
MULTIPLICITY ADJUSTMENTS IN ADAPTIVE DESIGN

A Dissertation
Submitted to

the Temple University Graduate Board

in Partial Fulfillment
of the Requirements for the Degree of

DOCTOR OF PHILOSOPHY

by
Jingjing Chen
May, 2012

Examining Committee Members:

Sanat K. Sakar, Advisory Chair, Statistics
Damaraju Raghavarao, Statistics
Milton Parnes, Statistics
Jichun Xie, Statistics
Devan Mehrotra, External Member, Merck & Co., Inc.



iii

c⃝

by

Jingjing Chen

May, 2012

All Rights Reserved



iv

ABSTRACT

MULTIPLICITY ADJUSTMENTS IN ADAPTIVE DESIGN

Jingjing Chen

DOCTOR OF PHILOSOPHY

Temple University, May, 2012

Professor Sanat K. Sarkar, Chair

There are a number of available statistical methods for adaptive designs,

among which the combination method of Bauer and Köhne’s (1994) is well known

and widely used. In this work, we revisit the the Bauer-Köhne method in three

ways: overall FWER control for single-hypothesis in a two-stage adaptive design,

overall FWER control for two-hypothesis in a two-stage adaptive design, and overall

FDR control for multiple-hypothesis in a two-stage adaptive design.

We first take the Bauer-Köhne method in a more direct manner to have

more flexibility in the choice of the early rejection and acceptance boundaries as

well as the second stage critical value based on the chosen combination function.

Our goal is not to develop a new method, but focus primarily on developing a

comprehensive understanding of two-stage designs. Rather than tieing up the early

rejection and acceptance boundaries by considering the second stage critical value

to be the same as that of the level α combination test, as done in the original

Bauer-Köhne method, we allow the second-stage critical value to be determined
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from prefixed early rejection and acceptance boundaries. An explicit formula is

derived for the overall Type I error probability to determine the second stage critical

value from these stopping boundaries not only for Fisher’s combination function but

also for other types of combination function. Tables of critical values corresponding

to several different choices of early rejection and acceptance boundaries and these

combination functions are presented. A dataset from a clinical study is used to

apply the different methods based on directly computed second stage critical values

from pre-fixed stopping boundaries and discuss the outcomes in relation to those

produced by the original Bauer-Köhne method.

We then extend the Bauer-Köhne method to two-hypothesis setting and

propose a stepwise-combination method for a two-stage adaptive design. In par-

ticular, we modify Holm’s stepdown procedure (1979) and suggest a stepdown-

combination method to control the overall FWER at a desired level α.

In many scientific studies requiring simultaneous testing of multiple null

hypotheses, it is often necessary to carry out the multiple testing in two stages to

decide which of the hypotheses can be rejected or accepted at the first stage and

which should be followed up for further testing having combined their p-values from

both stages. Unfortunately, no multiple testing procedure is available yet to perfor-

m this task meeting pre-specified boundaries on the first-stage p-values in terms of

the false discovery rate (FDR) and maintaining a control over the overall FDR at

a desired level. Our third goal in this work is to present two procedures, extending

the classical Benjamini-Hochberg (BH) procedure and its adaptive version incor-
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porating an estimate of the number of true null hypotheses from single-stage to a

two-stage setting. These procedures are theoretically proved to control the overall

FDR when the pairs of first- and second-stage p-values are independent and those

corresponding to the null hypotheses are identically distributed as a pair (p1, p2)

satisfying the p-clud property of Brannath, Posch and Bauer (2002, Journal of the

American Statistical Association, 97, 236 -244). We consider two types of combi-

nation function, Fisher’s and Simes’, and present explicit formulas involving these

functions towards carrying out the proposed procedures based on pre-determined

critical values or through estimated FDR’s. Simulations were carried to compare the

proposed methods with class BH procedure using first stage data only and full data

from both stages respectively. Our simulation studies indicate that the proposed

procedures can have significant power improvement over the single-stage BH proce-

dure based on the first stage data, at least under independence, and can continue

to control the FDR under some dependence situations. Application of the proposed

procedures to a real gene expression data set produces more discoveries compared

to the single-stage BH procedure using the first stage data and full data as well.
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CHAPTER 1

INTRODUCTION

Drug development in today’s world has become increasingly costly and

challenging. One white paper released by the US Food and Drug Administration

(FDA) states that if the drug development processes do not become more efficient

and effective, innovation may continue to stagnate and the biomedical revolution

may fail to achieve its full potential (FDA, 2004). There are many ways that statis-

tics and biometrics in general can contribute to improve the drug development cycle

(Posch et al., 2005; Bretz et al., 2006, 2009). Considered as a potential mechanism

for improving the development efficiency, adaptive design appears to evidence as one

innovative statistical approach worthy of investigation. Adaptive designs are also

seen favorably by regulatory agencies, if performed with care (CHMP, 2007; FDA,

2010).

Classical drug development consists of a sequence of independent trials.

Adaptive design aims at interweaving these trials by combining them into one single
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study conducted in two or more stages (Posch et al., 2005; Bretz et al., 2006, 2009).

Thus, adaptive design is considered to have the potential to improve the performance

of the trial (Bauer and Einfalt, 2006). Compared to other designs, the horizon of

the adaptive design is clear because any design change is possible. The advantage of

such a design is to facilitate the process of drug development by allocating resources

more efficiently without lowering regulatory standards. Such an approach would

provide flexibility in efficiently conducting clinical trials by reducing the decision-

making time during drug development and saving cost through the combination of

evidence across studies.

During the past decades, adaptive designs have received much attention

in the literature, and there are numerous statistical methods developed that theo-

retically handle adaptive design, e.g. Fisher’s combination test (Bauer and Köhne,

1994), the conditional error approach (Proschan and Hunsberger, 1995), bias-adjusted

Proschan and Hunsberger method (Denn, 2000), the weighted statistic approach

(Lehmacher and Wassmer, 1999; Cui et al., 1999), the ”self-designing” and ”vari-

ance spending” method (Fisher, 1998; Shen and Fisher, 1999), multistage adaptive

design (Müller and Schäffer, 2001; Brannath et al., 2002), the likelihood ratio test

approach (Li et al., 2002), the more recent work by Bartroff and Lai (2008), etc.

Liu and Chi (2001) also gave a family of conditional error function in a different

context. It has been addressed that these approaches are interrelated (Posch and

Bauer, 1999; Wassmer, 2000; Bauer et al., 2001; Jennison and Turnbull, 2003, 2005).

From the statistical point of view, essentially these methods can be categorized in-
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to two major concepts: the combination test principle (Bauer and Köhne, 1994)

and the conditional error principle (Proschan and Hunsberger, 1995). In fact, the

conditional error function approach can be looked at in terms of combination tests

and vice versa (Jennison and Turnbull, 2005). According to Bauer and Einfalt’s

review (2006) regarding the application of adaptive design, the most widely used

methodology is the combination approach of Bauer and Köhne based on Fisher’s

combination test for independent p-values (Bauer and Köhne,1994), followed by the

weighted inverse approach by Lehmacher and Wassmer (1999), and the conditional

error function approach by Proschan and Hunsberger (1995).

Since the work of Bauer and Köhne (1994), the general combination prin-

ciple has gained a lot of attention with regards of determining the early stopping

boundaries in adaptive designs without compromising the overall FWER (i.e., Bauer

and Röhmel,1995; Bauer and Kieser, 1999; Kieser et al., 1999; Hommel, 2001; Posch

and Bauer, 2000; Brannath et al., 2002). In this work, we revisit the Bauer-Köhne

method for a two-stage adaptive design with independent p-values. It is important

to point out the following feature of this method. The early rejection and acceptance

boundaries, αL and αU respectively, with the overall Type I error rate controlled at

α, are tied up through the equation α = αL+ cα(lnαU − lnαL), with cα, the second

stage critical value, chosen to be the same as that for the level α Fisher’s combina-

tion test, that is, cα = exp{−1
2χ

2
4;1−α},where χ2

ν;1−α denotes the (1− α)-quantile of

the χ2distribution with ν degrees of freedom, and the restriction cα ≤ αL. Thus,

αL and αU are not being allowed to be pre-determined independently of each other
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before proceeding to the second stage. For example, suppose that we like to control

the overall Type I error at α = 0.05 and desire to set the early rejection boundary

at 0.010. The second stage critical value cα will be 0.0087 and we are constrained

to choose the early acceptance boundary as 0.9926. It means practically no fu-

tility is allowed under this design. On the contrary, if we like to have the early

acceptance boundary to be 0.2 at Stage 1, then the corresponding early rejection

boundary has to be 0.035, which is more than half of the overall Type I error rate

α and considerably greater than the original early rejection boundary (0.010) that

we desired.

The above idea in Bauer and Köhne of determining the early rejection and

acceptance boundaries by pre-fixing the second stage critical value, a roundabout

way of determining these boundaries, seems to defeat the main purpose of using

adaptive design, which is to have the flexibility in the choice of the early stopping

boundaries for both rejection and acceptance of the null hypothesis. Often these

boundaries are pre-chosen, to meet some efficiency requirements, before the second

stage critical value is determined; or one might want to have a general idea of

how these boundaries can influence the second stage critical value before making a

judicious choice of these boundaries as well as the second stage critical value. Thus,

while considering Bauer and Köhne’s general combination test principle in a two-

stage adaptive design, it is often the case that the early rejection and acceptance

boundaries are pre-fixed, and the second stage critical value is to be determined

based on these boundaries subject to a control of the overall type I error probability.
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This is the kind of situation we are considering in the first part of this work.

Similar to all other clinical trials, with the multi-stage data, multiplicity of

inferences is definitely a concern for adaptive designs, specially when there is more

than one hypothesis to be tested within each stage. For example, in a two-stage

seamless phase II/III trial, several treatments are evaluated at the Stage 1, and

one (or more) treatment (s) can be selected after the first stage at the interim, and

then investigated further in the second stage. If multiplicity is not properly handled,

unsubstantiated claims for the effectiveness of a drug may be made as a consequence

of an inflated rate of false positive conclusions. Usually, the more objectives a clinical

trial is set to achieve, the more complex the statistical methods are to safeguard the

Type I error at a desired rate. In fact, there have been critical comments on the use

of adaptive designs, such as protection of Type I error, preserving conditional Type

I error, flexibility and credibility, etc. For instance, it is unclear whether validity

of multiplicity adjustment still holds, how to interpret significance with respect

to multiple responses, when is adjustment of multiplicity necessary, how should

composite endpoints be handled statistically with respect to regulatory claims, how

to best analyze important secondary endpoints after the primary endpoint is found

to be positive, how to incorporate design efficiency consideration into entire drug

development program, etc. (Koch, 2006). Thus, the second purpose of this research

to extend Bauer and Köhne’s general combination test principle to the statistical

testing with two hypotheses and propose a stepwise-combination method for a two-

stage adaptive design. In particular, we modify Holm’s stepdown procedure (1979),
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and suggest a stepdown-combination method to control the overall Type I error at

a desired level α.

Furthermore, in the field of genomics, gene association or expression stud-

ies usually involve a large number of endpoints (i.e., genetic markers) and are often

quite expensive. Multi-stage adaptive design with its feature of being cost effective

and efficient, since it allows genes being screened in early stages and selected genes

being further investigated in later stages using additional observations, has become

more and more attractive in such genetic studies. To address the multiplicity concern

in simultaneous testing of the hypotheses associated with the endpoints, controlling

the FWER, the probability of at least one Type I error among all hypotheses, is a

commonly applied concept. However, these studies are often exploratory, so con-

trolling the false discovery rate (FDR), which is the expected proportion of Type I

errors among all rejected hypotheses, is more appropriate than controlling the FW-

ER (Weller et al., 1998; Benjamini and Hochberg, 1995; and Storey and Tibshirani,

2003). Moreover, with tens of thousands of hypotheses typically being tested in

these studies, better power can be achieved in a multiple testing method under the

FDR framework than under the more conservative FWER framework.

Construction of methods with the FDR control in the setting of a two-stage

adaptive design allowing reduction in the number of tested hypotheses at the interim

analysis does not seem to be a simple extension of standard FDR controlling methods

in single-stage designs, like the BH (Benjamini and Hochberg, 1995) or methods

related to it, from a single-stage to a two-stage design setting. Thus, our third goal
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in this dissertation is to propose two BH type methods to control the FDR in a two-

stage adaptive design with combination tests for multiple endpoints, one extending

the original single-stage BH procedure, which we call the BH-TSADC Procedure

(BH type procedure for two-stage adaptive design with combination tests), and the

other extending an adaptive version of the single-stage BH procedure incorporating

an estimate of the number of true null hypotheses, which we call the Plug-In BH-

TSADC Procedure, from single-stage to a two-stage setting.

The rest of this dissertation is organized as follows. Chapter 2 briefly re-

views the basic concepts and the current available statistical methods regarding data

analysis in adaptive design. The general concepts of the multiple testing techniques

and the closure principle are introduced in this chapter as well. In Chapter 3, we give

an explicit formula for the overall Type I error probability in terms of early rejection

and acceptance boundaries and the corresponding second stage critical value for each

of Fisher’s, Tippett’s and Simes’ combination functions for single hypothesis test in

a two-stage combination test. Based on these formulas, we numerically compute the

critical values for these combination functions having chosen some pairs of early re-

jection and acceptance boundaries and values of α, and present them in Tables. We

then extend the Bauer-Köhne’s combination approach to the two-hypothesis testing

environment and suggest a stepwise-combination testing procedure to safeguard the

overall Type I error in Chapter 4. We also propose two BH type procedures to

control the FDR in a two-stage adaptive design with combination tests for multiple

endpoints, extending the original BH method and its adaptive version incorporating



8

an estimate of the number of true null hypotheses from single-stage to a two-stage

setting in Chapter 5. We attempt to use straightforward statistical ideas in a two-

stage setting by prefixing the early rejection and early acceptance boundaries and

then estimating the second stage critical values, while maintaining a strong control

of the overall FDR. The proposed procedures are illustrated with simulation results

and real data applications. Chapter 6 completes the dissertation with some final

comments and a brief discussion on future research.

For simplicity and to avoid problems with conflicting directional decisions,

we assume a two-stage adaptive design and one-sided hypothesis test throughout

this work.
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CHAPTER 2

LITERATURE REVIEW

In this chapter, we first introduce some basic concepts in adaptive design

and multiple hypothesis testing techniques. We then review the current available

statistical procedures regarding data analysis and the overall Type I error control in

adaptive designs. We also investigate multiple testing techniques in adaptive designs

while applying the closure principle.

2.1 Some Basics in Adaptive Design

A study design is called ”adaptive” if the statistical methodology allows

the modification of a design element (e.g. sample-size, randomization ratio, change

or modification of endpoints, discontinuing treatment arms, etc.) at an interim

analysis with full control of the Type I error (CHMP, 2007). Adaptive design uses

accumulating data to decide on how to modify aspects of the study without un-

dermining the validity and integrity of the trial. To maintain study validity means
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providing correct statistical inference such as adjusted p-values, unbiased estimates

and adjusted confidence intervals, etc., assuring consistency between different stages

of the study, and minimizing operational bias. To maintain study integrity means

providing convincing results to a broader scientific community, preplanning, based

on intended adaptations, and maintaining the blind of interim analysis results.

Wald (1947) pioneered sequential analysis in 1947. Armitage (1957, 1975)

first adopted it to the field of clinical trials. Pocock (1977) and O’Brien and Fleming

(1979) introduced the group sequential test, which was considered more practical

than the pure sequential test. Lan and DeMets (1983) proposed a more flexible

approach with the alpha-spending function. On the basis of sequential analysis

and group sequential analysis, adaptive design was initiated by Bauer (1989), who

demonstrated the adaptive design was superior compared to the classic group se-

quential designs as adaptive design provided the potential for substantial data-driven

re-design (Hellmich and Hommel, 2004). For example, the modification of adaptive

randomization to achieve balance within strata, sample size re-estimation, early

stopping due to efficacy or futility, dropping inferior treatment groups, and change

of treatments, patient population, hypotheses (non-inferiority → superiority, supe-

riority → non-inferiority) or the order of hypotheses. Using flexible designs implies

that the statistical methods control the pre-specified Type I error, and the estimate

of homogeneity of results from different stages are pre-planned (CHMP, 2007). In

other words, adaptive design has become attractive, because it allows modification-

s to some aspects of the trial after its initiation without undermining the trial’s
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validity and integrity (Chang, 2005).

2.1.1 Adaptation Rules

The real merit of adaptive design is adaptations going beyond sample size

modification. In general, the adaptation rules include but not limited to:

1. Randomization rules. It is desirable to randomize more patients to superior

treatment groups, which can be achieved by increasing increasing the prob-

ability of assigning a patient to the treatment group when the evidence of

responsive rate increases in a group (Chang, 2005; Rosenberger and Lachin,

2002).

2. Early stopping rules. It is desirable to stop trial when the efficacy or futility

of the test drug becomes obvious during the trial.

3. Dropping loser rules. One can improve the efficiency of a trial by dropping

some inferior groups during the trial.

4. Sample size adjustment rules. It is desirable to adjust the sample size according

to the effect size of an ongoing trial.

2.1.2 Types of Adaptive Design

Based on the level of flexibility, adaptive design can be categorized into

three classes: rigid, totally flexible, or partially flexible.

1. Rigid Adaptive Designs. The scope of possible adaptations and decisions are

pre-specified up front in the protocol (PhRMA, 2006). The advantages of rigid
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adaptive designs include that logistical problems such as changing treatments,

patient eligibility, and accrual rates can be planned for in advance; there is

no need to file protocol amendments; final analysis can be made to depend

on sufficient statistics; sample space can be statistically identified. However,

rigid adaptive designs are not able to respond to unexpected circumstances

during a long-term trial, and information about progress of the trial is more

easily inferred.

2. Totally Flexible Adaptive Designs. Unplanned design modifications can be

made at unplanned interim analyses, which is also called ”Self-designing tri-

als” (Fisher, 1998). The advantage of totally flexible adaptive designs is the

ultimate flexibility. However, ad hoc design modifications based on unblinded

interim results can lead to loss of credibility, and it requires use of unfamiliar

test statistics which can be a source of inefficiency (Jennison and Turnbull,

2003, 2006), and can lead to possible anomalous results (Burman and Sones-

son, 2006). Also, point and interval estimation may be problematic.

3. Partially Flexible Adaptive Designs. Partially flexible adaptive design is a

compromise. Let’s take Bauer and Köhne’s two-stage design (1994) as an

example. The design and length of Stage 1 are fixed in advance. The de-

sign of Stage 2 is permitted to depend on Stage 1 results in an arbitrary and

unplanned way. Final inference must be based on the p-values from the t-

wo stages according to a rule specified in advance. By applying the method

recursively, multistage designs can be constructed.
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Based on the adaptations employed, adaptive design in clinical trials can

be categorized into but not limited to the following(Chow, 2008):

1. Adaptive Randomization Design. An adaptive randomization design allows

modification of randomization schedules based on varied probabilities of treat-

ment assignment in order to increase the probability of success. Although an

adaptive randomization design could increase the probability of success, it may

not be feasible for a large trial or a trial with a relatively long treatment du-

ration because the randomization of a given subject depends on the response

of the previous subject.

2. Group Sequential Design. A group sequential design allows for prematurely

stopping a trial due to safety, futility, or efficacy based on interim analysis

results. The stopping boundaries are obtained based on different boundary

functions for the control of Type I error rate (Lan and DeMets, 1987; Wang

and Tsiatis, 1987; Rosenberger et al., 2001; Jennison and Turnbull, 2000, 2005;

Chow and Chang, 2006). The concept of two-stage adaptive design has led

to the development of the adaptive group sequential design (Cui et al., 1999;

Posch and Bauer, 1999; Lehmacher and Wassmer, 1999; Liu et al., 2002).

3. Sample Size Re-estimation Design. A sample size re-estimation design allows

for sample size adjustment or re-estimation based on interim analysis results.

It should be noted that the observed difference at interim based on a small

number of subjects may not be statistically significant.
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4. Drop-the-Losers Design. A drop-the-losers design allows dropping the inferior

treatment groups or adding additional arms. A drop-the-losers design is useful

in phase II clinical development especially when there are uncertainties regard-

ing the dose levels (Bauer and Kieser,1999; Brannath et al., 2003; Sampson

and Sill, 2005; Posch et al., 2005).

5. Adaptive Dose Finding Design. An adaptive dose finding design is often used

to identify the minimum effective dose or the maximum tolerable dose for

future clinical trials in early phase clinical development (Bauer and Röhmel,

1995; Whitehead, 1997; Zhang et al.,2006). A Bayesian approach is usually

considered in this kind of study (O’Quigley et al., 1990; O’Quigley and Shen,

1996; Chang and Chow, 2005).

6. Biomarker Adaptive Design. A biomarker adaptive design allows for adapta-

tions based on the response of biomarkers. It involves biomarker qualification

and standard, optimal screening design, and model selection and validation.

7. Adaptive Treatment-Switching Design. An adaptive treatment-switching de-

sign allows the investigator to switch a patient’s treatment from an initial as-

signment to an alternative treatment if there is evidence of lack of efficacy or

safety of the initial treatment. However, a high percentage of subjects switch-

ing treatment due to disease progression could lead to change in hypotheses,

especially in oncology clinical trials. In this case, estimation of survival could

be a challenge and sample size adjustment for achieving a desired power may

be necessary.
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8. Adaptive Hypotheses Design. An adaptive hypotheses design allows modifi-

cations in hypotheses based on interim analysis results (Hommel, 2001). For

example, the hypothesis may switch from superiority to non-inferiority, or

switch between the primary endpoint and the secondary endpoints.

9. Adaptive Seamless Phase II/III Design. An adaptive seamless phase II/III

trial design addresses objectives that are normally achieved through separate

trials in phase IIb and phase III of clinical development within one single

trial (see Figure 2.1). It is a two-stage design consisting of a learning stage

(phase IIb) and a confirmatory stage (phase III). A typical approach is to

power the study for the phase III confirmatory phase and obtain valuable

information with certain assurance using confidence interval approach at the

phase II learning stage. An adaptive seamless phase II/III design uses data

from patients enrolled before and after the adaptation in the final analysis

(Kelly et al., 2005; Maca et al., 2006). However, its validity and efficiency

has been challenged (Tsiatis, 2003). Further, it is unclear how to perform

a combined analysis if the study objectives are different at different phases

(Chow et al., 2007) .

10. Multiple Adaptive Design. A multiple adaptive design combines any of the

above adaptive designs. However, the statistical inference for a multiple-

adaptation design is often difficult in practice.

In summary, adaptive design is all about flexibility and this flexility comes

from careful statistical planning. Hence, adaptive design comes at a price of efficien-
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Figure 2.1: Phase II/III seamless trial design. (Chow and Chang, 2008).
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cy, careful design evaluation, and scientific interpretation. During the past decades,

adaptive designs have received much attention in the literature, and there are nu-

merous statistical methods developed that theoretically handle adaptive design, e.g.

Fisher’s combination test (Bauer and Köhne, 1994), the conditional error approach

(Proschan and Hunsberger, 1995), bias-adjusted Proschan and Hunsberger method

(Denn, 2000), the weighted statistic approach (Lehmacher and Wassmer, 1999; Cui

et al., 1999), the ”self-designing” and ”variance spending” method (Fisher, 1998;

Shen and Fisher, 1999), multistage adaptive design (Müller and Schäffer, 2001;

Brannath et al., 2002), the likelihood ratio test approach (Li et al., 2002), the more

recent work by Bartroff and Lai (2008), etc. Liu and Chi (2001) also gave a family

of conditional error function in a different context. It has been addressed that these

approaches are interrelated (Posch and Bauer, 1999; Wassmer, 2000; Bauer et al.,

2001; Jennison and Turnbull, 2003, 2005). In fact, the conditional error function ap-

proach can be looked at in terms of combination tests and vice versa (Jennison and

Turnbull, 2005). More recently, adaptive designs have attracted interest to make

drug development more efficient by interweaving a sequence of independent trials

and combining them into one single study conducted in two or more stages (Posch

et al., 2005; Bretz et al., 2006, 2009). Adaptive designs are also seen favorably by

regulatory agencies, if performed with care (CHMP, 2007; FDA, 2010).

In fact, these methods can be categorized into two classes: combination

test and conditional error function.

Combination test principle. The combination test principle uses stage-wise test
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statistics which are combined according to a pre-defined combination function

(Bauer, 1989; Bauer and Köhne, 1994).

Conditional error principle. The conditional error principle specifies that the

conditional probability for a false rejection of the null hypothesis given that

the previous stage is known. It states that any type of design modifications

can be performed at any time of the trial as long as the conditional error of

the new design does not exceed the conditional error of the pre-planned design

(Proschan and Hunsberger, 1995; Müller and Schäfer, 2001, 2004).

2.2 Some Basics in Multiple Hypothesis Testing

Assume that we are testing m null hypotheses H1, ..., Hm simultaneously

and denote by R the number of rejected hypotheses. Table 2.1 summarizes all

possible outcomes in the frequentist setting (Benjamini and Hochberg, 1995). The

specific m hypotheses are assumed to be known in advance. The number of true and

false hypotheses m0 and m1 are unknown. R is an observable random variable, and

S, T, U, and V are unobservable random variables. Specifically, R is the observed

total number of rejections, A is the observed total number of acceptances, V is the

number of false discoveries (Type I error), T is the number of false non-discoveries

(Type II error), U is the number of correct acceptances and S is the number of

correct rejections.
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Table 2.1: Outcomes of simultaneously testing m hypotheses.

Accepted Rejected Total

True Null U V m0

False Null T S m1

Total A R m

2.2.1 Type-I Error Rates in Multiple Hypothesis Testing

The number of multiple testing procedures is fast growing. A fundamental

issue of multiple testing is how to effectively control Type I error. There are a variety

of measures of error rates in the multiple testing setting. The following listed error

rates are the most commonly used (Hochberg and Tamhane, 1987).

Per-Family Error Rate (PFER)

The PFER is defined as the expected number of false rejections, i.e.,

PFER = E(V ). (2.1)

Per-Comparison Error Rate (PCER)

The PCER is defined as the expected proportion of false rejections, i.e.,

PCER = E(V )/m. (2.2)
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Familywise Error Rate (FWER)

The FWER is defined as the probability of at least one false rejection, i.e.,

FWER = Pr(V ≥ 1). (2.3)

The FWER has been the most widely used approach among these tradition-

al error rates. Controlling the FWER is natural in the situation where even a single

false rejection is a bad event (Gordon, 2007). However, in many applications, one

might be willing to tolerate more than one false rejection. Thus, many researchers

proposed alternative approaches to measure the error rates, such as the generalized

FWER (Victor, 1982), the false discovery rate (Benjamini and Hochberg, 1995) and

its generalization including the positive false discovery rate (Storey, 2003), the pro-

portion of false positives (Fernando et al., 2004), the generalized false discovery rate

(Sarkar, 2006, 2007), etc.

Generalized Familywise Error Rate (k-FWER)

This concept was introduced by Victor (1982) and reintroduced by Korn

et al. (2004), Dudoit et al. (2004) and Lehmann and Romano (2005). Gordan

(2007) gave the explicit formulas for the k-FWER. The k-FWER is defined as the

probability of having at least k false rejections for a pre-specified integer k, i.e.,

k − FWER = Pr(V ≥ k). (2.4)



21

False Discovery Rate (FDR)

The FDR is defined as the expected proportion of false discoveries among

all rejections. i.e.,

FDR = E(Q) = E(
V

R
|R > 0)Pr(R > 0). (2.5)

where by definition

Q =


V/R, if R > 0

0, if R = 0.

Positive False Discovery Rate (pFDR).

The pFDR is defined as the expected proportion of false discoveries among

all rejections given there is at least one rejection, i.e.,

pFDR = E(
V

R
|R > 0). (2.6)

Proportion of False Positives (PFP)

The PFP is defined as the proportion of the expected false discoveries

among all the expected rejection, i.e.,

PFP =
E(V )

E(R)
. (2.7)
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Generalized False Discovery Rate (k-FDR)

The k-FDR is defined as the expected proportion of k or more false dis-

coveries among all rejections, where k is pre-specified, i.e.,

k − FDR =


V/R, if V ≥ K

0, if V < K.

(2.8)

From the definitions given above, it is easy to see that for a given multiple

testing procedure, PCER ≤ FDR ≤ FWER ≤ PFER. Under the complete null

hypothesis, the PCER is the average of the αi, i = 1, ...,m, PCER = (α1 + ... +

αm)/m. The PFER is the sum of αi, PFER = α1 + ...+ αm. The FWER and the

FDR are the functions not of αi alone, but involves the joint distribution of the test

statistics Ti.

2.2.2 Strong Control versus Weak Control

Strong Control refers to the control of Type I error rate under any config-

uration of true and false null hypotheses. In contrast, Weak Control refers to the

control of the Type I error rate only when all the null hypotheses are assumed to

be true, i.e., under the complete null hypothesis H0 =
∩m

i=1Hi with m0 = m. For

the FWER, weak control means control of Pr(V ≥ 1|HC
0 ), whereas strong control

means control of maxΛ0⊆{1,...,m} Pr(V ≥ 1|
∩

j∈Λ0
Hj). In general, controlling a rate

in a weak sense is unsatisfactory as it is not realistic that all the null hypotheses are

true.
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2.2.3 Types of Multiple Testing Procedure

Multiple testing procedures can be classified into two classes: single-step

procedure and stepwise procedure. Let p1, ..., pm denote the p-values corresponding

to the null hypotheses H1, ...Hm, respectively. Sort these p-values so that p(1) ≤

· · · ≤ p(m). Let α denote the overall Type I error. Given a set of critical values

α1 ≤ · · · ≤ αm (refer to Sections 2.2.4 and 2.2.5 for more details),

Single-step Procedure. All the hypotheses are tested in one single step. Usually,

there is only one critical values for all the hypotheses, i.e. Bonferroni procedure

and Sidák procedure.

• Bonferroni Procedure. The Bonferroni procedure is one of the first used

procedures to control the FWER in a strong sense when conducting mul-

tiple tests. The Bonferroni procedure rejects H0 =
∩m

i=1Hi, if pi ≤

α/m, i = 1, 2, ...,m. The Bonferroni Inequality ensures that

Pr{
m∪
i=1

(pi ≤ α/m)} ≤ α, (0 ≤ α ≤ 1).

The Bonferroni procedure requires no distributional assumptions. The

downside of the Bonferroni procedure is that it is conservative and lacks

of power if numerous highly correlated tests are undertaken.

• Sidák procedure. The Sidák procedure rejects H0 =
∩m

i=1Hi, if pi ≤

1− (1− α)1/m, i = 1, 2, ...,m. The Sidák procedure gives slightly smaller

adjusted p-values than Bonferroni. It guarantees the strict control of the

FWER only when the comparisons are independent.
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• Simes’ Procedure. The Simes’ procedure is a modification of Bonferroni

procedure (1986). The Simes’ procedure rejects H0 =
∩m

i=1Hi, if the

ordered p-value p(i) ≤ iα/m, i = 1, 2, ...,m. Simes’ procedure controls

the Type I error rate with independent test statistics.

Stepwise Procedure. The hypotheses are tested in more than one step and usu-

ally they are tested sequentially.

• Step-down Procedure (SDP). The SDP is based on the ordered p-values

and controls the FWER. Start with the most significant p-value p(1). The

goal is to find j = min{1 ≤ i ≤ m : p(i) > αi}, then reject the hypotheses:

H(1), ..., H(j−1). The SDP was originally proposed by Miller (1966) and

then was widely used in the multiple testing problems. For example,

Holm’s procedure (1979) is a step-down procedure.

• Step-up Procedure (SUP). The SUP is based on the ordered p-values as

well. Start with the least significant p-value p(m). The goal is to find

j = max{1 ≤ i ≤ m : p(i) ≤ αi}, and reject the hypotheses H(1), ...,H(j).

The SUP is uniformly more powerful than the step-down procedure. For

example, Hochberg’s procedure (1988) is a step-up procedure.

• Generalized Step-up-down Procedure (SUDP). The SUDP is a general-

ization of the SDP and SUP. It was proposed by Tamhane et al. (1998)

When the objective is to reject a specified minimum number out of

a family of n hypotheses, the SUDP is specially useful. Start with

p(r), 1 ≤ r ≤ m. If p(r) > αr, accept H(r), ...,H(m) and continues test-
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ing the remaining hypotheses in a step-up manner using corresponding

p-values. On the contrary, if p(r) ≤ αr, reject H(1), ..., H(r) and continues

testing the remaining hypotheses in a step-down manner.

A stepwise procedure reduces to a single step procedure when the critical

values are all the same. In general, the stepwise procedures are more powerful

than the single step procedures, as the stepwise procedures learn about the true

configuration of the parameters and use this information in the following steps of

test.

2.2.4 Procedures Controlling FWER

Bonferroni Procedure

The Bonferroni procedure is one of the first used procedures to control the

FWER in a strong sense when conducting multiple tests. The Bonferroni procedure

rejects H0 =
∩m

i=1Hi, if pi ≤ α/m, i = 1, 2, ...,m. The Bonferroni Inequality ensures

that

Pr{
m∪
i=1

(pi ≤ α/m)} ≤ α, (0 ≤ α ≤ 1).

The Bonferroni procedure requires no distributional assumptions. The

downside of the Bonferroni procedure is that it is conservative and lacks of power if

numerous highly correlated tests are undertaken.
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Holm’s Procedure

Holm (1979) proposed a more powerful sequentially rejective Bonferroni

procedure. While the Bonferroni procedure is a single-step procedure, Holm’s Pro-

cedure is shortcut version of step-down procedure constructed with closure method.

Start with p(1), if p(1) > α/m, accept all hypotheses Hi, i = 1, ...,m. If

p(1) ≤ α/m, reject H(1) and go to p(2) to check if p(2) > α/(m − 1). If it is true,

accept all the remaining hypotheses. Otherwise, reject H(2) and go to p(3) and so

on. In summary, Holm’s procedure procedure is to find,

j = min{1 ≤ i ≤ n : p(i) > α/(m− i+ 1)}.

If the minimum exists, accept all Hi with i ≥ j and reject the rest.

Simes’ Procedure

Simes (1986) proposed another modification of Bonferroni Procedure for

the test of overall null hypothesis H0 =
∩m

i=1Hi. Simes’ procedure rejects H0 if

p(i) ≤ iα/m for any i = 1, ...,m.

Simes proved that this test controls the Type I error rate with independent

test statistics. Based on a simulation study, he also conjectured that his procedure

conservatively controls Type I error rate for a large variety of distributions when the

test statistics are correlated. Sarkar and Chang (1997) and Sarkar (1998, 2008a) an-

alytically proved Simes’ conjecture for random variables with common marginal and

Multivariate Totally Positive of Order 2 (MTP2) property. When the overall hypoth-

esis H0 is rejected, Simes also suggested the following rule to make statements about
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individual hypothesis: reject H(1), ..., H(j), where j = max{i : p(i) ≤ iα/m}. How-

ever, the suggested procedure can only weakly control FWER and cannot strongly

control FWER even for independent test statistics. Hommel (1988) extended Simes’

suggestion and obtained a procedure controlling FWER strongly.

Hommel’s Procedure

Simes’ test was proposed for testing overall hypothesis H0 =
∩m

i=1Hi.

WhenH0 has been rejected, the question remains which of the individual hypotheses

Hi, i = 1, ...,m should be rejected. Hommel (1988) employed the closure principle to

extend Simes’ procedure for making statements on individual hypotheses. Hommel’s

procedure finds

j = max{1 ≤ i ≤ m : p(m−i+k) > kα/i}.

for k = 1, ..., i. If the maximum does not exist, reject all Hi, i = 1, ...,m, otherwise

reject allHi with pi ≤ α/j. Hommel’s procedure can be expressed as applying Simes’

procedure to each subset of hypotheses. It follows that this procedure controls the

FWER provided each of Simes’ tests for subsets is a level α test.

Hommel’s procedure is at least as powerful as Holm’s procedure. The com-

putations for testing the individual hypotheses are very simple and can be performed

also for a large n.



28

Hochberg Procedure

Hochberg (1988) proposed another modification of Bonferroni Procedure

for multiple testing. Hochberg’s procedure is a step-up procedure in terms of test

statistics. Start with p(m), if p(m) ≤ α, reject all hypotheses Hi, i = 1, ...,m. If

p(m) > α, accept H(m) and go to p(m−1) to check if p(m−1) ≤ α/2. If it is true, reject

all the remaining hypotheses. Otherwise, accept H(m−1) and go to p(m−2) and so

on. In summary, Hochberg’s procedure is to find

j = max{1 ≤ i ≤ m : p(i) ≤ α/(m− i+ 1)}.

If the maximum exists, reject all Hi with i ≤ j and accept the rest.

Hochberg’s procedure uses the same critical values as that in Holm’s pro-

cedure, but it is more powerful than Holm’s procedure. Generally, with the same set

of critical values, the step-up procedure rejects more hypotheses than the step-down

procedure.

2.2.5 Procedures Controlling FDR

Benjamini-Hochberg (BH) Procedure

Benjamini and Hochberg (1995) proposed False Discovery Rate (FDR) as

an alternative error rate to control. This approach to multiple testing is philo-

sophically different from the classical approaches. Benjamini and Hochberg (1995)

proposed a step-up procedure with FDR controlling property, which is known as

Benjamini-Hochberg (BH) Procedure. The BH Procedure finds j such that

j = max{1 ≤ i ≤ m : p(i) < iα/m},
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rejects H(1), ..., H(k0) if j exists, otherwise retain all null hypotheses.

The BH procedure is a step-up procedure and uses Simes’ critical values

as in Simes’ procedure. Benjamini and Hochberg (1995) proved that FDR can be

controlled at m0α/n by BH Procedure for independent test statistics, where m0 is

the number of true null hypothesis. Benjamini and Yekutieli (2001) showed that

the BH procedure indeed conservatively controls the FDR if the joint distribution

of the test statistics is Positive Regression Dependent on the subset of test statistics

corresponding to the true null hypotheses. Sarkar (2002) strengthened the work

of Benjamini and Yekutieli (2001) by proving that Simes’ critical values can be

adopted in a generalized step-up-down procedure as proposed in Tamhane, Liu, and

Dunnett (1998), and the FDR can still be controlled under similar dependency. Since

its introduction, the BH procedure has been accepted widely for multiple testing

purposes, especially when the total number of simultaneously tested hypotheses is

large.

Genovese and Wasserman (2002) show that for large number of hypotheses

n and with an independence assumption, the BH procedure can be equivalent to

a single step procedure with an appropriate p-value cutoff which is between α and

α/n.

Adaptive BH Procedure of Benjamini & Hochberg

Benjamini and Hochberg (2000) introduced an adaptive procedure for the

original BH procedure with independent statistics based on an estimate of m0 using

the so called the Lowest Slope (LSL) method. When m0 < m, the BH procedure is
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conservative. This adaptive procedure utilizes the data to estimate m0 within the

family as m̂0 and then uses the adjusted critical values (iα/m̂0) in the BH procedure.

When all the hypotheses are true and the test statistics are independent,

the set of observed p-values p(i)’s can be considered as a realization of an ordered

sample from the uniform distribution over [0, 1]. The expected value of p(i) is thus

i/(m + 1). The plot of p(i) versus i should exhibit linear relationship, along a line

of slope S = 1/(m+ 1) passing through the origin and the point (m+ 1, 1).

When m0 < m, the p-values corresponding to the false null hypotheses

tend to be smaller than those corresponding to the true null hypotheses, so they

concentrate on the left side of the plot. The relationship over the right side of the

plot remains approximately linear, with slope β = 1/(m0 + 1). Using a suitable set

of the largest p-values, fit a straight line through the point (m+ 1, 1) with slope β̂,

and use it to estimate m0 by m̂0 = 1/β̂. Benjamini and Hochberg (2000) suggested

estimating m0 using the LSL method and their adaptive procedure as follows:

1. Apply the original BH procedure. If none is rejected, then accept all hypothe-

ses and stop; otherwise continue.

2. Calculate the slopes Si = (1− p(i))/(m+ 1− i).

3. Starting with i = 1, proceed as long as Si ≥ Si−1 and stop when the first time

Sj < Sj−1. Let m̂0 = min{m, 1/Sj + 1}.

4. Apply the BH procedure with αi = iα/m̂0.

Although there is no proof that this procedure controls FDR, simulation



31

study shows that the adaptive method controls FDR.

Adaptive BH Method of Storey, Taylor and Siegmund

Storey, Taylor and Siegmund (2004) modified Storey’s (2002) original esti-

mate F̂DRλ(t) of FDR(t), when 0 < λ < 1, to

F̂DR
STS

λ (t) =


mπ̂STS

0 (λ)t
max{R(t),1} if t ≤ λ,

1 if t > λ,

(2.9)

with

π̂STS
0 (λ) =

m−R(λ) + 1

m(1− λ)
,

and suggested thresholding the p-values based on this new estimate as follows:

tα(F̂DR
STS

λ ) = sup{0 ≤ t ≤ 1 : F̂DR
STS

λ (t) ≤ α}.

The adaptive BH method corresponding to this new estimate, to be called

the STS method, rejects H(1), . . . , H(r) where

r = max

{
0 ≤ i ≤ m : p(i) ≤ min(

iα

m̂STS
0

, λ)

}
, (2.10)

with

m̂STS
0 (λ) =

m−R(λ) + 1

1− λ
.

The STS controls the FDR under independence of the p-values (Benjami-

ni, Krieger and Yekutieli, 2006; Storey, Taylor and Siegmund, 2004; Sarkar,2004,

2008a), as well as under certain form of weak dependence asymptotically as m → ∞

(Storey, Taylor and Siegmund, 2004).
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Adaptive BH Method of Benjamini, Krieger and Yekutieli (2006)

Unlike Storey (2002) or Storey, Taylor and Siegmund (2004) where m0

is estimated based on the number of significant p-values observed in a single-step

test with an arbitrary critical value λ, Benjamini, Krieger and Yekutieli (2006)

considered estimating m0 from the BH method at level α/(1 + α). Their adaptive

version of the BH method, to be called the BKY method, runs as follows:

1. Apply the BH method at level q = α
1+α . Let r1 be the number of rejections.

If r1 = 0, accept all the null hypotheses and stop; if r1 = m, reject all the null

hypotheses and stop; otherwise continue to the next step.

2. Estimate m0 as

m̂BKY
0 =

m− r1
1− q

= (m− r1)(1 + α).

3. Apply the BH method with the critical values αi = iα/m̂BKY
0 , i = 1, . . . ,m.

As Benjamini, Krieger and Yekutieli (2006) have proved, the BKY method

controls the FDR at α under independence of the p-values. While it is less powerful

than the adaptive procedure proposed in Storey et al.(2004) when the p-values are

independent, simulation studies have shown that, with the p-values generated from

multivariate normals with common positive correlations, it can also control the

FDR. Benjamini, Krieger and Yekutieli (2006) also extended the BKY method to

a multiple-stage procedure (MST) by repeating the two-stage procedure as long as

more hypotheses are rejected, which is stated as follows:
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1. Let r = max{i : for all j ≤ i, there exists l ≥ j so that p(l) ≤ αl/[m + 1 −

j(1− α)]}.

2. If such an r exists, reject p(1), . . . , p(r); otherwise reject no hypotheses.

This multiple-stage procedure is a combination of step-up and step-down methods.

They offered no analytical proof of its FDR control. Benjamini, Krieger and Yeku-

tieli (2006) also mentioned that a multiple-stage step-down procedure (MSD) can be

developed by choosing l = j in MST. They provided numerical results showing that

the MST method can also control the FDR, the theoretical justification of which is

given later in Gavrilov, Benjamini and Sarkar (2009) to be reviewed in the following

section.

Adaptive Method of Gavrilov, Benjamini and Sarkar (2009)

As mentioned above, Gavrilov, Benjamini and Sarkar (2009) reexamined

the multiple-stage step-down procedure, the MSD method, mentioned in Benjamini,

Krieger and Yekutieli (2006) and proved that this multiple-stage step-down proce-

dure can control the FDR under the independence of the p-values. The following is

the MSD method:

Find k = max{1 ≤ i ≤ m : p(j) ≤ jα/(m+1−j(1−α)) for all j = 1, . . . , i}

and reject H(1), . . . , H(k) if k exists; otherwise reject no hypotheses.

Although it has been referred to as a multiple-stage stepdown method by

Benjamini, Krieger and Yekutieli (2006), it is actually, as Sarkar (2008a) argued,

an adaptive version of the stepdown analog of the BH method considered in Sarkar
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(2002). To see this, first note that, under the same setup involving the mixture

model and a constant rejection threshold t for each p-value as in Storey (2002) or

Storey, Taylor and Siegmund (2004), one can consider estimating m0 based on the

number of significant p-values compared to the t, rather than a different arbitrary

constant λ. In other words, by considering the Storey, Taylor and Siegmund (2004)

type estimate of m0 = mπ0 with λ = t and using this estimate in F̂DRλ(t), Storey’s

original estimate of the FDR(t), one can develop the following alternative estimate

of FDR(t):

F̂DR
∗
(t) =

[m−R(t) + 1]t

(1− t)max{R(t), 1}
.

A step-down method developed through this estimate, that is, the one that rejects

H(1), . . . , H(r) where

r = max
{
1 ≤ i ≤ m : F̂DR

∗
(p(j)) ≤ α for all j = 1, . . . , i

}
= max

{
1 ≤ i ≤ m :

p(j)

1− p(j)
≤ jα

m− j + 1
for all j = 1, . . . , i

}
,

(2.11)

which is the same as the MSD, is an adaptive version of the step-down analog of

the BH method.

Simulation studies were conducted to compare the above three FDR con-

trolling adaptive procedures, the BKY, MSD and STS. The STS is the most powerful

one when the test statistics are independent, with the MSD taking the second place,

although sometimes the power is very close to that of the STS. Under dependence,

the BKY method is the only one that seems to control the FDR. The MSD in this
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case also appears to perform well and its control over the FDR does not break down

by much from the desired level.

2.3 Data Analysis in Adaptive Design with Single Hy-

pothesis Test

Assume that we have a one-sided null hypothesis H0 on the difference θ

in mean efficacy of two treatments, i.e., H0 : θ ≤ δ, for some given δ, to be tested

againstHa : θ > δ. We consider a two-stage design with a single interim analysis and

assume that the same null hypothesis H0 is being tested against the same alternative

throughout Stage 1 and Stage 2. Let pi be the p-value of the test of H0 at Stage

i = 1, 2, C(p1, p2) be a combination function, αL and αU be Stage 1 early rejection

and acceptance boundaries, respectively, and cα be the second-stage critical value.

Then, a two-stage adaptive test is described as follows:

1. Define a test procedure for Stage 1, determining the stopping rules for the

interim decision.

2. Conduct Stage 1 of the study, resulting in p1.

3. Based on p1, decide whether to stop at the interim (either reject or accept H)

or to continue the study to the next stage.

4. If the study is continued, resulting in p2.
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2.3.1 p-value Combination Function Approach

Bauer and Köhne (1994) proposed a principle to combine p-values from

separate stages for sequential adaptive tests. It assumes that when continuous test

statistics are applied, under H0 the p-values in a stochastically independent sample

are generally uniformly distributed on [0, 1]. The resultant p-value in the later

stage is stochastically independent of the previous one. Given H0 is true, data-

dependence does not change the independence and distribution of p-values. For

the final analysis, a two-stage combination test (Bauer, 1989; Bauer and Köhne,

1994; Bauer and Kieser, 1999) is defined by a combination function C(p1, p2) which

is monotonically increasing in both arguments, early stopping boundaries αL and

αU , and a critical value cα. Then, with Stage 1 early rejection and acceptance

boundaries αL and αU , respectively, and the second stage critical value cα, all to be

determined subject to a control of the overall Type I error at α, a two-stage adaptive

test is described as follows: (1) Stop at the interim with a decision to reject H0 if

p1 ≤ αL, to accept H0 if p1 > αU , or to continue to Stage 2 if αL < p1 ≤ αU . (2)

If continued to Stage 2, determine C(p1, p2) combining p2 with p1 and reject H0 if

C(p1, p2) ≤ cα, otherwise, accept it. The overall Type I error rat is given by

αL +

∫ αU

αL

∫ 1

0
IC(p1,p2)≤cαIp1≤1Ip2≤1dp1dp2. (2.12)

Fisher’s inverse χ2 Approach

Motivated by Fisher’s combination test, Bauer and Köhne (1989,1994) pro-

posed to combine the p-values from separate stages in a sequential adaptive design
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by taking the product of these p-values, assuming of course that these p-values are

generated from stochastically independent continuous test statistics and uniformly

distributed on [0, 1] under H0. Thus in the Bauer-Köhne method based on Fish-

er’s combination function for a two-stage adaptive design, the early rejection and

acceptance boundaries, αL and αU respectively, and the critical value cα are all

determined from the following single equation:

α = αL +

∫ αU

αL

∫ 1

0
Ip1p2≤cαIp1≤1Ip2≤1dp1dp2,

= αL +

∫ αU

αL

∫ min(cα/p1,1)

0
dp2dp1. (2.13)

Bauer and Köhne assumed that cα ≤ αL, which simplifies (2.10) to

α = αL + cα(lnαU − lnαL). (2.14)

The second stage critical value cα is chosen to be the same as that for the level α

Fisher’s combination test, that is

cα = exp{−1

2
χ2
4;1−α},

where χ2
(ν,1−α) denotes the (1 − α)−quantile of the χ2 distribution with ν degrees

of freedom. Thus, given α and αU (or αL), cα and αL (or αU ) can be derived from

(2.11) with the additional restriction cα ≤ αL.

Alternatively, a more general expression (Bauer and Röhmel, 1995) is given

by cα2 = exp[−1
2χ

2
(4,1−α2)

], where α2 < α. Given α, αU , and αL, the value of cα2

can be derived. So does the value of α2.

This procedure can be easily generalized to three or more stages. Suppose

we have k(k ≥ 2) stages, where k denotes the maximum number of stages. In an
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adaptive design setting, pi, i = 1, ..., k, is still U [0, 1] distributed under H0. As this

distribution does not depend on other p’s, it is also true unconditionally and thus

p1, ..., pk are statistically independent. Reject H0 if

C(p1, ..., pk) = p1p2 · · · pk ≤ cα = exp[−1

2
χ2
(2k,1−α)]. (2.15)

Let’s take the three-stage adaptive design as an example (Bauer and Köhne,

1994).

• If p1 ≤ αL, reject H0 and stop at the Stage 1. If p1 > αU , accept H0 and stop

at the Stage 1. If αL < p1 ≤ αU , the trial continues to the second stage.

• If Stage 2 is reached, stop at stage 2 with acceptance ofH0 if p2 > αU . If p1p2 ≤

cα2 , stop at stage 2 with rejection of H0, where cα2 denotes exp[−1
2χ

2
(4,(1−α2))

].

• If stage 3 is reached, reject H0 with p1p2p3 ≤ dα = exp[−1
2χ

2
(6,(1−α))]. Choose

cα2 = dα/αU , then no value of p3 > αU can lead to a rejection of H0.

• The overall probability of the Type I error is given by

αL +

∫ αU

αL

∫ dα/(αUp1)

0
dp2dp1 +

∫ αU

αL

∫ αU

dα/(αUp1)

∫ dα/(p1p2)

0
dp3dp2dp1

= αL+
dα
αU

(lnαU−lnαL)+dα(2 lnαU−ln dα)(lnαU−lnαL)+
dα
2
(lnα2αU−ln2 αL).

Recursive Combination Test

The principle of the combination test approach is that test statistics are

calculated separately from the disjoint subsamples of the different stages. The test
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decision is derived from a predefined function that combines the test statistics into a

single criterion after each stage. Brannath et al. (2002) generalized the combination

test principle and introduced the method of recursive two-stage combination tests

that allows the recursive calculation of an overall p-value and the construction of

confidence intervals. They assume that the distribution of the p-values p1 and p2

under H0 satisfies

PrH0(p1 ≤ α) ≤ α and PrH0(p2 ≤ α|p1) ≤ α

for all 0 ≤ α ≤ 1 and call this property of the distribution of the p-values ”p-clud”.

This means that the distribution of p1 and the conditional distribution of p2 given

p1 are stochastically larger than or equal to the uniform distribution on [0,1]. If

independent sample units are recruited at different stages and tests are applied that

control the Type I error probability for any prechosen significance level α, then this

will apply.

For a two-stage design,

(p1, p2) =


p1, if p1 ≤ αL or p1 > αU

αL +
∫ αU

αL

∫ 1
0 I(C(x, y) ≤ C(p1, p2)dydx, otherwise

For Fisher’s combination test, the combined p-value q(p1, p2) is given by

q(p1, p2) =



p1, if p1 ≤ αL or p1 > αU

αL + p1p2(lnαU − lnαL), if p1 ∈ (αL, αU ] and p1p2 ≤ αL

p1p2 + p1p2[lnαU − ln(p1p2)], if p1 ∈ (αL, αU ] and p1p2 ≥ αL

For a multiple-stage design, define the stopping boundaries αL,i and αU,i

at the ith interim look. denote by t∗ the final number of stages. The overall p-
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value can be calculated by backward recursion: qt∗ = pt∗ and qt−1 = qt−1(pt−1, qt)

for t = t∗, ..., 2. the p-value qt summarizes the results of stage t and all of the

proceeding stages. the computation may be summarized by

p = q1(p1, q2(p2, q3(..., qt
∗ − 2(pt∗−2, qt∗−1(pt∗−1, pt∗))...)))

and reject H0 if p ≤ α. If independent samples are drawn at every stage t = 1, ..., t∗

and conservative tests are used to compute the pt, then the p-values pt and p-clud,

that is

PrH0(pt ≤ α|pt−1, ..., p1) ≤ α, for all 0 ≤ α ≤ 1. (2.16)

Weighted Inverse Normal Approach

Mosteller and Bush (1954) first introduced weighted inverse normal method,

which rejects H0 if ω1Z1+ ...+ωkZk > Z(α), where ωi is the arbitrary weights, and

Zi is the test statistics, i = 1, ..., k. Lehmacher and Wassmer (1999) adopted this

weighted inverse normal idea to the two-stage adaptive design.

C(p1, p2) = 1− Φ[ω1Φ
−1(1− p1) + ω2Φ

−1(1− p2)]. (2.17)

where 0 < ωi < 1, i = 1, 2, are arbitrary weights subject to ω2
1 + ω2

2 = 1 and Φ

denotes the standard normal cumulative distribution function (CDF). If the weight-

s are properly chosen, this combination function is equal to a classical two-stage

group sequential test (Bretz et al., 2006). This approach has been used by many

researchers, such as Fisher (1998), Cui et al.(1999), etc.
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Truncated Product Approach

Another alternative to Fisher’s product is the truncated product method

(Zaykin et al., 2002), where p-values within a certain range are used. The truncated

product Wτ is defined as Wτ =
∏k

j=1 p
I(pj≤τ)
j , where I(·) is the indicator function.

Since the p-values of the different stages are independent,

Pr(Wτ ≤ w) =
k∑

j=0

 k

j

 (1− τ)k−j [w

j−1∑
j=0

(j ln τ − lnw)j

j!
I(w ≤ τ j) + τ jI(w > τ j)].

(2.18)

holds for w < 1 under the overall null hypothesis.

2.3.2 Conditional Error Function Approach

The conditional error function approach is an alternative to the use of

combination function, originally proposed by Proschan and Hunsberger (1995). Let

A(p1) denote the conditional error function, which is the probability of rejecting

H0 in the final analysis given the first-stage p-value p1 is known. The two-stage

adaptive procedure rejects H0 at the second stage if p2 ≤ A(p1), which controls the

overall Type I error at the level of α.

A(p1) = PH(reject H|p1) =



1, if p1 ≤ αL

0, if p1 ≥ αU

max{p2|C(p1, p2) ≤ cα}, if p1 ∈ (αL, αU ).

(2.19)

Hence, the overall Type I error is given by,
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∫ 1

0
A(p1)dp1 = α. (2.20)

Essentially, Proschan and Hunsberger (1995) proposed the conditional er-

ror rate function is such

A(p1) =



0, if p1 ≥ αU

1, if p1 ≤ 1− Φ(CPH)

1− Φ[
√

C2
PH − (Φ−1(1− p1))2], if 1− Φ(CPH) ≤ p1 ≤ αU .

where Φ(·) denotes the normal cumulative distribution function, Φ−1 is its inverse,

and CPH is determined by (2.19).

Liu and Chi (2001) also gave a family of conditional error function in a

different context. In fact, the conditional power approach can be looked at in terms

of combination tests and vice versa (Jennison and Turnbull, 2005).

If we adopt the conditional error function approach to Fisher’s Product

Combination Test, the condition error function is such

A(p1) =



0, if p1 ≥ αU

1, if p1 ≤ αL

cα/p1, if αL < p1 ≤ αU .

where cα = exp[−1
2χ

2
(4,(1−α))] as before. If we adopt it to Weighted Inverse Normal

Approach, the conditional error function is such

A(p1) = Φ[
ω1Φ

−1(1− p1)− z(α)

ω2
],
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where ω2
1 + ω2

2 = 1 as before.

Bauer and Einfalt summarized it all in their review paper regarding the

application of adaption (2006). The most widely used methodology is based on Fish-

er combination test for p-values proposed by Bauer and Köhne (1994), followed by

the inverse normal combination function of Lehmacher and Wassmer (1999) and the

conditional error function approach by Proschan and Hunsberger (1995). Appar-

ently in application, the product of p-values to combine information from different

stage of a trial is preferred. This may be because of the appealing simplicity of this

criterion (Bauer and Einfalt, 2006).

2.4 Data Analysis in Adaptive Designs with Multiple

Hypotheses

Due to multiple hypotheses, endpoints, treatment groups, or subgroups,

multiplicity is present in almost all clinical trials. Assume we have k directional null

hypotheses Hi, i = 1, ..., k. Hi ∈ H, where H denotes a family of null hypotheses

of interest. For example, the comparisons of k treatment arms with the control.

It is widely acknowledged that controlling the Per-Comparison Error Rate (PCER)

without reference to the corresponding family H is not sufficient. On the contrary,

strong control of the FWER is desired (Hellmich and Hommel, 2004). The closure

procedure is a general method to control the FWER in the strong sense (Peritz,

1970; Marcus et al., 1976). It considers all the possible interaction hypotheses con-

structed from the original hypotheses set H. More specifically, the closure principle
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Figure 2.2: Closure principle for two null hypotheses H1 and H2 (Bretz et
al., 2006).

is formally defined as:

1. Define a set of hypotheses Hi, i = 1, ..., k.

2. Construct all possiblem intersection hypothesesHI =
∩

i∈I Hi, I ⊆ 1, ..., k,m ≥

k.

3. Find a local level-α′ for each of the m hypotheses.

4. If all hypotheses Hi are rejected at the local level α′, we conclude that Hi is

rejected at the FWER α.

For example, if we have two hypotheses Hi, i = 1, 2, such as two treatment

arms compared to one control arm. The resulting closed set of hypotheses H =

{H1,H2, H12}, where m = 3. H1 is rejected at the FWER α if both H1 and H12 are

rejected at the local level α′ (see Figure 2.2).

One key advantage of the closure principle is that the error properties is

not affected by the presence of interim looks as long as each H ∈ H is decided by a

prefixed local level α test (Hellmich and Hommel, 2004). Hence, adaptive treatment

selection relies on the application of the closure principle (Marcus et al., 1976)
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together with combination tests. To apply the closure principle, level α tests have

to be defined for all individual and intersection hypotheses Hs =
∩

i∈S Hi,S ⊆ T1.

To reject the elementary null hypothesis Hj , j ∈ T1, at multiple level α, for all

subsets S ⊆ T1 that contain j the intersection hypotheses Hs have to be rejected at

level α.

However, Hellmich (2001) pointed out that it may be problematic if the

design of the experiment is modified in consequence of the interim results. Unless

some adaptive testing method is used, any change of the prefixed test statistic is

not covered by the closed testing principle.

2.4.1 The Closure Principle in Adaptive Design

In an adaptive design setting, to apply the closure principle, construct all

intersection hypotheses and test each resulting hypothesis with a suitable combina-

tion test (Hommel, 1997, 2001; Bauer and Kieser, 1999; Kieser et al., 1999). A null

hypothesis Hi is rejected if all hypotheses implying Hi are rejected as well. For the

aforementioned example with two hypotheses H1 and H2, let’s now consider to test

them adaptively using a two-stage adaptive design. Similarly, the hypotheses set is

defined as H = {H1,H2,H12} according to the closure principle. Let pi,j denote the

p-value for hypothesis Hj , where j ∈ {1, 2, 12} denotes each individual hypothesis

to be tested and i = 1, 2 denotes the testing stages (see Figure 2.3). Let C(p1,j , p2,j)

be the combination function from each stage, where j ∈ {1, 2, 12} and i = 1, 2. Fol-

lowing the closure principle, H1 is rejected at the FWER α, if H1 and H12 are both

rejected at the local level α′. If the combination test approach is applied, in order to



46

Figure 2.3: Closure principle for testing adaptively n = 2 null hypotheses
H1 and H2. (Bretz et al., 2006).

reject H1, we need C(p1,1, p2,1) ≤ c and C(p1,12, p2,12) ≤ c. If the conditional error

function approach is applied, we need p2,1 ≤ A(p1,1) and p2,12 ≤ A(p1,12).

2.4.2 Multiple Testing Techniques in Adaptive Design - FWER

In general, within an adaptive design frame, the null hypotheses may be

dropped, the new null hypotheses may be included, or the order of null hypotheses

may be modified. The research results show that when using an adaptive design

(Hellmich and Hommel, 2004),

1. The efficacy decision relies on the combination test with the p-values from the

separate stages. The multiple inference on the null hypotheses at the separate

stages can be achieved by a prefixed closure procedure.
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2. The treatment arms may be terminated for efficacy or safety assessment, or

new hypotheses may be included at the interim analysis, the control of error

rate won’t corrupt. The inclusion and exclusion of null hypotheses at interim

analysis are just reverse strategies.

3. The order of a fixed sequence of hypotheses may be altered, reflecting a cor-

responding shift in interest or importance. The rearrangement of the order of

null hypotheses is a special case of an adaptive choice of test statistics to gain

power.

Many researchers investigated the closure principle with an adaptive design

(Marcus et al., 1976; Bauer and Budde, 1994; Rom et al., 1994; Tamhane et al.,

1996). The common method is to utilize combination tests and the closure principle.

Several applications have been described (Bauer and Röhmel, 1995; Kieser et al.,

1999; Bauer and Kieser, 1999; Lehmacher et al., 2000, Kropf et al., 2000). A similar

strategy has been applied by Kieser el al. (1999) for inference on multiple endpoints

and by Bauer and Kieser (1999) for multiple comparison with a common control.

Hellmich (2001) discussed the problem of pairwise comparisons between multiple

treatments. In particular, Bretz et al. (2006) investigated the probability to reject

correctly at least one of the hypotheses at the final analysis. He also compared

adaptive Dunnett, adaptive hierarchical Dunnett, single stage Dunnett and single

stage Bonferroni methods.

• Adaptive Dunnett Method. Adaptive Dunnett is an adaptive combination

test using many-to-one Dunnett (1955) for the intersection hypotheses at each
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stage, and combining the stagewise p-values with the inverse normal method

with equal weights.

• Adaptive Hierarchical Method. Adaptive hierarchical is an adaptive combina-

tion test using the many-to-one Dunnett test for Stage 1 intersection hypothe-

sis. Based on the interim results, the most promising treatment is chosen and

a fixed sequence test procedure (Westfall and Krishen, 2001) starting with the

selected treatment is applied for Stage 2 intersection hypothesis. Furthermore,

Brannath et al. (2007) discussed the step-down Dunnett approach.

• Single Stage Dunnett Method. Single stage Dunnett uses the Dunnett adjust-

ment in the final analysis no matter whether Stage 2 is conducted with one or

more treatments.

• Single Stage Bonferroni Method. Similar to single stage Dunneet, single stage

Bonferroni procedure uses the Bonferroni adjustment irrespective of whether

stage 2 is conducted with one or more treatments. Obviously, this procedure

is uniformly less powerful than other aforementioned procedures.

However, there are drawbacks. Directional errors are not always controlled

by the closure principle (Hellmich and Hommel, 2004). Westfall et al. (1999) pointed

out that special care should be taken where directional inference is present in closure

procedures. Hellmich (2001) pointed out that it may be problematic if the design

of the experiment is modified in consequence of the interim results. Unless some

adaptive testing method is used, any change of the prefixed test statistic is not
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covered by the closed testing principle.

In short, not many publications have given the explicit formula for deter-

mining the early stopping boundaries, while applying the combination test with the

closure principle to control the FWER in a strong sense.

2.4.3 Multiple Testing Techniques in Adaptive Design - FDR

In the field of gene expression or gene associated studies, a large number of

hypotheses are often investigated. Conventional single-stage design may lack power

due to low sample size for individual hypothesis. Multi-stage adaptive design has

been considered in the literature under both the FWER and FDR frameworks.

Extending single-stage design, there are two types of two-stage designs that

have gained attention.

• Type 1: The total number of observations (across stages and hypotheses) is

random. Stage-wise sample size for each hypotheses are preplanned. Only a

limited number of hypotheses for which the first stage data showed promising

effects will continue to Stage 2. This approach has been discussed under both

FWER and FDR frameworks, i.e., Miller et al., 2001; Satagopan and Elston,

2003; Benjamini and Yekutieli, 2005.

• Type 2: The total number of observations is fixed and the sample size for Stage

2 is random. A certain fraction of these observations is spent in Stage 1. The

remaining observations are then distributed among the hypotheses selected for

Stage 2. But this approach neither controls the FWER nor the FDR.
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FDR Control Method of Zehetmayer et al. (2005, 2008)

In a single-stage design, an estimator of the FDR is given by (Storey et al.,

2004)

F̂DRλ(γ) =
π̂0γm1

max (#{pi < γ}, 1)
, (2.21)

where λ is a constant chosen a priori and #{pi < γ} denotes the number of p-values

exceeding λ and π̂0 = #{pi > λ}/[(1− λ)m1].

Zehetmayer et al. (2005) extended the two-stage designs to control the F-

DR where promising hypotheses are selected using a constant rejection threshold for

each p-value at the first stage and an estimation based approach to controlling the

FDR asymptotically (as the number of hypotheses goes to infinity, i.e., Storey, 2002;

Storey et al., 2004) was taken at the second stage to test the selected hypotheses

using more observations. The ultimate goal in that paper has been to determine

asymptotically optimal values of the first-stage threshold and the fraction of obser-

vations to be spent at the first stage, given FDR level, the number of hypotheses

to be selected at the first stage, and the total number of observations, based on

maximizing power under the setting of multiple testing of normal means.

F̂DRλ(γ) =
π̂0m1γ(γ2)

max (#{p(1)i ≤ γ1, pi < γ2}, 1)
, (2.22)

where γ as a function of γ2.

Zehetmayer et al. (2008) have extended this work from two-stage to multi-

stage adaptive designs under both FDR and FWER frameworks, and provided useful

insights into the power performance of optimized multi-stage adaptive designs with
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respect to the number of stages, and into the power difference between optimized

integrated design and optimized pilot design.

FDR Control Method of Victor and Hommel (2007)

Construction of methods with the FDR control in the setting of a two-stage

adaptive design allowing reduction in the number of tested hypotheses at the interim

analysis has been discussed in Victor and Hommel (2007) who focused on controlling

the FDR in terms of a generalized global p-values for a two-stage adaptive design

permitting a flexible decision for stopping at the interim analysis. The term ”global

p-value” refers to a final p-value which combines the p-values from all stages of

the adaptive design into one single p-value. It should not be confused with global

p-values in multiple testing.

The workflow of Victor and Hommel’s procedure using the explorative

Simes procedure where the two-stage adaptive design is determined by a family of

global rejection regions is as follows:

1. Conduct the first stage.

2. Compute the first stage p-values. All hypotheses with first stage p-values

greater than α0 are stopped at the interim analysis without rejection of the

corresponding hypotheses.

3. Calculate the worst case global p-value for each remaining hypothesis. Look at

the Simes’ boundary attained by the worst case global p-values. Hypotheses

corresponding to worst case global p-values below this boundary can already
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be rejected. Decide whether there are other hypotheses that may be stopped

but not yet rejected.

4. Decide which of the hypotheses whose investigation is continued in the second

stage should be considered in the sample size reassessment. Calculate the

necessary Simes’ boundary for these hypotheses (according to the order of

their first stage p-values). It should be mentioned that this calculated Simes’

boundary for each hypothesis is only a hypothetical one and depends on the

global p-values of other hypotheses. Calculate the necessary second stage p-

values for reaching this boundary. Perform sample size considerations for each

of these hypotheses using the information gathered in the first stage. Choose

an adequate sample size for the second stage.

5. Perform the second stage for all remaining hypotheses. Calculate the second

stage (if applicable) and the global p-values for all hypotheses. Use the explo-

rative Simes’ procedure on all global p-values to decide upon the rejection of

each hypothesis.

Victor and Hommel also considerd a special case of global rejection regions

defined by using the Bauer-Köhne combination function where the global p-value is

defined as:

q(p1, p2) =



α/m+ p1p2(ln(α0)− ln(α/m), if α/m < p1 < α0
∧

p1p2 < α/m

p1p2 + p1p2(ln(α0)− ln(p1p2)), if p1 ≤ α0
∧

p1p2 ≥ α/m

p1, if p1 < α/m
∨

p1 > α0.

(2.23)
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For α/m < p1 ≤ α0, the worst case global p-value is q(p1, 1) = p1 + p1(ln(α0) −

ln(p1)), and p1 in all other situations.

In summary, controlling the FDR does not seem to be as simple as they

should be in extension of single-stage design to two-stage design. Moreover, the ex-

isting methods do not appear to be a natural extension of standard FDR controlling

methods, like the BH (Benjamini and Hochberg, 1995) or methods related to it,

from a single-stage to a two-stage design setting.

2.5 Correlated Test Statistics

So far, we have reviewed statistical methodologies using an adaptive design,

assuming that the data for each stage come from different units, and the p-values

for each stage are independent. However in reality, the test statistics of each stage

may be dependent, and p-values may not be uniformly distributed on [0, 1]. Hom-

mel, Lindig, and Faldum (2005) discussed whether combination tests which were

developed for independent p-values are robust enough to be used in dependent sit-

uations. They also proposed a modified Simes test for two-stage adaptive designs

with correlated test statistics.

The rejection region for the original Simes test (Hochberg and Hommel,

1998; Simes, 1986) is {p1 ≤ α/2}
∪
{max(p1, p2) ≤ α}

∪
{p2 ≤ α/2}. The level of

this test is α for independent p-values (Simes, 1986). Samuel-Cahn (1996) showed

the level α is controlled for non-negative correlation from a bivariate normal distri-

bution. Sarkar (1998) and Sarkar and Chang (1997) proved the control of level α
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for positively dependent test statistics.

Assuming that p1 and p2 are from a bivariate normal distribution with

correlation ρ,  Φ−1(p1)

Φ−1(p2)

 ∼ N2(

 0

0

 ,

 1 ρ

ρ 1

),

where Φ(·) is the distribution function of the univariate standard distribution. The

rejection region for Hommel’s proposed modified Simes test is defined by {p1 ≤

α1L}
∪
{α1L < p1 ≤ α1U and p2 ≤ α2}, where 0 ≤ α1L < α1U ≤ 1 and 0 < α2 < 1.

When ρ = 0, that is independent and uniformly distributed p-values,

α := α1L + (α1U − α1L) · α2. (2.24)

When ρ ̸= 0,

α ≤ α1L +min(α1U − α1L, α2). (2.25)

Hommel et al. (2005) also argued in the case when no correlation is present,

the modified Simes’ test seems to be a reasonable combination test as well.
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CHAPTER 3

OVERALL FWER CONTROL

FOR SINGLE HYPOTHESIS

IN TWO-STAGE

COMBINATION TEST

In this Chapter, we give an explicit formula for the overall Type I error

probability in terms of early rejection and acceptance boundaries and the corre-

sponding second stage critical value for each of Fisher’s, Tippett’s and Simes’ com-

bination functions. Based on these formulas, we numerically compute the critical

values for these combination functions having chosen some pairs of early rejection

and acceptance boundaries and values of α, and present them in Tables 3.1-3.3.

Comparison of power shows that the loss in power is small when early stopping
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occurs. We also apply the different methods based on the directly computed second

stage critical values given pre-fixed stopping boundaries to data from a clinical s-

tudy and discuss the outcomes in relation to those produced by Bauer and Köhne’s

original method.

3.1 Motivation

Assume that we have a one-sided null hypothesis H0 on the difference θ

in mean efficacy of two treatments, i.e., H0 : θ ≤ δ, for some given δ, to be tested

againstHa : θ > δ. We consider a two-stage design with a single interim analysis and

assume that the same null hypothesis H0 is being tested against the same alternative

throughout Stage 1 and Stage 2. Let pi be the p-value of the test of H0 at Stage

i = 1, 2, and C(p1, p2) be a combination function. Then, with Stage 1 early rejection

and acceptance boundaries αL and αU , respectively, and the second-stage critical

value cα, all to be determined subject to a control of the overall Type I error at

α, a two-stage adaptive test is described as follows: (1) Stop at the interim with a

decision to reject H0 if p1 ≤ αL, to accept H0 if p1 > αU , or to continue to Stage

2 if αL < p1 ≤ αU . (2) If continued to Stage 2, determine C(p1, p2) combining p2

with p1 and reject H0 if C(p1, p2) ≤ cα, otherwise, accept it. The overall Type I

error rate is given by

αL +

∫ αU

αL

∫ 1

0
I(C(p1, p2) ≤ cα)I(p2 ≤ 1)I(p1 ≤ 1)dp2dp1. (3.1)

Motivated by Fisher’s combination test, Bauer and Köhne proposed to

combine the p-values from separate stages in a sequential adaptive design by taking
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the product of these p-values, assuming of course that these p-values are generated

from stochastically independent continuous test statistics and uniformly distributed

on [0, 1] under H0. Thus, in the Bauer-Köhne method based on Fisher’s combi-

nation function for a two-stage adaptive design, the early rejection and acceptance

boundaries, αL and αU respectively, and the final critical value cα are all determined

from the following single equation:

α = αL +

∫ αU

αL

∫ 1

0
I(p1p2 ≤ cα)I(p2 ≤ 1)I(p1 ≤ 1)dp2dp1,

= αL +

∫ αU

αL

∫ min(cα/p1,1)

0
dp2dp1. (3.2)

Bauer and Köhne assumed that cα ≤ αL, which simplifies (3.2) to

α = αL + cα(lnαU − lnαL), (3.3)

and chose cα to be the same as that for the level α Fisher’s combination test, that

is, cα = exp{−1
2χ

2
4;1−α}, where χ2

ν;1−α is the (1− α)-quantile of the χ2 distribution

with ν degrees of freedom. Thus, given α and αU (or αL), cα and αL (or αU ) can

be derived from (3.3) with the additional restriction cα ≤ αL.

As noted in the introduction, often it is necessary to solve (3.2) directly

for cα given pre-chosen 0 ≤ αL < αU ≤ 1. What we will do in the next section is to

remove the restriction of Bauer and Köhne’s method and provide explicit formulas

for the equations needed to be solved for cα given 0 ≤ αL < αU ≤ 1. Clearly, this can

be done, not only for Fisher’s combination function but also for other combination

functions like Tippett’s and Simes’.

In the next section, we consider two-stage adaptive designs based on Fish-
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er’s, Tippett’s, and Simes’ combination functions. For each of these combination

functions, we first derive an explicit formula for the overall Type I error rate as a

function of the second stage critical value cα given early rejection and acceptance

boundaries αL and αU , respectively. We then use this formula to numerically com-

pute the values of cα subject to a control of the overall Type I error probability at α

for different choices of the early stopping boundaries and present them in tables for

different value of α. Sidak’s combination test is often used in application. However,

since it is equivalent to Tippett’s, we will present the results for this combination

function directly from those for Tippett’s, in case one wishes to use it.

3.2 Fisher’s Combination Function

As described in Chapter 2, Fisher’s (1932) combination function is defined

as

CFisher(p1, p2) = p1p2. (3.4)
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with the corresponding overall Type I error rate as a function of 0 ≤ αL < αU ≤ 1

and cα being equal to

Type I error = αL +

∫ αU

αL

∫ 1

0
I(CFisher(p1, p2) ≤ cα)I(p2 ≤ 1)I(p1 ≤ 1)dp2dp1

= αL +

∫ αU

αL

∫ min(cα/p1,1)

0
dp2dp1

= αL +

∫ αU

αL

min

(
1,

cα
p1

)
dp1

=



αL + cα(lnαU − lnαL), if cα ≤ αL

cα(1 + lnαU − ln cα), if αL < cα < αU

αU , if cα ≥ αU .

(3.5)

This is a more general expression for the overall Type I error rate than what

Bauer and Köhne (1994) originally considered for Fisher’s combination function.

Although Brannath et al. (2002) generalized the Bauer and Köhne method, it is in

a different context. The above equation provides a more complete picture of how

cα can be determined from 0 ≤ αL < αU ≤ 1 and vice-versa subject to a control

of the overall Type I error rate at α (see Figure 3.1). The equation determining

cα and satisfying cα ≤ αL is αL + cα (lnαU − lnαL) = α, same as in Bauer and

Köhne , although they have considered finding αL (and hence αL) by prefixing cα.

To determine cα under the condition αL < cα < αU , the equation to be used is

cα (1 + lnαU − ln cα) = α, which interestingly does not depend on αL. One can set

the early acceptance boundary at α and can control the overall Type I error rate

at α by choosing αL and cα arbitrarily subject to αL < α < cα. But, it would be

undesirable to do so, as it boils down to not continuing the trial to the second stage.

The above expression also covers the situation considered in Bauer and Röhmel
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(1995) who chose cα2 = exp{−1
2χ

2
4;1−α2

} with an α2 < α.

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

cα

α

αL 0.1 0.25 0.4 αU 0.6

A

B

C

Figure 3.1: Plot for Fisher’s combination function in cα − α plane (αL =
0.025, αU = 0.5). A: α = αL+cα(lnαU − lnαL); B: α = cα(1+lnαU − ln cα);
C: α = αU .

Tables 3.1 and 3.2 present the values of cα for some choices of pre-fixed early

stopping boundaries αL and αU and α = 0.010, 0.025, 0.050, and 0.100, in a two-

stage adaptive design based on Fisher’s combination function. The bold numbers

in the table are the ones that Bauer and Köhne presented in their paper.
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3.3 Tippett’s or Sidak’s Combination Function

Tippett’s combination test (Tippett, 1931), also known as the ”MinP” test,

is based on following combination function:

CTippett(p1, p2) = 2min(p1, p2). (3.6)

For a two-stage adaptive design based on this combination function, the

overall Type I error rate is given by

Type I error = αL +

∫ αU

αL

∫ 1

0
I(CTippett(p1, p2) ≤ cα)I(p2 ≤ 1)I(p1 ≤ 1)dp2dp1

= αL +

∫ min( 1
2
cα,αU )

αL

∫ 1

p1

dp2dp1 +

∫ αU

αL

∫ min( 1
2
cα,p1)

0
dp2dp1

= αL +

∫ min( 1
2
cα,αU )

αL

(1− p1)dp1 +

∫ αU

αL

min(
1

2
cα, p1)dp1

=



αL + cα
2 (αU − αL), if 1

2cα ≤ αL

(1 + αU )
cα
2 − 1

4cα
2, if αL < 1

2cα < αU

αU , if 1
2cα ≥ αU .

(3.7)

The expression (3.7) provides a complete picture of how cα depends on the

early rejection and acceptance boundaries and vice-versa in a two-stage adaptive

design with Tippett’s combination function controlling the overall Type I error rate

at α (see Figure 3.2). It is very similar to that for Fisher’s combination function.

Just like what Bauer and Köhne (1994) did for Fisher’s combination function, we

may consider the equation αL + cα
2 (αU − αL) = α, with cα chosen to be equal to

2
(
1−

√
1− α

)
, the critical value of the MinP test, and determine αL and αU subject

to 1
2cα ≤ αL. However, instead of prefixing cα, we will consider determining it from

αL and αU . Tables 3.3 and 3.4 present values of cα for some choices of αL and αU
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under the conditions cα
2 ≤ αL and αL < cα

2 < αU for a two-stage adaptive design

based on Tippett’s combination function for α = 0.010, 0.025, 0.050, and 0.100.

Again, one can set the early acceptance boundary at α and can control the overall

Type I error rate at α by choosing αL and cα arbitrarily subject to αL < 1
2α < cα,

but as before it would be the same as not continuing the trial to the second stage.

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

cα

α

αL 0.2 αU 0.8 1

A

B

C

Figure 3.2: Plot for Tippett’s combination function in cα − α plane (αL =
0.025, αU = 0.5). A: α = αL + cα

2 (αU − αL); B: α = (1 + αU )
cα
2 − 1

4cα
2; C:

α = αU .

Sidak’s combination test (1967) is based on the following combination func-

tion:

CSidak(p1, p2) = 1− [1−min(p1, p2)]
2 (3.8)
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Since for any constant 0 < c < 1,

{CSidak(p1, p2) ≤ c} ≡ {CTippett(p1, p2) ≤ 2[1− (1− c)
1
2 ]},

a two-stage adaptive design based on this combination function is equivalent to that

based on Tippett’s, where the

Type I error = αL +

∫ αU

αL

∫ 1

0
I(CSidak(p1, p2) ≤ cα)I(p2 ≤ 1)I(p1 ≤ 1)dp2dp1,(3.9)

is the same as that given in (3.7) with cα replaced by 2[1 −
√
1− cα]. Thus, for

Sidak’s combination function, we have

Type I error =



αU − (αU − αL)dα, if dα ≥ 1− αL

αU (1− dα) + dα(1− dα), if 1− αU < dα < 1− αL

αU , if dα ≤ 1− αU .

(3.10)

where dα =
√
1− cα.

3.4 Simes’ Combination Function

Let p(1) ≤ p(2) be the ordered versions of p1 and p2. Then, Simes’ combi-

nation test (1986) based on these p-values uses the following combination function:

CSimes(p1, p2) = 2min{p(1),
p(2)

2
}. (3.11)

With each pi ∼ U(0, 1), it is distributed as U(0, 1) under independence of p1 and

p2, as we assume in this article; that is, rejecting H0 if CSimes(p1, p2) ≤ α provides

a α-level test. In fact, it is still valid α-level test under positive dependence (Sarkar

and Chang, 1997; Sarkar, 1998).
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For any fixed 0 < c < 1, we have

{CSimes(p1, p2) ≤ c}

≡ {p1 ≤ 1
2c, 0 ≤ p2 ≤ 1} ∪ {1

2c < p1 ≤ c, p2 ≤ c} ∪ {p1 > c, p2 ≤ 1
2c},

(3.12)

from which one can obtain the overall Type I error probability for a two-stage

adaptive design based on Simes’ combination function as follows:

Type I error = αL +

∫ αU

αL

∫ 1

0
I(CSimes(p1, p2) ≤ cα)I(p2 ≤ 1)I(p1 ≤ 1)dp2dp1

= αL +

∫ min(αU , cα
2
)

αL

∫ 1

0
dp2dp1 +

∫ min(αU ,cα)

max(αL,
cα
2
)

∫ cα

0
dp2dp1

+

∫ αU

max(cα,αL)

∫ cα
2

0
dp2dp1

= αL +

∫ min(αU , cα
2
)

αL

dp1 + cα

∫ min(αU ,cα)

max(αL,
cα
2
)
dp1 +

1

2
cα

∫ αU

max(cα,αL)
dp1

=



αL + 1
2cα(αU − αL), if cα ≤ αL

αL + cα(
1
2αU − αL) +

1
2cα

2, if αL < cα ≤ min(2αL, αU )

αL + cα(αU − αL), if αU < cα ≤ 2αL

1
2cα(1 + αU ), if 2αL < cα ≤ αU

1
2cα(1 + 2αU )− 1

2cα
2, if max(2αL, αU ) ≤ cα ≤ 2αU

αU , if cα ≥ 2αU

(3.13)

This provides a complete picture of how cα can be determined from early

rejection and acceptance boundaries, αL and αU respectively, or vice-versa in a

two-stage adaptive design based on Simes’ combination function and controlling the

overall Type I error rate at α (see Figure 3.3). Tables 3.5, 3.6, and 3.7 present

the values of cα for some choices of αL and αU under the conditions 2αL < cα ≤

αU , αL < cα ≤ min(2αL, αU ) and cα ≤ αL for a two-stage adaptive design with
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the overall significance level α = 0.010, 0.025, 0.050, and 0.100 based on Simes’

combination function.

0.
0

0.
1

0.
2

0.
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0.
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cα

α

αL 0.25 αU 0.8 1

AB
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D
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Figure 3.3: Plot for Simes’ combination function in cα − α plane (αL =
0.025, αU = 0.5). A: α = αL+

1
2cα(αU−αL); B: α = αL+cα(

1
2αU−αL)+

1
2cα

2;
C: α = 1

2cα(1 + αU ); D: α = 1
2cα(1 + 2αU )− 1

2cα
2; E: α = αU .

3.5 Power Analysis

The maximum sample size for such an adaptive procedure coincides with

a non-sequential combination test. Thus in terms of power analysis, this test pro-

cedure suffers a loss of power if early stopping occurs. For instance in a two-stage

adaptive design compared with the classic non-sequential combination test, the loss
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in power is given by

Pr[{C(p1, p2) ≤ cα}
∩

{p1 ≥ αU}]− Pr[{C(p1, p2) ≥ cα}
∩

{cα ≤ p1 ≤ αL}](3.14)

The first term of this expression refers to the situation where the classical

combination test would reject H0, but the condition p1 ≥ αU leads to an early

acceptance at Stage 1. The second term refers to the gain in power from early

rejection in an adaptive design under the condition p1 ≤ αL which would not end

up with a rejection with the classic non-sequential combination test (Bauer and

Köhne, 1994). More specifically, Bauer and Köhne (1994) stated that the loss in

power for Fisher’s combination test is less or equal to

Pr(p2 ≤
cα
αU

)Pr(p1 ≥ αU )− Pr(p2 ≥ αU )Pr(
cα
αU

≤ p1 ≤ αL).

The loss in power was evaluated by 1000 simulation runs to test a hypoth-

esis of µ = 0 versus µ = δ with known variance σ2 = 1 for a two-stage combination

test with the overall type I error controlled at α = 0.05. Figure 3.4 shows the loss

in power for a classic two-stage non-sequential combination test and an adaptive

design with early stopping based on different combination functions. The loss in

power due to early stopping is small for all three tests.

Figure 3.5 compares power properties of different combination functions

with pre-fixed early stopping boundaries at αL = 0.025 and αU = 0.5 and overall

type I error controlled at α = 0.05. With the same pre-fixed early stopping bound-

aries, Fisher’s combination function is slightly more powerful than the other two

tests.
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Figure 3.4: Power of two-stage combination test with early stopping (With
ES) and without early stopping (W/O ES) for Fisher’s, Tippett’s and Simes’
combination functions (α = 0.05, αL = 0.025, αU = 0.5).
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3.6 Example

We use the data from a clinical study on patients with acne papulopustu-

losa to illustrate an application of the formula described above. It was a randomized,

placebo-controlled, double-blind study, comparing the effect of treatment under a

combination of 1% choloramphenicol (CAS 56-75-7) and 0.5% pale ulfonated shale

oil versus the placebo (Fluhr, 1998). The original data was collected from a tradi-

tional one stage design with 24 patients assigned in the combination therapy and 26

patients in the placebo group. A two-sided t-test (p = 0.0008) showed that the com-

bination therapy significantly reduced bacteria as compared to placebo. Lehmacher

and Wassmer (1999) applied this data to a three-stage adaptive Pocock’s design

(1977) with an overall Type I error rate α = 0.01. There were 24 patients (12 per

group) in Stage 1. The resulting one-sided p-value p1 was 0.0070 (t = 2.672), which

led the trial to Stage 2 with next 12 patients (6 per group). The resulting Stage 2

one-sided p-value p2 turned out to be 0.0468 (t = 1.853), yielding a significant result

in treatment arm. The study then stopped at Stage 2 for efficacy.

For illustration purpose, we intended to use this data and applied the two-

stage adaptive designs with the same overall significance level α = 0.01 based on

the different combination functions considered in this article. We consulted Tables

3.1-3.3 to select appropriate pairs of early stopping boundaries and the correspond-

ing second stage critical values for these designs before applying them to the data.

To have a meaningful comparison of these designs, we will keep the early accep-

tance boundaries same for all these designs. These values and the conclusions are
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summarized in Table 3.4.

3.6.1 Fisher’s Combination Function

Tables 3.1 and 3.2 offer a variety of possible values for the pair (αL, αU )

and the corresponding cα for this combination function, each providing a control of

the overall Type I error rate at α = 0.01. Interestingly, since the first stage p-value

is p1 = 0.0070 and the combined p-value based on this combination function in the

second stage is C(p1, p2) = p1p2 = 0.0070 × 0.0468 = 0.0003, we would have the

same conclusion as Fluhr (1998) and Lehmacher and Wassermer (1999), that is, the

superiority of the combination treatment over the placebo would be demonstrated,

no matter what values are chosen for these quantities from this table. Nevertheless,

as said above, we choose αU = 0.4 for this as well as for the other two designs. The

corresponding values of αL and cα, satisfying the constraint αL < cα, are 0.0035 and

0.0014, respectively. Under the constraint αL < cα < αU , the corresponding value

of cα is 0.0015, and since αL can be any value between 0 and 0.0015, we choose in

particular αL = 0.0010.

3.6.2 Tippett’s Combination Function

Tables 3.3 and 3.4 present some possible values of αL, αU , and cα for this

combination function. With αU = 0.4, we can set αL at any value in the interval

(0, 0.0072), with the corresponding cα = 0.0144, under the restriction αL < 1
2cα <

αU . Since the first stage p-value is 0.0070, the trial would stop at Stage 1 for efficacy

if we select αL = 0.0072, and there would be no need to continue to the second stage.
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Similarly, when 1
2cα ≤ αL, αL could be set at 0.0075 or even greater with the same

αU at 0.4, and again the trial would stop at Stage 1 for efficacy.

3.6.3 Simes’ Combination Function

Tables 3.5, 3.6, and 3.7 show some possible pairs of early stopping bound-

aries and the corresponding second stage critical value when Simes’ combination

function is used. When 2αL < cα ≤ αU and αU = 0.4, αL can be set at 0.0071, and

the trial would stop early at Stage 1 for efficacy with Stage 1 p-value p1 = 0.0070.

Similarly, for situation αL < cα ≤ min(2αL, αU ) or cα ≤ αL, we can also find pairs of

early stopping boundaries allowing the trial to stop at Stage 1 with the superiority

of the combination treatment over placebo demonstrated (see Table 3.8).

In short, in this example the application of the proposed formula for overall

Type I error rate led to the same statistical conclusion as the original global t-test but

with only partial patients, which implied our results were unbiased with respect to

data-driven adaptation of the design. Moreover, by applying different combination

functions and early stopping boundaries, the trial could be stopped early at Stage

1 due to efficacy, suggesting that with good planning, a two-stage adaptive design

can reduce lead time and save cost in clinical development.

3.7 Discussion

Inevitably, there is no superior strategy to determine early stopping bound-

aries or the critical value in two-stage combination function approach, even though
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the Bauer-Köhne method is very commonly used. While choosing the early stopping

boundaries and the second stage critical value subject to a control of the overall type

I error rate at α, Bauer and Köhne restricted the second stage critical value to that

of the level α test based on the chosen combination function, and thus gave only

one choice for the early rejection boundary with a prefixed acceptance boundary.

As this may be restrictive in some instances, we have decided to look at the formula

for the overall type I error rate more explicitly as a function of the early stopping

boundaries and the second stage critical value before giving a general idea through

numerical calculations of how the second stage critical value can be chosen from

pre-fixed early stopping boundaries. This offers increased flexibility in designing

an adaptive design where the early stopping boundaries are chosen upfront. The

formulas and the related calculations have been given not only for Fisher’s combi-

nation function, the one Bauer and Köhne originally considered, but also for other

commonly used combination functions, Tippett’s and Simes’, which were not avail-

able in the literature, as far as we know. Since recursive application of two-stage

adaptive design is valid (Bauer and Köhne, 1994), conceptually, one can extend the

present results to a three stage design, although the final expressions in that case

might be more involved to work with. In addition, the choice of cα can be done

based on optimal power calculation, which will be further investigated.

We believe this paper offers a good understanding of a two-stage adaptive

design from the point of view of choosing proper early stopping boundaries and the

second stage critical value. Of course, there is an arbitrariness in these choices,
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because the control of the overall Type I error rate at the desired level is the only

criterion used while choosing these quantities. This arbitrariness can be removed

by bringing in other considerations like power, which we will address in a different

communication.
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Table 3.1: The critical value cα while prefixing the early stopping boundaries αL

and αU under the condition cα ≤ αL, based on Fisher’s Combination Function.

α = 0.010 αL

αU 0.0015 0.0020 0.0027 0.0031 0.0035 0.0040 0.0045 0.0050
0.1 - - 0.0020 0.0020 0.0019 0.0019 0.0018 0.0017
0.2 - 0.0017 0.0017 0.0017 0.0016 0.0015 0.0014 0.0014
0.3 - 0.0016 0.0015 0.0015 0.0015 0.0014 0.00131 0.0012
0.4 - 0.0015 0.0015 0.0014 0.0014 0.00131 0.0012 0.0011
0.5 0.0015 0.0014 0.0014 0.0014 0.00131 0.0012 0.0012 0.0011
0.6 0.0014 0.0014 0.0014 0.00131 0.0013 0.0012 0.0011 0.0010
0.7 0.0014 0.0014 0.00131 0.0013 0.0012 0.0011 0.0011 0.0010
0.8 0.0014 0.0013 0.0013 0.0012 0.0012 0.0011 0.0011 0.0010
0.9 0.0013 0.0013 0.0013 0.0012 0.0012 0.0011 0.0010 0.0010
1.0 0.0013 0.0013 0.0012 0.0012 0.0011 0.0011 0.0010 0.0009

α = 0.025 αL

αU 0.0045 0.0050 0.0060 0.0080 0.0090 0.0100 0.0115 0.0150
0.1 - - - 0.0067 0.0066 0.0065 0.0062 0.0053
0.2 - - 0.0054 0.0053 0.0052 0.0050 0.0047 0.0039
0.3 - 0.0049 0.0049 0.0047 0.0046 0.0044 0.0041 0.0033
0.4 - 0.0046 0.0045 0.0043 0.0042 0.0041 0.0038 0.0030
0.5 0.0044 0.0043 0.0043 0.0041 0.0040 0.0038 0.0036 0.0029
0.6 0.0042 0.0042 0.0041 0.0039 0.0038 0.0037 0.0034 0.0027
0.7 0.0041 0.0040 0.0040 0.0038 0.0037 0.0035 0.0033 0.0026
0.8 0.0040 0.0039 0.0039 0.0038 0.0036 0.0035 0.0032 0.0025
0.9 0.0039 0.0039 0.0038 0.0036 0.0035 0.0033 0.0031 0.0024
1.0 0.0038 0.0038 0.0037 0.0035 0.0034 0.0033 0.0030 0.0024

α = 0.050 αL

αU 0.0100 0.0150 0.0200 0.0250 0.0299 0.0350 0.0400 0.0450
0.1 - - 0.0186 0.0180 0.0166 0.0143 0.0109 0.0063
0.2 - 0.0135 0.0130 0.0120 0.0106 0.0086 0.0062 0.0034
0.3 - 0.0117 0.0111 0.0101 0.0087 0.0070 0.0050 0.0026
0.4 - 0.0107 0.0100 0.0090 0.0077 0.0062 0.0043 0.0023
0.5 - 0.0100 0.0093 0.0083 0.0071 0.0056 0.0040 0.0021
0.6 0.0098 0.0095 0.0088 0.0079 0.0067 0.0053 0.0037 0.0019
0.7 0.0094 0.0091 0.0084 0.0075 0.0064 0.0050 0.0035 0.0018
0.8 0.0091 0.0088 0.0081 0.0072 0.0061 0.0048 0.0033 0.0017
0.9 0.0089 0.0085 0.0079 0.0070 0.0059 0.0046 0.0032 0.0017
1.0 0.0087 0.0083 0.0077 0.0068 0.0057 0.0045 0.0031 0.0016

α = 0.100 αL

αU 0.0250 0.0300 0.0400 0.0500 0.0600 0.0700 0.0800 0.0900
0.1 - - - - - - - -
0.2 - - 0.0373 0.0361 0.0332 0.0286 0.0218 0.0125
0.3 - - 0.0298 0.0279 0.0249 0.0206 0.0151 0.0083
0.4 - 0.0270 0.0261 0.0240 0.0211 0.0172 0.0124 0.0067
0.5 0.0250 0.0249 0.0238 0.0217 0.0189 0.0153 0.0109 0.0058
0.6 0.0236 0.0234 0.0222 0.0201 0.0174 0.0140 0.0099 0.0053
0.7 0.0225 0.0222 0.0210 0.0189 0.0163 0.0130 0.0092 0.0049
0.8 0.0216 0.0213 0.0200 0.0180 0.0154 0.0123 0.0087 0.0046
0.9 0.0209 0.0206 0.0193 0.0173 0.0148 0.0117 0.0083 0.0043
1.0 0.0203 0.0200 0.0186 0.0167 0.0142 0.0113 0.0079 0.0042
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Table 3.2: The critical value cα while prefixing the early stopping boundaries αL and
αU under the condition αL < cα < αU , based on Fisher’s Combination Function.

αL < cα < αU

α
αU 0.0100 0.0250 0.0500 0.1000
0.1 - 0.0068 0.0187 -

- (0 < αL < 0.0068) (0 < αL < 0.0187) -
0.2 0.0017 - 0.0135 0.0373

(0 < αL < 0.0017) - (0 < αL < 0.0135) (0 < αL < 0.0373)
0.3 - - - 0.0304

- - - (0 < αL < 0.0304)
0.4 0.0015 0.0046 - 0.0271

(0 < αL < 0.0015) (0 < αL < 0.0046) - (0 < αL < 0.0271)
0.5 - - - -
0.6 0.0014 0.0042 0.0098 0.0236

(0 < αL < 0.0014) (0 < αL < 0.0042) (0 < αL < 0.0098) (0 < αL < 0.0236)
0.7 - - 0.0094 -

- - (0 < αL < 0.0094) -
0.8 - - - -
0.9 0.0013 - - 0.0210

(0 < αL < 0.0013) - - (0 < αL < 0.0210)
1.0 0.0013 - - 0.0205

(0 < αL < 0.0013) - - (0 < αL < 0.0205)

Table 3.3: The critical value cα while prefixing the early stopping boundaries αL and
αU under the condition αL < cα

2 < αU , based on Tippett’s Combination Function.

αL < cα
2

< αU

α
αU 0.0100 0.0250 0.0500 0.1000
0.1 0.0183 0.0464 0.0950 0.2000

(0 < αL < 0.0092) (0 < αL < 0.0232) (0 < αL < 0.0475) (0 < αL < 0.1000)
0.2 0.0168 0.0424 0.0864 0.1802

(0 < αL < 0.0084) (0 < αL < 0.0212) (0 < αL < 0.0432) (0 < αL < 0.0901)
0.3 0.0155 0.0390 0.0793 0.1642

(0 < αL < 0.0077) (0 < αL < 0.0195) (0 < αL < 0.0397) (0 < αL < 0.0821)
0.4 0.0144 0.0362 0.0734 0.1510

(0 < αL < 0.0072) (0 < αL < 0.0181) (0 < αL < 0.0367) (0 < αL < 0.0755)
0.5 0.0134 0.0337 0.0682 0.1399

(0 < αL < 0.0067) (0 < αL < 0.0169) (0 < αL < 0.0341) (0 < αL < 0.0700)
0.6 0.0125 0.0316 0.0638 0.1303

(0 < αL < 0.0063) (0 < αL < 0.0158) (0 < αL < 0.0319) (0 < αL < 0.0652)
0.7 0.0118 0.0297 0.0599 0.1220

(0 < αL < 0.0059) (0 < αL < 0.0148) (0 < αL < 0.0299) (0 < αL < 0.0610)
0.8 0.0111 0.0280 0.0564 0.1148

(0 < αL < 0.0056) (0 < αL < 0.0140) (0 < αL < 0.0282) (0 < αL < 0.0574)
0.9 0.0106 0.0265 0.0534 0.1084

(0 < αL < 0.0053) (0 < αL < 0.0133) (0 < αL < 0.0267) (0 < αL < 0.0542)
1.0 0.0100 0.0252 0.0506 0.1026

(0 < αL < 0.0050) (0 < αL < 0.0126) (0 < αL < 0.0253) (0 < αL < 0.0513)
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Table 3.4: The critical value cα while prefixing the early stopping boundaries αL

and αU under the condition 1
2cα ≤ αL, based on Tippett’s Combination Function.

1
2
cα ≤ αL

α = 0.010 αL

αU 0.0060 0.0065 0.0070 0.0075 0.0080 0.0085 0.0090 0.0095
0.1 - - - - - - - -
0.2 - - - - - 0.0157 0.0105 0.0052
0.3 - - - - 0.0137 0.0103 0.0069 0.0034
0.4 - - - 0.0127 0.0102 0.0077 0.0051 0.0026
0.5 - - 0.0122 0.0102 0.0081 0.0061 0.0041 0.0020
0.6 - 0.0118 0.0101 0.0084 0.0068 0.0051 0.0034 0.0017
0.7 0.0115 0.0101 0.0087 0.0072 0.0058 0.0043 0.0029 0.0014
0.8 0.0101 0.0088 0.0076 0.0063 0.0051 0.0038 0.0025 0.0013
0.9 0.0089 0.0078 0.0067 0.0056 0.0045 0.0034 0.0022 0.0011
1.0 0.0080 0.0070 0.0060 0.0050 0.0040 0.0030 0.0020 0.0010

α = 0.025 αL

αU 0.0150 0.0160 0.0170 0.0180 0.0190 0.0200 0.0220 0.0240
0.1 - - - - - - - 0.0263
0.2 - - - - - - 0.0337 0.0114
0.3 - - - - - 0.0357 0.0216 0.0072
0.4 - - - - 0.0315 0.0263 0.0159 0.0053
0.5 - - 0.0331 0.0290 0.0249 0.0208 0.0126 0.0042
0.6 - 0.0308 0.0274 0.0241 0.0207 0.0172 0.0104 0.0035
0.7 0.0292 0.0263 0.0234 0.0205 0.0176 0.0147 0.0088 0.0030
0.8 0.0255 0.0230 0.0204 0.0179 0.0154 0.0128 0.0077 0.0026
0.9 0.0226 0.0204 0.0181 0.0159 0.0136 0.0114 0.0068 0.0023
1.0 0.0203 0.0183 0.0163 0.0143 0.0122 0.0102 0.0061 0.0020

α = 0.050 αL

αU 0.0300 0.0320 0.0350 0.0380 0.0400 0.0420 0.0450 0.0480
0.1 - - - - - - - 0.0769
0.2 - - - - - - 0.0645 0.0263
0.3 - - - - 0.0769 0.0620 0.0392 0.0159
0.4 - - - 0.0663 0.0556 0.0447 0.0282 0.0114
0.5 - - 0.0645 0.0519 0.0435 0.0349 0.0220 0.0088
0.6 - 0.0634 0.0531 0.0427 0.0357 0.0287 0.0180 0.0072
0.7 0.0597 0.0539 0.0451 0.0363 0.0303 0.0243 0.0153 0.0061
0.8 0.0519 0.0469 0.0392 0.0315 0.0263 0.0211 0.0132 0.0053
0.9 0.0460 0.0415 0.0347 0.0278 0.0233 0.0186 0.0117 0.0047
1.0 0.0412 0.0372 0.0311 0.0249 0.0208 0.0167 0.0105 0.0042

α = 0.100 αL

αU 0.0700 0.0750 0.0800 0.0850 0.0875 0.0900 0.0925 0.0950
0.1 - - - - - - - -
0.2 - - - - - - 0.1395 0.0952
0.3 - - - 0.1395 0.1176 0.0952 0.0723 0.0488
0.4 - - 0.1250 0.0952 0.0800 0.0645 0.0488 0.0328
0.5 0.1395 0.1176 0.0952 0.0723 0.0606 0.0488 0.0368 0.0247
0.6 0.1132 0.0952 0.0769 0.0583 0.0488 0.0392 0.0296 0.0198
0.7 0.0952 0.0800 0.0645 0.0488 0.0408 0.0328 0.0247 0.0165
0.8 0.0822 0.0690 0.0556 0.0420 0.0351 0.0282 0.0212 0.0142
0.9 0.0723 0.0606 0.0488 0.0368 0.0308 0.0247 0.0186 0.0124
1.0 0.0645 0.0541 0.0435 0.0328 0.0274 0.0220 0.0165 0.0110
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Table 3.5: The critical value cα while prefixing the early stopping boundaries αL and
αU under the conditions 2αL < cα ≤ αU , based on Simes’ Combination Function.

2αL < cα ≤ αU

α
αU 0.0100 0.0250 0.0500 0.1000
0.1 0.0182 0.0455 0.0909 0.1818

(0 < αL ≤ 0.0091) (0 < αL ≤ 0.0227) (0 < αL ≤ 0.0455) (0 < αL ≤ 0.0909)
0.2 0.0167 0.0417 0.0833 0.1667

(0 < αL ≤ 0.0083) (0 < αL ≤ 0.0208) (0 < αL ≤ 0.0417) (0 < αL ≤ 0.0833)
0.3 0.0154 0.0385 0.0769 0.1538

(0 < αL ≤ 0.0077) (0 < αL ≤ 0.0192) (0 < αL ≤ 0.0385) (0 < αL ≤ 0.0769)
0.4 0.0143 0.0357 0.0714 0.1429

(0 < αL ≤ 0.0071) (0 < αL ≤ 0.0179) (0 < αL ≤ 0.0357) (0 < αL ≤ 0.0714)
0.5 0.0133 0.0333 0.0667 0.1333

(0 < αL ≤ 0.0067) (0 < αL ≤ 0.0167) (0 < αL ≤ 0.0333) (0 < αL ≤ 0.0667)
0.6 0.0125 0.0313 0.0625 0.1250

(0 < αL ≤ 0.0063) (0 < αL ≤ 0.0156) (0 < αL ≤ 0.0313) (0 < αL ≤ 0.0625)
0.7 0.0118 0.0294 0.0588 0.1176

(0 < αL ≤ 0.0059) (0 < αL ≤ 0.0147) (0 < αL ≤ 0.0294) (0 < αL ≤ 0.0588)
0.8 0.0111 0.0278 0.0556 0.1111

(0 < αL ≤ 0.0056) (0 < αL ≤ 0.0139) (0 < αL ≤ 0.0278) (0 < αL ≤ 0.0556)
0.9 0.0105 0.0263 0.0526 0.1053

(0 < αL ≤ 0.0053) (0 < αL ≤ 0.0132) (0 < αL ≤ 0.0263) (0 < αL ≤ 0.0526)
1.0 0.0100 0.0250 0.0500 0.1000

(0 < αL ≤ 0.0050) (0 < αL ≤ 0.0125) (0 < αL ≤ 0.0250) (0 < αL ≤ 0.0500)
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Table 3.6: The critical value cα while prefixing the early stopping boundaries αL and
αU under the conditions αL < cα ≤ min(2αL, αU ), based on Simes’ Combination
Function.

αL < cα ≤ min(2αL, αU )
α = 0.010 αL

αU 0.0065 0.0068 0.0070 0.0073 0.0075 0.0080 0.0085 0.0090
0.1 - - - - - - - -
0.2 - - - - - - 0.0151 0.0104
0.3 - - - - - 0.0134 0.0102 -
0.4 - - - 0.0135 0.0126 0.0101 - -
0.5 - 0.0128 0.0120 0.0109 0.0101 0.0081 - -
0.6 0.0117 0.0107 0.0101 0.0091 0.0084 - - -
0.7 0.0100 0.0092 0.0086 0.0078 - - - -
0.8 0.0088 0.0081 0.0076 - - - - -
0.9 0.0078 0.0072 - - - - - -
1.0 0.0070 - - - - - - -

α = 0.025 αL

αU 0.0170 0.0175 0.0180 0.0185 0.0190 0.0195 0.0200 0.0225
0.1 - - - - - - - -
0.2 - - - - - - - 0.0274
0.3 - - - - - 0.0185 0.0170 -
0.4 - - 0.0351 0.0328 0.0306 0.0283 0.0259 -
0.5 0.0321 0.0303 0.0284 0.0266 0.0247 0.0227 0.0208 -
0.6 0.0270 0.0254 0.0238 0.0222 0.0206 - - -
0.7 0.0232 0.0218 0.0205 0.0191 - - - -
0.8 0.0203 0.0191 - - - - - -
0.9 0.0181 - - - - - - -
1.0 - - - - - - - -

α = 0.050 αL

αU 0.0300 0.0325 0.0350 0.0375 0.0400 0.0425 0.0450 0.0475
0.1 - - - - - - - 0.0683
0.2 - - - - - 0.0778 0.0591 -
0.3 - - - - 0.0692 0.0555 - -
0.4 - - - 0.0642 0.0535 - - -
0.5 - - 0.0611 0.0524 0.0432 - - -
0.6 - 0.0589 0.0516 0.0439 - - - -
0.7 0.0574 0.0510 0.0445 0.0377 - - - -
0.8 0.0506 0.0449 0.0390 - - - - -
0.9 0.0452 0.0400 - - - - - -
1.0 0.0408 0.0360 - - - - - -

α = 0.100 αL

αU 0.0650 0.0700 0.0725 0.0750 0.0775 0.0800 0.0850 0.0900
0.1 - - - - - - - -
0.2 - - - - - - 0.1589 0.1318
0.3 - - - - 0.1517 0.1418 0.1200 0.0936
0.4 - - 0.1394 0.1312 0.1225 0.1132 0.0929 -
0.5 - 0.1240 0.1166 0.1089 0.1009 0.0925 - -
0.6 0.1189 0.1060 0.0992 0.0922 0.0849 - - -
0.7 0.1039 0.0920 0.0858 0.0794 - - - -
0.8 0.0919 0.0810 0.0753 - - - - -
0.9 0.0821 0.0721 - - - - - -
1.0 0.0741 - - - - - - -
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Table 3.7: The critical value cα while prefixing the early stopping boundaries αL

and αU under the conditions cα ≤ αL, based on Simes’ Combination Function.

cα ≤ αL

α = 0.010 αL

αU 0.0070 0.0075 0.0080 0.0085 0.0087 0.0090 0.0093 0.0095
0.1 - - - - - - - -
0.2 - - - - - - 0.0073 0.0052
0.3 - - - - 0.0089 0.0069 0.0048 0.0034
0.4 - - - 0.0076 0.0066 0.0051 0.0036 0.0026
0.5 - - - 0.0061 0.0053 0.0041 0.0029 0.0020
0.6 - - 0.0068 0.0051 0.0044 0.0034 0.0024 0.0017
0.7 - 0.0072 0.0058 0.0043 0.0038 0.0029 0.0020 0.0014
0.8 - 0.0063 0.0051 0.0038 0.0033 0.0025 0.0018 0.0013
0.9 0.0067 0.0056 0.0045 0.0034 0.0029 0.0022 0.0016 0.0011
1.0 0.0060 0.0050 0.0040 0.0030 0.0026 0.0020 0.0014 0.0010

α = 0.025 αL

αU 0.0200 0.0210 0.0215 0.0220 0.0225 0.0230 0.0235 0.0240
0.1 - - - - - - - -
0.2 - - - - - 0.0226 0.0170 0.0114
0.3 - - - 0.0216 0.0180 0.0144 0.0108 0.0072
0.4 - - 0.0185 0.0159 0.0132 0.0106 0.0080 0.0053
0.5 - 0.0167 0.0146 0.0126 0.0105 0.0084 0.0063 0.0042
0.6 0.0172 0.0138 0.0121 0.0104 0.0087 0.0069 0.0052 0.0035
0.7 0.0147 0.0118 0.0103 0.0088 0.0074 0.0059 0.0044 0.0030
0.8 0.0128 0.0103 0.0090 0.0077 0.0064 0.0051 0.0039 0.0026
0.9 0.0114 0.0091 0.0080 0.0068 0.0057 0.0046 0.0034 0.0023
1.0 0.0102 0.0082 0.0072 0.0061 0.0051 0.0041 0.0031 0.0020

α = 0.050 αL

αU 0.0350 0.0400 0.0410 0.0420 0.0430 0.0450 0.0470 0.0480
0.1 - - - - - - - -
0.2 - - - - - - 0.0392 0.0263
0.3 - - - - - 0.0392 0.0237 0.0159
0.4 - - - - 0.0392 0.0282 0.0170 0.0114
0.5 - - 0.0392 0.0349 0.0306 0.0220 0.0132 0.0088
0.6 - 0.0357 0.0322 0.0287 0.0251 0.0180 0.0108 0.0072
0.7 - 0.0303 0.0273 0.0243 0.0213 0.0153 0.0092 0.0061
0.8 - 0.0263 0.0237 0.0211 0.0185 0.0132 0.0080 0.0053
0.9 0.0347 0.0233 0.0210 0.0186 0.0163 0.0117 0.0070 0.0047
1.0 0.0311 0.0208 0.0188 0.0167 0.0146 0.0105 0.0063 0.0042

α = 0.100 αL

αU 0.0750 0.0800 0.0085 0.0900 0.0920 0.0950 0.0970 0.0990
0.1 - - - - - - - -
0.2 - - - - - - 0.0583 0.0198
0.3 - - - - 0.0769 0.0488 0.0296 0.0100
0.4 - - - 0.0645 0.0519 0.0328 0.0198 0.0066
0.5 - - 0.0723 0.0488 0.0392 0.0247 0.0149 0.0050
0.6 - 0.0769 0.0583 0.0392 0.0315 0.0198 0.0119 0.0040
0.7 - 0.0645 0.0488 0.0328 0.0263 0.0165 0.0100 0.0033
0.8 0.0690 0.0556 0.0420 0.0282 0.0226 0.0142 0.0085 0.0029
0.9 0.0606 0.0488 0.0368 0.0247 0.0198 0.0124 0.0075 0.0025
1.0 0.0541 0.0435 0.0328 0.0220 0.0176 0.0110 0.0066 0.0022
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Table 3.8: Sample pair of Stage 1 early stopping boundaries and corresponding
second stage critical value for two-stage adaptive design using Fisher’s, Tippett’s,
and Simes’ combination functions.

αL αU cα Results
Fisher’s
cα ≤ αL 0.0035 0.4 0.0014 Continue to Stage 2 and reject H0

αL < cα < αU 0.0010 0.4 0.0015 Continue to Stage 2 and reject H0

Tippett’s
αL < 1

2
cα < αU 0.0072 0.4 0.0144 Reject H0 and stop at Stage 1

1
2
cα < αL 0.0075 0.4 0.0127 Reject H0 and stop at Stage 1

Simes’
2αL < cα ≤ αU 0.0071 0.4 0.0143 Reject H0 and stop at Stage 1
αL < cα ≤ min(2αL, αU ) 0.0073 0.4 0.0135 Reject H0 and stop at Stage 1
cα ≤ αL 0.0085 0.4 0.0076 Reject H0 and stop at Stage 1
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CHAPTER 4

STEPDOWN-COMBINATION

APPROACH FOR TWO

HYPOTHESES IN

TWO-STAGE COMBINATION

TEST

It is very likely that multiple study objectives need to be achieved or mul-

tiple hypotheses need to be tested in practice. In this chapter, we extend the Bauer

and Köhne’s (1994) combination test approach to the multiple-hypothesis situations,

and consider a specific stepwise-combination procedure to control the overall FWER

strongly.
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4.1 Notations

Assume we are testing an endpoint with two responses. In other words,

we are testing two null hypotheses, H1 and H2, simultaneously. Let pij denote

the individual p-value at each stage, where i = 1, 2 refers to the study stage and

j = 1, 2 refers to the testing response or hypothesis (see Table 4.1). For example,

p11 is the individual p-value for Response 1 at Stage 1 and p21 is the p-value for

Response 1 at Stage 2. If either response or both continue to Stage 2, define a

combination function Cj(p1j , p2j) for the two-stage combined p-value and define cαj

as the second stage critical value for the combination test. For example, following

the Bauer and Köhne’s combination test principle, let p1 = C1(p11, p21) = p11p21

denote the combined p-value for Response 1 and p2 = C2(p12, p22) = p12p22 for

Response 2. Let αL and αU denote the early rejection and early acceptance bounds

for Stage 1. A two-stage-two-hypothesis adaptive test procedure is described as

follows:

1. Define a test procedure for Stage 1, determining the stopping rules αL and αU

for the interim decision.

2. Conduct Stage 1 of the study, resulting in p11 for Response 1 and p12 for

Response 2.

3. Based on p11 and p12, decide whether to stop at the interim (stop either

Response 1 or Response 2 or both), or proceed the study to Stage 2.

• Stop at the interim with a decision to reject H1 if p11 ≤ αL, to accept H1
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if p11 > αU , or to continue the investigation on Response 1 to Stage 2 if

αL < p11 ≤ αU and result in Stage 2 p-value for Response 1, p21. The

two-stage combined p-value for Response 1 is p1 = C1(p11, p21).

• Stop at the interim with a decision to reject H2 if p12 ≤ αL, to accept H2

if p12 > αU , or to continue the investigation on Response 1 to Stage 2 if

αL < p12 ≤ αU and result in Stage 2 p-value for Response 2, p22. The

two-stage combined p-value for Response 2 is p2 = C2(p12, p22).

The possible scenarios for a two-hypothesis-two-stage adaptive design are:

• Both Responses stop at Stage 1.

– p11 ≤ αL, p12 ≤ αL.

– p11 ≤ αL, p12 > αU .

– p11 > αU , p12 ≤ αL.

– p11 > αU , p12 > αU .

• Response 1 stops at Stage 1, and Response 2 is continued to Stage 2.

– p11 ≤ αL, αL ≤ p12 ≤ αU , p2 = C2(p12, p22).

– p11 > αU , αL ≤ p12 ≤ αU , p2 = C2(p12, p22).

• Response 2 stops at Stage 1, and Response 1 is continued to Stage 2.

– p12 ≤ αL, αL ≤ p11 ≤ αU , p1 = C1(p11, p21).

– p12 > αU , αL ≤ p11 ≤ αU , p1 = C1(p11, p21).
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• Both Responses continue to Stage 2, which implies αL ≤ p11 ≤ αU and αL ≤

p12 ≤ αU .

– p1 = C1(p11, p21), p2 = C2(p12, p22).

The study FWER is given by

FWER = Pr(p11 ≤ αL, p12 ≤ αL) + Pr(p11 ≤ αL, p12 > αU )

+ Pr(p11 > αU , p12 ≤ αL)

+ Pr(p11 ≤ αL, αL ≤ p12 ≤ αU , p2 ≤ cα2)

+ Pr(p11 ≤ αL, αL ≤ p12 ≤ αU , p2 > cα2)

+ Pr(p11 > αU , αL ≤ p12 ≤ αU , p2 > cα2)

+ Pr(p12 ≤ αL, αL ≤ p11 ≤ αU , p1 ≤ cα1)

+ Pr(p12 ≤ αL, αL ≤ p11 ≤ αU , p1 > cα1)

+ Pr(p12 > αU , αL ≤ p11 ≤ αU , p1 ≤ cα1)

+ Pr(p1 ≤ cα1 , p2 ≤ cα2 |α1L ≤ p11 ≤ αU , α2L ≤ p12 ≤ αU )

+ Pr(p1 ≤ cα1 , p2 > cα2 |αL ≥ p11 ≤ αU , αL ≤ p12 ≤ αU )

+ Pr(p1 > cα1 , p2 ≤ cα2 |αL ≤ p11 ≤ αU , αL ≤ p12 ≤ αU ).

Obviously, when both Response 1 and Response 2 are continued to Stage

2, multiplicity adjustment is necessary to analyze the combined p-values p1 and p2

for the overall control of the Type I error. To simplify the calculation, we only

discuss how to determine the early stopping rules under the condition that both

Responses 1 and 2 proceed to Stage 2 in this work. We then investigate whether
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these resulting stopping cutoff boundaries can be applied to the situation where

either response or both responses have an early stop at Stage 1. Bonferroni and the

stepdown procedures along with the combination test are applied, separately.

4.2 Bonferroni-Combination Procedure

Bonferroni procedure is one of the most popular multiplicity adjustment

procedures. It controls the FWER in a strong sense. Let’s consider a situation that

both Responses 1 and 2 proceed to Stage 2. Apply Bonferroni procedure as a natural

extension to the Bauer-Köhne combination function method. We first conduct the

combination test to the two-stage p-values of Response j, where j = 1, 2. We

then perform the Bonferroni procedure to test the null hypotheses Hj based on the

resulting combined p-values. Reject Hj for Response j, if the combined p-value

pj ≤ αj , where αj =
α
2 . The Type I error rate for Response j is given by

αL +

∫ αU

αL

∫ 1

0
I(Cj(p1j , p2j) ≤ cαj )I(p2j ≤ 1)I(p1j ≤ 1)dp2jdp1j = αj . (4.1)

4.2.1 Apply to the Bauer-Köhne Combination Function Method

Following the Bauer-Köhne combination function method, reject Hj for

Response j if pj = p1jp2j ≤ cαj , where cαj = exp(−1
2χ

2
4;1−αj

) and χ2
4;1−αj

is the

(1−αj)-quantile of the central χ
2−distribution with 4 degrees of freedom. Equation

(4.1) for Response j can be written as

αL +

∫ αU

αL

∫ cαj /p1j

0
dp2jp1j = αL + cαj [lnαU − lnαL] = αj . (4.2)
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As mentioned in earlier chapters, the Bauer-Köhne combination function

method adds the restriction that cαj ≤ αL. Thus, αL lies in the interval [cαj , α].

If the Stage 1 p-value for Response j p1j ≤ cαj , one could stop the study at the

interim for Response j with rejection of Hj , because the condition 0 ≤ p2j ≤ 1

guarantees that the combination test must reject Hj . The critical value cαj obtained

based on both responses continued to Stage 2 can also be applied to the situation

that one or both responses stop at Stage 1. For example, if α = 0.05, we have

α1 = α2 = α
2 = 0.025, cα1 = cα2 = exp(−1

2χ
2
4;1−α

2
) = 0.0038. Then for a pre-

fixed early acceptance boundary αU = 0.5, we can easily get the early rejection

boundary αL = 0.0102. More specifically, if p1j ≤ 0.0102 or p1j > 0.5, stop the

study at Stage 1 with rejection or acceptance of Hj for Response j respectively. If

0.0102 ≤ p1j < 0.5, Response j is continued to Stage 2. If the resulting combined

p-value pj = p1jp2j < cαj = 0.0038, reject Hj for Response j at Stage 2.

4.3 Stepdown-Combination Procedure

It is well known that Bonferroni procedure is too conservative. Let’s con-

sider a more powerful approach, stepdown testing procedure (see Figure 4.1). Rather

than choosing the same early rejection and acceptance bounds αL and αU for both

responses, we use different stopping rules for Response 1 and Response 2 in this

procedure. Let α1L and α1U denote the early rejection and acceptance bounds for

Response 1, and α2L and α2U for Response 2. Define the combined p-values for

Response 1 and Response 2 are p1 = C1(p11, p21) and p2 = C2(p12, p22). Similar to
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p1

p 2

0 α 2 α 1

α
2

α
1

H1H2

Figure 4.1: Holm’s step-down procedure with two testing hypotheses.
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the previous discussion, in order to simplify the calculation we first investigate the

situation that both responses continue to Stage 2 which implies α1L < p11 ≤ α1U

and α2L < p12 ≤ α2U , and then evaluate whether the obtained second stage critical

value can be applied to other situations where either response or both have an ear-

ly stop at Stage 1. The proposed stepdown-combination approach is described as

follows:

1. Obtain the combined two-stage p-values p1 = C1(p11, p21) and p2 = C2(p12, p22)

via combination function for each response respectively.

2. Perform the stepdown testing procedure on the combined p-values p1 and p2,

while controlling the FWER at a desired level α. First, order the combined

p-values p1 and p2 so that p(1) ≤ p(2). Let c(α1) and c(α2) denote the ordered

second stage critical values corresponding to p(1) and p(2). Then start with

the most significant p-value p(1), and proceed to p(2) as needed.

• If p(1) > c(α1), accept H1 and H2 for both responses.

• If p(1) ≤ c(α1), reject H(1) and go to the next step, looking into p(2). If

p(2) > c(α2), accept H(2). Otherwise, reject H(2).

The corresponding rejection region is {p(1) ≤ c(α1) and p(2) > c(α2)}
∪
{p(1) ≤ c(α1)

and p(2) ≤ c(α2)}. The study FWER is given by

Pr(p(1) ≤ c(α1), p(2) > c(α2)) + Pr(p(1) ≤ c(α1), p(2) ≤ c(α2))

= Pr(p(1) ≤ c(α1)) = α, (4.3)
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which is equivalent to

Pr(p1 ≤ cα1 , p2 > cα2) + Pr(p1 ≤ cα1 , p2 ≤ cα2)

=

∫ cα1

0

∫ 1

cα2

f(p1)f(p2)dp2dp1 +

∫ cα1

0

∫ cα2

0
f(p1)f(p2)dp2dp1

=
α

2
, (4.4)

where f(p1) and f(p2) are the distribution functions for the combined p-values p1

and p2, respectively. More specifically, for a stepdown procedure we have
Pr(p1 ≤ cα1 , p2 > cα2) + Pr(p1 ≤ cα1 , p2 ≤ cα2) =

α
2

Pr(p1 > cα1 , p2 ≤ cα2) + Pr(p1 ≤ cα1 , p2 ≤ cα2) = α

(4.5)

Assuming the observed p11, p21, p12, and p22 follow stochastically independent uni-

form distribution [0, 1] under H0, the Type I error probability for Response 1 and

Response 2 is given by
Response 1: α1L +

∫ α1U

α1L

∫ 1
0 I(C1(p11, p21)I(p21 ≤ 1)I(p11 ≤ 1)dp21p11 = α1

Response 2: α2L +
∫ α2U

α2L

∫ 1
0 I(C2(p12, p22)I(p22 ≤ 1)I(p12 ≤ 1)dp22p12 = α2

(4.6)

Mathematically, cα1 , cα2 , α1L and α2L can be obtained with prefixed α1U and α2U

by equating equations (4.5) and (4.6).

This procedure can be easily applied to the proposed general formula for

the overall Type I error rate for different combination functions.

4.3.1 Apply to the Bauer-Köhne Method

Assuming both responses are continued to Stage 2 and following the Bauer

and Köhne’s combination function approach (1994) with a restriction cα ≤ phaL,

we first obtain the Stage 1 and Stage 2 combined p-values p1 = p11p21 and p2 =
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p12p22 for either response respectively. Note that the combined p-values p1 and p2

do not follow the uniform distribution on [0, 1] any more. Instead, −2 ln p1 and

−2 ln p2 follow a χ2−distribution with 4 degrees of freedom. It is easy to obtain the

distribution functions of p1 and p2, which are f(p1) = −1
2 ln p1 and f(p2) = −1

2 ln p2

where 0 < p1, p2 < 1. Plug the distribution functions f(p1) and f(p1) into the

equation (3.22). We obtain an expression for the second stage critical values cα1

and cα2 . 
1
2cα1(1− ln cα1) = α

1
4cα2(1− ln cα2) = α

(4.7)

For a specific α value, the numeric solutions for cα1 and cα2 can be obtained (see

Table 4.2). Table 4.2 lists the numeric solutions for cα1 and the corresponding Type

I error α1 as well as the numeric solutions for cα2 and α2 at the overall Type I error

α = 0.010, 0.020, 0.025, 0.050, 0.10.

Assuming the observed p11, p21, p12, and p22 follow stochastically indepen-

dent uniform distribution [0, 1] under H0, the Type I error rate for either response

(equation 4.6) can be written as
Response 1: α1L + cα1 [lnα1U − lnα1L] = α1

Response 2: α2L + cα2 [lnα2U − lnα2L] = α2

(4.8)

Based on the numeric results for cα1 and cα2 obtained from equation (4.8), the early

rejection bounds α1L and α2L can be determined by equating equation (4.8) with

the prefixed early acceptance boundaries α1U and α2U for Responses 1 and 2 (see

Table 4.3). Table 4.3 gives the numeric solutions for the early rejection boundary αL



91

with the prefixed early acceptance boundary αU for different choices of the overall

Type I error α = 0.010, 0.020, 0.025, 0.050, 0.100.

For example, with the overall Type I error α = 0.050 and the prefixed

early acceptance boundary α1U at 0.5, the early rejection boundary for Response

1 is α1L = 0.0548. In other words, the minimum requirement for continuation to

Stage 2 of Response 1 is 0.0548 < p11 ≤ 0.5. If p11 > 0.5, accept H1 and H2 and stop

the trial at Stage 1. If p11 ≤ 0.0548, reject H11 and stop the analysis for response

1 at Stage 1. If 0.0548 < p11 ≤ 0.5, continue Response 1 to Stage 2 and look at

the combined two-stage p-value p1 = p11p21. If p1 ≤ cα1 where cα1 = 0.02045, then

reject H1 at Stage 2. Figure 4.2 shows the rejection region of Response 1 in the

p11− p21 plane (α = 0.050, α1U = 0.5, α1L = 0.0548). Figure 4.3 shows the rejection

region of Response 2 in the p12 − p22 plane (α = 0.050, α2U = 0.5, α2L = 0.1937).

The area below the hyperbola p2j = cαj/p1j is the rejection region for Fisher’s

combination test. The rectangular region to the right of αjU corresponds to early

stopping with the ”lack of efficacy” decision. The area to the left of αjL corresponds

to early rejection of H1j . Hence, the solid curve confines the rejection region of the

proposed procedure.

Now consider the situation that either or both responses stop at Stage 1.

For Response (1), if p(11) > α1U or p(11) ≤ α1L, stop the investigation on Response

(1) at Stage 1 and accept or reject H(1) for Responses (1) accordingly. For Response

(2), if p(12) > α2U or p(12) ≤ α2L, stop the investigation on Response (2) at Stage

1 and accept or reject H(2) for Response (2) accordingly. Similar to the previous
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Figure 4.2: Plot for the rejection region of Response 1 in the p11− p21 plane
(α = 0.050, α1U = 0.5, α1L = 0.0548). A represents p11p21 = cα1 .
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Figure 4.3: Plot for the rejection region of Response 2 in the p12− p22 plane
(α = 0.050, α2U = 0.5, α2L = 0.1937). B represents p12p22 = cα2 .
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discussion, the condition 0 ≤ p(21) ≤ 1 guarantees that the combination test must

reject H(1), if p(11) ≤ c(α1). We can easily get the same conclusion for p(12) and

p(22). Hence, the critical value c(αj) and early rejection bound αjL based on both

responses continued to Stage 2 can be applied to the situation that either or both

responses stop at Stage 1 as well.

Similarly, based on the numeric results for cα1 and cα2 obtained from equa-

tion (3.21), the early rejection bounds α1L and α2L can be determined by equating

equation (3.22) with the prefixed early acceptance boundaries α1U and α2U for the

other two situations as well.

4.4 Example

We use data from a clinical study on colorectal cancer patients as an ex-

ample to illustrate an application of the stepdown-combination approach described

above. It was a group sequential study to examine two systemic chemotherapy

regimens for metastatic colorectal carcinoma, MOF-Strep versus MTX-FU (Pocock

et al.,1987). There were two endpoints of interest, tumor response after 2 months’

treatment and patient survival time. The original trial aimed to enroll (at most) five

groups of 17 patients per arm. At the first interim analysis, there were six tumor

responses on MOF-Strep and one on MTX-FU, yielding an uncorrected χ2 = 4.50

(p11 = 0.034). For survival time, the log-rank test yielded χ2 = 2.11 (p12 = 0.15)

with 18 deaths all together, 7 on MOF-Strep and 11 on MTX-FU.

We intended to use this data and apply the two-stage-two-hypotheses de-
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sign with an overall Type error rate at 0.05. We consider both are primary endpoints

and assume these two endpoints are independent. To have a meaningful comparison,

we keep the early acceptance boundary the same at 0.5. For illustration purpose,

we only discuss the Bauer-Köhne method for Fisher’s combination function below.

The results and conclusions are summarized in Table 4.4.

Bonferroni-Combination Approach

The early rejection boundary αL can be chosen at 0.0102, providing a

control of the Type I error rate at 0.025 for either response. It is obvious that either

tumor response (p11 = 0.034) or survival time (p12 = 0.15) did not qualify for an

early stop at Stage 1 and would continue to Stage 2 with a prefixed early acceptance

boundary αU = 0.5.

4.4.1 Stepdown-Combination Approach

Table 4.4 offers the numeric solutions for cα1 , cα2 , α1L, and α2L. With

the overall Type I error at 0.05, cα1 is 0.02045 and cα2 is 0.05007. With the early

acceptance boundaries α1U = 0.5 and α2U = 0.5, we can set the early rejection

boundary α1L at 0.0548 for tumor response and 0.1937 for survival time. Since

the first stage p-value for tumor response p11 is 0.034, the trial would stop the

investigation on tumor response at Stage 1 for efficacy. Similarly, with a first stage

p-value for survival time of p12 = 0.15, the trial would stop the investigation on

survival time at Stage 1 as well.

In short, in this example the application of the stepdown-combination ap-



96

Table 4.1: Two-stage adaptive design with a two-response endpoint.

Response 1 Response 2

Stage 1 p11 p12

(H1) (H2)

Stage 2 p21 p22

(H1) (H2)

Combined p-value p1 = C1(p11, p21) p2 = C2(p12, p22)

Table 4.2: The critical values cα1 and cα2 for Response 1 and Response
2, based on the Bauer and Köhne’s combination approach (1994) and the
proposed Stepdown-Combination procedure.

α

0.010 0.020 0.025 0.050 0.100

cα1 0.00293 0.00665 0.0087 0.02045 0.05007

χ2
4(1−α1)

11.6655 10.0263 9.4889 7.7795 5.9887

α1 0.02002 0.03999 0.04998 0.099998 0.199994

cα2 0.00665 0.01547 0.02045 0.05007 0.13234

χ2
4(1−α2)

10.0263 8.3377 7.7795 5.9887 4.0448

α2 0.03999 0.07996 0.099998 0.199994 0.39998

proach led to a possible early stopping due to efficacy at Stage 1, suggesting that

with good planning a two-stage-two-hypothesis adaptive design can reduce lead time

and save cost in clinical development.
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Table 4.3: The critical values, cα1 and cα2 , and the early rejection and accep-
tance bounds α1L, α1U , α2L, α2U , based on Fisher’s Combination Function
and proposed Stepdown-Combination approach.

α 0.010 0.020 0.025 0.050 0.100

α1U cα1 0.00293 0.00665 0.0087 0.02045 0.05007

α1L

0.3 0.0101 0.0229 0.0299 0.0703 0.1722

0.4 0.0089 0.0201 0.0263 0.0618 0.1513

0.5 0.0078 0.0178 0.0233 0.0548 0.1341

0.6 0.0070 0.0158 0.0207 0.0486 0.1190

0.7 0.0061 0.0140 0.0183 0.0429 0.1050

0.8 0.0053 0.0121 0.0159 0.0373 0.0913

0.9 0.0045 0.0102 0.0133 0.0313 0.0767

1.0 0.0031 0.0070 0.0092 0.0211 0.0510

α2U cα2 0.00665 0.01547 0.02045 0.05007 0.13234

α2L

0.3 0.0229 0.0703 0.0922 0.1972 0.4019

0.4 0.0201 0.0682 0.0901 0.1952 0.4000

0.5 0.0178 0.0666 0.0885 0.1937 0.3985

0.6 0.0258 0.0652 0.0872 0.1924 0.3972

0.7 0.0140 0.0641 0.0861 0.1914 0.3962

0.8 0.0122 0.0631 0.0851 0.1905 0.3953

0.9 0.0102 0.0622 0.0843 0.1896 0.3945

1.0 0.0070 0.0614 0.0835 0.1889 0.3938
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Table 4.4: Sample pairs of Stage 1 early stopping boundaries and correspond-
ing second stage critical value for two-stage-two-hypothesis adaptive design
following Bonferonni-combination and the proposed Stepdown-Combination
approach (α = 0.05).

Bonferonni-Combination Stepdown-Combination

Response 1 α1L = 0.0102, α1U = 0.5 α2L = 0.0548, α2U = 0.5

Response 2 α2L = 0.0102, α1U = 0.5 α2L = 0.1937, α2U = 0.5

Results Continue to Stage 2 Reject H1 and H2 and stop at Stage 1
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CHAPTER 5

OVERALL FDR CONTROL

FOR MULTIPLE

HYPOTHESES IN

TWO-STAGE COMBINATION

TEST

In this chapter, we focus on our proposed BH type procedures to control

the FDR in a two-stage adaptive design with multiple endpoints using combination

tests. We provide theoretical proofs of the FDR control of these methods, assuming

that the p-values are independent across the hypotheses and p-clud dependence

(Brannath et al., 2002) across the stages. We present numerical evidence from
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simulation studies that the FDR is well controlled under independence and this

control can continue to hold in some commonly occurring dependence situations.

We show that our proposed methods take advantage of more information in the

data, and thus are more effective, flexible, and powerful.

5.1 Motivation

Gene association or expression studies usually involve a large number of

endpoints (i.e., genetic markers) are often expensive. Multi-stage adaptive design

can be cost effective and efficient. In a multi-stage design, genes are screened in

early stages and selected genes are further investigated in later stages using addi-

tional observations. For multi-stage adaptive designs, as for single stage designs,

multiplicity in simultaneous tests is an important issue. To address the multiplicity

concern in simultaneous testing of the hypotheses associated with the endpoints,

controlling the familywise error rate (FWER), the probability of at least one type I

error among all hypotheses, is a commonly applied concept. However, these studies

are often exploratory, so controlling the false discovery rate (FDR), which is the

expected proportion of type I errors among all rejected hypotheses, is more appro-

priate than controlling the FWER (Weller et al., 1998; Benjamini and Hochberg,

1995; and Storey and Tibshirani, 2003). Moreover, with large number of hypotheses

typically being tested in these studies, better power can be achieved in a multiple

testing method under the FDR framework than under the more conservative FWER

framework.
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Adaptive designs with multiple endpoints have been considered in the lit-

erature under both the FWER and FDR frameworks. Miller et al. (2001) suggested

using a two-stage design in gene experiments, and proposed using the Bonferroni

method to control the FWER in testing the hypotheses selected at the first stage,

although only the second stage observations are used for this method. This was

later improved by Satagopan and Elston (2003) by incorporating the first stage

data through group sequential schemes in the final Bonferroni test. Zehetmayer

et al. (2005) considered a two-stage adaptive design where promising hypotheses

are selected using a constant rejection threshold for each p-value at the first stage

and an estimation based approach to controlling the FDR asymptotically (as the

number of hypotheses goes to infinity) was taken (Storey, 2002; Storey, Taylor and

Siegmund, 2004) at the second stage to test the selected hypotheses using more

observations. Zehetmayer et al. (2008) have extended this work from two-stage

to multi-stage adaptive designs under both FDR and FWER frameworks, and pro-

vided useful insights into the power performance of optimized multi-stage adaptive

designs with respect to the number of stages, and into the power difference between

optimized integrated design and optimized pilot design. Posch et al. (2009) showed

that a data-dependent sample size increase for all the hypotheses simultaneously

in a multi-stage adaptive design has no effect on the asymptotic (as the number of

hypotheses goes to infinity) control of the FDR if the hypotheses to be rejected are

determined only by the test at the final interim analysis, under all scenarios except

the global null hypothesis when all the null hypotheses are true.
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Construction of methods with FWER or FDR control in the setting of a

two-stage adaptive design allowing reduction in the number of tested hypotheses

at the interim analysis has been discussed, as a separate issue from sample size

adaptations, in Bauer and Kieser (1999) and Kieser, Bauer and Lehmacher (1999) ,

who presented methods with the FWER control, and in Victor and Hommel (2007)

who focused on controlling the FDR in terms of a generalized global p-values. We

revisit this issue in the present paper, but focusing primarily on the FDR control in

a non-asymptotic setting (with the number of hypothesis not being infinitely large).

Our motivation behind this paper lies in the fact that the theory presented

so far (see, for instance, Victor and Hommel, 2007) towards developing an FDR

controlling procedure in the setting of a two-stage adaptive design with combination

tests does not seem to be as simple as one would hope for. Moreover, it does not

allow setting boundaries on the first stage p-values in terms of FDR and operate in a

manner that would be a natural extension of standard single-stage FDR controlling

methods, like the BH (Benjamini and Hochberg, 1995) or methods related to it,

from a single-stage to a two-stage design setting. So, we consider the following to

be our main problem in this paper:

To construct an FDR controlling procedure for simultaneous testing of
the null hypotheses associated with multiple endpoints in the setting
of a two-stage adaptive design where the hypotheses are sequentially
screened at the first stage as rejected or accepted based on pre-specified
boundaries on their p-values in terms of the FDR, and the null hypothe-
ses that are left out at the first stage are again sequentially tested at the
second stage having combined their p-values from the two stages through
a combination function.

We propose two FDR controlling procedures, one extending the original
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single-stage BH procedure, which we call the BH-TSADC Procedure (BH type pro-

cedure for two-stage adaptive design with combination tests), and the other extend-

ing an adaptive version of the single-stage BH procedure incorporating an estimate

of the number of true null hypotheses, which we call the Plug-In BH-TSADC Pro-

cedure, from single-stage to a two-stage setting. Let (p1i, p2i) be the pair of first-

and second-stage p-values corresponding to the ith null hypothesis. We provide

a theoretical proof of the FDR control of the proposed procedures under the as-

sumption that the (p1i, p2i)’s are independent and those corresponding to the true

null hypotheses are identically distributed as (p1, p2) satisfying the p-clud property

(Brannath et al., 2002), and some standard assumption on the combination func-

tion. We consider two special types of combination function, Fisher’s and Simes’,

which are often used in multiple testing applications, and present explicit formu-

las for probabilities involving them that would be useful to carry out the proposed

procedures at the second stage either using critical values that can be determined

before observing the p-values or based on estimated FDR’s that can be obtained

after observing the p-values.

We carried out extensive simulations to see how well the proposed proce-

dures control the FDR and perform in terms of power under independence, and how

selections of different early stopping boundaries affect the FDR and power. In order

to provide a relatively fair comparison to the classic BH procedure under indepen-

dence, we compared our proposed procedure to the BH method based on p-values

from the first stage data and from full data across two stages respectively. Simu-
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lations were also performed to evaluated whether or not the proposed procedures

can continue to control the FDR under the different types of (positive) dependence

among the underlying test statistics we consider, such as equal, clumpy and auto-

regressive of order one [AR(1)] dependence. Our simulation studies indicate that

between the two proposed procedures, the BH-TSADC seems to be the better choice

in terms of controlling the FDR and power improvement over the single-stage BH

procedure when π0, the proportion of true nulls, is large. If π0 is not large, the

Plug-In BH-TSADC procedure is better, but it might lose the FDR control when

the p-values exhibit equal or AR(1) type dependence with a large equal- or auto-

correlation. Cost efficiency of such a two-stage design with the overall FDR control

was discussed via simulation studies as well.

We applied the proposed procedures to reanalyze the data on multiple

myeloma considered before by Zehetmayer et al. (2008), of course, for a different

purpose. The data consist of a set of 12625 gene expression measurements for each

of 36 patients with bone lytic lesions and 36 patients in a control group without such

lesions. We considered this data in a two-stage framework, with the first 18 subjects

per group for Stage 1 and the next 18 per group for Stage 2. With some pre-chosen

early rejection and acceptance boundaries, these procedures produce significantly

more discoveries than single-stage BH procedure based on the first stage data at the

same FDR level.
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5.2 Controlling the FDR in a Single-Stage Design

Suppose that there are m endpoints and the corresponding null hypotheses

Hi, i = 1, . . . ,m, are to be simultaneously tested based on their respective p-values

pi, i = 1, . . . ,m, obtained in a single-stage design. The FDR of a multiple testing

method that rejects R and falsely rejects V null hypotheses is E(FDP), where FDP

= V/max{R, 1} is the false discovery proportion. Multiple testing is often carried

out using a stepwise procedure defined in terms of p(1) ≤ · · · ≤ p(m), the ordered

p-values. With H(i) the null hypothesis corresponding to p(i), a stepup procedure

with critical values γ1 ≤ · · · ≤ γm rejects H(i) for all i ≤ k = max{j : p(j) ≤ γj},

provided the maximum exists; otherwise, it accepts all null hypotheses. A stepdown

procedure, on the other hand, with these same critical values rejects H(i) for all

i ≤ k = max{j : p(i) ≤ γi for all i ≤ j}, provided the maximum exists, otherwise,

accepts all null hypotheses. The following are formulas for the FDR’s of a stepup

or single-step procedure (when the critical values are same in a stepup procedure)

and a stepdown procedure in a single-stage design, which can guide us in developing

stepwise procedures controlling the FDR in a two-stage design. We will use the

notation FDR1 for the FDR of a procedure in a single-stage design.

Result 1. (Sarkar, 2008b). Consider a stepup or stepdown method for

testing m null hypotheses based on their p-values pi, i = 1, . . . ,m, and critical values

γ1 ≤ · · · ≤ γm in a single-stage design. The FDR of this method is given by

FDR1 ≤
∑
i∈J0

E

[
I(pi ≤ γ

R
(−i)
m−1(γ2,...,γm)+1

)

R
(−i)
m−1(γ2, . . . , γm) + 1

]
,
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with equality holding in the case of stepup method, where I is the indicator function,

J0 is the set of indices of the true null hypotheses, and R
(−i)
m−1(γ2, . . . , γm) is the

number of rejections in testing the m − 1 null hypotheses other than Hi based on

their p-values and using the same type of stepwise method with the critical values

γ2 ≤ · · · ≤ γm.

With pi having the cdf F (u) when Hi is true, the FDR of a stepup or

stepdown method with the thresholds γi, i = 1, . . . ,m, under independence of the

p-values, satisfies the following:

FDR1 ≤
∑
i∈J0

E

(
F (γ

R
(−i)
m−1(γ2,...,γm)+1

)

R
(−i)
m−1(γ2, . . . , γm) + 1

)
.

When F is the cdf of U(0, 1) and these thresholds are chosen as γi = iα/m, i =

1, . . . ,m, the FDR equals π0α for the stepup and is less than or equal to π0α for

the stepdown method, where π0 is the proportion of true nulls, and hence the FDR

is controlled at α. This stepup method is the so called BH method (Benjamini

and Hochberg, 1995), the most commonly used FDR controlling procedure in a

single-stage deign. The FDR is bounded above by π0α for the BH as well as its

stepdown analog under certain type of positive dependence condition among the

p-values (Benjamini and Yekutieli, 2001; Sarkar, 2002, 2008b).

The idea of improving the FDR control of the BH method by plugging into

it a suitable estimate π̂0 of π0, that is, by considering the modified p-values π̂0pi,

rather than the original p-values, in the BH method, was introduced by Benjamini

and Hochberg (2000), which was later brought into the estimation based approach

to controlling the FDR by Storey (2002). A number of such plugged-in versions of
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the BH method with proven and improved FDR control mostly under independence

have been put forward based on different methods of estimating π0 (for instance,

Benjamini, Krieger, and Yekutieli, 2006; Blanchard and Roquain, 2009; Gavrilov,

Benjamini and Sarkar, 2009; Sarkar, 2008b; and Storey, Taylor and Siegmund, 2004).

5.3 Controlling the FDR in a Two-Stage Adaptive De-

sign

Now suppose that the m null hypotheses Hi, i = 1, . . . ,m, are to be si-

multaneously tested in a two-stage adaptive design setting. When testing a single

hypothesis, say Hi, the theory of two-stage combination test can be described as

follows: Given p1i, the p-value available for Hi at the first stage, and two constants

λ < λ′, make an early decision regarding the hypothesis by rejecting it if p1i ≤ λ,

accepting it if p1i > λ′, and continuing to test it at the second stage if λ < p1i ≤ λ′.

At the second stage, combine p1i with the additional p-value p2i available for Hi

using a combination function C(p1i, p2i) and reject Hi if C(p1i, p2i) ≤ γ, for some

constant γ. The constants λ, λ′ and γ are determined subject to a control of the

type I error rate by the test.

For simultaneous testing, we consider a natural extension of this theory

from single to multiple testing. More specifically, given the first-stage p-value p1i

corresponding to Hi for i = 1, . . . ,m, we first determine two thresholds 0 ≤ λ̂ <

λ̂′ ≤ 1, stochastic or non-stochastic, and make an early decision regarding the

hypotheses at this stage by rejecting Hi if p1i ≤ λ̂, accepting Hi if p1i > λ̂′, and
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continuing to test Hi at the second stage if λ̂ < p1i ≤ λ̂′. At the second stage, we

use the additional p-value p2i available for a follow-up hypothesis Hi and combine

it with p1i using the combination function C(p1i, p2i). The final decision is taken on

the follow-up hypotheses at the second stage by determining another threshold γ̂,

again stochastic or non-stochastic, and by rejecting the follow-up hypothesis Hi if

C(p1i, p2i) ≤ γ̂. Both first-stage and second-stage thresholds are to be determined

in such a way that the overall FDR is controlled at the desired level α.

Let p1(1) ≤ · · · ≤ p1(m) be the ordered versions of the first-stage p-values,

with H(i) being the null hypotheses corresponding to p1(i), i = 1, . . . ,m, and qi =

C(p1i, p2i). We describe in the following a general multiple testing procedure based

on the above theory, before proposing our FDR controlling procedures that will be

of this type.

A General Stepwise Procedure.

1. For two non-decreasing sequences of constants λ1 ≤ · · · ≤ λm and λ′
1 ≤

· · · ≤ λ′
m, with λi < λ′

i for all i = 1, . . . ,m, and the first-stage p-values

p1i, i = 1, . . . ,m, define two thresholds as follows: R1 = max{1 ≤ i ≤ m :

p1(j) ≤ λj for all j ≤ i} and S1 = max{1 ≤ i ≤ m : p1(i) ≤ λ′
i}, where

0 ≤ R1 ≤ S1 ≤ m and R1 or S1 equals zero if the corresponding maximum

does not exist. Reject H(i) for all i ≤ R1, accept H(i) for all i > S1, and

continue testing H(i) at the second stage for all i such that R1 < i ≤ S1.

2. At the second stage, consider q(i), i = 1, . . . , S1 − R1, the ordered versions of

the combined p-values qi = C(p1i, p2i), i = 1, . . . , S1−R1, for the follow-up null
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hypotheses, and find R2(R1, S1) = max{1 ≤ i ≤ S1 −R1 : q(i) ≤ γR1+i}, given

another non-decreasing sequence of constants γr1+1(r1, s1) ≤ · · · ≤ γs1(r1, s1),

for every fixed r1 < s1. Reject the follow-up null hypothesisH(i) corresponding

to q(i) for all i ≤ R2 if this maximum exists, otherwise, reject none of the

follow-up null hypotheses.

Remark 1. We should point out that the above two-stage procedure

screens out the null hypotheses at the first stage by accepting those with relatively

large p-values through a stepup procedure and by rejecting those with relatively

small p-values through a stepdown procedure. At the second stage, it applies a

stepup procedure to the combined p-values. Conceptually, one could have used any

type of multiple testing procedure to screen out the null hypotheses at the fisrt

stage and to test the follow-up null hypotheses at the second stage. However, the

particular types of stepwise procedure we have chosen at the two stages provide

flexibility in terms of developing a formula for the FDR and eventually determining

explicitly the thresholds we need to control the FDR at the desired level.

Let V1 and V2 denote the total numbers of falsely rejected among all the

R1 null hypotheses rejected at the first stage and the R2 follow-up null hypotheses

rejected at the second stage, respectively, in the above procedure. Then, the overall

FDR in this two-stage procedure is given by

FDR12 = E

[
V1 + V2

max{R1 +R2, 1}

]
.

The following theorem will guide us in determining the first- and second-
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stage thresholds in the above procedure that will provide a control of FDR12 at the

desired level. This is one of the procedures that we will propose in this work. Before

stating the theorem, we need to define some notations.

Let R
(−i)
1 be defined as R1 in terms of the m − 1 first-stage p-values

{p11, . . . , p1m} \ {p1i} and the sequence of constants λ2 ≤ · · · ≤ λm, R̃
(−i)
1 and

S
(−i)
1 be defined as R1 and S1, respectively, in terms of {p11, . . . , p1m} \ {p1i} and

the two sequences of constants λ1 ≤ · · · ≤ λm−1 and λ′
2 ≤ · · · ≤ λ′

m, and R
(−i)
2 be

defined as R2 with R1 replaced by R̃
(−i)
1 and S1 replaced by S

(−i)
1 + 1 and noting

the number of rejected follow-up null hypotheses based on all the combined p-values

except the qi and the critical values other than the first one; that is,

R
(−i)
2 ≡ R

(−i)
2 (R̃

(−i)
1 , S

(−i)
1 + 1)

= max{1 ≤ j ≤ S
(−i)
1 − R̃

(−i)
1 : q

(−i)
(j) ≤ γ

R̃
(−i)
1 +j+1

(R̃
(−i)
1 , S

(−i)
1 + 1)},

where q
(−i)
(j) ’s are the ordered versions of the combined p-values for the follow-up null

hypotheses except the qi.

Theorem 1. The FDR of the above general multiple testing procedure

satisfies the following inequality

FDR12 ≤
∑
i∈J0

E

[
I(p1i ≤ λ

R
(−i)
1 +1

)

R
(−i)
1 + 1

]
+

∑
i∈J0

E

I(λR̃
(−i)
1 +1

< p1i ≤ λ′
S
(−i)
1 +1

, qi ≤ γ
R̃

(−i)
1 +R

(−i)
2 +1,S

(−i)
1 +1

)

R̃
(−i)
1 +R

(−i)
2 + 1

 .

Proof of Theorem 1.

FDR12 = E

[
V1 + V2

max{R1 +R2, 1}

]
≤ E

[
V1

max{R1, 1}

]
+E

[
V2

max{R1 +R2, 1}

]
.
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Now,

E

[
V1

max{R1, 1}

]
=
∑
i∈J0

E

[
I(p1i ≤ λR1)

max{R1, 1}

]
=
∑
i∈J0

E

[
I(p1i ≤ λR1)

max{R1, 1}

]

≤
∑
i∈J0

E

[
I(p1i ≤ λ

R
(−i)
1 +1

)

R
(−i)
1 + 1

]
;

(as shown in Sarkar, 2008; see also Result 1). And,

E

[
V2

max{R1 +R2, 1}

]
=

∑
i∈J0

E

[
I(λR1+1 < p1i ≤ λ′

S1
, qi ≤ γR1+R2,S1 , S1 > R1, R2 > 0)

R1 +R2

]
. (5.1)

Writing R2 more explicitly in terms of R1 and S1, we see that the expression in (5.1)

is equal to

∑
i∈J0

m∑
s1=1

s1−1∑
r1=0

s1−r1∑
r2=1

E

[
I(λr1+1 < p1i ≤ λ′

s1 , qi ≤ γr1+r2,s1 , R1 = r1, S1 = s1, R2(r1, s1) = r2)

r1 + r2

]
=

∑
i∈J0

m∑
s1=1

s1−1∑
r1=0

s1−r1∑
r2=1

E

[
I(λr1+1 < p1i ≤ λ′

s1 , qi ≤ γr1+r2,s1R̃
(−i)
1 = r1, S

(−i)
1 = s1 − 1, R

(−i)
2 (r1, s1) = r2 − 1)

r1 + r2

]

=
∑
i∈J0

m−1∑
s1=0

s1∑
r1=0

s1−r1∑
r2=0

E

[
I(λr1+1 < p1i ≤ λ′

s1+1, qi ≤ γr1+r2+1,s1+1, R̃
(−i)
1 = r1, S

(−i)
1 = s1, R

(−i)
2 (r1, s1 + 1) = r2)

r1 + r2 + 1

]

=
∑
i∈J0

E

I(λR̃
(−i)
1 +1

< p1i ≤ λ′
S
(−i)
1 +1

, qi ≤ γ
R̃

(−i)
1 +R

(−i)
2 +1,S

(−i)
1 +1

)

R̃
(−i)
1 +R

(−i)
2 + 1

 .

Thus, the theorem is proved.



112

5.3.1 BH Type Procedures

We are now ready to propose our FDR controlling multiple testing pro-

cedures in a two-stage adaptive design setting with combination function. Before

that, let us state some assumptions we need.

Assumption 1. The combination function C(p1, p2) is non-decreasing in

both arguments.

Assumption 2. The pairs (p1i, p2i), i = 1, . . . ,m, are independently dis-

tributed and the pairs corresponding the null hypotheses are identically distributed

as (p1, p2) with a joint distribution that satisfies the ‘p-clud’ property (Brannath et

al., 2002), that is,

Pr (p1 ≤ u) ≤ u and Pr (p2 ≤ u | p1) ≤ u for all 0 ≤ u ≤ 1.

Let us define

H(c; t, t′) =

∫ t′

t

∫ 1

0
I(C(u1, u2) ≤ c)du2du1.

Definition 1. (BH-TSADC Procedure).

1. Given the level α at which the overall FDR is to be controlled, three sequences

of constants λi = iλ/m, i = 1, . . . ,m, λ′
i = iλ′/m, i = 1, . . . ,m, for some

prefixed λ < α < λ′, and γr1+1,s1 ≤ · · · ≤ γs1,s1 , satisfying

H(γr1+i,s1 ;λr1 , λ
′
s1) =

(r1 + i)(α− λ)

m
,

i = 1, . . . , s1 − r1, for every fixed 1 ≤ r1 < s1 ≤ m, find R1 = max{1 ≤ i ≤
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m : p1(j) ≤ λj for all j ≤ i} and S1 = max{1 ≤ i ≤ m : p1(i) ≤ λ′
i}, with R1 or

S1 being equal to zero if the corresponding maximum does not exist.

2. Reject H(i) for i ≤ R1; accept H(i) for i > S1; and continue testing H(i) for

R1 < i ≤ S1 making use of the additional p-values p2i’s available for all such

follow-up hypotheses at the second stage.

3. At the second stage, consider the combined p-values qi = C(p1i, p2i) for

the follow-up null hypotheses. Let q(i), i = 1, . . . , S1 − R1, be their or-

dered versions. Reject H(i) [the null hypothesis corresponding to q(i)] for all

i ≤ R2(R1, S1) = max{1 ≤ j ≤ S1 − R1 : q(j) ≤ γR1+j,S1}, provided this

maximum exists, otherwise, reject none of the follow-up null hypotheses.

Proposition 1. Let π0 be the proportion of true null hypotheses. Then,

the FDR of the BH-TSADCmethod is less than or equal to π0α, and hence controlled

at α, if Assumptions 1 and 2 hold.

Proof of proposition 1.

FDR12 ≤
∑
i∈J0

E

[
PrH(p1 ≤ λ

R
(−i)
1 +1

)

R
(−i)
1 + 1

]
+

∑
i∈J0

E

PrH(λ
R̃

(−i)
1 +1

< p1 ≤ λ′
S
(−i)
1 +1

, C(p1, p2) ≤ γ
R̃

(−i)
1 +R

(−i)
2 +1,S

(−i)
1 +1

)

R̃
(−i)
1 +R

(−i)
2 + 1


≤

∑
i∈J0

E

[
λ
R

(−i)
1 +1

R
(−i)
1 + 1

]
+

∑
i∈J0

E

Pr(λ
R̃

(−i)
1 +1

< u1 ≤ λ′
S
(−i)
1 +1

, C(u1, u2) ≤ γ
R̃

(−i)
1 +R

(−i)
2 +1,S

(−i)
1 +1

)

R̃
(−i)
1 +R

(−i)
2 + 1

 .

(5.2)
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The first sum in (5.2) is less than or equal to π0λ, since λ
R

(−i)
1 +1

= [R
(−i)
1 + 1]λ/m,

and the second sum is less than or equal to π0(α − λ), since the probability in the

numerator in this sum is equal to

H(γ
R̃1

(−i)
+R

(−i)
2 +1,S

(−i)
1 +1

;λ
R̃1

(−i)
+1

, λ′
S
(−i)
1 +1

)

=

[
R̃

(−i)
1 + 1 +R

(−i)
2

]
(α− λ)

m
.

Thus, the proposition is proved.

The BH-TSADC procedure can be implemented alternatively, and often

more conveniently, in terms of some FDR estimates at both stages. With R(1)(t) =

#{i : p1i ≤ t) and R(2)(c; t, t′) = #{i : t < p1i ≤ t′, C(p1i, p2i) ≤ c}, let us define

F̂DR1(t) =


mt

R(1)(t)
if R(1)(t) > 0

0 if R(1)(t) = 0,

and F̂DR2|1(c; t, t
′) =


mH(c;t,t′)

R(1)(t)+R(2)(c;t,t′)
if R(2)(c; t, t′) > 0

0 if R(2)(c; t, t′) = 0,

Then, we have the following:

The BH-TSADC procedure: An alternative definition. Reject H(i) for all

i ≤ R1 = max{1 ≤ k ≤ m : F̂DR1(p1(j)) ≤ λ for all j ≤ k}; accept H(i) for all

i > S1 = max{1 ≤ k ≤ m : F̂DR1(p1(k)) ≤ λ′}; continue to test H(i) at the second

stage for all i such that R1 < i ≤ S1. Reject H(i), the follow-up null hypothesis

corresponding to q(i), at the second stage for all i ≤ R2(R1, S1) = max{1 ≤ k ≤

S1 −R1 : F̂DR2|1(q(k);R1λ/m,S1λ
′/m) ≤ α− λ}.
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Remark 2. The BH-TSADC procedure is an extension of the BH proce-

dure, from a method of controlling the FDR in a single-stage design to that in a

two-stage adaptive design with combination tests. When λ = 0 and λ′ = 1, that

is, when we have a single-stage design based on the combined p-values, this method

reduces to the usual BH method. Notice that F̂DR1(t) is a conservative estimate of

the FDR of the single-step test with the rejection pi ≤ t for each Hi. So, the BH-

TSADC procedure screens out those null hypotheses as being rejected (or accepted)

at the first stage the estimated FDR’s at whose p-values are all less than or equal

to λ (or greater than λ′).

Clearly, the BH-TSADC procedure can potentially be improved in terms

of having a tighter control over its FDR at α by plugging a suitable estimate of π0

into it while choosing the second-stage thresholds, similar to what is done for the

BH method in a single-stage design. As said in Section 2, there are different ways

of estimating π0, each of which has been shown to provide the ultimate control of

the FDR, of course when the p-values are independent, by the resulting plugged-

in version of the single-stage BH method (see, e.g., Sarkar, 2008). However, we

will consider the following estimate of π0, which is of the type considered in Storey,

Taylor and Siegmund (2004) and seems natural in the context of the present adaptive

design setting where m−S1 of the null hypotheses are accepted as being true at the

first stage:

π̂0 =
m− S1 + 1

m(1− λ′)
.

The following theorem gives a modified version of the the BH-TSADC procedure
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using this estimate.

Definition 2. (Plug-In BH-TSADC Procedure).

Consider the BH-TSADC procedure with the early decision thresholds R1

and S1 based on the sequences of constants λi = iλ/m, i = 1, . . . ,m, and

λ′
i = iλ′/m, i = 1, . . . ,m, given 0 ≤ λ < λ′ ≤ 1, and the second-stage critical

values γ∗R1+i,S1
, i = 1, . . . , S1 −R1, given by the equations

H(γ∗r1+i,s1 ;λr1 , λ
′
s1) =

(r1 + i)(α− λ)

mπ̂0
, (5.3)

for i = 1, . . . , s1 − r1.

Proposition 2. The FDR of the Plug-In BH-TSADC method is less than

or equal to α if Assumptions 1 and 2 hold.

Proof of Proposition 2. This can be proved as in Proposition 1. More

specifically, first note that the FDR here, which we call the FDR∗
12, satisfies the

following:

FDR∗
12 ≤

∑
i∈J0

E

[
I(p1i ≤ λ

R
(−i)
1 +1

)

R
(−i)
1 + 1

]
+

∑
i∈J0

E

I(λR̃
(−i)
1 +1

≤ p1i ≤ λ′
S
(−i)
1 +1

, qi ≤ γ∗
R̃

(−i)
1 +R

∗(−i)
2 +1,S

(−i)
1 +1

)

R̃
(−i)
1 +R

∗(−i)
2 + 1

 ,

(5.4)
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where

R
∗(−i)
2 ≡ R

∗(−i)
2 (R̃

(−i)
1 , S

(−i)
1 + 1)

= max{1 ≤ j ≤ S
(−i)
1 − R̃

(−i)
1 : q

(−i)
(j) ≤ γ∗

R̃
(−i)
1 +j+1,S

(−i)
1 +1

},

with q
(−i)
(j) being the ordered versions of the combined p-values except the qi. As in

Proposition 1, the first sum in (5.4) is less than or equal to π0λ. Before working with

the second sum, first note that the γ∗ satisfying Eqn. (5.3), that is, the following

equation

H(γ∗r1+i,s1 ;λr1 , λ
′
s1) =

(r1 + i)(α− λ)(1− λ′)

m− S1 + 1
,

is less than or equal to the γ∗∗ satisfying

H(γ∗∗r1+i,s1 ;λr1 , λ
′
s1) =

(r1 + i)(α− λ)(1− λ′)

m− S
(−j)
1

,

for any fixed j = 1, . . . ,m. So, the second sum in (5.4) is less than or equal to

∑
i∈J0

E

I(λR̃
(−i)
1 +1

≤ p1i ≤ λ′
S
(−i)
1 +1

, qi ≤ γ∗∗
R̃

(−i)
1 +R

∗(−i)
2 +1,S

(−i)
1 +1

)

R̃
(−i)
1 +R

∗(−i)
2 + 1


=

∑
i∈J0

E

H(γ∗∗
R̃

(−i)
1 +R

∗(−i)
2 +1,S

(−i)
1 +1

;λ
R̃

(−i)
1 +1

, λ′
S
(−i)
1 +1

)

R̃
(−i)
1 +R

∗(−i)
2 + 1


= (α− λ)

∑
i∈J0

E

[
1− λ′

m− S
(−i)
1

]
≤ α− λ,

since
∑

i∈J0 E

[
1−λ′

m−S
(−i)
1

]
≤ 1; see, for instance, Sarkar (2008, p. 151). Hence,

FDR∗
12 ≤ π0λ+ α− λ ≤ α, which proves the proposition.

As in the BH-TSADC procedure, the Plug-In BH-TSADC procedure can
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also be described alternatively using estimated FDR’s at both stages. Let

F̂DR
∗
2|1(c; t, t

′) =


mπ̂0H(c;t,t′)

R(1)(t)+R(2)(c;t,t′)
if R(2)(c; t, t′) > 0

0 if R(2)(c; t, t′) = 0,

Then, we have the following:

The Plug-In BH-TSADC procedure: An alternative definition. At the first

stage, decide the null hypotheses to be rejected, accepted, or continued to be test-

ed at the second stage based on F̂DR1, as in (the alternative description of) the

BH-TSADC procedure. At the second stage, reject H(i), the follow-up null hy-

pothesis corresponding to q(i), for all i ≤ R∗
2(R1, S1) = max{1 ≤ k ≤ S1 − R1 :

F̂DR
∗
2|1(q(k);R1λ/m,S1λ

′/m) ≤ α− λ}.

5.3.2 Two Special Combination Functions

We now present explicit formulas of H(c; t, t′) for two special combination

functions - Fisher’s and Simes’ - often used in multiple testing applications. The

Simes’ combination function emphasizes on the smaller p-value, but the Simes’ com-

bined p-value can never be smaller than min(p1, p2). Fisher’s combination function

allows several small p-values to reinforce one another to produce a more powerful

test than min-P based method.
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Fisher’s combination function: C(p1, p2) = p1p2.

HFisher(c; t, t
′) =

∫ t′

t

∫ 1

0
I(C(u1, u2) ≤ c) du2du1

=



c ln
(
t′

t

)
if c < t

c− t+ c ln
(
t′

c

)
if t ≤ c < t′

t′ − t if c ≥ t′ ,

(5.5)

for c ∈ (0, 1).

Simes’ combination function: C(p1, p2) = min {2min(p1, p2),max(p1, p2)}.

HSimes(c; t, t
′) =

∫ t′

t

∫ 1

0
I(C(u1, u2) ≤ c)du2du1

=



c
2(t

′ − t) if c ≤ t

c( t
′

2 − t) + c2

2 if t < c ≤ min(2t, t′)

c(t′ − t) if t′ < c ≤ 2t

c
2(1 + t′)− t if 2t < c ≤ t′

c
2(1 + 2t′)− c2

2 − t if max(2t, t′) ≤ c ≤ 2t′

t′ − t if c ≥ 2t′,

for c ∈ (0, 1).

See also Brannath et al. (2002) for the formula (5.5). These formulas can

be used to determine the critical values γi’s before observing the combined p-values

or to estimate the FDR after observing the combined p-values at the second stage

in the BH-TSADC and Plug-In BH-TSADC procedures with Fisher’s and Simes’

combination functions. Of course, for large values of m, it is numerically more

challenging to determine the γi’s than estimating the FDR at the second stage,
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and so in that case we would recommend using the alternative versions of these

procedures.

5.4 Simulation Studies

This section presents the results of simulation studies we conducted to

investigate the following three questions related to the proposed procedures:

Q1. How well do the proposed BH-TSADC and Plug-In BH-TSADC procedures

perform under independence compared to the single-stage BH procedure in

terms of FDR control and power?

Q2. Can the proposed BH-TSADC and Plug-In BH-TSADC procedures continue

to control the FDR for dependent p-values?

Q3. How well do the proposed BH-TSADC and Plug-In BH-TSADC procedures

perform in terms of cost-saving?

5.4.1 Under Independence

To investigate Q1, (i) we generated two independent sets of m uncorrelated

random variables Zi ∼ N(µi, 1), i = 1, . . . ,m, one for Stage 1 and the other for Stage

2, having setmπ0 of these µi’s at zero and the rest at 2, (ii) testedHi : µi = 0 against

Ki : µi > 0, simultaneously for i = 1, . . . ,m, by applying the (alternative versions

of) BH-TSADC and Plug-In BH-TSADC procedures at level α with both Fisher’s

and Simes’ combination functions, λ = 0.025 and λ′ = 0.5 to the generated data for

both stages and the level α BH procedure to the data for the first stage and full
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data from both stages respectively, and (iii) noted the false discovery proportion

and the proportion of false nulls that are rejected. We repeated steps (i)-(iii) 1000

times and averaged out the above proportions over these 1000 runs to obtain the

final simulated values of FDR and average power (the expected proportion of false

nulls that are rejected) for each of these procedures.

In some sense, there does not exist a fair comparison of our two-stage

method with the single-stage BH method, because the data requirement for these

two methods is different. In the single-stage BH method, the information of all

markers needs to be available for the subjects in the single-stage design. If there is

no information of some markers for one subject, then the subject cannot be used

in the study. However, in our proposed two-stage methods, the information of all

markers is only required for the subjects in the first stage, whereas, for the subjects

in the second stage, only the information of the markers selected to the second stage

is required.

In order to perform a relatively fair numerical comparison between our

suggested two-stage method and the single-stage BH method in terms of the FDR

control and power, we firstly apply the single-stage BH method to the data from

the first stage in our simulation studies. Secondly, we apply the single-stage BH

method to the full data from both stages. The simulated FDR’s and average powers

for these four procedures have been graphically displayed in Figures 5.1 and 5.2.

Figure 5.1 compares the proposed BH-TSADC and Plug-In BH-TSADC procedures

with Fisher’s and Simes combination functions with those of the BH procedures
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for different values of π0, α = 0.05, and m = 10, 100, and 1000, in terms of the

simulated FDR, while Figure 5.2 does the same in terms of the simulated average

power. The simulation results indicate that our proposed two-stage method has

significantly power improvement over the single-stage BH method using the first

stage data only while controlling the overall FDR.

Different Early Stopping Boundaries

Our proposed two-stage BH-type methods control the overall FDR in all

circumstance under independence. However, the power of such a two-stage design

relies on the choice of early stopping boundaries. Figures 5.3 and 5.5 show the sim-

ulated FDR versus π0 for early rejection boundary λ = 0.005, 0.010, and 0.025 and

early acceptance boundary λ′ = 0.5. Figures 5.4 and 5.6 show the corresponding

simulated average power versus π0. Figures 5.7 to 5.10 do the same but with ear-

ly rejection boundary λ = 0.025 and early acceptance boundary λ′ = 0.5, 0.8, 0.9

respectively. The simulation results show that a relative smaller early rejection

boundary tends to lead to greater power when the early acceptance boundary is

fixed. Similarly, a relatively larger early acceptance boundary tends to lead to

greater power when the early rejection boundary is fixed

Exponentially Decreasing Effect Sizes

To examine the performance of proposed procedures in a more complicated

genetic mode, we explored a model with exponentially decreasing effect sizes. (i) We

generated two independent sets of m = 1000 uncorrelated random variables Zi ∼
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N(µi, 1), i = 1, ...,m, one for Stage 1 and the other for Stage 2. We set mπ0 of these

µi’s at zero and the rest with equally spaced exponentially decreasing effect sizes at

1.5× (22, 21, 20.5, 20). (ii) We tested Hi : µi = 0 against Hi : µi > 0, simultaneously

for i = 1, ...,m, by applying the (alternative versions of) BH-TSADC and Plug-

In BH-TSADC procedures at level α with both Fisher’s and Simes’ combination

functions to the generated data for both stages and the level α BH procedure to

the data for the first stage and full data from both stages respectively. For the two-

stage design, the early acceptance boundary λ′ was set at 0.5 and the early rejection

boundary λ was set at 0.005, 0.010, and 0.025, respectively. (iii) The false discovery

proportion and the proportion of false nulls that are rejected. We repeated steps (i)-

(iii) 1000 times and average out the above proportions over these 1000 runs to obtain

the final simulated values of FDR and average power (the expected proportion of

false nulls that are rejected) for each of these procedures.

Figures 5.11 and 5.12 show that in the setting with the exponentially de-

creasing effect sizes at 1.5× (22, 21, 20.5, 20), the power differences between our sug-

gested procedures and the BH procedure applied to the first stage data and full data

from both stages is decreasing compared to that in the setting with the constant

effect size at 2.

5.4.2 Under Dependence

In our simulation study to investigate Q2, we considered three different

scenarios for dependent p-values. In particular, we generated two independent sets

of m = 100 correlated normal random variables Zi ∼ N(µi, 1), i = 1, . . . ,m, one for
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Stage 1 and the other for Stage 2, with mπ0 of the µi’s being equal to 0 and the rest

being equal to 2, and a correlation matrix exhibiting one of three different types of

dependence - equal, clumpy and AR(1) dependence. In other words, the Zi’s were

assumed to have a common, non-negative correlation ρ in case of equal dependence,

were broken up into ten independent groups with 10 of the Zi’s within each group

having a common, non-negative correlation ρ in case of clumpy dependence, and

were assumed to have correlations ρij = Cor(Zi, Zj) of the form ρij = ρ|i−j| for

all i ̸= j = 1, . . . ,m, and some non-negative ρ in case of AR(1) dependence. We

then applied the (alternative versions of) the BH-TSADC and Plug-In BH-TSADC

procedures at level α = 0.05 with both Fisher’s and Simes combination functions,

λ = 0.025, and λ′ = 0.5 to these data sets. These two steps were repeated 1000 times

before obtaining the simulated FDR’s and average powers for these procedures, as

in our study related to Q1.

Figures 5.13 to 5.15 graphically display the simulated FDR’s of these pro-

cedures for different values of π0 and types of dependent p-values considered.

As seen from Figures 5.1 to 5.12, the proposed procedures with Fisher’s

combination function seem to have a slight edge over the corresponding ones with

Simes’ combination function in terms of FDR control and power. Between these

two procedures, whether it’s based on Fisher’s or Simes’ combination function, the

BH-TSADC appears to be the better choice when π0 is large, which is often the case

in practice. It controls the FDR not only under independence, which is theoretically

known, but also the FDR control seems to be maintained even under different types
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of positive dependence. Also, it provides a better power improvement, at least in

the independence case, over the single-stage BH procedure. If, however, π0 is not

large, the Plug-In BH-TSADC procedure provides a better control of the FDR and

its power improvement, again at least in the independence case, over the single-

stage BH procedure seems more significant than the BH-TSDADC procedure; of

course, it may lose the FDR control when the p-values exhibit equal or AR(1) type

dependence with a moderately large equal- or auto-correlation.

5.4.3 Cost Saving

In real application, one of the main advantages of our suggested two-stage

method is cost savings, compared to the single-stage BH method. For example,

in a genome-wide association study, because of high cost genotyping hundreds of

thousands of markers on thousands of subjects, many investigations have used a

two-stage design, in which a proportion of the available samples are genotyped on a

large number of markers in the first stage, and a small proportion of these markers

are selected and then followed up by genotyping them on the remaining samples in

the second stage.

Let’s take the genome-wide association study as an example. Suppose the

unit cost of genotyping one marker for each patient is c, then when applying the

single-stage BH method to the full data for both stages, the total cost for genotyping

all markers for each patient is m×N × c, where N is the total number of patients

assigned to stage 1 and 2, and m is the total number of markers for each patient.

On the other hand, when applying our two-stage methods, suppose s is the total
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number of rejected and accepted hypotheses in the first stage, then the total cost is

f×N×m×c+(1−f)×N× (m−s)×c, where f and (1−f) are the ratios of the N

patients assigned to stage 1 and 2 and s is a function of f denoted by s(f). Thus,

the total cost saving for our method is (1− f)×N × s(f)× c, so the proportion of

cost saving of the two-stage method relative to the BH method is

(1− f)×N × s(f)× c

m×N × c
=

(1− f)× s(f)

m
.

In our simulation study to investigate Q3, we considered four different

scenarios for sample allocation ratio f = 0.25, 0.50, 0.75, 1.00. In particular, we gen-

erated three datasets of m = 100, 1000, 5000 independent normal random variables

Zi ∼ N(µi, 1/(2× f)), i = 1, . . . ,m, for Stage 1, with mπ0 of the µi’s being equal to

0 and the rest being equal to 2. The p-values for Stage 2 do not matter in terms of

evaluating cost saving. We averaged out the total number of early stoppings s(f)

at the first stage from 1000 simulation runs. Figure 5.16 displays proportional cost

saving versus π0 for m = 100, 1000, 5000 with λ = 0.025 and λ′ = 0.5 by sample

allocation rate f = 0.25, 0.50, 0.75, 1.00 across two stages.

5.5 A Real Data Application

To illustrate how the proposed procedures can be implemented in practice,

we reanalyzed a dataset taken from an experiment by Tian et al. (2003) and post-

processed by Jeffery et al. (2006). Zehetmayer et al. (2008) considered this data for

a different purpose. In this data set, multiple myeloma samples were generated with

Affymetrix Human U95A chips, each consisting 12, 625 probe sets. The samples
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were split into two groups based on the presence or absence of focal lesions of bone.

The original dataset contains gene expression measurements of 36 patients

without and 137 patients with bone lytic lesions, However, in our reanalysis, we

used the gene expression measurements of 36 patients with bone lytic lesions and

a control group of the same sample size without such lesions. We considered this

data in a two-stage framework, with the first 18 subjects per group for Stage 1 and

the next 18 subjects per group for Stage 2. We prefixed the Stage 1 early rejection

boundary λ at 0.025 and the early acceptance boundary λ′ at 0.5, and applied the

proposed (alternatives versions of) BH-TSADC and plug-in BH-TSADC procedures

at the overall FDR level 0.05.

In particular, we considered all m = 12, 625 probe set gene expression

measurements for the first stage data of 36 patients (18 patients per group) and

the full data of 72 patients (36 patients per group) across two stages respectively,

and analyzed them based on a stepdown procedure with the critical values λi =

i0.025/m, i = 1, . . . ,m, and a stepup procedure with the critical values λ′
i = i0.5/m,

i = 1, . . . ,m, using the corresponding p-values generated from one-sided t-tests. We

noted the probe sets that were rejected by the stepdown procedure and those that

were accepted by the stepup procedure. With these numbers being r1 and m− s1,

respectively, we took the probe sets that were neither rejected by the stepdown

procedure nor accepted by the stepup procedure, that is, the probe sets with the

first-stage p-values more than r1λ/m but less than or equal to s1λ
′/m, for further

analysis using estimated FDR based on their first-stage and second-stage p-values
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combined through Fisher’s and Simes’ combination functions, as described in the

alternative versions of the BH-TSADC and plug-in BH-TSADC procedures.

The results of this analysis are reported in Table 5.1. As seen from this

table, the BH-TSADC procedure with Fisher’s combination function and its plug-in

version produce 144 and 93 discoveries, respectively; whereas, these numbers are

40 and 32, respectively, for the Simes’ combination function. These numbers are

significantly larger than 18, the number of discoveries made by the single-stage BH

procedure using the first stage data. When the full data across two stages are used,

single-stage BH procedure results in more rejections which is consistent with the

simulation results.

Table 5.1: The results of two-stage combination tests with Fisher’s and
Simes’ combination functions, λ = 0.025, λ′ = 0.5, and α = 0.05 of 12625
probe sets in the Affymetrix Human U95A Chips data taken from Tian et
al. (2003).

Fisher’s Simes’ BH

Plug-in Plug-in Single-Stage

BH-TSADC BH-TSADC BH-TSADC BH-TSADC Stage 1 Data Full Data

Stage 1 Reject 4 4 4 4 18 417

Accept 10520 10520 10520 10520 12607 12108

Stage 2 Reject 140 89 36 28 NA NA

Accept 1961 2012 2065 2073 NA NA

Total Reject 144 93 40 32 18 417

To examine the effect of early stopping boundaries, we also explored differ-

ent pairs of early rejection and early acceptance boundaries, i.e. λ = 0.005, 0.010, 0.025
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Table 5.2: The total number of rejections of two-stage combination tests with
Fisher’s and Simes’ combination functions, different λ = 0.005, 0.010, 0.015 and
λ′ = 0.5, 0.8, 0.9, and α = 0.025 of 12625 probe sets in the Affymetrix Human U95A
Chips data taken from Tian et al. (2003).

Fisher’s Simes’ BH

BH-TSADC Plug-in BH-TSADC BH-TSADC Plug-in BH-TSADC Stage 1 Data Full Data

λ = 0.005

λ′ = 0.5 84 58 33 17 2 127

λ′ = 0.8 97 35 42 17 2 127

λ′ = 0.9 106 34 54 18 2 127

λ = 0.010

λ′ = 0.5 74 41 24 13 2 127

λ′ = 0.8 81 31 30 16 2 127

λ′ = 0.9 90 31 37 18 2 127

λ = 0.015

λ′ = 0.5 56 31 17 12 2 127

λ′ = 0.8 63 29 23 15 2 127

λ′ = 0.9 69 27 30 18 2 127

and λ′ = 0.5, 0.8, 0.9 (see Table 5.2).

5.6 Discussion

Our main goal in this article has been to construct a two-stage multiple

testing procedure that allows making early decisions on the null hypotheses in terms

of rejection, acceptance or continuation to the second stage for further testing with

more observations and eventually controls the FDR. Such two-stage formulation of

multiple testing is of practical importance in many statistical investigations; nev-
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ertheless, generalizations of the classical BH type methods from single-stage to the

present two-stage setting, which seem to be the most natural procedures to con-

sider, have not been put forward until the present work. We have been able to

construct two such generalizations with proven FDR control, provided simulation

results and practical examples of their improved power performances compared to

the corresponding single-stage BH type methods under independence. We also have

presented numerical evidence that they can maintain a control over the FDR even

under some dependence situations.

It is important to emphasize that the theory behind the developments of

our proposed two-stage FDR controlling methods has been driven by the idea of

setting the early decision boundaries λ < λ′ on the (estimated) FDR at the first-

stage p-values, rather than on these p-values themselves. In other words, we flag

those null hypotheses for rejection (or acceptance) at the first stage at whose p-

values the estimated FDR’s are all less than or equal to λ (or greater than λ′)

before proceeding to the second stage; see Remark 2. This, we would argue, is often

practical and meaningful when we are testing multiple hypotheses in two-stages in

an FDR framework.

Brannath et al. (2002) have defined a global p-value p̃(p1, p2) for testing a

single hypothesis in a two-stage adaptive design with combination function C(p1, p2).

With the boundaries λ < λ′ set on each p1i, the global p-value for each Hi is defined
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by

p̃i ≡ p̃(p1i, p2i) =


p1i if p1i ≤ λ or p1i > λ′

λ+H(C(p1i, p2i);λ, λ
′) if λ < p1i ≤ λ′ .

They have shown that each p̃i is stochastically larger than or equal to U(0, 1) when

(p1i, p2i) satisfies the p-clud property, and the equality holds when p1i and p2i are

independently distributed as U(0, 1). So, one may consider the BH method based

on the p̃i’s. This would control the overall FDR under the assumptions considered

in the paper, maybe under some positive dependence conditions as well. However,

it does not set the early decision boundaries on the FDR.

We proposed our FDR controlling procedures in this paper considering

a non-asymptotic setting. However, one may consider developing procedures that

would asymptotically control the FDR by taking the following approach towards

finding the first- and second-stage thresholds subject to the early boundaries λ < λ′

and the final boundary α on the FDR. Given two constants t < t′, make an early

decision regarding Hi by rejecting it if p1i ≤ t, accepting it if p1i > t′, and continuing

to test it at the second stage if t < p1i ≤ t′. At the second stage, reject Hi if

C(p1i, p2i) ≤ c. Storey’s (2002) estimate of the first-stage FDR is given by

F̂DR
∗
1(t) =


mπ̂0t
R(1)(t)

if R(1)(t) > 0

0 if R(1)(t) = 0 ,

for some estimate π̂0 of π0. Similarly, the overall FDR can be estimated as follows:

F̂DR
∗
12(c, t, t

′) =


mπ̂0[t+H(c;t,t′)]

R(1)(t)+R(2)(c;t,t′)
if R(1)(t) +R(2)(c; t, t′) > 0

0 if R(1)(t) +R(2)(c; t, t′) = 0
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Let

t̂λ = sup{t : F̂DR1(t) ≤ λ for all t′ ≤ t},

t̂λ′ = inf{t : F̂DR1(t) > λ′ for all t′ > t},

and ĉα(λ, λ
′) = sup{c : F̂DR12(c, t̂λ, t̂λ′) ≤ α}.

Then, reject Hi if p1i ≤ t̂λ or if t̂λ < p1i ≤ t̂λ′ and C(p1i, p2i) ≤ ĉα(λ, λ
′). This may

control the overall FDR asymptotically under the weak dependence condition and

the consistency property of π̂0 (as in Storey, Taylor and Siegmund, 2004).

There are a number of other important issues related to the present problem

which we have not touched in this paper but hope to address in different communi-

cations. There are other combination functions, such as Fisher’s weighted product

(Fisher 1932) and weighted inverse normal (Mosteller and Bush, 1954), perfor-

mances of which would be worth investigating. Consideration of conditional error

function (Proschan and Hunsberger, 1995) while defining a two-stage design before

constructing FDR controlling methods is another important issue. Now that we

know how to test multiple hypotheses in a two-stage design subject to first-stage

boundaries on and the overall control of the FDR, we should be able to address

issues relate to sample size determinations.
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Figure 5.1: Comparison of simulated FDR’s of BH-TSADC and Plug-In
BH-TSADC procedures with Fisher’s and Simes’ combination functions, λ =
0.025, and λ′ = 0.5, with simulated FDR of single-stage BH procedure based
on full data from both stages, at α = 0.05. [BH-TSADC: solid line, Plug-In
BH-TSADC: dotdash line, BH Stage 1 Data: dotted line, and BH Full Data:
dash line.]
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Figure 5.2: Comparison of simulated average powers of BH-TSADC and
Plug-In BH-TSADC procedures with Fisher’s and Simes’ combination func-
tions, λ = 0.025, and λ′ = 0.5, with simulated FDR of single-stage BH
procedure based on the first stage data and full data from both stages, at
α = 0.05. [BH-TSADC: solid line, Plug-In BH-TSADC: dotdash line, BH
Stage 1 Data: dotted line, and BH Full Data: dash line.]
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Figure 5.3: Comparison of simulated FDR’s of BH-TSADC and Plug-In
BH-TSADC procedures with Fisher’s and Simes’ combination functions for
m = 100, λ = 0.005, 0.010, 0.025, and λ′ = 0.5, with simulated FDR of
single-stage BH procedure based on the first stage data and full data from
both stages, at α = 0.05. [BH-TSADC: solid line, Plug-In BH-TSADC:
dotdash line, BH Stage 1 Data: dotted line, and BH Full Data: dash line.]
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Figure 5.4: Comparison of simulated average powers of BH-TSADC and
Plug-In BH-TSADC procedures with Fisher’s and Simes’ combination func-
tions for m = 100, λ = 0.005, 0.010, 0.025, and λ′ = 0.5, with the simulated
average power of single-stage BH procedure based on the first stage data
and full data from both stages, at α = 0.05. [BH-TSADC: solid line, Plug-
In BH-TSADC: dotdash line, BH Stage 1 Data: dotted line, and BH Full
Data: dash line.]
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Figure 5.5: Comparison of simulated FDR’s of BH-TSADC and Plug-In
BH-TSADC procedures with Fisher’s and Simes’ combination functions for
m = 1000, λ = 0.005, 0.010, 0.025, and λ′ = 0.5, with simulated FDR of
single-stage BH procedure based on the first stage data and full data from
both stages, at α = 0.05. [BH-TSADC: solid line, Plug-In BH-TSADC:
dotdash line, BH Stage 1 Data: dotted line, and BH Full Data: dash line.]



138

π0

po
w

er

0.2

0.4

0.6

0.8

1.0
Fisher

lambda=0.005

0.0 0.2 0.4 0.6 0.8 1.0

Simes

lambda=0.005

Fisher

lambda=0.010

0.2

0.4

0.6

0.8

1.0
Simes

lambda=0.010

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

Fisher

lambda=0.025

Simes

lambda=0.025

BH−TSADC
Plug−in BH−TSADC

BH: Stage 1 Data
BH: Full Data

Figure 5.6: Comparison of simulated average powers of BH-TSADC and
Plug-In BH-TSADC procedures with Fisher’s and Simes’ combination func-
tions for m = 1000, λ = 0.005, 0.010, 0.025, and λ′ = 0.5, with the simulated
average power of single-stage BH procedure based on the first stage data
and full data from both stages, at α = 0.05. [BH-TSADC: solid line, Plug-
In BH-TSADC: dotdash line, BH Stage 1 Data: dotted line, and BH Full
Data: dash line.]
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Figure 5.7: Comparison of simulated FDR’s of BH-TSADC and Plug-In
BH-TSADC procedures with Fisher’s and Simes’ combination functions for
m = 100, λ = 0.025, and λ′ = 0.5, 0.8, 0.9, with simulated FDR of single-
stage BH procedure based on the first stage data and full data from both
stages, at α = 0.05. [BH-TSADC: solid line, Plug-In BH-TSADC: dotdash
line, BH Stage 1 Data: dotted line, and BH Full Data: dash line.]
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Figure 5.8: Comparison of simulated average powers of BH-TSADC and
Plug-In BH-TSADC procedures with Fisher’s and Simes’ combination func-
tions for m = 100, λ = 0.025, and λ′ = 0.5, 0.8, 0.9, with the simulated
average power of single-stage BH procedure based on the first stage data
and full data from both stages, at α = 0.05. [BH-TSADC: solid line, Plug-
In BH-TSADC: dotdash line, BH Stage 1 Data: dotted line, and BH Full
Data: dash line.]
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Figure 5.9: Comparison of simulated FDR’s of BH-TSADC and Plug-In
BH-TSADC procedures with Fisher’s and Simes’ combination functions for
m = 1000, λ = 0.025, and λ′ = 0.5, 0.8, 0.9, with simulated FDR of single-
stage BH procedure based on the first stage data and full data from both
stages, at α = 0.05. [BH-TSADC: solid line, Plug-In BH-TSADC: dotdash
line, BH Stage 1 Data: dotted line, and BH Full Data: dash line.]
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Figure 5.10: Comparison of simulated average powers of BH-TSADC and
Plug-In BH-TSADC procedures with Fisher’s and Simes’ combination func-
tions for m = 1000, λ = 0.025, and λ′ = 0.5, 0.8, 0.9, with the simulated
average power of single-stage BH procedure based on the first stage data
and full data from both stages, at α = 0.05. [BH-TSADC: solid line, Plug-
In BH-TSADC: dotdash line, BH Stage 1 Data: dotted line, and BH Full
Data: dash line.]
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Figure 5.11: Comparison of simulated FDR’s of BH-TSADC and Plug-
In BH-TSADC procedures with Fisher’s and Simes’ combination function-
s for m = 1000 with equally spaced exponential decreasing effect sizes
1.5 × (22, 21, 20.5, 20), λ = 0.005, 0.010, 0.025, and λ′ = 0.5, with simulat-
ed FDR of single-stage BH procedure based on the first stage data and full
data from both stages, at α = 0.05. [BH-TSADC: solid line, Plug-In BH-
TSADC: dotdash line, BH Stage 1 Data: dotted line, and BH Full Data:
dash line.]
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Figure 5.12: Comparison of simulated average powers of BH-TSADC and
Plug-In BH-TSADC procedures with Fisher’s and Simes’ combination func-
tions for m = 1000 with equally spaced exponential decreasing effect sizes
1.5 × (22, 21, 20.5, 20), λ = 0.005, 0.010, 0.025, and λ′ = 0.5, with the simu-
lated average power of single-stage BH procedure based on the first stage
data and full data from both stages, at α = 0.05. [BH-TSADC: solid line,
Plug-In BH-TSADC: dotdash line, BH Stage 1 Data: dotted line, and BH
Full Data: dash line.]
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Figure 5.13: Comparison of simulated FDR’s of BH-TSADC and Plug-In
BH-TSADC procedures with Fisher’s and Simes’ combination functions un-
der equal dependence with λ = 0.025, λ′ = 0.5, m = 100, and α = 0.05.
[Dotted line: ρ = 0; solid line: ρ = 0.3; dash line: ρ = 0.6; dotdash line:
ρ = 0.9.]
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Figure 5.14: Comparison of simulated FDR’s of BH-TSADC and Plug-In
BH-TSADC procedures with Fisher’s and Simes’ combination functions un-
der clumpy dependence with λ = 0.025, λ′ = 0.5, m = 100, and α = 0.05.
[Dotted line: ρ = 0; solid line: ρ = 0.3; dash line: ρ = 0.6; dotdash line:
ρ = 0.9.]
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Figure 5.15: Comparison of simulated FDR’s of BH-TSADC and Plug-In
BH-TSADC procedures with Fisher’s and Simes’ combination functions un-
der AR(1) dependence with λ = 0.025, λ′ = 0.5, m = 100, and α = 0.05.
[Dotted line: ρ = 0; solid line: ρ = 0.3; dash line: ρ = 0.6; dotdash line:
ρ = 0.9.]



148

π0

P
ro

po
rt

io
n 

of
 C

os
t S

av
in

g

0.0

0.2

0.4

0.6

0.8

1.0

0.2 0.4 0.6 0.8 1.0

m=100

Two−Stage

0.2 0.4 0.6 0.8 1.0

m=1000

o−Stage

0.2 0.4 0.6 0.8 1.0

m=5000

o−Stage

f=0.25
f=0.50

f=0.75
f=1.00
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CHAPTER 6

SUMMARY AND FUTURE

RESEARCH

Adaptive designs offer the opportunity of mid-course design change in clin-

ical trials, where additional flexibility comes from careful statistical planning. They

are known as adaptive, sequential, flexible, self-designing, multi-stage, dynamic,

response-driven, smart, and novel. At any stage, the data may be analyzed and

subsequent stages can be redesigned taking into account all available data. The

statistical methodology for adaptive designs has developed quickly over the past

decades.
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6.1 Overall FWER Control for Single-Hypothesis in Two-

Stage Combination Test

Inevitably, there is no superior strategy to determine early stopping bound-

aries or the critical value in two-stage adaptive designs, even though the Bauer-

Köhne method is widely used. We believe our proposed method offers a compre-

hensive understanding of a two-stage adaptive design in terms of choosing proper

early stopping boundaries and the second stage critical value. Of course, there is an

arbitrariness in these choices, because the control of the overall Type I error rate at

the desired level is the only criterion used while choosing these quantities. This ar-

bitrariness can be removed by bringing in other considerations like power. There are

other combination functions, such as Fisher’s weighted product (Fisher, 1932) and

weighted inverse normal (Mosteller and Bush, 1954), performance of which would

be worth investigating as well.

6.2 Overall FWER Control for Two-Hypothesis Test in

Two-Stage Combination Test

As not many current publications investigated the construction of adaptive

rules while multiple hypotheses are present, the proposed stepdown-combination

approach fits well in the gap, which takes advantage of combination test and closure

testing principle. In theory, this method can be generalized to multiple stages since

recursive application of two-stage adaptive design is valid (Bauer and Köhne, 1994).
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However, it is mathematically difficult to find numerical solutions for the critical

values. A further step in this aspect is worth investigating. Moreover, we can also

seek to apply other multiple testing techniques such as a stepup procedure with the

combination test.

6.3 Overall FDR Control for Multiple-Hypothesis in

Two-Stage Combination Test

The third goal of this work was to construct a two-stage testing procedure

that allows early stopping as well as controls the overall FDR. Similar to the existing

procedures that control the overall FWER in literatures, we formulated the overall

FDR and FDR estimate for a two-stage adaptive design, where the early stopping

boundaries are prefixed and second stage critical values can be determined. When

the early rejection boundary is set at 0 and early acceptance boundary is set at 1, no

early stopping for efficacy or futility will be allowed and all hypotheses will continue

to Stage 2. The test is equivalent to a single-stage test.

When test statistics are independent, we demonstrated in a simulation

study for a two-stage adaptive design using the proposed BH-TSADC and plug-in

BH-TSADC procedures with Fisher’s and Simes’ combination functions, where the

FDR is well controlled with finite number of hypotheses m and increased power

compared to a classic single-stage BH procedure. The results were emphasized by a

real data application from microarray experiment. In summary, the proposed BH-

TSADC procedures successfully screened the hypotheses at Stage 1, controlling the
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overall FDR under independence, and leading to substantial power increase, hence

increase the effectiveness of the test.

We proposed our FDR controlling procedures in this paper considering

a non-asymptotic setting. However, one may consider developing procedures that

would asymptotically control the FDR by taking an approach towards finding the

first- and second-stage thresholds subject to the early boundaries λ < λ′ and the

final boundary α on the FDR.

There are a number of other important issues related to the present problem

which we have not touched in this work but hope to address in different communi-

cations. There are other combination functions, such as Fisher’s weighted product

(Fisher, 1932) and weighted inverse normal (Mosteller and Bush, 1954), perfor-

mances of which would be worth investigating. Consideration of conditional error

function (Proschan and Hunsberger, 1995) while defining a two-stage design before

constructing FDR controlling methods is another important issue. Now that we

know how to test multiple hypotheses in a two-stage design subject to first-stage

boundaries on and the overall control of the FDR, we should be able to address

issues relate to sample size determinations.

6.4 FDR Based Sample Size Re-Estimation Method in

Large Scale Multiple Testing

An area of future of research is an FDR based sample size re-estimation

method in large scale multiple testing. Sample size calculation is critical for design-
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ing a study. It would be a waste of resources if the sample size is not adequate

to draw reliable statistical inferences. When testing a single hypothesis, the deter-

mination of sample size rests upon the idea of maintaining control over the type I

error rate at a specified level, in addition to achieving a desired power in the test

to detect the true effect size. However, when there are multiple hypotheses to test

simultaneously, this traditional idea of calculating sample size is not directly ap-

plicable without adjusting it to take into account the multiplicity of tests. There

are two popular ways in which this multiplicity can be taken into account when it

comes to controlling an overall measure of type I errors, either by considering the

familywise error rate (FWER), which is the probability of at least one type I error,

or by considering the false discovery rate (FDR), which is the expected proportion of

type I errors (i.e., false discoveries) among all rejections (i.e., discoveries). However,

in genetic studies, where the number of hypotheses is excessively large, the FDR is

known to be a more reasonable and powerful measure of false discoveries than the

FWER (Storey and Tibshirani, 2003). So, it is important to obtain a sample size

calculation strategy while testing multiple hypotheses in an FDR framework prior

to undertaking a genetic experiment.

A number of papers have been written in the past decade dealing with

sample size calculation with FDR control in genetic experiments (Pawitan et al.,

2005; Jung, 2005; Pounds and Cheng, 2005; Liu and Hwang, 2007; Tong and Zhao,

2008; Hu et al., 2005; Tibshirani, 2006). However, all these papers have focused

on single-stage design, with such calculation depending on preliminary assumptions
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or estimates about unknown design parameters.

Sample size calculation in the framework of a single-stage design, whether

it is for single or multiple testing, often suffers from the uncertainty or limited infor-

mation about the effect sizes, causing such calculation questionable at the planning

stage. One way out of this is to carry out this calculation in two stages, with the

data in the first stage providing information about the effect sizes that can be used

to make a correction at the second stage to a single-stage sample size calculation

method that one would have used based on all the data. Such sample size adjust-

ment strategy has been quite popular in the context of single hypothesis testing,

particularly in pharmaceutical research (Li et al., 2002), but not yet been adapted

to multiple hypothesis testing.

A two-stage method of sample size calculation for large-scale multiple test-

ing in an FDR framework may solve the problem. One possible solution is to extend

Proschan and Hunsbarger (1995) from single to multiple testing, which uses the idea

of maximizing the conditional power given the first-stage data to determine the final

sample size. More specifically, we plan to consider the marginal false discovery rate

(mFDR), which is an asymptotically equivalent (when the number of hypotheses is

infinitely large) form of the usual notion of the FDR due to Benjamini and Hochberg

(1995), and provide a method of re-adjusting the sample size for each hypothesis

subject to controlling the mFDR at a specified level and achieving a desired average

power of detecting a targeted set of alternatives with given effect sizes conditional

on the first stage results, which we call the conditional average power. However, this
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problem is more difficult than one might expect, owing to multiplicity of simultane-

ous tests as well as interim looks of multi-stage designs. It is also computationally

challenging to find numeric solutions.

In summary, although statistical methodology has been developed to allow

for different types of adaptive designs, these methods should not be used to replace

the careful planning of a clinical trial. Before starting the trial, an efficient design

must be detailed in the protocol and then adaptive design methodology provides

a valuable tool for reasonable design change, data analysis, or making statistical

inference.
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