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ABSTRACT

A NOVEL MESH GENERATOR FOR THE NUMERICAL

SIMULATION OF MULTI-SCALE PHYSICS IN NEURONS

Stephan Matthias Grein

DOCTOR OF PHILOSOPHY

Temple University, December, 2020

Gillian Queisser, Mathematics, Chair

Computational Neuroscience deals with spatio-temporal scales which vary con-

siderably. For example interactions at synaptic contact regions occur on the

scale of nanometers and nanoseconds to milliseconds (micro-scale) whereas

networks of neurons can measure up to millimeters and signals are processed

on the scale of seconds (macro-scale). Whole-cell calcium dynamics models

(meso-scale) mediate between the multiple spatio-temporal scales. Of cru-

cial importance is the calcium propagation mediated by the highly complex

endoplasmic reticulum network. Most models do not account for the intri-

cate intracellular architecture of neurons and consequently cannot resolve the

interplay between structure and calcium-mediated function. To incorporate

the detailed cellular architecture in intracellular Ca2+ models, a novel mesh

generation methodology has been developed to allow for the efficient genera-

tion of computational meshes of neurons with a three-dimensionally resolved

endoplasmic reticulum. Mesh generation routines are compiled into a ver-

satile and fully automated reconstruct-and-simulation toolbox for multi-scale

physics to be utilized on high-performance or regular computing infrastruc-

tures. First-principle numerical simulations on the neuronal reconstructions

reveal that intracellular Ca2+ dynamics are effected by morphological features

of the neurons, for instance a change of endoplasmic reticulum diameter leads

to a significant spatio-temporal variability of the calcium signal at the soma.
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“Felix qui potuit rerum cognoscere causas.”

Virgil (70 - 19 BC), Georgics 2 (29 BC), Verse 490
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CHAPTER 1

PREFACE

Computational Neuroscience deals with spatial and temporal scales which

vary on the order of several magnitudes, i.e. contact regions (synapses) be-

tween brain cells (neurons) measure around the nanometer range, while neu-

rons respectively networks of neurons, measure between the micrometer to

millimeter range. Neurons communicate primarily via relaying electrical sig-

nals (depolarisation of the neuron’s plasma membrane, leading to a positive

electrical potential across the membrane) from one cell to another and lead to

a raise in the intracellular (IC) calcium in the receiving neuron. The spatio-

temporal dependent elevation of IC calcium in the neuron leads to a modula-

tion of an extraordinarily complex intracellular signalling network responsible

for physiological adaptions of the neuron depending on the presented stimuli.

Spontaneous or induced electrical activity of the neuron thus ultimately leads

to IC calcium signals, while the signal is propagated mainly by using a sophis-

ticated network of cell-within-cell compartments, the endoplasmic reticulum

(ER), to convey the signal to a distinct cell compartment, the cell body or

soma, which processes and integrates calcium signals and ultimately might

promote the physiological adaptions (change in gene transcription) of the cell

due to the spatio-temporal coding of the calcium signal [153, 173, 175]. Com-

munication of neurons and cell-physiological adaptions again vary considerably

in their time scale, i.e. synaptic communication is located in the milliseconds
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range, however state transitions of ion channels allowing for signal transduc-

tion in the first place, reside in the sub milliseconds region whereas cellular

or network calcium signals are well above the seconds range, not to mention

morphological changes which are far beyond the supra seconds regime [181].

To elucidate the effects of neuronal morphology respectively neuronal topol-

ogy on the IC calcium dynamics and thus to draw eventually conclusions on

neuronal functions, e.g. neuronal plasticity or neurobiological degeneracy, de-

tailed reconstruction of neuronal cells need to be made available to the research

community to subsequently conduct rigorously spatio-temporal resolved cal-

cium dynamics studies within these neurons in full three-dimensional space.

Key to this objective is a consistent and efficient grid generation of computa-

tional meshes (and thereby establishing a discretization of the neuron in space)

for numerical simulations using partial differential equations (PDEs)

Currently mesh generation tools have serious limitations, i.e. the intracel-

lular space within the cell does not contain one of the major players in calcium

signalling, i.e. the endoplasmic reticulum (ER), worse the intracellular space

usually is not resolved at all. Without incorporating the IC space and/or the

ER as an intracellular calcium transport network (cell-within-a-cell network),

representing locally distinct sinks and sources along the neuron [18, 112], into

the computational mesh, renders the mesh and numerical simulation thus in-

capable to properly capture the full three-dimensional dependency of the neu-

ron to the IC calcium signal. Computational studies on these types of cell

reconstructions may prove to be of limited use to track the precise calcium dy-

namics in the neuron as well as certain calcium phenomena, i.e. intracellular

calcium waves [136] which are triggered by a positive feedback mechanism, i.e.

a calcium-induced calcium release (CICR) events, or calcium sparks [36] and

depend on the presence of the endoplasmic reticulum.

In particular IC calcium waves can hardly be resolved, if at all, without the

main component the ER. IC calcium waves are of crucial interest in calcium

signalling studies [136, 163, 88, 55, 155, 43, 154, 125, 27, 28, 85, 76, 106],

having many implications on synaptic plasticity and are a rather active area
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of research.

Not only intracellular calcium waves are of great importance for synaptic

plasticity, but in fact calcium dynamics per se are of equal interest in particular

for synaptic plasticity and synaptic meta plasticity [153, 71, 168, 111, 122,

161, 97, 42, 46], and a key factor to be considered during development and

emergence of neurobiological diseases of the brain [20, 149, 114, 177, 110, 116,

82]

Another drawback recent meshing tools hold is the inability to exactly

control the level of grid resolution of the discretization of the neuron leading to

challenges for numerical solution. While e.g. [117] amongst others, generates

(very) smooth meshes which might seem adequate in the first place, but are

much too fine-grained to be used for computational simulations on whole-

cell neurons using numerical solvers (too many degrees of freedom). Instead

we could also work on the raw imaging data provided by e.g. two-photon

microscopy or electron microscopy to reconstruct the neuron’s surfaces ([30,

101]. However we strive to control the embedding of the endoplasmic reticulum

into the neuron. This is not feasible with current approaches and since the

attachted computational cost is rather high, up to thousands of hours, for

whole-cell reconstructions this is not suitable for a large-scale batch-processing

approach to study intracellular calcium dynamics as well.

For the numerical solution of models defined by PDEs one can resort to

highly efficient methods, i.e. geometric (GMG) or algebraic multigrid meth-

ods (AMG), as implemented in e.g. in the PDE modelling and simulation

framework ug4 [171, 74] amongst others. The grid generation methods yield

some mesh or discretization of the real-world neuron, which then usually is

used to represent the modelling domain on the coarse grid in a multigrid hi-

erarchy. Subsequently the mesh is refined in space to generate a hierarchy of

grids and to allow the usage of a multigrid method. GMG is known to have

optimal time-complexity [69, 24], cf. also Paragraph 3.3, and to fully leverage

parallel processing resources GMG can be applied most efficiently in the ug4

framework on high performance computing (HPC) infrastructure, cf. Section
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4.7.2, on up to the hundred thousands of processes. Since coarse grid solutions

are theoretically ideally calculated by a direct solver in multigrid methods, e.g.

LU-decomposition which has time-complexity O(n3), where n is the number of

unknowns respectively degrees of freedom, coarse grids shall not grow to large

to allow a fast overall solution process, even in massively parallel environment

because the base level has to be solved eventually. Adaptations or optimiza-

tions of the LU-decomposition exist, i.e. SuperLU [98], which can mitigate

some of the high time-complexity up to a certain threshold of n, however it is

chiefly advantageous to let coarse meshes not grow to large, s.t. the meshes

can also be distributed in parallel compute environments in a way that each

compute node has a low n number of unknowns to not deteriorate the overall

runtime and numerical convergence which is mainly influenced by the coarse

grid solution on the base level.

To this end a novel grid generation algorithm has been developed in this dis-

sertation, which approximates the neuronal morphology by piecewise cylinder

segments using cubic splines for the neurite backbone from point-diameter data

stored in common neuromorphological databases [11], cf. http://NeuroMorpho.

org, and allowing for a more convenient mesh refinement strategies via pro-

jection out of the box. Striving to capture the calcium dynamics on each

physiologically relevant spatio-temporal scale with the necessary level of de-

tail, it is inevitable to use adequate and distinct modelling approaches on

the different scales, perhaps adaptively and iteratively, to capture the calcium

dynamics reliably. For the micro-scale respectively atomistic scale model, e.g.

changes in protein interaction at the synapse induced by elevated calcium con-

centrations or receptor state transitions, leading to electrical currents and ion

influx into the receiving neuron, a scale coupling approach has been developed

by [65, 64], inspired by [50], which uses for the meso-scale a PDE model using

calcium diffusion process, and a macro-scale for modelling the 1D electrical

communication between neurons in network as has been developed previously

by [26].

http://NeuroMorpho.org
http://NeuroMorpho.org
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Focusing on the meso-scale and thus to resolve all necessary compartments

of a neuron and to simulate the correct physics and to facilitate reconstruction

of neurons, an automatic reconstruction pipeline has been devised, enabling to

reconstruct bona-fide neurons from a neuroscientific database in a large-scale,

e.g. batch-processing, manner. The novel meshing algorithm proved useful to

generate meshes, and further optimizations of the grid generation algorithms

have proven to increase the number of useful computational meshes in each

optimization stage for numerical simulations significantly. Robust mesh gen-

eration is an intricate problem as the surfaces have to be shrunken towards the

interior of the cell and a variety of neuronal topologies, branching patterns and

angles of neurons at bifurcation points, have to be reliable reconstructed, i.e.

without local and global self-intersections at branching points. furthermore

the appropriate volumes have to be generated within branching points and in

general in the whole-cell neuron with embedded ER as well. Eventually soma

and neurites have to be connected and this leads to the problem of connecting

hexahedral with tetrahedral meshes, which is solved by providing pyramidal

elements at the mixed-element discretization interfaces.

The three-dimensional spatio-temporal IC calcium dynamics are modelled with

an extension of an existing PDE model [28] as described in Chapter 3. The

model consists of a system of coupled non-linear diffusion-reaction equations

with boundary conditions as a function of electrical activity of the neuron

provided by an electrical model for the intracellular space and endoplasmic

reticulum. Note that the PDE model’s boundary conditions are adjusted to

be driven by the corresponding electrical potential on the plasma membranes

driven by a simulation of the electrical signal propagation on the associated

one-dimensional representation of the neuron and might be highly non-linear.

Computational meshes are discretized using a standard cell-centered finite vol-

umes method on hexahedral and tetrahedral elements. All previously devel-

oped simulation components, will be cumulating into a neuroscientific toolbox
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for conducting calcium dynamics studies on multiple scales within the ug4

framework [171, 74], enabling researchers to conduct large-scale parameter

study of IC calcium dynamics acknowledging the detailed morphology and

topology of neurons quasi automatically. To this end a demonstration of a

parameter study of the IC dynamics will be conducted on a subset of the neu-

rons in the archives of the NeuroMorpho.org database, [11] to investigate IC

dynamics upon different stimulation strategies and parameter combinations,

e.g. synchronous synaptic activation and synapse loss studies. A previously

developed tool for the quantification and visualization of 3D density maps of

neuronal geometries might be useful to facilitate a subdivision of neurons into

categories of function depending on their observed IC dynamics with respect

to neuronal topology and/or morphology [63]. A connection between the novel

meshing routines and the evolving realm of scientific data visualization within

virtual reality (VR) environments will be discussed in Section 4.8.



7

CHAPTER 2

THE NEUROBIOLOGY OF

NEURONS AND SYNAPSES

The following chapter should serve as a short primer on the involved, im-

portant, necessary and relevant neurophysiological domains of a neuron and in

particular its intracellular organization or cellular architecture. Furthermore

the importance of the compartmentalization [178], e.g. the organization of

the neuron into distinct structures of specific function, i.e. soma, dendrite,

axons, shall be highlighted. The synaptic architecture and in particular its

ultrastructural organization [104, 147, 152] in the postsynaptic and presynap-

tic terminal allowing for fair synaptic functioning should be stressed. It will

also serve to outline the agenda for the following chapters on how to rigor-

ously simulate the involved physics of the whole-cell calcium dynamics, i.e. an

electro- and biochemically sound model for the 1D and 3D scale will further-

more be introduced in Chapter 3, ultimately allowing researchers to conduct

parameter studies on surrogate neurons, investigating the intracellular calcium

dynamics with respect to neuronal morphology and topology in the devised

automated reconstruct and simulation pipeline. If necessary additional details

can be enabled by the user (micro-scale features) and upscaled to the meso-

scale. 1D network input provided by different synapse types distributed on the

plasma membrane surface of the neuron, naturally provide BCs for the whole-
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cell PDE model. All these features have been compiled into a reusable toolbox

composed out of the different components as presented in this manuscript.

2.1 Description and morphology of the neuron

Neurons or nerve cells (colloquially brain cells) are electrically excitable

cells [138] whose excitation can be caused by a variety of external or internal

stimuli, e.g. mechanoreception, audio-/visual perception, and so forth. The

neurons may communicate with other cells via specialized connections called

synapses (spatial close but contactless zones stabilized by cell adhesion pro-

teins and filaments) and represents the main fraction of nervous tissues in

animals, except for sponges and placozoa. The main function of neurons is

hence the processing and transmission of either externally received stimuli or

internally generated pacemaker stimuli respectively signals and to transmit

and distribute the electrically encoded stimuli or information within the ner-

vous system, which is achieved mainly by the use of chemical and electrical

synapses. The distinction between these two synapse types will be elaborated

in the paragraphs below. Usually there are three neuroanatomical prominent

components present in a neuron: A soma (cell body), dendrites and usually a

single axon, cf. Figure 2.1. The morphology of spines can vary significantly

and lead to a subdivision of spines into different morphological categories. The

inset demonstrates the conversion of the electrical signal to a chemical signal

and back to an electrical signal at the chemical synapse. An incoming electri-

cal signal at the end of the dendrite leads to the secretion of small, i.e. low

Da biomolecules. These neurotransmitters are relaying the electrical signal by

means of their role of a chemical proxy substance to the receiving neuron (usu-

ally soma). The so-called somato-dendritic contact region is the synaptic cleft

which is part of the extracellular (EC) space of a neuron. There are also con-

tact between axons (axo-axonal) or dendrites (dendro-dendritic). Furthermore

neurons are classified into different types based on, e.g. their neurobiological

function, there are neurons responding to stimuli on touch, sound or light et
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cetera, and these signals are send to the spinal cord or brain to be integrated

and interpretated. Other families of neurons include the motor neurons which

control muscle contractions and glandular output and interneurons [67] which

connect neurons in the same brain region. A multitude of connected neurons

is called a neural circuit and the smallest possible circuit is monosynaptic, i.e.

the communication unit composed out of two neurons by formation of a single

transmission channel (a synapse).

The neuroanatomical components of a neuron serve different purposes, e.g.

the soma (also known as the cell body) is usually electrotonically compact

and integrates the signal from several dendrites converging onto the soma.

Dendrites (passive) and axons (active) are filaments extruding from the cell

body and have distinct electrotonical properties. The soma also contains a

variety of cell organelles as well as the cell nucleus (contains the DNA). Neu-

rites, the generic term for either dendrites or axons or in particular for any

projection emerging from the cell body of a neuron, branch profusely and ex-

tend hundreds of micrometer from the soma. The term is employed usually

when speaking about immature or developing neurons in vitro, in particular

if neurons are cultivated in cell culture, because it may be difficult to tell

the difference between dendrite and axons before cell differentiation and func-

tional classification. Axons, frequently thicker in diameter and active electrical

propagation of the signal, typically exit the soma at a swelling, called the axon

hillock, which is also the region of initiation the electrical signal (action poten-

tial initiation or generation). Axon terminals are the most distal region to the

soma and are able to transmit a signal across synapses (extracellular space) to

another cell. The characteristic branching patterns of neurites usually is re-

ferred to by a dendritic tree. Likewise the proximal dendritic tree contains an

even smaller level of detail, dendritic spines which ultimately receive synaptic

signals [9, 73, 158]. Proximal regions are spatially close to the soma. The elec-

trical signal is transmitted in axial direction with respect to the neuron (from

soma to dendrite tip or vice versa) by the mechanism of membrane potential

propagation, see below.
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Figure 2.1: A sketch of the neuron and the chemical synapse formation as

found between two neurons in the brain. The neuron consists out of a soma

(cell body), the axons and a multitude of dendrites. Electrical stimulation

or various stimuli from the external environment may lead to an initiation of

electrical activity by stimuli-dependent components embedded in the initial

segment of the axon (axon hillock) resulting in a propagation of an electrical

signal downstream towards the end or distal part of the axon (axon terminal)

Locations proximal and distal are defined as the regions close to the soma

and far from the soma. As depicted dendrites can exhibit a quiet complex

branching pattern at the dendrite tips which are locally enriched with even

smaller protrusions (spines). By courtesy of the public domain from https://

en.wikipedia.org/wiki/File:Chemical_synapse_schema.jpg accessed on

December 1, 2020.

https://en.wikipedia.org/wiki/File:Chemical_synapse_schema.jpg
https://en.wikipedia.org/wiki/File:Chemical_synapse_schema.jpg
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Neurons are surrounded by a plasma membrane, a semi-permeable biomem-

brane, which is composed of a phospholipid (amphipatic) bilayer of an es-

timated thickness of about 7-8 nm, shielding and insulting the cell interior

(intracellular space) from the external milieu or environment (extracellular

space) and serves thus as a natural (diffusion) barrier as well as a communi-

cation platform for cell-cell communication, cf. Figure 2.3, and allows for cell

adhesion. Based on the principal of electrical charge separation a membrane

voltage difference is established over the plasma membrane, which is called the

resting (membrane) potential and typically in the regime around -65 to -75

mV. Transmembrane ion transporters and pumps are embedded in the plasma

membrane to allow the charge separation under the expenditure of energy or

more commonly known as the biological energy equivalent Adenosine trispho-

sphate (ATP). The plasma membranes function can be described by electrical

terminology as a resistor and capacitor. Resistances arises because the plasma

membrane impedes the movement of transmembrane charges (current).

Definition 2.1 Farad is the ability to store an electrical charge and is ab-

breviated by F as the electrical capacitance with unit C
V

. One Farad is the

capacitance which stores a one Coulomb charge across a potential difference of

one Volt.

In a similar manner membrane capacity arises from the fact that charges

can accumulate on the lipid bilayer and give rise a electrical force pulling

oppositely charged particles towards the other side. The capacity is fixed to

around 2 µF
cm2 and little effect has the membrane protein composition on the

membrane capacity. The analogy of the neuron with a cable, led to the use

of the cable theory which uses a mathematical model to calculate the electric

current along passive dendrites and active axons [179] which will be made use

of in Chapter 3 for the 1D electrical model [92].

Consider for example a mechanosensitive or audio-/visual stimulation of a

nerve cells. This will lead to a depolarization (positive membrane potential)

of the plasma membrane (via e.g. mechanosensitive receptors or analogue)
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Figure 2.2: Illustration of charge separation across a semi-permeable biomem-

brane. Note that selective ion transporters and ion pumps can establish

a disparity of ions across the membrane, giving rise to a charge separa-

tion, in which the cell interior is usually negatively charged (anions and

proteins) relatively to the outside of the cell (more cations). The result-

ing voltage difference across the membrane is called the membrane poten-

tial and is a consequence of the differences in concentrations of ions inside

and outside the cell respectively due to the electrochemically potential gra-

dient. The membrane potential is usually abbreviated as Vm and measured

in millivolts and around -65 or -75 mV at rest, e.g. no electrical activity

of the neuron. Ions involved in the establishment of the membrane poten-

tial are usually sodium Na+, potassium K+ and chloride Cl- and anionic

proteins attached to the interior of the cell membrane (Not shown in the

figure above). By courtesy of Synaptidude from https://en.wikipedia.

org/wiki/File:Basis_of_Membrane_Potential2.png with license https:

//creativecommons.org/licenses/by/3.0/deed.en accessed on December

1, 2020.

https://en.wikipedia.org/wiki/File:Basis_of_Membrane_Potential2.png
https://en.wikipedia.org/wiki/File:Basis_of_Membrane_Potential2.png
https://creativecommons.org/licenses/by/3.0/deed.en
https://creativecommons.org/licenses/by/3.0/deed.en
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and signal propagation by means of activation of nearby voltage-dependent

(calcium) or touch-sensitive ion channels, resulting in the propagation of the

electrical signal along the neurites. The typical waveform of an action poten-

tial is depicted in Figure 3.2. Permeability of the voltage-dependent calcium

channels depends on the state of the channel and in particular the membrane

voltage gradient and/or on cofactors, mostly metal ions, allowing change in

permeability of channels, e.g. upon Mg2+ binding the ion channel is unblocked.

Both membrane transporters and ion pumps actively maintain the resting

membrane potential, the state in which the cell is excitable, driven by active

processes (under energy consumption). A major ion pump involved in this

process is the so-called Na+/K+ ATPase which transports three Na+ ions ouf

of the cell for every two K+ ions to the inside, leading to a tenfold increase of

the Na+ concentration in the extracellular space comparing to the intracellular

space, and a thirtyfold increase of K+ in the intracellular space comparing to

the extracellular space, cf. Figure 2.2.

Furthermore upon reaching the axon terminals, and thus arriving at the

physiological unit of a chemical synapse, the electrical signal needs to be re-

layed to another cell (rendez-vous). Diffusive low Da biomolecules, neurotrans-

mitters, serve as a proxy to transmit the signal to the receiving cell. Electrical

stimulation at the synapse leads to exocytosis or release of neurotransmitter

into a small cylindrical extracellular region of 20-40 nm in diameter and about

one micron diameter (synaptic cleft), which will activate postsynaptic receptor

channels in the receiving cell, to allow to convert back the chemical signal to an

electrical signal (Channels transduce ions through the postsynaptic membrane

and thus generate an electrical current). At the same time a postsynaptic in-

flux of calcium can lead to a CICR mediated by the endoplasmic reticulum

which acts ancilliary in relaying the calcium signal (change in calcium con-

centration in the receiving cell) over a longer range (≈ 100 µm) to the soma

for signal integration, which is discussed further down in Sec. 2.6, and has

implications for the alteration of gene transcription in the neuron’s nucleus.
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Figure 2.3: Sketch of the plasma membrane in animal cells as understood by

the fluid mosaic model. A phospholipid bilayer of estimated thickness of 7-8 nm

separates the extracellular milieu from the interior of the cell and serves thus as

a selective diffusion barrier and means of establishing a membrane potential

as illustrated before. Attached to the membrane are a variety of proteins,

globular as well as glycolised proteins (glycoproteins) and cell surface proteins

which are linked to cytoskeleton filaments serving to preserve and modulate

cell structure and attach to signalling pathways in the cytoplasm. Embedded

in the membrane are cholesterols controlling for instance rigidigy or fluidity of

the membrane, as well as important transport or channel proteins as well as

integral proteins and ion pumps and protein carriers. The transport process

are a mixture of active and passive processes as well as facilitated (diffusion)

processes are involved. Worth to mention is that the membrane capacity is

not majorly influenced by composition of PM and usually around 2 µF
cm2 . By

courtesy of the public domain from https://en.wikipedia.org/wiki/File:

Cell_membrane_detailed_diagram_en.svg accessed on December 1, 2020.

https://en.wikipedia.org/wiki/File:Cell_membrane_detailed_diagram_en.svg
https://en.wikipedia.org/wiki/File:Cell_membrane_detailed_diagram_en.svg
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2.2 The definition of the membrane potential

The membrane potential is understood as the electrical potential differ-

ence across the plasma membrane of a cell, i.e. between the intracellular and

extracellular space of a neuron and ultimately based on electrical force and a

diffusion process. The phospholipid bilayer enriched with proteins serves as

an insulator and diffusion barrier for transmembrane ion movement and thus

prevents an equimolar distribution of (electrochemical active) substances. As

illustrated before, ion pumps and ion transporters actively move ions across

the membrane to establish an electrochemical gradient (field). Ion pumps and

ion channels are thought of as batteries and resistors inserted into the plasma

membrane. Having an established membrane potential the neuron allows to

function as a battery and to operate voltage-dependent molecular machinery

and secondly as outlined before might be used for signal transmission between

cells or parts of the cell. Closing or opening of ion channels upon external

or internal stimuli generate a local current and change in membrane poten-

tial, which in effect changes the electrical field and affects adjacent regions of

the membrane which are voltage-dependent, thus in essence reproducing and

propagating the electrical signal. Voltage, i.e. difference in electrical potential,

is synonymous with the ability to drive electrical currents through a resistor,

and is given by Ohm’s law

V = I ·R (2.1)

where V is the voltage in volts, I the current in amperes A = C
s

and R the

resistance in ohms Ω = V
A

= 1
S

and C is the unit of the electrical charge. Note

that S denotes the conductivity in siemens, i.e. the inverse of the resistance

in ohms, Ω−1 = S = A
V

, and usually is used for specifying the permeability of

ions channels for electrically charged ions.

Assume there exists an electrical field E that is mathematically defined as a

vector field which associates to each point in space the electrostatic or Coulomb

force per unit charge exerted on an infinitesimal positive test charge at rest

(direction and magnitude). Furthermore assume that this field is conservative
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and thus can be expressed by the gradient of a scalar function V as

E = −∇V (2.2)

where

∇f(p) :=


∂f
∂x1

...
∂f
∂xn

 (2.3)

for a scalar-valued differentiable function f : Rn → R at point p = (x1, ..., xn).

The scalar field V is the voltage distribution or distribution of difference in

electrical potential (membrane potential). Note that a field is only conservative

if it is not influenced significantly by a magnetic field, which is mostly true for

biological tissues and thus safe to assume.

Furthermore commonly the membrane potential can be formulized by using

the Nernst-equation [119]. Nernst describes the electrochemical equilibrium

distribution of ions between two compartments separated by a semi-permeable

membrane, i.e. a membrane which selectively passes ions. The distribution of

the ions across the membrane is governed by the electrochemical (potential)

gradient and leads to the establishment of a membrane potential (difference).

Nernst equation is an adequate description when the membrane is in thermo-

dynamic equilibrium, i.e. no net flux of ions across the membrane, then the

membrane potential equals the Nernst potential.

Nernst-equation The electrochemical potential of an ion species X (inside

the cell) may be defined using its concentration [X] and its standard chemical

potential µX0 as

µXi = µX0 +RT ln ([X]i) + zXFVi (2.4)

where F is the Faraday constant, z is the valency of the ion X, Vi is the

electrical potential inside the cell and R the universal gas constant as well as

a given temperature T . Similarily we can define the electrochemical potential
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of an ion species X (outside the cell) by:

µXi = µX0 +RT ln ([X]o) + zXFVo (2.5)

At equilibrium the following condition must be met

µXi = µXo , (2.6)

thus we have

µXi = µX0 +RT ln ([X]i) + zXFVi = µXi = µX0 +RT ln ([X]o) + zXFVo. (2.7)

Rearranging Eq. 2.6, leads to

zXFVi − zXFVo = RT ln ([X]o)−RT ln ([X]i) (2.8)

and further simplification to

zxF (Vi − Vo) = RT ln

(
[X]o
[X]i

)
. (2.9)

Now define the quantity Vm as the membrane potential via the following ex-

pression:

Vm = Vi − Vo (2.10)

Using Eq. 2.10 we obtain the following expression from Eq. 2.6:

zXFVm = RT ln

(
[X]o
[X]i

)
(2.11)

Solving for Vm we obtain the Nernst-equation for the single ion species X:

Vm =
RT

zXF
ln

(
[X]o
[X]i

)
(2.12)

Under physiologically conditions in neurons however, and in particular if

the cell has not yet ceased to exist, due to active transport processes, e.g. ion

pumps, the cell is not in equilibrium. Usually the Nernst equation (assumes

that the membrane potential is based on only a single ion species) is replaced
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with the Goldmann-Hodgkin-Katz equation, cf. [60] for the motivation and

derivation of the equation, which uses permeabilities for the ion species PX

(see also Section 3.4 in Chapter 3 in which the membrane processes will require

a description of the membrane potential), considering the three relevant ion

species for the establishment of the membrane potentials, i.e. the cations

potassium, sodium and the anion chloride as well as anionic proteins in the

cell interior:

Vm =
RT

F
ln

(
P+
K [K+]out + PNa+ [Na+]out + PCl− [Cl−]in
P+
K [K+]in + PNa+ [Na]in + PCl− [Cl−]out

)
(2.13)

Vm is the membrane potential, Pion the permeability for that ion, out and

in refer to the extracellular and intracellular ion concentrations,

R = NA · e (2.14)

is the ideal gas constant, T the temperature in kelvins and

F = kb ·NA (2.15)

the Faraday constant as well as e denotes the electrical elementary charge, kb

Boltzmann’s constant and NA Avogadro’s constant.

2.3 Neuroanatomy, sub- and supra-synaptic ar-

chitecture of the neuron

As outlined before, neurons communicate via electrical signals and relay

the electrical signal from one neuron to another neuron. There are in principal

two modi operandi available at the contact region of neurons which coexist,

(cf. Figure 2.1 for a chemical synapse and cf. Figure 2.5 illustrating spines),

but typically falls into the second category, e.g. a electrical signal is converted

to a chemical and back to an electrical signal by a chemical synapse. One

notable exception in which electrical cells are prevalent is the heart muscle



19

Intercellular space

Hydrophilic channel
2-4 nm space

Connexon 

Plasma membranes

connexin monomer

Closed Open

Figure 2.4: Sketch of an electrical synapse illustrating the direct coupling

of cells via their intracellular space. Specific proteins of the connexin fam-

ily form the hexameric gating protein complex connexon which constitutes

a hydrophilic channel for the passage of ions. Note that the communica-

tion is direct, fast and (usually) a synchronous coupling of the electrical

signal between cells. Unlike chemical synapses the signal is not amplified

in the postsynaptic cell. Electrical coupling is found in cells which need

the fastest of all responses, e.g. defensive reflexes, or concerted (fast) syn-

chronous electrical activity, e.g. heart muscle cells. By courtesy of the pub-

lic domain from https://en.wikipedia.org/wiki/Electrical_synapse#

/media/File:Gap_cell_junction-en.svg accessed on December 1, 2020.

cells, which directly and fast transduce the electrical signal (synchronity of

contraction) to other cells by a direct coupling of their intracellular spaces as

shown in Figure 2.4.

• Electrical, i.e. direct transduction of ions or

• Chemical, i.e. transmission of the electrical signal via a small proxy

biomolecule

Synapses are stabilized by synaptic architecture proteins to rigidify the

conctact region. Synaptic stability is dynamic, i.e. depending on the electrical

stimulation or activity patterns of the neurons, the region can be stabilized or

https://en.wikipedia.org/wiki/Electrical_synapse#/media/File:Gap_cell_junction-en.svg
https://en.wikipedia.org/wiki/Electrical_synapse#/media/File:Gap_cell_junction-en.svg
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destabilized. One prominent mechanism of synaptic stability is mediated by

cell adherence proteins, e.g. neuronal Cadherins (N-Cadherins), cf. Figure 2.6,

which cluster at the rim (periphery) of the synapse [72]. N-Cadherins are cal-

cium sensors and dissociate if calcium concentrations within the synaptic cleft

are depleted to below a threshold, allowing for synaptic reorganization, e.g.

synaptic plasticity, due to increased ‘fluidity’ of the synapse. Contrary, synap-

tic strength can be increased by a recruitment of additional adherence pro-

teins [10] and insertion of Calcium-dependent receptor channels (e.g. AMPA

or NMDA) promoting the elevation of calcium intracellularly in the receiving

neuron and eventually leading via a sophisticated second-messenger network

to synaptic remodulation, cf. Figure 2.7. Note that the synaptic current is

elevated by recruiting more AMPA receptors, since these conduct ions, and

this is one of the characteristics of the chemical synapse rendering them im-

portant for synaptic plasticity, learning, and neurodegeneration by impaired

signal transmission broadly speaking.

2.4 The synaptic signalling network and its

consequences for synaptic plasticity

A presynaptic terminal - a neuron respectively brain cell defined by the

reasoning that it holds the role of the signal donor - usually passes the elec-

trical signal (membrane potential depolarization) across the synaptic cleft via

a chemical synapse as illustrated above, e.g. by using biomolecular proxies

(neurotransmitters, at least 200 are known to exist in humans), typically small

length across and thus also of low Da, to the postsynaptic terminal - a neuron

which instead holds the role of the signal acceptor.

Additionally the cleft is rigidified by adherence proteins, the N-Cadherins

(Neuronal calcium-dependent adherence proteins, cf. Figure 2.6). These are

necessary to keep the distance fixed between the non-touching cells, which

bridge the synaptic cleft, and to keep the synaptic structure as well as synap-
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Figure 2.5: The ultrastructure of the synapse. Neurons communicate with

one another at chemical synapses. Spines on the dendrite of a medium spiny

striatal neuron, each spine represents a postsynaptic side receiving a signal

from the signal donor cell at the presynaptic side of the chemical synapse.

Spines, e.g. a striatal medium spiny neuron, can be categorized based on

their morphology, and are also compartmentalized further into spine neck and

head. By courtesy of the public domain from https://en.wikipedia.org/

wiki/File:Dendritic_spines.jpg accessed on December 1, 2020.

https://en.wikipedia.org/wiki/File:Dendritic_spines.jpg
https://en.wikipedia.org/wiki/File:Dendritic_spines.jpg
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tic response stable. Both cells, the postsynapse and presynapse are enriched

with additional binding partners intracellularly and attached to the intracel-

lular signalling network, allowing for synaptic modulation. Calcium levels are

moderately high (1.6 mM) in the synaptic cleft and may drop during electrical

stimulation (action potential) leading to a dissociation of N-Cadherins and al-

low the synaptic cleft geometry to be remodelled. In this sense, N-Cadherins

are calcium sensors and depend critical on the calcium concentrations to re-

main structurally cohesive.

Definition 2.2 The term synaptic plasticity describes the ability of synapses

to be strengthened or weakened over time in response to an increase or a de-

crease of their activity. Synaptic plasticity constitutes one of the important

neurochemical foundations which play an important role in memory formation

[113], which has been postulated to be represented by a vastly interconnected

network of neurons in the brain.

As mentioned before, also the AMPA and NMDA receptor channels are

linked indirectly via the signalling network cascade to the N-Cadherins and

thus are coupled to the electrical activity of the presynaptic neuron, cf. Fig-

ure 2.7. It is well known [161, 97, 42, 46, 129], that for instance spike timing

dependent synaptic plasticity (STDP) [115], coincidence detection of synap-

tic stimulation, may lead to synaptic strengthening or weakening effects by

changes in calcium concentrations in the synaptic cleft (and intracellular space)

which affects on the one hand the N-Cadherin stability and on the other hand

the involved second-messenger signalling network and thus the intracellular

calcium-dependent signalling cascade (influx of calcium ions through NMDA

and AMPA receptor channels). Furthermore N-Cadherins are linked to the

cytoskeleton affecting the structure of the cell. Taken together, the impor-

tance for synaptic plasticity, e.g. learning processes, memory formation and

even neurodegenerative diseases have direct connecting points to the described

structure-function relationship of the synapse.
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Figure 2.6: A Sketch of the sub-synaptic architecture of a synapse. A small

fraction of the total sub-synaptic architecture is depicted. Pre- and postsy-

napse contain F-Actin microfilaments, essential part of the cytoskeleton to

shape higher order structure and stabilizing cell structure amongst other im-

portant functions, and connects to α-catenin which can modulate the structure

of the microfilaments and β-catenin involved in the Wnt signaling pathway

and thus important for synaptic plasticitiy Common scaffolding components

found in the postsynaptic side are PSD95 and SHANK which align behind the

calcium-permeable receptor channels of AMPA and NMDA type. Synaptic

stabilization utilizes calcium signaling by activating CaMKII and associated

MAPK pathways to induce local protein synthesis and increasing the actin

meshwork at the synapse. Calcium-dependent N-Cadherins stabilize or rigid-

ify the synaptic cleft structure, whereas presynaptic neurotransmitter release

depletes cleft calcium concentration through AMPA and NMDA receptor chan-

nels, thus loosening synaptic cleft structure. The interplay between the various

calcium-sensitive processes is crucial for regulating synaptic strength by affect-

ing the interaction of the stabilizing proteins or changing the the number of

proteins via second messenger pathways and recruiting of additional membrane

receptors.
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N-Cadherin is in fact involved in the vast majority of signalling events of

chemical synapses, thus emphasizing furthermore its important role for synap-

tic plasticity events generally. N-Cadherins are additionally involved indirectly

in the scaffolding machinery of the cytoskeleton, cf. microfilaments like the

F-Actin network, which ultimately can lead to shape changes and synaptic

plasticity of neurons.
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2.5 Ultrastructure of the synapse and forms

of synaptic plasticity

N-Cadherin interaction and synaptic coherence is mediated by the dynamic

interplay of calcium and the multiple binding pocket within the N-Cadherin

protein, and thus the structural changes must be tracked over time by molec-

ular dynamics (MD), to reveal the nature of the interaction. Multiple time

and spatial scales in synaptic communication are clearly present. A two step

binding mechanism has been proposed, forming an intermediate structure, an

X-Dimer, which fascilitates the interaction but is not strictly required, to al-

low the final ‘strand swapped’ dimer induced only upon en elevation of the

cleft calcium concentration above a threshold, cf. Figure 2.8. EC calcium

concentrations range between 0.2 and 1.8 mM. N-Cadherins are found mostly

disassociated at the lower end of the physiological EC calcium concentration

range and associated at the higher.

The previous section outlined the consequences and the mechanisms of the

involved physiological processes at a chemical synapse and revealed the fact of

the involvement of multiple temporal and spatial scales. In the following the

focus will be shifted twoards a meso-scale model to resolve whole-cell intra-

cellular calcium processes. Eventually all three prescribed models, micro-scale

synapse model, meso-scale model for whole-cell calcium dynamics, and the

macro-scale network model has been integrated into one simulation workflow

within the framework ug4 [171, 74].

2.6 Calcium signalling mechanisms in the in-

tracellular space of a neuron

Following the synaptic transmission, which relays a presynaptic electrical

signal to a postsynaptic electrical potential from the source to target cell, which

is accomplished via the soluble, usually low Da and biosynthetically readily
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Figure 2.8: Targeting of the cis and trans N-Cadherin binding interface. A:

N-Cadherin dimerization promoted by elevated calcium concentrations in the

synaptic cleft (three calcium ions per monomer), leading to an intermediate X-

Dimer conformation, then dimerization into a strand-swapped conformation,

and by this leading to a stabilization of the synaptic cleft, cf. [31]. B: Scheme

of fluorescent N-Cadherin fusion protein, the fluorescent protein is inserted

(green, XFP; either Venus or Cerulean) into the second cadherin repeat of the

EC domain. C: Expression of mutant fluorescent fusion protein targeting the

trans and cis binding interfaces. Scale bar 20 µm. By courtesy of [31] and

license https://creativecommons.org/licenses/by/3.0/.

https://creativecommons.org/licenses/by/3.0/
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available, i.e. within only a few number of synthesis steps, biochemical second

messengers releases from the synaptic vesicles, neurotransmitters, intracellu-

lar calcium signalling events can be triggered which ultimately lead, driven by

second-messenger activation, in the target cell body (soma) to a neuro mod-

ulation, cf. Figure 2.9, or cellular remodelling, as postsynaptic effectors are

coupled to the cytoskeleton, cf. Figure 2.7, and thus to synaptic plasticity.

Definition 2.3 The set of all coding (for a protein) and non-coding RNA

transcripts of an individual or population of cells is known as the transcriptome

of the cell.

Through the elevation of intracellular calcium concentrations a signal can

be relayed through second-messenger mechanism or calcium binding proteins

and by means of the complex intracellular calcium signalling network, cf. Fig-

ure 2.7 indirectly to the cell body and to the nucleus and affect the gene

transcription (transcriptome of the cell) leading to an adaption of the neuron,

cf. Figure 2.9. Intracellular calcium levels can increase up to 10 respectively

100 fold during certain cellular activity [39]. Synaptic plasticity can manifes-

tate itself in the form of long-term potentiation (LTP) or long-term depression

(LDP) [23] respectively [134], resulting from cAMP response element-binding

protein (CREB), a cellular transcription factor, which has a well-documented

role in neuronal plasticity [153, 160, 71, 174, 13]. Furthermore an impairment

of calcium homeostasis [61] in neurons, is associated with common neurode-

generative diseases in the brain, [20, 149, 82, 35], and in particularly a CREB

down regulation is implicated in the pathology of e.g. Alzheimer’s disease,

Parkinson’s diseases and Huntington’s disease whereas the increased expres-

sion of CREB is being considered as a possible therapeutic target.

Another crucial component is the calcium-induced calcium release (CICR)

mechanism, mediated mainly through the membrane receptor activity of the

endoplasmic reticulum upon elevation of intracellular calcium levels triggered

e.g. by a preceeding neuro stimulation (action potential) respectively synaptic

influx of calcium into the post synaptic cell. Calcium is thus able to activate
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Figure 2.9: Intracellular calcium signalling leads to an altered gene transcrip-

tion (CREB) and might induce physiological changes of the neuron via synap-

tic plasticity and lead to LTP. Local calcium stores (ER) and the PM are

sides of Ca2+ exchange respectively Ca2+ sequestration. Neurodegenerative

diseases may arise by an impaired calcium homeostasis. By courtesy of [109]

with license https://creativecommons.org/licenses/by/2.0/.

a calcium release from intracellular calcium stores, like the ER or sarcoplas-

mic reticulum (SER), which are calcium sequestrators [156] and to propagate

much further the calcium single intracellularly than a pure calcium diffusion

process, cf. Figure 2.10. Locally calcium release from the ER is triggered

by the Ryanodine receptors (RyRs) and caused by an elevation in local cal-

cium concentration leading to an nearby activation of other RyRs leading to

a calcium wave propagation cascade [136, 163, 88, 55, 155, 43, 154, 125].

The previous sections introduced the concepts and the reasoning on how

an electrical signal is relayed by the involved neurons at the synapse. In

what follows next, a meso-scale model will be discussed for the simulations of

whole-cell calcium dynamics, the precise spatio-temporal electrical activity of

the synapses is used for the boundary conditions in the PDE model to drive

calcium in- or outflux, mediated by for instance AMPA and NMDA receptor

channels which have been ‘upscaled’ from the micro-scale model.

https://creativecommons.org/licenses/by/2.0/
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Wave initiation
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CICR

RyR

Ca2+
VDCCIP3R
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Ca2+

IP3-mediated
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Figure 2.10: Calcium-induced calcium release is initiated by a stimulation of

the cell by synaptic input (AP) and triggers release of calcium influx through

voltage-dependent calcium channels (VDCC) and release of the calcium me-

diator IP3 important for RyRs. Calcium binding to RyRs releases additional

calcium from intracellular calcium stores, as the endoplasmic reticulum (ER)

and sarcoplasmic reticulum (SER) as well as from the mitochondria [135].
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Definition 2.4 Meta-plasticity describes the plasticity of the synaptic plas-

ticity, i.e. the synapse’s previous history of activity determines its current

synaptic plasticity. The concept has been formalized by [4] and plays an im-

portant role in some of the underlying mechanisms deemed to be important

for learning such as long-term potentiation (LTP) and long-term depression

(LTD).

By means of a CICR, which can only be triggered under certain conditions

[28] and Chapter 5, and tracked numerically. Most notably the precise location

and timing of the synaptic activity pattern, ER to plasma membrane diam-

eter, and the numerically constraint of a suitable and rather high axial grid

resolution of the neuron are important. A calcium signal might be transmit-

ted as far as to the soma, the location where the calcium signal is integrated,

processed and subsequently furthermore leads to a second messenger activity

respectively signalling cascade resulting in potential modulation of the target

neuron in terms of synaptic plasticity, e.g. induce processes to strengthen or

weaken the strength of the subsynaptic architecture [159, 10, 91, 21, 157, 96]

and affecting the metaplasticity of the synapses [4, 3, 79, 53].

As is known from previous studies [27, 28], crucial parameters to trigger a

calcium wave in silico are, for linear unbranched cables, an empirically deter-

mined threshold ratio of the endoplasmic reticulum to plasma membrane di-

ameter, RyR and SERCA densities, and axial resolution of the computational

mesh. As mentioned before, the CICR is a local process: A too coarse mesh res-

olution is prohibitive; either stimulation will not lead to a wave initiation and

propagation, or the calcium wave will be intractable to track numerically with

high precision. All of the former is relevant for synaptic plasticity, e.g. learn-

ing, or neurodegeneration processes, e.g. Alzheimer’s Disease [142, 20, 149, 82],

neuronal injury and repair of neurons, [85, 106, 114, 177, 110, 116, 76] and

merits a parameter study of surrogate neuronal morphologies in Chapter 5.

In anticipation of the numerical simulation of the model equations key

factors to resolve the involved intracellular calcium dynamics with necessary
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detail, and to e.g. initiate a stable calcium wave in silico as seen in vivo or

in vitro, are the adjustment of the axial and radial grid resolution as well as

ratios of the ER to PM, as illustrated in [28]. Since moving from a basic single-

cylinder geometries to fully fledged whole-cell reconstructions, the number of

degrees of freedom in the assembled model problem will increase substantially,

since the axial grid resolution needs to be in the order of 2−6 in space usually,

this increases the number of degrees of freedom even more. In essence the

size of the problem requires to rely on methods of parallel computing and

parallel algorithms and in particular efficient numerical solvers of the HPC

realm as found in e.g. ug4 [171, 74]. Different grid refinement strategies shall

be discussed in Chapter 5 when appropriate and model equations will be set

forth in Chapter 3. Novel grid generation routines and aspects of grid handling

will be discussed in Chapter 4.

Intracellular calcium dynamics are most important per se as illustrated in

the previous paragraphs, as they can affect the transcriptome of the neuron

and have naturally ramifications on the synaptic plasticity [153, 71]. There-

fore in Chapter 5 first of all studies on the intracellular calcium dynamics in

whole-cell reconstructions shall be considered based on the model equations in

Chapter 3. Intracellular calcium waves might be evoked or not depending on

the parameters but play a secondary role in the whole-cell calcium dynamics

anyway as what matters the most is the calcium readout at the cell body giv-

ing rise to neuromodulation via the intracellular calcium signalling network,

cf. Figure 2.9, 2.7, and synaptic plasticity.
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CHAPTER 3

MODEL PROBLEMS AND

NUMERICAL SOLUTION

Previously outlined in Chapter 1 and substantiated by the following chap-

ter, the underlying mathematical models will be set forth to capture the essence

of the intracellular calcium dynamics, a crucial modulator of neurophysiology.

The following set of equations is the foundation for the numerical parame-

ter study in Chapter 5 based on the corresponding detailed description of

calcium-dependent neurobiology as illustrated in Chapter 2. For this pur-

pose a 3D calcium model will be coupled to a 1D electrical model based on

the morphology of single neurons, i.e. a meso- and macro-scale model are

coupled. Likewise the atomistic model for protein interaction with calcium

respectively neurotransmitter with postsynaptic ion channels generating cur-

rents at the synapses, is illustrated, i.e. coupling a micro-scale model with

a meso-scale model, resulting in a multi-scale model framework in space and

time integrated into ug4 [171, 74]. Since simulations of molecular dynamics

are computationally expensive, the micro-scale model might be enabled or dis-

abled in the framework. If disabled the ‘upscaled’ synaptic current description

will be used to provide the synaptic input (BCs) in the meso-scale model which

have been determined a-priori. If enabled coupling the micro-scale model is

employed adaptively, viz. only if the micro-scale resolution is required then



34

the framework will decide automatically to couple with the micro-scale model

or not.

3.1 A micro-scale model for the subsynaptic

structure and function relationship

Upon electrical stimulation of a neuron about the presynaptic side, diffusive

neutrotransmitter will be released into the synaptic cleft, giving rise to a signal

transmission through the synaptic cleft to the postsynaptic side of the neuron

by means of a chemical proxy biomolecule. The state of affairs is depicted in

Figure 2.6. The generated electrical current corresponds to a certain fraction

to calcium cations, which are important in the 1D as well as the 3D meso-

scale model to simulate correctly the intracellular calcium dynamics in the

postsynaptic cell.

Receptor channels, e.g. NMDA receptor channels residing at the periphery

of the synaptic cleft and triggered by the neurotransmitter glutamate, have

a complicated molecular structure reflecting activation kinetics. A schematic

representation of the molecular structure of the receptor channel is given in

Figure 3.1 below, which make these prime candidates to be simulated by molec-

ular dynamics to model the protein-ion interaction.



35

Figure 3.1: Molecular structure of the human NMDA receptor channel (6IRH)

in the bound glutamate state. Conformational changes during binding and

non-binding of the low molecular weight neurotransmitter leads to an opening

of the receptor channel eventually and thus initiation of the transduction of

current and calcium ions through the post synaptic membrane (location of

receptor channels). Courtesy of http://pdb.org.

Previously, calcium and glutamate diffusion coefficients have been reported

much higher [47, 94] for neuronal tissues, e.g. 300–600 µm2

s
for calcium and

around 1000 µm2

s
for glutamate. Recently through the advent of time-resolved

fluorescence anisotropy imaging of ex vivo brain slices [182] showed that the

diffusion coefficients might need further corrections, i.e. for small molecules

http://pdb.org
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(low Da) in the brain the speed of motion for these molecules might be retarded

by up to 70 percent and has not been accounted previously for. Uncertainty in

the spatial organization of the post-synaptic density and kinetics of receptor

channels within cannot be neglected as well [105, 141, 81].

To resolve the three-dimensional spatio-temporal Calcium (Ca2+) and Glu-

tamate (Glu) dynamics in the synaptic cleft two diffusion-reaction equations

are employed as described in the following. The boundary conditions for

the partial differential equations are specified by Glu and Vm dependent flux

boundary conditions (Neumann boundaries) described further below. Mobility

of Ca2+ and Glu within the extracellular domain is described by the diffusion

equations

∂u

∂t
= ∇(D · ∇)u (3.1)

where u(x, t) stands for one of the two quantities mentioned above and D

for the diffusion coefficient taken from [47, 94] and are modified by factors

defined in literature by [182] to account for the observed slow down of the

diffusion speed for small molecules depending on a given tissue type. In par-

ticular small molecules might be slowed down by up to 70 percent compared

to the formerly reported values in [47, 94] and restrict diffusion much more

than previously anticipated.

3.1.1 Activity-dependent glutamate release into the synap-

tic cleft

To mimick presynaptic Glu exocytosis into the synaptic cleft, the typical

shape of an action potential 1 is used, to simulate an arriving presynaptic

signal, cf. Figure. 3.2.

Subsequently, if the action potential threshold was passed, neurotransmit-

1https://commons.wikimedia.org/wiki/File:Action_potential.svg

https://commons.wikimedia.org/wiki/File:Action_potential.svg
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Figure 3.2: Typical shape of an AP shows its various phases in time. The mem-

brane potential starts out at roughly -65 to -75 mV at t = 0 ms. After applica-

tion of some stimulus to the neuron at time t = 1 ms, which raises the potential

above -55 mV. Threshold activation of the membrane rapidly rises the mem-

brane to a positive voltage peak of around +40 mV at time t = 2 ms. The mem-

brane potential then drops and overshoots to -90 mV with a phase of no pos-

sibility of activation or only re-excitable with a stronger stimulus. The mem-

brane potential recovers by means of membrane transport processes to its base-

line at time t = 5 ms. By courtesy of Chris73 from https://en.wikipedia.

org/wiki/Action_potential#/media/File:Action_potential.svg with li-

cense https://creativecommons.org/licenses/by-sa/3.0/ accessed on

December 1, 2020.

https://en.wikipedia.org/wiki/Action_potential#/media/File:Action_potential.svg
https://en.wikipedia.org/wiki/Action_potential#/media/File:Action_potential.svg
https://creativecommons.org/licenses/by-sa/3.0/
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ter release (flux), jGlu, into the synaptic cleft is modelled by a boxcar function

jGlu = A(H(t− θ0)−H(t− θ1)) (3.2)

where H(·) is the Heaviside function H : R→ {0, 1}

x 7→

{
0 : x < 0

1 : x ≥ 0

}

and θ0 and θ1 defining a time interval [θ0, θ1], for which the function assumes

the scalar value A and outside the interval assumes the value 0. The value A

is chosen such that the integral of Eq. 3.2 integrates to the single vesicular

concentration of glutamate during a neurotransmitter release of one quantum.

The calcium flux (jNMDA) through ionotropic NMDA receptor channels is

given by

jNMDA = ρNMDA · ρmax · exp

(
−t

τNMDA

)
· INMDA (3.3)

where ρNMDA specifies the density of NMDARs in the postsynaptic mem-

brane ρmax represents the maximal single-channel open conductivity [84], τNMDA

the time-constant and t time. The single-channel ionic current for the NMDA

receptor channel is denoted by INMDA and given by means of the Goldman-

Hodgkin-Katz equation as

INMDA = ρNMDA · Vm
Ṽm
·
co − cc · exp

(
Vm
Ṽm

)
1− exp

(
Vm
Ṽm

) (3.4)

where c0 and cc denote calcium concentrations.

A constant membrane potential value of Vm = -70 mV was assumed for the

postsynapse. Due to [84] the model takes into account that 10 percent of the

current through NMDAR [32, 58], is carried by Ca2+ at approximate [83] 2.0

mM extracellular Ca2+ as well as the reduction of the channel conductance by a

block of magnesium cations (Mg2+ of about twenty percent at the physiological

baseline concentration of 0.7 mM in the extracellular Mg2+ concentrations

[140].
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Figure 3.3: Computational domain containing the nine MD and FV coupled

subdomains, embedded in the postsynaptic density (PSD), individual subdo-

mains are numbered by arabic numerals (1-9), active zone (AZ) represents

a candidate area where a burst of neurotransmitter (NT) might be released

circularly, and the synaptic cleft volume which is a pure FV subdomain for

diffusion-reaction processes. Scale bars in the sketch indicate dimensions of

synaptic cleft which is not drawn true to scale to not clutter up the visu-

als. Each of the coupled subdomains contains receptor channels visualized in

Figure 3.1.

Space and time discretization The computational domain displayed in

Figure 3.3 has been discretized by a Delaunay tetrahedral mesh by means of

TetGen [151] applied to a valid (closed) 2D surface representtion as a Delaunay

mesh.

Algorithm 1 Volume generation

1: procedure Tetrahedralize(grid)

2: Select outer edge chains of grid . UGX format

3: Apply TetGen with prescribed min dihedral angle α . See [151] in ug4

4: Export volume mesh as UGX file

5: end procedure

PDEs have been discretized using the classical Finite Elements Methods
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with linear reference elements on the triangles (P1 Lagrange elements) and the

Implicit Euler timestepping scheme is used. The nine coupled subdomains are

additionally partitioned appropriately by the MD simulation software, approx-

imation and discretization is performed under the classical realm within the

MD field, e.g. the well-known symplectic Velocity-Verlet integration scheme is

used. The discretized PDEs are solved by one of the standard multigrid solver

cycles and the molecular dynamics are solved on parallel compute infrastruc-

ture.

3.1.2 A primer on Molecular Dynamics

In molecular dynamics simulation one deals with the cartesian vector space

Rd, where d represents the dimensionality of the vector space and usually set

to d = 3. Contrary to the previous formalism, where an continuous, infi-

nite dimensional, problem was approximated by a discrete, finite dimensional

problem, the molecular dynamics deals with a system of N discrete particles

pi with coordinates ~x(pi) ∈ R3.

For the simulation space different constraints are imposed for the vari-

ability, of the pressure (P), temperature (T), molarity (N), volume (V) and

energy (E), resulting in different simulation space ensembles described by a

subset of these parameters which are constant, e.g. the micro-canonical en-

semble (NVE), the canonical ensemble (NVT), the isobaric-isothermal (NPT)

or the replica exchange general ensemble. Usually, to overcome boundary con-

dition artifacts, the simulation box dimensions must be chosen large enough

or periodic boundary conditions (PBC) may be employed to mimick a bulk

phase by looping back on side of the simulation box to the opposite side.

Exemplary, for the NVE ensemble, we can describe a system of N particles

with coordinates ~x(pi) and velocities ~v(pi) by the following pair of first order

differential equations expressed with Newton’s notation [120]:

F (X) = −∇U(X) = MV̇ (t)V (t) = Ẋ(t). (3.5)

Note, that the potential energy function U(X) of the system is a function
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of all particle coordinates, i.e. ~x(pi) for i = 0, ..., N and may be termed

by potential or force field synonymical. The first equation originates from

Newton’s equations of motion where the force F acting on each particle in the

system can be calculated by the negative gradient of U(X).

mi
∂2xi
∂t2

= −

(
∂V

∂xi

)
(3.6)

Velocity verlet integrator:

Vn+ 1
2

= Vn + δt
2
·M−1 · Fn (3.7)

Xn+1 = Xn + δt · Vn+ 1
2

(3.8)

Fn+1 = F (Xn+1) (3.9)

Vn+1 = Vn+ 1
2

+ δt
2
·M−1 · Fn+1 (3.10)

CHARMM force field:

V = B +A+D + I + U +N (3.11)

B =
∑

bonds kb · (b− b0)2 (3.12)

A =
∑

angles kθ · (θ − θ0)2 (3.13)

D =
∑

dihedrals kφ

(
1 + cos(n · φ− γ)

)
(3.14)

I =
∑

impropers kω · (ω − ω0)2 (3.15)

U =
∑

Urey-Bradly ku · (u− u0)2 (3.16)

N = ε ·
(

(
Rmini,j
ri,j

)12 − (
Rmini,j
ri,j

)6
)

+
qi·qj
ε·ri,j (3.17)

3.1.3 A scale coupling approach

To convey information between the fine (micro-scale) and coarse scale

(meso-scale), we need to introduce local transfer operators, which we denote

by C (compress operator) and R (reconstruct operator). An appropriate defi-

nition of the operators permits the transportation of information between the
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different scales, i.e. from the molecular dynamics (fine scale) to the continuum

dynamics (coarse scale) and vice versa.

From Finite Volumes to Molecular Dynamics

For the reconstructing of individual ions as discrete particles, we chose to

calculate cuts between the finite volume elements and the molecular dynamics

cells. This operations corresponds to the information transfer from the coarse

to the fine scale of the simulations. For each cut, we calculate the integrated

concentration in this convex cut 3-polytop (polyeder), then we convert the

concentration back to a discrete number of particles or rather ions. By means

of this conversion we distribute randomly these particles in the convex cut 3-

polytop (polyeder) corresponding to the molecular dynamics cell respectively

space. Due to the fact that the finite volume elements and the molecular

dynamics cells are platonic solids (tetraeders and hexaeders), we can rely on

an efficient repertoire of geometric algorithms for convex 3-polytops (polyeder).

The defined reconstruct and compress operators below, conveying information

from the two scales back and forth, rely on a cut calculation determining the

fraction of contribution in each cell or finite volume, and is illustrated in Figure

3.4.

Reconstruct operator The reconstruct operator R converts a given molar

concentration to the corresponding number concentration

R(t, h) :=

∫
t∩h

d~x ·
∫
t∩h

c(~x)d~x ∀t ∈ T , h ∈ H (3.18)

where H denotes the hexahedra and T the tetrahedrons of the corresponding

MD and FV meshes.

Conversely assume we need to transfer the information from the fine to

the coarse scale of the simulations. For each not necessarily static convex

cut 3-polytop (polyeder) we integrate the calcium concentration in this cut

by determining the number of discrete particles in the cut as well as the cut

volume. The conversion between (continous) concentrations and (discrete)
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particles respectively ions is governed by fundamental biochemical equations,

i.e. Eq. 3.19 with c the concentration, n amount of chemical substance and

V volume of solution as well as Eq. 3.20 with N discrete number of particles

respectively ions and NA Avogadro’s constant as follows:

Molar Concentration Convert to molar concentration.

c =
n

V ·NA

(3.19)

Number Concentration Convert to number concentration.

N = c · V ·NA (3.20)

1 2 3

Figure 3.4: Cut calculation. In shades of green a control volume with a sub-

control volume (brown) of a centroidal Voronoi tessellation of an example mesh

in 2d is depicted. For each control volume the algorithm finds the overlapping

regions of the subcontrol volume with the rectilinear tessellation (yellow) of

the cartesian space used in the molecular dynamics simulation.

From Molecular Dynamics to Finite Volumes

By means of the basic properties in Eqs. 3.19, 3.20 and the way of reasoning

we introduced previously, we can formulate the compress operator below with

a function p(~x) representing the number of ions in the convex cut 3-polytop

which needs to be defined in advance.

Compress operator For the compress operator C holds:

C(t, h) :=
1∫

t∩h d~x
·
∫
t∩h

p(~x)d~x ∀t ∈ T , h ∈ H (3.21)
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Actually, the cut computation is carried out with the sub-control volumes

(SCVs) of each finite volume element in the FV and MD coupled subdomain

and the molecular dynamics simulation cells, which we omitted in the previous

paragraph for illustrating the purpose of the locally defined transfer operators

between the differently scaled spaces i.e. the coarse and fine scale spaces. As

mentioned previously we rely on efficient geometric algorithms for computation

of the cuts and so forth, e.g. we reduce if ever possible our geometric elements

to a composition of the most basic, i.e. hexaeders and tetraeders, for which

appropriate efficient algorithms are available. For the reconstruct operator R,

i.e. the placement of discrete ions in the cuts we can make a choice between a

random or even distribution of the ions, for the compress operator C, i.e. the

integration of the concentration in the cuts we can make choice between and

averaging or non-averaging compression of the concentrations. If one should

assume either the ladder or the former of the presented strategies for the grid

information transfer operators needs to be discussed for the specific study to

be conducted and thus the considered simulation setup modelling the physics

is important and may depend on the level of grid refinement in the FV and

MD subdomain of the whole geometry as well.

3.2 Description of the 3D calcium model equa-

tions

Important second messengers involved in the signal transduction of biolog-

ical cells include the inositol triphosphate (IP3) as well as the calcium cation

Ca2+. Hence knowledge of the dynamical distribution of these biomolecules

within neurons and its compartments is of great interest to the research com-

munity in Computational Neuroscience, since these can lead to a neuromodula-

tion of synaptic communication, as outlined in Chapter 2, or neuronal plastic-

ity in the general sense. To model the spatio-temporal dynamics of these two

second messengers in three-dimensional space, a system of reaction-diffusion
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equations with boundary conditions specified by IP3 and Ca2+-dependent flux

(Neumann) boundary conditions (BC) as described below has been estab-

lished. Note that both systems are a system of partial differential equations

(PDE) which need the appropriate numerical treatment and description in a

PDE solver framework like ug4.

As illustrated before, two major compartments are involved in intracellular

calcium dynamics, i.e. the endoplasmic reticulum and the cytostolic compart-

ment, e.g. cell interior surrounded by the plasma membrane. Thus modelling

the quantities for calcium requires a cytosolic part (cc) as well as an endoplas-

mic part (ce). An important calcium binding and thus transport protein for

calcium is calbindin-D28k and will be included as b as well as IP3 which drives

the dynamics of the membrane-bound receptor channel (IP3R) embedded in

the endoplasmic membrane.

As suggested by state-of-the art models, amongst others [27], the mobility

of the quantities above can be captured adequately by using diffusion equations

of the following form:

∂u

∂t
= ∇ · (D∇u) (3.22)

Note that each of the quantities above, i.e. IP3, calbindin-D28k, cc, and ce

can be substituted for u(~x, t) and t denotes time. The corresponding diffusion

coefficients D can be found the different chemical species in literature and are

defined accordingly in the PDE model, [7, 143].

To describe the interaction between the calcium binding protein calbindin-

D28k (CalB) and the cytosolic Ca2+ one resorts to a kinetic model of the binding

dynamics, with certain rate constants κ−b and κ+
b which are given by various

and separate in vivo experiments and are summarized in the table of model

equations, cf. Table 3.1. While it is well-known that CalB has four distinct

high-affinity binding sites for Ca2+, which could work together by cooperativity

[124, 16], the current model treats it as one homogenized binding site and the

CalB concentration is increased fourfold in the model description [169], which
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translates to the assumption that all four binding sites are equivalent in the

sense that there is neither allosteric positive or negative cooperativity or other

cooperative binding mechanism involed.

In essence the dynamics of cytosolic Ca2+ and CalB can be described by

the following set of equations:

∂cc
∂t

= Dc∆cc +
(
κ−b
(
btot − b

)
− κ+

b b cc
)
, (3.23)

∂b

∂t
= Db∆b +

(
κ−b
(
btot − b

)
− κ+

b b cc
)

(3.24)

Following the description [27] note that in the cytosolic domain, the CalB-

Ca2+ concentration compound is expressed by the difference of CalB present

in the cytosol (btot) and free CalB. Furthermore the free CalB concentration

is assumed to remain fixed during space and time which is equivalent to the

assumption that both free and 2+-binding CalB have the same diffusive prop-

erties, cf. Table 3.1.

IP3 decays typically towards a basal IP3 concentration pr. The decay pro-

cess is exponential in nature and modelled by a reaction term that is added to

the IP3 diffusion equation, which adds the first reaction term to the claimed

system of reaction-diffusion equations in the exposition, to the model.

∂p

∂t
= Dp∆p − κp (p− pr) (3.25)

Similarily the Ca2+ dynamics in the endoplasmic reticulum (ER) have to

be modelled, however in the following the calcium dynamics follow a pure

diffusion equation in the ER:

∂ce
∂t

= Dc∆ce (3.26)

Up to now the model does not allow for an exchange across the membranes

which separate the compartments of the neuron, e.g. cytostolic and endo-

plasmic domain. The next sections will build up on the basic model and add

subsequently more and more membrane transport mechanism deemed essen-

tial for simulation and analysis of the influence of intracellular organization
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of Ca2+ signals. The following model equations for the membrane transports

are of utmost importance for the following parameter study in Chapter 5, as

illustrated in [28], a complete description will be given, collected from [27, 28],

if not further noticed, and by explicit references provided through Table 3.1.

Membrane transport mechanisms

As hinted in the Chapter 2 a variety of membrane transport processes

might play a role in substantiating the membrane potential and in particular

the intracellular calcium dynamics. In order to include the influence of the

intracellular organization of calcium signalling, exchange mechanism are in-

cluded for the whole-cell simulations for the endoplasmic reticulum membrane

(ERM) as well the the plasma membrane (PM).

In addition to the ions involved in Chapter 2, the bidirectional mem-

brane transport processes of interest to drive calcium dynamics in whole-cell

simulations are the IP3-receptors (IP3R), ryanodine-receptors (RyR), sarco-

/endoplasmic reticulum Ca2+-ATPase pumps (SERCA) as well as leakage

terms of Ca2+ across the ER membrane. In analog for the plasma mem-

brane a different set of membrane transport processes are considered, i.e. the

Ca2+-ATPase pumps (PMCA), Na+/Ca2+ exchangers (NCX) and a leakage

term across the PM membrane.

As discussed by [28] this amounts to the flux balance equations

jERM = jI + jR − jS + jl,e, (3.27)

jPM = −jP − jN + jl,p. (3.28)

where jI is the IP3R flux density, jR the RyR flux density, jS the SERCA

flux density and jl,e the leakage flux density on the ERM, and jP , jN and

jl,p the flux densities of PMCA, NCX, and leakage flux density of the PM,

respectively.

Due to lack of the availability of experimental data describing the dis-

tribution of membrane-embedded transporters and channels the assumption
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of a homogeneous distribution across the domain compartments is made. In

what follows is that the description of the membrane transporter models are

roughly transcribed respectively repeated from [28] as the base model has been

validated there.

IP3R channels

Definition 3.1 The flux density if the number of ions per membrane area and

time

For the IP3R channels localized in the ER membrane, the flux density, through

the ER membrane jI is calculated by

jI = ρI · poI · II , (3.29)

where ρI is the density of IP3-receptors in the ER membrane, poI represents

the open state probability of a single channel and II denotes the single channel

Ca2+ current and based on [19]. Experimental data is fitted by assuming a

Michaelis-Menten equation and is quasi-linear in the physiologically-relevant

range of luminal Ca2+ concentrations and below.

The described behaviour for the luminal Ca2+ justifies the following equa-

tion, with a reference concentration of Ca2+ (cref
e ) well inside the admissible

determined range.

II = Iref
I

ce − cc
cref
e

(3.30)

Open state probability for the (receptor) channels is modelled by means of

experimental data and fitting from [45, 51], i.e. the open state probability poI

is defined by

poI =

(
d2ccp

(ccp+ d2p+ d3cc + d1d2) (cc + d5)

)3

(3.31)

with the kinetic parameters d1, d2, d3 and d5, cf. Table 3.1 for the parameter

values.
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RyR channels

Like the IP3R channels, the Ca2+ flux density generated by ryanodine-

receptor channels, jR at the ER membrane is expressed by the following equa-

tion

jR = ρR · poR · IR, (3.32)

where ρR represents the density of RyR in the ER membrane. As before poR is

the open state probability of a single RyR channel, and IR denotes the single

channel Ca2+ current.

Following the established approach [89], the single channel ionic current IR

is stated by the following equation

IR = Iref
R ·

ce − cc
cref
e

, (3.33)

where the reference current Iref
R has been approximated by methods published

elsewhere [164]. RyR channel open state probability has been reported by [89]

and is calculated as the sum of the two open states, o1 and o2 in the following

system of ordinary differential equations (ODE)

o1 = 1− c1 − o2 − c2 (3.34)

∂c1

∂t
= k−a o1 − k+

a c
4
cc1 (3.35)

∂o2

∂t
= k+

b c
3
co1 − k−b o2 (3.36)

∂c2

∂t
= k+

c o1 − k−c c2 (3.37)

where the kinetic constants k±a , k±b and k±c are defined in Table 3.1. For each

point on the surface of the ER membrane the system of ODEs can numerically

be solved independently.

Solution of systems of ODEs A single first-order ODE can be written as

dy

dt
= f(t, y), y(t0) = y0 (3.38)
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where f is a given function and t0 and y= are given initial values. A system

of n ODEs might then be written as

dy

dt
= fi(t, y

1, y2, ..., yn), yi(t0) = yi0, i = 1, ..., n. (3.39)

We can write y for the vector (y1, y2, ..., yn), f(t, y) and for the vector value

(f1(t, y), f2(t, y), ..., fn(t, y))

and y= for the vector of initial values (y1
0, y

2
0, ..., y

n
0 ) and the system can be

rewritten in the compact form

dy

dt
= f(t, y), y(t0) = y0 (3.40)

as before. Note that any higher order ODE of order m > 1 can be reduced

to a system of first-order ODEs. A large repertoire of numerical methods

to solve (systems of) ODEs exist in literature, e.g. Euler’s method [66] and

Runge-Kutta methods [33] to mention the obvious in a large body of potential

available numerical solvers.

Active transport processes The following sections describe active trans-

port processes or ion exchange across (under the expenditure of energy via the

organic compound ATP) the membrane of the ER or across the PM. As hinted

in Figure 2.10 a second intracellular network of mitochondria [128] accompa-

nies the ER network to provide the required energy to drive these processes

in the neuron. If not further specified, the assumption is made that energy is

abundant and does not limit the transport process.

SERCA pumps

Another component involved in calcium homeostasis are the sarco/endo-

plasmic reticulum Ca2+-ATPase pumps (SERCA). A model from [155] which

has been adapted to the three-dimensional case is used to describe the active
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exchange of ions through the ER plasma membrane. The Ca2+ flux density jS

contributes the following amount to the calcium dynamics in the neuron

jS = ρS ·
IScc

(KS + cc) ce
. (3.41)

Note that this model does reflect the dependence of the Ca2+ current on the

cytostolic as well as the concentration saturation in the endoplasmic reticulum.

Table 3.1 states all involved parameters in the formulation of the Ca2+ flux

jS.

Hill-Langmuir equations Commonly in biochemistry the interaction of a

ligand (e.g. an ion) binding to a macromolecule (e.g. a receptor, channel or

pump) might be described by Hill equations of different order as a function

of the ligand concentration. A ligand is a substance forming a complex with

some biomolecule to serve a biological purpose, whereas a macromolecule is a

larger molecule with a complex structure allowing the binding and unbinding

of the ligand. The Hill-Langmuir [59] equation has the following form

θ =
[L]n

Kd + [L]n
=

[L]n

(KA)n + [L]n
=

1

1 +
(
KA
[L]

)n (3.42)

where θ represents the fraction of macromolecule concentration bound by

the ligand, [L] is the unbound ligand concentration, Kd the apparent disasso-

ciation constant derived from law of mass action, KA the ligand concentration

producing half occupation and n is the Hill coefficient (order). In the following

sections we will make use of Eq. 3.42.

PMCA pump

The plasma membrane Ca2+ ATPases (PMCA) are an active transport

process involved in the exchange of Ca2+ through the plasma membrane of

the neuron and are modelled by the work presented in [62]. Using the model

presented by [62], we model the plasma membrane Ca2+-ATPase current as a
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second-order Hill-equation

jP = ρP ·
IP cc

2

K2
P + cc2

. (3.43)

All parameters for the PMCA pump are listed in Table 3.1.

NCX pump

Natrium calcium exchange (NCX) is the second active transport process

mediated via an ATPase, i.e. under the expenditure of energy. The current jN

by the Na+/Ca2+ exchanger is assumed to follow the first-order Hill-equation

as described in [62] with constant Na+ concentration at the plasma membrane

and equates

jN = ρN ·
INcc

KN + cc
. (3.44)

where the parameters are listed in Table 3.1.

Leakage

Both membranes, i.e. the ER membrane and the PM, do allow for a

leakage flux through the membrane which not yet is accounted for by the

above transport processes. The leakage fluxes need to be calibrated towards

the equilibrium state for all involved chemical agents and ions to ensure a

net zero flux in the equilibrated state of the neuron. Accordingly leakage flux

densities for the ER membrane jl,e and PM jl,p are modelled by

jl,e = vl,e · (ce − cc) , (3.45)

jl,p = vl,p · (co − cc) , (3.46)

where co is the extracellular Ca2+ concentration. Furthermore we assume

that the extracellular Ca2+ concentration remains constant throughout the

simulation time window.
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Calcium release and IP3 production

Release of calcium at the postsynaptic membrane is modelled as a Neu-

mann boundary condition defining the Ca2+ flux density jc for the cytosolic

calcium process, thus a time-dependent influx density function is defined on

the associated membrane. Typically a 1 ms pulse of calcium release is initiated

at a maximal specific current density, jrc and the duration of exponential cal-

cium release profile was modeled as an exponential influx and decay constant

τr = 10 ms by:

jr
c · exp

(
− t

τr

)
(3.47)

NMDA receptors give rise to a prolonged calcium release, and this flux

(jNMDA) was modelled by the NMDA-receptor model below with the time

constant τNMDAR = 150 ms

jNMDA = ρNMDAR · pomax exp

(
− t

τNMDAR

)
· INMDAR, (3.48)

where ρNMDAR is the density of NMDARs in the postsynaptic membrane, pomax

is the maximal single-channel open probability.

By the Goldman-Hodgkin-Katz expression the single-channel ionic current

INMDAR is then iven by the equation:

INMDAR = pNMDAR ·
Vm

Ṽ
·
co − cc exp

(
Vm
Ṽ

)
1.0− exp

(
Vm
Ṽ

) . (3.49)

The product

ρNMDAR · pomax (3.50)

was calibrated, s.t. the maximal expected number of open channels matched

[123]. NMDA receptor permeability is specified by pNMDAR and set to the value

that results in a single-channel current consistent with published data by [84].

A constant membrane potential value of Vm = -70 mV was imposed and due to

the fact that approximately 10% of the current through NMDARs is carried
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by Ca2+ at 2 mM extracellular Ca2+ as reported by [84]. NMDA receptor

conductivity is reduced by a Mg2+ block. [83] report that the conductivity of

the channel is reduced by around twenty at physiological 0.7 mM extracellular

Mg2+, cf. [140].

In analogue the production of IP3 is modeled as an influx, since it is pro-

duced closely to the plasma membrane, and assumed to decay linearly over

the course of 200 ms from a specific current density jr
p [55].

3.3 Numerical solution of the model equations

The model equations from the previous sections, describing the intracellular

calcium dynamics in detail on whole-cell neuron reconstructions, need to be

solved numerically, since channel models and membrane processes contain non-

linearities and in addition the computational domain renders mostly irregular.

Thus the equations, and in particular the four quantities introduced in Sec. 3.2,

are discretized in space using a finite volume method [49]. Synaptic currents

and fluxes across the ER as well as plasma membranes, are incorporated into

the reaction-diffusion system quiet naturally by employing several boundary

conditions for the quantities.

A demonstration of how the discretization is achieved, using the quantity

cytosolic Ca2+ from Eq. 3.23 is given below (which is reformulated using the

divergence theorem to an integral version):

∫
B

∂cc
∂t

dV =

∫
∂B

Dc∇T cc · n∂B dS +

∫
B

(
κ−b
(
btot − b

)
− κ+

b b cc
)
dV, (3.51)

Note that B is a control volume and n∂B is the outward normal on the

given boundary ∂B for the control volume B. Furthermore we note that for

the ER membrane a certain portion of its boundary does coincide with the

ER membrane. Across the ER membrane there is no diffusive flux density

Dc∇cc, thus substituting the ER flux density as specified in Eq. 3.27 into
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the boundary integral for this part of the boundary. Likewise the process

applies to the plasma membrane and the are of synapses. On the remainder

of the cytoslic domain boundary a vanishing diffusive flux is assumed, i.e. the

diffusive flux is set to zero. The cytosolic boundary Γ is subdivided into parts

and these parts are denoted by, the corresponding boundaries, i.e. the ER

membrane part is given as ΓERM, the plasma mambrane part by ΓPM and the

synaptic parts by Γsyn.

All in all the result of these operations is the following equation:∫
B

∂cc
∂t

dV =

∫
∂B\Γ

Dc∇T cc · n∂B dS +

∫
∂B∩ΓERM

jTERM · n∂B dS

+

∫
∂B∩ΓPM

jTPM · n∂B dS +

∫
∂B∩Γsyn

jTsyn · n∂B dS

+

∫
B

(
κ−b
(
btot − b

)
− κ+

b b cc
)
dV.

(3.52)

For a finite volumes discretization control volumes are required [99, 172].

The control volumes are constructed out of the original tetrahedral mesh as

a Voronoi dual tesselattion by connecting midpoints of edges, faces and vol-

umes through planar facets (cell-centered FV). Since Eq. 3.52 must hold for

all control volumes, we can ‘localize’, resulting in one equation for each con-

trol volume. Not enough, time has to be discretized as well. Unless stated

otherwise, the backward Euler scheme is used, i.e. for each point in time t,

the term ∂cc
∂t

needs to be approximated. By substituting cc(t)−cc(t−τ)
τ

into Eq.

3.52 for ∂cc
∂t

, time is replaced by the discretized variant. Note that each of the

right-hand side terms is evaluated at discrete time t. The width of the time

step in the time discretization (to advance forward in time) is denoted by τ .

In addition the time discretization error has to be controlled in some way, and

there are multiple possibilities, one of which is the recently added linear im-

plicit explicit (LIMEX) time-stepping scheme [103] into ug4 which adaptively

adjusts the timestep width based on some a-posteriori error indication of the

discretization and satisfying some CFL condition [40].
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The instationary assembled PDE problem eventually is solved by a multi-

grid method, [25, 52, 69, 137].

Ideas of classical multigrid algorithm Let l be the number of grid levels,

s.t. lmax ∈ N and ml = 2l, nl = (ml − 1)2 and hl = 2−l for l = 1...lmax.

Given a PDE discretize the equation by the grids Ωl := Ωhl . A discrete

representation (matrix equations) is given then by

Alxl = bl (3.53)

where bl, xl ∈ Sl = Rnl . Assume Al is an invertible matrix of order nl × nl.
The error is defined (but not available) as:

ẽl = xl − x̃l (3.54)

We fall back to the residual equation valid for ẽl:

rl = bl = Alx̃l (3.55)

Aiming to find an approximate solution of ht residual equation by solving

the equation on a course grid Ωl−1. A restriction operator I l−1
l : Sl → Sl−1

and prolongation operator I ll−1 : Sk−1 → Sl need to be defined to transfer

between the grid levels. For the two-grid mulitgrid algorithm with smoothing

steps ν1, ν2 ∈ N and using the approximate solution xkl one can calculate the

following sequence of equations:

Apply ν1 iterations of a pre-smoothing matrix, e.g. Gauss-Seidel or Jacobi:

xk,1l = Sν1
l,bl
xkl (3.56)

Residual calculation:

rl = bl − Alxk,ll (3.57)

Application of the restriction operator:

rl−1 = I l−1
l rl (3.58)
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Solve the equation system exact on the coarse grid

el−1 = A−1
l−1rl−1 (3.59)

Application of the prolongation operator:

el = I ll−1el−1 (3.60)

Coarse-grid correction:

xk,2l = xk,1l + el (3.61)

Apply ν2 iterations of a post-smoothing matrix, e.g. Gauss-Seidel or Jacobi:

xk+1
l = Sν2

l,bl
xk,2l (3.62)

If one designates with Ω1 ⊂ R3 the coarse domain and with Ω2 ⊂ R3 the

fine domain (bounded and open) of the grid respectively problem and one

requires that the domains are nested, i.e. Ω1 ⊂ Ω2, and a restriction operator

R (injection) and a prolongation operator P (interpolation) exist one can write

the two grid iteration matrix by

u(i+1) = Gν2
2 (Id− PA−1

1 RA2)Gν1
1 u

(i) + PA−1
1 Rf2, (3.63)

where Id is the identity matrix, G2 a post smoothing matrix applied ν2 times,

G1 a pre smoothing matrix applied ν1 times, A1 and A2 the matrices arising

from the discretized PDE problem on the coarse respectively fine domains Ω1

and Ω2 and f2 the corresponding right hand side of the equation system arising

by discretization on the coarse domainA2u2 = f2. Likewise a multigrid method

with more than two cycles can be defined or other multigrid cycle schemes.

Unless stated otherwise the standard multigrid cycles will be used, e.g. the

V -cycle or W -cycle.

Optimality of runtime for multigrid methods Assume that a differen-

tial equation can approximately be solved with a given accuracy on grid level

i with a given grid point density Ni. Assume the solution on any grid level
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with density Ni may be obtained with effort Wi = ρKN−i from the solution

on the coarse grid on level i+ 1. Furthermore assume the fraction of the grid

points of grids on level i and i + 1 are constant and bounded from above by

ρ = Ni+1

Ni
< 1 and K denotes some constant modelling effort of computing the

result for one grid point. A recurrence relation for the cost of computational

work (W ) can be written as

Wk = Wk+1 + ρKNk (3.64)

and rewritten as

W1 = W2 + ρKN1. (3.65)

Using Nk = ρk+1N1, since ρ is constant, Eqs. 3.64-3.65 can be expressed

by:

W1 = KN1

n∑
l=0

ρl (3.66)

By means of the geometric series one finds for finite n:

W1 < KN1
1

1− ρ
(3.67)

Thus a solution is obtainable in O(N) time.

To evaluate the integrals in Eq. 3.52 efficiently, the function space is limited

to the space of continuous functions, which are linear on all of the volumes of

the original computational mesh, thus the solution can be represented by only

one degree of freedom per volume, and hence one equation for each degree of

freedom has to be solved. Due to the non-linearity in the system of equations,

which arises due to the non-linear reaction terms (reaction-diffusion equation

for the four quantities) and the highly non-linear membrane transport pro-

cesses across the ER and plasma membrane), the system of equations have to

be linearized by some means, in the present case by a Newton iteration [1].
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Table 3.1: 3D model parameters as appearing in [27].

Parameter Value Reference
cc 50 nM (chosen)
ce 250 µM (chosen)
co 1 mM (chosen)
btot 40 µM [118]

Dc 220 µm2

s
[7]

Db 20 µm2

s
[143]

κ−b 19 · s−1 [118]
κ+
b 27 · µM−1 · s−1 [118]
k−a 28.8 · s−1 [89]
k+
a 1500 · µM−4 · s−1 [89]
k−b 385.9 · s−1 [89]
k+
b 1500 · µM−3 · s−1 [89]
k−c 0.1 · s−1 [89]
k+
c 1.75 · s−1 [89]

Iref
R 3.5e− 18 ·M · s−1 [164] (approx.)
IS 6.5e− 21mol · µM · s−1 [37], (adapt.)
KS 180 nM [155]
IP 1.7e− 23mol · s−1 [62]
KP 60 nM [48]
ρP 500 · µm−2 (estim.)
IN 2.5e− 21mol · s−1 [62], (adapt.)
KN 1.8µM [62]
ρN 15 · µm−2 (estim.)
vl,e 38nm · s−1 (calc.)
vl,p 4.5nm · s−1 (calc.)

3.4 Description of the 1D electrical model equa-

tions

The electrical signaling can be modelled as described in following the de-

scription of the well established cable theory [90, 146]. For this the neuron’s

morphology has to be given as a graph, as discussed previously in the sec-

tion data input in the SWC file format. The graph consists out of vertices and

edges connecting them. Each vertex has an associated scalar radius or diam-

eter information attached. In what follows the morphology is assumed to be
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piecewise linear and tubular, with each part being located around a vertex,

similarily as in [29]. The model equations for the evolution of the membrane

potential Vm and ion species can be formulated by following the description of

the membrane as a capacitor with capacity Cm for each part of compartment

section. Note that the axial and transmembrane electric currents are given as

Iax and Im respectively.

Cm
∂V

∂t
= Iax + Im, (3.68)

From cable theory is known that the capacity Cm depends on the shape

of the compartment, and that it can be expressed in normalized (membrane-

specific) constants cm. Also, in general the resistance of a cable depends on

the diameter or radius (a and the axial length l of the aforementioned cable

or neuron, thus Cm can be restated as

Cm = cm · 2πal,

Axial currents can flow from one end of the compartment to the beginning

of another compartment, and have to be calculated thus at both ends of a

compartment at the interfacing compartments. Usually one assumes that the

currents are purely ohmic and can be expressed by Ohm’s law in terms of

voltage between two compartments (vertices) with its neighbors:

Ix2→x1
ax =

V (x2)− V (x1)

rc
π

x2∫
x1

(a (x))−2 dx

=
V (x2)− V (x1)

rc
2π

(
a−2

1 + a−2
2

)
|x2 − x1|

,

Note that, similar to cm, rc is a material constant, i.e. the specific resistance

of the cytosol, x is the axial coordinate, and the extracellular potential does

not vary in space. Transmembrane current Im into the compartments is to be

expressed in terms of electrical flux density im as

Im = im · 2πal (3.69)

and depends on ion transport mechanisms defined on the membranes, i.e.:
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• Hodgkin-Huxley-type channels [77]

• Ion pumps

• Leakage term of not perfectly insulated neurons

• Synaptic input

• Electrodes

Similarily as illustrated in Section 3.2 to track individual ion species or

concentrations a diffusion-convection equation in axial direction is used and

coupled to the membrane transport mechanisms on the plasma membrane.

Modelling errors in the cable equation can be prominent for sub-threshold thin

compartments [131, 102], thus electro-diffusion might be a more appropriate

model in this case.

To model the propagation of an action potential along a neuron’s plasma

membrane, the Hodgkin-Huxley conductance-based model is used incorporat-

ing the discussed currents in the previous section. The model equations can be

summarized as follows and note that the system is composed out of non-linear

ordinary differential equations

Im =Cm
∂Vm
∂t

+ gK+n4(Vm − VK+) + gNa+m3h(Vm − VNa+) + gL(Vm − VL)

(3.70)

∂n

∂t
=αn(Vm)(1− n)− βn(Vm)n (3.71)

∂m

∂t
=αm(Vm)(1−m)− βm(Vm)m (3.72)

∂h

∂t
=αh(Vm)(1− h)− βh(Vm)h (3.73)

where Im is the transmembrane current, Cm the membrane capacity, Vm

the membrane potential n,m, h dimensionless quantities in [0, 1] associated

with the channel kinetics (closing/opening probabilities) of the potassium and
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sodium channel, α and β represent rate constants and g is the maximum single

channel conductance. The rate constants α and β are defined in [77].

Synaptic input has to be treated differently compared to the other four

items in List 3.4. Diffusive neurotransmitters are released at synapses, one of

the most ubiquitous excitatory neurotransmitter in the central nervous system

is glutamate, which triggers a current through AMPA and NMDA receptor

channels at the postsynaptic (receiving neuron) side of the synaptic connection

upon binding to the receptor channel. Binding of the soluble neurotransmitter

alters the permeability of the receptor channel, leading to a transmembrane

flux of sodium, potassium and even calcium ions leading to a local postsynaptic

potential (excitatory depolarization).

Whole-cell simulations of intracellular calcium dynamics require a external

stimulus which is provided by synaptic input via so called alpha synapses,

which provide a reasonable approximation of the postsynaptic conductance

[44]

g(t) = gmax

(t− tonset

τ

)
exp

(
−t− tonset − τ

τ

)
, (3.74)

where gmax denotes the maximal conductance, τ the rise respectively decay

time and tonset the onset of the synapse. Thus the synaptic current is then

defined as in [29], where V (t) is the current postsynaptic membrane potential

and Erev a reversal potential:

Ips(t) = g(t)(V (t)− Erev), (3.75)

with g(t) given by (3.74) for tonset ≤ t ≤ 6τ and g(t) = 0 otherwise. The

free parameter Erev is identified to be ≈ 0 mV, thus setting Erev ≈ 0 mV in

accordance with [130].

Other model parameters as appearing in [29] repeated in Table 3.2.

A first-order (vertex-centered) FV method scheme is employed and well-

suited for the type of problems resulting from conservative laws on a given
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Table 3.2: 1D Model parameters as appearing in [29].
Parameter Interpretation Value Unit

rc specific resistance of the cytosol 1.5 Ω m

cm specific capacitance of the membrane 1e-2 F
m2

gaK specific potassium channel conductance of the axonal membrane 4e2 S
m2

gsK specific potassium channel conductance of the somatic membrane 2e2 S
m2

gdK specific potassium channel conductance of the dendritic membrane 3e1 S
m2

gaNa specific sodium channel conductance of the axonal membrane 3e4 S
m2

gsNa specific sodium channel conductance of the somatic membrane 1.5e3 S
m2

gdNa specific sodium channel conductance of the dendritic membrane 4e1 S
m2

gal specific leak conductance of the axonal membrane 2e2 S
m2

gsl specific leak conductance of the somatic membrane 1 S
m2

gdl specific leak conductance of the dendritic membrane 1 S
m2

EK potassium Nernst potential -0.09 V
ENa sodium Nernst potential 0.06 V
Eal leak reversal potential of the axonal membrane -0.066148458 V
Esl leak reversal potential of the somatic membrane -0.030654022 V
Edl leak reversal potential of the dendritic membrane -0.057803624 V
Vr resting potential (global) -0.065 V
c(T ) temperature factor for HH channel activity 3.21
Erev reversal potential for interconnecting synapse influx 0 V
Vth threshold potential for interconnecting synapse activation 0.01 V

domain Ω with flux density ~F and a conserved quantity u:

∂u

∂t
= −div ~F on Ω (3.76)

As before we use the control volumes of the FV discretization and partition

the domain Ω by

Ω =
⋃
i

Ωi (3.77)

where each Ωi represents one of the compartments as described before in the

description of neurons as piecewise cables.

Integrating Eq. 3.76 on each control volume leads to∫
Ωi

∂u

∂t
dx =

∫
Ωi

−div ~Fdx = −
∫

Ωi

~F · ~nidS (3.78)

where ~ni is the surface normal on the i-th boundary ∂Ωi. Assume the unknown

function u is part of a finite-dimensional space, i.e. piecewise linear, then it can

be represented by a finite number of unknowns expressed using the integrals

explicitly in a system of ordinary linear equation system

u =
∑
k

λkuk (3.79)
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where {uk} is a known basis of the finite-dimensional function space and {λk}
are coefficients of the representation of u and the unknowns of the resulting

linear equation system. Time discretization is realized with an explicit Euler

scheme for the radial fluxes and an implicit Euler scheme for the axial fluxes.

The resulting system of linear equations is symmetric.

Since the neuron’s morphology is represented as a tree, the unknowns can

be numbered in such a way that in each line of the matrix there is at most one

non-zero entry to the right of the diagonal and therefore the system of liner

equations can be solved efficiently in linear runtime complexity in the number

of unknowns n, i.e. O(n). The ordering is achieved with the Cuthill-McKee

[41] ordering and the LU decomposition in sparse matrix format is calculated.

Parallel domain decomposition is realized with parallel METIS in ug4 [87] and

ug4 leverages parallel computation power by full MPI support.

3.5 Activation of chemical synapses

As published in [29] the synaptic activation pattern can be adjusted gener-

ically in the computational domain by using random variables defined on the

edge set of the neuron. This allows to define different regions of synaptic input

on the whole computational domain or throughout the geometry uniformally.

Introducing the continuous random variables Xonset and Xτ for the timing pa-

rameters tonset and τ , i.e. Xonset ∼ N (µonset, σ
2
onset) and Xτ ∼ N (µτ , σ

2
τ ) allows

the definition of the probability density function:

fN (xξ, µξ, σ
2
ξ ) =

1

σξ
√

2π
e
− 1

2

(
xξ−µξ
σξ

)2

, ξ ∈ {onset, τ} (3.80)

Random numbers are drawn for a specified mean peak conductance gmax

with a given standard deviation, and alike for the mean onset time µonset and

duration µτ to supply the model with a specific synaptic activation pattern.

Variation around the mean is introduced by specifying a standard deviation for
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each parameter which again is then sampled by normally distributed random

numbers.

3.6 Scale-coupling approach for the 1D and

3D model

A prerequisite in coupling the 1D and 3D mesh is the consistent definition

of units of length and model parameters in both models. Typically the 1D

model geometry coordinates are described in µm, but not always, whereas the

parameters for the electrical model are specified in prefixless SI units whereas

for the 3D model geometry the same is true, however model parameters are

usually specified in prefixed SI units. Care has to be taken during rescaling

either the model geometries or the parameters. An automatic rescale option

has been implemented to relieve the user from this tedious task. Since in

the presented case the model geometries (1D and 3D) are reconstructed from

the NeuroMorpho.org database it is usually safe to assume that both model

geometries are defined in µm. To make model parameters consistent in the

1D/3D coupling approach implemented in ug4, it is necessary to (automati-

cally) rescale the 1D model geometry around the 3D model geometry’s variable

pivot element, i.e. ( 0 0 0 ), with the correct scaling factor of 1.0−6.

The example neuron geometries, 1D and 3D meshes are depicted in the

overview in Figure 3.5 and in a close-up in Figure 3.6 as indicated by the

white rectangle inset.

3.6.1 Synaptic calcium input in the 3D model coupled

to the 1D electrical model

The following example is to illustrate that only a relatively locally calcium

diffusion and transient occurs, confined to the diffusion length L. If no stable

IC calcium wave is elicited the reach of the calcium signal is strongly locally
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Figure 3.5: Overview of the 1D and 3D geometry, note the matching meshes

in red (1D) and the 3D cell (green).

Figure 3.6: Close-up of a section of the overlayed 1D and 3D geometries
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(a) t=1ms (b) t=2ms

(c) t=3ms (d) t=10ms

Figure 3.7: Coupling a 1D and 3D simulation with two stimuli region leading to

an abortive calcium wave. Synaptic stimulation drives the calcium influx into

the dendrites at the two spherical stimulation regions indicated (red spheres).

confined by the diffusion process.

Also no stable wave is triggered in the preceding numerical experiment,

the intracellular calcium dynamics are of crucial interest per se. The spatio-

temporal encoded calcium signal goverend by the intracellular calcium dynam-

ics as sensed by the soma which processes the calcium signal is relevant for

cellular processes in the neuron to promote physiological adaptions. In gen-

eral the calcium signal ultimately results from external or internal stimuli of

the surrounding environment, leading to an electrical activity of a myriad of

neurons, which has to be controlled by the network of neurons in the brain.

Calcium signalling is a crucial component to ensure calcium homeostasis of



68

neural calcium [111], having implications for neurodegenerative diseases [20],

neuroprotection of tissue [168], aging and learning processes [122]. In the fi-

nal Chapter 5 some aspects of the calcium dynamics and signalling will be

discussed as well as intracellular calcium waves.

3.6.2 Elicitation of stable intracellular calcium waves

driven by synaptic stimulation

As outlined in [28], axial and radial resolution as well as the RyR densities

and dendrite to endoplasmic reticulum ratios are of crucial importance to first

of all generate an intracellular calcium wave and afterwards stabilizing the

wave. An empirical law was derived in the referenced publication and if the

parameters do not obey the description, then there is no hope in general to

elicitate a (stable) calcium waves, i.e. only abortive waves can be generated,

cf. Section 3.6.1. In particular the axial resolution of the grid has to be rather

high, e.g. at least 2−6 units whereas the neurons measure well above 100

units, rendering the problem intractable on serial or small-scale local parallel

compute infrastructure if näıve grid refinements are used, cf. Section 4.7.2

below. For this reason, the base code and the developed model was scrutinized

for parallel performance issues, and it was confirmed that this scales fairly well

on the compute resources available to us. For numerical simulations and/or

parameter studies as illustrated in Chapter 5 we will make use of adaptive

grid refinements and/or HPC infrastructure to solve the model problem as

illustrated in Chapter. 3.
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CHAPTER 4

MESH GENERATION

Nowadays numerical modelling and simulation frameworks have become an

indispensable tool in the vast majority of the Sciences, and in particular also

in Computational Neuroscience. When studying electrical and biochemical

properties of neurons and networks of neurons in detail over time, the spatial

organization and ultrastructure of the neuron is of crucial importance for its

biological function. Yet most models to study these properties neglect the

details of the physical realm of electrical and biophysical signaling by reducing

the spatial dimension of the model to a zero-dimensional description or do

not make it feasible to track for instance an intracellular calcium wave with

sufficient precision and thus missing the characteristics and variance of the

calcium waves in space and time or to not capture reliably the intracellular

calcium dynamics at all by lacking a detailed description of the intracellular

geometry and architecture of the cell, having many implications for synaptic

plasticity and synaptic meta plasticity as discussed in Chapter 1, 2 and in a

large body of literature in neurobiology.

Moreover the recorded data in publicly available databases 1 does not ac-

count for an important intracellular component in calcium signalling: The

endoplasmic reticulum (ER). This organelle is embedded within the neuron

as a cell-within-a-cell structure (In layman’s terms one can think of the en-

1https://NeuroMorpho.org

https://NeuroMorpho.org
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doplasmic reticulum as a shrunken version of the neuron into itself) and of

utmost importance for calcium dynamics and equally important for evoking

intracellular calcium waves [43] and calcium sparks [36]. These mechanism

are deemed to be responsible for the cellular calcium signalling in neurons,

which ultimately leads to synaptic plasticity through a variety of subcellular

mechanism, one of which is the modification of the gene transcription in the

neuron’s nucleus located in the soma [148].

In neuroscientific research more and more one-dimensional morphological

data is made available through databases like the NeuroMorpho.org project

supported by a a broad community of neuroanatomists and practitioners [11].

However the neuron’s morphology is recorded only through point and diame-

ter data measurements, which have been acquired by tracing essentially all the

paths of the neurites through space by means of a (light) microscope. Cus-

tomary the neuronal tracings are stored in plain text files in a standardized file

format, i.e. SWC, and these are accessible in large quantities from the databases

to the research community. Neuronal morphologies are represented by means

of graph theory and thus a list of useful graph theoretical terms and definitions

follows before discussing the representation of neurons in silico.

Definition 4.1 A graph G = (V,E) is a tuple of finite, or at most countable

set of vertices V = {vi}i∈I with associated index set I ⊂ N, where f : I → V is

the particular enumeration of all the vertices V , and edges E = {(vi, vj)}i,j∈I.
If edges of a graph have a direction, e.g. (vi, vj) represents an edge from vi to

vj, then the graph G is a directed graph and thus (vi, vj) 6= (vj, vi) otherwise if

edges connect vertices symmetrically, then the graph G is an undirected graph.

Furthermore an edge from a vertex to itself is called a loop, i.e. (vi, vi) ∈ E
for some i ∈ I, or self-loop of the graph.

Definition 4.2 A walk is a finite or infinite sequence of edges which joins a

sequence of vertices. A finite walk is a sequence of edges (e1, e2, ..., en−1) for

which there is a sequence of vertices (v1, v2, ..., vn) s.t. ei = (vi, vi+1) ∀i =

1, 2, ..., n− 1.
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Definition 4.3 A (directed) walk in which all edges are distinct is a (directed)

trail.

Definition 4.4 A (directed) trail in which all vertices are distinct is a (di-

rected) path.

Definition 4.5 A circuit is a non-empty (directed) trail (e1, e2, ..., en) with

a vertex sequence (v1, v2, ..., vn, v1), i.e. a non-empty trail in which the start

vertex and end vertex are equal.

Definition 4.6 A (directed) cycle (or simple circuit) is a (directed) circuit in

which only the last and first vertex are duplicated.

Definition 4.7 An undirected graph G = (V,E) is connected, if for each two

vertices v, w ∈ V if G contains and undirected path from v to w. Otherwise

the graph is called disconnected.

Definition 4.8 A tree T is an undirected graph T = (V,E) in which any two

vertices from the vertex set V are connected by exactly one path or edge from

the edge set E, or equivalently a connected acyclic undirected graph

Some additional graph theoretical terms might be useful to describe the

neuron’s topology:

Definition 4.9 The degree (or valency) of a vertex v of the graph G is the

number of edges that are incident to the vertex and is denoted by deg(v). A

vertex v with deg(v) = 0 is called an isolated vertex (or terminal vertex if the

graph G is directed) and a vertex v with deg(v) = 1 is called a leaf vertex (or

regular vertex if the graph G is directed.

Definition 4.10 For a directed graph G the number of edges ending in a ver-

tex v is described as the in-degree of the vertex v and denoted by deg−(v) and

the number of edges starting in a vertex v is described as the out-degree of

the vertex v and denoted by deg+(v). In an undirected graph in-degree equals

out-degree, i.e. deg+(v) = deg−(v).
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Definition 4.11 In a tree T with designated root vertex r, i.e. deg−(r) = 0,

a vertex v is a child of vertex w if v immediately succeeds w on the path from

r to v. Vertex v is a child of w if and only if w is the parent of v.

Neuronal reconstructions stored in the database can be interpreted as a

directed and connected graph, by assuming either that the growth direction

of the neuron is unilateral directed away from the soma towards the dendrite

and axon terminals or that information usually flows towards either the soma

or towards the end of the neurites. The neurons growth is not cyclic, thus

rendering the graph representing the neuron in general acyclic and can thus

can be described as a neuronal morphology tree, or more simply morphology

tree.

Neuroanatomists acquire imaging data of neurons with the help of three-

dimensional microscopy and the image can be representated as a discrete three-

dimensional grid

I = {xi,j,k|0 ≤ i ≤ l1, 0 ≤ j ≤ l2, 0 ≤ k ≤ l3} (4.1)

for data values xi,j,k and lengths of the image in each of the canonical directions

are given by l1, l2 and l3 in N+. Based on these images there exist a variety

of tools which allow the manipulation of image data by the biologists to semi-

automatically extract additional information like connectivity information of

neurons and branching patterns or other morphological and image features.

Naturally the neuronal morphology can thus be abstracted by means of

graph theory in the field of discrete mathematics as a tree T = (V,E) where

the vertices are defined by the 3-tuple (t, p, r) ∈ V , where p ∈ R3 represents

the three-dimensional cartesian coordinates, t ∈ N+ stands for the cellular

compartment type (soma: t = 1, axon: t = 2, basal or apical dendrite: t =

3, 4, etc.), and r for the associated radius r ∈ R+. Radius data and type

information can be attached uniquely by employing an enumeration for the

vertex set V . The (neuronal) topology is given through the edge set E by

the pairs (u, v) ∈ V 2, that is u is the parent of v (In the standardizes SWC file



73

format, this information is recorded by a so-called parent index f , where the

root point (usually the soma respectively cell body) has index -1 to indicate

no further parent vertex v and hence deg−(v) = 0). Neuronal geometries can

exhibit bifurcations of various degrees, which can be described by the degree,

deg(v), of the given vertex v. Terminal vertices are characterized by a degree of

0, representing the end points of a neurite or axon for instance, regular vertices

by a degree of 1 and all others (including bifurcation points) by a degree larger

or equal to 2. An example of the visual representation of an input neuron as

read from a standardized SWC file is depicted below. In essence the data format

can be summarized by a set of tuples of the following form

D = {xn = (n, tn, pn, rn, fn)|x, xn ∈ N0, pn ∈ R3, rn ∈ R} (4.2)

with the explained semantics defined before and the data encodes a rooted

directed tree.

Striving for detailed numerical simulations in space and time a necessary

prerequisite is the generation of these three-dimensionally resolved complex

computational domains including the endoplasmic reticulum, which represents

the neuron’s bona fide structure. Mesh generation with the imposed require-

ments, cf. Chapter 1, is a challenging task and thus the following sections

are devoted to the algorithmic description of this nouveau mesh generation

routines for the creation of computational meshes suitable for numerical sim-

ulations on HPC infrastructure.

4.1 Input data structures for the grid genera-

tion algorithm

Raw reconstruction data from databases are typically unreliable in the fol-

lowing senses: First, there might be reconstructions artifacts, introduced by

semi-automatically tracing the neuron’s paths under a microscope, which are

for instance, cycles in the graph structure, i.e. the morphology tree T is not
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Figure 4.1: An example of the visual representation of a 1D input geometry

in the ProMesh viewer supplied via the SWC format. Axons (red), dendrites

(green) and soma (lavender) are represented by edges and vertices as stored in

the SWC file, note that radius information for the compartments is usually ne-

glected in the visual representation, thus cylinder-cylinder intersections could

lurk around in the full 2D surface representation of the corresponding geome-

try. The mesh generation algorithms checks for possible intersections in pre-

and post-processing steps.
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acyclic. This is physiologically not meaningful and most likely a reconstruc-

tion artifact by the semi-automatically tracing of neurite paths, overlapping

or intersecting neurites, missing or inconsistent radius data or isolated ver-

tices contribute to the repertoire of reconstructions artifacts. Secondly the

neuron is not necessarily traced with an uniform resolution along its path,

this leads to a non-uniform or irregular edge length distribution of the edge

set E, i.e. in particular subsets of the neuronal morphology are oversampled

or undersampled. In fact there is no reliable a-priori knowledge to justify an

uneven sampling of the neuron in general. A solution to the issue raised will

be introduced in Section 4.4.2.

Figure 4.2: Illustration of the edge collapse respectively edge contract op-

eration on a general graph G. Left: Before the edge contraction of edge

(u, v). Right: After edge (u, v) has been collapsed into vertex W . By courtesy

of Trevorgunn from https://en.wikipedia.org/wiki/Edge_contraction

with license https://creativecommons.org/licenses/by-sa/4.0/ accessed

on December 1, 2020.

It has been shown elsewhere [117], that some means of preconditioning of

the raw reconstruction data is beneficial to comply with high quality grid gen-

eration, implying i.a. a smooth and regular mesh. To achieve this goal, if edge

https://en.wikipedia.org/wiki/Edge_contraction
https://creativecommons.org/licenses/by-sa/4.0/
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lengths are below a certain threshold with respect to their associated diameter

or radius information, these edges have to be preprocessed, otherwise meshes

might be of highly irregular shape when meshing their three-dimensional struc-

ture. A simplistic procedure is a modified edge collapse (or edge contraction,2

cf. Figure 4.2) strategy on the input morphology tree T with a minimum

scalar edge length thresholding parameter T ∈ R+.

Definition 4.12 Let G = (V,E) be a graph containing the edge e = (u, v)

where u 6= v. Let f be a function which maps every vertex v ∈ V \ {u, v}
to itself, and otherwise maps it to a new vertex w. An edge contraction of

the edge e results in a new graph G′ = (V ′, E ′) where V ′ = (V \ {u, v}) ∪ w,

E ′ = E \ e and ∀v ∈ V, v′ = F (x) ∈ V ′ is incident to an edge e′ ∈ E ′ if and

only if the corresponding edge e ∈ E is incident to v in G.

The preprocessing, cf. Algorithm 3, of the input data is described by a

two-step process. First, for each edge e = (v0, v1) ∈ E of the morphology

tree T the maximum diameter of the two associated vertices v0 and v1 will be

calculated by

dmax := max {r(v0), r(v1)} (4.3)

where r(v) : V → R+ is the mapping associating a non-negative radius to each

of the vertices v in the vertex set V .

The minimum edge length thresholding parameter depending on the cur-

rent edge e is defined by:

T := d2
max (4.4)

Next, each edge e = (v0, v1) is collapsed if and only if ||(v0 − v1)||22 < T ,

where ||v||2 is the euclidean norm in three-dimension space:

||v||2 :=
( 3∑
i=1

(vi)
2
) 1

2
(4.5)

2https://en.wikipedia.org/wiki/File:Edge_contraction_with_multiple_edges.

svg

https://en.wikipedia.org/wiki/File:Edge_contraction_with_multiple_edges.svg
https://en.wikipedia.org/wiki/File:Edge_contraction_with_multiple_edges.svg
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Observe that this strategy might change the neuronal topology under cer-

tain conditions substantially. In addition to this simple strategy, an additional

mesh regularization strategy will be added to generate high quality and thus

smooth meshes. A more complicated algorithmic approach will be presented

in the following sections, illustrating the required steps leading towards the

optimization and enhancement of the basic grid generation algorithm.

4.2 Foundations of the novel grid generation

algorithm

A complication arising during surface mesh and volume mesh generation

starting from SWC data is the lack of descriptive data for the reconstruction

of the endoplasmic reticulum, which is required to reconstruct neurons with

their familiar cell-within-cell structure [178, 128, 162, 17], and is vital to the

simulation of the correct biophysics in the intracellular space of the neuron.

For a typical cross section of a neurite without the endoplasmic reticulum see

Figure 4.3.

In the approach we follow the endoplasmic reticulum is to be embedded

into the neuron by the specfication of a radius or plasma membrane to endo-

plasmic membrane ratio scale factor, which will in essence shrink the neuron’s

outer membrane into the interior of the neuron, see Figure 4.4 and create a

composite geometry containing both the endoplasmic reticulum as well as the

plasma membrane. Usually SWC files are compartmentalized by the type iden-

tifier t into soma, axon, dendrite, apical dendrite and possibly other custom

compartments.

A distinction is made between the soma region and all other compart-

ments, which are termed neurites starting from here. Soma regions require a

dedicated algorithmic treatment since they represents the connecting region

between neurites (cylinders and represented by hexaeders) and the soma it-

self (representation as a sphere and represented via tetrahedrons). Bifurcation
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Figure 4.3: A typical cross-sectional view of the neurites without an embedded

endoplasmic reticulum and the soma has not yet been reconstructed as well in

this particular example.

points of neurites require also a dedicated algorithmic treatment discussed

later in Section 4.4.4.

4.2.1 Parametric curve representation

The neurite path in three-dimensional space can be represented naturally

by a parametric curve. Representation of the neurite path in the realm of

differential geometry will allow as a matter of course for further optimizations

of the grid generation algorithm as subsequently found in Section 4.4.

Definition 4.13 A function γ with parameter t on the closed interval T =

[t0, t1] ⊂ R
γ : T 7→ Rd (4.6)

with d ≥ 2 is called a parametric representation of a curve of class Cm, m ≥ 1

if each component function of γ has continuous derivatives with respect to the

parameter t up to the order of at least m.
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(a) 50% ER embedding

(b) 25% ER embedding

(c) 75% ER embedding

Figure 4.4: A typical cross-sectional view of the neurites with various ER

embeddings. The ER scale factor is chosen as 0.5, 0.25 and 0.75. Note that

the soma in magenta has been reconstructed as well in the depicted coarse

grids and required for the readout of the calcium signal at the soma.
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Definition 4.14 If the function γ additionally satisfies

∀x ∈ T :
dγ

dt
(x) 6= 0, (4.7)

i.e. the first derivative γ̇ does not vanish, γ is a regular parametric respresen-

tation of order Cm, m ≥ 1. The minimum condition of m = 1 is assumed

unless otherwise stated.

Moreover, γ(T ) is the trace of γ. A parametric representation of a curve is

called simple if γ is injective. Commonly one refers to the start point by γ(t0)

and to the end point by γ(t1). For a geometric curve exist in general many

parametric representations such that they have the same image, i.e. γ(T ) ⊂ R
(reparametrization). A parametric curve γ can be interpreted as a trajectory

of a particle, thus γ̇(t) is the velocity vector (tangent vector at point γ(t)) with

magnitude ||γ̇(t)|| (or parametric speed) of the particle at time t. If a regular

parameterization of γ is given, then the parametric speed is strictly positive

and thus in the particle analogy the particle never reverses its direction. A

point t0 ∈ T is called singular if the first derivative of γ vanishes, i.e. γ̇ = 0.

Nota bene: The parametric speed depends on the parameterization of the

curve. Arc length of γ measured from point t0 is defined by the following

integral:

σ(t) =

∫ t

t0

||γ̇||dt (4.8)

Proposition 4.1 Let γ be a regular parametric curve. Then there exists a

(regular) reparametrization ρ that has unit speed. ρ is called the reparametriza-

tion of γ by arc length.

Since γ̇ 6= 0 in T , the arc length function σ(t) is differentiable with respect

to t and thus the parametric speed may be interpreted as a change of arc

length depending on t by:

∀x ∈ T :
dσ

dt
(x) = ||γ̇(x)|| (4.9)
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Assume S = σ(T ) is the image of the arc length function and that γ is regular,

i.e. dσ
dt
> 0 in T . Thus the inverse function theorem implies σ(t) has an inverse

function τ(s) defined on S, s.t.:

∀x ∈ T, y = σ(x) ∈ S :
dτ

dt
(y) =

1
dσ
dt

(x)
=

1

||γ̇(x)||
(4.10)

The curve

β : S → Rd, s 7→ γ(τ(s)) (4.11)

has the derivative

β̇(y) =
dτ

ds
(y) · γ̇(τ(y)) (4.12)

with respect to s.

Both parametric representations described the same geometric curve be-

cause β(S) = γ(T ). The parametric speed of β is given as:

||β̇(y)|| = 1

||γ̇(τ(y))||
· ||γ̇(τ(y))|| = 1 (4.13)

The parametric representation β has the property of unit-speed in its com-

plete domain S, which proves proposition 4.1.

The arc length function σ(t) is required for evaluation of the radius function

when tracing out the curve with uniform distance sampling points in arc length

(or any other sensible sampling strategy). The arc length function can be

approximated with good precision if the parametric speed of γ does not vary

too much in magnitude, then σ can be approximated by the chord length on

(n+ 1) equidistant points t0 = x0, ..., xn = t1

σ(t) u
n∑
i=1

||γ(ti)− γ(ti−1)||, (4.14)

where n = d
∆x

with d the length between two consecutive neurite vertices of the

corresponding neurite section. Each of the n subsections is informally called

neurite segment of the associated neurite section.

The curve γ(t) parametrize by arc length has unit speed, thus

~t(t) = γ̇(s) (4.15)
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n

b t

Figure 4.5: A space curve γ and an illustration the vectors ~t, ~n and ~b; the

osculating plane spanned by ~t and ~n is highlighted. By courtesy of Popletibus

from https://en.wikipedia.org/wiki/Frenet-Serret_formulas with li-

cense https://creativecommons.org/licenses/by-sa/4.0/ accessed on

December 1, 2020.

denotes a unit tangent vector for which the scalar product the following iden-

tity holds:

~t(t) · ~t(t) = 1 (4.16)

Differentiating equation Eq. 4.16 implies that the tagent vector is orthogo-

nal to γ̈(t) as long as the second derivative γ̈ does not vanish by the following:

γ̇(t) · γ̈(t) = 0 (4.17)

A unit tangential vector ~t(t) can be obtained by normalization:

~t(t) =
γ̇(t)

||γ̇(t)||
(4.18)

The unit vector ~n(t) is the unit principal normal vector of γ at t:

~n(t) =
γ̈(t)

||γ̈(t)||
=

~t(t)′

||~t(t)′||
(4.19)

A plane defined by ~t(t) and ~n(t) is called osculating plane at t and the scalar

κ(t) = ||γ̈(t)|| = ||γ̇(t)× γ̈(t)||
||γ̇(t)||3

(4.20)

https://en.wikipedia.org/wiki/Frenet-Serret_formulas
https://creativecommons.org/licenses/by-sa/4.0/
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is called the curvature. The curvature vector indicates respectively measures

the rate of change of the tangent vector and its magnitude along the para-

metric curve. The vectors ~n(t) and ~t(t) can be completed to a right-handed

orthonormal basis, cf. Figure 4.5, of R3 through the unit binormal vector ~b(t)

~b(t) =~t(t)× ~n(t) (4.21)

~t(t) =~n(t)×~b(t) (4.22)

~n(t) =~b(t)× ~t(t) (4.23)

and ~b(t) defined by

~b(t) =
γ̇(t)× γ̈(t)

||γ̇(t)× γ̈(t)||
(4.24)

A plane is defined by the cross product of ~n(t) and ~b(t) and is called the

normal plane, whereas the plane defined by ~t(n) and~b(t) is called the rectifying

plane.

Definition 4.15 The torsion of a regular curve is given by:

τ(t) =

(
γ̇(t) · γ̈(t) ·

...
γ (t)

)(
γ̇(t)× γ̈(t)

)
·
(
γ̇(t)× γ̈(t)

) (4.25)

One can derive a system of coupled differential equations, containing the

above three normal vectors as well as the torsion τ(t) and the curvature κ(t)

in the matrix-vector form, which is known as the Frenet-Serret formulas.
~̇t(t)

~̇n(t)

~̇b(t)

 =


0 κ(t) 0

−κ(t) 0 τ(t)

0 −τ(t) 0

 =


~t(t)

~n(t)

~b(t)

 (4.26)

The Eq. 4.26 can be interpreted as the equations of motion with the

Frenet-Serret frame 
~t(t)

~n(t)

~b(t)

 (4.27)
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sliding along the curve as a function of t with parametric speed ν = ||γ̇||
resulting in the following matrix-vector product or Frenet-Serret formulas:

~̇t(t)

~̇n(t)

~̇b(t)

 =


0 νκ(t) 0

−νκ(t) 0 ντ(t)

0 −ντ(t) 0

 =


~t(t)

~n(t)

~b(t)

 (4.28)

The previous paragraphs are all premises to allow for the complete surface

reconstruction of a neuron’s plasma membrane. By means of the former defini-

tions the notion of a two-dimensional surface (manifold) in three-dimensional

space can be treated in analogy to the curve representation as appearing in

classical literature (a local representation) [108].

Definition 4.16 Parametric representation of a surface

S : R2 → R3 : (µ, ν) 7→ A(µ, ν). (4.29)

A local representation does neglect global aspects, i.e. intersections, torsions

and/or orientation, therefore differential geometry defines the surfaces as sub-

sets S ⊂ R3 with a differentiable homeomorphism Hs ∀s ∈ S, defined on a

neighborhood V ⊂ R3, which maps some open subset U ⊂ R2 to the part of V
on the surface, i.e:

Hs : R2 ⊃ U → V ∩ S (4.30)

Definition 4.17 Let S be a function and assume dSs exists, then the differ-

entiable function

S : R2 ⊃ U → R3, (µ, ν) 7→ S(µ, ν) (4.31)

with the domain U ⊂ R2 is called a parametric representation of a surface with

parameters µ and ν, whereas the set S(U) ⊂ R2 is image of S. Furthermore

S is called regular if the differential dSs is injective ∀s ∈ S.

The last sentence of the above definitions implies that ∀s ∈ S the partial

derivative (vectors) for µ

Sµ(s) =
∂S

∂µ
(s) (4.32)
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and for ν

Sν(s) =
∂S

∂ν
(s) (4.33)

are linearly independent. Points which do not satisfy these requirements are

called singular points of the surface representation S.

The following relationship holds for the parametric curve and the paramet-

ric surface representation:

Definition 4.18 Given a two dimensional parametric curve in the parametric

domain U ,

α : R ⊃ T → U , t 7→

(
µ(t)

ν(t)

)
(4.34)

the parametric space curve can be extracted as:

γ : R ⊃ T → S(U), t 7→ S(µ(t), ν(t)) (4.35)

Definition 4.19 Let

γ : R ⊃ T = [t0, t1] 7→ R3 (4.36)

be a regular parametric space curve with the Frenet-Serret frame. The surface

of constant radius r ∈ R+ is defined as a parametric surface:

S(γ, r) : T × [0, 2π]→ R3 (4.37)

with parameters t (axial) and θ (angular) parameters such that

(t, θ) 7→ γ(t) + r
(

cos(θ) · ~n(t) + sin(θ) ·~b(t)
)
. (4.38)

The axial parameter t is used to define the axial position along the curve γ(t)

(center point) whereas the angular parameter θ is used to parametrize a circle

in the normal plane around the center point in the normal plane with radius

r.

Since the radius is usually only given for some countable number of points

along the curve, and constant radii geometries are rare in neuron reconstruc-

tions, the above result is not as useful as the following similar result below.

If the radius function is for instance approximated by splines a continuously

differentiable radius function can be defined on all of T , s.t.:
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Definition 4.20 Let ρ(t) be a continuously differentiable radius function

ρ(t) : T 7→ R+ (4.39)

an analogue statement as in Definition 4.19 can be given by

S(γ, ρ) : T × [0, 2π]→ R3 (4.40)

such that

(t, θ) 7→ γ(t) + ρ(t)
(
cos(θ) · ~n(t) + sin(θ) ·~b(t)

)
(4.41)

4.2.2 Cubic spline interpolation

To achieve a parameterization of the curve and to interpolate eventually

to allow for curve refinement one can resort to spline interpolation. In the

following grid generation algorithm one makes use of cubic splines with natural

boundary conditions, which proceeds a so-called ”natural” cubic spline and

leads to a simple tridiagonal system which can be solved easily to give the

coefficients of the polynomials.

A cubic spline is constructed through m control points by piecewise third-

order polynomials, in which the second derivative is commonly set to zero

at the end points. These boundary conditions are necessary to complete the

system of m − 2 equations for the piecewise third-order polynomials. In fact

as mentioned before this natural cubic spline leads to a tridiagonal system of

coefficients defining the polynomials. For our application this kind of boundary

conditions is sensible, however there are different choices to close the m − 2

system of equations.

Consider n+1 points (y0, y1, ..., yn) for which a 1-dimensional spline should

be constructed. Following [14] the i−th piece of the spline can be written as

Yi(t) = ai + bit+ cit
2 + dit

3 (4.42)

where t is a parameter t ∈ [0, 1] and i = 0, ..., n− 1, thus Yi(0) is

Yi(0) = yi = ai (4.43)
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and Yi(1) is

Yi(1) = yi+1 = ai + bi + ci + di. (4.44)

Take the derivatives of Yi(t) for each interval results in:

Y ′i (0) = Di = bi (4.45)

Y ′i (1) = Di+1 = bi + 2ci + 3di (4.46)

Solving Eqs. 4.43-4.45 for ai, bi, ci, di results in:

ai = yi (4.47)

bi = Di (4.48)

ci = 3(yi+1 − yi)− 2Di −Di+1 (4.49)

di = 2(yi − yi+1) +Di +Di+1 (4.50)

As mentioned before cubic natural splines shall be created, so require that

the second derivatives at the interior points match, s.t.:

Yi−1(1) = yi (4.51)

Y ′i−1(1) = Y ′i (0) (4.52)

Yi(0) = yi (4.53)

Y ′′i−1 = Y ′′i (0) (4.54)

For the endpoints require instead

Y0(0) = y0 (4.55)

Yn−1(1) = yn (4.56)

In total this results in 4(n − 1) + 2 = 4n − 2 equations for 4n unknowns.

However to solve a linear equation system uniquely 2 more conditions are

required, s.t. the system is neither over- nor underdetermined. By requiring

that the second derivatives at the endpoints to be zero one obtains the two

required conditions:

Y ′′0 (0) = 0 (4.57)

Y ′′n−1(1) = 0 (4.58)
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Following [14] the linear equation system can be rearranged to the following

symmetric tridiagonal square matrix:



2 1

1 4 1

1 4 1

1 4 1
...

. . . . . . . . . . . . . . .
...

1 4 1

1 2





D0

D1

D2

D3

...

Dn−1

Dn


=



3(y1 − y0)

3(y2 − y0)

3(y3 − y1)
...

3(yn−1 − yn−3)

3(yn − yn−2)

3(yn − yn−1)


(4.59)

Efficient numerical solvers exist for tridiagonal linear equation systems, like

the tridiagonal matrix algorithm or more commonly known as Thomas algo-

rithms. For tridiagonal systems with n equations the solution can be obtained

in O(n) operations, instead of the O(n3) operations required by Gaussian elim-

ination. Thomas algorithm is not unconditionally stable, but in cases where

the matrix is diagonally dominant, either by rows or columns, or symmetric

positive definite the algorithm is in fact stable [75]. Matrices with the structure

derived in the previous paragraph for natural cubic splines are a prime candi-

date for application of the Thomas algorithm to efficiently solve the tridigonal

system.

Thomas algorithm Thomas algorithm or also known as tridiagonal matrix

algorithm operates by the use of the following forward sweeps defined in Eq.

4.61-4.62 on the matrix A:
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A =



b1 c1

a2 b2 c2

a3 b3 c3

. . . . . . . . .
...

. . . . . . . . . . . . . . .
...

. . . . . . cn−1

an bn


(4.60)

c′i =


ci
bi

; i = 1

ci
bi−ai·c

′
i−1

; i = 2, 3, ..., n− 1
(4.61)

d′i =


di
bi

; i = 1

di−ai·d′i−1

bi−ai·c′i−1
; i = 2, 3, ..., n

(4.62)

By back substituting the values into

xn =d
′

n (4.63)

xi =d
′

i − c
′

i · xi+1; i = n− 1, n− 2, ..., 1 (4.64)

the system is solved.

However, if the curve or neurite path is closed, the linear equation system

reads:

4 1 1

1 4 1

1 4 1

1 4 1
...

. . . . . . . . . . . . . . .
...

1 4 1

1 1 4





D0

D1

D2

D3

...

Dn−1

Dn


=



3(y1 − y0)

3(y2 − y0)

3(y3 − y1)
...

3(yn−1 − yn−3)

3(yn − yn−2)

3(yn − yn−1)


(4.65)

Self-loops of the neurite graph structure or cycles are not physiologically

sound, as well as isolated vertices, however the grid generation algorithm does
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not disallow these geometric structure per se, however self-intersections are

inevitable in this case and results in a warning message issued to the user in

the geometry preprocessing step of the grid generation algorithm.

Next considering the three coordinate axes x, y and z separately for the

neurites pathes. Natural cubic splines can be defined through the control

points to define the unknown coordinate functions x(t), y(t), z(t) with a pa-

rameterization of t in the interval [0, 1]. Similarly the unknown radius function

r(t) can be approximated in the same way. For a discussion about optimal

error bounds for cubic spline interpolation [70]. This yields the radius function

and a function for each of the coordinates x, y and z in the canonical basis

are parametrized in arc length with parameter t.

Assuming furthermore that an input geometry in the SWC format at hand

is free of obvious geometric artifacts. i.e.

• Self-loops or cycles

• Multiple somata definitions

• Self-intersections of cylinders

• Vertices with zero radius

and the sampling points along the neuron are distributed in the general

sense, i.e. the points are not necessarily equispaced along the neurite path

and thus some regions are over- and underrepresentated. A uniform sampling

along the neurites paths is desirable but typically not found in the database as

the neurons are typically semi-automatically traced by neuroanatomists under

light microscopes and depends to some extent on the expertise and handling

of the neuroanatomist of the samples during recording of the reconstruction

data in the laboratory.

Given the raw and not necessary evenly sampled reconstruction data of a

neuron from the database suffices to devise a basic grid generation algorithms.

The following is a summary of the necessary steps in pseudocode, in which
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each step corresponds to one algorithmic part of the monolithic grid generation

algorithm:

1. Read in all edges and vertices from the neuron stored in the SWC file

and populate the morphology tree structure T = (V,E). Associated

with each vertex v ∈ V a radius information by using the mapping

r(v). Associated with each vertex v ∈ V and index i ∈ N by using the

enumeration f for constant access time

2. Choose a radius factor scale ∈]0, 1[ for embedding the ER into the neuron

3. Determine the root vertex r of the neuron geometry (typically soma or

cell body) by finding the vertex v for which deg+(v) = 0 holds

4. For all direct child vertices Cr of the root vertex r denote each of the

vertices in Cr as a root neurite (vertex).

5. For each root neurite invoke the grid generation algorithm to create the

corresponding surface geometry and volumes for the current root neurite

Note that the restriction of self-intersections of cylinders, i.e. different neu-

rites which touch or overlap themselves or even neurites which strike through

each other, is not strictly required for the success of numerical simulations (A

notable exception are branching or bifurcation points!), however it does rep-

resent a visual imperfection and physiologically is inarguably not sound and

for applications like the visualization of the geometry in Virtual Reality (VR)

environments undesirable. In case a requirement on the input data is not met,

a specific warning will be issued to the user during execution of the grid gener-

ation algorithm, i.e. that mesh generation could fail for some specific reason

and point to the possible flaw in the input geometry.

Task 1 is trivial. The SWC file format is a space or tabulator-delimited plain

ASCII text file, cf. Table 4.1 below, with eight columns, which can be read

in line by line readily by a variety of software tools. Each line contains an

running index which identifies the current line or point by an integer index
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id. The tree T can be created by reading the coordinates x, y, z, the radius r

data, as well as the connectivity information (parent integer index), pid, and

the current point index id. Thus with the pid and id the edge set E can be

defined by adding all 2-tuples (pid, id) to the set E and with (x, y, z) the points

are stored according to their id in a list of vertices defining the vertex set V ,

similarly each type t and radius r for each vertex in V are stored in lists, cf.

Table 4.1. Note that the precision of the coordinates recorded in the data files

is not specified, i.e. coordinates could be recorded in the IEEE 754 format for

single or double precision format.3

3http://www.neuronland.org/NLMorphologyConverter/MorphologyFormats/SWC/

Spec.html

http://www.neuronland.org/NLMorphologyConverter/MorphologyFormats/SWC/Spec.html
http://www.neuronland.org/NLMorphologyConverter/MorphologyFormats/SWC/Spec.html
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Note, that only the information for the PM of the neuron is stored in the

database, the ER is not considered, thus for embedding the ER within the

neuron we have to make further assumptions about the nature of the ER.

Due to the lack of available microscopy data of intracellularly resolved ERs an

uniform scaling factor will be chosen, scale, to embed the ER into the neuron.

There exist a variety of visualization softwares which are able to display

the 1D SWC neuron input geometries, e.g. ProMesh [133], cf. Figure 4.1. Note,

that not all of them do visualize the cylinder geometry, in particular neither the

volumes nor the surface is visualized, thus intersections of cylinders might not

be easily spotted until reconstructed fully. Recently a variety of software tools

emerged which enable the users to view also the full cylinder representation of

SWC files in 3D [2, 54]

Task 2 and 3 are trivial as well once the topological information is available

in the morphology tree T the underlying data structure can be queried to find

the root vertices, in fact during read in the index of each root neurite is stored,

than the current root neurite path is traced starting from the root vertex.

Definition 4.21 The depth of a vertex in a rooted tree is the number of edges

in the path from the designated root vertex to a given vertex. The root vertex

has level 0, the depth of any direct child of the root vertex has level 1. Depth

is a synonym for level of a vertex.

Definition 4.22 An algorithm for traversing or searching a tree or graph is

Depth-first search (DFS). Starting at the root node in case of a tree (or select

some arbitrary vertex of a graph) and traversing the graph by exploring as

far as possible along each branch before backtracking when reaching maximum

depth.

Task 4: Each root neurite is traced via a depth-first-search (DFS) and the

appropriate (discrete) surface cylinders are generated. Bifurcation or branch-

ing points in the geometry have to be treated via an algorithmically distinct

strategy as well as the soma to neurite connection needs separate treatment,

cf. Section 4.4.6.
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Representation of the curve in three-dimensional space with radius

information To generate a smooth surface geometry out of the discrete

point data the following approximation is made: For each dimension x, y and

z and also for the radius r ‘dimension’ in analogue, cubic splines through the

vertices are constructed to represent the neurite’s path. A cubic spline is a

spline constructed of piecewise third-order polynomials which pass through a

set of m control points of a neurite branch. The second derivative of each

polynomial is set to zero at the endpoints and this completes the system of

m− 2 equations. This produces a so-called ‘natural’ cubic spline and leads to

a simple tridiagonal system which can be solved easily to give the coefficients

of the polynomials. This allows for a continuous representation of the neurite

coordinates (x, y, z) as well as for the radius information. This data is unknown

for all other points not recorded in the reconstruction and allows to trace out

respectively approximate the curve in three-dimensional space with certain

error bounds.

Basic grid generation routine The basic grid generation algorithm is a

direct consequence of the representation of the curve respectively of the surface

parameterization in Definition 4.19, cf. also Algorithm 2 below:

• Set nθ to control the angular precision and nτ for the parametric preci-

sion, and let ∆θ = 2π
nθ

. Points are placed equidistant in the interval [0, 1]

and then the (nτ +1) circles are approximated as ring polygons Pi which

each consist out of nτ vertices ordered either CCW or CW:

pi,j = γ(ti)+ρ(ti)
(
cos(j∆θ)~n(ti)+sin(j∆θ)~b(ti)

)
, 0 ≤ j < nτ , 0 ≤ i ≤ nτ .

(4.66)

Note that the Frenet-Serret frame was used and the first polygon P0 and

Pnτ will be called start and end ring polygon.

• Next ring polygons need to be connected to create quadrilateral faces

(vi,j, vi,j+1, vi+1,j+1, vi+1,j), 0 ≤ i < nτ , 0 ≤ j ≤ nθ − 1 (4.67)
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with the indices wrapping around

(vi,nθ−1, vi,0, vi+1,0, vi+1,nθ−1
), 0 ≤ i < nτ (4.68)

Algorithm 2 Connect vertices

1: procedure Connect(oldVertices,newVertices)

2: i← 0

3: Get current render vector ~r orthogonal to current neurite direction

4: Define (right-handed) local orthogonal coordinate system ~v, ~p,~t with

help of Eq. 4.21.

5: while i < 12 do

6: α← 30 ∗ i
7: oldV erticesi ← lastPos+ radius ∗ cosα · ~p+ radius ∗ sinα · ~t
8: newV erticesi ← curPos+ radius ∗ cosα · ~p+ radius ∗ sinα · ~t
9: Connect oldV erticesi with newV erticesi

10: end while

11: end procedure

The quadrilateral mesh can trivially be converted to a triangular mesh by

splitting each quadrilateral by its diagonal into two triangles. Additionally

the procedure is repeated with the scaled radius function to embedded the

endoplasmic reticulum within the neurite. Volumes emerging between the two

surfaces (plasma membrane and endoplasmic reticulum membrane) have to

be meshed accordingly and branching point regions are instead required to

be filled with pyramidal elements. The simulation framework ug4 [74, 171],

can handle mixed geometric element discretization, thus a conversion from

quadrilateral elements to triangular elements is not required and in addition

not suggested since this will lead to an increase of the degrees of freedom in

the numerical simulation but might be required for software visualizing only

triangular surfaces, like Virtual Reality frameworks, or gaming engines [86].

In fact a major improvement of the novel mesh generation routine is the fact

that for the long-stretched neurites one resorts to hexahedral elements instead
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of using a small aspect ratio (AR) triangulations not suitable for numerical

solvers and increasing the number of degrees of freedom.

Branching point treatment

At bifurcation or branching points of the neuronal morphology, i.e. for

vertices v with deg(v) > 2, the child neurites have to be connected to the

parent neurite. Since the coarse grid consists out of hexaeder elements, one

needs to test for the best facing or best orientated face of the hexaeder H with

respect to the child neurite’s direction at the branching point. Assume that

child neurite start vertices are indexed by I.

Let ~vi∈I be a vector from Qi to Pi, i.e. defining the child neurite direction

at the branching point for child with index i. For each face fj of the hexaeder

H the face normal ~nj is determined and the scalar product

~vi · ~nj (4.69)

is calculated.

The minimum of this expression is taken over all faces of the hexaeder H
for each child neurite with index i = 1, ..., deg(v) in the following sense

min{~vi · ~nj}j=1,...,6 ∀i = 1, ..., deg(v) (4.70)

associating the face j with the child neurite index i to be subsequently con-

nected.

For a more complete description of the main mesh generation algorithmic

details, refer to Algorithm 4 and Algorithm 5 as well as to algorithm to read in

the data as displayed in Algorithm 3. Optimization strategies, mesh refinement

and volume mesh generation are found in order in Algorithm 5, 2, 1.
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4.3 Output data generated by the grid gener-

ation algorithm

After processing the 1D graph geometry in the standardized SWC format

with the grid generation algorithm, a 2D surface geometry has been created.

Additionally for the numerical simulation of the model equations the neces-

sary corresponding volume elements are created. Note that the grids consist

of hexahedral as well as tetrahedral geometric elements, since the soma re-

gion has been approximated by a sphere and thus tetrahedra are the natural

choice whereas the anisotropic neurites are filled with hexahedral elements.

The Delaunay surface respectively volume mesh is subsequently stored in a

file of the UGX format type, a format derived from the hierarchical XML format,

and provided to the simulation framework for PDEs on HPC environments

ug4 [74, 171], with additional simulation logic as a Lua [80] script to drive the

numerical simulations. Additionally data attachments are stored in the UGX

file, which allow the cylindrical refinement projectors for a multi-grid method

which requires refinements of the computational domains, see an example vol-

ume mesh in the UGX format in the ProMesh viewer generated starting from

the SWC file 10-6vkd1m stored in the NeuroMorpho.org database in Figure 4.6

below.

4.4 Improvements and enhancements of the

grid generation algorithm

Evidently, cf. Table 4.2, the basic algorithm for grid generation does not

yield enough usable meshes, the following paragraph are dedicated to itera-

tively improve the grid generation algorithm to allow for more neuron to be

reconstructed as stored in the NeuroMorpho.org database. Comptutational

meshes are categorized in several different categories of failure and success,

whereas the most important categories are Meshable and Runnable which
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Figure 4.6: An example of the visual representation of an output UGX 3D

volume mesh in the ProMesh viewer. Dendrites (green) and soma (lavender)

are represented by hexahedral and tetrahedral volume elements, surface are

represented accordingly by quadrilaterals and triangles.
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will allow numerical simulations on the meshes associated with these cate-

gories. Note that geometric artifacts, mainly the cause of improper or lim-

ited possibilities to trace (close-by) neurites in different z-planes in three-

dimensional space under the microscope, giving rise to intersections are for

the numerical treatment not relevant, in the sense that only the local topol-

ogy matters, i.e. only neighbors of the geometric elements are considered to

assemble the corresponding matrices of the liner equation system. Visually

neurites striking through each others or neurites tangential to each other will

not impact the numerical solvability of the problem as well, but from a neu-

roanatomists point of view of course this represents an impossible morphology

in vivo and the structure should be doubted in the first place.

4.4.1 Consistency checks of the input data

Before the mesh generation algorithm should be invoked, a number of pre-

requisites have to be satisfied, and for which algorithmic checks have been

implemented as follows:

• Branching patterns of n > 3 are not allowed, i.e. require that

deg(v) < 4 ∀v ∈ V (4.71)

• Cycles (directed and undirected) within the input geometry should be

avoided:

@(vi, ..., vj), vi ∈ V, vj ∈ V : vi = vj (4.72)

• Self-loops are not valid, i.e. require that

∀v ∈ V @v : (v, v) ∈ E (4.73)

• Disconnected neurites (not-connected graph) are invalid, i.e. require that

deg(v) > 1 ∀v ∈ V unless v is an end vertex (4.74)
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• Direct branching at the soma is discouraged

• Zero radius information is inconsistent, i.e. require that

∀v ∈ V @v : r(v) = 0 (4.75)

• Cylinders in three-dimensional space should not intersect

All listed reconstruction artifacts can be detected after reading in the 1D

input neuron geometry in the SWC format as a morphology tree T automat-

ically and furthermore obviously by visual inspection in a compatible mesh

viewer, cf. Figure 4.7. However radius data is not visually represented in all

mesh viewers, cylinder-cylinder intersections cannot always be detected by vi-

sual inspection. Therefore a cylinder-cylinder intersection predicate has been

implemented following the ideas presented in the book by [144] and described

below, cf. Section 4.4.1 in more detail and has been implemented similarily,

to verify cylinders will not intersect in three-dimensional space. Zero radius is

problematic, because this creates degenerated geometric elements E with

|E| = 0

, i.e. zero volume, and cannot be considered for mesh generation. The check

for zero radius is implemented as another predicate check in a preprocessing

routine. To check for disconnected neurites, one can check the provided tree

for any disconnected vertices.

Definition 4.23 Another algorithm for traversing or searching a tree or graph

is Breadth-first search (BFS). Starting at the root node in case of a tree (or

select some arbitrary vertex of a graph) and traversing the graph by exploring

all of the neighboring vertices at the present depth prior to moving to the vertex

at the next depth level.

A depth-first search (DFS) or breadth-first search (BFS) is used to count

the number of reachable vertices from the root vertex. Once the graph has
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been entirely traversed and the number of nodes reached is equal to the actual

number of the graph, then the graph is connected, otherwise it is disconnected.

Cycles are detected by back edges. An edge that is from a node to itself (self-

loop) or one of its children in the tree produced by a DFS is a back edge.

Direct branching at the soma as well as invalid branching is checked for by

applying the definition of deg+(v).

If any of these conditions is met, the appropriate reason for invalid in-

put geometry will be reported to the caller of the automated grid generation

pipeline script, cf. Section 4.6. Once a mesh has successfully been generated,

a template numerical simulation, i.e. a predefined simulation protocol, can

readily be execute using the newly created mesh with ug4 [171, 74], or custom

driver scripts to run a numerical simulation can be added to the reconstruct

and simulation pipeline. Generated meshes can optionally be deployed to cloud

(computing) resources.

A test for cylinder-cylinder intersection Let a cylinder be represented

by a center point C and a unit-length direction (axis) W with associated radius

r and height h as depicted in Figure 4.8 below.

At the end of the cylinder are located the discs of the cylinders centered

at C ± h
2
·W . Consider U and V be any unit-length vectors for which the set

U, V,W is orthonormal and W = U × V . The cylinder is parameterized by:

X(θ, t) = C + s · cos(θ)U + s · sin(θ)V + tW, θ ∈ [0, 2π), 0 ≤ s ≤ r, |t| ≤ h

2
(4.76)

The representation of the cylinder does only depend on C, W , r and h.

Furthermore a bounded cylinder satisfies the following equation:

|W · (X − C)| ≤ h

2
(4.77)

A quadratic equation representing the cylinder wall can be formulated as

(X − C)T (I −WW T )(X − C) = r2 (4.78)
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(a) Overview of geometry 40.CNG.swc from http://neuromorpho.org

(b) Disconnected neurites (c) Invalid branching

(d) Cyclic geometry (e) Invalid branching directly at soma

(f) Degenerated volume (g) Cylinder-cylinder intersection

Figure 4.7: A-F: A zoo of reconstruction artifacts in the 1D mesh input ge-

ometries for cell 40.CNG.swc and the degenerated volume and zero radius in-

formation artifacts in G-H for cell H16-03-007-01-01-04-03 582654114 m.swc.

Both cells have been retrieved from NeuroMorpho.org.

http://neuromorpho.org
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C

r

h

Figure 4.8: Representation of a bounded cylinder with center point C, axis

direction W , radius r and height h. Cylinder discs are located at C ± h
2
·W .

and will be useful for a separation test by projection of a cylinder onto a

line. To test for nonintersection of two convex objects can be detected in

the following way: If there is a line for which the intervals of the projected

objects (to the line) do not intersect, the objects do not intersects. The line

separating the objects is referred to usually by a separating line or separating

axis. Assume a line is given with unit-length direction D, then the projection

of a compact (convex) set C onto this line is the following interval:

I = [λmin(D), λmax(D)] = [minD ·X : X ∈ C,maxD ·X : X ∈ C] (4.79)

Thus the compact sets C0 and C1 are separated if a direction D exists, s.t. the

corresponding projection intervals of the objects I0 and I1 do not intersect, i.e.

I0 ∩ I1 = ∅ (4.80)

and particularly if

λ0
min(D) > λ1

max(D) (4.81)

or

λ1
min(D) > λ0

max(D) (4.82)

Let λD be a line with D 6= −→0 , then the projection of a cylinder wall point

onto the line λD is given by:

λ(θ, t) = D ·X(θ, t) = D ·C+(r · cos(θ)) ·U +(r · sin(θ))D ·V + tD ·W (4.83)

Now we have the appropriate tool to test of separation of two cylinders.

First, let test for axis separation of the two cylinders. Therefore let Ci, Wi, ri
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Figure 4.9: A non-exhaustive list of cylinder cylinder positioning in three-

dimensional space. From left to right: Two cylinders separated by axis,

separation by direction (parallel) and intersection of two general positioned

cylinders.

and hi define two cylinders for i = i, 2, then the cylinders are separated if a

non-zero direction D exists satisfying either

D·C0−r0

√
|D|2 − (D ·W0)2−h0

2
|D·W0 ≥ D·C1+r1

√
|D|2 − (D ·W1)2+

h1

2
|D·W1|

(4.84)

or

D·C0−r0

√
|D|2 − (D ·W0)2−h0

2
|D·W0 ≤ D·C1+r1

√
|D|2 − (D ·W1)2+

h1

2
|D·W1|

(4.85)

Note that this is just a restatement of Eqs. 4.81, 4.82 for bounded cylin-

ders. A non-exhaustive list of pairwise cylinder-cylinder orientations in three-

dimensional space is depicted in Figure 4.9.

The preceding two equations can be stated in one single equation if defining

the difference vector of the cylinder centers by ∆ = C1 − C0

f(D) = r0|P0 ·D|+ r1|P1 ·D|+
h0

2
|D ·W0|+

h1

2
|D ·W1| − |D ·∆| ≤ 0 (4.86)

with the projection matrices Pi = I −WiW
T
i for i = 0, 1. Some intuition: If

∆ = 0 then it follows that f > 0 because two cylinders with the same center

always intersect.
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The next two separation tests involve the cylinder axis directions and the

cylinder axis perpendiculars which are defined via the function f defined in

Eq. 4.86 above by

f(W0) = r1|W0 ×W1|+
h0

2
+
h1

2
|W0 ·W1| − |W0 ·∆| ≤ 0 (4.87)

and

f(W1) = r0|W0 ×W1|+
h0

2
|W0 ·W1|+

h1

2
− |W1 ·∆| ≤ 0 (4.88)

as well as

f(D) = r0|D|+ r1|P1 ·D|+
h1

2
|D ·W1| − |D ·∆| (4.89)

when considering directions D perpendicular to W0 and alike for W1.

The tests for cylinder axis perpendiculars (Eq. 4.89) and for non-fixed

separation directions are more complicated, but the ideas are to compute a

global minima of functions and determine whether any of the bisection iter-

ations produces a separating direction for the two cylinders, as derived and

illustrated in great detail 4 in [144].

Consider a set of bounded cylinders C as provided by the 1D SWC input

geometry. To check algorithmically for cylinder-cylinder intersections, consider

pairs of cylinders with index i and j for Ci ∈ C and Cj ∈ C in which the end

discs of the cylinders Ci ± h
2
·W and Cj ± h

2
·W do not conincide, i.e.

Ci ±
hi
2
·Wi − Cj ±

hj
2
·Wj 6= 0, (4.90)

and check only cylinders satisfying Eq. 4.90 for intersections. Violations will

be reported with center coordinate, radius and height of the offending cylinders

to the user in a prerequisite check in the grid generation routine.

4.4.2 Mesh regularization and uniform input data re-

sampling

One viable option to improve the mesh regularity and by that to even out

the over- and undersampled regions of the input geometry, cf. Figure 4.10,

4https://www.geometrictools.com/Documentation/IntersectionOfCylinders.pdf

https://www.geometrictools.com/Documentation/IntersectionOfCylinders.pdf
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(a) Unregularized mesh (b) Regularized mesh

Figure 4.10: Comparison of the unregularized and regularized input mesh 44-

4.swc and statistics of the edge length distributions is provided in Figure 4.11.

The employed regularization strategy remedies the inconsistent branching be-

haviour.

one can resort to the following strategy:

In the first step, as discussed above, for each of the neurites emerging

from the soma, cubic splines in each canonical coordinate axis are defined,

in that way, that for each neurite fragment, the fraction of the neurite path

between two branching points, a spline is defined used to define a parametric

representation of the neurite curve.

Suppose f : [α, β] 7→ Rd, d = 3 is a regular parametric curve, i.e. f is a

continuously differentiable function, s.t. f ′(t) 6= 0 ∀t ∈ [α, β] and | · | denotes

the euclidean norm in R3. Then the corresponding arc length is defined via

the following integral:

L(f) =

∫ β

α

|f ′(t)|dt (4.91)

A natural approach is to apply to |f ′| some standard composite quadra-

ture rule, i.e. the original parameter interval T = [α, β] is decomposed into

smaller intervals, Ti = [ai, bi] and a quadrature is being applied to |f ′| and the

contributions are summed.
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Consider the interval Ti with α ≤ a < b ≤ β then

L(f |[ai,bi]) =

∫ bi

ai

|f ′(t)|dt ≈
n∑
i=0

wi|f ′(qi)| (4.92)

which some quadrature nodes

a ≤ q0 < q1 < ...qn ≤ b (4.93)

and corresponding weights w1, w2, ..., wn.

Each neurite section corresponds to an interval Ti := [ai, bi] and thus sum-

ming up Eq. 4.92 leads to the approximated arc length. In the grid generation

method Gauss-Legendre integration is used, thus intervals have to be nor-

malized to fall into the expected interval [−1, 1] where Eq. 4.92 is applicable.

Another choice would be Gauss-Lobatto integration [56], leading to even higher

precision of the approximation, but this is not yet implemented in ug4.

Next, either a user-described or automatically calculated segment length

l for sampling the neurite path between the branching points equally in arc

length is prescribed. In a first step the length L along the neurite fragment

(curve) is calculated as the integral of ||f(t)||dt with the neurite fragment

starting at tstart and tend, where 0 ≤ tstart < tend ≤ 1 using Gauss-Legendre

integration for each neurite section to approximate the curve length between

any two branching points. Once the length has been calculated the interval is

equally sampled by the prescribed edge length. A regularized mesh is gener-

ated by tracing along the neurite fragment and inserting a new vertex at the

prescribed edge length, e.g. dL
l
e−1 new segment will be created with adjusted

edge length or segment length of L
dL
l
e .

The regularized mesh subsequently is serialized and fed into the next step of

the grid generation pipeline. To demonstrate that the edge length distribution

has been significantly improved by the optimization stages of the grid gener-

ation algorithm, when comparing to the raw reconstruction data representing

the same neuron, cf. Figure 4.11 below.

Possible drawbacks: A reasonable segment length for sampling the neurite

pathes have to be chosen which are feasible in the sense, that the sampling
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Figure 4.11: Edge length comparison for the regularized and unregularized

mesh in which the user-specified regularization edge length 4 µm was chosen.
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length is not unnecessary large (loss of morphological details of the neuron

geometry) but also not too small (deterioation of the numerical convergence)

Another complication is that depending on the branching angle at bifurcation

points,a slightly larger segment length is required to avoid self-intersections,

see forth mesh optimization in Section 4.4.5.

4.4.3 Optimization of the global Frenet-Serret frame

Using the global näıve Frenet-Serret frame as an orthonormal basis has a

severe drawback: The basis vectors ~t(t), ~n(t) and~b(t) depend on the derivatives

and in particular on the torsion of γ. If the parameter t is interpreted as time,

than it often happens that the frame rotates at a high or irregular angular

velocity.

Thus, if the discretization points along the curve ti are chosen to coarse, or

the Frenet-Serret frame rotates fast, consecutive ring polygons Pi and Pi+1 can

become severely twisted and lead to degenerated volume elements, cf. Figure

4.12, which are prohibitive for the success of a numerical simulations with FV.

Instead of using the näıve or canonical Frenet-Serret frame, the following

render frame is considered:

~x(t) = ~t(t) =
γ̇(t)

||γ̇(t)||
(4.94)

~y(t) =
~r × ~t(t)
||~r × ~t(t)||

(4.95)

~z(t) = ~x(t)× ~y(t) (4.96)

Note that this render vector is independent of the torsion of γ and must

satisfy several conditions, for instance, the orthonormal basis is only well-

defined if the tangent vector does not coincide with the render frame:

∀t ∈ [0, 1] : ~r × ~t(t) 6= 0 (4.97)

A suitable render frame can diminish the amount of twisting of faces. Chos-

ing the render vector orthogonal to each point along the curve for ~t(t) over
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(a) Render vector (Frenet-Serret frame)

coincides with local neurite direction,

causing degenerated elements

(b) Permissible render vector chosen such

that deviation of local neurite direc-

tion at least 15 degrees, leading to non-

degenerated elements

Figure 4.12: Frenet-Serret frame compared to a suitable permissible local ren-

der vector per neurite fragment.
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[0, 1] would result in zero twisting, but for a general and complicated geome-

try this is not possible. Instead require that the render vector r should be as

orthogonal as possible: Denote with α(~r, t) the angle between ~r and ~t(t) then

maximization problem should be as close as possible to one:

M(γ, ~r) = min
t∈[0,1]

||~r × ~t(t)||2 = min
t∈[0,1]

sin(α(~r, t))2. (4.98)

The maximization problem can be solved through root-finding for univari-

ate polynomial equations in an appropriate Bernstein-Bézier basis through a

method known as Bézier clipping. Solution of this problem yields a global

λ-admissible render vector minimizing twisting to a desired extent based on

the lambda scalar parameter [117].

Squaring a constant render vector ||~r × ~t(t)|| leads to

||~r × ~t(t)||2 = ||~r × γ̇(t)

||γ̇(t)||
||2 =

(~r × γ̇(t)) · (~r × γ̇(t))

γ̇(t) · γ̇(t)
= sin(α(~r, t))2 (4.99)

Furthermore if γ is assumed to be regular, q(t) does not vanish, and one

can find the mimimum M(γ, ~r) with t ∈ [0, 1] by differentiation of Eq. 4.99.

Define the numerator of Eq. 4.99 as p(t) and the denominator of Eq. 4.99

as q(t) then Eq. 4.99 can be rewritten as a rational function in terms of p(t)

and q(t) for a fixed render vector ~r:

f(t) =
p(t)

q(t)
= sin(α(~r, t))2 (4.100)

Differentiating Eq. 4.100 yields:

ḟ(t) =
ṗ(t) · q(t)− p(t) · q̇(t)

q(t)2
(4.101)

To find the stationary point let ḟ(t) = 0 which is equivalent to the following

statement:

ṗ(t) · q(t)− p(t) · q̇(t) = 0 (4.102)

As mentioned before this can efficiently be solved by means of the well-

known Bézier-Clipping algorithm. Algorithmically one has to find a suitable

Bernstein-Bézier basis to represent the polynomial equation.
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In the following a different and much easier algorithmic approach has been

devised to calculate a local instead of a global render vector. Elevation of the

problem to a global problem is not necessary in general and the complexity

(algorithmic as well as time) can be reduced substantially by reformulating

the problem locally and by devising an algorithm to find subsequently local

λ-admissible render vector.

Definition 4.24 Subtree A tree G′ whose graph vertices and graph edges form

subsets of the graph vertices and graph edges of a given tree G.

Consider all neurites in the tree geometry T and in particular the associated

edga set E and vertex set V . Define the neurite fragments set

F := {T ′ | T ′ between two consecutive branching points}, (4.103)

i.e. define fragment Fi,j to be a subset of the edge E and vertex set V which

consists of the edges and vertices between two consecutive branching points i

and j

Now for each of the fragments f ∈ F a local render vector can be computed

trivially by a greedy algorithm. Assume the associated edge set of the fragment

f with Ef and Vf . The algorithm has time complexity O(V 2
f ), however the

implementation is trivial and the maximum number of vertices between any

two branching points is well below 1, 000 rendering this approach feasible.

Nota bene: We could also instead have been developing an algorithm to find

the local render vector in an appropriate Bernstein-Bézier basis, however the

currently devised procedure is algorithmically by far more accessible, and we

should not violate the mantra of premature optimization for runtime if not

necessary.

4.4.4 Regularization of branching points in neurons

Short edges in the input geometry are troublesome, as elaborated in [117],

and displayed in Figure 4.13
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(a) Before removal of short edges (b) After removal of short edges

Figure 4.13: Comparison of the resulting volume meshes reconstructed from

corresponding 1D meshes with and without short edges removed during pre-

processing.

Definition 4.25 A short edge ei is a pair of vertices, i.e. has start and end

points v0 and v1, which define the edge ei := (v0, v1). Let ||ei||2 denote the

length of the edge. For each vertex there is an associated radius information

rv0
:= r(v0) and rv1

:= r(v1) in R+. Denote by m := max {rv0 , rv1} the maxi-

mum radius of the edge, then the edge ei is collapsed at vertex v0 iff ||ei||2 < m2.

Hence a fundamental grid generation algorithms optimization is to remove

these short edges as defined in Definition 4.25. Furthermore the mesh is af-

terwards regularized by the previous strategy of resampling the splines along

the neurite paths in Section 4.4.2.

4.4.5 Improving the branching point local optimization

by the angle-length criterion

Mesh regularization globally improves the sampling of the neurite paths of

the given neuron in the sense that a quasi uniform edge length distribution is

gaiend. However, usually a larger resampling width is required at, i.e. before

and after, branching points to avoid geometric element intersections of the

computational mesh, cf. Figure 4.14.
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(a) Original branching point region

(b) Modified branching point region

Figure 4.14: Comparison between the original and optimized branching re-

gion for cell 37-4a.CNG.swc from NeuroMorpho.org. Apparently the mesh

generation could eliminate the meshing artifacts.
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How to decide the sampling size or segment length for regulariza-

tion? Assume that a neurite branches off into a child branch and a root

branch continuation. The angle between the root branch and the child branch

is denoted with β, the associated radius is denoted by rd.

An acute angle and a small segment length before or after the branching

point is undesirable, as it will eventually introduce mesh intersections. An an-

gle of π
4

is the best case and the segment length before and after the branching

point is not as critical as for acute angles. However the associated radius rd

at the branching child start is important, because, if the segment length is too

small and the radius large it will introduce mesh intersections. Generally a

large segment length is desired for acute angles, and a short segment length is

desired contrary.

The length before the branching point can be calculated as

x =
rd

sin(β) · tan(α)
(4.104)

where α is the complementary angle to β, s. t. β + α = π
4
.

Thus y = rd
sin(β)

and tan(α) = y
x

which leads to the angle length criterion:

x =
y

tan(α)
(4.105)

Rewriting Eq. 4.105 in terms of y and tan(α) yields:

x =
rd

sin(β) · tan(α)
(4.106)

Differentiation of Eq. 4.106 yields cos(β) (length on root branch before

branching point):

x′ =

(
rd

sin(β) · tan(α)

)′
=

1

cos(β) · 1
cos2(β)

= cos(β) (4.107)

If branching angle β = 0 then α = π
4

and Eq. 4.105 returns +∞ which is

reasonably because the child and root branch continuation coincide and cannot

be resolved without intersections.
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4.4.6 Reconstruction of the soma and connection to neu-

rites using a mixed-element type discretization

Root neurites start on the soma or close to the soma surface. To connect

the root neurites with the soma surface and in particular to avoid mesh in-

tersections, the root neurite vertex should point outwards of the soma surface

orthogonal.

The soma surface is approximated by a sphere S = (c, r), as typically the

data specified in the SWC file records one designated soma center (c with one

piece of radius information r ∈ R+ attached. A refinement parameter allows

the refinement of the discrete sphere surface Sd representation consisting out of

triangular. Each root neurite vertex v = (x, y, z) is projected onto the sphere

surface S with sphere center c = (x0, y0, z0) and radius r by the following

procedure:

Write the to be projected point v in the coordinate system centered at the

center of the sphere c:

P = (p1, p2, p3) =


x

y

z

−

x0

y0

z0

 =


x− x0

y − y0

z − z0

 (4.108)

Compute the length ||P || of the vector P as

||P || =
√
p2

1 + p2
2 + p2

3 (4.109)

and scale the vector P s.t.:

Q =
r

||P ||
· P (4.110)

Lastly change back to the original coordinate system by:

R = Q+


x0

y0

z0

 (4.111)
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Assume there are n root neurites, then after finding n pairs of the form

(r, R) and storing in the set C the next grid generation step continues as

follows:

For each pair (r, R) in the set C find for each projected vertex R the closest

vertex of the surface triangulation Sd and denote this vertex by Rc. Next

around the vertex Rc adapt the surface to cylinders with radius r attached to

the original vertex v and delete the center vertex Rc, leaving a cylindrical hole

for each root neurite connection.

The trivial approach to directly connect the cylindrical hole with the first

(root) neurite cylinder leads to insatisfactory results, i.e. cylinders leaving not

orthogonal the cylindrical hole on the soma surface (surface polygon), induce

local self-intersections with the soma surface. A remedy to avoid intersections

requires that the cylinders leave the surface polygon in orthogonal direction

with respect to the surface, thus surface normals ni are calculated for each sur-

face polygon induced by a root neurite on the soma surface. We require that

the first section is orthogonal with respect to the soma surface, thus the next

neurite vertex has to be adjusted accordingly. This leads to the connection of

the plasma membranes of the soma and the neurites plasma membrane. In ana-

logue the prescribed procedure is used to connect the endoplasmic reticulum

with the equivalent of the shrunken soma sphere in the interior of the neu-

ron, an example is depicted in Figure 4.15 below. Note that because neurites

are usually generated as lengthy anisotropic hexahedral elements and somata

sphere surfaces are approximated by triangulated surfaces via icospheres re-

spectively refined icosahedrons and thus the corresponding volume elements

are naturally tetrahedrons and thus the resulting mesh is of mixed geometric

elements and pyramidal interfacing elements at the soma/neurite boundary.

Reconstruction artifacts Often soma reconstruction seems to be erro-

neous in at least two cases in the sense that the start vertices of neurites are

within the soma (sphere radius), which is not sensible, and/or neurites over-

lap starting at the soma, which can physiologically be explained by merging
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Figure 4.15: Illustration of the connection of soma surface to the plasma mem-

brane surface, as well as the endoplasmic reticulum membrane with the en-

doplasmic reticulum. Pyramidal elements are created of roughly aspect ratio

1 whenever possible, i.e. height
base

≈ 1, and are required since a hexahedral and

tetrahedral have to be connected at the interface. Seemingly disconnected

vertices are associated to tetrahedral volume elements and are due to plane

clipping in the visual representation within the ProMesh viewer.
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neurites close to the soma surface.

The first artifact, i.e. when the neurite start vertices are inside the soma,

can be remedied by projecting outwards (towards) the soma surface to provide

a physiologically meaningful start vertex or neurite root vertex of each first

neurite segment, similarly as described in Eq. 4.108-4.111.

The latter can be mitigated by increasing the soma radius by a certain

factor to allow neurite initial segments to be spread further out on the soma

surface, i.e. if the radius is increased the cylinders representing the root neu-

rite section will intersect with the soma sphere more separated leading to no

intersections if the enlarging factor is chosen correctly.

How to detect if neurite start cylinders overlap? Let {ci}i∈I be a set of

centers of surface polygons on a soma sphere S = (C, r) with C being the soma

center and r the soma’s radius for some index set I in a cartesian coordinates.

We are interested in the shortest distance between two points on the sphere

to detect if the neurite start cylinders intersect and make thus use of the

Haversine formula to find the distance between two points on a sphere. The

haversine function uses spherical coordinates, thus the cartesian coordinates

are transformed to spherical coordinates (longitude θ, latitude φ) before. As-

sume without loss of generality, that the soma sphere is centered (or has been

centered a-priori) at the origin (0, 0, 0) and that in the cartesian coordinate

system the following holds

• The x-axis goes through (longitude=0 and latitude=0), so longitude 0

meets the equator,

• y-axis goes through (longitude=0 and latitude=90) and

• the z-axis goes through the poles

then the cartesian coordinates are transformed to spherical coordinates by
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the following set of equations:

ρ =
√
x2 + y2 + z2 (4.112)

θ =arctan

(√
x2 + y2

z

)
= arccos

(
z√

x2 + y2 + z2

)
= arccos

(
z

ρ

)
= atan2(y, x)

(4.113)

φ =arctan

(
y

x

)
= arccos

(
x√

x2 + y2

)
= arcsin

(
y√

x2 + y2

)
(4.114)

Note that the longitude and latitude are expressed in radians. The distance

between the pairwise cylinder centers ci, cj for i 6= j is then calculated by the

Haversine formula to determine the great-circle distance as follow: Let the

central angle Θ between any two points on a sphere be Θ = d
r

with d the

distance between the points along a great circle of the sphere and r is the

radius of the sphere as before. The haversine formula expresses the haversine

of Θ by direct computation from the latitude and longitude of the two points:

hav(Θ) = hav(φ1 − φ2) + cos(φ1) · cos(φ2) · hav(θ2 − θ1) (4.115)

where hav is the haversine which computes half a versine (versin) of the angle

Θ by

hav(Θ) := sin2

(
Θ

2

)
=

1− cos(Θ)

2
=:

1

2
versin(Θ) (4.116)

To determine the distance and thus solve for d, we apply the archarversine

(archav or arcsin) to h

d = r · archav(h) = 2 · arcsin(
√
h) (4.117)

or explicitly by

d =2 · r · arcsin

(√
hav(φ2 − φ1) · cos(φ1) · cos(φ2) · hav(θ2 − θ1)

)

2 · r · arccsin

(√
sin2

(φ2 − φ1

2

)
+ cos(φ1) · cos(φ2) · sin2

(θ2 − θ1

2

))
(4.118)
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The enlargement factor of the soma sphere will be iteratively increased

until no intersections are expected based on the distance between pairs (ci, cj)

of the set {ci}i∈I with i 6= j, i.e. if d is larger than r(ci) + r(cj), for all pairs

(ci, cj) the process will terminate.

Algorithm 3 Import data

Require: Curated neuron as SWC file

Ensure: Selected file file satisfying prerequisites as stated in Section 4.4.1

Mesh preparation

1: procedure Generate(File) . SWC input file containing the neuron

2: data← ReadFile(File) . Read in as a tree T = (V,E) with diameter

data attached

3: for all edge in data.edges do

4: diam← max(edge→ vertex(0).diam, edge→ vertex(1).diam)

5: diamSq = diam ∗ diam
6: if diamSq > length(edge) then

7: Collapse edge . Collapse short edges in vertex

8: end if

9: Set diam for start and end vertex of edge . Attached to vertices

10: Set type for start and end vertex from SWC file . Compartment

type

11: end for

12: end procedure
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4.4.7 Generation of grid hierarchies via a projection re-

finement strategy

A näıve refinement strategy is the following: Consider a surface mesh com-

posed out of triangular geometric elements, consisting ouf of vertices and edges,

given as the graph G = (V,E) For each edge e = (v0, v1) ∈ E assume that the

start vertex v0 and end vertex v1 of this edge are given. Then split the edge

halfway along the edge’s direction ~d = v1 − v0, thus creating a new vertex vc

at the position p = ev0 +
~d
2

and remove the old edge e from G. Insert two new

edges as pairs of vertices e1 = (v0, vc) and e2 = (vc, v1) into G.

By this strategy however, the shape of the geometry obviously is not

changed, cf. Figure 4.16 in particular, dihedral angles are not changed, and

thus not improved, with respect to a numerical solver. It is well known that

dihedrals matter for numerical convergence [150].

An improved strategy of grid refinement is implemented in the new grid

generation algorithm, which will project each new vertex created halfway along

each of the edge e ∈ E onto the cylinder surface of the corresponding neurite

section defined by the edge e and radius information, cf. Figure 4.17. As

this is a dependency injected as a monolithic class derived from the IRefiner

interface in ug4, only a function defining the projection of new vertices on the

cylinder needs to be defined, similar as in Eq. 4.108-4.111, and this can be

formulated likewise as before in the previous section for projection of vertices

onto the soma surface.

Algorithm 5 Grid refinement

1: procedure Refine(grid)

2: Use cylinder refinement projection strategy

3: end procedure
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Figure 4.16: Linear refinement by bisection of cell 30-3-HCB.CNG.swc from

NeuroMorpho.org assisted by the ug4 framework.

(a) Coarse mesh (b) Refined mesh

Figure 4.17: Projection refinement of the coarse and refined mesh for cell

30-3-HCB.CNG.swc from NeuroMorpho.org.
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Table 4.2: Statistics of mesh usability in numerical simulations. Each of the

four stage increases the number of usable computational meshes for a whole-

cell calcium dynamics study.

Without Soma With Soma

Runnable [%] Not runnable Runnable Not runnable
Stage 1 10 90 5 95
Stage 2 20 80 10 90
Stage 3 40 60 25 75
Stage 4 50 50 40 60

4.5 Final grid generation algorithm and mono-

lithic testing of the implementation

The previous sections outlined the distinct optimization steps which have

been conceptualized and implemented in ug4 to improve the elementary grid

generation algorithm presented in Section 4.2.2. For each stage in 4.2 a cor-

responding optimization step as described in subsections of Section 4.4 exists

and is incrementally applied to the näıve grid generation algorithm described

before.

Prerequisites to the input data obtained from the NeuroMorpho.org database

in the SWC format have been elaborated in detail in Sec. 4.4.1 and are thus

not represented in Table 4.2 since only neurons satisfying the requirements

itemized in Section 4.4.1 shall be considered for mesh generation. All opti-

mization steps, except for the soma reconstruction and projection refinement

of the generated meshes are applied efficiently to the 1D input data.

The first optimization strategy regularizes the input data, in the sense

described in Section 4.4.2, by uniformly sampling the neurite paths between

branching points (neurite fragment). Modification of the grid generation al-

gorithm yields the distribution of meshes which are usable for numerical sim-

ulations, cf. Table 4.2.

As a next step the näıve (global) Frenet-Serret frame has been exchanged

by a permissible local render vector for each neurite fragment increasing the
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number of functioning meshes by twenty respectively fifteen percent when

soma is not considered or reconstructed. Note that the soma reconstruction

is described as an enhancements of the grid generation algorithm rather than

an optimization step, since the soma reconstruction has been reconstructed

additionally in Section 4.4.6. Furthermore short edges at branching points

have been collapsed whenever necessary as described in Definition 4.25 and

Algorithm 3 improving number of usable meshes by a factor of ten respectively

five percent, cf. Stage 2 and Stage 3 in Table 4.2. Branching points are to be

treated separately based on the branching angle of child neurites, cf. Section

4.4.5. Locally, as discussed, a larger edge length around branching points will

remedy local self-intersections of branching childs, root branch continuation,

and the root branch itself, increasing the number of functional meshes by

another ten percent. Strictly speaking Section 4.4.7 does not represent an

improvement in the number of usable meshes, however for practical purposes,

i.e. the numerical solution on HPC infrastructure using the generated meshes,

a refinement strategy is required to generate a multigrid hierarchy.

To give a résumé: The number of usable meshes increased significantly dur-

ing the incremental optimization of the grid generation algorithm, cf. Table

4.2. To test for robustness of the final grid generation algorithm a multitude

of neurons from the database is required. An automatic reconstruct and sim-

ulation pipeline has been devised in Section 4.6 and explains how to make

use of a REST API to, on the one hand retrieve specific neurons from the

NeuroMorpho.org database and on the other hand how to feed these into the

the grid generation algorithm. The above benchmark has been conducted on

10,000 cells of the Rat hippocampus respectively Human neocortex.
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4.6 Illustration of the automatic reconstruct-

and-simulation pipeline

In the previous sections the mesh generation algorithm has been described

which is made available in the neuro collection plugin 5 and accessible via

Lua [80] scripts to drive numerical simulations.

start

choose a neuron by 
index or name

surface and volume
mesh generation

neuromorpho 
REST API 

wrapper

Geometry found?

yes

no

computational mesh

run simulation on
cloud computing resource,  

on HPC or local parallel
compute infrastructure

Volume mesh valid?
no yes setup numerical 

simulation

simulation data ug4 simulation 

end

interactive simulation 
in virtual reality

Figure 4.18: Flowchart illustrating the logic of the involved components in

the automatic grid reconstruct-and-simulation pipeline. Note a deployment

phase is optional to make the meshes available to the community via cloud

storage facilities or to run simulations via cloud computing infrastructure, e.g.

Amazon’s AWS.

Input data in the SWC format, i.e. 1D neuron geometries, can be retrieved

with the neuromorpho REST API wrapper for Python in batch-mode 6. The

5 Actively developed at https://github.com/NeuroBox3D/neuro_collection
6 See https://github.com/NeuroBox3D/neuromorpho/

https://github.com/NeuroBox3D/neuro_collection
https://github.com/NeuroBox3D/neuromorpho/
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project has been initiated during the course of the dissertation and is de-

veloped actively by today and used by several collaborators in the field of

Computational Neuroscience already.

Combining these two components into a unified reconstruction-and-simulation

pipeline allows furthermore to retrieve, reconstruct and automatically deploy

the generated meshes with simulation scripts to cloud storage or cloud com-

puting providers, e.g. Amazon AWS,7 HPC computing resources or other

compute resources, and thus to, in principle, fully automate the reconstruc-

tion and simulation workflow for a predetermined numerical simulation setup

in batch-mode with ug4, cf. Figure 4.18, or to provide the research community

with access to new computational meshes. The described pipeline is released

under an opensource license (LGPLv3)8 and developed under the paradigm of

test-driven development and published in Github repositories.

To improve the user experience (UX) the integration of the reconstruct-

and-simulation pipeline into a visual and interactive workflow has been initi-

ated during the course of this dissertation and is actively developed as the

ReSim VRL plugin 9 for the declarative (visual programming) IDE for in-

teractive workflows, VRL-Studio.10 While the provided pipeline script and

Python wrapper are useful for batch mode, a visual representation of simula-

tion workflow greatly will increase UX and faciliate the user interaction with

the reconstruction-and-simulation pipeline.

4.7 Numerical solution of the model equations

on HPC infrastructure

The non-linear PDEs described in Chapter 4 have to be solved numerically.

Local or small-scale compute infrastructure provides only a limited amount of

7https://docs.aws.amazon.com/general/latest/gr/Welcome.html
8https://www.gnu.de/documents/lgpl-3.0.de.html
9https://github.com/NeuroBox3D/VRL-ReSim

10https://vrl-studio.mihosoft.eu/

https://docs.aws.amazon.com/general/latest/gr/Welcome.html
https://www.gnu.de/documents/lgpl-3.0.de.html
https://github.com/NeuroBox3D/VRL-ReSim
https://vrl-studio.mihosoft.eu/
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parallelism, however, the discretized problem is suitable for domain decompo-

sition and parallelization via HPC methods and thus might as well be solved

using HPC infrastructure to allow for the coverage of larger time spans of

calcium dynamics simulation in whole-cell neuron reconstructions. Realistic,

i.e. detailed in space, whole-cell reconstructions of neurons mark the begin-

ning of the requirement to transit to the utilization of HPC resources to cover

appropriate time frames relevant for intra- and intercellular calcium dynamics

and signalling which would otherwise be not feasible to track in appropriate

(finite) computation time. In the following sections we will illustrate by two

recent weak and strong scaling studies on some of the HPC resources provided

by XSEDE,11 i.e. SDSC Comet [166], that the model problem we seek to solve

does in fact scale on the provided HPC infrastructure.

4.7.1 Introduction to scalability measures

A measure to quantify parallel efficiency in the realm of parallel comput-

ing is to use the defintiions of scaling or scalability which are widely used to

indicate the abilities of software and hardware to deliver more computational

power when the amount of resources is increased. Let t1 denote the compu-

tational time for a task running some software using only one processor or

process, and likewise tN but for N processors or processes. In an ideal world

we would like to achieve a linear speedup equal to the number of involved re-

sources, i.e. speedup = N , but that is a challenging goal. If speedup = N then

every processor contributes 100% percent of computational power to solve the

problem. The speedup is defined by the following fraction:

speedup =
t1
tN

(4.119)

By [8] we can refine this measure, because, the speedup is limited by the

fraction of the non-parallelizable and thus serial part of the software, i.e.

speedup =
1

s+ p
N

(4.120)

11https://www.xsede.org/

https://www.xsede.org/
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where N denotes the number of processors as before, s the fraction of exe-

cution time spend on the serial part and p the fraction of execution time for

the parallel part. Amdahl’s law states that the upper limit for the speedup is

determined by solely the serial fraction of the code and this is called strong

scaling for a problem of fixed size with a variable amount of available comput-

ing resources.

Contrary to this, Gustafson’s law [68], follows a different strategy. Based

on the approximation that the parallel fraction scales linearily with the amount

of provided resources, and, that the serial part does not increase with the size

of the problem, the scaled speedup is defined by

scaled speedup = s+ p×N (4.121)

with symbols having the same meaning as before. With this the scaled speedup

increases linearly with regards to the number of processor and there is no

upper limit for the scaled speedup. This second kind of scaling is called weak

scaling, where we calculate the speedup based on the amount of work done for

a scaled problem size, whereas Amdahl’s law focused on fixed problem sizes

and variable compute resources.

The described two measures of scalability, i.e. weak and strong scaling, are

typically considered by the HPC community to demonstrate computational

efficiency in general parallel-computing enviroments.

4.7.2 Weak and strong Scaling studies on XSEDE

The base code ug4 is parallelized using MPI and written in C++ and has

been extensively benchmarked [171, 74, 15] and shown to scale beyond 100,000

of processes. In order to test the base ug4 code on the SDSC Comet super-

computer, a test problem using the Laplace equation on a three-dimensional

unit cube is employed. The second order elliptic partial differential equation

reads as

∆Φ = 0, (4.122)
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where Φ is a scalar function in the domain Ω ⊂ Rn, and ∆ is the Laplace

operator. Strong scaling is demonstrated for a domain consisting of 16,974,593

degrees of freedom, see Table 4.3 and Figure 4.19. The execution time roughly

halves when doubling the number of processes. A weak scaling study, see Table

4.4 and Figure 4.20 on SDSC Comet. With each refinement of the grid the

degrees of freedom (DoFs) increase by a factor of 8 and thus we increased the

number of processes eightfold in each refinement step.

Table 4.3: Runtimes of simulations of a 3D Laplace problem on a fixed unit

cube domain (seven regular refinements) with ug4 on the SDSC Comet HPC

cluster. Note that each node can allocate at maximum 24 processes and the

maximum number of processes or cores per job is limited to 1,728 processes in

total.

Strong scaling in ug4

DoFs Runtime [s] # Processes # Nodes
16,974,593 41 24 1
16,974,593 20 48 2
16,974,593 14 72 3
16,974,593 10 96 4
16,974,593 8 120 5
16,974,593 7 144 6
16,974,593 5 168 7
16,974,593 2 192 8
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Table 4.4: Runtimes of simulations of a 3D Laplace problem on a unit cube

domain (different number of regular refinements) with ug4 on the SDSC Comet

HPC cluster. Note that each grid refinement increases the DoFs by a factor 8.

Weak scaling in ug4

DoFs Runtime [s] # Processes # Refinements
27 5.06 1 0
216 5.06 8 1
1,726 6.92 64 2
13,824 6.92 512 3
110,592 5.50 4096 4
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Figure 4.19: Speedup of distributed execution. #procs denotes the involved

processes on the SDSC system Comet.
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Figure 4.20: Scaled speedup of distributed execution. #procs denotes the

involved processes on the SDSC system Comet. Note the optimal scaling and

achieved scaling behaviour of the test problem.

Alike for the whole-cell calcium model, as presented in Chapter 4, 3, a

strong and weak scaling study was conducted on the SDSC Comet supecom-

puter, see Figure 4.21 and Figure 4.22 for runtimes and Table 4.5 and Table

4.6 for the associated problem sizes, have been conducted, evidencing the weak

and strong scaling properties of the whole-cell calcium model.
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Figure 4.21: Weak scaling result for the whole-cell calcium dynamics problem.

Scaled speedup of distributed execution, where #procs denotes the involved

processes on SDSC Comet, shows scaling behavior for whole-cell dynamics.

Problem sizes are illustrated in Table 4.5.

Table 4.5: Weak scaling result for whole cell dynamics, geometry sizes and

number of involved processes on SDSC Comet.

Weak scaling in ug4

DoFs Runtime [s] # Processes # Refinements
7,056 278 48 0
56,448 384 346 1
451,485 370 3072 2
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Figure 4.22: Strong scaling result for the whole-cell calcium dynamics. Scaled

speedup of distributed execution, where #procs denotes the involved processes

on SDSC Comet, demonstrate scaling behavior. Problem sizes are illustrated

in Table 4.5.

Table 4.6: Strong scaling results for whole-cell dynamics, geometry sizes and

number of involved processes and nodes on SDSC Comet.

Strong scaling in ug4

DoFs Runtime [s] # Processes # Nodes
451,485 352 384 16
451,485 244 768 32
451,485 123 1536 64

4.7.3 Perils of non-adaptive grid refinements

Global grid refinements in three-dimensional space are costly (in terms of

degrees of freedom and thus memory), as each refinement does increase the

number of degrees of freedom eightfold for a tetrahedral mesh. To resolve the

calcium wave with sufficient precision at least 5 to 6 global refinements are

known to be necessary at least, increasing the number of degrees of freedom
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to the billions, cf. Figure 4.23 and Figure 4.24 for a convergence study on

Temple’s local HPC infrastructure Owlsnest2,12 which will make the problem

only accessible via HPC methods. Long time frames are intractable in general

with this approach but required as calcium signalling events are usually on

time-scales of the order of seconds.

In fact, due to the local nature of the problem, a global refinement is näıve

in the sense that it is not optimal, since only locally the CICR has to be

resolved with high axial and radial resolution. Therefore an adaptive refine-

ment strategy with an error marking strategy to adaptively refine the mesh

locally can decrease substantially the required number of degrees of freedom

and is used as implemented in [171, 74]. Adaptive refinement should make the

problem feasible in the sense that calculating a solution on local respectively

small-scale parallel compute infrastructure should be possible.

In essence for the solution of the presented model, the following (adaptive)

refinement scheme will be utilized unless otherwise stated:

• Linear anisotropic refinement of the geometry in axial direction (neurite

direction) until an isotropic geometry is reached

• Isotropic geometry adaptively refined during timestepping scheme as in-

dicated by an L2 error indicator for hexahedral and tetrahedral elements

The error indicator’s parameters need to be precisely tuned to fit the model

problem, but then can be applied universally for different neurons as an error

indicator or as a change in defect indicator. Adjusting the error indicator’s

parameters not carefully might lead to a much too broad adaptive refinement

in the order of the diffusion length L of the model problem.

Definition 4.26 The diffusion length of a carrier can be described by

L =
√
D · τ , (4.123)

where D is the carrier specific diffusion coefficient and τ is the lifetime of the

excited carrier [57].

12https://its.temple.edu/high-performance-computing-hpc

https://its.temple.edu/high-performance-computing-hpc
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Each adaptive refinement will eventually lead to a redistribution of the grid

elements in a parallel computing environment to subdivide evenly the degrees

of freedom. Possibly only on a single processor a portion of the mesh will

be highly refined, essentially stalling the computation, thus a redistribution is

forcefully triggered after each timestep to prevent this deterioration.

4.7.4 Merits of adaptive grid refinements

As apparent from the previous section, a global grid refinement for whole-

cells is usually prohibitively large in number of degrees of freedom and thus

leads to use necessity to make use of HPC infrastructure already for a two-

stimulation region setup. However the refinement can be restricted to the

two manifolds of interest, i.e. the endoplasmic reticulum membrane and the

plasma membrane, on which the membrane transport processes reside. By

this choice the number of degrees of freedom do roughly increase only fourfold

for each grid refinement.

A viable path to reduce the number of degrees of freedom is to not rely on a

näıve refinement either global or restricted to some manifolds in the geometry,

but instead to use adaptive refinement. Since a certain axial and radial grid

resolution will become necessary to initiate a potentially stable intracellular

calcium wave, an error indicator has to be used to track the changes in the

defect during numerical solution locally to the wave front to best reduce the

number of total degrees of freedom. In preliminary tests the built-in error

indicator strategy has proven to refine still to broadly, however the number of

degrees of freedom could be reduced by one order of magnitude, e.g. roughly

a reduction factor of 8− 11 is achieved when comparing to the highest global

refinement in the previous section.

As discussed in the previous sections, a high level of refinement of the ER

membrane is required to resolve the propagation of a calcium wave which is

based on a locally reinforced calcium release via the CICR mechanism, thus an

error indicator will be of great interest to locally track the CICR intracellular



139

4.2187e-04

0.0000e+00

1.0000e-04

2.0000e-04

3.0000e-04

4.0000e-04

0.0000 0.0025 0.0050 0.0075 0.0100
Time [s]

C
a2+

co
n

ce
n
tr

at
io

n
[M

]

Refinement
0 ref: 2,304

1 ref: 18,432

2 ref: 147,456

3 ref: 1,179,648

4 ref: 9,437,184

5 ref: 75,497,472

Figure 4.23: Numerical convergence of the whole-cell model problem with

increasing global refinements for the cytosolic calcium concentration.
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calcium wave in axial direction with respect to the neuron.

4.7.5 Error estimator and error indicator theory

First of all, the a-priori error estimators have the following error estimate

||u− uh||||·|| ≤ Chp||u||Hm(Ω) (4.124)

and have the following limitations, i.e. the norm of the solution (||u||Hm(Ω)

and the constant C are usually not known and provide only global informa-

tion about the error. Furthermore a-priori error estimators depend on the

regularity of u.

In contrast to a-priori error estimators, a-posteriori error-estimators pro-

vide information about where the largest contributions to the error are gener-

ated:

||u− uh||||·|| ≈ Dη (4.125)

As before || · || denotes a norm and η can be calculated from the discrete

solution uh and is furthermore a localized measure with respect to the mesh.

Refinement Consider the Poisson equation on Ω ⊂ R2, i.e.∫
Ω

∇u · ∇vdx =

∫
ω

f(x)vdx ∀ v ∈ V = H1
0 (Ω) (4.126)

We restrict ourselves to a residuum-based error estimator (indicator) for

the H1(Ω) norm:

(f, v)L2(Ω) − (∇uh,∇v)L2(Ω) =< R(uh), v > (4.127)

For a v ∈ V the residuum R(u, h) as a discrete solution of uh defines H1
0 (Ω) =

H−1(Ω) dependent on uh ∈ Vh. The residuum of the exact solution is given by

0 = (f, v)L2(Ω) − (∇u,∇v)L2(Ω) =< R(u), v > (4.128)

and it follows that:

< R(uh), v >= (∇(u− uh),∇v)L2(Ω) (4.129)
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Using the Poincaré-Friedrichs inequality follows:

||u− uh||H1(Ω) ≤ C−1||R(u− h)||H−1(Ω) (4.130)

The norm ||R(uh)||H−1(Ω) can not be localized, following the ideas in [6],

we try to make the following estimate with localizable η:

| < R(uh), v > | ≤ cη||v||H1(Ω) ∀v ∈ V (4.131)

Chosing v = u − uh results in the a-posteriori error estimator (indicator)

[34]:

||u− uh||H1(Ω) ≤ c−1Cη (4.132)

Let E be the set of edges of the grid and K the cells of the grid. With further

rearrangements and using the Galerkin-orthogonality Eq. 4.126 can be written

with the Clément-Quasi interpolant as a a-posteriori error estimator as:

||u− uh||H1(Ω) ≤ c−1cCl(γ)
√
cK(γ)

(∑
K∈T

η2
K

) 1
2

+ c−1cCl(γ)
√
cE(γ)

(∑
E∈E

η2
E

) 1
2

(4.133)

The adaptive refinement based on the error indicator [170] operates in the

following manner using the a-posteriori error indicator ηE on edges and ηK on

cells of the grid:

4.8 Application of the grid generation algo-

rithm in virtual reality

4.8.1 Limitations of the current simulation and visual-

ization paradigms

Analyzing the calcium dynamics and membrane potential propagation on

whole-cell numerical simulations of neurons are typically conducted statically

with scientific data visualization software packages like Paraview [12, 5], VisIt,13

13https://wci.llnl.gov/simulation/computer-codes/visit/

https://wci.llnl.gov/simulation/computer-codes/visit/
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Algorithm 6 Adaptive refinement

1: procedure Refine(mesh)

2: done ← False

3: repeat

4: Calculate solution uh on current mesh T

5: Apply a-posteriori error indicator η

6: if error tolerance TOL not met then

7: Mark elements for grid refinement

8: Refine mesh

9: else

10: done ← True

11: end if

12: until done

13: end procedure

Tecplot 14 and so forth on standard computer screens utilizing the common

VTK file format [145]. Data from numerical simulations on neurons is ob-

tained on HPC infrastructure or parallel compute facilities, then copied back

to a local computer resource, e.g. hard disk storage, or a remotely mounted

filesystem is obtained to transfer the data. Subsequently data is subject to

further post-processing and data analysis by the neuroscientist. The described

workflow is in essence non-interactive and not in real-time, thus the user can-

not interact directly and in a timely manner with a running simulation on

some compute resource.

In the following we discuss how virtual reality (VR) can be of help to the

scientific researcher to approach simulation and analysis via a novel paradigm,

i.e. a fully user-interactive interface in three-dimensional space and real-time

to manipulate, visualize, analyze and drive numerical simulations backed up

by some compute resource, e.g. on HPC or local small-scale parallel compute

infrastructure.

14https://www.tecplot.com/

https://www.tecplot.com/
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Furthermore the paradigm will allow for rapid prototyping of simulation

workflows and allows for a much quicker refinement of the simulation setups,

before submitting the production code and simulation setups to a HPC re-

sources which usually provides to the user only a limited number of hours of

processing power during a granting period.

4.8.2 Real-time user-interactive simulation and visual-

ization workflow

Rather recently the emerging realm of virtual reality has become available

to the scientific research community and hobbyists all around the world. An

increasingly popular VR framework or so-called cross-platform game engine is

developed by Unity Technologies, more commonly known as Unity [86], based

on a C++ runtime environment and C# scripting API which comes with a

powerful graphical editor backed by the Common Language Runtime (CLR).

The engine is used to create three-dimensional, virtual reality or augmented

reality games and has been adopted by industries outside of video gaming

such as engineering and construction or modelling and simulation. Devices to

immerse themselves into VR are increasingly becoming affordable, even on a

budget, with for instance the advent of the Oculus Rift system.15

Immersing into the whole-cell neuron simulations, and in particular the

complex neuronal morphology, in three-dimensional space might prove bene-

ficial on the one hand for the error analysis of the numerical schemes or to

facilitate the understanding of the intricate calcium dynamics within the neu-

ron and on the other hand to gain a better understanding of the electrical

signalling on whole-cell neuron. Altogether this paradigm can be used as an

explorative device to devise simulation protocols for mock-up numerical exper-

iments and furthermore for error analysis on local resources (interactive and

in real-time) before relying on the more costly HPC resources to conduct the

actual numerical simulations and parameter studies of the model system.

15https://www.oculus.com/

https://www.oculus.com/
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Therefore as a direct application of the described novel grid generation

algorithms, custom-built algorithmic strategies and data structures have been

developed to integrate the 1D and 3D geometries generated by the automated

reconstruct and simulation pipeline as described in the previous chapter into

the Unity VR framework to allow for a simulation and visualization of these

geometries immersed in VR. Judging based on our first-hand experience in VR,

the UX greatly benefits from being immersed in the model domain to analyze

and implement iterative changes to the simulation protocols and design of in

silico experiments.

Striving for a simulation of the electrical potential in VR requires the 1D

geometry as well as a mapping strategy of calculated membrane potentials

(scalars) to the 3D geometry respectively to the 2D manifold of the 3D ge-

ometry to visualize appropriately. Note that Unity and most VR or gaming

engines do not visualize volume elements per se, however surfaces are visu-

alized by mostly specialized and optimized rendering pipelines on triangular

meshes (consisting out of geometric elements of the triangle type). Thus the

solution which is calculated on the 1D geometry has to be defined accordingly

on a 2D surface geometry for visualization purposes, and therefore a mapping

strategy between 1D and 2D geometries is required. Furthermore, to transfer

bundles of geometries and mappings between team members, i.e. a collection

of 1D, 2D geometries accompanied by the mapping data, a packaging strat-

egy had to be devised to ease sharing of meshes. The geometries are bundled

into an archive file of a custom container file format, i.e. VRN, derived from

the 0-compression format based on ZIP, and is readily readable by the VR

framework for which a custom API to support manipulating VRN files has been

implemented. The following features are currently implemented and are made

available for Unity/C# scripting:

• Grid refinements (grid hierarchies)

• Inflations of the geometry (radii of neurites and soma have been scaled)
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• Data attachments for the grids in particular a mapping attachment

In the following subsections the algorithmic details of the grid refinement,

inflations and the design of the data attachments for mapping 1D to 2D data

will be discussed in more detail as well as the container file format VRN derived

from ZIP described via a table of content in the JSON format.

4.8.3 Custom container format for virtual reality

In the C2M2VR project 16 we strive for building an interactive VR sim-

ulation and visualization pipeline in real-time for modelling, simulation and

analysis of the electrical activity on genuine reconstructions of neurons within

the Unity framework.

For this purpose, multiple geometry files of neurons (computational meshes),

are required to analyze the diversity of signalling dynamics by employing a 1D

model for the electrical signal propagation and subsequent visualization and

analysis by the user with Unity in VR. A standalone grid generation tool

or pipeline described in the previous sections, which generates the required

computational meshes, have to be imported into Unity. For this purpose a

custom container format was developed to abstract and hide the handling of

the various grids from the user. Geometry files are compiled via ZIP (no com-

pression) and annotated by including a MetaInfo.json metadata file in the

JSON format serving as a table of content to access the various refinements

and inflations of the neuronal geometry. Likewise support to read VRN files

has been implemented in Unity in C# and an API has been defined to query

for grids contained in the container file and attached metadata. An example

MetaInfo.json file for a VRN file archive is depicted in Listing 4.1 below and

the mesh bundling tool in Figure 4.25.

16https://c2m2.cst.temple.edu/

https://c2m2.cst.temple.edu/
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Listing 4.1: Example archive file in the VRN format illustrating the storage of

three 1D grid refinements with corresponding 3D (possibly inflated) meshes

1 {
2 "geometry" : [

3 { "name" : "0-2a.CNG_1d_ref_0.ugx", "description

": "1d mesh coarse mesh", "refinement": "0",

"seglength": 8,

4 "inflations" : [

5 { "name" : "0-2a.CNG_3d_x1_ref_0.ugx", "

description": "2d surface mesh", "

inflation" : "1.0",

6 { "name" : "0-2a.CNG_3d_x2_ref_0.ugx", "

description": "2d surface mesh", "

inflation" : "2.0",

7 { "name" : "0-2a.CNG_3d_x3_ref_0.ugx", "

description": "2d surface mesh", "

inflation" : "3.0",

8 { "name" : "0-2a.CNG_3d_x4_ref_0.ugx", "

description": "2d surface mesh", "

inflation" : "4.0",

9 { "name" : "0-2a.CNG_3d_x5_ref_0.ugx", "

description": "2d surface mesh", "

inflation" : "5.0"

10 ]

11 },
12 { "name" : "0-2a.CNG_1d_ref_1.ugx", "description

": "1d mesh coarse mesh", "refinement": "1",

"seglength": 4,

13 "inflations" : [

14 { "name" : "0-2a.CNG_3d_x1_ref_1.ugx", "

description": "2d surface mesh", "

inflation" : "1.0",
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15 { "name" : "0-2a.CNG_3d_x2_ref_1.ugx", "

description": "2d surface mesh", "

inflation" : "2.0",

16 { "name" : "0-2a.CNG_3d_x3_ref_1.ugx", "

description": "2d surface mesh", "

inflation" : "3.0",

17 { "name" : "0-2a.CNG_3d_x4_ref_1.ugx", "

description": "2d surface mesh", "

inflation" : "4.0",

18 { "name" : "0-2a.CNG_3d_x5_ref_1.ugx", "

description": "2d surface mesh", "

inflation" : "5.0"

19 ]

20 },
21 { "name" : "0-2a.CNG_1d_ref_2.ugx", "description

": "1d mesh coarse mesh", "refinement": "2",

"seglength": 2,

22 "inflations" : [

23 { "name" : "0-2a.CNG_3d_x1_ref_2.ugx", "

description": "2d surface mesh", "

inflation" : "1.0",

24 { "name" : "0-2a.CNG_3d_x2_ref_2.ugx", "

description": "2d surface mesh", "

inflation" : "2.0",

25 { "name" : "0-2a.CNG_3d_x3_ref_2.ugx", "

description": "2d surface mesh", "

inflation" : "3.0",

26 { "name" : "0-2a.CNG_3d_x4_ref_2.ugx", "

description": "2d surface mesh", "

inflation" : "4.0",

27 { "name" : "0-2a.CNG_3d_x5_ref_2.ugx", "

description": "2d surface mesh", "
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inflation" : "5.0"

28 ]

29 }
30 ]

31 }

4.8.4 Grid refinements and hierarchies

As discussed in previous Section 4.4.2 the 1D meshes are subject to mesh

regularization or to a uniform resampling with a specified segment length (arc

length) either automatically decided by the angle-length, cf. Section 4.4.5 cri-

terion or user-specified data, to reduce over- and undersampling the neuronal

morphology. Note that there is neither a strict measure nor quantification

of the uncertainty present in the semi-automatically traced and reconstructed

cell data in the database. However from our experience most of the cell recon-

struction contain artifacts and a non-uniform sampling of the neurite paths

with respect to arc length is almost guaranteed.

Similarily for the VR simulation pipeline mesh hierarchies are required

for the validation and implementation of the numerical solver in the Unity

framework.

Consider that the decided segment length to sample along all neurite paths

of the neurite tree T , as defined in Section 4.4.2, has value α, where α ∈ R+

is either user-defined or automatically decided based on one of the previously

introduced segment length criteria, then n, where n ∈ N, successive grid re-

finements are achieved by chosing the segment length for the i-th refinement

as

li =
α

2i
∀i ∈ 1...n. (4.134)
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Figure 4.25: A mesh bundling tool has been developed to allow the compila-

tion of the computational meshes into archives of file type VRN for the visual

programming IDE VRL-Studio [78].

4.8.5 Improving visualization and interaction via suc-

cessive mesh inflations

The visualization of 3D models of vastly varying geometric dimensions (thin

cylinders and large objects contained in one model geometry simultaneously)

already renders problematic under certain circumstances on a traditional com-

puter screen (clipping). In particular in the VR visualization, in which the

user wants to immerse themself into the neuronal morphology and interact

per manus with the neuronal morphology, preferably by a so-called VR con-

troller (gaming controller), the visual representation has to be grabbable and

observable by the user wearing the VR headset (pixel size!).

Therefore, since neuronal morphologies come in a large diversity with re-

gards to the level of dendritic branching and lengths, cf. Section 2.1, as well as

of varying neurite diameters, eventually meshes have to be inflated to allow for

a reliable visualization of the mesh and to enable user-interactivity. In general

very thin cylindrical geometries of neurons have to be inflated to make them

visually appearing and ‘touchable’ by the user in the VR environment.

Consider a finite set of desired inflations F with |F| = k

F ⊂ R+ (4.135)
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then k inflations are generated by scaling the radius information r(v) for each

vertex v ∈ V of the neurite tree T = (V,E) by each inflation factor s.t. the

inflated radius is increased to

fi · r(v)

∀i ∈ 1...k and each v ∈ V of the original tree’s vertex set V .

Naively scaling the meshes might create intersecting cylinders at branching

point which can lead to grid intersections and thus are not useful for the general

application as illustrated before. However, visually unpleasant aesthetics are

mostly avoided in Unity since the volumes are not visualized, but only the

(closed) surface geometry.

4.8.6 Mesh mapping attachments and general data at-

tachments for simulation and visualization

Mapping attachment Using the 1D mesh, the electrical properties of the

neuron can be simulated on the 1D graph structure, in particular the mem-

brane potential propagation along the neurites, which depends on a certain

electrical stimulation protocol, e.g. an input electrode, and the electrical prop-

erties of the neuron, e.g. diameter of neurites and channel distributions. Visu-

alizing the solution obtained by a numerical solver from within Unity requires

that solution data is mapped back to a surface for visually pleasant aesthetics

and to allow reliable user interaction in three-dimensional space in which the

user immersed.

To map 1D solution to the 2D solution, the grid generation method was

extended by defining data structures and algorithms to allow for the unique

identification of a 1D data with a corresponding 2D data element, that is the

function f defines for each 2D data point exactly one 1D data point and is thus

surjective and never injective, i.e. for each 1D data point there exist multiple

2D data points.

Consider the set V and W which represent the set of points, where v ∈ R3

and w ∈ R3 for each v ∈ V , w ∈ W of the 1D geometry respectively 3D
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geometry, then the function f is a mapping with the following property, i.e.:

f : V → W , s.t. ∀w ∈ W : ∃v ∈ V : f(v) = w. The map is defined

implicitly by the 1D and 3D point indices during mesh serialization which can

are enumerated by a two index sets I and J as before as in Definition 4.1.

General data attachments for meshes In fact a general data attach-

ment abstraction for geometric elements (vertices, faces, triangles and vol-

umes) based on C# generics 17 for arbitrary struct or data classes has been

developed in the C2M2 VR project 18 with a general purpose API to manipu-

late and access attachment values of geometric elements reliable and efficient

for symmetric multiprocessing (SMP) computers. Arbitrary custom and user-

defined attachments can be defined and manipulated either as immutable or

mutable data. Attachment data is serialized during grid generation and de-

serialized through the general attachment API implemented under the C2M2

namespace NeuronalDynamics.

4.8.7 A showcase illustrating the simulation and inter-

action pipeline within Unity

The following Figure 4.26 is a demonstration of the grid generation algo-

rithm and mapping data structures and routines to simulate and interact with

a real-time simulation of the membrane potential propagation (1D electrical

simulation based on Hodgkin-Huxley equations) in the Unity VR game engine.

In Figure 4.26 (a) a room model of the C2M2 laboratory C2M2 at Temple Uni-

versity https://c2m2.cst.temple.edu/#laboratory, as well as the neuronal

morphology in three-dimensional space is illustrated. (b) Point-and-click by

the virtual reality hand (an Oculus Touch Controller). An electrical current is

injected via a current clamp positioned by the VR practitioner, thus electri-

cal activity sparks in the following frames of the simulation. (c) An overview

17https://docs.microsoft.com/en-us/dotnet/csharp/programming-guide/

generics/
18https://github.com/c2m2/virtual-reality

https://c2m2.cst.temple.edu/#laboratory
https://docs.microsoft.com/en-us/dotnet/csharp/programming-guide/generics/
https://docs.microsoft.com/en-us/dotnet/csharp/programming-guide/generics/
https://github.com/c2m2/virtual-reality
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of the whole-cell geometry, illustrating disperse spread of electrical activity

(membrane potential depolarisation). (d) A close-up of the stimulation re-

gion. A small cylinder around the neuron’s dendrites indicate that a current

is about to be applied or currently applied to the membrane. (e) Interac-

tion in real-time in VR with the neuronal geometry. The geometry can be

manipulated by the practitioner, i.e. rotated, scaled, moved and inflated or

stimulated. (f) Illustration of the 1D geometry and 2D surface geometry. Note

that Unity, customary to gaming engines, renders the line-graph geometry of

the 1D geometry by line renderers of a certain thickness to make them visually

appearing (yellow). Note that in fact the 1D geometry (yellow) is embedded

in the center of the 2D surface geometry. (g) Restimulation of the neuron

by casting a ray onto the neuron’s membrane and injecting a current at the

location of intersection. Essentially the hit point of the raycast (soma) will

generate an electrical current which will eventually lead to the electrical ac-

tivity of the soma and signal propagation by membrane depolarization (action

potential) in the running simulation.

A custom container format VRN and mapping API in C# has been imple-

mented and is used to enable simulation and interaction in real-time within

the VR framework. The corresponding recorded video and the thumbnails

illustrating the interaction in the VR environment and simulation can be

obtained from the associated C2M2 VR project’s blog and website https:

//c2m2vr.wordpress.com/ and have been kindly provided by James Rosado.

Numerical simulations are conducted on the 1D mesh embedded in the 2D sur-

face mesh and the solution is mapped back and forth by the developed mapping

API and general attachment data structure implemented in the C2M2 virtual

reality project.

https://c2m2vr.wordpress.com/
https://c2m2vr.wordpress.com/
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(a) Overview of the VR scene in Unity’s editor

(b) Point-and-click (c) Zoom-out of the geometry

(d) Close-up of the stimulation region (e) Interaction in real-time in VR

(f) Illustration of the 1D geometry and 2D

surface geometry

(g) Restimulation of the neuron at the

soma by using a raycast

Figure 4.26: Performing a 1D electrical simulation in real-time in the Unity

VR framework. Mapping and data attachments are distribute in a opensource

project.
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CHAPTER 5

NUMERICAL SIMULATIONS

AND DISCUSSION

A neuron’s plasma membrane (PM) encompasses a variety of complex

intracellular organelle networks (ER, network of mitochondria [128] provid-

ing the energy supply of the cell), one of which is the endoplasmic reticu-

lum (ER), serving the physiological function of local calcium stores and sinks

[18, 112] and allows for internal communication via calcium signals and pro-

mote second-messenger interaction via signalling networks intra- and intercel-

lularly [175, 173] and cf. Figure 2.9, which can lead to a change of the nuclear

calcium signal at the cell body and thus can have effects on the synaptic plas-

ticity and synaptic meta plasticity [4, 3, 79] via a modification of the gene

transcription [153, 71]. Furthermore the ER is in principle not a static, but

dynamic intracellular organelle adapting its morphology due to changes in the

physiological conditions of the neuron [165, 121, 22, 167, 180].

Despite that the enclosing outermost surface, the PM, protecting the cell

from its environment (diffusion barrier) can readily be reconstructed from the

provided point-diameter data recorded in databases, the precise spatial orga-

nization of the intracellular organelles, in particular the ER remains elusive.

Mainly because determining the intricate spatial morphology of the ER mem-

brane and interior within neuron is currently experimentally not trivially ac-
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cessible and thus renders the acquisition of detailed reconstructions containing

the ER or intracellular organelles problematic. Recently [101] demonstrated

that, supported by the advent of General Purpose Computing on Graphics

Processing Unit (GPGPU) and the Keras deep learning library [38] that the

computational cost can be cut down from 4,044 hours for manual image seg-

mentation of the ER to 24 hours using a deep learning approach on electron

microscopy volumes data respectively from 5,055 h to 160 h for mitochondria.

However, these annotations do not yield a computational mesh without fur-

ther post-processing and this is still a relatively time-consuming workflow in

total (More recent hardware than NVIDIA Tesla could improve the parallel

computation) and high-throughput electron microscopy comes attached with

its own set of challenges [93].

Given that the discussed novel grid generation algorithm can be used to

embed the ER into the interior of neurons stored in publicly available databases

in a timely manner (≈ minutes) merits a parameter study on the variety of

whole-cell neuronal reconstructions. Possible scenarios to be investigated could

be a study of the effects by a variation of ER to PM ratios,

diameter(ER)

diameter(PM)

on physiologically calcium function respectively calcium signalling throughout

the whole-cell reconstructions and how these effect the calcium concentration

readout at the soma (ampltitude and frequency). In fact vastly differing neu-

ronal topologies are to be reconstructed from the database, the diameter of

the ER can be varied, and synapse activation patterns (electrical stimulation

protocol) as well as the number of synapses per neuron (synapse density) can

be adjusted allowing to conduct further parameter studies. Of interest are

studies of learning processes (has implications for STDP [115]) or neurode-

generative diseases like Alzheimer’s disease (AD) which can be emulated via

a loss or deletion of synapes [20, 149, 82, 142] on the neurons.

Due to the lack of high-resolution data for the intracellular reconstruction

of the ER, an idealized approach for embedding the ER into the PM is being
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followed, i.e. the ER is fitted precisely with a constant radius scale factor

(function) uniformly across the geometry into the neuron’s intracellular space.

In the following sections, specifically three numerical distinct simulations or

parameter sweeps will be conducted, i.e.

1. Synapse loss,

2. ER diameter variation and

3. Variation of RyR channel densities,

to investigate the effects on the somatic calcium signal with all the impor-

tant implications on synaptic (meta) plasticity [153, 71]. At first the in silico

experiments will be carried out on a singular cell, cf. Figure 5.1, later on the

experiments will be repeated on different cells representing some of the large

diversity of neuronal topologies and neuronal morphologies in the brain.

Ad 1: Synapse loss is mimicked in the following sense: A certain number of

synapses is distributed across the neuron of interest, which is then regarded as

the healthy physiological state (no synapses have been deleted so far) for this

experiment. Next synapses are deleted by distributing only a fraction of the

amount of synapses placed originally on the neuron in the healthy state, on the

same neuron, thus in essence emulating a synapse loss or neurodegenerative

disease like AD on that particular neuron.

Ad 2: Since no high-resolution data is available in general for the neurons,

an uncertainty of the radial extent of the ER into the cytosol of the neuron

is present. Furthermore the endoplasmic reticulum is usually not represented

at all. First-principles numerical studies on how the ratio of ER and PM will

effect the IC calcium dynamics will be of scientific value.

Ad 3: Channel parameters, in particular channel densities of the major

contributors to IC calcium dynamics, e.g. RyR densities and VDCC densi-

ties, are important to be considered during IC calcium wave initiation and

the establishment of a prolonged and stable calcium wave as a cellular sig-

nalling device. IC calcium waves will be abortive below a certain threshold
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Figure 5.1: An example of the location of measurement zones A-D (yellow

rectangles) for the neuron 0-2a.swc as reconstructed from the database.
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of RyR densities, but is presumed to be remedied by elevating the number of

RyR in the endoplasmic membrane or VDCC in the plasma membrane, thus

recovering stable IC calcium waves. Changing the number of RyR density

in essence emulates either a redistribution of the receptor channels or other

physiological changes in the neuron, e.g. by generating additional receptors,

delivering and inserting them into the endoplasmic membrane. In the following

we will assess whether or not the ER diameter and a change in RyR or VDCC

channel densities will be able to rescue respectively recover the pathological

states of synapse loss affecting IC calcium dynamics and in particular calcium

peak concentration readouts at the soma which is known to be important for

physiological adaptations of the cell.

The discussions in the previous chapters included the macro- and meso-

scale, i.e. synaptic input stemming from the electrical activity of a network

of neurons and the calcium diffusion-reaction system on the whole-cell level.

The next section will start off with a result from the micro-scale simulations

as presented in [64] and then move on to the discussion of the parameter study

on the whole-cell calcium dynamics as listed in the bullets above.

5.1 Synaptic calcium influx induced by neuro-

transmitter release into the synaptic cleft

5.1.1 Effects of spatially-variable neurotransmitter re-

lease in the synaptic cleft

As illustrated in Chapter 2 the receptor and neurotransmitter interaction

ultimately triggers a state transition of the receptor channel leading to a post-

synaptic current or flux of ions giving eventually rise to an excitatory (EPSP)

or inhibitory postsynaptic potential (IPSP) with a myriad of consequences for

cellular processes. In Figure 5.2 is illustrated that the spatial location and tim-

ing of neurotransmitter release from a presynaptic terminal very well might
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have effects on the activation of postsynaptic receptor channels as well as ef-

fecting synaptic cleft calcium concentrations spatially, thereby might affect the

promotion or demotion of the disassociation of synaptic cleft stabilization pro-

teins, the N-Cadherins, as discussed in [65] and lead to synaptic remodelling

in the long-term. Over a time course of approximately 100 ms the glutamate

receptors are activated spatially dependent in nine MD/FV coupling domains,

leading to an efflux of calcium through the receptor channels in the plasma

membranes and illustrating the spatial variability of the calcium signal. The

synaptic inputs (currents), leading to EPSPs and IPSPs, can be used in the

meso-scale simulations as input from a network of synapses onto the neuron.
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(l) Overview of spatial variability of (lo-

cal) cleft calcium concentration

Figure 5.2: A random active zone benchmark. A glutamate release is triggered

at a random position (southwest corner) within the region deemed as the active

zone (central region) illustrating spatio-temporal calcium dynamics.
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5.1.2 Non-saturation of neurotransmitter receptor chan-

nels explained by a hybrid model

NMDA receptors re not necessarily saturated by a single action potential

or equivalently the amount of quantal neurotransmitter release during an ac-

tion potential, as is known by research by [107, 81]. Similiar behaviour has

been discovered for the AMPA receptor subtype [100] and more recently also

found for the AMPA receptors subtype lacking the GluR2 subunit, which can

contribute to calcium depletion in the synaptic cleft after being triggered by

binding of the neurotransmitter to the receptor channel [95].

As a matter of fact this behaviour is not adequately captured by most chan-

nel models, cf. Paragraph 3.2. One possibility to simulate the experimentally

observed non-saturation of receptor channels is the usage of a scale-coupling

model, as illustrated in previous Chapter 4 and in Figure 5.3. Receptor open-

ing probability can be estimated as presented in [64], then the monosynaptic

ion flux, modelled via the micro-scale model, can be ‘upscaled’ for use in the

meso-scale model and used as the boundary conditions for the PDE model

which then is representing multiple synapses respectively a certain synapse

density on the neuron’s plasma membrane; and the computationally expen-

sive micro-scale model does not need to be employed anymore at all.
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Figure 5.3: An illustration of a MD/FV coupling approach that can explain

the experimentally observed synaptic current traces after the stimulating of a

single synapse by a brief double pulse experiment [107]. Note that the receptors

are not saturated by a stimulation with a brief electrical double pulse and leads

to a summation of the currents in silico as observed experimentally in vivo

[107].

Data analysis Measurements of Ca2+ and Glu concentrations have been

taken on the coupling subsets (and total synaptic cleft) via built-in measure-

ment commands in ug4 reporting the concentration in the desired measuring

subsets and written to CSV files. Plotting and statistical data analysis has

been conducted via GNU R [132] and the ggplot2 package [176]. Micro- and

macro-scale simulations have been analyzed via the VTK output provided by

the simulation frameworks ug4 and LAMMPS [127] or NAMD, cf. [126] and

scripted with Python within Paraview [12, 5].

5.2 Synapse loss, neurobiological degeneracy

and recovery from disease

In the following section first-principles numerical parameter studies using

a surrogate neuron from the Rat hippocampus will be used in which neu-

rodegeneration is demonstrated, e.g. synapse loss as seen in Alzheimer’s dis-

ease [142, 20]. The experiment assumes a distribution of a certain number of



164

synapses across the neuron’s plasma membrane (network input by synapses)

which is considered the neurophysiologically healthy state of the neuron. Sub-

sequently the number of synapses is reduced gradually by ten percent and

eventually leading to a total knockout of the synaptic input. Synaptic current

is provided through the synapse model as presented in Chapter 3.

As demonstrated in Figure 5.4 for a single cell, the calcium signal acceptor,

the soma, suffers from a substantial loss of peak calcium concentration during

incremental loss of synapses by tens having implications for signal integration

at the soma and physiological function of the neuron [168, 111, 122, 20]. As

discussed previously, spatio-temporal coding of the calcium signal (amplitude)

does matter for retaining a healthy physiological state [149, 82], and can lead

to an elevation of intracellular calcium concentrations by up to a factor of

10 and in some cases, depending on cellular activity, even up to a factor of

100, [39]. The same experiment is repeated in Figure 5.5 for four different

cells, illustrating the same principle of a significant depletion of calcium at the

measurement respectively calcium signal integration zone (soma).
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Figure 5.4: Synapse loss study on cell 0-2a.swc retrieved from NeuroMor-

pho.org database. Upon loss of 40 percent of the chemical synapses (diseased),

the calcium signal is diminished at the soma (integration point) by up to 80

percent over the time course of the simulation. Locations refer to the cardinal

points North, South, West and East to the soma.

Recovery of calcium signal amplitudes via increased RyR density

Next we asked if the calcium peak concentration at the soma, as is known to

be important for the receiving cell to be able to capture a relevant calcium

signal (amplitude) before signal integration and processing, can be recovered
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(d) Zone of measurement D

Figure 5.5: Stimulation of four different cells A-D show pronounced loss in

calcium signal strength at soma measurement zones upon losing synapses by

increments of ten emulating neurodegenerative synapse loss on the surrogate

neruons as reconstructed from the database.

by an increase in the RyR channel densities. In the previous experiment

synapses have been deleted incrementally from the cells, now by increasing

RyR densities one attempts to recover or rescue the pathological or diseased

states.

As shown in Figure 5.6 a fifty percent increase in receptor channel densities



167

leads to a high degree of recovery of the calcium peak concentration at the

somata of the neurons comparing with Figure 5.7. For each synapse loss exper-

iment a corresponding recovery experiment has been conducted, the recovery

amount can be quantified by a comparison of the peak calcium amplitudes, as

depicted in Figure 5.9, which reveals a decent recovery for most of the exper-

iments on the four neurons. Broadly speaking, the calcium signal readout at

the soma (ampltitude) is most important to maintain the healthy physiolog-

ical state of a neuron [153, 71] and could be recovered by this first-principles

experiment.

5.3 Variation of dendritic and endoplasmic di-

ameters modulates the intracellular cal-

cium signal

Next we asked, how a variation of the ER diameter would affect the cal-

cium concentration profile in a representative example of a neuron. Figure

5.11 indicates a significant drop of calcium signal when comparing the healthy

and diseased state as measured at the soma. Thus the size of the endoplasmic

reticulum might as well be a very prominent candidate to modulate intracel-

lular calcium signalling. The experiment is repeated for multiple factors to

increase or decrease the ER/PM ratio, cf. Figure 5.10 and confirms ER size

as a potential target.

Due to the lack of reconstruction data we resolved the ER uniformly

throughout the whole neuronal geometry, which undoubtedly is a simplify-

ing assumption. However the simulations are first-principle on unprecedented

territory, but already hint on the importance of precise spatial organization

of the intracellular tubular network of the ER. At a point when experimental

data is available to describe the ER’s morphology spatially in greater detail the

gained information might be incorporated into the computational meshes gen-
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Figure 5.6: Stimulation of four different cells A-D show pronounced loss in

calcium signal strength at soma measurement zones upon losing 10% or 20%

of the total synapses, emulating a neurodegenerative diseases via a deletion of

synapses on the surrogate neurons as reconstructed from the database.

eration and the established reconstruct-and-simulation framework will allow

researchers to conduct studies on neurons with a wholly-realistic representa-

tion of the ER.
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(d) Cell D

Figure 5.7: Stimulation of four different cells A-D show a pronounced loss in

peak calcium signal strength at soma measurement zones upon losing synapses

by increments of ten emulating neurodegenerative synapse loss on the surro-

gate neurons as reconstructed from the database.

Backpropagating action potential (bAP) Example simulation of a back-

propagating action potential as used in the analysis of the previous sections.

At a distal neurite tip a backpropagating action potential is induced by con-

tinued synaptic stimulation, leading to an elevation of the cytosolic calcium

concentrations at the soma.
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(d) Cell D

Figure 5.8: Recovery of synapse loss is achieved for the four cells depicted in

Figure 5.7 by an increase of the receptor channel densities by a factor of 1.5.

Quantification of recovery of the peak cytosolic calcium signal at the soma is

depicted in Figure 5.9.

Stimulation of four different cells A-D show a pronounced loss in calcium

signal amplitude at the soma measurement zones upon losing synapses by

increments of ten emulating neurodegenerative synapse loss on the surrogate

neurons as reconstructed from the database.
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Figure 5.9: Box plots of the recovery of the cytosolic calcium signal at the

soma. Boxplots show recovery, i.e. the fraction of the peak concentration

recovered after increasing receptor channel densities, for each of the 10 synapse

loss experiments by increments of ten.

5.4 Conclusion and perspective

There is no doubt that intracellular calcium signalling is one of the key

factors in synaptic plasticity and crucial for the metaplasticity of neurons

[153, 71]. While the precise spatial organization of the intracellular networks

composed out of endoplasmic reticula and mitochondria (local calcium stores



172

100

200

300

2.5 5.0 7.5 10.0
Time [ms]

C
a2+

co
n
ce

n
tr

a
ti

o
n

[µ
M

]

Diameter variation
0.9

0.8

0.6

0.4

0.2

1.1

1.2

1.4

1.6

1.8

Figure 5.10: Diameter reduction experiments on cell 0-2a with various reduc-

tion factors as well as increased diameters of the neurites. Cytosolic calcium

readout varies in time with the different factors of diameter change in a non-

trivial manner.
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Figure 5.11: Diameter reduction study four different cells retrieved from Neu-

roMorpho.org database. Dendrite radii are increased respectively lowered by a

factor of two, resulting in a substantial decrease or increase of the calcium sig-

nal (diseased) measured at the soma. Locations refer as before to the cardinal

points North, South, West and East to the soma.
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(a) t=0ms (b) t=2ms

(c) t=4ms (d) t=6ms

(e) t=8ms (f) t=10ms

Figure 5.12: Back-propagation of an action potential evoked by synaptic stim-

ulation (10 synapses) at a distal neurite tip in the left upper corner (yellow

box) leads to calcium influx at the soma as depicted in Figure 5.4.

and sinks) remains elusive, at least the ER can be incorporated to the re-

construction of the neuron with simplifying assumptions as shown before. As
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a matter of fact the calcium readout at the soma or cell body is of crucial

importance for driving the intracellular calcium signalling network, cf. Fig-

ure 2.9, 2.7, leading eventually to synaptic plasticity. We have shown how

a loss of synapses, cf. Sec. 5.2 leads to a defective calcium signal at the

soma and can be mitigated through the compensating by different means, e.g.

phospholipase C (PLC) activity driven by voltage-dependent calcium chan-

nels [139]. ER diameter reduction experiments hint on the importance of the

morphological features in the intracellular space of neurons, cf. Section 5.3.

Different neuronal reconstructions, and thus topologies, have been used and

have shown different patterns of calcium dynamics, suggesting that full whole-

cell reconstructions with a three-dimensionally resolved ER and the described

membrane transporters and ion exchangers are required to capture in silico,

via numerical simulations, the anticipated behaviour in vivo. To study the

calcium dynamics on an adequate time span, i.e. appropriate in the sense to

be able to study and capture long-term effects as mediated by LTP or LDP,

obliges the researcher to utilize resources of parallel computing or HPC infras-

tructure. With an improvement this requirement could be alleviated to the

use of local small-scale compute infrastructure or modern desktop computers.

In conclusion the demonstrated automatic reconstruct-and-simulation pipe-

line has been compiled into a versatile toolbox for the numerical simulation

framework ug4 and allows for conducting similiar numerical parameter stud-

ies on the intracellular calcium dynamics as has been shown on either a large

quantity of neurons, which are stored in publicly available databases or are

provided locally in one of the supported file formats, i.e. SWC, OBJ or VRN on

the basis of a few individual neurons. The reconstruct and simulation work-

flow has been integrated in visual programming IDE, VRL-Studio, as well to

allow for either a large-scale batch-processing of neurons or interactively for

hand-picked neurons.

In future research the reconstruct-and-simulation pipeline shall be em-

ployed for detailed parameter studies on the body of neuronal reconstructions

in the NeuroMorpho.org database to elucidate intracellular calcium dynamics
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in full spatio-temporal detail and in addition to assist in the classification of

neurons [63] based on their morphology and intracellular calcium dynamics.
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dependent expression of calcium-permeable AMPA receptors. Frontiers

in Synaptic Neuroscience, 10:34, 2018.

[96] K. F. H. Lee, C. Soares, J.-P. Thivierge, and J.-C. Bque. Correlated

Synaptic Inputs Drive Dendritic Calcium Amplification and Cooperative

Plasticity during Clustered Synapse Development. Neuron, 89, 2016.



188

[97] W. Levy and O. Steward. Temporal contiguity requirements for long-

term associative potentiation/depression in the hippocampus. Neuro-

science, 8:791–797, 1983.

[98] X. S. Li. An overview of SuperLU: Algorithms, implementation, and user

interface. ACM Trans. Math. Softw., 31(3):302–325, September 2005.

[99] F. Liebau. The finite volume element method with quadratic basis func-

tions. Computing, 57(4):281–299, 1996.

[100] G. Liu, S. Choi, and R. W. Tsien. Variability of Neurotransmitter

Concentration and Nonsaturation of Postsynaptic AMPA Receptors at

Synapses in Hippocampal Cultures and Slices. Neuron, 22(2):395–409,

1999.

[101] J. Liu, L. Li, Y. Yang, B. Hong, X. Chen, Q. Xie, and H. Han. Automatic

reconstruction of mitochondria and endoplasmic reticulum in electron

microscopy volumes by deep learning. Frontiers in Neuroscience, 14:599,

2020.

[102] C. L. Lopreore, T. M. Bartol, J. S. Coggan, D. X. Keller, G. E. Sosinsky,

M. H. Ellisman, and T. J. Sejnowski. Computational modeling of three-

dimensional electrodiffusion in biological systems: application to the

node of Ranvier. Biophysical Journal, 95(6):2624 – 2635, 2008.

[103] C. Lubich. Linearly implicit extrapolation methods for differential-

algebraic systems. Numerische Mathematik, 55(2):197–211, Mar. 1989.

[104] H. D. MacGillavry, J. M. Kerr, and T. A. Blanpied. Lateral organiza-

tion of the postsynaptic density. Molecular and cellular neurosciences,

48(4):321–331, Dec. 2011. Edition: 2011/09/10.

[105] H. D. MacGillavry, J. M. Kerr, and T. A. Blanpied. Lateral organiza-

tion of the postsynaptic density. Molecular and cellular neurosciences,

48(4):321–331, 2011.



189

[106] N. Maggio and A. Vlachos. Synaptic plasticity at the interface of health

and disease: New insights on the role of endoplasmic reticulum intracel-

lular calcium stores. Neuroscience, 281, 2014.

[107] Z. Mainen, R. Malinow, and K. Svoboda. Synaptic calcium transients in

single spines indicate that NMDA receptors are not saturated. Nature,

399, 1999.

[108] P. Manfredo. Differretial geometry of curves and surfaces, volume 2.

Prentice-Hall Englewood, 1976.

[109] P. Marambaud, U. Dreses-Werringloer, and V. Vingtdeux. Calcium sig-

naling in neurodegeneration. Molecualr Neurodegeneration, 4(20), 2009.

[110] S. J. Martin, P. D. Grimwood, and R. G. Morris. Synaptic plasticity

and memory: an evaluation of the hypothesis. Annu Rev Neurosci.,

23:649–711, 2000.

[111] R. McBurney and I. Neering. Neuronal calcium homeostasis. Trends in

Neurosciences, 10(4):164–169, 1987.

[112] J. G. McCarron, S. Chalmers, C. Wilson, and M. E. Sandison. Calcium

mobilization via intracellular ion channels, store organization and mito-

chondria in smooth muscle. Vascular Ion Channels in Physiology and

Disease, pages 233–254, 2016.

[113] B. Milner, S. L.R, and K. E.R. Cognitive neuroscience and the study of

memory. Neuron, 20:445–468, 1998.

[114] D. Muller, I. Nikonenko, P. Jourdain, and S. Alberi. LTP, memory and

structural plasticity. Curr Mol Med, 2:605–611, 2002.

[115] D. W. Munno and N. I. Syed. Synaptogenesis in the CNS: An odyssey

from wiring together to firing together. The Journal of Physiology,

552(1):1–11, 2003.



190

[116] S. Murase and E. M. Schuman. The role of cell adhesion molecules in

synaptic plasticity and memory. Curr Opin Cell Biol 1999, 11:549–553,

1999.

[117] K. Mrschel, M. Breit, and G. Queisser. Generating Neuron Geometries

for Detailed Three-Dimensional Simulations Using AnaMorph. Neuroin-

formatics, 15(3):247–269, July 2017. Place: United States.

[118] A. Mller, M. Kukley, P. Stausberg, H. Beck, W. Mller, and D. Diet-

rich. Endogenous Ca2+ buffer concentration and Ca2+ microdomains

in hippocampal neurons. The Journal of Neuroscience, 25(3):558–565,

2005.

[119] W. Nernst. Zur Kinetik der in Lsung befindlichen Krper. Erste Abhand-

lung. Theorie der Diffusion. Z. phys. Chem, 2:613–637, 1888.

[120] I. Newton. De analysi per aequationes numero terminorum infinitas.

1669.

[121] A. N. Ng and H. Toresson. Endoplasmic reticulum dynamics in hip-

pocampal dendritic spines induced by agonists of type I metabotropic

glutamate but not by muscarinic acetylcholine receptors. Synap., 65,

2011.

[122] V. Nikoletopoulou and N. Tavernarakis. Calcium homeostasis in aging

neurons. Frontiers in Genetics, 3:200, 2012.

[123] E. A. Nimchinsky, R. Yasuda, T. G. Oertner, and K. Svoboda. The

number of glutamate receptors oepend by synaptic stimulation in single

hippocampal spines. J. Neurosci., 24:2054–2064, 2004.

[124] U. V. Ngerl, D. Novo, I. Mody, and J. L. Vergara. Binding kinetics

of calbindin-D(28k) determined by flash photolysis of caged Ca(2+).

Biophysical journal, 79(6):3009–3018, Dec. 2000.



191

[125] P. Petrovic, I. Valent, E. Cocherova, J. Pavelkova, and A. Zahradnikova.

Ryanodine receptor gating controls generation of diastolic calcium waves

in cardiac myocytes. J. Gen. Physiol., 145:489–511, 2015.

[126] J. C. Phillips, R. Braun, W. Wang, J. Gumbart, E. Tajkhorshid, E. Villa,

C. Chipot, R. D. Skeel, L. Kal, and K. Schulten. Scalable molecular dy-

namics with NAMD. Journal of Computational Chemistry, 26(16):1781–

1802, 2005. Publisher: Wiley Subscription Services, Inc., A Wiley Com-

pany.

[127] S. Plimpton. Fast Parallel Algorithms for Short-Range Molecular Dy-

namics. Journal of Computational Physics, 117(1):1 – 19, 1995.

[128] V. Popov, N. I. Medvedev, H. A. Davies, and M. G. Stewart. Mito-

chondria form a filamentous reticular network in hippocampal dendrites

but are present as discrete bodies in axons: a three-dimensional ultra-

structural study. The Journal of Comparative Neurology, 492(1):50–65,

2005.

[129] M. Prezioso, M. Mahnmoodi, F. M. Bayat, H. Nili, A. Vincent, and

D. Strukov. Spike-timing-dependent plasticity learning of coincidence

detection with passively integrated memristive circuits. Nature Commu-

nications, 9, 2018.

[130] D. Purves, G. J. Augustine, and D. Fitzpatrick. Neuroscience. Sinauer

Associates, Sunderland (MA), 2001.

[131] N. Qian and T. Sejnowski. An electro-diffusion model for computing

membrane potentials and ionic concentrations in branching dendrites,

spines and axons. Biological Cybernetics, 62(1):1–15, 1989.

[132] R Core Team. R: A Language and Environment for Statistical Comput-

ing. R Foundation for Statistical Computing, Vienna, Austria, 2020.



192

[133] S. Reiter and G. Wittum. ProMesh - a Flexible Interactive Meshing

Software for Unstructured Hybrid Grids in 1, 2 and 3 Dimensions. in

preparation, 2012.

[134] M. Reyes and P. Stanton. Induction of hippocampal long-term depres-

sion requires release of Ca2+ from separate presynaptic and postsynaptic

intracellular stores. J Neurosci, 16, 1996.

[135] R. Rizzuto, M. Brini, M. Murgia, and T. Pozzan. Microdomains with

high Ca2+ close to IP3-sensitive channels that are sensed by neighboring

mitochondria. Science, 262(5134):744–747, Oct 1993.

[136] W. Ross. Understanding calcium waves and sparks in central neurons.

Nat Rev Neurosci, 13:157–168, 2012.
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