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ABSTRACT 

!
 This dissertation attempts to motivate, derive and imply potential uses for a 

generalized perceptual theory of musical harmony called psychoacoustic entropy theory. 

This theory treats the human auditory system as a physical system which takes acoustic 

measurements. As a result, the human auditory system is subject to all the appropriate 

uncertainties and limitations of other physical measurement systems. This is the theoretic 

basis for defining psychoacoustic entropy. Psychoacoustic entropy is a numerical quantity 

which indexes the degree to which the human auditory system perceives instantaneous 

disorder within a sound pressure wave. 

 Chapter one explains the importance of harmonic analysis as a tool for 

performance practice. It also outlines the critical limitations for many of the most 

influential historical approaches to modeling harmonic stability, particularly when 

compared to available scientific research in psychoacoustics. 

 Rather than analyze a musical excerpt, psychoacoustic entropy is calculated 

directly from sound pressure waves themselves. This frames psychoacoustic entropy 

theory in the most general possible terms as a theory of musical harmony, enabling it to 

be invoked for any perceivable sound. Chapter two provides and examines many widely 

accepted mathematical models of the acoustics and psychoacoustics of these sound 

pressure waves. 
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 Chapter three introduces entropy as a precise way of measuring perceived 

uncertainty in sound pressure waves. Entropy is used, in combination with the acoustic 

and psychoacoustic models introduced in chapter two, to motivate the mathematical 

formulation of psychoacoustic entropy theory. Chapter four shows how to use 

psychoacoustic entropy theory to analyze the certain types of musical harmonies, while 

chapter five applies the analytical tools developed in chapter four to two short musical 

excerpts to influence their interpretation. 

 Almost every form of harmonic analysis invokes some degree of mathematical 

reasoning. However, the limited scope of most harmonic systems used for Western 

common practice music greatly simplifies the necessary level of mathematical detail. 

Psychoacoustic entropy theory requires a greater deal of mathematical complexity due to 

its sheer scope as a generalized theory of musical harmony. Fortunately, under specific 

assumptions the theory can take on vastly simpler forms. 

 Psychoacoustic entropy theory appears to be highly compatible with the latest 

scientific research in psychoacoustics. However, the theory itself should be regarded as a 

hypothesis and this dissertation an experiment in progress. The evaluation of 

psychoacoustic entropy theory as a scientific theory of human sonic perception must wait 

for more rigorous future research.  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CHAPTER 1 !

INSTANTANEOUS PERCEPTION OF SOUND !!
Modes of Esthetic Perception 

 Modern performers have become accustomed to learning the various elements of 

musical style and interpretation from recordings, live performances, and by rote from 

their teachers and colleagues. Many supplement those experiences with research from 

historical documents, treatises, and other evidence and artifacts from the past. In his 

famous book, Musical Form and Musical Performance (1968), Edward Cone argued for 

the use of theoretical structures in interpreting music. He showed how Schenker graphs, 

Roman numeral analysis, and hyper-rhythmical structures can give performers insight 

into the perceptual structure of music.  

 Unfortunately, many models used by music theorists are limited to a narrow range 

of music composed specifically using various principles of the model itself. For example, 

Roman numeral analysis convincingly describes the harmonic structure of much Western 

common practice music. However, most of this music was composed with an awareness 

of the principles of Roman numeral analysis. When trying to describe music outside the 

Western common practice, Roman numeral analysis often fails. 

 Toward the end of his book Cone stated that there were actually two modes of 

“esthetic perception.” The first, which he called “synoptic comprehension,” essentially 

related to memory. Listeners reflect back on their memory of a performance to perceive 

form, thematic development, and other large structures in music. However, Cone also 



!2
argued for another mode of perception, what he called “immediate apprehension.” 

Listeners experience music in time, and it is this experience that affects their memory 

formation.  1

 Schenker graphs, Roman numeral analysis, and hyper-rhythm are theoretical 

models based primarily on the first of Cone’s modes of perception, which was focus of 

the majority of his book. Cone’s second mode describes what is essentially the 

instantaneous perception of harmony and timbre. While a harmonic analysis such as 

Roman numeral analysis focuses on the relationships of various chords within a given 

tonality, the immediate apprehension of harmony would focus solely on the harmonic 

stability of each individual chord. In this way, Cone’s second mode is fundamental to the 

structures perceived by the first. The perception of all larger musical structures are 

initially based on the instantaneous perception of harmony and timbre. 

!
Historical Approaches to Harmonic Stability 

 Music theorists and composers have been developing esthetic models of harmonic 

stability for centuries. Many ancient philosophers believed in musica universalis, that the 

laws governing the motion of the planets and the heavens form a kind of mathematical 

music. They argued that these same mathematical relationships were reflected in the 

structure of esthetic beauty itself. Pythagoras of Samos is generally credited with being 

the first to rank harmonic intervals by the simplicity of the ratio of frequencies that 

comprise them. A simpler ratio of frequencies like 3:2 or 5:4 was considered far more 

 Cone, Musical Form and Musical Performance, 88–9.1
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beautiful than a more complex one such as 19:37 or 17:41. This understanding of 

harmonic beauty persisted for centuries. Galileo Galilei wrote in 1638 that “agreeable 

consonances are pairs of tones which strike the ear with a certain regularity; this 

regularity consists in the fact that the pulses delivered by the two tones, in the same 

interval of time, shall be commensurable in number, so as not to keep the eardrum in 

perpetual torment, bending in two different directions in order to yield to the ever 

discordant impulses.”  2

 As composers in Western Europe began writing polyphonic music, the terms 

“consonance” and “dissonance” were used to describe the harmonic stability between 

simultaneous combinations of pitches. Early forms of polyphony, such as organum, relied 

upon what were deemed to be the most consonant intervals — unisons, octaves, fifths and 

fourths. Many music theorists described these four intervals as “perfect.” With the 

subsequent development of modality and species counterpoint, consonance and 

dissonance took on broader meaning. The perfect fourth was said to be dissonant against 

the implied triad heard above any given pitch. A minor third could be heard as consonant, 

while an augmented second was said to be dissonant even though the two intervals were 

the same size. Within Renaissance and Baroque counterpoint, consonance and dissonance 

depended on context.  

 As Western music became increasingly chromatic over time, the focus shifted to 

the consonance and dissonance of entire chords and their relative relationships within a 

 Sethares, Tuning, Timbre, Spectrum, Scale, 81.2
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tonality. Jean-Philippe Rameau wrote a Treatise on Harmony in 1722 in which he 

discussed a theoretical framework which has become known as the “fundamental bass.” 

According to Rameau, “sounds in general, of intervals, and of chords rest finally on the 

single fundamental source, which is represented by the undivided string.”  In other 3

words, the pitches of a chord are closely related to the fundamental of the overtone series 

which contains them. Rameau’s work led to the development of Roman numeral analysis. 

In this view, consonance and dissonance were defined by the influence of the tonic triad. 

Consonant harmonies supported the tonic, while dissonant harmonies challenged it.  4

 Music theorists and composers were not alone in contemplating harmonic 

consonance and dissonance. The Swiss mathematician Leonhard Euler developed a 

theory of musical consonance and dissonance in the late eighteenth century based on the 

numerical simplicity of frequency ratios. According to Euler, a simpler frequency ratio 

such as 2:1 or 4:3 would please the ear more than a complex one like 11:19 or 21:22 

because it took less time for the superposition of waveforms to repeat. The simplicity of 

the interval ratio was essentially defined by the least common multiple (LCM) of the ratio 

numbers. According to Euler, this meant that the unison ratio 1:1 was the most consonant 

interval, followed by the octave ratio 2:1, twelfth 3:1, double octave 4:1, double octave 

and major third 5:1, fifth 3:2, double octave and fifth 6:1, and etc.  5

 Ibid., 78.3

 McKinney, “Rameau’s Fundamental Bass.”4

 Helmholtz, On the Sensations of Tone, 229–230.5
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 According to many music theorists, the Euler model had significant flaws. The 

major triad with a doubled octave in the top voice could be represented by the frequency 

ratio 4:5:6:8, while the major seventh chord could be represented by the frequency ratio 

8:10:12:15. The LCM of both ratios is 120, implying that they have the same consonance. 

However, many theorists have contested this prediction. In addition, slightly detuning an 

interval ratio vastly distorts the consonance according to Euler’s theory. The frequency 

ratio 2:1 has a LCM of 2, while the ratio 801:400 has a LCM of 320400. The two ratios 

are almost equal, yet the Euler model regards them as extremely different.  6

 Many music theorists have also argued that harmonics beyond the 7th partial 

should not be considered analytically, since the 7th harmonic was so distant from any 

pitches in the equal tempered chromatic scale.  This presents a special problem for the 7

minor triad, which is best represented by the frequency ratio 10:12:15. Some, such as the 

German music theorist Hugo Riemann, postulated the existence of an undertone series 

based on integral quotients rather than multiples. The minor triad appeared in the 4th, 5th 

and 6th partials in this undertone series which in turn gave credibility to the believed 

duality of major and minor modes.  8

 In 1862, the German physicist Hermann von Helmholtz published his 

monumental work, On the Sensations of Tone as a Physiological Basis for the Theory of 

Music, which quickly became one of the most influential books ever written about the 

 Jeans, Science & Music, 155–156.6

 Hindemith, The Craft of Musical Composition, 37.7

 Riemann, Harmony Simplified, 3–5.8
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human perception of sound. Helmholtz developed a model for the dissonance of 

combinations of harmonies based largely on the presence of beat frequencies between 

component pitches of a given chord and the various overtones of those pitches.  Beat 9

frequencies created roughness in the sound waves, which was believed to be the source of 

dissonance. Helmholtz dismissed the minor triad as “weak” and “unsettled” compared to 

the major based predominantly on beating between the harmonics of the component 

pitches of the chords.  10

 Helmholtz used his assumptions to produce a dissonance curve for all the 

frequency ratios spanning the unison (1:1) and the octave (2:1). His curve had valleys 

near each justly tuned harmonic interval ratio. The depth of each valley was related to the 

simplicity of the ratio. The Helmholtz argument for dissonance being dependent on beat 

frequencies and waveform roughness could consistently explain the harmonic stability of 

any combination of pitches. It also seemed to be compatible with the harmonic language 

of the Western common practice period.  11

 With all the debates stemming from the ubiquitous use of chromatic harmony in 

late nineteenth century Western music, many theorists at the beginning of the twentieth 

began rejecting the absolute notions of consonance and dissonance entirely. Arnold 

Schoenberg believed that the perceptions of dissonance and consonance were mostly a 

fiction created by extensive musical training. He argued that over the course of Western 

 Jeans, Science & Music, 157.9

 Helmholtz, On the Sensations of Tone, 294.10

 Sethares, Tuning, Timbre, Spectrum, Scale, 87–89.11
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music history dissonance was gradually “emancipated.” According to Schoenberg in 

1941: 

What distinguishes dissonances from consonances is not a greater or lesser degree 
of beauty, but a greater or lesser degree of comprehensibility. In my 
Harmonielehre I presented the theory that dissonant tones appear later among the 
overtones, for which reason the ear is less intimately acquainted with them. This 
phenomenon does not justify such sharply contradictory terms as concord and 
discord. Closer acquaintance with the more remote consonances—the 
dissonances, that is—gradually eliminated the difficulty of comprehension and 
finally admitted not only the emancipation of dominant and other seventh chords, 
diminished sevenths and augmented triads, but also the emancipation of 
Wagner’s, Strauss’s, Moussorgsky’s, Debussy’s, Mahler’s, Puccini’s, and Reger’s 
more remote dissonances.  12

!
 Schoenberg famously embraced the disassociation of harmonic function from 

musical composition based on his principle of “emancipation of dissonance,” and many 

composers followed his lead. Schoenberg advocated for “complete liberation from all 

forms, from all symbols of cohesion and logic.” He once declared, “away with harmony 

as cement or bricks of a building; harmony is expression and nothing else.”  13

 Other twentieth century composers and theorists argued for more complex 

understandings of harmony and the harmonic functions of chords. Paul Hindemith 

criticized “conventional harmony” for failing to analyze chords which could not be 

represented as “superimposed thirds” and instead just calling them “dissonant.” He also 

recognized various inconsistencies with the principle of octave equivalence, a 

fundamental assumption of “conventional harmonic theory.” Lastly, Hindemith objected 

 Schoenberg, “Composition with Twelve Tones,” 1357.12

 Schoenberg, “Two Letter to Ferruccio Busoni,” 1283.13
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to the “various interpretations of the same chord” offered by “conventional harmonic 

analysis.”  14

 Instead, he offered his own theory of harmony which was heavily influenced by 

the work of Helmholtz. Hindemith believed that harmonic progressions were subject to a 

“rhythmic force,” a “melodic force,” and a “harmonic force.”  In order to quantify the 15

“harmonic force,” he grouped chords into Roman numeral categories from I to VI based 

on interval content. For example, group I chords only included inversions of major and 

minor triads and were considered to have the least amount of “harmonic tension.” Group 

VI chords had indeterminate roots and were considered to have the greatest amount of 

“harmonic tension.” Chords from groups II to V contained varying degrees of “harmonic 

tension” spanning the difference between groups I and VI.  Hindemith’s theory 16

essentially expanded many of the earlier models of consonance and dissonance to 

encompass a greater range of possible harmonies. 

 Also inspired by Helmholtz, Harry Partch devised his own theories about 

harmonic stability, which he detailed in his 1947 book Genesis of a Music. Partch 

believed that equal temperament was imperfect because it detuned all the justly tuned 

interval ratios except for the octave and unison. He developed an entire harmonic system 

based around the numerology of various integer ratios, calling some of them primary and 

 Hindemith, The Craft of Musical Composition, 90.14

 Ibid., 109.15

 Ibid., 101–108.16
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others secondary. Partch’s “One Footed Bride” represented his perception of the relative 

consonance of the various interval ratios.  17

 Partch developed instruments and wrote music to take advantage of his harmonic 

system. He analyzed harmonies based on both the overtone series and the undertone 

series as consonant, to some criticism from various theorists. Partch also popularized the 

concept of an eleven limit, meaning that he did not consider interval ratios with 

denominators greater than eleven relevant to harmonic perception. He famously drew 

“tonality diamonds” to graphically represent all the possible interval ratios spanning half 

an octave higher and lower than the unison up to the eleven limit. While influenced by 

Helmholtz, his ideas were largely based on his own beliefs.  18

 The Boston-based music theorist Paul Erlich published an article describing a 

very different approach to the question of consonance and dissonance in the Mills 

College Tuning Digest in 1997. In the article, Erlich developed the concept of “harmonic 

entropy” to explain the psychoacoustic phenomenon of harmonic stability. According to 

Erlich, harmonic entropy measures the amount of perceptual confusion the human 

auditory system experiences as it attempts to relate harmonies it hears to the partials of an 

overtone series.  19

 Erlich’s harmonic entropy model produces a dissonance curve for all the interval 

ratios spanning the unison and octave that is nearly identical to the one produced by 

 Partch, Genesis of a Music, 154–157.17

 Gilmore, “Ratio Models of Musical Pitch,” 465–467.18

 Sethares, Tuning, Timbre, Spectrum, Scale, 371–373.19
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Helmholtz. However, the harmonic entropy model differs from Helmholtz in a few 

critical ways. Harmonic entropy draws the same dissonance curve for intervals produced 

by pure tones as for those produced by harmonic timbres. A pure tone is a sound wave 

which contains only a single sinusoidal frequency. While harmonic timbres are also 

perceived as a single frequency, they actually contain multiple frequencies. The 

Helmholtz model can also vary greatly depending on the specific timbre used, because its 

explanation for dissonance is dependent on the interference between overtone 

frequencies. The harmonic entropy of an interval does not depend on its register. 

However, the Helmholtz curve changes considerably in different registers.  20

 By the middle of the twentieth century, the science of psychoacoustics had begun 

to more rigorously explore the topic of harmonic stability. Psychoacoustics is the study of 

the perception of sound. The assertions about harmonic stability made by Pythagoras, 

Galileo, Rameau, Euler, Riemann, Helmholtz, Schoenberg, Hindemith, Partch, Erlich, 

and others were finally able to be tested with scientific rigor. 

!
Experimental Evidence 

 Many studies have been conducted over the course of the twentieth century on the 

topic of consonance and dissonance perception. Two of the most comprehensive studies 

on the topic were those of Plomp and Levelt,  and McDermott, Lehr, and Oxenham.  21 22

 Ibid., 88–92.20

 Plomp, “Tonal Consonance and Critical Bandwidth,” 548–560.21

 McDermott, “Basis of Consonance,” 1035–1041.22
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Reinier Plomp and Willem Levelt published “Tonal Consonance and Critical Bandwidth” 

in 1965 to the Journal of the Acoustical Society of America. They conducted a series of 

experiments using musically untrained volunteers. The participants were “young male 

adults of about 20 years of age and with secondary-school training.” Each participant was 

asked to rate various combinations of two pure tones on a scale from 1 to 7, where 1 was 

the most dissonant and 7 the most consonant. They were tested individually and told that 

a consonant interval sounded “beautiful” and “euphonious.” Various intervals were 

played in random order in different registers.  23

 Data from subjects who were more inconsistent than a chosen threshold was 

rejected from the analysis. The analyzed data revealed that the unison was judged to be 

most consonant. As the unison was expanded to larger intervals, the dissonance grew 

sharply to a maximum after which point it lessened. According to Plomp and Levelt, no 

other consonant peaks existed other than the unison for the case of two pure tones. 

However, when harmonics were added to the timbre of the two tones then consonant 

peaks were clearly detected around the simple harmonic frequency ratios. 

 Plomp and Levelt concluded from their experiments that consonance and 

dissonance associations did exist, and that the Helmholtz explanation of dissonance as the 

roughness between beating partials was well supported despite the considerable 

inconsistency of responses from the participants. However, the Helmholtz threshold of 32 

Hz for maximum roughness did not correlate well. Instead, a “critical bandwidth” existed 

 Plomp, “Tonal Consonance and Critical Bandwidth,” 553.23
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which defined the size of the dissonance curve between two pitches, and the threshold for 

maximum roughness was about “25% of the critical bandwidth.”  24

 Josh McDermott, Andriana Lehr, and Andrew Oxenham published “Individual 

Differences Reveal the Basis of Consonance” to Current Biology in 2010. They wished to 

examine the affects of beating, harmonicity, musical training, and timbre on the human 

perception of consonance and dissonance. McDermott, Lehr and Oxenham conducted 

their psychoacoustic tests using a diverse sample of University of Minnesota 

undergraduates. Each subject was asked to rate chords on a scale from -3 to 3, where -3 

was “very unpleasant” and 3 was “very pleasant.” Chords were derived from the equal 

tempered chromatic scale and played in random order using pure tones, saxophones, sung 

vowels, synthetic sung vowels, and synthetic complex tones.  25

 The results and analysis of data showed that harmonicity was the most well 

correlated with consonance perception and that beating was not well correlated with 

consonance perception. The differences were more pronounced for triads than for 

intervals and were duplicated for each of the timbres used, including pure tones.  They 26

also noted the affects of musical training: 

When our acoustic preference measures were correlated with the number of years 
each subject had spent playing a musical instrument, another distinction emerged: 
both harmonicity measures were positively correlated with musical experience, 
whereas our beating measure was not. Subjects with more musical experience 
thus had stronger preferences for harmonic over inharmonic spectra. A priori there 

 Ibid.,” 553–560.24

 McDermott, “Basis of Consonance,” 1039.25

 Ibid.,” 1039–1047.26



!13
was little reason to expect this—none of the acoustic test stimuli had musical 
connotations, and in fact were designed to avoid physical similarity to musical 
stimuli. This result is strong evidence for the importance of harmonicity in music, 
and suggests that the aesthetic response to harmonic frequency relations is at least 
partially learned from musical experience.  27

!
 McDermott, Lehr, and Oxenham concluded that harmonicity was the best 

explanation for the human perception of consonance, not beating. Musical training may 

have served merely to heighten a subject’s awareness of these sensations but certainly did 

not create them. The Plomp and Levelt study, which concluded that the beating 

explanation was well supported, did not choose chords to separately test the affects of 

beating and harmonicity. Therefore, according to the language of the McDermott, Lehr, 

and Oxenham study, the Plomp and Levelt study confused the two separate 

psychoacoustic affects. However, both experiments served to verify the objective 

existence of consonance as well as its relationship to harmonic interval ratios. 

 The theories of Pythagoras, Galileo, Rameau, Euler, Partch and Erlich each 

attempted to explain consonance in terms of harmonicity, where the theories of 

Helmholtz and Hindemith relied primarily on beating to explain dissonance. Riemann’s 

belief in the importance of the undertone series was not substantiated from either of the 

studies presented above. Schoenberg’s theory that consonance preference was entirely a 

result of musical training, while not completely irrelevant, was probably overstated. 

 However, a given theory which invokes harmonicity to explain consonance is not 

necessarily correct. The Euler model, for example, has long been criticized for predicting 

 Ibid.,” 1038.27
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many controversial dissonance relationships. McDermott, Lehr, and Oxenham also made 

note of the role of pitch uncertainty in the perception of consonance and dissonance: 

Harmonicity preferences predicted chord ratings even though we used chords 
from the equal tempered scale, that were thus not perfectly harmonic. This 
suggests that the mechanisms for detecting harmonicity are somewhat coarsely 
tuned, perhaps because some natural sounds also deviate slightly from perfect 
harmonicity.  28

!
 Of all the harmonicity based theories, only Paul Erlich’s theory of harmonic 

entropy made pitch uncertainty the central focus of its model. Unlike earlier harmonicity 

models, harmonic entropy can explain the relative stability of many equal tempered 

intervals. Unfortunately, it is also perhaps the most computationally demanding of all the 

consonance theories. 

!
Psychoacoustic Entropy Theory 

 Paul Erlich’s original 1997 model of harmonic entropy only described the case of 

two pitches of equal intensity. While it has been expanded to include three and four note 

chords, the number of calculations necessary to compute harmonic entropy grows 

exponentially with each additional pitch present in a given chord. If it were to take 4 

seconds for a computer to calculate the harmonic entropy between two pitches, it would 

take nearly 16 seconds to calculate the entropy between three pitches, 1 minute 4 seconds 

for four pitches, 4 minutes 16 seconds for five pitches, etc. By extending this same logic, 

it would take over an hour to calculate the harmonic entropy for seven pitches, more than 

3 days for ten pitches, over 2 years for fourteen pitches, and close to 9,000,000 years for 

 Ibid.,” 1039.28
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twenty-five pitches! However, human perceptions of very complex chords containing 

many pitches are almost instantaneous. 

 Chapters 2 and 3 will develop a psychoacoustic entropy (PAE) model of harmonic 

stability by greatly expanding and simplifying the Erlich harmonic entropy model so that 

it can model significantly more complex harmonies and timbres. Chapters 4 and 5 will 

show how the model can be applied to musical analysis. This dissertation will introduce 

PAE as a perceivable index of harmonic stability. The reader can decide personally how 

well this index correlates with any preconceived notions of consonance and dissonance. 

Various audio examples will be provided so that the reader can draw on their own 

perceptions as evidence supporting or challenging the many hypotheses of the PAE 

model.  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CHAPTER 2 !

ACOUSTIC AND PSYCHOACOUSTIC PROPERTIES OF SOUND !!
Introduction 

 PAE is a property of a sound pressure wave (SPW) at a given moment in time. 

Formulating a mathematical model for calculating PAE first necessitates a more precise 

understanding of how the human auditory system (HAS) perceives SPWs. In this chapter 

I will show how temporal window, frequency response, and pitch uncertainty affect the 

available acoustic information received by the HAS from a SPW. In addition to serving as 

the mathematical foundation for the PAE model, these three perceptual models also 

explain the existence of various accepted psychoacoustic phenomena such as beating and 

tonal fusion. 

!
Sound Pressure Waves 

 For my purposes I will apply this theory directly to SPWs instead of conventional 

music notation, which is more inherently limited to certain musical traditions. SPWs 

contain every piece of acoustic information which passes through a point in space—

frequency, amplitude, articulation, tone quality, etc. SPWs are received and interpreted by 

the HAS, which consists of both ears and the central nervous system. All SPWs which 

enter each ear consist of a continuous set of relative air pressure values versus time, 

denoted as P(t). Relative air pressure measures the difference between an instantaneous 
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measurement of air pressure and the long term average air pressure level at a given point 

in space. The graph of this function of P(t) is called its waveform. 

 For example, Figure 1 shows the waveform of a SPW composed of 10 pure tones 

whose frequencies were chosen at random between 110 Hz and 1100 Hz, relative 

amplitudes chosen at random between 0 and 0.2, and phase angles chosen between 0 and 

2π, with time in seconds represented on the horizontal axis. (Relative amplitudes were 

not given dimensions here because they would depend on the exact volume level set by a 

given computer speaker.) Recording 1 generates the SPW described by Figure 1. 

!

 !      
Figure 1.  Waveform of a sound pressure wave composed of ten pure tones whose 
frequencies and amplitudes were chosen at random. !
 The waveform is one representation of a SPW. Any SPW can simultaneously be 

represented as a frequency spectrum. A frequency spectrum breaks down a SPW into its 
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component frequencies. In general, a frequency spectrum shows both positive and 

negative component frequencies. For the purposes of this dissertation, I will draw 

attention mostly to the positive part of the frequency spectrum. 

 Figure 2 shows the positive frequency spectrum of the waveform shown in Figure 

1, with frequency in hertz (Hz) represented on the horizontal axis and relative intensity 

on the vertical. Relative intensities are closely related to relative amplitudes and are left 

dimensionless in Figure 2 for the same reason that relative amplitudes are left 

dimensionless in Figure 1. 

!

!  
Figure 2.  Positive frequency spectrum of a sound pressure wave composed of ten pure 
tones whose frequencies and amplitudes were chosen at random. !
 The waveform and frequency spectrum representations of a SPW are 

mathematically equivalent, and each can be calculated from all the information present in 
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the other. This phenomenon of waveform-spectrum duality is fundamental to explaining 

the acoustic and psychoacoustic properties of SPWs. 

!
Waveform-Spectrum Duality 

 Mathematicians use an operation known as a Fourier transform to convert 

waveforms to spectra and an inverse Fourier transform to convert spectra back to 

waveforms. A Fourier transform decomposes a SPW into sinusoidal components of 

various frequencies, amplitudes and phase angles. The inverse Fourier transform 

recombines the component frequencies, amplitudes and phase angles back into the SPW. 

Equation 1 defines the Fourier transform, and Equation 2 defines the inverse Fourier 

transform. In each of these equations, P(t) is a function of relative sound pressure versus 

time (measured in seconds) and F(ω) a function of intensity and phase angle versus 

frequency (measured in hertz). 

!
 

Equation 1.  Fourier transform. !!
 

Equation 2.  Inverse Fourier transform. !
 The function F(ω) yields a complex number of the form a+bι, where ι is the 

imaginary unit equal to the square root of -1. Complex numbers are used in Fourier 

F ω( ) = P t( )e−2πιωt dt
−∞

∞

∫

P t( ) = F ω( )e2πιωt dω
−∞

∞

∫
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transforms mainly to streamline calculations. The modulus of a complex number a+bι is 

defined as the square root of a2+b2. The argument is defined as θ where tan(θ) = b/a. The 

modulus of F(ω) gives a real number intensity value as a function of frequency, while the 

argument gives the phase angle as a function of frequency. 

 Both the waveform and spectrum representations contain all the information 

present in a SPW, including pitch, dynamic, timbre, rhythm, articulation, etc. They are 

mathematically equivalent. This property will be called the principle of waveform-

spectrum duality (WSD), and it is central to the formation of this psychoacoustic theory. 

A few simple examples can be used to illustrate WSD. 

 We will first consider the case of a chord which consists of two pure tones each 

with relative amplitudes of 1 and phase angles of 0 radians, tuned to 440 Hz and 443 Hz. 

Mathematically this can be represented by Equation 3, which models the pressure 

difference at a single point in space over time. Recording 2 generates the SPW which 

results from Equation 3. Figure 3 plots the waveform described by Equation 3 between 

0.0 and 0.1 seconds. Figures 4, 5 and 6 show the waveform with time intervals of 0.2, 0.5 

and 2.0 seconds respectively. 

!
 

Equation 3.  Mathematical model of two simultaneous pure tones, 440 Hz and 443 Hz. !!

P t( ) = cos 2π 440t( )+ cos 2π 443t( )
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!  
Figure 3.  Waveform for 0.1 seconds of two pure tones, 440 Hz and 443 Hz. !

!  
Figure 4.  Waveform for 0.2 seconds of two pure tones, 440 Hz and 443 Hz. !!

0.00 0.02 0.04 0.06 0.08 0.10
-2

-1

0

1

2

time HsecondsL

re
la
tiv
e
ai
r
pr
es
su
re

0.00 0.05 0.10 0.15 0.20
-2

-1

0

1

2

time HsecondsL

re
la
tiv
e
ai
r
pr
es
su
re



!22

!  
Figure 5.  Waveform for 0.5 seconds of two pure tones, 440 Hz and 443 Hz. !

!  
Figure 6.  Waveform for 2.0 seconds of two pure tones, 440 Hz and 443 Hz. !
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 Figures 3, 4, 5 and 6 suggest that significant interference exists between these two 

pitches. Many physicists and musicians refer to this phenomenon as beating. However, I 

perceive Recording 2 as a single pitch with 3 Hz beats. 

 Equation 4 is the Fourier transform of Equation 3, and Figure 7 shows the 

intensities of the positive frequency spectrum of Equation 4. (In Equation 4, δ(x) 

represents the Dirac delta function, which is a unit impulse when x = 0 and 0 for all other 

values of x.) 

!
 

Equation 4.  Fourier transform of two pure tones, 440 Hz and 443 Hz. !

!  
Figure 7.  Positive frequency spectrum of two pure tones, 440 Hz and 443 Hz. !
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 No evidence of any 3 Hz oscillations exists in either Equation 4 or Figure 7. 

Instead, the positive frequency spectrum contains only two discrete pitches (440 Hz and 

443 Hz) for this SPW. 

 Our perception changes significantly as the difference between the two 

frequencies gradually increases. Equations 5 and 6 show a similar mathematical model 

and its Fourier transform respectively for the superposition of 440 Hz and 460 Hz. 

Figures 8, 9, 10 and 11 graph the waveform from Equation 5 at corresponding time 

intervals of 0.1, 0.2, 0.5 and 2.0 seconds. Figure 12 plots the intensities of the positive 

frequency spectrum calculated from Equation 6. Recording 3 generates audio from 

Equation 5. 

!
 

Equation 5.  Mathematical model of two simultaneous pure tones, 440 Hz and 460 Hz. !!
 

Equation 6.  Fourier transform of two pure tones, 440 Hz and 460 Hz. !!

P t( ) = cos 2π 440t( )+ cos 2π 460t( )

F ω( ) = 1
2
δ 440 +ω( )+ 1

2
δ 440 −ω( )+ 1

2
δ 460 +ω( )+ 1

2
δ 460 −ω( )
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!  
Figure 8.  Waveform for 0.1 seconds of two pure tones, 440 Hz and 460 Hz. !

!  
Figure 9.  Waveform for 0.2 seconds of two pure tones, 440 Hz and 460 Hz. !!
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!  
Figure 10.  Waveform for 0.5 seconds of two pure tones, 440 Hz and 460 Hz. !

!  
Figure 11.  Waveform for 2.0 seconds of two pure tones, 440 Hz and 460 Hz. !!
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!  
Figure 12.  Positive spectrum of two pure tones, 440 Hz and 460 Hz. !
 While the waveform and spectrum graphs for 440 Hz and 460 Hz appear very 

similar to those for 440 Hz and 443 Hz, my perception of Recording 3 is quite different. I 

simultaneously hear two discrete pitches and very rapid unsteadiness. While in the former 

example the spectrum seemed invisible to the HAS, I fully perceive the SWD in the 

latter. 

 To further illuminate this point, I will consider the superposition of 440 Hz and 

475 Hz. Equations 7 and 8 show a comparable mathematical model and its Fourier 

transform respectively of the superposition of 440 Hz and 475 Hz. Figures 13, 14, 15 and 

16 plot the waveform from Equation 7 at corresponding time intervals of 0.1, 0.2, 0.5 and 

2.0 seconds. Figure 17 graphs the intensities of the positive frequency spectrum 

calculated from Equation 8. Recording 4 generates audio from Equation 7. 
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Equation 7.  Mathematical model of two simultaneous pure tones, 440 Hz and 475 Hz. !

 
Equation 8.  Fourier transform of two pure tones, 440 Hz and 475 Hz. !

!  
Figure 13.  Waveform for 0.1 seconds of two pure tones, 440 Hz and 475 Hz. !!
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!  
Figure 14.  Waveform for 0.2 seconds of two pure tones, 440 Hz and 475 Hz. !

!  
Figure 15.  Waveform for 0.5 seconds of two pure tones, 440 Hz and 475 Hz. !!
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!  
Figure 16.  Waveform for 2.0 seconds of two pure tones, 440 Hz and 475 Hz. !

!  
Figure 17.  Positive spectrum of two pure tones, 440 Hz and 475 Hz. !
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 The waveform and spectrum graphs continue to look similar to the previous two 

examples. However, my perception of Recording 4 is again different. We no longer can 

distinguish beating. The perception of two discrete pitches has become significantly more 

pronounced. The spectral model seems to be more relevant to psychoacoustic perception 

in this example. 

 Recording 5 plays two pure tones. One is constantly tuned to 440 Hz while the 

other evolves continuously from 440 Hz to 484 Hz over the course of about 20 seconds. 

At first Recording 5 sounds as a single pitch with beating. Over time the beating 

phenomenon gradually diminishes and the perception of two separate pitches emerges. 

Mathematically, the superposition of any two pure tones is simultaneously two pitches 

and one pitch with beating. However, the HAS sometimes perceives more of the one or 

the other. To better model this seemingly paradoxical nature of WSD, I must first employ 

various principles of psychoacoustics. 

!
Psychoacoustic Principles of the Human Auditory System 

 The HAS cannot interpret acoustic information perfectly. Equations 1 and 2 

define the precise mathematical relationship between the waveform and spectrum. 

However, the HAS is limited by finite time and the physical structure of the human ear. 

As noted by the previous examples, the HAS does not perceive exactly what the Fourier 

transform defines. Three psychoacoustic principles seem to govern how the HAS 

perceives this acoustic information: temporal window, frequency response, and pitch 

uncertainty. 
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Temporal Window 

 The Fourier transform defined by Equation 1 calculates the frequency spectrum 

from the waveform of a SPW by integrating P(t) from time negative infinity to positive 

infinity. In other words, it is only possible to derive the frequency spectrum of a SPW 

with infinite knowledge of the past and future. However, the HAS perceives SPWs in a 

very short finite time interval known as a temporal window. If two events occur at a time 

interval less than the temporal window, the HAS will perceive those events as 

simultaneous. As a result, vibrations slower than the inverse of the temporal window are 

perceived individually as rhythms, while vibrations faster than this window are perceived 

as a simultaneous smear of sound. This simultaneous smear of sound is heard as a pitched 

tone. 

 According to Helmholtz, the threshold for individual vibrations is about 33 Hz.  29

Therefore, the temporal window for the HAS is 1/33 seconds or about 30 ms. The HAS 

collects all the information necessary to perceive a SPW within this 30 ms temporal 

window. The existence of this fixed temporal window has many far-reaching 

psychoacoustic consequences. We will define Equation 9 to be the window function of 

the HAS, where Tc represents the temporal window. 

!
 

Equation 9.  Gaussian window function, used to model the temporal window of the 
human auditory system. 

W u,t( ) = 1
Tc 2π

e− u−t( )2 2Tc2

 Helmholtz, On the Sensations of Tone, 170.29
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 Figure 18 plots the Gaussian window function shown in Equation 9 near t=5. The 

window function is maximized as u approaches t and quickly approaches zero as u 

becomes greater than t + Tc or less than t - Tc. Essentially, the HAS favors data from the 

near past and near future of t and ignores data significantly far from t when perceiving a 

SPW. 

!

!  
Figure 18.  Plot of Gaussian window function at time 5 seconds. !
 The window function is also necessary to explain how the HAS perceives changes 

to the SPW over time. Without it, the HAS would perceive all frequencies which ever 

traveled through a given point in space simultaneously. Furthermore, the existence of the 

temporal window has many other logical consequences. 
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 Equation 10 applies the window function directly to the Fourier transform. 

Equation 11 is derived from solving Equation 10 for two pure tones with frequencies α1 

and α2, amplitudes equal to 1, and phase angles equal to 0.  Figures 19 and 20 plot 30

Equation 11 at t=0 seconds and t=0.1667 seconds respectively with the two frequencies 

α1 and α2 set equal to 440 Hz and 443 Hz. Figures 21 and 22 do the same at t=0 seconds 

and t=0.025 seconds respectively for the combination of 440 Hz and 460 Hz. Figures 23 

and 24 do the same at t=0 seconds and t=0.01429 seconds respectively for the 

combination of 440 Hz and 475 Hz. 

!
 

Equation 10.  Windowed Fourier transform as a function of time. !!
!  

Equation 11.  Windowed Fourier transform magnitude for two pure tones with amplitudes 
equal to one and phase angles equal to zero. !!

G ω ,t( ) = 1
2π

W u,t( )P u( )eιωu du
−∞

∞

∫

G ω ,t( ) = 1
2

e−4π
2Tc

2 ω−α1( )2 + e−4π
2Tc

2 ω−α2( )2 + 2e−2π
2Tc

2 ω−α1( )2e−2π
2Tc

2 ω−α2( )2 cos 2π α 2 −α1( )t( )

 A derivation of Equation 11 from Equation 10 can be found in Appendix A.30
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!  
Figure 19.  Windowed spectrum at t=0 seconds for two pure tones of equal amplitude and 
phase angle with frequencies set equal to 440 Hz and 443 Hz. !!

!  
Figure 20.  Windowed spectrum at t=0.1667 seconds for two pure tones of equal 
amplitude and phase angle with frequencies set equal to 440 Hz and 443 Hz. !
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!  
Figure 21.  Windowed spectrum at t=0 seconds for two pure tones of equal amplitude and 
phase angle with frequencies set equal to 440 Hz and 460 Hz. !!

!  
Figure 22.  Windowed spectrum at t=0.025 seconds for two pure tones of equal amplitude 
and phase angle with frequencies set equal to 440 Hz and 460 Hz. !
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!  
Figure 23.  Windowed spectrum at t=0 seconds for two pure tones of equal amplitude and 
phase angle with frequencies set equal to 440 Hz and 475 Hz. !!

!  
Figure 24.  Windowed spectrum at t=0.01429 seconds for two pure tones of equal 
amplitude and phase angle with frequencies set equal to 440 Hz and 475 Hz. !
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 Figures 19–24 model the pitch perception of Recordings 2–4. Instead of hearing 

precise spectral frequencies, the HAS observes a wider smear of frequencies centered 

around their actual values. When the two tones are very close together, as in the 440 Hz 

and 443 Hz example in Figures 19 and 20, they are perceived as a single pitch. As the 

difference in frequencies of the two tones increases, they are increasingly perceived by 

the HAS as two distinct pitches, as shown in Figures 21–24. 

 The cosine term in Equation 11 also models the observed beating phenomena in 

Recordings 2–4. For the 440 Hz and 443 Hz example, the beat frequency is equal to 3 Hz. 

As a result, the windowed spectrum magnitude with oscillate between Figure 19 and 

Figure twenty at a frequency of 3 Hz. The difference between the frequency plots in 

Figures 19 and 20 shows that the beat amplitude is large in this case. For 440 Hz and 460 

Hz, the beat frequency is equal to 20 Hz while the beat amplitude is much smaller, since 

Figures 21 and 22 are more similar. For 440 Hz and 475 Hz, the beat frequency is 75 

even though Figures 23 and 24 are nearly identical. 

 The logical consequences of the existence of this temporal window can 

successfully be used to model WSD. Additionally, temporal window also relates to how 

the HAS determines the repetitiveness of a given waveform. We can understand 

waveform repetitiveness by comparing five chords which each consist of two pure tones 

with relative amplitude 1 and phase angle 0. The first chord is composed of 440 Hz and 

550 Hz, the second 440 Hz and 640 Hz, the third 440 Hz and 660 Hz, the fourth 440 Hz 
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and 865 Hz, and the fifth 440 Hz and 880 Hz. Equations 12–16 yield mathematical 

models of these chords respectively. 

!
 

Equation 12.  Mathematical model of two simultaneous pure tones, 440 Hz and 550 Hz. !!
 

Equation 13.  Mathematical model of two simultaneous pure tones, 440 Hz and 640 Hz. !!
 

Equation 14.  Mathematical model of two simultaneous pure tones, 440 Hz and 660 Hz. !!
 

Equation 15.  Mathematical model of two simultaneous pure tones, 440 Hz and 865 Hz. !!
 

Equation 16.  Mathematical model of two simultaneous pure tones, 440 Hz and 880 Hz. !
 Each of these chords repeats itself exactly at some time interval. The first chord, 

440 Hz and 550 Hz, repeats at 0.00909091 seconds. The second, 440 Hz and 640 Hz, 

repeats at 0.025 seconds. The third, 440 Hz and 660 Hz, repeats at 0.00454545 seconds. 

The fourth, 440 Hz and 865 Hz, repeats at 0.2 seconds. The fifth, 440 Hz and 880 Hz, 

repeats at 0.00227273 seconds. However, a closer examination of the waveforms of each 

chord reveals that repetitiveness can be more complex than this. 

P t( ) = cos 2π 440t( )+ cos 2π 550t( )

P t( ) = cos 2π 440t( )+ cos 2π 640t( )

P t( ) = cos 2π 440t( )+ cos 2π 660t( )

P t( ) = cos 2π 440t( )+ cos 2π 865t( )

P t( ) = cos 2π 440t( )+ cos 2π 880t( )



!40
 Figure 25 plots 0.04 seconds of the waveform of the first chord, 440 Hz and 550 

Hz. The pattern repeats perfectly every 0.00909091 seconds. The pattern itself is very 

well defined, making the repetitions visually obvious. Recording 6 generates several 

seconds of sound from Equation 12. The tone quality of this interval is very stable. 

!

!  
Figure 25.  Waveform for 0.04 seconds of two pure tones, 440 Hz and 550 Hz. !
 Figure 26 plots 0.08 seconds of the waveform of the second chord, 440 Hz and 

640 Hz. The pattern repeats perfectly every 0.025 seconds. However, the pattern itself is 

less well defined than that of the first chord, making the repetitions more obscure 

visually. This obscurity becomes readily apparent in Figure 27, which plots the same 

SPW over an interval of 0.02 seconds. The second chord produces an internal pattern that 
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nearly repeats just short of 0.005 seconds. Recording 7 generates several seconds of 

sound from Equation 13. The tone quality of this interval is somewhat unstable. 

!

!  
Figure 26.  Waveform for 0.08 seconds of two pure tones, 440 Hz and 640 Hz. !

0.00 0.02 0.04 0.06 0.08
-2

-1

0

1

2

time HsecondsL

re
la
tiv
e
ai
r
pr
es
su
re



!42

!  
Figure 27.  Waveform for 0.02 seconds of two pure tones, 440 Hz and 640 Hz. !
 Figure 28 plots 0.02 seconds of the waveform of the third chord, 440 Hz and 660 

Hz. The pattern repeats perfectly every 0.00454545 seconds. The pattern itself is well 

defined, although similar in shape to the internal pattern of the second chord. Recording 8 

generates several seconds of sound from Equation 14. The tone quality of this interval is 

highly stable, like that of the first chord. 

!
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!  
Figure 28.  Waveform for 0.02 seconds of two pure tones, 440 Hz and 660 Hz. !
 Figure 29 plots 0.4 seconds of the waveform of the fourth chord, 440 Hz and 865 

Hz. The pattern repeats perfectly every 0.2 seconds. Like that of chord two, the pattern 

here is not well defined, making the repetitions obscure visually. This obscurity becomes 

more apparent in Figure 30, which plots the same SPW over an interval of 0.008 seconds. 

The fourth chord produces an internal pattern that nearly repeats just short of 0.0025 

seconds. Recording 9 generates several seconds of sound from Equation 15. The tone 

quality of this interval is highly unstable, like that of the second chord. 

!
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!  
Figure 29.  Waveform for 0.4 seconds of two pure tones, 440 Hz and 865 Hz. !!

!  
Figure 30.  Waveform for 0.008 seconds of two pure tones, 440 Hz and 865 Hz. !
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 Finally, Figure 31 plots 0.008 seconds of the waveform of the fifth chord, 440 Hz 

and 880 Hz. The pattern repeats perfectly every 0.00227273 seconds. The pattern itself is 

well defined, although similar in shape to the internal pattern of chord four. Recording 10 

generates several seconds of sound from Equation 16. The tone quality of this interval is 

highly stable, like that of the first and third chords. 

!

!  
Figure 31.  Waveform for 0.008 seconds of two pure tones, 440 Hz and 880 Hz. !
 Chords one, three and five share common psychoacoustic properties. They are 

highly stable and steady tones. The waveforms of these chords also share common traits. 

They they have a very recognizable pattern which repeats perfectly at an exact interval of 

time. Likewise, chords two and four also share common psychoacoustic properties. They 

are unstable and unsteady. The waveforms of these chords have an irregular pattern that 
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appears to almost repeat at several different time intervals, even if the waveform itself 

does repeat exactly at some time interval. 

 A mathematically rigorous definition of waveform repetitiveness can only be fully 

reached in Chapter 3 with a detailed discussion of harmonic and psychoacoustic entropy. 

However, Figures 25–31 provide some qualitative insight into the question of harmonic 

stability. Highly repetitive SPWs provide all the information necessary to recreate them 

within a short time interval. However, a SPW which never repeats itself exactly requires 

an infinite time interval to obtain all of this information. The HAS, bounded by its 

temporal window, will exhaust itself attempting to find perfectly repetitive waveforms 

within every SPW. 

!
Frequency Response 

 The existence of a temporal window is only the first of three fundamental 

psychoacoustic principles that govern human perception of sound. The second of these 

three psychoacoustic principles is that of frequency response. Frequency response in this 

context refers to the relationship between loudness and amplitude. Amplitude measures 

the physical intensity of a particular frequency, while loudness measures the perceived 

intensity of that frequency according to the HAS. According to a great deal of 

experimental evidence, a pure tone sounding with a constant amplitude at different 

frequencies will vary considerably in perceived loudness. Harvey Fletcher and Wilden A. 

Munson first reported the phenomenon in their 1933 paper to the Acoustical Society of 
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America entitled, “Loudness, its definition, measurement and calculation.”  Their work 31

led to the development of what are known as equal-loudness curves, which measured the 

sound pressure levels necessary for pure tones of various frequencies to be perceived by 

the HAS as equally loud. 

 From this evidence one can argue for the existence of a loudness function (LF). 

The LF converts a physical intensity of a given frequency into a perceived loudness via 

two frequency response functions (FRFs). Equation 17 defines the LF L(ω,t) in terms of 

the FRFs ζ1(ω) and ζ2(ω) and the windowed Fourier transform G(ω,t). (In the tradition of 

Fletcher and Munson, loudness is typically measured on a logarithmic scale in units of 

Phon or Sone. However, for the purposes of this paper loudness will always be measured 

linearly as a perceived sound pressure level. This enables loudness to carry the same units 

as amplitude.) 

!
!  

Equation 17.  Loudness function defined by the frequency response functions. !
 The FRFs vary considerably from person to person and change greatly as a person 

ages. As a result, they cannot best be modeled as a static graph. Recording 11 plays a 

pure tone of constant amplitude which various continuously in frequency from 25 Hz to 

20,000 Hz over the course of 60 seconds. We notice a sharp change in loudness despite 

L ω ,t( ) = ς1 ω( )G ω ,t( ) ς2 ω( )

 Fletcher, “Loudness,” 82–108.31
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the constant amplitude. These FRFs can best be measured by plotting the perceived 

loudness versus frequency for a pure tone at a variety of frequencies and amplitudes. 

!
Pitch Uncertainty 

 The third fundamental psychoacoustic principal is that of pitch uncertainty. 

Physically, the HAS is a measuring device. By perceiving frequencies within a SPW, the 

HAS makes measurements. All measurements carry uncertainty and error with them, no 

matter how accurate the measuring device. 

 As with the relationship between amplitude and loudness, frequency and pitch are 

related but not equal. Frequency is a physical property of a SPW that does not depend on 

the HAS. Pitch is what the HAS perceives. It is widely accepted that the HAS perceives 

changes in frequency logarithmically, not linearly.  Recording 12 plays a pure tone 32

which linearly increases in frequency from 220 Hz to 1760 Hz over the course of 10 

seconds. Recording 13 plays a pure tone which exponentially increases in frequency from 

220 Hz to 1760 Hz over the course of 10 seconds. Our perception of pitch is rather 

different from what physically occurs with frequency. I perceive Recording 12 to increase 

in pitch quickly at first and then slow down a lot by the time it approaches 1760 Hz, yet I 

perceive Recording 13 to increase in pitch at a constant rate. This can be accepted as 

strong evidence that the HAS perceives a logarithmic change in frequency as a linear 

change in pitch. 

 Sethares, Tuning, Timbre, Spectrum, Scale, 32.32
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 Equation 18 defines the logarithmic relationship between frequency measured in 

Hertz and pitch measured in semitones, represented by ω and s respectively.  33

!
 

Equation 18.  Definition of pitch as a function of frequency, set to correspond with MIDI 
numbers. !
 Equation 18 has been designed to correspond with Musical Instrument Digital 

Interface (MIDI) numbers, where C4 (middle C on the piano) equals 60, C#4 above it 61, 

the B3 below it 59, and etc. The pitch uncertainty function (PUF) for the HAS can be 

defined by Equation 19, where Φ(µ,s) is the probability density of the HAS perceiving a 

random pitch µ as the physical pitch s, and σ is the standard deviation for human 

perception of pitch. 

!
 

Equation 19.  Pitch uncertainty function, distributed normally. !
 Equation 19 distributes the uncertainty of pitch normally about s. Figure 32 plots 

the PUF about s=60, using a standard deviation of σ=0.12. The area under the PUF 

between any two values of µ yields the probability that the HAS will perceive a given 

pitch to be between those two values. Figure 33 shows the same PUF with the area under 

the curve shaded between 59.88 and 60.12 (one standard deviation below and above). 

s = 12
ln 2( ) ln

ω
440

⎛
⎝⎜

⎞
⎠⎟ + 69

Φ µ, s( ) = 1
σ 2π

e− µ−s( )2 2σ 2

 A derivation of Equation 18 appears in Appendix B.33
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The probability that the HAS will perceive the pitch 60 as being between those two 

values is about 68.27%. Mathematically, this can be found by integrating Equation 19 for 

µ between 59.9 and 60.10. 

!

!  
Figure 32.  Pitch uncertainty function for s=60 and σ=0.12. !
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!  
Figure 33.  Probability area that the pitch s=60 will be perceived within one standard 
deviation with σ=0.12. !
 Pitch uncertainty causes the HAS to perceive a SPW such as the one described by 

Figures 29 and 30 as a probabilistic distribution of perfectly repetitive SPWs. The 

superposition of 440 Hz and 865 Hz shown in those figures will be perceived as both 440 

Hz and 865 Hz as well as 440 Hz and 880 Hz, each with a different probability. A more in 

depth discussion of this will be realized in Chapter 3. 

 At first glance, the PUF in Figure 32 appears to produce a similar curve to the 

windowed Fourier transform shown in Figure 19. However, the pitch smear that results 

from applying the temporal window to the spectrum is entirely different from the 

distribution described by the PUF. Figure 19 shows that a pure tone of 440 Hz is 

perceived by the HAS as a continuous superposition of pitches, each of which would 
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would carry an uncertainty as defined by the PUF. The smear described by the temporal 

window for a pure tone always spans a fixed frequency above and below the actual 

frequency. This means that most of the perceivable effects of the temporal window 

disappear for frequencies significantly larger than 20 Hz. However, the PUF implies that 

frequencies are uncertain by a fixed multiple. Therefore, the effects of the PUF apply 

equally to all perceivable frequencies or pitches regardless of register. 

 The standard deviation value may vary slightly from person to person and even 

somewhat with frequency or intensity. No specific value for this standard deviation has 

been determined experimentally. However, a PUF with a constant standard deviation is a 

powerful model for explaining the harmonic stability of SPWs, and σ=0.12 seems to 

work well in the harmonic and psychoacoustic entropy models developed in Chapter 3. 

For the remainder of this dissertation, a standard deviation of σ=0.12 will always be 

assumed unless stated otherwise. 

!
Summary 

 Any musical passage can be modeled by the SPWs which result from its 

performance. The principle of WSD enables a SPW to be expressed equally well by its 

waveform P(t) or frequency spectrum F(ω). However, the perception of a SPW must be 

interpreted via a temporal window function, two FRFs, and a PUF to account for the 

uncertainties and limitations inherent in the physical nature of the HAS. These can 

explain the existence of various accepted psychoacoustic phenomena such as beating. 
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However, they are also fundamental tools toward understanding waveform repetitiveness 

and formulating psychoacoustic entropy.  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CHAPTER 3 !

PSYCHOACOUSTIC ENTROPY !!
Introduction 

 In this chapter I show how Shannon entropy can be applied to a SPW via 

temporal window, frequency response, and pitch uncertainty to calculate PAE. This first 

begins with a discussion of entropy and how it relates to information theory and then later 

is applied to SPWs. I use the conclusions of this discussion to formulate a model for 

harmonic entropy similar to that of Paul Erlich, but then show how a more general model 

for PAE can be extrapolated from it. 

!
Microstates and Macrostates 

 Entropy is a measurement of the cumulative uncertainty in a given system 

described by various probabilistic states. Originally developed by physicists and chemists 

to explain heat flow, Claude E. Shannon published a paper in 1948 to The Bell System 

Technical Journal entitled “A Mathematical Theory of Communication” where he 

provided a more general and rigorous mathematical model of entropy within the context 

of information theory.  It is widely accepted that Shannon’s entropy and the entropy 34

developed by thermodynamic theory define the same mathematical quantity. 

 A system of two 6-sided dice can be used to illustrate the concept of entropy. We 

will assume that a single roll of either die yields a 1/6 probability of producing a given 

 Shannon, “Theory of Communication,” 379–423.34
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number. By extension, this implies that a single roll of both dice yields 36 possible 

outcomes, each with a probability of 1/36. Table 1 shows all the possible outcomes of a 

two dice system. 

!
Table 1.  Possible Outcomes of a Two Dice System 

 First die Second die Sum of two dice                                        

 1 1 2                                                                                
 1 2 3                                                                                
 1 3 4                                                                                
 1 4 5                                                                                
 1 5 6                                                                                
 1 6 7                                                                                
 2 1 3                                                                                
 2 2 4                                                                                
 2 3 5                                                                                
 2 4 6                                                                                
 2 5 7                                                                                
 2 6 8                                                                                
 3 1 4                                                                                
 3 2 5                                                                                
 3 3 6                                                                                
 3 4 7                                                                                
 3 5 8                                                                                
 3 6 9                                                                                
 4 1 5                                                                                
 4 2 6                                                                                
 4 3 7                                                                                
 4 4 8                                                                                
 4 5 9                                                                                
 4 6 10                                                                               
 5 1 6                                                                                
 5 2 7                                                                                
 5 3 8                                                                                
 5 4 9                                                                                
 5 5 10                                                                               
 5 6 11                                                                               
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Table 1.  (continued) 

 First die Second die Sum of two dice                                        

 6 1 7                                                                                
 6 2 8                                                                                
 6 3 9                                                                                
 6 4 10                                                                               
 6 5 11                                                                               
 6 6 12                                                                               

!
 Each of the rows in Table 1 represents what is known as a microstate of the two 

dice system. However, most dice games do not depend on rolling a specific microstate. 

They depend on rolling a given sum. Table 2 shows all the possible sums of the two dice 

system and their corresponding probabilities. 

!
Table 2.  Possible Sums and Probabilities of a Two Dice System 

 Sum Frequency Probability                                      

 2 1 1/36                                                                 
 3 2 1/18                                                                 
 4 3 1/12                                                                 
 5 4 1/9                                                                  
 6 5 5/36                                                                 
 7 6 1/6                                                                  
 8 5 5/36                                                                 
 9 4 1/9                                                                  
 10 3 1/12                                                               
 11 2 1/18                                                               
 12 1 1/36                                                               

!
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 Each row of Table 2 represents what is known as a macrostate of the two dice 

system. Each macrostate is composed of a probabilistic superposition of one or several 

indistinguishable microstates. If two dice are rolled and only the sum recorded, each 

possible outcome contains a different amount of lost information. Mathematicians call 

this missing information uncertainty. If one were to roll a seven, there are six microstates 

that could have produced it. However, if one were to roll a three, there are only two 

microstates that could have produced it. Therefore, more information was lost by only 

recording the sum for a roll of seven than for a roll of three. A roll of seven has a greater 

amount of uncertainty than a roll of three. 

 According to information theory, the uncertainty of a given microstate of a 

particular macrostate of a system is equal to the opposite of the probability of that 

microstate within the macrostate times the logarithm of the probability of the microstate 

within the macrostate. Entropy for a macrostate is the sum of all the uncertainty for all 

the microstates. Equation 20 defines the entropy of a macrostate using the natural 

logarithm where ρi is the probability of a microstate within a given macrostate. (The 

choice of logarithm base is arbitrary, as long as it is consistently applied. The natural 

logarithm will be used for this dissertation for the sake of mathematical convenience.) 

!
 

Equation 20.  Definition of entropy as a function of the distribution of microstate 
probabilities within a macrostate. !

H = − ρi ln ρi( )
i
∑



!58
 For a dice roll of seven there are six possible microstates, each with the same 

overall probability of 1/6. The probability of each microstate within the macrostate is also 

1/6 since there are only six arrangements that sum to seven, and they are equally likely. 

According to Equation 20, the uncertainty for each microstate is -(1/6)*ln(1/6), and the 

total entropy is ln(6) or about 1.792. For a dice roll of three there are only two possible 

microstates, each with the same overall probability of 1/18. The probability of each 

microstate within the macrostate is 1/2 since there are only two arrangements that sum to 

seven, and they are equally likely. According to Equation 20, the uncertainty for each 

microstate is -(1/2)*ln(1/2), and the total entropy is ln(2) or about 0.693. Table 3 

summarizes the entropy information about each macrostate of the two dice system. 

!
Table 3.  Entropy Information of a Two Dice System 

  Microstate Microstate Total                                                         
 Sum probability uncertainty entropy                                              

 2 1 0.000 0.000                                                                                 
 3 1/2 0.347 0.693                                                                             
 4 1/3 0.3662 1.099                                                                           
 5 1/4 0.347 1.386                                                                             
 6 1/5 0.322 1.609                                                                             
 7 1/6 0.299 1.792                                                                             
 8 1/5 0.322 1.609                                                                             
 9 1/4 0.347 1.386                                                                             
 10 1/3 0.366 1.099                                                                           
 11 1/2 0.347 0.693                                                                           
 12 1 0.000 0.000                                                                               

!
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 Table 3 shows that the entropy is maximized for a roll of seven and minimized for 

rolls of two or twelve. In some sense, a sum with a higher entropy value is more highly 

disordered than that of a lower value. This is due to the relative probability of rolling a 

higher entropy value than a lower one with a random roll. 

 For a system of ten dice, the differences in entropy become far more pronounced. 

Table 4 summarizes the entropy information of each macrostate of the ten dice system. 

!
Table 4.  Entropy Information of a Ten Dice System 

  Microstate Microstate Total                                                         
 Sum probability uncertainty entropy                                              

 10 1 0.000 0.000                                                                               
 11 1/2 0.347 0.693                                                                           
 12 1/3 0.366 1.099                                                                           
 13 1/4 0.347 1.386                                                                           
 14 1/5 0.322 1.609                                                                           
 15 1/6 0.299 1.792                                                                           
 16 1/7 0.278 1.946                                                                           
 17 1/8 0.260 2.079                                                                           
 18 1/9 0.244 2.197                                                                           
 19 1/10 0.230 2.303                                                                         
 20 1/11 0.218 2.398                                                                          
 21 1/12 0.207 2.485                                                                         
 22 1/13 0.197 2.565                                                                         
 23 1/14 0.189 2.639                                                                         
 24 1/15 0.181 2.708                                                                         
 25 1/16 0.173 2.773                                                                         
 26 1/17 0.167 2.833                                                                         
 27 1/18 0.161 2.890                                                                         
 28 1/19 0.155 2.944                                                                         
 29 1/20 0.150 2.996                                                                         
 30 1/21 0.145 3.045                                                                         
 31 1/22 0.141 3.091                                                                         
 32 1/23 0.136 3.135                                                                         
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Table 4.  (continued) 

  Microstate Microstate Total                                                         
 Sum probability uncertainty entropy                                              

 33 1/24 0.132 3.178                                                                         
 34 1/25 0.129 3.219                                                                         
 35 1/26 0.125 3.258                                                                         
 36 1/25 0.129 3.219                                                                         
 37 1/24 0.132 3.178                                                                         
 38 1/23 0.136 3.135                                                                         
 39 1/22 0.141 3.091                                                                         
 40 1/21 0.145 3.045                                                                         
 41 1/20 0.150 2.996                                                                         
 42 1/19 0.155 2.944                                                                         
 43 1/18 0.161 2.890                                                                         
 44 1/17 0.167 2.833                                                                         
 45 1/16 0.173 2.773                                                                         
 46 1/15 0.181 2.708                                                                         
 47 1/14 0.189 2.639                                                                         
 48 1/13 0.197 2.565                                                                         
 49 1/12 0.207 2.485                                                                         
 50 1/11 0.218 2.398                                                                          
 51 1/10 0.230 2.303                                                                         
 52 1/9 0.244 2.179                                                                           
 53 1/8 0.260 2.079                                                                           
 54 1/7 0.278 1.946                                                                           
 55 1/6 0.299 1.792                                                                           
 56 1/5 0.322 1.609                                                                           
 57 1/4 0.347 1.386                                                                           
 58 1/3 0.366 1.099                                                                           
 59 1/2 0.347 0.693                                                                           
 60 1 0.000 0.000                                                                               

!
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 Table 4 shows that a sum of 35 yields the highest entropy value for a ten dice 

system. A random roll of ten dice would most likely yield a sum closest to 35. Sums 

closer to 10 or 60 are substantially less likely and therefore more highly ordered. 

 The terms “ordered” and “disordered” can be somewhat misleading in this 

context, since the entropy of multiple dice systems only depends on a given arrangement 

of dice and not the process used to create the arrangement. For the ten dice system, a sum 

of 60 could theoretically occur with a random roll, while a sum of 35 could have been 

carefully arranged by a human being. 

 Entropy measures the amount of information lost by only recording the sum of a 

single dice roll. If the sum is 60, zero information is lost because only one microstate 

arrangement can produce that particular sum. If the sum is 35, there are twenty-six 

microstate arrangements that could have produced that sum. For examples using dice, all 

the microstates have equal probabilities. However, this is not always true in general. 

!
Repetitive Waveforms and Lost Information 

 The HAS evolved primarily to recognize and interpret human language. Since 

humans speak at a variety of pitch levels, speech patterns had to have developed such that 

they encode language as a series of vowels and consonances. Vowels are created by vocal 

formants, which are recognized by the HAS by their distinctive spectral patterns.  The 35

full range of possible vocal formants gives the human voice the capacity for creating a 

 Winckel, Music, Sound and Sensation, 12–13.35
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tremendous range of harmonic timbres. Harmonic timbres produce perfectly repetitive 

waveforms. 

 According to the three psychoacoustic principles presented in Chapter 2, the HAS 

perceives the frequencies within a SPW during a very short time interval (temporal 

window), it perceives those frequencies unequally well (frequency response), and it 

perceives them with a degree of logarithmic uncertainty (pitch uncertainty). The HAS 

searches for repetitive waveforms within any SPW it hears, attempting to identify vocal 

formants. Some SPWs can be reasonably defined by a perfectly repetitive waveform, but 

most in general cannot. 

 To rephrase this using the language of entropy, the ability of the HAS to perceive 

acoustic information within SPWs is governed by the probability distribution of repetitive 

microstate waveforms within a given macrostate SPW. In the case of SPWs, the 

macrostate is the actual frequency distribution of the SPW. Every microstate of that 

macrostate is an ideal frequency distribution that yields a perfectly repetitive waveform. 

The HAS perceives each possible microstate probabilistically. The entropy is then 

calculated as the distribution of these probabilities using Equation 22. 

 Psychoacoustic entropy (PAE) measures the ability of the HAS to perceive a 

given SPW as a highly repetitive waveform. SPWs which are highly repetitive have 

lower PAE values. That is, highly repetitive SPWs have only one very probable repetitive 

microstate. SPWs which are not highly repetitive have higher PAE values and many 

repetitive microstates of moderate to low probability. In another view, PAE measures the 
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information lost to the HAS by always trying to perceive a given SPW as a repetitive 

waveform. To the HAS, a high PAE value SPW causes more aural confusion than one 

with a lower PAE value. 

!
Perfectly Repetitive Microstates 

 A SPW repeats perfectly if P(t) is exactly equal to itself for all values of t at time 

interval T0 apart. Equation 21 represents this relationship mathematically, and Equation 

22 is the general form of all solutions to Equation 21 (where Ak and γk take on arbitrary 

real values).  36

!
 

Equation 21.  Definition of a perfectly repetitive sound pressure wave. !!
 

Equation 22.  General form for a perfectly repetitive sound pressure wave. !
 Equation 22 shows that all perfectly repetitive SPWs contain frequencies which 

are exact integral multiples of a common fundamental frequency, regardless of their 

amplitudes and phase angles. In other words, perfectly repetitive SPWs only contain 

frequencies which form rational interval ratios with each other. 

 At first glance Equation 22 might seem to imply that the harmonic series itself 

explains the repetitiveness of certain SPWs. However, the partials expressed by Equation 

P t( ) = P t +T0( )

P t( ) = Ak cos
2π kt
T0

+ γ k
⎛
⎝⎜

⎞
⎠⎟k=1

∞

∑

 A derivation of Equation 22 from Equation 21 appears in Appendix C.36
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22 can take on extremely large integer values while the fundamental frequency can 

become arbitrarily close to 0 Hz. Any interval ratio can be approximated to arbitrarily 

high degrees of accuracy with a rational interval ratio. In isolation, Equation 22 says very 

little about the repetitiveness of a given SPW. Instead, one must first consider the 

probability that the HAS perceives a given SPW as a given perfectly repetitive 

microstate. 

!
Harmonic Entropy for Two Pitches 

 As introduced in Chapter 1, Paul Erlich first discussed a model for the harmonic 

entropy between two pitches in a series of posts to the Tuning Digest in 1997 using a 

Farey sequence to model all the rational interval ratios between the unison and the 

octave. A Farey sequence of order n lists all rational numbers in simplest form between 

and including zero and one with denominators less than or equal to n in ascending order. 

Equation 23 shows a Farey sequence of order 6. 

!
 

Equation 23.  Farey sequence of order 6. !
 A Farey sequence only spans between 0 and 1. For the purposes of modeling 

harmonic entropy, Paul Erlich extended the standard Farey sequence to include all the 

ratios greater than one such that neither the numerator or denominator exceeded n.  37


F6 = 0

1 , 16 , 15 , 14 , 13 , 25 , 12 , 35 , 23 , 34 , 45 , 56 , 11[ ]

 “harmonic entropy - accordance model of musical intervals.”37
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Equation 24 shows an extended Farey sequence similar to the ones used in Erlich’s 

models. 

!
 

Equation 24.  Extended Farey sequence of order 6. !
 However, this dissertation will model harmonic entropy with a rational interval 

sequence (RIS) instead of the extended Farey sequence. A RIS lists all positive rational 

numbers (in simplest form and ascending order) such that the product of the numerator 

and denominator is less than or equal to n. Equation 25 shows a RIS of order 6. 

!
 

Equation 25.  Rational interval sequence of order 6. !
 The choice of generating sequence relates closely to the definition of interval ratio 

complexity, where the order n is essentially a complexity threshold. In both cases, 

interval ratio complexity is determined by the lowness of the common fundamental 

frequency between the two pitches. However, each one uses lowness differently to 

determine complexity. A Farey sequence measures interval ratio complexity by 

comparing the lowness of the fundamental to just the higher of the two pitches, while a 

RIS measures interval ratio complexity by comparing the lowness of the fundamental to 

both of the two pitches. 


F6*= 0

1 , 16 , 15 , 14 , 13 , 25 , 12 , 35 , 23 , 34 , 45 , 56 , 11 , 65 , 54 , 43 , 32 , 53 , 21 , 52 , 31 , 41 , 51 , 61 , 10[ ]


D6 = 1

6 , 15 , 14 , 13 , 12 , 23 , 11 , 32 , 21 , 31 , 41 , 51 , 61[ ]
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 For example, an extended Farey sequence of order 9 contains the interval ratios 

7/6 and 9/8 but excludes 10/1 because the numerator is larger than the order 9. In other 

words, the Farey order threshold of 9 excludes all interval ratios whose higher frequency 

is more than 9 times that of the fundamental. However, a RIS of order 50 includes 7/6 

and 10/1 while excluding 9/8, since 9 times 8 is greater than the order. The RIS order 

threshold of 50 eliminates all interval ratios whose fundamental is 50 times less than the 

geometric mean of the two frequencies. 

 The Farey sequence ranks 7/6 as the simplest interval ratio of the three because 

the higher frequency in the interval ratio is the least far above the fundamental. However, 

the RIS considers 10/1 to be the simplest since, even though the higher pitch is further 

from the fundamental than with the other interval ratios, the lower pitch is much closer to 

it. The Farey actually ranks 10/1 as the most complex of the three, while the RIS gives 

this honor to 9/8. Both sequences yield similar results via the harmonic entropy model, 

but those from the RIS correspond a bit closer to the other widely accepted dissonance 

curves.  Therefore, this dissertation will use a RIS to model harmonic entropy. 38

 Each term of a RIS represents a perfectly repetitive microstate of the two pitch 

system, expressed as a rational ratio of frequencies. As the order n approaches infinity, 

the RIS swells to include all the positive rational numbers. Equation 26 converts a ratio of 

frequencies to an interval distance measured in semitones. It is mathematically derived 

from Equation 18. Table 5 shows a RIS of order 6 with its conversion to semitone 

 Sethares, Tuning, Timbre, Spectrum, Scale, 88–90.38
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intervals as derived by Equation 18. (Negative intervals are measured downward, while 

positive intervals are measure upward.) 

!
 

Equation 26.  Interval conversion from frequency ratios to semitone intervals. !!
Table 5.  Rational Interval Sequence of Order Six Converted to Semitones 

 Frequency Semitone Common                                                                     
 ratio interval name                                                                                    

 1/6 -31.0196 perfect fifth plus two octaves                                                                 
 1/5 -27.8631 major third plus two octaves                                                                 
 1/4 -24.0000 perfect two octaves                                                                        
 1/3 -19.0196 perfect twelfth                                                                            
 1/2 -12.0000 perfect octave                                                                             
 2/3 -7.0196 perfect fifth                                                                                 
 1/1 0.0000 perfect unison                                                                                
 3/2 7.0196 perfect fifth                                                                                  
 2/1 12.0000 perfect octave                                                                              
 3/1 19.0196 perfect twelfth                                                                             
 4/1 24.0000 perfect two octaves                                                                         
 5/1 27.8631 major third plus two octaves                                                                  
 6/1 31.0196 perfect fifth plus two octaves                                                                  

!
 The RIS arranged in order by size is not evenly spaced. The distance between 

consecutive terms is greatest for the perfect unison. More complex intervals such as fifths 

and octaves are clumped closer together. Figure 34 plots each term of a RIS of order 6 

expressed as a semitone interval as a vertical line. Figures 35 and 36 do the same for a 

RIS of order 15 and 30 respectively. 

12
ln 2( ) ln

ω j

ω i

⎛
⎝⎜

⎞
⎠⎟
= s j − si



!68

!  
Figure 34.  Rational interval sequence of order 6 plotted as semitone intervals. !!

!  
Figure 35.  Rational interval sequence of order 15 plotted as semitone intervals. !!

-30 -20 -10 0 10 20 30
interval HsemitonesL

-40 -20 0 20 40
interval HsemitonesL
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!  
Figure 36.  Rational interval sequence of order 30 plotted as semitone intervals. !
 The spacing between rational ratios is fundamental to understanding their 

stability. Because the HAS perceives pitch with a degree of uncertainty, it must also 

perceive intervals composed of two pitches with a degree of uncertainty. Complex 

rational ratios clump close together near other complex rational ratios. However, simpler 

rational ratios are spaced further from other rational ratios. Therefore, simpler rational 

ratios are more distinct and less affected by pitch uncertainty. 

 According to Erlich’s reasoning, each term of the RIS actually represents an entire 

perceptive region. The perceptive region spans both above and below each rational 

interval ratio, bounded by the border of the perceptive region of the next consecutive 

interval ratio. Collectively, all the perceptive regions of the RIS cover the entire domain 

of possible rational ratios. Also according to Erlich, the border between the perceptive 

-60 -40 -20 0 20 40 60
interval HsemitonesL
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regions of two consecutive rational interval ratios can be modeled by the mediants of the 

two surrounding rational ratios. Mathematically, the mediant between any two rational 

interval ratios is the simplest ratio between them. If nfk is the kth term of a RIS of order n, 

then M+(nfk) is the mediant border above nfk while M-(nfk) is the mediant border below. 

Equation 27 defines the mediant borders of a given term of a RIS, where Num[x] and 

Den[x] represent the numerator and denominator of x respectively. 

!
 

Equation 27.  Mediant border definition for a given term nfk of a rational interval 
sequence of order n. !
 Figure 37 shows all the semitone intervals between 0 and 12 for a RIS of order 6 

with mediant borders denoted by shorter vertical lines. Figures 38 and 39 do the same for 

sequences of order 15 and 30 respectively.  

!

M ± n fk( ) = Num n fk[ ]+Num n fk±1[ ]
Den n fk[ ]+Den n fk±1[ ]
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!  
Figure 37.  Semitone intervals between unison and octave for a rational interval sequence 
of order 6 with mediant borders denoted as shorter vertical lines. !!

!  
Figure 38.  Semitone intervals between unison and octave for a rational interval sequence 
of order 15 with mediant borders denoted as shorter vertical lines. !
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interval HsemitonesL

-40 -20 0 20 40
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!  
Figure 39.  Semitone intervals between unison and octave for a rational interval sequence 
of order 30 with mediant borders denoted as shorter vertical lines. !
 As the order approaches infinity, the perceptive regions of each rational interval 

ratio approach zero. However, they do so at unequal rates. The space around simpler 

rational ratios is always greater than that for more complex rational ratios. This property, 

when mathematically combined with the PUF described by Equation 19, yields a 

probability distribution for all the perfectly harmonic microstates of any given interval 

macrostate. 

 Equation 19 defines the PUF for a single pitch. The PUF for two pitches is 

defined by Equation 28, which distributes the uncertainty of pitches s1 and s2 about two 

separate dimensions µ1 and µ2. 

!

-60 -40 -20 0 20 40 60
interval HsemitonesL
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Equation 28.  Pitch uncertainty function for two pitches. !
 Equation 28 can be converted from an uncertainty function for two pitches to an 

uncertainty function for one interval by allowing s1 + r = s2 and µ1 + y = µ2 and 

integrating over the entire domain of µ1. Equation 29 defines and solves this integral. 

!
 

Equation 29.  Interval uncertainty function. !
 Integrating Equation 29 for y between two interval values c1 and c2 yields the 

probability that the HAS will perceive a given interval r as being between those interval 

values. By letting c1 and c2 be the lower and upper mediant boundaries of a given term nfk 

from a RIS of order n, Equations 30–32 represents the probability that a given interval r 

will be perceived as the rational interval ratio nfk. 

!
 

Equation 30.  Microstate probability integral for two pitches. !!
 

Equation 31.  Lower mediant perceptive region boundary for two pitches. !!

Φ µ1, s1( )Φ µ2, s2( ) = 1
2πσ 2 e

− µ1−s1( )2 2σ 2

e− µ2−s2( )2 2σ 2

Φ µ1, s1( )Φ µ1 + y, s1 + r( )dµ1
−∞

∞

∫ = 1
2σ π

e− y−r( )2 4σ 2

ρ r, n fk( ) = 1
2σ π

e− y−r( )2 4σ 2

dy
c1

c2

∫

c1 =
12
ln 2( ) ln M − n fk( )( )
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Equation 32.  Upper mediant perceptive region boundary for two pitches. !
 The total harmonic entropy for the interval r is defined by Equation 33 and can be 

calculated using Equations 20 and 30–32. 

!
 

Equation 33.  Harmonic entropy for two pitches. !!
 The harmonic entropy between two pitches can be described graphically using the 

interval uncertainty function described by Equation 29. Figure 40 plots the interval 

uncertainty function for an equal tempered major third (r=4) divided into regions by all 

the nearby mediant boundaries for a RIS of order n=500. Recording 14 plays two 

simultaneous pure tones a major third apart (s1=60 and s2=64). 

!

c2 =
12
ln 2( ) ln M + n fk( )( )

H r( ) = − ρ r, n fk( )ln ρ r, n fk( )( )
k=1
∑
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!  
Figure 40.  Interval uncertainty and nearby perceptive regions for the equal tempered 
major third (r=4) with n=500. !
 The area of the largest perceptive region under the curve shown in Figure 40 

represents the probability that the HAS will perceive the interval r=4.0 as the rational 

interval ratio 5/4. Even though this region is not well centered around the peak of the 

interval uncertainty curve, it is much larger than any of the other perceptive regions. 

Since entropy is a measure of cumulative uncertainty, the interval r=4 has a moderate 

level of entropy. The HAS would only be slightly confused by the interval r=4. Figure 40 

also suggests that moving the curve closer to r=3.86 (centering the peak around the 

largest nearby region) would decrease its entropy slightly, thus increasing the area of the 

largest region under the curve. In other words, the equal tempered major third will sound 

about 14 cents too sharp. 

3.0 3.5 4.0 4.5 5.0
0.0

0.5

1.0

1.5

2.0

interval HsemitonesL

pr
ob
ab
ili
ty
de
ns
ity



!76
 Figure 41 plots the interval uncertainty function for the equal tempered perfect 

fifth (r=7) divided into its nearby perceptive regions for n=500. Recording 15 plays two 

simultaneous pure tones a perfect fifth apart (s1=60 and s2=67). 

!

!  
Figure 41.  Interval uncertainty and nearby perceptive regions for the equal tempered 
perfect fifth (r=7) with n=500. !
 Figure 41 shows that the equal tempered perfect fifth has substantially less 

cumulative uncertainty than the equal tempered major third. Not only is the area of the 

largest perceptive region in Figure 41 substantially bigger than that of Figure 40, it is also 

well centered about the peak of the interval uncertainty curve (it is only about 2 cents 

flat). The HAS will easily perceive the interval r=7 as the rational interval ratio 3/2. 

Therefore, the equal tempered perfect fifth has less entropy than the equal tempered 

major third. 
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 Figure 42 plots the interval uncertainty function for the equal tempered minor 

second (r=1) divided into its nearby perceptive regions for n=500. Recording 16 plays 

two simultaneous pure tones a minor second apart (s1=60 and s2=61). 

!

!  
Figure 42.  Interval uncertainty and nearby perceptive regions for the equal tempered 
minor second (r=1) with n=500. !
 Figure 42 shows that the equal tempered minor second has a great deal of 

cumulative uncertainty when compared to the previous two examples. It is almost 

impossible to decipher the largest perceptive region from the graph. Figure 42 also 

suggests that it is meaningless to minimize the entropy of the minor second by retuning it 

(though it might be meaningful to maximize it). 

 Increasing the value of n does not seem to significantly alter these results. Figures 

43–45 plot interval uncertainty functions and their nearby perceptive regions for the equal 

0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

1.5

2.0

interval HsemitonesL

pr
ob
ab
ili
ty
de
ns
ity



!78
tempered major third (r=4), equal tempered perfect fifth (r=7) and equal tempered minor 

second (r=1) respectively for n=2000. Figures 46–48 plot the same for the same 

corresponding intervals for n=10000. 

!

!  
Figure 43.  Interval uncertainty and nearby perceptive regions for the equal tempered 
major third (r=4) with n=2000. !!
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!  
Figure 44.  Interval uncertainty and nearby perceptive regions for the equal tempered 
perfect fifth (r=7) with n=2000. !!

!  
Figure 45.  Interval uncertainty and nearby perceptive regions for the equal tempered 
minor second (r=1) with n=2000. !
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!  
Figure 46.  Interval uncertainty and nearby perceptive regions for the equal tempered 
major third (r=4) with n=10000. !!

!  
Figure 47.  Interval uncertainty and nearby perceptive regions for the equal tempered 
perfect fifth (r=7) with n=10000. !
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!  
Figure 48.  Interval uncertainty and nearby perceptive regions for the equal tempered 
minor second (r=1) with n=10000. !
 As n increases, each perceptive region shrinks. However, it can be proven 

mathematically that the perceptive regions shrink proportionately as n approaches 

infinity.  Therefore, as n increases the absolute entropy value of any interval will always 39

increase. As n approaches infinity, the entropy value of each interval also approaches 

infinity. However, for any large finite n value all relative entropy measurements between 

different intervals will be roughly the same due to the proportionality. Major thirds will 

always have more entropy than perfect fifths and less than minor seconds, no matter what 

n value is used as long as it is significantly large. 

 At first this may seem to be an unusual property. However, the information theory 

definition of entropy contains a similar property. The selection of the natural logarithm 
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 A detailed proof of this proportionality appears in Appendix D.39
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was arbitrary. Any logarithm base could have been used to satisfy the definition. If one 

were to replace the natural logarithm with a base two logarithm, it would merely multiply 

all the entropy results by about 1.4427 (the inverse of the natural logarithm of two). 

Multiplying the total entropy by an arbitrary constant does not affect the relative 

differences in entropy for different intervals. No matter how large a given n value is, 

multiplying by a constant that is close enough to zero will prevent the entropy values 

from approaching infinity. The process of increasing n and multiplying by successively 

smaller constants can be used to bound and refine the shape of the entire curve of 

harmonic entropy values, thus eliminating the n approaching infinity problem. 

 Equations 30–33 can be used to calculate the harmonic entropy of the equal 

tempered major third (r=4), perfect fifth (r=7) and minor second (r=1). Assuming a 

standard deviation σ of 0.12 and n value of 10000, the harmonic entropy for the equal 

tempered major third is 4.41512, the equal tempered perfect fifth is 3.91142, and the 

equal tempered minor second is 4.60009. Tables 6–8 show the ten most probable rational 

interval ratio microstates of the equal tempered major third, perfect fifth and minor 

second respectively. 

!
Table 6.  Ten Most Probable Microstates for r=4 with n=10000  

 Rational Probability                                                  
 microstate value                                                   

 {4, 5} 0.127687                                                            
 {15, 19} 0.0379570                                                        
 {11, 14} 0.0365813                                                        
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Table 6.  (continued)  

 Rational Probability                                                  
 microstate value                                                   

 {19, 24} 0.0345303                                                        
 {23, 29} 0.0271817                                                        
 {27, 34} 0.0221632                                                        
 {26, 33} 0.0204406                                                        
 {31, 39} 0.0192263                                                        
 {35, 44} 0.0172037                                                        
 {34, 43} 0.0147624                                                        

!
Table 7.  Ten Most Probable Microstates for r=7 with n=10000 

 Rational Probability                                                  
 microstate value                                                   

 {2, 3} 0.316012                                                            
 {29, 43} 0.0123496                                                        
 {43, 64} 0.0117488                                                        
 {31, 46} 0.0116820                                                        
 {27, 40} 0.0112990                                                        
 {33, 49} 0.0109846                                                        
 {45, 67} 0.0109781                                                        
 {41, 61} 0.0104242                                                        
 {35, 52} 0.0102907                                                        
 {47, 70} 0.0102669                                                        

!
Table 8.  Ten Most Probable Microstates for r=1 with n=10000 

 Rational Probability                                                  
 Microstate Value                                                  

 {17, 18} 0.0442317                                                        
 {16, 17} 0.0409451                                                        
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Table 8.  (continued) 

 Rational Probability                                                  
 Microstate Value                                                  

 {15, 16} 0.0381289                                                        
 {18, 19} 0.0369422                                                        
 {19, 20} 0.0287181                                                        
 {14, 15} 0.0287124                                                        
 {20, 21} 0.0255076                                                        
 {31, 33} 0.0202037                                                        
 {33, 35} 0.0200115                                                        
 {21, 22} 0.0182667                                                        

!
 Tables 6–8 show the relationship between the probability distribution of rational 

interval ratio microstates and the harmonic entropy. In other words, these tables show 

how easily the HAS can perceive a given rational microstate from a given interval. The 

equal tempered major third has one microstate {4, 5} with a moderate probability and 

many more with lesser probabilities. The equal tempered perfect fifth has one microstate 

with a high probability {2, 3} and many more with small probabilities. The equal 

tempered minor second has a lot of states with low probabilities. 

 Table 9 shows all the harmonic entropy values for intervals between the negative 

and positive octave, assuming n=10000. Recording 17 plays all the semitone intervals 

from combinations of two simultaneous pure tones from the negative octave to the 

positive octave (s1=60 and s2=48 through s2=72) shown in Table 9.  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Table 9.  Harmonic Entropy Between Two Pitches 

   Harmonic                                                                                                     
 Semitone Common entropy                                                                        
 interval name value                                                                                  

 -12 perfect octave 3.00559                                                                             
 -11 major seventh 4.52762                                                                             
 -10 minor seventh 4.47960                                                                             
 -9 major sixth 4.38226                                                                                   
 -8 minor sixth 4.48465                                                                                   
 -7 perfect fifth 3.91142                                                                                   
 -6 tritone 4.47992                                                                                           
 -5 perfect fourth 4.21005                                                                                
 -4 major third 4.41512                                                                                    
 -3 minor third 4.45778                                                                                   
 -2 major second 4.48402                                                                                
 -1 minor second 4.60009                                                                                
 0 perfect unison 2.15424                                                                                 
 1 minor second 4.60009                                                                                  
 2 major second 4.48402                                                                                  
 3 minor third 4.45778                                                                                     
 4 major third 4.41512                                                                                      
 5 perfect fourth 4.21005                                                                                  
 6 tritone 4.47992                                                                                             
 7 perfect fifth 3.91142                                                                                     
 8 minor sixth 4.48465                                                                                     
 9 major sixth 4.38226                                                                                     
 10 minor seventh 4.47960                                                                               
 11 major seventh 4.52762                                                                               
 12 perfect octave 3.00559                                                                               

!
 The harmonic entropy between two pitches measures the unlikeliness that the 

HAS perceives a given interval as a rational interval ratio. Of all the equal tempered 

intervals, only the unison and octave are exactly equal to rational intervals 1/1 and 2/1. 

However, the PUF enables a given interval to be somewhat detuned from a rational 
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interval ratio and still maintain a similar harmonic entropy value. Table 9 also shows that 

negative intervals contain precisely the same harmonic entropy values as their positive 

counterparts. 

 Unfortunately, Equations 30–33 can be somewhat tedious to use for calculations. 

All the terms of a RIS must first be listed in order before the mediant boundaries can be 

computed. In addition, the vast majority of RIS terms do not contribute significant digits 

to the harmonic entropy values because they are too far away from r. This disadvantage 

becomes more pronounced as n becomes very large. Equations 34–38 provide a quicker 

method to approximate the harmonic entropy between two pitches, where GCD[x, y] 

represents the greatest common divisor of x and y, If[condition, true, false] represents a 

conditional If/Then statement, Ceiling[x,1] rounds x up to the nearest integer, and 

Floor[x,1] rounds x down to the nearest integer. The calculation limit Δ limits the domain 

of RIS terms used in the calculations and is set equal to three times the standard 

deviation, or Δ=3σ. This approximation is derived mathematically from Equations 30–33 

and becomes more accurate as n approaches infinity.  40

!

 
Equation 34.  Microstate likeliness for two pitches. !!

λ r,a1,a2( ) = If GCD a1,a2[ ]= 1,1,0⎡⎣ ⎤⎦
a1a2

e
− r− 12

ln 2( ) ln
a2
a1

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝⎜
⎞

⎠⎟

2

4σ 2

 A derivation of Equations 34–38 from Equations 30–33 appears in Appendix D.40



!87

 
Equation 35.  Normalization function for two pitches. !!

 
Equation 36.  Probability approximation for two pitches. !!

 
Equation 37.  Harmonic entropy approximation for two pitches. !!

!  

Equation 38.  Summation limits for two pitch harmonic entropy approximation. !!
 Figure 50 uses Equations 34–38 to plot the harmonic entropy curve between all 

combinations of two pure tones from the perfect unison (r=0) to the octave (r=12) using 

n=10000. The horizontal axis measures  the semitone interval between the two pitches 

and the vertical plots the harmonic entropy value. Figure 50 closely resembles many 

aspects of the empirically based consonance and dissonance curves of Helmholtz, Partch, 

and Plomp and Levelt.  Recording 18 plays the continuum of two simultaneous pure 41
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 Sethares, Tuning, Timbre, Spectrum, Scale, 88–94.41
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tones from the unison to the octave (s1=60 and s2=60 through s2=72) over the course of 

60 seconds. 

!

!  
Figure 49.  Harmonic entropy curve for intervals spanning the perfect unison to the 
perfect octave with n=10000. !
 Since Figure 49 uses the algorithm described by Equations 34–38, the absolute 

entropy values cannot be compared directly to those in Table 9. However, the relative 

changes in entropy from interval to interval are nearly identical for Figure 49 and Table 9. 

Valleys occur near every rational interval in Figure 49. The depth of these valleys 

corresponds approximately to the inverse of the complexity of the nearest rational 

interval ratio (as measured by the square root of the product of the numerator and 

denominator the ratio). Each valley is heard in Recording 18 as sounding “in tune.” The 

deeper the valley, the more “in tune” the interval sounds when perfectly tuned at the exact 
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minimum of the valley. The perfect unison has by far the least amount of harmonic 

entropy in Figure 49, followed by the perfect octave and then the perfect fifth. These 

intervals sound the most stable when tuned perfectly, and the least stable when detuned. 

The greatest amount of harmonic entropy in Figure 49 occurs at r=0.500, which is almost 

exactly a quarter step away from the perfect unison. 

 Figure 50 expands this same curve (n=10000) from negative three octaves to 

positive three octaves (r=-36 to r=36). Recording 19 plays the continuum of two 

simultaneous pure tones from negative three octaves to positive three octaves (s1=72 and 

s2=36 through s2=108) over the course of 60 seconds. 

!

!  
Figure 50.  Harmonic entropy curve for intervals spanning the perfect unison to three 
perfect octaves with n=10000. !
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 Figure 50 shows that the positive and negative quarter steps (r=0.500 and 

r=-0.500) are the maximum values on this entire harmonic entropy curve (n=10000). 

They have the most harmonic entropy for any combination of two pitches. The perfect 

unison (r=0) also has the least amount of harmonic entropy for any combination of two 

pitches. The basic shape of the entropy curve between the perfect unison (r=0) and 

perfect octave (r=12) repeats itself between the perfect octave and the perfect twelfth 

(r=19.0196), and again between the perfect twelfth and perfect two octaves (r=24) and 

so on. The harmonic entropy curve is also a mirror image between positive and negative 

intervals. 

!
Limitations of Harmonic Entropy Models 

 For all of its conceptual merits, the harmonic entropy model is not easily 

expanded to account more than two pitches. Paul Erlich developed three and four pitch 

harmonic entropy models using Voronoi cells instead of a Farey sequence or RIS.  42

However, the various harmonic entropy models cannot be combined into a single general 

model. An entropy value calculated from the three pitch model ends up being on an 

entirely different entropy scale than one from the two or four pitch models. 

 As mentioned in Chapter 1, each additional pitch exponentially increases the 

number of microstates required for calculations. Chords with more than ten pitches would 

take longer than all of human history to calculate entropy values, even with the faster 

algorithm described by Equations 34–38. Not only is this infeasible, it suggests that the 

 Ibid., 372.42
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HAS must use some other method to perceive harmonic stability. After all, the HAS can 

perceive the harmonic stability of a SPW almost instantaneously. 

 Lastly, the harmonic entropy model provides no intellectual framework by which 

to determine how differences in relative amplitudes of component pitches affect the 

harmonic stability of a chord. As the loudness of a component pitch is gradually 

diminished to zero, the entropy of the chord should approach the entropy of the chord that 

results from the absence of that particular component pitch. However, these harmonic 

entropy models cannot easily be adapted to do this because the models for different 

numbers of pitches are on completely different entropy scales. 

 As a result of these limitations, I will abandon harmonic entropy in favor of a 

somewhat different model: psychoacoustic entropy (PAE). Our PAE model will 

essentially measure the same properties as harmonic entropy and employ a similar 

mathematical framework. However, PAE can compare the entropy of chords with various 

numbers of component pitches of different relative amplitudes all on the same entropy 

scale. PAE can also be calculated much faster than harmonic entropy, even for very large 

chords. 

!
Psychoacoustic Entropy 

 Harmonic entropy measures the cumulative uncertainty from the HAS attempting 

to perceive a chord with a defined number of pitches as a perfective repetitive rational 

microstate. Harmonic entropy is calculated from the complete probability distribution of 
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rational microstates. However, harmonic entropy can be estimated very accurately by 

only considering the probability of the most probable microstate. 

 Equation 34 suggests that the probability of a given microstate is proportionate to 

the inverse of the geometric mean of the integers which define that microstate, times a 

Gaussian function which defines the proximity of that microstate to the given macrostate. 

This can be generalized for chords containing greater than two pitches.  Equation 39 43

defines a consonance function, which is derived from Equation 34.  44

!
!  

Equation 39.  Consonance function. !
 The consonance function measures how strongly a given frequency ω will be 

perceived as the harmonic number h(x,ω) above a given fundamental x. Equation 40 

defines the harmonic number function h(x, ω). 

!
!  

Equation 40.  Harmonic number function. !
 From this, Equation 41 defines the reinforcement function Ψ(x, t), which models 

how much the HAS perceives the frequencies in a given SPW to be harmonics of a given 

fundamental x at time t. 

Ω x,ω( ) = 1
h x,ω( ) e

−72 ln2 ω
xh x,ω( )

⎛
⎝⎜

⎞
⎠⎟
ln2 2( )σ 2

h x,ω( ) = If x >ω ,1,Round ω x,1[ ]⎡⎣ ⎤⎦

 A mathematical proof of this generality can be found in Appendix E.43

 A mathematical derivation of Equations 39–42 can be found in Appendix E.44
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!  

Equation 41.  Reinforcement function. !
 Equation 42 defines the PAE function in which the best fundamental ω0(t) 

maximizes the reinforcement function. 

!
!  

Equation 42.  Psychoacoustic entropy function. !
 The PAE of a SPW measures the amount of perceptual uncertainty. A SPW with 

very little PAE contains frequencies which are easily perceived as harmonics of its best 

fundamental, and visa versa. Sometimes the best fundamental is so strongly reinforced by  

the SPW that it is perceived as a pseudo-frequency. Pseudo-frequencies, which do not 

actually exist, are perceived within a waveform due to a property called tonalness. 

 Tonalness measures how much a SPW contains the harmonics of the pseudo-

frequency ωp at time t. While PAE is calculated from the geometric mean of various 

values of the consonance function, tonalness is calculated from the arithmetic 

combination of various values of the consonance function. Equation 43 defines the 

tonalness function for a SPW with any frequency distribution which varies with time. 

!

ψ x,t( ) =
L ω ,t( )ln Ω x,ω( )( )dω

0

∞

∫

L ω ,t( )dω
0

∞

∫

η t( ) = 1− eψ ω0 t( ),t( )
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!  

Equation 43.  Tonalness function. !
 PAE analysis uses the PAE and tonalness functions of a given SPW to gain insight 

into the perceptual structure of music. Chapter 4 explores PAE analysis to examine 

musical harmony and harmonic structure, intonation, and the relationship between timbre 

and harmony. Ultimately, PAE analysis is a complex harmonic theory which has deep 

implications for the analysis, composition, and performance practice of any music. 

!
Summary 

 Shannon entropy measures the amount of cumulative uncertainty present in a 

probabilistic system. Both harmonic entropy and PAE measure how difficult it is for the 

HAS to find repetitiveness within a SPW. Harmonic entropy requires more computation, 

only incorporates pitch uncertainty, and applies to a very limited set of musical 

harmonies. PAE can be calculated more quickly, incorporates all three psychoacoustic 

models, and applies to any imaginable musical harmony contained within a SPW.  

τ ω p ,t( ) = L ω ,t( )Ω ω p t( ),ω( )dω
0

∞

∫
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CHAPTER 4 

PSYCHOACOUSTIC ENTROPY ANALYSIS 

!
Introduction 

 PAE is a property of a SPW at a given moment in time. This gives it the potential 

to be used to analyze any sound, musical or otherwise. Due to the limitations of the scope 

of this dissertation, I only apply PAE analysis to certain specific types of SPWs. In this 

chapter I show how PAE analysis can be used for harmonic analysis, intonation analysis, 

timbre analysis, and melodic analysis. PAE analysis differs from conventional harmonic 

analysis by rejecting octave, inversion, and register equivalence. Instead, it identifies 

chords by labeling which partials within a harmonic series the individual component 

pitches most closely approximate. 

!
Discrete Frequency Distributions 

 Equations 9, 10, 17 and 39–43 collectively define how to calculate PAE from a 

given SPW at a given moment in time. Many musical harmonies are well modeled by 

discrete frequency distributions (DFDs). A DFD is a SPW whose frequency spectrum 

consists of discrete frequencies whose amplitudes and phases angles do not vary with 

time. DFDs are contrasted with continuous frequency distributions (CFDs), the analysis 

of which is beyond the scope of this dissertation. Any SPW which is a DFD can be 
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represented by Equation 44. The loudness function for a DFD is shown in Equation 45, 

which can be derived from Equation 44.  45

!
 

Equation 44.  Discrete frequency distribution definition. !!
!  

Equation 45.  Loudness function of a discrete frequency distribution. !
 According to Equation 45, the temporal window creates a frequency smear. If the 

component frequencies of the DFD are substantially large and unequal from one another, 

then they form very narrow bell curves centered about each component frequency. If this 

is the case, the consonance function does not vary significantly across the region of the 

bell curve. Equations 46–49 define two temporal indexes κ1 and κ2 which can be used to 

measure the influence of the temporal window on PAE values.  The component 46

loudnesses Li are obtained from the coefficients of Equation 45. 

!
!  

Equation 46.  Component loudness definition. !!

P t( ) = Ai cos 2πα it + βi( )
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 A mathematical derivation of Equation 45 from Equation 44 is detailed in Appendix F.45

 The mathematical derivation of Equations 47–49 is detailed in Appendix G.46
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!  

Equation 47.  Critical band function. !!

!  

Equation 48.  First temporal index. !!
!  

Equation 49.  Second temporal index. !
 The first temporal index (FTI) calculates the average influence of the temporal 

window between pairs of component frequencies. The second temporal index (STI) 

calculates the average influence of the temporal window on individual component 

frequencies. The total range of each temporal index is from 0 to 1. If both temporal 

indexes are equal to 0, I will say that the DFD exists in the ideal case (IC). If either or 

both of the temporal indexes are significantly large, I will say that the DFD has achieved 

some degree of temporal saturation (TS). If either temporal index is equal to 1, I will say 

that the DFD has achieved infinite saturation (IS). 

 An IS DFD has a PAE value of 1. The PAE of a TS DFD is calculated by treating 

it as a CFD, putting it beyond the scope of this dissertation. However, the PAE and 

ε α i ,α j( ) = e−π 2Tc2 α i−α j( )2

κ1
!α( ) =

LiLjε α i ,α j( ) 1− ε α i ,α j( )( )
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∑
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tonalness of IC DFDs can easily be determined. Equations 50 and 51 define the 

reinforcement and tonalness functions respectively for an IC DFD. 

!
!  

Equation 50.  Reinforcement function for an IC DFD. !!
!  

Equation 51.  Tonalness function for an IC DFD. !
 Equations 50 and 51 form the basis for the PAE analysis which will be used for 

the remainder of this dissertation. 

!
Harmonic Analysis 

 The PAE model for the IC of a DFD with only two frequencies of equal loudness 

can be compared directly to the two pitch harmonic entropy model presented in Chapter 

3. We will first consider the PAE of three intervals, each built on MIDI pitch 60: an equal 

tempered major third (s1=60, s2=64), an equal temperated perfect fifth (s1=60, s2=67), 

and an equal tempered minor second (s1=60, s2=61). 

 The IC PAE of the equal tempered major third (s1=60, s2=64) is 0.80995 with a 

FTI and STI of 5.60915E-10 and 2.03202E-4 respectively. The IC PAE of the equal 

tempered perfect fifth (s1=60, s2=67) is 0.593104 with respective FTI and STI of 

2.51580E-34 and 1.83713E-4. The IC PAE of the equal tempered minor second (s1=60, 

ψ x,t( ) =
Li ln Ω x,α i( )( )

i=1

N

∑

Li
i=1

N

∑

τ ω p ,t( ) = LiΩ ω p ,α i( )
i=1

N

∑
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s2=61) is 0.940645 with respective FTI and STI of 2.22590E-1 and 2.92738E-4. 

Recordings 14–16 play these three intervals respectively. 

 The effects of the temporal window will be most prominent for this minor second 

due to the large value of its FTI. The IC PAE calculation will understate the actual PAE 

for all three examples, but the difference is negligible for this major third and perfect fifth 

due to the small FTI and STI values. The IC results fall very closely in line with the 

corresponding predictions of the harmonic entropy model, which also ignores the 

influence of the temporal window. Transposing these three intervals into a higher register 

will change the actual PAE values closer to the IC ones and decrease all the FTI and STI 

values. 

 Table 10 lists the IC PAE, FTI and STI of all the equal tempered semitone 

intervals spanning the negative octave (r=-12) to the positive octave (r=12) assuming a 

base pitch s1 equal to MIDI number 60. Recording 17 plays each of these intervals. 

!
Table 10.  PAE Analysis of Equal Tempered Intervals 

 Semitone Common                                                                                                
 interval name PAE FTI STI                                                                                     

 -12 perfect octave 0.292893 1.48942E-34 9.67353E-3                                                     
 -11 major seventh 0.918992 1.14539E-30 7.68001E-3                                                     
 -10 minor seventh 0.886063 8.24423E-27 6.02265E-3                                                     
 -9 major sixth 0.791203 5.14134E-23 4.66446E-3                                                           
 -8 minor sixth 0.865614 2.53697E-19 3.56828E-3                                                           
 -7 perfect fifth 0.593104 8.90707E-16 2.69776E-3                                                           
 -6 tritone 0.870380 1.96584E-12 2.01816E-3                                                                   
 -5 perfect fourth 0.712281 2.36189E-9 1.49715E-3                                                          
 -4 major third 0.809950 1.30760E-6 1.10531E-3                                                              
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Table 10.  (continued) 

 Semitone Common                                                                                                
 interval name PAE FTI STI                                                                                     

 -3 minor third 0.852359 2.75136E-4 8.16562E-4                                                             
 -2 major second 0.883703 1.76171E-2 6.08310E-4                                                          
 -1 minor second 0.940645 2.46588E-1 4.61506E-4                                                          
 0 perfect unison 0.000000 0.00000 3.60490E-4                                                                 
 1 minor second 0.940645 2.22590E-1 2.92738E-4                                                            
 2 major second 0.883703 6.74975E-3 2.48512E-4                                                            
 3 minor third 0.852359 1.06440E-5 2.20461E-4                                                               
 4 major third 0.809950 5.60915E-10 2.03202E-4                                                              
 5 perfect fourth 0.712281 5.57915E-16 1.92921E-4                                                          
 6 tritone 0.870380 5.46526E-24 1.87001E-4                                                                     
 7 perfect fifth 0.593104 2.51580E-34 1.83713E-4                                                             
 8 minor sixth 0.865614 2.34731E-47 1.81956E-4                                                             
 9 major sixth 0.791203 1.70847E-63 1.81055E-4                                                             
 10 minor seventh 0.886063 3.28306E-83 1.80611E-4                                                       
 11 major seventh 0.918992 4.87646E-107 1.80403E-4                                                     
 12 perfect octave 0.292893 1.39190E-135 1.80310E-4                                                     

!!
 The pattern of PAE values in Table 10 matches the pattern of harmonic entropy 

values in Table 9, with a few exceptions. In both models, the entropies of the major 

second (r=2), tritone (r=6), minor sixth (r=8) and minor seventh (r=10) are very similar. 

The harmonic entropy model (n=10000) ranks them in the following order from least to 

greatest entropy: minor seventh, tritone, major second, and minor sixth. The PAE model 

ranks these same intervals in the following order from least to greatest entropy: minor 

sixth, tritone, major second, and minor seventh. 

 These small differences are not a flaw for the PAE model but instead suggest 

several further calculation problems for the harmonic entropy model. The exact harmonic 
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entropy of a given interval depends greatly on the order n of the RIS used to calculate it. 

As the RIS order increases, the shape of the harmonic entropy curve continuously 

changes, becoming increasingly more refined as n approaches infinity. However, while 

the shape becomes more refined the peaks and valleys shift slightly to the right and left as 

more uncertainty terms are added to the calculation. Figures 51–53 show harmonic 

entropy curves between the unison (r=0) and octave (r=12) for n=500, n=2000, and 

n=15000 respectively. These can also be compared to Figure 49, which shows the same 

harmonic entropy curve for n=10000. 

!

!  
Figure 51.  Harmonic entropy curve for intervals spanning the perfect unison to the 
perfect octave with n=500. !!
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!  
Figure 52.  Harmonic entropy curve for intervals spanning the perfect unison to the 
perfect octave with n=2000. !!

!  
Figure 53.  Harmonic entropy curve for intervals spanning the perfect unison to the 
perfect octave with n=15000. !
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 As n increases, the absolute harmonic entropy values increase while 

simultaneously the peaks and valleys become more compressed. While these changes are 

perhaps the most obviously, they are also the least significant. Subtracting all the entropy 

values by a positive constant shifts the curve downward without changing the relative 

entropies between any two intervals. Multiplying the curve by a constant greater than 1 

magnifies the shape of the curve, undoing the compression at higher n values. However, 

this does not affect the relative entropies between various intervals. The unison always 

has the least harmonic entropy, followed by the perfect octave, and etc. regardless of the 

value of n (assuming that it is significantly large). 

 Figures 49 and 51–53 do reveal subtle leftward and rightward shifts of the relative 

extrema of the harmonic entropy curves as n increases. These changes are indeed 

problematic for the model because they distort the relative entropies between various 

intervals. For example, the highest peak in Figure 51 (n=500) occurs at r=1.085. 

However, this highest peak occurs at r=0.672 in Figure 52 (n=2000), r=0.500 in Figure 

49 (n=10000), and r=0.494 in Figure 53 (n=15000). This shift is perhaps the most 

substantial between the four harmonic entropy curves. 

 In addition, the lowest point of the valley near the justly tuned minor third 

(r=3.156) shifts as well. In Figure 51 (n=500), the valley reaches its minimum at 

r=3.152. In Figure 52 (n=2000), the minimum occurs at r=3.166. In Figure 49 

(n=10000), it occurs at r=3.140. In Figure 53 (n=15000), the minimum occurs at 

r=3.163. While the location of the justly tuned minor third does not shift as much as that 
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of the highest peak on the curve, these changes still vary enough to warrant a much 

higher n value than 15000 for an accurate calculation. Unfortunately, progressively 

higher n values yield more RIS terms which in turn make calculations significantly more 

tedious. 

 Luckily, the accuracy of a particular valley on the harmonic entropy curve 

depends on the depth of the valley. A more stable interval such as the justly tuned perfect 

fifth (r=7.020) approaches its correct horizontal position at much lower n values. In 

Figure 51 (n=500), the justly tuned perfect fifth occurs at r=7.016. In Figure 52 

(n=2000), the perfect fifth occurs at r=7.019. In Figure 49 (n=10000), the perfect fifth 

occurs at r=7.020. In Figure 53 (n=15000), the perfect fifth occurs at r=7.020. 

 The ideal entropy curve between two pitches would center its valleys exactly 

around each justly tuned rational interval ratio. Harmonic entropy curves only do this 

with impractically large n values and tedious computation. However, the PAE curve 

between two discrete pitches achieves such a result with minimal computation. Figure 54 

shows the IC PAE curve spanning intervals from the unison (r=0) to the octave (r=12), 

derived from a two pitch IC DFD. 

!



!105

!  
Figure 54.  Psychoacoustic entropy curve for intervals spanning the unison to the perfect 
octave derived from a two pitch ideal case discrete frequency distribution. !
 Each valley in Figure 54 is aligned exactly with a justly tuned rational interval 

ratio. As with the harmonic entropy curves, the depth and width of each valley is closely 

related to the complexity of each rational interval ratio. Simpler interval ratios yield 

deeper and wider valleys, while more complex ones yield shallower and thinner valleys. 

Overall, the PAE curve shows more detail and is more jagged than any of the harmonic 

entropy curves. However, its basic shape is roughly the same. The highest peak of the 

PAE curve for two pitches occurs at r=0.614. Figure 55 plots the PAE entropy between 

two pitches for intervals spanning negative three perfect octaves (r=-36) to positive three 

perfect octaves (r=36). Figure 55 compares very closely in shape to Figure 50, which 

plots the harmonic entropy (n=10000) for the same span of intervals. 
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!  
Figure 55.  Psychoacoustic entropy curve for intervals spanning negative three perfect 
octaves to positive three perfect octaves derived from a two pitch ideal case discrete 
frequency distribution. !
 The PAE analysis of IC DFDs can be extended to chords containing more than 

two pitches. For the purpose of simplicity with this analysis, a chord can be identified by 

its interval composition relative to the lowest pitch in the chord. For example, an equal 

tempered major triad consisting of MIDI pitches 60, 64, and 67 can be identified as the 

chord vector {4, 7} because it consists of an equal tempered major third (r=4) and an 

equal tempered perfect fifth (r=7) as measured from the first listed pitch of the chord. 

(The chord pitches can be listed in any order as long as they are consistently listed in that 

same order throughout the analysis. Typically they will be listed in ascending order.) 

Equations 52 and 53 define how to calculate a chord vector !  from its component MIDI 

pitches si. Table 11 lists the chord vectors of various common equal tempered chords. 
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Equation 52.  Chord vector definition. !!

 
Equation 53.  Chord vector component interval definition. !!
Table 11.  Chord Vectors of Various Common Equal Tempered Chords 

 MIDI pitches Common Chord                                                                              
 (if built on s1=60) name vector                                                                             

 {60, 64, 67} root position major triad {4, 7}                                                        
 {60, 63, 67} root position minor triad {3, 7}                                                        
 {60, 63, 68} first inversion major triad {3, 8}                                                      
 {60, 64, 69} first inversion minor triad {4, 9}                                                      
 {60, 65, 69} second inversion major triad {5, 9}                                                  
 {60, 65, 68} second inversion minor triad {5, 8}                                                  
 {60, 64, 67, 70} root position dominant seven {4, 7, 10}                                       
 {60, 63, 66, 68} first inversion dominant seven {3, 6, 8}                                      
 {60, 63, 65, 69} second inversion dominant seven {3, 5, 9}                                  
 {60, 62, 66, 69} third inversion dominant seven {2, 6, 9}                                      
 {60, 67, 76} open position major triad {7, 16}                                                     
 {60, 67, 75} open position minor triad {7, 15}                                                     
 {60, 64, 67, 70, 74} dominant major nine {4, 7, 10, 14}                                            
 {60, 63, 67, 70, 74} minor major nine {3, 7, 10, 14}                                                  

!
 PAE analysis does not assume octave equivalence. Therefore, various inversions 

of a chord such as a major triad are each represented by a unique chord vector. In many 

instances the octave transposition of an individual chord tone does not significantly affect 

the IC PAE of the chord, but that is not always the case. Table 12 lists a large assortment 

of equal tempered chords in order by their PAE value, assuming that each of the 

r = r1,r2,rN−1( )

ri = si+1 − s1
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component pitches have the same loudness and is built with the base pitch s1 equal to 

MIDI number 60. (The common names on Table 12 make use of the following 

abbreviations: “P” for perfect, “sus” for suspended, “inv” for inversion, “maj” for major, 

“min” for minor, “aug” for augmented, “dim” for diminished, and “dom” for dominant.) 

Recording 20 plays each of the chords from Table 12 in order, built on MIDI pitch 60. 

!
Table 12.  IC PAE Values of Various Equal Tempered Chords 

 Chord Common IC                                                                                                   
 vector name PAE FTI STI                                                                                           

 {0} P unison 0.000000 0.00000 3.60490E-4                                                                         
 {12} P octave 0.292893 1.39190E-135 1.80310E-4                                                             
 {7} P fifth 0.593104 2.51580E-34 1.83713E-4                                                                     
 {5} P fourth 0.712281 5.57915E-16 1.92921E-4                                                                  
 {7, 16} open maj triad 0.727975 1.67720E-34 1.22476E-4                                                 
 {7, 16, 24} open maj triad 0.778251 1.25790E-34 9.18572E-5                                           
 {5, 9} 2nd inv maj triad 0.784093 3.73050E-16 1.29154E-4                                               
 {9} maj sixth 0.791203 1.70847E-63 1.81055E-4                                                                
 {4} maj third 0.809950 5.60915E-10 2.03202E-4                                                                
 {9, 17} open 2nd inv maj triad 0.828635 1.13898E-63 1.20703E-4                                    
 {4, 7} maj triad 0.828635 1.04381E-8 1.37781E-4                                                              
 {4, 7, 12} maj triad 0.843200 7.82856E-9 1.03368E-4                                                        
 {3} min third 0.852359 1.06440E-5 2.20461E-4                                                                  
 {3, 8} 1st inv maj triad 0.863987 7.09600E-6 1.48115E-4                                                   
 {8} min sixth 0.865614 2.34731E-47 1.81956E-4                                                               
 {5, 7} 4-3 sus 0.868882 1.18535E-4 1.30926E-4                                                                 
 {6} tritone 0.870380 5.46526E-24 1.87001E-4                                                                    
 {5, 7, 12} 4-3 sus 0.882928 8.89012E-5 9.82270E-5                                                           
 {2} maj second 0.883703 6.74975E-3 2.48512E-4                                                               
 {10} min seventh 0.886063 3.28306E-83 1.80611E-4                                                         
 {8, 15} open 1st inv maj triad 0.892047 1.56487E-47 1.21306E-4                                      
 {2, 7} 2-3 sus 0.895931 4.49983E-3 1.67987E-4                                                                 
 {4, 7, 10} dom seven 0.899074 7.82857E-9 1.03519E-4                                                     
 {3, 6} dim triad 0.910916 7.09635E-6 1.51478E-4                                                              
 {9, 16} open 1st inv min triad 0.912454 1.13898E-63 1.20704E-4                                     
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Table 12.  (continued) 

 Chord Common IC                                                                                                   
 vector name PAE FTI STI                                                                                           

 {3, 6, 8} 1st inv dom seven 0.915132 3.26547E-5 1.14464E-4                                            
 {11} maj seventh 0.918992 4.87646E-107 1.80403E-4                                                       
 {7, 15} open min triad 0.919089 1.67720E-34 1.22478E-4                                                 
 {4, 7, 11} maj seven 0.922669 7.82856E-9 1.03415E-4                                                       
 {3, 6, 10} half dim seven 0.924140 5.32227E-6 1.13792E-4                                               
 {2, 5, 9} 3rd inv min seven 0.928559 3.37487E-3 1.30999E-4                                            
 {3, 5, 9} 2nd inv dom seven 0.928635 4.91493E-4 1.16973E-4                                          
 {3, 7} min triad 0.930515 7.09600E-6 1.49286E-4                                                              
 {3, 7, 8} 1st inv maj seven 0.934973 3.00339E-2 1.12821E-4                                             
 {6, 7} Lydian 4-3 sus 0.935529 5.22485E-2 1.26979E-4                                                     
 {5, 8} 2nd inv min triad 0.935781 1.20473E-9 1.29755E-4                                                 
 {3, 7, 9} 1st inv half dim seven 0.936210 1.16036E-5 1.12370E-4                                     
 {7, 15, 24} open min triad 0.936216 1.25790E-34 9.18583E-5                                           
 {3, 7, 11} min maj seven 0.936366 5.32200E-6 1.12044E-4                                               
 {3, 7, 12} min triad 0.937420 5.32200E-6 1.11997E-4                                                        
 {3, 7, 10} min seven 0.939925 5.32200E-6 1.12148E-4                                                      
 {2, 6, 9} 3rd inv dom seven 0.939989 3.37487E-3 1.28039E-4                                           
 {1} min second 0.940645 2.22590E-1 2.92738E-4                                                              
 {4, 8} aug triad 0.940710 3.73943E-10 1.36609E-4                                                             
 {1, 2} cluster 0.942031 1.98423E-1 2.40670E-4                                                                  
 {1, 2, 3} cluster 0.944495 1.71862E-1 2.00611E-4                                                              
 {4, 9} 1st inv min triad 0.944850 3.73943E-10 1.36008E-4                                                
 {4, 5, 9} 2nd inv maj seven 0.945319 6.10369E-2 1.08344E-4                                           
 {4, 6, 9} 2nd inv half dim seven 0.946359 2.19595E-4 1.05384E-4                                    
 {1, 7} (no common name) 0.947260 1.48393E-1 1.97471E-4                                             
 {8, 17} open 2nd inv min triad 0.949029 1.56487E-47 1.21304E-4                                    
 {4, 7, 9} 1st inv min seven 0.949483 1.03112E-5 1.03740E-4                                             
 {1, 11} (no common name) 0.953990 1.48393E-1 1.95264E-4                                           
 {1, 5, 8} 3rd inv maj seven 0.954019 1.11295E-1 1.53562E-4                                            
 {2, 5, 8} 3rd inv half dim seven 0.954893 3.37487E-3 1.31450E-4                                     
 {6, 11} Viennese trichord 0.955513 3.64350E-24 1.24773E-4                                             
 {3, 5, 8} 2nd inv min seven 0.957521 4.91493E-4 1.17424E-4                                           
 {4, 8, 10} aug dom seven 0.958444 2.87029E-6 1.02640E-4                                               
 {5, 7, 10} 4-3 sus dom seven 0.960208 8.89012E-5 9.83777E-5                                         
 {3, 6, 9} fully dim seven 0.962493 5.32227E-6 1.14013E-4                                                
 {4, 8, 11} aug maj seven 0.966729 2.80458E-10 1.02536E-4                                              
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 Table 12 reveals a great deal about the harmonic stability of many common 

chords. PAE measures the cumulative uncertainty of the HAS as it attempts to recognize 

perfectly repetitive waveforms within each chord. Chords with more PAE confuse the 

HAS and have an unsettled quality to their sound. Chords with less PAE are easily 

identified by the HAS and have a more stable quality to their sound. 

 The IC PAE does a reasonable job of approximating the actual PAE values for 

most of these chords. None of the STI values are significantly large. However, many of 

the chords do have significant FTI values. Each of these chords will likely have a PAE 

value which is significantly greater than its IC PAE value when the base pitch s1 is equal 

to MIDI number 60. The first and second RTI values can be useful to infer the PAE of 

non IC DFDs, even though they do not help us calculate specific values. 

 In any case, the actual PAE values will always approach the IC PAE values as the 

value of the base pitch s1 increases significantly. In other words, the IC PAE values are 

always correct if the chord is transposed high enough. Recording 21 plays each of the 

chords from Table 12 in order built on MIDI pitch 84, which is high enough to make all 

of the FTI values very small. In this case the IC PAE values more accurately reflect the 

actual PAE values. 

 Some might equate PAE as a measurement of the dissonance of a chord but 

perhaps this is not the best analogy. As detailed in Chapter 1, harmonic dissonance is a 

broad term with many diverse meanings to different music theorists throughout various 
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eras in the history of Western music theory. A better way to view PAE is that it measures 

one specific type of dissonance: tuning stability. 

 The HAS perceives many combinations of pitches to be out of tune. An out-of-

tune chord confuses the HAS. As the pitches are slowly brought into tune the perception 

changes. The chord becomes more recognizable. A chord with less PAE has a stronger 

tendency to be perceived as in-tune or out-of-tune. An out-of-tune perfect fifth is very 

troublesome. An out-of-tune minor second is hardly noticeable. Recording 22 plays an 

example of an out-of-tune perfect fifth gradually coming into tune over the course of 10 

seconds. Recording 23 plays an example of an out-of-tune minor second gradually 

coming into tune over the course of 10 seconds. The perception of the intonation of the 

perfect fifth changes dramatically while that of the minor second is hardly noticed. 

 PAE measures the tuning stability of various chords. Chords with greater PAE are 

perceived as out-of-tune. Chords with less PAE are perceived as more in-tune. Tuning 

stability is merely one type of dissonance a given chord can have. Though consonance is 

often defined as the opposite of dissonance, many theorists argued that the consonance of 

a chord depended on how strongly the component pitches reinforced a common 

fundamental frequency. Chapter 3 defined this property as tonalness. 

 Tonalness τ(ωp, t) measures how well a given pseudo-frequency ωp is reinforced 

by all the component pitches of the SPW P(t) at time t. For example, I might consider the 

equal tempered major and minor triads {4, 7} and {3, 7}. We will assume that all the 

component pitches have the same loudness and each chord fulfills the IC condition. 
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Figure 56 plots the tonalness function for the equal tempered major triad using Equation 

50, where fundamentals are measured as a MIDI interval relative to the base pitch s1 in 

the chord and tonalness as a multiple of the loudness of each component pitch. Figure 57 

does the same for the equal tempered minor triad. Recordings 24 and 25 play these 

respective major and minor triads, each built with a base pitch s1 of MIDI number 60. 

!

!  
Figure 56.  Tonalness curve for an ideal case equal tempered major triad. !!
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!  
Figure 57.  Tonalness curve for an ideal case equal tempered minor triad. !
 The IC PAE value is 0.828635 for the equal tempered major triad and 0.930515 

for the equal tempered minor triad with respective best fundamentals ω0 of -23.9609 and 

-39.9218, each expressed as MIDI intervals from the base pitch s1. Figures 56 and 57 

show that the two chords also have entirely different tonalness curves. However, the 

greatest tonalness values occur in each case around the component pitches themselves. In 

other words, no other pseudo-frequency ωp is reinforced well enough to dominate the 

individual perception of the component pitches. As a result, the HAS perceives each of 

these chords as a set of pitches rather than a single fundamental pitch with a rich timbre. 

 Figure 58 plots the tonalness curve for the chord {12, 19}, also assuming that 

each of the component pitches have equal loudness and the chord fulfills the IC 

condition. Recording 26 plays this chord, built on MIDI number 60. 
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!  
Figure 58.  Tonalness curve for an ideal case version of the chord {12, 19}. !
 For the chord {12, 19}, the IC PAE values is 0.451299 with a best fundamental ω0 

at the MIDI interval of -0.00651667 from the base pitch s1. This also happens to be the 

largest tonalness value shown in Figure 58. Because the tonalness of the best fundamental 

is greater than that of the component pitches, I only perceive the best fundamental in 

Recording 26. The other component pitches are instead heard as part of the timbre of this 

pitch. 

 We will refer to the tonalness of the best fundamental of a chord as its best 

tonalness τ0(t). Table 13 lists the chords from Table 12 in order by their IC best tonalness 

values, also assuming that all the component pitches have an equal loudness value. The 

best fundamentals are measured as a MIDI interval relative to the chord’s base pitch s1, 
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and the IC best tonalness values are measured as a multiple of the loudness of a single 

component pitch. 

!
Table 13.  IC Best Tonalness Values of Various Chords 

  IC Best                                                                                                                 
 Chord best fundamental                                                                                             
 vector tonalness (MIDI)                                                                                         

 {0} 2.00000 0.00000                                                                                                
 {12} 1.50000 0.00000                                                                                              
 {7, 16, 24} 1.04727 -11.9707                                                                                
 {7, 16} 0.913468 -11.9609                                                                                    
 {7} 0.830573 -12.0098                                                                                          
 {5, 9} 0.676395 -18.9609                                                                                      
 {4, 7, 12} 0.651225 -23.9707                                                                                
 {5} 0.581401 -19.0098                                                                                          
 {9, 17} 0.557859 -18.9609                                                                                    
 {4, 7} 0.528495 -23.9609                                                                                      
 {4, 7, 10} 0.490478 -23.8927                                                                                
 {5, 7, 12} 0.482998 -31.0196                                                                                
 {9} 0.431288 -18.9413                                                                                          
 {3, 8} 0.409958 -27.9609                                                                                      
 {3, 6, 8} 0.406645 -27.8927                                                                                  
 {5, 7} 0.399665 -31.0196                                                                                      
 {4} 0.382469 -23.9316                                                                                          
 {3, 6, 10} 0.380253 -27.9025                                                                                
 {8, 15} 0.336008 -27.9609                                                                                    
 {3, 6} 0.319478 -27.8570                                                                                      
 {4, 7, 11} 0.318340 -35.9413                                                                                
 {2, 7} 0.316332 -36.0196                                                                                      
 {3, 5, 9} 0.309642 -30.8927                                                                                  
 {3} 0.296511 -27.9413                                                                                          
 {7, 15, 24} 0.289950 -35.9987                                                                              
 {2, 5, 9} 0.288845 -37.9511                                                                                  
 {3, 7, 9} 0.285494 -30.9025                                                                                  
 {8} 0.276228 -27.9316                                                                                          
 {9, 16} 0.271561 -30.9218                                                                                    
 {6} 0.262918 -27.7757                                                                                          
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Table 13.  (continued) 

  IC Best                                                                                                                 
 Chord best fundamental                                                                                             
 vector tonalness (MIDI)                                                                                         

 {3, 7, 8} 0.262877 -39.9413                                                                                  
 {2, 6, 9} 0.261964 -33.8927                                                                                  
 {3, 7, 12} 0.259282 -39.9071                                                                                
 {3, 7, 11} 0.258978 -39.9351                                                                                
 {7, 15} 0.258680 -35.9982                                                                                    
 {3, 7, 10} 0.246383 -39.9511                                                                                
 {10} 0.237787 -27.9511                                                                                        
 {4, 6, 9} 0.233703 -33.9025                                                                                  
 {2} 0.232998 -36.0196                                                                                          
 {1, 2, 3} 0.222716 -48.0159                                                                                  
 {4, 5, 9} 0.222444 -42.9413                                                                                  
 {2, 5, 8} 0.219193 -37.9025                                                                                  
 {3, 7} 0.211760 -39.9218                                                                                      
 {4, 7, 9} 0.208167 -42.9511                                                                                  
 {6, 7} 0.196539 -43.0361                                                                                      
 {5, 8} 0.196187 -42.9982                                                                                      
 {3, 6, 9} 0.189415 -39.9051                                                                                  
 {1, 5, 8} 0.188750 -46.9413                                                                                  
 {4, 8} 0.180002 -42.9591                                                                                      
 {1, 2} 0.174025 -48.0296                                                                                      
 {3, 5, 8} 0.172754 -46.9511                                                                                  
 {11} 0.170084 -35.9413                                                                                        
 {4, 8, 10} 0.169566 -46.9840                                                                                
 {4, 9} 0.167390 -42.9218                                                                                      
 {8, 17} 0.164940 -42.9982                                                                                    
 {5, 7, 10} 0.163178 -50.0293                                                                                
 {1, 7} 0.160413 -48.0230                                                                                      
 {6, 11} 0.158354 -39.8422                                                                                    
 {1, 11} 0.143709 -49.0296                                                                                    
 {4, 8, 11} 0.140621 -50.9791                                                                                
 {1} 0.118765 -48.0248                                                                                          

!
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 Recording 27 plays each chord from Table 13 in order such that all the best 

fundamentals are equal to MIDI pitch 45 (110 Hz). In general, the best fundamental of a 

chord will be highly perceivable if the best tonalness of the chord is greater than the 

loudness values of any its component pitches. Of all the chords listed in Table 13, only 

{12}, {7, 16, 24}, and {0} yield highly perceivable best fundamentals. For the other 

chords, the fundamentals are not reinforced strongly enough to stand out from the other 

component pitches. 

 Chords with large best tonalness values exhibit a property known as tonal fusion, 

where the component pitches cannot be perceived individually but rather blend together 

into the harmonics of the best fundamental. Recording 28 plays the frequencies 220 Hz, 

330 Hz, 440 Hz, 550 Hz, 660 Hz, 770 Hz, 880 Hz, 990 Hz and 1100 Hz each with the 

same amplitude first one at a time, then simultaneously, and then by gradually removing 

each pitch from the chord one at a time. The best fundamental of this simultaneous chord 

is 110 Hz with a best tonalness value of 1.92897 times the loudness of each component 

pitch. Tonal fusion causes us to only perceive the best fundamental of the simultaneous 

chord played in Recording 28. 

 While many chords with a large best tonalness value tend to have a small PAE 

value, the two properties are far from being exact opposites. Tables 12 and 13 begin in a 

very similar order but end quite differently. The minor second has the least amount of 

best tonalness but is not at the end of the list when measuring IC PAE. If best tonalness 

measures a specific type of consonance and PAE a specific type of dissonance, these 
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types of consonance and dissonance are not necessarily opposites but rather two 

independent yet related properties of a SPW. 

!
Intonation Analysis 

 The best fundamental of a DFD can be used to calculate the best harmonic state of 

the DFD. The best harmonic state is a vector which contains the partial numbers of the 

best fundamental which are closest to the component pitches of the DFD. Equation 54 

defines the best harmonic state of a DFD. 

!
 

Equation 54.  Best harmonic state of a DFD definition. !
 The best harmonic state can be used to retune the component pitches of a DFD to 

minimize its IC PAE value. Equations 55 and 56 define the best intonation vector, which 

shows how to retune the components of the chord vector of a DFD to better align it with 

its best harmonic state in order to maximize its maximum tonalness value. 

!
 

Equation 55.  Best intonation vector definition. !!
 

Equation 56.  Best intonation vector component definition. !


Γ α( ) = h ω 0,α1( ),h ω 0,α 2( ),…h ω 0,αN( )⎡⎣ ⎤⎦
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 The best intonation vector essentially defines just intonation for any DFD chord 

vector. Table 14 lists the best harmonic states and best intonation vectors for all of the 

equal tempered chords listed in Tables 12 and 13. 

!
Table 14.  Intonation Analysis of Various Equal Tempered Chords 

  Best Best                                                                                                 
 Chord harmonic intonation                                                                           
 vector state vector                                                                                      

 {0} {1, 1} {0.00000}                                                                                    
 {1} {16, 17} {1.04955}                                                                                
 {2} {8, 9} {2.03910}                                                                                    
 {3} {5, 6} {3.15641}                                                                                    
 {4} {4, 5} {3.86314}                                                                                    
 {5} {3, 4} {4.98045}                                                                                    
 {6} {5, 7} {5.82512}                                                                                    
 {7} {2, 3} {7.01955}                                                                                    
 {8} {5, 8} {8.13686}                                                                                    
 {9} {3, 5} {8.84359}                                                                                    
 {10} {5, 9} {10.1760}                                                                                  
 {11} {8, 15} {10.8827}                                                                                
 {12} {1, 2} {12.0000}                                                                                  
 {4, 7} {4, 5, 6} {3.86314, 7.01955}                                                                     
 {3, 8} {5, 6, 8} {3.15641, 8.13686}                                                                     
 {5, 9} {3, 4, 5} {4.98045, 8.84359}                                                                     
 {3, 7} {10, 12, 15} {3.15641, 7.01955}                                                               
 {4, 9} {12, 15, 20} {3.86314, 8.84359}                                                               
 {5, 8} {12, 16, 19} {4.98045, 7.95558}                                                               
 {4, 8} {12, 15, 19} {3.86314, 7.95558}                                                               
 {3, 6} {5, 6, 7} {3.15641, 5.82512}                                                                     
 {2, 7} {8, 9, 12} {2.03910, 7.01955}                                                                   
 {5, 7} {6, 8, 9} {4.98045, 7.01955}                                                                     
 {1, 7} {16, 17, 24} {1.04955, 7.01955}                                                               
 {6, 7} {12, 17, 18} {6.03000, 7.01955}                                                               
 {1, 2} {16, 17, 18} {1.04955, 2.03910}                                                               
 {6, 11} {10, 14, 19} {5.82512, 11.1120}                                                             
 {7, 16} {2, 3, 5} {7.01955, 15.8631}                                                                   
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Table 14.  (continued) 

  Best Best                                                                                                 
 Chord harmonic intonation                                                                           
 vector state vector                                                                                      

 {7, 15} {8, 12, 19} {7.01955, 14.9751}                                                               
 {8, 15} {5, 8, 12} {8.13686, 15.1564}                                                                 
 {9, 16} {6, 10, 15} {8.84359, 15.8631}                                                               
 {9, 17} {3, 5, 8} {8.84359, 16.9804}                                                                   
 {8, 17} {12, 19, 32} {7.95558, 16.9804}                                                             
 {1, 11} {17, 18, 32} {0.989546, 10.9504}                                                            
 {4, 7, 10} {4, 5, 6, 7} {3.86314, 7.01955, 9.68826}                                                   
 {3, 6, 8} {5, 6, 7, 8} {3.15641, 5.82512, 8.13686}                                                     
 {3, 5, 9} {6, 7, 8, 10} {2.66871, 4.98045, 8.84359}                                                   
 {2, 6, 9} {7, 8, 10, 12} {2.31174, 6.17488, 9.33129}                                                 
 {3, 6, 10} {5, 6, 7, 9} {3.15641, 5.82512, 10.1760}                                                   
 {3, 7, 9} {6, 7, 9, 10} {2.66871, 7.01955, 8.84359}                                                   
 {4, 6, 9} {7, 9, 10, 12} {4.35084, 6.17488, 9.33129}                                                 
 {2, 5, 8} {9, 10, 12, 14} {1.82404, 4.98045, 7.64916}                                               
 {4, 7, 11} {8, 10, 12, 15} {3.86314, 7.01955, 10.8827}                                             
 {3, 7, 8} {10, 12, 15, 16} {3.15641, 7.01955, 8.13686}                                             
 {4, 5, 9} {12, 15, 16, 20} {3.86314, 4.98045, 8.84359}                                             
 {1, 5, 8} {15, 16, 20, 24} {1.11731, 4.98045, 8.13686}                                             
 {3, 7, 10} {10, 12, 15, 18} {3.15641, 7.01955, 10.1760}                                           
 {4, 7, 9} {12, 15, 18, 20} {3.86314, 7.01955, 8.84359}                                             
 {3, 5, 8} {15, 18, 20, 24} {3.15641, 4.98045, 8.13686}                                             
 {2, 5, 9} {9, 10, 12, 15} {1.82404, 4.98045, 8.84359}                                               
 {3, 6, 9} {10, 12, 14, 17} {3.15641, 5.82512, 9.18642}                                             
 {4, 8, 10} {15, 19, 24, 27} {4.09244, 8.13686, 10.1760}                                           
 {4, 8, 11} {19, 24, 30, 36} {4.04442, 7.90756, 11.0640}                                           
 {4, 7, 12} {4, 5, 6, 8} {3.86314, 7.01955, 12.0000}                                                   
 {7, 16, 24} {2, 3, 5, 8} {7.01955, 15.8631, 24.0000}                                                 
 {7, 15, 24} {8, 12, 19, 32} {7.01955, 14.9751, 24.0000}                                           
 {3, 7, 12} {10, 12, 15, 20} {3.15641, 7.01955, 12.0000}                                           
 {5, 7, 12} {6, 8, 9, 12} {4.98045, 7.01955, 12.0000}                                                 
 {5, 7, 10} {18, 24, 27, 32} {4.98045, 7.01955, 9.96090}                                           
 {1, 2, 3} {16, 17, 18, 19} {1.04955, 2.03910, 2.97513}                                             
 {3, 7, 11} {10, 12, 15, 19} {3.15641, 7.01955, 11.1120}                                           

!
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 Retuning these chord vectors to their best intonation vectors minimizes the IC 

PAE values. Table 15 lists the chord vectors, best intonation vectors, and IC PAE net 

change (the difference between the IC PAE of the chord vector and the IC PAE of the best 

intonation vector) for all the chords listed in Table 14 sorted by the IC PAE net change. 

!
Table 15.  IC PAE Net Change of Various Equal Tempered Chords 

  Best                                                                                                                  
 Chord intonation IC PAE                                                                                       
 vector vector net change                                                                                            

 {4, 7, 10} {3.86314, 7.01955, 9.68826} 8.48248E-2                                                    
 {3, 6} {3.15641, 5.82512} 7.91551E-2                                                                         
 {3, 6, 10} {3.15641, 5.82512, 10.1760} 7.58049E-2                                                    
 {3, 6, 8} {3.15641, 5.82512, 8.13686} 7.13289E-2                                                      
 {3, 7, 9} {2.66871, 7.01955, 8.84359} 6.37441E-2                                                      
 {3, 5, 9} {2.66871, 4.98045, 8.84359} 5.99802E-2                                                      
 {4, 6, 9} {4.35084, 6.17488, 9.33129} 5.36022E-2                                                      
 {2, 6, 9} {2.31174, 6.17488, 9.33129} 5.04371E-2                                                      
 {7, 16} {7.01955, 15.8631} 4.98044E-2                                                                       
 {9} {8.84359} 4.94023E-2                                                                                            
 {2, 5, 8} {1.82404, 4.98045, 7.64916} 4.50739E-2                                                      
 {5, 9} {4.98045, 8.84359} 3.95298E-2                                                                         
 {3, 6, 9} {3.15641, 5.82512, 9.18642} 3.94167E-2                                                      
 {6} {5.82512} 3.94105E-2                                                                                            
 {10} {10.176} 3.51339E-2                                                                                            
 {3} {3.15641} 3.49327E-2                                                                                            
 {4} {3.86314} 3.35563E-2                                                                                            
 {7, 16, 24} {7.01955, 15.8631, 24.0000} 3.23177E-2                                                  
 {9, 17} {8.84359, 16.9804} 3.13748E-2                                                                       
 {4, 7} {3.86314, 7.01955} 3.13748E-2                                                                         
 {6, 11} {5.82512, 11.1120} 2.76860E-2                                                                       
 {3, 8} {3.15641, 8.13686} 2.49022E-2                                                                         
 {8} {8.13686} 2.37279E-2                                                                                            
 {4, 7, 12} {3.86314, 7.01955, 12.0000} 2.28521E-2                                                    
 {8, 15} {8.13686, 15.1564} 1.97649E-2                                                                       
 {2, 5, 9} {1.82404, 4.98045, 8.84359} 1.71970E-2                                                      
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Table 15.  (continued) 

  Best                                                                                                                  
 Chord intonation IC PAE                                                                                       
 vector vector net change                                                                                            

 {9, 16} {8.84359, 15.8631} 1.60285E-2                                                                       
 {3, 7, 10} {3.15641, 7.01955, 10.1760} 1.44609E-2                                                    
 {4, 7, 11} {3.86314, 7.01955, 10.8827} 1.39563E-2                                                    
 {3, 7} {3.15641, 7.01955} 1.27219E-2                                                                         
 {4, 7, 9} {3.86314, 7.01955, 8.84359} 1.21601E-2                                                      
 {3, 7, 8} {3.15641, 7.01955, 8.13686} 1.17358E-2                                                      
 {11} {10.8827} 1.02793E-2                                                                                          
 {3, 5, 8} {3.15641, 4.98045, 8.13686} 1.02254E-2                                                      
 {4, 9} {3.86314, 8.84359} 1.00973E-2                                                                         
 {3, 7, 12} {3.15641, 7.01955, 12.0000} 1.00181E-2                                                    
 {3, 7, 11} {3.15641, 7.01955, 11.1120} 9.90126E-3                                                    
 {4, 5, 9} {3.86314, 4.98045, 8.84359} 9.86859E-3                                                      
 {1, 5, 8} {1.11731, 4.98045, 8.13686} 8.29846E-3                                                      
 {4, 8} {3.86314, 7.95558} 7.08291E-3                                                                         
 {4, 8, 10} {4.09244, 8.13686, 10.1760} 6.68298E-3                                                    
 {4, 8, 11} {4.04442, 7.90756, 11.0640} 4.47820E-3                                                    
 {1} {1.04955} 2.67260E-3                                                                                            
 {1, 2, 3} {1.04955, 2.0391, 2.97513} 1.75487E-3                                                        
 {2} {2.03910} 1.55366E-3                                                                                            
 {7} {7.01955} 1.35221E-3                                                                                            
 {5, 7} {4.98045, 7.01955} 1.16519E-3                                                                         
 {5} {4.98045} 9.56160E-4                                                                                            
 {7, 15} {7.01955, 14.9751} 9.33651E-4                                                                       
 {2, 7} {2.03910, 7.01955} 9.24810E-4                                                                         
 {1, 2} {1.04955, 2.03910} 9.22804E-4                                                                         
 {5, 7, 12} {4.98045, 7.01955, 12.0000} 7.79408E-4                                                    
 {1, 7} {1.04955, 7.01955} 7.66107E-4                                                                         
 {5, 8} {4.98045, 7.95558} 7.41039E-4                                                                         
 {1, 11} {0.989546, 10.9504} 7.32430E-4                                                                     
 {5, 7, 10} {4.98045, 7.01955, 9.96090} 6.65602E-4                                                    
 {8, 17} {7.95558, 16.9804} 5.88163E-4                                                                       
 {7, 15, 24} {7.01955, 14.9751, 24.0000} 5.52535E-4                                                  
 {6, 7} {6.03000, 7.01955} 3.47101E-4                                                                         
 {12} {12.0000} 0.00000                                                                                          
 {0} {0.00000} 0.00000                                                                                            
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 Table 15 reveals the benefits to retuning various equal tempered chords to just 

intonation. In every case this retuning of the chord vector results in a lower IC PAE 

value. Among these examples, the retuning benefit is the most perceptible when the 

dominant seventh chord {4, 7, 10} is retuned to what is informally known to many as the 

“barbershop” seventh chord {3.86314, 7.01955, 9.68826}. Recording 29 compares the 

dominant seventh chord directly to the barbershop seventh, each build on MIDI pitch 60. 

First the pitches of the dominant seventh are played one at a time and then altogether. 

Then the pitches of the barbershop seventh are played one at a time. Lastly, the dominant 

seventh is played again, followed directly by the barbershop seventh. 

 Even though the individual pitches of the dominant seventh chord are perfectly in 

tune according to the equal tempered chromatic scale, the chord itself has an instability to 

it. The individual pitches of the barbershop seventh chord are substantially out of tune 

with the pitches in the equal tempered chromatic scale, particularly the major third and 

minor seventh above the base pitch. However, the pitches in the barbershop chord blend 

together almost perfectly to reinforce the fundamental. The barbershop chord has a 

greater degree of tuning stability than the dominant seventh due to its significantly lower 

PAE value. 

 The barbershop tuning of the major-minor seventh chord appears in a great deal of 

music around the world and throughout history, often as a stable tonic chord. However, 

the dominant seventh chord is used mostly in Western music as an unstable chord in need 

of resolution. Perhaps this difference can be partially or even fully attributed to these 
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psychoacoustic properties. A chord with a greater PAE value is by definition more 

unstable with regard to intonation. A chord with a larger best tonalness value reinforces 

its fundamental more prominently. 

!
Timbre Analysis 

 PAE analysis can also be invoked to explain the effect of using various timbres on 

the harmonic stability of chords. Timbre typically refers to all the perceivable attributes 

of an musical tone besides its frequency or intensity. However, for this dissertation I will 

define a timbre to be any frequency distribution with a best tonalness value greater than 

the loudness of any component frequency. By this definition, a timbre is perceived by the 

HAS as a single pitch—the best fundamental. Timbres are then defined by their partial 

composition function (PCF), as shown by Equation 57. 

!
 

Equation 57.  Partial composition function definition. !
 Equation 57 calculates the loudness relative to the best tonalness for each 

harmonic g of a given best fundamental at time t. In this definition, g is an element of the 

set of real numbers. It can take on positive, negative and decimal values. While these 

functions can be calculated for any SPW, they are only psychoacoustically relevant for 

SPWs whose maximum tonalness is greater than the maximum loudness. Any two SPWs 

I g,t( ) = L gω 0,t( )
τ 0 t( )
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with an identical PCF are said to have the same timbre, even with entirely different best 

fundamentals and best tonalness values. 

 For IC DFD timbres with m pitches, these functions can be summarized by 

Equations 58–61, which define a partial composition vector (PCV) and intensity 

distribution vector (IDV). Any two IC DFDs with identical PCVs and IDVs are said to 

have the same timbre. The components of an IDV can only take on values such that 

Equation 61 is satisfied. 

!
 

Equation 58.  Partial composition vector definition. !!
 

Equation 59.  Partial component definition. !!
 

Equation 60.  Intensity composition vector definition. !!
 

Equation 61.  Intensity component definition. !
 For example, I might define a timbre with a PCV of {1, 2, 3, 4, 5} and an IDV of 

{50/87, 40/87, 10/29, 20/87, 10/87}. This timbre has an IC PAE value of 0.501772. Since 

g = g1,g2,…gm[ ]

gi =
α i

ω 0


I = I1, I2,…Im[ ]

Ii =
Li
τ 0



!126
the entire timbre is perceived as a single pitch, the best fundamental represents the pitch 

of this timbre while the best tonalness represents its loudness. 

 We can generate the component frequencies of a DFD with this timbre by 

calculating giω0 for each component of the PCV. We can likewise generate the component 

loudnesses of this DFD by calculating Iiτ0 for each component of the IDV. For example, if 

I let ω0 equal 110 Hz and τ0 equal 8.7, the component pitches necessary to produce this 

timbre are 110 Hz, 220 Hz, 330 Hz, 440 Hz, and 550 Hz with corresponding loudnesses 

of 5, 4, 3, 2, and 1. Recording 30 generates this timbre. 

 The high degree of tonal fusion in Recording 30 prevents us from perceiving five 

discrete frequencies. Instead, I perceive only the 110 Hz frequency with a tone quality 

distinct from that of a pure tone. Because timbres are perceived as single pitches, I can 

create chords from the superposition of multiple timbres. Using pitches generated from 

the timbre defined above, I will again compare chords formed from the equal tempered 

major third (r=4) to the equal tempered perfect fifth (r=7) and equal tempered minor 

second (r=1), each built with both pitches having maximum tonalness values equal to 1. 

 The PAE and tonalness curves can be calculated for these intervals from the 

aggregate chords. For the major third (r=4), the aggregate chord contains the relative 

MIDI pitches 0.00000, 12.0000, 19.0196, 24.0000, 27.8631, 4.00000, 16.0000, 23.0196, 

28.0000, and 31.8631 with corresponding loudnesses of 0.574713, 0.45977, 0.344828, 

0.229885, 0.114943, 0.574713, 0.45977, 0.344828, 0.229885, and 0.114943. The IC PAE 

value of this chord is 0.905311. Figure 59 plots its tonalness function. Its best 
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fundamental is -23.9316 with a best tonalness of 0.382469. Recording 31 plays this 

aggregate chord built on MIDI pitch 60. 

!

!  
Figure 59.  Tonalness curve for an equal tempered major third with a defined timbre. !
 For the perfect fifth (r=7), the aggregate chord contains the relative MIDI pitches 

0.00000, 12.0000, 19.0196, 24.0000, 27.8631, 7.00000, 19.0000, 26.0196, 31.0000, and 

34.8631 again with corresponding loudnesses of 0.574713, 0.45977, 0.344828, 0.229885, 

0.114943, 0.574713, 0.45977, 0.344828, 0.229885, and 0.114943. The IC PAE value of 

this chord is 0.797273. Figure 60 plots its tonalness function. Its best fundamental is 

-12.0098 with a best tonalness of 0.830573. Recording 32 plays this aggregate chord, 

again built on MIDI pitch 60. 

!
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!  
Figure 60.  Tonalness curve for an equal tempered perfect fifth with a defined timbre. !
 For the minor second (r=1), the aggregate chord contains the relative MIDI 

pitches 0.00000, 12.0000, 19.0196, 24.0000, 27.8631, 1.00000, 13.0000, 20.0196, 

25.0000, and 28.8631 again with corresponding loudnesses of 0.574713, 0.45977, 

0.344828, 0.229885, 0.114943, 0.574713, 0.45977, 0.344828, 0.229885, and 0.114943. 

The IC PAE value of this chord is 0.970428. Figure 61 plots its tonalness function. Its 

best fundamental is -48.0248 with a best tonalness of 0.118765. Recording 33 plays this 

aggregate chord. 

!

-20 -10 0 10 20 30 40
0.0

0.2

0.4

0.6

0.8

1.0

1.2

pitch HMIDIL

to
na
ln
es
s



!129

!  
Figure 61.  Tonalness curve for an equal tempered minor second with a defined timbre. !
 The results with the above defined timbre closely mirror that of pure tones. The 

perfect fifth (r=7) has a lower PAE value than the major third (r=4), which is in turn 

lower than that of the minor second (r=1). The best fundamentals are identical for this 

timbre and pure tone intervals. Table 16 lists the IC PAE values, best fundamentals, IC 

best tonalness, FTI and STI values for all the equal tempered intervals spanning the 

negative octave to the positive octave. In each case, the intervals are formed using pitches 

generated from the above defined timbre with best tonalness values equal to 1 built with a 

base pitch s1 of MIDI number 60. Recording 34 generates these intervals. 

!
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Table 16.  PAE Analysis of Equal Tempered Intervals with a Defined Timbre 

   Best IC                                                                                                                     
 Semitone IC fundamental best                                                                                 
 interval PAE (MIDI) tonalness FTI STI                                                                     

 -12 0.647699 -12.0000 1.500000 9.87967E-35 3.27328E-3                                                  
 -11 0.959640 -46.9413 0.170084 6.63841E-2 2.59036E-3                                                    
 -10 0.943233 -37.9511 0.237787 2.01239E-3 2.02593E-3                                                    
 -9 0.895972 -27.9413 0.431288 3.92721E-2 1.56563E-3                                                      
 -8 0.933045 -35.9316 0.276228 3.79756E-3 1.19560E-3                                                      
 -7 0.797273 -19.0098 0.830573 9.16928E-3 9.02663E-4                                                      
 -6 0.935419 -33.7757 0.262918 1.69937E-3 6.74544E-4                                                      
 -5 0.856650 -24.0098 0.581401 9.68583E-3 4.99994E-4                                                      
 -4 0.905311 -27.9316 0.382469 3.32243E-2 3.68912E-4                                                      
 -3 0.926441 -30.9413 0.296511 9.17121E-5 2.72421E-4                                                      
 -2 0.942057 -38.0196 0.232998 5.87236E-3 2.02885E-4                                                      
 -1 0.970428 -49.0248 0.118765 8.22831E-2 1.53895E-4                                                      
 0 0.501772 0.0000 2.000000 1.17376E-135 1.20198E-4                                                       
 1 0.970428 -48.0248 0.118765 7.42336E-2 9.76033E-5                                                       
 2 0.942057 -36.0196 0.232998 2.24992E-3 8.28572E-5                                                       
 3 0.926441 -27.9413 0.296511 3.54800E-6 7.35052E-5                                                       
 4 0.905311 -23.9316 0.382469 3.22999E-2 6.77518E-5                                                       
 5 0.856650 -19.0098 0.581401 1.28753E-2 6.43243E-5                                                       
 6 0.935419 -27.7757 0.262918 1.76853E-5 6.23509E-5                                                       
 7 0.797273 -12.0098 0.830573 1.36978E-2 6.12551E-5                                                       
 8 0.933045 -27.9316 0.276228 1.25009E-5 6.06694E-5                                                       
 9 0.895972 -18.9413 0.431288 3.66107E-2 6.03689E-5                                                       
 10 0.943233 -27.9511 0.237787 8.13288E-8 6.02211E-5                                                     
 11 0.959640 -35.9413 0.170084 4.23133E-3 6.01517E-5                                                     
 12 0.647699 0.0000 1.500000 9.23284E-136 6.01206E-5                                                     

!
 Overall, the relative results for the above defined timbre closely mirror that for 

pure tones. The minor second (r=±1) has the greatest IC PAE value both on Tables 10 

and 16. The major seventh (r=±11) has the second largest IC PAE value on both Tables, 

followed by the minor seventh (r=±10), major second (r=±2), and etc. through the perfect 
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unison (r=0) which has the smallest IC PAE value on both tables. However, every 

interval on Table 16 has a larger IC PAE value than its corresponding interval on Table 

10. While the STI values are nearly identical between the two tables, the FTI values are 

significantly different. 

 In the case of the minor second (r=±1), the IC PAE value is only slightly larger on 

Table 16 compared to Table 10. However, the IC PAE value of the perfect unison (r=0) is 

tremendously larger on Table 16 compared to Table 10. In fact, the IC PAE of the perfect 

unison is always mathematically equal to the IC PAE of the timbre itself. In addition, 

PAE values can by definition never exceed 1. As a result, the above define timbre merely 

increases and compresses the IC PAE values of any possible interval or chord when 

compared to its pure tone counterpart. It also significantly influences the effects of the 

temporal window. 

 Table 17 lists the IC PAE, best fundamentals, IC best tonalness, and FTI and STI 

values for all the various equal tempered chords from Tables 12–15 sorted by their IC 

PAE values. In each case, the chords are formed using pitches generated from the above 

defined timbre with maximum tonalness values equal to 1. Recording 35 generates these 

chords based upon an s1 value of MIDI pitch 60. 

!
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Table 17.  PAE Analysis of Various Equal Tempered Chords with a Defined Timbre 

   Best IC                                                                                                                 
 Chord IC fundamental best                                                                                    
 vector PAE (MIDI) tonalness FTI STI                                                                     

 {0} 0.501772 0.0000 2.000000 1.17376E-135 1.20198E-4                                                
 {12} 0.647699 0.0000 1.500000 9.23284E-136 6.01206E-5                                              
 {7} 0.797273 -12.0098 0.830573 1.36978E-2 6.12551E-5                                                
 {5} 0.856650 -19.0098 0.581401 1.28753E-2 6.43243E-5                                                
 {7, 16} 0.864469 -11.9609 0.913468 3.41989E-2 4.08370E-5                                          
 {7, 16, 24} 0.889519 -11.9707 1.047270 2.56492E-2 3.06277E-5                                    
 {5, 9} 0.892429 -18.9609 0.676395 3.09043E-2 4.30628E-5                                            
 {9} 0.895972 -18.9413 0.431288 3.66107E-2 6.03689E-5                                                
 {4} 0.905311 -23.9316 0.382469 3.22999E-2 6.77518E-5                                                
 {9, 17} 0.914621 -18.9609 0.557859 2.44071E-2 4.02460E-5                                          
 {4, 7} 0.914621 -23.9609 0.528495 2.33896E-2 4.59386E-5                                            
 {4, 7, 12} 0.921878 -23.9707 0.651225 1.99648E-2 3.44648E-5                                      
 {3} 0.926441 -27.9413 0.296511 3.54800E-6 7.35052E-5                                                
 {3, 8} 0.932235 -27.9609 0.409958 1.01675E-2 4.93838E-5                                            
 {8} 0.933045 -27.9316 0.276228 1.25009E-5 6.06694E-5                                                
 {5, 7} 0.934673 -31.0196 0.399665 1.25327E-2 4.36536E-5                                            
 {6} 0.935419 -27.7757 0.262918 1.76853E-5 6.23509E-5                                                
 {5, 7, 12} 0.941672 -31.0196 0.482998 1.61895E-2 3.27510E-5                                      
 {2} 0.942057 -36.0196 0.232998 2.24992E-3 8.28572E-5                                                
 {10} 0.943233 -27.9511 0.237787 8.13288E-8 6.02211E-5                                              
 {8, 15} 0.946215 -27.9609 0.336008 1.43790E-2 4.04470E-5                                          
 {2, 7} 0.948150 -36.0196 0.316332 1.33421E-2 5.60089E-5                                            
 {4, 7, 10} 0.949716 -23.8927 0.490478 1.75422E-2 3.45150E-5                                      
 {3, 6} 0.955616 -27.8570 0.319478 1.20252E-5 5.05048E-5                                            
 {9, 16} 0.956382 -30.9218 0.271561 4.18854E-2 4.02461E-5                                          
 {3, 6, 8} 0.957716 -27.8927 0.406645 7.62564E-3 3.81639E-5                                        
 {11} 0.959640 -35.9413 0.170084 4.23133E-3 6.01517E-5                                              
 {7, 15} 0.959688 -35.9982 0.258680 9.13189E-3 4.08374E-5                                          
 {4, 7, 11} 0.961472 -35.9413 0.318340 2.22785E-2 3.44803E-5                                      
 {3, 6, 10} 0.962205 -27.9025 0.380253 1.41844E-2 3.79397E-5                                      
 {2, 5, 9} 0.964406 -37.9511 0.288845 2.44424E-2 4.36762E-5                                        
 {3, 5, 9} 0.964444 -30.8927 0.309642 2.31788E-2 3.90003E-5                                        
 {3, 7} 0.965381 -39.9218 0.211760 2.13289E-2 4.97743E-5                                            
 {3, 7, 8} 0.967602 -39.9413 0.262877 2.03536E-2 3.76160E-5                                        
 {6, 7} 0.967879 -43.0361 0.196539 1.96651E-2 4.23381E-5                                            
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Table 17.  (continued) 

   Best IC                                                                                                                 
 Chord IC fundamental best                                                                                    
 vector PAE (MIDI) tonalness FTI STI                                                                     

 {5, 8} 0.968004 -42.9982 0.196187 8.58351E-3 4.32632E-5                                            
 {3, 7, 9} 0.968218 -30.9025 0.285494 2.43101E-2 3.74657E-5                                        
 {7, 15, 24} 0.968221 -35.9987 0.289950 6.93678E-3 3.06281E-5                                    
 {3, 7, 11} 0.968296 -39.9351 0.258978 1.92484E-2 3.73571E-5                                      
 {3, 7, 12} 0.968830 -39.9100 0.258884 2.39898E-2 3.73415E-5                                      
 {3, 7, 10} 0.970069 -39.9511 0.246383 1.79426E-2 3.73918E-5                                      
 {2, 6, 9} 0.970101 -33.8927 0.261964 2.50003E-2 4.26896E-5                                        
 {1} 0.970428 -48.0248 0.118765 7.42336E-2 9.76033E-5                                                
 {4, 8} 0.970460 -42.9591 0.180002 2.81737E-2 4.55482E-5                                            
 {1, 2} 0.971118 -48.0296 0.174025 6.61659E-2 8.02410E-5                                            
 {1, 2, 3} 0.972346 -48.0159 0.222716 5.73045E-2 6.68839E-5                                        
 {4, 9} 0.972522 -42.9218 0.167390 3.42789E-2 4.53478E-5                                            
 {4, 5, 9} 0.972769 -42.9377 0.221899 3.57360E-2 3.61235E-5                                        
 {4, 6, 9} 0.973275 -33.9025 0.233703 2.57093E-2 3.51368E-5                                        
 {1, 7} 0.973723 -48.0230 0.160413 5.03245E-2 6.58396E-5                                            
 {2, 5, 8} 0.974560 -37.9372 0.241231 6.53519E-3 4.38265E-5                                        
 {8, 17} 0.974605 -42.9982 0.164940 1.06666E-2 4.04464E-5                                          
 {4, 7, 9} 0.974864 -42.9612 0.208786 2.66058E-2 3.45889E-5                                        
 {5, 7, 10} 0.976588 -31.0441 0.406354 1.26928E-2 3.28013E-5                                      
 {6, 11} 0.976938 -39.8075 0.156420 1.23507E-2 4.16024E-5                                          
 {1, 11} 0.977077 -49.0296 0.143709 4.95694E-2 6.51040E-5                                          
 {1, 5, 8} 0.977090 -46.9329 0.188984 4.14590E-2 5.11996E-5                                        
 {4, 8, 10} 0.978102 -42.9494 0.195190 2.11303E-2 3.42222E-5                                      
 {3, 6, 9} 0.978671 -39.9398 0.202276 1.83053E-2 3.80136E-5                                        
 {3, 5, 8} 0.978888 -46.9394 0.173271 9.98099E-3 3.91505E-5                                        
 {4, 8, 11} 0.979709 -42.9843 0.195853 2.29120E-2 3.41875E-5                                      

!!
 Table 17 reveals that the above defined timbre can significantly affect the PAE of 

a chord, but the relative PAE relationships which existed for pure tones are mostly 

preserved. Recording 35 validates most of these relationships aurally. Table 17 lists the 
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chords in mostly the same order as Table 12, with the exception of the high entropy 

chords at the very bottom of the list. 

 The above defined timbre will be classified as a discrete harmonic timbre because 

all of its component frequencies are exact integer multiples of the best fundamental. In 

general, chords composed of pitches with discrete harmonic timbres yield relative PAE 

and best tonalness values which closely mirror that of those same chords composed of 

pure tones. As a result, IC PAE and IC best tonalness models using pure tones can often 

be used to approximate the analysis of chords composed of discrete harmonic timbres. 

However, the study of continuous and inharmonic timbres lies beyond the scope of this 

dissertation. 

!
Melodic Analysis 

 For its purposes in PAE analysis, a melodic pitch can be defined as a component 

pitch j with a variable loudness Lj and frequency αj. A melodic timbre can likewise be 

defined as a component timbre with a variable best tonalness and best fundamental. The 

study of melodic timbres lies beyond the scope of this dissertation. However, the melodic 

analysis of a discrete harmonic timbre can usually be well modeled by that of a melodic 

pitch. 

 Melodic pitch analysis (MPA) determines the affect of a small change in loudness 

dLj or frequency dαj of a single component pitch j of a DFD on its PAE value. In other 

words, MPA finds the component loudness derivatives (CLDs) and component pitch 
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derivatives (CPDs) of the PAE function η(t). Equations 62–65 define the CLDs and CPDs 

for IC DFDs.  47

!
!  

Equation 62.  Loudness sum definition. !!
!  

Equation 63.  Component pitch definition. !!
!  

Equation 64.  Component loudness derivative for an IC DFD. !!
!  

Equation 65.  Component pitch derivative for an IC DFD. !
 The CLD for a given component measures how quickly the PAE will increase if 

the the loudness of that component is increased. A negative CLD indicates that the PAE 

will decrease if the loudness of that component is increased. Table 18 lists the IC PAE 

and CLDs for each of the various chords analyzed in Tables 12–15 and 17. 

!
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 Mathematical derivations of Equations 64 and 65 are shown in Appendix H.47
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Table 18.  Component Loudness Derivatives of Various Equal Tempered Chords 

   Component                                                                                 
 Chord IC loudness                                                                      
 vector PAE derivative                                                                 

 {0} 0.000000 {0.00000, 0.00000}                                                     
 {1} 0.940645 {-8.99595E-4, 8.99595E-4}                                               
 {2} 0.883703 {-3.42447E-3, 3.42447E-3}                                               
 {3} 0.852359 {-6.72956E-3, 6.72956E-3}                                               
 {4} 0.809950 {-1.06021E-2, 1.06021E-2}                                               
 {5} 0.712281 {-2.06929E-2, 2.06929E-2}                                               
 {6} 0.870380 {-1.09034E-2, 1.09034E-2}                                               
 {7} 0.593104 {-4.12455E-2, 4.12455E-2}                                               
 {8} 0.865614 {-1.57905E-2, 1.57905E-2}                                               
 {9} 0.791203 {-2.66647E-2, 2.66647E-2}                                               
 {10} 0.886063 {-1.67427E-2, 1.67427E-2}                                             
 {11} 0.918992 {-1.27305E-2, 1.27305E-2}                                             
 {12} 0.292893 {-1.22532E-1, 1.22532E-1}                                             
 {4, 7} 0.828635 {-1.85399E-2, 1.01283E-2, 8.41159E-3}                                
 {3, 8} 0.863987 {-2.43635E-3, -3.79892E-3, 6.23527E-3}                                
 {5, 9} 0.784093 {-2.26588E-2, -6.73048E-3, 2.93892E-2}                                
 {3, 7} 0.930515 {-5.66537E-3, 3.47649E-3, 2.18888E-3}                                
 {4, 9} 0.944850 {-1.48819E-3, -2.51017E-3, 3.99836E-3}                                
 {5, 8} 0.935781 {-5.23938E-3, 5.83254E-4, 4.65612E-3}                                
 {4, 8} 0.940710 {-4.22183E-3, 1.69167E-3, 2.53016E-3}                                
 {3, 6} 0.910916 {-2.39761E-2, 8.64811E-3, 1.53280E-2}                                
 {2, 7} 0.895931 {-5.89696E-3, -1.81112E-3, 7.70808E-3}                                
 {5, 7} 0.868882 {-1.04849E-2, 2.66855E-3, 7.81638E-3}                                
 {1, 7} 0.947260 {-2.66095E-3, -1.48975E-3, 4.1507E-3}                                 
 {6, 7} 0.935529 {-5.31143E-3, 2.10596E-3, 3.20547E-3}                                
 {1, 2} 0.942031 {-8.68381E-4, -1.44062E-5, 8.82787E-4}                                
 {6, 11} 0.955513 {-1.17849E-2, 5.17630E-3, 6.60857E-3}                              
 {7, 16} 0.727975 {-5.03807E-2, -7.59784E-3, 5.79785E-2}                              
 {7, 15} 0.919089 {-1.17281E-2, -3.69709E-4, 1.20978E-2}                              
 {8, 15} 0.892047 {-1.02479E-2, -3.36524E-3, 1.36131E-2}                              
 {9, 16} 0.912454 {-9.10482E-3, -3.95459E-4, 9.50028E-3}                              
 {9, 17} 0.828635 {-3.11822E-2, 1.01283E-2, 2.10539E-2}                              
 {8, 17} 0.949029 {-8.08409E-3, -2.30027E-4, 8.31412E-3}                              
 {1, 11} 0.953990 {-3.55494E-3, -2.84284E-3, 6.39778E-3}                              
 {4, 7, 10} 0.899074 {-1.28070E-2, -1.64890E-2, 1.43264E-3, 2.78634E-2}               
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Table 18.  (continued) 

   Component                                                                                 
 Chord IC loudness                                                                      
 vector PAE derivative                                                                 

 {3, 6, 8} 0.915132 {-1.75422E-2, -2.47193E-3, 1.97536E-2, 2.60530E-4}                 
 {3, 5, 9} 0.928635 {-5.17030E-3, 1.35191E-2, -2.87259E-3, -5.47617E-3}                 
 {2, 6, 9} 0.939989 {8.76836E-3, -5.01532E-3, -7.20466E-3, 3.45162E-3}                 
 {3, 6, 10} 0.924140 {-1.73643E-2, -5.90728E-3, 1.82241E-2, 5.04748E-3}               
 {3, 7, 9} 0.936210 {-7.73091E-3, 1.25611E-2, 1.48091E-3, -6.31107E-3}                 
 {4, 6, 9} 0.946359 {8.23874E-3, -1.07853E-3, -7.63077E-3, 4.70560E-4}                 
 {2, 5, 8} 0.954893 {-2.86102E-3, -8.37078E-3, -1.5584E-3, 1.27902E-2}                  
 {4, 7, 11} 0.922669 {-6.97441E-3, -8.64330E-4, 2.66044E-3, 5.17830E-3}               
 {3, 7, 8} 0.934973 {-3.5439E-3, -5.79935E-4, 1.53732E-3, 2.58651E-3}                  
 {4, 5, 9} 0.945319 {-2.85655E-3, -1.07615E-3, -1.93890E-4, 4.12659E-3}                 
 {1, 5, 8} 0.954019 {-2.89691E-3, -2.15502E-3, 1.47805E-3, 3.57389E-3}                 
 {3, 7, 10} 0.939925 {-3.61658E-3, -2.47297E-3, 8.78348E-4, 5.21120E-3}               
 {4, 7, 9} 0.949483 {-4.26798E-3, -1.44987E-3, 2.19362E-3, 3.52423E-3}                 
 {3, 5, 8} 0.957521 {-3.05946E-3, 4.33091E-6, 1.12324E-3, 1.93189E-3}                  
 {2, 5, 9} 0.928559 {-3.08768E-3, -1.20590E-3, 1.54080E-4, 4.13950E-3}                 
 {3, 6, 9} 0.962493 {-8.62124E-3, -3.22280E-3, 9.27216E-3, 2.57188E-3}                 
 {4, 8, 10} 0.958444 {-1.20763E-3, -2.42631E-3, 4.28060E-4, 3.20588E-3}               
 {4, 8, 11} 0.966729 {-3.81024E-3, -1.39955E-3, 2.66985E-3, 2.53993E-3}               
 {4, 7, 12} 0.843200 {-1.71157E-2, 6.20030E-3, 8.59632E-4, 1.00557E-2}                
 {7, 16, 24} 0.778251 {-4.34182E-2, -1.79974E-2, 2.79816E-2, 3.34340E-2}             
 {7, 15, 24} 0.936216 {-1.07277E-2, -4.02175E-3, 3.37135E-3, 1.13781E-2}             
 {3, 7, 12} 0.937420 {-6.28197E-3, 2.38491E-3, -6.65233E-4, 4.56229E-3}               
 {5, 7, 12} 0.882928 {-1.03377E-2, -1.52943E-3, 1.91784E-3, 9.94929E-3}               
 {5, 7, 10} 0.960208 {-3.28681E-3, -4.24946E-4, 1.01080E-3, 2.70096E-3}               
 {1, 2, 3} 0.944495 {-1.52448E-3, -2.61541E-4, 2.45699E-4, 1.54032E-3}                 
 {3, 7, 11} 0.936366 {-4.32841E-3, -3.53604E-4, 7.78205E-4, 3.90381E-3}               

!
 The CLD shown for each chord in Table 18 are partial derivatives. They measure 

the change in IC PAE if the loudness that component is increased relative to the rest of 

the chord. Using the major triad {4, 7} as an example, I find that increasing the loudness 
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of the middle pitch s2 increases the IC PAE of the chord the most. Increasing the loudness 

of the top pitch s3 increases the IC PAE only slightly, while increasing the loudness of the 

base pitch s1 decreases the IC PAE rather significantly. 

 If a performer wished to make a major triad more intense, they might increase the 

loudness of the major third above the base. If they wished to make it less intense, they 

might decrease the volume of the major third and perfect fifth above the base. The 

individual pitches of a melody are simultaneously component pitches of the various 

harmonies underneath them. In other words, no melodic pitches are regarded as non-

harmonic. The CLD of each melodic pitch defines how it influences the harmony which 

surrounds it. This analytic use of CLDs will be discussed in greater detail for the musical 

examples shown in Chapter 5. 

 In addition to changing the loudness, the individual pitches of a chord can also be 

retuned. The CPD of a component pitch of a chord describes how quickly the PAE will 

increase if the frequency is tuned slightly higher. Table 19 lists the IC PAE and CPDs for 

each of the various chords analyzed in Tables 12–15 and 17–18. 

!
Table 19.  Component Pitch Derivatives of Various Equal Tempered Chords 

   Component                                                                                 
 Chord IC pitch                                                                         
 vector PAE derivative                                                                 

 {0} 0.000000 {0.00000, 0.00000}                                                     
 {1} 0.940645 {5.10640E-2, -5.10640E-2}                                               
 {2} 0.883703 {7.89450E-2, -7.89450E-2}                                               
 {3} 0.852359 {4.00921E-1, -4.00921E-1}                                               
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Table 19.  (continued) 

   Component                                                                                 
 Chord IC pitch                                                                         
 vector PAE derivative                                                                 

 {4} 0.809950 {-4.51577E-1, 4.51577E-1}                                               
 {5} 0.712281 {-9.76547E-2, 9.76547E-2}                                               
 {6} 0.870380 {-3.93537E-1, 3.93537E-1}                                               
 {7} 0.593104 {1.38105E-1, -1.38105E-1}                                               
 {8} 0.865614 {3.19313E-1, -3.19313E-1}                                               
 {9} 0.791203 {-5.66987E-1, 5.66987E-1}                                               
 {10} 0.886063 {3.48068E-1, -3.48068E-1}                                             
 {11} 0.918992 {-1.64987E-1, 1.64987E-1}                                             
 {12} 0.292893 {0.00000, 0.00000}                                                   
 {4, 7} 0.828635 {-1.55118E-1, 3.87788E-1, -2.32669E-1}                                
 {3, 8} 0.863987 {3.07787E-1, -1.84670E-1, -1.23118E-1}                                
 {5, 9} 0.784093 {-2.93145E-1, -1.95437E-1, 4.88582E-1}                                
 {3, 7} 0.930515 {9.43427E-2, -1.57240E-1, 6.28974E-2}                                
 {4, 9} 0.944850 {-1.24802E-1, 4.99217E-2, 7.48799E-2}                                
 {5, 8} 0.935781 {-3.16983E-2, -2.63608E-3, 3.43344E-2}                                
 {4, 8} 0.940710 {-8.29341E-2, 1.04904E-1, -2.19699E-2}                                
 {3, 6} 0.910916 {-1.26925E-2, -3.35236E-1, 3.47929E-1}                                
 {2, 7} 0.895931 {4.70959E-2, -4.70959E-2, 9.26045E-15}                               
 {5, 7} 0.868882 {1.16674E-14, 5.93371E-2, -5.93371E-2}                               
 {1, 7} 0.947260 {2.81217E-2, -3.23760E-2, 4.25426E-3}                                
 {6, 7} 0.935529 {2.46514E-2, -2.01265E-2, -4.52490E-3}                                
 {1, 2} 0.942031 {3.96541E-2, -2.68410E-2, -1.28130E-2}                                
 {6, 11} 0.955513 {-2.15860E-2, 1.58501E-1, -1.36915E-1}                              
 {7, 16} 0.727975 {-2.46235E-1, -3.69339E-1, 6.15574E-1}                              
 {7, 15} 0.919089 {-3.32125E-3, -3.99374E-2, 4.32586E-2}                              
 {8, 15} 0.892047 {2.44291E-1, -9.77185E-2, -1.46572E-1}                              
 {9, 16} 0.912454 {-1.98110E-1, 1.18864E-1, 7.92458E-2}                              
 {9, 17} 0.828635 {-2.32669E-1, 3.87788E-1, -1.55118E-1}                              
 {8, 17} 0.949029 {-2.51590E-2, 2.72512E-2, -2.09226E-3}                              
 {1, 11} 0.953990 {-2.13037E-2, -1.01697E-2, 3.14734E-2}                              
 {4, 7, 10} 0.899074 {-1.87945E-1, 5.18636E-2, -2.22200E-1, 3.58282E-1}               
 {3, 6, 8} 0.915132 {4.36119E-2, -1.86848E-1, 3.01278E-1, -1.58042E-1}                 
 {3, 5, 9} 0.928635 {-1.57119E-1, 2.53344E-1, -1.32897E-1, 3.66731E-2}                 
 {2, 6, 9} 0.939989 {2.13036E-1, -1.11753E-1, 3.08383E-2, -1.32121E-1}                 
 {3, 6, 10} 0.924140 {5.18565E-2, -1.54141E-1, 2.82173E-1, -1.79888E-1}               
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Table 19.  (continued) 

   Component                                                                                 
 Chord IC pitch                                                                         
 vector PAE derivative                                                                 

 {3, 7, 9} 0.936210 {-1.29616E-1, 2.37278E-1, -1.51268E-1, 4.36060E-2}                 
 {4, 6, 9} 0.946359 {1.99526E-1, -1.27200E-1, 3.66681E-2, -1.08994E-1}                 
 {2, 5, 8} 0.954893 {-1.06962E-1, 3.08341E-2, -9.16527E-2, 1.67781E-1}                 
 {4, 7, 11} 0.922669 {-7.87491E-2, 1.04996E-1, -1.04996E-1, 7.87491E-2}               
 {3, 7, 8} 0.934973 {8.82907E-2, -8.82907E-2, 6.62198E-2, -6.62198E-2}                 
 {4, 5, 9} 0.945319 {-7.42433E-2, 5.56840E-2, -5.5684E-2, 7.42433E-2}                  
 {1, 5, 8} 0.954019 {4.68245E-2, -4.68245E-2, 6.24310E-2, -6.24310E-2}                 
 {3, 7, 10} 0.939925 {9.17615E-2, -7.13715E-2, 7.13715E-2, -9.17615E-2}               
 {4, 7, 9} 0.949483 {-6.00161E-2, 6.00161E-2, -7.71619E-2, 7.71619E-2}                 
 {3, 5, 8} 0.957521 {5.04673E-2, -6.48852E-2, 6.48852E-2, -5.04673E-2}                 
 {2, 5, 9} 0.928559 {-1.09123E-1, 1.09123E-1, -8.48755E-2, 8.48755E-2}                 
 {3, 6, 9} 0.962493 {2.73410E-2, -7.45093E-2, 1.41215E-1, -9.40469E-2}                 
 {4, 8, 10} 0.958444 {7.30955E-2, 6.40229E-3, -2.56445E-2, -5.38533E-2}               
 {4, 8, 11} 0.966729 {2.30276E-3, -2.33548E-2, 5.56992E-2, -3.46471E-2}               
 {4, 7, 12} 0.843200 {-7.98379E-2, 2.92733E-1, -1.33057E-1, -7.98379E-2}               
 {7, 16, 24} 0.778251 {-1.12908E-1, -1.88172E-1, 4.13987E-1, -1.12908E-1}             
 {7, 15, 24} 0.936216 {-1.47274E-3, -2.31216E-2, 2.60671E-2, -1.47274E-3}             
 {3, 7, 12} 0.937420 {4.77940E-2, -1.22142E-1, 2.65537E-2, 4.7794E-2}                 
 {5, 7, 12} 0.882928 {0.00000, 3.97353E-2, -3.97353E-2, 0.00000}                      
 {5, 7, 10} 0.960208 {-6.75291E-3, 6.75291E-3, -2.02587E-2, 2.02587E-2}               
 {1, 2, 3} 0.944495 {1.53661E-2, -3.23857E-2, -2.23119E-2, 3.93315E-2}                 
 {3, 7, 11} 0.936366 {7.95299E-2, -9.32674E-2, 5.79320E-2, -4.41945E-2}               

!
 The CPD shown for each chord in Table 19 measure the change in IC PAE if the 

pitch of that component is raised relative to the rest of the chord. Using the major triad 

{4, 7} as an example, I find that raising the pitch of the middle pitch s2 increases the IC 

PAE of the chord rather significantly. However, raising the pitch of the other two pitches 

instead decreases the IC PAE. 
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Summary 

 PAE analysis can be applied to any SPW and likewise any music. The 

mathematical tools used to develop PAE analysis can be used to explore the structure of a 

large variety of musical elements. Unfortunately, doing so often involves a great deal of 

mathematical complexity. However, the analysis of IC DFDs is relatively straightforward 

mathematically. A great deal of music can be analyzed by approximating harmonies as IC 

DFDs. Chapter 5 will explore two such musical examples. 

 PAE analysis differs from conventional harmonic analysis in many distinct ways. 

PAE analysis does not assume octave or inversion equivalence. This allows it to be used 

to analyze specific chord voicings. In addition, the register of a harmony can greatly 

affect its PAE analysis. In general, PAE analysis does not depend on a specific tuning 

system or set of instruments. It can be applied directly to any SPW, of musical origin or 

otherwise. This enables it to theorize about the perceptual structure of electroacoustic and 

non-Western music. 

 The two examples shown in Chapter 5 are of particular interest to the author of 

this dissertation, a professional trombonist. However, they represent only a short 

introduction to the vast potential of applications for PAE analysis.  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CHAPTER 5 

MUSICAL ANALYSIS 

!
Introduction 

 In this final chapter I apply the concepts of PAE theory to two musical excerpts 

from the standard trombone repertoire: the Sonatine pour Trombone et Piano by Jacques 

Castérède, and the Trois Pièces for trombone quartet by Eugène Bozza. Each of these 

passages present challenges toward using more conventional types of harmonic analysis. 

PAE analysis provides many insights into the immediate apprehension of the harmonies 

contained within these works. 

!
Jacques Castérède Sonatine 

 The Sonatine pour Trombone et Piano written by Jacques Castérède in 1958 

contains a harmonic language which defies traditional Roman numeral analysis in many 

ways—the tonal center is often elusive, the harmonies are not always tertian, parallel 

voice leading plays a prominent role, and etc. However, PAE analysis can easily be 

applied to this passage. Figure 62 shows the first section of the second movement of the 

Castérède Sonatine. Figure 63 outlines and labels the harmonies and melodic pitches in 

the first 16 measures of this movement. 

 Table 20 identifies each of the resultant chords from Figure 63 and their IC PAE 

values. Each of the chords listed in Table 20 have the melodic pitch labeled first, 

followed by each chord tone from the bottom to the top. For this example, I will define 
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the base pitch s1 to always be the lowest pitch of the aggregate chord. Tables 21 and 22 

display the respective intonation and melodic analysis of these chords and melodic voice. 

Table 23 displays the CLD analysis of the accompanying chords, and Table 24 lists the 

FTI and STI values for all the resultant chords. 

!

!  
Figure 62.  Castérède Sonatine second movement opening, reprinted with the kind 
permission of Éditions Alphonse Leduc. 
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!  
Figure 63.  Castérède Sonatine second movement opening harmonic outline. !!
Table 20.  Castérède Sonatine Second Movement Opening Chords 

    Chord                                                                                      
 Melody Chord MIDI vector IC                                                                           
 number number pitches (MIDI) PAE                                                                   

 rest 1.0 {45, 59, 64, 73} {14, 19, 28} 0.912135                                                        
 2.0 1.0 {57, 45, 59, 64, 73} {12, 14, 19, 28} 0.905917                                             
 2.1 1.0 {59, 45, 59, 64, 73} {14, 14, 19, 28} 0.909655                                             
 2.2 1.0 {61, 45, 59, 64, 73} {16, 14, 19, 28} 0.916469                                             
 2.3 1.0 {62, 45, 59, 64, 73} {17, 14, 19, 28} 0.963454                                             
 2.3 3.0 {62, 49, 56, 62, 73} {13, 7, 13, 24} 0.936487                                               
 3.0 3.0 {64, 49, 56, 62, 73} {15, 7, 13, 24} 0.938137                                               
 3.0 3.1 {64, 49, 56, 64, 73} {15, 7, 15, 24} 0.938810                                               
 4.0 4.0 {69, 50, 56, 66, 73} {19, 6, 16, 23} 0.966570                                               
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Table 20.  (continued) 

    Chord                                                                                      
 Melody Chord MIDI vector IC                                                                           
 number number pitches (MIDI) PAE                                                                   

 4.0 4.1 {69, 52, 56, 64, 73} {17, 4, 12, 21} 0.961431                                               
 4.1 4.1 {64, 52, 56, 64, 73} {12, 4, 12, 21} 0.938584                                               
 4.2 4.1 {62, 52, 56, 64, 73} {10, 4, 12, 21} 0.960661                                               
 4.3 4.1 {61, 52, 56, 64, 73} {9, 4, 12, 21} 0.959243                                                 
 4.3 4.2 {61, 54, 57, 62, 73} {7, 3, 8, 19} 0.944185                                                   
 4.4 4.2 {59, 54, 57, 62, 73} {5, 3, 8, 19} 0.963176                                                   
 4.5 4.2 {57, 54, 57, 62, 73} {3, 3, 8, 19} 0.884998                                                   
 5.0 5.0 {59, 52, 55, 62, 71} {7, 3, 10, 19} 0.947973                                                 
 6.0 6.0 {64, 50, 55, 61, 71} {14, 5, 11, 21} 0.950651                                               
 6.1 6.0 {59, 50, 55, 61, 71} {9, 5, 11, 21} 0.946292                                                 
 6.2 6.0 {57, 50, 55, 61, 71} {7, 5, 11, 21} 0.969681                                                 
 6.3 6.0 {55, 50, 55, 61, 71} {5, 5, 11, 21} 0.939716                                                 
 6.4 6.0 {54, 50, 55, 61, 71} {4, 5, 11, 21} 0.971123                                                 
 6.5 6.0 {52, 50, 55, 61, 71} {2, 5, 11, 21} 0.943313                                                 
 7.0 6.0 {57, 50, 55, 61, 71} {7, 5, 11, 21} 0.969681                                                 
 7.1 6.0 {54, 50, 55, 61, 71} {4, 5, 11, 21} 0.971123                                                 
 7.2 7.0 {50, 49, 54, 62, 69} {1, 5, 13, 20} 0.963648                                                 
 7.2 7.0 {50, 49, 54, 62, 69} {1, 5, 13, 20} 0.963648                                                 
 7.3 7.0 {52, 49, 54, 62, 69} {3, 5, 13, 20} 0.965681                                                 
 7.4 7.0 {54, 49, 54, 62, 69} {5, 5, 13, 20} 0.957328                                                 
 8.0 8.0 {55, 47, 54, 62, 67} {8, 7, 15, 20} 0.952033                                                 
 8.1 8.0 {59, 47, 54, 62, 67} {12, 7, 15, 20} 0.950897                                               
 8.2 8.0 {61, 47, 54, 62, 67} {14, 7, 15, 20} 0.958478                                               
 8.3 8.0 {57, 47, 54, 62, 67} {10, 7, 15, 20} 0.954715                                               
 8.4 8.1 {62, 45, 55, 62, 66} {17, 10, 17, 21} 0.952868                                             
 8.5 8.1 {64, 45, 55, 62, 66} {19, 10, 17, 21} 0.955028                                             
 8.5 9.0 {64, 43, 54, 62, 64} {21, 11, 19, 21} 0.952967                                             
 8.5 9.1 {64, 42, 55, 59, 64} {22, 13, 17, 22} 0.953403                                             
 8.5 9.2 {64, 42, 55, 61, 64} {22, 13, 19, 22} 0.949997                                             
 10.0 10.0 {62, 47, 54, 61, 62} {15, 7, 14, 15} 0.932151                                           
 10.1 10.0 {64, 47, 54, 61, 62} {17, 7, 14, 15} 0.959500                                           
 10.2 10.1 {67, 47, 54, 61, 74} {20, 7, 14, 27} 0.953457                                           
 10.3 10.1 {66, 47, 54, 61, 74} {19, 7, 14, 27} 0.886641                                           
 11.0 10.1 {62, 47, 54, 61, 74} {15, 7, 14, 27} 0.940934                                           
 11.1 10.1 {59, 47, 54, 61, 74} {12, 7, 14, 27} 0.877030                                           



!146
Table 20.  (continued) 

    Chord                                                                                      
 Melody Chord MIDI vector IC                                                                           
 number number pitches (MIDI) PAE                                                                   

 11.2 11.0 {61, 45, 54, 61, 74} {16, 9, 16, 29} 0.935885                                           
 11.2 11.1 {61, 45, 54, 61, 73} {16, 9, 16, 28} 0.932522                                           
 11.3 11.1 {62, 45, 54, 61, 73} {17, 9, 16, 28} 0.935885                                           
 12.0 12.0 {59, 43, 54, 62, 71} {16, 11, 19, 28} 0.954804                                         
 12.1 12.0 {61, 43, 54, 62, 71} {18, 11, 19, 28} 0.971720                                         
 12.2 12.1 {64, 42, 62, 67, 71} {22, 20, 25, 29} 0.964120                                         
 12.3 12.1 {62, 42, 62, 67, 71} {20, 20, 25, 29} 0.961431                                         
 13.0 12.1 {59, 42, 62, 67, 71} {17, 20, 25, 29} 0.961527                                         
 13.1 12.1 {54, 42, 62, 67, 71} {12, 20, 25, 29} 0.956043                                         
 13.2 13.0 {57, 41, 63, 69, 71} {16, 22, 28, 30} 0.937568                                         
 13.2 13.1 {57, 41, 52, 63, 71} {16, 11, 22, 30} 0.964547                                         
 13.3 13.1 {59, 41, 52, 63, 71} {18, 11, 22, 30} 0.975074                                         
 14.0 14.0 {56, 40, 54, 62, 73} {16, 14, 22, 33} 0.951814                                         
 14.1 14.0 {57, 40, 54, 62, 73} {17, 14, 22, 33} 0.965681                                         
 14.2 14.1 {61, 42, 56, 62, 69} {19, 14, 20, 27} 0.959482                                         
 14.3 14.1 {59, 42, 56, 62, 69} {17, 14, 20, 27} 0.967066                                         
 14.4 14.1 {56, 42, 56, 62, 69} {14, 14, 20, 27} 0.956372                                         
 14.4 15.0 {56, 44, 57, 62, 66} {12, 13, 18, 22} 0.947975                                         
 15.0 15.0 {57, 44, 57, 62, 66} {13, 13, 18, 22} 0.948173                                         
 15.1 15.1 {64, 42, 56, 62, 73} {22, 14, 20, 31} 0.971702                                         
 15.2 15.1 {62, 42, 56, 62, 73} {20, 14, 20, 31} 0.969981                                         
 15.3 15.1 {59, 42, 56, 62, 73} {17, 14, 20, 31} 0.968625                                         
 15.3 15.2 {59, 40, 54, 62, 73} {19, 14, 22, 33} 0.953121                                         
 15.4 15.2 {61, 40, 54, 62, 73} {21, 14, 22, 33} 0.966934                                         
 16.0 15.2 {57, 40, 54, 62, 73} {17, 14, 22, 33} 0.965681                                         
 16.0 16.0 {57, 50, 56, 66, 69} {7, 6, 16, 19} 0.954882                                             
 16.0 16.1 {57, 49, 59, 64, 69} {8, 10, 15, 20} 0.905917                                           
 16.0 16.2 {57, 47, 61, 62, 69} {10, 14, 15, 22} 0.967207                                         
 rest 16.3 {45, 59, 64, 69} {14, 19, 24} 0.891323                                                      

!!!
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Table 21.  Castérède Sonatine Second Movement Opening Intonation Analysis 

   Best Best Best                                                                                             
 Melody Chord fundamental harmonic intonation                                             
 number number (MIDI) state vector                                                              

 rest 1.0 -23.9804 {4, 9, 12, 20} {14.0391, 19.0196, 27.8631}                                         
 2.0 1.0 -23.9844 {4, 8, 9, 12, 20} {12.0000, 14.0391, 19.0196, 27.8631}                                
 2.1 1.0 -23.9922 {4, 9, 9, 12, 20} {14.0391, 14.0391, 19.0196, 27.8631}                                
 2.2 1.0 -23.9570 {4, 10, 9, 12, 20} {15.8631, 14.0391, 19.0196, 27.8631}                              
 2.3 1.0 -37.9765 {9, 24, 20, 27, 45} {16.9804, 13.8240, 19.0196, 27.8631}                            
 2.3 3.0 -36.0237 {8, 17, 12, 17, 32} {13.0496, 7.01955, 13.0496, 24.0000}                            
 3.0 3.0 -36.0088 {8, 19, 12, 17, 32} {14.9751, 7.01955, 13.0496, 24.0000}                            
 3.0 3.1 -35.9940 {8, 19, 12, 19, 32} {14.9751, 7.01955, 14.9751, 24.0000}                            
 4.0 4.0 -42.9786 {12, 36, 17, 30, 45} {19.0196, 6.03000, 15.8631, 22.8827}                          
 4.0 4.1 -35.9259 {8, 21, 10, 16, 27} {16.7078, 3.86314, 12.0000, 21.0587}                            
 4.1 4.1 -35.9844 {8, 16, 10, 16, 27} {12.0000, 3.86314, 12.0000, 21.0587}                            
 4.2 4.1 -35.9220 {8, 14, 10, 16, 27} {9.68826, 3.86314, 12.0000, 21.0587}                            
 4.3 4.1 -42.9296 {12, 20, 15, 24, 40} {8.84359, 3.86314, 12.0000, 20.8436}                          
 4.3 4.2 -39.9296 {10, 15, 12, 16, 30} {7.01955, 3.15641, 8.13686, 19.0196}                          
 4.4 4.2 -46.9413 {15, 20, 18, 24, 45} {4.98045, 3.15641, 8.13686, 19.0196}                          
 4.5 4.2 -27.9570 {5, 6, 6, 8, 15} {3.15641, 3.15641, 8.13686, 19.0196}                                  
 5.0 5.0 -39.9374 {10, 15, 12, 18, 30} {7.01955, 3.15641, 10.1760, 19.0196}                          
 6.0 6.0 -37.9708 {9, 20, 12, 17, 30} {13.8240, 4.98045, 11.0105, 20.8436}                            
 6.1 6.0 -37.9747 {9, 15, 12, 17, 30} {8.84359, 4.98045, 11.0105, 20.8436}                            
 6.2 6.0 -50.0671 {18, 27, 24, 34, 61} {7.01955, 4.98045, 11.0105, 21.1297}                          
 6.3 6.0 -38.0021 {9, 12, 12, 17, 30} {4.98045, 4.98045, 11.0105, 20.8436}                            
 6.4 6.0 -41.6611 {11, 14, 15, 21, 37} {4.17508, 5.36951, 11.1946, 21.0003}                          
 6.5 6.0 -37.9708 {9, 10, 12, 17, 30} {1.82404, 4.98045, 11.0105, 20.8436}                            
 7.0 6.0 -50.0671 {18, 27, 24, 34, 61} {7.01955, 4.98045, 11.0105, 21.1297}                          
 7.1 6.0 -41.6611 {11, 14, 15, 21, 37} {4.17508, 5.36951, 11.1946, 21.0003}                          
 7.2 7.0 -46.9531 {15, 16, 20, 32, 48} {1.11731, 4.98045, 13.1173, 20.1369}                          
 7.2 7.0 -46.9531 {15, 16, 20, 32, 48} {1.11731, 4.98045, 13.1173, 20.1369}                          
 7.3 7.0 -46.9609 {15, 18, 20, 32, 48} {3.15641, 4.98045, 13.1173, 20.1369}                          
 7.4 7.0 -38.0698 {9, 12, 12, 19, 29} {4.98045, 4.98045, 12.9360, 20.2567}                            
 8.0 8.0 -39.9531 {10, 16, 15, 24, 32} {8.13686, 7.01955, 15.1564, 20.1369}                          
 8.1 8.0 -30.9483 {6, 12, 9, 14, 19} {12.0000, 7.01955, 14.6687, 19.9556}                              
 8.2 8.0 -35.9520 {8, 18, 12, 19, 25} {14.0391, 7.01955, 14.9751, 19.7263}                            
 8.3 8.0 -39.9609 {10, 18, 15, 24, 32} {10.1760, 7.01955, 15.1564, 20.1369}                          
 8.4 8.1 -37.9922 {9, 24, 16, 24, 30} {16.9804, 9.96090, 16.9804, 20.8436}                            
 8.5 8.1 -38.0000 {9, 27, 16, 24, 30} {19.0196, 9.96090, 16.9804, 20.8436}                            
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Table 21.  (continued) 

   Best Best Best                                                                                             
 Melody Chord fundamental harmonic intonation                                             
 number number (MIDI) state vector                                                              

 8.5 9.0 -36.0039 {8, 27, 15, 24, 27} {21.0587, 10.8827, 19.0196, 21.0587}                            
 8.5 9.1 -38.0068 {9, 32, 19, 24, 32} {21.9609, 12.9360, 16.9804, 21.9609}                            
 8.5 9.2 -33.7463 {7, 25, 15, 21, 25} {22.0380, 13.1944, 19.0196, 22.0380}                            
 10.0 10.0 -36.0018 {8, 19, 12, 18, 19} {14.9751, 7.01955, 14.0391, 14.9751}                        
 10.1 10.0 -35.9483 {8, 21, 12, 18, 19} {16.7078, 7.01955, 14.0391, 14.9751}                        
 10.2 10.1 -24.0878 {4, 13, 6, 9, 19} {20.4053, 7.01955, 14.0391, 26.9751}                            
 10.3 10.1 -24.0107 {4, 12, 6, 9, 19} {19.0196, 7.01955, 14.0391, 26.9751}                            
 11.0 10.1 -36.0018 {8, 19, 12, 18, 38} {14.9751, 7.01955, 14.0391, 26.9751}                        
 11.1 10.1 -24.0068 {4, 8, 6, 9, 19} {12.0000, 7.01955, 14.0391, 26.9751}                              
 11.2 11.0 -30.9296 {6, 15, 10, 15, 32} {15.8631, 8.84359, 15.8631, 28.9804}                        
 11.2 11.1 -30.9061 {6, 15, 10, 15, 30} {15.8631, 8.84359, 15.8631, 27.8631}                        
 11.3 11.1 -30.9296 {6, 16, 10, 15, 30} {16.9804, 8.84359, 15.8631, 27.8631}                        
 12.0 12.0 -35.9257 {8, 20, 15, 24, 40} {15.8631, 10.8827, 19.0196, 27.8631}                        
 12.1 12.0 -39.8271 {10, 28, 19, 30, 50} {17.8251, 11.1120, 19.0196, 27.8631}                      
 12.2 12.1 -27.9337 {5, 18, 16, 21, 27} {22.1760, 20.1369, 24.8447, 29.1955}                        
 12.3 12.1 -27.9259 {5, 16, 16, 21, 27} {20.1369, 20.1369, 24.8447, 29.1955}                        
 13.0 12.1 -30.9442 {6, 16, 19, 25, 32} {16.9804, 19.9556, 24.7067, 28.9804}                        
 13.1 12.1 -27.8985 {5, 10, 16, 21, 27} {12.0000, 20.1369, 24.8447, 29.1955}                        
 13.2 13.0 -11.7855 {2, 5, 7, 10, 11} {15.8631, 21.6883, 27.8631, 29.5132}                            
 13.2 13.1 -35.8673 {8, 20, 15, 28, 45} {15.8631, 10.8827, 21.6883, 29.9022}                        
 13.3 13.1 -37.9768 {9, 25, 17, 32, 51} {17.6872, 11.0105, 21.9609, 30.0300}                        
 14.0 14.0 -23.9298 {4, 10, 9, 14, 27} {15.8631, 14.0391, 21.6883, 33.0587}                          
 14.1 14.0 -37.9609 {9, 24, 20, 32, 60} {16.9804, 13.8240, 21.9609, 32.8436}                        
 14.2 14.1 -24.0878 {4, 12, 9, 13, 19} {19.0196, 14.0391, 20.4053, 26.9751}                          
 14.3 14.1 -43.0096 {12, 32, 27, 38, 57} {16.9804, 14.0391, 19.9556, 26.9751}                      
 14.4 14.1 -24.0917 {4, 9, 9, 13, 19} {14.0391, 14.0391, 20.4053, 26.9751}                            
 14.4 15.0 -33.7697 {7, 14, 15, 20, 25} {12.0000, 13.1944, 18.1749, 22.0380}                        
 15.0 15.0 -33.8086 {7, 15, 15, 20, 25} {13.1944, 13.1944, 18.1749, 22.0380}                        
 15.1 15.1 -43.0415 {12, 43, 27, 38, 72} {22.0956, 14.0391, 19.9556, 31.0196}                      
 15.2 15.1 -43.0135 {12, 38, 27, 38, 72} {19.9556, 14.0391, 19.9556, 31.0196}                      
 15.3 15.1 -43.0185 {12, 32, 27, 38, 72} {16.9804, 14.0391, 19.9556, 31.0196}                      
 15.3 15.2 -23.9611 {4, 12, 9, 14, 27} {19.0196, 14.0391, 21.6883, 33.0587}                          
 15.4 15.2 -37.9335 {9, 30, 20, 32, 60} {20.8436, 13.8240, 21.9609, 32.8436}                        
 16.0 15.2 -37.9609 {9, 24, 20, 32, 60} {16.9804, 13.8240, 21.9609, 32.8436}                        
 16.0 16.0 -39.8086 {10, 15, 14, 25, 30} {7.01955, 5.82512, 15.8631, 19.0196}                      
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Table 21.  (continued) 

   Best Best Best                                                                                             
 Melody Chord fundamental harmonic intonation                                             
 number number (MIDI) state vector                                                              

 16.0 16.1 -27.9844 {5, 8, 9, 12, 16} {8.13686, 10.1760, 15.1564, 20.1369}                            
 16.0 16.2 -37.9220 {9, 16, 20, 21, 32} {9.96090, 13.8240, 14.6687, 21.9609}                        
 rest 16.3 -24.0147 {4, 9, 12, 16} {14.0391, 19.0196, 24.0000}                                       

!!
Table 22.  Castérède Sonatine Second Movement Opening Melodic Analysis 

   Melodic Melodic                                                                                                    
 Melody Chord pitch pitch                                                                                      
 number number CLD CPD                                                                                   

 rest 1.0 N/A N/A                                                                                                   
 2.0 1.0 -5.18656E-3 -2.04404E-2                                                                               
 2.1 1.0 -2.35702E-3 -5.88781E-2                                                                               
 2.2 1.0 2.10275E-3 1.08878E-1                                                                                   
 2.3 1.0 -4.88931E-4 -2.18335E-2                                                                               
 2.3 3.0 1.26848E-3 -2.27787E-2                                                                                 
 3.0 3.0 2.48788E-3 2.89697E-2                                                                                   
 3.0 3.1 1.99457E-3 1.60045E-2                                                                                   
 4.0 4.0 2.08736E-3 -2.80785E-2                                                                                 
 4.0 4.1 1.11160E-2 1.16839E-1                                                                                   
 4.1 4.1 -1.10479E-4 -1.33432E-2                                                                               
 4.2 4.1 1.02336E-2 1.27714E-1                                                                                   
 4.3 4.1 -4.15447E-4 3.76293E-2                                                                                 
 4.3 4.2 -1.12976E-3 3.63767E-2                                                                                 
 4.4 4.2 -6.88639E-4 3.99979E-2                                                                                 
 4.5 4.2 -5.40802E-3 -9.99325E-2                                                                               
 5.0 5.0 -1.49708E-3 3.95589E-2                                                                                 
 6.0 6.0 3.84345E-3 7.37965E-2                                                                                   
 6.1 6.0 8.37140E-4 6.86486E-2                                                                                   
 6.2 6.0 -1.19841E-3 3.57532E-3                                                                                 
 6.3 6.0 -3.77612E-3 -1.46203E-2                                                                               
 6.4 6.0 -5.08231E-3 -1.09028E-2                                                                               
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Table 22.  (continued) 

   Melodic Melodic                                                                                                    
 Melody Chord pitch pitch                                                                                      
 number number CLD CPD                                                                                   

 6.5 6.0 -1.87185E-3 8.47699E-2                                                                                 
 7.0 6.0 -1.19841E-3 3.57532E-3                                                                                 
 7.1 6.0 -5.08231E-3 -1.09028E-2                                                                               
 7.2 7.0 -3.38409E-3 -2.36919E-2                                                                               
 7.2 7.0 -3.38409E-3 -2.36919E-2                                                                               
 7.3 7.0 -1.84850E-3 -3.72772E-2                                                                               
 7.4 7.0 -4.96326E-3 2.97935E-2                                                                                 
 8.0 8.0 -1.80551E-3 -3.12616E-2                                                                               
 8.1 8.0 -3.46416E-3 -4.85795E-2                                                                               
 8.2 8.0 -2.30899E-4 -5.02240E-2                                                                               
 8.3 8.0 7.20100E-5 -4.91876E-2                                                                                 
 8.4 8.1 1.40713E-3 -1.79185E-2                                                                                 
 8.5 8.1 2.82043E-3 -3.66352E-2                                                                                 
 8.5 9.0 3.22621E-3 -3.57595E-2                                                                                 
 8.5 9.1 3.73803E-3 4.37238E-3                                                                                   
 8.5 9.2 2.37083E-3 1.38803E-2                                                                                   
 10.0 10.0 3.78099E-3 2.51154E-2                                                                               
 10.1 10.0 1.49573E-2 1.35288E-1                                                                               
 10.2 10.1 2.78980E-2 -2.05219E-1                                                                             
 10.3 10.1 7.03851E-3 -1.39872E-2                                                                             
 11.0 10.1 1.65388E-3 2.18642E-2                                                                               
 11.1 10.1 -3.63664E-4 1.15388E-2                                                                             
 11.2 11.0 4.79876E-4 4.17859E-2                                                                               
 11.2 11.1 4.21291E-4 2.19891E-2                                                                               
 11.3 11.1 2.53295E-3 -6.26788E-2                                                                             
 12.0 12.0 3.15510E-4 3.92736E-2                                                                               
 12.1 12.0 2.46552E-3 5.45326E-2                                                                               
 12.2 12.1 -3.71389E-4 -5.25049E-2                                                                           
 12.3 12.1 -2.25362E-3 -3.96841E-2                                                                           
 13.0 12.1 -2.90134E-3 -2.98214E-2                                                                           
 13.1 12.1 -6.84341E-3 2.16181E-2                                                                             
 13.2 13.0 -1.19268E-2 -6.72829E-2                                                                           
 13.2 13.1 -2.43370E-3 2.03211E-3                                                                             
 13.3 13.1 8.50681E-3 8.67326E-2                                                                               
 14.0 14.0 -5.54780E-3 4.46335E-2                                                                             
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Table 22.  (continued) 

   Melodic Melodic                                                                                                    
 Melody Chord pitch pitch                                                                                      
 number number CLD CPD                                                                                   

 14.1 14.0 -5.11562E-4 -2.79585E-2                                                                            
 14.2 14.1 -4.53243E-3 3.84140E-2                                                                             
 14.3 14.1 3.66762E-4 4.39212E-3                                                                               
 14.4 14.1 -7.31804E-3 3.18854E-2                                                                             
 14.4 15.0 -9.00391E-4 5.88641E-2                                                                             
 15.0 15.0 -6.34955E-4 -5.33227E-2                                                                           
 15.1 15.1 2.17681E-3 -2.89490E-2                                                                             
 15.2 15.1 1.09757E-3 1.60026E-2                                                                               
 15.3 15.1 9.95680E-5 8.05563E-3                                                                               
 15.3 15.2 -4.28197E-3 -3.80488E-2                                                                           
 15.4 15.2 5.40226E-4 2.33463E-2                                                                               
 16.0 15.2 -5.11562E-4 -2.79585E-2                                                                            
 16.0 16.0 -1.80369E-3 -4.64201E-2                                                                           
 16.0 16.1 -5.18656E-3 -2.04404E-2                                                                           
 16.0 16.2 -2.84481E-3 -3.55214E-2                                                                           
 rest 16.3 N/A N/A                                                                                                 

!!
Table 23. Castérède Sonatine Second Movement Opening Accompaniment Analysis 

   Accompaniment Accompaniment                                                          
 Melody Chord chord chord                                                              
 number number pitches CLD                                                           

 rest 1.0 {14, 19, 28} {-2.26776E-2, -2.53219E-3, 2.32946E-3, 2.28803E-2}                        
 2.0 1.0 {14, 19, 28} {-5.18656E-3, -1.17220E-3, 3.09227E-3, 2.14958E-2}                         
 2.1 1.0 {14, 19, 28} {-2.35702E-3, -2.35702E-3, 1.92984E-3, 2.11369E-2}                         
 2.2 1.0 {14, 19, 28} {2.10275E-3, -8.55009E-4, 2.31034E-3, 1.36827E-2}                         
 2.3 1.0 {14, 19, 28} {-4.88931E-4, 9.72357E-4, 1.61365E-3, 5.03702E-3}                         
 2.3 3.0 {7, 13, 24} {1.26848E-3, -3.44233E-3, 1.26848E-3, 9.25749E-3}                           
 3.0 3.0 {7, 13, 24} {2.48788E-3, -3.63690E-3, 1.33524E-3, 8.48293E-3}                           
 3.0 3.1 {7, 15, 24} {1.99457E-3, -3.50166E-3, 1.99457E-3, 8.23900E-3}                           
 4.0 4.0 {6, 16, 23} {2.08736E-3, -2.61027E-3, 2.15612E-3, 4.08494E-3}                           
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Table 23. (continued) 

   Accompaniment Accompaniment                                                          
 Melody Chord chord chord                                                              
 number number pitches CLD                                                           

 4.0 4.1 {4, 12, 21} {1.11160E-2, -6.29337E-3, -2.25362E-3, 5.03147E-3}                           
 4.1 4.1 {4, 12, 21} {-1.10479E-4, 2.79159E-4, -1.10479E-4, 8.56639E-3}                           
 4.2 4.1 {4, 12, 21} {1.02336E-2, -6.39346E-3, -1.98077E-3, 5.57491E-3}                           
 4.3 4.1 {4, 12, 21} {-4.15447E-4, -3.38792E-3, 2.10941E-3, 5.23463E-3}                           
 4.3 4.2 {3, 8, 19} {-1.12976E-3, -1.33896E-3, 6.57544E-4, 6.60783E-3}                             
 4.4 4.2 {3, 8, 19} {-6.88639E-4, -5.84778E-4, 6.54235E-4, 4.11078E-3}                             
 4.5 4.2 {3, 8, 19} {-5.40802E-3, -5.40802E-3, -4.39640E-4, 1.69495E-2}                            
 5.0 5.0 {3, 10, 19} {-1.49708E-3, -2.46545E-3, 3.05175E-3, 5.71543E-3}                           
 6.0 6.0 {5, 11, 21} {3.84345E-3, -4.35682E-3, 3.91843E-4, 6.53358E-3}                            
 6.1 6.0 {5, 11, 21} {8.37140E-4, -3.96888E-3, 1.11174E-3, 8.28269E-3}                            
 6.2 6.0 {5, 11, 21} {-1.19841E-3, -1.45095E-3, 2.49388E-4, 5.90670E-3}                           
 6.3 6.0 {5, 11, 21} {-3.77612E-3, -3.77612E-3, 1.23890E-3, 1.31122E-2}                           
 6.4 6.0 {5, 11, 21} {-5.08231E-3, 5.01671E-3, -2.45077E-3, 4.75333E-3}                           
 6.5 6.0 {5, 11, 21} {-1.87185E-3, -3.43297E-3, 2.02181E-3, 9.07682E-3}                           
 7.0 6.0 {5, 11, 21} {-1.19841E-3, -1.45095E-3, 2.49388E-4, 5.90670E-3}                           
 7.1 6.0 {5, 11, 21} {-5.08231E-3, 5.01671E-3, -2.45077E-3, 4.75333E-3}                           
 7.2 7.0 {5, 13, 20} {-3.38409E-3, -2.75667E-4, 1.65534E-3, 5.16289E-3}                           
 7.2 7.0 {5, 13, 20} {-3.38409E-3, -2.75667E-4, 1.65534E-3, 5.16289E-3}                           
 7.3 7.0 {5, 13, 20} {-1.84850E-3, -3.05339E-4, 1.00756E-3, 4.24613E-3}                           
 7.4 7.0 {5, 13, 20} {-4.96326E-3, -4.96326E-3, 8.66683E-4, 1.69475E-2}                           
 8.0 8.0 {7, 15, 20} {-1.80551E-3, -1.50780E-3, 2.82273E-3, 4.84407E-3}                           
 8.1 8.0 {7, 15, 20} {-3.46416E-3, -5.20933E-3, 1.93811E-2, -4.36333E-4}                          
 8.2 8.0 {7, 15, 20} {-2.30899E-4, -4.46973E-3, -1.81476E-3, 1.50035E-2}                          
 8.3 8.0 {7, 15, 20} {7.20100E-5, -1.57914E-3, 1.83611E-3, 3.84060E-3}                            
 8.4 8.1 {10, 17, 21} {1.40713E-3, -2.64019E-3, 1.40713E-3, 7.18915E-3}                         
 8.5 8.1 {10, 17, 21} {2.82043E-3, -2.96027E-3, 8.06062E-4, 6.99160E-3}                         
 8.5 9.0 {11, 19, 21} {3.22621E-3, 1.51780E-3, 1.21942E-3, 3.22621E-3}                          
 8.5 9.1 {13, 17, 22} {3.73803E-3, -8.11264E-4, 1.09520E-3, 3.73803E-3}                          
 8.5 9.2 {13, 19, 22} {2.37083E-3, 3.58650E-3, 1.00190E-3, 2.37083E-3}                          
 10.0 10.0 {7, 14, 15} {3.78099E-3, -2.64071E-3, 3.36879E-3, 3.78099E-3}                       
 10.1 10.0 {7, 14, 15} {1.49573E-2, -4.41742E-3, -2.42289E-4, -1.92006E-3}                      
 10.2 10.1 {7, 14, 27} {2.78980E-2, -1.03682E-2, -7.33300E-3, 2.95945E-3}                       
 10.3 10.1 {7, 14, 27} {7.03851E-3, -8.67639E-3, 1.09056E-3, 1.83889E-2}                       
 11.0 10.1 {7, 14, 27} {1.65388E-3, -3.93653E-3, 1.29504E-3, 9.84217E-3}                       
 11.1 10.1 {7, 14, 27} {-3.63664E-4, -7.33813E-3, 3.38748E-3, 2.17253E-2}                       
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Table 23. (continued) 

   Accompaniment Accompaniment                                                          
 Melody Chord chord chord                                                              
 number number pitches CLD                                                           

 11.2 11.0 {9, 16, 29} {4.79876E-4, -3.73228E-3, 4.79876E-4, 1.14211E-2}                        
 11.2 11.1 {9, 16, 28} {4.21291E-4, -4.44175E-3, 4.21291E-4, 9.77578E-3}                       
 11.3 11.1 {9, 16, 28} {2.53295E-3, -3.73228E-3, 4.79876E-4, 9.36804E-3}                       
 12.0 12.0 {11, 19, 28} {3.15510E-4, -2.93275E-3, 3.49928E-3, 6.58102E-3}                      
 12.1 12.0 {11, 19, 28} {2.46552E-3, 7.90298E-4, -3.22991E-4, 3.95571E-3}                      
 12.2 12.1 {20, 25, 29} {-3.71389E-4, -2.88861E-3, 1.06874E-2, 3.65994E-3}                     
 12.3 12.1 {20, 25, 29} {-2.25362E-3, -2.25362E-3, 1.11160E-2, 5.03147E-3}                     
 13.0 12.1 {20, 25, 29} {-2.90134E-3, -2.15543E-3, 1.23879E-2, 2.43214E-3}                     
 13.1 12.1 {20, 25, 29} {-6.84341E-3, 4.78116E-5, 1.04021E-2, 9.33068E-3}                      
 13.2 13.0 {22, 28, 30} {-1.19268E-2, -6.23265E-3, -3.27188E-3, 2.74696E-2}                    
 13.2 13.1 {11, 22, 30} {-2.43370E-3, -4.41915E-3, 7.83681E-3, 3.61318E-3}                     
 13.3 13.1 {11, 22, 30} {8.50681E-3, -3.36438E-3, -1.03409E-3, 2.67093E-3}                     
 14.0 14.0 {14, 22, 33} {-5.54780E-3, -4.05609E-3, 1.57338E-2, 8.08898E-3}                     
 14.1 14.0 {14, 22, 33} {-5.11562E-4, -3.05339E-4, 1.00756E-3, 6.41553E-3}                     
 14.2 14.1 {14, 20, 27} {-4.53243E-3, -7.50714E-3, 2.31632E-2, 1.45296E-3}                     
 14.3 14.1 {14, 20, 27} {3.66762E-4, -2.23208E-4, 1.74939E-3, 4.19924E-3}                     
 14.4 14.1 {14, 20, 27} {-7.31804E-3, -7.31804E-3, 2.48387E-2, 2.48131E-3}                     
 14.4 15.0 {13, 18, 22} {-9.00391E-4, 2.03015E-3, 3.56583E-3, 3.41706E-3}                     
 15.0 15.0 {13, 18, 22} {-6.34955E-4, -6.34955E-4, 1.44207E-3, 5.12473E-3}                     
 15.1 15.1 {14, 20, 31} {2.17681E-3, -1.46546E-3, 1.27728E-3, 4.02920E-3}                     
 15.2 15.1 {14, 20, 31} {1.09757E-3, -8.36597E-4, 1.09757E-3, 4.76386E-3}                     
 15.3 15.1 {14, 20, 31} {9.95680E-5, -6.89538E-4, 1.51304E-3, 5.20633E-3}                     
 15.3 15.2 {14, 22, 33} {-4.28197E-3, -6.11093E-3, 2.02881E-2, 5.30652E-3}                     
 15.4 15.2 {14, 22, 33} {5.40226E-4, -1.59704E-3, 1.38842E-3, 5.12420E-3}                     
 16.0 15.2 {14, 22, 33} {-5.11562E-4, -3.05339E-4, 1.00756E-3, 6.41553E-3}                     
 16.0 16.0 {6, 16, 19} {-1.80369E-3, 3.92519E-4, 3.21040E-3, 4.45097E-3}                       
 16.0 16.1 {10, 15, 20} {-5.18656E-3, -1.17220E-3, 3.09227E-3, 7.85616E-3}                     
 16.0 16.2 {14, 15, 22} {-2.84481E-3, -1.97719E-3, 8.00209E-3, 1.70125E-3}                     
 rest 16.3 {14, 19, 24} {-2.24314E-2, -3.84970E-5, 7.23675E-3, 1.52331E-2}                      

!!
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Table 24.  Castérède Sonatine Second Movement Opening Temporal Index Analysis 

   First Second                                                                                               
 Melody Chord temporal temporal                                                              
 number number index index                                                                     

 rest 1.0 2.71972E-77 9.01271E-5                                                                    
 2.0 1.0 2.34874E-9 7.21276E-5                                                                       
 2.1 1.0 3.07701E-77 7.21054E-5                                                                     
 2.2 1.0 1.86418E-11 7.21021E-5                                                                     
 2.3 1.0 1.13072E-15 7.21018E-5                                                                     
 2.3 3.0 1.00632E-34 7.35056E-5                                                                     
 3.0 3.0 2.40577E-10 7.34967E-5                                                                     
 3.0 3.1 1.00632E-34 7.34879E-5                                                                     
 4.0 4.0 2.18610E-24 7.48007E-5                                                                     
 4.0 4.1 2.24366E-10 8.13071E-5                                                                     
 4.1 4.1 2.24366E-10 8.13329E-5                                                                     
 4.2 4.1 1.09114E-7 8.14535E-5                                                                       
 4.3 4.1 2.24366E-10 8.16309E-5                                                                     
 4.3 4.2 2.40271E-2 9.02565E-5                                                                       
 4.4 4.2 3.93194E-4 9.39394E-5                                                                       
 4.5 4.2 6.02115E-6 1.04956E-4                                                                       
 5.0 5.0 4.25760E-6 8.97184E-5                                                                       
 6.0 6.0 2.23174E-16 7.72352E-5                                                                     
 6.1 6.0 5.46537E-7 7.75554E-5                                                                       
 6.2 6.0 7.11209E-5 7.86189E-5                                                                       
 6.3 6.0 3.15605E-16 8.23018E-5                                                                     
 6.4 6.0 4.88295E-2 8.64145E-5                                                                       
 6.5 6.0 2.69990E-3 1.04538E-4                                                                       
 7.0 6.0 7.11209E-5 7.86189E-5                                                                       
 7.1 6.0 4.88295E-2 8.64145E-5                                                                       
 7.2 7.0 8.90359E-2 1.22175E-4                                                                       
 7.2 7.0 8.90359E-2 1.22175E-4                                                                       
 7.3 7.0 3.93194E-4 9.32649E-5                                                                       
 7.4 7.0 3.15605E-16 8.22486E-5                                                                     
 8.0 8.0 2.40271E-2 7.41712E-5                                                                       
 8.1 8.0 1.45219E-20 7.35126E-5                                                                     
 8.2 8.0 1.12495E-3 7.34903E-5                                                                       
 8.3 8.0 4.22345E-12 7.36332E-5                                                                     
 8.4 8.1 5.50103E-66 7.22448E-5                                                                     
 8.5 8.1 1.13072E-15 7.22447E-5                                                                     
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Table 24.  (continued) 

   First Second                                                                                               
 Melody Chord temporal temporal                                                              
 number number index index                                                                     

 8.5 9.0 2.89386E-19 7.21612E-5                                                                     
 8.5 9.1 3.90200E-42 7.21082E-5                                                                     
 8.5 9.2 1.98860E-44 7.21081E-5                                                                     
 10.0 10.0 1.59092E-3 7.34916E-5                                                                   
 10.1 10.0 1.12495E-3 7.34905E-5                                                                   
 10.2 10.1 1.00632E-34 7.34890E-5                                                                 
 10.3 10.1 1.00632E-34 7.34890E-5                                                                 
 11.0 10.1 1.12495E-3 7.34903E-5                                                                   
 11.1 10.1 2.34874E-9 7.35150E-5                                                                   
 11.2 11.0 6.83390E-64 7.24227E-5                                                                 
 11.2 11.1 6.83390E-64 7.24227E-5                                                                 
 11.3 11.1 2.67437E-4 7.24224E-5                                                                   
 12.0 12.0 6.78169E-32 7.21616E-5                                                                 
 12.1 12.0 4.37660E-5 7.21613E-5                                                                   
 12.2 12.1 1.22865E-21 7.20979E-5                                                                 
 12.3 12.1 2.36700E-153 7.20979E-5                                                               
 13.0 12.1 1.20649E-35 7.20981E-5                                                                 
 13.1 12.1 5.56761E-136 7.21239E-5                                                               
 13.2 13.0 1.38749E-52 7.20983E-5                                                                 
 13.2 13.1 4.27433E-55 7.21616E-5                                                                 
 13.3 13.1 4.43448E-74 7.21612E-5                                                                 
 14.0 14.0 1.86418E-11 7.21021E-5                                                                 
 14.1 14.0 1.40692E-25 7.21018E-5                                                                 
 14.2 14.1 1.49453E-5 7.21017E-5                                                                   
 14.3 14.1 1.40692E-25 7.21018E-5                                                                 
 14.4 14.1 1.33509E-117 7.21054E-5                                                               
 14.4 15.0 3.51809E-3 7.21341E-5                                                                   
 15.0 15.0 6.19807E-69 7.21182E-5                                                                 
 15.1 15.1 1.22865E-21 7.21017E-5                                                                 
 15.2 15.1 1.33509E-117 7.21017E-5                                                               
 15.3 15.1 1.40692E-25 7.21018E-5                                                                 
 15.3 15.2 1.40615E-44 7.21017E-5                                                                 
 15.4 15.2 1.15562E-6 7.21017E-5                                                                   
 16.0 15.2 1.40692E-25 7.21018E-5                                                                 
 16.0 16.0 3.13491E-2 7.61881E-5                                                                   
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Table 24.  (continued) 

   First Second                                                                                               
 Melody Chord temporal temporal                                                              
 number number index index                                                                     

 16.0 16.1 2.29623E-6 7.29304E-5                                                                   
 16.0 16.2 1.12495E-3 7.22495E-5                                                                   
 rest 16.3 2.71972E-77 9.01271E-5                                                                  

!
 PAE analysis offers many insights into the harmonic structure of this Castérède 

excerpt. To illustrate how this analysis might be used to inform the performance practice 

of this excerpt, I will examine a few different combinations of the melodic voice and 

accompaniment. We will first examine the melodic pitch 2.3 against the chord 1.0 in the 

second measure. It has an IC PAE of 0.963454, which is significantly greater than that of 

the harmonies which immediately surround it. The melodic pitch 2.3 has a CLD of 

-4.88931E-4 and CPD of -2.18335E-2. Playing this pitch slightly quieter and lower in 

pitch will exaggerate the change in IC PAE. Doing the inverse will deemphasize the 

change. 

 A more traditional musical analysis might have persuaded us that the melodic 

pitch 2.3 is a non-harmonic tone and should be played slightly louder to exaggerate the 

dissonance. However, PAE analysis regards all pitches as harmonic tones. This particular 

harmony can be analyzed as its best harmonic state {9, 20, 24, 27, 45}. The melodic pitch 

is actually closest to being the 24th harmonic above the best fundamental, which is a G 

37.9765 semitones below the low A (s1=45) in the bass of the chord. 
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 Without the melodic pitch (as in measure one), the chord 1.0 only has an IC PAE 

of 0.912135 and is best represented by the best harmonic state {4, 9, 12, 20}, with its best 

fundamental being the A which is 23.9804 semitones below the A (s1=45) in the base of 

the chord. The addition of the melodic pitch 2.3 causes the entire chord to be perceived 

higher in the harmonic series above a different best fundamental. The melodic pitch is not 

a “dissonance” but rather a part of the harmony. When this component is played louder 

the chord actually attains lower IC PAE value. 

 In addition, many performers assume that the best strategy for playing with a 

keyboard instrument tuned to equal temperament is to play in equal temperament. 

However, the CPD analysis of the melodic voice reveals something different to be the 

case. The IC PAE of a given harmony can often be lowered by detuning just one 

component pitch from equal temperament, even when the rest of the chord remains tuned 

to equal temperament. Tuning the melodic pitch 2.3 slightly higher than equal 

temperament lowers the IC PAE of the chord, and visa versa. 

 PAE analysis does not specify a specific performance practice, but rather shows 

how a given performance practice will affect the psychoacoustic perception of a given 

harmony. One performer may wish to highlight the changes in IC PAE while another may  

wish to do the opposite. Some performers will prefer to do very little and just let the 

composition speak for itself. It is always the duty of the listener to decide which 

performance practice best suits their musical tastes. 
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 We might also examine the harmony which results from the melodic pitch 4.0 

being played against the chord 4.0. In addition to being the highest melodic pitch of the 

first few measures of the piece, it also has the largest IC PAE value. The CLD of melodic 

pitch 4.0 when played against chord 4.0 is 2.08736E-3, while its CPD is -2.80785E-2. 

Playing the pitch 4.0 slightly louder and/or lower increases the IC PAE, and visa versa. 

Playing the D, F#, or C# in the accompaniment chord 4.0 a bit louder also increases the 

IC PAE slightly. 

 This again defies a more traditional analysis which might have considered the G# 

in the accompaniment to be a non-harmonic tone. The best harmonic state of this 

harmony is {12, 17, 30, 36, 45}. The G# represents the 17th harmonic above the best 

fundamental, which is the G that occurs 42.9786 semitones below the D base pitch in 

chord 4.0. However, many of the other component pitches in the aggregate chord 

represent significantly higher harmonics than that. 

 Last, I might compare two more aggregate chords near the end of the excerpt: the 

combination of melodic pitch 15.1 and chord 15.1 and the very final chord 16.3. The first 

example has an IC PAE of 0.971702. This is one of the largest IC PAE values in the entire 

excerpt, and the largest to occur in synchronization with an accompaniment chord. The 

melodic pitch 15.1 has a CLD of 2.17681E-3, while its CPD is -2.89490E-2. Playing it 

slightly louder and/or lower in pitch increases its IC PAE, and visa versa. Bringing out 

the F#, D or C# in the accompaniment chord 15.1 does the same. Its best harmonic state 

is {12, 27, 38, 43, 72} above a best fundamental which is the B 43.0415 semitones below 
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the chord’s low F# base pitch. The final chord 16.3 of the excerpt has one of the lowest 

IC PAE values at 0.891323. Its IC PAE can be lowered by bringing out either/both of the 

two pitches in the left hand of the piano part. It is represented by the best harmonic state 

{4, 9, 12, 16}, which occurs above a best fundamental on the A 24.0147 semitones below 

the low A in the left hand. 

 Recording 36 plays through the harmonic outline of this excerpt using a 

synthesized timbre which resembles a square wave. The listener should observe the IC 

PAE values of each chord while listening to Recording 36, paying close attention to the 

four chord highlighted above. Table 24 also draws my attention to melodic pitches 4.3, 

6.4, 7.1, 7.2, 8.0, and 16.0 which, due to the effects of the temporal window, will have a 

PAE value that is somewhat greater than the IC PAE value listed above. It is also likely 

that the the effects of the timbre interfere with these results somewhat as well. 

Regardless, the IC PAE model is a reasonable way to model the perception of harmonic 

stability for this Castérède Sonatine excerpt. 

!
Eugène Bozza Trois Pièces 

 The Trois Pièces for trombone quartet, written by Eugène Bozza in 1964, contains 

a somewhat more traditional harmonic language than the Castèréde excerpt. However, 

many of the harmonies still defy Roman numeral analysis. Since trombones are very 

flexible in terms of pitch placement, this excerpt provides an interesting opportunity for 

just intonation. PAE analysis here sheds light onto how just intonation might be defined 

for complex harmonies. Figure 64 shows the beginning of the second movement of the 



!160
Bozza Trois Pièces. Figure 65 outlines and labels the harmonies in the first 19 measures 

of this movement. 

!

!  
Figure 64.  Bozza Trois Pièces second movement opening, reprinted with the kind 
permission of Éditions Alphonse Leduc. !!

!  
Figure 65.  Bozza Trois Pièces second movement opening harmonic outline. !
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 Table 25 identifies each of the chords from Figure 65 and their IC PAE values. 

Tables 26 and 27 display the respective intonation and CLD analysis of these chords, 

while Table 28 lists all the FTI and STI values. 

!
Table 25.  Bozza Trois Pièces Second Movement Opening Chords 

   Chord                                                                                      
 Chord MIDI vector IC                                                                                         
 number pitches (MIDI) PAE                                                                                

 0.0 {55, 58, 62, 67} {3, 7, 12} 0.937420                                                                   
 1.0 {51, 54, 58, 63} {3, 7, 12} 0.937420                                                                   
 1.1 {46, 53, 61, 65} {7, 15, 19} 0.931661                                                                 
 2.0 {45, 52, 59, 60} {7, 14, 15} 0.927144                                                                 
 2.1 {45, 52, 57, 60} {7, 12, 15} 0.924148                                                                 
 2.2 {43, 52, 57, 60} {9, 14, 17} 0.949483                                                                 
 3.0 {42, 52, 57, 60} {10, 15, 18} 0.946359                                                               
 3.1 {42, 51, 57, 60} {9, 15, 18} 0.955396                                                                 
 3.2 {43, 51, 57, 60} {8, 14, 17} 0.954046                                                                 
 3.3 {42, 51, 57, 60} {9, 15, 18} 0.955396                                                                 
 4.0 {41, 51, 56, 60} {10, 15, 19} 0.915041                                                               
 4.1 {41, 50, 56, 60} {9, 15, 19} 0.909787                                                                 
 4.2 {41, 50, 56, 59} {9, 15, 18} 0.955396                                                                 
 5.0 {40, 49, 55, 58} {9, 15, 18} 0.955396                                                                 
 5.1 {40, 48, 55, 58} {8, 15, 18} 0.939989                                                                 
 5.2 {40, 48, 56, 58} {8, 16, 18} 0.960328                                                                 
 5.3 {40, 48, 55, 58} {8, 15, 18} 0.939989                                                                 
 6.0 {41, 48, 56, 60} {7, 15, 19} 0.931661                                                                 
 6.1 {41, 48, 56, 65} {7, 15, 24} 0.936216                                                                 
 6.2 {41, 48, 56, 67} {7, 15, 26} 0.938736                                                                 
 7.0 {41, 49, 57, 65} {8, 16, 24} 0.962516                                                                 
 7.1 {41, 49, 58, 65} {8, 17, 24} 0.959365                                                                 
 7.2 {41, 49, 58, 63} {8, 17, 22} 0.958871                                                                 
 7.3 {41, 49, 58, 61} {8, 17, 20} 0.956647                                                                 
 8.0 {41, 48, 56, 60} {7, 15, 19} 0.931661                                                                 
 8.1 {41, 48, 56, 65} {7, 15, 24} 0.936216                                                                 
 8.2 {41, 51, 56, 65} {10, 15, 24} 0.922944                                                               
 8.3 {41, 50, 56, 67} {9, 15, 26} 0.960870                                                                 
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Table 25.  (continued) 

   Chord                                                                                      
 Chord MIDI vector IC                                                                                         
 number pitches (MIDI) PAE                                                                                

 8.4 {41, 50, 56, 68} {9, 15, 27} 0.916711                                                                 
 9.0 {54, 58, 63, 72} {4, 9, 18} 0.954893                                                                   
 9.1 {54, 58, 64, 72} {4, 10, 18} 0.950184                                                                 
 9.2 {54, 58, 64, 70} {4, 10, 16} 0.893114                                                                 
 9.3 {55, 58, 64, 72} {3, 9, 17} 0.939989                                                                   
 10.0 {56, 60, 65, 72} {4, 9, 16} 0.951854                                                                 
 10.1 {55, 61, 65, 70} {6, 10, 15} 0.936210                                                               
 10.2 {56, 61, 65, 68} {5, 9, 12} 0.802105                                                                 
 10.3 {58, 61, 65, 67} {3, 7, 9} 0.936210                                                                   
 11.0 {59, 62, 65, 67} {3, 6, 8} 0.915132                                                                   
 11.1 {59, 63, 65, 67} {4, 6, 8} 0.943895                                                                   
 11.2 {59, 63, 65, 68} {4, 6, 9} 0.946359                                                                   
 11.3 {59, 62, 65, 67} {3, 6, 8} 0.915132                                                                   
 12.0 {58, 61, 65, 67} {3, 7, 9} 0.936210                                                                   
 12.1 {59, 61, 65, 67} {2, 6, 8} 0.954941                                                                   
 12.2 {59, 61, 65, 68} {2, 6, 9} 0.939989                                                                   
 12.3 {58, 61, 65, 67} {3, 7, 9} 0.936210                                                                   
 13.0 {57, 60, 63, 67} {3, 6, 10} 0.924140                                                                 
 13.1 {57, 62, 63, 67} {5, 6, 10} 0.966623                                                                 
 13.2 {57, 62, 63, 68} {5, 6, 11} 0.961476                                                                 
 13.3 {57, 60, 63, 67} {3, 6, 10} 0.924140                                                                 
 14.0 {56, 59, 63, 67} {3, 7, 11} 0.936366                                                                 
 14.1 {56, 59, 65, 67} {3, 9, 11} 0.940111                                                                 
 14.2 {56, 59, 65, 68} {3, 9, 12} 0.937974                                                                 
 14.3 {56, 59, 63, 67} {3, 7, 11} 0.936366                                                                 
 15.0 {51, 58, 63, 67} {7, 12, 16} 0.736295                                                               
 15.1 {48, 55, 60, 64} {7, 12, 16} 0.736295                                                               
 16.0 {45, 52, 57, 61} {7, 12, 16} 0.736295                                                               
 16.1 {43, 50, 55, 59} {7, 12, 16} 0.736295                                                               
 16.2 {45, 52, 57, 61} {7, 12, 16} 0.736295                                                               
 17.0 {42, 49, 54, 58} {7, 12, 16} 0.736295                                                               
 17.1 {42, 49, 52, 58} {7, 10, 16} 0.915132                                                               
 17.2 {42, 49, 54, 58} {7, 12, 16} 0.736295                                                               
 17.3 {42, 50, 55, 59} {8, 13, 17} 0.967486                                                               
 18.0 {42, 52, 57, 61} {10, 15, 19} 0.915041                                                             
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Table 25.  (continued) 

   Chord                                                                                      
 Chord MIDI vector IC                                                                                         
 number pitches (MIDI) PAE                                                                                

 18.1 {45, 55, 60, 65} {10, 15, 20} 0.912135                                                             
 18.2 {45, 54, 60, 65} {9, 15, 20} 0.949571                                                               
 18.3 {43, 52, 58, 62} {9, 15, 19} 0.909787                                                               
 19.0 {42, 52, 58, 61} {10, 16, 19} 0.928635                                                             
 19.1 {42, 50, 58, 61} {8, 16, 19} 0.960434                                                               
 19.2 {42, 49, 58, 61} {7, 16, 19} 0.764662                                                               

!!
Table 26.  Bozza Trois Pièces Second Movement Opening Intonation Analysis 

  Best Best Best                                                                                               
 Chord fundamental harmonic intonation                                                             
 number (MIDI) state vector                                                                             

 0.0 -39.9071 {10, 12, 15, 20} {3.15641, 7.01955, 12.0000}                                            
 1.0 -39.9071 {10, 12, 15, 20} {3.15641, 7.01955, 12.0000}                                            
 1.1 -36.0036 {8, 12, 19, 24} {7.01955, 14.9751, 19.0196}                                              
 2.0 -36.0084 {8, 12, 18, 19} {7.01955, 14.0391, 14.9751}                                              
 2.1 -35.9987 {8, 12, 16, 19} {7.01955, 12.0000, 14.9751}                                              
 2.2 -37.9511 {9, 15, 20, 24} {8.84359, 13.8240, 16.9804}                                              
 3.0 -27.9025 {5, 9, 12, 14} {10.1760, 15.1564, 17.8251}                                                
 3.1 -30.9051 {6, 10, 14, 17} {8.84359, 14.6687, 18.0300}                                              
 3.2 -43.0133 {12, 19, 27, 32} {7.95558, 14.0391, 16.9804}                                            
 3.3 -30.9051 {6, 10, 14, 17} {8.84359, 14.6687, 18.0300}                                              
 4.0 -27.9511 {5, 9, 12, 15} {10.1760, 15.1564, 19.0196}                                                
 4.1 -18.9025 {3, 5, 7, 9} {8.84359, 14.6687, 19.0196}                                                    
 4.2 -30.9051 {6, 10, 14, 17} {8.84359, 14.6687, 18.0300}                                              
 5.0 -30.9051 {6, 10, 14, 17} {8.84359, 14.6687, 18.0300}                                              
 5.1 -27.8927 {5, 8, 12, 14} {8.13686, 15.1564, 17.8251}                                                
 5.2 -42.9817 {12, 19, 30, 34} {7.95558, 15.8631, 18.0300}                                            
 5.3 -27.8927 {5, 8, 12, 14} {8.13686, 15.1564, 17.8251}                                                
 6.0 -36.0036 {8, 12, 19, 24} {7.01955, 14.9751, 19.0196}                                              
 6.1 -35.9987 {8, 12, 19, 32} {7.01955, 14.9751, 24.0000}                                              
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Table 26.  (continued) 

  Best Best Best                                                                                               
 Chord fundamental harmonic intonation                                                             
 number (MIDI) state vector                                                                             

 6.2 -36.0084 {8, 12, 19, 36} {7.01955, 14.9751, 26.0391}                                              
 7.0 -42.9742 {12, 19, 30, 48} {7.95558, 15.8631, 24.0000}                                            
 7.1 -43.0036 {12, 19, 32, 48} {7.95558, 16.9804, 24.0000}                                            
 7.2 -39.9902 {10, 16, 27, 36} {8.13686, 17.1955, 22.1760}                                            
 7.3 -39.9804 {10, 16, 27, 32} {8.13686, 17.1955, 20.1369}                                            
 8.0 -36.0036 {8, 12, 19, 24} {7.01955, 14.9751, 19.0196}                                              
 8.1 -35.9987 {8, 12, 19, 32} {7.01955, 14.9751, 24.0000}                                              
 8.2 -27.9462 {5, 9, 12, 20} {10.1760, 15.1564, 24.0000}                                                
 8.3 -39.9586 {10, 17, 24, 45} {9.18642, 15.1564, 26.0391}                                            
 8.4 -18.8148 {3, 5, 7, 14} {8.84359, 14.6687, 26.6687}                                                  
 9.0 -33.9025 {7, 9, 12, 20} {4.35084, 9.33129, 18.1749}                                                
 9.1 -23.7661 {4, 5, 7, 11} {3.86314, 9.68826, 17.5132}                                                  
 9.2 -23.8536 {4, 5, 7, 10} {3.86314, 9.68826, 15.8631}                                                  
 9.3 -30.8927 {6, 7, 10, 16} {2.66871, 8.84359, 16.9804}                                                
 10.0 -42.9120 {12, 15, 20, 30} {3.86314, 8.84359, 15.8631}                                          
 10.1 -27.9025 {5, 7, 9, 12} {5.82512, 10.1760, 15.1564}                                                
 10.2 -18.9756 {3, 4, 5, 6} {4.98045, 8.84359, 12.0000}                                                  
 10.3 -30.9025 {6, 7, 9, 10} {2.66871, 7.01955, 8.84359}                                                
 11.0 -27.8927 {5, 6, 7, 8} {3.15641, 5.82512, 8.13686}                                                  
 11.1 -42.9817 {12, 15, 17, 19} {3.86314, 6.03000, 7.95558}                                          
 11.2 -33.9025 {7, 9, 10, 12} {4.35084, 6.17488, 9.33129}                                              
 11.3 -27.8927 {5, 6, 7, 8} {3.15641, 5.82512, 8.13686}                                                  
 12.0 -30.9025 {6, 7, 9, 10} {2.66871, 7.01955, 8.84359}                                                
 12.1 -49.0257 {17, 19, 24, 27} {1.92558, 5.97000, 8.00910}                                          
 12.2 -33.8927 {7, 8, 10, 12} {2.31174, 6.17488, 9.33129}                                              
 12.3 -30.9025 {6, 7, 9, 10} {2.66871, 7.01955, 8.84359}                                                
 13.0 -27.9025 {5, 6, 7, 9} {3.15641, 5.82512, 10.1760}                                                  
 13.1 -45.8132 {14, 19, 20, 25} {5.28687, 6.17488, 10.0380}                                          
 13.2 -43.0880 {12, 16, 17, 23} {4.98045, 6.03000, 11.2632}                                          
 13.3 -27.9025 {5, 6, 7, 9} {3.15641, 5.82512, 10.1760}                                                  
 14.0 -39.9351 {10, 12, 15, 19} {3.15641, 7.01955, 11.1120}                                          
 14.1 -39.9768 {10, 12, 17, 19} {3.15641, 9.18642, 11.1120}                                          
 14.2 -30.8976 {6, 7, 10, 12} {2.66871, 8.84359, 12.0000}                                              
 14.3 -39.9351 {10, 12, 15, 19} {3.15641, 7.01955, 11.1120}                                          
 15.0 -11.9707 {2, 3, 4, 5} {7.01955, 12.0000, 15.8631}                                                  
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Table 26.  (continued) 

  Best Best Best                                                                                               
 Chord fundamental harmonic intonation                                                             
 number (MIDI) state vector                                                                             

 15.1 -11.9707 {2, 3, 4, 5} {7.01955, 12.0000, 15.8631}                                                  
 16.0 -11.9707 {2, 3, 4, 5} {7.01955, 12.0000, 15.8631}                                                  
 16.1 -11.9707 {2, 3, 4, 5} {7.01955, 12.0000, 15.8631}                                                  
 16.2 -11.9707 {2, 3, 4, 5} {7.01955, 12.0000, 15.8631}                                                  
 17.0 -11.9707 {2, 3, 4, 5} {7.01955, 12.0000, 15.8631}                                                  
 17.1 -23.8927 {4, 6, 7, 10} {7.01955, 9.68826, 15.8631}                                                
 17.2 -11.9707 {2, 3, 4, 5} {7.01955, 12.0000, 15.8631}                                                  
 17.3 -46.9413 {15, 24, 32, 40} {8.13686, 13.1173, 16.9804}                                          
 18.0 -27.9511 {5, 9, 12, 15} {10.1760, 15.1564, 19.0196}                                              
 18.1 -27.9804 {5, 9, 12, 16} {10.1760, 15.1564, 20.1369}                                              
 18.2 -30.8865 {6, 10, 14, 19} {8.84359, 14.6687, 19.9556}                                            
 18.3 -18.9025 {3, 5, 7, 9} {8.84359, 14.6687, 19.0196}                                                  
 19.0 -23.8927 {4, 7, 10, 12} {9.68826, 15.8631, 19.0196}                                              
 19.1 -42.9791 {12, 19, 30, 36} {7.95558, 15.8631, 19.0196}                                          
 19.2 -11.9756 {2, 3, 5, 6} {7.01955, 15.8631, 19.0196}                                                  

!!
Table 27.  Bozza Trois Pièces Second Movement Opening CLD Analysis 

 Chord              
 number CLD                                                                

 0.0 {-6.28197E-3, 2.38491E-3, -6.65233E-4, 4.56229E-3}                                
 1.0 {-6.28197E-3, 2.38491E-3, -6.65233E-4, 4.56229E-3}                                
 1.1 {-1.03088E-2, -3.23735E-3, 4.94130E-3, 8.60488E-3}                                
 2.0 {-9.78734E-3, -2.36932E-3, 5.53214E-3, 6.62453E-3}                                
 2.1 {-9.47140E-3, -1.49665E-3, 3.67278E-3, 7.29527E-3}                                
 2.2 {-6.56025E-3, -1.44987E-3, 3.52423E-3, 4.48588E-3}                                
 3.0 {-1.69260E-2, -1.07853E-3, 4.70560E-4, 1.75340E-2}                                
 3.1 {-9.62948E-3, -8.32014E-3, 1.29588E-2, 4.99080E-3}                                
 3.2 {-6.82257E-3, -9.76423E-4, 3.29771E-3, 4.50129E-3}                                
 3.3 {-9.62948E-3, -8.32014E-3, 1.29588E-2, 4.99080E-3}                                
 4.0 {-1.24757E-2, 8.66183E-6, 3.86378E-3, 8.60327E-3}                                 
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Table 27.  (continued) 

 Chord              
 number CLD                                                                

 4.1 {-1.87495E-2, -1.67416E-2, 2.55804E-2, 9.91068E-3}                                
 4.2 {-9.62948E-3, -8.32014E-3, 1.29588E-2, 4.99080E-3}                                
 5.0 {-9.62948E-3, -8.32014E-3, 1.29588E-2, 4.99080E-3}                                
 5.1 {-1.76037E-2, -5.01532E-3, 3.45162E-3, 1.91674E-2}                                
 5.2 {-6.86858E-3, -2.78848E-3, 5.10486E-3, 4.55220E-3}                                
 5.3 {-1.76037E-2, -5.01532E-3, 3.45162E-3, 1.91674E-2}                                
 6.0 {-1.03088E-2, -3.23735E-3, 4.94130E-3, 8.60488E-3}                                
 6.1 {-1.07277E-2, -4.02175E-3, 3.37135E-3, 1.13781E-2}                                
 6.2 {-1.08842E-2, -4.64643E-3, 2.91647E-3, 1.26142E-2}                                
 7.0 {-6.81850E-3, -3.18030E-3, 3.82639E-3, 6.17241E-3}                                
 7.1 {-7.20602E-3, -2.34296E-3, 2.67213E-3, 6.87685E-3}                                
 7.2 {-3.36924E-3, -4.26851E-3, 2.74925E-3, 4.88850E-3}                                
 7.3 {-3.87962E-3, -3.82059E-3, 4.00823E-3, 3.69198E-3}                                
 8.0 {-1.03088E-2, -3.23735E-3, 4.94130E-3, 8.60488E-3}                                
 8.1 {-1.07277E-2, -4.02175E-3, 3.37135E-3, 1.13781E-2}                                
 8.2 {-1.37553E-2, -1.28175E-3, 2.08694E-3, 1.29501E-2}                                
 8.3 {-6.08201E-3, -1.17914E-3, 6.46521E-4, 6.61463E-3}                                
 8.4 {1.43244E-3, -1.65512E-2, 3.42959E-4, 1.47758E-2}                                 
 9.0 {4.97383E-3, -2.86102E-3, -1.55840E-3, -5.54417E-4}                                
 9.1 {3.55933E-3, -1.32427E-2, -1.04972E-2, 2.01806E-2}                                
 9.2 {-2.82811E-3, -1.66587E-2, 1.76235E-2, 1.86328E-3}                                
 9.3 {-6.94746E-3, 8.76836E-3, -7.20466E-3, 5.38376E-3}                                
 10.0 {-1.77054E-3, -3.55805E-3, 5.43612E-4, 4.78498E-3}                              
 10.1 {-1.73651E-2, 1.25611E-2, 1.48091E-3, 3.32309E-3}                               
 10.2 {-2.24716E-2, -1.05371E-2, 2.11878E-2, 1.18209E-2}                              
 10.3 {-7.73091E-3, 1.25611E-2, 1.48091E-3, -6.31107E-3}                              
 11.0 {-1.75422E-2, -2.47193E-3, 1.97536E-2, 2.60530E-4}                              
 11.1 {-4.85251E-3, 2.35823E-3, 1.57666E-3, 9.17620E-4}                               
 11.2 {8.23874E-3, -1.07853E-3, -7.63077E-3, 4.70560E-4}                              
 11.3 {-1.75422E-2, -2.47193E-3, 1.97536E-2, 2.60530E-4}                              
 12.0 {-7.73091E-3, 1.25611E-2, 1.48091E-3, -6.31107E-3}                              
 12.1 {-2.78062E-3, -7.48754E-4, 8.96671E-4, 2.63270E-3}                              
 12.2 {8.76836E-3, -5.01532E-3, -7.20466E-3, 3.45162E-3}                              
 12.3 {-7.73091E-3, 1.25611E-2, 1.48091E-3, -6.31107E-3}                              
 13.0 {-1.73643E-2, -5.90728E-3, 1.82241E-2, 5.04748E-3}                              
 13.1 {-1.82577E-3, 3.79678E-3, -2.64986E-3, 6.78849E-4}                              
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Table 27.  (continued) 

 Chord              
 number CLD                                                                

 13.2 {-5.86591E-3, -2.07296E-3, -3.58319E-3, 1.15221E-2}                              
 13.3 {-1.73643E-2, -5.90728E-3, 1.82241E-2, 5.04748E-3}                              
 14.0 {-4.32841E-3, -3.53604E-4, 7.78205E-4, 3.90381E-3}                              
 14.1 {-9.54623E-4, -3.99804E-3, 3.01717E-3, 1.93549E-3}                              
 14.2 {-7.32318E-3, 1.06639E-2, -6.76582E-3, 3.42507E-3}                              
 14.3 {-4.32841E-3, -3.53604E-4, 7.78205E-4, 3.90381E-3}                              
 15.0 {-4.02091E-2, -9.97843E-3, 5.48748E-3, 4.47001E-2}                              
 15.1 {-4.02091E-2, -9.97843E-3, 5.48748E-3, 4.47001E-2}                              
 16.0 {-4.02091E-2, -9.97843E-3, 5.48748E-3, 4.47001E-2}                              
 16.1 {-4.02091E-2, -9.97843E-3, 5.48748E-3, 4.47001E-2}                              
 16.2 {-4.02091E-2, -9.97843E-3, 5.48748E-3, 4.47001E-2}                              
 17.0 {-4.02091E-2, -9.97843E-3, 5.48748E-3, 4.47001E-2}                              
 17.1 {-1.44460E-2, -2.47193E-3, 1.97536E-2, -2.83567E-3}                              
 17.2 {-4.02091E-2, -9.97843E-3, 5.48748E-3, 4.47001E-2}                              
 17.3 {-4.86552E-3, -2.89968E-4, 1.29326E-3, 3.86223E-3}                              
 18.0 {-1.24757E-2, 8.66183E-6, 3.86378E-3, 8.60327E-3}                               
 18.1 {-7.57139E-3, -2.53219E-3, 2.32946E-3, 7.77413E-3}                              
 18.2 {-7.32411E-3, -8.39167E-3, 1.28176E-2, 2.89816E-3}                              
 18.3 {-1.87495E-2, -1.67416E-2, 2.55804E-2, 9.91068E-3}                              
 19.0 {-1.52392E-2, 1.35191E-2, -5.47617E-3, 7.19636E-3}                              
 19.1 {-6.80650E-3, -2.81711E-3, 4.88906E-3, 4.73456E-3}                              
 19.2 {-4.31165E-2, -1.65282E-2, 3.53919E-2, 2.42528E-2}                              

!!
Table 28.  Bozza Trois Pièces Second Movement Opening Temporal Index Analysis 

 Chord              
 number FTI STI                                                                                      

 0.0 5.32200E-6 1.11997E-4                                                                            
 1.0 5.32200E-6 1.11997E-4                                                                            
 1.1 1.25790E-34 9.18583E-5                                                                          
 2.0 1.40619E-3 9.18629E-5                                                                            
 2.1 1.81524E-20 9.18907E-5                                                                          
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Table 28.  (continued) 

 Chord              
 number FTI STI                                                                                      

 2.2 1.75865E-25 9.05321E-5                                                                          
 3.0 1.85760E-28 9.03073E-5                                                                          
 3.1 1.85760E-28 9.05290E-5                                                                          
 3.2 1.75865E-25 9.09830E-5                                                                          
 3.3 1.85760E-28 9.05290E-5                                                                          
 4.0 3.97817E-49 9.03073E-5                                                                          
 4.1 1.16884E-52 9.05289E-5                                                                          
 4.2 1.85760E-28 9.05290E-5                                                                          
 5.0 1.85760E-28 9.05290E-5                                                                          
 5.1 1.85760E-28 9.09798E-5                                                                          
 5.2 5.26170E-14 9.09787E-5                                                                          
 5.3 1.85760E-28 9.09798E-5                                                                          
 6.0 1.25790E-34 9.18583E-5                                                                          
 6.1 1.25790E-34 9.18583E-5                                                                          
 6.2 1.25790E-34 9.18583E-5                                                                          
 7.0 1.17365E-47 9.09787E-5                                                                          
 7.1 1.17365E-47 9.09783E-5                                                                          
 7.2 1.17365E-47 9.09783E-5                                                                          
 7.3 1.50812E-35 9.09783E-5                                                                          
 8.0 1.25790E-34 9.18583E-5                                                                          
 8.1 1.25790E-34 9.18583E-5                                                                          
 8.2 3.97817E-49 9.03073E-5                                                                          
 8.3 8.54238E-64 9.05289E-5                                                                          
 8.4 8.54238E-64 9.05289E-5                                                                          
 9.0 2.80458E-10 1.02006E-4                                                                          
 9.1 2.80458E-10 1.01784E-4                                                                          
 9.2 2.80458E-10 1.01785E-4                                                                          
 9.3 5.32200E-6 1.10636E-4                                                                            
 10.0 2.80458E-10 1.02007E-4                                                                        
 10.1 2.22474E-19 9.36852E-5                                                                        
 10.2 8.10890E-15 9.68977E-5                                                                        
 10.3 1.16036E-5 1.12370E-4                                                                          
 11.0 3.26547E-5 1.14464E-4                                                                          
 11.1 2.21946E-4 1.05835E-4                                                                          
 11.2 2.19595E-4 1.05384E-4                                                                          
 11.3 3.26547E-5 1.14464E-4                                                                          
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Table 28.  (continued) 

 Chord              
 number FTI STI                                                                                      

 12.0 1.16036E-5 1.12370E-4                                                                          
 12.1 3.37503E-3 1.28490E-4                                                                          
 12.2 3.37487E-3 1.28039E-4                                                                          
 12.3 1.16036E-5 1.12370E-4                                                                          
 13.0 5.32227E-6 1.13792E-4                                                                          
 13.1 4.95883E-2 1.00021E-4                                                                          
 13.2 4.95883E-2 9.99173E-5                                                                          
 13.3 5.32227E-6 1.13792E-4                                                                          
 14.0 5.32200E-6 1.12044E-4                                                                          
 14.1 5.36567E-6 1.10715E-4                                                                          
 14.2 5.32200E-6 1.10668E-4                                                                          
 14.3 5.32200E-6 1.12044E-4                                                                          
 15.0 1.33267E-34 9.18897E-5                                                                        
 15.1 1.33267E-34 9.18897E-5                                                                        
 16.0 1.33267E-34 9.18897E-5                                                                        
 16.1 1.33267E-34 9.18897E-5                                                                        
 16.2 1.33267E-34 9.18897E-5                                                                        
 17.0 1.33267E-34 9.18897E-5                                                                        
 17.1 5.27931E-12 9.20404E-5                                                                        
 17.2 1.33267E-34 9.18897E-5                                                                        
 17.3 3.10092E-39 9.09910E-5                                                                        
 18.0 3.97817E-49 9.03073E-5                                                                        
 18.1 3.97817E-49 9.03073E-5                                                                        
 18.2 8.54238E-64 9.05289E-5                                                                        
 18.3 1.16884E-52 9.05289E-5                                                                        
 19.0 8.47711E-32 9.03062E-5                                                                        
 19.1 8.47711E-32 9.09787E-5                                                                        
 19.2 8.47712E-32 9.18572E-5                                                                        

!!
 Tables 25–28 show the PAE analysis for the Bozza excerpt assuming equal 

temperament intonation. Table 29 compares the IC PAE values of equal temperament to 

that of just intonation, as defined by the best intonation vectors shown on Table 26. 
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Tables 30 and 31 list the respective CLD and temporal index analysis for the same 

excerpt when tuned to just intonation. 

!
Table 29.  Bozza Trois Pièces Second Movement Opening Chords 

  Equal Just IC                                                                                                      
  tempered intonation PAE                                                                                     
 Chord IC IC net                                                                                                    
 number PAE PAE change                                                                                      

 0.0 0.937420 0.927402 -1.00181E-2                                                                              
 1.0 0.937420 0.927402 -1.00181E-2                                                                              
 1.1 0.931661 0.930866 -7.94929E-4                                                                              
 2.0 0.927144 0.925711 -1.43325E-3                                                                              
 2.1 0.924148 0.923491 -6.57079E-4                                                                              
 2.2 0.949483 0.937323 -1.21601E-2                                                                              
 3.0 0.946359 0.892757 -5.36022E-2                                                                              
 3.1 0.955396 0.908522 -4.68747E-2                                                                              
 3.2 0.954046 0.952533 -1.51208E-3                                                                              
 3.3 0.955396 0.908522 -4.68747E-2                                                                              
 4.0 0.915041 0.894591 -2.04507E-2                                                                              
 4.1 0.909787 0.819639 -9.01477E-2                                                                              
 4.2 0.955396 0.908522 -4.68747E-2                                                                              
 5.0 0.955396 0.908522 -4.68747E-2                                                                              
 5.1 0.939989 0.889552 -5.04371E-2                                                                              
 5.2 0.960328 0.954463 -5.86495E-3                                                                              
 5.3 0.939989 0.889552 -5.04371E-2                                                                              
 6.0 0.931661 0.930866 -7.94929E-4                                                                              
 6.1 0.936216 0.935664 -5.52535E-4                                                                              
 6.2 0.938736 0.937530 -1.20521E-3                                                                              
 7.0 0.962516 0.958224 -4.29203E-3                                                                              
 7.1 0.959365 0.958893 -4.72668E-4                                                                              
 7.2 0.958871 0.949644 -9.22728E-3                                                                              
 7.3 0.956647 0.948139 -8.50769E-3                                                                              
 8.0 0.931661 0.930866 -7.94929E-4                                                                              
 8.1 0.936216 0.935664 -5.52535E-4                                                                              
 8.2 0.922944 0.901906 -2.10387E-2                                                                              
 8.3 0.960870 0.951691 -9.17961E-3                                                                              
 8.4 0.916711 0.838501 -7.82108E-2                                                                              
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Table 29.  (continued) 

  Equal Just IC                                                                                                      
  tempered intonation PAE                                                                                     
 Chord IC IC net                                                                                                    
 number PAE PAE change                                                                                      

 9.0 0.954893 0.909820 -4.50739E-2                                                                              
 9.1 0.950184 0.840368 -1.09816E-1                                                                              
 9.2 0.893114 0.836519 -5.65952E-2                                                                              
 9.3 0.939989 0.889552 -5.04371E-2                                                                              
 10.0 0.951854 0.944837 -7.01677E-3                                                                            
 10.1 0.936210 0.872466 -6.37441E-2                                                                            
 10.2 0.802105 0.770425 -3.16801E-2                                                                            
 10.3 0.936210 0.872466 -6.37441E-2                                                                            
 11.0 0.915132 0.843803 -7.13289E-2                                                                            
 11.1 0.943895 0.935601 -8.29429E-3                                                                            
 11.2 0.946359 0.892757 -5.36022E-2                                                                            
 11.3 0.915132 0.843803 -7.13289E-2                                                                            
 12.0 0.936210 0.872466 -6.37441E-2                                                                            
 12.1 0.954941 0.953247 -1.69333E-3                                                                            
 12.2 0.939989 0.889552 -5.04371E-2                                                                            
 12.3 0.936210 0.872466 -6.37441E-2                                                                            
 13.0 0.924140 0.848335 -7.58049E-2                                                                            
 13.1 0.966623 0.947635 -1.89874E-2                                                                            
 13.2 0.961476 0.939587 -2.18895E-2                                                                            
 13.3 0.924140 0.848335 -7.58049E-2                                                                            
 14.0 0.936366 0.926465 -9.90126E-3                                                                            
 14.1 0.940111 0.928730 -1.13809E-2                                                                            
 14.2 0.937974 0.881316 -5.66582E-2                                                                            
 14.3 0.936366 0.926465 -9.90126E-3                                                                            
 15.0 0.736295 0.697862 -3.84324E-2                                                                            
 15.1 0.736295 0.697862 -3.84324E-2                                                                            
 16.0 0.736295 0.697862 -3.84324E-2                                                                            
 16.1 0.736295 0.697862 -3.84324E-2                                                                            
 16.2 0.736295 0.697862 -3.84324E-2                                                                            
 17.0 0.736295 0.697862 -3.84324E-2                                                                            
 17.1 0.915132 0.843803 -7.13289E-2                                                                            
 17.2 0.736295 0.697862 -3.84324E-2                                                                            
 17.3 0.967486 0.961619 -5.86790E-3                                                                            
 18.0 0.915041 0.894591 -2.04507E-2                                                                            
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Table 29.  (continued) 

  Equal Just IC                                                                                                      
  tempered intonation PAE                                                                                     
 Chord IC IC net                                                                                                    
 number PAE PAE change                                                                                      

 18.1 0.912135 0.896278 -1.58570E-2                                                                            
 18.2 0.949571 0.911030 -3.85409E-2                                                                            
 18.3 0.909787 0.819639 -9.01477E-2                                                                            
 19.0 0.928635 0.868655 -5.99802E-2                                                                            
 19.1 0.960434 0.955109 -5.32550E-3                                                                            
 19.2 0.764662 0.726988 -3.76741E-2                                                                            

!!
Table 30.  Bozza Trois Pièces Second Movement Opening Just Intonation CLD Analysis 

 Chord              
 number CLD                                                                

 0.0 {-5.81207E-3, -2.50303E-3, 1.54691E-3, 6.76819E-3}                                
 1.0 {-5.81207E-3, -2.50303E-3, 1.54691E-3, 6.76819E-3}                                
 1.1 {-1.02365E-2, -3.22861E-3, 4.71370E-3, 8.75138E-3}                                
 2.0 {-9.66406E-3, -2.13364E-3, 5.39678E-3, 6.40093E-3}                                
 2.1 {-9.38964E-3, -1.63419E-3, 3.86840E-3, 7.15543E-3}                                
 2.2 {-8.97124E-3, -9.67024E-4, 3.54072E-3, 6.39755E-3}                                
 3.0 {-1.67090E-2, -9.49961E-4, 6.76302E-3, 1.08959E-2}                                
 3.1 {-1.37193E-2, -2.03696E-3, 5.65801E-3, 1.00983E-2}                                
 3.2 {-6.67882E-3, -1.22571E-3, 2.94420E-3, 4.96033E-3}                                
 3.3 {-1.37193E-2, -2.03696E-3, 5.65801E-3, 1.00983E-2}                                
 4.0 {-1.68778E-2, -1.38825E-3, 6.19284E-3, 1.20732E-2}                                
 4.1 {-2.76937E-2, -4.66045E-3, 1.05112E-2, 2.18430E-2}                                
 4.2 {-1.37193E-2, -2.03696E-3, 5.65801E-3, 1.00983E-2}                                
 5.0 {-1.37193E-2, -2.03696E-3, 5.65801E-3, 1.00983E-2}                                
 5.1 {-1.63953E-2, -3.41752E-3, 7.77818E-3, 1.20346E-2}                                
 5.2 {-6.87975E-3, -1.64830E-3, 3.55158E-3, 4.97647E-3}                                
 5.3 {-1.63953E-2, -3.41752E-3, 7.77818E-3, 1.20346E-2}                                
 6.0 {-1.02365E-2, -3.22861E-3, 4.71370E-3, 8.75138E-3}                                
 6.1 {-1.06829E-2, -4.16134E-3, 3.22982E-3, 1.16144E-2}                                
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Table 30.  (continued) 

 Chord              
 number CLD                                                                

 6.2 {-1.08328E-2, -4.50046E-3, 2.67623E-3, 1.26570E-2}                                
 7.0 {-7.21187E-3, -2.41253E-3, 2.35785E-3, 7.26655E-3}                                
 7.1 {-7.26225E-3, -2.53973E-3, 2.81755E-3, 6.98443E-3}                                
 7.2 {-8.63669E-3, -2.71979E-3, 3.86742E-3, 7.48906E-3}                                
 7.3 {-8.51302E-3, -2.41929E-3, 4.36476E-3, 6.56755E-3}                                
 8.0 {-1.02365E-2, -3.22861E-3, 4.71370E-3, 8.75138E-3}                                
 8.1 {-1.06829E-2, -4.16134E-3, 3.22982E-3, 1.16144E-2}                                
 8.2 {-1.74703E-2, -3.05566E-3, 3.99934E-3, 1.65266E-2}                                
 8.3 {-8.78680E-3, -2.37822E-3, 1.78654E-3, 9.37847E-3}                                
 8.4 {-2.92573E-2, -8.63280E-3, 4.95220E-3, 3.29379E-2}                                
 9.0 {-1.03715E-2, -4.70559E-3, 1.78023E-3, 1.32968E-2}                                
 9.1 {-1.79023E-2, -8.99712E-3, 4.43081E-3, 2.24686E-2}                                
 9.2 {-1.73602E-2, -8.24023E-3, 5.51150E-3, 2.00889E-2}                                
 9.3 {-1.13610E-2, -7.10458E-3, 2.74392E-3, 1.57217E-2}                                
 10.0 {-5.68953E-3, -2.61224E-3, 1.35508E-3, 6.94669E-3}                              
 10.1 {-1.43454E-2, -3.61750E-3, 4.39530E-3, 1.35676E-2}                              
 10.2 {-2.14029E-2, -4.89176E-3, 7.91528E-3, 1.83794E-2}                              
 10.3 {-8.53238E-3, -3.61750E-3, 4.39530E-3, 7.75457E-3}                              
 11.0 {-9.65295E-3, -2.53343E-3, 3.48604E-3, 8.70034E-3}                              
 11.1 {-4.14966E-3, -5.57088E-4, 1.45802E-3, 3.24873E-3}                              
 11.2 {-7.68790E-3, -9.49961E-4, 1.87484E-3, 6.76302E-3}                              
 11.3 {-9.65295E-3, -2.53343E-3, 3.48604E-3, 8.70034E-3}                              
 12.0 {-8.53238E-3, -3.61750E-3, 4.39530E-3, 7.75457E-3}                              
 12.1 {-2.68444E-3, -1.38442E-3, 1.34610E-3, 2.72277E-3}                              
 12.2 {-7.10458E-3, -3.41752E-3, 2.74392E-3, 7.77818E-3}                              
 12.3 {-8.53238E-3, -3.61750E-3, 4.39530E-3, 7.75457E-3}                              
 13.0 {-1.04893E-2, -3.57639E-3, 2.26842E-3, 1.17973E-2}                              
 13.1 {-4.06439E-3, -6.65962E-5, 6.04891E-4, 3.52609E-3}                              
 13.2 {-4.85787E-3, -5.12937E-4, 4.02692E-4, 4.96812E-3}                              
 13.3 {-1.04893E-2, -3.57639E-3, 2.26842E-3, 1.17973E-2}                              
 14.0 {-5.65134E-3, -2.29959E-3, 1.80262E-3, 6.14832E-3}                              
 14.1 {-6.03477E-3, -2.78627E-3, 3.41964E-3, 5.40139E-3}                              
 14.2 {-1.00742E-2, -5.50042E-3, 5.08249E-3, 1.04922E-2}                              
 14.3 {-5.65134E-3, -2.29959E-3, 1.80262E-3, 6.14832E-3}                              
 15.0 {-3.80486E-2, -7.42206E-3, 1.43078E-2, 3.11628E-2}                              
 15.1 {-3.80486E-2, -7.42206E-3, 1.43078E-2, 3.11628E-2}                              
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Table 30.  (continued) 

 Chord              
 number CLD                                                                

 16.0 {-3.80486E-2, -7.42206E-3, 1.43078E-2, 3.11628E-2}                              
 16.1 {-3.80486E-2, -7.42206E-3, 1.43078E-2, 3.11628E-2}                              
 16.2 {-3.80486E-2, -7.42206E-3, 1.43078E-2, 3.11628E-2}                              
 17.0 {-3.80486E-2, -7.42206E-3, 1.43078E-2, 3.11628E-2}                              
 17.1 {-1.83665E-2, -2.53343E-3, 3.48604E-3, 1.74139E-2}                              
 17.2 {-3.80486E-2, -7.42206E-3, 1.43078E-2, 3.11628E-2}                              
 17.3 {-5.29789E-3, -7.88030E-4, 1.97239E-3, 4.11353E-3}                              
 18.0 {-1.68778E-2, -1.38825E-3, 6.19284E-3, 1.20732E-2}                              
 18.1 {-1.70260E-2, -1.78441E-3, 5.67534E-3, 1.31351E-2}                              
 18.2 {-1.39616E-2, -2.59958E-3, 4.88437E-3, 1.16768E-2}                              
 18.3 {-2.76937E-2, -4.66045E-3, 1.05112E-2, 2.18430E-2}                              
 19.0 {-2.11345E-2, -2.75871E-3, 8.95320E-3, 1.49400E-2}                              
 19.1 {-6.94251E-3, -1.78528E-3, 3.34082E-3, 5.38697E-3}                              
 19.2 {-4.12994E-2, -1.36251E-2, 2.12403E-2, 3.36842E-2}                              

!!
Table 31.  Bozza Trois Pièces Just Intonation Temporal Index Analysis 

 Chord              
 number FTI STI                                                                                      

 0.0 1.44617E-6 1.10325E-4                                                                            
 1.0 1.44617E-6 1.10325E-4                                                                            
 1.1 7.44708E-35 9.18352E-5                                                                          
 2.0 2.77755E-3 9.18397E-5                                                                            
 2.1 4.03126E-20 9.18677E-5                                                                          
 2.2 8.70737E-28 9.05846E-5                                                                          
 3.0 9.89726E-23 9.02824E-5                                                                          
 3.1 7.44708E-35 9.05812E-5                                                                          
 3.2 1.45217E-24 9.10108E-5                                                                          
 3.3 7.44708E-35 9.05812E-5                                                                          
 4.0 1.60271E-49 9.02824E-5                                                                          
 4.1 8.27442E-61 9.05812E-5                                                                          
 4.2 7.44708E-35 9.05812E-5                                                                          



!175
Table 31.  (continued) 

 Chord              
 number FTI STI                                                                                      

 5.0 7.44708E-35 9.05812E-5                                                                          
 5.1 9.89726E-23 9.08982E-5                                                                          
 5.2 3.81185E-16 9.10069E-5                                                                          
 5.3 9.89726E-23 9.08982E-5                                                                          
 6.0 7.44708E-35 9.18352E-5                                                                          
 6.1 7.44708E-35 9.18352E-5                                                                          
 6.2 7.44708E-35 9.18352E-5                                                                          
 7.0 5.14090E-47 9.10068E-5                                                                          
 7.1 5.14090E-47 9.10064E-5                                                                          
 7.2 1.13329E-49 9.08969E-5                                                                          
 7.3 7.44708E-35 9.08969E-5                                                                          
 8.0 7.44708E-35 9.18352E-5                                                                          
 8.1 7.44708E-35 9.18352E-5                                                                          
 8.2 1.13329E-49 9.02824E-5                                                                          
 8.3 4.93277E-67 9.04742E-5                                                                          
 8.4 6.75603E-61 9.05812E-5                                                                          
 9.0 3.56498E-12 9.97913E-5                                                                          
 9.1 1.34691E-9 1.02776E-4                                                                            
 9.2 1.34691E-9 1.02777E-4                                                                            
 9.3 6.40656E-5 1.14622E-4                                                                            
 10.0 1.34691E-9 1.02998E-4                                                                          
 10.1 1.39968E-22 9.40632E-5                                                                        
 10.2 6.60231E-16 9.70254E-5                                                                        
 10.3 9.06025E-5 1.16333E-4                                                                          
 11.0 2.50484E-6 1.13137E-4                                                                          
 11.1 9.06025E-5 1.06737E-4                                                                          
 11.2 6.30021E-4 1.02806E-4                                                                          
 11.3 2.50484E-6 1.13137E-4                                                                          
 12.0 9.06025E-5 1.16333E-4                                                                          
 12.1 4.83034E-3 1.29879E-4                                                                          
 12.2 6.30021E-4 1.22487E-4                                                                          
 12.3 9.06025E-5 1.16333E-4                                                                          
 13.0 2.04520E-6 1.12521E-4                                                                          
 13.1 7.10910E-2 9.86252E-5                                                                          
 13.2 4.07432E-2 9.99122E-5                                                                          
 13.3 2.04520E-6 1.12521E-4                                                                          
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Table 31.  (continued) 

 Chord              
 number FTI STI                                                                                      

 14.0 1.44617E-6 1.10364E-4                                                                          
 14.1 2.04520E-6 1.09004E-4                                                                          
 14.2 6.40656E-5 1.14654E-4                                                                          
 14.3 1.44617E-6 1.10364E-4                                                                          
 15.0 1.28987E-34 9.18666E-5                                                                        
 15.1 1.28987E-34 9.18666E-5                                                                        
 16.0 1.28987E-34 9.18666E-5                                                                        
 16.1 1.28987E-34 9.18666E-5                                                                        
 16.2 1.28987E-34 9.18666E-5                                                                        
 17.0 1.28987E-34 9.18666E-5                                                                        
 17.1 1.34691E-9 9.20699E-5                                                                          
 17.2 1.28987E-34 9.18666E-5                                                                        
 17.3 2.41341E-39 9.09083E-5                                                                        
 18.0 1.60271E-49 9.02824E-5                                                                        
 18.1 1.13329E-49 9.02824E-5                                                                        
 18.2 6.75603E-61 9.05812E-5                                                                        
 18.3 8.27442E-61 9.05812E-5                                                                        
 19.0 7.44708E-35 9.03588E-5                                                                        
 19.1 7.44708E-35 9.10068E-5                                                                        
 19.2 1.05318E-34 9.18341E-5                                                                        

!!
 Four trombones can easily tune these harmonies in almost any possible way. Table 

29 reveals the advantages of just intonation over equal temperament in this passage. It 

minimizes the IC PAE value in every instance, in some cases rather significantly. 

Recording 37 plays each chord from Tables 25–31 in order tuned to equal temperament. 

Recording 38 plays each chord from Tables 25–31 tuned to just intonation, as defined by 

the best intonation vectors on Table 26. 
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 Recordings 37 and 38 reveal the defining characteristics of just intonation and 

equal temperament. For harmonies with lower PAE values, just intonation chords are 

pure and intense. Equal tempered chords tend to sound unsettled, often creating beat 

frequencies. However, just intonation creates many challenges with voice leading. The 

three high Cs in the first trombone part in measures 9 and 10 are tuned to entirely 

different pitches in the just intonation example in order to best align with the harmonic 

numbers. While this produces pure harmonies, the inconsistencies of pitch placement in 

each of the melodic lines can create the perception of being out of tune. 

 There are several possible solutions to this voice leading issue that preserve the 

just intonation. First, the chords can be tuned around the most important melodic voice 

instead of always the bass voice. This would allow the three high Cs in measures 9 and 

10 to maintain the same pitch level. However, it would still do so at the expense of the 

expense of melodic interval consistency in the other voices. Another solution might be to 

split the pitch difference between the voices, allowing each to share just a bit of the 

overall pitch distortion. 

 A more nuanced solution might be to employ equal temperament for the chords 

with higher IC PAE values and just intonation for the chords with lower IC PAE values. 

This would give the passing harmonies a higher IC PAE value while preserving the 

consistency of many of the melodic intervals. In addition, it allows for lower IC PAE 

values on the more prominent chords. Ultimately, the decision of which chords to tune 

justly is up to the performer. Composers may also decide to specify how best to tune 
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various chords. In this way, intonation is an expressive device. However, PAE analysis 

greatly informs this decision. The best intonation vectors are particularly helpful when 

confronting non-tertian harmonies. 

!
Conclusion and Topics for Further Research 

 This dissertation discussed much of the current and historical theories of 

harmonic stability in the context of music performance, theory and composition. It then 

developed a PAE model and applied its analytic implications to a few very specific 

musical examples. The complete realization of its potential for musical analysis is far 

beyond the scope of this dissertation. Instead, this writing created a new framework for 

developing modern psychoacoustic foundations of music theory. 

 Any music theory with psychoacoustic foundations would be both practical for 

performers, conductors and composers as well as deeply insightful for theorists and 

historians. The PAE model developed by this paper focused mainly on what Edward 

Cone called the "immediate apprehension of music," which was modeled using the time-

windowed frequency spectrum. The time-windowed frequency spectrum can be imagined 

as a general definition of harmony, applying to any SPW at a given moment in time. In 

this view, timbres are merely complex harmonies and bound by the same psychoacoustic 

principles. Generalized rhythm can then be defined as how this generalized harmony 

evolves over time. 

 Musically, PAE measures how out of tune a given chord is perceived to be by the 

HAS. Similar to Roman numeral analysis, PAE analysis both names a chord by its best 
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harmonic state and implies its "root" as a best fundamental. It also resolves many of the 

important theoretical questions in the history of Western tonal harmony. Why is the 

seventh harmonic so flat? The barbershop seventh chord {4, 5, 6, 7} utilizes the seventh 

harmonic to minimize its PAE. What are the highest perceivable harmonics? The HAS 

actually perceives them all, but to a diminishing extent as they become higher. Why does 

one not perceive {440, 441} as a horribly out of tune pitch? The pitch uncertainty 

function causes the HAS to perceive it as a slightly out of tune unison {1, 1}. What is the 

role of the undertone series in harmony? The undertone series plays no important 

perceptual role. All combinations of undertones are simultaneously combinations of 

overtones, and it is the overtone interpretation that appears in the mathematics of 

harmonic stability. What accounts for the stability of the minor triad? It forms the best 

harmonic state {10, 12, 15}. However, it is not as stable as the major triad {4, 5, 6}. 

 This dissertation applied the PAE model to IC DFDs and only briefly explored the 

effects of harmonic timbres. A great deal has yet to be learned from PAE analysis about 

the influence of non-harmonic timbres on the perception of harmonic stability. Most 

notably, the application of PAE analysis to CFDs introduces the potential for a music 

theory of the vast universe of electroacoustic music. Ultimately, the PAE model might be 

useful as the foundation for a psychoacoustic theory of rhythm. Such a theory would 

encompass the full spectrum of small and large scale rhythmic structures possible in any 

music. 
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 PAE analysis is not a prescription for performance practice, interpretation, or 

composition but rather a source of intellectual clarity. It uncovers what underlies the 

properties and perceptions of various harmonies and gives performers, conductors and 

composers the tools necessary to manipulate them. However, its implications might also 

reach beyond the musical universe. The perception of perfectly repetitive SPW 

microstates is fundamental to the recognition of vocal formants by the HAS. This may 

also have implications for the structure of human language, revealing many deep 

psychoacoustic connections between music and language.
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APPENDIX A 

MATHEMATICAL DERIVATION OF EQUATION 11 !!
Windowed Frequency Spectrum for Two Pure Tones 

 We begin by defining a sound pressure wave which consists of two pure tones as             

the sum of two sinusoids with constant amplitudes, frequencies, and phase angles. For the 

sake of computational simplicity, I will set both phase angles equal to zero. 

   !                                              
!
Equations 9 and 10 collectively define the windowed Fourier transform G(ω,t). These 

equations can be used in combination with my definition of two pure tones to derive a 

windowed Fourier transform for two pure tones. 

   !  (Equation 9)                                                                            

!
 !   (Equation 10)                                                                

!

 !              

!
 For the sake of further simplification, I will assume that both frequencies α1 and             

α2 are significantly larger than zero and ω is always positive so that the following 

approximation can be made. 

P u( ) = cos 2πα1u( )+ cos 2πα 2u( )

W u,t( ) = 1
Tc 2π

e− u−t( )2 2Tc2

G ω ,t( ) = W u,t( )P u( )e−2πιωu du
−∞

∞

∫

G ω ,t( ) = 1
2
e−2π

2Tc
2 ω−α1( )2 cos 2π ω −α1( )t( )− ιsin 2π ω −α1( )t( )( )

+ 1
2
e−2π

2Tc
2 ω+α1( )2 cos 2π ω +α1( )t( )− ιsin 2π ω +α1( )t( )( )

+ 1
2
e−2π

2Tc
2 ω−α2( )2 cos 2π ω −α 2( )t( )− ιsin 2π ω −α 2( )t( )( )

+ 1
2
e−2π

2Tc
2 ω+α2( )2 cos 2π ω +α 2( )t( )− ιsin 2π ω +α 2( )t( )( )
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  !                          

!
Equation 11 can be found by calculating the modulus of this approximate windowed 

Fourier spectrum. The approximation should be valid as long as both frequencies are 

significantly greater than zero. 

!  

    (Equation 11)                                                                                                                         

G ω ,t( ) ≈ 1
2
e−2π

2Tc
2 ω−α1( )2 cos 2π ω −α1( )t( )− ιsin 2π ω −α1( )t( )( )

+ 1
2
e−2π

2Tc
2 ω−α2( )2 cos 2π ω −α 2( )t( )− ιsin 2π ω −α 2( )t( )( )

G ω ,t( ) = 1
2

e−4π
2Tc

2 ω−α1( )2 + e−4π
2Tc

2 ω−α2( )2 + 2e−2π
2Tc

2 ω−α1( )2e−2π
2Tc

2 ω−α2( )2 cos 2π α 2 −α1( )t( )
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APPENDIX B 

MATHEMATICAL DERIVATION OF EQUATION 18 !!
Frequency and Scale Conversion 

 We begin by defining a logarithmic pitch variable y which is mapped from the             

frequency variable x. It is defined such that the rate of change of y with respect to x is 

inversely proportionate to x by the proportionality constant k. 

   !                                                                   

!
We will let s be a particular value of x and ω be a particular value of y. From this, I can 

integrate both sides with respect to x. On the left side, I will integrate between a base 

pitch value s0 and the variable s. On the right side, I will integrate between a base 

frequency value ω0 and the variable ω. 

   !                                                                

!
   !                                                           

!
 The base pitch s0, base frequency ω0, and proportionality constant k define the             

parameters of this logarithmic scale. We can align this logarithmic scale with an equal 

temperated MIDI scale by setting the base pitch s0 equal to 69 (the MIDI number for the 

A above middle C) and the base frequency ω0 equal to 440 Hz. The proportionality 

constant defines the size of a change in s by one unit. To set this unit change of s equal to 

one semitone, I can set s equal to 81 and ω equal to 880 Hz and solve for k. 

k
x
= dy
dx

k
x
dx =

ω0

ω

∫
dy
dxs0

s

∫ dx

k ln ω
ω 0

⎛
⎝⎜

⎞
⎠⎟
= s − s0
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   !                                                                 

!
By rearranging terms and solving for s, I obtain Equation 18. 

   !  (Equation 18)                                                                                 

k = 12
ln 2( )

s = 12
ln 2( ) ln

ω
440

⎛
⎝⎜

⎞
⎠⎟ + 69
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APPENDIX C 

MATHEMATICAL DERIVATION OF EQUATION 22 !!
Perfectly Repetitive Microstates 

 We begin by mathematically defining a perfectly repetitive microstate as a SPW             

which is exactly equal to itself at fixed time interval T0 in the future, as defined by 

Equation 21. 

   !  (Equation 21)                                                                                            
!
It is important to remember that P(t) was originally defined as a relative change in air 

pressure at time t. We will let f(t) be a function which measures the absolute air pressure 

at time t, and P0 be the long run average air pressure value. If P(t) is periodic about the 

time interval T0, P0 can be defined in terms of T0. 

   !                                                            
!
   !                                                          

!
 According to mathematicians, any function f(t) which is periodic about the time             

interval T0 can be defined by a Fourier series about T0. 

                                                      

!
   !                                                 

!

P t( ) = P t +T0( )

P t( ) = f t( )− P0

P0 =
1
T0

f t( )dt
−T0 2

T0 2

∫

f t( ) = 1
2
a0 + ak cos

2πkt
T0

⎛
⎝⎜

⎞
⎠⎟
+ bk sin

2πkt
T0

⎛
⎝⎜

⎞
⎠⎟k=1

∞

∑

ak =
2
T0

f t( )cos 2πkt
T0

⎛
⎝⎜

⎞
⎠⎟
dt

−T0 2

T0 2

∫
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   !                                                 

!
Use a simple identity from trigonometry, I can define a phase angle γk from the Fourier 

coefficients ak and bk. 

   !                                                            

!
By substituting and rearranging terms, I obtain Equation 22. 

   !  (Equation 22)                                                                         

bk =
2
T0

f t( )sin 2πkt
T0

⎛
⎝⎜

⎞
⎠⎟
dt

−T0 2

T0 2

∫

ak = Ak cos γ k( )
bk = −Ak sin γ k( )

P t( ) = Ak cos
2π kt
T0

+ γ k
⎛
⎝⎜

⎞
⎠⎟k=1

∞

∑
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APPENDIX D 

MATHEMATICAL DERIVATION OF EQUATIONS 34–38 !!
Perceptive Region Proportionality 

 We begin by examining Equations 30–33, which collectively define the process             

for calculating the harmonic entropy for the interval r. 

   !  (Equation 30)                                                                  

!
   !  (Equation 31)                                                                                 

!
   !  (Equation 32)                                                                                

!
   !  (Equation 33)                                                               

!
Each rational interval ratio microstate nfk has a corresponding perceptive region whose 

width can be defined as follows from the limits of integration shown in Equation 30. 

   !                                                 

!
 As n approaches infinity, the RIS itself approaches the entire set of positive real             

numbers. Each of the perceptive regions approaches zero width, but do so at unequal 

rates. In addition, each of the perceptive regions also approaches pure left-right symmetry 

as n approaches infinity. This relationship can be described by the following equation, 

where a1 and a2 are the respective numerator and denominator of the given RIS term nfk. 

ρ r, n fk( ) = 1
2σ π

e− y−r( )2 4σ 2

dy
c1

c2

∫

c1 =
12
ln 2( ) ln M − n fk( )( )

c2 =
12
ln 2( ) ln M + n fk( )( )

H r( ) = − ρ r, n fk( )ln ρ r, n fk( )( )
k=1
∑

c2 − c1 =
12
ln 2( ) ln

M + a2 a1( )
M − a2 a1( )

⎛

⎝⎜
⎞

⎠⎟
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   !                                     

!
We can prove this mathematical relationship via inductive logic as shown by the 

following three tables, where Sqrt[x] is an abbreviation for the square root of x. 

!
Inductive Proof of Left-Right Perceptive Region Symmetry for n=100 

  Upper Lower   Infinite                                                                                                       
  mediant mediant Upper Lower limit                                                                                
 Microstate boundary boundary proportion proportion model                                           
 a2/a1 M+ M- M+/(a2/a1) (a2/a1)/M- 1+1/Sqrt[na1a2]                                                                  

 3/2 14/9 13/9 1.03704 1.03846 1.04082                                                                             
 5/4 14/11 16/13 1.01818 1.01563 1.02236                                                                         
 7/5 17/12 18/13 1.01190 1.01111 1.01690                                                                          
 10/9 19/17 11/10 1.00588 1.01010 1.01054                                                                        

!!
Inductive Proof of Left-Right Perceptive Region Symmetry for n=10000 

  Upper Lower   Infinite                                                                                                       
  mediant mediant Upper Lower limit                                                                                
 Microstate boundary boundary proportion proportion model                                           
 a2/a1 M+ M- M+/(a2/a1) (a2/a1)/M- 1+1/Sqrt[na1a2]                                                                  

 3/2 125/83 124/83 1.00402 1.00403 1.00408                                                                     
 5/4 114/91 116/93 1.00220 1.00216 1.00224                                                                       
 7/5 122/87 123/88 1.00164 1.00163 1.00169                                                                     
 10/9 109/98 111/100 1.00102 1.00100 1.00105                                                                   

!!

lim
n→∞

M + a2 a1( )
a2 a1

= lim
n→∞

a2 a1
M − a2 a1( ) = 1+

1
na1a2
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Inductive Proof of Left-Right Perceptive Region Symmetry for n=100000 

  Upper Lower   Infinite                                                                                                       
  mediant mediant Upper Lower limit                                                                                
 Microstate boundary boundary proportion proportion model                                           
 a2/a1 M+ M- M+/(a2/a1) (a2/a1)/M- 1+1/Sqrt[na1a2]                                                                  

 3/2 389/259 388/259 1.00129 1.00129 1.00129                                                                 
 5/4 354/283 356/285 1.00071 1.00070 1.00071                                                                 
 7/5 381/272 375/268 1.00053 1.00053 1.00053                                                                 
 10/9 339/305 341/307 1.00033 1.00033 1.00033                                                               

!!
 According to these tables, as n increases each of the mediant proportions             

approach 1+1/Sqrt[n*a1*a2] for a given microstate interval a2/a1 as defined by a RIS of 

order n. By deductive reasoning, the following equation should model the size of a given 

perceptive region about a2/a1 as n approaches infinity. 

   !                                             

!
By diving both sides by ln(1+1/Sqrt[n]) and using l’Hôpital’s rule, I derive the following 

expression. 

   !                                                 

!
Since ln(1+1/Sqrt[n]) only varies with n, it can be regarded as a constant since each 

harmonic entropy model uses a fixed n value. If the above reasoning is valid, the width of 

the perceptive region about a given a2/a1 should approach 1/Sqrt[a1*a2] times some 

lim
n→∞

c2 − c1( ) = 24
ln 2( ) ln 1+

1
na1a2

⎛

⎝⎜
⎞

⎠⎟

lim
n→∞

c2 − c1

ln 1+ 1
n

⎛
⎝⎜

⎞
⎠⎟
= 24
ln 2( ) a1a2
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proportionality constant as n approaches infinity. Applying this infinite proportionality 

limit to Equation 30 gives us Equation 34. 

   !  (Equation 34)                               

!
 Equation 34 drops the integral because the perceptive regions each approach zero             

width as n approaches infinity. The interval probability density function does not vary 

with y under these conditions, but rather y assumes the constant value 12/ln(2) multiplied 

by ln(a2/a1). The GCD[a1,a2]=1 condition is specified because the RIS only contains 

interval ratios expressed in simplest form. 

 Equation 34 calculates an unnormalized probability λ(r,a1,a2) because the             

proportionality constant for the perceptive regions is not known. Therefore, Equations 35 

and 36 are necessary to normalize all of the probabilities for the complete set of RIS 

microstates. 

   !  (Equation 35)                                                                             

!
   !  (Equation 36)                                                                                

!
From this, Equation 37 is just a rewritten form of Equation 33 where l1-=l2-=1, l1+=n and 

l2+=Floor[n/a1,1] where Floor[x,1] rounds x down to the nearest integer. 

   !  (Equation 37)                                                  

!

λ r,a1,a2( ) = If GCD a1,a2[ ]= 1,1,0⎡⎣ ⎤⎦
a1a2

e
− r− 12

ln 2( ) ln
a2
a1

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝⎜
⎞

⎠⎟

2

4σ 2

b r( ) = λ r,a1,a2( )
a2=l2−

l2+

∑
a1=l1−

l1+

∑

ρ r,a1,a2( ) = λ r,a1,a2( )
b r( )

H r( ) = − ρ r,a1,a2( )ln ρ r,a1,a2( )( )
a2=l2−

l2+

∑
a1=l1−

l1+

∑
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Equations 34–37 have the computational advantage over Equations 30–33 in that the 

individual probability terms can be calculated out of order, eliminating the need to first 

calculate the terms of a RIS of order n. This significantly reduces the number of 

necessary calculations to find the harmonic entropy of interval r. 

!
Summation Limit Approximation 

 It is possible to calculate the harmonic entropy of an interval r even more quickly             

by adjusting the summation limits to only include in the summation the probability of 

perfectively repetition microstates within a specified interval Δ of r. Typically I might 

allow Δ to equal 10σ which comfortably computes the harmonic entropy of r to within six 

significant digits, since harmonic states beyond 10σ from r contribute an extremely 

negligible amount of probability to the entropy calculation. 

 To determine l2- for this approximation technique, I begin with an inequality             

which only allows interval ratios a2/a1 which yield semitone intervals greater than r-Δ. 

   !                                                        

!
This inequality can be solved for a2. 

   !                                                              
!
By using the Ceiling[a2,1] function to round a2 up to the nearest integer, I obtain the third 

part of Equation 38 (denoted as here as Equation 38.3). 

   !  (Equation 38.3)                                                                         

!

12
ln 2( ) ln

a2
a1

⎛
⎝⎜

⎞
⎠⎟
≥ r − Δ

a2 ≥ a12
r−Δ( ) 12

l2− = Ceiling a12
r−Δ( ) 12,1⎡⎣ ⎤⎦
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 To determine l2+ for this approximation, I begin with the following two inequality             

conditions. The first condition only allows interval ratios a2/a1 which yield semitone 

intervals less than r+Δ. The second condition is the non-approximation condition used to 

calculate Equation 37. 

   !                                              

!
From this I solve the first inequality for a2 (since the second is already solved for a2). 

   !                                                              
!
We then apply the Floor[a2, 1] function to round the right sides of both inequalities down 

to the nearest integer. By always selecting the minimum value from the two conditions, I 

ensure that both inequalities are true for all the values of a2 used for the summation. This 

yields the fourth part of Equation 38. 

   !  (Equation 38.4)                                           

!
 Last, I begin my derivation of l1+ with two inequality conditions. The first             

inequality is derived from the assumption that l2+ should always be greater than or equal 

to l2-. The second is the non-approximation condition used to calculate Equation 37. 

!  

!
The first inequality can be reduced and then solved for a1. 

   !                                                            
!
   !                                                             

12
ln 2( ) ln a2

a1

⎛
⎝⎜

⎞
⎠⎟
≤ r + Δ  and  a2 ≤

n
a1

a2 ≤ a12
r+Δ( ) 12

l2+ =Min Floor a12
r+Δ( ) 12,1⎡⎣ ⎤⎦,Floor n a1 ,1[ ]⎡

⎣
⎤
⎦

Ceiling a12 r−Δ( ) 12,1⎡⎣ ⎤⎦ ≤ Min Floor a12 r+Δ( ) 12,1⎡⎣ ⎤⎦,Floor n a1 ,1[ ]⎡
⎣

⎤
⎦   and  a1 ≤ n

a12
r−Δ( ) 12 ≤ n a1

a1 ≤ n2 Δ−r( ) 24
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We then apply the Floor[a1,1] function to round the right side of the inequality down to 

the nearest integer. By always selecting the minimum value of this expression and n, I 

ensure that both inequalities are true for all the values of a1. This yields the second part of 

Equation 38. 

   !  (Equation 38.2)                                                              l1+ =Min Floor n2 Δ−r( ) 24 ,1⎡⎣ ⎤⎦,n⎡
⎣

⎤
⎦
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APPENDIX E 

MATHEMATICAL DERIVATION OF EQUATIONS 39–42 !!
Perceptive Region Proportionality for Three Pitches 

 For chords containing only two pitches, Appendix D shows that that width of the             

perceptive region corresponding to the interval ratio a2/a1 approaches the inverse of the 

geometric mean of a1 and a2 times a normalization constant as n approaches infinity. An 

analog to this can also be proven for chords containing three pitches. 

 First I must define the analog of a RIS for a chord with three pitches. The RIS of             

order n consists of all the interval ratios between any combination of integers a1 and a2 

such that the product of a1 and a2 is less than or equal to n. This dissertation has also 

defined the vector {a1,a2} as a harmonic state of a two pitch chord. For two pitches, each 

term of a RIS corresponds to a given harmonic state vector. However, for three pitches 

this relationship becomes more complex. 

 For a given three pitch harmonic state {a1,a2,a3}, there exist three different             

configurations of interval vectors (not counting reciprocals) which correlate to it: {a2/a1, 

a3/a1}, {a2/a1,a3/a2}, and {a3/a1,a3/a2}. We will call each of these three pitch interval ratio 

vector configurations (TPIRVC) TPIRVC 1, TPIRVC 2, and TPIRVC 3. Each of the 

TPIRVCs of order n will be formed from the complete set of harmonic states {a1,a2,a3} 

such that the product of a1, a2, and a3 is less than or equal to n. Instead of having one RIS 

with interval terms as with two pitches, I have three TPIRVCs with interval vector terms 

to consider. 
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 For example, I will first consider the TPIRVC 1 of order 100000. Since this data             

set spans an extremely large number of terms, I will only plot the TPIRVC 1 terms 

(expressed as semitone intervals on a MIDI interval scale) with component semitone 

intervals between 0 and 12. 

!  !
As with Figures 37–39, I see the most space around the points on this figure which 

correspond to simple harmonic states. For example, the point near {7,7} on the graph 
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above corresponds with the three pitch harmonic state {2,3,3}. It has a great deal of space 

cleared around it compared to most of the other points plotted on the graph. 

 The following graph plots all of the points from the TPIRVC 1 graph shown             

above in the TPIRVC 2 configuration. 

!  !
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Again, I notice a similar amount of space cleared around the point {7,0} which also 

corresponds to the harmonic state {2,3,3}. The same is true of the TPIRVC 3 of order 

100000 plotted below. 

!  !
On the TPIRVC 3 I notice that the point near {7,0} has a similar amount of space around 

it. It also corresponds to the harmonic state {2,3,3}. 
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 In general, the space around a given harmonic state for all three TPIRVC plots is             

approximately the same. Our analog to RIS mediant boundaries for the TPIRVCs will be 

Voronoi cells. A Voronoi cell about a point is defined as the region which lies closer to 

that point than any other point. We will compare the Voronoi cells of four different 

harmonic states for each of the TPIRVC plots. The following figure plots the TPIRVC  1 

(n=100000) Voronoi cells about the harmonic state {4,5,6}. Each Voronoi cell is a 

different color, and the {4,5,6} Voronoi cell is labeled as such in the center of the graph. 

As above, all interval ratios are plotted as semitone intervals. 
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!  !
Likewise, the following graph plots the Voronoi cells (TPIRVC 1) about the point 

corresponding to {10,12,15}. 

!
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!  !
Here I see that the {10,12,15} cell has a significantly smaller area than the {4,5,6} cell in 

the previous graph. We can also plot the TPIRVC 1 Voronoi cells for {3,4,5} and {6,7,9} 

below. 
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!  !
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!  !
We see here that the area of the Voronoi cell around the point corresponding to {3,4,5} is 

slightly larger than that of {4,5,6}. The Voronoi cell area around the point corresponding 

to {6,7,9} has an area between that of {4,5,6} and that of {10,12,15}. In other words, the 

sorted order of Voronoi cell areas for the TPIRVC 1 plots from greatest to least are: 

{3,4,5}, {4,5,6}, {6,7,9} and {10,12,15}. This corresponds exactly to the complexity of 

each state (as determined from the inverse of the geometric mean of a1, a2, and a3). 
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 Next I graph the same four Voronoi cell plots for TPIRVC 2 and TPIRVC 3             

respectively. 

!  !
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!  !
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!  !
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!  !
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!  !
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!  !
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!  !
Regardless of the TPIRVC used, the order of Voronoi areas for these four harmonic states 

is the same: {3,4,5}, {4,5,6}, {6,7,9}, and {10,12,15}. This corresponds exactly to the 

inverse of the geometric means of the harmonic numbers. The same computer program 

which generated the above plots can calculate the areas of the Voronoi region around the 

points which correspond to each harmonic state for each TPIRVC. The following Table 
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summarizes this area data using n=100000, where relative cell area divides each area by 

the area of the {4,5,6} cell in the corresponding TPIRVC. 

!
Voronoi Cell Areas for n=100000 

   Voronoi Relative                                                                                          
  Harmonic cell cell                                                                                     
 TPIRVC state area area                                                                              

 1 {4,5,6} 0.0325 1.00000                                                                              
 2 {4,5,6} 0.0319 1.00000                                                                              
 3 {4,5,6} 0.0317 1.00000                                                                              
 1 {10,12,15} 0.0136 0.418462                                                                       
 2 {10,12,15} 0.0164 0.514107                                                                       
 3 {10,12,15} 0.0143 0.451104                                                                       
 1 {3,4,5} 0.0377 1.16000                                                                              
 2 {3,4,5} 0.0379 1.18809                                                                              
 3 {3,4,5} 0.0376 1.18612                                                                              
 1 {6,7,9} 0.0224 0.689231                                                                             
 2 {6,7,9} 0.0227 0.711599                                                                             
 3 {6,7,9} 0.0236 0.744479                                                                             

!!
This table confirms my observations that the Voronoi cell areas for given harmonic state 

do not vary significantly between each TPIRVC. The following table computes the same 

Voronoi regions again, except this time using n=10000000. 

!
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Voronoi Cell Areas for n=10000000 

   Voronoi Relative                                                                                          
  Harmonic cell cell                                                                                     
 TPIRVC state area area                                                                              

 1 {4,5,6} 0.00133525 1.00000                                                                      
 2 {4,5,6} 0.00133775 1.00000                                                                      
 3 {4,5,6} 0.00132425 1.00000                                                                      
 1 {10,12,15} 0.00054450 0.407789                                                               
 2 {10,12,15} 0.00056075 0.419174                                                               
 3 {10,12,15} 0.00054450 0.411176                                                               
 1 {3,4,5} 0.00168075 1.25875                                                                      
 2 {3,4,5} 0.00168175 1.25715                                                                      
 3 {3,4,5} 0.00168025 1.26883                                                                      
 1 {6,7,9} 0.00092975 0.696312                                                                     
 2 {6,7,9} 0.00092725 0.693141                                                                     
 3 {6,7,9} 0.00091975 0.694544                                                                     

!!
Now it has become more obvious that the Voronoi cell areas for a given harmonic state 

under each TPIRVC approach the same value as n approaches infinity. Lastly, the 

following table displays the inverse geometric mean of each harmonic state both as an 

absolute value and relative to the inverse geometric mean of {4,5,6}. 

!
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Inverse Geometric Means of Four Harmonic States 

   Relative                                                                                                                  
  Inverse inverse                                                                                                       
 Harmonic geometric geometric                                                                                 
 state mean mean                                                                                                    

 {4,5,6} 0.20274 1.00000                                                                                          
 {10,12,15} 0.0822071 0.405480                                                                               
 {3,4,5} 0.255436 1.25992                                                                                        
 {6,7,9} 0.138304 0.682176                                                                                       

!!
 The relative inverse geometric mean values for each chord are nearly identical to             

the relative cell areas of each chord for the n=100000000 case, regardless of the TPIRVC 

used to calculate the areas. While mathematicians and scientists might not be so easily 

convinced, I will take this as a significant step toward a rigorous proof that the Voronoi 

areas are proportionate to the inverse geometric mean of the components of the harmonic 

state vector for that chord. 

 Voronoi cell area calculations are extremely tedious, so I will leave a more             

rigorous proof to the dedicated skeptic. Since the inverse geometric mean is the solution 

for area proportionality for two pitch chords, I have no reason to believe that it would not 

also be the solution for three pitch chords and chords with greater than three pitches as n 

approaches infinity. Assuming this proportionality greatly simplifies the calculation of 

harmonic entropy for more than two pitches. It also enables us to formulate my model for 

PAE from the harmonic entropy models. 

!
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Formulation of the Psychoacoustic Entropy Model 

 Harmonic entropy is calculated from the complete distribution of perfectly             

repetitive microstate probabilities. In contrast, PAE is calculated by only considering the 

relative probability of the most probable perfectly repetitive microstate. This becomes an 

increasingly reasonable approximation for harmonic entropy as n approaches infinity, as 

detailed in Chapter 4. 

 We begin with Equation 34, which defines the unnormalized probability of the             

HAS perceiving the microstate {a1,a2} from the interval r. 

   !  (Equation 34)                               

!
Equation 34 contains the product of two quantities: the inverse geometric mean of the 

harmonic numbers a1 and a2, and a bell curve measuring the proximity of the semitone 

interval r to the interval ratio a2/a1. To adapt this equation for chords with only two 

pitches to handle an indefinite number of pitches I replace r with the following 

expression, which measures the semitone interval between a frequency ω and a given 

fundamental x. 

   !                                                            

!
From this I define h(x,ω) to be the positive integer which, when multiplied by x, yields 

the value closest to ω. This yields Equation 40. With these substitutions, I can define the 

consonance function Ω(x,ω) from Equation 34. This ultimately yields Equation 39. 

λ r,a1,a2( ) = If GCD a1,a2[ ]= 1,1,0⎡⎣ ⎤⎦
a1a2

e
− r− 12

ln 2( ) ln
a2
a1

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝⎜
⎞

⎠⎟

2

4σ 2

r = 12
ln 2( ) ln

ω
x

⎛
⎝⎜

⎞
⎠⎟
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   !  (Equation 40)                                                            
!
   !                                                    
!
   !  (Equation 39)                                                           

!
 The consonance function is essentially a single pitch version of Equation 34. We             

can calculate PAE from taking a weighted geometric mean between consonance functions 

with different values of ω. This is achieved in general for any loudness function L(x,ω) 

via Equations 41 and 42. 

   !  (Equation 41)                                                                

!
   !  (Equation 42)                                                                                           

h x,ω( ) = If x >ω ,1,Round ω x,1[ ]⎡⎣ ⎤⎦

Ω x,ω( ) = λ 2 r,1,h x,ω( )( )

Ω x,ω( ) = 1
h x,ω( ) e

−72 ln2 ω
xh x,ω( )

⎛
⎝⎜

⎞
⎠⎟
ln2 2( )σ 2

ψ x,t( ) =
L ω ,t( )ln Ω x,ω( )( )dω

0

∞

∫

L ω ,t( )dω
0

∞

∫

η t( ) = 1− eψ ω0 t( ),t( )
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APPENDIX F 

MATHEMATICAL DERIVATION OF EQUATION 45 !!
Loudness Function for Discrete Frequency Distributions 

 We begin with the following mathematical definition for a single pure tone with             

positive frequency α, positive phase angle β, and positive amplitude A as measured 

through time t. 

   !                                                      
!
From this I can use Equation 10 to derive the windowed Fourier transform for a single 

pure tone. 

  !  (Equation 10)                                                                

!

  !                          

!
If the frequency α is too close to zero, this windowed Fourier transform can become 

somewhat complicated. However, if I assume that the frequency α is significantly greater 

than zero and ω is always positive I can easily derive the loudness function for a pure 

tone from Equation 17. We do this by first dropping the terms containing the quantity (ω

+α) from the windowed Fourier transform shown above and then apply Equation 17. 

P t( ) = Acos 2παt + β( )

G ω ,t( ) = W u,t( )P u( )e−2πιωu du
−∞

∞

∫

G ω ,t( ) = A
2
cos 2π ω +α( )t + β( )e−2π 2Tc2 ω+α( )2

+ A
2
cos 2π ω −α( )t + β( )e−2π 2Tc2 ω−α( )2

+ι A
2
sin 2π ω +α( )t + β( )e−2π 2Tc2 ω+α( )2

+ι A
2
sin 2π ω −α( )t + β( )e−2π 2Tc2 ω−α( )2
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   !  (Equation 17)                                                                          
!
   !                                          

!
 Next I refer to Equation 44, which defines a DFD as the summation of pure tones             

with positive frequencies αi, positive phase angles βi, and positive amplitudes Ai as 

measured through time t. 

   !  (Equation 44)                                                                          

!
Following from the windowed Fourier transform solution for a single pure tone, I can 

derive the windowed Fourier transform for a DFD by applying the summation from 

Equation 44. Again, for the sake of simplicity I will assume that each frequency αi is 

significantly greater than zero and ω always positive so that all terms containing the 

quantity (ω+α) can be disregarded. This yields the following solution. 

!  

!
From this I obtain Equation 45 by simply applying Equation 17. 

!  

    (Equation 45)                                                                                                                       !

L ω ,t( ) = ς1 ω( )G ω ,t( ) ς2 ω( )

L ω ,t( ) = ς1 ω( ) A
2

⎛
⎝⎜

⎞
⎠⎟
ς2 ω( )

e−2π
2Tc

2ς2 ω( ) ω−α( )2

P t( ) = Ai cos 2πα it + βi( )
i=1

N

∑

G ω ,t( ) = 1
2

Ai cos 2π ω −α i( )t + βi( )e2π 2Tc2 ω−α i( )2 + ιsin 2π ω −α i( )t + βi( )e2π 2Tc2 ω−α i( )2( )
i=1

N

∑

L ω ,t( ) = ς1 ω( )
2

AiAje
−2π 2Tc

2 ω−α i( )2+ ω−α j( )2( ) cos 2π α j −α i( )t + βi − β j( )
j=1

N

∑
i=1

N

∑⎛
⎝⎜

⎞

⎠⎟

ς2 ω( )
2
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APPENDIX G 

MATHEMATICAL DERIVATION OF EQUATIONS 47–49 !!
Critical Band Function and Temporal Indexes 

 The critical band function is an index function which determines how much             

overlap exists between the frequency distributions which result from the windowed 

Fourier transforms of frequencies αi and αj. We begin deriving it by integrating the 

product of  the windowed Fourier transform bell curves for the two frequencies over the 

entire frequency domain. 

   !                                 

!
By ignoring the coefficient, this integral can be used to define the critical band function 

ε(αi, αj) and derive Equation 47. 

   !  (Equation 47)                                                                                  

!
 Equation 47 only assume values between 0 and 1 and describes how much αi and             

αj will be perceived as being the same frequency. Therefore the quantity 1-ε(αi, αj) 

describes how much αi and αj will be perceived as being different frequencies. The 

product of these two quantities describes how close αi and αj are to the border of being 

perceived as the same frequency and two different frequencies. The proximity to this 

border determines how much the temporal window will affect the calculation of the best 

fundamental, which in turn affects the PAE value. We derive Equation 48 by calculating a 

e−2π
2Tc

2 ω−α i( )2e−2π
2Tc

2 ω−α j( )2 dω
−∞

∞

∫ = 1
2Tc π

e−π
2Tc

2 α i−α j( )2

ε α i ,α j( ) = e−π 2Tc2 α i−α j( )2
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weighted average of this quantity for all combinations of two frequencies in a given 

DFD. 

   !  (Equation 48)                                                

!
Equation 48 determines how much the interference between combinations of frequencies 

in the DFD affects the calculation of its best fundamental and thus its PAE. 

 In addition to interference between various combinations of frequencies, the             

width of the windowed Fourier spectrum of the frequency αi compared to the width of the 

PUF also affects the calculation of the best fundamental. As a frequency αi approaches 

the inverse of the temporal window, its PUF becomes wider than its windowed Fourier 

spectrum. This also affects the calculation of the best fundamental and thus the PAE as 

well. Equation 49 calculates a weighted average of the exponential proximity of a 

frequency αi to the inverse of the temporal window. 

   !                                                          

κ1
!α( ) =

LiLjε α i ,α j( ) 1− ε α i ,α j( )( )
j=1

N

∑
i=1

N

∑

LiLj
j=1

N

∑
i=1

N

∑

κ 2
!α( ) =

Lie
−Tcα i

i=1

N

∑

Li
i=1

N

∑
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APPENDIX H 

MATHEMATICAL DERIVATION OF EQUATIONS 64 and 65 !!
Component Loudness Derivatives 

 We derive the component loudness derivative dη(t)/dLj from Equation 42 using             

the chain rule. This yields Equation 64 without much effort. 

   !  (Equation 42)                                                                                            
!
   !                                                    

!
   !                                           

!
   !  (Equation 64)                                                                  

!
Component Pitch Derivatives 

 We derive the component pitch derivative dη(t)/dsj from Equation 42 using the             

chain rule. This yields Equation 65 without much effort. 

   !                                                    

!
   !                                        

!
   !                             

η t( ) = 1− eψ ω0 ,t( )

dη t( )
dLj

= −eψ ω0 ,t( ) dψ ω 0,t( )
dLj

dψ ω 0,t( )
dLj

=
ln Ω ω 0,α j( )( )

Lsum
−
ψ ω 0,t( )
Lsum

dη t( )
dLj

=
η t( )−1
Lsum

ln
Ω ω 0,α j( )
1−η t( )

⎛

⎝
⎜

⎞

⎠
⎟

dη t( )
dsj

= −eψ ω0 ,t( ) dψ ω 0,t( )
dsj

dψ ω 0,t( )
dsj

=
Lj

LsumΩ ω 0,α j( )
dΩ ω 0,α j( )

dsj

⎛

⎝
⎜

⎞

⎠
⎟

dΩ ω 0,α j( )
dsj

= −
144Ω ω 0,α j( )
ln2 2( )σ 2α j

ln
α j

ω 0h ω 0,α j( )
⎛

⎝
⎜

⎞

⎠
⎟
dα j

ds j

⎛

⎝⎜
⎞

⎠⎟
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   !                                                             

!
   !  (Equation 65)                                                     

dα j

ds j
=
ln 2( )
12

α j

dη t( )
dsj

=
12Lj 1−η t( )( )
ln 2( )σ 2Lsum

ln
α j

ω 0h ω 0,α j( )
⎛

⎝
⎜

⎞

⎠
⎟
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APPENDIX I 

ABBREVIATIONS !!
Acronyms Used Abundantly Throughout Dissertation 

 For the convenience of the reader, the following table lists acronyms which are             

used abundantly throughout the dissertation. 

!
Abundantly Used Acronyms 

 Acronym Definition                                                 

 CFD continuous frequency distribution                                         
 CLD component loudness derivative                                         
 CPD component pitch derivative                                         
 DFD discrete frequency distribution                                        
 FRF frequency response function                                         
 FTI first temporal index                                           
 GCD greatest common divisor                                        
 HAS human auditory system                                        
 IC ideal case                                             
 IDV intensity distribution vector                                         
 IS infinite saturation                                             
 LCM least common multiple                                        
 LF loudness function                                            
 MIDI musical instrument digital interface                                       
 MPA melodic pitch analysis                                        
 PAE psychoacoustic entropy                                         
 PCF partial composition function                                         
 PCV partial composition vector                                         
 PUF pitch uncertainty function                                         
 RIS rational interval sequence                                          
 SPW sound pressure wave                                        
 STI second temporal index                                           
 TPIRVC three pitch interval ratio vector configuration                                   
 TS temporal saturation                                            
 WSD waveform-spectrum duality  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