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Abstract. In paper [5] the author introduced stable formality quasi-iso-
morphisms and described the set of its homotopy classes. This result
can be interpreted as a complete description of formal quantization pro-
cedures. In this note we give a brief exposition of stable formality quasi-
isomorphisms and prove that every homotopy class of stable formality
quasi-isomorphisms contains a representative which admits globaliza-
tion. This note is loosely based on the talk given by the author at XXX
Workshop on Geometric Methods in Physics in Bialowieza, Poland.

1. Introduction

In seminal paper [12] M. Kontsevich constructed an L∞ quasi-isomorphism
from the graded Lie algebra of polyvector fields on the affine space Rd to
the dg Lie algebra of Hochschild cochains C•(A) for the polynomial algebra
A = R[x1, x2, . . . , xd] . This result implies that equivalence classes of star-
products on Rd are in bijection with the equivalence classes of formal Poisson
structures on Rd . This theorem also implies that Hochschild cohomology of
a deformation quantization algebra is isomorphic to the Poisson cohomology
of the corresponding formal Poisson structure.

In the view of these consequences, we will think about L∞ quasi-isomor-
phisms from the graded Lie algebra of polyvector fields on the affine space Rd

to the dg Lie algebra of Hochschild cochains C•(A) as formal quantization
procedures.

Following [2] one can define a natural notion of homotopy equivalence
on the set of L∞-morphisms between dg Lie algebras (or even L∞-algebras).
Furthermore, according to Lemma B.5 from [1], homotopy equivalent L∞

quasi-morphisms for C•(A) give the same bijection between the set of equiv-
alence classes of star-products and the set of equivalence classes of formal
Poisson structures. Thus, for the purposes of applications, we should only be
interested in homotopy classes of formality quasi-isomorphisms.

http://arxiv.org/abs/1111.2797v1
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In paper [5] the author developed a framework of what he calls stable
formality quasi-isomorphisms (SFQ) and showed that homotopy classes of
such SFQ’s form a torsor for the group which is obtained by exponentiat-
ing the Lie algebra H0(GC) where GC is the graph complex introduced by M.
Kontsevich in [11, Section 5]. Any SFQ gives us an L∞ quasi-isomorphism for
the Hochschild cochains of A = R[x1, x2, . . . , xd] in all1 dimensions d simul-
taneously. Moreover, homotopy equivalent SFQ’s give homotopy equivalent
L∞ quasi-isomorphisms for the Hochschild cochains of A = R[x1, x2, . . . , xd] .
Thus the main result (Theorem 6.2) of [5] can be interpreted as a complete
description of formal quantization procedures in the stable setting.

In the next section we remind the full (directed) graph complex and its
relation to Kontsevich’s graph complex GC [11, Section 5]. In Section 3 we
give a brief exposition of stable formality quasi-isomorphisms (SFQ). Finally,
in Section 4 we prove that every SFQ is homotopy equivalent to an SFQ
which admits globalization.

Notation and conventions. In this note we assume that the ground field K

contains the field of reals. For most of algebraic structures considered in
this note, the underlying symmetric monoidal category is the category of
unbounded cochain complexes of K-vector spaces. For a cochain complex V
we denote by sV (resp. by s

−1V) the suspension (resp. the desuspension) of
V . In other words,

(
sV

)•
= V•−1 ,

(
s
−1V

)•
= V•+1 .

C•(A) denotes the Hochschild cochain complex of an associative algebra (or
more generally an A∞-algebra) A with coefficients in A . For a commutative
ring R and an R-module V we denote by SR(V ) the symmetric algebra of V
over R .

Given an operad O, we denote by ◦i the elementary operadic insertions:

◦i : O(n)⊗O(k) → O(n+ k − 1) , 1 ≤ i ≤ n .

The notation Shp,q is reserved for the set of (p, q)-shuffles in Sp+q . A
graph is directed if each edge carries a chosen direction. A graph Γ with n

vertices is called labeled if Γ is equipped with a bijection between the set of its
vertices and the set {1, 2, . . . , n} . ε denotes a formal deformation parameter.

Acknowledgment. I would like to thank Chris Rogers and Thomas Willwacher
for numerous illuminating discussions. This paper is loosely based on the talk
given by the author at XXX Workshop on Geometric Methods in Physics
in Bialowieza, Poland. The cost of my trip to this conference was partially
covered by the NSF grant # 1124929, which I acknowledge. I am partially sup-
ported by the NSF grant DMS 0856196, and the grant FASI RF 14.740.11.0347.

1In fact they are also defined for any Z-graded affine space.
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2. The full directed graph complex dfGC

In this section we recall from [14] an extended version dfGC of Kontsevich’s
graph complex GC [11, Section 5]. For this purpose, we first introduce a
collection of auxiliary sets {dgra(n)}n≥1 . An element of dgran is a directed
labelled graph Γ with n vertices and with the additional piece of data: the
set of edges of Γ is equipped with a total order. An example of an element in
dgra4 is shown on figure 2.1.

4

1 3 2

Fig. 2.1. The edges are equipped with the order (3, 1) <

(3, 2) < (2, 3) < (2, 2)

Next, we introduce a collection of graded vector spaces {dGra(n)}n≥1 .
The space dGra(n) is spanned by elements of dgran, modulo the relation
Γσ = (−1)|σ|Γ where the graphs Γσ and Γ correspond to the same directed
labelled graph but differ only by permutation σ of edges. We also declare that
the degree of a graph Γ in dGra(n) equals −e(Γ), where e(Γ) is the number
of edges in Γ . For example, the graph Γ on figure 2.1 has 4 edges. Thus its
degree is −4 .

Following [14], the collection {dGra(n)}n≥1 forms an operad. The sym-
metric group Sn acts on dGra(n) in the obvious way by rearranging labels
and the operadic multiplications are defined in terms of natural operations
of erasing vertices and attaching edges to vertices.

The operad dGra can be upgraded to a 2-colored operad KGra whose
spaces2 are formal linear combinations of graphs used by M. Kontsevich in
[12].

We define the graded vector space dfGC by setting

dfGC =
∏

n≥1

s
2n−2

(
dGra(n)

)Sn

. (2.1)

Next, we observe that the formula

Γ • Γ̃ =
∑

σ∈Shk,n−1

σ
(
Γ ◦1 Γ̃

)
(2.2)

Γ ∈
(
dGra(n)

)Sn

, Γ̃ ∈
(
dGra(k)

)Sk

defines a degree zero K-bilinear operation on
⊕

n≥1

s
2n−2

(
dGra(n)

)Sn

which

extends in the obvious way to the graded vector space dfGC (2.1).

2For more details, we refer the reader to [5, Section 3].
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It is not hard to show that the operation (2.2) satisfies axioms of the
pre-Lie algebra and hence dfGC is naturally a Lie algebra with the bracket
give by the formula

[γ, γ̃] = γ • γ̃ − (−1)|γ||γ̃| γ̃ • γ , (2.3)

where γ and γ̃ are homogeneous vectors in dfGC .
A direct computation shows that the degree 1 vector

Γ•−• =
1 2

+
2 1

(2.4)

satisfies the Maurer-Cartan equation [ Γ•−•,Γ•−• ] = 0 .
Thus, dfGC forms a dg Lie algebra with the bracket (2.3) and the dif-

ferential
∂ = [Γ•−•, ] . (2.5)

Definition 2.1. The cochain complex (dfGC, ∂) is called the full directed graph
complex.

Let us observe that every undirected labeled graph Γ with n vertices
and with a chosen order on the set of its edges can be interpreted as the
sum of all directed labeled graphs Γα in dgra(n) from which the graph Γ is
obtained by forgetting directions on edges. For example,

Γ•−• =
1 2

(2.6)

Thus, using undirected labeled graphs we may form a suboperad Gra

inside dGra and the sub- dg Lie algebra

fGC =
∏

n≥1

s
2n−2

(
Gra(n)

)Sn

⊂ dfGC (2.7)

Definition 2.2 (M. Kontsevich, [11]). Kontsevich’s graph complex GC is the
subcomplex

GC ⊂ fGC (2.8)

formed by (possibly infinite) linear combinations of connected graphs Γ sat-
isfying these two properties: each vertex of Γ has valency ≥ 3, and the com-
plement to any vertex is connected.

It is easy to see that GC is a sub- dg Lie algebra of fGC . Furthermore,
following3 [14] we have

Theorem 2.3 (T. Willwacher, [14]). The cohomology of dfGC can be expressed
in terms of cohomology of GC . More precisely,

H•(dfGC) = s
−2 S

(
s
2 H

)
(2.9)

where
H = H•(GC) ⊕

⊕

m≥0

s
4m−1K .

3See lecture notes [7] for more detailed exposition.
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Using decomposition (2.9), it is not hard to see that

H0(dfGC) ∼= H0(GC) (2.10)

and the Lie algebra H0(dfGC) is pro-nilpotent.

3. Stable formality quasi-isomorphisms

Let A = K[x1, x2, . . . , xd] be the algebra of functions on the affine space Kd

and let V •
A be the algebra of polyvector fields on Kd

V •
A = SA

(
sDer(A)

)
. (3.1)

Recall that V •
A is a free commutative algebra V •

A = K[x1, x2, . . . , xd, θ1, θ2, . . . , θd]
overK in d generators x1, x2, . . . , xd of degree zero and d generators θ1, θ2, . . . , θd
of degree one.

It is know that V •+1

A is a graded Lie algebra. The Lie bracket on V •+1

A

is given by the formula:

[v, w]S = (−1)|v|
d∑

i=1

∂v

∂θi

∂w

∂xi
− (−1)|v||w|+|w|

d∑

i=1

∂w

∂θi

∂v

∂xi
. (3.2)

It is called the Schouten bracket.
In plain English an L∞-morphism U from V •+1

A to C•+1(A) is an infinite
collection of maps

Un :
(
V •+1

A

)⊗n
→ C•+1(A) , n ≥ 1 (3.3)

compatible with the action of symmetric groups and satisfying an intricate
sequence of quadratic relations. The first relation says that U1 is a map of
cochain complexes, the second relation says that U1 is compatible with the
Lie brackets up to homotopy with U2 serving as a chain homotopy and so on.

Kontsevich’s construction of such a sequence (3.3) is “natural” in the
following sense: given polyvector fields v1, v2, . . . , vn ∈ V •+1

A , the value

Un

(
v1, v2, . . . , vn

)
(a1, a2, . . . , ak) (3.4)

of the cochain Un(v1, v2, . . . , vn) on polynomials a1, a2, . . . , ak ∈ A is obtained
via contracting all indices of derivatives of various orders of v1, . . . , vn, a1, . . . , ak
in such a way that the resulting map

(V •
A)

⊗n ⊗A⊗ k → A

is gld(K)-equivariant. Thus each term in Un can be encoded by a directed
graph with two types of vertices: vertices of one type are reserved for polyvec-
tor fields and vertices of another type are reserved for polynomials.

Motivated by this observation, the author introduced in [5] a notion of
stable formality quasi-isomorphism (SFQ) which formalizes L∞ quasi-isomor-
phisms U for Hochschild cochains satisfying this property: each term in Un

is encoded by a graph with two types of vertices and all the desired relations
on Un’s hold universally, i.e. on the level of linear combinations of graphs.
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The precise definition of SFQ is given in terms of 2-colored dg operads
OC and KGra . The later operad KGra is a 2-colored extension of the operad
dGra which is “assembled” from graphs used by M. Kontsevich in [12]. This
operad comes with a natural action on the pair (V •+1

A , A = K[x1, . . . , xd]) .
The operad OC governs open-closed homotopy algebras introduced in [10] by
H. Kajiura and J. Stasheff. We recall that an open-closed homotopy algebra
is a pair (V ,A) of cochain complexes equipped with the following data:

• An L∞-structure on V ;
• an A∞-structure on A; and
• an L∞-morphism from V to the Hochschild cochain complex C•(A) of
the A∞-algebra A .

Since the operad KGra acts on the pair (V •+1

A , A = K[x1, . . . , xd]), any
morphism of dg operads

F : OC → KGra (3.5)

gives us an L∞-structure on V •+1

A , an A∞-structure on A and an L∞ mor-

phism from V •+1

A to C•(A) .
An SFQ is defined as a morphism (3.5) of dg operads satisfying three

boundary conditions. The first condition guarantees that the L∞-algebra
structure on V •+1

A induced by F coincides with the Lie algebra structure
given by the Schouten bracket (3.2). The second condition implies that the
A∞-algebra structure on A coincides with the usual associative (and commu-
tative) algebra structure on polynomials. Finally, the third condition ensures
that the L∞-morphism

U : V •+1

A  C•+1(A)

induced by F starts with the Hochschild-Kostant-Rosenberg embedding. In
particular, the last condition implies that U is an L∞ quasi-isomorphism.

Kontsevich’s construction [12] provides us with an example of an SFQ
over any extension of the field of reals4

In paper [5] the author also defined the notion of homotopy equivalence
for SFQ’s. This notion is motivated by the property that L∞ quasi-isomor-
phisms

U, Ũ : V •+1
A  C•+1(A)

corresponding to homotopy equivalent SFQ’s F and F̃ are connected by a
homotopy which “admits a graphical expansion” in the above sense.

Following [11] we have a chain map Θ from the full (directed) graph
complex dfGC to the deformation complex of the dg Lie algebra V •+1

A of
polyvector fields. In particular, every degree zero cocycle in dfGC produces
an L∞-derivation of V •+1

A . Exponentiating these L∞-derivations we get an
action of the (pro-unipotent) group

exp
(
dfGC

0 ∩ ker ∂
)

4The existence of an SFQ over rationals is proved in papers [4] and [6].
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on the set of L∞ quasi-isomorphisms

U : V •+1

A  C•+1(A) (3.6)

for A = K[x1, . . . , xd] . Namely, given a cocycle γ ∈ dfGC
0, the action of

exp(γ) is defined by the formula

U 7→ U ◦ exp
(
−Θ(γ)

)
, (3.7)

where Θ is the chain map from dfGC to the deformation complex of V •+1

A .
In [5], it was proved that the action (3.7) descends to an action of the

(pro-unipotent) group

exp
(
H0(dfGC)

)
(3.8)

on the set of homotopy classes of SFQ’s. Moreover,

Theorem 3.1 (Theorem 6.2, [5]). The group (3.8) acts simply transitively on
the set of homotopy classes of SFQ’s.

In the view of philosophy outlined in the Introduction, this result can
be interpreted as a complete description of formal quantization procedures.

Remark 3.2. According to the recent result [14, Theorem 1] of T. Willwacher,
exp

(
H0(GC)

)
is isomorphic to the Grothendieck-Teichmueller group GRT

introduced by V. Drinfeld in [9]. Thus, combining this result with Theorem
3.1, we conclude that formal quantization procedures are “governed” by the
group GRT.

Remark 3.3. In recent preprint [15] Thomas Willwacher computes stable co-
homology of the graded Lie algebra of polyvector fields with coefficients in
the adjoint representation. His computations partially justify the name “sta-
ble formality quasi-isomorphism” chosen by the author in [5]. In particular,
Thomas Willwacher mentions in [15] a possibility to deduce the part about
transitivity from Theorem 3.1 in a more conceptual way.

4. Globalization of stable formality quasi-isomorphisms

Given an L∞ quasi-isomorphism (3.6) for A = K[x1, . . . , xd] we can ask the
question of whether we can use it to construct a sequence of L∞ quasi-iso-
morphisms which connects the sheaf V •+1

X of polyvector fields to the sheaf

D•+1
X of polydifferential operators on a smooth algebraic variety X over K .

There are several similar constructions [3], [13], [16] which allow us to produce
such a sequence under the assumption that the L∞ quasi-isomorphism (3.6)
satisfies the following properties:

A) One can replace A = K[x1, . . . , xd] in (3.6) by its completion Aformal =
K[[x1, . . . , xd]] ;

B) the structure maps Un of U are gld(K)-equivariant;
C) if n > 1 then

Un(v1, v2, . . . , vn) = 0 (4.1)

for every set of vector fields v1, v2, . . . , vn ∈ Der(Aformal);
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D) if n ≥ 2 and v ∈ Der(Aformal) has the form

v =

d∑

i,j=1

vijx
j ∂

∂xi
, vij ∈ K

then for every set w2, . . . , wn ∈ V •+1

Aformal

Un(v, w2, . . . , wn) = 0 . (4.2)

In paper [8] it was shown that for every degree zero cocycle γ ∈ GC the
structure maps Θ(γ)n of the L∞-derivation Θ(γ) satisfy these properties:

a) Θ(γ) can be viewed as an L∞-derivation of V •+1

Aformal
with Aformal =

K[[x1, . . . , xd]] ;
b) the structure maps Θ(γ)n of Θ(γ) are gld(K)-equivariant;
c) if n > 1 then

Θ(γ)n(v1, v2, . . . , vn) = 0 (4.3)

for every set of vector fields v1, v2, . . . , vn ∈ Der(Aformal);
d) if n ≥ 2 and v ∈ Der(Aformal) has the form

v =
d∑

i,j=1

vijx
j ∂

∂xi
, vij ∈ K

then for every set w2, . . . , wn ∈ V •+1

Aformal

Θ(γ)n(v, w2, . . . , wn) = 0 . (4.4)

Properties a) and b) are obvious, while properties c) and d) follow from the
fact that each graph in the linear combination γ ∈ GC has only vertices of
valencies ≥ 3 .

Using these properties of Θ(γ) together with Theorems 2.3 and 3.1 we
deduce the main result of this note:

Theorem 4.1. Every homotopy class of SFQ’s contains a representative which
can be used to construct a sequence of L∞ quasi-isomorphisms connecting the
sheaf V •+1

X of polyvector fields to the sheaf D•+1

X of polydifferential operators
on a smooth algebraic variety X over K .

Proof. Let F ′ be an SFQ. Our goal is to prove that the homotopy class of
F ′ contains a representative F whose corresponding L∞ quasi-isomorphism
(3.6) satisfies Properties A) – D) listed above.

Let us denote by FK an SFQ whose corresponding L∞ quasi-isomor-
phism

UK : V •+1

A  C•+1(A) (4.5)

satisfies Properties A) – D). (For example, we can choose the SFQ coming
from Kontsevich’s construction [12].)

Theorem 3.1 implies that there exists a degree zero cocycle γ′ ∈ dfGC

such that F ′ is homotopy equivalent to the SFQ

exp(γ′)
(
FK

)
. (4.6)
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On the other hand, we have isomorphism (2.10). Therefore, γ′ is coho-
mologous to a cocycle γ ∈ GC and hence F ′ is homotopy equivalent to

exp(γ)
(
FK

)
. (4.7)

Since the L∞-derivation Θ(γ) satisfies Properties a) – d) and the L∞

quasi-isomorphism (4.5) satisfies PropertiesA) –D), we conclude that the L∞

quasi-isomorphism corresponding to the SFQ (4.7) also satisfies Properties
A) – D).

Theorem 4.1 is proved. �

References

[1] H. Bursztyn, V. Dolgushev, and S. Waldmann, Morita equivalence and char-
acteristic classes of star products, accepted to J. Reine Angew. Math.;
arXiv:0909.4259.

[2] V.A. Dolgushev, Erratum to: ”A Proof of Tsygan’s Formality Conjecture for
an Arbitrary Smooth Manifold”, arXiv:math/0703113.

[3] V.A. Dolgushev, Covariant and Equivariant Formality Theorems, Adv. Math.,
191, 1 (2005) 147–177; arXiv:math/0307212.

[4] V.A. Dolgushev, On stable formality quasi-isomorphisms over Q , in prepara-
tion.

[5] V.A. Dolgushev, Stable formality quasi-isomorphisms for Hochschild cochains
I, arXiv:1109.6031.

[6] V.A. Dolgushev, Stable formality quasi-isomorphisms for Hochschild cochains
II, in preparation.

[7] V.A. Dolgushev and C.L. Rogers, Lecture Notes on Graph Complexes, GRT,
and Willwacher’s Construction, in preparation.

[8] V.A. Dolgushev, C.L. Rogers, and T.H. Willwacher, Kontsevich’s graph com-
plex and the deformation complex of the sheaf of polyvector fields, in prepara-
tion.

[9] V.G. Drinfeld, On quasitriangular quasi-Hopf algebras and on a group that

is closely connected with Gal(Q/Q). (Russian) Algebra i Analiz 2, 4 (1990)
149–181; translation in Leningrad Math. J. 2, 4 (1991) 829–860.

[10] H. Kajiura and J. Stasheff, Homotopy algebras inspired by classical open-
closed string field theory, Commun. Math. Phys. 263 (2006) 553–581;
arXiv:math/0410291.

[11] M. Kontsevich, Formality conjecture, Deformation theory and symplectic ge-

ometry (Ascona, 1996), 139–156, Math. Phys. Stud., 20, Kluwer Acad. Publ.,
Dordrecht, 1997.

[12] M. Kontsevich, Deformation quantization of Poisson manifolds, Lett. Math.
Phys., 66 (2003) 157-216; q-alg/9709040.

[13] M. Van den Bergh, On global deformation quantization in the algebraic case,
J. Algebra 315, 1 (2007) 326–395.

[14] T. Willwacher, M. Kontsevich’s graph complex and the Grothendieck-
Teichmüller Lie algebra, arXiv:1009.1654.

[15] T. Willwacher, Stable cohomology of polyvector fields, arXiv:1110.3762.

http://arxiv.org/abs/0909.4259
http://arxiv.org/abs/math/0703113
http://arxiv.org/abs/math/0307212
http://arxiv.org/abs/1109.6031
http://arxiv.org/abs/math/0410291
http://arxiv.org/abs/q-alg/9709040
http://arxiv.org/abs/1009.1654
http://arxiv.org/abs/1110.3762


10 V. A. Dolgushev

[16] A. Yekutieli, Mixed resolutions, simplicial sections and unipotent group ac-
tions, Israel J. Math. 162 (2007) 1–27.

Vasily Dolgushev
Department of Mathematics
Temple University
1805 N. Broad. St. Rm. 638
Philadelphia PA, 19130, USA
e-mail: vald@temple.edu


	1. Introduction
	2. The full directed graph complex dfGC
	3. Stable formality quasi-isomorphisms
	4. Globalization of stable formality quasi-isomorphisms
	References

