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ABSTRACT

Importance of self-interaction correction in hydrogen bonded water clusters and water-Ion
clusters
by
Kamal Wagle
Chair: John P. Perdew
Density functional theory is the most commonly used computational tool to study properties of solids and molecules. Self-interaction error, that arises due to improper cancellation
of the self-Hartree and the self exchange correlation energy, has long been identified as
a major limitation of practical density functional approximations. We develop and test
the performance of different self-interaction corrected functionals in accurately predicting
a wide range of properties. This work focuses on use of the Fermi-Löwdin orbital selfinteraction correction (FLOSIC) method to study neutral water complexes and interaction
of ions with water clusters.
The strongly constrained and appropriately normed (SCAN) density functional approximation (DFA) has been found to give the correct energy ordering of low-lying isomers
of water hexamers, resolves the density anomaly between water and ice, and improves the
relative lattice energy of ice polymorphs and the infrared spectra of liquid water. However, SCAN is not without its drawbacks. The binding energies of water clusters and
lattice energies of ice phases are overestimated by SCAN. We find that by explicitly removing the self-interaction error, the hydrogen-bond binding energy of water clusters can
be significantly improved. In particular, self-interaction correction to the SCAN functional
(FLOSIC-SCAN) improves binding energies without altering the correct energetic ordering of the low-lying water hexamers. So, orbital-by-orbital removal of self-interaction error
applied on top of a proper DFA can lead to an improved description of water complexes.
To gain further insight into the performance of different functionals on the relative sta-
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bility of water clusters, we decompose the total interaction energy into many-body components. We see that the major portion of error in SCAN comes from the two-body interaction,
and the FLOSIC-SCAN improves two-body interactions over SCAN and predicts higherorder many-body interactions with about the same accuracy as SCAN. The SCAN functional gives good account of monomer deformation energy (one-body energy), PBE estimated it too low and self-interaction corrected methods FLOSIC-PBE and FLOSIC-SCAN
estimated too high monomer deformation energies. Improvement in the total interaction
energy by FLOSIC-PBE and FLOSIC-SCAN is happening because of error cancellation
by one-body interaction energy.
Aqueous solutions of ions are of particular interest due to their profound applications
in environmental chemistry, solvation mechanics, the desalination process, etc. This motivated us to study ion-water systems, which include hydronium ion-water clusters, hydroxyl
ion-water clusters, halide ion-water clusters, and alkali ion-water clusters. The erroneous
delocalization of the extra-electron in anions obtained with DFAs is basis-set dependent.
DFAs like LSDA, PBE, or SCAN can bind only a fraction of the excess electron in the
complete basis set limit, implying that a moderate-sized localized basis would be a good
choice for them. But, accurate description of hydrogen bonds often requires a large basis
with some extra diffuse functions. So, in negatively charged hydrogen-bonded systems like
deprotonated water clusters, the suitable choice of basis-set is both difficult and ambiguous.
We explore this issue systematically in this work. Further, we have found that the better
performance by application of FLOSIC is seen in all systems that are connected at least
with one hydrogen bond and the error in the binding energy decreases with increase in the
size of an ion or equivalently decreases with the length of the hydrogen bond. Moreover,
within the same ion-water system, error in the binding energy decreases with increase in
the size of the cluster. Non-hydrogen-bonded water-alkali clusters are not affected by the
self-interaction errors.
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CHAPTER 1

GROUND-STATE DENSITY FUNCTIONAL THEORY
(DFT)

Mutually interacting electrons, nuclei, and the dynamics of these particles are the building blocks of molecules and solids. The properties of such interacting systems can be obtained by solving the non-relativistic time-independent Schrödinger equation. The total
Hamiltonian of a system containing N mutually interacting electrons and M nuclei can be
written as;

Ĥ = −

N M
ZI
1 N
1
1 M
ZI ZJ
1 N 2 1 M ∇2I
∇
−
−
+
+
∑
∑
∑
∑
∑
∑
i
2 i
2 I MI
2 i6= j |ri − r j | 2 I6=J |RI − RJ |
i I |ri − RI |

(1.0-1)

where i and j refer to electron index; I and J refer to nuclei index; MI refers to mass of the
nuclei I; ZI and ZI refer to atomic numbers of atom I and J respectively. In short notation,
above equation is written as;

Ĥ = T̂e + T̂n + V̂en + V̂ee + V̂nn

(1.0-2)

where the first term is the electronic kinetic energy operator, the second term is the nuclear
kinetic energy operator, the third term is the electron-nucleus attractive potential energy
operator, the fourth term is the electron-electron repulsive potential energy operator, and
the last term is the nucleus-nucleus repulsive potential energy operator. The exact solutions
of the Schrödinger equation using Hamiltonian as in equation 1.0-1 can only be solved for
the hydrogen atom. For systems other than a single hydrogen atom, approximations are
needed. The first approximation is the Born Oppenheimer approximation [4], in which the
1

nucleus is supposed to be at rest in comparison to the motion of electrons and hence the
problem is shrunk to solving the Schrödinger equation of only the electronic wavefunction.
The new Hamiltonian then takes the form;

Ĥ = −

1 N 2 N M
ZI
1 N
1
∇
−
+
∑
∑
∑
∑
i
2 i
2 i6= j |ri − r j |
i I |ri − RI |

(1.0-3)

Solving the Schrödinger equation, using the Hamiltonian as in the above equation, for
N interacting system is still a very challenging task due to the electrons correlated motion.
Another approximation is Hartree’s self-consistent filed approximation [5], where each
electron is assumed to move independently in the effective field produced by the nucleus
and the remaining N-1 electrons. In other words, the problem simplifies down to solving
the one particle Schrödinger equation and the total wavefunction of a system containing N
electrons would be the product of individual one-electron wavefunctions. The significant
missing physics with this approximation is that it does not consider the antisymmetric principle, which demands that a wave function describing fermions should be antisymmetric
with respect to the interchange of spin and space coordinates of two electrons.
Hartree-Fock approximation [6] takes this requirement into account and uses antisymmetric wavefunction in the form of slatter determinant, which includes the correlation effect arising from the electrons of the same spin. However, it did not take into account the
motion of electrons with opposite spin, i.e., it fails to include the vital electron dynamic
correlations. After the Hartree-Fock approximation, many wavefunction theories such as
configuration interaction (CI) [7], Mφ ller-Plesset perturbation theory (MP2, MP3, MP4)
[8], and coupled-cluster (CC) method [9], have been developed to account for the electron
correlations. However, their use is minimal due to the astronomical computational cost
they demand.

2

1.1

The Hohenberg-Kohn Theorems

In 1964 Hohenberg and Kohn proved two theorems [10] that eventually became the
basis of density functional theory. The first theorem tells us that the wavefunction in a
quantum mechanical study of particles can be replaced by ground-state electron density
without losing any information. The second theorem is related to the variational principle
for the energy functional and the density.
Theorem 1: There is a one to one correspondence between external potential Vext (r) and
ground state density no (r). We might also say that no (r) uniquely determines the Hamiltonian operator characterizing the ground state of the system.
0

Proof of Theorem 1: Let us suppose that two external potentials Vext (r) and Vext (r)
differ by more than a constant but give same ground state density n0 (r). Also suppose H,
ψ, and E0 are Hamiltonian operator, wavefunction, and ground state energy corresponding
0

0

0

0

0

0

to Vext (r) and H , ψ , and E0 corresponding to Vext (r), with E0 6= E0 . As ψ is not the
ground state wavefunction of H,
0

E0 = ψ|Ĥ|ψ < ψ |Ĥ|ψ

0

0
0
0
0
0
0
= ψ |Hˆ |ψ + ψ |Ĥ − Hˆ |ψ
0

Z

0

d 3 r no (r)[Vext (r) −Vext (r)]

= E0 +

(1.1-4)

Similarly,
0

Z

E0 < E0 +

0

d 3 r no (r)[Vext (r) −Vext (r]

(1.1-5)

Adding equations 1.1-4 and 1.1-5,
0

0

E0 + E0 < E0 + E0

(1.1-6)

It contradicts our assumption that two different external potentials exist for the same groundstate density.
3

R

Theorem 2: For any trial density n(r) with conditions, n(r) dr = N and n(r) ≥ 0 for
all r, the energy obtained represents the upper bound to ground state energy, E0 .

E0 = E[n0 (r)] ≤ E[n(r)]

(1.1-7)

0
0
Proof: In accordance with theorem 1 suppose Hˆ and ψˆ are Hamiltonian and wavefunction
0

determined by the density n(r). If ψ is a trial wavefunction of the Hamiltonian Ĥ, then’
0

ψ |Ĥ|ψ

0

= E[n(r)]

(1.1-8)

But according to the Rayleigh-Ritz variational principle;
0

ψ |Ĥ|ψ

0

≥ E[n0 (r)]

(1.1-9)

Therefore,
E[n(r)] ≥ E[n0 (r)]

1.2

(1.1-10)

Levy’s Constrained Search Formulation

HK theorem says that a given ground-state electron density n0 (r) uniquely determines
its ground state wavefunction ψ and consequently other properties. However, there can
be an infinite number of wavefunctions that give such density. Levy [11], and Lieb [12]
showed a way to obtain a true ground state of a system through their constrained search
formulation. The universal functional is;
0

Q[n] = min
ψ |T̂ + V̂ee |ψ
0

0

= ψ|T̂ + V̂ee |ψ

(1.2-11)

ψ →n

0

The minimization is done over normalized antisymmetric wavefunction ψ , which yields
a fixed density n. For a given density n, the minimizing wavefunction is ψ. As this for-
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mulation does not require external potential Vext associated with a density n, it is more
straightforward than the HK definition. Instead, it is defined on a larger set of N-electron
densities from antisymmetric wavefunctions (N-representable densities). According to the
variational principle, ground state energy is given as;
0

Eo = min
ψ |T̂ + V̂ee + V̂ext |ψ
0

0

(1.2-12)

ψ

We can decompose the minimization in two steps, (1) the constrained minimization of
0

normalized antisymmetric wavefunctions ψ to give a fixed density n, and (2) minimization
of (T̂ + Vˆee ) over n.
0

ψ |T̂ + V̂ee + V̂ext |ψ
Eo = min min
0

0

n ψ →n

Z

Eo = min(Q[n] +
n

d 3 r Vext (r) n(r))

(1.2-13)
(1.2-14)

In this way, Levy’s constraint search approach guides us to find a ground state energy and
subsequent properties if an explicit form of the universal functional Q[n] is known.

1.3

Kohn Sham Formalism

The Hohenberg-Kohn theorem alone is not useful in practice because it is clueless about
the explicit form of the functional Q[n]. In 1965 W. Kohn and L. Sham [13], with the introduction of atomic orbitals, originated a formalism which is the foundation of the current
application of DFT in modern physics, chemistry, and material science. This method paved
the practical way of solving the Hohenberg-Kohn theorem for a set of interacting electrons,
starting from a fictitious system of non-interacting electrons. Initially, the primary difficulty
of DFT was in representing the kinetic energy of the system under study. To deal with this,
Kohn-Sham used a premise that the kinetic energy functional of a system can be split into
two parts: the first one of which considers electrons as non-interacting particles and can
be calculated precisely, and the second is a correction term to the first one, accounting for

5

electron-electron interaction.
The total Hamiltonian of a non-interacting reference system can be written as,

Hs = −

1 N 2 N
∑ ∇i + ∑ Vs(r)
2 i=1
i=1

(1.3-15)

where N is the total number of non-interacting electrons and Vs (r) is the local effective potential in the reference system. The ground state wavefunction of the Hamiltonian operator
given by equation 1.3-15 can be represented by the Slatter determinants of spin orbitals as;
1
Φs = √ det[φ1 , φ2 , ....., φn ]
N!

(1.3-16)

The spin orbitals are the solutions of one-electron Schrödinger equations,
1
(− ∇2 +Vs (r))φi = εi φi
2

(1.3-17)

where εi are Kohn-Sham orbital energies and φi are Kohn-Sham orbitals. The choice of
effective local potential Vs (r) relates artificial non-interacting system with that of real interacting system so that ground state density of the reference system equals to the ground
state density of the real system. so,
N

n(r) = ∑ |φi (r)|2

(1.3-18)

i=1

Now, the kinetic energy of the non-interacting system is obtained as;
1 N
Ts = − ∑ φi |∇2 |φi
2 i=1

(1.3-19)

Ts is also a functional of electron density n(r). The total energy of the non-interacting
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system can be written as;
Z

Es [n] = Ts [n] +

n(r) Vext (r) dr

(1.3-20)

Similarly, the total energy functional of a real interacting system can be written as;
Z

E[n] = T [n] +

n(r) Vext (r) dr +Vee

(1.3-21)

, which can be modified and represented as;
Z

E[n] = Ts [n] +

n(r) Vext (r) dr +Uee + Exc [n]

(1.3-22)

where, Exc [n] = T [n] − Ts [n] + Vee − Uee is the exchange-correlation energy. Now applying the variational principle on equations 1.3-20 and 1.3-22 give us the following EulerLagrange equations;
δ Ts
+Ve f f (r) = µ
δn

(1.3-23)

and
δ Ts
+Vext (r) +
δn

Z

0

n(r )
dr
0 +Vxc [n] = µ
|r − r |
0

(1.3-24)

From equations 1.3-23 and 1.3-24;
Z

Ve f f (r) = Vext (r) +

where Vxc [n] =

δ Exc
δn

0

n(r )
dr
0 +Vxc [n]
|r − r |
0

(1.3-25)

is the exchange-correlation potential, also commonly known as Kohn-

Sham potential.
For spin-polarized cases, Kohn-Sham formalism should be modified to include both up
and down spin densities. Accordingly, the expression for total energy functional, effective
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potential, and Kohn-Sham one-electron equations take the following forms, respectively.
Z

E[n↑ , n↓ ] = Ts [n↑ , n↓ ] +

σ
nσ (r) Vext
(r) dr +Uee [n↑ , n↓ ] + Exc [n↑ , n↓ ]

(1.3-26)

with σ =↑, ↓
1
(− ∇2 +Veσf f (r))φiσ = εi φiσ
2

σ
Veσf f (r) = Vext
(r) +

Z

(1.3-27)

0

n(r )
σ
dr
0 +Vxc [n]
|r − r |
0

(1.3-28)

with n = n↑ , n↓ . In contrast to the Hartree-Fock model, where approximations are introduced right from the beginning, considering wavefunction in the form of a single Slatter
determinant (which is not the correct way), the Kohn-Sham formalism is in principle exact where the approximation enters only when the explicitly unknown form of exchangecorrelation (XC) energy (Exc ) is to be estimated. The beauty of modern density functional
theory lies in developing better and better approximations to the XC functionals to accurately predict a wide range of properties of molecules and solids.

1.4

Exchange-Correlation Functionals

Kohn-Sham semi-local XC functionals are the most widely used methods of electronic
structure calculations. The first principles way of constructing such XC functionals is to
satisfy the exact density functional’s mathematical properties. Many such properties have
been derived over the years by physicists, particularly by Levy, Perdew, Lieb, and more.
[14–16]. Non-empirical approximations are the one which satisfies such mathematical
constraints and also appropriate norms such as uniform electron gas and neutral atoms.
Functionals that are constructed by fitting parameters to reference data of main-group atoms
and molecules are called empirical functionals, which are less predictive for a wide range
of systems, including the new ones.
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In typical semi-local XC approximations, XC energy per particle at some position in
space is a function of ingredients. Approximations will be more and more sophisticated
with the addition of ingredients, that satisfy more exact constraints and appropriate norms,
and forms a ladder [17] of different rungs. The XC energy functionals are given by;

Exc [n] = T [n] − Ts [n] +Vee −Uee

(1.4-29)

where T [n] − Ts [n] is the interacting contribution to the true kinetic energy functional, and
Vee −Uee is non-classical contribution to the electron-electron interaction.
1.4.1

The Local Density Approximation

The local density approximation [13] is the most basic approximation in the XC energy functionals that is useful particularly in the slowly varying spatial density n(r). The
approximated form of XC energy according to this approximation is;

LDA
EXC
[n(r)] =

Z

dr n(r) εxc (n(r))

(1.4-30)

where, εxc (n(r)) is the XC energy per particle of an uniform gas of interacting electrons
of density n(r). The local spin density approximation (LSDA) [18], that is later known to
satisfy eight exact constraints, is the spin-polarized version of LDA where the XC energy
functional takes the form ;

LSDA
[n↑ , n↓ ] =
EXC

Z

dr n(r) εxc (n↑ , n↓ )

(1.4-31)

εxc is the sum of two separate terms εx and εc , which are the exchange and correlation
contributions, respectively. The exchange contribution of the uniform electron gas can be
calculated exactly as, εx = − 43π (3 π 2 n)1/3 . However, there is no exact analytical form of
LSDA . The PW92 [19] is the
εc and different forms of it gives different approximation to EXC
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most popular parametrization of LSDA correlation.
LDA and LSDA approximations, though accurate for infinite uniform electron gas, are
inaccurate for inhomogeneous densities. Strongly overestimating the binding energies of
molecules, predicting too-short bond-lengths, and strongly underestimating the reaction
barrier heights [20] are some of the significant limitations of this approximation .

1.4.2

Generalized Gradient Approximation

LDA or LSDA fails in the situation where density undergoes rapid changes, such as in
the molecules. The logical step to go beyond LSDA is the use of not only the information of
the density of electron n(r) at point r, but also to supplement the density with the information about the gradient of density, ∇n(r), which helps to account for the non-homogeneity
of the true electron density. This approximation is generalized gradient approximation
(GGA), which can be written in spin-polarized version as;

GGA
[n↑ , n↓ ] =
EXC

Z

dr n(r) εxc [n↑ , n↓ , ∇n↑ , ∇n↓ ]

(1.4-32)

While constructing GGA, the XC energy per particle, εxc [n↑ , n↓ , ∇n↑ , ∇n↓ ] should recover
the second-order gradient approximation for slowly varying density. In addition to this,
it should be constructed in a way to satisfy more exact constraints and norms than the
LSDA does. PBE [21] is the most widely used GGA that satisfies 11 exact constraints by
construction.
The exchange energy in PBE for a spin unpolarized case is;

ExPBE [n] =
uni f

where, εx

Z

d 3 r n(r)εxuni f (n) Fx (s)

(1.4-33)

(n) is the exchange energy per particle of the uniform electron gas, Fx (s) is

the enhancement factor and s =

∇n
2(3π 2 )1/3 n4/3

is the demensionless density gradient. While

constructing ExPBE [n], following conditions were considered;
10

1) Uniform electron gas limit; as s → 0, Fx (0) = 1, which is the LSDA exchange.
2) LSDA linear response; Fx (s) → 1 + µ s2 , with µ = 0.21951.
3) Lieb-Oxford lower bound [22]; Fx (s) ≤ 1.804.
4) Spin-scaling relationship; Ex [n↑ , n↓ ] =

1
2

(Ex [2n↑ ] + Ex [2n↓ ]).

κ
The PBE enhancement factor Fx (s) = 1 + κ − 1+µs
2 /κ satisfies above four conditions with

κ = 0.804.
Now, the correlation energy in PBE [21] is given by;

EcPBE [n↑ , n↓ ] =

Z

d 3 r n [εcuni f (rs , ξ ) + H(rs , ξ ,t)]

(1.4-34)

Different parameters that give correlation term in equation 1.4-34 are obtained from the
physical constraints. The readers are suggested to go through the reference 21 for the details in the correlation energy.
Although there is a systematic improvement of GGA over LSDA, especially in covalent
bonds and weakly bonded systems, it has many limitations. Generally, bond-lengths are
overestimated in GGAs. It also does not include the non-local dispersion contributions.
Moreover, it fails to give correct energetic ordering of water hexamers [23, 24], and accurately predict phase transition in crystalline ice polymorphs [25, 26]. Other failures of PBE
like GGA include red-shifted infrared spectra [27], and an erroneous prediction that ice is
denser than water in ambient conditions [28–31].

1.4.3

The Meta-Generalized Gradient Approximation

The meta-generalized gradient approximation (meta-GGA) includes the local non-interacting
2
2
positive kinetic energy density, τr = ∑N
i=1 |∇φi | or laplacian of the density, ∇ n(r) as an ad-

ditional ingredient to the exchange correlation energy per particle. The functional form of
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MGGA is written as;

MGGA
EXC
[n↑ , n↓ ] =

Z

dr n(r) εxc [n↑ , n↓ , ∇n↑ , ∇n↓ , τ↑ , τ↓ , ∇2 n↑ , ∇2 n↓ ]

(1.4-35)

Such inclusion of additional ingredients and satisfaction of more constraints and fundamental norms make MGGA systematically more accurate compared to LSDA and GGA.
Among many MGGAs such as TPSS [32], revTPSS [33, 34], MS family [35, 36] of functionals, SCAN [39], revSCAN [40], r2 SCAN [41], and some other [37, 38], our work is
focused on the relatively new and more accurate SCAN [39] functional.
w

, where
The τ dependence in SCAN is made through a dimensionless variable α = τ−τ
τ uni f
τw =

|∇n|2
8n

is the weizsacker kinetic energy density and τ uni f =

3
2 2/3
10 (3π )

n5/3 is the

Thomas-Fermi uniform kinetic energy density. In SCAN, α can recognize different chemical bonding; α ≈ 0 (covalent), α ≈ 1 (metallic), and α >> 1 (weak bond).
For spin-unpolarized case, exchange energy in SCAN is given by;
Z

Ex [n] =
uni f

where, εx

d 3 r n(r)εxuni f (n)Fx (s, α)

(1.4-36)

3
(3π 2 n)1/3 is the exchange energy per particle of uniform electron
(n) = − 4π

gas. Fx (s, α), a exchange enhancement factor that depends upon α and dimensionless
density gradient s =

∇n
2(3π 2 )1/3 n4/3

is given by;
0

Fx (s, α) = hx (s, α) + fx (α)[h0x − h1x (s, α)]gx (s)

(1.4-37)

with
fx (α) = exp[

−c1x α
c2x
]θ (1 − α) − dx exp[
]θ (α − 1)
1−α
1−α

(1.4-38)

where h0x = 1.174, gx (s) = 1 − exp[−a1 s1/2 ], c1x = 0.667, c2x = 0.8, dx = 1.24, h1x (s, α) =

12

k1
1 + k1 − 1+x/k
with;
1

x = µAK s2 [1 + (

where µAK =

10
81 ,

−|b4 |s2
b4 s2
)exp(−
)] + [b1 s2 + b2 (1 − α)exp(−b3 (1 − α)2 )]2 (1.4-39)
µAK
µAK

5913 1/2
b2 = ( 405000
) , b1 =

(511/13500)
,
2b2

b3 = 0.5, b4 =

2
µAK
K1

1606
− 18225
− b21 , k1 =

0

0.065. It is to be noted that for α ≈ 1, Fx (s, α) = hx (s, α), it reduces to same functional
form as PBE but, additionally, it satisfies the forth order gradient approximation for slowly
varying density.
The correlation energy in SCAN is given by;
Z

Ec [n↑ , n↓ ] =

d 3 r n(r)εc (rs , ξ , s, α)

(1.4-40)

c2c
1c α
where εc = εc1 + fc (α)[εc0 − εc1 ], fc (α) = exp[− c1−α
]θ (1 − α) − dc exp[ (1−α)
]θ (α − 1), and

θ (x) is a step function of x. Both fx (α) and fc (α) are determined by interpolating between
α = 0 and α ≈ 1 and then extrapolating to α → ∞.
The SCAN functional, which also captures intermediate-range dispersion interactions,
is known to satisfy all 17 exact constraints that an MGGA can satisfy. Recently, it has been
one of the most widely used MGGA functional to study various properties of different
kind of systems [42–44]. It is known to predict the properties of diversely bonded systems accurately [45], improve the description of lattice constants [39], improve band-gap
of semiconductors and insulators [46, 47] and also describe the strongly-correlated systems
[48–50] to some extent. SCAN has also been successful in resolving density anomaly of
liquid water, and ice [31], improve infrared spectra of liquid water [51], and give correct
energetic ordering of hexamers [45, 52]. However, SCAN is not without its drawbacks.
The binding energies of individual water clusters and lattice energy of ice phases are overestimated by SCAN. In this work, we will make extensive use of the SCAN functional to
study hydrogen-bond in water clusters and water-ion clusters.

13

1.4.4

Higher Rung Non-Local Functionals

The highest two rungs of Jacob’s ladder [17] are the fully non-local functionals. Hybrid
functionals, the fourth rung, typically satisfy the same number of exact constraints as their
underlying functionals and are additionally supplemented with empirical parameters like
the exact constraints. They are formed by mixing some fraction of exact exchange and the
complementary fraction of semi-local exchange. For example, PBE0 is comprised of 25
% of exact exchange and 75 % of semi-local (PBE) exchange. Thus formed functionals
are computationally more expensive than semi-local functionals but are more accurate,
especially for molecules and non-metals.
Random phase approximations (RPAs), which are much more expensive than hybrid
functionals, form the highest rung of Jacob’s ladder [17] and make use of the unoccupied
orbitals. Many studies using RPAs are also done to benchmark semi-local functionals and
their empirical dispersion correction methods for wide range of properties [53, 54]. We do
not discuss this method here as it is outside the scope of the current thesis.
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CHAPTER 2

SELF-INTERACTION CORRECTION (SIC)

2.1

Fundamental Background

All semi-local density functional approximations, including MGGAs like SCAN, have
limitations. Broadly, two types of error remain. The first one is the absence of non-local
corrections to approximated XC functionals, which is beyond the scope of this thesis. The
second one is the infamous self-interaction error (SIE), which we will discuss in detail.
An electron can not interact with itself. If any approximations made in many-electron
systems violate this fundamental principle, they are supposed to have SIE and are the default candidates of self-interaction correction (SIC). In a one-electron system, fully nonlocal Hartree electrostatic energy must be canceled exactly by the fully non-local XC energy, which does not happen in a semi-local approximation to the XC energy.
As we already know that the total energy expression is;
Z

E[n↑ , n↓ ] = Ts [n↑ , n↓ ] +

1
n(r) V (r) dr +
2

Z

Z

dr

d r’

n(r)n(r’)
+ Exc [n↑ , n↓ ] (2.1-1)
|r − r’|

The electron density n(r) of orbitals φiσ (r) can also be defined in terms of occupation
number fiσ , with σ =↑ or ↓.
n(r) = ∑ niσ (r)

(2.1-2)

niσ (r) = fiσ |φiσ (r)|2

(2.1-3)

iσ
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Z

dr|φiσ (r)|2 = 1

(2.1-4)

where, 0 ≤ fiσ ≤ 1 and ∑iσ fiσ = N, N being the total number of electrons. For exact
functionals, if niσ is a one-electron density, we will show the proof that the sum of the last
two terms on the right-hand side of 2.1-1 equals zero, i.e.
1
2

Z

Z

dr

d r’

niσ (r)niσ (r’)
+ Exc [niσ , 0] = 0
|r − r’|

(2.1-5)

The direct electrostatic self-interaction of an orbital is precisely canceled by its XC selfinteraction in an exact XC functional. Now, let us prove this by defining a universal functional, also shown in equation 1.2-11.

Q[n↑ , n↓ ] = min < T̂ + V̂ee >

(2.1-6)

With this, 2.1-1 takes the form
Z

E[n↑ , n↓ ] = Q[n↑ , n↓ ] +

n(r) V (r) dr

(2.1-7)

Also suppose,
Ts [n↑ , n↓ ] = min < T̂ >

(2.1-8)

Now XC energy in terms of universal functional can be written as;
1
EXC [n↑ , n↓ ] = Q[n↑ , n↓ ] − Ts [n↑ , n↓ ] −
2

Z

Z

dr

dr’

n(r)n(r’)
|r − r’|

(2.1-9)

For a 1 electron density, V̂ee = 0. With this, equations 2.1-6 and 2.1-8 give Q = Ts . Using
this in equation 2.1-9 follows the proof of equation 2.1-5. Exact functionals satisfy equation
2.1-5 and almost all approximations to XC energy from LSDA to meta-GGA fail to satisfy
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it.
1
2

Z

Z

dr

dr’

niσ (r) niσ (r’)
approx
+ Exc
[niσ , 0] 6= 0
|r − r’|

(2.1-10)

approx
can not
The reason is that local and semi-local approximations made to XC energy, EXC

cancel the non-local Hartree energy,

1R
2

n(r’)
dr dr’ n(r)
|r−r’| . This is the root of self-interaction

R

error, an infamous problem in density functional theory.

2.2

Perdew-Zunger SIC

In 1981, Perdew and Zunger [55] attempted to correct the self-interaction error. The
idea was to correct by subtracting the self-interaction error on an orbital-by-orbital basis..
According to this approach, the self-interaction corrected XC energy can be written as;

PZ−SIC
EXC

approx
= EXC
[n↑ , n↓ ] −

1
∑( 2
iσ

Z

Z

dr

dr’

niσ (r) niσ (r’)
approx
+ EXC
[niσ , 0]) (2.2-11)
|r − r’|

This equation satisfies equation 2.1-5 for each occupied orbital. The second term on the
right hand side is the exact self-coulomb energy or Hartree electrostatic energy of oneelectron density, denoted in short by U[ni , σ ]. The fundamental principle is to seek orbitals
which minimize energy expression given by;
Z

Ẽ =

1
n(r) V (r) dr + Ts +
2

Z

Z

dr

dr’

n(r)n(r’)
PZ−SIC
+ EXC
|r − r’|

(2.2-12)

for kinetic energy expression given by
Z

Ts = ∑ fiσ
iσ

1
∗
dr φiσ
(r)(− ∇2 )φiσ (r)
2
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(2.2-13)

and subject to the constraint that total density is one (equation 2.1-4). The Euler and selfconsistent schrödinger equations to obtain optimal SIC orbital are given by;
δ
∗ (r)
δ φiσ

[Ẽ − ∑ fiσ εiσ

Z

dr|φiσ (r)|2 ] = 0

(2.2-14)

iσ

and
1
[− ∇2 + v(r) +
2

Z

dr’

n(r’)
i,σ PZ−SIC
+ vxc
(r)]φiσ (r) = εiσ φiσ (r)
|r − r’|

(2.2-15)

where exchange correlation potential, the term containing information of self-interaction
correction is the functional derivative as;
Z

PZ−SIC
vi,σ
(r) = vσxc,approx (r; [n↑ , n↓ ]) − [
xc

dr’

niσ (r’)
+ v↑,approx
(r; [niσ , 0])]
xc
|r − r’|

(2.2-16)

Perdew-Zunger further pointed out that this self-interaction correction method is useful for
small atoms and molecules, but a different problem arises when using this approach for
more giant molecules, clusters, and other extended systems. Such size extensive problem
arises when occupied orbital densities niσ are the square of occupied Kohn-Sham orbitals,
which typically delocalize in extended systems. To obtain size extensive SIC, niσ should
be square of unitarily equivalent occupied localized orbitals.

2.3

Fermi-Löwdin Orbital Self-Interaction Correction

Many attempts to do SIC with localized orbitals has been made. Most of them showed
that the orbitals used for constructing SIC equations must satisfy O(N 2 ) localization equations [56, 57];
SIC
< φiσ |ViσSIC −V jσ
|φ jσ >= 0
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(2.3-17)

and Kohn-Sham SIC equations of localized orbitals.
Nσ

(ĤσKS + V̂σSIC ) φiσ = ∑ λ jiσ φ jσ

(2.3-18)

j

The set of localized orbitals that satisfy equations 2.3-17 and 2.3-18 are not unique. Although this method works pretty well, the computational cost is so high that people would
rather choose the coupled-cluster singles doubles (CCSD) method, which gives relatively
more accurate results for the similar computational cost.
In 2014, Pederson, Ruzsinszky, and Perdew came up with the idea of Fermi Löwdin
orbital method of self-interaction correction or the FLOSIC method [58]. This is an efficient method of SIC which eliminated the need of solving localization equations given by
equation 2.3-17. The advantage is that, instead of searching for all possible unitary transformations to minimize the energy, localized orbital can be directly obtained from the so
called Fermi orbital as shown in equation below;
nσ (aiσ , r)
FO
(r) = p
φiσ
nσ (aiσ )

(2.3-19)

where
Nσ

nσ (aiσ , r) = ∑ φ ∗jσ (aiσ )φ jσ (r)

(2.3-20)

j

is the single-particle density matrix of the Kohn-Sham system and aiσ are the Fermi orbital
descriptors (FODs). These FODs can be imagined as the quasi-classical electronic positions, a suitable initial guess of which can be made based upon chemical intuition, physical
conditions, or symmetry of the system under study. At r = aiσ , the absolute square of the
Fermi orbital is identically equal to the total spin density at r = aiσ . In this way, Fermi
orbital accounts for all the spin density at a given point in space, and hence it is proved to
FO , however, are not orthogonal,
be a localized function. Thus obtained Fermi orbitals φiσ

which are later orthogonalized using Löwdin’s approach to form Fermi Löwdin orbitals
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φiσ . Thus obtained FLOSIC [58, 59] is a fully self-consistent, size-extensive, unitarily
equivalent, and efficient method of SIC.
First of all, the calculations will be initialized with a set of guess FODs [60] to obtain
self-consistent FLOs and total energy. Then the FODs are updated using derivatives of
total energy concerning FOD positions [61] and gradient optimization methods. Then selfconsistent FLOs are obtained with the new set of FODs. The iterative minimization of the
total energy with respect to FODs is performed until the maximum FOD force component
drops to the desired level.
The FLOSIC method has already been used to study a wide range of properties such
as atomization energies [62], reaction barrier heights [62], magnetic properties [63], dipole
moments [64], polarizabilities [65], ionization potentials [66, 67], electronic affinities [66],
hydrogen-bonds on water clusters [52], and water-ion interactions [68], e.t.c. It has successfully addressed stretched bonds, such as the reaction barrier height of a chemical reaction
and hydrogen-bonds. Approximated semi-local DFAs predict too strong hydrogen bonds
and too low reaction barrier heights.
We see that PZ-SIC applied to semi-local DFAs removes SIE in stretched bonds, but it
introduces other errors for equilibrium properties like atomization energies of molecules.
We showed that part of the error is due to the orbital density nodality, which can be reduced using complex orbitals instead of real orbitals. Complex orbitals can reduce but do
not eliminate the error due to the other kind, lobedness character of orbital density [62].
These kinds of errors might be because PZ-SIC applied to semi-local DFAs violated some
of the exact constraints or appropriate norms built into those DFAs, which further suggests the need for generalization and refinement of PZ-SIC in such a way that it introduces
SIC only where it is needed. Attempts for such generalization and refinements are under
development.
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2.4

Improvements on Perdew-Zunger Self-Interaction Correction

PZ-SIC’s major drawback is that it over-corrects in many-electron regions of real systems, although it works perfectly for one-electron densities. In other words, it destroys the
slowly varying limits of the uncorrected functionals, which were right before the application of PZ-SIC. We can achieve the right limits by scaling down the energy density of the
PZ-SIC in many-electron regions. The use of iso-orbital indicator, zσ (r) can distinguish the
one-electron regions where a full PZ-SIC is needed from the many-electron regions where
the PZ-SIC should be scaled-down and is given by;

zσ (r) =

τσw (r)
τσ (r)

(2.4-21)

2

σ|
2
where, τσw (r) = |∇n
8 nσ is Weizsäcker kinetic energy density, with nσ = ∑i |φiσ | and σ =↑, ↓

1
2
and τσ (r) = ∑occ
i 2 |∇φiσ | is the orbital kinetic energy density. zσ lies between 0 (many-

electron like region) and 1 (one-electron like density). There has been many studies that
uses the iso-orbital indicator zσ or some function of it f (zσ ) to scale-down the PZ-SIC. We
will discuss some of them very briefly.

2.4.1

Local Scaling (LSIC)

Zope et al. [69] performed the local-scaling of PZ-SIC applied to LSDA and showed
that it not only preserves the correct results shown by the original PZ-SIC but also drastically improved the results where PZ-SIC had failed. The XC energy of locally scaled SIC
applied to LSDA is given by;

LSDA−LSIC
LSDA
LSIC
EXC
= EXC
[n↑ , n↓ ] − ∑(U LSIC [niσ ] + EXC
[niσ , 0])

(2.4-22)

iσ

where,
U

LSIC

1
[niσ ] =
2

Z

Z

dr f (zσ ) niσ (r)
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dr’

niσ (r’)
|r − r’|

(2.4-23)

and
LSIC
EXC
[niσ , 0] =

Z

LSDA
dr f (zσ ) niσ (r) εxc
([niσ , 0], r)

(2.4-24)

They used the simple scaling factor f (zσ ) = zσ for LSDA, PBE, and SCAN. However,
results with PBE-LSIC and SCAN-LSIC were not good, the reason behind which will be
addressed later.

2.4.2

Local Scaling (LSIC+)

Later Bhattarai et.al. [70] explored local scaling further using f (zσ ) = 12 + a(zσ − 12 ) +
b(zσ − 12 )3 , with b = 4(1 − a) and named it LSIC+, the updated and improved method of
original LSIC. LSIC+ satisfies one more exact constraint, which is the correct coefficient
of Z in the asymptotic expansion of XC energy for atoms of large atomic number (Z). The
asymptotic expansion of XC energy is;

EXC = −Ax Z 5/3 − Ac Z ln(Z) + Bxc Z +Cx Z 2/3 + .....

(2.4-25)

LSIC+, thus, retains the correct asymptotic behavior of XC potential, is exact for the uniform gas limit, and predicts better EXC of the neutral atoms in the limit of large Z. This
approach has given slightly better accuracy for different properties of atoms and molecules
compared to LSIC. Both LSIC and LSIC+ approaches, however, severely fail in the description of weak bonds.

2.4.3

Gauge Consistent Scaled-down SIC (sdSIC)

Both LSIC or LSIC+ applied to PBE or SCAN seriously worsened the studied properties of atoms and molecules and only worked well with LSDA because only LSDA satisfies
the same gauge condition for the energy density. One solution is to transform the XC energy density so that it achieves the Hartree gauge for the exact XC functional. This can
R

be done with the help of compliance function Giσ (r) such that dr Giσ (r) = 0. For more
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details on the origin and nature of the compliance function, we suggest the readers to refer
our published work [66]. The scaling factor used in this approach is;

m+1
fm (zσ ) = m zm
σ − (m − 1) zσ

(2.4-26)

where ziσ is the same iso-orbital indicator used in LSIC and LSIC+ approaches and m=1,
2, and 3 for LSDA, PBE, and SCAN respectively. The scaled-down orbital self-interaction
correction can be written as;
approx
iσ
sd
∆sd EXC
= −Xiσ
(U[niσ ] + EXC
[niσ , 0])

(2.4-27)

where,
sd
Xiσ

R

=

approx
dr fm (zσ ) niσ (r) εxc
([niσ , 0], r)
R
approx
dr niσ (r) εxc
([niσ , 0], r)

(2.4-28)

We see that the Gauge-consistent scaled-down approach (sdSIC), when used with the relatively good SCAN functional, improves SCAN performance in situations where SIE is
essential, but that improvement is not as good as full SCAN-SIC. Also, SCAN-sdSIC restores SCAN’s accuracy in situations where full SCAN-SIC was vulnerable, for example,
in the description of atomization energies of molecules. This approach [66] describes weak
bonds better than LSIC and LSIC+.

2.5

Motivation and Outline of This Work

A significant portion of this work revolves around applying the SIC method to study
hydrogen-bonds in water clusters and interactions of an ion with water clusters. We have
also used the many-body analysis technique to understand those systems in detail.
Due to the right balance between computational cost and accuracy, quantum mechanical
approaches like DFT are often used to study water properties in various environments.
DFT is known to face a significant challenge to describe a weak bond like an H-bond
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accurately. Many previous studies show that many XC functionals like LSDA and GGA
severely fail for such systems. For example, LSDA strongly overestimates binding energy
of water clusters [71] and lattice energy of ice crystals [72]. Widely used GGAs like PBE
improve binding energies, but it fails to give correct energetic ordering of hexamers [23,
24]. Other failures of GGA include inaccurately predicting phase transition of crystalline
ice polymorphs [25, 26], red-shifted infrared spectra [73], and the density anomaly between
liquid water and ice [28–31]. An improved meta-GGA like SCAN successfully overcome
the failures of PBE in many ways. SCAN predicts correct ordering of hexamers [45, 52],
improves relative lattice energies of ice polymorphs [45], resolves the density anomaly
between liquid water and ice [31], and gives the accurate description of infrared spectra
of liquid water [51]. However, SCAN still overestimates the binding energies of water
clusters, and lattice energies of ice phases [45].
As hybrid functionals like PBE0 [74], that includes 25 % of exact exchange, improved
binding energies of water clusters [23], improved lattice energies of ice phases [75], and
improved infrared spectra of water relative to PBE [73, 76], we assumed that the description
of water clusters might have suffered from the SIE. Chapter two presents the detailed study
of the use of self-interaction corrected methods to study water clusters and their comparison
to the underlying parent density functionals.
DFT faces more challenge to give a correct account of systems containing anionic or
cationic species than in neutral ones. In charged species, especially negatively charged
systems, electron delocalization is a common phenomenon that impacts monopole-dipole
and monopole-induced dipole energies. The impact can be more severe depending upon
the level of theory and basis sets used. All atomic anions and few molecular anions can not
bind the full excess electron in semi-local DFAs at the basis set limit. The self-interaction
error of DFAs causes excessive delocalization of electron density in the system comprising such anions [55]. One of the effects of such delocalization of electron density leads
to non-negative values for the Kohn-Sham eigenvalue of the highest occupied molecular
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orbital (HOMO) [77]. The binding of the excess electron in anionic systems is also dependent on the choice of basis sets for electronic wavefunctions. Self-interaction correction
to XC functionals with a proper choice of basis set is essential to describe the densities
and energies of negatively charged systems accurately. Chapter 4 will discuss in detail the
importance of self-interaction correction on semi-local DFAs to describe water-ion clusters
and the role of basis set and density-driven error on such systems.
We believe that better insight into the performance of the self-interaction corrected,
and uncorrected density functionals can be achieved from the many-body decomposition
of the binding energy [78–81]. The idea is to figure out which many-body components
have what kind of role on the total binding energy and how this will affect the performance
of the functionals. In the last chapter of this dissertation, we will discuss the many-body
analysis of neutral water clusters [(H2 O)n , n=2-6], motivated in particular, to see the relative
comparison between uncorrected and self-interaction corrected functionals in the capability
of determining the correct energetic ordering of four isomers of the water hexamer.

2.6

Major Challenges and Directions

There seem to be two fundamental problems in the FLOSIC method. The first one
is that it is still computationally expensive as FLOSIC uses PZ based technique of finding
localized orbitals by minimizing self-interaction corrected total energy. Also, FLOs depend
exclusively on FODs optimization, which is the major challenge of the FLOSIC method
computationally. For example, optimization of FODs alone is taking approximately 90
% and 97 % of the total time taken to complete a calculation in a water dimer and water
hexamer, respectively. The situation is more serious for complex molecules. An attempt is
in progress to search for a quicker way to get optimized FODs [82]
The second problem of FLOSIC is that it has not yet been a method that works well for
almost all properties. It is very accurate in regions of single-electron density, but it is even
less accurate than semi-local functionals in regions where the localized orbitals happen
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to be of noded or lobed shapes in response of fulfilling orthogonal property. The scaling
methods discussed above can partly address this problem by scaling down the SIC in manyelectron regions to restore slowly varying density limits. The self-consistent version of
those scaling methods is still not available and tends to be equally expensive, if available.
Moreover, the local scaling method can seriously worsen the weak bonds [70].
We might achieve a general solution to both problems by finding the FOD’s that minimizes the lobedness/nodedness character of the density instead of minimizing self-interaction
corrected total energy, which is non-local in nature. The idea is to find the FOD’s that minimize the inhomogeneity of electron spin densities, which are supposed to be semi-local.
This method will be beneficial because corrections will be restricted only in those places
where it is needed. We expect this method to be accurate for various systems’ comprehensive properties, including strongly correlated molecules. We equally believe it to give
realistic charge transfers. The use of real-valued FLOs that can give nodality can limit its
accuracy. However, complex-valued orbitals formed from complex FODs [83] can mitigate
this problem.
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CHAPTER 3

SELF-INTERACTION ERROR OVERBINDS WATER
CLUSTERS BUT CANCELS IN STRUCTURAL
ENERGY DIFFERENCES

Reprinted with permission from Sharkas, K., Wagle, K., Santra, B., Akter, S., Zope,
R. R., Baruah, T., Jackson, K. A., Perdew J. P., & Peralta, J. E., Self-interaction error
overbinds water clusters but cancels in structural energy differences. Proceedings of the
National Academy of Sciences, 117(21), 11283-11288 (2020).

3.1

Significance Statement

Self-interaction error has long been identified as one of the limitations of practical density functional approximations. This error originates in the inability of approximate density functionals to exactly cancel self-Coulomb and self-exchange-correlation for all oneelectron densities. Self-interaction error can be subtracted from an approximate functional
on an orbital-by-orbital basis, improving the description of stretched bonds. In this work we
show that, by explicitly removing self-interaction error, the hydrogen-bond binding energies of water are also significantly improved. In particular, the self-interaction correction to
SCAN improves binding energies and the many-body analysis without altering the correct
energy ordering for small water clusters.
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3.2

Abstract

We gauge the importance of self-interaction errors in density functional approximations
(DFAs) for the case of water clusters. To this end, we used the Fermi-Löwdin orbital selfinteraction correction method (FLOSIC) to calculate the binding energy of clusters of up
to eight water molecules. Three representative DFAs of the local, generalized gradient,
and meta-generalized gradient families, LDA, PBE, and SCAN, were used. We find that
the overbinding of the water clusters in these approximations is not a density-driven error.
We show that, while removing self-interaction error does not alter the energetic ordering
of the different water isomers with respect to the uncorrected DFAs, the resulting binding
energies are corrected towards accurate reference values from higher-level calculations. In
particular, self-interaction corrected SCAN not only retains the correct energetic ordering
for water hexamers, but also reduces the mean error in the hexamer binding energies to less
than 14 meV/H2 O from about 42 meV/H2 O for SCAN. By decomposing the total binding
energy into many-body components, we find that large errors in the two-body interaction in
SCAN are significantly reduced by self-interaction corrections. Higher-order many-body
errors are small in both SCAN and self-interaction corrected SCAN. These results indicate
that orbital-by-orbital removal of self-interaction combined with a proper DFA can lead to
improved descriptions of water complexes.

3.3

Introduction

Water is a ubiquitous substance with a simple molecular structure that nonetheless exhibits complex intermolecular interactions responsible for its unique properties. These interactions have inspired intense experimental and theoretical interest for decades. Small
water clusters, apart from their importance in environmental chemistry and biology, play
a dual role in this history, first by serving as simple models that give insight into the behavior of more extended systems, and second, by providing a gauge for the quality of
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different methodologies in modeling water. From the electronic wave function viewpoint,
coupled cluster theory with single, double, and quasi–perturbative connected triple excitations (CCSD(T)), diffusion quantum Monte Carlo, as well as second-order Möller–Plesset
perturbation theory can describe water clusters with high accuracy [84–88], however, routine simulations of extended systems are computationally prohibitive with these methods.
Kohn–Sham density functional theory (DFT) [13] is an important computational method
for the electronic structure of materials, including water, from isolated monomers and clusters to extended (bulk) states (see review in Ref. 89 and references therein). The accuracy
of many widely-used exchange–correlation (XC) functionals is not satisfactory for water
systems. The dipole moment and polarizability of an isolated water monomer given by
the local–density approximation (LDA) are in good agreement with experiments [90], yet
LDA strongly overestimates the binding energies of water clusters [71] and lattice energies
of ice crystals [72]. Generalized gradient approximations (GGAs) typically improve these
energies, but fail in other ways. For example, the widely-used Perdew-Burke-Ernzerhof
(PBE [21]) functional fails to capture the correct energetic ordering of the low-lying isomers of water hexamers [23, 24] and to accurately describe the phase transition between
crystalline ice polymorphs [25, 26]. Other failures of GGAs include red-shifted infra-red
spectra [73] and overstructured pair correlation functions of liquid water [28, 91, 92], and
the prediction that liquid water is less dense than ice at ambient conditions [28–31].
One of the reasons for such failures is the inability of GGAs to accurately capture
the delicate energy balance between compact and extended structures for which an accurate description of intermediate-range van der Waals (vdW)/dispersion interactions is
essential [89]. GGA functionals lack non-local electron correlation and are thus unable
to describe intermediate-range vdW interactions. Adding explicit, approximate dispersion interactions has improved the description of water clusters [23], ice [25, 26, 72], and
liquid water,[27, 92–96], however, disagreement between competing dispersion-inclusive
functionals has remained, due both to different approaches for computing vdW interac-
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tions and to differences in the underlying functionals [89]. On the other hand, the nonempirical Strongly Constrained and Appropriately Normed (SCAN[97]) meta-GGA functional, which satisfies all 17 exact physical constraints that a semi-local XC functional can
satisfy and includes intermediate-range dispersion, reproduces the correct energetic ordering among the low-lying isomers of water hexamers [45] and the density anomaly between
liquid water and ice [31]. Also, SCAN significantly improves the relative lattice energies
of ice polymorphs [45] and the infra-red spectra of liquid water [51]. The fact that the nonempirical and computationally efficient SCAN corrects many failures of its predecessors
for water systems signals a leap forward for DFT simulations of water, in particular, for
condensed phase water. However, SCAN is not without its drawbacks. For example, the
binding energies of individual water clusters and lattice energies of ice phases are overestimated in SCAN calculations [45].
Self-interaction error (SIE) has long been identified as one of the limitations of practical
DFAs [55, 98–101]. The failure of an approximate functional to be exact for all possible
one-electron densities arises due to an incomplete cancellation of self-Coulomb terms by
the approximate exchange correlation (XC) energy terms in the DFA total energy expression, and causes problems even in regions with more than one electron. Evidence of SIE
in the DFT description of water can be found in the results of calculations using hybrid
functionals that include some fraction of exact exchange. For example, in comparison
to PBE, the hybrid functional PBE0 [74] reduces the binding energies of water hexamers by ∼14 meV/H2 O [23], lowers the lattice energy of ice Ih by 38 meV/H2 O [75], and
blue-shifts the infra-red spectra of ambient liquid water, resulting in better agreement with
experiment [73, 76]. However, hybrid functionals (without dispersion) fail to capture the
aforementioned balance between compact and extended water structures [89]. Moreover,
different choices of hybrid functionals lead to disagreements on the extent of the influence
of SIE on water systems [89].
The Perdew-Zunger (PZ) [55] self-interaction correction (SIC) provides an alternative
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way to quantify the extent of SIE in the description of water through a fully non-local,
orbital by orbital removal of electron self-interaction for LDA and semi-local functionals. Recently, the Fermi–Löwdin Orbital Self–Interaction Correction (FLOSIC) methodology [58, 59] was introduced as an efficient and unitarily invariant approach for implementing PZ SIC that can be used in conjunction with any approximate XC functional.
FLOSIC has been used to study properties of chemical and physical interest for a range of
systems [64, 102–105]. Typically both total error and self-interaction error decrease from
LDA to PBE to SCAN, but this is not always so. More generally, for non-metals (including
water), any large error of SCAN is dominated by self-interaction. Improvements in the way
the self-interaction error is handled are under development [62, 69, 106], but here we will
apply only a currently-standard way.
For this work we used FLOSIC to predict the binding energies of ten small water clusters, including the global minimum configurations of the dimer through the pentamer, four
low-lying isomers of the hexamer, and two isomers of the octamer, with binding energies ranging from 109 to 394 meV/H2 O. We used three non-empirical DFAs (LDA, PBE,
SCAN), and their self-interaction-corrected counterparts (FLOSIC–LDA, FLOSIC–PBE,
FLOSIC–SCAN). To assess the influence of density-driven error [107] we also evaluated
the DFA total energy using the corresponding self-consistent FLOSIC–DFA density. We
refer to this approach as DFA(@FLOSIC). See the SI for all the computational details of
our calculations. We find that for all three DFAs, PZ SIC weakens the binding energies
for all water clusters, bringing them into better agreement with accurate CCSD(T) values.
The FLOSIC–SCAN [105] binding energies are accurate within 18 meV/H2 O for all clusters, which is a significant improvement over SCAN. FLOSIC preserves the ordering of
isomers predicted by the corresponding uncorrected DFA calculations. Thus, both SCAN
and FLOSIC–SCAN predict the correct energetic ordering of the hexamers. Decomposing
the total binding energy into many-body contributions reveals that large errors in SCAN
arise from the two-body interaction and that FLOSIC–SCAN reduces the errors signifi-
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cantly. Errors in the three-body and higher-order interactions are small in both SCAN and
FLOSIC–SCAN.

3.4

Results and Discussion

The results of all methods employed herein are summarized in Table 3.1, including
mean unsigned errors (MUEs) in the binding energies of the first four [(H2 O)n , n=2–5]
clusters, MUE(4), the four hexamers, MUE(hexamer), and all ten complexes, MUE(10).
The performance of FLOSIC for different water clusters is discussed below.
Table 3.1: CCSD(T)-F12b reference binding energies for water clusters [1]. Signed errors,
and mean unsigned errors (MUEs) for the computed binding energies which
are calculated at the DFA, DFA(@FLOSIC), and FLOSIC–DFA levels of theory using LDA, PBE, and SCAN. The negative and positive signed errors indicate overbinding and underbinding, respectively. All energies are in meV/H2 O.
DFA(@FLOSIC) is calculated from DFAs that are applied a posteriori to the
corresponding FLOSIC–DFA densities.
Cluster
(H2 O)2
(H2 O)3
(H2 O)4
(H2 O)5
MUE(4)
(H2 O)6 P
(H2 O)6 C
(H2 O)6 B
(H2 O)6 R
MUE(hexamer)
(H2 O)8 D2d
(H2 O)8 S4
MUE(10)

3.4.1

Ref.

LSDA

-108.6
-228.4
-297.0
-311.4
0.0
-332.4
-330.5
-327.3
-320.1
0.0
-393.5
-393.5
0.0

-65
-148
-196
-206
154
-213
-215
-216
-208
213
-253
-253
197

LSDA(@
FLOSIC)
-65
-146
-196
-207
154
-211
-212
-214
-208
211
-251
-251
196

Binding Energy (meV/H2 O)
FLOSIC– PBE PBE(@ FLOSIC–
LSDA
FLOSIC)
PBE
-46
-2.2
-4.1
0.8
-96
-5.8
-7.2
8.7
-129
-19.6
-23.9
-2.2
-137
-23.4
-27.7
-4.3
102
12.7
15.7
4.0
-137
-4.9
-8.2
12.7
-137
-9.2
-12.8
10.0
-134
-18.7
-22.9
0.9
-139
-23.7
-28.2
-4.0
137
14.1
18.0
6.9
-162
-12.5
-16.8
9.7
-162
-12.5
-16.8
9.7
128
13.2
16.9
6.4

SCAN
-9.4
-28.9
-36.9
-39.8
28.8
-42.4
-42.7
-41.7
-39.4
41.6
-48.8
-48.8
37.9

SCAN(@
FLOSIC)
-11.3
-30.3
-40.2
-42.5
31.1
-44.7
-45.0
-44.4
-42.7
44.2
-51.0
-51.0
40.3

FLOSIC–
SCAN
-2.0
-5.8
-8.7
-12.1
7.1
-11.7
-12.0
-11.3
-17.6
13.2
-7.1
-7.1
9.5

Binding energies of water dimer to pentamer

The binding energies of the water dimer (H2 O)2 , trimer (H2 O)3 , tetramer (H2 O)4 , and
pentamer (H2 O)5 (Fig. S1 a–b) have been investigated both experimentally and theoretically [108–111]. The open form of the water dimer (Cs symmetry) was found to be more
favorable than the cyclic analogue, while for the trimer, tetramer, and pentamer, the cyclic
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arrangements, in which a maximum number of hydrogen bonds are created from donor–
acceptor arrangements of water molecules, are more stable than their open forms [112].
Table 3.1 shows that, although FLOSIC–LDA has a smaller MUE(4) of 102 meV/H2 O
compared to LDA and LDA(@FLOSIC) (154 meV/H2 O), it still significantly overbinds
these four clusters. FLOSIC–PBE gives the smallest MUE(4) of 4 meV/H2 O, improving over PBE (13 meV/H2 O) and PBE(@FLOSIC) (16 meV/H2 O). Similarly, FLOSIC–
SCAN reduces the SCAN and FLOSIC(@SCAN) errors by almost 20 meV/H2 O, yielding
a MUE(4) of 7 meV/H2 O.
3.4.2

Binding energies of the water hexamers

The potential energy surface of the water hexamer contains many local minima, including distinct two and three-dimensional isomers [84]. Their binding energies lie within a
range of a few tens of meV [1, 86, 113]. Here, we focus on the binding energies and the
energy ordering of the prism (P), cage (C), book (B), and ring (R) isomers (Fig. S1 e–h).
The reference data [1] in Table 3.1 show, as do other studies [23, 24, 86, 87, 114], that the
energy ordering from lowest to highest (most stable to least) is P < C < B < R. The binding energy difference between the most and least stable hexamer (∆Ehex ) is 12.3 meV/H2 O
from the CCSD(T)-F12b reference (Table 3.1).
LDA and LDA(@FLOSIC) yield hexamer energy orderings that are largely consistent
with the reference (Table S1). FLOSIC–LDA also reproduces the correct ordering, but
with a smaller ∆Ehex of 10 meV/H2 O, as compared to 17 and 15 meV/H2 O for LDA and
LDA(@FLOSIC), respectively. FLOSIC reduces the MUE(hexamer) from 213 meV/H2 O
for LDA to 137 meV/H2 O for FLOSIC–LDA, still far from chemical accuracy. PBE provides a significant improvement, yielding a MUE(hexamer) of only 14.1 meV/H2 O. However, PBE erroneously predicts the book as the most stable structure and an entirely wrong
order for these hexamers. This finding agrees with previous studies which showed that
the majority of gradient approximations incorrectly predicted the book/ring to be the most
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stable structure among these four isomers [23, 24, 87, 114, 115]. Fig. 3.1A shows that both
PBE and PBE(@FLOSIC) predict the following order of stability: B < R < C < P, with a
∆Ehex of ∼9 meV/H2 O. FLOSIC–PBE systematically reduces binding energies for the four
hexamers by ∼19 meV/H2 O compared to PBE, thus retaining the same incorrect ordering
of the hexamers as found with PBE. FLOSIC–PBE underbinds the prism, cage, and book
isomers, but it gives the best overall accuracy for the four isomers with a MUE(hexamer)
of 6.9 meV/H2 O (Table 3.1).
The non-empirical SCAN meta-GGA, which captures intermediate-range vdW interactions, accurately predicts the critical energy difference between the more compact prism/cage
structures and the less compact book/ring [45]. A few empirical meta-GGAs (M06-L, M052X, and M06-2X) were also successful in this regard [24]. Fig. 3.1B shows that our SCAN
calculations reproduce the correct ordering with a slightly larger ∆Ehex of 15.3 meV/H2 O
compared to the reference value of 12.3 meV/H2 O. SCAN and SCAN(@FLOSIC) overbind
the four isomers by 13–14% on average, yielding MUE(hexamer) of 41.6 and 44.2 meV/H2 O,
respectively. The overbinding is reduced to ∼4% when we use FLOSIC–SCAN, which
gives a MUE(hexamer) of only 13.2 meV/H2 O, preserving the correct ordering [as does
SCAN(@FLOSIC)].

3.4.3

Binding energies of water octamer

The two most stable isomers of (H2 O)8 are iso-energetic cubic networks of 12 hydrogen bonds [116] (Fig. S1 i- j). Table 3.1 shows that all tested methods predict that the
D2d and S4 water octamers have equal binding energies. FLOSIC–LDA overestimates
Eb by 162 meV/H2 O, though it improves over LDA and LDA(@FLOSIC) by almost 90
meV/H2 O. The (H2 O)8 binding energy provided by FLOSIC–PBE is underestimated by
only 9.7 meV/H2 O, while PBE and PBE(@FLOSIC) overbind the octamer by 12.5 and
16.8 meV/H2 O, respectively. Both SCAN and SCAN(@FLOSIC) overbind (H2 O)8 by almost 50 meV/H2 O. However, FLOSIC–SCAN significantly improves over SCAN, yielding
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Figure 3.1: The binding energies (Eb ) per H2 O molecule of the four water hexamers
(P: prism, C:cage, B: book, R:ring) obtained from PBE, PBE(@FLOSIC),
and FLOSIC–PBE in panel (A), and from SCAN, SCAN(@FLOSIC), and
FLOSIC–SCAN in panel (B), compared with the benchmark CCSD(T)-F12b
values [1].
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binding energies within 7.1 meV/H2 O of the reference.
3.4.4

Many-body analysis

Further insight into the performance of functionals for the relative stability of water
clusters can be extracted from the many-body decomposition of the binding energy [78–
81], which can help to predict the behavior of functionals in extended water. For example,
the prediction of the local structure of ambient liquid water is largely determined by a
delicate balance between two- and three-body energies [117]. Here we elaborate on the
relative comparison between PBE and SCAN many-body interactions in determining the
energetic ordering between the prism/cage structures and the book/ring structures of water
hexamers.
The reference CCSD(T)-F12b one-body interaction is about 19 meV/H2 O for the four
hexamers with a variation no more than 1.5 meV/H2 O [1]. The one-body terms are nearly
the same for all four hexamers in PBE and SCAN calculations as well. The one-body interaction thus does not contribute to the ordering of the hexamers and will not be considered
further in this discussion. The reference total interaction energies (excluding one-body)
for the hexamers and their many-body decomposition are shown in Table 3.2. From the
reference energies it can be seen that the two-body interaction contributes most (71–81%)
to the total interaction energy, and the three-body (18–25%) and four-body (1–4%) interactions contribute correspondingly less. The sum of two- and three-body interactions
constitute about 96–99% of the stability of these hexamers. It is also evident that, from
the prism/cage to the book/ring isomers, the two-body interaction decreases, whereas the
three- and four-body interactions increase. In Fig. 3.2A we analyze many-body contributions to the relative stability of the cage, book, and ring with respect to the prism structure
nB ). Fig. 3.2A shows that the two-body interactions destabilize the book/ring structures
(∆Erel

compared to the prism/cage structures. In contrast, both three- and four-body interactions
stabilize the book/ring compared to the prism/cage. In other words, the relative stability
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among these hexamers hinges upon the subtle competition between two-, three-, and fourbody interactions. Thus, for DFT functionals it becomes a critical test to reproduce each of
the many-body contributions.
Table 3.2: The CCSD(T)-F12b reference [1] total interaction (excluding one-body interaction), two-body (2B), three-body (3B), and four-body (4B) energies of four
isomers of (H2 O)6 , and the corresponding errors with PBE and SCAN. The negative and positive errors indicate overbinding and underbinding, respectively.
All values are in meV/H2 O).
Cluster
prism
cage
book
ring

Total
-353.2
-350.8
-347.6
-339.5

Reference
2B
3B
4B
-285.6 -63.2 -4.6
-282.8 -64.4 -3.5
-265.0 -74.7 -7.6
-240.3 -85.1 -12.8

PBE-Error
Total 2B
3B
4B
8.0
1.9 12.2 -7.9
4.6 -0.5 10.9 -6.5
-4.2 -3.1 2.7 -4.0
-9.4 -2.6 -3.0 -3.7

SCAN-Error
Total
2B
3B 4B
-41.4 -40.7 -0.4 -0.8
-41.1 -39.6 -1.4 0.2
-38.7 -33.7 -3.9 -1.1
-35.4 -28.1 -4.8 -3.1

As shown in Table 3.2, PBE overbinds the book/ring and underestimates the prism/cage.
The two-body energies predicted by PBE are within 3.1 meV/H2 O of the reference values.
However, a key difference appears in the three-body interaction, which significantly underbinds the prism/cage (11-12 meV/H2 O), and marginally overbinds (3.0 meV/H2 O) the
ring. The four-body term overbinds by 4-8 meV/H2 O in all hexamers. The finding that
the three-body error for the prism/cage is significantly larger than the two-body error is
nB
in agreement with a previous many-body analysis [118]. Fig. 3.2A shows that the ∆Erel

obtained with PBE follows the same qualitative trend as found with the CCSD(T)-F12b
reference. However, there are quantitative differences between PBE and the reference,
which are summarized in Fig. 3.2B. PBE overstabilizes the book/ring structures by 10–
15 meV/H2 O compared to the reference due to the three-body interactions (Fig. 3.2B).
The errors for PBE coming from the the two- and four-body contributions are small (∼5
meV/H2 O) and largely cancel each other. This analysis shows that the over-stabilization of
book/ring in the three-body interaction is the key reason for the incorrect prediction of the
energetic ordering of the hexamers with PBE.
In contrast, SCAN predicts similar total errors for all four hexamers. Unlike PBE,
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Figure 3.2: (A) Two-body (2B), three-body (3B), and four-body (4B) interaction energies
nB ), as
in the cage, book, and ring hexamers relative to those for the prism (∆Erel
obtained from the CCSD(T)-F12b reference [1], PBE, and SCAN. The negative
and positive errors indicate overbinding and underbinding, respectively. Error
nB from PBE (B) and SCAN (C) with respect to the reference.
in the ∆Erel
the largest contribution to the error in SCAN comes from the two-body interaction, which
is about -40 meV/H2 O for the prism/cage and decreases to -28.1 meV/H2 O for the ring
(Table 3.2). Recently, relatively large two-body errors have been found with SCAN for
halide-water clusters as well [119, 120]. Importantly, there is a sharp decline in the magnitude of the error in three- and four-body interactions obtained from SCAN (Table 3.2).
Fig. 3.2C shows that the two-body interaction in SCAN overly destabilizes the book/ring
compared to the prism by 7–13 meV/H2 O. On the other hand, a small overstabilization
occurs in the three-body (3–4 meV/H2 O) and four-body (0.2–2.0 meV/H2 O) interactions
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for the book/ring compared to prism. This small error compensation contributes to the
correct prediction of the energetic ordering of the hexamers by SCAN. Yet even with the
success of SCAN in predicting the correct energetic ordering of the hexamers, the error in
the two-body interaction remains a significant drawback.
Table 3.3: Error in the total interaction energy (excluding one-body), two-body (2B) energy, and three-body (3B) energy of (H2 O)3 and the hexamer prism calculated with SCAN and FLOSIC–SCAN with respect to CCSD(T)-F12b [1]. The
(H2 O)3 and prism are chosen as representative of the test set. The negative and
positive errors indicate overbinding and underbinding, respectively. All values
are in meV/H2 O.
SCAN Error
FLOSIC–SCAN Error
Cluster Total
2B
3B
Total
2B
3B
(H2 O)3 -29.7 -29.3 -0.4
-16.8 -17.1
0.3
Prism -36.1 -39.5 3.5
-21.6 -25.0
3.4
Since FLOSIC–SCAN predicts the correct ordering of the hexamers and significantly
reduces the error in the binding energies obtained from SCAN, it is interesting to determine how the many-body interactions are affected by FLOSIC–SCAN. We focus only on
the two- and three-body interactions in the trimer (global minimum configuration) and
prism hexamer, since SCAN significantly overestimates the two-body term and is reasonably accurate for the three-body term. Table 3.3 shows a comparison of the errors in SCAN
and FLOSIC–SCAN. Note that the small energy differences between Table 3.2 and 3.3
for the prism using SCAN are due to the slightly different structures used (see SI). Table 3.3 shows that for the trimer almost all of the error in SCAN comes from the two-body
term (-29.3 meV/H2 O) and FLOSIC–SCAN reduces the error by 12.2 meV/H2 O. Similarly, for the hexamer prism FLOSIC–SCAN reduces the error in the two-body interaction
by 14.5 meV/H2 O. The three-body interactions are only slightly (<1 meV/H2 O) altered
when FLOSIC is applied on top of SCAN. The higher-order terms in FLOSIC–SCAN are
also expected to be similar to those in SCAN. Overall, FLOSIC–SCAN improves the overestimation of the two-body interactions in SCAN while simultaneously retaining accurate
three- and higher-body interactions in water clusters.
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3.5

Conclusions

We have assessed the effect of removing SIE in common DFAs for water clusters. We
employed an orbital-by-orbital removal of SIE using the FLOSIC methodology to show
that the resulting binding energies with self-interaction-corrected DFAs are closer to accurate reference values for clusters containing two to eight water molecules. The use of
DFA(@FLOSIC), calculated from semi-local density functionals that are applied a posteriori to the corresponding FLOSIC densities, does not lead to better estimates than those
obtained with the semi-local DFA. This indicates that the semi-local DFA over-binding of
water clusters is not a density-driven error. Remarkably, we found that removal of SIE does
not alter the ordering of the binding energies of the prism, cage, book, and ring hexamers
with respect to the underlying functional, but instead shifts the binding energies towards
more accurate estimates. In particular, self-interaction corrected SCAN yields not only
the correct energetic ordering for water hexamers, but also reduces the mean unsigned error from about 42 meV/H2 O for SCAN to less than 14 meV/H2 O for FLOSIC–SCAN.
This indicates that orbital-by-orbital removal of the self-interaction error combined with
appropriate DFAs can lead to accurate energetics for water clusters. Moreover, many-body
decomposition of the interaction energy shows that SCAN overstimates the two-body interactions but predicts three- and four-body interactions accurately within 5 meV/H2 O for
the hexamers. FLOSIC–SCAN improves the two-body interactions over SCAN and predicts higher-order many-body interactions with about the same accuracy as SCAN. This
suggests that FLOSIC–SCAN may describe liquid water and ice even better than SCAN. It
will be interesting to explore this further in the future.
In additional future work, we plan to apply FLOSIC to the interaction between a small
water cluster and a halide anion [119, 120]. We expect a significant improvement, since a
free neutral atom cannot bind a full extra electron within a semi-local approximation like
LDA, PBE, or SCAN, except via basis-set limitations. In the complete basis-set limit, a
fraction of the extra electron is excessively delocalized [55]. PZ SIC is expected to correct
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this and other delocalization errors [121]. Further improvement is expected from restoring
the correct limit of slowly varying density [69].
Can we understand how the PZ SIC leaves the energetic order of the structures of a
water cluster unchanged, while significantly improving the binding energy of the cluster?
We know that the energy difference between the uncorrected and self-interaction corrected
electron densities is small. The additive PZ SIC depends only on the localized FermiLöwdin orbitals, which must change very little from one structure to another, more significantly from cluster to dissociated molecules, and disruptively if the molecules were
atomized.
This article helps to explain how the SCAN functional can significantly overbind the
hydrogen bond between two water molecules and still accurately predict the small energy
differences between competing hydrogen-bond networks in water hexamers [45], bulk liquid water [31, 51, 122, 123], and liquid water at an interface [124–126]. The correct features of SCAN that improve structural energy differences are almost independent of its
self-interaction error that produces the overbinding. SCAN by itself is also accurate for
structural energy differences in diverse other materials [45, 127].

3.6
3.6.1

Supporting Information (SI)
Fermi-Löwdin Orbital Self-Interaction Correction (FLOSIC) method

The FLOSIC methodology [58, 59] is based on the PZ–SIC [55] scheme, in which SIE
approx

is removed from approximate functionals Exc

[n↑ (r), n↓ (r)] orbital by orbital, giving a

total energy expression

SIC
E PZ–SIC = E KS–DFA [n↑ , n↓ ] − Exc

,

approx

SIC
= ∑(Exc
Exc

[niσ , 0] + EH [niσ ]) ,

(3.6-1)

iσ

where niσ is a single orbital density and EH [niσ ] is the Hartree electrostatic self-energy
of density niσ . The orbitals that minimize E PZ-SIC correction are typically localized. In
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FLOSIC, these are based on Fermi–Orbitals (FOs), [128, 129] obtained from
N

∑ j σ ψ ∗jσ (aiσ )ψ jσ (r)
Fiσ (r) = q
,
Nσ
2
∑ j |ψ jσ (aiσ )|

(3.6-2)

where Nσ is the number of electrons with spin σ . Each FO, Fiσ (r), depends on a position in 3-space, aiσ , called a Fermi–Orbital Descriptor (FOD), and the non-interacting
spin density matrix constructed using any set of orthonormal orbitals ψ jσ (r) that span
the occupied space. The localized FOs are normalized but not mutually orthogonal. The
Löwdin orthogonalization procedure [130] is then performed to obtain the orthonormal
Fermi-Löwdin orbitals (FLOs). To find the FLOs that minimize the total energy, the FOD
positions must be relaxed. After each self-consistent solution of the SIC equations, E PZ–SIC
and its derivatives with respect to the FOD positions (i.e., the FOD gradients) are evaluated. These are fed into the scaled [131] limited memory Broyden–Fletcher–Goldfarb–
Shanno (L–BFGS) [132–135] algorithm and the FOD positions are updated. The new
positions are then used in a new self-consistent solution of the SIC equations. The process is repeated until the maximum FOD force components drop below 10−4 Hartree/Bohr.
FLOSIC calculations that were carried out on top of the LDA functional will be labeled
FLOSIC–LDA; similarly, those based on PBE and SCAN will be labeled FLOSIC–PBE
and FLOSIC–SCAN [105], respectively. Total energies are converged to a self-consistency
tolerance of 10−7 Hartree. In an attempt to identify the origin of the different performance of FLOSIC with respect to standard DFAs, we also evaluated the approximate LDA,
PBE, and SCAN energy functionals on the self–consistent FLOSIC–LDA, FLOSIC–PBE,
and FLOSIC–SCAN densities, respectively. We label these calculations LDA(@FLOSIC),
PBE(@FLOSIC), and SCAN(@FLOSIC). The DFA(@FLOSIC) calculations explore the
extent to which self-interaction errors in water clusters are density-driven [107].
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3.6.2

Many-body decomposition of interaction energy

The total interaction energy (∆E) of an N-body cluster with respect to N isolated water
molecules depends upon the nuclear configuration vector x i for all water molecules in the
cluster. It can be expressed as the sum of one-, two-, three-, . . . , N-body interaction energy
components as [79, 136]
N

N

N

∆E = ∑ ∆E 1B (xxi ) + ∑ ∆E 2B (xxi , x j ) +
i=1

i< j

∑

∆E 3B (xxi , x j , x k ) + . . . + ∆E NB (xx1 , . . . , x N ),

i< j<k

(3.6-3)
where ∆E 1B (xxi ) denotes the one-body intra-molecular interaction, ∆E 2B (xxi , x j ) is the twobody inter-molecular interaction, E 3B (xxi , x j , x k ) is the three-body inter-molecular interaction, and so on. ∆E is equal to the total binding energy (c.f. Eq. 3.6-5) when all N-body
contributions are included. Those many-body components can be explicitly defined as

∆E 1B (xxi ) = E(xxi ) − Eeq ,
∆E 2B (xxi , x j ) = E(xxi , x j ) − E(xxi ) − E(xx j ) ,
∆E 3B (xxi , x j , xk ) = E(xxi , x j , xk ) − E(xxi ) − E(xx j ) − E(xxk )
− ∆E 2B (xxi , x j ) − ∆E 2B (xx j , x k ) − ∆E 2B (xxk , x i ) ,
..
.

(3.6-4)

where, Eeq is the total energy of a isolated water molecule in equilibrium; and E(xxi ),
E(xxi , x j ), E(xxi , x j , x k ) are respectively the total energy of monomer, dimer, trimer configurations taken from the N-body cluster. These are found by successively removing each
fixed-geometry sub-cluster (monomer, dimer, etc.) from the cluster. From the recursive relation in Eq. (3.6-4), the N-body interaction can be expressed in terms of the total energies
of all sub-clusters [137].
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3.6.3

Computational details

All calculations in this work have been performed with a development version of the
FLOSIC code [138], which is based on the NRLMOL DFT code [139–143]. This code uses
large atom–centered Gaussian–type orbitals basis sets [144] and integrates Hamiltonian
matrix elements numerically on a variational mesh [145]. Non–relativistic all–electron KS–
DFT calculations were carried out with the closed–shell formalism using the local–density
LDA, which consists of the Slater–Dirac exchange [146] combined with the Perdew–Wang
92 [19] correlation functional, the semi-local PBE [21] generalized gradient approximation
(GGA) functional, and the SCAN [97] meta–GGA functional. We used additional polarization/diffuse functions on top of the default NRLMOL basis sets (EXTRABASIS = 1),
which results in basis set of quadruple zeta quality.
Nuclear configurations of each cluster are kept fixed at the reference geometries of
Ref. 147 (Fig. 3.3). In order to compute binding energies (reported in Table 3.4) 11 single–
point total energies were computed with each method. The binding energy per monomer
(Eb ) is defined as
Eb =

E cluster − NE H2 O
,
N

(3.6-5)

where, E cluster is the total energy of a cluster with N H2 O molecules and E H2 O is the total
energy of the H2 O monomer. The signed errors are computed by subtracting the reference
from DFT and FLOSIC–DFT binding energies.
Similarly, for computing the many-body interaction energies, nuclear configurations
were kept fixed. For the FLOSIC–SCAN many-body analysis, the initial FODs of all
sub-clusters were extracted from the optimized FODs of the parent cluster. Then in each
sub-cluster the FODs were optimized following the above-mentioned procedure. Using
FLOSIC–SCAN we have optimized the FODs for all possible monomer, dimer, and trimer
configurations within the trimer (global minimum configuration) and hexamer prism structures. In total, 9 monomer, 18 dimer, and 21 trimer configurations were used for the many-
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body analysis reported in Table 3 in the main article.
Table 3.4: The binding energies of water clusters calculated at the DFA, DFA(@FLOSIC),
and FLOSIC–DFA levels of theory using LDA, PBE, and SCAN. Reference
values (Ref.) were taken from [1]. All energies are in meV/H2 O.
Cluster
(H2 O)2
(H2 O)3
(H2 O)4
(H2 O)5
(H2 O)6 P
(H2 O)6 C
(H2 O)6 B
(H2 O)6 R
(H2 O)8 D2d
(H2 O)8 S4

3.6.4

Ref.

LSDA

-108.6
-228.4
-297.0
-311.4
-332.4
-330.5
-327.3
-320.1
-393.5
-393.5

-173.6
-376.4
-493.0
-517.4
-545.4
-545.5
-543.3
-528.1
-646.5
-646.5

LSDA(@
FLOSIC)
-173.6
-374.4
-439.0
-518.4
-543.4
-542.5
-541.3
-528.1
-644.5
-644.5

Binding Energy (meV/H2 O)
FLOSIC– PBE
PBE(@ FLOSIC–
LSDA
FLOSIC)
PBE
-154.6
-110.8
-112.7
-107.8
-324.4
-234.2
-235.6
-219.7
-426.0
-316.6
-320.9
-299.2
-448.4
-334.8
-339.1
-315.7
-469.4
-337.3
-340.6
-319.7
-467.5
-339.7
-343.3
320.5
-461.3
-346.0
-350.2
326.4
-459.1
-343.8
348.3
-324.1
-555.5
-406.0
-410.3
-403.2
-555.5
-406.0
-410.3
-403.2

SCAN
-118.0
-257.3
-333.9
-351.2
-374.8
-373.2
-369.0
-359.5
-442.3
-442.3

SCAN(@
FLOSIC)
-119.9
-258.7
-337.2
-353.9
-377.1
-375.5
-371.7
-362.8
-444.5
-444.5

FLOSIC–
SCAN
-110.6
-234.2
-305.7
-323.5
-344.1
-342.5
-338.6
-337.7
-400.6
-400.6

Water cluster reference structures

We have considered the first 10 neutral water structures (H2 O)n (n = 2–8, shown in
Fig. 3.3) of the WATER27 [147] test set which is part of the general main group thermochemistry, kinetics, and non-covalent interactions (GMTKN55) [148] benchmark database.
The WATER27 structures [147] were optimized with B3LYP [149, 150]/6-311++G(2d,2p).
The Cartesian coordinates of these reference structures were taken from the GMTKN website [151].
Accurate CCSD(T)-F12b many-body interaction energies are not available on the WATER27 structures but available on the so called BEGDB [152] database [152]. The BEGDB
structures of the equivalent clusters are optimized at the RI-MP2/aug-cc-pVDZ level [153].
The structures in the BEGDB database are marginally different from that in the WATER27
database, and the CCSD(T)-F12b binding energies for the hexamer geometry from these
two databases differ by no more than 1.1 meV/H2 O [1]. So, for the many-body decomposition of interaction energy with PBE and SCAN (reported in Table 3.2 in the main article),
we considered structures from the BEGDB database [152].
In Table 3.3 in the main article, the many-body energies from SCAN and FLOSIC–
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SCAN were computed on the WATER27 structures since the FLOSIC–SCAN FODs were
optimized on the WATER27 structures. We used the same reference CCSD(T)-F12b manybody energies taken from BEGDB structures to compute the error in SCAN and FLOSIC–
SCAN.

3.6.5

Reference binding energies

Binding energy reference values, which are the best estimates for the complexes considered in this work, were evaluated at explicitly correlated [154] CCSD(T) with complete
basis set extrapolation [155, 156] (CCSD(T)–F12b/CBS) as taken from Ref. 1.
Table 3.5: LDA, LDA(@FLOSIC), and FLOSIC-LDA total energies (in Hartree) of the
studied water complexes.
System
H2 O
(H2 O)2
(H2 O)3
(H2 O)4
(H2 O)5
(H2 O)6 P
(H2 O)6 C
(H2 O)6 B
(H2 O)6 R
(H2 O)8 D2d
(H2 O)8 S4

LDA
LDA(@FLOSIC) FLOSIC-LDA
-75.90935898
-75.89709972
-76.67909261
-151.83144347 -151.80691878 -153.36956917
-227.76955654 -227.73261637 -230.07290002
-303.70994125 -303.66083432 -306.77898265
-379.64178656 -379.58063285 -383.47785662
-455.57633848 -455.50221058 -460.17791199
-455.57634881 -455.50231702 -460.17769702
-455.57575618 -455.50202396 -460.17779262
-455.57263196 -455.49913905 -460.17574744
-607.46490815 -607.36623531 -613.59623370
-607.46490816 -607.36623532 -613.59623351
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Table 3.6: PBE, PBE(@FLOSIC), and FLOSIC-PBE total energies (in Hartree) of the studied water complexes.
System
H2 O
(H2 O)2
(H2 O)3
(H2 O)4
(H2 O)5
(H2 O)6 P
(H2 O)6 C
(H2 O)6 B
(H2 O)6 R
(H2 O)8 D2d
(H2 O)8 S4

PBE
PBE(@FLOSIC) FLOSIC-PBE
-76.38714484
-76.37620376
-76.33808055
-152.78243022 -152.76065056 -152.68407986
-229.18718683 -229.15462085 -229.03841396
-305.59514319 -305.55201965 -305.39628831
-381.99726009 -381.94338087 -381.74844524
-458.39724038 -458.33231817 -458.09897720
-458.39777018 -458.33291448 -458.09915475
-458.39916027 -458.33445055 -458.10044874
-458.39866866 -458.33402733 -458.09995408
-611.21652114 -611.13034412 -610.81745075
-611.21652121 -611.13034420 -610.81745089

Table 3.7: SCAN, SCAN(@FLOSIC), and FLOSIC-SCAN total energies (in Hartree) of
the studied water complexes.
System
H2 O
(H2 O)2
(H2 O)3
(H2 O)4
(H2 O)5
(H2 O)6 P
(H2 O)6 C
(H2 O)6 B
(H2 O)6 R
(H2 O)8 D2d
(H2 O)8 S4

SCAN
SCAN(@FLOSIC)
-76.438109367
-76.43395767
-152.88488949
-152.87672898
-229.34262760
-229.33041624
-305.80158524
-305.78535108
-382.25500234
-382.23476938
-458.71130696
-458.68688380
-458.71094296
-458.68654918
-458.71001559
-458.68570012
-458.70791616
-458.68374592
-611.63489918
-611.60241444
-611.63489921
-611.60241491
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FLOSIC-SCAN
-76.33149834
-152.67112813
-229.02023959
-305.37100312
-381.71689405
-458.06486450
-458.06451313
-458.06366045
-458.06345182
-610.76969044
-610.76969051

Figure 3.3: Structures of the studied water complexes: (a) dimer, (b) trimer, (c) tetramer,
(d) pentamer, four isomers of water hexamer, (e) prism, (f) cage, (g) book, (h)
ring, and two isomers of water octamer, (i) cube (D2d ), and cube (S4 ).
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CHAPTER 4

SELF-INTERACTION CORRECTION IN WATER-ION
CLUSTERS

Reprinted with permission from Wagle, K., Santra, B., Bhattarai, P., Shahi, C., Pederson, M. R., Jackson, K. A., & Perdew, J. P., Self-interaction correction in water–ion clusters.
The Journal of Chemical Physics, 154(9), 094302 (2021).

4.1

Abstract

We study the importance of self-interaction errors in density functional approximations for various water–ion clusters. We have employed the Fermi-Löwdin orbital selfinteraction correction (FLOSIC) method in conjunction with LSDA, (PBE) generalized
gradient approximation (GGA), and strongly constrained and appropriately normed (SCAN)
meta-GGA to describe binding energies of hydrogen-bonded water–ion clusters, i.e., water–
hydronium, water–hydroxide, water–halide, as well as non-hydrogen-bonded water–alkali
clusters. In the hydrogen-bonded water–ion clusters, the building blocks are linked by
hydrogen atoms, although the links are much stronger and longer-ranged than the normal
hydrogen bonds between water molecules, because the monopole on the ion interacts with
both permanent and induced dipoles on the water molecules. We find that self-interaction
errors overbind the hydrogen-bonded water–ion clusters and that FLOSIC reduces the error
and brings the binding energies into closer agreement with higher-level calculations. The
non-hydrogen-bonded water–alkali clusters are not significantly affected by self-interaction
errors. Self-interaction corrected PBE predicts the lowest mean unsigned error in binding
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energies (≤ 50 meV/H2 O) for hydrogen-bonded water–ion clusters. Self-interaction errors
are also largely dependent on the cluster size, and FLOSIC does not accurately capture the
subtle variation in all clusters, indicating the need for further refinement.

4.2

Introduction

Interactions between ions and water molecules play a critical role in many areas of
physical chemistry, including electrochemistry, environmental chemistry, and biochemistry. Such water–ion interactions primarily involve hydrogen bonds (HBs), which appear
with a wider range of bond strength (0.2–1.5 eV/H2 O) [157] and can be much stronger
than HBs within neutral water clusters [52]. One of the most common ionic HBs occurs
between water molecules and their self-ionized forms, i.e., H3 O+ and OH− , which are responsible for acid-base chemistry, proton transfer, etc. Despite a long history of research,
the microscopic details of the mechanism behind the proton transfer dynamics is yet to
be settled [31]. Other ions, including halide ions and alkali ions, form strong bonds with
water, and these interactions are also crucial for biochemistry and electrochemistry [158].
Understanding the molecular-scale structure and dynamics of aqueous ionic solutions
requires concerted efforts from both experiments and computer simulations [158–161].
Among the simulation methods, Kohn-Sham density functional theory (DFT) [13] based
ab initio molecular dynamics is widely used and has been crucial in finding ion-solvation
shell structures, autoionization processes, proton transfer mechanisms, and simultaneously
the details of the electronic structure [92, 162–168]. The gas-phase water–ion clusters
are important to benchmark the energetics, to explore the potential energy surface, and to
understand the nature of water–ion interactions by energy decomposition [119, 169–172].
In this work, we focus on the energetics of various gas-phase water–ion clusters.
Historically, the accuracy of describing HBs is not satisfactory with the most commonly used DFT exchange-correlation (XC) functionals (see review in ref.89 and references therein). The accuracy of DFT functionals for HBs is widely tested in neutral water
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clusters. One of the key failures of DFT is that common semi-local and hybrid XC functionals predict an incorrect energetic ordering of isomers of the water hexamer [23, 89].
The origin of this error is mainly due to the lack of non-local van der Waals (vdW) interactions in those functionals [23, 89]. The non-empirical strongly constrained and appropriately normed (SCAN) [39] meta-GGA functional, which satisfies all 17 exact physical
constraints that a semi-local XC functional can satisfy and includes intermediate-range
dispersion, reproduces the correct energetic ordering among the isomers of the water hexamer [45, 52]. The strength of HBs also suffers from the self-interaction error (SIE) in
DFT, and like all semi-local functionals SCAN is not free of SIE. Typically, the HBs in
neutral water clusters are too strong due to the SIE [52, 89]. The water–ion interactions
are also affected by SIE, resulting in too strong binding energies of water–ion clusters with
semi-local functionals [119, 169–172].
Fixing errors in specific methods for systems containing anionic or cationic species is
challenging since the degree of electron delocalization impacts the monopole-dipole and
monopole induced dipole energies which change significantly if the size or placement of
an excess charge containing species is incorrect due to either errors of the theory or the size
of basis sets. Among the systems studied here, the molecular anions OH− and OH− (H2 O)
and the atomic anions F− , Cl− , and Br− cannot bind the full excess electron in LSDA,
PBE, and SCAN at the basis-set limit, while the other systems can. The SIE of semi-local
density functional approximations tends to excessively delocalize electron density, which is
more severe in small negatively-charged ions and molecules [55], typically leading to nonnegative values for the Kohn-Sham eigenvalue of the highest occupied molecular orbital
(HOMO) [77]. The binding of the extra electron in anionic systems is also dependent on
the choice of basis sets for electronic wavefunctions [173–176]. A fully converged basis
may predict that a fraction of the extra electron is lost to the continuum [177], whereas,
a localized moderate-sized basis can artificially confine the extra electron [173–176], or
trap a fraction of it on another center [178]. Thus, self-interaction correction (SIC) to XC
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functionals is essential to achieve an accurate description of the density and energies of
negatively-charged systems.
Hybrid functionals can partially alleviate SIE and predict more accurate HBs than semilocal functionals [80, 89]. In comparison, the Perdew-Zunger (PZ) SIC approach offers a
fully nonlocal orbital-by-orbital removal of electron self-interaction from local and semilocal XC functionals. The PZ SIC method aims at eliminating the source of SIE in any
approximate XC functional: its imperfect cancellation between the electron-electron selfrepulsion (Hartree) and the approximate self-XC energy for any one-electron density [55].
The PZ SIC total energies computed with canonical Kohn-Sham (KS) orbitals suffer from
a failure of size-extensivity [55]. This problem is eliminated with the use of localized
orbitals that can be obtained via unitary transformations of the KS orbitals. The localization schemes that minimize the PZ SIC total energy as proposed by Pederson-HeatonLin [179, 180] scale [58] with the number of occupied orbitals (N) as O(N 6 ) for small N.
Recently, the Fermi-Löwdin orbital self-interaction correction (FLOSIC) [58, 59] was introduced as an efficient and unitarily invariant approach for implementing PZ SIC that can
be used in conjunction with any approximate XC functional. Instead of searching over all
possible unitary transformations to minimize the energy, requiring a number of parameters
that scales as N 2 , FLOSIC restricts the transformation to a very specific form, where the localized orbitals are derived directly from the so-called Fermi orbitals (see Sec. 4.3), using a
number of parameters that scales linearly with N. The computational effort in the FLOSIC
method allows for its application to clusters that were inaccessible through previous implementations [179–181] of PZ SIC. The FLOSIC methodology has been used to study
properties of chemical and physical interest for a range of systems [62, 64, 65, 67, 182–
187] including water [52, 188–190]. It has been shown that PZ SIC applied with SCAN
significantly reduces the overbinding of HBs in neutral water clusters, predicting binding
energies in much closer agreement with the CCSD(T)-F12 reference, and simultaneously
retaining the correct energetic ordering among the water hexamer isomers [52]. It is thus
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quite important to explore how PZ SIC in conjunction with SCAN or other functionals
performs in water–ion interactions.
Here, we have studied the effect of removing SIE on three non-empirical XC functional
approximations, namely the local spin-density approximation (LSDA), the generalized gradient approximation formulated by Perdew, Burke, Ernzerhof (PBE) [74], and the SCAN
meta-GGA functional [39], in predicting the binding energies of protonated water clusters [H3 O+ (H2 O)n , n=1,2,3 and 6], deprotonated water clusters [OH− (H2 O)n , n=1–6],
water–halide ion clusters [X− (H2 O)n , X=(F, Cl, Br), n=1–2], and water–alkali ion clusters
[M+ (H2 O)n , M=(Li, Na, K), n=1–2]. We have analyzed how first-order (i.e., functional–
driven) and second-order (i.e., density–driven) errors in the binding energy of water–ion
clusters depend on SIE. We find that self-interaction errors overbind the hydrogen-bonded
water–ion clusters, and that FLOSIC reduces the error and brings the binding energies
into closer agreement with higher-level calculations. FLOSIC applied to PBE predicts the
lowest mean error in binding energies (≤ 50 meV/H2 O) for hydrogen-bonded water–ion
clusters.
The remainder of the paper is organized as follows. In Sec. 4.3, we describe computational details. Sec. 4.4 contains discussion of the results including a detailed analysis of
the basis set error and the density error (c.f., Sec. 4.4.1) followed by the assessment of DFT
binding energies of water–ion clusters in comparison to CCSD(T)-F12. Sec. 4.5 provides
brief conclusions as well as the future outlook for FLOSIC simulations.

4.3
4.3.1

Methodology
DFT and FLOSIC Calculations

Here, all calculations with density functional approximations (DFA) and the corresponding FLOSIC applied functionals, FLOSIC–DFA, were performed with the all-electron
FLOSIC code [138, 191], which was developed from the parent NRLMOL density–functional
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Figure 4.1: Structures of protonated and deprotonated water clusters. Five protonated water
clusters H3 O+ (H2 O)n (n = 1–3, and 6) and seven deprotonated water clusters
OH− (H2 O)n (n = 1–6) are taken from Ref.2. The red and white spheres respectively indicate oxygen and hydrogen atoms. The dashed lines represent
hydrogen-bonds.
code [139–143]. The code uses contracted Gaussian–type orbitals as basis sets that are optimized for density functionals and referred to as the density functional optimized (DFO) [144].
We have performed systematic basis-set convergence tests by adding diffuse functions on
top of the DFO basis set. The details regarding the construction of the diffuse functions and
basis set convergence are discussed in the Sec.4.4.1. We used the local–density approximation (LSDA) which consists of the Slater–Dirac exchange[146] and Perdew–Wang 92[19]
correlation functional, the semi-local PBE[21] and the SCAN[39] XC functionals. All calculations were done using an accurate integration grid [191]. For calculations involving the
SCAN functional, especially dense grids were used [192].
The FLOSIC methodology[58, 59] is based upon the original PZ–SIC[55] method. In
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Figure 4.2: Structures of the studied (a) water–halide clusters and (b) water–alkali clusters.
Oxygen and hydrogen are represented by red and white spheres. The anions and
cations are marked by other colors. Dashed lines represent hydrogen-bonding.
approx

this method, SIE is removed from an approximate functionals Exc

[n↑ , n↓ ] orbital by

orbital, as given by
approx

E PZ–SIC = Exc

[n↑ , n↓ ] −

∑(Excapprox[niσ , 0] +U[niσ ]),

(4.3-1)

iσ

where niσ is a single orbital density and U[niσ ] is the Hartree electrostatic energy of that
one-electron density. The orbitals must be localized to make E PZ–SIC size-extensive [55,
193]. The search for sufficiently localized orbitals that minimize Eq. 4.3-1 becomes computationally efficient with Fermi-Orbitals (FOs)[193]. The FOs [128, 129] are obtained
as

N

∑ j σ ψ ∗jσ (aiσ )ψ jσ (r)
Fiσ (r) = q
,
Nσ
2
|ψ
(a
)|
∑j
jσ iσ

(4.3-2)

where Nσ is the number of electrons with spin σ . Each FO, Fiσ (r), depends on a position vector, aiσ , called a Fermi–Orbital Descriptor (FOD), and the spin density constructed
by any set of orthonormal orbitals, ψ jσ (r), that spans the occupied space. The localized
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FOs are normalized but not mutually orthogonal. The Löwdin method of symmetric orthogonalization [130] is then performed to obtain the orthonormal Fermi-Löwdin orbitals
(FLOs).
We employed a fully self-consistent procedure [59] to minimize the FLOSIC–DFA total
energy. The calculations were initialized with a set of guessed FODs [60] to obtain selfconsistent FLOs and total energy using an energy tolerance of 10−7 Hartree. Then the
FODs are updated using derivatives of total energy with respect to FOD positions [61, 194,
195] and gradient optimization methods, starting from the scaled [131] limited memory
Broyden–Fletcher–Goldfarb–Shanno (L–BFGS)[132–135] and switching, if necessary, to
the conjugate gradient. Then self-consistent FLOs are obtained with the new set of FODs.
The iterative minimization of the total energy with respect to FODs is performed until the
maximum FOD force component drops below 10−3 Hartree/Bohr.
We have also computed DFA energies on the corresponding FLOSIC–DFA self-interaction
corrected density and FLOs, which is referred to as DFA@FLOSIC. The DFA@FLOSIC
energies enable us to quantify the magnitude of the error in energy coming from a DFA density that suffers from self-interaction. The difference between DFA and DFA@FLOSIC energies is analogous to the commonly known density–driven–error [107, 196]. The HartreeFock density is often used to quantify the density–driven error since it is self-interaction
(exchange only) free [107, 196]. The FLOSIC–DFA densities are self-interaction (exchangecorrelation) free by definition.

4.3.2

Reference Geometry and Binding Energy

Fig. 4.1 shows structures of protonated and deprotonated clusters, which include five
protonated water clusters H3 O+ (H2 O)n , n=1–3, and 6, and seven deprotonated water clusters OH− (H2 O)n , n=1–6. The nuclear coordinates of those clusters are taken from the
WATER27[2] set which is part of the general main group thermochemistry, kinetics, and
non-covalent interactions (GMTKN55)[148] benchmark database. The WATER27 ge-
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ometries were optimized [148] at the B3LYP[149, 150]/6-311++G(2d,2p) level of theory.
Fig. 4.2 shows the structures of water–halide and water–alkali clusters. We have considered
six water–halide clusters X− (H2 O)n with X=(F, Cl, Br) and (n=1 and 2) and six water–alkali
clusters M+ (H2 O)n with M=(Li, Na, K) and (n=1 and 2) The nuclear coordinates of those
clusters are taken from Ref.169, 172 which were optimized at the DF-MP2 [197] level of
theory with an aug-cc-pVTZ basis set.
For the clusters, the binding energy per water molecule (Eb ) is defined as

Eb =

E cluster − nE H2 O − E ion
,
n

(4.3-3)

where E cluster is the total energy of a cluster that includes n H2 O molecules and one ion.
E H2 O is the total energy of an isolated H2 O monomer at its equilibrium geometry and E ion
is the total energy of an isolated ion. Eb is negative for a stable cluster. Reference binding
energies of protonated and deprotonated water clusters were computed at the explicitly
correlated coupled-cluster level of theory, CCSD(T)-F12b [198, 199], at the complete basis
set (CBS) limit, and are taken from Ref.1. The reference binding energies with CCSD(T)F12b at the CBS limit are taken from Ref.169 for the water–halide and from Ref. 3 for the
water–alkali clusters.

4.4

Results and Discussions

4.4.1

Basis-Set and Density Error

Given that the semi-local functionals LSDA, PBE, and SCAN can bind only a fraction of the excess electron in the complete-basis-set limit as discussed in the Introduction,
we will report the LSDA, PBE, and SCAN binding energies using basis sets without diffuse functions. Restricting the basis set is a familiar computational choice that makes the
semi-local functionals look somewhat better than they are in describing negatively charged
systems. Here, we will show numerical evidence for the benefit of avoiding diffuse func57

Figure 4.3: (a) The basis-set dependence of the total energy of OH− , plotted with respect
to the diffuse-4 basis (see text for the details of basis). Variation of the binding
energy (Eb ) of the (b) OH – (H2 O) and (c) H3 O+ (H2 O) molecules with increasing size of the basis. Here DFA@FLOSIC refers to the DFA energy computed
at the corresponding FLOSIC–DFA density. At the complete basis set limit,
only SIC can bind the full excess electron in OH− and OH – (H2 O).
tions when describing negatively charged systems using LSDA, PBE, and SCAN. The rest
of this section will discuss the basis sets and their effects without and with self-interaction.

The erroneous delocalization of the extra electron in anions obtained with semi-local
DFAs is dependent on the size of the basis set. On the one hand, the use of a moderatesized localized basis can compensate for the delocalization. On the other hand, accurate
description of HBs often requires a large basis with some diffuse Gaussian functions (i.e.,
with relatively small exponents). The deprotonated water clusters are negatively charged
and held together by HBs, for which the need for diffuse functions is ambiguous, and we
explore this issue here. Fortunately, through the FLOSIC–DFA method we have electron
densities of the negatively charged clusters that are free from self-interaction and that can
be used to test the energy convergence with the size of the basis.
First, we briefly describe the basis sets we have used to determine the energy convergence. The NRLMOL DFO basis with standard additional polarization functions consists
of 5s,4p,4d functions for O and 4s,4p,2d for H, which we refer to as DFO∗ . On top of the
DFO∗ basis, we add diffuse functions of types s, p, and d for both O and H. The modified
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basis sets are defined as: i) diffuse-1 which includes O(s) and H(s) diffuse functions, ii)
diffuse-2 which includes O(s,p) and H(s) diffuse functions, iii) diffuse-3 which includes
O(s,p) and H(s,p) diffuse functions, and iv) diffuse-4 which includes O(s,p,d) and H(s,p)
diffuse functions.
Fig. 4.3(a) shows the convergence of the total energy of OH – with respect to an increasing number of diffuse basis functions. The energies are almost converged around
the diffuse-4 basis, and with respect to that, the energies obtained with DFO∗ differ by
less than 1 mHa in both FLOSIC–PBE and FLOSIC–SCAN. In contrast, the two semilocal functionals show a much larger change in energy than their FLOSIC counterparts,
and a significant portion of this discrepancy is due to erroneous density since PBE and
SCAN energies computed at their corresponding self-interaction corrected densities, i.e.,
PBE@FLOSIC and SCAN@FLOSIC, substantially reduce the discrepancy. For this small
anion, in PBE or SCAN without SIC, a fraction of the excess electron would escape in the
complete basis-set limit. Here we regard the difference between DFA energy computed
at its self-consistent density and self-interaction free FLOSIC–DFA density as an estimate
of the density-driven error. The density-driven error is quite significant in OH – (where
it could be even larger than we have estimated here) and is negligible in H3 O+ and H2 O
molecules. This indicates that extra diffuse functions can exaggerate the erroneous density
delocalization in OH – and a suitable choice of a converged basis is not straightforward for
PBE and SCAN.
Table 4.1: Three measures of the size of the PBE self-interaction error of the electron density in hydroxyl-water clusters. For further explanation, see the last two paragraphs of Sec. 4.4.1.
System
δ nz>0 (e) δ µz (D) |δ µ| (D)
–
OH
0.026
0.37
0.37
–
OH (H2 O)4
0.042
-0.07
0.09
OH – (H2 O)6
0.048
0.02
0.11
Fig. 4.3(b) shows the convergence of the binding energy of OH – (H2 O) with respect to
basis. From DFO∗ to diffuse-3 basis Eb changes by ∼14 meV/H2 O with both FLOSIC–PBE
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Figure 4.4: Projection onto the OH− axis of the PBE self-interaction error of the electron
density for the hydroxyl group and two hydroxyl-water clusters. For further
explanation, see the last two paragraphs of Sec. 4.4.1.
and FLOSIC–SCAN, but the change is much larger with PBE (99 meV/H2 O) and SCAN
(69 meV/H2 O). This again shows that the addition of diffuse functions for negatively
charged molecules can be problematic without SIC. The PBE@FLOSIC and SCAN@FLOSIC
results show a much smoother convergence of Eb , predicting, respectively, a 40 meV/H2 O
and 33 meV/H2 O difference between the DFO∗ and diffuse-3 basis. The density-driven error (i.e., the difference between DFA and DFA@FLOSIC) in the binding of OH – (H2 O) becomes much larger with additional diffuse functions, more so in PBE (76 meV/H2 O) than
in SCAN (51 meV/H2 O) with the diffuse-3 basis. In comparison, the Eb of H3 O+ (H2 O)
shows very little (<10 meV/H2 O) density-driven error with and without the diffuse functions, as shown in Fig. 4.3(c). From Fig. 4.3(b) we conclude that PBE@FLOSIC and
SCAN@FLOSIC binding energies are converged at the diffuse-3 basis, which is similar
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to the convergence of the FLOSIC–DFAs. Also, Fig. 4.3(b) shows that the PBE (SCAN)
energy at the DFO∗ basis are close to the PBE@FLOSIC (SCAN@FLOSIC) energy at the
diffuse-3 basis, indicating that the error due to a relatively smaller basis cancels to some
extent with the density delocalization errors. In the following, we report and discuss results
obtained with the DFO∗ for LSDA, PBE, and SCAN, and with the diffuse-3 basis for all
other functionals.
There will be a self-interaction (delocalization) error of the electron density from a
density functional (e.g., PBE) approximation, even in anion clusters like OH – (H2 O)n ≥ 2
that bind the full extra electron in the complete basis-set limit for that approximation. Here
we will show that this error is rather small but systematic, at least up to n=6. Fig. 4.1
shows that the hydroxyl anion is found on the surface of each of these clusters. It could
be interesting in future work to see if the delocalization error is larger in larger clusters or
bulk, where the hydroxyl anion can be completely solvated by the waters.
For this purpose, we define the PBE self-interaction error of the density as δ n(r) =
nPBE (r) − nFLOSIC−PBE (r), a function that integrates to zero electrons. To visualize this,
we take the origin of coordinates on the O− or Oa nucleus, and the z axis pointing to the H
or Ha nucleus of the hydroxyl group. Then we project δ n(r) onto the z axis via
Z

g(z) =


a
dxdydz0 δ n(x, y, z0 ) √ exp (−a2 (z0 − z)2 ),
π

(4.4-4)

where a=1 bohr−1 is large enough for atomic resolution and small enough for numerical
real-space grids. The interpretation is that

RB
A

dzg(z) is the PBE self-interaction error in the

number of electrons between the planes z = A and z = B.
Fig. 4.4 shows g(z) for the hydroxyl anion and its bound complexes with four or six
water molecules. The oxygens Ob on the four nearest-neighbor waters are located at approximately the same negative z, and those Oc on the two second-neighbor waters are
located at a more negative z. (Average z coordinates for each set of neighboring oxygens
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Table 4.2: Binding energies with density functionals and the corresponding mean unsigned
errors (MUEs) computed with respect to the CCSD(T)-F12b reference [1] for
deprotonated and protonated water clusters. The final column shows the percent
error (PE) for FLOSIC–PBE. The energies are obtained with the basis DFO∗
for LSDA, PBE, and SCAN, and with diffuse-3 for all other functionals. The
corresponding reference value for the neutral (H2 O)6 prism is -332 meV/H2 O,
suggesting that the charged group is bound strongly to all the water molecules,
as sketched in Fig. 1.
Cluster
OH – (H2 O)
OH – (H2 O)2
OH – (H2 O)3
OH – (H2 O)4 c4
OH – (H2 O)4 cs
OH – (H2 O)5
OH – (H2 O)6
MUE
H3 O+ (H2 O)
H3 O+ (H2 O)2
H3 O+ (H2 O)3
H3 O+ (H2 O)6 2 d
H3 O+ (H2 O)6 3 d
MUE

Ref.

LSDA

-1157
-1056
-976
-915
-922
-874
-836
–
-1463
-1238
-1110
-830
-851
–

-1646
-1408
-1273
-1175
-1235
-1168
-1134
329
-1909
-1569
-1380
-1083
-1127
315

Binding Energy (meV/H2 O)
LSDA@ FLOSIC– PBE
PBE@ FLOSIC–
FLOSIC
LSDA
FLOSIC
PBE
-1631
-1504
-1329
-1305
-1283
-1399
-1299
-1147
-1136
-1108
-1272
-1213
-1038
-1038
-1041
-1170
-1106
-938
-937
-929
-1229
-1147
-956
-954
-943
-1160
-1078
-890
-888
-873
-1126
-1037
-854
-853
-833
322
235
59
54
41
-1926
-1742
-1608
-1618
-1510
-1577
-1451
-1314
-1323
-1253
-1387
-1306
-1156
-1165
-1131
-1086
-1008
-865
-872
-843
-1129
-1051
-878
-887
-868
323
213
66
75
23

SCAN
-1342
-1176
-1069
-992
-1013
-955
-914
104
-1602
-1330
-1173
-882
-908
81

SCAN@
FLOSIC
-1324
-1168
-1066
-989
-1009
-953
-912
98
-1608
-1335
-1179
-885
-911
85

PE
FLOSIC–
SCAN
-1319
10.9 %
-1147
5.0 %
-1066
6.7 %
-967
1.6 %
-982
2.4 %
-921
-0.1 %
-881
-0.4 %
78
–
-1556
3.2 %
-1276
1.2 %
-1152
1.9 %
-855
1.6 %
-881
2.0 %
46
–

are shown in Fig. 4.4) The PBE self-interaction error clearly removes a small fraction of an
electron from each oxygen site, and transfers it to the hydrogen sites or to the surface (and
in particular the ends) of the cluster. Table 4.1 shows the small fraction of an electron transferred into the half-space z > 0 (δ nz>0 ), and the corresponding small PBE self-interaction
errors in the z component (δ µz ) and magnitude of the dipole moment (|δ µ|). Note that the
magnitudes of the dipole moment of OH− in our calculation using PBE and FLOSIC–PBE
are 0.58 Debye and 0.95 Debye, respectively. For comparison, the magnitudes of the dipole
moment of an isolated water molecule are 1.79 Debye and 1.91 Debye, respectively from
PBE and FLOSIC–PBE.

4.4.2

Deprotonated and Protonated Water Clusters

The hydroxide and hydronium ions form strong hydrogen bonds with water molecules.
It can be seen from the reference [1] CCSD(T)/F12b energies that the binding energy
of H3 O+ (H2 O) is stronger by 306 meV/H2 O than that of OH – (H2 O) (Table 4.2). In
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Figure 4.5: Error in the binding energies of the (a) deprotonated water clusters OH− (H2 O)n
(n = 1–6) and (b) protonated water clusters H3 O+ (H2 O)n (n = 1–3, and 6)
with various functionals compared to the CCSD(T)-F12b reference [1]. Here a
negative sign indicates overbinding. Self-interaction correction to the binding
energies (EbSIC ) of the (c) deprotonated and (d) protonated water clusters.
H3 O+ (H2 O), the shared proton sits exactly at the center between the two oxygen atoms
separated by 2.40 Å (Fig. 4.1(a)), whereas, in OH – (H2 O), the O-O distance is 2.47 Å, and
the shared proton has one covalent O-H bond of length 1.12 Å and one hydrogen bond of
length 1.34 Å. In the bigger clusters, the binding per molecule decreases due to relatively
weak water–water interactions, ∼-330 meV/H2 O for (H2 O)6 [52]. With increasing cluster
size, the binding per molecule gradually decreases. It is interesting that both H3 O+ (H2 O)6
and OH− (H2 O)6 clusters become almost equally stable, differing by <15 meV/H2 O with
CCSD(T)/F12b. All of the studied XC functionals qualitatively reproduce the relative stability of these two types of clusters (Table 4.2). However, there are non-negligible errors
in the binding energy of an individual cluster obtained with all functionals. We explore the
errors in more detail in Fig. 4.5, omitting the LSDA-based methods which provide errors
>200 meV/H2 O.
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Overall, it is evident from Fig. 4.5(a) and (b) that FLOSIC–PBE performs better than
FLOSIC–SCAN for almost all of these clusters. The MUEs indicate that there is a systematic reduction in the error in binding energies with the FLOSIC–DFA methods compared
to the corresponding parent DFAs (Table 4.2). For the deprotonated clusters, the MUE of
FLOSIC–SCAN is 78 meV/H2 O, reducing the MUE by 20 meV/H2 O from SCAN@FLOSIC.
For the protonated clusters, SCAN@FLOSIC and FLOSIC–SCAN predict MUEs of 85
meV/H2 O and 46 meV/H2 O, respectively. FLOSIC–PBE provides the best agreement with
the reference binding energies in both types of clusters, predicting MUEs of 41 meV/H2 O
and 23 meV/H2 O for deprotonated and protonated clusters, respectively. We find that our
FLOSIC–PBE MUE for the deprotonated clusters is comparable to the hybrid functional
PBE0/def2-QZVP mean error (31 meV/H2 O) reported by Grimme and co-workers [200].
In addition, the FLOSIC–PBE MUE for the protonated clusters is more accurate than the
PBE0/def2-QZVP method (MUE of 44 meV/H2 O) [200].
As shown in Figs. 4.5(a) and (b), the magnitude of the error in Eb decreases with increasing cluster size in all XC functionals. PBE@FLOSIC and SCAN@FLOSIC strongly
overbind (by more than ∼150 meV/H2 O) the two small clusters, OH – (H2 O) and H3 O+ (H2 O),
and the errors tend to decrease in the larger clusters. PBE@FLOSIC performs better than
SCAN@FLOSIC in the larger clusters, particularly in deprotonated clusters (Fig. 4.5(a)).
We find that self-interaction corrections weaken the strength of HBs and result in more
accurate binding energies than found with the uncorrected functionals. However, the accuracy of the self-interaction corrected functionals are inconsistent under variation of cluster size due to irregularities in the magnitude of the SIC to the binding of the clusters
SIC
(ESIC
b ). The value of Eb is the difference between the FLOSIC–DFA and DFA@FLOSIC

binding energies. As shown in Figs. 4.5(c) and (d), ESIC
from FLOSIC–PBE is ∼20
b
meV/H2 O for the smallest as well as the largest deprotonated clusters, and it fluctuates
in the range of 4–28 meV/H2 O for the intermediate-sized clusters, without showing any
clear trend with respect to cluster size (Fig. 4.5(c)). With FLOSIC–SCAN, ESIC
is exb
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ceptionally small (4 meV/H2 O) in OH− (H2 O). This is because the total SIC computed
from the OH− (H2 O) molecule largely cancels the sum of the SIC energies of the isolated H2 O and OH− molecules. In contrast, ESIC
is much larger in H3 O+ (H2 O), i.e.,
b
109 meV/H2 O and 52 meV/H2 O with FLOSIC–PBE and FLOSIC–SCAN, respectively
(Fig. 4.5(d)). ESIC
is reduced in both FLOSIC–PBE (19 meV/H2 O) and FLOSIC–SCAN
b
(30 meV/H2 O) for the largest protonated cluster. These values are also similar to the ESIC
b
obtained in OH− (H2 O)6 . It is surprising that FLOSIC–SCAN provides too small ESIC
in
b
OH− (H2 O), as opposed to that in H3 O+ (H2 O). We explore this issue in more detail.
Table 4.3: FLOSIC–SCAN self-interaction correction to the SCAN@FLOSIC total energy,
defined as the correction from Eq. (4.3-1) to the SCAN total energy evaluated on
FLOSIC–SCAN Fermi-Löwdin orbitals, and its contributions from core, bondpair, and lone-pair electrons. The pair contributions are written in the form n×ε,
where n is the number of pairs and ε is the average SIC energy of a pair.
Energy (meV)
System
Total Core
Bond- Lonepair
pair
–
OH
3342 1×251 1×600 3×830
H2 O
2790 1×242 2×545 2×729
H3 O+
2599 1×277 3×535 1×717
–
OH (H2 O) 6136 2×245 3×604 5×767
H3 O+ (H2 O) 5441 2×251 6×576 2×742
We note that the SIC energy obtained from each localized orbital (as given by the second
term in Eq. (1)) with FLOSIC–SCAN is positive in these molecules, since for a given noded
orbital density the SCAN XC energy is too negative compared to the exact XC energy (the
negative of the Hartree energy). Since the SCAN total energy is already very accurate, this
self-interaction “correction” from noded orbital densities actually worsens it [62]. The SIC
energy in each lone-pair orbital is greater than that in each bond-pair orbital by ∼35% in
the isolated OH – , H2 O, and H3 O+ molecules. Table ?? shows the decomposition of the
total SIC energy into contributions from core, lone-pair, and bond-pair orbitals. The FLO
densities of the lone- and bond-pair orbitals are shown in Fig. 4.6. The self-interaction
−
correction to the binding energy, ESIC
b , is only 6136-3342-2790 = 4 meV for OH (H2 O),
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too small to provide a significant correction to the SCAN@FLOSIC overbinding, but it is
5441-2599-2790 = 52 meV for H3 O+ (H2 O), where it provides a much more significant
correction. This happens despite the lowering of the energy of H3 O+ (H2 O) due to the
transfer of a pair of electrons from lone-pair to bond-pair FLOs when the strong hydrogen
bond forms in that cationic cluster. Thus the FLOSIC–SCAN method still lacks the balance
required to treat both OH− and OH− (H2 O) accurately enough to capture SIC as needed.
The description of H3 O+ and H3 O+ (H2 O) with FLOSIC is much better in this regard,
leading to a significant improvement in the binding of H3 O+ (H2 O).

Figure 4.6: Isosurfaces (0.02 e/Å3 ) of FLO densities from FLOSIC–SCAN for OH – , H2 O,
H3 O+ , OH – (H2 O), and H3 O+ (H2 O), showing lone-orbitals in blue and bondorbitals in green.

4.4.3

Water–Halide Ion Interactions

In this section, we explore the interaction energy of water–halide dimers and trimers,
each cluster containing one of the three halide anions, F – , Cl – , and Br – . As shown in
Fig. 4.2(a), when the halide anion interacts with one H2 O molecule, the global minimum
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Figure 4.7: (a) Error in the binding energies and (b) self-interaction correction to the binding energies (EbSIC ) of X− (H2 O)n with X=(F, Cl, Br) and n=1,2 with various
functionals compared to the CCSD(T)-F12b reference.
structures contain one hydrogen bond, in which a halide anion accepts HBs from a donor
hydrogen. With increasing size of the anion, the length of the HB increases from 1.39 Å in
F – (H2 O) to 2.37 Å in Br – (H2 O), and the HB angle moves away from linearity, indicating
a systematic weakening of HBs with the size of anions.
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Table 4.4: Binding energies with density functionals and the corresponding mean unsigned errors (MUEs) computed with respect to CCSD(T)-F12b reference [3]
for halide-water clusters. The final column shows the percent error (PE) for
FLOSIC–PBE. The energies are obtained with the basis DFO∗ for LSDA, PBE,
and SCAN, and with diffuse-3 for all other functionals.
Cluster
F – (H2 O)
Cl – (H2 O)
Br – (H2 O)
F – (H2 O)2
Cl – (H2 O)2
Br – (H2 O)2
MUE

Ref.

LSDA

-1188
-645
-556
-1056
-648
-575
–

-1647
-900
-785
-1398
-901
-814
296

Binding Energy per H2 O (meV/H2 O)
LSDA@ FLOSIC– PBE
PBE@ FLOSIC– SCAN
FLOSIC
LSDA
FLOSIC
PBE
-1638
-1484
-1350
-1339
-1290
-1366
-918
-802
-730
-724
-699
-720
-811
-669
-634
-646
-619
-624
-1394
-1294
-1142
-1140
-1116
-1174
-903
-804
-699
-697
-660
-717
-816
-717
-625
-626
-586
-640
302
184
85
84
50
96

SCAN@ FLOSIC–
FLOSIC
SCAN
-1364
-1331
-725
-704
-630
-596
-1175
-1156
-717
-691
-639
-612
97
70

PE
FLOSIC–
PBE
8.6 %
8.3 %
11.3 %
5.6 %
1.9 %
2.0 %
–

Table 4.4 shows the binding energies of halide–water clusters and the mean unsigned
errors (MUEs) obtained with XC functionals in comparison to CCSD(T)/F12b reference
energies [169]. The reference values show that the magnitudes of the binding energies
decrease by ∼50% from lighter to heavier halide ions. This trend is qualitatively reproduced by all XC functionals, , and follows from the increasing ionic radii from F− to Br− .
Here, too, FLOSIC–DFA methods systematically reduce the error in binding energies compared to the corresponding parent DFAs. LSDA@FLOSIC predicts too large MUE (302
meV/H2 O) and FLOSIC–LSDA largely reduces the errors but still displays a large MUE of
184 meV/H2 O. Both PBE@FLOSIC and SCAN@FLOSIC bring significant improvements
compared to LSDA by bringing the MUE below 100 meV/H2 O. FLOSIC–SCAN predicts
an MUE of 70 meV/H2 O, reducing it by 27 meV/H2 O from SCAN@FLOSIC. Again,
FLOSIC–PBE provides the best agreement with the reference binding energies, predicting
on average 50 meV/H2 O too-strong binding, after reducing the error by 34 meV/H2 O from
PBE@FLOSIC.
Figure 4.7(a) further illustrates that the error in binding energies decreases with cluster
size in all functionals. The SIC contribution to the binding energy is in the range of 25–
50 meV/H2 O with FLOSIC–PBE and 20–35 meV/H2 O with FLOSIC–SCAN, as shown in
Fig. 4.7(b). Except for Br – (H2 O), FLOSIC–PBE performs better than FLOSIC–SCAN for
all water–halide clusters.
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Table 4.5: Binding energies with density functionals and the corresponding mean unsigned
errors (MUEs) computed with respect to CCSD(T)-F12b reference [3] for alkaliwater clusters. The final column shows the percent error (PE) for FLOSIC–PBE.
The energies are obtained with the basis DFO∗ for all functionals.
Cluster
Li+ (H2 O)
Na+ (H2 O)
K+ (H2 O)
Li+ (H2 O)2
Na+ (H2 O)2
K+ (H2 O)2
MUE

4.4.4

Ref.

LSDA

-1508
-1049
-779
-1404
-993
-734
–

-1619
-1160
-867
-1500
-1095
-814
98

Binding Energy (meV/H2 O)
LSDA@ FLOSIC– PBE
PBE@ FLOSIC–
FLOSIC
LSDA
FLOSIC
PBE
-1651
-1707
-1502
-1531
-1596
-1185
-1213
-1035
-1048
-1097
-887
-906
-731
-749
-794
-1527
-1581
-1392
-1418
-1481
-1115
-1146
-978
-992
-1043
-824
-834
-689
-704
-729
120
153
23
17
47

SCAN
-1472
-1062
-762
-1371
-1003
-718
21

SCAN@
FLOSIC
-1488
-1072
-771
-1384
-1012
-726
16

FLOSIC–
SCAN
-1557
-1127
-823
-1443
-1065
-761
51

PE
FLOSIC–
PBE
5.8 %
4.5 %
1.9 %
5.5 %
5.0 %
-0.7 %
–

Water–Alkali Ion Interactions

In this section, we explore the interaction energy of water–alkali cation dimers and
trimers, each cluster containing one of the three alkali cations, Li+ , Na+ , and K+ . The
nature of interactions in the global minimum structures of the small water–alkali clusters
is different from all the other clusters discussed so far. The water–alkali interaction is not
due to HBs, but ion–dipole interactions, in which a cation sits close to a more electronegative oxygen atom, as shown in Fig. 4.2(b). With the increasing size of the cation, the
oxygen-cation distance increases from 1.84 Å in Li+ (H2 O) to 2.60 Å in K+ (H2 O), indicating weakening of the binding energy. Table 4.5 shows the binding energies of alkali–water
clusters and the MUEs obtained with XC functionals in comparison to the CCSD(T)/F12b
reference [3]. The reference binding energies show that the binding energies are reduced by
∼50% from the lighter (Li+ ) to the heavier (K+ ) alkali ion, and the binding per molecule decreases with an increasing number of H2 O molecules in the cluster. Both of these trends are
qualitatively reproduced by all XC functionals. Unlike the results found in the hydrogenbonded clusters, the FLOSIC–DFA functionals do not improve the binding energies of
alkali–water clusters compared to the parent DFAs. The MUEs from FLOSIC–DFA functionals are 30–35 meV/H2 O worse than the corresponding DFAs. Both PBE@FLOSIC and
SCAN@FLOSIC predict ∼16 meV/H2 O MUE, which is the lowest among all functionals.
Fig. 4.8 (a) shows the error in binding energies for different clusters. With PBE@FLOSIC,
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the magnitudes of the binding energies are overestimated in the lighter Li+ (H2 O) cluster and
underestimated in the heavier cation K+ (H2 O) cluster. In the case of SCAN@FLOSIC, the
errors tend to decrease from the lighter to the heavier cation cluster. Using FLOSIC–PBE
and FLOSIC–SCAN, the average EbSIC is ∼50 meV/H2 O, with its magnitude declining
towards heavier water–alkali clusters, as shown in Fig. 4.8(b).
For the water–alkali clusters, unlike the other clusters studied here, self-interaction errors seem to be unimportant.

4.5

Conclusions

We have assessed the accuracy of the orbital-by-orbital PZ self-interaction correction [55] computed within the FLOSIC methodology [59] for the interaction energies between water molecules and various ions, namely, hydroxide, hydronium, halide anions,
and alkali cations in gas-phase clusters. These clusters are primarily hydrogen-bonded, except the water–alkali clusters which are bound by ion–dipole interactions. It is known that
negatively-charged clusters are subject to erroneous delocalization of the electron density
due to self-interaction present in approximate XC functionals such as local and semi-local
DFAs. We have employed FLOSIC–DFA methods, where the DFAs are LSDA, PBE, and
SCAN, to mitigate this error in the electron density and in the corresponding energetics.
The self-interaction corrected density is utilized to quantify the density-driven error in the
energies obtained with these DFAs. We have found that the magnitude of the density-driven
error increases with diffuse Gaussian functions, which makes the energy convergence of
anions with respect to basis functions more ambiguous. The density-driven error is not
significant in cations. The self-interaction corrected density allows a meaningful basis-set
convergence study for anions with LSDA, PBE, and SCAN. The DFA energies computed
here with the diffuse-3 basis at the FLOSIC–DFA densities, i.e., DFA@FLOSIC, provide
an accurate assessment of the accuracy of these functionals for anions.
Fig. 4.9 shows the summary and cross-comparison of the accuracy of the methods
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Figure 4.8: (a) Error in the binding energies and (b) self-interaction correction to the binding energies (EbSIC ) of M+ (H2 O)n (M=Li, Na, K) and n=1,2 with various functionals compared to the CCSD(T)-F12b.
for the four types of water–ion clusters. The DFA@FLOSIC energies show a significant overestimation of the binding energies for the hydrogen-bonded clusters, i.e., protonated water, deprotonated water, and halide–water clusters. The MUE is very large in
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Figure 4.9: Mean unsigned error (MUE) given by different functionals for (a) deprotonated
water, (b) protonated water, (c) water–halide, and (d) water–alkali clusters,
shown from the top to the bottom.
LSDA@FLOSIC (>300 meV/H2 O) and is significantly reduced in PBE@FLOSIC (54–84
meV/H2 O) and SCAN@FLOSIC (85–98 meV/H2 O). The removal of SIE weakens the
binding in hydrogen-bonded clusters and shifts the binding energies toward the accurate
references. Surprisingly, the average reduction of the SIE is larger in the binding of protonated water clusters than in deprotonated and water–halide clusters. Because of that,
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all FLOSIC–DFA functionals produce much smaller MUE for the protonated water clusters than for the other hydrogen-bonded clusters. FLOSIC–SCAN predicts the MUE in
the range of 46–78 meV/H2 O. FLOSIC–PBE provides the most accurate description of the
hydrogen-bonded clusters, with the MUE in the range of 23–47 meV/H2 O. The effect of removing SIE in water–alkali clusters is in stark contrast to that in hydrogen-bonded clusters.
Self-interaction correction strengthens the binding of the alkali–water clusters, and as a result, the MUE from FLOSIC–DFAs are worse than the corresponding DFAs. This is in line
with the fact that, in other situations, PZ-SIC reduces self-interaction errors but introduces
other errors for many-electron densities [62], as discussed in the next paragraph. Although
FLOSIC–DFAs improve the description of the hydrogen-bonded clusters, the overall results suggest that the PZ SIC method needs improvement in order to achieve more accurate
binding energies, in particular, for the small hydrogen-bonded clusters and the alkali–water
clusters. The PZ SIC approach is exact for all one-electron densities, however, it is not so
accurate in diverse many-electron regions [201, 202]. An appropriate scaling of the PZ SIC
is still required to make it equally accurate in many-electron regions. A scaling method that
would enhance the SIC contribution to the binding of OH – (H2 O) and H3 O+ (H2 O) clusters
and simultaneously reduce the SIC contribution to the binding of water–alkali clusters is
highly sought after. A few approaches that locally scale down the PZ SIC have been introduced recently [66, 69, 70, 202], but more development is needed. The scaled methods
have not yet been implemented self-consistently. When implemented on FLOSIC-LSDA
FLO densities, the methods of Refs. 202 and 70 improve many calculated properties over
PZ SIC, including the energies of the stronger bonds [66, 69, 70, 187, 202], but seriously
underbind [70] typical hydrogen-and van der Waals-bonded complexes. Our current study
with self-consistent FLOSIC implementations of unscaled PZ SIC shows the importance
of mitigating the self-interaction error from the electron density and the corresponding
energetics in water–ion interactions. We aim to increase the accuracy of self-interaction
correction in future works.
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4.6

Supplementary material

Here, we include total energies of all studied clusters with all methods. The readers
are suggested to look for supplementary material of reference 68 for the complete material
including position of optimized fods of all the clusters using all self-interaction corrected
methods.
Table 4.6: Total energies (Hartree) given LSDA, LSDA@FLOSIC, and FLOSIC-LSDA for
all the deprotonated and protonated water clusters. LSDA numbers were calculated using DFO* basis whereas LSDA@FLOSIC and FLOSIC-LSDA numbers
were calculated using diffuse-3 basis.
System

LSDA

LSDA@FLOSIC

FLOSIC-LDA

OH−

-75.2889067

-75.2737106

-76.0138791

H2 O

-75.9093590

-75.8971180

-76.6790961

H3 O+

-76.1770358

-76.1667577

-76.9669224

OH− (H2 O)

-151.2587651

-151.2307822

-152.7482590

OH− (H2 O)2

-227.2111168

-227.1707860

-229.4675175

OH− (H2 O)3

-303.1573331

-303.1052662

-306.1848711

OH− (H2 O)4 c4

-379.0990853

-379.0341433

-382.8928042

OH− (H2 O)4 cs

-379.1078561

-379.0427952

-382.8988902

OH− (H2 O)5

-455.0503655

-454.9723765

-459.6073592

OH− (H2 O)6

-530.9951248

-530.9047331

-536.3170799

H3 O+ (H2 O)

-152.1565449

-152.1346478

-153.7100257

H3 O+ (H2 O)2

-228.1110907

-228.0768686

-230.4317826

H3 O+ (H2 O)3

-304.0573028

-304.0110132

-307.1481851

H3 O+ (H2 O)6 2d

-531.8719241

-531.7889096

-537.2636553

H3 O+ (H2 O)6 3d

-531.8816305

-531.7984348

-537.2733161
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Table 4.7: Total energies (Hartree) given PBE, PBE@FLOSIC, and FLOSIC-PBE for all
the deprotonated and protonated water clusters. PBE numbers were calculated
using DFO* basis whereas PBE@FLOSIC and FLOSIC-PBE numbers were calculated using diffuse-3 basis.
System

PBE

PBE@FLOSIC

FLOSIC-PBE

OH−

-75.75867963

-75.74543424

-75.67551549

H2 O

-76.38714485

-76.37618662

-76.33808158

H3 O+

-76.65922435

-76.64974852

-76.6255385

OH− (H2 O)

-152.1946451

-152.1695921

-152.0607549

OH− (H2 O)2

-228.6172407

-228.5813356

-228.4331514

OH− (H2 O)3

-305.0345212

-304.9883886

-304.8045755

OH− (H2 O)4 c4

-381.4451034

-381.3879409

-381.1644699

OH− (H2 O)4 cs

-381.4477204

-381.3903707

-381.1665071

OH− (H2 O)5

-457.857884

-457.7894592

-457.5263431

OH− (H2 O)6

-534.2697658

-534.1906258

-533.8876251

H3 O+ (H2 O)

-153.1054502

-153.0854098

-153.0191092

H3 O+ (H2 O)2

-229.5300737

-229.4993809

-229.3938223

H3 O+ (H2 O)3

-305.9480775

-305.9067567

-305.7644725

H3 O+ (H2 O)6 2d

-535.1728866

-535.0992459

-534.839993

H3 O+ (H2 O)6 3d

-535.1757694

-535.1023733

-534.8453893
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Table 4.8: Total energies (Hartree) given SCAN, SCAN@FLOSIC, and FLOSIC-SCAN
for all the deprotonated and protonated water clusters. SCAN numbers were calculated using DFO* basis whereas SCAN@FLOSIC and FLOSIC-SCAN numbers were calculated using diffuse-3 basis.
System

SCAN

SCAN@FLOSIC

FLOSIC-SCAN

OH−

-75.8028118

-75.7974412

-75.6746351

H2 O

-76.4381119

-76.3314754

-76.4034897

H3 O+

-76.7131204

-76.6143258

-76.6857856

OH− (H2 O)

-152.2902480

-152.2800934

-152.0545978

OH− (H2 O)2

-228.7654974

-228.7512939

-228.4219215

OH− (H2 O)3

-305.2349925

-305.2170228

-304.7866299

OH− (H2 O)4 c4

-381.7010437

-381.6788759

-381.1426871

OH− (H2 O)4 cs

-381.7041109

-381.6818435

-381.1448854

OH− (H2 O)5

-458.1689176

-458.1425121

-457.5012267

OH− (H2 O)6

-534.6331225

-534.6026295

-533.8576664

H3 O+ (H2 O)

-153.2101105

-153.0029786

-153.1515322

H3 O+ (H2 O)2

-229.6871222

-229.3710697

-229.5924833

H3 O+ (H2 O)3

-306.1568209

-305.7357221

-306.0285217

H3 O+ (H2 O)6 2d

-535.5361648

-534.7917344

-532.9708692

H3 O+ (H2 O)6 3d

-535.5419054

-534.7973886

-535.3117953
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Table 4.9: Total energies (Hartree) given LSDA, LSDA@FLOSIC, and FLOSIC-LSDA for
all the water-halide and water-alkali clusters. LSDA numbers were calculated
using DFO* basis whereas LSDA@FLOSIC and FLOSIC-LSDA numbers were
calculated using diffuse-3 basis.
System

LSDA

LSDA@FLOSIC

FLOSIC-LDA

H2O[CCSD(T)]

-75.9092597

-75.8969599

-76.6789122

F−

-99.2590515

-99.2432000

-100.1177035

Cl−

-458.8059527

-458.7900575

-461.1860339

Br−

-2570.7459780

-2570.7177250

-2577.9003230

F− (H2 O)

-175.2288365

-175.2003622

-176.8511572

Cl− (H2 O)

-534.7482739

-534.7207361

-537.8944076

Br− (H2 O)

-2646.6840700

-2646.6444790

-2654.6038330

F− (H2 O)2

-251.1803177

-251.1395727

-253.5706686

Cl− (H2 O)2

-610.6906875

-610.6503386

-614.6029519

Br− (H2 O)2

-2722.6243460

-2722.5716370

-2731.3108530

Li+

-7.1420829

-7.1393493

-7.3056022

Na+

-161.2462138

-161.2379297

-162.4759022

K+

-598.0324381

-598.0222196

-600.8393195

Li+ (H2 O)

-83.1108445

-83.0969661

-84.0472522

Na+ (H2 O)

-237.1981153

-237.1784425

-239.1994038

K+ (H2 O)

-673.9735534

-673.9517648

-677.5515283

Li+ (H2 O)2

-159.0708438

-159.0455327

-160.7796424

Na+ (H2 O)2

-313.1452371

-313.1138064

-315.9179358

K+ (H2 O)2

-749.9107930

-749.8766710

-754.2584350
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Table 4.10: Total energies (Hartree) given PBE, PBE@FLOSIC, and FLOSIC-PBE for all
the water-halide and water-alkali clusters. PBE numbers were calculated using
DFO* basis whereas PBE@FLOSIC and FLOSIC-PBE numbers were calculated using diffuse-3 basis.
System

PBE

PBE@FLOSIC

FLOSIC-PBE

H2O[CCSD(T)]

-76.3870866

-76.3761385

-76.3380138

F−

-99.8054103

-99.7919000

-99.7001470

Cl−

-460.1040275

-460.0910687

-459.8548277

Br−

-2573.9079070

-2573.8897880

-2572.6218060

F− (H2 O)

-176.2421010

-176.2172408

-176.0855694

Cl− (H2 O)

-536.5179310

-536.4937985

-536.2185214

Br− (H2 O)

-2650.3182800

-2650.2896800

-2648.9825640

F− (H2 O)2

-252.6635009

-252.6279472

-252.4581844

Cl− (H2 O)2

-612.9295658

-612.8945583

-612.5793461

Br− (H2 O)2

-2726.7280410

-2726.6881050

-2725.3409220

Li+

-7.2566370

-7.2548583

-7.2693960

Na+

-161.9735292

-161.9682408

-161.8847824

K+

-599.5434473

-599.5336753

-599.2440029

Li+ (H2 O)

-83.6989271

-83.6872465

-83.6660744

Na+ (H2 O)

-238.3986553

-238.3828914

-238.2631055

K+ (H2 O)

-675.9574056

-675.9373316

-675.6112018

Li+ (H2 O)2

-160.1331328

-160.1113423

-160.0543140

Na+ (H2 O)2

-314.8195618

-314.7934138

-314.6374601

K+ (H2 O)2

-752.3682657

-752.3376678

-751.9736259
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Table 4.11: Total energies (Hartree) given SCAN, SCAN@FLOSIC, and FLOSIC-SCAN
for all the water-halide and water-alkali clusters. SCAN numbers were calculated using DFO* basis whereas SCAN@FLOSIC and FLOSIC-SCAN numbers were calculated using diffuse-3 basis.
System

SCAN

SCAN@FLOSIC

FLOSIC-SCAN

H2O[CCSD(T)]

-76.4381243

-76.4340008

-76.3308995

F−

-99.8645247

-99.8588000

-99.7065305

Cl−

-460.3270309

-460.3223710

-459.9052402

Br-−

-2574.4952460

-2574.4881490

-2572.7216980

F− (H2 O)

-176.3528345

-176.3429344

-176.0863325

Cl− (H2 O)

-536.7916173

-536.7830041

-536.2620246

Br− (H2 O)

-2650.9562960

-2650.9452870

-2649.0745150

F− (H2 O)2

-252.8270673

-252.8131406

-252.4533017

Cl− (H2 O)2

-613.2559717

-613.2430375

-612.6178218

Br− (H2 O)2

-2727.4185670

-2727.4030930

-2725.4284510

Li+

-7.2815058

-7.2810181

-7.2766150

Na+

-162.0839374

-162.0823833

-161.9001161

K+

-599.8074655

-599.8039540

-599.2947912

Li+ (H2 O)

-83.7737218

-83.7697024

-83.6647367

Na+ (H2 O)

-238.5610743

-238.5557687

-238.2724158

K+ (H2 O)

-676.2735745

-676.2663026

-675.6559335

Li+ (H2 O)2

-160.2585041

-160.2507740

-160.0444783

Na+ (H2 O)2

-315.0339289

-315.0247621

-314.6402117

K+ (H2 O)2

-752.7364584

-752.7253507

-752.0125525
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CHAPTER 5

MANY-BODY ANALYSIS OF NEUTRAL WATER
CLUSTERS

5.1

Introduction

Water is the most common and essential, yet unique and complex matter due to its
anomalous behavior. From being the universal solvent and vital ingredient of life-science
to posing vast applications in acid-base chemistry, environmental chemistry, biology, and
industry, it is one of the most widely studied systems. Nonetheless, many of its structural
and dynamical properties are still not clear to the scientific community due to its complex
behavior.
Hydrogen-bond (H-bond) network of water clusters is closely related to the liquid water properties, proper understanding of which forms the pathways to the dynamics of liquid
water. Several studies are done to study the H-bond network of water clusters and most
importantly the low-lying isomers of the neutral hexamer [45, 52, 80, 166]. Wave function based couple cluster theory with single, double, and perturbative triple excitations
(CCSD(T))[203, 204], quantum Monte Carlo [205] and second-order Möller-Plesset perturbation theory (MP2) can describe the water cluster and liquid water very well but they
are limited in use for the study of extended systems due to their high computational cost
[84–88].
Density functional theory (DFT) is the most common choice but widely used approximated exchange-correlation density functionals are not up to the mark for water systems.
Local-density approximation (LDA) [19] strongly over-estimates the lattice energy of wa-
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ter clusters [71] and ice phases [72]. Generalized-gradient approximations (GGAs) correct
the over-binding but fail in other aspects, for example, the widely-used Perdew-BurkeErnzerhof (PBE [21]) functional fail in predicting the energetic ordering of the hexamers
[23, 24]. Some other failures of GGA include in its description of phase transition of crystalline ice polymorphs [25, 26] and red-shifted infra-red spectra [27]. The strongly constrained and appropriately normed (SCAN) [39] meta-GGA, that was designed to capture
intermediate-range van der Waals (vdW) interaction was shown to give correct energetic ordering of hexamers [45, 52], accurately predicted the density anomaly between liquid water
and ice [31], improved lattice energy between ice polymorphs [45], and infrared spectrum
of liquid water [51]. However, SCAN significantly overestimates the binding energies of
small water clusters [45].
Self-interaction error (SIE), which arises due to the imperfect cancellation of selfHartree and self-Coulomb energies in one-electron densities, is one of the drawbacks of
practical semi-local density functionals. We have shown in our previous work [52] that
over-estimation of the binding energy of the water clusters by semi-local functionals is due
to SIE, and the application of self-interaction correction (SIC) on top of those functionals
improve the over-binding without altering the correct energetic ordering, of four isomers
of a hexamer, given by the parent functional. In particular Fermi-Löwdin orbital method
of self-interaction correction (FLOSIC) [58, 59] applied to the SCAN functional, FLOSICSCAN not only retains the correct energetic ordering given by SCAN but also improves the
over-binding.
A many-body analysis is another tool that helps in understanding the role of different
many-body components on the total-interaction energy [78–81]. The idea is to decompose
the total interaction energy within the clusters into 1-body, 2-body, · · ·, n-body contributions and see which component has a major role in the overall binding of a cluster, and how
well exchange-correlation functionals predict such components. The use of the many-body
decomposition technique has particular importance in studying water hexamers as it gives
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one reasonable explanation of why a particular exchange-correlation functional succeeds
or fails to correctly describe the energetic ordering of various isomers. However, recovery of accurate many-body components is a sufficient but not a necessary condition for a
functional to be accurate. This is because, although a many-body analysis is exact, its decomposition of the energy is not physically measurable. As long as a functional predicts
accurate measurable properties, reproducing various many-body components is not that
important. This explanation is also analogous with the fact that recovery of a very accurate
exchange and a very accurate correlation is a sufficient condition but not a necessary one
for a functional to be accurate.
In our previous work [52], we performed the many-body analysis of neutral water clusters using PBE and SCAN and showed how the subtle interplay of many-body components
determines the correct energetic ordering of hexamers. But, the use of self-interaction corrected methods to study many-body interaction energies was limited in the previous work
[52]. We only studied 2B and 3B energies of the global minimum structure of trimer and
hexamer (prism) using FLOSIC-SCAN as a test calculation and made a general conclusion that FLOSIC-SCAN reduces 2B error and leaves other higher body interactions unchanged with respect to SCAN. Also, the performance of functionals to accurately capture
monomer deformation energy (1B energy) was missing in the previous work [52]. In this
work, we explore one-, two-, three-, and four-body interactions in a series of water clusters with increasing size, using PBE, SCAN, FLOSIC-PBE, and FLOSIC-SCAN. Here, we
are motivated in exploring the relative comparison between self-interaction corrected and
uncorrected functionals on the many-body interaction energies of neutral water clusters.

5.2

Methods and Computational details

The FLOSIC [58, 59] method is based upon the Perdew-Zunger SIC [55], in which
the SIE is subtracted from an approximated functional on an orbital-by-orbital basis. The
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self-interaction corrected total energy expression according to this approach is given by;
approx

E PZ–SIC = Exc

[n↑ , n↓ ] −

∑(Excapprox[niσ , 0] +U[niσ ]),

(5.2-1)

iσ

where niσ is a single orbital density and U[niσ ] is the Hartree electrostatic energy of the
one-electron density. In this method, the orbitals that minimize E PZ–SIC are guaranteed to
be localized, which depends upon the Fermi orbitals given by;
N

∑ j σ ψ ∗jσ (aiσ )ψ jσ (r)
Fiσ (r) = q
,
Nσ
2
∑ j |ψ jσ (aiσ )|

(5.2-2)

where Nσ is the number of electrons with spin σ , and i and j are the orbital indices. Each
FOs, Fiσ (r), depends on a position vector in space, aiσ , called a Fermi–Orbital Descriptor
(FOD), and the spin density constructed by any set of orthonormal orbitals ψ jσ (r) that span
the occupied space. The localized FOs are normalized but not mutually orthogonal. The
Löwdin method of orthogonalization [130] is then performed to obtain the orthonormal
Fermi-Löwdin orbitals (FLOs). For the details on the FLOSIC methodology, we suggest
the readers go through the previously published papers [58, 59].

The many-body analysis is the standard tool for analyzing the energetics of water clusters. It helps to give insight into the performance of different functionals for the relative
stability of low-lying isomers of the water clusters. The total interaction energy (∆E) of
a system of N-body cluster (N water molecules here) depends upon the nuclear position
vector x i for all water molecules in the cluster. It can be expressed as the sum of one-, two-,
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three-, . . . , N-body interaction energy components as [79, 136]
N

N

∆E = ∑ ∆E 1B (xxi ) + ∑ ∆E 2B (xxi , x j )+
i< j

i=1

N

∑

∆E 3B (xxi , x j , x k ) + . . . + ∆E NB (xx1 , . . . , x N ),

(5.2-3)

i< j<k

where ∆E 1B (xxi ), the one-body interaction, is the energy required to distort ith water monomer
to optimally orient itself in a cluster with position x i from its relaxed minimum energy configuration in isolation. ∆E 2B (xxi , x j ) is the two-body interaction, which is the gain in energy
when two distorted monomers interact to form a dimer, and similarly E 3B (xxi , x j , x k ) is the
three-body interaction, and so on. ∆E is equal to the total binding energy when all N-body
contributions are included. Mathematically, individual one-, two-, and three-body terms
can be defined as

∆E 1B (xxi ) = E(xxi ) − Eeq ,
∆E 2B (xxi , x j ) = E(xxi , x j ) − E(xxi ) − E(xx j ) ,
∆E 3B (xxi , x j , x k ) = E(xxi , x j , x k ) − E(xxi ) − E(xx j )
− E(xxk ) − ∆E 2B (xxi , x j )−
∆E 2B (xx j , xk ) − ∆E 2B (xxk , xi ) ,
..
.

(5.2-4)

where, Eeq is the total energy of a water monomer in gas phase equilibrium; and E(xxi ),
E(xxi , x j ), E(xxi , x j , x k ) are respectively the total energy of all possible monomer, dimer,
trimer configurations taken from the N-body cluster. Other higher body energies can be
defined recursively in terms of the total energies of all sub-clusters [137]. For a cluster of
size N, there are N C2 two-body terms, N C3 three-body terms, N C4 four body terms and so
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on. The binding energy of the N-body cluster is;

BEN = EN − NEeq

(5.2-5)

All the calculations are performed with the FLOSIC code [138], with is a developed
version of the NRLMOL code [139–143]. We have used the NRLMOL default basis set
[144], a large atom-centered Gaussian-type orbitals basis sets, with an extra polarization
function on top of it that compares to quadruple zeta in quality. Non-empirical functionals from the lowest three rungs of Jacob’s ladder with and without SIC are used and these
are, LSDA, which uses the correlation of PW92 [19], Perdew-Burke-Ernzherof (PBE) [21]
GGA, and the SCAN [39] meta-GGA. All calculations were done using a fine variational
integration grid [191]. For calculations involving the SCAN functional, especially dense
grids were used [192]. For our study, we have considered eight neutral water clusters,
(H2 O)n (with n=2-6), starting from dimer to four isomers of the hexamer. These structures
are taken from benchmark energy and geometry database (BEGDB) [152], which are optimized at the RI-MP2/aug-cc-pVDZ level [153] of theory. The accurate CCSD(T)-F12b
reference many-body interaction energies of studied systems are taken from the work of
Manna and co-workers [1].

5.3

Result and Discussions

In this section, we will discuss the performance of density functional methods on different components of the many-body interaction energies. Table 5.1 shows comparison of
the total interaction energies and the many-body components. The accuracy of the studied
methods in predicting interaction energies are quantified comparing with the highly accurate CCSD(T)-F12b [1] numbers. Error on all the many-body components is evaluated by
subtracting the reference numbers from the calculated numbers. Figure 5.1 demonstrates
the error in total interaction energies (with/without monomer deformation) into many-body
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components, given by PBE, SCAN, FLOSIC-PBE and FLOSIC-SCAN. We can see clearly
from table 5.1 and figure 5.1 that SCAN overbinds all the clusters and the major contribution of error in SCAN comes from 2B, which is later improved by FLOSIC-SCAN. The
contribution of 3B and 4B on total error is negligible with both SCAN and FLOSIC-SCAN.
PBE and FLOSIC-PBE behave little differently. While not considering monomer deformation, PBE underbinds trimer, prism, and cage, but overbinds other clusters. Also, error in
3B and 4B given by PBE in prism and cage are larger than 2B error. Without the inclusion of the 1B error we find that there is only an improvement of ∼ 10 meV/(H2 O) by
FLOSIC-SCAN over SCAN. However, if we consider 1B error, FLOSIC-SCAN improved
over SCAN by ∼ 22 meV/(H2 O). This implies that the 1B error (fig5.1(c)), which is in opposite direction to that of higher body contributions, is not negligible and plays important
role in reducing the error in binding energy (IE(wmr)) through error compensation. This
suggests that FLOSIC-SCAN improves the over-binding of SCAN at the expense of worsening monomer deformation energy. We can further see that the self-interaction corrected
PBE, FLOSIC-PBE, is even worse in predicting monomer deformation energies (1B) than
FLOSIC-SCAN. The better performance of FLOSIC-PBE over PBE for the total binding
energy or IE(wmr) is possible due to the error compensation by 1B. Here, the positive
one-body error means that it is energetically easier to distort a water molecule from its
equilibrium configuration with DFT functionals. FLOSIC-PBE is even worse than PBE in
predicting all many-body components, 1B, 2B, 3B, and 4B.
The overall performance of functionals can be seen in figure 5.2. Mean error in all
many-body components of the interaction energies are plotted for PBE, SCAN, FLOSICPBE, and FLOSIC-SCAN. FLOSIC-PBE has worsened and FLOSIC-SCAN has only slightly
improved average error in IE(womr) with respect to their corresponding underlying functionals PBE and SCAN respectively (figure 5.2 (b)). In contrast, figure 5.2(a) shows that
both FLOSIC-PBE and FLOSIC-SCAN improved the average error in IE(wmr) over PBE
and SCAN. The application of self-interaction corrected methods has been seen to worsen
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the monomer relaxation energy (1B), which compensates for errors given by higher bond
interactions.
The 1B energy given by PBE is too small, less than 10.1 meV/H2 O on average, compared to CCSD(T). This suggests that it is easy to deform monomers with PBE in comparison to CCSD(T). Such behavior of typical GGA functional was also discussed earlier [80].
As PBE0, which includes 25 % of exact exchange was found to give better monomer deformation energy [80], it was natural to assume that self-interaction correction to the PBE
functional, FLOSIC-PBE, would improve the monomer deformation energy compared to
PBE. But surprisingly, we see that FLOSIC-PBE predicts too large monomer deformation
energy (12.4 meV/H2 O) on average. SCAN, on the other hand, predicts monomer deformation energy in excellent agreement, only 2.3 meV/H2 O smaller on average than CCSD(T).
FLOSIC-SCAN (mean error of 10.3 meV/H2 O in 1B) performs similarly as FLOSIC-PBE,
qualitatively. This shows it is too difficult to deform monomers with self-interaction corrected methods.
PBE and FLOSIC-PBE, however, fail in giving correct energetic ordering for four isomers of the water hexamer, whereas SCAN and FLOSIC-SCAN succeed in this regard
[45, 52]. Here, with the aid of many-body analysis, we are interested in finding how different may-body components are responsible for such behavior. First, we evaluated the
relative many-body interaction energies of Cage (C), Book (B), and Ring(R) with respect
to the most stable prism(P) structure, and then quantified the error in that relative interaction energies, with the help of reference numbers, as shown in figure 5.3. Figure 5.3 (b)
shows that SCAN destabilizes B and R, relative to P, due to 2B interactions, and some error
compensation is happening due to 3B and 4B. A more or less similar pattern is observed
in FLOSIC-SCAN, where it is destabilizing B and R, due to 2B and over stabilizing due
to 3B and 4B interactions relative to P and C. Looking closely, FLOSIC-SCAN is decreasing the destabilization and also increasing the over-stabilization of R, in comparison to
SCAN, which might have caused to shrunk the energy range between Prism and Ring in
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FLOSIC-SCAN (6.4 meV/H2 O) in comparison to SCAN (15.3 meV/H2 O). The scenario is
completely different with PBE, where an error in the relative energies due to 2B and 4B are
largely canceling each other, and it largely over stabilizes B and R due to 3B interactions
relative to P and C. This provides one plausible reason why PBE is unable to give correct
ordering among hexamers. Interestingly, FLOSIC-PBE follows a similar trend as PBE,
over stabilizing B and R, mainly due to 3B.
Table 5.1: Total interaction energy including monomer relaxation (IE(wmr)), total interaction energy excluding monomer relaxation (IE(womr)), one-body (1B), twobody (2B), three-body (3B), and four-body (4B) interaction energies of (H2 O)2 ,
(H2 O)3 , (H2 O)4 , (H2 O)5 , and four isomers of (H2 O)6 , given by FLOSIC-PBE
and FLOSIC-SCAN. Also shown are the mean absolute errors (MAE) on the
interaction energies calculated with respect to the reference 1. All values are in
(meV/H2 O).
FLOSIC-PBE
Clusters

FLOSIC-SCAN

IE(wmr)

IE(womr)

1B

2B

(H2 O)2

-106

-115

9

-115

(H2 O)3

-219

-240

22

-204

-36

(H2 O)4

-301

-332

31

-257

-64

(H2 O)5

-318

-351

33

-256

Prism

-322

-354

33

Cage

-323

-355

Book

-329

Ring
MAE

-326
5.7

5.3.1

3B

4B

IE(wmr)

IE(womr)

1B

2B

3B

4B

-113

-127

14

-127

-233

-252

19

-208

-44

-12

-307

-332

25

-259

-66

-8

-76

-19

-331

-360

29

-261

-86

-12

-288

-55

-11

-349

-380

31

-314

-61

4

33

-289

-56

-14

-343

-375

31

-305

-67

-4

-362

34

-275

-78

-8

-343

-371

29

-281

-75

-10

-355
10.7

29
12.4

-245
8.5

-92
4.1

-22
5.1

-340
13.0

-369
23.2

28
10.3

-261
19.2

-92
3.6

-14
1.8

Two-Body Energy Analysis

As we have known that 2B interaction energies as a whole play an important role in
determining the relative stability of structures, we now want to see how individual 2B contributions for all possible dimers within a particular cluster behave. For this, we consider a
global minimum cyclic structure of pentamer and a cyclic structure of the hexamer (ring)
structure. From figure 5.4, we see that the pentamer structure has altogether ten dimer
configurations, five of which (D12, D23, D34, D45, and D15) are hydrogen-bonded and
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Figure 5.1: Error in, (a) total interaction energy including monomer relaxation (IE(wmr)),
(b) total interaction energy without monomer relaxation (IE(womr)), (c) onebody interaction (1B), (d) two-body interaction(2B), (e) three-body interaction(3B), and (f) four-body interaction(4B) of dimer (2), trimer (3), tetramer
(4), pentamer (5), prism (p), cage (C), book(B), and ring (R) structures, given
by SCAN (blue) and FLOSIC-SCAN (red). Negative sign refers overbinding.
89

Figure 5.2: Mean error in the (a) total interaction energy including monomer relaxation (IE(wmr)), (b) total interaction energy without monomer relaxation
(IR(womr)), (c) one-body interaction energy (1B), (d) two-body interaction energy (2B), (e) three-body interaction energy (3B), and (f) four-body interaction
energy (4B) of the neutral water clusters, given by PBE, SCAN, FLOSIC-PBE,
and FLOSIC-SCAN. A negative sign refers to overbinding.
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Figure 5.3: Error given by (a) PBE, (b) SCAN, (c) FLOSIC-PBE, and (d) FLOSIC-SCAN
in the relative energy of cage, book, and ring isomers with respect to the prism
structure. The references numbers are taken from Ref. 1.
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the rest are non-hydrogen-bonded. Interestingly, individual SIC contributions are larger for
hydrogen-bonded dimers and also individual 2B interaction energies are stronger for the
same dimers. In other words, there is a clear distinction between individual SIC and individual 2B contributions coming from hydrogen-bonded and non-hydrogen-bonded dimers.
A very similar story is seen in a ring isomer of the hexamer. Six hydrogen-bonded dimers
in it have relatively larger SIC energy and 2B interaction energies compared to the remaining nine non-hydrogen-bonded dimers. Also, other structures agree with the trend we
observed in pentamer and ring. Thus, hydrogen-bonded dimers are much affected by selfinteraction error and form the vital component of 2B interactions and the overall binding
of the clusters.

5.4

Conclusion

We have quantified the many-body interaction energies of neutral water clusters using commonly used non-empirical density functionals PBE and SCAN and their selfinteraction corrected counterparts FLOSIC-PBE and FLOSIC-SCAN. It is seen that, in aggregate, FLOSIC-PBE has worsened all many-body interaction energies (1B, 2B, 3B, and
4B) corresponding to PBE. FLOSIC-SCAN is found to improve the 2B, 3B, and 4B interaction energies and worsen the monomer relaxation energy (1B) in comparison to SCAN.
When including monomer relaxation, FLOSIC-PBE improves over PBE in the total interaction energy. This is because of error cancellation due to 1B. Such error cancellation is
relatively smaller in FLOSIC-SCAN than in FLOSIC-PBE.
SCAN gives a similar total error for all the hexamers, a large portion of which comes
from 2B. The errors in the 1B, 3B, and 4B interaction energies given by SCAN are not
significant compared to the 2B error and FLOSIC-SCAN corrects 2B error in SCAN while
not changing much the 3B and 4B errors and slightly worsening the 1B error. This helps
FLOSIC-SCAN to retain the correct energetic ordering of hexamers given by SCAN. On
the other hand, errors given by PBE for different isomers are different. PBE overbinds
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Figure 5.4: SIC contributions of individual 2B terms plotted as a function of each of their
2B interaction energies for all possible dimer configurations from pentamer
and ring structures. Also shown on the left-hand side of the plots are the corresponding clusters.
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book and ring isomers whereas underbids prism and cage. Also, in PBE, the 3B errors for
prism and cage are significantly larger than the 2B errors unlike in SCAN. Error on the
relative interaction energies given by PBE shows that contributions coming from 2B and
4B cancels each other to a larger extent, and PBE over stabilizes book and ring due to 3B
interactions with respect to prism and cage. FLOSIC-PBE has a very similar behavior to
PBE.
We have further observed that the hydrogen-bonded dimers have a larger SIC contribution compared to non-hydrogen bonded dimers. Thus, correct description of hydrogenbonds is very important to improve the overall binding of the clusters.
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CHAPTER 6

SUMMARY AND PERSPECTIVES

This thesis focuses on where DFAs failed and how well self-interaction corrected methods can describe H-bonds among water clusters and water-ion clusters. We attempted to
develop reliable and accurate SIC methods and test their validity for a wide range of properties of various systems, including interaction energies of water clusters and water-ion clusters. We have also made some effort to understand the importance of a suitable choice of
basis-set while dealing with hydrogen-bonded anionic clusters and quantified the densitydriven error resulting from diffuse basis functions.
Firstly, we studied the importance of removing SIE in DFAs like LSDA, PBE, and
SCAN using the PZ-based (orbital-by-orbital removal of SIE) FLOSIC methodology for
the case of neutral water clusters. We observed that FLOSIC-DFAs show significant improvement over DFAs and give binding energies of clusters closer to the reference values.
We have also shown that DFAs applied a posteriori to the corresponding FLOSIC densities
do not lead to better estimates of the binding energies than that obtained with DFAs, suggesting that the water clusters’ overbinding by those DFAs is not the effect of the densitydriven error. Most importantly, we found that removing SIE does not alter the energetic
ordering of the four low-lying isomers of the water hexamer concerning their underlying
functionals. In particular, self-interaction corrected SCAN (FLOSIC-SCAN) retains correct energetic ordering of hexamers and significantly reduces the error in their binding
energy. Thus, orbital-by-orbital removal of SIE paired up with a good density functional
can lead to accurate water clusters’ energetics.
In the next work, we assessed the accuracy of the FLOSIC method of self-interaction
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correction for the interaction energies between water molecules and different ions. Most
of the clusters we studied (water-hydroxide, water-hydronium, and water-halide) are Hbonded except for the water-alkali clusters. Erroneous delocalization on the electron density in a negatively charged system is a common problem of DFAs where a suitable choice
of basis set is essential. We have found that, with DFAs, the magnitude of density-driven
error increases with diffuse basis functions in anionic systems, whereas positively charged
systems are not affected by density-driven-error. Therefore, we first performed a systematic
basis set convergence using the improved density obtained from the FLOSIC method and
used that basis set in all anionic clusters. We have found that the removal of SIE is seen to
work well in all hydrogen-bonded clusters by shifting the binding energies toward accurate
references. In contrast, FLOSIC-DFA methods worsen the binding energies of alkali-ion
clusters.
Finally, we performed a many-body analysis of neutral water clusters using self-interaction
corrected and uncorrected functionals. It is to be noted that a very accurate exchange and a
very accurate correlation is a sufficient condition but not a necessary one for a functional to
be accurate. Similarly, recovery of accurate many-body components, which are not physically measurable, is only a sufficient but not a necessary condition for a functional to be
accurate. In this work, we used the many-body analysis technique to understand how the
interplay of many-body components can determine the relative stability of water hexamers. The SCAN functional gives a similar total error for all four hexamers, a significant
portion of which comes from 2B, and it predicts other interactions (1B, 3B, and 4B) with
reasonably good accuracy. FLOSIC-SCAN reduces an error in 2B over SCAN and predicts
higher-body interactions (3B and 4B) with about the same accuracy as SCAN but worsens
the monomer deformation energy (1B). PBE performs relatively weakly in the relative stability among hexamers. It treats four hexamers differently, overbinds book and ring, but
underbids prism and cage. Also, unlike SCAN, PBE predicts a larger 3B and 4B error
in prism and cage than 2B error. PBE and FLOSIC-PBE predict too small and too large
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monomer deformation energies, respectively, suggesting that it is too easy to deform water
monomer using PBE, whereas too difficult using FLOSIC-PBE. Not only FLOSIC-PBE,
but FLOSIC-SCAN also predicts too large monomer deformation energy in comparison
to the reference. The improvement in the total interaction energy by self-interaction corrected methods, especially FLOSIC-PBE, is happening because of error compensation by
1B error.
Overall, FLOSIC-SCAN provides the correct description of HBs in neutral water clusters, performing even better than the SCAN functional. Self-interaction corrected methods
also improve interaction energies of hydrogen-bonded water-ion clusters over uncorrected
functionals. The FLOSIC method notably failed in the description of non-hydrogen-bonded
water-alkali clusters. Hopefully, other better versions of the SIC method that are being developed will address this issue in the future.
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[100] Simon Klüpfel, Peter Klüpfel, and Hannes Jónsson. The effect of the PerdewZunger self-interaction correction to density functionals on the energetics of small
molecules. J. Chem. Phys., 137:124102, 2012.
[101] Susi Lehtola, Martin Head-Gordon, and Hannes Jónsson. Complex orbitals, multiple
local minima, and symmetry breaking in Perdew–Zunger self-interaction corrected
density functional theory calculations. J. Chem. Theory Comput., 12:3195–3207,
2016.
[102] Mark R. Pederson, Tunna Baruah, Der-you Kao, and Luis Basurto. Self-interaction
corrections applied to mg-porphyrin, C60 , and pentacene molecules. J. Chem. Phys.,
144:164117, 2016.
[103] D.-y Kao and M. R. Pederson. Use of Löwdin orthogonalised Fermi orbitals for
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and Juan E. Peralta. Fermi-löwdin orbital self-interaction correction to magnetic
exchange couplings. J. Chem. Phys., 149(16):164101, 2018.
[187] Lin Li, Kai Trepte, Koblar A Jackson, and J Karl Johnson. Application of SelfInteraction Corrected Density Functional Theory to Early, Middle, and Late Transition States. J. Phys. Chem. A, 124(40):8223–8234, oct 2020.
[188] Jorge Vargas, Peter Ufondu, Tunna Baruah, Yoh Yamamoto, Koblar A Jackson, and
Rajendra R Zope. Importance of self-interaction-error removal in density functional
calculations on water cluster anions. Phys. Chem. Chem. Phys., 22(7):3789–3799,
2020.
[189] Sharmin Akter, Yoh Yamamoto, Carlos M Diaz, Koblar A Jackson, Rajendra R
Zope, and Tunna Baruah. Study of self-interaction errors in density functional
predictions of dipole polarizabilities and ionization energies of water clusters using Perdew–Zunger and locally scaled self-interaction corrected methods. J. Chem.
Phys., 153(16):164304, oct 2020.
[190] Javaria Batool, Torsten Hahn, and Mark R. Pederson. Magnetic Signatures of
Hydroxyl- and Water-Terminated Neutral and Tetra-Anionic Mn 12 -Acetate. J.
Comput. Chem., 40(26):2301–2308, oct 2019.
[191] Mark R Pederson and Koblar A Jackson. Variational mesh for quantum-mechanical
simulations. Phys. Rev. B, 41(11):7453, 1990.
[192] Yoh Yamamoto, Carlos M Diaz, Luis Basurto, Koblar A Jackson, Tunna Baruah,
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