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We consider one of the most fundamental sets of hadronic matrix elements, namely the generalized 
transverse momentum dependent distributions (GTMDs), and argue that their existing definitions lack 
proper evolution properties. By exploiting the similarity of GTMDs with the much better understood 
transverse momentum distributions, we argue that the existing definitions of GTMDs have to include an 
additional dependence on soft gluon radiation in order to render them properly defined. With this, we 
manage to obtain the evolution kernel of all (un)polarized quark and gluon GTMDs, which turns out to be 
spin independent. As a byproduct, all large logarithms can be resummed up to next-to-next-to-leading-
logarithmic accuracy with the currently known perturbative ingredients.

© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Motivation

It has been known for quite some time that hadronic matrix el-
ements such as generalized parton distributions [1–3] (GPDs) and 
transverse momentum dependent parton distribution/fragmenta-
tion functions [4–6] (TMDs in general) are indispensable objects 
for studying fundamental properties of hadrons. With them one 
can probe nucleon tomography by investigating their spin and 
three-dimensional momentum distributions.

More recently a new class of hadronic matrix elements was 
introduced, which generalizes both GPDs and TMDs. In [7], corre-
lation functions which describe off-forward scattering amplitudes 
were introduced, where the bi-local partonic fields are separated 
in all three light-front coordinates: (z+ , z− and z⊥). Given some 
kinematics imposed by an underlying scattering process, one can 
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consider a restricted class of matrix elements for which either 
z+ = 0 or z− = 0. In this case the matrix elements reduce to what 
is known as generalized transverse momentum dependent parton dis-
tribution functions (GTMDPDFs or simply GTMDs) [7–9] (see also 
[10,11], and a recent review in [12]). These hadronic quantities are 
off-forward matrix elements with explicit dependence on the lon-
gitudinal and the transverse momentum components of partons 
inside hadrons. As such, they are hybrid constructs of both classes 
of functions: GPDs and TMD bi-local correlators. Notice that here 
we make a distinction between TMDs and TMD correlators, where 
the latter, also called unsubtracted TMDs, are ill-defined due to 
uncanceled spurious rapidity divergences (see discussions in, e.g., 
[4–6]).

In this work we argue that the hadronic matrix elements called 
in the literature GTMDs, as currently formulated and analyzed, are 
improperly defined. The last assertion results from the observation 
that these matrix elements lack proper evolution properties with 
respect to the renormalization scale μ and the rapidity scale Q . 
Also their operator product expansion into generalized parton dis-
tributions breaks down even for large enough transverse momen-
tum, contrary to what the case should be. Definitely these facts 
severely limit the predictive power of the underlying theory: QCD. 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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The upshot is that such matrix elements, although formulated from 
the basic QCD fields and being gauge invariant, cannot be admis-
sible in the group of genuine QCD hadronic quantities, such as the 
integrated PDFs, GPDs or the more recently reformulated TMDs.

When calculated perturbatively, as we show below for an un-
polarized quark target, the existing definition of GTMDs suffers 
from unwanted rapidity divergences (RDs). Those divergences pro-
hibit the derivation of any evolution kernel: neither the anomalous 
dimension governing the running with respect to the renormal-
ization scale μ nor the resummation of large logarithms.1 These 
spurious divergences appear in all perturbative calculations in the 
soft and collinear limits of QCD. Those limits are exactly where all 
partonic matrix elements live at, and this occurs on a Feynman 
diagram-by-diagram basis. In those limits one obtains two differ-
ent kinds of Wilson lines which in turn cause the appearance of 
the spurious divergences. As such, RDs appear in various Feynman 
diagrams contributing to the integrated PDFs, GPDs, TMD correla-
tors and GTMD correlators.

As it is well known, divergences have to be regularized. For RDs, 
and regardless of the methods implemented to regularize them, 
they do cancel for transverse momentum integrated matrix ele-
ments, such as PDFs and GPDs, when all the relevant contributions 
are added together [14] and this cancellation occurs order by order 
in perturbation theory. However for matrix elements with a spec-
ified transverse momentum dependence (or unintegrated quanti-
ties), whether in coordinate or momentum space, the cancella-
tion is not complete among contributions from different classes 
of Feynman diagrams and the remaining rapidity divergences spoil 
any attempt for a three-dimensional hadronic description, at least 
perturbatively.

The existence of RDs for the currently formulated GTMDs 
should not be that surprising. Actually the situation is similar 
to the case of the by-now familiar TMDs [5] (see [15] for gluon 
TMDs). The fact that the GTMD correlator is off-diagonal in hadron 
momenta only makes the QCD corrections more laborious to ob-
tain, however the fundamental observation regarding the non-
cancellation of RDs remains the same as in the forward limit case.

At the operator level,2 the already existing definition of leading-
twist quark GTMDs is given by [8]

φ
[�],q
λλ′

= 1

2
〈p′, λ′| q̄(−z/2)Wn(−z/2)�W†

n(z/2)q(z/2) |p, λ〉
∣∣∣

z+=0
,

(1)

where λ, λ′ are the nucleon helicities and the matrix � =
{γ +, γ +γ5, iσ j+γ5} stands for an unpolarized, longitudinally po-
larized or transversely polarized quark, respectively. Gauge invari-
ance among regular gauges is satisfied by the inclusion of the 
collinear gauge link or Wilson line Wn . This Wilson line can be 
past-pointing or future-pointing, and the GTMDs depend in princi-
ple on this choice [9]. In this work, for definiteness, we choose the 
one consistent with DIS kinematics, however our observations and 
conclusions are valid in both cases. For DIS kinematics we have:

Wn;αβ(z) =
⎧⎨
⎩P exp

[
− ig

∞∫
0

ds n̄·A(z + sn̄)

]⎫⎬
⎭

αβ

, (2)

1 This resummation allows us to obtain the D term [13] (also referred to as K̃ in 
Collins’ formulation [4]) for TMDs.

2 A generic vector vμ is decomposed as vμ = v+ nμ

2 + v− n̄μ

2 + vμ
⊥ = (v+, v−, v⊥), 

where v+ ≡ n̄·v and v− ≡ n·v , with the light-cone vectors defined by n = (1, 0, 0, 1)

and n̄ = (1, 0, 0, −1). We also use v T ≡ |v⊥|, so that v2
T = v2⊥ = −v2⊥ > 0.
where the gluon field A stands for collinear gluon field in the n
direction. To ensure gauge invariance among singular and regu-
lar gauges, one needs to also introduce transverse gauge links at 
light-cone infinities (z− = ∞), see more details in [16–18]. For-
mally speaking, it is clear that when the states 〈p′, λ′| and |p, λ〉
are taken with the same momenta we recover the standard TMD 
correlator, and when the transverse momentum dependence is in-
tegrated over we recover the standard GPDs. It should be empha-
sized that the last statement holds, perturbatively, only for bare 
quantities. For renormalized GTMDs and GPDs one has to rely 
on the operator product expansion – whenever that expansion is 
valid – to relate the physical GTMDs and GPDs.

We show below that the basic matrix element in (1) (and thus 
all the quantities derived from it) lacks any meaningful evolution 
properties. This is true for any pair of 〈p′, λ′| and |p, λ〉 and also 
for gluon matrix elements (see [9] for a generalization of (1) to 
gluon case). In the next section we illustrate this explicitly for the 
first time at next-to-leading order in αs . Thus, the way to pro-
ceed is to introduce a definition which does not suffer from any 
complications resulting from the three-dimensional dependence on 
the one hand, and allows for the recovery of the TMDs when the 
forward limit is taken on the other. Motivated by the treatment 
of TMDs, we arrive at the following result for the properly defined 
quark GTMDs:

W [�],q
λλ′ =1

2

∫
dz−d2z⊥
(2π)3

e
+i

(
1
2 z−k̄+−z⊥·k̄⊥

)

× φ
[�],q
λλ′ (0, z−, z⊥) S

1
2 (zT ) , (3)

where the soft function3

S(zT ) = Trc

Nc
〈0|S†

n

(
− z

2

)
Sn̄

(
− z

2

)
S†

n̄

( z

2

)
Sn

( z

2

)
|0〉

∣∣∣
z±=0

, (4)

and for DIS kinematics and for arbitrary point z, the soft Wilson 
lines are given by

Sn;αβ(z) =
⎧⎨
⎩P exp

[
ig

0∫
−∞

ds n·A(z + sn)

]⎫⎬
⎭

αβ

,

Sn̄;αβ(z) =
⎧⎨
⎩P exp

[
− ig

∞∫
0

ds n̄·A(z + sn̄)

]⎫⎬
⎭

αβ

. (5)

Note that in (4) we use the natural directions of the Wilson lines 
which include both past- and future-pointing soft Wilson lines, 
which are dictated by DIS kinematics. They follow from the eikon-
alization of the Feynman propagators. In [4,19] it was argued that 
all Wilson lines of the soft factor could, for instance, be chosen 
future-pointing, which right away would make the universality of 
the soft function evident between DIS and electron–positron anni-
hilation processes. However there is no need for such an a priory
choice. One can first derive factorization using the directions of 
the Wilson lines imposed by the underlying kinematics and then, 
in a second step, investigate the universality properties of the ob-
tained contributions to the factorized observable, such as the soft 
function. Universality studies of the soft function using explicit cal-
culations were carried out recently in [5,6,20,21]. More specifically, 
a 1-loop analysis can be found in [5], and the extension to two 
loops is given in [21]. It was also argued that these fixed-order re-
sults should generalize to all orders in perturbation theory [6,20,
21]. In all of these works, it was demonstrated explicitly that no 

3 In principle the soft function has to include transverse gauge links Tsn(sn̄) [18].
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Fig. 1. Kinematics for GTMDs in the symmetric frame.

matter which directions of the soft Wilson lines are chosen, uni-
versality is still maintained.

Few additional remarks are in order. First, the given new defini-
tion of quark GTMDs can be straightforwardly extended to the case 
of gluon GTMDs. The collinear contribution φ is implicitly under-
stood to be the pure collinear contribution, in the sense that soft 
contamination, encountered perturbatively, is already subtracted 
out. For more discussion on this issue, see e.g. [20,22]. The ap-
pearance of the square root of the soft function is motivated by the 
fact that the soft function contains RDs from both collinear and 
anti-collinear regions in rapidity space (see Fig. 3 in [6]). Thus, in 
order to eliminate the contribution from the anti-collinear region 
to the collinear correlator φ, we need to take just half of the soft 
function. Here we are simplifying the presentation by assuming a 
symmetry between the two collinear sectors, which corresponds to 
α = 1 in [13].

For the TMDs (not GTMDs), the factor 
√

S results from the 
splitting of the soft function contribution S among two TMD cor-
relators – representing two collinear sectors –, where S and the 
correlators appear naturally from a factorization statement for a 
given actual physical process. For GTMDs the situation is currently 
different, since there is not, so far, any (factorized) process to rely 
on. Actually, it is a very important question if/how GTMDs can be 
related to experimental observables. In fact just recently it has 
been argued that diffractive dijet production in electron–proton 
collisions could give access to gluon GTMDs [23] in the small-x re-
gion. The importance of properly defining quark and gluon GTMDs, 
extracting their evolution kernels, motivating their lattice calcu-
lation and experimental measurements, relies not only on them 
being fundamental objects of QCD, but also on their connection to 
orbital angular momentum of partons inside hadrons [24–29].

2. GTMDs at NLO: emergence and cancellation of rapidity 
divergences

In this Section we present the perturbative calculation of the 
GTMDs for an unpolarized quark target, given in (3) with � = γ + . 
We use the δ-regulator (see for instance [5]) to regularize rapidity 
and infrared (IR) divergences,4 and dimensional regularization in 
MS-scheme (μ2 → μ2eγE /(4π)) for ultraviolet (UV) ones. All the 
results below were obtained using Feynman gauge.

It is convenient to work in a symmetric frame, Fig. 1, with the 
average nucleon momentum P = 1

2 (p′ + p), the momentum trans-

fer � = p′ − p = k′ − k and the average quark momentum k̄ =
1
2 (k′ + k). These momenta are parametrized as Pμ = (P+, P−, 0⊥)

and �μ = (−2ξ P+, 2ξ P−, �⊥), with P− = �2
T +4M2

4(1−ξ2)P+ and M being 
the nucleon mass. We work in a frame in which p and p′ have 
very large plus components. The GTMDs W [�],q

λλ′ depend on the 
kinematical variables (x, ξ, ̄k2

T , �2
T , k̄⊥·�⊥), with x = k̄+/P+ and 

4 In principle one should distinguish between the regulators that belong to n-
and n̄-sectors, but for simplicity and without loss of generality we take them equal, 
i.e. �̃± = �̃ and δ± = δ. One should be careful not to confuse the regulator �̃ with 
the four-momentum transfer �μ .
ξ = −�+/(2P+). They are also functions of the renormalization 
and rapidity scales, as we discuss below, and our NLO results are 
valid in the DGLAP region, i.e. |ξ | < x.

Note that the generic structure of GTMDs is also constrained by 
hermiticity, parity and time-reversal symmetries [8,9,30]

W [�],q
λλ′ (P , k̄,�,n;η)

=
[

W [γ 0�†γ 0],q
λ′λ (P , k̄,−�,n;η)

]∗
hermiticity (6)

= W [γ 0�γ 0],q
λPλ′

P
(PP, k̄P,�P,nP;η) parity (7)

=
[

W [(iγ5C)�∗(iγ5C)],q
λTλ′

T
(PT, k̄T,�T,nT;−η)

]∗
time-reversal (8)

where η = +1 (−1) in DIS (Drell–Yan) kinematics, and the la-
bels P and T indicate that the variables are transformed by parity 
and time-reversal, respectively. We stress in particular that the 
ξ -dependence is constrained by the hermiticity property.

The GTMD W [γ +],q
λλ′ can be decomposed as follows [8]

W [γ +],q
λλ′ = �1 F q

1,1 + �2 F q
1,2 + �3 F q

1,3 + �4 F q
1,4 , (9)

where the F q
1,i functions are in general complex-valued and the 

Dirac helicity structures �i are5

�1 = 1

2M
ū(p′, λ′)u(p, λ) ,

�2 = 1

2M

k̄
i
⊥

P+ ū(p′, λ′)iσ i+u(p, λ) ,

�3 = 1

2M

�i⊥
P+ ū(p′, λ′)iσ i+u(p, λ) ,

�4 = 1

2M

k̄
i
⊥�

j
⊥

M2
ū(p′, λ′)iσ i ju(p, λ) . (10)

These structures have been chosen so that the real (imaginary) 
part of the F q

1,i functions is η-even (odd).
At tree level the soft function is unity, as well as the Wilson 

lines in the collinear correlator. Thus we simply have

W [γ +],q
λλ′

∣∣∣
LO

= 1

2P+ δ(1 − x) δ(2)(k̄⊥) ū(p′, λ′)γ +u(p, λ) +O(αs) .

(11)

Comparing this result with the general parametrization (9), we can 
identify the various F1,i distributions (using Gordon identities that 
appear, for instance, in Appendix A of [8]):

F q
1,1 = (1 − ξ2)δ(1 − x) δ(2)(k̄⊥) +O(αs) ,

F q
1,2 = O(αs) ,

F q
1,3 = 1

2
δ(1 − x) δ(2)(k̄⊥) +O(αs) ,

F q
1,4 = O(αs) . (12)

Let us now consider the NLO corrections, starting from the vir-
tual ones. The soft function has already been calculated with the 
δ-regulator in [5].6 Using the LO result for the unsubtracted ma-
trix element φ of (3), which is basically δ(1 − x), we can express 
the NLO contribution of the soft function to the GTMD in (3). It is

5 Strictly speaking, the variables p, p′ , P , λ, λ′ refer to partonic variables in all 
the results below. However we use the same symbols as for hadronic variables.

6 Please note that the soft function contribution to the quark GTMD is the same 
as for semi-inclusive DIS (SIDIS). The latter process is our choice for the underlying 
kinematics. Due to universality of the soft function, this choice is quite general and 
does not affect the properties of the GTMDs.
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W [γ +],q
λλ′

∣∣∣
S virtual

= 1

2

{
1

2P+ ū(p′, λ′)γ +u(p, λ) δ(1 − x) δ(2)(k̄⊥)

× αsC F

2π

[
− 2

ε2
UV

+ 2

εUV
ln

δ2

μ2
− ln2 δ2

μ2
+ π2

2

]}
, (13)

where the overall factor of 1/2 comes from the square root of S
in (3). This factor will be taken into account below. One can al-
ready notice the term of mixed UV-RD divergences 1

εUV
ln δ. This 

term exemplifies one form through which the problematic fea-
ture of RDs is manifested, namely their entanglement with UV 
divergences. Moreover this term does not cancel when real gluon 
contribution from the soft function is included. This is simply be-
cause the TMD soft function restricts the transverse momentum of 
the emitted real gluons to be finite.

The virtual gluon contribution from the collinear matrix ele-
ment φ is

W [γ +],q
λλ′

∣∣∣
φ virtual

= 1

2P+ ū(p′, λ′)γ +u(p, λ) δ(1 − x) δ(2)(k̄⊥)

× αsC F

2π

[
2

εUV
ln

δ

P+√
1 − ξ2

+ 3

2εUV
− 3

2
ln

�̃

μ2

− 2 ln
�̃

μ2
ln

δ

P+√
1 − ξ2

− 1

2
ln2 δ

P+(1 + ξ)

− 1

2
ln2 δ

P+(1 − ξ)
+ 7

4
+ 5

12
π2+iπ ln

1 − ξ

1 + ξ

]
, (14)

where the last result still includes the soft contamination (and 
thus it is known in the literature as the naive contribution). It 
also clearly shows the presence of mixed divergences 1

εUV
ln δ. No-

tice that the result in (14) reduces to the analogous one for the 
TMDPDF (denoted by f̂ v,D I S

n1 in (6.7) in [5]), once the forward 
limit and the averaging over polarizations are performed. We also 
draw the attention to the imaginary term, which is consistent with 
the hermiticity property (6). This term involves also an implicit η
dependence (equal to +1 in our DIS kinematics) owing to time-
reversal symmetry (8). We remark that this structure did not ap-
pear in [30] because the considered distributions were defined for 
ξ = 0. In the model calculations performed in [28,31], one can no-
tice divergences for ξ = 0. Those divergences echo the notion of 
rapidity divergences encountered above.

To calculate all the virtual contributions to the GTMD we need 
to subtract a whole contribution of the soft function, thus obtain-
ing the pure collinear, and then add half of it as dictated by (3). 
We thus end up subtracting (13) from (14). The result is

W [γ +],q
λλ′

∣∣∣
virtual

= 1

2P+ ū(p′, λ′)γ +u(p, λ) δ(1 − x) δ(2)(k̄⊥)

× αsC F

2π

[
1

ε2
UV

+ 1

εUV

(
3

2
+ ln

μ2

Q 2(1 − ξ2)

)
− 3

2
ln

�̃

μ2

− 1

2
ln2 �̃2

μ2 Q 2
+ ln2 �̃

μ2
+ ln

�̃2

μ2 Q 2
ln(1 − ξ2)

− 1

2
ln2(1 + ξ) − 1

2
ln2(1 − ξ) + 7

4
+ π2

6
+iπ ln

1 − ξ

1 + ξ

]
,

(15)

where Q 2 = P+ P− , and without loss of generality we have used 
the relation �̃ ≡ Q δ with Q = P+ = P− to simplify the logarith-
mic structure. It is clear that the result (15) is free from mixed 
UV-RDs, as anticipated. Moreover the last result is consistent with 
the one of quark TMDPDF (denoted by jv,D I S in (6.7) in [5]).

c
a
W

r
�̃

s

F

w

N

N

D

W
t

F

F

a

F

n1
Now, regarding the real-gluon emission diagrams, we have cal-
ulated their contribution to the GTMD following the same steps 
s for the virtual part, and full details will be given elsewhere. 

hen all contributions are added together, we get the complete 
esult for the GTMD, W [γ +],q

λλ′ , at NLO. In the following we set both 
= 0 and ε = 0 unless they regulate any divergence. For the four 

tructures appearing in (9) we have, in the DGLAP region |ξ | < x,

q
1,1(|ξ | < x) = (1 − ξ2) δ(1 − x) δ(2)(k̄⊥)

×
{

1 + αsC F

2π

[
1

ε2
UV

+ 1

εUV

(
3

2
+ ln

μ2

Q 2(1 − ξ2)

)

− 3

2
ln

�̃

μ2
− 1

2
ln2 �̃2

μ2 Q 2
+ ln2 �̃

μ2
+ ln

�̃2

μ2 Q 2
ln(1 − ξ2)

− 1

2
ln2(1 + ξ) − 1

2
ln2(1 − ξ) + 7

4
+ π2

6
+ iπ ln

1 − ξ

1 + ξ

]}

+ αsC F

2π2

[
(1 − ξ2)N1 − �2

T
2 N2 + ξ k̄⊥·�⊥N3

D+D−

− (1 − ξ2) δ(1 − x)
1

k̄2
T

ln
k̄2

T

Q 2

]
, (16)

here the functions Ni and D± are

1 = 1

(1 − ξ2)(1 − x)+

[(
(1 + x2) − 2ξ2

)
k̄2

T

+ 2ξ(1 − x)k̄⊥·�⊥ − (1 − x)2 �2
T

2

]
,

2 = − (1 − x)2

2(1 − ξ2)
(1 + x) , N3 = − 1 − x

1 − ξ2 (1 + x) ,

± =
(

k̄⊥ ± 1 − x

1 ∓ ξ

�⊥
2

)2

. (17)

e notice that terms proportional to ε were dropped in the func-
ions Ni . The other distributions are

q
1,2(|ξ | < x) = αsC F

2π2

[ ξ�2
T

2(1−ξ2)
N3

D+D−

]
, (18)

q
1,3(|ξ | < x) = 1

2
δ(1 − x) δ(2)(k̄⊥)

×
{

1 + αsC F

2π

[
1

ε2
UV

+ 1

εUV

(
3

2
+ ln

μ2

Q 2(1 − ξ2)

)

− 3

2
ln

�̃

μ2
− 1

2
ln2 �̃2

μ2 Q 2
+ ln2 �̃

μ2
+ ln

�̃2

μ2 Q 2
ln(1 − ξ2)

− 1

2
ln2(1 + ξ) − 1

2
ln2(1 − ξ) + 7

4
+ π2

6
+ iπ ln

1 − ξ

1 + ξ

]}

+ αsC F

2π2

[ 1
2 N1 − �2

T
4(1−ξ2)

N2

D+D−
− 1

2
δ(1 − x)

1

k̄2
T

ln
k̄2

T

Q 2

]
, (19)

nd

q
1,4(|ξ | < x) = αsC F

2π2

[
−M2N3

D+D−

]
. (20)



340 M.G. Echevarria et al. / Physics Letters B 759 (2016) 336–341
These results are consistent with the constraints (6)–(8). In par-
ticular, real terms involving transverse momenta are necessarily 
functions of k̄2

T , �2
T and ξ k̄⊥·�⊥ , since momentum transfer has to 

appear with an even power. It should be mentioned that in these 
results we considered the leading-power contributions in M2.

In the expressions for F q
1,1 and F q

1,3 we notice the appearance of 
single and double logarithms of �̃. When transforming to coordi-
nate space all the double logarithms will cancel. For that to happen 
one has to retain all the δ dependence in the last line in (16), 
which was dropped because it is not needed in momentum space. 
Details of this calculation will be presented elsewhere. The origin 
of the double logarithms in �̃ can be traced to rapidity diver-
gences, and they appear in real and virtual contributions for both 
unsubtracted collinear and soft matrix elements. The cancellation 
of such double logarithms is crucial to obtain the evolution kernel 
in an exactly similar manner as the case for TMDs. The remaining 
single logarithm in �̃ in F q

1,1 signals a genuine long-distance effect. 
For the simpler case of unpolarized TMDPDF, this single logarithm 
is exactly the collinear divergence in the integrated PDF (when the 
δ regulator is implemented) [5].

To conclude this Section, we observe that the inclusion of the 
soft function in the definition of GTMDs completely cancels spu-
rious rapidity divergences and makes them well-defined hadronic 
quantities, with a proper evolution (discussed below) and all the 
properties that one would expect to have in such objects.

3. Evolution of GTMDs

The evolution of GTMDs is identical to the one of TMDs, since 
both quantities are defined through the same bi-local operator 
(and the same soft function). Thus GTMDs also depend on two 
scales, the renormalization scale μ and rapidity scale Q 2. Since 
both quark and gluon GTMDs have an analogous operator struc-
ture, in this Section we discuss the evolution of both types of 
distributions at once.

The evolution in μ is governed by the anomalous dimension 
γ

j
W (for j = q, g),

d

d lnμ
ln W̃ j(bT ;μ, Q 2) = γ

j
W

(
αs(μ), ln

Q 2(1 − ξ2)

μ2

)
, (21)

where W̃ q represents, at leading twist, the transform of any of 
the 16 quark GTMDs that parametrize W [�],q

λλ′ [8] to coordinate 
space, with bT being the conjugate variable of k̄T (a similar dis-
cussion applies to W̃ g [9]). γ j

W has the same functional form as 
the anomalous dimension of the TMDs (see e.g. [13] for the quark 
case and [15] for the gluon case),

γ
j

W

(
αs(μ), ln

Q 2(1 − ξ2)

μ2

)

= −�
j
cusp

(
αs(μ)

)
ln

Q 2(1 − ξ2)

μ2
− γ j(αs(μ)

)
. (22)

The cusp anomalous dimension � j
cusp is taken either in the fun-

damental or adjoint representation, depending on whether we 
are considering quark or gluon GTMDs, respectively. The non-cusp 
piece γ j also depends on whether we are considering quark or 
gluon GTMDs (it corresponds to γ V in [13] for quarks and γ nc

in [15] for gluons). All these anomalous dimensions are currently 
known up to third order in αs .

The evolution in Q 2 is given by

d

d ln Q 2
ln W̃ j(bT ;μ, Q 2) = −D j(bT ;μ) , (23)
where the D j function is the same as for the TMDs, since, for both 
classes of hadronic quantities, it is obtained from the contribution 
of the soft function, which is the same in both. See [13,15,21] for 
the role of the D j term in the evolution of TMDs.

Combining the dependence of GTMDs on both scales, their 
complete evolution from a given initial scales (μ0, Q 2

0 ) to some 
final scales (μ, Q 2) is given by

W̃ j(bT ;μ, Q 2) = R j(ξ,bT ;μ, Q 2,μ0, Q 2
0 ) W̃ j(bT ;μ0, Q 2

0 ) ,

(24)

where the evolution kernel R j is

R j(ξ,bT ;μ, Q 2,μ0, Q 2
0 ) =

(
Q 2

Q 2
0

)−D j(bT ;μ0)

× exp

⎡
⎣ μ∫

μ0

dμ̂

μ̂
γ

j
W

(
αs(μ̂), ln

Q 2(1 − ξ2)

μ̂2

)⎤
⎦ . (25)

The D j term can be calculated perturbatively only in the small 
bT region, and thus one needs to parametrize the large bT tail 
with some non-perturbative model. We emphasize the fact that 
this model has to be the same as the one for TMDs, since the soft 
function that enters the definitions of both TMDs and GTMDs is the 
same. Below we exploit this universality to illustrate the impact of 
evolution on F q

1,1.

To simplify our presentation we consider the quark GTMD F q
1,1

at an input scale Q 0 = μ0 and zero skewness (ξ = 0), and model 
it with a simple and factorized gaussian dependence on the trans-
verse momentum:

F q
1,1(x, ξ = 0, k̄2

T ,�2
T , k̄⊥·�⊥; Q 0)

= Hq(x, ξ = 0, t = −�2
T ; Q 0)

e
−k̄2

T /
〈
k̄2

T

〉

π
〈
k̄2

T

〉 , (26)

where 
〈
k̄2

T

〉
stands for the width of the GTMD and Hq is the unpo-

larized quark GPD. For the latter, and as an ansatz, we parametrize 
it as a product of its corresponding collinear distribution in the 
forward limit and a t-dependent function:

Hq(x, ξ = 0, t; Q 0) = f q
1 (x; Q 0) exp

[
λ t

]
, (27)

with λ = 0.5 GeV−2. For recent phenomenological works on GPDs 
see e.g. [32,33].

Finally, for the Dq term we choose the following implementa-
tion [13]

Dq(bT ; Q 0) = Dq(b∗
T ;μb) +

Q 0∫
μb

dμ̄

μ̄
�

q
cusp + 1

4
g2b2

T ,

b∗
T = bT

[
1 +

(
bT

bmax

)2
]− 1

2

, μb = 2e−γE /b∗
T . (28)

In Fig. 2 we show the GTMD at the input scale for a particular 
choice of the variables and parameters, and the effect of evolution 
when it is evolved up to another two scales (with Q = μ). Evo-
lution is implemented at next-to-next-to-leading-logarithmic ac-
curacy, which needs �

q
cusp at three loops, γ q at two loops and 

Dq at two loops; they can be found in [13]. We also used the 
MSTW08nnlo set for the unpolarized collinear PDF f q

1 [34]. As al-
ready mentioned, the non-perturbative input needed for the Dq

term in the evolution kernel is the same as the one needed for 
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Fig. 2. Evolved GTMD F q
1,1 from initial scale Q 0 = √

2 GeV.

TMDs. In this case we use the model found in [35]. As can be 
clearly noticed, the evolution flattens and widens the distribution. 
The same effect was observed for TMDs as well (see e.g. [13,36]), 
which is of course not surprising in view of the simple model for 
the GTMD F q

1,1 in (26)–(27).

4. Conclusions

In this work we have considered the current formulation 
of generalized transverse momentum dependent distributions 
(GTMDs). We argued that this formulation leads to ill-defined 
quantities. This observation relied mainly on our understanding 
of how a three-dimensional (1 + 2) formulation of hadronic ma-
trix elements ought to be constructed. This observation was sup-
ported by a first-order calculation in perturbative QCD. The latter 
demonstrated the appearance of the anticipated spurious rapid-
ity divergences and their cancellation once the proper definition 
is considered, by the inclusion of a non-trivial soft gluon radi-
ation factor. The formulation we presented shows explicitly the 
relation of the newly defined quantities with the current formu-
lation of transverse momentum dependent parton distributions. 
Moreover, it does not alter the relation between GTMDs and gen-
eralized parton distributions – a notion that will be discussed 
elsewhere. With the proper definition of the GTMDs at hand, we 
managed to obtain their evolution kernel. As for the case of TMDs, 
the evolution kernel is spin independent. We used the currently 
known perturbative ingredients to resum its large logarithms up 
to next-to-next-to-leading-logarithmic accuracy, and illustrated the 
impact of evolution on the physically interesting function F q

1,1. To 
do so we have also exploited the fact that the non-perturbative 
contribution to the evolution kernel of the GTMDs is the same 
as the one that drives the evolution of TMDs, since in both 
cases we have the same soft function contribution. Our find-
ings, demonstrated for quark GTMDs, apply as well to the gluon 
GTMDs.
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