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ABSTRACT

Multiple Testing in the Presence of Correlations
Bhramori Banerjee
DOCTOR OF PHILOSOPHY
Temple University, January, 2012

Examining Committee Members:
Dr. Sanat K. Sarkar, Advisory Chair, Temple University
Dr. Yuexiao Dong, Temple University
Dr. Zhigen Zhao, Temple University
Dr. Jagan Krishnan, External Member, Temple University
Professor Sanat K. Sarkar, Chair
Simultaneous testing of multiple null hypotheses has now become an integral
part of statistical analysis of data arising from modern scientific investigations. Often the test statistics in such multiple testing problem are correlated.
The research in this dissertation is motivated by the scope of improving or
extending existing methods to incorporate correlation in the data.
Sarkar (2008) proposes controlling the pairwise false discovery rate (PairwiseFDR), which inherently takes into account the dependence among the p-values,
thereby making it a more robust, less conservative and more powerful under
dependence than the usual notion of FDR. In this dissertation, we further investigate the performance of Pairwise-FDR under a dependent mixture model.
In particular, we consider a step-up method to control the Pairwise-FDR under
this model assuming that the correlation between any two p-values is the same
(exchangeable). We also suggest improving this method by incorporating an
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estimate of the number of pairs of true null hypotheses developed under this
model.
Efron (2007, Journal of the American Statistical Association 102, 93-103) proposed a novel approach to incorporate dependence among the null p-values into
a multiple testing method controlling false discoveries. In this dissertation, we
try to investigate the scope of utilizing this approach by proposing alternative
versions of adaptive Bonferroni and BH methods which estimates the number of true null hypotheses from the empirical null distribution introduced by
Efron. These newer adaptive procedures have been numerically shown to perform better than existing adaptive Bonferroni or BH methods within a wider
range of dependence. A gene expression microarray data set has been used to
highlight the difference in results obtained upon applying the proposed and
other adaptive BH methods.
Another approach to address the presence of correlation is motivated by the
scope of utilizing the dependence structure of the data towards further improving some multiple testing methods while maintaining control of some error rate.
The dependence structure of the data is incorporated using pairwise weights.
In this dissertation we propose a weighted version of the pairwise-FDR (Sarkar,
2008) using pairwise weights and a method controlling the weighted pairwiseFDR. We give a discussion on the application of such weighted procedure and
suggest some weighting schemes that generates pairwise weights.
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CHAPTER 1
Introduction
1.1

Introduction

Remarkable advances in computation and data storage, resulting in readily
available huge data sets, have been the key to the introduction of many innovative statistical tools for high-dimensional data analysis, arising in modern
scientific investigations, such as genomics and brain imaging. These scientific
experiments typically involve a large number of hypotheses and hence there
has been a renewed interest in multiple testing in the past decade. Most of
the multiple testing tools have been developed with the idea of controlling
errors of making false discoveries. For example, in micro-array experiments,
biologists study a huge number of genes and are confronted with the daunting task of ascertaining their functions. One of the many objectives in such
experiments is to compare the expression levels of a set of genes across two or
more conditions, particularly to identify the genes that are significantly differentially expressed across these conditions. This task of detecting differentially
expressed genes is performed using multiple testing.
An introduction of various types of error rates, encountered when testing m
hypotheses, is given in the next subsection. Among these error rates, the two
that are commonly used are: Family wise error rate (FWER) and False Dis-
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covery rate (FDR). The FWER is the probability of making one or more type
I error and the FDR is the expected proportion of type I errors. Of course,
between these two error rates, the FDR is less conservative and hence more
powerful. Several methods controlling the FWER and FDR have been proposed in the literature, among which the Bonferroni method and the method
of Benjamini and Hochberg (1995), also known as the BH method, are the
most popular for controlling the FWER and FDR respectively.
While testing m null hypotheses Hi , i = 1, . . . , m, using their respective pvalues pi , i = 1, . . . , m, the Bonferroni method operates as a single step method
which rejects a null hypothesis Hi if the corresponding p-value pi ≤ α/m. The
FWER of this method is always controlled at level less than or equal to m0 α/m,
without any assumption on the dependence structure of the p-values, where
m0 is the number of true nulls and α is the desired level of significance. The
BH method is a linear stepup method which rejects Hi if pi ≤ p(k) , where
k = max{i : p(i) ≤ iα/m}, with p(i) , i = 1, . . . , m, being the ordered p-values.
It controls the FDR at level m0 α/m when the test statistics are independent
or positively dependent [Finner and Roters (2001), Benjamini and Yekutieli
(2001), Sarkar (2002) and Storey, Taylor and Siegmund (2004)].
Knowledge of m0 can therefore be very helpful in improving the performances
of these procedures. More precisely, if m0 were known, these methods could
be made less conservative by replacing α by αm/m0 . Since m0 is generally
unknown, a suitable estimate of it can potentially make this improvement
work. Schweder and Spjotvoll (1982) were the first to give an informal graphical method to estimate m0 . Benjamini and Hochberg (1990) formalized this
estimation approach and introduced an adaptive version of the Bonferroni
method by adjusting it using this estimate. In another paper, Benjamini and
Hochberg (2000) proposed a similar adaptive version of the BH method and
showed using simulation, but without any theoritical justification, that this
adaptive procedure provides a tighter control of the FDR than the original
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BH procedure.
Later, a number of adaptive versions of the Bonferroni and BH methods have
been proposed in the literature [Storey, Taylor and Siegmund (2004), Benjamini, Krieger and Yekutieli (2006), Sarkar (2006, 2008b), Gavrilov, Benjamini and Sarkar (2009), Blanchard and Roquain (2008), Finner and Gontscharuk
(2009), Guo (2009)], although the ultimate control of the FWER or FDR in
theses methods have been shown to hold only under independence of the pvalues.
In practice, test statistics in a multiple testing problem are often dependent.
Although the BH is the most preferred method of controlling the FDR, mainly
due to its ability to maintain its control over the FDR even when the p-values
are dependent in a certain way, (viz. positively), a drawback of that method
is that the FDR control becomes conservative, resulting in loss of power, with
increasing dependence among the p-values. Recently, the effect of correlation
on multiple testing has been investigated by many researchers. They showed
that the dependence structure among the underlying test statistics can be
highly informative, if it is correctly incorporated into a multiple testing procedure. Methods that improve FDR control have been developed utilizing
dependence structure of the p-values [Yekutieli and Benjamini (1999), Troendle (2000), Dudoit and van der Laan (2008) and Romano, Shaikh and Wolf
(2008)]. These methods require finding joint distributions of the p-values of all
dimensions, either approximately using re-sampling based methods or exactly
under known distributional settings, both of which often involve extensive computations. The research in this thesis is motivated by the scope of improving
or extending existing methods incorporating correlations in the data.
Recently, Sarkar (2008) proposed a different approach to improve the control
of false discoveries offered by the BH method when there is dependence among
the p-values. It extends the usual definition of the FDR to one that inherently
takes into account dependence among the p-values, thereby making it less con-
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servative and more powerful, under increasing dependence. In this thesis, we
consider controlling the Pairwise-FDR as prescribed by Sarkar (2008) under
a specific form of dependence structure, namely a mixture model with dependent p-values, motivated by the model proposed by Storey (2002). We propose
a step-up method similar to the BH method to control the Pairwise-FDR under such a mixture model with pairwise correlations. We further improve this
method by proposing an adaptive version of it which incorporates an estimate
of m0 , estimated under this dependence structure.
Also in this thesis, we consider developing adaptive Bonferroni as well as adaptive BH methods incorporating both an estimate of the number of true nulls
and the dependence structure. Our idea is to further improve the FWER or
FDR control of an existing adaptive Bonferroni or BH method that has been
obtained only through estimating the number of true nulls. The motivation
toward implementing our idea lies in Efron (2007) who presented computational and theoretical methods for assessing the size and effect of correlations
in large-scale testing. He introduced the theory to identify the correct choice
of the null distribution under dependence, called empirical null, for simultaneous significance testing, and used this empirical null to estimate the number
of true nulls. Based on this estimate of Efron for the number of true nulls, we
propose alternative versions of adaptive Bonferroni and BH methods.
Most of the FWER and FDR controlling methods mentioned above, does not
incorporate the structure of the data and prior information, because they treat
all null hypotheses interchangeably. For example, previous studies can suggest
that some null hypotheses are more, or less, likely to be false. Out of several
areas of application, two prominent examples are meta-analysis and multiple
end-points analysis in clinical trials where the need for using prior information
is identified. In meta-analysis there is need to weight different studies according to quality, sample sizes etc. In clinical trials with multiple end-points
there is often a need to treat various end-points such as primary vs secondary
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differently. In order to incorporate prior information, the idea of weighting
the hypotheses has frequently been used. Weighted versions of many procedures controlling FWER and FDR exists. Holm (1979) who first introduced
weights into his sequentially rejective multiple hypotheses testing procedure,
described the weights as “positive constants indicating the importance of the
hypotheses”. Benjamini & Hochberg (1997) investigated the use of weighting
in a variety of settings. They used weights in the definition of the error rate,
to indicate the importance of each hypothesis. In particular, they defined a
weighted version of the FDR and proposed a step-up method controlling it.
Later, Genovese, Roeder and Wasserman (2006) proposed a weighted version
of the BH method that maintains control of the false discovery rate.
In reality, test statistics being correlated, may often have some joint structure.
Often in areas like, Gene-Set analysis, the genes in a particular gene-set have
a joint structure and the closely related genes have similar expression patterns. For example, the sets of genes representing biological pathways in the
cell, or sets of genes whose DNA sequences are close to together on the cell’s
chromosomes. Thus by borrowing strength from the structure of the gene-set,
there is potential for increased statistical power. Also in clinical trials with
multiple end-points, there is often a need to treat two or more primary endpoints differently than the others. However, the existing weighted multiple
testing methods described above does not take the joint structure of the data
or the correlation into account. As mentioned earlier, Sarkar (2008) proposed
controlling the Pairwise-FDR instead of the usual FDR when there is dependence in the data and developed a method that controls the Pairwise-FDR by
providing a generalization to the BH method in terms of the bivariate distributions of the null p-values. In this thesis, we consider a weighted version of
this error rate (Pairwise-FDR) using pairwise-weights and propose a step-up
method that controls the weighted Pairwise-FDR. Using a simulation study,
we show that by utilizing the joint information on hypotheses we can achieve
higher power. We also present a discussion on how to choose these pairwise
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weights by suggesting two weighting schemes.

1.2

Some preliminaries to Multiple Testing

When testing a single hypothesis, one is usually concerned with controlling the
false positive rate while maximizing the probability of making a discovery when
one really exists, i.e, we maximize the power conditional on the Type I error
rate being at or below some level. The field of multiple hypothesis testing tries
to extend this basic paradigm to the situation where several hypotheses are
tested simultaneously. To do that, one must define an appropriate compound
error measure according to the rate of false positives one is willing to encounter.
Then, a procedure is developed that allows one to control this error rate at a
desired level, while maintaining the power of each test as much as possible.
The following gives the various outcomes that occur when m null hypotheses
are tested.
Table 1.1: Possible outcomes from m null hypotheses tests
Number of
Null True
Alternative True

Accept Null
U
T
A

Reject Null
V
S
R

Total
m0
m1
m

We will describe in the following different notions of type I error rate in the
context of multiple testing, although in our present research we will mainly be
concerned with the Family-wise error rate (FWER), the False Discovery Rate
(FDR) and the Pairwise-FDR.
1. Per-Family Error Rates (PFER): The expected number of false positives,
P F ER = E(V ).
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2. Per-comparison Error Rate (PCER): The expected proportion of false
positives,
P CER = E(V )/m.
3. Family-wise Error Rate(FWER): The probability of at least one false
positive,
F W ER = P r(V ≥ 1).
4. Generalized Family-wise Error Rate (k-FWER): The probability of at
least k false rejections,
k − F W ER = P r(V ≥ k).
When k = 1, the k-FWER reduces to FWER.
5. False Discovery Rate (FDR): The expected proportion of false rejections
among all the rejected null hypotheses,


V
F DR = E
.
max(R, 1)
6. Positive False Discovery Rate (pFDR): The expected proportion of false
rejections among all rejections given there is at least one rejection,


V
pF DR = E
|R > 0 .
R
7. Generalized False Discovery Rate (k-FDR): The expected proportion of
k or more false rejections among all rejections,


V
k-FDR = E
I(R ≥ k) .
max(R, 1)
When k = 1, the k-FDR reduces to the FDR.
8. Pairwise-FDR: The expected proportion of pairs of false rejections among
all pairs of rejections given there is at least two rejection,


V (V − 1)
Pairwise-FDR = E
I(R > 1)
R(R − 1)
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A good multiple testing procedure usually controls the type I error rate at the
desired level. There are two kinds of such error rate control:
• Strong Control : The error rate is controlled at pre-specified level under
any configuration of true and false null hypotheses.
• Weak Control : The error rate is controlled only when all the null hypotheses are assumed to be true.
Unless stated otherwise, by controlling a type I error rate we would mean a
strong control. Just like type I error rates, there are different notions of power
defined in the literature. Some of the notions of power are:
1. Average Power: The expected proportion of correct rejections among all
false null hypotheses,
Average Power =

E(S)
.
m1

2. False Non-Discovery Rate: The proportion of false negatives among the
accepted null hypotheses,

F NR = E


T
I (A > 0) .
A

Consider testing m null hypotheses Hi , i = 1, . . . , m based on their p-values pi ,
i = 1, . . . , m, respectively. Let p(i) , i = 1, . . . , m be the ordered p-values, and
H(i) be the null hypothesis corresponding to p(i) . A multiple testing of these
null hypotheses is usually carried out using a stepwise or single step method.
• Single-Step Procedure: The hypotheses are tested by comparing the pvalues with one critical value. Given a common critical value, t, the
procedure rejects the set of hypotheses {H(i) , i ≤ i∗ } and accepts the
rest where i∗ = max{1 ≤ i ≤ m : p(i) ≤ t}
• Step-wise Procedure: The hypotheses are tested by comparing the pvalues with a set of critical values in a stepwise fashion. Given a set of
critical values, {t1 , t2 , . . . , tm }:
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1. Step-up procedure rejects the set of null hypotheses {H(i) , i ≤ i∗SU }
and accepts the rest where i∗SU = max{1 ≤ i ≤ m : p(i) ≤ ti }, if the
maximum exists, otherwise accepts all the null hypotheses.
2. Step-down procedure rejects the set of null hypotheses {H(i) , i ≤
i∗SD } and accepts the rest where i∗SD = max{1 ≤ i ≤ m : p(j) ≤
tj ∀j ≤ i}, if the maximum exists, otherwise accepts all the null
hypotheses.
3. Stepup-stepdown procedure of order k which generalizes both stepup
and stepdown methods, rejects the set of hypotheses {H(i) , i ≤
i∗SU D } and accepts the rest where i∗SU D = max{k ≤ i ≤ m : p(j) ≤
tj ∀j ≤ i} if p(k) ≤ tk and i∗SU D = max{1 ≤ i ≤ k : p(i) ≤ ti } if
p(k) ≥ tk , provided the maximum exists when p(k) ≥ tk , otherwise
accepts all the null hypotheses. When k = 1(or m), a generalized
step-up-step-down procedure of order k is an ordinary step-up (or
step-down) procedure.
A type of dependence that will be considered in subsequent chapters is called
Positive Regression Dependence on Subset condition or (PRDS) condition.
The positive dependence condition given below was used originally by Benjamini and Yekutieli (2001):
Definition 1.1 PRDS:
E{ψ(p1 , . . . , pn )|pi = u}

is non-decreasing in u

(1.1)

for each i ∈ I0 , and for any (coordinatewise) non-decreasing function ψ, where
I0 is the set of indices of true null hypotheses.
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A slightly more relaxed condition of positive dependence has been used later
in the literature; see, for example Sarkar (2008):
Definition 1.2
E{ψ(p1 , . . . , pn )|pi ≤ u}

is non-decreasing in u

for each i ∈ I0 , and for any (coordinatewise) non-decreasing function ψ.

(1.2)
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CHAPTER 2
Literature Review
2.1
2.1.1

FWER and FDR Controlling methods
FWER Controlling Procedures

A number of widely used procedures are available for controlling the FWER,
among which the Bonferroni, Holm (1979) and Hochberg (1998) procedures
are relatively popular.
Bonferroni Procedure:
The Bonferroni Procedure is a single step procedure with critical values αi =
α/m, i = 1, 2, . . . , m, to reject the specific hypothesis Hi . That is, it rejects
any hypothesis Hi , if pi < α/m. It controls the FWER at level π0 α with
arbitrary dependence structure of the p-values. Although it is easy to use and
requires no distributional assumption, it becomes conservative, lacking power,
with increasing dependence among p-values.
Holm’s Procedure:
α
,
(m − i + 1)
i = 1, 2, . . . , m that controls the FWER at level α. Holm’s procedure also does
Holm (1979) proposed a step-down procedure with critical values αi =

not require distributional assumption and is uniformly more powerful than the
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Bonferroni procedure.
Hochberg’s procedure:
Hochberg (1988) proposed a step-up procedure based on the same set of critical values as Holm’s procedure which controls the FWER at level α under
independence or positive dependence of the p-values [Hochberg (1988), Sarkar
(1998), Sarkar and Chang (1997)]. Hochberg’s procedure is more powerful
than the Holm’s procedure.
Hommel’s Procedure:
Hommel (1988) extended Simes [Simes (1986)] test for testing individual hypothesis, by proposing a sequential procedure based on the closure principle [Marcus, Peritz and Gabriel (1976)] that controls the FWER. There are
two stages in this procedure. First, compute j = max{i ∈ {1, 2, . . . , m} :
P(n−i+k) > kα/i, for k = 1, . . . , i}. If the maximum exists, then, reject all Hi
with P(n−i+k) ≤ α/j. Otherwise, reject all Hi , i = 1, 2, . . . , m. This procedure
controls the FWER at level α, provided the Simes test for each subset of hypotheses is a level α test.Note that here j can be thought of an estimator of
m0 .

2.1.2

FDR Controlling Procedures

Benjamini and Hochberg Method :
Benjamini and Hochberg (1995) proposed a stepup method with critical values
iα
as a method to control the FDR.
ti =
m
Theorem 2.1 Let the null p-values be distributed as U (0, 1). Then the stepup test with critical values ti = iα/m i = 1, · · · , m controls the FDR exactly
at π0 α under independence of p-values and conservatively under positive dem0
pendence, where π0 =
is the proportion of true null hypotheses.
m
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The BH method uses the same critical values as those in the Simes global
test. Benjamini and Hochberg (1995) originally showed a conservative control
at π0 α under independence. Later it was proved to have exact control under
independence in Benjamini and Yekutieli(2001), Finner and Roters (2001),
Sarkar (2002b, 2008b), Storey, Taylor and Siegmund (2004). Benjamini and
Yekutieli (2001), Sarkar (2002) proved that the BH method conservatively controls the FDR at level π0 α under positive dependence as defined in 1.1. Later
Finner, Dickhaus and Roters (2008), Sarkar(2008) showed that the weaker
condition as defined in 1.2 is sufficient for the BH method to control the FDR
conservatively. When all hypotheses are true, the FDR is equivalent to the
FWER. Thus control of the FDR implies control of the FWER in the weak
sense. Under any other configuration of hypotheses the FDR is less than or
equal to the FWER yielding FDR more powerful than FWER when both are
controlled at the same level α.
Benjamini and Yekutieli :
Benjamini and Yekutieli(2001) also gave an alternative method which controls
the FDR under any form of dependence among the p-values, although it yielded
too conservative a procedure. They showed that the BH procedure with critical
iα
 controls the FDR conservatively at level π0 α.
values ti = P
m 1
m
j=1 j
Benjamini and Liu:
Benjamini and Liu (1999) proposed a step-down multiple testing procedure
that also controls the FDR when the test statistics are independent. They
pointed out that neither the step-up procedure nor the step-down procedure
dominates each other in terms of power. A power comparison using simulations
was done to show that the step-down test is more powerful than the step-up
test when the number of hypothesis m are small and a large proportion of the
hypotheses are false. The Benjamini-Liu procedure is given below:
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Theorem 2.2 Benjamini and Liu Procedure: Let the p-values be independently distributed. Then the step-down test with critical values δi ≡ 1 −

 1
m
1 − min 1, m−i+1
α m−i+1 1 ≤ i ≤ m controls the FDR conservatively at
α.
Sarkar (2002) further strengthened Benjamini and Yekutieli’s method by extending it to a more general scenario covering both step-up and step-down
procedure. He established that the FDR of a generalized step-up-step-down
procedure as described in the introduction, can be controlled at any α if the
test statistics are independent or positively dependent. He also showed that
a step-down procedure with the same set of critical values as the BH procedure also controls the FDR conservatively under independence and positive
dependence.
Storey’s Approach
Storey (2002) proposed a new approach to controlling the false discovery rate.
Instead of fixing α and then estimating the rejection region, their approach
was to fix a rejection region and then studying its FDR using a conservatively
biased estimate of it. A class of conservatively biased point estimates of the
FDR when Hi is rejected using a single step test, i.e., if pi ≤ t, was obtained
under the following model:
Definition 2.1 Mixture Model:
Hi = 0 or 1 indicates Hi is true or false respectively with probability π0 =
P (Hi = 0) = 1 − P (Hi = 1). Let (Pi , Hi ) i = 1, 2, . . . , m be independently and
identically distributed with:
P r(pi ≤ u|Hi ) = (1 − Hi )u + Hi F1 (u), u ∈ (0, 1), for some continuous cdf F1 (u)

After proving that the FDR of the above single-step test under the mixture
P
π0 t
P r{R(t) > 0}, where R(t) = m
model is given by: F DR(t) =
i=1 (pi < t)
F (t)

15
and F (t) = P r(pi < t) = π0 t + (1 − π0 )F1 (t), Storey(2002) considered the
following class of point estimates of the FDR(t):
mπ̂0 (λ)t
,
Fd
DRλ (t) =
R(t) ∨ 1
where

π̂0 (λ) =

λ ∈ [0, 1)

m − R(λ)
.
m(1 − λ)

The estimate of π0 was originally suggested by Schweder and Spjotvoll (1982)
which will be discussed in the next section. Storey proved that E{Fd
DRλ (t)} ≥
F DR(t) for all λ and π0 , providing a conservatively biased estimate. Storey
suggested thresholding the p-values based on this new estimate of F DR as
follows: Reject Hi if pi ≤ tα (Fd
DRλ )
tα (Fd
DRλ ) = max{0 ≤ t ≤ 1 : Fd
DRλ (t) ≤ α}

Connection between Storey’s Approach and BH procedure:

Storey (2002) showed a connection between his approach and the BH method.
In a step up procedure if H(1) , H(2) , · · · , H(l̂(λ)) is rejected with
ˆl(λ) = max{1 ≤ j ≤ n : Fd
DRλ (p(j) ) ≤ α}

(2.1)

then it is equivalent to a BH method at level α when λ = 0. This is because
when λ = 0, π̂0 = 1 and ˆl(λ) reduces to:
π̂0 p(l)
ˆl(λ) = max{1 ≤ l ≤ n : p(l) ≤ (l/m)α} since Fd
DRλ (p(l) ) =
l/m
which is the ˆl for a BH procedure.

2.2

Adaptive Multiple Testing Procedures

Since π0 is typically unknown, using a suitable estimate of it obtained from
the available data, that is, adapting the FWER or FDR controlling methods

16
to the data through an estimate of π0 , can potentially improve the original
methods in terms of both the FWER or FDR control and the power. This has
been the rationale behind developing adaptive FWER and FDR controlling
methods through estimating π0 . Schweder and Spjøtvoll(1982) were the first
to propose a simple informal graphical procedure to estimate the number of
true null hyotheses m0 . If R(λ) denotes the number of p-values greater than
λ then
E(R(λ)) = m0 (1 − λ)
since the p-value should be small for a false null hypothesis. Thus a plot
of R(λ) against 1 − λ should therefore, for large λ, indicate a straight line
with slope m0 . The plot will tend to show linear behavior for larger p-values,
the slope of which gives an estimate of the number of true nulls. The points
deviating from the straight line will most likely correspond to the false nulls.
Benjamini and Hochberg (1990) formalized the above approach and incorporated the estimate before introducing an adaptive Bonferroni method. They
proposed a plot of q(i) = 1−p(m+1−i) (the complement of the ith largest p-value)
against i, to determine the number of true nulls. The q(i) ’s corresponding to
true nulls exhibit a linear relationship along a line of slope 1/(m0 + 1) passing
through the origin, on the left side of the plot and the q(i) ’s corresponding to
the false nulls concentrate on the right hand side of the plot. To implement the
method, a straight line is fitted progressively to a larger number of smallest
q(i) ’s using the ordinary least squares method as long as the estimated slope
increases.
Benjamini and Hochberg (2000) incorporated the above mentioned estimator
of m0 and proposed the following adaptive linear step-up method. First the
BH procedure is used at level α and if none of the hypothesis are rejected,
the procedure is stopped. Otherwise starting with i = 2, an estimate of the
number of the number of true nulls, m0 (i) given by (m + 1 − i)/(1 − p(i) ), is
computed until for the first time m0 (i) > m0 (i − 1). The final estimate of
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m0 is given by min{m0 (i), m} rounding up to the next highest integer. The
BH procedure is then used at level αm/m̂0 . The above mentioned adaptive
Bonferroni procedure and adaptive BH procedure [Benjamini and Hochberg
(1990,2000)] were shown by simulation to provide tighter control of the FWER
and FDR respectively and hence more powerful than the original Bonferroni
and BH procedure. But, a theoretical justification of this control is not yet
offered in the literature, even in the simplest, independence setting.
Later, a number of other adaptive Bonferroni and BH procedures were developed that were shown to control the FDR or FWER under independence.
These are mentioned in the following:

2.2.1

Existing Adaptive BH Methods

Storey, Taylor and Seigmund (2004):

Storey et al (2004) slightly modified Storey’s (2002) original estimator of π̂0
and Fd
DR to the following:
π̂0 =

m − R(λ) + 1
(1 − λ)m

∗
mπ̂0 (λ)t
Fd
DRλ (t) =
R(t) ∨ 1

(2.2)

if t ≤ λ

= 1 otherwise
They suggested thresholding the p-values based on this new estimate of F DR
∗
as follows: Reject Hi if pi ≤ tα (Fd
DRλ )
∗
∗
tα (Fd
DRλ ) = max{0 ≤ t ≤ 1 : Fd
DRλ (t) ≤ α}

This procedure controls the FDR under the independence of the p-values [Benjamini, Krieger and Yekutieli (2006), Storey, Taylor and Siegmund (2004),
Sarkar (2004, 2008b)].
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Bejamini, Krieger and Yekutieli (2006):
Another adaptive procedure which is commonly used is given by Bejamini,
Krieger and Yekutieli (2006), henceforth referred as BKY. They suggested a
two stage linear stepup procedure as follows:
1. First, they find the number of rejections R1 using the BH procedure at
α
.
level α0 =
1+α
2. Estimate the number of true null hypotheses to be m̂0 = m − R1
α0 m
.
3. Then apply the BH procedure with level
m̂0
Benjamini, Krieger and Yekutieli (2006) have proved, the BKY method controls the FDR at α under independence of the p-values. They extended the
BKY method to a multiple-stage procedure (MST) by repeating the two-stage
procedure as long as more hypotheses are rejected.
Sarkar (2008) obtained the following result toward developing a class of adaptive BH methods with proven FDR control under some distributional settings.
It encompasses several different adaptive BH methods proposed in the literature based on different estimates of π0 :
Theorem 2.3 Denote the vector (p1 , . . . , pm ) by p when pi 6= 0, and by
(p(−i) , 0) when pi = 0.Consider a stepup or stepdown method with the critical values ti = iα/n̂0 (p) i = 1, 2, · · · , n, where n̂0 (p) > 0 is non-decreasing in
each pi . The FDR of this procedure is less than or equal to α when the p-values
are independent with each null p-value being distributed as U (0, 1) if:
"
#
X
1
E
≤1
(−i) , 0)
n̂
0 (p
i∈I
0

where n̂0 (p(−i) , 0) represents n̂0 as a function of p(−i) .
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2.2.2

Existing Adaptive Bonferroni Methods

Guo (2009):
Recently, Guo (2009) introduced new adaptive Bonferroni and Holm procedure
which has been proved to control the FWER under a conditional independence
model given by the following:
Definition 2.2 Conditional Independence Model:
Assume Hi ’s are Bernoulli random variables with P (Hi = 0) = π0 = 1 −
P (Hi = 0) and the corresponding p-value pi has the following distribution
function:
P (pi ≤ u | Hi ) = (1 − Hi )u + Hi Fi (u) i = 1, . . . , m
u ∈ (0, 1), for some continuous cdf Fi (u).
He proposed a single step procedure with critical value α/(π̂0 m), where π̂0 is
Storey-Taylor-Siegmund’s estimator given in (2.2).

He also proposed an adaptive Holm’s procedure based on Storey-Taylor-Siegmund’s
estimator given in (2.2). The adaptive Holm’s procedure is given by the following algorithm:
1. Given λ, calculate m̂0 = π̂0 m and m̂j = #{pi > α/m̂j−1 } for j =
1, 2, . . . , m based on estimator (2.2) of π̂0 .
2. Let k̂ = max{j = 0, · · · , m : m̂j+1 ≤ m̂j ≤ m̂0 }, if the maximum
exists otherwise let k̂ = 0. Apply Holm’s procedure with critical values
α
.
αi =
m̂k
Finner and Gontscharuk (2009):
Finner and Gontscharuk (2009) introduced adaptive Bonferroni and Sidak
procedure corresponding to a slight variation of the Storey’s estimator (2.2)
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given by:
π̂0 =

m − R(λ) + κ
(1 − λ)m

where κ is a parameter chosen such that the FWER is controlled by the
corresponding adapative procedure and κ has the following restriction κ ≥
α(1 − λ)
. They referred to these tests as Bonferroni plug-in (BPI) tests and
λ
proved that they control the FWER under the assumption the p-values are independent random variables following a uniform distribution on U [0, 1] under
the corresponding null hypotheses.
Recently, Sarkar, Guo and Finner (2010) obtained a result, analogous to Theorem 2.3, related to developing a class of adaptive Bonferroni methods with
proven FWER control under some distributional settings:
Theorem 2.4 Denote the vector (p1 , . . . , pm ) by p when pi 6= 0, and by
(p(−i) , 0) when pi = 0. Let Hi = 0 or 1 according to it is true or false. Assume
that the null p-values are independently distributed with P (pi ≤ u | Hi = 0) ≤ u
for u ∈ [0, 1]. Consider the class of estimates π
b0 (p) of π0 satisfying the following: π
b0 (p) is non-decreasing in each pi and, for any 1 ≤ m0 ≤ m,


m
1
1 X
I(Hi = 0)EDU (m0 )
≤ 1,
m i=1
π
b0 (p(−i) , 0)
where EDU (m0 ) is the expectation under the Dirac-uniform configuration of the
p-values, that is, when the p-values corresponding to the false nulls are set to
0 and the remaining m0 ones are iid uniforms on [0,1].
Then, an adaptive Bonferroni method rejecting Hi if π
b0 (p)pi ≤ α/m strongly
controls the FWER at α.
The adaptive Bonferroni methods given by Finner and Gontscharuk (2009)
and Guo (2009) correspond to some particular estimates of π0 belonging to
the class of estimates mentioned in Theorem (2.4). Although their FWER
control has been shown under a slightly stronger distributional assumption.
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2.3

Resampling based Methods

In their 1993 book, Westfall & Young proposed a resampling based procedure designed to cope with correlated test statistics. In particular, these authors defined adjusted p-values for multiple testing procedures which control
the family-wise error rate and take into account the dependence structure between test statistics. The new procedure made use of resampling-based p-value
adjustment to incorporate the joint distribution of the test statistics. Their
single-step minP adjusted p-values are defined by:


p̃(i) = P r min Pl ≤ pi |HM
l=1,··· ,m

where HM denotes the complete null hypothesis and Pl the random variable for
the raw p-value of the lth hypothesis. Alternately, they considered procedures
based on the single- step maxT adjusted p-values which are defined in terms
of the test statistics Ti themselves:


p̃(i) = P r max |Tl | ≤ |ti ||HM
l=1,··· ,m

Procedures based on the maxT and minP adjusted p-values control the FWER
weakly under all conditions. Strong control of the FWER also holds under the assumption of subset pivotality. The distribution of raw p-values
(P1 , P2 , · · · , Pm ) is said to have the subset pivotility property if

Definition 2.3 Subset Pivotility:
For all subsets Γ of (1, 2, · · · , m) the joint distributions of the subvector {Pi :
S
i ∈ Γ} are identical under the restrictions HΓ = i∈Γ {Hi = 0} and HM =
S
i∈M {Hi = 0}

The step-down versions of the minP and maxT procedures were given by:
 

p̃(i) = max P r min P(l) ≤ p(k) |HM
k=1,··· ,i

l=k,··· ,m
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p̃(i)

 

= max P r max T(l) ≤ t(k) |HM
k=1,··· ,i

l=k,··· ,m

where t(1) , t(2) , · · · , t(m) are the ordered test statistics.
Yekutieli and Benjamini (1999) proposed a resampling based procedure designed to cope with correlated test statistics. This new procedure made use
of resampling-based p-value adjustment, similar to the method proposed by
Westfall and Young (1993) for FWER control. They consider a family of
generic MCPs which reject a hypothesis if its p-value is less than p. For
each p they estimate the FDR of the generic MCP using an FDR correction
similar to the p-value adjustment or a level α test which they call the FDR
local estimators. As a global α level FDR controlling MCP, they suggest the
most powerful of the generic MCPs whose FDR local estimate is less than α.
The authors claim that the resultingMCP controls the FDR at level α and is
more powerful than the existing MCPs based on a simulation study. The construction of powerful MCPs described in this paper require knowledge of the
distribution of the p-values of the true null hypotheses. Since this is unknown,
p-value resampling is used to approximate this distribution. However, since
the number and identity of true null hypotheses is not known, p-value resampling is conducted under the assumption that all null hypotheses are in fact
true. This procedure also makes the assumption that the number of true null
hypotheses that are rejected is independent of the number of false rejections.

2.4

Correlation in Multiple Testing

Owen (2005) showed that dependence between the hypotheses greatly affect
the variance of the number of false discoveries. Owen presented a variance
formula for the false discoveries that takes account of the correlations between
test statistics. In particular, he showed that the conditional variance of the
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false discoveries given the data is given by:
V ar(V ) = nα − nα2 −

X

P r{Zj = 1, Zj 0 = 1}

j6=j 0

where Zj = 1 if Hj is falsely rejected and Zj = 0 otherwise and P r{Zj =
1, Zj 0 = 1} is the pairwise significance probability.
Efron (2007) showed that in large scale testing, although individually null
distribution of the test statistics (which he calls “theoretical null”) is known,
the presence of correlations among the test statistics can cause considerable
narrowing or widening of the distribution of null test statistics (empirical null)
and can create a substantial impact on simultaneous significance testing which
according to him should be taken into account in deciding which cases should
be reported as non-null. He considered transforming each test statistic to
a z-value. For instance, t test statistics from microarray experiments were
converted to z-values using the following transformation:
z = Φ−1 (G0 (t))

(2.3)

where Φ is the standard normal cumulative distribution function (cdf) and G0
is null cdf for the t values.
The empirical null distribution was estimated from the vector y of histogram
counts {yk , k = 1, . . . , K}, obtained by dividing the m z-values in K bins of
width ∆ and center points z[k]. It was assumed that the m(m − 1)/2 pairs
of z-values are bivariate normals with correlations ρij . Then, approximately,
the mean vector ν of y is given by m∆φ(z[k]) and the covariance matrix C
decomposes into C0 and C1 , where C0 is the covariance matrix if the z-values
are independent and C1 is a matrix that accounts for the correlations among
the z-values. The matrix C1 was approximated in terms of its first eigenvector
√
W with the components Wk = m∆φ(z[k]) (z[k]2 − 1) / 2, with φ(·) being the
standard normal density. It was assumed that the m(m − 1) correlations ρij
follows N (0, α2 ) distribution, where α can be estimated from the data. The
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following hierarchical Poisson model for the counts yk was used to incorporate
dependence:
y ∼ P0 (u), where u = ν + AW and A ∼ (0, α2 ).

(2.4)

The components of u = ν + AW given by
uk = m∆fA (z[k]),

where fA (z) = φ(z).[1 + Aq(z)] and

√
q(z) = (z 2 − 1)/ 2

turned out to be roughly proportional to a scaled normal density.


√
z[k]2
. m∆
2
with
σ
=
1
+
2A.
uk = p
exp
−
A
2σA2
2πσA2
Hence even if the z-values are individually N (0, 1) density, A makes the counts
behave in an overdispersed/underdispersed normal fashion compared to the
theoretical N (0, 1) density. Thus the presence of correlation can make the
ensemble z behave as N (0, σA2 ) with σA2 substantially different from 1.
Efron also gave an estimator of A mentioned in equation (2.4) from the central
spread of the histogram of z-values as follows. If we denote the number of
central counts by Y0 , then Y0 = #{zi ∈ [−x0 , x0 ]}, for a suitable choice of
x0 (such as x0 = 1, which is a reasonable choice). Working with continuous
version z, Efron noted that
1
E(Y0 |A) = P0 − AQ0 ,
m
where
∞

Z

I (z ∈ [−x0 , x0 ]) φ(z)dz = 2Φ(x0 ) − 1

P0 =
−∞

Z

∞

and Q0 = −

I (z ∈ [−x0 , x0 ]) φ(z)q(z)dz =

√

2x0 φ(x0 ).

−∞

By the method of moments, one obtains
Â =

P0 − P̂0
Q0

where P̂0 = Y0 /m

(2.5)
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2.5

Pairwise-FDR

Sarkar(2008) extends the usual definition of the FDR to Pairwise-FDR that
inherently takes into account the dependence among the p-values and proposes
a stepup method of controlling the Pairwise-FDR under positive dependence
of p-values. The following gives the definition of the pairwise-False Discovery
Rate:
Definition 2.4 Pairwise-False Discovery Rate (Pairwise-FDR)

P airwise − F DR = E(P airwise − F DP )
where
P airwise − F DP =

Vn (Vn − 1)
Rn (Rn − 1) ∨ 2

and Rn =Total number of rejections and Vn =Total number of false rejections
The rationale behind this is that when the p-values are positively dependent
the chance is higher for a pair of hypotheses to be rejected at the same time
than when these p-values are independent. Thus by controlling the false discoveries in pairs, the pairwise-dependence of the p-values are directly taken
into account. The following theorem gives the Pairwise-FDR of a stepup test
in terms of its critical values:
Theorem 2.5 For a stepup test of testing n null hypotheses H1 , H2 , · · · , Hn
using the critical constants t1 ≤ t2 ≤, · · · , ≤ tn , the pairwise-FDR is given by:
"
Pairwise-FDR =

X
i6=j∈I0

{−i,−j}

where Rn−2

E

I(pi , pj ≤ tR{−i,−j} +2 )
n−2

{−i,−j}
(Rn−2

{−i,−j}

+ 1)(Rn−2

#
(2.6)

+ 2)

is the number of rejections in testing n−2 null hypotheses other

than Hi and Hj using a stepup procedure. I0 is the set of indices of true null
hypotheses.
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The following result gives a stepup test for controlling the pairwise-FDR when
the p-values are positively dependent. Here positive dependence is defined in
terms of the bivariate distributions of the p-values as:
Definition 2.5 Positive Dependence for pairs:
E{ψ(p1 , p2 , · · · , pn )|pi ≤ u, pj ≤ v} is non-decreasing in (u, v)

(2.7)

for each i, j ∈ I0 for any coordinatewise non-decreasing function ψ.
Theorem 2.6 Assuming that the p-values are positively dependent in a way
described above and that the null p-values have a common pairwise joint distribution
H(u, v) = P (pi ≤ u, pj ≤ v),

(i, j) ∈ I0

(2.8)

Then for a stepup test using the critical constants t1 ≤ t2 ≤, · · · , ≤ tn , satisfying:

2α
for i = 1
n(n − 1)
i(i − 1)α
=
for i = 2, 3, · · · , n
n(n − 1)

H(ti , tj ) =

the Pairwise-FDR is controlled conservatively at

2.5.1

(2.9)

n0 (n0 − 1)α
n(n − 1)

Relation between FDR and Pairwise-FDR

When the p-values are independent the pairwise-FDR in Theorem 2.2 is conn (n − 1)α
trolled exactly at 0 0
which is approximately (for large n) square of
n(n − 1)
√
√
n α
( 0n ) which is the FDR of the BH method at level α. Thus at the same
level α, when the p-values are independent, one has to reject more hypotheses
when controlling the pairwise-FDR than when controlling the FDR, indicating
that the pairwise-FDR is more powerful. Also controlling the FDR at level α
is comparable to controlling the pairwise-FDR at level α2 .
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2.6

Weighted Multiple Test Procedures

2.6.1

FWER Controlling Weighted Procedures

Holm (1979) introduced the idea of p-value weights. A larger weight can be
used to suggest that it is more likely that the null hypothesis is false a priori.
pi
Let p∗i =
be the weighted p-values and p∗(1) , p∗(2) , · · · , p∗(m) be the ordered
wi
∗
∗
correspond to p∗(i) , then the procedure rejects
, w(i)
weighted p-values. Let H(i)
∗
when:
H(i)

p∗(j) ≤ Pm

α

k=j

∗
w(k)

,

j = 1, 2, · · · , i

Holm showed that this sequential step down test maintains strong control of
the family wise error rate. However because of the ordering and the use of
the weighted constants, it is not obvious that larger wi implies greater power
to reject the ith hypothesis. Benjamini and Hochberg (1997) suggested an
alternative procedure to the weighted Holm’s procedure based on the ordered
p-values p(1) , p(2) , · · · , p(m) . Let H(i) , w(i) correspond to p(i) then the procedure
rejects H(i) when:
w(j) α
p(j) ≤ Pm
,
k=j w(k)

j = 1, 2, · · · , i

They showed that the above procedure strongly controls the FWER at α.
Whenever the ordering of the pi ’s is reversed to that of the wi ’s, the alternative
procedure rejects as many or even more than the weighted Holm’s procedure.

2.6.2

FDR Controlling Weighted Procedures

Benjamini and Hochberg (1997) also investigated the use of weighting in other
settings as well. They used weights in the definition of the error rate, to
indicate the importance of each hypothesis and defined the weighted FDR.
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Definition 2.6 Weighted-False Discovery Rate (WFDR)
 Pm0

wi Vi
i=1
W eighted − F DR = E Pm
i=1 wi Ri ∨ 0
Ri is the indicator of Hi being rejected and Vi is the indicator of a true Hi
being rejected.
They proposed a step up procedure based on the ordered p-values and critical
P
value tj = ( ji=1 w(i) /m)α that controls the WFDR at level α for independent
test statistics.

Later, Genovese, Roeder and Wasserman (2006) proposed a weighted BH procedure that controls the FDR conservatively at level α. The weighted procedure is as follows: Assign weights wi > 0 to each null hypothesis such that
w̄m = 1. Compute qi = pi /wi . Apply the BH procedure at level α to the
qi ’s. They showed that, under moderately informative guessing, weighting improves power nontrivially and that, under even misinformative guessing, the
worst-case loss in power is small.
Genovese, Roeder and Wasserman (2006) also proposed a few weighting schemes
to generate the weights one of which is a binary weighting scheme. They assumed that the p-values are drawn from the following mixture model:
Hi ∼ Ber(a), pi |Hi = 0 ∼ U nif orm(0, 1) and pi |Hi = 1 ∼ F , where 0 < a < 1
and F is a probability distribution on (0, 1) which they assume is stochastically smaller than the Uniform.

Binary Weighting: Here they assume that the weights (w1 , w2 , · · · , wm ) can
take two possible values w0 ≤ 1 ≤ w1 . Let U m = (u1 , u2 , · · · , um ) be Ber(γ)
random variables representing prior guesses for each of the hypotheses, with
u = 1 corresponding to an alternative andu = 0 to a null. The u0i s are related
to the Hi0 s through η = P r(u = 1|H = 1)/P r(u = 1|H = 0), a measure of the
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informativeness of guessing. Thus when η = 1, U m and H m are independent;
for η > 1, there is greater likelihood of guessing correctly, and, for η < 1, incorrectly. They assume that each ui is drawn marginally from a Ber(γ) with
conditional distribution:
P r(ui = 1|Hi = 1) =

γη
,
aη + (1 − a)

P r(ui = 1|Hi = 0) =

γ
aη + (1 − a)

To indicate the strength of the weights the parameter r is used in their definition of the weights, based on the u0i s, as follows:

wi =

1 + (r − 1)ui
1 + (r − 1)ūm

Thus the proposed weighting scheme has three parameters (γ, η and r). A
weight in favour of the null takes on value w0 = 1/{1 + (r − 1)ūm }, and
likewise a weighting in favour of the alternative is w1 = r/{1 + (r − 1)ūm }).
Also r = w1 /w0 and the mean weight satisfies w̄m = 1. When the parameter
r is 1, we return to the unweighted case.
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CHAPTER 3
New Procedures Controlling
Pairwise-FDR
In this chapter, we investigate the performance of Pairwise-FDR under a dependent mixture model motivated from the mixture model in Storey (2002)
where the correlation between any two p-value is the same (exchangeable). We
consider a step-up method to control the Pairwise-FDR under this model, and
suggest improving this method by incorporating an estimate of the number of
pairs of true null hypotheses developed under this model.

3.1

Mixture Model with dependent p-values
and Pairwise-FDR

In this section we consider pairwise-FDR as the error rate under a dependent
mixture model motivated from Storey (2002) instead of positive dependence
of the p-values. We investigate the performance of the pairwise error rate,
compared to FDR, assuming the above mentioned dependence structure. In
particular, we do a simulation study to see how the pairwise-FDR compares
to FDR in terms of the variability and robustness of the false discovery proportions. The dependent mixture model is defined as:
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Definition 3.1 Dependent Mixture Model
Hi = 0 or 1 indicates Hi is true or false respectively and are dependent
bernoulli variables. The marginal distribution of the Pi0 s

i = 1, 2, · · · , n,

are given by:
(Pi ≤ u|Hi ) = (1 − Hi )u + Hi F (u), u ∈ (0, 1), for some continuous cdf F (u).
(Hi , Hj )’s are dependent bernoulli with a joint distribution given by:
P rob(Hi = 0, Hj = 0) = π00
P rob(Hi = 0, Hj = 1) = π01
P rob(Hi = 1, Hj = 0) = π10 = π01
P rob(Hi = 1, Hj = 1) = π11
Under this model, the marginal probability of pairwise rejections at the same
threshold u, G(u), is given by:
G(u) = P rob(pi ≤ u, pj ≤ u) = u2 π00 + 2uF (u)π01 + F 2 (u)π11

(3.1)

Theorem 3.1 Assuming that the p-values are dependent in a way described
in (3.1), the pairwise-FDR of the single-step test rejecting Hi if pi ≤ u is given
by:

Pairwise − F DR =

u2 π00 P (Rn ≥ 2)
[u2 π00 + 2uF (u)π01 + F 2 (u)π11 ]2

(3.2)

where Rn is the total number of rejections when there are n p-values.

3.1.1

Markov-Dependence Model

The dependent bernoulli H1 , H2 , · · · , Hn was generated with markov dependence among successive observations, as defined in Klotz (1973). In this model,
P (Hi = 1) = 1 − P (Hi = 0) = p = 1 − π0
P (Hi = 1|Hi−1 = 1) = λ

i = 2, 3 · · · , n

i = 2, 3 · · · , n

(3.3)
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2p − 1
Note: 0 ≤ p ≤ 1; max 0,
≤λ≤1
p
Thus p is the probability of false nulls and λ is the dependence among the H’s.
Note that the proportion of true nulls π0 = 1 − p. From equations listed in
equation (3.3) we have
P rob(Hi = 1|Hi−1 = 1) = λ
P rob(Hi = 1|Hi−1 = 0) = 1 − λ
(1 − λ)p
(1 − p)
(1 − 2p − λp)
= 0) =
(1 − p)

P rob(Hi = 0|Hi−1 = 1) =
P rob(Hi = 0|Hi−1
where i = 2, 3, · · · , n

3.1.2

Simulation Study

The following simulation study shows that if we reject at an arbitrary threshold
value (say t), pairwise-FDR has a lower variability than the usual FDR, in
certain situations when the dependence in the data is high and most of the
hypotheses are false nulls. In other cases it has the same variability as FDR.
We simulated 1000 Xi ’s from independent N (0, 1) and 1000 Hi ’s from the
markov dependent model described in (3.3) with different values of π0 and λ.
We wish to test H0i : µi = 0 vs H1i : µi = 1. We then calculate the p-values
Φ(Xi + Hi ). We reject if Φ(Xi + Hi ) ≤ t (an arbitrary threshold). Let r be the
number of rejections and v be the number of false rejections. Then the FDR
v
v(v − 1)
is given by and pairwise-FDR is given by
. The above process with
r
r(r − 1)
parameters (π0 , λ, t) are repeated 100 times to obtain 100 values of FDR’s and
pairwise-FDR’s which are plotted as box-plots.
The results for different values of (π0 , λ) are given in Figure 3.1 and Figure
3.2. Each figure consists of two plots: (a) corresponding to low correlation and
(b) corresponding to high correlation. The plots in figures (a) and (b) have
two different values of the threshold, t = 0.1 and t = 0.5 respectively. As can
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(a) Correlation is low (λ is 0.3)

(b) Correlation is high (λ is 0.7)

Figure 3.1: Comparison of the Pairwise-FDP’s and FDP’s when the proportion
of null hypothesis is low (π0 = 0.5 in (a) and π0 = 0.3 in (b))
be seen from the plots, the variability of the FDP’s and pairwise-FDP’s seem
to be similar in most cases, except in certain situations, when the correlation
is high and the proportion of true nulls is small (i.e for small values of π0 and
large values of λ), specially when t is small. In Figure 3.1(b), the variability
of pairwise-FDP’s is significantly less than the FDP’s.
When π0 is small, the number of false nulls are quite large making the chances
of a false rejection very low. Also due to high dependence,the number of rev
jections are quite high making the ratio very small. Note that the expected
r
value of the FDPs’ in 3.1(b) (with high values of λ and small values of π0 )
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(a) Correlation is low (λ is 0.3)

(b) Correlation is high (λ is 0.7)

Figure 3.2: Comparison of the Pairwise-FDP’s and FDP’s when the proportion
of null hypothesis is high (π0 = 0.8)
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are much smaller than those in Figure 3.2. When the FDP’s are small,the
pairwise-FDP’s becomes even smaller, because it considers pairs of false rev(v − 1)
. Thus the variability of pairwisejections among pairs of rejections
r(r − 1)
FDP’s become smaller compared to that of the FDP’s, as variance of small
numbers usually tend to be low.

3.2

Stepup Procedure Controlling Pairwise-FDR

In this section we present a stepup procedure that controls the pairwise-FDR
under the model as defined in Definition (3.1). We also assume that the
correlation between any two p-value is the same. Such correlation structures
are called exchangeable correlation structures.

3.2.1

Exchangeable-Dependent Model

The dependent bernoulli in the dependent mixture model can been generated
in such a way that any pair has equal correlation (i.e Correlation(Hi , Hj ) =
λ2 , ∀i 6= j). Given below is a method to generate dependent bernoulli variables
with equal correlation, as described in Lunn and Davies(1998). Generate n
independently and identically distributed bernoulli variables Yi and Z, i =
1, · · · , n with success probability p. Generate n independently and identically
distributed bernoulli variable Ui , i = 1, · · · , n with success probability λ. Then
the random variable Hi = (1 − Ui )Yi + Ui Z, i = 1, · · · , n is a dependent
bernoulli variable with equal correlation structure. Thus if:

iid

iid

Yi ∼ Bernoulli(p), Z∼Bernoulli(p), Ui ∼ Bernoulli(λ)
Define Hi = (1 − Ui )Yi + Ui Z
Then E(Hi ) = p;

i = 2, 3, · · · , n

V ar(Hi ) = p(1 − p);

Corr(Hi , Hj ) = λ2 , ∀i 6= j
(3.4)
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The joint distribution of (Hi , Hj ) can be obtained from equation (3.4) as follows:
π00 = P rob(Hi = 0, Hj = 0) = q 2 + λ2 pq
π01 = P rob(Hi = 0, Hj = 1) = (1 − λ2 )pq
π10 = P rob(Hi = 1, Hj = 0) = (1 − λ2 )pq
π11 = P rob(Hi = 1, Hj = 1) = p2 + λ2 pq

3.2.2

(3.5)

Stepup method controlling pairwise-FDR

Based on the model defined in Definition 3.1 with dependent bernoulli variables generated as described in equation (3.4), we develop our step up test of
controlling the pairwise-FDR at an appropriate level α.
Theorem 3.2 Assuming that the p-values are dependent in a way described
above and the correlation between any two p-value is the same. Then for the
stepup method with critical values
s
ti =

α i(i − 1)
n(n − 1)

(3.6)

the Pairwise-FDR is controlled at π00 α where π00 is as described in equation
(3.5)

3.2.3

Estimation of n0

Just like the adaptive methods, we can improve our suggested stepup method
to control pairwise-FDR and make it less conservative, if we can estimate π00 .
tr
Thus if we choose our new critical values as t∗r = √ , we can make our
π̂00
suggested stepup method less conservative and more powerful. Estimating π00
is essentially estimating n0 . Consider the quantity
R(γ, γ) =

X
i6=j

I(pi , pj > γ)

(3.7)
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which gives the number of pairs of p-values greater than γ (tuning parameter).
The following result shows that a function of R(γ, γ) estimates n0 .


R(γ, γ)
≈ π00 where R(γ, γ) is as defined in EquaResult 1 : E
n(n − 1)(1 − γ)2
tion (3.7).
The following multiple test procedure gives us an adaptive step-up procedure
to control the pairwise-FDR:
Theorem 3.3 Assuming that the p-values are dependent in a way described in
equation (3.4) and the correlation between any two p-value is the same. Then
for the stepup method with critical values
s
r
t
i(i − 1)(1 − γ)2 α
i
t∗i =
=
π̂00
R(γ, γ)

(3.8)

the Pairwise-FDR is controlled at α for a suitable choice of the tuning parameter, γ.

3.3
3.3.1

Simulation Study and Real Data Analysis
Simulation Study

A simulation study was done with a step-up test using critical values t∗i ’s to
get an idea of what choice of the tuning parameter γ gives an exact control of
the pairwise-FDR at α when there is dependence in the data. The dependence
has been modeled by using the exchangeable-dependence defined in (3.4).
10000 Xi ’s were simulated from independent N (0, 1) and 10000 Hi ’s were
simulated from the exchangeable-dependence model described in (3.4) with
different values of p and λ. We wish to test H0i = µi = 0 vs H1i = µi = 1. The
p-values pi given by Φ(Xi + Hi ) are calculated and ordered as p(1) ≤ p(2) ≤
, · · · , ≤ p(n) . For a particular γ, R(γ, γ) which is the number of pairs of pvalues greater than γ, is calculated. The critical values t∗i are then computed
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Figure 3.3: Control of pairwise-FDR for low correlation λ = 0.3

Figure 3.4: Control of pairwise-FDR for high correlation λ = 0.7
and compared to the ordered p-values in a step-up fashion, starting from the
largest p-value p(n) . For a particular set of parameter (γ, p, λ), the pairwisev(v − 1)
FDP given by
is computed, where r is the number of rejections and
r(r − 1)
v is the number of false rejections. The above steps are repeated 100 times
to get 100 pairwise-FDP values and then the mean of these 100 values are
computed to get the pair-wise FDR for a particular set of parameter (γ, p, λ).
For a particular value of (p, λ) the above process is repeated for a range of
γ values starting from 0.05 and going upto 0.95 in intervals of 0.05 and the
pairwise-FDR is plotted against the range of γ values.
Figure (3.3) and Figure (3.4) gives the plot of the tuning parameter γ vs
pairwise-FDR for low (λ = 0.3) and high (λ = 0.7) correlation. As can be
seen from Figures (3.3) and (3.4), the pairwise-FDR is controlled exactly at
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α for some suitable value of γ. When most of the hypotheses are true (i.e
for large values of π0 ), the pairwise-FDR is controlled at very small values of
γ (i.e when γ is close to 0). As the proportion of true nulls, π0 , decreases,
the value of γ, at which the pairwise-FDR is controlled exactly at 0.05, also
increases. Also when the correlation among the p-values is low, pairwise-FDR
gets controlled for all values of π0 , except when π0 = 0.8. But this is probably
because R(γ, γ) is not providing a good estimate of, the proportion of true
nulls, when the correlation in the data is low.
We also did a simulation study to compare the average power of our suggested
procedure to control pairwise-FDR to the original BH procedure and Storey’s
adaptive procedure to control FDR. To make the procedures comparable we
apply the BH procedure and Storey’s adaptive procedure at level α = 0.05 and
our proposed procedure at level α = (0.05)2 . The data was generated using the
procedure described above. In this case we let the number of hypotheses n =
100 and the number of repetitions to be 1000. We repeated the procedure for
different values of proportion of null hypotheses π0 namely π0 = 0.2, 0.4, 0.6, 0.8
and a range of correlation values λ starting from 0 and going upto 0.9 in
intervals of 0.1.
As can be seen in Figure (3.5) the pairwise-FDR controlling procedure has
significantly more power than the usual BH procedure and the adaptive procedure using Storey’s estimate which is more evident when the proportion of
null hypotheses are small (say π0 = 0.2, 0.4).

3.3.2

Robustness Study

We also did a simulation study to see how robust our pairwise-FDR controlling
step-up procedure is, when we consider other dependence structure. In particular, we study how the average power of our proposed procedure, compares to
the usual BH procedure and Storey’s adaptive procedure at comparable levels,
with changing value of the mean and the correlation.
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Figure 3.5: Average Power
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Figure 3.6: Robustness Study
In this simulation (i) We generated 100(= m) dependent random variables
from a multivariate normal distribution with mean vector µ and covariance
matrix Σ. π0 proportion of the mean values in the mean vector µ are set to 0
and the rest are set to some value µ1 . The covariance matrix Σ is of the form:


1
ρ
ρ2 · · · ρm−1 ρm


m−2
m−1 
 ρ
1
ρ
·
·
·
ρ
ρ


Σ= .
.. 
 ..
. 


m
m−1
m−2
ρ
ρ
ρ
···
ρ
1
(ii) We applied each of the above mentioned methods to the generated data
to test Hi : µi = 0 against Ki : µi = µ1 simultaneously for i = 1, · · · , 100. The
BH and Storey’s procedure was applied at level α = 0.05 and our proposed
procedure was applied at level α = (0.05)2 to make them comparable. (iii) We
repeated steps (i) and (ii) 1000 times to obtain the average power for different
values of µ1 , ρ and π0 . The average power of the three procedures were plotted
against increasing values of µ1 for different values of the correlation ρ and
proportion of true nulls π0 . We considered 4 values of π0 = 0.2, 0.4, 0.6, 0.8
and 3 values of ρ = 0.2, 0.5, 0.7 and the values of µ1 ranges from 0.5 to 5 with
increments of 0.5.
As can be seen in figure 3.6, our proposed procedure has more power than
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the BH procedure and Storey’s procedure which is more evident when the
proportion of true nulls is small. Thus our procedure is performing well in
terms of higher average power for a different correlation structure as well.

3.3.3

Application to Real data

We applied our method to two real data sets: (1) breast cancer data mentioned
in Hedenfalk et. al.(2001) which has substantial amount of correlation. (2)
The golden spike-in data set of Choe et al. (2005). The most striking feature of
this data set is that all the true parameters are prechosen and known and hence
the data presents an opportunity to evaluate the number of true rejections
Breast Cancer data
The breast cancer data includes the gene expression levels of 15 patients observed to have one of two different genetic mutations known to increase breast
cancer risk, BRCA1 or BRCA2 (Hedenfalk et al. 2001). It included seven
BRCA1 and eight BRCA2 women, each providing a microarray of expression
levels on the same N = 3226 genes. The usual two-sample t-statistic, ti ,
comparing BRCA2 and BRCA1 for the ith gene expression levels, gave zi as
follows:
zi = Φ−1
i (G(ti ))

i = 1, 2, . . . , N

where Φ the cumulative distribution function of N (0, 1) and G is the cumulative distribution function of t distribution with 13 degree of freedom. Thus
under the classical null hypotheses,zi has a standard normal distribution.
We applied the usual BH procedure, the adaptive procedures using Storey’s
estimate and the step-up method suggested in Theorem 4.2 to control pairwiseFDR to this data set. To make the three procedures comparable, we applied
the BH procedure and the adaptive procedures using Storey’s estimate, to
control FDR, at level α while the step-up method to control pairwise-FDR, at
level α2 . The number of rejections for each of these methods were found to be
the following:
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Table 3.1: Breast Cancer Data
Method
No of Rejections
BH
94
Storey
157
Pairwise-controlling method
231

We see that the number of discoveries made from the procedure controlling
pairwise-FDR is significantly more than the number of discoveries made from
the original BH procedure and the adaptive procedures using Storey’s estimate
while all the three methods are controlled at comparable levels. Thus pairwise controlling procedure is more powerful than the other FDR controlling
procedures at comparable levels when there is dependence in the data.
Golden Spike-in Data
A’spike-in’ experiment for Affymetrix GeneChips provides a defined dataset
of 13,997 RNA species, that differ by known relative concentrations between
the spike-in and control samples, which we use to identifying differentially
expressed genes. All the parameters in this data set are pre-chosen and known.
Therefore, it can be used to check how our proposed pairwise-FDR controlling
procedure compares to the other FDR controlling procedures. Out of the
13,997 RNA species 1331 had differing concentrations between the spike-in
and control samples. Thus in this data set, there were 13,997 genes and 1331
signals.
We downloaded the data from http://www.elwood9.net/spike. We applied the
usual BH procedure, the adaptive procedures using Storey’s estimate and the
step-up method suggested in Theorem 4.2 to control pairwise-FDR to this data
set. To make the three procedures comparable, we applied the BH procedure
and the adaptive procedures using Storey’s estimate, to control FDR, at level α
while the step-up method to control pairwise-FDR, at level α2 . We considered
2 values of α, 0.05, 0.1. The number of rejections, number of correct rejections
and number of false rejections for each of these methods for the two values of
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α were summarized in the following table:
Table 3.2: Golden Spike-in Data
FDR Level
0.05

0.1

Method
# of Rej
BH
816
Storey
833
Pairwise-controlling method
967
BH
Storey
Pairwise-controlling method

1059
1077
1235

# of False Rej
265
272
308

# of Correct Rej
551
561
659

324
334
365

735
743
870

As can be seen from Table: 3.2 our procedure has picked up more signals
correctly than the other methods for both α levels indicating that it is more
powerful than the other procedures. However, the number of false rejections
is slightly more than the other procedures as well.
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CHAPTER 4
Control of False Discoveries
Using Efron’s Estimate of the
Number of True Nulls
In this chapter, we consider developing adaptive Bonferroni and BH methods
incorporating both an estimate of the number of true nulls and the dependence
structure. Our idea is to further improve the FWER or FDR control of an existing adaptive Bonferroni or BH method that has been obtained only through
estimating the number of true nulls. The motivation toward implementing our
idea lies in Efron (2007) who presented computational and theoretical methods
for assessing the size and effect of correlations in large-scale testing. He introduced the theory to identify the correct choice of the null distribution under
dependence, called empirical null, for simultaneous significance testing, and
used this empirical null to estimate the number of true nulls. Based on this
estimate of Efron for the number of true nulls, we propose alternative versions
of adaptive Bonferroni and BH methods. Our extensive simulation studies indicate that the idea of developing an adaptive Bonferroni or BH method using
Efron’s estimate of the number of true nulls seems to work well. It provides
better control of FWER or FDR within a wider range of dependence compared
to some of the existing adaptive methods that were developed only by using
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an estimate of the number of true nulls. Efron (2007) used an HIV data set
which compares 4 HIV positive patients versus 4 negative controls providing
microarray of expression levels on m = 7680 genes (Van’t Wout et al. 2003)
to illustrate the effect of correlation on multiple testing. He showed that an
empirical null distribution should be used in the presence of correlation. This
has been our motivating example. When applied to this data set, the new
adaptive BH method is seen to pick up at least as many significant genes as
picked up by other adaptive BH methods.

4.1

Some Existing Estimates of π0

As we have seen that the methods to control the FWER and FDR remain
too conservative and often much less powerful than what one would hope for
without being properly adapted to the data to incorporate information about
the number of true null hypotheses and/or the dependence structure of the
test statistics. Although a number of such adaptive versions of the Bonferroni
and BH methods have been proposed, they have so far been developed either
by using an estimate of the number of true nulls that does not explicitly utilize
the dependence structure (Benjamini and Hochberg, 2000; Benjamini, Krieger
and Yekutieli, 2006; Blanchard and Roquain, 2009; Gavrilov, Benjamini and
Sarkar, 2009; Guo, 2009; Guo, Sarkar and Peddada, 2010; Hochberg and Benjamini, 1990; Sarkar, 2008 and Sarkar, Guo and Finner, 2010) or by only
exploiting the dependence structure that does not take into account an estimate of the number of true nulls (Yekutieli and Benjamini, 1999 and Westfall
and Young, 1993).
We will list two existing estimates of π0 in this section. These are special
forms of the following estimate considered in Sarkar (2008) and Sarkar, Guo
and Finner (2010), obtained from Rm,SU (λ1 , . . . , λm ), the number of significant
p-values observed while testing the m null hypotheses using a stepup method

47
based on any set of critical values 0 ≤ λ1 ≤ · · · ≤ λm ≤ 1:
π
b0 =

m − Rm,SU (λ1 , . . . , λm ) + 1
.
m(1 − λm )

(4.1)

Estimate 1: It is of the form (4.1) with λi = iλ/m, i = 1, . . . , m, where
(1)

λ = α/(1 + α). We denote this estimate by π
b0 .
Estimate 2: It is of the form (4.1) with λi = λ, i = 1, . . . , m, for any
(2)

λ ∈ (0, 1). We denote this estimate by π
b0 .
Notice that the stepup test providing Estimate 1 is the BH method controlling the FDR at level α/(1 + α), or the Simes combination test controlling
the type I error at level α/(1 + α) (Simes, 1986; Sarkar, 1998; Sarkar and
Chang, 1997). Also, Estimate 1 is slightly different from the one Benjamini,
Krieger and Yekutieli (2006) used for π0 to propose an adaptive BH method
(to be referred to as the BKY method) with proven FDR control under independence. The estimate used in the BKY method is without the +1 in the
numerator, as long as at least one of the p-values is found significant when the
BH method at α/(1 + α) is applied. If no significant p-value is found by this
BH method, the BKY method does not reject any of the null hypothesis. Estimate 1 is one of the estimates used by Sarkar, Guo and Finner (2010) while
developing adaptive Bonferroni methods. The reason we decide to choose this
particular estimate among others is that the corresponding adaptive Bonferroni (or BH) method seems to maintain its control over the FWER (or FDR)
even under positive dependence, at least when the p-values are generated from
equi-correlated normal distributions, as suggested by a number of numerical
studies done in the literature (e.g., Benjamini, Krieger and Yekutieli, 2006;
Romano, Shaikh and Wolf, 2008; and Sarkar, Guo and Finner, 2010), and so
it is a natural competitor of any other estimator when it comes to comparing
the performances of the corresponding adaptive Bonferroni or BH methods
under dependence.
Estimate 2 is a slight variation of the estimate Storey (2002) originally used
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(without the +1 in the numerator) borrowing the idea from Schweder and
Spjotvoll (1982) to introduce his estimation based approach to controlling the
FDR. Later, Storey, Taylor and Siegmund (2004) considered Estimate 2 to
show that the corresponding adaptive BH method controls the FDR under
the similar distributional setting as in Results 1 and 2. We choose Estimate 2
because it is a commonly used estimate for π0 in the multiple testing literature
and often considered as a benchmark for other estimators while constructing
adaptive Bonferroni or BH methods, even though such adaptive methods corresponding to it may not perform well under dependence for some values of λ
(Benjamini, Krieger and Yekutieli, 2006; Finner and Gontscharuk, 2009; Guo,
2009; and Sarkar, Guo and Finner, 2010).

4.1.1

Other Existing Adaptive FWER and FDR Methods

There are adaptive versions of other FWER controlling methods, the Sidak,
Holm and Hochberg, also obtained through estimating π0 . Finner and Gontscharuk
(2009) considered adaptive Sidak and Holm methods, while Guo (2009) considered adaptive Holm method, corresponding to Estimate 2. Adaptive Sidak
method was also given by Sarkar, Guo and Finner (2010), but it corresponds
to the larger class of estimates satisfying (1). They have also considered adaptive Holm and Hochberg methods corresponding to an estimate in this class
that is different from Estimate 2. These adaptive Sidak methods control the
FWER under the same distributional setup for which the corresponding adaptive Bonferroni methods control the FWER; however, there is no appreciable
difference between them, particularly in the case of large scale multiple testing. Surprisingly, adaptive versions of Holm and Hochberg methods have been
found not to provide any significant improvement over the Bonferroni method,
unlike the corresponding adaptive Bonferroni method. Moreover, they control
the FWER only asymptotically as m0 → ∞.
There is a stepdown adaptive version of the BH method (Gavrilov, Benjamini
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and Sarkar, 2009) that controls the FDR under independence.
It is interesting to note that the so called adaptive p-value, π
b0 (p)pi , for each
Hi in an adaptive Bonferroni or BH method is a kind of shrunken p-value. It
shrinks toward 0, thus adjusting the p-value toward a more significant value,
when there is more evidence of p-values that are significant among all the pvalues based on some pre-chosen thresholds. This type of shrinkage p-value
is different from what Ghosh (2006) has considered in the context of multiple
testing before.

4.2
4.2.1

The Proposed Adaptive Methods
Efron’s Estimate of π0

As mentioned in the literature review, Efron (2007) showed that in large scale
testing the presence of correlations among the test statistics can cause considerable narrowing or widening of the distribution of null test statistics (empirical null) and can create a substantial impact on simultaneous significance
testing which according to him should be taken into account in deciding which
cases should be reported as non-null. He worked with z-values by transforming each test statistic to a z-value. Efron estimated π0 , the proportion of true
nulls, from the central spread of the z-values. i.e., from those z-values that
lie within the interval [−x0 , x0 ]. Because of the presence of correlations, these
null z-values behave as those coming from a N (0, σA2 ) distribution. π0 was
then estimated by:
(3)

Y
#zi ∈ [−x0 , x0 ]
 0 
=
mP r(zi ∈ [−x0 , x0 ])
m[2Φ x0 − 1]
σ̂A
P̂0
=
P0 (σ̂A )

π̂0 =


where P0 (σ̂A ) = 2Φ

x0
σ̂A


− 1,

σ̂A = 1 +

√

2Â.

(4.2)

(4.3)
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(3)

We use the estimate π0 of π0 , which takes into account the dependence in the
data, to propose our new adaptive Bonferroni and BH methods for controlling
the FWER and FDR respectively.

4.2.2

The New Adaptive Bonferroni Method
(3)

In this subsection, we propose adaptive procedures using π̂0 which is based
on the empirical null distribution given by Efron (2007) to account for dependence. The following algorithm describes our proposed adaptive Bonferroni
method. For each hypothesis Hi , we can calculate the corresponding zi value
through a suitable transformation. For example, t test statistics can be transformed by the transformation similar to the one given in (2.3).

Algorithm 1: Adaptive Bonferroni method using Efron’s estimate
of π0
1. Calculate the z-values z1 , z2 , . . . , zm for the m hypotheses.
2. Count Y0 = #{zi ∈ [−x0 , x0 ]}, for a suitable choice of x0 . Estimate A
and σA by Â and σ̂A as given in (2.5) and (4.3) respectively.
(3)

3. Estimate π0 by π̂0 as given in (4.2).
4. Calculate the p-values for the m hypotheses p1 , . . . , pm . Apply the Bon(3)

ferroni method at level α to the adaptive p-values π̂0 pi , i = 1, . . . , m.

4.2.3

The New Adaptive BH Method

The following algorithm describes our proposed adaptive BH method.
Algorithm 2: Adaptive BH method using Efron’s estimate of π0
1. Estimate π0 using steps (1)-(3) in Algorithm 1.
2. For the m hypotheses calculate the p-values p1 , . . . , pm . Apply the BH
(3)

method at level α to the adaptive p-values π̂0 pi , i = 1, . . . , m.
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4.3

Simulation Studies

We carried out two simulation studies, one to investigate the performance of
the proposed adaptive Bonferroni method and the other to do the same for
the proposed adaptive BH method with dependent p-values in comparison with
the original Bonferroni or BH method and existing adaptive FWER or FDR
methods based on Estimates 1 and 2. For the FWER methods, we compare
them in terms of how well the FWER is controlled and the average power (the
expected proportion of false nulls that are rejected). For the FDR methods, we
make this comparison in terms of the FDR control and two types of power - the
average power and the false non-discovery rate (FNR, the expected proportion
of false acceptances among all acceptances). In both studies, we simulated the
setting for dependent p-values using multivariate normal test statistics having
a common non-negative correlation ρ.

4.3.1

Comparing the FWER methods

We simulated the FWER and average power for each of the FWER controlling
methods we considered by (i) generating 100(= m) dependent normal random
variables N (µi , 1), i = 1, . . . , m, with π0 proportion of these means being equal
to 0 and the rest being equal to 1, (ii) applying the method to the generated
data to test Hi : µi = 0 against Ki : µi 6= 0 simultaneously for i = 1, . . . , 100,
at level α = 0.05, and (iii) repeating steps (i) and (ii) 1, 000 times before approximating the FWER by the proportion of times at least one false rejection
occurs and the average power by averaging out the proportions of false nulls
that are rejected. We considered three different versions of Estimate (2), corresponding to λ = 0.2, 0.5 and 0.7. Figures 4.1 and 4.2 compare the simulated
FWER’s and average powers, respectively, of the original Bonferroni method
and its three different adaptive versions based on Estimates 1, 2, and Efron’s
estimate of π0 for different values of ρ, λ and π0 .
As seen from Figure 4.1, the adaptive Bonferroni method based on Estimate
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Figure 4.1: Simulated FWER’s of the original Bonferroni method (red solid)
and the adaptive Bonferroni methods based on Estimate 1 (black shortdashed), Estimate 2 (blue dot-dashed) for different values of λ, and Efron’s
estimate (green long dashed).
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Figure 4.2: Simulated average powers of the original Bonferroni method (red
solid) and the adaptive Bonferroni methods based on Estimate 1 (black shortdashed), Estimate 2 (blue dot-dashed) for different values of λ, and Efron’s
estimate (green long dashed).
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1 controls the FWER even under (positive) dependence, but it does so more
conservatively than the original Bonferroni method. Also, the adaptive Bonferroni method based on Estimate 2 does not even control the FWER unless
the dependence is low or extremely high; of course, it does have the best control over the FWER in case of low positive dependence. This phenomenon has
been noted before in Finner and Gontscharuk (2009), Guo (2009), and Sarkar,
Guo and Finner (2010). When the positive dependence varies from moderate
to high, which is often the case in practice, our proposed adaptive Bonferroni
method based on Efron’s estimate seems to be the least conservative among
those that offer the FWER control. Looking further at the powers in Figure
4.2 for these different procedures and knowing that the power of the adaptive
Bonferroni method based on Estimate 2 is up due to its being too liberal in
case of moderate to high dependence, one can see that Efron’s estimate of
π0 seems to provide the best adaptive Bonferroni method in many practical
situations where it is reasonable to assume a moderate to high dependence
among the underlying p-values.

4.3.2

Comparing the FDR methods

In the simulation study related to the FDR controlling methods considered,
(i) we generated 500(= m) dependent normal random variables N (µi , 1), i =
1, . . . , m, setting π0 proportion of these means at 0 and the rest at 1, (ii)
applied each of these methods to the generated data to test Hi : µi = 0
against Ki : µi 6= 0 simultaneously for i = 1, . . . , 500, at level α = 0.05, and
(iii) repeated steps (i) and (ii) 1, 000 times before simulating the FDR, the
average power and the FNR. We considered the same three different values of
λ = 0.2, 0.5 and 0.7 for Estimate 2 as before. Figures 4.3, 4.4 and 4.5 compare
the simulated FDR’s, average powers and FNR’s, respectively, of the original
BH method and its three different adaptive versions based on Estimates 1, 2,
and Efron’s estimate of π0 for different values of ρ, λ and π0 .
While these figures corroborate what has been known in the literature about
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Figure 4.3: Simulated FDR’s of the original BH method (red solid) and the
adaptive BH methods based on Estimate 1 (black short-dashed), Estimate 2
(blue dot-dashed) for different values of λ, and Efron’s estimate (green long
dashed).
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Figure 4.4: Simulated average powers of the original BH method (red solid) and
the adaptive BH methods based on Estimate 1 (black short-dashed), Estimate
2 (blue dot-dashed) for different values of λ, and Efron’s estimate (green long
dashed). The range of y-axis is (0.6,1).
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Figure 4.5: Simulated FNR’s of the original BH method (red solid) and the
adaptive BH methods based on Estimate 1 (black short-dashed), Estimate 2
(blue dot-dashed) for different values of λ, and Efron’s estimate (green long
dashed).
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the relative performances of the adaptive BH methods based on Estimates
1 and 2; that is, between these two forms of adaptive BH methods, the one
based on Estimate 1 is a better improvement of the original BH method (e.g.,
Benjamini, Krieger and Yekutieli, 2006; and Romano, Shaikh and Wolf, 2008),
they also reveal that the adaptive BH method based on Efron’s estimate of π0 is
actually even slightly better than that based on Estimate 1, in terms of both
FDR control and power, particularly when a moderate to high dependence
among the p-values can be assumed.

4.4

Application to a Real Data Set

We applied our proposed adaptive BH method to the HIV data considered
in Efron (2007). The HIV data compare 4 HIV positive patients versus 4
negative controls providing microarray of expression levels on m = 7680 genes
(Van’t Wout et al. 2003). The two-sample t-statistic for each gene comparing
the expression levels of positive and negative HIV patients is transformed to
the z-value using the G0 with 6 degrees of freedom. There are some fairly
significant pairwise correlations in this data set, as shown by Efron (2007),
so we expect our proposed method to perform well for this data set in terms
of declaring genes that are significant compared to the other adaptive BH
methods considered. Our results are tabulated in Table 4.1.
As seen from this table, the proposed adaptive BH method (labeled Efron), as
expected, always identifies no less significant genes than other methods considered, the original BH method (labeled BH), and the adaptive BH methods
based on Estimate 1 (labeled BKY) and Estimate 2 (labeled Storey). With
increased FDR level, the proposed adaptive BH method can declare noticeably more significant genes than the original BH method, unlike these other
adaptive BH methods which may even identify less number of significant genes.
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Table 4.1: No of Significant Genes: HIV Data
FDR Level
0.010
0.035
0.050
0.060
0.085
0.110
0.135
0.160
0.185
0.210
0.235

BH
13
18
18
19
22
22
23
23
26
33
34

Storey
13
14
18
18
20
22
22
23
23
26
33

BKY
13
15
18
19
22
22
22
23
23
23
28

Efron
13
18
19
20
22
22
23
26
33
34
41
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CHAPTER 5
Pairwise-False Discovery Rate
Control Using Pairwise Weights
This chapter is motivated by the scope of utilizing the joint structure of the
data towards further improving some multiple testing methods while maintaining control of the error rate. The joint structure of the data is incorporated
using pairwise weights. Utilizing the joint structure also takes into account the
correlation in the data. In this chapter we propose a weighted version of the
pairwise-FDR using pairwise weights and a method controlling the weighted
pairwise-FDR. We give a discussion on the application of such weighted procedure. We also suggest some weighting schemes that generates pairwise weights.

5.1

Motivation

Given below in Fig. 5.1 is a pathway representing the process of Glycolysis obtained from the KEGG Pathway website http://www.genome.jp/kegg/pathway.html.
Glycolysis is the process of converting glucose into pyruvate and generating small amounts of ATP (energy) and NADH (reducing power). It is a
central pathway that produces important precursor metabolites: six-carbon
compounds of glucose-6P and fructose-6P and three-carbon compounds of
glycerone-P, glyceraldehyde-3P, glycerate-3P, phosphoenolpyruvate, pyruvate
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and Acetyl-CoA. When the enzyme genes of this pathway are examined in
completely sequenced genomes, the reaction steps of three-carbon compounds
from glycerone-P to pyruvate form a conserved core module, which is found
in almost all organisms and which often corresponds to operon structures in
bacterial genomes.
To test if the enzyme genes of this pathway are differentially expressed, one
might gain a lot in terms of power, if one could incorporate the pairwise relationship between the enzyme genes. In Section (5.2.2), we show that by
incorporating the pairwise relationship between the enzyme genes in terms of
pairwise weights, we can gain more power for testing the hypotheses simultaneously.

5.2
5.2.1

Incorporating weights in Pairwise-FDR
On control of Weighted Pairwise-FDR

In Chapter 3 we considered controlling the pairwise-FDR as an error rate
under a dependent mixture model where Hi = 0 or 1 indicating Hi as true or
false respectively are dependent bernoulli variables. Pi0 s i = 1, 2, · · · , n are
marginally distributed as: P r(Pi ≤ u|Hi ) = (1 − Hi )u + Hi F (u), u ∈ (0, 1),
for some continuous cdf F (u). We also showed that a step-up test with critical
p
values ti = α i(i − 1)/n(n − 1), controls the pairwise-FDR conservatively
at α under the above mentioned dependence structure, assuming that the
correlation between any two p-value is the same.
We extend the definition of weighted FDR proposed by Benjamini and Hochberg
(1997) to one that takes into account the correlation in the data and the joint
structure of the hypotheses by proposing a weighted version of the pairwiseFDR. Let Rij be the indicator of rejecting a pair of hypothesis (Hi , Hj ). Thus
Rij = 1 if (Hi , Hj ) is rejected and 0 otherwise. Similarly Vij is the indicator of rejecting a true pair of hypothesis (Hi , Hj ). We propose the weighted
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Figure 5.1: KEGG Pathway
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pairwise-FDR in terms of the pairwise weights as:
Definition 5.1 Weighted Pairwise False Discovery Rate (W-pwFDR)



m0
P

wij Vij




 i6=j

W eighted − P airwiseF DR = E 
m

 P
wij Rij ∨ 2
i6=j=1

Rij is the indicator of a pair (Hi , Hj ) being rejected and Vij is the indicator of
a true pair (Hi , Hj ) being rejected.
0
s takes care of the joint structure of the data or the
The pairwise weight wij

joint importance of two hypothesis. Note that if some pairwise weights wij
are zero and the others are equal, the weighted pairwise-FDR is identical to
the pairwise-FDR. We propose the following step-up method controlling the
m
P
weighted pairwise-FDR. We assume that the pairwise weights satisfy wij ≤
i6=j

m(m − 1)
Theorem 5.1 A step up method with critical values given by:
r
αw[r]
tr =
m(m − 1)

(5.1)

controls the weighted Pairwise-FDR conservatively at α under indepenP
dence. w[r] =
wij and Sr is the set of rejected hypotheses r = 1, 2, · · · , m.
i,j∈Sr
i6=j

Proof of Theorem (5.1) is given in the appendix. In the next section, we show
using a simulation study that introducing pairwise-weights does improve the
power of the multiple hypothesis testing as it incorporates added information
regarding the structure. We borrow the structure of the data from the pathway
representing the process of Glycolysis described in Section (5.1).
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5.2.2

Simulation Study of Glycolysis Pathway

The pathway representing Glycolysis contains 31 enzyme genes. We have
numbered the genes from Gene 1-Gene 31. The name of the enzyme genes
corresponding to the numbers are given in the appendix. The data for the 31
enzyme genes has been generated from a multivariate normal distribution with
mean vector µ and covariance matrix Σ. π0 proportion of the mean values in
the mean vector µ are set to 0 and the rest are set to some value µ1 . The
covariance matrix Σ is of the form:

1
ρ
ρ2 · · ·

 ρ
1
ρ
···

Σ= .
 ..

ρm ρm−1 ρm−2 · · ·

m−1

ρ

m−2

ρ

ρ

m

ρ

ρm−1
..
.









1

We applied the following three methods to the generated data to test Hi : µi =
0 against Ki : µi = µ1 simultaneously for i = 1, · · · , 31: (i) BH procedure, (ii)
Pairwise-FDR controlling method and (iii) weighted pairwise-FDR controlling
method proposed in Theorem 5.1. The BH was applied at level α = 0.05,
the pairwise-FDR controlling method and our proposed weighted procedure
was applied at level α = (0.05)2 to make them comparable. We repeated
the above process for 1000 times to obtain the average power for different
values of ρ and π0 . The average power of the three procedures were plotted
for increasing values of the correlation ρ and different values of proportion of
true nulls π0 . We considered 4 values of π0 = 0.2, 0.4, 0.6, 0.8 and values of
ρ ranges from 0 to 0.9 with increments of 0.1. Figure 5.2 shows the average
power of the three methods for different values of π0 and ρ.
As can be seen in figure 5.2, our proposed weighted procedure has more power
than the BH procedure and the pairwise-controlling procedure. Thus incorporating the information in terms of pairwise weights, does improve the existing
methods in terms of higher average power for the given correlation structure.
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Figure 5.2: Power of KEGG Pathway
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Also for one single simulation run, the following genes were found to be differentially expressed using the weighted Pairwise-FDR: Gene 15, Gene 14, Gene
20, Gene 19, Gene 16, Gene 18, Gene 17, Gene 23, Gene 22, Gene 21, Gene 13,
Gene 25, Gene 11, Gene 24, Gene 26, Gene 12, Gene 31. We also found that
most of the genes in the same pathway were rejected/accepted together. For
example: (Gene 15, Gene 13 and Gene 17) were in the same pathway, (Gene
18, Gene 19, Gene 25) were in some other common pathway and (Gene 23,
Gene 24, Gene 25) were in yet another pathway and so on.

5.2.3

Pairwise-FDR control of weighted p-values

When the pairwise weights are not known and instead the marginal weights
are available, one can consider controlling the pairwise-FDR by weighting the
p-values. If the pairwise weights are known, the marginal weights could also be
P
obtained by summing the pairwise weights i.e Wi = m
j=1 wij . Consider the pvalues weights W1 , W2 , · · · , Wm corresponding to each hypothesis. We assume
that the weights satisfy W m = 1. The step up test given below which is based
on the weighted p-values p∗i = pi /Wi controls the pairwise conservatively at
α. Here, we weight the p-values, unlike in the previous section where we use
weighting in the error rate.
Theorem 5.2 A step up method based on the weighted p-values p∗i = pi /Wi
with critical values given by:
s
ti =

αi(i − 1)
m(m − 1)

(5.2)

controls the Pairwise-FDR conservatively at α under independence.

5.3

Weighting Schemes for Pairwise Weights

We consider two models for generating the pairwise weights. The first one is a
motivation from the Binary weighting scheme suggested by Genovese, Roeder
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and Wasserman (2006) and the second one is a scheme to generate pairwise
weights when the marginal weights Wi0 s are available.
Extension of Binary Weighting Scheme

Let w = (wij )m×m be the weight matrix. We assume that the diagonal elements of this weight matrix takes two possible values w00 ≤ w11 and the
off-diagonal elements takes two possible values w01 ≤ w10 . Let U = (uij )m×m
be the matrix of prior guesses. Since here we take into account the joint
structure of the data, we assume that guess about the ith hypothesis not only
has information about the ith hypothesis but also has information/guess on
the j th hypothesis. Let u0ij s be Ber(γ) random variables representing prior
guesses for each of the hypotheses, with uij = 1 corresponding to an alternative and uij = 0 to a null. Here we assume that the guess for the ith
hypothesis not only has information about the ith hypothesis, but also has
information for the other hypotheses. The u0ii s are related to the Hi0 s through
η1 = P r(uii = 1|Hi = 1)/P r(uii = 1|Hi = 0), a measure of the informativeness
of guessing about the ith hypothesis. The u0ij s are related to the Hj0 s through
η2 = P r(uij = 1|Hj = 1)/P r(uij = 1|Hj = 0), a measure of the informativeness of guessing about the j th hypothesis from the ith hypothesis. Thus when
η1 = 1, uii and Hi are independent; for η1 > 1, there is greater likelihood of
guessing correctly, and, for η1 < 1, incorrectly. Similarly, the same goes with
η2 . We assume that u0ii s are drawn marginally from a Ber(γ) with conditional
distribution:
γ
γη1
, P r(uii = 1|Hi = 0) =
aη1 + (1 − a)
aη1 + (1 − a)
Similarly, u0ij s are drawn marginally from a Ber(γ) with conditional distribuP r(uii = 1|Hi = 1) =

tion:
P r(uij = 1|Hj = 1) =

γη2
,
aη2 + (1 − a)

P r(uij = 1|Hj = 0) =

γ
aη2 + (1 − a)

To indicate the strength of the weights the parameter r is used in their defi-
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nition of the weights, based on the u0ii s and u0ij s, as follows:

wii =

1 + (r − 1)uii
P
uii
i
1 + (r − 1)
m

wij =

1 + (r − 1)uij
P
uij
i<j
1 + (r − 1)
m(m − 1)/2

(5.3)

For the diagonal elements of the weight matrix, a weight in favour of the null
P
takes on value w00 = 1/{1 + ( i uii /m)}, and likewise a weight in favour
P
of the alternative is w11 = r/{1 + ( i uii /m)}. Similarly for off-diagonal
elements of the weight matrix, a weight in favour of the null takes on values
P
w01 = 1/{1 + (r − 1)( i<j uij /m(m − 1)/2)}, and likewise a weight in favour
P
of the alternative is w10 = r/{1 + (r − 1)( i<j uij /m(m − 1)/2)}. Note that
r = w11 /w00 = w10 /w01 and, when the parameter 
r is 1, we return
to the

P
1
unweighted case. Also this weighting scheme ensures
i6=j wij =
m(m − 1)
1.
Thus the proposed weighting scheme has four parameters which are interpreted
as follows: γ determines the prevalence of alternative guesses; η1 , η2 determines
the informativeness of guessing; and r determines the strength of weighting.
Generating pairwise weights from Marginal Weights
When the marginal weights W1 , W2 , · · · , Wm are available, one can generate the pairwise weights using the iterative proportional Algorithm (Agresti
1990). The iterative proportional algorithm, originally presented by Deming
and Stephan (1940) is a simple method for estimating cell values of a contingency table such that the marginal totals matches some given row and column
marginals. The procedure is described below:
(0)

a) Start with an initial matrix M̂ (0) = (m̂ij )m×n having some correlations
structure. For example in the exchangeable correlation structure the initial
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matrix M is of the form:

M̂ (0)



1 ρ ρ ···

ρ ρ




=



ρ 1 ρ ···
..
.


ρ ρ 

.. 
. 

ρ 1

ρ ρ ρ ···



b) By multiplying by appropriate scaling factors successively adjust the initial
matrix M such that they match the row marginals MR1 , MR2 , · · · , MRm and
column marginals MC1 , MC2 , · · · , MCm . Any cycle of the adjustment process
has two steps:
(1)

(0)

M̂ij = m̂ij
(2)

(1)

M̂ij = m̂ij

MRi

!

(0)

M̂i+

MCj

!

(1)

(5.4)

M̂+j

c) Continue the process until the maximum difference between the row and
column marginals and their fitted values is sufficiently close to 0.
In our case, the column and row marginals are the same, given by the marginal
weights W1 , W2 , · · · , Wm . The marginal weights can be generated using the Binary weighting scheme proposed by Genovese, Roeder andWasserman (2006).

5.4

Simulation Studies

In this section we present simulations and power calculations to evaluate the
average power of the Weighted Pairwise-FDR controlling procedure with other
existing procedure under the two weighting schemes suggested in Section 5.3.
Extension of Binary Weighting Scheme
In the first simulation study we study how the average power of our proposed
procedure controlling the weighted Pairwise-FDR compares to the usual BH
procedure and Pairwise-FDR controlling procedure at comparable levels, with
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different values of the correlation. We use the extension of the binary weighting
scheme to generate the weights.
The data is generated in exactly the same way as described in Section 5.2.2.
The number of hypotheses, m = 25. We applied the following three methods to
the generated data to test Hi : µi = 0 against Ki : µi = µ1 simultaneously for
i = 1, · · · , 25: (i) BH procedure at level α = 0.05 (ii) Pairwise-FDR controlling method at level α = (0.05)2 and (iii) weighted pairwise-FDR controlling
method proposed in Theorem 5.1 at level α = (0.05)2 . We chose the following
weight parameters: we assumed that γ = a(= 1 − π0 ), the informativeness
of weighting were chosen to be moderate η1 = 5, η1 = 1 and we considered
two strength of weighting r = 2 (low), r = 10 (high). We repeated the above
process for 1000 times to obtain the average power for different values of ρ,
ranging from 0 to 0.9 with increments of 0.1 and two values of π0 = 0.7, 0.9.
Figure 5.3 shows the average power of the three methods for increasing values
of the correlation ρ and for two values of π0 , when the informativeness of guessing is moderate and the strength of weighting takes two values corresponding
to low and high.
As can be see from Figure 5.3, the Weighted-Pairwise FDR controlling procedure is performing better than the other procedures in terms of average power
which is more evident when the proportion of true nulls is large. Also the power
of our proposed procedure increases with increasing strength of weighting.
We also do a simulation study to see how the average power of our proposed
procedure changes for different settings of the weight parameters. The data
is generated in the same way as in the previous simulation study. The power
of our proposed procedure is compared for 3 different strength of weighting:
r = 2, r = 5, r = 10 for increasing values of η1 and η2 . Here we consider
fixed values of correlation corresponding to high (ρ = 0.8) and low (ρ = 0.2)
correlation. Since the power of a procedure is more evident when proportion
true nulls is large, we consider π0 = 0.9. Figure 5.4 gives the power of our
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(a) Weighting Strength is low (r is 2)

(b) Weighting Strength is high (r is 10)

Figure 5.3: Comparison of Average Power: BH procedure, Pairwise FDR and
Weighted Pairwise-FDR for increasing values of correlation using the first
scheme(Extension of Binary Weighting Scheme). Here the informativeness
of guessing parameters are fixed: η1 = 5, η2 = 1
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proposed procedure for different strengths of weighting with increasing values
of η1 , for two fixed values of η2 = (1, 10). Similarly, Figure 5.5 gives the power
of our proposed procedure for different strengths of weighting with increasing
values of η2 , for two fixed values of η1 = (1, 10).
As can be seen from Figure 5.4 and 5.5, the power increases with strength in
weighting. Also note that weighting can lead to substantial gains in power
when the weights are well chosen (η1 , η2 > 1), whereas the potential loss in
power is small even when the weights are poorly chosen. Remarkably, the loss
of power is not serious even if the weights are completely wrong (η1 = 0; η2 =
0). Thus our procedure seems to be robust to misspecification of weights.
As expected the power is lower when correlation is high compared to the low
correlation case.
Generating pairwise weights from Marginal Weights
We did a similar simulation study to see how the average power of our proposed procedure controlling the weighted Pairwise-FDR compares to the usual
BH procedure and Pairwise-FDR controlling procedure at comparable levels,
with different values of the correlation. We use the other weighting scheme to
generate the pairwise weights, which uses the IPF algorithm to generate the
pairwise-weights from the given marginals. The marginal weights were generated by the Binary weighting scheme suggested by Genovese et. al. (2006)
described in Section 2.6.2.
We generated the data in the same manner as in the previous simulations. The
number of hypotheses, m = 50. We applied the following three methods to
the generated data to test Hi : µi = 0 against Ki : µi = µ1 simultaneously for
i = 1, · · · , 50: (i) BH procedure at level α = 0.05 (ii) Pairwise-FDR controlling method at level α = (0.05)2 and (iii) weighted pairwise-FDR controlling
method proposed in Theorem 5.1 at level α = (0.05)2 . The weight parameters for generating the marginal weights were the following: we assumed that
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(a) Correlation is low (ρ=0.2)

(b) Correlation is high (ρ=0.8)

Figure 5.4: Comparison of Average Power of Weighted Pairwise-FDR controlling procedure for different strengths of weighting with increasing values of η1 :
(i)r=2, (ii)r=5, (iii)r=10 when the proportion of true nulls is large, π0 =0.9
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(a) Correlation is low (ρ=0.2)

(b) Correlation is high (ρ=0.8)

Figure 5.5: Comparison of Average Power of Weighted Pairwise-FDR controlling procedure for different strengths of weighting with increasing values of η2 :
(i)r=2, (ii)r=5, (iii)r=10 when the proportion of true nulls is large, π0 =0.9
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γ = a (= 1 − π0 ), the informativeness of weighting were chosen to be moderate
η = 5 and we considered two strength of weighting r = 2 (low), r = 10 (high).
The initial matrix was chosen to have an exchangeable correlation structure
as described in section 5.2.2. We repeated the above process for 1000 times to
obtain the average power for different values of ρ, ranging from 0 to 0.9 with
increments of 0.1 and two values of π0 = 0.7, 0.9. Figure 5.6 shows the average
power of the three methods for increasing values of the correlation ρ, for the
two values of π0 , when the informativeness of guessing is moderate and the
strength of weighting takes two values corresponding to low and high.
As can be see from Figure 5.6, the Weighted-Pairwise FDR controlling procedure is performing equivalently and most times better than the other procedures in terms of average power which is more evident when the proportion
of true nulls is large. But the first scheme seems to perform better the second
scheme in terms of power.
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(a) Weighting Strength is low (r is 2)

(b) Weighting Strength is high (r is 10)

Figure 5.6: Comparison of Average Power: BH procedure, Pairwise FDR and
Weighted Pairwise-FDR for increasing values of correlation using the second
scheme (Generating Pairwise Weights from Marginals).Here the informativeness of guessing parameter is fixed: η1 = 5
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CHAPTER 6
Conclusions and Future Work
6.0.1

Conclusion

Test statistics in a multiple testing problem are often dependent. The dependence structure among the underlying test statistics can be highly informative
and if correctly incorporated into a multiple testing procedure, can further
improve the existing procedures by making them less conservative and more
robust. In this dissertation, we try to address this issue of correlated test
statistics in multiple hypotheses testing, in the following ways:
• In Chapter 3, we investigate the Pairwise-FDR proposed in Sarkar(2008)
under a dependent mixture model where the correlation between any two
p-value is the same (exchangeable). As shown, the pairwise-FDR is comparable to FDR as an error rate when there is dependence in the data
and is better in certain situations where there are a large number of false
nulls. The stepup method controls the pairwise-FDR exactly at π00 α under this dependent mixture model, where π00 is the joint probability of
any two hypothesis (Hi , Hj ) to be true. The stepup method can further
be improved, by making it less conservative and hence more powerful,
by estimating the joint probability of two hypothesis to be true π00 . The
average power of the improved step-up method has been found to be significantly more compared to the original BH procedure and the adaptive
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procedure using Storey’s estimate. We also applied our improved stepup
method controlling pairwise-FDR to two real data set (viz. the Breast
Cancer Data and Golden Spike-in Data) with a substantial amount of
correlation and made significantly more discoveries than the original BH
procedure and the adaptive procedure using Storey’s estimate.
• Chapter 4 focuses mainly on investigating how well the idea of using
Efron’s estimate of the number of true nulls works while forming the
adaptive Bonferroni or BH method compared to the other, more commonly used estimates. Test statistics are rarely independent or have
extremely low or high correlations in most large scale multiple testing
applications, and more often than not, the dependence can be expected
to range from moderate to high. As this section demonstrates, the adaptive Bonferroni or BH method based on Efron’s estimate does indeed
perform better in such a dependence situation than based on either BH
procedure or the storey’s(2004) adaptive procedure.
• In Chapter 5 we consider incorporating the joint structure of the data
in terms of pairwise weights. Incorporating the pairwise weights does
improve the power of a procedure and also helps to account for the
correlation among the test statistics. When the joint structure is not
known one can use the weighting schemes suggested in Section 5.3 to
generate the pairwise-weights. Also as demonstrated in the simulation
studies the methods are robust to misspecification of weights. There is
potential gain in power when the weights are well chosen but the loss in
power is minimum when the weights are completely wrong.

6.0.2

Future Work

Some ideas for future research and further investigation are described in the
following:
• In Chapter 4 we showed using a extensive simulation study that the
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adaptive Bonferroni or BH method based on Efron’s estimate does offer
FWER and FDR control when the correlation is from low to moderate
and performs better in terms of average power in such a dependence situation than based on either BH procedure or the storey’s(2004) adaptive
procedure. But the FWER or FDR control for the adaptive procedure
using Efron’s estimate has not been proved theoretically even under independence.
• In Chapter 5 we can consider optimizing the pairwise weights by maximizing the average power subject to the constraint that sum of the
pairwise weights are equal to m(m − 1).
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APPENDIX A
Proofs from Chapter 3
Proof of Theorem 3.1:
Pairwise-FDR
"
n
XX
=E
i6=j r=2

"
=E

n
XX
i6=j r=2

"
=E
=
=

n
XX

i6=j r=2
n
XX
i6=j r=2
n
XX
i6=j r=2

#
1
I (Hi , Hj is rejected, R = r)
r(r − 1)
1
I (pi , pj ≤ u, Hi = 0, Hj = 0, R = r)
r(r − 1)

#

#
1
(−i,−j)
I(pi , pj ≤ u, Hi = 0, Hj = 0, Rn−2 = r − 2)
r(r − 1)

1
(−i,−j)
P (pi , pj ≤ u|Hi = 0, Hj = 0)P (Hi = 0, Hj = 0)P (Rn−2 = r − 2)
r(r − 1)
1
(−i,−j)
u2 π00 P (Rn−2 = r − 2)
r(r − 1)

iid

since P (pi , pj ≤ u|H = 0) ∼ U (0, 1)

n
X

1
(−i,−j)
P (Rn−2 = r − 2)
r(r
−
1)
r=2
i6=j


X
1
2
=
u π00 E
(Rn−2 + 1)(Rn−2 + 2)
i6=j

=

X

u2 π00

where Rn−2 is the number of p-values less than or equal to u when there are
(n − 2) of them, which follows Binomial(n − 2, G(u)).

84
Now,

E

1
(Rn−2 + 1)(Rn−2 + 2)


=

P (Rn ≥ 2)
n(n − 1)(G(u)2 )

using the following result:
Result: If X follows a Binomial(n, p) distribution then


P (Y ≥ 2)
1
=
E
(X + 1)(X + 2)
(n + 1)(n + 2)p2
where Y ∼ Binomial (n + 2, p)
Thus, Pairwise-FDR reduces to:
Pairwise-FDR =

X
i6=j

u2 π00

P (Rn ≥ 2)
n(n − 1)G2 (u)

P (Rn ≥ 2)
n(n − 1)G2 (u)
P (Rn ≥ 2)
= u2 π00
G2 (u)
u2 π00 P (Rn ≥ 2)
= 2
[u π00 + 2uF (u)π01 + F 2 (u)π11 ]2
= n(n − 1)u2 π00

Proof of Theorem 4.1:

(Hence Proved)
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Pairwise-FDR
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=
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αr(r − 1)
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=
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π00 α X
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π00 α
= n(n − 1)
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since

n
X

(−i,−j)

P (Rn−2

= r − 2) = 1

r=2

= π00 α
where π00 is as defined in Equation (3.5). Since π00 is less than or equal 1, the
pairwise-FDR is always controlled conservatively at π00 α.
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Proof of Result 1 :
E(R(γ, γ))
X
=
E[I(pi , pj > γ)]

(A.1)

i6=j

=

X

[P (pi , pj > γ|Hi = 0, Hj = 0)π00 + 2P (pi , pj > γ|Hi = 0, Hj = 1)π01 +

i6=j

P (pi , pj > γ|Hi = 1, Hj = 1)π11 ]
X
=
[(1 − γ)2 π00 + 2(1 − γ)(1 − F1 (γ))π01 + (1 − F1 (γ))2 π11 ]
i6=j

= n(n − 1)[(1 − γ)2 π00 + 2(1 − γ)(1 − F1 (γ))π01 + (1 − F1 (γ))2 π11 ]
Thus
R(γ, γ)
) = π00 + 2
E(
(1 − γ)2 n(n − 1)



1 − F1 (γ)
1−γ




π01 +

1 − F1 (γ)
1−γ

2
π11

≈ π00

Since as γ → 1,

1 − F1 (γ)
1−γ



= F10 (1) = f1 (1) = 0 (Hence Proved).
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APPENDIX B
Proofs from Chapter 5
m
m
P
P
wij Vij . R̄w
wij Rij and V̄w =
Proof of Theorem 5.1: Let R̄w =
i6
=
j=1
i6
=
j=1
P
takes the values w[r] =
wij where Sr =Set of rejected hypotheses r =
i,j∈Sr
i6=j
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1, 2, · · · , m. V̄w takes the values
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Weighted Pairwise-FDR
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Proof of Theorem 5.2:
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Pairwise-FDR
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