ L. ~
() () aed), o

while the number of goods and services available for appropriation through con-

) () e

Proof. See page 156 in the Appendix. n

flict is

Similar to the results of the symmetric base model in the previous chapter, The-
orem 9 shows that the paradoxr of power is still present in the current model with

asymmetric rates of seizure. From equations (4.6) and (4.7), an increase in either N4
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and/or Ng will cause both warlords to increase the number of warriors they hire; that
is, if either warlord is given (or acquires) more pre-game exogenous resources, both
warlords will increase their level of warfare. On the other hand, equations (4.8) and
(4.9) show that an increase in a warlord’s pre-game exogenous resources will cause
the warlord to increase spending on the production of goods and services while also
causing the opposing warlord to decrease his investment into production.

By substituting the above equilibrium equations into the contest success function
defined in equation (3.41), warlord A and B each receive a proportion of K dependent

upon the location of conflict /..

Theorem 10. Suppose assumptions 1, 2, 3, equation (4.4) and the two conditions
in equation (4.5). The proportions of K that each warlord receive in equilibrium are

dependent the geography of the economy:

1
A 1+ 1%& ( )
g = 1l—my =14 (4.13)
Proof. See page 166 in the Appendix. n

According to Theorem 10, each warlord is able to acquire more of K when the point

of conflict is closer to his own stronghold.

4.2 The Effect of Geography: Examples

The most prudent way to show the affect the point of conflict and the variable
$ have on the equilibrium is through a series of examples. Let ¢, = (1/10) - o and

¢y = (1/5)-0. In addition, let Ny = Ng =Y, =Yg =1l and (mg — cg) = (0.05)- Y4 =
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(0.05) - Yp such that X4 = g = 21. Finally, let it be that ¢ = 0.5 and o = 1. Given
these specifications, an equilibrium can be found when, from the two conditions in
(45),

19.11 > Q4,05 >0

where the equilibrium number of warriors hired and capital invested by each warlord

are

Wi =19.11 — Q4 W5 =19.11 — Qp;

Ky =1(22)-Qa Ky =1(22)-Qp.
In addition, the total amount of goods and services produced within the economy is
K*=(22) (244 Qp)

and the amount of goods and services produced that are available for appropriation

through conflict equals

F=02- (=g ?)

Since the equilibrium values, and the existence of the equilibrium itself, are dependent
upon [ and /., a series of four examples are explored below. For means of analysis
and comparison, let K be equal to the percentage of goods and services produced

that are actually being fought over; that is,

- (K
K== -100.
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4.2.1 Example A: 5 =0.25

When the affect that geography has on the seizure rate of production is § = 0.25,
equation (4.4) shows that an equilibrium can be found when 0.54 > ¢, > 0.46; that
is, an equilibrium solution will exist somewhere very close to ¢, = 0.5, the midpoint
between the two warlords’ strongholds. Table 4.1 illustrates the corresponding values
for the variables in equilibrium. The blue shaded cells in Table 4.1 show decreasing

values and the green cells show increasing values when ¢, moves from 0.46 to 0.54.

Table 4.1: Example A: § = 0.25
b | Q4 | Qs Wy Wy | W | Ky | Ky | K| K|
0.53 | 15.12 | 15.02 | 4.00 | 4.09 | 8.09 | 33.23 | 33.03 | 66.26 | 8.28
0.52 | 15.06 | 15.00 | 4.05 | 4.11 | 8.16 | 33.13 | 32.99 | 66.12 | 8.26
0.51 | 15.02 | 14.99 | 4.09 | 4.12 | 8.21 | 33.05 | 32.98 | 66.03 | 8.254
0.50 | 15.00 | 15.00 | 4.11 | 4.11 | 8.22' 33.00 | 33.00 | 66.00 | 8.25
0.49 | 14.99 | 15.02 | 412 4.09 | 8.21 | 32.98 | 33.05 | 66.03 | 8.254

0.48 | 15.00 | 15.06 | 4.11 | 4.05 | 816 | 32.99 | 33.13 | 66.12 | 8.26
0.47 | 15.02 | 15.12 | 4.09 | 4.00 | 8.09 | 33.03 | 33.23 | 66.26 | 8.28

Immediately, the first two columns of Table 4.1 show that both €24 and Qg are
less than 19.11 for 0.54 > ¢, > 0.47 and, hence, the two conditions found in equation
(4.5) are satisfied. Contrary to the base model results found in the previous chapter,
warlord A will hire more warriors than warlord B when the point of conflict is closer
to his stronghold. When the point of conflict is closer to g = 1, warlord B will hire
more warriors than warlord A. It should also be noted that for both warlords, more
warriors are hired as the point of conflict approaches the midpoint of ¢, = 1/2.

The opposite is found with each warlord’s decision to invest into capital. Warlord
A tends to invest less than warlord B when the point of conflict is closer to £4 = 0
and the contrast is true when the point of conflict approaches fz = 1. As a result,
the total production of goods and services within the economy increases as the point

of conflict moves away from ¢, = 1/2 toward either warlord’s stronghold. Finally, the
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last two columns of Table 4.1 show that when 3 = 0.25, only a very small percentage
of the total number of goods and services produced are available for appropriation

through conflict; that is, K = 12.5% when 0.54 > (. > 0.48.

4.2.2 Example B: §=0.5

When the effect that geography has on the seizure rate of production increases
to f = 0.5, equation (4.4) shows that an equilibrium can now be found when
0.56 > £, > 0.44. The region where an equilibrium solution can be found increases
marginally from when 5 = 0.25 and is still very close to the midpoint between the two
warlords’ strongholds. Table 4.2 illustrates the corresponding values for the variables
in equilibrium. Again, the blue shaded cells in Table 4.2 show decreasing values and

the green cells show increasing values when ¢. moves from 0.44 to 0.56.

Table 4.2: Example B: § =0.5
e | Q4| 0p | Wy | Wy | W | Ky | Kp | K| K|
0.55| 7.16 | 7.01 | 11.95| 12.10 | 24.04 | 15.76 | 15.43 | 31.19 | 7.79
0.54 | 7.12 | 7.00| 12.00 | 12.11 | 24.11 | 15.66 | 15.39 | 31.05 7.76
0.53 | 7.08 | 6.99 | 12.03 | 12.12 | 24.15| 15.57 | 15.37 | 30.94 | 7.73
052 7.04| 6.98 | 12.07 | 12.13 | 24.19 | 15.50 | 15.36 | 30.86 | 7.71
0.51 | 7.02| 699 | 12.09 | 12.12 | 24.21 | 1544 | 15.37 | 30.82 | 7.704
0.50 | 7.00 | 7.00 | 12.11 | 12.11 | 24.22 | 15.40 | 15.40 | 30.80 | 7.70
049 | 6.99 | 7.02 | 12.12 | 12.09 | 24.21 | 15.37 | 15.44 | 30.82 | 7.704
048 | 6.98 | 7.04 | 12.13 | 12.07 | 24.19 | 15.36 | 15.50 | 30.86 | 7.71
047 6.99 | 7.08 | 12.12 | 12.03 | 24.15 | 15.37 | 15.57 | 30.94 | 7.73
0.46 | 7.00 | 7.12| 12.11 | 12.00 | 24.11 | 15.39 | 15.66 | 31.05 7.76
045 7.01 | 7.16 | 12.10 | 11.95 | 24.04 | 1543 | 15.76 | 31.19 7.79

Again, the first two columns of Table 4.2 show that both 24 and 25 are less
than 19.11 for 0.54 > /. > 0.47 and, hence, the two conditions found in equation
(4.5) are satisfied. The geographical elasticity of the decision variables hold the
same pattern as in the previous example, yet the total numbers differ. Now that

the effect of geography has increased, both warlord A and warlord B increase the
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amount of resources dedicated to the hiring of warriors and decrease the amount of
capital invested. Interestingly, the percentage of goods and services that are subject
to appropriation through conflict, K , increases. When = 0.25, only around 12% of
the economy’s total production is being fought over. As [ increases to 0.5, both K*

and K decrease but K = 25% when 0.62 > l. > 0.38.

4.2.3 Example C: =1

Increasing the effect that geography has on the seizure rate of production to f =1,
equation (4.4) shows that an equilibrium can now be found when 0.62 > ¢. > 0.38.
The region where an equilibrium solution can be found increases further from, but
still very close to, the midpoint between the two warlords’ strongholds. Table 4.3
illustrates the corresponding values for the variables in equilibrium. Again, the blue
shaded cells in Table 4.3 show decreasing values and the green cells show increasing
values when ¢, moves from 0.38 to 0.62.

The first two columns of Table 4.3 show that, again, both 4 and g are less
than 19.11 for 0.62 > /. > 0.38 and, hence, the two conditions found in equation
(4.5) are satisfied. As when [ equals 0.25 and/or 0.5, the geographical elasticity of
the decision variables hold the same patterns and, yet again, warlord A and warlord
B increase the amount of resources dedicated to the hiring of warriors and decrease
the amount of capital invested. The percentage of goods and services that subject
to appropriation through conflict increases even further as 8 increases from 0.5 to 1;

that is, both K* and K decrease but, roughly, K = 50%.

4.2.4 Example D: =2

Increasing the effect that geography has on the seizure rate of production to
B = 2, equation (4.4) shows that an equilibrium can now be found when 1 > ¢. > 0.

The region where an equilibrium solution can be found increases further from the
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Table 4.3: Example C: g =1

~

b | Qu | Qs | Wy | Wy | W | Ky | Ky | K* | K |
061] 3.41 | 3.07 | 1570 | 16.04 | 31.74 | 7.50 | 6.76 | 14.26 | 7.05
060 | 3.35 | 3.04 | 1576 | 16.07 | 31.83 | 7.34| 6.70 | 14.07 | 6.97
059 | 3.30 | 3.02 | 1581 | 16.09 | 31.90 | 7.25| 6.65| 13.90 | 6.89
058 | 325 | 3.00 | 1586 | 16.11 | 31.97 | 7.14| 6.61| 13.75 | 6.83
057 | 320 | 299 | 1591 | 16.12 | 32.03 | 7.04 | 6.58 | 13.62 | 6.78
056 | 3.16 | 2.98 | 15.95 | 16.13 | 32.08 | 6.95| 6.55| 13.50 | 6.73
055 | 3.12 | 2.972 | 16.00 | 16.137 | 32.137 | 6.87 | 6.54 | 13.41 | 6.69
0.54 | 3.00 | 2970 | 16.02 | 16.40 | 3242 | 6.80 | 6.53 | 13.33 | 6.66
053 | 3.06 | 2972 | 16.05 | 16.137 | 32.187 | 6.74 | 6.54 | 13.28 | 6.63
052 | 3.04 | 298 | 16.07 | 16.13 | 3220 | 6.68| 6.55| 13.23 | 6.61
051 | 3.02 | 299 | 16.09 | 16.12 | 3221 | 6.64 | 6.57 | 13.21 | 6.603
050 | 3.00 | 3.00 | 16.11 | 16.11 | 3222 | 6.60 | 6.60 | 13.20 | 6.60
049 | 299 | 3.02 | 16.12 | 16.09 | 3221 | 6.57 | 6.64 | 13.21 | 6.603
048 | 298 | 3.04 | 16.13 | 16.07 | 3220 | 6.55| 6.68 | 13.23 | 6.61
047 | 2972 | 3.06 | 16.137 | 16.05 | 32.187 | 6.54 | 6.74 | 13.28 | 6.63
0.46 | 2.970 | 3.09 | 16.14 | 16.02 | 3242 | 6.53 | 6.80 | 13.33 | 6.66
045 | 2972 | 3.12 | 16.137 | 16.00 | 32.137 | 6.54 | 6.87 | 13.41 | 6.69
044 | 298 | 3.16 | 16.13 | 15.95 | 32.08 | 6.55| 6.95| 13.50 | 6.73
043 | 299 | 320 | 16.12 | 1591 | 32.03 | 6.58 | 7.04 | 13.62 | 6.78
042 | 3.00 | 325 | 16.11 | 1586 | 3197 | 661 | 7.14 | 13.75 | 6.83
041 3.02 | 330 | 16.09 | 15.81 | 31.90 | 6.65| 7.25| 13.90 | 6.89
040 | 3.04 | 335 | 16.07 | 15.76 | 31.83 | 6.70 | 7.34 | 14.07 | 6.97
039 | 3.07 | 3.41 | 16.04 | 1570 | 31.74 | 6.76 | 7.50 | 14.26 | 7.04
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Table 4.4: Example D: g = 2

~

b | Q4 | Qs | Wi | Wy | W | Ky | Ky | K* | K | K

0.97 [ 19.10 | 16.09 [ 0.01 | 3.02 [ 3.03 | 42.02 [ 35.40 | 77.42] 71.20 | 91.97%
0.96 | 14.63 | 11.91 | 4.48 | 7.20 | 11.68 | 3220 | 26.21 | 58.39 | 52.89 | 90.58%
0.95 | 11.90 | 9.40 | 7.21 | 9.71 | 16.92 | 26.17 | 20.68 | 46.85 | 41.92 | 89.46%
0.90 | 6.17 | 438 | 12.94 | 14.73 | 27.67 | 1358 | 9.63 | 23.21 | 20.04 | 86.37%
0.85| 4.10 | 271 | 15.01 | 1640 | 3141 | 9.02 | 597 | 14.99 | 12.85 | 85.77%
0.80 | 3.00 | 1.91 | 16.12| 17.20 | 33.32| 659 | 4.20 | 10.79 | 9.35 | 86.70
0.75 | 2.30 | 1.45 | 16.81 | 17.66 | 3446 | 507 | 3.20 | 827 | 7.33 | 88.71%
0.70 | 1.83 | 1.19 | 17.28 | 17.92| 3520 | 4.03 | 261 | 6.64 | 6.08 | 91.43%
0.65 | 1.50 | 1.03 | 17.61 | 18.08 | 35.68 | 3.31 | 2.27 | 558 | 5.27 | 94.45%
0.60 | 1.27 [ 0.96 | 17.84 | 18.15 | 35.99 | 2.79 | 2.1 | 4.90 | 4.77 | 97.26%
0.55 | 1.10 | 0.95 | 18.01 | 18.16 | 36.16 | 243 | 2.10 | 453 | 4.49 | 99.23%
0.50 | 1.00 | 1.00 | 18.11 | 1811 | 3622 | 220 | 220 | 440 | 4.40 | 100%
0.45| 0.95 [ 1.10 | 18.16 | 18.01 | 36.17 | 2.10 | 243 | 453 | 4.49 | 99.27%
040 | 0.96 | 1.27 | 1815 | 17.84 | 3599 | 211 | 2779 | 4.90 | 477 | 97.23%
0.35| 1.03 | 1.50 | 18.08 | 17.61 | 35.68 | 2.27 | 331 | 558 | 527 | 94.45%
030 | 1.19 | 1.83 | 17.92 | 17.28| 3520 | 2.61 | 4.03 | 6.64 | 6.08 | 91.43%
025 | 145 | 230 | 17.66 | 16.81 | 3446 | 320 | 5.07 | 827 | 7.33 | 88.71%
020 | 1.91 | 3.00 | 17.20 | 16.12 | 33.32| 420 [ 6.59 | 10.79| 9.35 | 86.70%
0.15| 271 | 4.10 | 1640 | 15.01 | 3141 | 597 | 9.02 | 14.99 | 12.85 | 85.77%
0.10 | 4.38 | 6.17 | 14.73 | 12.04 | 27.67 | 9.63 | 13.58 | 23.21 | 20.04 | 86.37%
0.05| 9.40 | 11.90 | 9.71 | 7.21 | 16.92 | 20.68 | 26.17 | 46.85 | 41.92 | 89.46%
0.04 | 11.91 | 14.63 | 7.20 | 4.48 | 11.68 | 26.21 | 32.19 | 58.39 | 52.89 | 90.58%
0.03 | 16.09 | 19.10 | 3.02 | 0.01 | 3.03 | 35.40 | 42.02| 77.42 | 71.20 | 91.97%

midpoint between the two warlords’ strongholds and almost encompasses the entire
geographical landscape of the economy. Table 4.4 illustrates the corresponding values
for the variables in equilibrium. Again, the blue shaded cells in Table 4.4 show
decreasing values and the green cells show increasing values when ¢, moves from 0 to
1.

From the first two columns of Table 4.4, 24 and g are again less than 19.11 for
0.97 > ¢, > 0.3 and, hence, the two conditions found in equation (4.5) are satisfied.
As in the previous examples, the increase in [ causes an increase in the hiring of

warriors and a further decrease in capital investment. The last column shows that K
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ranges from 85.77% to a full 100%; that is, the increase in the value of 3 decreases
total production in the economy but increase the number of these goods and services

that will be seized during conflict such that K = 100% when £, = 1 /2

4.3 Summary

In all of the above four examples, the midpoint /. = 1/2 is a focal point in
comparing the decisions made by the warlords. At ¢. = 1/2, warlords hire the same
number of warriors and invest in the same amount of capital; that is, W} = W}, and
K% = Kj. As the point of conflict moves closer to {4 = 0, warlord A will hire more
warriors and invest in less capital than warlord B. Likewise, warlord A will hire less
warriors and invest in more capital than warlord B as the point of conflict moves
toward /g = 1. The two graphs in Figure 4.3 illustrate the effect that the distance

from the point of conflict has on warlord decision making.
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These two graphs tell an interesting story in relationship with the asymmetric rate
of seizure model. As the point of conflict moves away from ¢4 = 0 toward g = 1,
warlord A briefly increases his participation in warfare but then quickly begins to
decrease the hiring of warriors. Why? The answer lies on the adjacent graph. When
the point of conflict is closer to warlord A, more of his production is being fought

over and, hence, more warriors are needed to help secure as much of K% as possible.
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As £. moves away from 4 = 0, less of his production is being fought over. Since less
of K7 is vulnerable, warlord A increases his production and has no real incentive to
put up a fight against warlord B; that is, warlord A loses the urge to fight because
the conflict is no longer a matter of protection as it is attrition. From this angle,
warlord A winning less of K as the point of conflict becomes more distant is because
he chooses to fight less and yet is able to keep more of his own production. The same
analysis holds for warlord B.

The above four basic examples elucidate the importance that 5 and /. have on
both the value of the decision variables in equilibrium and on the geographical area in
which an equilibrium can be found. As the value of 3 increase, so does the area where
an equilibrium can be found. To reframe, as the level of seizure upon the warlords’
production increases, the incentives are right for each warlord to venture past the
midpoint into the opposing warlord’s territory.

While the area in which an equilibrium can be found widens as ( increases, it
can also be observed that the total amount of production in the economy decreases.
Similarly, as K* decreases, so does K — albeit at different rates. This decrease in K*
and K are primarily due to increasing resources being spent on the hiring of warriors;
that is, as W* increases as 3 gets larger. The soaring level of K due to the increase
in /3 should not be overstated or read into too much. Given that the elasticity of K*
in relation to 3 is substantially greater than the elasticity of K , the increase in K is

more a result of decreasing production than an increase in K.
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CHAPTER 5

Conclusion

I presented in the analysis above three models where two non-parasitic warlords,
who are geographically connected, must decide on the amount of resources to be
dedicated for conflict and the amount to be dedicated toward production.

Within the Base model, an equilibrium is found which depends upon a positive
pre-game budget. In equilibrium, the exogenously chosen location of conflict affects
each warlord’s individual level of conflict and production, but has no effect on the
aggregate number of warriors hired and the total quantity of goods and services
produced. As a result, the equilibrium contest success function is independent of the
location of the point of conflict but does depend upon the wages each warlord pays
warriors and extractors hired. In addition, as the number of warlords participating in
the economy increases, each warlord hires increasing number of warriors and invests
in less capital and production of goods and services.

Under the Gates-logit and Ratio model, an interior equilibrium can be found that
does not depend on positive pre-game budgets. In the Ratio model, the point of
conflict affects both individual warlord levels of conflict and production as well as the
aggregate number of warriors hired and quantity of goods and services produced. Un-
like the Base and Ratio models, the total production of goods and services produced

in the Gates-logit model increases when either warlord’s populations size grows or is
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given a large pre-game budget. According to the Ratio model, the total production of
goods and services produced is dependent upon the location of the point of conflict.
Specifically, when the point of conflict is at the midpoint, the total production of goods
and services is at its lowest and the total number of warriors hired is at its highest.
As the point of conflict moves toward either warlord A’s stronghold or warlord B’s
stronghold, the total production of goods and services within the economy increases
and the total number of warriors hired decreases. In addition, the equilibrium contest
success functions in both the Gates-logit and Ratio models are dependent upon the
point of conflict and the wages paid to both warriors and extractors by each warlord.
As the point of conflict gets closer to warlord A’s stronghold, warlord A wins a larger
share of the total production. As the point of conflict moves away from warlord A’s
stronghold and toward warlord B’s, warlord A wins less and warlord B gains more
of the total production.

Using the Base model formulation of the contest success function, I extend the
original model by abandoning the assumption that all of a warlord’s production of
goods and services are available for appropriation. Instead, only a portion — de-
pendent upon the location of the point of conflict — of a warlord’s production is
under threat of appropriation. In contrast to the original model, this new approach
finds that a warlord hires more warriors and invests in less capital when the point of

conflict is closer to his stronghold. This is in direct contrast to the results above.
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APPENDIX

¢ Proof for Theorem 1:

The proof for Theorem 1 begins by maximizing warlord A and B’s optimization
problems for the two choice variables W and K. Let A4 and Ag be the associated
Lagrangian multipliers for maximization problems (3.18) and (3.19). The Lagrangian
equations for warlords A and B are

v ( m(Ka+ Kp) ))HA (NA_<C$+O—A)WA_<c_k) KA)<A.1>

14+ eCV’<VVB—WA+¢"Z oA

B
7, - ( m (K4 + Kp) A ) e (NB_ (Cw +UB> Wy — <C_k) KB>A.2)
14 @ (Wa=Wp—g:0) o8 ox

Therefore:

8$A a (W —W 4 +¢-0) A
= am(Kg+Kp)e® "B A (G ) A=
o, 7 (11— arsD))? (1) 20 (8.3)
0.7,
-0 = m ) (A4)
0K 4 1+ 6a-<WB*WA+¢-Z) oA
aZB a(Wo—Wpg—g¢-2) B
— a-m(KA+KB)-e A B | cw ) _
I 0 = (1+ea-(WA—WB—¢-Z)>2 (0 +1> Ap=0 (A.5)
0%
B0 = o __ % =0 (A.6)
OKp 14 e (Wa=Ws—¢:)  op
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Using equations (A.3) and (A.4),

a(WB—WA-‘-(;bj) o o
m)- e (KAi+Kn) A = m —].(2A
((O‘ " (1+ea(WB—WA+¢-Z))2 Watie) (0554”&1) <1+e“(WB*WA+¢"e)) (C">
) ea(WB—WA-Hb'E) . . oA — A
(a 11e(Wp=Wa+é-0) (KatKp) clotoa <Ck)
. ea(WB_WA-"d)'é) . . °k =
(a 14e(WB=Wa+é:0) (Kat+Kp) cibtoa !
(e"(WB—WA+¢‘2))~(KA+KB)'(Oé' Acf ) = 14e(Wp=Wated)
C'lU CrA
<e°‘(WB_WA+¢'é))-((KA-FKB)'(O&'CATUA))—ea(WB_WA+¢'é) = 1
(ea(WB*WA+¢'é))~((KA+KB)'(Oé'jeki)_1> = 1
cwtoa
(WB=—Wy+e-l) — chtoa
(aver)-(Ka+Kp)~(eth+oa)
A
: (55)
Wp-Wa+¢L = L1in v
A
: (55
Wp+¢-l—Ln| — - = Wa. (A.7)
ek (14 ) (S

Solving warlord B’s optimization problem from equation (3.19) and performing sim-
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ilar substitutions,

(i st Yoo () = (oo (2
(a'ig(vva‘:vvf;;f.)@)-(KA+KB>-(05"faB) — (=)
(oot o () =

(ea<wA—wB_¢z)).(KA+KB).(c§:§3> L e (Wamwg-pd)

(ea(WA—WB—¢'Z)) . ((KA+KB)' (65:53 )) _eo(Wa-Wp-ol) =

(ea(WA*WB%*Z))-((KA+KB)'< gk )‘1) =1

c5+aB

ea(WAfwaqﬁ-l?) — < (:54»03 >

(awck)-(Ka+Kp)—(cB+op)

) )

Wi-Wp—¢f = 2Lin — —
ek caacp) - (£ )

Wa—¢-l—L.In (

°B

o (5] )) = W (A.8)

B
o5 (KpA+Kp)—| g% +1
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By substituting equation (A.7) into (A.8),

Cw 4 q

_ 1 (55+1)

Wa = Wetel-fn| —
ﬁ‘KA“(B)‘(ﬁ“)

B
() ;
Wa = WAf(i)-@fé-ln 5 +¢-4
Sk (K g+ Kp)— [ S8 41
G‘B( AtKpB C3z)
A
1 (55+)
“oln| T 2
Ta KatKp)=(zy+t
B
(5+1)
0 = —In

B
«-c C;
TBk(KAJrKB)f (%Jrl)

A
(&
(%)

A
«-c C:
TA’“(KAJFKB)* <ﬁ+1>

B A
(52+) B (s+1)
In = —Iln

—1In

. B . A
%(KAMB)—(%H) O;Zk(KA+KB)*<(%Z+1>
B . A
1 (s5+) (G- ()
n a-cp cg " Cv‘i‘; 1
op Katkp)-| gyt Tat
B i _ 2 ((Ka+Kp)® o B acp(KA+KBR) \( A, B
(%H) (ﬁJrl) = (oep)® (2 (e ) (a1 ) - (TS (ca+cBtoatop)
(ep)2-(EatEp) = (ee(Katkp) (cA+cB+oatos)
k ocA0R cA0B w w A B
A, B
c,t+c,toat+op
Kij+Kg = 2+—*1 . (A.9)

- C
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Substituting equation (A.9) into (A.7) and (A.8),

A
A

“% (4 + Kp) — (—f’+1>

A

= Wp+¢- 6—— In <%+1>
a-cy ( A+cB+UA+UB) _ (ﬁ—Fl)

Wa = Wp+¢- E—

oA a-ck

A
A

BRI\ oy Fy 2y ey
Wi = Wpto- e—— m(;iz) (A.10)

and

(5)
| 7
— WA—cb-ﬁ—g'ln(a.ck <@>—(3+1>

a-ck

A 1 CB+JB
Wg = Wy—¢-£——"1 L : A1l
B A gb « n(Cé—FJA) ( )

Using warlord A’s constraint from equation (3.8) and the above equations, the
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equilibrium level of capital investment for warlord B is found; that is,

. A cL
Ny = (ﬁﬂ) Wa+ 2k Ky

— cA 51 cA+o'A Ck cA+CB+aA+ch
= (TZ)(WBW'Z*E'ID B ) )+ (k) (AR Ko

A B A, B
74 \.n = B\ Rp+(pl—Lin( GetoA ) ) 4L (14%wtoB |\ _( _Cwtcwtoatop g
(cé+gA) A (c5+03) B ¢ a c3+aB @ C{?H’O'A (c$+oA>(cg+UB) Bk
A, B B A
Cytcywtoatop Krpoec. = B Ny — TA Rpg4+L (1498 ) (pi_Ly( wtoa
<(c{?,+aA)(cg+aB)> Bk CBJMTB A Cw:[JrUA BTa cwtoa ¢ @ 55+UB
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which equals the equilibrium level of K} in equation (3.24). Similarly for warlord A,

_ B 3
N = (%+1) We+E Kp

_ CB 51 CB+0'B Ck cA+CB+aA+ch
= (%)(WA*‘f)'“a'm STE ) ) (1) (AR Ky

B
N Y .
= ziw_;'_l AA +— A ACk Ka
B @Jrl cwtoa cwtoa

o i 1 (chtop cpteBtoatop g
_(GB +1) (¢.€+a.1n(6$+m + a(op) (UB)KA

B A A, B
B N = TA N4— é_i'_l]n cwtop +l 1+cw+UA _ cwtewtoatop Ka-c
(CE+UB) B (cé+aA> A (¢ =] c{f’,+aA @ 65+UB (cé-%oA)(cg-ﬁ-aB) ATk
A, B A B
_catemtoatop \p . . — ( oA )N _( op ).N +;(1+M)_( .g+;.1n(cw+03>>
<(c{?;+aA)(cg+oB)> A cwtop AT\ Brop BTa B+op oltta cwtoa

where, again, rearranging the variables leads to the equilibrium level of K7 in equation
(3.23).
Substituting the equilibrium level of capital K%, from equation (3.23), into warlord

A’s constraint from equation (3.8) leads to the equilibrium number of warriors W},
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found in equation (3.21):

W cf}
e

Wi

SR

L (c$+UA)<cg+aB>(éln(%)_(@[j

Ra—ay

citcBroq+op

TA

_ A \.N,s—
(c{?}+o'A> A

c£+cg+aA+ch

_1<(CE+UB)(UA)'NA(C£+GA)(UB).NB>

_ cintoa
a(oa)

B B

B 1, cwtop \_ ¥ cwtop R4 — R

(Brom) (H1o( 402 ) - B ) () ma-(on) s | |
citcBrostop it +oatop @

c$+cg+aA+an(c5+oB)

(GA)(&A)(

(o) ({2

cw+oA

)9

cAtcBroqtop

(ca)Rat+(op)Rp

c£+cg+aA+aB

ut

“uptop i+11
. . 2 In
cé+c§+o‘A+o‘B) ((]b +O‘

civtoa ) 7( (eB)®B

c$+cg+m+a3)

cé-‘—o‘A
CE+UB

))-

1

o

ci+cBroq+op

Similarly, substituting the equilibrium level of capital K}, from equation (3.24), into

warlord B’s constraint from equation (3.9) leads to the equilibrium number of warriors
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W}, found in equation (3.22):

W;;-(%H) = NB*(%)'KB

A
B A 1 cytoa ;
c o cii+o S In| W —A |+¢-4
= RNp-—-L (w B)(w A><a <05+<’B) ) 7(654013)

7B clitel+oatop a(op)

7B cht+eftoaton

1 ( (C$+JA)(G'B)-NB(65+GB)(JA).NA>

A
+o ci+to
(cih+oa) (é ( e A) ) (7}35’ A)'RB*(UA)'NA
we — B \xp_ B+op _| \eB+op 1
B B B AL A B a
cwtoR cw+ + oatop cwteptoatop

A, B A
cw+cw+aA+aB7(cw+o'A) A
(eB)(%B) i A 1n(Cutoa) g0
— A 7( (c4)Ra )7 (Cw+GA) o C§+UB ot

= 1
ci+cBtoq+op cli+cBtos+op ci+cBroqt+op o
« — (oB)Rp+(oa) R4 Cwaton (1 cbton ) _pi)_1
WB cé+cg+o‘A+oB + c£+cg+aA+aB ah’l cé«l»oA ¢€ o’
To show the second-order conditions, the bordered Hessian for warlord A is
A
| tw _Ck
0 (f+1) -2
B A 2 52
H — [ 0°La 0°ZLa A.12
A s T1 oWz OWAK A ( )
s 2L 9L
oA OK AW 4 8K31
CA c
0 —(ﬁ—l—l —i
A (EO‘(WB_WAJ"qb‘Z)).(ea(WB_WA-"qS'é)_l) a(W W +¢2)
Y T | 2. m-(K s+ K e B—7A (-
_ S+ «a ——3 m-(Ka+Kpg) 3 (am)
- (1+ea(WB_WA+¢‘Z)) (1+€O‘(WB_WA+¢'Z)>
Wg—W4+¢-L
- W WA )  (eem) 0
A (Hea(wawAJﬂu))
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and is satisfied when the determinant, |H%|, is greater than zero; that is,

e () () 2 o

B ( o )2. (az (ea(WB*WA+¢<2)) ) (ea(WB*WA+¢-Z)71) -m-(KA+KB))

<1+e°‘(WB*WA+¢'é)>3

¢ cw o(Wp— %)
() o)

A o (Wp—Wy+¢-f)
- (H—H) ((1+e"‘(‘/‘i‘/‘:+¢j>)2)

a(Wp=Wa+6-0)\ (a(Wp=—Wa+e-€) _;
- (a. ( (1+ea(W)B(WA+¢~2))3 ) '(KA+KB)) (i)

A a(Wg—Wy+¢-i
+(7“’+1)- Vs A¢?2 >0
A <1+EQ(WB*WA+¢M€))

2(ctt 4+ 04) ee(We=Watel) _q

_— a . — .
Ck(KA =+ KB) 1+ ea(WB—WA+¢~Z)

HE >0 (A13)
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Similarly, the bordered Hessian for warlord B

B
| Cw _ k.
0 (E+1) =
B _ cB ’Lp 2Ly
My - (E +1 W2 WpKp
_ Ck ang 82$B
oB 8KBWB 8K%

CB
0 7(%“)

18

<1+e‘*(WA*WB*¢‘é)>3

ey (Wa-Wp—¢-f)

B <1+EQ(WA—WB—¢-E))
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7 (a

7(ﬁ+1) o2 (ea(WA*WB*aé)),<8a(WA—WBf¢.é)71)

°k
B

o (Wa-Wp—o¢-0)

(A.14)

-m-(Ka+Kp) (1+ea(WA,WB—¢-Z))

7 -(am)




and is satisfied when the determinant, |H%|, is greater than zero; that is,

HE>0 — (%H) : (%) ( (lj(f(v‘:z__vvvxi_—ig))z '(a-m))

- (%f. (012_ (ea(w}qiw}ai(bi)).(EQ(WA7WB7¢'2)71) -m-(KA+KB))

(1+ea(WA*WB*¢'é))3

l+ea(

O (e = =

B (WA= Wp—o-D)
” (%+1)<(1+6a(v&vﬁgw)2)

(WA= Wp=6-0)\ (a(Wa-Wp—0-{) _;
- (a. ( <1+ea(w>A(WB¢~é))3 ) .(KA+KB)) ()

¥ )
+(5+). ( (Hea(VvV@:V:fBZZ))Q) -0

e (Wa=Ws—¢0) _ 4 2(cB +op)

— < .
14+ €G<WA—WB—¢'£) Ck(KA + KB)

HE| >0 — - (A.15)
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Substituting the equilibrium levels of

W3, Wi, K and K}, into equation (A.13):

e (We=Wated) 2(cih+0a)
o 1+ eoz-(WB—WA-‘rf]ﬁj) Ck(KA + KB)
Ao
e<ln(cv§iﬂg)) -1 2(02‘}4—0,4)
. (ln(M)) = (m)
1+e Btop «
cé—l—a — 054-0
?E—EUB e < 2 (Cﬁ + UA)
—CQJFZ%J;ZJ;”B A+cBtos+op
cﬁ—i—aA—(cf—i-JB) < 2-(0£+0A)
0 < cA+cBtos+o0p

To check that the second-order condition is satisfied for warlord B, the equilibrium

levels W3, W5, K and K}, are substituted into equation (A.15):

ea-(WA—WB—¢~£) 1
(67N p
1 _’_ea-(WAfWqub-é)
(m(zk22))
e cwtoa)) — 1
- <
(m(s22))
n\ —a
1+e cwtoa
cBtop—(cih+oa)
ctoa
A, B <
citep+oa+op
cA+oa
B A
Cp T 0B — (cw—l—aA) <
0 <

2 (Cg -+ UB)
cr(K4 + Kp)

2 (05 + UB)

cA+cB+ostop
(0%

( )

2(05+03)

A+ cB+2-mp—(cg, +cry,)

2. (Cg-FO'B)

A, B
Cy T Cp T04+0B.
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Finally, it needs to be shown that W3}, Wy, K7 and K are positive; that is, it
needs to be shown that !

Wi, Wi, K4, K > 0.

From equation (3.21), W7} is greater than or equal to zero when

(ca)Rat(op)®p 1 (eptos — i+ L chtegtoatop
c5+o'B « cEﬁ»aB @ CE+0B ’

and from equation (3.23), K7 is greater than or equal to zero when

1, ( cotoa Y cpteltostop S(op)®p _(v4) R4
054»0'3 o4 cwtop cwtop C'1u41+°'A

The above two equations lead to the first equilibrium condition found. Likewise, the
feasibility condition for the decision variables W5 and K, are found in a similar way.

From equation (3.22), W}, is greater than or equal to zero when

(ca)®at(op)®p 1, Biop i+l cwteltoatop
cé""O'A « C$+“A @ cwtoa ’

and from equation (3.24), K} is greater than or equal to zero when

1 Btop o1 [ citeBroatop\ (ea)Ra_ (op)Xp
PRl W el R y: > A= B :
@ Cwtoa @ cwtoa cwtoa cwtop

¢ Proof for Theorem 2:

Equation (3.26) is derived by substituting equations (3.21) and (3.22) into the CSF

!Showing that K% and K} are greater than zero is equivalent to proving that W} and W} are
not greater than N4 and Np, respectively, due to the constraints found in equations (3.8) and (3.9).
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found above in equation (3.3). Explicitly,

1

1+ ec(Ws-Wited)

1+

Equation (3.27) follows by

_ *
Ty, = 1—m)

1

In cé +o4
cB+0
w B

1+e (

ciAtoa”

cB+op

Cg—i-O'B 1

¢ Proof for Corollary 1:

T AL B - Biop "
Cw+Cw+UA+UB 1_|_Cw+UB

C$+0'A

1. Using warlord A and B’s equilibrium capital investment decision equations (3.23)

and (3.24), an increase in either N4 and/or Y, will cause an increase the equilibrium

levels of capital investment by warlord A and decrease it for warlord B:

cé+a‘A+o'B

oK% 1 < (B+op) (o) ) 50

aKg_1< (cB+op)(oa) )<0

c$+c5+aA+aB

BK:‘_ 1 C1E3+0'B 0
Yi ~op \ cATcB >
A k \cywtcwtoatop

054»03

0K
2=t AL B <0.
cytewtoatop

Ya ek

Similarly, an increase in either Ng and/or Y will cause an increase in the equilibrium
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levels of capital investment by warlord B and decrease it for warlord A:

A
8KZ_71 (C'LU+UA>(UB) 0 OKZ_,l cﬁﬁ»aA 0
ONg < \ cATcB < Y5 op \ cArcB <
B k cytewtoatop B k cytewtoatop
A
oy 41 [ (cb+oa)(on) -0 oK% 4 i -0
ONp ¢ A, B Yo —c A, B, .
B k \ cipteytoatop B k \cyyteptoatop

2. This result follows from equation (3.25) and its subsequent proof. Specifically,

K*_c3+cfj+oA+aB N aK*_aK*_aK*_aK*_O
N a - Cr aNA_aNB_aYA_aYB_ ’

3. From equations (3.21) and (3.22), an increase in either warlord’s population size

and/or pre-game budget will increase the number of warriors hired by both warlords:

aw;zawgz oA <0 awz:awﬁz 1 -0
9Ny T 0Ny A, B 2 oYy T oYy AL B 2
(cw+cw+aA+o'B) (cw+cw+aA+aB)
* * * *
OWp _OWi _ oB <0 OWE _OWH 1 >0
ONp ~ ONp A, B 2 9Yp — 9Yp A, B 277
(cw+cw+a'A+o'B) (cw+cw+UA+dB)

o Proof for Corollary 2:

1. From definition of ¢, an increase of £, will cause ¢ to decrease:

gj =2 (b —l4) =2 (b, — L) =2-(Le—0)—=2- (b —1) =20 —2-Lc+2=2>0.

Given 90/d¢, > 0, an increase of the conflict location from 0 to 1 will result in an

increase in K7 and a decrease in K7:

352:(,2.@ (WM) <0; ‘?’gﬁ:(ﬁ) (Mw>>o.

c$+cg+UA+aB C£+CE+UA+UB
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2. This result follows from equation (3.25) and its subsequent proof. Specifically,

o+ cB+oatop OK*

K* = = =0.
- Cp ol,

3. Using the equilibrium amount of hired warriors found in equations (3.21) and

(3.22),
* CB (e} 5 CA o
Taeo (it e e, )<
4. From equation (3.26),
1 O
M= ——— = —0.
Tan o o
Likewise with equation (3.27),
1 871'3
= = ~ 0.
L ot.

¢ Proof for Corollary 3.2.1.3:

. . . A . .
1. From equation (3.26), an increase in ¢, will decrease 7p:

-1

aﬂ-A 054-0'3
T = 5 <0,
ac,w 1+ cAtoa
cB+op

and from equation (3.27), an increase in ¢Z will decrease 7p:

-1

a/]-‘-B Cﬁ-‘ra’A
5 = 5 <0.
acw 1 + CE+UB
Cé—i—o’A
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2. From equation (3.26), an increase in ¢? will increase 74:

cg—f—UA
Ima (cE+op)”
2 = 5 > 0.
8Cw 1 + 8{2‘4'0',4
CE+O’B

Likewise, from equation (3.27), an increase in ¢ will increase 7p:

cB+op
Orp (ch+oa)’
- = 5 > 0.
6Cw 1 + C{?;FO’A
cB+op

3. From equation (3.26), an increase in ci will increase 74:

1

aﬂ-A C5+O'B
T = 5 > 0.
dcg 1 4 Cutoa
cB+op

Likewise, from equation (3.27), an increase in c2 will increase 7p:

1

Orp Atoa
7 = 5 > 0.
6CE 1+ cAtoqu
cB+op

4.From equation (3.26), an increase in c¢? will decrease 7 4:

cﬁ—o—a
oma (=1)- (c5+a;)2
805 B ciAtoa 2 <0
(1+522)

Likewise, from equation (3.27), an increase in ¢y will decrease 7p:

cg—l-cr
oms _ 7Y Ghiour
aCA - cAto 2 = O
e (1+ gz
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¢ Proot for Theorem 3:
The proof for Theorem 3 begins by maximizing V; (W;, K;; W/i, K /i) subject to
the constraint (3.38) for each warlord ¢ € J. Let A; be the associated Lagrangian

multiplier. The Lagrangian equation for each warlord i € J is

J
: ; Kz w
P m YL, . (Ni - (c +a) - (%) KZ.) (A16)
L D e s €0 U 1) g g

Therefore, for all © € J

% 0 = (a-m)‘(J71)<EiJ:1Ki)'E}{eJ,heJ,h#;a'(Ih_Ii)7(%”+1).)\A:O (A_l?)
oW (1+Ei—{EJ,h7£z‘ ea'(lhili)>
ov;

v 0 = m —%k. )\ ,=0.. A18
0K, WX e shesnri ety e A ( )

Using equations (A.17) and (A.18),

(@m)- (=) (571 Ki) S g nps e (In—1;)

a‘(Ihili)y .(Cwo+0) - N a‘(fhffi)'(i)

J
e g hed i ©

7
(1+EheJ,heJ,h¢i e

(I, —1I:
a‘<J—1)(Z%]:1 Ki)‘zieJ,heJ,h;ti e (In=1) ( s ) _ 1
(I —1.)\ 2 cwto - (I, —1I.
(”ZieJ,heJ,hﬁ e (In IZ)) ‘ A O
J J (Ip—1; c — J (I —1;
a'(‘]_l)(zi:1 Ki)‘ZheJ,heJ,h;éz‘ e (Tn l)‘(cwlia) = MHXhesnesnzi € (In=1:)
J e e ghesn e (In=1i)
a.(J—l)( i=1 Ki)‘(cmro') - 7 o (T —1;)
heJ,heJ,hti
1+ e (Ip 1)
cwto . heJ.heJ,hi _ T e
(O“(Jfl)‘ck> ( Zi{eJh;éi eo"(Ih*Ii) 21:1 sz (A]_g)

for all i,h € J. Since equation (A.19) holds for all warlords in J, the following
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extension is made for all z € J, z #£ 4:

J a- (I —1
< cwto ) L e g s < 0712
a-(J—1)-¢cp J a- (I, —1
Zheshtz € (n=1z)

e hts e (In—12)
E}{EJ h#z e (In=1z)
1 (144 e (In=12))
ea.(]h,[Z) h€J,h#z

7
Zhentz

7
Zheshtz €

oIy J (I, —1
< < cx»Ih)'(lJ’_ZhEJ,h;ﬁz e” ( h Z))

e 1z , 1+Ei61,h¢zea'1h
J a-T a1
Zheshgz e P enE
A ea<IZ+ZJ eIy
a-Ip, heJ,h#z
1 J a-I:
ZJ oIy (ZZ € Z)
heJ,h#z
J a1
Dhed s €0
J -l a-I;
D ohe g hatn,i € Th e

a-I;

Wi—¢-(Lc—1;)*

J a-(Iy—1;
J K,_( cwto ) [ HXhesnednti € (n=1:)
=17 a-(J—-1)¢p J a-(Ip—1;
Zhesned hti © ( i)

J (I, —1I;
S he g hedhati & (1)
o (I ~1;)

J
EhEJ,heJ,h;éi €

1 J (I —1I;
7 o (I —1;) '(1+ZheJ,heJ,h;ﬁi e (I Z))
Yheshesnti €

a-I; J (1, —1;
< — a<Ih>’(1+ZhEJ,heJ,h;éi e (n ’))

7
2 hesned hti ©

J a-I

el ] 1+Eh€J,h€J,h;£iE h
J a1 a-I;
Zhesheshti € P e

1 a-I; J a-I
7 T, '(6 i+3 heshenti € h)
heJ,heJ,h#i

1 J o-I:
ZJ ECY‘Ih>‘<Z'L' € Z)
heJ,heJ,h#i

J a1
2hedneshti €0h

a‘1h+ea'12

> e
heJ,heJ,h#i,z

oIy

Wa—¢-(be—02)2, Vi,z€ . (A.20)

Equation (A.20) states that the impact function of every warlord i € J is identical



and, hence,

eOé'(Ih*Ii) — ea'o — 60 = 1 VZ, h E J

Therefore, using equations (A.19) and (A.20), the total amount of goods and services

produced within equilibrium, equation (3.47), is found:

i=1 a-(J—1)-c N
bk ZieJ,hEJ,h#ica( n=1i)

(I, —1I;
Lk = (s )~(1+Zi€"’h€~’vh¢iea(h 1))

J 0

— < cwto ) 1+ZJheJ,heJ,h;éie
U-1- 0
a(J=1)-cp Xhehe,hti©

J
— < cwto ) 1+ZJheJ,heJ,h¢¢1
J=1)-
a(J=1)-ep Zherheshtit

= (s ) ()

Lok = (w82) ()

Using warlord ¢’s constraint from equation (3.38), (A.20) and the above equation,
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the equilibrium level of capital investment for warlord ¢ is found; that is, for all 7 € J,

Lok = (25) (%)

K. = (%)l(ﬁ)fzi{e@hemh# Kn

= + J J +
- (Cff-c;)((b,_l)z ) 2 heshed hti (i'Nh— cuék . 'Wh>

= (cgjka)'((J;]UQ ) - (é’ZieJ,h;éi Nh)+<cwc,:m) 'EieJ,heJ,hyéiWh

= (%) : ( (J;]UQ ) - (i‘ZieJ,}qgi Nh)‘f’(cuézra) 'Eielh;ﬂ (Wi+¢'((Zc—gh)2_(ec—fi)2))

= (Cclf-jkg)'((1;11>2)_ (i'ZiEJ,h;&i Nh)"’(%) '(J_l)'Wi+(MC+]j(T>>'ZZGJ,h;Ai<(€C_£h)2_(ec_£i)2)

= (s52) ()~ (5 Sesnuan) () U0 (05

+<¢<<c+k+a>).(z{lelh#i(cheh)%(tzq)-(eﬁzi)z)

Ki(1+(J-1)) = (ng;)-(ﬁ%(i)-((J71)-N¢7256J7h#Nh)+(""(Cgig"))-(zg:1(/chei)%J-(ecfei)Q)
K = (ng’,j:)-(iuflﬂ)+(é>.<‘]-mfz;}:1Ni)Jr(i(b‘(C;‘;:”))-(E{Zl(chéi)QfJ-(écf&f)

which equals the equilibrium level of K in equation (3.46).
Substituting the equilibrium level of capital K, from equation (3.46), into warlord

i’s constraint from equation (3.38) leads to the equilibrium number of warriors W},
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found in equation (3.45):

Wi = (e () K

cwto cwto

. T 2
— (cwﬁo)-Nr(C:’io)‘((aAC:.”(}Lfl)g)Jr(i)-(NFZ{:Jl Nl>+<¢<(c;‘;€+a>).(gg:1(/zc —t,) 7(567@)2))

= (%) st () (M- B ) o (3, L —-e?)

W* — ( o )'E;]:JlRi+¢'((€c—ei)2—2igzl (ec_ei)Q) 1

cw+o J _a-(J—l)Q'

To show the second-order conditions, the bordered Hessian for each warlord ¢ € J
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18

0 (e 4+1) —-=
w 24 4
(C? + 1) ow? OW;K;
— 0.4, 0.4,
o KW OK?
0 —(Se+1)

eoc(f;rfi))(g}{eJ/iEaUh*Ii)_l

sJ
(amu—l)ﬁ( e Th-1)?
(theJ/f h 1)

a-(Ip—1I;)

(am-(J—1))- S snti®
a'(Ih*Ii>)2

(1+zi

€J,h#i°
_<m+1) _C;c

(a.m.(‘]_l))Q.%.(Z;leKo (ovm-(J—1))-

(a-m-(J—1))- L5 0
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(2{:11{1-) (am(J—1))

J—1

J2

J
ZheJ,hi®

(A.21)

a(lp—1I;)

ea(1h71i>)2

(A.22)



and is satisfied when the determinant, |H?|, is greater than zero; that is,

o1 = () (2) (i ) ~(2)-((2) () (1) (5% ) )0

— 2.(°—w+1).((a.m.(J_1)).%)_(%k).((a.m.(J_n)?.%.(zg:lKi))>o

— 2.(m+1>.((a.m.(J_1)).%)_(%).((a.m.(J_l))2. (Jfl‘)]»é‘]fz) ,(cuéZa.(le)Q))>0

— 2(C7w+1>(am(J_1)2)_ (a.m»(in)?’.(JfQ) . (ijo. <J;]1>2 )) >0

_(J-1)-(J-2)
— 2 o-nz_ >0

—  2:(J-1)>J-2
— 2. J-2>J-2

—  J>0,

which holds by definition.

¢ Proof for Theorem 4:
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Equation (3.48) is found by substituting in equation (A.20), found in the above

proof, into equation (3.40). Explicitly,

1
L4 5y g ppie™ 1)

1
1+ %/ e
heJ,hti

1+J-1

1

¢ Proof for Theorem 5:
Let 0 = ¢ ((6o—04)* = (0. —5)2) = ¢+ (2- €, —1). Let Ay and A\ again be the
associated Lagrangian multipliers for the maximization problems of warlord A and

warlord B. The Lagrangian equations for warlords A and B are

Ly = <M> Y (NA - (cﬁ a "A) W — (i) KA) . (A.23)

1—|—%—§'€Z oA g4
K K B

2 = (mUEatRe)) (NB—(CW+"B) WB—(3> KB) (A.24)
1+W_Bz opB op

Solving warlord A and B’s optimization problem for the two choice variables W and
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0L

-0 = __ W
oWy W3- (1Bl
0Ly
aKA <1+%§ et
8.,2”3 0 = WA-f
oWp W%~(1+ %A
0%

_B — 0 = Wl
0Kp (HW—g L

From equations (A.25) and (A.26),

WB-eZ
2 (14 VB i
WA (1+WA e )

WB<e€
2. (1+YB i
WA (1+WA e )

(KA+KB)-( Sk

and from equations (A.27) and (A.28),

(KA+KB)'< <k

——+(m) (Ka+KB):

2'(KA+KB)-( =

z'(m)'(KA+KB)'< T8

- 2'(KA+KB)'( L

A
cibtoa

cé-}—(rA

cé-!—aA

c5+aB

cPE«FoB

chi+op
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)
)
)

)
)
)

2 Wp ¢
WA<<1+WA<e )

WB~eé

(A.25)
(A.26)

(A.27)

(A.28)

(A.29)

(A.30)



Equating equations (A.29) and (A.30) leads to the following relationship:

= <k

2. Wp i
W (1R ) (oo
WB-el

WA-W/%-(H-%-J)
W3 (WatWp-ef)

W3- (Wat+Wp-ef)

Wa

Wa

e - A
ciytoa

2 (14Wa 1
wg <1+WB eg)_(cg+d3>
T °h
of
. B
2. Wa . 1) (cwtoB
(WBe ) Wz (1+WB 62) (c$+aA)
. B
20\ w2 (12 WA 1) ( cwtoB
(WBe )WB ( +wg eg) (cé+UA)
(2-5).[/{/2. Wr+Wa-L ). chtop
¢ B B 4 eé Cé+UA
2 2 2 chtop
(ef) W2 (Wp-et4+Wa)-( 4B

cé#»aA

L2, Btop
B Cw:KJ"O'A

; [(cB+op
Wa - ylel. [0 T9B
7 \/e (CS+UA>

Whg.

(A.31)

(A.32)
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By substituting (A.32) into (A.29),

(KA+KB)'( k ) =

clhtoa

(KA+KB)'( ks ) =

CéJrUA

(KA+KB)‘( = ) =

chton

(Ka+Kp) =

Ka+Kp =

2 Wp i
WA»(1+WA -e )

VVB»EZ
2
wi | —e
- B
. (cutop
Cw:[+UA
Wy et

oL B+op
cw:;JraA

/A
WA,<1+ eé.<%>>
w B

o clitoa
SN B,
cwtop

(°£+“A)- Wa-| 1+ L

c
r o[ ctitoa
chtop

Wy cA-i—JA n (C$+UA)(65+UB)
K <( w ) \/e_é )

2R ((c5+os)+\/e"(c£+aA)(c5+ch))
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Vs

(A.33)



Using the equations (3.8), (3.9), (A.31), (A.32) and (A.33)

1+, | el cpros
cé +o4 w CE +top K = K
CwtIA4 ). A —-Kp = A

el cptoa
B
cotop

N 1+ eﬂ(%)
(7%*"%1). : cwton -Kp = (%A)(NA—(%ZH).WA)

%%
A - A
i [ cwtoa
N\ Bl
cotop

L[ WA
el cwtoa
Ao - 142, |e <C5+03) _ 74 (n e
R e o | IR OO RS
ol [ cwtoa

(chroa) | War) P PSP || = @G n)(a)—(clton)
V)
i+o
A a 2<5+‘72) — A Wa
(oo | W) T V|| T e e (ebea) | A
{ <w+oB> A(%%""UB)
A
a+2 |ef. [ Cutoa
(eton) | wa EE) ) (7)) + (o) (N),
i (chitoa
e'(cg-'-oB)

which equals the equilibrium level of warriors hired by warlord A found in equation

(3.54). By using W} and equation (A.31), the equilibrium level of warriors hired by
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warlord B is found:

~ B
* i.( cwtop
Wg- e'<cA+<r )
w A

(
(
(

(cA)®a)+(eB)(RB)

0. citoa
e\ B
cwtop

2(6@«%014)

(cA)(Ra)+(eB)(RB)

)

-~ A
ol c%+o'A
cw+o'B

ciptoa
Btop

2(cé+o‘A)

(cA)(®A)+(ep)(®B)

)

eé- 354—03
cwj«&»o'A

1

2(c5+aB>

)

52- 05-‘,-(73
cwj«ko'A

Substituting the W7}, from equation (3.54) into (A.33) and applying equations
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(3.8), (3.9) and (3.55):

A
Ka+Kp = (CW"A)- War | lp—L1

S cttoa
Btop

CA o o o
Kat+Kp = ( wc+k A) (( A)(:(I:%J;(of))(NB)>

Ky = ((m(mgtssxr«m)@
_ <<UA>(NA3t£UB><NB>>_(c;f).(NB_(ﬁH).WB)
_ ((UA)(NAQ'CI(CUB)@B))+(«EC+I:B).$J‘<VZ%E:§>
_ <<aA>(uAg'c£oB><NB>> +(cw;€oB>.(cﬁm) J(N;(]‘f‘fﬁ))
i ron
Kol lh—2Lt— | = (ZA)®a) | 14 —2— ‘(20-56)“3)’

o[ ctitoa 0. (<B+on
CE-‘rO‘B Cé-‘rO‘A

which is equal to the equilibrium level of capital investment by warlord A found in
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equation (3.56). Similarly for warlord B,

S cB+o 7 CA+U
Ka+Kp = (w%B | W[ 144 /et ﬁ

K = (”A)(RAgtl(:B)(NB)fKA

— (“A)(&Agtl(:s)(“B)_% (NA_CQJAGA 'WA)

(vB)wB;—(oA)(NA)+(c$+vA>,<WB, z(§§+5)>

Kk k cytoa

= (“B)(NBQ);]EUA)(NA)+(¢£;“A).((CE‘:LBGB)<NB_%.KB)>, eé,(%)

Ks <1+, Jei.(Ba)) = (273)<NB)<1+2~,/ef~(j§j;g)> ~(r4)(0%4)

To show the second-order conditions, the bordered Hessian for warlord A again is

0 ~(e+1) -z

oA oA
B _ cw Ly Ly A.34
Ha - (Z + 1) ow? WK (A.34)

_ o 92.%0 2.5

TA OK AW A OK?

2 . . . .
where %I"g“‘ = 0 and is satisfied when the determinant, |H5], is greater than zero;
A
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that is,

— o () () () (22) 0 (A.35)

2
wg 0\ wge
—2.Wy (1438 ‘) +2.w3 <1+ B. ) B
22y A( Twy e A\t e w2
4 A Ka+K
5 1 (Ka+Kp)m
ow3 W4<1+WB ez)
A

= Ka+Kg)m
wh (e e i) (Hatie)
A Wy
— 2 B iocibtoa
= - " wg %) (Cw+O'B)' Wp-( 1+ e~-m “m
WA<1+WA e ) wToB
B
- 2(CuﬂLGB) Wg-m
c
Wg<1+ eg_Cw‘l’O'A F
cptop
B
. 2(cw+o'B) m 0
= - ——— 2 |'| T B, |V
2 2. cwton cpoy el SWTIB
W2 |14 /et- =4 k A
cwtop cwtoa
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and from equations (A.25) and(A.26),

22vy, _ 8%vy _ wg-et
OWAOK 4, 0K, 0W, 2 W5 é2'(m)
w2 (1478 e
A ( Wa )

— 'm-\/;
———>0.
Wy <1+\/;>2

. 92V 4 . ey . 92V
The above two equations show that G ol 1S positive while

ow?

is negative. There-
fore, equation (A.35) is positive for all value of /. ranging from 0 to 1.

To check that the second-order condition is satisfied for warlord B,

i Ck
0 - <E + 1) “op
B _ cB 9*Vp 9?Vp A.36
s - (E T 1) W3 W5 Kp (A.36)
K 2%vp 0%vy
oB OKpWp 0K%

2 . . . .
where %I&B = 0 and is satisfied when the determinant, |H%|, is greater than zero;
B

that is,

s = () G (aimts )-(5) ((55) (5 )~ () (k55 ) )

— 2.(g+1)-(a;”fBVgB)f(;g)-(gzvgg)w (A.37)
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From equation (A.27)

2
—2.wg( 1+ Wa _ ) +2.w?2 1+h L
92v WB-eg B WB-eé w2 .el
8W‘23 = W I B (Ka+Kp)m
B 4 A
w 1+ —~
B( WB‘€Z>

= — (Ka+Kp)m
WB~eZ
2(M3)-=wa-2(2)
= | L [(KatKp)m
w4 <1+ A
WB-eE
= - % . (cﬁ-i—aA)A Wa- 1++ ‘m
w i cwtoa
w3 (142 A EZ.AB
WB-ee cwtop
A
J— 2(C’w+oA) Wy-m
= _ | A
w3 | 1+ 1
B 0 chtoa
55“"‘73
~ B
A icwtop
_ 2(cliton) i S
= — ) . h < s
W2 l1y—_1l
B ) clhtoa
Sy -
Cw“""B

and from equations (A.27) and(A.28),

o’vg  _ d%vg
OWgROKp  OKpoWg

_ NE

()

e
m- et

WB.<1+\/§)2'

9?Vp
OWpgBOKpg

92Vp
w3

The above two equations show that is positive while is negative. There-
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fore, equation (A.37) is positive for all value of /. ranging from 0 to 1.
Finally, it needs to be shown that W, Wy, K’ and K} are non-negative; that is,

it needs to be shown that

WZ? Wg? KZ? Kg Z O‘

Equations (3.54) and (3.55) show that W} and W}, are positive by definition when
the point of conflict is between the values of 0 and 1. From equation (3.56), the

equilibrium level of investment into capital by warlord A is greater than zero when

((1*Jém)‘”“"(“‘““”sw) o
ciitop

(H\/m)‘(m)(m) > (oB)(RB)
chtop
2 (eB)(®B)
> ( B ﬁ)-

1+ —
iclotoa

\[¢ B
cptop

Likewise from equation (3.57), the equilibrium level of investment into capital by

warlord B is greater than zero when

((Hz-«/eé:%%g)-(ag)mgy(m)(m)) > 0
<1+2-,/efj§%:;)-m3)f(m) > 0

¢ Proof for Theorem 6:

Equation (3.59) is derived by substituting equation (A.31) into the CSF found above
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in equation (3.3). Explicitly,

Equation (3.60) follows by

Ty = 1—my
1

1 —
A
fCciptoa
L+4/e cB+op

ctoa
cB+top 1

~ = i :

A

icgton 14—

Lhyen T
w B

et

¢ Proof for Corollary 5:

1. From equation (3.26), an increase in ¢ will decrease 7 4:

1 et
o <_5 (cé+aA)(c5+oB))
L < 0,

2
acﬁ 1 Jciitoa
RERVAC cB+op

and from equation (3.27), an increase in ¢ will decrease 7p:

1
Omp _ 2\/eé(c$+UA)(CE+JB) <0.
och ?

1+ 1

of ciptoa
55“"‘73
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2. From equation (3.26), an increase in ¢? will increase 74:

oma orp
o8~ (@) -0

Likewise, from equation (3.27), an increase in ¢/ will increase 7p:

orp OTa
deA (@) -0

3. From equation (3.26), an increase in ¢ will increase 7 4:

—_

ol
O 4 (5 (c£+oA)(c5+aB)>
acé N jcatoa 2
(1+@/e c5+03)

ikewi T uati ) incr 1 will incr TR:
Likewise, from equation (3.27), an increase in ¢2 will increase

> 0.

1
Op  2y/el(chAtoa)(cB+op)
B 2
Jdcp

14 ——1
+ [el ciiton
CBJ""B
4.From equation (3.26), an increase in c¢? will decrease 7 4:
on or
o ()
Ocyp Ocy

Likewise, from equation (3.27), an increase in ¢y will decrease 7p:

> 0.

Orp (87r,4

- A
ey

—_— = — >0<0.
Iy )

¢ Proof for Theorem 7:

The proof and its structure of Theorem 7 is similar to the proof of Theorem 1.
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Let A4 and Ap again be the associated Lagrangian multipliers for the maximization

problems of warlord A and warlord B. The Lagrangian equations for warlords A and

B are

Ly =

Ly =

=

m(Ka+Kp)

Wp Wa

o-(te—tp)?  o(te—ta)’

) ) +Aa (NA* (Cﬁ’o%) Wa— (%)KA>§

(A.38)

( w( TV(:{AZIEB) e 2>)+AB(NB(C?,?)WB(;E)KB), (A.39)
14e \#(te=£a)” ¢(tc—tp)

Solving warlord A and B’s optimization problem for the two choice variables W

and K:

0Ly
OW 4

0Ly
0K 4

0Lp
oWpg

0Lp
0Kp

¢ (tc—ta)

(et o)
(aAm)(KA-&-KB)'(e ¢4(ZC,£B)2 ¢_([C,L,A)2 )

oy
a'< Wp - W4 > 2 = a"ﬂ‘l))\A
(1+e o-(te—tp)? ¢ (te—ta)” )
m Cp
a.( Wp Wy ) oA A
14+ o \olieatn)?  ote-ta)?
a.( W4 _ Wp >
(a.7n)(KA+KB)_ . ¢‘(‘€C7ZA)2 ¢'(2672B)2
oo(te—tp)? p
a}( W, - Wp > 2 :(a-i-l))\B
(He o(te—ta) o(te—tp)’ )
m Ck
a~( Wa _ Wp ) OB B
14+e \o(te—ta)? o(te—tp)”
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(A.42)

(A.43)



Using equations (A.40) and (A.41),

a.< Wg Wy )
(am)(Ka+Kp) | \o(te—tp)® ¢ (tc—a)*
é-(te—ta)”

2

a.( Wp Wy >
(1+c o-(te—tp)? o-(te—tn)? J

¢ (te—t4)”

a.( W ___ Wa >
a‘(KA+KB)_(e o-(te—tg)?  o-(tc—t4)?

. TA
chitoa

. °k
cé-ko‘A

¢ (te—t4)? cliton

(ea‘ <¢'(Z:V*B£B)2 - ‘15'(2«‘;:14214)2 )) .(a‘(KA+KB) .

Wp

Wa

ea-<¢><(4c—43)2 g (te—ty)?

Wa

a.( g __
¢-(te—tp)”  ¢(te—ta)?

Wg o-(te—4)* (cttoa)

1
—=-In
o-(te—tp)? @ <Ck'a'(KA+KB)—<f>'(4’c—fA)2'(C$+UA)
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)

o 71)

)

)

)

( Wg - Wi (%)
1+ew<¢‘(fc—45)2 - ¢‘(fc—4’A)2>

w( Wp - Wy 2)
l+e \¢(tc—tB)” ¢:(tc—ta)

¢'(ZC*ZA)2'(C£+0A) )

(Ck‘a'(KA+KB)—¢‘(fc—4A)2'(C$+UA)

¢"(4c4A)2‘(C$+UA) )

In
<Ck‘a‘(KA+KB)—¢‘(€c—’3A)2‘<6$+GA)

Wa
¢ (Le—tn)°

(A.44)




Performing similar substitutions for warlord B using equations (A.42) and (A.43),

(setr-satt)
(am)(Ka+KB) |~ \o(te—t4)® ¢(Lc—tp)*
¢-(te—tp)? ( )
. B
a_( W4  Wp > 2 (65+UB
(1+c ¢ (Lc—a)” ¢ (te—tp)® J
(et
a‘(KA+KB)_(e°‘ o-(te—t4)%  o-(te—tp)? ( k
¢ (te—tp)? cbtop

Wp
¢ (Le—tp)?

‘k

a‘< Wa _
(e ¢'(£C*£A)2

) ) ' (?(IZA—Z;%) Etop

Wa Wp
v o-(be—t4)%  ¢-(tc—tp)?
e c—tp c—tp
a-( Wa _ Wp
o-(te—ta)?  @(tc—tp)”

Wy ¢‘(fc—‘~’B)2‘(C5+GB)

é-(te—ta)*

Wy 1) ¢‘(40—53)2'(65+03)

1
—=In
“ <Ck'a'(KA+KB)_¢'([C_ZB)2'(CE""UB)

o-(te—ta)? @

o (te-tp)* (B ros)

n
(Ck'a'(KA+KB)¢'(ZCZB)2'<CE+UB)

)

1
—=:ln
“ <Ck'a'(KA+KB)¢'(ZCZB)2'(05+UB)

)

cp-a(Ka+Kp)=e-(te=tp)*(ch+op)

o-(te—tp)*-(cB+op)

Ka+Kp

149

)

)

)

)
)

By substituting equation (A.44) into (A.45),

m

( < -
e VO (le=ta)

_ Wp
¢-(tc—tp)”

(wmsattes)
¢ (te=ta)” o-(te—tp)®

-

1+e

( o (te—tp)*(ch+op)
eprar(Ka+Kp)—e(te—tp)* (B+op)

)

n ¢ (te=tp)*(cB+75)
ep-a-(Ka+Kp)=d-(te—tp)*(B+op)

)

(A.45)

Wp
¢ (Le—tp)*

Wp
¢ (Le—tp)*

Lttt (o)

¢ (Ck'a'(KAJrKB)¢'(fc¢A)2'(C$+°A)

)

o-(te—4)> (cti+oa)
eprar(Ka+Kp) = (tc—a)* (cih+oa)

2 (cttop)-(le—ta)?

a-cp

+=2 (A.46)

a-cp

(054»0'3)(@67@3)2.



Substituting equation (A.46) into (A.44),

Wa
o-(te—ta)?

Wa

¢(bc—t4)°

Wa

¢ (Lc—t4)?

W 14, <"'(26*‘5A)2'(C$+0A)
o-(te—tp)? @\ cprar(Ka+Kp)—o(te—t4) (cli+on)
_ W 14, o-(te—t4)*(ctb+oa)
o(te—tp)? @\ o((cthron)(te—ta)*+(cB+op ) (te—tp)?)—¢(tc—2a) (ctbtoa)
W 1 m( (65+UB)<fch>2> (A.A47)
o-(te—p)” @\ (efhroa)(te—ta) )

and substituting equation (A.46) into (A.45),

Wp
¢-(te—tp)*

Wp
¢ (Lc—tp)*

Wp
¢ (Lc—tp)?

Wa

¢ (Le—t4)?

Wa

é-(te—ta)”

_1

(e )
o M e

KA""KB)_‘f"(EC_lB)Q‘(95+”B)

¢'(ZC—ZB)2‘(CE+“B

o .ln(¢((c$+aA)(ec—zA)2+(c3+aB)(26—53)2)_¢.(ec—zB)2.(c5+aB)>

) (A48)

(et ron) (e ta)?

Using the above equations and recalling /4 = 0 and /g = 1, the equilibrium level
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of capital investment for warlord A is found; that is,

Ka = (o) (B on)een) -k

a-cp

= aﬁk ((c$+crA)-E%+(05+UB)(&71))72—E (Ngf (%+1) WB)

= aﬁk((C3+UA).43+(05+UB)(ec_n)_‘%f(mg)

Biop & chtos [ e \2 £e—1)2
() (am(Gra () ) () wa

— af‘ik ((c3+aA)-é§+(c5+03)(zc—l))—%(%)_(cBCJ;aB)(gm(%zg (35751>Q>)

B
oA (cptop | (Le—1 2( _ k. )
+Ck (cwx#»o'A)( Le ) NA UAKA

B A Yp
Ck'KA(l"'igi:i (%)2) — (cw+aczl(::)(m)_(cw+oA)fgﬁigNB+aB)_i_ﬁ((03+UA).53+(05+JB)(46_1))

cB+oB b CA+<7A Y3 2
,( wt 21n c§+0B(chl)

and rearranging the variables leads to the equilibrium level of K% in equation (3.74).
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Similarly for warlord B,

Kp = L ((cfjJraA)-Zer(cngaB)(éCfl))fKA

— ai ((c;j‘JJro'A)-Z%Jr(cBJraB)(Zcfl))f% (NAf (%Jrl) WA)

— d’ ((cf,—i—oA)Zg—l-(cg—l-ag)(&:—l))—%(?‘(,q)

cA+a'A ¢ CB+0'B Le—1)\2 4 2
—(“’T oln ;@TM(CT) +(7%7) Ws

— a_“ik ((cﬂ—f—aA)-éﬁ—l—(cg—l—alg)(Kc—l))—%(NA)_(cq‘?,;;vA) (% ln(%gizi’ (@7:1)2))

A
9B [ cwtoa Le 2( _ %k )
+Ck <65+O'B)(ZC_1) NB UBKB

B Ya
enKp (1‘5‘:%%:2(%7:1)2) _ <cg+ZBg)_~_(:§)(NB)_(Cw+oB)CgiziNA+gﬁ)+ﬁ((C$+UA>'€E+<CB+UB)“C_l))

() (s ()
“k @ cwtoa ¢

where, again, rearranging the variables leads to the equilibrium level of K7 in equation
(3.75).
Substituting the equilibrium level of capital K, from equation (3.74), into warlord

A’s constraint from equation (3.8) leads to the equilibrium number of warriors W,
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found in equation (3.72):

* — TA _ k). K*
WA (c$+aA)(NA) (cé-&-aA) KA

_ o (CE‘FUB)ZEMC*I)Z cé«l»o‘ 2
= (s )owe (’”]%((c£+oA)Zz+(c5+oB)<ec1)2 (i (s)’)

() (cB+op)(7.) (xa) (te =1 () (ctroa)(on)(Np)
citon )\ (cih+oa)@+(cBrop)te—1)2 cvton )\ (cfh+on)@+(cB+op) 1?2

_ ( 2 ) (cth+oa)(ea)(®a)+(cib+oa) (o) (Rp) _ofe2y (cBrop)ede—1)? ln(c$+aA( 0 )2)
cirtos (cthton)ed+(cBrop)tc—1)? T\ (ethton ) B (Brop)te-1)? citop Vel '

Similarly, substituting the equilibrium level of capital K}, from equation (3.75), into
warlord B’s constraint from equation (3.9) leads to the equilibrium number of warriors

W}, found in equation (3.73):

— ¢ _ (CéJFUA)lg(zc*l)? ( ,54,_ Lo—1 2)
(e o= (0t (s o) (22 ()

_( . ) (cih+oa)(op)(xp)e +( . ) (cB+op)(oa)(Ra)(te—1)2
B+op <C£+UA)83+(63+JB)(€C71)2 cB+op (c£+aA)£§+(cg+aB)(écfl)2

_ (uc1>2)<(cém)<aA>(xA>+(c$+aA)<aB><xB))_2<(ZC_1)2+<( (ethton)eiee—1? >ln(c5+03(261)2>

B+op (cih+on)2+(cB+op)te—1)2 cthton )+ (cBrop)e—1)? cpton N fe

To check that the second-order condition is satisfied for warlord A, the bordered
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Hessian for warlord A is

<
R U
B — h 02V, 02V,
ni=| - (a + 1) i (A.49)
_ Ck 9%Va 9%V
oA OK AW 5 8Ki
and is satisfied when the determinant, |H5/|, is greater than zero; that is
A g ) )
"'( B 2" 24 2> A
HE| >0 — ao e ol olet)) 2(ctyoa) (A.50)

< Wg Wy ) S (KatKp)”
@ 2 2
(1+e ¢"(ZC_ZB) ¢A(ZC_€A) )~¢>'(£c_‘€A)2

Substituting the equilibrium levels of W%, W}, K% and K} into equation (A.50):

w(%g,w%
e \ole-1? 2]

A
a < 2(cptoa)

a'< Wg _WA> cx(KA+KB)
Ite b (bc—1)2  ¢0Z 02
A
E“éiiﬁ(zfil)“ < 2(cih+oa)
o
(oefoa (o) )o@y (o))

(cf,—i—oA)Zg—(cg—l-UB) (be—1)2 < 2<cé+crA)-Zg

0 < (c+oa)l+(cBtop)te—1)%

To check that the second-order condition is satisfied for warlord B, the bordered

Hessian for warlord B is

i Ck
0 - (a t 1) “on
B B 2 2
wB — | _ (& Vg Vg A.51
B opB + 1 8Wé 6WBKB ( )
_ Ck BQVB 82‘/3
oB OKpWpg K%,
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and is satisfied when the determinant, |H%|, is greater than zero; that is,

w w
HE| >0 — o ~eatir swior) 2(cti+o5) (A.52)

a~< Wap  Wp ) S (Ka+Kp)”
(lJre ¢'(ZC—ZA)2 ¢'(zc—eB)2 ).¢.(zcg3)2

Substituting the equilibrium levels W}, W}, K% and K7} into equation (A.52):

¢ e2 o (z'c—1>2) L

< 2(CE+GB)
(1+e ' j ‘HZC 1 )qb(éc—l)Q

o
cp(Ka+Kp)

2

N ton Lty _ 2(cBrop)
<1+Cw+03 ec—1)2>¢(ec 1)2 L ((cthi+oa)+(cBrop)c-12)
Cw‘H"A

(B ton)te-1P~(chtoa)2 < 2(cl+on)(te-1)?

0 < (cé—l—aA)€g+(05+03>(ﬁc—1)2.

¢ Proof for Theorem &:

Equation (3.77) is derived by substituting equations (3.72) and (3.73) into the CSF

found above in equation (3.3). Explicitly,

1
S Em——
1+e ¢(tc—tp)?  ¢(tc—tp)?
1

cBop <ec—1>2)

—1
1+e n(%ﬁ”A ke

1 1

A 2 2"
ln(cw-l—UA %) C +0’A L
1+e \cbtop et 1+ s (25
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Equation (3.78) follows by

¢ Proof for Theorem 9:

= 1—7
1 1
1+ gtoa (f—)Q
co+op \ le—1
1
vz ()

The proof for Theorem 9 begins by maximizing warlord A and B’s optimization

problems for the two choice variables W and K. Let A4 and Ag be the associated

Lagrangian multipliers for maximization problems (4.2) and (4.3). The Lagrangian

equations for warlords A and B are

XA = ( m:K

1+e°“(WB*WA+¢'2)

m-K

B = (1+ea<(WA—WB—¢»l7

Therefore:

Pl

B

e VWA gy )
(1+ea(wB,WA+¢.g))2 o A

m-(1—€c)-B (1—(1—0.).8)=Ck.
112 (Wp-Wa+e:0) Fm-(1=(1=4e) B)="5"2a
am-R.e®Wa—Wp—¢-0)

=(<24+1)-A
(1+e0“(WA*WB*¢'2))2 ( ot ) b
m-te — - (1—Le-B)="E.)

14 (Wa-Wp=o-0) ¢ s OB
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)+(mKA)-(1f(1fec)ﬁ)+AA (Nr(%%)wr(;—’;)m) (A.53)

s )micn) (1-teiyinn (va- (Eizn wa () Kn)  (A.54)

(A.55)
(A.56)
(A.57)

(A.58)



From equations (A.55) and (A.56),

me(1—te)- o\ — (amRe ~(WB— 4)
(Hea(vx/(;fvv),erWZ) +m-(1*(1f£c)'5))'(§> = ( s )-(Hea(v;f;_v‘:;‘l:j;é))z

~—"
I
o
i
qQ

AN 2
1+e°‘(WB*WA+¢'Z)
1 ( ] , m(-t)B g ). (e
(‘1"’" ea(WBfwAJrqb-Z) (1+8a(WB—WA+¢.Z)+m (1 (1 ec) 5)) (Ck

(s Hosose et aset) nuem) () = &
(i) (oo ao-ma) () =
(iiay ) (et sty o-a-m) (557) = & (A59)
and from equations (A.57) and (A.58),
(st rma—ten)-(5) = (<a~m>- (Sj&foBd’f%z) (%)
(cﬁn‘(lza((vij—_v:j—_:;) 2)'<1+ea(v5:£—c?53—¢-é)+m'(1_£°”8)>’<;> =
(e ) (o ettt onn) () = Lo
() (el omem) (25) =
(s (Do) (252) = & (4.60)
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Equating equations (A.59) and (A.60) leads to the following relationship:

(He“(WB’WA”'Z) ) (14 (2 E=Wate D). 1-(1-£0)-8) ) = ( 1WA~ W5 =00 ) (14 (A= WE D) (1-4,-5)).

a(Wp—W4+¢-0) ca(Wa-Wp—¢-0)
From the definitions of 74 and 75 found in equation (3.41),

a(=1)(Wa=Wp—¢-0) _ 1 )
ea~(WA—WB—¢.é)

ea-(WBfWAer)-f) — e

Substituting the above equation into (A.61),

( Lyt (Wp =W +6-0) ) . (H (ea(WBfwAw.i)) .(17(1—86)-6))

a(Wp—Wy+¢-0)

_ ( 142 (Wa-Wp—¢-0) ) . (1+(e&(WA—WB—¢‘Z)) ~(1—Zc~ﬁ)>

a(Wa-wp—9¢-0)

( L4 (Wp=Wa+o:d) ) ) (1+ (ea(wB—WA+d>-é)) .(1_(1—ZC)~6))

ea(WB—WA+¢>~12)

:(ea(WB—WA+¢-2)>.(1+e0‘(WB_WA+¢'2)).(1+ 1—t0-8 )

2(Wp—W4+¢-0) a(WE=-W4+0-0)
L (e2(WB=WateD) ). (1-(1-t)-B)= (e (WB=WateD ) 11—r..5
ecﬂz(ea(WB*WAw-f)).(146)./3

eo‘(WB*WA+¢'Z):1& and e (Wa-Wp—of)_1-tc (AG]')

—kc Le

in which,

Wa=Wp+e¢-0—Ln( &

) (A.62)
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and

Wp=Wa—¢-l+L (o). (A.63)

1—

Substituting (A.61) into either (A.59) or (A.60),

B = () o N o) ()
= (lté?c)-(u(lz‘zc)-(l(186)-6))-(?;’)
= () (vt —tes) (b2)
= (R (2r-ten)(252)
K = (ot o) (32) (A64)
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Using the equations (3.38), (A.62), (A.63) and (A.64)

K = (md=m-8)(252)
Ka-(1-L)-B+Kptef = (7= *ﬁ)'<c§ijkg)
Ka(—t)B = (i —8) (222)-Kpte8
Ka = (zc~(11—fzc>_5)'(<1—}c)~5)'(Cﬁj:)_KB’lfcfc

= (md=w8) (aoas) (28)-(2) (%) (Re-(2+1) W)

= (= 0) (aetom ) (257)

(R ) (25 ) (Rm= (1) (Wamo bt doin(55)))

= (ma—w8) (s )'(cﬁjkc)* (i)( s )-(Rat+2-Ka)

Ka(hts) = (mam—0) (o) (282) - (5) (%) (s —xa)

15 = () 0 (250 )-((3) (rrrtrar 1) + e n(22i ) - (oo D)



Similarly for warlord B,

Ke = (rrm—8) () (2E2)-Ka(252)

= (o) () (457) - (52) ey (2)

= () (a0t (8Hn(50)) + (rortars 1) (£ 59)) 00 (£) (e —a)

Ky = (222)(a—L)(¢h+in () +(7mmtms—1) )+ (1—to) (&) (ke —Ra).

Substituting the equilibrium level of capital K%, from equation (4.8), into warlord
A’s constraint from equation (3.38) leads to the equilibrium number of warriors W7,

found in equation (4.6):

Wi(e) = (%)

= Na—le®a—Rp)+(2252)((3) (ratays — ) T n(55% ) - (o) d)

= Nttt (41) (3 (s —1) (525, )-0eo))

Wi = () Mttt —((2) (ke 1)+ n(e) (6o d).

Similarly, substituting the equilibrium level of capital K73, from equation (4.9), into

warlord B’s constraint from equation (3.38) leads to the equilibrium number of war-
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riors W}, found in equation (4.7):

Wi(241) = No-(%)K

o

= o (30 (1m0 (084(15)) (1) 1) )

= Ra(lle)+Rple— (82 )- (o (1=Le) (o0 (1572 ) )+ (ot 1))

Wi = (5% ) Ra(l—€)+Rp-le) = L (a-(1—Le)- (¢ b+ (255 ) )+ (tes 1) )-

cw+o

To show the second-order conditions, the bordered Hessian for warlord A again is

(G _ Sk
ME— | _(myn) oy v (A.65)
o 8Wi OWAKA
_Ck 92V, 92V,
o OK AW 5 8K124

and is satisfied when the determinant, |H5|, is greater than zero; that is,

ML = () () (s ) () () () -()-(sas ) )0

A

Using equations (A.55), (A.56), (A.62), (A.63), taking the appropriate derivatives
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and substituting into the above equation

"Hﬁ‘ — 2.(6;1;+1)_(< ea-(WB—WA+¢lc) )2) -(a-m)-(lféc)-ﬁ

e (Wp—Watote)

ea-(WB*WAJrééC) <ea'(WB*WA+¢ZC)71> A
(%) -(am)-
( ’ ) (1+ea'(WB*WA+¢ZC)>3 (cem)-K>0

= 2»(67“’—4-1)-(a~m)-(1—46)ﬂ—<

o (Wp=Wateote) ~
eor(WBfWA+¢@c)+1 (a m) K>0

le
= 2'(?“)'(1_[0)"‘3_(?)'( l?fni)'(clii”)'(ec~<1iecm—1)>0

T—7c

= 2:(1—Le)-B—(2e=1)-( gy —1) >0

= 202l B gy +2 e B~>0

— 2.00—1
B> goi=to)

= {cB—L2B>24.—1

= 0>02-B+L.-(2—B)—1,

where (- 8+ (.- (2— ) —1=0 when

B-2+/(2-B)+4-B _B-2+/4+p
2 ‘

fe= 5 25

Therefore, [H5| > 0 when 8 —24 /4 + 32 > (.- (2-f).
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To check that the second-order condition is satisfied for warlord B,

_(c _
0 (+1) -2
B — Cw 82VB 62‘/3 A.
Hp — (% +1) w3 OWpKp (A.66)
_ck 0%Vp 0%Vp
o OKpWp K2

and is satisfied when the determinant, |H%|, is greater than zero; that is,

gl = () (%) (it ) ~(2) (%) () (2 0) (525 ) ) >0

2 ¢ 2 . 2
= (eo0) (ks )~ (2 (58 ) +(24) (arpiiz ) >0

= 2 () (g ) (%) (508 ) >0

B

Using equations (A.57), (A.58), (A.62), (A.63), taking the appropriate derivatives
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and substituting into the above equation

B = L Cw . e (Wa-Wp—éte) (aem)-Le-
M5 (e +1) ((lﬂa,(WAWBMC))Q) (@wm)-£e-B

ea'(WAfwadﬂc)(eop(WAfWquﬁZC)il) R
7(%) «(avm)-K>0

(1+e"'(WA*WB*¢ZC))3

ea»(WA7W37¢n£C)71 ~
(a-m)-K
o (Wa—Wp—ale) (om)-K>0

1-te

— 2.(?+1).zc.5—(?)-<lgc[c+1>.(cwC;ra)-(gcA(liec)A5—1)>o

= 24eB—(1-20e)(aieys—1)>0

= 2lef— i 8- (1-2:£)>0

= Ble—L2B>1-20,

= —£2.B+Lc-(2+B)—1>0,

where —(2- 3+ (.- (2+ ) — 1 =0 when

~2+p)VETA 1B _(2+Hx (=) VETH 13

= 2.7 - e

Therefore, |H5| > 0 when /.- (2-3) > (2+5)i(_1)2'_5” G947 From the above analysis,
the second-order conditions for warlord A and warlord B are both satisfied when the
location of the point of conflict satisfies equation (4.4).

¢ Proof for Theorem 10:
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Equation (4.12) is found by substituting in equation (A.61), found in the above

proof, into equation (3.41). Explicitly,

. 1
™ = -
4 14 e (Wh-Witehe)
B 1
e
B 1—4.
R
= 1—/.
Equation (4.13) follows by
g = 1—my
— 1-(1-1)
= /.
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