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ABSTRACT

ESSAYS ON MICROECONOMETRICS AND LABOR ECONOMICS

by

Chengye Jia

Studies of income inequality and intergenerational income mobility have important

implications for policy. This dissertation consists of three essays which are contribute

to the statistical inference on measures of intergenerational income mobility and the

application of distributional decomposition to income inequality. The first two chapters

propose semiparametric distribution regression estimators to study the transition

matrices and local rank-rank slopes which are two measures of intergenerational

income mobility. The third chapter extend the Oaxaca-Bliner decomposition to the

distributions of income gap between two groups of people.

The first chapter, INFERENCE ON COUNTERFACTUAL TRANSITION MA-

TRICES, considers estimation and inference techniques for (i) conditional transition

matrices – transition matrices that are conditional on some vector of covariates, (ii)

counterfactual transition matrices – transition matrices that arise from holding fixed

conditional transition matrices but adjusting the distribution of the covariates, and (iii)

transition matrix average partial effects. Estimating conditional transition matrices is

closely related to estimating conditional distribution functions, and we propose new

semiparametric distribution regression estimators that may be of interest in other

contexts as well. We also derive uniform inference results for transition matrices

that allow researchers to account for issues such as multiple testing that naturally

arise when estimating a transition matrix. We use our results to study differences in

intergenerational mobility for black families and white families. In the application,

we document large differences between the transition matrices of black and white

families. We also show that these differences are partially, but not fully, explained by
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differences in the distributions of other family characteristics.

The second chapter, SEMIPARAMETRIC ESTIMATION OF LOCAL RANK-

RANK SLOPES, a local Rank-Rank slope which varies with parental rank and

counterfactual Rank-Rank slope which adjusts for differences in the distribution

of covariates. We develop new semiparametric distribution regression method to

estimate those parameters. To make inference on different values of parental rank,

we prove those estimators converge to Gaussian processes and build sup-t confidence

bands by nonparametric bootstrap. In order to filter out some important observed

characteristics, we sort the composition effects in an ascending order and propose

classification analysis method, and also prove these converge to Gaussian processes.

We apply our methods to study the differences in LRRS between cohort 79 and cohort

97. We show that the trend of LRRS of cohort 97 is very different from that of cohort

79 and find that children in cohort 97 which have larger composition effects are from

higher income families, tend to be male and Nonblack and nonhispanic, and accept

more years of education especially in advanced education. Also the difference in the

parental education level after high school is unrelated to the composition effects across

groups.

The third chapter, DECOMPOSING WAGE GAPS BETWEEN HAN AND NON-

HAN MINORITIES, uses CHIP 2013 dataset to analyze the income gap between two

groups—Han and non-Han groups. Two methods are used in this paper to decompose

the quantile differences of income among ethnic groups. One is distribution regression

method proposed by Chernozhukov, Fernández-Val, and Melly (2013) and the other

is Recentered influence function regressions proposed by Firpo, Fortin, and Lemieux

(2018). There are three main results of this paper. First, after decomposing, the

income gap is larger in the low quantile than in high quantile. Second, income gap

can be partly explained by composition effects although the structure effect account

for a larger part of the total gap than composition effect at each quantile. Finally,
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education, region and age account for most proportion of composition effects, which

due to the fact that most non-Han families are living in the poor area and thus do not

have enough money to support their education. Most ethnic minorities live in rural

areas where the economy is underdeveloped.
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CHAPTER 1

INFERENCE ON COUNTERFACTUAL

TRANSITION MATRICES

1.1 Introduction

Transition matrices are useful tools to describe the dependence between two random

variables. They are probably most well-known for being used to study intergenerational

income mobility (Jantti et al. (2006), Bhattacharya and Mazumder (2011), Black

and Devereux (2011), and Richey and Rosburg (2018), among others), but transition

matrices also show up in other contexts as well such as understanding the probability of

changing from the original state to the next state which is widely used as a Markov chain

in macroeconomics (e.g., Bai and Wang (2011), Jones (2005), and Boreiko, Kaniovski,

Kaniovski, and Pflug (2017)). In the context of intergenerational mobility, typically

parents’ income and child’s income are divided into quartiles, and the transition matrix

describes the probability that the child’s income is in a particular quartile conditional

on their parents’ income being in a particular quartile. This provides substantially

more information about the relationship between parents’ income and child’s income

relative to common alternatives such as the Intergenerational Elasticity (IGE), which

corresponds to the slope of the regression of the logarithm of child’s income on the

log of parents’ income.
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The previous discussion considers an unconditional transition matrix. This is the

most common sort of transition matrix considered in applied work. In the current

paper, we are interested in conditional transition matrices. For conditional transition

matrices, each matrix cell can be represented by the probability that the child’s

income is in a particular quartile conditional on their parents’ income being in a

particular quartile and for some particular values of the covariates. In the context

of intergenerational mobility, this sort of conditional transition matrix can be useful

for studying intergenerational mobility as a function of observed characteristics such

as parents’ education or child’s sex. More generally, conditional transition matrices

can be useful in other applications as well. For example, in credit risk modeling, the

conditional transition matrix can be useful as a summary of transition probabilities

between different states conditional on different stress scenarios or macroeconomic

conditions.

Besides our direct interest in conditional transition matrices, we are also interested

in counterfactual transition matrices. These are transition matrices that arise from

fixing the conditional transition matrix but varying the distribution of the covariates.

For example, in the application in the paper, we consider transition matrices for black

families and white families. We document that there are notable differences in the

transition matrices for black and white families. We also notice that, within parents’

income quartiles, there are notable differences in the distributions of other covariates,

and we are interested in how much these differences can explain the differences between

the transition matrices of each group. In order to do this, we construct a counterfactual

transition matrix for black families where their conditional transition matrix is held

constant but their distribution of covariates is changed to be the distribution of

covariates for white families whose parents’ income is in the same quartile.

Finally, we propose transition matrix average partial effects. These appear to be

a new idea in the context of transition matrices. The idea is to study how much a
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particular covariate affects the probability that a child’s income is in a particular

quartile conditional on parents’ income quartile and averaged across families.

The second main contribution is that we provide a number of new estimation

results. Richey and Rosburg (2018) point out that estimating conditional transition

matrices is closely related to estimating conditional distribution functions. We propose

semiparametric single index estimators of conditional distribution functions. These can

be seen as a generalization of distribution regression estimators (Foresi and Peracchi

(1995) and Chernozhukov, Fernandez-Val, and Melly (2013)) that have been used before

in the literature on estimating conditional transition matrices (Richey and Rosburg

(2018)). These semiparametric distribution regression estimators are extensions of

results on single index models for binary dependent variables (Klein and Spady (1993))

as well as related work including Ichimura (1993) and Ahn (1997). Relative to these

papers, we face several additional challenges. The first main complication is that the

cutoffs of the transition matrix (e.g., quartiles of parents’ income) need to be estimated.

Thus, we develop some new results on semiparametric distribution regression that

account for estimating the cutoffs.1 Second, unlike binary outcome models, transition

matrices are naturally subject to multiple hypothesis testing issues – e.g., estimating a

four-by-four transition matrix involves estimating twelve distribution regression (three

for each quartile of parents’ income and noting that the fourth one can be obtained

from knowledge of the first three). This suggests that researchers ought to account for

multiple testing in their inference procedure. We propose reporting transition matrices

graphically and develop new results to construct uniform confidence bands (which

are wider than standard pointwise confidence intervals) that account for multiple

hypothesis testing.

Our paper is most closely related to Bhattacharya and Mazumder (2011) and

1Even in the literature that proposes parametric estimators of conditional distributions to estimate
the transition matrix, it does not appear that these typically account for having to estimate the
cutoffs. Therefore, we also provide some results for this case as well.
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Richey and Rosburg (2018). Bhattacharya and Mazumder (2011) propose conditional

transition matrices. There are two main differences between our approach and theirs.

First, we propose semiparametric estimators instead of nonparametric estimators of

conditional transition matrices; this is important as it is more feasible to include a

relatively large number of covariates using our approach as well as including discrete

covariates. The second difference is that the majority of our results integrate out some

or all of the covariates rather than focusing directly on conditional transition matrices.

Like Richey and Rosburg (2018), we propose estimating counterfactual transition

matrices, but the particular counterfactual transition matrices that we consider are

different from the ones considered in that paper: our counterfactual transition matrices

arise due to differences in the distributions of covariates between two groups (in our

case black and white families); Richey and Rosburg (2018) considers counterfactual

transition matrices arising from replacing the distribution of characteristics in one

quartile of parents’ income with the distribution of characteristics from a different

quartile. More importantly, we also propose semiparametric (rather than parametric)

estimators of conditional transition matrices and provide a number of new results

on uniform inference for transition matrices that are not previously available in the

literature. Finally, we rely heavily on the observation in these papers that conditional

transition matrices are closely related to conditional distribution functions.

We apply our approach to study the possible role that different distributions

of covariates (these include mother’s age and education, child’s age and education,

whether or not the child grew up in an urban location, and, in some specifications, the

child’s score on the Armed Services Vocational Aptitude Battery) for black and white

families in the same quartile of parents’ income play in explaining differences in actual

transition matrices across groups. Overall, we find that differences in the distribution of

covariates across races accounts for some portion of the differences between transition

matrices, but a larger proportion of the difference remains unaccounted for by these
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covariates.

The organization of this paper is as follows. Section 2 introduces the parameters

we are interested in. Section 3 describes our estimation procedure for each parameter

of interest and introduces the semiparametric models that are our focus. We prove the

asymptotic theory for the (counterfactual) transition matrices, coefficients, average

partial effects, and uniform confidence bands in Section 4. Section 5 applies these

results to study differences in transition matrices of black and white families. Section

6 concludes.

1.2 Parameters of Interest

Notation We use the following notation throughout the paper. Let Y c and Y p

denote the outcomes of interest – in our application, Y c denotes child’s income

and Y p denotes parents’ income. Cells in a transition matrix correspond to the

probability of Y c falling in some range conditional on Y p falling in some range. Our

results cover general cases where these ranges can essentially be arbitrary, but, for

simplicity we focus on the case where there are J distinct ranges for each group.

We also consider the common approach of setting the cutoffs at quantiles of the

distributions of Y c and Y p. In particular, define a grid of equally spaced qj with

0 = q0 < q1 < q2 < · · · < qJ−1 < qJ = 1. In addition, define τ gj = F−1
Y g (qj) for

g ∈ {c, p}. In other words, τ gj is cutoff value of Y g corresponding to qj. The most

commonly encountered example of a transition matrix fits into this framework with

J = 4 and q1 = 0.25, q2 = 0.5, q3 = 0.75, and q4 = 1 which involves creating cells in

the transition matrices that are divided by the quartiles of Y c and Y p.
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1.2.1 Unconditional Transition Matrices

As discussed above, the cells in a transition matrix are defined by the probability

that Y c falls into some range conditional on Y p falling in some range. Using the

notation described above, we can define the (population) value of a cell in a transition

matrix by

pj|k := P
(
qj−1 < FY c(Y

c) ≤ qj | qk−1 < FY p(Y
p) ≤ qk

)
= P

(
τ cj−1 < Y c ≤ τ cj | τ

p
k−1 < Y p ≤ τ pk

)
(1.1)

Equation (1.1) provides two equivalent expressions for the value of the (j, k) element

of a transition matrix. The first is written in terms of qj and the ranks of Y c and Y p.

The second is written in terms of τj and actual values of Y p and Y c. To make things

concrete, consider the case where J = 4, j = 2, k = 1, Y c is child’s income, and Y p is

parents’ income. In this case, p2|1 is the probability that child’s income is between the

25th percentile and 50th percentile in the distribution of child’s income conditional on

parents’ income being below the 25th percentile in the distribution of parents’ income.

Another thing to notice is that estimating transition matrices will involve estimating

distributions of Y c and Y p. Finally, notice that, by construction
∑J

j=1 pj|k = 1.

1.2.2 Conditional Transition Matrices

Although it is much less common in applied work, it is straightforward to define

conditional transition matrices as

pj|k(x) = P
(
qj−1 < FY c(Y

c) ≤ qj | qk−1 < FY p(Y
p) ≤ qk, X = x

)
= P

(
τ cj−1 < Y c ≤ τ cj | τ

p
k−1 < Y p ≤ τ pk , X = x

)
(1.2)
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Like Equation (1.1), Equation (1.2) defines the value of a cell in a transition matrix,

but this is a conditional transition matrix; i.e., the transition matrix is defined for a

particular value of the covariates X. To give an example, continue to consider the

case where J = 4, Y c is child’s income, and Y p is parents’ income. Suppose the only

covariate is mother’s years of education. In this case, pj|k(12) is the value of the

(j, k) cell in a transition matrix for families where the mother has exactly 12 years

of education, and pj|k(16) would be a cell in a transition matrix for families where

the mother has exactly 16 years of education. These could differ from each other in

arbitrary ways.

Another thing to notice here, is that only the outermost distribution is conditional

on covariates. The cutoffs remain quartiles of the unconditional distributions of Y c and

Y p. The reason for this is that our interest centers on probabilities of falling in cutoffs

that are common for all individuals but as a function of covariates. Replacing the terms

involving unconditional distributions in Equation (1.2) (that is, FY c(Y
c) and FY p(Y

p))

with corresponding terms involving conditional distributions (e.g., FY c|X(Y c|X) and

FY p|X(Y p|X)) would introduce covariate specific cutoffs for the transition matrix.

These could be quite different from each other. For example, the cutoffs for families

with highly educated parents could be substantially different from the cutoffs for

families with less educated parents.

Finally, notice that there is a connection between the unconditional transition

matrix given in Equation (1.1) and the conditional transition matrix in Equation (1.2).

In particular,

pj|k =

∫
X
pj|k(x)dFX|τpk−1<Y

p≤τpk (x) (1.3)

In other words, the unconditional transition matrix can be obtained by averaging over

the conditional transition matrix in Equation (1.2) using the distribution of covariates
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among units with Y p between τ pk−1 and τ pk .

1.2.3 Transition Matrix Average Partial Effects

Next, we consider the effect of particular covariates on the transition matrix. We

can define the partial effect of the `-th covariate on a particular cell in the transition

matrix by2

PE`
j|k(x) =

∂

∂x`
pj|k(x) (1.4)

PE`
j|k(x) is the effect of increasing x` by one unit on the probability that τ cj−1 < Y c ≤ τ cj

conditional on τ pj−1 < Y p ≤ τ pj and conditional on X = x. To give an example in

the context of intergenerational mobility, suppose that J = 4, X includes mother’s

education and child’s sex. PE`
1|1(x) would provide the change in the probability that

child’s income is in the first quartile when mother’s education increases by one year

conditional on parents’ income being in the first quartile and separately for male and

female children.

The above example is simplified, and in most applications the dimension of the

covariates could be substantially higher than 2. Thus, in many applications, it is

attractive to average the partial effects over the distribution of the covariates; i.e., we

can define the average partial effects with respect to X` as follows:

APE`
j|k = E

[
∂

∂x`
pj|k(X)

]
(1.5)

Remark 1.1. Equations (1.4) and (2.1) are not unique ways to report partial effects.

For example, Chernozhukov, Fernández-Val, and Luo (2018) provide a method to report

2The versions of partial effects in this section are for the case where X` is continuous, but it
straightforward to define analogous expressions when X` is discrete.
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the partial effects sorted in an increasing order and indexed by the quantiles. Some

other papers focus on estimating the conditional average treatment effect (CATE) such

as Abrevaya, Hsu, and Lieli (2015), Rolling, Yang, and Velez (2019), Chernozhukov and

Semenova (2018), and Fan, Hsu, Lieli, and Zhang (2020). However, to our knowledge,

we are the first to propose partial effects in the context of transition matrices.

1.2.4 Counterfactual Transition Matrices

In Equation (1.3), we noted the connection between conditional and unconditional

transition matrices. Following a large literature in econometrics on counterfactual

distributions, we define a counterfactual transition matrix by considering alternative

distributions of X while holding fixed the conditional transition matrix (i.e., by

replacing the distribution of covariates in Equation (1.3) with another distribution).

That is, we define

θj|k =

∫
pj|k(x) dF̃X(x)

where F̃X is some alternative distribution for the covariates, and θj|k provides the

value of a cell in a counterfactual transition matrix. In the context of intergenerational

income mobility, there are a number of potentially interesting counterfactual transition

matrices. We give some examples next.

Example 1. Consider the case where a researcher is interested in differences in

intergenerational mobility for black and white families. Let pdj|k denote cells in the

unconditional transition matrix and pdj|k(x) denote cells in a conditional matrix for

families in group d for d ∈ {black families,white families}. Then, one potentially

interesting counterfactual transition matrix is given by

θdj|k =

∫
pdj|k(x) dFX|τpk−1<Y

p<τpk ,D
(x|d′)

9



where d′ denotes the other group. In other words, cells in this counterfactual transition

matrix arise from taking the conditional transition matrix for group d but averaging

over the distribution of covariates of group d′ among units whose parents’ income is in

the same quartile. Note that these arguments also apply more generally to any case

where units can be split into two groups; for example, one could construct counter-

factual transition matrices for different cohorts which is related to decompositions in

Richey and Rosburg (2017) and Davis and Mazumder (2018).

Example 2. Another interesting counterfactual distribution is one where the dis-

tribution of covariates is equalized across quartiles of parents’ income. This sort of

counterfactual transition matrix is given by

θj|k =

∫
pj|k(x) dFX(x)

A related counterfactual transition matrix is one where the distribution of covariates

for units with τ pk−1 < Y p ≤ τ pk is replaced with the distribution of covariates for units

with τ pk′−1 < Y p ≤ τ pk′ for k′ 6= k (e.g., in the context of intergenerational mobility,

this would correspond to replacing the distribution of covariates for families with

parents’ income in the first quartile with the distribution of covariates for families with

parents’ income in the fourth quartile). This is the sort of counterfactual distribution

considered in Richey and Rosburg (2018). In this case, the counterfactual transition

matrix is given by

θdj|k =

∫
pdj|k(x) dFX|τp

k′−1
<Y p<τp

k′
(x)

In the application in the current paper, we focus on counterfactual distributions

as in Example 1.
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1.3 Estimation

1.3.1 Estimating Conditional Transition Matrices

As pointed out in Richey and Rosburg (2018), there is an interesting connection

between conditional transition matrices and conditional distributions. In particular,

notice that we can rewrite Equation (1.2) as

pj|k(x) = FY c|X,Y p(τ
c
j |x, k)− FY c|X,Y p(τ cj−1|x, k) (1.6)

where FY c|X,Y p(τ
c
j |x, k) := P (Y c ≤ τ cj |τ

p
k−1 < Y p ≤ τ pk , X = x). Equation (1.6)

suggests that estimating conditional transition matrices comes down to estimation of

conditional distributions. Notice that FY c|X,Y p is directly identified from the sampling

process, so, in principle, one could estimate each conditional distribution above

nonparametrically (this is the approach in Bhattacharya and Mazumder (2011)).

However, this approach would suffer from the curse of dimensionality, and, in many

cases, is also simply infeasible. Instead, we make the following assumption.

Assumption 1.1 (Single Index Conditional Distribution).

FY c|X,Y p(τ
c
j |x, k) = Gj|k(x

′βj|k)

We further consider two cases of Assumption 2.1:

Assumption 1.2. One of the following two cases holds:

1. Gj|k is known

2. Gj|k is unknown

Under Assumption 1.2[1], the problem of estimating conditional distributions

reduces to a distribution regression problem (see Chernozhukov, Fernandez-Val, and
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Melly (2013) for recent work on distribution regression generally and Richey and

Rosburg (2018) and Callaway and Huang (2020) for applying distribution regression

in the context of intergenerational mobility).

The second case corresponds to distribution regression with an unspecified link

function. Klein and Spady (1993) presents a semiparametric maximum likelihood

estimation for binary dependent variables. Blundell and Powell (2004) propose

semiparametric methods for estimating binary response (binary choice) models with

continuous endogenous regressors. Rothe (2009) proposes a semiparametric maximum

likelihood method to conduct the estimation of the coefficients of a single index binary

choice model with endogenous regressors. Unlike ours, this paper focuses on the

coefficients of the single-index model. Rothe (2010) uses nonparametric kernel method

to estimate the conditional distribution function. The model in our paper is closely

connected to Klein and Spady (1993). But unlike their paper, the dependent variables

are not binary and thus have to be transformed into binary variables.

1.3.2 Semiparametric single-index binary response model

In this section, we propose a semiparametric model to estimate the (counterfactual)

conditional transition matrix. The advantages of our approach are that (i) this method

does not require one to choose the link function which could be difficult in practice

and, and it is not clear how one could make this choice in most applications and

(ii) it does not suffer from the curse of dimensionality which would be the case for

nonparametric estimators.

To start with, in order to reduce notation, we first transform the child’s and

parents’ income into binary variables which are equal to 1 if individual income is

less than the defined threshold and zero otherwise. The thresholds are equal to the

unique values τ gj defined above. Then, we can use the semiparametric single-index

binary response model to calculate the probability of child’s income falling a particular

12



range conditional on parents’ income falling in a particular range. We introduce the

following notation. Let

ycj =

 1 Y c ∈ (τ cj−1, τ
c
j ]

0 Otherwise
and ypk =

 1 Y p ∈ (τ pk−1, τ
p
k ]

0 Otherwise

Then given the parents’ income, we can write

P (ycj = 1|x, ypk = 1) = Gj|k(x
′βj|k)−Gj−1|k(x

′βj−1|k) (1.7)

where ycj and ypk are equal to 1 if yci ∈ (τ cj−1, τ
c
j ] and ypi ∈ (τ pk−1, τ

p
k ] and βj|k are the

coefficients when child’s income and parents’ income are in the jth and kth quartiles

of their income distributions respectively where the equality in Equation (1.7) holds

by Assumption 2.1. Gj|k(·) is the link function defined in Assumption 1.2 which maps

the single index, x′βj|k, into the probability of ycj = 1 conditional on covariates x and

parents’ income is in the kth quartile of their income distribution.

In this paper, we focus on comparing transition matrices for black and white

families. Therefore, we somewhat specialize our notation to this case with the primary

goal of making it easier to follow. Let D define whether a family is black or white; i.e.,

we set D = b for black families and D = w for white families. Then, we can define a

counterfactual transition matrix for black families if they had the same distribution of

covariates as white families with parents’ income in the same quartile with cells that

are given by

θbj|k =

∫
X
P (ycj = 1 | ypk = 1, X = x,D = b) dFX|D=w,ypk=1(x) (1.8)

θbj|k is a main parameter of interest in the application. We also compare θbj|k to pbj|k

(the actual transition matrix for black families). This sort of comparison is similar to a
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composition effect in the decomposition literature – i.e., it is due to differences in the

distribution of covariates between groups. Further, we can compare θbj|k to pwj|k (the

actual transition matrix of white families). This comparison is similar to a structure

effect in the decomposition literature – i.e., it is due to unexplained (by covariates)

differences in transition matrices across groups.

1.3.3 Estimation Procedure

Now the problem is how we estimate Equations (1.7) and (1.8). In this part,

we build on the semiparametric maximum likelihood method proposed in Klein and

Spady (1993) to estimate the coefficient βdj|k and the unknown link function Gd
j|k for

d ∈ {b, w}. Since we concentrate on estimating counterfactual distributions for black

families, we focus our estimation results on estimating βdj|k and Gd
j|k, but note that

our estimation results would follow analogously for white families or, in cases where

there were not two groups, for the entire population.

If the coefficients were known, we can estimate the conditional probability for the

group b using the leave-one-out kernel method, i.e.,

Ĝb
j|k(x

′βbj|k) = (N b
kh

b
j|k)
−1

Nb
k∑

i 6=m

ycjK

(
x′iβ

b
j|k−x

′
mβ

b
j|k

hb
j|k

)
(N b

kh
b
j|k)
−1
∑Nb

k
i 6=mK

(
x′iβ

b
j|k−x′mβ

b
j|k

hb
j|k

) (1.9)

where N b
k and hbj|k represent the total number of black families and bandwidth for fami-

lies with child’s income in jth quantile and parents’ income is in kth quantile, and where

i indexes a particular family. In order to avoid having too small values of the denomina-

tor of eq. (1.9), we trim out small values of the denominator and restrict covariates X

to a fixed set. Set the denominator as p−m(x′mβ) = (N b
kh

b
j|k)
−1
∑Nb

k
i 6=mK

(
x′iβ

b
j|k−x

′
mβ

b
j|k

hb
j|k

)
where p−m(·) means that we leave the individual m out of sample when we calculate
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probability of the individual m. Denote Ax and Anx as follows:

Ax =
{
x : p−m(x′mβ) ≥ δ, for all β in B

}
and

Anx =
{
x :‖x− x∗‖ ≤ 2h, for some x∗ ∈ Ax

}
where δ>0 is a constant, B is a compact subset in R

k and h is the bandwidth. Anx

includes Ax, which will shrink to Ax as n→∞ and h→ 0. With the restriction of

the support of the covariates, we need to rewrite equation eq. (1.9) as

Ĝb
j|k(x

′βbj|k) = (N b
kh

b
j|k)
−1

Nb
k∑

i 6=m

Inxiy
c
jK

(
x′iβ

b
j|k−x

′
mβ

b
j|k

hb
j|k

)
(N b

kh
b
j|k)
−1
∑Nb

k
i 6=m InxiK

(
x′iβ

b
j|k−x′mβ

b
j|k

hb
j|k

) (1.10)

where Inxi = 1(xi ∈ Anx) is the indicator function and equal to one when the condition

in the parentheses is satisfied and zero otherwise.

Next, we will use maximum likelihood method to estimate the coefficients βbj|k.

The log-likelihood function is given by

Lj|k =

Nb
k∑
i

Ixi

[
ycj ln(Ĝb

j|k(x
′βbj|k)) + (1− ycj) ln(1− Ĝb

j|k(x
′βbj|k))

]
(1.11)

where Ixc′ = 1(xc′ ∈ Ax). Then the estimate of βbj|k can be obtained by maximizing

the log-likelihood function. As in Klein and Spady (1993), the convergence rate of

G(·) is slower than that of the coefficients though we show that the β̂ is
√
n-consistent

and has an asymptotic normal distribution in the next section.

After obtaining the estimates of coefficients and link function, we can estimate the
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transition matrix by using following equation:

p̂bj|k =
1

N b
k

∑
i

Ĝj|k(xiβ̂
b
j|k)

The estimated counterfactual transition matrix can be obtained by using empirical

distribution function such as:

θ̂bj|k =
1

Nw
k

Nw
k∑

m=1

∑
i y

c
jbK

(
x
′
ibβ̂

b
j|k−x

′
mwβ̂

b
j|k

ĥb
j|k

)
∑

iK

(
x
′
ibβ̂

b
j|k−x

′
mwβ̂

b
j|k

ĥb
j|k

)

where Nw
k is the total number of white families with parents’ income in the kth quartile,

and xmw is the characteristics of a white family m. β̂bj|k is estimated by using the

sample of black families and Equation (1.11). θ̂bj|k is an estimate of the (j, k) cell in

the counterfactual transition matrix for black families.

Finally, the average partial effects of the `th covariate variable (for black families)

can be estimated by using the following equation:

ÂPE
d

j|k =
1

N b
k

Nb
k∑
m

[∑Nd
k

i ycj∂xdmK

(
x
′
ibβ̂

b
j|k−x

′
mbβ̂

b
j|k

ĥb
j|k

)]∑Nd
k

j K

(
x
′
ibβ̂

b
j|k−x

′
mbβ̂

b
j|k

ĥb
j|k

)
[∑Nd

k
j K

(
x
′
ibβ̂

b
j|k−x

′
mbβ̂

b
j|k

ĥb
j|k

)]2

− 1

N b
k

Nb
k∑
m

[∑Nd
k

j yjK(
x
′
ibβ̂

b
j|k−x

′
mbβ̂

b
j|k

ĥb
j|k

)

]∑Nd
k

j ∂xdiK

(
x
′
ibβ̂

b
j|k−x

′
mbβ̂

b
j|k

ĥb
j|k

)
[∑Nd

k
j K

(
x
′
ibβ̂

b
j|k−x

′
mbβ̂

b
j|k

ĥb
j|k

)]2 (1.12)

where ∂xdm is the partial derivative of kernel function with respect to the d-th variable

of individual m.
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1.4 Asymptotic properties

In this part, we derive the asymptotic theory of our estimators. We first state the

assumptions and then obtain the results on consistency and asymptotic normality.

Finally, we conduct inference by building uniform confidence bands and discuss the

validity of the bootstrap.

1.4.1 Assumptions

First, we introduce some notation. We can write the counterfactual transition

matrix as a map from a conditional transition matrix and a distribution of covariates

as follows

θj|k(p, F ) = φ(pj|k(x), FX) :=

∫
pj|k(x) dFX(x)

Using this notation, the particular counterfactual transition matrix that we consider is

θbj|k(p, F ) = φ(pbj|k(x), FX|k,w)

where FX|k,w(x) := FX|τpk−1<Y
p≤τpk−1,D=w(x).

In addition, in applications, all of the τ cj and τ pk need to be estimated, and we

denote their estimators by τ̂ cj and τ̂ pk .

To derive the limiting distribution of the counterfactual transition matrix, we make

the following assumptions.

Assumption 1.3. For all j and k, the space B of vector βj|k is compact, the true

value β0
j|k is in the interior of B, the space T of vector τ is compact where the true

value τ 0 is in the interior of T , single index zj|k = xTβj|k ∈ Z and Z is compact and

the true value z0
j|k is in its interior.
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Assumption 1.4. Here we will omit the subscript j and k for simplicity: e.g τ1 = τ c =

τ cj and τ0 = τ p = τ pk . Let D = b for the black families and D = w for the White families.

We will omit D when D = b. The conditional distribution gD(τ, z) : R × R 7→ [0, 1]

is the distribution of τ c conditional on τ p and z, and depends on the single index z

and τ = (τ c, τ p). fD(z) is the probability density of z. fD(z, τ p) is the joint density

function of z and τ p. φD(τ c, τ p, z) = Pr
(
Y c
i ≤ τ c, Y p

i ≤ τ p
∣∣ z) = gDτz/f

D(z) where

gDτz = gD(τ, z)fD(z, τ p). gD, gDτz, f
D(z) and fD(z, τ0) are all r times differentiable

with respect to X, Z, β, τ and their derivatives are uniformly bounded on x, z and τ

respectively.

Assumption 1.5. (i) The data {(Y c
i , Y

p
i , Xi) : i = 1, 2, · · · , N} are i.i.d. X contains

at least one continuous variable and there is no multicollinearity between covariates.

(ii) The support of Black family’s covariates Xb should include or at least intersect

with the support of White family’s covariates Xw: Xw ⊆ Xb or Xb ∩Xw 6= ∅. Also for

any x ∈ Xb or Xw, the probability functions fD(z) and fD(z, τ0) in Assumption 1.4

are bouned away from zero.

Assumption 1.6. The kernel functions: K : Rd 7→ R satisfies the following properties:

(1)
∫
K(z)dz = 1. (2)

∫
zµK(z)dz = 0 for all |µ| = 1, 2, · · · , r−1. (3)

∫
|zµK(z)|dz <

∞ for |µ| = r (4) Kr(z) are the r-times derivatives and uniformly continuous and

bounded.

Assumption 1.7. The bandwidth h = hn satisfies h → 0,
√
nh/log(n) → ∞ and

n1/2hr → 0. h ∼ n−δ, where δ ∈ (1/2r, 1/6d),where d is the dimension of z.

Assumption 1.3 are standard conditions in the semiparametric literature. Assump-

tion 1.5 define a trimming set Ax in order to keep the denominator close to zero as n

goes to infinity. Assumption 1.4 puts smoothness restrictions on the functions esti-

mated by nonparametric methods. Assumption 1.6 defines the uniform boundedness

and continuity of kernel which is of order r and r times differentiable and is a standard
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condition on the kernel function in the nonparametric literature. Assumption 1.7 sets

the rate at which the bandwidth will converge to zero as n goes to infinity; this choice

of the bandwidth leads to undersmoothing and thus no bias term will show up in the

limiting distribution. In this paper, 3d < r and d = 1.

1.4.2 Asymptotic Normality

We first introduce some notations. Let Zj|k = XTβj|k = XTβj|k for group b and

Zw = Zw
j|k = XT

wβj|k where Xw is the vector of covariates from group w. fw is the

probability density of group w. Next, by Lemma A.6,

√
n
(
τ̂ cj − τ cj

)
=

1√
n

n∑
i=1

ψijc + op(1) and
√
n
(
τ̂ pk − τ

p
k

)
=

1√
n

n∑
i=1

ψikp + op(1)

where

ψijc =
1{Y c

i ≤ τ cj } − FY c(τ cj )

fY c(τ cj )
and ψikp =

1{Y p
i ≤ τ pk} − FY p(τ

p
k )

fY p(τ
p
k )

Theorem 1.1. Under Assumptions 1.2 to 1.7 and 2.1,

√
n(θ̂b − θb)  Z

where Z is a mean zero Gaussian process indexed by T = J × K with covariance

function: E(Vθ,τJVθ,τJ′ )

Vθ,τJ = Ψ1 + Ψ2 + Ψ3

where V (Z,Zw, τ pk ) =
1{Y p≤τpk }f

w(z,τpk )

f(z,τpk )2fw(τpk )

Ψ1 = E
(
∂βG(τjk, Z) +G(τjk, Z)

∂βf(z,τpk )

f(z,τpk )

)
(β̂ − β)

Ψ2 = E(∂τcG(τjk, Z))ψijc +

(
E(∂τpG(τjk, Z)) + E

(
G(τjk, Z)

∂τpf(Z,τpk )

f(Z,τpk )

))
ψikp

Ψ3 = 1{d=w}
P (D=w|k)

(
G(τjk, Z

w)− E[G(τjk, Z)] + (1{Y c ≤ τ cj } −G(τjk, Z))V (Z,Zw, τ pk )
)
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where the τjk = (τ cj , τ
p
k ) for j = 1, · · · , J and k = 1, · · · , K.

The proof of Theorem 1.1 is provided in Appendix A.1. Theorem 1.1 provides an

asymptotically representation for our estimator of a particular cell in the counterfactual

transition matrix. This is the key building block for developing uniform confidence

bands for the transition matrix that account for multiple hypothesis testing. Next, we

provide the limiting distribution for our estimators of βj|k.

Theorem 1.2. Assumptions 1.2 to 1.7 and 2.1,

√
n(β̂ − β)  B

B is the mean zero Gaussian distribution indexed by T = J × K with covariance

function: E(Vβ,TV
′
β,T ′) where Vβ,T = Σ−1(M1 + M2) and

M1 =

[
∂βG(τJ , Z)− E(∂βG(τjk, Z)|Z)

]
(1{Y c ≤ τj, Y

p ≤ τk} −G(τJ , Z))

f(τjk)2G(τJ , Z)
(
1−G(τJ , Z)

)
M2 = Ψpψp + Ψcψc

Σ = E

([
∂βG(τJ , Z)

] [
∂β′G(τJ , Z)

]
G(τJ , Z)

(
1−G(τJ , Z)

) )

Ψm = E

[(
∂βG(τJ , Z)− E(∂βG(τJ , Z)|z)

)
∂τ0G(τJ , Z)

G(τJ , Z)(1−G(τJ , Z))

]
ψm ,m = c or p.

The proof of Theorem 2.1 is provided in Appendix A.1. Next, we provide the

limiting distribution of our estimators of the average partial effects of the vector of

covariates X.

Proposition 1.1. Under Assumptions 1.2 to 1.7 and 2.1,

√
n(ÂPE − APE) GV PE

GV PE is a mean zero Gaussian processes indexed by T = J × K with covariance

20



function E(VAPETV
′
APET ′

) and VAPET = E(∂XG(τ, Z))β̂ − β.

The proof of Proposition 1.1 is provided in Appendix A.1.

1.4.3 Inference

From Theorems 1.1 and 2.1, we can conduct point-wise inference on the parameters

of interest such as each element of (counterfactual) transition matrix, the coefficient and

the average partial effects, by standard Gaussian approximation. A first disadvantage

of proceeding this direction is that the expressions for the asymptotic variance are

complicated to estimate. In particular, note that estimating the asymptotic variance

depends on estimating densities which will introduce a number of additional challenges

such as choosing additional bandwidths. Instead of taking this route, we propose to

conduct inference using the bootstrap. Below, we use ∗ to represent the bootstrap

estimator, and the next result shows the validity of using the empirical bootstrap to

conduct inference.

Theorem 1.3. Under Assumptions 1.2 to 1.7 and 2.1, theorems 1.1 and 2.1, and propo-

sition 1.1, we have

√
n(θ̂∗b − θ̂b)  Z

√
n(β̂∗ − β̂)  B

√
n(ÂPE

∗
− ÂPE) GV PE

conditional on data in probability which means the bootstrap law is consistent for the

limit law as n goes to infinity.

Based on Assumptions 1.3 to 1.5, we can show that all functions mentioned in

the covariance functions of Theorems 1.1 and 2.1 and proposition 1.1 are Donsker

classes by referring to Example 19.6, 19.9 and 19.20 in Van der Vaart (2000). Then by
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Theorem 3.6.13 in Van Der Vaart and Wellner (1996), the results can be proved. The

result of Theorem 1.3 shows that the exchangeable bootstrap is valid for estimating

the limit distributions of the vector-valued and function-valued estimators and thus

provides theoretical foundation for us to derive the simultaneous or uniform confidence

bands.

Next, we propose simultaneous sup-t confidence bands. Sup-t confidence bands

are the Cartesian product of confidence intervals that additionally satisfy that all

intervals cover the true parameter vector no less than a specific probability. They can

be obtained by choosing the critical value which determine the simultaneous coverage

probability; i.e., they are similar to standard, pointwise confidence intervals except a

different critical value is chosen. For example, a 95% uniform confidence band would

involve choosing a somewhat larger critical value than 1.96. An attractive feature of

sup-t bands is they are not conservative (see Montiel Olea and Plagborg-Møller (2019)

for additional discussion of these types of confidence bands).

We define confidence bands for the counterfactual transition matrix of the form:

B̂j|k(c) := [θ̂j|k − σ̂j|kc , θ̂j|k + σ̂j|kc]× · · · × [θ̂j|k − σ̂j|kc, θ̂j|k + σ̂j|kc]

where c is the critical value and σ̂j|k is the pointwise standard error.

Next, we propose an algorithm to compute the sup-t band. We focus on transition

matrices, but an analogous version of the same algorithm can also be applied to other

parameters of interest. Before going into details, we first define some notations. Define

the transition matrices for black and white families as Mb and Mw.

Set M1 as the transition matrix with each element equal to 0.25 and Mc as the

counterfactual transit on matrix. Let Θ1 = vec(M1),Θc = vec(Mc), Θb = vec(Mb) and

Θw = vec(Mw). Also θ1, θc, θ
bj|k and θwj|k represent the element of each transition

matrix. We are interested in testing and constructing the uniform confidence intervals
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for Θb−Θ1, Θw−Θ1, Θb−Θc and Θw−Θc. It immediately follows from the previous

results that

√
n
(

Θ̂b −Θ1

)
d−→ N(0, Vb1);

√
n
(

(Θ̂b − Θ̂c)− (Θb −Θc)
)

d−→ N(0, Vbc)

√
n
(

Θ̂w −Θ1

)
d−→ N(0, Vw1);

√
n
(

(Θ̂w − Θ̂c)− (Θw −Θc)
)

d−→ N(0, Vwc)

where, for the equations on the left, the result holds under the null that children are

equally likely to move to all quartiles of the income distribution. Moreover, we can

use the following algorithm to conduct uniform inference.

Algorithm Sup-t confidence bands

1. Draw B samples of size N from the original sample.

2. For b = 1 : B, calculate the transition matrix Θ̂b.

3. Calculate the empirical standard deviations σ̂j|k for each cell of the transition
matrix.

4. For b = 1 : B, calculate the critical value for each sample. Hb = max
j,k

|θ̂b
j|k−θ̂1|
σ̂j|k

or

max
i,j

|θ̂b
j|k−θ̂c|
σ̂ij

.

5. q̂1−α be the 1− α quantile of the distribution H1, ..., HB.

6. The uniform confidence intervals are shown as follows:

B̂ = ×
j,k

[θ̂bj|k − q̂1−α, θ̂
b
j|k + q̂1−α]

Proposition A.2 in Section A.1.3 proves the validity of this Algorithm .
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1.5 Application

We use the approach discussed above to study intergenerational mobility, and, in

particular, differences in transition matrices between black and white families.

1.5.1 Data

The data that we use comes from the National Longitudinal Study of Youth 1997

(NLSY97). The NLSY97 is a longitudinal survey that began in 1997 with a nationwide

representative sample of 8,984 individual born during the years 1980 through 1984

and who were between 12 and 16 as on December 31, 1996. The first interview was

conducted in 1997, and, importantly, in the first survey, data was collected about

parents’ income. The sample has been re-interviewed annually from 1997 to 2011 and

biannually thereafter.

To construct the dataset used in the paper, we first limit the sample to children

whose reported race is either black or white. For parents’ income, we use reported

household income for 1996. For child’s income, we use their household income in 2015

(this corresponds to children being between 30 and 34 in our sample). The covariates

that we use are mother’s education, mother’s age when child was born, age of child,

child’s sex, and Armed Services Vocational Aptitude Battery (ASVAB) score. We

drop all observations who are missing any of the income or covariate data. This results

in a dataset with 2,757 pairs of child’s and parents’ income along with covariates. Of

these, there are 864 black families and 1,893 white families.

Summary statistics are provided in Table 1.1. These summary statistics are

provided separately by family race and parents’ income quartile.3 From the summary

statistics, there are some patterns that are immediately evident. First, parents’ income

for black families is noticeably more concentrated in lower quartiles. For example, 46%

3To be specific, the first quartile summary statistics come from families whose parents’ income
was below the 25th percentile (of the overall distribution), thee second quartile summary statistics
come from families whose parents’ income was between the 25th and 50th percentiles, etc.
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of black families have parents’ income in the first quartile of the income distribution

while only 15% of white families have parents’ income in the first quartile. On the

other hand, 10% of black families have parents’ income in the top quartile while 32%

of white families have income in the top quartile. In terms of other covariates, for

both black and white families, parents’ tend to be older and more educated for parents

in higher income quartiles. And there are not big differences between black and white

families in the same quartile in terms of parents’ age or education (parents in black

families tend to be slightly less educated compared to white families from the same

quartile). ASVAB percentile score sharply increases across parents’ income quartiles

for both black and white families. More noticeably though, there are big differences

in ASVAB score for black and white families within the same quartile.4

Next, for both white and black families, child’s income is increasing in parents’

income quartile; i.e., children from higher income families tend to have higher income

than children from lower income families. Notably, within particular parents’ income

quartile, there are also large differences in child’s income for black families and white

families. Across all quartiles of parents’ income, black children have substantially

lower income than white children. For example, children from white families in the

first quartile of parents’ income have higher income than children from black families

in the third quartile of parents’ income. And children from black families in the fourth

quartile of parents’ income have only slightly higher income than children from white

families in the second quartile of parents’ income. This immediately suggests that

intergenerational mobility measures are likely to be quite different for black and white

families. Finally, it is worth noting that, within each quartile, parents’ income tends

to be lower for black families than for white families. Bhattacharya and Mazumder

4It is not clear whether or not ASVAB should be included as a covariate in our application as
the ASVAB test is taken as a teenager and parents’ income could therefore affect ASVAB scores
directly. That said, ASVAB is pre-labor market and therefore is perhaps useful for understanding
the timing of differences in the transition matrix of black and white families. For most of the results
in the application, we report two sets of results where one includes ASVAB and the other does not.
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Table 1.1: Summary Statistics

Parents’ quartile

1st 2nd 3rd 4th

Male 0.430 (0.496) 0.463 (0.500) 0.451 (0.499) 0.471 (0.502)

Black

Child’s Age 14.16 (1.46) 14.28 (1.47) 14.53 (1.46) 14.42 (1.50)

Families

ASVAB 21.59 (18.65) 32.99 (24.81) 39.66 (23.37) 48.60 (27.73)

Mother’s Age 23.36 (5.69) 23.60 (4.86) 24.83 (4.43) 26.69 (5.46)

Mother’s Educ 11.70 (1.78) 12.54 (1.99) 13.35 (1.83) 14.05 (2.34)

Urban 0.81 (0.39) 0.76 (0.43) 0.80 (0.40) 0.93 (0.26)

Parents’ Inc 10.7 (6.9) 32.3 (5.3) 51.8 (6.3) 92.4 (24.0)

Child’s Inc 35.7 (37.4) 54.5 (52.6) 68.0 (60.8) 83.8 (63.0)

No. Families 400 246 133 85

Male 0.500 (0.501) 0.509 (0.500) 0.514 (0.500) 0.510 (0.500)

White

Child’s Age 14.14 (1.44) 14.26 (1.50) 14.24 (1.43) 14.24 (1.45)

Families

ASVAB 46.65 (27.18) 54.92 (27.77) 60.51 (26.87) 67.43 (24.01)

Mother’s Age 24.38 (5.42) 24.93 (4.95) 26.09 ( 4.75) 27.94 (4.46)

Mother’s Educ 12.41 (2.36) 12.93 (2.11) 13.34 (2.24) 14.57 (2.45)

Urban 0.61 (0.49) 0.62 (0.49) 0.65 (0.48) 0.67 (0.47)

Parents’ Inc 14.5 (6.4) 34.1 (5.4) 53.3 (6.6) 106.3 (50.3)

Child’s Inc 66.4 (62.9) 78.2 (58.4) 88.8 (64.6) 110.3 (79.6)

No. Families 290 444 555 604

Notes: Summary statistics by race and parents’ income quartile. ASVAB is the percentile score on the ASVAB test.

Mother’s age is their age in 1997 at the original survey. Parents’ and child’s income are in thousands of dollars.

Standard errors are reported in parentheses.

(2011) point out this sort of phenomenon using different data and point out that this is

a potential limitation of transition matrices. In particular, it means that, on average,

black children have to increase their income relative to their parents’ by more to move

to the next quartile than children from white families. These differences are most

pronounced in the first and fourth quartiles.
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Figure 1.1: Unconditional Transition Matrices

(a) Black Families (b) White Families

(c) Difference

Notes: Estimated unconditional transition matrix for black families (Panel a), white families (Panel

b), and their difference (Panel c). Each column in the figure corresponds to the quartile of parents’

income, and the rows provide the fraction of children whose income falls into a particular quartile

conditional on their parents’ income quartile. Panel (c) provides the estimate of each cell in the

transition matrix for black families minus the corresponding cell in the transition matrix for white

families. The estimates include a 95% uniform confidence interval constructed using the bootstrap

(as discussed in the text) with 500 bootstrap iterations.

1.5.2 Results

Unconditional Transition Matrices

To start with, we report unconditional transition matrices separately for black

and white families. Throughout this section, we report transition matrices in figures

rather than in tables though we provide the tables in Section A.2. Reporting figures

is especially useful for reporting uniform confidence intervals that are robust to the

multiple testing involved in estimating the transition matrix.

These results are reported in Figure 1.1. Panel (a) of Figure 1.1 reports the
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transition matrix for black families. In the figure, the null hypothesis is that, for all

quartiles of parents’ income, children are equally likely to be in any quartile of the

income distribution (i.e., this sort of null is consistent with parents’ income having

no effect on child’s income). Immediately, it is clear from the figure that this null is

rejected. For black families, children with parents’ whose income is in the first quartile

are more likely to remain in the first quartile (we estimate that 58% remain in the

first quartile) and substantially less likely to move to the the third or fourth quartile

of the income distribution (15% to the third quartile and 4% to the fourth quartile).

Similarly, children from the second quartile are noticeably less likely to move to the

upper quartile of the income distribution (only 12%) while we estimate that 39% move

to the lowest quartile of the income distribution. On the other hand, for children from

families whose income is in the top quartile, we do not reject that they are equally

like to be in any quartile of the income distribution (though the point estimates are

in line with children from higher income families being at least somewhat more likely

to be in higher quartiles).

Unconditional transition matrices for white families are provided in Panel (b) of

Figure 1.1. Children in white families with parents’ income in the first quartile are

most likely to remain in the first quartile, but the gradient is not nearly so steep as for

black families. We estimate the 31% of children in white families with parents’ income

in the first quartile remain in the first quartile while 10% move to the fourth quartile.

Perhaps the most interesting pattern in the transition matrix for white families is

that the most common quartile for child’s income is equal to the quartile of parents’

income – and this holds for all quartiles of parents’ income. And, in addition, for

children in white families whose parents’ income is in the top quartile, 44% remain in

the top quartile and another 27% move to the third quartile. A small, but notable,

fraction (10%) move to the first quartile.

Panel (c) of Figure 1.1 plots the difference between the transition matrices of black
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families and white families along with uniform confidence intervals that immediately

allow for a test of whether or not the two transition matrices are equal to each other.

It is clear from the figure that the transition matrices of black families and white

families are statistically different from each other. The biggest differences occur for

children moving to the lowest quartile and highest quartile of the income distribution.

Across all quartiles of parents’ income, children from white families are more likely

to move into the fourth quartile of the income distribution; across parents’ income

quartile children from white families are 11-15% more likely to move to the top quartile

of the income distribution (the results are only marginally statistically different in

the fourth quartile though the point estimates are still relatively large). On the other

hand, across all quartiles of parents’ income, children from black families are more

likely to move to the first quartile of the income distribution. These gaps are most

pronounced for children from families with parents’ income in the lowest quartile of

the income distribution where the gap is 28%; the gap is smaller for higher quartiles of

parents’ income (e.g., 11% for children from families in the fourth quartile of parents’

income) but still relatively large.

Counterfactual Transition Matrices

Next, we report counterfactual transition matrices for black families if they had

the same distribution of characteristics as white families in the same quartile of

parents’ income. In this part, we use the semiparametric single-index binary response

model to estimate the transition matrices of black and white families. Estimates of

these counterfactual transition matrices are provided in Figure 2.2 (the corresponding

transition matrix in table form is provided in Table 1.3 in Section A.2) and comparisons

with the observed transition matrices of black and white families are provided in

Table 1.2.

Compared to the actual transition matrix in Figure 1.1, adjusting for differences in
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Figure 1.2: Counterfactual Transition Matrices

(a) No ASVAB (b) ASVAB
Notes: Counterfactual transition matrices for black families if their characteristics are adjusted to

follow the same distribution as characteristics of white families with parents’ income in the same

quartile. Panel (a) does not include ASVAB as a covariate while Panel (b) includes ASVAB. The

figure contains 95% uniform confidence intervals computed using the procedure discussed in the text

based on the bootstrap with 500 iterations.

covariates of black and white families somewhat explains the strong intergenerational

income persistence for black families. Starting with the set of covariates that does not

include ASVAB, the main differences between the counterfactual and actual transition

matrices for black families is for families with parents’ income in the first quartile.5

For these families, equalizing the distribution of covariates for black and white families

would move about 4% of children from the lowest income quartile to the second

quartile. The other difference is for children from black families with parents’ income

in the top quartile who appear to be somewhat less likely to move to the lowest income

quartile. The difference between the counterfactual and actual transition matrices

is more pronounced when accounting for ASVAB scores (in addition to the other

covariates). In this case, accounting for differences in the distribution of covariates

between black and white families, 16% less children from black families with parents’

income in the first quartile stay in the first income quartile relative to the observed

transition matrix.

Next, it is interesting to compare the counterfactual transition matrix to the

5Comparisons between the counterfactual transition matrix and actual transition matrix for black
families is similar to a “composition effect” in the literature on decompositions (e.g., Fortin, Lemieux,
and Firpo (2011)) as it arises due to differences in the distribution of observed characteristics across
groups.
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Table 1.2: Comparisons between counterfactual and actual transition matrices

Child’s Quartile
1 2 3 4

P
a
re

n
ts

’
Q

u
a
rt

il
e

1 −0.045∗∗∗ 0.041∗∗∗ -0.007 -0.002

(0.014) (0.013) (0.008) (0.005)

2 -0.009 0.008 0.023∗ -0.005

(0.011) (0.017) (0.013) (0.010)

3 0.002 -0.017 0.003 -0.019

(0.019) (0.021) (0.024) (0.021)

4 -0.029 0.053∗ -0.022 -0.002

(0.021) (0.029) (0.035) (0.028)

(a) Difference between counterfactual and ac-
tual transition matrix for black families (w/o
ASVAB)

Child’s Quartile
1 2 3 4

P
a
re

n
ts

’
Q

u
ar

ti
le

1 0.230∗∗∗ -0.019 −0.093∗∗∗ −0.119∗∗∗

(0.038) (0.033) (0.031) (0.023)

2 0.203∗∗∗ -0.009 -0.061 −0.133∗∗∗

(0.035) (0.047) (0.039) (0.029)

3 0.117∗∗∗ 0.086∗ -0.030 −0.172∗∗∗

(0.048) (0.048) (0.046) (0.036)

4 0.083 0.059 0.007 −0.150∗∗∗

(0.051) (0.049) (0.053) (0.057)

(b) Difference between counterfactual transi-
tion matrix of black families (w/o ASVAB) and
actual transition matrix of white families

Child’s Quartile
1 2 3 4

P
a
re

n
ts

’
Q

u
a
rt

il
e

1 −0.156∗∗∗ 0.055 0.081 0.020

(0.053) (0.071) (0.054) (0.028)

2 -0.018 -0.027 0.046 -0.001

(0.045) (0.052) (0.050) (0.029)

3 -0.059 0.064 -0.004 -0.001

(0.043) (0.065) (0.057) (0.034)

4 -0.020 0.013 -0.077 0.083

(0.052) (0.082) (0.094) (0.066)

(c) Difference between counterfactual and ac-
tual transition matrix for black families (w/
ASVAB)

Child’s Quartile
1 2 3 4

P
ar

en
ts

’
Q

u
ar

ti
le

1 0.119∗∗∗ -0.004 -0.019 −0.096∗∗∗

(0.059) (0.077) (0.063) (0.037)

2 0.194∗∗∗ -0.028 -0.038 −0.128∗∗∗

(0.056) (0.070) (0.059) (0.040)

3 0.060 0.133∗ -0.038 −0.155∗∗∗

(0.054) (0.071) (0.068) (0.049)

4 0.093 0.020 -0.048 -0.065

(0.068) (0.085) (0.106) (0.083)

(d) Difference between counterfactual transi-
tion matrix for black families (w/ ASVAB) and
actual transition matrix of white families

Notes: Differences between the counterfactual transition matrix of black families if their

characteristics where adjusted to be the same as white families with parents’ income in the same

quartile. Each cell in the table is the difference between that cell in the counterfactual transition

matrix minus the corresponding cell in the actual transition matrix. The top row does not include

ASVAB as a covariate; the bottom row includes ASVAB as a covariate. Pointwise standard errors

are reported that were calculated using the bootstrap with 500 iterations. ∗ indicates statistically

significant at the 10% level, ∗∗ indicates statistically significant at the 5% level, and ∗∗∗ indicates

statistically significant at the 1% level.
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observed transition matrix for white families.6 Without including ASVAB as a

covariate, the differences between the counterfactual transition matrix for black

families and the actual transition matrix for white families is broadly similar to the

difference between the two actual transition matrices (mainly the difference between

the probability of children staying in the first quartile is somewhat mitigated, but

there is still a large gap between black and white families). Including ASVAB as a

covariate leads to smaller (though still large differences); in particular, by far the

biggest difference is that, accounting for differences in ASVAB, 12% less children from

white families with parents’ income in the first quartile stay in the first quartile of the

income distribution (without adjusting for covariates, 28% less children from white

families stay in the first quartile). Besides this notable case, other differences are

much smaller.

Overall, the results in this section suggest that adjusting for differences in the

distribution of covariates for black and white families does somewhat explain the

differences between the actual transition matrices of the two group. However, even

after accounting for these differences, there remain large, unexplained differences

between black and white families in terms of their intergenerational mobility.

Average Partial Effects

In light of the results in the previous section, an immediate follow-up question is:

which covariates contribute to the differences between the counterfactual and observed

transition matrices? The role of particular covariates in explaining gaps between

groups (i.e., a detailed decomposition) is often complicated in nonlinear models (see

the discussion in Fortin, Lemieux, and Firpo (2011) and Rothe (2015)). Instead of

proceeding that way, we report average partial effects of each covariate. These are the

6This sort of comparison is similar to “structure effects” in the decomposition literature. Under
certain extra conditions, these effects could be treatment effects or due to discrimination. We do not
make these sorts of assumptions here, but, rather, interpret these differences as differences between
black and white families that are not explained by the covariates that are included in our application.
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average partial effect of a particular covariate on the probability of a child’s income

being in a particular quartile (conditional on parents’ income being in a particular

quartile).

Table 1.3: Average Partial Effects for Families in the First Quartile of Parents’ Income

Child’s quartile

1st 2nd 3rd 4th

Black

Age 1.0602∗∗ (0.4791) 0.0997 (0.7896) -1.8895 (1.1974) 0.7297 (0.8450)

Family

Male −0.2041∗∗ (0.1039) 0.0995 (0.1082) 0.1059 (0.0863) -0.0014 (0.0479)

Mother’s Age -0.0031 (0.0057) 0.0030 (0.0076) 0.0001 (0.0072) 0.0001 (0.0043)

Mother’s Educ −0.0288∗(0.0162) 0.0146 (0.0223) 0.0100 (0.0199) 0.0043 (0.0105)

Urban 0.0717 (0.0766) -0.1043 (0.0711) 0.0331 (0.0623) -0.0006 (0.0422)

ASVAB −0.0080∗∗∗ (0.0030) 0.0050 (0.0038) 0.0022 (0.0037) 0.0008 (0.0019)

White

Age 0.4798 (0.5391) 0.1521 (0.7958) -0.0968 (0.8224) -0.5350 (0.6537)

Family

Male −0.2601∗∗∗ (0.0878) 0.0842 (0.0882) 0.1233 (0.0815) 0.0526 (0.0570)

Mother’s Age -0.0104 (0.0075) 0.0047 (0.0094) 0.0019 (0.0088) 0.0038 (0.0046)

Mother’s Educ 0.0177 (0.0178) -0.0077 (0.0219) 0.0046 (0.0179) -0.0146 (0.0121)

Urban −0.1981∗∗∗ (0.0777) -0.0208 (0.0728) 0.0582 (0.0678) 0.1606∗∗∗ (0.0609)

ASVAB -0.0015 (0.0024) -0.0015 (0.0031) 0.0016 (0.0024) 0.0015 (0.0019)

Notes: Average partial effects for each covariate (as discussed in text) for families with parents’

income in the first quartile of the income distribution and separately by race. Pointwise standard

errors are reported in parentheses that are computed using the bootstrap with 500 iterations. ∗

indicates statistically significant at the 10% level, ∗∗ indicates statistically significant at the 5% level,

and ∗∗∗ indicates statistically significant at the 1% level.

Table 1.3 provides average partial effects estimates for families with parents’ income

in the first quartile. Tables 1.4 to 1.6 (all of which are available in Section A.2) provide

corresponding APEs for families with parents’ income in the second, third, and fourth

quartiles, respectively. There are some notable patterns as well as differences between

black and white families. To start with, ASVAB seems to only have an effect for black

families. For example, we estimate that, for a child from a black family with parents’

income in the first quartile, moving from the 25th percentile to the 75th percentile of

ASVAB score would decrease the probability of remaining in the first quartile by 40
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percentage points – this is a very large effect. Similarly, parents’ education has a big

effect for black families (though not for white families); we estimate that increasing

mother’s education by four years would decrease the probability of a child remaining

in the first quartile by 12 percentage points.

We find large differences in the effect of living in an urban location for black

and white families; children from urban white families are substantially less likely to

remain in the first quartile while children from urban black families are more likely to

remain in the first quartile (though this estimate is not statistically significant). For

other quartiles of parents’ income, We generally estimate smaller and not statistically

significant effects of covariates (particularly mother’s education and ASVAB) on the

quartile of child’s income. This is related to our results on counterfactual transition

matrices where the biggest differences due to adjusting for differences in the distribution

of covariates across races relative to the actual transition matrix of black families

occurred for families with parents’ income in the first quartile.

1.6 Conclusion

In this paper, we have developed new methods to study conditional transition

matrices, counterfactual transition matrices, and transition matrix partial effects.

The key challenge for all of these is to estimate cells in a conditional transition

matrix. Estimating these conditional transition matrices is closely related to estimating

conditional distributions, and, in order to estimate these conditional distributions,

we proposed new semiparametric distribution regression estimators. Relative to

parametric distribution regression estimators, the main advantage of these estimators is

that they do not require researchers to specify a link function; relative to nonparametric

estimators, our approach does not suffer from the curse of dimensionality. These first-

step estimators may be of independent interest and could be useful in a wide variety
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of applications where a researcher would like to estimate a conditional distribution

but does not know the correct link function. More generally, counterfactual transition

matrices are particularly useful for studying intergenerational mobility but are also

relevant in any application where researchers are interested in (i) understanding

the dependence between two random variables while (ii) also understanding the

contribution of other covariates to this dependence.

We applied our approach to study differences in transition matrices between black

families and white families. There, we documented large differences in unconditional

transition matrices for black and white families, but there are also notable differences

in observed characteristics such as parents’ education. We found that adjusting for

these differences across races did explain some of the differences in each group’s actual

transition matrix, but that there were still large unexplained differences.
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CHAPTER 2

SEMIPARAMETRIC ESTIMATION OF LOCAL

RANK-RANK SLOPES

2.1 Introduction

Intergenerational income mobility (IGM) is commonly used to measure the extent

to which parent’s income contributes to the child’s income (in adulthood), and thus is

frequently considered as the important evidence to show the inequality of opportunity.

Intergenerational elasticity of income (IGE) is one of the most common ways to

measure IGM. In general, the estimated value of elasticity lies between 0 and 1. Higher

value means lower mobility. For example, elasticity with zero value means complete

mobility where the incomes of parents are completely uncorrelated with children’s.

IGE is at first estimated by a simple linear regression of the logarithm of child’s income

(in adulthood) on the logarithm of the parental income and the regression coefficient

is called IGE.

However, there is an alternative method which can also measure the intergenera-

tional income mobility — Rank-Rank slope (RRS) or intergenerational rank association

(Dahl and DeLeire (2008)). By ranking the children’s and parental incomes within

their distribution respectively, RRS can be used to measure the extent to which the

children’s income positions in the income distribution can be affected by the parental
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income positions in their income distribution. Higher the value of RRS is, the lower

the IGM is. For example, RRS of 0.2 means that the difference in ranks between

children from two different families is 2 percentiles if the difference in ranks among

their parents is 10 percentiles. Chetty, Hendren, Kline, and Saez (2014) mentioned

that the RRS is much more robust than IGE because IGE is very sensitive to the

children whose income is very small. Mazumder (2015) also stated that rank-based

estimators can differentiate upward from downward movements and compare different

subgroups and identify nonlinearities of the IGM. Besides, Acciari, Polo, and Violante

(2019) found that observations with zero incomes can be kept compared to the IGE

which uses log income. Although RRS can be approximated by a linear line (estimated

by using OLS) in the empirical literature (e.g. Acciari, Polo, and Violante (2019) and

Cheng and Wen (2019)), Connolly, Haeck, and Lapierre (2019) found that the RRS

does not appear to be as linear as the RRS in Chetty, Hendren, Kline, and Saez (2014)

and showed the nonlinearity in locally-weighted nonparametric smoothed scatter plots.

Dahl and DeLeire (2008) used nonparametric method to estimate the RRS by creating

moving blocks of father’s income.

In this paper, we explore the nonlinear relationship between parents’ and children’s

ranks. We propose a three-step semiparametric results to estimate the Local RRS

and counterfactual RRS. Here the Local RRS means the RRS which varies with the

parental rank. First, we use semiparametric single-index model1 to represent the

conditional distribution function of children’s ranks conditional on the parental ranks.

In the second step, we refer to maximum likelihood method to obtain the single index

estimators and construct the estimator of conditional distribution function. In the

final step, we take the derivatives of this semiparametric estimator with respect to

the parental income and estimate the RRS. To be specific, we first use kernel-form

1Ichimura (1993) estimates the coefficients by weighted nonlinear least square. Klein and Spady
(1993) estimate the coefficients by using maximum likelihood method, which can be treated as a
special case of Ai (1997). Callaway and Jia (2020) extend the method in Klein and Spady (1993) by
incorporating the quantile estimators into the conditional density function.
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semiparametric single index function as the function form of conditional distribution

function of children’s ranks and estimate the conditional distribution function through

maximum likelihood method. Then we integrate the first-step estimator over the

distribution of covariates conditional on parental ranks. Finally, the RRS can be

obtained by taking the derivative of the integrated estimator with respect to parental

ranks. The advantage of our method is that we can mitigate the misspecification

problem by assuming that the link function is unknown and estimating it with a

kernel function and avoid the curse of dimensionality which is a common problem

during nonparametric estimation. For inference, we prove the
√
n-consistency and that

these estimators as a whole converge to Gaussian processes, and establish the sup-t

confidence bands by nonparametric bootstrap embedding in an algorithm discussed in

the main text.

In addition, for analyzing the Local RRS (LRRS) between two different cohorts

in two time periods, it is very interesting to decompose the differences in LRRS

between two cohorts into two parts — the unexplained part (structural effects) and

composition effects. There is a sizable literature on either studying new method to

figure out the composition effects of each covariates (see Machado and Mata (2005),

Rothe (2015), Richey and Rosburg (2018)) or applying this method to the empirical

research. In Fortin, Lemieux, and Firpo (2011), unexplained part originates from the

structure or function form which links the observed and unobserved characteristics to

the dependent variable. Composition effects is the part of total difference attributable

to differences in the observed characteristics. Splitting the composition effects into

details interest people a lot since knowing the contribution of each covariate to this

difference may provide guidelines for government to develop policies for changing these

characteristics. In this paper, however, we propose a method to figure out which

observed variables play an important role in accounting for large part of composition

effects. We first applying our method mentioned above to calculate the LRRS and
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counterfactual RRS (CRRS), then sorting the composition effects (differences between

LRRS and CRRS) in an ascending order based on the distribution of parental income,

we then select covariates which are important to explain the composition effect by the

classification analysis method which is first proposed in Chernozhukov, Fernández-Val,

and Luo (2018).

In the application, we use NLSY 97 and 79 datasets to explore the difference in

LRRS between families surveyed in 1997 and families surveyed in 1979. We show

that the trend of LRRS of cohort 97 is very different from that of cohort 79 and find

that people in cohort 97 which have larger composition effects are from higher income

families, tend to be male and Nonblack and nonhispanic, and accept more years of

education especially in advanced education. The parental education is unrelated to

the composition effects.

The rest of this paper is organized as follows. Section 2 describes the parameters of

interest. In Section 3, we present our new model. The asymptotic theory of parameters

in Section 2 is developed in Section 4. Section 5 applies the method to study the

LRRS and CRRS. The conclusion is in Section 6.

2.2 Parameters of Interest

We first define some notations. Let Y be the outcome variable and Z = (T,X)

be the vector of covariates where T is a continuous variable and X is a K vector of

covariates. Denote the groups or cohorts by D. In the simple linear regression setting

Y = Tβt +X ′βx + ε, the rank-rank slope can be estimated by using the coefficient of

parental rank — βt. The estimated value of rank-rank slope can then be obtained by

first taking the derivative of the estimated value of E(Y |T,X) with respect to T and

then integrating the derivative over the distribution of X.
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2.2.1 LRRS and CRRS

The local rank-rank slope LRRS(t) can be seen as a special case of average partial

effects APE(t) at t which is the derivative of conditional expectation with respect

to a specific variable t. In the first chapter, APE(t) is the average partial effects of

conditional transition matrices. When we set Y and T as the child’s and parent’s rank

separately, APE(t) = LRRS(t). We define LRRS(t) as

LRRS(t) :=
∂E(Y |T = t)

∂t

=
∂
∫
E(Y |T = t,X = x,D = d)dFX|T=t,D=d(x)

∂t
(2.1)

Then the partial effects conditional specific values x and t can be defined as

PE(t, x) :=
∂E(Y |T = t,X = x,D = d)

∂t

We can interpret LRRS(t) as the local effects of changes in parental rank on average

child’s rank at a specific value of parental rank t. Also we define counterfactual rank-

rank slope by adjusting for differences in the distribution of observed covariates. In

other words, we are fixing the conditional expectation but varying the distribution of

the covariates. That is,

CRRS(t) :=
∂
∫
E(Y |T = t,X = x,D = d)dFX|T=t,D=d′(x)

∂t
(2.2)

By the same process for PE, we can define the counterfactual partial effect for a

specific observation as

CPE(t, x) :=
∂E(Y |T = t,Xc = x,D = d)

∂t

where Xc is the covariates whose distribution is from a different group. The way of
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constructing CRRS is similar to adjusted intergenerational income elasticity AIGE

in Callaway and Huang (2019). AIGE(t) is defined as intergenerational income

elasticity adjusting for the differences in the distribution of covariates conditional on

the parental income t. The interpretation of CRRS is the same as that of LRRS

except the distribution of covariates has changed.

2.2.2 Conditional Distribution and Expectation

The key point here is to find a appropriate method to estimate the functions of

eqs. (2.1) and (2.2). By the properties of expectation, we can define the conditional

expectation as

E(Y |T = t,X = x,D = d) : =

∫
yf(y|T = t,X = x,D = d) dy

=

∫ (
1− F (y|T = t,X = x,D = d)

)
dy (2.3)

Equation (2.3) uses cumulative distribution function to calculate the expectation. We

can estimate the expectation by simply estimating the CDF by using the semipara-

metric distribution regression method discussed in the next section. From eq. (2.3),

E(Y |T = t,D = d) defined at a specific value t can then be obtained by just integrat-

ing the conditional CDF over the distribution of covariates holding the value t and d

constant. By changing the distribution of covariates, the counterfactual expectation

can then be obtained by

θct,d :=

∫
E(Y |T = t,X = x,D = d)dFX|T=t,D=d′(x)

=

∫ (
1− F (y|T = t,D = d)

)
dy (2.4)

where F (y|T = t,D = d) =
∫
F (Y |T = t,X = x,D = d) dFX|T=t,D=d′(x).
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2.2.3 Sorted Composition Effects and Classification

Analysis

Composition effects originate from the differences in characteristics (i.e., education,

age, working experiences, etc.). Richey and Rosburg (2018) mentions that a better

understanding of potential factors can better understand the possible impact of different

policy regulations which seek to improving the skills of individual. In addition, the

policy may be effective in increasing the mobility if the composition effects is the main

causing factor and ineffective if the structure effects is the main driving force. We

will use the method In order to explore the underlying determinants of composition

effects, we use the sorted effects method proposed by Chernozhukov, Fernández-Val,

and Luo (2018). Unlike the application in their paper, we use this approach to study

the composition effect. We define the composition effect at a specific value t and x as

∆(t) := LRRS(t)− CRRS(t) (2.5)

By eq. (2.5), the sorted composition effects can be obtained by first rearranging

the composition effects in an ascending order and indexed by percentiles. We define

the sorted composition effect with respect to the percentiles as:

∆∗t,µ(u) := inf{δ ∈ R : F∆t,µ(δ) ≥ u}, F∆t,µ(δ) = Eµ
[
1{∆(T ) ≤ δ}

]
(2.6)

where µ is the distribution of covariates T and u is a quantile index between [0, 1].

The classification analysis categorize observational units into two groups — the most

and least affected groups. We allocate units with ∆(T ) < ∆∗t (u) to the u least affected

group and units with ∆(T ) < ∆∗t (1 − u) to the 1-u most affected group. Then

summarizing and comparing the characteristics of two groups, we look for the feature
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with the biggest difference between the two groups.

2.3 Estimation

2.3.1 Estimating LRRS and CRRS

From eq. (2.3), conditional expectation can be treated as an integral of conditional

distribution with respect to a real variable. So estimating a conditional expectation

is equivalent to estimating a conditional distribution. The goal here is to introduce

an appropriate method to estimate the conditional distribution. Note conditional

expectation can be seen as a function of conditional distribution. Then we can rewrite

eq. (2.3) as

θ(FY |T,X,D) := E(Y |T = t,X = x,D = d)

=

∫ (
1− F (y|T = t,X = x,D = d)

)
dy (2.7)

where θ defined as a function of F . Equation (2.7) corresponds to the statement

that estimating the conditional expectation function is equivalent to estimating the

conditional distribution of y given some covariates x mentioned in Powell (1994) and

E(Y |T = t,X = x,D = d) can be seen as a function of FY |T,X,D. The conditional

distribution can always be calculated by either parametric model (e.g. logit, probit

etc.) or nonparametric method. Although both models enjoys their own advantages,

model misspecification and curse of dimensionality can cause serious problems during

the estimation process. Unlike them, we make the following assumption

Assumption 2.1 (Single Index Conditional Distribution).

FY |X,T,D(y|t, x, d) = G(Z ′βd(y0))
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where Z = (T,X)′. βd(y0) is a vector of coefficients defined by the threshold value y0 for

group d. For the link function Assumption 2.1, there are two cases we usually take into

consideration. The first case is when G is known. Under this situation, the problem

of estimating the conditional expectation reduces to a linear or nonlinear regression

problem. The second case is equivalent to regression problem with unspecified link

function. It is used in many literature. Ichimura (1993) proposes semiparametric

method to estimate the conditional expectation by using OLS method. Klein and Spady

(1993) presents a semiparametric maximum likelihood estimation for binary dependent

variables. Ai (1997) offers a general semiparametric model which is estimated by using

maximum likelihood method and includes many semiparametric models as special

cases such as multi-index model and partially linear model (see page 272 in Li and

Racine (2007)).

2.3.2 Semiparametric distribution regression

Now the problem is how we estimate the parameters of interest. In this part, we

introduce a semiparametric model used to estimate the distribution function F . Cher-

nozhukov, Fernandez-Val, and Melly (2013) offers a distribution regression approach

with known function form. Rothe (2010) comes up with a fully nonparametric method

to study the effects of changes in the distribution of covariates on the unconditional

distribution of an outcome variable. By following their steps, we proposes a semipara-

metric single-index model with unknown link function and parametric single-index

form. By Assumption 2.1, we have

FY |X,T,D(y0|t, x, d) = E(1{Y ≤ y0})

:= G(Z ′βd(y0))
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1{y ≤ y0} is an indicator function which is equal to 1 if the outcome is less than the

defined threshold y0 and zero otherwise. G is an unknown link function. βd(y0) 2 is

the coefficient at a threshold value y0 in group d. The conditional distribution can

be estimated by running a repeated binary choice model at each threshold y0 with a

leave-one-out kernel-based estimator of G given as:

Ĝ(Z ′iβ) = (Nh)−1

N∑
j 6=i

1{Yj ≤ y0}K
(
Z′jβd(y0)−Z′iβd(y0)

h

)
(Nh)−1

∑N
j 6=iK

(
Z′jβd(y0)−Z′iβd(y0)

h

) (2.8)

Then the estimator of βd(y0) can be obtained by

β̂d(y0) = argmax
bt,d∈Rk

Nd∑
i=1

1{Yi ≤ y0} ln Ĝ(Z ′ibd(y0)) + 1{Yi > y0} ln
[
1− Ĝ(Z ′ibd(y0))

]
(2.9)

where k is the dimension of covariates. After obtaining the estimates of coefficients

and link function, we can estimate the (counterfactual) expectation by using following

equation:

θ̂(F̂Y |T,X,D) =

∫ (
1− Ĝ(Z ′iβ)

)
dy

=

∫ 1− (Nh)−1

N∑
j 6=i

1{Yj ≤ y0}K
(
Z′jβd(y0)−Z′iβd(y0)

h

)
(Nh)−1

∑N
j 6=iK

(
Z′jβd(y0)−Z′iβd(y0)

h

)
 dy0 (2.10)

where N is the number of observations and y0 ∈ Y0. Y0 is the support of threshold

value y0 and ⊂ Y . We use θ(F̂Y |T,X,D) to represent the situation where the estimated

2Here the coefficients are correlated with the threshold values and the groups. In the estimation
of a transition matrix, we can rewrite β as βt,d(y0) when t can be seen as a treatment variable or t is
the quantiles of parental income and index the rows of transition matrix. In Callaway and Jia (2020),
they let t be the quartiles of parental income,thus the estimation can be done within each range of
parental income. Unlike their paper, we can set t as the rank of parents and estimate the effects of
parental rank on their children’s rank
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value is equal to the true value β0 and θ(FY |T,X,D) as the true value.

The estimator of counterfactual expectation is given by

θ̂c(F̂Y |T,X,D) =

∫ (
1− Ĝ(Z

′

cβd(y0))
)
dy

=

∫ 1− (N chd)
−1

N∑
j 6=i

1{Yjd ≤ y0}K
(
Z′jdβd(y0)−Z′icβd(y0)

h

)
(Nh)−1

∑N
j 6=iK

(
Z′jdβd(y0)−Z′icβd(y0)

h

)
 dy0

(2.11)

We use subscript c to values of a different group. N c is the number of observations in

group c. zic is the value of covariates of individual i in group c. yjd and zjd are values

of variables for individual j in group d. hd is the bandwidth of group d.

Next, the estimator of LRRS can be obtained by taking the derivative of eq. (2.10)

with respect to the covariate t.

ˆLRRS(t) =∂tθ̂(F̂Y |T,D)

=

∫
1− 1

Nth

Nt∑
i

(Nh)−1

N∑
j 6=i


[∑N

j 6=i 1{Yj ≤ y0}∂tK
(
Z′jβd(y0)−Z′iβd(y0)

h

)]
[∑N

j 6=iK

(
Z′jβd(y0)−z′iβd(y0)

h

)]
[∑N

j 6=iK

(
Z′jβd(y0)−z′iβd(y0)

h

)]
[∑N

j 6=iK

(
Z′jβd(y0)−z′iβd(y0)

h

)]

−

[∑N
j 6=i 1{Yj ≤ y0}K

(
Z′jβd(y0)−Z′iβd(y0)

h

)][∑N
j 6=i ∂tK

(
Z′jβd(y0)−Z′iβd(y0)

h

)]
[∑N

j 6=iK

(
Z′jβd(y0)−Z′iβd(y0)

h

)]2

 dy0

where Nt is the total number of observations where 1{ti = t} = 1. Following the same
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procedure of estimating LRRS, the estimator of CRRS can be obtained by taking

the derivative of eq. (2.11) with respect to t. The estimators of PE and CPE can

be obtained without taking the average over the distribution of Z. Taking PE as an

example,

P̂E(t, x) =∂tθ̂(F̂Y |T,X,D)

=

∫
1− (Nh)−1

N∑
j 6=i


[∑N

j 6=i 1{Yj ≤ y0}∂tK
(
Z′jβd(y0)−Z′iβd(y0)

h

)]
[∑N

j 6=iK

(
Z′jβd(y0)−Z′iβd(y0)

h

)]
[∑N

j 6=iK

(
Z′jβd(y0)−Z′iβd(y0)

h

)]
[∑N

j 6=iK

(
Z′jβd(y0)−Z′iβd(y0)

h

)]

−

[∑N
j 6=i 1{Yj ≤ y0}K

(
Z′jβd(y0)−Z′iβd(y0)

h

)][∑N
j 6=i ∂tK

(
Z′jβd(y0)−Z′iβd(y0)

h

)]
[∑N

j 6=iK

(
Z′jβd(y0)−Z′iβd(y0)

h

)]2

 dy0

Finally, we can estimate composition effects at T = t by using the following

equation:

∆̂(t) = ˆLRRS(t)− ˆCRRS(t) (2.12)

Then from eq. (2.6) the sorted composition effects

∆̂∗µ̂(u) := inf{δ ∈ R : F∆̂,µ̂(δ) ≥ u}, F∆̂,µ̂(δ) = Eµ̂

[
1{∆̂(T ) ≤ δ}

]
(2.13)

Remark 2.1. The estimator of the distribution of covariates X can be represented
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by the empirical distribution function:

µ̂ =
1

n

n∑
i=1

1{Xi ≤ x}

If we only focus on a particular group indexed by d, then we can change the empirical

distribution to

µ̂d =
1

Nd

Nd∑
i=1

1{Xi ≤ x}

where we use 1{Xi ≤ x} will be equal to one if the values of covariates satisfy the

condition inside the parenthesis. Then empirical distribution function for ∆̂t is shown

below

F̂∆̂,µ̂(δ) =
1

n

n∑
i=1

[
1{∆̂(Ti) ≤ δ}

]
a.s−→ F∆̂t,µ̂

(δ) as n→∞

Since the indicator function 1{∆̂(Ti) ≤ δ} belongs to P -Glivenko-Cantelli class, then

by theorem 2.2 in Kosorok (2007), the convergence above holds. Then we can substitute

F̂ for F in eq. (2.13).

Remark 2.2. When we calculate the estimators mentioned above, the interchange-

ability of expectation and differentiation are assumed to be satisfied under certain

conditions. For the proof, please refer to lemma B.3 in Appendix B.1.

2.4 Asymptotic properties

In this part, we derive the asymptotic theory of our estimators. We first state

the assumptions and then prove those estimators are consistent and converge to

Gaussian processes. In order to conduct inference, we build sup-t confidence bands by

nonparametric bootstrap and also prove the validity of the bootstrap.
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2.4.1 Assumptions

First, we will introduce some new notations

ξt := ∂tE(Y |T = t,D = d)

=

∫ (
1− ∂tφbt(p, F )

)
dy (2.14)

where

φbt(p, F ) :=

∫
pbt(z) dFZ|t,b(z) (2.15)

pbt(z) = P (Y ≤ y0 |T = t,D = b) and FZ|t,b(z) = P (Z ≤ t |T = t,D = b). The

counterfactual one can be given by varying the distribution of covariates from group b

to group c.

ξct := ∂tE(Y |T = t,D = c)

=

∫ (
1− ∂tφct(p, F )

)
dy (2.16)

where

φct(p, F ) :=

∫
pbt(z) dFZ|t,c(z) (2.17)

and our estimator of φt(p, F ) is given by

φ̂t = φ̂t(p̂t(β̂), F̂Z|t(β̂))
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φt(p, F ) is a general form of (counterfactual) distribution function. For T = t,

p̂t(β̂) = G(ZT β̂) and F̂Z|t(β̂) is the empirical distribution of single index ZT β̂. Besides,

τ̂ and τ̂ p are estimators of τ and τ p.

To derive the limiting distribution of the (counterfactual) RRS, we make the

following assumptions.

Assumption 2.2. (i) The data {(Yi, Xi, Ti) : i = 1, 2, · · · , N} are i.i.d and compact

Cartesian product of compact sets of Y , X and T . X or T contains at least one

continuous variable and there is no multicollinearity between covariates. (ii) The

support of covariates Td should include or at least intersect with the support of other

groups’ covariates Td′: Td ⊆ Td′ or Td ∩ Td′ 6= ∅

Assumption 2.3. Let Z=(X,T)’.The space B of vector β is compact, the true value

β0 is in the interior of B, single index Z̄ = ZTβ ∈ Z and Z is compact and the true

value Z̄0 = ZTβ0 is in its interior.

Assumption 2.4. f(Z̄) is the probability density function of z̄ and bounded away from

zero. The conditional distribution G(Z̄) : R× R 7→ [0, 1] is the cumulative distribution

function of outcome variable conditional on the single index Z and bounded away

from zero. φ(y, Z̄) = Pr (Yi ≤ y0, z̄) = G(Z̄)f(Z̄) is the joint distribution of outcome

variable and single index. The three functions are all r times differentiable with

respect to Z, Z̄, β and bounded away from zero. The derivatives of f(Z̄) and G(Z̄)

are uniformly bounded on X and Z respectively. The distribution of T : t → µ(t)

and conditional distribution t → µ(y|t) are all continuous on T for all y ∈ Y and

differentiable.

Assumption 2.5. The kernel functions: K : Rd 7→ R satisfies the following properties:

(1)
∫
K(z̄)dz̄ = 1. (2)

∫
z̄µK(z̄)dz̄ = 0 for all |µ| = 1, 2, · · · , r−1. (3)

∫
|z̄µK(z̄)|dz̄ <

∞ for |µ| = r (4) Kr(z̄) are the r-times derivatives and uniformly continuous and

bounded.
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Assumption 2.6. The bandwidth h = hn stasifies h → 0,
√
nh/log(n) → ∞ and

n1/2hr → 0. h ∼ n−δ, where δ ∈ (1/2r, 1/6d),where d is the dimension of z.

Assumption 2.7. The derivative of ∆(t) exists and do not vanish in t ∈ T .

Assumptions 2.2 and 2.3 are standard conditions in the semiparametric literature.

Assumption 2.4 put smoothness restrictions on the functions estimated by nonpara-

metric methods. Assumption 2.5 is the standard and regular conditions on kernel

function in the nonparametric literature which defines the uniform boundedness and

continuity of kernel which is of order r and r-times differentiable. Assumption 2.6 sets

the rate at which the bandwidth will converge to zero as n goes to infinity and also

eliminate the bias term in the asymptotic process. Here in this paper, 3d < r and

d = 1. Assumption 2.7 put restrictions on the shape of the map t→ ∆(t), which is

similar to the S.2 and sufficient condition stated in Chernozhukov, Fernández-Val, and

Luo (2018). This assumption ensure that no critic points can be found within T and

thus this function t→ ∆(t) does not have flat areas or infinite cyclical oscillations.

2.4.2 Asymptotic normality

In this part, we will establish asymptotically normality of estimators we are

interested in and show those converge to Gaussian processes. Here ′ is used to

represent a different value. For example, y′0 ∈ Y is different from y0 ∈ Y .

Theorem 2.1. Under Assumptions 2.1 to 2.6,

√
n(β̂(·)− β(·)) d−→ B(·)

B is the mean zero Gaussian distribution indexed by the threshold value y0 ∈ Y with

covariance function: E(ψβ(y0)ψβ(y′0)
T ) where Vβ = Σ−1(M1)Σ

−1 is the covariance
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function at a specific value y0 and

ψβ(y0) = Σ−1M

M =

[
∂βG(ZT

i β0)− E(∂βG(ZT
i β0)|Zi)

]
(1{Y ≤ y0} −G(ZT

i β0))

G(ZT
i β0)

(
1−G(ZT

i β0)
)

M1 = E

[[
∂βG(ZT

i β0)− E(∂βG(ZT
i β0)|Zi)

] [
∂βG(ZT

i β0)− E(∂βG(ZT
i β0)|Zi)

]′
G(ZT

i β0)
(
1−G(ZT

i β0)
) ]

Σ = E

[∂βG(ZT
i β0)

] [
∂βG(XT

i β0)
]T

G(ZT
i β0)

(
1−G(ZT

i β0)
)


The proof of Theorem 2.1 is provided in Appendix B.1. The consistency of

coefficient β at each y0can be proved by referring to Theorem 2.1 in Newey and

McFadden (1994). Next, we show weak convergence of partial derivative of conditional

distribution with respect to T.

Theorem 2.2. Under Assumptions 2.1 to 2.6,
√
n(∂tφ̂−∂tφ) Z where Z is a mean

zero tight gaussian process with covariance function given by E(ψ(y0, t)ψ(y0, t
′)) where

ψ(y0, t) =
f(ZT

i β)βt∂zG(ZT
i β)− (y −G(ZT

i β))βt∂zf(ZT
i β)

f(ZT
i β)

− E(Un)

+

[∫
g1(ZTβ)dFt(Z

Tβ) +

∫
g(ZTβ)dF 1

t (ZTβ)

] K∑
k

A−1
0k

1√
n

∑
i

Bik

A0k = E

(
[∂βkG(ZTi β0)][∂βkG(ZTi β0)]

′

G(ZTi β0)(1−G(ZTi β0))

)
and Bik =

∂βkG(ZTi β0)−E(∂βkG(ZTi β0)|Z̄i)
G(ZTi β0)(1−G(ZTi β0))

Theorem 2.2 shows that the estimator of partial derivative of conditional distri-

bution with respect to t is asymptotic normality. Besides, under Assumptions 2.1

to 2.6, made above, we can prove that
√
n(φ̂− φ) Z where Z is a mean zero tight

gaussian process. The proof of this result corresponds to the proof of Theorem 1.1 in

Chapter 1. Although the conditional distribution function in this paper is different
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from Theorem 1.1, the estimator of φ can be seen as a special case when the bound-

ary τ in Chapter 1 is exogenous and thus can be treated as known. Thus we can

prove
√
n(φ̂− φ) converge to mean zero gaussian process by refer to Theorem 1.1 in

Chapter 1.

Theorem 2.3. Under Assumptions 2.1 to 2.6, let Γ : D E be a Hadamard differ-

entiable mapping where D and E are some normed vector spaces. If theorem 2.2 are

satisfied and converge in D and the derivative of Γ exists and continuous on the whole

space of D, then

√
n(Γ(F̂ )− Γ(F )) Γ′F (Z)

where Γ′F (Z) is a mean zero Gaussian process with covariance function ΨΓ = E(Γ′F (ψ(y0, t))

Γ′F (ψ(y0, t
′))).

This theorem is similar to Theorem 2 in Rothe (2010). The proof of this theorem

can be found either in the Appendix of Rothe (2010) or in the Chapter 3.9 in Van

Der Vaart and Wellner (1996). Here in the Theorem 2.3, we set F be equal to the

true value ∂tφ of Theorem 2.2, we need Γ is Hadamard differentiable at ∂tφ.

Proposition 2.1. Under Assumptions 2.1 to 2.6, lemma B.3, and theorem 2.2,

√
n
(
ξ̂ − ξ

)
 G0

G0 is a mean zero Gaussian process with covariance function

Σ = E(Γ′F,t(ψ(y0, t))Γ
′
F,t′(ψ(y0, t

′)))

Γ′F,t =

∫
−∂tφ dy

Since the proof of Proposition 2.1 in Appendix B.1 can also be applied to prove the
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result that
√
n
(
ξ̂ct − ξct

)
converges to mean zero Gaussian process. If the conditions of

Proposition 2.1 are satisfied, then we can show that the
√
n(∆̂(·)−∆(·)) also converges

to a mean zero Gaussian process G∞ indexed by t ∈ T by continuous mapping theorem

and the fact that the difference or sum of items which are converge to Gaussian

processes converges to a Gaussian process. Next, we use notations in Chernozhukov,

Fernández-Val, and Luo (2018) to show the asymptotic theory of sorted composition

effects ∆∗µ(u) and classification analysis function Λ∆,µ,∆∗µ(u)(ϕj) = [Λ−u∆,µ(d),Λ+u
∆,µ(d)]

where Λ−u∆,µ(d) = Eµ[Xd|∆(T ) < ∆∗µ(u)] is the mean value of observed characteristics

in the u-least affected group when d = 1 and Λ+u
∆,µ(d) = Eµ[Xd|∆(T ) > ∆∗µ(1 − u)]

is the mean value of observed characteristics in the 1− u-most affected group when

d = 1.
√
n(µ̂− µ) H∞ where µ̂ is the empirical distribution of T.

Proposition 2.2. Suppose that Assumptions 2.1 to 2.7 hold and the conditions of

proposition 2.1 are satisfied. Then we have

1. The Donsker theorem can be applied to the estimator of the distribution of

composition effect,

√
n(F∆̂,µ̂(δ)− F∆,µ(δ)) T∞(δ) +H∞(g∆,δ)

where T∞(δ)+H∞(g∆,δ) is a Gaussian process indexed by δ, T∞(δ) := −
∫
M∆(δ)

G∞(t)µ′(t)
‖∂∆(t)‖

d V ol and g∆,δ ∈ G which is totally bounded under L2(µ) norm.

2. The estimator of sorted composition effect satisfies the Donsker theorem

√
n(∆̂∗µ̂(u)−∆∗µ(u)) −

T∞(∆∗µ(u)) +H∞(g∆,∆∗µ(u))∫ µ′(t)
‖∂∆(t)‖ d V ol

=: Z∞(u)

where Z∞(u) is mean zero Gaussian process indexed by u and g∆,∆∗µ(u) ∈ G which

is totally bounded under L2(µ) norm.
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3. The estimator of classification analysis function of sorted composition effect

satisfies the Donsker theorem

√
n(Λ̂

∆̂,µ̂,∆̂∗µ̂(u)
(ϕj)− Λ∆,µ,∆∗µ(u)(ϕj))

 −
∫
M∆(δ)

ϕ̃j(t)
Z∞(u)−G∞(t)

‖∂∆(t)‖
µ′(t) d V ol +H∞(h̃∆,δ,ϕj) =: Zu

∞(j)

where Zu
∞(j) is mean zero Gaussian process indexed by j and ϕ̃j(t) = [ϕj(t)−

Λ∆,µ,∆∗µ(u)(ϕj)]/F∆,µ(δ), h̃∆,δ,ϕj := ϕ̃j(t)1{∆(T ) ≤ δ}

The first results in Proposition 2.2 corresponds to the Theorem 4.1 and the last one

corresponds to the Theorem 4.2 in Chernozhukov, Fernández-Val, and Luo (2018). This

proposition provide mathematical foundation for us to conduct statistical inference

and build confidence bands or intervals.

2.4.3 Inference

From the results in Section 2.4.2, we can conduct inference on the parameters

of interest such as LRRS and counterfacutal RRS, by Gaussian approximation to

the sampling distribution. However, it is very difficult to move along this direction

since the asymptotic variance are complicated to estimate. Besides, estimating the

asymptotic variances involves estimating the distributions and densities which generate

a series of new troubles such as finding appropriate bandwidths. Using the bootstrap

method can avoid having those troubles mentioned above. Instead of taking this route,

we propose to conduct inference using the bootstrap. Below, we use ∗ to represent

the bootstrap estimator, and the next result shows the validity of using the empirical

bootstrap to conduct inference.

Theorem 2.4. Under Assumptions 2.1 to 2.7 and lemma B.3 and suppose the condi-
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tions of theorem 2.2 hold, we have

√
n(∂φ̂∗ − ∂φ̂) Z

where Z is a mean zero tight gaussian process indexed by t ∈ T . Under the conditions

of theorem 2.3,

√
n(Γ(F̂ ∗)− Γ(F̂ )) Γ′F (Z)

where Γ′F (Z) is a mean zero tight gaussian process indexed by t ∈ T .

The results of Theorem 2.4 shows that the law of bootstrap is consistent for the

law of estimators mentioned in Section 2.4.2. If the conditions of Proposition 2.1

and theorem 2.4 hold , then the bootstrap law is consistent for the law of ξ̂, namely,

√
n(ξ̂∗ − ξ̂) G0. Following the same process, we can show that the bootstrapped

composition effects can be written as ∆̂∗ = ξ̂∗ − ξ̂c∗. By continuous mapping theorem,

we have
√
n(∆̂∗− ∆̂) G∞. For sorted composition effects and classification analysis,

Chernozhukov, Fernández-Val, and Luo (2018) showed the validity of conducting

inference by using the bootstrap method thus we will not discuss here. Interesting

readers should refer to this paper for details.

Next, we will conduct inference for parameters in the section 2.2 by referring to

sup-t simultaneous confidence band which is the Cartesian product of confidence

intervals, namely,

B̂(c) := ×Tt=1[ξ̂t − σ̂tc , ξ̂t + σ̂tc] = [ξ̂1 − σ̂1c , ξ̂1 + σ̂1c]× · · · × [ξ̂T − σ̂T c, ξ̂T + σ̂T c]

where c is the smallest critical value that can achieve the simultaneous coverage

probability and σ̂ is the pointwise standard error. This band is similar to standard,

pointwise confidence interval except a different critical value is chosen. For example, a
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95% uniform confidence band would involve choosing a somewhat larger critical value

than 1.96. An attractive feature of sup-t bands is that they are not conservative (see

Olea and Plagborg-Møller (2017) for additional discussion of these types of confidence

bands). Here we will use the following algorithm to conduct uniform inference.

Algorithm Sup-t confidence bands

1. Draw B samples of size N from the original sample.

2. For b = 1 : B, calculate the LRRS ∂φ̂b and counterfactual RRS ∂φ̂cb for each b.

3. For b = 1 : B, calculate ξ̂b, ξ̂cb and ∆̂∗b.

4. Calculate the empirical standard deviations σ̂ξ̂,t, σ̂ξ̂c,t, σ̂∆̂∗,t for each t ∈ T .

5. For b = 1 : B, calculate the critical value for each sample.

Hb,ξ̂ = max
t

|ξ̂bt−ξ̂t|
σ̂ξ̂,t

or Hb,ξ̂c = max
t

|ξ̂cbt −ξ̂ct |
σ̂ξ̂c,t

or Hb,∆̂∗ = max
t

|∆̂∗bt −∆̂∗t |
σ̂∆̂∗,t

.

6. Taking ξ̂ as an example, let q̂1−α,ξ̂ be the 1 − α quantile of the distribution
H1,ξ̂, ..., HB,ξ̂.

7. Taking ξ̂ as an example, the sup-t confidence bands for ξ̂ are shown as follows:

B̂ξ̂ = ×
t
[ξ̂bt − q̂1−α,ξ̂, ξ̂

b
t + q̂1−α,ξ̂]

Proposition B.1 in the Appendix B.1 proves the validity of algorithm which implies

that the bands calculated from the algorithm above are asymptotically equivalent

with the sup-t bands.

To get the estimator such as LRRS, we have to run Ny0 times distribution re-

gressions. If we let the Bootstrap sample be the size of original sample, then the

computational cost will be extreme high. In other words, the execution time for

running bootstrap is very long. Instead of using classic bootstrap3, we will use m

out of n bootstrap to conduct inference. Under the condition that m,n → ∞ and

m/n→ 0, there is some literature discussing the effectiveness of m out of n bootstrap.

3Classic bootstrap means the size of bootstrapped sample is equal to the size of original sample
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Bickel, Götze, and Zwet (1997) stated that the m out of n bootstrap works very

well if the usual bootstrap fails but sacrifices the efficiency if the usual bootstrap is

consistent. Davidson and Flachaire (2007) believed that m out of n bootstrap can be

very useful especially when the classic bootstrap is very difficult to conduct. Bickel

and Sakov (2008) considered an adaptive rule to pick m when the usual bootstrap is

not consistent.

2.5 Application

2.5.1 Data description

In this paper, we analyzed the intergenerational income mobility by using National

Longitude Survey of Youth data from two cohorts — 1979 cohort (NLSY79) and 1997

cohort (NLSY97). The NLSY79 and NLSY97, supported by the U.S. Bureau of Labor

Statistics, are longitudinal surveys that began in 1979 and 1997 separately. NLSY79

and NLSY97 are nationwide representative samples of 12,686 men and women age

14-22 in 1979 and 8,984 men and women age 12-18 in 1997. The NLSY79 conducts

annually from 1979 to 1994 and biannually thereafter. The sample of NLSY97 has

been reinterviewed from 1997 to 2011 and and biannually thereafter. The two samples

are great datasets for studying intergenerational income mobility because both follow

the lives of children and their parents from the first interview and continue to follow

up when children are in their adulthood, and thus provides children’s incomes and

their parental incomes. We confine the NLSY79 to people age 14-18 in 1997 in order

to ensure that both cohorts can compare each other and avoid over-representing late

home-leavers (Bloome et. al (2018)).

We use the family income from the earliest five rounds of surveys as parental income

for both cohorts. The parental incomes (reported in 1979 - 1983 and 1997 - 2001)

are incomes from previous years (1978 - 1982 and 1996 - 2000) and the summation
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of all household members’ annual incomes including wages, salary, commission, tips,

farm and business incomes, unemployment compensation and child support. For

children, since both surveys are conducted biannually when we draw the incomes

of children, we use incomes in 1996, 1998 and 2000 as children’s of NLSY79 cohort

and in 2013, 2015, and 2017 as children’s of NLSY97 cohort. We also change all

family incomes in all years into 2016 dollars using the CPI-U-RS series. By using

the detailed age controls (see Lee and Solon (2009)), we use ages in 1979 and 2000

as mothers’ and ages in 2000 and 2017 as children’s for both cohorts. In addition,

we choose the education in 1979 and 1997 as parents’ and most recent educations in

2000 and 2017 as children’s for NLSY79 and NLSY97 cohort respectively. Next, we

turn the education variable into a categorical variable with 5 categories — less than

high school, high school, some college, bachelors degree and advanced education. We

drop observations with variables containing null values. After organizing the datasets,

our sample sizes are 1220 and 1548 for NLSY79 and NLSY97 cohort separately. The

outcome variable is the rank of child’s income. The covariates include rank of parental

income, children’s sex, children’s age, children’s age squares, children’s race, children’s

education dummy variables (less than high school, high school, some college, bachelors

degree and advanced education), children’s asvab scores, Mother’s education dummy

variables (same as children’s), mother’s age, mother’s age squares.

We use m out of n bootstrap to estimate the standard errors and construct the

confidence intervals. Although m out of n bootstrap can bring us some computational

costs, this method save us lots of computational time. However, the choice of an

appropriate value of m can be critical since we need to make sure that the m/n→ 0 as

m→∞ and there is no general rule to choose m (see page 466 in DasGupta (2008)).

We set m= 300 for cohort 97 and 79.

Summary statistics are shown in table 2.1. These are provided separately by

different cohorts. Families of cohort 97 have higher asvab scores than families of cohort
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79. Mothers and children in cohort 97 are more educated than those in cohort 79,

which implies the years of education are increasing across cohorts. For children, more

children in cohort 97 have bachelor degree and above than those in cohort 79. The

number of Black families in cohort 97 are less but the difference is not statistically

significant. There are less Hispanic and more non-Hispanic and non-Black families in

cohort 97. Also parental income of cohort 79 is less than that of cohort 97.

Table 2.1: Summary Statistics

Cohort 97 Cohort 79

Mean SD Mean SD Dif of Mean SD of Dif

Asvab 54.383 0.734 51.251 0.813 3.132 1.098

Male 0.480 0.013 0.496 0.014 -0.016 0.019

Black 0.186 0.010 0.200 0.011 -0.014 0.015

Hispanic 0.156 0.009 0.180 0.011 -0.024 0.014

Nonhisnonbla 0.658 0.012 0.620 0.014 0.038 0.018

Child’s age 35.079 0.037 37.526 0.040 -2.447 0.054

Mother’s age 43.165 0.135 42.668 0.182 0.497 0.222

Mother’s highest edu 13.110 0.072 11.185 0.091 1.925 0.114

Child’s highest edu 14.691 0.077 13.670 0.069 1.021 0.106

High school 0.182 0.010 0.405 0.014 -0.223 0.017

College 0.249 0.011 0.260 0.013 -0.011 0.017

Bachelor 0.188 0.010 0.155 0.010 0.033 0.014

Advanced edu 0.272 0.011 0.119 0.009 0.153 0.015

MHigh school 0.337 0.012 0.439 0.014 -0.101 0.019

MCollege 0.268 0.011 0.104 0.009 0.164 0.015

MBachelor 0.142 0.009 0.061 0.007 0.081 0.012

MAdvanced edu 0.093 0.007 0.030 0.005 0.063 0.009

Log average of parental inc 11.026 0.020 10.860 0.018 0.166 0.027

Log average of child’s inc 11.072 0.022 11.063 0.023 0.008 0.032

Notes: Average partial effects for each covariate (as discussed in text) for families with parents’ income in the first

quartile of the income distribution and separately by race. Pointwise standard errors are reported in parentheses

that are computed using the bootstrap with 500 iterations. ∗ indicates statistically significant at the 10% level, ∗∗

indicates statistically significant at the 5% level, and ∗∗∗ indicates statistically significant at the 1% level.
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2.5.2 Main results

LRRS and CRRS

LRRS and CRRS are described by Figures 2.1 and 2.2. The vertical ordinate of

each panel indexes the value of RRS and the horizontal ordinate represents parental

rank. Comparing panel (a) with panel (b), we find the trend of LRRS is different. For

cohort 79, the trend is slightly decreasing with the increase of rank. The trend for

cohort 97 is just the opposite. With the increase of parental rank, the LRRS is also

increasing. Panel (c) is the counterfactual RRS of cohort 97. CRRS means the RRS

of cohort 97 if they had the characteristics of cohort 79. CRRS show different trends

when x is in different intervals. The trend increases during the interval [0,0.5)and then

decrease when x ∈ [0.5, 0.75), and increase again when x ∈ [0.75, 1].

Figure 2.1: Patterns of RR slopes

(a) Cohort 97 (b) Cohort 79

(c) Counterfacutal
Notes: Patterns of RR slopes for cohort 97 (Panel a), cohort 79 (Panel b) and counterfactual RR

slopes of cohort 97 (Panel c). Each solid curve is the smoothed line of the points of RR slopes obtained

by using LOSSE methods. Each dotted curve represents the smoothed line of boundary points in the

90% uniform confidence interval constructed using the m out of bootstrap (as discussed in the text)

with 500 bootstrap iterations. Each dashed curve represents the smoothed line of boundary points in

the 90% uniform confidence interval constructed using the m out of bootstrap (as discussed in the

text) with 500 bootstrap iterations.
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The panel (d) of Figure 2.2 in the Appendix B.2 is the difference in the LRRS

between cohort 97 and 79 at each rank. Most LRRS of cohort 97 are smaller than

that of cohort 79 in the lower rank and larger than that of cohort 79 in higher rank.

Sorted Composition Effects and Classification Analysis

The sorted composition effects are shown in Figure 2.2. The light gray area

represents the uniform confidence bands or sup-t confidence bands constructed by

using the algorithm . The dark gray area is the point-wise confidence interval for each

rank. We can conduct multiple hypothesis test and reject the null hypothesis that

the composition effects are equal to zero for all ranks. As mentioned in the previous

sections, the composition effects is the difference between the LRRS of cohort97 and

CRRS of cohort 97. The sorted composition effects can be obtained by rearranging

the composition effects in an increasing order according to the distribution of parental

rank.
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Figure 2.2: Sorted composition effects

Notes: The line is the sorted composition effects of the gap between cohort 97’s and counterfactual

RR slopes. The light grey area is the simultaneous confidence bands. The pointwise confidence

bands are represented by the dard grey area. The 90% pointwise and uniform confidence intervals

are constructed by using the m out of n bootstrap (as discussed in the text) with 500 bootstrap

iterations.

In oder to do classification analysis, we define people who has composition effects

larger than 90% of people as the most affected people and smaller than 10% of people

as the least affected people. In this figure, this refers to the part larger than the

90 percentile as the most affected group and smaller than 10 percentile as the least

affected group. Table 2.1 in Appendix B.2 lists the value of characteristics of the

most and least affected groups separately. From this table, we can see that mean

of asvab scores for the most affected group is larger than that for the least affected

group. One reason is that the the relationship between avsab score and LRRS is

positive. For example, the sorted composition effects can be represented by equation

∆∗ = LRRS − CRRS. From Table 2.1, cohort 97 have higher average asvab scores

than cohort 79. people in the most affected group from cohort 97 have higher asvab

scores than people in the least affected group from the same cohort , thus the people in

most affected group have larger LRRS. Once people in most affected group of cohort
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97 had the asvab scores of cohort 79 which is usually smaller than their actual asvab

scores, they would have CRRS which is smaller than LRRS and thus have positive

∆∗. For people in least affected group, their asvab scores is larger than their actual

scores after they replace actual asvab scores with the counterpart of cohort 79. So

they may have negative value of ∆∗. Thus the most affected group will have larger

∆∗ on average than the least affected group. Besides, we also find that the most

affected people are from higher income families, tend to be male and Nonblack and

nonhispanic, and accept more years of education especially in advanced education.

The parental education is unrelated to the composition effects since the difference

between the two groups are very small and statistically insignificant. We also construct

the uniform confidence bands for the difference in the covariates between the most

and least affected groups. From Figure 2.1, we can reject the null hypothesis that the

differences of all covariates are equal to zero.

2.6 Conclusion

In this paper, we have developed new measures of Rank-Rank slopes that adjust

for the differences in the distribution of characteristics across different values of

parental ranks. By using some mathematical techniques, the estimation of those new

measures such as LRRS and CRRS can be simplified to the estimation of conditional

distributions. In order to estimate these conditional distributions, we proposed new

semiparametric distribution regression method. This method has two advantages: first,

we do not need to specify a link function, which reduces the risk of misspecification.

Second, compared to nonparametric estimators, our approach does not suffer from the

curse of dimensionality because the single index can reduce the dimension of covariates

to just one. This semiparametric method may be very interesting to some researches

who would like to estimate the conditional distributions but have no idea of what the
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correct link functions are. Moreover, LRRS provides a new way to explore the local

effects of parental rank on the avergae of child’s rank and thus depicts a full picture

of the nonlinear relationship between children’s ranks and parents’ ranks. CRRS is

similar to LRRS except adjusting for the difference in distributions of covariates across

different values of parental rank. This implies CRRS is useful for studying the effects

of changing the distribution of other covariates on the relationship between parental

rank and child’s rank. Furthermore, we propose to sort the composition effects and

then apply classification analysis to find the characteristics which play important roles

in determining the value of composition effects for a specific group of people.

In the application, we used our method to study differences in LRRS between

cohort 97 and cohort 79. We found these two cohorts have opposite trend. The trend

of LRRS for cohort 97 is increasing and for cohort 79 is decreasing. After constructing

the CRRS for cohort 97 and obtaining the composition effects, some of the differences

in LRRS between two cohorts can be explained by the time difference although the

rest cannot be explained. Through classification analysis, we discovered that children

which have larger composition effects are from higher income families, tend to be

male and Nonblack and nonhispanic, and accept more years of education especially in

advanced education. The parental education is unrelated to the composition effects.
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CHAPTER 3

DECOMPOSING WAGE GAPS BETWEEN

HAN AND NON-HAN MINORITIES

3.1 Introduction

Since the reform and opening up, China’s economy has developed rapidly, and

people’s living standards continue to improve. However, the rapid economic develop-

ment has intensified the uneven distribution of the wealth and imbalance of regional

development. Most researchers focus on regional economic development and income

inequality within or between industries or regions. There is very little literature on

studying the income gaps among minorities. China is a multi-ethnic country. Accord-

ing to official statistics, there are 56 ethnic groups in China. The Han nationality

is the most populous one, accounting for 90% of the total population. The other

55 ethnic minorities account for 10%. Thus exploring income gap between Han and

Nonhan minorities seems to be very interesting.

Sullivan (2013) believed that ethic inequalities do not acquire enough scholarly

attention. Although there are some papers focus on this area such as ethnic inequal-

ity in education (Hannum (2002), Hasmath (2007)), occupation (Hannum and Xie

(1998)), rural income (Gustafsson and Shi (2003), Gustafsson and Sai (2009)), and

representation in political leadership (Zang (1998)), conclusions are very different
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and these studies do not reach a consensus on whether national inequality affects

individual socioeconomic status. Gustafsson and Shi (2003) pointed out that the

income gap between Han and non-Han groups increased by 35.9 from 1988 to 1995.

According to Xiaomin and Lu (2017), the incomes of non-Han minorities have always

been lower than those of Han. But the income gap between non-Han and Han decrease

overtime during the period 2002 -2013 in some areas which do not include the Chinese

autonomous regions except Yunnan. At the same time, it should be noted that during

this period inequality increased more for ethnic minorities than it did for Han. For

example, in this paper, they calculate that the average annual income of Han group

was 2694 yuan higher than that of ethnic groups which was 1934 yuan. In 2013, the

average annual income for Han raised to 7847 yuan higher than minorities’ average

income (6120 yuan in 2013). But the average income gap between Han and non-Han

is decreasing. The ratio of Han average income over non-Han’s is 1.28 in the year

2013 smaller than 1.39 in 2002. As we can see, whether the income gap increase

or decrease overtime, we can sure that the income gap does exist. However, since

the regional development of China is unbalanced and major minorities are living in

underdeveloped region, it is hard to attribute the income gap to the ethnic difference

without considering the imbalance of regional development and other demographic

factors such as language and education. Gustafsson and Sai (2009) explain that

ethnic income differences are due to the location because most non-Han people live in

poor area. When controlling for the location and demographic determinants, ethnic

difference does not have significant impact on the income of people or poverty rate.

They also recommended that policy maker should focus on improve the income of poor

village irrespective of people’s ethnic difference. However, Gradıén (2015) thought

that the driving force of ethnic income gap is different for people in different quantile

of their income distribution. For people whose income is above the median, the main

reason that cause the ethnic income gap is the regional distribution factor. For people
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whose income is below the median, the income gap will not narrow after controlling

for the regional distribution. From all the papers mentioned above, we can make

conclusion as follows. The ethnic income gap exists for a long time and the gap tended

to increase during the year 1988-1995 and showed decreasing tendency during the

period 2002-2013. However, we cannot attribute the income gap to ethnic difference

without taking into consideration other factors such as regional development imbalance,

education, age and other demographic factors. The purpose of this paper is to explore

the link between the ethnic difference and income gap between Han and non-Han

groups. In other words, we try to find out whether the income gap between these two

groups exists and what the driving forces behind this gap.

This paper will use two methods. One is RIF regressions proposed by Firpo, Fortin,

and Lemieux (2018). The other one is proposed by Chernozhukov, Fernández-Val,

and Melly (2013). In this paper, I will first use quantile regression and counterfactual

decomposition to explore the relationship between the ethnicity and income. The

conditional distribution function can be obtained by inverse conditional quantile

function. Then we can get the counterfactual decomposition by integrating conditional

distribution function over the distribution of the covariates of another group. I will

use dataset CHIP 2013 to analyze the income gap between Han and non-Han groups

and to see whether the ethnic difference is related to the income gap after controlling

for the region and other important demographic factors. The reason why I use this

method is as follows. Least-square estimation tend to be a very popular method in

analyze the relationship between the dependent and independent variables because of

the computation tractability and optimality in normal distribution. But this method

can only analyze the average effects of covariates on the outcome, which only show

part of the whole picture of the distribution. Unlike LS estimation, quantile regression

provides a way to explore the effects of covariates on different quantiles of dependent

variable, which can make the picture of the distribution complete. Besides, quantile
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regression is also a more robust method. Compared to the least square estimator, it

is less sensitive to the extreme values or outliers in many non-Gaussian, especially

long-tailed, situations (Koenker and Bassett Jr (1978)). By using these two methods,

we find that the ethnic difference does exist because the structural effect is larger

than the composition effect. For example, by using distribution regression method to

decompose the income difference, we find that the aggregate structure effect accounts

for at least 56 percent across the whole distribution. Meanwhile, for the detailed

composition effect, we learn that there are three forces that cause the composition

effect most such as age, region and education. All three together account for at least

50 percent across the whole distribution. In low quantile, the ratio increases to almost

80 percent. Also, the regional factor does not play an important role in explaining

the income difference. It only account for 7 percent of income difference. However, to

some extent, we can use proper policies to narrow the income gap by reducing the

composition effect. Since we already know that education and regional development

are the main driving forces to explain the composition effect, we can decrease this

effect by improving the education level and solving the unbalanced development among

different regions.

This paper is organized as follows. Section 2 describe the model used in this paper,

it presents the how we conduct quantile regression function, build counterfactual dis-

tribution and decompose the difference of the income among Han and other minorities.

In section 3, we will briefly describe the dataset we use in this paper. In section 4, I

will apply the method in section 2 to do the decomposition. In the final section, I will

present the results and conclusion of this paper.
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3.2 Model

In this section, we will first introduce the quantile regression and show how to use

quantile regression to get the conditional distribution function and the unconditional

distribution function. We estimate the counterfactual distribution by varying the

distribution of observed characteristics. Finally, we decompose the difference in

distributions between two groups into two parts — structure effects (unexplained

effects) and composition effects. Here the structure effects refer to the unexplained

part of income gap caused by the differences in coefficients given specific values of

observed characteristics. Composition effects are also called explained effects which

are induced by the difference in covariates.

3.2.1 Quantile regression

Quantile regression proposed by Koenker and Bassett Jr (1978) and Koenker (2005)

is a very effective way to estimate the conditional distribution. The basic idea of

quantile regression is that the fact that τth sample quantile can minimizes the sum

of weighted absolute loss function conditional on covariates where the weight is the

index of τth quantile, can lead us to define τth conditional quantile (shown below) to

minimize the sum of weighted absolute loss function. We can define the conditional

quantile function as

QY |X(τ |x) = P (x)′β(τ) (3.1)

where µ|x ∼ U(0,1) is independent of X and P(·) is a vector of transformations of X.

If q is the τth quantile of the sample, then q̂ is the optimal solution of the following

70



function:

min
q∈R

N∑
i

(τ1{Yi − q}+ (1− τ)1{Yi − q})|Yi − q| (3.2)

where 1{·}is the indicator function and equals one if the condition in the parentheses

is satisfied. Combine into quantile regression framework, we can get

β̂(τ) = argmin
N∑
i=1

ρτ (Yi − P (Xi)
′b) (3.3)

where ρτ (·) = (τ1{Yi−P (Xi)
′b}+(1−τ)1{Yi−P (Xi)

′b})|Yi−P (Xi)
′b| = (τ−1{Yi ≤

P (Xi)
′b})|Yi − P (Xi)

′b| is the check function or absolute loss function. Then we can

get the estimated conditional quantile by

Q̂Y |X(τ |x) = P (x)′β̂(τ) (3.4)

The conditional distribution can be obtained by integrating the conditional quan-

tile over τ and the unconditional distribution can be estimated by integrating the

conditional distribution over the covariates distribution.

FYt|Xt(y|x) =

∫
(0,1)

1{P (x)′βt(τ) ≤ y}dτ (3.5)

and

FY<t|t>(y) =

∫
Xt
FYt|Xt(y|x)dFXt(x|t) (3.6)

where FY<t|t>(y) is the unconditional distribution function for group t.

By using Equations (3.5) and (3.6), we may suffer from crossing problem which

means conditional distribution function obtained by using quantile regression may not

be monotonic. However, Chernozhukov, Fernández-Val, and Galichon (2010) proposed
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rearrangement method to solve this problem. For example, the quantiles can be

rearranged by inverting distribution function: Q∗Y<t|t>(τ) = F ∗←Y<t|t>(y)1 where * means

functions after rearrangement.

Remark 3.1. We use empirical function to estimate the distribution. For the

conditional distribution and distribution for covariates X, we have F̂Yt|Xt(y|x) =∑J
j=1(τj − τj−1)1{P (x)′β̂t(τj) ≤ y} and F̂Xt(x) = N−1

t

∑Nt
i=1 1{Xit ≤ x}, for group

t=0 or 1.

Remark 3.2. As said in the Chernozhukov, Fernández-Val, and Melly (2013), we trim

ε > 0 in order to avoid estimation of tail quantiles. We estimate the quantile regression

coefficients on a fine grid ε = µ1 < µ2 < · · · < µs = 1−ε with grid δ. The unconditional

CDF then can be obtained by F̂Y<t|k>(y) = ε+ n−1
k δ

∑nk
i=1

∑S
s=1 1{P (xki)

′βt(µs) ≤ y}

when t = k. When t 6= k, the counterfactual CDF Equation (3.6) can be obtained by

using the same empirical distribution function as the unconditional CDF.

3.2.2 Counterfactual distribution

The counterfactual distribution can be obtained by adjusting for the difference

in the distribution of covariates. To be specific, the counterfactual distribution is

the unconditional distribution that arise from fixing the conditional distribution but

changing the distribution of covariates. Thus we can use Equation (3.6) to construct

counterfactual distribution except varying the distribution of covariates. Suppose t

and k are two different groups, the counterfactual distribution can be represented as

follows:

FY<t|k>(y) =

∫
Xk
FYt|Xt(y|x)dFXk(x) (3.7)

1For more details, see Chernozhukov, Fernández-Val, and Galichon (2010)
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where xk ∈ Xk. As shown in Equation (3.7), the counterfactual distribution can be

obtained by integrating the conditional distribution of group t over the covariates dis-

tribution of group k. As mentioned in Remark 3.2, we can estimate the counterfactual

distribution by

F̂Y<t|k>(y) = ε+ n−1
k δ

nk∑
i=1

S∑
s=1

1{P (xki)
′βt(µs) ≤ y}

where t 6= k.

3.2.3 Decomposition

In this section, we extended Oaxaca and Blinder decomposition to explore the

difference in the distribution between two groups. We will use two methods to estimate

the difference in distribution of income between two groups of people. The first one

proposed by Chernozhukov, Fernández-Val, and Melly (2013) is using the unconditional

distribution and counterfactual distribution to estimate the difference. The second

one proposed by Firpo, Fortin, and Lemieux (2018) is RIF-regression-based method

which we will discuss latter in this section.

3.2.3.1 OB decomposition

Before we proceed to the decomposition process of difference in distribution, we

first briefly introduce the traditional OB decomposition method. The goal of this

method is to decompose the difference in mean of dependent variable such as wage

between two groups.

Researchers usually applied traditional OB decomposition to a linear and separable

model. We use g to index the groups and K to number the covariates, Yg is the income

for group g and Xg is the K*1 vector of covariates for group g and εg is the error term.
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We have

Yg = Xgβg + εg, for g=1,0 (3.8)

where E(εg|X)=0. Suppose g=1 be the indicator of group 1, then using the law of

iterated expectation, the overall mean wage gap will be

∆o = E(Y |g = 1)− E(Y |g = 0)

= E[E(Y |g = 1, X)|g = 1]− E[E(Y |g = 0, X)|g = 0]

= E(X|g = 1)′β1 + E(εg|g = 1)− E(X|g = 0)′β0 + E(εg|g = 0)

= X̄1
′
β1 − X̄0

′
β0

= X̄1
′
β1 − X̄1

′
β0 + X̄1

′
β0 − X̄0

′
β0

= X̄1
′
(β1 − β0)︸ ︷︷ ︸

∆S :Structure effects

+ (X̄ ′1 − X̄0
′
)β0︸ ︷︷ ︸

∆C : Composite effects

=
K+1∑
k=1

x̄1k(β1k − β0k)︸ ︷︷ ︸
∆Sk

+
K+1∑
k=1

(x̄1k − x̄0k)β0k︸ ︷︷ ︸
∆Ck

(3.9)

where X̄g is a K*1 vector of mean value of covariates in group g. Detailed structure

component ∆Sk can be explained as the effect of difference in coefficients (β1k − β0k)

that is associated with xk and detailed composition component ∆Ck can be interpreted

as the effect of difference between mean of xk in group 1 and group 0.

3.2.3.2 Decomposition based on quantile regression

In this part, we show how to conduct decomposition by using the quantile regression

method. We first obtain the estimator of unconditional distribution and counterfactual

distribution by equation F̂Y<t|k>(y) = ε + n−1
k δ

∑nk
i=1

∑S
s=1 1{P (xki)

′βt(µs) ≤ y}. If

t = k, we have the estimator of unconditional distribution. Otherwise, If t 6= k, the
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estimator of counterfactual distribution can be obtained. Extending OB decomposition

to distribution function, we have

F̂Y<t|t>(y)− F̂Y<k|k>(y) =

∆D
S︷ ︸︸ ︷

F̂Y<t|t>(y)− F̂Y<k|t>(y) +

∆D
C︷ ︸︸ ︷

F̂Y<k|t>(y)− F̂Y<k|k>(y)

where we use ·̂ to represent the estimator. ∆D
C and ∆D

S are aggregate composition

effect and aggregate structure effect respectively. Instead of decomposing the difference

in the mean, we extend to different quantiles by inverting the estimated distribution

into quantile such as QY<t|t>(τ) = F←Y<t|t>(y).

Then we have

Q̂Y<t|t>(τ)−QY<k|k>(τ) =

∆D
S︷ ︸︸ ︷

Q̂Y<t|t>(τ)−QY<k|t>(τ) +

∆D
C︷ ︸︸ ︷

QY<k|t>(τ)−QY<k|k>(τ) (3.10)

Unlike the traditional OB decomposition method which only study difference in

the mean, this function calculates the difference at each quantile and thus provides

distribution of the difference.

Remark 3.3. One limitation of this method is that it is path dependence which

means the detailed composition effect depends on the base group you choose( see

Chernozhukov, Fernández-Val, and Melly (2013)).

3.2.3.3 RIF-regression based decomposition

In this part, we will use another method proposed in Firpo, Fortin, and Lemieux

(2018). In this paper, they use a two-stage method. In the first stage, they use

reweighting method to estimate the aggregate composition and structure effects. In

the second stage, they explore the detailed decomposition by using recentered influence

function (RIF) regressions.The main advantages of this method are that decomposition

does not suffer from the path dependence problem and that detailed effects are very
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easy to estimate by using OLS method.

RIF-regression model Firpo, Fortin, and Lemieux (2018) first came up with

unconditional quantile regression. In that paper, they run regression of RIF of

unconditional quantile on covariates to estimate the effect of change in distribution of

covariates on various quantiles of the distribution of the response variable. We define

as QY (τ) the τ th quantile of the income distribution. QY (τ) is the reweighted value

after rearrangement and we can get it from the quantile regression. We will see how

to estimate later in this part. For simplicity, we write QY<t|t>(τ) as qτt. The RIF of τ

th quantile can be shown as follows.

RIF(y; qτt) = qτt + IF(y; qτt) = qτt +
τ − 1{qτt ≤ y}

fY (qτt)
= c1,π · 1{y>qτt}+ c2,π

(3.11)

where IF(·) is the influence function, c1,π = 1
fY (qτt)

, c2,π = qτt− c1,π · (1− τ) and fY (qτt)

is the unconditional density of Y at qτt.

In the first stage, we will use reweighted quantile to obtain q̂τt—the τth quantile

of income distribution at group t and q̂cτ—the τth quantile of counterfactual income

distribution. Let p be the probability for an individual being in group t and T be

an indicator function 1{t = 1} which is equal to one if t=1 and zero otherwise. We

calculate the sample quantile by using the function below

q̂τt = argminq

N∑
i=1

ω̂t(Ti)ρτ (Yi − q) (3.12)

and

q̂cτ = argminq

N∑
i=1

ω̂c(Ti, Xi)ρτ (Yi − q) (3.13)
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where ω̂t=1(Ti) ω̂t=0(Ti) and ω̂c(Ti, Xi) are T
p̂

, 1−T
1−p̂ and p̂(X)(1−T )

(1−p̂(X))p̂
respectively. Then we

plug into Equation (3.11) the estimators we get in first stage and obtain ˆRIF(y; qτt).

In the second stage, we will run weighted OLS of ˆRIF(y; qτt) on X and obtain the

regression coefficients.

β̂qτt =
( N∑
i=1

ωt(Ti)XiX
′
i

)−1
N∑
i=1

ωt(Ti)Xi
ˆRIF(yi; qτt)

and

β̂qτc =
( N∑
i=1

ωc(Ti, Xi)XiX
′
i

)−1
N∑
i=1

ωc(Ti, Xi)Xi
ˆRIF(yi; qτc)

Pluging the estimators of RIF-valued quantiles and coefficents estimated based on

OLS into the traditional OB decomposition function mentioned above, we can obtain

∆RIF
O = E

[
ˆRIF(yi; qτ )|t = 1

]
− E

[
ˆRIF(yi; qτ )|t = 0

]
= E

[
ω∗t (Ti)Xi|t = 1

]′
β̂qτ1 − E

[
ω∗t (Ti)Xi|t = 0

]′
β̂qτ0

=

 N∑
i=1

ω̂∗1(Ti)Xi

′ β̂qτ1 −

 N∑
i=1

ω̂∗1(Ti)Xi

′ β̂qτc +

 N∑
i=1

ω̂∗1(Ti)Xi

′ β̂qτc
−

 N∑
i=1

ω̂∗0(Ti)Xi

′ β̂qτ0

=

 N∑
i=1

(ω̂∗1(Ti)− ω̂∗0(Ti))Xi

′ β̂qτ0 +

R̂qτ︷ ︸︸ ︷ N∑
i=1

ω̂∗1(Ti)Xi

′ (β̂qτc − β̂qτ0 )

︸ ︷︷ ︸
∆̂qτ
C

+

 N∑
i=1

ω̂∗1(Ti)Xi

′ (β̂qτ1 − β̂qτc )

︸ ︷︷ ︸
∆̂qτ
S

(3.14)

Where ∆̂qτ
S and ∆̂qτ

C are aggregate structure and composition effect separately. ω∗t (T )

is the normalized weight for group T = t. The detailed decomposition effects can
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be written as follows: ∆̂qτ
S =

∑K
k=1 x̄

k
1(β̂qτ1k − β̂

qτ
ck ) and ∆̂qτ

C =
∑K

k=1

[
(x̄k1 − x̄k0)β̂qτ0k +

x̄k1(β̂qτck − β̂
qτ
0k)
]

where x̄kt = (
∑N

i=1 ω
∗
t (Ti)xi)

k for kth covariate.

3.3 Data

In this paper, we use dataset of CHIP (China Institute For Income Distribution)

2013 rural household survey to analyze the income gap between Han and non-Han

groups. CHIP has conducted five waves of household surveys in 1989, 1995, 2002, 2007

and 2013 separately. This variables include household ID, age, gender, marital status,

education, political party, ethnicity, occupation, region and income level. There are

39065 observations in this dataset from 14 provinces and municipalities. Those regions

are from three regions of China. The provinces and Municipality from Eastern China

are Beijing, Liaoning, Jiangsu, Shandong, Guangdong. Central China. In Central

China, these are Shanxi, Anhui, Henan, Hubei and Hunan. The rest are Chongqing,

Sichuang, Yunnan and Gansu in Western China. But five minority autonomous

regions—Ningxia, Xinjiang, Tibet, Guangxi and inner mongolia autonomous region,

are not included in the survey. It make sense to exclude those areas out of our dataset.

Since most minorities live in those areas which are underdeveloped, including those

areas in our dataset may cause upward bias or overestimate the income gap. Besides,

to protect minorities culture and jobs, it is very likely that the local governments of

autonomous provinces make policies which are more beneficial to Nonhan minorities.

Xiaomin and Lu (2017) call those areas without the five autonomous provinces —

atypical ethnic autonomous areas.

For organizing the dataset, we drop observations with missing values in one of

these variables — income, education, ethnicity and other demographic characteristics

we will use in our research. We categorize party into communist, democratic and

other parties, and divide the regions into eastern, central and western regions. The
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developed regions are usually located in the eastern China and the underdeveloped

regions are located in the west of China. After dividing the regions into three part, we

may control for the imbalance of regional development. We also classify the education

into four levels such as Never schooled (including informal education such as literacy

courses),less than high school, high school and college. There are three types of

income in 2013 in this survey: total disposable income of the household in 2013, the

non-agriculture income in 2013 and reimbursement of the household from the land

transferring or renting in 2013. Except the non-agriculture income in 2013, all are

household-level data. Also, the total disposable income should be larger than the

non-agriculture income but nearly 1/4 household has smaller disposable income. So I

just use the non-agriculture income plus reimbursement or rent divided by the number

of people in a household as the income for people in the rural areas. After organizing

the data, we have 35964 observations for the Han and 3080 for the non-Han.

There are fifty-six minorities officially recognized in China. However we divide

those minorities into only two groups — Han and non-Han group. Here are some

reasons. First, Mandarin/Putonghua is the official language in China and also called

standard Han language. There are different kinds of Han languages in China and

Mandarin is one of them. But most Han people can understand each other even

though they speak different kinds of Han language. However, for minorities, their

language and words are totally different from Han language. The minorities’ languages

cannot be widely spread around the country. Not only because their population is so

small but also because even within Nonhan minorities, people in different minorities

speak different language and thus cannot understand each other. So it make sense to

group all Nonhan minorities together as one group according to the language. Second,

the population of minorities is very small. Zhuang is the most populous minority and

has only 16 million people. The population of all minorities is 0.1 billion which is

small compared to Han population which is 1.2 billion. The minorities have the same
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political status even though their population is small. The last reason is that the

scarcity of data for observations from non-Han minorities.

3.4 Application

In this part, we study the wage gap between Han and non-Han groups by using

the dataset of CHIP 2013. As we have introduced above. China has a huge population

with 56 ethnic groups. Over 90 percent of population is Han and other groups only

account for less than 10 percent. To which extent the culture of minority is dominated

by Han culture can be explained by the huge gap between the population of two

groups. It is very common for people to believe that Han group may enjoy more

benefits than non-Han group if we consider the Han is the most influential nationality

in politics, business and culture. Just like the studies on income gap among people

form different groups such as female and male, union and non-union workers and

people from different countries, exploring the income gap between Han and non-Han

groups seems to be a very interesting topic.

Summary statistics are provided in Table 3.1. These summary statistics are

reported separately by groups. On average, the Han has higher income than the

non-Han and the difference in log income between those two groups are statistically

significant at 0.05 level. In other words, Han people earn about 19.6 more than

non-Han people on log average. The number of Han people account for 93.4% of

the population in this sample. Only 6.6% of the population in this sample is the

non-Han. There is 2% more people who are never schooled in non-Han group than

in Han group. 5% more People in Han group accept at least high school education.

As we can see, most people’s education is between less than high school and never

schooled for both groups. This can be contributed to the China’s educational policy —

Nine-year compulsory education. People must attend school until graduate in junior
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high school. This explains why the number of people accepting more education after

junior high school are dramatically reduced. Note there is no differences in party

and gender between two groups. The regional distribution for both groups are same.

Majority of people live in east and center of China.

Figure 3.1 in Appendix C.1 displays the distributions of Han and non-Han people

separately. The distribution is estimated by using nonparametric kernel method. The

blue curve represents the distribution of Han people and the red dotted curve is for

non-Han people. The Han’s income distribution is more concentrated and has lower

dispersion compared to non-Han group. Also the distribution of Han is located to

the right of the distribution of non-Han which implies that Han people earn more

than non-Han people do at almost at each percentile. Table 3.2 lists the income

distributions for both groups. From this table, we can see that Han people earn more

than non-Han people at each percentile, which show that the existence of income gap

between those two groups. Figure 3.2 of Appendix C.1 also depicts the cumulative

distributions for both groups. The income of Han group dominates income of non-Han

group at each quantile.

Next, we will show the estimated values of decomposition based on quantile regres-

sion method (see Koenker and Bassett Jr (1978)). This decomposition method is first

proposed by Chernozhukov, Fernández-Val, and Melly (2013). We first estimate the

conditional quantile using Equations (3.3) and (3.4). Then we convert the conditional

quantile into conditional cumulative function by Equation (3.5). Unconditional CDF

can be obtained by integrating Equation (3.5) over the distribution of covariates such

as Equation (3.6). Remarks 3.1 and 3.2 shows the process of getting unconditional

CDF by using empirical distribution function. Then we use the rearrangement method

(see Chernozhukov, Fernández-Val, and Galichon (2010)) to obtain quantiles. Counter-

factual distribution can be obtained by fixing the conditional distribution but varying

the distribution of observed characteristics of Han group, which can be interpreted
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as the income distribution of the Han had they possessed the characteristics of the

non-Han.

Table 3.1: Descriptive Statistics
total Han non-Han Diff P-value

Log income 6.863 6.921 4.965 1.956 0.001
Share of group 1.000 0.934 0.066 0.868 0.001

Education
Never schooled 0.03 0.03 0.05 -0.02 0.001

Less than high school 0.74 0.73 0.77 -0.03 0.011
High school 0.16 0.17 0.13 0.04 0.002

Bachelor or MA 0.07 0.07 0.06 0.01 0.082
Region

East 0.57 0.55 0.61 -0.06 0.002
Center 0.39 0.40 0.36 0.03 0.031

West 0.04 0.05 0.03 0.03 0.003
Gender
Female 0.38 0.38 0.37 0.01 0.733

Male 0.62 0.62 0.63 -0.01 0.732
Party

No party 0.93 0.93 0.94 -0.00 0.781
Communist 0.07 0.07 0.06 0.00 0.782

Age 37.52 37.64 36.13 1.51 0.001

Note: We check the balance by running regression of each covaraites on treatment
indicator and P-value is for difference between the means of two groups.

Figure 3.3 in Appendix C.1 demonstrates the distribution functions and quantile

functions separately. Figure 3.4 is the inverse of Figure 3.3 with quantile be the vertical

coordinate. These two Figures depicts the sample distributions of the Han and the

non-Han and counterfactual distributions of the Han. Both figures shows that the total

income gap (the gap between the blue curve and red curve) first increase below 15th

percentile index and then decrease after passing the 15th percentile index. Converting

estimated unconditional distribution and counterfactual distribution into quantiles and

putting them into the framework of Equation (3.9), we can perform a decomposition

at different quantiles. The results are shown in Figure 3.5 of Appendix C.1. From this

Figure, the total effects, aggregate structural effects and aggregate composition effects

are inverted U-shaped. In other words, they all first increase and then decrease over
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Table 3.2: The total income at different quantiles
Quantile Total income for Han Total income for Minorities Difference

10th 400 240 160
20th 6000 3000 3000
30th 12000 6000 6000
40th 17000 10720 6280
50th 20000 15000 5000
60th 24600 20000 4600
70th 30000 25000 5000
80th 35000 30000 5000
90th 42000 40000 2000

the percentile index. Both the aggregate effect and composition effect are positive and

thus contribute to the income gap between Han and non-Han groups. Besides, the

structural effects account for most part of the total effects compared to composition

effects of which the curve is under the curve of structural effects. This implies that the

ethnic difference plays a more important role in inducing the total income gap than

the difference in covariates we are included in the model such as region, education etc.

This result partially supports the argument in Mobius, Rosenblat, and Wang 2016

which shows that the wages of Han is more than the wages of non-Han minorities in

non-diverse areas in experimental labor markets setting.

Figures 3.7, 3.9 and 3.11 in Appendix C.1 show the results of detailed decomposition

which are estimated by using RIF method. As we mentioned above, this method

do not suffer from path dependence. The computational simplicity and feasibility

of decomposing composition effect into details is the second advantage of using this

method. Unconfoundedness1 and common support2 are assumed when we use this

method. This method consists of two steps. In first step, we need to estimate the

weighting functions ωt(T ). Then by Equations (3.12) and (3.13), we can get the

estimation of quantiles. The overall effect, aggregate structure effect and composition

effect can then be obtained by replacing the distribution function with estimated

1Given covariates, treatment status is independent of the potential outcomes.
2For all x in X ,p(x) = Pr[T = 1|X = x] < 1 and Pr[T = 1] > 0.
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quantiles and putting those quantiles into Equation (3.10). In Appendix C.1, Figure 3.6

depicts the total effects, aggregate structural effects and aggregate composition effects

by using RIF method. All of them show the same pattern as they do in Figure 3.5. For

example, the three curves are concave-shape and the average of aggregate structure

effect is larger than that of aggregate composition effect. However, unlike Figure 3.5,

the curve of aggregate composition effect is over that of aggregate structural effect in

the lower percentile index.

In the second step of RIF method, we need to estimate the RIF by using Equa-

tion (3.11). The fY (qτt) is the density of Y for group t at quantile qτ , which can be

estimated by using kernel method. Inserting the estimated quantiles and densities into

Equation (3.11), we can get the estimated RIF value. Then we obtain the coefficient

estimates by running regression of estimated value RIF on covariates. Finally, we

can get the detailed decomposition effect by plugging the estimated coefficient and

weights into equation Equation (3.14). In Appendix C.1, as shown in Figure 3.7, the

total detailed effects (detailed structure effect plus detailed composition effect) of

education age and region account for most part of the total effect. Figures 8 and 10

demonstrate the patterns of explained effect and unexplained effect. Figure 3.9 shows

that the education, age and region are three factors which affect the structure effect

most. Figure 3.11 shows the results of detailed composition effect. Education, age

and region account for the majority of composition effect.

Table 3.1 in Appendix C.1 tabulates the results of detailed decomposition and

standard errors. These results are provided separately by income percentile and

methods used to obtain those results. Age, region and education explain most part

of structural effects and composition effects. Composition effects are larger than

structural effects when percentile is between 30th and 50th. We can reduce the income

gap of those people by making policies to narrow the composition effect through two

channels — education and regional development. Also we can see that age account
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for most part of the composition effect.

3.5 Conclusion

This paper has studied the income difference between Han and non-Han minorities

at each quantile by using QR-based decomposition and RIF-based decomposition.

We first use quantile-based method to decompose the difference in wage distribution

into two part—aggregate structure effect and aggregate composition effect. But it

is harder to do detailed decomposition by using this method because of the path

dependence and complexity of using quantile regression to estimate the detailed

results. Thus we propose RIF method to decomposing aggregate structure effect and

aggregate composition effect into details. The advantages of this method are that

we do not have to pay attention to the selection of base group, and this method

can simplify the estimation process through OLS regression. In the application, we

found that Han people earn more than non-Han people at each percentile. Also

the aggregate structure effects account for larger part of income differences than

aggregate composition effects which induced by the differences in the distribution

of observed characteristics between two groups. Aggregate structure effect is also

called unexplained effects which are usually caused by the function form or differences

in coefficients. From the decomposition results estimated by using RIF, aggregate

composition effect is larger than aggregate structural effect at 30th and 50th percentile.

At 10th percentile, the structural effect account for the most income difference. Ethnic

discrimination could interpret the unexplained effects for people in the low percentile.

But this is not convincing. People in the low percentile (10 percentile) are usually

less educated and probably doesn’t speak Mandarin which is the official language

in China. However, we do not have data to survey whether those people can speak

Mandarin or not. Also we have not control for the regions which could potential be
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another reason. Those leaves for study in the future. We also found that total effects,

aggregate structural effects and aggregate composition effects are inverted-U shaped.

Age, region and education explain most part of structural effects and composition

effects.
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APPENDIX A

INFERENCE ON COUNTERFACTUAL

TRANSITION MATRICES

A.1 Proofs

In this section, we prove the theorems mentioned in the main text. We usually

prove the weak convergence of CDF by making some high-level assumptions and then

provide some primitive conditions to show that those high-level conditions can be

satisfied. This process can be applied to parametric, semiparametric and nonparametric

situation. Therefore, we first present a general form to briefly discuss those high level

conditions and then discuss the primitive conditions for parametric and nonparametric

situation. Finally, we explicitly discuss the conditions in semiparametric situation

which is the main focus of this paper.

We first introduce some notations. Let τ = (τ1, τ0) where τ1 is the quartile of

children’s income and τ0 is the quartile of parents’ income. Denote the conditional

distribution of independents variables of group d′ as Fd′|τ0(XTβ) = F0(XTβ) = F0(Z)

where Z = XTβ. Let F̂d′|τ0(XT β̂) = F̂0(XT β̂) and F̂d′|τ̂0(XT β̂) = F̂0|τ̂0(XT β̂). Define

the distribution of children’s income below τ1 conditional on parent’s income below τ0

and covariates as γ(τ,XTβ) = γ(τ1, τ0, X
Tβ) for group d. We will omit the indexes

of rows and columns of transition matrices for simplicity. Then we can obtain the
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general form as:

√
n
(
θ̂ − θ

)
=
√
n

[∫
γ̂(τ̂ , xT β̂)dF̂0|τ̂0(xT β̂)− γ(τ, xTβ)dF0(x)

]
=
√
n

[∫ (
γ̂(τ̂ , xT β̂)− γ(τ, xTβ)

)
d(F̂0|τ̂ (x

T β̂)− F0(xTβ)

]
︸ ︷︷ ︸

∆1

+
√
n

[(
γ̂(τ̂ , xT β̂)− γ(τ, xTβ)

)
dF0(xTβ)

]
︸ ︷︷ ︸

∆2

+
√
n

[∫
γ̂(τ̂ , xT β̂)d(F̂0|τ̂ (x

T β̂)− F0(xTβ)

]
︸ ︷︷ ︸

∆3

We want to show that the general form of
√
n
(
θ̂ − θ

)
can be written as follows: If

E[ϕ] <∞ and E[ϕ2] <∞, then

√
n
(
θ̂ − θ

)
=

1√
n

∑
i

[Γi1 + Γi2] + op(1)
d−→ Γ

if and only if

∆1 = op(1)

∆2 =
1√
n

∑
i

Γi1 + op(1)
d−→ Γ1

∆3 =
1√
n

∑
i

Γi2 + op(1)
d−→ Γ2

where Γ, Γ1 and Γ2 are mean zero Gaussian process.
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A.1.1 Parametric and Nonparametric Case

In this section, we will try to show that under some conditions the weak convergence

of CDF holds in parametric and nonparametric situations. Follow the notation

mentioned above, Denote θ̂ =
∫

Λ(xT β̂, τ̂)dF̂0|τ̂0(x) = 1
n

∑
i

1−Di
1−p Λ(xTi β̂) and θ =∫

Λ(xTβ)dF0(x) and Let the true conditional distribution φ(τ, x) = Pr(τ0, τ1|x) which

is differentiable at τ . In parametric distribution regression, you can check the Appendix

of Chernozhukov, Fernandez-Val, and Melly (2013) to learn the asymptotic theory

of parametric distribution regression. In that paper, they estimate the conditional

distribution and counterfactual distribution by setting the link function as parametric

function such as logit and using the empirical distribution function as the distribution

of covariates. In this part, we will briefly show the proving process of logit distribution

function. We can write as follows:

√
n
(
θ̂ − θ

)
=

∫
Λ(xT β̂, τ̂)dF̂0|τ̂0(x)−

∫
Λ(xTβ)dF0(x)

=
√
n

{∫ [
Λ(xT β̂, τ̂)− Λ(xTβ)

]
dF0(x)

}
︸ ︷︷ ︸

∆1

+
√
n

{∫
Λ(xTβ)

[
F̂0|τ̂0(x)− dF0(x)

]}
︸ ︷︷ ︸

∆2

+
√
n

{∫ [
Λ(xT β̂, τ̂)− Λ(xTβ)

]
d
[
F̂0|τ̂0(x)− F0(x)

]}
︸ ︷︷ ︸

∆3

The first term can be written as follows:

√
n

{∫ [
Λ(xT β̂, τ̂)− Λ(xTβ)

]
dF0(x)

}
=
√
n

{∫ [
Λ(xT β̂, τ̂)− Λ(xT β̂, τ)− [Λ(xTβ, τ̂)− Λ(xTβ)]

]
dF0(x)

}
+
√
n

{∫ [
Λ(xTβ, τ̂)− Λ(xTβ)

]
dF0(x)

}
+
√
n

{∫ [
Λ(xT β̂, τ)− Λ(xTβ)

]
dF0(x)

}
=
√
n

{∫
[Λβ(xTβ)(β̂ − β) + Λτ (x

Tβ)(τ̂ − τ)]dF0(x)

}
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where Λβ(·) is the first order derivative with respect to β and Λτ (·) = Λ(·)φτ (·). The

first term in the first equation will converge to zero because of the Lemma A.3, since

logit function is uniform bounded and also the first order derivative is also uniform

bounded and thus satisfies the lipschitz condition. The behavior of the rest terms

will follow from the application of delta method. The term in the last equation can

be obtained by Lemma A.6 and the convergence of estimator of β. We show that

√
n(β̂ − β) converge to a normal distribution N(0, Vl) by using standard maximum

likelihood method. Vl is equal to the inverse of Fisher information which can be

obtained by taking the second order derivative with respect to β of likelihood function.

For example, we can obtained the log-likelihood function as follows:

β̂ = argmin
β
L

= argmin
β

∑
i

yilog(Λ(xTi β)) + (1− yi)(1− Λ(xTi β))

Taking the first order condition and choosing the β̂ as the optimal value, then we can

get

0 =
∑
i

[
yiΛ

1(xTi β̂)

Λ(xTi β̂)
− (1− yi)Λ1(xTi β̂)

1− Λ(xTi β̂)

]
xTi

Using Taylor expansion, we can get

0 =
∑
i

[
yiΛ

′
(xTi β̂)

Λ(xTi β̂)
− (1− yi)Λ

′
(xTi β̂)

1− Λ(xTi β̂)

]
xTi

=
∑
i

[
yiΛ

′
(xTi β)

Λ(xTi β)
− (1− yi)Λ

′
(xTi β)

1− Λ(xTi β)

]
xTi︸ ︷︷ ︸

`
′
i

+
∑
i


[
−yiΛ

′
(xTi β)

Λ(xTi β)
− (1− yi)Λ

′
(xTi β)

1− Λ(xTi β)

]
Λ
′
+

[
yi

Λ(xTi β)
− 1− yi

1− Λ(xTi β)

]
Λ
′′

xix
T
i︸ ︷︷ ︸

`
′′
i

(β̂ − β)
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where `
′′
i = − exp(zi)

(1+exp(zi))2xix
T
i and zi = xTi β. Then

√
n(β̂ − β) =

√
n
(

1
n

∑
i `
′
i − E(`

′
i)
)

1
n

∑
i `
′′
i

d−→ N(0, I(β)−1)

where E(`
′
i) = 0 and I(β) = −E(`

′′
i ) = E(

exp(xTi β)

(1+exp(xTi β))2xix
T
i ). Then the first term can

be obtained by plugging in the equation of
√
n(β̂ − β).

For ∆2, we can get:

∆2 =
√
n

{∫
Λ(xTβ)d

[
F̂0|τ̂0(x)− F0|τ̂0(x)− [F̂0|τ0(x)− F0(x)]

]}
+
√
n

{∫
Λ(xTβ)d

[
F̂0|τ0(x)− F0(x)

]}
+
√
n

{∫
Λ(xTβ)d

[
F0|τ̂0(x)− F0(x)

]}

The first term will converge to zero by the stochastic equicontinuity. Since

F = {1(X ≤ x), for x ∈ X , and indexed by τ̃0 ∈ T } is a VC-class and thus belongs

to the type-I class in Andrews (1994) which is the sufficient condition for stochastic

equicontinuity. The second term will converge to a mean zero Gaussian process by

functional central limit theorem since indicator functions belongs to Donsker class. The

third term satisfies weak convergence by taking Taylor expansion. F0|τ̂0(x)− F0(x) =∫
φpτ0(τ0, x)f(x)/f(τ0)dx(τ0 − τ0) where φp(τ0, x) = Pr(τ0|x) is differentiable with

respect to τ0.

∆3 will be equal to op(1) by the results we get from ∆1 and ∆2. We can see that

distribution estimated by logit distribution regression does convergence to a normal

distribution with
√
n convergence rate.

√
n
(
θ̂ − θ

)
d−→ N(0, Vlogit)
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where Vlogit = E[E[Λβ](β̂−β)+E[Λτ0 +Λ
φpτ0
φp

](τ̂0−τ0)+E[Λτ1 ](τ̂1−τ1)+ 1
P d′ (τ0)

(Λ(xTβ)−

E(Λ(xTβ))]2.

For the nonparametric case, please refer to T1 term in the Semiparametric case

below.

A.1.2 Semiparametric Case

For the trimming set Ax, Horowitz (2009) points out that Klein and Spady (1993)

use complicated trimming procedures to accomplish this without artificially restricting

X to a fixed set Ax on which g(XTβ) is bounded away from 0 and 1. They find,

however, that trimming has little effect on the numerical performance of the resulting

estimator. Therefore, in practice, they suggest following the simpler approach of using

only observations which satisfy X ∈ Ax. Here we let Ax to be a fixed set in order to

simplify the proof and set αi = 1{xi ∈ Ax}. Since the assumptions in main text imply

that the support of covariates is equal to Ax, we will omit the indicator functions

when we show the asymptotic theory for simplicity without loss of generality.

Proof Of Theorem 1.1

We first introduce some new notations. We replace G in the main text with g.

Let τ = (τ c, τ p) = (τ1, τ0) where τ1 is the quartile of children’s income and τ0 is

the quartile of parents’ income. Denote the conditional distribution of independents

variables of group d′ as Fd′|τ0(X
Tβ) = F0(X

Tβ) = F0(Z) where Z = XTβ. Let

F̂d′|τ0(X
T β̂) = F̂0(X

T β̂) and F̂d′|τ̂0(X
T β̂) = F̂0|τ̂0(X

T β̂). Define the distribution of

children’s income below τ1 conditional on parent’s income below τ0 and covariates

as g(τ,XTβ) = g(τ1, τ0, X
Tβ). We will omit the indexes of rows and columns of
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transition matrices for simplicity. Then we can obtain the general form as:

√
n
(
θ̂ − θ

)
=
√
n

[∫
ĝ(τ̂ , xT β̂)dF̂0|τ̂0(xT β̂)− g(τ, xTβ)dF0(x)

]
=
√
n

[∫ (
ĝ(τ̂ , xT β̂)− ĝ(τ, xT β̂)

)
dF̂0(xT β̂)

]
︸ ︷︷ ︸

∆1

+
√
n

[∫
ĝ(τ, xT β̂)dF̂0(xT β̂)−

∫
g(τ, xTβ)dF0(x)

]
︸ ︷︷ ︸

∆2

+
√
n

[∫
ĝ(τ̂ , xT β̂)d(F̂0|τ̂ (x

T β̂)− F̂0(xT β̂)

]
︸ ︷︷ ︸

∆3

Beginning with the third term, we have

∆3 =
√
n

[∫
ĝ(τ̂ , xT β̂)d(F̂0|τ̂ (x

T β̂)− F̂0(xT β̂))

]
=
√
n

[∫
ĝ(τ̂ , xT β̂)d

(
F̂0|τ̂ (x

T β̂)− F̂0(xT β̂)−
(
F0|τ̂ (x

T β̂)− F0(xT β̂)
))]

+
√
n

[∫
ĝ(τ̂ , xT β̂)d(F0|τ̂ (x

T β̂)− F0(xT β̂))

]
= ∆31 +

√
n

[∫
(ĝ(τ̂ , xT β̂)− g(τ, xT β̂))d(F0|τ̂ (x

T β̂)− F0(xT β̂))

]
+
√
n

[∫
(g(τ, xT β̂)− g(τ, xTβ))d(F0|τ̂ (x

T β̂)− F0(xT β̂))

]
+
√
n

[∫
g(τ, xTβ)d(F0|τ̂ (x

T β̂)− F0(xT β̂))

]

The first term will converge to zero by lemma A.4. The second and third terms will

converge to op(1) by the proposition A.1. For example,

√
n

[∫
(g(τ, xT β̂)− g(τ, xTβ))d(F0|τ̂ (x

T β̂)− F0(xT β̂))

]
= Op(n

−1/2h−1)Op(1) = op(1)
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By the asymptotic property of τ0, the last term will be equal to

√
n

[∫
g(τ, xTβ)d(F0|τ̂ (x

T β̂)− F0(xT β̂))

]
=
√
n

[∫
g(τ, xTβ)d(F

′

0,τ0
(xTβ, τ0)(τ̂0 − τ0))/F (τ0)

]

Next, we will move to ∆1. In order to handle this term easily, we split the term

into two parts:

∆1 =
√
n

[∫ (
ĝ(τ̂ , xT β̂)− ĝ(τ, xT β̂)

)
dF̂0(xT β̂)

]
=
√
n

[∫ (
ĝ(τ̂ , xT β̂)− ĝ(τ, xT β̂)

)
d
(
F̂0(xT β̂)− F0(xTβ)

)]
︸ ︷︷ ︸

∆11

+
√
n

[∫ (
ĝ(τ̂ , xT β̂)− ĝ(τ, xT β̂)

)
dF0(xTβ)

]
︸ ︷︷ ︸

∆12

∆11 will vanish as n goes to infinity by proposition A.1. The second term is a little bit

complicated. By some algebraic operations, we have

∆12 =
√
n

[∫ (
ĝ(τ̂ , xT β̂)− ĝ(τ, xT β̂)

)
dF0(xTβ)

]
=
√
n

[∫ (
ĝ(τ̂ , xT β̂)− ĝ(τ, xT β̂)

)
−
(
g(τ, xT β̂)− g(τ, xTβ)

)
+
(
g(τ, xT β̂)− g(τ, xTβ)

)
dF0(xTβ)

]
=
√
n

[∫ (
ĝ(τ̂ , xT β̂)− g(τ, xT β̂)

)
dF0(xTβ)

]
︸ ︷︷ ︸

∆1
12

−
√
n

[∫ (
ĝ(τ, xT β̂)− g(τ, xTβ)

)
dF0(xTβ)

]
︸ ︷︷ ︸

∆2
12

+
√
n

[∫ (
g(τ, xT β̂)− g(τ, xTβ)

)
dF0(xTβ)

]
︸ ︷︷ ︸

∆3
12
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The second term ∆2
12 and ∆123

12 will be canceled out by the term T 2
32 below since

∆123
12 −∆2

12 = −T 2
32. Following the delta method and asymptotic property of β, ∆3

12

will converge to a mean zero Gaussian process.

∆3
12 =

∫
g′β(τ, xTβ)dF0(xTβ)

√
n(β̂ − β)

We focus on analyzing the first term. For ∆1
12, we can get as follows:

∆1
12 =

√
n

[∫ (
ĝ(τ̂ , xT β̂)− g(τ̂ , xT β̂)

)
+
(
g(τ̂ , xT β̂)− g(τ, xT β̂)

)
dF0(xTβ)

]
=
√
n

[∫ (
ĝ(τ̂ , xT β̂)− g(τ̂ , xT β̂)

)
−
(
ĝ(τ̂ , xTβ)− g(τ̂ , xTβ)

)
dF0(xTβ)

]
−
√
n

[∫ (
ĝ(τ, xT β̂)− g(τ, xT β̂)−

(
ĝ(τ, xTβ)− g(τ, xTβ)

))
dF0(xTβ)

]

+
√
n

[∫ (
g(τ̂ , xT β̂)− g(τ, xT β̂)

)
dF0(xTβ)

]
︸ ︷︷ ︸

∆12
12

+∆13
12

= A1 − A2 + ∆12
12 + ∆13

12

where ∆13
12 =

√
n
∫ (

ĝ(τ̂ , xTβ)− g(τ̂ , xTβ)
)
−
(
ĝ(τ, xTβ)− g(τ, xTβ)

)
+
(
ĝ(τ, xT β̂)− g(τ, xT β̂)

)
dF0(x

Tβ). First, we will show that A1 and A2 will converge to op(1) as n goes to

infinity. For A1, in order to simplify the analyzing process, we can rewrite as follows:

A1 =
√
n

[∫ (
ĝ(τ̂ , xT β̂)− g(τ̂ , xT β̂)

)
d
(
F0(xTβ)− F0(xT β̂)

)]
+
√
n

[∫ (
ĝ(τ̂ , xT β̂)− g(τ̂ , xT β̂)

)
dF0(xT β̂)−

∫ (
ĝ(τ̂ , xTβ)− g(τ̂ , xTβ)

)
dF0(xTβ)

]

The first term in A1 will vanish as n goes to infinity by proposition A.1 and Assump-

tion 1.4. By lemma A.5, the second term will converge to op(1). The same process

can be applied to A2 which also converge to op(1).

By the Taylor Expansion on ∆12
12 and Assumption 1.4, we have g(τ̂ , xT β̂) = g(τ, xTβ) +
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gτ (τ̂ − τ) + gβ(β̂ − β) and g(τ, xT β̂) = g(τ, xTβ) + gβ(β̂ − β). Then

∆12
12 =

∫
gτ (τ, x

Tβ)dF0(xTβ)
√
n(τ̂ − τ)

Move to ∆13
12, it can be rewritten as follows:

∆13
12 =

√
n

[∫ (
ĝ(τ̂ , xTβ)− g(τ̂ , xTβ)

)
−
(
ĝ(τ, xTβ)− g(τ, xTβ)

)
+(

ĝ(τ, xT β̂)− g(τ, xT β̂)
)
dF0(x)

]
=
√
n

[∫ (
ĝ(τ̂ , xTβ)− g(τ̂ , xTβ)

)
−
(
ĝ(τ, xTβ)− g(τ, xTβ)

)
dF0(x)

]
+
√
n

[∫ (
ĝ(τ, xT β̂)− g(τ, xT β̂)

)
dF0(x)

]
︸ ︷︷ ︸

∆132
12

As we mentioned before, the second term ∆132
12 in the last equality will be canceled out.

So we can only focus on the first term in the last equality above. Following the same

notation in P.363 Bhattacharya and Mazumder (2011), we redefine some notations as

follows: z = xTβ and ẑ = xT β̂

m̄(τ, z) =
1

nh

∑
i

K(
zi − z
h

)1{Y ∗ci ≤ τ1, Y
∗p
i ≤ τ0}

whose expectation is given by

m̄∗(τ, z) = EXi

(
1

h
K(

zi − z
h

)φ(Zi, τ1, τ0)

)
=

∫
K(u)f(z + uh)φ(z + uh, τ1, τ0)du

= f(z)φ(z, τ1, τ0) +O(hr)
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So we can get

m̄∗(τ̂ , z) = f(z)φ(z, τ̂1, τ̂0) +O(hr)

= f(z)[φ(z, τ1, τ0) + φ1(z, τ̃1, τ̃0)(τ̂1 − τ1) + φ0(z, τ̃1, τ̃0)(τ̂0 − τ0)] +O(hr)

where τ̃ denote value intermediate between τ̂ and τ . φ1 and φ0 are partial derivatives

with respect to τ1 and τ0. φ is the conditional distribution of 1{Y ∗ci ≤ τ1, Y
∗p
i ≤ τ0}

on z. e.g Pr
(
Y ∗ci ≤ τ1, Y

∗p
i ≤ τ0

∣∣ z).

√
n

[∫ (
ĝ(τ̂ , xTβ)− g(τ̂ , xTβ)

)
−
(
ĝ(τ, xTβ)− g(τ, xTβ)

)
dF0(z)

]
=
√
n

∫ 1
nh

∑
i 1{Y ∗ci ≤ τ̂1, Y

∗p
i ≤ τ̂0}K( zi−z

h
)

1
nh

∑
iK( zi−z

h
)1{Y ∗pi ≤ τ̂0}

− g(τ̂ , xTβ)dF0(z)

−
√
n

∫ ( 1
nh

∑
i 1{Y ∗ci ≤ τ1, Y

∗p
i ≤ τ0}K( zi−z

h
)

1
nh

∑
iK( zi−z

h
)1{Y ∗pi ≤ τ0}

− g(τ, xTβ)

)
dF0(z)

=
√
n

∫ (
m̄(τ̂ , z)

f̂(z, τ̂0)
− f(z)φ(z, τ̂1, τ̂0)

f(z, τ̂0)

)
dF0(z)−

√
n

∫ (
m̄(τ, z)

f̂(z, τ0)
− f(z)φ(z, τ1, τ0)

f(z, τ0)

)
dF0(z)

By lemma A.4 and Assumption 1.7, we have that Op

(
(nh)−1

)
= op(n

−1/2), then

∆13
12 = op(1).

103



Next, we consider the term ∆2. By algebraic operations, we obtain

∆2 =
√
n

[∫
ĝ(xT β̂)dF̂0(xT β̂)− g(xTβ)dF0(xTβ)

]
=
√
n

[∫
ĝ(xT β̂)dF̂0(xT β̂)−

∫
ĝ(xTβ)dF̂0(xTβ)

]
+
√
n

[∫
ĝ(xTβ)dF̂0(xTβ)−

∫
g(xTβ)dF0(xTβ)

]
︸ ︷︷ ︸

T1

=
√
n

[∫ (
ĝ(xT β̂)− ĝ(xTβ)

)(
dF̂0(xT β̂)− F̂0(xTβ)

)]
︸ ︷︷ ︸

T4

+
√
n

[∫ (
ĝ(xT β̂)− ĝ(xTβ)

)
dF̂0(xTβ)

]
︸ ︷︷ ︸

T3

+
√
n

[∫
ĝ(xTβ)

(
dF̂0(xT β̂)− F̂0(xTβ)

)]
︸ ︷︷ ︸

T2

+T1

= T4 + T3 + T2 + T1

By splitting into four parts, it is more easier for us to handle separately. Proposition A.1

establishes that T4 = op(1) vanishes as n goes to infinity. Starting with T2, we can

obtain

T2 =
√
n

[∫
ĝ(xTβ)

(
dF̂0(xT β̂)− dF̂0(xTβ)

)]
=
√
n

[∫
g(xTβ)

(
dF̂0(xT β̂)− dF̂0(xTβ)

)]
+
√
n

[∫ (
ĝ(xTβ)− g(xTβ)

)(
dF̂0(xT β̂)− dF̂0(xTβ)

)]
=T21 + T22
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The second term can be divided into

T22 =
√
n

[∫ (
ĝ(xTβ)− g(xTβ)

)(
dF̂0(xT β̂)− dF0(xT β̂)−

(
dF̂0(xTβ)− dF0(xTβ)

))]

+
√
n

[∫ (
ĝ(xTβ)− g(xTβ)

)(
dF0(xT β̂)− dF0(xTβ)

)]

We can show that this term converges to zero as n goes to infinity. In the first line,

we can show the equation is equal to op(1) by proposition A.1. For the T21, we can do

this by using Taylor expansion as follows:

T21 =
√
n

[∫
g(xTβ)

(
dF̂0(xT β̂)− dF0(xT β̂)−

(
dF̂0(xTβ)− dF0(xTβ)

))]

+
√
n

[∫
g(xTβ)

(
dF0(xT β̂)− dF0(xTβ)

)]

The first term will be op(1) by lemma A.4. The second term will be

√
n

[∫
g(xTβ)

(
dF ′0τ (x

Tβ)(β̂ − β)/F (τ)
)]

For the term T3, we can show the asymptotic process as follows:

T3 =
√
n

[∫ (
ĝ(xT β̂)− ĝ(xTβ)

)
dF̂0(xTβ)

]
=
√
n

[∫ (
ĝ(xT β̂)− ĝ(xTβ)

)
d
(
F̂0(xTβ)− F0(xTβ)

)]
+
√
n

[∫ (
ĝ(xT β̂)− ĝ(xTβ)

)
dF0(xTβ)

]
= T31 + T32

we can analyze T3 separately. For the first term, we can rewrite it into
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T31 =
√
n

[∫ (
ĝ(xT β̂)− ĝ(xTβ)

)
d
(
F̂0(xTβ)− F0(xTβ)

)]
=
√
n

[∫ (
ĝ(xT β̂)− g(xT β̂)−

(
ĝ(xTβ)− g(xTβ)

))
d
(
F̂0(xTβ)− F0(xTβ)

)]

+
√
n

[∫ (
g(xT β̂)− g(xTβ)

)
d
(
F̂0(xTβ)− F0(xTβ)

)]

This term ĝ(xT β̂)−g(xT β̂)−
(
ĝ(xTβ)− g(xTβ)

)
can be shown to converge toOp(n

− 1
2h−1)

for each x by lemma A.4. And F̂0(x
Tβ) − F0(x

Tβ) = Op(n
−1/2) by the asymptotic

theory of empirical process. Then we have Op(n
− 1

2h−1)Op(1) = op(1). The second

term can be handled easily by taking the Taylor expansion inside the integral e.g

g
′
(xTβ)(β̂ − β) = Op

(
(
√
n)−1

)
= op(1) and

√
n
(
F̂0(xTβ)− F0(xTβ)

)
= Op(1).

Let us move to the next term.

T32 =
√
n

[∫ (
ĝ(xT β̂)− g(xT β̂)−

(
ĝ(xTβ)− g(xTβ)

))
dF0(xTβ)

]

+
√
n

[∫ (
g(xT β̂)− g(xTβ)

)
dF0(xTβ)

]
= T 1

32 + T 2
32

where T32 will converge in distribution to a mean zero tight Gaussian process. The

second term can be rewritten as follows:

T 2
32 =

√
n

[∫ (
g(xT β̂)− g(xTβ)

)
dF0(xTβ)

]
=

[∫
gβ(xTβ)dF0(xTβ)

]√
n
(
β̂ − β

)

where g1(xTβ) is the first order derivative with respect to β. The first term T 1
32 can
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be analyzed by using lemma A.4

T 1
32 =
√
n

∫ [
ĝ(xT β̂)− ĝ(xTβ)−

(
g(xT β̂)− g(xTβ)

)]
dF0(xTβ)

Following lemma A.4, we have that T 1
32 = op(1) since the term T 1

32 satisfies the

stochastic equicontinuity condition.

Finally, for the T1 term, we can treat ĝ as univariate nonparametric-kernel regression

estimator, since we see β as known, we can treat single index as a single variable.

For simplicity, we can replace xTβ with z. We will show that this term will converge

to a mean zero Gaussian process. Set Gng =
√
n(Pn − P )g, Png = 1

n

∑
g(zi) and

Pg =
∫
gdP .

T1 =
√
n

[∫
ĝ(z)dF̂0(z)−

∫
g(z)dF0(z)

]
=Gng +Gn(ĝ − g) +

√
nP (ĝ − g)

By lemma A.2, we can show the second term will be op(1). The first term can be write

as 1√
n

∑
i

(
g(zi)− E(g(z))

)
, according to the assumptions we have made on the g(·)

and Theorem 2.7.1 in VW, this term will converge to a mean zero Gaussian process.

The last term will be

1√
n

n∑
i

(
1{Y ∗ci } − g(zi)

)
V (zi, τ0) +Op(h

r)

According to Assumption 1.7, Op(h
r) = op(n

−1/2).

Proof Of Theorem 2.1

Asymptotic theory for the coefficient β. Under some conditions mentioned in

Chen, Linton, and Van Keilegom (2003), we will show that
√
n(β̂ − β) will converge

to a mean zero Gaussian process. Rothe (2009) uses the similar arguments to prove
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the semiparametric estimation of binary response models with endogenous variables.

Although we both use maximum likelihood estimation which is based on nonparametric

estimator, the coefficients in our paper are related to the quantile estimators (τ) which

is the threshold of children’s and parent’s income, and thus are very different from

the counterparts in Rothe (2009). By using MLE, we can obtain

Ln(β) =
1

n

n∑
i

[
1{Y ∗ci ≤ τ̂1} ln

[
Ĝ(τ̂ , XT

i β)
]

+ (1− 1{Y ∗ci ≤ τ̂1}) ln
[
1− Ĝ(τ̂ , XT

i β)
]]

If we choose a β ∈ B which will maximize Ln(β) which in turn will make ∂βLn(β) =

0, then β is the Z-estimator. Define Mn(β, ĥ) = ∂βLn(β) where ĥ = ĥβ,τ̂ =

(∂βĜ(τ̂ , XT
i β), Ĝ(τ̂ , XT

i β), τ̂), ĥβ,τ0 = (∂βĜ(τ 0, XT
i β̂), Ĝ(τ 0, XT

i β̂), τ 0) and h0 = hβ0,τ0 =

(∂βG(τ 0, XT
i β0), G(τ 0, XT

i β0), τ 0). Then for any h, we have

Mn(β, ĥ) =
1

n

n∑
i=1

[
∂βĜ(τ̂ , XT

i β)
] (
Yi − Ĝ(τ̂ , XT

i β)
)

Ĝ(τ̂ , XT
i β)

(
1− Ĝ(τ̂ , XT

i β)
)

where Yi = 1{Y ∗ci ≤ τ̂1} and Mn(β, ĥ) is the score of likelihood function Ln(β). And,

define the population moment function as M(β, ĥ) = E(Mn(β, ĥ)). Finally, following

the definition in Chen, Linton, and Van Keilegom (2003) and the assumptions we

made in this paper, we can define the space H for h which is a vector of functions with

sup-norm ‖ ‖∞. Set H = H1 × T . By Assumptions 1.3, 1.4 and 1.6, H1 = {f, ∂αf :

R 7→ R : f, ∂αf ∈ Cr
C(Z, T )} where Cr

C(X) is a class of continuous functions defined on

X which are bounded by constant number C and have partial derivatives up to order

r, and T = {τ : τ = supy∈Y{F̂ (yi) ≤ s : i = 1, 2, · · · , n}} where F̂ is the empirical

distribution function and s is the sth quartile. By Dvoretzky-Kiefer-Wolfowith (DKW)

inequality and Borel-Cantelli lemma, sup |F̂ − F | = Op(n
−1/3) = op(n

−1/4). Thus

we can define ‖ ‖H = ‖ ‖∞ = supβ∈Bmax{‖h1‖∞, ‖h2‖∞, ‖h3‖∞} where we use hj to

represent each element of vector h.
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First, we are going to show that the conditions (2.1),(2.2) and (2.4) of Theorem 2

in Chen, Linton, and Van Keilegom (2003) can be satisfied and thus the asymptotic

normality of the coefficients we are estimated can be proved. Since we have already

mentioned before, β̂ is the Z-estimator which make ∂βLn(β) = 0, the condition

‖Mn(β̂, ĥ)‖∞ ≤ infβ∈B ‖M(β, ĥ)‖∞ + op(n
−1/2) is satisfied. By Assumption 1.4, we

can show that ∂βM(β, hβ,τ0) exist and are continuous at β0 and ∂βM(β0, h0) is full

column rank. Also by Assumptions 1.3, 1.4 and 1.6 ,proposition A.1 and DKW

inequality, (2.4) can be satisfied

Next, Condition (2.3) of Theorem 2 can be satisfied by proving the following

lemma.

Lemma A.1. For all β ∈ B and suppose β0 ∈ B satisfies M(β0, h0) = 0 and

β − β0 = op(1) , the pathwise derivative ∂hM(β, hβ,τ0) of M(β, hβ,τ0) exists in all

directions (h−hβ,τ0) ∈ H. And it satisfies the following two conditions: (1) ‖M(β, h)−

M(β, hβ,τ0) − ∂hM(β, hβ,τ0)(h − hβ,τ0)‖ ≤ c‖h − hβ,τ0‖2
H. (2) ‖∂hM(β, hβ,τ0)(h −

hβ,τ0)− ∂hM(β0, h0)(h− h0)‖ ≤ o(1)δn for each (β, h) ∈ Θδn ×Hδn where Θδn = {β ∈

B : ‖β − β0‖ ≤ δn} and Hθn = {h ∈ H : ‖h− h0‖ ≤ δn}.

Proof. First, we can simply prove that the pathwise derivatives of M(β, hβ,τ0) exists by

interchangeability of expectation and differentiation and existence of limε→0
M(β,h0+ε(h−h0)−M(β,h0)

ε
.

Since interchangeability can be proved by Assumptions 1.3 and 1.4, we can calculate
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the derivative by using the definition of pathwise derivative.

∂hM(β, hβ,τ0)

= E

[
∂h

[∂βG(τ 0, XT
i β)](Yi −G(τ 0, XT

i β))

G(τ 0, XT
i β)(1−G(τ 0, XT

i β))

]

= E

[
(Yi −G(τ 0, XT

i β))

G(τ 0, XT
i β)(1−G(τ 0, XT

i β))
− ∂βG(τ 0, XT

i β)

G(τ 0, XT
i β)(1−G(τ 0, XT

i β))

− ∂βG(τ 0, XT
i β)∂τG(τ 0, XT

i β)

G(τ 0, XT
i β)(1−G(τ 0, XT

i β))
− [∂βG(τ 0, XT

i β)](Yi −G(τ 0, XT
i β))(1− 2G(τ 0, XT

i β))

G(τ 0, XT
i β)2(1−G(τ 0, XT

i β))2

− [∂βG(τ 0, XT
i β)]

(Yi −G(τ 0, XT
i β))(1− 2G(τ 0, XT

i β))∂τG(τ 0, XT
i β)

G(τ 0, XT
i β)2(1−G(τ 0, XT

i β))2

+ [∂β,τG(τ 0, XT
i β)]

(Yi −G(τ 0, XT
i β))

G(τ 0, XT
i β)(1−G(τ 0, XT

i β))

]

By the Law of Iterated Expectations,

∂hM(β0, h0) = E

[
− ∂βG(τ 0, XT

i β0)

G(τ 0, XT
i β0)(1−G(τ 0, XT

i β0))
− ∂βG(τ 0, XT

i β0)∂τG(τ 0, XT
i β0)

G(τ 0, XT
i β0)(1−G(τ 0, XT

i β0))

]

By Assumptions 1.3, 1.4 and 1.6, we can show that total differential of M(β, h) at hβ,τ0

will be equal to ∂hM(β, hβ,τ0)(h−hβ,τ0), thus (1) will be holds. For (2), by compactness

mentioned in Assumption 1.3 and uniform boundedness and differentiability in Assump-

tions 1.4 and 1.6, we can show that ‖∂hM(β, hβ,τ0)(h−hβ,τ0)−∂hM(β0, h0)(h−h0)‖ ≤

‖[∂hM(β, hβ,τ0)− ∂hM(β0, h0)]‖δn ≤ op(1)δn ≤ op(1)δn. Thus (2) holds.

For condition (2.5’) and suppose M(β0, h0) = 0, we can rewrite it as follows:

sup
‖β−β0‖≤δn,‖h−h0‖H≤δn

‖Mn(β, h)−M(β, h)−
(
Mn(β0, h0)−M(β0, h0)

)
‖∞ ≤ op(n

−1/2)

We first define m(Yi, Xi, β, h) =
[∂βĜ(τ̂ ,XT

i β)](Yi−Ĝ(τ̂ ,XT
i β))

Ĝ(τ̂ ,XT
i β)(1−Ĝ(τ̂ ,XT

i β))
. By showing that a class

of functions M = {m(Y,X, β, h) : (y, x, β, h) ∈ YXBH} is a Donsker class, we can

obtain that the m ∈M is stochastic equicontinuity by showing the entropy condition
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can be satisfied. Then the condition above will hold. By Assumptions 1.3, 1.4 and 1.6,

we know that Cartesian product YXBH is compact and m(Y,X, β, h) is point-wise

Lipschitz continuous with respect to β and h. From theorem 2.7.11 in Van Der Vaart

and Wellner (1996), the bracketing number of M will be bounded by the covering

number of BH such as N(ε,M, ‖ · ‖M) ≤ N( ε
L
,BH, ‖ · ‖BH) where L can be set as the

supX‖∂m(·)‖. By Assumptions 1.4 and 1.6, we show that h1, h2 and h3 are Donsker

classes by referring to 19.6, 19.9 and 19.20 in Van der Vaart (2000), we show that m(·)

belongs to a Donsker classes, which implies that
∫ δ

0

√
logN(ε,M, ‖ · ‖M)dε ≤ ∞.

Finally we will prove the condition (2.6) by showing the following lemma holds.

∂hM(β0, h0)(ĥ− h0) = E

[
− ∂βG(τ 0, XT

i β0)

G(τ 0, XT
i β0)(1−G(τ 0, XT

i β0))

(
Ĝ(τ̂ , XT

i β0)−G(τ 0, XT
i β0)

)
− ∂βG(τ 0, XT

i β0)∂τG(τ 0, XT
i β0)

G(τ 0, XT
i β0)(1−G(τ 0, XT

i β0))
(τ̂ − τ 0)

]

For the first part, we define α(z) =
E(∂βG(τ0,z)|z)

G(τ0,z)(1−G(τ0,z))
and have that

∫
α(z)[Ĝ(τ̂ , z)−G(τ 0, z)]

f(z, τ0)

f(τ0)
dz

=

∫
α(z)

[
Ĝ(τ̂ , z)− Ĝ(τ 0, z) + Ĝ(τ 0, z)−G(τ 0, z)

] f(z, τ0)

f(τ0)
dz

=

∫
α(z)

[
1
nb

∑
i 1{Y ∗ci ≤ τ̂1, Y

∗p
i ≤ τ̂0}K( zi−z

b
)

f̂(z, τ̂0)
−

1
nb

∑
i 1{Y ∗ci ≤ τ1, Y

∗p
i ≤ τ0}K( zi−z

b
)

f̂(z, τ0)

]
f(z, τ0)

f(τ0)
dz +

∫
α(z)

[
1
nb

∑
i 1{Y ∗ci ≤ τ1, Y

∗p
i ≤ τ0}K( zi−z

b
)

f̂(z, τ0)
−G(τ 0, z)

]
f(z, τ0)

f(τ0)
dz

=

∫
α(z)

[
m̄(τ̂ , z)

f̂(z, τ̂0)
− m̄(τ, z)

f̂(z, τ0)

]
f(z, τ0)

f(τ0)
dz +

∫
α(z)

[
m̄(τ, z)

f̂(z, τ0)
−G(τ 0, z)

]
f(z, τ0)

f(τ0)
dz

=

∫
α(z)

[
m̄(τ̂ , z)− m̄(τ, z)

f(z, τ0)

]
f(z, τ0)

f(τ0)
dz +

∫
α(z)

[
G(τ, z)(f(z, τ0)− f̂(z, τ̂0))

f(z, τ0)

]
f(z, τ0)

f(τ0)
dz

+

∫
α(z)

[
m̄(τ, z)− gτ,z(τ, z)

f(z, τ0)

]
f(z, τ0)

f(τ0)
dz + op(n

−1/2)

= D1 +D2 +D3
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where b is the bandwidth. For D1, we can rewrite as follows:

∫
α(z)

[
m̄(τ̂ , z)− m̄(τ, z)

f(z, τ0)

]
f(z, τ0)

f(τ0)
dz

=

∫
α(z)

[
m̄(τ̂ , z)− m̄∗(τ̂ , z)− (m̄(τ, z)− m̄∗(τ, z))

f(τ0)

]
dz +

∫
α(z)

[
m̄∗(τ̂ , z)− m̄∗(τ, z)

f(τ0)

]
dz

=

∫
α(z)

f(τ0)

[
φ0(τ0, τ1, z)(τ̂0 − τ0) + φ1(τ0, τ1, z)(τ̂1 − τ1)

]
f(z)dz

where φ0(τ0, τ1, z) =
∂τ0G(τ,z)f(z,τ0)+∂τ0f(z,τ0)G(τ,z)

f(z)
and φ1(τ0, τ1, z) =

∂τ1G(τ,z)f(z,τ0)

f(z)
. The

first term in D1 will converge to zero by stochastic equicontinuity which will be satisfied

by Assumptions 1.4 and 1.6. Next we move to D2, the same process for D1 can be

applied to D2.

∫
α(z)

[
G(τ, z)(f(z, τ0)− f̂(z, τ̂0))

f(z, τ0)

]
f(z, τ0)/f(τ0)dz

=−
∫

α(z)

f(τ0)

[
G(τ, z)

(
f̂(z, τ̂0)− f̂(z, τ0) + (f̂(z, τ0)− f(z, τ0))

)]
dz

=−
∫
α(z)G(τ, z)

f(τ0)

[
φp0(τ0, z)(τ̂0 − τ0)

]
f(z)dz −

∫
α(z)

f(τ0)

[
G(τ, z)

(
f̂(z, τ0)− f(z, τ0)

)]
dz

=−
∫
α(z)G(τ, z)

f(τ0)

[
φp0(τ0, z)(τ̂0 − τ0)

]
f(z)dz −

 1

n

∑
i

α(zi)G(τ, zi)

f(τ0)
− Ez|τ0

(
G(τ, z)α(z)

)
where φp0(τ0, z) is the derivative of the distribution of y conditional on z and equal to

∂τ0f(z,τ0)

f(z)
. 1{Y ∗pi ≤ τ0}G(τ, zi) = G(τ, zi) since G(τ, zi) has already defined under the

condition 1{Y ∗pi ≤ τ0}. For D3, we can rewrite as

∫
α(z)

[
m̄(τ, z)− φ(τ0, τ1, z)f(z)

f(z, τ0)

]
f(z, τ0)/f(τ0)dz + op(n

−1/2)

=
1

n

∑
i

α(zi)

f(τ0)
1{Y ∗ci ≤ τ1, Y

∗p
i ≤ τ0} − Ez|τ0

(
G(τ, z)α(z)

)
+ op(n

−1/2)
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For the second part J2, we can obtain:

E

[
∂βG(τ 0, XT

i β0)∂τ0G(τ 0, XT
i β0)

G(τ 0, XT
i β0)(1−G(τ 0, XT

i β0))

]
(τ̂0−τ0)+E

[
∂βG(τ 0, XT

i β0)∂τ1G(τ 0, XT
i β0)

G(τ 0, XT
i β0)(1−G(τ 0, XT

i β0))

]
(τ̂1−τ1)

Putting together the terms above, we can write Mn(β0, τ
0)+∂βM(β0, τ

0)(ĥβ0,τ̂−h0)

as:

1

n

n∑
i=1

[
∂βG(τ 0, XT

i β0)− E(∂βG(τ 0, XT
i β0)|Xi)

] (
1{Y ∗ci ≤ τ1, Y

∗p
i ≤ τ0} −G(τ 0, XT

i β0)
)

f(τ0)G(τ 0, XT
i β0)

(
1−G(τ 0, XT

i β0)
)

+
1

n

n∑
i=1

(Ψ0ψi0 + Ψ1ψi1)

where (τ̂j−τj) = 1
n

∑n
i=1 ψij and Ψj = E

[
(∂βG(τ0,XT

i β0)−E(∂βG(τ0,XT β0)|z))∂τ0G(τ0,XT
i β0)

G(τ0,XT
i β0)(1−G(τ0,XT

i β0))

]
ψij

for j =1,2.

The results of condition (2.6) can be followed by using standard central limit

theorem and lemma A.6. Then by the Theorem 2 in Chen, Linton, and Van Keilegom

(2003), we can show that the asymptotic normality can be proved.

Proof Of Proposition 1.1

Proof. In order to prove this proposition, we have to show that |∂xdiĜ(τ̂ , XT β̂) −

∂xdiG(τ,XTβ)| ≤ |∂xdiĜ(τ̂ , XT β̂)−∂xdiG(τ̂ , XT β̂)|+|∂xdiG(τ,XT β̂)−∂xdiG(τ,XTβ)|+

|∂xdiG(τ̂ , XTβ)−∂xdiG(τ,XTβ)|+|∂xdiG(τ̂ , XT β̂)−∂xdiG(τ,XT β̂)−(∂xdiG(τ̂ , XTβ)−

∂xdiG(τ,XTβ))| = op(1) as n goes to infinity. According to the lemma 2 in Klein

and Spady, we can get that the first term on the right of the inequality will converge

to zero. By Assumptions 1.3 and 1.4, the second and third term can be proved to

converge to zero in probability by showing that both terms are satisfying Lipschitz

condition and consistency of the estimators of τ and β also holds. For the last

term, we show that the stochastic equicontinuity holds by showing that Vn(β̂) =

∂xdiG(τ̂ , XT β̂)− ∂xdiG(τ,XT β̂) belongs to a Donsker class by referring to 19.9 in Van
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der Vaart (2000).

A.1.3 Propositions and Lemmas

Lemma A.2. Under Assumptions 1.3 to 1.7, it holds that

sup
z∈Z
|Gn(ĝ(z)− g(z))| = op(1)

Proof. Let h(z, g) = g(z) and h(z, ĝ) = ĝ(z). Here we can treat z as a univariate

variable. Then in order to prove the results above, we have to show that {h(g̃, z) : g̃ ∈

H0, z ∈ Z} is a P-Donsker class and supz(h(z, ĝ)− h(z, g))2 p−→ 0. By Assumption 1.7

and proposition A.1, we can show that supz(h(z, ĝ)−h(z, g))2 = op(n
−1/2) as n goes to

infinity. By Assumptions 1.4 and 1.6, we know that {h(g̃, z) : g̃ ∈ H0, z ∈ Z} is a class

of continuous functions defined on compact sets with uniform bounded derivatives

and thus satisfy the definition of smooth functions in 2.7.1 in Li and Racine (2007).

And it is a P-Donsker class. By Theorem 2.1 in Vaart, Wellner, et al. (2007), the

results follows.

Lemma A.3. Let Vn(θ) be a stochastic process indexed by θ ∈ Θ, where Θ is a

compact subset of Rq. If for all θ1 and θ2, we have

E
[∣∣Vn(θ1)− Vn(θ2)

∣∣α] ≤ C |θ1 − θ2|γ

for some α > 0,γ > 1 and C > 0 is a constant, then Vn(θ) is stochastically equicontin-

uous for θ ∈ Θ.

Proof. It can be shown by referring to the Theorem A.8 in Li and Racine (2007).
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Lemma A.4. Under Assumptions 1.3 to 1.7 and proposition A.1

(1) sup |ĝ(ẑ)− g(ẑ)−
(
ĝ(z)− g(z)

)
| = Op

(
(n)−1h−2

)
(2) sup |F̂0|τ̂ (x

T β̂)− F̂0(xT β̂)−
(
F0|τ̂ (x

T β̂)− F0(xT β̂)
)
| = op(n

−1/2)

(3)
√
n

∫ [
ĝ(xT β̂)− ĝ(xTβ)−

(
g(xT β̂)− g(xTβ)

)]
dF0(xTβ) = op(1)

Proof. We set ẑ = xT β̂, z = xTβ, m̄(ẑ) = ĝ(ẑ), m̄∗(ẑ) = E
(
ĝ(ẑ)

)
, m̄(z) = ĝ(z) and

m̄∗(z) = E
(
ĝ(z)

)
.

m̄(z) =
1

nh

∑
i

K(
zi − z
h

)1{Y ∗ci ≤ τ1, Y
∗p
i ≤ τ0}

whose expectation is given by

m̄∗(z) = EZi

(
1

h
K(

zi − z
h

)φ(zi)

)
=

∫
K(u)f(z + uh)φ(z + uh)du = f(z)φ(z) +O(hr)

So we can get

m̄∗(ẑ) = f(ẑ)φ(ẑ) +O(hr) = f(z)φ(z) +
(
f(z)φ′(z) + f ′(z)φ(z)

)
(ẑ − z) +O(hr)

Following the notation we set before, We can rewrite the equation as follows

ĝ(ẑ)− g(ẑ)−
(
ĝ(z)− g(z)

)
=
m̄(ẑ)− m̄∗(ẑ)−

(
m̄(z)− m̄∗(z)

)
f(z, τ0)

+
m̄(ẑ)

(f(ẑ, τ0))2
(f(ẑ, τ0)− f̂(ẑ, τ0))

+
m̄(z)

(f(z), τ0))2
(f(z, τ0)− f̂(z, τ0)) +

(
m̄(ẑ)− m̄∗(ẑ)

(f(z, τ0))2

)
(f(z, τ0)− f(ẑ, τ0))

+Op

(
n−1h−2

)
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We use geometric expansion1 to the denominator and undersmooth kernel function

to eliminate the bias term. By the uniform boundedness of 1
h
K(·) and g(·), plus the

compactness of set of the independent variables, we see the first term will converge

to op(1) since this term meets the definition of classes of functions, which satisfy the

stochastic equicontinuity in Andrews (1994). The rest will follow the same process by

common kernel smoothing theory proposition A.1 and Assumptions 1.4, 1.6 and 1.7.

sup | m̄(z)

(f(z), τ0))2
(f(z, τ0)− f̂(z, τ0))|

= sup |
1
nh

∑
iK( zi−z

h
)1{Y ∗ci ≤ τ1, Y

∗p
i ≤ τ0}

(f(z), τ0))2
(f(z, τ0)− f̂(z, τ0))|

≤ sup

∣∣∣∣∣c
1√
n

∑
i 1{Y ∗ci ≤ τ1, Y

∗p
i ≤ τ0}

(f(z), τ0))2

∣∣∣∣∣ sup
∣∣∣(n−1/2h−1)(f(z, τ0)− f̂(z, τ0))

∣∣∣
= Op(1)Op(n

−1h−2) = op(n
−1/2)

Where |K(·)| < c is uniformly bounded. The last equality can be obtained by

proposition A.1, Assumption 1.6 and uniform convergence rate of indicator function

which can be obtained by using Hoeffding’s inequality such as P (sup |Pn(A)−P (A)| >

t) ≤ cexp(−2nt2).

Next, we prove the third term. Inserting m̄(z), m̄(ẑ), m̄∗(z) and m̄∗(ẑ) into the

function below and splitting the third term in the lemma into 3 parts, we can get

√
n

∫ [
ĝ(xT β̂)− ĝ(xTβ)−

(
g(xT β̂)− g(xTβ)

)]
dF0(xTβ)

=
√
n

∫ [
ĝ(xT β̂)− g(xT β̂)

]
dF0(xT β̂)−

√
n

[∫ (
ĝ(xTβ)− g(xTβ)

)
dF0(xTβ)

]
+
√
n

[∫ (
ĝ(xT β̂)− g(xT β̂)

)
d
(
F0(xTβ)− F0(xT β̂)

)]

The first and term term converge to zero by lemma A.5. The third term is op(1) by

1For example, we want to expand the 1/f̂ , then by using geometric expansion, 1
f̂

= 1
f (1−∆)−1 =

1
f (1 + ∆ + ∆2(1−∆)−1), where ∆ = f−f̂

f .
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proposition A.1 and bandwidth specification in Assumption 1.7. Thus we can get the

result that

√
n

∫ [
ĝ(xT β̂)− ĝ(xTβ)−

(
g(xT β̂)− g(xTβ)

)]
dF0(xTβ) = op(1)

.

For (2), since the f̂(τ̂0) = f(τ0) = O(1) is a constant number, we can just focus

on the numerator without loss of generality. Define a class of functions as F =

{Hτ0z = 1(0,τ0]×(0,z] : τ0z ∈ T Z}. Then we can rewrite (2) as: Gn(H(τ̂0, ẑ))−H(τ0, z)).

According to Assumption 1.3, we have that T Z is compact since the Cartesian product

of two compact sets is also compact. Then we can have a finite number of open balls

to cover T Z, which will leads to the situation that the minimum number of ε-bracket

in L1(P ) to cover F is finite — N[ ](ε,F , L1(P )) < ∞. So F is Donsker class, we

obtain that sup |Gn(H(τ̂0, ẑ))−H(τ0, z))| = op(1) by stochastic equicontinuity which

means (3) holds.

Lemma A.5. Under Assumptions 1.3 to 1.7, we have that

√
nPẐ

(
ĝ(ẑ)− g(ẑ)

)
−
√
nPZ

(
ĝ(z)− g(z)

)
= op(1)

where
√
nPẐ

(
ĝ(ẑ)− g(ẑ)

)
=
√
n
∫ (

ĝ(ẑ)− g(ẑ)
)
dF0(ẑ) and

√
nPZ

(
ĝ(z)− g(z)

)
=

√
n
∫ (

ĝ(z)− g(z)
)
dF0(z)

Proof. This Lemma can be proved by using the stochastic equicontinuity. Lemma 3

provide a sufficient condition for stochastic equicontinuity. Just for simplicity, we only

focus on
√
nPZ

(
ĝ(z)− g(z)

)
, the other one will follow the same process.

In order to simplify the proof, We drop
√
n for simplicity and split the term into two
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parts:

PZ
(
ĝ(z)− g(z)

)
=

∫
1

n

(
1
h

∑
i 1{Y ∗ci ≤ τ1, Y

∗p
i ≤ τ0}K( zi−z

h
)

f̂(z, τ0)
− g(z)

)
dF0(z)

=

∫
1

n

(
1
h

∑
i 1{Y ∗ci ≤ τ1}1{Y ∗pi ≤ τ0}K( zi−z

h
)

1
nh

∑
iK( zi−z

h
)1{Y ∗pi ≤ τ0}

− g(z)f̂(z, τ0)

f̂(z, τ0)

)
dF0(z)

=

∫
1

n

(
1
h

∑
i

(
1{Y ∗ci ≤ τ1} − g(z)

)
1{Y ∗pi ≤ τ0}K( zi−z

h
)

f̂(z, τ0)

)
f c(z, τ0)

f c(τ0)
dz

=
1

n

∫ ( 1
h

∑
i

(
1{Y ∗ci ≤ τ1} − g(z)

)
1{Y ∗pi ≤ τ0}K( zi−z

h
)

f(z, τ0)

)
f c(z, τ0)

f c(τ0)
dz

− 1

n

∫ ( 1
h

∑
i

(
1{Y ∗ci ≤ τ1} − g(z)

)
1{Y ∗pi ≤ τ0}K( zi−z

h
)

f(z, τ0)

)
f c(z, τ0)

(
f̂(z, τ0)− f(z, τ0)

)
f(z, τ0)f c(τ0)

dz + op(n
− 1

2 )

= H1 + H2 + op(n
− 1

2 )

We get op(n
− 1

2 ) sincef̂ − f = op(n
− 1

4 ) uniformly on ZT . We first consider the first

term. By using standard kernel smoothing techniques, we have

H1 =
1

n

∫ 1

h

∑
i

(
1{Y ∗ci ≤ τ1}1{Y ∗pi ≤ τ0} − g(z)

)
K(

zi − z
h

)

 dz

=
1

n

∫ 1

h

∑
i

(
1{Y ∗ci ≤ τ1} − g(z)

)
K(

zi − z
h

)

V (z, τ0)dz

=
1

n

∫ ∑
i

(
1{Y ∗ci ≤ τ1} − g(zi + hµ)

)
K(µ)

V (zi + hµ, τ0)dµ

=
1

n

∑
i

(
1{Y ∗ci } − g(zi)

)
V (zi, τ0) +Op(h

r)

where V (z, τ0) =
1{Y ∗pi ≤τ0}f

c(z,τ0)

f(z,τ0)fc(τ0)
and F0(z) =

∫
f c(z, τ0)/f

c(τ0)dz is the distribution

of another group of people. The third and last equality follows by using change of
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variables, interchanging the order of integration and summation and using the kernel

properties. By Assumption 1.7, Op(h
r) = op(n

− 1
2 ).

For the second term H2, by the same process we have done on H1, we have

1

n

∫ 1

h

∑
i

(
1{Y ∗ci ≤ τ1} − g(z)

)
1{Y ∗pi ≤ τ0}K(

zi − z
h

)

 f c(z, τ0)
(
f̂(z, τ0)− f(z, τ0)

)
f(z, τ0)2f c(τ0)

dz

=
1

n

∫ 1

h

∑
i

(
1{Y ∗ci ≤ τ1} − g(z)

)
K(

zi − z
h

)

 v(z, τ)
(
f̂(z, τ0)− f(z, τ0)

)
dz

=
1

n2

∑
i,j

v(zi, τ)
(
1{Y ∗ci ≤ τ1} − g(zi)

)(
1{Y ∗pi ≤ τ0}

1

h
K(

zj − zi
h

)− f(zi, τ0)

)
+Op(h

r)

= Un(τ) +Op(h
2)

where v(z, τ) = 1{Y ∗pi ≤ τ0}f c(z, τ0)/f(z, τ0)2f c(τ0). Let

Un(τ) = v(zi, τ)
(
1{Y ∗ci ≤ τ1} − g(zi)

)(
1{Y ∗pi ≤ τ0}

1

h
K(

zj − zi
h

)− f̄(zi, τ0)

)
+op(n

−1/2)

Where f̄(z, τ0) = Ez
(
1{Y ∗pi ≤ τ0} 1

h
K( zi−z

h
)
)

and sup |f̄ − f | = Op(h
2) = op(n

−1/2).

As stated in Rothe (2010), we can further write as

Un(τ) =
1

n2

∑
i

∑
j 6=i

H
(
Zi, Zj; τ, h

)
+

1

n2

∑
i

H (Zi, Zi; τ, h) + op(n
−1/2)

The first term satisfy the definition of a second order degenerate U-statistics since

E(H|Zi) = 0 and H is symmetric. By Lemma 2 in Rothe (2010), we can show that the

class of functions H = {hH(·; τ, h)} is uniformly bounded and has a constant envelop

Corollary 4 in Sherman (1994), we can conclude that

sup
τ∈T

∣∣∣∣∣∣ 1

n2

∑
i

∑
j 6=i

H(Zi, Zj; τ, h)

∣∣∣∣∣∣ = Op

(
(nh)−1

)
= op(n

−1/2)

And the second term also converge to Op

(
(nh)−1

)
= op(n

−1/2), thus H2 = op(n
−1/2)
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by Assumption 1.7.

By the same process we can get

Nn(ẑ, τ) =
√
nPẐ

(
ĝ(ẑ)− g(ẑ)

)
=

1√
n

∑
i

(
1{Y ∗ci } − g(ẑi)

)
V (ẑi, τ0) + op(1)

Nn(z, τ) =
√
nPZ

(
ĝ(z)− g(z)

)
=

1√
n

∑
i

(
1{Y ∗ci } − g(zi)

)
V (zi, τ0) + op(1)

By uniform boundedness of f g and their derivatives, lemma A.3 shows that Nn(·, τ)

is stochastically equicontinuous for all zτ ∈ ZT when α = 1 and γ = 2. Thus we can

conclude that

sup
zτ∈ZT

|Nn(ẑ, τ)−Nn(z, τ)| = op(1)

Lemma A.6. Under Assumption 1.5,
√
n(τ̂ − τ)

d−→ N(0, Vτ )

Proof. Define the distribution of i.i.d sample Y1, ..., Yn as FY c(y
c) and the sample

distribution F̂Y = n−1
∑n

i=1 Hi where Hi = 1{Yi ≤ y} follows an Bernoulli distribution.

By central limit theorem of empirical distribution, we can get:
√
n(F̂Y − FY )

d−→

N(0, VF ) where VF = FY (y)(1− FY (y)). Then we can get the asymptotic distribution

of τ̂−τ by using the Delta method:
√
n(τ̂−τ) =

√
n(F−1(F̂Y )−F−1(FY )) =

√
n(F̂Y −FY )
f(F−1(q))

where q is the qth quantile. Then we can get

√
n(τ̂ − τ) =

√
n(q̂ − q)

f(F−1(q))
+ op(1)

d−→ N(0, Vτ ) (9)

where Vτ = VF
f(τ)2 = q(1−q)

f(τ)2 and f(τ) is the value of the probability density at the q-th

quantile.

Proposition A.1. Under Assumptions 1.3 to 1.7, we have that

1. supz̃∈Z |ĝτ,z(τ̃ , z̃)− gτ,z(τ̃ , z̃)| = Op(h
−1n−1/2)

120



2. supz̃∈Z |ĝ(τ̂ , z̃)− g(τ, z̃)| = Op(h
−1n−1/2)

3. supz̃∈Z |ĝ(τ̂ , z̃)− ĝ(τ, z̃)| = Op(n
−1/2)

4. supz̃∈Z,τ̃∈T |ĝ(τ̃ , z̃)− g(τ̃ , z̃)| = Op(h
−1n−1/2)

5. supx∈X ,‖β̂−β‖≤εn |ĝ(ẑ)− ĝ(z)| = Op(n
−1/2)

6. supz̃∈Z,‖β̂−β‖≤εn |f̂(z̃, τ̃)− f(z̃, τ̃)| = Op(h
−1n−1/2)

7. supẑ∈Z,‖β̂−β‖≤εn |F̂0(ẑ)− F̂0(z)| = Op(1/
√
n)

8. supx∈X ,‖β̂−β‖≤εn |f̂(z̃, τ̃)− f(z, τ̃)| = Op(h
−1n−1/2)

where εn = o(1) as n goes to infinity.

Proof. We consider the 1 and 6 first. gτ,z = g(τ, z)f(z, τ) corresponds to the true

value of the numerator of kernel-based estimated conditional distribution, we show

that |ĝτ,z − gτ,z| = Op(n
−1/2h−1) is uniformly on τ , β and z. By the bias-reducing

assumption, we can only focus on |ĝτ,z −E(ĝτ,z)|. ZT is a compact Cartesian product

since Z and T are compact sets, thus we can cover it by a class of finite number

of open balls—CN = {CjN : j = 1, · · · , bN}. Each ball has the same radius rN and

centered at wjN . For wjN ∈ CjN , we obtain

sup
w∈ZT

∣∣ĝτ,z(w)− E(ĝτ,z(w))
∣∣ ≤ max

j
sup
w∈CjN

[∣∣ĝτ,z(w)− ĝτ,z(wjN)
∣∣

+
∣∣ĝτ,z(wjN)− E(ĝτ,z(wjN))

∣∣
+
∣∣E(ĝτ,z(wjN))− E(ĝτ,z(w))

∣∣]
= B1 +B2 +B3

By Assumption 1.6 and Mean Value Theorem, we obtain that ĝ(z) satisfy Lips-

chitz condition since |ĝ(z1) − ĝ(z2)| ≤ c‖z1 − z2‖h−1 where ‖h∂zĝ(z̃)‖ < c, then
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maxj supw∈CjN h
−1
∣∣ĝτ,z(w)− ĝτ,z(wjN)

∣∣ = c rN since maxj supw∈CjN ‖w − wjN‖ = rN .

The third term follows from B1 and will also be equal to c rN/h. For the term B2, we

have

P (max
j

∣∣ĝτ,z(wjN)− E(ĝτ,z(wjN))
∣∣ > δn) ≤ P

 bN⋃
j

(∣∣ĝτ,z(wjN)− E(ĝτ,z(wjN))
∣∣ > δn

)
≤

bN∑
j

P
(
h−1

∣∣ĝτ,z(wjN)− E(ĝτ,z(wjN))
∣∣ > h−1δn

)

By using Hoeffding’s inequality and Borel-Cantelli lemma, we can get

P (max
j

∣∣ĝτ,z(wjN)− E(ĝτ,z(wjN))
∣∣ > δn) ≤

bN∑
j

P
(
h−1

∣∣ĝτ,z(wjN)− E(ĝτ,z(wjN))
∣∣ > h−1δn

)
≤ 2bNexp (−Dh2Nδ2

N)

where δn = N−1/2h−1 and D is a positive constant. Thus B2 = Op(N
−1/2h−1). By

setting rN =
√
N , we can get the other two terms will also be Op(N

−1/2h−1). By the

same process, we can prove that supẑ∈Z,‖β̂−β‖≤εn |f̂(z̃, τ̃)− f̂(z̃, τ̃)| = Op(h
−1n−1/2).

Then from the proposition 1 and 6 which have been proved above, we can prove

the fourth one. Since ĝ(τ̂ , z̃) = ĝτ,z(τ̂ , z̃)/f̂(z̃, τ̂0) and g(τ, z̃) = gτ,z(τ̂ , z̃)/f(z̃, τ̂0), then
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we can have

sup
z̃∈Z
|ĝ(τ̃ , z̃)− g(τ, z̃)|

= sup
z̃∈Z

∣∣∣∣∣ ĝτ,z(τ̃ , z̃)

f̂(z̃, τ̃0)
− gτ,z(τ̃ , z̃)

f(z̃, τ̃0)

∣∣∣∣∣
≤ sup

z̃∈Z

∣∣∣∣ ĝτ,z(τ̃ , z̃)− gτ,z(τ̃ , z̃)

f(z̃, τ̃0)

∣∣∣∣+ sup
z̃∈Z

∣∣∣∣∣∣∣
ĝτ,z(τ̃ , z̃)

(
f(z̃, τ̃0)− f̂(z̃, τ̃0)

)
f(z̃, τ̃0)2

∣∣∣∣∣∣∣+Op(n
−1h−2)

= Op(n
−1/2h−1)

For the third one, stochastic equicontinuity and Assumption 1.6 establish the third

one. Here we will omit the symbol ·̃ for simplicity. Following the notation we have

used above, we can get

ĝ(τ̂ , z)− ĝ(τ, z) =
1
nh

∑
i 1{Y ∗ci ≤ τ̂1, Y

∗p
i ≤ τ̂0}K( zi−z

h
)

f̂(z, τ̂0)
−

1
nh

∑
i 1{Y ∗ci ≤ τ1, Y

∗p
i ≤ τ0}K( zi−z

h
)

f̂(z, τ0)

=
V1N − V2N

f̂(z, τ0)
+
V1N(f̂(z, τ0)− f̂(z, τ̂0))

f̂(z, τ0)2
+
m̄∗(τ̂ , z)− m̄∗(τ, z)

f̂(z, τ0)

+
m̄∗(τ̂ , z)(f̂(z, τ0)− f̂(z, τ̂0))

f̂(z, τ0)
+Op(1/n)

Where V1N = m̄(τ̂ , z)−m̄∗(τ̂ , z) and V2N = m̄(τ, z)−m̄∗(τ, z). We can get sup |f̂(z, τ̂0)−

f̂(z, τ0)| = Op(n
−1/2) by setting m̄(τ, z) = 1

nh

∑
iK( zi−z

h
)1{Y ∗pi ≤ τ0} and following

the same process above. By Assumptions 1.3, 1.4 and 1.6, we know 1
h
K(·)1{·} and the

derivative φj(·) are uniformly bounded. By definition of type IV function in Andrews

(1994) and Bhattacharya and Mazumder (2011), V1N − V2N = op(1) since it satisfies

the entropy condition and thus is stochastic equicontinuity. The rest terms will all be

Op(n
−1/2) since sup |f̂(z, τ̂0)− f̂(z, τ0)| = Op(n

−1/2) and τ̂ − τ = Op(n
−1/2).

The second one will be followed by using triangle inequality, 2 and 4. Following

the same proof process on 3, we can prove equation 5 by Assumptions 1.3, 1.4 and 1.6.
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The equation 7 can be proved by using triangle inequality, stochastic equicontinuity

of empirical process and uniform boundedness of derivative of F with respect to z.

sup
ẑ∈Z,‖β̂−β‖≤εn

|F̂0(ẑ)− F̂0(z)| ≤ sup
ẑ∈Z,‖β̂−β‖≤εn

|F̂0(ẑ)− F0(ẑ)− [F̂0(z)− F0(z)]|

+ sup
ẑ∈Z,‖β̂−β‖≤εn

|F0(ẑ)− F0(z)|

= Op(1/
√
n)

Proposition A.2. Under the conditions of Montiel Olea and Plagborg-Møller (2019),

Denote û∗ ∈ R
p as a random vector whose distribution conditional on the data is

denoted as P̂ . Let P̂B denote the distribution of
√
n(û∗ − û) conditional on the data.

Let P denote the limit distribution of
√
n(û− u). If ρ(P̂B − P )

p−→ 0 as n →∞ where

ρ(·, ·) denotes metric that metricizes weak convergence of probability measures on R
p.

(i) Assume for each j = 1,...,k, there exists a random variable σ̂∗j such that
√
nσ̂∗j

p−→

Σ
1/2
jj . Let q̂1−α denote the 1−α quantile of the distribution of maxj(σ̂

∗
j )
−1|hj(û∗)−hj(û)|

conditional on the data. Then

q̂1−α
p−→ q1−α(Σ)

(ii) Denote the ζ quantile of hj(û
∗) conditional on the data as Q̂j,ζ. Define ζmax as

the largest value of ζ ∈ [0, 1/2] such that P̂ (hj(û
∗) ∈ ×kj=1[Q̂j,ζ , Q̂j,1−ζ ]) ≥ 1 − α,

conditional on the data. Let Φ(·) denote the standard normal CDF. Then

ζmax
p−→ ζ∗ ≡ Φ(−q1−α(Σ))
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(iii) Under the same conditions as in (ii), we have for any j=1,...,k,

Q̂j,ζ = θ̂j − σ̂jq1−α(Σ) + op(n
−1/2),

Q̂j,1−ζ = θ̂j + σ̂jq1−α(Σ) + op(n
−1/2)

Proof. The Proposition A.2 is equivalent to Proposition 3 in Montiel Olea and Plagborg-

Møller (2019). We will briefly discuss the proof of the Proposition A.2. By the

conditions of Theorem 1.3, the Assumption 1 of Montiel Olea and Plagborg-Møller

(2019) can be satisfied by letting the function θ = h(u) = u. Then by the results

of Theorem 1.3, the assumption ρ(P̂B − P )
p−→ 0 can be satisfied. According to the

Appendix B.4.9 inMontiel Olea and Plagborg-Møller (2019), we can show that the

results (i), (ii) and (iii) hold.

A.2 Tables and Figures

125



Table 1.1: Point Estimates of Unconditional Transition Matrices

Child’s Quartile
1 2 3 4

P
ar

en
ts

’
Q

u
ar

ti
le

1 0.583∗∗∗ 0.230∗∗∗ 0.145∗∗∗ 0.042∗∗∗

(0.022) (0.020) (0.018) (0.010)

2 0.390∗∗∗ 0.297∗∗∗ 0.195∗∗∗ 0.118∗∗∗

(0.030) (0.028) ( 0.025) (0.021)

3 0.263∗∗∗ 0.308∗∗∗ 0.271∗∗∗ 0.158∗∗∗

(0.040) (0.042) (0.039) (0.032)

4 0.212∗∗∗ 0.200∗∗∗ 0.294∗∗∗ 0.294∗∗∗

(0.047) (0.046) ( 0.050) (0.051)

(a) Transition Matrix of Black Families

Child’s Quartile
1 2 3 4

P
ar

en
ts

’
Q

u
ar

ti
le

1 0.307∗∗∗ 0.290∗∗∗ 0.245∗∗∗ 0.159∗∗∗

(0.026) (0.027) (0.024) (0.021)

2 0.178∗∗∗ 0.297∗∗∗ 0.279∗∗∗ 0.245∗∗∗

(0.018) (0.022) (0.021) (0.020)

3 0.144∗∗∗ 0.240∗∗∗ 0.305∗∗∗ 0.312∗∗∗

(0.015) (0.017) (0.018) (0.018)

4 0.099∗∗∗ 0.194∗∗∗ 0.265∗∗∗ 0.442∗∗∗

(0.012) (0.016) (0.017) (0.017)

(b) Transition Matrix of White Families

Child’s Quartile
1 2 3 4

P
ar

en
ts

’
Q

u
ar

ti
le

1 0.276∗∗∗ −0.060∗ −0.100∗∗∗ −0.116∗∗∗

(0.035) (0.035) (0.030) (0.024)

2 0.212∗∗∗ -0.001 −0.084∗∗∗ −0.128∗∗∗

(0.037) (0.037) (0.035) (0.030)

3 0.119∗∗∗ 0.069 -0.034 −0.154∗∗∗

(0.044) (0.047) (0.046) (0.039)

4 0.112∗∗ 0.006 0.029 −0.148∗∗∗

(0.049) (0.048) (0.054) (0.055)

(c) Difference between Transition Matrices of Black and
White Families

Notes: The table provides point estimates corresponding the transition matrix in Figure 1.1. The

standard errors reported in the table are pointwise. ∗ indicates statistically significant at the 10%

level, ∗∗ indicates statistically significant at the 5% level, and ∗∗∗ indicates statistically significant at

the 1% level.
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Table 1.3: Counterfactual Transition Matrices for Black Families

Parental quartile Children quartile

1st 2nd 3rd 4th

Counterfactual

1st 0.426 0.285 0.226 0.062

(0.0576) (0.0630) (0.0605) (0.0292)

Tran. Matrix

2nd 0.372 0.269 0.241 0.117

(0.0506) (0.0561) (0.0516) (0.0336)

with ASVAB

3rd 0.204 0.373 0.266 0.157

(0.0542) (0.0713) (0.0594) (0.0479)

4th 0.192 0.213 0.217 0.377

(0.0626) (0.0820) (0.0922) (0.0719)

Counterfactual

1st 0.537 0.271 0.152 0.040

(0.0312) (0.0426) (0.0267) (0.0176)

Tran. Matrix

2nd 0.381 0.289 0.218 0.113

(0.0370) (0.0403) (0.0415) (0.0266)

without ASVAB

3rd 0.262 0.325 0.274 0.139

(0.0472) (0.0563) (0.0549) (0.0377)

4th 0.183 0.253 0.272 0.292

(0.0605) (0.0643) (0.0644) (0.0641)

1st -0.111 0.015 0.074 0.022

(0.0515) (0.0711) (0.0539) (0.0274)

Difference

2nd -0.009 -0.019 0.023 0.005

(0.0440) (0.0539) (0.0507) (0.0283)

3rd -0.057 0.048 -0.008 0.018

(0.0410) (0.0630) (0.0565) (0.0339)

4th 0.009 -0.039 -0.055 0.085

(0.0553) (0.0869) (0.0945) (0.0644)

Notes: The transition matrices shown above are counterfactual transition matrices of black families

have they had the characteristics of white families. The top two panels correspond to Panels (a) and

(b) of Figure 2.2. The third panel reports the difference between the two counterfactual distributions.

Pointwise standard errors are reported that are calculated using the bootstrap with 500 iterations.
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Table 1.4: Average Partial Effects for Families in the Second Quartile of Parents’
Income

Child’s quartile

1st 2nd 3rd 4th

Black

Age -0.4245 (0.6277) 1.1057 (0.8951) -0.1225 (1.0001) -0.5587 (0.8149)

Family

Male 0.0666 (0.1320) 0.0124 (0.1213) -0.1405 (0.1106) 0.0616 (0.0899)

Mother’s Age 0.0032 (0.0081) -0.0100 (0.0102) 0.0090 (0.0091) -0.0022 (0.0061)

Mothers’ Educ 0.0047(0.0161) -0.0062 (0.0242) -0.0051 (0.0249) 0.0065 (0.0190)

Urban -0.1064 (0.1039) 0.1491 (0.0997) -0.0692 (0.0955) 0.0266 (0.0614)

ASVAB -0.0010 (0.0033) 0.0016 (0.0045) 0.0024 (0.0033) 0.0001 (0.0022)

White

Age 1.0849 (0.5186) 0.1449 (0.7779) -0.3815 (0.9884) -0.8482 (0.6721)

Family

Male -0.0597 (0.0643) 0.2211 (0.0671) -0.0571 (0.0751) -0.1043 (0.0610)

Mother’s Age -0.0025 (0.0050) 0.0043 (0.0070) -0.0024 (0.0074) 0.0043 (0.0049)

Mother’s Educ -0.0113 (0.0110) 0.0054 (0.0205) 0.0044 (0.0246) 0.0015 (0.0134)

Urban -0.0512 (0.0629) 0.1141 (0.0613) -0.0816 (0.0690) 0.0188 (0.0630)

ASVAB -0.00116 (0.0016) 0.00003 (0.0025) 0.00051 (0.0026) 0.00062 (0.0015)

Notes: Average partial effects for each covariate (as discussed in text) for families with parents’

income in the second quartile of the income distribution and separately by race. Pointwise standard

errors are reported in parentheses that are computed using the bootstrap with 500 iterations. ∗

indicates statistically significant at the 10% level, ∗∗ indicates statistically significant at the 5% level,

and ∗∗∗ indicates statistically significant at the 1% level.
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Table 1.5: Average Partial Effects for Families in the Third Quartile of Parents’ Income

Child’s quartile

1st 2nd 3rd 4th

Black

Age 3.1101 (0.9872) -3.1890 (1.2443) 0.6557 (1.0705) -0.5769 (0.8443)

Family

Male 0.4136 (0.1651) -0.5071 (0.1639) -0.0476 (0.1668) 0.1412 (0.1531)

Mother’s Age 0.0037 (0.0106) -0.0013 (0.0164) 0.0009 (0.0152) -0.0034 (0.0101)

Mother’s Educ 0.0038(0.0205) -0.0069 (0.0305) 0.0123 (0.0355) -0.0092 (0.0266)

Urban 0.2036 (0.0879) -0.2661 (0.1594) -0.0574 (0.1318) 0.1198 (0.1091)

ASVAB -0.0037 (0.0032) 0.0030 (0.0046) 0.0006 (0.0040) 0.0001 (0.0021)

White

Age 1.2135 (0.5395) 0.0471 (0.7066) -1.8452 (0.7331) 0.5846 (0.5893)

Family

Male 0.0356 (0.0550) 0.0064 (0.0682) -0.0208 (0.0673) -0.0212 (0.0713)

Mother’s Age -0.0043 (0.0063) 0.0040 (0.0081) -0.0003 (0.0075) 0.0006 (0.0046)

Mother’s Educ 0.0189 (0.0120) -0.0317 (0.0176) 0.0141 (0.0175) -0.0013 (0.0141)

Urban 0.0209 (0.0461) 0.0165 (0.0545) -0.0437 (0.0657) 0.0062 (0.0611)

ASVAB -0.0018 (0.0015) -0.0001 (0.0028) 0.0003 (0.0030) 0.0014 (0.0019)

Notes: Average partial effects for each covariate (as discussed in text) for families with parents’

income in the third quartile of the income distribution and separately by race. Pointwise standard

errors are reported in parentheses that are computed using the bootstrap with 500 iterations. ∗

indicates statistically significant at the 10% level, ∗∗ indicates statistically significant at the 5% level,

and ∗∗∗ indicates statistically significant at the 1% level.
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Table 1.6: Average Partial Effects for Families in the Second Quartile of Parents’
Income

Child’s quartile

1st 2nd 3rd 4th

Black

Age 0.3151 (1.1227) -0.3866 (1.1841) 0.6797 (0.8044) -0.6082 (0.6268)

Family

Male -0.6919 (0.3467) 0.3603 (0.3317) -0.3350 (0.3458) 0.6667 (0.3281)

Mother’s Age -0.0060 (0.0167) 0.0049 (0.0196) -0.0003 (0.0159) 0.0014 (0.0124)

Mother’s Educ 0.0058(0.0393) -0.0252 (0.0242) 0.0255 (0.0385) -0.0061 (0.0217)

Urban -0.4650 (0.3471) 0.2833 (0.0995) -0.0811 (0.3585) 0.2629 (0.0702)

ASVAB 0.0001 (0.0078) -0.0001 (0.0091) -0.0020 (0.0080) 0.0019 (0.0063)

White

Age 0.6301 (0.7297) 0.6381 (1.0007) -0.4767 (0.9865) -0.7916 (0.6579)

Family

Male -0.0165 (0.0498) 0.1069 (0.0623) -0.1859 (0.0807) -0.0955 (0.0684)

Mother’s Age -0.0008 (0.0038) 0.0076 (0.0084) -0.0018 (0.0099) -0.0049 (0.0071)

Mother’s Educ -0.0023 (0.0063) -0.0113 (0.0125) 0.0118 (0.0159) 0.0017 (0.0103)

Urban -0.0401 (0.0455) 0.0273 (0.0495) -0.1327 (0.0737) 0.1454 (0.0658)

ASVAB -0.0008 (0.0011) -0.0002 (0.0021) -0.0002 (0.0034) 0.0012 (0.0025)

Notes: Average partial effects for each covariate (as discussed in text) for families with parents’ income in the fourth

quartile of the income distribution and separately by race. Pointwise standard errors are reported in parentheses

that are computed using the bootstrap with 500 iterations. ∗ indicates statistically significant at the 10% level, ∗∗

indicates statistically significant at the 5% level, and ∗∗∗ indicates statistically significant at the 1% level.
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APPENDIX B

SEMIPARAMETRIC ESTIMATION OF LOCAL

RANK-RANK SLOPES

B.1 Proofs

Proof of Theorem 2.1

Proof. Under some conditions mentioned in Chen, Linton, and Van Keilegom (2003),

we will show that
√
n(β̂ − β) will converge to a mean zero Gaussian process. Rothe

(2009) uses the similar arguments to prove the semiparametric estimation of binary

response models with endogenous variables. Although we both use maximum likelihood

estimation which is based on nonparametric estimator, the coefficients in our paper

are related to the rank of children’s income, and thus are very different from the one

in Rothe (2009). By using MLE, we can obtain

Ln(β) =
1

n

n∑
i

[
1{Y ∗ci ≤ Y0} ln

[
Ĝ(ZT

i β(Y0))
]

+ (1− 1{Y ∗ci ≤ Y0}) ln
[
1− Ĝ(ZT

i β(Y0))
]]

where Y0 is the threshold value of rank of children’s income. We drop the variables

inside the parenthesis of β for simplicity: β(Y0) = β. β can be seen as the Z-

estimator because ∂βLn(β) = 0 if we choose a β ∈ B which will maximize Ln(β).

Define Mn(β, ĥ) = ∂βLn(β) where ĥ = ĥβ,Y0 = (∂βĜ(ZT
i β(Y0)), Ĝ(ZT

i β(Y0))) and
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h0 = hβ0,Y0 = (∂βG(ZT
i β0(Y0)), G(ZT

i β0(Y0))). Then for any h and Y0 ∈ Y0, we have

Mn(β, ĥ) =
1

n

n∑
i=1

[
∂βĜ(ZT

i β(Y0))
] (
Yi − Ĝ(ZT

i β(Y0))
)

Ĝ(ZT
i β(Y0))

(
1− Ĝ(ZT

i β(Y0))
)

where Yi = 1{Y ∗ci ≤ (Y0)} and Mn(β, ĥ) is the first order derivative or the score of

likelihood function Ln(β). And, define the population moment function as M(β, ĥ) =

E(Mn(β, ĥ)). Finally, following the definition in Chen, Linton, and Van Keilegom

(2003) and the assumptions we made in this paper, we can define the spaceH for h which

is a vector of functions with sup-norm ‖ ‖∞. Set H = H1 × Y0. By Assumptions 2.3

to 2.5, H1 = {f, ∂αf : R 7→ R : f, ∂αf ∈ Cr
K(Z, T )} where Cr

K(Z) is a class of

continuous functions defined on Z which are bounded by constant number K and have

partial derivatives up to order r, and Y0 = {Y0 : Y0 ∈ Yc} where Yc is the set of rank

of children’s income and Y0 is the threshold variable which takes finite value inside Yc.

Thus Y0 is compact. Thus we can define ‖ ‖H = ‖ ‖∞ = supβ∈Bmax{‖h1‖∞, ‖h2‖∞}

where we use hj to represent each element of vector h.

First, we are going to show that the conditions (2.1),(2.2) and (2.4) of Theorem 2

in Chen, Linton, and Van Keilegom (2003) can be satisfied and thus the asymptotic

normality of the coefficients we are estimated can be proved. Denote the coefficient

which make ∂βLn(β) = 0 as β̂. Then β̂ is the Z-estimator which makes the condition

‖Mn(β̂, ĥ)‖∞ ≤ infβ∈B ‖M(β, ĥ)‖∞+ op(n
−1/2) held. By Assumption 2.4, we can show

that ∂βM(β, hβ,Y0) exist and are continuous at β0 and ∂βM(β0, h0) is full column rank.

Lemma B.1. P (ĥ ∈ H) tend to be one and ‖ĥ− h0‖∞ = op(n
−1/4)

Proof. Set h =
(
∂βG(ZT

i β(Y0)), G(ZT
i β(Y0))

)
. By Assumptions 2.3 and 2.4, the class

of functions H ⊂ Cr
K(Z) and ĥ ∈ H with probability tending to one by Assumption 2.5.
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Next, we prove the second part.

sup |Ĝ(ZTβ(Y0))−G(ZTβ0(Y0))|

≤ sup

∣∣∣∣Ĝ(ZTβ(Y0))−G(ZTβ(Y0))−
(
Ĝ(ZTβ0(Y0))−G(ZTβ0(Y0))

)∣∣∣∣
+ sup

∣∣∣G(ZTβ(Y0))−G(ZTβ0(Y0))
∣∣∣+ sup

∣∣∣Ĝ(ZTβ0(Y0))−G(ZTβ0(Y0))
∣∣∣

= T1 + T2 + T3

We will omit Y0 for simplicity and rewrite T2 as

T2 = sup
∣∣∣∂βG(ZTβ0)(β − β0)

∣∣∣
≤C sup |β − β0|

= op(1)

where C = maxZ∈Z(∂βG(ZTβ0)) for each Y0 ∈ Y0. The first equality is obtained by

using first-order taylor expansion and the differentiability of G ∈ H. The inequality

in the second line is obtained by the uniform boundedness of derivative stated in

Assumption 2.4 and the uniform consistency of the estimator β.

For T3 and Y0 ∈ Y0, we can rewrite it by using geometric expansion:

T3 ≤ sup

∣∣∣∣∣ φ̂(Z̄0)− φ(Z̄0)

f(Z̄0)
+
φ̂(Z̄0)(fZ̄0)− f̂(Z̄0))

f(Z̄0)2

∣∣∣∣∣+ op(1)

≤ sup

∣∣∣∣∣ φ̂(Z̄0)− φ(Z̄0)

f(Z̄0)

∣∣∣∣∣︸ ︷︷ ︸
T 1

3

+ sup

∣∣∣∣∣f(Z̄0)− f̂(Z̄0)

f(Z̄0)2

∣∣∣∣∣+ op(1)

where Z̄0 = ZTβ0, φ̂(Z̄0) = 1
nh

∑
i YiK( Z̄i0−Z̄0

h
) and f̂(Z̄) is the kernel probability

density function of Z̄. φ and f denote the true distribution function. The second

inequality can be derived by using the triangle inequality and the uniform boundedness
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of φ̂ which is smaller than 1. The proof for T 1
3 is similar to that of T 2

3 . Thus we only

consider T 1
3 .

T 1
3 = sup

∣∣∣∣∣ φ̂(Z̄0)− E(φ̂(Z̄0)) + E(φ̂(Z̄0))− φ(Z̄0)

f(Z̄0)

∣∣∣∣∣
. By the bias-reducing assumptions made in Assumption 2.5, E(φ̂(Z̄0))−φ(Z̄0)

f(Z̄0)
is Op(h

r).

E(φ̂(Z̄0))− φ(Z̄0)

f(Z̄0)
=

∫
G(Z̄0 + hv)K(v)f(Z̄0 + hv)dv

f(Z̄0)
−G(Z̄i0) (2.1)

= hr
∫
vrK(v)(Grf(Z̄0) +G1f r−1(Z̄0) + . . .+G(Z̄0)f r(Z̄0))/f(Z̄0)dv

(2.2)

We can only focus on the numerator without loss of generality since inf z̄ f(Z̄0) ≥ c 6= 0.

sup
∣∣∣ φ̂(Z̄0)−E(φ̂(Z̄0))

f(Z̄0)

∣∣∣ ≤ sup
∣∣∣ φ̂(Z̄0)−E(φ̂(Z̄0))

c

∣∣∣. Z is a compact set, thus we can cover it by

a class of finite number of open intervals—CN = {CjN : j = 1, · · · , bN}. Each interval

has the same length rN and centered at wjN . For wjN ∈ CjN , we obtain

sup
w∈Z

∣∣∣φ̂(w)− E(φ̂(w))
∣∣∣ ≤ max

j
sup
w∈CjN

[∣∣∣φ̂(w)− φ̂(wjN)
∣∣∣

+
∣∣∣φ̂(wjN)− E(φ̂(wjN))

∣∣∣
+
∣∣∣E(φ̂(wjN))− E(φ̂(w))

∣∣∣]
= B1 +B2 +B3

By Assumption 2.5 and Mean Value Theorem, we obtain that φ̂(z̄) satisfy Lips-

chitz condition since |ĝ(z̄1) − ĝ(z̄2)| ≤ c‖z̄1 − z̄2‖h−1 where ‖h∂z̄ĝ(z̃)‖ < c, then

maxj supw∈CjN h
−1
∣∣∣φ̂(w)− φ̂(wjN)

∣∣∣ = c rN since maxj supw∈CjN ‖w−wjN‖ = rN . The
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third term follows from B1 and will also be equal to c rN/h. For the term B2, we have

P (max
j

∣∣∣φ̂(wjN)− E(φ̂(wjN))
∣∣∣ > δn) ≤ P

 bN⋃
j

(∣∣∣φ̂(wjN)− E(φ̂(wjN))
∣∣∣ > δn

)
≤

bN∑
j

P

(
h−1

∣∣∣φ̂(wjN)− E(φ̂(wjN))
∣∣∣ > h−1δn

)

By using Hoeffding’s inequality and Borel-Cantelli lemma, we can get

P (max
j

∣∣∣φ̂(wjN)− E(φ̂(wjN))
∣∣∣ > δn) ≤

bN∑
j

P

(
h−1

∣∣∣φ̂(wjN)− E(φ̂(wjN))
∣∣∣ > h−1δn

)
≤ 2bNexp (−Dh2Nδ2

N)

where δn = N−1/2h−1 and D is a positive constant. Thus B2 = Op(N
−1/2h−1).

By setting rN =
√
N , we can get the other two terms will also be Op(N

−1/2h−1).

T3 = Op(N
−1/2h−1) +Op(h

r) = op(n
−1/4)

The last term T1 is equal to op(n
−1/4) by using stochastic equicontinuity.

sup

∣∣∣∣Ĝ(ZTβ(Y0))−G(ZTβ(Y0))−
(
Ĝ(ZTβ0(Y0))−G(ZTβ0(Y0))

)∣∣∣∣
= sup

∣∣∣Ĝ(ZTβ(Y0))− E(Ĝ(ZTβ(Y0))) + E(Ĝ(ZTβ(Y0)))−G(ZTβ(Y0))

−
(
Ĝ(ZTβ0(Y0))− E(Ĝ(ZTβ0(Y0))) + E(Ĝ(ZTβ0(Y0)))−G(ZTβ0(Y0))

)∣∣∣∣
≤ sup

∣∣∣∣Ĝ(ZTβ(Y0))− E(Ĝ(ZTβ(Y0)))−
(
Ĝ(ZTβ0(Y0))− E(Ĝ(ZTβ0(Y0)))

)∣∣∣∣︸ ︷︷ ︸
T 1

1

+ sup

∣∣∣∣E(Ĝ(ZTβ(Y0)))−G(ZTβ(Y0))−
(
E(Ĝ(ZTβ0(Y0)))−G(ZTβ0(Y0))

)∣∣∣∣︸ ︷︷ ︸
T 2

1

As we can see in T 1
1 , Ĝ = 1

n

∑
i

1{Yi≤Y0} 1
h
K(

Z̄i−Z̄
h

)

f̂(Z̄)
. By Assumptions 2.3 and 2.5, f̂(Z̄)
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belongs to the class of smooth functions defined in 19.9 of Van der Vaart (2000). Also

the function in the numerator φ(Z̄, β) = 1{Yi ≤ Y0} 1
h
K( Z̄i−Z̄

h
) satisfies the Lipschitz

condition such as φ(Z̄, β)−φ(Z̄, β0) ≤ ‖β−β0‖ supz̄ ∂βφ(Z̄) by the mean value theorem,

uniform boundedness of kernel function and its derivative, and compactness of Z

mentioned in Assumptions 2.3 and 2.5. We show that E(∂βφ(Z̄)) is bounded. Thus this

class of functions corresponds to the parametric class in 19.7 of Van der Vaart (2000).

By the Lipschitz transformation, we conclude that Ĝ belongs to the P −Donsker

class which implies that limd→0 lim supn→∞ P (T 1
1 > ε) = 0 ∀ε > 0 and ‖β − β0‖ = d.

Thus T 1
1 = op(1). The same process can be applied to the first element of vector ĥ, we

will not discuss here for simplicity.

Next, Condition (2.3) of Theorem 2 can be satisfied by proving the following

lemma.

Lemma B.2. For all β ∈ B, or all β ∈ B and suppose β0 ∈ B satisfies M(β0, h0) = 0

and β − β0 = op(1), the pathwise derivative ∂hM(β, hβ,Y0) of M(β, hβ,Y0) exists in all

directions (h− h0) ∈ H. And it satisfies the following two conditions: (1) ‖M(β, h)−

M(β, hβ,Y0) − ∂hM(β, hβ,Y0)(h − hβ,Y0)‖ ≤ c‖h − hβ,Y0‖2
H. (2) ‖∂hM(β, hβ,Y0)(h −

hβ,Y0)− ∂hM(β0, h0)(h−h0)‖ ≤ o(1)δn for each (β, h) ∈ Θδn ×Hδn where Θδn = {β ∈

B : ‖β − β0‖ ≤ δn} and Hδn = {h ∈ H : ‖h− h0‖ ≤ δn}.

Proof. First, it is very easy to prove that the pathwise derivatives of M(β, hβ,Y0) exists

by interchangeability of expectation and differentiation and existence of

limε→0
M(β,h0+ε(h−h0)−M(β,h0)

ε
. By lemma B.3, we can calculate the derivative by refer-
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ring to the definition of pathwise derivative.

∂hM(β, hβ,Y0) = E

[
∂h

[∂βG(ZT
i β(Y0))](Yi −G(ZT

i β(Y0)))

G(ZT
i β(Y0))(1−G(ZT

i β(Y0)))

]

= E

[
(Yi −G(ZT

i β(Y0)))

G(ZT
i β(Y0))(1−G(ZT

i β(Y0)))
− ∂βG(ZT

i β(Y0))

G(ZT
i β(Y0))(1−G(ZT

i β(Y0)))

− [∂βG(ZT
i β(Y0))](Yi −G(ZT

i β(Y0)))(1− 2G(ZT
i β(Y0)))

G(ZT
i β(Y0))2(1−G(ZT

i β(Y0)))2

]

By the Law of Iterated Expectations, ∂hM(β0, h0) = E
[
− ∂βG(ZTi β0(Y0))

G(ZTi β0(Y0))(1−G(ZTi β0(Y0)))

]
.

By Assumptions 2.3 to 2.5 and mean value theorem, we can show that condition (1)

will be holds since suph∈H |∂hM(β, hβ,Y0)| ≤ c. For condition (2) in lemma B.2, we

rewrite condition (2) as

‖∂hM(β, hβ,Y0)(h− hβ,Y0)− ∂hM(β0, h0)(h− h0)‖

≤ ‖∂hM(β, hβ,Y0)(h− h0)− ∂hM(β0, h0)(h− h0)‖+ ‖∂hM(β, hβ,Y0)(h0 − hβ,Y0)‖

≤ ‖∂β∂hM(β0, h0)(β − β0)‖δn

≤ o(1)δn

The first inequality follows from the triangle inequality. The second one is obtained

by using the continuity and uniform boundedness in Assumptions 2.3 and 2.4 and

compactness of Hδn . Thus condition (2) are satisfied.

For condition (2.5’) and M(β0, h0) = 0, we can rewrite it as follows:

sup
‖β−β0‖≤δn,‖h−h0‖H≤δn

‖Mn(β, h)−M(β, h)−
(
Mn(β0, h0)−M(β0, h0)

)
‖∞ ≤ op(n

−1/2)

We first defineMn(β, h) = 1
N

∑
m(Yi, Zi, β, hβ,Y0) = 1

N

∑ [∂βĜ(ZTi β)](Yi−Ĝ(ZTi β))
Ĝ(ZTi β)(1−Ĝ(ZTi β))

, M(β, h) =

E[
[∂βĜ(ZTi β)](Yi−Ĝ(ZTi β))
Ĝ(ZTi β)(1−Ĝ(ZTi β))

], Mn(β0, h0) = 1
N

∑
m(Yi, Zi, β0, h0) = 1

N

∑ [∂βG(ZTi β0)](Yi−G(ZTi β0))
G(ZTi β0)(1−G(ZTi β0))
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and Mn(β0, h0) = E[
[∂βG(ZTi β0)](Yi−G(ZTi β0))
G(ZTi β0)(1−G(ZTi β0))

]. By showing that a class of functions

M = {m(Y, Z, β, h) : (y, z, β, h) ∈ YZBH} is a Donsker class, we can obtain that the

m ∈M is stochastic equicontinuity by showing the entropy condition can be satisfied

and referring to theorem 18.14 in Van der Vaart (2000). Then the condition above

will hold. Next, we will show that M is indeed a Donsker class. By Assumptions 2.3

to 2.5, Cartesian product YZBH is compact since product of compact set is still

compact and m(Y, Z, β, h) satisfies the Lipschitz properties and thus continuous with

respect to β and h. From theorem 2.7.11 in Van Der Vaart and Wellner (1996),

the bracketing number of M will be bounded by the covering number of BH such

as N[ ](ε,M, ‖ · ‖M) ≤ N( ε
L
,BH, ‖ · ‖BH), where L can be set as the supZ |∂m(·)|.

Define some calsses of functions as ζ1i = {(Y, Z, F ) 7→ 1{Y ∗ ≤ y0} − F (Y |ZTβ) :

(Y, Z) ∈ R2, F ∈ H}, ζ2i = {(Y, Z, F ) 7→ F (Y |ZTβ) : (Y, Z) ∈ R2, F ∈ H} and

ζ3i = {(Y, Z, F ) 7→ ∂βF (Yi|ZT
i β)) : (Y, Z) ∈ R2, ∂βF ∈ H}. By Assumptions 2.3

to 2.5, those classes mentioned above satisfy the conditions of 19.6 and 19.9 in Van

der Vaart 2000 which implies that
∫ δ

0

√
logN( ε

L
,BH, ‖ · ‖BH)dε ≤ ∞. By 19.20 in

Van der Vaart 2000 or theorem 2.3 in Kosorok 2007,
∫ δ

0

√
logN[ ](ε,M, ‖ · ‖M)dε ≤ ∞

and m(·) belongs to a donsker class. From theorem 2.1 in Kosorok 2007, the stochastic

equicontinuity can be proved.

Finally we will prove the condition (2.6) by showing the following lemma holds.

∂hM(β0, h0)(ĥ− h0) = E

[
− ∂βG(ZT

i β0)

G(ZT
i β0)(1−G(ZT

i β0))

(
Ĝ(ZT

i β)−G(ZT
i β0)

)]
= D2
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For term D2, we define α(z̄) =
E(∂βG(z̄)|z̄)
G(z̄)(1−G(z̄))

and have that

∫
α(z̄)[Ĝ(z̄)−G(z̄)]f(z̄)dz̄

=

∫
α(z̄)

[
1
nh

∑
i 1{Y ∗ci ≤ Y0}K( z̄i−z̄

h
)

f̂(z̄)
−G(z̄)

]
f(z̄)dz̄

=

∫
α(z̄)

[
1
nh

∑
i(G(z̄i)−G(z̄))K( z̄i−z̄

h
)

f̂(z̄)
+

1
nh

∑
i(1{Y ∗ci ≤ Y0} −G(z̄i))K( z̄i−z̄

h
)

f̂(z̄)

]
f(z̄)dz̄

=A1 + A2

For A1, we can rewrite as follows:

∫
α(z̄)

[
1
nh

∑
i(G(z̄i)−G(z̄))K( z̄i−z̄

h
)

f̂(z̄)

]
f(z̄)dz̄

=

∫
α(z̄)

 1

nh

∑
i

(G(z̄i)−G(z̄))K(
z̄i − z̄
h

) +
1
nh

∑
i(G(z̄i)−G(z̄))(f(z̄)− f̂(z̄))K( z̄i−z̄

h
)

f(z̄)

 dz̄
+Op(h

2r)

=
1

nh

∑
i

∫
α(hv + z̄)(G(z̄)−G(hv + z̄))K(v)dv + op(1) +Op(h

2r)

=Op(h
r)

where T (z̄) = α(z̄)(f(z̄)−f̂(z̄))
f(z̄)

. The first equality can be obtained by geometric expansion.

The second one is from the change of variables. The last equality holds by using

the Assumption 2.5 and f̂ − f = op(1). We can rewrite Op(h
r) = op(n

−1/2) by

Assumption 2.6.
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For term A2, we can have

∫
α(z̄)

[
1
nh

∑
i(1{Y ∗ci ≤ Y0} −G(z̄i))K( z̄i−z̄

h
)

f̂(z)

]
f(z̄)dz̄

=

∫
α(z̄)

[
1
nh

∑
i(1{Y ∗ci ≤ Y0} −G(zi))K( zi−z

h
)

f(z)

+
1
nh

∑
i(1{Y ∗ci ≤ Y0} −G(z̄i))(f(z̄)− f̂(z̄))K( z̄i−z̄

h
)

f(z̄)2

]
f(z̄)dz̄

=
1

n

∑
i

∫
α(hv + z̄i)(1{Y ∗ci ≤ Y0} −G(z̄i))K(v)dv

+
1

n

∑
i

∫
(1{Y ∗ci ≤ Y0} −G(z̄i))K(v)T (hv + z̄i)dv

=
1

n

∑
i

α(z̄i)(1{Y ∗ci ≤ Y0} −G(z̄i)) + op(1)

Putting together the terms above, for each Y0 ∈ Y, we can write Mn(β0, h0) +

∂βM(β0, h0)(ĥβ0 − h0) as:

1

n

n∑
i=1

[
∂βG(ZT

i β0)− E(∂βG(ZT
i β0)|Zi)

] (
1{Y ∗ci ≤ Y0} −G(ZT

i β0)
)

G(ZT
i β0)

(
1−G(ZT

i β0)
)

The results of condition (2.6) can be proved by referring to theorem 3.3 in Pakes and

Pollard 1989 and standard central limit theorem. Then by the Theorem 2 in Chen,

Linton, and Van Keilegom 2003, we can show that β is asymptotic normality at a

specific value y0. From above, we can write

√
n(β̂(y0)− β(y0)) = Σ−1 1

n

n∑
i=1

[
∂βG(ZT

i β0)− E(∂βG(ZT
i β0)|Zi)

] (
1{Y ∗ci ≤ Y0} −G(ZT

i β0)
)

G(ZT
i β0)

(
1−G(ZT

i β0)
)

= Σ−1
GnBi(y0)

Bi(y0) ∈ B where B is a Donsker class by using the results of examples 19.6,19.9 and
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19.20 in Van der Vaart (2000). Then we can prove that
√
n(β̂(·)− β(·)) converges to

a tight mean zero Gaussian process indexed by y0.

From above, we can write

√
n(β̂(y0)− β(y0)) = Σ−1 1

n

n∑
i=1

[
∂βG(ZT

i β0)− E(∂βG(ZT
i β0)|Zi)

] (
1{Y ∗ci ≤ Y0} −G(ZT

i β0)
)

G(ZT
i β0)

(
1−G(ZT

i β0)
)

= Σ−1
GnBi(y0)

Bi(y0) ∈ B where B is a Donsker class by using the results of examples 19.6,19.9 and

19.20 in Van der Vaart (2000). Then we can prove that
√
n(β̂(·)− β(·)) converges to

a tight mean zero Gaussian process indexed by y0.

Proof Of Theorem 2.2

Proof. Denote g(·) as the partial derivative of G(·) with respect to T , then we can

rewrite the average of ∂tE(Y |Z, T ) conditional on T = t as follows:

√
n

[∫
ĝ(zT β̂)dF̂t(z

T β̂)−
∫
g(zTβ)dFt(z

Tβ)

]
=
√
n

[∫
ĝ(zT β̂)dF̂t(z

T β̂)−
∫
ĝ(ZTβ)dFt(Z

Tβ)

]
+
√
n

[∫
ĝ(zTβ)dF̂t(z

Tβ)−
∫
g(zTβ)dFt(z

Tβ)

]
︸ ︷︷ ︸

T1

=
√
n

[∫ (
ĝ(zT β̂)− ĝ(zTβ)

)(
dF̂t(z

T β̂)− F̂t(zTβ)
)]

︸ ︷︷ ︸
T4

+
√
n

[∫ (
ĝ(zT β̂)− ĝ(zTβ)

)
dF̂t(z

Tβ)

]
︸ ︷︷ ︸

T3

+
√
n

[∫
ĝ(zTβ)

(
dF̂t(z

T β̂)− F̂t(zTβ)
)]

︸ ︷︷ ︸
T2

+T1

=T4 + T3 + T2 + T1

We first start with T1. By 4.3.3 in P.167 of Pagan and Ullah (1999) and Rilstone
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(1991), we can rewrite
∫
ĝ(zTβ)dF̂t(z

Tβ) as a second-order U-statistic Un where

Un = − 1

n(n− 1)

∑
i

∑
j 6=i

yi
1
h2K

1(
zTj β−zTi β

h
)

f̂(zTi β)
=− 2

n(n− 1)

∑
i

∑
j>i

Hn

(
(zj, yj), (zi, yi)

)
=− 2

n(n− 1)

∑
i

∑
j>i

1
h2K

1(
zTj β−zTi β

h
)

2f̂(zTi β)
(yi − yj)

Let rn(zi, yi) = E
(
Hn((zj, yj), (zi, yi))|(zi, yi)

)
and r̄n = E

(
rn(zi, yi)

)
. Then we

have

∫
ĝ(zTβ)dF̂t(z

Tβ)−
∫
g(zTβ)dFt(z

Tβ) = Un − Ūn + Ūn − E(Un) + E(Un)− U

where U =
∫
g(zTβ)dFt(z

Tβ) = −E(y f
1(ZT β)
f(ZT β)

) by the assumption that density on the

boundary is equal to zero and Ūn = E
(
Hn((Zj, Yj), (Zi, Yi))

)
+ 2

n

∑
i

[
rn(Zi, Yi)− r̄n

]
.

By the lemma A.17 in Li and Racine (2007), we can prove
√
n(Un − Ūn) = op(1) if

E[|Hn((Zj, Yj), (Zi, Yi))|2] = o(n). Set Z̄ = ZTβ. By (3.13) in Powell, Stock, and

Stoker (1989), we have

E[|Hn((Zj, Yj), (Zi, Yi))|2]

=

∫ ∫ 1
h4 (K1(

zTj β−zTi β
h

))2

4(f̂(zTi β))2
E
[
(yi − yj)2|z̄i, z̄j

]
f(z̄i)f(z̄j)dz̄idz̄j

=

∫ ∫ 1
h4 (K1(

zTj β−zTi β
h

))2

4(f̂(zTi β))2

(
G(z̄i)

2 +G(z̄j)
2 + 2σ2 − 2G(z̄i)G(z̄j)

)
f(z̄i)f(z̄j)dz̄idz̄j

=

∫ ∫ 1
h4 (K1(v))2

4h(f̂(zTi β))2

(
G(z̄i)

2 +G(z̄i + hv)2 + 2σ2 − 2G(z̄i)G(z̄i + hv)
)
f(z̄i)f(z̄i + hv)dvdz̄i

=O(n(nh3)−1) = o(n)

where the third equality uses the change of variables v =
ZTj β−ZTi β

h
and the fourth one

uses the continuity of G(·) and f(·).

Next, we can prove that E(Un)− U = op(n
−1/2). The term E(Un) can be re-written

142



as
∫

1
h2

K1(
z̄j−z̄i
h

)

f̂(z̄i)
G(z̄i)f(z̄i)f(z̄j)dz̄idz̄j =

∫
1
h
βt∂zK(v)

f̂(z̄i)
G(z̄i)f(z̄i)f(z̄i + hv)dz̄idv =

−
∫ βtK(v)

f̂(z̄)
G(z̄)f(z̄)∂zf(z̄ + hv)dz̄dv = −

∫ βtG(z̄)f(z̄)

f̂(z̄)

∫
K(v)∂zf(z̄ + hv)dvdz̄ =

−
∫ βtG(z̄)f(z̄)

f̂(z̄)
∂zf(z̄)dz̄ +Op(h

r) = U +Op(h
r). Thus we can obtain that

√
n(E(Un)−

U) = Op(
√
nhr) = op(1) by Assumption 2.6. βt is the coefficient of covariate T.

Finally, Ūn − E(Un) = 2
n

∑
i

[
rn(Zi, Yi)− r̄n

]
rn(Zi, Yi) =E

(
Hn((zj, yj), (zi, yi))|(zi, yi)

)
=−

∫ 1
h2K

1(
z̄j−z̄Ti
h

)

f̂(z̄i)
(yi −G(z̄j))f(z̄j)dz̄j

=

∫ 1
h
K1(v)

f̂(z̄)
(y −G(z̄ + hv))f(z̄ + hv)dv

=−
∫
βtK(v)

f̂(z̄)
y ∂zf(z̄ + hv)dv +

∫
βtK(v)

f̂(z̄)
∂z(G · f(z̄ + hv))dv

=−
∫
βtK(v)

f̂(z̄)
y ∂z[f(z̄) + f(z̄)hv + · · ·+ f(z̄)

r!
(hv)r]dv

+

∫
βtK(v)

f̂(z̄)
∂z[G · f(z̄) +G · f(z̄)hv + · · ·+ G · f(z̄)

r!
(hv)r]dv

=

∫
βtK(v)

f(z̄)
∂z(G · f(z̄))dv −

∫
βtK(v)

f(z̄)
y ∂zf(z̄)dv +Op(h

r)

=
f(z̄)βt∂zG− (y −G(z̄))βt∂zf(z̄)

f(z̄)
+Op(h

r)

whereG·f(z̄) = G(z̄)f(z̄). Finally, we have Ūn−E(Un) = 2
n

∑
i
f(z̄i)βt∂zG−(y−G(z̄i))βt∂zf(z̄i)

f(z̄i)
−

E(Un).

Let us move to the term T4. By the theorem 2.1 in Vaart, Wellner, et al. (2007),
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we can show that this term will be equal to op(1).

√
n

[∫ (
ĝ(zT β̂)− ĝ(zTβ)

)
d
(
F̂t(z

T β̂)− F̂t(zTβ)
)]

=
√
n

[∫ (
ĝ(zT β̂)− ĝ(zTβ)

)
d(F̂t(z

T β̂)− Ft(zT β̂)− (F̂t(z
Tβ)− Ft(zTβ))

+Ft(z
T β̂)− Ft(zTβ))

]
=
√
n

[∫ (
ĝ(zT β̂)− ĝ(zTβ)

)
d
(
F̂t(z

T β̂)− Ft(zT β̂)− (F̂t(z
Tβ)− Ft(zTβ))

)]
+
√
n

[∫ (
ĝ(zT β̂)− ĝ(zTβ)

)
d
(
Ft(z

T β̂)− Ft(zTβ)
)]

=T41 + T42

T41 is equal to op(n
−1/2) by the fact that indicator functions are P-donsker class and

thus satisfy the stochastic equicontinuity condition and uniform boundedness of the

derivative of function g. By the differentiation of cumulative distribution function F ,

T42 can be represented as follows:

√
n

[∫ (
ĝ(zT β̂)− ĝ(zTβ)

)
d
(
Ft(z

T β̂)− Ft(zTβ)
)]

=
√
n

[∫ (
ĝ(zT β̂)− ĝ(zTβ)

)
d ft(z

Tβ)(β̂ − β)

]
≤
√
n

[∫
sup
z∈Z
|ĝ1(zTβ)|(β̂ − β)d ft(z

Tβ)

]
(β̂ − β)

= op(1)

The last equality can be obtained by the fact that β̂ − β = op(1) as n → ∞ and

uniform boundedness of derivative of function f stated in Assumptions 2.4 and 2.5.
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Now, let us look at the term T3 which can be written as.

T31 + T32 =
√
n

[∫ (
ĝ(zT β̂)− ĝ(zTβ)

)
d(F̂t(z

Tβ)− Ft(zTβ))

]
+
√
n

[∫ (
ĝ(zT β̂)− ĝ(zTβ)

)
dFt(z

Tβ)

]

For T32,
√
n

[∫ (
ĝ(zT β̂)− ĝ(zTβ)

)
dFt(z

Tβ)

]
=
√
n
[∫

ĝ1(zTβ)(β̂ − β)dFt(z
Tβ)
]

=

√
n
[∫

g1(zTβ)(β̂ − β)dFt(z
Tβ)
]

+Op(n
−1h−3). The last equality can be obtained by

using the lemma 4 in Klein and Spady (1993) and Assumption 2.6. For T31, we can

show this term will converge to zero in probability as n→∞.

√
n

[∫ (
ĝ(zT β̂)− ĝ(zTβ)

)
d(F̂t(z

Tβ)− Ft(zTβ))

]
=
√
n
[∫

g1(zTβ)(β̂ − β)d(F̂t(z
Tβ)− Ft(zTβ))

]
+Op(n

−1h−3) ≤ supz∈Z |g1(zTβ)|‖β̂−β‖ and
√
n(F̂t(z

Tβ)−Ft(zTβ)) +Op(n
−1h−3) =

op(1). The inequality can be obtained by using the Assumption 2.4, theorem 2.1

and
√
n(F̂t(z

Tβ)− Ft(zTβ)) = Op(1) which is the asymptotic property of empirical

distribution function.

The last term T2 can be represented as follows:

√
n

[∫
ĝ(zTβ)d

(
F̂t(z

T β̂)− F̂t(zTβ)
)]

=
√
n

[∫
ĝ(zTβ)d

(
F̂t(z

T β̂)− Ft(zT β̂)− (F̂t(z
Tβ)− Ft(zTβ))

)]
+
√
n

[∫
ĝ(zTβ)d

(
Ft(z

T β̂)− Ft(zTβ)
)]

≤
√
n

[
sup
z∈Z
|ĝ(zTβ)|

(
F̂t(z

T β̂)− Ft(zT β̂)− (F̂t(z
Tβ)− Ft(zTβ))

)]

+
√
n

[∫
ĝ(zTβ)d

(
Ft(z

T β̂)− Ft(zTβ)
)]

The first term on the right side of the inequality will be op(1) because of the stochastic

equicontinuity mentioned in the proof of T41. The second term can be rewrite as

√
n

[∫
ĝ(zTβ)d

(
Ft(z

T β̂)− Ft(zTβ)
)]

=
√
n

[∫
g(zTβ)d

(
F 1
t (zTβ)(β̂ − β)

)]
+Op(n

−1/2h2).
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Proof Of Theorem 2.4

Proof. From theorem 2.2, we can write

√
n(∂tφ̂− ∂tφt)

=
1√
n

∑
i

f(Z̄i)βt∂zG(Z̄i)− (y −G(Z̄i))βt∂zf(Z̄i)

f(Z̄i)
− E(Un)

+ κc

K∑
k

A−1
0k

1√
n

∑
i

∂βkG(ZT
i β0)− E(∂βkG(ZT

i β0)Zi)(1{Y ∗ci ≤ Y0} −G(Z̄i))

G(ZT
i β0)

(
1−G(ZT

i β0)
)

= G1nκ1 + κc

dz∑
k=1

G2nA0kκ2k

κ1 =
f(Z̄i)βt∂zG(Z̄i)− (y −G(Z̄i))βt∂zf(Z̄i)

f(Z̄i)
− E(Un)

κ2k =
∂βkG(ZT

i β0)− E(∂βkG(ZT
i β0)|Zi)(1{Y ∗ci ≤ Y0} −G(Z̄i))

G(ZT
i β0)

(
1−G(ZT

i β0)
)

where κc =
[∫
g1(zTβ)dFt(z

Tβ) +
∫
g(zTβ)dF 1

t (zTβ)
]

andA0k = E

(
[∂βkG(ZTi β0)][∂βkG(ZTi β0)]

′

G(ZTi β0)(1−G(ZTi β0))

)
,

dz is the dimension of covariates. κ2 = {κ2i : i = 1, · · · , dz}, K = {κi : t ∈ T } for

i =1,2 From the proof of theorem 2.2, we know that K is a Donsker class and thus

converge to a Gaussian process. From the theorem 3.6.1 in Van Der Vaart and

Wellner (1996), the first assertion of theorem 2.4 can be proved. The second result of

theorem 2.4 corresponds to the theorem 22.5 in Van der Vaart (2000) which is the

delta method for bootstrap.

146



Proof Of Proposition 2.1

Proof.

√
n
(
ξ̂t − ξt

)
=

∫ √
n
(
∂tφt(p, F )− ∂tφ̂t(p, F )

)
dy

From the theorem 2.2, we have

√
n
(
∂tφt(p, F )− ∂tφ̂t(p, F )

)
 Z

If we can get the Hadamard derivatives of ξt with respect to the true value ∂tφt, then

by the theorem 2.3, we can prove the the results of proposition 2.1. From the chapter

12.2.1 and 12.2.2 in Kosorok (2007), ξ′t =
∫
−∂tφ dy, the derivative Γ′F,t can be derived.

Following the definition of Hadamard differentiability in chapter 20.2 of Van der Vaart

(2000), we have

‖
∫ [

1− (∂tφ
c
t(p, F ) + shs)− [1− (∂tφ

c
t(p, F ))]

]
s

dy −
∫
−∂tφ dy‖Eξ → 0 (2.3)

as s→ 0, hs → h = ∂tφ where Eξ is the vector space of ξ.

Proof Of Proposition 2.2

Proof. Since this proposition corresponds to the combination of theorem 4.1 and 4.2

in Chernozhukov, Fernández-Val, and Luo (2018), we can refer to Chernozhukov,

Fernández-Val, and Luo (2018) for the proof. However, the conditions mentioned in

this proposition are different from those in Chernozhukov, Fernández-Val, and Luo

(2018), thus proving this proposition can be simplified to show that the assumptions

S.1-S.4 in theorem 4.1 and 4.2 of Chernozhukov, Fernández-Val, and Luo (2018) are

implied by the assumptions, theorems and propositions in section 2.4.

Under Assumptions 2.2 and 2.4, the domain of t → ∆(t) is compact and the
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function ∆(t) and the density u(t)′ are continuous where u(t) is the distribution

function of t and absolutely continuous. Thus the condition S.1 is satisfied.

Here the Assumption 2.7 implies the S.2 in Chernozhukov, Fernández-Val, and

Luo (2018), which means the shape of t→ ∆(t) do not contain flat areas or infinite

cyclical oscillations.

√
n(∆̂(·) −∆(·)) =

√
n(ξ̂ − ξ̂c − (ξ − ξc)) =

√
n(ξ̂ − ξ) −

√
n(ξ̂c − ξc), the right

hand side of the last equality can be seen as the sum of two terms which all converge

to Gaussian processes. By the conditions in proposition 2.1 and continuous mapping

theorem,
√
n(∆̂(·) −∆(·))  G∞(·) where G∞(·) is a mean zero Gaussian process

indexed by t. Thus S.3 are satisfied. We know that the µ̂ is an empirical distribution

function of covariate t. By the asymptotic property of empirical distribution, we have

√
n(µ̂− µ) converges to a mean zero Gaussian process H∞, which implies the S.4 in

Chernozhukov, Fernández-Val, and Luo (2018).

We have proved the first two results of proposition 2.2 by the statement above.

From the assumptions we made in section 2.4, t→ µ(y|t) is continuous on the compact

support of t and the support of y is also compact. Thus the results of last result of

proposition 2.2 follows.

Proposition and Lemma

Proposition B.1. Under the assumption 1 of Olea and Plagborg-Møller (2017),

Denote û∗ ∈ R
p as a random vector whose distribution conditional on the data is

denoted as P̂ . Let P̂B denote the distribution of
√
n(û∗ − û) conditional on the data.

Let P denote the limit distribution of
√
n(û− u). If ρ(P̂B − P )

p−→ 0 as n →∞ where

ρ(·, ·) denotes metric that metricizes weak convergence of probability measures on R
p.

(i) Assume for each j = 1,...,k, there exists a random variable σ̂∗j such that
√
nσ̂∗j

p−→

Σ
1/2
jj . Let q̂1−α denote the 1−α quantile of the distribution of maxj(σ̂

∗
j )
−1|hj(û∗)−hj(û)|
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conditional on the data. Then

q̂1−α
p−→ q1−α(Σ)

(ii) Denote the ζ quantile of hj(û
∗) conditional on the data as Q̂j,ζ. Define ζmax as

the largest value of ζ ∈ [0, 1/2] such that P̂ (hj(û
∗) ∈ ×kj=1[Q̂j,ζ , Q̂j,1−ζ ]) ≥ 1 − α,

conditional on the data. Let Φ(·) denote the standard normal CDF. Then

ζmax
p−→ ζ∗ ≡ Φ(−q1−α(Σ))

(iii) Under the same conditions as in (ii), we have for any j=1,...,k,

Q̂j,ζ = θ̂j − σ̂jq1−α(Σ) + op(n
−1/2),

Q̂j,1−ζ = θ̂j + σ̂jq1−α(Σ) + op(n
−1/2)

Proof. The Proposition B.1 is equivalent to Proposition 3 in Olea and Plagborg-Møller

(2017). We will briefly discuss the proof of the Proposition B.1. By the conditions

of theorem 2.4, the bootstrapped distribution P̂B is consistent for the distribution of

sample estimator P̂ , which means ρ(P̂B − P )
p−→ 0. The assumption 1 stated in Olea

and Plagborg-Møller (2017) contains regular assumptions which can be easily satisfied.

According to the Appendix B.4.9 inOlea and Plagborg-Møller (2017), we can show

that this proposition holds.

Lemma B.3. Let E ⊂ Y be a measurable set. Under Assumptions 2.1 to 2.6,

integration and differentiation can be interchanged such as

∂E(y|t)
∂t

=

∫
E

y
∂f(y|t)
∂t

dy

149



Proof. The proof can be done in three steps. First, we will show that y ∂f(y|t)
∂t

is

integrable. Then, we show that E(y|t) is differentiable. In the final step, we show

the equality above will hold by using dominated convergence theorem. We define

y f(y|t) as f(y, t) just for simplicity. By Assumptions 2.4 and 2.5, f(y, t) ∈ F =

{f : R2 → R | f ∈ CM(T ,Y)}. CM(T ,Y) is a class of continuous functions which are

uniformly bounded and r-time differentiable defined on a compact set. Thus f(y, t) is

integrable with respect to y and differentiable with respect to t. For all t ∈ T and

y ∈ E, ∂tf(y, t) is uniformly bounded by a constant M.

First, it is obvious to show that ∂tf(y, t) is measurable and integrable since

f(y,t+∆n)−f(y,t)
∆n

→ ∂tf(y, t) as n goes to ∞ where f(y, t) is measurable functions

defined on measurable set E for all t and
∫
E
|∂tf(y, t)|dy ≤

∫
E
Mdy ≤ ∞

The second and final step can be proved together. By the definition of derivative,

we can write as follows:

lim
n

E(y|t+ ∆n)− E(y|t)
∆n

= lim
n

∫
f(y, t+ ∆n)− f(y, t)

∆n

=

∫
∂tf(y, t)dy

The first equality can be obtained by the linearity of integral. The last equality is

from the dominated convergence theorem.

B.2 Tables and Figures
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Table 2.1: Classification Analysis of Cohort 97

Least 10% Most 10%

Mean S.E. Mean S.E. Difference S.E.

Asvab 44.043 2.727 66.091 2.736 22.048 3.853

Male 0.389 0.042 0.503 0.043 0.114 0.061

Black 0.222 0.032 0.098 0.031 -0.124 0.046

Hispanic 0.191 0.031 0.104 0.070 -0.087 0.044

Child’s age 35.056 0.119 35.046 0.125 -0.009 0.175

Mother’s age 42.167 0.454 43.977 0.481 1.810 0.693

Years of child’s edu. 14.019 0.273 15.671 0.280 1.652 0.397

High school 0.265 0.033 0.092 0.032 -0.173 0.047

College 0.253 0.038 0.266 0.036 0.013 0.053

Bachelor 0.179 0.034 0.202 0.034 0.023 0.050

Advanced edu. 0.173 0.038 0.382 0.039 0.209 0.040

Years of Mother’s edu. 12.488 0.277 14.017 0.274 1.530 0.391

M High Sch. 0.327 0.040 0.237 0.041 -0.090 0.057

M College 0.290 0.038 0.341 0.036 0.051 0.052

M Bachelor 0.111 0.033 0.202 0.034 0.091 0.113

M Advanced edu. 0.043 0.026 0.139 0.027 0.096 0.090

Mother’s Age2 1810.179 39.933 1956.023 42.580 145.844 60.949

Child’s Age2 1230.809 8.317 1230.295 8.770 -0.514 12.269

Rank of Parental Income 0.428 0.037 0.699 0.038 0.271 0.055

Rank of Child’s Income 0.445 0.027 0.580 0.061 0.135 0.039

Logarithm of Parental Inc. 10.799 0.099 11.528 0.098 0.729 0.142

Logarithm of Child’s Inc. 10.932 0.080 11.329 0.027 0.397 0.115
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Figure 2.1: Uniform confidence bands for the difference in covariates between the most
and least affected groups

Notes: The difference between two groups ( the most and least affected ) for each variables.

Classification analysis is employed to determine the most affected and the least affected groups.

Here the most effected means that people tend to have larger composition effects than people in the

least effected group. The uniform confidence intervals are constructed by using the using the m out

of n bootstrap (as discussed in the text) with 500 bootstrap iterations.
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Figure 2.2: Rank-rank slopes

(a) Cohort 79 (b) Cohort 97

(c) Counterfactual (d) Difference

Notes: Panel (a) is the RR slopes of cohort 79 while Panel (b) is the one of cohort 97. Panel (c)

Counterfactual RR slope for cohort 97 if their characteristics are adjusted to follow the same

distribution as characteristics of cohort 79 with parents’ income in the same rank. Panel (d) is the

difference in RR slopes between the two cohorts. The pattern of points can be clarified by adding

smoothed conditional regression line which is estimated by using LOESS (locally estimated

scatterplot smoothing) methods.
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APPENDIX C

SEMIPARAMETRIC ES LOCAL RANK-RANK

SLOPES

C.1 Tables and Figures
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Table 3.1: Decomposing the difference in log income
Percentile 10th S.E. 30th S.E. 50th S.E. 70th S.E. 90th S.E.

Quantile-based method:

Overall effect 1.362 0.643 0.693 0.351 0.341 0.162 0.206 0.101 0.072 0.053

Aggregate structure eff. 0.781 0.320 0.531 0.302 0.290 0.167 0.170 0.089 0.070 0.042

Aggregate composition eff. 0.581 0.232 0.162 0.075 0.051 0.025 0.036 0.019 0.002 0.003

RIF-based method:

Overall effect 1.831 0.741 0.720 0.301 0.291 0.151 0.182 0.078 0.055 0.041

Aggregate structure eff. 1.320 0.701 0.360 0.171 0.110 0.021 0.150 0.040 0.051 0.050

Aggregate composition eff. 0.511 0.162 0.360 0.165 0.181 0.072 0.032 0.011 0.004 0.003

Detailed composition eff.:

Education 0.160 0.071 0.130 0.055 0.080 0.033 0.025 0.011 0.010 0.099

Age 0.283 0.151 0.182 0.098 0.062 0.035 0.010 0.081 0.001 0.001

Party -0.001 0.001 -0.002 0.003 -0.001 0.002 -0.002 0.002 -0.002 0.003

Gender -0.001 0.001 -0.003 0.004 -0.001 0.001 -0.002 0.002 -0.003 0.006

Region 0.070 0.025 0.053 0.019 0.041 0.022 0.001 0.0005 -0.002 0.002

Detailed Structure :

Education 2.080 1.031 -0.260 0.141 -0.260 0.20 -0.092 0.101 -0.072 0.066

Age -3.120 1.580 -0.080 0.101 0.174 0.082 0.113 0.059 0.051 0.029

Gender 0.080 0.062 0.035 0.019 0.024 0.016 0.012 0.009 0.014 0.009

Party 1.889 0.987 0.135 0.084 -0.030 0.023 -0.075 0.048 -0.024 0.019

Region 0.391 0.154 0.540 0.256 0.202 0.099 0.192 0.846 0.082 0.033

1 The base group is the male, never schooled, central China, not Communist party, age between 30 and 50 .
2 The effect of each covariate is obtained by adding up effect of each catergories under each covariate except
the omitted category .
3 The detailed composition effect of Party and Gender converge to zero which can be seen in Figure 13 .
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Figure 3.1: Density of log income distribution for Han and Non-han

Notes: This figure is density of income for the Han and Non-han groups. The density of Han is little

bit right to the density of Non-han group.
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Figure 3.2: Unconditional income distribution for Han and Non-han

Notes: This figure is the unconditional income distributions for each group by using quantile

regression.
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Figure 3.3: Distribution function

Figure 3.4: Quantile function
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Figure 3.5: Decomposition of total effect using quantile regression

Notes: Aggregate structure effects are larger than aggregate composition effect across the horizontal

line.
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Figure 3.6: Decomposition of total effect using RIF
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Figure 3.7: Detailed overall effects

Notes: The detailed overall effect for each covariate is the sum of detailed composition effect and

detailed structure effect for each covariate.
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Figure 3.8: Aggregate income structure effect
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Figure 3.9: Detailed structure effect

Notes: Detailed structure effect is the effect of difference in the coefficient between the Han and the

Non-han for each covariate on the income gap.
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Figure 3.10: Aggregate composition effect

Notes: Aggregate composition effect is the total effect of difference in covariates between the Han

and the Non-han s’ on income gap.
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Figure 3.11: Detailed composition effect

Notes: Detailed composition effect is the effect of difference in each covariate on the income gap

between Han and Non-han groups.
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