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ABSTRACT

Non-stationary signals, particularly frequency modulated (FM) signals which are

characterized by their time-varying instantaneous frequencies (IFs), are fundamental

to radar, sonar, radio astronomy, biomedical applications, image processing, speech

processing, and wireless communications. Time-frequency (TF) analyses of such sig-

nals provide two-dimensional mapping of time-domain signals, and thus are regarded

as the most preferred technique for detection, parameter estimation, analysis and

utilization of such signals.

In practice, these signals are often received with compressed measurements as a

result of either missing samples, irregular samplings, or intentional under-sampling of

the signals. These compressed measurements induce undesired noise-like artifacts in

the TF representations (TFRs) of such signals. Compared to random missing data,

burst missing samples present a more realistic, yet a more challenging, scenario for

signal detection and parameter estimation through robust TFRs. In this dissertation,

we investigated the effects of burst missing samples on different joint-variable domain

representations in detail.

Conventional TFRs are not designed to deal with such compressed observations.

On the other hand, sparsity of such non-stationary signals in the TF domain facilitates

utilization of sparse reconstruction-based methods. The limitations of conventional

TF approaches and the sparsity of non-stationary signals in TF domain motivated us

to develop effective TF analysis techniques that enable improved IF estimation of such

signals with high resolution, mitigate undesired effects of cross terms and artifacts

and achieve highly concentrated robust TFRs, which is the goal of this dissertation.

In this dissertation, we developed several TF analysis techniques that achieved

the aforementioned objectives. The developed methods are mainly classified into two

three broad categories: iterative missing data recovery, adaptive local filtering based
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TF approach, and signal stationarization-based approaches. In the first category,

we recovered the missing data in the instantaneous auto-correlation function (IAF)

domain in conjunction with signal-adaptive TF kernels that are adopted to mitigate

undesired cross-terms and preserve desired auto-terms. In these approaches, we took

advantage of the fact that such non-stationary signals become stationary in the IAF

domain at each time instant. In the second category, we developed a novel adaptive

local filtering-based TF approach that involves local peak detection and filtering of

TFRs within a window of a specified length at each time instant. The threshold for

each local TF segment is adapted based on the local maximum values of the sig-

nal within that segment. This approach offers low-complexity, and is particularly

useful for multi-component signals with distinct amplitude levels. Finally, we de-

veloped knowledge-based TFRs based on signal stationarization and demonstrated

the effectiveness of the proposed TF techniques in high-resolution Doppler analysis

of multipath over-the-horizon radar (OTHR) signals. This is an effective technique

that enables improved target parameter estimation in OTHR operations. However,

due to high proximity of these Doppler signatures in TF domain, their separation

poses a challenging problem. By utilizing signal self-stationarization and ensuring IF

continuity, the developed approaches show excellent performance to handle multiple

signal components with variations in their amplitude levels.
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CHAPTER 1

INTRODUCTION

Many practical signals, commonly observed in the areas of radar, sonar, radio as-

tronomy, biomedical applications, image processing, speech processing, and wireless

communications, are non-stationary in nature and can be modeled as frequency-

modulated (FM) signals [1–4]. FM signals are characterized by their time-varying

instantaneous frequencies (IFs). Time-frequency (TF) analyses facilitate effective

detection, characterization, analysis, classification, and processing of various non-

stationary signals through time-varying spectrum, and thus have been widely used as

a powerful means for representation and parameter estimation of such signals [5–11].

Usually, these signals are sparsely represented in the TF domain, which facilitates uti-

lization of sparse reconstruction-based TF analysis techniques. In the field of radar

signal processing, TF analyses and IF estimation are crucial for various important

applications, such as target detection and tracking [12–16].

In practice, these signals are often received with compressed measurements that

may be resulted from either missing samples or irregular sampling. In particular,

missing samples may be resulted from multipath fading, sensor failures, noisy or

jammed measurement removal, and line-line-of-sight obstruction, whereas irregular

sampling schemes in various radar applications may be adopted due to sampling fre-

quency limitations, logistical restrictions on data collections and storage, co-existence

of various wireless services with active or passive radar systems, or simply to facili-

tate hardware simplification [17–20]. Under-sampling of the signals than the Nyquist

rate is also found effective in the areas of biomedical imaging, radio astronomy, and

seismology [21–23]. Depending on the specific scenario, the missing samples can be

either random or appear in groups [24–27]. The scenario of burst missing samples

(also referred to as group missing samples) emerges when the interference or fading
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lasts for multiple consecutive sampling intervals. Strong clutter and interference re-

moval in radar and radio astronomical applications [28–30], and undesired artifacts

removal due to eye movements and blinking in electroencephalogram (EEG) data

signals [31, 32] are manifested as burst missing samples in the respective processed

signals. Moreover, the presence of fading signals in over-the-horizon-radar (OTHR) is

also characterized as burst missing data measurements. Thus, burst missing samples

present more realistic, yet more challenging scenario for signal detection, classifica-

tion, and parameter estimation, due to insufficiency of the available observations and

the nonperiodic nature of non-stationary signals.

Compressed data measurements of non-stationary signals introduce undesirable

artifacts in the rendered TFDs, which make detection and parameter estimation of

non-stationary signals in the TF domain even more challenging. Aperiodic structure

of non-stationary signals amplifies such difficulties, as their processing relies on one-

time measurements only. In the case of random missing samples, these artifacts are

uniformly spread in the entire TF region. Unlike the random missing data case,

burst missing samples cause superimposed sinc-like artifact patterns which are highly

concentrated around the true IF signatures in the TF domain, thus present a more

challenging situation for signal detection and analysis. Burst missing samples also

make signal filtering and interpolation less effective. In this dissertation, we mainly

focus on unevenly spaced data cases, which are commonly represented as the burst

missing data samples. A detailed analysis of the effects of the burst missing samples

is presented in Section 3.2.

1.1 Background

TF representations (TFRs) are mainly classified into two categories: linear distri-

butions and quadratic (also referred to as bilinear) distributions. In this section, we

provide background on some commonly used linear and bilinear TFRs.

Short-time Fourier transform (STFT) and wavelet transform [33,34] are the exam-

ples of popular linear TFDs, while Cohen’s class of bilinear distributions [5] comprises
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quadratic TFDs. Spectrogram, which is the squared magnitude of STFT, suffers from

either poor time or frequency resolution depending on the specific selection of the win-

dow size and does not provide highly concentrated TFRs. Linear TFRs may not be

suitable to accurately represent non-linear FM signals. In this dissertation, therefore,

we focus our discussion on quadratic TFRs.

The Wigner-Ville distribution (WVD) is often regarded as the prototype TFD of

the Cohen’s class of quadratic TFDs [5]. The WVD provides an optimal representa-

tion of mono-component linear FM signals. However, it exhibits excessive cross-terms

in the case of non-linear or multi-component FM signals. It also suffers from non-

local nature and possibility of non-positive energy distribution. These drawbacks of

WVD motivated the development of other WVD-based TFDs. For example, pseudo

WVD (PWVD) and smoothed pseudo WVD (SPWVD) [35–37] reduce the effects of

cross-terms by introducing additional window functions.

The problem of interfering cross-terms arising in quadratic TFDs is a major draw-

back that prohibits straightforward interpretation of signal auto-terms. An effective

measure for cross-term reduction is to apply TF kernels, which are 2-D multiplica-

tive functions in the ambiguity domain that provides low-pass filtering characteristics.

Conventionally, TF kernels are designed to attenuate undesired cross-terms while pre-

serving signal auto-term components. Reduced interference distributions (RIDs) [11]

are the popular form of quadratic TFDs that utilize a suitable kernel function to

achieve this objective. The choice of a particular TF kernel function, which identi-

fies the specific TFD, depends on the application and the class of the signals under

consideration. So far, various data-independent and data-dependent TF kernel de-

signs have been proposed. The Choi-Williams distribution (CWD) kernel [38], the

cone kernel [39], and the Born-Jordan kernel (sinc kernel function) [11] are examples

of popular data-independent TF kernels. On the other hand, signal-adaptive (i.e.,

data-dependent) kernels are optimized based on the signal characteristics and have

generally shown superiority over data-independent kernels in terms of performance.

The adaptive optimal kernel (AOK) [40] and a recently developed adaptive directional

TF distribution (ADTFD) [41] are examples of signal-dependent TF kernels.
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The conventional TFDs are not designed to deal with signals that contain com-

pressed measurements. Sparse reconstruction-based orthogonal matching pursuit

(OMP) [42] is found to be effective in the case of random missing data samples.

Various compressive sensing (CS) and TF kernel based approaches, which utilize

sparsity of the signals in the TF domain and address signal detection and TFR re-

construction in the presence of random missing samples, have been proposed in recent

years [20, 43–49]. The proper use of signal-adaptive TF kernels, which are originally

developed for cross-term reduction, also mitigates the effects of artifacts due to ran-

dom missing samples [43]. However, the application of these TF kernels alone renders

insufficient to reliably reconstruct TFRs when missing data appear in groups.

The time-domain missing data recovery for stationary signals was attempted by

the missing-data iterative adaptive approach (MIAA) [50] using Capon spectrum esti-

mation [51,52]. This method was extended for TFR reconstruction of non-stationary

FM signals in the presence of burst missing samples in [53], in which the MIAA was

applied to the instantaneous auto-correlation function (IAF), which is stationary with

respect to the lag, at each time instant. The stationarity of the IAF domain repre-

sentations with respect to both time and lag domains enables effective Fourier-based

sparse processing to mitigate the effects of missing samples in respective TFR using

their one-dimensional (1-D) Fourier transform relationship. Missing data samples in

the time domain induce missing entries in the IAF domain and artifacts in the respec-

tive TFR. IAF domain data recovery of non-stationary signals has shown to be more

effective than the counterpart carried out in the time domain, as these signals are

non-stationary in the time domain, but become stationary in the IAF domain [53,54].

While the MIAA performs well to iteratively reconstruct the TFR from the IAF using

their 1-D Fourier transform relationship, this approach exhibits excessive cross-terms

in the case of multi-component FM signals observed with burst missing samples.
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1.2 Summary of Contributions of This Dissertation

In this dissertation, we focus on developing effective sparse-reconstruction and TF

analysis techniques to achieve robust TFDs and improved parameter estimation of

non-stationary signals that are sparsely represented in the TF domain and are received

with compressed measurements. The prime objectives of the developed robust TFRs

are to enable an accurate, high-resolution IF estimation of such signals, achieve high

energy concentration, and provide effective mitigation of cross-terms and compressed

data-induced artifacts.

The effectiveness of the developed methods is demonstrated through various math-

ematical analyses, numerous qualitative comparisons, and quantitative analyses of the

TFRs obtained using simulation results. Note that in our simulation results, we pri-

marily focus on non-linear FM signals in the presence of burst missing samples, as

those present a more realistic, yet a more challenging, scenario for signal detection

and obtaining resilient TFDs, as discussed earlier. However, the developed methods

can also be successfully applied to linear FM signals with any form of missing data

patterns or other types of non-stationary signals.

In the following, we provide a brief summary of the developed research approaches,

while the detailed information is covered in the respective chapters.

1.2.1 Non-parametric Iterative IAF Interpolation-Based Time-Frequency

Representations

First, we develop a non-parametric iterative CS-based algorithm, referred to as the

missing data iterative sparse reconstruction (MI-SR), for reliable TFR reconstruction

of non-parametric FM signals, received with compressed measurements. We also pro-

vide a detailed mathematical analysis to examine the effects of burst missing samples

on different joint-variable domain representations, such as IAF, ambiguity function

(AF) and TFR of such signals. The developed MI-SR iteratively updates the missing

IAF entries through sparse reconstruction and spectral estimation obtained during

subsequent iterations, while maintaining the TF-domain sparsity. By utilizing the
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1-D Fourier relationship between the IAF and the TFR, rather than the 2-D Fourier

transform relationship between the ambiguity and TF domains as in [55, 56], the

developed MI-SR technique presents significantly lower complexity and better con-

trol of the spectrum sparsity over each time instant. In particular, when applied

in conjunction with signal-adaptive TF kernels, the developed method achieves ef-

fective suppression of both cross-terms and artifacts due to incomplete observations.

Amongst various CS-based approaches, the developed work utilizes the OMP because

of its simplicity. However, other CS techniques, such as least absolute shrinkage and

selection operator (LASSO) and Bayesian CS [57–61], can also be used in lieu of the

OMP. The effectiveness of the developed algorithm is evaluated in terms of TFR re-

construction performance, artifact suppression capability, and reduced computational

complexity, through various analytical results and numerical examples. This research

work is extensively discussed in Sections 3.2 and 3.3.

We notice that the direct application of OMP-based methods may not be suit-

able to accurately reconstruct weaker signal components in the case when a multi-

component non-linear FM signal has large variation in the relative amplitudes of signal

components, and in particular, when the signal is received with burst missing sam-

ples. In that case, the identification of weaker signal components is misguided by the

stronger sinc-like artifacts concentrated around the stronger signal components. Fol-

lowing this observation, we develop two related, yet more generalized, non-parametric

iterative IAF-interpolation based methods as an extension of the MI-SR approach,

referred to as iterative adaptive missing data recovery (IA-MDR-1 and IA-MDR-2)

algorithms. The developed IA-MDR-1 and IA-MDR-2 algorithms utilize MIAA-based

Capon spectrum estimation [51, 52], in lieu of OMP, for the IAF domain data inter-

polation to recover and update missing IAF entries. In the developed IA-MDR-1 and

IA-MDR-2 techniques, spectrum estimation, missing sample recovery, and applica-

tion of TF kernels are iterated for performance enhancement. These two methods

overcome the limitation of the developed MI-SR approach and show robustness to

the amplitude level variation of different signal components. Further details of these

techniques can be found in Sections 3.4 and 3.5.
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1.2.2 Adaptive Local Filtering-Based Directional Time-Frequency Distri-

butions

As described earlier, when multi-component non-linear FM signals have large

variation in their amplitude levels, the average power of the cross-terms may be higher

than that of the auto-components of the weaker signal signatures. In such scenarios,

the aforementioned TF kernel and CS-based approaches, including OMP-based MI-

SR, often face challenges to recover weaker signal components. Such difficulties are

amplified in the presence of noise and burst missing data samples.

To overcome such issues, we present a new low-complexity technique that involves

local peak detection and filtering of the TFRs of underlying multi-component FM

signals. The developed approach, referred to as adaptive local filtering-based direc-

tional time-frequency distribution (ALF-DTFD), is motivated from the observation

that, after the application of signal adaptive TF kernel, at each time instant, the

peaks associated with the true IFs usually assume maximum amplitudes, whereas

the peaks due to undesired artifacts have much smaller amplitudes, within a window

of an appropriate length. With this large difference in amplitudes of the true IFs and

the artifacts within a local TF segment, the local characteristics of the signal are well

preserved and better represented if the threshold is adapted based on the local maxi-

mum values of the signal within such local TF window. In the developed ALF-DTFD,

at each time instant, peaks are first detected locally along the frequency axis within

the window of a desired length. Then, the peaks having amplitudes higher than the

threshold, specified as a percentage of the local maximum value, are retained, and low

amplitude artifacts are filtered out. In this work, we have used ADTFD [41] as the

signal-adaptive TF kernel, due to its proven superiority in enhancing the amplitude

difference between signal auto-components and artifacts after the kernel operation.

However, other signal-adaptive TF kernels can also be used in lieu of the ADTFD.

More details of this work can be found in Chapter 4.
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1.2.3 Sequential Time-Frequency Signature Estimation of Multi-Component

Signals

As indicated previously, when non-linear FM signals consist of multiple close com-

ponents with highly different amplitudes, an accurate auto-component identification

of weaker signal signatures poses a challenging scenario, specifically in the presence

of incomplete observations and noise. For such cases, we develop a new technique,

referred to as sequential missing data estimation-based time-frequency representation

(SME-TFR), in which the signal components are sequentially estimated in the order

from the strongest component to the weakest one. First, the TFR of the observed

signal is obtained after applying a signal-adaptive TF kernel. Then, the time-domain

signal waveform of the strongest signal component is constructed using the estimated

IFs, and its contribution is removed from the received signal through orthogonal pro-

jection. The procedure is successively implemented for weaker signal components

until the residual becomes negligible. As the refined estimation of the signal com-

ponents is independent of the missing data positions, the effects of the artifacts due

to incomplete observations are suppressed in the resulting TFRs, and energy con-

centration of the TFRs is also preserved. Further details of this work is provided in

Chapter 5.

1.2.4 Signal Self-Stationarization-Based Methods

A traditional sky-wave OTHR system suffers from poor range resolutions, typi-

cally measured in tens of kilometers, due to utilization of narrow signal bandwidth

constrained by the ionospheric conditions and some other limiting factors such as

presence of strong noise and severe fading due to the long operation range. While a

high range resolution is not required due to the early warning nature of the OTHR,

high-resolution in the order of few kilometers or less is desired for the target alti-

tude estimation to accurately determine the class of the target [15, 62, 63]. However,

the poor range resolution makes direct estimation of target parameters generally

infeasible.
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In OTHR systems, target returns from local-multipaths manifest themselves as

highly time-varying non-stationary signals in the TF domain. These Doppler frequen-

cies carry important information regarding the target’s geo-locations [64]. However,

impaired observing conditions in OTHR, coupled by high proximity of such signals in

TF domain, make high-resolution Doppler analysis of such multipath OTHR signals

extremely challenging, particularly when the target is maneuvering, thus yielding high

non-linearity in these Doppler signatures. Various TF techniques devised based on the

local-multipath model have been proposed, which attempt to resolve these Doppler

signatures to enable high-resolution target altitude estimation [15,62,63,65–68]. How-

ever, these techniques suffer from either a high computational complexity, requirement

of exhaustive parametric analysis, insufficient resolution or poor estimation accuracy

adversely affected by impaired observing conditions.

Such challenges motivated us to develop novel signal processing techniques for

robust and high-resolution analysis of these Doppler signatures in OTHR systems.

We develop two knowledge-based TF approaches based on group sparsity-based and

modified Viterbi-based techniques. We note that only difference Doppler component

needs to be estimated to obtain target elevation velocity, and its accurate estimation

may translate to high-resolution target altitude estimation. Following this observa-

tion, first, we remove nominal frequency component by taking a squared magnitude

of the noisy received signal. Then, based on the prior knowledge of the character-

istics of these demodulated Doppler signatures and their group sparsity, we formu-

late a group-sparse reconstruction problem and design the dictionary that effectively

represents the demodulated Doppler signatures as the appropriate harmonics of the

fundamental frequency component. Then, we effectively optimize the solution using

a block sparse Bayesian CS technique [69] to achieve high-resolution Doppler analysis

of multipath OTHR signals. We note that the utilization of hidden Markov model

(HMM)-based Viterbi algorithm, modified from the relevant algorithms presented

in [67,70,71] can provide fast and improved Doppler difference component estimation

in impaired observing environments. Based on this observation, we develop a mod-

ified Viterbi-based approach, in which we carefully design the penalty function that
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ensures signal continuity in the TF domain, discourages swift changes in the IFs and

gives higher weightage to the high energy TF points. The application of the developed

Viterbi-based approach on the demodulated Doppler signatures achieves an accurate

and high-resolution Doppler difference estimation with much lower computational

complexity than Bayesian-based approaches. The resulting robust TFR also achieves

effective noise and interference mitigation. By utilizing signal self-stationarization

and ensuring IF continuity, the developed approaches also show higher robustness to

the amplitude level variation of different signal components. Further details of these

techniques are provided in Chapter 6.
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CHAPTER 2

SIGNAL MODEL AND QUADRATIC

TIME-FREQUENCY DISTRIBUTIONS

In this chapter, we provide the signal models that are used throughout this disser-

tation. Some definitions related to various joint-domain representations, information

regarding signal-adaptive TF kernels and associated RIDs that we have utilized in

the developed work are also summarized in this chapter.

2.1 Notations

Different notations used throughout this dissertation are summarized in this sec-

tion.

• A lower (upper) case bold letter represents a vector (matrix).

• (·)∗, (·)T, and (·)H , respectively, stand for complex conjugation, transpose, and

conjugate transpose (Hermitian).

• Fs(·) and F−1
s (·), respectively, express the discrete Fourier transform (DFT)

and inverse DFT (IDFT) with respect to s.

• || · ||0 and || · ||2, respectively, denote the ℓ0-norm and ℓ2-norm of a vector.

• δ(t) and δ(t, τ), respectively, denote 1-D and 2-D Kronecker delta functions.

• ⌈a⌉ denotes the ceiling function which returns the least integer greater than or

equal to a.

• Notation ∗
t
indicates convolution with respect to t.

• bdiag(·) represents a block diagonal matrix.
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• IW denotes the W ×W identity matrix.

• Tr(·) stands for matrix trace.

• x ∼ CN (µ, σ2) defines a complex Gaussian distributed variable x with mean µ

and variance σ2.

2.2 Signal Model

Consider a K-component discrete-time FM signal, expressed as

s(t) =
K∑
k=1

ak exp(ȷϕk(t)), t = 1, ..., T, (2.1)

where T is the total number of samples, ak and ϕk(t), respectively, represent the

amplitude and time-varying angular phase of the kth signal component. For a mono-

component signal K = 1. In the case when the signal components have distinct

amplitude levels, those components are labeled according to their amplitude levels,

from the highest to the lowest, i.e., a1 ≥ a2 ≥ ... ≥ aK .

Denote x(t) = s(t)+η(t) as the noisy signal corrupted by zero-mean complex white

Gaussian noise η(t). Let the signal r(t) be observed with a total of N compressed

measurements. We assume that a total number of N̄ = T−N missing observations are

clustered into B mutually non-overlapping groups, and their positions are assumed to

be randomly distributed over time. Denote N̄b as the number of missing samples in

the bth burst for b = 1, ..., B. The total number of missing samples is N̄ =
∑B

b=1 N̄b,

with 0 ≤ N̄ < T .

Denote S ⊂ {1, ..., T} as the set of observed time instants with a cardinality of

|S| = N . Similarly, we define the set of missing entries related to the bth burst as

S̄b = {tb1, ..., tbN̄b
} for b = 1, ..., B, and denote S̄ =

⋃B
b=1 S̄b as the complete set of

missing samples with |S̄| = N̄ . Then, the observed signal, r(t), can be expressed as

the product of x(t) and an observation mask, Υ(t), i.e.,

r(t) = x(t) ·Υ(t), (2.2)
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where

Υ(t) =

1, if t ∈ S,

0, if t /∈ S.
(2.3)

Similarly, the missing data can be expressed as the product of the noisy signal,

x(t), and the missing data mask, M(t), i.e.,

m(t) = x(t) ·M(t), (2.4)

where the missing data mask is defined as

M(t) = X(t)−Υ(t) =
B∑
b=1

N̄b∑
n=1

δ(t− tbn) =
N̄∑
i=1

δ(t− ti), tbn ∈ S̄b, ti ∈ S̄. (2.5)

The original signal mask, X(t), is an all-pass mask, i.e.,

X(t) = 1, ∀t. (2.6)

Note that Υ(t) = X(t) and r(t) = x(t) for N̄ = 0. From (2.4) and (2.5), the missing

signal is expressed as

m(t) =
B∑
b=1

N̄b∑
n=1

x(tbn)δ(t− tbn) =
N̄∑
i=1

x(ti)δ(t− ti), tbn ∈ S̄b, ti ∈ S̄. (2.7)

It should be noted that the random missing sample scenario can be considered as

a special case of the underlying burst missing sample scenario with B equal to N̄ and

N̄b equal to 1 in the above expressions.

2.3 Joint-Variable Domain Representations

In addition to the joint TF domain, non-stationary signals can also be represented

in other joint-variable domains. The other two commonly used joint-variable domains

are the ambiguity domain and the time-lag domain (also referred to as the IAF

domain). From the perspective of TF analysis of non-stationary signals with burst

missing samples, signal representations in these join-variable domains are effective,

attributed to the different features offered by these domains. For example, for each
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time instant the IAF of a non-stationary FM signal is stationary with respect to the

lag τ . This fact is used to obtain robust TFRs from the IAF through the 1-D Fourier

transform or the corresponding sparse reconstruction. On the other hand, TF kernels

can be conveniently designed as multiplicative functions in the ambiguity domain, as

opposed to a convolutive function in the other domains.

The IAF of x(t) is defined in the IAF domain in terms of time t and lag τ as

Rxx(t, τ) = x (t+ τ)x∗ (t− τ) . (2.8)

The AF of a signal is a joint representation with respect to frequency shift θ and

lag τ . The AF is obtained by applying a 1-D DFT to the IAF, Rxx(t, τ), with respect

to time t, and can be expressed as

Axx(θ, τ) = Ft[Rxx(t, τ)] =
∑
t

Rxx(t, τ)e
−ȷ2πθt. (2.9)

The WVD can be obtained by taking the 1-D DFT of the IAF, Rxx(t, τ), with

respect to τ , and can be expressed as

Wxx(t, f) = Fτ [Rxx(t, τ)] =
∑
τ

Rxx(t, τ)e
−ȷ4πfτ . (2.10)

Note that, in the above DFT expression, 4π is used instead of 2π because only inte-

ger valued lags, τ , are considered in (2.8). Consequently, the WVD can be interpreted

as the 2-D DFT of the corresponding AF of the same signal under consideration.

2.4 Signal-Adaptive Time-Frequency Kernels

Signal-adaptive TF kernels [40, 41] have been shown to be effective in mitigating

undesired effects of cross-terms and missing data induced-artifacts from the respective

TFDs.

2.4.1 Adaptive Optimal Kernel

The radially Gaussian kernel function-based AOK [40] is one of the popular choices

of such data-dependent TF kernels. AOK is obtained by solving the following opti-
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mization problem defined in the polar coordinates for each time-localized, short-time

ambiguity function (STAF) [40]:

max
Ψ

∫ 2π

0

∫ ∞

0

|A(α, φ)Ψ(α, φ)|2α dα dφ

subject to Ψ(α, φ) = exp
(
− α2

2σ2(φ)

)
,

1

4π2

∫ 2π

0

σ2(φ) dφ ≤ β,

(2.11)

where A(α, φ) is the AF in the polar coordinate, Ψ(α, φ) is the Gaussian kernel

function, σ(φ) is the spread function that controls the spread of the Gaussian kernel

at the radial angle φ = arctan(τ/θ), α =
√
θ2 + τ 2 is the radius, and parameter

β > 0 controls the volume of the kernel, which trades off between the auto-component

smearing and the cross-component suppression.

The time-localized TFR corresponding to each optimized AOK can be computed

by taking the 2-D DFT of the corresponding kerneled AF, Ā(α, φ) = A(α, φ)ΨOPT(α, φ).

After converting the kerneled AF to the rectangular coordinate system, the corre-

sponding TFR is expressed as

DAOK(t, f) = Fτ{F−1
θ [Ā(θ, τ)]}. (2.12)

The artifacts due to random missing samples that are concentrated along the

τ = 0 axis in the ambiguity domain may misguide the AOK optimization to favor

such artifacts and generate highly distorted TFRs [20]. However, such artifacts can be

mitigated by attenuating the presence of the AF along the τ = 0 axis. In contrast to

that, as we will see in Section 3.2, the burst missing samples-induced artifacts spread

around the auto-terms in the ambiguity domain, and thus are much more difficult to

be suppressed.
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2.4.2 Adaptive Directional Time-Frequency Distribution

The ADTFD [41], χadapt(t, f), is obtained using the 2-D convolution of a quadratic

TFR, χ(t, f), with an adaptive directional smoothing kernel as follows:

χadapt(t, f) = χ(t, f) ∗
t
∗
f
Ψϑ(t, f), (2.13)

where ∗
t
∗
f
denotes 2-D convolution with respect to both time index t and frequency

index f , and Ψϑ(t, f) is the double derivative directional Gaussian filter (DD-DGF)

defined as

Ψϑ(t, f) =
κw

2π
e−κ2t2ϑ−w2f2

ϑ(1− κ2f 2
ϑ), (2.14)

where tϑ = t cos(ϑ) + f sin(ϑ), fϑ = f cos(ϑ) − t sin(ϑ), ϑ is the rotation angle with

respect to the time axis, and κ and w are parameters that control the spread of

the DD-DGF, respectively, along the time and frequency axes. In order to suppress

cross-terms while preserving the resolution of auto-terms, the direction of a smoothing

kernel should remain aligned with the major axis of auto-terms and cross-terms. The

direction of the DD-DGF is optimized locally for each TF point by maximizing the

correlation of the directional kernel with the modulus of a underlying quadratic TFR

as follows:

ϑ(t, f) = argmax
ϑ

∣∣∣∣|χ(t, f)| ∗t ∗f Ψϑ(t, f)

∣∣∣∣ . (2.15)

Note in the above expression that the modulus of the χ(t, f) is considered to avoid

the oscillatory effects of the cross-terms.
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2.5 Reduced-Interference Distributions

The utilization of TF kernels renders effective RIDs. The kernel operation in the

IAF domain can be represented as a mixed multiplication/convolution operation. A

general form of the reduced-interference TF distribution, DRID(t, f), is given by

DRID(t, f) = Fτ

[
Ψ(t, τ) ∗

t
Rxx(t, τ)

]
= Fτ

[∑
ν

Ψ(t− ν, τ)Rxx(ν, τ)
]

=
∑
τ

∑
ν

Ψ(t− ν, τ)Rxx(ν, τ)e
−ȷ4πfτ ,

(2.16)

where Ψ(t, τ) is the kernel function in the IAF domain. Note that, in (2.16), 4π is

used instead of 2π, because the lag in (2.8) is 2τ .

2.6 Multipath Propagation Geometry in Over-the-Horizon-Radar

A traditional sky-wave OTHR utilizes ionospheric reflections and refractions of the

radar signals to detect targets that are located well beyond the limit of conventional

line-of-sight radars, and thus performs wide-area surveillance. In practice, different

multipath signals of a target, generated due to the local multipath, manifest them-

selves as distinct, yet closely separated, and highly time-varying Doppler frequency

signatures in TF domain. These Doppler signatures provide useful information on

target geo-locations [64].

We consider a monostatic OTHR system with a flat-earth, local multipath prop-

agation model [72] that assumes propagation through the stable E-layer of the iono-

sphere. This geometry is depicted in Fig. 2.1, where R and h are, respectively, the

time-varying ground range and target altitude, whereas H is the height of the iono-

sphere which is considered constant over the processing interval and known from

periodic ionosonde measurements. In Fig. 2.1, the propagation paths and target be-

low the ionosphere layer are the true ones, whereas those above the ionosphere layer

are the equivalent of these paths, illustrated for computational convenience of the

associated slant ranges.
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Figure 2.1. Local multipath propagation model.

From Fig. 2.1, the slant ranges associated with multipaths I and II are respectively

given by

l1 =
(
R2 + (2H − h)2

)1/2
, l2 =

(
R2 + (2H + h)2

)1/2
. (2.17)

Since h≪ H ≪ R holds in practice, the slant ranges can be computed using the

Taylor series approximations as follows:

l1 ≈ R +
2H2 − 2Hh

R
, l2 ≈ R +

2H2 + 2Hh

R
. (2.18)

The horizontal and the vertical velocities of a target are respectively defined as

Ṙ(t) = dR(t)/dt and ḣ(t) = dh(t)/dt, where (t) is used to emphasize the time-

dependency of the target parameters. From (2.18), we obtain

dl1(t)

dt
≈ Ṙ(t)− 2H2

R2(t)
Ṙ(t)− 2H

R(t)
ḣ(t),

dl2(t)

dt
≈ Ṙ(t)− 2H2

R2(t)
Ṙ(t) +

2H

R(t)
ḣ(t).

(2.19)

The model presented in Fig. 2.1 has three unique round-trip propagation paths,

created due to the local multipaths: (i) Mode I-I: when both transmit and receive

signals follow path I, (ii) Mode II-II: when both transmit and receive signal follow
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path II, and (iii) Mode I-II: when the receive signal follows different path than the

transmit signal (i.e., either path I-II or II-I). The associated Doppler frequencies of

these three different round trip propagation paths are, respectively, obtained as

fi(t) = −
2fm
c

dl1(t)

dt
≈ −2fm

c
J(t)Ṙ(t) +

4fmH

R(t)c
ḣ(t),

fii(t) = −
2fm
c

dl2(t)

dt
≈ −2fm

c
J(t)Ṙ(t)− 4fmH

R(t)c
ḣ(t),

fiii(t) = −
fm
c

dl1(t) + dl2(t)

dt
≈ −2fm

c
J(t)Ṙ(t),

(2.20)

where fm is the carrier frequency, c is the speed of the electromagnetic wave propaga-

tion, and for simplicity, we define J(t) = 1− 2H2/R2(t). It is clear from (2.20) that

the Doppler frequencies for the first path and the second path are symmetric around

that of the third path. Note that, in (2.20), the component −2fmJ(t)Ṙ(t)/c is shared

by all three paths and carries an important information regarding the target velocity

in the range direction. We refer to it as the nominal Doppler frequency, denoted as

fN(t) =
−2fmJ(t)Ṙ(t)

c
. (2.21)

Similarly, we represent the differential Doppler component as

fD(t) =
4fmHḣ(t)

R(t)c
, (2.22)

which reveals an important information regarding elevation velocity, ḣ(t), of a target.

Then, we can rewrite (2.20) as

fi(t) = fN(t) + fD(t),

fii(t) = fN(t)− fD(t),

fiii(t) = fN(t).

(2.23)

From (2.20), it is clear that an accurate estimation of Doppler difference fD(t)

plays a crucial role in target altitude estimation and tracking. However, the target

altitude and its elevation velocity are, respectively, much smaller than the target

range and its horizontal velocity. Hence, fD(t) is very small compared to fN(t), thus
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making its accurate estimation challenging, particularly for a maneuvering target with

time-varying nominal Doppler frequency signatures.

Let an and ϕn(t), n = 1, ..., 3, respectively, be the magnitude and the instantaneous

phase of the nth path. Then, the noise-free received signal can be expressed as

s(t) =
3∑

n=1

an exp(ȷϕn(t)), (2.24)

where the phase laws of the three unique multipaths are given by

ϕ1(t) = −2π
∫ t

0

fi(t)dt = ψN(t)− ψD(t),

ϕ2(t) = −2π
∫ t

0

fii(t)dt = ψN(t) + ψD(t),

ϕ3(t) = −2π
∫ t

0

fiii(t)dt = ψN(t),

(2.25)

where ψN(t) = 4 πfmJ(t)R(t)/c and ψD(t) = 8πfmHh(t)/(R(t)c). Note that the

change in R(t) over the processing time is negligible, and thus it can be treated as

a constant when obtaining the phase ϕn(t), n = 1, ..., 3. Due to the symmetry of

Doppler signatures in (2.23), the sign of the Doppler difference cannot be obtained

using local multipath-based approaches.
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CHAPTER 3

NON-PARAMETRIC ITERATIVE IAF

INTERPOLATION-BASED TIME-FREQUENCY

REPRESENTATIONS

In this chapter, we develop non-parametric iterative IAF interpolation-based tech-

niques for robust TFR recovery of non-stationary signals which are sparsely repre-

sented in TF domain and observed with incomplete measurements.

We observe that, compared to random missing data, burst missing samples pose

a more challenging scenario for signal detection and analysis, and are commonly

observed in many radar-based applications. Hence, in this chapter, we investigate

those effects on various joint-variable domain representations, namely, the IAF, AF

and TFR, in details. We then develop a non-parametric iterative CS-based algorithm,

referred to as the missing data iterative sparse reconstruction (MI-SR), for reliable

sparse recovery of such signals in the joint-variable domains from the observed data

with a high proportion of missing samples. In particular, the MI-SR is applied in

the IAF domain because the IAF of non-stationary signals is stationary with respect

to lag, τ , at each time instant. By utilizing the 1-D Fourier relationship between

the IAF and TFR, the developed approach iteratively recovers missing samples in

the IAF domain through sparse reconstruction using, e.g., the OMP method, while

maintaining the TF-domain sparsity.

The performance of the developed MI-SR technique is evaluated in terms of re-

liable TFR recovery, cross-term and artifact suppression, high energy concentration

of the resulting TFRs and reduced computational complexity, through various an-

alytical and numerical results. As FM signals occupy a large portion of practical

non-stationary signals, we use polynomial-phase FM signals to evaluate the perfor-

mance of developed MI-SR, with the emphasis on non-linear FM signals. Similarly,
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we utilize the scenarios of burst missing samples to show successful TFR recovery

and IF estimation of such signals with elevated difficulties. However, it is worth

noting that the developed approach works well for both random and burst missing

data samples, and can be successfully applied to linear FMs or other types of non-

stationary signals. The results are compared with the kernel-based approach [43] and

the MIAA-based methods [50,53]. The superiority of the developed MI-SR approach

over these methods is evident in various simulation results, which are mainly benefited

from the effective utilization of the high sparsity of the FM signals. The developed

MI-SR method can also be applied to kerneled IAF for further cross-term reduction

and performance improvement.

It is noted that, while the developed work utilizes OMP to perform iterative TFR

reconstruction, other CS methods, such as LASSO [57] and Bayesian CS [58–61]

techniques can also be used. In particular, the Bayesian CS [58–61] can be modified

to account for the continuous-IF structure [45,73]. Therefore, use of such techniques,

in lieu of the OMP in the developed MI-SR, may yield improved performance, but

generally at a higher computational complexity.

Then, we further extend the work presented in MI-SR to handle non-stationary

signals with large variations in their amplitude levels. We develop two related al-

gorithms in this direction, referred to as iterative adaptive missing data recovery

(IA-MDR) techniques, in which we iteratively recover and update missing data in the

IAF domain through data interpolation using MIAA-based Capon spectrum estima-

tion [51, 52], in place of OMP, and in conjunction with signal-adaptive TF kernels.

Unlike MI-SR, in which signal adaptive TF kernel is applied at the end of the iter-

ative process, the use of signal adaptive TF kernels is incorporated in the iterative

process itself in the presented IA-MDR techniques for further performance improve-

ments. Besides, as explained in Section 3.2 and Section 3.3.3, the original observed

IAF entries are retained to prevent skewing of the IAF-interpolation operation by TF

kernels, and the energy levels of the IAFs obtained after various stages are mapped

to the energy levels of the original IAF.
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3.1 Background and Motivation

The concept of exploiting iterative frequency spectrum estimation and missing

sample filling is inspired by the MIAA [50], which was developed for the spectrum

estimation of stationary signals. In each iteration of MIAA, sequential estimation of

the Capon spectrum is performed to minimize the weighted least squares between the

received signal vector and its estimates. Then, missing samples are recovered based on

the estimated frequencies and their coefficients. While the MIAA cannot be directly

applied to non-stationary signals, we can take advantage of the stationary Fourier

transform relationship between the IAF and the TFR, and thus apply the MIAA in

TFR reconstruction using these two domains, as done in [53]. While this approach

works relatively well for mono-component FM signals, the presence of excessive cross-

terms and artifacts due to incomplete observations remains an issue in the respective

TFRs. Besides, the application of MIAA in IAF domain alone renders insufficient

for signal auto-component recovery in the case of multi-component non-stationary

signals and when missing samples occur in groups.

On the other hand, based on the fact that, usually, FM signals are sparsely repre-

sented in the TF domain, CS-based techniques, which exploit the signal sparsity, can

be used for TFR reconstruction. Various CS-based TFR reconstruction has success-

fully found applications in, e.g., radar, communications, direction finding, satellite

navigation, and observational astronomy [49,73–82].

Such facts and limitations of the aforementioned approaches [50, 53] motivate

us to develop other CS-based techniques to obtain robust TFRs of non-linear non-

stationary signals in the presence of a large number of missing observations. In

the developed MI-SR work, we further extend the concept of IAF interpolation-based

TFR recovery, presented in [53], with an aim to provide a resilient TFR reconstruction

of such signals under the compressive sensing framework. In the developed work, we

use OMP, in lieu of the Capon method, for the spectrum estimation in each iteration.

Besides, the spectrum estimation, TFR reconstruction and missing samples recovery

are iterated for performance improvement. Because of the clear sparsity of the TFR
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structures, the developed method yields more effective TFR reconstruction and better

performance.

We note that radar signal returns from maneuvering targets with different radar

cross-sections are manifested as non-linear multi-component FM signals with a sig-

nificant difference in their amplitude levels. In that case, the identification of weaker

signal components poses a challenging scenario, particularly in the impaired observ-

ing conditions. Although utilization of compressive sensing and sparse reconstruction

techniques in conjunction with signal-adaptive TF kernels [20, 45, 47, 48], including

developed MI-SR, generally provides better TFR reconstruction results, these ap-

proaches may not provide effective auto-term identification of weaker signal compo-

nents for such signals in the presence of group missing samples, which will also be

verified in Chapter 4 and Chapter 5.

In such cases, the recently developed sparse reconstruction-based TF analysis tech-

niques, such as ALF-DTFD from Chapter 4, SME-TFR from Chapter 5, atomic norm

minimization-based IAF method [83] and annihilating filter-based low-rank Hankel

matrix (ALOHA)-based method [84], perform relatively well in retrieving weaker

signal components. However, these methods either rely on the accuracy of the un-

derlying TFRs, are sensitive to frequency quantization errors, require cumbersome

manual tuning of the parameters, or suffer from high computational complexity.

The above observations and aforementioned limitations of the existing methods

motivated development of presented iterative adaptive missing data recovery (IA-

MDR-1 and IA-MDR-2) algorithms. Similar to MI-SR, developed IA-MDR-1 and

IA-MDR-2 also iteratively perform missing data recovery in the IAF domain; How-

ever, a signal adaptive TF kernel is incorporated in the iterative process itself. In the

developed IA-MDR-1 and IA-MDR-2 techniques, spectrum estimation, missing sam-

ple recovery and application of TF kernels are iterated for performance improvement.

Both IA-MDR-1 and IA-MDR-2 techniques are found to be effective in resolving

weaker signal components when the FM signal has multiple closely separated com-

ponents with large variations in their relative amplitudes, and the signal contains a

large number of missing data samples, while some of the state-of-the-art techniques
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fail to recover the weaker signal components. By incorporating IAF averaging opera-

tion, developed IA-MDR-2 algorithm provides slightly improved TFR reconstruction

performance compared to the IA-MDR-1 technique and is more suited for online

implementation.

3.2 Effects of Burst Missing Samples

Each missing sample in the time domain produces two diagonal lines of missing

entries, meeting at the temporal position of the missing sample, in the corresponding

IAF of the received signal [43]. As the TFR and the AF are related to the IAF through

a 1-D Fourier transform, the random missing entries in the IAF induce undesired

noise-like artifacts, which are uniformly distributed along the frequency axes in the

corresponding TFR and AF [43]. However, the characteristics of the yielding artifacts

are different in the case of burst missing samples. In this section, we undertake

a detailed analysis of the effects of burst missing samples on various joint-domain

representations.

3.2.1 Mathematical Analysis of the Effects of Burst Missing Samples

In this subsection, a detailed mathematical analysis of the effects of burst missing

samples on various joint-domain representations is presented.

From (2.2) and (2.8), the IAF of r(t) is expressed as the product of the IAF of

x(t) and the IAF of the observation mask Υ(t), i.e.,

Rrr(t, τ) = Rxx(t, τ)RRR(t, τ). (3.1)

In this expression, the IAF of Υ(t), RRR(t, τ), is a binary masking function and can

be decomposed into the following terms:

RRR(t, τ)= Rxx(t, τ) +RMM(t, τ)−RSM(t, τ)−RMS(t, τ), (3.2)

where Rxx(t, τ) and RMM(t, τ) are the IAFs of the all-pass mask X(t) and the missing

data mask M(t), respectively, and RSM(t, τ) and RMS(t, τ) are two IAF cross-terms
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between M(t) and X(t). Using (2.5) and (2.8), the cross-term IAF RSM(t, τ) is given

by

RSM(t, τ) =
N̄∑
i=1

x(t+ τ)δ(t− ti − τ)

=
B∑
b=1

N̄b∑
n=1

x(t+ τ)δ(t− tbn − τ)

=
B∑
b=1

 N̄b∑
n=1

T∑
t0=1

δ(t− t0, τ − t0 + tbn)


=

B∑
b=1

RSMb
(t, τ),

(3.3)

where ti ∈ S̄ and tbn ∈ S̄b, and RSMb
(t, τ) =

∑N̄b

n=1

∑T
t0=1 δ(t − t0, τ − t0 + tbn) is

a rectangular strip with width N̄b and is diagonally placed with a positive slope.

Similarly, the cross-term IAF RMS(t, τ) is given by

RMS(t, τ) =
N̄∑
i=1

δ(t− ti + τ)x(t− τ)

=
B∑
b=1

N̄b∑
n=1

δ(t− tbn + τ)x(t− τ)

=
B∑
b=1

 N̄b∑
n=1

T∑
t0=1

δ(t− t0, τ + t0 − tbn)


=

B∑
b=1

RMSb
(t, τ),

(3.4)

where RMSb
(t, τ) =

∑N̄b

n=1

∑T
t0=1 δ(t − t0, τ + t0 − tbn) is a rectangular strip with

width N̄b and is diagonally placed with a negative slope. Therefore, these two IAF

cross-terms, RSM(t, τ) and RMS(t, τ), form B pairs of missing strips, each with width

N̄b.
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On the other hand, RMM(t, τ) is expressed as

RMM(t, τ) =
N̄∑
i=1

δ(t− ti + τ)
N̄∑
k=1

δ(t− tk − τ)

=
B∑

b1=1

N̄b1∑
n1=1

δ(t− tb1n1 + τ)
B∑

b2=1

N̄b2∑
n2=1

δ(t− tb2n2 − τ)

=
B∑

b1=1

B∑
b2=1

N̄b1∑
n1=1

N̄b2∑
n2=1

δ(t− tb1n1 + τ)δ(t− tb2n2 − τ)

=
B∑

b1=1

B∑
b2=1

N̄b1∑
n1=1

N̄b2∑
n2=1

δ

(
t− tb1n1+tb2n2

2
, τ ± tb1n1−tb2n2

2

)
.

(3.5)

Note that the entries of the Delta function in the last line take non-zero values only

when tb1n1− tb2n2 is zero or an even integer. These entries defined in the above

expression (3.5) can be classified into two groups. Entries in the first group belong

to the same bursts and are clustered around the time axis (i.e., τ = 0 axis), whereas

those in the second group correspond to different bursts and are clustered away from

the time axis. These two groups of entries are respectively expressed as

RMM(t, τ) = Rauto
MM(t, τ) +Rcross

MM (t, τ)

=
B∑
b=1

N̄b∑
n1=1

N̄b∑
n2=1

δ

(
t− tbn1+tbn2

2
, τ ± tbn1−tbn2

2

)

+
B∑

b1=1

B∑
b2=1,b2 ̸=b1

N̄b1∑
n1=1

N̄b2∑
n2=1

δ

(
t− tb1n1+tb2n2

2
, τ ± tb1n1−tb2n2

2

)
.

(3.6)

For illustration purposes, examples of missing mask entries are depicted in Fig.

3.2(d) where the auto-burst terms are depicted in red color, whereas the cross-burst

terms are depicted in yellow color.

Based on the above discussions, the overall difference in the mask IAF due to the

missing data samples can be defined as

RD(t, τ) = Rxx(t, τ)−RRR(t, τ)

= RSM(t, τ) +RMS(t, τ)−RMM(t, τ).
(3.7)

The missing entries of IAF, located at positions of unit-valued entries of RD(t, τ),

induce a high level of undesired artifacts in the WVD and AF of the received signal.
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Due to their 1-D Fourier transform relationships, each missing IAF strip causes a

convoluting sinc function applied to the original WVD and AF, yielding sinc-like

artifacts in both the WVD and the AF. As clearly observed in Fig. 3.2(e), due to the

superimposition of different sinc-like patterns created by the combination of different

bursts of missing data, these artifacts are manifested as a highly localized aliased

structure around the true IFs in the WVD, thereby greatly obscuring the proper

identification of the true TF signatures. In that sense, the artifact patterns created

due to burst missing samples greatly differ to the results caused by random missing

samples and create a more challenging situation for signal detection. Similarly, the

convoluting sinc function-like artifact patterns are clustered near auto-components

in the ambiguity domain, which increase difficulties in signal auto-term and cross-

term separation. This fact makes the suppression of artifacts due to missing samples

much more difficult through simple ambiguity-domain filtering. Also note that, unlike

additive noise, the effects of these artifacts cannot be mitigated by increasing the

signal power.

In practice, the length of the rectangular window along the lag, τ , dimension varies

as a function of t as follows:

Q(t) = T − |T + 1− 2t|, t = 1, ...T. (3.8)

Due to zero-padding created by this window effect, the total number of non-zero

entries of Rxx(t, τ) is reduced to Q(t) at a given time t. Thus, for x(t) with T samples,

the total number of non-zero entries of Rxx(t, τ) will be equal to T 2/2 if T is even,

and (T 2 +1)/2 if T is odd. Similar to the uniform missing data case [43], for an even

value of T , the number of unit-value entries of RD(t, τ) in the presence of N̄ missing

data samples will be equal to the number of missing entries in Rrr(t, τ), which can

be well approximated as

Ñ = N̄T − N̄2/2. (3.9)
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3.2.2 Demonstration Examples

To visualize the above discussions regarding the effects of burst missing samples,

we consider a single-component FM signal, for which the instantaneous phase law is

given by,

ϕ(t) = 2π(0.05t+ 0.05t2/T + 0.1t3/T 2), (3.10)

where t = 1, ..., T , with T being selected as 128. In order to clearly demonstrate the

effects of burst missing samples on the IAF, the TFR, and the AF, we consider the

noise-free case.
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Figure 3.1. The original signal: (a) Real part of the signal; (b) The
IAF; (c) The WVD; (d) The AF.
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Fig. 3.1(a) shows the real-part of the original signal waveform without missing

samples. Fig. 3.1(b) shows the IAF magnitude of the original signal. In Fig. 3.1(b),

due to the windowing effect created by zero-padding of the time-domain data, the

non-zero entries of the IAF are shown in the diamond shaped region, as depicted

in (3.8). The magnitude of the IAF is constant within the diamond-shaped region,

because the underlying FM signal has only one component. Fig. 3.1(c) shows the

corresponding WVD. In this figure, some cross-term distortions in the center region

are observed due to the bilinear nature of the WVD corresponding to the underlying

non-linear FM signal. Fig. 3.1(d) shows the AF whose magnitude is symmetric about

the origin.

In the following, we present several examples to demonstrate the effects of burst

missing samples. In all these examples, the total number of missing samples is 48,

which amounts to 37.5% of the data length. We first consider 6 missing bursts with an

equal width of 8 samples. We then consider two different cases, which, respectively,

have 3 missing bursts with a burst width of 16 samples, and 12 missing bursts with 4

samples in each burst, to examine the effect of the burst width. Finally, we consider

an example of 6 missing bursts with mixed burst widths.

Missing Bursts with Equal Widths

In the first example, we consider missing data bursts with an equal number of

missing samples in each burst. The missing samples form 6 bursts in total, with 8

samples in each burst.

Fig. 3.2(a) shows the real part of the received signal with 48 burst missing data

samples, where missing data positions are marked with red dots. Fig. 3.2(b) shows

the corresponding IAF magnitude. The missing entries of the IAF are related to the

burst missing samples, and appear grouped as well, as each missing sample in the

time-domain waveform causes two diagonal missing lines in the IAF. From (3.9), the

total number of missing IAF entries in the diamond shaped region is 4992, which

amounts to about 61% of the total entries of the original IAF. Fig. 3.2(c) shows
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Figure 3.2. The received signal with 48 (i.e. 37.5%) missing samples,
with 6 bursts of missing samples, each burst having width of 8 samples:
(a) Real part of the signal; (b) The IAF; (c) Missing entries of the IAF;
(d) Explanation of different terms regarding missing IAF entries; (e) The
WVD; (f) The AF.
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missing IAF entries of the aforementioned received signal, marked in yellow color.

These unit-valued entries denote RD(t, τ), as defined in (3.7). Fig. 3.2(d) illustrates

different mathematical terms related to these missing entries, defined in (3.3)–(3.5).

The green and blue rectangle strips, respectively, show the components of RSM(t, τ)

and RMS(t, τ), whereas the red and yellow diamond shaped regions, respectively,

correspond to the auto-burst and cross-burst intersections.

Fig. 3.2(e) shows the corresponding WVD. The aliasing structure created as a

result of superimposed sinc-like artifacts patterns, induced due to different groups

of burst missing data, is clearly visible in Fig. 3.2(e). Because each missing data

burst has the same width, the artifacts are linked with a single sinc function. Fig.

3.2(f) shows the AF which, when compared to Fig. 3.1(d), is clearly blurred around

the auto-terms. Note that, unlike the random missing sample case, where strong

artifacts exist along the τ = 0 axis, such artifacts are spread around auto-terms in

Fig. 3.2(f) with a convolutive sinc function, making the auto-term identification and

artifact mitigation difficult.

Effects of the Burst Width on the TFR

In this example, we demonstrate the effects of the burst width, N̄b, on the corre-

sponding TFRs. The same signal as defined in (3.48) is assumed, and missing bursts

with an equal width are considered. To clearly examine the effects of the burst width,

the total number of missing samples, N̄ , is kept the same. We consider two cases,

respectively, with the burst widths equal to 16 and 4, and compare the findings with

the results obtained in the previous example, where the missing bursts with an equal

width of 8 samples are considered.

Fig. 3.3(a) shows the real part of the received signal with 48 burst missing data

samples, where the missing samples form a total of 3 bursts, with 16 samples in each

burst. Fig. 3.3(b) shows the IAF with clear burst missing entries. Figs. 3.3(c) and

3.3(d), respectively, show the WVD and the AF, where aliasing structures due to sinc-

like artifact patterns are clearly visible in both plots. In Fig. 3.3(c), the artifacts with
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Figure 3.3. The received signal with 48 missing samples, with 3 bursts
of missing samples, each burst having width of 16 samples: (a) Real part
of the signal; (b) The IAF; (c) The WVD; (d) The AF.

as high energy peaks as the true signal components are closely concentrated around

the true IFs, making the identification of the true signal components challenging.

Because of the wide missing sample burst width, the sinc function has a narrower

spreading. The artifacts in the AF are clearly visible and are highly concentrated near

the auto-terms with comparable amplitudes. We will see in the subsequent section

that this poses a great challenge for TF kernels in terms of cross-term suppression

and auto-term preservation, resulting in poor TFR reconstruction results.
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Figure 3.4. The received signal with 48 missing samples, with 12 bursts
of missing samples, each burst having width of 4 samples: (a) Real part
of the signal; (b) The IAF; (c) The WVD; (d) The AF.

Fig. 3.4(a) shows the real part of the received signal with 48 burst missing data

samples, where the total number of bursts is 12, with each burst containing 4 miss-

ing samples. Figs. 3.4(b) and 3.4(c), respectively, show the corresponding IAF and

the WVD. As seen in Fig. 3.4(c), the aliasing structure is created as a result of su-

perimposed sinc-like artifact patterns, which are spread with a greater separation in

the frequency domain because of the narrower missing data bursts. In this case, the

multiple resolved aliasing components are clearly observed. Similar observations can

be made for the AF shown in Fig. 3.4(d).
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These examples confirm that, for the same number of burst missing samples, the

given FM signal can be better reconstructed for the higher number of missing data

bursts with a smaller number of missing samples in each burst, compared to the case

that involves a smaller number of groups of the burst missing data with larger widths.

The bursts of missing data with larger widths also adversely affect the shape of the

reconstructed signal, along with quality.

Missing Bursts with Varying Widths

In this example, we consider missing data bursts with different number of missing

samples in each burst, i.e., the width N̄b varies for different bursts. For comparison

purposes, we consider the same signal as defined in (3.48), and the total number of

missing samples remains 48. The 6 missing bursts, respectively, contain 11, 9, 4, 6, 8

and 10 missing samples.

Figs. 3.5(a)–3.5(d), respectively, show the real part of the received signal, the

corresponding IAF, the WVD, and the AF. As seen in Fig. 3.5(c), the WVD of the

received signal is comparable to the WVD of the Fig. 3.2(e). However, the varying

widths of the missing data bursts make the artifacts more random. In this case, the

AF shown in Fig. 3.5(d) also becomes blurred with an unclear structure.

3.3 Sparse Reconstruction Using MI-SR

In this section, we describe the MI-SR approach developed for sparse TFR recov-

ery. At each time instant t, we denote x(t) as the P × 1 TF vector, and y(t) as the

Q(t)× 1 IAF vector, where Q(t) is defined in (3.8). These two vectors are related by

the following formula,

y(t) = D(t)x(t), ∀t, (3.11)

where D(t) is the Q(t)× P dictionary matrix performing 1-D IDFT. Note that D(t)

is time-dependent because of the different zero-padding patterns at different time

locations. The objective of the MI-SR is to provide a robust reconstruction of TFR
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Figure 3.5. The received signal with 48 missing samples, with 6 bursts
of missing samples, each burst having different number of missing samples:
(a) Real part of the signal; (b) The IAF; (c) The WVD; (d) The AF.

vector x(t) from y(t), where y(t) is subject to missing entries, as discussed in the

previous section. Note that the TFR matrix is obtained by horizontally concatenating

the vector x(t) over all time instants t = 1, ..., T , as X = [x(1),x(2), ...,x(T )].

As all the operations in this section are performed at each time instant t, we omit

superscript (t) from the expressions of x(t) and y(t) for notational simplicity. Similarly,

we also simplify D(t) as D, and Q(t) as Q.
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3.3.1 Problem Formulation

Denote P as the number of grid points in the frequency domain with fp, p =

1, ..., P , being the corresponding frequencies. Consider a K-sparse vector x(t) with

K ≪ P , where the sparsity K is assumed to be known or can be estimated. On

the other hand, the vector y consists of two components. The first component is

vector yr = [yr1 , yr2 , ..., yrQr
]T , which contains Qr measured IAF elements that do

not change during the MI-SR operation, whereas the second component is vector

ym = [ym1 , ym2 , ..., ymQm
]T , which contains Qm = Q−Qr missing IAF entries and will

be iteratively updated. These two components are respectively represented as

yr = Γry, ym = Γmy, (3.12)

where Γr is a Qr×Q masking matrix that extracts the measured elements from vector

y, whereas Γm is a Qm ×Q masking matrix that extracts the missing IAF entries.

Similarly, we can separate the dictionary matrixD into two parts, where theQr×P

matrix Dr = ΓrD extracts the rows of D corresponding to the measured IAF entries

in yr, and the Qm × P matrix Dm = ΓmD contains the rows of D corresponding to

the missing IAF entries in ym.

Based on the measured IAF entries, (3.37) can be re-written as

yr = Drx. (3.13)

Considering the sparse nature of the signal in the TF domain, the non-zero entries

of x can be estimated using sparse signal recovery techniques, as a solution to the

following ℓ0-norm minimization problem:

x̂ = argmin
x
||x||0 subject to Drx= yr. (3.14)

The objective function presented in (3.14) is non-convex for ℓ0-norm, which is often

relaxed using ℓ1-norm in place of ℓ0-norm. While a number of CS-based approaches,

such as LASSO [57], and Bayesian CS techniques [58–61], could be employed to

solve this problem, we choose the greedy algorithms-based OMP due to its simplicity.

However, the direct application of sparse reconstruction-based techniques in the above
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expression does not yield robust TFRs in the presence of burst missing samples. In

the following, we develop a new technique that iteratively reconstruct the TFR and

then estimate the missing IAF entries.

3.3.2 MI-SR Algorithm

For each time instant t, the entire process of the developed MI-SR algorithm is

summarized below:

(i) The outer iteration counter, j, is set to 1. Based on the available IAF entries at

time t, the input vector and the corresponding dictionary matrix are respectively

initialized as y
(0)
r = yr and D

(0)
r = Dr. Similarly, the missing data vector and

the corresponding dictionary matrix are initialized as y
(0)
m = ym andD

(0)
m = Dm,

respectively. The signal sparsity K is assumed to be known or can be estimated.

(ii) The residual vector and the index set are respectively initialized as e0 = y(j−1)

and Φ0 = ∅. The inner iteration counter i, related to OMP, is set to 1.

(iii) The index ρi is deterministically obtained as a solution to the following opti-

mization problem:

ρi = arg max
p∈{1,...,P}

∣∣eHi−1d
(j−1)
p

∣∣ , (3.15)

where d
(j−1)
p is the pth column of the dictionary D(j−1).

(iv) The index set is updated as

Φi = Φi−1 ∪ {ρi}, (3.16)

and the dictionary matrix of the selected columns is updated as

D̄(j;i) = [D̄(j;i−1) d(j−1)
ρi

]. (3.17)

Note that the total number of columns in the full column-rank dictionary matrix

D̄(j;i) is i, with D̄(j;0) indicating an empty matrix.
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(v) At each inner iteration, a new signal estimate is uniquely obtained from the

following formula based on the available dictionary matrix:

x̂i = argmin
xi

||y(j−1) − D̄(j;i)xi||2. (3.18)

(vi) The new estimate of the IAF vector, vi, and the residual vector, ei, are obtained

at each round as

vi = D̄(j;i)x̂i,

ei = y(j−1) − vi.
(3.19)

Note that the residual ei is always orthogonal to the columns of D̄(j;i). Ideally,

in order to recover the entire signal with probability one, the residual ek after

the K th inner iteration should be zero.

(vii) The inner iteration counter i is incremented by 1, and steps (iii)–(vi) are re-

peated until i = K.

(viii) At the end of the jth outer iteration, the value of the ρith non-zero component

of the estimated signal x̂(j) is given by the ith component of x̂i. Using the

relationship shown in (3.37), the new estimate of the IAF vector ŷ(j) is obtained

as

ŷ(j) = Dx̂(j). (3.20)

Note that only the missing entries of the original IAF vector, y
(0)
m , are updated

with the corresponding entries of the above new estimated IAF vector, i.e.,

y(j)
m = Γmŷ

(j). (3.21)

(ix) The outer iteration counter, j, is incremented by 1 and steps (ii)–(viii) are

repeated until the squared error between two subsequent signal estimates falls

below a predefined threshold value, ϵ, i.e.,

||x̂(j) − x̂(j−1)||22 < ϵ. (3.22)
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3.3.3 Applying MI-SR to Kerneled IAF

Note that cross-terms are a byproduct of bilinear operation in the quadratic TFR,

which exist even when there are no missing samples. Therefore, while the developed

MI-SR is effective in mitigating the effects of missing samples, it cannot suppress the

effects of cross-terms. However, we can combine the TF kernel operation and the

developed MI-SR algorithm. In so doing, the combination of TF kernel and MI-SR

yields superior performance in IF signature estimation, as it mitigates both the effects

of missing samples and cross-terms.

After the application of TF kernel, we transform the kerneled AF to kerneled

IAF by performing the 1-D IDFT with respect to frequency shift θ. In this case,

each column of the obtained IAF matrix is the IAF vector y(t) corresponding to time

instant t, and the procedures described in Section 3.3.2 can be applied. In this work,

we choose AOK as the TF kernel.

It is noted that, after applying the kernel, the IAF matrix generally no longer

contains missing entries because the kernel effectively performs convolution with re-

spect to t and thus fills the missing positions based on the unkerneled IAF values of

the neighboring time instants. However, as seen in Section 3.2, the artifacts in the

ambiguity domain due to burst missing samples may misguide the kernel operation

to favor such artifacts. Hence, the values in these originally missing entries filled by

the AOK alone are not accurate and still suffer from the effects of missing samples,

which can also be verified in the simulation results presented in the next section.

Our developed approach, in which the missing data recovery is performed in the IAF

domain, overcomes the limitation of the AOK and effectively mitigates the effects due

to missing samples. In this case, the MI-SR is used only to update the IAF entries

at positions that are missed in the unkerneled IAF.

3.3.4 Computational Complexity

For a K -sparse signal in Rd with K ≪ d, the computational complexity of the

MI-SR is given by O(I
MI−SR

K2d ln d), with I
MI−SR

being the number of iterations.
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The computational cost of the AOK for each time instant is in order of O(I
AOK

C2),

where I
AOK

is the required number of iterations to solve the optimization problem

given in (2.11) and C denotes the number of angle and radius samples in the polar-

coordinate STAF. Typically, C = 2T is considered, and in case of the MI-SR, d = T

is used. Using this information, the computational complexity of the MI-SR and the

AOK respectively becomes O(I
MI−SR

K2T lnT ) and O(I
AOK

4T 2). The computational

cost of the MIAA is given by O(I
MIAA

[2P (Ng)
2 + (Ng)

3]) [85], where, for the time-

domain MIAA, Ng = T − N̄ is the total number of observed data samples. When the

MIAA is applied to the IAF, Ng becomes the total number of available IAF entries

described in (3.8) and (3.9). Because the value of Ng obtained in the IAF domain is

much higher than that obtained in the time domain, the computational complexity

of the IAF-domain MIAA is high. The MIAA typically requires I
MIAA

= 10 to 15

iterations to converge [52], whereas I
MI−SR

and I
AOK

typically assume small values.

With this information, we can confirm that the computational complexity of the MI-

SR is considerably lower than that of the AOK and the time-domain MIAA, whereas

its computational advantage to the IAF-domain MIAA is even more pronounced.

3.3.5 Simulation Results

In this section, we present the performance evaluation of the developed MI-SR

algorithm applied to both unkerneled and kerneled IAFs. These methods are com-

pared with two existing approaches, namely, the signal-dependent AOK approach [43]

and the data interpolation-based MIAA [53]. For reference, we also show the TFR

results obtained by applying the MIAA to the time-domain data. To emphatically

demonstrate the effectiveness of the developed MI-SR in the presence of burst miss-

ing samples, TFR results obtained using these approaches are compared in Section

3.3.6. Further, quantitative evaluation and comparison in terms of their root mean

square errors (RMSE) and energy concentration measures are respectively provided

in Section 3.3.7 and Section 3.3.8. In Section 3.3.9, we analyze the effects of the per-

centage of the burst missing samples on the TFR reconstruction performance. TFR
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reconstruction in the case of a multi-component non-linear FM signal is considered in

Section 3.3.10. In addition, the required execution time is compared in Section 3.3.11

as the measure of the computational complexity of these approaches.

3.3.6 Comparison of Reconstructed TFRs

Figs. 3.6–3.9 provide qualitative comparison of the TFRs obtained using different

approaches in the presence of 48 missing data samples, and these results, respectively,

correspond to the received signals depicted in Figs. 3.2–3.5 with different burst missing

patterns. In each figure, the sub-figures (a) through (e), respectively, show TFRs

obtained by applying the MIAA to the time domain signal, by applying the MIAA

in the IAF domain, using the AOK, the MI-SR and, finally, by applying the MI-SR

to the kerneled IAF.

Fig. 3.6 shows the TFRs obtained using five different approaches, as mentioned

above, for the received signal from Fig. 3.2(a) with 48 missing samples grouped in 6

bursts, each having a width of 8 samples. As seen in Fig. 3.6(a), the MIAA approach,

when applied to the time domain data with burst missing samples, fails completely to

obtain a clear TFR of the non-stationary FM signal, because the MIAA is designed to

handle stationary signals. The artifacts are scattered around the true IFs in the TF

domain, obscuring identification of the true IFs. With the MIAA applied in the IAF

domain, the TFR in Fig. 3.6(b) shows significant improvement, benefiting from the

stationarity of the IAF with respect to lag, τ , at each time instant. However, cross-

terms are observed in the center region due to the bilinear nature of the distribution.

In Fig. 3.6(c), when the AOK is applied, excessive thickening of the TFR is observed

in the center region and aliasing at both sides remains an issue. As seen from Fig.

3.6(d), the developed MI-SR overcomes these shortcomings and produces superior

TFR, except a small number of TF points with insignificant biases. As shown in Fig.

3.6(e), the results are further refined by applying the AOK method before performing

the MI-SR technique.
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Figure 3.6. Scenario 1: Comparison of TFRs obtained using different
approaches, applied to the received signal depicted in Fig. 3.2(a), where
the 48 missing samples are clustered into 6 bursts, each burst contains 8
missing samples. (a) MIAA applied to the time domain data; (b) MIAA
applied to the IAF; (c) AOK; (d) MI-SR; (e) MI-SR applied to the kerneled
IAF.
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Figure 3.7. Scenario 2: Comparison of TFRs obtained using different
approaches, applied to the received signal depicted in Fig. 3.3(a), where
the 48 missing samples are clustered into 3 bursts, each burst contains
16 missing samples. (a) MIAA applied to the time domain data; (b)
MIAA applied to the IAF; (c) AOK; (d) MI-SR; (e) MI-SR applied to the
kerneled IAF.
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Fig. 3.7 compares the TFRs obtained from the same five different approaches for

the signal depicted in Fig. 3.3(a), where the 48 missing samples are clustered into 3

bursts, and each burst contains a high number of 16 missing samples. As explained

in the previous section, in this case, the relatively large widths of the missing bursts

pose challenges in the TFR reconstruction. In Fig. 3.7(a), the aliasing components

around the true IFs are less structured, making it even more difficult to recognize the

true signal signatures. In Fig. 3.7(b), and unlike Fig. 3.6(b) where the cross-terms

are predominant in the center region, the cross-terms are more severely scattered,

causing blurring of the true signal signatures. Excessive broadening and blurring is

observed in the TFR of Fig. 3.7(c), obtained using the AOK. In Fig. 3.7(d), the MI-

SR gives improved reconstruction results. It is clear from Figs. 3.7(b) and 3.7(d) that

the signal IF signatures reconstructed from both the MIAA and the MI-SR are less

perfect because of the insufficient number of IAF entries owing to the long missing

bursts. When applying the MI-SR to the kerneled IAF, as shown in Fig. 3.7(e), we

successfully recover the TFR with a consistent IF signature, although there is a minor

IF bias in the beginning at around t = 25.

Fig. 3.8 shows the TFR reconstruction results for the signal depicted in Fig. 3.4(a),

in which the 48 missing samples are clustered into 12 bursts with 4 missing samples

in each burst. When comparing Fig. 3.8(a) with Fig. 3.4(c), the direct application

of the MIAA to the time-domain data slightly reduces the aliasing, but the TFR is

more distorted for the portion with t > 60. Fig. 3.8(b) shows the TFR obtained by

applying the MIAA in the IAF domain, in which excessive interfering cross-terms are

observed in the center region. Fig. 3.8(c) shows that the AOK produces consistent

TFR for all the time instants, while the frequency resolution is limited and there are

aliasing components located in both sides of the true IF signature. As shown in Fig.

3.8(d), the application of the developed MI-SR achieves a distinct TFR signature and

an effective mitigation of the undesired effects of the artifacts observed in Figs. 3.8(a)–

3.8(c) as a result of interpolation of the missing IAF entries. The developed MI-SR

recovered the entire IF signature except a few sporadic points scattered in the cross-

term region. In Fig. 3.8(e), the combination of the AOK and the developed MI-SR
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Figure 3.8. Scenario 3: Comparison of TFRs obtained using different
approaches, applied to the received signal depicted in Fig. 3.4(a), where
the 48 missing samples are clustered into 12 bursts, each burst contains 4
missing samples. (a) MIAA applied to the time domain data; (b) MIAA
applied to the IAF; (c) AOK; (d) MI-SR; (e) MI-SR applied to the kerneled
IAF.
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yields perfect cross-term mitigation and IF signature recovery. Compared to Figs.

3.6 and 3.7, it can be observed that the case presented in Fig. 3.8 with short missing

data bursts results in more consistent TFR reconstruction with less distortions.

In Fig. 3.9, we present the TFRs produced using the aforementioned approaches

for the signal depicted in Fig. 3.5(a), where the 48 missing samples are grouped into 6

bursts with a varying number of missing samples in each burst, ranging from 4 to 11.

Overall, the results are closely comparable to those depicted in Fig. 3.6 for the case

that the missing samples are clustered into 6 bursts but with the same cluster width.

In Fig. 3.9(a), obtained from the direct application of the MIAA to the time-domain

data, the aliasing is less structured, whereas slightly lower cross-terms are observed

in Fig. 3.9(b) when the MIAA is applied to the IAF. The result obtained from the

AOK, depicted in Fig. 3.9(c), shows a similar pattern where the true IF is relatively

concentrated and is flanked by artifacts on both sides. As shown in Fig. 3.9(d), the

developed MI-SR provides consistent IF estimation performance except for several TF

points with insignificant biases. When the MI-SR is applied to the kerneled IAF, as

shown in Fig. 3.9(e), the resulting IF estimates are consistent without interruptions.

All these examples, which contain sufficient variety in terms of the number of

missing data bursts and their widths, confirm the superiority of the developed MI-SR

technique over the MIAA and the AOK, in terms of the TFR reconstruction results.

We also demonstrate that the few cross-term points observed in the TFRs obtained

using the MI-SR alone, which are inevitable due to bilinear nature of the TFRs,

can be mitigated by combining with the data-dependent kernel operation and robust

TFRs with a high fidelity can be achieved.

3.3.7 Comparison of RMSE of TFRs

In order to quantitatively compare the fidelity of the reconstructed TFRs provided

in Section 3.3.6, we first present the RMSE performance of the normalized frequencies,

obtained in the noise-free case, in Table 3.1. It is observed that the results of both

MI-SR approaches, obtained respectively from the unkerneled and kerneled IAFs of
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Figure 3.9. Scenario 4: Comparison of TFRs obtained using different
approaches, applied to the received signal depicted in Fig. 3.5(a), where
the 48 missing samples are clustered into 6 bursts, each burst contains
different numbers of missing samples. (a) MIAA applied to the time
domain data; (b) MIAA applied to the IAF; (c) AOK; (d) MI-SR; (e)
MI-SR applied to the kerneled IAF.
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the received signals, yield low RMSE values. To further examine the performance in

the presence of noise, we provide the RMSE performance in Figs. 3.10(a)–3.10(d) in

the presence of different levels of complex white Gaussian noise for the missing data

patterns, respectively, described in Figs. 3.2(a), 3.3(a), 3.4(a), and 3.5(a). The RMSE

obtained for each signal-to-noise ratio (SNR) is averaged over 50 independent trials.

As seen from Fig. 3.10, the developed MI-SR approaches applied to the unkerneled and

the kerneled IAFs perform better than the WVD, MIAA and AOK based approaches

for all the SNR values being considered. For lower SNR values, the MI-SR applied

to the kerneled IAF performs slightly better than that applied to the unkerneled IAF

because of the cross-term suppression capability of the adaptive TF kernels. However,

for high SNR values, the MI-SR approaches exploiting unkerneled and kerneled IAFs

yield comparable RMSE results.

Table 3.1.
RMSE of the TFRs shown in Figs. 3.6–3.9

RMSE

Scenario 1 Scenario 2 Scenario 3 Scenario 4

WVD 0.0852 0.0871 0.0874 0.0894

MIAA (to data) 0.0757 0.0675 0.0790 0.0754

MIAA (to IAF) 0.0619 0.0767 0.0798 0.0720

AOK 0.0542 0.0542 0.0552 0.0537

MI-SR 0.0520 0.0525 0.0546 0.0515

MI-SR (to kerneled IAF) 0.0517 0.0522 0.0535 0.0518
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Figure 3.10. Comparison of the RMSE of different approaches in the
presence of complex white Gaussian noise for the burst missing sample
patterns used in (a) Fig. 3.2; (b) Fig. 3.3; (c) Fig. 3.4; (d) Fig. 3.5.

3.3.8 Comparison of Energy Concentrations of TFRs

One of the important performance measure of the TFR reconstruction technique is

its ability to preserve high energy concentration of the signal auto-terms and suppress

undesired cross-terms. We quantitatively compare the performance of the developed

MI-SR technique with other aforementioned approaches in terms of their TFR energy

concentration, as described in [86], [87]. First, we normalize the TFR matrix, X,
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Table 3.2.
Comparison of energy concentrations of the TFRs

Scenario 1 Scenario 2 Scenario 3 Scenario 4

WVD 11,916.9 10,782.0 12,297.2 11,598.8

MIAA (to data) 11,723.7 11,143.7 11,817.1 11,855.8

MIAA (to IAF) 1,883.1 1,569.3 2,013.5 1,788.7

AOK 7,842.0 6,167.1 7,334.7 7,967.3

MI-SR 119.2 117.4 120.0 115.9

MI-SR (to kerneled IAF) 123.5 122.3 126.2 124.2

such that
∑T

t=1

∑P
p=1 |ϱ(t, p)| = 1. Then, their energy concentration measure, ξ[X],

is computed as [86]

ξ[X] =

(
T∑
t=1

P∑
p=1

|ϱ(t, p)|
1
q

)q

, (3.23)

where q > 1. TFRs with high energy concentration yield lower values of ξ[X]. The

energy concentration measures of all TFRs shown in Figs. 3.6–3.9 are summarized

in Table 3.2, for the case of q = 2. The developed MI-SR techniques applied to the

unkerneled and kerneled IAFs of the received signal, respectively, yield the lowest

and the second lowest values of the energy measures, indicating their highest en-

ergy concentration among all the TFRs being compared. These results confirm our

observations in Section 3.3.6.
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Figure 3.11. (a) The real-part waveform of the received signal with
final 10 bursts of missing samples, each burst having 10 samples; (b) The
RMSE for Case 1; (c) The RMSE for Case 2.

3.3.9 Effects of Percentage of the Burst Missing Samples

We examine the effects of the percentage of burst missing samples on the TFR

reconstruction performance of the considered approaches. The same signal defined in

(3.48) is considered. The SNR is considered to be 15 dB and each missing data burst

contains 10 missing samples. The missing data bursts are assumed to be mutually

non-overlapping. We start from one missing data burst at a time and gradually

increases the total number of missing data bursts to 10. Thus, the total number of
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missing data samples varies from 10 to 100. Given T = 128, they respectively amount

to 7.81, 15.63, 23.44, 31.25, 39.06, 46.88, 54.69, 62.50, 70.31 and 78.10 percentage of

the total samples. The RMSE is obtained by averaging over 50 trials with independent

noise realizations.

We consider two cases. In the first case, we start from the first missing burst, and

one more new missing burst adjacent to the previous burst is added at a time. In

this case, the location of the previous bursts remains unchanged. In the second case,

missing data bursts are uniformly distributed over time, and hence the positions of

the missing data bursts would differ as the number of missing samples varies.

Fig. 3.11(a) shows the received signal with the final 10 bursts of missing samples.

Figs. 3.11(b) and 3.11(c), respectively, illustrate the RMSE results related to the two

cases. As seen from Figs. 3.11(b) and 3.11(c), when the number of burst missing sam-

ples is small, the overall RMSE values of the different approaches and the increment

in their values relative to the percentage of burst missing samples are lower for the

second case as compared to the first case. This is because, the missing data bursts

are closely located in the first case, which make consecutive portions of the signal

unavailable, and thus adversely affect RMSE results. In both the cases, the RMSE

of the developed MI-SR approach, applied to the unkerneled and the kerneled IAFs,

respectively, assume the second lowest and the lowest values for all the percentage of

the burst missing samples.

3.3.10 Performance Comparison for Multi-Component FM Signal

In this example, we consider TFR reconstruction of multi-component non-linear

FM signals. For illustration purposes, we use a two-component FM signal, and the

instantaneous phase laws of the two components are given by,

ϕ1(t) = 2π(0.05t+ 0.05t2/T + 0.1t3/T 2),

ϕ2(t) = 2π(0.15t+ 0.05t2/T + 0.1t3/T 2),
(3.24)
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where t = 1, ..., T , with T is chosen to be 128. In order to clearly demonstrate the

effects of burst missing samples on the TFR recovery performance, we only consider

the noise-free case.
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Figure 3.12. Real part of the two-component non-linear FM signal: (a)
The original signal; (b) The received signal with burst missing sample
pattern used in Fig. 3.5.

Fig. 3.12(a) shows the real-part of the original signal waveform without missing

samples, and Fig. 3.12(b) shows that of the received signal with the same burst

missing pattern used in Fig. 3.5. Fig. 3.13 presents the TFRs obtained using different

approaches applied to the received signal depicted in Fig. 3.12(b). These results are

comparable to those demonstrated in Figs. 3.6 and 3.9. Clearly, both the WVD

in Fig. 3.13(a) and the MIAA applied to the time-domain data in Fig. 3.13(b) fail

to obtain clear IFs. The Fig. 3.13(c) shows the TFR, obtained by applying the

MIAA to the IAF, with excessive cross-terms and blurring. The AOK effectively

suppresses the cross-terms, but the aliasing and artifacts along the frequency axis

remain an issue, as depicted in Fig. 3.13(d). Fig. 3.13(e) shows the MI-SR result,

which outperforms the MIAA and the AOK in both suppressing the artifacts due to

burst missing samples and removing aliasing. However, as mentioned earlier, the MI-

SR alone does not effectively suppress all cross-terms. As a result, in the underlying
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Figure 3.13. Comparison of the TFRs of the signal depicted in Fig.
3.12(b) obtained using different approaches, where the 48 missing sam-
ples are clustered into 6 bursts, each burst contains different numbers of
missing samples. (a) WVD; (b) MIAA applied to the time domain data;
(c) MIAA applied to the IAF; (d) AOK; (e) MI-SR; (f) MI-SR applied to
the kerneled IAF.
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case of the multi-component non-linear FM signal, cross-terms between two signal

components are still clearly observed. Such drawback can be overcome by applying

the MI-SR to the kerneled IAF and a resilient TFR reconstruction can be achieved.

Fig. 3.13(f) shows such a robust TFR reconstruction result with consistent and clear

IF estimates, obtained after effective suppression of the undesired effects of the cross-

terms and artifacts by applying MI-SR to the kerneled IAF.

3.3.11 Comparison of Execution Time

The executive time is compared for the single-component FM signal described in

Section 3.3.6. We first compare the required execution time for each of the aforemen-

tioned methods averaged over 50 independent trials to produce results shown in Fig.

3.6. The average execution times obtained from the 50 independent trials are 0.65,

16.65, 1.20, 0.10, and 1.30 seconds, respectively, for the MIAA applied to the time

domain data, the MIAA applied to the IAF, the AOK, the MI-SR, and the MI-SR

applied to the kerneled IAF. Similar observations are made for the other scenarios

as well, but are omitted to avoid repetition. We used MATLAB 2017b at a desktop

computer with Intel Core i7-6700 processor (Quad Core, 3.4 GHz), and the memory

size is 16 GB. Note that, as the MIAA applied to the time-domain data does not

yield satisfactory TFR reconstruction results, the execution time is listed only for

reference. From these results, the execution time of the MI-SR is only about 1/166 of

that performing the MIAA to the IAF, and 1/12 of the time to perform AOK-based

TFR reconstruction. On the other hand, the time to execute MI-SR on the kerneled

IAF is only about 1/13 of the time required to compute MIAA applied to the IAF.

Next, we compare the required execution time with respect to the number of itera-

tions for the iterative approaches, namely, the MI-SR and the MIAA, and the results

are summarized in Fig. 3.14. We observe that, for the same number of iterations,

the required execution time of the MIAA, when applied to the time domain data,

is slightly higher than that of the MI-SR. However, the difference in the execution

time of these two approaches becomes more significant when the MIAA is applied to
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Figure 3.14. Comparison of execution time of the MIAA applied to the
time domain data, the MIAA applied to the IAF, the MI-SR, and the
MI-SR applied with AOK.

the IAF domain. In addition, such difference in the execution time increases linearly

with the number of iterations. For the MI-SR applied with AOK, because the AOK

is performed only once, the added execution time does not scale with respect to the

number of iterations. As such, the computational complexity of the developed MI-SR

approach, whether executed alone or with the AOK, is much lower than that required

to perform MIAA to the IAF.

3.4 Iterative Adaptive Missing Data Recovery-1 (IA-MDR-1) Algorithm

The IA-MDR-1 approach, developed for improved IF estimation of multi-component

FM signals with missing data samples and distinct amplitude levels of the compo-

nents, is described in this section.

In IA-MDR-1, we begin with the WVD as the underlying TFD. The other RIDs

could also be used in lieu of the WVD. In each iteration, missing IAF entries are

sequentially updated using the weighted least squares criterion [51, 52] for each time

instant, and the spectral amplitudes are estimated using the 1-D Fourier relationship
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between the IAF and TFD. Missing TF samples are recovered based on the estimated

frequencies and their coefficients. Finally, the AOK is applied to the interpolated

IAF for further refinement of the obtained TFD and cross-term mitigation. In the

IA-MDR-1 approach, spectrum estimation, missing sample recovery and application

of TF kernels are iterated for performance improvement. It is noted that, during each

iteration, only originally missing entries are updated with the newly estimated values,

whereas the entries associated with the observed data samples are unaltered. After

the final iteration, the corresponding RID is achieved using a 2-D Fourier transform

of the kerneled AF.

3.4.1 Problem Formulation

We begin with the WVD, Wr, as the underlying TFD. Let P be the total number

of frequency grid points with fp, p = 1, ..., P , being the corresponding frequencies.

At each time instant t, the column of Wr defines the P × 1 TF vector with sparsity

K (K ≪ P ) and is denoted as x(t), which is related to the corresponding T × 1 IAF

vector y(t) as

y(t) = Dx(t), ∀t, (3.25)

where D is the T × P 1-D IDFT matrix. As all the operations in this section are

performed at each time instant t, we omit superscript (t) from the expressions of x(t)

and y(t) for notational simplicity.

The vector y consists of two components: vector yr = [yr1 , yr2 , ..., yrQr
]T with

Qr measured IAF entries and vector ym = [ym1 , ym2 , ..., ymQm
]T with Qm = T − Qr

missing IAF entries. These two components are, respectively, given as

yr = Γry, ym = Γmy, (3.26)

where the Qr × T masking matrix Γr extracts the measured elements from vector y,

whereas the Qm×T masking matrix Γm extracts the missing elements. Similarly, the

Qr × P matrix Dr = ΓrD and the Qm × P matrix Dm = ΓmD, respectively, extract
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the rows of D corresponding to the measured IAF entries in yr and the missing IAF

entries in ym. Based on the measured data entries, (3.25) can be expressed as

yr = Drx. (3.27)

3.4.2 IA-MDR-1 Algorithm

Each iteration of the developed IA-MDR-1 algorithm comprises of following three

major steps:

1. Iterative adaptive amplitude spectrum estimation from the available data,

2. Missing data update, and

3. Application of signal adaptive TF kernel.

For each time instant t, the major steps of the developed IA-MDR-1 algorithm

are summarized below.

We begin with the IAF vector of the available entries yr, the corresponding dictio-

nary matrix Dr, and the dictionary matrix corresponding to the missing IAF entries

Dm. The outer iteration counter, i, is set to 1. The TF vector at the tth time is

initialized as x[0] = x, obtained from (3.25).

Iterative amplitude spectrum estimation from the measured data:

Denote the complex-valued element of x[i−1] corresponding to frequency fp at

the [i; j]th iteration as α
[i;j]
p , where j is the inner iteration counter. Let S

[i;j]
p =

|α[i;j]
p |2. Each column drp of Dr represents entries corresponding to frequency fp. The

covariance matrix of the available entries is obtained as

C[i;j]
r =

P∑
p=1

S[i;j]
p drpd

H
rp. (3.28)

The spectral amplitude corresponding to fp is estimated as the solution to the

weighted least squares criterion [51,52],

α̂[i;j]
p =

dH
rp(C

[i;j]
r )

−1
yr

dH
rp(C

[i;j]
r )−1drp

. (3.29)



61

The α̂
[i;j]
p is iteratively updated until either the maximum number of iterations is

reached or |α̂[i;j]
p − α̂[i;j−1]

p | is less than a pre-defined threshold ϵ.

Missing data recovery and update:

Based on S
[i;jf ]
p and the corresponding covariance matrices computed using (3.28),

the missing IAF entries are recovered as follows [50]:

ŷ[i;jf ]
m =

P∑
p=1

S[i;jf ]
p dH

rp(C
[i;jf ]
r )

−1

yrdmp, (3.30)

where jf is the final inner iteration counter and dmp is the pth column of Dm corre-

sponding to frequency fp.

The corresponding IAF vector ŷ[i;jf ] is obtained as

ŷ[i;jf ] = ΓT
m(ΓmΓ

T
m)

−1ŷ[i;jf ]
m + ΓT

r (ΓrΓ
T
r )

−1yr. (3.31)

Note that only the original missing entries of the IAF vector y are updated with

the corresponding entries of ŷ
[i;jf ]
m , whereas yr remains unchanged.

Application of signal adaptive TF kernel:

Once the IAF vector ŷ[i;jf ] is estimated, the corresponding AF is obtained by

taking a 1-D DFT of the IAF with respect to time t using (2.9). Then, a signal

adaptive TF kernel is applied to further improve the estimation and mitigate the

effects of the cross-terms and missing data induced artifacts from the corresponding

TFDs. In this work, we have used AOK; however, any other signal adaptive TF

kernel could be used in lieu of the AOK. The AOK for each time slice is computed

using (2.11) and the corresponding reduced interference TFD, x̂[i] is obtained using

(2.16). Then, the corresponding IAF vector y
[i]
AOK is obtained by taking a 1-D IDFT

of x̂[i] with respect to frequency f . The original missing entries of the IAF vector y

are further updated with the corresponding entries of y
[i]
AOK as

ŷ[i] = ΓT
m(ΓmΓ

T
m)

−1Γmy
[i]
AOK + ΓT

r (ΓrΓ
T
r )

−1yr. (3.32)
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The iteration counter i is incremented by one and the entire procedure is repeated

for either a pre-defined number of iterations or until the squared error between two

subsequent signal estimates falls below a pre-defined threshold value, ξ, i.e.,

||x̂[i] − x̂[i−1]||22 < ξ. (3.33)

At the end of the final outer iteration, if , the final TFD is obtained by horizontally

concatenating x̂[if ] for all time instants, i.e.,

WIAMDR1 = [x̂
[if ]
1 , ..., x̂

[if ]
T ]. (3.34)

Note that in [53] the MIAA procedure described in (3.28)–(3.30) is applied only

once. For multi-component signals, particularly when they have distinct amplitude

levels, this approach does not provide sufficient capability to mitigate cross-terms

and preserve weak signal components. The presented approach overcomes this limi-

tation by incorporating signal-adaptive TF kernels in the iterative loop, along with

the application of MIAA in the IAF domain. The significant improvements, benefited

from the data interpolation capability of the MIAA and the cross-term suppression

capability of the signal-adaptive TF kernels, are clearly observed in the reconstructed

TFDs. Besides, by only updating the original missing IAF entries in successive iter-

ations while keeping the IAF entries associated with the observed signal unaltered,

it is ensured that the distribution properties associated with the observed signal are

preserved, and the reconstruction results are not adversely affected by the data filling

operation of TF kernels.

3.4.3 Simulation Results

The presented IA-MDR-1 technique works well for both random as well as burst

missing data sample scenarios. The effectiveness of the developed method is demon-

strated through various simulation results.

We consider a two-component FM signal with distinct amplitudes and closely

separated signatures, given by

s(t) = exp(ȷϕ1(t)) + 0.4 exp(ȷϕ2(t)), t = 1, ..., T, (3.35)
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where ϕk(t) is the angular phase of the kth component at the tth time instant. T is

chosen to be 128. The IF laws of these two components are respectively expressed as

f1(t) = 0.05 + 0.002t/T + 0.3t2/T 2,

f2(t) = 0.15 + 0.006t/T + 0.24t2/T 2.
(3.36)

Figs. 3.15(a) and 3.15(b), respectively, show the real part of the original signal

waveform without missing samples and the corresponding WVD. Due to the bilinear

nature of the underlying multi-component FM signal, the WVD exhibits severe cross-

terms between components, even without missing samples.

First, we examine the performance of the presented method in the presence of

burst missing samples, and then, we investigate the random missing data scenario.

In order to clearly demonstrate the effects of burst missing samples on the IF recovery

performance, we first consider a noise-free case. In the first scenario, we assume that

the received signal contains a total of 48 (i.e., 37.5%) burst missing samples that are

clustered into 12 groups, with each group containing 4 missing samples. The positions

of these groups are randomly chosen, and are marked in red color in Fig. 3.16(a).

The comparison of the TFDs obtained using different methods is provided in

Figs. 3.16(b)-3.16(g). The plot of true signal IFs is given in Fig. 3.16(h) for compari-

son purposes. The convolutive sinc-function-like artifact patterns, concentrated near

the true IFs, are clearly visible in the WVD of Fig. 3.16(b). These strong artifact

patterns make spectral estimation and analysis extremely challenging, and difficult

to be suppressed using a signal adaptive TF kernel alone. While the AOK in Fig.

3.16(c) is successful in identifying stronger signal component, it provides erroneous

result of the weaker signal component. As explained earlier, in this scenario, the

AOK optimization in the ambiguity domain may be misguided to favor such arti-

facts and generate an inaccurate detection of the signal components, in particular,

the weaker ones. Figs. 3.16(d)-3.16(f), respectively, show the TFDs obtained from

the application of the MIAA in the IAF domain [53], MI-SR applied to the kerneled

IAF from Section 3.3.3, and ALF-DTFD from Chapter 4. As seen from these fig-

ures, while these methods are generally successful in retrieving the stronger signal

component, they either fail completely to recover weaker signal component or show
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excessive cross-terms and artifacts, hindering identification of true IFs of the weaker

signal component. Note from Fig. 3.16(g) that the developed IA-MDR-1 approach

successfully overcomes these limitations and achieves a precise estimation of true IFs

of both signal components with high resolution, and also preserves distribution prop-

erties. Most of the cross-terms and artifacts are also effectively suppressed from the

generated TFD of Fig. 3.16(g), with few non-significant exceptions at some places.

The IA-MDR-1 is applied for two iterations, where the AOK volume is chosen as 2.
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Figure 3.15. The original signal without missing samples: (a) Real part;
(b) WVD.

In the second scenario, we assume that 50% of the data samples of the received

signal are randomly missing, with their positions displayed in red color in Fig. 3.17(a).

The SNR is chosen to be 15 dB. Unlike the previous burst missing data scenario, in

the case of random missing samples, the artifacts are uniformly distributed in the

entire TF region in their respective WVD of Fig 3.17(b). Along with the increased

number of missing samples, the presence of noise makes it more difficult for the AOK

of Fig. 3.17(c) to suppress the effects of noise and recover most of the weaker sig-

nal component. Figs. 3.17(d)-3.17(g), respectively, display the TFDs obtained using

MIAA applied to the IAF, MI-SR directly applied to the signal IAF, MI-SR applied

to the kerneled IAF, and ALF-DTFD. While the application of MIAA in the IAF

domain is somewhat successful in retrieving the stronger signal component, the pres-
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Figure 3.16. TFRs obtained using application of different methods on
the received signal containing 37.5% group missing data: (a) Real part of
the received signal (with missing data positions marked in red color); (b)
WVD; (c) AOK (volume 2); (d) MIAA applied to IAF; (e) MI-SR applied
to the kerneled IAF; (f) ALF-DTFD; (g) IA-MDR-1; (h) True IFs (for
comparison).
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Figure 3.17. TFRs obtained using application of different methods on
the received signal containing 50% random missing data (SNR 15dB): (a)
Real part of the received signal (with missing data positions marked in
red color); (b) WVD; (c) AOK (volume 2); (d) MIAA applied to IAF; (e)
MI-SR applied to the IAF of the received signal; (f) MI-SR applied to the
kerneled IAF; (g) ALF-DTFD; (h) IA-MDR-1.
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ence of strong artifacts misguides the identification of the weaker signal component

and generates erroneous results. Besides, the scattered artifacts are clearly observed

in the TF domain. In Fig. 3.17(e), the direct application of the MI-SR on the signal

IAF generates similar results as Fig. 3.17(d), but achieves better cross-term and ar-

tifact mitigation. The application of the MI-SR on the IAF obtained from the AOK

of Fig. 3.17(c) demonstrates better cross-term and artifact suppression capabilities,

and is successful in identifying some portions of the weaker signal component. The

ALF-DTFD in Fig. 3.17(g) mitigates most of the cross-terms and artifacts, and also

successfully identifies true IFs of most of the weaker signal component. However, it

fails to preserve high energy of the weaker signal component. As seen in Fig. 3.17(h),

the presented IA-MDR-1 algorithm achieves superior TF reconstruction results with

an accurate estimation of the signal components, high energy concentration, and

an effective cross-term and artifact mitigation. Three iterations of IA-MDR-1 were

applied with the associated AOK volume chosen to be 3.

Usually, 2 to 3 iterations of the IA-MDR-1 method are sufficient to obtain the

desired results, as most of the missing entries are updated during the first 2 to 3

iterations. Beyond that, only slight improvement is observed for each additional

iteration.

3.5 Iterative Adaptive Missing Data Recovery-2 (IA-MDR-2) Algorithm

In this section, we describe the IA-MDR-2 approach, developed to achieve im-

proved TFRs of multi-component FM signals that have distinct amplitude levels and

contain compressed observations.

3.5.1 Problem Formulation

Let a K-sparse P × 1 TF vector x(t) denote the column of underlying TFR Wr

at the tth time instant, where P represents the total number of frequency grid points

with fp, p = 1, ..., P , being the corresponding frequencies. As most of the elements of

the vector x(t) are zero or assume very small values, we usually have K ≪ P . In this
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work, we choose the WVD as the example of the underlying TFR. Let D define the

T×P 1-D IDFT matrix. Then, the corresponding T×1 IAF vector y(t) is represented

as

y(t) = Dx(t), ∀t. (3.37)

Most of the operations in this section are performed at each time instant t, unless

otherwise specified. Hence, for notational simplicity, we omit superscript (t) from the

subsequent expressions of x(t) and y(t).

Let Qr and Qm = T−Qr, respectively, represent the total number of observed and

missing IAF entries. Using the Qr × T masking matrix Γr and the Qm × T masking

matrix Γm, we can extract the observed and missing entries of y into two components

as

yr = Γry, ym = Γmy, (3.38)

where vectors yr = [yr1 , yr2 , ..., yrQr
]T and ym = [ym1 , ym2 , ..., ymQm

]T, respectively,

contain Qr measured and Qm missing IAF entries. Similarly, the rows of D corre-

sponding to the elements of yr and ym are, respectively, extracted using the Qr × P

matrix Dr = ΓrD and the Qm × P matrix Dm = ΓmD. Then, (3.37) can be related

to the observed IAF entries as

yr = Drx. (3.39)

3.5.2 IA-MDR-2 Technique

The developed IA-MDR-2 technique comprises the following four steps:

1. Iterative adaptive estimation of the spectral amplitudes from the available data

and missing data recovery in the IAF domain for each time instant t,

2. Application of signal-adaptive TF kernel to obtain reduced interference TFR

and associated IAF,

3. Averaging of the IAFs obtained at the end of the first two steps, and

4. Update of original missing IAF entries using the entries of the IAF obtained

from the previous step.
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In the following, we describe these key steps of the IA-MDR-2 method.

Initialization:

The outer iteration counter, i, is set to 1. The IAF vector of the observed entries,

the corresponding IDFT matrix, and the corresponding data extraction matrix are,

respectively, initialized as y
[0]
r = yr, D

[0]
r = Dr, and Γ

[0]
r = Γr. Similarly, the IAF

vector of the missing entries, the corresponding IDFT matrix, and the corresponding

data extraction matrix are, respectively, initialized as y
[0]
m = ym, D

[0]
m = Dm, and

Γ
[0]
m = Γm. Note that the magnitudes of all the elements of y

[0]
m are almost zero (with

the values smaller than 10−15). The total number of available IAF entries is initialized

as Q
[0]
r = Qr, which represents the length of y

[0]
r .

Iterative spectral amplitudes estimation and missing samples recovery:

The inner iteration counter, j, is set to 1. Let α
[i;j]
p define the complex-valued

spectral amplitude of x[i;j] corresponding to frequency fp at the [i; j]th iteration. The

covariance matrix of the available IAF entries is initialized as C
[i;j−1]
r = I

Q
[i−1]
r

. The

spectral amplitude corresponding to fp is estimated as [51,52],

α̂[i;j]
p =

(d
[i−1]
rp )H(C

[i;j−1]
r )

−1
y
[i−1]
r

(d
[i−1]
rp )H(C

[i;j−1]
r )−1d

[i−1]
rp

, ∀q, (3.40)

where d
[i−1]
rp represents the pth column of D

[i−1]
r corresponding to frequency fp. Define

S
[i;j]
p = |α̂[i;j]

p |2. Then, the covariance matrix of the available IAF entries is updated as

C[i;j]
r =

P∑
p=1

S[i;j]
p d[i−1]

rp (d[i−1]
rp )H . (3.41)

The inner iteration counter, j, is incremented by one, and the values of α̂
[i;j]
p and

C
[i;j]
r are iteratively updated until either the maximum number of iterations, jf , is

reached or |α̂[i;j]
p − α̂[i;j−1]

p | is less than a predefined threshold ξ.

Based on S
[i;jf ]
p and the corresponding covariance matrix C

[i;jf ]
r , the missing IAF

entries are recovered using the following minimum mean square error (MMSE) esti-

mator [50],

ŷ[i]
m =

P∑
p=1

S[i;jf ]
p (d[i−1]

rp )H(C[i;jf ]
r )

−1

y[i−1]
r d[i−1]

mp , (3.42)
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where d
[i−1]
mp is the pth column of D

[i−1]
m corresponding to frequency fp. Then, the IAF

vector ŷ
[i]
1 is obtained as

ŷ
[i]
1 = (Γ[i−1]

m )T(Γ[i−1]
m (Γ[i−1]

m )T)−1ŷ[i]
m + (Γ[i−1]

r )T(Γ[i−1]
r (Γ[i−1]

r )T)−1y[i−1]
r . (3.43)

The operations (3.40)–(3.43) are repeated for all time instants. Let Ŷ
[i]
1 denote

the T×T IAF matrix obtained by horizontally concatenating ŷ
[i]
1 for all time instants.

Application of signal-adaptive TF kernel:

In the second stage, we apply the AOK [40] as the signal-adaptive TF kernel in

order to mitigate the undesired effects of the cross-terms and artifacts from the re-

spective TFR for further performance enhancement. Note that the AOK is optimized

in the AF domain (2.11), where the AF is obtained from Ŷ
[i]
1 based on the 1-D Fourier

transform relationship (2.9) between them. The corresponding TFR is obtained using

(2.16) for each time slice. Denote x̂[i] as the column of TFR obtained using AOK at

the tth time instant. The corresponding IAF vector y
[i]
2 is obtained by taking a 1-D

IDFT of x̂[i] with respect to frequency f .

IAF averaging:

The interpolated IAF obtained after the first stage improves the estimation of

auto-components in the respective TFR. However, TFR obtained using that result

suffers from cross-terms and poor recovery performance of weaker signal components

due to low energy of the interpolated IAF entries around the center values of the lag

τ along the time axis. On the contrary, the IAF obtained from the AOK possesses

high energy of IAF entries around the center values of τ along the time axis, which

helps improve energy concentration and suppress cross-terms in the respective TFR.

Based on the above observations, in the third stage, we average the IAFs obtained

from the first two stages to combine the advantages offered by both, represented as

ŷ
[i]
3 =

1

2

(
ŷ
[i]
1 + ŷ

[i]
2

max |ŷ[i]
1 |

max |ŷ[i]
2 |

)
. (3.44)

The IAF averaging operation in (3.44) provides superior TFR reconstruction re-

sults to IA-MDR-1, in which the interpolated IAF from the first stage is simply
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replaced by the IAF obtained using the signal-adaptive TF kernel. Note in (3.44)

that the energy levels of the IAFs obtained after the first two stages are different.

Therefore, in order to make the averaging effective, the energy levels of the second

stage-IAF are mapped to the energy levels of the IAF obtained from the first stage

in (3.44).

Update of original missing IAF entries:

We observe that, in order to ensure that missing data recovery and TF kernel do

not introduce estimation bias in the subsequent iterations, it is important to retain

the IAF entries associated with the observed signal. It is ensured by this fourth stage.

The resulting updated IAF is obtained as

ŷ[i] = (Γ[0]
m )T(Γ[0]

m (Γ[0]
m )T)−1Γ[0]

m ŷ
[i]
3

max |y[0]
r |

max |ŷ[i]
3 |

+ (Γ[0]
r )T(Γ[0]

r (Γ[0]
r )T)−1y[0]

r . (3.45)

Note in (3.45) that the energy levels of the IAF vector ŷ
[i]
3 are mapped to the

energy levels of the initial IAF y
[0]
r . The entries of ŷ[i] with amplitudes below a

certain threshold ζ are marked as missing. The corresponding IAF vector of the

missing entries, the IDFT matrix, and the data extraction matrix are, respectively,

defined as y
[i]
m, D

[i]
m, and Γ

[i]
m. Similarly, the IAF vector of the observed entries, the

corresponding IDFT matrix, data extraction matrix, and the total number of available

IAF entries are, respectively, defined as y
[i]
r , D

[i]
r , Γ

[i]
r , and Q

[i]
r .

The outer iteration counter, i, is incremented by one and the entire procedure is

repeated until either the maximum number of iterations, if , is reached or the squared

error between two subsequent signal estimates falls below a predefined threshold value,

i.e.,

||x̂[i] − x̂[i−1]||22 < ϵ. (3.46)

The final reduced interference TFR is obtained by horizontally concatenating x̂[if ] for

all time instants, i.e.,

WIAMDR2 = [x̂
[if ]
1 , ..., x̂

[if ]
T ]. (3.47)
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Figure 3.18. The original signal without missing samples (SNR 15 dB):
(a) Real part; (b) WVD.

3.5.3 Simulation Results

To demonstrate the effectiveness of the developed method, we consider a two-

component non-linear FM signal with distinct amplitude levels of closely separated

signatures in the TF domain, given by

s(t) = exp(ȷϕ1(t)) + 0.4 exp(ȷϕ2(t)), t = 1, ..., T, (3.48)

where the phase laws of the two components are given by

ϕ1(t) = 2π(0.15t− 0.12t2/T + 0.14t3/T 2),

ϕ2(t) = 2π(0.25t− 0.15t2/T + 0.15t3/T 2).
(3.49)

T and SNR are, respectively, chosen to be 128 and 15 dB.

Figs. 3.18(a) and 3.18(b), respectively, show the real part of the original signal

waveform without missing samples and the corresponding WVD. As seen in Fig.

3.18(b), for this two-component non-linear FM signal, the WVD exhibits severe cross-

terms between components, even without any missing samples. As a result, the weaker

component cannot be clearly identified.

Fig. 3.19(a) shows the real part of the observed signal that contains a total of

48 (i.e., 37.5%) group missing samples, clustered into 12 groups that are randomly
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distributed over time. The number of missing samples in each group varies from 2 to

6. The position of missing samples are shown in red color in Fig. 3.19(a). The true

IFs are provided in Fig. 3.19(h) for comparison purposes.

The group missing samples create convolutive sinc function-like patterns of ar-

tifacts that are concentrated near the true IFs in the TF region and misguide the

identification of the true IFs. These patterns are clearly visible in the WVD depicted

in Fig. 3.19(b). Figs. 3.19(c)–3.19(f), respectively, provide TFR reconstruction results

obtained with the application of the MIAA in the IAF domain [53], the AOK [40],

MISR applied to the kerneled IAF, and ALF-DTFD to the observed signal. It is

seen that, while all techniques are generally successful in retrieving the IFs of the

stronger signal component, they either exhibit excessive cross-terms and artifacts

that hinder identification of true signal signatures (e.g., MIAA in Fig. 3.19(c)) or

provide erroneous results of the weaker signal component, specifically, when these

components share high proximity in the TF domain. As clearly seen in Fig. 3.19(d),

signal-adaptive TF kernel (e.g., AOK in this case) alone cannot mitigate all artifacts

due to burst missing samples.

As evident from Fig. 3.19(g), the developed IA-MDR-2 method provides superior

TFR reconstruction results with high resolution of the estimated signal components

and improved energy concentration of the underlying TFR. The developed method

effectively suppresses cross-terms and artifacts from the TFR and, at the same time,

preserves the auto-term TF distributions. The achieved TFR is benefited from the

suitable combination of data interpolation in the IAF domain and the cross-term

suppression capabilities of signal-adaptive TF kernel. For the considered scenario,

three iterations of the developed method are applied with the AOK volume is chosen

as 3.

Usually, 2 to 5 iterations of the developed method are sufficient to reconstruct

the desired high-resolution TFR. The significant improvement in terms of auto-

component reconstruction, and cross-term and artifact mitigation is observed within

the initial 2 to 3 iterations, as most of the missing entries are updated by this time.
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Figure 3.19. TFRs obtained using different methods on the observed
signal with 37.5% group missing samples (SNR 15dB): (a) Real part of
the observed signal (with missing data positions marked in red color); (b)
WVD; (c) MIAA applied to IAF; (d) AOK (volume 3); (e) MI-SR applied
to the kerneled IAF; (f) ALF-DTFD; (g) IA-MDR-2; (h) True IFs (for
comparison).
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Beyond that, each additional iteration provides less significant improvements in terms

of energy enhancement and IF estimation accuracy.

3.6 Summary

In this chapter, we have provided mathematical analyses of the effects of burst

missing data samples on different joint-variable domain representations. We devel-

oped a novel MI-SR algorithm to obtain sparsity-based TFRs for non-parametric

non-stationary signals, received with incomplete data sequences. The presented MI-

SR method iteratively estimates the TFRs and the missing IAF entries corresponding

to the incomplete observations until convergence is achieved. The superiority of the

MI-SR approach is examined in terms of the TFR consistency, RMSE, energy con-

centration and execution time compared with existing techniques based on AOK and

MIAA.

We also developed two related, yet more generalized, algorithms, which iteratively

perform missing data recovery in the IAF domain based on the weighted least squares

criterion in conjunction with signal-adaptive TF kernels. By effective utilization of

data interpolation in IAF domain and TF kernel, the presented IA-MDR-1 and IA-

MDR-2 methods achieve reliable IF estimation of all signal components, preserve a

high resolution of signal auto-terms, and improve energy concentration of the un-

derlying TFR through an effective cross-term and compressed data-induced artifact

mitigation, while preserving amplitude information of the signal components. These

approaches are particularly useful in resolving weaker signal components when the

FM signal is received with compressed measurements and comprises multiple non-

linear components with distinct amplitude levels that exhibit high proximity in the

TF domain. The effectiveness of the developed methods is demonstrated through

various simulation results.
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CHAPTER 4

ADAPTIVE LOCAL FILTERING-BASED DIRECTIONAL

TIME-FREQUENCY DISTRIBUTIONS

In this chapter, we develop a new low-complexity TF technique that involves local

peak detection and filtering of TFRs within a window of a specified length at each

time instant. The threshold for each local TF segment is adapted based on the

local maximum values of the signal within that segment. In particular, the devel-

oped method is useful in achieving robust TFRs of polynomial-phase non-stationary

signals that consist of multiple components with distinct amplitude levels and are

observed with compressed measurements. The difficulties in identification of signal

auto-components, especially the weaker ones, are amplified when such signals have

multiple close non-linear components and contain burst missing samples. The devel-

oped approach, referred to as adaptive local filtering-based directional time-frequency

distribution (ALF-DTFD), successfully resolves signal components with distinct am-

plitude levels, enables high-resolution IF estimation of such signals, mitigates the

undesired effects of the cross-terms and artifacts due to compressed observations,

and preserves high energy of the signal auto-terms while maintaining the distribu-

tion properties of the underlying TFRs. The presented technique can be successfully

applied to the multi-component non-stationary signals observed with any form of

missing data patterns. The effectiveness of the developed method is verified through

simulation results.

4.1 Background and Motivation

In detection and tracking applications, radar target returns are often modeled

as multi-component FM signals. Magnitudes of such signals may significantly differ
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due to, e.g., different target sizes. Such signals exhibit severe cross-terms between

components. Usually, the average power of weaker signal signatures is much lower

than the average power of the cross-terms, making the weaker signals much more

vulnerable to artifacts and noise, and thus more difficult to be detected. These

challenges are elevated in the presence of burst missing samples, thereby increasing

the possibility of erroneous detection, processing, and classification.

In such scenarios, conventional TF approaches, TF kernel-based and CS-based

methods mentioned in Section 1.1 either fail completely to recover the weaker sig-

nal components or demonstrate excessive artifacts and spurious signal signatures,

thus misguiding identification of the true IFs. The sparse reconstruction and IAF-

interpolation based MI-SR from Chapter 3, too, face challenges to provide effective

auto-term identification of weaker signal components. In this scenario, a recently

developed adaptive directional TF distribution (ADTFD) [41] generally outperforms

the existing approaches in terms of resolving close signal components with high varia-

tion in their relative amplitudes, while achieving a high resolution of auto-term TFRs.

However, ADTFD, too, suffers from problems of aliasing signal components, artifacts,

and interfering cross-terms.

Pre-processing techniques may be employed for resolution enhancement, cross-

term suppression, and denoising of the TFRs to improve the reliability and per-

formance of the underlying advanced methodologies in various applications such as

detection, tracking, classification, and diagnosis [37]. One of the common techniques

is to find peaks using well-known zero-derivative method and then smoothing the

entire curve using a low-pass filter. However, doing so adversely affects the TFR

resolution. In addition, accidental zero-crossings of the first derivative occur in noisy

signals, leading to false peak detections.

Both auto-terms and cross-terms appear as ridges in the TF domain. Usually, the

signal-adaptive TF kernel operation is designed to provide maximum output when the

direction of TF kernel is parallel to these ridges. For example, using the operation

defined in (2.15), the smoothing kernel of the ADTFD provides maximum output

when it is parallel to these ridges, providing low-pass filter characteristics along its
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major direction. The output of the smoothing kernel is minimized in other direc-

tions, thus reducing the energy at TF points where no signal components are present.

The author observes that, after this data-dependent kernel operation, for each time

instant, the maximum valued peaks generally belong to the true signal signatures,

whereas the undesired artifacts assume low values within a local TF segment enclosed

in a window of an appropriate length. Besides, as explained in Section 3.2.1, due to

the window effect, the non-zero entries of the signal IAF assume a diamond shape

with fewer entries at the sides and a maximum number of available entries at the

center time, even in the absence of any missing data samples. The author observes

that, as the TFR is related with the IAF through a 1-D Fourier transform relation-

ship, the energy distribution of signal auto-components varies at each time instant

in the respective TFR. The presented ALF-DTFD technique, motivated from this

important observations, offers low computational complexity and is found effective

in suppressing cross-terms and artifacts due to unevenly spaced data samples, while

preserving the energy of the signal auto-components with different amplitude levels.

4.2 Adaptive Local Filtering-Based Directional Time-Frequency Distri-

bution

In this section, we delineate the developed ALF-DTFD approach that aims to

mitigate the undesired effects of cross-terms and artifacts from the underlying TFRs,

enable accurate estimation of signal IFs with high-resolution and provide robust TFRs

with high energy concentration.

We begin with the TFR of a multi-component FM signal obtained after the appli-

cation of signal-adaptive TF kernel. Each point of this TFR is denoted as χadapt(t, f).

Let a P × 1 vector x(t) = [χadapt[t, 1], ..., χadapt[t, P ]]
T, t = 1, ..., T , denote the col-

umn of the underlying TFR at time instant t, with P representing the total number

of frequency-grid points. As all the steps are performed for each time instant, we

omit superscript (t) in the sequel for notational simplicity.
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Divide the vector x into Z non-overlapping segments, with G = ⌈P/Z⌉ being the

number of elements in each segment, i.e.,

x =
[
xT
1 ,x

T
2 , ...,x

T
Z

]T
, (4.1)

where the zth segment, xz, is given by

xz =
[
x[(z − 1)G+ 1], ..., x[zG]

]T
, 1 ≤ z ≤ Z. (4.2)

If ZG > P , ZG− P zeros are appended at the end of x, i.e., in the last segment xZ .

The selection of Z depends on the total number of components and their separation in

the frequency domain. For a signal with few closely spaced components, a small value

of Z should be used (e.g., 1 or 2). For signals with a higher number of components, or

when they spread in the entire frequency region, a higher value of Z may be desired,

without exceeding the total number of signal components.

The peaks are detected locally within each segment xz. A TF point is considered

a peak if it has the maximum value, and is preceded by a value lower by the specified

threshold, defined as a percentage of the maximum value. Denote xz[n] as the nth

element of xz, and Pz as the set of the detected peaks within the segment xz. Then,

xz[n] ∈ Pz, if |xz[n]| − |xz[n− 1]| ≥ ζmax |xz|, (4.3)

where 0 < ζ ≤ 1, and n = 2, ..., G. The value of ζ should be properly chosen. A small

value of ζ will yield ineffective suppression of the undesired artifacts and cross-terms

from the TF region, whereas a large value will aggressively remove auto-terms along

with cross-terms.

The retained TF points represent the detected high-energy peaks, whereas low

energy artifacts are filtered out. This is achieved by the following thresholding,

xz[n] =

xz[n], if xz[n] ∈ Pz,

0, otherwise.

(4.4)

The entire procedure of the ALF-DTFD technique is summarized in algorithm 1.

Note that in the presented work we begin with the ADTFD as the underlying TFR,

which is computed using (2.13)–(2.15). While the WVD is used as the default χ(t, f)
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Algorithm 1: ALF-DTFD algorithm

1 Compute ADTFD of the received signal, χadapt(t, f), using (2.13)–(2.15) and

(4.5);

2 Initialize the total number of frequency grid points P , total number of

samples T , number of segments Z, and threshold parameter ζ with

0 < ζ ≤ 1;

3 for t = 1 : T do

4 Divide x = χT
adapt[t, :] into Z non-overlapping segments, x1,x2, ...,xZ , each

of length G = ⌈P/Z⌉;

5 for z = 1 : Z do

6 Initialize the set of the detected peaks within xz, Pz = ∅;

7 for n = 2, ..., G do

8 if |xz[n]| − |xz[n− 1]| ≥ ζmax |xz| then

9 xz[n] ∈ Pz;

10 end if

11 end for

12 foreach xz[n] ∈ xz do

13 if xz[n] /∈ Pz then

14 |xz[n]| = 0;

15 end if

16 end foreach

17 end for

18 χadapt[t, :] = x[1 : P ];

19 end for

in (2.13), the developed work utilizes the smoothed pseudo WVD (SPWVD) [35, 36]

for improved cross-term reduction. The SPWVD of the signal x(t) is given by

χ(t, f)=
∑
ν

gw(ν)
∑
τ

hw(τ) x(t− ν + τ)x∗(t− ν − τ) e−ȷ4πfτ , (4.5)
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where gw(ν) and hw(τ) are, respectively, time and lag smoothing windows. The

separable kernel in SPWVD facilitates independent optimization for the time and

frequency smoothing, thus providing improved cross-term suppression results. While

we have used the ADTFD, any other signal-adaptive TF kernel can also be utilized

in lieu of ADTFD.

4.3 Simulation Results

To demonstrate the effectiveness of the presented ALF-DTFD approach, we con-

sider a two-component FM signal with different amplitudes of the components, given

by

s(t) = exp(ȷϕ1(t)) + 0.6 exp(ȷϕ2(t)), t = 1, ..., T, (4.6)

where T is chosen to be 256 and the instantaneous phase laws of these two components

are respectively expressed as,

ϕ1(t) = 2π(0.05t+0.000001t3),

ϕ2(t) = 2π(0.25t−0.0000005t3).
(4.7)

Figs. 4.1(a)–4.1(e), respectively, show the real part of the original signal without

missing samples, and the corresponding IAF, AF, WVD, and true IFs. In Fig. 4.1(b),

the IAF entries, related to the time at which the two signal components intersect

in the TF region, assume maximum amplitudes. In Fig. 4.1(c), the two auto-term

signatures pass through the origin and the cross-terms oscillates around the origin.

The WVD depicted in Fig. 4.1(d) shows the excessive cross-terms even without any

missing samples, due to the bilinear nature of the underlying multi-component FM

signal. These cross-terms could be mitigated by designing a low-pass TF kernel in

the ambiguity domain that yields maximum output in the direction parallel to the

auto-terms and small outputs everywhere else.

Fig. 4.2(a) shows the real part of the received signal, which contains a total of

96 (i.e., 37.5%) missing samples. These missing samples are clustered into 16 bursts,

with each burst having a width of 6 missing samples. Missing data positions are
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Figure 4.1. The original signal without missing samples: (a) Real part
of the signal; (b) IAF; (c) AF; (d) WVD; (e) True IFs.
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Figure 4.2. The received signal with 96 (i.e., 37.5%) missing samples
clustered into 16 bursts, each burst having 6 missing samples: (a) Real
part of the signal; (b) IAF; (c) AF; (d) WVD.

marked with red dots. The corresponding IAF in Fig. 4.2(b) contains burst miss-

ing entries due to burst missing data samples. Figs. 4.2(c) and 4.2(d), respectively,

show the corresponding AF and WVD, in which aliasing structures, generated due to

convolutive sinc-function-like artifact patterns, make spectral estimation and analy-

sis extremely challenging. Unlike the random missing data case, where the artifacts

are uniformly distributed in these domains, the artifacts due to burst missing sam-

ples exhibit strong patterns and cannot be easily mitigated using adaptive TF kernel

alone.
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Figure 4.3. TFRs obtained using different existing approaches applied
to the received signal of Fig. 4.2(a): (a) MIAA applied to the IAF; (b)
OMP applied after MIAA; (c) AOK; (d) OMP applied to the kerneled
IAF obtained from the AOK; (e) ADTFD with WVD as the underlying
TFD; (f) OMP applied after the ADTFD.



85

Figs. 4.3(a)–4.3(f) provide comparison of the TFRs obtained using different ex-

isting approaches, applied to the received signal shown in Fig. 4.2(a). The TFR in

Fig. 4.3(a), obtained with the MIAA method applied in the IAF domain, shows ex-

cessive cross-terms, similar to the WVD from Fig. 4.1(d). As observed in Fig. 4.3(b),

the sparse reconstruction based OMP technique, when applied after MIAA, performs

poorly in recovering the weaker signal component and suppressing the cross-terms.

The AOK in Fig. 4.3(c) performs relatively well in recovering the stronger signal

component. However, aliasing at both sides may misguide the identification of the

weaker signal component. Figs. 4.3(d) and 4.3(f) show TFR reconstruction results us-

ing OMP applied to the IAFs, respectively, obtained from the AOK and the ADTFD.

In both cases, the OMP fails to recover the weaker signal component. The high-energy

sinc-like artifact patterns resulted from the burst missing samples, concentrated near

the stronger signal component in the respective TFRs, are misguided as the second

signal component in the OMP, leading to erroneous results. As seen in Fig. 4.3(e),

the ADTFD from Section 2.4.2, using the WVD as the underlying TFD with κ = 2

and w = 30, produces TFR reconstruction results with better artifact suppression

compared to all aforementioned approaches. Nevertheless, the artifacts due to burst

missing samples and spurious signal signatures near the intersection of the two com-

ponents remain an issue.

In Fig. 4.4(a), the SPWVD is used as the underlying TFR instead of WVD while

computing ADTFD, where κ = 0.3, w = 100, hw(τ) = 128, and gw(ν) = 5 are

assumed. As compared to Fig. 4.3(e), the improvement in terms of the IF resolution

and energy concentration of the signal components, particularly for the weaker signal

component and at the intersection of the components, is clearly observed in Fig.

4.4(a). Fig. 4.4(b) shows the resulting TFR after smoothing the TFR of Fig. 4.4(a)

with global thresholding, in which a single threshold is used for the entire TFR.

While this approach is successful in removing some of the artifacts, the presence

of aliasing signal components makes identification of the true IFs difficult, as one

universal threshold does not serve for alias mitigation and auto-term preservation.

Fig. 4.4(c) provides TFR obtained using the developed ALF-DTFD approach applied
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Figure 4.4. TFRs obtained by applying the developed techniques to the
received signal of Fig. 4.2(a): (a) ADTFD with SPWVD as the underlying
TFD; (b) Resulting TFR after smoothing the TFR of Fig. 4.4(a) using
global thresholding; (c) ALF-DTFD (Z=1, G=256, ζ=0.41).

to the TFR depicted in Fig. 4.4(a). The values of Z and ζ are, respectively, considered

as 1 and 0.41. As evident from Fig. 4.4(c), the presented approach not only removes

all cross-terms and artifacts due to burst missing data samples, but also preserves high

energy and resolution of the auto-terms. This clearly demonstrates the superiority of

the developed technique in pre-processing the TFRs with increased reliability.
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4.4 Summary

In this chapter, we presented a novel adaptive local filtering based approach for

the robust TF analysis of multi-component non-stationary signals. The presented

ALF-DTFD technique is simple, yet effective in removing cross-terms and undesired

artifacts due to incomplete observations, while preserving desired signal auto-terms

in the underlying TFRs of such signals. In particular, when the non-stationary signal

has multiple components that share high proximity in the TF domain or have large

variations in their relative amplitudes, the developed approach is seen to be efficient

in resolving weaker signal components while preserving a high resolution of the true

IFs. The effectiveness of the developed technique in providing reliable TF signature

estimation is successfully demonstrated using a challenging multi-component signal

scenario.
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CHAPTER 5

SEQUENTIAL TIME-FREQUENCY SIGNATURE

ESTIMATION OF MULTI-COMPONENT SIGNALS

In this chapter, we develop a sequential estimation-based approach, referred to as

sequential missing data estimation-based time-frequency representation (SME-TFR),

with an aim to provide an accurate IF and magnitude estimation of all signal sig-

natures of multi-component non-stationary signals, while mitigating the undesired

effects of cross-terms and artifacts from the respective TFRs. This approach is par-

ticularly useful in achieving highly concentrated robust TFRs when a non-stationary

signal consists of multiple non-linear close components in the TF domain but with

significant differences in their amplitude levels, and is observed with missing data

samples.

First, we obtain the TFR of the received signal, observed with compressed mea-

surements. While a number of methods can be used to obtain the required TFR,

we consider signal-adaptive TF kernel-based approaches, and the AOK is used as an

example to demonstrate its capability of effectively mitigating cross-terms and arti-

facts. The obtained IF of the strongest signal component is estimated using a peak

detection technique. We then reconstruct the time-domain signal waveform using the

estimated IFs, which is used to remove the strongest component from the received sig-

nal through orthogonal projection. The weaker signals are successively detected and

suppressed. The refined estimation of the signal components is independent of the

missing data positions. Simulation results are provided to validate the effectiveness

of the developed approach.
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5.1 Background and Motivation

As mentioned in Section 4.1, radar signal returns from maneuvering targets with

different sizes are manifested as non-linear multi-component FM signals with a sig-

nificant difference in their amplitude levels. Due to their bilinear nature, such multi-

component non-linear FM signals exhibit severe cross-terms between components.

Additionally, if such signals are received with unevenly spaced compressed observa-

tions, sinc-like artifact patterns are introduced in the TFRs of these signals, which

are highly concentrated around the true IFs of the signal signatures. Such cross-

terms and the artifacts, particularly those due to the stronger signal components,

make the identification of signal IFs, notably those of the weaker signal components,

challenging.

In such cases, conventional TF approaches, CS-based and TF kernel-based tech-

niques from Section 1.1 and OMP-based MI-SR from Chapter 3 often face difficulties

in accurately estimating the IF signatures of the weaker signal components, especially

when missing data appear in groups. Unlike these methods, the ALF-DTFD approach

from Chapter 4 provides high-resolution IF estimation for both stronger and weaker

signals by adapting the threshold based on the local maximum values of the signal

captured within a window of a specified length at each time instant. However, the

success of the ALF-DTFD heavily depends on the quality of the underlying TFR.

Besides, it requires a cumbersome manual tuning of the parameters. These are the

major drawbacks of this approach. A recently developed, an atomic norm-based TFR

reconstruction technique [83] performs relatively well in retrieving weaker signal com-

ponents. However, IAF interpolation using atomic norm [83] requires high sparsity

of signal representations in TF and ambiguity domains. This condition is usually vi-

olated in the presence of strong artifacts, noise and cross-terms, making this method

suitable for only certain type of signals, such as mono-component or parallel multi-

component linear FM signals. Besides, it suffers from high computational complexity.

On the other hand, the generalized stepwise demodulation transform technique [88],

developed based on the synchro-squeezing transform, sequentially estimates each sig-
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nal component using the demodulation operation. However, it requires an accurate

estimation of the phase law of each signal component as a demodulating operator,

which is often difficult to obtain in the case of multi-component non-linear FM signals.

Various techniques based on signal subtraction, subspace projection, and signal

stationarization have been developed for non-stationary FM interference suppression

in communication signals [89–92]. Because methods based on direct signal subtrac-

tion are sensitive to the accuracy of the estimated phases, subspace projection-based

techniques are often used, provided that the signal IF is accurately estimated. In

the presence of missing samples, a similar approach that stationarizes the strong FM

signal into a direct current (DC) component based on the estimated IF is introduced

in [92] to successfully remove a single FM jammer in anti-jamming GPS receiver.

The developed SME-TFR approach is inspired from [92]. It should be noted that,

compared with the work presented in [92], which is mainly focused on the excision

of a single strong FM signal, the problem considered in the presented work is more

challenging because of consideration of multiple higher order polynomial phase signals

with distinct amplitude levels and the presence of burst missing data samples.

5.2 Sequential Missing Data Estimation-Based TFR

In this section, we describe the developed SME-TFR approach. Without loss

of generality, we refer to the strongest signal component as the first component,

and the weakest signal component is referred to as the last component. The signal

components are iteratively reconstructed in the order, from the first component to

the last component, as follows:

(i) The iteration counter, i, is initialized as 1. Denote the received multi-component

FM signal as the initial residual signal, r(0) = r = [r(1), ..., r(T )]T.

(ii) Compute the reduced-interference TFR, D̄
(i−1)
RID (t, f), from r(i−1) using (2.8) and

(2.16). In this work, we have used the AOK as the TF kernel; however, any

other signal-adaptive TF kernel can also be utilized in place of AOK. From

D̄
(i−1)
RID (t, f), we obtain the estimated IF vector of the ith signal component,
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f̂i = [f̂i(1), ..., f̂i(T )]
T, through peak detection in the TFR. That is, at each

time instant t, the frequency that corresponds to the maximum valued peak

along the frequency axis is identified as the IF estimate f̂i(t) of the ith signal

component at that time. The collection of all (t, f̂i(t)) pairs forms the sparse

TFR basis S̄
(i)
RID(t, f) of the ith signal component.

(iii) Using the estimated IFs, the phase information at each time instant is obtained

as ϕi(t) = 2π
∑

t f̂i(t). Based on this result, we estimate the signal basis as

ŝi = [ŝi(1), ..., ŝi(T )]
T with ŝi(t) = exp(ȷϕi(t)).

The complex amplitude of the ith component is estimated through the following

projection:

α̂i =
1

N
ŝHi r

(i−1)

=
1

N

∑
t∈S

(
ai(t) +

K∑
k=i+1

ak(t)e
ȷ(ϕk(t)−ϕi(t))

)

≈ 1

N

∑
t∈S

ai(t),

(5.1)

which yields the average of ai(t). As such, the estimated ith component becomes

r̂i = α̂iŝi = [r̂i(1), ..., r̂i(T )]
T.

(iv) The signal component r̂i is subtracted from r(i−1) to obtain the residual signal

r(i) = r(i−1) − r̂i = r(i−1) − α̂iŝi. (5.2)

(v) The iteration counter is increased by 1 and the steps (ii)–(iv) are repeated until

the residual becomes negligible. Thus, all the signal components are successively

estimated and compensated for. The final value of i provides the total number

of components K.

(vi) The refined estimated signal is obtained as ŝ =
∑K

i=1 r̂i =
∑K

i=1 α̂iŝi, and

the corresponding robust reduced-interference TFR is achieved as S̄RID(t, f) =∑K
i=1 |α̂i|2S̄(i)

RID(t, f). The final estimated signal, ŝ, and the corresponding RID,

S̄RID(t, f), have achieved effective suppression of the cross-terms and artifacts.
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5.3 Simulation Results

To clearly demonstrate the effectiveness of the developed SME-TFR approach, we

consider a two-component FM signal with different amplitudes, given by

s(t) = exp(ȷϕ1(t)) + 0.4 exp(ȷϕ2(t)), t = 1, ..., T, (5.3)

where T is chosen to be 128 and the instantaneous phase laws of these two components

are respectively expressed as,

ϕ1(t)=2π(0.05t+ 0.001t2/T + 0.10t3/T 2),

ϕ2(t)=2π(0.15t+ 0.003t2/T + 0.08t3/T 2).
(5.4)

In order to clearly understand the effects of the burst missing samples on the recon-

struction performance, we consider a noise-free scenario.

Figs. 5.1(a) and 5.1(b), respectively, show the real part of the original signal

waveform without missing samples and the corresponding WVD. Due to the bilinear

nature of the underlying multi-component FM signal, the WVD exhibits excessive

cross-terms. The real part of the received signal waveform, which contains a total of

48 (i.e., 37.5%) burst missing samples, and the corresponding WVD are, respectively,

depicted in Figs. 5.1(c) and 5.1(d). The missing data positions are marked with red

dots. These missing samples are clustered into 12 bursts, with each burst containing

4 missing samples. Convolutive sinc-function-like artifact patterns, generated as a

result of burst missing samples, are clearly visible in the WVD of Fig. 5.1(d). Note

that, unlike the random missing data case, where the artifacts are uniformly dis-

tributed in the entire TF region [43], the artifacts due to the burst missing samples

are concentrated around true IFs, as discussed in Section 3.2. This fact makes spec-

tral estimation and analysis much more challenging. The effects of these artifacts are

difficult to be mitigated with a TF kernel alone.

Fig. 5.2(a) displays the TFR of the original received signal with burst missing

samples, obtained using the AOK. As seen in the TFR of Fig. 5.2(a), the cross-

terms, artifacts, and aliasing signatures around the weaker signal component, make

accurate detection of the signal IFs challenging. The results of the estimated TFRs,
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Figure 5.1. Signal waveform and WVD: (a) Real part of the original
signal; (b) WVD of the original signal; (c) Real part of the received signal
with burst missing samples; (d) WVD of the received signal.

obtained using the developed SME-TFR approach, are provided in Figs. 5.2(b)–5.2(d).

Figs. 5.2(c) and 5.2(d), respectively, present the estimated TFRs of the first and the

second signal components, whereas Fig. 5.2(b) shows the combined TFR of both

signal components. As seen in these figures, the undesired effects of cross-terms and

artifacts are mitigated, the energy concentration of the TFRs is improved, and an

accurate estimation of the signal auto-terms is achieved. In all the above TFRs, the

AOK is applied for fine TFR estimation, and the value of the kernel volume is chosen

as 2.

Figs. 5.2(e) and 5.2(f), respectively, provide the estimated IFs of the first and sec-

ond signal components, overlaid with their respective true IFs. The IFs of both signal
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Figure 5.2. Estimated results, AOK (volume 2) is applied to all the
TFRs: (a) TFR of the original received signal, obtained using AOK only;
(b) TFR of the refined estimated signal, obtained using developed SME-
TFR; (c) TFR of the estimated stronger component, obtained using SME-
TFR; (d) TFR of the estimated weaker component, obtained using SME-
TFR; (e) Estimated IF of the stronger signal component; (f) Estimated
IF of the weaker signal component.
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Figure 5.3. Reconstructed results of the stronger signal component: (a)
Real-part waveform; (b) Phase; (c) Unwrapped phase estimation error.
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Figure 5.4. Reconstructed results of the weaker signal component: (a)
Real-part waveform; (b) Phase; (c) Unwrapped phase estimation error.
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components are precisely estimated with an average error of 0.0035 and 0.0039, re-

spectively, measured in terms of the normalized frequency. Note that the information

regarding the amplitude level is also preserved. The average amplitudes obtained for

the two signal components are 1.0000 and 0.4025, respectively, which are very close

to the actual amplitudes of 1.0000 and 0.4000.

Figs. 5.3(a) and 5.3(b), respectively, show the estimated real-part waveform and

phase of the first (stronger) signal component, overlaid with those of the original

signal, and Fig. 5.3(c) shows the unwrapped phase estimation error. All the phase

values are shown in radians. As seen in Fig. 5.3, this signal component is estimated

accurately, except for the minor deviation at few places.

Similarly, the comparison of the estimated real-part waveform and phase of the

second (weaker) signal component, with respect to their original signal counterparts,

are respectively provided in Figs. 5.4(a) and 5.4(b). As seen in these plots, the weaker

signal component is accurately estimated except for the deviation at a few places. The

unwrapped phase estimation error is displayed in Fig. 5.4(c). The estimation accuracy

of the weaker signal component is sensitive to the IF estimation and the frequency

quantization errors of the stronger signal component. Therefore, in Fig. 5.4(c), the

overall error in the estimated phase is slightly higher for the weaker signal component

than that of the stronger signal component shown in Fig. 5.3(c).

5.4 Summary

In this chapter, we presented a new sequential estimation-based technique to ac-

curately reconstruct multi-component non-stationary signals with distinct amplitude

levels, and in the presence of missing data samples. While conventional approaches

may fail to recover weaker signal components in such scenarios, the developed SME-

TFR approach successfully resolves all signal components with high IF accuracy,

achieves effective mitigation of cross-terms and artifacts, and maintains the energy

concentration of desired signal auto-terms. The effectiveness of the developed method

is examined through simulation results.
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CHAPTER 6

SIGNAL SELF-STATIONARIZATION-BASED

TIME-FREQUENCY REPRESENTATIONS

High-resolution Doppler analysis of multipath OTHR signals is an effective technique

to enable accurate target tracking and altitude estimation in OTHR operations, as

we will see in Section 6.1. However, such analysis is very challenging because multi-

path OTHR signals are non-stationary, inseparable by existing TF analysis methods,

and corrupted by strong noise and severe fading due to the long operation range and

complicated ionospheric propagations. We note that only the difference Doppler com-

ponent is required to determine target elevation velocity, and its accurate estimation

improves accuracy of the target altitude estimation. Therefore, when the Doppler dif-

ference is of interest, estimation of the nominal frequency component is not required.

Motivated by such demands, challenges, and the aforementioned observation, in this

chapter, we develop two effective knowledge-based TF representations exploiting sig-

nal self-stationarization for robust and high-resolution Doppler difference estimation

of multipath OTHR signals.

We observe that, the squared magnitude operation in [72] yields four demodulated

Doppler frequency components, symmetrically located around the stationarized nom-

inal Doppler frequency component. We note that, the differential Doppler component

can be modeled as the fundamental frequency component, while the remaining three

demodulated Doppler signatures fully associate with it as its negative frequency com-

ponent and their harmonics. Therefore, the Doppler difference estimation problem

can be modeled as the group-sparse reconstruction problem. Based on this important

observation, first, we present a group sparsity-based approach that exploits the cor-

relation between these Doppler signatures and utilizes the a priori information about

their characteristics. After the removal of the nominal Doppler component using the
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squared magnitude of the received signal, we formulate the Doppler difference esti-

mation as a group-sparse reconstruction problem based on the prior knowledge of the

characteristics of these Doppler signatures and their group sparsity, and design the

dictionary that effectively represents the remaining components as the appropriate

harmonics of the fundamental frequency signature. The resulting problem is effec-

tively solved using the expectation maximization (EM)-based block sparse Bayesian

learning (BSBL-EM) [69] technique. Other Bayesian CS-based group sparse recon-

struction methods [58–61] can also be used in lieu of BSBL-EM.

The key offering of the developed group sparsity-based method lies in that, by

formulating the Doppler difference estimation as a group sparse reconstruction prob-

lem, the search space is reduced to one-fourth of the original search space for the

multipath model considered in [15, 62, 67, 72]. At the same, the consideration of the

four demodulated Doppler components that share a common sparse support would

enhance the robustness of their frequency estimation. The developed technique is

discussed in details in Section 6.2.2. Although the presented group sparsity-based

approach provides robust Doppler difference estimation, we note that the Bayesian

CS-based optimization approaches [58, 69] are generally computationally extensive.

Then, we further improve TF analysis by incorporating modified Viterbi-based

algorithm to enable higher reliability and faster implementation in the impaired ob-

serving environments. In this scenario, implementation of a modified Viterbi-based

technique on the squared magnitude of the received signal provides much simpler, yet

more accurate and robust, Doppler difference estimation. By carefully drafting the

conditions of the penalty function based on the Doppler characteristics in OTHR, the

developed technique overcomes the limitation of the group sparsity-based and other

existing Doppler difference estimation approaches [67, 72] and provides robust, accu-

rate, and high-resolution Doppler difference estimation than its other counterparts.

The performance of the developed techniques is evaluated using simulation re-

sults, which are presented in Section 6.3. By utilizing signal self-stationarization and

ensuring IF continuity, the developed approaches also show higher robustness to the

amplitude level variation of different signal components.



100

6.1 Background and Motivation

A traditional sky-wave OTHR operates in the high-frequency (HF) band to detect

targets that are located well beyond the limit of conventional line-of-sight radars by

utilizing ionospheric reflections and refractions of the radar signals. OTHR performs

wide-area surveillance, with a typical coverage of several thousand kilometers [93].

The narrow signal bandwidth constrained by the ionospheric conditions [94], along

with other limiting conditions, such as low SNR and effective array aperture, ad-

versely affect the range and cross-range resolutions of an OTHR system [95]. The

range resolution of a typical skywave OTHR is measured in the order of tens of kilo-

meters [95]. Due to the early warning nature of OTHR, high range resolution may not

be required. However, high-resolution estimation of the target altitude, in the order

of few kilometers or less, is needed for further target classification [15, 62, 63]. Nev-

ertheless, due to poor range and cross-range resolutions, direct estimation of target

parameters is generally infeasible.

In practice, different multipath signals of a target, generated due to the local mul-

tipath, i.e., reflections of the radar signal from the ocean/ground surface, along with

ionospheric reflections, manifest themselves as distinct, yet closely separated, and

highly time-varying Doppler frequency signatures. These Doppler signatures provide

useful information for target geo-location, especially regarding the target’s velocities

in range and elevation directions [64]. Nevertheless, it is often a challenging task

to resolve the local multipath Doppler frequencies due to their proximity, particu-

larly when the target is maneuvering, thus yielding non-linearity in these Doppler

signatures. In particular, the differential Doppler component bears a practical im-

portance in target tracking applications as it carries important information regarding

the target’s velocity in the elevation direction that enables improved estimation of

the target altitude. However, the extremely small value of the resulting differential

Doppler component makes its accurate estimation challenging.

TF techniques [5, 12] facilitate visualization and analysis of these Doppler sig-

natures. In the past two decades, various techniques devised based on the local-
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multipath model have attempted to resolve these Doppler signatures to enable high-

resolution target parameter estimation in OTHR [15, 62, 63, 65–68]. However, these

techniques suffer from either a high computational complexity, requirement of ex-

haustive parametric analysis, or insufficient resolution. The close proximity of these

highly time-varying and non-linear Doppler components, inherent interference, and

low SNR adversely affect the performance of these methods.

An important approach attempts to stationarize the local-multipath signals with

its nominal Doppler frequency [15, 66]. However, accurate estimation of the nominal

Doppler frequency is highly time consuming, and any inaccurate nominal Doppler

frequency estimation results in erroneous Doppler difference estimation. By utiliz-

ing the prior information of these Doppler characteristics, a low-complexity approach

in [72] removes nominal frequency component through the squared magnitude of the

received signal, leaving only the difference component of these Doppler signatures.

The squared magnitude operation guarantees perfect signal stationarization and gen-

erates four symmetric components located around the DC component. Then, the

STFT-based approach is utilized to obtain the targeted Doppler frequency difference.

While the method presented in [72] is effective in estimating the frequency difference

when the difference Doppler frequency signatures are isolated, it does not yield ac-

curate results, particularly when multiple Doppler difference components are closely

spaced. The low frequency resolution of the STFT for rapidly time-varying difference

Doppler signatures is also a factor that compromises the estimation accuracy.

We observe that, in the squared magnitude operation [72], the two difference

Doppler components corresponding to the local multipath signals generate their har-

monics, yielding four symmetrical components around the stationarized nominal Doppler

frequency component. These four components are fully associated with the funda-

mental frequency as its negative frequency component and their harmonics. However,

in previous work, such group sparsity is not considered in the context of OTHR local

multipath signals. This important observation motivated development of the pre-

sented group sparsity-based approach for effective Doppler difference estimation in

OTHR. In the developed method, the self-demodulation concept [72] is extended
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and the Doppler difference estimation is formulated as a group-sparse reconstruction

problem to take advantage of the relationship between these Doppler signatures. We

note that, while this group sparsity-based approach provides robust Doppler differ-

ence estimation, Bayesian CS-based optimization approaches [58, 69] are generally

computationally extensive.

Generalized Viterbi-based [96] IF estimation is considered in various studies [67,

97–99], in which recursive implementation of Viterbi-based IF estimation greatly re-

duces the search space by selecting the partial best paths. In addition, Viterbi-based

IF estimation methods are shown to be effective in impaired observing environments.

Implementation of Viterbi-based OTHR Doppler signatures estimation is considered

in [67], where separate estimation, stationarization, and removal of all Doppler sig-

natures are required, and Doppler difference is indirectly obtained by computing the

difference between the estimated signatures. Due to the proximity of these Doppler

components, these steps are repeated a few times, which greatly increase complexity

and yet give inaccurate estimation of the nominal Doppler component and Doppler

difference.

We note that only the difference Doppler component needs to be estimated for ac-

quiring target elevation velocity. Therefore, when the Doppler difference is of interest,

estimation of the nominal frequency component is not required. In this scenario, im-

plementation of a modified Viterbi-based technique on the squared magnitude of the

received signal would provide much simpler, yet more accurate and robust, Doppler

difference estimation. Our presented modified Viterbi-based Doppler difference esti-

mation algorithm is founded on this important observation.

6.2 Signal Self-Stationarization-Based Approaches

In this section, we provide the details of the presented signal self-stationarization-

based techniques. The developed work utilizes the local multipath propagation ge-

ometry provided in Section 2.6.
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6.2.1 Stationarization and Nominal Component Removal

The stationarization-based TF analysis techniques presented in [15, 66] require

highly time consuming processing of the data and often yield inaccurate estimation

of the nominal Doppler frequency component. The self-stationarization technique,

presented in [72], provides much simpler, yet more accurate Doppler signature demod-

ulation without the need for a complicated nominal Doppler component estimation

process. This procedure is summarized below.

The squared magnitude of the noiseless received signal, s(t), can be obtained by

multiplying it with its conjugate, as

|s(t)|2 = s(t)s∗(t)

=
(
|a1|2 + |a2|2 + |a3|2

)
+ (a1a

∗
3 + a∗2a3) exp(ȷψD(t))

+ (a∗1a3 + a2a
∗
3) exp(−ȷψD(t)) + a1a

∗
2 exp(ȷ2ψD(t)) + a∗1a2 exp(−ȷ2ψD(t)).

(6.1)

The operation in (6.1) yields four demodulated, localized frequency components,

symmetrically located around the stationarized (i.e., DC) nominal Doppler compo-

nent. As observed in (6.1), |s(t)|2 does not contain ψN(t). In order to obtain the

elevation velocity of a target, we only need to estimate ψD(t) from the Doppler sig-

natures of |s(t)|2 depicted in (6.1).

6.2.2 Group Sparsity-Based Local Multipath Doppler Difference Estima-

tion

The group sparsity-based method, developed to obtain a high-resolution estima-

tion of the Doppler frequency difference fD(t), defined in (2.22), is presented this

section.
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Group sparse reconstruction problem formulation

The resulting Doppler difference components in (6.1) are sparsely represented in

the spectral domain. In order to estimate the differential Doppler component, we

formulate it as a group sparse reconstruction problem, as detailed in the following.

Denote r(t) = s(t) + η(t) as the noisy received signal for t = 1, · · · , T , where η(t)

denotes zero-mean complex white Gaussian noise. Let,

y(t) = |r(t)|2 = |s(t)|2 + |η(t)|2 + ε(t) = |s(t)|2 + Λ(t), (6.2)

where ε(t) accounts for the cross-terms between s(t) and η(t), and Λ(t) represents

combined effects of the noise and cross-terms. Without loss of generality, we refer to

Λ(t) as the noise terms. Define

yS = [y(1), · · · , y(T )]T. (6.3)

Dividing yS into V overlapping segments, with W being the number of elements in

each segment and E being the frame hop, yields the following W × V matrix:

YS = [y
(1)
S ,y

(2)
S , ...,y

(V )
S ], (6.4)

where the vth segment

y
(v)
S = [y((v − 1)E + 1), ..., y((v − 1)E +W )]T. (6.5)

From (6.1), it is clear that, other than the DC component, y
(v)
S comprises of four

mutually associated frequency components, with one of them being the fundamental

frequency, one being its mirrored negative frequency component, and the other two

being their corresponding second-order harmonics. Using this information, we define

the fundamental frequency vector as f = [f1, f2, ..., fU ]
T, where U represents the total

number of fundamental frequencies. Consequently, the frequency vector of all possible

frequencies, including harmonics, which contains U groups and a total number of 4U

frequencies, is defined as

f̃ = [fT1 , ..., f
T
U ]

T, (6.6)
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where

fu = [−2fu,−fu, fu, 2fu]T, 1 ≤ u ≤ U, (6.7)

represents a group of four frequencies related to the fundamental frequency fu. Let,

α̃v = [α̃1(v)
T, ..., α̃U(v)

T]T (6.8)

be the associated magnitude vector, which describes the Doppler difference spectrum

of the signal, in the vth segment. Then, y
(v)
S can be expressed as the weighted sum

of different frequencies plus noise terms. The group sparse reconstruction problem of

y
(v)
S is formulated as

y
(v)
S = Φ̃α̃v + Λ̃, (6.9)

where Φ̃ is an W × 4U inverse Fourier transform matrix, given by

Φ̃ = [Φ̃1, ..., Φ̃U ], (6.10)

and

Φ̃u=



1 1 1 1

e−ȷ4πfnu e−ȷ2πfnu eȷ2πfnu eȷ4πfnu

...
...

...
...

e−ȷ4πfnu(W−1) e−ȷ2πfnu(W−1) eȷ2πfnu(W−1) eȷ4πfnu(W−1)


, (6.11)

where fnu = fu/fw, 1 ≤ u ≤ U , is the normalized fundamental Doppler frequency, and

fw is the pulse repetition frequency. Note that the amplitude α̃u(v), 1 ≤ u ≤ U , and

fnu, are assumed to be time-invariant within each segment due to the consideration

of a small time period.

Because the demodulated Doppler frequencies are sparsely represented in the TF

domain, the solution vector α̃v is sparse, i.e., most of its blocks are zero. Ideally, in

the absence of noise, other than the DC component, only one group of frequencies

should assume a non-zero value for the entire segment. However, in practice, the

estimation may contain few non-zero groups.
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Group sparse reconstruction

While the group sparse reconstruction problem (6.9) can be solved using a number

of group sparsity-based algorithms [58–61,69,100,101], Bayesian CS algorithms [58,60,

61,69] generally provide superior results due to their adaptive learning framework. In

this work, we use the BSBL-EM method [69] due to its proven superiority. The BSBL-

EM was originally developed for real valued signals, and was extended for spectrum

estimation of complex-valued harmonic speech signals [102]. The main steps of the

algorithm in the context of our group sparse Doppler difference estimation problem

are summarized below.

In the group sparse framework, each group α̃u(v) ∈ R4×1, 1 ≤ u ≤ U , is assumed

to satisfy the following parameterized multi-variate Gaussian distribution:

p (α̃u(v);λu,Cu) ∼ CN (0, λuCu) , u = 1, · · · , U, (6.12)

where the unknown, non-negative parameter λu controls the block-sparsity of the

solution vector α̃v, whereas the unknown parameter Cu ∈ R4×4 is a positive-definite

matrix that captures the correlation structure of the uth block of α̃v. As the solution

vector comprises of only few blocks (ideally only one block in the underlying problem),

λu assumes nearly zero values for most blocks. The prior of α̃v is given by

p
(
α̃v; {λu,Cu}Uu=1

)
∼ CN (0,Σ0) , (6.13)

where Σ0 = bdiag{λ1C1, ..., λUCU}. Assuming that the vector representing the noise

terms satisfies p(Λ̃; γ) ∼ CN (0, γIW ), where γ > 0, the posterior of α̃v is given by

p
(
α̃v|y(v)

S ; γ, {λu,Cu}Uu=1

)
= CN

(
µαv

,Σαv

)
, (6.14)

where

µαv
= Σ0Φ̃

H
(
γIW + Φ̃Σ0Φ̃

H
)−1

y
(v)
S , (6.15)

and

Σαv =

(
Σ−1

0 +
1

γ
Φ̃

H
Φ̃

)−1

. (6.16)

Using the EM algorithm, the learning rules of λu and γ can be derived as

λu ←
1

4
Tr
[
C−1

u

(
Σu

αv
+ µu

αv

(
µu

αv

)T)]
, u = 1, · · · , U, (6.17)
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γ ←

∥∥∥y(v)
S − Φ̃µαv

∥∥∥2
2
+
∑U

u=1Tr

(
Σu

αv

(
Φ̃u

)T
Φ̃u

)
W

. (6.18)

It is worth noting that assigning a different Cu to each block may result in over-

fitting [69]. In order to avoid that, parameter averaging is usually considered. This

is achieved by constraining Cu = C, ∀u, provided that each block has the same size.

Using this constraint and the EM algorithm, the learning rule for C can be derived

as

C← 1

U

U∑
u=1

Σu
αv

+ µu
αv

(
µu

αv

)T
λu

. (6.19)

After the parameters {λu,Cu}Uu=1 and γ are obtained, the maximum a-posteriori

(MAP) estimate of α̃v is obtained as the mean of the posterior, given by

α̂v ← Σ0Φ̃
H
(
γIW + Φ̃Σ0Φ̃

H
)−1

y
(v)
S . (6.20)

6.2.3 Modified Viterbi-Based Local Multipath Doppler Difference Esti-

mation

We begin with the TF analysis of the demodulated Doppler difference signatures

y(t) = |r(t)|2 from (6.2). Due to the symmetry of these signatures, consideration of

only the positive half of the TFR is required, thereby reducing the complexity of the

Viterbi-based IF estimation. Let an M × T TF matrix W = {(ti, fj)| i ∈ [1, T ], j =

[1,M ]} represent the selected positive half portion of the TFR of y(t), where M and

T , respectively, define the total number of frequency bins and the total number of

time samples, (ti, fj) denotes a TF point, and i and j, respectively, represent the

time and frequency indices. As the DC component in the stationarized signal has a

high value but does not provide useful information related to the Doppler difference

frequency, it is removed through low-pass filtering.

Let set S comprise all the paths, S(t), between the time instances t1 and tT for the

considered time interval t ∈ [t1, tT ], and p(S(t); t1, tT ) denote the penalty function of

the path joining t1 and tT , along the line S(t). Then, the Doppler difference frequency
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for each time instant, t, is obtained by selecting the path that minimizes the penalty

function, as

f̂(t) = arg min
S(t)∈S

p(S(t); t1, tT ). (6.21)

The penalty function is designed based on the following criteria:

• The IF path should pass through high energy points. In order to implement this

constraint, first we sort all TF points at the time instant t in the descending

order of their amplitude levels, i.e.,

w(t, f1(t)) ≥ w(t, f2(t)) ≥ ... ≥ w(t, fM(t)), (6.22)

where w(t, fm(t)), m ∈ [1,M ], is the amplitude of TF point (t, fm(t)), and fm(t)

indicates the index of the frequency corresponding to themth highest amplitude

TF point at time t. Then, the penalty function

g1(w(t, fm(t))) = m− 1 (6.23)

assigns a penalty of 0 point to the highest amplitude TF point and the lowest

amplitude TF point is assigned the penalty of M − 1 points.

• For an OTHR target, the IF is a slowly time-varying function. Therefore, the

second criterion is designed to discourage swift changes in the IF estimates

of two consecutive time instances by assigning a high penalty to such sudden

jumps. The associated penalty function is defined as

g2(a(t), b(t+ 1)) =


0, q ≤ ξ1,

c1(q − ξ1), ξ1 < q ≤ ξ2,

c2(q − ξ1), ξ2 < q,

(6.24)

where a(t) and b(t + 1) are the indices of the frequencies in two consecutive

time instances t and t + 1, respectively, and q = |a(t) − b(t + 1)| represents

their distance as an integer. Thresholds ξ1 and ξ2, where ξ2 > ξ1, are defined in

terms of the number of frequency bins. The penalties c1 and c2 with c2 > c1 are
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also defined as integer values. These relationships and the conditions of penalty

function g2(·) ensure that a moderate penalty is assigned to insignificant jumps,

whereas high abrupt jumps are penalized with higher values. The selection of

the values of ξ1, ξ2, c1, and c2 depends on the characteristics of the underlying

signal. For highly non-linear signals, ξ1 and ξ2 should be assigned higher values,

whereas lower values should be assigned to c1 and c2, and vice versa.

Based on (6.23) and (6.24), the overall penalty function is given as

p(S(t); t1, tT ) =

tT∑
t=t1

g1(w(t, S(t))) +

tT−1∑
t=t1

g2(S(t), S(t+ 1)). (6.25)

The optimization problem in (6.21) is recursively solved as an instance of general-

ized Viterbi algorithm [96] by estimating the Doppler difference frequency at a given

time instant using partial best paths from the previous time instant [97,98] as follows:

Step 1. Denote πi(t; fj), t ∈ [t1, ti], for j ∈ [1,M ] as the optimal paths (also

known as partial best paths) connecting instant t1 and all the points of instant ti, and

are obtained as

πi(t; fj) = arg min
S(t)∈Sij

p(S(t); t1, (ti, fj)), j ∈ [1,M ], (6.26)

where set Sij comprises all the paths between instant t1 and TF point (ti, fj), whereas

p(S(t); t1, (ti, fj)) denotes the corresponding penalty function. Then, the Doppler

frequency for t ∈ [t1, ti] can be obtained as

f̂i(t) = arg min
πi(t;fj),j∈[1,M ]

p(πi(t; fj); t1, (ti, fj)). (6.27)

Step 2. The partial best paths at the next instant ti+1 can be represented as the

concatenation of (6.26) with the TF points at the new instant as

πi+1(t; fj) = [πi(t; fl̂), (ti+1, fj)], j ∈ [1,M ], (6.28)

where the frequency index l̂ of the optimal path πi(t; fl̂) corresponding to the previous

instant ti is obtained as

l̂=arg min
l∈[1,M ]

[p(πi(t; fl); t1,(ti,fl)) + g1(w(ti+1,fj)) + g2(fl,fj)]. (6.29)
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Note that the function g1(w(ti+1, fj)) is a constant for the considered partial best

path. Step 2 is repeated for each fj, j ∈ [1,M ]. Steps 1 and 2 are repeated for all

the time instances, i.e., ti = t2, ..., tT−1.

In this work, we use spectrogram as the TFR W. However, other developed TFRs

from Chapters 3-5 and atomic norm minimization-based TF technique [83] can also

be used in lieu of spectrogram for further improvement and resolution enhancement,

generally at the cost of higher computational complexity.

6.3 Simulation Results

The effectiveness of the developed methods is verified through simulation results.

We consider a monostatic OTHR system with a flat-earth, local multipath prop-

agation model, depicted in Section 2.6, and consider a scenario of a maneuvering

aircraft, in which an aircraft makes a 360◦ circular turn of 5 km radius in approxi-

mately T0 = 179.5 seconds, and descends by about 2.25 km. The horizontal velocity

of the aircraft is assumed to be constant at 175 m/s, whereas its elevation velocity

varies sinusoidally. The aircraft trajectory is shown in Fig. 6.1. The other key param-

eters used in the simulations are provided in Table 6.1. All local multipath signals

are assumed to be the portion of the same range cell.

The time-varying altitude of a maneuvering target is given by

h(t) = h(0)− vh,maxT0
π

[
1− cos

(
πt

T0

)]
. (6.30)

The corresponding elevation velocity is obtained as

ḣ(t) = −vh,max sin

(
πt

T0

)
. (6.31)

From (2.22) and (6.31), it is clear that the differential Doppler component fD(t)

is a function of ḣ(t) and varies sinusoidally. Using (2.21) and (2.22), the peak values

of fN(t) and fD(t) are, respectively, obtained as 18.66 Hz and 0.4478 Hz, for the

parameters considered in Table 6.1. The effective input SNR after match filtering and

radar beamforming at the receiver is assumed to be 0 dB. We consider a clutter-free

scenario under the assumption that the clutter is located in the low-frequency regions
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Figure 6.1. Target parameters: (a) Target horizontal positions; (b)
Target altitude.

and can be filtered out using, e.g., auto-regressive (AR) pre-whitening techniques

[62,103].

Fig. 6.2(a) shows true Doppler frequency signatures related to the target returns

from the local multipath shown in Fig. 2.1. The corresponding spectrogram of the

noisy received signal r(t) is shown in Fig. 6.2(b). It is clear that, due to proximity of

these Doppler components and the highly non-linear time-varying nominal frequen-

cies, the local multipath signals are not resolvable, making direct estimation of the

Doppler frequency difference fD(t) challenging.

The true demodulated Doppler signatures, corresponding to |s(t)|2, are shown

in Fig. 6.3(a). Figs. 6.3(b) and 6.3(c), respectively, show the spectrogram and the

Doppler TF signature obtained using the presented group sparsity-based approach,

applied to the corresponding noisy signal y(t) = |r(t)|2. In the simulations, the

values of W , E, V , and U are, respectively, taken as 512, 32, 210, and 201. Al-

though the spectrogram in Fig. 6.3(b) catches the general trend of the time-varying

Doppler frequency difference, the frequency resolution is poor. In particular, the har-

monic components interfere to each other when the Doppler frequency difference is
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Table 6.1.
Key parameters

Parameter Notation Value

Initial range of target R(0) 1,500 km

Height of ionosphere H 160 km

Initial height of target h(0) 10 km

Maximum range direction velocity vR,max 175 m/s

Maximum elevation velocity vh,max 19.68 m/s

Carrier frequency fm 16 MHz

Waveform repetition frequency fw 40 Hz

small. In Fig. 6.3(c), the result obtained using the developed group sparsity-based

approach demonstrates high-resolution Doppler difference signatures and their ro-

bustness against harmonic interference and noise.

The comparison of the estimated Doppler difference results obtained using differ-

ent approaches is provided in Fig. 6.4. Figs. 6.4(a), 6.4(c), and 6.4(e) show the TFRs

of the estimated Doppler difference obtained using the spectrogram, the presented

group-sparsity based method, and the presented modified Viterbi-based estimation

method, respectively. The corresponding IFs are plotted in Figs. 6.4(b), 6.4(d), and

6.4(f), respectively. The true IFs are also provided for comparison. Note that, due to

the symmetry of the demodulated Doppler difference signatures around the DC com-

ponent in Fig. 6.3, we only need to estimate the difference Doppler component related

to the fundamental frequency. By substituting (6.31) into (2.22), it is inferred that, in
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Figure 6.2. Doppler signatures of s(t): (a) True signatures; (b) Spec-
trogram.

the underlying example, the difference Doppler component fD(t) varies sinusoidally

with time, as can be confirmed in Fig. 6.4.

The spectrogram depicted in Fig. 6.4(a) is obtained by fusing the Doppler sig-

natures of the fundamental frequency and the harmonic frequency components [72],

whereas Fig. 6.4(b) shows the corresponding estimate of the difference Doppler signa-

ture obtained using peak detection. Because the spectrogram depicted in Fig. 6.4(a)

suffers from low frequency resolution and exhibits cross-terms between the fundamen-

tal and harmonic components, the peak detection results, as shown in Fig. 6.4(b), fail

to provide accurate Doppler difference estimation in the first and the last 30 seconds

of the observation period, where the Doppler difference is small.

The group-sparsity based approach, depicted in Figs. 6.4(c) and 6.4(d), performs

better than the spectrogram in terms of robustness to noise, and provides high-

resolution Doppler difference estimation. However, the estimated Doppler differences

still deviate from the true ones in many cases, particularly when the Doppler dif-

ference is small. As evident from Figs. 6.4(e) and 6.4(f), the presented modified

Viterbi-based approach provides superior Doppler difference estimation results with
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Figure 6.3. Demodulated Doppler difference signatures: (a) True sig-
natures; (b) Spectrogram; (c) Estimated signatures using the presented
group sparsity-based method.

higher accuracy, high resolution and effective cross-term and noise suppression. The

values of thresholds ξ1 and ξ2, and penalties c1 and c2 used in (6.24) are, respectively,

taken as 3, 10, 30 and 100. The average RMSE values obtained from 50 indepen-

dent trials of the estimated Doppler difference using the spectrogram, the presented

group-sparsity-based method, and the presented modified Viterbi-based technique
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Figure 6.4. The Estimated Doppler frequency difference, fD(t): (a)
Spectrogram; (b) Peak detection result from Spectrogram; (c) TFR ob-
tained from the presented group sparsity-based method; (d) Peak de-
tection result from the group sparsity-based method; (e) TFR from the
presented Viterbi-based method; (f) Estimated IF from the Viterbi-based
method.
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are 0.0281 Hz, 0.0234 Hz, and 0.0067 Hz, respectively. As such, both quantitative

analysis and qualitative results confirmed the superiority of the developed methods

in enhancing the frequency resolution, and improving the estimation accuracy and

robustness against noise.

6.4 Summary

In this chapter, we developed two knowledge-based TFRs based on group sparsity-

based and modified Viterbi-based techniques to achieve an effective estimation of the

Doppler frequency difference of the local multipath signals in OTHR systems, which

is a crucial information for determining the target elevation velocity. By effective

utilization of the group sparsity between these Doppler frequencies, the presented

group sparsity-based approach provides an improved high-resolution frequency es-

timation result than spectrogram-based approach, demonstrates high robustness to

noise and harmonic interference, and provides an excellent performance in mitigating

those effects. On the other hand, by effectively drafting the conditions of the modified

Viterbi algorithm based on the Doppler characteristics of the multipath signals, the

presented Viterbi-based approach offers faster implementation and higher frequency

estimation accuracy, while maintaining high-resolution of the estimated frequencies

and mitigating the effects of noise and artifacts from the resulting TFR. Simulation

results confirmed the effectiveness of the developed techniques, compared with an

existing state-of-the-art method.
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CHAPTER 7

CONCLUSION

In this dissertation, we developed several effective TF analysis techniques to obtain

robust TFRs of non-stationary signals received in the impaired observing conditions

and with the compressed measurements. The developed robust TFRs enable improved

high-resolution estimation of the signal parameters, suppress the undesired effects of

cross-terms and artifacts from the respective TFRs, and improve energy concentration

of the TF images. The developed TF analysis approaches focus on Fourier relation-

ships between various joint-variable domains, and take advantage of domain-specific

offerings. TF domain sparsity of such signals is utilized to facilitate the usage of sparse

reconstruction-based techniques and to reduce the computational complexity of the

developed approaches. The performance of the presented TF techniques is evalu-

ated under various challenging conditions with the examples of multi-component and

non-linear FM signals with compressed measurements. In this dissertation, we also

provided a detailed mathematical, qualitative and numerical analyses of the effects

of burst missing samples on various joint-variable domain representations.

First, by utilizing the 1-D Fourier transform relationship between the IAF and the

TFR, and the stationarity of a non-stationary signal in the IAF domain, we devel-

oped a low-complexity sparse reconstruction-based approach, referred to as MI-SR, in

Chapter 3 that iteratively recovers missing samples in the IAF domain, while main-

taining the TF-domain sparsity. Signal-adaptive TF kernels are utilized for effective

mitigation of cross-terms and compressed data-induced artifacts. Due to simplicity,

this approach is attractive for signals with fewer components that have similar signal

strengths. We observe that greedy algorithm-based methods, such as OMP-based

approach, may find difficulties to accurately retrieve weaker signal components in

impaired observing conditions when there is a significant difference between the am-
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plitude levels of the signal components. To overcome this limitation, we developed

two more generalised methods, referred to as IA-MDR-1 and IA-MDR-2, as the ex-

tension of the MI-SR approach, in which we used Capon-based method in lieu of

OMP-based approach for IAF domain data interpolation and incorporated the usage

of signal-adaptive TF kernels in the iterative process itself for further performance

enhancements. Further details of these algorithms can be found in Chapter 3.

The author observes that, due to zero-padding created by the window effect, the

total number of non-zero entries of the IAF, contained in a diamond shaped region,

varies at each time instant. As IAF is connected with TFR by a 1-D Fourier trans-

form relationship, the energy of signal auto-terms varies at different time instances

in the respective TFR. The author also notes that the application of signal-adaptive

TF kernel enhances the energy difference between signal auto- and cross-terms at

each time instant within a local TF segment enclosed in a window of an appropri-

ate length. Our developed ALF-DTFD algorithm in Chapter 4 is founded based on

these important observations, and undertakes a local peak detection and filtering

within a non-overlapping window at each time instant. The threshold for each lo-

cal TF segment is adapted based on the local maximum values of the signal within

the segment. This approach provides a powerful means to resolve challenging signal

components which share close proximity in the TF domain, crossing components,

components with large variation in their amplitude levels, highly non-linear com-

ponents, and in the presence of impaired measurements. However, we note that

the parameters of this ADTFD-based method require manual tuning. Although

we have provided the guidelines for the selection of these parameters, the usage of

this algorithm requires some practice due to a broad range of the parameter values.

We note that, when a multi-component non-linear signal has large variation in

the amplitude levels of the components, and in the presence of burst missing samples,

the detection of the weaker signal component is adversely affected by the strong

sinc-like residual artifacts due to stronger components. This important observation

motivated the development of a sequential estimation-based approach, referred to as

SME-TFR, which is presented in Chapter 5. The presented SME-TFR sequentially
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estimates the signal components in the order of their amplitude levels, from the

strongest component to the weaker ones. The IFs of the strongest signal components

are estimated from the TF kernel-based TFR of the received signal, its waveform is

reconstructed, and its contribution is removed from the signal through orthogonal

projection. The procedure is successively implemented for weaker signal components

until the residual becomes negligible. The refined estimation of the signal components

is independent of the missing data positions. The developed technique successfully

resolves signal components with distinct amplitude levels and achieves concentrated

TF representations by mitigating the undesired effects of cross-terms and artifacts due

to the burst missing data samples. This method would be ideal for multi-component

signals with 2 to 3 components with a large variation in their amplitude levels, as the

error of the successive estimations is generally cumulative.

In Chapter 6, we developed two knowledge-based TF analysis approaches for high

resolution Doppler difference estimation of local multipath signals in OTHR. The

developed methods build upon demodulated multipath Doppler signatures resulted

from a squared magnitude of the noisy received signal. First, we presented a group

sparsity-based approach, in which we effectively represented demodulated Doppler

frequencies as the appropriate harmonic components of the fundamental frequency

signature by utilizing the relationship between these Doppler signatures, designed

the dictionary, and solved the optimization problem using a Bayesian-based BSBL-

EM approach. By an effective utilization of the information contained in the signal

structure, the presented group sparsity-based approach achieves an improved and

high-resolution differential Doppler component estimation and effective noise and in-

terference mitigation than the spectrogram-based approach in the impaired observing

conditions. Then, we developed a modified Viterbi-based approach for faster and re-

liable Doppler difference estimation in impaired observing conditions. By carefully

drafting the condition of the penalty function based on these Doppler characteristics,

the developed approach achieves the most accurate Doppler difference estimation

than the spectrogram-based and group sparsity-based methods, while maintaining

the high-resolution of the estimated Doppler difference component and suppressing
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the effects of noise and interference from the resulting TFR. By utilizing signal self-

stationarization and ensuring IF continuity, the developed approaches show higher

robustness to the amplitude level variation of different signal components.

Finally, we summarize the key points of the developed robust TFRs. The OMP-

based MI-SR approach from Chapter 3 is the simplest and fastest among all the

proposed methods; however, it is more suitable for non-stationary signals with fewer

components that have similar amplitude levels, particularly when these signals are

received with burst missing samples. The IA-MDR-1 and IA-MDR-2 approaches are

developed as the generalized versions of MI-SR to handle non-stationary signals with

distinct amplitude levels. By utilizing the adaptive local filtering and directional

features, the ALF-DTFD algorithm from Chapter 4 provides robust TFR reconstruc-

tion results. However, due to a broad range of the parameter values, its parameter

tuning requires some practice. The SME-TFR approach from Chapter 5 provides

robust TFR reconstruction results, particularly for weaker signal components, when

signal is received with a large number of missing samples and the signal components

have distinct amplitude levels. However, due to the cumulative nature of the error

of the successive estimates, this approach is recommended for the signals with fewer

components, particularly when observed in impaired conditions. By utilizing the in-

formation of the signal structure and the relationship between the signal components,

the developed group-sparsity based method from Chapter 6 provides superior noise

and interference suppression capabilities and yields high-resolution IF estimates. It

can be useful for the multi-component signals when one of the signal components can

be modeled as the fundamental frequency and the remaining signal components can

be represented as its appropriate harmonics. By carefully designing the penalty func-

tion based on signal characteristics, the modified Viterbi-based approach, presented

in Chapter 6, provides an accurate and high-resolution estimation of signal IFs in a

high-noise environment. This approach is useful for non-stationary signals with con-

tinuous IFs. Its recursive version greatly reduces the search space, and particularly

useful when the total number of time samples is very large compared to the total

number of frequency bins.
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CHAPTER 8

FUTURE WORK

In this dissertation, several novel signal processing techniques are developed for robust

and high-resolution TF analysis of various non-stationary signals received in impaired

observing conditions and with incomplete data sequences. As many real-world sig-

nals fall into this category, the scope of the developed research work is broad. The

research presented in this dissertation has opened up various interesting directions for

detection, parameter estimation, classification and processing of such signals. Based

on our observation, discussed in the relevant chapters and also in Chapter 7, we rec-

ommend the investigation of the following three research directions that we consider

as a good extension of the developed research work.

• Target tracking in OTHR: In this dissertation, we have shown effectiveness

of the developed research work in high-resolution Doppler signature analysis of

the multipath OTHR signals that bear a practical importance in target tracking

applications in OTHR, and their separation poses a challenging problem due to

their proximity in TF domain. A number of publications validated the impor-

tance of a high-resolution accurate Doppler difference component estimation in

enabling improved target altitude estimation through sufficient theoretical and

experimental support. Although various studies attempted to improve target al-

titude estimation in OTHR, due to various challenges associated with OTHR, an

accurate target altitude estimation in OTHR still remains an issue. It would be

of great interest to utilize the developed TF analysis techniques in conjunction

with extended Kalman filter (EKF), penalty function, and other Bayesian-based

estimation methods, for example maximum a-posteriori (MAP) approach, for

improved target detection and tracking in OTHR systems, especially to achieve
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an accurate target altitude estimation. It would also be interesting to consider

other types of ionosphere models and the perturbation in the target velocity.

• Introduction of the developed research work in automotive radar ap-

plications: With the recent advancements in the automotive industry, espe-

cially in the direction of self-driving cars, the development of advanced driver

assistance (ADA) and automatic cruise control (ACC) systems that ensure

proper safety and comfort of the driver have become increasingly crucial and

challenging [104, 105]. Various recent literature in this direction employ a

multipath propagation geometry, similar to OTHR, to present a more real-

istic scenario for improved target parameter estimation and ghost target re-

moval [106], [107], [108]. Analysis of the Doppler distribution is also considered

for the ghost target removal in the framework of multipath propagation geome-

try in automotive radar applications [109]. It would be an interesting initiative

to introduce robust TFR techniques developed in this dissertation in the frame-

work of automotive radar for high-resolution Doppler analysis of such multipath

signals that carry important information regarding target range and relative ve-

locity, and their accurate estimation may enable higher accuracy of target range

and relative velocity, which will in turn increase the performance and reliability

of these systems.

• Utilization of developed TFRs in prepossessing techniques for var-

ious deep neural network (DNN)-based detection and classification

applications: In the last decade, the fast paced development in the areas of

biomedical, wireless communication and internet-of-things (IoT) applications,

such as evolution of various voice activated and voice recognition products and

wearable technologies, has motivated development of various DNN-based signal

processing techniques for detection and classification applications. The usage

of developed high-resolution TFRs in prepossessing of speech and human mo-

tion signals could be very helpful to increase the performance accuracy and

reliability of such detection and classification applications.
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