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ABSTRACT

SELECTION OF OPTIMAL THRESHOLD AND NEAR-OPTIMAL

INTERVAL USING PROFIT FUNCTION AND ROC CURVE: A RISK

MANAGEMENT APPLICATION

Jingru Chen

DOCTOR OF PHILOSOPHY

Temple University, January, 2011

Professor Francis Hsuan, Chair

The ongoing financial crisis has had major adverse impact on the credit

market. As the financial crisis progresses, the skyrocketing unemployment

rate puts more and more customers in such a position that they cannot pay

back their credit debts. The deteriorating economic environment and growing

pressures for revenue generation have led creditors to re-assess their exist-

ing portfolios. The credit re-assessment is to accurately estimate customers’

behavior and distill information for credit decisions that differentiate bad cus-

tomers from good customers. Lending institutions often need a specific rule

for defining an optimal cut-off value to maximize revenue and minimize risk.

In this dissertation research, I consider a problem in the broad area of

credit risk management: the selection of critical thresholds, which comprises

of the “optimal cut-off point” and an interval containing cut-off points near

the optimal cut-off point (a “near-optimal interval”). These critical thresholds

can be used in practice to adjust credit lines, to close accounts involuntarily,

to re-price, etc. Better credit re-assessment practices are essential for banks to

prevent loan loss in the future and restore the flow of credit to entrepreneurs

and individuals.

The Profit Function is introduced to estimate the optimal cut-off and the

near-optimal interval, which are used to manage the credit risk in the finan-
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cial industry. The credit scores of the good population and bad population

are assumed from two distributions, with the same or different dispersion pa-

rameters. In a homoscedastic Normal-Normal model, a closed-form solution

of optimal cut-off and some properties of optimal cut-off are provided for

three possible shapes of the Profit Functions. The same methodology can be

generalized to other distributions in the exponential family, including the het-

eroscedastic Normal-Normal Profit Function and the Gamma-Gamma Profit

Function. It is shown that a Profit Function is a comprehensive tool in the

selection of critical thresholds, and its solution can be found using easily-

implemented computing algorithms.

The estimation of near-optimal interval is developed in three possible shapes

of the bi-distributional Profit Function. The optimal cut-off has a closed-form

formula, and the estimation results of near-optimal intervals can be simplified

to this closed-form formula when the tolerance level is zero.

Two nonparametric methods are introduced to estimate critical thresholds

if the latent risk score is not from some known distribution. One method uses

the Kernel density estimation method to derive a tabulated table, which is

used to estimate the values of critical thresholds. A ROC Graphical method

is also developed to estimate critical thresholds.

In the theoretical portion of the dissertation, we use Taylor Series and the

Delta method to develop the asymptotic distribution of the non-constrained

optimal cut-off. We also use the Kernel density estimator to derive the asymp-

totic variance of the Profit function.
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CHAPTER 1

INTRODUCTION

1.1 Background

The ongoing financial crisis has had major adverse impact on the credit

market. As the financial crisis progresses, the skyrocketing unemployment

rate puts more and more customers in such a position that they cannot pay

back their credit debts. The deteriorating economic environment and growing

pressures for revenue generation have led creditors to re-assess their existing

portfolios. In this dissertation research, I consider a problem in the broad area

of credit risk management: the selection of critical thresholds, which comprises

of the “optimal cut-off point” and a “near-optimal interval” (the mathemati-

cal definitions for the two quoted terms are given later in this section). These

critical thresholds can be used in practice to adjust credit lines, to close ac-

counts involuntarily, to re-price, etc. Better credit re-assessment practices are

essential for banks to prevent loan loss in the future and maintain the flow of

credit to entrepreneurs and individuals.

Most credit re-assessment models used in practice concern the Receiver

Operating Characteristic (ROC) Curve, which is a common method for or-

ganizing, visualizing, and comparing model classifiers based on the simple

default probability and its associated statistics. However, models based on a

measurement on the profit maximization is perhaps more attractive to banks
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and lending institutions, since creditors need to balance the objectives of max-

imizing the profit and minimizing the exposure to risks. Lending institutions

often need a specific rule for defining an optimal cut-off value to maximize

revenues and minimize risks.

Both Profit Functions and Receiver Operating Characteristics (ROC) curves

can be used to find the optimal cut-off point as well as a near-optimal inter-

val. The Profit Function is defined as the expected net income, resulting from

either a correct or wrong decision. Good/Bad status and Accept/Reject de-

cision form a 2-by-2 table, and classify the applicants into four categories. A

Profit Function, rigorously defined in equation (1.2) on page 5, incorporates

four classification probabilities and the revenue/cost associated with the cor-

rect/wrong decision. It is a comprehensive tool in the selection of critical

thresholds. This dissertation presents my investigation on the problem of the

selection of the optimal threshold and a near-optimal interval. Chapter 3 and

Chapter 4 contain my main theoretical results of a parametric Profit Function.

The theoretical results of a nonparametric Profit Function are discussed in the

first part of Chapter 5.

An ROC curve is a plot of two conditional probabilities, with the true pos-

itive probability as the y-axis and the false positive probability as the x-axis.

ROC curves have been extensively studied in the literature; for a cursory re-

view, see Section 2.2. The evaluation of ROC curves usually focuses on several

criteria, such as Kolmogorov-Smirnov test (KS), Area Under Curve (AUC),

and confidence-bands/confidence intervals. For my dissertation, I propose a

descriptive method to find the optimal cut-off point and the near-optimal in-

terval in the second part of Chapter 5.

1.2 A Mathematical Setup

Suppose n applicants apply for credit loans at time 0. The personal and

financial characteristics of an individual, such as income, current debt, number

of credit inquiries, etc, are denoted by a vector of attributes x = (x1, . . . , xm).
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Let D be a binary variable to reflect the status of one’s observed net cash flow

(NCF) during the last 12 months. The value of D is either Bad(B), indicating

a non-positive NCF, or Good(G), indicating a positive NCF.

A typical process of credit re-assessment is to develop a scorecard that as-

signs a score y∗ to each existing customer (ECM), and then to select a cut-off

point that determines acceptance or rejection. This score can be risk score,

promotion score, or collection score, etc, in different business environments.

This dissertation focuses on the portfolio score to decide whether further credit

approval should be granted. We let y∗ be a latent variable derived from general-

ized linear model to represent the creditworthiness. Once the creditworthiness

y∗′s are generated from the credit-scoring model for all n applicants, we rank

the values from low to high and define the range of y∗ as [y∗min, y
∗
max]. If the

creditworthiness value is greater than a selected threshold, k, the creditor ap-

proves the credit application of the applicant. Let Yk be the binary decision

variable based on the creditworthiness score and the threshold k, with the

value B = Rejection and G = Acceptance, that is

Yk =

 G(Granting credit) if y∗ > k,

B(Denying credit) if y∗ ≤ k
(1.1)

The two binary variables Y and D form a 2-by-2 contingency table, as

shown in Table 1.1. Because the decision of acceptance or rejection may be

either correct or incorrect, there are four conditional probabilities associated

with this table. The sensitivity, also named as the True Positive rate (TP ), is

the conditional probability of making the correct decision when an applicant

has good creditworthiness. And the specificity, also named as the True Neg-

ative rate (TN), is the conditional probability of making the correct decision

when an applicant has bad creditworthiness. Two complementary terms, False

Positive rate (FP ) and False Negative rate (FN), are denoted as FP = 1−TN
and FN = 1 − TP . From definition (1.1), it is clear that when k decreases,

more applicants will pass the criterion y∗ > k , and therefore TP (sensitivity)

and FP (1-specifity) will increase. The ROC curve is a plot of TP (the y-axis)
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Table 1.1: Classification of Decision Results by Population Status

Y (Decision)

Probability B(Rejection) G(Acceptance)

D Bad(B) TN PB=(1− FP ) PB FP PB PB

(Actual) Good(G) FN PG=(1− TP ) PG TP PG PG

versus FP (the x-axis), when k varies.

The conditional probabilities in Table 1.1 are associated with costs or rev-

enues. These payoffs have multiple sources, either from a one-time charge or

some long-term accumulations. TN and FN are results from the decision of

denying loan applications, and are associated with rB (revenue of true nega-

tive) and cG (cost of false negative) respectively. Some lending processes charge

certain application fees, which are the main source of rB. Lending institutions

usually have a second selection process for the groups of true negative and false

negative, in order to further filter these rejected applicants, which incur more

operational expense. It usually takes more effort to study the false negative

group than to study the true negative group. That is the main source of cG.

TP and FP are results from the decision of granting credit and are associated

with rG and cB, respectively. These revenue and cost variables could construct

a payoff matrix. In the analysis, the revenues of correct decisions (rG, rB) and

the costs of false decisions (cG, cB) are usually assumed to be independent

of the model (Stein, 2005). In Chapter 6, we present a numerical study that

deploys several payoff matrices for two reasons. One is that a major credit in-

stitution has large portfolio. Each segment of customers in the whole portfolio

may have very different characteristics, which justify the existence of various

payoff matrices. The other is that we want to observe the impact of using

various factors in the sensitivity study.

The two row marginal probabilities of Table 1.1, PG and PB, also play

roles in the determination of the final revenue. Some literatures assume that

the percentage of bad population (PB) is 2% (Altman et al. (1977), Stein



5

(2005)). However, our practical experience suggests that 2% is too low and

perhaps covers only the bankruptcy rate. In the current severe economic sit-

uation, the overall loss rate, including charge off and bankruptcy, is already

between 6.5% and 10.5% in the credit card industry. Our practical experience

suggests that the unprofitable population in the credit risk is usually in the

range between 25% and 40%. For example, a significant amount of customers

often takes advantage of promotion offers from various credit-card companies.

These customers often have very good credit risk scores and are unlikely to

file bankruptcy, but credit-card companies may not make profits from such

balance-transfer behaviors.

We now define a Profit Function that incorporates conditional probabilities,

marginal probabilities, as well as payoff factors. Let R(k) be the Expected

Profit per outcome / decision / customer, associated with the decision rule.

The value of the expected profit curve depends on the cut-off point k and the

creditworthiness variable y∗. Given the threshold k, for any model the expected

profit depicts the tradeoff between revenue and cost of credit decision.

R(k) = PGrGTPk + PBrBTNk︸ ︷︷ ︸
E[Revenue(k)]

− (PGcGFNk + PBcBFPk)︸ ︷︷ ︸
E[Cost(k)]

(1.2)

where

PG = the proportion of applicants having good creditworthiness,

PB = 1− PG,

rG = the revenue associated with a True Positive outcome,

cB = the cost associated with a False Positive outcome,

rB = the revenue associated with a True Negative outcome,

cG = the cost associated with a False Negative outcome.

And, for a given threshold k,

E[Revenue(k)] = the expected revenue of a credit applicant for the given k,

E[Cost(k)] = the expected cost of a credit applicant for the given k.

TPk = P (y∗ > k|D = G) = P (Y = G|D = G),

FPk = P (y∗ > k|D = B) = P (Y = G|D = B),
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TNk = P (y∗ ≤ k|D = B) = P (Y = B|D = B),

FNk = P (y∗ ≤ k|D = G) = P (Y = B|D = G)

Note that TPk + FNk = 1 , FPk + TNk = 1 , and that the expected profit

is the probability-weighted sum of costs and revenues.

In most occasions, the expected profit per customer is positive and the

lending institutions can make profits. In some severe occasions the expected

profit may be negative and the lending institutions can lose money. For ex-

ample, in the first quarter of 2009, the credit loss rates were skyrocketing to

more than 8.0% in major credit-card issuers (Earning release). An issuer can

make profit if the loss rate is controlled at 7.5% or below, therefore the ex-

pected profits of these issuers were negative. As a response, these credit card

issuers cut marketing expenses but still mailed out millions of credit-approval

letters to attract outstanding balance, with the intention to control the loss

rate appearing on the quarterly and annual earnings reports.

Our objective in this dissertation is to find the optimal threshold, denoted

by k∗, which maximizes the expected profit. We provide both point and inter-

val estimations of k∗. Researchers usually prefer interval estimation to point

estimation. In the business environment, the creditor institutions are more

interested in some interval of k∗ to implement various marketing strategies

and to absorb the impact of population shift in the applicants over time. Here

we introduce the idea of “near-optimality” and construct an interval [k∗L, k
∗
U ]

around the optimal cut-off value k∗. Any value of k is considered to be near-

optimal, if R(k) ≥ R(k∗)−∆ for a specified tolerance level, ∆. The value of ∆

can be a fixed positive constant or equal to ψ|R(k∗)|, where ψ is a proportion

in [0, 1], such as ψ = 0.10, or ψ = 0.20.

1.3 Research Contribution

The study of the optimal cut-off and its near-optimal interval is a relatively

new topic in the diagnostic studies. To our best knowledge, no studies have

been published to apply a Profit Function or a ROC curve to analyze near-
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optimality in the financial industry. Our work may be the first attempt to

provide a comprehensive study on the optimal cut-off and the near-optimal

interval, with an easily implemented solution.

The research makes contributions in policy implications. From a policy

standpoint, the study provides guidance for the proposed overhaul of banking

regulations in risk managements, especially in credit risk. Future extensions of

the work presented in this dissertation may be used by policy makers to manage

credit risk and the implementation of Basel II in the financial industry. We

know that Basel II is the second of the Basel Accords, which are issued by the

Basel Committee on Banking Supervision. Recently, the financial industry

has started to implement Basel II to set up more rigorous risk and capital

management requirements to ensure the stability of the international financial

system.

Methodologically, our study has the following features. (1) We use the

observed P&L performance of credit customers as the dependent variables.

(2) Our study shows that the Profit Function has various types of shapes,

as opposed to the only shape of a concave function in the literature. (3)

We apply the Profit Function and ROC curve to look for the optimal cut-off

point, which determines an acceptance or a rejection of credit applications. (4)

We prove that under the assumption of y∗ belonging to distributions in the

exponential family, there exists at least a closed-form equation for the solution

of the optimal cut-off point. Here, as well as for distribution not belonging to

the exponential family, numerical algorithms may be needed to search for the

optimal cut-off point. (5) We drive the asymptotic distribution of the optimal

cut-off point under the normality assumption and find the asymptotic variance

of the Profit Function. (6) We employ the idea of near-optimality for credit

re-assessment as an alternative to confidence bands or confidence intervals of

the optimal threshold. The idea can be implemented in both Profit Function

method and ROC method.

A Profit Function offers a comprehensive tool in the selection of optimal

threshold and near-optimal interval. The ROC analysis can be used to estimate
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optimal thresholds in the nonparametric way. Then it is a convenient tool to

practitioners. The numerical study confirms that the proposed methodology

provides an excellent forecast on the optimal cut-off point and the near-optimal

interval. Further development of the methodology in this framework can be

undertaken later.

1.4 Dissertation Structure

The remaining chapters of this dissertation are organized as follows. Chap-

ter 2 provides the literature review on the ROC curve, the Profit Function,

generalized linear models, exponential family, and numerical algorithms for

solving non-linear equations. Chapter 3 presents a number of new mathemat-

ical or statistical results for the problem of finding the optimal cut-off point

and near-optimal intervals, under a widely-adopted assumption of normality

and using the approach of maximizing the Profit Function. In Chapter 4, the

theoretical results in Chapter 3 are generalized to the exponential family. We

use the heteroscedastic Normal-Normal model and the homoscedastic Gamma-

Gamma model to illustrate these generalized results. Chapter 5 proposes two

nonparametric methods as the complementary to the parametric method. A

numerical study is presented in Chapter 6. Chapter 7 concludes the disserta-

tion by discussing the contributions of this work and offering suggestions for

future research.
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CHAPTER 2

LITERATURE REVIEW

2.1 Introduction

The literature review chapter consists of six parts. Section 2.2 reviews the

basics of the traditional ROC curve, its evaluation criteria, and its application

to the diagnostic study. Section 2.3 discusses the application of the Profit

Function to the diagnostic study. In section 2.4, we describe generalized linear

model, which is a flexible generalization of the ordinary least square regression

and is popular for modeling non-normal data. Section 2.5 describes the general

form and the canonical form of the exponential family and proposes to use

Normal and Gamma distribution in the following study. Section 2.6 discusses

two numerical algorithms used in the estimation of critical thresholds. The

last section (2.7) provides a summary of the chapter.

2.2 Receiver Operating Characteristic (ROC)

Curve

A Receiver Operating Characteristic (ROC) Curve is a method for organiz-

ing, visualizing, and comparing model classifiers based on their performance.

The ROC curve was first introduced to analyze radar signals during World War
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II before it was used in signal detection theory in 1945. The signal detection

theory consists of two distinct parts, the decision theory and the distribution

theory (Egan 1975). The decision theory considers evidence and risk, and

makes rational decisions with the goal of reaching the optimal decision. A

decision goal can be maximization of an expected value, maximization of the

percentages of correct responses, or maximization of a weighted combination.

The maximization of a weighted combination is to maximize the probability

of correct acceptance of the hypothesis while minimizing the probability of

an incorrect acceptance of the hypothesis. Egan’s distribution theory assumes

some specific distributions and can be categorized as one of the Profit Function

approaches.

Since it was proposed in the 1950s, the ROC curve has been widely used

in many fields, psychophysics, medicine, epidemiology, radiology, social sci-

ences, machine learning, etc. The evaluation of the ROC curve focuses on

four aspects, Kolmogorov-Smirnov (KS) Curve, Area under Curve (AUC),

confidence-bands/confidence intervals, and the threshold to classify the scor-

ing function. The partial area under the curve, pAUC, is a summary index

that restricts attention to certain area under the AUC. Indices KS, AUC,

and pAUC are widely used to compare models for the ROC analysis. These

statistics use either the relative distance or the area to evaluate the model

performance in binary tests.

Pepe (2003), Yan, Mozer, and Wolniewicz (2003), Marzban (2004), Pepe

and Cai (2004), and Fawcett (2006) discussed the AUC. Reiser and Faraggi

(1997), Cortes and Mohri (2005), Macskassy and Provost (2004), Macskassy,

Provost, and Rosset (2005) presented some results on the confidence band

of the ROC curve and the confidence interval of the diagnostic likelihood

ratio (ratio between true-positive rate and false-positive rate). Pepe (2003)

proposed three approaches, non-parametric method, parametric method, and

semi-parametric method, to estimate ROC curves, its summary indices, and

confidence intervals. Pepe (1997), Pepe (1998), Pepe (2000), Pepe and Cai

(2004), Leisenring and Pepe (1998), Pepe (2006), Zou and Hall (2000), Song
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and Zhou (2006) discussed modeling approaches to study the impact of covari-

ates on the ROC curve.

These researchers provide conceptual ideas on the comparison and selec-

tion of model candidates. But none is directly related to the optimal cut-off

point and the near-optimal interval. Metz (1978) suggested that a graphi-

cal approach could be used to derive the optimal cut-off point. Stein (2005)

proposed to use the tangent line to fit to the ROC curve and then manually

estimate the optimal cut-off, but did not supply a detailed solution.

2.3 Bi-distribution-Based Profit Function

In contrast to huge volumes of papers on ROC curves, relatively few pa-

pers incorporate financial factors into the diagnostic study. Green and Swets

(1966) proposed to maximize the expected value in a binary decision situ-

ation and provided a closed-form formula of the slope function of an ROC

Curve. Egan (1975) discussed several assumptions of bi-distribution, includ-

ing Normal-Normal distribution, and applied the likelihood-ratio criterion to

maximize the correct percentage of a decision function in the signal detection.

The likelihood-ratio method compares posterior probability to determine a de-

cision rule. The decision rule in the signal detection is to separate two groups,

including signal plus noise and noise alone. Egan’s decision function did not

include payoff factors, thus the decision rule is a simplified version of our re-

sult shown in equation (3.1). Noe (1983) suggested applying the ROC curve

to the diagnostic utility in the field of chemistry but his work did not include

selection of the optimal point. Greene (1992) proposed to use the expected

profit as the objective function in the study of the credit analysis. Chauchat,

Rakotomalala, Carloz, and Pelletier (2001) found that although cost-gain hy-

potheses do not make much difference on scoring results, the expected profit

depends on the cost-gain hypothesis. Pepe (2003) used the cost function to

compare the relative performance of diagnostic tests. Stein (2005) suggested

that the cost function incorporated pricing relationships, and therefore, was a
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more complete pricing approach. Drummond and Holte (2006) presented some

simulation studies to show the superior performance of cost curves over ROC

curves. These studies discussed the maximal value of the expected value for

various forms of Profit Function, but did not explore the near-optimal interval.

Practical experiences suggest that the creditworthiness is a continuous la-

tent variable. Since the creditworthiness of good population (D = G) and

bad population (D = B) have very different characteristics, it is reasonable to

assume that the creditworthiness of these two populations are from different

distributions. Egan (1975) proposed to consider two different distributions,

including Normal, Chi-square, and Bernoulli, from the same distribution fam-

ily in the ROC analysis. Many other distributions are theoretically eligible for

the bi-distribution-based model.

In particular, the Normal-Normal model (sometimes called the bi-normal

model) plays an important role in the rigorous scientific evaluation of diagnos-

tic tests to identify disease conditions (Pepe, 2003). Green and Swets (1966)

pointed out two reasons to assume the underlying normality. One reason is

that lots of data are approximately normal. Another reason is the mathe-

matical convenience of using normal distributions. Blume (2008), Faraggi and

Reiser (2002), Cai and Moskowitz (2004) provided reviews of the Normal-

Normal model in diagnostic studies and concluded that the bi-normal model

is a reasonable choice in diagnostic studies. Marzban (2004) compared sev-

eral bi-distributional models and concluded that the Normal-Normal model

offers the most realistic approximation to the underlying distribution of the

diagnostic study. Our experiences have shown that, the distributions of the

latent variable y∗ in the good population and bad population are close to the

Normal-Normal model, i.e. the probit model works well.

2.4 Generalized Linear Model

Generalized linear model, as the name implies, is a flexible generalization

of the ordinary least square regression. The classical linear regression model
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assumes that the dependent variable is continuous and normally distributed

with constant variance, and that the dependent variable is a linear function of

a set of regression parameters. The classical linear model takes the following

form

Y = Xβ + ϵ (2.1)

where

Y is an n× 1 column vector containing the continuous dependent variable,

X’s are the independent variables and can be categorical, continuous, or a

combination of both,

and ϵ is assumed to be a normal distributed error vector

The dependent variable Y is decomposed into two components, including

a systematic component Xβ and an error component ϵ. The systematic com-

ponent is the expected value of y, E(y), for the given set of values for the X’s.

That is, E(y) is a conditional mean vector that depends on the values of the

covariates X’s and may be written as

E(Y ) = µ = Xβ (2.2)

In many applications, the dependent variable is categorical variable, or a

count variable, or a continuous but nonnormal variable. The assumptions of

the classical linear regression model do not hold when the distribution of the

dependent variable is nonnormal and its variance is a function of its mean, µ.

The reason is that the least square estimates are not always equal to maximum

likelihood estimates, as they are for the normal distribution (Dunteman and

Ho, 2006).

Nelder and Wedderburn (1972) introduced generalized linear models to ad-

dress these limitations. As a generalization of the classical linear regression

model, generalized linear models extend analyses to predict the mean of vari-

ables that are not reasonably assumed to be from normal distribution, at the

same time, retain all the power of the models on the right-side of equation
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(2.2). One extension is that the mean of the response variable can come from

any distribution in the exponential family. The other extension is that the link

function can be any monotonic differentiable function, g(µ). Equation (2.2)

can be rewritten as

g(µ) = Xβ (2.3)

Here g(µ) is often called the link function. The link function can have

various forms, including identity link, logit link, log link, reciprocal link, etc,

which correspond to Normal, Poisson, Binormal, Gamma, respectively. For

example, the logit link function is expressed as a linear function of the inde-

pendent variables, g(µ) = logit(µ) = Xβ. We will discuss more about the

link function in Chapter 4.

McCullagh and Nelder (1989) provided a very good summary of generalized

linear models. The explicit assumptions of generalized linear model consist of

three parts, including random component, systematic component, and link

function.

(1) Random component: Each component of Y is independently distributed

with mean E(Y ) = µ and variance V ar(Y ) ∝ σ2.

(2) Systematic component: The p covariates, x = (x1, . . . , xp), are com-

bined to produce a linear predictor η by η = Xβ.

(3) Link Function: The random component and the systematic component

are related together via a link function, η = g(µ). The link function of η = µ

is called the identity link.

2.5 Exponential Family

Generalized linear models are usually formulated within the framework of

the exponential family. The exponential family of distributions offers much

more flexibility in specifying the variance structure of the response variable.
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From the practical perspective, this is a big step towards more realistic model-

ing of latent variables, while preserving the advantages of ordinary regression

theory such as the ability to calculate standard errors of estimated parameters.

The exponential family is a class of probability distributions, including

continuous or discrete types, which share a certain form of density functions.

General Form : f(yi; θ) = h(yi)exp
(
d(θ)T (yi)− A(θ)

)
, (2.4)

where A(.), d(.), T (.), and h(.) are all known functions that have the same

form for all yi, i = 1, 2, . . . , n.

Canonical Form : f(yi|η, ϕ) = exp

((yiη − b(η)

a(ϕ)

)
+ c(yi, ϕ)

)
(2.5)

for some specific function a(.), b(.), and c(.). This is an exponential family

model with canonical parameter η. ϕ is the dispersion (scale) parameter. In

equation (2.5), both yi and η can be vector valued.

McCullagh and Nelder (1989) introduced that the general form of the ex-

ponential family can be rewritten in the canonical form, for which η = d(θ)

and yi = T (yi). The function b(η) is commonly called the cumulant function

of Y because one can generate the cumulants of Y by successively differen-

tiating b(η) with respect to η. In particular, the mean µ = E(Y ) and the

variance σ2 = V ar(Y ) obey the rule µ = b′(η) = ∂b(η)
∂η

and σ2 = b′′(η)a(ϕ) =

(∂
2b(η)
∂η2

)a(ϕ). The inverse function of b′ : η → µ is called the canonical link

function of Y . Note that the canonical link function is a one to one function.

In what follows, we will use g = b′−1 : µ → η to denote the canonical link

function. The canonical form can also be written in terms of the mean µ,

rather than η. Let the transformation between µ and η be µ = g−1(η).

The canonical form includes a dispersion function a(ϕ) instead of a simple

constant ϕ. This apparent complication provides an important extra degree of

flexibility to model the distributions of yi whose mean and variance are not of

the same values but have the same form. That is, yi are independently, but not

identically distributed. A scoring practitioner can use a dispersion function

to help improve a model by setting a(ϕ) = ϕ/wi, where ϕ is constant for
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all observations and wi is a weight variable that may vary by observations. A

prior weight, wi, is selected to make correction for unequal variances among the

observations, which would otherwise violate the assumption that ϕ is constant.

The value of wi is usually 1, or can be selected using external information or

empirical experiences. In this study, we set the value of wi to be 1, and assume

the constant variance.

As described in Section 2.3, the latent variable, y∗, is a continuous vari-

able. Normal, Gamma, and Inverse Gaussian are three candidates for the

assumptions of continuous distribution. Gamma and Inverse Gaussian share

the property that both distributions have the scale parameter and shape pa-

rameter, and that they have one mode in the interior of the range of possible

values. Both distributions are possibly skewed to the right, sometimes with

an extremely long tail. The appropriately chosen parameter values can make

Gamma and Inverse-Gaussian practically indistinguishable (Johnson, 2006).

In the rest of the study, our discussion of the exponential family will focus on

two continuous distributions, Normal and Gamma.

In the canonical form, the probability distribution of the normal variable,

Y , appears as

f(y|µ, σ2) = exp

(
yµ− µ2/2

σ2
− 1

2

(y2
σ2

+ ln(2πσ2)
))

(2.6)

The canonical link function is the identity link, that is, η = µ, with b(η) =

η2/2, a(ϕ) = ϕ = σ2, and c(y, ϕ) = −(y2/ϕ+ ln(2πϕ))/2. The MLEs of µ and

σ2 have closed-form solution as follows,

µ̂ML =
1

n

n∑
i=1

yi and σ̂2
ML =

1

n

n∑
i=1

(yi − ȳ)2

The density function of a gamma random variable, denoted as Y ∼ Γ(α, β),

contains the shape parameter α and the scale parameter β. Expressing the

Gamma probability function in terms of the canonical form
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f(y|µ, ϕ) = exp
(−y/µ− lnµ

ϕ
+

1

ϕ
ln
(y
ϕ

)
− ln Γ

(1
ϕ

)
− ln y

)
(2.7)

The canonical link is η = g(µ) = −1
µ
, and b(η) = − ln(−η), a(ϕ) = ϕ = 1

α
,

c(y, ϕ) =
(

1
ϕ
ln( y

ϕ
)− ln Γ(ϕ−1)− ln y

)
. The MLEs of α and β are solutions to

a set of non-linear equations, and do not have closed-form formulas. From the

practical point of view, one might use the moment estimator α̂ = (Ȳ 2/s2) and

β̂ = (s2/Ȳ ), which are consistent estimators of α and β.

2.6 Numerical Algorithms

Since the Profit Function and the ROC curve have only one independent

variable of interest, the one-dimensional problem is to find the root of the

derivative function. Let T (.) refer to such a function. Since the closed-form

expression is not always available, we introduce two numerical algorithms, bi-

section method and Newton-Raphson method, to resolve the one-dimensional

problem.

(1) Bisection method

The bisection method is an example of a bracketing method, which bounds a

root within an iterative sequence of nested intervals of decreasing length. A

root is bracketed in the interval (a, b) if T (a) and T (b) have opposite signs.

The function, T (.), is known to pass through zero at a point in the interval

(a, b). At each iteration, the bisection method uses the midpoint of the interval

to replace one boundary limit of the interval. Hence the interval gets halved.

The algorithm of Bisection method is as follows.

Algorithm 1: Bisection method

The steps to apply the bisection method to find the root of the equation

T (υ) = 0 are

1. Choose υl and υu as two guesses for the root such that T (υl)T (υu) < 0, or

in other words, T (υ) changes sign between υl and υu.

2. Estimate the root, υm of the equation T (υ) = 0 as the midpoint between
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υl and υu as υm = υl+υu
2

.

3. Now check the following

a) If T (υl)T (υm) < 0 then the root lies between υl and υm; so reset υl = υl

and υu = υm.

b) If T (υm)T (υu) < 0 then the root lies between υm and υu; so reset

υl = υm and υu = υu.

c) If T (υl)T (υm) = 0 then the root is υm. Stop the algorithm if this is

true.

4. Find the new estimate of the root υnewm = υl+υu
2

and calculates the absolute

convergence criterion or the relative convergence criterion

| ε |=| υnewm − υoldm | or | ε |=| υ
new
m − υoldm
υnewm

|

where υnewm = estimated root from present iteration

υoldm = estimated root from previous iteration

5. Compare the absolute error | ε | with the pre-specified relative error tol-

erance. If | ε |> pre-specified tolerance, then return to Step 3, else stop the

algorithm. Also, check whether the number of iterations has exceeded the

maximum number of iterations.

6. υ∗ = υm; Return υ
∗.

Advantage:

a) The bisection method is guaranteed to converge to a point in the interval

(a, b) since the method is based on reducing the gap between two guesses. If

the interval contains more than one root, bisection will find one of roots.

b) The number of iterations required to achieve a given tolerance level in the

solution is predictable.

n = log2

(
| υu − υl |

ε0

)
where ε0= the tolerance level in the absolute convergence criterion

Disadvantage:

a) The convergence of bisection method is slow as it is based on halving the

interval at each iteration.
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b) If a function T (υ), for example T (υ) = υ2, just touches the x-axis, it is not

able to find the lower guess, υl, and the upper guess, υu.

c) If T (υ) is a singularity function, for example T (υ) = υ−1, straddles a sin-

gularity and contains no root, it will converge to the singularity.

(2) Newton-Raphson method

The Newton-Raphson method is an open method, that is, the root is not

bracketed. One initial guess of the root is needed to start the iterative process

to find the root of an equation, T (υ) = 0. The Newton-Raphson method is

based on the following principle: if the tangent line at the current point, υi, is

extended to cross zero, then the point υi+1 where the tangent line crosses the

abscissa is an improved estimate of the root.

Algebraically, the Newton-Raphson method is derived from the familiar

Taylor series expansion. For a general function, T (υ), the Taylor series is

T (υi+1) = T (υi) + T ′(υi)(υi+1 − υi) +
1

2!
T ′′(υi)(υi+1 − υi)

2 + . . .

For small difference between υi and υi+1, and for well-behaved functions,

the terms beyond linear are not important. As an approximation, take only

the first two terms on the right hand side,

T (υi+1) = T (υi) + T ′(υi)(υi+1 − υi)

Hence, T (υi+1) = 0 implies

υi+1 = υi −
T (υi)

T ′(υi)
(2.8)

Equation (2.8) is critical for the algorithm of the Newton-Raphson method.

The detailed algorithm is shown below.

Algorithm 2: Newton-Raphson method

The steps to apply the Newton-Raphson method to find the root of the equa-

tion T (υ) = 0 are

1. Evaluate T ′(υ) symbolically
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2. Use an initial guess of the root, υi, to estimate the new value of the root

υi+1 as

υi+1 = υi −
T (υi)

T ′(υi)

3. Calculate the absolute convergence criterion or relative convergence crite-

rion

| ε |=| υi+1 − υi | or | ε |=| υi+1 − υi
υi+1

|

4. Compare the absolute error | ε | with the pre-specified relative error tol-

erance. If | ε |> pre-specified tolerance, then repeat Steps 2 ∼ 4, else stop

the algorithm. Also, check whether the number of iterations has exceeded the

maximum number of iterations.

5. υ∗ = υi+1; Return υ
∗.

Advantage:

a) The Newton-Raphson method is an extremely fast root-finding approach.

b) The method is not restricted to one-dimension and can be easily generalized

to multiple dimensions.

Disadvantage:

a) The Newton-Raphson method may diverge at inflection points.

b) If T ′(υi) is zero or near zero, it will give a large magnitude for the next

value, υi+1.

2.7 Chapter Summary

In this dissertation, the Profit Function and the ROC curve will be ap-

plied to select the optimal cut-off point and its near-optimal interval to max-

imize the expected profit of a customer in the credit re-assessment process.

This chapter gives a literature review of several topics in the field, the ROC

curve, the bi-distribution-based Profit Function, generalized linear models, ex-

ponential family, and the numerical algorithms of finding the solution of an

equation. Numerical algorithms are usually needed in the estimation of the
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critical thresholds in the non-Normal-Normal models. All topics discussed in

this chapter will be illustrated in the numerical study in Chapter 6.
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CHAPTER 3

Optimal Cut-off and

Near-optimal Interval in the

Normal-Normal Model

3.1 Introduction

This chapter will develop some schemes to evaluate the Profit Function

under the widely-adopted assumption of normality. The main outputs of this

chapter include the estimation of the optimal threshold and the near-optimal

interval as well as some related theorems.

The rest of the chapter describes a number of new mathematical and sta-

tistical results for the study of optimal thresholds in the Normal-Normal Profit

Function. Section 3.2 introduces the selection of optimal thresholds in three

types of Profit Functions, concave, decreasing, and increasing. This section

also suggests some theorems to identify the approximate location of the opti-

mal threshold, without developing a statistical model. Section 3.3 discusses the

variance and asymptotic distribution of the non-constrained optimal thresh-

old. The final section 3.4 gives a summary of the chapter and an introduction

to the next chapter.
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3.2 Selection of Optimal Cut-off and Near-optimal

Interval

The Normal-Normal model assumes two distributions for y∗, N1(µG, σ
2
G)

and N2(µB, σ
2
B), which represent distributions of good and bad population,

respectively. It is reasonable to assume the expected creditworthiness of the

good population is better than that of the bad population. Therefore, µG can

be reasonably assumed to be greater than µB.

The relation between σG and σB is more complex and has generated many

discussions in the literature. Egan (1975), in a textbook about signal detec-

tion theory, assumed a bi-normal model in which σG = σB. Green and Swets

(1966) pointed out that unless the ratio of σG/σB is considerably different from

unity, the fact that σG ̸= σB has a very limited impact on the Normal-Normal

model. Irwin, Hautus, and Stillman (1992), and Hautus and Irwin (1995)

demonstrated that the equal-variance Normal-Normal model usually provides

a good fit to the empirical studies of the discriminiability of food and bever-

ages. Pepe (2003) proposed, since σG ̸= σB usually occurs over only a very

small part of diagnostic studies, most real studies on diagnostic tests can as-

sume the equal-variance Normal-Normal model. Blume (2008) assumed equal

variance when estimating the Area Under the ROC Curve (AUC). Faraggi and

Reiser (2002) compared simulated samples with normal populations of equal

and unequal variances and concluded that the estimation results of AUC dif-

fer very little. Zou and Hall (2000) applied several estimation methods to

estimate the ratio of σG/σB in the bi-normal model. The results, using the

semi-parametric method, the parametric transformation method, and Metz’s

LABROC4 method, are 0.993, 0.999, and 1.048, all of which are close to 1.

Cai and Moskowitz (2004) compared five estimation methods, including MLE,

PMLE, Zou & Hall’s method, GLM, and LABROC. Results show that in

the diagnostic tests, the estimated ratios of σG/σB in the bi-normal model

are 1.065, 1.020, 1.007, 1.017, and 1.002, again all of which are close to 1.
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All these previous studies demonstrate that we can further assume that the

standard deviations, σG and σB, are 1 in the bi-normal model. Credit re-

assessment is always based on large population. Therefore, in this paper, we

make the following assumption in the Normal-Normal model: (1)µG > µB and

(2)σG = σB = 1.

After all these assumptions, we assume two distributions, fG(y
∗ | D =

G,µG, k) and fB(y
∗ | D = B, µB, k), which represent creditworthiness of ap-

plicants with good credit backgrounds and bad credit backgrounds. Figure 3.1

is an example about the distribution of y∗, along with a selection of a cut-off,

k, for good population and bad population. The shaded area in Figure 3.1.a

demonstrates FNk in the good population for the cut-off point k, when y∗

fall into [y∗min, k]. The shaded area in Figure 3.1.b demonstrates FPk in the

bad population for the cut-off point k, when y∗ fall into (k, y∗max]. The values

of y∗min and y∗max are the lower bound and upper bound of y∗, respectively.

Given changing economic environment, lending institution usually adjusts the

threshold towards either y∗min or y∗max.

3.2.1 Selection of the Optimal Cut-off

There are many possible ways to find the optimal cut-off point, k∗. Noe (1983)

proposed to obtain the root of the first derivative of R(k) over TNk, i.e.
∂R(k)
∂TNk

.

Stein (2005) showed that the slope of the ROC curve at the optimal cut-off

k∗ satisfies ∂TPk

∂FPk

∣∣∣
k=k∗

= C = PB(rB+cB)
PG(rG+cG)

. He suggested using this equation to

find k∗, but did not provide a solution. Actually, the standard way to find the

optimal cut-off k∗ is to take the first derivative of R(K) with respect to k, set

it to zero, and solve the equation. Since each k uniquely determines a unique

TPk, TNk, R(k), and cost(k), it is easy to see that, using the chain-rule, we

can find k∗ by setting any of ∂R(k)
∂k

, ∂R(k)
∂FPk

, ∂R(k)
∂TNk

, ∂R(k)
∂cost(k)

, etc., to zero.

The above method is valid only when the maximization of R(k) is subject

to no constraints on k. In practice, however, the optimal threshold must be

subject to the constraints, k ∈ [k1 = y∗min, k2 = y∗max]. Our main results

concerning the constrained maximization problem, i.e., to find k∗ to maximize
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Figure 3.1: f(y∗|D = G,µG, k) and f(y
∗|D = B, µB, k) with µG > µB, σG =

σB = 1

R(k) subject to k ∈ [k1 = y∗min, k2 = y∗max], are summarized in the following

three theorems. In the following theorems, let k0 be a critical point satisfying

R′(k0) = 0. Under the assumption of Normal-Normal model, k0 can be shown

to be unique and have a closed-form expression determined by PG, PB, cG, cB,

rG, rB, µG, and µB (See Appendix A.1):

k0 =
lnC

µG − µB
+
µG + µB

2
(3.1)

where lnC = ln

(
PB(rB + cB)

PG(rG + cG)

)
(3.2)

Theorem 3.1 Assuming a Normal-Normal model with N(µG, 1) and N(µB, 1)

with µG > µB. Let C = PB(rB+cB)
PG(rG+cG)

and k0 be defined as in equation (3.1). Then

(i) R′(k) ≥ 0 when k ≤ k0

(ii) R′(k) ≤ 0 when k ≥ k0

(iii) R′′(k0) < 0
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Figure 3.2: Three Types of Profit Functions

Proof is in the Appendix A.1.

Theorem 3.2 below follows immediately from Theorem 3.1.

Theorem 3.2 Let R(k) be defined in the range k ∈ [k1, k2], and k0 be defined

as in equation (3.1). The maximization of R(k) can be separated in three

cases.

(i) If k0 ≤ k1, then R(k) is maximal when k∗ = k1 with R(k∗) = (PGrG −
PBcB).

(ii) If k0 ≥ k2, then R(k) is maximal when k∗ = k2 with R(k∗) = (PBrB −
PGcG).

(iii) If k1 < k0 < k2, then R(k) is maximal when k∗ = k0 with

R(k∗) = PB(rB+cB)Φ(
lnC

µG−µB
+ µG−µB

2
)−PG(rG+cG)Φ( lnC

µG−µB
− µG−µB

2
)+R(k1)

Figure 3.2 illustrates three cases of Profit Functions in Theorem 3.2. Figure

3.2.a illustrates case (i), in which TPk and FPk are equal to one, and all credit

applications get approved. Figure 3.2.b illustrates case (ii), in which all credit

applications are rejected. Figure 3.2.c illustrates the most popular case, case

(iii), where max(R(k)) exists somewhere in the interval of (y∗min, y
∗
max).

Relationship between k∗ and [µB, µG] can give the lending company some

indication how the distribution of customer portfolios impacts net income.

Again there are three possibilities for this relationship: k∗ can be less than

µB, be within the close interval [µB, µG], or be greater than µG. These three

possibilities are unrelated to three cases in Theorem 3.2; rather, as indicated
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in the following Theorem 3.3, they are determined by the relationship between

two quantities, (µG−µB)2

2
and C = PB(rB+cB)

PG(rG+cG)
.

Theorem 3.3 Let k∗ be the optimal cut-off discussed in Theorem 3.2. Then

(i) If lnC ≤ − (µG−µB)2

2
, then k∗ ≤ µB.

(ii) If lnC ≥ (µG−µB)2

2
, then k∗ ≥ µG.

(iii) If − (µG−µB)2

2
< lnC < (µG−µB)2

2
, then k∗ is located within the interval of

(µB, µG).

Proof is in Appendix A.2.

3.2.2 Selection of the Near-optimal Interval

The previous section discusses the determination of optimal cut-off point,

which is critical to the classification of credit scoring results. This section

discusses near-optimal interval, which provides the practitioners more flexibil-

ity in the lending practices. The concept of near-optimal interval, [k∗L, k
∗
U ], is

described in Section 1.2. As shown in Figure 3.2, the two end points, k∗L and

k∗U , are the solutions to equation (3.3).

R(k∗)−R(k) = ψ|R(k∗)| (3.3)

We investigate the near-optimal interval of R(k∗), corresponding to three

cases in Theorem 3.2, concerning the shapes of R(k), whether it is decreasing,

increasing, or concave.

If the Profit Function is a decreasing function as in Figure 3.2.a, then k∗L is

located at the left bound, i.e., k∗L = k1. k
∗
U is the solution of k in equation (3.3).

Provided that a linear approximation is adequate for the Profit Function, k∗U

can be estimated from equation (3.4)

k∗U ≈ k1 −
ψ|R(k1)|
R′(k1)

(3.4)

Similarly, if the Profit Function is an increasing function as in Figure 3.2.b,

k∗U is known to locate at the right bound, i.e., k∗U = k2. Provided that a linear
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approximation is adequate for the Profit Function, k∗L can be estimated from

equation (3.5).

k∗L ≈ k2 −
ψ|R(k2)|
R′(k2)

(3.5)

If the Profit Function is concave-down as shown in Figure 3.2.c, k∗L and

k∗U can be estimated from equation (3.6). Note that R′′(k∗) is always negative

under Theorem 3.1.

k ≈ k∗ ±

√
−2ψ|R(k∗)|
R′′(k∗)

(3.6)

with k∗L = k∗ −
√

−2ψ|R(k∗)|
R′′(k∗)

and k∗U = k∗ +
√

−2ψ|R(k∗)|
R′′(k∗)

.

When ψ is equal to 0, equations (3.4), (3.5), and (3.6) are simplified as

equation (3.1), as it should. Proofs of deriving these equations are in Appendix

A.3.

3.3 Asymptotic Distribution of Non-constrained

Optimal Cut-off

The previous sections have demonstrated how to derive the optimal thresh-

old and near-optimal thresholds under the Normal-Normal assumption. Prac-

tical experiences suggest that the characteristics of the population gradually

shift over time. A practitioner often wants to know the consistency of esti-

mates of critical thresholds. This section provides some study on the variance

of optimal thresholds and their asymptotic distributions. We focus on the case

where the optimal threshold k∗ is inside the interval of (y∗min, y
∗
max).

The asymptotic distribution of k̂∗ can be derived using the Delta method

and Taylor Series. Starting from equation (3.1), note that ȳ∗G and ȳ∗B are

estimates of µG and µB, the estimator of k∗ is written as

k̂∗ = h(ȳ∗G, ȳ
∗
B) =

lnC

ȳ∗G − ȳ∗B
+
ȳ∗G + ȳ∗B

2
(3.7)
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where y∗G’s and y
∗
B’s are from two independent groups with sample sizes nG

and nB

ȳ∗G ∼ N(µG,
1

nG
) and ȳ∗B ∼ N(µB,

1

nB
)

A first-order two-variable Taylor series expansion of k̂∗ about µG and µB

gives the approximation.

h(ȳ∗G, ȳ
∗
B) ≈ h(µG, µB) + (ȳ∗G − µG)

∂h(ȳ∗G,ȳ
∗
B)

∂ȳ∗G

∣∣∣∣
µG,µB

+ (ȳ∗B − µB)
∂h(ȳ∗G,ȳ

∗
B)

∂ȳ∗B

∣∣∣∣
µG,µB

= h(µG, µB) + (ȳ∗G − µG)

[
1
2
− lnC

(µG−µB)2

]
+ (ȳ∗B − µB)

[
1
2
+ lnC

(µG−µB)2

]
It follows that the variance of k̂∗ = h(ȳ∗G, ȳ

∗
B) can be written as

var(k̂∗) ≈
[
1

2
− lnC

(µG − µB)2

]2
var(ȳ∗G) +

[
1

2
+

lnC

(µG − µB)2

]2
var(ȳ∗B)

The approximate variance of the optimal threshold is

var(k̂∗) ≈
[
1

2
− lnC

(µG − µB)2

]2
1

nG
+

[
1

2
+

lnC

(µG − µB)2

]2
1

nB
(3.8)

Therefore, the asymptotic distribution of k̂∗ is

√
n
[
h(ȳ∗G, ȳ

∗
B)− h(µG, µB)

]
approximately follows N(0, σ2

0) (3.9)

where
σ2
0

n
= var(k̂∗) =

[
1
2
− lnC

(µG−µB)2

]2
1
nG

+

[
1
2
+ lnC

(µG−µB)2

]2
1
nB

Proof is straightforward and presented in Appendix A.4.

The variance of k̂∗ is jointly determined by PG, PB, cG, cB, rG, rB, µG,

µB, and n. Under the normal assumption, as n → ∞, variance of optimal

threshold is close to zero. The estimate of k̂∗ is asymptotically consistent, as

long as PG, PB, cG, cB, rG, and rB are fixed.

3.4 Chapter Summary

Lending institutions often need a specific rule for defining an optimal cut-

off value to accept or reject loan applications. The credit will be granted if the
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score is above the specific optimal cut-off. Actually, a near-optimal interval

offers more flexibility to lending institutions in adoption of various marketing

campaigns and risk strategies. We studied optimal thresholds in three shapes

of the Profit Function. The large sample size in practice assures that the

estimate of k∗ is asymptotically consistent.

The next chapter will extend the selection of critical thresholds to the

exponential family. Two models, the heteroscedastic Normal-Normal model

and the Gamma-Gamma model, will be discussed.
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CHAPTER 4

OPTIMAL CUT-OFF AND

NEAR-OPTIMAL INTERVAL

IN THE EXPONENTIAL

FAMILY

4.1 Introduction

The main results in Chapter 3 were derived using a homoscedastic Normal-

Normal model for the latent credit score (i.e. YG ∼ N(µG, σ
2
G) and YB ∼

N(µB, σ
2
B) with σ2

G = σ2
B). In this chapter, we consider situations when the

actual data of the credit scores do not completely meet the assumptions of

the equal-variance Normal-Normal model, and develop solutions for some al-

ternative models, specifically, a heteroscedastic Normal-Normal model, and a

Gamma-Gamma model based on the gamma distribution (which is skewed).

Section 4.2 discusses the selection of optimal cut-off points, in case that YG

and YB are from two distributions in the exponential family (called an EG-EB

model, and an E-E model when YG and YB are from the same distribution

with a common dispersion parameter). In Section 4.3, we extend Theorems

3.1 and 3.2 to a heteroscedastic Normal-Normal model. The extension to a
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Gamma-Gamma model is discussed in Section 4.4. Section 4.5 discusses the

selection of near-optimal cut-off points. The last section (4.6) will summarize

the chapter and make a brief introduction to Chapter 5.

4.2 Selection of Optimal Cut-off in the Expo-

nential Family

The first derivative of the payoff function in equation (1.2) can be written

as follows.

R′(k) = −ςfG(k; ηG, ϕG) + γfB(k; ηB, ϕB) (4.1)

where ς = PGrG + PGcG, γ = PBrB + PBcB

We use the notation EG-EB to indicate that the distributions of YG and YB

are both from the exponential family (2.5) but two distributions need not be

the same, so we will use the notations aG, aB, ηG, ηB, ϕG, ϕB, etc. As shown

in Appendix A.5, the sign of R′(k) in this situation matches with that of the

following

d(k) = lnC−k
(

ηG
aG(ϕG)

− ηB
aB(ϕB)

)
+

(
bG(ηG)

aG(ϕG)
− bB(ηB)

aB(ϕB)
− cG(k, ϕG) + cB(k, ϕB)

)
(4.2)

The solution to the equation d(k) = 0 is denoted as k0. Since we may

not have an explicit solution, some numerical approximation is usually needed

to find k0. As a special case, YG and YB can be distributed from the same

distribution in the exponential family. We will denote a special EG-EB model

as E-E when (1) fG and fB belong to the same distribution in the exponential

family, and (2) The dispersion parameters are identical. That is, aG(ϕG) =

aB(ϕB) = a(ϕ). In an E-E model, the functions bG and bB are the same,

denoted by bG = bB = b, and cG(k, ϕG) = cB(k, ϕB). Consequently, from (4.2),

both Theorems 3.1 and 3.2 still hold, except that the formula for the critical

point k0 is replaced by

k0 = (ηG − ηB)
−1

[
a(ϕ) lnC + b(ηG)− b(ηB)

]
(4.3)
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In the Normal-Normal model, the dispersion parameter is equivalent to the

variance, thus an EG-EB model is often known as the heteroscedastic Normal-

Normal model. In a particular case of Normal-Normal model with equal dis-

persion parameters, an E-E model is called the homoscedastic Normal-Normal

model, and (4.3) simplifies to equation (3.1). Derivations of the formula (4.2)

and (4.3) are given in Appendix A.5.

4.3 Selection of Optimal Cut-off in the Het-

eroscedastic Normal-Normal Model

Earlier in Chapter 2 we assumed µG > µB and σ2
G = σ2

B, then, d(k) in (4.2)

is a linear function of k with a negative slope, which leads to the main results

in the previous chapter: equation (3.1), Theorem 3.1 and Theorem 3.2. This

section extends the results in Chapter 3 to a heteroscedastic Normal-Normal

model. We may assume either σ2
G > σ2

B or σ2
G < σ2

B.

For the heteroscedastic Normal-Normal model, (4.1) is rewritten as

R′(k) = −ςexp
[
kηG − b(ηG)

a(ϕG)
+ c(k, ϕG)

]
+ γexp

[
kηB − b(ηB)

a(ϕB)
+ c(k, ϕB)

]
(4.4)

Again, the sign of R′(k) matches with that of

d(k) = lnC − k
(
µG
σ2
G
− µB

σ2
B

)

+

[
µ2G/2

σ2
G

− µ2B/2

σ2
B

+ 1
2

(
k2

σ2
G
+ ln(2πσ2

G)
)
− 1

2

(
k2

σ2
B
+ ln(2πσ2

B)
)]

Set d(k) to zero and simplify the equation, we obtain the estimation equa-

tion for k0 in the heteroscedastic Normal-Normal model, as follows.

k2

2

( 1

σ2
G

− 1

σ2
B

)
− k

(µG
σ2
G

− µB
σ2
B

)
+

[
lnC + ln

(σG
σB

)
+

1

2

(µ2
G

σ2
G

− µ2
B

σ2
B

)]
= 0

(4.5)
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Let D0 =
(
µG
σ2
G
− µB

σ2
B

)2

− 41
2

(
1
σ2
G
− 1

σ2
B

)[
lnC + ln

(
σG
σB

)
+ 1

2
(
µ2G
σ2
G
− µ2B

σ2
B
)

]
be

the discriminant of the quadratic equation (4.5). In the homoscedastic Normal-

Normal model, the quadratic equation (4.5) is simplified to a linear function

of k, which leads to the unique solution of k0 in equation (3.1). In the het-

eroscedastic Normal-Normal model, the discriminant D0 can be zero, negative,

or positive, which will be discussed in the following.

If the discriminant D0 is zero, equation (4.5) has one real solution. That

is

k0 =
µGσ

2
B − µBσ

2
G

σ2
B − σ2

G

(4.6)

If the discriminant D0 is negative, then equation (4.5) does not have any

real solutions, and the parabola y = R′(x) is entirely on one side of the x-axis,

either above the x-axis (when σ2
G < σ2

B) or below the x-axis (when σ2
G > σ2

B).

If σ2
G < σ2

B, then R′(k) > 0, the function R(k) is strictly increasing, thus

k∗ is equal to k2. If σ2
G > σ2

B, then R′(k) < 0, the function R(k) is strictly

decreasing, thus k∗ is equal to k1. The conditions under which the parabola

of R′(k) is entirely on one side of the x-axis include

R′(k) > 0 or R′(k) < 0 (4.7)

If the discriminant D0 is positive, two distinct real solutions can be derived

from equation (4.5). That is

k =
(µG
σ2
G
− µB

σ2
B
)±

√
D0

1
σ2
G
− 1

σ2
B

(4.8)

Let the two expressions for k in (4.8) be k(1) and k(2) with k(1) < k(2). If

σ2
G < σ2

B, k0 is equal to k(1), and R′(k) is a parabola opening up. Since the

function R′(k) goes from positive to negative around k(1), thus R(k(1)) is a

local maximum. One needs to compare the values of R(k) at k(1) and two end

points (k1 and k2) to determine the global maximum. See Figure 4.1.a. If

σ2
G > σ2

B, then k0 is equal to k
(2), and R′(k) is a parabola opening down. Since

the format of R′(k) goes from positive to negative around k(2), thus R(k(2)) is
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Figure 4.1: Two Types of Profit Function and its First Derivative

a local maximum. Similarly, one needs to compare R(k(2)), R(k1), and R(k2)

to determine the global maximum. See Figure 4.1.b.

Our result of the constrained maximization problem is to find k∗ to maxi-

mize R(k) subject to k ∈ [k1 = y∗min, k2 = y∗max] as summarized in the following

theorems.

Theorem 4.1 Assuming the distribution model of YG and YB is Normal-

Normal, that is, N(µG, σ
2
G) and N(µB, σ

2
B) with µG > µB. Let C = PB(rB+cB)

PG(rG+cG)

and k(1) and k(2) be defined as in (4.8) with k(1) < k(2). Then

when σ2
G < σ2

B,

(i) R′(k) ≥ 0 when k ≤ k(1) or k ≥ k(2)

(ii) R′(k) ≤ 0 when k(1) ≤ k ≤ k(2)

(iii) R′′(k(1)) < 0

when σ2
G > σ2

B,

(iv) R′(k) ≥ 0 when k(1) ≤ k ≤ k(2)

(v) R′(k) ≤ 0 when k ≤ k(1) or k ≥ k(2)

(vi) R′′(k(2)) < 0

Proof is in Appendix A.6.

Theorem 4.2 below follows immediately from Theorem 4.1.
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Theorem 4.2 Let R(k) be a function in the range k ∈ [k1, k2], and let k(1)

and k(2) be defined as in (4.8) with k(1) < k(2). The maximization of R(k) can

be derived in four cases.

(i) If k(1) ≤ k1, then R(k) is maximal when k∗ = k1 with

R(k∗) = (PGrG − PBcB)

(ii) If k(2) ≥ k2, then R(k) is maximal when k∗ = k2 with

R(k∗) = (PBrB − PGcG)

(iii) If k1 < k(1) < k(2) < k2 and σ2
G < σ2

B, then the local maximum of R(k) is

located at k∗ = k(1) with

R(k∗) = PB(rB + cB)Φ(
k(1)−µB
σB

)− PG(rG + cG)Φ(
k(1)−µG
σG

) +R(k1)

(iv) If k1 < k(1) < k(2) < k2 and σ2
G > σ2

B, then the local maximum of R(k) is

located at k∗ = k(2) with

R(k∗) = PB(rB + cB)Φ(
k(2)−µB
σB

)− PG(rG + cG)Φ(
k(2)−µG
σG

) +R(k1)

4.4 Selection of Optimal Cut-off in the Gamma-

Gamma Model

A Gamma-Gamma model with equal dispersion parameters makes the fol-

lowing assumptions, including (1) fG and fB are the Gamma density functions;

and (2) the two dispersion parameters are identical, i.e. ϕG = ϕB = ϕ. The

second assumption is equivalent to αG = αB = α. The assumption of µG > µB

in Chapter 3 also holds true in the Gamma-Gamma model, which leads to

βG > βB. With some algebra, it can be derived that under the assumption of

Gamma-Gamma model with equal dispersion parameters, the formula of k0 in

equation (4.3) is rewritten as follows.

k0 =
( µGµB
µG − µB

)[
ϕ lnC + ln

(µG
µB

)]
(4.9)

where µG = αβG, µB = αβB, ϕ = 1/α.

Similarly, the following theorems are derived from our results of the con-

strained maximization problem in the Gamma-Gamma model with equal dis-
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persion parameters.

Theorem 4.3 Assuming a Gamma-Gamma model, YG ∼ Γ(α, βG) and YB ∼
Γ(α, βB) with βG > βB. Let C = PB(rB+cB)

PG(rG+cG)
and k0 be defined as in (4.9). Then

(i) R′(k) ≥ 0 when k ≤ k0

(ii) R′(k) ≤ 0 when k ≥ k0

(iii) R′′(k0) < 0

Proof is in the Appendix A.7.

Theorem 4.4 below follows immediately from Theorem 4.3.

Theorem 4.4 Assuming a Gamma-Gamma model, YG ∼ Γ(α, βG) and YB ∼
Γ(α, βB) with βG > βB. Let R(k) be defined in the range k ∈ [k1, k2], and k0 be

defined as in (4.9). The maximization of R(k) can be derived in three cases.

(i) If k0 ≤ k1, then R(k) is maximal when k∗ = k1 with R(k
∗) = (PGrG−PBcB)

(ii) If k0 ≥ k2, then R(k) is maximal when k∗ = k2 with R(k∗) = (PBrB −
PGcG)

(iii) If k1 < k0 < k2, then the local maximum of R(k) is located at k∗ = k0

with

R(k∗) = PB(rB + cB)F (k0;α, βB)− PG(rG + cG)F (k0;α, βG) +R(k1)

where µG = αβG, µB = αβB, σ
2
G = αβ2

G, σ
2
B = αβ2

B. It is clear that µG > µB

and σ2
G > σ2

B.

In a Gamma-Gamma model with unequal dispersion parameters, the se-

lection of the optimal cut-off point, k∗, becomes complex since there is no

closed-form solution of k0. We suggest applying some numerical method, such

as bisection method or Newton-Raphson method, to approximate the value of

k0, which satisfies the following estimation equation.

0 = d(k) = k

(
1

µGϕG
− 1

µBϕB

)
− ln(k)

(
1
ϕG

− 1
ϕB

)

+

[
lnC + ln

(
Γ(ϕ−1

G )

Γ(ϕ−1
B )

)
+ 1

ϕG
ln(µGϕG)− 1

ϕB
ln(µBϕB)

] (4.10)

where µG = αGβG, µB = αBβB, σ
2
G = αGβ

2
G, σ

2
B = αBβ

2
B, and µG > µB.
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4.5 Selection of Near-optimal Interval

This section extends the selection of near-optimal interval to the case of

heteroscedastic Normal-Normal model or a Gamma-Gamma model with equal

dispersion parameters. Figure 4.1 suggests that the shape of the Profit Func-

tion is no longer concave-down. We investigate the near-optimal interval of

R(k∗), corresponding to three cases concerning the shapes of R(k) in a het-

eroscedastic Normal-Normal model or a Gamma-Gamma model with equal dis-

persion parameters, whether it is decreasing, increasing, or some other shape.

If the Profit Function is a decreasing function as in Figure 3.2.a, or an

increasing function as in Figure 3.2.b, then the values of k∗L and k∗U can be

derived from equations (3.4) and (3.5) in Section 3.2, respectively. If the

Profit Function is similar to one of the two shapes shown in Figure 4.1, we will

study the near-optimal interval whose range in k covers the value of k0. The

values of k∗L and k∗U can be derived from equation (3.6) in Section 3.2.

4.6 Chapter Summary

This chapter discussed the selection of optimal cut-off point in two typical

models in the exponential family. One is the heteroscedastic Normal-Normal

model. The conclusions of the heteroscedastic Normal-Normal model are sim-

ilar to those in Chapter 3, but will vary by different cases of discriminant D0

and variances (i.e. σ2
G < σ2

B or σ2
G > σ2

B). The other is the Gamma-Gamma

model with equal dispersion parameters.

It should be noted that it is not easy to derive some theorems for the near-

optimal interval in these two models. A typical method is usually to identify

the shape of R(k) and then use the formulas in Section 3.2 to estimate the

values of k∗L and k∗U .

The next chapter will provide two nonparametric methods in the estimation

of optimal cut-off and near-optimal interval.
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CHAPTER 5

ESTIMATION OF OPTIMAL

CUT-OFF AND

NEAR-OPTIMAL INTERVAL

USING NONPARAMETRIC

METHODS

5.1 Introduction

My practical experiences suggest that it is not easy to find a right para-

metric distribution for the data. When data can not be easily modeled using

known parametric distributions, it is desirable to develop a nonparametric

method to estimate the optimal and near-optimal cut-off points. A major

advantage of the nonparametric estimation method is that it is free of distri-

bution assumption and hence can avoid any bias caused by a mis-specification

of the distribution function in the payoff function.

We propose two nonparametric methods in this chapter. One is a purely

numerical approach and uses the kernel density estimation method to estimate
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the quantities (k∗, k∗L, k
∗
U). Another is a graphical approach and uses the ROC

curve. Since most statistical software can construct the ROC curve directly

from data, the latter method has some appeal.

Section 5.2 introduces the kernel density estimator and its measurement

error, and also discusses several estimation methods in the determination of

optimal bandwidth. This section also introduces Azzalini’s method in the

selection of critical thresholds. In Section 5.3, we discuss the application of

kernel density method to the determination of critical cut-off points. Section

5.4 discusses the selection of critical cut-offs using a graphical method from an

existing ROC curve. The last section (5.5) will summarize this chapter and

make introduction to the numerical study in Chapter 6.

5.2 Kernel Density Estimator

The kernel density estimator is by now the most widely studied nonpara-

metric technique in the literature. Given a set of independent and identically

distributed observations, y1, . . . , yn, the kernel estimator of the probability

density f(.) is

f̂w,h(y) =

( n∑
i=1

wi

)−1 n∑
i=1

wi
hi
s

(
y − yi
hi

)
(5.1)

where the notations s(.) and hi are discussed below. Equation (5.1) is

a highly parametrised mixture model. As the special case of unit weight,

equation (5.1) simplifies to

f̂(y) =
1

n

n∑
i=1

1

hi
s

(
y − yi
hi

)
(5.2)

Letw′ = (w1, . . . , wn) be the weight parameter vector, and h′ = (h1, . . . , hn)

be the scale parameter vector, with s(.) ≥ 0 and hi ≥ 0, i = 1, . . . , n. The

scale parameter hi is often called the bandwidth and determines the window

width. The density s(.) is a bounded density function called the kernel which
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is a non-negative real-valued integrable function, that satisfies
∫
s(t)dt = 1

and s(t) = s(−t) for all real t (hence.
∫
ts(t)dt = 0). The kernel function s

determines the shape of the bumps of the estimated density function. There

are numerous choices for the kernel function (Silverman, 1986). One typi-

cal option is that the kernel function is assumed to be a standard Gaussian

function with mean zero and variance 1 (Storvik, 1999; Jones and Henderson,

2009).

The kernel density estimator has drawn some attention over years. Many

efforts have been devoted to single adaptations in the kernel estimator, such

as variable location, variable bandwidth, variable weight, high order kernel,

etc. Abramson (1982) proposed the variable bandwidth kernel density estima-

tors. Samiuddin and el-Sayyad (1990) discussed the variable location kernel

density estimators. Hall and Turlach (1999) proposed the variable weight ker-

nel density estimators. The recent research seems to favor the combination

of variations in location, bandwidth, weights, etc. Storvik (1999) proposed

the idea of maximum likelihood kernel density estimators that allow simul-

taneous variations of location, weight, and bandwidth. Jones and Henderson

(2009) discussed the application of an enhanced version of Storvik’s method,

but their simulation study supported the simple location-only maximum like-

lihood kernel density estimator for practical use. Jones and Signorini (1997)

reviewed and compared many of these methods and concluded that no method

is significantly better than other methods. A recent study suggested that the

variable-bandwidth kernel estimator can achieve desirable local adaptivity and

the intuitive interpretability (Salgado-Ugarte and Perez-Hernandez, 2003).

Silverman (1986) and Izenman (1991) had a very good review of char-

acteristics of kernel estimator, including measurement errors and asymptotic

properties. Bias, mean squared error, and integrated mean squared error are

often used to measure the discrepancy between the kernel density estimator

and the true density. The derivation of these statistics starts from the expected
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value of the kernel estimator defined by Whittle (1958)

E(f̂(y)) =
1

n

n∑
i=1

1

hi
E

(
s
(y − yi

hi

))
=

1

n

n∑
i=1

1

hi

∫
s
(y − t

hi

)
f(t)dt (5.3)

and the bias follows immediately

biash(y) = E(f̂(y))− f(y) =
1

n

n∑
i=1

1

hi

∫
s
(y − t

hi

)
f(t)dt− f(y) (5.4)

The mean squared error (MSE) and integrated mean squared error (IMSE)

are related to equations (5.3) and (5.4) with the following forms

MSEh(f̂) = E
(
f̂(y)− f(y)

)2

(5.5)

IMSE(f̂) = E

∫ (
f̂(t)− f(t)

)2

dt (5.6)

In our application, obtaining an estimate of the density function is not

enough. We need to find a reliable estimate of the cumulative distribution

function (CDF) of Y , which allows the estimation of TP and FP in R(k).

Azzalini (1981) discussed the application of kernel estimation to cumulative

distribution function and quantiles. His study adopted constant bandwidth

h. The kernel estimate for the cumulative function of Y , corresponding to

equation (5.2), is

F̂ (y) =

∫ y

−∞
f̂(t)dt =

1

n

n∑
i=1

(
1

h

∫ y

−∞
s
(t− yi

h

)
dt

)
=

1

n

n∑
i=1

(
S
(y − yi

h

))
(5.7)

where S(t) =
∫ t
−∞ s(r)dr

Nadaraya (1964) proved that under mild conditions, the mean and variance

of F̂ approach to those of F asymptotically. The mean squared error of F̂ is

as follows

E(F̂ (y)− F (y))2 ≈ F (y)(1− F (y))/n− uh/n+ vh4 (5.8)

where u = f(y)
(
h−

∫ h
−h S

2(t)dt
)
, v =

(
1
2
f ′(y)

∫ h
−h t

2s(t)dt
)2
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Asymptotic statistical properties of equation (5.2) have been well estab-

lished. Parzen (1962), and Devroye and Wagner (1980) showed that under

some assumptions of kernel and the bandwidth, provided f is continuous at

y, the kernel density estimator f̂(y) is a consistent estimator of f(y). Silver-

man (1986) showed that under suitable regularity conditions, the approximate

value of IMSE converges to zero at the rate n− 1
2 . If an optimal h is selected,

the IMSE would converges to zero at a faster convergence rate of n− 4
5 . Parzen

(1962) gave a rather complex formula of the optimal bandwidth, which is de-

rived from minimizing the integrated mean squared error in equation (5.6).

Similarly, the asymptotically optimal bandwidth h can be derived from equa-

tion (5.8).

From practical point of view, a difficult and rather subjective part in kernel

density estimation is to select a suitable bandwidth. The bandwidth, h, should

increase with the density function f(x) to reduce variance and should decrease

with |f ′′(x)| to reduce bias. Variable bandwidth method decreases the window

width at high densities and increases it at intervals with high counts. The

method is less vulnerable to noise in any low count interval of the distribution

and catches distribution details in areas with high density of data. Several

procedures in the selection of bandwidth, such as least-squares cross validation,

optimal of Silverman, biased cross-validation, Sheather Jones plug-in, etc.,

appear in the literature (Silverman, 1986; Hardle, 1991; Scott, 1992; Wand and

Jones, 1995; Simonoff, 1996; Bowman and Azzalini, 1997; Salgado-Ugarte et

al. 1993, 1995b, 1997, 2003). Each method has its own strength and weakness.

The bandwidth derived from the least-squared cross validation bandwidth fails

to maintain the stability of the bandwidth in a relatively small data set. The

procedures of the optimal Silverman bandwidth and biased cross-validation

width bandwidth often oversmooth the probability densities in multi-modal

densities. Jones et al. (1996) found that the Sheather Jones Plug-in bandwidth

has the best performance.

After a kernel estimator is determined, one can integrate the kernel estima-

tor of the density function and estimate the cumulative distribution function,
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F̂ . Azzalini (1981) presented an application of F̂ in a numerical example of

the mean squared error of F̂ . F̂ is derived at the pth quantile ξp, defined as

p = F (ξp) (0 < p < 1). The mean squared error of F̂ is derived from the

comparison between the kernel estimation F̂ and the empirical distribution

function F̂n. The numerical results show that F̂ is generally better than the

empirical distribution function F̂n, with mean squared error p(1 − p)/n. The

optimum choice of bandwidth h is proportional to n− 1
5 in the density estima-

tion, while the asymptotically optimum value of bandwidth is proportional to

n− 1
3 in the mean squared error of F̂ in equation (5.8). For detail, refer to

Azzalini’s paper on the estimation of distribution function (Azzalini, 1981).

We propose an approach to use Azzalini’s method in the determination

of optimal cut-off point k∗, and the near-optimal cut-off points (k∗L, k
∗
U). TP

and FP are two quantities from the cumulative distributions in the good

population and the bad population, respectively. Some kernel estimators can

be used to estimate TP and FP . The pth quantiles, ξp, are then used to

estimate these cut-off points.

5.3 Kernel Density Method

In this section, we propose a purely numerical approach outlined in Section

5.2. Our objective is to take the data YG and YB as input, then use equation

(5.7) to produce a numerical table for R(k), from which numerical values of

k∗, k∗L, and k
∗
U are obtained. In the purely numerical approach, one uses the

kernel method to estimate the quantities TP and FP , and then to compile

a numerical table of k versus R(k), where the value of k ranges from a given

minimum k1 to a given maximum k2 with a given step size τ . From such a

table it is easy to find (k∗, k∗L, k
∗
U) with a pre-specified precision. The step

size τ determines the precision. Many functions can serve as the kernel in

density estimates. We simply use the default kernel in R density() function,

the Gaussian kernel. A computing algorithm is presented below to illustrate

this approach.



45

Step 1. Find the minimum k1 and the maximum k2 from the estimated latent

risk score, y∗. The step size τ is used to determine the precision and achieves

a total of k2−k1
τ

steps.

Step 2. Use equation (5.7) to create a table of k versus TP .

Step 3. Use equation (5.7) to create a table of k versus FP .

Step 4. Use the four payoff factors, plus the quantities PG, PB, TP , and FP ,

to compile a table of k versus R(k).

Step 5. Look up the complied table and find the maximum value of R(k) and

its corresponding k∗.

Step 6. Find the value of
(
R(k∗) − ψ|R(k∗)|

)
and its corresponding k∗L and

k∗U for the given allowance ratio ψ.

The variance of the payoff function R(k) can be derived from Azzalini’s

result of the kernel estimate of the cumulative function of Y . Proof is in the

Appendix A.8.

V ar(R̂(k)) = ς2
(
F̂G(k)[1−F̂G(k)]

nG

)
+ γ2

(
F̂B(k)[1−F̂B(k)]

nB

)
+ ς2

(
−uGh
nG

+ vGh
4
)
+ γ2

(
−uBh
nB

+ vBh
4
) (5.9)

where ς = PGrG + PGcG, γ = PBrB + PBcB

F̂ (G) and F̂ (B) are the kernel estimators of the CDF of the good and bad

populations, respectively. uG and uB are defined in equation (5.8) and are for

the good and bad populations, respectively. vG and vB are defined in equation

(5.8) and are for the good and bad populations, respectively.

When h approaches to zero in the order o(n−1/4), (5.9) reduces to

V ar(R̂(k)) = ς2
(
F̂G(k)[1− F̂G(k)]

nG

)
+ γ2

(
F̂B(k)[1− F̂B(k)]

nB

)
(5.10)

5.4 A Graphical Method

In a graphical approach, we draw several lines (defined below) on the ROC

curve, and use the y-intercepts of these lines to determine the FP values cor-

responding to k∗, k∗L, and k
∗
U . The algorithm and its theoretical (geometrical)



46

foundation are given here, while a computing algorithm is provided in Chapter

6.

An ROC curve is a parametric plot of y = TP (k) against x = FP (k)

for all given k in [k1, k2]. In ROC method, our goal is to use a graphical

method to locate FP ∗, FP ∗
L, FP

∗
U , the x-coordinates on ROC corresponding

to k∗, k∗L, and k
∗
U . Call these points A = (FP ∗, TP ∗), B = (FP ∗

L, TP
∗
L), and

C = (FP ∗
U , TP

∗
U). In Chapter 1 we assume that the near-optimal payoff is

defined via a parameter 0 < ψ < 1, that is, R(k) is called near-optimal if

R(k) ≥ R(k∗)− ψ|R(k∗)|. The proposed graphical method (see Figure 5.1) is

based on the following two mathematical results. Let L1 be the tangent line

at point A to the ROC curve, and L2 the secant line connecting points B and

C. Two results follow (proofs are given in Appendix A.9). The first result has

been approved in Stein (2005).

Result 1. Let the constants ς and γ be defined in equation (5.9). Then,

The slope of L1 = the slope of L2 = γ/ς (5.11)

Result 2. Let y1 and y2 be respectively the y-intercepts of L1 and L2. Then

they satisfy the equation

y2 = (1− ψ)y1 − ψ(d0/ς) (5.12)

where d0 = PBrB − PGcG

Based on these results, we propose the following graphical method to find

the values of cut-off points, FP ∗, FP ∗
L, and FP

∗
U . (Refer to Figure 5.1)

Step 1. From data, draw a smooth ROC curve.

Step 2. On the ROC plot, draw a line L0 passing through the origin and

having the slope γ/ς.

Step 3. Draw a line L1 parallel to L0 and tangent to the ROC curve. Label

the tangent point by “A”. Its x-coordinate is FP ∗. This ensures that the slope

of L1 satisfies equation (5.11).

Step 4. On the y-axis, label the y-intercept point of L1 by “G”, and the point

(0,−d0/ς) by “E”.
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Figure 5.1: Using a ROC Plot to Determine FP ∗, FP ∗
L, FP

∗
U

Step 5. On the y-axis, locate the point “F” on the line connecting G and E,

such that the ratio of the two distances GF : FE is ψ : (1− ψ). This ensures

that the y-coordinates of G and F, y1 and y2 respectively, satisfy equation

(5.12).

Step 6. Draw a third parallel line L2 passing through the point F. This ensures

that the slope of L2 satisfies equation (5.11). Line L2 cuts the ROC curve at

two points. Label the upper point by “B”, and the lower one by “C”. The

x-coordinate of B is FP ∗
L, and the x-coordinate of C is FP ∗

U .

The algorithm above finds the optimal and near-optimal points FP ∗, FP ∗
L,

and FP ∗
U . If needed, one can find the optimal cut-off point k∗ and the near-

optimal cut-off points k∗L and k∗U using a tabulated table of k versus FP (k).
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5.5 Chapter Summary

This chapter presented two algorithms for estimating the critical thresholds

of the Profit Function based on two nonparametric methods. In this first

algorithm, the kernel estimator was applied to derive a tabulated table, from

which one can find an approximate value for the critical threshold. The second

algorithm used two results to estimate FP ∗, FP ∗
L, and FP

∗
U on the ROC curve

and find critical threshold on some similar tabulated table.

The next chapter will explain the data source and the steps taken to obtain

the values of critical thresholds introduced in Chapter 3. The numerical study

also demonstrates the results derived from the two nonparametric methods.
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CHAPTER 6

A NUMERICAL STUDY

6.1 Introduction

This chapter will use simulated data to illustrate all the theorems and

methodologies in the previous chapters. The next Section 6.2 will describe

the data source and explain the simulation method used for the numerical

study. Section 6.3 will introduce a numerical study to illustrate all theorems

in Chapters 3. The numerical study applies generalized linear model to the

simulated data set and estimates the optimal cut-off point and its near-optimal

interval for a homoscedastic Normal-Normal model. Other related theorems

are also discussed in the numerical study. In Section 6.4, we will illustrate how

two nonparametric methods are used to select the optimal cut-off point and

its near-optimal interval. The last section (6.5) concludes the numerical study

and introduces the next chapter.

6.2 Data Sources

Several data files from the UCI Repository and Greene (1992) were inte-

grated to construct individually based credit history for the purpose of credit

re-assessment. Some variables contain information from credit bureau, includ-

ing bureau risk score, number of recent credit inquiries, ownership of residence,
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Table 6.1: Sample Data of Credit Re-assessment

ID Dur Credit Inq Curr Bureau Length Offer Co- Past Edu Sex Income Own/ Age 12Mon
Balance Score Resid Count App Due Rent -NCF

1 28 $65,550 9 $53,595 657 8.4 6 0 0 1 2 6 1 54 $2,314
2 2 $69,800 1 $4,659 776 12.5 5 0 0 1 1 9 1 48 -$267
3 5 $58,650 3 $3,263 782 6.4 5 0 0 3 2 7 1 72 -$633
4 1 $78,232 2 $29,385 758 10.9 5 0 0 2 1 7 1 38 $178
5 16 $50,076 2 $11,158 773 14.4 6 0 0 1 1 6 1 66 -$861

length of residence, number of extended credit offers and co-applications. Some

other variables include individual financial information such as existing credit

line, current credit balance, number of late payments, years of established

credit history, and 12 months of net cash flow (12Mon-NCF). The others are

age, education level, gender, and income. Each observation in the integrated

data consists of 15 variables concerning the above economic, financial, and

personal information of a credit applicant.

The simulation is based on multivariate-normality and pairwise correlation

coefficients are derived from the integrated file. The simulated data has a size

of 20,000 observations. A sample of 5 records is listed as in Table 6.1. Our

dependent variable D is defined as 1 if 12Mon-NCF > $0, or 0 if 12Mon-NCF

≤ $0.

Various modeling techniques can be used to derive estimates of latent

variable, y∗. In this paper, we apply probit model to the simulated data

set using D as the dependent variable, and y∗ is derived from the equation

y∗ = Φ−1(P (D̂ = 1)). The resulting y∗ in the simulated data of size 20,000

is in the range of [k1 = −3.048, k2 = 5.290]. Our simulated data is based on

the homoscedastic Normal-Normal model with σG = σB = 1, µG = 1.1867,

µB = 0.5628, PG = 0.735, and PB = 0.265, where, the last four values were

the parameter estimates from the probit model to the integrated data. The

histograms of y∗ in the good group and bad group are close to normality as

seen in Figure 6.1.

As stated in Theorem 3.2 of Chapter 3 (Figure 3.2), the values of four

payoff factors, rG, rB, cG, and cB, as wells as PG and PB, significantly impact

the shape of Profit Function. All payoff factors play roles in the determination
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Figure 6.1: Histograms of y∗ in The Data

of revenue and loss. rG and cB are related to accepted customers and therefore

contribute to realized gain and loss, and rB and cG are related to potential gain

and loss. Our numerical study fix PG and PB, but deploys six combinations of

costs and revenues. We then examine the impact of C in equation (3.2) to the

location of the optimal and near-optimal cut-off points, as well as the value

of the optimal profit function. The sensitivity study uses six payoff matrices

in Table 6.2. For convenience, all six payoff matrices share same values in rB,

rG, and cG, but have various values in cB.

Each of 6 payoff matrices reflects a different stage in a dynamic economic

environment, in which a typical economic circle includes several major phases,

such as expansion, contraction, and recession. The third matrix is more pop-

ular when the economy is strong. In a booming economy, it is more likely for

credit borrowers to maintain stable income and pay back credit debt. Since

the expected profit per outcome / decision / customer, R(k), is usually high,

lending institutions tend to lower the lending criteria (including the value of
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Table 6.2: Six Exemplary Payoff Matrices

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6
Y Decision Y Decision Y Decision Y Decision Y Decision Y Decision
0 1 0 1 0 1 0 1 0 1 0 1

D 0 $280 $42 $280 $1680 $280 $2800 $280 $4900 $280 $7000 $280 $105000
(Actual) 1 $560 $1400 $560 $1400 $560 $1400 $560 $1400 $560 $1400 $560 $1400
cB :rG 0.03 1.2 2 3.5 5 75

k∗) in order to attract more potential customers and generate more revenues.

During the economic contraction, the average loss from charge-off and delin-

quent behaviors starts to grow, at the same time, the capacity of making profit

significantly decreases, as we can see from the fourth payoff matrix. Lending

institutions tend to tighten the lending criteria (including the value of k∗) to

decline credit seekers without solid credit profiles. During the recession, the

loss was skyrocketing so that some banks may face huge loss or even fall down.

A typical example is the financial crisis in 2008 and 2009. The fifth payoff ma-

trix reflects the situation that most financial companies lost money in 2009.

Without loss of generality, we will use the third matrix and the fourth matrix

in the numerical study in Section 6.3 and Section 6.4, respectively.

6.3 An Illustration of Parametric Methods

In this section we demonstrate how the Profit Function method is used

to determine the optimal threshold and near-optimal interval in the Normal-

Normal model. We use a simulated data to demonstrate numerically the the-

ories discussed in Chapter 3.

6.3.1 Selection of Optimal Cut-off Point

First, we illustrate the computational procedure of deriving the optimal and

near-optimal cut-off points using the third payoff matrix, which represents

a common situation in a booming economy. We compute lnC according to

equation (3.2),

lnC = ln

(
0.265(280 + 2800)

0.735(560 + 1400)

)
= −0.5682
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and k̂0 according to equation (3.1),

k̂0 =
−0.5682

1.1867− 0.5628
+

1.1867 + 0.5628

2
= −0.0360

Since k̂0 is between k1 and k2, Theorem 3.2 stipulates that R(k) is maximal

at k̂∗ = k̂0, with value

R(k̂∗) = PG(rG + cG)TPk̂0 − PB(rB + cB)FPk̂0 − PGcG + PBrB

= 0.735(560 + 1400)
(
1− Φ(−0.0360− 1.1867)

)
−0.265(280 + 2800)

(
1− Φ(−0.0360− 0.5628)

)
−0.735(560) + 0.265(280)

= 351.67

To compute the near-optimal cut-off points k̂∗L and k̂∗U , we set ψ to 0.20,

and use k̂∗ for the value of k0 in equation (3.6), and equation (A.6) for the

value of R′′(k0). The results of C, k̂0, R(k̂
∗), k̂∗L and k̂∗U are given in Table 6.3,

case 3 and Figure 6.2.c.

6.3.2 Impact of C on R(k) and R(k∗)

We are interested in the impact of the change in the payoff matrices on the

Profit Function. As shown in Table 6.3, the change in the payoff matrices influ-

ences the value C, which, in turn, influences the shape of the Profit function,

as seen in the graphs of Figure 6.2. The net effect is that R(k∗) decreases when

C increases (see Table 6.3). When C is small, the Profit function is monotonic

decreasing, and decreases precipitously as k increases past k∗U (Figure 6.2.a ),

suggesting that a more aggressive marketing strategy ought be used. As the

value of C increases, the shape of the Profit function becomes uni-modal, as

shown in Figures 6.2.b, 6.2.c, 6.2.d, and 6.2.e. Furthermore, the R(k) curve is
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Figure 6.2: Profit Functions with 80% Near-optimal Intervals (with ψ = 0.20)
and Optimal Thresholds

often asymmetrical with respect to the two sides of the vertical line k = k∗. For

example, in Figure 6.2.d, R(k) drops very quickly on the left-hand-side of the

k = k∗ line, therefore the lending institution can employ a more “conservative”

marketing strategy and select a relatively large cut-off point. Eventually, as

C gets large, the Profit function changes to monotonically decreasing, and the

value of R(k∗) is well below zero. The shape of the Profit function increases

precipitously as k increases, as shown in Figure 6.2.f . That indicates that the

market is too risky to make profit, therefore the marketing program should be

highly conservative, or even be suspended.

6.3.3 Impact of C on k∗

Sometimes, practitioners are interested in knowing the approximate location

of k∗ without building a risk model. Theorem 3.3 in Chapter 3 addresses

this practical need. We next discuss how to use C, µG and µB to identify
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Table 6.3: Numerical Results of Critical Cut-offs in the Parametric Methods
Variables Case 1 Case 2 Case 3 Case 4 Case 5 Case 6
C values 0.059 0.361 0.567 0.953 1.339 19.366
k0 values -3.655 -0.760 -0.036 0.797 1.343 5.624
k∗ values -3.048 -0.760 -0.036 0.797 1.343 5.290

R(k∗) values $1,018 $595 $352 $42 -$126 -$337
k∗L values (ψ = 0.2) -3.048 -3.048 -3.048 0.570 0.975 3.272
k∗U values (ψ = 0.2) 0.203 0.535 0.737 1.022 1.760 5.290

approximate location of k∗. As suggested in Theorem 3.3, the location of

k∗ relies on the relationship between C, e1 = e
−(µG−µB)2

2 , and e2 = e
(µG−µB)2

2 .

Figure 6.3 lists the distributions of critical thresholds under six payoff matrices.

In the first three cases, Figure 6.3.a clearly demonstrates that when the value

C is less than e1, the corresponding k0 value is less than µB. It implies that the

mean of the bad population has more impact on the value of threshold point.

When the value of C is between e1 and e2, the corresponding k0 value is located

in the open interval of (µB, µG), as seen in case 4 in Figure 6.3.a. When the

value C is larger than e2, the corresponding k∗ values are on the right side

to µG (case 5 on Figure 6.3.a and case 6 in Figure 6.3.b). It implies that the

mean of the good population has more impact on the value of threshold point.

6.4 An Illustration of Nonparametric Meth-

ods

The main objective of this section is to illustrate the application of two

nonparametric methods in the selection of critical cut-off points. The first

method is based on the kernel density estimation, while the second method

uses the ROC curve to estimate critical cut-off points.

6.4.1 Kernel Density Method

We will use the simulated data file to derive kernel estimates of TPk and FPk.

First, we set up a list of k values using the range [k1 = −3.048, k2 = 5.290]

and the step size τ = 0.005. This step size will ensure that the resulting k∗

is precise up to the second decimal place. We use Gaussian kernel function,
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6.3.b: k* versus C (cases 1−6)
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Figure 6.3: Locations of C, µB, µG, and k
∗

Note: e1 = e
−(µG−µB)2

2 , and e2 = e
(µG−µB)2

2

with bandwidths 0.20 for the good population and 0.23 for the bad population.

Due to the capacity constraint of R and system ram size, a sub-sample of 5,000

observations is further randomly selected from the simulated data file of 20,000

observations.

We implement equation (5.7) in R to compute TPk and FPk, and the payoff

factors in case 4 of Table 6.2 to compute R(k). The results are graphed and

presented in Figure 6.4. A set of numerical values of k, T̂Pk, F̂Pk, and R̂(k) is

presented in Table 6.4. The first three rows are from the lower bound of [k1, k2]

and the last three rows are from the upper bound of [k1, k2]. The estimated

values of (k∗L, k
∗, k∗U) and R(k∗), corresponding to the 722th, the 769th and

the 814th row in Table 6.4, are reasonably close to those estimated by the

parametric model (Case 4 in Table 6.3).

6.4.2 Confidence Interval of R(k)

Given the fourth payoff matrix, the value of R(k∗) estimated from the Kernel
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Table 6.4: Numerical Results of Critical Cut-offs in the Kernel Density Method

Location k T̂P F̂P R̂(k)

1 -3 1 0.99999 -$269.49

2 -2.995 1 0.99999 -$269.48

3 -2.99 1 0.99999 -$269.48

722 0.605 0.69891 0.45885 $39.58

769 0.84 0.61898 0.36802 $49.12

814 1.065 0.53914 0.29114 $39.63

1799 5.99 0.00000 0 -$337.40

1800 5.995 0.00000 0 -$337.40

1801 6 0.00000 0 -$337.40



58

−2 0 2 4 6

−
30

0
−

20
0

−
10

0
0

10
0

k

R
(k

)
R(k*)

R(k*)_L

R(k*)_U R(k*)_L: lower bound of R(k*)

R(k*)_U: Upper bound of R(k*)

Figure 6.5: 90% Confidence Interval of R(k)

density method is $49.12, as shown in the 769th row of Table 6.4. Equation

(5.10) is used to derive the 90% confidence band for R(k∗), with results shown

in Figure 6.5. The same equation also leads the 90% confidence interval of

R(k∗) as [2.336,95.895]. From Figure 6.5, it is obvious that the variance of

R(k) is fairly small at the two tails of the payoff function and reaches the

peak around the optimal cut-off point, k∗. This phenomenon is aligned to our

initial conjecture that the payoff function R(k) has small variances near the

boundary of the range of k, and has more volatility around the optimal cut-off

point. Thus this numerical result also explains why we need to propose the

idea of the near-optimal interval.

6.4.3 ROC Graphical Method

We illustrate the computational procedure of deriving (k∗, k∗L, k
∗
U) in the ROC

graphical method. First, we compute the slope, γ/ς, according to Result 1 in

Chapter 5,
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γ

ς
=

0.265(280 + 4900)

0.735(560 + 1400)
= 0.9529

and d0

d0 = PBrB − PGcG = 0.265(280)− 0.735(560) = −337.4

The y-intercept of L1 is estimated from the ROC curve on Figure 6.6,

y1 ≈ 0.27

The y-axis values of points E and F, yE and y2 respectively, are derived as

yE =
−d0
γ

=
−(−337.4)

0.735(560 + 1400)
= 0.2342

y2 = y1(1− ψ) + yEψ ≈ 0.27(1− 0.2) + 0.2342(0.2) ≈ 0.26

The x-axis values of points A, B, and C are estimated from the ROC curve

in Figure 6.6,

F̂P ∗ ≈ 0.37

F̂P ∗
L ≈ 0.46

F̂P ∗
U ≈ 0.30

We also need to use k, y∗G, and y
∗
B to construct a new decision variable, Y .

Y is used jointly with D and k to compile a similar table as Table 6.4 The

estimated values of (k∗, k∗L, k
∗
U) are found to be as follows.

k∗ ≈ 0.835

k∗L ≈ 0.600

k∗U ≈ 1.035

These estimated values are reasonably close to the estimated critical cut-off

points estimated by the parametric method (Case 4 in Table 6.3) and by the

nonparametric kernel estimation method (Table 6.4).
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6.5 Chapter Summary

A numerical study was presented in this chapter to illustrate theorems and

methodologies in previous chapters. The resulting estimates for the critical

thresholds were reasonably close, whether the parametric method or the non-

parametric method was used. Parametric method can generate more accurate

results if the underlying distribution of the data can be confirmed to be close

to some specific distribution. If the underlying distribution of the data is far

from any known distribution, nonparametric methods should provide robust

results.

The numerical study implemented six payoff matrices. The numerical study

suggests that the value of R(k) changes with respect to changes in C in an

opposite direction. That is, given the values of payoff factors and population

percentages, if we increase the value of C, the value of R(k) will decrease. We

found that the change in R(k∗) is nonlinear with respect to the change in C.
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CHAPTER 7

CONCLUSIONS AND

DIRECTIONS FOR FUTURE

RESEARCH

7.1 Conclusion

The financial industry always faces risk in the lending business, and needs

to enhance risk management, as more regulations will become effective. An

actionable process is critical to the creditor to manage various loans, including

mortgage loan, student loan, etc. with the goal of maximizing net income

and assuring the financial safety. A typical loan process starts with collecting

applicant’s credit history, developing a scorecard and assigning a score to each

applicant. The creditor evaluates the credit score of each applicant, selects a

cut-off point, and makes a decision to accept or reject the loan application.

Our study assumed that the latent credit scores of good population and

bad population were from two different distributions. A total of 10 parameters,

including 4 conditional decision probabilities, 2 population probabilities, and 4

payoff factors were used to construct the Profit Function. The methodology of

Profit Function provided a flexible tool to maximize revenue and minimize cost,

eventually achieved maximization of net income. The derived optimal cut-off
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point was used to classify loan applicants into two exclusive groups, acceptance

population and rejection population, and achieved the maximization of the

Profit Function. The study gave the closed-form solution of the optimal cut-

off point for the Normal-Normal distribution, and provided a general form of

solution for the E-E model. The analysis showed that when the dispersion

parameters of two distributions were different, i.e. in a EG-EB model, it

became more complex to determine the locations of the critical cut-off points.

A numerical method was usually needed.

This dissertation provided three types of interval in the study of the Profit

Function. The Delta method and Taylor Series were used to derive the vari-

ance of the optimal cut-off point, which in turn was used to construct the

confidence interval for the optimal cut-off point and the optimal value of the

Profit Function (Section 3.3). We also discussed the typical confidence interval

of the Profit Function in Section 5.3. A third type of interval, which we called

the near-optimal interval, was perhaps the most attractive solution as it could

provide more flexibility in practical risk management.

Besides the parametric method, we introduced two nonparametric meth-

ods. The kernel estimator was used to construct a numerical table to estimate

critical cut-off points. Also, we derived an ROC-based method to estimate

critical thresholds since the ROC curve is widely used in various fields. The

results from parametric methods and nonparametric methods were reasonably

close.

Our paper contributed to the literature in several areas. The following

three were the most valuable. One was that this dissertation assumed a gen-

eral exponential family for the distribution of the underlying creditworthiness

and discussed the selection of the optimal cut-off point for various shapes of

the Profit Functions. The other was to introduce the concept of near-optimal

interval, which gave practitioners the flexibility of implementing various strate-

gies in marketing and risk management. The third contribution was that this

paper provided nonparametric as well as parametric solutions. The study in

this dissertation formed a systematic credit re-assessment process for creditors.
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7.2 Future Extensions

The proposed methodology in this dissertation can be extended in a variety

of directions.

Much of the literature assumes that the decision variable has only two

classes, Good or Bad, or Yes or No. With more than two classes, the com-

plexity of the diagnostic study increases exponentially. With n classes, the

payoff matrix becomes an n × n matrix, with n correct classifications along

the diagonal line and n2−n incorrect classifications off the diagonal line. One

needs to study n benefits and n2 − n errors under the n× n matrix. Fawcett

(2006) proposed an easy and feasible solution, which is to generate n different

ROC curves. Provost and Domingos (2001) introduced the weighted AUCs in

the study of multi-classes dependent variable. Hand and Till (2001) suggested

a non-weighted approach to the multi-class generalization of AUCs. These

methods may be more difficulty to be adapted to the selection of optimal

cut-off point in the ROC method, over the method of Profit Function.

The second extension would assume that the payoff factors are random.

Our study assumes 6 different payoff matrices. A major loan-lending company

usually have many loan products and large market shares, and needs loan-

specific payoff matrices; for the same loan product, the customer populations

in various locations / segments may have different payoff matrices. In this

setting, the researcher is interested in predicting the net income in a dynamic

environment.

Another extension is to extend the usage of the constant kernel function

and kernel bandwidth discussed in Chapter 5 to apply the variable bandwidth

kernel density method to enhance the accuracy of kernel estimators. Some

other kernel functions, such as Biweight, Triangular, or Rectangular kernels,

can be used to compare with the Gaussian kernel, which is implemented in our

study. Silverman (1986) proposed to compare the efficiency of various kernels

to decide an ideal kernel function.
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APPENDIX A

Mathematical Proofs

A.1 Proof for Theorem 3.1

The first derivative of R(k) = PG(rG+cG)TPk−PB(rB+cB)FPk+(PBrB−
PGcG) is as follows:

R′(k) = PB(rB + cB)ϕ(µB − k)− PG(rG + cG)ϕ(µG − k)

= PG(rG + cG)ϕ(µB − k)
(
C − ϕ(µG−k)

ϕ(µB−k)

)
where C = PB

PG

(rB+cB)
(rG+cG)

and ϕ is the density function of the standard normal

distribution.

Then R′(k) ≥ 0 is true if and only if

PG(rG + cG)ϕ(µB − k)

(
C − ϕ(µG − k)

ϕ(µB − k)

)
≥ 0 (A.1)

Since PG, rG, cG, and ϕ(µB − k) are positive, (A.1) is equivalent to the

following condition.

C ≥ ϕ(µG − k)

ϕ(µB − k)
(A.2)

Taking logarithmic transformation on both sides, and under the N-N model,

(A.2) can be rewritten as

lnC ≥ (µG − µB)
(
k − µG + µB

2

)
(A.3)
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which is equivalent to the following condition under the fist assumption in

Section 3.2, µG > µB,

k ≤ lnC

µG − µB
+
µG + µB

2
= k0 (A.4)

Similarly, R′(k) ≤ 0 is true if and only if the following condition holds,

k ≥ k0 (A.5)

The proof of (iii) in Theorem 3.1 is shown in three scenarios.

∂2R(k)

∂k2
=

−(µG − k)√
2π

e
−(k−µG)2

2 PG(rG + cG) +
(µB − k)√

2π
e

−(k−µB)2

2 PB(rB + cB)

(A.6)

Substituting k = k0 = lnC
µG−µB

+ µG+µB
2

into (A.6), where C = PB

PG

(rB+cB)
(rG+cG)

,

after some math, we get R′′(k0) < 0 if and only if

(µB − k0) < (µG − k0) (A.7)

(I) If k0 < µB, then k0 < µB < µG (by assumptions in Section 3.2). That is,

µG − k0 > µB − k0, (A.7) holds.

(II) If µB ≤ k0 ≤ µG, then µB − k0 ≤ 0 ≤ µG − k0. And for the special case

that µB − k0 = 0, µG − k0 = µG − µB > 0, then (A.7) holds again.

(III) If µG < k0, then µB < µG < k0. So (µB − k0) < (µG − k0) and (A.7) is

true.

Therefore, R′′(k0) < 0 is always satisfied.

A.2 Proof for Theorem 3.3

(I) When lnC ≤ −(µG−µB)2

2
, we get ( lnC

µG−µB
+ µG+µB

2
) − µB ≤ 0. Given k∗ =

lnC
µG−µB

+ µG+µB
2

, then k∗ ≤ µB is satisfied.

(II) When lnC ≥ (µG−µB)2

2
, we get ( lnC

µG−µB
+ µG+µB

2
) − µG ≥ 0. Given k∗ =

lnC
µG−µB

+ µG+µB
2

, then k∗ ≥ µG is satisfied.

(III) When −(µG−µB)2

2
< lnC < (µG−µB)2

2
, we then get ( lnC

µG−µB
+µG+µB

2
)−µB > 0

from the left inequality and ( lnC
µG−µB

+ µG+µB
2

)−µG < 0 from the right inequality.

Therefore, when k∗ = ( lnC
µG−µB

+ µG+µB
2

), then µB < k∗ < µG.



76

A.3 Derivation of the near-optimal interval in

the Normal-Normal model

(I) If the Profit function is a decreasing function, k∗L is located at k∗ = k1.

The Taylor series of R(k) at k∗ can be written as the following:

R(k) = R(k∗) + (k − k∗)R′(k∗) +
1

2
(k − k∗)2R′′(k∗) + . . .

Provided that a linear approximation is adequate for the profit function,

k∗U can be estimated from the following function.

R(k) ≈ R(k∗) + (k − k∗)R′(k∗)

R(k∗)−R(k) = −(k − k∗)R′(k∗) (A.8)

Following equation (3.3), (A.8) is rewritten as

ψ|R(k∗)| = −(k − k∗)R′(k∗)

In this case, the creditworthiness interval between [k∗L, k
∗
U ] is [k1, k

∗
U ]. The

value of k∗U is derived from equation (A.9).

k∗U ≈ k1 −
ψ|R(k1)|
R′(k1)

(A.9)

(II) Similarly, if the Profit function is an increasing function, k∗U is located at

k∗ = k2. The creditworthiness interval between [k∗L, k
∗
U ] is [k∗L, k2]. Provided

that a linear approximation is adequate for the profit function, the value of k∗L

is derived from equation (A.10).

k∗L ≈ k2 −
ψ|R(k2)|
R′(k2)

(A.10)

(III) If the Profit function is a concave function, k∗ = lnC
µG−µB

+ µG+µB
2

and

R′(k∗) = 0. R(k) can be written as Taylor series at k = k∗.

R(k) = R(k∗) + (k − k∗)R′(k∗) + 1
2
(k − k∗)2R′′(k∗) + . . .

≈ R(k∗) + 1
2
(k − k∗)2R′′(k∗)

(A.11)
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Equation (A.11) is rewritten as

−ψ|R(k∗)| = 1

2
(k − k∗)2R′′(k∗)

k∗L and k∗U can be estimated from equation (A.12).

k ≈ k∗ ±

√
−2ψ|R(k∗)|
R′′(k∗)

(A.12)

with k∗L = k∗ −
√

−2ψ|R(k∗)|
R′′(k∗)

and k∗U = k∗ +
√

−2ψ|R(k∗)|
R′′(k∗)

When ψ is equal to zero, equations (A.9), (A.10), and (A.12) are simplified

to equation (3.1).

A.4 Use the Delta method to derive the asymp-

totic distribution of optimal cut-off in the

Normal-Normal model

k̂∗ = h(ȳ∗G, ȳ
∗
B) =

lnC

ȳ∗G − ȳ∗B
+
ȳ∗G + ȳ∗B

2

Let nG and nB be the respective sample size from good and bad popula-

tions, and n = nG + nB. Since y∗G’s and y∗B’s are from independent groups,

we get cov(ȳ∗G, ȳ
∗
B) = 0. By central limit theorem, we have the asymptotic

distributions of (ȳ∗G, ȳ
∗
B), for large n,

√
n

[(
ȳ∗G
ȳ∗B

)
−

(
µG
µB

)]
is approximately distributed as N2

[(
0

0

)
,

 n
nG

0

0 n
nB

]

Next, we will derive the asymptotic distribution of h(ȳ∗G, ȳ
∗
B). Using the

Delta method,

√
n
[
h(ȳ∗G, ȳ

∗
B)− h(µG, µB)

]
is approximately distributed as N(0, σ2

0)

(A.13)
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Note that h(µG, µB) =
lnC

µG−µB
+ µG+µB

2
. The approximate variance σ2

0 is

σ2
0 =

 ∂h(µG,µB)
∂µG

∂h(µG,µB)
∂µB

T  n/nG 0

0 n/nB

 ∂h(µG,µB)
∂µG

∂h(µG,µB)
∂µB


=

[
1
2
− lnC

(µG−µB)2

]2 n
nG

+
[
1
2
+ lnC

(µG−µB)2

]2 n
nB

The approximate distribution of k̂∗ = h(ȳ∗G, ȳ
∗
B) is a normal distribution

with mean h(µG, µB) and variance σ2
0/n.

A.5 The sign of R′(k) is the same as the sign

of the d(k) function in (4.2)

d(k) = lnC − k

(
ηG

aG(ϕG)
− ηB

aB(ϕB)

)

+

(
bG(ηG)
aG(ϕG)

− bB(ηB)
aB(ϕB)

− cG(k, ϕG) + cB(k, ϕB)

)
(4.2)

The first derivative of the payoff function is rewritten as follows.

R′(k) = −ςfG(k; ηG, ϕG) + γfB(k; ηB, ϕB) (A.14)

where ς = PGrG + PGcG, γ = PBrB + PBcB

R′(k) = ςfB(k; ηB, ϕB)

(
γ

ς
− fG(k; ηG, ϕG)

fB(k; ηB, ϕB)

)
= A

(
C − fG(k; ηG, ϕG)

fB(k; ηB, ϕB)

)
where A = ςfB(k; ηB, ϕB), and C = PB(rB+cB)

PG(rG+cG)

Note that A > 0, the sign of R′(k) depends on the sign of
(
C − fG(k;ηG,ϕG)

fB(k;ηB ,ϕB)

)
.

It is equivalent to check whether the sign of
(
lnC − ln

(
fG(k;ηG,ϕG)
fB(k;ηB ,ϕB)

))
is positive

or negative, and hence to check the sign of the below expression for an EG-EB

model,
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lnC−k
(

ηG
aG(ϕG)

− ηB
aB(ϕB)

)
+

(
bG(ηG)

aG(ϕG)
− bB(ηB)

aB(ϕB)
− cG(k, ϕG) + cB(k, ϕB)

)
(A.15)

For an E-E model with ϕG = ϕB, the optimal cut-off point k0, that satisfies

R′(k0) = 0, can be easily derived from (A.15).

k0 = (ηG − ηB)
−1[a(ϕ) lnC + b(ηG)− b(ηB)] (A.16)

A.6 Proof of Theorem 4.1

(i) R′(k) ≥ 0 is equivalent to C ≥ fG(k;ηG,ϕG)
fB(k;ηB ,ϕB)

. Taking logarithm on both sides,

we get the following inquality,

k2

2

(
1

σ2
G

− 1

σ2
B

)
− k

(
µG
σ2
G

− µB
σ2
B

)
+

[
lnC + ln

(
σG
σB

)
+

1

2

(
µ2
G

σ2
G

− µ2
B

σ2
B

)]
≥ 0

Under the assumption that σ2
G < σ2

B, the conditions that R
′(k) ≥ 0 is equal

to the following conditions

k ≤ k(1) or k ≥ k(2)

(ii) Similarly, under the assumption that σ2
G < σ2

B, the conditions that R
′(k) ≤

0 is equal to the following conditions

k(1) ≤ k ≤ k(2)

(iii) From (4.8), R′(k(1)) = 0. Under the assumption that σ2
G < σ2

B, results (i)

and (ii) suggest that R′(k) changes from positive to negative around k = k(1),

that is, R′(k) > 0 for k < k(1), and R′(k) < 0 for k > k(1). Therefore

R′′(k(1)) < 0 and R(k) obtains a local maximum at k(1).

Similarly, (iv), (v) and (vi) can be proved.
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A.7 Proof of Theorem 4.3

(i) R′(k) ≥ 0 is equivalent to C ≥ fG(k;ηG,ϕG)
fB(k;ηB ,ϕB)

. Taking logarithm on both sides,

we get

lnC ≥ ln fG(k; ηG, ϕG)− ln fB(k; ηB, ϕB)

For a Gamma-Gamma model with equal dispersion parameters, the above

expression can be rewritten as

lnC ≥ k

(
ηG − ηB

ϕ

)
−

(
b(ηG)− b(ηB)

ϕ

)
so, k ≤ ( ϕ lnC

ηG−ηB
) + ( b(ηG)−b(ηB)

ηG−ηB
) = k0

Similarly, (ii) can be proved.

(iii) It is easy to show that the derivative of function d(k) in (4.2) is negative,

which suggests that d(k) is a strictly decreasing function of k for a Gamma-

Gamma model with equal dispersion parameters. The formula (4.9) suggests

R′(k0) = 0. R′(k) changes from positive to negative at k0, then R(k) has a

local maximum at k0.

A.8 Proof of equation (5.9)

R(k) = ςTPk − γFPk + d0 (A.17)

Since f̂(y) = 1
n

∑n
i=1

1
hi
s(y−li

hi
) and F̂ (y) = 1

n

∑n
i=1 S(

y−li
h

), where S(t) =∫ t
−∞ s(r)dr. We get

T̂Pk = P̂ (y∗G > k|D = G) = 1− F̂G(k)

F̂Pk = P̂ (y∗G > k|D = B) = 1− F̂B(k)

Thus,

R̂(k) = ςT̂Pk − γF̂Pk + d0 = ς(1− F̂G(k))− γ(1− F̂B(k)) + d0

= (ς − γ + d0)− ςF̂G(k) + γF̂B(k)
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Because samples from the good and bad populations are independent,

Cov(F̂G(k), F̂B(k)) = 0. So,

V ar(R̂(k)) = ς2V ar(F̂G(k)) + γ2V ar(F̂B(k))

= ς2E(F̂G(k)− FG(k))
2 + γ2E(F̂B(k)− FB(k))

2

Note that in Azzalini’s paper,

E(F̂ (x)− F (x))2 ≈ F (x)[1− F (x)]− uh

n
+ vh4

where u = f(x) [h−
∫ h
−h S

2(t)dt] and v = [1
2
f ′(x)

∫ h
−h t

2s2(t)dt]
2

So,

E(F̂G(k)− FG(k))
2 ≈ F̂G(k)[1− F̂G(k)]− uGh

nG
+ vGh

4

where uG = f̂G(k) [h−
∫ h
−h S

2(t)dt] and vG = [1
2
f̂ ′
G(k)

∫ h
−h t

2s2(t)dt]
2

Similarly,

E(F̂B(k)− FB(k))
2 ≈ F̂B(k)[1− F̂B(k)]− uBh

nB
+ vBh

4

where uB = f̂B(k) [h−
∫ h
−h S

2(t)dt] and vB = 1
2
[f̂ ′
B(k)

∫ h
−h t

2s2(t)dt]
2

Therefore, the variance of R̂(k) can be approximated by

V ar(R̂(k)) = ς2
[
F̂G(k)[1−F̂G(k)]−uGh

nG
+ vGh

4

]
+ γ2

[
F̂B(k)[1−F̂B(k)]−uBh

nB
+ vBh

4

]

= ς2
(
F̂G(k)[1−F̂G(k)]

nG

)
+ γ2

[
F̂B(k)[1−F̂B(k)]

nB

]

+ ς2
[
−uGh
nG

+ vGh
4

]
+ γ2

[
−uBh
nB

+ vBh
4

]
(A.18)

A.9 Proof of Equations (5.11 and 5.12)

Proof of Equation (5.11)

By setting the first derivative of equation (4.1) be zero, R′(k) = ς ∂TPk

∂k
−
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γ ∂FPk

∂k
= 0, we get the slope of the ROC curve as follows,

∂TPk

∂FPk

∣∣∣
k=k∗

=
γ

ς

Because ς = PGrG + PGcG ≥ 0 and γ = PBrB + PBcB ≥ 0, the range of

slope is [0,+∞). When k = k1, then TPk = FPk = 1 and PB = 0, the slope

is 0. When k = k2, then TPk = FPk = 0 and PG = 0, the slope is +∞.

Proof of Equation (5.12)

The payoff function is rewritten as

TPk =
γ

ς
FPk +

R(k)− d0
ς

When FPk is 0, the y-intercept of L1 is y1 =
R(k)−d0

ς
;

and the y-intercept of L2 is y2 =
(1−ψ)R(k)−d0

ς
= (1− ψ)

(R(k)−d0
ς

)
− ψ d0

ς
.

Hence we get result 2,

y2 = (1− ψ)y1 − ψ
d0
ς

(A.19)
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APPENDIX B

Notations

D - True Status of creditworthiness =

 G Good creditworthiness

B Bad creditworthiness

Y - Decision variable of credit application =

 G Approve credit application

B Decline credit application

G and B - Subscripts for good and bad creditworthiness

y∗ - A continuous score to indicate creditworthiness, such as FICO, or a score

derived from a non-binary credit-diagnostic test

[y∗min, y
∗
max] - The range of creditworthiness y∗

y∗G - Creditworthiness from the derived Good population

y∗B - Creditworthiness from the derived Bad population

ȳ∗G - Average of creditworthiness from the derived Good population

ȳ∗B - Average of creditworthiness from the derived Bad population

k - Numerical threshold value of cut-off point

k1 - Minimum value of numerical threshold in the range of [y∗min, y
∗
max], i.e.

k1 = y∗min

k2 - Maximum value of numerical threshold in the range of [y∗min, y
∗
max], i.e.

k2 = y∗max

k0 - Root to the first derivative of Profit Function ( i.e. R′(k0) = 0)

k∗ - Numerical threshold value of optimal cut-off point

k∗L - Low bound of near-optimal interval
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k∗U - High bound of near-optimal interval

D0 - Discriminant of the estimation equation for k0

TPk - True Positive rate = P (y∗ > k|D = G) = P (Y = G|D = G). Given k,

conditional probability of making the correct decision when an applicant has

good creditworthiness

FPk - False Positive rate = P (y∗ > k|D = B) = P (Y = G|D = B). Given k,

conditional probability of incorrectly saying that an applicant has good cred-

itworthiness

TNk - True Negative rate = P (y∗ ≤ k|D = B) = P (Y = B|D = B). Given k,

conditional probability of making the correct decision when an applicant has

bad creditworthiness

FNk - False Negative rate = P (y∗ ≤ k|D = G) = P (Y = B|D = G). Given k,

conditional probability of incorrectly saying that an applicant has bad credit-

worthiness

t - false positive fraction variable, t = FPk ∈ [0, 1]

ROC(t) - Receiver operating characteristic curve at t = FPk

cG - Cost associated with a False Negative outcome

cB - Cost associated with a False Positive outcome

rG - Revenue associated with a True Positive outcome

rB - Revenue associated with a True Negative outcome

PG - Proportion of applicants having good creditworthiness

PB - Proportion of applicants having bad creditworthiness

n - Total size of applicants

nG - Size of applicants having good creditworthiness

nB - Size of applicants having bad creditworthiness

R(k) = PGrGTPk+PBrBTNk− (PGcGFNk+PBcBFPk) - Expected profit per

outcome / decision / customer

R(k∗) - Maximum value of R(k) at the optimal cut-off point k∗

ψ - Allowance Ratio of Creditworthiness-equivalence

C = PB

PG

(rB+cB)
rG+cG

- optimal ROC slope

Φ - Cumulative normal distribution function
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ϕ - Standard normal density function

N(µG, σ
2
G) - Normal distribution of Good Population with mean µG and vari-

ance σ2
G

N(µB, σ
2
B) - Normal distribution of Bad Population with mean µB and vari-

ance σ2
B

g(.) - Link function in Generalized Linear Model

ς - The constant (PGrG + PGcG)

γ - The constant (PBrB + PBcB)

d(k) - A mathematically-convenient function of k used to determine the sign

of R′(k)

k(1) - The lower root to a quadratic equation of k in the heteroscedastic Normal-

Normal model

k(2) - The upper root to a quadratic equation of k in the heteroscedastic

Normal-Normal model


