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ABSTRACT

The topic of this dissertation lies at the interface between the areas of Har-

monic Analysis, Partial Differential Equations, and Geometric Measure The-

ory, with an emphasis on the study of singular integral operators associated

with second and higher order elliptic boundary value problems in non-smooth

domains.

The overall aim of this work is to further the development of a systematic

treatment of second and higher order elliptic boundary value problems using

singular integral operators. This is relevant to the theoretical and numerical

treatment of boundary value problems arising in the modeling of physical phe-

nomena such as elasticity, incompressible viscous fluid flow, electromagnetism,

anisotropic plate bending, etc., in domains which may exhibit singularities at

all boundary locations and all scales. Since physical domains may exhibit as-

perities and irregularities of a very intricate nature, we wish to develop tools

and carry out such an analysis in a very general class of non-smooth domains,

which is in the nature of best possible from the geometric measure theoretic

point of view.

The dissertation will be focused on three main, interconnected, themes:

A. A systematic study of the poly-Cauchy operator in uniformly rectifiable

domains in C;

B. Solvability results for the Neumann problem for the bi-Laplacian in infi-

nite sectors in R2;

C. Connections between spectral properties of layer potentials associated with

second-order elliptic systems and the underlying tensor of coefficients.

Theme A is based on papers [16, 17, 18] and this work is concerned with

the investigation of polyanalytic functions and boundary value problems as-

sociated with (integer) powers of the Cauchy-Riemann operator in uniformly

rectifiable domains in the complex plane. The goal here is to devise a higher-

order analogue of the existing theory for the classical Cauchy operator in which
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the salient role of the Cauchy-Riemann operator ∂ is now played by ∂
m

for

some arbitrary fixed integer m ∈ N. This analysis includes integral representa-

tion formulas, higher-order Fatou theorems, Calderón-Zygmund theory for the

poly-Cauchy operators, radiation conditions, and higher-order Hardy spaces.

Theme B is based on papers [3, 19] and this regards the Neumann problem

for the bi-Laplacian with Lp data in infinite sectors in the plane using Mellin

transform techniques, for p ∈ (1,∞). We reduce the problem of finding the

solvability range of the integrability exponent p for the Lp biharmonic Neu-

mann problem to solving an equation involving quadratic polynomials and

trigonometric functions employing the Mellin transform technique. Addition-

ally, we provide the range of the integrability exponent for the existence of a

solution to the Lp biharmonic Neumann problem in two-dimensional infinite

sectors. The difficulty we are overcoming has to do with the fact that the

Mellin symbol involves hypergeometric functions.

Finally regarding theme C, based on the ongoing work in [2], the emphasis

is the investigation of coefficient tensors associated with second-order elliptic

operators in two dimensional infinite sectors and properties of the correspond-

ing singular integral operators, employing Mellin transform. Concretely, we

explore the relationship between distinguished coefficient tensors and Lp spec-

tral and Hardy kernel properties of the associated singular integral operators.
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CHAPTER 1

Preliminaries

In this chapter, we introduce notation and review a number of definitions

and theorems used in the dissertation.

1.1 Geometric Measure Theory

Throughout, we shall work in R2 ≡ C and we agree that L2 stands for

the two-dimensional Lebesgue measure, while H1 denotes the one-dimensional

Hausdorff measure in R2. For z ∈ R2 and r > 0 we let B(z, r) stand for the

open ball in R2 centered at z with radius r.

Definition 1.1. A closed set Σ ⊆ R2 is called an Ahlfors regular set provided

there exist constants c, C ∈ (0,∞) such that cr ≤ H1
(
B(z, r) ∩ Σ

)
≤ Cr for

all z ∈ Σ and r ∈
(
0, diam Σ

)
.

Definition 1.2. For any Lebesgue measurable set Ω ⊆ R2, denote by ∂∗Ω the

geometric measure theoretic boundary of Ω, defined as

∂∗Ω :=

{
x ∈ ∂Ω : lim sup

r→0+

L2
(
B(x, r) ∩ Ω

)
r2

> 0, (1.1)

lim sup
r→0+

L2
(
B(x, r) \ Ω

)
r2

> 0

}
.
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Definition 1.3. Ω ⊆ R2 is said to be a set of locally finite perimeter provided

it is Lebesgue measurable and H1
(
∂∗Ω∩K

)
<∞ for each compact set K ⊆ R2.

As is apparent from Definition 1.1 and Definition 1.3, any open subset

Ω ⊆ R2 with an Ahlfors regular topological boundary ∂Ω is a set of locally

finite perimeter. Given a set of locally finite perimeter Ω ⊆ R2, a classical

result of E. De Giorgi and H. Federer gives that the characteristic function 1Ω

of Ω satisfies

∇1Ω = −ν
(
H1b∂∗Ω

)
in
[
D′(R2)

]2
, (1.2)

where ν ∈
[
L∞(∂∗Ω,H1)

]2
is a vector field, henceforth referred to as the

geometric measure theoretic (GMT) outward unit normal to Ω, and b denotes

restriction. Also D′(R2) stands for the space of distributions in R2. Hence, if

we abbreviate

σ := H1b∂Ω and σ∗ := H1b∂∗Ω = σb∂∗Ω, (1.3)

we may simply recast (1.2) as ∇1Ω = −νσ∗ in the sense of vector distributions

(cf. [22]) in R2.

The following definition of uniform rectifiability is due to G. David and

S. Semmes (cf., e.g., the discussion in [26]).

Definition 1.4. Σ ⊆ R2 is said to be a uniformly rectifiable set (or UR set,

for short) if Σ is a closed Ahlfors regular set with the property that there exist

constants ε,M ∈ (0,∞) such that for each z ∈ Σ and each R ∈
(
0, 2 diam (Σ)

)
it is possible to find some Lipschitz map ϕ : [0, R] → R2 with ‖ϕ′‖L∞ ≤ M

such that

H1
(
Σ ∩B(z,R) ∩ ϕ([0, R])

)
≥ εR. (1.4)

Also, recall the definition of a UR domain (cf. [11]).

Definition 1.5. An open set Ω ⊆ R2 is called a UR domain provided that ∂Ω

is a UR set and

H1(∂Ω \ ∂∗Ω) = 0. (1.5)
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Given a set Ω ⊆ R2 let

Ω+ := Ω and Ω− := R2 \ Ω, (1.6)

where bar denotes topological closure. It turns out that if Ω is a UR domain

with geometric measure theoretic outward unit normal vector ν then Ω− is

also a UR domain such that ∂∗(Ω−) = ∂∗Ω, ∂(Ω−) = ∂Ω, and whose geometric

measure theoretic outward unit normal is −ν.

The following definitions are due to D. Jerison and C. Kenig in [13]

Definition 1.6. Fix R ∈ (0,∞] and C ∈ (0, 1). An open set Ω ⊆ R2 satisfies

the corkscrew condition if for each x ∈ ∂Ω and r ∈ (0, R) there exists a point

z ∈ Ω with the property that B(z, Cr) ⊆ B(x, r)∩Ω. The point z ∈ Ω is called

a corkscrew point relative to x and r.

Next, we recall the Harnack chain condition.

Definition 1.7. Fix R ∈ (0,∞] and N ∈ N. An open set Ω ⊆ R2 is said

to satisfy the Harnack chain condition provided whenever ε > 0, k ∈ N,

z ∈ ∂Ω, r ∈ (0, R), and x, y ∈ B(z, r/4) ∩ Ω satisfy |x − y| ≤ 2kε and

min {dist (x, ∂Ω), dist (y.∂Ω)} ≥ ε, there exist open balls B1, B2, . . . , BK in

R2 with K ≤ Nk, such that x ∈ B1, y ∈ BK, and Bi ∩ Bi+1 6= ∅ for every

i ∈ {1, . . . , K − 1}, and

N−1 · diam (Bi) ≤ dist (Bi, ∂Ω) ≤ N · diam (Bi), (1.7)

diam (Bi) ≥ N−1 ·min {dist (x,Bi), dist (y,Bi)} , (1.8)

for every i ∈ {1, . . . , K}.

With Definitions 1.7-1.8 in hand, following [13], recall the notion of NTA

domains.

Definition 1.8. Fix R ∈ (0,∞] and N ∈ N. An open, nonempty, proper

subset Ω of R2 is said to be a nontangentially accessible domain (or simply an

NTA domain) if it satisfies the Harnack chain condition, and if both Ω and

R2 \ Ω satisfy the corkscrew condition, with bar denoting topological closure.
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The following definition introduces the nontangentially accessible bound-

ary.

Definition 1.9. For any given nonempty open proper set Ω of R2, the non-

tangentially accessible boundary of Ω is defined as

∂ntaΩ :=
{
x ∈ ∂Ω : x ∈ Γκ(x) for each κ > 0

}
. (1.9)

1.2 Calderón-Zygmund theory and the Diver-

gence Theorem in UR domains

Fix a UR domain Ω ⊆ R2, in the sense of Definition 1.5 and let ν be

the geometric measure theoretic outward unit normal vector and σ be the

surface measure. Let C 1(R2) denote the space of continuously differentiable

functions in R2 and define the tangential derivative ∂τϕ of any given function

ϕ ∈ C 1(R2) as

∂τϕ := ν1

(
∂yϕ
)∣∣∣
∂Ω
− ν2

(
∂xϕ

)∣∣∣
∂Ω
. (1.10)

More generally, we shall say that the tangential derivative of some function

f ∈ Lp(∂Ω, σ) with 1 < p < ∞ exists and belongs to the space Lp(∂Ω, σ) if

one can find a function ∂τf ∈ Lp(∂Ω, σ) with the property that the following

formula (mimicking integration by parts on the boundary) holds:∫
∂Ω

f(∂τϕ) dσ = −
∫
∂Ω

(∂τf)ϕdσ for each ϕ ∈ C 1
c (R2). (1.11)

Above and throughout, Lp(∂Ω, σ) stands for the Lebesgue space of p integrable

functions on ∂Ω with respect to the measure σ, while C 1
c (R2) stands for the

space of continuously differentiable functions with compact support in R2.

Finally, for each p ∈ (1,∞) define the boundary Sobolev space (cf. [11], [23],

[26])

Lp1(∂Ω, σ) :=
{
f ∈ Lp(∂Ω, σ) : ∂τf ∈ Lp(∂Ω, σ)

}
, (1.12)

and equip it with the natural norm ‖f‖Lp1(∂Ω,σ) := ‖f‖Lp(∂Ω,σ) + ‖∂τf‖Lp(∂Ω,σ).
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Next, we introduce the notions of the nontangential maximal operator and

boundary trace. The nontangential approach regions of aperture κ ∈ (0,∞)

are introduced as

Γκ(x0) :=
{
x ∈ Ω : |x− x0| < (1 + κ) dist(x, ∂Ω)

}
for each x0 ∈ ∂Ω. (1.13)

Then the nontangential maximal operator Nκ acts on each L2-measurable

function u : Ω→ R2 according to(
Nκu

)
(x) := ‖u‖L∞(Γκ(x),L2) for each x ∈ ∂Ω, (1.14)

where L∞(Γκ(x), L2) stands for the space of essentially bounded functions on

Γκ(x) with respect to L2. If Ω is an exterior domain, that is Ω is the comple-

ment of a compact subset of R2, it is assumed that the nontangential maximal

operator is truncated. In addition, we agree to denote by
(
u
∣∣κ−n.t.

∂Ω

)
(x0) the

κ-nontangential trace of a given L2-measurable function u : Ω → R2 at the

point x0 ∈ ∂Ω, defined as the vector (which is unique, if it exists) y ∈ R2 with

the property that

for every ε > 0 there exists r > 0 such that

|u(x)− y| < ε for L2-a.e. x ∈ Γκ(x0)∩B(x0, r),
(1.15)

that is, (
u
∣∣κ−n.t.

∂Ω

)
(x0) := lim

Γκ(x0)3x→x0
u(x). (1.16)

The result below, found in [11], regards Calderón-Zygmund theory properties

for singular integral operators of Calderón-Zygmund type in UR domains.

Theorem 1.10. Assume Ω ⊆ R2 is a UR domain with geometric measure

theoretic outward unit normal vector ν and surface measure σ = H1b∂Ω. Fix

an aperture parameter κ ∈ (0,∞) and an integrability exponent p ∈ (1,∞).

Suppose that k ∈ C∞(R2 \ {0}) is an odd and positive homogeneous function

of degree −1. Define the singular integral operator

T f(x) :=

∫
∂Ω

k(x− y)f(y) dσ(y), x ∈ R2 \ ∂Ω. (1.17)
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and for each ε > 0 consider the truncated boundary-to-boundary operator Tε

given by

Tεf(x) :=

∫
∂Ω\B(x,ε)

k(x− y)f(y) dσ(y), x ∈ ∂Ω, (1.18)

and the maximal operator T∗ given by

T∗f(x) := sup
ε>0
|Tεf(x)|, x ∈ ∂Ω. (1.19)

Then the following properties hold:

(1) For each f ∈ Lp(∂Ω, σ) one has∥∥T∗f∥∥Lp(∂Ω,σ)
.
∥∥f‖Lp(∂Ω,σ). (1.20)

(2) For each f ∈ Lp(∂Ω, σ) the limit

Tf(x) := lim
ε→0+

Tεf(x) (1.21)

exists for σ-a.e. point x on ∂Ω and the following jump relation

T f
∣∣∣κ−n.t.

∂Ω±
(x) = ∓

√
−1

2
· k̂(ν(x)) · f(x) + Tf(x) (1.22)

holds for σ-a.e. point on ∂Ω where Ω+ = Ω and Ω− = R2 \ Ω. Here k̂

denotes the Fourier transform of k.

(3) For each f ∈ Lp(∂Ω, σ) one has∥∥Nκ(T f)
∥∥
Lp(∂Ω,σ)

.
∥∥f‖Lp(∂Ω,σ). (1.23)

Another very useful tool is the following Divergence Theorem with non-

tangential traces. This result can be found in [25] in the more general case of

domains in Rn with n ≥ 2 and with a lower Ahlfors regular boundary.

Theorem 1.11. Let Ω ⊆ R2 be a UR domain with outward unit normal vector

ν and surface measure σ = H1b∂Ω. Fix an aperture parameter κ ∈ (0,∞) and
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assume that ~F = (F1, F2) : Ω→ C2 is a vector field with Lebesgue measurable

components, satisfying

~F
∣∣κ−n.t.

∂Ω
exists at σ-a.e. point on ∂Ω, Nκ ~F belongs to the

space L1(∂Ω, σ), and div ~F := ∂1F1 + ∂2F2 ∈ L1(Ω,L2),
(1.24)

where all derivatives are considered in the sense of distribution in Ω.

Then there holds ∫
Ω

div ~F dL2 =

∫
∂Ω

ν ·
(
~F
∣∣κ−n.t.

∂Ω

)
dσ (1.25)

when either Ω is bounded, or ∂Ω is unbounded.

1.3 Second-order elliptic systems in the plane

LetM ∈ N and consider a collection of complex numbersA := (aαβrs ) 1≤r,s≤2
1≤α,β≤M

.

Associated with A, consider the second-order M ×M system in R2, with con-

stant complex coefficients, written as

LAu :=
(
∂r(a

αβ
rs ∂suβ)

)
1≤α≤M (1.26)

when acting on a C 2 vector valued function u = (uβ)1≤β≤M . Here the Einstein

summation convention over repeated indices 1 ≤ r, s ≤ 2 and 1 ≤ β ≤ M is

used.

Given a second-order M ×M system L in R2 and a collection of complex

numbers A := (aαβrs ) 1≤r,s≤2
1≤α,β≤M

, we shall say that A is associated with L, and

write A ∼ L, provided

L = LA, where LA is as in (1.26). (1.27)

In such a case, we shall say that A is a coefficient tensor associated

with L. Denote the collection of all coefficient tensors associated with L by

AL, that is

AL =

{
A = (aαβrs ) 1≤r,s≤2

1≤α,β≤M
: each aαβrs belongs to C and L = LA

}
. (1.28)
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Note that there are infinitely many coefficient tensors associated with the

second-order elliptic operator L. Indeed, let B = (bαβrs ) 1≤r,s≤2
1≤α,β≤M

be a collection

of complex numbers which is antisymmetric in its lower indices, that is,

bαβrs = −bαβsr , for all 1 ≤ α, β ≤M and all 1 ≤ r, s ≤ 2. (1.29)

Then, for each A ∈ AL there holds that A + B := (aαβrs + bαβrs ) 1≤r,s≤2
1≤α,β≤M

also

satisfies A + B ∈ AL. This is since for each α ∈ {1, . . . ,M} there holds that

∂r
(
bαβrs ∂suβ

)
= −∂s

(
bαβsr ∂ruβ

)
, implying that ∂r

(
bαβrs ∂suβ

)
= 0. Ultimately

this gives that LA+B = LA = L, as desired.

Below, let Re denote real part and bar denote complex conjugation.

Definition 1.12. Assume that M ∈ N and fix a second-order M ×M system

L in R2. Call the coefficient tensor A = (aαβrs ) 1≤r,s≤2
1≤α,β≤M

∈ AL positive definite

provided there exists a real number κ > 0 such that

Re 〈Aζ, ζ〉 := Re
(
aαβrs ζ

β
s ζ

r
α

)
≥ κ|ζ|2, ∀ ζ = (ζrα) 1≤r≤2

1≤α≤M
∈ C2×M . (1.30)

Also, call A = (aαβrs ) 1≤r,s≤2
1≤α,β≤M

∈ AL positive semi-definite if

Re 〈Aζ, ζ〉 := Re
(
aαβrs ζ

β
s ζ

r
α

)
≥ 0, ∀ ζ = (ζrα) 1≤r≤2

1≤α≤M
∈ C2×M . (1.31)

For example, consider the 2× 2 Lamé system in R2, given by

Lµ,λu := µ∆u+ (µ+ λ)∇div u (1.32)

where u = (uβ)1≤β≤2 is a C 2 vector valued function, and parameters µ > 0

and λ ∈ R are fixed such that µ+ λ ≥ 0. Then, for each r ∈ C set

aαβjk (r) := µδjkδαβ + (µ+ λ− r)δjαδkβ + rδjβδkα, (1.33)

for 1 ≤ j, k ≤ 2 and 1 ≤ α, β ≤ 2, with δ denoting the Kronecker symbol.

Then, if

A(r) := (aαβjk (r)) 1≤j,k≤2
1≤α,β≤2

where aαβjk (r) is as in (1.33), (1.34)
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there holds that

A(r) ∈ ALµ,λ for each r ∈ C. (1.35)

Next, fix r ∈ C and ζ = (ζrα)1≤r≤2
1≤α≤2

∈ C2×2, and write

Re(〈A(r)ζ, ζ〉) = Re
(
aαβjk (r)ζβk ζ

j
α

)
= µ|ζ|2 + Re

(
(µ+ λ− r)δjαδkβ(ζjαζ

k
β)
)

+ Re
(
rδjβδkα(ζjαζ

k
β)
)

= µ|ζ|2 +
2∑

α,β=1

[
(µ+ λ)Re

(
ζααζ

β
β

)
− Re

(
rζααζ

β
β

)
+ Re

(
rζβαζ

α
β

)]
= µ|ζ|2 + (µ+ λ− Re(r))|Tr(ζ)|2 + Re

(
r · Tr

(
ζ · ζ

))
≥ µ|ζ|2 − (µ+ λ− Re(r))−|Tr(ζ)|2 − |r|

∣∣Tr
(
ζ · ζ

)∣∣ (1.36)

where x− := −min{0, x} is the negative part of x ∈ R, while Tr denotes the

trace operator of matrices in C2×2, and · denotes matrix multiplication. Note

that

|Tr(ζ)| = 〈ζ, I〉F ≤ ||ζ||F ||I||F =
√

2|ζ|, (1.37)

where 〈·, ·〉F is the Frobenius inner product and || · ||F is the Frobenius norm,

defined by setting 〈A,B〉F := Tr(A>B) and ||A||F :=
√
〈A,A〉F , respectively,

for allA,B ∈ C2×2. Here the superscript> indicates transposition. Combining

this with (1.36), we obtain

Re(〈A(r)ζ, ζ〉) ≥ µ|ζ|2 − 2(µ+ λ− Re(r))−|ζ|2 − |r|
∣∣Tr
(
ζ · ζ

)∣∣ . (1.38)

Moreover, using the triangle inequality and the fact that 2ab ≤ a2 + b2 for real

numbers a, b,

∣∣Tr
(
ζ · ζ

)∣∣ ≤ 2∑
α,β=1

|ζβα ||ζαβ | ≤
1

2

2∑
α,β=1

(
|ζβα |2 + |ζαβ |2

)
= |ζ|2. (1.39)

Using this and (1.38) we arrive at

Re(〈A(r)ζ, ζ〉) ≥ (µ− 2(µ+ λ− Re(r))− − |r|)|ζ|2. (1.40)
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Consequently,

the coefficient tensor A(r) from (1.33)-(1.34)

is positive definite whenever (µ− 2(µ+ λ− Re(r))− − |r|) > 0.
(1.41)

Note that, (1.41) is satisfied whenever λ + µ − Re(r) ≥ 0 and |r| < µ, and

that in this case the coefficient tensor A(r) is positive definite with constant

κ = µ− |r|.

Definition 1.13. Assume that M ∈ N and fix a second-order M ×M system

L in R2 with constant, complex coefficients. Let A = (aαβrs ) 1≤r,s≤2
1≤α,β≤M

∈ AL. The

coefficient tensor A is called Legendre-Hadamard elliptic provided there exists

a real number κ > 0 such that the following condition is satisfied:

Re (aαβrs ξrξsηαηβ) ≥ κ|ξ|2|η|2,
∀ ξ = (ξr)1≤r≤2 ∈ R2 and ∀ η = (ηα)1≤α≤M ∈ CM .

(1.42)

Moreover, the coefficient tensor A is called weakly elliptic provided

det
[
(aαβrs ξrξs)1≤α,β≤M

]
6= 0, ∀ ξ = (ξr)1≤r≤2 ∈ R2 \ {0}. (1.43)

Note that the positive definiteness condition implies the Legendre-Hadamard

ellipticity condition. This is readily seen by observing that, given any vectors

ξ = (ξr)1≤r≤2 ∈ R2 and η = (ηα)1≤α≤M ∈ CM , if we consider a complex-valued

matrix ζ = (ζrα) 1≤r≤2
1≤α≤M

∈ C2×M with components ζrα := ξrηα then |ζ| = |ξ||η|.
Next let us also notice that the Legendre-Hadamard ellipticity implies

weakly ellipticity. Indeed, if a coefficient tensor A = (aαβrs ) 1≤r,s≤2
1≤α,β≤M

is Legendre-

Hadamard elliptic, then (1.42) implies that for each ξ = (ξr)1≤r≤2 ∈ R2 \ {0},
the characteristic matrix L(ξ) :=

(
aαβrs ξrξs

)
1≤α,β≤M satisfies

Re
(
〈L(ξ)η, η〉

)
≥ κ|ξ|2|η|2, ∀ η = (ηα)1≤α≤M ∈ CM . (1.44)

This forces for each ξ ∈ R2 \{0}, L(ξ) is positive definite matrix which further

implies that A is weakly elliptic. In summary, for every A ∈ AL we have:

A is positive definite =⇒ A is Legendre-Hadamard elliptic

=⇒ A is weakly elliptic. (1.45)
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Example 1.14. Let r ∈ C and A(r) be as in (1.34), the coefficient tensor of

the Lamé system Lµ,λ from (1.32). Then, straightforward calculations yield

that for each ξ = (ξr)1≤r≤2 ∈ R2 and each η = (ηα)1≤α≤2 ∈ C2, there holds

aαβjk (r)ξjξkηαηβ = µ|ξ|2|η|2 + (µ+ λ)〈ξ, η〉〈ξ, η〉

= µ|ξ|2|η|2 + (µ+ λ)|〈ξ, η〉|2. (1.46)

In particular aαβjk (r)ξjξkηαηβ ∈ R and thus

Re (aαβjk (r)ξjξkηαηβ) = aαβjk (r)ξjξkηαηβ ≥ µ|ξ|2|η|2. (1.47)

This implies that the coefficient tensor A(r) from (1.34) satisfies the Legendre-

Hadamard ellipticity condition for all r ∈ C. From (1.45), A(r) is also weakly

elliptic for all r ∈ C.

The theorem below states the properties of a special fundamental solution

associated with a second-order weakly elliptic differential operator L in R2.

These properties can be found in [30] (cf. also [20]) in Rn for n ≥ 2.

Theorem 1.15. Assume that L is an M ×M weakly elliptic, second-order

system in R2, with complex constant coefficients as in (1.26). Then there

exists a matrix E = (Eαβ)1≤α,β≤M whose entries are tempered distributions in

R2 and such that the following properties hold:

(a) For each α, β ∈ {1, . . . ,M}, there holds that Eαβ ∈ C∞(R2 \ {0}) and

Eαβ(−x) = Eαβ(x) for all x ∈ R2 \ {0}.

(b) If δy stands for Dirac’s delta distribution with mass at y then for each

indices α, β ∈ {1, . . . ,M}, and every x, y ∈ R2,

∂xra
αγ
rs ∂xs [Eγβ(x− y)] =

{
0 if α 6= β,

δy(x) if α = β.
(1.48)

(c) For each α, β ∈ {1, . . . ,M}, one has

Eαβ(x) = Φαβ(x) + cαβ ln |x|, ∀x ∈ R2 \ {0}, (1.49)
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where (cαβ)1≤α,β≤M ∈ CM×M and Φαβ ∈ C∞(R2 \{0}) is a homogeneous

function of degree 0.

(d) For each γ ∈ N2
0 there exists a finite constant Cγ > 0 such that for each

x ∈ R2 \ {0} there holds

|∂γE(x)| ≤

{
Cγ · |x|−|γ| if |γ| > 0 ,

C0(1 + | ln |x||) if |γ| = 0 .
(1.50)

(e) When restricted to R2 \ {0}, the (matrix-valued) distribution Ê is a C∞

function and, with“hat” denoting the Fourier transform in R2,

Ê(ξ) = −
[(
ξrξsa

αβ
rs

)
1≤α,β≤M

]−1

for each ξ ∈ R2 \ {0}. (1.51)

(f) One can assign to each elliptic differential operator L as in (1.26) a

fundamental solution EL which satisfies (a)-(e) above and, in addition,

(EL)> = EL>, where the superscript > denotes transposition.

(g) In the particular case M = 1, i.e., in the situation when L = divA∇
for some matrix A = (ars)1≤r,s≤2 ∈ C2×2, an explicit formula for the

fundamental solution E of L is

E(x) =
1

4π
√

det(Asym)
log(〈(Asym)−1x, x〉) (1.52)

for x ∈ R2 \ {0}. Here, Asym := 1
2

(
A+ A>

)
stands for the symmetric

part of A and log denotes the principal branch of the complex logarithm

function (defined by the requirement that zt = et log z holds for every

z ∈ C \ (−∞, 0] and every t ∈ R).

The following result from [30], describes equivalent properties for coefficient

tensors of a given second-order weakly elliptic system. Throughout S ′(R2) will

stand for the space of tempered distributions in R2.

Proposition 1.16. Let L be a homogeneous, second-order, constant complex

coefficient, weakly elliptic M×M system in R2, and consider the inverse of the



13

characteristic matrix of L, i.e., introduce the matrix-valued function defined

for each ξ ∈ R2 \ {0} as

E(ξ) := (Eγβ(ξ))1≤γ,β≤M := [L(ξ)]−1 ∈ CM×M (1.53)

Also, denote by E = (Eαβ)1≤α,β≤M the fundamental solution associated with

the given system L. Then for each coefficient tensor A = (aαβrs ) 1≤r,s≤2
1≤α,β≤M

∈ AL

the following conditions are equivalent:

(a) For each s, s′ ∈ {1, 2} and each α, γ ∈ {1, . . . ,M} there holds

(xs′a
βα
rs − xsa

βα
rs′)(∂rEγβ)(x) = 0 for all x = (xj)1≤j≤2 ∈ R2 \ {0}.

(1.54)

(b) For each s, s′ ∈ {1, 2} and each α, γ ∈ {1, . . . ,M} there holds

(xs′a
βα
rs − xsa

βα
rs′)(∂rEγβ)(x) = 0 in S ′(R2). (1.55)

(c) For each s, s′ ∈ {1, 2} and each α, γ ∈ {1, . . . ,M} one has[
aβαrs ∂ξs′ − a

βα
rs′∂ξs

]
[ξrEγβ(ξ)] = 0 in S ′(R2). (1.56)

(d) For each s, s′ ∈ {1, 2} and each α, γ ∈ {1, . . . ,M} one has

(aβαs′s − a
βα
ss′ + ξra

βα
rs ∂ξs′ − ξra

βα
rs′∂ξs)Eγβ(ξ) = 0 for all ξ ∈ R2 \ {0}

(1.57)

and also ∫
S1

(aβαrs ξs′ − a
βα
rs′ξs)ξrEγβ(ξ) dH1(ξ) = 0. (1.58)

(e) One has

ξrξs

[
aβαrs′(a

λµ
sj + aλµjs )− aβαrs (aλµs′j + aλµjs′)

]
Eµβ(ξ) + aλαss′ − aλαs′s = 0

for all ξ ∈ S1, all s, s′ ∈ {1, 2}, and all α, λ ∈ {1, . . . ,M},
(1.59)

with the cancellation condition∫
S1

(
aβαrs ξs′ − a

βα
rs′ξs

)
ξrEλβ(ξ) dH1(ξ) = 0

for all s, s′ ∈ {1, 2} and α, λ ∈ {1, . . . ,M}.
(1.60)
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(f) For each ξ ∈ S1 and each α, λ ∈ {1, . . . ,M},

the expression
(
aλµsj + aλµjs

)
Eµβ(ξ)ξsξra

βα
rs′ − a

λα
s′s

is symmetric in the indices s, s′ ∈ {1, 2},
(1.61)

with the condition that for each α, λ ∈ {1, . . . ,M}

the expression

∫
S1

aβαrs ξs′ξrEλβ(ξ) dH1(ξ)

is symmetric in the indices s, s′ ∈ {1, 2}.
(1.62)

(g) There exists a matrix-valued function

k = {kγα}1≤γ,α≤M : R2 \ {0} → CM×M (1.63)

with the property that for each γ, α ∈ {1, . . . ,M} and s ∈ {1, 2} one has

aβαrs (∂rEγβ)(x) = xskγα(x) for all x ∈ R2 \ {0}. (1.64)

(h) For each indices α, γ ∈ {1, . . . ,M} and each vector ξ = (ξs)1≤s≤2 ∈ R2

one has

aβαrs ξs(∂rEγβ)(x) = 0 for each x ∈ 〈ξ〉T \ {0}. (1.65)

We also recall the following definition from [30],

Definition 1.17. Given a second-order, weakly elliptic, homogeneous, M×M
system L in R2, with constant complex coefficients, call

A = (aαβrs ) 1≤r,s≤2
1≤α,β≤M

∈ AL (1.66)

a distinguished coefficient tensor for the system L provided any of the condition

(a)-(h) holds. Also, denote by Adis
L the family of such distinguished coefficient

tensors for L. That is

Adis
L :=

{
A = (aαβrs ) 1≤r,s≤2

1≤α,β≤M
∈ AL :conditions (1.59)-(1.60) hold

for each s, s′ ∈ {1, 2} and α, λ ∈ {1, . . . ,M}
}
. (1.67)
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The following two propositions, again from [30], address the existence and

uniqueness of distinguished coefficient tensors under different type of ellipticity

assumptions.

Proposition 1.18. Let M ∈ N and consider a homogeneous, second-order,

constant complex coefficient, M×M system L in R2 which satisfies the Legendre-

Hadamard ellipticity condition. Then #Adis
L ≤ 1, i.e. Adis

L is either empty or

a singleton.

Proposition 1.19. Let M ∈ N and consider a weakly elliptic, homogeneous,

second-order, constant complex coefficient, M × M system L in R2. Then,

with > denoting transposition,

Adis
L> 6= ∅ =⇒ #Adis

L ≤ 1. (1.68)

Let us consider the case of the Laplacian in R2. We may write

∆ = aij(r)∂i∂j, (1.69)

where for any r ∈ C, the coefficient tensor A∆(r) := (aij(r))1≤i,j≤2 is given by

A∆(r) :=

(
1 r

−r 1

)
. (1.70)

Then A∆(r) is positive definite for any r ∈ C. Based on direct calculations,

for each k, k′ ∈ {1, 2} and for each x = (xj)1≤j≤2 ∈ R2 \ {0} there holds

(xk′ajk(r)− xkajk′(r))(∂rE)(x)

=(x2 − rx1)
1

2π

x1

|x|2
+ (−rx2 − x1)

1

2π

x2

|x|2

=− r

2π
, (1.71)

where E is the fundamental solution for ∆ in R2. According to (1.54),

A∆(r) is a distinguished coeffocient tensor for ∆ if and only if r = 0. (1.72)
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As another example, consider the weakly elliptic complex Lamé system in

R2 with Lamé moduli µ, λ ∈ C, i.e.

Lµ,λ := µ∆ + (µ+ λ)∇ div with µ 6= 0 and 2µ+ λ 6= 0. (1.73)

As mentioned in (1.33), the coefficient tensor ALµ,λ(r) = (aαβjk (r)) 1≤j,k≤2
1≤α,β≤2

is

given by

aαβjk (r) := µδjkδαβ + (µ+ λ− r)δjαδkβ + rδjβδkα, (1.74)

for any r ∈ C. According to [30],

Adis
Lµ,λ
6= ∅ ⇐⇒ 3µ+ λ 6= 0. (1.75)

Moreover, if 3µ+ λ 6= 0, then

ALµ,λ(r) ∈ Adis
Lµ,λ

⇐⇒ r =
µ(µ+ λ)

3µ+ λ
. (1.76)
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CHAPTER 2

The Poly-Cauchy Operator in

UR Domains in the Complex

Plane

In this chapter we establish a higher-order analogue of the existing theory

for the classical Cauchy operator, in which the salient role of the Cauchy-

Riemann operator ∂ is now played by natural powers of this operator. This

analysis is carried out in a very general class of domains and a central role will

be played by integral representation formulas, jump relations and higher-order

Fatou-type theorems.

2.1 The classical Cauchy operator

In this section, we recall the classical Cauchy singular integral operator

and review its important properties which will be then generalized in the

higher-order setting throughout this dissertation. We shall continue to work

in R2 ≡ C in the class of UR domains introduced in Definition 1.5.

The first order of business is to recall the complex arc-length on the geo-

metric measure theoretic boundary of a set Ω ⊆ R2 of locally finite perimeter,
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defined as

dζ := iν dσ∗ = iν dσb∂∗Ω. (2.1)

In addition, bring in the operators ∂ and ∂ which are, respectively, the Cauchy-

Riemann operator and its complex conjugate, given by

∂z = ∂z = ∂ := 1
2
(∂x + i∂y) and ∂z = ∂ := 1

2
(∂x − i∂y). (2.2)

For an open set of locally finite perimeter Ω ⊆ R2 ≡ C, define the action of

the boundary-to-domain Cauchy operator on any function f ∈ L1
(
∂∗Ω,

σ(ζ)
1+|ζ|

)
at any point z ∈ Ω as

(C f) (z) :=
1

2πi

∫
∂∗Ω

f(ζ)

ζ − z
dζ =

1

2π

∫
∂∗Ω

f(ζ)

ζ − z
ν(ζ) dσ(ζ), (2.3)

where ν denotes the GMT outward unit normal to Ω. In the same geometric

setting, define the action of the boundary-to-boundary Cauchy operator on

each function f ∈ L1
(
∂∗Ω,

σ(ζ)
1+|ζ|

)
as

(Cf) (z) := lim
ε→0+

1

2πi

∫
ζ∈∂∗Ω
|ζ−z|>ε

f(ζ)

ζ − z
dζ = lim

ε→0+

1

2π

∫
ζ∈∂∗Ω
|ζ−z|>ε

f(ζ)

ζ − z
ν(ζ) dσ(ζ), (2.4)

for σ-a.e. point z ∈ ∂∗Ω. Note that the integrals in (2.3) are absolutely

convergent, so C f is well defined for each function f ∈ L1
(
∂∗Ω,

σ(ζ)
1+|ζ|

)
and,

in fact, ∂ (C f) ≡ 0 in Ω. Thus, if O(Ω) denotes the space of holomorphic

functions in Ω, we have

C f ∈ O(Ω) for each f ∈ L1
(
∂∗Ω,

σ(ζ)
1+|ζ|

)
. (2.5)

Since ∂∗Ω is countably rectifiable (according to a classical result of De Giorgi-

Federer), it turns out that the boundary-to-boundary Cauchy operator is

also well defined when acting on functions from the weighted Lebesgue space

L1
(
∂∗Ω,

σ(ζ)
1+|ζ|

)
. See [28] for details, where more information on the size, reg-

ularity, and boundary behavior of those objects may be found.

The result below, found in [28] (cf. also [25]), deals with the nontangential

behavior of the Cauchy operator and related matters.



19

Theorem 2.1. Assume Ω ⊆ R2 is a UR domain. Fix an aperture parameter

κ ∈ (0,∞) and an integrability exponent p ∈ (1,∞). Then the following

properties hold:

(1) [Fatou Theorem and Integral Representation Formula] For each holo-

morphic function u ∈ O(Ω) with Nκu ∈ Lp(∂Ω, σ) the κ-nontangential

trace
(
u
∣∣κ−n.t.

∂Ω

)
(z) is meaningfully defined at σ-a.e. point z ∈ ∂Ω, the

function u
∣∣κ−n.t.

∂Ω
belongs to Lp(∂Ω, σ), and (also assuming u(z) = o(1) as

z →∞ if Ω is an exterior domain) one has

u = C
(
u
∣∣κ−n.t.

∂Ω

)
in Ω. (2.6)

(2) [Jump Relation] If I denotes the identity operator then, for f ∈ Lp(∂Ω, σ),

(C f)
∣∣κ−n.t.

∂Ω
=
(

1
2
I + C

)
f at σ-a.e. point on ∂Ω. (2.7)

(3) [Size Estimate] For each f ∈ Lp(∂Ω, σ) one has∥∥Nκ(C f)
∥∥
Lp(∂Ω,σ)

. ‖f‖Lp(∂Ω,σ). (2.8)

(4) [Boundedness and Involution Property] The operator C is bounded from

the space Lp(∂Ω, σ) into itself, that is, for any f ∈ Lp(∂Ω, σ) one has

Cf ∈ Lp(∂Ω, σ) and

‖Cf‖Lp(∂Ω,σ) . ‖f‖Lp(∂Ω,σ). (2.9)

In addition,

C2 = 1
4
I as operators on Lp(∂Ω, σ). (2.10)

(5) [Regularity] For each f ∈ Lp1(∂Ω, σ) one has∥∥Nκ(∇C f)
∥∥
Lp(∂Ω,σ)

. ‖f‖Lp1(∂Ω,σ). (2.11)

Also, the boundary-to-boundary Cauchy operator C is continuous from

the boundary Sobolev space Lp1(∂Ω, σ) into itself, i.e., for each function

f ∈ Lp1(∂Ω, σ) one has Cf ∈ Lp1(∂Ω, σ) and

‖Cf‖Lp1(∂Ω,σ) . ‖f‖Lp1(∂Ω,σ). (2.12)
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Next, we turn our attention to holomorphic Hardy spaces and the behavior

of the Cauchy operators in this context. Assume Ω ⊆ R2 ≡ C is a UR domain.

In particular, (1.5) implies that ν, the geometric measure theoretic outward

unit normal vector to Ω, is well-defined σ-a.e. on ∂Ω.

Given a UR domain Ω ⊆ C, recall Ω− from (1.6). Fix κ ∈ (0,∞) and

p ∈ (1,∞) and recall the domain Hardy spaces defined by setting

Hp(Ω±) :=

{
u ∈ O (Ω±) : Nκu ∈ Lp(∂Ω, σ), and also u(z) = O (|z|−1)

as |z| → ∞ in the case when Ω± is an exterior domain

}
(2.13)

equipped with the norm ‖Nκu‖Lp(∂Ω,σ). Note that (cf. [28]) the definition of

Hp(Ω±) does not depend on the aperture parameter κ ∈ (0,∞).

We recall next the Fatou Theorem from [28].

Theorem 2.2. Let Ω ⊆ C be a UR domain and fix p ∈ (1,∞). For each

u ∈ Hp(Ω±) there exists u
∣∣∣κ-n.t.
∂Ω

at σ-a.e. point on ∂Ω and u
∣∣∣κ-n.t.
∂Ω

∈ Lp(∂Ω, σ).

Going further, define the boundary Hardy spaces by setting

Hp
±(∂Ω, σ) :=

{
f ∈ Lp(∂Ω, σ) : f = u

∣∣∣κ-n.t.

∂Ω
for some u ∈ Hp(Ω±)

}
(2.14)

Thanks to Theorem 2.2, it follows that the boundary Hardy spaces Hp
±(∂Ω, σ)

are well-defined subspaces of Lp(∂Ω, σ). According to the Calderón Decompo-

sition Theorem (see [29]), Hp
±(∂Ω, σ) are closed subspaces of Lp(∂Ω, σ) and

Lp(∂Ω, σ) = Hp
+(∂Ω, σ)⊕Hp

−(∂Ω, σ). (2.15)

Introduce next

P± := 1
2
I ± C, (2.16)

and note that since C2 = 1
4
I on Lp(∂Ω, σ), there holds that

P+ + P− = I and P 2
± = P± on Lp(∂Ω, σ), (2.17)

i.e., P± are complementary projections of Lp(∂Ω, σ). Moreover,

ImP± = Hp
±(∂Ω, σ) and KerP± = Hp

∓(∂Ω, σ). (2.18)



21

In addition, C± : Lp(∂Ω, σ) → Hp(Ω±) are well-defined, linear, bounded, and

surjective where C± are versions of C relative to Ω±. Moreover, the boundary-

to-domain Cauchy operators C : Hp
±(∂Ω, σ) → Hp(Ω±) from the boundary

Hardy spaces into the domain Hardy spaces are isomorphisms.

We next introduce holomorphic regular Hardy spaces (with integrability

exponent p ∈ (1,∞) and parameter κ ∈ (0,∞) fixed, as at the beginning of

this discussion)

Hp
1(Ω±) :=

{
u ∈ O(Ω) : Nκu, Nκ (∇u) ∈ Lp(∂Ω, σ) and also

u(z) = O(|z|−1) as |z| → ∞ when Ω± is an exterior domain

} (2.19)

equipped with the norm ‖Nκ‖Lp(∂Ω,σ) + ‖Nκ (∇u) ‖Lp(∂Ω,σ). Also, the regular

analogue of boundary holomorphic Hardy space is defined by

Hp
1,±(∂Ω, σ) :=

{
f ∈ Lp1(∂Ω, σ) : f = u

∣∣∣κ-n.t.

∂Ω
for some u ∈ Hp

1(Ω±)

}
.

(2.20)

As stated in [29], the spaces Hp
1,±(∂Ω, σ) are well-defined closed subspaces of

Lp1(∂Ω, σ). Then this brand of Hardy spaces satisfies similar properties of those

enjoyed by the usual Hardy spaces.

2.2 The fundamental solution of ∂
m

Throughout this section fix m ∈ N. Let us identify each z = x + iy ∈ C
with x, y ∈ R with the pair (x, y) ∈ R2. Then, using (2.2) we may write

∆ = 4∂∂ = 4∂∂ and ∆m = 4m∂
m
∂m = 4m∂m∂

m
. (2.21)

Let Γ∆m be the canonical, radial fundamental solution for ∆m in R2 ≡ C from

[[22], Theorem 7.28], for the choice n = 2. That is, for each point z ∈ C \ {0}

Γ∆m(z) :=
1

2π · 4m−1[(m− 1)!]2
· |z|2m−2 · ln |z|. (2.22)
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Note that |z|2m−2 · ln |z| can be written as (z)m−1zm−1 · 1
2

ln(z · z). If we define

Em : C \ {0} −→ C by setting

Em(z) := 4m∂mΓ∆m(z), ∀ z ∈ C \ {0}. (2.23)

Then, in the sense of distributions in R2 we may write

∂
m
Em = 4m∂

m
∂mΓ∆m = ∆mΓ∆m = δ, (2.24)

where δ stands for the Dirac delta distribution with mass at the origin, showing

that that

Em in (2.23) is a fundamental solution of the operator ∂
m

in C. (2.25)

Theorem 2.3. Fix m ∈ N. Then Em : C \ {0} −→ C defined in (2.23)

satisfies

Em(z) =
1

π(m− 1)!

(z)m−1

z
, for z ∈ C \ {0}. (2.26)

Proof. Fix m ∈ N, z ∈ C \ {0}, and introduce the constant

cm :=
2

π[(m− 1)!]2
. (2.27)

Since ∂z = 0, according to (2.22) and the remark below it, we may write

4m∂Γ∆m(z) = cm(z)m−1zm−2
{

(m− 1) ln |z|+ 1
2

}
. (2.28)

In particular, if m = 1 there holds c1 = 2/π and

E1(z) = 4∂Γ∆(z) =
1

π · z
, (2.29)

proving (2.26) when m = 1.

If m ≥ 2, applying the operator ∂m−1 to both sides of (2.29) gives

Em(z) = 4m∂mΓ∆m(z) = cm(z)m−1(m− 1)!
1

2z
, (2.30)

which, together with (2.27), implies (2.26), completing the proof of Theo-

rem 2.3.



23

Combining (2.25) and Theorem 2.3 we obtain that

C \ {0} 3 z 7→ 1

π(m− 1)!

(z)m−1

z

is a radial fundamental solution of the operator ∂
m

in C.
(2.31)

Remark. An alternative proof of (2.31) is by induction on m, starting

with the fundamental solution of the Cauchy-Riemann operator z 7→ 1
πz

in C
(see e.g. [[22], Theorem 7.43]). Thus

∂

(
1

πz

)
= δ (2.32)

in the sense of distribution. This further implies

∂
2
(
z · 1

πz

)
= ∂

(
1

πz
+ z · δ

)
= δ, (2.33)

showing that C \ {0} 3 z 7→ z
πz

is a fundamental solution for ∂
2

in C. Going

further,

∂
3
(
z2

2
· 1

πz

)
= ∂

2
(
z · 1

πz
+
z2

2
· δ
)

= δ, (2.34)

etc.

2.3 The poly-Cauchy operator

Throughout this section we shall fix m ∈ N, and we shall assume that the

domain Ω ⊆ R2 ≡ C is an Ahlfors regular domain with compact boundary

and we shall denote its geometric measure theoretic outward unit normal by

ν = (ν1, ν2) and the surface measure H1b∂Ω by σ. Fix z0 ∈ Ω and observe

that for each function u ∈ C∞(Ω) which is polyanalytic of order m in Ω (i.e.

∂
m
u = 0 in Ω) there holds

E ′(Ω)

〈
Em(· − z0), ∂

m
u
〉

E (Ω)
= 0, (2.35)

where Em is the fundamental solution of ∂
m

from (2.26), and L2 is the

Lebesgue measure in R2.
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Starting from (2.35) and using the integration by parts formula from [25]

(cf. also [26]) we may write

0 = E ′(Ω)

〈
Em(· − z0), ∂

m
u
〉

E (Ω)
(2.36)

= −E ′(Ω)

〈
(∂Em)(· − z0), ∂

m−1
u
〉

E (Ω)
+ 1

2

∫
∂Ω

Em(· − z0)(∂
m−1

u)ν dσ

= −E ′(Ω)

〈
(∂Em)(· − z0), ∂

m−1
u
〉

E (Ω)
+ 1

2i

∫
∂Ω

Em(· − z0)(∂
m−1

u) dζ,

where dζ := iν dσ is the complex arclength on ∂Ω. Integrating by parts again

in the first term on the last line of (2.36), appealing again to [25], we obtain

0 =(−1)2
E ′(Ω)

〈
(∂

2
Em)(· − z0), ∂

m−2
u
〉

E (Ω)
(2.37)

+
1

2i

∫
∂Ω

Em(· − z0)(∂
m−1

u) dζ − 1

2i

∫
∂Ω

(∂Em)(· − z0)(∂
m−2

u) dζ.

Repeating the integration by parts process in this manner, we eventually end

up with

0 =(−1)mE ′(Ω)

〈
(∂

m
Em)(· − z0)u

〉
E (Ω)

+
m−1∑
k=0

(−1)k

2i

∫
∂Ω

(∂
k
Em)(ζ − z0)(∂

m−1−k
u)(ζ) dζ. (2.38)

Since Em is the fundamental solution for ∂
m

,

E ′(Ω)

〈
(∂

2
Em)(· − z0), ∂

m−2
u
〉

E (Ω)
= u(z0), (2.39)

and substituting this back into (2.38), we get

u(z0) =
m−1∑
k=0

(−1)m+1+k

2i

∫
∂Ω

(∂
k
Em)(ζ − z0)(∂

m−1−k
u)(ζ) dζ, (2.40)

or equivalently

u(z0) =
m−1∑
k=0

(−1)k

2i

∫
∂Ω

(∂
m−1−k

Em)(ζ − z0)(∂
k
u)(ζ) dζ. (2.41)

Differentiating in (2.26), for each k ∈ {0, . . . ,m− 1} there holds

(∂
m−1−k

Em)(z) =
zk

k!
· 1

πz
∀z ∈ C \ {0}. (2.42)
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Combining this with (2.41), we obtain that

u(z0) =
m−1∑
k=0

1

2πi

∫
∂Ω

(z0 − ζ)k

k!(ζ − z0)
(∂

k
u)(ζ) dζ. (2.43)

In summary, formula (2.43) shows that one is able to recover the polyanalytic

function u ∈ C∞(Ω) from the restriction to the boundary of the partial deriva-

tives ∂
k
u for k ∈ {0, . . . ,m− 1} in the geometric context of bounded Ahlfors

regular domains in C.

Our next order of business is to define Lebesgue and Sobolev based spaces

of complex Whitney arrays. Recall from (1.10) that the tangential derivative

∂τϕ of any given function ϕ ∈ C 1(R2) is defined as

∂τϕ := ν1

(
∂yϕ
)∣∣∣
∂Ω
− ν2

(
∂xϕ

)∣∣∣
∂Ω
, (2.44)

where

ν1 = Re ν =
1

2
(ν + ν), ν2 = Im ν =

1

2i
(ν − ν),

(
∂xϕ

)∣∣∣
∂Ω

=
(
∂ϕ
)∣∣∣
∂Ω

+
(
∂ϕ
)∣∣∣
∂Ω
,
(
∂yϕ
)∣∣∣
∂Ω

=
1

i

((
∂ϕ
)∣∣∣
∂Ω
−
(
∂ϕ
)∣∣∣
∂Ω

)
.

(2.45)

Substituting (2.45) into (2.44), we obtain

∂τϕ = iν
(
∂ϕ
)∣∣∣
∂Ω
− iν

(
∂ϕ
)∣∣∣
∂Ω
. (2.46)

Given a function g ∈ C∞(Ω), define

g(a,b) := (∂a∂
b
g)
∣∣∣
∂Ω
, ∀ a, b ∈ N0. (2.47)

Then

∂τg(a,b) = i
[
ν(∂a+1∂

b
g)
∣∣∣
∂Ω
− ν(∂a∂

b+1
g)
∣∣∣
∂Ω

]
= iνg(a+1,b) − iνg(a,b+1).

(2.48)

Hereafter, keeping in mind (2.48), given p ∈ [1,∞], we say that a family of Lp

functions on ∂Ω

ġ :=
{
g(a,b) : a, b ∈ N0 with a+ b ≤ m− 1

}
(2.49)
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satisfies compatibility conditions in the complex plane, henceforth abbreviated

as CCC provided that

ġ ∈ CCC ⇐⇒


∂τg(a,b) = iνg(a+1,b) − iνg(a,b+1) σ-a.e. on ∂Ω

whenever a+ b ≤ m− 2 and a, b ∈ N0.

(2.50)

Definition 2.4. Let Ω ⊆ R2 be a UR domain and p ∈ [1,∞]. Define the

Lp-based complex Whitney array space by setting

CWAm−1[Lp(∂Ω, σ)] :=
{
ġ = {g(a,b)}a+b≤m−1

a,b∈N0

: ġ ∈ CCC

and g(a,b) ∈ Lp(∂Ω, σ) if a+ b ≤ m− 1
}
, (2.51)

equipped with the norm

‖ġ‖CWAm−1[Lp(∂Ω,σ)] :=
∑
a,b∈N0

a+b≤m−1

‖g(a,b)‖Lp(∂Ω,σ). (2.52)

Similarly, define the complex Sobolev-Whitney array space as follows.

Definition 2.5. Let Ω ⊆ R2 be a UR domain and p ∈ [1,∞]. Define the

complex Sobolev-Whitney array space by setting

CWAm−1[Lp1(∂Ω, σ)] :=
{
ġ = {g(a,b)}a+b≤m−1

a,b∈N0

: ġ ∈ CCC

and g(a,b) ∈ Lp1(∂Ω, σ) if a+ b ≤ m− 1
}
, (2.53)

equipped with the norm

‖ġ‖CWAm−1[Lp1(∂Ω,σ)] :=
∑
a,b∈N0

a+b≤m−1

‖g(a,b)‖Lp1(∂Ω,σ). (2.54)

Inspired by (2.43) we define the poly-Cauchy operator, acting on complex

Whitney array spaces, as follows.

Definition 2.6. Let Ω ⊆ R2 be a UR domain with compact boundary, and fix

an arbitrary integer m ∈ N along with an integrability index p ∈ (1,∞). Define
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the action of the boundary-to-domain poly-Cauchy operator on each Lebesgue

based complex Whitney array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)] as

(
Ċm−1ġ

)
(z) :=

m−1∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(0,k)(ζ) dζ for all z ∈ Ω. (2.55)

The boundary-to-domain poly-Cauchy operator introduced in Definition 2.6

satisfies a number of remarkable properties, on which we wish to elaborate.

First, we have the following Fatou type result and integral representation for-

mula.

Theorem 2.7. Let Ω ⊆ R2 be an arbitrary UR domain, and fix an arbitrary

integer m ∈ N. Pick some aperture parameter κ ∈ (0,∞) along with some

integrability exponent p ∈ (1,∞). Let u be a polyanalytic function of order m

in Ω, i.e., a function u ∈ C∞(Ω) satisfying ∂
m
u = 0 in Ω. Associate with this

polyanalytic function the family of auxiliary functions {uj}0≤j≤m−1 defined, for

each j ∈ {0, 1, . . . ,m− 1}, as

uj(z) :=

m−1−j∑
`=0

(−1)`z̄`

`!
(∂

j+`
u)(z) for each z ∈ Ω. (2.56)

Make the assumption that

Nκuj ∈ Lp(∂Ω, σ) for each j ∈ {0, 1, . . . ,m− 1}, (2.57)

and if Ω is an exterior domain also assume that

uj(z) = o(1) as z →∞, for each j ∈ {0, 1, . . . ,m− 1}. (2.58)

Then for each ` ∈ {0, 1, . . . ,m−1} it follows that the κ-nontangential trace

(∂
`
u)
∣∣∣κ−n.t.

∂Ω
exists at σ-a.e. point on ∂Ω (2.59)

and for each z ∈ Ω one has

u(z) =
1

2πi

∫
∂Ω

m−1∑
k=0

(z − ζ)k

k!(ζ − z)
(∂

k
u)
∣∣κ−n.t.

∂Ω
(ζ) dζ. (2.60)
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Note that Theorem 2.7 is a most natural higher-order generalization of

item (1) in Theorem 2.1 (to which this reduces when m := 1). Here is the

proof of Theorem 2.7.

Proof. We proceed by induction on m. The case m = 1 is contained in Theo-

rem 2.1. To carry out the induction step, assume m ≥ 2 and that all claims in

the statement are valid for polyanalytic functions of order m− 1. Decompose

the given u as

u(z) = w(z) + z̄m−1ω(z) for each z ∈ Ω,

where w(z) := u(z)− z̄m−1

(m−1)!
(∂

m−1
u)(z) and

ω(z) := 1
(m−1)!

(∂
m−1

u)(z) for each z ∈ Ω.

(2.61)

Then ω ∈ O(Ω) and since ω = 1
(m−1)!

um−1, we conclude from (2.57)-(2.58)

(corresponding to j := m−1) that Nκω ∈ Lp(∂Ω, σ) and ω vanishes at infinity

if Ω is an exterior domain. As such, all conclusions in item (1) of Theorem 2.1

apply to ω. In terms of u, these imply that

(∂
m−1

u)
∣∣∣κ−n.t.

∂Ω
exists at σ-a.e. point on ∂Ω (2.62)

and for each z ∈ Ω we have

(∂
m−1

u)(z) =
1

2πi

∫
∂Ω

1

ζ − z
(∂

m−1
u)
∣∣κ−n.t.

∂Ω
(ζ) dζ. (2.63)

In addition, (2.61) implies that w ∈ C∞(Ω) satisfies ∂
m−1

w = 0 (hence w

is a polyanalytic function of order m − 1 in Ω) and, for each j, ` ∈ N0 with

j + ` ≤ m− 2,

(∂
j+`
w)(z) = (∂

j+`
u)(z)− z̄m−1−j−`

(m− j − `− 1)!
(∂

m−1
u)(z) for each z ∈ Ω.

(2.64)

This may be used to compute the auxiliary functions associated with w as in
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(2.56). Specifically, for each j ∈ {0, 1, . . . ,m− 2} we have

wj(z) =

m−2−j∑
`=0

(−1)`z̄`

`!
(∂

j+`
w)(z)

=

m−2−j∑
`=0

(−1)`z̄`

`!
(∂

j+`
u)(z)

−
(m−2−j∑

`=0

(−1)`

`!(m− j − `− 1)!

)
z̄m−1−j(∂

m−1
u)(z)

=

m−2−j∑
`=0

(−1)`z̄`

`!
(∂

j+`
u)(z)−

( 1

(m− 1− j)!
·
(
(−1) + 1

)m−1−j

− (−1)m−1−j

(m− 1− j)!

)
z̄m−1−j(∂

m−1
u)(z)

=

m−1−j∑
`=0

(−1)`z̄`

`!
(∂

j+`
u)(z) = uj(z) for each z ∈ Ω. (2.65)

In concert with assumptions (2.57)-(2.58) this guarantees that, for each

index j ∈ {0, 1, . . . ,m − 2}, we have Nκwj ∈ Lp(∂Ω, σ) and wj vanishes at

infinity if Ω is an exterior domain. As such, by the induction hypothesis,

(2.62), and (2.64) with j := 0 it follows that for each ` ∈ {0, 1, . . . ,m− 2} the

κ-nontangential trace

(∂
`
u)
∣∣∣κ−n.t.

∂Ω
exists at σ-a.e. point on ∂Ω (2.66)

(which, together with (2.62), takes care of (2.59)), and for each z ∈ Ω we have

w(z) =
1

2πi

∫
∂Ω

m−2∑
k=0

(z − ζ)k

k!(ζ − z)
(∂

k
w)
∣∣κ−n.t.

∂Ω
(ζ) dζ (2.67)

=
1

2πi

∫
∂Ω

m−2∑
k=0

(z − ζ)k

k!(ζ − z)

[
(∂

k
u)
∣∣κ−n.t.

∂Ω
(ζ)− ζ̄m−1−k

(m− k − 1)!
(∂

m−1
u)
∣∣κ−n.t.

∂Ω
(ζ)
]
dζ.
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Hence, using (2.61), (2.63), and (2.67), we may write

u(z) = w(z) +
z̄m−1

(m− 1)!
(∂

m−1
u)(z)

=
1

2πi

∫
∂Ω

m−2∑
k=0

(z − ζ)k

k!(ζ − z)

[
(∂

k
u)
∣∣κ−n.t.

∂Ω
(ζ)− ζ̄m−1−k

(m− k − 1)!
(∂

m−1
u)
∣∣κ−n.t.

∂Ω
(ζ)
]
dζ

+
1

2πi

∫
∂Ω

z̄m−1

(m− 1)!(ζ − z)
(∂

m−1
u)
∣∣κ−n.t.

∂Ω
(ζ) dζ, (2.68)

for each z ∈ Ω. Observe that for each z and ζ we have

z̄m−1

(m− 1)!
=

[
(z − ζ) + ζ̄

]m−1

(m− 1)!
=

m−1∑
k=0

(z − ζ)kζ̄m−1−k

k!(m− 1− k)!
. (2.69)

Plugging this back in (2.68) and canceling like-terms yields (2.60). This com-

pletes the proof of Theorem 2.7.

Proposition 2.8. Let Ω ⊆ R2 be a UR domain with compact boundary and

fix p ∈ (1,∞). For any ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)], and any

order r ∈ {0, 1, . . . ,m−1}, the poly-Cauchy operator Ċm−1ġ ∈ C∞(Ω) satisfies

∂
r
(Ċm−1ġ)(z) =

m−1∑
k=r

1

2πi

∫
∂Ω

(z − ζ)k−r

(k − r)!(ζ − z)
g(0,k)(ζ) dζ, for all z ∈ Ω,

(2.70)

and

∂
m

(Ċm−1ġ) = 0 in Ω. (2.71)

Proof. Fix m ∈ N, a parameter r ∈ {0, 1, . . . ,m}, and a complex Whitney

array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)]. Then, using (2.55) and the

Lebesgue Dominated Convergence Theorem,

∂
r
(Ċm−1ġ)(z) =

m−1∑
k=0

1

2πi

∫
∂Ω

∂rz

[
(z − ζ)k

k!(ζ − z)

]
g(0,k)(ζ) dζ. (2.72)
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However, by direct calculation, we get

∂rz

[
(z − ζ)k

k!(ζ − z)

]
=


k · (k − 1) · · · (k − r + 1)(z − ζ)k−r

k!(ζ − z)
if k ≥ r ,

0 if k < r.

(2.73)

This, combined with (2.72) proves (2.70) and (2.71).

In the next proposition we study well-posdenss and boundedness properties

for shift like operators acting on complex Whitney array spaces

Proposition 2.9. Let Ω ⊆ R2 be a UR domain with compact boundary and fix

an index p ∈ [1,∞]. For any parameter s ∈ {1, . . . ,m − 1} and any complex

Whitney array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)], define

ΘI
s(ġ) :=

{
g(a+s,b)

}
a,b∈N0

a+b≤m−1−s
, (2.74)

and

ΘII
s (ġ) :=

{
g(a,b+s)

}
a,b∈N0

a+b≤m−1−s
. (2.75)

Then

ΘI
s : CWAm−1[Lp(∂Ω, σ)]→ CWAm−1−s[L

p(∂Ω, σ)], (2.76)

and

ΘII
s : CWAm−1[Lp(∂Ω, σ)]→ CWAm−1−s[L

p(∂Ω, σ)], (2.77)

are well defined, linear, and bounded.

Proof. We shall proceed to first prove that the operator in (2.76) is well defined,

linear and bounded. To this end, select s ∈ {1, . . . ,m−1} and Lebesgue based

complex Whitney array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)].

For a, b ∈ N0 with a+ b ≤ m− 2− s, since ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CCC, we

have

∂τg(a+s,b) = iνg(a+s+1,b) − iνg(a+s,b+1), (2.78)
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implying that ΘI
s(ġ) ∈ CCC, and ultimately that

ΘI
s(ġ) ∈ CWAm−1−s[L

p(∂Ω, σ)], (2.79)

as the components of the array ġ belong to Lp(∂Ω, σ). This proves that the

operator ΘI
s in (2.76) is well defined, and linearity is immediate. In addition,

‖ΘI
s(ġ)‖CWAm−1−s[Lp(∂Ω,σ)] =

∑
a,b∈N0

a+b≤m−1−s

‖g(a+s,b)‖Lp(∂Ω,σ) (2.80)

≤ ‖ġ‖CWAm−1[Lp(∂Ω,σ)],

where in the inequality above we have used that a+s+ b ≤ m−1. This yields

‖ΘI
s(ġ)‖CWAm−1−s[Lp(∂Ω,σ)] ≤ ‖ġ‖CWAm−1[Lp(∂Ω,σ)], (2.81)

proving the boundedness of the operator ΘI
s from (2.76). Finally, the properties

of the operator ΘII
s from (2.77) are established in a similar fashion. This

finishes the proof of the proposition.

Remark. Note that (2.70) can be equivalently expressed as

∂
r
(Ċm−1ġ)(z) =

m−1−r∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(0,k+r)(ζ) dζ, (2.82)

and observe that the integral expression on the right hand side in (2.82) is

Ċm−1−r
(
ΘII
r (ġ)

)
(z) where ΘII

r (ġ) :=
{
g(a,b+r)

}
a,b∈N0

a+b≤m−1−r
. That is, for each

ġ ∈ CWAm−1[Lp(∂Ω, σ)], with p ∈ (1,∞), there holds

∂
r
(
Ċm−1ġ

)
= Ċm−1−r

(
ΘII
r (ġ)

)
in Ω. (2.83)

Proposition 2.10. Let Ω ⊆ R2 be a UR domain with compact boundary and

fix m ∈ N and an integrability index p ∈ (1,∞). For any Lebesgue based

complex Whitney array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)] there holds

∂(Ċm−1ġ)(z) =
(
Ċm−2

(
ΘI

1(ġ)
))

(z)

− 1

2πi

∫
∂Ω

∂τ(ζ)

[
(z − ζ)m−1

(m− 1)!(ζ − z)

]
g(0,m−1)(ζ) dσ(ζ),

(2.84)
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for each z ∈ Ω. More generally, for all s ∈ {0, 1, . . . ,m− 1},

∂s
(
Ċm−1ġ

)
(z) =

(
Ċm−1−s

(
ΘI
s(ġ)

))
(z) (2.85)

−
s−1∑
j=0

1

2πi

∫
∂Ω

∂τ(ζ)∂
j
z

[
(z − ζ)m−s+j

(m− s+ j)!(ζ − z)

]
g(s−1−j,m−s+j)(ζ) dσ(ζ),

for each z ∈ Ω.

Proof. Using that dζ = iν dσ on ∂Ω, for each z ∈ Ω we have

∂(Ċm−1ġ)(z) =
m−1∑
k=0

i

2πi

∫
∂Ω

ν(ζ)∂z

[
(z − ζ)k

k!(ζ − z)

]
g(0,k)(ζ) dσ(ζ). (2.86)

However, the chain rule yields

∂z

[
(z − ζ)k

k!(ζ − z)

]
= −∂ζ

[
(z − ζ)k

k!(ζ − z)

]
, (2.87)

while

−ν(ζ)∂ζ = (ν(ζ)∂ζ − ν(ζ)∂ζ)− ν(ζ)∂ζ = i∂τ(ζ) − ν(ζ)∂ζ . (2.88)

Using (2.87) and (2.88) in (2.86) we obtain that

∂(Ċm−1ġ)(z) =
m−1∑
k=0

−1

2πi

∫
∂Ω

∂τ(ζ)

[
(z − ζ)k

k!(ζ − z)

]
g(0,k)(ζ) dσ(ζ)

−
m−1∑
k=0

1

2π

∫
∂Ω

∂ζ

[
(z − ζ)k

k!(ζ − z)

]
g(0,k)(ζ)ν(ζ) dσ(ζ)

=
m−2∑
k=0

−1

2πi

∫
∂Ω

∂τ(ζ)

[
(z − ζ)k

k!(ζ − z)

]
g(0,k)(ζ) dσ(ζ)

+

(
−1

2πi

)∫
∂Ω

∂τ(ζ)

[
(z − ζ)m−1

(m− 1)!(ζ − z)

]
g(0,m−1)(ζ) dσ(ζ)

−
m−1∑
k=1

1

2π

∫
∂Ω

(−1)k(z − ζ)k−1

k!(ζ − z)
g(0,k)(ζ)ν(ζ) dσ(ζ).

(2.89)
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Now, let

m−2∑
k=0

−1

2πi

∫
∂Ω

∂τ(ζ)

[
(z − ζ)k

k!(ζ − z)

]
g(0,k)(ζ) dσ(ζ)

+

(
−1

2πi

)∫
∂Ω

∂τ(ζ)

[
(z − ζ)m−1

(m− 1)!(ζ − z)

]
g(0,m−1)(ζ) dσ(ζ)

−
m−1∑
k=1

1

2π

∫
∂Ω

(−1)k(z − ζ)k−1

k!(ζ − z)
g(0,k)(ζ)ν(ζ) dσ(ζ)

:=I + II + III

(2.90)

Since for any parameter k ∈ {0, . . . ,m− 2}, one can write (∂τg(0,k))(ζ) as

iν(ζ)g(1,k)(ζ)− iν(ζ)g(0,k+1)(ζ), and iν dσ = dζ, one obtains

I =
m−2∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(1,k)(ζ) dζ

+
m−2∑
k=0

−1

2π

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(0,k+1)(ζ)ν(ζ) dσ(ζ)

=
m−2∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(1,k)(ζ) dζ − III. (2.91)

This and (2.90) imply that

∂(Ċm−1ġ)(z) =
m−2∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(1,k)(ζ) dζ

− 1

2πi

∫
∂Ω

∂τ(ζ)

[
(z − ζ)m−1

(m− 1)!(ζ − z)

]
g(0,m−1)(ζ) dσ(ζ), (2.92)

for z ∈ Ω. This recurrent formula can be iterated. For example, for each z ∈ Ω

∂2(Ċm−1ġ)(z) =∂
(
Ċm−2

(
ΘI

1(ġ)
))

(z)

− 1

2πi

∫
∂Ω

∂τ(ζ)∂z

[
(z − ζ)m−1

(m− 1)!(ζ − z)

]
g(0,m−1)(ζ) dσ(ζ) (2.93)
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which yields

∂2(Ċm−1ġ)(z) =
(
Ċm−3

((
ΘI

1(ΘI
1(ġ))

)))
(z)

− 1

2πi

∫
∂Ω

∂τ(ζ)

[
(z − ζ)m−2

(m− 2)!(ζ − z)

] (
ΘI

1(ġ)
)

(0,m−2)
(ζ) dσ(ζ)

− 1

2πi

∫
∂Ω

∂τ(ζ)∂z

[
(z − ζ)m−1

(m− 1)!(ζ − z)

]
g(0,m−1)(ζ) dσ(ζ)

=
(
Ċm−3

(
ΘI

2(ġ)
))

(z)

− 1

2πi

∫
∂Ω

∂τ(ζ)

[
(z − ζ)m−2

(m− 2)!(ζ − z)

]
g(1,m−2)(ζ)(ζ) dσ(ζ)

− 1

2πi

∫
∂Ω

∂τ(ζ)∂z

[
(z − ζ)m−1

(m− 1)!(ζ − z)

]
g(0,m−1)(ζ) dσ(ζ),

(2.94)

More generally, if we assume (2.85) for some s ∈ {0, 1, . . . ,m− 2}, one has

∂s+1
(
Ċm−1ġ

)
(z)

=
(
Ċm−1−(s+1)

(
ΘI
s+1(ġ)

))
(z) (2.95)

− 1

2πi

∫
∂Ω

∂τ(ζ)

[
(z − ζ)m−1−s

(m− 1− s)!(ζ − z)

] (
ΘI
s(ġ)

)
(0,m−1−s) (ζ) dσ(ζ)

−
s∑
j=1

1

2πi

∫
∂Ω

∂τ(ζ)∂
j
z

[
(z − ζ)m−s−1+j

(m− s− 1 + j)!(ζ − z)

]
g(s−j,m−s−1+j)(ζ) dσ(ζ)

=
(
Ċm−1−(s+1)

(
ΘI
s+1(ġ)

))
(z)

− 1

2πi

∫
∂Ω

∂τ(ζ)

[
(z − ζ)m−1−s

(m− 1− s)!(ζ − z)

] (
ΘI
s(ġ)

)
(0,m−1−s) (ζ) dσ(ζ)

−
s∑
j=1

1

2πi

∫
∂Ω

∂τ(ζ)∂
j
z

[
(z − ζ)m−1−s+j

(m− 1− s+ j)!(ζ − z)

]
g(s−j,m−1−s+j)(ζ) dσ(ζ).
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Consequently, we get

∂s+1
(
Ċm−1ġ

)
(z) =

(
Ċm−1−(s+1)

(
ΘI
s+1(ġ)

))
(z) (2.96)

− 1

2πi

s∑
j=0

∫
∂Ω

∂τ(ζ)∂
j
z

[
(z − ζ)m−1−s+j

(m− 1− s+ j)!(ζ − z)

]
×

× g(s−j,m−1−s+j)(ζ) dσ(ζ),

which finishes the proof by induction of (2.85).

Corollary 2.11. Let Ω ⊆ R2 be a UR domain with compact boundary and fix

p ∈ (1,∞). For any ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)], ∀ r, s ∈ N0

with r + s ≤ m− 1 we have

∂s∂
r
(
Ċm−1ġ

)
(z) =

m−1−s−r∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(s,k+r)(ζ) dζ

−
s−1∑
j=0

1

2πi

∫
∂Ω

j!

(m− s− r + j)!
× (2.97)

× ∂τ(ζ)

[
(z − ζ)m−s−r+j

(ζ − z)j+1

]
g(s−1−j,m−s+j)(ζ) dσ(ζ),

for each z ∈ Ω. As a corollary of this and the integration by parts on the bound-

ary formula in (1.11) it follows that whenever ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
actually

belongs to the Sobolev-based complex Whitney array space CWAm−1[Lp1(∂Ω, σ)]

then for any pair of numbers r, s ∈ N0 with r + s ≤ m − 1 any point point

z ∈ Ω one has

∂s∂
r
(
Ċm−1ġ

)
(z) =

m−1−s−r∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(s,k+r)(ζ) dζ

+
s−1∑
j=0

1

2πi

∫
∂Ω

j!

(m− s− r + j)!
× (2.98)

× (z − ζ)m−s−r+j

(ζ − z)j+1

(
∂τg(s−1−j,m−s+j)

)
(ζ) dσ(ζ).
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Proof. Together, (2.83) and (2.85) give ∀ r, s ∈ N0 with r + s ≤ m− 1,

∂s∂
r
(
Ċm−1ġ

)
(z) =

(
Ċm−1−s−r

((
ΘII
r (ΘI

s(ġ))
)))

(z) (2.99)

−
s−1∑
j=0

1

2πi

∫
∂Ω

∂τ(ζ)∂z
r
∂jz

[
(z − ζ)m−s+j

(m− s+ j)!(ζ − z)

]
×

× g(s−1−j,m−s+j)(ζ) dσ(ζ)

=
(
Ċm−1−s−r

(
ΘII
r (ΘI

s(ġ))
))

(z)

−
s−1∑
j=0

1

2πi

∫
∂Ω

∂τ(ζ)∂
j
z

[
1

(m− s− r + j)!

(z − ζ)m−s−r+j

(ζ − z)

]
×

× g(s−1−j,m−s+j)(ζ) dσ(ζ),

where ΘII
r (ΘI

s(ġ)) =
{
g(a+s,b+r)

}
a,b∈N0

a+b≤m−1−s−r
. Since ∂jz

[
1
ζ−z

]
= j!

(ζ−z)j+1 , this

finishes the proof of the Corollary 2.11.

The point of the next theorem is that our boundary-to-domain poly-Cauchy

operator acting on complex Whitney array spaces can absorb m−1 derivatives

without becoming hyper-singular.

Theorem 2.12. Let Ω ⊆ R2 be a UR domain with compact boundary. Fix an

arbitrary integer m ∈ N and select an integrability exponent p ∈ (1,∞). Then

for any array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)] it follows that

Ċm−1ġ ∈ C∞(Ω) and ∂
m

(Ċm−1ġ) = 0 in Ω, (2.100)

hence Ċm−1ġ is a well-defined polyanalytic function of order m in Ω.

2.4 Space of polyanalytic functions

In this section, we investigate a space of polyanalytic functions of order

m ∈ N and the radiation condition of the poly-Cauchy operator. We also

provide a couple of counterexamples to the classical Fatou theorem and the

maximum principle for polyanalytic functions of orderm withm > 1. Consider
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a nonempty open set Ω ⊆ R2 ≡ C, and m ∈ N. Define a space of polyanalytic

functions of order m in Ω, denoted by PAm(Ω), i.e.,

PAm(Ω) :=
{
u : Ω→ C : u ∈ C∞(Ω) and ∂

m
u ≡ 0 in Ω

}
. (2.101)

Lemma 2.13. Let m ∈ N and PAm(Ω) is the space of polyanalytic functions

of order m in Ω as in (2.101). Then we have the following properties about

the polyanalytic functions in Ω.

1. Let a, b ∈ N. For u ∈ PAa(Ω), v ∈ PAb(Ω), u · v ∈ PAa+b−1(Ω).

2. In particular, if u ∈ PAm(Ω), v ∈ O(Ω) then u · v ∈ PAm(Ω). In other

words, PAm(Ω) is a module over O(Ω).

3. Let m ∈ N. Since 1, z, z2, . . . , zm−1 ∈ PAm(Ω), for holomorphic func-

tions h0, h1, . . . , hm−1 ∈ O(Ω),

m−1∑
j=0

zjhj(z) ∈ PAm(Ω). (2.102)

Proof. Fix a, b ∈ N and u ∈ PAa(Ω), v ∈ PAb(Ω). Using ∂
`
u = 0 for ` ≥ a

and Leibniz rule, we have

∂
a+b−1

(u · v) =
a+b−1∑
j=0

(a+ b− 1)!

j!(a+ b− 1− j)!
(∂

j
u)(∂

a+b−1−j
v)

=
a−1∑
j=0

(a+ b− 1)!

j!(a+ b− 1− j)!
(∂

j
u)(∂

a+b−1−j
v). (2.103)

Observe that if 0 ≤ j ≤ a − 1 then −a + 1 ≤ −j ≤ 0 which further implies

b ≤ a + b − 1 − j ≤ a + b − 1. Combining (2.103) with ∂
k
v = for k ≥ b, we

conclude that

∂
a+b−1

(u · v) = 0. (2.104)

This proves the first item. Moving on, consider u ∈ PAm(Ω), v ∈ O(Ω).

Applying the Leibniz rule again and ∂
j
v = 0 for all j ≥ 1 from v ∈ O(Ω), we
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obtain

∂
m

(u · v) =
m∑
j=0

m!

j!(m− j)!
(∂

m−j
u)(∂

j
v)

=∂
m
u

=0.

(2.105)

This shows the second item in the lemma. Finally, the last item automatically

comes from the second item which finishes the proof.

Let u ∈ PAm(Ω). Define the family of auxiliary functions {uj}0≤j≤m−1

associated with given polyanalytic function u of order m in Ω where for each

index j ∈ {0, 1, . . . ,m− 1},

uj(z) :=

m−1−j∑
`=0

(−1)`z`

`!

(
∂
j+`
u
)

(z) for each z ∈ Ω. (2.106)

Definition 2.14. Let Ω ⊆ R2 be an exterior domain. Let m ∈ N and

u ∈ PAm(Ω). Then u radiates at ∞ provided that each auxiliary function

uj vanishes at ∞ for all j ∈ {0, 1, . . . ,m− 1}, i.e.,

uj(z) = o(1) as z →∞. (2.107)

Lemma 2.15. Let Ω ⊆ R2 be an exterior UR domain and m ∈ N, p ∈ (1,∞).

If ḟ ∈ CWAm−1 [Lp(∂Ω, σ)], then Ċm−1ḟ ∈ PAm(Ω) satisfies the radiation

condition as in the definition 2.14.

Proof. According to (2.82), for r ∈ {0, 1, . . . ,m− 1}

∂
r
(Ċm−1ḟ)(z) =

m−1−r∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
f(0,k+r)(ζ) dζ. (2.108)

This forces for j ∈ {0, 1, . . . ,m− 1}, ` ∈ {0, 1, . . . ,m− 1− j}, z ∈ Ω

∂
j+`

(Ċm−1ḟ)(z) =

m−1−j−`∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
f(0,k+j+`)(ζ) dζ. (2.109)
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In particular, using (2.106) and (2.109), for z ∈ Ω(
Ċm−1ḟ

)
j
(z)

=

m−1−j∑
`=0

(−1)`z`

`!

m−1−j−`∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
f(0,k+j+`)(ζ) dζ

=
1

2πi

m−1−j∑
`=0

m−1−j−`∑
k=0

∫
∂Ω

(−1)`z`

`!

(z − ζ)k

k!(ζ − z)
f(0,k+j+`)(ζ) dζ.

(2.110)

Going further,

m−1−j∑
`=0

m−1−j−`∑
k=0

∫
∂Ω

(−1)`z`

`!

(z − ζ)k

k!(ζ − z)
f(0,k+j+`)(ζ) dζ

=
∑

0≤`≤m−1−j
0≤k≤m−1−j−`

∫
∂Ω

(−1)`z`

`!

(z − ζ)k

k!(ζ − z)
f(0,k+j+`)(ζ) dζ

=

m−1−j∑
r=0

r∑
`=0

∫
∂Ω

(−1)`

`!(r − `)!
(z − ζ)r−`z`

1

(ζ − z)
f(0,r+j)(ζ) dζ, (2.111)

where the last equality follows from substituting k + ` = r. Applying the

binomial theorem, we observe that for r ∈ {0, 1, . . . ,m− 1− j}

r∑
`=0

(−1)`

`!(r − `)!
(z − ζ)r−`z`

=
1

r!

r∑
`=0

r!

`!(r − `)!
(z − ζ)r−`(−z)`

=
1

r!
(−ζ)r. (2.112)

Combining this together with (2.110) and (2.111), we conclude that for each

index j ∈ {0, 1, . . . ,m− 1}, z ∈ Ω

(
Ċm−1ḟ

)
j
(z) =

m−1−j∑
r=0

1

2πi · r!

∫
∂Ω

(−ζ)r

(ζ − z)
f(0,r+j)(ζ) dζ. (2.113)



41

This implies for z ∈ Ω with sufficiently large modulus |z|,∣∣∣∣(Ċm−1ḟ
)
j
(z)

∣∣∣∣ ≤ C(∂Ω,m)

m−1−j∑
r=0

∫
∂Ω

1

|ζ − z|
|f(0,r+j)(ζ)| |dζ|

≤ C(∂Ω,m)

|z|

m−1−j∑
r=0

∫
∂Ω

|f(0,r+j)(ζ)| dσ

≤ C(∂Ω,m, p)

|z|

m−1−j∑
r=0

‖f(0,r+j)‖Lp(∂Ω,σ)

≤ C(∂Ω,m, p)

|z|
‖ḟ‖CWAm−1[Lp(∂Ω,σ)], (2.114)

which shows for j ∈ {0, 1, . . . ,m− 1}, ḟ ∈ CWAm−1 [Lp(∂Ω, σ)](
Ċm−1ḟ

)
j
(z) = o(1) as z →∞. (2.115)

This completes the proof of the lemma.

Next, we introduce a technical lemma to provide a counterexample to the

classical Fatou Theorem for polyanalytic function of order m ∈ N with m > 1.

Lemma 2.16. Let α ∈ N be even number. For θ ∈ [0, 2π),

max
(
| cos(αkθ)|, | cos(αk+1θ)|

)
>

1

2α
. (2.116)

Proof. First of all, (2.116) is equivalent to the following. For θ ∈ [0, 2αkπ),

max (| cos(θ)|, | cos(αθ)|) > 1

2α
. (2.117)

Since the period of | cos(θ)| and | cos(αθ)| are 2π, it is enough to show that

(2.117) holds for θ ∈ [0, 2π]. We first consider when θ ∈ [0, π]. If | cos(θ)| > 1
2α

,

then we are done. Let us assume that | cos(θ)| ≤ 1
2α

. Let α = 2k for k ≥ 1

and cos θ = x. Since θ ∈ [0, π], cos θ is bijective which forces θ = arccos(x).

Then cos(2kθ) = cos(2k arccos(x)) for |x| ≤ 1
4k

where 1
4k

= 1
2α

. Note that the

roots of cos(2k arccos(x)) are

x = cos

(
t+ (1/2)

2k
π

)
, for t = 0, . . . , 2k − 1. (2.118)
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Moreover,

d

dx
cos(2k arccos(x)) = sin(2k arccos(x)) · 2k√

1− x2
. (2.119)

This implies that the points of the extrema of cos(2k arccos(x)) are

x = cos

(
t

2k
π

)
, for t = 0, . . . , 2k. (2.120)

Observe that

| cos(2k arccos(x))| = 1 >
1

4k
for x = cos

(
t

2k
π

)
, (2.121)

where t = 0, . . . , 2k. Moreover,

1

4k
< sin

( π
8k

)
= cos

(
k − (1/4)

2k
π

)
< cos

(
k − (1/2)

2k
π

)
< cos

(
k − 1

2k
π

)
,

(2.122)

where cos
(
k−1
2k
π
)

is the first positive extreme point and cos
(
k−(1/2)

2k
π
)

is the

first positive root of cos(2k arccos(x)). Combining this together with (2.119)-

(2.121), we conclude that

cos(2k arccos(x)) is positive and decreasing from 0 to cos

(
k − (1/2)

2k
π

)
.

(2.123)

Applying this with (2.122), we have

cos

(
2k arccos

(
1

4k

))
> cos

(
2k arccos

(
cos

(
k − (1/4)

2k
π

)))
=

√
2

2
>

1

4k
.

(2.124)

Since arccos(−x) = π − arccos(x) for |x| ≤ 1, cos(2k arccos(x)) is even, thus

cos(2k arccos(x)) >
1

4k
for |x| = 1

4k
. (2.125)

Consequently, cos(2k arccos(x)) > 1
4k

for |x| ≤ 1
4k

. Similarly, for the case when

θ ∈ (π, 2π] (2.125) holds. This finishes the proof of the lemma.

In the following example, we provide a counterexample to the classical

Fatou Theorem in unit disk for polyanalytic function of order m which is

motivated from the Mazalov’s example in [21].
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Example 2.17. Let α ∈ N with α ≥ 2 and m ∈ N with m ≥ 2. Consider a

function uα,m(z) in unit disk B(0, 1) by

uα,m(z) := (1− zz)
∞∑
k=1

αkzα
k

+ zm−1 (2.126)

Then uα,m ∈ PAm(B(0, 1)). In addition, if 1− 1
αN
≤ |z| ≤ 1− 1

αN+1 for N ∈ N,

then

|uα,m(z)| < 2

αN

(
N∑
k=1

αk +
∞∑

k=N+1

αk
(

1− 1

αN+1

)αk)
+ 1

≤ 4 + 2
∞∑
k=1

αke−α
k−1

+ 1

< 5 + 2α.

(2.127)

This shows the function uα,m is bounded in B(0, 1). We claim that uα,m does

not have radial limits at any point on ∂B(0, 1). For more simplicity we denote

(1− zz)
∑∞

k=1 α
kzα

k
by vα(z). Write z ∈ B(0, 1) as z = reiθ where r = |z| < 1

and θ = Arg(z). According to [21], for even α sufficiently large, the function

vα does not have radial limits at any point on ∂B(0, 1). Indeed, the real part

of vα, denoted by fα, is

fα(z) = Re(vα(z)) = (1− r2)
∞∑
k=1

αkrα
k

cos(αkθ). (2.128)

Let α ∈ N be even number. Fix an arbitrary angle θ ∈ [0, 2π).

According to Lemma 2.16, we have

max
(
| cos(αkθ)|, | cos(αk+1θ)|

)
>

1

2α
. (2.129)

Going further, consider the sequences rN = 1− 1
αN

and ρN = 1− logα
αN

. Suppose

that there exists a sequence of indices N such that

| cos(αNθ)| > 1√
α
. (2.130)
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Then we have

|fα(rNe
iθ)|

=

∣∣∣∣∣(1− r2
N)

∞∑
k=1

αk(rN)α
k

cos(αkθ)

∣∣∣∣∣
≥ 1

αN

(
αN(rN)α

N | cos(αNθ)| −
N−1∑
k=1

αk −
∞∑

k=N+1

αk
(

1− 1

αN

)αk
| cos(αkθ)|

)

>
1

αN

(
αN√
α

(
1− 1

αN

)αN
− 1−

∞∑
k=1

αke−α
k−1

)

>
C√
α

(2.131)

for sufficiently large α. Similarly,

|fα(ρNe
iθ)| ≤ (1− ρ2

N)
∞∑
k=1

αk(ρN)α
k | cos(αkθ)|

≤ 2 logα

αN

(
αN
(

1− logα

αN

)αN
+

N−1∑
k=1

αk +
∞∑

k=N+1

αk
(

1− logα

αN

)αk)

≤ 2 logα

α

(
α

(
1− logα

αN

)αN
+ 1 +

∞∑
k=1

αke−α
k logα

)

<
C logα

α
(2.132)

for all α. Combining this with (2.131), we obtain that for sufficiently large α

|fα(rNe
iθ)− fα(ρNe

iθ)| > C√
α
. (2.133)

We are left with the case when

| cos(αkθ)| ≤ 1√
α

(2.134)

for sufficiently large k. Let α be even number. According to (2.116), there

exists N such that

| cos(αN−1θ)| ≤ 1√
α

(2.135)

and
1

2α
< | cos(αNθ)| ≤ 1√

α
. (2.136)
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This implies that

N−1∑
k=1

αkrα
k | cos(αkθ)| < CαN−2

√
α. (2.137)

This forces

|fα(rNe
iθ)| (2.138)

=

∣∣∣∣∣(1− r2
N)

∞∑
k=1

αk(rN)α
k

cos(αkθ)

∣∣∣∣∣
≥ 1

αN

(
αN(rN)α

N | cos(αNθ)| −
N−1∑
k=1

αk −
∞∑

k=N+1

αk
(

1− 1

αN

)αk
| cos(αkθ)|

)

>
1

α

(
1

2

(
1− 1

αN

)αN
− 2

α
−
∞∑
k=1

αke−α
k−1

)

>
C

α
(2.139)

for sufficiently large α and

|fα(ρNe
iθ)| (2.140)

≤ (1− ρ2
N)

∞∑
k=1

αk(ρN)α
k | cos(αkθ)|

≤ 2 logα

αN

(
N−1∑
k=1

αk
(

1− logα

αN

)αk
| cos(αkθ)|+

∞∑
k=N

αk
(

1− logα

αN

)αk)

≤ 2 logα

α

(
C√
α

+
∞∑
k=1

αke−α
k logα

)

<
C logα

α
√
α

for all α. In particular, for sufficiently large even number α

|fα(rNe
iθ)− fα(ρNe

iθ)| > C

α
. (2.141)

This shows that for sufficiently large even number α , the real part of vα does

not have radial limits at any point on ∂B(0, 1). This further implies that

there is no radial limit of vα on ∂B(0, 1). Since uα,m(z) = vα(z) + zm−1 and
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there exists radial limit of zm−1 at every point on ∂B(0, 1), thus uα,m does not

have radial limits at every point on ∂B(0, 1). This provides an example of a

bounded polyanalytic function of order m ≥ 2 in B(0, 1) which does not have

radial limits at any point on ∂B(0, 1).

Next, we provide a counterexample to the classical maximum principle of

analytic function in the case of the polyanalytic function of any order m > 1.

Example 2.18. Let m ∈ N and consider a function um(z) := 1 − (zz)m−1.

Then um ∈ PAm(B(0, 1)). However, for z ∈ ∂B(0, 1),

um(z) = 0, (2.142)

with maxz∈B(0,1) |um(z)| > 0 which contradicts to maximum principle.

2.5 Higher-order Fatou Theorems

In this section we study a couple of Fatou theorems and integral repre-

sentation theorems with different assumption on the domain. The following

theorem provides a reproducing formula for polyanalytic functions in bounded

open sets with Ahlfors regular boundary.

Theorem 2.19. Let Ω ⊆ R2 ≡ C be a bounded open set with Ahlfors regular

boundary. Fix m ∈ N and κ ∈ (0,∞). Abbreviate σ := H 1b∂Ω. Suppose

u ∈ C∞(Ω) is such that ∂
m
u = 0 in Ω with the property that for any order

` ∈ {0, 1, . . . ,m− 1}

Nκ
(
∂
`
u
)
∈ L1(∂Ω, σ) and ∃

(
∂
`
u
) ∣∣∣κ-n.t.

∂Ω
at σ-a.e. point on ∂Ω. (2.143)

Then for any z ∈ Ω there holds

u(z) =
m−1∑
k=0

1

2πi

∫
∂∗Ω

(z − ζ)k

k!(ζ − z)

(
∂
k
u
) ∣∣∣κ-n.t.

∂Ω
(ζ) dζ. (2.144)
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Proof. Fix z ∈ Ω. Let us consider two functions F1, F2 in Ω given by

F1 :=
1

2

m−1∑
k=0

(−1)m+1+k(∂
k
Em)(· − z)(∂

m−1−k
u)

F2 := iF1.

(2.145)

Then we have

m−1∑
k=0

(−1)m+1+k

2i
(∂

k
Em)(· − z)(∂

m−1−k
u)iν = 〈ν, ~F 〉, (2.146)

where ~F = (F1, F2). Now, we apply the Divergence Theorem from [25] to the

vector field ~F = (F1, F2), which leads to

(C∞b (Ω))∗(div~F , 1)C∞b (Ω) =

∫
∂∗Ω

〈ν, ~F
∣∣∣κ-n.t.

∂Ω
〉 dσ, (2.147)

where C∞b (Ω) := {f ∈ C∞(Ω) : f bounded in Ω}. By direct calculation of the

divergence of ~F , we get

div~F =∂1F1 + ∂2F2

=∂1F1 + i∂2F1

=2∂F1,

(2.148)

and

2∂F1 =2∂

[
1

2

m−1∑
k=0

(−1)m+1+k(∂
k
Em)(· − z)(∂

m−1−k
u)

]

=
m−1∑
k=0

(−1)m+1+k(∂
k+1

Em)(· − z)(∂
m−1−k

u)

+
m−1∑
k=0

(−1)m+1+k(∂
k
Em)(· − z)(∂

m−k
u)

:=I + II.

(2.149)
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In particular,

I =
m−1∑
k=0

(−1)m+1+k(∂
k+1

Em)(· − z)(∂
m−1−k

u)

=
m−2∑
k=0

(−1)m+1+k(∂
k+1

Em)(· − z)(∂
m−1−k

u) + (∂
m
Em)(· − z)u

=
m−1∑
k=1

(−1)m+k(∂
k
Em)(· − z)(∂

m−k
u) + uδz.

(2.150)

Since ∂
m
u = 0 in Ω, we have

I = −II + uδz. (2.151)

Hence, div~F = uδz ∈ E ′(Ω) ↪→ (C∞b (Ω))∗. In addition,

u(z) =(C∞b (Ω))∗ (uδz, 1)(C∞b (Ω))

=(C∞b (Ω))∗ (div~F , 1)(C∞b (Ω))

=

∫
∂∗Ω

〈ν, ~F
∣∣∣κ-n.t.

∂Ω
〉 dσ

=

∫
∂∗Ω

[
ν1

(
F1

∣∣∣κ-n.t.

∂Ω

)
+ iν2

(
F1

∣∣∣κ-n.t.

∂Ω

)]
dσ

=
1

i

∫
∂∗Ω

(
F1

∣∣∣κ-n.t.

∂Ω

)
dζ

=
1

2i

m−1∑
k=0

(−1)m+1+k

∫
∂∗Ω

(∂
k
Em)(ζ − z)(∂

m−1−k
u)
∣∣∣κ-n.t.

∂Ω
(ζ) dζ. (2.152)

In addition, the integral expression in (2.152) can be written as

u(z0) =
m−1∑
k=0

(−1)k

2i

∫
∂∗Ω

(∂
m−1−k

Em)(ζ − z0)(∂
k
u)
∣∣∣κ-n.t.

∂Ω
(ζ) dζ. (2.153)

According to (2.42), one has

(∂
m−1−k

Em)(ζ) =
ζ
k

k!
· 1

πζ
. (2.154)

Substituting this into (2.153) yields

u(z0) =
m−1∑
k=0

1

2πi

∫
∂∗Ω

(z − ζ)k

k!(ζ − z)
(∂

k
u)
∣∣∣κ-n.t.

∂Ω
(ζ) dζ. (2.155)

This completes the proof of the theorem.
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The following theorem presents a new Fatou theorem in arbitrary UR do-

mains and it builds on a new integral representation theorem in bounded UR

domains.

Theorem 2.20. Let Ω ⊆ R2 ≡ C be a UR domain. Fix an integrability

exponent p ∈
(

1
2
,∞
)
, an aperture parameter κ ∈ (0,∞) and some power

m ∈ N. Abbreviate σ := H 1b∂Ω. Suppose u ∈ C∞(Ω) is such that ∂
m
u = 0

in Ω and for any ` ∈ {0, 1, . . . ,m− 1}, Nκ
(
∂
`
u
)
∈ Lp(∂Ω, σ) . Then

∃
(
∂
`
u
) ∣∣∣κ-n.t.

∂Ω
at σ-a.e. point on ∂Ω (2.156)

for each ` ∈ {0, 1, . . . ,m− 1}.

In order to prove the new Fatou theorem, we use the following structure

theorem.

Theorem 2.21. Let Ω ⊆ R2 ≡ C be an arbitrary open set, m ∈ N, u ∈
C∞(Ω), ∂

m
u = 0 in Ω. Then ∃!u0, u1, u2, . . . , um−1 ∈ O(Ω) such that

u(z) = u0(z) + zu1(z) + · · ·+ zm−1um−1(z), ∀ z ∈ Ω. (2.157)

In fact,

um−1 =
1

(m− 1)!

(
∂
m−1

u
)

um−2 =
1

(m− 2)!
∂
m−2

(
I − 1

(m− 1)!
zm−1∂

m−1
)
u

...

u1 = ∂

(
I − 1

2
z2∂

2
)
· · ·
(
I − 1

(m− 1)!
zm−1∂

m−1
)
u

u0 =
(
I − z∂

)(
I − 1

2
z2∂

2
)
· · ·
(
I − 1

(m− 1)!
zm−1∂

m−1
)
u.

(2.158)

Proof. We first claim the following:

Ker ∂
m

= Ker ∂ + zKer ∂ + · · ·+ zm−1Ker ∂. (2.159)
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We prove the claim by induction on m. If m = 1, then (2.159) trivially holds.

Let us assume (2.159) for m = k − 1. It suffices to show that

Ker ∂
k−1

+ zk−1Ker ∂ = Ker ∂
k
. (2.160)

To justify Ker ∂
k−1

+ zk−1Ker ∂ ⊆ Ker ∂
k
, let f = g + zk−1h for some g ∈

Ker ∂
k−1

, h ∈ Ker ∂. Then ∂
k
f = ∂

k
g + ∂

k (
zk−1h

)
= 0 which implies that

f ∈ Ker ∂
k
. For the other direction, let f ∈ Ker ∂

k
, then f can be expressed as

f =

(
I − 1

(k − 1)!
zk−1∂

k−1
)
f +

(
1

(k − 1)!
zk−1∂

k−1
f

)
. (2.161)

Observe from f ∈ Ker ∂
k

that(
I − 1

(k − 1)!
zk−1∂

k−1
)
f ∈ ker ∂

k−1

(
1

(k − 1)!
∂
k−1

f

)
∈ ker ∂.

(2.162)

This proves the claim (2.159).

In order to complete the proof of the structure theorem, let u ∈ C∞(Ω) with

∂
m
u = 0 in Ω. From (2.159), there exist u0, u1, u2, . . . , um−1 ∈ Ker ∂ such that

u(z) = u0(z) + zu1(z) + · · ·+ zm−1um−1(z), ∀ z ∈ Ω. (2.163)

Since u ∈ Ker ∂
m

and u` ∈ Ker ∂ for ` ∈ {0, . . . ,m−1}, taking ∂
m−1

in (2.163)

yields

∂
m−1

u = (m− 1)!um−1 in Ω (2.164)

which forces

um−1 =
1

(m− 1)!

(
∂
m−1

u
)

in Ω (2.165)

Now, let us substitute (2.165) into (2.163) and take ∂
m−2

, then we obtain that

∂
m−2

u = (m− 2)!um−2 + ∂
m−2

(
1

(m− 1)!
zm−1∂

m−1
u

)
in Ω. (2.166)
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This yields

um−2 =
1

(m− 2)!
∂
m−2

(
I − 1

(m− 1)!
zm−1∂

m−1
)
u in Ω. (2.167)

By continuing this process, we have (2.158). We are left with justifying the

uniqueness. Let v0, v1, . . . , vm−1 ∈ Ker ∂ such that

u(z) = v0(z) + zv1(z) + · · ·+ zm−1vm−1(z), ∀ z ∈ Ω. (2.168)

In particular,

u0(z) + zu1(z) + · · ·+ zm−1um−1(z)

=v0(z) + zv1(z) + · · ·+ zm−1vm−1(z), (2.169)

for z ∈ Ω. Since u`, v` ∈ Ker ∂ for all ` ∈ {0, 1, . . . ,m − 1}, taking ∂
m−1

into

(2.169) yields

(m− 1)!um−1(z) = (m− 1)!vm−1(z), ∀ z ∈ Ω (2.170)

which gives um−1 = vm−1 in Ω. The equation (2.169) is simplified as

u0(z) + zu1(z) + · · ·+ zm−2um−2(z)

=v0(z) + zv1(z) + · · ·+ zm−2vm−2(z), (2.171)

for z ∈ Ω. We take ∂
m−2

into above, then we have

(m− 2)!um−2(z) = (m− 2)!vm−2(z), ∀ z ∈ Ω (2.172)

which implies that um−2 = vm−2 in Ω. Repeating this process forces u` = v`

in Ω for all ` ∈ {0, 1, . . . ,m − 1}. This finishes the proof of the structure

theorem.

We now turn to the proof of Theorem 2.20.

Proof of Theorem 2.20. Let u0, u1, . . . , um−1 be associated with the given u as
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in the Structure Theorem. Since ∂
m
u = 0 in Ω, from (2.158) we have

um−1 ∼ ∂
m−1

u

um−2 ∼ ∂
m−2

u+ z∂
m−1

u

...

u1 ∼ ∂u+ z∂
2
u+ · · ·+ zm−2∂

m−1
u

u0 ∼ u+ z∂u+ · · ·+ zm−1∂
m−1

u.

(2.173)

Recall that we are assuming

Nκ
(
∂
k
u
)
∈ Lp(∂Ω, σ) for k ∈ {0, 1, . . . ,m− 1}. (2.174)

Then Nκ (uj) ∈ Lp(∂Ω, σ) and uj ∈ O(Ω), ∀ j ∈ {0, 1, . . . ,m− 1}.
Since Ω is UR domain, from the Fatou Theorem for holomorphic functions in

arbitrary UR domain from [28] we have ∃ uj
∣∣∣κ-n.t.

∂Ω
σ-a.e. on ∂Ω for 0 ≤ j ≤

m− 1.

Note that ∀ ` ∈ {0, 1, . . . ,m− 1}, (∂
`
u)(z) only involves zjuk(z) for 0 ≤ j, k ≤

m − 1 since any ∂ taking on one of the u0, u1, . . . , um−1 annihilates it, and

∂
` (
zk
)

is a constant multiple of a power of zk−` if ` ≤ k, and zero otherwise.

That is, for ` ∈ {0, 1, . . . ,m− 1}(
∂
`
u
)

(z) =
∑

0≤j,k≤m−1

ajkz
juk(z) (2.175)

for some constant ajk. This implies that for ` ∈ {0, 1, . . . ,m− 1}

∃
(
∂
`
u
) ∣∣∣κ-n.t.

∂Ω
σ-a.e. on ∂Ω, (2.176)

which completes the proof of Theorem 2.20.

As a consequence of the New Fatou Theorem in arbitrary UR domains and

the Integral Representation Formula in bounded open sets with Ahlfors regular

boundary, we obtain a version of the Integral Representation Formula that does

not assume the existence of non-tangential boundary traces. Specifically, we

present the following new Integral Representation Formula.
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Theorem 2.22. Let Ω ⊆ R2 ≡ C be a bounded UR domain. Let σ = H 1b∂Ω.

Fix m ∈ N and κ ∈ (0,∞). Assume u ∈ C∞(Ω) is such that ∂
m
u = 0 in Ω

and Nκ
(
∂
`
u
)
∈ L1(∂Ω, σ) for each ` ∈ {0, 1, . . . ,m−1}. Then, for any order

` ∈ {0, 1, . . . ,m− 1},

∃
(
∂
`
u
) ∣∣∣κ-n.t.

∂Ω
at σ-a.e. point on ∂Ω (2.177)

and for any z ∈ Ω there holds

u(z) =
m−1∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)

(
∂
k
u
) ∣∣∣κ-n.t.

∂Ω
(ζ) dζ. (2.178)

Proof. This readily follows from Theorem 2.19 and Theorem 2.20.

The new Fatou Theorem 2.20 establishes the existence of non-tangential

traces for the differential operator ∂ up to order m − 1, under the condition

that the non-tangential maximal function of ∂
`
u belongs to Lp(∂Ω, σ) for each

` ∈ 0, 1, . . . ,m− 1 in arbitrary UR domains. We now develop this theorem

to include all derivatives up to order m − 1 in UR domains with compact

boundary.

Theorem 2.23. Let Ω ⊆ R2 ≡ C be a UR domain with compact boundary.

Fix m ∈ N, p ∈ (1,∞), and κ ∈ (0,∞). Assume u ∈ C∞(Ω) is such that

∂
m
u = 0 in Ω and Nκ

(
∇`u

)
∈ Lp(∂Ω, σ) for ` ∈ {0, 1, . . . ,m − 1}. If Ω is

an exterior domain, it is assumed that the nontangential maximal operator is

truncated and one also asks that the auxiliary functions {uj}0≤j≤m−1 associated

with u as in (2.56) vanish at infinity. Then, for each ` ∈ {0, 1, . . . ,m − 1},
there holds

∃
(
∇`u

) ∣∣∣κ-n.t.
∂Ω

at σ-a.e. point on ∂Ω. (2.179)

Proof. We first claim that if ` ∈ N0 with ` ≤ m− 2 is such that

∃ (∇ru)
∣∣∣κ-n.t.

∂Ω
at σ-a.e. point on ∂Ω , ∀ r ∈ {0, 1, . . . , `}, (2.180)
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then

ġ := {g(a,b)}a,b∈N0
a+b≤`

∈ CWA` [Lp1(∂Ω, σ)] (2.181)

where ∀ a, b ∈ N0 with a+ b ≤ ` g(a,b) :=
(
∂a∂

b
u
) ∣∣∣κ-n.t.

∂Ω
. (2.182)

Indeed, according to [28], for Ahlfors regular domain Ω ⊆ Rn if w ∈ C 1(Ω)

satisfies

Nκw, Nκ(∇w) ∈ Lp(∂Ω, σ), for 1 < p <∞, and

∃ w
∣∣∣κ-n.t.

∂Ω
at σ-a.e. on ∂Ω,

(2.183)

then

w
∣∣∣κ-n.t.

∂Ω
∈ Lp1(∂Ω, σ). (2.184)

In addition, for Ahlfors regular domain Ω ⊆ Rn if w ∈ C 1(Ω) satisfies

Nκw, Nκ(∇w) ∈ Lp(∂Ω, σ), for 1 ≤ p ≤ ∞, and

∃ w
∣∣∣κ-n.t.

∂Ω
and ∃ (∇w)

∣∣∣κ-n.t.

∂Ω
at σ-a.e. on ∂Ω,

(2.185)

then

w
∣∣∣κ-n.t.

∂Ω
∈ Lp1(∂Ω, σ) and ∀ j, k ∈ {1, . . . , n} (2.186)

∂τjk

(
w
∣∣∣κ-n.t.

∂Ω

)
= νj (∂kw)

∣∣∣κ-n.t.

∂Ω
− νk (∂jw)

∣∣∣κ-n.t.

∂Ω
. (2.187)

For each a, b ∈ N0 with a+ b ≤ ` the function w := ∂a∂
b
u ∈ C∞(Ω) satisfies

Nκw ∈ Lp(∂Ω, σ), Nκ (∇w) ∈ Lp(∂Ω, σ), (2.188)

∃w
∣∣∣κ-n.t.

∂Ω
at σ-a.e. on ∂Ω. (2.189)

Indeed, (2.188) follows from the hypotheses that the non-tangential maximal

function of the gradient of u belongs to Lp(∂Ω, σ) up to the order m− 1 and

(2.189) follows from the assumption on the claim in (2.179)with r := a + b.

This implies that for a + b ≤ `, the arrays g(a,b) in (2.182) belong Lp1(∂Ω, σ).

To prove the claim, we are left with showing the compatibility condition CC



55

for the array g(a,b). Pick a, b ∈ N0 with a + b ≤ ` − 1, applying (2.187)with

n = 2 to w = g(a,b) ∈ C∞(Ω)

∂τg(a,b) =∂τ

[(
∂a∂

b
u
) ∣∣∣κ-n.t.

∂Ω

]
=ν1

(
∂y

(
∂a∂

b
u
)) ∣∣∣κ-n.t.

∂Ω
− ν2

(
∂x

(
∂a∂

b
u
)) ∣∣∣κ-n.t.

∂Ω
.

(2.190)

Combining this with the notation in (2.48)

∂τg(a,b) = i
(
νg(a+1,b) − νg(a,b+1)

)
(2.191)

which forces the compatibility condition CC in (2.50) which completes the

proof of the claim. With the claim in our hand, we proceed the proof by

induction. For ` = 0, we need to show that there exists u
∣∣∣κ-n.t.

∂Ω
at σ-a.e. on

∂Ω. However, this already is conducted in Theorem 2.20. To proceed with

inductive step, we assume for ` ∈ {0, 1, . . . ,m− 2} is such that

∃ (∇ru)
∣∣∣κ-n.t.

∂Ω
at σ-a.e. on ∂Ω ∀ r ∈ {0, 1, . . . , `}. (2.192)

Then, we claim,

∃
(
∇`+1u

) ∣∣∣κ-n.t.

∂Ω
at σ-a.e. on ∂Ω. (2.193)

Write (2.60) from Theorem 2.7 as

u(z) =
∑̀
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)

(
∂
k
u
) ∣∣∣κ-n.t.

∂Ω
(ζ) dζ

+
m−1∑
k=`+1

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)

(
∂
k
u
) ∣∣∣κ-n.t.

∂Ω
(ζ) dζ.

(2.194)

Introducing ġ =
{
g(a,b)

}
a+b∈N0
a+b≤`

where g(a,b) =
(
∂a∂

b
u
) ∣∣∣κ-n.t.

∂Ω
as in (2.182) and

according to the claim in (2.181)we know that ġ ∈ CWA` [Lp1(∂Ω, σ)]. Combin-

ing this with the definition of the poly-Cauchy operator in (2.55), we rewrite

(2.194) as

u(z) =
(
Ċ`ġ
)

(z) +
m−1∑
k=`+1

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)

(
∂
k
u
) ∣∣∣κ-n.t.

∂Ω
(ζ) dζ. (2.195)
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Recall the Corollary 2.11 written for ` in place of m − 1, ∀ r, s ∈ N0 with

r + s ≤ ` we have

∂s∂
r
(
Ċ`ġ
)

(z) =
`−s−r∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(s,k+r) dζ (2.196)

−
s−1∑
j=0

1

2πi

∫
∂Ω

j!

(`+ 1− s− r + j)!
∂τ(ζ)

[
(z − ζ)`+1−s−r+j

(ζ − z)j+1

]
×

× g(s−1−j,`+1−s+j)(ζ) dσ(ζ), (2.197)

for all z ∈ Ω. Since for fixed z ∈ Ω,

ϕ(ζ) :=
(z − ζ)`+1−s−r+j

(ζ − z)j+1
(2.198)

is smooth for all ζ near ∂Ω, applying the integration by parts on ∂Ω to the

integral in (2.197) yields∫
∂Ω

j!

(`+ 1− s− r + j)!
∂τ(ζ)

[
(z − ζ)`+1−s−r+j

(ζ − z)j+1

]
g(s−1−j,`+1−s+j)(ζ) dσ(ζ)

=−
∫
∂Ω

j!

(`+ 1− s− r + j)!

(z − ζ)`+1−s−r+j

(ζ − z)j+1
× (2.199)

×
(
∂τg(s−1−j,`+1−s+j)

)
(ζ) dσ(ζ),

where ∂τg(s−1−j,`+1−s+j) ∈ Lp(∂Ω, σ) because ġ ∈ CWA` [Lp1(∂Ω, σ)]. With an

eye on the condition we presently seek, assume r, s ∈ N0 with r + s = ` and

can write

∇x,y

(
∂s∂

r
(
Ċ`ġ
))

(z) =∇x,y

(
C g(s,r)

)
(z)

+
s−1∑
j=0

∇x,y

[
1

2πi

∫
∂Ω

1

j + 1

(z − ζ)j+1

(ζ − z)j+1
×

×
(
∂τg(s−1−j,`+1−s+j)

)
(ζ) dσ(ζ)

]
,

(2.200)

where g(s,r) ∈ Lp1(∂Ω, σ), ∂τg(s−1−j,`+1−s+j) ∈ Lp(∂Ω, σ), and C is the ordinary

boundary-to-domain Cauchy operator as in (2.3). We apply the following two
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facts found in [28]. The first fact in [28] that we are applying is that for UR

domain Ω ⊆ C ≡ R2, σ := H1b∂Ω, f ∈ Lp1(∂Ω, σ), 1 < p <∞,

(C f) (z) :=
1

2πi

∫
∂Ω

f(ζ)

ζ − z
dζ, ∀ z ∈ Ω. (2.201)

Then ∀κ ∈ (0,∞),

∃ [∇ (C f)]
∣∣∣κ-n.t.

∂Ω
at σ-a.e. on ∂Ω. (2.202)

The second fact in [28] is a part of the Calderón-Zygmund theory, namely, for

UR domain Ω ⊆ C ≡ R2, σ := H1b∂Ω, f ∈ Lp(∂Ω, σ), 1 < p <∞,

k ∈ C∞
(
R2 \ {0}

)
, k odd ,

k(λz) = λ−1k(z), ∀ z ∈ C \ {0},∀λ ∈ (0,∞), and

(T f) (z) :=

∫
∂Ω

k(z − ζ)f(ζ) dσ(ζ), ∀ z ∈ Ω.

(2.203)

Then ∀κ ∈ (0,∞),

∃ (T f)
∣∣∣κ-n.t.

∂Ω
at σ-a.e. on ∂Ω. (2.204)

Using these two facts found in [28] and (2.200)

∃
(
∇`+1

(
Ċ`ġ
)) ∣∣∣κ-n.t.

∂Ω
at σ-a.e. on ∂Ω. (2.205)

Back to (2.194), there remains to consider

∇`+1
x,y

[
m−1∑
k=`+1

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)

(
∂
k
u
) ∣∣∣κ-n.t.

∂Ω
(ζ) dζ

]
, (2.206)

for z = x+ iy ∈ Ω. Using the fact that dζ = iν(ζ) dσ(ζ) as in (2.1), we rewrite

(2.206) as

∇`+1
x,y

[
m−1∑
k=`+1

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)

(
∂
k
u
) ∣∣∣κ-n.t.

∂Ω
(ζ)iν(ζ) dσ(ζ)

]
, (2.207)

for z ∈ Ω. According to Theorem 2.20 and the hypotheses of the theorem,

one can notice that
(
∂
k
u
) ∣∣∣κ-n.t.

∂Ω
(·)iν(·) ∈ Lp(∂Ω, σ) for ` + 1 ≤ k ≤ m − 1.

Observe that the kernel

∇`+1
x,y

[
(z − ζ)k

k!(ζ − z)

]
(2.208)
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gives rise of a boundary-to-domain integral operator as in (2.203) if k = `+ 1,

and is bounded if k > `+ 1. For k = `+ 1, using the second fact

∃∇`+1
x,y

[
1

2πi

∫
∂Ω

(z − ζ)`+1

(`+ 1)!(ζ − z)

(
∂
`+1
u
) ∣∣∣κ-n.t.

∂Ω
iν(ζ) dσ(ζ)

] ∣∣∣∣∣
κ-n.t.

∂Ω

(2.209)

at σ-a.e. on ∂Ω. For k > ` + 1, we use the following result about the weakly

singular integral operators found in [28]. For an open set Ω ⊆ R2 with an

upper Ahlfors regular boundary, f ∈ L1(∂Ω, σ), σ := H1b∂Ω,

(Bf) (x) :=

∫
∂Ω

b(x, y)f(y)dσ(y), ∀x ∈ Ω, (2.210)

with the property that

|b(x, y)| ≤ C

|x− y|1+α
, for some α > 0, constant C > 0, (2.211)

b(·, y) is continuous on R2 \ {y}. (2.212)

Then

∃ (Bf)
∣∣∣κ-n.t.

∂Ω
at σ-a.e. on ∂Ω. (2.213)

Applying this to (2.207) with k > `+ 1, one can conclude that

∃∇`+1
x,y

[
m−1∑
k>`+1

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)

(
∂
k
u
) ∣∣∣κ-n.t.

∂Ω
(ζ)iν(ζ) dσ(ζ)

] ∣∣∣∣∣
κ-n.t.

∂Ω

(2.214)

at σ-a.e. on ∂Ω. This finishes the induction which completes proof of the

theorem.

Turning our attention to a version of the new Integral Representation For-

mula for exterior domains.

Theorem 2.24. Let Ω ⊆ R2 ≡ C be exterior with a lower Ahlfors regular

boundary, such that σ := H 1b∂Ω is a doubling measure on ∂Ω. Fix m ∈ N,

ε > 0, and κ ∈ (0,∞). Suppose u ∈ C∞(Ω) is such that ∂
m
u = 0 in Ω with

the property that for each ` ∈ {0, 1, . . . ,m− 1}

N ε
κ

(
∂
`
u
)
∈ L1(∂Ω, σ) and ∃

(
∂
`
u
) ∣∣∣κ-n.t.

∂Ω
at σ-a.e. point on ∂ntaΩ.

(2.215)
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Then there exists a polynomial P of degree less than or equal to m − 2 in R2

such that

u(z) =
m−1∑
k=0

1

2πi

∫
∂∗Ω

(z − ζ)k

k!(ζ − z)

(
∂
k
u
) ∣∣∣κ-n.t.

∂Ω
(ζ) dζ + P (z), (2.216)

for each z ∈ Ω.

Proof. Fix z ∈ Ω. Let us define a vector field ~Fz by

~Fz(ζ) :=
m−1∑
k=0

1

2πi

(z − ζ)k

k!(ζ − z)

(
∂
k
u
)

(ζ), for ζ ∈ Ω. (2.217)

Since we have u ∈ C∞(Ω), ∂
m
u = 0 in Ω, and u(ζ) = O (|ζ|m−2) as |ζ| → ∞,

this forces(
∂
k
u
)

(ζ) = O
(
|ζ|m−2−k) , ∀ k ∈ {0, 1, . . . ,m− 1}. (2.218)

This further implies that for η ∈ N2
0 with |η| ≥ m− 1,

(
∂ηx,y ~Fz

)
(ζ) = C

m−1∑
k=0

|ζ|k−1−|η| · |ζ|m−2−k

= o
(
|ζ|−1

)
,

(2.219)

for some constant C > 0. Granted this, we conclude that ∀ η ∈ N2
0 with

|η| ≥ m− 1,

∂ηx,y

[
u− Ċ

(
TrCm−1u

)]
= 0 in Ω. (2.220)

In turn, using Taylor Expansion this forces

u− Ċ
(
TrCm−1u

)
:= P0, (2.221)

where P0 is locally polynomial function of degree ≤ m− 2. That is,

P0

∣∣∣
Ω∞

is polynomial of degree ≤ m− 2. (2.222)

This trivially and uniquely extends to some polynomial P in R2 of degree

≤ m−2. We can therefore apply Divergence Theorem in [26] to obtain (2.216).

This completes the proof of Theorem 2.24.
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The following is the other Integral Representation result for exterior do-

mains combining with the higher-order Fatou Theorem.

Theorem 2.25. Let Ω ⊆ R2 ≡ C be UR exterior domain. Set σ := H 1b∂Ω

and fix m ∈ N along with ε > 0 and κ ∈ (0,∞). Assume u ∈ C∞(Ω) is such

that ∂
m
u = 0 in Ω and Nκ

(
∂
`
u
)
∈ L1(∂Ω, σ) for each ` ∈ {0, 1, . . . ,m − 1}.

Then ∃
(
∂
`
u
) ∣∣∣κ-n.t.

∂Ω
at σ-a.e. point on ∂Ω and there exists a polynomial P of

degree less than or equal to m− 2 in R2 such that

u(z) =
m−1∑
k=0

1

2πi

∫
∂∗Ω

(z − ζ)k

k!(ζ − z)

(
∂
k
u
) ∣∣∣κ-n.t.

∂Ω
(ζ) dζ + P (z), (2.223)

for each z ∈ Ω.

Proof. This is an immediate consequence of Theorem 2.20 and Theorem 2.24.

2.6 Higher-order Hardy Spaces

The higher-order Fatou theorem in Theorem 2.23 suggests making the fol-

lowing definition of a couple of higher-order Hardy spaces.

Definition 2.26. Given a UR domain Ω ⊆ R2 with compact boundary, along

with an integer m ∈ N, an integrability exponent p ∈ (1,∞), and some aperture

parameter κ ∈ (0,∞), define the higher-order Hardy space Hp,m(Ω) (of order

m in Ω) as the collection of all functions u ∈ C∞(Ω) with ∂
m
u = 0 in Ω,

satisfying

Nκ(∇`u) ∈ Lp(∂Ω, σ) for all ` ∈ {0, 1, . . . ,m− 1}. (2.224)

If Ω is an exterior domain, it is assumed that the nontangential maximal op-

erator is truncated and one also asks that the auxiliary functions {uj}0≤j≤m−1

associated with u as in (2.56) vanish at infinity. Equip this higher-order Hardy

space with

Hp,m(Ω) 3 u 7−→ ‖u‖Hp,m(Ω) :=
m−1∑
`=0

∥∥Nκ(∇`u)
∥∥
Lp(∂Ω,σ)

. (2.225)
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Finally, define the regular higher-order Hardy space Hp,m
1 (Ω) (of order m in

Ω) in an analogous fashion, now replacing (2.224) by the stronger condition

Nκ(∇`u) ∈ Lp(∂Ω, σ) for all ` ∈ {0, 1, . . . ,m}, (2.226)

and equipping Hp,m
1 (Ω) with the norm

Hp,m
1 (Ω) 3 u 7−→ ‖u‖Hp,m1 (Ω) :=

m∑
`=0

∥∥Nκ(∇`u)
∥∥
Lp(∂Ω,σ)

. (2.227)

Note that Pm−2

∣∣∣
Ω
⊆ Hp,m(Ω) where Pm−2

∣∣∣
Ω

is a collection of polynomials

of degree less than or equal to m− 2 in Ω.

We may then refine our earlier higher-order Fatou type theorem as follows.

Theorem 2.27. Let Ω ⊆ R2 be a UR domain with compact boundary. Fix an

integer m ∈ N, an integrability exponent p ∈ (1,∞), and an aperture parameter

κ ∈ (0,∞). Then the higher-order complex nontangential trace operator

TrCm−1 : Hp,m(Ω) −→ CWAm−1 [Lp(∂Ω, σ)] (2.228)

defined as

TrCm−1(u) :=
{(
∂a∂

b
u
)∣∣∣κ−n.t.

∂Ω

}
a,b∈N0

a+b≤m−1

for each u ∈ Hp,m(Ω), (2.229)

is meaningful, linear, and bounded. In addition,

TrCm−1 : Hp,m
1 (Ω) −→ CWAm−1 [Lp1(∂Ω, σ)] (2.230)

defined as in (2.229) above for each u ∈ Hp,m
1 (Ω) ⊆ Hp,m(Ω) is well defined,

linear, and bounded. Finally, one has the following poly-Cauchy reproducing

formula:

u = Ċm−1

(
TrCm−1(u)

)
for each u ∈ Hp,m(Ω). (2.231)

Proof. Let us first prove that TrCm−1 is meaningfully defined, linear, and bounded.

Let u ∈ Hp,m(Ω). According to the definition, TrCm−1 is linear and TrCm−1(u)
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satisfies the compatibility condition. In addition, for aperture parameter

κ ∈ (0,∞)

‖TrCm−1(u)‖CWAm−1[Lp(∂Ω,σ)] =
∑
a,b∈N0

a+b≤m−1

∥∥∥∥(∂a∂bu)∣∣∣κ−n.t.
∥∥∥∥
Lp(∂Ω,σ)

≤
∑
a,b∈N0

a+b≤m−1

∥∥∥Nκ(∂a∂bu)∥∥∥
Lp(∂Ω,σ)

. (2.232)

This forces TrCm−1 is bounded from Hp,m(Ω) into CWAm−1[Lp(∂Ω, σ)]. Sim-

ilarly, TrCm−1 : Hp,m
1 (Ω) −→ CWAm−1 [Lp1(∂Ω, σ)] is well defined and linear.

Moreover, for u ∈ Hp,m
1 (Ω)

‖TrCm−1(u)‖CWAm−1[Lp1(∂Ω,σ)] =
∑
a,b∈N0

a+b≤m−1

∥∥∥∥(∂a∂bu)∣∣∣κ−n.t.
∥∥∥∥
Lp1(∂Ω,σ)

. (2.233)

For a, b ∈ N0 with a+ b ≤ m− 1,∥∥∥∥(∂a∂bu)∣∣∣κ−n.t.
∥∥∥∥
Lp1(∂Ω,σ)

=

∥∥∥∥(∂a∂bu)∣∣∣κ−n.t.
∥∥∥∥
Lp(∂Ω,σ)

+

∥∥∥∥∂τ(∂a∂bu)∣∣∣κ−n.t.
∥∥∥∥
Lp(∂Ω,σ)

. (2.234)

Since ∂τ
(
∂a∂

b
u
)∣∣∣κ−n.t.

= iν
(
∂a+1∂

b
u
)∣∣∣κ−n.t.

− iν
(
∂a∂

b+1
u
)∣∣∣κ−n.t.

on ∂Ω, one can

conclude that∑
a,b∈N0

a+b≤m−1

∥∥∥∥(∂a∂bu)∣∣∣κ−n.t.
∥∥∥∥
Lp1(∂Ω,σ)

≤ C
∑
a,b∈N0
a+b≤m

∥∥∥∥(∂a∂bu)∣∣∣κ−n.t.
∥∥∥∥
Lp(∂Ω,σ)

, (2.235)

for some constant C > 0. Combining this with (2.233), we obtain that TrCm−1

is bounded from Hp,m
1 (Ω) into CWAm−1[Lp1(∂Ω, σ)]. Finally, the poly-Cauchy

reproducing formula in (2.231) follows from the definitions of Hp,m(Ω), TrCm−1

and the integral representation theorem in Theorem 2.7.

The boundary higher-order Hardy spaces are naturally defined from the

higher-order Hardy spaces in Definition 2.26 and the higher-order complex

nontangential trace operator defined in (2.229) as follows.
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Definition 2.28. Let Ω ⊆ R2 be a UR domain with compact boundary. Fix

an integer m ∈ N, an integrability exponent p ∈ (1,∞), and some aperture pa-

rameter κ ∈ (0,∞), define the boundary higher-order Hardy space Hp,m(∂Ω, σ)

(of order m in Ω) by

Hp,m(∂Ω, σ) :=

{
ġ =

{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈

CWAm−1[Lp(∂Ω, σ)] : ġ = TrCm−1(u) for some

u ∈ Hp,m(Ω)

} (2.236)

In addition, the boundary regular higher-order Hardy space Hp,m
1 (∂Ω, σ) is de-

fined by

Hp,m
1 (∂Ω, σ) :=

{
ġ =

{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈

CWAm−1[Lp1(∂Ω, σ)] : ġ = TrCm−1(u) for some

u ∈ Hp,m
1 (Ω)

} (2.237)

Along with these definitions of the boundary higher-order Hardy spaces,

the higher-order boundary trace operator becomes an isomorphism from each

domain Hardy space to the boundary Hardy space.

Proposition 2.29. Let Ω ⊆ R2 be a UR domain with compact boundary.

Fix an integer m ∈ N, an integrability exponent p ∈ (1,∞), and an aperture

parameter κ ∈ (0,∞). Then the higher-order complex nontangential trace

operators

TrCm−1 : Hp,m(Ω) −→ Hp,m(∂Ω, σ), (2.238)

TrCm−1 : Hp,m
1 (Ω) −→ Hp,m

1 (∂Ω, σ), (2.239)

are isomorphisms.

Proof. Let u ∈ Hp,m(Ω). According to the poly-Cauchy reproducing formula

in (2.231), one has

u = Ċm−1

(
TrCm−1(u)

)
. (2.240)
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This forces TrCm−1 in (2.238) is injective. The fact that TrCm−1 is surjective

follows from the definition of the boundary higher-order Hardy space as in

(2.236) which gives for each array ġ ∈ Hp,m(∂Ω, σ) there exists u ∈ Hp,m(Ω)

such that

TrCm−1(u) = ġ. (2.241)

The same argument works for the regular higher-order Hardy spaces. This

finishes the proof.

Proposition 2.30. Let Ω ⊆ R2 be a UR domain with compact boundary. Set

σ := H1b∂Ω and fix integrability exponent p ∈ (1,∞), then

CWAm−1 [Lp(∂Ω, σ)] = Hp,m
+ (∂Ω, σ) +Hp,m

− (∂Ω, σ), (2.242)

and

Hp,m
+ (∂Ω, σ) ∩Hp,m

− (∂Ω, σ) = TrCm−1Pm−2, (2.243)

where Hp,m
± (∂Ω, σ) are the boundary higher-order Hardy spaces associated with

Ω+ ≡ Ω and Ω− ≡ R2 \ Ω, respectively.

Proof. Let ġ ∈ Hp,m
+ (∂Ω, σ) +Hp,m

− (∂Ω, σ), then

∃u± ∈ Hp,m(Ω±) such that ġ = TrCm−1 (u+ + u−) . (2.244)

This forces

g(a,b) =
(
∂a∂

b
(u+ + u−)

) ∣∣∣κ-n.t.

∂Ω
, ∀ a, b ∈ N0 with a+ b ≤ m− 1. (2.245)

This readily implies that ġ ∈ CCC which shows that ġ ∈ CWAm−1 [Lp(∂Ω, σ)].

For any ġ ∈ CWAm−1 [Lp(∂Ω, σ)],

ġ =

(
1

2
I + Ċm−1

)
ġ −

(
−1

2
I + Ċm−1

)
ġ, (2.246)

where
(

1
2
I + Ċm−1

)
ġ ∈ Hp.m

+ (∂Ω, σ) and
(
−1

2
I + Ċm−1

)
ġ ∈ Hp,m

− (∂Ω, σ).

Since Pm−2

∣∣∣
Ω±
⊆ Hp,m(Ω±), we have TrCm−1Pm−2 ⊆ Hp,m

± (∂Ω, σ).

There remains to show that

Hp,m
+ (∂Ω, σ) ∩Hp,m

− (∂Ω, σ) ⊆ TrCm−1Pm−2. (2.247)
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Consider ġ ∈ Hp,m
+ (∂Ω, σ) ∩Hp,m

− (∂Ω, σ), then

∃u± ∈ Hp,m(Ω±) such that TrCm−1u+ = ġ = TrCm−1u− (2.248)

which implies that(
∂a∂

b
u+

) ∣∣∣κ-n.t.

∂Ω
= g(a,b) =

(
∂a∂

b
u−

) ∣∣∣κ-n.t.

∂Ω
, (2.249)

for all a, b ∈ N0 with a+ b ≤ m− 1. Define u :=

{
u+ in Ω+

u− in Ω−
. Observe that

u± ∈ L2p
bdd(Ω±,L2), we get

u ∈ L2p
loc(R

2,L2) ⊆ L1
loc(R2,L2). (2.250)

We claim that ∂
m
u = 0 in R2 ≡ C, in the sense of distributions. To justify

this claim, pick ϕ ∈ C∞c (R2) and write∫
R2

u∂
m
ϕdL2 =

∫
Ω+

u+∂
m
ϕdL2 +

∫
Ω−

u−∂
m
ϕdL2 (2.251)

We apply the integration by parts as follows.∫
Ω

u∂ϕ dL2 = −
∫

Ω

(∂u)ϕdL2 +
1

2

∫
∂∗Ω

uϕν dσ. (2.252)

Since ∂
m
u± = 0 in Ω± and νΩ− = −νΩ+ , repeating the integration by parts m

times as above forces∫
Ω+

u+∂
m
ϕdL2 +

∫
Ω−

u−∂
m
ϕdL2 =

m−1∑
k=0

(−1)k

2

∫
∂Ω

(
∂
k
u+

) ∣∣∣κ-n.t.

∂Ω
ϕν dσ

(2.253)

−
m−1∑
k=0

(−1)k

2

∫
∂Ω

(
∂
k
u−

) ∣∣∣κ-n.t.

∂Ω
ϕν dσ.

In turn, TrCm−1u+ = TrCm−1u−, we see that∫
Ω+

u+∂
m
ϕdL2 +

∫
Ω−

u−∂
m
ϕdL2 = 0. (2.254)
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This shows that
∫
R2 u∂

m
ϕdL2 = 0 in (2.251), and hence ∂

m
u = 0 in D′(R2).

In particular, elliptic regularity theory gives us that

u ∈ C∞(R2) and ∂
m
u = 0 in R2 ≡ C, in a classical sense. (2.255)

Also, near infinity

u = u− = O(|z|m−2) as |z| → ∞. (2.256)

We claim that (2.255) and (2.256) imply that

∇`u = 0 in R2, ∀ ` ≥ m− 1. (2.257)

which, in turn, force u ∈ Pm−2, as wanted. To prove (2.257), fix an arbitrary

point z0 ∈ C. For each R > 0, write the Cauchy Integral Representation

Formula for the function in the bounded smooth domain B(z0, R),

u(z) =
m−1∑
k=0

1

2πi

∫
∂B(z,R)

(z − ζ)k

k!(ζ − z)

(
∂
k
u
)

(ζ) dζ, ∀ z ∈ B(z0, R). (2.258)

Hence, ∀ ` ≥ m− 1, the above implies

(
∇`
x,yu
)

(z) =
m−1∑
k=0

1

2πi

∫
∂B(z,R)

∇`
x,y

[
(z − ζ)k

k!(ζ − z)

](
∂
k
u
)

(ζ) dζ. (2.259)

This shows that

|(∇`u)(z0)| ≤ C

(
m−1∑
k=0

R ·Rk−`−1

)
sup

ζ∈∂B(z0,R)

|(∂ku)(ζ)|. (2.260)

According to (2.256), one has |(∂ku)(ζ)| = O(|ζ|m−2−k) as |ζ| → ∞. For each

0 ≤ k ≤ m− 1 and ` ≥ m− 1, we further have

|(∇`u)(z0)| ≤ O(Rm−2−`) = o(1) as R→∞. (2.261)

Passing R → ∞ proves
(
∇`u

)
(z0) = 0, ∀ ` ≥ m − 1, and since z0 ∈ C was

arbitrary this proves (2.257) above.
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Theorem 2.31. Consider a UR domain Ω ⊆ R2 with compact boundary, an

integrability exponent p ∈ (1,∞), and aperture parameter κ ∈ (0,∞). The

poly-Cauchy operator acting on the Lebesgue based complex Whitney array

space

Ċm−1 : CWAm−1 [Lp(∂Ω, σ)]→ Hp,m(Ω) (2.262)

is well defined, linear, bounded, and surjective where the higher-order Hardy

space is defined as in Definition 2.26.

Proof. Let Ω ⊆ R2 be a UR domain with compact boundary. Let us consider

a complex Whitney array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)], and

a, b ∈ N0 with a+ b ≤ m− 1. According to the Corollary 2.11 we have

∂a∂
b
(
Ċm−1ġ

)
(z) =

m−1−a−b∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(a,k+b)(ζ) dζ

−
a−1∑
j=0

1

2πi

∫
∂Ω

j!

(m− a− b+ j)!
× (2.263)

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ),

for each z ∈ Ω. Observe that the part of the first sum in (2.263) corre-

sponding to k = 0 is Calderón-Zygmund operator providing desired nontan-

gential maximal function estimate. The kernels of the remaining terms of

the first sum in (2.263) are weakly singular kernels which directly yield the

nontangential maximal estimates. By similar argument, we obtain the non-

tangential maximal estimates of the second sum in (2.263). This implies that

Nκ
(
∂a∂

b
(
Ċm−1ġ

))
∈ Lp(∂Ω, σ) for all a, b ∈ N0 with a + b ≤ m − 1. In

addition, from (2.71), ∂
m

(Ċm−1ġ) = 0 in Ω and according to Lemma 2.15,

the auxiliary functions associated with the poly-Cauchy operator vanish at

infinity, in the case when Ω is an exterior domain. This shows for any complex

Whitney array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)], Ċm−1ġ ∈ Hp,m(Ω).

From the definition of the poly-Cauchy operator in (2.55), Ċm−1 is linear

operator on CWAm−1[Lp(∂Ω, σ)]. Moreover, from the nontangential maximal
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estimates aforementioned we obtain that for any ġ ∈ CWAm−1[Lp(∂Ω, σ)] there

exists C > 0 such that

‖Ċm−1ġ‖Hp,m(Ω) =
∑
a,b∈N0

a+b≤m−1

‖Nκ
(
∂a∂

b
(
Ċm−1ġ

))
‖Lp(∂Ω,σ)

≤ C
∑
a,b∈N0

a+b≤m−1

[
m−1−a−b∑

k=0

‖g(a,k+b)‖Lp(∂Ω,σ)

+
a−1∑
j=0

‖g(a−1−j,m−a+j)‖Lp(∂Ω,σ)

]
≤ C‖ġ‖CWAm−1[Lp(∂Ω,σ)], (2.264)

which proves that Ċm−1 : CWAm−1 [Lp(∂Ω, σ)] → Hp,m(Ω) is bounded. In

order to prove surjectivity, let us fix u ∈ Hp,m(Ω). Thanks to the Higher order

Fatou theorem in Theorem 2.27, ∂a∂
b
u
∣∣∣κ-n.t.

∂Ω
is well defined in Lp(∂Ω, σ) for

a, b ∈ N0 with a + b ≤ m − 1. Let ġ := TrCm−1u. According to Theorem 2.27,

one can conclude that ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)] where for

a, b ∈ N0 with a + b ≤ m − 1, g(a,b) = ∂a∂
b
u
∣∣∣κ-n.t.

∂Ω
on ∂Ω. Since u ∈ Hp,m(Ω),

Nκ
(
∂a∂

b
u
)
∈ Lp(∂Ω, σ), for a, b ∈ N0 with a + b ≤ m − 1 which implies

that g(a,b) ∈ Lp(∂Ω, σ). Moreover, ġ ∈ CCC follows from the construction of ġ

through the derivatives of u which forces ġ := TrCm−1u ∈ CWAm−1 [Lp(∂Ω, σ)].

According to the integral representation theorem for the poly-Cauchy operator,

we get Ċm−1ġ = u in Hp,m(Ω). This finishes the proof of the theorem.

Corollary 2.32. Given a UR domain Ω ⊆ R2 with compact boundary, an

integrability exponent p ∈ (1,∞), and aperture parameter κ ∈ (0,∞), there

holds

Ċm−1 : Hp,m(∂Ω, σ)→ Hp,m(Ω) is an isomorphism. (2.265)

Proof. According to the theorem 2.31, it suffices to show the injectivity because

Hp,m(∂Ω) is a subset of CWAm−1[Lp(∂Ω, σ)]. In order to prove the injectivity

let ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ Hp,m(∂Ω, σ), then there exists u ∈ Hp,m(Ω) such that
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g(a,b) =
(
∂a∂

b
u
) ∣∣∣κ−n.t.

∂Ω
on ∂Ω. Applying the reproducing formula in Theorem

2.56, there holds (
Ċm−1ġ

)
(z) = u(z). (2.266)

for each z ∈ Ω. This forces

Ċm−1ġ ≡ 0 =⇒ u ≡ 0 =⇒ ġ ≡ 0̇. (2.267)

This shows that Ċm−1 : Hp,m(∂Ω, σ) → Hp,m(Ω) is injective which completes

the proof of the corollary.

Theorem 2.33. Consider a UR domain Ω ⊆ R2 with compact boundary, an

integrability exponent p ∈ (1,∞), and aperture parameter κ ∈ (0,∞). There

holds

Ċm−1 : CWAm−1 [Lp1(∂Ω, σ)]→ Hp,m
1 (Ω) (2.268)

is well defined, linear, bounded, and surjective where the regular higher-order

Hardy space defined as in Definition 2.26.

Proof. Let Ω ⊆ R2 be a UR domain with compact boundary. Fix a sobolev

based complex Whitney array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp1(∂Ω, σ)], and

a, b ∈ N0 with a+ b ≤ m− 1. According to the Corollary 2.11 we have

∂a∂
b
(
Ċm−1ġ

)
(z) =

m−1−a−b∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(a,k+b)(ζ) dζ

−
a−1∑
j=0

1

2πi

∫
∂Ω

j!

(m− a− b+ j)!
× (2.269)

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ),

for each z ∈ Ω. Similar to the Theorem 2.31, Nκ (∂αu) ∈ Lp(∂Ω, σ) whenever
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|α| ≤ m− 1. Let a+ b = m− 1, then

∂a∂
b
(
Ċm−1ġ

)
(z) =

1

2πi

∫
∂Ω

1

ζ − z
g(a,b)(ζ) dζ

−
a−1∑
j=0

1

2πi

∫
∂Ω

1

j + 1
× (2.270)

× ∂τ(ζ)

[
(z − ζ)j+1

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ),

for each z ∈ Ω. By direct calculation, we have

∂a∂
b+1
(
Ċm−1ġ

)
(z)

=−
a−1∑
j=1

1

2πi

∫
∂Ω

∂τ(ζ)

[
(z − ζ)j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ), (2.271)

and

∂a+1∂
b
(
Ċm−1ġ

)
(z)

=
1

2πi

∫
∂Ω

1

(ζ − z)2
g(a,b)(ζ) dζ

−
a−1∑
j=0

1

2πi

∫
∂Ω

∂τ(ζ)

[
(z − ζ)j+1

(ζ − z)j+2

]
g(a−1−j,m−a+j)(ζ) dσ(ζ), (2.272)

for each z ∈ Ω. Since ġ ∈ CWAm−1[Lp1(∂Ω, σ)], from the definition we have

∂τg(a,b), ∂τg(a−1−j,m−a+j) ∈ Lp(∂Ω, σ) for all j = 0, . . . , a − 1. Applying inte-

gration by parts and Calderón-Zygmund theory, we obtain the desired nontan-

gential maximal estimates except the first term in (2.272). Using dζ = iν dσ

on ∂Ω, ∀ z ∈ Ω,

1

2πi

∫
∂Ω

1

(ζ − z)2
g(a,b)(ζ) dζ =

1

2πi

∫
∂Ω

iν(ζ)
1

(ζ − z)2
g(a,b)(ζ) dσ(ζ). (2.273)

Since iν(ζ) 1
(ζ−z)2 = −∂τ(ζ)

[
1
ζ−z

]
, we get

1

2πi

∫
∂Ω

1

(ζ − z)2
g(a,b)(ζ) dζ = − 1

2πi

∫
∂Ω

∂τ(ζ)

[
1

ζ − z

]
g(a,b)(ζ) dσ(ζ). (2.274)
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Since a+b = m−1, ∂τg(a,b) ∈ Lp(∂Ω, σ). The nontangential maximal estimate

for the first term in (2.272) follows from the integration by parts and Calderón-

Zygmund theory again. This shows that Nκ
(
∂a∂

b
(
Ċm−1ġ

))
∈ Lp(∂Ω, σ) for

a, b ∈ N0 with a + b ≤ m. According to (2.71), ∂
m
(
Ċm−1ġ

)
= 0 in Ω.

Additionally, in the case when Ω is an exterior domain, the auxiliary func-

tions associated with the poly-Cauchy operator vanishes according to Lemma

2.15. Consequently, for all ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp1(∂Ω, σ)], one

has Ċm−1ġ ∈ Hp,m
1 (Ω).

Moving on, it is clear from definition that Ċm−1 is linear operator. For the

boundedness, let ġ ∈ CWAm−1[Lp1(∂Ω, σ)], then

‖Ċm−1ġ‖Hp,m1 (Ω)

=
∑
a,b∈N0
a+b≤m

‖Nκ
(
∂a∂

b
(
Ċm−1ġ

))
‖Lp(∂Ω,σ)

=
∑
a,b∈N0

a+b≤m−1

‖Nκ
(
∂a∂

b
(
Ċm−1ġ

))
‖Lp(∂Ω,σ)

+
∑
a,b∈N0
a+b=m

‖Nκ
(
∂a∂

b
(
Ċm−1ġ

))
‖Lp(∂Ω,σ).

(2.275)

From the nontangential estimates mentioned above for ∂a∂
b
(
Ċm−1ġ

)
when-

ever a+ b ≤ m, we obtain that there exists C > 0 such that∑
a,b∈N0

a+b≤m−1

‖Nκ
(
∂a∂

b
(
Ċm−1ġ

))
‖Lp(∂Ω,σ) ≤ C‖ġ‖CWAm−1[Lp(∂Ω,σ)], (2.276)

and∑
a,b∈N0
a+b≤m

‖Nκ
(
∂a∂

b
(
Ċm−1ġ

))
‖Lp(∂Ω,σ) ≤ C

∑
a,b∈N0

a+b=m−1

‖∂τg(a,b)‖Lp(∂Ω,σ). (2.277)

In conclusion,

‖Ċm−1ġ‖Hp,m1 (Ω) ≤ C‖ġ‖CWAm−1[Lp1(∂Ω,σ)]. (2.278)

This proves that Ċm−1 : CWAm−1 [Lp1(∂Ω, σ)]→ Hp,m
1 (Ω) is bounded operator.

To this end, let us fix u ∈ Hp,m
1 (Ω). Thanks to the Higher order Fatou theorem
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in Theorem 2.27, ∂a∂
b
u
∣∣∣κ-n.t.

∂Ω
is well defined in Lp1(∂Ω, σ) for all natural numbers

a, b ∈ N0 with a + b ≤ m − 1. Let ġ := TrCm−1u. Then for all sobolev based

complex Whitney array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp1(∂Ω, σ)] where each

entry g(a,b) = ∂a∂
b
u
∣∣∣κ-n.t.

∂Ω
on ∂Ω. Since Nκ

(
∂a∂

b
u
)
∈ Lp(∂Ω, σ) for a, b ∈ N0

with a + b ≤ m, we have g(a,b) ∈ Lp(∂Ω, σ) for a + b ≤ m which implies

that g(a,b) ∈ Lp1(∂Ω, σ) for a + b ≤ m − 1. In particular, g(a,b) consists of

derivatives of u which implies that ġ ∈ CCC. This shows that the array

ġ := TrCm−1u ∈ CWAm−1 [Lp1(∂Ω, σ)] for u ∈ Hp,m
1 (Ω). Thanks to the integral

representation formula for the poly-Cauchy operator, we have Ċm−1ġ = u in

Hp,m
1 (Ω). This proves the theorem 2.33.

Using same argument in Corollary 2.32, the poly-Cauchy operator is an iso-

morphism from the boundary regular higher-order Hardy space to the regular

higher-order Hardy space.

Corollary 2.34. Given a UR domain Ω ⊆ R2 with compact boundary, an

integrability exponent p ∈ (1,∞), and aperture parameter κ ∈ (0,∞), there

holds

Ċm−1 : Hp,m
1 (∂Ω, σ)→ Hp,m

1 (Ω) is an isomorphism. (2.279)

2.7 The boundary-to-boundary poly-Cauchy op-

erator

In this section, we prove the jump relation associated with the poly-Cauchy

operator with boundary-to-boundary version of the poly-Cauchy operator which

is a most natural higher-order generalization of item (2) in Theorem 2.1. Pro-

ceeding forward, define a boundary-to-boundary poly-Cauchy operator as fol-

lows.

Definition 2.35. Given a UR domain Ω ⊆ R2 ≡ C with compact bound-

ary and p ∈ (1,∞), for ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)] define
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boundary-to-boundary poly-Cauchy operator Ċm−1ġ :=

{(
Ċm−1ġ

)
(a,b)

}
a,b∈N0

a+b≤m−1

by setting, for a, b ∈ N0 with a+ b ≤ m− 1,

(
Ċm−1ġ

)
(a,b)

(z) :=
m−1−a−b∑

k=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

(z − ζ)k

k!(ζ − z)
g(a,k+b)(ζ) dζ

−
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

j!

(m− a− b+ j)!
× (2.280)

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ)

at σ-a.e. point z ∈ ∂Ω.

As indicated in our next theorem this operator acts naturally between our

complex Whitney array spaces.

Theorem 2.36. Let Ω ⊆ R2 be a UR domain with compact boundary, and fix

an arbitrary integer m ∈ N. Also, pick an integrability exponent p ∈ (1,∞).

Then the boundary-to-boundary poly-Cauchy operator Ċm−1 yields well-

defined, linear, and bounded mappings both on the Lebesgue-based complex

Whitney array space CWAm−1[Lp(∂Ω, σ)] and on the Sobolev-based complex

Whitney array space CWAm−1[Lp1(∂Ω, σ)].

As such, for each array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)] one has

∥∥Ċm−1ġ
∥∥

CWAm−1[Lp(∂Ω,σ)]
. ‖ġ‖CWAm−1[Lp(∂Ω,σ)], (2.281)

and for each array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp1(∂Ω, σ)] one has

∥∥Ċm−1ġ
∥∥

CWAm−1[Lp1(∂Ω,σ)]
. ‖ġ‖CWAm−1[Lp1(∂Ω,σ)]. (2.282)

Proof. We first show that for ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)], the

boundary-to-boundary poly-Cauchy operator Ċm−1ġ =

{(
Ċm−1ġ

)
(a,b)

}
a,b∈N0

a+b≤m−1
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also satisfies the compatibility condition. Indeed, for any a, b ∈ N0 with

a+ b ≤ m− 2,

(
Ċm−1ġ

)
(a,b)

(z) =
m−1−a−b∑

k=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

(z − ζ)k

k!(ζ − z)
g(a,k+b)(ζ) dζ

−
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

j!

(m− a− b+ j)!
× (2.283)

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ)

at σ-a.e. point z ∈ ∂Ω. Taking tangential derivative to (2.283) yields(
∂τ

(
Ċm−1ġ

)
(a,b)

)
(z)

=−
m−1−a−b∑

k=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

∂τ(ζ)

[
(z − ζ)k

k!(ζ − z)

]
g(a,k+b)(ζ) dζ

+
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

j!

(m− a− b+ j)!
× (2.284)

× ∂2
τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ).

Applying the integration by parts for 0 ≤ k ≤ m− 2− a− b to the first term



75

in (2.284) gives(
∂τ

(
Ċm−1ġ

)
(a,b)

)
(z)

=− lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

∂τ(ζ)

[
(z − ζ)(m−1−a−b)

(m− 1− a− b)!(ζ − z)

]
g(a,m−1−a)(ζ) dζ

+
m−2−a−b∑

k=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

(z − ζ)k

k!(ζ − z)
(∂τg(a,k+b))(ζ) dζ

+
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

j!

(m− a− b+ j)!
× (2.285)

× ∂2
τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ).

Based on the calculation and the compatibility condition of ġ, we obtain(
∂τ

(
Ċm−1ġ

)
(a,b)

)
(z) =I + iν ·

(
Ċ1
m−1ġ

)
(a,b)

(z)− iν ·
(
Ċ2
m−1ġ

)
(a,b)

(z),

(2.286)

where

I = − lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

∂τ(ζ)

[
(z − ζ)(m−1−a−b)

(m− 1− a− b)!(ζ − z)

]
g(a,m−1−a)(ζ) dζ,

(2.287)

(
Ċ1
m−1ġ

)
(a,b)

(z) =
m−2−a−b∑

k=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

(z − ζ)k

k!(ζ − z)
g(a+1,k+b)(ζ) dζ

−
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

(j + 1)!

(m− a− b+ j)!
× (2.288)

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+2

]
g(a−1−j,m−a+j)(ζ) dσ(ζ),
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and(
Ċ2
m−1ġ

)
(a,b)

(z) =
m−2−a−b∑

k=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

(z − ζ)k

k!(ζ − z)
g(a,k+b+1)(ζ) dζ

−
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

(j + 1)!

(m− 1− a− b+ j)!
× (2.289)

× ∂τ(ζ)

[
(z − ζ)m−1−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ).

Using dζ = iν dσ(ζ), it can be shown that

I + iν ·
(
Ċ1
m−1ġ

)
(a,b)

(z) =
(
Ċm−1ġ

)
(a+1,b)

(z). (2.290)

From (2.289), let us also point out that(
Ċ2
m−1ġ

)
(a,b)

(z) =
(
Ċm−1ġ

)
(a,b+1)

(z). (2.291)

Substituting (2.290) and (2.291) into (2.286) gives for each a, b ∈ N0 with

a+ b ≤ m− 2,(
∂τ

(
Ċm−1ġ

)
(a,b)

)
(z) = iν ·

(
Ċm−1ġ

)
(a+1,b)

(z)− iν ·
(
Ċm−1ġ

)
(a,b+1)

(z),

(2.292)

at σ-a.e. point z ∈ ∂Ω. This verifies that Ċm−1ġ =

{(
Ċm−1ġ

)
(a,b)

}
a,b∈N0

a+b≤m−1

also satisfies the compatibility condition provided the Lebesgue based complex

Whitney array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)]. From the defini-

tion of the boundary-to-boundary poly-Cauchy operator in (2.280), Ċm−1 is a

linear operator. In order to prove the boundedness, let us consider a Lebesgue

based complex Whitney array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)].

Then,∥∥Ċm−1ġ
∥∥

CWAm−1[Lp(∂Ω,σ)]
=

∑
a,b∈N0

a+b≤m−1

∥∥(Ċm−1ġ
)

(a,b)

∥∥
Lp(∂Ω,σ)

. (2.293)
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Let us denote(
Ċm−1ġ

)
(a,b)

(z) :=
m−1−a−b∑

k=0

(
Ċk,1
m−1ġ

)
(a,b)

(z)−
a−1∑
j=0

(
Ċj,2
m−1ġ

)
(a,b)

(z) (2.294)

where for 0 ≤ k ≤ m− 1− a− b(
Ċk,1
m−1ġ

)
(a,b)

(z) = lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

(z − ζ)k

k!(ζ − z)
g(a,k+b)(ζ) dζ, (2.295)

and for 0 ≤ j ≤ a− 1(
Ċj,2
m−1ġ

)
(a,b)

(z) = lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

j!

(m− a− b+ j)!
× (2.296)

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ),

at σ-a.e. point z ∈ ∂Ω. Observe that for 0 < k ≤ m − 1 − a − b, Ċk,1
m−1 is

weakly singular integral operator which is bounded on Lp(∂Ω, σ). If k = 0,

then Ċ0,1
m−1 is reduced to the boundary-to-boundary Cauchy operator which

is also bounded on Lp(∂Ω, σ) due to the Calderón-Zygmund theory. Next,

we turn to the boundedness of Ċj,2
m−1. For a, b ∈ N0 with a + b < m − 1,

Ċj,2
m−1 is weakly singular integral operator for any 0 ≤ j ≤ a − 1 which is

bounded on Lp(∂Ω, σ). If a + b = m − 1, then Ċj,2
m−1 becomes the Calderón-

Zygmund integral operator which is also bounded on Lp(∂Ω, σ) according to

the Calderón-Zygmund theory. Consequently, for any 0 ≤ k ≤ m− 1− a− b,
0 ≤ j ≤ a− 1, we obtain∥∥(Ċk,1

m−1ġ
)

(a,b)

∥∥
Lp(∂Ω,σ)

.
∥∥g(a,k+b)

∥∥
Lp(∂Ω,σ)

,∥∥(Ċj,2
m−1ġ

)
(a,b)

∥∥
Lp(∂Ω,σ)

.
∥∥g(a−1−j,m−a+j)

∥∥
Lp(∂Ω,σ)

. (2.297)

Combining this with (2.294), one has∥∥Ċm−1ġ
∥∥

CWAm−1[Lp(∂Ω,σ)]
.
∥∥ġ∥∥

CWAm−1[Lp(∂Ω,σ)]
. (2.298)
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Now, we are left with showing the regularity property in (2.282). Let us

consider ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp1(∂Ω, σ)]. According to Definition

2.5, one has∥∥Ċm−1ġ
∥∥

CWAm−1[Lp1(∂Ω,σ)]
=

∑
a,b∈N0

a+b≤m−1

∥∥(Ċm−1ġ
)

(a,b)

∥∥
Lp1(∂Ω,σ)

. (2.299)

For a, b ∈ N0 with a+ b ≤ m− 2, using the compatibility condition of Ċm−1ġ

and the boundedness as in (2.298), it can be checked that∑
a,b∈N0

a+b≤m−2

∥∥(Ċm−1ġ
)

(a,b)

∥∥
Lp1(∂Ω,σ)

.
∑
a,b∈N0

a+b≤m−1

∥∥g(a,b)

∥∥
Lp(∂Ω,σ)

. (2.300)

If a, b ∈ N0 with a + b = m − 1, then Ċk,1
m−1 in (2.295) turns out to be the

boundary-to-boundary Cauchy operator acting on g(a,b). According to the

regularity result in Theorem 2.1, one has∥∥(Ċk,1
m−1ġ

)
(a,b)

∥∥
Lp1(∂Ω,σ)

.
∥∥g(a,b)

∥∥
Lp1(∂Ω,σ)

. (2.301)

Next, we turn our attention to Ċj,2
m−1. Applying the integration by parts gives

for 0 ≤ j ≤ a− 1(
Ċj,2
m−1ġ

)
(a,b)

(z) =− lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

1

j + 1
× (2.302)

× (z − ζ)j+1

(ζ − z)j+1
(∂τg(a−1−j,m−a+j))(ζ) dσ(ζ),

at σ-a.e. point z ∈ ∂Ω. Observe that the kernel in (2.302) is weakly singular

which forces∥∥(Ċj,2
m−1ġ

)
(a,b)

∥∥
Lp(∂Ω,σ)

.
∥∥∂τg(a−1−j,m−a+j)

∥∥
Lp(∂Ω,σ)

. (2.303)

In addition,(
∂τ Ċ

j,2
m−1ġ

)
(a,b)

(z) =− lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

1

j + 1
× (2.304)

× ∂τ(z)

[
(z − ζ)j+1

(ζ − z)j+1

]
(∂τg(a−1−j,m−a+j))(ζ) dσ(ζ)
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which is Calderón-Zygmund operator. Applying the Calderón-Zygmund the-

ory provides∥∥(∂τ Ċj,2
m−1ġ

)
(a,b)

∥∥
Lp(∂Ω,σ)

.
∥∥∂τg(a−1−j,m−a+j)

∥∥
Lp(∂Ω,σ)

. (2.305)

In conclusion, for each array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp1(∂Ω, σ)] we

obtain that ∥∥Ċm−1ġ
∥∥

CWAm−1[Lp1(∂Ω,σ)]
. ‖ġ‖CWAm−1[Lp1(∂Ω,σ)]. (2.306)

This completes the proof of the theorem.

The theorem above also indicates the higher-order generalization of the

boundedness and regularity of the classical Cauchy operator in Theorem 2.1.

Remarkably, the boundary-to-boundary poly-Cauchy operator Ċm−1 is tied

up with its boundary-to-domain version Ċm−1 via the jump-formula described

below.

Theorem 2.37. Let Ω ⊆ R2 be a UR domain with compact boundary. Fix an

integer m ∈ N along with an integrability exponent p ∈ (1,∞). Then for each

given array ġ ∈ CWAm−1 [Lp(∂Ω, σ)] one has

TrCm−1

(
Ċm−1ġ

)
=
(

1
2
I + Ċm−1

)
ġ. (2.307)

Proof. Fix κ > 0. Let Ω ⊆ R2 be a UR domain with compact boundary. Let

a, b ∈ N0 with a + b ≤ m − 1. From the formula (2.97), for each Lebesgue

based complex Whitney array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)] we

have

∂a∂
b
(
Ċm−1ġ

)
(z) =

m−1−a−b∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(a,k+b)(ζ) dζ (2.308)

−
a−1∑
j=0

1

2πi

∫
∂Ω

j!

(m− a− b+ j)!
×

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ),

(2.309)
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for each z ∈ Ω. The integral kernel in (2.308) is either weakly singular, or

Calderón-Zygmund operator. If k > 0, then the integral kernel in (2.308) is

weakly singular which does not jump on the boundary. In the case when k = 0,

we employ the jump relation (2.7) to write(
1

2πi

∫
∂Ω

1

ζ − z
g(a,b)(ζ) dζ

) ∣∣∣κ-n.t.

∂Ω
(z) (2.310)

=
(
(C g(a,b))(z)

) ∣∣∣κ-n.t.

∂Ω
(z) (2.311)

=
1

2
g(a,b)(z) + lim

ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

1

ζ − z
g(a,b)(ζ) dζ, (2.312)

for almost every z ∈ ∂Ω. If a+ b < m− 1, then the integral kernel in (2.309)

is weakly singular for all 0 ≤ j ≤ a− 1 which does not jump on the boundary.

In the case when a, b ∈ N0 satisfies a + b = m − 1. For simplicity, we denote
(z−ζ)m−a−b+j

(ζ−z)j+1 by k0(z−ζ) for all 0 ≤ j ≤ a−1, and we apply the jump relations

again to write(∫
∂Ω

∂τ(ζ) [k0(· − ζ)] g(a−1−j,m−a+j)(ζ) dσ(ζ)

) ∣∣∣κ-n.t.

∂Ω
(z)

=
1

2
√
−1

[
ν1ν2k̂0(ν)− ν2ν1k̂0(ν)

]
(z)g(a−1−j,m−a+j)(z)

+ lim
ε→0+

∫
ζ∈∂Ω
|ζ−z|>ε

∂τ(ζ)[k0(z − ζ)]g(a−1−j,m−a+j)(ζ) dσ(ζ)

= lim
ε→0+

∫
ζ∈∂Ω
|ζ−z|>ε

∂τ(ζ)[k0(z − ζ)]g(a−1−j,m−a+j)(ζ) dσ(ζ)

(2.313)

for almost every z ∈ ∂Ω. Remark that

k0(z − ζ) = −π(m− a− b+ j)!

j!
(∂j∂

a+b−1−j
Em)(z − ζ),

(z − ζ)k

k!(ζ − z)
= −π(∂

m−1−k
Em)(z − ζ),

(2.314)
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where Em is the fundamental solution for ∂
m

. This forces(
1

2πi

∫
∂Ω

j!

(m− a− b+ j)!
×

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ)

)∣∣∣∣∣
κ-n.t.

∂Ω

(z)

=− lim
ε→0+

1

2i

∫
ζ∈∂Ω
|ζ−z|>ε

∂τ(ζ)

[(
∂j∂

a+b−1−j
Em

)
(z − ζ)

]
×

× g(a−1−j,m−a+j)(ζ) dσ(ζ), (2.315)

and (
m−1−a−b∑

k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(a,k+b)(ζ) dζ

)∣∣∣κ-n.t.

∂Ω
(z) (2.316)

=
1

2
g(a,b)(z)−

m−1−a−b∑
k=0

lim
ε→0+

1

2i

∫
ζ∈∂Ω
|ζ−z|>ε

(
∂
m−1−k

Em

)
(z − ζ)g(a,k+b)(ζ) dζ,

for almost every z ∈ ∂Ω. In conclusion, for the boundary-to-boundary poly-

Cauchy operator Cm−1 in Definition 2.35 there holds

TrCm−1

(
Ċm−1ġ

)
=

(
1

2
I + Ċm−1

)
ġ, at σ-almost every point on ∂Ω.

(2.317)

This completes the proof of the theorem 2.37

As a corollary of Theorem 2.27 and (2.307) one obtains the higher-order

version of the involution property as in the item (4) in Theorem 2.1.

Corollary 2.38. Let Ω ⊆ R2 be a UR domain with compact boundary. Fix an

integer m ∈ N along with an integrability exponent p ∈ (1,∞). There holds(
Ċm−1

)2

= 1
4
I on CWAm−1 [Lp(∂Ω, σ)] , (2.318)

where Ċm−1 is the boundary-to-boundary poly-Cauchy operator defined in Def-

inition 2.35.
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Proof. Let Ω ⊆ R2 be a UR domain with compact boundary, and consider

array ġ =
{
g(a,b)

}
a,b∈N0

a+b≤m−1
∈ CWAm−1[Lp(∂Ω, σ)]. According to the Theorem

2.31, the poly-Cauchy operator Ċm−1ġ ∈ Hp,m(Ω). Applying (2.231),

Ċm−1ġ = Ċm−1

(
TrCm−1

(
Ċm−1ġ

))
in Ω. (2.319)

Combining this with taking Ċm−1 to (2.307), we obtain that

Ċm−1ġ = Ċm−1

((
1

2
I + Ċm−1

)
ġ

)
on Hp,m(Ω). (2.320)

Taking TrCm−1 into the identity (2.320), we have

TrCm−1

(
Ċm−1ġ

)
= TrCm−1

(
Ċm−1

)((1

2
I + Ċm−1

)
ġ

)
(2.321)

on CWAm−1[Lp(∂Ω, σ)]. The jump formula in (2.307) forces(
1

2
I + Ċm−1

)
ġ =

(
1

2
I + Ċm−1

)((
1

2
I + Ċm−1

)
ġ

)
(2.322)

on CWAm−1[Lp(∂Ω, σ)], namely,(
1

2
I + Ċm−1

)
ġ =

(
1

4
I + Ċm−1 +

(
Ċm−1

)2
)
ġ, (2.323)

for ġ ∈ CWAm−1[Lp(∂Ω, σ)]. This implies that(
Ċm−1

)2

ġ =
1

4
ġ on CWAm−1[Lp(∂Ω, σ)]. (2.324)

This finishes the proof of the Corollary.

2.8 Identification of the poly-Cauchy operator

as the double multi-layer potential opera-

tor

The main goal of this section is to identify that the poly-Cauchy operator is

a genuine double multi-layer potential operator associated with polylaplacian

under appropriate identification. We first introduce real and complex Whitney

array spaces, and identification map between these two array spaces.
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Definition 2.39. For p ∈ [1,∞], define a real Whitney array space and a

complex Whitney array space by

RWAm−1[Lp(∂Ω, σ)]

=

{
ḟ =

{
f(j,k)

}
j,k∈N0

j+k≤m−1
∈ CCR : f(j,k) ∈ Lp(∂Ω, σ) if j + k ≤ m− 1

}
,

(2.325)

CWAm−1[Lp(∂Ω, σ)]

=

{
ġ =

{
g(r,s)

}
r,s∈N0

r+s≤m−1
∈ CCC : g(r,s) ∈ Lp(∂Ω, σ) if r + s ≤ m− 1

}
,

(2.326)

respectively, where

ḟ =
{
f(j,k)

}
j,k∈N0

j+k≤m−1
∈ CCR ⇐⇒

∂τf(j,k) = ν1f(j,k+1) − ν2f(j+1,k) σ-a.e. on ∂Ω

whenever j + k ≤ m− 2 and j, k ∈ N0.

, (2.327)

and

ġ =
{
g(r,s)

}
r,s∈N0

r+s≤m−1
∈ CCC ⇐⇒

∂τg(r,s) = iνg(r+1,s) − iνg(r,s+1) σ-a.e. on ∂Ω

whenever r + s ≤ m− 2 and r, s ∈ N0.

. (2.328)

We introduce a couple of useful combinatorial lemmas.

Lemma 2.40. For r, s ∈ N0, 0 ≤ d ≤ r + s, we have

1

2r+s

r+s∑
`=0

∑
0≤a≤r
0≤b≤s
a+b=`

r!

a!(r − a)!

s!

b!(s− b)!
×

×
∑

0≤p≤`
0≤q≤r+s−`
p+q=d

`!

p!(`− p)!
(r + s− `))!

q!(r + s− `− q)!
(−1)r−a−q = δdr, (2.329)
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where

δdr =

{
1 if d = r

0 otherwise
. (2.330)

Proof. Fix r, s ∈ N0. For x, y ∈ R, recall

z = x− iy, z = x+ iy,

x =
z + z

2
, y = i

z − z
2

.
(2.331)

Applying binomial formula combining with (2.331), we have

zrzs =(x− iy)r(x+ iy)s (2.332)

=
∑

0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
ir+s−(a+b)(−1)r−axa+byr+s−(a+b)

=
∑

0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
ir+s−(a+b)(−1)r−a

(
z + z

2

)a+b(
i
z − z

2

)r+s−(a+b)

=
1

2r+s

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
×

×
∑

0≤p≤a+b
0≤q≤r+s−(a+b)

(a+ b)!

p!(a+ b− p)!
(r + s− a− b))!

q!(r + s− a− b− q)!
(−1)r−a−qzp+qzr+s−(p+q),

where c = r + s. This forces

zrzs =
1

2c

c∑
`=0

∑
0≤a≤r
0≤b≤s
a+b=`

r!

a!(r − a)!

s!

b!(s− b)!
×

×
r+s∑
d=0

∑
0≤p≤`

0≤q≤c−`
p+q=d

`!

p!(`− p)!
(c− `))!

q!(c− `− q)!
(−1)r−a−qzdzc−d

=
c∑

d=0

[
1

2c

c∑
`=0

∑
0≤a≤r
0≤b≤s
a+b=`

r!

a!(r − a)!

s!

b!(s− b)!
×

×
∑

0≤p≤`
0≤q≤c−`
p+q=d

`!

p!(`− p)!
(c− `))!

q!(c− `− q)!
(−1)r−a−q

]
zdzc−d (2.333)
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On the other hand,

zrzs =
c∑

d=0

δdrz
dzc−d. (2.334)

Comparing coefficients with (2.332) completes the proof.

Lemma 2.41. Fix m ∈ N, k ∈ {0, . . . ,m}. For r ∈ {0, 1, . . . ,m − k}, the

following holds.

1

2m−k

m−k∑
`=0

∑
0≤p≤m−k−`

0≤q≤`
p+q=r

(−1)q · (m− k)!

p!(m− k − `− p)!q!(`− q)!
= δr0, (2.335)

where

δr0 =

{
1 if r = 0

0 otherwise
. (2.336)

Proof. Combining (2.331) with the binomial formula yields, for each z = x−iy
where x, y ∈ R,

zm−k = (x+ iy)m−k =
m−k∑
`=0

(m− k)!

`!(m− k − `)!
xm−k−`(iy)` (2.337)

=
m−k∑
`=0

(m− k)!

`!(m− k − `)!

(
z + z

2

)m−k−`(
z − z

2

)`
,

which forces

zm−k (2.338)

=
1

2m−k

m−k∑
`=0

(−1)`
(m− k)!

`!(m− k − `)!
×

×
∑

0≤p≤m−k−`
0≤q≤`

(−1)`−q
(m− k − `)!

p!(m− k − `− p)!
`!

q!(`− q)!
zp+qzm−k−p−q

=
1

2m−k

m−k∑
`=0

∑
0≤p≤m−k−`

0≤q≤`

(−1)q
(m− k)!

p!(m− k − `− p)!q!(`− q)!
zp+qzm−k−(p+q)

=
1

2m−k

m−k∑
r=0

m−k∑
`=0

∑
0≤p≤m−k−`

0≤q≤`
p+q=r

(−1)q
(m− k)!

p!(m− k − `− p)!q!(`− q)!
zrzm−k−r.
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Note that

zm−k =
m−k∑
r=0

δr0z
rzm−k−r. (2.339)

Combining this with (2.338), this finishes the proof.

For p ∈ [1,∞], we introduce a map Ψ from the real Whitney array into the

complex Whitney array

Ψ : RWAm−1[Lp(∂Ω, σ)]→ CWAm−1[Lp(∂Ω, σ)], (2.340)

defined by for ḟ =
{
f(j,k)

}
j,k∈N0

j+k≤m−1
∈ RWAm−1[Lp(∂Ω, σ)] and r, s ∈ N0 such

that r + s ≤ m− 1(
Ψ(ḟ)

)
(r,s)

:=
1

2r+s

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
×

× (−1)r−air+s−(a+b)f(a+b,r+s−a−b). (2.341)

Lemma 2.42. Ψ : RWAm−1[Lp(∂Ω, σ)] → CWAm−1[Lp(∂Ω, σ)] defined as in

(2.341) is well-defined linear map for m ∈ N, p ∈ [1,∞].

Proof. From the construction, Ψ is a linear map and Ψ(0̇) = 0̇. For any real

Whitney array ḟ =
{
f(j,k)

}
j,k∈N0

j+k≤m−1
∈ RWAm−1[Lp(∂Ω, σ)] and r, s ∈ N0 such

that r + s ≤ m− 1, we have∥∥∥(Ψ(ḟ)
)

(r,s)

∥∥∥
Lp(∂Ω,σ)

=
∥∥∥ 1

2r+s

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)f(a+b,r+s−a−b)

∥∥∥
Lp(∂Ω,σ)

≤C(m)
∑
r,s∈N0

r+s≤m−1

∑
0≤a≤r
0≤b≤s

‖f(a+b,r+s−a−b)‖Lp(∂Ω,σ)

≤C(m)‖ḟ‖RWAm−1[Lp(∂Ω,σ)], (2.342)

which implies for r, s ∈ N0 with r + s ≤ m− 1(
Ψ(ḟ)

)
(r,s)
∈ Lp(∂Ω, σ). (2.343)
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Moreover, for r, s ∈ N0 with r + s ≤ m− 2, applying the following relations

ν1 =
ν + ν

2
, ν2 =

ν − ν
2

i, (2.344)

we obtain that

∂τ

(
Ψ(ḟ)

)
(r,s)

=
1

2r+s

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)∂τf(a+b,r+s−a−b)

=
1

2r+s

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
×

× (−1)r−air+s−(a+b)(ν1f(a+b,r+s+1−a−b) − ν2f(a+b+1,r+s−a−b)),

(2.345)

which implies

∂τ

(
Ψ(ḟ)

)
(r,s)

=
1

2r+s

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)×

×
[
iν

(
1

2
·
(
f(a+b+1,r+s−a−b) − if(a+b,r+s+1−a−b)

))
− iν

(
1

2
·
(
f(a+b+1,r+s−a−b) + if(a+b,r+s+1−a−b)

))]
. (2.346)

This forces

∂τ

(
Ψ(ḟ)

)
(r,s)

=iν ·

[
1

2r+s+1

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)×

(2.347)

×
(
f(a+b+1,r+s−a−b) − if(a+b,r+s+1−a−b)

)]

− iν ·

[
1

2r+s+1

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)×

×
(
f(a+b+1,r+s−a−b) + if(a+b,r+s+1−a−b)

)]
.
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Observe that

1

2r+s+1

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)f(a+b+1,r+s−a−b)

=
1

2r+s+1

∑
1≤a≤r+1

0≤b≤s

r!

(a− 1)!(r + 1− a)!
×

× s!

b!(s− b)!
(−1)r+1−air+s+1−(a+b)f(a+b,r+s+1−a−b), (2.348)

which forces

1

2r+s+1

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)f(a+b+1,r+s−a−b)

=
1

2r+s+1

∑
1≤a≤r
0≤b≤s

r!

(a− 1)!(r + 1− a)!

s!

b!(s− b)!
×

× (−1)r+1−air+s+1−(a+b)f(a+b,r+s+1−a−b)

+
1

2r+s+1

∑
0≤b≤s

s!

b!(s− b)!
is−bf(r+1+b,s−b), (2.349)

and

−i
2r+s+1

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)f(a+b,r+s+1−a−b) (2.350)

=
1

2r+s+1

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r+1−air+s+1−(a+b)f(a+b,r+s+1−a−b),

which implies

−i
2r+s+1

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)f(a+b,r+s+1−a−b)

=
1

2r+s+1

∑
1≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r+1−air+s+1−(a+b)f(a+b,r+s+1−a−b)

+
1

2r+s+1

∑
0≤b≤s

s!

b!(s− b)!
(−1)r+1ir+s+1−bf(b,r+s+1−b). (2.351)
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In addition, for 1 ≤ a ≤ r

1

(a− 1)!(r + 1− a)!
+

1

a!(r − a)!

=
1

(a− 1)!(r − a)!(r + 1− a)
+

1

(a− 1)!(r − a)!a

=
1

(a− 1)!(r − a)!

[
1

r + 1− a
+

1

a

]
=

r + 1

a!(r + 1− a)!
. (2.352)

Combining this together with (2.348), (2.350), we conclude that

1

2r+s+1

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)×

×
(
f(a+b+1,r+s−a−b) − if(a+b,r+s+1−a−b)

)
=

1

2r+s+1

∑
1≤a≤r
0≤b≤s

(r + 1)!

a!(r + 1− a)!

s!

b!(s− b)!
(−1)r+1−air+s+1−(a+b)f(a+b,r+s+1−a−b)

+
1

2r+s+1

∑
0≤b≤s

s!

b!(s− b)!
is−bf(r+1+b,s−b)

+
1

2r+s+1

∑
0≤b≤s

s!

b!(s− b)!
(−1)r+1ir+s+1−bf(b,r+s+1−b)

=
1

2r+s+1

∑
0≤a≤r+1

0≤b≤s

(r + 1)!

a!(r + 1− a)!

s!

b!(s− b)!
(−1)r+1−air+s+1−(a+b)f(a+b,r+s+1−a−b)

=
(

Ψ(ḟ)
)

(r+1,s)
. (2.353)

Similarly,

1

2r+s+1

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)f(a+b+1,r+s−a−b)

=
1

2r+s+1

∑
0≤a≤r
1≤b≤s

r!

a!(r − a)!

s!

(b− 1)!(s+ 1− b)!
(−1)r−air+s+1−(a+b)f(a+b,r+s+1−a−b)

+
1

2r+s+1

∑
0≤a≤r

r!

a!(r − a)!
(−1)r−air−af(a+s+1,r−a), (2.354)
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and

i

2r+s+1

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)f(a+b,r+s+1−a−b)

=
1

2r+s+1

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s+1−(a+b)f(a+b,r+s+1−a−b)

=
1

2r+s+1

∑
0≤a≤r
1≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s+1−(a+b)f(a+b,r+s+1−a−b)

+
1

2r+s+1

∑
0≤a≤r

r!

a!(r − a)!
(−1)r−air+s+1−af(a,r+s+1−a). (2.355)

Combining (2.352) for b, s together with (2.354), (2.355), we conclude that

1

2r+s+1

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)×

×
(
f(a+b+1,r+s−a−b) + if(a+b,r+s+1−a−b)

)
=

1

2r+s+1

∑
0≤a≤r
1≤b≤s

r!

a!(r − a)!

(s+ 1)!

b!(s+ 1− b)!
(−1)r−air+s+1−(a+b)f(a+b,r+s+1−a−b)

+
1

2r+s+1

∑
0≤a≤r

r!

a!(r − a)!
(−1)r−air−af(a+s+1,r−a)

+
1

2r+s+1

∑
0≤a≤r

r!

a!(r − a)!
(−1)r−air+s+1−af(a,r+s+1−a)

=
1

2r+s+1

∑
0≤a≤r

0≤b≤s+1

r!

a!(r − a)!

(s+ 1)!

b!(s+ 1− b)!
(−1)r−air+s+1−(a+b)f(a+b,r+s+1−a−b)

=
(

Ψ(ḟ)
)

(r,s+1)
. (2.356)

Applying (2.353) and (2.356) to (2.347), we obtain for any r, s ∈ N0 with

r + s ≤ m− 2

∂τ

(
Ψ(ḟ)

)
(r,s)

= iν ·
(

Ψ(ḟ)
)

(r+1,s)
− iν ·

(
Ψ(ḟ)

)
(r,s+1)

. (2.357)

This with (2.343) shows for ḟ =
{
f(j,k)

}
j,k∈N0

j+k≤m−1
∈ RWAm−1[Lp(∂Ω, σ)],

Ψ(ḟ) =

{(
Ψ(ḟ)

)
(r,s)

}
r,s∈N0

r+s≤m−1

∈ CWAm−1[Lp(∂Ω, σ)]. (2.358)
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Consequently,

Ψ : RWAm−1[Lp(∂Ω, σ)]→ CWAm−1[Lp(∂Ω, σ)] (2.359)

defined as in (2.341) is well-defined linear map.

Next, for p ∈ [1,∞], we introduce a map Φ from the complex Whitney

array into the real Whitney array

Φ : CWAm−1[Lp(∂Ω, σ)]→ RWAm−1[Lp(∂Ω, σ)] (2.360)

defined by for ġ =
{
g(r,s)

}
r,s∈N0

r+s≤m−1
∈ CWAm−1[Lp(∂Ω, σ)] and j, k ∈ N0 with

j + k ≤ m− 1(
Φ(ġ)

)
(j,k)

:= ik
∑

0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
(−1)k−bg(a+b,j+k−a−b). (2.361)

Lemma 2.43. Φ : CWAm−1[Lp(∂Ω, σ)] → RWAm−1[Lp(∂Ω, σ)] defined as in

(2.361) is well-defined linear map for m ∈ N, p ∈ [1,∞].

Proof. Notice that Φ is a linear map and Φ(0̇) = 0̇. Similar to (2.342), for

j, k ∈ N0 with j + k ≤ m− 1(
Φ(ġ)

)
(j,k)
∈ Lp(∂Ω, σ). (2.362)

Since ν = ν1 + iν2, ν = ν1 − iν2, we obtain

∂τ

(
Φ(ġ)

)
(j,k)

=ik
∑

0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
(−1)k−b∂τg(a+b,j+k−a−b)

=ik
∑

0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
(−1)k−b(iνg(a+b+1,j+k−a−b) − iνg(a+b,j+k+1−a−b))

=ik
∑

0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
×

× (−1)k−b
[
iν1

(
g(a+b+1,j+k−a−b) − g(a+b,j+k+1−a−b)

)
− ν2

(
g(a+b+1,j+k−a−b) + g(a+b,j+k+1−a−b)

)]
. (2.363)
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Going further,

∂τ

(
Φ(ġ)

)
(j,k)

(2.364)

=ν1 ·

[
ik+1

∑
0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
×

× (−1)k−b
(
g(a+b+1,j+k−a−b) − g(a+b,j+k+1−a−b)

)]

− ν2 ·

[
ik
∑

0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
×

× (−1)k−b
(
g(a+b+1,j+k−a−b) + g(a+b,j+k+1−a−b)

)]
.

In particular,∑
0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
(−1)k−bg(a+b+1,j+k−a−b)

=
∑

0≤a≤j
1≤b≤k+1

j!

a!(j − a)!

k!

(b− 1)!(k + 1− b)!
(−1)k+1−bg(a+b,j+k+1−a−b)

=
∑

0≤a≤j
1≤b≤k

j!

a!(j − a)!

k!

(b− 1)!(k + 1− b)!
(−1)k+1−bg(a+b,j+k+1−a−b)

+
∑

0≤a≤j

j!

a!(j − a)!
g(a+k+1,j−a), (2.365)

and

−
∑

0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
(−1)k−bg(a+b,j+k+1−a−b)

=
∑

0≤a≤j
1≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
(−1)k+1−bg(a+b,j+k+1−a−b)

+
∑

0≤a≤j

j!

a!(j − a)!
(−1)k+1g(a,j+k+1−a). (2.366)
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Applying (2.352) for b, k, we have

1

(b− 1)!(k + 1− b)!
+

1

b!(k − b)!
=

k + 1

b!(k + 1− b)!
. (2.367)

Combining this together with (2.365), (2.366), we obtain that

ik+1
∑

0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
(−1)k−b

(
g(a+b+1,j+k−a−b) − g(a+b,j+k+1−a−b)

)

=ik+1

[ ∑
0≤a≤j
1≤b≤k

j!

a!(j − a)!

(k + 1)!

b!(k + 1− b)!
(−1)k+1−bg(a+b,j+k+1−a−b)

+
∑

0≤a≤j

j!

a!(j − a)!
g(a+k+1,j−a) +

∑
0≤a≤j

j!

a!(j − a)!
(−1)k+1g(a,j+k+1−a)

]

=ik+1
∑

0≤a≤j
0≤b≤k+1

j!

a!(j − a)!

(k + 1)!

b!(k + 1− b)!
(−1)k+1−bg(a+b,j+k+1−a−b)

=
(

Φ(ġ)
)

(j,k+1)
. (2.368)

Similarly, ∑
0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
(−1)k−bg(a+b+1,j+k−a−b)

=
∑

1≤a≤j
0≤b≤k

j!

(a− 1)!(j + 1− a)!

k!

b!(k − b)!
(−1)k−bg(a+b,j+k+1−a−b)

+
∑

0≤b≤k

k!

b!(k − b)!
(−1)k−bg(j+1+b,k−b), (2.369)

and ∑
0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
(−1)k−bg(a+b,j+k+1−a−b)

=
∑

1≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
(−1)k−bg(a+b,j+k+1−a−b)

+
∑

0≤b≤k

k!

b!(k − b)!
(−1)k−bg(b,j+k+1−b). (2.370)
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Combining (2.352) for a, j together with (2.369) and (2.370), we obtain that

ik
∑

0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
(−1)k−b

(
g(a+b+1,j+k−a−b) + g(a+b,j+k+1−a−b)

)

=ik

[ ∑
1≤a≤j
0≤b≤k

(j + 1)!

a!(j + 1− a)!

k!

b!(k − b)!
(−1)k−bg(a+b,j+k+1−a−b)

+
∑

0≤b≤k

k!

b!(k − b)!
(−1)k−bg(j+1+b,k−b) +

∑
0≤b≤k

k!

b!(k − b)!
(−1)k−bg(b,j+k+1−b)

]

=ik
∑

0≤a≤j+1
0≤b≤k

(j + 1)!

a!(j + 1− a)!

k!

b!(k − b)!
(−1)k−bg(a+b,j+k+1−a−b)

=
(

Φ(ġ)
)

(j+1,k)
. (2.371)

Consequently, substituting (2.368) and (2.371) into (2.364) yields

∂τ

(
Φ(ġ)

)
(j,k)

= ν1 ·
(

Φ(ġ)
)

(j,k+1)
− ν2 ·

(
Φ(ġ)

)
(j+1,k)

. (2.372)

This with (2.362) implies that for ġ =
{
g(r,s)

}
r,s∈N0

r+s≤m−1
∈ CWAm−1[Lp(∂Ω, σ)],

Φ(ġ) =

{(
Φ(ġ)

)
(j,k)

}
j,k∈N0

j+k≤m−1

∈ RWAm−1[Lp(∂Ω, σ)] (2.373)

defined as in (2.361) is well-defined linear map.

Proposition 2.44. Fix m ∈ N, p ∈ [1,∞]. The maps Ψ defined in (2.341)

and Φ defined in (2.361) are inverse to one another.
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Proof. Let ġ =
{
g(r,s)

}
r,s∈N0

r+s≤m−1
∈ CWAm−1[Lp(∂Ω, σ)], then(

Ψ(Φ(ġ))
)

(r,s)

=
1

2r+s

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)

(
Φ(ġ)

)
(a+b,r+s−a−b)

=
1

2r+s

∑
0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)r−air+s−(a+b)×

× ir+s−(a+b)
∑

0≤p≤a+b
0≤q≤r+s−(a+b)

(a+ b)!

p!(a+ b− p)!
(r + s− a− b)!

q!(r + s− a− b− q)!
×

× (−1)r+s−a−b−qg(p+q,r+s−p−q). (2.374)

Let c = r + s, then one can conclude(
Ψ(Φ(ġ))

)
(r,s)

=
1

2c

c∑
`=0

∑
0≤a≤r
0≤b≤s
a+b=`

r!

a!(r − a)!

s!

b!(s− b)!
×

×
∑

0≤p≤`
0≤q≤c−`

`!

p!(`− p)!
(c− `)!

q!(c− `− q)!
(−1)r−a−qg(p+q,c−p−q)

=
1

2c

c∑
`=0

∑
0≤a≤r
0≤b≤s
a+b=`

r!

a!(r − a)!

s!

b!(s− b)!
×

×
c∑

d=0

∑
0≤p≤`

0≤q≤c−`
p+q=d

`!

p!(`− p)!
(c− `)!

q!(c− `− q)!
(−1)r−a−qg(d,c−d)

=
c∑

d=0

g(d,c−d)

[
1

2c

c∑
`=0

∑
0≤a≤r
0≤b≤s
a+b=`

r!

a!(r − a)!

s!

b!(s− b)!
×

×
∑

0≤p≤`
0≤q≤c−`
p+q=d

`!

p!(`− p)!
(c− `)!

q!(c− `− q)!
(−1)r−a−q

]
. (2.375)
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Combining this with lemma 2.40, we conclude that(
Ψ(Φ(ġ))

)
(r,s)

=
c∑

d=0

g(d,c−d)δdr, (2.376)

which forces (
Ψ(Φ(ġ))

)
(r,s)

= g(r,s). (2.377)

Similarly, for ḟ =
{
f(j,k)

}
j,k∈N0

j+k≤m−1
∈ RWAm−1[Lp(∂Ω, σ)]

(
Φ(Ψ(ḟ))

)
(j,k)

=ik
∑

0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
(−1)k−b

(
Ψ(ḟ)

)
(a+b,j+k−a−b)

=ik
∑

0≤a≤j
0≤b≤k

j!

a!(j − a)!

k!

b!(k − b)!
(−1)k−b

1

2j+k

∑
0≤p≤a+b

0≤q≤j+k−a−b

(a+ b)!

p!(a+ b− p)!
×

× (j + k − a− b)!
q!(j + k − a− b− q)!

(−1)a+b−pij+k−p−qf(p+q,j+k−p−q). (2.378)

Let c = j + k, then(
Φ(Ψ(ḟ))

)
(j,k)

=
ij

2c

c∑
`=0

∑
0≤a≤j
0≤b≤k
a+b=`

j!

a!(j − a)!

k!

b!(k − b)!
(−1)a×

×
c∑

d=0

∑
0≤p≤`

0≤q≤c−`
p+q=d

`!

p!(`− p)!
(c− `)!

q!(c− `− q)!
(−1)pi−df(d,c−d)

=ij
c∑

d=0

i−d(−1)d−jf(d,c−d)

[
1

2c

c∑
`=0

∑
0≤a≤j
0≤b≤k
a+b=`

j!

a!(j − a)!

k!

b!(k − b)!
×

×
∑

0≤p≤`
0≤q≤c−`
p+q=d

`!

p!(`− p)!
(c− `)!

q!(c− `− q)!
(−1)j−a−q

]
. (2.379)
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Combining this with lemma 2.40, we obtain(
Φ(Ψ(ḟ))

)
(j,k)

= ij
c∑

d=0

i−d(−1)d−jf(d,c−d)δdj, (2.380)

which implies (
Φ(Ψ(ḟ))

)
(j,k)

= f(j,k). (2.381)

This completes the proof of the proposition.

We recall the definition of double multi-layer potential operator. Let L

be a homogeneous differential operator of order 2m with constant coefficients

which is given by

L :=
∑

|α|=|β|=m

∂αAαβ∂
β. (2.382)

Definition 2.45. Let Ω ⊆ Rn be a UR domain with compact boundary. Let

L be a matrix-valued constant coefficient, homogeneous, weakly elliptic dif-

ferential operator of order 2m in Rn and denote by E a fundamental solu-

tion for L in Rn. Then the double multi-layer potential operator associated

with coefficient tensor A = (Aαβ) α,β∈Nn0
|α|=|β|=m

acting on the real Whitney array

ḟ = {fδ}|δ|≤m−1 ∈ RWAm−1[Lp(∂Ω, σ)] for p ∈ (1,∞) is given by

ḊA
L ḟ(X) := −

∑
|α|=m
|β|=m

m∑
k=1

∑
|δ|=m−k
|γ|=k−1
γ+δ+ej=α

{
α!(m− k)!(k − 1)!

m!γ!δ!
×

×
∫
∂Ω

νj(Y )(∂β+γE)(X − Y )Aβαfδ(Y )dσ(Y )

}
(2.383)

for X ∈ Rn \ ∂Ω.

Lemma 2.46. Fix m ∈ N. Define a tensor Ã = (Ãαβ) α,β∈N2
0

|α|=|β|=m
by

Ã(m−s,s),(m−q,q) =
(m!)2

(m− s)!(m− q)!s!q!
(−1)qis+q, for 0 ≤ s, q ≤ m. (2.384)

Then, Ã = (Ãαβ) α,β∈N2
0

|α|=|β|=m
as in (2.384) is a coefficient tensor associated with

∆m in R2.
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Proof. Fix m ∈ N. Consider α, β ∈ N2
0 with |α| = |β| = m. We can rewrite

α, β as α = (m− s, s), β = (m− q, q) for some 0 ≤ s, q ≤ m. Then,∑
|α|=|β|=m

∂αÃαβ∂
β =

∑
0≤s≤m
0≤q≤m

∂(m−s,s)Ã(m−s,s),(m−q,q)∂
(m−q,q) (2.385)

=
∑

0≤s≤m
0≤q≤m

Ã(m−s,s),(m−q,q)∂
m−s
x ∂sy∂

m−q
x ∂qy

=
∑

0≤s≤m
0≤q≤m

(m!)2

(m− s)!(m− q)!s!q!
(−1)qis+q∂m−sx ∂sy∂

m−q
x ∂qy .

This forces∑
|α|=|β|=m

∂αÃαβ∂
β =

m∑
s=0

m!

(m− s)!s!
∂m−sx (i∂y)

s

m∑
q=0

m!

(m− q)!q!
∂m−qx (−i∂y)q

= (∂x + i∂y)
m (∂x − i∂y)m

=4m
(
∂x + i∂y

2

)m(
∂x − i∂y

2

)m
=4m∂

m

z ∂
m
z . (2.386)

Combining this with (2.21), we conclude that∑
|α|=|β|=m

∂αÃαβ∂
β = ∆m. (2.387)

This finishes the proof of the lemma.

In the next theorem, we prove that the boundary-to-domain poly-Cauchy

operator of order m is a genuine double multi-layer potential operator associ-

ated with polylaplacian of order m and its coefficient tensor Ã = (Ãαβ) α,β∈N2
0

|α|=|β|=m
under the identification map Φ : CWAm−1[Lp(∂Ω, σ)] → RWAm−1[Lp(∂Ω, σ)]

defined in (2.360).

Theorem 2.47. Fix m ∈ N and p ∈ (1,∞). The boundary-to-domain poly-

Cauchy operator Ċm−1 is a double multi-layer potential operator associated
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with ∆m and the coefficient tensor Ã = (Ãαβ) α,β∈N2
0

|α|=|β|=m
under appropriate iden-

tification. Namely, for any ġ =
{
g(r,s)

}
r,s∈N0

r+s≤m−1
∈ CWAm−1[Lp(∂Ω, σ)]

Ċm−1(ġ) ≡ Ḋm(Φ(ġ)) in Ω, (2.388)

where Φ is defined in (2.360) and Ḋm = Ḋ Ã
∆m is the double multi-layer potential

associated with the coefficient tensor Ã = (Ãαβ) α,β∈N2
0

|α|=|β|=m
given in Lemma 2.46.

Proof. Let us first find the double multi-layer potential operator Ḋm associated

with ∆m and its coefficient tensor Ã = (Ãαβ) α,β∈N2
0

|α|=|β|=m
using the idea employing

bilinear form used in [23]. Consider a bilinear form B̃ by

B̃(u, v) =
∑

α,β∈N2
0

|α|=|β|=m

∫
Ω

〈Ãαβ∂βu, ∂αv〉 dY, (2.389)

for reasonable functions u, v and domain Ω. Using the similar argument in the

proof of Lemma 2.46, we have

B̃(u, v)

=
∑

0≤p≤m
0≤q≤m

∫
Ω

〈
m!

(m− p)!p!
∂m−px (i∂y)

pu,
m!

(m− q)!q!
∂m−qx (−i∂y)qv

〉
dY. (2.390)

Going further, applying binomial formula as in Lemma 2.46,

B̃(u, v) =4m
∫

Ω

〈(
∂x + i∂y

2

)m
u,

(
∂x − i∂y

2

)m
v

〉
dY

=4m
∫

Ω

〈∂mz u, ∂mz v〉 dY.
(2.391)

Applying integration by parts m times as in (2.36)-(2.38), we may write

B̃(u, v) =4m
m−1∑
k=0

(−1)k

2

∫
∂Ω

(
∂
k

z∂
m
z v
)
·
(
∂
m−k−1

z u
)
ν dσ(Y )

+ (−1)m
∫

Ω

u (∆mv) dY,

(2.392)



100

where ν = ν1 + iν2 is the complex outward unit normal vector to Ω. The

boundary integral in (2.392) can be written as

4m
m−1∑
k=0

(−1)k

2

∫
∂Ω

(
∂
k

z∂
m
z v
)
·
(
∂
m−k−1

z u
)
ν dσ(Y ) (2.393)

=
m−1∑
k=0

2m+k(−1)k
∫
∂Ω

(
∂
k

z∂
m
z v
)
· (2∂z)m−k−1u ν dσ(Y ). (2.394)

Substituting 2∂z = ∂x + i∂y into (2.394), we obtain that

m−1∑
k=0

2m+k(−1)k
∫
∂Ω

(
∂
k

z∂
m
z v
)
· (2∂z)m−k−1u ν dσ(Y )

=
m−1∑
k=0

2m+k(−1)k
∫
∂Ω

(
∂
k

z∂
m
z v
)
· (∂x + i∂y)

m−k−1u ν dσ(Y )

=
m−1∑
k=0

2m+k(−1)k
∫
∂Ω

(
∂
k

z∂
m
z v
)
·
m−k−1∑
`=0

i`
(m− k − 1)!

`!(m− k − 1− `)!
∂m−k−1−`
x ∂`yu ν dσ(Y )

=
m−1∑
k=0

m−k−1∑
`=0

2m+k(−1)ki`
(m− k − 1)!

`!(m− k − 1− `)!
×

×
∫
∂Ω

(
∂
k

z∂
m
z v
)
· ∂m−k−1−`

x ∂`yu ν dσ(Y ). (2.395)

Combining this with (2.392), we end up with

B̃(u, v) =(−1)m
∫

Ω

u (∆mv) dY

+
m−1∑
k=0

m−k−1∑
`=0

2m+k(−1)ki`
(m− k − 1)!

`!(m− k − 1− `)!
×

×
∫
∂Ω

(
∂
k

z∂
m
z v
)
· ∂m−k−1−`

x ∂`yu ν dσ(Y ).

(2.396)

Substituting ` = s, m− k − 1− ` = r into (2.396), we obtain that

B̃(u, v) =(−1)m
∫

Ω

u (∆mv) dY

+
∑
r,s∈N0

r+s≤m−1

22m−1−(r+s)(−1)m−1−(r+s)is
(r + s)!

r!s!
×

×
∫
∂Ω

(
∂
m−1−(r+s)

z ∂mz v
)
· ∂rx∂syu ν dσ(Y ).

(2.397)
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According to [23], the double multi-layer associated with ∆m and its coefficient

tensor Ã = (Ãαβ) α,β∈N2
0

|α|=|β|=m
is obtained by the boundary integral in (2.396),

in which, the function v is replaced by E∆m(X − ·), the family of deriva-

tives
{
∂rx∂

s
yu
}

r,s∈N0
r+s≤m−1

by the family of Lebesgue based real Whitney arrays

ḟ =
{
f(r,s)

}
r,s∈N0

r+s≤m−1
∈ RWAm−1[Lp(∂Ω, σ)], and then multiplying by (−1)m−1.

Consequently, the double multi-layer potential operator Ḋm associated with

∆m and its coefficient tensor Ã = (Ãαβ) α,β∈N2
0

|α|=|β|=m
is given by

Ḋmḟ(X) =−
∑
r,s∈N0

r+s≤m−1

22m−1−(r+s)is
(r + s)!

r!s!
×

×
∫
∂Ω

(
∂
m−1−(r+s)

z ∂mz E∆m

)
(X − Y )f(r,s)(Y ) ν(Y ) dσ(Y ), (2.398)

where X ∈ Ω, ḟ =
{
f(r,s)

}
r,s∈N0

r+s≤m−1
∈ RWAm−1[Lp(∂Ω, σ)], and ν = ν1 + iν2 is

the complex outward unit normal vector to Ω.

Moving on, consider ġ =
{
g(r,s)

}
r,s∈N0

r+s≤m−1
∈ CWAm−1[Lp(∂Ω, σ)] and recall

Φ : CWAm−1[Lp(∂Ω, σ)]→ RWAm−1[Lp(∂Ω, σ)] defined in (2.361). According

to (2.398), we have for z ∈ Ω ⊆ C ≡ R2

Ḋm(Φ(ġ))(z) =−
∑
r,s∈N0

r+s≤m−1

22m−1−(r+s)is
(r + s)!

r!s!
× (2.399)

×
∫
∂Ω

(
∂
m−1−(r+s)

z ∂mz E∆m

)
(z − ζ)

(
Φ(ġ)

)
(r,s)

(ζ) ν(ζ) dσ(ζ).

From (2.23), we substitute 4m∂mz E∆m = Em into (2.399) where Em is the

fundamental solution for ∂
m

z which forces

Ḋm(Φ(ġ))(z) =−
∑
r,s∈N0

r+s≤m−1

2−(r+s+1)is
(r + s)!

r!s!
× (2.400)

×
∫
∂Ω

(
∂
m−1−(r+s)

z Em
)
(z − ζ)

(
Φ(ġ)

)
(r,s)

(ζ) ν(ζ) dσ(ζ).

Similar to (2.397), substituting k = m − 1 − (r + s), ` = s into (2.400), we
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obtain that

Ḋm(Φ(ġ))(z) =−
m−1∑
k=0

m−1−k∑
`=0

2−(m−k)i`
(m− 1− k)!

(m− 1− (k + `))!`!
× (2.401)

×
∫
∂Ω

(
∂
k

zEm
)
(z − ζ)

(
Φ(ġ)

)
(m−1−(k+`),`)

(ζ) ν(ζ) dσ(ζ).

Going further, from (2.361), for r, s ∈ N0 with r + s ≤ m− 1(
Φ(ġ)

)
(r,s)

:= is
∑

0≤a≤r
0≤b≤s

r!

a!(r − a)!

s!

b!(s− b)!
(−1)s−bg(a+b,r+s−a−b). (2.402)

Combining this with (2.401), we obtain

Ḋm(Φ(ġ))(z) (2.403)

=−
m−1∑
k=0

m−1−k∑
`=0

2−(m−k)i`
(m− 1− k)!

(m− 1− (k + `))!`!
×

×
∫
∂Ω

{(
∂
k

zEm
)
(z − ζ)i`

∑
0≤a≤m−1−k−`

0≤b≤`

(m− 1− (k + `))!

a!(m− 1− (k + `+ a))!
×

× `!

b!(`− b)!
(−1)`−bg(a+b,m−1−k−(a+b))(ζ) ν(ζ)

}
dσ(ζ),

which turns out to be

Ḋm(Φ(ġ))(z) =−
m−1∑
k=0

m−1−k∑
`=0

2−(m−k)

∫
∂Ω

{(
∂
k

zEm
)
(z − ζ)× (2.404)

×
∑

0≤a≤m−1−k−`
0≤b≤`

(−1)b
(m− 1− k)!

a!(m− 1− k − `− a)!b!(`− b)!
×

× g(a+b,m−1−k−(a+b))(ζ) ν(ζ)

}
dσ(ζ).

=−
m−1∑
k=0

1

2

∫
∂Ω

{(
∂
k

zEm
)
(z − ζ)

m−1−k∑
c=0

g(c,m−1−k−c)(ζ) ν(ζ)×

× 1

2m−1−k

m−1−k∑
`=0

∑
0≤a≤m−1−k−`

0≤b≤`
a+b=c

(−1)b
(m− 1− k)!

a!(m− 1− k − `− a)!b!(`− b)!

}
dσ(ζ).
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Applying the combinatorial identity in Lemma 2.41, one can conclude

1

2m−1−k

m−1−k∑
`=0

∑
0≤a≤m−1−k−`

0≤b≤`
a+b=c

(−1)b
(m− 1− k)!

a!(m− 1− k − `− a)!b!(`− b)!
= δc0.

(2.405)

Substituting this into (2.404), we have

Ḋm(Φ(ġ))(z)

=−
m−1∑
k=0

1

2

∫
∂Ω

(
∂
k

zEm
)
(z − ζ)

m−1−k∑
c=0

g(c,m−1−k−c)(ζ)δc0 ν(ζ) dσ(ζ)

=−
m−1∑
k=0

1

2

∫
∂Ω

(
∂
k

zEm
)
(z − ζ)g(0,m−1−k)(ζ) ν(ζ) dσ(ζ). (2.406)

Substituting m− 1− k = k into the summation in (2.406), we have

Ḋm(Φ(ġ))(z)

=−
m−1∑
k=0

1

2

∫
∂Ω

(
∂
m−1−k
z Em

)
(z − ζ)g(0,k)(ζ) ν(ζ) dσ(ζ). (2.407)

According to (2.42), for k ∈ {0, . . . ,m− 1}

(∂
m−1−k

Em)(z − ζ) =
1

π
· (z − ζ)k

k!(z − ζ)
. (2.408)

Substituting this into (2.407) forces

−
m−1∑
k=0

1

2

∫
∂Ω

(
∂
m−1−k
z Em

)
(z − ζ)g(0,k)(ζ) ν(ζ) dσ(ζ)

=
m−1∑
k=0

1

2π

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(0,k)(ζ) ν(ζ) dσ(ζ)

=
m−1∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(0,k)(ζ)i ν(ζ) dσ(ζ)

=
m−1∑
k=0

1

2πi

∫
∂Ω

(z − ζ)k

k!(ζ − z)
g(0,k)(ζ) dζ

=
(
Ċm−1ġ

)
(z), (2.409)
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for z ∈ Ω. Combining this together with (2.407), we eventually end up with

Ḋm(Φ(ġ))(z) =
(
Ċm−1ġ

)
(z), (2.410)

for ġ =
{
g(r,s)

}
r,s∈N0

r+s≤m−1
∈ CWAm−1[Lp(∂Ω, σ)] and z ∈ Ω. This finishes the

proof of the theorem.

Remark. According to [30], by direct calculation based on the definition

of the double layer potential operator, coefficient tensor associated with the

second-order elliptic operators, a tensor A′ = (A′αβ) α,β∈Nn0
|α|=|β|=1

given by

A′ =

(
1 −i
i 1

)
(2.411)

is a coefficient tensor associated with ∆ and the double layer potential operator

associated with ∆ and A′ = (A′αβ) α,β∈Nn0
|α|=|β|=1

is identically equal to the classical

Cauchy operator on Lp(∂Ω, σ). Namely,

C (g)(z) = DA′

∆ (g)(z), (2.412)

for z ∈ Ω and g ∈ Lp(∂Ω, σ). Now, we verify the identity (2.412) using the

theorem 2.47. Consider m = 1, then the complex Whitney array space and the

real Whitney array space are identified as the Lebesgue space on the boundary,

namely,

CWA0[Lp(∂Ω, σ)] ≡ RWA0[Lp(∂Ω, σ)] ≡ Lp(∂Ω, σ). (2.413)

In addition, the isomorphisms Ψ, Φ defined in (2.341), (2.361) become identity

maps on Lp(∂Ω, σ). A coefficient tensor Ã = (Ãαβ) α,β∈N2
0

|α|=|β|=1

associated with ∆

in lemma 2.46 turns out to be

Ã = (Ãαβ) α,β∈N2
0

|α|=|β|=1

=

(
1 −i
i 1

)
(2.414)

which implies that Ã = A′ where A′ defined as in (2.411). Consequently,

according to the theorem 2.47, one can conclude that for any g ∈ Lp(∂Ω, σ)

C (g) ≡ DA′

∆ (g) in Ω. (2.415)
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In conclusion, Theorem 2.47 is a higher-order generalization of the identifi-

cation between the classical Cauchy operator and the double layer potential

operator associated with a specific coefficient tensor and ∆.

2.9 The Distinguished Double Multi-layer as-

sociated with ∆m

The theory of layer potential operator and its applications to partial dif-

ferential equations has been an important area of research for many years. In

recent years, there has been a growing interest in the extension of this theory

to higher order partial differential equations, such as the polylaplacian oper-

ator. The layer potential theory for higher-order elliptic partial differential

equations has been developed based on various function spaces appropriate

for the higher-order setting (cf. [23]).

The layer potential operators associated with the higher-order elliptic op-

erators are called the multi-layer potential operators and these operators are

much more sophisticated than the classical layer potential operators associated

with the second-order elliptic operators.

In second-order elliptic partial differential equations, the double layer po-

tential having chord-dot-normal structure play an important role to solve the

boundary value problems. The boundary-to-boundary double layer potential

operators having the chord-dot-normal structure vanish whenever the underly-

ing domain is a half space. Coefficient tensors leading to chord-dot-normal type

double layers are called distinguished. One of the important consequence of

the distinguished coefficient tensor is relevant to the Fredholm operator theory

to treat boundary value problems through layer potential theory. Specifically,

a boundary-to-boundary double layer potential operator associated with a co-

efficient tensor A is compact on the boundary of any smooth bounded domain

if and only if the coefficient tensor is distinguished. The properties of the

coefficient tensors and the distinguished coefficient tensors for second-order
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elliptic operators has been developed with many key properties which are re-

lated to treatment of the boundary value problems (cf. [30]). In the context of

higher-order operators, finding the distinguished double multi-layer potential

operator associated with the polylaplacian is much more challenging.

In this section, we investigate the relationship between the distinguished

double multi-layer potential operator associated with the polylaplacian in two

dimensions and the poly-Cauchy operator. We use the method of layer poten-

tials and poly-Cauchy operator to construct the distinguished double multi-

layer potential operator and we study the boundary value problems associated

with the polylaplacian.

Let us consider the domain Ω ⊆ R2 be a UR domain with compact bound-

ary, fix a natural power m ∈ N, an integrability exponent p ∈ (1,∞), and a

aperture parameter κ ∈ (0,∞). The Dirichlet problem for the polylaplacian

∆m in Ω ⊆ R2 with given data ḟ = {f(a,b)} a,b∈N0
a+b≤m−1

∈ RWAm−1[Lp(∂Ω, σ)]

takes the form 
∆mu = 0 in Ω

Nκ(∇m−1u) ∈ Lp(∂Ω, σ)

TrR
2

m−1(u) = ḟ ∈ RWAm−1[Lp(∂Ω, σ)]

(2.416)

where the two dimensional higher-order boundary trace TrR
2

m−1 is defined by

TrR
2

m−1(u) =

{(
∂ax∂

b
yu
)∣∣∣κ−n.t.

∂Ω

}
a,b∈N0

a+b≤m−1

. (2.417)

We recall the definition of double multi-layer potential operator. Let L

be a homogeneous differential operator of order 2m with constant coefficients

which is given by

L :=
∑

|α|=|β|=m

∂αAαβ∂
β. (2.418)

Here, A = (Aαβ) α,β∈Nn0
|α|=|β|=m

is called a coefficient tensor associated with L. Note

that there are infinitely many coefficient tensors associated with L.

According to [12] (cf. also [23]), for any coefficient tensorA = (Aαβ) α,β∈N2
0

|α|=|β|=m
associated with ∆m in Ω ⊆ R2, the double multi-layer potential operator asso-
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ciated with ḊA
∆m ġ acting on ġ = {g(a,b)} a,b∈N0

a+b≤m−1
∈ RWAm−1[Lp(∂Ω, σ)] satisfies

the PDE condition and size condition in (2.416), namely,

∆m(ḊA
∆m ġ) = 0 in Ω,

Nκ(∇m−1ḊA
∆m ġ) ∈ Lp(∂Ω, σ). (2.419)

In order to solve the Dirichlet problem in (2.416) using the layer potential

theory, we are left with the boundary condition, that is,

TrR
2

m−1(ḊA
∆m ġ) = ḟ . (2.420)

According to jump relation in [12], (2.420) is reduced to solving the following

integral equation. (
1

2
I + K̇A

)
ġ = ḟ on ∂Ω, (2.421)

where K̇A denotes the boundary-to-boundary double multi-layer potential op-

erator. If we assume that K̇A is compact operator on RWAm−1[Lp(∂Ω, σ)], then

this implies 1
2
I + K̇A is Fredholm operator of index 0 on RWAm−1[Lp(∂Ω, σ)].

This yields

1

2
I + K̇A is invertible on RWAm−1[Lp(∂Ω, σ)]

⇐⇒ 1

2
I + K̇A is injective or surjective on RWAm−1[Lp(∂Ω, σ)]. (2.422)

Now, it is natural to think of the largest class of the domain for which the

operator 1
2
I + K̇A is compact on RWAm−1[Lp(∂Ω, σ)]. Let us start with the

basic property between the polyanalytic and the polyharmonic.

Proposition 2.48. Let Ω ⊆ R2 is an open set. Fix an integer m ∈ N. Let

u be a polyanalytic function of order m in Ω, that is, a function u ∈ C∞(Ω)

satisfying ∂
m
u = 0 in Ω. Then the real part and the imaginary part of u are

polyharmonic functions of order m in Ω, i.e., a function Reu, Imu ∈ C∞(Ω)

satisfying ∆m(Reu) = 0 ∆m(Imu) = 0 in Ω.

Proof. We proceed the proof by induction. Let m = 1 and u = u1 + iu2 where

u1, u2 are real-valued
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functions which are real part and imaginary part of u, respectively. Since

∂u = 0 in Ω, one has

∂xu1 = ∂yu2, (2.423)

∂yu1 = −∂xu2. (2.424)

Taking ∂x into (2.423) and combining this with (2.424), one can conclude that

(∂2
x + ∂2

y)u1 = 0 in Ω. (2.425)

Similarly, taking ∂y into (2.423) and combining this with (2.424), one has

(∂2
x + ∂2

y)u2 = 0 in Ω. (2.426)

This shows u1, u2 are harmonic in Ω. To carry out the induction step, assume

that m ≥ 2 and that all claims in the statement are valid for polyanalytic

functions of order m − 1. Let us assume that u = u1 + iu2 ∈ C∞(Ω) is

a polyanalytic function of order m. We claim that the real part and the

imaginary part of u are polyharmonic of order m. First of all, ∂
m
u = 0 in

Ω implies ∂
m−1 (

∂u
)

= 0 in Ω. This means ∂u is a polyanalytic or oder

m − 1. According to the inductive assumption, one has the real part and

the imaginary part of ∂u are polyharmonic functions of order m − 1. Since

∂u = [(∂xu1 − ∂yu2) + i(∂yu1 + ∂xu2)]/2, we obtain that

∆m−1∂xu1 = ∆m−1∂yu2, (2.427)

∆m−1∂yu1 = −∆m−1∂xu2, (2.428)

in Ω. To prove the claim, we look at the polylaplacians of u1 and u2 which

satisfy

∆mui = ∆m−1(∆ui) = ∆m−1(∂2
xui + ∂2

yui), (2.429)

for i = 1, 2. In particular, for i = 1, 2

∆mui = ∂x∆
m−1∂xui + ∂y∆

m−1∂yui. (2.430)
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Substituting (2.427) and (2.428) into (2.430) yields

∆mui = 0 in Ω for i = 1, 2. (2.431)

This proves the claim and therefore this finishes the proof.

Now, we first look at the classical Cauchy operator and the classical har-

monic double layer potential operator. Let Ω ⊆ R2 be a UR domain and

p ∈ (1,∞). Then the boundary-to-domain Cauchy operator on any function

f ∈ Lp (∂Ω, σ) at any point z ∈ Ω is defined as

(C f) (z) :=
1

2πi

∫
∂Ω

f(ζ)

ζ − z
dζ =

1

2π

∫
∂Ω

f(ζ)

ζ − z
ν(ζ) dσ(ζ), (2.432)

where ν = ν1 + iν2 denotes the complex outward unit normal vector to Ω. The

classical harmonic double layer potential operator on f ∈ Lp (∂Ω, σ) at any

point x ∈ Ω is defined by

(Df)(x) =
1

2π

∫
∂Ω

〈ν(y), y − x〉
|x− y|2

f(y) dσ(y), (2.433)

where ν = (ν1, ν2) denotes the two dimensional outward unit normal vector

to Ω. There is a well-known relationship between the Cauchy operator and

the harmonic double layer potential operator that the real part of the Cauchy

operator turns out to be precisely the harmonic double layer potential. Indeed,

Re (C f) (z) =Re
1

2π

∫
∂Ω

f(ζ)

ζ − z
ν(ζ) dσ(ζ)

=
1

2π
Re

∫
∂Ω

(ζ − z)ν(ζ)

|ζ − z|2
f(ζ) dσ(ζ)

=
1

2π

∫
∂Ω

Re
[
ν(ζ)(ζ − z)

]
|ζ − z|2

f(ζ)dσ(ζ). (2.434)

Note that for z1 = a+ ib, z2 = c+ id, Re (z1 · z2) = 〈(a, b), (c, d)〉. This yields,

Re (C f) (z) =
1

2π

∫
∂Ω

〈ν(ζ), ζ − z〉
|z − ζ|2

f(ζ)dσ(ζ). (2.435)

Since C can be identified as R2, we replace z by x ∈ R2 and ζ by y ∈ R2 which

forces for x ∈ Ω

Re (C f) (x) =
1

2π

∫
∂Ω

〈ν(y), y − x〉
|x− y|2

f(y) dσ(y), (2.436)
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which is precisely the harmonic double layer potential operator. We can un-

derstand this property in the sense of the coefficient tensor in two dimensions.

According to [30], for fixed positive integer M , a homogeneous, second-order,

constant complex- coefficient, weakly elliptic M × M system in Rn has in-

finitely many coefficient tensors which yield infinitely many double layer po-

tential operators. In particular, if we consider a M ×M system written as for

1 ≤ r, s ≤ n

Lu :=
(
∂r(a

αβ
rs ∂suβ)

)
1≤α≤M (2.437)

acting on a C 2 vector valued function u = (uβ)1≤β≤M . We assume that L

is a homogeneous, second-order, constant complex-coefficient, weakly elliptic

M ×M system in Rn, in the sense that

det[Aξξ] = det
[
(aαβrs ξrξs)1≤α,β≤M

]
6= 0,

for each vector ξ = (ξr)1≤r≤n ∈ Rn \ {0}. (2.438)

Then, the double layer potential operator DA is given by

(DAg)(x) :=

∫
∂Ω

(
∂A

T

ν (ELT (x− ·))
)T

(y)g(y)dσ(y), x ∈ Ω (2.439)

where g = (g1, g2, . . . , gM) : ∂Ω → RM , EL is the fundamental solution with

respect to the differential operator L, and ∂Aν denotes the conormal derivative

associated with the coefficient tensor A = (aαβrs )1≤α,β≤M
1≤r,s≤n

which is defined as

(
∂Aν u

)
α

(x) := νra
αβ
rs ∂suβ

∣∣∣n.t.
∂Ω

(x). (2.440)

In particular, for the scalar Laplacian ∆ in two dimensions, it can be shown

that

Ã = (Ãαβ) α,β∈N2
0

|α|=|β|=1

=

(
1 −i
i 1

)
(2.441)

is a coefficient tensor associated with ∆ in R2. In addition, the double layer

potential operator associated with this specific coefficient tensor Ã becomes

the classical Cauchy operator. As we observed in this section earlier, the real

part of the classical Cauchy operator is the classical harmonic double layer
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potential which is a distinguished double layer potential operator associated

with ∆. In other words,

Re DÃ is a distinguished double layer associated with ∆ in R2, (2.442)

where Ã is a coefficient tensor associated with ∆ such that DÃ becomes the

Cauchy operator. In particular, if we look at the definition of DÃ, everything

in the kernel are real valued except the entries of the coefficient tensor. This

implies that Re DÃ = DRe Ã. In fact, Re Ã is also a coefficient tensor associated

with ∆ because for the coefficient tensor Ã =
(
Ãαβ

)
α,β∈N2

0
|α|=|β|=1

∂α

(
Ãαβ∂β

)
= ∆, (2.443)

this yields

Re
[
∂α

(
Ãαβ∂β

)]
= ∆, (2.444)

which further implies

∂α

(
Re
[
Ãαβ

]
∂β

)
= ∆. (2.445)

Here, our strategy to tackle the polylaplacian is to use the real part of the

coefficient tensor associated with ∆m such that the double multi-layer poten-

tial Ḋm = Ḋ Ã
∆m associated with the coefficient tensor Ã = (Ãαβ) α,β∈N2

0
|α|=|β|=m

is

identified as the poly-Cauchy operator of order m. In Theorem 2.47, we were

able to identify the poly-Cauchy operator of order m as the double multi-layer

associated with ∆m and the coefficient tensor Ã = (Ãαβ) α,β∈N2
0

|α|=|β|=m
whose entries

are given by

Ã(m−s,s),(m−q,q) =
(m!)2

(m− s)!(m− q)!s!q!
(−1)qis+q, for 0 ≤ s, q ≤ m. (2.446)

We claim that the double multi-layer potential associated with the real part of

this coefficient tensor becomes the distinguished double multi-layer potential

operator whose kernel is either weakly singular or having chord-dot-normal

structure. In other words, Re Ã = (Re Ãαβ) α,β∈N2
0

|α|=|β|=m
is the distinguished coef-

ficient tensor associated with ∆m. Let p ∈ (1,∞). According to (2.400), for
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each real Whitney array ḟ =
{
f(r,s)

}
r,s∈N0

r+s≤m−1
∈ RWAm−1[Lp(∂Ω, σ)],

Ḋm(ḟ)(z) =−
∑
r,s∈N0

r+s≤m−1

2−(r+s+1)is
(r + s)!

r!s!
× (2.447)

×
∫
∂Ω

(
∂
m−1−(r+s)

z Em
)
(z − ζ)f(r,s)(ζ) ν(ζ) dσ(ζ),

where Ḋm denotes the double multi-layer potential operator associated with

the coefficient tensor Ã = (Ãαβ) α,β∈N2
0

|α|=|β|=m
given in (2.446) and Em is the funda-

mental solution for ∂
m

z . According to (2.26) with direct calculations, one has

for r, s ∈ N0 with r + s ≤ m− 1,

(
∂
m−1−(r+s)

z Em
)
(z − ζ) =

1

π(r + s)!

(z − ζ)r+s

z − ζ
. (2.448)

Substituting this into (2.447) yields

Ḋm(ḟ)(z) =−
∑
r,s∈N0

r+s≤m−1

1

2(r+s+1)π
is

1

r!s!
× (2.449)

×
∫
∂Ω

(z − ζ)r+s

z − ζ
f(r,s)(ζ) ν(ζ) dσ(ζ).

Moreover, as we verified earlier in this section, the double multi-layer associ-

ated with Re Ã acting on ḟ is going to be Re Ḋm(ḟ)(z). In particular,

Re Ḋm(ḟ)(z) =− Re
∑
r,s∈N0

r+s≤m−1

1

2(r+s+1)π
is

1

r!s!
×

×
∫
∂Ω

(z − ζ)r+s

z − ζ
f(r,s)(ζ) ν(ζ) dσ(ζ)

=−
∑
r,s∈N0

r+s≤m−1

1

2(r+s+1)πr!s!
×

×
∫
∂Ω

Re
[
is(z − ζ)r+s+1ν(ζ)

]
|ζ − z|2

f(r,s)(ζ)dσ(ζ). (2.450)
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This forces

Re Ḋm(ḟ)(z)

=−
∑
r,s∈N0

r+2s≤m−1

1

2(r+2s+1)πr!(2s)!

∫
∂Ω

Re
[
i2s(z − ζ)r+2s+1ν(ζ)

]
|ζ − z|2

f(r,2s)(ζ)dσ(ζ)

−
∑
r,s∈N0

r+(2s+1)≤m−1

1

2(r+2s+2)πr!(2s+ 1)!
×

×
∫
∂Ω

Re
[
i2s+1(z − ζ)r+2s+2ν(ζ)

]
|ζ − z|2

f(r,2s+1)(ζ)dσ(ζ). (2.451)

To simplify this expression we use the following basic algebraic identities. For

any j ∈ N and z = a+ ib ∈ Ω,

Re [ν · zj] =Re [ν · zj]

=Re

[
ν ·

∑
0≤k≤j

j!

(j − k)!k!
aj−kikbk

]

=Re

[
ν ·

( ∑
0≤k≤j
k=2`

(−1)`
j!

(j − 2`)!(2`)!
aj−2`b2`

+i
∑

0≤k≤j
k=2`+1

(−1)`
j!

(j − (2`+ 1))!(2`+ 1)!
aj−(2`+1)b2`+1

)]

=ν1 ·
∑

0≤k≤j
k=2`

(−1)`
j!

(j − 2`)!(2`)!
aj−2`b2`

+ν2 ·
∑

0≤k≤j
k=2`+1

(−1)`
j!

(j − (2`+ 1))!(2`+ 1)!
aj−(2`+1)b2`+1. (2.452)
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Similarly,

Re [iν · zj] =− Re [iν · zj]

=− Re

[
iν ·

( ∑
0≤k≤j
k=2`

(−1)`
j!

(j − 2`)!(2`)!
aj−2`b2`

+i
∑

0≤k≤j
k=2`+1

(−1)`
j!

(j − (2`+ 1))!(2`+ 1)!
aj−(2`+1)b2`+1

)]

=ν1 ·
∑

0≤k≤j
k=2`+1

(−1)`
j!

(j − (2`+ 1))!(2`+ 1)!
aj−(2`+1)b2`+1

−ν2 ·
∑

0≤k≤j
k=2`

(−1)`
j!

(j − 2`)!(2`)!
aj−2`b2`. (2.453)

For more simplicity, denote for x = (x1, x2) ∈ R2,

C(xj) :=

( ∑
0≤k≤j
k=2`

(−1)`
j!

(j − 2`)!(2`)!
xj−2`

1 x2`
2 (2.454)

,
∑

0≤k≤j
k=2`+1

(−1)`
j!

(j − (2`+ 1))!(2`+ 1)!
x
j−(2`+1)
1 x2`+1

2

)
.

Combining this with (2.452) and (2.453), for any complex numbers z = a+ ib

and ζ = c+ id, the complex outward unit normal vector ν(ζ) = ν1(ζ) + iν2(ζ),

and positive integer j ∈ N, one has

Re [ν(ζ) · (z − ζ)j] = 〈ν(y),C
(
(x− y)j

)
〉,

Re [iν · (z − ζ)j] = 〈τ(y),C
(
(x− y)j

)
〉, (2.455)

where x = (a, b), y = (c, d), ν(y) = (ν1(y), ν2(y)) is the two dimensional

outward unit normal vector, and τ(y) = (−ν2(y), ν1(y)) is the two dimensional

unit tangent vector. Applying the identities in (2.452)-(2.454) into (2.451),

replacing z ∈ Ω by x ∈ Ω and ζ ∈ ∂Ω by y ∈ ∂Ω due to the identification
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yields

Re Ḋm(ḟ)(x)

=
∑
r,s∈N0

r+2s≤m−1

(−1)s+1

2(r+2s+1)πr!(2s)!

∫
∂Ω

〈ν(y),C
(
(x− y)r+2s+1

)
〉

|x− y|2
f(r,2s)(y)dσ(y)

+
∑
r,s∈N0

r+(2s+1)≤m−1

(−1)s+1

2(r+2s+2)πr!(2s+ 1)!
×

×
∫
∂Ω

〈τ(y),C
(
(x− y)r+2s+2

)
〉

|x− y|2
f(r,2s+1)(y)dσ(y). (2.456)

Observe that the case when r = s = 0 for the first term, the integral expression

of the first term in (2.456) turns out to be the classical harmonic double layer

potential acting on f(0,0) given by

1

2π

∫
∂Ω

〈ν(y), y − x〉
|x− y|2

f(0,0)(y)dσ(y). (2.457)

To verify that Re Ã is a distinguished coefficient tensor associated with ∆m,

we turn out our attention to the boundary-to-boundary double multi-layer

potential operator associated with the coefficient tensor Re Ã. For simplicity,

let us denote the coefficient tensor Re Ã by A = (Aαβ) α,β∈N2
0

|α|=|β|=m
given by for

0 ≤ s, q ≤ m

A(m−s,s),(m−q,q) =


(m!)2

(m− s)!(m− q)!s!q!
(−1)

s+3q
2 if s+ q is even

0 if s+ q is odd

(2.458)

To treat the boundary value problem, we turn our attention to the boundary-

to-boundary double multi-layer potential operator whose kernel has the chord-

dot-normal structure. Let us denote the double multi-layer potential operator

associated with A by ḊA ,m which is given by for each Lebesgue based real
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Whitney array ḟ =
{
f(r,s)

}
r,s∈N0

r+s≤m−1
∈ RWAm−1[Lp(∂Ω, σ)],

ḊA ,m(ḟ)(x)

=
∑
r,s∈N0

r+2s≤m−1

(−1)s+1

2(r+2s+1)πr!(2s)!

∫
∂Ω

〈ν(y),C
(
(x− y)r+2s+1

)
〉

|x− y|2
f(r,2s)(y)dσ(y)

+
∑
r,s∈N0

r+(2s+1)≤m−1

(−1)s+1

2(r+2s+2)πr!(2s+ 1)!
×

×
∫
∂Ω

〈τ(y),C
(
(x− y)r+2s+2

)
〉

|x− y|2
f(r,2s+1)(y)dσ(y). (2.459)

for x ∈ Ω. Recall that for ḟ =
{
f(r,s)

}
r,s∈N0

r+s≤m−1
∈ RWAm−1[Lp(∂Ω, σ)],

ḊA ,m(ḟ) = Re
[
Ċm−1(Ψ(ḟ))

]
, (2.460)

where Ψ is defined in (2.341). According to Proposition 2.44, Φ and Ψ are

inverse to one another, then there exists ġ ∈ CWAm−1[Lp(∂Ω, σ)] such that

Ψ(ḟ) = ġ and ḟ = Φ(ġ). Substituting this into (2.460) yields

ḊA ,m(Φ(ġ)) = Re
[
Ċm−1(ġ)

]
. (2.461)

The real part can be expressed as a half of the summation with its conjugate

expression which forces

ḊA ,m(Φ(ġ)) =
1

2

(
Ċm−1 + Ċm−1)ġ

)
. (2.462)

Then for a, b ∈ N0 with a+ b ≤ m− 1,

∂ax∂
b
y

(
ḊA ,m(Φ(ġ))

)
=

1

2

[
∂ax∂

b
y

((
Ċm−1 + Ċm−1

)
ġ
)]
. (2.463)

Using the identities in (2.11), the right-hand side in (2.463) is reduced to

1

2

ib ∑
0≤j≤a
0≤k≤b

(−1)b−ka!b!

(a− j)!j!(b− k)!k!
∂j+kz ∂z

a+b−(j+k)((
Ċm−1 + Ċm−1

)
ġ
) . (2.464)
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Moreover, using the jump relation in Theorem 2.307, one can conclude that

∂j+kz ∂z
a+b−(j+k)(

Ċm−1(ġ)
)∣∣∣κ-n.t.

∂Ω

=
1

2
g(j+k,a+b−(j+k)) +

(
Ċm−1ġ

)
(j+k,a+b−(j+k))

. (2.465)

Combining this with (2.463) and (2.464) implies that

∂ax∂
b
y

(
ḊA ,m(Φ(ġ))

)∣∣∣κ-n.t.

∂Ω

=
1

2

[
ib
∑

0≤j≤a
0≤k≤b

(−1)b−ka!b!

(a− j)!j!(b− k)!k!

[
g(j+k,a+b−(j+k))

+
((
Ċm−1 + Ċm−1

)
ġ
)

(j+k,a+b−(j+k))

]]
(2.466)

=
1

2
ib
∑

0≤j≤a
0≤k≤b

(−1)b−ka!b!

(a− j)!j!(b− k)!k!
g(j+k,a+b−(j+k))

+
1

2
ib
∑

0≤j≤a
0≤k≤b

(−1)b−ka!b!

(a− j)!j!(b− k)!k!

((
Ċm−1 + Ċm−1

)
ġ
)

(j+k,a+b−(j+k))
. (2.467)

According to the definition of Φ in (2.361), one has

∂ax∂
b
y

(
ḊA ,m(Φ(ġ))

)∣∣∣κ-n.t.

∂Ω

=
1

2

(
Φ(ġ)

)
(a,b)

+
1

2

(
Φ
((
Ċm−1 + Ċm−1

)
ġ
))

(a,b)
. (2.468)

In other words,

∂ax∂
b
y

(
ḊA ,m(ḟ)

)∣∣∣κ-n.t.

∂Ω

=
1

2
f(a,b) +

1

2

(
Φ
((
Ċm−1 + Ċm−1

)
Ψ(ḟ)

))
(a,b)

. (2.469)

Combining this with the jump relation of the double multi-layer potential

operator in [23] (cf. also [24]), for ḟ =
{
f(r,s)

}
r,s∈N0

r+s≤m−1
∈ RWAm−1[Lp(∂Ω, σ)],

a, b ∈ N0 with a+ b ≤ m− 1(
K̇A ,m(ḟ)

)
(a,b)

=
1

2

(
Φ
((
Ċm−1 + Ċm−1

)
Ψ(ḟ)

))
(a,b)

, (2.470)
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where K̇A ,m is the boundary-to-boundary double multi-layer potential op-

erator associated with the coefficient tensor A . From the definition of the

boundary-to-boundary poly-Cauchy operator in (2.280), for each a, b ∈ N0

with a+ b ≤ m− 1,

(
Ċm−1ġ

)
(a,b)

(z) =
m−1−a−b∑

k=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

(z − ζ)k

k!(ζ − z)
g(a,k+b)(ζ) dζ

−
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

j!

(m− a− b+ j)!
× (2.471)

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ),

and(
Ċm−1ġ

)
(a,b)

(z) =
m−1−a−b∑

k=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

(z − ζ)k

k!(ζ − z)
g(a,k+b)(ζ) dζ

+
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

j!

(m− a− b+ j)!
× (2.472)

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ),

at σ-a.e. point z ∈ ∂Ω. For simplicity, let

Ċm−1 := Ċ1
m−1 + Ċ2

m−1, (2.473)
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where for ġ ∈ CWAm−1 [Lp(∂Ω, σ)] and a, b ∈ N0 with a+ b ≤ m− 1(
Ċ1
m−1ġ

)
(a,b)

(z) :=
m−1−a−b∑

k=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

(z − ζ)k

k!(ζ − z)
g(a,k+b)(ζ) dζ (2.474)

(
Ċ2
m−1ġ

)
(a,b)

(z) :=−
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

j!

(m− a− b+ j)!
× (2.475)

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ).

To investigate the compactness of Ċm−1 + Ċm−1 on CWAm−1 [Lp(∂Ω, σ)], we

first look at Ċ1
m−1 + Ċ1

m−1. Observe that for k = 0, we get(
C + C

)
g(a,b). (2.476)

Based on the calculation, one has C = −C∗ where C∗ is canonical adjoint

operator of C. According to [[11], Theorem 4.6.8],

(C − C∗) is compact on Lp(∂Ω, σ) for some p ∈ (1,∞)

⇐⇒ Ω is a regular SKT domain. (2.477)

This implies that C + C is compact for any p ∈ (1,∞) if and only if Ω ⊆ R2

is a regular SKT domain from (2.477). If 0 < k ≤ m − 1 − a − b, one can

observe that the integral expressions in (2.474) for Ċm−1 and Ċm−1 are weakly

singular for any p ∈ (1,∞) which is compact provided that Ω ⊆ R2 is a UR

domain with compact boundary. Next, we turn our attention to Ċ2
m−1 and

Ċ2
m−1. According to (2.475), we have for a, b ∈ N0 with a+ b ≤ m− 1((

Ċ2
m−1

)
ġ
)

(a,b)

=−
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

j!

(m− a− b+ j)!
× (2.478)

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ).
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For 0 ≤ j ≤ a− 1,

∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]

=i

(
ν · ∂ζ

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
− ν · ∂ζ

[
(z − ζ)m−a−b+j

(ζ − z)j+1

])
. (2.479)

In particular,

∂ζ

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
=− (z − ζ)m−a−b+j(j + 1)(ζ − z)j

(ζ − z)2(j+1)

=(−1)j+1 (z − ζ)m−a−b+j(j + 1)(z − ζ)j

(ζ − z)2(j+1)
. (2.480)

Similarly,

∂ζ

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]

=− (m− a− b+ j)(z − ζ)m−a−b+j−1(ζ − z)j+1

(ζ − z)2(j+1)

=(−1)j
(m− a− b+ j)(z − ζ)m−a−b+j−1(ζ − z)j+1

(ζ − z)2(j+1)
. (2.481)

Substituting (2.480) and (2.481) into (2.479) yields

∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
(2.482)

=i(−1)j+1(z − ζ)j(z − ζ)j×

×(z − ζ)m−a−b−1

(ζ − z)2(j+1)
·

(
(j + 1)ν · (z − ζ) + (m− a− b+ j)ν · (z − ζ)

)
.

Combining this with (2.478), one can conclude that for 0 ≤ a + b < m − 1,((
Ċ2
m−1

)
ġ
)

(a,b)
is weakly singular integral on ∂Ω. This yields for a, b ∈ N0

with 0 ≤ a + b < m − 1, Ċ2
m−1 is compact operator on CWAm−1[Lp(∂Ω)] for

all p ∈ (1,∞) provided that Ω ⊆ R2 is a UR domain with compact boundary.
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Next we consider the case when a+ b = m− 1. If a+ b = m− 1, according to

(2.482), we obtain that

∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
=i(−1)j+1(z − ζ)j(z − ζ)j×

× 1

(ζ − z)2(j+1)
·

(
(j + 1)ν · (z − ζ) + (j + 1)ν · (z − ζ)

)
. (2.483)

Going further,

∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
=i(j + 1)(−1)j+1(z − ζ)j(z − ζ)j×

× 1

(ζ − z)2(j+1)
·
(
ν · (z − ζ) + ν · (z − ζ)

)
=2i(j + 1)(−1)j+1(z − ζ)j(z − ζ)j×

× 1

(ζ − z)2(j+1)
· 〈z − ζ, ν〉. (2.484)

Substituting this into (2.478), one has for a+b = m−1 and for z ∈ ∂Ω z ∈ ∂Ω((
Ċ2
m−1

)
ġ
)

(a,b)
(z)

=
a−1∑
j=0

lim
ε→0+

(−1)j

π

∫
ζ∈∂Ω
|ζ−z|>ε

|z − ζ|2j

(ζ − z)2(j+1)
· 〈z − ζ, ν〉 g(a−1−j,b+1+j)(ζ) dσ(ζ).

(2.485)

Moreover, according to (2.472) and (2.475), we have for any a, b ∈ N0 with

a+ b ≤ m− 1(
Ċ2
m−1ġ

)
(a,b)

(z) =
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

j!

(m− a− b+ j)!
× (2.486)

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ),
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at σ-a.e. point z ∈ ∂Ω. For 0 ≤ j ≤ a− 1,

∂ζ

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
=− (m− a− b+ j)(z − ζ)m−a−b+j−1(ζ − z)j+1(

ζ − z
)2(j+1)

=(−1)j
(m− a− b+ j)(z − ζ)m−a−b+j−1(z − ζ)j+1(

ζ − z
)2(j+1)

,

(2.487)

and

∂ζ

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
=− (z − ζ)m−a−b+j(j + 1)(ζ − z)j(

ζ − z
)2(j+1)

=(−1)j+1 (z − ζ)m−a−b+j(j + 1)(z − ζ)j(
ζ − z

)2(j+1)
. (2.488)

Substituting (2.488) and (2.487) into the kernel in (2.486), we obtain that

∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
(2.489)

=i

(
ν(ζ)∂ζ

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
− ν(ζ)∂ζ

[
(z − ζ)m−a−b+j

(ζ − z)j+1

])
=i(−1)j(z − ζ)j(z − ζ)j×

×(z − ζ)m−a−b−1(
ζ − z

)2(j+1)
·

(
(m− a− b+ j)ν(ζ) · (z − ζ) + (j + 1)ν(ζ) · (z − ζ)

)
.

Combining this with (2.486) yields for 0 ≤ a + b < m − 1,
(
Ċ2
m−1ġ

)
(a,b)

is weakly singular integral operator on ∂Ω. This yields for a, b ∈ N0 with

0 ≤ a+ b < m− 1,
(
Ċ2
m−1ġ

)
(a,b)

is compact operator on CWAm−1[Lp(∂Ω)] for

all p ∈ (1,∞). Next we consider the remaining case when a + b = m − 1. If
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a+ b = m− 1, according to (2.489), we obtain that

∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
=i

(
ν(ζ)∂ζ

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
− ν(ζ)∂ζ

[
(z − ζ)m−a−b+j

(ζ − z)j+1

])
=i(−1)j(z − ζ)j(z − ζ)j×

× 1(
ζ − z

)2(j+1)
·

(
(j + 1)ν(ζ) · (z − ζ) + (j + 1)ν(ζ) · (z − ζ)

)
=i(j + 1)(−1)j(z − ζ)j(z − ζ)j×

× 1(
ζ − z

)2(j+1)
·

(
ν(ζ) · (z − ζ) + ν(ζ) · (z − ζ)

)
=2i(j + 1)(−1)j(z − ζ)j(z − ζ)j×

× 1(
ζ − z

)2(j+1)
· 〈z − ζ, ν(ζ)〉. (2.490)

Substituting this into (2.486), one has for a+ b = m− 1 and for z ∈ ∂Ω(
Ċ2
m−1ġ

)
(a,b)

(z) (2.491)

=
a−1∑
j=0

lim
ε→0+

(−1)j

π

∫
ζ∈∂Ω
|ζ−z|>ε

|z − ζ|2j(
ζ − z

)2(j+1)
· 〈z − ζ, ν〉g(a−1−j,b+1+j)(ζ)dσ(ζ).

Consequently, from (2.485) and (2.491), for a, b ∈ N0 with a + b = m− 1, we

have ((
Ċ2
m−1 + Ċ2

m−1

)
ġ
)

(a,b)

=
a−1∑
j=0

lim
ε→0+

∫
ζ∈∂Ω
|ζ−z|>ε

kj(z − ζ) · 〈z − ζ, ν〉 g(a−1−j,b+1+j)(ζ) dσ(ζ), (2.492)

where for z ∈ R2 \ {0}, 0 ≤ j ≤ a− 1

kj(z) :=
(−1)j|z|2j

π
·
[

1

z2(j+1)
+

1

z2(j+1)

]
. (2.493)
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In particular, for z ∈ R2 \ {0}, 0 ≤ j ≤ a− 1

kj(z) =
(−1)j ·

[
z2(j+1) + z2(j+1)

]
π|z|2(j+2)

. (2.494)

Observe that for 0 ≤ j ≤ a − 1, kj : R2 \ {0} → R is smooth, even, and

positive homogeneous of degree −2. According to [11], the singular integral

operator in (2.485) having chord-dot-normal structure with the kernel kj which

is smooth, even, and positive homogeneous of degree −2 in R2\{0} is compact

on Lp(∂Ω, σ) for all p ∈ (1,∞) provided that Ω ⊆ R2 is a regular SKT domain.

Consequently,

Ċm−1 + Ċm−1 is compact on CWAm−1 [Lp(∂Ω, σ)] for any p ∈ (1,∞)

⇐⇒ Ω ⊆ R2 is a regular SKT domain with compact boundary (2.495)

In particular, for any complex Whitney array ġ ∈ CWAm−1[Lp(∂Ω, σ)], and

for each a, b ∈ N0 with a + b ≤ m − 1,
((
Ċm−1 + Ċm−1

)
ġ
)

(a,b)
has either

weakly singular kernel or chord-dot-normal structure. From the definition of

the maps Ψ and Φ as in (2.341) and (2.361), these maps are preserving the

order and the chord-dot-normal structure of the kernel. Combining this with

(2.470) implies that for ḟ =
{
f(r,s)

}
r,s∈N0

r+s≤m−1
∈ RWAm−1[Lp(∂Ω, σ)], a, b ∈ N0

with a+ b ≤ m−1,
(
K̇A ,m(ḟ)

)
(a,b)

has either weakly singular kernel or chord-

dot-normal structure. This shows that A = (Aαβ) α,β∈N2
0

|α|=|β|=m
given in (2.458) is

distinguished coefficient tensor associated with ∆m. Combining (2.470) with

(2.495) we have that if Ω ⊆ R2 is bounded regular SKT domain, then K̇A ,m

is compact on RWAm−1[Lp(∂Ω, σ)]. This yields

1

2
I + K̇A ,m is Fredholm of index 0 on RWAm−1[Lp(∂Ω, σ)]. (2.496)

Next, we verify that 1
2
I + K̇A ,m is indeed invertible on RWAm−1[Lp(∂Ω, σ)]

for any 1 < p < ∞ using the duality argument on the Whitney array spaces

in [23]. In order to proceed the proof of the invertibility, we first provide

the jump formula for the single multi-layer potential operators in bounded

Lipschitz domains.
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Proposition 2.49. Let Ω ⊆ R2 be a bounded Lipschitz domain. Fix a integer

m ∈ N and an integrability exponent p ∈ (1,∞). Also, ṠA,m stand for the

single multi-layer potential operator associated with ∆m and the coefficient

tensor A. Then

∂Aν ṠA,m : (RWAm−1[Lp(∂Ω, σ)])∗ → (RWAm−1[Lp(∂Ω, σ)])∗ (2.497)

is well-defined, linear and bounded operator where ∂Aν is the conormal deriva-

tive associated with A defined as in (2.440). In particular, there holds

∂Aν ṠA,m = −1

2
I + K̇∗A,m on (RWAm−1[Lp(∂Ω, σ)])∗, (2.498)

where K̇∗A,m is the adjoint operator of K̇A,m.

Proof. Since K̇∗A,m is well-defined, linear and bounded operator on the dual of

Whitney array space (RWAm−1[Lp(∂Ω, σ)])∗ (cf. Theorem 4.14 in [23]),

− 1

2
I + K̇∗A,m (2.499)

is well defined, linear and bounded on (RWAm−1[Lp(∂Ω, σ)])∗. In addition,

∂Aν ṠA,m is well-defined, linear and bounded operator with the jump formula as

in (2.498) on (RWAm−1[Bp,q
s (∂Ω, σ)])∗ for 1 < p, q <∞, s > 0 (cf. Proposition

5.27 in [23]). Combining this with the property that (RWAm−1[Lp(∂Ω, σ)])∗ is

embedded into (RWAm−1[Bp,q
s (∂Ω, σ)])∗ completes the proof of the proposition.

Next, we provide the invertibility result for the case when p = 2.

Proposition 2.50. Let Ω ⊆ R2 be a bounded regular SKT domain. Fix an

integer m ∈ N. There holds

1

2
I + K̇A ,m is invertible on RWAm−1[L2(∂Ω, σ)], (2.500)

where K̇A ,m is a distinguished boundary-to-boundary double multi-layer poten-

tial operator associated with ∆m and the distinguished coefficient tensor A .
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Proof. Since 1
2
I + K̇∗A ,m is injective on (RWAm−1[B2,2

1/2(∂Ω, σ)])∗ (cf. Theorem

6.8 in [23]), and (RWAm−1[L2(∂Ω, σ)])
∗
↪→ (RWAm−1[B2,2

1/2(∂Ω, σ)])∗, one can

conclude that

1

2
I + K̇∗A ,m is injective on

(
RWAm−1[L2(∂Ω, σ)]

)∗
, (2.501)

which implies that

1

2
I + K̇A ,m is surjective on RWAm−1[L2(∂Ω, σ)]. (2.502)

According to (2.496),

1

2
I + K̇A ,m is Fredholm of index 0 on RWAm−1[Lp(∂Ω, σ)]. (2.503)

Combining this with (2.502) finishes the proof.

In the next theorem, we extend the invertibility result for any 1 < p <∞.

Theorem 2.51. Let Ω ⊆ R2 be a bounded regular SKT domain. Fix an integer

m ∈ N and an integrability exponent 1 < p <∞. There holds

1

2
I + K̇A ,m is invertible on RWAm−1[Lp(∂Ω, σ)], (2.504)

where K̇A ,m is a distinguished boundary-to-boundary double multi-layer poten-

tial operator associated with ∆m and the distinguished coefficient tensor A .

Proof. According to Proposition 2.50,

1

2
I + K̇A ,m is invertible on RWAm−1[L2(∂Ω, σ)], (2.505)

which implies that 1
2
I + K̇A ,m is injective on RWAm−1[L2(∂Ω, σ)]. Since ∂Ω

is compact, RWAm−1[Lp(∂Ω, σ)] is a subset of RWAm−1[L2(∂Ω, σ)] for p ≥ 2.

This forces 1
2
I+K̇A ,m is injective on RWAm−1[Lp(∂Ω, σ)] for p ≥ 2. Combining

this with the Fredholmness in (2.503) provides 1
2
I + K̇A ,m is invertible on

RWAm−1[Lp(∂Ω, σ)] for p ∈ [2,∞). For the case when p ∈ (1, 2), consider the

adjoint operator

1

2
I + K̇∗A ,m : (RWAm−1[Lp(∂Ω, σ)])∗ → (RWAm−1[Lp(∂Ω, σ)])∗ . (2.506)
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Since ∂Ω is compact, (RWAm−1[Lp(∂Ω, σ)])∗ is a subset of (RWAm−1[L2(∂Ω, σ)])
∗

for p ∈ (1, 2). In particular, from (2.501)

1

2
I + K̇∗A ,m is injective on

(
RWAm−1[L2(∂Ω, σ)]

)∗
, (2.507)

which further implies 1
2
I+ K̇∗A ,m is injective on (RWAm−1[Lp(∂Ω, σ)])∗ for any

p ∈ (1, 2), thus we have 1
2
I + K̇A ,m is surjective on (RWAm−1[Lp(∂Ω, σ)])

for p ∈ (1, 2). Combining this with the Fredholmness in (2.503) gives that

1
2
I + K̇A ,m is invertible on RWAm−1[Lp(∂Ω, σ)] for p ∈ (1, 2). This completes

the proof of the theorem.

Finally, we establish the solvability of the Dirichlet problem for ∆m in

bounded regular SKT domain.

Theorem 2.52. Let Ω ⊆ R2 is a bounded regular SKT domain. Fix an

integer m ∈ N and p ∈ (1,∞). Then the higher-order Laplace equation in Ω

with Dirichlet boundary data ḟ = {f(a,b)} a,b∈N0
a+b≤m−1

∈ RWAm−1[Lp(∂Ω, σ)]


∆mu = 0 in Ω

Nκ(∇m−1u) ∈ Lp(∂Ω, σ)

TrR
2

m−1(u) = ḟ ∈ RWAm−1[Lp(∂Ω, σ)]

(2.508)

has a solution.

Proof. This follows from (2.419), (2.420), (2.421), and Theorem 2.51.

2.10 Riemann-Hilbert problems for polyana-

lytic functions

The classical Riemann-Hilbert problem is a boundary value problem in

complex analysis that seeks an analytic function satisfying size and boundary

conditions involving twisting coefficients. The Riemann-Hilbert problem has

important applications in many areas of mathematics, including algebraic ge-

ometry, representation theory, mathematical physics, and number theory. It
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has been extensively studied over the years, and many important results have

been obtained. The Riemann-Hilbert problem for polyanalytic functions is a

natural generalization of the classical Riemann-Hilbert problem to polyana-

lytic functions. In recent years, there have been several important develop-

ments in the theory of the type of Riemann-Hilbert problems for polyanalytic

functions such as the Schwarz problem, the one-sided Riemann-Hilbert prob-

lem, and the Riemann-Hilbert problem for polyanalytic functions (cf. [4], [10],

[42], [43]). In this section, we investigate the Riemann-Hilbert problem for

polyanalytic function in rough domains employing the results of polyanalytic

functions and the poly-Cauchy operator that we have constructed in this pa-

per.

For the classical Riemann-Hilbert problem in unit disk D ⊆ C, let us

consider a twisting coefficient φ : S1 → R with the property that

φ(x) 6= 0 ∀x ∈ S1,

φ = ψ
∣∣∣
S1

for some ψ ∈ C∞c (R2), (2.509)

where S1 = ∂D. Let us denote D+ := D and D− = C \ D. Consider analytic

functions u± ∈ O(D±) where u− decays at ∞. Fix κ ∈ (0,∞) and p ∈ (1,∞).

For given f ∈ Lp(∂D, σ), the Riemann-Hilbert problem takes the form

∂u± = 0 in D±,

u− decays at ∞ ,

Nκ(u±) ∈ Lp(∂D, σ),

φ · u+
∣∣∣κ-n.t.

∂D+
− u−

∣∣∣κ-n.t.

∂D−
= f ∈ Lp(∂D, σ).

(2.510)

For this problem the classical Cauchy operator C plays an important role

with the compactness property of commutator [Mφ, CZ] on Lp(∂D, σ). In this

section, we consider the Riemann-Hilbert problems for polyanalytic functions

with natural generalization of the multiplication at the level of array. We first

need an appropriate definition of the multiplication at the level of array.
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Definition 2.53. Let Ω ⊆ R2 ≡ C be an open set. Fix m ∈ N. Consider a

function φ : ∂Ω→ R which is a restriction of some function ψ which is of class

Cm−1 in a neighborhood of ∂Ω, i.e., φ = ψ|∂Ω and an array ġ = {g(a,b)} a,b∈N0
a+b≤m−1

defined on ∂Ω satisfies the complex compatibility condition as in (2.50). Define

a multiplication with array � by for each a, b ∈ N0 with a+ b ≤ m− 1

(φ� ġ)(a,b) :=
∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
(∂βCψ)|∂Ω · gγ, (2.511)

where for β = (β1, β2)

∂βCψ := ∂β1z ∂
β2
z ψ in a neighborhood of ∂Ω. (2.512)

Remark 2.54. There are some basic observations of the operation � defined

as in (2.511).

1. If m = 1, then � simply becomes a multiplication of functions.

2. If φ ≡ c is a constant function on ∂Ω for some c ∈ R, that is, ψ(z) = c

in a neighborhood of ∂Ω where φ = ψ|∂Ω, then for each a, b ∈ N0 with

a+ b ≤ m− 1, there holds

(c� ġ)(a,b) = g(a,b). (2.513)

In the following lemma, we verify that this multiplication with an array

is a natural in the sense that φ � ġ also satisfies the complex compatibility

condition.

Lemma 2.55. Let Ω ⊆ R2 ≡ C be a UR domain. Fix m ∈ N. Consider a

function φ : ∂Ω→ R which is a restriction of some function ψ which is of class

Cm−1 in a neighborhood of ∂Ω, i.e., φ = ψ|∂Ω and an array ġ = {g(a,b)} a,b∈N0
a+b≤m−1

defined on ∂Ω satisfies the complex compatibility condition as in (2.50). Then

φ� ġ ∈ CCC where � is defined in (2.511) and CCC is defined in (2.50).
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Proof. Consider a, b ∈ N0 with a+ b ≤ m− 2. Then,

∂τ

(
(φ� ġ)(a,b)

)
= ∂τ

 ∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
(∂βCψ)|∂Ω · gγ

 , (2.514)

which implies

∂τ

(
(φ� ġ)(a,b)

)
=

∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
∂τ ((∂

β
Cψ)|∂Ω · gγ). (2.515)

In particular,

∂τ ((∂
β
Cψ)|∂Ω · gγ) = ∂τ ((∂

β
Cψ)|∂Ω) · gγ + (∂βCψ)|∂Ω · ∂τ (gγ). (2.516)

Applying definition of the tangential derivative as in (2.46) for ∂τ ((∂
β
Cψ)|∂Ω)

and compatibility condition as in (2.50) for ∂τ (gγ), one has

∂τ ((∂
β
Cψ)|∂Ω · gγ)

=i(ν(∂β+e1
C ψ)|∂Ω − ν(∂β+e2

C ψ)|∂Ω) · gγ + i(νgγ+e1 − νgγ+e2) · (∂
β
Cψ)|∂Ω

=i
(
ν((∂β+e1

C ψ)|∂Ω · gγ + (∂βCψ)|∂Ω · gγ+e1)

− ν((∂β+e2
C ψ)|∂Ω · gγ + (∂βCψ)|∂Ω · gγ+e2)

)
. (2.517)

Substituting this into (2.515) yields

∂τ

(
(φ� ġ)(a,b)

)
=

∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
i
[
ν((∂β+e1

C ψ)|∂Ω · gγ + (∂βCψ)|∂Ω · gγ+e1)

−ν((∂β+e2
C ψ)|∂Ω · gγ + (∂βCψ)|∂Ω · gγ+e2)

]
.

(2.518)

One can rewrite the expression on the right-hand side in (2.518) as

iν ·
∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
((∂β+e1

C ψ)|∂Ω · gγ + (∂βCψ)|∂Ω · gγ+e1)

− iν ·
∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
((∂β+e2

C ψ)|∂Ω · gγ + (∂βCψ)|∂Ω · gγ+e2). (2.519)
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Based on the basic calculation by substituting β + ei = β′, for i = 1, 2, one

can conclude that∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
(∂β+ei

C ψ)|∂Ω · gγ =
∑

β′,γ∈N2
0

β′+γ=(a,b)+ei
β′i≥1

a!b!

(β′ − ei)!γ!
(∂β

′

C ψ)|∂Ω · gγ

=
∑

β′,γ∈N2
0

β′+γ=(a,b)+ei
β′i≥1

a!b!β′i
β′!γ!

(∂β
′

C ψ)|∂Ω · gγ

=
∑

β′,γ∈N2
0

β′+γ=(a,b)+ei

a!b!β′i
β′!γ!

(∂β
′

C ψ)|∂Ω · gγ, (2.520)

where β′ = (β′1, β
′
2). Indeed, (2.520) comes from the fact that if β′i = 0, then

the expression in the summation turns out to be 0. Replacing β′ by β, one

has ∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
(∂β+ei

C ψ)|∂Ω · gγ =
∑
β,γ∈N2

0
β+γ=(a,b)+ei

a!b!βi
β!γ!

(∂βCψ)|∂Ω · gγ, (2.521)

where β = (β1, β2). Similarly, by substituting γ + ei = γ′, for i = 1, 2, one has∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
(∂βCψ)|∂Ω · gγ+ei =

∑
β,γ′∈N2

0
β+γ′=(a,b)+ei

γ′i≥1

a!b!

β!(γ′ − ei)!
(∂βCψ)|∂Ω · gγ′

=
∑

β,γ′∈N2
0

β+γ′=(a,b)+ei
γ′i≥1

a!b!γ′i
β!γ′!

(∂βCψ)|∂Ω · gγ′

=
∑

β,γ′∈N2
0

β+γ′=(a,b)+ei

a!b!γ′i
β!γ′!

(∂βCψ)|∂Ω · gγ′ , (2.522)

where γ′ = (γ′1, γ
′
2). Replacing γ′ by γ, one can conclude that∑

β,γ∈N2
0

β+γ=(a,b)

a!b!

β!γ!
(∂βCψ)|∂Ω · gγ+ei =

∑
β,γ∈N2

0
β+γ=(a,b)+ei

a!b!γi
β!γ!

(∂βCψ)|∂Ω · gγ, (2.523)
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where γ = (γ1, γ2). Combining (2.521) and (2.523) forces, for i = 1, 2∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
((∂β+ei

C ψ)|∂Ω · gγ + (∂βCψ)|∂Ω · gγ+ei)

=
∑
β,γ∈N2

0
β+γ=(a,b)+ei

a!b!

β!γ!
(βi + γi)(∂

β
Cψ)|∂Ω · gγ. (2.524)

In conclusion, if i = 1,∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
((∂β+e1

C ψ)|∂Ω · gγ + (∂βCψ)|∂Ω · gγ+e1)

=
∑
β,γ∈N2

0
β+γ=(a+1,b)

a!b!

β!γ!
(a+ 1)(∂βCψ)|∂Ω · gγ

=
∑
β,γ∈N2

0
β+γ=(a+1,b)

(a+ 1)!b!

β!γ!
(∂βCψ)|∂Ω · gγ

= (φ� ġ)(a+1,b) , (2.525)

and if i = 2, ∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
((∂β+e2

C ψ)|∂Ω · gγ + (∂βCψ)|∂Ω · gγ+e2)

=
∑
β,γ∈N2

0
β+γ=(a,b+1)

a!b!

β!γ!
(b+ 1)(∂βCψ)|∂Ω · gγ

=
∑
β,γ∈N2

0
β+γ=(a,b+1)

a!(b+ 1)!

β!γ!
(∂βCψ)|∂Ω · gγ

= (φ� ġ)(a,b+1) . (2.526)
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Substituting (2.525) and (2.526) into (2.519), one has

iν ·
∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
((∂β+e1

C ψ)|∂Ω · gγ + (∂βCψ)|∂Ω · gγ+e1)

− iν ·
∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
((∂β+e2

C ψ)|∂Ω · gγ + (∂βCψ)|∂Ω · gγ+e2)

=i
(
ν · (φ� ġ)(a+1,b) − ν · (φ� ġ)(a,b+1)

)
. (2.527)

Combining this with (2.518), we obtain that for any a, b ∈ N0 with a+b ≤ m−2

∂τ

(
(φ� ġ)(a,b)

)
= i
(
ν · (φ� ġ)(a+1,b) − ν · (φ� ġ)(a,b+1)

)
. (2.528)

This finishes the proof.

From the lemma 2.55, we naturally get the following corollary.

Corollary 2.56. Let Ω ⊆ R2 ≡ C be a UR domain with compact boundary.

Fix m ∈ N and an integrability exponent p ∈ [1,∞]. Consider a function

φ : ∂Ω → R which is a restriction of some function ψ that is of class Cm−1

in a neighborhood of ∂Ω. That is, φ = ψ|∂Ω and a complex Whitney array

ġ = {g(a,b)} a,b∈N0
a+b≤m−1

∈ CWAm−1[Lp(∂Ω, σ)], then φ� ġ ∈ CWAm−1[Lp(∂Ω, σ)].

Proof. This follows from the lemma 2.55 with the basic property that for any

function g ∈ Lp(∂Ω, σ) and multi-index β ∈ N2
0, (∂βCψ)|∂Ω · g also belongs to

Lp(∂Ω, σ).

Proposition 2.57. Let Ω ⊆ R2 ≡ C be a UR domain with compact boundary.

Fix m ∈ N and p ∈ [1,∞]. Consider a function φ : ∂Ω → R which is a

restriction of some function ψ which is of class Cm−1 in a neighborhood of

∂Ω, i.e., φ = ψ|∂Ω. Define an operator �φ on CWAm−1[Lp(∂Ω, σ)] as

�φ ġ := φ� ġ, (2.529)

where � is defined as in (2.511) and ġ = {g(a,b)} a,b∈N0
a+b≤m−1

∈ CWAm−1[Lp(∂Ω, σ)].

Then �φ is well defined and for any functions φ1, φ2 : ∂Ω→ R satisfy the same

hypotheses as φ there holds

�φ1 (�φ2) = �φ1·φ2 on CWAm−1[Lp(∂Ω, σ)]. (2.530)
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Proof. According to Corollary 2.56, �φ is well defined on CWAm−1[Lp(∂Ω, σ)].

Next, we shall prove the identity (2.530). According to the definition in

(2.511), for an array ġ = {g(a,b)} a,b∈N0
a+b≤m−1

∈ CWAm−1[Lp(∂Ω, σ)], one has

[�φ1(�φ2 ġ)](a,b) =
∑
β,γ∈N0

β+γ=(a,b)

a!b!

β!γ!
(∂βCψ1)|∂Ω · (�φ2 ġ)γr (2.531)

=
∑
β,γ∈N0

β+γ=(a,b)

a!b!

β!γ!
(∂βCψ1)|∂Ω ·

∑
β′,γ′∈N0

β′+γ′=γ

γ!

(β′)!(γ′)!
(∂β

′

C ψ2)|∂Ω · gγ′

=
∑
β,γ∈N0

β+γ=(a,b)

∑
β′,γ′∈N0

β′+γ′=γ

a!b!

β!(β′)!(γ′)!
(∂βCψ1)|∂Ω(∂β

′

C ψ2)|∂Ω · gγ′ ,

where for i = 1, 2, ψi is of class Cm−1 in a neighborhood of ∂Ω with the

property that φi = ψi|∂Ω. Substituting β′ + γ′ = γ into the first summation

indices in (2.531) yields

[�φ1(�φ2 ġ)](a,b) =
∑

β,β′,γ′∈N0

β+β′+γ′=(a,b)

a!b!

β!(β′)!(γ′)!
(∂βCψ1)|∂Ω(∂β

′

C ψ2)|∂Ω · gγ′ . (2.532)

On the other hand,

[�φ1·φ2 ġ](a,b) =
∑
β,γ∈N0

β+γ=(a,b)

a!b!

β!γ!
(∂βC(ψ1ψ2))|∂Ω · gγ. (2.533)

Applying Leibniz formula, one has

[�φ1·φ2 ġ](a,b) =
∑
β,γ∈N0

β+γ=(a,b)

a!b!

β!γ!

∑
β′,γ′∈N0

β′+γ′=β

β!

(β′)!(γ′)!
(∂β

′

C ψ1)|∂Ω(∂γ
′

C ψ2)|∂Ω · gγ

=
∑
β,γ∈N0

β+γ=(a,b)

∑
β′,γ′∈N0

β′+γ′=β

a!b!

γ!(β′)!(γ′)!
(∂β

′

C ψ1)|∂Ω(∂γ
′

C ψ2)|∂Ω · gγ. (2.534)

Substituting β′+ γ′ = β into the first summation indices in (2.534), we obtain

that

[�φ1·φ2 ġ](a,b) =
∑

β′,γ′,γ∈N0

β′+γ′+γ=(a,b)

a!b!

γ!(β′)!(γ′)!
(∂β

′

C ψ1)|∂Ω(∂γ
′

C ψ2)|∂Ω · gγ. (2.535)
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We simply change the indices by β′ = β, γ′ = β′, γ = γ′, then we have

[�φ1·φ2 ġ](a,b) =
∑

β,β′,γ′∈N0

β+β′+γ′=(a,b)

a!b!

β!(β′)!(γ′)!
(∂βCψ1)|∂Ω(∂β

′

C ψ2)|∂Ω · gγ′ . (2.536)

Comparing (2.536) with (2.532), for any a, b ∈ N0 with a+ b ≤ m− 1, one can

conclude that

[�φ1(�φ2 ġ)](a,b) = [�φ1·φ2 ġ](a,b), (2.537)

which implies that

�φ1 (�φ2) = �φ1·φ2 on CWAm−1[Lp(∂Ω, σ)]. (2.538)

This finishes the proof.

Corollary 2.58. Let Ω ⊆ R2 ≡ C be a UR domain with compact boundary.

Fix m ∈ N and p ∈ [1,∞]. Consider a function φ : ∂Ω → R which is a

restriction of some function ψ which is of class Cm−1 in a neighborhood of

∂Ω, i.e., φ = ψ|∂Ω and assume that ψ(z) 6= 0 for all z ∈ ∂Ω. Then �φ is an

invertible operator on CWAm−1[Lp(∂Ω, σ)] with an inverse �(1/φ) where �φ is

defined as in (2.529).

Proof. Since ψ(z) 6= 0 for all z ∈ ∂Ω, (1/ψ) is well defined in a neighborhood

of ∂Ω. In addition, (1/φ) = (1/ψ)|∂Ω where (1/ψ) is of class Cm−1 in a

neighborhood of ∂Ω. According to the proposition 2.57, one has

�φ (�(1/φ)) = �(1/φ)(�φ) = �1 on CWAm−1[Lp(∂Ω, σ)]. (2.539)

Combining this with (2.513), one can conclude that

�φ (�(1/φ)) = �(1/φ)(�φ) = I on CWAm−1[Lp(∂Ω, σ)]. (2.540)

This completes the proof.

According to [7] by Coifman, Rochberg, and Weiss and [39] by Uchiyama,

the commutator of the Calderón-Zygmund operator [Mφ, CZ] is compact on

Lp(∂Ω, σ) for all p ∈ (1,∞) under the assumption for φ as in Definition 2.53. In
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the Riemann-Hilbert problem, this compactness property of the commutator

[Mφ, CZ] plays an important role to employ the Fredholm operator theory.

With an appropriate definition of the multiplication at the level of array as

in Definition 2.53, our next business is to verify the compactness property of

commutator with the boundary-to-boundary poly-Cauchy operator of order

m.

Proposition 2.59. Let Ω ⊆ R2 ≡ C be a UR domain with compact boundary.

Fix m ∈ N and p ∈ (1,∞). Consider a function φ : ∂Ω → R which is a

restriction of some function ψ which is of class Cm−1 in a neighborhood of

∂Ω, i.e., φ = ψ|∂Ω and an array ġ = {g(a,b)} a,b∈N0
a+b≤m−1

∈ CWAm−1[Lp(∂Ω, σ)].

Define a commutator of the boundary-to-boundary poly-Cauchy operator (of

order m) with φ acting on ġ by

[Mφ, Ċm−1]ġ := φ� (Ċm−1ġ)− Ċm−1(φ� ġ), (2.541)

where � is defined as in (2.511). Then [Mφ, Ċm−1] is compact operator on the

complex Whitney array space CWAm−1[Lp(∂Ω, σ)]

Proof. Let a, b ∈ N0 with a+b ≤ m−1 and consider a complex Whitney array

ġ = {g(a,b)} a,b∈N0
a+b≤m−1

∈ CWAm−1[Lp(∂Ω, σ)]. According to (2.511) one has

(
φ� (Ċm−1ġ)

)
(a,b)

=
∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
(∂βCψ)|∂Ω · (Ċm−1ġ)γ

=
∑

βi,γi∈N0
β1+γ1=a
β2+γ2=b

a!b!

β1!β2!γ1!γ2!
(∂β1z ∂

β2
z ψ)|∂Ω · (Ċm−1ġ)(γ1,γ2) (2.542)
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From the definition 2.35, we have

(
Ċm−1ġ

)
(γ1,γ2)

(z) =

m−1−γ1−γ2∑
k=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

(z − ζ)k

k!(ζ − z)
g(γ1,k+γ2)(ζ) dζ

−
γ1−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

j!

(m− γ1 − γ2 + j)!
× (2.543)

× ∂τ(ζ)

[
(z − ζ)m−γ1−γ2+j

(ζ − z)j+1

]
g(γ1−1−j,m−γ1+j)(ζ) dσ(ζ)

at σ-a.e. point z ∈ ∂Ω. Observe that for the first term in (2.543), if k > 0, then

the kernel becomes weakly singular. For the second term, one can conclude

that if γ1 +γ2 < m−1, then the kernel is weakly singular. Now, we look at the

remaining cases when k = 0, γ1, γ2 ∈ N0 with γ1 ≤ a, γ2 ≤ b for the first term

which becomes the boundary-to-boundary classical Cauchy operator acting on

g(γ1,γ2) and the case when γ1 + γ2 = m− 1 which means a+ b = m− 1, βi = 0,

γ1 = a, γ2 = b for the second term. For more simplicity, denote the second

term when γ1 + γ2 = m− 1 by

(Ċ
′

m−1ġ)(a,b) :=−
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

1

j + 1
×

× ∂τ(ζ)

[
(z − ζ)j+1

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ) dσ(ζ). (2.544)

Therefore, the remaining term in (2.542) when the kernel of the singular inte-

gral operator is not weakly singular can be expressed as follows.∑
βi,γi∈N0
β1+γ1=a
β2+γ2=b

a!b!

β1!β2!γ1!γ2!
(∂β1z ∂

β2
z ψ)|∂Ω · Cg(γ1,γ2) + φ ·

(
Ċ ′m−1ġ

)
(a,b)

. (2.545)

Using the properties that Lp1(∂Ω, σ) is compactly embedded into Lp(∂Ω, σ),
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and C is bounded operator on Lp(∂Ω, σ), one can conclude that∑
βi,γi∈N0
β1+γ1=a
β2+γ2=b

a!b!

β1!β2!γ1!γ2!
(∂β1z ∂

β2
z ψ)|∂Ω · C is compact operator on Lp1(∂Ω, σ).

(2.546)

Since g(γ1,γ2) ∈ Lp1(∂Ω, σ)] for γ1, γ2 ∈ N0 with γ1 + γ2 < m − 1, we consider

γ1 + γ2 = m − 1 over the summation in (2.545). The integral expression in

(2.545) is reduced to

φ · Cg(a,b) + φ ·
(
Ċ ′m−1ġ

)
(a,b)

. (2.547)

Turning our attention to the second term in (2.541), for any a, b ∈ N0 with

a+ b ≤ m− 1,

(
Ċm−1(φ� ġ)

)
(a,b)

=
m−1−a−b∑

k=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

(z − ζ)k

k!(ζ − z)
(φ� ġ)(a,k+b)(ζ) dζ

−
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

j!

(m− a− b+ j)!
× (2.548)

× ∂τ(ζ)

[
(z − ζ)m−a−b+j

(ζ − z)j+1

]
(φ� ġ)(a−1−j,m−a+j)(ζ) dσ(ζ)

at σ-a.e. point z ∈ ∂Ω. As we observed above, if k > 0, then the kernel of the

first term in (2.548) becomes weakly singular, and if a + b < m− 1, then the

kernel of the second term in (2.548) becomes also weakly singular. Therefore,

the remaining therm in (2.548) whose kernel is not weakly singular is

C(φ� ġ)(a,b), if a+ b < m− 1,

C(φ� ġ)(a,b) +
(
Ċ ′m−1(φ� ġ)

)
(a,b)

, if a+ b = m− 1. (2.549)

According to Corollary 2.56, φ� ġ belongs to CWAm−1[Lp(∂Ω, σ)] which im-

plies if a + b < m − 1, then (φ � ġ)(a,b) ∈ Lp1(∂Ω, σ). Since Lp1(∂Ω, σ) is com-

pactly embedded into Lp(∂Ω, σ), we now consider the case when a+b = m−1.
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According to (2.548), one has

C(φ� ġ)(a,b) +
(
Ċ ′m−1(φ� ġ)

)
(a,b)

. (2.550)

By the definitions in (2.511), we have

(φ� ġ)(a,b) =
∑
β,γ∈N2

0
β+γ=(a,b)

a!b!

β!γ!
(∂βCψ)|∂Ω · gγ. (2.551)

Since gγ ∈ Lp1(∂Ω, σ) if |γ| < m− 1, thus the classical Cauchy operator acting

on (φ�ġ)(a,b) has the compactness property over the summation for |γ| < m−1.

Therefore, to verify the compactness of the commutator in (2.541), the singular

integral operator in (2.550) is reduced to

C(φ · g(a,b)) (2.552)

−
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

1

j + 1
∂τ(ζ)

[
(z − ζ)j+1

(ζ − z)j+1

]
(φ� ġ)(a−1−j,m−a+j)(ζ) dσ(ζ).

Applying the similar argument to the second term in (2.552), it suffices to

consider

C(φ · g(a,b)) (2.553)

−
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

1

j + 1
∂τ(ζ)

[
(z − ζ)j+1

(ζ − z)j+1

]
φ(ζ) · g(a−1−j,m−a+j)(ζ) dσ(ζ).

In summary, the remaining terms of the commutator [Mφ, Ċm−1]ġ as in (2.541)

which are not verified as compact operators are for a, b ∈ N0 with a+b = m−1

φ(z) · Cg(a,b)(z)− C(φ · g(a,b))(z)−

[
a−1∑
j=0

lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

1

j + 1
×

×

(
φ(z) · ∂τ(ζ)

[
(z − ζ)j+1

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ)

− ∂τ(ζ)

[
(z − ζ)j+1

(ζ − z)j+1

]
φ(ζ) · g(a−1−j,m−a+j)(ζ)

)
dσ(ζ)

]
, (2.554)
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at σ-a.e. point z ∈ ∂Ω. Using the commutator, the expression in (2.554) can

be identifies as

[Mφ, C]g(a,b)(z)−
a−1∑
j=0

[Mφ, C
′
j]g(a−1−j,m−a+j)(z), (2.555)

where for 0 ≤ j ≤ a− 1,

C ′jg(a−1−j,m−a+j)(z) := lim
ε→0+

1

2πi

∫
ζ∈∂Ω
|ζ−z|>ε

1

j + 1
× (2.556)

× ∂τ(ζ)

[
(z − ζ)j+1

(ζ − z)j+1

]
g(a−1−j,m−a+j)(ζ)dσ(ζ).

Observe that the operators C and C ′j for 0 ≤ j ≤ a−1 are Calderón-Zygmund

type operators. In other words, the kernel of the operator is smooth, odd,

and positive homogeneous of degree −1 except at 0. Applying the property of

the commutator that for a continuous function φ on ∂Ω, the commutator of a

Calderón-Zygmund type operator CZ with φ is compact operator on Lp(∂Ω, σ)

for all p ∈ (1,∞), we obtain that

[Mφ, C]−
a−1∑
j=0

[Mφ, C
′
j] is compact operator on

a+1⊕
k=1

Lp(∂Ω, σ) (2.557)

if Ω ⊆ R2 ≡ C is a UR domain with compact boundary. In conclusion,

[Mφ, Ċm−1] is compact operator on CWAm−1[Lp(∂Ω, σ)] provided Ω ⊆ R2 ≡ C
is a UR domain with compact boundary. This completes the proof.

Now, we turn our attention to the Riemann-Hilbert problems for polyan-

alytic functions. Let Ω ⊆ R2 ≡ C be a bounded UR domain. Fix a natural

number m ∈ N and an integrability exponent p ∈ (1,∞). Consider a function

φ : ∂Ω → R which is a restriction of some function ψ which is of class Cm−1

in a neighborhood of ∂Ω and does not vanish on the boundary, that is,

ψ ∈ Cm−1 in a neighborhood of ∂Ω,

ψ(z) 6= 0 ∀z ∈ ∂Ω,

φ = ψ
∣∣∣
∂Ω
. (2.558)



141

Consider a complex Whitney array ġ = {g(a,b)} a,b∈N0
a+b≤m−1

∈ CWAm−1[Lp(∂Ω, σ)].

The Riemann-Hilbert problem for polyanalytic function takes the form

∂
m
u± = 0 in Ω±,

u− radiates at ∞,

Nκ(∇`u±) ∈ Lp(∂Ω, σ), for ` ∈ {0, 1, . . . ,m− 1},

φ� TrCm−1(u+)− TrCm−1(u−) = 0,

(2.559)

where Ω+ := Ω and Ω− := R2 \Ω. According to the Fatou type result and the

integral representation formula in Theorem 2.7, one has

u± = Ċm−1

(
TrCm−1(u±)

)
in Ω. (2.560)

According to the jump relation in (2.307), one has

TrCm−1(u±) =

(
1

2
I ± Ċm−1

)
TrCm−1(u±) at σ-a.e. points on ∂Ω. (2.561)

This yields
1

2
TrCm−1(u+) = Ċm−1

(
TrCm−1(u+)

)
. (2.562)

In addition, combining (2.318) with (2.561) provides(
1

2
I + Ċm−1

)
TrCm−1(u−) = 0, (2.563)

at σ-a.e. points on ∂Ω. Recall the boundary condition in the Riemann-Hilbert

problem for polyanalytic function

φ� TrCm−1(u+)− TrCm−1(u−) = 0. (2.564)

This implies

TrCm−1(u−) = φ� TrCm−1(u+). (2.565)

According to (2.560) and (2.565), one can conclude that finding u+ suffices to

solve the problem (2.559). Taking the operator (1/2)I + Ċm−1 to the equation

(2.565) forces(
1

2
I + Ċm−1

)
TrCm−1(u−) =

(
1

2
I + Ċm−1

)(
φ� TrCm−1(u+)

)
. (2.566)
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Substituting (2.563) into (2.566), we have

0 =

(
1

2
I + Ċm−1

)(
φ� TrCm−1(u+)

)
. (2.567)

In other words,

0 =
1

2
φ� TrCm−1(u+) + Ċm−1

(
φ� TrCm−1(u+)

)
. (2.568)

Using the commutator as in (2.541), this can be rewritten as

0 =
1

2
φ� TrCm−1(u+) + φ�

(
Ċm−1

(
TrCm−1(u+)

))
− [Mφ, Ċm−1]TrCm−1(u+).

(2.569)

Applying (2.562), one can conclude that

0 = φ� TrCm−1(u+)− [Mφ, Ċm−1]TrCm−1(u+). (2.570)

Consequently,

TrCm−1(u+) ∈ ker
[
�φ − [Mφ, Ċm−1]

]
, (2.571)

where �φ is defined as in (2.529). Since we are assuming that ψ(z) 6= 0 for

any point z ∈ ∂Ω, according to Corollary 2.58, �φ is invertible on the complex

Whitney array space CWAm−1[Lp(∂Ω, σ)]. In particular, �φ is Fredholm op-

erator of index 0 on CWAm−1[Lp(∂Ω, σ)]. In addition, according to the propo-

sition 2.59, one has
[
Mφ, Ċm−1]

]
is compact operator on CWAm−1[Lp(∂Ω, σ)].

Consequently,

�φ − [Mφ, Ċm−1] is Fredholm of index 0 on CWAm−1[Lp(∂Ω, σ)]. (2.572)

Applying Fredholm alternative, we obtain either that the Riemann-Hilbert

problem for polyanalytic function with zero boundary data

∂
m
u± = 0 in Ω±,

u− radiates at ∞,

Nκ(∇`u±) ∈ Lp(∂Ω, σ), for ` ∈ {0, 1, . . . ,m− 1},

φ� TrCm−1(u+)− TrCm−1(u−) = 0,

(2.573)
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has nontrivial solutions u± ∈ PAm(Ω±) or for each ḟ ∈ CWAm−1[Lp(∂Ω, σ)]

the Riemann-Hilbert problem for polyanalytic function with given date ḟ

∂
m
u± = 0 in Ω±,

u− radiates at ∞,

Nκ(∇`u±) ∈ Lp(∂Ω, σ), for ` ∈ {0, 1, . . . ,m− 1},

φ� TrCm−1(u+)− TrCm−1(u−) = ḟ ∈ CWAm−1[Lp(∂Ω, σ)],

(2.574)

has uniquely determined solutions u± ∈ PAm(Ω±).



144

CHAPTER 3

The Neumann Problem for the

bi-Laplacian in Infinite Sectors

In this chapter, we study the Neumann problem for the bi-Laplacian in

infinite sectors in the plane. More precisely, we investigate the solvability of

the Lp Neumann problem for the bi-Laplacian, for p ∈ (1,∞), using Mellin

transform techniques. We explicitly describe the Mellin symbol of a singular

integral operator naturally associated with the problem for arbitrary apertures

θ ∈ (0, 2π) and Poisson ratios η ∈ [−1, 1) and investigate when its determinant

doesn’t vanish. The analysis carried out here uses Mellin transform techniques

and properties of hypergeometric functions of gamma, beta, Ferrers and Gauss

type. As a result of this analysis, we derive information on the range of

p ∈ (1,∞) for the aforementioned boundary value problem is well-posed for a

number of more tractable apertures.

3.1 Introduction

The focus of this chapter is on the Neumann problem for the bi-Laplacian

in infinite sectors in R2 via the layer potential method. To set the stage, fix

θ ∈ (0, 2π) and let Ω ⊆ R2 be the region above the graph of the function
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φ : R→ R defined by

φ(x) := |x| cot(θ/2), x ∈ R. (3.1)

For each X ∈ ∂Ω \ {0} there exist outward unit normal and unit tangential

vectors denoted by ν(X) and τ(X) respectively. Then the Neumann problem

for the bi-Laplacian in Ω with Lp boundary datum, with integrability index

p ∈ (1,∞) and aperture parameter κ ∈ (0,∞), can be formulated as:

(NBHp)



42u = 0 in Ω,

Nκ(∇2u) ∈ Lp(∂Ω),

η4u
∣∣∣κ−n.t.

∂Ω
+ (1− η)

∂2u

∂ν2
= f ∈ Lp(∂Ω),

∂4u
∂ν

+ (1− η)
∂

∂τ

[ ∂2u

∂τ∂ν

]
= Λ ∈

(
L̇p
′

1 (∂Ω)
)∗
,

(3.2)

where 1 < p′ <∞ is such that 1/p+1/p′ = 1. Here, withH1 standing for the 1-

dimensional Hausdorff measure in R2, set σ := H1b∂Ω for the surface measure

on ∂Ω. Then the space Lp(∂Ω) is that of Lebesgue p-integrable functions on

∂Ω with respect to σ and
(
L̇p
′

1 (∂Ω)
)∗

is the dual space of all locally integrable

functions on ∂Ω with tangential derivative in Lp
′
(∂Ω). In addition, Nκ denotes

the non-tangential maximal function defined in (1.14) and by ·
∣∣∣κ−n.t.

∂Ω
we have

denoted the nontangential restriction to the boundary introduced in (1.15).

Finally, in the formulation of the boundary conditions in (3.2) the convention

for repeated normal and/or tangential derivatives as introduced in (3.33) has

been used, while η ∈ [−1, 1) is a given real constant called the Poisson ratio.

The formulation of the Neumann problem (3.2) follows from the Kirchhoff-

Love theory of thin plates and the problem has been previously studied in

the literature in a number of important cases. J. Giroire and J. C. Nédélec,

see [9], considered the geometric setting of bounded smooth planar domains

and a variational setting formulation, and their well-posdeness approach relied

on establishing coerciveness of the corresponding boundary bilinear form. C.

Nazaret, see [33], extended their results (in the variational setting) to bounded
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polygonal domains. The case when Ω ⊆ Rn, n ≥ 2, is a bounded Lipschitz

domain and the integrability index p is near 2 has been treated by G. Verchota

in [40], employing layer potential theory and Rellich-type identities. Shortly

thereafter, Z. Shen proved in [36] Lp versions of Verchota’s results when Ω is a

bounded Lipschitz domain in Rn, n ≥ 4, and 2(n−1)
n+1
−ε < p < 2, for some ε > 0

depending on Ω. A different formulation of the Neumann problem for the bi-

Laplacian, with boundary datum from duals of Whitney-Lebesgue spaces, in

bounded Lipschitz domains with connected boundary can be found in [[23],

Theorem 6.55, p. 388]. There the authors establish well-posedness whenever

p ∈ (2 − ε,∞) if n ∈ {2, 3} and p ∈ (2 − ε, 2(n−1)
n−3

+ ε) if n ≥ 4, where again

ε > 0 depends on Ω.

To put the formulation (3.2) of the Neumann problem for ∆2 into per-

spective, in connection with the study of the problem (3.2), for each r ∈ R,

consider the bilinear form Br associated to ∆2 in R2 given by

Br(u, v) := cr

2∑
i,j=1

∫
Ω

[
(∂i∂j + r δij∆)u

]
(X)

[
(∂i∂j + r δij∆)v

]
(X) dX,

cr :=
1

1 + 2r + 2r2
,

(3.3)

where u, v ∈ W 2,2(Ω) (the L2 based Sobolev space with smoothness index 2)

and δij stands for the standard Kronecker symbol. It can be checked that,

indeed,

Br(u, v) =

∫
Ω

(∆2u)(X)v(X) dX, for all u, v ∈ C∞0 (Ω) and all r ∈ R.
(3.4)

If u is a biharmonic function in Ω such that Nκ(∇2u),Nκ(∇3u) ∈ L2(∂Ω), and

v ∈ C∞0 (Rn), integrating by parts one obtains∫
∂Ω

Br(u, v) dσ =

∫
∂Ω

(
Mr(u)

∂v

∂ν
−Nr(u)v

)
dσ, (3.5)

where

Nr(u) :=
∂(∆u)

∂ν
+ cr

∂

∂τ

[ ∂2u

∂τ∂ν

]
,

Mr(u) := cr(2r + 2r2) ∆u
∣∣∣κ−n.t.

∂Ω
+ cr

∂2u

∂ν2
.

(3.6)
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Note that, setting η :=
2(r + r2)

1 + 2r + 2r2
∈ [−1, 1), the boundary conditions in

(3.2) can be rephrased as Mr(u) = f ∈ Lp(∂Ω), and Nr(u) = Λ ∈
(
L̇p
′

1 (∂Ω)
)∗

,

respectively.

In Section 3.2.1 we employ the layer potential method for the treatment of

(3.2). Concretely, we show how seeking a solution of (3.2) as a single layer po-

tential leads to the consideration of the invertibility properties of a boundary-

to-boundary matrix-valued integral operator T :
(
Lp(∂Ω)

)2 −→
(
Lp(∂Ω)

)2

defined below. Specifically, for each F,G ∈ Lp(∂Ω), set

T (F,G) :=

 −ηK1 + (η − 1)K2 −1
2
I − ηK3 + (η − 1)K4

−K5 + (η − 1)K6 − 1
2
I K7 + (η − 1)K8


 G

F

 ,

(3.7)

where I stands for the identity operator, and, for f ∈ Lp(∂Ω),

Kif(P ) :=

∫
∂Ω

ki(P,Q)f(Q) dσ(Q) for each i ∈ {1, . . . , 8}, (3.8)

with the kernels ki, for i ∈ {1, . . . , 8}, defined on ∂Ω×∂Ω\diag(∂Ω) as follows

k1(P,Q) = k7(P,Q) :=
∂

∂τ(Q)
[E(P −Q)], (3.9)

k2(P,Q) :=
∂3

∂ν2(P )∂τ(Q)
[B(P −Q)], (3.10)

k3(P,Q) = k5(P,Q) :=
∂

∂ν(Q)
[E(P −Q)], (3.11)

k4(P,Q) :=
∂3

∂ν2(P )∂ν(Q)
[B(P −Q)], (3.12)

k6(P,Q) :=
∂3

∂τ(P )∂ν(P )∂τ(Q)
[B(P −Q)], (3.13)

k8(P,Q) :=
∂3

∂τ(P )∂ν(P )∂ν(Q)
[B(P −Q)]. (3.14)

Above, E is the classical radial fundamental solution for the Laplacian and B

is the classical radial fundamental solution for the bi-Laplacian in the plane.
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Specifically

E : R2 \ {0} −→ R, E(X) :=
1

2π
log |X|, ∀X ∈ R2 \ {0}, (3.15)

and

B : R2\{0} −→ R, B(X) := − 1

8π
|X|2(1−log |X|), ∀X ∈ R2\{0}. (3.16)

In particular, there holds that ∆E = ∆2B = δ in the sense of distributions in

R2, where δ is the Dirac delta distribution with mass at the origin, and that

∆B = E.

A preliminary step in the analysis of the operator T from (3.7) is “trans-

porting” this operator from one acting on functions defined on ∂Ω to an oper-

ator acting on functions defined on R+ := [0,∞). This is done by exploiting

the fact that Ω is the region above the graph of the function φ : R→ R from

(3.1), and as such ∂Ω = ∂Ω1 ∪ ∂Ω2, where

∂Ω1 :=
{
s~v1(θ) : s ∈ R+

}
and ∂Ω2 := {s~v2(θ) : s ∈ R+} , (3.17)

with

~v1(θ) :=
(
− sin θ

2
, cos θ

2

)
and ~v2(θ) :=

(
sin θ

2
, cos θ

2

)
. (3.18)

Note that the vectors

~v3(θ) :=
(
− cos θ

2
,− sin θ

2

)
and ~v4(θ) :=

(
cos θ

2
,− sin θ

2

)
satisfy

~v1(θ) ⊥ ~v3(θ) and ~v2(θ) ⊥ ~v4(θ), and point outwardly to Ω.
(3.19)

The two pieces of the boundary ∂Ωj, j = 1, 2, are then identified with R+

via the mappings

ιj : ∂Ωj −→ R+, ιj(P ) := |P |, for each P ∈ ∂Ωj. (3.20)

As a result, for each p ∈ (1,∞) the space Lp(∂Ω) is in turn identified with the

product space Lp(R+) × Lp(R+) via I : Lp(∂Ω) −→ Lp(R+) × Lp(R+) given

by

I (f) :=

 f
∣∣∣
∂Ω1

◦ ι−1
1

f
∣∣∣
∂Ω2

◦ ι−1
2

 , ∀ f ∈ Lp(∂Ω). (3.21)



149

This and explicit trigonometrical calculations lead us to consider the operator

T
T :

(
Lp(R+)× Lp(R+)

)2

−→
(
Lp(R+)× Lp(R+)

)2

,

T



f1

f2

g1

g2


(s) =

∫ ∞
0

R(s, t) ·



f1(t)

f2(t)

g1(t)

g2(t)


dt,

(3.22)

where the kernel R : R+ × R+ \ diag(R+) −→M4×4

(
R
)

is given by

R :=

 −ηk1 + (η − 1)k2 −1
2
I2×2 − ηk3 + (η − 1)k4

−k5 + (η − 1)k6 − 1
2
I2×2 k7 + (η − 1)k8

 , (3.23)

with the matrix-valued functions ki, i ∈ {1, . . . , 8}, explicitly described in

(3.93) and Lemma 3.13 in Section 3.3. Since the operator T is merely a re-

interpretation of the operator T , there holds

T :
(
Lp(∂Ω)

)2 −→
(
Lp(∂Ω)

)2
is invertible if and only if

T :
(
Lp(R+)× Lp(R+)

)2

−→
(
Lp(R+)× Lp(R+)

)2

is invertible.
(3.24)

A further analysis of T reveals that this operator belongs to the algebra of

integral operators generated by Hardy kernel operators and the Hilbert trans-

form, making the analysis of its invertibility properties amenable to Mellin

transform techniques. This is discussed in subsection 3.2.2, where we record

the invertibility criterion in Theorem 3.10. Keeping (3.24) in mind, Theo-

rem 3.10 brings into focus the necessity of computing the determinant of the

Mellin symbol of the operator R, i.e., det
(
MR(·, 1)

)
(z) for z ∈ Γ0,1 (an open

vertical strip in C defined as in (3.62)). This symbol is explicitly derived in

Section 3.4 and the calculations leading to the formula for det
(
MR(·, 1)

)
(z)

obtained in Theorem 3.27 involve hypergeometric functions of gamma, beta,

and Ferrers types, as well as Gauss’ hypergeometric functions. In Theorem 3.27

we establish explicit formulas for det
(
MR(·, 1)

)
(z) for all aperture values
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θ ∈ (0, 2π). In addition, we show that det
(
MR(·, 1)

)
(z) is the product of

two simpler expressions (Φθ(z, η) + Ψθ(z, η)) and (Φθ(z, η)−Ψθ(z, η)), where

Φθ(z, η) and Ψθ(z, η) are as in (3.186) and (3.187). Generally speaking, find-

ing the zeroes of det
(
MR(·, 1)

)
(z) is a very difficult task, thus obtaining a

factorization of det
(
MR(·, 1)

)
(z) helps with this analysis. Indeed, utilizing

the results aforementioned, we have located the zeros of det
(
MR(·, 1)

)
(z) = 0

in Γ0,1 in a number of particular cases such as θ = π, θ = π/2, and θ = π/4,

ultimately obtaining solvability results for the problem (3.2) of the following

types:

Theorem 3.1. Let Ω be the upper half-plane. Then for η ∈ R \ {−3, 1} and

for p ∈ (1,∞),

(NBHp) has a solution. (3.25)

Theorem 3.2. Let Ω be the interior of an infinite upright sector of aperture π
2

in the plane. Then for η ∈ [−1, 1) and for p ∈ (1,∞), the following implication

holds

p ∈ (1,∞) \ {α, β} =⇒ (NBHp) has a solution, (3.26)

where

α−1 is the unique real root of z − 1 + cos
(3πz

2

)
= 0 in Γ0,1, (3.27)

β−1 is the unique real root of z − 1− cos
(3πz

2

)
= 0 in Γ0,1. (3.28)

In particular α, β ∈ R and α ∈ (9, 12) while β ∈ (2, 3).

Validated numerics considerations show that the critical index α lies in

(10.92, 10.94), while the critical index β lies in (2.194, 2.196).

Theorem 3.3. Let Ω be the interior of an infinite upright sector of aperture

π
4

in the plane. Then for η = −1 and for p ∈ (1,∞), the following implication

holds

p ∈ (1,∞) \ {γ, δ} =⇒ (NBHp) has a solution, (3.29)
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where

γ−1 is the unique real root of z − 1 +
√

2 cos

(
(7z − 1)π

4

)
= 0 in Γ0,1,

(3.30)

δ−1 is the unique real root of z − 1−
√

2 cos

(
(7z − 1)π

4

)
= 0 in Γ0,1.

(3.31)

In particular, γ, δ ∈ R and γ ∈ (2.8, 3) while δ ∈ (2, 2.1).

Validated numerics allows us to show that the critical index γ ∈ (2.92, 2.94)

while the critical index δ ∈ (2.01, 2.03).

3.2 Preliminaries

In this section we introduce notation and record a number of useful results.

Throughout, θ ∈ (0, 2π) is fixed and Ω ⊆ R2 is the upper graph of the function

φ from (3.1).

Regarding directional derivatives, if w is a differentiable function in Ω and

if 〈·, ·〉 is the canonical inner product in Rn, we have set

∂w

∂ν
:=

〈
(∇w)

∣∣∣κ−n.t.

∂Ω
, ν

〉
, (3.32)

with ν being the outward unit normal vector to Ω. In addition, in (3.2) and

(3.6) the following convention for repeated normal and/or tangential deriva-

tives has been used. If u is a sufficiently smooth function in Ω, given a collec-

tion of vectors V := {v1, . . . , vm} ⊂ Rn on ∂Ω such that vj = (v1
j , v

2
j , . . . , v

n
j ) for

each j ∈ {1, . . . ,m}, and f(V ) is an expression depending solely on v1, . . . , vm,

then for all j ∈ {1, . . . ,m} we set

∂

∂vj

[
f(V )u

]
:=

n∑
k=1

vkj f(V )(∂ku)
∣∣∣κ−n.t.

∂Ω
. (3.33)
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Thus, the iterated normal and tangential derivatives appearing in the formu-

lation of the Neumann problem (3.2) take the form

∂2u

∂ν2
=

2∑
i,j=1

νiνj(∂i∂ju)
∣∣∣κ−n.t.

∂Ω
, (3.34)

∂∆u

∂ν
= ν1(∂3

1u)
∣∣∣κ−n.t.

∂Ω
+ ν1(∂1∂

2
2u)
∣∣∣κ−n.t.

∂Ω
+ ν2(∂2

1∂2u)
∣∣∣κ−n.t.

∂Ω
+ ν2(∂3

2u)
∣∣∣κ−n.t.

∂Ω
,

(3.35)

∂2u

∂τ 2
= ν2

2(∂2
1u)
∣∣∣κ−n.t.

∂Ω
− 2ν1ν2(∂1∂2u)

∣∣∣κ−n.t.

∂Ω
+ ν2

1(∂2
2u)
∣∣∣κ−n.t.

∂Ω
, (3.36)

∂2u

∂τ∂ν
= −ν1ν2(∂2

1u)
∣∣∣κ−n.t.

∂Ω
+ (ν2

1 − ν2
2)(∂1∂2u)

∣∣∣κ−n.t.

∂Ω
+ ν1ν2(∂2

2u)
∣∣∣κ−n.t.

∂Ω
, (3.37)

∂3u

∂τ 2∂ν
=ν1ν

2
2(∂3

1u)
∣∣∣κ−n.t.

∂Ω
+ (ν3

2 − ν2
1ν2)(∂2

1∂2u)
∣∣∣κ−n.t.

∂Ω
(3.38)

+ (ν3
1 − ν2

2ν1)(∂2
2∂1u)

∣∣∣κ−n.t.

∂Ω
+ ν2

1ν2(∂3
2u)
∣∣∣κ−n.t.

∂Ω
.

3.2.1 The Single Layer Potential for the Bi-Laplacian

Here we shall introduce the (modified) single layer potential operator as-

sociated with the bi-Laplacian and record some of its basic properties such as

jump formulas and non-tangential maximal function estimates. To get started,

recall B, the fundamental solution of the bi-Laplacian in R2 from (3.16). Fix

Xo ∈ Ω and for each Y ∈ ∂Ω consider the following affine (in the variable

X ∈ R2 \ ∂Ω) correction of B:

B(X, Y ) := B(X − Y )−
[
B(Xo − Y ) + 〈(∇B)(Xo − Y ), Xo −X〉

]
. (3.39)

A double application of the Fundamental Theorem of Calculus yields

B(X, Y ) =
2∑

j,k=1

(X−Xo)j(X−Xo)k

∫ 1

0

∫ 1

0

t(∂j∂kB)(Xo+st(X−Xo)−Y ) ds dt.

(3.40)
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For each p ∈ (1,∞), consider the modified single layer potential operator

S acting on a pair (Λ, F ) ∈ L̇p−1(∂Ω)×Lp(∂Ω) given at each point X ∈ R2\∂Ω

by

S(Λ, F )(X) := 〈B(X, ·),Λ〉 −
∫
∂Ω

∂ν(Q)[B(X,Q)]F (Q)dσ(Q), (3.41)

where the two terms are understood in the following manner. Given a func-

tional Λ ∈ L̇p−1(∂Ω) =
(
L̇p
′

1 (∂Ω)
)∗

and G ∈ Lp(∂Ω) such that ∂τG = Λ, the

pairing 〈B(X, ·),Λ〉 is interpreted as

〈B(X, ·),Λ〉 := −
∫
∂Ω

2∑
j,k=1

(X −Xo)j(X −Xo)kG(Y ) (3.42)

×
(∫ 1

0

∫ 1

0

t∂τ(Y ) [(∂j∂kB)(Xo + st(X −Xo)− Y )] ds dt

)
dσ(Y ).

Note that in (3.42) the kernel ∇3B ∈ Lp′(∂Ω), with 1/p+ 1/p′ = 1, in light of

(3.80)-(3.81). Also, using (3.40) and (3.80)-(3.81), the integrand in the second

term in the right hand side of (3.41) is absolutely integrable. This makes the

formula of S in (3.41) meaningful. In addition, it is straightforward to check

that there holds

∆2(S(Λ, F )) = 0 on R2 \ ∂Ω, (3.43)

and, using [40, Lemma 8.4, p. 241], there holds Nκ(∇2(S(Λ, F ))) ∈ Lp(∂Ω).

Next, for r ∈ R set η :=
2(r + r2)

1 + 2r + 2r2
and recall the operators Mr, Nr from

(3.6). Then the following jump-formulas hold for σ-a.e. P ∈ ∂Ω (see [40,

Section 9]):

Mr(S(Λ, F ))(P ) =− 1

2
F (P )− η

∫
∂Ω

∂

∂ν(Q)
[E(P −Q)]F (Q) dσ(Q) (3.44)

+ (η − 1)

∫
∂Ω

∂3

∂ν2(P )∂ν(Q)
[B(P −Q)]F (Q) dσ(Q)

+ η 〈E(P − ·),Λ〉+ (1− η)

〈
∂2

∂ν2(P )
[B(P − ·)],Λ

〉
,



154

and

Nr(S(Λ, F ))(P ) (3.45)

=− 1

2
Λ(P )−

∫
∂Ω

∂2

∂ν(P )∂ν(Q)
[E(P −Q)]F (Q) dσ(Q)

− (1− η)

∫
∂Ω

∂4

∂τ 2(P )∂ν(P )∂ν(Q)
[B(P −Q)]F (Q) dσ(Q)

+
〈
∂ν(P )[E(P − ·)],Λ

〉
+ (1− η)

〈
∂3

∂τ 2(P )∂ν(P )
[B(P − ·)],Λ

〉
.

Next, for each Λ ∈ L̇p−1(∂Ω) let

G ∈ Lp(∂Ω) be such that Λ = ∂τG. (3.46)

Using this, integrating by parts in (3.44) and in (3.45), and the properties of

the duality pairing between L̇p−1(∂Ω) and L̇p
′

1 (∂Ω), we obtain that for σ-a.e.

P ∈ ∂Ω there holds

Mr(S(Λ, F ))(P ) =− 1

2
F (P )− η

∫
∂Ω

∂

∂ν(Q)
[E(P −Q)]F (Q) dσ(Q) (3.47)

+ (η − 1)

∫
∂Ω

∂3

∂ν2(P )∂ν(Q)
[B(P −Q)]F (Q) dσ(Q)

− η
∫
∂Ω

∂

∂τ(Q)
[E(P −Q)]G(Q) dσ(Q)

+ (η − 1)

∫
∂Ω

∂3

∂τ(Q)∂ν2(P )
[B(P −Q)]G(Q) dσ(Q),
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and

Nr(S(Λ, F ))(P ) =− 1

2
∂τG(P )−

∫
∂Ω

∂2

∂ν(P )∂ν(Q)
[E(P −Q)]F (Q) dσ(Q)

+ (η − 1)

∫
∂Ω

∂4

∂τ 2(P )∂ν(P )∂ν(Q)
[B(P −Q)]F (Q) dσ(Q)

−
∫
∂Ω

∂2

∂τ(Q)∂ν(P )
[E(P −Q)]G(Q) dσ(Q) (3.48)

+ (η − 1)

∫
∂Ω

∂4

∂τ(Q)∂τ 2(P )∂ν(P )
[B(P −Q)]G(Q) dσ(Q).

At this point let us observe that a direct calculation based on (3.33) shows

that for σ-a.e. points P,Q ∈ ∂Ω such that P 6= Q there holds

∂2

∂ν(P )∂τ(Q)
[E(P −Q)] =

∂2

∂τ(P )∂ν(Q)
[E(P −Q)], (3.49)

∂2

∂ν(P )∂ν(Q)
[E(P −Q)] = − ∂2

∂τ(P )∂τ(Q)
[E(P −Q)]. (3.50)

Thus ∫
∂Ω

∂2

∂ν(P )∂τ(Q)
[E(P −Q)]G(Q) dσ(Q) (3.51)

=∂τ(P )

∫
∂Ω

∂ν(Q)[E(P −Q)]G(Q) dσ(Q),

and ∫
∂Ω

∂2

∂ν(P )∂ν(Q)
[E(P −Q)]F (Q) dσ(Q) (3.52)

=− ∂τ(P )

∫
∂Ω

∂τ(Q)[E(P −Q)]F (Q) dσ(Q).

Recall next the kernels (3.9)-(3.14). In this notation, formula (3.47) be-
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comes

Mr(S(Λ, F ))(P ) =− 1

2
F (P ) + (η − 1)

∫
∂Ω

(
k2(P, ·)G+ k4(P, ·)F

)
dσ (3.53)

− η
∫
∂Ω

(
k1(P, ·)G+ k3(P, ·)F

)
dσ,

while (3.48) can be written as

Nr(S(Λ, F ))(P ) (3.54)

=− 1

2
∂τ(P )G(P ) + (η − 1)∂τ(P )

(∫
∂Ω

(
k6(P, ·)G+ k8(P, ·)F

)
dσ
)

− ∂τ(P )

(∫
∂Ω

(
k5(P, ·)G+ k7(P, ·)F

)
dσ
)
.

Consequently, with I standing for the identity operator, there holds Mr(S(Λ, F ))

Nr(S(Λ, F ))

 =

 −ηK1 + (η − 1)K2 −1
2
I − ηK3 + (η − 1)K4

∂τ (−K5 + (η − 1)K6 − 1
2
I) ∂τ (K7 + (η − 1)K8)

 G

F

 ,

(3.55)

where for a generic function f ∈ Lp(∂Ω), and ki, i ∈ {1, . . . , 8}, as in (3.9)-

(3.14), we have set

Kif(P ) :=

∫
∂Ω

ki(P,Q)f(Q) dσ(Q) for each i ∈ {1, . . . , 8}. (3.56)

Recall the operator T :
(
Lp(∂Ω)

)2 −→
(
Lp(∂Ω)

)2
from (3.7). Given a func-

tional Λ ∈
(
L̇p
′

1 (∂Ω)
)∗ ≡ L̇p−1(∂Ω), consider

G ∈ Lp(∂Ω) such that ∂τG = Λ. (3.57)

Then, the jump relations (3.55) can be re-written as Mr(S(Λ, F ))

Nr(S(Λ, F ))

 = T (F,G). (3.58)
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In light of this discussion, given f ∈ Lp(∂Ω) and Λ ∈
(
L̇p
′

1 (∂Ω)
)∗

, seeking a

solution of the Neumann problem (NBHp) in (3.2) as a single layer potential

operator, S(Λ̃, H), with H ∈ Lp(∂Ω) and Λ̃ ∈
(
L̇p
′

1 (∂Ω)
)∗

, is then reduced to

finding a solution of the boundary integral equation

T (H, G̃) = (f,G), (3.59)

where G is as in (3.57), and G̃ is associated with Λ̃ also as in (3.57). Indeed, if

(H, G̃) ∈ Lp(∂Ω)× Lp(∂Ω) is a solution of (3.59), then u := S(∂τ G̃,H) solves

the Neumann problem (NBHp) in (3.2).

3.2.2 Hardy Kernel Operators and the Mellin Trans-

form

The goal here is to recall the class of Hardy kernels and Hardy kernel

operators on Lp(R+), for p ∈ [1,∞), and to introduce the Mellin transform as

a tool to study spectral properties of Hardy kernel operators.

Definition 3.4. Let k : R+ × R+ → R be a Lebesgue measurable function.

Then k is a Hardy kernel for Lp(R+) for some 1 ≤ p <∞ provided that:

1. k is a homogeneous function of degree −1, i.e., for any λ > 0 and any

x, y ∈ R+, there holds k(λx, λy) = λ−1k(x, y);

2.

∫ ∞
0

|k(1, y)|y−1/pdy <∞.

Furthermore, if `,m ∈ N, a matrix-valued function k : R+×R+ → R`×m whose

entries are measurable is called a Hardy kernel for (Lp(R+))m provided that

each entry kij, for i ∈ {1, . . . , `} and for j ∈ {1, . . . ,m}, is a Hardy kernel for

Lp(R+).

With Definition 3.4 in hand, let k be a Hardy kernel for Lp(R+), 1 ≤ p <∞
and for any f ∈ Lp(R+) define the action of the Hardy kernel operator T with

kernel k on the function f by setting

Tf(x) :=

∫ ∞
0

k(x, y)f(y)dy, x ∈ R+. (3.60)
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The setup of the vector-valued case follows a similar blueprint. Concretely,

fix two integers `,m ∈ N and let k = (kij)1≤i≤`,1≤j≤m be a Hardy kernel for

(Lp(R+))m. For any vector-valued function ~f ∈ (Lp(R+))m, define the action

of the operator T, called a Hardy kernel operator with kernel k, on ~f by setting

T~f(s) :=

∫ ∞
0

k(s, t) · ~f(t)dt, s ∈ R+, (3.61)

where above · denotes matrix multiplication.

Next we recall the Mellin transform. Given b, c ∈ R satisfying b < c, we

shall denote by Γb,c the infinite strip

Γb,c := {z ∈ C : Re z ∈ (b, c)}, (3.62)

where Re denotes real part.

Definition 3.5. Let a, b, c ∈ R such that b < c and set

Aa :=
{
f : R+ → C measurable function :

∫ ∞
0

|f(x)|xa−1dx <∞
}
, (3.63)

and

A(b,c) :=
⋂

a∈(b,c)

Aa. (3.64)

Definition 3.6. Assume that a ∈ R and that f ∈ Aa. Set

Mf(z) :=

∫ ∞
0

xz−1f(x)dx for each z ∈ a+ iR. (3.65)

Mf(z) is called the Mellin transform of the function f at z. The fundamental

strip of Mf is the largest strip Γb,c with b, c ∈ R, b < c, such that f ∈ A(b,c).

Consider next the Hilbert transform of the positive semi-axis. Concretely,

for a fixed y ∈ R+, set

h : R+ \ {y} → R, h(x) :=
1

x− y
. (3.66)

Note that h /∈ Ac for any c ∈ R because for a fixed c ∈ R and for 0 < ε < y

there holds

lim
t→y−

∫ t

ε

xc−1

x− y
dx = −∞. (3.67)
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However lim
ε→0+

∫
R+\B(y,ε)

h(x)xz−1dx exists whenever z ∈ Γ0,1. In particular, since

the function h does not fall under the scope of Definition 3.6, it is meaningful

to set,

Mh(z) := lim
ε→0+

∫
R+\B(y,ε)

h(x)xz−1dx for each z ∈ Γ0,1. (3.68)

In relation to this, the following result can be found in [34].

Proposition 3.7. Fix y ∈ R+ and let h be as in (3.66). Then,

Mh(z) = −πyz−1 cot(πz) for each z ∈ Γ0,1. (3.69)

The following result, see [5] and [8], allows one to explicitly determine the

spectrum of bounded linear operators which belong to the algebra generated

by Hardy kernel operators and the Hilbert transform on R+.

Theorem 3.8. Let k = (kij)1≤i,j≤m be a Hardy kernel for (Lp(R+))m, for

some p ∈ (1,∞) and m ∈ N, and let A,B be m×m matrices with real entries.

Consider the operator R defined as

Rf(s) := Af +

∫ ∞
0

R(s, t)f(t)dt, s ∈ R+, (3.70)

with

R(s, t) := k(s, t) +
1

s− t
B, ∀s, t ∈ R+ such that s 6= t. (3.71)

Then the operator

R : (Lp(R+))m → (Lp(R+))m is well defined, linear and bounded (3.72)

with spectrum

σ(R; (Lp(R+))m) = O, (3.73)

with O standing for the closure in C of the set O, which is defined as

O :=
{
ω ∈ C : det

(
ωI − (A+MR(·, 1))(1

p
+ iξ)

)
= 0, for some ξ ∈ R

}
.

(3.74)
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A useful consequence of Theorem 3.8 is singled out below (see e.g. [32] for

a proof).

Corollary 3.9. Retain the setting of Theorem 3.8 and make the additional

assumption that det(A − πiB) 6= 0. Then the operator R is invertible on

(Lp(R+))m if and only if

det
(
A+MR(·, 1)(1

p
+ iξ)

)
6= 0 for each ξ ∈ R. (3.75)

Corollary 3.9 ultimately allows us to establish the following invertibility

result for the operator T from (3.22).

Theorem 3.10. Let Ω be the interior of an infinite sector of aperture θ in

(0, 2π) and fix η ∈ [−1, 1) and p ∈ (1,∞). Consider the operator T from

(3.22) with matrix-valued kernel R as in (3.23). Then

T is invertible on
(
Lp(R+)× Lp(R+)

)2
if and only if

for each ξ ∈ R there holds det
(
MR(·, 1)

)
(1
p

+ iξ) 6= 0.
(3.76)

Proof. Using Lemma 3.13 the operator T is of the form discussed in Theo-

rem 3.8 for

B := η+1
4π



−1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 1


and A := −1

2

 O2×2 I2×2

I2×2 O2×2

 , (3.77)

where O2×2 is the 2×2 zero matrix and I2×2 is the 2×2 identity matrix(and A is

understood as a 4×4 matrix). With (3.77) in hand, a simple calculation shows

det(A − πiB) =
(
− (η+1)2

16
+ 1

4

)2

6= 0 for all η ∈ [−1, 1). Thus Corollary 3.9

applies and gives (3.76).

3.3 Explicit Formulas for the Operator T

A preliminary step in the analysis of the operator T from (3.7) is deter-

mining explicit expressions for the kernel functions ki for i ∈ {1, . . . , 8} from
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(3.9)-(3.14), which then via the identifications (3.20) lead to a more explicit

formula for the operator T when Ω is the infinite sector above the graph of

the function φ : R→ R in (3.1) of arbitrary aperture θ ∈ (0, 2π).

Using formulas (3.15)-(3.16), it is straightforward to compute at each point

X = (X1, X2) ∈ R2 \ {0} and for each j ∈ {1, 2} that

∂jE(X) =
Xj

2π|X|2
,

∂jB(X) = −Xj

8π

(
1− log(|X|2)

)
, (3.78)

∂1∂2B(X) =
X1X2

4π|X|2
,

∂2
jB(X) = − 1

8π

(
1− log(|X|2)−

2X2
j

|X|2
)
, (3.79)

and that

∂2
1∂2B(X) =

X3
2 −X2

1X2

4π|X|4
,

∂1∂
2
2B(X) =

X3
1 −X1X

2
2

4π|X|4
, (3.80)

∂3
1B(X) =

X3
1 + 3X1X

2
2

4π|X|4
,

∂3
2B(X) =

X3
2 + 3X2

1X2

4π|X|4
. (3.81)

Then (3.33), (3.9)-(3.14) and (3.78)-(3.81) allow us to obtain the following

formulas.

Lemma 3.11. Assume Ω ⊂ R2 is a Lipschitz domain with outward unit nor-

mal vector ν = (ν1, ν2). For each P = (P1, P2) ∈ ∂Ω and Q = (Q1, Q2) ∈ ∂Ω,
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P 6= Q, the functions ki, i ∈ {1, . . . , 8}, introduced in (3.9)-(3.14) satisfy

k1(P,Q) = k7(P,Q) =
ν2(Q)(P1 −Q1)− ν1(Q)(P2 −Q2)

2π|P −Q|2
, (3.82)

k2(P,Q) = (P1 −Q1)3 · ν2(Q)− 2ν1(Q)ν1(P )ν2(P )

4π|P −Q|4
(3.83)

+ (P2 −Q2)3 · −ν1(Q) + 2ν2(Q)ν1(P )ν2(P )

4π|P −Q|4

+ (P1 −Q1)(P2 −Q2)2 · ν2(Q)(3ν2
1(P )− ν2

2(P ))

4π|P −Q|4

+ (P1 −Q1)2(P2 −Q2) · ν1(Q)(−3ν2
2(P ) + ν2

1(P ))

4π|P −Q|4

− (P1 −Q1)(P2 −Q2)ν1(P )ν2(P )

|P −Q|2
· k1(P,Q),

k3(P,Q) = k5(P,Q) = −〈P −Q, ν(Q)〉
2π|P −Q|2

, (3.84)

k4(P,Q) = −(P1 −Q1)3 · ν1(Q) + 2ν1(P )ν2(P )ν2(Q)

4π|P −Q|4
(3.85)

− (P2 −Q2)3 · ν2(Q) + 2ν1(P )ν2(P )ν1(Q)

4π|P −Q|4

− (P1 −Q1)(P2 −Q2)2 · ν1(Q)(3ν2
1(P )− ν2

2(P ))

4π|P −Q|4

− (P1 −Q1)2(P2 −Q2) · ν2(Q)(3ν2
2(P )− ν2

1(P ))

4π|P −Q|4

− (P1 −Q1)(P2 −Q2)ν1(P )ν2(P )

|P −Q|2
· k3(P,Q),

k6(P,Q) : = −(P1 −Q1)3 (ν2
1(P )− ν2

2(P ))ν1(Q)

4π|P −Q|4
(3.86)

+
2(P1 −Q1)(P2 −Q2)ν1(P )ν2(P )

|P −Q|2
· k3(P,Q)

− (P1 −Q1)(P2 −Q2)(ν2
1(P )− ν2

2(P ))

2|P −Q|2
· k1(P,Q)

+ (P2 −Q2)3 (ν2
1(P )− ν2

2(P ))ν2(Q)

4π|P −Q|4
,
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and

k8(P,Q) = −(P1 −Q1)3 (ν2
1(P )− ν2

2(P ))ν2(Q)

4π|P −Q|4
(3.87)

−(P2 −Q2)3 (ν2
1(P )− ν2

2(P ))ν1(Q)

4π|P −Q|4

−2(P1 −Q1)(P2 −Q2)ν1(P )ν2(P )

|P −Q|2
· k1(P,Q)

−(P1 −Q1)(P2 −Q2)(ν2
1(P )− ν2

2(P ))

2|P −Q|2
· k3(P,Q).

The following remark will be useful in the sequel.

Remark 3.12. Let Ω be the set above the graph of the function φ from (3.1).

With (∂Ω1) and (∂Ω)2 being the left and right rays of ∂Ω , respectively, with

corresponding direction vectors v1(θ) and v2(θ) as in (3.17)-(3.18), pick two

points P,Q ∈ ∂Ω = (∂Ω)1 ∪ (∂Ω)2 such that P 6= Q and let s := |P | and

t := |Q|. Recall the outward unit normal vectors ~v3(θ) and ~v4(θ) as in (3.19).

Then clearly:

if P,Q ∈ (∂Ω)1 : P = s~v1(θ), Q = t~v1(θ) and ν(P ) = ν(Q) = ~v3(θ),

(3.88)

if P,Q ∈ (∂Ω)2 : P = s~v2(θ), Q = t~v2(θ) and ν(P ) = ν(Q) = ~v4(θ),

(3.89)

if P ∈ (∂Ω)1, Q ∈ (∂Ω)2 :

 P = s~v1(θ),

Q = t~v2(θ),
and

 ν(P ) = ~v3(θ),

ν(Q) = ~v4(θ),

(3.90)

if P ∈ (∂Ω)2, Q ∈ (∂Ω)1 :

 P = s~v2(θ),

Q = t~v1(θ),
and

 ν(P ) = ~v4(θ),

ν(Q) = ~v3(θ).

(3.91)
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Moving on, for each j ∈ {1, . . . , 8} and each l,m ∈ {1, 2}, we shall intro-

duce

klmj : R+ × R+ \ diag(R+) −→ R given by klmj (s, t) := kj(P,Q)

for P ∈ (∂Ω)l and Q ∈ (∂Ω)m such that |P | = s and |Q| = t,
(3.92)

where the functions kj, j ∈ {1, . . . , 8}, are as in (3.9)-(3.14). With this

notation in hand, let us consider the matrix-valued functions kj acting on

R+ × R+ \ diag(R+) with values in M2×2(R) given by

kj :=

 kj
11 kj

12

kj
21 kj

22

 , j ∈ {1, . . . , 8}. (3.93)

A direct consequence (whose elementary proof we omit) of Lemma 3.11 and

(3.88)-(3.91) in Remark 3.12 is the following.

Lemma 3.13. Fix θ ∈ (0, 2π) and for each j ∈ {1, . . . , 8} and l,m ∈ {1, 2}
let klmj be as in (3.92) and kj as in (3.93). Then, corresponding to j = 1 and

j = 2, for each s, t ∈ R+ with s 6= t there holds
k11

1 (s, t) = −k22
1 (s, t) =

1

2π(s− t)
,

−k12
1 (s, t) = k21

1 (s, t) =
s cos θ − t

2π(s2 − 2st cos θ + t2)
,

(3.94)


k11

2 (s, t) = −k22
2 (s, t) =

1

4π(s− t)
,

−k12
2 (s, t) = k21

2 (s, t) =
f(s, t)

4π(s2 − 2st cos θ + t2)2
,

(3.95)

where

f(s, t) :=− (s+ t)3(1 + 2 cos2(θ/2)) sin4(θ/2) + (s− t)3(1 + 2 sin2(θ/2)) cos4(θ/2)

− 2s(s+ t)(s− t) sin2(θ/2) cos2(θ/2) cos θ. (3.96)

Corresponding to j = 3 and j = 4, for each s, t ∈ R+ with s 6= t there holds
k11

3 (s, t) = k22
3 (s, t) = 0,

k12
3 (s, t) = k21

3 (s, t) =
s sin θ

2π(s2 − 2st cos θ + t2)
,

(3.97)
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
k11

4 (s, t) = k22
4 (s, t) = 0,

k12
4 (s, t) = k21

4 (s, t) =
g(s, t)

4π(s2 − 2st cos θ + t2)2
,

(3.98)

where

g(s, t) :=(s+ t)3 sin3(θ/2) cos(θ/2) cos θ − (s− t)3 sin(θ/2) cos3(θ/2) cos θ

(3.99)

+ (s+ t)2(s− t) sin2(θ/2) cos(θ/2)[sin(θ/2) cos2(θ/2) + 3 sin3(θ/2)]

+ (s+ t)(s− t)2 sin(θ/2) cos2(θ/2)[sin2(θ/2) cos(θ/2) + 3 cos3(θ/2)].

Corresponding to j = 6, for each s, t ∈ R+ with s 6= t there holds
k11

6 (s, t) = k22
6 (s, t) = 0,

k12
6 (s, t) = k21

6 (s, t) =
h(s, t)

4π(s2 − 2st cos θ + t2)2
,

(3.100)

where

h(s, t) :=(s+ t)3 sin3(θ/2) cos(θ/2) cos θ − (s− t)3 sin(θ/2) cos3(θ/2) cos θ

(3.101)

− (s+ t)2(s− t) sin2(θ/2) cos(θ/2)
[
3 sin(θ/2) cos2(θ/2) + sin3(θ/2)

]
− (s+ t)(s− t)2 sin(θ/2) cos2(θ/2)

[
3 sin2(θ/2) cos(θ/2) + cos3(θ/2)

]
.

Corresponding to j = 8, for each s, t ∈ R+ with s 6= t there holds
k11

8 (s, t) = −k22
8 (s, t) =

1

4π(s− t)
,

−k12
8 (s, t) = k21

8 (s, t) =
`(s, t)

4π(s2 − 2st cos θ + t2)2
,

(3.102)

where

`(s, t) :=(s+ t)3 sin4(θ/2) cos θ + (s− t)3 cos4(θ/2) cos θ

− 1
2
s(s+ t)(s− t) sin2 θ cos θ (3.103)

− (s+ t)2(s− t) sin2 θ sin2(θ/2) + (s+ t)(s− t)2 sin2 θ cos2(θ/2).
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Corresponding to j = 5 and j = 7, for each s, t ∈ R+ with s 6= t there holds

k5(s, t) = k3(s, t) and k7(s, t) = k1(s, t). (3.104)

Moreover, for each j ∈ {1, . . . , 8} and each l,m ∈ {1, 2}, the function klmj is

either a Hardy kernel or a scalar multiple of the kernel of the Hilbert transform.

3.4 Mellin Symbol Computations

The main goal of this section is to compute the Mellin symbol of the matrix-

valued functions ki, i ∈ {1, . . . , 8}, introduced in (3.92)-(3.93), and explicitly

calculated in Lemma 3.13.

Proposition 3.14. Fix a parameter θ ∈ (0, 2π) and consider the functions

Fj : R+ → R, j ∈ {1, . . . , 4}, given at x ∈ R+ by

F1(x) :=
1

x2 + 2x cos(π − θ) + 1
,

F2(x) := xF1(x), F3(x) := F ′1(x) and F4(x) := F ′2(x).

(3.105)

Then,

F1 ∈ A(0,2), F2 ∈ A(−1,1), F3 ∈ A(1,3) and F4 ∈ A(0,2), (3.106)

and, if θ ∈ (0, 2π) \ {π},

MF1(z) = π csc θ csc(πz) sin(θ + z(π − θ)), for each z ∈ Γ0,2, (3.107)

MF2(z) = π csc θ csc(πz) sin(z(π − θ)), for each z ∈ Γ−1,1, (3.108)

MF3(z) = −π(z − 1) csc θ

sin(πz)
sin(2θ + z(π − θ)), for each z ∈ Γ1,3, (3.109)

MF4(z) = −π(z − 1) csc θ

sin(πz)
sin(z(π − θ) + θ), for each z ∈ Γ0,2. (3.110)

When θ = π, the following hold



167

MF1(z) = −π(z − 1)

sin(πz)
, for each z ∈ Γ0,2, (3.111)

MF2(z) =
πz

sin(πz)
, for each z ∈ Γ−1,1, (3.112)

MF3(z) = −π(z − 2)

sin(πz)
, for each z ∈ Γ1,3, (3.113)

MF4(z) = −π(z − 1)

sin(πz)
, for each z ∈ Γ0,2. (3.114)

Proof. When θ 6= π, that F1 ∈ A(0,2) and that (3.107) holds are consequences

of [34, formula (2.54), p. 23] applied for π−θ ∈ (−π, π)\{0} in place of θ. The

case (3.111) when θ = π, follows from [34, formula (2.5), p. 13]. Regarding F2,

since F2(x) = xF1(x) and F1 ∈ A(0,2), basic properties of the Mellin transform

yield that F2 ∈ A(−1,1) and that

MF2(z) =MF1(z + 1) for each z ∈ Γ−1,1. (3.115)

This together with (3.107), (3.111) and the fact that sin(π(z+1)) = − sin(πz)

gives (3.108) and (3.112).

Turning our attention to F3 we notice first that

lim
x→0

F1(x)xz−1 = 0 and lim
x→∞

F1(x)xz−1 = 0 for each z ∈ Γ0,2. (3.116)

Thus, [34, formula (1.9), p. 11] guarantees that F3 ∈ A(1,3) and

MF3(z) = −(z − 1)MF1(z − 1) for each z ∈ Γ1,3. (3.117)

Using this, (3.107), and (3.111), we obtain (3.109) and (3.113). The function

F2 satisfies similar properties to those of F1 in (3.116) formulated this time

in the strip Γ−1,1. Appealing again to [34, formula (1.9), p. 11] it follows that

F4 ∈ A(0,2) and

MF4(z) = −(z − 1)MF2(z − 1) for each z ∈ Γ0,2. (3.118)

This together with (3.108) and (3.112) yield (3.110) and (3.114).
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Going further, for z ∈ Γ0,1 and θ ∈ (0, 2π) set

a(z) :=
cos(πz)

2 sin(πz)
, bθ(z) :=

cos
(
(π − θ)z

)
2 sin(πz)

, dθ(z) :=
sin
(
(π − θ)z

)
2 sin(πz)

.

(3.119)

With this notation in hand, we provide next explicit formulas for the Mellin

transform of the kernels k1, k3, k5, and k7.

Lemma 3.15. Let θ ∈ (0, 2π) be fixed and recall the matrix-valued functions

ki for i ∈ {1, . . . , 8} from (3.93). For each z ∈ Γ0,1 there holds

M(k1(·, 1))(z) =M(k7(·, 1))(z) =

 −a(z) bθ(z)

−bθ(z) a(z)

 , (3.120)

and

M(k3(·, 1))(z) =M(k5(·, 1))(z) = dθ(z) ·

 0 1

1 0

 . (3.121)

Proof. With an eye towards proving (3.120), recall the functions F1, F2 from

(3.105) and let h : R+ −→ R+ be given by h(x) := 1/x. Notice that using the

first set of identities in (3.94), we may write

k11
1 (s, 1) = −k22

1 (s, 1) =
1

2π
h(s− 1) for each s ∈ R+. (3.122)

Using the second set of identities in (3.94), there holds

− k12
1 (s, 1) = k21

1 (s, 1) = 1
2π

((cos θ)F2(s)− F1(s)) for each s ∈ R+. (3.123)

Appealing now to (3.122)-(3.123), (3.107) and (3.111), and (3.108) and (3.112),

together with Proposition 3.7 and the first equality in (3.104), we obtain that

(3.120) is valid for each z ∈ Γ0,1.

Turning our attention to the statement made in (3.121), using (3.97) we

have

k11
3 (s, 1) = k22

3 (s, 1) = 0,

k12
3 (s, 1) = k21

3 (s, 1) =
sin θ

2π
F2(s),

 for each s ∈ R+. (3.124)
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Next, using (3.124) and formulas (3.108) and (3.112) from Proposition 3.14

along with the second equality in (3.104), we obtain that (3.121) holds for each

z ∈ Γ0,1. This completes the proof of the Lemma.

The next result will be useful when computing the Mellin transform of the

remaining kernels.

Lemma 3.16. For θ ∈ (−π, π), consider the function g : R+ → R+, given by

g(x) :=
1

(x2 + 2x cos θ + 1)2
. (3.125)

Then g ∈ A(0,4). In addition, whenever z ∈ Γ0,4 \ {1, 2, 3}, and the angle

θ ∈ (−π, π) \ {0}, there holds

Mg(z) =
π

4(sin3 θ) sin(πz)
[(z − 3) sin((z − 1)θ)− (z − 1) sin((z − 3)θ)] ,

(3.126)

and, when θ = 0,

Mg(z) = −π (z − 1)(z − 2)(z − 3)

6 sin(πz)
. (3.127)

Proof. Using [34, formula (2.58), p. 24], the function g satisfies g ∈ A(0,4).

Next, let us observe that if θ = 0, then g(x) = (x + 1)−4 and on grounds of

[34, formula (2.5), p. 13], there holds

Mg(z) = −π (z − 1)(z − 2)(z − 3)

6 sin(πz)
. (3.128)

When θ ∈ (−π, π) \ {0} we invoke again [34, formula (2.58), p. 24] to write

that for each z ∈ Γ0,4

Mg(z) = 23/2(sin θ)−3/2Γ(5
2
) ·B(z, 4− z) · P−3/2

z−5/2(cos θ), (3.129)

where Γ is the gamma function, B is the beta function, and Pµν is the Ferrers

function (evaluated at cos θ ∈ (−1, 1)). Since B(z, 4 − z) = Γ(z)Γ(4−z)
Γ(4)

, using

Euler’s reflection formula (here we use that z 6∈ Z) we obtain

B(z, 4− z) = π
(3− z)(2− z)(1− z)

6 sin(πz)
. (3.130)
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Appealing to [34, p. 262] and elementary trigonometry, we may write

P
−3/2
z−5/2(cos θ) =

1

Γ(5
2
)

[
1 + cos θ

1− cos θ

]−3/4

2F1(−z + 5
2
, z − 3

2
; 5

2
; 1−cos θ

2
) (3.131)

=
1

Γ(5
2
)

[
sin(θ/2)

cos(θ/2)

]3/2

2F1(−z + 5
2
, z − 3

2
; 5

2
; sin2

(
θ
2

)
),

where 2F1 is Gauss’ hypergeometric function. At this point we find it useful

to recall the two following formulas from [1, formula (15.2.6), p. 557] (see also

[35, (15.5.E6)]), and [38, formula (6c), p. 2] (see also [35, (15.4.E16)]),

2F1

(
1
2

+ a, 1
2
− a; 3

2
; sin2 α

)
=

sin(2aα)

2a sinα
for any α ∈ (−π

2
, π

2
), (3.132)

and, when c is not a non-positive integer and |x| < 1,

d

dx
[(1− x)a+b−c

2F1(a, b; c;x)] = (c−a)(c−b)
c

(1− x)a+b−c−1
2F1(a, b; c+ 1;x).

(3.133)

Using (3.132), with a = 2− z and α = θ/2, gives

2F1(−z + 5
2
, z − 3

2
; 3

2
; sin2( θ

2
)) =

sin((2− z)θ)

2(2− z) sin θ
2

. (3.134)

Letting F (x) := 2F1

(
−z + 5

2
, z − 3

2
; 3

2
;x
)

and x := sin2(θ/2), using the chain

rule we may write dF
dx

(x) = dF
dθ

(x) dθ
dx

(x). Differentiating with respect to θ in

(3.134) and using that dθ
dx

(x) = 2/ sin θ, this gives

dF

dx
(x) =

(2− z) cos((2− z)θ) sin θ
2
− 1

2
sin((2− z)θ) cos θ

2

(2− z)(sin θ) sin2 θ
2

. (3.135)

Applying (3.133) for the parameters a = −z + 5
2
, b = z − 3

2
and c = 3

2
gives

that, on the one hand

d

dx
[(1− x)−1/2F (x)] =

(z − 1)(3− z)

(3/2)
(1− x)−3/2

2F1(−z + 5
2
, z − 3

2
; 5

2
;x).

(3.136)

Using the chain rule, the definition of F , (3.135), and elementary trigonometry,

we conclude on the other hand that

d

dx
[(1− x)−1/2F (x)]

∣∣∣
x=sin2( θ

2
)

=
2

(2− z) sin3 θ
(3.137)

× [(2− z) cos((2− z)θ) sin θ − sin((2− z)θ) cos θ] .
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Combining (3.136) (evaluated at x = sin2( θ
2
)) with (3.137) implies that

2F1(−z + 5
2
, z − 3

2
; 5

2
; sin2( θ

2
)) =

3

8(1− z)(2− z)(3− z) sin3(θ/2)
(3.138)

× [sin((2− z)θ) cos θ − (2− z) cos((2− z)θ) sin θ] .

Now (3.138) and (3.131) imply

P
−3/2
z−5/2(cos θ) =

1

Γ(5/2)

3

(1− z)(2− z)(3− z) sin3 θ
(3.139)

× [sin((2− z)θ) cos θ − (2− z) cos((2− z)θ) sin θ] .

Combining (3.129), (3.130) and (3.139) we can finally conclude that when

the parameter θ ∈ (−π, π) \ {0}, the formula for Mg(z) from (3.126) holds,

completing the proof of the Lemma 3.16.

Remark 3.17. Note that (3.126)-(3.127) imply that Mg is continuous with

respect to θ ∈ (−π, π).

Lemma 3.18. For each parameter θ ∈ (0, 2π) and each number m ∈ {0, . . . , 3},
consider the function gm : R+ → R+ given by

gm(x) :=
xm

(x2 − 2x cos θ + 1)2
. (3.140)

Then for each m ∈ {0, . . . , 3} there holds that gm ∈ A(−m,4−m). In addition, if

θ ∈ (0, 2π) \ {π}, and z ∈ Γ−m,4−m \ Z for each of the formulas for Mgm(z)

below, there holds:

Mg0(z) =
π [(z − 3) sin((z − 1)(π − θ))− (z − 1) sin((z − 3)(π − θ))]

4(sin3 θ) sin(πz)
,

(3.141)

Mg1(z) = −π [(z − 2) sin(z(π − θ))− z sin((z − 2)(π − θ))]
4(sin3 θ) sin(πz)

, (3.142)

Mg2(z) =
π [(z − 1) sin((z + 1)(π − θ))− (z + 1) sin((z − 1)(π − θ))]

4(sin3 θ) sin(πz)
,

(3.143)

Mg3(z) = −π [z sin((z + 2)(π − θ))− (z + 2) sin(z(π − θ))]
4(sin3 θ) sin(πz)

. (3.144)
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Finally, when θ = π and z ∈ Γ−m,4−m \Z for each of the formulas forMgm(z)

below, there holds:

Mg0(z) = −π(z − 1)(z − 2)(z − 3)

6 sin(πz)
, (3.145)

Mg1(z) =
πz(z − 1)(z − 2)

6 sin(πz)
, (3.146)

Mg2(z) = −πz(z − 1)(z + 1)

6 sin(πz)
, (3.147)

Mg3(z) =
πz(z + 1)(z + 2)

6 sin(πz)
. (3.148)

Proof. These statements immediately follow from Lemma 3.16 and elementary

properties of the Mellin transform.

Lemma 3.19. Fix θ ∈ (0, 2π) and recall the kernel k2 in (3.95). For each

z ∈ Γ0,1 there holds

M (k2(·, 1)) (z) =

−1
2
a(z) Aθ(z)

−Aθ(z) 1
2
a(z)

 , (3.149)

where, when θ 6= π,

Aθ(z) :=
1

16(sin3 θ) sin(πz)
{(cos θ) [z sin((z + 2)(π − θ))− (z + 2) sin(z(π − θ))]

+ 3 [(z − 1) sin((z + 1)(π − θ))− (z + 1) sin((z − 1)(π − θ))]

+ (3 + 2 sin2 θ)(cos θ) [(z − 2) sin(z(π − θ))− z sin((z − 2)(π − θ))]

+ [(z − 3) sin((z − 1)(π − θ))− (z − 1) sin((z − 3)(π − θ))]} ,
(3.150)

and when θ = π,

Aπ(z) :=
1

4 sin(πz)
. (3.151)

Proof. Using Proposition 3.7 along with the definition of a from (3.119), we

may write for each z ∈ Γ0,1

M(k11
2 (·, 1))(z) = −M(k22

2 (·, 1))(z) = − cos(πz)

4 sin(πz)
= −1

2
a(z), (3.152)
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taking care of the diagonal entries in (3.149) for each θ ∈ (0, 2π). From

(3.95), (3.96), straightforward algebra, and the definition of the functions gm,

m ∈ {0, . . . , 3}, from (3.140), note that for each s ∈ R+ we have

−k12
2 (s, 1) = k21

2 (s, 1) (3.153)

=
1

4π

[
(cos θ)g3(s)− 3g2(s) + (3 + 2 sin2 θ)(cos θ)g1(s)− g0(s)

]
.

Consequently

−M(k12
2 (·, 1))(z) (3.154)

=M(k21
2 (·, 1))(z)

=
1

4π

[
(cos θ)Mg3(z)− 3Mg2(z) + (3 + 2 sin2 θ)(cos θ)Mg1(z)−Mg0(z)

]
.

In concert, (3.154), formulas (3.141)-(3.144), and straightforward algebra

allow us to obtain that, for θ ∈ (0, 2π) \ {π}, there holds

−M(k12
2 (·, 1))(z) =M(k21

2 (·, 1))(z) = −Aθ(z), ∀ z ∈ Γ0,1, (3.155)

where Aθ(z) as in (3.150), completing the proof of (3.149) when θ lies in

(0, 2π) \ {π}. Finally, the formulas for the off diagonal entries in (3.149) when

θ = π follow from (3.154) and formulas (3.145)-(3.148).

Lemma 3.20. Fix θ ∈ (0, 2π) and recall the kernel k4 from (3.98). Then, for

each z ∈ Γ0,1 there holds

M(k4(·, 1))(z) = Bθ(z) ·

0 1

1 0

 , (3.156)

where, when θ 6= π,

Bθ(z) :=
−1

16(sin2 θ) sin(πz)
{[z sin((z + 2)(π − θ))− (z + 2) sin(z(π − θ))]

(3.157)

− (2 + cos(2θ)) [(z − 2) sin(z(π − θ))− z sin((z − 2)(π − θ))]

−2(cos θ) [(z − 3) sin((z − 1)(π − θ))− (z − 1) sin((z − 3)(π − θ))]} ,
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and when θ = π,

Bπ(z) := 0. (3.158)

Proof. In light of (3.98), there holds that k11
4 (s, 1) = k22

4 (s, 1) = 0 for each

s ∈ R+, taking care immediately of the diagonal entries in (3.156) for each

θ ∈ (0, 2π). Going further, (3.98), and elementary algebra and trigonometry

give that

k12
4 (s, 1) = k21

4 (s, 1) =
sin θ

4π
[g3(s)− (2 + cos(2θ))g1(s) + 2(cos θ)g0(s)] ,

(3.159)

where the functions gm, m ∈ {0, . . . , 3}, are as in (3.140). Consequently, for

each z ∈ Γ0,1,

M(k12
4 (·, 1))(z) =M(k21

4 (·, 1))(z) (3.160)

=
sin θ

4π
[Mg3(z)− (2 + cos(2θ))Mg1(z) + 2(cos θ)Mg0(z)] ,

and applying formulas (3.141)-(3.144), after straightforward algebra we obtain

M(k12
4 (·, 1))(z) =M(k21

4 (·, 1))(z) = Bθ(z), ∀ z ∈ Γ0,1, (3.161)

where Bθ(z) is as in (3.157). This proves (3.156) whenever θ ∈ (0, 2π) \ {π}.
To deal with the off diagonal entries in (3.156) when θ = π, appeal again to

(3.160) and notice that its right-hand side vanishes in this case.

Lemma 3.21. Fix θ ∈ (0, 2π) and recall the kernel k6 from (3.100). For each

z ∈ Γ0,1 there holds

M(k6(·, 1))(z) = Cθ(z) ·

0 1

1 0

 , (3.162)

where, when θ 6= π,

Cθ(z) :=
1

16(sin2 θ) sin(πz)
{[z sin((z + 2)(π − θ))− (z + 2) sin(z(π − θ))]

+ 2(cos θ) [(z − 1) sin((z + 1)(π − θ))− (z + 1) sin((z − 1)(π − θ))]

+ cos(2θ) [(z − 2) sin(z(π − θ))− z sin((z − 2)(π − θ))]} , (3.163)
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and when θ = π,

Cπ(z) := 0. (3.164)

Proof. Formula (3.100) gives that k11
6 (s, 1) = k22

6 (s, 1) = 0 for each s ∈ R+,

justifying the diagonal entries in the right hand side of (3.162). In addition,

k12
6 (s, 1) = k21

6 (s, 1) =
sin θ

4π
[−g3(s) + 2(cos θ)g2(s)− cos(2θ)g1(s)], (3.165)

where the functions gm, m ∈ {0, . . . , 3}, are as in (3.140). Consequently, for

each z ∈ Γ0,1,

M(k12
6 (·, 1))(z) =M(k21

6 (·, 1))(z) (3.166)

=
sin θ

4π

[
−Mg3(z) + 2(cos θ)Mg2(z)− cos(2θ)Mg1(z)

]
.

Now, (3.166) combined with (3.142)-(3.144) and straightforward algebra and

trigonometry yield

M(k12
6 (·, 1))(z) =M(k21

6 (·, 1))(z) = Cθ(z), ∀ z ∈ Γ0,1, (3.167)

where Cθ(z) is as in (4.99). If θ = π, the right hand side of (3.166) clearly

vanishes, finishing the proof.

Lemma 3.22. Fix θ ∈ (0, 2π) and recall the kernel k8 from (3.102). For each

z ∈ Γ0,1 there holds

M(k8(·, 1))(z) =

−1
2
a(z) Dθ(z)

−Dθ(z) 1
2
a(z)

 , (3.168)

where, when θ 6= π,

Dθ(z) (3.169)

:=
1

16(sin3 θ) sin(πz)

{
(cos θ) [z sin((z + 2)(π − θ))− (z + 2) sin(z(π − θ))]

+ (2 + cos(2θ)) [(z − 1) sin((z + 1)(π − θ))− (z + 1) sin((z − 1)(π − θ))]

+ (cos θ)(2 + cos(2θ)) [(z − 2) sin(z(π − θ))− z sin((z − 2)(π − θ))]

+ cos(2θ) [(z − 3) sin((z − 1)(π − θ))− (z − 1) sin((z − 3)(π − θ))]
}
,
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and when θ = π,

Dπ(z) :=
1

4 sin(πz)
. (3.170)

Proof. Combining Proposition 3.7, the definition of a from (3.119), and (3.102),

we obtain that for z ∈ Γ0,1

M(k11
8 (·, 1))(z) = −M(k22

8 (·, 1))(z) = − cos(πz)

4 sin(πz)
= −1

2
a(z), (3.171)

taking care of the diagonal entries in (3.168). For the other entries in k8(·, 1),

appeal again to (3.102) and elementary trigonometry to write for each s ∈ R+,

− k12
8 (s, 1) (3.172)

=k21
8 (s, 1)

=
1

4π

[
(cos θ)g3(s)− (2 + cos(2θ))g2(s) + (cos θ)(2 + cos(2θ))g1(s)

− cos(2θ)g0(s)
]
,

where the functions g0, g1, g2 and g3 are as in (3.140). Consequently

−M(k12
8 (·, 1))(z) (3.173)

=M(k21
8 (·, 1))(z)

=
1

4π

[
(cos θ)Mg3(z)− (2 + cos(2θ))Mg2(z)

+ (cos θ)(2 + cos(2θ))Mg1(z)− cos(2θ)Mg0(z)
]
.

Combining (3.173) with (3.141)-(3.144), and using straightforward algebra and

trigonometry, we ultimately arrive at

−M(k12
8 (·, 1))(z) =M(k21

8 (·, 1))(z) = −Dθ(z), ∀ z ∈ Γ0,1,

where Dθ(z) as in (3.169). This completes the proof of (3.168) when the angle

θ ∈ (0, 2π) \ {π}. Finally, when θ = π, invoke again (3.173) and formulas

(3.145)-(3.148).
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Remark 3.23. Straightforward calculations show that, with Aθ as in (3.150)-

(3.151), Bθ as in (3.157)-(3.158), Cθ as in (4.99)-(3.164), and Dθ as in (3.169)-

(3.170), there holds

lim
θ→π

Aθ = Aπ, lim
θ→π

Bθ = Bπ, lim
θ→π

Cθ = Cπ, and lim
θ→π

Dθ = Dπ. (3.174)

In addition, in the case when the aperture θ = π/2, there holds

bπ/2(z) =
cos
(
πz
2

)
2 sin(πz)

, dπ/2(z) =
sin
(
πz
2

)
2 sin(πz)

,

Aπ/2(z) =
(z + 1) cos

(
πz
2

)
4 sin(πz)

, Bπ/2(z) =
z sin

(
πz
2

)
4 sin(πz)

,

Cπ/2(z) = −
z sin

(
πz
2

)
4 sin(πz)

, Dπ/2(z) =
(z − 1) cos

(
πz
2

)
4 sin(πz)

.

(3.175)

Having computed explicitlyM(kj(·, 1))(z) for each j ∈ {1, . . . , 8} and each

z ∈ Γ0,1, we are ready to compute the Mellin symbol of the kernel matrix R

from (3.23).

Lemma 3.24. Fix θ ∈ (0, 2π) and η ∈ R, and consider the matrix R as in

(3.23). Then

M(R(·, 1))(z) =

M11(z) M12(z)

M21(z) M22(z)

 , ∀z ∈ Γ0,1, (3.176)

where, with a, bθ, dθ as in (3.119), Aθ as in (3.150)-(3.151), Bθ as in (3.157)-

(3.158), Cθ as in (4.99)-(3.164), and Dθ as in (3.169)-(3.170),

M11(z) :=

 1+η
2
a(z) −η · bθ(z) + (η − 1) · Aθ(z)

η · bθ(z)− (η − 1) · Aθ(z) −1+η
2
a(z)

 ,

(3.177)

M12(z) :=

 −1
2

−η · dθ(z) + (η − 1) ·Bθ(z)

−η · dθ(z) + (η − 1) ·Bθ(z) −1
2

 ,

(3.178)
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M21(z) :=

 −1
2

−dθ(z) + (η − 1) · Cθ(z)

−dθ(z) + (η − 1) · Cθ(z) −1
2

 , (3.179)

and

M22(z) :=

 −1+η
2
a(z) bθ(z) + (η − 1) ·Dθ(z)

−bθ(z)− (η − 1) ·Dθ(z) 1+η
2
a(z)

 . (3.180)

Proof. This follows directly from (3.23), Lemma 3.19, Lemma 3.20, Lemma 3.21,

and Lemma 3.22.

The following straightforward linear algebra result will be useful for our

further analysis.

Lemma 3.25. Consider 2×2 matrices A,D ∈ span


 1 0

0 −1

 ,

 0 1

−1 0


and B,C ∈ span


 1 0

0 1

 ,

 0 1

1 0

. Then

det

 A B

C D

 = det(A ·D +B · C̃), (3.181)

where

C̃ :=

 −1 0

0 1

 · C ·
 1 0

0 −1

 . (3.182)

Our next results are focused on properties of the determinant of the Mellin

symbol of the matrix-valued kernel R from (3.23).

Lemma 3.26. Let θ ∈ (0, 2π) and let R be as in (3.23). Then, with Mij(z),

i, j ∈ {1, 2}, as in (3.177)-(3.180), the following holds

det (M(R(·, 1))(z) = det
(
M11(z) ·M22(z) +M12(z) · M̃21(z)

)
, ∀ z ∈ Γ0,1,

(3.183)
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where

M̃21(z) :=

 1
2

−dθ(z) + (η − 1) · Cθ(z)

−dθ(z) + (η − 1) · Cθ(z) 1
2

 . (3.184)

Proof. This is a direct application of Lemma 3.24 and Lemma 3.25.

Theorem 3.27. Fix θ ∈ (0, 2π) and η ∈ R and let R be as in (3.23). Then

for each z ∈ Γ0,1 there holds

det(M(R(·, 1)))(z) =
(
Φθ(z, η) + Ψθ(z, η)

)(
Φθ(z, η)−Ψθ(z, η)

)
, (3.185)

where, with a(z), bθ(z), dθ(z) as in (3.119), and Aθ as in (3.150)-(3.151), Bθ

as in (3.157)-(3.158), Cθ as in (4.99)-(3.164), and Dθ as in (3.169)-(3.170),

Φθ(z, η) :=− 1

4

[
(1 + η)2a2(z) + 1

]
(3.186)

+ (η · bθ(z)− (η − 1) · Aθ(z)) · (bθ(z) + (η − 1) ·Dθ(z))

+ (η · dθ(z)− (η − 1) ·Bθ(z)) · (dθ(z)− (η − 1) · Cθ(z)),

and

Ψθ(z, η) :=
1− η2

2
a(z) [bθ(z)− Aθ(z)−Dθ(z)] +

1− η
2

[dθ(z)−Bθ(z) + Cθ(z)] .

(3.187)

Proof. With z ∈ Γ0,1 and the matrices M11(z) and M22(z) as in (3.177) and

(3.180), first note that performing the matrix multiplication M11(z) ·M22(z)

and elementary algebra give

M11(z) ·M22(z) =

U(z) V (z)

V (z) U(z)

 , (3.188)

where

U(z) := −(1 + η)2

4
a2(z) + (η · bθ(z)− (η − 1) · Aθ(z)) · (bθ(z) + (η − 1) ·Dθ(z)),

(3.189)
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and

V (z) :=
1− η2

2
a(z) · [bθ(z)− (Aθ(z) +Dθ(z))] . (3.190)

Second, multiplying the matrices M12(z) and M̃21(z) from (3.178) and (3.184)

yields

M12(z) · M̃21(z) =

Ũ(z) Ṽ (z)

Ṽ (z) Ũ(z)

 , (3.191)

where

Ũ(z) :=− 1

4
+ (η · dθ(z)− (η − 1) ·Bθ(z)) · (dθ(z)− (η − 1) · Cθ(z)),

(3.192)

and

Ṽ (z) :=
1

2
[(1− η)dθ(z) + (η − 1) · (Bθ(z)− Cθ(z))] . (3.193)

Using now formula (3.183) in Lemma 3.24 along with identities (3.188) and

(3.191), for each z ∈ Γ0,1 we may write

det (M(R(·, 1))(z) = det

U(z) + Ũ(z) V (z) + Ṽ (z)

V (z) + Ṽ (z) U(z) + Ũ(z)

 . (3.194)

Finally (3.185) follows as soon as we notice that

Φθ(z, η) = U(z) + Ũ(z) and Ψθ(z, η) = V (z) + Ṽ (z), (3.195)

finishing the proof of the Theorem 3.27.

In particular, the two factors in the right hand side of (3.185) are

Φθ(z, η) + Ψθ(z, η) =− 1

4

[
(1 + η)2a2(z) + 1

]
(3.196)

+ (η · bθ(z)− (η − 1) · Aθ(z)) · (bθ(z) + (η − 1) ·Dθ(z))

+ (η · dθ(z)− (η − 1) ·Bθ(z)) · (dθ(z)− (η − 1) · Cθ(z))

+
1− η2

2
a(z) · [bθ(z)− Aθ(z)−Dθ(z)]

+
1− η

2
· [dθ(z)−Bθ(z) + Cθ(z)] ,
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and

Φθ(z, η)−Ψθ(z, η) =− 1

4

[
(1 + η)2a2(z) + 1

]
(3.197)

+ (η · bθ(z)− (η − 1) · Aθ(z)) · (bθ(z) + (η − 1) ·Dθ(z))

+ (η · dθ(z)− (η − 1) ·Bθ(z)) · (dθ(z)− (η − 1) · Cθ(z))

− 1− η2

2
a(z) · [bθ(z)− Aθ(z)−Dθ(z)]

− 1− η
2
· [dθ(z)−Bθ(z) + Cθ(z)] .

3.5 Solvability results for the biharmonic Neu-

mann problem in infinite sectors

In this section, utilizing the Mellin analysis results, we investigate the solv-

ability for the Neumann problem for the bi-Laplacian in two-dimensional in-

finite sectors and establish the solvability range of the integrability exponent

p ∈ (1,∞) for more tractable aperture cases. The following theorem states

the relationship between the Mellin symbol and the existence of the solution

for the biharmonic Neumann problem.

Theorem 3.28. Let Ω be the interior of an infinite upright sector of aperture

θ ∈ (0, 2π) in the plane, fix η ∈ [−1, 1), and recall the operator R as in (3.23).

Then if p ∈ (1,∞), the following implication holds

det
(
MR(·, 1)

)
(z) 6= 0 ∀ z ∈ Γ0,1, Re z = 1

p
=⇒ (NBHp) has a solution.

(3.198)

Proof. Fix p ∈ (1,∞) and assume that

det
(
MR(·, 1)

)
(z) 6= 0 ∀ z ∈ Γ0,1, Re z =

1

p
, (3.199)

and consider the boundary value problem (NBHp) from (3.2) with given da-

tum (f0, f1) ∈ Lp(∂Ω)×
(
L̇p
′

1 (∂Ω)
)∗

where 1/p+ 1/p′ = 1. Since f1 ∈ L̇p−1(∂Ω)

there exists g ∈ Lp(∂Ω) such that f1 = ∂τg and the conditions on p from
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the hypothesis ensure that Theorem 3.10 applies. Combining this with (3.24)

allows us to define (h0, h1) ∈ Lp(∂Ω)× Lp(∂Ω) via h0

h1

 := T−1

 f0

g

 . (3.200)

With this in hand, set u := S(∂τh0, h1) in Ω, where S is the bi-harmonic single

layer potential operator introduced in (3.41). Then, as discussed in Section

3.2.1,

∆2u = 0 in Ω and Nκ(∇2u) ∈ Lp(∂Ω). (3.201)

Pick next r ∈ R such that η = 2(r+r2)
1+2r+2r2

∈ [−1, 1)(note that for η ∈ [−1, 1) this

is always possible), and recall the boundary operators Mr and Nr from (3.6).

Using the jump formulas (3.55) we have Mr(u)

Nr(u)

 =

 −ηK1 − 2K2 −1
2
I − ηK3 − 2K4

∂τ (−K5 − 2K6 − 1
2
I) ∂τ (K7 − 2K8)

 h0

h1

 .

(3.202)

Let

t : Lp(∂Ω)× Lp(∂Ω) −→ Lp(∂Ω)× L̇p−1(∂Ω),

be given by t(F,G) := (F, ∂τG), ∀ (F,G) ∈ Lp(∂Ω)× Lp(∂Ω).
(3.203)

Then using the definition of T from (3.7) together with (3.202), we obtain that Mr(u)

Nr(u)

 = t ◦ T

 h0

h1

 . (3.204)

This and (3.200) ultimately yield

Mr(u) = f0 and Nr(u) = f1 σ-a.e. on ∂Ω. (3.205)

Finally, (3.201), (3.205), and the definition of Mr and Nr show that u is a

solution for (NBHp) with datum (f0, f1) ∈ Lp(∂Ω) ×
(
L̇p
′

1 (∂Ω)
)∗

, completing

the proof of the Theorem 3.28.
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3.5.1 The case of the upper half-plane

In this section, we consider the upper half-plane domain. In other words,

Ω is an infinite sector with an angle θ = π. According to (3.119),

a(z) =
cos(πz)

2 sin(πz)
, bπ(z) =

1

2 sin(πz)
, dπ(z) = 0. (3.206)

For simplicity, we introduce the following notations. For θ ∈ (0, 2π),

G0 = G0(z, θ) := z sin((z + 2)(π − θ))− (z + 2) sin(z(π − θ)),

G1 = G1(z, θ) := (z − 1) sin((z + 1)(π − θ))− (z + 1) sin((z − 1)(π − θ)),

G2 = G2(z, θ) := (z − 2) sin(z(π − θ))− z sin((z − 2)(π − θ)),

G3 = G3(z, θ) := (z − 3) sin((z − 1)(π − θ))− (z − 1) sin((z − 3)(π − θ)).
(3.207)

Going further,

G0 =z sin(zγ) cos(2θ)− z cos(zγ) sin(2θ)− (z + 2) sin(zγ),

G1 =(z − 1) sin((z − 1)γ) cos(2θ)− (z − 1) cos((z − 1)γ) sin(2θ)

− (z + 1) sin((z − 1)γ),

G2 =(z − 2) sin(zγ)− z sin(zγ) cos(2θ)− z cos(zγ) sin(2θ),

G3 =(z − 3) sin((z − 1)γ)− (z − 1) sin((z − 1)γ) cos(2θ)

− (z − 1) cos((z − 1)γ) sin(2θ), (3.208)

where γ = π − θ. Note that for i = 0, 1, 2, 3,

lim
θ→π

Gi

sin3(θ)
= −2

3
(z − i)(z + 1− i)(z + 2− i), (3.209)

for z ∈ Γ0,1. Combining this with (3.150), (3.157), (4.99), and (3.169), we

obtain for z ∈ Γ0,1

Aπ(z) = Dπ(z) =
1

4 sin(πz)
,

Bπ(z) = Cπ(z) = 0. (3.210)
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In particular,

Φπ(z, η) =
(η + 3)(η − 1)

16
, (3.211)

and

Ψπ(z, η) = 0. (3.212)

This forces the following solvability result for the biharmonic Neumann prob-

lem for any p ∈ (1,∞) whenever η 6= −3, 1.

Theorem 3.29. Let Ω be the upper half-plane. Then for η ∈ R \ {−3, 1} and

for p ∈ (1,∞),

(NBHp) has a solution. (3.213)

Proof. Applying (3.206)-(3.212) to Theorem 3.27 gives for each z ∈ Γ0,1 there

holds

det (M (R(·, 1))) (z) =

[
(η + 3)(η − 1)

16

]2

. (3.214)

This forces for η ∈ R \ {−3, 1} and for p ∈ (1,∞), there holds

det (M (R(·, 1)))

(
1

p
+ iξ

)
6= 0, (3.215)

for each ξ ∈ R. The Theorem 3.28 with (3.215) completes the proof of the

theorem.

3.5.2 The case of a quadrant

Recall that Ω is the region above the graph of the function φ from (3.1)

for θ := π
2
, i.e.

Ω is the upper graph of φ : R −→ R given by φ(x) := |x|. (3.216)

The main goal of this section is to investigate the solvability of the bound-

ary value problem (3.2) in the case when Ω is a first quadrant. The first order

of business is to identify the values of p ∈ (1,∞) for which the operator T in

(3.22) is invertible. Our main result in this direction is as follows.
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Theorem 3.30. Let Ω be the interior of the infinite sector of aperture π
2

from

(3.216). Then for η ∈ [−1, 1) and for p ∈ (1,∞), there holds

T is invertible on
(
Lp(R+)× Lp(R+)

)2

⇐⇒ p ∈ (1,∞) \ {α, β}, (3.217)

where α ∈ (9, 12) and β ∈ (2, 3) with

α−1 is the unique root of z − 1 + cos
(3πz

2

)
= 0 in Γ0,1, (3.218)

β−1 is the unique root of z − 1− cos
(3πz

2

)
= 0 in Γ0,1. (3.219)

where Γ0,1 denotes the complex strip as in (3.62).

The proof of Theorem 3.30 requires several preliminary steps. We start

by stating a direct consequence of Theorem 3.27 in particular the case when

θ = π
2
.

Proposition 3.31. Let Ω be an infinite sector as in (3.216)(with aperture

θ = π
2
), let R as in (3.23) and recall the functions a, bπ/2, dπ/2, Aπ/2, Bπ/2,

Cπ/2, Dπ/2 from (3.175). Then, for each z ∈ Γ0,1 the following holds

det (M(R(·, 1))(z)) =
(1− η)2

162 sin4(πz)

(
z − 1− cos

(3πz

2

))(
z − 1 + cos

(3πz

2

))
×
[
(1− η)

(
cos
(πz

2

)
− z + 1

)
− 4 cos

(πz
2

)]
×
[
(1− η)

(
− cos

(πz
2

)
− z + 1

)
+ 4 cos

(πz
2

)]
. (3.220)

Proof. Using (3.196) and (3.197), and trigonometric manipulations that we

omit we obtain

Φπ/2(z, η) + Ψπ/2(z, η) =
(1− η)

16 sin2(πz)

(
z − 1− cos

(3πz

2

))
(3.221)

×
[
(1− η)

(
cos
(πz

2

)
− z + 1

)
− 4 cos

(πz
2

)]
,

and

Φπ/2(z, η)−Ψπ/2(z, η) =
(1− η)

16 sin2(πz)

(
z − 1 + cos

(3πz

2

))
(3.222)

×
[
(1− η)

(
cos
(πz

2

)
− z + 1

)
+ 4 cos

(πz
2

)]
.

Next, using (3.185), (3.221) and (3.222) we obtain the desired result.
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Lemma 3.32. For each η ∈ [−1, 1) the equation

(1− η)
(
cos
(πz

2

)
− z + 1

)
− 4 cos

(πz
2

)
= 0 has no root in Γ0,1. (3.223)

Proof. Introduce the function

F : [0, 1]× R× R −→ R, (3.224)

given by

F (x, y, ξ) := Re
(

(1− ξ)
(
cos
(π(x+ iy)

2

)
− (x+ iy) + 1

)
− 4 cos

(π(x+ iy)

2

))
.

(3.225)

Straightforward algebra gives

F (x, y, ξ) = −(1− ξ)x+ (1− ξ)− (3 + ξ) cos
(
πx
2

)
cosh

(
πy
2

)
∀ (x, y, ξ) ∈ [0, 1]× R× R.

(3.226)

Notice next that
∂F

∂ξ
(x, y, ξ) = x − 1 − cos

(πx
2

)
cosh

(πy
2

)
. Since x ∈ (0, 1),

and the trigonometric functions cos
(
πx
2

)
> 0 and cosh

(
πy
2

)
> 0 for y ∈ R, it

follows that

∂F

∂ξ
(x, y, ξ) < 0, ∀ (x, y, ξ) ∈ (0, 1)× R× R. (3.227)

Going further and evaluating F at ξ = ±1 we obtain

F (x, y, 1) = −4 cos
(πx

2

)
cosh

(πy
2

)
< 0, ∀ (x, y) ∈ (0, 1)× R, (3.228)

and

F (x, y,−1) = 2
(
−x+ 1− cos

(πx
2

)
cosh

(πy
2

))
, ∀ (x, y) ∈ (0, 1)× R.

(3.229)

We claim next that

F (x, y,−1) < 0, ∀ (x, y) ∈ (0, 1)× R. (3.230)

Assume (3.230) for a moment. Notice that the inequalities (3.228) and (3.230)

in concert with (3.227) guarantee that F (x, y, ξ) 6= 0 for any triplet (x, y, ξ) ∈
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(0, 1) × R × [−1, 1). Thus(given that z ∈ Γ0,1 forces x = Re(z) ∈ (0, 1), the

definition of F from (3.225), and the fact that by hypothesis η ∈ [−1, 1)) the

statement made in (3.223) holds.

Turn now to showing (3.230). To this end, taking partial derivatives with

respect to the variable x twice in (3.226)(and, subsequently letting ξ = −1),

we obtain

∂2F

∂x2
(x, y,−1) =

π2

2
cos
(πx

2

)
cosh

(πy
2

)
. (3.231)

Notice that (3.231) ensures

∂2F

∂x2
(x, y,−1) > 0, ∀ (x, y) ∈ [0, 1)× R. (3.232)

it follows that, for each y ∈ R fixed, the function F (x, y,−1) is concave up in

x ∈ [0, 1]. Since F (0, y,−1) = 2− 2 cosh
(
πy
2

)
≤ 0 and F (1, y,−1) = 0 for each

y ∈ R, the claim (3.230) is then an immediate consequence of the concavity of

F (·, y,−1) on [0, 1]. The proof of Proposition 3.32 is now complete. �

Lemma 3.33. For each η ∈ [−1, 1) the equation

(1− η)
(
− cos

(πz
2

)
− z + 1

)
+ 4 cos

(πz
2

)
= 0, (3.233)

has no root in the strip Γ0,1.

Proof. For each z = x+ iy, x, y ∈ R, and η ∈ R, denote by G(x, y, η) the real

part of the left-hand side of (3.233). Direct calculations give

G(x, y, η) = (1− η)
(
− cos

(
πx
2

)
cosh

(
πy
2

)
+ 1− x

)
+4 cos

(
πx
2

)
cosh

(
πy
2

)
.

(3.234)

Thus
∂G

∂η
(x, y, η) = x− 1 + cos

(πx
2

)
cosh

(πy
2

)
, (3.235)

and
∂3G

∂η∂x2
(x, y, η) = −

(π
2

)2
cos
(πx

2

)
cosh

(πy
2

)
. (3.236)
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Since the expression in the right-hand side of (3.236) is strictly negative for

x ∈ [0, 1) and y ∈ R it follows that for each fixed y, η ∈ R the function

∂G
∂η

(x, y, η) is concave down in the variable x. Going further, notice that by

(3.235) we have

∂G

∂η
(0, y, η) = −1 + cosh

(πy
2

)
≥ 0 and

∂G

∂η
(1, y, η) = 0, ∀ y, η ∈ R.

(3.237)

In turn, (3.237) and the concavity property for ∂G
∂η

(x, y, η) give

∂G

∂η
(x, y, η) > 0 ∀x ∈ (0, 1) and ∀ y, η ∈ R. (3.238)

Going further, (3.238) ensures that

G(x, y, η) ≥ G(x, y,−1) = 2
(
−x+ 1 + cos

(πx
2

)
cosh

(πy
2

))
> 0

∀x ∈ (0, 1), y ∈ R, η ∈ [−1,∞).
(3.239)

Consequently, the real part of the equation in the left-hand side of (3.233) is

strictly positive for η as in the hypothesis and z ∈ Γ0,1, finishing the proof of

Lemma 3.33.

Lemma 3.34. The equation

z − 1− cos
(3πz

2

)
= 0, for z ∈ C. (3.240)

has precisely one root in Γ0,1 and, denoting it by x, this satisfies

x ∈
(

1

3
,
1

2

)
. (3.241)

Proof. We start the proof by analyzing the function

Λ : Γ0,1 −→ C given by Λ(z) := z − 1− cos
(3πz

2

)
, (3.242)

where as usual bar denotes closure. Keeping in mind the natural identification

of C with the plane R2, we start by introducing F,G : [0, 1]×R→ R, the real

and imaginary parts of the function Λ in (3.242). It is straightforward to see

that

F (x, y) = x− 1− cos
(3πx

2

)
cosh

(3πy

2

)
, ∀ (x, y) ∈ [0, 1]× R, (3.243)
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and

G(x, y) = y + sin
(3πx

2

)
sinh

(3πy

2

)
, ∀ (x, y) ∈ [0, 1]× R. (3.244)

Thus,

(∂1F )(x, y) = 1 +
3π

2
sin
(3πx

2

)
cosh

(3πy

2

)
, ∀ (x, y) ∈ [0, 1]× R, (3.245)

and

(∂1G)(x, y) =
3π

2
cos
(3πx

2

)
sinh

(3πy

2

)
∀ (x, y) ∈ [0, 1]× R. (3.246)

Fix y ∈ R, and consider first the behavior of the function F (·, y) on [0, 1].

We claim that

(∂1F )(·, y) = 0 has a unique solution in [0, 1],

and denoting this by xo, this satisfies xo ∈ (2/3, 1).
(3.247)

To see this notice first that, since the cosine hyperbolic function never vanishes,

(∂1F )(x, y) = 0 ⇐⇒ − 2

3π cosh
(

3πy
2

) = sin

(
3πx

2

)
, (3.248)

and clearly

− 2

3π cosh
(

3πy
2

) ∈ (−1, 0) and
3πx

2
∈
[
0,

3π

2

]
for x ∈ [0, 1]. (3.249)

Based on (3.248), (3.249) and keeping in mind that sinx is nonnegative on

[0, π], sinπ = 0, sin
(

3π
2

)
= −1 and the fact that the sinus function is a bijection

of
[
π, 3π

2

]
onto [−1, 0], the first line in the claim (3.247) immediately follows.

In addition denoting by xo ∈ [0, 1] the root of the equation (∂1F )(·, y) = 0,

this satisfies 3πxo
2
∈ (π, 3π

2
), finishing the proof of (3.247).

An immediate consequence of (3.247) and (3.245) is that

F (·, y) is increasing on the interval [0, xo],

and F (·, y) is decreasing on [xo, 1].
(3.250)

Notice also that (3.243) immediately yields

F (0, y) < 0, F
(

1
3
, y
)

= −2
3
< 0, F

(
1
2
, y
)
> 0 and F (1, y) = 0. (3.251)
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Combining now (3.250) with (3.251) we conclude that

the equation F (·, y) = 0 has only one solution in (0, 1)

and denoting it by x1, this satisfies x1 ∈ (1
3
, 1

2
).

(3.252)

Next, fix y ∈ (0,∞) and consider the function G(·, y) on the interval [0, 1].

Since the sinus hyperbolic function is strictly positive on (0,∞) from (3.246) we

see that the sign of the expression (∂1G)(x, y) is the same as that of cos
(

3πx
2

)
and, as such,

(∂1G)(x, y) > 0 on (0, 1
3
] and (∂1G)(x, y) < 0 on (1

3
, 1). (3.253)

Consequently, on the one hand,

the function G(·, y) is increasing on (0, 1
3
] and decreasing on (1

3
, 1). (3.254)

On the other hand, (3.244) immediately gives

G(0, y) = y > 0, G(1
3
, y) = y + sinh

(3πy

2

)
> 0 and G(2

3
, y) = y > 0.

(3.255)

At this point, (3.254) and (3.255) show that

whenever y > 0, the equation G(·, y) = 0

has no solution in the interval
[
0, 2

3

]
.

(3.256)

Since G(x, y) = −G(x,−y) on [0, 1]×R, based on (3.256) we can conclude

that
for each y ∈ R \ {0}, the equation G(·, y) = 0

has no solution in the interval
[
0, 2

3

]
.

(3.257)

Thus, using (3.252) and (3.257), the real and imaginary parts of the function

Λ are never simultaneously zero in Γ0,1 \ {z ∈ C : Im z = 0} proving that

Λ(z) 6= 0, ∀ z ∈ Γ0,1 \ {z ∈ C : Im z = 0}. (3.258)

Using (3.258), in order to finish the proof of the lemma, it suffices to show

that the equation Λ(x) = 0 has a unique root on the interval (0, 1) and this

satisfies x ∈
(

1
3
, 1

2

)
. This is immediate from the fact that Λ(x) = F (x, 0) for

each x ∈ (0, 1) and (3.252).
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Lemma 3.35. The equation

z − 1 + cos
(3πz

2

)
= 0 for z ∈ C. (3.259)

has precisely one root in the set Γ0,1 and, denoting it by x, this satisfies

x ∈
(

1
12
, 1

9

)
. (3.260)

Proof. Introduce the function

Γ : Γ0,1 −→ C given by Γ(z) := z − 1 + cos
(3πz

2

)
, (3.261)

and denote by F2, G2 : [0, 1] × R → R, its real and imaginary parts. It is

immediate that, for each pair (x, y) ∈ [0, 1]× R there holds

F2(x, y) = x− 1 + cos(3πx
2

) cosh(3πy
2

)

and G2(x, y) = y − sin(3πx
2

) sinh(3πy
2

).

(3.262)

Thus, by differentiating

(∂1F2)(x, y) = 1− 3π

2
sin(

3πx

2
) cosh(

3πy

2
), ∀ (x, y) ∈ [0, 1]× R, (3.263)

and

(∂2
1F2)(x, y) = −9π2

4
cos(

3πx

2
) cosh(

3πy

2
), ∀ (x, y) ∈ [0, 1]× R. (3.264)

Fix y ∈ R, and consider the equation F2(x, y) = 0 for x ∈ [0, 1]. Using

(3.264) it is easy to see that the sign of (∂2
1F2)(x, y) is the same as that of

− cos(3πx
2

), and consequently,

(∂2
1F2)(x, y) < 0 for x ∈ (0, 1

3
), and (∂2

1F2)(x, y) > 0 for x ∈ (1
3
, 1).

(3.265)

In addition, direct evaluations in (3.263) yield

(∂1F2)(0, y) = 1 > 0 , (∂1F2)(1
3
, y) < 0,

(∂1F2)(2
3
, y) = 1 > 0 and (∂1F2)(1, y) > 0,

(3.266)
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where for the second and last inequalities we have used that cosh(3πy
2

) ≥ 1.

In concert, (3.265) and (3.266) allow us to deduce that (∂1F2)(·, y) = 0 has

precisely two roots in the interval [0, 1] which are distinct and, denoting these

by α1, α2 with α1 < α2, they satisfy α1 ∈ (0, 1
3
) and α2 ∈ (1

3
, 2

3
). Moreover,

(∂1F2)(x, y) > 0 for x ∈ (0, α1) ∪ (α2, 1),

and (∂1F2)(x, y) < 0 for x ∈ (α1, α2).
(3.267)

Next, direct evaluations in (3.262) combined with (3.267) and the fact that

the cosine hyperbolic function takes values in [1,∞) allow us to write

F2(0, y) > 0, F2(α1, y) > 0 , F2(1
3
, y) = −2

3
< 0,

F2(α2, y) < 0 and F2(1, y) = 0.
(3.268)

Using (3.267) and (3.268) we can therefore conclude

the equation F2(·, y) = 0 has precisely one solution in the

interval (0, 1) and, denoting this by xo, this satisfies xo ∈ (α1,
1
3
).

(3.269)

In particular, this shows that

Γ(z) 6= 0 ∀ z ∈ Γ0,1 ∩
{
z ∈ C : Re z ∈ (0, α1] ∪

[
1
3
, 1
)}
. (3.270)

Consider now the case when z ∈ Γ0,1, Re z ∈
(
α1,

1
3

)
and Im z ∈ (0,∞).

Differentiating G2 with respect to the variable y in (3.262) gives

(∂2G2)(x, y) = 1− 3π

2
sin(

3πx

2
) cosh(

3πy

2
), ∀ (x, y) ∈ [0, 1]× R, (3.271)

and

(∂2
2G2)(x, y) = −9π2

4
sin(

3πx

2
) sinh(

3πy

2
) ∀ (x, y) ∈ [0, 1]× R. (3.272)

With (3.269), it is enough to study G2(x, y) for x ∈ (α1,
1
3
), since otherwise

F2(x, y) 6= 0. Without loss of generality we let y ∈ R+\{0}, and fix x ∈ (α1,
1
3
).

Hence, using (3.272) we deduce that ∂2
2G2(x, y) < 0 for all y ∈ R+ \ {0}. This
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in turn implies that ∂2G2(x, y) is decreasing. Moving on, for x ∈ (α1,
1
3
), using

(3.267) and the fact that

∂2G2(x, y) = ∂1F2(x, y), (3.273)

we have that ∂2G2(x, y) < 0. Thus, ∂2G2(x, y) < 0 for all y ∈ R+ \ {0}. But

G2(x, 0) = 0, hence we deduce that G2(x, y) 6= 0 on (α1,
1
3
)×R+ \ {0}. Thus,

the real and imaginary parts of z − 1 + cos
(

3πz
2

)
are never simultaneously 0.

Furthermore, for y = 0, we have

x− 1 + cos
(3πx

2

)
= F2(x, 0), (3.274)

In conclusion, we deduce that

x− 1 + cos
(

3πx
2

)
= 0 has exactly one solution in Γ0,1,

and this satisfies z ∈
(
0, 1

3

)
.

(3.275)

In addition, direct calculation yields

F2(1/12, 0) =
−11 + 6

√
2 +
√

2

12
> 0, F2(1/9, 0) = −8

9
+

√
3

2
< 0, (3.276)

finishing the proof of the lemma.

Now we are ready to the prove Theorem 3.30

Proof of Theorem 3.30. According to the proposition 3.31, for each p ∈ (1,∞),

ξ ∈ R there holds

det (M(R(·, 1))(z)) =
(1− η)2

162 sin4(πz)

(
z − 1− cos

(3πz

2

))(
z − 1 + cos

(3πz

2

))
×
[
(1− η)

(
cos
(πz

2

)
− z + 1

)
− 4 cos

(πz
2

)]
×
[
(1− η)

(
− cos

(πz
2

)
− z + 1

)
+ 4 cos

(πz
2

)]
, (3.277)

where z = 1
p

+ iξ ∈ Γ0,1. Applying the lemma 3.32-3.35, we obtain that

det (M(R(·, 1))) (z) 6= 0 ⇐⇒ z ∈ Γ0,1 \ {x0, x1}, (3.278)
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where x0 ∈ (1/12, 1/9), x1 ∈ (1/3, 1/2) with

x0 is the unique root of the equation z − 1 + cos
(3πz

2

)
= 0 in Γ0,1, (3.279)

x1 is the unique root of the equation z − 1− cos
(3πz

2

)
= 0 in Γ0,1.

(3.280)

Combining this with Theorem 3.10 yields

T is invertible on (Lp(R+)× Lp(R+))2 ⇐⇒ p ∈ (1,∞) \ {x−1
0 , x−1

1 },
(3.281)

where x−1
0 ∈ (9, 12) and x−1

1 ∈ (2, 3). This completes the proof of Theorem

3.30.

At this point we are ready to present the proof of Theorem 3.2

Proof of Theorem 3.2. According to Theorem 3.30, for p ∈ (1,∞), η ∈ [−1, 1),

there holds

T is invertible on (Lp(R+)× Lp(R+))2 ⇐⇒ p ∈ (1,∞) \ {α, β}, (3.282)

where α ∈ (9, 12) and β ∈ (2, 3) with

α−1 is the unique root of the equation z − 1 + cos
(3πz

2

)
= 0 in Γ0,1,

(3.283)

β−1 is the unique root of the equation z − 1− cos
(3πz

2

)
= 0 in Γ0,1.

(3.284)

Consequently, this combining together with Theorem 3.28 finishes the proof

of the theorem.

�

3.5.3 The case of an infinite sector with angle pi/4

In this section, we investigate the values of p ∈ (1,∞) for which the oper-

ator T in (3.22) is invertible. Our main result for the invertibility range of T



195

in this section is as follows.

Theorem 3.36. Let Ω be the interior of the infinite sector of aperture π
4

from

(3.216). Then for η = −1 and for p ∈ (1,∞), there holds

T is invertible on (Lp(R+)× Lp(R+))2 ⇐⇒ p ∈ (1,∞) \ {γ, δ}, (3.285)

where γ ∈ (2.8, 3) and δ ∈ (2, 2.1) with

γ−1 is the unique root of z − 1 +
√

2 cos

(
(7z − 1)π

4

)
= 0 in Γ0,1,

(3.286)

δ−1 is the unique root of z − 1−
√

2 cos

(
(7z − 1)π

4

)
= 0 in Γ0,1,

(3.287)

where Γ0,1 denotes the complex strip as in (3.62).

In order to prove Theorem 3.36, we need several preliminary steps. We

start by applying the theorem 3.27 when the domain Ω is an infinite sector of

an angle π/4. According to (3.119),

a(z) :=
cos(πz)

2 sin(πz)
, bπ/4(z) :=

cos
(

3πz
4

)
2 sin(πz)

, dπ/4(z) :=
sin
(

3πz
4

)
2 sin(πz)

. (3.288)

Going further, from (3.208), we have

G0 =− z cos

(
3πz

4

)
− (z + 2) sin

(
3πz

4

)
,

G1 =
√

2 ·
[
z cos

(
3πz

4

)
+ sin

(
3πz

4

)]
,

G2 =− z cos

(
3πz

4

)
+ (z − 2) sin

(
3πz

4

)
,

G3 =
√

2 ·
[
cos

(
3πz

4

)
− (z − 2) sin

(
3πz

4

)]
. (3.289)
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Combining this with (3.150), (3.157), (4.99), and (3.169) provides

Aπ/4(z) =
1

4
√

2 sin(πz)

(√
2

2
·G0 + 3 ·G1 + 2

√
2 ·G2 +G3

)

=
1

8 sin(πz)

(
(z + 2) cos

(
3πz

4

)
+ z sin

(
3πz

4

))
,

Bπ/4(z) =− 1

8 sin(πz)

(
G0 − 2 ·G2 −

√
2 ·G3

)
=− 1

8 sin(πz)

(
(z − 2) cos

(
3πz

4

)
− (z + 2) sin

(
3πz

4

))
,

Cπ/4(z) =
1

8 sin(πz)

(
G0 +

√
2 ·G1

)
=

1

8 sin(πz)

(
z cos

(
3πz

4

)
− z sin

(
3πz

4

))
, and

Dπ/4(z) =
1

4
√

2 sin(πz)

(√
2

2
·G0 + 2 ·G1 +

√
2 ·G2

)

=
1

8 sin(πz)

(
z cos

(
3πz

4

)
+ (z − 2) sin

(
3πz

4

))
. (3.290)

Proposition 3.37. Let Ω be an infinite sector as in (3.216) with aperture

θ = π
4
, let R as in (3.23), recall the functions a, bπ/4, dπ/4 from (3.288), and

Aπ/4, Bπ/4, Cπ/4, Dπ/4 from (3.290). Then, for each z ∈ Γ0,1, η ∈ [−1, 1) there

holds

det (M(R(·, 1))) (z)

=

(
1

32 sin2(πz)

)2

×

×
(

(η − 1)z − (F+ + E)(z, η)
)(

(η − 1)z − (F− + E)(z, η)
)
×

×
(

(η − 1)z − (F+ − E)(z, η)
)(

(η − 1)z − (F− − E)(z, η)
)
. (3.291)

Here,

F±(z, η) := (η − 1)±
√

∆/4, E(z, η) :=
(η + 1)α

2
− 2β, (3.292)
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∆/4 =
1

16

[
(η − 3)2(α1 + β1)2 + (η + 5)2(α2 − β2)2

− 2(7η2 + 14η − 9) · (α1 + β1)(α2 − β2)

]
, (3.293)

where

α1 = cos

(
7πz

4

)
, α2 = cos

(πz
4

)
,

β1 = sin

(
7πz

4

)
, β2 = sin

(πz
4

)
. (3.294)

Proof. According to (3.186) and (3.187), we have

Φπ/4(z, η) (3.295)

=
(1− η)

16 sin2(πz)
·

{
(η − 1) cos2(πz)− 4 sin2(πz)

+
(η − 1)

2
·
[
z2 − 2z +

4

(η − 1)

]
+ (η + 3) · cos

(
3πz

4

)
sin

(
3πz

4

)}
,

and

Ψπ/4(z, η) =
(1− η)

16 sin2(πz)
·

{
(1 + η)(1− z)

2
cos(πz) cos

(
3πz

4

)
(3.296)

+
(1 + η)(1− z)

2
cos(πz) sin

(
3πz

4

)
+ 2(1− z) sin(πz) sin

(
3πz

4

)
− 2(1− z) sin(πz) cos

(
3πz

4

)}
.
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This forces

Φπ/4(z, η) + Ψπ/4(z, η) (3.297)

=
(1− η)

16 sin2(πz)
·

{
(η − 1) cos2(πz)− 4 sin2(πz) +

(η − 1)z2

2
− z(η − 1)

+ 2 + (η + 3) · cos

(
3πz

4

)
sin

(
3πz

4

)
+

(1 + η)(1− z)

2
cos(πz) cos

(
3πz

4

)
+

(1 + η)(1− z)

2
cos(πz) sin

(
3πz

4

)
+ 2(1− z) sin(πz) sin

(
3πz

4

)
− 2(1− z) sin(πz) cos

(
3πz

4

)}
.

In particular,

2×

{
(η − 1) cos2(πz)− 4 sin2(πz) +

(η − 1)z2

2
(3.298)

− z(η − 1) + 2 + (η + 3) · cos

(
3πz

4

)
sin

(
3πz

4

)
+

(1 + η)(1− z)

2
cos(πz) cos

(
3πz

4

)
+

(1 + η)(1− z)

2
cos(πz) sin

(
3πz

4

)
+ 2(1− z) sin(πz) sin

(
3πz

4

)
− 2(1− z) sin(πz) cos

(
3πz

4

)}

=(η − 1)z2 + 2

{
−η + 1− 1 + η

2
cos(πz) ·

[
cos

(
3πz

4

)
+ sin

(
3πz

4

)]

+ 2 sin(πz) ·
[
cos

(
3πz

4

)
− sin

(
3πz

4

)]}
z

+ 2 ·

{
(η − 1) cos2(πz)− 4 sin2(πz) + 2 + (η + 3) · cos

(
3πz

4

)
sin

(
3πz

4

)
+

1 + η

2
cos(πz) ·

[
cos

(
3πz

4

)
+ sin

(
3πz

4

)]
− 2 sin(πz) ·

[
cos

(
3πz

4

)
− sin

(
3πz

4

)]}
.

This forces, the discriminant ∆ for the equation

32 sin2(πz)

(1− η)
·
[
Φπ/4(z, η) + Ψπ/4(z, η)

]
= 0 (3.299)
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satisfies

∆/4 (3.300)

=

{
−η + 1− 1 + η

2
cos(πz) ·

[
cos

(
3πz

4

)
+ sin

(
3πz

4

)]

+ 2 sin(πz) ·
[
cos

(
3πz

4

)
− sin

(
3πz

4

)]}2

− 2(η − 1) ·

{
(η − 1) cos2(πz)

− 4 sin2(πz) + 2 + (η + 3) · cos

(
3πz

4

)
sin

(
3πz

4

)
+

1 + η

2
cos(πz) ·

[
cos

(
3πz

4

)
+ sin

(
3πz

4

)]
− 2 sin(πz) ·

[
cos

(
3πz

4

)
− sin

(
3πz

4

)]}

=

(
(1 + η)

2
α′ − 2β′

)2

+ (η − 1) ·

[
(η − 5)− 2(η − 1) cos2(πz) + 8 sin2(πz)

− 2(η + 3) · cos

(
3πz

4

)
sin

(
3πz

4

)]
,

where

α′ = cos(πz)

(
cos

(
3πz

4

)
+ sin

(
3πz

4

))
,

β′ = sin(πz)

(
cos

(
3πz

4

)
− sin

(
3πz

4

))
. (3.301)

In addition,

(η − 5)− 2(η − 1) cos2(πz) + 8 sin2(πz)− 2(η + 3) · cos

(
3πz

4

)
sin

(
3πz

4

)
=− (η + 3) ·

[
cos(2πz) + sin

(
3πz

2

)]
. (3.302)

This further implies that

∆/4 =

(
(1 + η)

2
α′ − 2β′

)2

−(η−1)(η+3)·
[
cos(2πz) + sin

(
3πz

2

)]
. (3.303)
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Going further, we use the following trigonometric identities.

α′ =
1

2
(α1 + α2 + β1 − β2), (3.304)

β′ =
1

2
(α1 − α2 + β1 + β2),

cos(2πz) = α1α2 − β1β2,

sin

(
3πz

2

)
= α2β1 − α1β2,

where α1, β1 are as in (3.294). This yields,

∆/4 =
(1 + η)2

16
(α1 + α2 + β1 − β2)2 + (α1 − α2 + β1 + β2)2 (3.305)

− (1 + η)

2
(α1 + α2 + β1 − β2)(α1 − α2 + β1 + β2)

− (η − 1)(η + 3) · [α1α2 − β1β2 + α2β1 − α1β2]

=
1

16

[
(η − 3)2(α1 + β1)2 + (η + 5)2(α2 − β2)2

− 2(7η2 + 14η − 9) · (α1 + β1)(α2 − β2)

]
.

This implies that

32 sin2(πz)

1− η
·
[
Φπ/4(z, η) + Ψπ/4(z, η)

]
= 0

⇐⇒ z =
1

(η − 1)
·
[
F±(z, η) + E(z, η)

]
, (3.306)

where F±(z, η), E(z, η) are as in (3.292). This forces

Φπ/4(z, η) + Ψπ/4(z, η) (3.307)

=− 1

32 sin2(πz)
·
(

(η − 1)z − (F+ + E)(z, η)
)(

(η − 1)z − (F− + E)(z, η)
)
.
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Similarly,

Φπ/4(z, η)−Ψπ/4(z, η) (3.308)

=
(1− η)

16 sin2(πz)
·

{
(η − 1) cos2(πz)− 4 sin2(πz) +

(η − 1)z2

2
− z(η − 1) + 2

+ (η + 3) · cos

(
3πz

4

)
sin

(
3πz

4

)
− (1 + η)(1− z)

2
cos(πz) cos

(
3πz

4

)
− (1 + η)(1− z)

2
cos(πz) sin

(
3πz

4

)
− 2(1− z) sin(πz) sin

(
3πz

4

)
+ 2(1− z) sin(πz) cos

(
3πz

4

)}
,

and

2×

{
(η − 1) cos2(πz)− 4 sin2(πz) +

(η − 1)z2

2
(3.309)

− z(η − 1) + 2 + (η + 3) · cos

(
3πz

4

)
sin

(
3πz

4

)
− (1 + η)(1− z)

2
cos(πz) cos

(
3πz

4

)
− (1 + η)(1− z)

2
cos(πz) sin

(
3πz

4

)
− 2(1− z) sin(πz) sin

(
3πz

4

)
+ 2(1− z) sin(πz) cos

(
3πz

4

)}

=(η − 1)z2 + 2

{
−η + 1 +

(1 + η)

2
α− 2β

}
z

+ 2 ·

{
(η − 1) cos2(πz)− 4 sin2(πz) + 2

+ (η + 3) · cos

(
3πz

4

)
sin

(
3πz

4

)
− (1 + η)

2
α + 2β

}
.

Going further, based on the calculation the discriminant for the equation

32 sin2(πz)

(1− η)
·
[
Φπ/4(z, η)−Ψπ/4(z, η)

]
= 0 (3.310)
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is identically equal to the discriminant ∆ for the equation in (3.299) which has

∆/4 =
1

16

[
(η − 3)2(α1 + β1)2 + (η + 5)2(α2 − β2)2 (3.311)

− 2(7η2 + 14η − 9) · (α1 + β1)(α2 − β2)

]
.

This yields the solution for the equation in (3.310) satisfies

z =
1

(η − 1)
·
[
F±(z.η)− E(z, η)

]
, (3.312)

where F±(z, η), E(z, η) are as in (3.292). In particular,

Φπ/4(z, η)−Ψπ/4(z, η) (3.313)

=− 1

32 sin2(πz)
·
(

(η − 1)z − (F+ − E)(z, η)
)(

(η − 1)z − (F− − E)(z, η)
)
.

According to Theorem 3.27, for each z ∈ Γ0,1 and R as in (3.23) we have

det (M(R(·, 1))) (z) (3.314)

=

(
1

32 sin2(πz)

)2

×

×
(

(η − 1)z − (F+ + E)(z, η)
)(

(η − 1)z − (F− + E)(z, η)
)
×

×
(

(η − 1)z − (F+ − E)(z, η)
)(

(η − 1)z − (F− − E)(z, η)
)
,

where F±(z, η), E(z, η) are as in (3.292). This completes the proof of the

proposition.

Next, we investigate the solvability range of the integrability exponent p

for the Neumann problem in (3.2) when the Poisson ratio η ∈ [−1, 1) is the

endpoint −1.

Proposition 3.38. Let the Poisson ratio η is −1. With the same background
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hypotheses as in Proposition 3.37 for each z ∈ Γ0,1 there holds

det (M(R(·, 1))) (z) (3.315)

=

(
1

8 sin2(πz)

)2

×

×
(
z − 1 +

√
2 cos

(
(z + 1)π

4

))(
z − 1−

√
2 cos

(
(z + 1)π

4

))
×

×
(
z − 1 +

√
2 cos

(
(7z − 1)π

4

))(
z − 1−

√
2 cos

(
(7z − 1)π

4

))
.

Proof. Let us assume that η = −1. From (3.292), we have

F±(z,−1) := F±(z) = −2±
√

∆/4, E(z,−1) := E(z) = −2β′, (3.316)

where

∆/4 = (α1 + β1 + α2 − β2)2 = (2α′)2, (3.317)

which forces

F±(z) = −2± 2α′, E(z) = −2β′, (3.318)

where α′, β′ are as in (3.301). Substituting these into (3.291), we obtain that

det (M(R(·, 1))) (z) (3.319)

=

(
1

8 sin2(πz)

)2 (
z − (1− α′ + β′)

)(
z − (1 + α′ + β′)

)
×

×
(
z − (1− α′ − β′)

)(
z − (1 + α′ − β′)

)
.

According to (3.301),

α′ = cos(πz)

(
cos

(
3πz

4

)
+ sin

(
3πz

4

))
,

β′ = sin(πz)

(
cos

(
3πz

4

)
− sin

(
3πz

4

))
. (3.320)

We rewrite these as,

α′ =
√

2 cos(πz) cos
(π

4
(1− 3z)

)
,

β′ =
√

2 sin(πz) sin
(π

4
(1− 3z)

)
. (3.321)
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Note that

α′ + β′ =
√

2 cos

(
(7z − 1)π

4

)
,

α′ − β′ =
√

2 cos

(
(z + 1)π

4

)
. (3.322)

Combining these with (3.319), we have

det (M(R(·, 1))) (z) (3.323)

=

(
1

8 sin2(πz)

)2

×

×
(
z − 1 +

√
2 cos

(
(z + 1)π

4

))(
z − 1−

√
2 cos

(
(z + 1)π

4

))
×

×
(
z − 1 +

√
2 cos

(
(7z − 1)π

4

))(
z − 1−

√
2 cos

(
(7z − 1)π

4

))
,

which finishes the proof of the proposition.

Turning our attention to find the roots of det(M(R(·, 1)))(z) in (3.315)

to treat the biharmonic Neumann problem with specific domain and Poisson

ratio.

Lemma 3.39. The equations

z − 1 +
√

2 cos

(
(z + 1)π

4

)
= 0, (3.324)

z − 1−
√

2 cos

(
(z + 1)π

4

)
= 0, (3.325)

have no root in the strip Γ0,1.

Proof. For x ∈ (0, 1), y ∈ R, we consider the function ζ1(x, y) given by

ζ1(x, y) := x− 1 +
√

2 cos

(
(x+ 1)π

4

)
cosh

(yπ
4

)
, (3.326)

which indicates the real part of the left-hand side of (3.324). Then

(∂2
1ζ1)(x, y) = −

√
2
(π

4

)2

cos

(
(x+ 1)π

4

)
cosh

(yπ
4

)
. (3.327)
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Since x ∈ (0, 1), cos
(

(x+1)π
4

)
> 0, this implies that (∂2

1ζ1)(x, y) < 0 for any

x ∈ (0, 1), y ∈ R. This forces ζ1(x, y) is concave down in the variable x in

(0, 1). Going further, in (3.326), notice that

ζ1(0, y) = −1 + cosh
(yπ

4

)
≥ 0, ζ1(1, y) = 0, ∀y ∈ R. (3.328)

Combining this with the concavity gives

ζ1(x, y) > 0, ∀x ∈ (0, 1), y ∈ R, (3.329)

which implies that the real part of the left-hand side of (3.324) has no root in

Γ0,1. This proves the equation (3.324) has no root in the strip Γ0,1. Similarly,

for x ∈ (0, 1), y ∈ R, consider ζ2(x, y) given by

ζ2(x, y) := x− 1−
√

2 cos

(
(x+ 1)π

4

)
cosh

(yπ
4

)
, (3.330)

which is the real part of the left-hand side of (3.325). With the similar ar-

gument, we conclude that ζ@(x, y) is concave up in the variable x in (0, 1)

and

ζ2(x, y) > 0, ∀x ∈ (0, 1), y ∈ R, (3.331)

which forces the real part of the left-hand side of (3.325) has no root in Γ0,1.

This completes the proof of the lemma.

Lemma 3.40. The equation

z − 1 +
√

2 cos

(
(7z − 1)π

4

)
= 0 (3.332)

has precisely one root in the strip Γ0,1 and, denoting it by x, this satisfies

x ∈
(

1

3
,

5

14

)
. (3.333)

Proof. For z ∈ Γ0,1 define the function Λ3 by

Λ3(z) := z − 1 +
√

2 cos

(
(7z − 1)π

4

)
, (3.334)
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where bar denotes closure. For x ∈ [0, 1], y ∈ R, we consider the functions

ζ3(x, y), ξ3(x, y) given by

ζ3(x, y) := x− 1 +
√

2 cos

(
(7x− 1)π

4

)
cosh

(
7yπ

4

)
, (3.335)

and

ξ3(x, y) := y −
√

2 sin

(
(7x− 1)π

4

)
sinh

(
7yπ

4

)
, (3.336)

which are real and imaginary parts of Λ3, respectively. Then,

(∂1ζ3)(x, y) = 1− 7
√

2π

4
sin

(
(7x− 1)π

4

)
cosh

(
7yπ

4

)
, (3.337)

and

(∂1ξ3)(x, y) = −7
√

2π

4
cos

(
(7x− 1)π

4

)
sinh

(
7yπ

4

)
, (3.338)

for (x, y) ∈ [0, 1]× R. Fix y ∈ R. Since cosh
(

7yπ
4

)
> 0, we get

(∂1ζ3)(x, y) = 0 (3.339)

⇐⇒ 4

7
√

2π cosh
(

7yπ
4

) = sin

(
(7x− 1)π

4

)
, (3.340)

and note that

4

7
√

2π cosh
(

7yπ
4

) ∈ (0,

√
2

2

)
and

(7x− 1)π

4
∈
[
−π

4
,
3π

2

]
. (3.341)

Since the left-hand side of (3.340) is in (0,
√

2/2), the range of (7x−1)π
4

has

to be
(
0, π

4

)
∪
(

3π
4
, π
)

which implies that x ∈
(

1
7
, 2

7

)
∪
(

4
7
, 5

7

)
. Suppose that

(∂1ζ3)(·, y) = 0 has roots in (4/7, 5/7). Since sinus function is bijective in

[π/2, 3π/2], this yields

(∂1ζ3)(·, y) = 0 has a unique solution in [3/7, 1], (3.342)

and denoting this by τ0, this satisfies τ0 ∈ (4/7, 5/7).

Combining this with (3.337), we conclude that

ζ3(·, y) is decreasing on the interval [3/7, τ0), (3.343)

and ζ3(·, y) is increasing on (τ0, 1].
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According to (3.335), we notice that

ζ3(3/7, y) = −4/7 < 0, ζ3(1, y) = 0. (3.344)

Combining this with (3.343) we conclude that

ζ3(·, y) has no root in [3/7, 1). (3.345)

Next, suppose that (∂1ζ3)(·, y) = 0 has roots in (1/7, 2/7). Since sinus function

is bijective in [0, π/2] which yields,

(∂1ζ3)(·, y) = 0 has a unique solution in [0, 3/7], (3.346)

and denoting this by τ0′ , this satisfies τ ′0 ∈ (1/7, 2/7).

Combining this with (3.337), one can conclude that

ζ3(·, y) is increasing on the interval [0, τ ′0), (3.347)

and ζ3(·, y) is decreasing on (τ ′0, 3/7].

According to (3.335), one can notice that

ζ3(0, y) ≥ 0, ζ3(1/7, y) > 0, ζ3 (2/7, y) > 0, ζ3(3/7, y) = −4/7 < 0. (3.348)

Combining this with (3.343), one can conclude that

the equation ζ3(·, y) = 0 has only one solution in (0, 3/7], (3.349)

and denoting it by τ1, this satisfies τ1 ∈
(

2

7
,
3

7

)
.

Consequently, on the one hand, combining (3.349) with (3.345) we get

the equation ζ3(·, y) = 0 has only one solution τ1 in (0, 1), (3.350)

and this satisfies τ1 ∈
(

2

7
,
3

7

)
.

Fix y ∈ (−∞, 0) and consider the function ξ3(·, y) on the interval [0, 1].

Since the sinus hyperbolic function is strictly negative on (−∞, 0), combining
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this with (3.338) provides that (∂1ξ3)(x, y) has same sign as that of cos
(

(7x−1)π
4

)
and, as such

(∂1ξ3)(x, y) ≥ 0 on

[
0,

3

7

]
and (∂1ξ3)(x, y) ≤ 0 on

[
3

7
, 1

]
. (3.351)

This yields,

the function ξ3(·, y) is increasing on

[
0,

3

7

]
and decreasing on

[
3

7
, 1

]
.

(3.352)

On the other hand, since x > sinh(x) for x < 0, (3.336) immediately gives for

y < 0

ξ3(2/7, y) = y − sinh

(
7yπ

4

)
> 0, ξ3(3/7, y) = y −

√
2 sinh

(
7yπ

4

)
> 0,

(3.353)

which forces

whenever y < 0, the equation ξ3(·, y) = 0 (3.354)

has no root in the interval

(
2

7
,
3

7

)
.

Since ξ3(x, y) = −ξ3(x,−y) on [0, 1] × R, based on (3.354) one can conclude

that

for each y ∈ R \ {0}, the equation ξ3(·, y) = 0 (3.355)

has no solution in the interval

(
2

7
,
3

7

)
.

Thus, using (3.355) with (3.350), we prove that

Λ3(z) 6= 0, ∀z ∈ Γ0,1 \ {z ∈ C : Im z = 0}. (3.356)

In addition, based on the direct calculation, one can conclude that

ζ3(1/3, 0) = 1/3 > 0, ζ3(5/14, 0) = −1/2 +

√
2−
√

2 < 0. (3.357)

Going further, since Λ3(x) = ζ3(x, 0) we obtain that

Λ3(x) = 0 has a unique root x ∈
(

1

3
,

5

14

)
on the interval (0, 1). (3.358)

This finishes the proof of the lemma.
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Lemma 3.41. The equation

z − 1−
√

2 cos

(
(7z − 1)π

4

)
= 0, (3.359)

has precisely one root in the strip Γ0,1 and, denoting it by x, this satisfies

x ∈
(

10

21
,
1

2

)
. (3.360)

Proof. Fix z ∈ Γ0,1 define the function Λ4 by

Λ4(z) := z − 1−
√

2 cos

(
(7z − 1)π

4

)
, (3.361)

where bar denotes closure. Fix x ∈ [0, 1], y ∈ R, we consider the function

ζ4(x, y), ξ4(x, y) given by

ζ4(x, y) := x− 1−
√

2 cos

(
(7x− 1)π

4

)
cosh

(
7yπ

4

)
, (3.362)

and

ξ4(x, y) := y +
√

2 sin

(
(7x− 1)π

4

)
sinh

(
7yπ

4

)
, (3.363)

which are real and imaginary parts of Λ4, respectively. Then,

(∂1ζ4)(x, y) = 1 +
7
√

2π

4
sin

(
(7x− 1)π

4

)
cosh

(
7yπ

4

)
, (3.364)

and

(∂1ξ4)(x, y) =
7
√

2π

4
cos

(
(7x− 1)π

4

)
sinh

(
7yπ

4

)
, (3.365)

for (x, y) ∈ [0, 1]× R. Fix y ∈ R. Since cosh
(

7yπ
4

)
> 0, we get

(∂1ζ4)(x, y) = 0 (3.366)

⇐⇒ − 4

7
√

2π cosh
(

7yπ
4

) = sin

(
(7x− 1)π

4

)
, (3.367)

and note that

− 4

7
√

2π cosh
(

7yπ
4

) ∈ (−√2

2
, 0

)
and

(7x− 1)π

4
∈
[
−π

4
,
3π

2

]
. (3.368)
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Since the left-hand side of (3.367) is in (−
√

2/2, 0), the range of (7x−1)π
4

has

to be
(
−π

4
, 0
)
∪
(
π, 5π

4

)
which implies that x ∈

(
0, 1

7

)
∪
(

5
7
, 6

7

)
. Suppose that

(∂1ζ4)(·, y) = 0 has roots in (5/7, 6/7). Since sinus function is bijective in

[π/2, 3π/2], this yields

(∂1ζ4)(·, y) = 0 has a unique solution in [3/7, 1], (3.369)

and denoting this by τ2, this satisfies τ2 ∈ (5/7, 6/7).

Combining this with (3.364), one can conclude that

ζ4(·, y) is increasing on the interval [3/7, τ2), (3.370)

and ζ4(·, y) is decreasing on (τ2, 1].

According to (3.362), one can notice that

ζ4(3/7, y) = −4/7 < 0, ζ4(4/7, y) > 0,

ζ4(5/7, y) > 0, ζ4(6/7, y) > 0, ζ4(1, y) = 0. (3.371)

This implies that

ζ4(·, y) has only one solution root in [3/7, 1), (3.372)

and denoting this by τ3, this satisfies τ3 ∈
(

3

7
,
4

7

)
.

Next, suppose that (∂1ζ4)(·, y) = 0 has roots in (0, 1/7). Since sinus function

is bijective in [−π/4, π/2], this yields

(∂1ζ4)(·, y) = 0 has a unique solution in [0, 3/7], (3.373)

and denoting this by τ ′2, this satisfies τ ′2 ∈ (0, 1/7).

Combining this with (3.364), one can conclude that

ζ4(·, y) is decreasing on the interval [0, τ ′2), (3.374)

and ζ4(·, y) is increasing on (τ ′2, 3/7].

According to (3.362), one can notice that

ζ4(0, y) < 0, ζ4(3/7, y) = −4/7 < 0. (3.375)
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Combining this with (3.374), one can conclude that

ζ4(·, y) has no root in (0, 3/7]. (3.376)

Consequently, on the one hand, combining (3.376) with (3.372) we get

the equation ζ4(·, y) = 0 has only one solution τ3 in (0, 1), (3.377)

and this satisfies τ3 ∈
(

3

7
,
4

7

)
.

Fix y ∈ (0,∞) and consider the function ξ4(·, y) on the interval [0, 1]. Since

the sinus hyperbolic function is strictly positive on (0,∞), combining this with

(3.365) provides that (∂1ξ4)(x, y) has same sign as that of cos
(

(7x−1)π
4

)
and,

as such

(∂1ξ4)(x, y) ≥ 0 on

[
0,

3

7

]
and (∂1ξ4)(x, y) ≤ 0 on

[
3

7
, 1

]
. (3.378)

This yields,

the function ξ4(·, y) is increasing on

[
0,

3

7

]
and decreasing on

[
3

7
, 1

]
.

(3.379)

On the other hand, (3.363) immediately gives, for y < 0

ξ4(3/7, y) = y +
√

2 sinh

(
7yπ

4

)
> 0, ξ4(4/7, y) = y + sinh

(
7yπ

4

)
> 0,

(3.380)

which forces

whenever y > 0, the equation ξ4(·, y) = 0 (3.381)

has no solution in the interval

(
3

7
,
4

7

)
.

Since ξ4(x, y) = −ξ4(x,−y) on [0, 1] × R, based on (3.381) one can conclude

that

for each y ∈ R \ {0}, the equation ξ4(·, y) = 0 (3.382)

has no solution in the interval

(
3

7
,
4

7

)
.
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Thus, using (3.382) with (3.377), we prove that

Λ4(z) 6= 0, ∀z ∈ Γ0,1 \ {z ∈ C : Im z = 0}. (3.383)

In addition, based on the direct calculation, one can conclude that

ζ4(10/21, 0) =
−43 + 21

√
3

42
< 0, ζ4(1/2, 0) =

−1 +
√

4− 2
√

2

2
> 0. (3.384)

Going further, since Λ4(x) = ζ4(x, 0) we obtain that

Λ4(x) = 0 has a unique root x on the interval (0, 1) and (3.385)

this satisfies x ∈
(

10

21
,
1

2

)
.

This completes the proof of the lemma.

Proof of Theorem 3.36. According to the proposition 3.38, for each p ∈ (1,∞),

ξ ∈ R there holds

det (M(R(·, 1))) (z) (3.386)

=

(
1

8 sin2(πz)

)2

×

×
(
z − 1 +

√
2 cos

(
(z + 1)π

4

))(
z − 1−

√
2 cos

(
(z + 1)π

4

))
×

×
(
z − 1 +

√
2 cos

(
(7z − 1)π

4

))(
z − 1−

√
2 cos

(
(7z − 1)π

4

))
,

where z = 1
p

+ iξ ∈ Γ0,1. Applying the lemma 3.39, 3.40, and 3.41 provides

det (M(R(·, 1))) (z) 6= 0 ⇐⇒ z ∈ Γ0,1 \ {τ1, τ3}, (3.387)

where τ1 ∈ (1/3, 5/14) and τ3 ∈ (10/21, 1/2) with

τ1 is the unique root of z − 1 +
√

2 cos

(
(7z − 1)π

4

)
= 0 in Γ0,1, (3.388)

τ3 is the unique root of z − 1−
√

2 cos

(
(7z − 1)π

4

)
= 0 in Γ0,1. (3.389)
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Combining this with Theorem 3.10 yields

T is invertible on (Lp(R+)× Lp(R+))2 ⇐⇒ p ∈ (1,∞) \ {τ−1
1 , τ−1

3 },
(3.390)

where τ−1
1 ∈ (2.8, 3) and τ2 ∈ (2, 2.1). This completes the proof of Theorem

3.36. �

At this point we are ready to present the proof of Theorem 3.3.

Proof of Theorem 3.3. According to Theorem 3.36, for η = −1 and for the

integrability exponent p ∈ (1,∞), there holds

T is invertible on (Lp(R+)× Lp(R+))2 ⇐⇒ p ∈ (1,∞) \ {γ, δ}, (3.391)

where γ ∈ (2.8, 3) and δ ∈ (2, 2.1) with

γ−1 is the unique root of z − 1 +
√

2 cos

(
(7z − 1)π

4

)
= 0 in Γ0,1,

(3.392)

δ−1 is the unique root of z − 1−
√

2 cos

(
(7z − 1)π

4

)
= 0 in Γ0,1.

(3.393)

In conclusion, combining this together with Theorem 3.28 the desired result

follows. �
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CHAPTER 4

The Spectral Properties of

Layer Potentials for

Second-Order Elliptic Systems

In this chapter, we investigate the coefficient tensors associated with sec-

ond order elliptic operators in two dimensional infinite sectors and properties

of the corresponding singular integral operators, employing Mellin transform.

Concretely, we explore the relationship between distinguished coefficient ten-

sors and Lp spectral and Hardy kernel properties of the associated singular

integral operators.

4.1 Layer potential theory in the infinite sec-

tor

In R2, the conormal derivative for L of u with respect to the coefficient

tensor A = (aαβrs )1≤α,β≤M
1≤r,s≤2

is given by

(
∂Aν u

)
α

(x) := νra
αβ
rs ∂suβ

∣∣∣n.t.
∂Ω

(x), (4.1)
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where ν is the outward unit normal vector to Ω. In addition, the double layer

potential operator KA is given by

(KAg)(x) :=

∫
∂Ω

(
∂A

T

ν (ELT (x− ·))
)T

(y)g(y)dσ(y), x ∈ ∂Ω (4.2)

where g = (g1, g2, . . . , gM) : ∂Ω → RM , EL is the fundamental solution with

respect to the differential operator L. Here, superscript T stands the trans-

position of the matrix. Moreover, the kernel of the double layer potential

operator K associated with A and Ω has the form(
∂A

T

ν (ELT (x− ·))
)

1≤γ,α≤M
(y) =

(
−νs(y)aβαrs (∂rEγβ)(x− y)

)
1≤γ,α≤M . (4.3)

Let p ∈ (1,∞), Ω be the infinite sector of an angle θ ∈ (0, 2π) in R2. The

following theorem provides a relationship between the Hardy kernel and the

distinguished coefficient tensor.

Theorem 4.1. Let p ∈ (1,∞), θ ∈ (0, 2π) and L be a homogeneous, second-

order, constant complex-coefficient, weakly elliptic M ×M system in R2, con-

sider Ω ⊆ R2 the infinite sector of an angle θ and a coefficient tensor A ∈ AL.

If A ∈ Adis
L , then the kernel of the double layer potential operator KA associated

with A and Ω is a Hardy kernel on Lp(R+).

Proof. Since A ∈ Adis
L , from (1.64), there exists a matrix-valued function

k = {kγα}1≤γ,α≤M : R2 \ {0} → CM×M (4.4)

such that(
− νs(y)aβαrs (∂rEγβ)(x− y)

)
1≤γ,α≤M

=−
(
νs(y)(xs − ys)kγα(x− y)

)
1≤γ,α≤M

=− 〈ν(y), x− y〉k(x− y)

:=kA(x− y), (4.5)

where kA =
{
kAγα
}

1≤γ,α≤M . Since k belongs to C∞(R2\{0}), even and positive

homogeneous of degree −2, the kernel kA also belongs to C∞(R2 \ {0}), odd

and positive homogeneous of degree −1.
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According to the equation (4.5), we have for any 1 ≤ γ, α ≤ M , x, y ∈ R2

with x 6= y,

kAγα(x− y) = −〈ν(y), x− y〉kγα(x− y)

= −〈ν(y), x− y〉 · |x− y|−2kγα

(
x− y
|x− y|

)
.

(4.6)

This yields, ∀x, y ∈ R2 with x 6= y,

|kAγα(x− y)| ≤
(

sup
S1

|kγα|
)
|〈ν(y), x− y〉|
|x− y|2 (4.7)

Since Ω is the infinite sector of an angle θ, Ω is the upper graph of the function

φ : R→ R given by

φ(x) := |x| cot(θ/2), x ∈ R. (4.8)

Hereafter, we denote by (∂Ω)1 and (∂Ω)2 the left and the right side of the

angle ∂Ω, respectively. Concretely,

(∂Ω)1 :=

{(
−s sin

θ

2
, s cos

θ

2

)
: s ∈ R+

}
and

(∂Ω)2 :=

{(
s sin

θ

2
, s cos

θ

2

)
: s ∈ R+

}
.

(4.9)

In this notation one can naturally identify the two pieces of the boundary

(∂Ω)j, j = 1, 2, with R+ via the mapping

ι1 : (∂Ω)1 → R+, ι1(P ) := |P |, for each P ∈ (∂Ω)1, (4.10)

ι2 : (∂Ω)2 → R+, ι2(P ) := |P |, for each P ∈ (∂Ω)2. (4.11)

Consequently for each p ∈ (0,∞) given, identify Lp(∂Ω) with the space

Lp(R+)× Lp(R+) via the mapping

F : Lp(∂Ω)→ Lp(R+)× Lp(R+), F (f) :=

(
f1

f2

)
, ∀f ∈ Lp(∂Ω),

where fj = f
∣∣∣
(∂Ω)j

◦ ι−1
j , for each j ∈ {1, 2}.
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We may also find it to introduce the following notation for the restriction

operator

R : Lp(∂Ω)→ Lp((∂Ω)1)× Lp((∂Ω)2), R(f) := (f1, f2),

where fj := f
∣∣∣
(∂Ω)j

, for each j ∈ {1, 2},

and

I : Lp((∂Ω)1)× Lp((∂Ω)2)→ Lp(∂Ω), I := R−1, (4.12)

for its inverse.

Now, we compute the kernel of the double layer potential on the boundary.

If x, y ∈ (∂Ω)1 or x, y ∈ (∂Ω)2, then 〈ν(y), x−y〉 = 0. If x ∈ (∂Ω)1, y ∈ (∂Ω)2,

that is,

x =

(
−s sin

θ

2
, s cos

θ

2

)
,

y =

(
t sin

θ

2
, t cos

θ

2

)
,

(4.13)

for some s, t ∈ R, then

ν(y) =

(
cos

θ

2
,− sin

θ

2

)
. (4.14)

Then, we get

−〈ν(y), x− y〉 = s sin θ. (4.15)

Moreover, from (4.13) we obtain

x− y =

(
−(s+ t) sin

θ

2
, (s− t) cos

θ

2

)
,

|x− y|2 = s2 − 2st cos θ + t2.

(4.16)

In particular, from (4.7) we get,

|kAγα(s, t)| ≤ C(k)
s

s2 − 2st cos θ + t2
, (4.17)
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where kAγα(s, t) = kAγα
(
−(s+ t) sin θ

2
, (s− t) cos θ

2

)
.

Now, we apply the estimate (4.17) to the following integral∫ ∞
0

|kAγα(1, t)|t−1/pdt ≤ C(k)

∫ ∞
0

1

1− 2t cos θ + t2
t−1/pdt. (4.18)

Going further note that

t2 − 2t cos θ + 1 = (t− cos θ)2 + sin2 θ > 0 for θ ∈ (0, 2π). (4.19)

On the behavior of the integrand on the right hand side near 0 and ∞, we

have

1

1− 2t cos θ + t2
t−1/p ≈ t−1/p near 0, (4.20)

1

1− 2t cos θ + t2
t−1/p ≈ t−(2+1/p) near ∞, (4.21)

which yield ∫ ∞
0

|kAγα(1, t)|t−1/pdt < +∞. (4.22)

Combining this with the homogeneity, we show that kAγα is a Hardy kernel on

Lp(R+) for p ∈ (1,∞).

Similarly, if x ∈ (∂Ω)2, y ∈ (∂Ω)1, kAγα is also a Hardy kernel on Lp(R+) for

p ∈ (1,∞). This completes the proof of Theorem 4.1.

Our next goal is to prove a somewhat converse statement of Theorem

4.1. More precisely, we will show that if a coefficient tensor A ∈ AL is not

distinguished, then there exists an infinite sector Ω such that the kernel of the

double layer potential operator K associated with A and Ω is not a Hardy

kernel on Lp for any p ∈ (1,∞).

We start by introducing some notation and proving an auxiliary lemma.

Let R∗ = R\{0}. Given an open ball B ⊂ R2 that does not contain the origin,

we define the double cone Γ associated with B by

Γ := {y ∈ R2 : y = λz, for some z ∈ B and λ ∈ R∗}. (4.23)

Note that B ⊂ Γ and that Γ is an open subset of R2.
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Lemma 4.2. Let L be a homogeneous, second-order, constant complex coeffi-

cient, weakly elliptic M ×M system in R2 and consider A ∈ AL. If A /∈ Adis
L ,

then there exist a constant C > 0, indices α, γ ∈ {1, . . . ,M} and an open

double cone Γ such that

|(y2a
βα
r1 − y1a

βα
r2 )(∂rEγβ)(y)| ≥ C for all y ∈ Γ. (4.24)

Proof. Note that if n = 2, then item (a) from Proposition 1.16 implies that

A ∈ Adis
L only if for each α, γ ∈ {1, . . . ,M} there holds

(x2a
βα
r1 − x1a

βα
r2 )(∂rEγβ)(x) = 0 for all x = (xj)1≤j≤2 ∈ R2 \ {0}. (4.25)

Consequently, if A ∈ AL is not a distinguished coefficient tensor for L in R2,

then there exist a constant C > 0, indices α, γ ∈ {1, . . . ,M} and a point

x′ ∈ R2 \ {0} such that

|(x′2a
βα
r1 − x′1a

βα
r2 )(∂rEγβ)(x′)| ≥ 2C. (4.26)

Since the function on the left-hand side of the above inequality is continuous

on R2 \ {0}, we get that there exists an open ball Bx′ centered at x′ and such

that

|(z2a
βα
r1 − z1a

βα
r2 )(∂rEγβ)(z)| ≥ C for all z ∈ Bx′ . (4.27)

Consider the double cone

Γ := {y ∈ R2 : y = λz, for some z ∈ Bx′ and λ ∈ R∗}. (4.28)

We claim that

|(y2a
βα
r1 − y1a

βα
r2 )(∂rEγβ)(y)| ≥ C for all y ∈ Γ. (4.29)

Indeed, suppose y ∈ Γ. Then there exist λ ∈ R∗ and z ∈ Bx′ such that y = λz.

Since (∂rEγβ) is homogeneous of degree −1, it follows that if λ > 0 we have

(∂rEγβ)(y) = (∂rEγβ)(λz) =
1

λ
(∂rEγβ)(z), (4.30)
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thus

(y2a
βα
r1 − y1a

βα
r2 )(∂rEγβ)(y) = (z2a

βα
r1 − z1a

βα
r2 )(∂rEγβ)(z), (4.31)

so by (4.27) we have

|(y2a
βα
r1 − y1a

βα
r2 )(∂rEγβ)(y)| ≥ C. (4.32)

If λ < 0, then the homogeneity of (∂rEγβ) together with the fact that Eγβ

is an even function, so (∂rEγβ) is odd, allow us to write y = λz = (−λ)(−z)

to conclude that

(∂rEγβ)(y) = (∂rEγβ)((−λ)(−z)) =
1

(−λ)
(∂rEγβ)(−z) =

1

λ
(∂rEγβ)(z),

(4.33)

which implies

(y2a
βα
r1 − y1a

βα
r2 )(∂rEγβ)(y) = (z2a

βα
r1 − z1a

βα
r2 )(∂rEγβ)(z). (4.34)

Hence the final conclusion follows once again from (4.27) and this finishes the

proof.

We are now ready to prove the aforementioned result of non-distinguished

coefficient tensors and the kernel of the double layer potential associated with

it.

Theorem 4.3. Let L be a homogeneous, second-order, constant complex coef-

ficient, weakly elliptic M×M system in R2 and consider A ∈ AL. If A /∈ Adis
L ,

then there exists θ ∈ (0, 2π) such that the kernel of the double layer potential

associated with A and Ω,

Ω := {y ∈ R2 : y2 > |x| cot(θ/2), x ∈ R}, (4.35)

is not a Hardy kernel on Lp(R+) for p ∈ (1,∞).

Proof. According to the equation (4.3), the kernel of the double layer associ-

ated with A and Ω has the form(
−νs(y)aβαrs (∂rEγβ)(x− y)

)
1≤γ,α≤M . (4.36)
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Let kAγα(x− y) := −νs(y)aβαrs (∂rEγβ)(x− y) for x, y ∈ ∂Ω. More explicitly, for

each α, γ ∈ {1, . . . ,M} we have

kAγα(x− y) = (−ν1(y)aβαr1 − ν2(y)aβαr2 )(∂rEγβ)(x− y). (4.37)

Let x, y ∈ (∂Ω)1, that is

x =

(
−s sin

θ

2
, s cos

θ

2

)
,

y =

(
−t sin

θ

2
, t cos

θ

2

)
,

ν(y) =

(
− cos

θ

2
,− sin

θ

2

)
,

(4.38)

for some s, t ∈ R+. Note that

x1 − y1 = (t− s) sin
θ

2
and x2 − y2 = (s− t) cos

θ

2
, (4.39)

and that |x− y| = |s− t|. Inserting equations (4.38) into (4.37) we get

kAγα(s, t) =

(
cos

θ

2
aβαr1 + sin

θ

2
aβαr2

)
(∂rEγβ)

(
(t− s) sin

θ

2
, (s− t) cos

θ

2

)
.

(4.40)

Assume that x 6= y, that is, s 6= t. Then multiplying and dividing the above

equality by (s− t) gives us

kAγα(s, t) =
1

(s− t)

[
(s− t) cos

θ

2
aβαr1 − (t− s) sin

θ

2
aβαr2

]
× (4.41)

× (∂rEγβ)

(
(t− s) sin

θ

2
, (s− t) cos

θ

2

)
.

Thus taking absolute values in the above equality gives us

|kAγα(x− y)| = 1

|x− y|
|
(

(x2 − y2)aβαr1 − (x1 − y1)aβαr2

)
(∂rEγβ)(x− y)|, (4.42)

for all x, y ∈ (∂Ω)1, x 6= y.

Now, if A /∈ Adis
L , then from Lemma 4.2 there exist a constant C > 0,

indices α′, γ′ ∈ {1, . . . ,M} and an open double cone Γ such that

|(z2a
βα′

r1 − z1a
βα′

r2 )(∂rEγ′β)(z)| ≥ C for all z ∈ Γ. (4.43)
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Since Γ is a double cone there exists θ ∈ (0, 2π) such that (∂Ω)1 ⊂ Γ. Thus

for x, y ∈ (∂Ω)1, x 6= y, we have (x− y) ∈ Γ and we conclude that

|kAγ′α′(x− y)| ≥ C

|x− y|
for all x, y ∈ (∂Ω)1, x 6= y. (4.44)

In particular, for s, t ∈ R+ with s 6= t we get

|kAγ′α′(s, t)| ≥
C

|s− t|
, (4.45)

thus for p ∈ (1,∞)∫ ∞
0

|kAγ′α′(1, t)| t−1/p dt ≥ C

∫ ∞
0

1

|1− t|
t−1/p dt, (4.46)

and this last integral diverges, so kAγ′α′ is not a Hardy kernel for every p ∈ (1,∞)

and this finishes the proof.

Theorems 4.1 and 4.3 give us the following corollary.

Corollary 4.4. Let L be a homogeneous, second-order, constant complex co-

efficient, weakly elliptic M ×M system in R2. A coefficient tensor A ∈ AL

is distinguished if and only if whenever Ω is an infinite sector on R2 we have

that the double layer potential associated with A and Ω is a Hardy kernel on

Lp(R+) for all p ∈ (1,∞).

4.2 The case of half-planes

Let A ∈ AL. Set DA
αγ : R2 \ {0} → C to be

DA
αγ(x) := (x2a

βα
r1 − x1a

βα
r2 )(∂rEγβ)(x). (4.47)

Then DA
αγ is even and homogeneous of degree 0, which means that DA

αγ is

constant over any straight line that crosses the origin. This observation allow

us to prove the following proposition.

Proposition 4.5. Let L be a homogeneous, second-order, constant complex

coefficient, weakly elliptic M ×M system in R2 and A ∈ AL. Whenever Ω is

a half plane, the kernel of the double layer potential associated with A and Ω

is a matrix multiple of the Hilbert transform.
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Proof. Without loss of generality, we may assume that Ω is a half plane with

0 ∈ ∂Ω and A ∈ AL. We parametrize ∂Ω using ω ∈ [0, π) and s, t ∈ R. That

is, for x, y ∈ ∂Ω we have

x = (s cosω, s sinω),

y = (t cosω, t sinω),

ν(y) = (sinω,− cosω).

(4.48)

Thus we may write the kernel of the double layer potential associated with A

and Ω in terms of s, t ∈ R, s 6= t to obtain

kAγα(s, t) = (− sinωaβαr1 + cosωaβαr2 )(∂rEγβ)((s− t) cosω, (s− t) sinω). (4.49)

Multiplying and dividing by s− t gives us

kAγα(s, t) =
Cγα(ω)

s− t
, (4.50)

where for each 1 ≤ γ, α ≤M ,

Cγα(ω) = (− sinωaβαr1 + cosωaβαr2 )(∂rEγβ)(cosω, sinω). (4.51)

Since this holds for all α, γ ∈ {1, . . . ,M} we conclude the result.

Let Ω be a half plane domain. Then if A ∈ AL is distinguished, we have

that the double layer operator (boundary-to-boundary) is the zero operator.

If A ∈ AL is not distinguished, then

kAγα(s, t) =
Cγα(ω)

s− t
. (4.52)

Theorem 4.6. Let L be a homogeneous, second-order, constant complex co-

efficient, weakly elliptic M ×M system in R2. A coefficient tensor A ∈ AL is

distinguished if and only if whenever Ω is a half plane on R2 the kernel of the

double layer potential operator K associated with A and Ω is identically zero

in Ω.



224

Proof. Applying the same argument of the characterization theorem of the

distinguished coefficient tensor in section 2, it can be shown that a coefficient

tensor A ∈ AL is distinguished if and only if whenever Ω is a half plane of an

angle ω ∈ [0, π) on R2 we have that the double layer potential associated with

A and Ω is a Hardy kernel on Lp(R+) for all p ∈ (1,∞). Combining this with

(4.52), we obtain that A is distinguished if and only if the kernel of the double

layer potential associated with A and half plane Ω of and angle ω ∈ [0, π) is

identically zero in Ω. This finishes the proof of the Theorem 4.6.

In this section, we assume that p ∈ (1,∞) and L be a homogeneous, second-

order, constant complex-coefficient, weakly elliptic M ×M system in R2, and

Ω ⊆ R2 is a half plane at an angle ω ∈ [0, π) from x-axis and a coefficient

tensor A = (aαβrs )1≤α,β≤M
1≤r,s≤2

∈ AL.

To get our hands at the spectrum of kA we may use the Mellin transform

technique.

Theorem 4.7. Fix p ∈ (1,∞). Let K be an element in the algebra of Mellin

convolution operators generated by Hardy kernels and the Hilbert transform for

(Lp(R+))2. Then K is a bounded operator on (Lp(R+))2 and its spectrum is

the closure of the range of the Mellin transform Mk(1/p + iξ), i.e., it is the

closure in the plane of the set of all points λ ∈ C such that

det(λI −Mk)(1/p+ iy) = 0 for some y ∈ R. (4.53)

Above, k is the kernel of the operator K, I is the identity matrix operator, and

Mk := (Mkαγ)α,γ=1,...,M .

We parametrize ∂Ω using ω ∈ [0, π) and s, t ∈ R as before. Our main

goal is to find an explicit description of the spectrum of the operator KA. To

apply Theorem 4.7 we distinguish four cases. Without loss of generality, let

us assume that Ω is a half plane containing 0 ∈ ∂Ω.
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Case 1: We consider x, y ∈ (∂Ω)2, that is

x = (s cosω, s sinω),

y = (t cosω, t sinω),
(4.54)

for some s, t ∈ R+. In that case we have

kAγα(s, t) =
Cγα(ω)

s− t
, (4.55)

hence the Mellin transform of the symbol kγα is

Mkγα(z) =M(kγα(·, 1))(z) = −π Cγα(ω)
cos(πz)

sin(πz)
. (4.56)

Case 2: We consider x ∈ (∂Ω)2 and y ∈ (∂Ω)1, that is

x = (s cosω, s sinω),

y = (−t cosω,−t sinω),
(4.57)

for some s, t ∈ R+. In that case we have

kAγα(s, t) =
Cγα(ω)

s+ t
, (4.58)

hence the Mellin transform of the symbol kAγα is

MkAγα(z) =M(kAγα(·, 1))(z) = π Cγα(ω)
1

sin(πz)
. (4.59)

Case 3: We consider x ∈ (∂Ω)1 and y ∈ (∂Ω)2, that is

x = (−s cosω,−s sinω),

y = (t cosω, t sinω),
(4.60)

for some s, t ∈ R+. In that case we have

kAγα(s, t) = −Cγα(ω)

s+ t
, (4.61)

hence the Mellin transform of the symbol kAγα is

MkAγα(z) =M(kAγα(·, 1))(z) = −π Cγα(ω)
1

sin(πz)
. (4.62)
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Case 4: We consider x, y ∈ (∂Ω)1, that is

x = (−s cosω,−s sinω),

y = (−t cosω,−t sinω),
(4.63)

for some s, t ∈ R+. In that case we have

kAγα(s, t) = −Cγα(ω)

s− t
, (4.64)

hence the Mellin transform of the symbol kAγα is

MkAγα(z) =M(kAγα(·, 1))(z) = π Cγα(ω)
cos(πz)

sin(πz)
. (4.65)

Based on (4.56)–(4.65), define the M ×M matrices

(B1(z))γα = −Cγα(ω) cos(πz) (4.66)

and

(B2)γα = Cγα(ω) (4.67)

Then we may write the Mellin transform of the kernel of the operator K as

the 2M × 2M matrix

Mk(z) =
π

sin(πz)

[
B1(z) B2

−B2 −B1(z)

]
. (4.68)

Note that for Re(z) 6= 0 we have sin(πz) 6= 0, hence the denominator in the

above expression is not vanishing.

From (4.68), we obtain that for z = 1
p

+ iy, y ∈ R,

wI − (Mk)(z) = wI − π

sin(πz)

[
B1(z) B2

−B2 −B1(z)

]
(4.69)

=
π

sin(πz)

[
sin(πz)
π

wIM×M −B1(z) −B2

B2
sin(πz)
π

wIM×M +B1(z)

]
,

(4.70)
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which implies that

det(wI − (Mk)(z)) (4.71)

=
π2M

sin2M(πz)
det

(
sin2(πz)

π2
w2IM×M −B2

1(z) +B2
2

)
=

π2M

sin2M(πz)
det

(
sin2(πz)

π2
w2IM×M − cos2(πz)B2

2(z) +B2
2

)
=

π2M

sin2M(πz)
det

(
sin2(πz)

π2
w2IM×M + sin2(πz)B2

2

)
=π2M det

(
w2

π2
IM×M +B2

2

)
= det(w2IM×M + (πB2)2).

Note that

σ(KA;Lp(R+)) = {±iπλ; λ ∈ C, λ is eigenvalue for (Cγα(ω))1≤γ,α≤M}.
(4.72)

Combining this with (4.53), we conclude that for p ∈ (1,∞),

σ(KA;Lp(R+)) = {0}

⇐⇒ (Cγα(ω))1≤γ,α≤M does not have nonzero eigenvalue

⇐⇒ (Cγα(ω))1≤γ,α≤M is nilpotent matrix. (4.73)

In the following theorems, we investigate the relation between the spectrum

and the coefficient tensor.

Theorem 4.8. If A = (aαβrs )1≤α,β≤M
1≤r,s≤2

∈ Adis
L , then whenever Ω ⊆ R2 is a half

plane the spectrum of the double layer KA associated with A and Ω on Lp(R+)

σ(KA;Lp(R+)) = {0}. (4.74)

Proof. According to the Theorem 4.6, if A is a distinguished coefficient tensor

we have that for all 1 ≤ γ, α ≤ M , Cγα(ω) = 0, ∀ω ∈ [0, π) which implies

that the Mellin symbol in (4.68) is identically zero whenever Ω ⊆ R2 is a half

plane.

Applying the Theorem 4.7, we obtain that whenever Ω ⊆ R2 is a half plane

σ(KA;Lp(R+)) = {0} which proves the theorem 4.8.
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Next, we state and prove the sufficient condition on the integral kernel for

which the trivial spectrum implies the coefficient tensor is distinguished.

Theorem 4.9. Let Ω ⊆ R2 be a half plane of an angle ω ∈ [0, π). If for any

ω ∈ [0, π), (Cγα(ω))1≤γ,α≤M defined in (4.51) is diagonalizable over C, then

σ(KA;Lp(R+)) = {0}, ∀ω ∈ [0, π) =⇒ A ∈ Adis
L . (4.75)

Proof. According to (4.73), we obtain that (Cγα(ω))1≤γ,α≤M is nilpotent matrix

for any ω ∈ [0, π). Since every nilpotent diagonalizable matrix is zero matrix,

we have for all 1 ≤ γ, α ≤ M , Cγα(ω) = 0 ∀ω ∈ [0, π) which implies that

A ∈ Adis
L according to the Theorem 4.6.

Theorem 4.8 and 4.9 give us the following equivalence condition for the

trivial spectrum under a certain type of the integral kernel.

Theorem 4.10. Let p ∈ (1,∞) and L be a homogeneous, second-order, con-

stant complex-coefficient, weakly elliptic M × M system in R2, let us con-

sider Ω ⊆ R2 a half plane of an angle ω ∈ [0, π) and a coefficient tensor

A = (aαβrs )1≤α,β≤M
1≤r,s≤2

∈ AL. If for any ω ∈ [0, π), (Cγα(ω))1≤γ,α≤M defined in

(4.51) is diagonalizable over C, then

σ(KA;Lp(R+)) = {0}, ∀ω ∈ [0, π) ⇐⇒ A ∈ Adis
L . (4.76)

In the next example, we apply the Theorem 4.10 to the Lamé operator in

R2
+.

Example 4.11. Let us assume that the system (1.26) becomes the Lamé

system, that is

aαβrs = µδrsδαβ + (µ+ λ− `)δrαδsβ + `δrβδsα, (4.77)

for ` ∈ C in half plane Ω ⊆ R2 at angle ω ∈ [0, π). Comparing the coefficients

on the (4.77), we have

[
(aαβ11 )1≤α,β≤2 (aαβ12 )1≤α,β≤2

(aαβ21 )1≤α,β≤2 (aαβ22 )1≤α,β≤2

]
=


2µ+ λ 0 0 µ+ λ− `

0 µ ` 0

0 ` µ 0

µ+ λ− ` 0 0 2µ+ λ

 .
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This implies that aαβrs is symmetric and aαβrs = arsαβ for any 1 ≤ r, s, α, β ≤ 2.

Moreover, we obtain that

µ = a22
11 (4.78)

λ = a11
11 − 2a22

11 (4.79)

` = a11
11 − a22

11 − a12
12. (4.80)

Since the Lamé system is weakly elliptic if and only if µ 6= 0, 2µ + λ 6= 0, we

assume that µ, 2µ + λ are nonzero. Let us further assume that 3µ + λ 6= 0

for the existence of the distinguished coefficient tensor. Indeed, applying the

result found in [30], we have Adis
L 6= ∅. According to the equation (4.51), we

have

[Cγα(ω)]1≤γ,α≤2 (4.81)

=

[
αβr (∂rE1β)(cosω, sinω) ββr (∂rE1β)(cosω, sinω)

αβr (∂rE2β)(cosω, sinω) ββr (∂rE2β)(cosω, sinω)

]
,

where

αβr = − sinωaβ1
r1 + cosωaβ1

r2 ,

ββr = − sinωaβ2
r1 + cosωaβ2

r2 . (4.82)

Since Eγβ is the fundamental solution associated with the Lamé operator, we

have for each 1 ≤ r, γ, β ≤ 2, n ≥ 2, X ∈ Rn \ {0},

(∂rEγβ)(X) =
1

2µ(2µ+ λ)ωn−1

[
(3µ+ λ)

δγβXr

|X|n
+ n(µ+ λ)

XγXβXr

|X|n+2

−(µ+ λ)
Xβδγr +Xγδβr

|X|n
]
. (4.83)

Thus, we have

[Cγα(ω)]1≤γ,α≤2 = −γ(`)

2π

[
0 −1

1 0

]
, (4.84)

where γ(`) := µ(µ+λ)−`(3µ+λ)
2µ(2µ+λ)

. Note that the kernel of the double layer potential

associated with the Lamé operator and the coefficient tensor in (4.77) is

k`(s, t) = −γ(`)

2π
· 1

s− t

[
0 −1

1 0

]
. (4.85)
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This implies that for any ω ∈ [0, π), [Cγα(ω)]1≤γ,α≤2 is antisymmetric which

yields [Cγα(ω)]1≤γ,α≤2 is diagonalizable over C. Applying the result in Theorem

4.10, we get

σ(KA;Lp(R+)) = {0}, ∀ω ∈ [0, π) ⇐⇒ A ∈ Adis
L . (4.86)

Moreover, from the previous argument

A ∈ Adis
L ⇐⇒ Cγα(ω) = 0, ∀1 ≤ γ, α ≤ 2 (4.87)

⇐⇒ ` =
µ(µ+ λ)

3µ+ λ
. (4.88)

In conclusion,

σ(KA;Lp(R+)) = {0}, ∀ω ∈ [0, π) ⇐⇒ ` =
µ(µ+ λ)

3µ+ λ
, (4.89)

where ` = µ(µ+λ)
3µ+λ

gives rise to the so called pseudostress conormal derivative.

Next, we reduce the conditions for (Cγα(ω))1≤γ,α≤M to the sufficient con-

ditions of the coefficient tensor.

Lemma 4.12. If A = (aαβrs )1≤α,β≤M
1≤r,s≤2

is either symmetric or antisymmetric,

then for any ω ∈ [0, π), (Cγα(ω))1≤γ,α≤M in (4.51) is antisymmetric or sym-

metric, respectively.

Proof. Since Ω is a half plane, for any x, y ∈ ∂Ω, we have ν(x) = ν(y). If

A = (aαβrs )1≤α,β≤M
1≤r,s≤2

is symmetric, that is AT = A which further implies that

LT = L. Since the integral kernel of the transpose double layer potential

operator has the form(
kA

T

γα (x, y)
)

1≤α,γ≤M
=
(
νs(x)aβαrs (∂rEγβ)(x− y)

)
1≤α,γ≤M , (4.90)

by the previous argument in (4.50) and (4.48), for s, t ∈ R, s 6= t,(
kA

T

γα (s, t)
)

1≤α,γ≤M
(4.91)

=
(

(sinωaβαr1 − cosωaβαr2 )(∂rEγβ)((s− t) cosω, (s− t) sinω)
)

1≤α,γ≤M

=

(
−Cγα(ω)

s− t

)
1≤α,γ≤M

.
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Since AT = A, LT = L, we get for any s, t ∈ R, s 6= t, 1 ≤ α, γ ≤M ,

Cγα(ω) = −Cαγ(ω), (4.92)

which implies that (Cγα(ω))1≤γ,α≤M is antisymmetric.

Indeed, if A = (aαβrs )1≤α,β≤M
1≤r,s≤2

is antisymmetric, one can conclude AT = −A,

LT = −L, and applying the previous argument provides (Cγα(ω))1≤γ,α≤M is

symmetric. This completes the proof of this lemma.

Corollary 4.13. Let p ∈ (1,∞) and L be a homogeneous, second-order, con-

stant complex-coefficient, weakly elliptic M × M system in R2, let us con-

sider Ω ⊆ R2 a half plane of an angle ω ∈ [0, π) and a coefficient tensor

A = (aαβrs )1≤α,β≤M
1≤r,s≤2

∈ AL. If A = (aαβrs )1≤α,β≤M
1≤r,s≤2

is either symmetric or antisym-

metric, then

σ(KA;Lp(R+)) = {0}, ∀ω ∈ [0, π) ⇐⇒ A ∈ Adis
L . (4.93)

Proof. According to the Lemma 4.12, if A = (aαβrs )1≤α,β≤M
1≤r,s≤2

is either symmetric

or antisymmetric, then for any ω ∈ [0, π), (Cγα(ω))1≤γ,α≤M in (4.51) is anti-

symmetric or symmetric, respectively. This implies that (Cγα(ω))1≤γ,α≤M is

diagonalizable over C. Combining this with Theorem 4.10, equivalence (4.93)

holds. This proves the Corollary 4.13.

The following example in [41] shows that (4.93) does not hold if the system

is not symmetric nor antisymmetric.

Example 4.14. We consider the following system:((
1 0

0 λ
k2

)
∂2

∂x2
+

(
0 λ−k2

k

λ−1
k

0

)
∂2

∂x∂y
+

(
λ 0

0 1

)
∂2

∂y2

)(
u

v

)
=

(
0

0

)
, (4.94)

where λ 6= 0, 1, k2 and 0 < k ≤ 1. The system (4.94) is nonsymmetric where
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the coefficient tensor A = (aαβrs )1≤α,β≤2
1≤r,s≤2

is

(aαβ11 )1≤α,β≤2 =

(
1 0

0 λ
k2

)
, (aαβ12 )1≤α,β≤2 =

(
0 λ−k2

2k
− r1

λ−1
2k

+ r2 0

)

(aαβ21 )1≤α,β≤2 =

(
0 λ−k2

2k
+ r1

λ−1
2k
− r2 0

)
, (aαβ22 )1≤α,β≤2 =

(
λ 0

0 1

)
, (4.95)

where r1, r2 ∈ R. In addition, for ξ = (ξr)1≤r≤2 ∈ R2 \ {0},

(aαβrs ξrξs)1≤α,β≤2 =

 ξ2
1 + ξ2

2λ ξ1ξ2

(
λ−k2
k

)
ξ1ξ2

(
λ−1
k

)
ξ2

1
λ
k2

+ ξ2
2

 , (4.96)

which yields

det[(aαβrs ξrξs)1≤α,β≤2] = λ

(
1

k2
ξ4

1 +
k2 + 1

k2
ξ2

1ξ
2
2 + ξ4

2

)
. (4.97)

Since ξ ∈ R2 \ {0}, λ, k 6= 0, we have det[(aαβrs ξrξs)1≤α,β≤2] 6= 0 which implies

that the system (4.94) is weakly elliptic for any λ 6= 0, 1, k2 and 0 < k ≤ 1.

We further assume that λ 6= −k.

Let us assume that k 6= 1 and Ω is a half plane with an angle ω in [0, π).

According to (4.51), for each 1 ≤ γ, α ≤ 2,

Cγα(ω) = (− sinωaβαr1 + cosωaβαr2 )(∂rEγβ)(cosω, sinω). (4.98)

Substituting aβαrs in (4.95) yields

C11(ω) = − sinω

(
∂1E11 +

(
λ− 1

2k
− r2

)
∂2E12

)
(4.99)

+ cosω

((
λ− 1

2k
+ r2

)
∂1E12 + λ∂2E11

)
C12(ω) = − sinω

((
λ− k2

2k
+ r1

)
∂2E11 +

λ

k2
∂1E12

)
+ cosω

((
λ− k2

2k
− r1

)
∂1E11 + ∂2E12

)
,
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and

C21(ω) = − sinω

(
∂1E21 +

(
λ− 1

2k
− r2

)
∂2E22

)
(4.100)

+ cosω

((
λ− 1

2k
+ r2

)
∂1E22 + λ∂2E21

)
C22(ω) = − sinω

(
λ

k2
∂1E22 +

(
λ− k2

2k
+ r1

)
∂2E21

)
+ cosω

((
λ− k2

2k
− r1

)
∂1E21 + ∂2E22

)
,

where for each 1 ≤ r, γ, β ≤ 2, ∂rEγβ is (∂rEγβ)(cosω, sinω).

Moreover, for X = (x, y), we obtain

∂1E11(x, y) =
1

2πλ(a+ b)

[
a
x

|X|2
+ bk3 x

k2x2 + y2

]
, (4.101)

∂2E11(x, y) =
1

2πλ(a+ b)

[
a

y

|X|2
+ bk

y

k2x2 + y2

]
,

∂1E12(x, y) =
ak(k − 1)

2πλ(a+ b)

y(y2 − kx2)

|X|2(k2x2 + y2)
,

∂2E12(x, y) = − ak(k − 1)

2πλ(a+ b)

x(y2 − kx2)

|X|2(k2x2 + y2)
,

∂1E21(x, y) = − bk(k − 1)

2πλ(a+ b)

y(y2 − kx2)

|X|2(k2x2 + y2)
,

∂2E21(x, y) =
bk(k − 1)

2πλ(a+ b)

x(y2 − kx2)

|X|2(k2x2 + y2)
,

∂1E22(x, y) =
1

2πλ(a+ b)

[
bk2 x

|X|2
+ ak3 x

k2x2 + y2

]
,

∂2E22(x, y) =
1

2πλ(a+ b)

[
bk2 y

|X|2
+ ak

y

k2x2 + y2

]
,
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where a = λ− k2, b = 1− λ. Substituting X = (cosω, sinω), we have

∂1E11(cosω, sinω) =
1

2πλ(a+ b)

[
a cosω + bk3 cosω

k2 cos2 ω + sin2 ω

]
, (4.102)

∂2E11(cosω, sinω) =
1

2πλ(a+ b)

[
a sinω + bk

sinω

k2 cos2 ω + sin2 ω

]
,

∂1E12(cosω, sinω) =
ak(k − 1)

2πλ(a+ b)

sinω(sin2 ω − k cos2 ω)

(k2 cos2 ω + sin2 ω)
,

∂2E12(cosω, sinω) = − ak(k − 1)

2πλ(a+ b)

cosω(sin2 ω − k cos2 ω)

(k2 cos2 ω + sin2 ω)

∂1E21(cosω, sinω) = − bk(k − 1)

2πλ(a+ b)

sinω(sin2 ω − k cos2 ω)

(k2 cos2 ω + sin2 ω)
,

∂2E21(cosω, sinω) =
bk(k − 1)

2πλ(a+ b)

cosω(sin2 ω − k cos2 ω)

(k2 cos2 ω + sin2 ω)
,

∂1E22(cosω, sinω) =
1

2πλ(a+ b)

[
bk2 cosω + ak3 cosω

k2 cos2 ω + sin2 ω

]
,

∂2E22(cosω, sinω) =
1

2πλ(a+ b)

[
bk2 sinω + ak

sinω

k2 cos2 ω + sin2 ω

]
.

Combining this with (4.99) and (4.100), we further obtain that

C11(ω) (4.103)

=− sinω
( 1

2πλ(a+ b)

[
a cosω + bk3 cosω

k2 cos2 ω + sin2 ω

]
−
(
λ− 1

2k
− r2

)
ak(k − 1)

2πλ(a+ b)

cosω(sin2 ω − k cos2 ω)

(k2 cos2 ω + sin2 ω)

)
+ cosω

((λ− 1

2k
+ r2

)
ak(k − 1)

2πλ(a+ b)

sinω(sin2 ω − k cos2 ω)

(k2 cos2 ω + sin2 ω)

+ λ
1

2πλ(a+ b)

[
a sinω + bk

sinω

k2 cos2 ω + sin2 ω

])
=

ab

2πλ(a+ b)
sinω cosω

(
k

k2 cos2 ω + sin2 ω
− 1

)
− ab(k − 1)

2πλ(a+ b)
sinω cosω

sin2 ω − k cos2 ω

k2 cos2 ω + sin2 ω

=0.



235

Similarly,

C22(ω) (4.104)

=− sinω

(
1

2πk2(a+ b)

[
bk2 cosω + ak3 cosω

k2 cos2 ω + sin2 ω

]
+

(
λ− k2

2k
+ r1

)
bk(k − 1)

2πλ(a+ b)

cosω(sin2 ω − k cos2 ω)

(k2 cos2 ω + sin2 ω)

)
+ cosω

(
−
(
λ− k2

2k
− r1

)
bk(k − 1)

2πλ(a+ b)

sinω(sin2 ω − k cos2 ω)

(k2 cos2 ω + sin2 ω)

+
1

2πλ(a+ b)

[
bk2 sinω + ak

sinω

k2 cos2 ω + sin2 ω

])
(4.105)

=
ab

2πλ(a+ b)
sinω cosω

(
k

k2 cos2 ω + sin2 ω
− 1

)
− ab(k − 1)

2πλ(a+ b)
sinω cosω

sin2 ω − k cos2 ω

k2 cos2 ω + sin2 ω

=0.

Moreover,

C12(ω) (4.106)

=− sinω

((
λ− k2

2k
+ r1

)
1

2πλ(a+ b)

[
a sinω + bk

sinω

k2 cos2 ω + sin2 ω

]
+
λ

k2

ak(k − 1)

2πλ(a+ b)

sinω(sin2 ω − k cos2 ω)

(k2 cos2 ω + sin2 ω)

)
+ cosω

((
λ− k2

2k
− r1

)
1

2πλ(a+ b)

[
a cosω + bk3 cosω

k2 cos2 ω + sin2 ω

]
− ak(k − 1)

2πλ(a+ b)

cosω(sin2 ω − k cos2 ω)

(k2 cos2 ω + sin2 ω)

)
=

1

2πλ(a+ b)(k2 cos2 ω + sin2 ω)

[
(λ− k2)k2

(
λ+ k2 − 2k

2k
− r1

)
cos4 ω

+ (λ− k2)((k − 1)2(λ+ k2)− (k2 + 1)r1) sin2 ω cos2 ω

+ (1− λ)k3

(
λ− k2

2k
− r1

)
cos2 ω − (1− λ)k

(
λ− k2

2k
+ r1

)
sin2 ω

+ (λ− k2)

(
λ+ k2 − 2kλ

2k
− r1

)
sin4 ω

]
:=

1

2πλ(a+ b)(k2 cos2 ω + sin2 ω)

[
(k − 1)(λ+ k)(k2 cos2 ω + sin2 ω)r1 + I

]
,
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where

I =
a2k

2
cos4 ω − a2k

2
cos2 ω sin2 ω +

a2

2k
cos2 ω sin2 ω − a2

2k
sin4 ω (4.107)

+
abk2

2
cos2 ω − ab

2
sin2 ω − a(k − 1)λ

k
sin4 ω + ak2(k − 1) cos4 ω

+ a(k − 1)λ sin2 ω cos2 ω − ak(k − 1) sin2 ω cos2 ω

:=I1 + I2 + I3,

with

I1 =
a2k

2
cos4 ω − a2k

2
cos2 ω sin2 ω +

a2

2k
cos2 ω sin2 ω − a2

2k
sin4 ω (4.108)

I2 =
abk2

2
cos2 ω − ab

2
sin2 ω (4.109)

I3 =− a(k − 1)λ

k
sin4 ω + ak2(k − 1) cos4 ω

+ a(k − 1)λ sin2 ω cos2 ω − ak(k − 1) sin2 ω cos2 ω. (4.110)

First, we have

I1 =
a2k

2
cos4 ω − a2k

2
cos2 ω sin2 ω +

a2

2k
cos2 ω sin2 ω − a2

2k
sin4 ω

=
a2

2k
(cos2 ω − sin2 ω)(k2 cos2 ω + sin2 ω). (4.111)

Next,

I2 =
abk2

2
cos2 ω − ab

2
sin2 ω (4.112)

=
abk2

2
cos2 ω +

ab

2
sin2 ω − ab sin2 ω

=
ab

2
(k2 cos2 ω + sin2 ω)− ab sin2 ω.

In addition,

I3 =− a(k − 1)λ

k
sin4 ω (4.113)

+ ak2(k − 1) cos4 ω + a(k − 1)λ sin2 ω cos2 ω − ak(k − 1) sin2 ω cos2 ω

=a(k − 1)(k2 cos2 ω + sin2 ω)

(
cos2 ω − 1

k
sin2 ω

)
+ ab(k − 1)

(
1

k
sin4 ω − sin2 ω cos2 ω

)
.
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In conclusion, we obtain that

I =
a2

2k
(cos2 ω − sin2 ω)(k2 cos2 ω + sin2 ω) +

ab

2
(k2 cos2 ω + sin2 ω)

+ a(k − 1)(k2 cos2 ω + sin2 ω)

(
cos2 ω − 1

k
sin2 ω

)
+ ab(k − 1)

(
1

k
sin4 ω − sin2 ω cos2 ω

)
− ab sin2 ω. (4.114)

In particular,

ab(k − 1)

(
1

k
sin4 ω − sin2 ω cos2 ω

)
− ab sin2 ω

=− ab sin2 ω

k
(k2 cos2 ω + sin2 ω). (4.115)

Combine this with (4.114), we get

I =a(k2 cos2 ω + sin2 ω)
[ a

2k
(cos2 ω − sin2 ω) +

b

2
(4.116)

+ (k − 1)

(
cos2 ω − 1

k
sin2 ω

)
− b sin2 ω

k

]
.

Substituting a = λ− k2, b = 1− λ into (4.116), one has

I =
(λ− k2)(λ− k)(1− k)

2k
(k2 cos2 ω + sin2 ω). (4.117)

This forces

C12(ω) =− (λ+ k)

2πλ(1 + k)

[
r1 −

(λ− k2)(λ− k)

2k(λ+ k)

]
. (4.118)
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Similarly,

C21(ω) (4.119)

=− sinω

(
− bk(k − 1)

2πλ(a+ b)

sinω(sin2 ω − k cos2 ω)

(k2 cos2 ω + sin2 ω)

+

(
λ− 1

2k
− r2

)
1

2πλ(a+ b)

[
bk2 sinω + ak

sinω

k2 cos2 ω + sin2 ω

])

+ cosω

((
λ− 1

2k
+ r2

)
1

2πλ(a+ b)

[
bk2 cosω + ak3 cosω

k2 cos2 ω + sin2 ω

]

+ λ
bk(k − 1)

2πλ(a+ b)

cosω(sin2 ω − k cos2 ω)

(k2 cos2 ω + sin2 ω)

)

=
1

2πλ(a+ b)(k2 cos2 ω + sin2 ω)

[
bk2(k2 cos2 ω + sin2 ω)

(
cos2 ω

(
λ− 1

2k
+ r2

)

− sin2 ω

(
λ− 1

2k
− r2

))
− abk2

2
cos2 ω + r2ak

3 cos2 ω +
ab

2
sin2 ω

+ r2ak sin2 ω + bλk(k − 1) sin2 ω cos2 ω + bk(k − 1) sin4 ω

− bλk2(k − 1) cos4 ω − bk2(k − 1) sin2 ω cos2 ω

]

=
1

2πλ(a+ b)(k2 cos2 ω + sin2 ω)

[
k(λ+ k)(1− k)(k2 cos2 ω + sin2 ω)r2

− b

2
(λ− k)(k − 1)(k2 cos2 ω + sin2 ω)

]

=
k(λ+ k)

2πλ(1 + k)

[
r2 −

(λ− 1)(λ− k)

2k(λ+ k)

]
.

In conclusion,

[Cγα(ω)]1≤γ,α≤2 =
(λ+ k)

2πλ(1 + k)

 0 −
(
r1 − (λ−k2)(λ−k)

2k(λ+k)

)
k
(
r2 − (λ−1)(λ−k)

2k(λ+k)

)
0

 .
(4.120)

Since λ 6= 0, 1, k2,−k and 0 < k < 1, (λ+k)
2πλ(1+k)

is nonzero. According to the

Theorem 4.6, the coefficient tensor in (4.95) associated with the system (4.94)
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is distinguished if and only if

r1 =
(λ− k2)(λ− k)

2k(λ+ k)
, r2 =

(λ− 1)(λ− k)

2k(λ+ k)
. (4.121)

In particular, if we choose the parameters r1, r2 as

r1 =
(λ− k2)(λ− k)

2k(λ+ k)
, r2 = 1 +

(λ− 1)(λ− k)

2k(λ+ k)
, (4.122)

then [Cγα(ω)]1≤γ,α≤2 in (4.120) turns out to be

(λ+ k)

2πλ(1 + k)

[
0 0

k 0

]
(4.123)

which is nilpotent nonzero matrix for any ω ∈ [0, π). According to the Theorem

4.6 and (4.73),

σ(KA;Lp(R+)) = {0}, but A is not distinguished coefficient tensor. (4.124)

This provides a counterexample to the Corollary 4.13 in the absence of sym-

metry and antisymmetry.
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