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ABSTRACT

The topic of this dissertation lies at the interface between the areas of Har-
monic Analysis, Partial Differential Equations, and Geometric Measure The-
ory, with an emphasis on the study of singular integral operators associated
with second and higher order elliptic boundary value problems in non-smooth
domains.

The overall aim of this work is to further the development of a systematic
treatment of second and higher order elliptic boundary value problems using
singular integral operators. This is relevant to the theoretical and numerical
treatment of boundary value problems arising in the modeling of physical phe-
nomena such as elasticity, incompressible viscous fluid flow, electromagnetism,
anisotropic plate bending, etc., in domains which may exhibit singularities at
all boundary locations and all scales. Since physical domains may exhibit as-
perities and irregularities of a very intricate nature, we wish to develop tools
and carry out such an analysis in a very general class of non-smooth domains,
which is in the nature of best possible from the geometric measure theoretic
point of view.

The dissertation will be focused on three main, interconnected, themes:

A. A systematic study of the poly-Cauchy operator in uniformly rectifiable

domains in C;

B. Solvability results for the Neumann problem for the bi-Laplacian in infi-

nite sectors in R?;

C. Connections between spectral properties of layer potentials associated with

second-order elliptic systems and the underlying tensor of coefficients.

Theme A is based on papers [16], 17, 18] and this work is concerned with
the investigation of polyanalytic functions and boundary value problems as-
sociated with (integer) powers of the Cauchy-Riemann operator in uniformly
rectifiable domains in the complex plane. The goal here is to devise a higher-

order analogue of the existing theory for the classical Cauchy operator in which
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the salient role of the Cauchy-Riemann operator 8 is now played by 8 for
some arbitrary fixed integer m € N. This analysis includes integral representa-
tion formulas, higher-order Fatou theorems, Calderén-Zygmund theory for the
poly-Cauchy operators, radiation conditions, and higher-order Hardy spaces.

Theme B is based on papers [3, [19] and this regards the Neumann problem
for the bi-Laplacian with L” data in infinite sectors in the plane using Mellin
transform techniques, for p € (1,00). We reduce the problem of finding the
solvability range of the integrability exponent p for the L” biharmonic Neu-
mann problem to solving an equation involving quadratic polynomials and
trigonometric functions employing the Mellin transform technique. Addition-
ally, we provide the range of the integrability exponent for the existence of a
solution to the L? biharmonic Neumann problem in two-dimensional infinite
sectors. The difficulty we are overcoming has to do with the fact that the
Mellin symbol involves hypergeometric functions.

Finally regarding theme C, based on the ongoing work in [2], the emphasis
is the investigation of coefficient tensors associated with second-order elliptic
operators in two dimensional infinite sectors and properties of the correspond-
ing singular integral operators, employing Mellin transform. Concretely, we
explore the relationship between distinguished coefficient tensors and LP spec-

tral and Hardy kernel properties of the associated singular integral operators.
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CHAPTER 1

Preliminaries

In this chapter, we introduce notation and review a number of definitions

and theorems used in the dissertation.

1.1 Geometric Measure Theory

Throughout, we shall work in R? = C and we agree that £? stands for
the two-dimensional Lebesgue measure, while H! denotes the one-dimensional
Hausdorff measure in R?. For z € R? and r > 0 we let B(z,r) stand for the

open ball in R? centered at z with radius 7.

Definition 1.1. A closed set ¥ C R? is called an Ahlfors reqular set provided
there exist constants ¢,C' € (0,00) such that cr < H'(B(z,7)NX) < Cr for
all z € ¥ and r € (O,diamE).

Definition 1.2. For any Lebesque measurable set Q C R?, denote by 0,8) the

geometric measure theoretic boundary of 2, defined as

> 0, (1.1)

2
r—0t r

L2(B(z, )\ Q) . O}.

L?(B NnQ
0,8 := {x € 0N : limsup ( (z,7) )

lim sup

2
r—0+ r



Definition 1.3. Q C R? is said to be a set of locally finite perimeter provided
it is Lebesque measurable and H* (@*QHK) < oo for each compact set K C R?.

As is apparent from Definition [I.1] and Definition [I.3] any open subset
) C R? with an Ahlfors regular topological boundary 9€ is a set of locally
finite perimeter. Given a set of locally finite perimeter Q C R2?, a classical
result of E. De Giorgi and H. Federer gives that the characteristic function 1q

of €2 satisfies
Vig = —v (H'0.Q) in [D'(R)], (1.2)

where v € [L“(&Q,Hl)]z is a vector field, henceforth referred to as the
geometric measure theoretic (GMT) outward unit normal to 2, and | denotes
restriction. Also D’(R?) stands for the space of distributions in R?. Hence, if

we abbreviate
o :=H'00 and o, = H'[0.Q = 50,0, (1.3)

we may simply recast ((1.2) as V1g = —vo, in the sense of vector distributions
(cf. [22]) in R2
The following definition of uniform rectifiability is due to G. David and

S. Semmes (cf., e.g., the discussion in [26]).

Definition 1.4. ¥ C R? is said to be a uniformly rectifiable set (or UR set,
for short) if ¥ is a closed Ahlfors regular set with the property that there exist
constants e, M € (0,00) such that for each z € ¥ and each R € (O, 2 diam (E))
it is possible to find some Lipschitz map ¢ : [0, R] — R? with ||¢/||z= < M
such that

H' (SN B(z, R) N ([0, R])) > ek. (1.4)

Also, recall the definition of a UR domain (cf. [II]).

Definition 1.5. An open set Q C R? is called a UR domain provided that 09
1s a UR set and
H' (90 0.) = 0. (1.5)



Given a set Q C R? let
Q. :=Q and Q_:=R?\Q, (1.6)

where bar denotes topological closure. It turns out that if €2 is a UR domain
with geometric measure theoretic outward unit normal vector v then _ is
also a UR domain such that 0,(Q_) = 0.8, 9(Q2_) = 01, and whose geometric
measure theoretic outward unit normal is —v.

The following definitions are due to D. Jerison and C. Kenig in [13]

Definition 1.6. Fiz R € (0,00] and C € (0,1). An open set Q C R? satisfies
the corkscrew condition if for each x € O and r € (0, R) there exists a point
z € Q with the property that B(z,Cr) C B(xz,r)NQ. The point z € Q is called

a corkscrew point relative to x and r.
Next, we recall the Harnack chain condition.

Definition 1.7. Fiz R € (0,00] and N € N. An open set Q C R? is said
to satisfy the Harnack chain condition provided whenever ¢ > 0, k € N,
z € 00, r € (0,R), and z,y € B(z,r/4) N Q satisfy |z — y| < 2% and
min {dist (z, 9Q), dist (y.002)} > e, there exist open balls By, Bs, ..., Bk in
R? with K < Nk, such that v € By, y € Bk, and B; N\ By # 0 for every
ie{l,..., K —1}, and

N~ diam (B;) < dist (B;, 02) < N - diam (B;), (1.7)

diam (B;) > N~' - min {dist (z, B;), dist (y, B;)}, (1.8)
for everyi € {1,...,K}.
With Definitions [1.7H1.8| in hand, following [I3], recall the notion of NTA

domains.

Definition 1.8. Fiz R € (0,00] and N € N. An open, nonempty, proper
subset Q0 of R? is said to be a nontangentially accessible domain (or simply an
NTA domain) if it satisfies the Harnack chain condition, and if both Q0 and

R2\ Q satisfy the corkscrew condition, with bar denoting topological closure.



The following definition introduces the nontangentially accessible bound-

ary.

Definition 1.9. For any given nonempty open proper set €0 of R2, the non-

tangentially accessible boundary of §2 is defined as

Ontal) i = {.CE €0 :xel(x) foreach k>0 } ) (1.9)

1.2 Calderén-Zygmund theory and the Diver-

gence Theorem in UR domains

Fix a UR domain © C R2 in the sense of Definition and let v be
the geometric measure theoretic outward unit normal vector and o be the
surface measure. Let ¢ (R?) denote the space of continuously differentiable
functions in R? and define the tangential derivative 9,¢ of any given function
o € €1 (R?) as

Orp =11 ((9y90)’ — 1 (333@)‘

. 1.10
Clg) 0 ( )

More generally, we shall say that the tangential derivative of some function
f e LrP(02,0) with 1 < p < oo exists and belongs to the space LP(0%, o) if
one can find a function 0, f € LP(0S), o) with the property that the following

formula (mimicking integration by parts on the boundary) holds:

f(0rp)do = —/ (0-f)pdo for each o € €} (R?). (1.11)
20 20

Above and throughout, LP(052, o) stands for the Lebesgue space of p integrable
functions on 9 with respect to the measure o, while €!(R?) stands for the
space of continuously differentiable functions with compact support in R2.
Finally, for each p € (1,00) define the boundary Sobolev space (cf. [11], [23],
126))

LY (09, 0) := {f € LP(09Q,0) : O.f € LP(002,0)}, (1.12)

and equip it with the natural norm || f{|zro0.0) = ||fllzr@0.0) + (|05 f1 L0020 -



Next, we introduce the notions of the nontangential maximal operator and
boundary trace. The nontangential approach regions of aperture x € (0, 00)

are introduced as
[w(zo) := {x €Nl —xo| < (1+k) dist(x,@Q)} for each xy € 0. (1.13)

Then the nontangential maximal operator N, acts on each L£2-measurable

function u :  — R? according to
(New) (@) = ||ul| oo (ry (2), 2) for each z € O, (1.14)

where L>®(T',(x), £?) stands for the space of essentially bounded functions on
T'.(z) with respect to £2. If 2 is an exterior domain, that is € is the comple-
ment of a compact subset of R?, it is assumed that the nontangential maximal
operator is truncated. In addition, we agree to denote by (u‘;;t)(:vo) the
k-nontangential trace of a given £?-measurable function u : Q — R? at the
point zg € 99, defined as the vector (which is unique, if it exists) y € R? with
the property that

for every € > 0 there exists » > 0 such that

(1.15)
lu(x) —y| < € for L2-a.e. x € T'(x9) N B(wo,7),
that is,
(u{;;' Nzo) == lim  w(a). (1.16)

Tx(z0)dz—20
The result below, found in [11], regards Calderén-Zygmund theory properties

for singular integral operators of Calderén-Zygmund type in UR domains.

Theorem 1.10. Assume Q C R? is a UR domain with geometric measure
theoretic outward unit normal vector v and surface measure o = H'|0Q). Fix
an aperture parameter k € (0,00) and an integrability exponent p € (1,00).
Suppose that k € €>(R*\ {0}) is an odd and positive homogeneous function

of degree —1. Define the singular integral operator

TF(x) = /m Kz — ) f(y) doly), = R®\ A0, (1.17)



and for each € > 0 consider the truncated boundary-to-boundary operator T

given by
T.f(2) = / k(e — 9)f(y) doly), = € o9, (1.18)
O\ B(z¢)

and the maximal operator T, given by

T.f(x) :=sup|T.f(z)|, =€ . (1.19)
e>0

Then the following properties hold:

(1) For each f € LP(002, o) one has

(2) For each f € LP(00Q), o) the limit

T* f

|LP(8Q,J) N HfHLp(BQ,U)- (1.20)

Tf(x):= lim T.f(x) (1.21)

e—0t
exists for o-a.e. point x on 0S) and the following jump relation

K—n.t. -1 ~

T () = F—— - k(w(2)) - f(x) + Tf(x) (1.22)

o0+ 2

holds for o-a.e. point on O where Qy = Q and Q_ = R?>\ Q. Here k

denotes the Fourier transform of k.

(8) For each f € LP(0),0) one has

HNK(Tf)HLp(aQJ) 5 Hf”LP(aQ,a)- (1.23)

Another very useful tool is the following Divergence Theorem with non-
tangential traces. This result can be found in [25] in the more general case of

domains in R™ with n > 2 and with a lower Ahlfors regular boundary.

Theorem 1.11. Let Q C R? be a UR domain with outward unit normal vector

v and surface measure o = H'|0Q. Fiz an aperture parameter r € (0,00) and



assume that F = (Fy, Fy) : Q — C? is a vector field with Lebesque measurable

components, satisfying

ﬁ’gén't' exists at o-a.e. point on OS2, N.F belongs to the

. (1.24)
space LY (082, 0), and divF := O\ Fy + O, F5 € LY(Q, L?),

where all derivatives are considered in the sense of distribution in €.

Then there holds

/ divF dL? = / ” (ﬁ\;&“) do (1.25)
Q N

when either Q is bounded, or 0S) is unbounded.

1.3 Second-order elliptic systems in the plane

Let M € N and consider a collection of complex numbers A := (a®?) 1<p5<2 .
1<a,B<M
Associated with A, consider the second-order M x M system in R?, with con-

stant complex coefficients, written as

Lau = (0,(a2?Oyug)) (1.26)

1<a<M

when acting on a € vector valued function u = (ug) Here the Einstein

1<B<M*~
summation convention over repeated indices 1 < r,s < 2and 1 < g < M is
used.

Given a second-order M x M system L in R? and a collection of complex
numbers A = (a?) 1<,s<2 , we shall say that A is associated with L, and

1<a,B<M
write A ~ L, provided

L =L,, where L, is as in (|1.26)). (1.27)

In such a case, we shall say that A is a coefficient tensor associated
with L. Denote the collection of all coefficient tensors associated with L by
2y, that is

A, = {A = (a®?) 1<r5<2 : each a2’ belongs to C and L = LA} . (1.28)

1<a,f<M



Note that there are infinitely many coefficient tensors associated with the
second-order elliptic operator L. Indeed, let B = (b2?) 1<, s<2 be a collection

.
*1<apM
of complex numbers which is antisymmetric in its lower indices, that is,

b = s

ST )

forall1 <o, <M andall 1<r,s<2. (1.29)

Then, for each A € 2y there holds that A + B = (a®? + v29) 1<,4<2 also
satisfies A + B € 2. This is since for each o € {1,..., M} therlegicﬁ)lsci\g that
Oy (b2P05ug) = —0, (b2°0,us), implying that 0, (b570,us) = 0. Ultimately
this gives that Ly, = L4 = L, as desired.

Below, let Re denote real part and bar denote complex conjugation.

Definition 1.12. Assume that M € N and fiz a second-order M x M system

L in R%. Call the coefficient tensor A = (a®?) 1<,5<2 € 2y, positive definite
1<a,f<M
provided there exists a real number k > 0 such that

Re (A(, C) = Re (a77¢C5) 2 wl¢]®, V(= (¢) 1<rc2 € CM 0 (1.30)

1<a<M

Also, call A = (a%P) 1<rs<2 € Ay, positive semi-definite if

TS
1<a,B<M

Re (A¢, ) == Re (a77¢JCz) >0, V(= (¢) 1zrz2 € CM (1.31)

1<a<M
For example, consider the 2 x 2 Lamé system in R?, given by

Lyu:= pAu+ (p+ \)Vdivu (1.32)

where u = (ug), 5, 18 @ %? vector valued function, and parameters p > 0

and A € R are fixed such that g+ A > 0. Then, for each r € C set
a?,f(r) i= 110,100 + (1 + A — 7)6j00k5 + 76;50ka, (1.33)

for 1 < j,k<2and 1 < a,8 < 2, with § denoting the Kronecker symbol.
Then, if

A(r) = (a?,f(r))lgj,kgg where a?,f(r) is as in (1.33)), (1.34)

1<a,6<2



there holds that
A(r) €Ay, , for each reC. (1.35)

Next, fix r € C and ¢ = (") 1<r<2 € C**2 and write
1<a<2

Re((A(r)¢, 0)) = Re (a3 ()67
— u|¢ + Re ((u FA— r)ajaakﬁ(ggg_g)) + Re (réjgaka(ggg_g))
— P+ Y [(u + MRe (gﬁ) — Re (rcg@ + Re (rgg@]
a,f=1
= pl¢* + (u+ A = Re(r))| Te(¢)]* + Re (r- Tr (¢ €))
> pl¢]* = (u+ A = Re(r) " [Te(Q)]* — |r| | Tr (¢ - ¢)| (1.36)

where 7 := —min{0, z} is the negative part of 2 € R, while Tr denotes the
trace operator of matrices in C?*?, and - denotes matrix multiplication. Note

that

ITr(Q)] = (¢, I)r < |I¢IplI][F = V2IC], (1.37)

where (-, ) is the Frobenius inner product and || - || is the Frobenius norm,
defined by setting (A, B)p := Tr(ATB) and ||A||r := /(A, A)r, respectively,
for all A, B € C?*2. Here the superscript T indicates transposition. Combining

this with , we obtain
Re((A(r)¢,€)) = ulC[* = 2(p + A = Re(r)) T[] — |r| [Tr (¢ ()] (1.38)

Moreover, using the triangle inequality and the fact that 2ab < a® 4 b? for real

numbers a, b,

B 2 1 2
Te(C-Q) < YISl < 5 > (IGEP+1651%) = I (1.39)

Cl{,ﬂ:l a»ﬁzl

Using this and (1.38]) we arrive at

Re({A(r)¢, €)) > (1 — 2(u + A = Re(r))™ = [r])I¢[*. (1.40)
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Consequently,

the coefficient tensor A(r) from ([1.33))-(1.34))

(1.41)
is positive definite whenever (u — 2(u + A — Re(r))™ —|r]) > 0.

Note that, (1.41)) is satisfied whenever A + u — Re(r) > 0 and |r| < p, and
that in this case the coefficient tensor A(r) is positive definite with constant

K=pu—|r|

Definition 1.13. Assume that M € N and fiz a second-order M x M system

L in R? with constant, complex coefficients. Let A = (a®F) 1<rs<2 € Ap. The
1<a,B<M

coefficient tensor A is called Legendre-Hadamard elliptic provided there exists

a real number k > 0 such that the following condition is satisfied:

Re (a’?sﬁgrgsn_anﬁ) > ’43|5|2|77|2,

(1.42)
VE=(&)i<r<2 € R? and V1 = (11a)1<a<m € CM.
Moreover, the coefficient tensor A is called weakly elliptic provided
det [(al& € 1<apn] #0, V&= (&)1<rce € R?\ {0} (1.43)

Note that the positive definiteness condition implies the Legendre-Hadamard
ellipticity condition. This is readily seen by observing that, given any vectors
£ =(&)1<r<2 € R? and n = (M) 1<a<mr € CM | if we consider a complex-valued

CQXM

matrix ¢ = ({}) 1<r<2 € with components (!, := &1, then |(| = |£]|n].

1<a<M
Next let us also notice that the Legendre-Hadamard ellipticity implies
weakly ellipticity. Indeed, if a coefficient tensor A = (a®?) 1<,s<2 is Legendre-
1<a,B<M

Hadamard elliptic, then ((1.42)) implies that for each & = (&,)1<,<2 € R\ {0},

the characteristic matrix L(¢) := (a226,&), .. <y Satisfies

Re ((L(&)n,m) > KlEPml*, V0= (a)icacar € CM. (1.44)

This forces for each ¢ € R?\ {0}, L(&) is positive definite matrix which further

implies that A is weakly elliptic. In summary, for every A € 2, we have:

A is positive definite = A is Legendre-Hadamard elliptic

—> A is weakly elliptic. (1.45)
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Example 1.14. Let r € C and A(r) be as in (1.34)), the coefficient tensor of
the Lamé system L, , from (1.32). Then, straightforward calculations yield
that for each & = (&,)1<,<2 € R? and each 7 = (14)1<a<2 € C?, there holds

aly (M&&mans = €l Inl® + (w+ A€, )& 7)

= ul€Pnl* + (u+ NIE ). (1.46)

In particular a?‘,f (1)€;&kMans € R and thus

Re (a3, (r)&;&ans) = a5y (r)&&ans > ul€l*Inl*. (1.47)

This implies that the coefficient tensor A(r) from (|1.34)) satisfies the Legendre-
Hadamard ellipticity condition for all » € C. From ([1.45]), A(r) is also weakly
elliptic for all r € C.

The theorem below states the properties of a special fundamental solution
associated with a second-order weakly elliptic differential operator L in R2.

These properties can be found in [30] (cf. also [20]) in R™ for n > 2.

Theorem 1.15. Assume that L is an M x M weakly elliptic, second-order
system in R?, with complex constant coefficients as in (1.26). Then there
exists a matriv E = (Eag)1<ap<m whose entries are tempered distributions in

R2 and such that the following properties hold:

(a) For each o, 8 € {1,..., M}, there holds that E.5 € €>(R*\ {0}) and
Eos(—1) = Enp(x) for all x € R?\ {0}.

(b) If 6, stands for Dirac’s delta distribution with mass at y then for each
indices o, 3 € {1,..., M}, and every x,y € R?,

0 ) ’
000, ool — )] = { ARG

(c) For each o, B € {1,..., M}, one has

E.5(x) = ®op(z) + capln |z, Vo € R*\ {0}, (1.49)
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where (Cap)y<q p<ps € CM and @5 € €(R?*\{0}) is a homogeneous
function of degree 0.

(d) For each v € N} there exists a finite constant C, > 0 such that for each
r € R*\ {0} there holds

Cy |zl iy >0,

(1.50)
Co(L+ |Ifell) if ]| =0.

07E(z)] < {

(¢) When restricted to R2\ {0}, the (matriz-valued) distribution E is a €

function and, with “hat” denoting the Fourier transform in R2,
~ —1
E¢) = - [(frfsafff)lgaﬁgM] for each & € R?*\ {0}. (1.51)

(f) One can assign to each elliptic differential operator L as in (1.26) a
fundamental solution Ep which satisfies (a)-(e) above and, in addition,

(Er)" = Ep v, where the superscript T denotes transposition.

(g) In the particular case M = 1, i.e., in the situation when L = divAV
for some matric A = (a,s)1<rs<2 € C**2, an explicit formula for the

fundamental solution E of L is

1
Ay /det(Agm)

for x € R*\ {0}. Here, Ay = 5 (A+ AT) stands for the symmetric
part of A and log denotes the principal branch of the complex logarithm

E(x) log({(Asym) '@, ) (1.52)

function (defined by the requirement that 2 = e'°6% holds for every

2z € C\ (—00,0] and everyt € R).

The following result from [30], describes equivalent properties for coefficient
tensors of a given second-order weakly elliptic system. Throughout .#”(R?) will

stand for the space of tempered distributions in R2.

Proposition 1.16. Let L be a homogeneous, second-order, constant complex

coefficient, weakly elliptic M x M system in R?, and consider the inverse of the
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characteristic matriz of L, i.e., introduce the matriz-valued function defined

for each & € R*\ {0} as

E(¢) := (Eqy5(8))1<yp<nr = [L(E)] " € CM (1.53)

Also, denote by E = (Eup)1<a,p<m the fundamental solution associated with

the given system L. Then for each coefficient tensor A = (a®?) 1<rs<2 € Ap
1<a,f<M
the following conditions are equivalent:

(a) For each s,s' € {1,2} and each o,y € {1,..., M} there holds

(zgal® — 2,0°%)(0,E5)(x) = 0 for all = (;)1<j<2 € R?\ {0}.

(1.54)
(b) For each s,s' € {1,2} and each o,y € {1,..., M} there holds
(240’ — 2,05%)(0,E.5)(x) = 0 in 7" (R?). (1.55)
(c) For each s,s" € {1,2} and each a,y € {1,..., M} one has
|afe0e, — a0k, | (6B (€)] = 0 in 7/ (R2), (1.56)

(d) For each s,s" € {1,2} and each o,y € {1,..., M} one has

(a7 — ale + &al00c, — &alo0e )E5(E) = 0 for all £ € R*\ {0}

(1.57)
and also
[ (@6 a5 s Euale) anic) = (1.5%)
s
(e) One has
£T€S [ fg( )\H + a/\ﬂ> a’fg( 2!; + a)\'u)] Eﬂﬁ(g) + ass - a’s s =0
(1.59)
for all € € S*, all 5,8 € {1,2}, and all o, \ € {1,..., M},
with the cancellation condition
[ (a6 = alse) Bt ar(©) = 0
g1 (1.60)

for all s,s" € {1,2} and a, A € {1,..., M}.



(f) For each ¢ € S' and each a, X\ € {1,..., M},
the expression (aif + a?‘f) E,5(6)E8a% — ale
is symmetric in the indices s, s € {1,2},

with the condition that for each a, A € {1,... M}

the expression /

. a8 €0 & B (€) M (€)

is symmetric in the indices s,s' € {1,2}.
(g) There exists a matriz-valued function

k= {kyoticyacns : R?\ {0} — CM*M

14

(1.61)

(1.62)

(1.63)

with the property that for each v, € {1,..., M} and s € {1,2} one has

aP?(0,E,5)(7) = xskya(z) for all z € R?\ {0}.

(1.64)

(h) For each indices o,y € {1,..., M} and each vector & = (&,)1<s<2 € R?

one has
aje& (0, Byp)(x) = 0 for each x € (€)"\ {0},

We also recall the following definition from [30],

(1.65)

Definition 1.17. Given a second-order, weakly elliptic, homogeneous, M x M

system L in R?, with constant complex coefficients, call

A= (CL?E) 1<rs<2 € 91L
1<a,f<M

(1.66)

a distinguished coefficient tensor for the system L provided any of the condition

(a)-(h) holds. Also, denote by A% the family of such distinguished coefficient

tensors for L. That is

AN = {A = (a®?) 1<r,5<2 € Ay, :conditions (1.59)-(T.60) hold

1<a,8<M

for each s,s" € {1,2} and a, A € {1,..., M} }

(1.67)
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The following two propositions, again from [30], address the existence and
uniqueness of distinguished coefficient tensors under different type of ellipticity

assumptions.

Proposition 1.18. Let M € N and consider a homogeneous, second-order,
constant complex coefficient, M x M system L in R? which satisfies the Legendre-
Hadamard ellipticity condition. Then #2A% < 1, i.e. A% s either empty or

a singleton.

Proposition 1.19. Let M € N and consider a weakly elliptic, homogeneous,
second-order, constant complex coefficient, M x M system L in R?. Then,

with T denoting transposition,
AN L) = #AP < 1. (1.68)
Let us consider the case of the Laplacian in R?. We may write
A = a;;(r)0;0; (1.69)

where for any r € C, the coefficient tensor A (r) := (a;;(r))1<i j<2 is given by

An(r) = (jr Z) . (1.70)

Then Aa(r) is positive definite for any » € C. Based on direct calculations,

for each k, k" € {1,2} and for each x = (2;)1<j<2 € R? \ {0} there holds

(@a(r) — wpaze (r) (0, E) ()
1= — T2

27 |x|? 27 |x|?
-

= (1.71)

— 5

=(zy —rm>1) + (—rzy — x1)

where E is the fundamental solution for A in R?. According to ((1.54)),

Aa(r) is a distinguished coeffocient tensor for A if and only if r = 0. (1.72)
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As another example, consider the weakly elliptic complex Lamé system in

R? with Lamé moduli u, A € C, i.e.

Lyy:=pA~+ (p+ A)Vdiv with g % 0 and 2+ X # 0. (1.73)
. . . - aﬁ ) .
As mentioned in (1.33), the coefficient tensor Ar, ,(r) = (aj, (r))1<jk<2 is
’ 1<, <2
given by
a?,f(r) = 110,100 + (1 + A — 7)6j00k5 + 76;50ka, (1.74)
for any r € C. According to [30],
AT A0 = 3u+1#0. (1.75)
Moreover, if 3pu + A # 0, then
: A
Ap, () € AP = r= plp+A) (1.76)

3+
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CHAPTER 2

The Poly-Cauchy Operator in
UR Domains in the Complex

Plane

In this chapter we establish a higher-order analogue of the existing theory
for the classical Cauchy operator, in which the salient role of the Cauchy-
Riemann operator 0 is now played by natural powers of this operator. This
analysis is carried out in a very general class of domains and a central role will
be played by integral representation formulas, jump relations and higher-order

Fatou-type theorems.

2.1 The classical Cauchy operator

In this section, we recall the classical Cauchy singular integral operator
and review its important properties which will be then generalized in the
higher-order setting throughout this dissertation. We shall continue to work
in R? = C in the class of UR domains introduced in Definition [L.5]

The first order of business is to recall the complex arc-length on the geo-

metric measure theoretic boundary of a set 2 C R? of locally finite perimeter,
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defined as
d¢ = ivdo, = ivdo|0.Q. (2.1)

In addition, bring in the operators 0 and @ which are, respectively, the Cauchy-

Riemann operator and its complex conjugate, given by

0:=0.=0:=1(0, +10,) and 0, = 0 := $(9, — i0,). (2.2)
For an open set of locally finite perimeter ) C R? = C, define the action of
the boundary-to-domain Cauchy operator on any function f € L* (8 Q £>

P 1+[¢]
at any point z € () as

O (ST S (5

2mi 2.0C0— % 21 Jo,.a G — 2

(1) (2) = v(Q)do(Q),  (23)

where v denotes the GMT outward unit normal to ). In the same geometric
setting, define the action of the boundary-to-boundary Cauchy operator on
each function f € L! (8*9, %‘%) as

n@=tim oo [ 7 C_Zd c-tm o [ HQ) Ly do(c), (2.4

0+ 2 (—=z
gAY €00
|(—z|>¢ [—z|>€

for o-a.e. point z € 0,02. Note that the integrals in (2.3) are absolutely

’ 1+\C|) and,
in fact, 0(¢'f) = 0in Q. Thus, if O(Q) denotes the space of holomorphic

functions in 2, we have

convergent, so 6 f is well defined for each function f € L! (

€f c0O(Q) for each fe L' ( : 1+\C|> (2.5)

Since 0,2 is countably rectifiable (according to a classical result of De Giorgi-
Federer), it turns out that the boundary-to-boundary Cauchy operator is

also well defined when acting on functions from the weighted Lebesgue space

( )T CI) See [28] for details, where more information on the size, reg-
ularity, and boundary behavior of those objects may be found.
The result below, found in [28] (cf. also [25]), deals with the nontangential

behavior of the Cauchy operator and related matters.
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Theorem 2.1. Assume Q C R? is a UR domain. Fix an aperture parameter
k € (0,00) and an integrability exponent p € (1,00). Then the following
properties hold:

(1) [Fatou Theorem and Integral Representation Formula] For each holo-

morphic function u € O(Q) with Nyu € LP(0Q,0) the k-nontangential

k—n.t.

o0

trace (u )(z) is meaningfully defined at o-a.e. point z € 0N, the

function u‘;;;'t' belongs to LP(0N2, o), and (also assuming u(z) = o(1) as

z — 00 if Q is an exterior domain) one has

K—n.t.

u:%(u .

) in Q. (2.6)
(2) [Jump Relation| If I denotes the identity operator then, for f € LP(0R, o),

(Ef) ;;ZM = (%[—i— C’)f at o-a.e. point on OS). (2.7)

(3) [Size Estimate| For each f € LP(02,0) one has
WD ooy S I 5000 (28)

(4) [Boundedness and Involution Property|] The operator C' is bounded from
the space LP(O), o) into itself, that is, for any f € LP(0Q,0) one has
Cf e LP(0,0) and

1C fllceo0.0) S 1l @0.0)- (2.9)

In addition,

C? =11 as operators on LP(0%,0). (2.10)

(5) [Regularity| For each f € LY(0),0) one has

INeYE D o0y S 1 2006200 (2.11)

Also, the boundary-to-boundary Cauchy operator C' is continuous from
the boundary Sobolev space LY(0N2, o) into itself, i.e., for each function
f e L0, 0) one has Cf € LY(0Q,0) and

1Cflzzo0.0) S 1S ll2200.0)- (2.12)
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Next, we turn our attention to holomorphic Hardy spaces and the behavior
of the Cauchy operators in this context. Assume 2 C R? = C is a UR domain.
In particular, implies that v, the geometric measure theoretic outward
unit normal vector to €, is well-defined o-a.e. on 0f).

Given a UR domain Q C C, recall Q_ from (L.6). Fix x € (0,00) and
p € (1,00) and recall the domain Hardy spaces defined by setting

HP(Qy) = {u € O(Ny) : Nou € LP(OQ,0), and also u(z) = O (|z|™1)

as |z| = oo in the case when {2 is an exterior domain}
(2.13)
equipped with the norm [|[N,ul[zrs0,s). Note that (cf. [28]) the definition of
HP(€+) does not depend on the aperture parameter k € (0, 00).

We recall next the Fatou Theorem from [28].

Theorem 2.2. Let Q@ C C be a UR domain and fix p € (1,00). For each

K-n.t. K-n.t.
u € HP(Q) there exists u at o-a.e. point on ON) and u‘ag € Lr(09,0).

o9
Going further, define the boundary Hardy spaces by setting

k-n.t.

HE(0Q,0) = {f € LP(ON0): f=u for some u € Hp(Qi)} (2.14)

o9
Thanks to Theorem , it follows that the boundary Hardy spaces H' (09, o)
are well-defined subspaces of LP(0€2, o). According to the Calderén Decompo-
sition Theorem (see [29]), HA (02, o) are closed subspaces of LP(9€, o) and

[P(09Q,0) = H.. (09, o) & H” (0, 7). (2.15)

Introduce next
Po:=1I+C, (2.16)
and note that since C? = 11 on LP(95), o), there holds that
P, +P =1 and P{=P: on LP(09,0), (2.17)

i.e., Py are complementary projections of LP(0f), o). Moreover,

Im Py = H%(0Q,0) and Ker Pr = HE (99, 0). (2.18)
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In addition, €y : LP(092,0) — HP(S)y) are well-defined, linear, bounded, and
surjective where €, are versions of € relative to (2. Moreover, the boundary-
to-domain Cauchy operators € : H4 (0N, 0) — HP(24) from the boundary
Hardy spaces into the domain Hardy spaces are isomorphisms.

We next introduce holomorphic regular Hardy spaces (with integrability
exponent p € (1,00) and parameter k € (0,00) fixed, as at the beginning of

this discussion)

HY(Qy) = {u € 0OQ) : Nou, Ny, (Vu) € LP(9Q,0) and also
(2.19)
u(z) = O(|z|™!) as |z] — oo when Q) is an exterior domain}

equipped with the norm |[Ny||rr(a0,0) + [Nk (V1) || r90,0). Also, the regular
analogue of boundary holomorphic Hardy space is defined by

K-n.t.
HY L (09Q,0) = {f € LY(0o): f=u - for some u € HY(Q4) } .

(2.20)

As stated in [29], the spaces H} (09, 0) are well-defined closed subspaces of
L7(09, o). Then this brand of Hardy spaces satisfies similar properties of those
enjoyed by the usual Hardy spaces.

2.2 The fundamental solution of 9

Throughout this section fix m € N. Let us identify each z = x 4+ iy € C
with z,y € R with the pair (z,y) € R? Then, using (2.2) we may write

=m

A =490 =499 and A™ =4m9" 9™ = 4" (2.21)

Let I'am be the canonical, radial fundamental solution for A™ in R? = C from

[[22], Theorem 7.28], for the choice n = 2. That is, for each point z € C\ {0}

1
Fam(2) = 5 ot = 1)1

5|22 - In|z]. (2.22)
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Note that |z[*™2-In |z| can be written as (2)™ '™ ' $In(z - Z). If we define
E,, : C\ {0} — C by setting
E(2) :=4m0"T am(2), VzeC\{0}. (2.23)
Then, in the sense of distributions in R? we may write
0" Ep =4m0" 0T am = AT am = 0, (2.24)

where 0 stands for the Dirac delta distribution with mass at the origin, showing

that that
E,, in (2.23) is a fundamental solution of the operator & in C. (2.25)

Theorem 2.3. Fix m € N. Then E,, : C\ {0} — C defined in ({2.23))
satisfies

1 (z)m1

Em(2) = w(m—1)!

, for z € C\ {0}. (2.26)

Proof. Fix m € N, z € C\ {0}, and introduce the constant

2
Cm 1= 02 (2.27)

Since 0z = 0, according to (2.22) and the remark below it, we may write
A" Am (2) = e (Z)" 2" 2 {(m — 1) In|z| + 1} . (2.28)

In particular, if m = 1 there holds ¢; = 2/7 and

Fi(2) = 40Ta(2) = ——, (2.29)

Tz
proving ([2.26) when m = 1.
If m > 2, applying the operator 9™~! to both sides of (2.29) gives

Ep(2) = 4m0™T am(2) = cn(Z)™H(m — 1)!%, (2.30)

which, together with (2.27)), implies (2.26)), completing the proof of Theo-
rem [2.9l [
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Combining (2.25)) and Theorem we obtain that

1 (z)mt
(m—-1! =z (2.31)
is a radial fundamental solution of the operator d" in C.

C\{0} 320 -

Remark. An alternative proof of (2.31) is by induction on m, starting
with the fundamental solution of the Cauchy-Riemann operator z — i in C

(see e.g. [[22], Theorem 7.43]). Thus

0 (é) =0 (2.32)

in the sense of distribution. This further implies

52(z-i)=5<i+z-5):5, (2.33)
Tz Tz

showing that C\ {0} > z +— = is a fundamental solution for 9 in C. Going

further,
3 (7z2 1 =2 1 Fa
—— | = Z-—4+—-0)=90 2.34
(9(2 7TZ) 3(2 =2 ) ’ (2:34)

ete.

2.3 The poly-Cauchy operator

Throughout this section we shall fix m € N, and we shall assume that the
domain 2 C R? = C is an Ahlfors regular domain with compact boundary
and we shall denote its geometric measure theoretic outward unit normal by
v = (v1,1») and the surface measure H!'[0 by o. Fix zy € { and observe
that for each function u € ¥°°(Q) which is polyanalytic of order m in Q (i.e.
0"'u =0 in Q) there holds

_m

g/(Q)<Em( - ZO): 0 U>£(Q) =0, (235)

where E,, is the fundamental solution of & from [2.26), and £? is the

Lebesgue measure in R2.
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Starting from ([2.35) and using the integration by parts formula from [25]

(cf. also [20]) we may write

0= e (Em(- — Zo),gm@g(m (2.36)

— —m—1 —“m—1

where d( := iv do is the complex arclength on 0f). Integrating by parts again
in the first term on the last line of (2.36]), appealing again to [25], we obtain

0 =(~1 5@ (0" En) (- = 20).0" 1) 5 (2:37)
1 —m—1 1 — —m—2
+ % | En(-—20)(0 "u)d( — ¥ /89(8Em)( —29)(0 "w)dC.

Repeating the integration by parts process in this manner, we eventually end

up with

0 :(—1)m5/(9)<(5mEm)(' - ZO)U>£‘(Q)

=m—1-k

Ly e [ @B )@

21
k=0

u)(¢) dC. (2.38)

Since F,, is the fundamental solution for 5m,

_m

g/(Q)<(52Em)(- —2p),0 _2u>g(9) = u(zp), (2.39)

and substituting this back into (2.38)), we get

) =3 S [ @m0 @ 00, @)

k=0

or equivalently

u(z) =3 [ @ B @ 00 de (2.41)

2

k=0
Differentiating in ([2.26]), for each k € {0,...,m — 1} there holds
=k

T

—m—1—k

@B () % vz e C\ {0}, (2.42)
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Combining this with (2.41]), we obtain that
m—1 7
1 (ZO — C)k =k
u(z) = — | (0 u)(¢)dC. 2.43
=3 5 | wie g @ WO (2.43)

In summary, formula shows that one is able to recover the polyanalytic
function u € () from the restriction to the boundary of the partial deriva-
tives &' u for k € {0,...,m — 1} in the geometric context of bounded Ahlfors
regular domains in C.

Our next order of business is to define Lebesgue and Sobolev based spaces
of complex Whitney arrays. Recall from that the tangential derivative
O, of any given function ¢ € €!(R?) is defined as

Orpi=11(0y¢)| = 1(0u)| . (2.44)
where
S D D
v1 = Rev = §(V+V), vy =Imv = %O/—V),
_ 1 _
(9r¢) )BQ - (890)‘69 * (6@)‘89, (9ue) ’69 T <(8¢)‘39 — (99) ‘69) '
(2.45)
Substituting into (12.44]), we obtain
Orp = iv(dp) ’m — i (D) ’m. (2.46)
Given a function g € €°°(Q), define
Gap) = (0“5bg)’69, Va,b e Ny. (2.47)

Then

OrYap) =1 [V(8a+15bg)’ a ;(@agb“g)‘m]

o0 (2.48)
= Wat1,p) — WY (abt1)-
Hereafter, keeping in mind ([2.48)), given p € [1, oo], we say that a family of L?

functions on 02

g:= {g(a’b):a,beNo with a+b§m—1} (2.49)



26

satisfies compatibility conditions in the complex plane, henceforth abbreviated

as C'C¢ provided that

a7'g(a,b) = ng(a—i—l,b) - Z.vg(a,b—i-l) o-a.e. on df)
g€ CCc <= (2.50)

whenever a+b0<m —2 and a,b € Ny.

Definition 2.4. Let Q@ C R? be a UR domain and p € [1,00]. Define the
LP-based complex Whitney array space by setting

CWAmfl[Lp(aQa U)] = {9 = {g(a,b)}a+b§m—1 : g € CC¢

a,beNy

and gap € LP(0Q,0) ifa+b<m—1 }, (2.51)
equipped with the norm

lglewan ooy = Y. 9@nllir@eo) (2.52)
a,beNg
a+b<m—1

Similarly, define the complex Sobolev-Whitney array space as follows.

Definition 2.5. Let Q C R? be a UR domain and p € [1,00]. Define the
complex Sobolev-Whitney array space by setting

CWA,, 1 [L5(09,0)] := {Q = {9(ap) Yarb<m—1 : § € CCc

a,beNg

and gap € RO, 0) ifatb<m—11}, (253
equipped with the norm

191l cwa,_1[Lp (00,00 = E 19t | 22 (99,0)- (2.54)
a,beNy
a+b<m—1

Inspired by (2.43)) we define the poly-Cauchy operator, acting on complex

Whitney array spaces, as follows.

Definition 2.6. Let Q C R? be a UR domain with compact boundary, and fix

an arbitrary integer m € N along with an integrability index p € (1,00). Define
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the action of the boundary-to-domain poly-Cauchy operator on each Lebesgue

based complex Whitney array § = {gap)} apeny € CWA,_1[LP(0Q,0)] as

a+b<m—1

(% mzl / O Qe forall € Q. (255)
m— 19 £ 27 Joo KI(C — )g(O,k) . )

The boundary-to-domain poly-Cauchy operator introduced in Definition
satisfies a number of remarkable properties, on which we wish to elaborate.
First, we have the following Fatou type result and integral representation for-

mula.

Theorem 2.7. Let Q C R? be an arbitrary UR domain, and fix an arbitrary
integer m € N. Pick some aperture parameter k € (0,00) along with some
integrability exponent p € (1,00). Let u be a polyanalytic function of order m
in Q, i.e., a function u € €>(Q) satisfying 0" u =0 in Q. Associate with this
polyanalytic function the family of auziliary functions {u; }o<j<m—1 defined, for

each j € {0,1,...,m — 1}, as

’H’L717j
Z o u)(z) for each z € . (2.56)

=0

Make the assumption that
Nou; € LP(0Q,0) for each j € {0,1,...,m — 1}, (2.57)
and if Q is an exterior domain also assume that
u;(z) =o0(1) as z — oo, foreach j€{0,1,...,m—1}. (2.58)

Then for each ¢ € {0,1,...,m—1} it follows that the k-nontangential trace

k—n.t.

(5€u) exists at o-a.e. point on OS) (2.59)

o0

and for each z € ) one has

e 2% ,5,( r =L@l @ (2.60)

15}9]
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Note that Theorem is a most natural higher-order generalization of
item (1) in Theorem (to which this reduces when m := 1). Here is the
proof of Theorem [2.7]

Proof. We proceed by induction on m. The case m = 1 is contained in Theo-
rem To carry out the induction step, assume m > 2 and that all claims in
the statement are valid for polyanalytic functions of order m — 1. Decompose

the given u as

u(z) = w(z) + 2" w(z) for each z € N,

—m—1

where w(z) :=u(z) — %(8 u)(z) and (2.61)
w(z) = (mil),(gm_lu)(z) for each z € Q.

Then w € O(Q) and since w = mum,l, we conclude from ([2.57)-(2.58))
(corresponding to j := m—1) that N,w € LP(99, o) and w vanishes at infinity
if 2 is an exterior domain. As such, all conclusions in item (1) of Theorem

apply to w. In terms of u, these imply that

@" ) o  exists at o-a.e. point on 9 (2.62)
and for each z € Q2 we have
@06 = o [ @l O (2.63)
u)(z) = 5— T )| o ) )

In addition, (2.61)) implies that w € €*°(Q2) satisfies " w = 0 (hence w
is a polyanalytic function of order m — 1 in Q) and, for each j,¢ € Ny with

jHL<m-—2,

@ w)(2) = @ u)(2) - !(Em‘lu)(z) for each 2 € Q.
(2.64)

This may be used to compute the auxiliary functions associated with w as in
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(2.56)). Specifically, for each j € {0,1,...,m — 2} we have

wwzH'mYW%@
=i;“‘fgﬁww@>
- <M§; (m —( ;1—)2 = 1)'>2mlj @ u)(2)
=ﬁ§§“‘ﬁ%ﬁﬁ“@x@—(0n_i_ﬁ!w«4>+nm*ﬂ
L)@ )
_ m__l_j (_Zw (@) (2) = uy(2) for each z € €. (2.65)

In concert with assumptions — this guarantees that, for each
index j € {0,1,...,m — 2}, we have N,w; € LP(0N,0) and w; vanishes at
infinity if € is an exterior domain. As such, by the induction hypothesis,
, and with j := 0 it follows that for each ¢ € {0,1,...,m — 2} the
r-nontangential trace

k—n.t.

(géu) exists at o-a.e. point on 02 (2.66)

onN

(which, together with (2.62)), takes care of (2.59))), and for each z € Q we have

w0 =g [ X e @il O (2.67)
oo k=
1 m—2 z —C Er _p k-nt Em—l—k -1 K—n.t.
:%a/kz:% ;!@—_)2)[(5 u)| o (€)= (m——k—l)!(a )] 50 C)} d¢
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Hence, using (2.61)), (2.63)), and (2.67)), we may write

zm—l

(m —1)!

u(z) = w(z) + (5m_1

u)(2)

C_mflfk

1 (T2 = 0F [k eene o e
:%/gk(!(g—oz) (@) O -G ?@ Wl ()] dc

1 zm1 —m—1 ., k-0t
Tm@é (m — D¢ - 2) (07 )y (©)dC, (2.68)

for each z € . Observe that for each z and ¢ we have

o [Gog+ _EERe
(m—1)! (m —1)! _go Kl(m—1—k)!

Plugging this back in (2.68) and canceling like-terms yields (2.60]). This com-
pletes the proof of Theorem [2.7] O

(2.69)

Proposition 2.8. Let Q) C R? be a UR domain with compact boundary and

firp € (1,00). For any § = {g(a,b)} abeN, € CWA,,_1[LP(0R, 0)], and any
a+b<m—1

orderr € {0,1,...,m—1}, the poly-Cauchy operator Gn1 € C>(Q) satisfies

7 (G 10)( mzl% / T)f()gk—_rz) don(Q)dC, forall z € Q,
(2.70)
and
0" (€n-rg) =0 in Q. (2.71)

Proof. Fix m € N, a parameter r € {0,1,...,m}, and a complex Whitney
array § = {gap) } aveny € CWA,,_1[LP(0Q, 0)]. Then, using (2.55) and the

a+b<m—1
Lebesgue Dominated Convergence Theorem,
S (z-O*
5 G = — oy | ———— dac. 2.72
D6 =Y o [ o= aen©a. @
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However, by direct calculation, we get

_ k'(k_1)"~]§‘/§<—T—;1)(§—Z>k_T
or [(Z_—Q] _ :

ifk>r,

k¢ — 2)
0 itk <nr.

(2.73)

This, combined with ( proves ) and - O

In the next proposition we study well-posdenss and boundedness properties

for shift like operators acting on complex Whitney array spaces

Proposition 2.9. Let Q C R? be a UR domain with compact boundary and fix

an indezx p € [1,00]. For any parameter s € {1,...,m — 1} and any complex
Whitney array § = {g(ayb)} abeN, € CWA,, {[LP(0R,0)], define
a+b<m—1
@I {g(a—i-s b) } a,beNo (274)
a+b<m—1-s
and
@II - {g(a b+s) } a,beNg . (275)
a+b<m—1-—s
Then
Ol . CWA,,_1[LP (082, 0)] — CWA,,_1_,[LP (0%, 0)], (2.76)
and
O CWA,, 1[LP(09, 0)] — CWA,,_,_[LF(09, 7)), (2.77)

are well defined, linear, and bounded.

Proof. We shall proceed to first prove that the operator in is well defined,
linear and bounded. To this end, select s € {1,...,m—1} and Lebesgue based
complex Whitney array ¢ = { g(a’b)}afi)bfso— 1 € CWA,,_1[LP (09, 0)].

For a,b € Ny with a+b <m —2— s, since g = {g(mb)} apeN, € CCg, we

a+b<m—1
have

87'g(a—|—s,b) = iyg(a+s+1,b) - ivg(a—i—s,b—i-l)u (278>
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implying that ©(g) € CCg, and ultimately that
0l(g) € CWA,,_1_,[LF(09, 0)], (2.79)

as the components of the array ¢ belong to LP(9S2, o). This proves that the
operator ©! in (2.76)) is well defined, and linearity is immediate. In addition,

1Ol cWa 1. [1r(00,0)] = E 9(a+s)llLr@0,0) (2.80)
a,beNy
a+b<m—1—

< ll9llewa,,_izr@92.0));

where in the inequality above we have used that a +s+b < m — 1. This yields

1Ol ewarn—1_zr@0.0) < N9llcwan_i (e (000, (2.81)

proving the boundedness of the operator ©f from (2.76)). Finally, the properties

of the operator ©7 from (2.77) are established in a similar fashion. This
finishes the proof of the proposition. m

Remark. Note that (2.70) can be equivalently expressed as

m—1—r

TGl = 3 g /8 Rt (OdC (282

and observe that the integral expression on the right hand side in (2.82)) is
Gm1-+ (O1(9)) () where ©17(9) := {ga, b+r)} Lpbello - That is, for each

m—1—r

g € CWA,, {[LP(09,0)], with p € (1 o0), there holds
J (%m,lg) = b1, (01(3) i Q. (2.83)

Proposition 2.10. Let Q C R? be a UR domain with compact boundary and

fir m € N and an integrability index p € (1,00). For any Lebesgque based

complex Whitney array ¢ = {g(mb)} abeN, € CWA,, 1[LP(0Q,0)] there holds
a+b<m—1

O 19)(2) = (s (01(0)) (2)
1 G-

(2.84)
" 20 oo ™ [<m - DIC=2)

] 90,m—1) (C) dU(C)a
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for each z € Q. More generally, for all s € {0,1,...,m — 1},
0 (€n1d) (2) = (€urs (01)) (2) (2.85)
s—1

— / Or(¢) [(m P Ty 2)] g(s—l—j,m—s+j)(<) do((),

‘ ~

[\)

=0

K)

for each z € ().

Proof. Using that d¢ = ivdo on 0f), for each z € €2 we have

Cm-19)( Z ; [IE;Z((_—O:) 9(0,6)(€) do(C). (2.86)
However, the chain rule yields
(z=Q" | _ (z —Q)F
0 [k!(g — z)] =% [k!(( — z)] ’ (287)
while
~1(Q)0 = (7(Q)0; — v(¢)0;) — T(¢)d¢ = i0r(¢) — T(C). (2.88)
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Now, let

=1
=1+ 1I+1I]

Since for any parameter k € {0,...,m — 2}, one can write (9-g(ox))(¢) as
iv(Q)ga.m(C) —iv(Q)gor+1)(¢), and iv do = d(, one obtains

k=0 —
L[ E=0F
= — d¢ —111. )
g 2mi /852 k(¢ — Z)g(l’k)(o ¢ (291)
This and (2.90) imply that
- L =0
3 Cgm_ ] - b d
( 19)(2) £ o /89 k(¢ — Z)g(l,k)(C) q

T e (©)do(), (2:92)
21 Jaq T (m — D¢ - 2) J0m=1 7 '
for z € Q2. This recurrent formula can be iterated. For example, for each z € 2

0 (%n-19)(2) =0 (€2 (019)) ) (2)

1 (z — Q)
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which yields
0 (n19)(=) = (%ns((61(01(9)))) ()
- = &@[(C:YVTEI(@HQMWQﬂOddO

2 Jaq m = 2)I(¢ — z)
1 (z —Qm!
~ 5 " 3T(<)az [(m “ = z)] g(o,mfl)(o do(¢)

= (%n-s (63(9)) (2
1 (z—Qm?
211 Jon ) (m = 2)1(¢ -

1 g
‘Eﬁem&“ﬁZLm—lwc—@]“

. ] ga,m-2)(€)(¢) do(C)

0,m-1)(¢) do (),
(2.94)

More generally, if we assume ([2.85]) for some s € {0,1,..., m — 2}, one has

as-i—l (Cgm719> (z)

- <%m—l—(s+1) (@ﬁﬂ(g))) (2) (2.95)
‘zaém&>[@n_1_$xc_@ (8:(9)) om-1-0y () d ()

s 1 j (Z—C)m*3*1+j
- ; 9 o, O [(m s 1+ z)] Gs—jm—s-143)(¢) dor(C)
— <‘fm_1—(s+1) (@ﬁﬂ(g))) (2)
1 e
27 00 7(¢) (m —-1- 3)'(<’ _ Z)

1 ) _ m—1—s+j
— Z — 8T(Oa§ [(m _(Zl —gs)—f- = Z)] g(s—j,m—l—s—f—j)(o do(C).

(01(8)) sy () dor()
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Consequently, we get

I (i) (2) = (Goron) (O014(9) ) 2) (2.96)

X G(s—jm—1-s+5)(C) do(C),
which finishes the proof by induction of ([2.85]). O

Corollary 2.11. Let Q C R? be a UR domain with compact boundary and fix
p € (1,00). For any g = {Gap} apeno € CWA,,_1[LP(0Q,0)], Vr,s € Ny
a+b<m-—1

with r + s <m — 1 we have

)_l

m—1l—s—r

o7 (€13) (2 orl) B IR

oPﬂ

—

Ss—

1 !
_ _ 2.97
27rz/39(m—s—r—|-j)!x (2.97)

Jj=

O

=t

X Or(¢) [ € — 2t ] Y(s—1—jm—s+) () do (),

for each z € Q). As a corollary of this and the integration by parts on the bound-
ary formula in it follows that whenever g = {g(a’b)}afélan@gl actually
belongs to the Sobolev-based complex Whitney array space CWA,,,_1[L7 (09, 0)]
then for any pair of numbers r,s € Ny with r +s < m — 1 any point point
z € §) one has

mlsr

9T (G0s) = S o [ S0

s—1 .
1 7!
E — 2.
+j:02m'/39(m—5—7‘—|—j)!x (2.98)

(Z _ C)mfsfrJrj

X €= 2y (879(5_1—j,m—s+j)) (¢)do(C).
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Proof. Together, and give Vr,s € Ng with r +s5 <m — 1,
0 (€19) (2) = (Gnoromr (BF(O1))) ) (2) (2.99)
s—1 T
1 7 (z = Q)m—sti
_ — j
;%i Or(0)0= 0 [(m—erj)!(C—z)] x

o0

X g(s—1—jm—s+5)(C) do(C)
— (1o (BF(O19)) ) (2

1 :
1 4 1 (z — ()m—s—r+i

. j

21 89@(4)@ [(m—s—r—l—j)! (¢ —2) ] %

X G(s—1—jm—s+7) (€)da(Q),

S

<.
Il
o

where ©1(01(g)) = {g (a+s b+T)}a+ abery - Since &’ [C%z] = W, this
finishes the proof of the Corollary 2.11] O

The point of the next theorem is that our boundary-to-domain poly-Cauchy
operator acting on complex Whitney array spaces can absorb m —1 derivatives

without becoming hyper-singular.

Theorem 2.12. Let 2 C R? be a UR domain with compact boundary. Fix an
arbitrary integer m € N and select an integrability exponent p € (1,00). Then

for any array g = {g(a’b)} abeNy € CWA,, 1[LP(0Q, 0)] it follows that
a+b<m—1

G190 € CXQ) and 3" (€pnrg) =0 in €, (2.100)

hence 6,14 is a well-defined polyanalytic function of order m in Q.

2.4 Space of polyanalytic functions

In this section, we investigate a space of polyanalytic functions of order
m € N and the radiation condition of the poly-Cauchy operator. We also
provide a couple of counterexamples to the classical Fatou theorem and the

maximum principle for polyanalytic functions of order m with m > 1. Consider
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a nonempty open set Q C R? = C, and m € N. Define a space of polyanalytic
functions of order m in 2, denoted by PA,,(2), i.e.,

PA,,(Q) = {u Q5 Ciued®(Q) and 9'u=0 in Q} . (2.101)

Lemma 2.13. Let m € N and PA,,,(Q) is the space of polyanalytic functions
of order m in Q as in (2.101f). Then we have the following properties about
the polyanalytic functions in €.

1. Let a,b € N. Foru € PA,(Q), v € PA,(Q), u-v € PA,1p-1().

2. In particular, if u € PA,, (), v € O(Q) then u-v € PA,, (). In other
words, PA,,(Q) is a module over O(52).

3. Let m € N. Since 1,z,22,...,2" 1 € PA,,(Q), for holomorphic func-
tions ho, hy, ..., hym—1 € O(Q),

3

Zh;(z) € PAR(Q). (2.102)

Il
o

J
Proof. Fix a,b € N and u € PA,(Q2), v € PA,(Q2). Using du=0forl>a

and Leibniz rule, we have

Yot b-1)
jla+b—1—j)

—a+b—1 "
3} (u-v) = Z

0

! (5]11,) (5a+b_1_j1))

s
~

a

(a+b—1) —j  —atb-1-j
j!<a+b_1_j)!(aju)(a v). (2.103)

[e=]

<

Observe that if 0 < j < a —1 then —a+ 1 < —j < 0 which further implies
b<a+b—1—-j<a+b—1. Combining (2.103) with v = for k > b, we

conclude that

—a+b—1

0 (u-v)=0. (2.104)

This proves the first item. Moving on, consider u € PA,,(Q), v € O(Q).
Applying the Leibniz rule again and &' v = 0 for all j > 1 from v € O(Q), we
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obtain
T =3 gy @ 0@
_5]; (2.105)

This shows the second item in the lemma. Finally, the last item automatically

comes from the second item which finishes the proof. O

Let u € PA,,(2). Define the family of auxiliary functions {u;}o<j<m-1
associated with given polyanalytic function u of order m in 2 where for each
index 7 € {0,1,...,m — 1},

m—1—j

et
: (?Hu) (z) for each z e Q. (2.106)

=0

Definition 2.14. Let Q C R? be an exterior domain. Let m € N and
u € PAL(Q). Then u radiates at oo provided that each auziliary function
u; vanishes at oo for all j € {0,1,...,m — 1}, i.e.,

u;(z) =0o(l) as z— oc. (2.107)

Lemma 2.15. Let Q C R? be an exterior UR domain and m € N, p € (1,00).
If f € CWA,,_1 [L2(0Q,0)], then Gmf € PAL(Q) satisfies the radiation
condition as in the definition |2.14).

Proof. According to (2.82)), for r € {0,1,...,m — 1}

m—1—r

Tna$E)= 3 g L e ©ac. a0y

This forces for j € {0,1,...,m—1}, € {0,1,..., m—1—j}, z€Q

m—1—j—~

ﬁ
P nah = X g [ e lossaOd a0

— 2w Joq KNC — 2)
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In particular, using (2.106)) and (2.109)), for z € €

1)z 1 (z=OF
i Z %/89 mf(o,kﬂ'—s—f)(o dg (2.110)

1 ' (—1)%z (2 — )
:%Z /aQ i k!(c_z)f(o,kﬂﬁ)(od(-

_ Zzéﬁ
/an( 2 S forrire(C)dC

=0 k=0 RI(C — 2)
~1)z8 (z = Q)
- > / ( g? ]5, ) for+j+0(C) dC
0<t<m-1-j VO T ¢ =2)
0<k<m—1—j—f
m—1—j r
(1" e 1
= ) (z-0)z Fowen () dC, 2.111
; ;égg!(r_g)!( ) (C—2) (0.r4+5)(€) ( )
where the last equality follows from substituting & + ¢ = r. Applying the
binomial theorem, we observe that for r € {0,1,...,m —1—j}
- (_1)€ = A\r—t=t
a7
=0
1 - 7! — r—0) —\E
A2y ()
1 T
:ﬁ(—C) . (2.112)

Combining this together with (2.110)) and (2.111]), we conclude that for each
index 7 € {0,1,....,m—1}, z€ Q

m—

(i), () = 2; e /m ((C__O;)f(o,rﬂ)(OdC (2.113)

r=




41

This implies for z € Q with sufficiently large modulus |z|,

[CNS

m—1—j

< C(00,m) z/ e o Q11

C@Q m)
< ——F / | fo4+5()| do

_ Coam p) M

’Z‘ Hf(oﬂ"+] ||LP (090)

C(OQ,m,p), -
< %Hf”cvvzxm_l[mwn,a)], (2.114)

r=0

which shows for j € {0,1,...,m — 1}, f € CWA,,_1 [L?(89, 0)]

(cgm_lf) (2) =o(1) as z— oo. (2.115)
j
This completes the proof of the lemma. O

Next, we introduce a technical lemma to provide a counterexample to the

classical Fatou Theorem for polyanalytic function of order m € N with m > 1.

Lemma 2.16. Let o € N be even number. For 0 € [0, 27),

max (| cos(a*9)], | cos(a*16)]) > —

. 2.11
5 (2.116)

Proof. First of all, (2.116)) is equivalent to the following. For 6 € [0, 2a*7),

max (| cos(6)|, | cos(ad)]) > % (2.117)

Since the period of |cos(f)| and |cos(ad)| are 2m, it is enough to show that
holds for 6 € [0, 2w]. We first consider when 6 € [0, 7). If | cos(0)] > 5=,
then we are done. Let us assume that |cos(6)| < 5=. Let a = 2k for k > 1
and cosf = z. Since 6 € [0, 7], cosf is bijective which forces # = arccos(z).
Then cos(2k0) = cos(2k arccos(x)) for || < & where 4z = 5=. Note that the
roots of cos(2k arccos(z)) are

T = COS (#ﬂ) , for t=0,...,2k—1. (2.118)



42

Moreover,
(2k arccos(x)) = sin(2k arccos(z)) - (2119)
— cos(2k arccos =5 arccos . )
o r x in r x Vi
This implies that the points of the extrema of cos(2k arccos(z)) are
t
T = COS (—7?) , for t=0,...,2k. (2.120)
2k
Observe that
|cos(2k arccos(z))| = 1 > — for z = cos [~ (2.121)
cos(2k arccos(x))| = a for z=cos|opm), )
where t =0, ...,2k. Moreover,
1 o <7r> k—(1/4) _ k—(1/2) _ k—1
— <sin|— ) =cos | ———= cos | ————7 cOS T
4k 8k 2k 2k 2k ’
(2.122)
where cos (%7‘1’) is the first positive extreme point and cos <%W) is the

first positive root of cos(2k arccos(x)). Combining this together with (2.119)-
(2.121)), we conclude that

cos(2k arccos(z)) is positive and decreasing from 0 to cos (

-0/,
2k '
(2.123)

Applying this with (2.122]), we have

oS (Qk arccos (ﬁ)) > cos (Qk arccos (COS (#W))> (2.124)

V2 o1

=% T
Since arccos(—xz) = m — arccos(z) for |z| < 1, cos(2k arccos(x)) is even, thus
1 1
2k — f = —. 2.12
cos(2k arccos(z)) >  for || PP (2.125)

Consequently, cos(2k arccos(z)) > 4= for |z| < £-. Similarly, for the case when
0 € (m,2m| (2.125) holds. This finishes the proof of the lemma. O

In the following example, we provide a counterexample to the classical
Fatou Theorem in unit disk for polyanalytic function of order m which is

motivated from the Mazalov’s example in [21].
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Example 2.17. Let o € N with a > 2 and m € N with m > 2. Consider a
function uq (%) in unit disk B(0,1) by

Uam(2) 1= (1 — 22) Y _akz® 4277 (2.126)
k=1

Then g, € PA,(B(0,1)). In addition, if 1 — =5 < |2| < 1— —+ for N € N,
then

N o0 ak
2 1
tam(2)] < =5 (Za’“+ 3 ot (1 _ aN+1) > +1
k=1

k=N+1

s 1 2.127
§4+22ake_ak +1 ( )

< 5+ 2a.

This shows the function w,,,, is bounded in B(0,1). We claim that w,,, does
not have radial limits at any point on dB(0, 1). For more simplicity we denote
(1—22) 3007, a*2°" by va(z). Write 2 € B(0,1) as z = re where r = |2| < 1
and 6 = Arg(z). According to [21], for even « sufficiently large, the function
vq does not have radial limits at any point on 9B(0,1). Indeed, the real part
of v,, denoted by f,, is

fa(2) = Re(va(2)) = (1 — 12 Zak'ro‘ cos(a”f). (2.128)

Let @ € N be even number. Fix an arbitrary angle 6 € [0, 27).

According to Lemma [2.16] we have

1
max (| cos(a*0)|, | cos(a*T0)) > 5 (2.129)
Q@
Going further, consider the sequences ry = 1— =% and py =

that there exists a sequence of indices N such that

| cos(a¥0)| > (2.130)

b
7



44

Then we have
| fo(rne)]

(1—7r%) Za rn)® cos(a*6)

N-1 oo ok
1
>— (ozN(TN)O‘N| cos(aN )| — ol — g « (1 — —) |COS(C¥k8)|>
alN
N+1

k=1 k=

>O%N (f‘/—]; (1_0%)& 1—§:ake )
>% (2.131)

for sufficiently large «. Similarly,

|[falowe™)] < (1= p3) D ok (pn)"| cos(ab0)]

k=1
- 2loga [ . log o ot . = . log o o
=78\ @ TN +ZO‘+ZO‘ TN
k=1 k=N+1
2log a loga\“" N oFloca
< all-— ~ + 1+ Zoz e s
a a Pt
1
o Ylga (2.132)
a

for all . Combining this with (2.131)), we obtain that for sufficiently large «

| fa(rne”) = fulpne®)| > % (2.133)

We are left with the case when

| cos(a®0)| < (2.134)

5-

for sufficiently large k. Let a be even number. According to (2.116f), there
exists N such that

1
cos(aV 10 — 2.135
[cos(a™0)| < NG ( )
and
i<| ( N9)|<L (2.136)
5 cos(a <7 )
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This implies that

=

-1
o*r®"| cos(a*0)] < CaN"2V/a. (2.137)

1

i

This forces
| fu(rne™)| (2.138)

Za (ry)®" cos(a6)

N-1 oo ak
1 o 1
Za_N (aN('r’N) | cos(a™¥0)| — Z o — Z o” (1 - a_N) |cos(ak9)|>
1 N
2

1 L\ 2 & -
>— 1—— - —— ke
C
> 2.139
- (2139)
for sufficiently large o and
[ falpne®)] (2.140)
< (1—px) Y a"(pn)™ | cos(a0)]
k=1
2log a = log o log « o
k k
< N ( &(1_04—1\’) | cos(a €\+Z ( ) )
k=1
QIOgOé C > k — k:l
< _+ a” log o
C'log
av/a
for all a. In particular, for sufficiently large even number «
C
[ fa(rne) = falpne)] > —. (2.141)

This shows that for sufficiently large even number « , the real part of v, does
not have radial limits at any point on 9B(0,1). This further implies that

there is no radial limit of v, on 9B(0,1). Since uam(z) = va(2) + 2™ ! and
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there exists radial limit of 2™~ at every point on B(0, 1), thus u,,,, does not
have radial limits at every point on 0B(0,1). This provides an example of a
bounded polyanalytic function of order m > 2 in B(0, 1) which does not have
radial limits at any point on 9B(0, 1).

Next, we provide a counterexample to the classical maximum principle of

analytic function in the case of the polyanalytic function of any order m > 1.

Example 2.18. Let m € N and consider a function u,,(z) := 1 — (2z)™"L.
Then u,, € PA,,(B(0,1)). However, for z € 0B(0,1),
um(z) =0, (2.142)

with max.cp(o,1) |um(2)| > 0 which contradicts to maximum principle.

2.5 Higher-order Fatou Theorems

In this section we study a couple of Fatou theorems and integral repre-
sentation theorems with different assumption on the domain. The following
theorem provides a reproducing formula for polyanalytic functions in bounded

open sets with Ahlfors regular boundary.

Theorem 2.19. Let Q C R? = C be a bounded open set with Ahlfors reqular
boundary. Fiz m € N and k € (0,00). Abbreviate o := 1| 0. Suppose
u € €°(Q) is such that 0"u = 0 in Q with the property that for any order
te{0,1,...,m—1}

K-n.t.

N, (#u) € L'(09,0) and 3 <5eu) o Go-ae point on 0. (2.143)

Then for any z € Q) there holds

= Yo Lt O
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Proof. Fix z € Q). Let us consider two functions Fi, F5 in €2 given by

m—1
1 —k —m—1—k
== (—1)m+1+k(8 En)(—2)(0 u)
2 ; (2.145)
Fy = 11F)
Then we have
— 1 1)mtitk —m—1—k _
(0 En)(-—2)(0 w)iv = (v, F), (2.146)

k=0

where F' = (Fy, F3). Now, we apply the Divergence Theorem from [25] to the
vector field F = (Fy, Fy), which leads to

) do, (2.147)

(6= (@) (AIVE, Digee o) :/ (v, F
8.0

where €°(Q) := {f € €°(Q2) : f bounded in Q}. By direct calculation of the

divergence of F, we get

leﬁ :(91F1 + 82F2

=0, F) + i0, F} (2.148)
:25F1,
and
1= k k
20F, =20 | 5 > (=)@ B (- — 2)(@" )
k=0
s —k+1 1k
=) (=)™ T E,) (= 2)(@7 )
k=0 (2.149)
m—1
+ 3 ()G B (- — 2)(@ )
k=0



In particular,

3

—m—1—k

1= (1)@ ) (- 2@ )

it
LA

m—1—Fk —-m

(1)@ E) (- 2@ ) + @B (- 2)u

F||1

k=0
m—1
=S (=)™ G B (- — 2)(@" " u) + ud..
k=1
Since & u = 0 in 2, we have
I =—1I1+ud,.

Hence, divF = ud, € £(Q) = (€°())*. In addition,

w(z) =)+ (udz, 1)@=

_/3*Q<V’Faﬂ ) do
:/' |:l/1 (Fl n—n.t.) +Z_I/2 (Fl n—n.t.):| o
2.9 0 o0
1 k-n.t.
N ;/89 (Fl o0 ) “
1 m—1 L 1—k K-n.t
_ . o \m+1+k 3 A= o
P D e ARG b Al I GEE

In addition, the integral expression in (2.152)) can be written as

s = Y S [ @ - 2@t

21
k=0

According to ([2.42)), one has

“m—1—k g 1

(0 Em)(C):f'—-

Substituting this into (2.153)) yields

k-n.t.

(€) dg.

o0

k-n.t.

e =3 g [ e @l @

This completes the proof of the theorem.
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(2.150)

(2.151)

(2.152)

(2.153)

(2.154)

(2.155)
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The following theorem presents a new Fatou theorem in arbitrary UR do-
mains and it builds on a new integral representation theorem in bounded UR

domains.

Theorem 2.20. Let Q C R?2 = C be a UR domain. Fix an integrability

1
2

m € N. Abbreviate o := S |00. Suppose u € €>(Q) is such that & u =0
in Q and for any £ € {0,1,...,m — 1}, N, (5%) € LP(0Q,0) . Then

exponent p € ( oo), an aperture parameter k € (0,00) and some power

)

for each ¢ € {0,1,...,m — 1}.

at o-a.e. point on OS2 (2.156)

In order to prove the new Fatou theorem, we use the following structure

theorem.

Theorem 2.21. Let Q C R? = C be an arbitrary open set, m € N, u €
€>(Q), 0" u=01in Q. Then N ug, ui, Uy, ..., Un_1 € O(Q) such that

u(z) = up(2) + Zus (2) + - + 7" w1 (2), V2 € Q. (2.157)

In fact,

(2.158)

ISR o S U S
ul—a(l 228) <I (m—l)!z 0 )u
w=(1-20) (1-123*) .. (1- L =151,
0 2 (m — 1)!

Proof. We first claim the following:

Kerd" = Kerd+ zKerd + - - - + 2" 'Ker 0. (2.159)
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We prove the claim by induction on m. If m = 1, then ([2.159)) trivially holds.
Let us assume (2.159) for m = k — 1. It suffices to show that

Kerd'  + 2" 'Kerd = Kerd'. (2.160)

To justify Kerd ' + 7 1Kerd C Kerék, let f = g+ z"'h for some g €
Kergk_l, h € Kerd. Then gkf = gkg + 7" (Ek_lh) = 0 which implies that
f € Ker 3", For the other direction, let f € Ker gk, then f can be expressed as

Observe from f € Ker 3" that

(1 - = ! 1),3“5’“> fekerd™

<(/€ _1 1)!5k_1f) € ker 0.

(2.162)

This proves the claim (2.159)).
In order to complete the proof of the structure theorem, let u € €*°(£2) with
9" u=01in Q. From (2.159), there exist ug, u1, s, . . . , um_1 € Ker d such that

u(z) = up(2) + Zug (2) + -+ + 2" U1 (2), V2 € Q. (2.163)
Since u € Kerd and u, € Kerd for ( € {0,...,m—1}, taking 9" i (2.163)

yields

—m—1

0 u=(m-—1Dy_, in Q (2.164)
which forces

1 —m—1 .
Um—1 = m (8 U) in (2165)

Now, let us substitute (2.165]) into (2.163|) and take 5m72, then we obtain that

9" = (m— 2l + 0 ( zm—lém‘1u> in Q. (2.166)

(m—1)!
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This yields

1 =m—2 1 =m—1
ey = —————0 I———7"719 in Q. 2.167
ot = gy (1= G i (2167
By continuing this process, we have (2.158)). We are left with justifying the
uniqueness. Let vy, v1, ..., Unm_1 € Kerd such that
u(z) = vo(2) +Zv1(2) + - + 2" o1 (2), V2 € Q. (2.168)

In particular,

up(2) + Zuq (2) 2" g, 1 (2)
51)1

+ .
=vp(2) +Zv1(2) + - + 2" 01 (2), (2.169)

for z € Q. Since uy, v, € Kerd for all £ € {0,1,...,m — 1}, taking " " into

(2.169)) yields
(m— Dy 1(2) = (m— Dy q(2), V2 € Q (2.170)
which gives u,,_1 = v,,—1 in ). The equation (2.169) is simplified as

up(2) + Zur(2) + -+ + 2" Uy (2)

=vg(2) + Z01(2) 4+ - - - + Z" 20p_a(2), (2.171)
for 2 € Q. We take 9" into above, then we have
(m — 2wy 2(2) = (m — 2) vy, _2(2), V2 € Q (2.172)

which implies that w,, s = v,,_2 in ). Repeating this process forces u, = vy
in  for all £ € {0,1,...,m — 1}. This finishes the proof of the structure

theorem. O

We now turn to the proof of Theorem [2.20]
Proof of Theorem[2.20, Let ug, ui, ..., un—1 be associated with the given u as
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in the Structure Theorem. Since & u = 0 in €2, from (2.158]) we have

=m—1
Up_1~ 0 U

=m—2 _=m—1
Upo ~0 u+zZ0 u

(2.173)
uy ~ QU+ EO U+ +E20
U~ u+Z0u+ -+
Recall that we are assuming
N, (8%) € 1709, 0) for ke {0,1,...,m—1}, (2.174)

Then N (u;) € LP(09Q,0) and u; € O(Q), Vj € {0,1,...,m — 1}.
Since (2 is UR domain, from the Fatou Theorem for holomorphic functions in
arbitrary UR domain from [28] we have 3 u; (:;t- o-a.e. on 0f2 for 0 < j <
m — 1.
Note that V¢ € {0,1,...,m —1}, (Eeu)(z) only involves Z/ug(2) for 0 < j, k <
m — 1 since any 0 taking on one of the ug,u, ..., un,_1 annihilates it, and
G (Z"‘) is a constant multiple of a power of ZF~¢ if ¢ < k, and zero otherwise.
That is, for ¢ € {0,1,...,m — 1}

(#u) (2) = Z a;nz uy(2) (2.175)

0<j,k<m—1

for some constant a;,. This implies that for £ € {0,1,...,m — 1}

k-n.t.

3 <5£u) o-a.e. on 0§, (2.176)
o0
which completes the proof of Theorem [2.20] n

As a consequence of the New Fatou Theorem in arbitrary UR domains and
the Integral Representation Formula in bounded open sets with Ahlfors regular
boundary, we obtain a version of the Integral Representation Formula that does
not assume the existence of non-tangential boundary traces. Specifically, we

present the following new Integral Representation Formula.
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Theorem 2.22. Let Q C R? = C be a bounded UR domain. Let o = 31| 09).
Fizm € N and r € (0,00). Assume u € €°(Q) is such that & u = 0 in Q
and N, (5@) € LY09Q,0) for each £ € {0,1,...,m—1}. Then, for any order
e {0,1,...,m— 1},

3 (9')

and for any z € Q) there holds

Kk-n.t.

at o-a.e. point on OS2 (2.177)

o0

m—1 —
1 C)k —k K-n.t.
— -_ dc. 2.1
e 2mi /89 k(¢ — 2) (8 u) 09 (¢)d¢ (2.178)
Proof. This readily follows from Theorem and Theorem [2.20 O

The new Fatou Theorem establishes the existence of non-tangential
traces for the differential operator @ up to order m — 1, under the condition
that the non-tangential maximal function of u belongs to LP(9€2, o) for each
¢ e0,1,...,m—1 in arbitrary UR domains. We now develop this theorem
to include all derivatives up to order m — 1 in UR domains with compact

boundary.

Theorem 2.23. Let Q C R? = C be a UR domain with compact boundary.
Fixm e N, p € (1,00), and k € (0,00). Assume u € €*(2) is such that
0"u =0 in Q and N, (Viu) € LP(0Q,0) for € € {0,1,...,m —1}. If Q is
an exterior domain, it 1s assumed that the nontangential mazximal operator is
truncated and one also asks that the auziliary functions {u; }o<j<m-1 associated
with u as in vanish at infinity. Then, for each ¢ € {0,1,...,m — 1},
there holds

K-n.t.

3 (Vgu) o at o-a.e. point on 0S2. (2.179)

Proof. We first claim that if £ € Ny with £ < m — 2 is such that

k-n.t.

3 (V') at o-a.e. point on 99 , Vr € {0,1,...,¢}, (2.180)

onN
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then
9 :=A{g(ap tapery € CWA([LF(09, 0)] (2.181)
a+b<t
. k-n.t.
where Va,b € Ny with a +b < £ g(q) := <8“8bu) - (2.182)

Indeed, according to [28], for Ahlfors regular domain  C R" if w € €1(Q)

satisfies
Now, N..(Vw) € LP(09Q,0), for 1 < p < oo, and
k-n.t. (2183)
Jw at o-a.e. on 052,

o0

then
k-n.t.
w| o e LY(09,0). (2.184)

In addition, for Ahlfors regular domain Q C R” if w € €1(2) satisfies

Now, N, (Vw) € LP(0Q,0), for 1 < p < oo, and
k-n.t. k-n.t. (2185)
3 w‘ and 3 (Vw) ‘ at o-a.e. on 012,
Py a0

then

w

k-n.t
k-n.t. k-n.t.

. € LP(09Q,0) and Vj, ke {l,...,n} (2.186)
k-n.t.
Or. (w - ) = v; (Opw) o Wk (O;w) o (2.187)

For each a,b € Ny with a + b < ¢ the function w := 999"y € ¢ (2) satisfies

N.w € LP(0Q,0), N, (Vw) € LP(09,0), (2.188)
K-n.t.
Jw at o-a.e. on 0f). (2.189)
o9

Indeed, (2.188)) follows from the hypotheses that the non-tangential maximal
function of the gradient of u belongs to LP(9€2, ) up to the order m — 1 and

(2.189)) follows from the assumption on the claim in (2.179)with r := a + b.
This implies that for a + b < £, the arrays g, in (2.182) belong LY(02, ).

To prove the claim, we are left with showing the compatibility condition CC
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for the array g(p). Pick a,b € Ny with a +b < ¢ — 1, applying (2.187)with
n=2t0w=guy € )

— K-n.t.
8’rg(a,b) :87— {(5“8%) :|
o N (2.190)
= <8y <8a5bu)> — Uy (81 <8a5b’U/)>
oN a0
Combining this with the notation in ([2.48))
OrG(ap) =1 (Vg(a+1,b) — 79(a,b+1)) (2.191)

which forces the compatibility condition CC in (2.50) which completes the
proof of the claim. With the claim in our hand, we proceed the proof by

Kk-n.t.
at o-a.e. on

induction. For ¢ = 0, we need to show that there exists u

Q
0f). However, this already is conducted in Theorem [2.20 To proceed with

inductive step, we assume for ¢ € {0,1,...,m — 2} is such that
K-n.t.
3 (V'u) . at o-a.e. on 0Q Vr € {0,1,...,(}. (2.192)

Then, we claim,

K-n.t.
3 (V) ‘89 at o-a.e. on 0. (2.193)

Write (2.60)) from Theorem [2.7] as

: Z=0OF /oy oot

D=3 a5 faiies @) 0

’“Zom e N (2.194)
Z /an k(¢ — 2) <8 “) 0 (¢€)dg.

=+

. Kk-n.t.
Introducing g = {g(aﬁb)}aereNo where g(,p) = ((9“8bu) ) as in (2.182)) and
a+b<t oN
according to the claim in (2.181)we know that g € CWA, [L} (012, 0)]. Combin-
ing this with the definition of the poly-Cauchy operator in (2.55)), we rewrite

as
uz) = (%g) Z omi /89 ku)

k=(+1

k-n.t.

(©)dc.  (2.195)

o0



o6

Recall the Corollary written for ¢ in place of m — 1, Vr,;s € Ny with
r+ s < ¢ we have

l—s—r
7 (%g) ; — /a i o) dC (2.196)
B L/ j' 9 (Z—C)f+1fsfr+j o
F0%439w+1—s—r+jﬂ7@ (( = z)itl
X Gs—1-jer1-s+5) () do(C), (2.197)

for all z € €. Since for fixed z € €,

(z — ()fH—s7+j

(€ —2z)*
is smooth for all ¢ near 02, applying the integration by parts on 02 to the
integral in ([2.197)) yields

! —Yrl—s—rtj
/asz (0+1- i —r+ j)!aT(O [<Z (CCz 2)it ] Jis—1-.+1-s+)(C) o (C)

B i (z — ()fFi—s—r+j
—_/69 (l+1—s—r+j)! (¢—=z)H 8 (2.199)

X (Org(s—1-j.or1-s47)) () do (),

e(¢) = (2.198)

where 0-g(s—1-j+1-s1+j) € LP(082, 0) because g € CWA, [L} (09, 0)]. With an
eye on the condition we presently seek, assume r,s € Ny with » + s = ¢ and

can write

Vo (09 (%19)) (2) =Ve (€905) (2)

s—1
+) Vi

Jj=0

1 / 1 (z=¢)tt "
20 Joo j + 1(C— 2)it1 (2.200)
X (arg(sflfj,ﬁJrlferj ¢)do(¢ ]

where g, € LY(0,0), 0rG(s—1—je41-s+5) € LP(0,0), and € is the ordinary
boundary-to-domain Cauchy operator as in (2.3). We apply the following two
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facts found in [28]. The first fact in [28] that we are applying is that for UR
domain Q C C=R?, 0 :=H!09Q, f € L}(092,0),1 < p < oo,

1 f(©)

(€f) (=) =5 aQC_ZdC, VzeQ. (2.201)
Then V k € (0, 00),
[V (Ff)] ;;Lt- at o-a.e. on 0f. (2.202)

The second fact in [28] is a part of the Calderén-Zygmund theory, namely, for
UR domain Q C C=R?, 0 :=H09Q, f € LP(0Q,0), 1 < p < o0,

ke %™ (R*\{0}), kodd,

k(Az) = \"k(2), Yz € C\ {0},V ) € (0,00), and (2.203)
THE) = [ K= 0FQdo(c). vz e
Then Vx € (0, 00), .
3(Tf) m" at o-a.e. on 0. (2.204)
Using these two facts found in [28] and
et
3 (v’fﬂ (%@g)) L, ato-ac. on 99, (2.205)

Back to (2.194)), there remains to consider

{3 Lot )

k=(+1

k-n.t.

oN

Q) dC] , (2.206)

for z = x+iy € €. Using the fact that d¢ = iv(¢) do(¢) as in (2.1]), we rewrite

(2.206) as

ml g (z=OF /= \ [&nt.
k;;lz_m/m k(¢ — 2) <8 “) o0

for z € . According to Theorem [2.20| and the hypotheses of the theorem,
K-n.t.

one can notice that <5ku> ’89 (iv(-) € LP(OQ,0) for £+ 1 < k < m — 1.

Observe that the kernel
— Nk
Vit [ﬂ] (2.208)

41
vx7y

()i () dU(C)] : (2.207)
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gives rise of a boundary-to-domain integral operator as in (2.203)) if k = ¢+ 1,
and is bounded if k£ > ¢+ 1. For k = ¢ + 1, using the second fact

1 (Z - C)ZH —=l+1
2_7rz/39 C+DI(C—2) (a “)

at o-a.e. on 0f). For k > ¢+ 1, we use the following result about the weakly

k-n.t.
k-n.t.

vf-{-l

T,y

(2.209)

w/(C) dU(C)]

o0
o0

singular integral operators found in [28]. For an open set  C R? with an

upper Ahlfors regular boundary, f € L'(99,0), o := H'|09Q,

B )= [ bea)io)dot). Vo e, (2.210)
with the property that
b(z,y)| < #, for some o > 0, constant C' > 0, (2.211)
b(-,y) is continuous on R?\ {y}. (2.212)
Then
K-n.t.
3(Bf) - at o-a.e. on 0€2. (2.213)

Applying this to (2.207)) with £ > ¢+ 1, one can conclude that

/ 7
E U>
e 2mi Joo k

at o-a.e. on 0f2. This finishes the induction which completes proof of the

k-n.t.

Q)i () dU(C)]
o0

k-n.t.

vy [ (2.214)

0N
k>

theorem. 0

Turning our attention to a version of the new Integral Representation For-

mula for exterior domains.

Theorem 2.24. Let Q) C R? = C be exterior with a lower Ahlfors reqular
boundary, such that o := 1| 0Q is a doubling measure on 9. Fix m € N,
e >0, and k € (0,00). Suppose u € €°(Q) is such that & u = 0 in Q with
the property that for each ¢ € {0,1,...,m — 1}

K-n.t.

N; (5%) € L'(09,0) and 3 (5%) .

at o-a.e. point on Op,S0.

(2.215)
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Then there exists a polynomial P of degree less than or equal to m — 2 in R?

such that

9 Lo i 5 )

for each z € €.

(¢)d¢ + P(2), (2.216)

Proof. Fix z € Q). Let us define a vector field F, by

SIS < SR SN CRY9L
F.(C) = —
(© “— 2mi ENC — 2)

<5ku> (¢), for¢ €S2 (2.217)

Since we have u € (), 8" u = 0 in Q, and u(¢) = O (|¢|™2) as |¢] = oo,

this forces
(5%) Q) =0(I¢[™> "), VEke{0,1,...,m—1}. (2.218)

This further implies that for n € N with |n| > m — 1,

m—1
(92,82) () = &S [¢f=tl gt
k=0

=o(I¢I7),

for some constant C' > 0. Granted this, we conclude that V7 € N2 with

(2.219)

o [u — (Trﬁ_lu)} ~0 in Q. (2.220)

In turn, using Taylor Expansion this forces
u—%€ (Trs_ju) = P, (2.221)
where P, is locally polynomial function of degree < m — 2. That is,

Py 0 is polynomial of degree < m — 2. (2.222)

This trivially and uniquely extends to some polynomial P in R? of degree
< m—2. We can therefore apply Divergence Theorem in [26] to obtain (2.216]).
This completes the proof of Theorem [2.24 O]
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The following is the other Integral Representation result for exterior do-

mains combining with the higher-order Fatou Theorem.

Theorem 2.25. Let Q C R? = C be UR exterior domain. Set o := 1|00
and fir m € N along with € > 0 and r € (0,00). Assume u € €>(Q) is such
that 0w =0 in Q and N, (5%) € LY (0Q,0) for each £ € {0,1,...,m —1}.
=t
Then 3
w3 (B

degree less than or equal to m — 2 in R? such that

K-n.t.

at o-a.e. point on OS) and there exists a polynomial P of

=35 [ e @)

for each z € ().

(€)d¢ + P(2), (2.223)

Proof. This is an immediate consequence of Theorem and Theorem [2.24]
O

2.6 Higher-order Hardy Spaces

The higher-order Fatou theorem in Theorem suggests making the fol-

lowing definition of a couple of higher-order Hardy spaces.

Definition 2.26. Given a UR domain Q C R? with compact boundary, along
with an integer m € N, an integrability exponent p € (1,00), and some aperture
parameter k € (0,00), define the higher-order Hardy space HP™ () (of order
m in Q) as the collection of all functions u € €=(Q) with & u = 0 in Q,
satisfying

N.(Viu) € LP(09Q,0) for all £ € {0,1,...,m —1}. (2.224)

If Q) is an exterior domain, it is assumed that the nontangential maximal op-
erator is truncated and one also asks that the auziliary functions {u; fo<j<m—1
associated with u as in (2.56)) vanish at infinity. Equip this higher-order Hardy

space with

—_

m—

HP(Q) 3w Jullm) = D [NV D] ooy (2.225)
(=
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Finally, define the regular higher-order Hardy space HY™(Q2) (of order m in
Q) in an analogous fashion, now replacing (2.224)) by the stronger condition

N (Vi) € LP(0Q, o) for all £ € {0,1,...,m}, (2.226)

and equipping HY™ () with the norm

HE™(Q) 3wl = Y [NV ono- (2.227)
=0

Note that P,,_2 0 C HP™(Q) where P, o 0 is a collection of polynomials

of degree less than or equal to m — 2 in 2.

We may then refine our earlier higher-order Fatou type theorem as follows.

Theorem 2.27. Let 2 C R? be a UR domain with compact boundary. Fix an
integer m € N, an integrability exponent p € (1,00), and an aperture parameter

k € (0,00). Then the higher-order complex nontangential trace operator
TS | HP™(Q) — CWA,,_ [LP(09, 0)] (2.228)

defined as

K—n.t.

¢ (u) = {(8“('_9 u) )

} aben, Jor each u € HP™(Q), (2.229)

a+b<m—1

1s meaningful, linear, and bounded. In addition,
TSy HY™(Q) — CWA,,_y [LE(09, 0)] (2.230)

defined as in (2.229) above for each u € HY™(2) C HP™(Q) is well defined,
linear, and bounded. Finally, one has the following poly-Cauchy reproducing

formula:
U=Cpn1 (TrS,_1(u)) for each u € HP™(S). (2.231)

Proof. Let us first prove that Tr;Cn_1 is meaningfully defined, linear, and bounded.

Let u € HP™(Q). According to the definition, TrS | is linear and TrS | (u)
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satisfies the compatibility condition. In addition, for aperture parameter
€ (0, 00)

Kk—n.t.

' (6°5")

ITe5, 1 (W)l ewa ey 1 09,0)) = Z

a,beNg
a+b<m—1

< Y M@ @)

LP(0Q,0)

(2.232)
LP(0Q,0)
a,beNg
a+b<m—1

This forces Trs_, is bounded from HP™(Q) into CWA,,_1[LP(99, ¢)]. Sim-
ilarly, TrS | HY™(Q) — CWA,,_ [L2(99Q,0)] is well defined and linear.
Moreover, for u € H"™(Q)

a—b K—n.t.
TS @llown,sgomen = 3|5 (2233
a,beNy L;lj(anU)
a+b<m—1
For a,b € Ny witha+b<m —1,
H (8“5%)
LY (8%0)
- H (0°0"u) 0, (0°0"u) (2.234)
LP(0Q,0) LP(0Q,0)
) a—b K—n.t. ) a+1—b K—n.t. . b+1 K—n.t.
Since 0, (8 0 u) = w(8 0 u) (8 0 ) on 0f), one can
conclude that
3 H (00"u)| <c Y | (09" . (2.235)
a,beNg L?(BQ U a,beNg Lp (6970)
a+b<m—1 a+b<m

for some constant C' > 0. Combining this with (2.233)), we obtain that Tr’
is bounded from H"™(Q) into CWA,,,_1[L}(99, 0)]. Finally, the poly-Cauchy
reproducing formula in (2.231)) follows from the definitions of H»™(Q), TrS

and the integral representation theorem in Theorem [2.7] O

The boundary higher-order Hardy spaces are naturally defined from the
higher-order Hardy spaces in Definition [2.26] and the higher-order complex
nontangential trace operator defined in (2.229)) as follows.
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Definition 2.28. Let Q C R? be a UR domain with compact boundary. Fiz
an integer m € N, an integrability exponent p € (1,00), and some aperture pa-

rameter k € (0,00), define the boundary higher-order Hardy space HP"™ (0%, o)
(of order m in Q) by

Hnm(agLU) = {g = {g(a,b)} a,beNg €

a+b<m—1
CWA,, 1[LP(0Q,0)] : ¢ = TE (u) for some (2.236)
uG'Hp’m(Q)}

In addition, the boundary reqular higher-order Hardy space HY™ (082, o) is de-
fined by

H?m(aSL 0) = {g = {g(a,b) } a,beNg S
a+b<m-—1
CWA,, 1[I (0Q,0)] : ¢ = TE (u) for some (2.237)

1
u € Hfm(Q)}

Along with these definitions of the boundary higher-order Hardy spaces,
the higher-order boundary trace operator becomes an isomorphism from each

domain Hardy space to the boundary Hardy space.

Proposition 2.29. Let Q@ C R? be a UR domain with compact boundary.
Fiz an integer m € N, an integrability exponent p € (1,00), and an aperture
parameter k € (0,00). Then the higher-order complex nontangential trace

operators

TC | HPQ) — HPH(OQ, o), (2.238)
TS HP(Q) — HET(09, 0), (2.239)

are 1somorphisms.

Proof. Let u € HP™(Q2). According to the poly-Cauchy reproducing formula

in (2.231)), one has
U= G (Tt (u)) . (2.240)
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This forces TrS | in (2.238) is injective. The fact that TrS | is surjective
follows from the definition of the boundary higher-order Hardy space as in

(2.236]) which gives for each array g € HP™ (IS, o) there exists u € HP™(S2)
such that

¢ (u) = g. (2.241)

The same argument works for the regular higher-order Hardy spaces. This

finishes the proof. O

Proposition 2.30. Let Q C R? be a UR domain with compact boundary. Set
o :=H' 00 and fix integrability exponent p € (1,00), then

CWA,,_1 [LP(09, 0)] = HE" (09, 0) + HP™ (09, 0), (2.242)
and
HE™ (0, 0) NHY™ (0, 0) = TeC Pr_s, (2.243)

where HE™ (0, o) are the boundary higher-order Hardy spaces associated with

O, =Q and Q_ =R?\ Q, respectively.
Proof. Let g € HE™ (09, 0) + HP™ (092, 0), then
Juy € HP™(Qy) such that ¢ =TS | (uy +u_). (2.244)

This forces

K-1

Gap) = (8“5b (uy + u_)> -

This readily implies that § € CC¢ which shows that § € CWA,,,_; [LP(05, 0)].
For any g € CWA,,,_; [LP(09, 0)],

1 . 1 )

t.
,Va,b € Nowitha+b<m—1.  (2.245)

where (%I+‘fm_1)g € HE™(0R,0) and (—%I+<€m_1>g e HP(0Q,0).
Since Pm_g‘ﬂ C HP™(Qy), we have TS P, o C HE™ (09, 0).
+

There remains to show that

HE(0Q, 0) NHP (09, 0) C TrE P s. (2.247)
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Consider g € HE™(0Q,0) N HP™ (99, o), then

Juy € HP™(Qx) such that TrS uy =g =TS u_ (2.248)
which implies that

k-n.t.

<8a5bU+) oN

. Uy inQ+
for all a,b € Ny with a +b < m — 1. Define u :=

k-n.t.

2.249
- (2.249)

= Glap) = (6”5%,)

. Observe that
u_ n§_
ur € L% (Qx, L?), we get

u € LY (R?, L) C Ly (R?, £2), (2.250)
We claim that @ u = 0 in R2

C, in the sense of distributions. To justify
this claim, pick ¢ € €>°(R?) and write

/ u57n¢d£2:/
R2

Q4

uy o dlL? + / u_9" pdL? (2.251)
Q.

We apply the integration by parts as follows.

/u5g0d£2 = —/(5u)gpd£2+l/ upv do.
0 Q 2 Jo.0

(2.252)
Since " uy = 0in Q4 and v = —vq ., repeating the integration by parts m
times as above forces

m—1
—m —m (_]_)k —k K-n.t
uy 0 god£2+/ u_0 pdL* = (8 u ) wvdo
/g;+ + _ g 2 80 + o0
(2.253)
m—1
_1 k . K-n.t
(=1) / <8ku,) pvdo

= 2 Joo

In turn, TrS u, = TrC_ u_, we see that

/ us 0 dL? —i—/ u_9"pdL? = 0.
Q4

(2.254)
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This shows that [, ud"pdL? =0 in (2.251), and hence 9" v = 0 in D’'(R?).

In particular, elliptic regularity theory gives us that
ue €°(R?) and " u =0 in R? = C, in a classical sense. (2.255)
Also, near infinity
u=u_=O(|z]"?) as |z| = oco. (2.256)
We claim that and imply that
Viu=0 in R? V{>m— 1. (2.257)

which, in turn, force u € P,,_o, as wanted. To prove (2.257)), fix an arbitrary
point zy € C. For each R > 0, write the Cauchy Integral Representation

Formula for the function in the bounded smooth domain B(zg, R),

,_.

m—

Z %/@B 0 Z(g__g)k) <5kU> (€)d¢, Vz e B(zo, R).  (2.258)

=0
Hence, V/ > m — 1, the above implies

m—1

Py Va
ZO 27 (z,R) Y

_ Nk .
%] <8ku> ()¢ (2.259)
This shows that

(Vu)(0)| < © (Z R R) sup[(@w) (). (2:260)

o C€dB(20,R)

According to ([2.256)), one has ](Eku)(C)\ = O(|¢|™27%) as || = oo. For each

0<k<m-—1and?¢>m— 1, we further have
(Vi) (20)] < O(R™27%) = 0(1) as R — oo. (2.261)

Passing R — oo proves (Vzu) (20) = 0, V¢ > m — 1, and since zy € C was
arbitrary this proves ([2.257)) above. [
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Theorem 2.31. Consider a UR domain Q C R? with compact boundary, an
integrability exponent p € (1,00), and aperture parameter k € (0,00). The
poly-Cauchy operator acting on the Lebesque based complex Whitney array
space

Gm_1: CWA,,_1 [LP(0Q,0)] — HP™(Q) (2.262)
1s well defined, linear, bounded, and surjective where the higher-order Hardy

space is defined as in Definition [2.20,

Proof. Let Q C R? be a UR domain with compact boundary. Let us consider

a complex Whitney array ¢ = {gab)} abelo € CWA,,_1[LP(09,0)], and
—1

a,b € Ny witha+b<m — 1. Accordmg to “the Corollary [2.11] we have

m—1—a—b
99 (‘fm 1g> Z oy /aQ g(a k45)(€) d¢

k=0

_ZZM /aQ —a—b+]) . (2.263)

(Z _ C)mfaberj

X 87(4) [ (C — Z)j+1 ] 9(a—1—jm—a+j) (g) dU(C)?

for each z € Q. Observe that the part of the first sum in corre-
sponding to £ = 0 is Calderén-Zygmund operator providing desired nontan-
gential maximal function estimate. The kernels of the remaining terms of
the first sum in (2.263) are weakly singular kernels which directly yield the
nontangential maximal estimates. By similar argument, we obtain the non-
tangential maximal estimates of the second sum in . This implies that
N.. (8"“5b (‘Km 15’7)) c Lp((?Q o) for all a,b € Ny with a +b < m —1. In
addition, from , 0" (6m1g) = 0 in Q and according to Lemma -
the auxiliary functions associated with the poly-Cauchy operator vanish at
infinity, in the case when €2 is an exterior domain. This shows for any complex
Whitney array ¢ = {g(a,b)}afi)bfgo_l € CWA,,,_1[L*(09, 0)], Cfm_lg € HP™(Q).

From the definition of the poly-Cauchy operator in , %,n—1 is linear

operator on CWA,,,_1[LF(052, 0)]. Moreover, from the nontangential maximal
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estimates aforementioned we obtain that for any g € CWA,,,_1[LP(052, o)] there
exists C' > 0 such that

[Gnmsillrmay = > [N (9 (€n19) ) laron

a,beNy

a+b<m—1
m—1—a—>b
<C Z [ Z “g(a,k—l—b)HLP(aQ,a)
a,beNy k=0
a+b<m-—1
a—1
D) [T — HLP(an,o)]
§=0
< Cllgllewa - [z (99200 (2.264)

which proves that €1 CWA,, [LP(0R,0)] — HP™(Q) is bounded. In
order to prove surjectivity, let us fix u € HP"™(Q2). Thanks to the Higher order
Fatou theorem in Theorem [2.27] Gagbu’n_nt. is well defined in LP(02, o) for
a,b € Ng with a+0<m —1. Let g := %?;Cnflu. According to Theorem m,
one can conclude that ¢ = {g@p} apeny € CWA,,_1[LP(0Q,0)] where for

a+b<m—1

a,b € Ny with a +b <m — 1, gup = 8“5bu

k-n.t.

s OO0 09Q. Since u € HP™ (),
N.. <0a5bu> € LP(0Q,0), for a,b € Ny with a +b < m — 1 which implies
that g € LP(09Q,0). Moreover, g € CC¢ follows from the construction of §
through the derivatives of u which forces ¢ := Tr> ,u € CWA,,_; [LP(09, 0)].
According to the integral representation theorem for the poly-Cauchy operator,

we get 61§ = u in HP™(€2). This finishes the proof of the theorem. O

Corollary 2.32. Given a UR domain Q C R? with compact boundary, an

integrability exponent p € (1,00), and aperture parameter k € (0,00), there
holds

Gm—1: HP" (O, 0) — HP™(Q2) is an isomorphism. (2.265)

Proof. According to the theorem [2.31] it suffices to show the injectivity because

HP™(0R) is a subset of CWA,,,_1[LP(0, ¢)]. In order to prove the injectivity

let ¢ = {Gap)} apeno € HP™(OQ,0), then there exists u € HP™ () such that
a+b<m-—1
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K—n.t.

oon - (79[

2.56| there holds

on 0f). Applying the reproducing formula in Theorem

(%m 1g>( ) = u(2). (2.266)

for each z € Q. This forces
Gm10=0 = u=0 = ¢=0. (2.267)

This shows that €,,_, : HP™ (0, 0) — HP™(Q) is injective which completes
the proof of the corollary. m

Theorem 2.33. Consider a UR domain Q C R? with compact boundary, an

integrability exponent p € (1,00), and aperture parameter k € (0,00). There
holds
Gt : CWA,,_1 [L2(09Q, 0)] = HE™() (2.268)

1s well defined, linear, bounded, and surjective where the reqular higher-order

Hardy space defined as in Definition 2.20]

Proof. Let Q C R? be a UR domain with compact boundary. Fix a sobolev
based complex Whitney array § = { 9a b)} a deti € CWA,, 1[5 (09, 0)], and
a,b € Ny with a +b <m — 1. According to the Corollary 2.11] we have

- ) . m—1—a—>b 1 (Z — C)k
0%0 (%m_lg> (2) = 2 5 /an mg(a,mb)(o d¢

- L / J! X (2.269)

i 2mi o(m—a—>b+j)!

[
Lo

(Z _ g)m—a—b-‘rj

X a7’(() [ (( _ Z)j'H ] g(a—l—j,m—a—f—j)(g) dO’(C),

for each z € Q. Similar to the Theorem [2.31] N (0%u) € LP(0R, o) whenever
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la] <m —1. Let a+b=m — 1, then

0 (i) () = [ () de
( > 89

271

a—1

1 1
N = = (2.270)
271—2 90 ] + 1

(2 — )i+t
X aT(C) [%] g(a—l—j,m—a—i—j)(g) dO'(C),

for each z € Q. By direct calculation, we have

aaab—H (%m 19)( )
a—1

Z%/g,g 7(© I%I Ya—1-jm—a+5)(€) do(C), (2.271)

and

o+1g’ (%m,lg) (2)

1 1
=i oo mg(a,b)(f) dg
G+

| [PEvaysy
- ; 2ri /aQ % [%1 Ya—1-jm—a+5)(C) do(C), (2.272)

for each z € Q. Since g € CWA,,,_1[L}(09, 0)], from the definition we have
OrG(ap)s OrY(a—1—jm—a+s) € LP(0Q,0) for all j = 0,...,a — 1. Applying inte-
gration by parts and Calderén-Zygmund theory, we obtain the desired nontan-
gential maximal estimates except the first term in . Using d¢ = ivdo
on 0N), Vz e,

1 1 1 . 1
%/89 Wg(a,b)(o d¢ = —./89 ZV(C)WQM)(C) do(¢). (2.273)

Since iv(Q) (4—1z)2 = —0-() |:Ci2:|’ we get

1 1 1
i o mg(a,b)(o d¢ = "o Or(0) [CTZ} 9ap)(Q) do (). (2.274)
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Since a+b=m—1, 0;gqp € LP(052,0). The nontangential maximal estimate
for the first term in follows from the integration by parts and Calderén-
Zyegmund theory again. This shows that N, <8“5b (‘fm,l g)) € Lr (09, 0) for
a,b € Ny with a + b < m. According to , " (%m_lg) = 0 in Q.
Additionally, in the case when (2 is an exterior domain, the auxiliary func-
tions associated with the poly-Cauchy operator vanishes according to Lemma
2.150 Consequently, for all g = {g(a,b)}aigfgo_l € CWA,,_1[LY(09,0)], one
has €,,—19 € HI™(92).

Moving on, it is clear from definition that %,,_ is linear operator. For the

boundedness, let g € CWA,,,_1[L} (09, 0)], then

1G9l )

=3 IN (G“Eb (Cfmflg» v (002.0)

a,beNy
a+b<m

= Y M (8“5b (%’m_lg)) lro0) (2.275)

a,beNg
a+b<m—1

+ >IN <8a5b <<£m_1g>> 22 @9,0)-

a,beNy
at+b=m

. . . =0 > .
From the nontangential estimates mentioned above for 00 (‘Km_lg> when-

ever a + b < m, we obtain that there exists C' > 0 such that

bl .
Z [ (8 0 <(€m719>) | zr00.0) < Cllgllewan, o0, (2-276)

a,beNy
a+b<m—1
and
aqP Z .
> W (09" (6n19)) o <C - 10rgtapliieon. (2:277)
a,beNp a,beNp
a+b<m a+b=m—1

In conclusion,

1Gm-19llm @) < Clldllewa, .22 @00.0)- (2.278)
This proves that %,,_1 : CWA,,_; [L2(9Q, 0)] — HZ™ (1) is bounded operator.
To this end, let us fix u € H}"™(£2). Thanks to the Higher order Fatou theorem
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k-n.t

in Theorem |2.27], 89 u
o9
a,b € Ng with a +b < m — 1. Let g := TrS_ u. Then for all sobolev based

is well defined in L? (99, o) for all natural numbers

complex Whitney array § = { g(mb)} fi,beO 1 € CWA,, _1[L}(09, )] where each

k-n.t.

entry gep) = 8“5bu o

on 0f). Since N <8a5bu> € LP(09Q,0) for a,b € Ny
with a + b < m, we have gp € LP(0,0) for a + b < m which implies
that g € LY(0Q,0) for a +b < m — 1. In particular, g, consists of
derivatives of u which implies that ¢ € C'Cc. This shows that the array
g:=TrC u e CWA,,_, [L1(09,0)] for u € HP™ (). Thanks to the integral
representation formula for the poly-Cauchy operator, we have Gt g =uin
HP™(Q). This proves the theorem [2.33] O

Using same argument in Corollary|2.32], the poly-Cauchy operator is an iso-
morphism from the boundary regular higher-order Hardy space to the regular

higher-order Hardy space.

Corollary 2.34. Given a UR domain © C R? with compact boundary, an

integrability exponent p € (1,00), and aperture parameter k € (0,00), there

holds

G = HY™(OQ, 0) — HY™(Q) is an isomorphism. (2.279)

2.7 The boundary-to-boundary poly-Cauchy op-

erator

In this section, we prove the jump relation associated with the poly-Cauchy
operator with boundary-to-boundary version of the poly-Cauchy operator which
is a most natural higher-order generalization of item (2) in Theorem [2.1] Pro-
ceeding forward, define a boundary-to-boundary poly-Cauchy operator as fol-

lows.

Definition 2.35. Given a UR domain Q C R?* = C with compact bound-
ary and p € (1,00), for § = {g@p} abvene € CWA,,_1[LP(0,0)] define

a+b<m—1
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boundary-to-boundary poly-Cauchy operator C,_1§ = { (Cm_lg>( )}
a,b

a,beNy
a+b<m—1
by setting, for a,b € Ng with a +b<m — 1,
m—1—a—b -
Cmf ) = 1 S . d
< 19 (a,b) <Z) kz ELI(I)EL 2711 / k"(( _ Z) 9(a,k+b) (C) C
=0 ¢cean
[¢—z|>e
a—1 )
. 1 4!
-2 tm o 2.280
- 55&271'2' / (m—a_b+j)!x ( )
=0 o
[¢—2]>e

at o-a.e. point z € 0S).

As indicated in our next theorem this operator acts naturally between our

complex Whitney array spaces.

Theorem 2.36. Let 2 C R? be a UR domain with compact boundary, and fix
an arbitrary integer m € N. Also, pick an integrability exponent p € (1,00).
Then the boundary-to-boundary poly-Cauchy operator Chnt yields well-
defined, linear, and bounded mappings both on the Lebesque-based complex
Whitney array space CWA,,,_1[LP(082, 0)] and on the Sobolev-based complex
Whitney array space CWA,,_1[LY (092, o)].
As such, for each array § = {g(a’b)}afl’;bfs[h € CWA,,,_1[L*(09,0)] one has

HCm—lgHCWAm,l[Lp(aQ,o)} S l9llewa,, -1 izr@0.0)); (2.281)

and for each array g = {g(a,b)} apery € CWA,, 1[LY(0Q, 0)] one has
a+b<m—1

HCm—1gHCWAm71[Lzl>(aQ,U)} S 9llewa, (209,00 (2.282)

Proof. We first show that for ¢ = {gs)} apene € CWA,,_1[LP(0, 0)], the

a+b<m—1

a,beNy

boundary-to-boundary poly-Cauchy operator C,,_1§ = { (Cm,l g) ( )}
a,b
a+b<m—1
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also satisfies the compatibility condition. Indeed, for any a,b € Ny with

a+b<m-—2,

) m—1—a—b o Ak
(Gns) 1= X Jmgn [ gm0

e—0+ 270 ENC — 2)
cean
[(—z|>€
a—1 .
1 !
— lim — 2.283
— c—0+ 271 / (m—a—>b+j)! ( )
- Cen
[¢—z|>€

at o-a.e. point z € 9€). Taking tangential derivative to (2.283)) yields

o))

m—1—a—b ‘ 1 (. _ Nk
=— Z EliglJr py— / Or(¢) [%] lak+1)(€) dS
k=0

Cen
|(—z|>¢
a—1 .
1 4!
lim — X 2.284
+, 0% 2mi / (m—a—>0b+j)! ( )
7=0 €90
|{—z|>¢e

X a72'(() [ (¢ — 2)it! ] g(a—l—j,m—a—i-j)(C) do ().

Applying the integration by parts for 0 < k < m — 2 — a — b to the first term
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in (2.284)) gives

_ (m—1—a—b)
= — lim L / 67—(0 [(m (z C) 9(a,m—1—a) (C) dC

e—0+ 271 —1—a—-0b)l(¢—2)
¢eonN
[C—2|>¢
m—2—a—b T
_— (z —Q)F
1 o 87— a d
* Z 51}%14’ 27 / k(¢ — Z>( Ylaje+))(C) dC
k=0 Ceon
[¢—z|>€
a—1 .
. 1 4!
lim, —— 2,985
+A7 aironJrQﬂ'i / (m—a_b+j)]x ( )
B ¢eon
I¢—2[>

(Z _ C)m—a—b-ﬁ-j
X 5’3(4) [ — ) g(a—1—j,m—a+j)(o do(¢).
Based on the calculation and the compatibility condition of ¢, we obtain
0- (C’m, ) ) z :[+iy~(C’%, ) z —iﬁ~(C’7§1, ) z),
(00 (i), ) ), ),

(2.286)

where

_ (m—1—a—0)
I =— lim L / aT(C) [( <Z C) ] g(a,mflfa)(C) dg,

e—0t 271 m—1—a—>b)(¢—=z)
¢ean
I¢—2|>¢
(2.287)
m—2—a—b Y
v .1 (z— Q)"
! - lim —— / RGN YAyt d
(Cm_19> o ; lim_ —— R(e = Y (O S
= ¢ceon
[¢—2]>¢
a—1
1 (7 +1)!
— lim — 2.288
_sg(%Zm / (m—a—>b+j)! ( )
- Ceon
[(—z|>e
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and
m—2—a—b 7 NL
P .1 (z = Q)F
2 _ lim / =" d
(Om—lg) (a,b) (Z) kz 5l>%1+ 27i k"((’ _ Z) g( Jk+b+1) (C) C
=0 ceon
[—z|>€
a—1 .
) 1 (7 + 1!
_ lim —— 2.289
o+ 2mi / m—1—a—bt (2.289)
cedn
[¢—z[>e

(Z _ C)m—l—a—b—i—j

X Or(¢) [ (€ — ) ] g(a—1—j,m—a+j)(o do(C).

Using d¢ = ivdo((), it can be shown that

[ +iv- (q;flg) = (C’m_lg'> (2). (2.200)

(a+1,b)

From ([2.289)), let us also point out that

(C*};_l g) = (Cm_lg> (2). (2.201)

(a,b+1)

Substituting (2.290)) and (2.291)) into (2.286)) gives for each a,b € Ny with

a+b<m-—2,

(aT (Cm_lg) (a,b)> (2) = iv- <Cm_lg> (a+1,b) (2) —w- <Cm_lg> (a,b+1) (2),
(2.292)

at o-a.e. point z € Q. This verifies that C,,_1g = {((}m_lg> }
(a,b) ai)b<EN0 1

a+b<m—

also satisfies the compatibility condition provided the Lebesgue based complex

Whitney array ¢ = {g(a,b)} abeN, € CWA,, 1[LP(09,0)]. From the defini-
a+b<m—1 .
tion of the boundary-to-boundary poly-Cauchy operator in (2.280)), C,,,—; is a

linear operator. In order to prove the boundedness, let us consider a Lebesgue

based complex Whitney array ¢ = {gap} apeny € CWA,_1[LP(0Q,0)].
a+b<m-—1

Then,

[Cnsillown, uronoy= 2 1(Gn1d), lgney 2299

a,beNy
a+b<m—1
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Let us denote

I
—
|
Q
|
o
Q
I
—

(Cnd) = (Cnti) INOED (¢i2.9) oy (D) (2299

i
=)
<
Il
o

wherefor0<k<m-—-1—a—0>

(Chhg) ()= dim 1 / O (O de (2.205)
" () =50+ 21 RI(C = 2) @ ,
¢cE00
[¢—z|>€
and for 0 < j<a-—1
BRIy QR oo
" ) 0t 2 (m—a—b+7)
CeanN
[(—z|>e

(Z _ C)m—a—b—l—j

X 8T(<) [ (C— )i ] g(aflfj,mftH»j)(C) do(¢),

at o-a.e. point z € 0f2. Observe that for 0 < £k < m —1—a — b, crl s

m—1
weakly singular integral operator which is bounded on LP(02,0). If k = 0,
then C'

m—1
is also bounded on LP(0f2,0) due to the Calderén-Zygmund theory. Next,
we turn to the boundedness of C% . For a,b € Ny with a +b < m — 1,

is reduced to the boundary-to-boundary Cauchy operator which

C’ﬂf_l is weakly singular integral operator for any 0 < j < a — 1 which is
bounded on LP(9Q,0). If a + b = m — 1, then C%*> | becomes the Calderén-
Zygmund integral operator which is also bounded on LP(952, o) according to
the Calderén-Zygmund theory. Consequently, for any 0 <k <m —1—a — b,
0<j<a-—1, we obtain

H <C'r]f{£19> (@) ||LP(8Q,U) N ”g(ava)HLP(BQ,o)’

1(¢32:5) ., Do S Boecrsmconlliney 290
Combining this with , one has
| Cr

1gHCWAm_1[LP(aQ,a)] S HgHCWAm_l[LP(aQJ)]' (2.298)
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Now, we are left with showing the regularity property in (2.282). Let us
consider ¢ = { g} apeny € CWA,_1[LY(09,0)]. According to Definition

2.5 one has s
Comillown ronm = 5 1(Cnd),, lgmor 2299
a,beNp ’
a+b<m—1

For a,b € Ny with a + b < m — 2, using the compatibility condition of C,_1¢
and the boundedness as in (2.298)), it can be checked that

Z H (CM*L‘?) (ah) HLZI’(BQ,U) S Z Hg(“’b)“lﬂ’(aﬂ,a)' (2.300)
a,beNy ’ a,beNy
a+b<m—2 a+b<m—1

If a,b € Ny with a +b = m — 1, then C*', in (2.295) turns out to be the
boundary-to-boundary Cauchy operator acting on ggp). According to the

regularity result in Theorem [2.1], one has

[ (C’fiil_lg) ) 2000 S 1960 | 2000 (2.301)

Next, we turn our attention to C’TJHQ_1 Applying the integration by parts gives

for0<j<a-1

7,2 . I E -
<Cm—19> wp =l o / jr1” (2:302)
e
I¢—z[>¢
z— ()it
X EC _ Z;j-s-l (8Tg(a—1—j,m—a+j))(o do(¢),

at g-a.e. point z € 0§2. Observe that the kernel in (2.302) is weakly singular

which forces

2
” (Cr]n—19> (@) HLP(BQ,J) S HaTg(a*I*jvm*aJrj)HLP(('?Q,U)' (2.303)
In addition,
(afc'*” 19) (2) = — lim — / LI (2.304)
T2 (anh) e—0+ 27 j+1
cean
[—2z|>¢

G=opt

X 67(2) [m] (8Tg(a—1fj,mfa+j))(C) dO‘(C)
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which is Calderéon-Zygmund operator. Applying the Calderén-Zygmund the-

ory provides

G2
H (8707]71—19) (@) ||LP(BQ,0) S ||a7'g(“_1_jvm_“+j)HLP(BQ,U)' (2.305)
In conclusion, for each array ¢ = {gup} aseny € CWA,,_1[LF(0Q,0)] we
a+b<m-—1
obtain that
HCm*lgHCWAm,l[L’f(BQ,o)} S HQHCWAmfl[LIf(aQ,O')]‘ (2-306)
This completes the proof of the theorem. O

The theorem above also indicates the higher-order generalization of the
boundedness and regularity of the classical Cauchy operator in Theorem [2.1]
Remarkably, the boundary-to-boundary poly-Cauchy operator C,,_; is tied
up with its boundary-to-domain version %,,_; via the jump-formula described

below.

Theorem 2.37. Let Q C R? be a UR domain with compact boundary. Fiz an
integer m € N along with an integrability exponent p € (1,00). Then for each
gwen array g € CWA,,_1 [LP(08, 0)] one has

Tl (C@”’m,lg> - <%I + Cm,l) g. (2.307)

Proof. Fix k > 0. Let Q C R? be a UR domain with compact boundary. Let

a,b € Ny with a +b < m — 1. From the formula (2.97)), for each Lebesgue

based complex Whitney array § = {gup} apeny € CWA,,_1[LP(0S, 0)] we
a+b<m—1

have

[y

_ ) m—1—a—b 1 Ak
0 (%019 (2) = =8 %gw,ﬂmo i (2308)

x>
[e=]

—_

1 / !
P ~7 X
— 27 Jog (M —a—b+j)!

S

<

(Z _ C)m—a—b-‘:—j

X ar((j) [ (C _ Z)j‘H ] g(a—l—j,m—a—l—j)(C) dO’(C),

(2.309)
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for each z € Q. The integral kernel in (2.308) is either weakly singular, or
Calderén-Zygmund operator. If £ > 0, then the integral kernel in (2.308]) is
weakly singular which does not jump on the boundary. In the case when k£ = 0,

we employ the jump relation (2.7)) to write

1 1 k-n.t.
(ﬁ /m ngb)(() dC) G (2.310)
= (Cgen)@) [ (=) (2.311)

1 1 1
259(“’6)(2) +sli%l+% Ceon ng(wb)(o dg, (2.312)

[(—z|>e

for almost every z € 0. If a +b < m — 1, then the integral kernel in ([2.309))
is weakly singular for all 0 < 7 < a — 1 which does not jump on the boundary.

In the case when a,b € Ny satisfies a + b = m — 1. For simplicity, we denote
(z=¢)m—a—b+i
G
again to write

by ko(z— () for all 0 < j < a—1, and we apply the jump relations

k-n.t.

(2)

( /(9 . 9y [ko(- = O 9ta-1-jm—a+5 () dg(o)

1 ~ ~
N [Vﬂ/ﬂfo(’/) — variko(v) | (2)9(a—1—jm—a+j)(2)

o0

. (2.313)
+ al—l>%l+ cean O7(¢)[ko(z = Q)]g(a-1-jm—a+5)(¢) do(C)
[(—z|>¢
:513& ceon 7o) [ko(z = O)]9ta—1-jm—a+j) (¢) do ()
[¢(—z]>e
for almost every z € 0f2. Remark that
m(m—a—>b+ 7)), —atb-1-j
to(s - ¢ = - L 0 ) )
' (2.314)

(=OF etk
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where E,, is the fundamental solution for " . This forces

1 / g!
o ~ X
270 Joq (m—a —b+ j)!

_ (\Ym—a—b+j
X aT(C) [(Z C_)Z)j_H ] g(a—l—]}m—a—&-j)(C) dO’(C))

k-n.t.

(2)

(¢ o
< b o 200 [T ]
X G(a—1-jm—a+j)(C) do(C), (2.315)
and
(m > bi/ Z_C -0 90040 (C) d<> _n’t'(z) (2.316)
—  2mi Joo '(C

: Z:: EHO+ 2@ ¢eon <5m_1_kEm) (Z - C)g(a,k+b)(o dg,

|(—z|>¢€

for almost every z € 0€). In conclusion, for the boundary-to-boundary poly-

Cauchy operator %,,_; in Definition there holds

. 1 .
Trg%1 (%m,lg) = (51 + C’ml) g, at o-almost every point on 0f).
(2.317)
This completes the proof of the theorem O

As a corollary of Theorem and (2.307) one obtains the higher-order
version of the involution property as in the item (/) in Theorem .

Corollary 2.38. Let Q2 C R? be a UR domain with compact boundary. Fiz an
integer m € N along with an integrability exponent p € (1,00). There holds

. 2
(Cm_1> =11 on CWA,_, [L7(99,0)], (2.318)

where Cy,_q is the boundary-to-boundary poly-Cauchy operator defined in Def-
inition [2.33.
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Proof. Let Q C R? be a UR domain with compact boundary, and consider
array § = {gap | apene € CWA,,_1[LP(8Q,0)]. According to the Theorem

a+b<m—1

, the poly-Cauchy operator €,_1§ € HP™(€)). Applying ([2.231]),
G = Cons (Trg_l (%fm,lg» in Q. (2.319)
Combining this with taking €,,_; to (2.307), we obtain that
L 1 : .
%mflg = Cgm,1 ((5[ + le) g) on Hp’m(Q) (2320)

Taking TrC, | into the identity (2.320)), we have

. ) 1 .
C -\ _ e 1 .
T (‘fmflg) =Tr, (Cfmfl) ((21 + Cm1> g) (2.321)
on CWA,,,_1[LP(09,0)]. The jump formula in (2.307) forces

Groce)o- (o) (roce)s) o

on CWA,,, 1 [L*(09, 0)], namely,

Lrie, o= (2r+c +<O )2 ; (2.323)
2 m—1]9 = 4 m—1 m—1 g, :
for g € CWA,,,_1[LP(09,0)]. This implies that
) 2 1
(Cm_1> §=19 on CWAL[L7(09,0)]. (2.324)
This finishes the proof of the Corollary. O]

2.8 Identification of the poly-Cauchy operator
as the double multi-layer potential opera-

tor

The main goal of this section is to identify that the poly-Cauchy operator is
a genuine double multi-layer potential operator associated with polylaplacian
under appropriate identification. We first introduce real and complex Whitney

array spaces, and identification map between these two array spaces.
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Definition 2.39. For p € [1,00], define a real Whitney array space and a
complex Whitney array space by

RWA,,_1 [LP(Q, 0]

Z{fz {fim} ikenoy € CCr: fju € LP(0Q0) ifj+k<m—1 },

jk<m—1

(2.325)

CWA,,_1 [LP (09, )]

:{g:{g(r,s)} rseNy € CCc t g(rs) € LP(0,0) ifr+s<m—1 },

r+s<m-—1
(2.326)
respectively, where
F={fun} jkevy €CCr <
j+k<m-—1
Orfiik) = VifGrr) — Vafjrih) o-a.e. on 09
) (2.327)
whenever j+k<m—2 and j, k€ Ny.
and
g = {g(r,s)} r,s€Np € OC(C <
r+s<m—1
aTg(?",S) = iyg(r+1,s) — iﬁg(nsﬂ) o-a.e. on Of)
(2.328)

whenever r+s<m—2 and r,s € Ny.

We introduce a couple of useful combinatorial lemmas.

Lemma 2.40. Forr,s € Ny, 0 < d <r+s, we have

r+s
1 d s!
E g X
2rts al(r —a)!bl(s —b)!

(=0 0<a<r

0<b<s

a+b=/{

14 (r+s—20)!
< ) (—1)~"9 =6,  (2.320)
1(f — | ! T/ — ’
o=, PE=p)lgl(r+s—L—q)
0<qg<r+s—/¢

p+q=d
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where

0 otherwise

5m={]ﬁd:r. (2.330)

Proof. Fix r,;s € Ny. For z,y € R, recall

Z=T—1y, 2 =10+ 1y,

247z Z—% (2.331)
xr = LY =1
2 2
Applying binomial formula combining with ([2.331]), we have
27 =(x —iy)"(x +iy)® (2.332)
! 5!
— : r+s—(a+b) 1)@ a+b, r+s—(a+b)
Za'r—a)'b‘(s—b)Z (=)
0<a<r
0<b<s
—\ a+b —\ r+s—(a+d)
_ Z r! s! s (a+b)( 1) Z+Z iZ—Z
al(r —a)!bl(s —b)! 2 2
0<a<r
0<b<s
1 7! s!
= X
2rts Z al(r —a)!bl(s —b)!
0<a<r
0<b<s
x Z (CL + b)‘ (T +s—a— b))' (_1)rfafqu+qzr+sf(p+q)
| — ) g —a—b—=ag)! !
0o plla+b—plg(r+s—a—b—gq)!
0<g<r+s—(a+b)
where ¢ = r + s. This forces
9 Z Z I(r — a)l bl(s —
= 00<a<ra r—a)lbl(s b)
0<b<s
a+b={
= (C'_'é))! 1)r—ae—4 d—c—d
5 Dl p . CL RS SRS
d=0 0<p<l
0<g<c—¢
ptq=d
- Zzalr_albls_b)
d=0 £=0 0<a<r
0<b<s
a+b={
(C-—-é))! r—a—q | ,d=c—d
X }: @_g_)K—U 2%z (2.333)
0<p<¥ q
0<g<c—¢

p+q=d
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On the other hand,

2"z = Z Sgr2tze4, (2.334)
Comparing coefficients with (2.332)) completes the proof. O

Lemma 2.41. Fixm € N, k € {0,...,m}. Forr € {0,1,...,m — k}, the
following holds.

m—k
1
- > (-1 =6,0,  (2.335)
2 kzzo 0<p<m—k—¢ pim —k—{— p) 10 — Q) °
- 0<g<e
prg=r

where

&w—{]#TZO . (2.336)

0 otherwise

Proof. Combining (|2.331)) with the binomial formula yields, for each z = z—1y
where x,y € R,

—m—k - \m—k (m — ]{})‘ ekl ’
- ~ 2 m—k—0) 2.
z (z +iy) 2 Wm— k- g)!x (iy) (2.337)
_m—k (m—k)' 24z m—k—£ =_ ¢
= m—k-0\ 2 5 ,
which forces
- (2.338)
Sy B
— K' (m—Fk—20)!
— k=10 0
X -1 l—q (7n Zp+qznv_k_p_q
0<p<zm:—k—z( ) pl(m—k—0—p)q(l—q)

< q (m—k)! p+qzm—k—(p+q
§: §: Sy s e s

et . (m — k)! S——
kggg; E: (_DPW”—k—ﬁ—pWMK—QZZ -

=0 0<p<m—k—¢
0<q<t
pta=r
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Note that i
R =N G027 E R (2.339)

r=0
Combining this with ([2.338]), this finishes the proof. O

For p € [1, 0], we introduce a map ¥ from the real Whitney array into the

complex Whitney array
U : RWA,, 1 [LP(09,0)] — CWA,,_1[LP(09,0)], (2.340)

defined by for f = {fim} jreno € RWA,,_1[LP(89,0)] and 7, s € Ny such
+k<m-—1
that r +s<m—1 ’

: 1 r! s!
v =
< (f)) (rs)  2rFs ;@Q al(r —a)! bl(s —b)! 8

0<b<s

X (= 1)) e a ) (2.341)

Lemma 2.42. U : RWA,, [LP(09,0)] — CWA,,_1[LP(0R2,0)] defined as in
(2.341)) is well-defined linear map for m € N, p € [1, o).

Proof. From the construction, W is a linear map and ¥(0) = 0. For any real
Whitney array f = {f(j,k)} jkeny € RWA,, 1[LP(0Q,0)] and r,s € Ny such
j -1

Jtk<m
that r +s < m — 1, we have

|(v5),.,

0<b<s

SC’(m) Z Z ||f(a+b,r+s—a—b) ||LP(BQ,J)

r,s€Ng 0<a<lr
r4+s<m—1 0<b<s

Sc(m)Hf.HRWAmfl[LP((?Q,U)b (2.342)

LP(0Q,0)

1 7! s!

__1\r—a;r+s—(a+b)

or+s Z al(r —a)!bl(s — b)!( 1) Flatbirts—a=t)
0<a<r

Lr(69Q,0)

which implies for r, s € Ny with r +s <m — 1

(\11( f))(m) e L"(99, 0). (2.343)
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Moreover, for r,s € Ny with r + s < m — 2, applying the following relations

= ”;L”, vy = V;Vz', (2.344)
we obtain that
: 1 r! s!
(/) (rs) 2rFs O;Q al(r —a)lbl(s — b)!( )y Jlarbirts—a
0<b<s
1 7! s!
= X
2rts Z al(r —a)!bl(s —b)!
0<a<r
0<b<s
X (_]-)T_air—i_s_(a—’—b)(Vlf(a+b,r+s+1—a—b) - V2f(a+b+1,r+s—a—b))7
(2.345)
which implies
. 1 7! s!
o-(v()), =5+ pyegrbaait)
(/) (rs) 27Fs O;Kr al(r —a)lbl(s — b)!( J
0<b<s

(1 .
X {W (5 . (f(a+b+1,r+sfafb) - Zf(a+b,r+s+1ab)))

_ (1 .
—w (5 : (f(a+b+1,r+s—a—b) + Zf(a+b,r+s+1—a—b))>1 . (2346>
This forces
- 1 7! s! L
_ __1\r—a;r+s—(a+b)
O (\Il(f)>(rs) - [2“‘8"‘1 Z al(r —a)! (s — b)'( DT *
’ 0<a<r T )
0<b<s
(2.347)
X (f(a+b+1,r+s—a—b) - Z.f(a—i—b,r—l—s—i—l—a—b))]
sy 1 Z r! S! (_1)7’—(1,L'T‘+8—(a+b) %
2rtstl al(r —a)!bl(s —b)!
0<a<r
0<b<s

X (f(a+b+1,r+s—a—b) + Z‘f(a—l—b,r—&—s—i—l—a—b))] .
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Observe that

1 7! s!
_1\r—a;r+s—(a+b)
ort+s+1 Z a!(r . a>| b'(S _ b)‘( 1) t f(a+b+1,r+s—a—b)
0<a<r
0<b<s

1 r!
= E X
ort+s+1 = (a—Dl(r+1—a)
0<b<s
s!

X bws __b)|(_])T+17aiT+s+&4(a+b{ﬂa+bm+s+1—a—bﬁ (2.348)

which forces

1 7!l s!
T _q\r—a;r+s—(a+b)
or+s+1 Z a!(r _ a)! b!(s _ b)!( 1) v f(a+b+1,r+sfafb)
0<a<r
0<b<s

1 7! s!
=5t E X
2rtstl £~ (a—1I(r+1—a)!bl(s —b)!
0<b<s

r+l—a;r+s+1—(a+b
x (—1) t ( )f(a+b,r+s+1—a—b)

1 s! o—b
T et ) W(s —0)l fer+14b,5-0); (2.349)

0<b<s

and

—t T! S! r—a; r+s—(a+b
orts+l 2 al(r —a)!bl(s — b)!(_1> O far a1y (2:350)

0<a<lr
0<b<s

1 7! s!
— __1\r+1l—a;r+s+1—(a+b)
_2r+s+1 Z CL!(?‘ . (l)' b'(S - b)'( 1) t f(a+b,r+s+17afb)?

0<a<lr
0<b<s

which implies

—1 7! s!
__q1\r—a;r+s—(a+b)
or+s+1 Z CL!(T _ a)! b!(s o b)'< 1) ¢ f(a+b,r+s+1—a—b)

0<a<r
0<b<s
1 7! s!

= _ 1\r+l—a;r+s+1—(a+b)

Cortstl Z al(r —a)!bl(s — b)!< b ¢ Fla+brtsi1-a-b)
1<a<r
0<b<s

_ 1 S! r -r4+s+1—
+2T+s+1 Z bl(s — b)'(_1> et bf(b,rJrerlfb)- (2.351)

0<b<s



89

In addition, for 1 <a <r

1 1
@—Dlr+1—a)l  a(r—a)
1
(a—l)(r—a)(r+1—a ( N(r —a)la
1
(a=D!r —a)!
r+1

:m- (2.352)

Combining this together with (2.348)), (2.350)), we conclude that

1
7"+1—a a

rl s!

1
- - —1)@ -r+s—(a+b)
2rts+l Z a!(r—a)!b!(s—b)!( ) %

0<a<r
0<b<s

(f(a+b+1 r+s—a— b) - Zf a+b r+s+1—a—b))

T + 1 s! r+l—a;r+s+1—(a+b)
2r+s+l a[ 7“ +1—a 'b'(s _ b) ( 1) t f(a+b,r+s+1—a—b)
<a<r
é<b<s
1 s! 5—b
+m > ml for+1+b,5-0)
0<b<s
r+1 r+s+1-b
27»+5+1 Z b' S — b ) et fbr+s+1—b)
0<b<s
1 (r+1)! s! g rtstle(ath
= (_1)T+ alT+S+ (at )f a+b,r+s+1—a—b
2rtstl 0<;+1 al(r+1—a)!bl(s—b)! ( )
0<b<s
- (ql(f)) (r1,8) (2.353)
Similarly,
r! s! r—a, r+s—(a+b)
2r+s+1 - a] 7“ _ (L)' b'(s _ b) ( 1) ¢ f(a+b+1,r+s—a—b)
<a<r
8<b<s
1 r! s! r—a; r+s+1—(a+b)
:W 0<Z‘J< CL‘(T _ a) (b _ 1) (S + 1— b) ( 1) ? f(a—i—b,r—l—s—i—l—a—b)
1<b<s
2r+8+1 Z a] T‘ _ CL 1>T_air_af(a+s+1,r—a)7 (2354)

0<a<r
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and

) rl s!
_ _1)r-a;r+s—(a+b)
or+s+1 Z a!(r—a)!b!(s—b)!( D74 f kbbb -ab)
0<a<r
0<b<s
rl s!

1
st 0<Za<r al(r —a)lbl(s — b)!(
0<b<s

r—a r+s+1—(a+b
__1> t ( Xﬁa+bm+s+1—a—®

1 7! s!
- -1 r—a,L'r-l—s-‘,-l—(a-l—b) bt st ]
2r+s+l 0;@ al(r —a)!b!(s — b)!( ) Jatbrtstiza)
1<b<s

__1 r! r—a;r+s+l—a
+2T+s+1 Z al(r — a)!<_1) ¢ far+s+1-a)- (2.355)
0<a<r
Combining (2.352)) for b, s together with (2.354]), (2.355)), we conclude that
1 r! s!
—1)r—o@ 'T+s—(a+b)x
it 2 @i

0<a<r
0<b<s

X(th%+1J+s—a—® +'iﬁa+bm+s+1—a—w)

1 r! <8'+'1)! r—a r+s+1—(a+b)
=g 2 al(r —a)!bl(s+ 1 —b)! (=1 Jarbirtari-at
0<a<lr

1<b<s

1 rl r—a;r—a
+27+5+1 Z a|( '<_1) v f(a+s+1,r—a)

0<azr @\ T a)!
1 7!
r—a;r+s+l—a
+27"+S+1 Z a!(r _ a)! (_1) L f(a,r+s+1fa)
0<a<lr
1 r! (s + 1)! rartatl—(ath)
=g 2 A aibs 1ot Jarbrrstizay
0<a<lr
0<b<s+1
= <‘I’(f)>(r e (2.356)

Applying (2.353) and (2.356) to (2.347), we obtain for any r,s € Ny with
r+s<m-—2

b (u),, =i (010) ., - (v00),, e
This with shows for f = {fim} jren, € RWA,,_1[L7(092,0)],
Jjtk<m-—1
U(f) = {(\p( f))(m)} o € OWALL[LP(09.0)] (2.358)

r+s<m—1
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Consequently,
U : RWA,, {[LP(09,0)] — CWA,,_1[LP(09, 0)] (2.359)
defined as in (2.341)) is well-defined linear map. O]

Next, for p € [1,00], we introduce a map ® from the complex Whitney

array into the real Whitney array

O : CWA,,_1[LP(09Q,0)] — RWA,, 1[LF(09,0)] (2.360)
defined by for ¢ = {gs)} rseny € CWA,,1[LP(0,0)] and j,k € Ny with
r4+s<m-—1
J+kE<m-—1
. o J! k! _ \k—b 4
(*@),,, = 2 a oo Y Sasessian- (2:361)
0<a<jy

0<b<k
Lemma 2.43. ® : CWA,,,_{[LP(09Q,0)] — RWA,,_1[LP(0R,0)] defined as in
(2.361)) is well-defined linear map for m € N, p € [1, o).

Proof. Notice that ® is a linear map and ®(0) = 0. Similar to (2.342)), for
Jj,k € Ngwith j+k<m—1

(q’(g)) € LP(99,0). (2.362)
Since v = V1 + iVQ, V=1 — 'iVQ, we obtain
o, <<I> ' )
(g) (4:k)
k J! k! b
— 1) 0, Gt ik
D D p T T AR (R
0<a<j
0<b<k
ok Z J! k! (1) | o | |
- al(j — a)!bl(k —b)! WY(atbt1,j+k—a=b) = WG(atbj+k+1-a=b)
0<a<j
0<b<k
& J! k!
Ogﬁ al(j — a) bl(k — b)!
0<b<k

x (—1)F? [il/l (g(a+b+1,j+kfafb) — g(a+b,j+k+lfa7b))

— 1y (g(a+b+1,j+k—a—b) + g(a+b,j+k+1—a—b))} . (2.363)
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Going further,

2 2.364
87( (g)> (k) (2.364)
| N
=1 - Z'kJrl 2 : '.]- ! y
1[ Ogagja!(j—a)!b!(k—b)!
0<b<k

X (—1)kfb (g(a+b+1,j+k—a—b) - g(a+b,j+k+1—a—b))]

T J! k!
" [Z O;Kj a!(j—a)!b!(k_b)1X

0<b<k
X (_1)k—b (g(a-‘rb-i-l»j-i-k—a—b) + g(a+b7j+k+1_a_b))] .

In particular,

J! k! k—b
E . (=) g(atbt1,j+k—a—b)
0ot al(j — a)!ol(k —b)!
0<b<k

Z J! k! o

- ' (=1) 9(a+b,j+k+1—a—b

0<a<j a'(.]_a)'(b_1>‘(k+1—b)' ( J )
1<b<k+1

7! k! -

B Z ' (=1) 9(a+bj+k+1-a-b)
2 G- o 10
1<6<k

5!
+ 2 al(j = a) dorkrti-) (2.365)

and

J! k! -
a Z ] (_1> g(a+b7j+k+1*a7b)
oS, oM — @) ik — b)!
0<b<k

j! k! o

N Z ' (=1) 9(a+b,j+k+1—a—b)

oo, 0l — a)t Bk — 0)!
1<b<k

j! .
2 aG Y ek (2.366)
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Applying (2.352)) for b, k, we have
1 1 k+1

= : 2.
b=l k+1—0)  BE=b) Bk+1—0) (2.367)
Combining this together with (2.365)), (2.366]), we obtain that
k! _
0<a<j
0<b<k

' ; k+1)!

=i Z ! ( (_1)k+1fb '

B . 9(a+b,j+k+1—a—b)
[0<a<j al(j —a)!bl(k+1—0)!

1<b<k

. _‘

J:
+ j{: Zﬁzg____jTgﬁk%k+1] a)%‘ j{: '—Z——————

—a) (_1)k+lg(a,j+k+1—a)
0<a<j 0<a<y J

i k+1)!
k1 J ( k+1-b

= , (—1) 9(atbj+k+1—a—b
O;M al(j—a) bk + 1 —b)! (b )
0<b<k+1

:(q)(g))(j,m)' (2.368)

Similarly,

g! k! b
E . (=1)" " Ga+bt1,j+k—a—b)
0ot al(j —a)!bl(k —b)!
0<b<k

= J! k! (1)t
N (a—=DG+1—a)bl(k—0>)! Y(a+b,j+k+1—a—b)

T Z b' —b 1)k_bg(j+1+b,k—b)7 (2.369)

and

g! k! hb
E . (=1)" " G(atbj+h+1—a—b)
oo al(j —a)!bl(k —b)!
0<b<k

k! k—b
- Z al(j — a) bl(k — b)! ( ) 9tatbjtk+1—a—b)
1<a<y
0<b<k

* Z bl —b 1)k_b9(b,j+k+1fb)- (2.370)
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Combining (2.352)) for a, j together with (2.369)) and (2.370)), we obtain that

k!
i Z k—b A ,
o= al(j —a)l bi(k b)!(_l) (Satvs154k-0-) + Glatvisiri-an)
0<b<1i

_ +1)! k! _
=i" [ D (.] (=" Glatbtki1-a-b)
5 al(j+1—a)bl(k—0b)!

0<b<k

k!
k—b k—b

+ Z b' — b (=1)" "9 +11bk-1) + Z bk — )] (=) 9g(b,j+k+1-b)

0<b<lk 0<b<k
o (j+1)! k! k—b

=t ; (=1)" " 9(atbj+hr1-a—b
oggjﬂ al(j+1—a)bl(k—0b)! (a+by )
0<b<k

:(cp(g)) ersy (2.371)

Consequently, substituting (2.368)) and ([2.371]) into (2.364]) yields

O (q)(g))(j,k) - (q)(g)>(j,k+1) e (@(g>>(j+1,k)' (2372)

This with (2.362) implies that for ¢ = {g(r.s)} rsene € CWA,,_1[LP(0Q,0)],
r+s<m—1

D(g) =< (P(g RWA,,,_{[LP(092, 2.373

D= {(2@),, } o CRVALZOR] (237
jtk<m—1

defined as in (2.361)) is well-defined linear map. O]

Proposition 2.44. Fix m € N, p € [1,00]. The maps ¥ defined in (2.341))
and @ defined in (2.361]) are inverse to one another.
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Proof. Let g = {gps)} rseno € CWA,,_1[LP(0, 0)], then

r+s<m—1
(wee@)), |
1 7! s!
- —1)regrtes(ath) (<I> j )
2rts O;‘Kr al(r —a)!bl(s — b)!( ) (9) (a+b,r+s—a—b)
0<b<s
_ 1 Z 7! s! (_1)rfair+sf(a+b) %
2rts al(r —a)!bl(s —b)!
0<a<r
0<b<s
% ir+s*(a+b) Z ' (a +bb)| T (T ts—ea _bb)' ' X
0<p<a-+b pllat+b—plal(r+s—a—b—q)
0<g<r+s—(a+b)
X (_1)T+S_a_b_qg(p+q7r+s—p—q)- (2374)

Let ¢ = r + s, then one can conclude

(wb(g)))(m)
:_Z Z al(r —a)! bl( s—b)

/=0 0<a<r
0<b<s
a+b=¢

(c—0)! —a
X Z ql(c—0— q)!(_1> 19(p+a.c-p—a)

0<p<t
0<q<c —L

:_Z Z a'r—a'b's—b)

=0 0<a<r
0<b<s
atb=¢

c—10)!
X Z Z |(C(_€zq)'<_1)r “ qg(dc d)

d=0 0<p<¢
0<g<c—¢
pt+q=d

~ 2 9de=d) Zza'r—a'b‘s—b)

d=0 (=0 0<a<r
0<b<s
a+b=¢

X Z ((EC__ﬁ! ol (—1)r1]. (2.375)
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Combining this with lemma [2.40, we conclude that

( ) (r5) ngc d)0dr» (2.376)

which forces

Similarly, for f = {fim} jreno € RWA,_1[LP(0Q,0)]
Jtk<m-—1

(@(@(f)))u g

k! .
_jk _1)kb (g
EE: (1'3 —a)! bl(k b)!< ) ( (f)>(a+hj+k—a—®

0<a<j
0<b<k
m 1 (a +b)!
=i* (DM _lavo)r
O;KJ a(j = )t ik = b)! 2 Ofg-i-b pl(a+b—p)
0<b<k 0<q<jtk—a—b
<j tk—a- b)! a+b—p j+k—p—q
g(j+k—a—b—q) (=1 fwotaith-—p—q) (2.378)
Let ¢ = j + k, then
o(U(f )
( (i)
k a
Zza'j—a‘bl _b)<1>><
(=0 0<a<j
0<b<k
a+b=/{
(c—0) .
" Z Z (c—e—q)!(_”pz fde-ay
d=0 0<p<l
0<g<c—¢
pt+g=d
- k!
_zJZZ — 1) flgea) [202 > TG 2T —b)
(=0 0<a<j
0<b<k
a+b=¢
(c—0)! -
=1 2.379
" Z q'(c—1— q)!( ) ( )
0<p<t
0<g<c—¢

pt+q=d
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Combining this with lemma [2.40, we obtain

CR dzzozd D ftae-adu. (2:380)

which implies
(2e(), = fon- (2.381)
This completes the proof of the proposition. n

We recall the definition of double multi-layer potential operator. Let L
be a homogeneous differential operator of order 2m with constant coefficients
which is given by

L= > 040", (2.382)

|a|=|B8l=m
Definition 2.45. Let QQ C R" be a UR domain with compact boundary. Let
L be a matriz-valued constant coefficient, homogeneous, weakly elliptic dif-
ferential operator of order 2m in R™ and denote by E a fundamental solu-
tion for L in R™. Then the double multi-layer potential operator associated

with coefficient tensor A = (Aag) apeny acting on the real Whitney array
. lal=81=m
[ =1{fs}s1<m—1 € RWA,,_1[LP(082, 0)] for p € (1,00) is given by

- k—1)!
LX) ==Y Z > { mw)l((sl S

lajl=m k=1 |§|=m—k
|Bl=m Iy|=k-1
Y+o+ej=a

X /8 ) v;(Y) (0" E) (X — Y)Ag, f(;(Y)da(Y)} (2.383)

for X € R"\ 092.
Lemma 2.46. Fiz m € N. Define a tensor A = (Ap) apeng by
lal=|B|=m

~ B (ml)

Afm—s,s),(m—q.9) = (m = )\(m

— q)'s'q'( D%t for 0 < s,q <m. (2.384)

Then, A= (Zag) apeng  as in (2.384) is a coefficient tensor associated with
la|=|8]=m
A™ in R2.
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Proof. Fix m € N. Consider «, 3 € N2 with |a| = |3] = m. We can rewrite
a,fasa=(m—s,s), 8= (m—q,q) for some 0 < s,q < m. Then,

Y 07407 = > 0TI A g0 (2.385)
o= 8]=m 0<s<m
0<qg<m

Z Am s (m-a.0) 07 Sasam qaq

0<s<m
0<g<m
(m!)? : - -
— _1qs+qmssmqq.
0<Z< (m — s)l(m — q)!s!q!( V0T 0,05
0<g<m
This forces
oz 5 __ m—s s m—
> 0"Aup0 Zm@c (i0,) Z p— q,am (—id,)"
|la|=[8]=m = 9=
= (0y +10y)" (0 — i0,)"
_ym O + 10, \" [0y —i0, \ "
2 2
—4my. o™, (2.386)
Combining this with (2.21f), we conclude that
> A0 =A™ (2.387)
|la|=[8]=m
This finishes the proof of the lemma. n

In the next theorem, we prove that the boundary-to-domain poly-Cauchy
operator of order m is a genuine double multi-layer potential operator associ-

ated with polylaplacian of order m and its coefficient tensor A= (ﬁaﬁ) ,BENZ
|a|=|8=m
under the identification map ® : CWA,,_;[LP(09Q, 0)] — RWA,,_1[LP(0%2, 0)]

defined in ([2.360)).

Theorem 2.47. Fix m € N and p € (1,00). The boundary-to-domain poly-

Cauchy operator G is a double multi-layer potential operator associated
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with A™ and the coefficient tensor A= (gag) a,peNg  under appropriate iden-

lo]=]B]=m
tification. Namely, for any § = {95} rseng € CWA,,_1[LP(09, 0)]
r+s<m—1

where ® is defined in (2.360) and Dy = _@fm 15 the double multi-layer potential

associated with the coefficient tensor A= (gag) a,peNz  gwen in Lemmal|2.40,
lal=|8l=m

Proof. Let us first find the double multi-layer potential operator D, associated

with A™ and its coefficient tensor A = (gag) apeng using the idea employing
jal=|81=m _
bilinear form used in [23]. Consider a bilinear form % by

= ) / 030%u, 0°0) (2.389)
a,BEN?
lf=]8]=m

for reasonable functions u, v and domain 2. Using the similar argument in the

proof of Lemma [2.46| we have
Blu,v)
O (i), P, — (=i, )t ) dY. (2.390
= X [ (e oo ) Y. (2300

0<p<m
0<g<m

Going further, applying binomial formula as in Lemma [2.46),

@<u,v) :4m/ <<8m J;zé’y) u, (ag; ;Zay) ’U> Ay
“ (2.391)
:4m/(57:u,8;”v> dy.
Q

Applying integration by parts m times as in (2.36))-(2.38)), we may write

v) —4mmz_l (=1 / <5’:8;”v> : <5:L7k71u) vdo(Y)

= 2 Joo (2.392)
+(—1)m/ﬂu(Amv) qy,
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where v = v; + iy is the complex outward unit normal vector to €2. The

boundary integral in (2.392)) can be written as

4{2 (_;)k /a ) (5’;0;%) : (5?"“%) vdo(Y) (2.393)
=m12m+’“(—1)k / (5’28%) L (28,)™ Ly p do(Y). (2.394)
k=0 0%

Substituting 20, = 0, + 10, into ([2.394f), we obtain that

m—1
2m+k(—1)k/ <550;nv> (20,)™" " uvdo(Y)
= B
= m-+k k % am m—k—1
=3 o1 / (826; v) (0, +i0,)" v do(Y)
= B
m—1 m—k—1
_ m+k k a3k am ¢ (m—k-1) m—k—1—€ ot
_ZQ TR(-1) /aQ (32(92 v)- @ﬂ(m_k_l_g)'ax dyuvda(Y)
k=0 £=0
_m_lm_k_12m+k 1)kt (m—Fk—1)!
B 2 (=1) Mm—k—1—=20)!
k=0 =0
« / (BLorv) - oy uv do(v) (2.395)
o9

Combining this with (2.392)), we end up with

PB(u,v) :(—1)”"‘/Qu(Amv) Yy

m—1m—k—1 (m e 1)'
m+k( _ 1\k;L ! ,
+;0 ; 2 1>Z€!(m—k_1_g)!x (2.396)

X / (é’ja;%> O do (V).
o0
Substituting £ = s, m — k — 1 — £ = r into ([2.396)), we obtain that

AB(u,v) :(—l)m/ u(A"Mv) dY

Q
m—1—(r—-s m——TSS(r—'—S)'
D D A AR G D S (2.307)

r,s€Np
r4+s<m—1

X / (5’”*“(’"“)8;%) Oy do(Y),
o0

z
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According to [23], the double multi-layer associated with A™ and its coefficient

tensor A = (Zaﬁ) apenz 18 obtained by the boundary integral in ((2.396),
lor|=|B]=m

in which, the function v is replaced by Eam(X — ), the family of deriva-
tives {87’(9 u} rseN, by the family of Lebesgue based real Whitney arrays

r+s<m—1
f {f(m } rseNo € RWA,,,_1[LP(09Q, 0)], and then multiplying by (—1)™"1.
+s<m
Consequently, the double multi-layer potential operator &, associated with

A™ and its coefficient tensor A = (Ka@) afenz 1S given by

|ee|=]B8]=m
@ Z 22m 1—(r+s) S(T’—:-;S’) «
r,s€Ng s
r+s<m—1

X /a ) @ I EAR) (X = V) fr (V) (V) do(Y),  (2.398)

where X € Q, f = {f(r,s)}rl;sfso_l € RWA,,_1[LP(0Q,0)], and v = vy + i1y is
the complex outward unit normal vector to (2.

Moving on, consider § = {grs } MENO € CWA,,,_1[LP(09, 0)] and recall
o : CWAm 1[LP(0R2,0)] — RWA,,,_ 1[Lp(8§2 )] defined in (2.361)). According

to ([2.398), we have for z € Q C C = R?

Gu@(@)(e) =~ Y pmreep (2,399
7“—::98<€7§0—1
<[ @B -0 (3@) (0 do(0)

From (2.23)), we substitute 4m0"Eam = E,, into (2.399) where E,, is the

fundamental solution for &, which forces

. (r+s+1) 55 (r+s)!
D (®(§) Tgo 9 (r+stl "X (2.400)
r+s<m—1
“m—1—(r+s) .
x /8 (@B - 0(20), | (Q(Qdolc).

Similar to (2.397)), substituting &k = m — 1 — (r + s), £ = s into (2.400)), we
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obtain that

Tul@@)e) ==Y S 2 B o

<[ @ENC-0(0@), L @u0d(o)

Going further, from ([2.361)), for r,s € Ny with r+s <m — 1

. .8 7‘! 3! b
<q>(g))(r,5) = Z CL!(’I“ _ a)| b'(S . b)' <_1) 9(a+b,r+s—a—b)- (2.402)

0<a<r
0<b<s

Combining this with (2.401]), we obtain
Dn(2(9))(2) (2.403)
_ m_lm_zl:_k 9—(m—k) ;¢ (m—1-Fk)! %
(m—1—(k+0)!
_ e (m—1—(k+0))!
X/a (0-En) (=i D alm—1—(k+lt+a) "

Q 0<a<m—1—k—¢
0<b<r

yal

Y ook () u<c>}da<c>,

which turns out to be

ZCOICEED SO MR {(5’:Em) (- O (2.400)

b (m—1-—k)!
x>, (D allm—1—Fk —{—a)bl(l —b)

0<a<m—1—k—¢
0<b<t

X g(aer,mflfkf(aer))(C) V(C) }dU(C)

m—1—k

:_Z;/m{@E z—C chmlkc v(¢)x

c=

R (m—1—Fk)
ST==1D DD (_1)ba!(m—1—k—e—a)!b!(z—b>!}d"(o'

=0 0<a<m—1—-k—¢
0<b<e
a+b=c
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Applying the combinatorial identity in Lemma [2.41] one can conclude

m—1—k
(m—1-—k)!
om—1-k 2 2 (_l)ba!(m—l—k—f—a)!b!(é—b)! = O

(=0 0<a<m—1—k—/¢

0<b<e
a+b=c
(2.405)
Substituting this into (2.404]), we have
D (®(9))(2)
m— 1 m—1—k
a (e;m— c 50 d
%2/89 - 9( 1-k-¢)(()de0 ¥(C) do(€)
m—1 1
— — mo1_ d : 2.406
>3 [, @) C -~ tamron (1O o) (2.406)
Substituting m — 1 — k = k into the summation in (2.406)), we have
Don(®())(2)
m—1 1 _m
* | @ B G = Qaan (O 1O do(c). (2.407)
According to -, for k € {0,...,m —1}
=m—1—k o l . (Z — C)k
(07 En)(z—¢) =~ MG 0 (2.408)
Substituting this into forces
-1
1
5 = 0)90,5)(C) v(¢) do(C)
o aQ
(SR E c
= £ % 90 k"( (C) dO'(C)
m—1 1
:;% o /f('@ o Q(Ok) iv(C) do(¢)
S AN CEeL
:kzg% (G g(Ok) )yt
( e 1g> (2), (2.409)



104

for z € 2. Combining this together with (2.407)), we eventually end up with

In(@())(2) = (n-19) (2) (2.410)

for g = {g(ns)} rseNy € CWA,, 1[LP(09,0)] and z € Q. This finishes the
r+s<m—1

proof of the theorem. O]

Remark. According to [30], by direct calculation based on the definition
of the double layer potential operator, coefficient tensor associated with the

second-order elliptic operators, a tensor A" = (A} 5) a,peny given by
|la|=[B8]=1

, (1 =i
A = (Z 1) (2.411)

is a coefficient tensor associated with A and the double layer potential operator
associated with A and A" = (Af5) apeny is identically equal to the classical

|er|=|B]=1
Cauchy operator on LP(0€, ). Namely,

C(9)(2) = 74 (9)(2), (2.412)

for z € Q and g € LP(09,0). Now, we verify the identity (2.412]) using the
theorem Consider m = 1, then the complex Whitney array space and the
real Whitney array space are identified as the Lebesgue space on the boundary,

namely,
CWAY[LP(092,0)] = RWAG[LP(0R, 0)] = LP(09, 0). (2.413)

In addition, the isomorphisms ¥, ® defined in (2.341)), (2.361)) become identity

maps on LP(8, o). A coefficient tensor A = (Aqs) apeng associated with A

la|=]8|=1
in lemma 2.46 turns out to be

A= (Aag) apere = (1 _i> (2.414)

jal=1g=1  \7 1

which implies that A = A where A’ defined as in (2.411]). Consequently,
according to the theorem [2.47, one can conclude that for any g € LP(952, o)

€(9) = 24 (9) in Q. (2.415)
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In conclusion, Theorem is a higher-order generalization of the identifi-
cation between the classical Cauchy operator and the double layer potential

operator associated with a specific coefficient tensor and A.

2.9 The Distinguished Double Multi-layer as-

sociated with A™

The theory of layer potential operator and its applications to partial dif-
ferential equations has been an important area of research for many years. In
recent years, there has been a growing interest in the extension of this theory
to higher order partial differential equations, such as the polylaplacian oper-
ator. The layer potential theory for higher-order elliptic partial differential
equations has been developed based on various function spaces appropriate
for the higher-order setting (cf. [23]).

The layer potential operators associated with the higher-order elliptic op-
erators are called the multi-layer potential operators and these operators are
much more sophisticated than the classical layer potential operators associated
with the second-order elliptic operators.

In second-order elliptic partial differential equations, the double layer po-
tential having chord-dot-normal structure play an important role to solve the
boundary value problems. The boundary-to-boundary double layer potential
operators having the chord-dot-normal structure vanish whenever the underly-
ing domain is a half space. Coefficient tensors leading to chord-dot-normal type
double layers are called distinguished. One of the important consequence of
the distinguished coefficient tensor is relevant to the Fredholm operator theory
to treat boundary value problems through layer potential theory. Specifically,
a boundary-to-boundary double layer potential operator associated with a co-
efficient tensor A is compact on the boundary of any smooth bounded domain
if and only if the coefficient tensor is distinguished. The properties of the

coefficient tensors and the distinguished coefficient tensors for second-order
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elliptic operators has been developed with many key properties which are re-
lated to treatment of the boundary value problems (cf. [30]). In the context of
higher-order operators, finding the distinguished double multi-layer potential
operator associated with the polylaplacian is much more challenging.

In this section, we investigate the relationship between the distinguished
double multi-layer potential operator associated with the polylaplacian in two
dimensions and the poly-Cauchy operator. We use the method of layer poten-
tials and poly-Cauchy operator to construct the distinguished double multi-
layer potential operator and we study the boundary value problems associated
with the polylaplacian.

Let us consider the domain 2 C R? be a UR domain with compact bound-
ary, fix a natural power m € N, an integrability exponent p € (1,00), and a
aperture parameter £ € (0,00). The Dirichlet problem for the polylaplacian
A™ in Q C R? with given data f = {fus} apeny € RWA,, 1[LP(3,0)]

a+b<m—1
takes the form

A™y =0 in
NL(V™tu) € LP(0R, o) (2.416)
TR (u) = f € RWA,,1[LP(09, )]

where the two dimensional higher-order boundary trace Trff_l is defined by

ey, (u) = {(3$3§u) } e (2.417)

o0
a+b<m—1

We recall the definition of double multi-layer potential operator. Let L
be a homogeneous differential operator of order 2m with constant coefficients
which is given by

Li= Y 0%Agp0". (2.418)
|a|=|Bl=m

Here, A = (Aag) apeny is called a coefficient tensor associated with L. Note
lo|=|8l=m
that there are infinitely many coefficient tensors associated with L.

According to [12] (cf. also [23]), for any coefficient tensor A = (Aap) o penz
loe|=|B]=m
associated with A™ in 0 C R?, the double multi-layer potential operator asso-



107

ciated with P4, acting on § = {g(ap} aveny € RWA,, 1[LP(09, 0)] satisfies
a+b<m—1

the PDE condition and size condition in (2.416[), namely,

A™(Z4,.) =0 in Q,
N (V™24 9) € LP(9Q, 0). (2.419)

In order to solve the Dirichlet problem in (2.416) using the layer potential

theory, we are left with the boundary condition, that is,
T} (Z4ng) = |- (2.420)

According to jump relation in [12], (2.420)) is reduced to solving the following

integral equation.

(%I+ KA) g=[f on 0L, (2.421)

where K 4 denotes the boundary-to-boundary double multi-layer potential op-
erator. If we assume that K 4 is compact operator on RWA,,_1[L?(9Q, o)], then
this implies 17 + K 4 is Fredholm operator of index 0 on RWA,,,_;[L?(99Q, 0)].
This yields

1 .
5[ + K 4 is invertible on RWA,,, _1[LP (0%, 0)]
1 .
= 5] + K4 is injective or surjective on RWA,,, 1[LP(02,0)].  (2.422)

Now, it is natural to think of the largest class of the domain for which the
operator 31 + K4 is compact on RWA,, 1[LP(09,0)]. Let us start with the
basic property between the polyanalytic and the polyharmonic.

Proposition 2.48. Let Q C R? is an open set. Fix an integer m € N. Let
u be a polyanalytic function of order m in Q, that is, a function u € €*(N)
satisfying & u = 0 in Q. Then the real part and the imaginary part of u are
polyharmonic functions of order m in €, i.e., a function Reu, Imu € €>(Q)

satisfying A™(Reu) = 0 A™(Imwu) = 0 in Q.

Proof. We proceed the proof by induction. Let m =1 and u = u; + tuy where

u1, U are real-valued
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functions which are real part and imaginary part of u, respectively. Since

Ou = 0 in €, one has

Opu1 = Oyug, (2.423)
Oyuy = —0yus. (2.424)

Taking 9, into and combining this with (2.424), one can conclude that
(02 + 02)uy =0 in Q. (2.425)
Similarly, taking 0, into (2.423) and combining this with , one has
(02 + 02)up =0 in €. (2.426)

This shows uy, us are harmonic in €. To carry out the induction step, assume
that m > 2 and that all claims in the statement are valid for polyanalytic
functions of order m — 1. Let us assume that u = u; + iug € €>*(Q) is
a polyanalytic function of order m. We claim that the real part and the
imaginary part of u are polyharmonic of order m. First of all, 9"u = 0in
) implies i (Eu) = 0 in . This means Ou is a polyanalytic or oder
m — 1. According to the inductive assumption, one has the real part and
the imaginary part of du are polyharmonic functions of order m — 1. Since

Ou = [(Opuy — Oyuy) + i(0yuy + Oyuz)]/2, we obtain that

A" 9,uy = A0, us, (2.427)
A" 19y = =A™ 10, uy, (2.428)

in ). To prove the claim, we look at the polylaplacians of u; and us which
satisfy
A = A" Aug) = A™ O, + Ouy), (2.429)

for + = 1,2. In particular, for 1 = 1,2

A"y = 9, A" Dpu; + 0,A™ Dy (2.430)
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Substituting (2.427) and ([2.428)) into ([2.430|) yields
A"u; =0 in Q fori=1,2. (2.431)
This proves the claim and therefore this finishes the proof. m

Now, we first look at the classical Cauchy operator and the classical har-
monic double layer potential operator. Let 2 C R? be a UR domain and
p € (1,00). Then the boundary-to-domain Cauchy operator on any function
f € LP(09,0) at any point z € € is defined as

@n@=on [ Da- o [ Hoaoq,  ean
where v = v1 +1ivy denotes the complex outward unit normal vector to 2. The
classical harmonic double layer potential operator on f € LP (0f),0) at any

point z € € is defined by

(D)) = - /8 ) PO =2 1) doiy), (2.433)

2r o — y]?
where v = (v1,15) denotes the two dimensional outward unit normal vector
to €. There is a well-known relationship between the Cauchy operator and
the harmonic double layer potential operator that the real part of the Cauchy

operator turns out to be precisely the harmonic double layer potential. Indeed,

Re () () ~Re - [ 1O ey do(o)

2 00 C— %
1 [ T,
~g-ke [ Q) (0
1 Re[p(OC—2)]
- /a e Qe (2asy
Note that for zy = a +ib, zo = ¢+ id, Re (21 -Z2) = ((a,b), (¢, d)). This yields,
he (¢4)() =5 [ VST pan0. @as)

Since C can be identified as R?, we replace z by € R? and ¢ by y € R? which

forces for z € Q)

1

Re (¢1) () = 5= [ P20 doto) (2.436)
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which is precisely the harmonic double layer potential operator. We can un-
derstand this property in the sense of the coefficient tensor in two dimensions.
According to [30], for fixed positive integer M, a homogeneous, second-order,
constant complex- coefficient, weakly elliptic M x M system in R™ has in-
finitely many coefficient tensors which yield infinitely many double layer po-
tential operators. In particular, if we consider a M x M system written as for
1<r.s<n

Lu := (9,(a?’,up)) (2.437)

1<a<M
acting on a €* vector valued function u = (ug), <g<y- We assume that L
is a homogeneous, second-order, constant complex-coefficient, weakly elliptic

M x M system in R", in the sense that

det[Age] = det [(a?‘f&fs)ga,ﬁgM] # 0,
for each vector & = (&,)1<,<n € R™\ {0}. (2.438)

Then, the double layer potential operator Z,4 is given by

(Zag)a) = |

o0N

(07 (Bur(a = ))) Wolw)do(y), zeQ  (2439)

where g = (91,69, ...,9m) : 002 — RM E; is the fundamental solution with
respect to the differential operator L, and ;' denotes the conormal derivative

associated with the coefficient tensor A = (a®?)1<a s<p which is defined as
1<r,s<n

n.t.

(@fu)a (z) = 1,00 up . (). (2.440)

In particular, for the scalar Laplacian A in two dimensions, it can be shown

that

A= (Aag) aperp = (1 _i> (2.441)

al=lg=t  \? 1
is a coefficient tensor associated with A in R%. In addition, the double layer
potential operator associated with this specific coefficient tensor A becomes
the classical Cauchy operator. As we observed in this section earlier, the real

part of the classical Cauchy operator is the classical harmonic double layer
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potential which is a distinguished double layer potential operator associated

with A. In other words,
Re %5 is a distinguished double layer associated with A in R?,  (2.442)

where A is a coefficient tensor associated with A such that P73 becomes the
Cauchy operator. In particular, if we look at the definition of 25, everything
in the kernel are real valued except the entries of the coefficient tensor. This

implies that Re Z7 = %, ;. In fact, Re A is also a coefficient tensor associated

with A because for the coefficient tensor A = (/Taﬁ) o BEN2
|af=|8=1
0. (/Lﬁaﬁ) = A, (2.443)
this yields
Re [aa (A’aﬁag)] — A, (2.444)
which further implies
o, (Re [Eaﬁ} aﬁ> — A (2.445)

Here, our strategy to tackle the polylaplacian is to use the real part of the
coefficient tensor associated with A™ such that the double multi-layer poten-

tial 9, = .@fm associated with the coefficient tensor A = (gag) aBeNg 1S

a|=|Bl=m
identified as the poly-Cauchy operator of order m. In Theorem we were

able to identify the poly-Cauchy operator of order m as the double multi-layer

associated with A™ and the coefficient tensor A = (gag) apeng  Whose entries
. lo]=[B|=m
are given by

(m!)?

—1)4;5t4
m—s)!(m—q)!s!q!( D)%, for 0 <'s,¢ <m. (2.446)

A(m_578)7(m_Q7Q) = (

We claim that the double multi-layer potential associated with the real part of
this coefficient tensor becomes the distinguished double multi-layer potential
operator whose kernel is either weakly singular or having chord-dot-normal

structure. In other words, Re A = (Re gag) apenz  1s the distinguished coef-
lor|=|B]=m
ficient tensor associated with A™. Let p € (1,00). According to ([2.400)), for
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each real Whitney array f = {fir9)} rseno € RWA,,_1[LP(0Q,0)],

r+s<m—1
7 (1)(2) = — sty (M)
D f)(2) = % 2 X (2.447)
r+js§m0—l

x / @B = OO r(Q do (),

where 9, denotes the double multi-layer potential operator associated with
the coefficient tensor A = (Aqp) apeng  given in (2.446) and E,, is the funda-

laf=[8l=m

mental solution for 5:’: According to (2.26) with direct calculations, one has

for r,s € Ng with r +s <m — 1,

—m—1—(r+s 1 - r+s
@B -0 = o T )

Substituting this into (|2.447)) yields

. ) 1 1
I == Y el (2.449)
TI’SSSESO—I
_ r4+s
y /a Q%f@,@(o v(C) dor(C).

Moreover, as we verified earlier in this section, the double multi-layer associ-

ated with Re A acting on f is going to be Re Z,,(f)(2). In particular,

o 1 s 1
Re Z,,(f)(2) = — Re Z 2(r+s+1)7rz r!s!x
r,s€Ng
r+s<m—1
o=
<[ O QWO do(C)
o0 Z—C
B 1
== > e
r,s€Np
r+s<m—1

Re [i#(z = O u(()
<[ Jire Qo (<), (2.450)
o

¢ —=[?
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This forces

Re 7 (f)(2)
| Re [#(z = (7 210(Q)]
= — r;\] 2(r+25+1)7rr!(25>! /8Q ’C _ 2‘2 f(T,Qs)(C)dO(C)
r+275§mOfl

1
- X
Z r+25+2 | |
riseio 2 Imrl(2s + 1)
r+(2s+1)<m—1

Re [T = (PP an(0)|
g /aﬂ I — =2

To simplify this expression we use the following basic algebraic identities. For

fr2s+1)(Q)do (Q). (2.451)

any 7 € Nand z =a + b € (),

Re v - 2i] =Re[7 - 2]

- v 7! i~k kpk
=Re |7 - Z ma] Zb]
0<k<j
v J! —20; 20
=Re |7 Z (_1)£.—aj b
<o<k<j (j — 20)!(20)!
=21
' 7 —(20+1) p20+1
—+1 Z (_1)@ : . ( ,
0<k<; (j — 20+ 1))1(20 + 1))
k=2011
J! i—207.20
=l - Z (_1>€'—a] b
0<k<j (7 —20)!(20)!
k=20
J! j—(2041) 7,26+1
+vy - Z (—1)5 , a’l~( b (2.452)
0<h<; (j — (20+1))1(20 + 1))

k=20+1
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Similarly,

Reliv - 2] = — Re[iv - 2]

v 7' 20720
W - Z <_1)€,—a] b
(()gkgj (j —20)!(20)!

k=20
. e J! i (20+1) . 204+1
AIDBNCS G-@iroeen® P )]

j! .
=1 - —1)¢ : i~ (201 p2e+1
! O;Kj( )(]—(2£+1))!(24+1)!

k=241

.7' j—20720
—vy - (—1)f — a2, (2.453)
? O;Kj (j — 20)1(20)!
k=2¢

=—Re

For more simplicity, denote for x = (x1,z5) € R?,

| .
(a?) = E B NN L —— 0 454
) <O<k:<j( ) (j—20)!(20)" 72 ( )
k=2¢
| |
E -1 14 J- i—(20+1) 2041 |
,0<k<‘( ) (j—(2€+1))!(2£+1)!x1 L3
k:_2£1]1

Combining this with (2.452) and ([2.453), for any complex numbers z = a + b

and ¢ = c+id, the complex outward unit normal vector v(¢) = v1(C) + iv2((),

and positive integer 7 € N, one has

Re [1(¢) - (= — Q)] = (v(y), €((z — y)’)),
Reiv - (z = )] = (r(y), €((z — »)")), (2.455)

where z = (a,b), y = (¢,d), v(y) = (1(y),2(y)) is the two dimensional

outward unit normal vector, and 7(y) = (—v2(y), v1(y)) is the two dimensional

unit tangent vector. Applying the identities in (2.452)-(2.454) into (2.451]),

replacing z € Q by z € 2 and ( € 092 by y € 92 due to the identification
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yields
Re (f) ()
(_1)s+1 <V(y), €(($ _ y)r+25+1)>

- Z 225+ D) 71 (25)! [, |z — y|? fir2s)(y)do(y)

r+g§§>]r?fl

()

N % 202 D1y l(25 + 1)1

r+(2s,+1)§0m71

(T(y), €((z —y)"**2))

X /(99 (|Q7 _ y|2 ) f(r,2s+1)<y>d0(y)- (2456)

Observe that the case when r = s = 0 for the first term, the integral expression
of the first term in (2.456|) turns out to be the classical harmonic double layer
potential acting on f(o0) given by

1 (v(y),y —x)

o o |z — P fo.0(y)do(y). (2.457)

To verify that Re A is a distinguished coefficient tensor associated with A™,
we turn out our attention to the boundary-to-boundary double multi-layer
potential operator associated with the coefficient tensor Re A. For simplicity,

let us denote the coefficient tensor Re A by & = (s) apeng  given by for

lal=|l=m
0<s,g<m
(m!)? st3q .
(—1) 2 if s+ ¢ is even
Mmfs,s),(qu,q) = (m - 8)'(m - Q)Ls'qi
0 if s+ ¢ is odd
(2.458)

To treat the boundary value problem, we turn our attention to the boundary-
to-boundary double multi-layer potential operator whose kernel has the chord-
dot-normal structure. Let us denote the double multi-layer potential operator

associated with &7 by -@ﬂ,m which is given by for each Lebesgue based real
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Whitney array f = {fir)} rseno € RWA,,_1[LP(8Q,0)],

r4+s<m-—1
(_1)5+1 / <]/(y)’ Qj((x _ y)’r’—‘r25+1)>
- r2s)(y)d
rszez:wo 22t l7rl(2s)! Jon i — P2 for29(y)do(y)
r42s<m—1
(-1

+ T;N 2(T+23+2)7T7,!(28 ) X

(25t 1) <m—1

<7—(y)7 ¢ (J,’ - y)r+25+2 >

" /69 (|x -yl ) Joasn (y)doty). (2.459)

for z € Q. Recall that for f = {ftr)} rseno € RWA,,_1[LP(8Q,0)],

-@ﬂ,m(f) = Re [(gmfl(qj(f»}? (2'46())

where ¥ is defined in (2.341). According to Proposition m, ® and U are
inverse to one another, then there exists ¢ € CWA,,_1[LP(0, 0)] such that

U(f) =g and f = ®(g). Substituting this into ([2.460) yields
Dorm(®(9)) = Re [€n1(9)]. (2.461)

The real part can be expressed as a half of the summation with its conjugate

expression which forces

(Gt + Cn1)d).- (2.462)

N | —

@ﬂ,m(q)(g)) =

Then for a,b € Ng with a+b<m —1,

0105 (D ((9))) = % [080)(Fs +%nr)i)| (2.463)

Using the identities in (2.11)), the right-hand side in (2.463) is reduced to

1 . (—1)b_ka'b' pm—at+b—(j+k) . ; )
2 " 2 e m® (Gt +Cn1)g) | - (2.464)
0<j<a e R

0<k<b
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Moreover, using the jump relation in Theorem [2.307} one can conclude that

K-n.t.
aj+ka a+b— (j+k2) Cgm .
( 1(9)) .
1 .
ks Ci ) . 2.465
I tkatb=(itk) + ( ) Gtbats— (k) ( )
Combining this with (2.463|) and (2.464]) implies that
. K-n.t.
020D m(@(9)) )
20y Lo m(P(9)))|

1], (—1)"*alb!
_5 [Z Z (CL _ ) (b — k)'k" |:g(j+k,a+b—(j+k))
0<j<a

0<k<b

+ ((Coe1 + Crs1) ) (2.466)

(j+k7a+b—(j+k))] ]

b b ka‘b'

Z (a—j k>!k!g(j+k,a+b—(j+k))
0<j<a

0<k<b

b ka'b' ) i .
ol Z (@—j k),k.((c*mfl+Cm71)g)(j+k,a+b7(j+k)). (2.467)

0<j<a
0<k<b

According to the definition of ® in (2.361)), one has

010, (T (@)

—5(00) 5 (2(Cn i) a0

2 2 (a,b)

o0

In other words,

k-n.t.

00 (D)

=3+ 532G +Ca) W) (2.469)

(a,b)

Combining this with the jump relation of the double multi-layer potential

operator in [23] (cf. also [24]), for f = {fir9)} rseno € RWA,,_1[LP(09Q,0)],
r+s<m—1

a,b e Ngwitha+b<m-—1

(Koml), = 5 (®(Cos+ Cor) () (2.470)

(a,b) (a,b)
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where K «m 15 the boundary-to-boundary double multi-layer potential op-
erator associated with the coefficient tensor /. From the definition of the
boundary-to-boundary poly-Cauchy operator in , for each a,b € Ny
witha+b<m—1,

] m—1—a—b 1 m
Y _ lim — =67 d
(Cm 19) ) (2) ; Hm —— / B = Z)g(a,k+b)(0 ¢
- CeanN
IC—z|>¢
a—1 .
1 !
N i 2.471
_eir(r)h‘QTFZ‘ / (m—a—b—i—j)‘x ( )
- CeanN
I¢—z|>¢
(Z _ C)mfaberj
X aT(C) [ (g — Z)]'H 9(a—1—j m—a-i—])(g) dO'(C),
and
m—1—a—>b
. 1 (2 =¢)" =
- = 1 — —_— d
(Cm 19) o (2) ; Jim o / K= 3) Y(ak+v)(C) dC
- CeaN
I¢—z|>¢
a—1 1 j'
lim — . 2.472
+Zsi%1+2m' / (m—a—b—l—j)!>< ( )
J=0 | CEB|Q
(—z|>e

_ C)mfaberj

X aT(C) |:(Z (Z . E)j'H :| Y(a—1-jm—a+j) (C) dO'(C)?

at o-a.e. point z € 9€). For simplicity, let

Conoy :=CL | +C% |, (2.473)
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where for g € CWA,,,_; [LP(09,0)] and a,b € Ny with a +b<m — 1

) 1 (» — O\,
(cg%4g)(&m(z):: gg; lim —— t/‘ L (e (2.474)

= HC-2)
B ¢Ceon
|¢—2]>e
a—1 .
(€29) (== lim S / j! y 0.475)
"1 (@) ot 2 (m—a—b+J)
7=0 ceon
|C—2[>e
S s
X Or(0) (¢ — z)it+! Y(a—1-jm—a+j)(C) do(C)

To investigate the compactness of Cy,_1 + Cp_q on CWA,,_; [LP(0R, 0)], we
first look at Cl, | 4+ CL . Observe that for k = 0, we get

(C+C) glap- (2.476)

Based on the calculation, one has C = —C* where C* is canonical adjoint

operator of C'. According to [[I1], Theorem 4.6.8],

(C — C7) is compact on LP(0f, o) for some p € (1,00)
<= ) is a regular SKT domain. (2.477)

This implies that C' + C' is compact for any p € (1, 00) if and only if Q C R?
is a regular SKT domain from (2.477). If 0 < k < m — 1 —a — b, one can
observe that the integral expressions in for C,,_1 and a are weakly
singular for any p € (1, 00) which is compact provided that Q C R? is a UR
domain with compact boundary. Next, we turn our attention to C’Zz_l and

C%_l. According to (2.475|), we have for a,b € Ny with a +b <m — 1

1 J!
=— lim — X 2.478
— o0+ 27 / (m—a—>b+j)! ( )
= (€oQ
[¢—z|>¢
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For0<j<a-—1,

Or 0 [(Z G C_)Z)_]: +j]

il (Z _ C)m—a—b+j o _ (Z _ C)m—a—b—f—j
- ( a<[ e ] acl & ]) (2.479)

In particular,

o |G e G 4 (¢~ 2)
¢ (¢ — z)itl (¢ — 2)2G+D)

j4+1 (z = Q)= (j +1)(z — C)j.

=(=1) (SE (2.480)
Similarly,
5 [E—gmem
O [ (€ — 2)itt ]
 (m—a—=b+j)(z—QmattiT(( — 2T
o (C — 2)2G+D)
. —a—2> y _ m—a—b+j—1 _ 7+1
_plm=a=be g)((g_ Zc))w) (i s
Substituting and into yields
_ m—a—b+j
67(4) [(Z (CC—)Z)J'+1 j] (2.482)
=i(=1) "z = ¢ (2 — €)%
— m—a—b—1
X(Z(C_C)Z)z(jﬂ) : ((j+1)V'(Z—C)+(m—a—b+j)ﬁ- (z—C)),

Combining this with , one can conclude that for 0 < a+b < m — 1,
<<C’,2n_1> g) ) is weakly singular integral on 02. This yields for a,b € Nj
with 0 < a +b < m — 1, C2_, is compact operator on CWA,,_;[L?(9Q)] for
all p € (1,00) provided that  C R? is a UR domain with compact boundary.
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Next we consider the case when a+b=m — 1. If a+b = m — 1, according to

(2.482]), we obtain that

o — m—a—b+j
&m[< i ]

(¢ — 2)itt
=i(=1)" (2 = ) (2 — ()%
X@Tl)gw) ' <<J’ - z=Q+0G+17-(2— c)). (2.483)

Going further,

Or(0 [(Z G C_)Z;: +j]

=i(j + 1)(=1)"" (2 = )’ (2 = ()7 x

=2i(j + 1)(=1)"" (2 = ()’ (z — ¢)Ix
X(C—Zﬁ (2 —C(,v). (2.484)

Substituting this into ([2.478]), one has for a+b = m —1 and for z € 9f2 z € 9N

(CRDINE

a—1 ; j
(=1 |2 — (¥
EDP o = G i (O do(Q).
J=0 Cedn
[¢—z|>e

(2.485)

Moreover, according to (2.472)) and (2.475|), we have for any a,b € Ny with
at+b<m-1

a—1

|
2 lim —— S 2.4
(Cm_l ) e+ 27m / (m—a—b—l—j)!>< (2.486)
=0 Cean
|(—z|>¢
(Z _ C)mfaberj
<ong [U e i © o0
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at o-a.e. point z € Q). For 0 < j <a—1,

(= O] (m—a— b+ j)(z — Ut
&[ @—aﬂl}

(E _ E) 2(j+1)
jm—a—b+j)(z—¢ m—a—btj=1(, _ )i+l
(-1 ]é;zgﬁn <Al
(2.487)
and
—[E-Qm ) (= QMG+ (¢ - 2)
&[ -2 ]_ 2"
1 (2= QM+ 1) (2 — Q)
—(—1)7* T . (2488)
(C _ E) (J+1)
Substituting and into the kernel in , we obtain that
(=
Or(¢) { -z } (2.489)
) (z — Om*afbﬂ' o[z C)mfafb+j
=i| v(¢)0 — o —
((OC[ T | R @—aﬂl}>
(1P (= — (VT Cix
Xigf:;;;-Qm—a—b+ﬂwo%z—O+U+¢W@%@—CO-

Combining this with (2.486) yields for 0 < a +b < m — 1, (O;_g)( )

a,b

is weakly singular integral operator on 0f). This yields for a,b € Ny with

0<a+b<m-—1, (Cfn_lg>( | is compact operator on CWA,,,_;[LP(092)] for
a,b

all p € (1,00). Next we consider the remaining case when a +b =m — 1. If
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a4+ b=m — 1, according to (2.489), we obtain that

_ ~\m—a—b+j
o [(z 9) }

-

g, [E=QmY (= et
—((g)ac[ = o | S ])
(-1 (= — (T = O
e _1)20“) (u PO - G0+ G+ D0 - (- o)
i + 11z — Qs = Cpx

1 _
X(Z__)Q(jJr]_) <(<) (Z_C)_'_V(C) (Z—C))
—2i(j + 1)(~1 (= — Pz = CPx
x@wz— w(0)). (2.490)

Substituting this into (2.486|), one has for a + b = m — 1 and for z € 02

(Ca),, ) (2.491)

ot
=0 (eon (¢

a—1 _1\j 125
= Z lim ﬂ / % {2z =, V>9(a717j,b+1+j)(od0(o~
—Z

have

= : lim / ki(z —¢) - (2 = ¢, V) ga—1-jp+145 (€) do(C), (2.492)

where for z € R\ {0},0<j<a-1

ki(2) = (_1)j|z|2j.{ 2 ] (2.493)

T 26D T Z2G1D
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In particular, for z € R2\ {0}, 0<j<a—1

(—1)7 - [22(j+1) +§2(j+1)}
ki(z) = PG

(2.494)

Observe that for 0 < j < a—1, k; : R*\ {0} — R is smooth, even, and
positive homogeneous of degree —2. According to [I1], the singular integral
operator in having chord-dot-normal structure with the kernel k; which
is smooth, even, and positive homogeneous of degree —2 in R?\ {0} is compact
on LP(99Q, o) for all p € (1, 00) provided that Q C R? is a regular SKT domain.
Consequently,

Coy + Cq is compact on CWA,,_; [LP(092, 0)] for any p € (1, 00)

<= Q C R?is a regular SKT domain with compact boundary (2.495)

In particular, for any complex Whitney array ¢ € CWA,,,_1[L?(0%, 0)], and

for each a,b € Ny with a +b < m — 1, ((Cm,l + C*ml)g)( ) has either
a,b

weakly singular kernel or chord-dot-normal structure. From the definition of

the maps ¥ and ® as in (2.341]) and (2.361]), these maps are preserving the

order and the chord-dot-normal structure of the kernel. Combining this with

[2:470) implies that for f = {f.9} rsene € RWA,,_1[LP(09,0)], a,b € Ny

r+s<m—1

witha+b<m-—1, <K am(f ))( has either weakly singular kernel or chord-
a,b
dot-normal structure. This shows that & = (Ps) 4 penz given in (2.458) is

|lo|=|B|=m

distinguished coefficient tensor associated with A™. Combining ([2.470)) with
(2.495) we have that if Q@ C R? is bounded regular SKT domain, then K o m
is compact on RWA,,,_1[LP(0€2, o)]. This yields

1 .
5] + K./ is Fredholm of index 0 on RWA,,,_;[LP(0%2, o). (2.496)

Next, we verify that 17 + K, is indeed invertible on RWA,,_,[LP(92, o)]
for any 1 < p < oo using the duality argument on the Whitney array spaces
in [23]. In order to proceed the proof of the invertibility, we first provide
the jump formula for the single multi-layer potential operators in bounded

Lipschitz domains.
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Proposition 2.49. Let Q C R? be a bounded Lipschitz domain. Fiz a integer
m € N and an integrability exponent p € (1,00). Also, YA,m stand for the
single multi-layer potential operator associated with A™ and the coefficient

tensor A. Then
AT sm + (RWA,,_1[LP(0Q, 0)])" — (RWA,,_1[LP(9Q,0)])* (2.497)

is well-defined, linear and bounded operator where 97 is the conormal deriva-
tive associated with A defined as in (2.440). In particular, there holds

. 1 .
O} S am = —5 T+ K on (RWA, 4 [27(09, o)), (2.498)
where K;,m is the adjoint operator of KAM.

Proof. Since sz is well-defined, linear and bounded operator on the dual of
Whitney array space (RWA,,_1[LP(0Q,0)])* (cf. Theorem 4.14 in [23]),

1 .
— 5[ + K}, (2.499)

is well defined, linear and bounded on (RWA,, 1[L*(99,0)])". In addition,
8;45/9 'A,m 1s well-defined, linear and bounded operator with the jump formula as
in on (RWA,,,_{[B?%(09Q,0)])" for 1 < p,q < 0o, s > 0 (cf. Proposition
5.27 in [23]). Combining this with the property that (RWA,,_1[L?(9%,0)])" is
embedded into (RWA,,,_1[B?1(99, 0)])" completes the proof of the proposition.

[

Next, we provide the invertibility result for the case when p = 2.

Proposition 2.50. Let Q C R? be a bounded reqular SKT domain. Fix an
integer m € N. There holds

1 .
5[ + Koy is invertible on RWA,,, 1[L*(98), )], (2.500)

where K o m 18 a distinguished boundary-to-boundary double multi-layer poten-

tial operator associated with A™ and the distinguished coefficient tensor < .
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Proof. Since 31 + K;},m is injective on (RWA,,,_1[B>2 (99, 0)])* (cf. Theorem

1/2

6.8 in [23]), and (RWA,,_1[L?(0Q,0)])" — (RWAm_/l [Bf’/é(aﬁ,a)])*, one can
conclude that

%[ + K;},m is injective on (RWA,,_;[L*(09,0)])", (2.501)
which implies that

%[ + K.y is surjective on RWA,, 1[L*(09Q, 0)]. (2.502)
According to ,

%] + K. is Fredholm of index 0 on RWA,,, _;[LP(9Q, o). (2.503)

Combining this with finishes the proof. O]

In the next theorem, we extend the invertibility result for any 1 < p < oo.

Theorem 2.51. Let Q C R? be a bounded reqular SKT domain. Fiz an integer
m € N and an integrability exponent 1 < p < oo. There holds

1 .
5[ + Ko is invertible on RWA,,,_1[LF (09, 0)], (2.504)

where K o m 18 a distinguished boundary-to-boundary double multi-layer poten-

tial operator associated with A™ and the distinguished coefficient tensor < .

Proof. According to Proposition [2.50
1 .
5[ + K./ m is invertible on RWA,,, 1[L*(09, 7)), (2.505)

which implies that 3T + K., is injective on RWA,,_1[L*(92, o)]. Since 9
is compact, RWA,,_1[LP(99, o)] is a subset of RWA,,,_1[L?*(99, 0)] for p > 2.
This forces 11 + K/ m is injective on RWA,,_;[LP(99, 0)] for p > 2. Combining
this with the Fredholmness in provides %] + Kmm is invertible on
RWA,,,_1[LP(02, 0)] for p € [2,00). For the case when p € (1,2), consider the

adjoint operator

%1 LK, (RWA, (L2092, o))" — (RWA, 1 [Z2(02,0)) . (2.506)
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Since 9 is compact, (RWA,,,_1[LP(99, o)])" is a subset of (RWA,,,_1[L?(09, 0)])"
for p € (1,2). In particular, from (2.501))

1 . *
5[ + K, ,,, is injective on (RWA,,_1[L*(99,0)])", (2.507)

which further implies 57 + K;}’m is injective on (RWA,,,_1[LF(99Q, 0)])" for any
p € (1,2), thus we have I + K.y m is surjective on (RWA,,_[L?(9Q, 0)])
for p € (1,2). Combining this with the Fredholmness in gives that
i1+ Ky m is invertible on RWA,,,_;[LP(9S, 0)] for p € (1,2). This completes
the proof of the theorem. O

Finally, we establish the solvability of the Dirichlet problem for A™ in
bounded regular SKT domain.

Theorem 2.52. Let Q C R? is a bounded reqular SKT domain. Fiz an

integer m € N and p € (1,00). Then the higher-order Laplace equation in €

with Dirichlet boundary data f = {fan} apeny € RWA,,_[LP(09, 0)]
a+b<m—1

A"y =0 in
N(V" ™) € LP(0Q, o) (2.508)
TR (u) = f € RWA,1[LP(09, 0)]

m—1

has a solution.

Proof. This follows from (2.419), (2.420), (2.421), and Theorem [2.51] O

2.10 Riemann-Hilbert problems for polyana-
lytic functions

The classical Riemann-Hilbert problem is a boundary value problem in
complex analysis that seeks an analytic function satisfying size and boundary
conditions involving twisting coefficients. The Riemann-Hilbert problem has
important applications in many areas of mathematics, including algebraic ge-

ometry, representation theory, mathematical physics, and number theory. It
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has been extensively studied over the years, and many important results have
been obtained. The Riemann-Hilbert problem for polyanalytic functions is a
natural generalization of the classical Riemann-Hilbert problem to polyana-
lytic functions. In recent years, there have been several important develop-
ments in the theory of the type of Riemann-Hilbert problems for polyanalytic
functions such as the Schwarz problem, the one-sided Riemann-Hilbert prob-
lem, and the Riemann-Hilbert problem for polyanalytic functions (cf. [4], [10],
[42], [43]). In this section, we investigate the Riemann-Hilbert problem for
polyanalytic function in rough domains employing the results of polyanalytic
functions and the poly-Cauchy operator that we have constructed in this pa-
per.

For the classical Riemann-Hilbert problem in unit disk D C C, let us
consider a twisting coefficient ¢ : S' — R with the property that

p(x) #0Vare S
b= « for some ¢ € C°(R?), (2.509)

where S! = dD. Let us denote DT := D and D~ = C \ D. Consider analytic
functions u* € O(D*) where u~ decays at co. Fix x € (0,00) and p € (1, 00).
For given f € LP(OD, o), the Riemann-Hilbert problem takes the form

(

Out =0 in D*,
u~ decays at oo ,

(2.510)
N, (u*) € LP(OD, o),

k-n.t

= feLrdD,0).

k-n.t.
JR— u_

+
U
¢ oD+

\ oD

For this problem the classical Cauchy operator % plays an important role
with the compactness property of commutator [My, CZ] on LP(0D, o). In this
section, we consider the Riemann-Hilbert problems for polyanalytic functions
with natural generalization of the multiplication at the level of array. We first

need an appropriate definition of the multiplication at the level of array.
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Definition 2.53. Let Q C R?2 = C be an open set. Fiz m € N. Consider a
function ¢ : 9 — R which is a restriction of some function v which is of class
™! in a neighborhood of 98, i.e., ¢ = Y|oq and an array § = {g@p} apeno
defined on 0X) satisfies the complex compatibility condition as in a ?fe%?;é
a multiplication with array © by for each a,b € Ny with a +b <m — 1

) alb!
CJo g)(avb) = Z W(agi/})bg Oy, (2.511)
Pt 1!
B+vy=(a,b)

where for = (B1, Ba)
8£¢ = 8515’52¢ in a neighborhood of 0S). (2.512)

Remark 2.54. There are some basic observations of the operation © defined

as in (2.511)).

1. If m =1, then ® simply becomes a multiplication of functions.

2. If ¢ = c is a constant function on 0 for some ¢ € R, that is, ¥(z) = ¢
in a neighborhood of 0Q) where ¢ = 1|gq, then for each a,b € Ny with
a+b<m—1, there holds

(c®G)@ap) = Y(ab) (2.513)

In the following lemma, we verify that this multiplication with an array
is a natural in the sense that ¢ ® ¢ also satisfies the complex compatibility

condition.

Lemma 2.55. Let Q@ C R? = C be a UR domain. Fix m € N. Consider a
function ¢ : 92 — R which is a restriction of some function ¥ which is of class

€™ ! in a neighborhood of 9%, i.e., ¢ = V|oq and an array § = {g@p)} apeno
a+b<m—1

defined on 0N) satisfies the complex compatibility condition as in (2.50). Then
¢ ® g€ CCc where ® is defined in (2.511)) and CC¢ is defined in (2.50)).
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Proof. Consider a,b € Ny with a +b < m — 2. Then,

. alb!
O <(¢ © g)(a,b)> = 0: Z B!_,y!(ag%ﬁ)\m "Gy | s (2.514)
B,yENZ
,3+W7:(a,b)

which implies

<(¢®g ab) B Z ﬁ' | - ( cwﬂaﬂ Gvy). (2.515)

B.€ENG
B+y=(a,b)
In particular,
0-((020) o0 - 97) = 0:((920)|00) - 9y + (920) 100 - D5 (g5)- (2.516)

Applying definition of the tangential derivative as in ([2.46) for 8T((6g@/})|39)
and compatibility condition as in (2.50]) for d;(g,), one has

0-((02) o0 - 9y)

=iV )l — PO Y)00) - g + (Ve — Phyies) - (000) o0
=i(v((OZFY)|oq - gy + (O20) o * Gyrer)

— (02" 29)|oq - 9o + (021)) 00 * Gr+ea))- (2.517)

Substituting this into (2.515)) yields

<(¢@9 (@ b)> Z V(025 )oa - gy + (02000 - Grier)

B,yENZ
B+y= (a b)

~T((O27¥)]og - gy + (020) o0 raes)].

(2.518)
One can rewrite the expression on the right-hand side in (2.518)) as
a'b' o
Y Bl i O 1Y) an - gy + (OU)loa - Grter)
B,vENZ
6+v (a,b)
o alb! .
o Z 3! |((6g+ ) - gy + (O20)]o0 * Grves)- (2.519)
g I!

B+y=(a,b)



Based on the basic calculation by

can conclude that

alb!

> W(5g+ei¢)|aﬂ'gv =
Breng
B+v=(a,b)
where ' =

131

substituting g +e; = g, for ¢ = 1,2, one

Cl‘b' ’
Y. 5@ )a - g
ﬁ/ ’YGNS (/8 - 62)7
B’ +y=(a,b)+e;
Bi>1
BB,
Z B (ag V)oa - Gy
B’ vEN3 ok
/B,‘f"Y:(a,b)—i-ei
Bi>1
AbBl
> G le- s, (2520)
B’ veENG o

B'+v=(a,b)+e;

B1, 55). Indeed, (2.520) comes from the fact that if 5/ = 0, then
( 1> ~2 7

the expression in the summation turns out to be 0. Replacing 8’ by (3, one

has
alb! o
> 6‘_7'(85+ P)loa - gy =
BrenNg T
6+’Y:(a7b)

5154

(980 |og - 95,

2.

B,veNG
B+’Y:(a7b)+ei

(2.521)

where 5 = (1, 52). Similarly, by substituting v + e; = 7/, for i = 1,2, one has

alb!
> W(é’éw |60 * Grte; =
B,YENZ h
B+v=(a,b)

where v = (74,7%). Replacing 4/ by v, one can conclude that

alb!
Biy!

>

B,WENS
B+vy=(a,b)

(8€¢)|39 “Gyte; =

alb!
> m(@éwm "Gy
B,’Y’EN% N Fy 67, .
B+ =(a,b)+e;
=1
albly;
Z Bly/1 (ag¢)|89 " Gy
B?’y/eNg .Fy ’
B+ =(a,b)+e;
7;>1
albl!
Z B] /| (a(ﬂﬂ/})b(l “ Gy (2522)
B eNg s
/3+'Y/:(a7b)+ei
Z B"V' (ag¢)|89 * Gy, (2523)

B,veNG
B+7:(a7b)+e’i



where v = (71,72). Combining ([2.521)) and (2.523)) forces, for i = 1,2

ald!

> i@ Won g: + (O0)lon - g1
YENZ
ethncd
= Z W(ﬁz +7:)(0c)oq - gy-
,BWGN% ’)/
6+7:(a7b)+ei

In conclusion, if + =1,

17
ST Z (@ )on - gy + (0200 - Grver)

|~/
fpontt Biy!
B+7:(avb)
= > W(a + 1)(9c¥)|on - 94
Pt 1!
ﬁ+7:(a+lvb)
(a+1)!!
= Y ()9,
gt By
B+'Y:(a+17b)
= (@O 9) (as14)
and if 1 = 2,
alb! .
Z W((&@* *)loa - gy + ((2@@\@9 * Grtes)
BvENG i
6+’7:(a7b)
= Z W(b+1)(acw)‘8ﬂ "Gy
P 1!
/3+'Y:(a7b+l)
al(b+1)!
= Y —=(O)ea g,
g B!
B+~v=(a,b+1)

=(¢00© g)(a,bJrl) :

132

(2.524)

(2.525)

(2.526)
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Substituting (2.525)) and (2.526|) into (2.519)), one has
) a'd! o
e Y (08 P)oq - gy + (O0)|oq - Grser)

|~/
BvENG o
B+rv=(a.b)
Z B; | aﬂHQw)‘ Q" gyt (851/1)‘89 : gy+62)
B,vENE
,3+’Y=(a,b)
=i (V- (0 © Diarrny =7 (6O Papen)) (2.527)

Combining this with (2.518]), we obtain that for any a,b € Ny with a+b < m—2

(97- <(¢@g)(a,b)) = ’l ( (¢@9) a+1b (¢®g)(a b+1)> (2528)
This finishes the proof. 0

From the lemma [2.55 we naturally get the following corollary.

Corollary 2.56. Let Q C R? = C be a UR domain with compact boundary.
Fiz m € N and an integrability exponent p € [1,00]. Consider a function
¢ : 00 — R which is a restriction of some function v that is of class €™ 1

in a neighborhood of 02. That is, ¢ = V¥|sq and a complex Whitney array
9 =1{Yn} fi;b<ENO 1 € CWA,,, 1 [LP(09Q,0)], then ¢ ©® g € CWA,,_1[LP(09, 0)].
Proof. Thisa fOﬁZWS from the lemma [2.55| with the basic property that for any
function g € LP(99, o) and multi-index 8 € N2, (824)|aq - g also belongs to
LP(0Q, o). O
Proposition 2.57. Let Q C R? = C be a UR domain with compact boundary.
Fix m € N and p € [1,00]. Consider a function ¢ : 0Q — R which is a

restriction of some function 1 which is of class €™ in a neighborhood of
0Q, i.e., ¢ =1laq. Define an operator ©, on CWA,,_1[LP(02,0)] as

©pg: =003, (2.529)

where ® is defined as in (2.511)) and § = {g@p)} apen, € CWA,,_1[LP(0, 0)].
a+b<m—1

Then ©4 is well defined and for any functions ¢1, @2 : O — R satisfy the same

hypotheses as ¢ there holds

o1 (Oy) = @prosy 01 CWA,,_1[LP(09, 7). (2.530)
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Proof. According to Corollary [2.56] ®, is well defined on CWA,,,_1[LP(0%2, 0)].
Next, we shall prove the identity (2.530} m According to the definition in
(2.511), for an array § = {gae)} abeny € CWA,_1[LP(IQ, 0)], one has

a+b<m—1
. ald! )
[©61 (@D ay = Y ﬁ,—v,(a@gm-(@@g)w (2.531)
o By
55—’726(a?b)
alb! 'yl 8
= Y = @lea D (0 We)loa - gy
] [(~)]
B,v€Ng B’Y B~ €Ny (5/)<7/)
Fty=(a.b) B+ =y
= > > 5; (98¢1)]00 (92 W2) log - g,

BYENo B’ ~'€Ng
B+y=(a,b) B/ +~'=v

where for i = 1,2, 1; is of class €™ ! in a neighborhood of 99 with the
property that ¢; = 1;|aq. Substituting 5’ ++' = 7 into the first summation

indices in ([2.531]) yields

o! /
[®¢1 (®¢29>](avb) - Z 6 (ﬂa;) ( ) (agwl)‘89< ng)bQ “ Gy (2-532)
ﬁ7ﬁ/7’y/eN0
B+B8"+7'=(a,b)

On the other hand,

. a'd!
Ooroaflany = Y, 2 (00(11)) o - g1 (2.533)
Byl
B,7€No
6—}—’7:(&,1))

Applying Leibniz formula, one has

1h! ! , :
[O6r-600)@aty = Y i >, w,ﬁ—(ﬁgiﬂlﬂaﬂ(a&%)bﬂ'%

1~/1 1(~/)]
ﬁ’YGNO 57 6/,"{/€NO )(’y )
B+y=(a;b) B'+'=p

Z Z a'b‘ 02 1)|o0 (02 ¥s)loa - gy (2.534)

B:vENo B’ ~'eNg
B+y=(a,b) '+~ B

Substituting 5’ +~' = [ into the first summation indices in (2.534]), we obtain
that

b /
Oorsaflany = (;)( )( P ) o0 (OF Vo) oa - g5 (2.535)
B’y veNo

B'+y'+y=(a;b)
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We simply change the indices by g’ = 3, v = ', v = v/, then we have
alb!

©Oorandlan = D Gy O¥)lon@v)lsa - g (2:536)
B,8' ~'€Ng BUBI(Y)! C C

B+8'+7'=(a,b)

Comparing ([2.536|) with (2.532), for any a,b € Ny with a4+b < m — 1, one can

conclude that

[®¢>1 (®¢2g)](a7b) = [®¢1'¢2Q](a,b)a (2537)

which implies that
Oy (D) = Oy on CWA,, 1 [LP(09, 0)]. (2.538)
This finishes the proof. n

Corollary 2.58. Let Q C R? = C be a UR domain with compact boundary.
Fix m € N and p € [1,00]. Consider a function ¢ : 0Q — R which is a

restriction of some function v which is of class €™ ' in a neighborhood of
09, i.e., ¢ = Y|pn and assume that P(z) # 0 for all z € 0. Then ©y is an
invertible operator on CWA,,,_1[LP(0Q, 0)] with an inverse ®q/y) where Oy is

defined as in ([2.529).

Proof. Since 1(z) # 0 for all z € 99, (1/v) is well defined in a neighborhood
of 9. 1In addition, (1/¢) = (1/v)|sq where (1/1) is of class €™ ! in a
neighborhood of 0€2. According to the proposition [2.57| one has

O¢ (Oa/e)) = O(1/¢)(Og) = ®1 on CWA,,,_1[LP(09, 0)]. (2.539)
Combining this with , one can conclude that

O¢ (O1/¢)) = O(1/¢)(©@g) = I on CWA,,, _1[LF(09Q,0)]. (2.540)
This completes the proof. n

According to [7] by Coifman, Rochberg, and Weiss and [39] by Uchiyama,
the commutator of the Calderén-Zygmund operator [M,, C'Z] is compact on
LP(09Q, o) for all p € (1, 00) under the assumption for ¢ as in Definition [2.53| In
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the Riemann-Hilbert problem, this compactness property of the commutator
[M,,CZ] plays an important role to employ the Fredholm operator theory.
With an appropriate definition of the multiplication at the level of array as
in Definition [2.53] our next business is to verify the compactness property of
commutator with the boundary-to-boundary poly-Cauchy operator of order

m.

Proposition 2.59. Let Q C R%2 = C be a UR domain with compact boundary.
Fix m € N and p € (1,00). Consider a function ¢ : 9Q — R which is a

restriction of some function v which is of class €™ ' in a neighborhood of

090, i.e., ¢ = Ylag and an array § = {gap} apeny, € CWA,,_1[LP(08,0)].
a+b<m—1
Define a commutator of the boundary-to-boundary poly-Cauchy operator (of

order m) with ¢ acting on g by

[My, Crna)g = ¢ © (C1§) = Crna (9 © §), (2.541)

where ® is defined as in (2.511)). Then [My, C’m_l] is compact operator on the
complex Whitney array space CWA,,,_1[LP(09, 0)]

Proof. Let a,b € Ny with a+b < m —1 and consider a complex Whitney array
G =1{9ap} apeny € CWA,,_[LP(09Q,0)]. According to (2.511]) one has
a+b<m—1

(¢®( m— 19)>( )
= S 2R e (Cuid)s

|~/
gt B!
B+y=(a,b)

B2
= Y (02970 o0 - (Cra@) i) (2.542)
51'52'71 ’Yz
Bivi €N
511’5 (l)l
Ba+y2=b
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From the definition [2.35|, we have

) . m—l—y1—72 . 1 Ak
<Om—1g> (ri72) (Z) = ; lim ~— / ]{(:;Z(C _C)Z) g(’h,k-&-’ﬁ)(g) d¢

e—0+ 271
Ccean
[¢—z|>€

M-l
1

|
— lim — J ,
— =0+ 2mi (m—my —y+7)!
= €00
[(—z|>e

X (2.543)

S

X &(C) [ (C — Z)j'H ] I —1—jm—m1+7) (C) dO‘(C)

at o-a.e. point z € 9. Observe that for the first term in (2.543)), if k£ > 0, then
the kernel becomes weakly singular. For the second term, one can conclude
that if 71 +v2 < m —1, then the kernel is weakly singular. Now, we look at the
remaining cases when k = 0, v1,72 € Ny with 11 < a, 79 < b for the first term
which becomes the boundary-to-boundary classical Cauchy operator acting on
9(v1,72) and the case when v, +72 = m — 1 which means a+b=m —1, 3; = 0,
v1 = a, 72 = b for the second term. For more simplicity, denote the second

term when v; +v2 =m — 1 by

a—1 1 1
C/ . u = — li a_ - PR
(Crne19) (@) C ov 2mi / J+1
= CEHN
|(—z|>¢€

X Or(¢) [&_W] g(a—l—j,m—a+]‘)(C) do(Q). (2.544)

Therefore, the remaining term in (2.542) when the kernel of the singular inte-

gral operator is not weakly singular can be expressed as follows.

—=f2 - .
> e (00 )0 Com + 0+ (Criag) o (2.545)
51'52 71‘72 o ’ " ()
Bi,vi€Ng
(AS

Using the properties that LF(09,0) is compactly embedded into LP(0S, o),
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and C'is bounded operator on LP(0S), o), one can conclude that

Z (851552¢)|39 - C' is compact operator on LY(99, o).
8 @1'/32'71'72
i,7: €No
Bi+mi=a
Ba2+y2=b
(2.546)
Since g(y, 4,y € LY(082,0)] for v1,v2 € Ny with v + 72 < m — 1, we consider

Y1 + 72 = m — 1 over the summation in (2.545)). The integral expression in

(2.545) is reduced to

& Cotany +6- (Chad) - (2.547)

Turning our attention to the second term in (2.541)), for any a,b € Ny with
a+b<m-—1,

) m—1—a—b T Ak
(Crto0) = X Jman [ gele0 duen©d

(a,b) k"(g — Z)
ceon
[¢—z|>€
a—1 .
1 7!
— lim — X 2.548
— -0+ 270 / (m—a—>b+j)! ( )
7=0 ceon
[¢(—z|>€

(Z _ g)mfaberj

X 87(4) [ (¢ = 2)it!

(¢ © g)(a—l—j,m—a-‘r]’)(C) dO’(g)

at g-a.e. point z € 0€). As we observed above, if £ > 0, then the kernel of the
first term in (2.548)) becomes weakly singular, and if a + b < m — 1, then the
kernel of the second term in (2.548)) becomes also weakly singular. Therefore,

the remaining therm in ([2.548)) whose kernel is not weakly singular is

C(¢@g)(a’b), ifa+b<m—1,
C(AO P ap) + (Cloi(p® 0))ap: Hatb=m—1. (2.549)

According to Corollary [2.56, ¢ ® ¢ belongs to CWA,,,_1[LP(052, o)] which im-
plies if a +b < m — 1, then (¢ ® §)@ap € L7(0, ). Since LY(0N, o) is com-

pactly embedded into LP(052, o), we now consider the case when a+b =m—1.
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According to (2.548)), one has
C(¢® Pty + (Craca(9© 9)) 1y (2.550)

By the definitions in (2.511)), we have

) a'd!
CIH e W(@éwﬂm “ Gy (2.551)
B,¥EN3 7
B+v=(a,b)

Since g, € LY(99Q, 0) if |y| < m — 1, thus the classical Cauchy operator acting
on (¢®g)(a,) has the compactness property over the summation for |y| < m—1.

Therefore, to verify the compactness of the commutator in (2.541|), the singular
integral operator in (2.550) is reduced to

C’(cb * J(a, b)) (2.552)
2 Elir(r]g_ 2—7” / F&(O [m (Cb O] g)(aflfj,mfcwj)(éu) dU(C)
- Cen

[¢—z|>€

Applying the similar argument to the second term in (2.552)), it suffices to

consider

C(é- glan) (2.553)
a-1 1 1 ﬁ

— > z-:lg(I)IJr 2—7” / j+—167@) [ﬁ] ¢<C) 'g(a—l—j,m—a+j)(C) dU(C)-
TR

In summary, the remaining terms of the commutator [My, Cy,_1]g as in (2.541)

which are not verified as compact operators are for a,b € Ny with a+b=m—1

a—1
) 1 1
925(75) : Cg(a,b)(z) - C(Qb : g(a,b))(z) - [ : 51—1>I(§l+ % / i1 X
J=0 (€on
[¢—z|>e

X (cb(Z) ~Or(¢) [%1 Ya—1-jm—a+)(C)

— Or(¢) [W‘ o(C) - g(alj,ma+j)(§)> da(()] , (2.554)
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at g-a.e. point z € 0f). Using the commutator, the expression in (2.554)) can

be identifies as

a—1
(Mg, Clgtary(2) = > _[My, Cilgta-1-jm-as)(2), (2.555)
=0
where for 0 < j <a—1,
/ . 1 1
ng(aflfj,mfa+j)(2) 3282%3_ 2_71'2 j_i_—lx (2556)
e
|¢—z[>¢

X Or(¢) [m] 9la-1-jm-a+5)(C)do(C).
Observe that the operators C' and CJ’- for 0 < j < a—1 are Calderén-Zygmund
type operators. In other words, the kernel of the operator is smooth, odd,
and positive homogeneous of degree —1 except at 0. Applying the property of
the commutator that for a continuous function ¢ on 952, the commutator of a
Calderén-Zygmund type operator C'Z with ¢ is compact operator on LP(0€2, o)
for all p € (1,00), we obtain that

a—1 a+1
[My,Cl = » [Mg,C;] is compact operator on @ LP(0Q, 0) (2.557)
7=0 k=1
if © C R? = C is a UR domain with compact boundary. In conclusion,

(M, C’m_l] is compact operator on CWA,,,_;[L?(99, ¢)] provided Q@ C R? = C
is a UR domain with compact boundary. This completes the proof. O

Now, we turn our attention to the Riemann-Hilbert problems for polyan-
alytic functions. Let  C R? = C be a bounded UR domain. Fix a natural
number m € N and an integrability exponent p € (1,00). Consider a function
¢ : 000 — R which is a restriction of some function ¢ which is of class €™ 1

in a neighborhood of 0¢2 and does not vanish on the boundary, that is,
Y € €™ in a neighborhood of 99,
Y(z) # 0 Vz € 09,
= . 2.
o=y (2:558)
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Consider a complex Whitney array ¢ = {9} « bey € CWA,,,_1[LP (09, 0)].
a+b<m—

The Riemann-Hilbert problem for polyanalytic function takes the form
(

9 ut =0 in OF

u~ radiates at oo,
(2.559)

N.(Viu*t) € LP(0Q,0), for £€{0,1,...,m — 1},

4O Trngl(uﬂ - TYSH(U‘) =0,

\
where QF := Q and Q™ := R?\ Q. According to the Fatou type result and the

integral representation formula in Theorem [2.7 one has
uF =G (e, (uh)) in Q. (2.560)
According to the jump relation in , one has
T (uF) = (%[ + C’m_l) TrC  (u*) at o-a.e. points on 9. (2.561)

This yields

1 .
5TrfiH(M) = Cpr (Tr5,_(uh)) (2.562)
In addition, combining (2.318)) with (2.561)) provides
1 .
(51 + C’m_l) T (u™) =0, (2.563)

at o-a.e. points on 0f). Recall the boundary condition in the Riemann-Hilbert

problem for polyanalytic function
pOTE (uh) =TS [ (u”) =0. (2.564)

This implies
Try, () = ¢ O Trp, (u™), (2.565)

According to (2.560) and (2.565)), one can conclude that finding u™ suffices to
solve the problem (2.559). Taking the operator (1/2)I + C,,_; to the equation

forces
1 : 1 .
<§I + Cm_1> T (u) = (51 + Cm_1> (po Tl (uh)).  (2.566)
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Substituting (2.563)) into (2.566(), we have

1 .
0= (51 + Cm—l) (¢ Tay, 4 (uh)). (2.567)
In other words,
1 :
0=560 TS (™) + Crt (0@ TYS,_ (uh)) (2.568)

Using the commutator as in (2.541)), this can be rewritten as

0= %¢ OTC (v +¢0 (C’mfl (Tr%_l(?ﬁ))) — [My, Cp ] Try, (u),

(2.569)
Applying (2.562)), one can conclude that
0=0¢0TeS_(u) — [My, Cpa|TYS _(u™). (2.570)
Consequently,
¢, (uh) € ker [@¢ — (M, Om,l]] , (2.571)

where ©g is defined as in (2.529). Since we are assuming that ¢(z) # 0 for
any point z € 012, according to Corollary , ©y is invertible on the complex
Whitney array space CWA,,_1[LP(052, 0)]. In particular, ®4 is Fredholm op-
erator of index 0 on CWA,,,_1[LP(052, 0)]. In addition, according to the propo-
sition [2.59, one has [M¢, C’m_l]} is compact operator on CWA,,,_1[LP(0%, 0)].

Consequently,
®g — [My, Cry_1] is Fredholm of index 0 on CWA,, 1[LP(99Q,0)]. (2.572)

Applying Fredholm alternative, we obtain either that the Riemann-Hilbert
problem for polyanalytic function with zero boundary data
(

"yt =0 in QF,

u~ radiates at oo,
{ (2.573)

N.(Viut) € LP(0Q,0), for £ €{0,1,...,m — 1},

¢ © Ty, (uh) = Trp,_y(u”) =0,

m—1
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has nontrivial solutions u* € PA,,(QF) or for each f € CWA,,_{[L?(9%, 0)]
the Riemann-Hilbert problem for polyanalytic function with given date f
4

"ut =0 in OF,

u~ radiates at oo,
(2.574)

N (Viut) € LP(0Q,0), for £ €{0,1,...,m — 1},

pOTE (ut) =Tt (u") = f € CWA,,_1[L?(09Q, 0)],

m—1

has uniquely determined solutions u* € PA,,(Q%).
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CHAPTER 3

The Neumann Problem for the

bi-Laplacian in Infinite Sectors

In this chapter, we study the Neumann problem for the bi-Laplacian in
infinite sectors in the plane. More precisely, we investigate the solvability of
the L” Neumann problem for the bi-Laplacian, for p € (1,00), using Mellin
transform techniques. We explicitly describe the Mellin symbol of a singular
integral operator naturally associated with the problem for arbitrary apertures
6 € (0,2m) and Poisson ratios n € [—1,1) and investigate when its determinant
doesn’t vanish. The analysis carried out here uses Mellin transform techniques
and properties of hypergeometric functions of gamma, beta, Ferrers and Gauss
type. As a result of this analysis, we derive information on the range of
p € (1,00) for the aforementioned boundary value problem is well-posed for a

number of more tractable apertures.

3.1 Introduction

The focus of this chapter is on the Neumann problem for the bi-Laplacian
in infinite sectors in R? via the layer potential method. To set the stage, fix

6 € (0,27) and let Q C R? be the region above the graph of the function
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¢ : R — R defined by
() = |z|cot(0/2), x€R. (3.1)

For each X € 0Q \ {0} there exist outward unit normal and unit tangential
vectors denoted by v(X) and 7(X) respectively. Then the Neumann problem
for the bi-Laplacian in 2 with LP boundary datum, with integrability index
p € (1,00) and aperture parameter k£ € (0, 00), can be formulated as:

(
A%y =0 in Q,
N.(Vu) € LP(99),
k—n.t. 62u (32)
2 P

w0 = p e o),

oO\u 0 1 0*u
[ v +(1_”)§[afay

(NBH,)

| =ae@fon),

where 1 < p/ < oo issuch that 1/p+1/p’ = 1. Here, with H' standing for the 1-
dimensional Hausdorff measure in R?, set o := H!'[ 99 for the surface measure
on 09. Then the space LP(0N) is that of Lebesgue p-integrable functions on
02 with respect to o and (LII’I(QQ))* is the dual space of all locally integrable
functions on 9 with tangential derivative in L?' (99). In addition, N, denotes
the non-tangential maximal function defined in (|1.14)) and by -‘g;n.t' we have
denoted the nontangential restriction to the boundary introduced in ((1.15)).
Finally, in the formulation of the boundary conditions in the convention
for repeated normal and/or tangential derivatives as introduced in has
been used, while € [—1,1) is a given real constant called the Poisson ratio.
The formulation of the Neumann problem follows from the Kirchhoft-
Love theory of thin plates and the problem has been previously studied in
the literature in a number of important cases. J. Giroire and J. C. Nédélec,
see [9], considered the geometric setting of bounded smooth planar domains
and a variational setting formulation, and their well-posdeness approach relied
on establishing coerciveness of the corresponding boundary bilinear form. C.

Nazaret, see [33], extended their results (in the variational setting) to bounded
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polygonal domains. The case when 2 C R™, n > 2, is a bounded Lipschitz
domain and the integrability index p is near 2 has been treated by G. Verchota
in [40], employing layer potential theory and Rellich-type identities. Shortly
thereafter, Z. Shen proved in [36] L? versions of Verchota’s results when 2 is a

bounded Lipschitz domain in R", n > 4, and 2(77:11)

—e<p<2 forsomee >0
depending on ). A different formulation of the Neumann problem for the bi-
Laplacian, with boundary datum from duals of Whitney-Lebesgue spaces, in
bounded Lipschitz domains with connected boundary can be found in [[23],

Theorem 6.55, p.388|. There the authors establish well-posedness whenever

2(n—1)
n—3

peE(2—¢,00)ifne{2,3}and p € (2 —¢, +¢) if n > 4, where again

€ > 0 depends on €2.
To put the formulation (3.2) of the Neumann problem for A? into per-
spective, in connection with the study of the problem (3.2), for each r € R,

consider the bilinear form B, associated to A% in R? given by

B.(u,v) = ¢, ”z:l/ﬂ [(0:0; + 7‘5Z~jA)1u] (X) [(9;0; + 1 6;;A)v] (X) dX, 5.3

14222
where u,v € W*2(Q) (the L? based Sobolev space with smoothness index 2)

Cr -

and ¢;; stands for the standard Kronecker symbol. It can be checked that,

indeed,

B, (u,v) = /(A2u)(X)v(X) dX, forall u,ve€ %;°(2) and all r € R.
Q
(3.4)
If u is a biharmonic function in © such that N, (V?u), N, (V3u) € L*(092), and

v € 65°(R™), integrating by parts one obtains

/m B:(u,v) do = /8 ) (MT(U)% ~ Ne(w)v) do, (3.5)

where
_ O(Au) d 1 O*u
No(u) = ov + CTE [GTau}’
(3.6)
r—n.t. 2
M, (u) == ¢, (2r + 2r?) Au’ + cra—z.

a0 ov
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2(r +1r?)
14 2r 4 212
(3.2) can be rephrased as M, (u) = f € LP(09), and N,(u) = A € (Iﬁ'/(aQ))

respectively.

Note that, setting n := € [-1,1), the boundary conditions in

*
Y

In Section [3.2.1] we employ the layer potential method for the treatment of
. Concretely, we show how seeking a solution of as a single layer po-
tential leads to the consideration of the invertibility properties of a boundary-
to-boundary matrix-valued integral operator 7' : (U’(@Q))2 — (I}’(QQ))2
defined below. Specifically, for each F,G € LP(0N), set

—nKi+(n—-1)K, —31—nKs+(n—1)K, G
T(F,G):= ;
K5+ (n—1)Ks — 51 K7+ (n—1)Ks F
(3.7)
where I stands for the identity operator, and, for f € LP(952),

K.f(P) ;:/k,-(P,Q)f(Q) do(Q) for each i€ {1,....8}, (3.8

oN

with the kernels k;, for i € {1,...,8}, defined on 9 x 9\ diag(0N2) as follows

B(P.Q) = k(P.Q) = (P = Q) 3.9)
33
k2(PQ) = W[B(P—Q)], (3.10)
(P.Q) = Ks(P.Q) = gl E(P = Q)L (3.11)
83
ka(P,Q) = W[B(P - Q)] (3.12)
83
83
ks(P,Q) = 97 (P0v(P)or(Q) [B(P—-Q)].  (3.14)

Above, F is the classical radial fundamental solution for the Laplacian and B

is the classical radial fundamental solution for the bi-Laplacian in the plane.
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Specifically
E:R*\ {0} — R, E(X):= % log | X], VX €R*\ {0}, (3.15)
and
B:R\{0} — R, B(X):= —8%\)(]2(1—10g|X|), VX € R%\{0}. (3.16)

In particular, there holds that AE = A%2B = ¢ in the sense of distributions in
R2, where § is the Dirac delta distribution with mass at the origin, and that
AB =F.

A preliminary step in the analysis of the operator T' from is “trans-
porting” this operator from one acting on functions defined on 952 to an oper-
ator acting on functions defined on Ry := [0,00). This is done by exploiting
the fact that €2 is the region above the graph of the function ¢ : R — R from
, and as such 02 = 02, U 0€)y, where

00 = {st1(f) : s € Ry} and 00 := {sth(f): s € R.}, (3.17)
with
71(0) := (—sin%,cos?) and ¥,(0) := (sin, cos?). (3.18)

Note that the vectors

U3(0) == (—cos §,—sin%) and T4() := (cos %, —sin

0

5) satisfy

(3.19)
v1(0) L 3(0) and v9(0) L v4(0), and point outwardly to €.
The two pieces of the boundary 0€);, j = 1,2, are then identified with R

via the mappings
v 0Q; — Ry, ;(P) :=|P|, for each P € 09;. (3.20)

As a result, for each p € (1, 00) the space LP(02) is in turn identified with the
product space LP(R;) x LP(Ry) via & : LP(0Q2) — LP(R,) x LP(R) given
by

I(f) = f‘ml% .V fe PO (3.21)

-1
Ol
oo, 02
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This and explicit trigonometrical calculations lead us to consider the operator

T , )
T (LP(R+) X LP(R+)> N (LP(R+) x LP(R+)) ,

fi fi(t)

: : (3.22)
T I / R(s,t) Alt) dt,

91 g1(t)

g2 92(t)

where the kernel R : Ry x Ry \ diag(R;) — Myya(R) is given by

—nky + (n — 1)ke —%IQXQ —nks+ (n— 1)ky
R = . (3.23)
—ks + (n— 1Dk — 2 1oxo k7 + (n—1)ks
with the matrix-valued functions k;, ¢ € {1,...,8}, explicitly described in
(3.93) and Lemma in Section . Since the operator T is merely a re-
interpretation of the operator T, there holds
T: (L’K@Q))Q — (I/’(@Q))2 is invertible if and only if

2 2 (3.24)

T (LP(R+) x LP(R+)> s (LP(R+) X LP(R+)> is invertible.

A further analysis of T reveals that this operator belongs to the algebra of
integral operators generated by Hardy kernel operators and the Hilbert trans-
form, making the analysis of its invertibility properties amenable to Mellin
transform techniques. This is discussed in subsection [3.2.2 where we record
the invertibility criterion in Theorem . Keeping in mind, Theo-
rem brings into focus the necessity of computing the determinant of the
Mellin symbol of the operator R, i.e., det (MR(-, 1))(z) for z € I'p; (an open
vertical strip in C defined as in (3.62))). This symbol is explicitly derived in
Section and the calculations leading to the formula for det(MR(-,1))(2)
obtained in Theorem [3.27] involve hypergeometric functions of gamma, beta,
and Ferrers types, as well as Gauss’ hypergeometric functions. In Theorem

we establish explicit formulas for det(MR(-,1))(z) for all aperture values
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0 € (0,27). In addition, we show that det(MR(-,1))(z) is the product of
two simpler expressions (®y(z,1) + Yy(z,1)) and (Pg(z,n) — Vy(z,7n)), where
®y(z,m) and Wy(z,n) are as in and ([3.187)). Generally speaking, find-
ing the zeroes of det(MR(-,1))(z) is a very difficult task, thus obtaining a
factorization of det(MR(-,1))(z) helps with this analysis. Indeed, utilizing
the results aforementioned, we have located the zeros of det(MR(-,1))(z) =0
in I'g; in a number of particular cases such as § =, § = 7/2, and 6 = /4,

ultimately obtaining solvability results for the problem (3.2)) of the following
types:

Theorem 3.1. Let Q be the upper half-plane. Then forn € R\ {—3,1} and
forp € (1,00),
(NBH,) has a solution. (3.25)

Uy

Theorem 3.2. Let Q be the interior of an infinite upright sector of aperture 3

in the plane. Then forn € [—1,1) and for p € (1,00), the following implication
holds
p€ (1,00) \{a, 5} = (NBH,) has a solution, (3.26)

where

3
a~! s the unique real root of z — 1+ cos(%) =0 in To1,  (3.27)

3
B~Y is the unique real root of z —1— cos(%) =0 in Iy;. (3.28)

In particular o, f € R and o € (9,12) while 5 € (2,3).

Validated numerics considerations show that the critical index « lies in

(10.92,10.94), while the critical index S lies in (2.194,2.196).

Theorem 3.3. Let Q) be the interior of an infinite upright sector of aperture

s
4

holds

in the plane. Then forn = —1 and for p € (1,00), the following implication

pe (1,00)\{7,0} = (NBH,) has a solution, (3.29)
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where

Tz —1
Y s the unique real oot of z — 1+ V2 cos (%) =0 i Iy,
(3.30)
7z —1
6~ s the unique real root of z —1— /2 cos (%) =0 in Iy;.
(3.31)

In particular, 7,6 € R and v € (2.8,3) while § € (2,2.1).

Validated numerics allows us to show that the critical index vy € (2.92,2.94)
while the critical index § € (2.01,2.03).

3.2 Preliminaries

In this section we introduce notation and record a number of useful results.

Throughout, 6 € (0, 27) is fixed and 2 C R? is the upper graph of the function
¢ from (3.1).

Regarding directional derivatives, if w is a differentiable function in 2 and

if (-,-) is the canonical inner product in R", we have set

2_15 - <(Vw) H't',y> , (3.32)

o0
with v being the outward unit normal vector to 2. In addition, in (3.2)) and

(3.6) the following convention for repeated normal and/or tangential deriva-
tives has been used. If u is a sufficiently smooth function in €2, given a collec-
v?) for

each j € {1,...,m}, and f(V) is an expression depending solely on vy, ..., v,

tion of vectors V := {vy,...,vm} C R™ on 0Q such that v; = (v}, v3, ..., v}

then for all j € {1,...,m} we set

ai][ } Zv F(V)(Opur) _n't'. (3.33)
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Thus, the iterated normal and tangential derivatives appearing in the formu-

lation of the Neumann problem (3.2)) take the form

—n.t.

0%u 2
w = Z V,-Vj(&-@ju)

4,j=1

" 34
o (330

aAu _ (83 k—n.t. + (a 82 )‘nnfc. + (628 )‘nn.t. 83 )‘Hn.t.
o ! i) o0 AR IR P +12(O5u oo
(3.35)
@ _ 2(62 ) K—n.t. B 2 (a a )‘f@n.t. + 2(82 )rn.t‘ (3 36)
87‘2 = V2 lu 00 1Z40%) 102U 00 1/1 Q’LL 00 s .
82U K—1.t 9 —n.t. 9 Kk—n.t.
oo = —vwn(Ofu)| T+ 0F = 1) (@0)| "+ u(dBu)| T (3.37)
agu 9/ a3 Kk—n.t. 3 9 9 K—n.t.
oo =) T (v = v (030)]| (3.38)
.t. —n.t
+ (v} — Vzul)((?;@lu)’ + I/fyg(ﬁgu)‘

3.2.1 The Single Layer Potential for the Bi-Laplacian

Here we shall introduce the (modified) single layer potential operator as-
sociated with the bi-Laplacian and record some of its basic properties such as
jump formulas and non-tangential maximal function estimates. To get started,
recall B, the fundamental solution of the bi-Laplacian in R? from . Fix
X, € Q and for each Y € 00 consider the following affine (in the variable
X € R?*\ 99Q) correction of B:

B(X,Y):=B(X-Y)- [B(X,-Y)+{((VB)(X, - Y), X, — X)]. (3.39)

A double application of the Fundamental Theorem of Calculus yields
2 1,1
B(X,Y) = Z(X—Xo)j(X—XO)k// t(0;06 B) (X, +5t(X — X,)—Y) ds dt.
Py 0Jo

(3.40)
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For each p € (1,00), consider the modified single layer potential operator
S acting on a pair (A, F) € L” | (09) x LP(0Q) given at each point X € R\ 9Q
by

S\, F)(X) :=(B(X,-),A) — /GV(Q)[B(X, Q)|F(Q)do(Q), (3.41)

o9
where the two terms are understood in the following manner. Given a func-
tional A € L7, (8Q) = (L2 (9Q))" and G € LP(9Q) such that 8,G' = A, the
pairing (B(X,-),A) is interpreted as

(B(X,),A) == — /8 ) D (X = X)X — X,)kG(Y) (3.42)

7,k=1

« ( /0 1/01 10,0y (9,06 B)(X, + st(X — X,) — V)] ds dt> do(Y).

Note that in the kernel V3B € LY (0R2), with 1/p+1/p’ = 1, in light of
(3-80)-(3.81)). Also, using and (3.80))-(B.81)), the integrand in the second
term in the right hand side of is absolutely integrable. This makes the
formula of S in (3.41)) meaningful. In addition, it is straightforward to check
that there holds

A*(S(A,F)) =0 on R?\ 99, (3.43)
and, using [40, Lemma 8.4, p. 2(41], tk;)ere holds NV, (V2(S(A, F))) € LP(09).
2(r+r

1+ 2r 4 212
(3.6). Then the following jump-formulas hold for c-a.e. P € 0Q (see [40,

Section 9]):

Next, for r € R set n := and recall the operators M,, N, from

M (S(A, F))(P) = — LF(P) ~n / %[E(P CQIF(Q)do(Q)  (3.44)
o0

+(U—1)a/m[B(P—Q)]F(Q) do(Q)

P =980+ (0= 0) (5B =) A).
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and

N.(S(A, F))(P) (3.45)

/ PG P~ QIF@ (@)

+@UnIEP =) 8) + (=) (G B~ L A).
Next, for each A € L”,(09) let

G € LP(092) be such that A = 0,G. (3.46)

Using this, integrating by parts in (3.44)) and in (3.45)), and the properties of
the duality pairing between LP (8€) and L (852), we obtain that for o-a.c.

P € 902) there holds

M (S(A, F))(P) = — —F

ay IF(@Qdr(Q)  (3.47)

/ S PP~ QIF(@de(Q)

0
- / WWP —QIC(Q) do(Q)

/ O B~ QIE@ Q)
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and

No(S(A F))(P) =~ 50,G(P / PG B~ QIF@do(Q)

+ - 1)8/ — af(P) g B~ QIF(@ds(Q)

/ or(Q ay - Q)|G(Q) do(Q) (3.48)

84
=1 / OT(Q)0T2(P)0v(P)

o0

[B(P = Q)G(Q) do(Q).

At this point let us observe that a direct calculation based on (3.33) shows
that for o-a.e. points P, Q € 0f2 such that P # @ there holds

0? 92
W[EUD - Q)= W[E(P - Q)], (3.49)
0? 9?
o) P =5 magF -9 650
Thus
/ay P)or (0 - Q)]G(Q)do(Q) (3.51)
=0r(p) / D) E(P — Q)IG(Q) do(Q),
o0
and
/ au(P — Q)F(Q)do(Q) (3.52)

O / 0@ E(P ~ QF(Q) do(Q).

o0

Recall next the kernels (3.9)-(3.14). In this notation, formula (3.47)) be-
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comes

M(S(A, F))(P) = — %F(P) +—1) / (ka(P, )G + k(P )F) do (3.53)
_ n/ (ki(P.)G + k(P F) do,
09
while ([3.48)) can be written as

N.(S(A, F))(P) (3.54)

- %8T(P)G(P) +(n— 1)3T(P)</ (o (P, )G + ks(P, ) F) dg)

o0

= o [ (PG + (P F) do).

o0N

Consequently, with I standing for the identity operator, there holds
M, (S(A, F))
Ny (S(A, F))
(3.55)
—nKi1+ (n— 1)K —5I = K3+ (n— 1)K, G
O (—Ks+(n—1)Ks — 5I)  0-(K7+ (n—1)Ky) F
where for a generic function f € LP(092), and k;, ¢ € {1,...,8}, as in (3.9)-
(3.14]), we have set

K.f(P) ::/ki(P,Q)f(Q)da(Q) foreach ic{l,.. 8. (356

o0

Recall the operator 7' : (LP(GQ))2 — (Lp(ﬁQ))2 from (3.7). Given a func-
tional A € (L€/(8Q))* = [ ,(99), consider

G € LP(092) such that 0,G = A. (3.57)

Then, the jump relations (3.55)) can be re-written as

( M(S(A, F)) )
= T(F, Q). (3.58)
NA(S(A, F))
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In light of this discussion, given f € LP(92) and A € (L'ﬁ’/(GQ))*, seeking a
solution of the Neumann problem (NBH,) in (3.2) as a single layer potential
operator, S(A, H), with H € LP(9Q) and A € (Lﬁ’/(aQ))*, is then reduced to

finding a solution of the boundary integral equation
T(H,G) = (f,G), (3.59)

where G is as in (3.57)), and G is associated with A also as in (3.57). Indeed, if
(H,G) € LP(9Q) x LP(99) is a solution of (3.59), then u := S(9,G, H) solves
the Neumann problem (NBH,) in (3.2).

3.2.2 Hardy Kernel Operators and the Mellin Trans-

form

The goal here is to recall the class of Hardy kernels and Hardy kernel
operators on LP(R,), for p € [1,00), and to introduce the Mellin transform as

a tool to study spectral properties of Hardy kernel operators.

Definition 3.4. Let k : R, x R, — R be a Lebesque measurable function.
Then k is a Hardy kernel for LP(R) for some 1 < p < oo provided that:

1. k is a homogeneous function of degree —1, i.e., for any A > 0 and any

z,y € Ry, there holds k(Ax, \y) = A\ k(z,y);

2/ k(1 y)|y~"/Pdy < oo.
0

Furthermore, if {,m € N, a matriz-valued function k : Ry xR, — R>*™ whose
entries are measurable is called a Hardy kernel for (LP(Ry))™ provided that
each entry ki, fori e {1,...,0} and for j € {1,...,m}, is a Hardy kernel for
LP(R,).

With Deﬁnitionin hand, let k be a Hardy kernel for L?(R,), 1 < p < o0
and for any f € LP(R,) define the action of the Hardy kernel operator ¥ with
kernel k on the function f by setting

S0 = [ e fy, o€ R (3.60)
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The setup of the vector-valued case follows a similar blueprint. Concretely,

St x) >

(LP(R,))™. For any vector-valued function f € (LP(R.))™, define the action
of the operator T, called a Hardy kernel operator with kernel &, on f by setting

Tf(s) = /000 k(s,t)- f(t)dt, seR,, (3.61)

where above - denotes matrix multiplication.
Next we recall the Mellin transform. Given b, ¢ € R satisfying b < ¢, we

shall denote by I', . the infinite strip
Iye:={2€C:Rez e (bo)}, (3.62)
where PRe denotes real part.

Definition 3.5. Let a,b,c € R such that b < ¢ and set
A, = {f : Ry = C measurable function : / |f(z)|z""'dx < 00}, (3.63)
0

and

Ave = [ Aa (3.64)

a€(b,c)
Definition 3.6. Assume that a € R and that f € A,. Set

Mf(z) = /Oo ¥ f(x)dx  for each z € a + iR. (3.65)

0
M f(2) is called the Mellin transform of the function f at z. The fundamental
strip of M [ is the largest strip I'y . with b,c € R, b < ¢, such that f € A,

Consider next the Hilbert transform of the positive semi-axis. Concretely,
for a fixed y € R, set
1
T —y
Note that h ¢ A, for any ¢ € R because for a fixed ¢ € R and for 0 < e <y
there holds

h:R\{y} =R, h(z):= (3.66)

t .c—1
lim
t—y—

dr = —0o0. (3.67)

e T—Y
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However lim / h(z)x* 'dx exists whenever z € ['y;. In particular, since
e—0t '

R+\B(y78)
the function h does not fall under the scope of Definition [3.6] it is meaningful
to set,
Mh(z) = lim / h(x)x* 'dx for each z € Ty;. (3.68)
e—0
R+\B(y7€)

In relation to this, the following result can be found in [34].

Proposition 3.7. Fizy € R, and let h be as in (3.66|). Then,
Mh(z) = —my** cot(nz) for each z € Ty;. (3.69)

The following result, see [5] and [§], allows one to explicitly determine the
spectrum of bounded linear operators which belong to the algebra generated

by Hardy kernel operators and the Hilbert transform on R, .

Theorem 3.8. Let k = (kij)1<ij<m be a Hardy kernel for (LP(R;))™, for
some p € (1,00) and m € N, and let A, B be m x m matrices with real entries.

Consider the operator R defined as
Rf(s):=Af +/ R(s,t)f(t)dt, s € Ry, (3.70)
0
with

R(s,t) = k(s,t) +

— B, Vs,t € R, such that s #t. (3.71)
Then the operator
R:(LP(Ry))™ — (LP(Ry))™ is well defined, linear and bounded — (3.72)
with spectrum
o(R; (LP(R4))™) = O, (3.73)

with O standing for the closure in C of the set O, which is defined as

0= {w € C: det(wl — (A+ MR(, 1)L +i)) =0, for some & € R } .
(3.74)
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A useful consequence of Theorem [3.8)is singled out below (see e.g. [32] for
a proof).

Corollary 3.9. Retain the setting of Theorem and make the additional
assumption that det(A — miB) # 0. Then the operator R is invertible on
(LP(RL))™ if and only if

det (A + MR(-, 1)(]% +i€)) #0 for each & €R. (3.75)

Corollary ultimately allows us to establish the following invertibility
result for the operator T from (3.22)).

Theorem 3.10. Let Q) be the interior of an infinite sector of aperture 0 in
(0,2m) and firn € [—1,1) and p € (1,00). Consider the operator T from
(3.22) with matriz-valued kernel R as in (3.23)). Then

T s invertible on (LP(Ry) x L”(R+))2 if and only if (3.76)
3.76
for each & € R there holds det(MR(-, 1))(% +1i&) # 0.

Proof. Using Lemma the operator T is of the form discussed in Theo-
rem [3.8) for

-1 0 0 O
n+1 0 1 0 0 1 O2><2 ]2><2
B = i and A = D) y (377)
0O 0 -1 0 Iyo  Oayo
0O 0 0 1

where Ogy5 is the 2X 2 zero matrix and Iy is the 2x 2 identity matrix(and A is

understood as a 4 x 4 matrix). With (3.77)) in hand, a simple calculation shows

2
det(A — miB) = < — % + i) # 0 for all n € [-1,1). Thus Corollary
applies and gives (|3.76|). O]

3.3 Explicit Formulas for the Operator T

A preliminary step in the analysis of the operator T from ({3.7)) is deter-

mining explicit expressions for the kernel functions k; for i € {1,...,8} from
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(3.9)-(3.14)), which then via the identifications (3.20]) lead to a more explicit

formula for the operator 7 when € is the infinite sector above the graph of

the function ¢ : R — R in (3.1)) of arbitrary aperture 6 € (0, 27).

Using formulas (3.15)-(3.16)), it is straightforward to compute at each point
X = (X1, X5) € R?\ {0} and for each j € {1,2} that

and that

X

OE(X)=—2_
J ( ) 27T|X|27
0:B(X _ X 1 —log(|X|?
i B(X) 7T( og(|X[%)),
X1 X,
NOB(X) =
10 B(X) AT|X |2
0?B(X) = L (1 2 log(|xP? 2X;
PBX) =~ (1 - los(1XP) — 755,
X3 — X2X.
PoB(X) = 22 172
10BX) ==X
X3 — X, X2
HO2B(X) =L 72
10, B(X) Am|X |2
agB(X)_Xer?)XlXQ?
!  dm| X
X3 4+ 3X2X.
RB(X) = 22221

Am] X|*

(3.78)

(3.79)

(3.80)

(3.81)

Then (3.33), (3.9)-(3.14) and (3.78)-(3.81)) allow us to obtain the following

formulas.

Lemma 3.11. Assume Q C R? is a Lipschitz domain with outward unit nor-

mal vector v = (vy,15). For each P = (P, Py) € 002 and Q = (Q1, Q) € 01,
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P # Q, the functions k;, i € {1,..., 8}, introduced in (3.9)-(3.14) satisfy

ki (P,Q) = k+(P,Q) = 12 (Q) (P —221&3—_7/&2('?)(132 — Q2)’

3 1(Q) — 211 (Q)a (P)ra(P)
dr|P = QJ

5 —1(Q) + 2v3(Q)ri(P)ve(P)
Ar|P = Q[

(Q)Bri(P) —v3(P))
dr|P - QI

n(@)(=35(P) + vi(P))
dr|P = Q1
_ (P — Q1) (P2 — Q)11 (P)1a(P) )
|P — QJ? ki(P,Q),
<P — Q7 V<Q>>
27| P = QI

5 11(Q) + 21 (P)n(P)ra(Q)
Ar| P — Q[*

5 12(Q) + 201 (P)ra(P)ni(Q)
A7t|P — Q*

2 n(Q)(B3ri(P) — vi(P))
47|P — QJ

 1(Q)Br5(P) — vi(P))
dm| P — Q[
_ (P = Q1)(P — Qo)1 (P)ra(P) )
‘P—QP k3(P7Q)7
(vi(P) - v(P))n(Q)
4x[P — QJf

2(P — Q1)(P2 — Q2)v1(P)va(P)
PP

(P = QP ~ Q)(E(P) ~ 1A(P) |
2P — QP '

vi(P) = v3(P))n(Q)
dr|P — QJ

(3.82)

ka(P, Q) = (P — Q1) (3.83)

+ (P — Q)

+(P1—Q1)<P2—Q2)2‘V2

+ (PL— Q1)*(P, — Q1)

ks(P,Q) = ks(P,Q) = — (3.84)

k4(P> Q) = _<P1 - Ql) (385)

— (P2 — Q)

— (P = Q1) (P2 — Q2)

— (Pr = Q1)* (P2 — Q)

ke(P,Q) : = —(P1 — Q1) (3.86)

+ kS(PaQ)

P,Q)

+(P2—Q2)3(
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and

(i (P) — v5(P))1a(@Q)

ks(P,Q) = —(P,—Q))? T (3.87)
—(Py— Q) (V%<Pi7TTPV§_<IZQ)y)4V1<Q)
2P - Ql)(f'; :gTZ)Vl(P)Va(P) (P.Q)
(- Ql)(P22|—PQ_z)(QV|12(P) — (D)) k(P Q).

The following remark will be useful in the sequel.

Remark 3.12. Let Q2 be the set above the graph of the function ¢ from (3.1)).
With (0€01) and (02)q being the left and right rays of 0S) , respectively, with

corresponding direction vectors v1(0) and ve(0) as in (3.17))-(3.18), pick two
points P,Q € 092 = (0Q); U (00)y such that P # @ and let s :== |P| and

t:=1|Q|. Recall the outward unit normal vectors v3(0) and U4(0) as in (3.19).

Then clearly:

if PQe€(00): P=st(0), Q=t(0) and v(P)=v(Q) = v3(0),

P
if Pe @), Qe (00, : {
Q

P
if Pe(0Q) Qe (00) : {
Q
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Moving on, for each j € {1,...,8} and each I,m € {1,2}, we shall intro-

duce

Kimo Ry x Ry \ diag(Ry) — R given by ki (s,t) == k;(P, Q) 3.92)
for P € (09), and Q € (09),, such that |P|=s and |Q|=t,

where the functions k;, j € {1,...,8}, are as in (3.9)-(3.14). With this

notation in hand, let us consider the matrix-valued functions k; acting on

R; x Ry \ diag(R) with values in My o(R) given by

k-ll k'12
k= " 7 |, je{1,...8% (3.93)

kf‘21 k'22

j j
A direct consequence (whose elementary proof we omit) of Lemma and
(3-88)-(3.91)) in Remark is the following.
Lemma 3.13. Fiz 6 € (0,27) and for each j € {1,...,8} and l,m € {1,2}

let kK™ be as in (8.92) and k; as in (8.93). Then, corresponding to j =1 and
Jj =2, for each s,t € Ry with s # t there holds

(6.0 = K000 = 5L
scosf —t o
—k{2(s,1) = k3 (s,t) = 2 (s2 — 2st cos 0 + 2)
kY (s,t) = —k3(s,t) = m’
(3.95)

(s, 1)
47(s? — 2st cos O + t2)?’

—ky*(s,t) = k3' (s, 1) =
where
f(s,t) :=— (s +1)*(1 +2cos?(0/2)) sin*(0/2) + (s — t)*(1 4 2sin?(0/2)) cos*(6/2)
—2s(s +t)(s — t)sin?(0/2) cos*(0/2) cos 6. (3.96)
Corresponding to j = 3 and j = 4, for each s,t € R, with s # t there holds

k3l(s,t) = k3%(s,t) = 0,
(3.97)

ssinf
27(s% — 2st cos O + 12)’

k§2<37t> = ]{??2)1(8,75) =



165

g(s,1) (3.98)

ki(s,t) = ki'(s,t) =
4 (s, t) = ki'(s, 1) 47(s2 — 2st cos O + 2)2’

{ kiL(s, 1) = k2(s,1) = 0,

where
g(s,t) ==(s + t)*sin(6/2) cos(6/2) cos 6 — (s — t)®sin(6/2) cos(8/2) cos 0
(3.99)
+ (s +t)%(s — t) sin?(0/2) cos(0/2)[sin(0/2) cos®(8/2) + 3sin®(6/2)]
+ (s 4+ t)(s — t)*sin(6/2) cos*(6/2)[sin?(0/2) cos(/2) + 3 cos®(6/2)].
Corresponding to j = 6, for each s,t € Ry with s # t there holds

{ k(s 1) = k22(s,1) = 0,

3.100
ki2(s,t) = k2'(s,1) = h(s,t) (3.100)

A7r(s? — 2st cos @ + %)%’

where

h(s,t) :=(s +t)*sin®(0/2) cos(0/2) cos § — (s — t)*sin(6/2) cos®(A/2) cos O
(3.101)

— (s +t)*(s — t) sin®(0/2) cos(6/2) [3sin(6/2) cos®(6/2) + sin®(6/2)]
— (s+t)(s —t)*sin(/2) cos*(6/2) [3sin*(6/2) cos(0/2) + cos®(0/2)].

Corresponding to j = 8, for each s, t € Ry with s # t there holds

1
kg'(s,t) = —k§*(s, 1) =
8 (87 ) 8 (87 ) 47T<S—t)7

12 21 ((s, t) (3.102)

—k t)=k t) = :
5 (5,1) = ks (s, 1) 47 (s? — 2st cos O + t2)?’

where
U(s,t) :=(s 4+ t)*sin*(6/2) cos O + (s — t)® cos*(0/2) cos 6
— 1s(s+1t)(s —t)sin* G cos (3.103)

— (s +1)%(s — t)sin? @sin®(0/2) + (s + t)(s — t)*sin® 6 cos*(0/2).
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Corresponding to j =5 and j =7, for each s,t € Ry with s # t there holds

ks(s,t) = ks(s,t) and k7(s,t) = ki(s,1t).

(3.104)

Moreover, for each j € {1,...,8} and each l,m € {1,2}, the function kém 18

either a Hardy kernel or a scalar multiple of the kernel of the Hilbert transform.

3.4 Mellin Symbol Computations

The main goal of this section is to compute the Mellin symbol of the matrix-
valued functions k;, i € {1,...,8}, introduced in (3.92)-(3.93), and explicitly

calculated in Lemma B.13l

Proposition 3.14. Fiz a parameter 6 € (0,27) and consider the functions

F;:Ry =R, je{l,...,4}, given at x € Ry by

1
22+ 2z cos(m —6)+ 1’

Fy(x) :=xFi(z), Fs(z):=F/(x) and Fy(z) := Fj(x).

Fi(x):=

Then,
F1 € A(og), F2 € A(7171), F3 S A(Lg) and F4 € A(o,g),
and, if 0 € (0,2m) \ {n},

MFy(z) =7 csch csc(mz) sin(f + z(m —0)), for each z € 'y,

MUFy(z) =7 csc b csc(mz) sin(z(m — 6)), for each z € I'_y 4,

—1
MPF3(2) = —M sin(20 + z(m —0)), for each z € I'y 3,
sin(mz) ’
MFy(z) = _mlz = Desch sin(z(m — 0) +0), for each z € ys.

sin(mz)

When 0 = w, the following hold

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)



167

-1
MF(2) = —%, for each z € Ty, (3.111)
Tz
MEy(z) = Sn(re)’ for each z € I'_y 1, (3.112)
m(z — 2)
MEs(z) = ~n(nz) for each z € I'y 3, (3.113)
w(z—1)
MF4(Z) = —W, fOT’ each z € F072. (3114)

Proof. When 6 # 7, that F| € A(2) and that holds are consequences
of [34] formula (2.54), p. 23] applied for 7 —6 € (—m, )\ {0} in place of . The
case (3.111]) when 6§ = m, follows from [34) formula (2.5), p. 13]. Regarding Fs,
since Fy(x) = xFy(x) and Fy € Agz), basic properties of the Mellin transform
yield that Fy € A(_1 1) and that

MFEy(z) = MFi(2+1) foreach z € '_y;. (3.115)

This together with (3.107)), (3.111)) and the fact that sin(7(2+1)) = —sin(7z)
gives (3.108) and (3.112).

Turning our attention to F3 we notice first that

lim Fy(z)z*" ' =0 and lim Fy(z)z" ' =0 foreach z € Tgs.  (3.116)

z—0 T—00
Thus, [34, formula (1.9), p. 11] guarantees that Iy € A 3) and

MF5(z) = —(z — 1)MFi(2 — 1) for each z € T'y3. (3.117)

Using this, (3.107)), and (3.111)), we obtain (3.109)) and (3.113]). The function
F; satisfies similar properties to those of F} in (3.116)) formulated this time

in the strip I'_; ;. Appealing again to [34, formula (1.9), p. 11] it follows that
F4 S ./4(0’2) and

MFEy(z) = —(z — 1) MFy(z — 1) for each z € Tga. (3.118)

This together with (3.108) and (3.112) vield (3.110) and (3.114). O
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Going further, for z € I'g; and 6 € (0,27) set

cos(mz)

cos((m — 0)z)

2sin(mz)

sin((m — 6)2)
2sin(mwz)

(3.119)

With this notation in hand, we provide next explicit formulas for the Mellin

a(z) ==

~ 2sin(wz)’

b0(2> = , d@(z) =

transform of the kernels k1, k3, k5, and k;.

Lemma 3.15. Let 6 € (0,27) be fized and recall the matriz-valued functions
ki forie {1,...,8} from (3.93). For each z € 'y there holds

—a(z) be(2)
M(k1(+,1))(2) = M(kz(-,1))(2) = : (3.120)
—bp(2) a(2)
and
01
M(k3(+,1))(2) = M(ks(-,1))(2) = dp(2) - o) (3.121)

Proof. With an eye towards proving (13.120]), recall the functions Fi, Fy from
(3.105) and let h : Ry — R, be given by h(z) := 1/z. Notice that using the
first set of identities in (3.94]), we may write
1
Eit(s,1) = —k¥(s,1) = Py h(s —1) for each s € R,. (3.122)
i

Using the second set of identities in ([3.94]), there holds

— k{*(s,1) = k'(s,1) = 5= ((cos 0) Fy(s) — Fi(s)) for each s € R,. (3.123)

Appealing now to (3.122))-(3.123)), (3.107)) and (3.111]), and (3.108)) and (3.112]),

together with Proposition and the first equality in (3.104]), we obtain that

(3.120) is valid for each z € T'y ;.
Turning our attention to the statement made in (3.121]), using (3.97) we

have

kit(s,1) = k3%*(s,1) = 0,

sin 6

E2(s,1) = k21(s,1) = F.
3 (87 ) 3 (87 ) 2T 2(8)7

for each s € R;. (3.124)
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Next, using (3.124) and formulas (3.108)) and (3.112)) from Proposition m
along with the second equality in (3.104]), we obtain that (3.121)) holds for each

z € I'y ;. This completes the proof of the Lemma. n

The next result will be useful when computing the Mellin transform of the

remaining kernels.

Lemma 3.16. For 0 € (—m, ), consider the function g : R, — R, given by

1
22+ 2w cosf + 1)

g(x) = ( (3.125)

Then g € A,uy. In addition, whenever z € T'oq \ {1,2,3}, and the angle
0 € (—m,m) \ {0}, there holds

Mg(z) = s 97)Tsin(7rz) [(z = 3)sin((z — 1)6) — (= — 1) sin((z — 3)6)],
(3.126)
and, when 6 = 0,
Myg(z) = - EZDE=2DE=3) (3.127)

6 sin(7z)
Proof. Using [34, formula (2.58), p.24], the function g satisfies g € A.4).
Next, let us observe that if § = 0, then g(x) = (z 4+ 1)~ and on grounds of
[34, formula (2.5), p. 13], there holds

(z-1D(z=-2)(z -3
6 sin(mz) '

Mg(z) = —m (3.128)

When 0 € (—7, )\ {0} we invoke again [34] formula (2.58), p. 24| to write
that for each z € I'p 4

Mg(z) = 2°/2(sin0) 5°T(3) - B(z,4 — 2) - P, (cos 0), (3.129)
where I" is the gamma function, B is the beta function, and P# is the Ferrers

function (evaluated at cosf € (—1,1)). Since B(z,4 — z) = J&Lt==2)

O using

Euler’s reflection formula (here we use that z ¢ Z) we obtain

3—2)(2—2)1-2)
6 sin(mz) '

B(z,4—z)=m7 ( (3.130)
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Appealing to [34, p. 262] and elementary trigonometry, we may write

P_3/2 1 1+ cosf
1 — cos®

—3/4
25/2(C0s ) = T(3) } oFi(—2+4 2,2 — 2,5, 1200y (3.131)
2

1 {sin(@/?)
['(3) [cos(6/2)

where o F) is Gauss’ hypergeometric function. At this point we find it useful

3/2
[ e O

to recall the two following formulas from [I, formula (15.2.6), p.557] (see also
[35, (15.5.E6)]), and [38, formula (6¢), p.2] (see also [35, (15.4.E16)]),

sin(2aa)

oF (3 +a,5—a;3;sin” ) = forany a€(-3,3),  (3.132)

2a sIn o

and, when c is not a non-positive integer and |z| < 1,

d

=2y, b )] = D gy R (0, b+ 1),
T
(3.133)
Using (3.132)), with a = 2 — z and a = 0/2, gives
sin((2 — z)0
Fil—st 3o Bksind(y) = 2D g

2(2—2)sin g
Letting F(z) := oFy (=24 2,2 — 2;2;2) and z := sin*(#/2), using the chain

rule we may write %5 (z) = 45(2)% (7). Differentiating with respect to 6 in

o \) dz
(3-134) and using that 9 (z) = 2/sin#, this gives
d—F(a:) _ (2 —2z)cos((2 —2)0) Sing - %s;no((Z — 2)0) cos g. (3.135)
dx (2 — 2)(sin @) sin* §

Applying (3.133) for the parameters a = —z + g, b=2z2— % and ¢ = % gives
that, on the one hand

d

a (=13~ 2)
dx

(1— x>_3/22F1(—Z + %, z— %; g,x)

(3.136)
Using the chain rule, the definition of F', (3.135)), and elementary trigonometry,

we conclude on the other hand that

d 2
g R 3.137
dr [(1— ) ()] e=sin2(8) (2 — 2)sin® 0 ( )

X [(2 = z)cos((2 — 2)0)sinf — sin((2 — 2)0) cos ] .
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Combining (3.136)) (evaluated at z = sin®(%)) with (3.137)) implies that
B 3
T 8(1—2)(2 - 2)(3 — 2)sin®(0/2)

2Fi(—2+ 2,2 3; 2;sin%(8)) (3.138)

X [sin((2 — 2)8) cos @ — (2 — z) cos((2 — 2)0) sin 6] .

Now ) and (3.131)) imply

—3/2 1 3
Pz—é/Q(COSH) TT(/2) (1—2)(2— 2)(3— 2)sin® 0 (3.139)

X [sin((2 — 2)0) cos§ — (2 — z) cos((2 — 2)0) sin 6] .

Combining (3.129)), (3.130) and (| we can finally conclude that when
the parameter 0 € (—m,m) \ {O} the formula for Mg(z) from (3.126]) holds,
completing the proof of the Lemma [3.16 m

Remark 3.17. Note that (3.126))-(3.127)) tmply that Mg is continuous with
respect to 6 € (—m, ).

Lemma 3.18. For each parameter 6 € (0,2m) and each number m € {0, ..., 3},
consider the function g,, : R, — R, given by

xm

22 — 2z cosh +1)%
Then for each m € {0,...,3} there holds that g,, € A_ma—m). In addition, if
0 € (0,2m) \ {r}, and z € I'_,;, 4_p, \ Z for each of the formulas for Mg, ()
below, there holds:

7wz —3)sin((z — 1)(m — 0)) — (2 — 1) sin((z — 3) (7 — 0))]
Mgo(2) = 4(sin® 0) sin(7z) ’

gm () = ( (3.140)

(3.141)
R T
~ ml(z=1)sin((z 4+ 1)(mr = 0)) = (2 + 1) sin((z — 1)(7 — 0))]
Mg2(2) = 4(sin® ) sin(7z2) ’
(3.143)

Mas(2) = _ mlesin((z + 2)(;7(8—1ni)(;)—811(1,z(;)2) sin(z(m — 0))] ‘ (3.144)
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Finally, when 0 = 7 and z € I'_p, 4, \ Z for each of the formulas for Mg, (z)
below, there holds:
m(z—1)(z —2)(z —3)

Mgo(z) = — et , (3.145)
A4gﬂz)=:ﬂz<z;£§iz;'2x (3.146)
A4gﬂz)—-—ﬂ7(2;£iiz;_l) (3.147)
M)~ ETDE D) .

6 sin(mz)
Proof. These statements immediately follow from Lemma [3.16|and elementary

properties of the Mellin transform. O]

Lemma 3.19. Fiz 6 € (0,27) and recall the kernel ko in (3.95)). For each
z € Iy there holds

—La(z) Ap(z
M (ks(- 1)) (2) = ( ofe) Al )), (3.149)
—Ay(2) %a(z)
where, when 0 # w,
1 . .
Ag(z) := 660 0) sin(r2) {(cos0) [zsin((z + 2)(m — 0)) — (2 + 2) sin(z(7 — 0))]

+3[(z—=1Dsin((z+ 1)(mr —0)) — (z + 1) sin((z — 1)(7 — 0))]
+ (3 +2sin0)(cos #) [(z — 2) sin(z(7 — ) — zsin((z — 2)(7 — 0))]
+[(z = 3)sin((z — 1)(7m — 0)) — (2 — 1) sin((z — 3)(7 — 0))]},

(3.150)

and when 0 = T,

B 1
 4sin(rz)’
Proof. Using Proposition along with the definition of a from (3.119)), we

may write for each z € T’y

Ar(2) : (3.151)

MER(1))(2) = —M(E2(, 1)(2) = Lﬂ = —alz), (3152

~ 4sin(rz
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taking care of the diagonal entries in (3.149) for each # € (0,27). From
(3.95), (3.96)), straightforward algebra, and the definition of the functions g,,,
m € {0,...,3}, from (3.140), note that for each s € R, we have

—ky?(s,1) =k3'(s,1) (3.153)
= [(cos8)au(s) — Baals) + (3.+ 250" 8)(cos ) (5) — gn(s)]-
Consequently
— M(k5*(-,1))(2) (3.154)

=Mk (-, 1))(2)

:i [(cos ) Mgs(z) — 3Mgs(z) + (3 + 2sin® ) (cos ) Mg (z) — Mgo(2)] -

In concert, (3.154]), formulas (3.141))-(3.144), and straightforward algebra
allow us to obtain that, for § € (0,27) \ {7}, there holds

—M(ky*(, 1))(2) = M(K3' (-, 1)(2) = —Ag(2), V2 €Ty, (3.155)

where Ay(z) as in (3.150]), completing the proof of (3.149) when @ lies in
(0,27) \ {7}. Finally, the formulas for the off diagonal entries in ([3.149)) when

6 = 7 follow from ((3.154)) and formulas (3.145))-(3.148]). ]

Lemma 3.20. Fiz 0 € (0,27) and recall the kernel ky from (3.98). Then, for
each z € I'yy there holds

01
M(ka(-,1))(z) = Bo(2) - ( ) : (3.156)
10
where, when 0 # T,
-1 . .
By(z) := T6(cin? 0) sin(n2) {[zsin((z + 2)(m — 0)) — (2 + 2) sin(z(7 — 0))]

(3.157)
— (24 cos(20)) [(z — 2)sin(z(m — 0)) — zsin((z — 2)(m — 0))]
—2(cosf) [(z —3)sin((z — 1)(m — 0)) — (2 — 1) sin((z — 3)(7m — 0))]},
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and when 0 = T,
B:(z) :=0. (3.158)

Proof. In light of (3.98)), there holds that kj'(s,1) = k¥*(s,1) = 0 for each
s € Ry, taking care immediately of the diagonal entries in (3.156|) for each
0 € (0,27). Going further, (3.98)), and elementary algebra and trigonometry

give that
12 21 sin
B20,1) = K 5,1) = S0 [g5(5) — (24 cos(26))gn(s) + 2(cos B)an(s)],

(3.159)
where the functions g¢,,, m € {0,...,3}, are as in (3.140). Consequently, for

each z € I'g 1,
Mk (1) (2) =M (k' (- 1))(2) (3.160)

sin 6
= [Mgs(z) — (2 + cos(26)) Mg (2) + 2(cos @) Mgo(2)],

and applying formulas ([3.141)-(3.144)), after straightforward algebra we obtain
M(k2( 1)) (2) =M (KL (- 1))(2) = By(2), Yz €Ty, (3.161)

where By(z) is as in (3.157)). This proves (3.156) whenever 6 € (0,27r) \ {7}.
To deal with the off diagonal entries in (3.156|) when # = 7, appeal again to
(3.160f) and notice that its right-hand side vanishes in this case. O]

Lemma 3.21. Fiz 6 € (0,27) and recall the kernel kg from (3.100). For each
z € I'y1 there holds

M(ks(-, 1)) (2) = Cy(z) - , (3.162)

where, when 6 # T,

1
16(sin? ) sin(7z)

+2(cosO) [(z — 1)sin((z + 1)(mr — 0)) — (z + 1) sin((z — 1) (7 — 0))]
+cos(20) [(z — 2)sin(z(m — 0)) — zsin((z — 2)(m — 6))]},  (3.163)

Cy(z) :== {[zsin((z + 2)(7m — 0)) — (z + 2) sin(z(7m — 0))]
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and when 0 = T,
Cr(z) := 0. (3.164)

Proof. Formula ([3.100)) gives that ki'(s,1) = k2%*(s,1) = 0 for each s € R,
justifying the diagonal entries in the right hand side of (3.162)). In addition,

in 6
k2(s,1) = k2 (s,1) =
6 (Sv ) 6 (S’ ) A

[—g3(s) 4+ 2(cos0)ga(s) — cos(20)g1(s)], (3.165)

where the functions g¢,,, m € {0,...,3}, are as in (3.140). Consequently, for

each z € Iy 1,

M(kg*(-, 1)) (2) =M (kg (-, 1))(2) (3.166)
ZSZ;Q [ — Mgs(2) 4 2(cos ) Mgs(2) — cos(20) Mg (2)].

Now, (13.166)) combined with (3.142))-(3.144]) and straightforward algebra and

trigonometry yield
M(kg2(, 1) (2) = Mk (-, 1))(2) = Co(2), Vz€Toy, (3.167)

where Cy(z) is as in (4.99)). If & = 7, the right hand side of (3.166|) clearly
vanishes, finishing the proof. O

Lemma 3.22. Fiz 0 € (0,27) and recall the kernel ks from (3.102). For each
z € I’y there holds

M(ks(-, 1)(z) = : (3.168)

where, when 0 # T,

Dy(2) (3.169)
" 16(sin® 0) sin(72)

+ (24 cos(20)) [(z— Dsin((z + 1)(m — 0)) — (z + 1) sin((z — 1)(7m — 0))]
+ (cos0)(2 + cos(20)) [(z — 2) sin(z(m — 0)) — zsin((z — 2) (7 — 6))]
+ cos(26) [(z — 3) sin((z — 1) (7 — 0)) — (= — 1) sin((z — 3)(7 — 0))] },

(cos ) [zsin((z + 2)(m — 0)) — (2 + 2) sin(z(7 — 0))]
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and when 0 = T,

1

T4 sin(mz)’

Proof. Combining Proposition , the definition of a from (3.119)), and (3.102)),

we obtain that for z € I'y;

D, (2) : (3.170)

cos(mz) 1

M(ks' (-, 1))(2) = =M(kZ(-, 1))(2) = 7= —galz), (3171

~ 4sin(nz
taking care of the diagonal entries in (3.168]). For the other entries in kg(+, 1),
appeal again to (3.102]) and elementary trigonometry to write for each s € R,
— ki?(s,1) (3.172)
=kg'(s,1)
1
=1 [(cos 0)gs(s) — (24 cos(20))ga(s) + (cos 0)(2 + cos(26))g1(s)
- cos(20)go(s)] ,
where the functions gg, g1, g2 and g3 are as in (3.140f). Consequently
— M(ks* (-, 1))(2) (3.173)
=M(kg' (-, 1))(2)
1
-0 [(cos ) Mgs(z) — (2 + cos(26)) Mgs(z)
+ (cos 0)(2 + cos(20)) Mg (z) — cos(20) Mgo(2)].

Combining (3.173)) with (3.141))-(3.144)), and using straightforward algebra and

trigonometry, we ultimately arrive at
—M(ks*(-, 1)) (2) = M(kg' (-, 1))(2) = —=Do(2), V=2 € Ty,

where Dy(z) as in (3.169)). This completes the proof of (3.168) when the angle
0 € (0,2r) \ {7}. Finally, when # = , invoke again (3.173) and formulas

EIT)-EI). 0
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Remark 3.23. Straightforward calculations show that, with Ay as in (3.150))-

(3.151)), By as in (3.157)-(3.158)), Cy as in (4.99)-(3.164), and Dy as in (3.169)-
(3.170)), there holds

lim Ay = A, lim By = B, ;im Cyp=Cr, and lim Dy = D,. (3.174)

00— 00— —T O0—m

In addition, in the case when the aperture § = /2, there holds

brya(2) = 2C(s)isn—((§z))’ drj2(2) = 518%(32))’
z+1)cos (2 zsin (Z&
Arpa(2) = ( —Zsi)n(wzg 2 )’ Bra(2) = 4s1n(( 2 2 (8.175)
zsin (22 z—1)cos (Z£
Oﬂ/z@z—m((é))’ Do) = 4si)n<m§2)

Having computed explicitly M(k;(+,1))(z) for each j € {1,...,8} and each
z € I'g1, we are ready to compute the Mellin symbol of the kernel matrix R

from (3.23)).

Lemma 3.24. Fiz 6 € (0,27) and n € R, and consider the matriz R as in
(13.23]). Then
MH(Z) M12<Z>

M(R(-,1))(2) = . VzeTg, (3.176)
M21<Z) MQQ(Z)

where, with a, by, dy as in (3.119), Ay as in (3.150)-(3.151)), By as in (3.157))-
(3.158), Cy as in (4.99))-(3.164), and Dy as in (3.169))-(3.170]),

Ha(z) —-by(2) + (n— 1) - Ap(2)
Mn(Z) = . )
n-bo(z) —(n—1) - Ap(2) —ta(z)
(3.177)
-3 —n-dg(2) +(n—1) - By(z)
M12(2) = )
—n - dp(z) + (n—1) - Bp(2) 3
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-3 —dg(2) + (1= 1) - Cy(2)
Mgl(Z) = y (3179)
—do(z) + (n— 1) - Cy(2) ~3
and
—a(z) bo(2) + (n — 1) - Dy(2)
by(2) — (1— 1) - Dy(2) 141 (2)
Proof. This follows directly from ((3.23)), Lemma, Lemma, Lemmam,
and Lemma [3.22 O

The following straightforward linear algebra result will be useful for our

further analysis.

1 0 0 1
Lemma 3.25. Consider 2x2 matrices A, D € span ,
0 -1 -1 0
10 0 1
and B,C € span , . Then
01 10
A B ~
det =det(A-D+ B-C), (3.181)
C D
where
~ -1 0 1 0
C = .C- . (3.182)
0 1 0 —1

Our next results are focused on properties of the determinant of the Mellin
symbol of the matrix-valued kernel R from (j3.23)).

Lemma 3.26. Let § € (0,27) and let R be as in (3.23). Then, with M;;(z),
i,7 € {1,2}, as in (3.177)-(3.180), the following holds

det (M(R(-,1))(z) = det(My1(2) - Mas(2) + Mia(2) - Mgl(z)), VzeTla,
(3.183)
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where
— 3 —dy(2) + (1= 1) - Cy(2)
—dp(z) + (n—1) - Cy(2) 3
Proof. This is a direct application of Lemma and Lemma [3.25] O

Theorem 3.27. Fiz 0 € (0,27) and n € R and let R be as in (3.23)). Then
for each z € Iy there holds

det(M(R('v 1)))(2) = ((I)G(Zv 77) + \110(27 77)) ((I)G(Zv 77) - ‘Ije(za 77))7 (3185>

where, with a(z),be(z),dg(2) as in (3.119), and Ay as in (3.150))-(3.151)), By
as in (3.157)-(3.158), Cy as in (4.99)-(3.164), and Dy as in (3.169))-(3.170)),

dy(z,n) 1= — }1 [(1+7)%a*(z) +1] (3.186)
Fbo() — (0= 1) Ag(2) - (o(2) + (0~ 1) - Dy(2)
+(-dalz) — (1= 1) B2)) - (do(2) — (0~ 1) Co(2)),

and
W(z, ) =——La(2) [bo(z) — Ag(2) = Do)+~ [dafz) — By(2) + Co()].

(3.187)

Proof. With z € I'g; and the matrices My;(z) and Ma(z) as in (3.177)) and
(3.180)), first note that performing the matrix multiplication Mj;(z) - Mao(2)

and elementary algebra give

(U(z) v<z>)

M11(2> : M22(Z) = y (3188)
Vi(z) U(z)

where

U(:) 1=~ 020 (- ble) — (0= 1) A0(2) - (o) + (0 1) - Dy(2)).

(3.189)
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and
V(z) = ! _277 a(z) - [be(z) — (Ag(z) + Do(2))] - (3.190)
Second, multiplying the matrices Mys(z) and May(z) from and
yields
Mio(2) - Moy (2) = ([f(z) ‘Z@) , (3.191)
V(z) U(z)
where
U(z) == 7 + (- do(2) = (= 1) By(2)) - (do(2) — (1 — 1) - Cy(2)),
(3.192)
and
V(z) = % [(1 = n)do(2) + (n = 1) - (Bs(z) — Co(2))]- (3.193)

Using now formula (3.183]) in Lemma along with identities (3.188) and
(3.191)), for each z € I'y; we may write

(U@) +U(2) V(2)+ f/@))

det (M(R(-,1))(2) = det B B . (3.194)

V(z)+V(z) U(z)+U(z)

Finally follows as soon as we notice that

Dy(z,m) = U(z) + U(z) and Uy(z,n) = V(z) + V(2), (3.195)
finishing the proof of the Theorem [3.27] O
In particular, the two factors in the right hand side of are

Do(z, ) + Wo(zm) =~  [(1+0)%a() + 1] (3.196)
+ (- 0g(2) = (n = 1) - Ag(2)) - (bo(2) + (1 — 1) - Dy(2))
+(n-do(2) = (n—1) - By(2)) - (dp(2) — (n = 1) - Cy(2))
+ 25 0() - () — Au(z) = Do)
+ L ldo() — Bo(2) + Co(2)]
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and

Dy(2,m) — Vy(z,n) = — }1 [(1+1n)%a*(z) +1] (3.197)
- b0(2) — 07— 1)- A=) (bo(2) + (a1~ 1) Dy(2)
F (- dafz) = (1= 1) Bo(2) - (o) — (= 1) Col2))
~ Lo ) () — Ao(2) - Do)
= do(2) - Bo(2) + Col2)].

3.5 Solvability results for the biharmonic Neu-

mann problem in infinite sectors

In this section, utilizing the Mellin analysis results, we investigate the solv-
ability for the Neumann problem for the bi-Laplacian in two-dimensional in-
finite sectors and establish the solvability range of the integrability exponent
p € (1,00) for more tractable aperture cases. The following theorem states
the relationship between the Mellin symbol and the existence of the solution

for the biharmonic Neumann problem.

Theorem 3.28. Let Q) be the interior of an infinite upright sector of aperture
0 € (0,2m) in the plane, fixn € [—1,1), and recall the operator R as in (3.23)).
Then if p € (1,00), the following implication holds

det(MR(-,1))(2) £0 Vz €1, Rez = % = (NBH,) has a solution.
(3.198)

Proof. Fix p € (1,00) and assume that
1
det(MR(-,1))(z) #0 Yz €Lgy, Rez = -, (3.199)
p
and consider the boundary value problem (NBH,) from (3.2)) with given da-
tum (fo, f1) € LP(09) x (sz/(c?Q))* where 1/p+1/p' = 1. Since f, € L” ,(99)
there exists g € LP(02) such that f; = 0.g and the conditions on p from
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the hypothesis ensure that Theorem applies. Combining this with ((3.24)
allows us to define (ho, hy) € LP(052) x LP(0Q) via

h
A (3.200)

hy g
With this in hand, set u := S(0;ho, h1) in 2, where S is the bi-harmonic single

layer potential operator introduced in (3.41). Then, as discussed in Section

B2.1}
A*u=0 in Q and N, (V*u) € LP(09Q). (3.201)

Pick next r € R such that n = 13_(;’:;32 € [—1,1)(note that for n € [—1,1) this
is always possible), and recall the boundary operators M, and N, from ({3.6)).

Using the jump formulas (3.55)) we have

MT<U) —7’]K1 - 2K2 —%[ - 77K3 - 2K4 ho

Nr(u) ((97-(—[(5 — 2K6 — %]) 8-,—([(7 - 2K8) hl
(3.202)
Let
t: LP(0Q) x LP(9Q) — LP(9Q) x L” (09),
(3.203)
be given by t(F,G) := (F,0,;G), V(F,G) e LP(0N2) x LP(09Q).
Then using the definition of T" from (3.7)) together with (3.202)), we obtain that

Mr (U) h,o
=toT . (3.204)
Nr (U) hl
This and ((3.200]) ultimately yield

M,(u) = fo and N,(u) = fi o-a.e. on 0S. (3.205)

Finally, (3.201), (3.205)), and the definition of A, and N, show that u is a
solution for (NBH,) with datum (fy, f1) € LP(09Q) x (LIfl(@Q))*, completing
the proof of the Theorem [3.28| n
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3.5.1 The case of the upper half-plane

In this section, we consider the upper half-plane domain. In other words,
() is an infinite sector with an angle # = 7. According to (3.119)),

az) = cos(mz) bo(z) = 1

N 28in(7rz)’ dﬂ(z) = 0. (3.206)

~ 2sin(rz)’

For simplicity, we introduce the following notations. For 6 € (0, 27),

Go = Go(z,0) == zsin((z + 2)(m — 0)) — (2 + 2) sin(z(7 — 60)),
G1 =G1(2,0) = (z—Dsin((z + 1)(m — 0)) — (2 + 1) sin((z — 1)(7 — 0)),
Go = Go(2,0) = (z — 2)sin(z(m — 7)) — zsin((z — 2)(7 — 0)),
Gs = G3(z,0) == (2 —3)sin((z — 1)(m — 0)) — (2 — 1) sin((z — 3) (7 — 6)).
(3.207)
Going further,
Gy =zsin(z7y) cos(26) — z cos(z7v) sin(20) — (z + 2) sin(z7y),
G1=(z —1)sin((z — 1)y) cos(20) — (z — 1) cos((z — 1)) sin(20)
— (z+ Dsin((z = 1)7),
G =(z — 2) sin(zy) — zsin(z7) cos(260) — z cos(z7) sin(26),
G =(z —3)sin((z — 1)y) — (2 — 1) sin((z — 1)) cos(26)
— (2 = 1) cos((z — 1)) sin(26), (3.208)
where v = m — 6. Note that for i = 0,1, 2, 3,
G :—g(z—i)(z—i—l—i)(z—l—Q—z'), (3.209)

lim ——
oom sin®(0) 3

for z € T'p1. Combining this with (3.150)), (3.157), (4.99), and (3.169), we

obtain for z € I'y

1

T4 sin(7z)’

B, (z) = Cr(2) = 0. (3.210)

Az (2) = Dx(2)
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In particular,

Or(2,m) = % (3.211)
and
V. (z,m) =0. (3.212)

This forces the following solvability result for the biharmonic Neumann prob-

lem for any p € (1, 00) whenever n # —3, 1.

Theorem 3.29. Let Q) be the upper half-plane. Then for n € R\ {—3,1} and
forp € (L OO),
(NBH,) has a solution. (3.213)

Proof. Applying (13.206))-(3.212]) to Theorem gives for each z € I'g; there
holds

det (M (R(-,1))) (2) = {%] . (3.214)
This forces for n € R\ {—3,1} and for p € (1, 00), there holds
det (M (R(-,1))) (% + i§> # 0, (3.215)

for each ¢ € R. The Theorem with (3.215) completes the proof of the

theorem. 0

3.5.2 The case of a quadrant

Recall that Q is the region above the graph of the function ¢ from (3.1)

for 0 := 7, i.e.
2 is the upper graph of ¢ : R — R given by ¢(x) := |z|. (3.216)

The main goal of this section is to investigate the solvability of the bound-
ary value problem (3.2]) in the case when (2 is a first quadrant. The first order
of business is to identify the values of p € (1,00) for which the operator T in

(3.22) is invertible. Our main result in this direction is as follows.



185

Theorem 3.30. Let §) be the interior of the infinite sector of aperture 7 from

(3.216). Then for n € [—1,1) and for p € (1,00), there holds
2
T is invertible on (LP(R+) x LP(R+)> — pe(1,00)\{a, B}, (3.217)

where a € (9,12) and B € (2,3) with

3
a™l s the unique root of z —1+ COS(%Z) =0 in Iy, (3.218)
1. . 3z .
B~ is the unique root of z —1— COS(T) =0 in To;. (3.219)

where I'g 1 denotes the complex strip as in (3.62)).

The proof of Theorem [3.30| requires several preliminary steps. We start
by stating a direct consequence of Theorem [3.27] in particular the case when
0=7.

Proposition 3.31. Let 2 be an infinite sector as in (with aperture
0 = g), let R as in (3.23) and recall the functions a, byja, drj2, Arj2, Brjo,
Cr2, Dy from . Then, for each z € I'y; the following holds

det (M(R(-,1))(2)) = (1_—7’)2)(z—1—‘308<3%z>) (Z‘”C"S(%TZ))

162 sin*(7z
X [(1 - n)(cos(%z) —z4+1) - 4005(%2)]
X [(1 —n)(— cos(%z) —z4+1)+ 4COS(%Z)} . (3.220)

Proof. Using (3.196) and (3.197]), and trigonometric manipulations that we

omit we obtain

Boa(erm) + o jalzm) —(1;’7))@ 1 —cos(322))

= 3.221
16 sin® (72 2 ( )

X [(1 —n)(cos(%) —z+1) —4COS(%)} ;
and
(1—n)

3mz
(Dﬂ-/z(z, 7’]) — \IJW/Q(Z,T]) :m (Z -1+ COS(T)) (3222)

X [(1 - n)(cos(%) —z+1) +4COS(%)} .

Next, using (3.185)), (3.221]) and (3.222]) we obtain the desired result. m
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Lemma 3.32. For each n € [—1,1) the equation
(1—mn) (COS(%Z) —z+ 1) — 4COS(%2) =0 has no root in Tpy. (3.223)

Proof. Introduce the function

F:[0,]]xRxR—R, (3.224)
given by
F(z,y,§) :==Re ((1 —&) (COS(M) —(z+iy)+1) - 4COS(M)).
(3.225)
Straightforward algebra gives
F(x,y,ﬁ) = _(1 - 5)33 + (1 - 5) - (3 + 5) COS(%) COSh(ﬁQ_y)
(3.226)

V(z,y,&) €0,1] x R x R.

F
Notice next that é;—g(x,y,g) =z—1- COS(W—;) cosh(%). Since x € (0,1),

and the trigonometric functions cos(%) > 0 and cosh(%y) >0 for y € R, it
follows that

aa—]g(x,y,f) <0, V(z,y,6) € (0,1) x R x R. (3.227)

Going further and evaluating F' at £ = £1 we obtain

Yy

F(z,y,1)=—4 005(7;—93) cosh( 5

) <0, V(z,y)€(0,1) xR, (3.228)
and

F(z,y,—1)=2 <—x +1-— cos(l;) cosh(%)) . Y(z,y) €(0,1) xR
(3.229)

We claim next that
F(x,y,—1) <0, V(z,y) € (0,1) x R. (3.230)

Assume (|3.230)) for a moment. Notice that the inequalities (3.228)) and (3.230)
in concert with (3.227)) guarantee that F(x,y,&) # 0 for any triplet (z,y,§) €
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(0,1) x R x [—1,1). Thus(given that z € I'g; forces z = Re(z) € (0, 1), the
definition of F' from ([3.225]), and the fact that by hypothesis n € [—1,1)) the
statement made in holds.

Turn now to showing . To this end, taking partial derivatives with
respect to the variable = twice in (3.226])(and, subsequently letting £ = —1),

we obtain

0*F 72 T Ty

%(x, y,—1) = 5 008(7) cosh(7). (3.231)
Notice that (3.231]) ensures

O*F

it follows that, for each y € R fixed, the function F'(z,y, —1) is concave up in
z € [0,1]. Since F(0,y,—1) =2—2cosh(%) < 0and F(1,y,—1) = 0 for each
y € R, the claim is then an immediate consequence of the concavity of
F(-,y,—1) on [0, 1]. The proof of Proposition is now complete. O

Lemma 3.33. For each n € [—1,1) the equation
(1 =m)( —cos(5) = z+1) +4cos(5) =0, (3.233)
has no root in the strip I'y ;.

Proof. For each z = x + iy, =,y € R, and n € R, denote by G(z,y,n) the real
part of the left-hand side of (3.233)). Direct calculations give

G(z,y,m) = (1 —n) (—cos(ZE) cosh (%) + 1 — )

(3.234)
+4 cos(%””) cosh(%).
Thus
oG T Y
a—n(a:,y, n)=xz—1+ 008(7) cosh(;), (3.235)
and
PG T

I 0 1) = —(5)" cos(5-) cosh(5). (3.236)
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Since the expression in the right-hand side of (3.236|) is strictly negative for
x € [0,1) and y € R it follows that for each fixed y,n € R the function
%(m, y,n) is concave down in the variable z. Going further, notice that by

(3.235]) we have

oG oG
8_(07y7n>:_1+COSh<%y> >0 and a_(Ly?n):Oa vy?UGR
n n
(3.237)
. oG .
In turn, (3.237) and the concavity property for 8—77(95, y,m) give
oG
a—(x,y,n) >0 Vxe(0,1) and Vy,ne€R. (3.238)
n
Going further, (3.238)) ensures that
G(z,y,n) > G(z,y,—1) =2 (—x +1+ COS(H) cosh(ﬂ)) > 0
2 2 (3.239)

Veze (0,1),yeR, ne[-1,00).

Consequently, the real part of the equation in the left-hand side of (3.233)) is
strictly positive for 7 as in the hypothesis and z € I'y 1, finishing the proof of
Lemma [3.33l O

Lemma 3.34. The equation

3z

z—1— COS(T) =0, for ze€C. (3.240)

has precisely one root in I'y 1 and, denoting it by x, this satisfies

re (é %) . (3.241)

Proof. We start the proof by analyzing the function

ATy — C given by A(z) ::z—l—cos(?ﬂrTz),

(3.242)
where as usual bar denotes closure. Keeping in mind the natural identification
of C with the plane R?, we start by introducing F, G : [0,1] x R — R, the real
and imaginary parts of the function A in (3.242). It is straightforward to see
that

3mx 3Ty )

F(z,y) =z —1— cos (T) cosh (T V(z,y) €[0,1] xR,  (3.243)
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and
. 3T . 3y
G(z,y) =y +sin <T) sinh (7), V(z,y) €]0,1] x R. (3.244)
Thus,
3r . 3nx 3Ty
(O F)(z,y) =1+ ~ sin (T) cosh (T)’ V(z,y) €[0,1] xR, (3.245)
and
3T 3rx, . 3Ty
(1G)(z,y) = 5 cos (7) sinh (T) V(z,y) € [0,1] x R. (3.246)

Fix y € R, and consider first the behavior of the function F(-,y) on [0, 1].

We claim that
(1 F)(-,y) =0 has a unique solution in [0, 1],
(3.247)
and denoting this by z,, this satisfies z, € (2/3,1).

To see this notice first that, since the cosine hyperbolic function never vanishes,

2 3mx
OF)(r,y) =0 <— —————F—F—— =5sin| — |, 3.248
(G1F) () 37 cosh (22¢) Sm( 2 ) ( )
and clearly
2 3mx 3T
- € (-1 —_— —| f 1]. 24
37 cosh (2] € (—1,0) and 5 {O, 2} or z€0,1]. (3.249)

Based on (3.248]), (3.249) and keeping in mind that sinx is nonnegative on

[0, 7], sin = 0, sin (%) = —1 and the fact that the sinus function is a bijection

of [, 2] onto [—1,0], the first line in the claim (3.247) immediately follows.
In addition denoting by z, € [0, 1] the root of the equation (01 F)(-,y) = 0,
this satisfies 2% € (7, 2), finishing the proof of (3.247).
An immediate consequence of (3.247)) and (3.245)) is that
F(-,y) is increasing on the interval [0, z,),

(3.250)
and F'(-,y) is decreasing on [z,, 1].

Notice also that ([3.243) immediately yields

F(0,y) <0, F(3,y) =—2<0, F(3,y) >0 and F(l,y)=0. (3.251)

-3
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Combining now ([3.250)) with (3.251)) we conclude that

the equation F(-,y) =0 has only one solution in (0, 1)
(3.252)

and denoting it by xq, this satisfies z; € (%, %)
Next, fix y € (0,00) and consider the function G(-,y) on the interval [0, 1].
Since the sinus hyperbolic function is strictly positive on (0, co) from ([3.246|) we
see that the sign of the expression (8;G)(x,y) is the same as that of cos (22%)

and, as such,

(01G)(x,y) >0 on (0,%] and (0,G)(x,y) <0 on (%,1). (3.253)

3 3
Consequently, on the one hand,

the function G(-,y) is increasing on (0, 3] and decreasing on (3,1). (3.254)

On the other hand, (3.244]) immediately gives

3
G(0,y) =y >0, G(%,y):y%—sinh(%y) >0 and G(%,y):y>0.

(3.255)
At this point, (3.254) and (3.255]) show that
whenever y > 0, the equation G(-,y) =0
(3.256)

has no solution in the interval [O, %}

Since G(z,y) = —G(z, —y) on [0, 1] x R, based on (3.256)) we can conclude

that

for each y € R\ {0}, the equation G(-,y) =0
(3.257)
has no solution in the interval [O, %}

Thus, using (3.252)) and (3.257)), the real and imaginary parts of the function

A are never simultaneously zero in I'g; \ {z € C: Imz = 0} proving that
Az)#0, Vzelgi\{zeC: Imz=0}. (3.258)

Using ([3.258]), in order to finish the proof of the lemma, it suffices to show
that the equation A(x) = 0 has a unique root on the interval (0,1) and this
satisfies © € (3, 3). This is immediate from the fact that A(z) = F(z,0) for

each z € (0,1) and (3.252]). ]
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Lemma 3.35. The equation
3Tz
z—1+ COS(T) =0 for z€C. (3.259)
has precisely one root in the set I'y 1 and, denoting it by x, this satisfies

€ (5. 8)- (3.260)

O

Y

Sl

Proof. Introduce the function

I 3
I':Ty; — C given by I'(z) :==z—1+4 cos (L’Z)’

> (3.261)

and denote by F», Gy : [0,1] x R — R, its real and imaginary parts. It is
immediate that, for each pair (z,y) € [0,1] x R there holds

Fy(z,y) = 2 — 1 + cos(32%) cosh(%3Y)

)-

(3.262)
and Go(z,y) = y — sin(35%) sinh (%2

L]
<

Thus, by differentiating

3T 3rx 3Ty

(O Fy)(x,y) =1— TSin( 5 ) cosh(—= 5 ), V(z,y) € [0,1] xR, (3.263)
and
(0PFy) (2, y) = —9% COS(BWT:B) cosh(gﬂTy), V(z,y) € 0,1] x R.  (3.264)

Fix y € R, and consider the equation Fy(x,y) = 0 for € [0,1]. Using
(3.264)) it is easy to see that the sign of (97Fy)(z,y) is the same as that of

— cos(22%), and consequently,

(0{Fy)(z,y) <0 for z€(0,5), and (0{F2)(z,y) >0 for z € (3,1).
(3.265)

In addition, direct evaluations in (3.263|) yield
(alFQ)(an) =1>0 ) <81F2>(%7y> < 07
(3.266)

(81F2>(§,y) =1>0 and ((91F2)(1,y) > 0,
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where for the second and last inequalities we have used that cosh(SWTy) > 1.

In concert, ((3.265) and (3.266) allow us to deduce that (0;F%)(-,y) = 0 has

precisely two roots in the interval [0, 1] which are distinct and, denoting these

1 2

by ay, ag with ag < an, they satisfy ag € (0, %) and ay € (3, 3). Moreover,

(1 F2)(x,y) >0 for =€ (0,a1)U (ag, 1),
(3.267)
and (01Fy)(z,y) <0 for z € (aq, ).

Next, direct evaluations in (3.262]) combined with (3.267)) and the fact that

the cosine hyperbolic function takes values in [1, 00) allow us to write

F3(0,y) > 0, Fy(an,y) >0, Fa(3,y) = —5 <0,
(3.268)
FQ(a27y> <0 and Fg(l’y) =0.

Using ((3.267) and (3.268)) we can therefore conclude

the equation Fy(-,y) = 0 has precisely one solution in the
(3.269)

interval (0,1) and, denoting this by x,, this satisfies , € (o, 3).
In particular, this shows that
D(z) £0 VzeToinN {z €C: Reze (0,0 U [L 1)}. (3.270)

Consider now the case when z € I'g;, Rez € (041, %) and Imz € (0, 00).

Differentiating (G5 with respect to the variable y in ({3.262)) gives

(0Go) () = 1 — %sm(?’%””) cosh(?)%y), V(z,y) € 0,1 xR, (3.271)
and
2
(03G5) (z,y) = —%sin(?’%‘”) smh(?’%y) V(z,y) €[0,1] xR.  (3.272)

With (3.269), it is enough to study Ga(z,y) for z € (v, 3), since otherwise
Fy(z,y) # 0. Without loss of generality we let y € R, \{0}, and fix z € (o, %)
Hence, using (3.272) we deduce that 92Go(x,y) < 0 for all y € R, \ {0}. This
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in turn implies that 0G5 (x, y) is decreasing. Moving on, for z € (o, 3), using

(3.267)) and the fact that
Gz, y) = O Fa(x,y), (3.273)

we have that 0,Go(z,y) < 0. Thus, 0:Go(z,y) < 0 for all y € R, \ {0}. But
Ga(x,0) = 0, hence we deduce that Ga(x,y) # 0 on (o, 3) x Ry \ {0}. Thus,

the real and imaginary parts of z — 1 + Cos(?”’Tz) are never simultaneously 0.

Furthermore, for y = 0, we have
3rx
r—1+ cos(T) = Fy(z,0), (3.274)
In conclusion, we deduce that

x — 14 cos(222) =0 has exactly one solution in I'oy,
(3.275)

and this satisfies z € (O, %)

In addition, direct calculation yields

—11+ 62+ V2 8 V3
12

F5(1/12,0) = >0, [5(1/9,0) = =5 + =~ <0, (3.276)

finishing the proof of the lemma. O]

Now we are ready to the prove Theorem [3.30

Proof of Theorem . According to the proposition for each p € (1, 00),
¢ € R there holds

dt M) = it (s 1P ) (- 1 o)

162 sin*(72)
X [(1 - n)(cos(%z) —z41) - 4008(%)]
X [(1 —n)(— cos(%z) —z4+1)+ 4COS(%Z)i| . (3.277)

where z = zl:» + i€ € Ty1. Applying the lemma , we obtain that

det ( M(R(-,1))) (2) #0 <= z € To1 \ {z0, 21}, (3.278)
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where z¢ € (1/12,1/9), 1 € (1/3,1/2) with

3
T is the unique root of the equation z — 1 + COS(%) =01in Iyy, (3.279)

3
21 is the unique root of the equation z — 1 — COS(%Z) =01in I'p;.
(3.280)
Combining this with Theorem yields

T is invertible on (LP(Ry) x LP(Ry))? <= p e (1,00) \ {z5t 271},
(3.281)
where 75 € (9,12) and ;' € (2,3). This completes the proof of Theorem
0.00L

At this point we are ready to present the proof of Theorem

Proof of Theorem . According to Theorem [3.30, for p € (1,00), n € [—1,1),
there holds

T is invertible on (LP(R,) x LP(R,))? <= pe (1,00)\ {o, 8}, (3.282)
where « € (9,12) and § € (2,3) with

3Tz
a~! is the unique root of the equation z — 1 + cos(%) =01in Ty,

(3.283)
—1 - . . 3z .
[~ is the unique root of the equation z — 1 — COS(T) =0inTp;.
(3.284)

Consequently, this combining together with Theorem [3.28] finishes the proof
of the theorem.
[

3.5.3 The case of an infinite sector with angle pi/4

In this section, we investigate the values of p € (1, 00) for which the oper-

ator 7T in (3.22)) is invertible. Our main result for the invertibility range of 7
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in this section is as follows.

Theorem 3.36. Let §) be the interior of the infinite sector of aperture § from

(3.216). Then for n = —1 and for p € (1,00), there holds
T is invertible on (LP(Ry) x LP(R4))* <= pe (1,00)\ {7,0}, (3.285)

where v € (2.8,3) and § € (2,2.1) with

Tz —1
~~1 is the unique oot of z — 14+ V2 cos (_( z=Um

4 ) :02'711"0,1,

(3.286)
—1
671 is the unique oot of z — 1 — /2 cos (@) =01y,
(3.287)

where 'y denotes the complex strip as in (3.62)).

In order to prove Theorem [3.36, we need several preliminary steps. We
start by applying the theorem when the domain 2 is an infinite sector of
an angle m/4. According to (3.119)),

a(z) = % bra(z) = %@ drja(2) = % (3.288)

Going further, from (3.208]), we have

3mz . (3mz
Gy = — zcos (T) — (2 + 2)sin (T) )
Gy =V2- {z oS (_37Tz) + sin (_37?2)} )
4 4
3mz . (37mz
Gy = — zcos (T) + (2 —2)sin (T) )

G =V2- [cos (3%2) — (2 —2)sin (3’%” . (3.289)
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Combining this with (5.150), (3.157), (£.99), and (3.169) provides

:4\/§ sin(mz) \ 2

:SS%W) ((z +2) cos (%) + zsin (‘%Z)) ,

1 2
Aﬂ-/4(2) —<£G0+3G1—|—2\/§G2+G3>

Bﬂ/4(z):—m<ao—2-(;g—ﬁ-a3>
—_m ((z—?)cos <3TTZ) (4 2)sin (%))
Cosl) =g mims) <Go+ \/5-01)

B 1 3z . 3z nd
=Ssin(ns) (7?2) Z COS v zsin e , a

1 V2
D, = | — Gy +2-G; +V2-@
/4(Z) 4\/§sin(7rz) < 9 0 1 \/_ 2)

ZSS%W) (z cos (%) + (2 — 2)sin (%)) . (3.290)

Proposition 3.37. Let ) be an infinite sector as in (3.216)) with aperture
0 =7, let R as in (3.23), recall the functions a, by s, drs from (3.288)), and

Aray Brjas Crjay Drja from (3.290). Then, for each z € Ioy, n € [—1,1) there
holds

det (M(R(-1))) (2)

< (1= 1z = (F + B)zm) ) (0= 1)z = (F-+ B)(z,m) ) %
< (=12 = (Fr = E)zm) (1= V2 = (Fo = B)(zm)). (3.291)

Here,

Fuen) = (n—1) £ VA, E(zn) = ! 21)“ _98,  (3.292)
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AJd= 16 [(77 3) (a1 + B1)? + (n+5)% (o — fa)?

—2(Tn* + 147 —9) - (o1 + 1) (a2 — 52)] ) (3.293)

where

Q] = COS 2 iy = COS <E>
1 — 4 ) 2 — 4 )
. (T2 LTz
1 = sin (T) , [ =sin <I> ) (3.294)

Proof. According to (3.186)) and (3.187)), we have

(I)ﬂ/4(z7 7]) (3295)
1—
- 16<Sin2(n73z) ' {(77 - 1) C052(73> - 4Sin2(7rz)
P [ gty e () () |
and
1= (1+ 77 )1 -2) 3mz
’ 2
/a(z 1) 16s1n { cos(mz) Cos( 0 ) (3.296)
(1 (1 —
—|— + 77 cos(wz) <in <31z)

+2(1 — =) sin(m2) sin <SZZ) —9(1 — 2)sin(r2) cos (%) }



198

This forces
Dra(2,m) + Wrsalz,m) (3.297)
_16(311112(77722) {(n - eod(ns) i) + _21) (n=1)

(3.298)

= 1) 424 (+3) cos(?%> n(%
+<1+’7)2(1 ) <m)cos(3f> (1+”)2(1_ ) cos(mz) sin (STTZ)
+2(1 — 2)sin(m) <3er2) ~9(1 — 2)sin(n) (?)}

—(—1) +2{—n+1—1;" 2) {cos(i—z>+sm<3%z)}

Ccos(7z) - +
3 3
— 2sin(mz) - |:COS (%Z) — sin (%Z)} }
This forces, the discriminant A for the equation

32sin?(7z)
(1 =)

[@ra(e,m) + Wo(zm)] =0 (3.209)
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A/4 (3.300)

— 4sin’(mz) + 2+ (14 3) - cos % s (?)?TTZ)
HTncos(WZ)- [cos <3%> + sin (BTTZ)}
— 2sin(mz) - {COS (3%2) - (BZ_Z)H
_ <<1"§")a'-25’)2+<n—1> [(n—5) = 2n — 1 cos’(nz) + 8sin’(r2)

where

In addition,
2 . 9 3rz\ . (3mz
(n—5)—2(n—1)cos*(nz) + 8sin“(rz) — 2(n+3) - cos | — | sin [ —

—_(+3)- [cos(zm + sin (3”72)} . (3.302)

This further implies that

(1+n)

AJ4 = (To/ - 25’)2—(77—1)(77+3)- [cos(zm) +sin (Tz)} . (3.303)
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Going further, we use the following trigonometric identities.

Oé/ = %(al + oo + 51 - 52), (3304)
p = %(al — g+ B1 + fa),

cos(2mz) = anag — 1 5a,

3rz

sin (T) = a9 — oy,

where aq, (1 are as in (3.294)). This yields,

2
=0T 0 oyt = B (- aa kBB (3309
— @(al +ag + B — B2)(on — g + Bi + Ba)

—(n=1)m+3)[arag — Bi1f2 + @z — a1 3]

1

~16 [<77 = 3)* (e + B1)* + (n + 5)* (g — Ba)°

= 2(7* + 141 = 9) - (o1 + 1) (a2 — 52)] :

This implies that

' [‘Pm(z,n) + ‘I’n/4(z,77)} =0
1
(n—1)

where Fy(z,n), E(z,n) are as in (3.292). This forces

=z = . [Fi(z, n) + E(z,n)}, (3.306)

(I)n/4(2777) + \I[ﬂ'/4(2777) (3307>
1

=~ iy (1= D2 = (F 4 B (1= 12 = (- + B)(z,m)
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Similarly,
(1)71'/4(2777) - \117?/4(Z777) (3308)
— 1).2
:16(s1,in—2(?;)z) : {(77 — 1) cos®(mz) — 4sin®(7r2) + U 21>Z —z(n—1)+2

+ (n+3) - cos (%) sin (STTZ)

TR D <37rz) =2 sin (%—Z>

2 4 2 4
— 9(1 - 2) sin(nz) sin (3%2) 4+ 2(1 = 2) sin(mz) cos (?’TTZ) }

and

(n—1)z°
2

—Z("_1)+2+(77+3)-Cos(3?r72)sin(?’TTZ>

) %2(1_2) cos(r2) cos (322) A+ 77)2(1 — 2) cos(mz) sin (%)

— 2(1 — 2) sin(rz) sin (3%2) 4201 — 2) sin(rz) cos (B?TT,Z) }

(1+n)
9

2 x {(7] — 1) cos®(mz) — 4sin®(r2) + (3.309)

=(77—1)z2+2{—n+1+ a—25}z

+2- {(77 — 1) cos*(mz) — 4sin®(7z) + 2

+ (n+3) - cos (EBTTZ) sin (312) — (1;77)044-25}-

Going further, based on the calculation the discriminant for the equation

32sin?(72)

a—n [¢w/4<zm) - ‘1’«/4(»2777)} =0 (3.310)
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is identically equal to the discriminant A for the equation in (3.299)) which has
1
AJd =1 [(n = 3)* (a1 + 1) + (n+5)*(az — o)’ (3.311)

—2(Tn* +14n —9) - (a1 + B1) (g — ,82)] .

This yields the solution for the equation in (3.310]) satisfies

2= ﬁ : [Fi(z.n) - E<z,n)}, (3.312)

where Fy(z,7n), E(z,n) are as in (3.292). In particular,

¢Tr/4(za77) - \Ijﬂ/4(2an) (3313)

S S (=12 = (7 = B)m)) (0= 1)z = (F- = B)(z,m)).

 32sin?(n2)

According to Theorem , for each z € I'y; and R as in (3.23]) we have
det (M(R(-,1))) (2) (3.314)
1 2
B (32 Sin2(7rz)) 8
x (=12 = (P + B)zm) (0= 1)z = (F- + B)(z,m)) x
% ((n=1)z = (F = B)zm) (0= 1)z = (F- = B)(z,m)),

where Fi(z,m),E(z,n) are as in (3.292). This completes the proof of the

proposition. 0

Next, we investigate the solvability range of the integrability exponent p
for the Neumann problem in (3.2) when the Poisson ratio n € [—1,1) is the
endpoint —1.

Proposition 3.38. Let the Poisson ratio n is —1. With the same background
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hypotheses as in Proposition for each z € To; there holds

det (M(R(-,1))) (2) (3.315)
(s 7

O (C 1 YR (B

(ot B (TU7)) (st v (00

Proof. Let us assume that n = —1. From (3.292)), we have

Fi(z,—1) = Fy(z) = —2+£ /AJ4, E(z,—1):=E(z) = —28, (3.316)

where

A/4 = (Oél + Bl + oo — 52)2 = (20/)2, (3317)

which forces
Fi(z) = —-2+2d, E(z) =24, (3.318)

where o/, 3’ are as in . Substituting these into , we obtain that

det (M(R(-,1))) (2) (3.319)
1 ? / / / /

(SSinz(WZ)) <Z_ (1-a +6)> <Z_ (1+a +5))X

X (z— (1—0/—6’))(2’— (1+o/—5')>.

According to (3.301]),

4
8 = sin(r>) (cos <3TTZ) _sin <3?TTZ)> . (3.320)

We rewrite these as,

o = V2 cos(mz) cos <%(1 — 32)) :

3" = \/2sin(rz) sin (Z(l — 32)) . (3.321)
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Note that

o/ + B =v/2 cos (—W - UW) ,

4
o — B =v/2cos (@) : (3.322)
Combining these with (3.319)), we have
det (M(R(-,1))) (2) (3.323)

x (z—1+\/§cos (@)) (z— 1—+/2cos (@)) X
(oo Voo (7)) (s v (2507

which finishes the proof of the proposition. m

Turning our attention to find the roots of det(M(R(-,1)))(z) in (3.315))
to treat the biharmonic Neumann problem with specific domain and Poisson

ratio.

Lemma 3.39. The equations

z—1+V2cos (@) =0, (3.324)
z—1—+2cos <@) =0, (3.325)

have no root in the strip I'y ;.

Proof. For x € (0,1), y € R, we consider the function (;(z,y) given by

1
Glx,y) =z —1+ V2 cos (@) cosh (%T) , (3.326)
which indicates the real part of the left-hand side of ([3.324]). Then

(82C))(z,y) = —V2 <%>2 cos (W) cosh <%> : (3.327)
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Since z € (0,1), cos (@) > 0, this implies that (07¢;)(z,y) < 0 for any

x € (0,1), y € R. This forces (j(z,y) is concave down in the variable x in

(0,1). Going further, in ((3.326]), notice that
yT
¢1(0,y) = —1 + cosh <Z> >0, G(1,y) =0, ¥y € R. (3.328)
Combining this with the concavity gives
Gz, y) >0, Ve e (0,1), y € R, (3.329)

which implies that the real part of the left-hand side of (3.324)) has no root in
['p1. This proves the equation ([3.324]) has no root in the strip I'g;. Similarly,
for z € (0,1), y € R, consider (»(x,y) given by

Gz, y) =2 —1—v2cos (%) cosh (%) : (3.330)

which is the real part of the left-hand side of . With the similar ar-
gument, we conclude that (a(z,y) is concave up in the variable z in (0, 1)
and

G(x,y) >0, Ve e (0,1), y € R, (3.331)

which forces the real part of the left-hand side of (3.325)) has no root in I'y ;.
This completes the proof of the lemma. n

Lemma 3.40. The equation

7z —1
2 —1+v2cos (%) =0 (3.332)
has precisely one root in the strip I'y 1 and, denoting it by x, this satisfies
15

Proof. For z € Ty define the function A3 by

As(z) =z —14++2cos (@) , (3.334)
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where bar denotes closure. For x € [0,1], y € R, we consider the functions

C3(xa y)7 gS(Ia y) given by

Gz, y) == — 1+ V2 cos <@) cosh (%T) : (3.335)

&3(x,y) ==y — V2sin (@) sinh <7y—”) : (3.336)

and

4

which are real and imaginary parts of As, respectively. Then,

(D16 (w,y) = 1 — 7‘?” sin (M) cosh (7%7) , (3.337)

4
and
(0183)(z,y) = —7\2% ( (2 = Lm ) sinh (73”) (3.338)
for (z,y) € [0,1] x R. Fix y € R. Since cosh (¥%) > 0, we get
(1G)(z,y) =0 (3.339)

! = sin M
= 7v/27 cosh (737“) - < 4 ) , (3.340)

and note that
4 V2 (Tx — )7 [ T 371
elo0,X2] and YT | T 2T 3.341
7v/ 27 cosh (@T“) ( 2 > 4 4’ 2 ( )
Since the left-hand side of (3.340) is in (0,+/2/2), the range of @ has
to be (O, %) U (%’r,ﬂ) which implies that x € (%, %) U (%, %) Suppose that
(01G3)(+,y) = 0 has roots in (4/7,5/7). Since sinus function is bijective in
[7/2,3m/2], this yields

(01¢3)(+,y) = 0 has a unique solution in [3/7, 1], (3.342)
and denoting this by 7o, this satisfies 7y € (4/7,5/7).

Combining this with (3.337)), we conclude that

(3(+,y) is decreasing on the interval [3/7, 1), (3.343)

and (3(+,y) is increasing on (79, 1].
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According to , we notice that
G(3/7,y) = —4/7 <0, G(1,y) =0. (3.344)
Combining this with we conclude that
(3(+,y) has no root in [3/7,1). (3.345)

Next, suppose that (0,(3)(+,y) = 0 has roots in (1/7,2/7). Since sinus function
is bijective in [0, 7/2] which yields,

(01¢3)(-,y) = 0 has a unique solution in [0, 3/7], (3.346)
and denoting this by 7o/, this satisfies 75 € (1/7,2/7).

Combining this with (3.337)), one can conclude that

(3(+,y) is increasing on the interval [0, 7)), (3.347)
and (3(-,y) is decreasing on (7y,3/7].

According to ([3.335]), one can notice that

(3(0,y) >0, 3(1/7,y) >0, 5(2/7,y) >0, (3(3/7,y) = —4/7 < 0. (3.348)
Combining this with (3.343)), one can conclude that

the equation (3(+,y) = 0 has only one solution in (0,3/7], (3.349)
and denoting it by 7y, this satisfies 7 € (%, %)
Consequently, on the one hand, combining with we get
the equation (3(-,y) = 0 has only one solution 7 in (0, 1), (3.350)
and this satisfies 7 € (;, %)
Fix y € (—o00,0) and consider the function &;(-,y) on the interval [0, 1].

Since the sinus hyperbolic function is strictly negative on (—o0,0), combining
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this with (3.338]) provides that (0,£3)(z, y) has same sign as that of cos <(7m_1)7r>

1
and, as such

(1&3)(x,y) >0 on {O, %] and (0:&3)(z,y) <0 on [%,1} . (3.351)
This yields,

3
the function &3(-, y) is increasing on [0, ?] and decreasing on =2 1].
(3.352)
On the other hand, since x > sinh(z) for z < 0, (3.336) immediately gives for
y <0

§3(2/7,y) = y — sinh (7%%) >0, £(3/7,y) = y — V2sinh <7ng7r) 0,
(3.353)

which forces
whenever y < 0, the equation &(-,y) =0 (3.354)

2
has no root in the interval <?, ;)

Since &(z,y) = —&(x, —y) on [0,1] x R, based on (3.354) one can conclude
that

for each y € R\ {0}, the equation &3(-,y) =0 (3.355)

2
has no solution in the interval <?, %)

Thus, using with , we prove that
A3(2) #0, V2 €Ty1\{z € C:Imz = 0}. (3.356)
In addition, based on the direct calculation, one can conclude that
(3(1/3,0) =1/3 >0, (5(5/14,0) = —=1/2+1/2 — V2 < 0. (3.357)

Going further, since Az(x) = (3(x,0) we obtain that

3714
This finishes the proof of the lemma. O]

1 5
As(xz) =0 has a unique root x € (— —) on the interval (0,1). (3.358)
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Lemma 3.41. The equation

z—1—1+/2cos (@) =0, (3.359)

has precisely one root in the strip I'y 1 and, denoting it by x, this satisfies

10 1
€ (21 2) (3.360)

Proof. Fix z € T, define the function A4 by
-1
Ay(2) =2 — 1 — V2 cos <w> , (3.361)

where bar denotes closure. Fix z € [0,1], y € R, we consider the function

C4(ZL’, y)7 54(‘%7 y) giVGH by

-1
Ci(z,y) =2 —1—v2cos (W) cosh (?TW) : (3.362)
and
Tr—1 7
&(z,y) ==y +V2sin (%) sinh (%) , (3.363)
which are real and imaginary parts of A4, respectively. Then,
V2 Tr—1 7
(OG)(z,y) =1+ v2r sin (Tz = x cosh [ 22 : (3.364)
4 4 4
and Y
V21 (Tx — V)7 Tym
(O1&4)(2,y) = —;—co ( ) ( J ) (3.365)
for (z,y) € [0,1] x R. Fix y € R. Since cosh (%) > 0, we get
(01€a)(z,y) =0 (3.366)
4 —1
— - —_ —sin (M) , (3.367)
7v/27 cosh (%) 4

and note that

4 V2 (Tx — D)m T 3w
e ) (—7,()) and ~ =T ¢ {—— —}. (3.368)
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Since the left-hand side of (3.367) is in (—v/2/2,0), the range of @ has

to be (—%,0) U (7r, %”) which implies that z € (0, %) U (g, g) Suppose that

(01¢4)(-,y) = 0 has roots in (5/7,6/7). Since sinus function is bijective in
[7/2,3m/2], this yields

(01¢4)(+,y) = 0 has a unique solution in [3/7, 1], (3.369)
and denoting this by 7y, this satisfies 75 € (5/7,6/7).

Combining this with (3.364]), one can conclude that

C4(+,y) is increasing on the interval [3/7, 1), (3.370)
and (4(+,y) is decreasing on (7o, 1].

According to (3.362), one can notice that

C4(3/77 y) - _4/7 < 07 <4(4/77 y) > 07
This implies that

C4(+, v) has only one solution root in [3/7,1), (3.372)

3 4
and denoting this by 73, this satisfies 73 € (?, ?>

Next, suppose that (0;(4)(+,¥) = 0 has roots in (0,1/7). Since sinus function
is bijective in [—7 /4,7 /2], this yields

(01¢4)(+,y) = 0 has a unique solution in [0, 3/7], (3.373)
and denoting this by 7, this satisfies 7, € (0,1/7).

Combining this with ((3.364]), one can conclude that

C4(+,y) is decreasing on the interval [0, 73), (3.374)

and (4(+,y) is increasing on (7, 3/7].
According to (3.362), one can notice that

G(0,y) <0, ¢B3/7,y)=—-4/7<0. (3.375)
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Combining this with (3.374)), one can conclude that
C4(+,y) has no root in (0,3/7]. (3.376)

Consequently, on the one hand, combining (3.376)) with (3.372)) we get

the equation (4(-,y) = 0 has only one solution 73 in (0, 1), (3.377)

3 4
and this satisfies 73 € (?, ?)

Fix y € (0, 00) and consider the function &(+, y) on the interval [0, 1]. Since

the sinus hyperbolic function is strictly positive on (0, 00), combining this with
(3.365) provides that (01£4)(x,y) has same sign as that of cos <w> and,

as such
3 3
(1&4)(z,y) > 0 on [O, ?] and (01&4)(x,y) <0 on {?, 11. (3.378)
This yields,

3 3
the function &4(-,y) is increasing on [O, ?] and decreasing on [?, 1] :
(3.379)

On the other hand, (3.363]) immediately gives, for y < 0

&4(3/7,y) = y + V2sinh (7%7#) >0, &(4/7,y) =y +sinh <7?fT7T> >0,

(3.380)
which forces
whenever y > 0, the equation &(-,y) =0 (3.381)
3 4
has no solution in the interval <?, ?>

Since &(z,y) = =& (x,—y) on [0,1] x R, based on (3.381)) one can conclude
that

for each y € R\ {0}, the equation &(-,y) =0 (3.382)

has no solution in the interval <§, %1)
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Thus, using (3.382) with (3.377)), we prove that
Ay(2) #0, V2 €Ty1\{z € C:Imz = 0}. (3.383)
In addition, based on the direct calculation, one can conclude that

<0, ¢4(1/2,0) = B 24_ 2v2 > 0. (3.384)

—43 4+ 213

€4(10/21,0) = D)

Going further, since A4(z) = (4(x,0) we obtain that

A4(xz) =0 has a unique root x on the interval (0,1) and (3.385)
10 1
this satisfies = € —0, — .
21° 2
This completes the proof of the lemma. n

Proof of Theorem . According to the proposition for each p € (1, 00),
¢ € R there holds

det (M(R(-,1))) (2) (3.386)
() -

(o=t (EE9T)) (oo 1 a7

(ot i (T (st v (E507))

where z = % + i€ € I'p1. Applying the lemma |3.39|, |3.40L and |3.41| provides

det (M(R(-, 1)) (2) £0 <= 2 €Ty, \ {r, 7}, (3.387)

where 7 € (1/3,5/14) and 73 € (10/21,1/2) with

Tz —1
71 is the unique root of z — 1 + v/2 cos (%

(7z— 1)
4

) =01in F0,17 (3388)

73 is the unique root of z — 1 — v/2cos ( ) =0inTgy.  (3.389)
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Combining this with Theorem [3.10] yields

T is invertible on (LP(R) x LP(Ry))* <= pe (1,00)\ {rt 7'},

(3.390)
where 7,1 € (2.8,3) and 75 € (2,2.1). This completes the proof of Theorem
3.36 O

At this point we are ready to present the proof of Theorem [3.3]

Proof of Theorem [3.3. According to Theorem [3.36] for n = —1 and for the
integrability exponent p € (1,00), there holds

T is invertible on (LP(Ry) x LP(R,))*> <= pe (1,00) \ {7,6}, (3.391)

where v € (2.8,3) and § € (2,2.1) with

Tz —1)m

~~!is the unique root of z — 1 + V2 cos <( 1 ) =0in Iy,

(3.392)

(7z— )

6~ is the unique root of z — 1 — V2 cos ( 1

) =01in FO,l-
(3.393)

In conclusion, combining this together with Theorem the desired result
follows. L]
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CHAPTER 4

The Spectral Properties of
Layer Potentials for

Second-Order Elliptic Systems

In this chapter, we investigate the coefficient tensors associated with sec-
ond order elliptic operators in two dimensional infinite sectors and properties
of the corresponding singular integral operators, employing Mellin transform.
Concretely, we explore the relationship between distinguished coefficient ten-
sors and L” spectral and Hardy kernel properties of the associated singular

integral operators.

4.1 Layer potential theory in the infinite sec-

tor

In R?, the conormal derivative for L of u with respect to the coefficient

tensor A = (a2?)1<a s<n is given by
1<r,s<2

(8;4u)a (2) == vl Dsug| (z), (4.1)
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where v is the outward unit normal vector to €. In addition, the double layer
potential operator K 4 is given by

T

(Kag)w)i= [ (0 (Eur(o =) (alw)doty), z€00 (42

o9
where g = (91,62, ...,9m) : 002 — RM E; is the fundamental solution with
respect to the differential operator L. Here, superscript T' stands the trans-
position of the matrix. Moreover, the kernel of the double layer potential
operator K associated with A and {2 has the form
T (03
(02 (Bur(x — ) (1) = (~e )22 (0, Eyp) (x —9)) . ey - (43)

1<v,a<M
Let p € (1,00), © be the infinite sector of an angle € (0,27) in R?. The

following theorem provides a relationship between the Hardy kernel and the

distinguished coefficient tensor.

Theorem 4.1. Let p € (1,00), 0 € (0,27) and L be a homogeneous, second-
order, constant complex-coefficient, weakly elliptic M x M system in R?, con-
sider Q C R? the infinite sector of an angle 0 and a coefficient tensor A € Ay
If A € A% then the kernel of the double layer potential operator K 4 associated
with A and Q is a Hardy kernel on LP(R,).

Proof. Since A € A%, from ([1.64)), there exists a matrix-valued function

k= {kyatic acnr : B2\ {0} = CHM (4.4)
such that
( — vy(y)al (0, Eyp) (w — y)> e = (us(y)(a:s = Ys)hyale = y)) Lt
_ =—((y),z —y)k(x —y)
kA — ), (4.5)

where k4 = {kfa}l<7 w<ny Since k belongs to €>°(R?*\ {0}), even and positive
homogeneous of degree —2, the kernel k4 also belongs to €>°(R? \ {0}), odd

and positive homogeneous of degree —1.
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According to the equation (4.5)), we have for any 1 < v,a < M, z,y € R?
with z # vy,

KA — ) = — ()@ — y)kale — y)

_ 4.6)
L T —y (
=—wVy),r—=-y, |-y ka( )
) =)o = 2 (2
This yields, Va,y € R? with o # v,
A [(v(y),z — y)]
ko —y)| < (S}qllp ’kva’) W (4.7)

Since €2 is the infinite sector of an angle 6, €2 is the upper graph of the function

¢ : R — R given by
o(z) = |z|cot(0/2), x € R. (4.8)

Hereafter, we denote by (0€2); and (0€), the left and the right side of the
angle 0€2, respectively. Concretely,

(09); = {(—ssing,scos g) 1S € R+} and

(09)s := {(ssing,scos g) 1S € R+} :

In this notation one can naturally identify the two pieces of the boundary

(4.9)

(09);, 7 = 1,2, with R, via the mapping

t1:(092); = Ry, 11 (P):=|P|, for each P € (09)y, (4.10)
Lo (09) = Ry, 1ao(P):=|P|, for each P € (09),. (4.11)

Consequently for each p € (0,00) given, identify LP(02) with the space
LP(Ry) x LP(R4) via the mapping

S

2

F [P(09) — LP(R.) x LP(R,), Z(f) = ( > . Vf e LP0Q),

where f; = f o0, o Lj_l, for each j € {1,2}.
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We may also find it to introduce the following notation for the restriction

operator

R : LP(0Q) — LP((09)1) x LP((09)2), R(f) := (f1, [2),
where f; := f o, for each j € {1, 2},

and
T: LP((09)1) x LP((09Q)) — LP(0Q), T :=R*, (4.12)

for its inverse.

Now, we compute the kernel of the double layer potential on the boundary.
Ifx,y € (00); or x,y € (0N)2, then (v(y),z—y) =0. If x € (0N)1, y € (0NQ)a,

that is,
( . 0)
xr = —SSID§,SCOS§ s
(4.13)

for some s,¢ € R, then

v(y) = (cos g, —sin g) : (4.14)
Then, we get
—(v(y),z —y) = ssinb. (4.15)

Moreover, from (4.13]) we obtain

r—y= (—(s%—t)sing,(s—t)cosg),

2 (4.16)
|z — y|* = 5% — 25t cos ) + 12
In particular, from (4.7) we get,
k2 (s,1)] < C(k) i (4.17)

52 — 2stcos@ + 12’
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where k2 (s, 1) = k2, (—(s+t)sin §, (s —t) cos §).

Now, we apply the estimate (4.17)) to the following integral

o0 o0 1
EA (1, 8)|[¢YPdt < C(k / P, 4.1
| whaolera <o | e (1.18)

Going further note that
t? —2tcos® + 1= (t —cosf)® +sin*f > 0 for § € (0, 27). (4.19)

On the behavior of the integrand on the right hand side near 0 and oo, we

have
1 —1/p o ¢ 1/p
TP Te—— t2t ~t near 0, (4.20)
1
T oicosd & t2t’1/p ~ t~ TP near oo, (4.21)
which yield
/ k2 (1,8)]¢/Pdt < +oc. (4.22)
0

Combining this with the homogeneity, we show that kfa is a Hardy kernel on
LP(R,) for p € (1, 00).

Similarly, if z € (0Q)q, y € (09Q), k’;‘a is also a Hardy kernel on LP(R,) for
p € (1,00). This completes the proof of Theorem [4.1] O

Our next goal is to prove a somewhat converse statement of Theorem
4.1l More precisely, we will show that if a coefficient tensor A € 2l is not
distinguished, then there exists an infinite sector 2 such that the kernel of the
double layer potential operator K associated with A and €2 is not a Hardy
kernel on L? for any p € (1, 00).

We start by introducing some notation and proving an auxiliary lemma.
Let R* = R\ {0}. Given an open ball B C R? that does not contain the origin,
we define the double cone I' associated with B by

[:={ycR®:y= Az for some z € B and \ € R*}. (4.23)

Note that B C I' and that ' is an open subset of R2.
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Lemma 4.2. Let L be a homogeneous, second-order, constant complex coeffi-
cient, weakly elliptic M x M system in R? and consider A € . If A ¢ A%,
then there exist a constant C' > 0, indices o,y € {1,...,M} and an open
double cone I' such that

(920 — 110)5) (0, Eys)(y)| = € for ally €T (4.24)

Proof. Note that if n = 2, then item (a) from Proposition implies that
A € A9 only if for each o,y € {1,..., M} there holds

(22058 — 21055 (0, Eyg)(z) = 0 for all z = (z;)1<;<o € R2\ {0}.  (4.25)

Consequently, if A € 2, is not a distinguished coefficient tensor for L in R2,
then there exist a constant C' > 0, indices a,y € {1,..., M} and a point
7' € R?\ {0} such that

| (% fl — rya r2 > )(0r Ep)(z N> 2C. (4.26)

Since the function on the left-hand side of the above inequality is continuous
on R?\ {0}, we get that there exists an open ball B, centered at 2’ and such
that

(2002 — 20a58)(8,E5)(2)] > € for all z € B,. (4.27)
Consider the double cone
={y € R? : y = Az, for some z € B, and \ € R*}. (4.28)
We claim that
(g2} — 91075) (0, Eop)(y)| = O forall y € T, (4.29)

Indeed, suppose y € I'. Then there exist A € R* and z € B, such that y = A\z.
Since (0,FE,3) is homogeneous of degree —1, it follows that if A > 0 we have

(0.E5) () = (0, Br) (A2) = 5 (0, By (2), (4.30)
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thus
(20,7 = 91075 (0, Bop) (y) = (220} — 210)5) (0, By5) (2), (4.31)
so by we have
[(y20s = 9105) (0, Eyp) ()] = C. (4.32)

If A <0, then the homogeneity of (0,E.,z) together with the fact that E. 3
is an even function, so (0,E.g) is odd, allow us to write y = Az = (—=\)(—2)

to conclude that

1 1
(0rEyp)(y) = (0rEyp)((—A)(—2)) = m(arEvﬁx_z) = 1(0:Byp)(2),
(4.33)
which implies
(y2af1 ylam > ) (0 Eqp)(y) = (752@?1 Zlaﬂ 5 ) (0 Eqp)(2). (4.34)
Hence the final conclusion follows once again from (4.27) and this finishes the
proof. O

We are now ready to prove the aforementioned result of non-distinguished
coefficient tensors and the kernel of the double layer potential associated with

it.

Theorem 4.3. Let L be a homogeneous, second-order, constant complex coef-
ficient, weakly elliptic M x M system in R? and consider A € Ap. If A ¢ 2Adis,
then there exists 6 € (0,2m) such that the kernel of the double layer potential
associated with A and €,

Q:={y € R? : yp > |v|cot(0/2), z € R}, (4.35)
is not a Hardy kernel on LP(R,) for p € (1,00).

Proof. According to the equation (4.3]), the kernel of the double layer associ-
ated with A and €2 has the form

(—v: (W) E) (= ) ) pers (4.36)
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Let k2, (z —y) == —vs(y)ale (0, E,p)(z — y) for x,y € dQ. More explicitly, for
each a,y € {1,..., M} we have

kot —y) = (—n(y)ay — va(y)ays) (0, Byp) (@ —y). (4.37)

Let z,y € (0R2)1, that is

= - ing Q
z=(-ssing,scosy |,
0 0
— | —tgin = ~ 4.
Y ( tsm2,t0052), (4.38)

for some s,t € R;. Note that
.0 6
x1—y = (t — s)sin 2 and x9 —ys = (s —t)cos 2’ (4.39)

and that |x — y| = |s — t|. Inserting equations (4.38)) into (4.37)) we get
7 0 54 N 0
k‘fa(s, t) = (COS §af1°‘ + sin §a52 ) (0, E,p) ((t — ) sin 2 (s —t)cos 5) :
(4.40)
Assume that x # y, that is, s # ¢t. Then multiplying and dividing the above

equality by (s —t) gives us

k(s t) = G i D {(s —t) cos gaff‘ — (t — s)sin gafg‘} X (4.41)
x (0rE,p) ((t — s)sin g, (s —t)cos g) :

Thus taking absolute values in the above equality gives us

1
|z -yl
for all z,y € (0Q)1, x # y.

Now, if A ¢ A% then from Lemma there exist a constant C' > 0,
indices o/,y" € {1,..., M} and an open double cone I" such that

k= )] = | (22 = 1)al? = (0 = 2)als) (O Bp)(w — y)l, (4.42)

(2002 — 21058 (8,E5)(2)] > C forall z €T. (4.43)
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Since I' is a double cone there exists 6 € (0,27) such that (0€2); C I'. Thus
for x,y € (0Q)1, © # y, we have (z —y) € I' and we conclude that

|k:7 w(@=y)| > = for all z,y € (0Q)1, x # . (4.44)
=Yy
In particular, for s,¢ € Ry with s # ¢ we get
C
ko > : 4.45
(0] 2 (1.45)
thus for p € (1, 00)
/ |k (1, 8)| 717 dt > C/ |1 t| t=1P dt, (4.46)
0 _

and this last integral diverges, so ky/a/ is not a Hardy kernel for every p € (1, c0)
and this finishes the proof. O

Theorems [£.1] and [4.3] give us the following corollary.

Corollary 4.4. Let L be a homogeneous, second-order, constant complex co-
efficient, weakly elliptic M x M system in R%2. A coefficient tensor A € Ay,
is distinguished if and only if whenever Q is an infinite sector on R? we have
that the double layer potential associated with A and 2 is a Hardy kernel on
LP(Ry) for all p € (1,00).

4.2 The case of half-planes

Let A € p. Set Dy : R*\ {0} — C to be
D3, (x) = (2207 — 1105) (0, Eqp) (). (4.47)

Then Df}7 is even and homogeneous of degree 0, which means that D(’;‘7 is
constant over any straight line that crosses the origin. This observation allow

us to prove the following proposition.

Proposition 4.5. Let L be a homogeneous, second-order, constant complex
coefficient, weakly elliptic M x M system in R? and A € A;. Whenever §Q is
a half plane, the kernel of the double layer potential associated with A and )

1s a matriz multiple of the Hilbert transform.
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Proof. Without loss of generality, we may assume that €2 is a half plane with
0 € 00 and A € ;. We parametrize 02 using w € [0,7) and s,t € R. That
is, for x,y € 0€) we have
x = (scosw, ssinw),
(t cosw, tsinw), (4.48)

y =
v(y) = (sinw, — cosw).

Thus we may write the kernel of the double layer potential associated with A

and () in terms of s,t € R, s # t to obtain
k;‘a(s, t) = (—sinwal + coswa’s) (9, E5)((s — t) cosw, (s — t) sinw). (4.49)

Multiplying and dividing by s — t gives us
Cha(w)

k2 (s,t) = 4.50
A0 = el (4.50)
where for each 1 < v,a < M,

Cholw) = (= sinwa’ + coswals ) (8, E.s)(cos w, sinw). (4.51)
Since this holds for all o,y € {1,..., M} we conclude the result. a

Let 2 be a half plane domain. Then if A € 2, is distinguished, we have
that the double layer operator (boundary-to-boundary) is the zero operator.
If A €2 is not distinguished, then

Cra(w)
s—t

ko (s, t) = (4.52)

Theorem 4.6. Let L be a homogeneous, second-order, constant complex co-
efficient, weakly elliptic M x M system in R?. A coefficient tensor A € Uy, is
distinguished if and only if whenever ) is a half plane on R? the kernel of the

double layer potential operator K associated with A and §2 is identically zero

i €.
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Proof. Applying the same argument of the characterization theorem of the
distinguished coefficient tensor in section 2, it can be shown that a coefficient
tensor A € 2y, is distinguished if and only if whenever € is a half plane of an
angle w € [0, 7) on R? we have that the double layer potential associated with
A and Q is a Hardy kernel on LP(R,) for all p € (1,00). Combining this with
(4.52]), we obtain that A is distinguished if and only if the kernel of the double
layer potential associated with A and half plane Q of and angle w € [0,7) is
identically zero in 2. This finishes the proof of the Theorem [4.6] O

In this section, we assume that p € (1, 00) and L be a homogeneous, second-
order, constant complex-coefficient, weakly elliptic M x M system in R?, and
Q) C R? is a half plane at an angle w € [0,7) from z-axis and a coefficient
tensor A = (a?)1<ap<m € Ap.

T<r,s<2

To get our hands at the spectrum of k4 we may use the Mellin transform

technique.

Theorem 4.7. Fiz p € (1,00). Let K be an element in the algebra of Mellin
convolution operators generated by Hardy kernels and the Hilbert transform for
(LP(R,))2. Then K is a bounded operator on (LP(R))? and its spectrum is
the closure of the range of the Mellin transform Mk(1/p + i&), i.e., it is the
closure in the plane of the set of all points A € C such that

det(A — Mk)(1/p+iy) =0 for somey € R. (4.53)

Above, k is the kernel of the operator K, I is the identity matrixz operator, and

MEk = (Mka'y)a,’yzl ,,,,, M-

We parametrize 092 using w € [0,7) and s,t € R as before. Our main
goal is to find an explicit description of the spectrum of the operator K,. To
apply Theorem we distinguish four cases. Without loss of generality, let

us assume that €2 is a half plane containing 0 € 0X).



Case 1: We consider z,y € (09),, that is
r = (scosw, ssinw),
y = (tcosw, tsinw),

for some s,t € R,. In that case we have

Cha(w)
A o
Klo(s,t) = ;—t :

hence the Mellin transform of the symbol k,, is

Case 2: We consider z € (02), and y € (09);, that is

T = (scosw, ssinw),
y = (—tcosw, —tsinw),

for some s,t € R,. In that case we have

Cha(w)

kA (s.t) =
'ya(sv ) s 4t

I

hence the Mellin transform of the symbol kfa is

1
A A
Mkwa<z) M(k'ya< ’ ))(’Z) WO’Y(X((JJ) Sin(ﬂ'Z)
Case 3: We consider z € (0€2); and y € (09)a, that is
x = (—scosw, —ssinw),
y = (tcosw, tsinw),
for some s,t € R,. In that case we have
Cra(w)
k2 (s,t) = ——<
40 = 2,
hence the Mellin transform of the symbol k‘fa is
1

MEL (2) = MU (1) (2) = =7 Cra(w)

sin(rz)
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(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)
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Case 4: We consider z,y € (09);, that is

r = (—scosw, —ssinw),

(4.63)
y = (—tcosw, —tsinw),
for some s,t € R,. In that case we have
Cra(w)
k’?a(Svt) = - ;_ t (464>
hence the Mellin transform of the symbol k;“a is
A A cos(mz)
Mk:’Ya(Z) = M<k7a('7 1))(2) = 7TC’YO¢(W) sin(7rz) . (465)
Based on (4.56)—(4.65)), define the M x M matrices
(B1(2))ya = —Cya(w) cos(mz) (4.66)
and
(B2)ya = Cha(w) (4.67)

Then we may write the Mellin transform of the kernel of the operator K as
the 2M x 2M matrix

Bl (Z) BQ
—BQ —B1 (Z)

Mhk(z) = —~

 sin(72)

(4.68)

Note that for Re(z) # 0 we have sin(7mz) # 0, hence the denominator in the

above expression is not vanishing.

From (4.68)), we obtain that for z = i +1y, y € R,

B B
wl = (ME)(z) = wl - —— | P& B (4.69)
sin(7z) | =B, —By(z)
o MO Lyrear — Bi(z) —Bs
sin(mz) By WwIMXM + Bi(2)

(4.70)
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which implies that

det(w] (Mk:) (4.71)

wQIMxM — Bi(2) + B§)

2IMxM — cos?(m2)B2(2) + B;)

M sin”(mz) 5 5
_m det (T Inysar + sin®(nz2) B

w?
=71*M det (—2[MxM + B§>
T
= det(wQIMxM —+ (’NBQ)2).
Note that

o(Ka; LP(Ry)) = {£imA; A € C, X is eigenvalue for (Cyq(w))i<y.a<m}

(4.72)
Combining this with (4.53)), we conclude that for p € (1, 00),
o(Ka; L'(Ry)) = {0}
<= (Cya(w))1<y.a<m does not have nonzero eigenvalue
<= (Cya(w))1<y,a<m is nilpotent matrix. (4.73)

In the following theorems, we investigate the relation between the spectrum

and the coefficient tensor.

Theorem 4.8. If A = (a®?)1<ap<m € AL, then whenever Q C R? is a half

1<r,s<2

plane the spectrum of the double layer K 4 associated with A and Q on LP(Ry)
o(Kx; /(R,) = {0}, (4.74)

Proof. According to the Theorem [£.6] if A is a distinguished coefficient tensor
we have that for all 1 < v, < M, C,o(w) = 0, Vw € [0,7) which implies
that the Mellin symbol in is identically zero whenever 2 C R? is a half
plane.

Applying the Theorem , we obtain that whenever 2 C R? is a half plane
o(Ka; LP(R,)) = {0} which proves the theorem O
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Next, we state and prove the sufficient condition on the integral kernel for

which the trivial spectrum implies the coefficient tensor is distinguished.

Theorem 4.9. Let Q C R? be a half plane of an angle w € [0, 7). If for any
w € [0,7), (Cha(w))i<ya<m defined in [4.51) is diagonalizable over C, then

o(K4; IP(R})) = {0}, Yw € [0,7) = A € AP, (4.75)

Proof. According to (4.73)), we obtain that (Cya(w))1<,a<nm is nilpotent matrix
for any w € [0, 7). Since every nilpotent diagonalizable matrix is zero matrix,
we have for all 1 < v, < M, C,p(w) = 0 Vw € [0,7) which implies that
A € A% according to the Theorem . ]

Theorem and give us the following equivalence condition for the

trivial spectrum under a certain type of the integral kernel.

Theorem 4.10. Let p € (1,00) and L be a homogeneous, second-order, con-
stant complex-coefficient, weakly elliptic M x M system in R?, let us con-
sider Q C R?* a half plane of an angle w € [0,7) and a coefficient tensor
A = (aP)i1<ap<m € Ap. If for any w € [0,7), (Cra(w))1<yacar defined in

1<r,s<2

(4.51)) is diagonalizable over C, then

o(Ka; LP(RL)) = {0}, Vw € [0,7) <= A€ Ads, (4.76)
In the next example, we apply the Theorem to the Lamé operator in
R2.

Example 4.11. Let us assume that the system ((1.26)) becomes the Lamé
system, that is
a®? = (16,5005 + (pt + X — £)6,0055 + £5,5050, (4.77)

for £ € C in half plane Q C R? at angle w € [0, 7). Comparing the coefficients
on the (4.77)), we have

[ out A 0 0 g A—{]
(a5)1<ap<2 (059 1<ap< B 0 w l 0
(agf)lsmﬁg (aggﬁ)lga,ﬁgz B 0 ) 0

A= 0 0 2u+) |
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This implies that a®? is symmetric and a®’ = app for any 1 <7 s,a, 8 < 2.

Moreover, we obtain that

p=ay (4.78)
A =aj} — 2a3] (4.79)
{=aj —ail — a5 (4.80)

Since the Lamé system is weakly elliptic if and only if p # 0, 2u + X # 0, we
assume that p, 2u + A are nonzero. Let us further assume that 3u + A #£ 0
for the existence of the distinguished coefficient tensor. Indeed, applying the
result found in [30], we have 2{* # (). According to the equation ([£.51)), we

have
[Cra(w)licy.aza (4.81)
_ a?(9,Ey5)(cosw,sinw)  2(0,E5)(cosw, sinw)
aB(0,Eqp)(cosw,sinw)  [2(0,Fap)(cosw, sinw) ’
where
o = —sin wafll + cos wale,
B8 = —sinwa”? + coswa’;. (4.82)

Since E,g is the fundamental solution associated with the Lamé operator, we

have for each 1 <r,v,8<2, n>2, X e R"\ {0},

B 1 5,5 X, X, X5 X,
OB () = 55 [CTERY S e N
Xp0yr + X505,
—(+A) X } (4.83)
Thus, we have
h(6) |0 1
[Cha(W)]i<yace = . L ol (4.84)

where v(¢) := % Note that the kernel of the double layer potential

associated with the Lamé operator and the coefficient tensor in (4.77) is

k(s 1) = — 20 Llo _1]. (4.85)

Coar s—t 1 0
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This implies that for any w € [0,7), [Cya(w)]i<qy,a<2 is antisymmetric which

yields [C(w)]1<y.a<2 Is diagonalizable over C. Applying the result in Theorem
A0, we get
o(K4; LP(R})) = {0}, Vw € [0,71) <= A € A (4.86)

Moreover, from the previous argument

A AP = C \(w)=0, VI <v,a <2 (4.87)
plp+A)

= (=—"]=. 4.88

3+ A (488)

In conclusion,

p(p+ )

o(Ka; LP(Ry)) ={0}, Vw e [0,7m) <— (= TS (4.89)
where ¢ = @ gives rise to the so called pseudostress conormal derivative.
JTE N

Next, we reduce the conditions for (C.q(w))1<y.a<m to the sufficient con-

ditions of the coefficient tensor.

Lemma 4.12. If A = (a®®)1<ap<m is either symmetric or antisymmetric,
1<r,s<2

then for any w € [0,7), (Cya(w))i<ya<m n (A.51) is antisymmetric or sym-

metric, respectively.

Proof. Since () is a half plane, for any z,y € 02, we have v(z) = v(y). If

A = (a2P)1<ap<m is symmetric, that is AT = A which further implies that
1<r,s<2

LT = L. Since the integral kernel of the transpose double layer potential

operator has the form

(s (. 9) = (@ O Ep) i — ) ey (490)

1<ay<M

by the previous argument in (4.50) and (4.48)), for s,t € R, s # ¢,

(k:;‘s(s, t)) (4.91)

1<ay<M

= ((sin wal® — coswa’s) (0, Eyg)((s — t) cosw, (s — t) sin w))

_ (_CL(W)) .
s—1 1<ay<M

1<ay<M



231

Since AT = A, LT = L, we get for any s,t €R, s #t, 1 <,y < M,
Cha(w) = =Cay(w), (4.92)

which implies that (Cya(w))1<y.a<nm is antisymmetric.

Indeed, if A = (a%?)1<ap<m is antisymmetric, one can conclude AT = —A,
1<r,5<2

LT = —L, and applying the previous argument provides (C\q(w))1<y.a<ns i8

symmetric. This completes the proof of this lemma. m

Corollary 4.13. Let p € (1,00) and L be a homogeneous, second-order, con-
stant complex-coefficient, weakly elliptic M x M system in R?, let us con-
sider Q C R? a half plane of an angle w € [0,7) and a coefficient tensor
A=(a Tf)1<a pem €Ap. If A= (a2P)1<ap<n is either symmetric or antisym-

<r,s<2 1<r,s<2
metric, then

(K LP(R})) = {0}, Yw € [0,7) <= A c A, (4.93)

Proof. According to the Lemma [4.12] if A = (a®?)1<a s<n is either symmetric
1<r,s<2

or antisymmetric, then for any w € [0,7), (C’va(w))IS%QSM in (4.51) is anti-

symmetric or symmetric, respectively. This implies that (Cq(w))1<y.a<nm 18
diagonalizable over C. Combining this with Theorem [4.10|, equivalence (4.93))
holds. This proves the Corollary [4.13] O

The following example in [41] shows that (4.93)) does not hold if the system

is not symmetric nor antisymmetric.

Example 4.14. We consider the following system:

1 0) 0 0 2=\ 52 A 0) 92 0
8—2+ k > 4 6—2 Y = , (4.94)
0 A)0x* \2L o )Izdy \o 1) 9y ) \v 0

where X\ # 0,1,k% and 0 < k < 1. The system (4.94) is nonsymmetric where
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the coefficient tensor A = (a%?)1<4 <2 is
1<r,5<2

A—k?
Ot,B _ 1 0 OZB _ 0 ok - Tl
(011 )1<ap<2 L (@ hcape = | |
0 %2 ok + T2 0

. 0 XF 4 . A0
(a57) 150,852 = (Al ) (05 1<ap<r = , (4.95)

0 1

where 71,75 € R. In addition, for £ = (&,)1<,<2 € R?*\ {0},

g+8r a6 (2)

(a776:Es)1<aps = (4.96)
G& (37) Gp+&
which yields
N 1 k*+1
derflafs ehcanal =3 (6l + S v ). @on

Since £ € R?\ {0}, A\, k # 0, we have det[(a®P&,&)1<a,p<2] # 0 which implies
that the system (4.94]) is weakly elliptic for any A # 0,1,k? and 0 < k < 1.
We further assume that A # —k.

Let us assume that k& # 1 and  is a half plane with an angle w in [0, 7).
According to , for each 1 < v, a < 2,

Cra(w) = (—sin wal? + coswa’$) (0, E.5)(cosw, sinw). (4.98)
Substituting a?® in (4.95) yields

Cll(W) = —sinw (81E11 + ()\Q—_kl — 7‘2) 82E12> (499)

A—1
+ cosw ((7 + 7"2) O E + )\(921*711)

, A — k2 A
Cu((&)) = —SIinw (( ok —+ 7'1) 82E11 + ﬁalElg)

A — k2
+ cosw T r1 | OB + 0aF ),
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and
_ A—1
Cor(w) = —sinw | Oy By + —r 2 0o Eas (4.100)
A—1
+ cosw ((7 + 7‘2) 01 E9 + /\32E21)
) A A — k2
Cyp(w) = —sinw (ﬁalEgg + ( T + 7‘1) 32E21)
2
+ cosw (<)\ 2kk — 7“1) O Ey + 82E22> ;

where for each 1 <r,v,5 <2, 0,E,5is (0,E,p)(cosw, sinw).

Moreover, for X = (x,y), we obtain

0\ Evy () = m(iw 5 [ap‘?lz + b;&ﬁ] , (4.101)
DB (2, y) = QM(;L b) [a\)lép * bkk2x2y+ yQ] ’

OBt ) = S )

OrEra(x,y) = — ;: A(?allb)) |)§ggéli2;2kf?)ﬂ) ’

01 Eni(x,y) = —jfi’f;ﬁ& |Xy|(gék_xkj-3)4)

et = S

01 Exy(,y) = 27r)\(i ) {bkj |):(If|2 * “k?’#w} ’

1 y y
E = bk? k
Orbn(2.y) 27\ (a + b) [ xp ¢ k2x2+y2}’
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where a = A\ — k?, b = 1 — \. Substituting X = (cosw,sinw), we have

1 COS W
o FE i = —— bk3 4.102
1B (cosw, sinw) 27 \(a + b) {a cosw k2 cos? w + sin? w] | )
1 sin w
O F i = — i bk
2B (cosw, sinw) 27\ (a +b) {a s k2 cos? w + sin? w]

ak(k — 1) sinw(sin®w — k cos?w)
2rA(a+0b) (k2 cos?w + sin® w)
ak(k — 1) cosw(sin®w — k cos?w)
2nM(a+D) (k2 cos?w + sin®w)
bk(k — 1) sinw(sin®w — k cos? w)
“2mA(a+b) (K% cos?w + sinw)
bk(k — 1) cosw(sin®w — k cos? w)

2t (a+b) (k%cos?w + sin?w)

Oy Ea(cosw, sinw) =

0o Fa(cosw, sinw) =

O F(cosw, sinw) =

0o Fy1(cos w, sinw) =

1 cosw
0. E i = ——— |bk? k?
1 9o (cosw, sinw) TNa T D) { cosw +a ot sian]
1 sin w
O E inw) = -——— |bk?si k
2B (cosw, sinw) 27 \(a + b) { s e k? cos? w + sin® w}

Combining this with (4.99)) and (4.100)), we further obtain that

Ch1(w) (4.103)
1
27\ (a+b) k2 cos? w + sin® w
A—1 ak(k —1) cosw(sin?w — kcos?w)
a (W a 2) 2rA(a+b)  (k%cos?w + sin®w) )
N Cosw( (u N r2) ak(k —1) sinw(sin?w — kcos?w)
2k 2rA(a+b) (k2 cos?w + sin®w)

[a cosw + bk> cos e }

= —sinw(

)\; {asinw + bk sin } >
2\ (a +b) k2 cos? w + sin® w
ab , k
:27T/\(a +b) SR </<:2 cos?w +sinw 1)
ab(k —1) sin?w — kcos? w
~ 2nA(a+b) S O T o w + sinw

=0.
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Similarly,

Cp(w) (4.104)

. 1 COS W
= —sinw <—27rk2(a D) [bk2 cosw + ak® 12 cos? w1 sin’ w]
N ()\ — k? ) bk(k — 1) cosw(sin®w — k cos? w))
2k Y 2mA(a+b) (k% cos?w + sinw)
( ()\ —k? ) bk(k — 1) sinw(sin?w — k cos? w)
+cosw | — -7

2k 2rA(a +b) (k2 cos? w + sin® w)
1 sin w
| pk2si k 4.105
+27r)\(a+b) { sinw + a k2cos%)+sin2w]) ( )
ab ) k 1
=————sinwcosw —
2\ (a +b) k2 cos? w + sin® w
ab(k —1) . sin?w — k cos?w
— ———_sinwcosw
2 \(a +b) k2 cos? w + sin® w
=0.
Moreover,
Cra(w) (4.106)

. A — k2 N 1 . iy sin w
=—snw||(——+7 | =————= |asinw
2k ') 27A(a + b) k2 cos? w + sin® w

A ak(k —1) sinw(sin® w — k cos® w)
k22w A(a+b) (k2 cos?w + sin®w)

A — k2 1 5 cos w
+eosw ((T B Tl) 2\ (a +b) [a cosw + 0k k2 cos? w + sin® w}
ak(k —1) cosw(sin®w — kcos?w)
“2tA(a+b)  (k?cos?w + sinw) )

1 A+ k? — 2k
= N— D2 /=== _ 4
2m\(a + b) (k2 cos? w + sin® w) [( ) ( 2k 7“1) cos
+ A =E)((k =12\ + k) — (K* + 1)r) sin w cos® w

A\ —k? A —k?
+(1—>\)k3( % —Tl)COSQW—(l—)\)k‘( o +r1)sin2w

A+ k% — 2k
+ (A= k?) (+T — 7“1) sin* w}

1

a k—1)(\+ k) (k? cos® .2 7
2\ (a + b) (k2 cos? w + sin® w) [( YA+ k) (k* cos® w + sin® w)ry + 1],
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where
2k’ 2k’ 2 2
I :aT cost w — CLT cos® wsin®w + ;_k; cos® wsin®w — g—k sinfw  (4.107)
bk? b k—1)A
+ 7 cos?w — %sin%)— %sin‘lw—kakg(k’— 1) cos*w
+ a(k — 1)Asin® wcos® w — ak(k — 1) sin® w cos? w
=0 + I + I,
with
Zk, 2k3 2 2
L :% costw — CLT cos® wsin® w + ;_k: cos® wsin®w — ;—k sinfw  (4.108)
bk? b
L =" cos?w — % sin® w (4.109)
E—1)A
Iy =— G(T) sin w + ak?(k — 1) cos* w
+ a(k — 1)Asin® w cos® w — ak(k — 1) sin® w cos® w. (4.110)

First, we have

2 2f 2 2
I :% cost w — % cos® wsin?w + ;_k cos® wsin® w — ;_k sint w
2
:;_k(COSQ w — sin? w) (k% cos® w + sin? w). (4.111)
Next,
bk? b
I, :a2 cos® w — % sin® w (4.112)
bk? b
_BON 02w + D in?w — absin?w
2 2
ab 2 9 .92 .92
:E(k cos” w + sin” w) — absin® w.
In addition,
kE—1)A
I = — % sin w (4.113)
+ ak?(k — 1) cos* w 4 a(k — 1)Asin® w cos® w — ak(k — 1) sin® w cos? w

1
=a(k — 1)(k* cos® w + sin® w) (COS2 w— o sin? w)

1
+ ab(k — 1) (E sin w — sin? w cos? w) :
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In conclusion, we obtain that

a2

Qk(
1
+a(k — 1)(k* cos® w + sin® w) (0032 W=y sin? w)

I =—(cos* w — sin® w)(k? cos® w + sin® w) + %(kQ cos® w + sin® w)

1
+ab(k —1) <% sin? w — sin’ w cos® w> — absin® w. (4.114)
In particular,

1
ab(k —1) (E sin? w — sin? w cos® w> — absin®w

bsin®
~_ ¢ s;{n w(k:g cos? w + sin? w). (4.115)

Combine this with (4.114)), we get

a

I =a(k?* cos® w + sin® w) [Qk: (cos® w — sin® w) g (4.116)
+(k—1) (cos w——sm ) bsm w
Substituting @ = A — k% b=1— X into ({£.116)), one has
I = (A_kQ)(z; k)(l_k)(k%oszw—i—sian). (4.117)
This forces
Crol) = — (A+k) A=Kk (N—k) (4.118)

oA 1+ k) |Y T 2k(\+ k)
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Similarly,

Cgl (CL))

, bk(k — 1) sinw(sin®w — k cos? w)
=—sinw| —
2rA(a+b) (k2 cos? w + sin® w)

(4.119)

n A—1 1 b2 sinw + ak sin w
— =Ty —— sinw + a
2k ? ) 27X\ (a + b) k2 cos?w + sin® w

. A—1 n 1 b2 T COS W
cosw| | ——+r | ———— cosw + a
2k ?) 27A(a+b) k2 cos? w + sin® w

bk(k — 1) cosw(sin®w — k cos? w)
2rA(a+b) (k%cos?w + sin?w)

1 A—1
— ka ]{32 2 202 2 -
27T)\(a—|—b)(k20082w+sin2w)[ (k* cos”w + sin“w) | cos”w o + 17

A—1 abk? ab
— &in? L= _ 2 3 2 v .9
sin w( o r2>> 5 cos” w + roak’ cos® w + 5 sin” w
+ roak sin? w 4 bAk(k — 1) sin? w cos® w + bk(k — 1) sin® w
— bAK*(k — 1) cos* w — bk?(k — 1) sin® w cos? w]

1
"~ 27\(a + b) (k2 cos? w + sin® w)

— g()\ — k) (k — 1)(k? cos® w + sin? w)]

k(O + k)(1 — k) (k* cos® w + sin® w)ry

k(A +k) ()\—1)(/\—15)}
oA+ k) 2T 26O+ k)

In conclusion,

(A—Ek2)(\—k)
[C (w)]1< < ()‘ k) 0 (Tl 2k(A+k) >
Yo SY,as2 T A—1)(A—k
21+ k) |k <r2 ( Zk&(%) )) 0
(4.120)

Since A # 0,1,k* —k and 0 < k < 1, % is nonzero. According to the

Theorem , the coefficient tensor in (4.95)) associated with the system ((4.94))



239

is distinguished if and only if

A —=EH(\—k) A=1(A—=k)
— = 4.121
“ AN+ k) T 2k(N+ k) (4.121)
In particular, if we choose the parameters rq, 79 as
A=K\ —k) A=D1\ —k)
= =1 4.122
T S S T S A R (4122)
then [C.q(w)]1<y,0<2 in (4.120) turns out to be
0 0
Atk (4.123)
21+ k) [k 0

which is nilpotent nonzero matrix for any w € [0, 7). According to the Theorem

F and (E73).

o(Ka; LP(R;)) = {0}, but A is not distinguished coefficient tensor. (4.124)

This provides a counterexample to the Corollary in the absence of sym-

metry and antisymmetry.
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