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ABSTRACT

by

Puskar Bhattarai

The Kohn-Sham density functional theory (KS-DFT) finds an approximate so-

lution for the many-electron problem for the ground state energy and density by

solving the self-consistent one-electron Schrödinger equations. KS-DFT would be an

exact theory if we could find the precise form of exchange-correlation energy (Exc).

However, this would not be computationally feasible.

The density functional approximations (DFAs) are designed to be exact in the

limit of uniform densities. They require a parametrization of the correlation energy

per electron (εc) of the uniform electron gas (UEG). These DFAs take the parametriza-

tions of correlation energy as their input since the exact analytical form of εc is still

unknown. Almost all the DFAs of higher rungs of Jacob’s ladder employ an addi-

tional function on top of εc for approximating their correlation energy. Exchange

energies in these DFAs are also approximated by applying an enhancement factor to

the exchange energy per electron of the UEG.

Exchange-correlation energy is the glue that holds the atoms and molecules to-

gether. The correlation energy is an important part of “nature’s glue” that binds

one atom to another, and it changes significantly when the bonding of the molecule

changes. It is a measure of the effect of Coulomb repulsion due to electronic mutual

avoidance and is necessarily negative. We compared three parametrizations of the

correlation energy per electron of the uniform electron gas to the original and the cor-

rected density parameter interpolation (DPI), which is almost independent of QMC
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input, and with the recent QMC of Spink et al., which extends the Ceperley-Alder

results to fractional spin polarization and higher densities or smaller Seitz radius rs.

These three parametrizations are Perdew-Zunger or PZ 1981, Vosko-Wilk-Nusair or

VWN 1980, and Perdew-Wang or PW 1992. The three parametrizations (especially

the sophisticated PW92) are closer to the constraint satisfying DPI and are very close

to the high-density limit rather than the QMC results of Spink et al..

These DFAs suffer from self-interaction error (SIE) which arises due to an imper-

fect cancellation of self-Hartree energy by self-exchange-correlation energy of a single

fully occupied orbital. The self-interaction correction (SIC) method introduced by

Perdew and Zunger (PZ) in 1981 to remove the SIE encounters a size-extensivity

problem when applied to the Kohn-Sham (KS) orbitals. Hence, we make use of Fermi

Löwdin orbitals (FLO) for applying the PZ-SIC to the density functional approxima-

tions (DFAs). FLOs are the unitary transformation of the KS orbitals localized at the

Fermi orbital descriptor (FOD) positions and then orthonormalized using Löwdin’s

symmetric method. The PZ-SIC makes any approximation exact only in the region

of one-electron density and no correction if applied to the exact functional. But it

spoils the slowly varying (in space) limits of the uncorrected approximate function-

als, where those functionals are right by construction. Hence, scaling of PZ-SIC is

required such that it remains intact in the region of one-electron density and scales

down in the region of many-electron densities.

The PZ-SIC improves the performance of DFAs for the properties that involve

significant SIE, as in stretched bond situations, but overcorrects for equilibrium prop-

erties where SIE is insignificant. This overcorrection is often reduced by LSIC, local

scaling of the PZ-SIC to the local spin density approximation (LSDA). We propose a

new scaling factor to use in an LSIC-like approach that satisfies an additional impor-

tant constraint: the correct coefficient of Z in the asymptotic expansion of the Exc for

atoms of atomic number Z, which is neglected by LSIC. LSIC and LSIC+ are scaled
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by functions of the iso-orbital indicator zσ that distinguishes one-electron regions

from many-electron regions. LSIC+ applied to LSDA works better than LSDA-LSIC

and the Perdew, Burke, and Ernzerhof (PBE) generalized gradient approximation

(GGA) and gives comparable results to the strongly constrained and appropriately

normed (SCAN) meta-GGA in predicting the total energies of atoms, atomization

energies, barrier heights, ionization potentials, electron affinities, and bond-length of

molecules. LSDA-LSIC and LSDA-LSIC+ both fail to predict interaction energies

involving weaker bonds, in sharp contrast to their earlier successes. It is found that

more than one set of localized SIC orbitals can yield a nearly degenerate energetic

description of the same multiple covalent bonds, suggesting that a consistent chemi-

cal interpretation of the localized orbitals requires a new way to choose their Fermi

orbital descriptors.

A spurious correction to the exact functional would be found unless the self-

Hartree and exact self-exchange-correlation terms of the PZ-SIC energy density were

expressed in the same gauge. Therefore, LSIC and LSIC+ are applied only to LSDA

since only LSDA has the exchange-correlation (xc) energy density in the gauge of

the Hartree energy density. The transformation of energy density that achieves the

Hartree gauge for the exact xc functional can be applied to approximate functionals.

The use of this compliance function guarantees that scaled-down self-interaction cor-

rection (sdSIC) will make no spurious non-zero correction to the exact functional and

transforms the xc energy density into the Hartree gauge. We start from the interior

scaling of PZ-SIC and end at exterior scaling after the gauge transformation.

SCAN-sdSIC evaluated on SCAN-SIC total and localized orbital densities is ap-

plied to the highly accurate SCAN functional, which is already much better than

LSDA. Hence, the predictive power of SCAN-sdSIC is much better, even though it is

scaled by zσ too. It provides good results for several ground state properties discussed

here, including the interaction energy of weakly bonded systems. SCAN-sdSIC leads
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to an acceptable description of many equilibrium properties, including the dissocia-

tion energies of weak bonds. However, sdSIC fails to produce the correct asymptotic

behavior −1
r

of xc potential. The xc potential as seen by the outermost electron will

be
−Xsd

HO

r
where HO labels the highest occupied orbital and hence doesn’t guarantee

a good description of charge transfer. The optimal SIC that remains to be devel-

oped might be PZ-SIC evaluated on complex Fermi-Löwdin orbitals (with nodeless

orbital densities) and Fermi orbital descriptors chosen to minimize a measure of the

inhomogeneity of the orbital densities.
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CHAPTER 1

INTRODUCTION

1.1 Elementary Quantum Chemistry

Most quantum chemical approaches tend to find an approximate solution of the

time-independent, non-relativistic Schrödinger equation[17]

ĤΨi(~r1, ~r2, ....., ~rN , ~R1, ~R2, ......, ~RM , σ1, σ2, ....., σN) = EiΨi(~r1, ~r2, ....., ~rN ,

~R1, ~R2, ......, ~RM , σ1, σ2, ....., σN),

(1.1-1)

where Ĥ is the Hamiltonian operator for a system of M nuclei and N electrons and

Ψi(~r1, ~r2, ....., ~rN , ~R1, ~R2, ......, ~RM , σ1, σ2, ....., σN) is the wave function of the ith state

of the system that depends on the spatial coordinates of electrons, ri, spin coordinates

of electrons, σi and spatial coordinates of nuclei, Rα. The Hamiltonian of such system

is given as,

Ĥ = −1

2

M∑
α=1

∇2
R

Mα

− 1

2

N∑
i=1

∇2
r +

1

2

M∑
α=1

M∑
β 6=α

ZαZβ

| ~Rα − ~Rβ|
+

1

2

N∑
i=1

N∑
i 6=j

1

|~ri − ~rj|
−

M∑
α=1

N∑
i=1

Zα

|~ri − ~Rα|
.

(1.1-2)

Here, the first two term represent the kinetic energy operator of nuclei, T̂n and the

kinetic energy operators of electrons, T̂e respectively, where Mα represents the mass

of the αth nucleus compared to the mass of an electron and the Laplacian operator

∇2 (in cartesian co-ordinates) is defined as:
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∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
. (1.1-3)

All the equations throughout the text, unless mentioned, are in atomic units.

Therefore, all the constants such as the mass of an electron, me, the modulus of elec-

tronic charge, |e|, Planck’s constant h divided by 2π, ~, the permittivity of vacuum,

4πε0, Bohr radius, a0, are all set to unity.

The third term in the Eq. 1.1-2 represents the repulsive nucleus-nucleus coulumb

interaction, V̂nn, and the remaining two terms represent the nucleus-electron interac-

tion, V̂ne (often termed as V̂ext) and electron-electron interaction, V̂ee.

Hence, Eq. 1.1-2 can be rewritten as,

Ĥ = T̂n + T̂e + V̂nn + V̂ee + V̂ne (1.1-4)

The exact solution of Eq. 1.1-1 is very much complicated even for a system with

two electrons. Hence, the equation is simplified using the famous Born-Oppenheimer

approximation[18]. The mass of a proton is about 1800 times larger than that of an

electron. Hence, the nuclei move much slower than the electrons. Therefore, in this

approximation, we assume that the electrons are moving in the field of fixed nuclei.

As the nuclei are stationary in this approximation, their kinetic energy is zero, and

hence, nucleus-nucleus interaction energy would be a constant. Thus, we could break

down the wave function given in Eq. 1.1-1 as

Ψ( ~Rα, ~ri, σi) = Φ( ~Rα)Ψ(~ri, σi), (1.1-5)

where Φ( ~Rα) is the nuclear wave function and Ψ(~ri, σi) is the electronic wave function.

Ψ(~ri, σi) only depends on the electronic coordinates and the nuclear coordinates only

act as the parameter.

Therefore, the complicated Schrödinger equation now reduces to solving the elec-
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tronic wave function only.

ĤeΨ(~ri, σi) = EeΨ(~ri, σi) (1.1-6)

with,

Ĥe = T̂e + V̂ee + V̂ne. (1.1-7)

The total energy thus becomes,

Etotal = Ee + Enuc, (1.1-8)

where Enuc is the constant nuclear repulsion term and is given by

Enuc =
1

2

M∑
α=1

M∑
β 6=α

ZαZβ

| ~Rα − ~Rβ|
. (1.1-9)

The wave function Ψ has no physical meaning by itself. However, the square of

the wave function

|Ψ(~r1σ1, ~r2σ2, . . . , ~rNσN)|2d3r1d
3r2 . . . d

3rN (1.1-10)

gives the probability that the electrons are found in the volume element d3r1d
3r2 . . . d

3rN

and in the spin states σ1, σ2 . . . σN . The electronic wave function Ψ must be orthonor-

malized

〈Ψi|Ψj〉 =
∑
σ1...σN

∫
Ψ∗iΨjd

3r1d
3r2 . . . d

3rN = δij (1.1-11)

and must be antisymmetric when spatial and spin coordinates of any two electrons

are interchanged, i.e.

Ψ(~r1σ1, ~r2σ2, . . . , ~riσi, . . . ~rjσj . . . ~rNσN) = −Ψ(~r1σ1, ~r2σ2, . . . , ~rjσj, . . . ~riσi . . . ~rNσN).

(1.1-12)
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Unfortunately, the Schrödinger equation given in Eq. 1.1-6 cannot be solved precisely

because of the correlated motion of electrons in the many-electron systems. However,

we can use the “variational principle” to find a solution to the problem. We start

from a trial wavefunction Ψtrial and find the expectation value of the Hamiltonian

operator Ĥ, which will be the upper bound to the exact ground state energy, i.e.,

〈Ψtrial| Ĥ |Ψtrial〉 = Etrial ≥ E0 = 〈Ψ0| |Ĥ| |Ψ0〉 , (1.1-13)

where E0 is the true ground state energy of the system corresponding to the ground

state wave function Ψ0. Hence, the function(s) with the lowest energy E0 will be Ψ0,

and the E0 will be the ground state energy. We can apply the variational principle to

the suitable subsets of all possible functions that satisfy the conditions in equations

1.1-11 and 1.1-12. It can be easily understood that the exact wave function cannot be

obtained unless it is included in the subset. Since it is impossible to search through

all admissible N-electron wave functions, the Hartree Fock approximation, which we

will be discussing in the next section, provides a suitable subset of antisymmetric

wave functions with reasonable approximation.

1.2 The Hartree Approximation

Hartree started with a simplest approximation of many-electron wave functions,

which is known to be the Hartree aprroximation[19]. Lets define the coordinates

{xi} that collectively represent the spatial coordinates {~ri} and the spin coordinates

{σi}. Then the electronic wave function Ψ(~ri, σi) can simply be wriiten as Ψ(xi). In

this approximation, many-electron wave function Ψ( ~x1, ~x2, ......, ~xN) are expanded as

a product of single-electron wave functions,

Ψ( ~x1, ~x2, ......, ~xN) ≈ ψ( ~x1)ψ( ~x2)......ψ( ~xN). (1.2-14)
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This yields one-electron Schrödinger equations of the form

− ~2

2m
∇2ψi(~x) + V (x)ψi(~x) = εiψi(~x), (1.2-15)

where V (~x) is the potential in which the electron moves, that includes the potential

due to nucleus-electron interaction as well as the mean-field arising from the remain-

ing N−1 electrons. This method doesn’t take account of the antisymmetric properties

of electrons. Fock included the Pauli’s exclusion principle by using proper antisym-

metrized wave functions instead of simple one-electron wave functions by the use of

a Slater determinant[20], popularly known as the Hartree-Fock approximation[21].

1.3 The Hartree-Fock approximation

The Hartree-Fock approximation[21] assumes the many-electron wave function Ψ

to be an antisymmetrical product of N orthonormal single-electron wave functions.

ΨHF =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ1( ~x1) ψ2( ~x1) . . . ψN( ~x1)

ψ1( ~x2) ψ2( ~x2) . . . ψN( ~x2)

...
...

...
...

ψ1( ~xN) ψ2( ~xN) . . . ψN( ~xN)

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

1√
N !
det[ψ1ψ2 . . . ψN ] (1.3-16)

The Slater determinant[20] is used to find the expectation value of the energy,

EHF = 〈ΨHF | Ĥ |ΨHF 〉 . (1.3-17)

Here, the minimization of the total energy is subjected to the conditions that the

spin-orbitals {ψi} must satisfy the orthonormality condition given in Eq. 1.1-11,

which introduces the Lagrangian multipliers εi in the resulting equations known as

the Hartree-Fock equations. These equations determine the set of spin-orbitals which
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has the lowest EHF and are given as,

F̂ψi(~x) =
N∑
j=1

εijψj(~x) (1.3-18)

where F̂ is the Fock operator,

F̂ = −1

2
∇2 + V̂ext(i) + V̂HF (i), (1.3-19)

with

V̂HF (i) = ĵ − k̂. (1.3-20)

Here,

ĵ( ~x1)f( ~x1) =
N∑
k=1

∫
ψ∗k( ~x2)ψk( ~x2)

1

|~r1 − ~r2|
f( ~x1)d ~x2 (1.3-21)

and

k̂( ~x1)f( ~x1) =
N∑
k=1

∫
ψ∗k( ~x2)f( ~x2)

1

|~r1 − ~r2|
ψk( ~x1)d ~x2 (1.3-22)

with f( ~x1) an arbitrary function. Solving the Hartree-Fock equation 1.3-18, we can

obtain an expression of orbital energies εi,

εi = 〈ψi| F̂ |ψi〉 = Hi +
N∑
j=1

(Jij −Kij) , (1.3-23)

where Hi are the nuclear-field orbital energies,

Hi =

∫
ψ∗i (~x)[−1

2
∇2 + V̂ext(i)]ψi(~x)d~x, (1.3-24)

Jij are called Coulomb integrals,

Jij =

∫ ∫
ψi( ~x1)ψ∗i ( ~x1)

1

|~r1 − ~r2|
ψ∗j ( ~x2)ψj( ~x2)d ~x1d ~x2, (1.3-25)
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and Kij are called exchange integrals,

Kij =

∫ ∫
ψ∗i ( ~x1)ψj( ~x1)

1

|~r1 − ~r2|
ψi( ~x2)ψ∗j ( ~x2)d ~x1d ~x2. (1.3-26)

Thus the total energy using the Hartree-Fock method becomes

EHF =
N∑
i=1

εi − Vee (1.3-27)

where

Vee =
1

2

N∑
i,j=1

(Jij −Kij),
(1.3-28)

and the total energy of the system along with the nucleus-nucleus interaction energy

becomes,

EHF
total =

N∑
i=1

Hi + Vee + Vnn. (1.3-29)

Since the Fock operator depends on the spin orbitals derived from their effective

potential, the closed solution does not exist, and an iterative procedure must be ap-

plied, and the technique is called the self-consistent field (SCF) method. It neglects

the important correlation effect. Therefore, although the Hartree-Fock approxima-

tion captures significant physics of a many-electron system, it does not correspond

to the exact wave function. Hence, EHF is always larger than the true ground state

energy of the system. Many efforts are made to incorporate this effect including

Moller-Plesset perturbation theory[22], configuration-interaction (CI) and coupled-

cluster (CC) approaches[23–25]. However, all the wave-function-based methods be-

come unmanageable for systems with a larger number of electrons because of the huge

computational cost.
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1.4 Introduction to density functional theory

Density functional theory (DFT)[26–32] is an approximate method of solving the

many-electron Schrödinger equation, where the electron density is used instead of

the complicated wave function. Eq. 1.1-12 will have the same |Ψ|2 for N! distinct

permutations of the labels 1,2,...,N. Thus N !|Ψ(~r1σ1, ~r2σ2, . . . , ~rNσN)|2d3r1 . . . d
3rN

gives the probability of finding an electron with spin σ1 in volume d3r1, with spin σ2

in volume d3r2 . . . and with spin σN in volume d3rN . Therefore,

1

N !

∑
σ1...σN

∫
d3r1

∫
d3r2· · ·

∫
d3rNN !|Ψ(~r1σ1, ~r2σ2, . . . , ~rNσN)|2 =

∫
|Ψ|2 = 〈Ψ|Ψ〉 = 1.

(1.4-30)

Hence, the electron spin density nσ(~r) of a system of N electrons can be obtained by

integrating over the spatial and spin coordinates of other (N − 1) electrons and can

be written as

nσ(~r) =
1

(N − 1)!

∑
σ2...σN

∫
d3r2

∫
d3r3· · ·

∫
d3rNN !|Ψ(~rσ, ~r2σ2, . . . , ~rNσN)|2

= N
∑
σ2...σN

∫
d3r2

∫
d3r3· · ·

∫
d3rN |Ψ(~rσ, ~r2σ2, . . . , ~rNσN)|2

(1.4-31)

Combining Eq. 1.4-31 and Eq. 1.4-30 readily gives

∑
σ

∫
d3rnσ(~r) = N. (1.4-32)

That shows that nσ(~r)d3r represents the average number of electrons of spin σ in

the volume element d3r[32]. We will make use of the quantity nσ(~r) or n(~r) as a

basic variable in the coming sections for finding the ground state energy of the many-

electron systems, where n(~r) is the total electron density of the N electrons within
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the volume element d3r but with arbitraty spin, i.e.,

n(~r) =
∑
σ

nσ(~r, σ) (1.4-33)

1.4.1 Thomas-Fermi Model

The Thomas-Fermi model[33, 34] takes electron density as its basic variable in-

stead of the wave function, and it was the first attempt to do so. This model calculates

the kinetic energy treating the electrons as quantum statistical particles while the

nucleus-electron and nucleus-nucleus interaction are treated classically. The kinetic

energy is based on the uniform electron gas model[35] and is given as

TTF [n(~r)] = CF

∫
n

5
3 (~r)d3r, CF =

3

10
(3π2)

2
3 (1.4-34)

Hence, the total energy of an atom using the Thomas-Fermi model can be expressed

as

ETF [n(~r)] = CF

∫
n

5
3 (~r)d3r +

∫
n(~r)v(~r)d3r +

1

2

∫ ∫
n(~r)n(~r′)

|~r − ~r′|
d3rd3r′ (1.4-35)

where the second term on the right represents the interaction with the external poten-

tial, Vext[n(~r)] and the last term represents the classical Coulomb interaction Uee[n(~r)]

between two electron density distributions. We assume that the ground state energy

of a system is minimized with respect to the electron density under the constraint

given in Eq. 1.4-32. Using Lagrange’s method of undetermined multipliers, the total

energy is minimized as

δ

{
ETF [n(~r)]− µTF

(∫
n(~r)d3r −N

)}
= 0, (1.4-36)
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where µTF is the Lagrange’s multiplier. Solving this equation yields,

µTF =
δETF [n(~r)]

δn(~r)

=
5

3
CFn

2
3 (~r) + v(~r) +

∫
d3r

n(~r)

|~r − ~r′|

(1.4-37)

Eq. 1.4-37 can be solved with the constraint 1.4-32 to find the electron density,

which can be used to find the total energy, when substituted in Eq. 1.4-35. This

model makes the molecules unbound, as the model completely neglects the exchange-

correlation energy. The expression for kinetic energy is also approximate, resulting in

a crude description of many systems. This model is an oversimplified picture of the

real system and hence is barely used for predicting the properties of the systems in

condensed matter physics. However, this is the first example of a density functional

that expresses the ground state energy in terms of electron density.

1.4.2 Hohenberg-Kohn Theorem

There are two theorems proposed by Hohenberg and Kohn (HK)[30], which are

regarded as the foundation of modern density functional theory (DFT). The first

theorem states that the external potential Vext is a unique functional of n(~r), apart

from a trivial additive constant. Hohenberg and Kohn verified the theorem by using

reductio ad absurdum. We assume that there exist two Hamiltonians, Ĥ with external

potential V and Ĥ ′ with external potential V ′ which differ by more than a trivial

constant, but with same electronic density n(~r). Let ψ and ψ′ with their corresponding

ground state wave functions with ground-state energies E and E ′ respectively. Then,

using the variational principle, we can write,

E ′ =
〈
ψ′
∣∣∣Ĥ ′∣∣∣ψ′〉 < 〈ψ∣∣∣Ĥ ′∣∣∣ψ〉 =

〈
ψ
∣∣∣ ˆH + V ′ − V

∣∣∣ψ〉
=⇒ E ′ < E +

∫
[v′(~r)− v(~r)]n(~r)d3r

(1.4-38)
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Similarly, by interchanging the primed and unprimed quantities, we obtain

E < E ′ +

∫
[v(~r)− v′(~r)]n(~r)d3r (1.4-39)

Adding Eq. 1.4-38 and Eq. 1.4-39 gives

E + E ′ < E + E ′. (1.4-40)

This contradicts our assumption and we can conclude the proof that there cannot be

two different Vext that yield the same n(~r), i.e., v(r) is (to within a trivial constant) a

unique functional of n(~r). Such density is said to be V − representable as there is a

unique potential corresponding to the ground state density n(~r). The only information

that depends on an actual system is the number of electrons N in the system and Vext,

which fixes H. This leads to the fact that the total energy of a many-electron ground

state system is a unique functional of n(~r) and we could find all other properties of

the system using n(~r) as a basic variable. Hence, we can write

E[n] = T [n] + Vee[n] +

∫
d3rn(~r)v(~r)

= FHK [n] +

∫
d3rn(~r)v(~r),

(1.4-41)

where FHK [n] is the universal functional that remains the same for an N-electron

system whereas the second term Vext is system dependent.

The second HK theorem[30] states that for any trial density n′(~r) such that n′(~r) >

0 and
∫
d3rn′(~r) = N,

E0 ≤ E[n′(~r)], (1.4-42)

where E0 is the ground state energy of the system and E[n′(~r)] is the expression in

Eq. 1.4-41. From the first HK theorem, we know that the trial density n′(~r) defines

its own v′, H ′, and Ψ′. Hence for the Hamiltonian H generated from the true external
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potential Vext, we can write

〈
Ψ′
∣∣∣Ĥ∣∣∣Ψ′〉 = FHK [n′] +

∫
d3rn′(~r)v(~r) = E[n′]. (1.4-43)

But, the Rayleigh-Ritz variational principle says

〈
Ψ′
∣∣∣Ĥ∣∣∣Ψ′〉 ≥ E0. (1.4-44)

This implies that

E[n′] ≥ E0. (1.4-45)

Hence, this verifies that the right ground state energy is obtained only when the trial

density is equal to the ground state density, n′(~r) = n(~r).

A serious difficulty arises if the trial density is not v -representable. There are

many examples where electron densities which are non-v -representable[36–38] and

the second HK theorem can not be applied to those trial densities. We will show in

the following section that the requirement of v -representability can be replaced by a

weaker condition of N -representability, where the density stems from an antisymmet-

ric wave function without any explicit connection to the Vext. A density is said to be

N-representable if it satisfies the following conditions[39]:

n(~r) ≥ 0 (1.4-46)∫
d3rn(~r) = N (1.4-47)

1

2

∫
d3r|∇n1/2(~r)|2<∞ (1.4-48)
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1.4.3 Levy’s constrained search approach

The first HK theorem tells that the ground state density uniquely determines all

the properties of a system, including the wave function Ψ0(~r). However, there can

be several wave functions Ψ that produce the same ground-state density n(~r). The

Levy-Lieb constrained search approach[40, 41] provides a unique way to determine

the true ground state wave function.

We know that the ground state energy can be found by minimizing
〈

Ψ
∣∣∣Ĥ∣∣∣Ψ〉,

E = min
Ψ

〈
Ψ
∣∣∣Ĥ∣∣∣Ψ〉 , (1.4-49)

where Ψ is a normalized anti-symmetric N-particle wave function. In the first step

of minimization, we minimize over all the wave functions that yield the given density

n(~r), i.e.,

min
Ψ→n

〈
Ψ
∣∣∣Ĥ∣∣∣Ψ〉 = min

Ψ→n

〈
Ψ
∣∣∣T̂ + V̂ee

∣∣∣Ψ〉+

∫
d3rv(~r)n(~r), (1.4-50)

where we have used the fact that the wave functions that yield the same n(~r) also

yield the same
〈

Ψ
∣∣∣V̂ext∣∣∣Ψ〉. Here, the universal functional can be written as:

F [n] = min
Ψ→n

〈
Ψ
∣∣∣T̂ + V̂ee

∣∣∣Ψ〉 =
〈

Ψmin
n

∣∣∣T̂ + V̂ee

∣∣∣Ψmin
n

〉
, (1.4-51)

where Ψmin
n is the specific wave function that provides the minimum energy for a

given n(~r). In the second step of minimization, we minimize over all N-electron

densities n(~r) subject to the constraint of fixed N (
∫
d3rn(~r) = N) using Lagrange

undetermined multiplier µ:

E = min
n

{
F [n] +

∫
d3rv(~r)n(~r)

}
=⇒ δ

{
F [n] +

∫
d3rv(~r)n(~r)− µ

∫
d3rn(~r)

}
= 0,

(1.4-52)
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which gives

δF

δn(~r)
+ v(~r) = µ. (1.4-53)

Here, µ = ∂E
∂N

is the chemical potential. This implies that the external potential v(~r)

is uniquely determined by n(~r), which can be regarded as an alternate proof for the

second HK theorem. Here, the functional F [n] is defined for all “N-representable”

densities n(~r), which are derived from anti-symmetric N-electron wave functions.

Therefore, if we know the explicit form of F [n], we can find the density, ground-state

energy, and all other properties of a system.

1.4.4 The Kohn-Sham Approach

The Kohn-Sham (KS) approach[31] provides the method of solving the many-body

problem to an effective one-body problem analogous to Hartree-Fock equations. The

total ground state energy of the interacting system of inhomogeneous electron gas

can be written as:

E[n] =

∫
n(~r)v(~r)d3r +

1

2

∫ ∫
n(~r)n(~r′)

|~r − ~r′|
d3rd3r′ + F [n], (1.4-54)

where, F [n] is the universal functional. The universal functional F [n] can be

expressed as:

F [n] = Ts[n] + Exc[n], (1.4-55)

where Ts[n] is the kinetic energy of a fictitious system of non-interacting electrons with

an effective potential vs(~r) that gives the same ground state density n(~r) as the given

system of N-interacting particles and Exc[n] is the exchange-correlation energy of the

interacting system. This restricts the Ts to be V -representable. The Hamiltonian of
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such non-interacting systems then becomes,

Ĥs =
N∑
i

(
−1

2
∇2
i

)
+

N∑
i

vs(~r). (1.4-56)

There is no electron-electron repulsion term in this Hamiltonian since the system is

assumed to be non-interacting. The ground state wave function for such a system is

Ψs =
1√
N !
det [ψ1ψ2 . . . ψN ] , (1.4-57)

where ψis are the N wave functions of the one-electron Hamiltonian ĥs. Then, one-

electron eigen value equations in the KS approach is given as:

ĥsψi =

[
−1

2
∇2 + vs(~r)

]
ψi = εiψi, (1.4-58)

where εi is the KS orbital energy of the ith orbital. Using the variational principle to

minimize Eq. 1.4-54 subjected to constraint of a fixed number of electrons, we can

write

δTs
δn

+ v(~r) +

∫
d3r′

n(~r′)

|~r − ~r′|
+ vxc[n] = µ, (1.4-59)

where vxc[n] = δExc
δn

. Similarly, for the non-interacting system, we can write

δTs
δn

+ vs(~r) = µ. (1.4-60)

Using equations 1.4-59 and 1.4-60,

vs(~r) = v(~r) +

∫
d3r′

n(~r′)

|~r − ~r′|
+ vxc[n]. (1.4-61)

Hence, while solving the KS equations, one starts with an approximate guessed density

n(~r) and finds the vs(~r) from Eq. 1.4-61, then solves Eq. 1.4-58 for finding the single
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electron eigen function ψi. The new n(~r) is obtained according to the equation,

n(~r) =
N∑
i

∑
σ

|ψ(~r, σ)|2. (1.4-62)

A repeated iterative procedure is used until the change in density is within an expected

tolerance. The total energy is then obtained from the converged density given by

E =
N∑
i

εi −
1

2

∫ ∫
d3r′

n(~r)n(~r′)

|~r − ~r′|
+ Exc[n]−

∫
vxc(~r)n(~r)d3r, (1.4-63)

where
N∑
i

εi =
N∑
i

〈
ψi

∣∣∣∣−1

2
∇2 + vs(~r)

∣∣∣∣ψi〉
= Ts[n] +

∫
vs(~r)n(~r)d3r

(1.4-64)

The only term that needs to be approximated in this equation is the exchange-

correlation energy (Exc).

1.4.5 Exchange-correlation energy

According to the Pauli exclusion principle[42], no two fermions can occupy the

same quantum state. Thus, the exchange energy arises when the indistinguishable

electrons exchange their coordinates. The correlation energy, on the other hand, is a

measure of the effect of mutual Coulomb repulsion among the electrons. Hence, the

exchange-correlation energy is the sum of exchange and correlation terms:

Exc[n] = Ex[n] + Ec[n]. (1.4-65)

Actually, exchange-correlation energy is the energy functional that contains every-

thing which we do not know exactly.

Exc[n] = T [n]− Ts[n] + Vee[n]− Uee[n], (1.4-66)
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where T [n] is the true kinetic energy of the interacting system, Ts[n] is the kinetic

energy of the non-interacting system, Uee[n] is the Hartree energy,

Uee[n] =
1

2

∫ ∫
n(~r)n(~r′)

|r − r′|
d3rd3r′, (1.4-67)

and Vee[n] is given as

Vee[n] = Uee[n] + Encl[n]

=
1

2

∫ ∫
n(~r)n(~r′)

|r − r′|
d3rd3r′ + Encl[n],

(1.4-68)

where Encl[n] is the non-classical contribution to the electron-electron interaction con-

taining all the effects of self-interaction correction, exchange and correlation. Hence,

we can write

Ex[n] =
〈

Φmin
n

∣∣∣V̂ee∣∣∣Φmin
n

〉
− Uee[n]

Ec[n] =
〈

Ψmin
n

∣∣∣T̂ + V̂ee

∣∣∣Ψmin
n

〉
−
〈

Φmin
n

∣∣∣T̂ + V̂ee

∣∣∣Φmin
n

〉
=⇒ Exc[n] =

〈
Ψmin
n

∣∣∣T̂ + V̂ee

∣∣∣Ψmin
n

〉
−
〈

Φmin
n

∣∣∣T̂ ∣∣∣Φmin
n

〉
− Uee[n],

(1.4-69)

where Ψmin
n is the interacting wave function that minimizes

〈
T̂ + V̂ee

〉
and Φmin

n is the

non-interacting wave function that minimizes
〈
T̂
〉

, both yielding the density n(~r).

1.4.6 Coupling-Constant integration

The coupling-constant integration provides a physical insight into the exchange

and correlation energies. Here, we connect the non-interacting and the interacting

systems with a coupling strength parameter λ that goes from 0 to 1 and describes

the strength of the electron-electron interaction. Let Ψmin,λ
n be the antisymmetric,

normalized wave function that minimizes
〈
T̂ + λV̂ee

〉
and yields the density n(~r).

λ = 1 corresponds to the real interacting system with the wave function Ψmin
n and
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λ = 0 corresponds to the non-interacting systems with the wave function Φmin
n . The

intermediate values of λ only correspond to mathematical fictions[32]. Here, the

density n(r) is independent of λ but the Hamiltonian changes as the value of λ

changes. The λ dependence of Hamiltonian can be written as :

Ĥλ = T̂ + V λ
ext + λVee (1.4-70)

For λ = 0, we recover the Hamiltonian for the non-interacting system with V λ=0
ext = Vs,

while λ = 1 represents the Hamiltonian for real interacting system. Hence, there is a

smooth “adiabatic connection” between these two systems.

Then, the energy of the system becomes

Eλ =
〈

Ψλ

∣∣∣Ĥλ

∣∣∣Ψλ

〉
. (1.4-71)

This implies

dEλ
dλ

=
d

dλ
〈Ψλ|Ĥλ|Ψλ〉

=

〈
dΨλ

dλ

∣∣∣∣Ĥλ

∣∣∣∣Ψλ

〉
+

〈
Ψλ

∣∣∣∣Ĥλ

∣∣∣∣dΨλ

dλ

〉
+

〈
Ψλ

∣∣∣∣dĤλ

dλ

∣∣∣∣Ψλ

〉
= Eλ

〈
dΨλ

dλ

∣∣∣∣Ψλ

〉
+ Eλ

〈
Ψλ

∣∣∣∣dΨλ

dλ

〉
+

〈
Ψλ

∣∣∣∣dĤλ

dλ

∣∣∣∣Ψλ

〉
= Eλ

d

dλ
〈Ψλ|Ψλ〉+

〈
Ψλ

∣∣∣∣dĤλ

dλ

∣∣∣∣Ψλ

〉
=

〈
Ψλ

∣∣∣∣dĤλ

dλ

∣∣∣∣Ψλ

〉
.

(1.4-72)

This is called Hellmann-Feynmann theorem, which we will be using to understand
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the concept of Exc. Now, using Eq. 1.4-69 we can write

Exc[n] =
〈

Ψmin,λ
n

∣∣∣T̂ + λV̂ee

∣∣∣Ψmin,λ
n

〉 ∣∣∣∣
λ=1

−
〈

Ψmin,λ
n

∣∣∣T̂ + λV̂ee

∣∣∣Ψmin,λ
n

〉 ∣∣∣∣
λ=0

− Uee[n]

=

∫ 1

0

dλ
d

dλ

〈
Ψmin,λ
n

∣∣∣T̂ + λV̂ee

∣∣∣Ψmin,λ
n

〉
− Uee[n].

(1.4-73)

Then, applying the Hellmann-Feynman theorem,

Exc[n] =

∫ 1

0

dλ
〈

Ψmin,λ
n

∣∣∣V̂ee∣∣∣Ψmin,λ
n

〉
− Uee[n] (1.4-74)

Now lets define the operators T̂ and V̂ee in terms of density matrices before moving

further. The one-electron (ρ1) density matrix is defined as:

ρ1(~r′, σ′, ~r, σ) = N
∑
σ2

...
∑
σN

∫
d3r2

∫
d3r3...

∫
d3rN

Ψ∗(~r′, σ′, ~r2, σ2, ..., ~rN , σN)Ψ(~r, σ, ~r2, σ2, ..., ~rN , σN),

(1.4-75)

which clearly gives

ρ1(~r, ~r′) =
∑
σ,σ′

ρ1(~r, σ, ~r′, σ′) (1.4-76)

nσ(~r) = ρ1(~r, σ, ~r, σ), (1.4-77)

and hence

n(~r) = ρ1(~r, ~r). (1.4-78)

Similarly, the two-electron (ρ2) density matrix is defined as:

ρ2(~r′, σ′, ~r, σ) = N(N−1)
∑
σ3

...
∑
σN

∫
d3r3

∫
d3r4...

∫
d3rN |Ψ(~r′, σ′, ~r, σ, ..., ~rN , σN)|2,

(1.4-79)

where ρ2(~r′, σ′, ~r, σ) represents the probability of finding a particle of spin σ′ in d3r′
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at ~r′ while another particle of spin σ in d3r is at ~r. We can also write

ρ2(~r, ~r′) =
∑
σ

∑
σ′

ρ2(~r′, σ′, ~r, σ). (1.4-80)

Hence, we have

〈
T̂
〉

= −1

2

∑
σ

∫
d3r

∂

∂~r
.
∂

∂~r
ρ1(~r′, σ′, ~r, σ)

∣∣∣∣
~r′=~r

, (1.4-81)

and 〈
V̂ee

〉
=

1

2

∫
d3r

∫
d3r′

ρ2(~r, ~r′)

|~r − ~r′|
. (1.4-82)

Since ρ2(~r, ~r′) gives the probability of finding a particle in d3r′ at ~r′ and another

particle in d3r at ~r, we can write

ρ2(~r, ~r′) = n(~r)n2(~r, ~r′), (1.4-83)

where n2(~r, ~r′) is the average density of electrons at ~r′, given that there is an electron

at ~r. Pauli’s exclusion principle[42] doesn’t allow two electrons of same coordinates

together at the same time. Hence, integrating the n2(~r, ~r′) gives all the electrons

except the one at ~r, i.e. using equations 1.4-75,, 1.4-78, and 1.4-79, we can write

∫
d3r′ρ2(~r, ~r′) = (N − 1)n(~r)∫

d3r′n2(~r, ~r′) = N − 1.

(1.4-84)

For an interacting system of electrons, the electrons avoid each other not only because

of the similar spin component but also due to the Coulomb interaction. Hence,

n2(~r, ~r′) is composed of two terms; the density of the electron at ~r′ and the exchange-
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correlation hole density at ~r′ that avoids the electron at ~r, i.e.

n2(~r, ~r′) = n(~r′) + nλxc(~r, ~r
′) (1.4-85)

As
∫
d3r′n(~r′) = N , we simply obtain

∫
d3r′nλxc(~r, ~r

′) = −1, (1.4-86)

which explains the fact that if an electron is at ~r, it must not be anywhere in the

system. Thus, nλxc(~r, ~r
′) represents a hole around ~r with unit positive charge. Using

equations 1.4-67, 1.4-74, 1.4-82, and 1.4-83, 1.4-85 we can easily obtain

Exc[n] =
1

2

∫
d3r

∫
d3r′

n(~r)n̄xc(~r, ~r′)

|~r − ~r′|
(1.4-87)

where

n̄xc(~r, ~r′) =

∫ 1

0

dλnλxc(~r, ~r
′) (1.4-88)

is the coupling-constant averaged density of the exchange-correlation hole. The cor-

relation hole of a system is zero for λ = 0, while the exchange hole is present even at

λ = 0. Hence, we can write

ρλ=0
1 (~r′, σ, ~r, σ) =

∑
α

θ(µ− εασ)ψ∗ασ(~r′)ψασ(~r), (1.4-89)

ρλ=0
2 (~r, ~r′) = n(~r)n(~r′) + n(~r)nx(~r, ~r′), (1.4-90)

where,

nx(~r, ~r′) = nλ=0
xc (~r, ~r′). (1.4-91)
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This implies the exact exchange energy to be

Ex[n] =
1

2

∫
d3r

∫
d3r′

n(~r)nx(~r, ~r′)

|~r − ~r′|
(1.4-92)

If Kij is the integral described by Eq. 1.3-26, then the HF exchange energy will be

−1
2
Kij. Then, using Eq. 1.4-89 and comparing the HF exchange with Eq. 1.4-92, we

can deduce an expression of nx(~r, ~r′) as

nx(~r, ~r′) = −
∑
σ

|ρλ=0
1 (~r′, σ, ~r, σ)|2

n(~r)
. (1.4-93)

This shows that nx(~r, ~r′) <= 0 as both the numerator and the denominator are always

non-negative. Also, Eq. 1.4-86 now readily gives a sum rule for the exchange hole:

nx(~r, ~r′) = nλ=0
xc (~r, ~r′)

=⇒
∫
d3r′nx(~r, ~r′) = −1.

(1.4-94)

The exchange-correlation hole density is simply the sum of exchange hole density and

the correlation hole density, i.e.

n̄xc(~r, ~r′) = nx(~r, ~r′) + n̄c(~r, ~r′). (1.4-95)

Equations 1.4-94 and 1.4-95 gives

∫
d3r′n̄c(~r, ~r′) = 0, (1.4-96)

which is the sum rule for the correlation hole.
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1.4.7 A few properties of functionals

A non-empirical functional needs to satisfy various rules and properties, which

are collectively called constraints and norms. The non-empirical functionals are con-

structed to satisfy as many theoretical constraints as possible for predicting the prop-

erties of the systems. In general, a functional that satisfies the larger number of exact

constraints is more closer to accuracy[43, 44]. This section will discuss a few most

commonly used properties that are satisfied by almost all the functionals.

• Uniform coordinate scaling:

nγ(~r) = γ3n(γ~r) γ > 0,

U [nγ] = γU [n],

Ts[nγ] = γ2Ts[n],

Ex[nγ] = γEx[n].

(1.4-97)

Correlation energy does not have simple scaling and is given as:

Ec[nγ] = γ2E
1
γ
c [n],

Ec[nγ] > γEc[n] (γ > 1),

Ec[nγ] < γEc[n] (γ < 1)

(1.4-98)

• Spin scaling:

The total electron density can be writtten as:

n(~r) = n↑(~r) + n↓(~r), (1.4-99)

where n↑ represent electron density of up spins and n↓ represents the electron

density of down spins. The spin scaling relation for exchange energy now can
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be written as:

Ex[n↑, n↓] =
1

2
Ex[2n↑] +

1

2
Ex[2n↓] (1.4-100)

There is no such simple scaling relation for Ec.

• Size-consistency:

The energy of N well-separated copies of a system must be equal to N times

the energy of the original system. In other words, if a system of energy E with

electron density n is composed of two subsystems with energy E1 and E2 with

densities n1 and n2, then

n = n1 + n2,

E = E1 + E2,

Exc[n1 + n2] = Exc[n1] + Exc[n2].

(1.4-101)

• Negativity of exchange energy and non-positivity of correlation en-

ergy:

Ex[n↑, n↓] < 0,

Ec[n↑, n↓] ≤ 0.

(1.4-102)

1.5 Uniform electron gas

The uniform electron gas (UEG) is a model of a large number of N interacting

electrons in a cubical box of volume V in the presence of a uniformly spread positively

charged background. This model allows us to study the many-body interaction with-

out involving the atomic lattice. In this model, we assume a system with N → ∞,

V → ∞, such that the density n = N
V

remains finite and uniform throughout the

volume. The uniform electron gas model is a paradigm for solid-state physics and

the density functional theory and forms a basis for developing all the approximate
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density functionals.

By symmetry, vs(~r) must be uniform. Solving the single-electron Kohn-Sham

equations 1.4-58, 1.4-61.1.4-62 subjected to the boundary conditions that the orbitals

gets repeated at each face of the cube, produces the plane wave solution:

ψj(~r) =
1√
V
ei
~k.~r, (1.5-103)

where ψj represents the wave function of the jth electron in V , ~k is the wave vector

whose solution is given as:

kx =
2π

l
nx, ky =

2π

l
ny, kz =

2π

l
nz nx, ny, nz = 0,±1,±2, . . . . (1.5-104)

Now, lets write the total ground state energy as

E[n] = Ts[n] +

∫
n(~r)v(~r)d3r + U [n] + Exc[n] + Eb, (1.5-105)

where v(~r) is the external potential, due to the positive charge density ρ(~r),

v(~r) = −
∫

ρ(~r)

|~r − ~r′|
d3r′, (1.5-106)

and Eb is the Coulomb energy of the positive background,

Eb =
1

2

∫ ∫
ρ(~r)ρ(~r′)

|~r − ~r′|
d3rd3r′. (1.5-107)

As the system is uniform and neutral everywhere in V, i.e. ρ(~r) = n(~r), we can write

∫
n(~r)v(~r)d3r + U [n] + Eb = 0. (1.5-108)
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Hence, the total energy then becomes

E[n] = Ts[n] + Exc[n]

=

∫
nts[n]d3r +

∫
nεx[n]d3r +

∫
nεc[n]d3r,

(1.5-109)

where ts, εx, and εc represent non-interacting kinetic energy, exchange energy, and

correlation energy per electron. The electrons in the UEG can occupy the N lowest

KS-orbitals with k < kf , where kF is the Fermi wave vector. Hence,

N = 2
∑
~k

θ(kF − k)

= 2
V

(2π)3

∫ kF

0

dk4πk2

= V
k3
f

3π2
.

(1.5-110)

This implies

n =
k3
F

3π2
, (1.5-111)

Lets define the electron density in terms of the Seitz radius rs. The Seitz radius is

the radius of a sphere having volume equal to that of a free electron, i.e.

V

N
=

4

3
πr3

s =⇒ n =
3

4πr3
s

. (1.5-112)

Therefore,

kf = (3π2n)
1
3

=

(
9π

4

) 1
3 1

rs
.

(1.5-113)
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Hence, the kinetic energy per electron is

ts[n] =
2

N

∑
~k

θ(kF − k)
k2

2

=
2V

N(2π)3

∫ kF

0

dk4πk2k
2

2

=
3

10
k2
f

=
3

10

(
9π

4

) 2
3 1

r2
s

(1.5-114)

Similarly, lets evaluate the exchange energy per electron for the UEG. Lets start

with the expression for nx(~r, ~r′), as defined in Eq. 1.4-93.

nx(~r, ~r′) = −
∑
σ

|ρλ=0
1 (~r′, σ, ~r, σ)|2

n(~r)

= −
∑

ij ψ
∗
j (~r
′)ψj(~r)ψ

∗
i (~r)ψi(~r

′)∑
j ψ
∗
j (~r)ψj(~r)

(1.5-115)

The denominator of Eq: 1.5-115 for the plane waves of UEG gives

∑
j

ψ∗j (~r)ψj(~r) = 2
V

(2π)3

1

V

∫ kF

0

dk4πk2

=
k3
F

3π2
= n

(1.5-116)

Now, lets evaluate the numerator of Eq. 1.5-115:

−
∑
ij

ψ∗j (~r
′)ψj(~r)ψ

∗
i (~r)ψi(~r

′)

= − V

(2π)3

1

V

∫ kF

0

dk′k′2 sin θk′dθk′dφk′e
−i~k.(~r−~r′) V

(2π)3

1

V

∫ kF

0

dkk2 sin θkdθkdφke
i~k.(~r−~r′)

= − 1

(8π3)2
(4πk3

f )
2

sin
(
kF |~r − ~r′|

)
− kF |~r − ~r′| cos

(
kF |~r − ~r′|

)
(kF |~r − ~r′|)3

2

.

(1.5-117)
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This gives

nx(~r, ~r′) = −3k3
F

4π2

sin
(
kF |~r − ~r′|

)
− kF |~r − ~r′| cos

(
kF |~r − ~r′|

)
(kF |~r − ~r′|)3

2

. (1.5-118)

The exchange energy per electron is given as,

εx[n] =

∫
nx(~r, ~r′)

~r − ~r′
d3r′. (1.5-119)

Substituting |~r − ~r′| as u,

εx[n] = −4π

∫ ∞
0

u2du
1

u

3k3
F

4π2

[
sin(kFu)− kFu cos(kFu)

(kFu)3

]2

(1.5-120)

Replacing kFu by x,

εx[n] = − 3

π
kF

∫ ∞
0

xdx

[
sinx− x cosx

x3

]2

= − 3

π
kF

∫ ∞
0

(j1(x))2

x
,

(j1(x) is the spherical Bessel function of the first kind)

= − 3

4π
kF

= − 3

4π
(3π2n)

1
3

= − 3

4π

(
9π

4

) 1
3 1

rs
.

(1.5-121)

This the exact analytic expression for the exchange energy per electron of a uniform

electron gas.

The exact analytic form of correlation energy per electron (εc) of a uniform elec-

tron gas is still unknown. Hence, the analytic parametrization of εc for the uniform

electron gas is used for the approximate calculation of the real systems. The widely

used parametrizations by Perdew and Zunger (PZ81)[45], Vosko, Wilk and Nusair
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(VWN80)[46], Perdew and Wang (PW92)[47], and others[48, 49] are interpolated be-

tween the reference quantum Monte Carlo (QMC) results of Ceperley and Alder[50]

and then extrapolated to the high and low density limits. The density parameter

interpolation (DPI) method[51] predicts εc without using QMC input over all den-

sity regions by a single interpolation formula. The order of limits problem in the

DPI method was corrected later in Ref. [52]. Let ζ = n↑−n↓
n↑+n↓ be the measure of spin

polarization, then for the high density limit (rs → 0)[51, 53],

εc(rs, ζ) =
∞∑
n=0

[an(ζ) ln(rs) + bn(ζ)]rns . (1.5-122)

Similarly, for the low density limit (rs →∞)[46, 47, 51, 54, 55],

εc(rs, ζ) =
f0 − cx(ζ)

rs
+
f1

r
3
2
s

+
f2 − cs(ζ)

r2
s

+
∞∑
n=3

fn

r
1+n

2
s

+ eexp(rs, ζ).

(1.5-123)

The estimates of these coefficients in the high and low density limits varies according

to the parametrization scheme and are given in references [1, 45–47, 51, 52]. These

parametrization schemes apply different interpolation formulas between the high and

low density limits. The most commonly used parametrizations PZ81, VWN80, and

PW92 employ f(ζ) proposed by von Barth and Hedin[56] for the intermediate spin

polarizations 0 < ζ < 1:

f(ζ) =
(1 + ζ)

4
3 + (1− ζ)

4
3 − 2

2
4
3 − 2

. (1.5-124)

The spin scaling relations are also employed to the kinetic energy and the exchange
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energy. Hence, the equations 1.5-121 and 1.5-114 can be rewritten as:

ts(rs, ζ) =
3

10r2
s

(
9π

4

) 2
3

[
(1 + ζ)

5
3 + (1− ζ)

5
3

2

]
(1.5-125)

ε(rs, ζ) = − 3

4πrs

(
9π

4

) 1
3

[
(1 + ζ)

4
3 + (1− ζ)

4
3

2

]
(1.5-126)

These expressions of exchange and correlation energy per particle of the UEG are

used for designing almost all the approximate density functionals. The functionals

lying on the higher rungs of Jacob’s ladder[57] employ the enhancement factors and

some additional contributions on top of εx and εc.

1.6 Approximate density functionals

The exact form of Exc is still unknown and needs approximation. The exact form

would not have been computationally feasible. Based on the complexity and the com-

putational time, along with their accuracy in predicting the properties of the natural

systems, these density functional approximations (DFAs) are often classified into dif-

ferent rungs of the Jacob’s ladder[57]. As we move towards the higher rung of the

ladders, the accuracy increases along with the computational time. The lowest rung

comprises local spin density approximation (LSDA), which is the simplest form of

exchange-correlation functional that uses the electron density n(~r) as its primary solo

ingredient. The second rung of the ladder consists of generalized gradient approxi-

mations (GGAs), which take the gradient of electron density ∇n(~r) as an additional

ingredient. The third rung is occupied by the meta-GGAs that take the kinetic en-

ergy density τ(~r) as an extra ingredient. The pattern follows as we move towards

the higher rungs. The functionals of the highest accuracy occupy the highest rungs.

Here, we will discuss these three rungs of the Jacob’s ladder.
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1.6.1 Local spin density approximation

The Local spin density approximation (LSDA) is the simplest way of approximat-

ing the ground state properties of a system. This approximation only takes n(~r) as

its ingredient, and all the energy components are then calculated based on the energy

per electron expressions for the uniform electron gas (UEG). Hence, the exchange-

correlation energy under this approximation can be written as

ELSDA
xc [n↑, n↓] =

∫
d3rn(~r)εxc(n↑(~r), n↓(~r)) (1.6-127)

As discussed earlier, various parametrizations are available for the approximate cal-

culations of the correlation energy. However, PW92[47] is the most commonly used

parametrization for the LSDA:

εc(rs, ζ) = εcrs, 0 + αc(rs)
f(ζ)

f ′′(0)
(1− ζ4) + [εc(rs, 1)− εc(rs, 0)]f(ζ)ζ4, (1.6-128)

where f(ζ) is defined as in Eq. 1.5-124. The expressions for εc(rs, 0), εc(rs, 1), and

−αc(rs) is defined as

G(rs, A, α1, β1, β2, β3, β4, p) =

= −2A(1 + α1rs) ln

[
1 +

1

2A(β1r
1
2
s + β2rs + β3r

3
2
s + β4rP+1

s )

]
,

(1.6-129)

where P = 3
4

for RPA and P = 1 for the exact form of correlation. The values of

these parameters are so adjusted that they minimize the sum of the squared errors

with reference to Ceperley-Alder QMC results[50] and recover the exact high density

expansion limits as in Eq. 1.5-122.
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1.6.2 Generalized gradient approximation

LSDA fails to account for the inhomogeneity of the electron density of a system.

Gradient expansion approximation (GEA) came as an early attempt to incorporate

the gradient corrections to the exchange-correlation energy. We can assume the LSDA

as the first term of the Taylor series expansion of the uniform density and expect to

obtain better approximation by extending the series to higher-order terms. Hence,

under this approximation,

EGEA
xc =

∫
nεxc(n↑, n↓)d

3r +
∑
σ,σ′

∫
Cσ,σ′

xc (n↑, n↓)
∇nσ
n

2
3
σ

∇n′σ
n
′ 2
3
σ

d3r + . . . . (1.6-130)

LSDA approximates the exchange-correlation hole as a hole of a possible physical

system, the uniform electron gas, and hence satisfies many exact constraints. This

functional form does not satisfy these constraints fulfilled by LSDA. Therefore, de-

spite including the gradient terms to capture the inhomogeneity, this functional form

does not improve accuracy. Hence, a new functional form that includes the gradient

correction without violating the constraints satisfied by the LSDA came into exis-

tence, which is collectively called generalized gradient approximations (GGA). The

exchange-correlation energy under this approximation is given as

EGGA
xc =

∫
d3rf(n↑, n↓,∇n↑,∇n↓). (1.6-131)

The exchange-correlation energy can be splitted into the exchange and correlation

contribution,

EGGA
xc = EGGA

x + EGGA
c . (1.6-132)
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The exchange and the correlation terms are then approximated differently. The ex-

change energy can now be written as

EGGA
x [n(~r)] =

∫
n(~r)εunifx Fx(s)d

3r, (1.6-133)

where Fx(s) is the exchange enhancement factor and s is the reduced density gradient

that measures the intensity of variation of density on the scale of Fermi wavelength

given by:

s =
|∇n|
2kFn

=
|∇n|

2(3π2)1/3n4/3
=

3

2

(
4

9π

) 1
3

|∇rs|. (1.6-134)

The expression of Fx(s) differs according to the GGA model[58–62]. The most popu-

lar and commonly used GGA, Perdew-Burke-Ernzerhof (PBE)[62] uses the following

form:

F PBE
x (s) = 1 + κ− κ

1 + µ s
2

κ

, (1.6-135)

where κ = 0.804, µ = β π
2

3
≈ 0.21951.

The correlation energy is also modified to embrace the inhomogeneity of the den-

sity. Under this approximation, an additional function of the density gradient is

employed to the LSDA correlation. Thus, PBE defines the GGA correlation as:

EPBE
c [n↑, n↓] =

∫
d3rn(~r)[εunifc (rs, ζ) +H(rs, ζ, t)], (1.6-136)

where t = |∇n|
2φksn

, with φ(ζ) = (1+ζ)
2
3 +(1−ζ)

2
3

2
, and ks =

√
4kF
πa0

. Here, a0 refers to the

Bohr’s radius. The function H(rs, ζ, t) is then defined as

H(rs, ζ, t) = γφ3 ln

[
1 +

β

γ
t2
(

1 + At2

1 + At2 + A2t4

)]
, (1.6-137)

with

A =
β

γ
[exp

(
−ε

unif
c

γφ3

)
− 1]−1, (1.6-138)
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γ = 0.031091, and β = 0.066725.

1.6.3 Meta-generalized gradient approximation

Meta-GGAs take Kohn-Sham orbital kinetic energy density (τ(~r) =
∑occup

i |∇ψiσ(~r)|2)

as an extra ingredient compared to the GGAs and can satisfy more constraints, since

the inclusion of τ(~r) allows to recover the fourth-order gradient expansion in the

slowly varying limit. The exchange-correlation energy takes the form

EMGGA
xc =

∫
d3rf(n↑, n↓,∇n↑,∇n↓, τ↑, τ↓). (1.6-139)

Several meta-GGAs[43, 63–71] have been constructed by satisfying the exact con-

straints and norms and by fitting to the chemical data. We will be focussing here

on the “strongly constrained and appropriately normed” (SCAN) MGGA[43], which

satisfies all 17 known exact constraints that a meta-GGA can satisfy. SCAN em-

ploys a dimensionless variable α = (τ−τW )
τunif

, that distinguishes the covalent single

(α = 0), metallic (α ≈ 1), and weak (α >> 1) bonds, where τWσ (r) = |∇nσ |2
8nσ

is the

von Weizsäcker kinetic energy density and τunifσ = 3
10

(3π2)2/3

n5/3 represents kinetic energy

density of uniform electron gas. Like GGAs, an exchange enhancement factor Fx(s, α)

is used to calculate the exchange energy, i.e.,

Ex[n] =

∫
d3rn(~r)εunifx Fx(s, α), (1.6-140)

where s is the reduced density gradient as defined for GGA. The enhancement factor

Fx for SCAN is given as-

Fs(s, α) = (h1
x(s, α) + fx(α)[h0

x − h1
x(s, α)])gx(s), (1.6-141)
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where h0
x = 1.174, gx(s) = 1 − exp

[
−a1s

1/2
]
, and a1 = 4.9479. Here, fx(α) =

exp[−c1xα/(1− α)]θ(1−α)− dx exp[c2x/(1− α)]θ(α− 1) interpolates between α = 0

and α = 1 with c1x = 0.667, c2x = 0.8, and dx = 1.24. For α ≈ 1, SCAN constructs the

PBE like enhancement factor that satisfies the fourth-order gradient approximation

for slowly-varying density:

h1
x(s) = 1 + κ− κ

1 + x/κ
(1.6-142)

with

x = µAKs
2
[
1 + (b4s

2/µAK)exp(−|b4|s2/µAK)
]

+
[
b1s

2 + b2(1− α)exp(−b3(1− α)2
]2

(1.6-143)

where µAK = 10/11, b2 = (5913/405000)1/2, b1 = (511/13500)/2b2, b3 = 0.5, b4 =

µAK/κ − 1606/18225 − b2
1, and κ = 0.065. Similarly, the correlation energy is given

as

Ec[n↑, n↓] =

∫
d3rn(~r)[εunifc (rs, ζ, s, α)] (1.6-144)

where

εc = ε1
c + f 1

c (α)[ε0
c − ε1

c ] (1.6-145)

fc(α) = exp[−c1cα/(1− α)]θ(1− α)− dc exp[c2c/(1− α)]θ(α− 1) (1.6-146)

It is also determined by interpolating between α = 0 and α ≈ 1 and then extrapolating

to α→∞ as in the case of exchange. Here c1c = 0.64, c2c = 1.5, and dc = 0.7.

1.7 Self-interaction error

The exact density functionals for the ground state energy of a system would be

self-interaction-free since the orbitals do not interact with themselves. However, in

an approximate functional, the orbitals interact with themselves, giving rise to the
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self-interaction error. The exchange energy in the Hartree-Fock(HF) approximation

is given as

Ex = −1

2

∫ ∫
ψ∗i,σ(~r)ψj,σ(~r)

1

|~r − ~r′|
ψi,σ(~r′)ψ∗j,σ(~r′)d3rd3r′. (1.7-147)

The i = j terms in this equation gives rise to the self-exchange energy given by

self − exchange = −1

2

∫ ∫
niσ(~r)niσ(~r′)

|r − r′|
d3rd3r′

= −U [niσ].

(1.7-148)

In the HF approximation this self-exchange energy is cancelled by the self-Hartree

energy. This also holds true for the exact density functionals where self-Hartree

energy get cancelled with self-exchange-corelation energy, i.e.,

U [niσ] + Exc[niσ, 0] = 0. (1.7-149)

Also, from Eq. 1.7-148, it is evident that

U [niσ] + Ex[niσ, 0] = 0. (1.7-150)

These two equations imply that the self-correlation energy must be zero,

Ec[niσ] = 0. (1.7-151)

However, in an approximate density functional, these two quantities do not cancel

each other completely, and a residue of self-interaction remains. Thus, the imper-

fect cancellation of self-exchange energy by the self-Hartree energy yields the self-

interaction error (SIE). Perdew-Zunger (PZ)[45] applied the equations 1.7-149,1.7-

150, and 1.7-151 for the self-interaction correction (SIC) to the approximate func-
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tionals. PZ-SIC removes the SIE in an orbital-by-orbital basis and is exact for all

isolated one-electron densities.

ESIC
xc = Eapprox

xc [n↑, n↓]−
∑
iσ

δiσ, (1.7-152)

where δiσ is the self-interaction correction of the iσ:

δiσ = U [niσ] + Eapprox
xc [niσ, 0]. (1.7-153)

The SIE is also eliminated from the effective potential,

vs(~r)
SIC = v(~r) + u([n], ~r) + vapproxxc ([n↑, n↓], ~r)− {u([niσ, ~r]) + vapproxxc ([niσ, 0], ~r)},

(1.7-154)

which is used to solve the KS equations making use of the SIC orbitals. The use of

KS orbitals while minimizing the energy makes the PZ-SIC a size-inconsistent theory.

Also, KS equation is not invariant under unitary transformation of the occupied

orbitals. Hence, the effect of SIC will now depend on the difference in occupied

orbitals before and after the unitary transformation. Therefore, we need to use the

localized orbitals obtained from the unitary transformation of the KS orbitals to

remove this size-inconsistency and to eliminate the difference in the orbitals. Fermi

Löwdin orbitals (FLO) SIC[72, 73] proposed by Pederson et al. restricts the search

over all possible localized orbitals that minimize the energy and propose a very specific

form called Fermi orbitals.

Fiσ =

∑
α ψ
∗
ασ( ~aiσ)ψασ(~r)√∑
α |ψασ( ~aiσ)|2

. (1.7-155)

These are guaranteed to be localized at Fermi orbital descriptor (FOD) positions aiσ

and are obtained from the unitary transformation of the KS orbitals. The absolute
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square of Fiσ at ~r = ~aiσ yields the density at aiσ, which verifies that these orbitals

are localized at aiσ, i.e.

|Fiσ|2~r=~aiσ =
∑
α

niσ(~aiσ). (1.7-156)

These localized orbitals are orthonormalized using Löwdin’s method of symmetric

normalization, and the DFT-SIC energy is minimized as a function of the KS orbitals

and the FODs.

1.8 Paradox of SIC and possible solutions

PZ-SIC works very well where DFAs mostly fail to bind a full extra electron to

a neutral atom or molecule. PZ-SIC also improves the performance of the DFAs,

where SIE is significant, like in the case of stretched bonds. The prediction of the

dissociation of a neutral molecule into fractional charged fragments[74], description

of charge transfers[74], accurate prediction of barrier heights[75] are a few examples.

The accomplishment of PZ-SIC goes beyond this[76–87].

However, PZ-SIC with real localized orbitals worsens the description of equilibrium

properties such as atomization energies and equilibrium bond lengths which are well

described by their DFA counterparts. This is called the paradox of SIC[88]. This

paradox predominantly arises because PZ-SIC violates the exact uniform density

limit that all semi-local functionals satisfy. All the semi-local functionals produce

almost 0% error for the neutral atoms in large Z limit while the PZ-SIC produces a

significant amount of error[3]. PZ-SIC removes the SIE of a system but introduces

the orbital density nodality errors. The use of complex orbitals only slightly reduces

the error since the lobed-one electron structure remains in the orbitals even when the

nodality is removed[75, 77–80]. Besides, PZ-SIC (at least with real localized orbitals)

violates the exact constraints and norms satisfied by the DFAs[75]. Hence, we need

to scale the PZ-SIC such that it remains intact in the region of significant SIE and
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scales down in the region of slowly varying densities with no correction in the region

of uniform density. That should be able to recover all the constraints and norms

satisfied by the parent functional.

Both internal and external scaling can be applied to the PZ-SIC. The scaling

is usually based on iso-orbital indicators that distinguish different regions in the

interacting system of electrons. For instance, zσ(~r) = τWσ (~r)
τσ(~r)

distinguishes many-

electron region from one-electron regions. Here, τWσ (~r) is the von Weizsäcker kinetic

energy density

τWσ (r) =
|∇nσ|2

8nσ
, (1.8-157)

and τσ(~r) is the kinetic energy density of the system

τσ(r) =
occ∑
α

1

2
|∇ψασ|2. (1.8-158)

The iso-orbital indicators ασ and βσ can distinguish the single electron region, many-

electron regions and the region of weaker non-covalent bonds.

ασ =
τσ − τWσ
τunifσ

(1.8-159)

βσ =
τσ − τWσ
τσ + τunifσ

(1.8-160)

where, τunifσ = 3
10

(3π2)2/3

n5/3 represents kinetic energy density of uniform electron gas.

The following table represents the values of those iso-orbital indicators for various

chemical environments.

Several interior and exterior scaling methods[11, 14, 74, 76, 87, 89–93] have been

applied to the PZ-SIC to restore the correct behavior of functionals in the slowly vary-

ing density limits. The recently proposed interior scaling method LSIC[90] uses zσ to
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Table 1.1: Values of iso-orbital indicators for various chemical regions

Region zσ ασ βσ
Single orbital 1 0 0

Slowly varying density ≈ 0 ≈ 1 ≈ 1
2

Weak bonding ≈ 0 >> 1 1
2
<< βσ < 1

scale down the PZ-SIC. LSIC+[91] is an improved version of LSIC constructed by sat-

isfying an additional constraint: the correct coefficient of the atomic number Z in the

asymptotic expansion of the exchange-correlation energy for atoms. Both the interior

scaling methods can only be applied with LSDA and not with GGAs and meta-GGAs

to avoid gauge-inconsistency. The functional beyond LSDA require gauge transfor-

mation of the exchange-correlation energy density to achieve the Hartree gauge. This

is because the GGAs and meta-GGAs lose the Hartree gauge via simplifying integra-

tion by parts. We have applied such scaling with the gauge transformation to the

approximate functionals and refer to them as sdSIC[14]. However, sdSIC provides an

incorrect asymptotic exchange-correlation potential −XHO
r

and not −1
r

as it should

be. LSIC and LSIC+ work almost as well as SCAN for many equilibrium properties

except for those involving weaker bonds where they fail seriously. However, sdSIC

applied to SCAN partly restores the capacity of SCAN to capture the short and

intermediate-range van der Waals interaction and hence is successful in predicting

the weakly bonded systems along with the other equilibrium properties as well as the

properties involving stretched bonds.
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CHAPTER 2

HOW ACCURATE ARE THE PARAMETRIZED

CORRELATION ENERGIES OF THE

UNIFORM ELECTRON GAS ?

Reprinted with permission from Puskar Bhattarai, Abhirup Patra, Chandra Shahi,

and John P. Perdew. How accurate are the parametrized correlation energies of the

uniform electron gas? Physical Review B, 97(19), 195128. Copy-right (2018).

2.1 Abstract

Density functional approximations to the exchange-correlation energy are designed

to be exact for an electron gas of uniform density parameter rs and relative spin

polarization ζ, requiring a parametrization of the correlation energy per electron,

εc(rs, ζ). We consider three widely-used parametrizations (Perdew-Zunger or PZ 1981,

Vosko-Wilk-Nusair or VWN 1980, Perdew-Wang or PW 1992) that interpolate the

Quantum Monte Carlo (QMC) correlation energies of Ceperley-Alder 1980, while

extrapolating them to known high-(rs → 0) and low- (rs →∞) density limits. For the

physically important range 0.5 ≤ rs ≤ 20, they agree closely with one another, with

differences of 0.01 eV (0.5%) or less between the latter two. The density parameter

interpolation (DPI), designed to predict these energies by interpolation between the

known high- and low-density limits, with almost no other input (and none for ζ = 0

), is also reasonably close, both in its original version and with corrections for ζ 6= 0.

Moreover, the DPI and PW92 at rs = 0.5 are very close to the high-density expansion.
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The larger discrepancies with the QMC of Spink et al. 2013, of order 0.1 eV (5%) at

rs = 0.5, are thus surprising, suggesting that the constraint-based PW92 and VWN80

parametrizations are more accurate than the QMC for rs < 2. For rs > 2, however,

the QMC of Spink et al. confirms the dependence upon relative spin polarization

predicted by the parametrizations.

2.2 Introduction

The correlation energy of a many-electron system arises from the effects of mutual

Coulomb repulsion among the electrons. In wavefunction theory, it is the correction

to the Hartree-Fock energy, while in modern density functional theory (DFT)[30, 31],

it is the correction to the Kohn-Sham exchange-only energy. It reduces the Coulomb

repulsion due to electronic mutual avoidance, and is necessarily negative. While it

can be a small part of the total energy of an atom, molecule, or solid, it plays a

crucial role to strengthen the bonding of one atom to another. It is also the most

complicated and challenging part of the total energy.

The electron gas of uniform spin density provided an early and useful way to

understand and approximate the correlation energy. While the random phase ap-

proximation (RPA)[56] and corrections to it[94] provided estimates of the correlation

energy per electron and its dependence upon the spin densities, the Quantum Monte

Carlo (QMC) results of Ceperley and Alder[50] provided perhaps the first reliable

reference values. Parametrizations that interpolated between discrete QMC values,

with extrapolations to known high- and low-density limits, were provided by Perdew

and Zunger (PZ81)[45], Vosko, Wilk and Nusair (VWN80)[46], Perdew and Wang

(PW92)[47], and others[48, 49]. A density parameter interpolation (DPI)[51] pro-

vided a check based primarily on the satisfaction of known exact constraints. PZ81

used a form suggested by Ceperley and Alder[50] for rs > 1, and a different form

motivated by the high-density limit for rs < 1. Unlike the simpler PZ81, the other
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parametrizations and the DPI employ a single analytic form for the whole range

0 ≤ rs ≤ ∞, although this form varies from one to another. For a review of the

uniform electron gas see Ref. [35].

Approximations to the density functional[30, 31] for the exchange-correlation en-

ergy of a many-electron system are often used to predict the ground-state energies

and electron spin densities of real molecules and materials. Typically these approxi-

mations need a parametrization of the correlation energy per electron for an electron

gas of uniform spin densities, since they are designed to be exact in the limit of

slow spatial variation. The PW92[47] parametrization was chosen as an input to

the Perdew-Burke-Ernzerhof (PBE)[62] generalized gradient approximation (GGA)

and to the strongly constrained and appropriately normed (SCAN)[43] meta-GGA.

PW92 incorporated the sophisticated spin interpolation of VWN80[46] (also known as

VWN5), while adding a more correct high-density limit as well as a fitting adapted to

the uncertainties of the QMC calculation. The 2010 density parameter interpolation

(DPI)[51] was not intended to be more accurate than PW92. Instead it was designed

to show that the satisfaction of exact constraints, which had been used to progress

from the local spin density approximation[31, 56] to PBE (and later to SCAN), could

also be used to estimate the uniform gas correlation energy input, with no QMC input

in the spin-unpolarized limit and very little more generally.

The recent QMC calculation of Spink et al.[1] confirmed the accuracy of the QMC

of Ceperley and Alder[50] for the fully unpolarized and fully polarized limits, over the

density range of the latter, but extended them to intermediate relative spin polariza-

tions and to higher densities. A comparison with PZ81 was also made in Ref. [1],

which called for an improved parametrization at the higher densities. The results of

Ref. [1] have been employed in Ref. [49] and Ref. [95] for the zero-temperature limit

of a parametrized finite-temperature exchange-correlation free energy per electron.

The parametrization of Ref. [49] for the exchange-correlation energy is compared
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with the fermionic configuration path integral Monte Carlo (CPIMC) results at low

temperature in Ref. [96].

At the highest density (rs = 0.5), the Spink et al. correlation energy is less

negative than PW92 by about 0.1 eV (5%) or more, possibly reflecting a variational

overestimate of the total energy. This difference may not be of practical importance,

for two reasons: (1) This density is considerably higher than typical valence electron

densities. (2) At this and higher densities for the spin-unpolarized uniform electron

gas, the magnitudes of the exchange energy (treated exactly in all parametrizations)

and of the kinetic energy are respectively more than about 12 and more than 58 times

the magnitude of the correlation energy.

Although the more expensive QMC is normally more accurate than constraint-

satisfying density functional approximations, the jellium surface energy[97] was, until

recently[98], a notable exception. We suggest here that the uniform gas correlation

energy at rs = 0.5 may be another exception. For rs > 2 (lower densities), however,

the QMC of Spink et al. confirms the dependence upon relative spin polarization ζ

of the standard parametrizations.

2.3 Limits

The Seitz radius or density parameter rs and relative spin polarizations ζ are

defined as,

rs =

[
3

4π(n↑ + n↓)

] 1
3

(2.3-1)

ζ =
n↑ − n↓
n↑ + n↓

(2.3-2)

The high-density limit (HDL) for the uniform gas correlation energy per electron

εc(rs, ζ) can be found from the expansion given by Gell-Mann and Brueckner for

rs → 0[51, 53]
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εc(rs, ζ) =
∞∑
n=0

[an(ζ)ln(rs) + bn(ζ)]rns (2.3-3)

The low-density limit (LDL) can be found from the expansion

εc(rs, ζ) =
f0 − cx(ζ)

rs
+
f1

r
3
2
s

+
f2 − cs(ζ)

r2
s

+
∞∑
n=3

fn

r
1+n

2
s

+ eexp(rs, ζ)

(2.3-4)

for rs →∞[46, 47, 51, 54, 55], where the fn are constant coefficients.

Here, eexp(rs, ζ) ∼ exp[−g(ζ)r
1
2
s ] and the three parameters f0, f1 and f2 have values

of -0.9,1.5 and 0 respectively constrained to exact or near exact values as provided in

the work of Sun, Perdew and Seidl [51]. Expressions for cx(ζ) and cs(ζ)[47] are given

as-

cs(ζ) =
3

10
(
9π

4
)
2
3

1

2
[(1 + ζ)

5
3 + (1− ζ)

5
3 ] (2.3-5)

cx(ζ) = − 3

4π
(
9π

4
)
1
3

1

2
[(1 + ζ)

4
3 + (1− ζ)

4
3 ] (2.3-6)

Unless otherwise stated, all our equations are in atomic units (hartrees and bohrs).

2.4 Comparison & Discussion

In Table 2.1 we compare correlation energies per electron from the PZ81, VWN80,

and PW92 parametrizations, in the ranges 0.5 ≤ rs ≤ 20 and 0 ≤ ζ ≤ 1. The

maximum absolute deviation of PZ81 from PW92 is 0.07 eV (4%) for rs = 0.5 and

ζ = 0.66. The corresponding maximum absolute deviation of VWN80 from PW92 is

much smaller: 0.01 eV (0.6%) at rs = 0.5 and ζ = 0.34 .

In Table 2.1 we also present the twist-averaged diffusion Quantum Monte Carlo

results from Spink et al. They show a maximum absolute deviation from PW92 of

0.18 eV (11%) at rs = 0.5 and ζ = 0.66.
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Table 2.1: Correlation energies per electron (in eV) for the uniform electron gas from
PZ81, VWN80, and PW92, QMC of Spink et al., the original density
parameter interpolation (DPI), and the corrected DPI. The differences are
most noticeable at rs = 0.5. Note that 1 hartree = 27.2114 eV.

rs ζ = 0 ζ = 0.34 ζ = 0.66 ζ = 1

PZ81

0.5 -2.069 -1.972 -1.690 -1.097
1 -1.623 -1.547 -1.326 -0.863
2 -1.227 -1.170 -1.004 -0.656
3 -1.013 -0.966 -0.830 -0.546
5 -0.771 -0.736 -0.635 -0.422
10 -0.505 -0.483 -0.420 -0.286
20 -0.313 -0.300 -0.263 -0.184

VWN80

0.5 -2.097 -2.017 -1.771 -1.092
1 -1.633 -1.570 -1.376 -0.858
2 -1.219 -1.171 -1.025 -0.649
3 -1.004 -0.964 -0.844 -0.541
5 -0.766 -0.735 -0.644 -0.420
10 -0.505 -0.485 -0.426 -0.286
20 -0.314 -0.302 -0.267 -0.185

PW92

0.5 -2.085 -2.005 -1.759 -1.094
1 -1.627 -1.562 -1.367 -0.860
2 -1.218 -1.168 -1.020 -0.651
3 -1.005 -0.964 -0.840 -0.542
5 -0.768 -0.736 -0.641 -0.420
10 -0.505 -0.484 -0.423 -0.285
20 -0.314 -0.301 -0.265 -0.184

Spink et al.

0.5 -1.996 -1.957 -1.583 -0.994
1 -1.605 -1.550 -1.325 -0.827
2 -1.218 -1.170 -1.014 -0.642
3 -1.010 -0.969 -0.841 -0.537
5 -0.774 -0.741 -0.645 -0.420
10 -0.510 -0.489 -0.427 -0.287
20 -0.316 -0.303 -0.267 -0.186

Original DPI

0.5 -2.108 -2.032 -1.787 -1.103
1 -1.637 -1.576 -1.381 -0.862
2 -1.215 -1.166 -1.016 -0.645
3 -0.996 -0.955 -0.830 -0.534
5 -0.755 -0.724 -0.629 -0.412
10 -0.495 -0.474 -0.413 -0.279
20 -0.308 -0.295 -0.259 -0.181

Corrected DPI

0.5 -2.108 -2.031 -1.787 -1.113
1 -1.637 -1.576 -1.382 -0.870
2 -1.215 -1.166 -1.016 -0.650
3 -0.996 -0.955 -0.831 -0.537
5 -0.755 -0.724 -0.629 -0.413
10 -0.495 -0.474 -0.413 -0.279
20 -0.308 -0.295 -0.259 -0.181

Table 2.1 also presents the correlation energies of the density parameter inter-

polation (DPI) in its original form from Sun et al.[51] and as corrected here. The

DPI interpolates between available derived high- and low-density limits. One of the
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high-density coefficients in Eq. 2.3-3 is a1(ζ), and the Carr-Maradudin[99] integral

for it is given in our Eq. 1.0-1. However, the parameter a1(ζ = 1) used by Sun et al.

(0.003125) was in error due to an order-of-limits problem identified recently by Loos

and Gill[35, 100]. We have obtained a value (0.004799) that differs negligibly from the

exact Loos-Gill value (0.004792) by evaluating the DuBois integral[101] (Appendix

A) for values approaching 1. Although a1(ζ) is known analytically[100], it is repre-

sented here by an accurate fit since the exact analytic expression takes a long time

to calculate. Our careful fit is an expansion in even functions of zeta that have zero

derivative at ζ = 0 and infinite derivative at ζ = 1:

a1(ζ) = 0.00922921− 0.00159532 arcsin
(
ζ2
)

−0.00559489 arcsin
(
ζ4
)

+ 0.0264127 arcsin
(
ζ6
)

−0.0597952 arcsin
(
ζ8
)

+ 0.060373 arcsin
(
ζ10
)

−0.0226208 arcsin
(
ζ12
)

(2.4-7)

Fig. 2.1 shows that the approximate a1(ζ) fits perfectly with the exact one.

0.0 0.2 0.4 0.6 0.8 1.0
rs (in atomic units)
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0.009

 a
1(

) 

a1( )correct

a1( )approximate

Figure 2.1: Comparison of fitted a1(ζ) from Eq. 2.4-7 with the exact integral of Eq.
1.0-1

Appendix A presents the analytic integration and analytic expression for the

DuBois[101] integral R(1)(iu, ζ). This integral was evaluated correctly (for ζ 6= 1)
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in Refs. [47] (Eq. B3)), [51] (Eq. A3), and [100] (Eq. 15), but those references did

not display the derivation and presented a recurring transcription error : arctan(u)

must be replaced by arctan( 1
u
) to obtain the correct expression Eq. 1.0-14.

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
rs (in atomic units)

2.0

1.8

1.6

1.4

1.2

1.0

0.8

 
c (

in
 e

V)
 = 0

DPI
c
HDL
c
Spink
c
PW92
c

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
rs (in atomic units)

1.2
1.1
1.0
0.9
0.8
0.7
0.6
0.5

 
c (

in
 e

V)
 

= 1DPI
c
HDL
c
Spink
c
PW92
c

Figure 2.2: Corrected density parameter interpolation (DPI) and high-density limit
(HDL) of the correlation energy per electron of the a) spin-unpolarized
b) spin-polarized uniform electron gas, for 0.5 ≤ rs ≤ 2. Here the HDL
is the sum of the n=0 and n=1 terms of Eq. 2.3-3. This shows that the
DPI and PW92 for rs ∼ 0.5 are very close to the high density limit in
both cases. In contrast, the correlation energy from Spink et al. deviates
strongly from the HDL. For the Spink et al. curves, we have used Eq. 3
and Table V of Ref. [1].

The corrected a1(ζ = 1) necessitates a change in the coefficient b1(ζ) (known

exactly only for ζ = 0) in the DPI model. Following the procedure of Ref. [51] , we

find b1(ζ = 1) = −0.005205 instead of -0.006746. Thus we obtain a correction, but

a small one (as also pointed out in Ref. [100]). Our corrected DPI values in Table I

agree to within 0.001 eV with those presented in Ref. [100].

Fig. 2.2 shows that, at rs near 0.5, the DPI and PW92 are extremely close to the

high-density expansion for both polarized and unpolarized states. On the other hand,

the Spink et al. QMC results for the correlation energy are far from the HDL near

rs = 0.5 . Fig. 10 of Ref. [1] omits the b1(ζ)rs term of the high-density expansion that

we include with the value of -0.07 eV for rs = 0.5 and ζ = 1, but more significantly

that figure does not show what our Fig. 2.2 shows: that the QMC correlation energy

of Spink et al. diverges away from the high-density expansion as rs tends toward 0,

for both ζ = 0 and ζ = 1.
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Figure 2.3: Deviation from PW92 of the corrected density parameter interpolation
(DPI) and the QMC of Spink et al. correlation energies per electron
for the uniform electron gas, as functions of the density parameter, for
four values of the relative spin polarization. Note the close agreeement
between PW92 and Spink et al. for all rs > 2 and all ζ.
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Fig. 2.3 also shows that the Spink et al. DMC correlation energy per electron is

remarkably close to PW92 for rs ≥ 2 and for all ζ . The differences grow rapidly as

rs decreases to 1 and then to 0.5. Fig. 2.3 also shows the difference between DPI and

PW92.

2.5 Conclusions

We have compared three parametrizations (PZ81, VWN80, and PW92) of the

correlation energy per electron of the uniform electron gas from the QMC of Ceperley

and Alder, finding little difference among them, especially between the latter two. We

have also compared these to the original and the slightly-corrected density parameter

interpolation (DPI), which is almost independent of QMC input, and with the recent

QMC of Spink et al., which extends the Ceperley-Alder results to fractional spin

polarization and to higher densities or smaller rs. While the latter QMC confirms

the spin-dependence of the parametrizations at the lower densities, it is less negative

by about 0.1 eV at rs = 0.5. The high consistency among the three parametrizations

and the DPI, and their closeness to the high-density limit at rs = 0.5, suggest the

possibility that the parametrizations (especially the sophisticated PW92) are correct

at all rs.

Further support for this conclusion will be found in Fig. 1 of Ref. [102]. This figure

shows that an RPA-like calculation with a sophisticated constraint-based frequency-

dependent exchange-correlation kernel[103] produces correlation energies per elec-

tron for the spin-unpolarized case in close agreement with those of PW92 over the

whole range of rs from 0 to 15. The maximum absolute deviation is about 0.02 eV.

We suggest that the PW92 and VWN80 constraint-satisfying approximations may

be more accurate for rs < 2 than the QMC of Spink et al.[1] or the more recent

parametrizations[49, 95] based on that QMC and not on the high-density expansion.

The difference is in any case irrelevant to density functional calculations for real ma-
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terials. It is important to note that all the parametrizations in Table I (not including

the QMC of Spink et al.) have the correct n=0 term in their high-density expansions

of Eq. 2.3-3. The n=1 term is much less important, and varies considerably from

one parametrization to another (Table 1 of Ref. [51]). Even a simple one-parameter

fit[104] based on the correct n = 0 term of the high-density expansion agrees more

closely with PW92 than with the QMC of Spink et al. at rs = 0.5.

A referee has pointed that the fixed node error in a QMC calculation grows as

|lnrs| when rs → 0.
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CHAPTER 3

A STEP IN THE DIRECTION OF RESOLVING

THE PARADOX OF PERDEW-ZUNGER

SELF-INTERACTION CORRECTION. II.

GAUGE CONSISTENCY OF THE ENERGY

DENSITY AT THREE LEVELS OF

APPROXIMATION

Reprinted with permission from Puskar Bhattarai, Kamal Wagle, Chandra Shahi,

Yoh Yamamoto, Selim Romero, Biswajit Santra, Rajendra R Zope, Juan E Peralta,

Koblar A Jackson, John P Perdew. A step in the direction of resolving the paradox

of Perdew–Zunger self-interaction correction. II. Gauge consistency of the energy

density at three levels of approximation. The Journal of Chemical Physics, 152(21),

214109. Copy-right(2020).

3.1 Abstract

The Perdew-Zunger (PZ) self-interaction correction (SIC) was designed to cor-

rect the one-electron limit of any approximate density functional for the exchange-

correlation (xc) energy, while yielding no correction to the exact functional. Unfor-

tunately, it spoils the slowly-varying-in-space limits of the uncorrected approximate

functionals, where those functionals are right by construction. The right limits can be
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restored by locally scaling down the energy density of the PZ-SIC in many-electron

regions, but then a spurious correction to the exact functional would be found unless

the self-Hartree and exact self-xc terms of the PZ-SIC energy density were expressed

in the same gauge. Only the local density approximation satisfies the same-gauge

condition for the energy density, which explains why the recent local-scaling SIC

(LSIC) is found here to work excellently for atoms and molecules only with this basic

approximation, and not with the more advanced generalized gradient approximations

(GGAs) and meta-GGAs, which lose the Hartree gauge via simplifying integrations by

parts. The transformation of energy density that achieves the Hartree gauge for the

exact xc functional can also be applied to approximate functionals. Doing so leads to

a simple scaled-down self-interaction (sdSIC) correction that is typically much more

accurate than PZ-SIC in tests for many molecular properties (including equilibrium

bond lengths). The present work shows unambiguously that the largest errors of PZ-

SIC applied to standard functionals at three levels of approximation can be removed

by restoring their correct slowly-varying-density limits. It also confirms the relevance

of these limits to atoms and molecules.

3.2 Introduction: the failure of Perdew-Zunger self-interaction

corrections in the slowly-varying density limit

Density functional theory (DFT)[31, 105] is a practical approach to the many-

electron problem for the groundstate energy and density, requiring only the solution

of selfconsistent one-electron Schrödinger equations. Starting from a formally-exact

DFT, approximations are made for the expectation value of the electron-electron in-

teraction plus the correlation contribution to the kinetic energy, replacing this sum

by the exactly-treated classical Coulomb or Hartree energy U [n] that depends nonlo-

cally upon the electron density n(~r) plus an approximate exchange-correlation energy
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Eapp
xc [n↑, n↓], a functional of the spin-up and spin-down electron densities. The approx-

imation is typically a single integral over three-dimensional space of a modelled energy

density that depends upon the local spin-up and spin-down electron densities, and

sometimes on their gradients or other position-dependent ingredients. That makes a

DFT calculation much more computationally efficient than calculations based on the

many-electron wave function. Various models for the energy density have been devel-

oped over the years, yielding better predictions for the properties of atoms, molecules,

and solids by matching more of the conditions known to be satisfied by the exact but

unknown functional, Eexact
xc . For example, the strongly constrained and appropriately

normed SCAN functional[43] satisfies all 17 of the conditions on the energy func-

tional itself (not including its functional derivative) that a meta-generalized gradient

approximation can satisfy. SCAN is remarkably accurate for the description of the

properties of molecules and condensed matter[106], including such complex systems

as liquid water[107] and the solid cuprates[108]. SCAN and its simpler nonempirical

predecessors, going back to the spin-density version of the local density approximation

(LDA)[31, 47], are exact by construction for any system of uniform electron density.

Further refinements in the description of the slowly-varying limit are added along the

path from LDA to SCAN.

One condition of the exact Exc that is violated by many density functional approx-

imations (DFAs) is one-electron self-interaction freedom. For a one-electron density

nασ = |φασ|2, where α and σ are the orbital and spin indices respectively,

Eexact
xc [nασ, 0] = −U [nασ] (3.2-1)

for the exact functional, but this equality is lost for many approximate functionals,

resulting in a residual self-interaction of the electrons in DFA calculations. The ex-

act equality holds even when φασ is noded[75]. Self-interaction errors (SIE) manifest

in various ways in DFT calculations. Two prominent examples are (1) that orbital
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energies for the highest occupied electron states are too high compared to minus the

corresponding electron removal energies and (2) that barrier heights for chemical re-

actions are predicted to be too low by DFT in comparison to accurate values taken

from high-level reference calculations. Perdew and Zunger[45] introduced a scheme to

make approximate functionals one-electron self-interaction free. The Perdew-Zunger

self-interaction correction (PZ-SIC) removes self-interaction on an orbital-by-orbital

basis. It has the important features that it is exact for all isolated one-electron densi-

ties and would yield no correction if applied to the exact functional. Applying PZ-SIC

improves the performance of DFAs in situations that are dominated by self-interaction

error (SIE), including stretched radicals (e.g., Ref. [82] ), but, paradoxically, it does

so at the expense of accuracy in situations where SIE is not significant[109]. For

example, equilibrium properties such as molecular atomization energies are predicted

quite accurately by SCAN, but only poorly by SCAN-SIC[75, 110]. Even in situations

where PZ-SIC improves predictions, such as atomic polarizabilities[84] or molecular

dipole moments[85], there is often an overcorrection in which an underestimation

by the uncorrected functional becomes an overestimation by its PZ-SIC version or

vice-versa.

It was recently shown[3] that PZ-SIC disrupts the behavior of nonempirical density

functional approximations (DFAs) such as the local density approximation (LDA)[31,

47], the Perdew, Burke and Ernzerhof (PBE)[62] generalized gradient approximation

(GGA), and the SCAN meta-GGA in the slowly-varying density limit, introducing

non-negligible errors of a few percent of the exchange-correlation energies for uniform

electron densities where the uncorrected approximations are exact.

In this paper we analyze an alternative to PZ-SIC that addresses this shortcoming

by formally scaling down the correction terms in regions where the density is slowly

varying, reducing it to zero for any uniform density while leaving it intact in regions

where the density has single orbital character. An “exterior” scaling by an orbital-
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dependent constant for the SIC contribution to the energy from each occupied orbital

(depending upon the orbital and upon the degree of orbital overlap in the region where

the orbital is located) was proposed earlier[11, 89] to guarantee the correct uniform-

density limit. Interestingly, we show here that, by making a gauge transformation

that renders the self-Hartree and self-exchange-correlation energy densities gauge-

consistent for the exact functional, what would otherwise be an interior scaling of the

PZ-SIC correction terms at each point in space becomes an exterior scaling for each

orbital contribution. We have tested this scaled-down self-interaction correction or

sdSIC approach for a variety of properties of atoms and molecules, and for three levels

of the uncorrected approximation (LDA, GGA, and SCAN meta-GGA). Generally,

we find that sdSIC predictions of equilibrium properties are improved relative to

the results of PZ-SIC calculations, while the improvement of the latter method in

situations where SIE is dominant is largely retained. These results demonstrate that

the largest errors of PZ-SIC applied to traditional density functionals can be reduced

by restoring the correct slowly-varying limit of the uncorrected functional. Since our

numerical tests are for atoms and molecules, we thus also confirm the relevance[111]

of the slowly-varying limit to chemical systems.

Recently an interior scaling-down of LDA-PZ-SIC (local-scaling SIC or LSIC[90])

was found to achieve remarkable and almost universal improvement over LDA. An

important conclusion of the present work is that interior or local scaling works excel-

lently with LDA because the LDA exchange-correlation energy density is in the same

gauge as the Hartree energy density, and less well with PBE and much less well with

SCAN because their energy densities are not in the same gauge as the Hartree energy

density.
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3.3 A gauge-consistent, scaled-down self-interaction correc-

tion at three levels of the uncorrected functional

The additive orbital-by-orbital PZ-SIC to Eapp
xc [n↑, n↓]is

∆Eασ
xc = −U [nασ]− Eapp

xc [nασ,0], (3.3-2)

where σ =↑, ↓. Here nσ =
∑

α nασ , and the localized occupied orbital densities

nασ = |φασ|2 are found from a set of localized (for the sake of size consistency) SIC

orbitals φασ constructed as described in Sec. 3.4 via unitary transformation of the

occupied canonical orbitals. There is typically much cancellation between the two

terms of φασ:

U [nασ] =
1

2

∫
d3~rnασ(~r))u([nασ];~r), (3.3-3)

where

u([nασ];~r) =

∫
d3~r′nασ( ~r′)
|~r − ~r′|

, (3.3-4)

and

Eapp
xc [nασ, 0] =

∫
d3rnασ(~r)εappxc ([nασ, 0];~r), (3.3-5)

but the cancellation is incomplete, necessitating the correction.

PZ-SIC makes any approximation exact for any one-electron density and gives no

correction to the exact functional. But it overcorrects, especially for PBE and SCAN,

in many-electron regions of real systems. An iso-orbital indicator is thus necessary

to distinguish the one-electron regions where a full PZ-SIC is needed from the many-

electron regions in which the PZ-SIC must be scaled down. The iso-orbital indicator

zσ(~r) = τWσ (~r)
τσ(~r)

distinguishes many-electron from single-electron regions of the total
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density nσ =
∑

α |ψασ|2of spin σ(↑, ↓). Here,

τWσ (~r) =
|∇nσ|2

(8nσ)
(3.3-6)

and

τσ(~r) =
occ∑
α

1

2
|∇ψασ|2. (3.3-7)

This typical meta-GGA ingredient is bounded in the range 0 ≤ zσ ≤ 1. Clearly

zσ = 0 for a uniform density (a many-electron-like region) and 1 for an iso-orbital (one-

electron-like) density. In the slowly-varying-density limit, in which τσ approaches a

Thomas-Fermi limit n
5
3
σ ,zσ is of order ∇2 (and more precisely proportional to |∇nσ|2).

The alternative and less simple iso-orbital indicator ασ(~r) used in Ref. [43] can also

recognize a third kind of region, relevant to van der Waals bonds, but is not needed for

purposes of the present investigation. van der Waals interactions are responsible for

the cohesion between molecules of nonpolar liquids and solids [112–115]. In interior

scaling, we introduce a scale-down factor

fm(zσ) = mzmσ − (m− 1)zm+1
σ (3.3-8)

to be applied to the energy densities inside ∆Eασ
xc . The integer m is chosen to keep

the slowly-varying limit of the self-interaction corrected exchange-correlation approx-

imation correct through the same order in ∇ as the uncorrected (parent) functional.

For LDA, PBE, and SCAN, we choose m = 1, 2, and 3, keeping the approximations

correct through order ∇0,∇2, and ∇4 respectively (although PBE is not fully correct

to second order). The zm+1
σ term in the scale-down factor ensures that, for each m,

the scale-down factor approaches 1 just as f1(zσ) = zσ does (Fig. 3.1). f1(zσ) was

used as a scale-down factor for LDA in Ref. [90]. As m increases from 1, fm(zσ) in-

creasingly scales down the SIC in slowly-varying regions only. This makes it possible
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for us to reach firm conclusions about the importance of the slowly-varying limits for

atoms and molecules.

Now we distinguish between the local scaling (LSIC) approach, in which the

scale-down factor of Eq. 3.3-8 is applied directly to the standard self-Hartree and

self-exchange-correlation energy densities, and the scaled-down (sdSIC) approach, in

which the same scale-down factor is applied to the standard self-Hartree and trans-

formed self-exchange-correlation energy densities.

Figure 3.1: The scale-down factor fm(zσ) as a function of the iso-orbital indicator zσ,
applied here to PZ-SIC for LDA (m=1), PBE (m=2), or SCAN (m=3).
In this work, the same scale factor is used in sdSIC (exterior scaling) or
LSIC (local or interior scaling). Note that f=0 everywhere would recover
the uncorrected functional, and f=1 everywhere would recover PZ-SIC.

Total energies are measurable and unique, and individual contributions thereto

are unique, but energy densities are not unique. By analogy with field theory, in

which potentials are also non-unique, we refer to a particular choice of energy density

59



as a choice of gauge. In the Hartree gauge, the exchange-correlation energy density

at a position in space is half of the scalar electrostatic potential (vanishing at ∞)

created there by the density of the exchange-correlation hole[116] around an electron

at that position. For an orbital density niσ, the density at r′ around an electron

at r is simply −niσ(r′), independent of r. For discussion of the Hartree and other

gauges, see Refs. [117, 118]. Interior scaling only makes sense if the Hartree and

exchange-correlation energies are in the same gauge: If we had the exact functional,

interior scaling would yield a spurious non-zero self-interaction correction to it unless

the Hartree and exchange-correlation energies were in the same gauge (in which case

they would cancel one another exactly).

This gauge incompatibility is present for PBE and SCAN, but not for LSDA. In

the slowly-varying limit, where LDA is exact to order ∇0, the LDA energy density is

uniquely defined to the same order. LDA is demonstrably in the Hartree gauge, since

its energy density arises in the required way (as defined in the previous paragraph)

from the exchange-correlation hole of a uniform electron gas (Eqs. (35a) and (35b)

of Ref. [116]). But SCAN, for example, is exact to order ∇4, while its exchange-

correlation energy density is uniquely defined only to order∇0. This is in part because

the second- and fourth-order density-gradient expansions that SCAN recovers in the

slowly-varying limit, if initially expressed in the Hartree gauge, have been simplified

via integrations by parts.

An exchange-correlation energy density that is not in the Hartree gauge can be

transformed to one that is by adding a compliance function Gασ(~r)[118, 119] such

that

∫
d3rGασ(~r) = 0. (3.3-9)

Compliance functions are also needed for the construction of local (as opposed

to global) hybrid functionals[119, 120]. The choice that we propose and test here is
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designed so that, when its approximate exchange-correlation energy is replaced by an

exact one, the transformed exact exchange-correlation energy density will be in the

Hartree gauge:

Gασ(~r) =
−1

2
nασ(~r)u([nασ];~r) +

U [nασ]

Eapp
xc [nασ, 0]

nασ(~r)εappxc ([nασ, 0];~r), (3.3-10)

which clearly integrates to zero.

The choice of Eq. 3.3-10 guarantees that our scaled-down SIC will make no spu-

rious non-zero correction to the exact functional: If nσε
app
xc is the exact self-exchange-

correlation energy density in any gauge, then by Eq. 3.2-1 the last term on the

right-hand side (rhs) of Eq. 3.3-10 will cancel the contribution from that gauge to

Eq. 3.3-11 below, while the first term on the rhs of Eq. 3.3-10 will provide the ex-

act self-exchange-correlation energy density in the Hartree gauge. This is illustrated

in Fig. 3.2(a) for the 1s orbital density of the H atom, for which SCAN recovers

the exact self-xc energy by construction. Eq. 3.3-10 is the unique transformation

of the exact exchange-correlation energy density to the Hartree gauge. But, applied

to approximate functionals, it does not perfectly achieve the Hartree gauge for one-

electron densities. The best possible choice for Gασ, if it could be found, would

perfectly achieve the Hartree gauge for the uncorrected self-exchange-correlation en-

ergy density. Fig. 3.2(b) shows the spherical averages of the exact, SCAN, and

gauge-transformed SCAN self-xc energy densities for one of the four equivalent sp3

hybrid orbitals of the Ne atom, for which SCAN is not exact. Note that the exact

energy density in the Hartree gauge, and the SCAN energy density transformed by

Eq. 3.3-10, are less localized than the original SCAN energy density.

Using this compliance function, the scaled-down orbital self-interaction correction
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Figure 3.2: Spherical or spherically averaged self-exchange-correlation energy densi-
ties, plotted so that the area under each curve is the corresponding self-
exchange-correlation energy, for (a) the 1s orbital density of the H atom,
where the exact and SCAN energies are -0.3125 Hartree, and (b) an aver-
age of the four equivalent sp3 Fermi-Löwdin orbitals of the Ne atom, for
which the exact and SCAN energies are respectively -0.5885 and -0.6072
Hartree.

can be written

∆sdEασ
xc = −1

2

∫
d3rfm(zσ)[nασ(~r)u([nασ];~r)]−

∫
d3rfm(zσ)[nασ(~r)εappxc ([nασ, 0];~r)

− 1

2
nασ(~r)u([nασ];~r) +

U [nασ]

(Eapp
xc [nασ, 0])

nασ(~r)εappxc ([nασ, 0];~r)

= −Xsd
ασ(U [nασ] + Eapp

xc [nασ, 0]),

(3.3-11)
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where

Xsd
ασ =

∫
d3rfm(zσ)nασ(~rεappxc ([nασ, 0];~r))∫

d3rnασ(~r)εappxc ([nασ, 0];~r)
. (3.3-12)

We refer to this scaled-down SIC as sdSIC. Note that 0 ≤ Xασ
sd ≤ 1. A re-

markable outcome of the gauge transformation is that what began as an interior, or

point-by-point, scaling of the self-interaction correction, became an exterior scaling.

This happens because the Hartree energy U [nασ] is a fully nonlocal functional. An

alternative exterior scaling scheme was proposed by Vydrov et al.[11] , but with a

posited scaling factor

Xασ =

∫
d3rzkσnασ(~r)∫
d3rnασ(~r)

(3.3-13)

where k= 1, 2, or 3 is an adjustable parameter. In this form, increasing k strongly

scales down the self-interaction for all zσ between 0 and 1, not just for zσ << 1. Xασ

decreases as k increases, as shown in Table I of Ref. [11] for the Ar atom.

A spurious order of limits problem[121] arises in some meta-GGA’s that employ

both iso-orbital indicators zσ(~r)and ασ(~r in the same term of the exchange-correlation

functional. Although SCAN[43] uses ασ(~r), Eq. 3.3-11 does not lead to an order of

limits problem even when applied to SCAN, since ασ is identically zero in SCAN’s

self-exchange-correlation energy density.

The scaled-down self-interaction correction (sdSIC) ∇sdEασ
xc has several correct

features. First, it reduces to the full PZ-SIC correction and hence becomes exact for all

one-electron densities. Second, it yields no self-interaction correction for a uniform or

slowly-varying density. And finally, if Eapp
xc [n↑, n↓] is replaced by Eexact

xc [n↑, n↓],∇sdEασ
xc

reduces to 0 and the correction vanishes. One incorrect feature of the sdSIC correction

is that the asymptotic exchange-correlation potential seen by the outermost electron

in a localized system is −Xsd
HO

r
[11], where HO labels the highest occupied orbital, and

not −1
r

as it should be. This occurs because our model for the compliance function

Gασ(~r)is excessively nonlocal, although our model for Eapp
xc [n↑, n↓] is not.
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Scaled-down self-interaction corrections satisfy an important additional constraint,

exactness for all one-electron densities, without losing the correct behavior of the

uncorrected functional in the limit of slowly-varying densities. Some other exact

constraints, if satisfied by the uncorrected functional, will be preserved, such as spin-

scaling and uniform-density-scaling for the exchange energy, or non-uniform density

scaling to the two-dimensional limit. In the two-dimensional limit, f(zσ) tends to 1

almost everywhere and scaled-down SIC reduces to PZ-SIC.

3.4 Methodological details

To apply the DFA-sdSIC scheme self-consistently, variations of Xsd
ασ with respect

to the occupied orbitals must be included in the derivation leading to Schrödinger-like

SIC equations. While this is possible in principle, we expect the effect to be minor

and we begin here with the following non-selfconsistent implementation to test the

method. First, we carry out a standard (PZ-SIC), selfconsistent DFA-SIC calculation

using the Fermi-Löwdin orbital self-interaction correction (FLO-SIC) approach[72,

73, 81]. Then we evaluate the DFA-sdSIC and DFA-LSIC energies using the resulting

Fermi-Löwdin orbitals. Those orbitals are real, although complex orbitals can to some

extent mitigate the errors of PZ-SIC[75, 80, 122] . FLO-SIC implements the PZ-SIC

energy expression in a computationally efficient way. Minimizing the total energy

in a FLO-SIC calculation requires solving the one-electron PZ-SIC equations self-

consistently, but also optimizing a set of parameters called Fermi orbital descriptors

(FODs), which are positions in three-dimensional space used in the definition of the

localized Fermi-Löwdin orbitals (FLOs). Optimizing the FOD positions corresponds

to finding the FLOs corresponding to the lowest FLO-SIC total energy. We then use

the resulting self-consistent FLO densities nασ to compute ∇sdEασ
xc and the sdSIC
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total energy

EDFA−sdSIC = EDFA +
∑
ασ

∆sdEασ
xc . (3.4-14)

HereEDFA is the uncorrected total energy for a given DFA.

The results presented below were obtained using a developmental version of the

FLOSIC code[123]. The default Gaussian orbital basis sets in FLOSIC[124] are of

roughly quadruple-ζ quality. We used the default bases for all calculations except

those for anions, where we included additional long-range functions to capture the

more diffuse character of the anion orbitals. We use a selfconsistency convergence

criterion of 1.0×10-6 Hartree for total energy calculations, and an FOD force con-

vergence criterion of 5.0× 10-4 Hartree/Bohr. All calculations were done using a

very fine “variational”[125] integration grid. For calculations involving the SCAN

functional, especially dense grids were used[110].

3.5 Results

In this section, we will compare several properties of atoms and molecules com-

puted with the LDA, PBE, and SCAN functionals, without SIC and with three flavors

of SIC: the exteriorly scaled-down SIC (sdSIC) of this work, the locally-scaled SIC

(LSIC), and the unscaled PZ-SIC (SIC). For sdSIC and LSIC, we use the scale-down

factors fm(zσ) where m =1, 2, or 3 for LDA, PBE, and SCAN, respectively. The

LDA-LSIC results are good, but many of them have been presented and discussed

before[90], so they will not be further discussed before Sec. 3.7. The properties are

the total energy of an atom (minus the minimum energy needed to remove all its

electrons), the ionization energy of an atom (the minimum energy needed to remove

one electron), the atomization energy of a molecule (the minimum energy needed

to break it up into separate atoms), the barrier height to a chemical reaction (the

energy difference between the transition state (compound molecule) and the reactant
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molecules for a forward reaction, or between the transition state and the product

molecules for the backward reaction), other reaction energies that display large self-

interaction errors, the electron affinity of a molecule (the minimum energy needed to

remove the extra electron from the singly-negative molecule), the ionization energy

of a molecule, and the equilibrium bond length of a molecule (the distance between

neighboring nuclei that minimizes the ground-state energy). The data sets of our

Tables 3.1, 3.2, 3.3, 3.4, 3.5 were also employed in Ref. [90], while those of our Ta-

bles 3.6 (G2-1 electron affinities), 3.7 (G2-1 ionization energies), and 3.8 (equilibrium

bond lengths) were not.

We begin by considering the performance of sdSIC for atomic total energies. We

focus here and below on the SCAN functional for illustration. The results for LDA

and PBE are summarized in Tables 3.1, 3.2, 3.3, 3.4, 3.5, 3.6, 3.7, 3.8. In Fig. 3.3

we present the errors of the energies for H to Ar computed in SCAN, SCAN-sdSIC,

SCAN-LSIC, and SCAN-SIC. The errors are relative to the corresponding accurate

total energies of Ref. [2]. For the light atoms up to carbon, all three methods

reproduce the reference energies well. The SCAN-SIC energies begin to diverge from

these at nitrogen (atomic number AN = 7) and significantly overestimate the reference

energies for second-row atoms. The correction terms in PZ-SIC are positive for the

SCAN functional, due to SCAN’s too-negative exchange energies for the densities of

lobed orbitals[75]. PZ-SIC changes most of the energies in the right direction, but the

corrections are too large, resulting in worse agreement with the reference energies.

In SCAN-sdSIC, the corrections are still positive, but much smaller, resulting in

total energies that are in much better agreement with the reference values. The mean

absolute errors (MAE) relative to the reference energies for SCAN (0.019 Ha), SCAN-

sdSIC (0.033 Ha) and SCAN-SIC (0.147 Ha) are summarized in Table 3.1. The values

indicate that sdSIC reduces the overcorrection of SIC and results in energies that are

nearly as accurate as for SCAN. Similar improvements can be seen in Table 3.1 for
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Figure 3.3: Errors of total energies (in Ha) of the atoms from H to Ar, with reference
energies from Ref. [2], in SCAN, SCAN-sdSIC, SCAN-LSIC, and SCAN-
SIC. Z is the atomic number.

LDA and PBE as well. The LDA-sdSIC and PBE-sdSIC MAE values are 0.042 and

0.067 Ha, respectively.

Next we consider the ionization energies of the atoms from He to Kr. We compute

these for each method using the ∆SCF approach, i.e., we take the absolute value of

the difference between the self-consistent total energies of each atom and its cation.

We then compare the computed ionization energy to the experimental values of Ref.

[6]. In Table 3.2, we show the MAE in eV for the various methods, first for He-Ar and

then He-Kr. Comparing the two values gives a sense of how each method performs

for light versus heavy atoms.

For the lighter atoms, SCAN and SCAN-sdSIC have similar MAEs (0.175 and

0.180 eV, respectively). SCAN-SIC is somewhat worse, with an MAE of 0.274 eV.

SIC also worsens the performance of PBE for the light atoms and sdSIC restores
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Table 3.1: Mean absolute errors (MAE in Ha) for total energies of the atoms from H
to Ar, with reference energies from Ref. [2]. (1 Ha = 27.211 eV = 627.5
kcal/mol)

Method MAE (Hartree)
LDA 0.726

LDA-sdSIC 0.042
LDA-LSIC 0.043
LDA-SIC 0.381

PBE 0.083
PBE-sdSIC 0.067
PBE-LSIC 0.094
PBE-SIC 0.159

SCAN 0.02
SCAN-sdSIC 0.033
SCAN-LSIC 0.144
SCAN-SIC 0.147

it. For the heavier atoms, the MAE for all methods increases. For all atoms from

He to Kr, the SCAN-sdSIC results (MAE 0.363 eV) are somewhat worse than either

uncorrected SCAN (0.273 eV) or SCAN-SIC (0.259 eV). For LDA and PBE, on the

other hand, sdSIC yields a lower MAE than either the uncorrected DFA or the DFA-

SIC.

Results for the atomization energies of the molecules in the AE6 database[7] are

presented in Table 3.3. Mean error (ME), mean absolute error (MAE), and mean

absolute percentage errors (MAPE) are shown relative to accurate reference values

[7]. As described elsewhere [75, 110], SIC strongly worsens the remarkably good

performance of SCAN for atomization energies. The ME increases in magnitude from

0.3 kcal/mol for SCAN to -24.4 kcal/mol for SIC-SCAN. sdSIC restores most of the

lost performance, yielding an ME of -3.3 kcal/mol. The MAE values show a similar

trend, 3.0 and 26.1 kcal/mol for SCAN and SCAN-SIC, but 5.7 kcal/mol for sdSIC.

sdSIC also improves the atomization energies for LDA and PBE, yielding MAE values

of 25.7 and 11.7 kcal/mol, respectively for LDA-sdSIC and PBE-sdSIC.
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Table 3.2: Mean absolute errors (MAE in eV) of atomic ionization energies. The
ionization energies are calculated using the ∆ SCF method. Reference
values are from Ref. [6]. The middle column shows the results for He to
Ar and the right column for He to Kr.

Method Z = 2 - 18 Z = 2 - 36
LDA 0.275 0.458

LDA-sdSIC 0.176 0.232
LDA-LSIC 0.206 0.17
LDA-SIC 0.248 0.364

PBE 0.159 0.253
PBE-sdSIC 0.177 0.226
PBE-LSIC 0.205 0.363
PBE-SIC 0.405 0.464

SCAN 0.175 0.273
SCAN-sdSIC 0.18 0.363
SCAN-LSIC 0.345 0.558
SCAN-SIC 0.274 0.259

Table 3.3: Mean errors (ME in kcal/mol), mean absolute errors (MAE in kcal/mol),
and mean absolute percentage errors (MAPE) of the atomization energies
for the molecules in the AE6[7] database.

Method ME MAE MAPE
LDA 75.5 75.5 16.7

LDA-sdSIC 24.5 25.7 5.6
LDA-LSIC -0.9 9.3 3.0
LDA-SIC 53.5 57.8 9.9

PBE 10.6 13.8 3.8
PBE-sdSIC 6.8 11.7 4.1
PBE-LSIC -16.7 16.7 4.0
PBE-SIC -15.6 17.8 5.5

SCAN 0.3 3.0 1.4
SCAN-sdSIC -3.3 5.7 2.4
SCAN-LSIC -47.8 47.8 10.9
SCAN-SIC -24.4 26.1 7.0
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Previous studies have shown that SIC improves the performance of semilocal func-

tionals for the description of reaction barriers[126]. In Table 3.4 we summarize the

results of barrier height calculations for the reactions in the BH6 database [7]. The ME

for SCAN-SIC relative to accurate reference calculations is very small, -1.0 kcal/mol.

For SCAN, the ME is -7.9 kcal/mol. SCAN-sdSIC yields a value midway between the

two, -4.6 kcal/mol. The MAE for SCAN and SCAN-sdSIC are 7.9 and 4.6 kcal/mol,

respectively, so the barriers are consistently too small in both methods. For barrier

heights, the full PZ correction to SCAN is clearly important.

Table 3.4: Mean errors (ME) and mean absolute errors (MAE), both in kcal/mol, for
the barrier heights of the reactions in the BH6 [38] database.

Method ME MAE
LDA -18.1 18.1

LDA-sdSIC -4.1 4.1
LDA-LSIC 0.6 1.4
LDA-SIC -5.1 5.1

PBE -9.6 9.6
PBE-sdSIC -3.7 4.2
PBE-LSIC 0.2 1.6
PBE-SIC 0.0 4.6

SCAN -7.9 7.9
SCAN-sdSIC -4.6 4.6
SCAN-LSIC 4.2 5.1
SCAN-SIC -1.0 3.0

Self-interaction errors are expected to be especially important for the reactions

in the SIE databases[7, 8]. Previously, we studied the effect of the full PZ-SIC on

these reactions[82]. In Table 3.5, we compare the performance of sdSIC for these

reactions to accurate reference calculations[8, 9] and to our earlier results for the DFAs

and DFA-SIC[82, 90]. For the SIE4x4 set, which tracks the dissociation of cation

dimer compounds, SCAN-SIC yields significantly better performance than SCAN

(MAE = 2.2 and 17.9 kcal/mol, respectively). SCAN-sdSIC retains nearly all of this

70



improvement, with an MAE of 3.7 kcal/mol. A similar trend in MAEs is observed

for the five cationic reactions in the SIE11 database, where the SCAN-sdSIC value

(5.8 kcal/mol) is significantly smaller than SCAN (10.1 kcal/mol) and nearly as small

as SCAN-SIC (5.7 kcal/mol). For the six neutral reactions in SIE11, SCAN-sdSIC

gives a slightly smaller MAE than SCAN-SIC (5.7 vs 6.2 kcal/mol), both better than

SCAN (9.9 kcal/mol). We find results similar to these for LDA and PBE, as shown

in Table 3.5. In all cases DFA-SIC significantly improves the performance of the

uncorrected DFA, and sdSIC preserves the improvement.

Table 3.5: Mean absolute errors (MAE), in kcal/mol, for the SIE databases[8, 9],
collections of molecular energy differences for stretched bonds or reac-
tions where standard density functionals tend to show unusually large
self-interaction errors.

Method SIE4x4 SIE11
SIE11, SIE11,

5 cationic 6 neutral
LDA 27.5 17.8 22.9 13.4

LDA-sdSIC 5 8.9 11.3 6.9
LDA-LSIC 2.6 4.5 2.3 6.3
LDA-SIC 3 11.7 14.8 9

PBE 23.3 11.7 12.7 10.9
PBE-sdSIC 5.9 7.2 8.9 5.8
PBE-LSIC 3.9 3.8 2.9 4.6
PBE-SIC 3.4 7.5 8.9 6.4

SCAN 17.9 10.1 10.4 9.9
SCAN-sdSIC 3.7 5.8 6 5.7
SCAN-LSIC 3.8 11.1 13.5 9.1
SCAN-SIC 2.2 5.7 5.1 6.2

The results for the adiabatic electron affinities of the G2-1 set of 7 atoms and

18 molecules calculated with the ∇SCF method using the Sadlej basis set[127] are

presented in Table VI. (This basis set includes long-range functions that better cap-

ture the extended nature of the anion orbitals.) Geometries are taken from the

GMTKN55 database[9], and reference values from Curtiss et al.[10]. Here, because

the DFAs sometimes fail to bind a full extra electron to a neutral atom or molecule,
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Table 3.6: Mean errors (ME) and mean absolute errors (MAE), both in eV, for the
electron affinities of the 7 atoms and 18 molecules in the G2-1 database,
with reference values from Ref. [10].

Method ME MAE
LDA 0.249 0.255

LDA-sdSIC -0.012 0.146
LDA-LSIC 0.067 0.138
LDA-SIC -0.062 0.243

PBE 0.055 0.087
PBE-sdSIC -0.197 0.199
PBE-LSIC -0.054 0.149
PBE-SIC -0.571 0.58

SCAN -0.013 0.177
SCAN-sdSIC -0.12 0.225
SCAN-LSIC -0.059 0.248
SCAN-SIC -0.392 0.408

all DFA calculations are non-selfconsistent single-shot calculations using SCAN-SIC

densities. Surprisingly, PBE gives the smallest MAE for these electron affinities.

Table 3.7 shows the mean error (ME) and mean absolute error (MAE) in the ion-

ization potentials, calculated using the adiabatic ∆SCF procedure, for the 14 atoms

and 21 molecules in the G2-1 dataset[10] which were carried over to the GMTKN55

database[9]. We compare our numbers with the adiabatic experimental ionization

potentials[6]. Surprisingly, PBE gives the smallest MAE for these ionization energies.

Table 3.8 shows the mean error and mean absolute error of the equilibrium bond

lengths for the benchmark set[11] of 11 diatomic molecules, computed by minimization

of the total energy under variation of bond length. The molecules in this set are BeH,

BH, CH4, C2 (1
∑+

g ), CO, N2, OH, O2, HF, and F2. Reference values are taken from

Vydrov et. al.[11]. It can be seen that SCAN outperforms all other methods and the

PZ-SIC to the density functionals strongly underestimates the bond lengths. However,

sdSIC brings down the error to a value closer to that of the parent functionals.
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Table 3.7: Mean errors (ME) and mean absolute errors (MAE), in eV, for the ioniza-
tion potentials of the 14 atoms and 21 molecules in the G2-1 database[10]
that were carried over to the GMTKN55 database[9], with experimental
reference values from Ref. [6].

Method ME MAE
LDA 0.118 0.269

LDA-sdSIC 0.158 0.338
LDA-LSIC 0.116 0.307
LDA-SIC 0.303 0.445

PBE -0.035 0.207
PBE-sdSIC 0.035 0.293
PBE-LSIC 0.028 0.213
PBE-SIC -0.204 0.461

SCAN -0.038 0.252
SCAN-sdSIC -0.051 0.237
SCAN-LSIC -0.061 0.347
SCAN-SIC -0.233 0.361

Table 3.8: Mean errors (ME) and mean absolute errors (MAE), in angstrom, for the
equilibrium bond lengths of a benchmark set[11] of 11 diatomic molecules.

Method ME MAE
LDA 0.0076 0.011

LDA-sdSIC -0.0085 0.0189
LDA-LSIC -0.0015 0.0129
LDA-SIC -0.0317 0.0392

PBE 0.0123 0.0123
PBE-sdSIC -0.0019 0.0132
PBE-LSIC 0.0015 0.0114
PBE-SIC -0.0134 0.0257

SCAN 0.0039 0.0057
SCAN-sdSIC -0.011 0.011
SCAN-LSIC -0.001 0.0146
SCAN-SIC -0.019 0.0197
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3.6 Discussion: sdSIC versus other scaling methods

Other research works have recognized the utility of scaling down the PZ-SIC[11,

89, 90, 92, 122, 128]. Among these, the exterior scaling of Vydrov et al.[11] is the most

similar to the sdSIC method we introduce here. In that work, exterior scaling was

chosen largely for computational ease, but it was also justified as a way to avoid the

potential problem of gauge-inconsistency in the energy densities of the self-Hartree

and self-exchange-correlation terms. Like sdSIC, the method of Ref. [11] has an

external scaling factor for each orbital, but the scaling factor (Eq. 3.3-13) is posited

(not derived) in Ref. [11]. Here we derive a different expression (Eq. 3.3-12). As

discussed in section 3.3, our new scale-down factorfm(zσ) (Eq. 3.3-8) is better suited

than the zkσused in Ref. [11] for drawing conclusions about the importance of the

slowly-varying limit to atoms and molecules. In Ref. [11], the value of k was varied

to obtain the best agreement between the scaled PZ-SIC results and reference values.

For example, for the total energies of the atoms from Li to Ar, the smallest MAEs were

obtained using k = 1 and 3 for LDA and PBE, respectively. On the other hand, for

the atomization energies of the AE6 set, k =3 and ½ gave the smallest MAEs for LDA

and PBE respectively. Our motivation in developing sdSIC is somewhat different.

sdSIC is derived, via a gauge transformation that ensures no correction to the exact

functional, and its scale-down factor is chosen to keep the description of only the

slowly-varying limit zσ << 1 the same in DFA-sdSIC as in DFA. The improvements

that DFA-sdSIC yields over DFA-SIC, in particular those shown in Tables 3.1,3.2,3.3

above, can then be attributed to the correction of errors in the slowly-varying limit

caused by DFA-SIC. This success can be taken as support for a continued strategy

of satisfying the known mathematical properties of Eexact
xc in the quest for a single

density functional-based method that yields accurate predictions in all settings.
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3.7 Conclusions

In this paper we introduced a scaled-down self-interaction correction that uses

an iso-orbital indicator to scale down the Perdew-Zunger SIC in regions where the

density is slowly-varying, but leaves it intact in regions where the density is one-

electron like. We showed that making this correction gauge-consistent for the exact

functional leads from an interior or local scaling to an external scaling of the SIC

terms. The resulting scaled-down SIC (sdSIC) method is exactly self-interaction

free for a one-electron density, and gives zero correction in the limit of a slowly-

varying density, where the LDA, PBE, and SCAN functionals are already correct

over a range that increases from LDA to PBE to SCAN. The results presented above

show that sdSIC, used in conjunction with the highly accurate SCAN functional (i.e.,

SCAN-sdSIC), improves the performance of SCAN in situations where self-interaction

errors are important, although not quite as well as full SCAN-SIC, and restores much

of the accuracy of the SCAN description of molecular atomization energies that is

severely degraded in SCAN-SIC. The exteriorly-scaled SCAN-sdSIC performs rather

well. Similar behavior is seen for LDA-sdSIC and PBE-sdSIC.

Taken together, our results show that that the largest errors of DFA-SIC for

the equilibrium properties of molecules can be corrected by restoring the correct

slowly-varying limits of the uncorrected DFAs. This confirms the relevance[111] of

the slowly-varying-in-space limit to real atoms and molecules.

Finally, we have demonstrated that local-scaling SIC (LSIC) works remarkably

well as a correction to LDA, and not so well as a correction to PBE and especially

SCAN, and that this is so because the exchange-correlation energy density is in the

Hartree gauge for LDA but not for PBE or SCAN. Building a good local-scaling self-

interaction correction to PBE or SCAN requires the development of good semilocal

compliance functions Gασ for them.

LDA-LSIC is typically better than LDA-sdSIC, demonstrating once again that
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the Hartree gauge for the exchange-correlation energy is important for local-scaling

approaches. sdSIC has been introduced here primarily to improve our understanding

of density functional approximations. LDA-LSIC is conceptually simpler and often

more accurate for total energy differences. The Appendix of Ref. [11] would make it

practical to implement sdSIC self-consistently, while the self-consistent implementa-

tion of LSIC may be more challenging.

Although SCAN is found here to be the best functional for equilibrium properties,

a remarkably good and well-balanced performance for the equilibrium and stretched-

bond properties of atoms and molecules seems to be achieved by LDA-LSIC. LDA-

LSIC satisfies only two exact constraints (plus others that those two imply): the

uniform-gas and one-electron limits, suggesting that these may be the most important

exact constraints. In more precise language[43], these two limits may be the most-

appropriate and nearly-sufficient norms for a nonlocal functional. The other exact

constraints built into the semilocal functionals like PBE and SCAN are in a sense

building up an approximate self-interaction correction to LDA that can be excellent

for equilibrium properties but not so good for stretched-bond properties.

While not as good overall as LDA-LSIC, PBE-LSIC is not bad, and is almost

always better than PBE-SIC. It may be that the gauge-inconsistency error in PBE-

LSIC is less problematic than the error of PBE-SIC for slowly-varying density.

It is now possible to make a nonempirical and non-paradoxical self-interaction

correction to LSDA through LSDA-LSIC, or to any of the three functionals LSDA,

PBE and SCAN through sdSIC. Guided by insights from this work and others, the

effort will continue to optimize or generalize these approaches. Only from further

development and testing can a generally-recommended approach emerge.

All self-interaction corrected results here have been obtained with real (noded

for systems with zσ < 1) localized SIC orbitals. Some further improvement in these

results might be found with complex (lobed but un-noded) orbitals[75, 80, 122]. Com-
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plex orbitals are not available in the current version of the FLOSIC code[123].
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CHAPTER 4

EXPLORING AND ENHANCING THE

ACCURACY OF INTERIOR SCALED

PERDEW-ZUNGER SELF-INTERACTION

CORRECTION

Reprinted with permission from Puskar Bhattarai, Biswajit Santra, Kamal Wagle,

Yoh Yamamoto, Rajendra R. Zope, Adrienn Ruzsinszky, Koblar A. Jackson, and John

P. Perdew, Exploring and enhancing the accuracy of interior-scaled Perdew-Zunger

self-interaction correction.

4.1 Abstract

The Perdew-Zunger self-interaction correction (PZ-SIC) improves the performance

of density functional approximations (DFAs) for the properties that involve signifi-

cant self-interaction error (SIE), as in stretched bond situations, but overcorrects for

equilibrium properties where SIE is insignificant. This overcorrection is often reduced

by LSIC, local scaling of the PZ-SIC to the local spin density approximation (LSDA).

Here we propose a new scaling factor to use in an LSIC-like approach that satisfies

an additional important constraint: the correct coefficient of atomic number Z in

the asymptotic expansion of the exchange-correlation (xc) energy for atoms. LSIC

and LSIC+ are scaled by functions of the iso-orbital indicator zσ, which distinguishes

one-electron regions from many-electron regions. LSIC+ applied to LSDA works bet-
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ter for many equilibrium properties than LSDA-LSIC and the Perdew, Burke, and

Ernzerhof (PBE) generalized gradient approximation (GGA), and almost close to

the strongly constrained and appropriately normed (SCAN) meta-GGA. LSDA-LSIC

and LSDA-LSIC+, however, both fail to predict interaction energies involving weaker

bonds, in sharp contrast to their earlier successes. It is found that more than one

set of localized SIC orbitals can yield a nearly degenerate energetic description of the

same multiple covalent bond, suggesting that a consistent chemical interpretation of

the localized orbitals requires a new way to choose their Fermi orbital descriptors. To

make a locally scaled-down SIC to functionals beyond LSDA requires a gauge trans-

formation of the functional’s energy density. The resulting SCAN-sdSIC, evaluated

on SCAN-SIC total and localized orbital densities, leads to an acceptable description

of many equilibrium properties including the dissociation energies of weak bonds.

4.2 Introduction

Kohn-Sham density functional theory(KS-DFT)[31] is a computationally efficient

approach to calculate the ground state energy and density of many-electron systems.

It is widely used to predict various properties of atoms, molecules and solids, be-

cause of its computational efficiency in comparison with many-electron wave-function

calculations. The accuracy of KS-DFT for ground state calculations depends upon

the approximation for the exchange-correlation energy (Exc) of the system. Jacob’s

ladder[57] is often used to classify the approximate density functionals, where higher

rungs incorporate additional ingredients that increase both accuracy and computa-

tional cost. Exc is often approximated as

Exc[n↑, n↓, ] =

∫
d3rnεxc(n↑, n↓,∇n↑,∇n↓, τ↑, τ↓), (4.2-1)
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where

n(r) = n↑(r) + n↓(r) (4.2-2)

is the total density and

τσ(r) =

occup∑
i

1

2
|∇ψiσ(r)|2 (4.2-3)

is the positive kinetic energy density for the occupied orbitals ψiσ.

All semi-local DFAs suffer from self-interaction error (SIE)[45] due to the imper-

fect cancellation of the self-Hartree energy U by the self-exchange-correlation energy

Exc of a single fully occupied orbital. PZ-SIC is used to remove the SIE. However,

the use of delocalized KS orbitals for PZ-SIC leads to a size-extensivity problem.[45]

Besides that, they can be highly noded, leading to disastrous results[75] when ap-

plied to the semi-local functionals. Fermi-Löwdin orbitals (FLOs)[72] correspond

to a unitary transformation of KS orbitals and are guaranteed to be orthonormal

and localized (in many-electron regions) around Fermi-orbital descriptor (FOD) po-

sitions. FLOs are not nodeless but more weakly noded than the KS orbitals, as the

overlapping real FLOs must have nodes to establish orthogonality. Complex FLOs

(not yet implemented) can achieve orthogonality without having noded orbital den-

sities, but the orbital densities may still be lobed and pose problems for semi-local

functionals.[14, 79]

The FLOSIC method[72, 73] has been applied to different density functional

approximations (DFAs) to successfully predict various properties of of atoms and

molecules[81–87]. Applying FLOSIC to the approximate semi-local functional greatly

reduces the error for stretched bonds[75] where SIE is large, but it introduces other

errors due to the presence of nodes and lobed structures in the orbital densities, which

are not needed by uncorrected DFAs. Besides that, the application of PZ-SIC to the

DFAs violates the most common norm of exactness for the uniform electron gas[3],

and produces a significant error in the exchange-correlation energy of neutral atoms
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in the limit of large atomic number Z. PZ-SIC, although it improves the barrier

heights of chemical reactions[75] that include stretched bonds, often worsens equlib-

rium properties like atomization energies[75], electron affinities, ionization potential,

and bond lengths of molecules[14].

Various scaling functions and methods[11, 14, 74, 76, 90, 92, 109, 122] have been

introduced to improve the prediction of equilibrium properties like atomization energy.

The half-SIC approximation proposed in Ref. [122] does not perform better for both

atomization energy and the energy barriers. The scaling proposed in Ref. [11] and Ref.

[14] violates the correct asymptotic behavior −1
r

of the exchange-correlation potential

and produces −XHO
r

behavior, where XHO is the scaling factor for the highest occupied

orbital. Recently, a new approach called LSIC[90] was proposed as an interior scaling

of PZ-SIC. It uses an iso-orbital indicator(zσ) as the scaling factor to distinguish

one-electron regions from many electron regions. zσ = 0 is consistent with a region

of uniform density and zσ = 1 is consistent with a one-electron region. LSIC uses

the simplest scaling factor zσ to scale down PZ-SIC and is exact for the uniform

gas limit as satisfied by the uncorrected DFAs. LSDA-LSIC, evaluated non-self-

consistently on LSDA-SIC FLO densities, improves many calculated properties over

PZ-SIC, including covalent binding energies[129]. However, it fails to recover all of

the known asymptotic expansion of Exc for atoms of large atomic number Z.

The exact large-Z asymptotic expansions of Exc[5, 130–132] is given as,

Exc = −AxZ
5
3 − AcZln(Z) +BxcZ + CxZ

2
3 + ...., (4.2-4)

where LSDA, PBE and almost all other DFAs exactly reproduce Ax and Ac[3]. LSDA-

sdSIC and PBE-sdSIC[14] do not recover the coefficient Bxc, but, as will be shown

below, SCAN-sdSIC recovers the leading coefficients Ax, Ac, and Bxc and produces

a balanced result. The relevance of the large-Z expansion to valence-electron prop-
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erties is discussed in Ref. [133]. SCAN-sdSIC improves the perfomance of SCAN

where SIEs are important and restores most of the accuracy of SCAN for equilibrium

properties, which are severely degraded by SCAN-SIC.[14] SCAN-sdSIC violates the

correct asymptotic behavior −1
r

of the exchange-correlation potential.

We present here the scaling function f(zσ) applied to PZ-SIC, in an approximation

referred to as LSIC+, that recovers the leading coefficients Ax, Ac, and Bxc and also

retains the correct asymptotic behavior of the exchange-correlation potential. LSIC+

is exact for the uniform gas limit and produces much less error in Exc of the neutral

atoms in the limit of large Z. LSIC+ satisfies at least one more constraint and is

expected to work well for both equilibrium and stretched-bond properties.

4.3 Theory and computational details

The scaled down SIC using LSIC+ is given as

EDFA−LSIC+
xc = EDFA

xc −
occ∑
α,σ

{ULSIC+[nασ, 0]+

ELSIC+
xc [nασ, 0]},

(4.3-5)

where

ULSIC+[nασ, 0] =
1

2

∫
drf(zσ(r))nα,σ(r)∫

dr′
nα,σ(r′)

|r− r′|,

(4.3-6)

ELSIC+
xc [nασ, 0] =

1

2

∫
drf(zσ(r))nα,σ(r)

εDFAxc ([nα,σ, 0], r).

(4.3-7)

εDFAxc is the exchange-correlation energy density per electron, and f(zσ) is the scaling

factor such that f(0) = 0, f(1) = 1, i.e., PZ-SIC is scaled in such a way that there is
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full correction for any one-electron orbital density and no correction for any uniform

electron density. For LSIC+, we propose f(zσ) as

f(zσ) =
1

2
+ a(zσ −

1

2
) + b(zσ −

1

2
)3 (4.3-8)

where, b = 4(1 − a). The value of a is chosen to recover the correct coefficient Bxc

of the large-Z asymptotic expansion of Eq. 4.2-4. a = 0.5, and b = 2.0 make the

large-Z asymptotic expansion very close to the exact one. Table 4.3 shows the Bxc

values for LSIC, LSIC+ and SCAN-sdSIC. They are based on calculations performed

for four rare gas atoms Neon (Z = 10), Argon (Z = 18), Krypton (Z = 36), and

Xenon (Z = 54), and extrapolated to Z →∞. Here we chose the closed shell atoms

to extrapolate and predict the coefficients in order to minimize the effect of shell

structure as discussed in Ref. [132]. Fig. 4.1 shows the scaling functions of LSIC and

LSIC+ plotted as a function of zσ. LSIC+ produces more correction than LSIC in the

region 0f 0.0 < zσ ≤ 0.5 and less correction than LSIC in the region 0.5 ≤ zσ < 1.0.

All calculations, including Exc of rare gas atoms, were carried out using a devel-

opmental version of the FLOSIC code[123] based on the NRLMOL code[124]. We

performed spin unpolarized calculations for rare gas atoms and the S22 set[16]. All

the other calculations are spin polarized. We used the Sadlej basis set[127] that

includes long-range functions to capture the extended nature of anion orbitals for cal-

culating electron affinity. Optimized all-electron Gaussian basis sets[124] were used

for all other properties. The FODs were optimized for SIC calculations until the

maximum component of force is less than 5× 10−4 Hartree/Bohr with self-consistent

field (SCF) convergence set to 10−6 Hartree. Unless otherwise stated, all DFA and

DFA-SIC calculations (where DFA = LSDA, PBE, or SCAN) are self-consistent,

while all DFA-sdSIC, LSDA-LSIC, and LSDA-LSIC+ calculations are performed as a

single,non-SCF step using the optimized DFA-SIC density and Fermi orbital descrip-
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tors (FODs).

Full self-consistency requires the complicated implementation of the functional

derivative of the LSIC or LSIC+ exchange-correlation energy. Therefore, we used a

quasi-SCF version of LSDA-LSIC and LSDA-LSIC+ for one application: to obtain

the eigenvalue of the highest occupied molecular orbital (HOMO) for calculating the

vertical electron affinity. A more detailed description of quasi-self-consistent LSDA-

LSIC and LSDA-LSIC+ is presented in Refs. [87, 93, 134], which argue that the main

effect of scaling comes from scaling the SIC exchange-correlation potential rather than

the variation of the scaling factor, which would have a minor effect on the results.

The quasi-self-consistent version approximates and scales the PZ-SIC potential as

vinterior scaled SICiσ ≈ −f(zσ(r))
δ{U [niσ] + Exc[niσ, 0]}

δniσ(r)
. (4.3-9)

The impact of LSIC or LSIC+ full self-consistency has not yet been fully explored.

However, the quasi-SCF calculations have been tested for many properties. The re-

sults from quasi-SCF calculations show a slight change over the non-SCF calculations

for the representative AE6 and BH6 test sets. Ref. [93] also reports a slight difference

in ground state energy values between the quasi-SCF and the non-SCF methods. In

a similar manner, we can expect that self-consistency would not diminish the per-

formance of the scaling methods for the properties that do not involve the weaker

bonds. The self-consistency, however, may impact the calculation in the region of

weaker bonds, which will be discussed in Sec. 4.4.8. Table 4.1 and 4.2 present the

comparison of the non-SCF and quasi-SCF methods for the AE6 and the BH6 sets[7].

The LSDA Exc values of rare gas atoms calculated with LSDA-SIC density are

subtracted from exact [4, 5], LSDA-LSIC, and LSDA-LSIC+ Exc values, and the

result is divided by the atomic number Z. The results thus obtained are plotted

against Z−1/3 as shown in Fig. 4.2. The intercept on the y-axis provides the Bxc
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Table 4.1: Comparison of non-SCF and quasi-SCF methods applied to the interior-
scaled functionals for the AE6 set. The MEs and MAEs are in kcal/mol.

Method ME MAE MAPE
LDA-LSIC (non-SCF) -0.9 9.3 3.0

LSDA-LSIC+ (non-SCF) -0.4 8.2 2.3
LSDA-LSIC (quasi-SCF) -7.0 7.0 2.3

LSDA-LSIC+ (quasi-SCF) -5.4 6.4 2.0

Table 4.2: Comparison of non-SCF and quasi-SCF methods applied to the interior-
scaled functionals for the BH6 set. The results are in kcal/mol.

Method ME MAE
LSDA-LSIC (non-SCF) 0.6 1.5

LSDA-LSIC+ (non-SCF) -0.2 2.1
LSDA-LSIC (quasi-SCF) 0.5 1.6

LSDA-LSIC+ (quasi-SCF) -0.1 2.7

Figure 4.1: Scaling functions for LSIC, and LSIC+ as functions of zσ.
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Table 4.3: Coefficient of the third term (in Hartree) of the large-Z asymptotic expan-
sion of Eq. 4.2-4 using the LSDA-LSIC+, LSDA-LSIC, and SCAN-sdSIC
methods.

LSIC+ LSIC SCAN-sdSIC Exact
Bxc -0.1806 -0.0828 -0.1755 -0.1868[132]

Figure 4.2: Extrapolation to Z−1/3 → 0 for the coefficient Bxc of the large-Z asymp-
totic expansion of Eq. 4.2-4 for rare gas atoms Neon(Z = 10), Argon
(Z = 18), Krypton (Z = 36), and Xenon (Z = 54), (in Hartree) against
Z−1/3. The solid lines represent the extrapolated curves and the solid
dots represent the calculated values at Z = 10, 18, 36, and 54. Note that
Ax and Ac are exact in LSDA.
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results. FLOSIC[123] is a newly developed code and it still has not incorporated the

f-type basis functions for the calculation of the atoms containing f-electrons. So, no

calculations were performed for the inert gas radon (Rn, Z = 86). However, we expect

that excluding Rn will minimally affect the final results since the values of Z−
1
3 for

Rn is very close to that of Xe. The oscillation of the LSDA exchange curve imitates

that of the exact exchange energy curve. Subtracting the LSDA values minimizes the

oscillations due to the shell structure.[131] Fig. 4.2 shows that the curve for LSDA-

LSIC+ lies very close to the exact curve whereas LSDA-LSIC deviates too much from

the exact curve, especially in the higher Z region. We can observe that Bxc for LSIC+

is very close to the exact one, as presented in Table 4.3.

Fig. 4.3 shows the relative percentage error of Exc with LSDA-SIC, LSDA-

LSIC, and LSDA-LSIC+ and it demonstrates that LSDA-LSIC and LSDA-LSIC+

respect the norm of the uniform electron gas, since the percentage error for exchange-

correlation energy becomes nearly zero in the limit of large Z. These extrapolated

errors are slightly different from zero since the extrapolation is performed taking just

four points into account. For Z → ∞, LSDA-SIC has the highest error of 5.46%,

LSDA-LSIC has an error of -0.67% and LSDA-LSIC+ has an error of 0.57%. The

error of these methods for Exc of rare-gas atoms is shown in table 4.4.

Table 4.4: Mean percentage error(MPE) and mean absolute percentage error(MAPE)
of Exc for four rare gas atoms Neon(Z = 10), Argon (Z = 18), Krypton
(Z = 36), and Xenon (Z = 54).

LSIC+ LSIC LSDA-SIC
MPE -0.3301 -0.2721 3.6418

MAPE 0.3324 0.5492 3.6418
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Figure 4.3: Extrapolation as in Ref. [3] of percentage error of Exc for rare gas atoms
against Z−1/3. The solid lines represent the extrapolated curves and the
solid dots represent the calculated values at Z = 10, 18, 36, and 54.The
reference values for exchange energies are taken from Ref. [4] and the
correlation energies from Ref. [5].

4.4 Results and Discussion

LSIC+ scaling is applied to determine different ground-state properties. We com-

pare several properties of atoms and molecules calculated with LSDA, PBE, and

SCAN, with and without SIC, scaled-down SIC(sdSIC)[14], and the interior-scaling

methods LSIC and LSIC+ with LSDA. The interior-scaling methods with PBE and

especially SCAN do not produce better results due to gauge inconsistency, which

is discussed in detail in Ref. [14]. We will discuss the results for the total en-

ergies of atoms, atomization energies of molecules, barrier heights of chemical reac-

tions, ionization potentials and electron affinities of atoms and molecules, equilibrium

bond lengths of molecules, and the interaction energies of a few organic complexes.
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LSIC and LSIC+ are applied to LSDA, but they produce results close to SCAN re-

sults and sometimes even better. Because of the predictive power and success of

SCAN[86, 112, 135–140], the LSDA-LSIC and LSDA-LSIC+ results are primarily

compared with SCAN, SCAN-SIC[110], and SCAN-sdSIC results.

4.4.1 Atoms

The mean error (ME), mean absolute error (MAE) , and mean absolute percentage

error (MAPE) for the total ground state energy of atoms (Z = 1 − 18) using differ-

ent DFAs, their SIC counterparts, and the scaling methods are presented in Table

4.5. Both LSDA-LSIC and LSDA-LSIC+ significantly reduce the error produced by

LSDA-SIC. However, LSIC+ generates slightly more error than LSIC. SCAN serves

as the best functional in estimating the total ground state energy of atoms. Fig.

4.4 shows the performances of LSDA-LSIC, LSDA-LSIC+, SCAN, and SCAN-SIC

in predicting the total ground state energy of atoms. Both LSDA-LSIC and LSDA-

LSIC+ produce an improved result for Z =1-10 and generates the results closer to the

reference values[2]. The error for both LSDA-LSIC and LSDA-LSIC+ rises rapidly

as we move from Z =11 to Z=18.
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Figure 4.4: Error (in Hartree) in the total ground state energy plotted against atomic
number Z for atoms from H to Ar.

Table 4.5: ME (in Hartree), MAE (in Hartree), and MAPEs for total ground state
energies of atoms for atomic number Z = 1 to Z = 18 for various levels of
approximation.

Method MAE ME MAPE
LSDA 0.7261 0.7261 -1.0014

LSDA-SIC 0.3808 -0.3808 -0.2625
LSDA-sdSIC 0.0423 -0.0412 -0.1081
LSDA-LSIC 0.0409 0.0147 -0.0753

LSDA-LSIC+ 0.0661 0.0618 -0.0694

PBE 0.0830 0.0830 -0.0995
PBE-SIC 0.1585 0.1585 -0.1091

PBE-sdSIC 0.0710 0.0710 -0.0679

SCAN 0.0192 -0.0152 -0.0217
SCAN-SIC 0.1474 0.1474 -0.0943

SCAN-sdSIC 0.0334 0.0334 -0.0446
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4.4.2 Atomization energy

The atomization energy of a molecule is the energy required to break it into its

constituent atoms. Table 4.6 presents the MEs, MAEs and MAPEs of the AE6 set[7]

that comprises atomization energies of six representative molecules. Since the refer-

ence atomization energies range from 101 kcal/mol to 1149 kcal/mol, it is reasonable

to compare percentage error rather than absolute error.

Percentage error =
calculated value− reference value

reference value

× 100%

(4.4-10)

Table 4.6: ME in kcal/mol, MAE in kcal/mol and MAPE for atomization energy of
the AE6 set for various levels of approximation.

Approx. ME MAE MAPE
LSDA 75.5 75.5 16.7
LSDA-SIC 53.5 57.8 9.9
LSDA-sdSIC 24.5 25.7 5.6
LSDA-LSIC -0.9 9.3 3.0
LSDA-LSIC+ -0.4 8.2 2.3

PBE 10.6 13.8 3.8
PBE-SIC -15.6 17.8 5.5
PBE-sdSIC 6.8 11.7 4.1

SCAN 0.3 3.0 1.4
SCAN-SIC -24.4 26.1 7.0
SCAN-sdSIC -3.3 5.7 2.4

LSDA-LSIC+ works better than the LSDA, PBE, their SIC counterparts, and even

LSDA-LSIC. The MAPE of LSDA-LSIC+ is close to SCAN and SCAN-sdSIC.[14] Fig.

4.5 shows the comparison of percentage errors for SCAN, SCAN-SIC, LSDA-LSIC,

and LSDA-LSIC+ for the individual molecules. Percentage errors are calculated

using Eq. 4.4-10. The reference values for calculating the errors for the AE6 set
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Figure 4.5: Percentage errors in atomization energies for individual molecules of the
AE6 set by SCAN, SCAN-SIC, LSDA-LSIC, and LSDA-LSIC+.

are taken from Ref. [7]. SCAN overestimates the atomization energies slightly on

average, SCAN-SIC over-corrects and hence underestimates them. This is because,

as we proceed from separated atoms to the molecules they form, the valence orbitals

acquire more orbitals with which they overlap and, hence, become more noded. Thus,

SIC to SCAN makes the energy of the molecule higher than it would have been if

the orbital densities had been nodeless.[75] SCAN-sdSIC scales down the SCAN-SIC

results and yields an accuracy near that of SCAN. The results for the total ground

state energy of individual atoms and molecules using LSDA-LSIC, LSDA-LSIC+,

SCAN, SCAN-sdSIC, and SCAN-SIC are presented in Appendix B.

4.4.3 Chemical barrier heights

The barrier height of a chemical reaction is the difference between the maximum

energy of the transition state and the total energy of the reactants (forward barrier) or
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the products (reverse barrier). The transition state involves stretched bonds where

SIE is expected to be maximal.[75] LSDA-LSIC and LSDA-LSIC+ both perform

almost equally well for the representative set of barrier heights BH6.[7] The MAE

of both the methods is better than that of SCAN-SIC and SCAN-sdSIC. Table 4.7

presents the MEs and MAEs of barrier heights for different approximations. The

reference values are taken from Ref. [8].

Table 4.7: Mean error (ME) and mean absolute error (MAE) of barrier heights for the
BH6 set for various levels of approximation. The values are in kcal/mol.

Approx. ME MAE
LSDA -18.1 18.1

LSDA-SIC -5.1 5.1
LSDA-sdSIC -4.1 4.1
LSDA-LSIC 0.6 1.4

LSDA-LSIC+ -0.2 2.1

PBE -9.6 9.6
PBE-SIC 0 4.6

PBE-sdSIC -3.7 4.2

SCAN -7.9 7.9
SCAN-SIC -1 3

SCAN-sdSIC -4.6 4.6

4.4.4 Ionization potential

The ionization potential of a system refers to the energy required to remove the

most loosely bound electron. The ionization potential can be calculated using either

the vertical or the adiabatic method. Here, the adiabatic ionization potential of a

system refers to the difference in energy of the neutral system, at its most stable

geometry, and of the cationic system, at its stable geometry, whereas vertical ioniza-

tion potential refers to the difference of the neutral and cationic system in the stable

geometry of the neutral. This means that, in the vertical method, we assume that the

geometry of the system remains unchanged even after the removal of an electron. In
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the ∆SCF method, the ionization potential is obtained as the difference between the

total ground state energy of the neutral and the cationic system. The vertical ioniza-

tion potential can also be accessed by using Janak’s theorem,[141] i.e., the derivative

of total energy with respect to orbital occupation is equal to the eigenvalue of that

orbital ( ∂E
∂fi

= εi), independent of the detailed form of the exchange-correlation func-

tional. This implies that the exact vertical ionization potential is simply the negative

of the exact KS HOMO eigenvalue of the neutral system.[142, 143] Table 4.8 shows

the adiabatic ionization potential of the G2-1 set.[10, 13] For the adiabatic ionization

potential with the ∆SCF method, LSDA-LSIC+ improves over LSDA-LSIC and is

almost competitive with SCAN and SCAN-sdSIC. The vertical ionization potential

result of the same test set accessed using Janak’s theorem is presented in Ref. [93].

For a set of intermediate-sized organic molecules[93], the error in the highest-occupied

orbital energy is 0.83 eV for LSDA-LSIC+ and 1.13 eV for LSDA-LSIC.

Table 4.8: Mean error (ME), and mean absolute error (MAE) of the adiabatic ioniza-
tion potential of the G2-1 set using the ∆SCF method for various levels of
approximation. The reference values are taken from Ref. [12]. The values
are in kcal/mol.

Method ME MAE
LSDA 2.7 6.2

LSDA-SIC 7.0 10.3
LSDA-sdSIC 3.6 7.8
LSDA-LSIC 2.7 7.1

LSDA-LSIC+ 1.4 6.4

PBE -0.8 4.8
PBE-SIC -4.7 10.6

PBE-sdSIC 0.8 6.8

SCAN -0.9 5.8
SCAN-SIC -5.4 8.3

SCAN-sdSIC -1.2 5.5
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4.4.5 Electron affinity

The electron affinity of a neutral molecule is defined as the negative of the change

in energy when an extra electron is added. Tables 4.9 and 4.10 show the MEs and

MAEs of the electron affinities of the G2-1 set[10, 13] using vertical and adiabatic

methods, respectively. The adiabatic electron affinity assumes that the geometry of

the system is relaxed after the addition of an electron. In the vertical method, we

assume that the geometry of the system remains unchanged even after adding an

extra electron. In the ∆SCF method, electron affinity is obtained as the difference

between the total ground state energy of the neutral and anionic systems. For an

exact functional, the negative of the eigenvalue of the HOMO of an anionic system

yields the vertical electron affinity.[142, 143] We have accessed the vertical electron

affinity of the G2-1 set with this method. Semi-local DFAs fail to capture an extra

electron in the anionic system. Hence, LSDA, PBE, and SCAN results presented here

are single step non-SCF calculations with the SCAN-SIC density. LSIC and LSIC+

have equal MAEs for the adiabatic electron affinity and perform better than SCAN

and SCAN-sdSIC. However, LSIC+ seems to be superior to LSIC for the vertical

electron affinity of the G2-1 set. As single step non-SCF calculations do not produce

eigenvalues, the quasi-SCF versions of LSIC and LSIC+ are used to calculate vertical

electron affinity.

Table 4.9: MEs and MAEs of the vertical electron affinity of the G2-1 set, calculated
by using the eigenvalue of the HOMO. All values are in kcal/mol.

Method ME MAE
LSDA -75.0 75.0

LSDA-SIC 30.2 30.2
LSDA-LSIC 6.5 8.9

LSDA-LSIC+ -1.4 6.3
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Table 4.10: MEs and MAEs of the adiabatic electron affinity of the G2-1 set, calcu-
lated by the ∆SCF method. All values are in kcal/mol. The reference
values are taken from Ref. [13].

Method ME MAE
LSDA 5.7 5.9

LSDA-SIC -1.4 5.6
LSDA-sdSIC -0.3 3.4
LSDA-LSIC 1.5 3.2

LSDA-LSIC+ -0.2 3.2

PBE 1.3 2.0
PBE-SIC -13.2 13.4

PBE-sdSIC -4.5 4.6

SCAN -0.3 4.1
SCAN-SIC -9.0 9.4

SCAN-sdSIC -2.8 5.2

4.4.6 Equilibrium bond length

Table 4.11 shows the MEs and MAEs of the equilibrium bondlengths of a bench-

mark set of 11 diatomic molecules[11], evaluated by finding the minimum of the

quadratic fit of the total energy over varying bond length. SCAN performs much

better than any other functional. LSIC and LSIC+ values lie in between SCAN and

SCAN-SIC, with LSIC having a slightly better result than the LSIC+ and closer to

SCAN-sdSIC results.

4.4.7 SIE test sets

Previous studies[14, 82, 90] show that the SIC corrected functionals give a better

prediction of dissociation energies for the SIE test sets. Here, LSDA-LSIC+ produces

slightly worse results than LSDA-LSIC. Table 4.12 presents the performance of LSDA-

LSIC+ along with the other functionals for the SIE11 and SIE4×4 test sets.
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Table 4.11: MEs and MAEs of the equilibrium bond lengths of a benchmark set[11] of
11 diatomic molecules (in angstrom). Results other than those for LSIC+
are the same as in Table VIII of Ref. [14], where the large improvement
due to interior-scaling of the SIC was first found.

Method ME MAE
LSDA 0.0076 0.0110

LSDA-SIC -0.0317 0.0392
LSDA-sdSIC -0.0085 0.0189
LSDA-LSIC -0.0015 0.0129

LSDA-LSIC+ -0.0024 0.0147

PBE 0.0123 0.0123
PBE-SIC -0.0134 0.0257

PBE-sdSIC -0.0019 0.0132

SCAN 0.0039 0.0057
SCAN-SIC -0.0190 0.0197

SCAN-sdSIC -0.0110 0.0110

Table 4.12: MAEs for the SIE databases (SIE 4 × 4 and SIE11) in kcal/mol. The
reference values are taken from Ref. [8, 9].

Method SIE4×4 SIE11 SIE11, 5 cationic SIE11, 6 neutral
LSDA 27.5 17.8 22.9 13.4

LSDA-SIC 3.0 11.7 14.8 9.0
LSDA-sdSIC 5.0 8.9 11.3 6.9
LSDA-LSIC 2.6 4.5 2.3 6.3

LSDA-LSIC+ 3.1 5.6 3.9 6.9

PBE 23.3 11.7 12.7 10.9
PBE-SIC 3.4 7.5 8.9 6.4

PBE-sdSIC 5.9 7.2 8.9 5.8

SCAN 17.9 10.1 10.4 9.9
SCAN-SIC 2.2 5.7 5.1 6.2

SCAN-sdSIC 3.7 5.8 6.0 5.7
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4.4.8 Dissociation energy of noncovalently bonded complexes

The S22 dataset[16] consists of the dissociation energies of complexes built up

from pairs of small to large, mostly organic molecules, at reference geometries. These

complexes are divided into three categories: hydrogen bonded complexes, complexes

with predominant dispersion interactions, and mixed complexes (with both kinds

of bonds). We tested the performance of different approximations on this dataset.

Table 4.13 presents the MEs and MAEs in kcal/mol for these functionals. More

detailed results are given in Appendix B. All of our calculations in Table 4.13 are

spin unpolarized and self-consistent, with the exception of LSDA-LSIC and LSDA-

LSIC+ (evaluated on LSDA-SIC total and localized orbital densities) and SCAN-

sdSIC (evaluated on SCAN-SIC total and localized orbital densities). While the

other functionals perform reasonably well, both interior-scaled functionals, LSDA-

LSIC and LSDA-LSIC+, consistently underestimate the binding of the complexes,

in several cases predicting them to be unbound. Detailed results for the individual

molecules are presented in the Appendix B. Until we can implement LSDA-LSIC and

LSDA-LSIC+ self-consistently, we cannot say whether their failures for weak bonds

might be corrected by full self-consistency. All we can say is that the LSDA-SIC

and SCAN-SIC densities and FLO densities on which they are evaluated are not

by themselves wrong, since the LSDA-SIC and SCAN-SIC S22 binding energies are

reasonable.

It might be surprising that the original PZ SIC (labelled SIC in Table 4.13) is

not worse than it is for the S22 set, since the self-interaction corrections from the

valence orbitals are large in comparison with the weak binding energies of the S22

complexes. The explanation for this lies in the chemical interpretation of the FLOs

as covalent double bonds, covalent single bonds, lone pairs, and core orbitals. These

orbitals are often changed only modestly when weak bonds are broken. Thus most

of the self-interaction correction from the valence electrons cancels out of the binding
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energies of the complexes. The cancellation is even more perfect when the weak bonds

are not all broken but are simply re-arranged, as in the structural energy differences

among the water hexamers[86]. An exception[144] to the partial cancellation upon

weak-bond breaking is the hydrogen bond in H3O+(H2O), which is strong enough to

induce a transition of electrons between covalent-bond orbitals and lone-pair orbitals.

The cancellation in PZ SIC discussed in the previous paragraph can be lost in

LSDA-LSIC (evaluated on LSDA-SIC densities and orbitals). The FLO densities are

what they were in LSDA-SIC, but their contributions to the self-interaction correction

are now scaled down, and the scaling can be stronger in the overlap region than in the

corresponding regions of the same monomer or isolated molecule. This arises because

of a reduction in the scaling parameters zσ and f(zσ) in the region where the charge

from the two components in a given complex overlaps.

In (H2O)2, for example, the sum of the orbital self-interaction corrections to the

total energy differs by only 0.2 mHa from the sum of the corresponding SIC orbital

energies in the two isolated molecules. In the LSIC calculation, however, this differ-

ence is 10.0 mHa (about 6 kcal/mol). This difference can be traced to contributions

from FLOs corresponding to the O lone-pair orbital and the O-H bond orbital that

are located in the overlap region between the two water molecules. Fig. 4.6 shows

the comparison of the total electron density n and the scaling factor zσ of the water

dimer along the bond axis of O-H in the overlapping region and the corresponding

non-overlapping region. The plot omits the very large density near the O atom nu-

cleus. It can be seen that the value of zσ as well as n remains similar up to the

position of the H atom at about 0.96 Å. The density remains almost equal until

about 1.5 Å but zσ differs significantly. After about 1.5 Å, the density in the over-

lapping region increases because of the presence of the lone pair electron of another

water molecule. The scaling factor zσ ( f(zσ) for LSIC+) is seen to be smaller in

the overlap region than at corresponding locations outside the overlap region or in
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Figure 4.6: Comparison of the total electron density n and the scaling factor zσ in
the overlapping region (OR) and a corresponding non-overlapping region
(NOR) of the water dimer. The position of the O atom is at the origin
for each curve. In the inset is a diagram that shows the positions of the
O (red) and H (white) atoms, as well as the FOD positions (pink). The
scaling factor and the total electron density are plotted along the dotted
lines shown on the inset. The position co-ordinates are in Å and the total
electron densities are in atomic units.

the isolated molecules. Because of this, the LSIC energies for these orbitals are rela-

tively smaller in magnitude than the LSIC energies for the corresponding orbitals in

the isolated molecules, resulting in the energy difference noted above. Because the

LSDA-SIC and LSDA-LSIC orbital energies are negative, and the energy densities

that get scaled down are primarily negative, the implication is that the complex is
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Figure 4.7: Scaling functions of LSIC and LSIC+ along the bond axis O-H in the over-
lapping region (OR) and the non-overlapping region (NOR). The position
coordinates are in angstroms.

relatively less stable in LSDA-LSIC than in LSDA-SIC. Fig. 4.7 shows the plot of the

scaling functions for LSDA-LSIC and LSDA-LSIC+. The diagram clearly shows that

LSDA-LSIC+ treats the weaker bond in a similar manner as LSDA-LSIC. Similar

effects are found for other complexes we have analyzed.

Why is the scaling factor smaller in the overlap region? zσ is close to one in one-

electron regions of the charge density. Far from the center of an isolated molecule,

the density tends to be dominated by contributions from a single orbital and zσ is

correspondingly close to one. In the overlapping charge region of the molecular com-

plex, however, the density decreases to a minimum moving away from one molecule

and then increases again on nearing the second molecule. Since zσ depends on the

gradient of the density (see Eq. ??), the scaling factor must be close to zero near this

minimum.

Performing self-consistent LSDA-LSIC and LSDA-LSIC+ calculations could im-

prove the results for the S22 interaction energies. Shifting the electron density in the

overlap region of the complexes slightly could have a significant impact on the scal-
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Table 4.13: The dissociation energy of weakly bound complexes in the S22 dataset.
All values are in kcal/mol. The calculations are spin-restricted. The
reference values are taken from Ref. [15]. A negative ME indicates that
an approximation underestimates the binding, on average.

ME MAE
LSDA 2.16 2.18

LSDA-SIC 1.41 2.98
LSDA-LSIC -8.95 9.77

LSDA-LSIC+ -7.00 7.42

PBE -2.56 2.58
PBE-SIC -2.64 2.97

SCAN -0.60 0.91
SCAN-SIC 2.37 4.16

SCAN-sdSIC -1.14 2.46

ing parameters zσ and f(zσ) without changing other quantities that affect the total

energy. Alternatively, employing LSDA-LSIC and LSDA-LSIC+ -type approaches

with scaling functions based on improved iso-orbital indicators α[64] or β[145] could

also improve the results for the interaction energies. Unlike zσ, these indicators can

distinguish densities associated with weak (i.e., van der Waals or hydrogen) bonds

from slowly-varying densities.

Another conclusion from Table 4.13 and Ref. [14] is that SCAN-sdSIC, evaluated

on SCAN-SIC densities and FLOs, is almost uniformly more accurate than SCAN-

LSIC or SCAN-LSIC+ evaluated on LSDA-SIC densities and FLOs for equilibrium

properties of molecules, and especially so for the weakly-bound complexes. Figure

4.8 shows the individual errors in the dissociation energy of the complexes in the

S22 database by SCAN, SCAN-SIC, and SCAN-sdSIC. SCAN-sdSIC overestimates

and makes slightly more error than both SCAN and SCAN-SIC for hydrogen-bonded

complexes (complexes 1-7). SCAN-sdSIC partly restores the capacity of SCAN to

capture the short and intermediate range van der Waals interactions involved in the

complexes with predominant dispersion contribution (complexes 8-15) and the mixed
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Figure 4.8: Individual errors(in kcal/mol) for the dissociation energy of complexes of
the S22 dataset

complexes (complexes 16-22) which are somewhat degraded from SCAN to SCAN-

SIC. Hence, SCAN-sdSIC might be a better option to scale down the PZ-SIC and

predict the properties of weakly bonded systems.

4.4.9 Do the FLOs have a consistent chemical interpretation?

The FLOs are often interpreted chemically as covalent double bonds, covalent

single bonds, lone pairs, etc. But this interpretation is only useful if it can be made

consistently. The benzene molecule is a challenging example in this context. There are

two distinct solutions for the spin unpolarized benzene monomer in LSDA-SIC. In one

(sym), the FODs are as shown in Fig. 4.9: for the C-C bonds around the ring, a single

FOD at the center of one bond alternates with a pair of FODs that are symmetrically

placed above and below the bond center of the next, nominally representing single
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Figure 4.9: FLO densities of the benzene molecule obtained using two FOD arrange-
ments. The sym arrangement yields the FLOs in panel (a) (top view)
and (b) and (c) (side views). The asym arrangement gives the FLOs in
panel (d), (e) and (f). FLOs corresponding to C-H bonds (orange), C-C
single bonds (blue), and C-C double bonds (red and green) are shown.
Isosurface values of 0.001 e/Å3 were used to make all FLO images. FODs
corresponding to each FLO type are shown by small spheres of the corre-
sponding color. In the side views, only the double bond FLOs are shown
along with the corresponding FOD positions.
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(C-C) and double (C=C) bonds, respectively. The single bond FOD gives rise to

the FLO density depicted in blue in Fig. 4.9, while the double bond FODs give rise

to a pair of symmetric FLOs, one above the plane of the molecule and the below,

its mirror image, below it (Fig. 4.9 (b) and (c)). In the other solution (asym), the

double bond FODs both lie on the same side of the molecular plane. In this case,

the single-bond FLO is essentially unchanged from the sym solution, but the double

bond FLOs change shape dramatically to the red and green FLO densities shown in

Fig. 4.9 (e) and (f). (Note that it is the FODs, and not the FLO densities, that

can be strongly asymmetric around the plane of the molecule.) The red FLO is very

similar to the single bond FLO and can be thought of as a bonding combination of

sp2 hybrid orbitals. The green FLO can be thought of as a bonding combination of pz

orbitals and has a node in the molecular plane. In the sym solution, the symmetric

double bond FLOs each have an SIC energy of -0.016 Ha. In the asym solution,

the red and green FLOs have SIC energies of -0.048 and +0.023 Ha, respectively.

Despite this, the total energy of the asym solution is only 1.4 mHa (0.9 kcal/mol)

lower in energy than the sym solution in LSDA-SIC. This remarkable near degeneracy

is broken in LSDA-LSIC, where the ordering switches and the sym solution is lower

by 23.2 mHa (14.6 kcal/mol). In the benzene-containing complexes, we only found

asym-type LSDA-SIC solutions, despite using sym-type starting points for the FODs.

The asym and sym solutions are also nearly degenerate in PBE-SIC.

There is also a third nearly degenerate solution for the benzene monomer if

spin polarized densities are considered. This solution (Linnett) has been discussed

elsewhere[146] and can be linked to the Linnett double quartet bonding theory,[147,

148] a spin-polarized generalization of Lewis theory. In this case, sym-type FOD

arrangements in the up and down spin channels are shifted by one bond around the

ring, so that each bond has a single FOD of one spin at the bond center and two

FODs of the opposite spin placed symmetrically above and below the center. The
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FLOs for the Linnett solution are very similar to the sym FLOs shown in Fig. 4.9.

The total energy of the Linnett solution in LSDA-SIC is slightly lower (1.3 mHa = 0.8

kcal/mol) than that of the asym solution. For the parallel-displaced benzene dimer

(S22 complex 11), we find that the Linnett solution for the dimer is also slightly lower

than the asym dimer, so that the calculated dissociation energies are nearly identical,

1.6 kcal/mol and 1.1 kcal/mol for Linnett and asym respectively. The data in Table

X reflect spin unpolarized calculations only. We do not expect that significant differ-

ences would arise if spin-polarized Linnett arrangements were used for all complexes

containing benzene.

The way to find the localized orbitals suggested by Perdew and Zunger 1981, and

universally applied since then, is to choose the unitary transformation of the canonical

or generalized Kohn-Sham orbitals that minimizes the self-interaction-corrected total

energy. But that approach is inconsistent with the chemical interpretation of the

FLOs. To preserve a consistent chemical interpretation, we need a new way to select

the optimum unitary transformation, for example, by minimizing a measure of the

inhomogeneity of the FLO densities. Such a measure should penalize all strongly

noded or lobed orbital densities such as the green ones in Fig. 4.9 (d) and (e).

The nuclear geometry used here for benzene is unchanged under 60-degree rota-

tions around a central axis. There must be an exact ground-state electron density that

preserves this symmetry[149]. The single-determinant auxiliary wave functions that

we have calculated break this symmetry. In either the spin unpolarized sym/asym

or the Linnett scheme, there are two degenerate Slater determinants with different

densities (sym/asym) or spin densities (Linnett), the density or spin density of one

determinant transforming into that of the other under a 60-degree rotation. A pos-

sible physical interpretation[149] is that there are low-frequency fluctuations of the

density and spin-density that anti-correlate on alternate bonds around the benzene

ring.
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4.5 Summary and conclusions

We introduced LSIC+ that takes the iso-orbital indicator zσ as its argument for

interior scaling of Perdew-Zunger self-interaction correction. LSIC+ is applied with

LSDA only and not with GGAs and meta-GGAs to avoid gauge-inconsistency. LSIC+

is an improved version of LSIC[90] that satisfies one more constraint from the large-Z

asymptotic expansion of exchange-correlation energy, in addition to restoring the cor-

rect uniform density limit of the exchange energy violated by PZ-SIC. The relevance

of the uniform-density and large-Z limits to valence-electron properties was explained

in Ref. 133. LSIC+ retains the full PZ-SIC in the region of one-electron density,

giving no correction for uniform electron density, and a scaled correction in the re-

gion in between. Hence, LSDA-LSIC+ works well for both stretched bond cases and

equilibrium properties that do not involve weak bonds. We present here the results of

LSDA-LSIC+ for ground state energies of atoms from Z =1-18, atomization energies

of the AE6 set, chemical barrier heights of the BH6 set, ionization potentials of the

G2-1 set, electron affinities of the G2-1 set, equilibrium bond lengths, and interaction

energies of the S22 set of weakly-bonded complexes, and compare with LSDA-LSIC

and other SIC-corrected and uncorrected DFAs. LSDA-LSIC+ performs better than

LSDA-LSIC for most of the properties and comparably for a few. LSDA-LSIC+ is

even better than SCAN or SCAN-SIC for a few properties such as barrier heights

and electron affinity. LSIC+ satisfies one more constraint than LSIC and produces

better results than LSIC, which shows the significance of constraint satisfaction in

the construction of functionals. The better performance of SCAN-sdSIC can also be

attributed to the recovery of higher-order coefficients in the asymptotic expansion of

exchange-correlation energy for atoms of large Z. However, since LSIC and LSIC+

employ functions of zσ, they cannot recognize[150] weaker bonds and (at least when
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evaluated on LSDA-SIC total and localized orbital densities) produce poor results for

hydrogen-bond (as found for water clusters in Ref. [151]) and van der Waals binding

energies.

In self-consistent FLOSIC calculations for a system, a large fraction of compu-

tational time is used in “bottleneck” optimization of the FODs. For instance, 90%

and 97% of the computation time are used for FOD optimization for the water dimer

and hexamer respectively. However, at fixed FODs, FLOSIC is faster than a hybrid

functional, which needs to evaluate exact exchange, and much faster than a double

hybrid functional, which also needs to evaluate the exact correlation to second order

in the Coulomb interaction. Precise timing comparisons have not been made since

the FLOSIC code does not access hybrid functionals.

Surprisingly, the Fermi-Löwdin orbitals that describe multiple covalent bonds are

not unique. Two different versions give nearly degenerate LSDA-SIC energies in

benzene-like systems, though not in LSDA-LSIC. A more physical way to determine

the Fermi orbital descriptors is needed to give a single, consistent picture of these

FLOs.

Unlike LSIC and LSIC+, SCAN-sdSIC is applied to the more accurate SCAN

functional, which is already much better than LSDA and hence improves its predic-

tive power. It provides results better than those of SCAN-SIC for several ground

state properties discussed here, including the dissociation energy of weakly bonded

systems. The SCAN-sdSIC, if scaled down by functions of improved iso-orbital in-

dicators α or β, may further improve the results.[92] However, since SCAN-sdSIC

provides an incorrect asymptote −XHO
r

for the exchange-correlation potential, it does

not guarantee a good description of charge transfer. The optimal SIC that remains to

be developed might be PZ SIC evaluated on complex[80] Fermi-Löwdin orbitals[152]

(with nodeless[75, 80] orbital densities) and with Fermi orbital descriptors chosen to

minimize a measure of the inhomogeneity of the orbital densities.
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CHAPTER 5

SUMMARY AND CONCLUSIONS

In this thesis, we explore the parametrization of correlation energy per electron

of a uniform electron gas. We mainly focus on the Perdew-Zunger self-interaction

correction (PZ-SIC) and its application to predict the various properties of atoms

and molecules. We also investigate the selective scaling of PZ-SIC to restore the

uniform electron density limit so that the paradox of SIC could be resolved.

Chapter 1 starts with the introduction of many-body interaction and solving the

many-electron problems with different approximations of wave function theory. We

discussed the limitations of the wave function theory and the difficulty in its applica-

tion for a larger number of electrons, which led us to the necessity of computationally

less demanding density functional theory. We talked about the Hohenberg-Kohn

theorem and the Kohn-Sham self-consistent method for solving the many-electron

systems, which is the foundation of the modern density functional theory. We went

into a brief description of the exchange-correlation energy and why it needs to be

approximated. In the next step, we calculated the energy components per particle of

a uniform electron gas. This follows with a short introduction of approximate density

functionals and the self-interaction error (SIE). We ended the chapter with a brief

explanation of the paradox of SIC and its possible solution by the scaling of PZ-SIC.

In chapter 2, we corrected the order of limits problem of the density parameter

interpolation (DPI) method proposed by Sun et al.. We then compared three widely

used parametrizations of correlation energy per electron of a uniform electron gas with

the quantum Monte Carlo (QMC) results of Spink et al. and the DPI method. These
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three parametrizations are Perdew-Zunger or PZ81, Vosko-Wilk-Nusair or VWN80,

and Perdew-Wang or PW92. We found that constraint satisfying approximations of

PW92 and VWN80 are more accurate than the QMC of Spink et al. for rs < 2.

For rs > 2, all the parametrization schemes almost coincide. Hence, we concluded

that the constraint satisfying parametrizations (especially the sophisticated PW92)

are correct at all rs, unlike the QMC results. It is not easy for DFT to beat QMC in

accuracy, but sometimes we do.

Chapter 3 introduces the scaling of PZ-SIC applied to the lowermost three rungs

of the Jacob’s ladder. We used Fermi Löwdin orbitals to apply PZ-SIC to LSDA,

PBE, and SCAN and calculate the various properties. Since PZ-SIC spoils the slowly-

varying-in-space limits of the uncorrected approximate functionals, we tried to restore

them by locally scaling down the energy density. However, this local scaling produces

a spurious correction to the exact functional when applied to GGAs and meta-GGAs

due to the gauge inconsistency. There would be no such spurious correction if both the

Hartree energy density and the exchange-correlation energy density were in the same

gauge. Exchange-correlation energy in GGAs and meta-GGAs lose the Hartree gauge

via simplifying integration by parts. Hence, we introduce a compliance function such

that when an exact one replaces the approximate exchange-correlation energy, the

transformed exact exchange-correlation energy density will be in the Hartree gauge.

However, when applied to the approximate functional, this compliance function does

not perfectly achieve the Hartree gauge. We start to apply this gauge transformation

to the interior scaling of PZ-SIC and end up with an exterior scaling. The resulting

scaling is termed sdSIC. The sdSIC applied to the DFAs remarkably improves the

results for the equilibrium properties that the DFA-SIC spoils. sdSIC also improves

the performance of DFAs in situations where self-interaction errors are significant.

SCAN-sdSIC, in particular, shows a balanced and the best performance among all

functionals, as expected. However, sdSIC produces an incorrect asymptotic behavior
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of exchange-correlation potential and may not provide a good description of charge

transfer.

Chapter 4 introduces an LSIC-like new scaling function of iso-orbital indicator zσ

that scales PZ-SIC in the many-electron regions to restore the correct uniform density

limit. It also satisfies an additional constraint: the correct coefficient of atomic num-

ber Z in the asymptotic expansion of the exchange-correlation (xc) energy for atoms.

Like sdSIC and LSIC, LSIC+ also retains full PZ-SIC in the region of one-electron

density, no correction in the region of uniform density, and a scaled correction in the

region in between. It is applied only with LSDA and not with GGAs and meta-GGAs

to avoid the gauge-inconsistency and works better than LSIC for most of the prop-

erties and comparable for a few. The performance of LSIC+ is comparable to SCAN

or SCAN-SIC and sometimes even slightly better for a few properties like electron

affinity and barrier heights. This shows the significance of constraint satisfaction.

However, since the functions of zσ scale both LSIC and LSIC+, they could not rec-

ognize the region of weaker bonds and hence fail seriously for the weakly bonded

systems. SCAN-sdSIC, on the other hand, provides good results even for the weaker

bonds in addition to all other properties since it partly restores the capacity of SCAN

to capture the short and intermediate van der Waals interaction. While sdSIC can

be implemented self-consistently in an easy and practical way, the self-consistent im-

plementation of LSIC and LSIC+ are more complicated and very challenging.
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Appendix A

EVALUATION OF INTEGRALS FOR THE

HIGH DENSITY LIMITS

The coefficient a1(ζ)[51, 99] is

a1(ζ) = − 3α

4π5

∫ ∞
−∞

[4R(u, ζ)2R1(u, ζ)− πR(u, ζ)R(1)(iu, ζ)] (1.0-1)

where

α =
( 4

9π

) 1
3

(1.0-2)

R(u, ζ) =
1

2

[R(x1u)

x1

+
R(x2u)

x2

]
(1.0-3)

R1(u, ζ) =
1

2
[x1R1(x1u) + x2R1(x2u)] (1.0-4)

x1 = (1− ζ)−
1
3 , x2 = (1 + ζ)−

1
3 (1.0-5)

R(u) = 1− u arctan
(1

u

)
(1.0-6)

R1(u) = − π

3(1 + u2)2
(1.0-7)

R(1)(iu, ζ) =
1

2
[R(1)(ix1u) +R(1)(ix2u)]. (1.0-8)

127



Expression A5 of Dubois[101] is

R(1)
(ω
q

)
=

∫ 1

−1

x1dx1

∫ 1

−1

x2dx2
(x1 − x2)

|x1 − x2|
1

(x1 − ω
q
)2

1

x2 − ω
q

(1.0-9)

The integral over x2 gives 2x1− ω
q
ln[−1− ω

q
]− ω

q
ln[1− ω

q
]+2ω

q
ln[−ω

q
+x1]. Assuming

that ω
q

is not real, Mathematica[154] gives for the integral over x1

R(1)
(ω
q

)
=

1

−1 +
(
w
q

)2

[
− 4 + 12

(w
q

)2

− 2
(w
q

)
(
− 2 + 3

(w
q

)2)(
ln{−1−

(w
q

)
} − ln{1−

(w
q

)
}

)]
.

(1.0-10)

Changing (w
q
) to iu gives

R(1)(iu) =
1

1 + u2

[
4 + 12u2 − 2iu(2 + 3u2)(

ln{−1− iu} − ln{1− iu}
)] (1.0-11)

and using the relations

arctan(u) =
−i
2
ln
[−1− iu

1− iu

]
+
π

2

arctan
(1

u

)
=
π

2
− arctan(u)

u > 0

(1.0-12)
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arctan(u) =
−i
2
ln
[−1− iu

1− iu

]
− π

2

arctan
(1

u

)
= −π

2
− arctan(u)

u < 0

(1.0-13)

we get

R(1)(iu) =
4

1 + u2
[(1 + 3u2)− u(2 + 3u2)

arctan
(1

u

)
]. (1.0-14)

Case II.
(
w
q

)
real:

R(1)
(ω
q

)
=
−4 + 12

(
w
q

)2

+ 4
(
w
q

)[
2− 3

(
w
q

)2]
coth−1

(
w
q

)
−1 +

(
w
q

)2 (1.0-15)

for
(
w
q

)
< −1,

(
w
q

)
≥ 1.

Changing
(
w
q

)
to iu gives

R(1)(iu) =
4 + 12u2 − 4u(2 + 3u2)cot−1u

1 + u2
(1.0-16)

Upon simplification, this gives exactly the expression of equation 1.0-14.
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Appendix B

SUPPORTING INFORMATION FOR CHAPTER

4

Table 2.1: Total ground state energy of atoms with atomic number Z=1-18 (in
Hartree). The reference values are taken from Ref. [2]

Z SCAN-SIC SCAN LSDA-LSIC LSDA-LSIC+ SCAN-sdSIC Ref.
1 -0.49992 -0.50011 -0.49992 -0.49992 -0.49992 -0.50000
2 -2.89954 -2.90489 -2.91970 -2.91970 -2.89954 -2.90372
3 -7.47408 -7.47992 -7.50071 -7.49807 -7.47439 -7.47806
4 -14.64140 -14.64965 -14.67814 -14.66986 -14.64214 -14.66736
5 -24.62691 -24.64100 -24.66811 -24.65316 -24.63013 -24.65391
6 -37.81027 -37.83960 -37.86858 -37.84447 -37.82364 -37.84500
7 -54.53214 -54.59014 -54.61510 -54.58392 -54.56719 -54.58920
8 -74.99263 -75.07207 -75.10183 -75.05779 -75.03994 -75.06730
9 -99.63408 -99.74648 -99.77026 -99.71174 -99.70572 -99.73390
10 -128.78717 -128.95135 -128.97132 -128.90264 -128.89774 -128.93760
11 -162.08891 -162.27436 -162.27277 -162.20127 -162.21671 -162.25460
12 -199.86223 -200.07061 -200.04642 -199.97358 -200.00773 -200.05300
13 -242.13548 -242.37225 -242.32303 -242.24871 -242.30222 -242.34600
14 -289.11922 -289.39225 -289.31308 -289.23692 -289.31364 -289.35900
15 -340.97992 -341.29791 -341.18523 -341.10808 -341.21005 -341.25900
16 -397.79419 -398.15167 -398.01878 -397.94338 -398.05464 -398.11000
17 -459.78889 -460.19475 -460.03240 -459.95774 -460.08776 -460.14800
18 -527.12575 -527.59020 -527.39558 -527.32255 -527.47218 -527.54000
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Table 2.2: Ground state energies of individual molecules and atoms of the AE6 set (in
Hartree). The reference ground state energies of the individual atoms are
taken from Ref. [2]. The reference ground state energies of the molecules
are obtained by subtracting the reference atomization energies of AE6
set[7] from the sum of ground state energies of their constituent atoms.

SCAN-SIC SCAN LSDA-LSIC LSDA-LSIC+ SCAN-sdSIC Ref.
SiH4 -291.64088 -291.90719 -291.83749 -291.76190 -291.82734 -291.87278
SiO -364.35927 -364.76038 -364.69377 -364.57532 -364.64363 -364.73240
S2 -795.74050 -796.47252 -796.19416 -796.04861 -796.28166 -796.38202

C2H2O2 -227.53593 -227.83463 -227.93208 -227.79725 -227.73445 -227.83391
C3H4 -116.50503 -116.63950 -116.73539 -116.65500 -116.58520 -116.65815
C4H8 -157.04180 -157.19628 -157.32443 -157.23243 -157.12782 -157.21106

H -0.49992 -0.50011 -0.49992 -0.49992 -0.49992 -0.50000
C -37.81027 -37.83960 -37.86858 -37.84447 -37.82364 -37.84500
O -74.99263 -75.07207 -75.10183 -75.05779 -75.03994 -75.06730
Si -289.11922 -289.39225 -289.31308 -289.23692 -289.31364 -289.35900
S -397.79419 -398.15167 -398.01878 -397.94338 -398.05464 -398.11000

Table 2.3: Dissociation energy of the individual complexes of the S22 dataset in
kcal/mol. The complexes labelled 1 to 22 are in the same order as in
Ref. [15], and the reference values are from Ref. [15]. For simplicity, the
classification of the complexes by bonding type is as in Ref. [16].

Complexes LSDA-LSIC LSDA-LSIC+ SCAN-sdSIC Ref.

Hydrogen bonded complexes

1 -0.569 -0.135 4.476 3.133
2 1.565 2.144 6.078 4.989
3 9.850 12.626 23.391 18.753
4 9.355 10.982 20.543 16.062
5 8.667 11.641 20.906 20.641
6 7.26 9.406 18.012 16.934
7 -0.168 4.65 17.762 16.66

Dispersion complexes

8 -1.749 -1.545 -0.95 0.527
9 -3.568 -3.109 1.238 1.472
10 -2.785 -2.310 -1.423 1.448
11 -7.651 -5.354 2.202 2.654
12 -31.696 -19.99 -2.773 4.255
13 -7.089 -3.506 10.375 9.805
14 -9.752 -6.464 1.087 4.524
15 -13.35 -8.126 11.624 11.73

Mixed complexes

16 -0.923 -0.773 1.538 1.496
17 0.390 0.908 1.220 3.275
18 -1.478 -0.838 -0.168 2.312
19 1.245 1.462 2.380 4.541
20 11.729 7.360 -3.610 2.717
21 -2.122 -0.735 1.172 5.627
22 -3.373 -1.662 0.576 7.097
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