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ABSTRACT
STRONG FIELD NONLINEAR OPTICS IN ATOMS AND POLYATOMIC
MOLECULES: APPLICATION OF QUANTUM MECHANICAL METHODS TO
PREDICT AND CONTROL LASER-INDUCED PROCESSES
Maryam Tarazkar
Professor Robert J. Levis

The central objective of this dissertation is developing new methods for
calculating higher-order nonlinear optical responses of atoms, molecules, and ions, and
discussing the relevant physical mechanisms that give rise to harmonic generation, Kerr
effect, and higher-order Kerr effect. The applications of nonlinear optical properties in
development of predictive models for femtosecond laser filamentation dynamics,
photoemission spectroscopy, imaging, and design of new molecular systems have
motivated the theoretical investigations in advancing methods for calculating nonlinear
optical properties and finding the optimum conditions for controlling the nonlinearities.
The time-dependent nonlinear refractive index coefficient n4 is investigated for
argon and generalized for all noble gas atoms helium, neon, krypton, and xenon in the
wavelengths ranging from 250 nm to 2000 nm, using ab initio methods. The secondorder polynomial fitting of DC-Kerr, electric-field-induced second-harmonic generation
(ESHG), and static second-order hyperpolarizability have been performed, using an
auxiliary electric field approach to obtain the corresponding fourth-order optical
properties. An expression on the basis of static, DC-Kerr, DFWM fourth-order
hyperpolarizability is derived, which allows the calculations of the DSWM coefficients
with considerably reduced error. The results of the calculations suggest that filament
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stabilization is most likely to be induced by the generation of free electrons. Applications
of these calculations resolve the HOKE controversy and are important for the
development of predictive models for femtosecond laser filamentation dynamics.
In a series of proof-of-concept studies, the approach was employed for calculating
dynamic linear and nonlinear hyperpolarizability of the radical cations. In this regard, the
polarizability and second-order hyperpolarizability of nitrogen radical cation were
investigated, using density functional theory (DFT) and multi-configurational selfconsistent field (MCSCF) methods. The open-shell electronic system of nitrogen radical
cation provides negative second-order optical nonlinearity, suggesting that the
hyperpolarizability coefficient for nitrogen radical cation, in the non-resonant regime is
mainly composed of combinations of virtual one-photon transitions rather than twophoton transitions. The calculations of second-order optical properties for nitrogen
radical cation as a function of bond length have been investigated to study the effect of
internuclear bond distance on optical process. The variation of nonlinear responses versus
bond length shows the potential application in finding optimum conditions for higher
values of nonlinear coefficients.
Furthermore, the computation of dynamic second-order hyperpolarizabilities for
multiply ionized noble gases have been studied in the wavelength ranging from 100 nm
to the red of the first multi-photon resonance all the way toward the static regime, using
the MCSCF method. The results indicate that the second-order hyperpolarizability
coefficients decrease when the electrons are removed from the systems. As the atoms
reach higher ionization states, the second-order hyperpolarizability responses as a
function of wavelength, become less dispersive. The second-order hyperpolarizability
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coefficients for each ionized species have also been investigated in terms of quantum
state symmetries; the results suggest that the sign of the optical responses for each
ionized atom depends on the spin of the quantum states defined for the ionized species.
The calculations are of value for predictive models of high-harmonic generation in
multiply ionized plasma at X-ray photon energies.
This research also focuses on investigating possible mechanisms for
photodissociation of polyatomic molecules (acetophenone and the substituted derivatives)
ionized through strong field infrared laser pulses. In this regard, quantum mechanical
methods are combined with pump-probe spectroscopy to understand and control the
dissociation dynamics in strong field regime. The applications of quantum mechanical
models in interpreting time-resolved wavepacket dynamics and achieving coherent
control has stimulated the interest to explore the PESs and investigate the role of conical
intersections in wavepacket dynamics in strong field regime.
The electronic ground and excited states for acetophenone radical cation and the
substituted derivatives have been investigated to probe the resonance features observed in
measurements at 1370 nm with laser intensity of 10 13 W cm-2. The ten lowest lying ionic
potential energy surfaces (PESs) of the acetophenone radical cation were explored, and
the three-state conical intersection was mapped onto the PES, using MCSCF model to
propose a photo-dissociation mechanism for acetophenone undergoing tunnel ionization
and elucidate the potential dissociation pathways for formation of benzoyl fragment ion,
as well as phenyl, acylium, and butadienyl small fragment ions. Similar calculations are
presented for propiophenone radical cation which support the existence of a one-photon
transition from the ground ionic to a bright dissociative D 2 state, where motion of the
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acetyl group from a planar to nonplanar structure within the pulse duration enables the
otherwise forbidden transition. The wavepacket dynamics in acetophenone molecular ion
is modeled using the classical wavepacket trajectory calculations, to propose the
mechanism wherein the 790 nm probe pulse excites a wavepacket on the ground surface
D0 to the excited D2 surface at a delay of 325 fs. The innovations of this research are used
to design control strategies for selective bond-breaking in acetophenone radical cation, as
well as design control schemes for other molecules.
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CHAPTER 1
INTRODUCTION
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1.1

Linear and Nonlinear Optical Phenomena: Consequence of Laser-Molecule

Interaction
The polarization of atoms or molecules can change through the charge distortion
induced by the applied electric field, or via the alignment of randomly oriented
permanent dipole moment of the molecule in response to the electric field. The harmonic
oscillator analogy provides some insight on how the polarization is induced by the
external electric field. Assuming that the electrons are bound to the positive sites through
a harmonic restoring force, a displacement from the equilibrium position causes that the
electron feels a force that is proportional to the displacement x, U harmonic  kx , where k is
a positive constant. When an electric field is applied, the electron feels a force that is
proportional to the field strength, U electric  eF , where -e is the electron charge and F is
the magnitude of the electric field. The new equilibrium is reached when the sum of the
two forces is zero,

eF  kx  0.

(1.1)

The resulting induced dipole moment is then proportional to the electric field,

p  ex 

e2 F
  F,
k

(1.2)

where p is the magnitude of the induce dipole moment. Thus, the linear polarizability of
the harmonic oscillator is given by,



e2
.
k

2

(1.3)

In this simple model e2 is a constant, therefor as the force constant increases (stronger
binding force) the linear polarizability decreases.
As the intensity of the optical applied electric field increases, the higher-order
terms in the restoring force become more significant, and the motion of the electron is no
longer directly proportional to the field. As a result, the system shows a nonlinear
response and higher terms must be included in order to properly describe the polarization
of the systems. No direct proportionality exists between the polarization of the medium
and the electric field. Instead, the polarization ( p ) of a medium is expanded as a series in
the electric field F ,
p   (1) F   (2) ( F )2   (3) ( F )3   (4) ( F )4  ...

(1.4)

Equation (1.4) is a shorthand notation to express the dependence of p in different
powers of F . More rigorously, the ith component of p is related with the components of
the electric field through,
(3)
pi   i(1)j Fj   i(2)
j k Fj Fk   i j k l Fj Fk Fl  ...
j

jk

(1.5)

jkl

The nth term of the expansion is proportional to the nth power of the electric field F , and
for the expansion to converge, each successive term must be smaller than the previous
one, so F must be smaller than the internal atomic and molecular fields.
The linear and nonlinear responses of a system can be understood by considering
the motion of an electron in a non-parabolic potential well. Figure 1.1(a) shows the
waveform of the monochromatic electromagnetic field. Figure 1.1(b) displays the linear
response of a medium with an applied electric field; as seen no distortion of the
3

waveform associated with the polarization of the medium is observed. Figure 1.1(c)
shows the nonlinear response of induced polarization for a medium that possesses a
center of symmetry. Figure 1.1(c) implies that the waveform is distorted with the
polarization of the medium and the induced polarization is not proportional to the
magnitude of the electric field.

Figure 1.1. Waveforms associated with the linear and nonlinear responses. (a) Waveform
of the monochromatic electromagnetic field. (b) Linear response of a medium with an
applied electric field. (c) Nonlinear response of induced polarization for a
centrosymmetric system.
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1.2

History of Laser-Molecule Interaction in Nonlinear Optical Phenomena
Molecular nonlinear optics was discovered when J. Kerr observed that an electric

field induced a change in the refractive index of organic liquids and glasses.1 Kerr used
collimated sunlight as a white-light source and a prism as a monochromator to select
particular colors of the probe light.
The laser, invented in 1960 provides light sources with high electric field
strengths to induce the Kerr effect with a laser rather than an applied voltage. 2 This latter
phenomenon is often called the optical Kerr effect (OKE). The intensity is proportional to
the square of the electric field, so the OKE is sometimes called the intensity dependent
refractive index, and is given by,
n  I   n0  n2 I  n4 I 2 

(1.6)

where n0 is the linear refractive index, I is the intensity, and n2 is the Kerr coefficient.
Historically, n2 ( I ) was first defined for the Kerr effect in terms of the real part of the
(3)
third-order electronic susceptibility   ; , ,   . This electronic nonlinearity has

been known for probing different nonlinear interactions. At high input optical intensities,
there is an intensity-dependent change in refractive index of gases and materials, linked
to an intensity-dependent absorption change.3 Nonlinear index and absorption changes
play a key role in in many important nonlinear phenomena such as all-optical switching.
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1.3

Two-Photon Absorption and Multi-Photon Processes
The theory of two-photon absorption (TPA) was first reported by Maria Goeppert

Mayer4 in 1931. It is experimentally characterized by an intensity dependent absorption
of the form,

  0   2 I

(1.7)

where  0 is the linear absorption coefficient and  2 is the two-photon absorption
coefficient. The absorption coefficient is proportional to the imaginary part of the
refractive index, so comparison of Eqs. (1.6) and (1.7) implies that  2 is proportional to
the imaginary part of n2 . Thus, both the OKE and TPA are the real and imaginary parts
of the same phenomena.
In TPA process the first photon perturbs the electron cloud of a molecule into the
superposition of the states represented by the wavefunction  , such that the expectation
value of the energy is    H  . 

is called a virtual state since it is generally not

an energy eigenstate of the system. If a second photon interacts with this perturbed state,
it can lead to a transition into an excited energy eigenstate if the total energy is
conserved, i.e., E2  E1  2  , where E1 and E2 are the energies of the two states. Since
the process depends on one photon perturbing the system and the second photon
interacting with the perturbed system, the probability of a double absorption is
proportional to the square of the number of photons (the probability of the first absorption
times the probability of the second absorption). Thus the probability that a molecule
undergoes TPA depends on the square of the intensity of the incident light. Second6

harmonic generation is an example of the nonlinear-optical interaction whose discovery
required the high peak intensity of a pulsed laser. Franken et al. focused a laser pulse into
a quartz crystal and showed that the generated light is twice as much as the laser
Frequency.5 Figure 1.2 illustrates the schematic and the energy level diagram of secondharmonic generation.
(3)
The third-order contribution to the nonlinear polarization is described by  ijkl
. For

a case that the applied field is monochromatic and is given by E (t )   cos ( t ) , the
third-order nonlinear polarization gives rise to third-harmonic generation (THG) and
degenerate four-wave mixing (DFWM) phenomena. The THG describes the response of a
system in the microscopic medium at frequency 3 , that is created by an applied field at
frequency  . The DFWM nonlinear optical process gives rise to the nonlinear refractive

Figure 1.2. (a) Schematic illustration of second-harmonic generation. (b) Energy-level
diagram describing second-harmonic generation.
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index experienced by incident field at frequency

 . Similarly, the higher-order nonlinear

optical responses are followed by high-harmonic generation, in which an intense laser
field at frequency

 is applied to generate high harmonics of that frequency. Figure 1.3

illustrates the DFWM and high-harmonic generations optical processes.
One of the processes that can occur as a result of the intensity-dependent
refractive index is self-focusing. This process takes place when a beam of light having a
non-uniform transverse intensity distribution propagates through a material for which n2
is positive. As a result, the laser beam induces a refractive index variation within the
material with a larger refractive index at the center of the beam than at its periphery. Thus
the material acts as a positive lens, causing the beams to curve toward each other.

Figure 1.3. Energy level diagrams of degenerate four-wave mixing (DFWM) and highharmonic generation (HHG) processes.
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1.4

Femtosecond Filamentation
The subject of femtosecond (1 fs = 10 -15 s) filamentation was developed in 1995

by Braun et al. showing that along with propagation of the laser pulse, the intensity is
increasing.6 The experiment was based on a 200-fs infrared (IR) laser pulse with a peak
power, exceeding a few gigawatt, that is able to propagate nonlinearly over several tens
of meters by forming a structure with an intense core of ~100 µm diameter. 6 It has been
shown that the core has an intensity of nearly 10 14 W cm-2, sufficient to ionize air
molecules, leaving a plasma channel in its trail with a density of about 1016 cm-3. The
core contains only a fraction of the energy of the total beam and is surrounded by an
energy reservoir, which refill the hot core undergoing the main energy losses. This
structure is called a filament because it propagates over several tens of Rayleigh lengths
in an apparently self-guided way, i.e., by maintaining an intensity at the verge of the
ionization threshold with weak energy losses. 7,8 Femtosecond filamentation was observed
for various laser wavelengths from the ultraviolet to the infrared domain, i.e, laser
wavelengths of 1.06 mm9, 680 nm10, or in the UV domain with the wavelength of 400
nm11 and 248 nm,12,13 and for various pulse durations from several fs to ps. This generic
phenomenon was also observed in transparent solids14 and liquids15 and does not
critically depend on the initial conditions of the laser or the propagation medium. Laser
filamentation constitutes an interesting property in itself, with several applications
including the transport of high intensities over long distances. 16
The physical origin of the formation of filaments in air can mainly be described
by the interplay between two nonlinear physical effects: the optical Kerr effect on the one
hand, acts against diffraction and tends to focus the beam on itself. On the other hand,

9

multiphoton absorption limits the intensity. The ensuing ionization of the atmosphere
reduces the local refractive index of the medium and leads to beam defocusing. Figure
1.4 illustrates the physical phenomena that results from laser beam propagation, including
self-focusing and self-defocusing effects. In this dissertation, the focus is to quantify the
Kerr effect and higher-order Kerr effect in atoms, 17,18 molecules19 and ions20 to describe
and control the filamentation dynamics (For example Figure 1.5 represents the higherorder Kerr effect as a function of laser intensity and wavelength for xenon atom).
Kerr self-focusing, which results in an increase in refractive index with increasing
the laser intensity, is a key ingredient in the standard model of femtosecond laser
filamentation. The process of filamentation is initiated through the intensity-dependent
refractive index that accompanies the passage of a laser propagating through a medium
above the critical power. If the laser beam power exceeds the medium-specific critical
value, the nonlinear refractive index induces Kerr lensing that overcomes diffraction
effects and causes the laser beam to self-focus. The self-focusing is accompanied by blueside broadening of the spectral distribution through the process of pulse shortening
known as self-steepening. In the conventional picture, the ultimate collapse of the laser
beam due to self-focusing is arrested by onset of the ionization of molecules/atoms in the
medium, creating a low density plasma channel accompanied by negative contribution to
the refractive index. Theoretical models based on this simple scenario have been
successful in explaining major features of the filamentation process. However, ongoing
attempts at controlling filamentation dynamics require better understanding of making the
balance between Kerr focusing and plasma defocusing. A self-guided light pulse or
filament is formed by a dynamic balance between self-focusing and defocusing effects

10

induced by strong field ionization. Plasma formation resulting in a negative index of
refraction is the standard mechanism considered for the arrest of the pulse collapse. 16

1.5

Higher-Order Kerr Hypothesis
In 2009, a report challenged the standard model of filamentation as a dynamic

balance between Kerr self-focusing and plasma defocusing, by the experimental
measurement of higher-order terms in the nonlinear polarizability using time-resolved
pump-probe polarization spectroscopy. Loriot et al.21 measured the transient
birefringence imposed by a strong pump pulse on a weak probe pulse and observed that

Figure 1.4. Self-focusing, self-defocusing, and generation of free electrons during pulse
propagation through a medium. In optical Kerr effect induced by self-focusing the pulse
acts as a convergent lens and in self-defocusing the pulse acts as a divergent lens.
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the overall electronic contribution of refractive index to the signal, became negative for
high pump intensities. The authors attributed the negative index of refraction to the
saturation and inversion of the nonlinear refractive index through the optical Kerr effect
and modeled it using a Taylor expansion of the Kerr terms up to eighth ( n8 ) order for
nitrogen, oxygen, and air and tenth ( n10 ) order for argon. The results suggested that
saturating higher-order Kerr terms could compete with or even replace plasma as the
primary defocusing mechanism that balances self-focusing in a filament.

Figure 1.5. Quadratic nonlinear index of refraction corresponding to the HOKE, as a
function of wavelength for xenon atom. The inset displays the nonlinear refractive index
n   n2  n4 I  I versus the laser intensity for xenon atom at 800 nm, where n2 relates to
(2)
(4)
 DFWM
( ) and n4 relates to  DSWM
( ) .
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Shortly after the so-called higher-order Kerr effect (HOKE) was proposed,21 a
debate17-19,22-32 about the significance and interpretation of the higher-order terms in the
filamentation mechanism was initiated, which currently is not fully settled. Finding
evidences for HOKE hypothesis, the KK calculations suggested that despite slight
difference in functional shape, the results qualitatively confirm the saturation21 behavior
proposed by experiments21. An alternate interpretation of transient birefringence data, 33
indicated the nonlinear electronic response depends quadratically on the laser field
amplitude for intensities up to the ionization threshold. The authors showed that by
employing known gas ionization rates in the generalized KK relations and including
transition from multiphoton to tunneling ionization, a real nonlinear response is recovered
which scales linearly with intensity (or quadratically with electric field amplitude), in
good agreement with the experiments33. Further measurements of the nonlinear optical
responses of N2 and the noble gases using spectral interferometry showed that the
electronic response remains positive well beyond the threshold for ionization. 25,34,35 The
discrepancy stems from the fact that the pump and the probe in transient birefringence
measurements21 are degenerate and thus, when the pump and the probe are nondegenerate no sign inversion is observed. 36 The calculations based on time-dependent
Schrödinger equation (TDSE) on atomic hydrogen31 revealed that the standard models of
femtosecond filamentation (i.e., models incorporating either multiphoton ionization or
tunnel ionization without higher-order Kerr contributions) fit the TDSE calculations
reasonably well, whereas the HOKE model and an additional parameterization of the
HOKE model fail to adequately reproduce the TDSE results. Nevertheless, the results of
ab initio calculations17-20 disproved the contribution of Kerr effect in the defocusing
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mechanism, and prompt the suggestion that the mechanism of saturation arises from the
generation of free electrons.

1.6

Quantum Mechanical Approaches for Calculating Nonlinear Optical

Properties

1.6.1 Sum-Over State Model
Atoms and molecules have discrete electronic states and sum-over-states (SOS)
approach can be used for calculating Kerr nonlinearity. The basic idea is initiated from
the perturbation theory expressions of Orr and Ward, 37,38 defining the response of a
system in terms of the spectroscopic parameters, such as excitations energies and
transition dipole moments between various excited states. Applying a monochromatic
field into the Hamiltonian, the perturbed Hamiltonian is defined as,

H  H0   F

(1.8)

The first-order perturbation corrections to the eigenvalues correspond to the linear
polarizability and will be given by,

i(1)j ( p ) 

N

0


m

 g i  m  m  j  g
mg   p



 g  j  m  m i  g
*
mg
 p

.

(1.9)

Where, i is the dipole moment in ith coordinate and mg is the transition frequency from
state m to state g . Similarly, second- and third-order corrections corresponding to
the first-, and second-order hyperpolarizabilities are given by,
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 i(2)j k ( p  q , q ,  p ) 

N

0


 g i  n  n  j  m  m  k  g


I 
2
 mn
(ng   p  q )(mg   p )



 g  j  n  n i  m  m  k  g
*
(ng
 q )(mg   p )



(1.10)

 g  j  n  n  k  m  m i  g 
.
*
*

(ng
 q )(mg
  p  q )


In this expression, the symbol PI denotes the intrinsic permutation operator. This operator
averages the expression that follows it over both permutations of the frequencies  p and

q of the applied fields.
Although the sum-over-states approach allows for a transparent post-factum
explanation, it is impractical for obtaining numerical values of hyperpolarizability
coefficients because the SOS method converges too slowly and for implementing the
method with reasonable accuracy one needs to apply highly excited states manifolds. To
provide meaningful and physically plausible descriptions of so many states, one need to
include infinite configuration spaces39 and there is no method known in quantum
chemistry, other than an exact solution to the Schrödinger equation, that could possibly
provide exact descriptions of so many states. However, assuming that there are few states
which contribute more than others, the summation over the whole spectrum of the
Hamiltonian can be reduced to those states. In a very special case, one may include only
one excited state (this is called a two-level model) which is assumed to dominate the
molecular response through the given order in perturbation expansion. Therefore, the
nonlinear response coefficients calculated by SOS method are as accurate as the
approximation used.
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In SOS approach the two-level model approximation, involving the ground
and one excited state has been applied for molecules with allowed electric dipole
transitions between the ground and the excited states. However, for symmetric
molecules with zero permanent dipole moments at least a three-state model including
the ground state is needed in order to include both the two-photon transitions,
responsible for TPA, and one photon transitions. For atoms, in S quantum state, and
symmetric molecules the ground state wavefunction is of even symmetry and excited
electronic states are restricted to have even or odd symmetry. The electric dipole
operator  has odd symmetry so that the transition dipole moment between two
states m and n is defined as,

mn   m er  n .

(1.11)

The non-zero transition dipole moments requires a change in the symmetry between the
wavefunctions of the two states, i.e., one state has to have even spatial symmetry (gerade)
and the other odd spatial symmetry (ungerade). A three-level model has been explored
based on the general SOS formalism of Orr and Ward 37 and is shown in Figure 1.6. In the
three-level model of Figure 1.6, 10 is the electric dipole transition between the ground
state 1Ag and the first excited state 1Bu (odd symmetry) and 21 denotes the transition
between first excited state 1Bu and the even-symmetry excited state mAg.40,41 The SOS
model suggests the contribution of one- and two-photon transitions to the nonlinearity n2
are proportional to 10

4

2

2

and 10 21 respectively. Based on the SOS model the sign

of the non-resonant nonlinearity is determined by the ratio of four parameters40,
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2

21 10
2

10 20

(1.12)

where the 10 relates to the energy of the odd symmetry above the ground state and 20
corresponds to the energy of the even symmetry above the ground state. If the ratio given
by Eq. (1.12) is greater than unity, the sign of the non-resonant nonlinearity is positive
and the two photon contributions to the non-resonant n2 exceed those due to one photon
transitions. On the other hand, if the ratio is less than unity, the sign of n2 is negative and
the non-resonant optical nonlinearity is dominated by one photon contributions. This
model has been successfully applied to the explanation of the sign of nonlinear response,
in the non-resonant regime, for linear organic molecules such as CS 2 and conjugated
polymers.42,43 The required parameters 10 and 10 can be obtained from measurements
of the linear susceptibility and 21 and 20 from two photon absorption measurements.

Figure 1.6. Three-level model containing the spectroscopic parameters such as,
excitations energies and transition moments between the excited states.
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1.6.2 Time-Dependent Schrödinger Equation
Recently, numerical integrations of the full time-dependent Schrödinger equation
(TDSE) for one- and two-electron systems have made it possible to model the nonlinear
behavior of the electronic density interacting with intense laser field in strong-field
experiments. For example, TDSE calculations of the electron dynamics of helium and
argon demonstrate that the single-active electron approximation may describe some
aspects of strong field atomic ionization. 44,45
To date, a variety of approximate formalisms have been developed in order to
make the time-dependent evolution of the electron more tractable. Time-dependent
Hetree-Fock (TDHF)46,47 and time-dependent density functional (TDDFT)48,49 methods
are among the most widely investigated approaches. Nevertheless, it is still a challenge to
simulate the correlated dynamics of many-electron systems in the presence of an intense
laser beam. Recently, significant progress has been achieved by multi-configurational
time-dependent Hartree (MCTDH)50-52 which allows the inclusion of correlation effects
in a systematic manner. This method is particularly established for multi-dimensional
nuclear wavepacket calculations. The time-dependent multi-configuration self-consistent
field (TDMCSCF)53,54 formalism has been developed to combine the basic ideas of the
MCTDH approach (inclusion of correlation effects) and the theory of the multiconfiguration self-consistent-field (MCSCF)55 quantum chemistry method, in which the
wavefunction is obtained by variational approach. In TDMCSCF method constructing an
active space of n electrons in m orbitals may help to reduce the size of effective CI
expansion space. Whereas, in TDCI56 approach the configuration state function (CSF)
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increases rapidly and thus this approach become prohibitive when a large orbital basis is
required53.
The laser-driven many electron dynamics is treated by solving the time-dependent
Schrödinger equation,

i

  (q, t )
 H (t ) (q, t ),
t

(1.13)

where (q, t ) and H (t ) are the time-dependent wavefunction and time-dependent
Hamiltonian, respectively. The time-dependent Hamiltonian can be expressed as,

H (t )  H 0   F (t ) , where H 0 describes the free dynamics of a system and is typically
expressed as an N-dimensional diagonal matrix,
N

NA

i

A



is the dipole operator,

   ri   Z A RA , and F (t ) is a homogeneous time-dependent electric field, defined
as57 f (r, t )  F (t )sin ( t   ) . In this approach the time evolution58 of a quantum system
which, at t  0 , is initially in the pure state  (0) , is given by  (t )  U (t , 0)  (0) ,
where U (t ,0) is the unitary operation matrix or propagator that describes the dynamics of
the system from time t  0 to time t .59
To illustrate the generation of first and third harmonics, the induced dipole
moment can be Fourier transformed from the time domain to frequency domain
according to  z ( )    z (t ) ei  t dt .
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1.6.3 Kramers-Kronig Relation
It is well known that the Kramers-Kronig (KK) relations are often encountered in
linear60 and nonlinear61 optics. Since it is easier to measure an absorption spectrum than
to measure the frequency-dependence of refractive index, one can determine the real part
of the susceptibility at some particular frequency from the knowledge of the imaginary
part of the frequency-dependent susceptibility, using KK relation. The nonlinear optical
susceptibilities  ( n ) can be represented as,

Im  ( n ) ( ; 1 , 2 ,..., i ,..., n )  

2i



P



0

Re  ( n ) ( ; 1 , 2 ,..., ,..., n )
d , (1.14)
2  i2

where P denotes the Cauchy principle value. The application of KK relations to nonlinear
interactions has been reviewed by Hutchings, Sheik-Bahae et al.61, and has been used to
calculate the real nonlinear index of refraction ( n2 ) of semiconductors from two-photon
absorption, Raman transitions and the Stark shift.62,63
To apply the general KK relation to nonlinear absorption and the nonlinear
refractive index61, one considers the linear response to a weak probe field at frequency 
of the system consisting of the matter and a strong optical pump field E ( ') . The real
refractive index change n for a probe field at frequency

n( , E ( ')) 

c



P



0

 is given by,

 ( , E ( '))
d ,
2   2

(1.15)

where P denotes principal value. This formulation resembles that of the linear optical KK
relations and relates refractive index changes n( , E ( ')) induced by some perturbation
to the corresponding change of absorption coefficient  ( , E ( ')) of a probe beam at
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frequency  in the system composed of the matter and a pump field E ( ') . From the
KK relations, one concludes that the index change n(1 ;  2 ) relates to an absorption
change  (1 ;  2 ) from non-degenerate TPA photons with frequencies  1 and  2 . For
a pump beam of intensity I2 and frequency  2 , absorption coefficient and nonlinear
index change scales linearly with I2 according to

 (1 ;  2 )  2 (1 ;  2 ) I 2 ,

(1.16a)

n (1 ;  2 )  n2 (1 ;  2 ) I 2 .

(1.16b)

The coefficient  2 relates to TPA cross section  2 and Eq. (1.16a) can be rewritten as,

W   2 (1 ;  2 ) I1I 2 , where W describes the absorption rate induced by two-photon
transition. A general formalism, developed by Sheik-Bahae et al.62,63 and Hutchings et
al.61 makes the calculations of higher-order susceptibility possible. In the perturbative
regime of nonlinear optics, both the nonlinearity induced index change n and the
absorption change  can be expressed as a power series, i.e.,


n   n2 k I k

(1.17a)

k 0



    K I K 1

(1.17b)

K 1

Equations (1.17a) and (1.17b) imply that for the degenerate case n  n( ) and
   ( ) . Thus, the Kerr coefficients n2k and the K-photon absorption coefficients

21

 K are related to the real and imaginary parts of nonlinear optical susceptibilities  ( n ) ,
respectively according to
2k 1 C ( k )
Re  (2 k 1) ,
k
n0 (n0 0c)

(1.18a)

0 2K 1 C ( K 1)
Im  (2 K 1) ,
( K 1)
c n0 (n0 0c)

(1.18b)

n2 k 

K 

C (k ) 

(2k  1)!
.
2 k !(k  1)!

(1.18c)

2k

The KK relation can be generalized to relate the Kerr coefficients of any given order k

n2 k I k , to multiphoton absorption (MPA) coefficient  K .62,63 These coefficients are
related to ionization cross section  K via  K  K 0  K , where  0 is the density of
neutral atoms. The cross section  K governs the ionization rate at a given optical
intensity I according to W ( I )   K I K . The generalized KK relation for the computation
of Kerr coefficients n2k to any order is obtained as,

n2 k ( ) 

0 c
P  (   k )
0



  k
)
k  1 d .
2   2

 k 1 (

(1.19)

Recently, this approach has been applied for calculations of higher-order
nonlinear processes in gases and transparent solids, 22,23,64 where the authors extended an
average-frequency approximation, used by Sheik-Bahae et al.62,65 for two-photon
absorption

to

arbitrary

order

K-photon

processes,

using

 (1 , 2 ,...,  K )   ((1   2  ...   K ) / K ) . This approximation and its accuracy has
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been examined in further studies.25 The results indicated that in any consideration of high
field ionization as an absorption mechanism to be used in Eq. (1.15), one must be aware
of the transition between perturbative (MPI) and nonperturbative (tunneling) ionization
regimes. A measure of this transition is the dimensionless Keldysh parameter 66,67



0 0 2 I p me

, where Ip is the ionization potential of a gas atom, E0 is the peak
t
e E0

laser field. While MPI limit reaches for   1 and tunneling limit is induced for   1 , it
is qualitatively argued that   1 is sufficient to be in the tunneling limit and   1 to be in
the MPI limit.22 Considering the KK relations, the correct results are only obtained by
abandoning the standard perturbative approach adopted in nonlinear optics and including
the full transition from multiphoton to tunneling ionization. 25

1.6.4 Ab Initio Electron Correlated Methods
Ab initio calculations of nonlinear optical properties can be performed either
numerically, or analytically. The most widely used numerical approach is finite field (FF)
method68 in which the Taylor series of energy is represented as a function of electric
field. Therefore, applying homogenous electric fields of F, 2F, and 4F into Taylor series
of energy, the polarizability and hyperpolarizability can be obtained by the numerical
differentiation of energy.69 For example, using FF method the static second-order
(2)
(2)
hyperpolarizability coefficient (  zzzz
or  xxxx
) is obtained as,

(2)
 


1
 256 S ( F )  68 S (2 F )  S (4 F ) 
24 F 4 

(1.20a)
23

  x or

z

1
S ( F )   2E 0  E (0,0, F )  E (0,0,  F )  E (0,0, F ) 
2
S ( F )   E 0  E ( F ,0,0) 

 z

x

(1.20b)
(1.20c)

In this method the applied electric field is limited to the static field, as a result, the
(hyper)polarizability calculations are obtained in static regime. Recently, we developed
an approach that defines the electric field in term of a superposition of static and dynamic
field.17,18 Applying a time-dependent electric field into Taylor expansion of dipole
moment, the linear and nonlinear optical properties are calculated in terms of   F0 , F  ,
and comparing the results from nth-order derivatives of dipole moment with nth-order
polynomial fitting of (hyper)polarizability, calculated using ab initio methods, one can
obtain the corresponding higher-order (hyper)polarizability coefficients. In this approach
the response of atoms/molecules are studied in a wide range of electric fields (varying
from 0.001 to 0.02 e-1a0-1Eh depending on the system of study), in contrast to the FF
method that the response of atoms/molecules are studied at three regions of electric field
(F, 2F, and 4F).
Response theory is applied for analytic calculations of nonlinear optical
properties, where the response of atoms/molecules is studied with respect to the applied
electric field. Following paragraph describes the response theory in terms of coupledcluster electron correlated wavefunction (note that response theory has been employed
for multi-configurational self-consistent field, as well55,70-73). In the calculation of
frequency-dependent hyperpolarizabilities, a quantum mechanical system described by

H (0) can be subjected to one or more oscillating external perturbations,

24

H (t ,  )  H (0)   H X J  j (J ) e

 i j t

.

(1.21)

j

The coupled cluster wavefunction is defined as,

CC  exp(T ) 0 ,
where  0

(1.22)

denotes the reference functions, usually chosen as the Slater determinant

obtained from a Hartree-Fock SCF calculation, and the cluster operator, T , is given by,

eT  1  T 


T2 T3
Tk

 .....  
2! 3!
k 0 k !

T  T1  T2  T3  .....  Tn

(1.23a)

(1.23b)

where n is the number of electrons in the molecule. The one-particle excitation operator T1
, and the two-particle excitation operator T2 are defined as,74

T1  0 



a
i

a  n 1

T2  0 



n

 t


ia

(1.24a)

i 1

n

n 1

   t

ab
ij

b  a 1 a  n 1

j i 1

ijab ,

(1.24b)

i 1

where  ia is a singly excited Slater determinant with the occupied spin-orbital ui replaced
by the virtual spin-orbital ua, and tia is a numerical coefficient whose value depends on i
and a. The operator T1 converts the Slater determinant

u1....un  0 into linear

combination of all possible singly excited Slater determinant.  ijab is a Slater determinant
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with the occupied spin orbitals ui and uj replaced by virtual spin-orbitals ua and ub
respectively and tijab is a numerical coefficient.
The coupled cluster response functions are derived by combining the timedependent coupled cluster quasienergy75,76





W (t ,  )  HF H (t ,  )exp T (t ,  ) HF ,

(1.25)

and the time-dependent cluster amplitude equations,77

d

 exp  T (t ,  )   H (t ,  )  i  exp T (t ,  )  HF  0,
dt 


(1.26)

to a quasienergy Lagrangian,78

d

L  HF H exp (T ) HF   t  exp (T )  H  i  exp (T ) HF .
dt 



(1.27)

Here, the Hartree-Fock wavefunction HF is used as reference state for the unperturbed
system, i.e., in the coupled cluster response calculations unrelaxed HF orbitals are used
and the effect of orbital relaxation are treated implicitly by the single excitation part of
the cluster operator.
The response functions are obtained as derivatives of the real part of the timeaveraged quasienergy Lagrangian L(t ,  ) with respect to the field strengths.
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(1.28)

From Eq. (1.28) it is induced that the so-called linear, quadratic, and cubic response
functions, which correspond to the polarizability, first-order, and second-order
hyperpolarizability respectively, are obtained as second, third, and fourth derivatives of
the real part of the time-averaged quasienergy Lagrangian with respect to the field
strengths.

1.7

Nonlinear Optical Properties Application to Molecular Design
A large deriving force in the study of nonlinear optical materials has been the goal

of making materials with larger nonlinear optical response for new photonic applications
such as optical switching devices79, three-dimensional optical data storage80. Molecules
with larger nonlinear optical response lead to better resolution in imaging. A common
application for nonlinear optics is biomedical imaging81 using two-photon florescence,82
second-harmonic generation,83 and for creating entangled photons84. The nonlinear
optical properties of organic conjugated compounds exhibit large nonlinear optical
susceptibilities (hyperpolarizabilities at the microscopic level). The hyperpolarizabilities
of these molecules/molecular ions have attracted much attention because of their
potential application in photonic devices85 and because their hyperpolarizabilities can be
controlled by modification of molecular electronic structures. 86 For example a measure of
difference in bond length in conjugated chain, was proposed as a parameter that controls
the linear and nonlinear optical properties of charge transfer molecules. 87,88 In most cases,
the scaling dependence of second-order hyperpolarizability is expressed as a power of

  LC , where L is the length of the chain that varies between 4.6 − 4.89,90 Furthermore,
the investigations performed on nitrogen radical cation, 19 as a non-conjugated system,
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indicate a considerable variation of the static second-order hyperpolarizability with
increasing the bond distance; in principle, as the bond length of N 2 radical cation
increases the second-order hyperpolarizability initially decreases from the bond length of
1.1 Å to 1.3 Å, reaches a minimum in the 1.3 angstrom bond distance region, and then
increases slowly with further increase in bond length. This concept may be practical in
manipulating first- and second-order hyperpolarizabilities of molecules/ions.

1.8

Overview: Significance of Studying Potential Energy Surfaces
When molecules interact with strong laser field, radiative or radiationless

competing processes can take place on the excited states. While experimentally
determined wavepacket dynamics of the molecules/ions is well known, the actual
mechanisms that occur for the molecules in order to display particular fragmentation
pathway and control dissociation dynamics is not fully understood. The wavepacket is a
superposition of vibrational eigenstates that is created on a potential energy surface by an
ultrashort laser pulse. Ab initio quantum mechanical calculations can help better
understand these mechanisms, by mapping out the ground and excited state potential
energy surfaces (PESs), which are dependent on the molecular geometry. Thus by
exploring the PESs, possible geometrical changes that take place for an excited molecule
are also explored. Conical intersections (CIs) are ubiquitous in the PESs of molecules and
play an important role in driving the dynamics through various competing pathways. 91,92
While the location of intersections between the PESs of two states is certainly
important in theoretically describing the photophysical and photochemical properties of
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molecules, regions where more than two states become degenerate are also possible, and
should be highlighted in an overall description of the decay mechanisms. Theoretical
investigations93 have identified the three-state intersections in acetophenone radical
cation and will be described more rigorously in this chapter.
Controlling chemical reactions in the strong field regime is due to the role of
radical cation excited states in the dynamics of molecular dissociation. In the strong field
regime, laser intensities of 1012 W cm-2 − 1015 W cm-2 achieve electric fields on the order
of binding the electrons to the nuclei of a molecule and can easily remove an electron,
generating a radical cation that may be amenable to subsequent control with additional
laser pulses. Controlling the wavepacket dynamics through conical intersections can lead
to control over the various competing photophysical and photochemical process. 94,95 For
example, going though one or more conical intersections may lead to different
photoproducts and one may achieve control over their branching ratio. In Chapter 6 of
this dissertation, the ab initio calculations are combined with pump–probe spectroscopy
in order to follow the excited state dynamics. The calculations can provide an improved
control scheme for selective dissociation of the molecules and molecular ions.

1.9

Theory: The Born-Oppenheimer Approximation
The Born-Oppenheimer approximation (BOA) 96 has been the essence of

understanding the chemical processes using quantum mechanics. In BOA the motion of
nuclei and electrons in a molecule is assumed to be separated, because the nuclei are
much heavier than the electrons and they move much slower than the electrons, as a
result, the nuclei are approximated to be fixed in space. The BO approximation is
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sufficient to describe most chemical processes and is valid in a wide range of phenomena.
There are, however, many processes in which the BOA breaks down, and the coupling
between electronic and nuclear motion becomes significant. In such cases, nonadiabatic
events take place. The fundamentals of the BOA are presented in following paragraph.
The total molecular Hamiltonian for the system can be written as,

H ( r , R)  T  V ,

(1.29a)

where H is the Hamiltonian energy operator, r and R denote the electronic and nuclear
coordinates respectively, T is the kinetic energy operator, and V is the potential energy
operator. These terms can be itemized in terms of electrons and nuclei as,

H (r, R)  T N  T e  V ee  V eN  V NN

(1.29b)

where T N is the nuclear kinetic energy, T e represent the electronic kinetic, V ee is the
electron-electron repulsion, V eN is the electron-nucleus attraction, and V NN is the nucleus
- nucleus repulsion. These operators are explicitly represented as,

H (r , R)  


1 2
1 2
1
Z
 
 i        
2M 
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i 2me
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Z Z 
R 

(1.29c)

where M  is the mass of nucleus, me is the mass of an electron, Z and Z  is the
charges of nuclei  and  respectively, rij is the distance between electrons i and j, ri
is the distance between nucleus  and electron i, and R is the distance between nuclei

 and  . Based on the BOA the Hamiltonian can be separated into nuclear and
electronic parts, where T N will be the nuclear part and the rest is combined into the
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electronic part, with V NN being a constant which depends on the nuclear coordinates.
Consequently, the total wavefunction is simplified as,

TI (r ; R)   I ( R)  Ie (r ; R)

(1.30)

where  I ( R) and  Ie (r ; R) are the nuclear and electronic wavefunctions of state I,
respectively. The Schrödinger equation can be solved in terms of the electronic part with
fixed nuclei,

H e eI (r ; R)  EIe ( R)eI (r ; R),

(1.31)

where EIe is the electronic energy of adiabatic state I for a fixed set of nuclear
coordinates R, also known as the potential energy. If the nuclear coordinates are changed,
such as from stretching the bond in a diatomic molecule, then each new set of R
corresponds to a new energy, and thus a potential energy surface (PES) of the state can be
calculated. The nuclear part of the Schrödinger equation can be solved by inserting the
electronic energies EIe ( R) obtained from electronic Hamiltonian of Eq. (1.31), or by
fitting an analytic function, such as Morse oscillator for diatomic bond stretching,

(T N  EIe )  I  ET  I

(1.32)

where  I ( R) are the vibrational eigenstates bound on the electronic potential energy
surface.
The BOA simplification of the Schrödinger equation gives rise to several practical
concepts in UV-visible spectroscopy, by including the interaction of light as a timedependent perturbation; the system in a ground state is assumed to absorb a photon and
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instantaneously excite into a higher-energy state on the time-scale of the nuclear
motion.97 One quantity that arises from this process is the transition probability, PIJ ,
which is proportional to the square of the total transition dipole moment between states I
and J PIJ   I   J

2

, where  is the dipole operator represented by   e Zi ri .
i

The oscillator strength98 f IJ , related to the probability of transition is defined as,

f IJ 

2me
( EJ  EI )  I   J
3 2

2

(1.33)

A bright state is described as a state that most likely to be populated upon irradiation and
possess a high oscillator strength from the ground state, whereas a dark state designates a
state with a low oscillator strength transition from the ground state. In this dissertation the
calculated oscillator strengths will be presented for acetophenone radical cation and its
substituted derivatives. The absolute accuracy of those calculations depends on the
accuracy of the calculated energy gap, EJ  EI , as well as the electronic wavefunctions.
Figure 1.7 displays the ground and excited PESs for a system as a function of
internal nuclear coordinate, such as bond stretching/or dihedral angle, that results from
solving the Schrodinger equation within the BOA. The blue arrow in Figure 1.7 displays
a vertical electronic transition from the vibrational level   0 of the ground electronic
state (E0) to the vibrational level   2 on the excited electronic state (E1). Because the
excited state has a different electronic distribution than the ground state, its equilibrium
geometry will generally have different nuclear coordinates than the ground state. The
excited state system generally relaxes its molecular geometry to reach the excited state
equilibrium geometry; as a result the energy of emission (green arrow in Figure 1.7) is
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usually lower than the energy of absorption (blue arrow in Figure 1.7). This energy
difference between vertical and adiabatic transitions is known as Franck-Condon
principle.

Figure 1.7. Two adiabatic electronic states as a function of nuclear coordinate with
bound vibrational energies. The blue arrow shows vertical excitation E0 to E1. The green
arrow shows the transition from E1 to E0 state.
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1.10

The Born-Huang Expansion and Nonadiabatic Coupling
The BOA and all the results of this approximation are most accurate for electronic

state transitions where the energies of two states are well-separated. In regions where the
eigenstates get energetically close or intersect, the BOA is no longer valid and a full
expansion of the Schrödinger equation is required. Born and Huang99 in 1954 presented
an expanded Schrödinger equation to describe the dynamics in crystal lattices, wherein
the approximation of fixed nuclei in electronic state transitions is lifted. When two or
more adiabatic PESs approach each other, it is proposed that a total wavefunction T of
the system can be constructed as an expansion in terms of the individual adiabatic states,
NS

 (r , R)    I ( R) eI (r ; R).
T

(1.34)

I 1

This is the Born-Huang expansion, and it can be seen intuitively that Eq. (1.34) is derived
from the separation of adiabatic states imposed by the BOA, where population is either
on one adiabatic state or another, but not multiple states at once. Subsequently, the
nonadiabatic coupling f IJ is defined as,

f ( R)    R 
IJ

e
I

e
J



 eI  R H  eJ
EI  E J

r

(1.35)

where the integral is over electronic coordinates, and the differential is with respect to
nuclear coordinates. From Eq. (1.35), it can be seen that the nonadiabatic coupling
becomes large when the energy gap between the two states I and J is small, and at
intersection point, where the two adiabatic states are degenerate the nonadiabatic
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coupling become singular. In contrast, the nonadiabatic coupling f IJ approaches zero in
the limit of infinitely large state separation, which is the case of the BOA.
Neumann and Wigner proved that in a two-level Hamiltonian matrix of N
internal coordinates ( N int ) if H ii  H j j and H i j  0 the intersection space, where the
states become degenerate, will span all internal coordinates but two and so in a molecular
system of N int , the eigenstates become degenerate in a subspace of N int  2
dimensions.100 The intersection space is also called seam space, where one can imagine a
seam is the center of points of intersection between two PESs, with a conical intersection
(CI) centered at each point of intersection. The seam then consists of infinite number of
CI, forming a crest of a lower energy adiabatic state and the trough of the upper energy
adiabatic state. Figure 1.8 illustrates a seam formed from two intersecting adiabatic PESs
for a system of three internal coordinates. It should be noted that the seams can be
followed to their minimum, known as the CI at the seam-minimum,101 although there are
an infinite number of CIs along any seam and those higher in energy than the seamminimum, that can also be involved in photophysical mechanism. A seam optimization is
a constrained minimization along with the crossing conditions acting as the constraints. 92
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Figure 1.8. Seam formed from two adiabatic PESs intersecting as two sheets. For the
figure on the left: blue is the lower adiabatic surface, red is the upper adiabatic surface,
and the black curve indicates the seam of the intersection. For the figure on the right the
same surfaces are shown as a series of CI where the CI is placed at the minimum point on
the seam.

Similarly, the three-state conical intersections arise from three adiabatic electronic
states which become degenerate and induce nonadiabatic transitions between the
states.102-104 Figure 1.9 displays the region around a three-state CI, where the points of
two-state CIs exist.105 The crossing conditions required for a three-state CI suggest that
the energies of the three states must be equal, H11  H 22  H 33 , and the off-diagonal
components of Hamiltonian matrix must be zero H12  H13  H 23  0 . Thus the threestate seam space is spanned by N int  5 internal coordinates.106 The three-state CIs have
one seam between states 1 and 2, and one seam between states 2 and 3. Following these
seams help give a comprehensive picture of the PESs which determine the decay
mechanism of species excited/ionized via strong field regime. The three-state CI will be
illustrated for acetophenone radical cation in Chapter 6 of this dissertation.
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1.11

MCSCF Quantum Mechanical State Description
In order to accurately describe the properties of a system, the electronic structure

method must be defined in multi-configuration character and the molecular orbitals
(MOs) must be optimized to best describe multiple electronic states. Within the
variational framework, the multi-configurational self-consistent field (MCSCF) is a
method capable of optimizing MOs involved in excited states which best describe either a
single state or multiple states, by minimizing the average energies of the states of interest.
Since Chapter 6 of this dissertation focuses on the calculations of PESs and CI using
MCSCF, the fundamentals of this method is presented in the following paragraph.

Figure 1.9. The S0, S1, and S2 potential energy surfaces in the branching space of a threestate CI in cytosine generated by multireference configuration interaction method. Figure
was taken from Ref. [105].
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The molecular orbitals 

are one-electron functions, defined as linear

combinations of atomic orbitals, i   bmi  m , where  m represents the atomic orbitals,
m

and bm denotes the atomic orbital coefficients. A set of MOs are chosen which
dominantly describe the states of interest, called the active space. The wavefunction
expansion then includes all possible singlet determinants, (it can be considered a FCI,
within the active set of MOs). The states under consideration are then optimized in the
basis of these determinants via variation method. In addition, the active space MOs,
which are generally linear combinations of Gaussian one-electron atomic orbital basis
functions, are also optimized to best describe the properties of states of interest. The MOs
in the active space in this type of expansion are called the complete active space (CAS),
thus the MCSCF calculation is often called a complete active space self-consistent field
(CASSCF) model. The Ith electronic state,  eI , is then a linear combination of all possible
electron configurations within the active space (configuration state functions, CSF),

 (r ; R) 
e
I

N SCF

 c ( R)  ( r ; R)
I
i

i

(1.36)

i 1

where r and R are the electronic and nuclear coordinates, respectively. The MCSCF
energies are found by solving the Schrödinger equation in the basis of configuration state
functions (CSFs),

 H e (r, R)  Ele ( R)  le (r, R)  0
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(1.37)

The expansion over CSFs generated from the CAS introduces a degree of static or
nondynamical electron correlation107 that is necessary for better describing degenerate or
near-degenerate states.

1.12

Scope and Dissertation Objectives
The central objective of this dissertation is developing new methods for

calculating higher-order nonlinear optical responses of atoms, molecules, and ions, as
well as discussing the relevant physical mechanisms that give rise to harmonic
generation, Kerr effect, and higher-order Kerr effect in atomic and ionic media. The
applications of nonlinear optical properties in development of predictive models for
femtosecond laser filamentation dynamics, photoemission spectroscopy, imaging, and
design of new molecular systems have motivated the theoretical investigations in
advancing methods for calculating nonlinear optical properties and finding the optimum
conditions for controlling nonlinearity of the systems. The second part of this dissertation
focuses on investigating possible mechanisms for photodissociation of polyatomic
molecules (acetophenone and the substituted derivatives) ionized through strong field
infrared laser pulses, and discusses how nonadiabatic transitions near three-state conical
intersections affect the dissociation dynamics. In this regard, the quantum mechanical
methods are combined with pump-probe spectroscopy to understand and control the
dissociation dynamics in strong field regime. The applications of quantum mechanical
models in interpreting time-resolved wavepacket dynamics and achieving coherent
control has stimulated the interest to explore the PESs and investigate the role of conical
intersections in wavepacket dynamics in strong field regime.
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Chapter 2 focuses on the investigation of the time-dependent nonlinear refractive
index coefficient, n4 , for argon in the non-resonant optical regime. This work performs
second-order polynomial fitting of DC-Kerr, electric-field-induced second-harmonic
generation (ESHG), and static second-order hyperpolarizability using an auxiliary electric
field approach to obtain the corresponding fourth-order optical properties. To calculate
the nonlinear refractive index n4 , an approximate formula is suggested which expresses
the related degenerate six-wave mixing (DSWM) coefficient,  ll(4) (;, ,, , ) , in
terms of the DC-Kerr, ESHG, and the static fourth-order hyperpolarizability coefficients.
Applications of these calculations resolve the HOKE controversy and are important for
the development of predictive models for femtosecond laser filamentation dynamics.
Chapter 3 generalizes the ab initio numerical approach developed in Chapter 2,
for calculating the static and frequency dependent fourth-order hyperpolarizability
coefficients in noble gases helium, neon, krypton and xenon in the wavelengths ranging
from 250 nm to 2000 nm. The calculations provide an approach for predicting timedependent higher-order Kerr effect in the non-resonant regime, by incorporating electroncorrelated wavefunctions. An expression on the basis of static, DC-Kerr, DFWM fourthorder hyperpolarizability is derived, which allows the calculations of the DSWM
coefficients with considerably reduced error. The results of the calculations strongly
suggest that the defocusing during filament propagation does not stem from negative
value of quartic nonlinear refractive index. This further confirms that filament
stabilization is most likely to be induced by the generation of free electrons.
Chapter 4 discusses the calculations of the static and dynamic polarizability and
second-order hyperpolarizability for the nitrogen radical cation at neutral and relaxed
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geometries. The electronic contributions are computed analytically using density
functional theory and the MCSCF method. In this chapter the procedures for extending
the basis sets and augmenting the correlation-consistent basis sets with diffuse and
polarization functions are explained. The studies highlight a sign change and a dramatic
increase in magnitude of the second-order hyperpolarizability of nitrogen molecule upon
ionization. In a separate study, the calculations of second-order optical properties for
nitrogen radical cation as a function of bond length are presented to investigate the effect
of internuclear bond distance on second-order hyperpolarizability. The variation of
nonlinear responses versus bond length shows the potential application in finding
optimum conditions for higher values of nonlinear coefficients.
Chapter 5 details the computations of dynamic second-order hyperpolarizabilities
of atomic noble gases and their multiply ionized plasmas at wavelengths ranging from
100 nm to the red of the first multi-photon resonance all the way toward the static regime,
within the MCSCF cubic response theory. In this chapter the quantum state symmetries
for each ionized species are investigated and accordingly, the second-order
hyperpolarizability coefficients are discussed in terms of quantum state symmetries. The
results indicate that the second-order hyperpolarizability coefficients decrease when the
electrons are removed from the systems and the sign of the nonlinear optical response for
each ionized species depends on the spin of the quantum states defined for the ionized
species. As the atoms reach higher ionization states, the nonlinear optical responses as a
function of wavelength, become less dispersive. The investigations performed in this
chapter are pertinent to the modeling of femtosecond laser filamentation and especially to
nonlinear optical properties of filament wake channels. Moreover, the Kerr coefficient
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calculations are of value for predictive models of high-harmonic generation in multiply
ionized plasma at X-ray photon energies.
Chapter 6 presents the electronic ground and excited states for acetophenone
radical cation and the substituted derivatives to probe the resonance features observed in
measurements at 1370 nm with laser intensity of 1013 W cm-2. In this chapter the potential
energy surfaces of the acetophenone radical cation are explored and the three-state
conical intersection is mapped onto the PES, (using multi-configuration self-consistent
field theory and equation of motion coupled cluster methods) to propose a photodissociation mechanism for acetophenone undergoing tunnel ionization. Similar
calculations are presented for propiophenone radical cation which support the existence
of a one-photon transition from the ground ionic to a bright dissociative D 2 state, where
motion of the acetyl group from a planar to nonplanar structure within the pulse duration
enables the otherwise forbidden transition. The wavepacket dynamics in acetophenone
molecular ion is modeled using the classical wavepacket trajectory calculations, to
propose the mechanism wherein the 790 nm probe pulse excites a wavepacket on the
ground surface D0 to the excited D2 surface at a delay of 325 fs, resulting in dissociation
to the benzoyl ion. In the next stage of this chapter the ten lowest lying ionic surfaces of
the acetophenone doublet states and the dipole couplings between the ground ionic
surface D0 and the nine excited states (D1 through D9) are investigated to elucidate the
dissociation pathways and deduce the potential dissociation mechanisms for formation of
phenyl, acylium, and butadienyl small fragment ions. In parallel, the electronic potential
energy surfaces of hydroxy-substituted alkyl phenyl ketones 2’-, 3’- and 4’- (ortho, meta
and para) hydroxyacetophenone radical cations are investigated theoretically, using
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density functional theory, to explain the lack of resonance feature for 2’- and 3’hydroxyacetophenone as a function of excitation wavelength ranging from 1200 nm –
1500 nm and the presence of a resonance feature for 4’-hydroxyacetophenone at 1370 nm
which is manifested by depletion of the parent molecular ion with corresponding
enhanced formation of the benzoyl fragment at excitation wavelengths 1200 nm–1500
nm. The calculations suggest that a dissociation mechanism for 4’-hydroxyacetophenone
radical cation occurs when the acetyl group twists out of plane with respect to the phenyl
ring, enabling a one-photon transition between the ground cation state D 0 and the excited
cation state D2 to occur. In contrast, for 2’-hydroxyacetophenone radical cation a large
barrier in the ground PES, as a function of torsional angle, due to the hydrogen bonding
interaction prevents torsional motion along the phenyl-acetyl dihedral angle coordinate.
In accordance with the measurements performed on methylacetophenone isomers, the
quantum-mechanical calculations are applied for 2’-, 3’- and 4’-methylacetophenone to
present the electronic structures, and elucidate the enhancement of depletion of the parent
molecular ion as the methyl substituent is moved from the 2’ to 3’ to 4’ position on the
phenyl ring with respect to the acetyl group. The innovations of this research are used to
design control strategies for selective bond-breaking in acetophenone radical cation, as
well as design control schemes for other molecules as well.
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CHAPTER 2
HIGHER-ORDER NONLINEARITY OF REFRACTIVE INDEX:
THE CASE OF ARGON
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2.1

Overview
In this chapter, the nonlinear coefficients n4 of the time-dependent refractive

index for argon are calculated in the non-resonant optical regime. Second-order
polynomial fitting of DC-Kerr,  (2) (; ,0,0) , electric field induced second harmonic
generation (ESHG),  (2) (2; , ,0) , and static second-order hyperpolarizability,

 (2) (0;0,0,0) , is performed using an auxiliary electric field approach to obtain the
corresponding fourth-order optical properties. A number of basis sets are investigated for
the fourth-order hyperpolarizability processes at 800 nm at coupled cluster singles and
doubles (CCSD) level of theory, starting with the t-aug-cc-pV5Z basis set and expanding
that basis set by adding diffuse functions and polarization functions. Comparison shows
that the results obtained with the t-aug-cc-pV5Z basis are in very good agreement with
the results obtained using the q-aug-cc-pV5Z, t-aug-cc-pV6Z, and q-aug-cc-pV6Z basis
sets. To calculate the nonlinear refractive index n4 , an approximate formula is suggested
which expresses the related degenerate six-wave mixing (DSWM) coefficient,

 ll(4) (; , , , , ) , in terms of the DC-Kerr,  ll(4) (; ,0,0,0,0) , ESHG,

 ll(4) (2; , ,0,0,0) , and the static fourth-order hyperpolarizability coefficients. The
higher-order nonlinear refractive index n4 is found to be positive over the wavelengths
300 nm – 2000 nm. In the infrared spectral range, the obtained values of n4 are in
qualitative agreement with the results of Kramers-Kronig-based calculations.
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2.2

Introduction
The process of femtosecond laser filamentation in air and other gases is an

intriguing manifestation of nonlinear optical properties.1 Laser filamentation results in
coherent ultra-broadband radiation ranging from the UV to the far infrared, with pulses as
short as a few optical cycles being formed at long distances (from the meter to kilometer
scale).2,3 Filaments generated by high-power, ultrafast laser pulses in the atmosphere are
described as a balance between self-focusing induced by optical Kerr effect and
defocusing induced by strong-field ionization.4-7 When the laser beam power exceeds the
medium-specific critical value, Kerr lensing overcomes diffraction effects and causes the
laser beam to self-focus.8-12 As the filamentation process involves exposing atoms or
molecules to strong laser field intensities, the question arises as to what will be the
nonlinear response of these atoms and molecules when one goes beyond the first term in
the perturbation series that is responsible for the regular Kerr effect.
The myriad of nonlinear optical processes in an isotropic medium exposed to high
laser intensity can be understood by expressing the polarization P  t  as a perturbation
expansion

over

odd

powers

of

P  t    (1) E  t    (3) E 3  t    (5) E 5  t  

the

electric

field

strength,

E t 

as,

. This implies the power expansion of the

intensity-dependent refractive index in the intensity I of the laser field can be expressed
as: n  I   n0  n2 I  n4 I 2 

, where n2 j coefficients are related to the  (2 n 1)

susceptibilities. The third-order term in the Taylor expansion of the polarization

 (3) E 3  t  , gives rise to the optical Kerr effect, leading to an increase of the refractive
index with intensity and resulting in the self-focusing phenomenon. Subsequently, the
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(5) 5
higher-order terms,  E  t  , etc. are responsible for higher-order Kerr effects

(HOKE)13-16 and have been proposed to be non-negligible and negative.
A recent transient birefringence measurement in the components of air 16
suggested that the optical Kerr effect first saturates and then becomes negative for
intensities greater than 26 TW cm-2, which is below that required for ionization. This
observation prompted the so-called HOKE hypothesis that ascribes the primary cause of
the Kerr effect crossover to negative sign of the n4 coefficient. Recently, this picture was
challenged by measurements15,17 that indicate the nonlinear electronic response depends
quadratically on the laser field amplitude for intensities up to the ionization threshold.
The higher-order Kerr effect with a crossover from positive to negative nonlinear
refractive index at intensities well below the ionization threshold (where the contribution
to the refractive index from the free electrons becomes comparable with that from the
Kerr effect) would have an impact on the nonlinear optics of transparent media and has
inspired theoretical investigations17-21 to determine n2 and n4 coefficients for a number
of gases. Improving the precision of these coefficients is important for understanding
plasma-free light filamentation22 and exotic new effects in intense laser pulse
propagation.23-27
To study the origins of the proposed saturation in the nonlinear index of refraction
theoretically, Brée et al. introduced a formalism for computing the higher-order
coefficients.18-21 Their approach is based on a nonlinear version of the Kramers-Kronig
(KK) relation,28 which expresses nonlinear refractive index in terms of optical absorption
coefficient derived from Keldysh theory. 29-31 They found that the nonlinear index shift for
argon saturates and becomes negative in the intensity range18 I ~40 – 50 TW cm-2, well
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below the threshold for ionization17, which is ~80 TW cm-2. However, recent
interferometry measurements17 contradict both the Loriot et al. interpretation and the
Brée et al. calculations. In parallel developments, Nurhuda et al. demonstrated that the
nonlinear response of atomic rare gases tends to saturate at higher laser pulse intensity by
numerically solving the time-dependent Schrödinger equation (TDSE).32,33
Motivated by an ongoing controversy for the origin of the nonlinear index
saturation in femtosecond laser filamentation, the nonlinear polarization of hydrogen
atom induced by high-intensity ultrashort laser pulses was studied by numerically
integrating the TDSE and the results revealed the saturation and sign change of nonlinear
polarization at the central laser frequency. 13,14 Although the TDSE study is successful in
simulating laser-pulse propagation of hydrogen-like atoms, the model is limited to one
electron systems and the results may fail to provide insight for the nonlinear response of
many electron systems. Nevertheless, a recent report regarding high-harmonic generation
in argon indicates that although the fifth-order nonlinearity  (5) is non-negligible, the
overall defocusing effect via the higher-order nonlinearities is sufficiently small that
plasma formation should be a main defocusing mechanism in high power filamentation. 34
The frequency dispersion of the nonlinear refractive index coefficient n2 for
centro-symmetric molecules in the non-resonant regime was also investigated using the
sum-over-states (SOS) quantum-mechanical model.35 This investigation suggests that the
sign of the non-resonant electronic nonlinearity n2 in air, nitrogen, oxygen, and argon
gases is positive, indicating the two-photon transitions dominate the optical nonlinearity.
Although the SOS approach allows for a transparent post-factum explanation, it is
impractical for obtaining numerical values of hyperpolarizability coefficients; because
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the SOS method converges too slowly and for implementing the method with reasonable
accuracy one needs to apply highly excited states manifolds. To provide meaningful and
physically plausible descriptions of so many states, one need to include infinite
configuration spaces36 and there is no method known in quantum chemistry, other than an
exact solution to the Schrödinger equation, that could possibly provide exact descriptions
of so many states. However, assuming that there are few states which contribute the
nonlinearity of a system more than others, the summation over the whole terms of the
Hamiltonian can be reduced to those states. In such case, the nonlinear response
coefficients calculated with SOS method are as accurate as the approximation is used.
Recent measurements37 of spectrally-resolved transient birefringence in air at 400 nm
performed with the degenerate and non-degenerate pump-probe settings demonstrate that
no sign inversion is observed when the pump and the probe are non-degenerate and that a
negative contribution to the index of refraction is observed when the pump and the probe
are degenerate. These findings suggest that a reevaluation of the higher-order Kerr effect
hypothesis is necessary.
These developments motivate the theoretical investigation of the nonlinear optical
behavior of Ar gas, which is an important medium for nonlinear frequency conversion
and which is also simple enough for theoretical analysis (as compared with molecular
gases). Here, the applicability of HOKE hypothesis to Ar is investigated by obtaining
theoretical values for n4 coefficient in the expansion of the intensity-dependent refractive
index via ab initio calculation of atomic fourth-order hyperpolarizability. The frequencydependent calculations were performed in non-resonant regime, where the frequency of

55

the oscillating electric field is much smaller than the transition frequencies from the
ground state of the atom to its excited states.
Ab initio investigations have been performed on second-order optical properties of
Ar. Hättig et al.38 applied the coupled cluster cubic response approach39 to the calculation
of frequency-dependent second-order hyperpolarizability for Ar using three levels of
theory, the coupled cluster singles (CCS), an approximate coupled cluster singles and
doubles model (CC2)40, and the coupled cluster singles and doubles (CCSD)41. Their
calculations38 indicate that the CCSD electron correlation treatment and t-aug-cc-pV5Z
basis set, provides very good agreement between the theory and experiment. 42,43 Høst et
al.44 calculated frequency-dependent second hyperpolarizabilities of argon related to
electric-field-induced second harmonic generation (ESHG) using the approximate
coupled cluster triples model (CC3).45 Of all nonlinear optical experiments in the gas
phase, ESHG experiments yield the highest accuracy and provide a means to benchmark
the calculations. Those investigations suggest that the t-aug-cc-pV5Z basis set provide a
reasonable balance between computation time and accuracy.
Here, an auxiliary field approach is developed and applied for calculation of DC(4)
(4)
Kerr  
(2; , ,0,0,0) , and static fourth-order
(; ,0,0,0,0) , ESHG  

hyperpolarizability in the non-resonant regime. Systematic basis set investigation is
carried out for dynamic fourth-order hyperpolarizability at 800 nm and static fourth-order
hyperpolarizability. An approximate relation between static, DC-Kerr, ESHG and
DSWM fourth-order hyperpolarizability is investigated to calculate the corresponding
(4)
( ; 1 , 2 , 3 , 4 , 5 ) , optical process. The approximate equation between
DSWM  

fourth-order optical processes is benchmarked to analogous approximation of second56

(4)
order optical response. The calculated DSWM,  
(; , , , ,  ) , is then used

to obtain the frequency-dependent nonlinear refractive index n4 . In Sections 2.3.1 and
2.3.2 the frequency-dependent nonlinear optical properties are introduced. In Section
2.3.3 the ab initio cubic response theory is discussed and in Section 2.3.4 the theoretical
approach

developed

to

calculate

the

frequency-dependent

fourth-order

hyperpolarizability coefficients is described. In Section 2.3.5 the relation between the
degenerate six-wave mixing coefficient,  (4) (;, , , ,  ) , related to the nonlinear
refractive index n4 , and other fourth-order hyperpolarizability coefficients related to
other optical effects is utilized. Section 2.4 contains the results of calculations and
discussion of the observed trend for HOKE in Ar. Summary and conclusions are
presented in Section 2.5.

2.3

Theoretical Methodology

2.3.1 Frequency-Dependent Electric Field
Here, the familiar definition of polarizabilities that follows from an expansion of
the induced dipole moment as a function of instantaneous field magnitude is used,46 to
determine nonlinear response of an atom or molecule to applied electric field F ,

   ( F , t ) ˆ   ( F , t )       F 
0

1
1 (2)
  F F   
F F F 
2!
3!

1 (3)
1 (4)
  F F F F   
F F F F F  ....
4!
5!
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(2.1)

In this expansion, the second term corresponds to linear polarizability, and subsequent
terms

correspond

to

hyperpolarizability

and

progressively

higher-order

hyperpolarizabilities. Optical effects, such as Kerr phenomena, are associated with the
fourth term in the expression and are thus determined by the second-order
(2)
hyperpolarizability coefficients  
. The goal in assessing the prospects for HOKE is to
(4)
calculate the coefficient  
in the sixth term that is responsible for n4 . To achieve this

goal, the auxiliary field approach is used: the external electric field, F  t  , in Eq. (2.1) is
described as a combination of static and oscillating components:
F  F0  F cos t  .

(2.2)

(4)
This results in a series of coefficients  
which correspond to various combinations

of the components of static and oscillating fields. Several fourth-order nonlinear
(4)
coefficients  
containing static-field components are obtained from modified
(2)
second-order coefficients  
, in which the parametric dependence on the static field is

taken into account. Then, the relationships among the sixth-order coefficients based on the
work of Bishop47 and Hättig48 is used, to extract the desired hyperpolarizability
coefficients.
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2.3.2 Frequency-Dependent Nonlinear Optical Responses
In the approach developed in this chapter the static and frequency-dependent
hyperpolarizabilities are defined by expanding the dipole moment in the presence of the
external electric field of Eq. (2.2), F  t  , in a Taylor series46:
1
  F0 , F   0    (0;0) F0     (-;  ) F cos(t )    (0;0, 0) F0  F0
2
1
   (0;  , - ) F F    (-;0,  ) F0  F cos(t )
4
1
   (-2;  ,  ) F F cos(2t )  ...
4

(2.3)

Continuing the expansion to higher terms, one finds the second-order hyperpolarizability
coefficients participate in the following terms:
1 (2)
1 (2)
  (0;0, 0, 0) F0  F0 F0    
(-;  , 0, 0) F F0 F0  cos(t )
6
2
1 (2)
  
(-;  , - ,  ) F F F cos(t ) 
8
1 (2)
  (-2;  ,  , 0) F F F0  cos(2t )
4
1 (2)
1 (2)
  
(0;  , - , 0) F F F0    
(-3;  ,  ,  ) F F F cos(3t )
4
24

(2.4)

(2)
(2)
The second-order nonlinear coefficients  
(2; , , 0) and  
(; , 0, 0) are

responsible for electric-field-induced second-harmonic generation (ESHG) and DC-Kerr
second-order hyperpolarizability, respectively. The second-order nonlinear coefficients,
(2)
(2)
 
(3; , ,  ) and  
(; , ,  ) , determine the third-harmonic generation

(THG) and degenerate four-wave mixing (DFWM), respectively. Similarly for the terms
containing the third-order hyperpolarizability one finds:
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1 (3)
1 (3)
  (0;0, 0, 0, 0) F0  F0 F0  F0   
(0;- ,  , 0, 0) F F F0  F0
24
8
1 (3)
  
(-2;  ,  , 0, 0) F F F0  F0 cos(2t )
8
1 (3)
  
(-3;  ,  ,  , 0) F F F F0 cos(3t )
24
1 (3)
  
(-;  , - ,  , 0) F F F F0 cos(t )
8
1 (3)
  
(-;  , 0, 0, 0) F0  F0 F0  F cos(t )
6
1 (3)
  
(0;  , - , - ,  ) F F F F
64
1 (3)
  
(-2;  ,  , - ,  ) F F F F cos(2t )
48
1 (3)

  (-4;  ,  ,  ,  ) F F F F cos(4t )
192

(2.5)

For the atoms (in an S state) and centro-symmetric molecules, the first- and the thirdorder hyperpolarizabilities in the expressions (2.3) and (2.5) vanish along with the dipole,
because of symmetry. Subsequently, applying the electric field of Eq. (2.2) up to the
fifth-order, the terms with the fourth-order hyperpolarizability coefficients are obtained
as:
1 (4)
  (0;0, 0, 0, 0, 0) F0  F0 F0  F0 F0
120
1 (4)
  
(0;0, 0, 0, - ,  ) F0  F0 F0  F F
24
1 (4)
  
(-2;  ,  , 0, 0, 0) F0  F0 F0  F F cos(2t )
24
1 (4)
  
(-; , 0, 0, 0, 0) F0  F0 F0  F0 F cos(t )
24
1 (4)
  
(-;  , - ,  , 0, 0) F F F F0 F0 cos(t )
16
1 (4)
  
(-3;  ,  ,  , 0, 0) F F F F0 F0 cos(3t )
48
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1 (4)
  (-2;  ,  , - ,  , 0) F F F F F0 cos(2t )
48
1 (4)
  
(0;0,  , - ,  , - ) F F F F F0
64
1 (4)

  (-4;  ,  ,  ,  , 0) F F F F F0 cos(4t )
192
1 (4)

  (-;  , - ,  , - ,  ) F F F F F cos(t )
192
1 (4)

  (-3;  ,  ,  , - ,  ) F F F F F cos(3t )
384
1 (4)

  (-5;  ,  ,  ,  ,  ) F F F F F cos(5t )
1920


(2.6)

The frequencies 1 , 2 , 3 , 4 and 5 in the fourth-order hyperpolarizability
(4)
coefficients,  
( ; 1 , 2 , 3 , 4 , 5 ) in Eq. (2.6) refer to the incoming fields and

  1  2  3  4  5 refers to the frequency of the output signal (i.e., the prefactor
of t in the arguments of the cosine functions). Each term in the expansion represents an
induced dipole oscillating at the corresponding sum frequency    i for a particular
combination of the external field components. The subscripts (λ, μ, etc.) relate to the
Cartesian coordinates in atomic or molecular axes on which the external field is
projected.

The

coefficients

(4)
 
(; , , ,0,0)

refer

(4)
 
(; ,0,0,0,0) ,

to

DC-Kerr,

ESHG

(4)
 
(2; , , 0, 0, 0)

and

DFWM

and

fourth-order

(4)
hyperpolarizabilities, respectively, and the coefficients  
(5; , , , , ) and
(4)
 
(; , , , ,  ) refer to the fifth harmonic generation and the degenerate six-

wave mixing (DSWM) optical processes. The latter coefficient is of primary interest as it
determines the higher-order nonlinear contribution to the optical Kerr effect.
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When the medium is an ensemble of randomly-oriented molecules, the secondorder nonlinear optical response is determined by the scalar component of the tensor,

 (2) given by the isotropic average49
 ll(2) 

1
(2)
(2)
(2)
( 
  
  
);

15 

 ,   x, y, z

(2.7)

In the case of an atomic gas, Eq. (2.7) is reduced to
(2)
 ll(2)   zzzz

(2.8)

Similarly, the ensemble-averaged fourth-order hyperpolarizability for an atomic gas is
reduced to
(4)
 ll(4)   zzzzzz

(2.9)

Thus, for the purpose of calculating nonlinear index of refraction for Ar atom, it is
(4)
(; , , , , ) component of the fourth-order
sufficient to calculate the  zzzzzz

hyperpolarizability.

2.3.3 Numerical Approach for Calculating Nonlinear Optical Properties
In the approach discussed in this chapter the fourth-order hyperpolarizability
(4)
(0;0,0,0,0,0) , DCcoefficients related to static fourth-order hyperpolarizability,  zzzzzz
(4)
(4)
(; ,0,0,0,0) , and ESHG,  zzzzzz
(2; , ,0,0,0) are calculated using
Kerr effect,  zzzzzz

the terms in the power series expansion of   F0 , F  with respect to F0 and F , as
expressed by Eqs. (2.3) – (2.6). These can then be compared with the results of
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DALTON50 calculations in which F0 is incorporated non-perturbatively. Specifically,
the results of the two approaches are juxtaposed for the following third-order derivatives
of   F0 , F  with respect to various components of F0 and F :

 3  (F0 , F )
F0  F0 F0 

1
(2)
  
(F0 0;0, 0, 0)    (2) (0;0, 0, 0)    (3) (0;0, 0, 0, 0) F0 
2

F  0

1
  (4) (0;0, 0, 0, 0, 0) F0 F0 
2
 3  (F0 , F )
F F0 F0 


(2)
 cos(t ) 
(F0   ;  , 0, 0)  cos(t )    (2) (;  , 0, 0) 


F  0

1
1
  (3) ( ;  , 0, 0, 0) F0    (4) (;  , 0, 0, 0, 0) F0 F0 
2
2
 3  (F0 , F )
F F F0 

F  0






(2)
 cos(2t ) 
(F0 - 2 ;  ,  , 0)  cos(2t )    (2) (-2 ;  ,  , 0)  (2.10)


1
  (3) (-2 ;  ,  , 0, 0) F0    (4) (-2;  ,  , 0, 0, 0)F0 F0 
2

In Eq. (2.10), the F0 -dependent coefficients, the static





 zzzz (2) (F0 0;0,0,0) , DC-Kerr

 zzzz (2) (F0 - ;,0,0) , and ESHG  zzzz (2) (F0 - 2;, ,0) hyperpolarizabilities, can be
approximated by second-order polynomial fit:

 zzzz (2) (F0  (1  2  3 ); 1 , 2 , 3 ) 
A (1 , 2 , 3 )  B (1 , 2 , 3 )F0  C (1 , 2 , 3 )F

2
0
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(2.11)

Then, as seen in Eq. (2.10), the coefficients C (1 , 2 , 3 ) in Eq. (2.11) directly relate to
(4)
(4)
(0;0,0,0,0,0) ,  zzzzzz
(; ,0,0,0,0) , and
the fourth-order hyperpolarizabilities,  zzzzzz
(4)
 zzzzzz
(2; , ,0,0,0) .

The second-order hyperpolarizability coefficients, static, DC-Kerr, and ESHG, are
directly computed as functions of the static component of the external electric field, F0 ,
applied to the electronic system of the atom/molecule. Then, the results are fit with
second-order polynomial expressions

  F  
zzzz

0

i

 Ai  Bi F0  Ci F02

where shorthand notation is used with index i=1 corresponding to

(2.12)
static

hyperpolarizability, i=2 corresponding to ESHG process, i=3 relates to the DC-Kerr
optical effect. In this expression, the fitting coefficients Ai, Bi, and Ci are related to the
second, third, and fourth order hyperpolarizabilities, respectively. The approximation of
Eq. (2.12) is justified because the derivatives of dipole moment in a Taylor expansion can
be expressed by second-order polynomial fit, furthermore the polynomial fitting error is
found to be very small; the uncertainty is approximately within 1%-3% (see Tables 2.2
and 2.4). The calculations are performed at the CCSD41 level of theory through the
coupled cluster cubic response model39 implemented in the DALTON program50. To
benchmark the approach, the second-order hyperpolarizability coefficients in the right(2)
(2)
(0;0,0,0) (static),  zzzz
(; ,0,0) (DC Kerr), and
hand side of Eq. (2.10),  zzzz
(2)
 zzzz
(2; , ,0) (ESHG), obtained from the related A(1 , 2 , 3 ) coefficients in Eq.

(2.11), are compared with the coefficients obtained directly with DALTON calculations
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at wavelengths ranging from 300 nm to 2000 nm. The results are shown in Table 2.1, and
the agreement further justifies the approach.
From this point on, the tensor indices are omitted as all of them will correspond to
the z coordinate for the case of the atomic gas considered here. Specifically, the
comparison of the third-order derivative expression exemplified by Eq. (2.10) and the
second-order polynomial fittings of Eq. (2.12) results in the following relations between
the coefficients Ci and fourth-order hyperpolarizabilities:

 (4) (0;0,0,0,0,0)  2C1

(2.13)

 (4) (2; , , 0, 0, 0)  2C2

(2.14)

 (4) (; ,0,0,0,0)  2C3

(2.15)

 (4) (; , , ,0,0)  2C4

(2.16)

2.3.4 Approximate Relation between DC-Kerr, ESHG, Static and DSWM FourthOrder Hyperpolarizabilities
The fourth-order hyperpolarizability coefficients can be used to develop an
approximate expression for the DSWM coefficient, 

(4)

(; , , , ,  ) . There are

universal relations among the power series expansions of various nth-order
hyperpolarizability coefficients with respect to participating frequencies. These relations
were

first

put

forward

in

Refs.

[47]

and

[48];

the

authors

 ll( n) ( ;1 , 2 , , n1 )   ll(n) (0;0,0, ,0) 1  AW2  BW22  BW4 
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,

suggested
where

W2  2  12  22 

 n21 , W4  4  14  24   n41,   i , the coefficients A,

B, and B’ are independent of the optical process (that is, of the participating frequencies),
and the coefficients B and B’ are approximately the same. In a particular case of n=4, for
the DC Kerr, ESHG, and DSWM processes, the universal formula yields:

 ll(4) (;,0,0,0,0)   ll(4) (0;0,0,0,0,0) 1 2 A 2 4 B 4 2 B 4 



 ll(4) (2; , ,0,0,0)   ll(4) (0;0,0,0,0,0) 1  6 A 2  36 B 4 18B 4 
 ll(4) (; , , , ,  )   ll(4) (0;0,0,0,0,0) 1  6 A 2  36 B 4  6 B 4 



(2.17)



(2.18)

(2.19)

As seen in Eqs. (2.17–2.19), having the values of  ll(4) (0;0,0,0,0,0) ,  ll(4) (; ,0,0,0,0)
and  ll(4) (2; , ,0,0,0) , one could express the constant coefficients in Eq. (2.19) in
terms of fourth-order optical processes and thus construct an approximate expression for

 (4) (;, ,, ,) at below-resonance frequencies that would be valid up to the
terms ~  . However, the three unknown coefficients A, B, and B’ cannot be completely
4

determined from the two equations, (2.17) and (2.18). According to Ref. [47], coefficient
A dominates in the infrared and visible region thus it is desirable to obtain its exact value.
Consequently, Eqs. (2.17) and (2.18) were chosen to be solved for A and the combination
B  B 2 coefficients. The quartic term in Eq. (2.19), 36B  6B can only be

approximated in terms of the obtained combination B  B 2 . The approximation can be
implemented in a number of ways, each of which produces a possible approximate
expression for  (4) (;, ,, ,) and neglects a small additional quartic term
depending on B and B’. All of these alternative approximations are estimated to produce
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Table 2.1. Comparison of the second-order optical process derived by polynomial fit and
the corresponding second-order hyperpolarizability obtained directly with DALTON
calculations at wavelengths 300 nm – 2000 nm for Ar. The calculations were performed
at CCSD/t-aug-cc-pV5Z level. The values are given in atomic units.
Wavelength

(2)
 DC
 Kerr (a.u.)

(2)
 ESHG
(a.u.)

(2)
 DFWM
(a.u.)

a

b

a

a

300

1555.9 ± 0.7

1554.0

3271.1 ± 9.4 3246.5

2198.6 ± 2.9

2190.8

400

1366.8 ± 0.4

1365.6

1944.9 ± 1.5 1940.9

1621.7 ± 0.8

1619.5

500

1290.7 ± 0.4

1289.7

1594.9 ± 0.7 1592.8

1432.0 ± 0.5

1430.6

600

1251.9 ± 0.3

1251.0

1443.3 ± 0.5 1441.8

1343.1 ± 0.4

1341.9

700

1229.5 ± 0.3

1228.6

1362.5 ± 0.4 1361.3

1293.7 ± 0.4

1292.7

800

1215.1 ± 0.3

1214.3

1313.1 ± 0.4 1312.0

1262.8 ± 0.3

1261.9

900

1205.5 ± 0.3

1204.7

1281.1 ± 0.4 1280.1

1242.5 ± 0.3

1241.6

1100

1193.6 ± 0.3

1192.8

1242.7 ± 0.3 1241.9

1217.8 ± 0.3

1217.0

1300

1186.8 ± 0.3

1186.1

1221.4 ± 0.3 1220.5

1203.9 ± 0.3

1203.1

1500

1182.6 ± 0.3

1181.9

1208.2 ± 0.3 1207.4

1195.3 ± 0.3

1194.5

2000

1177.2 ± 0.3

1176.4

1191.4 ± 0.3 1190.7

1184.3 ± 0.3

1183.5

∞

1170.1 ± 0.3

1169.4

(nm)

a

b

b

The second-order hyperpolarizability obtained from polynomial fit. The second order

hyperpolarizabilities are related to the first coefficient, Ai, in polynomial expansion:

  F  
zzzz

b

0

i

 Ai  Bi F0  Ci F02 .

The second-order hyperpolarizability values, obtained directly from the coupled cluster

cubic response function. (direct DALTON data).
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similar results in the long-wavelength limit (for Ar in λ ≥ 600 nm the agreement is within
5%). Following equation displays a simple approximation for DSWM51,
2
3

 (4) (;  ,  ,  ,  ,  )   (4) (2;  ,  ,0,0,0)

(2.20)

2
 (4) (;  ,0,0,0,0)   (4) (0;0,0,0,0,0)
3

For the right-hand side of this equation, using Eqs. (2.17) and (2.18), one obtains

 ll(4) (0;0,0,0,0,0)  1  6 A 2  36B 4  6B 4  8  B  B   4

.

Comparison of this

expression with the right-hand side of Eq. (2.19) shows that the approximation of Eq.
(2.20) is valid because it correctly recaptures the quadratic terms in  however it
4
produces a small error for the quartic terms in the expansion, 8  B  B   . The dominant

role of the A coefficient is further justified in Section 2.4.2, where the application of
analogous approximations for DFWM is demonstrated. Another advantage of the
expression of Eq. (2.20) is that its right-hand side contains the three independently(4)
(4)
(4)
calculated hyperpolarizability coefficients,  Static
,  DC
 Kerr , and  ESHG , and thus allows for

possible reduction of numerical errors, upon averaging.

2.4

Results and Discussion

2.4.1 Basis Set Study
The fourth-order hyperpolarizability coefficients for Ar were calculated as a
function of wavelength ranging from 300 nm – 2000 nm using the approach outlined in
Sections 2.3.1 – 2.3.4. Adding an external field to the Hamiltonian does not work for
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models that include triple excitations (i.e. CCSD(T) and CC3 levels) in the DALTON
program50. Thus, the interaction is approximated with CCSD level of theory. The
auxiliary static electric field applied in these calculations was varied from 10 -3 to 10-2 e1

a0-1 Eh (that is, 5.14×10-2 – 5.14×10-1 V/Å).
First, the basis set effects on the calculation is considered to provide some

benchmark for convergence. The fourth-order optical properties of argon at 800 nm, as
well as static fourth-order hyperpolarizabilities, are computed using four basis sets of
functions: t-aug-cc-pV5Z (203 functions), q-aug-cc-pV5Z (239 functions), t-aug-ccpV6Z (291 functions) and q-aug-cc-pV6Z (340 functions)52,53 as shown in Table 2.2.
Here, the benchmark study is initiated with the basis set suggested by Hättig et al.38 (taug-cc-pV5Z) for static and dynamic second-order hyperpolarizability calculations in Ar,
and expand that basis set by adding diffuse functions (q-aug-cc-pV5Z), polarization
functions (t-aug-cc-pV6Z) and both polarization and diffuse functions (q-aug-cc-pV6Z).
Comparison shows that t-aug-cc-pV5Z reproduce the results obtained using q-aug-ccpV5Z, t-aug-cc-pV6Z and q-aug-cc-pV6Z with very good accuracy. The differences are
less than 3% for q-aug-cc-pV5Z, less than 1% for, t-aug-cc-pV6Z in the static and
dynamic fourth-order hyperpolarizabilities at 800 nm. For q-aug-cc-pV6Z the values of

 (4) are practically identical to the values obtained with t-aug-cc-pV5Z basis set. Thus,
the t-aug-cc-pV5Z basis set was adopted which gives reasonable balance between
computation time and accuracy for calculation of electronic contributions to the dynamic
fourth-order hyperpolarizabilities at all wavelengths. This basis set for second-row atoms
consists of a (23s15p7d6f5g4h) / [10s9p7d6f5g4h] contraction (the slash represents
“contracted to”).
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Table 2.2. Electronic contributions to the static and frequency dependent fourth-order
hyperpolarizability of argon at 800 nm, calculated at the CCSD level. All values are
given in 106a.u. (1.0 a.u. of fourth hyperpolarizability = 2.358106793×10 -88 C6 m6 J-5).
Basis sets

(4)
 Static

(4)
 DC
 Kerr

(4)
 ESHG

(4)
 DFWM

t-aug-cc-pV5Z

2.052 ± 0.019

2.224 ± 0.021

2.627 ± 0.028

2.418 ± 0.024

q-aug-cc-pV5Z

2.108 ± 0.021

2.286 ± 0.024

2.703 ± 0.031

2.486± 0.028

t-aug-cc-pV6Z

2.034 ± 0.019

2.205 ± 0.022

2.604 ±0.028

2.397 ±0.025

q-aug-cc-pV6Z

2.048 ± 0.020

2.220 ± 0.023

2.623 ± 0.029

2.414 ± 0.026

2.4.2 Benchmark Study of Approximate Relation between Different Optical
Responses
As mentioned in Section 2.3.3, the method proposed in this chapter enables the
calculation of the

 (4) (0;0,0,0,0,0) ,

 (4) (;,0,0,0,0) ,

 (4) (2;, ,0,0,0) , and

 (4) (;, ,,0,0) terms while the nonlinear refractive index n4 , corresponds to the
DSWM,  (4) (;, ,, , ) . Thus, an expression should be employed to approximate
the DSWM coefficient

using the DC-Kerr, ESHG, and static

fourth-order

hyperpolarizability coefficients. To benchmark the approximation of Eq. (2.20), similar
calculations can be performed for the regular DFWM second-order hyperpolarizability,
(2)
 DFWM
  (2) (; , , ) , using the numerical values of the static hyperpolarizability,
(2)
  (2) (2; , ,0) , and the DC-Kerr coefficient,
 (2) (0;0,0,0) , the ESHG coefficient,  ESHG
(2)
(2)
 DC
(; ,0,0) . The approximate expression for DFWM second-order nonlinear
 Kerr  
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response can be derived by referring to the dispersion of the second-order
hyperpolarizability coefficients,54,55

 ll(2) ( ; 1 , 2 , 3 )   ll(2) (0;0,0,0) 1  AW2  BW22  B 'W4 



(2.21)

Here, W2  2  12  22  32   2 , where  is given by the values 12, 6, and 4 for THG,
ESHG, and DFWM, respectively and W4  4  14  24  34 . Furthermore, the
coefficient A is independent of nonlinear optical processes under consideration and B and
B’ are approximately the same for DC-Kerr and ESHG processes.54,55 In Eq. (2.21), the
second term of the expansion AW2, plays a more significant role than the further terms,
thus permitting a reasonable approximation in the infrared and visible frequency regions.
(2)
(2)
(2)
According to the Refs. [54] and [55] the expansions of  DC
 Kerr ,  ESHG , and  DFWM are,

 ll(2) (; ,0,0)   ll(2) (0;0,0,0) 1  2 A 2  4 B 4  2 B 4 



 ll(2) (2; , ,0)   ll(2) (0;0,0,0) 1  6 A 2  36 B 4  18B 4 
 ll(2) (; , ,  )   ll(2) (0;0,0,0) 1  4 A 2  16 B 4  4 B 4 



(2.22.1)



(2.22.2)

(2.22.3)

Equations (2.22.1) and (2.22.2) imply that having the values of  ll(2) (0;0,0,0) ,

 ll(2) (; ,0,0) and  ll(2) (2; , ,0) one can express the constant coefficients in Eq.
(2.22.3) in terms of second-order optical processes and thus construct an approximate
expression for  ll(2) (; , ,  ) that will be valid at below-resonance frequencies. The
quartic term in Eq. (2.22.3) 16B  4B ' , can only be approximated in terms of the B  B 2
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combination. Subsequently, solving the two linear equations, (2.22.1) and (2.22.2) the
unknown coefficients A and a combination B  B 2 terms are obtained as,
(2)
(2)
1  3  DC
1  ESHG
(2; , ,0) 4 
 Kerr ( ;  ,0,0)
A

 
2 
(2)
(2)
2   2  static (0;0,0,0)
6  static (0;0,0,0)
3

B  B 2 

(2.23.1)

(2)
(2)

1 
 DC
 ESHG
(2; , ,0)
 Kerr ( ;  ,0,0)

3

 2 ,
4 
(2)
(2)
24  
 static (0;0,0,0)
 static (0;0,0,0)


(2.23.2)

Having expressed these coefficients based on the second-order optical properties, a
relation for DFWM is approximated using the ESHG, DC-Kerr, and static second-order
hyperpolarizability coefficients. Substituting the obtained coefficients A and B  B 2 in
the right-hand side of Eq. (2.22.3), the expression for DFWM is obtained as follows,
1
3

1
3

 (2) (;, ,  )   (2) (2;, ,0)   (2) ( ; ,0,0)   (2) (0;0,0,0).

(2.24)

(2)
Figure 2.1 displays the dispersion curves for the  DFWM
coefficient calculated

either

using

Eq.

(2.24)

or

using

(2)
(2)
(2)
(2)
 DFWM
( )   ESHG
( )  ESHG
(0)  ESHG
( ) 

the
2/3

formula

suggested

in

Ref.

[21],

(2)
, and compare the two curves with the  DFWM

dispersion curve,  (2) ( ;1 , 2 , 3 ) , obtained directly from the coupled cluster cubic
response function, in which   2   and 1  3   (direct DALTON
data). The excellent correspondence between the latter calculations and the
approximation of Eq. (2.24) indicates that the suggested approximation is reasonable. The
calculations of second-order nonlinear coefficients were performed at CCSD level of
theory using t-aug-cc-pV5Z basis set. This basis set was used to compute the second72

order hyperpolarizability of Ar previously38,44; moreover, the values obtained from CCSD
and CC3 are very similar when using the t-aug-cc-pV5Z basis and agree well with
experimental measurements.42,43,49,56-59
Inspection of the data in Figure 2.1, obtained with CCSD/t-aug-cc-pV5Z, reveals that
(2)
both approximations for estimating  DFWM
are in agreement in the long-wavelength limit

(≥ 800 nm). Using Eq. (2.24), the second-order hyperpolarizability values at 400 – 300
nm deviate by 0.2% – 3% from the reference values obtained through direct DALTON
data. The increasing discrepancy at shorter wavelengths is presumably due to
approaching the two-photon resonance around 160 nm for argon. To maintain reasonable
accuracy subsequent calculations of Ar were performed at wavelengths ≥ 300 nm.

Figure 2.1. Dispersion curves for DFWM in Ar. Blue triangles: DFWM calculated
directly with DALTON program. Pink triangles: computed using Eq. (2.24). Green
triangles: obtained using Eq. (13) in Ref [21].

73

(2)
Calculations using Eq. (13) in Ref. [21] result in a deviation of the  DFWM
coefficient at

500, 400 and 300 nm by 9.3%, 14% and 24% in comparison with the direct DALTON
(2)
data. Table 2.3 contains the values of  DFWM
obtained with different approximations. The

discrepancy in Eq. (13) of Ref. [21] arises because the exponent in the expression used in
(2)
(2)
(2)
(2)
that work,  DFWM
( )   ESHG
( )  ESHG
(0)  ESHG
( ) 

2/3

, should be 1/3 rather than 2/3.

This can be understood by referring to the dispersion of the second-order
hyperpolarizability coefficients54,55 introduced by Bishop and described by Eq. (2.21)
Inserting the ESHG second-order hyperpolarizability expansion, Eq. (2.22.2), into the
(2)
(2)
(2)
(2)
right side of Eq. (13) in Ref. [21],  DFWM
( )   ESHG
( )  ESHG
(0)  ESHG
( ) 

2/3

, the

(2)
dispersion of  DFWM
is approximated as,

 ll(2) (; , ,  )   ll(2) (0;0,0,0) 1  2 A 2  12 B 4 



(2.25)

(2)
whereas, the expression of Eq. (2.24) gives the approximate dispersion for  DFWM
as,

 ll(2) (; , ,  )   ll(2) (0;0,0,0) 1  4 A 2  16 B 4 

.

(2.26)

Comparison of the terms in the right-hand side of Eq. (2.26) with those in the right-hand
side of Eq. (2.22.3) indicates that the approximate expression of Eq. (2.24) correctly
reproduces the quadratic term in  and if Eq. (2.21) doesn’t truncate after the third term
in the expansion, may produces a small error ( 4B ' 4 ) in the quartic term. The match of
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Table 2.3. Dispersion of DFWM in Ar. The calculations are performed at CCSD/t-augcc-pV5Z level. The values are given in atomic units.

a

Wavelength

Frequency

DFWM a

DFWM b

DFWM c

(nm)

(a.u)

(a.u.)

(a.u.)

(a.u.)

300

0.1519

2190.84

2246.42

1643.54

400

0.1139

1619.45

1622.79

1384.55

500

0.0911

1430.60

1430.82

1296.27

600

0.0759

1341.93

1341.83

1253.95

700

0.0651

1292.72

1292.61

1230.15

800

0.0569

1261.88

1261.80

1215.12

900

0.0506

1241.63

1241.57

1205.19

1000

0.0455

1227.29

1227.25

1198.13

1100

0.0414

1217.02

1216.99

1193.06

1200

0.0379

1209.11

1209.09

1189.15

1300

0.035

1203.13

1203.12

1186.19

1400

0.0325

1198.40

1198.39

1183.84

1500

0.0303

1194.54

1194.53

1181.93

Dispersion of  (2) ( ;1 , 2 , 3 ) , obtained directly from the coupled cluster cubic

response function, in which   2   and 1  3   (direct DALTON data).
b

Obtained from Eq. (2.24).

c

(2)
(2)
(2)
(2)
Obtained from Eq. (13) in Ref. [21],  DFWM
( )   ESHG
( )  ESHG
(0)  ESHG
( ) 
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2/3

.

Figure 2.2. Dispersions of DFWM versus wavelength for (a): He, (b): Ne, (c): Kr, and
(d): Xe atoms. Pink columns: DFWM calculated directly with DALTON program. Blue
columns: computed using Eq. (2.24). The calculations were performed at the CCSD level
using the t-aug-cc-pV5Z basis set for He, Ne, Kr atoms and q-aug-cc-pVQZ-pp for Xe
atom.
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the terms in the right-hand side of Eq. (2.26) with those in the right-hand side of Eq.
(2.22.3) explains the fact that DFWM coefficient obtained from the approximation of Eq.
(2.24) agrees well with DFWM obtained from the direct DALTON calculations.
Comparison of the right-hand side of Eq. (2.25) with the right-hand side of Eq. (2.22.3)
indicates Eq. (13) in Ref. [21], produces errors ( 2 A 2  4B 4 ) for the quadratic and
quartic terms in the expansion.
Figure 2.2 generalizes the proof of Eq. (2.24) for a series of noble gas atoms,
(2)
showing the dispersions of the  DFWM
coefficient versus wavelength. The data in Figure

2.2 were calculated either using Eq. (2.24) or obtained directly from DALTON
calculations (direct DALTON data). The calculations were performed at the CCSD level
using the t-aug-cc-pV5Z basis set for He, Ne, Kr atoms, and q-aug-cc-pVQZ-pp basis set
for Xe atom. The collected results in Figure 2.2 reveal that the approximation of Eq.
(2)
(2.24) used for estimating  DFWM
works for a variety of atoms; from He as the least

complex atom to Xe atom. For the case of He, and Ne an excellent correspondence
between DALTON calculations and the approximation of Eq. (2.24) is observed at
wavelengths higher than 300 nm all the way to the infrared region. For Kr and Xe atoms,
using Eq. (2.24), the second-order hyperpolarizability values at 300 nm and 400 nm
deviate by ~2% from the reference values obtained through direct DALTON data. The
increasing discrepancy at shorter wavelengths is presumably due to approaching the twophoton resonance.
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2.4.3 Frequency-Dependent Nonlinear Optical Responses
Table 2.4 and Figure 2.3 contain the DC-Kerr fourth-order hyperpolarizability
coefficient  (4) (;,0,0,0,0) ,

ESHG

fourth-order

hyperpolarizability

 (4) (2;, ,0,0,0) , and DFWM fourth hyperpolarizability  (4) (;, ,,0,0) in the
wavelength range λ = 300 nm to ∞. The fourth-order hyperpolarizability values generated
by polynomial fit are within 1% – 3% uncertainty as estimated by polynomial curve
fitting error obtained in least squares approach.
Table 2.5 presents the results for the DSWM coefficient obtained using Eq.
(2.20). The dispersion curve for DSWM coefficient is also shown in Figure 2.3. Here, the
study of fourth-order hyperpolarizability coefficients is focused on the below-resonance
frequencies, because the scaling law for second- and fourth-order hyperpolarizabillities,
is expected to fail in the vicinity of the resonance. 47,48,54,55 As expected, at longer
wavelengths, the fourth-order hyperpolarizability values tend to converge to the static
hyperpolarizability. According to the model, developed in this chapter, the DSWM
coefficient in argon varies from 16.514×106 a.u. to 2.133×106 a.u. in the wavelength
range 300 nm to 2000 nm, thus displays a dispersive behavior of the fourth-order optical
process.
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2.4.4 Quartic Nonlinear Refractive Index
The obtained values of  (4) (;, ,, , ) can be used to compute n4 for Ar through
the relationship between DSWM and n4 coefficient. The conversion of the obtained
(4)
DSWM fourth-order hyperpolarizability,  DSWM
, into the nonlinear refractive index, n4 ,

is achieved using the numerical relation, 56,60
(4)
n4  cm4 W2   4.02 1040  DSWM
 a.u.

(2.27)

The results of quadratic nonlinear refractive index are presented in Figure 2.4. The values
of n4 as a function of the wavelength confirms the positive sign of the fourth-order Kerr
coefficient calculated using Kramers-Kronig (KK) approach18,21 and TDSE32 calculations
and is in contradiction to the saturation behavior 61 that would be required to explain
HOKE filamentation mechanism.
In the infrared limit, the value of the fourth-order Kerr coefficient for argon is
calculated to be n4     = 8.25×10-10 cm4 TW-2, while the value based on the KK
model18 is found to be n4     = 2×10-12 cm4 TW-2. In KK calculation performed by
Brée et al., the authors used expressions for the k-photon ionization rate derived from
multiphoton ionization (MPI) limit of a recently developed formula, which is valid at
arbitrary values of the Keldysh parameter 30 and arbitrary frequencies31. The two orders of
magnitude difference between the calculations is attributed to the use of strong-field
ionization rates for the absorption spectra  K used in the KK approach which results in
underestimation of the absorption cross section. 18 In addition, the KK integral spans the
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Table 2.4. Dispersion of fourth-order hyperpolarizability coefficients,  (4) ( ) , which
determine contributions to selective optical processes in Ar, calculated at the CCSD level
using the t-aug-cc-pV5Z basis set. All values are given in 106a.u.

Wavelength
(nm)

 (4) (;,0,0,0,0)
(DC-Kerr Term)

 (4) (2;, ,0,0,0)
(ESHG Term)

 (4) (;, ,,0,0)
(DFWM Term)

300

3.790 ± 0.049

21.137 ± 0.695

9.155 ± 0.214

400

2.863 ± 0.032

6.230 ± 0.107

4.249 ± 0.061

500

2.531 ± 0.026

4.007 ± 0.054

3.192 ± 0.038

600

2.371 ± 0.024

3.222 ± 0.038

2.767 ± 0.030

700

2.281 ± 0.022

2.845 ± 0.031

2.549 ± 0.026

800

2.224 ± 0.021

2.627 ± 0.028

2.418 ± 0.024

900

2.187 ± 0.021

2.491 ± 0.025

2.335 ± 0.023

1100

2.141 ± 0.020

2.334 ± 0.023

2.236 ± 0.022

1300

2.115 ± 0.020

2.249 ± 0.022

2.181 ± 0.021

1500

2.099 ± 0.019

2.198 ± 0.021

2.148 ± 0.020

2000

2.079 ± 0.019

2.133 ± 0.020

2.106 ± 0.019

∞

2.052 ± 0.019
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Figure 2.3. Dispersions of fourth-order hyperpolarizability coefficients  (4) ( ) in Ar as
a function of wavelength. The calculations were performed at the CCSD level using the taug-cc-pV5Z basis set. The data are given in logarithmic scale.

whole of the frequency axis and thus covers region where the absorption model used in
Ref. [18] is inapplicable, as has been recently noted in Ref. [17]. The underestimate of
the nonlinear refraction in KK calculations compared to experimental measurements and
theoretical calculations has also been seen for n2 .21 Here, a possible source of
misinterpretation of the KK calculations18,19 is described in terms of the transition
between perturbative multiphoton ionization (MPI) and nonperturbative (tunneling)
ionization regimes, when applying the KK formalism. A measure of this transition is the
dimensionless Keldysh parameter29,30  

0 0 2 I p me

, where Ip is the ionization
t
e E0
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potential of a gas atom, me is the mass of the electron, E0 is the laser electric field. It is
qualitatively argued that MPI limit reaches for   1 and tunneling limit is induced for
  1 . The real refractive index change n for a probe field at frequency  is described

by,

n( , E ( ')) 

c



P



0

 ( , E ( '))
d ,
2   2

(2.28)

where  ( , E ( ')) denotes the absorption coefficient of a probe beam at frequency 
in the system consisting of the matter and a strong optical pump field E ( ') . Equation
(2.28) explicitly imply that the region    contributes negatively to n , and at
increasing intensity the MPI model strongly overestimates  in this frequency range.17
This is the source of the saturation and inversion calculated in Refs. [18] and [19]. Given
that the KK formalism is a one-parameter theory, governed by ionization potential, it
disregards the details in atomic structure. It assumes a single active electron and
nonrelativistic intensities. In contrast, the ab initio calculations applied for present study
include explicit electron-correlated wavefunctions and consider the atomic structure as
well. Overall, these findings confirm the positive sign of n4 coefficient calculated with
KK formalism21, at the frequencies below the resonance and at the electric field
amplitudes where perturbation theory remains applicable. The calculations presented here
also confirm the recent experimental and theoretical report on harmonic generation,
where the authors suggested that the nonlinear index transition from self-focusing to
defocusing should occur at intensities in which plasma effects dominate. 34
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Table 2.5. Dispersion of DSWM fourth-order hyperpolarizability for Ar, calculated using
the data in Table 2.4. The values are reported in 10 6 atomic units.
Wavelength (nm)

 (4) (;, ,, , )

300

16.514 ± 0.500

400

5.648 ± 0.091

500

3.835 ± 0.050

600

3.151 ± 0.037

700

2.809 ± 0.031

800

2.607 ± 0.027

900

2.480 ± 0.025

1100

2.329 ± 0.023

1300

2.247 ± 0.022

1500

2.196 ± 0.021

2000

2.133 ± 0.020
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Figure 2.4. Nonlinear refractive index n4 of Ar versus the laser wavelength. Red
triangles: our calculations. Black curve:

the results of calculations based on KK

21

approach .

There is a contradiction between the results obtained here and the negative value

n4  0.36  1.03 109 cm4 TW-2 reported in Ref. [16]. The higher-order Kerr effect
reported in Ref. [16] was proposed to be responsible for the saturation and subsequent
sign inversion of the refractive index. In order to observe saturation and inversion of the
nonlinear refractive index, it is a necessary condition that at least one of the higher-order
Kerr coefficients n2k be negative. As such, n4 was suggested in Ref. [16]. The results
presented here show that, this is not the case for argon. As suggested by KK model19 the
nonlinear index of refraction crossover may occur in higher-order of nonlinearity rather
than the quartic nonlinear coefficient. As seen in Figure 2.4, a negative n4 value at 800
nm is incompatible with the dispersion of the Kerr term predicted by the approach
presented here. The discrepancy stems from the fact that the transient birefringence
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measurements observed in Ref. [16] arises from ionization grating-induced coupling of
the pump and probe beams.37,62 The experimental measurements in air37 at 400 nm
reported a negative contribution to the index of refraction at zero delay for frequencies
within the pump bandwidth, the degenerate case, and no negative contribution for
frequencies exceeding the pump bandwidth, the nondegenerate case. 62
Seeking the origins of the proposed saturation16 in the nonlinear index of
refraction for argon, a potential mechanism for saturation may be attributed to the
generation of free electrons; when a system is ionized a number of neutral atoms are
replaced by ions. Calculations of the nonlinearities for singly and multiply ionized argon,
Ar+n 1≤ n ≤6 reveal that sequential removing electrons from the system leads to
monotonic decrease of nonlinear coefficients.63 This mechanism suggests that saturation
of nonlinear index of refraction is closely linked to depletion of the ground state and
reports an indication against a prominent role of the HOKE.
In Figure 2.5 the values of ∆n, n   n2  n4 I  I , for Ar at 800 nm are plotted as
(2)
(4)
( ) and n4 relates to  DSWM
( ) . The
a function of intensity, where n2 relates to  DFWM

experimental values of ∆n measured up to the ionization threshold17 along with KK
calculations17,18 are also shown. Note that this perturbational approach for calculation of

n2 and n4 cannot operate with intensities near or beyond the ionization threshold, and so
Figure 2.5 focuses on the intensities well below the threshold for ionization. In
concurrence with the original transient birefringence experiments15,16 the calculations are
within the realm of validity of perturbation expansion for the atomic polarization, thus
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Figure 2.5. Nonlinear refractive index ∆n of the argon versus laser intensity at 800 nm.
(a) The nonlinear refractive index ∆n of the Ar gas calculated according to the expression
n   n2  n4 I  I . The unfilled triangles denote that the calculated ∆n between 50 – 60

TW cm-2 are within the uncertainty of validity of perturbation expansion. (b) The
experimental values of ∆n along with KK calculations17. Blue circles show experimental
data points. Horizontal error bars denote uncertainty in the intensity calibration and
vertical error bars denote uncertainty in the phase extraction. The results of improved KK
calculation performed by Wahlstrand et al.17 are shown as a dashed black line. (c) The
KK calculations performed by Brée et al.18. Red dashed line represents the KK
calculation from Brée et al.18 modified by Wahlstrand et. al.17 Blue dash-dotted line is the
original self-refractive index as plotted in Ref. [18]. The vertical dashed line in (a), (b)
and (c) denotes the measured ionization threshold. 17
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assuming the Taylor series to be convergent and the higher-order hyperpolarizability
coefficients to be meaningful. The intensities applied in this study vary from 0 – 60 TW
cm-2 and remain below the ionization threshold, which is approximately 80 TW cm-2 for
argon, as reported in Ref. [17]. The extrapolated  n2  n4 I  I contribution to the Kerr
effect based on these calculations agrees surprisingly well with the experimental17 data
even at higher intensities (see Figure 2.5). This agreement suggests that the power
expansion retains is meaningful even when the fourth-order contribution becomes
comparable with the second-order one, which may happen, for instance, when a number
of higher-order expansion coefficients are particularly small. The harmonic generation
values of ∆n clearly confirm the prediction of Wahlstrand et al., where the nonlinear
response for argon increases with laser intensity up to the ionization threshold of the
gas.17 As mentioned previously17, the KK approach provides correct results when the
standard perturbative approach to ionization adopted in nonlinear optics, is abandoned
and the transition from multiphoton to tunneling ionization is included.
Figure 2.6 shows the ratio of n4 I 2 n2 I as a function of the laser intensity at
different wavelengths. In fact, monitoring the ratio of the quartic nonlinear index of
refraction to quadratic nonlinear refractive index (related to fourth- and second- order
hyperpolarizability coefficients, respectively) was suggested64 as a qualitative test for
HOKE. The studied intensities vary between 5 TW cm-2 to 60 TW cm-2 and remain below
the threshold for ionization, reported17 to be ~80 TW cm-2 for argon atom. This implies
that the MPI dominants the nonperturbative (tunnel) ionization. The analysis of the data
in Figure 2.6 shows at ultraviolet wavelength of 300 nm the rate of increasing n4 I 2 n2 I
versus intensity is higher than the rate in visible and infrared region, by a factor of ~3. At
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300 nm when the intensity of the laser pulse is 15 TW cm-2, the contribution of n4 I 2 in

n4 I 2 n2 I ratio is approximately half of the contribution from n2 I . At such wavelength,
for the intensities ≥20 TW cm-2, an abundant contribution of DSWM term is observed.

Figure 2.6. Ratio of quartic nonlinear index of refraction ( n4 I 2 ) to quadratic nonlinear
refractive index ( n2 I ) versus laser intensity at different wavelengths for atomic argon. n2
(2)
(4)
( ) and n4 relates to  DSWM
( ) . The calculated n4 I 2 n2 I between 50 –
relates to  DFWM

60 TW cm-2 are within the uncertainty of validity of perturbation expansion.
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Reaching the visible region of the spectrum, for the wavelength of 500 nm and the peak
intensities 5 TW cm-2 – 40 TW cm-2, the contribution of quartic nonlinear index of
refraction in the n4 I 2 n2 I ratio vary from ~0.06 to ~0.50, respectively. For the
wavelength of 800 nm, where most of the infrared experiments are performed, when the
intensity of the laser pulse is 5 TW cm-2, the contribution of n4 I 2 is ~0.05 and increasing
the intensity to 50 TW cm-2, the n4 I 2 contribution increases by one order of magnitude.
In the infrared region of the spectrum, for the wavelength of 1100 nm and 1500 nm and
the laser intensity of 5 TW cm-2, the contribution of DSWM term is ~0.04, while the
contribution reaches the value of ~0.50, if the intensity enhances to 60 TW cm-2. Overall,
at visible wavelength of 500 nm and infrared wavelength of 800 nm – 1500 nm, the rate
of increasing n4 I 2 n2 I versus intensity is approximately independent of the wavelength.
These calculations suggest that for discussing the HOKE hypothesis one needs to include
both the central wavelength and the intensity of the laser pulse.
The results presented here, confirm that defocusing during filament propagation
cannot be ascribed to negative value of n4 and thus the measured negative contribution to
the index of refraction is more likely to be induced by the generation of free
electrons.17,18,19,20,21,32,33 Although the results obtained cannot be used for definitive
predictions in the high-intensity regime (i.e. ionization region) where the series expansion
n  I   n0  n2 I  n4 I 2 

is no longer relevant,13,14,35,65 they certainly contradict the

original HOKE hypothesis of the negative contribution of the term n4 I 2 as the major
source of the Kerr effect crossover. Finally, it has been shown theoretically that even
small fourth-order contributions to the Kerr nonlinearity can effectively tip the balance of
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focusing and defocusing and thus have important consequences in filamentation
dynamics.66,67

2.5

Summary and Conclusions

A combination of the auxiliary weak static electric field approach and polynomial fitting
of second-order hyperpolarizabilities were used to predict the fourth-order dynamic
hyperpolarizability

terms

 (4) (2;, ,0,0,0) ,

 (4) (;,0,0,0,0)

and

 (4) (;, ,,0,0) , as well as the static fourth hyperpolarizability. The results were
(4)
  (4) (;, , , , ) and the related fourthused to obtain the dispersion of  DSWM

order refractive index n4 coefficient at different wavelengths. The approximate equation
for DSWM (Eq. 2.20) was benchmarked to calculation of the DFWM (Eq. 2.24) on the
(2)
  (2) (2; , ,0) and
basis of the static second-order hyperpolarizability,  ESHG
(2)
(2)
 DC
(; ,0,0) processes. The computed results show excellent agreement with
 Kerr  

the reference data obtained using the DALTON program. The higher-order Kerr
coefficient n4 was calculated for wavelengths ranging from 300 nm – 2000 nm. The
values obtained agree qualitatively with those resulting from the Kramers-Kronig
approach21 at wavelength above 300 nm. The contribution of quadratic nonlinear
refractive index n4 , is found to be positive throughout the considered wavelength range.
The results corroborate the discussion in Refs. [18] and [19] that the negative
contribution to the quadratic nonlinear refractive index may only appear at frequencies
above the corresponding multi-photon resonance pole, which for n4 apparently lies at
90

wavelengths shorter than 300 nm. The results presented in this chapter resolve the HOKE
controversy and are important for the development of predictive models for femtosecond
laser filamentation dynamics.
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CHAPTER 3
HIGH-ORDER NONLINEAR REFRACTIVE INDICES FOR He,
Ne, Kr, AND Xe ATOMS
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3.1

Overview
This chapter details the time-dependent nonlinear refractive index n4 , in the non-

resonant regime, using the coupled cluster singles and doubles (CCSD) calculations for a
series of noble gases (helium, neon, krypton and xenon). Second-order polynomial fitting
of DC-Kerr

(2)
 
(; , 0, 0) , electric-field-induced second-harmonic generation

(2)
(2)
(ESHG)  
(2; , , 0) , degenerate four-wave mixing (DFWM)  
(; , ,  )
(2)
, and static second-order hyperpolarizability  
(0;0, 0, 0) , is performed to obtain the

corresponding fourth-order optical properties. An expression involving static, DC-Kerr,
DFWM fourth-order hyperpolarizability is employed to calculate the degenerate six-wave
(4)
mixing (DSWM)  
(; , , , ,  ) , optical process. The calculated higher-

order nonlinear refractive indices n4 , for He, Ne, Kr, and Xe atoms are positive over the
wavelengths 250 nm – 2000 nm. The quartic nonlinear refractive index calculated for
xenon is about four orders of magnitude larger than that for helium in the infrared regime.

3.2

Introduction
Calculation and measurement of the nonlinear optical response of gases has been

an active research area for understanding femtosecond laser filamentation1, which results
in self-channeled structures propagating over many Rayleigh lengths without diffraction. 2
When the laser beam power exceeds the medium-specific critical value, Kerr lensing
overcomes diffraction effects and causes the laser beam to self-focus.3,4 Filaments
generated by high-power, ultrafast laser pulses in the atmosphere or in atmospheric-
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pressure gases are described as a balance between self-focusing induced by the optical
Kerr effect and defocusing induced by strong-field ionization. Predictive modeling of
high-intensity laser pulses propagating in a gas medium requires knowledge of linear and
nonlinear optical responses of that medium. For laser intensities well below the atomic
ionization threshold these responses are given by the induced polarization as determined
by bound electrons.5
The nonlinear optical processes in an isotropic medium exposed to an intense
laser field can be understood by expressing the polarization P  t  as a perturbation
expansion over odd powers of the electric field strength, E  t  ;

P  t    (1) E  t    (3) E 3  t    (5) E 5  t  

(3.1)

where the,  , refers to the susceptibility and the electric field amplitude varies slowly. In
(3) 3
particular, the third-order term in the Taylor expansion of the polarization  E  t  ,

giving rise to the optical Kerr effect, leads to an increase of the refractive index with
intensity, n  I   n0  n2 I  n4 I 2 

, and results in the self-focusing phenomenon. Here

n2 j coefficients are related to the  (2 n 1) susceptibilities. Subsequently, the higher-order
(5) 5
terms,  E  t  , etc. are responsible for the so-called6-8 higher-order Kerr effects

(HOKE) and have been suggested to be negative and non-negligible. Improving the
precision of the  (5) coefficient is important for understanding the propagation of intense
laser pulses in gases.9-12
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Recent transient birefringence measurements13, were interpreted as a saturation of
the intensity-dependent refractive index for air at intensities greater than 26 TW cm-2.
This observation prompted the HOKE hypothesis, ascribing the primary cause of
defocusing to a crossover, a negative sign of the n4 coefficient. To study the origins of
the proposed saturation theoretically, Brée et al. 14-17 exploited the nonlinear KramersKronig (KK) relation18 which expresses nonlinear refractive index in terms of the optical
absorption coefficient derived from Keldysh theory. 19,20 Finding evidence for the HOKE
hypothesis, they proposed that the nonlinear index of refraction for noble gases saturates
and becomes negative at intensities well below the threshold for ionization. However, the
HOKE hypothesis has been challenged more recently on both experimental and
theoretical grounds, revealing that the dominant negative contribution to the refractive
index is due to the presence of the free electrons. An interferometry measurement 21
reported that the nonlinear response in noble gases is positive and increases linearly with
the laser intensity up to the ionization threshold. This finding contradicts both the Loriot
et al.13 interpretation as well as the Brée et al.17 calculations. In parallel developments,
the sum-over-states quantum mechanical model for centro-symmetric molecules was
employed to investigate the contribution from one-photon or two-photon transitions to
the sign of n2 in off-resonant and non-resonant regime.22 In Chapter 2, the applicability
of the HOKE hypothesis for Ar was tested by obtaining theoretical values for n4
coefficients using ab initio quantum calculations. Previous study performed for Ar atom,
indicated the quartic nonlinear refractive index is positive in the wavelength range 300 –
2000 nm.23 In parallel, recent spectrally-resolved transient birefringence measurements24
in air with a probe at 400 nm demonstrate that no sign inversion is observed when the
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pump and the probe are non-degenerate and that a negative contribution to the index of
refraction is observed when the pump and the probe are degenerate. Nevertheless,
numerical investigations of the influence of the quartic nonlinear response on the
propagation dynamics in gases7,25,26 showed that n4 is negative; i.e., the  (5)
susceptibility leads to defocusing. In the studies of Ref. [7] the authors mainly concerned
with the “grey area” of highly excited states in strong-field regime where the boundary
between the bound and continuum electrons is no longer relevant. Those investigations
opened the possibility to simulate laser-pulse propagation at the central laser frequency.
Several ab initio investigations performed on frequency-dependent second-order
optical properties of noble gases,27-31 indicate the importance of using sufficiently large
one-particle basis sets and applying high level treatment of dynamic electron
correlation.31

For

example,

the

calculations

performed

on the

second-order

hyperpolarizabilities of the noble gases Ne, Ar, and Kr demonstrated that applying the
CCSD level of electron correlation contribution and the t-aug-cc-pV5Z basis sets28,29
provides very good agreement between theory and experiment. 27,32-36 For Xe, most of the
contribution from electron correlation is recovered when using CCSD model with
[7s6p4d1f] contracted functions augmented with (3s3p3d 3f) diffuse functions.31 The
molecular properties, i.e., frequency-dependent (hyper)polarizabilities and similar
spectroscopic parameters, discussed in this chapter are obtained from molecular response
functions. As discussed in Chapter 1, the linear and non-linear response functions are
obtained through the introduction of time-dependent quasi-energy Lagrangians37,38 that
can be implemented in a series of wavefunctions. 39-41 In the ab initio calculations of
optical properties, the aim is to apply methods that give results close to the full
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configuration interaction (FCI) results with a reasonable computational cost. For
calculating nonlinear optical properties, the most commonly used non-variational method
is coupled cluster (CC) theory. The coupled cluster model42 has been successfully used
for describing dynamical correlation effects. In Chapter 2 it was shown that optical
properties of atomic argon can successfully be obtained using CC method. The scale of
widely used coupled cluster singles and doubles (CCSD) has been reported to be N 6,
where N is the number of orbitals. 42 In computation of molecular properties the variety
use of CCSD model, containing all singles and doubles contributions in the
wavefunction, may be due to the fact that the wavefunction efficiently accounts for
dynamic electron correlation and the excitation energies demonstrate systematic
improvements in comparison with coupled-cluster single (CCS) model.
The experimental investigations of optical properties involve frequencydependent electric fields. Thus, to make direct comparison with experiment the frequency
dependent properties must be computed explicitly. To obtain an accurate dispersion of
the optical properties versus frequency, the dynamic properties as well as static properties
must be described at a correlated wavefunction. This is in general achieved by iterative
correlation methods such as multiconfiguration self-consistent field (MCSCF)43,
configuration interaction (CI), or coupled cluster (CC) 37 response theory.44
This chapter reports the generality of the approach developed in Chapter 2. The
quartic refractive index for a series of noble gases (He, Ne, Kr and Xe) are calculated to
ascertain the effects of electronic structure on the dynamic nonlinear response and to test
the applicability of the HOKE hypothesis for these species. Systematic basis set
investigation is carried out for static fourth-order hyperpolarizability and dynamic
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hyperpolarizability at 800 nm. An improved approximate relation between static, DCKerr, DFWM and DSWM fourth-order hyperpolarizabilities is derived, which allows for
calculation of the DSWM values with considerably reduced error. The calculated
(4)
DSWM,  
(; , , , ,  ) , is then used to obtain the frequency-dependent

nonlinear refractive index n4 . For molecular systems vibrational contribution of
hyperpolarizability, which in some cases may be large, 45 should also be evaluated. In
contrast, for the atomic systems the vibrational contribution of hyperpolarizability is
eliminated; thus, the study of optical properties of atoms can provide an insight into the
theoretical determination of optical properties of the systems. Therefore, for the
investigated systems, a detailed comparison can be made between the ab initio calculated
fourth-order hyperpolarizabilities and the experimental measurements. The frequencydependent calculations were performed in the non-resonant regime, where the frequency
of the oscillating electric field corresponds to an energy much smaller than the transition
energy from the ground state of the atom to its excited states.

3.3

Theoretical Methodology

3.3.1 Dipole Expansion in Frequency-Dependent Electric Field
The static and dynamic fourth-order hyperpolarizabilities of He, Ne, Kr and Xe
are numerically computed using the analytical calculations of second-order
hyperpolarizabilities implemented in DALTON program46. A relationship among the
particular fourth-order optical properties is investigated to calculate the approximate
values of the corresponding DSWM optical process. The calculations were performed at
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the CCSD42 level of theory using the coupled cluster cubic response model47. Adding an
external field to the Hamiltonian does not work for models that include triple excitations
(i.e. CCSD(T) and CC3 levels) in DALTON program, thus we approximate the
interaction with CCSD level of theory. The auxiliary static electric field applied in these
calculations was varied from 10 -3 to 10-2 e-1a0-1 Eh (that is, 5.14×10-2 – 5.14×10-1 V/Å).
The essence of the numerical method discussed here, is to approximate the response
of an atom or molecule to applied electric field F , using an expansion of the induced
dipole moment as a function of instantaneous field magnitude, 48

   ( F , t ) ˆ   ( F , t )       F 
0

1
1 (2)
  F F   
F F F 
2!
3!

1 (3)
1 (4)
  F F F F   
F F F F F  ....
4!
5!

(3.2)

The subscripts (λ, μ, etc.) relate to the Cartesian coordinates in atomic or molecular axes
on which the external field is projected.
To assess the prospects for HOKE, the dynamic coefficient of the sixth term in
(4)
the expansion (3.2)  
, which is responsible for n4 is calculated. A specific form of

time-dependent electric field, F  t  is defined as:
F  F0  F cos t  .

(3.3)

Subsequently, applying the electric field of Eq. (3.3) the expansion (3.2) is written as:
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1
2

  0    (0;0) F0     (- ;  ) F cos(t )    (0;0, 0) F0  F0
1
   (0;  , - ) F F    (-;0,  ) F0  F cos(t )
4
1
   (-2 ;  ,  ) F F cos(2t )
4
1 (2)
1 (2)
   (0;0, 0, 0) F0  F0 F0    
(-;  , 0, 0) F F0 F0  cos(t )
6
2
1 (2)
  
(- ;  , - ,  ) F F F cos(t )
8
1 (2)
  
(-2 ;  ,  , 0) F F F0  cos(2t )
4
1 (2)
1 (2)
  
(0;  , - , 0) F F F0    
(-3;  ,  ,  ) F F F cos(3t ) 
4
24

(3.4)

Each term in the expansion (3.4) represents an induced dipole oscillating at the
corresponding sum frequency    i for a particular combination of the external field
components. Many known nonlinear optical effects are associated with the second-order
(2)
hyperpolarizability coefficients  
. For instance, the optical Kerr effect is related to
(2)
(2)
 
(; , ,  ) , while third harmonic generation is related to  
(3; , ,  ) . In

atoms and centro-symmetric molecules, the ground-state wavefunction is of even
symmetry. The non-zero transition dipole moment between two states, m and n, requires a
change in the symmetry between the wave functions of the two states, i.e. one state has to
have even spatial symmetry (gerade) and the other, odd spatial symmetry (ungerade). 22
Thus, symmetry conditions require the first- ( ijk ) and third-order hyperpolarizabilities (
(3)
) to be zero for atoms in an S state and molecules with a center of symmetry.
 ijkl

Subsequently,

the

total collection of the

hyperpolarizability is found to be:
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terms

containing the

fourth-order

1 (4)
  (0;0, 0, 0, 0, 0) F0  F0 F0  F0 F0
120
1 (4)
  
(0;0, 0, 0, - ,  ) F0  F0 F0  F F
24
1 (4)
  
(-2;  ,  , 0, 0, 0) F0  F0 F0  F F cos(2t )
24
1
   (4) (-; , 0, 0, 0, 0) F0  F0 F0  F0 F cos(t )
24
1 (4)
  
(-;  , - ,  , 0, 0) F F F F0 F0 cos(t )
16
1 (4)
  
(-3;  ,  ,  , 0, 0) F F F F0 F0 cos(3t )
48
1 (4)
  
(-2 ; , , - , , 0)F F F F F0 cos(2t )
48
1 (4)
  
(0;0,  , - ,  , - ) F F F F F0
64
1 (4)

  (-4;  ,  ,  ,  , 0) F F F F F0 cos(4t )
192
1 (4)

  (-;  , - ,  , - ,  ) F F F F F cos(t )
192
1 (4)

  (-3;  ,  ,  , - ,  ) F F F F F cos(3t )
384
1
(4)

 
(-5;  ,  ,  ,  ,  ) F F F F F cos(5t )
1920

(3.5)

Eq. (3.5) indicates the various combinations of the components of static and oscillating
(4)
fields. As can be seen, several fourth-order nonlinear coefficients  
containing

static-field components are obtained from modified second-order hyperpolarizability
(2)
coefficients  
, in which parametric dependence on the static field is taken into

account. The frequencies i 1  i  5 in the fourth-order hyperpolarizability coefficients,
(4)
 
( ; 1 , 2 , 3 , 4 , 5 ) refer to the incoming fields and  refers to the frequency

of the output signal (i.e., the prefactor of t in the arguments of the cosine functions).
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Among the fourth-order hyperpolarizability coefficients in Eq. (3.5), the
(4)
(4)
coefficients  
(5; , , , ,  ) and  
(; , , , ,  ) refer to the fifth-

harmonic generation and the degenerate six-wave mixing (DSWM) optical processes, and
the

coefficients

(4)
 
(; , , ,0,0)

(4)
 
(; ,0,0,0,0) ,

refer

to

DC-Kerr,

(4)
 
(2; , , 0, 0, 0) ,

ESHG

and

DFWM

and

fourth-order

hyperpolarizabilities, respectively. In present study, the DSWM coefficient is of primary
interest as it determines the higher-order nonlinear contribution to the optical Kerr effect.
While various tensor indices contribute to the isotropic average value of the
hyperpolarizaility coefficients, in an ensemble of atomic gas this averaging is simplified
as:
(4)
 ll(4)   zzzzzz
.

(3.6)

Thus, for the purpose of the present calculations it is sufficient to calculate the
(4)
 zzzzzz
(; , , , , ) component of the fourth-order hyperpolarizability.

The static, DC-Kerr, ESHG, and DFWM fourth-order hyperpolarizability
coefficients are calculated using the terms in the power series expansion of   F0 , F 
with respect to F0 and F , as expressed by Eqs. (3.4) and (3.5). These terms can then be
compared with the results of the DALTON46 calculations in which F0 is incorporated
non-perturbatively. Specifically, the results of the two approaches are juxtaposed, for the
following third-order derivatives of   F0 , F  with respect to various components of F0
and F :
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 3  (F0 , F )
F0  F0 F0 

1
(2)
  
(F0 ;0;0, 0, 0)    (2) (0;0, 0, 0)    (3) (0;0, 0, 0, 0) F0 
2

F  0

1
  (4) (0;0, 0, 0, 0, 0) F0 F0 
2
 3  (F0 , F )
F F0 F0 

(2)
 cos(t ) 
(F0 ;- ;  , 0, 0)  cos(t )    (2) (- ;  , 0, 0) 
F  0

1
1
  (3) (- ;  , 0, 0, 0) F0    (4) (-;  , 0, 0, 0, 0) F0 F0 
2
2
 3  (F0 , F )
F F F0 

(2)
 cos(2t ) 
(F0 ;-2;  ,  , 0)  cos(2t )    (2) (-2;  ,  , 0) 
F  0

1
2

  (3) (-2 ;  ,  , 0, 0) F0    (4) (-2 ;  ,  , 0, 0, 0) F0 F0 
 3  (F0 , F )
F F F









(2)
 cos(t ) 
(F0 ;- ;  , - ,  )  cos(t )    (2) (-;  , - ,  ) 
F  0

1
  (3) (- ;  , - ,  , 0) F0    (4) (-;  , - ,  , 0, 0) F0 F0 
2

In Eq. (3.7), the F0 -dependent coefficients, the static





(3.7)

 zzzz (2) (F0 0;0,0,0) , DC-Kerr

 zzzz (2) (F0 - ;,0,0) , ESHG  zzzz (2) (F0 - 2;, ,0) , and DFWM  zzzz (2) (F0 - ;, ,)
hyperpolarizabilities, can be approximated by second-order polynomial fit:

 zzzz (2) (F0  (1  2  3 ); 1 , 2 , 3 ) 
Ai (1 , 2 , 3 )  Bi (1 , 2 , 3 )F0  Ci (1 , 2 , 3 )F

(3.8)

2
0

with the index 1≤ i ≤4, where i refers to particular nonlinear processes: i=1 corresponds
to static hyperpolarizability, i=2 relate to ESHG process, i=3 relates to the DC-Kerr
optical effect, and i=4 correspond to DFWM optical process. In this expression, the
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fitting coefficients Ai , Bi , and Ci are related to the second, third, and fourth order
hyperpolarizabilities, respectively.
Comparison of Eq. (3.7) with Eq. (3.8) indicates that the coefficients

Ci (1 , 2 , 3 )

in Eq. (3.8) are related to the fourth-order hyperpolarizabilities,

(4)
 zzzzzz
(0;0,0,0,0,0) ,

(4)
 zzzzzz
(;,0,0,0,0) ,

(4)
 zzzzzz
(2;, ,0,0,0) ,

and

(4)
 zzzzzz
(;, , ,0,0) , as:

 zzzzzz (4) (0;0,0,0,0,0)  2C1

(3.9)

 zzzzzz (4) (2;,,0,0,0)  2C2

(3.10)

 zzzzzz (4) (;,0,0,0,0)  2C3

(3.11)

 zzzzzz (4) (;, ,,0,0)  2C4 .

(3.12)

These relations are used to obtain the values of the dynamic fourth-order
hyperpolarizability coefficients in the following way. First, the ab initio calculations
provide the required second-order hyperpolarizability coefficients including the static and
the dynamic DC-Kerr, ESHG, and DFWM, as functions of the static component of the
external electric field, F0 applied to the electronic system of the atom/molecule. Then,
the results are fit with second-order polynomial expressions as prescribed by Eq. (3.8).
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3.3.2 Expression that Relates DSWM to DC-Kerr, DFWM and Static FourthOrder Hyperpolarizability
The calculated fourth-order hyperpolarizability coefficients can be used to
develop an approximate expression for the DSWM coefficient, 

(4)

(; , , , ,  ) .

In Chapter 2 the relation among DSWM, ESHG, DC-Kerr, and static fourth-order
hyperpolarizabilities was justified in terms of Bishop’s equation49. Here, a more accurate
expression is advanced to calculate the DSWM optical process by using instead the DCKerr, DFWM and static fourth-order hyperpolarizabilities. This new expression is derived
on the basis of the relations among the power series expansions of various nth-order
hyperpolarizability coefficients with respect to participating frequencies. 49,50 Bishop and
Hättig suggested,

 ll(n) ( ;1 , 2 , , n1 )   ll(n) (0;0,0, ,0) 1  AW2  BW22  BW4 



  i
W2  2  12  22 
W4  4  14  24 

(3.13.1)
(3.13.2)

 n21

(3.13.3)

 n41 ,

(3.13.4)

the coefficients A , B , and B are independent of the optical process (that is, of the
participating frequencies), and the coefficients B and B are approximately the same.
Based on this universal expression and in a particular case of n=4, the DC Kerr, ESHG,
DFWM, and DSWM optical processes, are expressed as:

 ll(4) (; ,0,0,0,0)   ll(4) (0;0,0,0,0,0) 1  2 A 2  4 B 4  2 B 4 
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(3.14.1)

 ll(4) (2; , ,0,0,0)   ll(4) (0;0,0,0,0,0) 1  6 A 2  36 B 4 18B 4 
 ll(4) (; , , ,0,0)   ll(4) (0;0,0,0,0,0) 1  4 A 2 16 B 4  4 B 4 

 ll(4) (; , , , ,  )   ll(4) (0;0,0,0,0,0) 1  6 A 2  36 B 4  6 B 4 
As

seen

in

Eqs.

(3.14.1–3.14.4),

having

the

values

of



 (3.14.2)
(3.14.3)



(3.14.4)

 ll(4) (0;0,0,0,0,0) ,

 ll(4) (; ,0,0,0,0) ,  ll(4) (2; , , 0, 0, 0) , and  ll(4) (; , , ,0,0) , one can express
the constant coefficients in Eq. (3.14.4) in terms of fourth-order optical processes and
thus construct an approximate expression for  ll(4) (; , , , ,  ) at frequencies
below-resonance that will be valid up to the terms ~  4 . Here, we solve the three linear
equations, (3.14.1), (3.14.2) and (3.14.3), in order to obtain the three unknown
coefficients, A , B , and B :

A

1  (4)
1
8

3 (; ,0,0,0,0)   (4) (2; , ,0,0,0)   (4) (0;0,0,0,0,0) 
2 
4 
3
3


(3.15.1)

B

1  (4)
3
3

3 (; ,0,0,0,0)   (4) (; , , ,0,0)   (4) (0;0,0,0,0,0) 
4 
12  
2
2


(3.15.2)

(4)
(4)
(4)
1 3  (;  ,0,0,0,0)   (; , , ,0,0)    (2; , ,0,0,0) 
B' 


12  4   (4) (0;0,0,0,0,0)



(3.15.3)

Having expressed these coefficients in terms of the selected fourth-order optical
properties, we develop a relation among the DFWM, DC-Kerr, and static fourth-order
hyperpolarizability coefficients that exactly reflects the DSWM values. Substituting the
obtained coefficients A , B , and B in the right-hand side of Eq. (3.14.4), the expression
for DSWM is,51
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 ll(4) (; , , , ,  )  3 ll(4) (; , , ,0,0)
3 (; ,0,0,0,0)   (0;0,0,0,0,0)
(4)
ll

(3.16)

(4)
ll

which correctly reproduces the quadratic and quartic terms in  (note that ESHG
coefficient is cancelled out in the right-hand side). An additional advantage of the
expression of Eq. (3.16) is that its right-hand side contains the three independently(4)
(4)
(4)
calculated hyperpolarizability coefficients,  Static
,  DC
 Kerr , and  DFWM , and thus allows for

potential reduction of numerical errors as the coefficients are calculated independently.

3.3.3 Coupled-Cluster Cubic Response Theory
The second-order nonlinear optical properties were calculated using ab initio
coupled-cluster cubic response theory. Thus, this section describes the application of
coupled-cluster wavefunction in response theory, in which the response of
atoms/molecules is studied with applying the electric field. In the calculation of
frequency-dependent hyperpolarizabilities, a quantum mechanical system described by

H (0) can be subjected to one or more oscillating external perturbations:
H (t ,  )  H (0)   H X J  j (J ) e

 i j t

(3.17)

j

The coupled cluster wavefunction is defined as,

CC  exp(T ) 0
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(3.18)

where  0

denotes the reference functions, usually chosen as the Slater determinant

obtained from a Hartree-Fock SCF calculation, and the cluster operator, T , is given by,

eT  1  T 


T2 T3
Tk

 .....  
2! 3!
k 0 k !

T  T1  T2  T3  .....  Tn

(3.19a)

(3.19b)

Where n is the number of electrons in the molecule. The one-particle excitation operator

T1 , and the two-particle excitation operator T2 are defined as,52

T1  0 



 t

a
i

a  n 1

T2  0 



n



ia

(3.20a)

i 1

n 1

n

   t

ab
ij

b  a 1 a  n 1 j i 1

ijab

(3.20b)

i 1

where,  ia is a singly excited Slater determinant with the occupied spin-orbital ui
replaced by the virtual spin-orbital ua, and tia is a numerical coefficient whose value
depend on i and a. The operator T1 converts the Slater determinat

u1....un  0 into

linear combination of all possible singly excited Slater determinants.  ijab is a Slater
determinant with the occupied spin orbitals ui and uj replaced by virtual spin-orbitals ua
and ub respectively and tijab is a numerical coefficient.
The coupled cluster response functions are most conveniently derived by combining the
time-depending coupled cluster quasienergy53,47





W (t ,  )  HF H (t ,  )exp T (t ,  ) HF .
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(3.21)

and the time-dependent cluster amplitude equations,37

d

 exp  T (t ,  )   H (t ,  )  i  exp T (t,  )  HF  0,
dt 


(3.22)

to a quasienergy Lagrangian38:

d

L  HF H exp (T ) HF   t  exp (T )  H  i  exp (T ) HF .
dt 


As reference state

HF

(3.23)

the Hartree-Fock wavefunction is used for the

unperturbed system, i.e., in the coupled cluster response calculations unrelaxed HF
orbitals are used and the effect of orbital relaxation are treated implicitly by the single
excitation part of the cluster operator.
The response functions are obtained as derivatives of the real part of the timeaveraged quasienergy Lagrangian L(t ,  ) with respect to the field strengths.54,55

X 0 ; X 2 ,...., X n

1 ,..., n

1
 n 1

 d { 2 L(t ,  )  2 L(t ,  )*} 


 d  0 (0 )... d  n (n ) 

 i 0

(3.24)

From Eq. (3.24) it is induced that the so-called linear, quadratic, and cubic
response functions, which correspond to the polarizability, first-order, and second-order
hyperpolarizability respectively, are obtained as second, third, and fourth derivatives of
the real part of the time-averaged quasienergy Lagrangian with respect to the field
strengths.
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3.4

Results and Discussion

3.4.1 Basis Set Study for He, Ne and Kr Atoms
First, the convergence of the fourth-order optical properties at 800 nm and the
static fourth-order hyperpolarizability with respect to basis set is studied for He, Ne, Kr,
and Xe, using the CCSD model and the x-aug-cc-pVXZ (or x-aug-cc-pVQZ-pp) basis set
family, proposed by Woon and Dunning. 56,57 The initial basis set tested for He was the taug-cc-pVQZ (triply-augmented-correlation consistent- polarized valence quadruple zeta)
which has been shown to provide second-order hyperpolarizability coefficients27 that are
in good agreement with experimental measurements33. This basis set was expanded by
adding diffuse functions (q-aug-cc-pVQZ), polarization functions (t-aug-cc-pV5Z), and
both diffuse and polarization functions (q-aug-cc-pV5Z). Table 3.1 displays the values
calculated for the fourth order hyperpolarizabilities at 800 nm, as well as static
hyperpolarizabilities, using various basis sets and the approach outlined in Section 3.3.1.
For He comparison shows that an acceptable convergence is obtained in the tripleaugmented series with the quintuple-zeta polarization functions (t-aug-cc-pV5Z). The
difference between the t-aug-cc-pV5Z and t-aug-cc-pVQZ is less than 3%, while the
difference of t-aug-cc-pV5Z with respect to the q-aug-cc-pVQZ is approximately 4% for
the static and dynamic fourth-order hyperpolarizabilities at 800 nm. For the q-aug-ccpV5Z basis set, the values of  (4) are practically identical to the values obtained with taug-cc-pV5Z basis set. Thus, for further calculations of electronic contributions to the
dynamic fourth-order hyperpolarizabilities in He, the t-aug-cc-pV5Z basis set, comprised
of (11s7p6d5f4g) Gaussian type functions (GTF) contracted to [8s7p6d5f4g], is adopted.
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For Ne the effect of the basis set on the hyperpolarizability is analyzed using the
t-aug-cc-pV5Z basis set and expanding the basis set with and without the addition of
diffuse and polarization functions (q-aug-cc-pV5Z, t-aug-cc-pV6Z, and q-aug-cc-pV6Z).
The t-aug-cc-pV5Z basis set was suggested for static and dynamic second-order
hyperpolarizability calculations in Ne previously. 58 The t-aug-cc-pV5Z for the first row
atoms consists of 199 functions; (17s11p7d6f5g4h) GTF contracted to [9s8p7d6f5g4h].
Subsequently, the q-aug-cc-pV5Z, t-aug-cc-pV6Z and q-aug-cc-pV6Z are comprised of
235, 287 and 336 functions; (18s12p8d7f6g5h)/[10s9p8d7f6g5h], (19s13p8d7f6g5h4i)/
[10s9p8d7f6g5h4i] and (20s14p9d8f7g6h5i)/[11s10p9d8f7g6h5i] respectively (the slash
represents “contracted to”). For Ne, the difference of the t-aug-cc-pV5Z from q-aug-ccpV5Z is less than 2% and the deviation of t-aug-cc-pV5Z from t-aug-cc-pV6Z is
approximately 1%. Overall, the fourth-order hyperpolarizabilities calculated using q-augcc-pV6Z reproduce the fourth-order optical responses obtained with t-aug-cc-pV5Z basis
set well. Thus, for further calculations of electronic contributions to the dynamic fourthorder hyperpolarizabilities in Ne we adopt the t-aug-cc-pV5Z basis set which gives
reasonable balance between computation time and accuracy.
Similarly, for Kr the effect of the basis set on the hyperpolarizability is studied
with initiating the t-aug-cc-pVQZ basis set which is comprised of 143 functions,
(24s19p15d5f4g) /[10s9p7d5f4g]. The basis set was expanded with and without the
addition of diffuse and polarization functions, q-aug-cc-pVQZ (168 functions), t-aug-ccpV5Z (212 functions), and q-aug-cc-pV5Z (248 functions). For Kr, a reasonable
convergence was obtained with the t-aug-cc-pV5Z basis set. In Kr the difference between
the fourth-order hyperpolarizability coefficients using t-aug-cc-pV5Z and t-aug-cc-pVQZ
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Table 3.1. Electronic contributions to the static and frequency dependent fourth-order
hyperpolarizability of helium, neon and krypton at 800 nm. The calculations were
performed at the CCSD level. The values are given in 10 4 a.u. (1.0 a.u. of fourth
hyperpolarizability = 2.358106793 ×10-88 C6 m6 J-5).
(4)
 Static

(4)
 DC
 Kerr

(4)
 ESHG

(4)
 DFWM

t-aug-cc-pVQZ

1.577 ± 0.004

1.624 ± 0.004

1.722 ± 0.004

1.672 ± 0.004

q-aug-cc-pVQZ

1.603 ± 0.004

1.650 ± 0.004

1.750 ± 0.005

1.699 ± 0.004

t-aug-cc-pV5Z

1.535 ± 0.003

1.580 ± 0.003

1.676 ± 0.003

1.627 ± 0.003

q-aug-cc-pV5Z

1.543 ± 0.003

1.589 ± 0.003

1.686 ± 0.003

1.637 ± 0.003

t-aug-cc-pV5Z

6.172 ± 0.020

6.406 ± 0.021

6.909 ± 0.024

6.653 ± 0.022

q-aug-cc-pV5Z

6.287 ± 0.022

6.524 ± 0.023

7.036 ± 0.026

6.776 ± 0.025

t-aug-cc-pV6Z

6.103 ± 0.020

6.334 ± 0.021

6.831 ± 0.024

6.578 ± 0.022

q-aug-cc-pV6Z

6.158 ± 0.021

6.391 ± 0.022

6.892 ± 0.025

6.638 ± 0.024

t-aug-cc-pVQZ

708.5 ± 11.3

789.7 ± 13.3

990.7 ± 19.0

885.1 ± 16.0

q-aug-cc-pVQZ

757.9 ± 9.1

846.5 ± 10.7

1066.8 ± 15.2

951.0 ± 12.8

t-aug-cc-pV5Z

701.0 ± 9.2

780.1 ± 10.8

975.3 ± 15.2

872.9 ± 12.9

q-aug-cc-pV5Z

725.7 ± 10.5

809.2 ± 12.4

1016.1 ± 17.7

907.3 ± 14.9

He ×104

Ne ×104

Kr ×104
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is less than 2%, and the difference between the t-aug-cc-pV5Z and the q-aug-cc-pV5Z is
less than 4%. Thus, for further calculations of electronic contributions to the dynamic
fourth-order hyperpolarizabilities at all the wavelengths investigated the t-aug-cc-pV5Z
basis set is employed, which gives a reasonable balance between computation time and
accuracy.

3.4.2 Basis Set Study for Xe Atom
In the case of Xe an accurate description of the response of the electron density to
an applied electric field requires the use of a family of basis sets that systematically
converge to the complete basis set limit for such a heavy element. The preliminary
calculations of the second-order hyperpolarizability of Xe indicate that the analytical
results accomplished at CCSD level using x-aug-cc-pVQZ-pp (x= d, t, q) (augmented
correlation-consistent polarized valence quadruple zeta with relativistic pseudopotentials)
basis set series, reproduced the previous calculations and experimental measurements 33
with good accuracy and yield a systematic convergence of the correlation energies (see
Table 3.2 and Figure 3.1.a). These basis sets are derived from aug-cc-pVQZ-pp, and for
each angular momentum we added diffuse functions chosen as extensions of the most
diffuse functions (most diffuse functions corresponds to last two exponents in aug-ccpVQZ-pp basis set). Thus, the fourth-order hyperpolarizability coefficients are calculated
with doubly-, triply-, and quadruply- aug-cc-pVQZ-pp basis sets. These basis sets are
comprised

of

(16s13p14d4f3g)/[8s8p6d4f3g],

(18s15p16d6f5g)/[10s10p8d6f5g], respectively.

117

(17s14p15d5f4g)/[9s9p7d5f4g],

and

Table 3.2. Comparison of the second-order optical processes for Xe, calculated using
CCSD model and x-aug-cc-pVQZ-pp (x=d, t, q) basis sets, with previously published
theoretical calculations and experimental measurements. The dynamic second-order
optical properties are performed at 800 nm. The values are given in atomic units.
(2)
 Static

(2)
 DC
 Kerr

(2)
 ESHG

(2)
 DFWM

aug-cc-pVQZ-pp

5714

6117

7055

6566

d-aug-cc-pVQZ-pp

6687

7155

8249

7676

t-aug-cc-pVQZ-pp

6844

7331

8467

7871

q-aug-cc-pVQZ-pp

6843

7329

8466

7871

a

6888

b

7030±200

a

Taken from Reference [33].

b

Taken from Reference [31].

Table 3.3 collects the results of the fourth-order hyperpolarizabilities at 800 nm
for Xe atom as a function of basis set. Comparison indicates that the q-aug-cc-pVQZ-pp
basis set significantly improves the convergence of fourth-order optical properties and
provides a good compromise between computational cost and accuracy. Thus, the q-augcc-pVQZ-pp basis set is applied for further studies of Xe atom. Note that the limitations
of coding the basis sets in DALTON program do not permit to exceed the limit of
maximum angular momentum of a g function thus we accept the basis set study with
quadruple zeta polarization function. Besides the data collected in Tables 3.1 and 3.2,
Figure 3.1a shows the basis set limit for second-order nonlinear optical properties and
Figure 3.1.b displays the fourth-order nonlinear coefficients, at 800 nm for Xe atom.
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Table 3.3. Electronic contributions to the static and frequency dependent fourth-order
hyperpolarizability of xenon at 800 nm. The calculations were performed at the CCSD
level and x-aug-cc-pVQZ-pp basis set family. All values are given in 104 a.u. (1.0 a.u. of
fourth hyperpolarizability = 2.358106793 ×10-88 C6 m6 J-5).
Augmentation

(4)
 Static

(4)
 DC
 Kerr

(4)
 ESHG

(4)
 DFWM

d

2465 ± 44

2888 ± 57

4051 ± 96

3426 ± 74

t

3092 ± 66

3618 ± 83

5060 ± 139

4285 ± 108

q

3305 ± 88

3882 ± 112

5478 ± 189

4619 ± 147

level x

Figure 3.1. Electronic contributions to the static and frequency dependent second- and
fourth-order

hyperpolarizabilities

of

xenon

at

800

nm.

(a)

Second-order

hyperpolarizability coefficients as functions of basis sets. (b) Fourth-order contributions
of nonlinear optical properties at different basis sets. In both plots green, pink, blue, and
purple designate the static, DC-Kerr, DFWM, and ESHG second- and fourth- order
hyperpolarizability coefficients. The calculations were performed at the CCSD level.
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3.4.3 Frequency Dependence of the Noble Gas Hyperpolarizabilities
Table 3.4 summarizes the static  (4) (0;0,0,0,0,0) , DC-Kerr  (4) (; ,0,0,0,0) ,
ESHG

 (4) (2; , ,0,0,0) ,

and

DFWM

 (4) (; , , ,0,0)

fourth-order

hyperpolarizability coefficients for He, Ne, Kr and Xe, calculated with the coupled
cluster cubic response functions at different wavelengths. The polynomial curve fitting
approximates the uncertainty of fourth-order optical properties, within 4% as has been
estimated from the least squares approach. As expected, at longer wavelengths, the
different fourth-order hyperpolarizability coefficients tend to converge to the value of the
static hyperpolarizability. Figure 3.2 visualizes the data collected in Table 3.4.
The DSWM coefficient for the inert gases, helium, neon, argon, krypton, and
xenon, are presented in Figure 3.3. The DSWM data were calculated using the fourthorder hyperpolarizability coefficients projected to Eq. (3.16). The ionization potentials
(Ui) for helium, neon, argon, krypton, and xenon are 24.59, 21.56, 15.76, 14.00 and 12.13
eV, respectively, thus the three-photon absorption edges for these gases are located at the
wavelengths of 151, 172, 236, 265, 306 nm, respectively. Given that the power series
expansion of the optical processes (Eqs. (3.14.1) through (3.14.4)) is expected to fail in
the vicinity of the multi-photon resonance,49,50 using Eq. (3.16) implies the range of
frequencies well-below resonance. Therefore, the shortest wavelength that has been
studied for these calculations is at least 100 nm away from the multi-photon absorption
resonance. The present calculations correctly predict the dispersive behavior of the
fourth-order optical properties from He to Xe. The DSWM value for helium at 250 nm is
calculated to be 4.2  104 a.u. and decreases by a factor of ~3, to reach 1.5  104 a.u. in
the infrared region (2000 nm), while the DSWM fourth-order optical response for xenon
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Table 3.4. Fourth-order hyperpolarizability coefficients,  (4) ( ) , calculated at the CCSD
level using the t-aug-cc-pV5Z basis set for He, Ne, Kr, and q-aug-cc-pVQZ-pp for Xe.

Wavelength

 (4) (; ,0,0,0,0)

 (4) (2; , ,0,0,0)

 (4) (; , , ,0,0)

(nm)

(a.u.)

(a.u.)

(a.u.)

250

2.091 ± 0.005

4.221 ± 0.016

2.991 ± 0.009

300
400

1.898 ± 0.004
1.727 ± 0.004

3.016 ± 0.009
2.212 ± 0.005

2.400 ± 0.006
1.956 ± 0.004

500
600
700
800
900
1100
1300
1500

1.654 ± 0.003
1.617 ± 0.003
1.594 ± 0.003
1.580 ± 0.003
1.570 ± 0.003
1.558 ± 0.003
1.552 ±0.003
1.547 ± 0.003

1.932 ± 0.004
1.798 ± 0.004
1.723 ± 0.004
1.676 ± 0.003
1.645 ± 0.003
1.608 ± 0.003
1.586 ± 0.003
1.573 ± 0.003

1.788 ± 0.004
1.705 ± 0.003
1.658 ± 0.003
1.627 ± 0.003
1.607 ± 0.003
1.583 ± 0.003
1.569 ± 0.003
1.560 ± 0.003

2000
∞

1.542 ± 0.003
1.535 ± 0.003

1.556 ± 0.003

1.549 ± 0.003

275

8.570 ± 0.034

18.548 ± 0.119

12.676 ± 0.066

300
400
500
600

8.117 ± 0.031
7.181 ± 0.025
6.795 ± 0.023
6.596 ± 0.022

15.161 ± 0.086
9.933 ± 0.043
8.304 ± 0.032
7.563 ± 0.028

11.135 ± 0.053
8.455 ± 0.033
7.515 ± 0.027
7.065 ± 0.025

700
800
900
1100
1300

6.481 ± 0.021
6.406 ± 0.021
6.356 ± 0.021
6.295 ± 0.020
6.260 ± 0.020

7.159 ± 0.025
6.909 ± 0.024
6.746 ± 0.023
6.549 ± 0.022
6.439 ± 0.021

6.812 ± 0.023
6.653 ± 0.022
6.549 ± 0.022
6.421 ± 0.021
6.349 ± 0.021

1500
2000
∞

6.238 ± 0.020
6.209 ± 0.020
6.172 ± 0.020

6.371 ± 0.021
6.283 ± 0.020

6.304 ± 0.020
6.246 ± 0.020

He×104

Ne×104
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Table 3.4. (Continued) Fourth-order hyperpolarizability coefficients,  (4) ( ) , calculated
at the CCSD level using the t-aug-cc-pV5Z basis set for He, Ne, Kr, and q-aug-cc-pVQZpp for Xe.

Wavelength

 (4) (; ,0,0,0,0)

 (4) (2; , ,0,0,0)

 (4) (; , , ,0,0)

(nm)

(a.u.)

(a.u.)

(a.u.)

365

1205.6 ± 21.0

5035.2 ± 177.0

2512.5 ± 67.4

400
500
600
700
800
900
1100
1300
1500

1096.2 ± 18.2
927.7 ± 14.1
849.7 ± 12.3
806.8 ± 11.4
780.1 ± 10.8
762.7 ± 10.5
741.6 ± 10.0
729.7 ± 9.8
722.4 ± 9.6

3322.0 ± 96.0
1748.2 ± 36.9
1289.4 ± 23.3
1086.7 ± 18.0
975.3 ± 15.2
908.0 ± 13.7
832.0 ± 12.0
791.7 ± 11.1
767.6 ± 10.6

1932.7 ± 44.6
1279.5 ± 23.3
1049.0 ± 17.1
937.5 ± 14.4
872.9 ± 12.9
832.5 ± 12.0
785.6 ± 11.0
760.1 ± 10.4
744.7 ± 10.1

2000
∞

713.0 ± 9.4
701.0 ± 9.2

737.7 ± 9.9

725.2 ± 9.7

400

6120 ± 193

42870 ± 3521

16798 ± 1007

500
600
700
800

5063 ± 167
4421 ± 137
4085 ± 121
3882 ± 112

14613 ± 838
8603 ± 372
6505 ± 244
5478 ± 189

8710 ± 400
6202 ± 232
5170 ± 175
4619 ± 147

900
1100
1300
1500
2000

3751 ± 107
3596 ± 100
3510 ± 96
3457 ± 94
3390 ± 92

4899 ± 159
4281 ± 130
3969 ± 116
3788 ± 108
3567 ± 99

4291 ± 131
3925 ± 114
3733 ± 106
3619 ± 101
3478 ± 95

∞

3305 ± 88

Kr ×104

Xe ×104
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Figure 3.2. Fourth-order hyperpolarizability coefficients versus wavelength, calculated at
the CCSD level using the t-aug-cc-pV5Z basis set for He, Ne, Kr, and q-aug-cc-pVQZ-pp
for Xe. The data were taken from the hyperpolarizability coefficients presented in Table
3.4.

123

at 2000 nm is lower than the value at 400 nm by a factor of ~10. Note that the initial
wavelength in both cases (250 nm in helium and 400 nm in xenon) is approximately 100
nm to the red of the resonance. This comparison indicates that the frequency dependence
of fourth-order nonlinear response becomes more dispersive when a smaller number of
photons is required to reach the continuum. The values of the quartic nonlinear refractive
index n4 , for all the participating noble gases are displayed in Figure 3.4; these values
have been computed through the following relationship using the Lorenz-Lorenz law.5,32
(4)
n4  cm4 W2   4.02 1040  DSWM
 a.u.

(3.25)

As seen, the calculated values of n4 as a function of wavelength confirms the positive
sign of the fourth-order Kerr coefficient. Note that the higher-order nonlinear refraction,59
was previously proposed to explain saturation13 of the Kerr nonlinearity during filament
formation. Saturation and inversion of the intensity dependent refractive index requires at
least one of the higher-order Kerr coefficients n2k to be negative. As such, n4 was
suggested in Ref. [13]. The results presented in this section show that, this is not the case
for any of the noble gases. Note that the experimental manifestation of negative higherorder Kerr effect reported in Ref. [13] has been attributed to the transient birefringence
caused by ionization-grating-induced coupling of the pump and probe beams.24,60 The
calculations presented here agree with the positive sign of the fourth-order Kerr
coefficient calculated using Kramers-Kronig (KK)14 approach and time-dependent
Schrödinger equation (TDSE)61 calculations.
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Figure 3.3. The dispersion of DSWM for He, Ne, Ar, Kr and Xe. The dispersion curve
for argon is taken from data in Chapter 2.

At 800 nm, the values for n4 vary from 6.7  10-12 cm4 TW-2 (for helium) to 2.2 
10-8 cm4 TW-2 (for xenon). This difference of four orders of magnitude is attributed to the
difference in the ionization potential; the ionization energy of xenon is only 12.13 eV as
compared with 24.59 eV value for helium, thus a smaller number of infrared photons is
required to reach the continuum and the nonlinear refractive index is expected to increase
as a result. The KK19,62 formalism indicates that the nonlinear refraction coefficient n2k is
inversely proportional to the (k+1) photons required to reach the ionization potential.
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Figure 3.4. Quartic nonlinear refractive index n4 of He, Ne, Ar, Kr and Xe as predicted
by Eq. (3.25). The curve for argon is taken from data in Chapter 2.

3.4.4 Application of Calculated Quadratic Index of Refraction to Filamentation
Mechanism
The calculations presented here, explicitly include electron-correlation effects and
indicate that the n4 values lie in the range from 10 -12 – 10-8 cm4 TW-2, depending on the
gas species. On the other hand, the calculations based on the KK relations estimate the
values of the quartic nonlinear refractive index for noble gases, to be about 3 to 6 times
less than those we obtained.14,17 Given that the KK formalism is a one-parameter theory,
governed by ionization potential, it disregards the details in atomic structure. This
difference may be attributed to the use of strong-field ionization rates for the absorption
spectra  K in the KK approach, which was shown to result in underestimation of the
absorption cross section.17 In addition, the KK integral spans the whole of the frequency
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axis and thus covers regions where the absorption model used in Ref. [17] is inapplicable.
As mentioned previously,21 the KK formula produces correct results when one abandons
the standard perturbative approach and accounts the transition from multiphoton to
tunneling ionization regime. The underestimate of the nonlinear refraction in KK
calculations, as compared to experimental measurements and electron-correlated
calculations, has also been pointed out for the case of n2 .14 The KK computations should
therefore only be understood as order-of-magnitude estimate of the onset of contribution
from higher-order nonlinear refraction.14 Overall, our findings qualitatively confirm the
positive sign of quartic nonlinear refractive index coefficient calculated with KK
formalism.14,17
Figure 3.5 displays the plot of ∆n, n   n2  n4 I  I , as a function of laser
(2)
( ) and n4 relates to
intensity for noble gases at 800 nm, where n2 relates to  DFWM

(4)
 DSWM
( ) . Note that the perturbation approach applied here cannot be stretched to

operate with intensities near or beyond the ionization threshold. Thus, the intensities
applied are well below that required for significant ionization; as a result, the perturbation
theory is assumed to be applicable. The extrapolated  n2  n4 I  I contribution to the Kerr
effect based on our calculations, agrees well with the experimental data 21. The results
strongly suggest that the defocusing during filament propagation does not stem from
negative value of quartic nonlinear refractive index. This further confirms that filament
stabilization is most likely to be induced by the generation of free electrons.16,21,61,63-65
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Figure 3.5. Higher-order nonlinear refractive index ∆n for the noble gases versus laser
intensity at 800 nm. The graphs displayed as inset are taken from Ref. [21]. Blue circles
in insets show the experimental21 data points. The dashed black lines display the KK
calculations21. Red dashed lines represent the KK calculations performed in Ref. [17] and
modified in Ref. [21]. The blue dash-dotted line is the original self-refractive index as
plotted in Ref. [17]. The vertical dashed line in insets denotes the measured ionization
threshold.
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In Chapter 2, we discussed that monitoring the ratio of the quartic nonlinear index
of refraction to quadratic nonlinear refractive index (which are related to fourth- and
second-order hyperpolarizability coefficients, respectively) is suggested63 as a qualitative
test for the HOKE. Figure 3.6 illustrates the ratio of n4 I 2 n2 I as a function of the laser
intensity at different wavelengths for a series of noble gas atoms. For the case of He,
(Figure 3.6(a)) the intensities vary from 0 – 280 TW cm-2 while the ionization threshold
is reported21 to be ~400 TW cm-2, indicating the perturbative regime dominates the
mechanism of ionization. Analysis of the nonlinearities ratio ( n4 I 2 n2 I ) at ultraviolet
(UV) wavelength of 300 nm, reveals a considerable contribution of DSWM coefficient at
intensities higher than 200 TW cm-2. Reaching the visible region of the spectrum, for 500
nm pulses containing the intensities of 20 TW cm-2 – 280 TW cm-2, the fourth-order
hyperpolarizability contribution in the n4 I 2 n2 I ratio varies from ~0.04 to ~0.56,
respectively. In the infrared (IR) regime, where the studied wavelengths are 800 nm,
1100 nm, and 1500 nm, the ratio of n4 I 2 n2 I versus intensity is approximately
wavelength-independent, and the contribution of n4 I 2 varies from ~0.03 to ~0.50, for
pulses carrying the intensities of 20 TW cm-2 – 280 TW cm-2, respectively.
For Ne atom (Figure 3.6(b)) the studied intensities vary from 20 TW cm-2 to 180
TW cm-2, where the highest intensity studied is ~120 TW cm-2 below the threshold for
ionization21. This implies that the multiphoton ionization (MPI) dominants the
nonperturbative (tunnel) ionization. Inspection of the ratio of the DSWM to DFWM
terms at wavelength of 300 nm and intensities ≥100 TW cm-2, indicates the abundant
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Figure 3.6. Ratio of n4 I 2 corresponding to DSWM fourth-order hyperpolarizability to

n2 I corresponding to DFWM second-order hyperpolarizability, versus intensity below
the ionization threshold for (a) He, (b) Ne, (c) Kr, and (d) Xe atoms at different
wavelengths.
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Figure 3.6. (Continued) Ratio of n4 I 2 corresponding to DSWM fourth-order
hyperpolarizability to n2 I corresponding to DFWM second-order hyperpolarizability,
versus intensity below the ionization threshold for (a) He, (b) Ne, (c) Kr, and (d) Xe
atoms at different wavelengths.
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contribution of DSWM term, in comparison with DFWM. In the visible region of the
spectrum (wavelength 500 nm) when the intensities are between 20 TW cm-2 to 160 TW
cm-2, the amplitude of n4 I 2 in the n4 I 2 n2 I expression varies from ~0.06 to ~0.54,
respectively. In the IR regime for the wavelength ranging from 800 nm to 1500 nm, the
rate of increasing n4 I 2 n2 I versus intensity is independent of the wavelength. In IR
region, for low intensity pulse of 20 TW cm-2, the n4 I 2 n2 I ratio is ~0.05 and increasing
the intensity up to 180 TW cm-2 the ratio increases by one order of magnitude.
For atomic Kr (Figure 3.6(c)) the intensities vary from 3 TW cm-2 – 30 TW cm-2
and remain below the threshold for ionization21 which is ~50 TW cm-2. This infers the
MPI dominates the mechanism of ionization. The plot in Figure 3.6(c) shows at 500 nm
visible wavelength, the rate of increasing n4 I 2 n2 I versus intensity is approximately
twice as large as the rate in IR regime. For 500 nm pulses and the intensity of 3 TW cm-2,
the contribution of DSWM in the n4 I 2 n2 I ratio is calculated to be ~0.07, increasing the
intensity up to 21 TW cm-2 the amplitude of DSWM intensify by a factor of ~7, and
reaching to higher intensities (24 TW cm-2 – 30 TW cm-2) the contribution of n4 I 2
increases by one order of magnitude, in comparison with the contribution at intensity of
20 TW cm-2. In the IR regime, where the studied wavelengths range from 800 nm to 1500
nm, the ratio of n4 I 2 n2 I versus intensity is approximately independent of the
wavelength; the contribution of quartic nonlinear index of refraction is ~0.05 (for the
peak intensity of 3 TW cm-2) which increases by one order of magnitude (for the peak
intensity of 30 TW cm-2).

132

For Xe atom (Figure 3.6(d)) the studied intensities initiate from 2 TW cm-2 and
increase up to 16 TW cm-2. Like the case for He, Ne, and Kr, the studied intensities for
Xe atom remain below the threshold for ionization, reported21 to be ~26 TW cm-2,
therefore, the MPI dominants the tunnel ionization. Probing the nonlinearities ratio (

n4 I 2 n2 I ) for the visible wavelength of 500 nm and intensities ≥8 TW cm-2, indicates the
substantial contribution of n4 I 2 term. In the IR regime for the 800 nm, 1100 nm, and
1500 nm pulses, at low intensity of 2 TW cm-2 the n4 I 2 n2 I ratio is ~0.06 and increasing
the intensity up to 14 TW cm-2 the ratio increases by a factor of ~7.
Overall, for the studied atoms the gradients of n4 I 2 n2 I versus intensity in the IR
regime is roughly independent of the wavelength. While, in the UV-Visible region the
gradient of n4 I 2 n2 I versus intensity depends significantly on the wavelength of the
laser pulse. Furthermore, discussing the validity of HOKE hypothesis one needs to
include both the wavelength and intensity of the laser pulse.

3.5

Summary and Conclusions
The ab initio numerical approach, developed in Chapter 2, was generalized for

calculating the static and frequency dependent fourth-order hyperpolarizability in noble
gases. Coupled cluster electron correlated wavefunction were employed to calculate
frequency dependent second-order hyperpolarizabilities as a function of the static electric
field. By studying the convergence of the basis sets and applying electron correlation
treatments, accurate results for fourth-order hyperpolarizability coefficients were
obtained for the series of noble gases: He, Ne, Ar, Kr, and Xe. The calculated fourth133

order hyperpolarizability coefficients were used to obtain the dispersion of the DSWM
coefficient and subsequently, the quartic nonlinear index of refraction. The obtained
values of higher-order Kerr coefficient n4 in the non-resonance regime are positive for
the noble gases in the wavelengths ranging from about 100 nm to the red of the purported
multi-photon resonance all the way to the static regime. The values obtained agree
qualitatively with those resulting from the Kramers-Kronig approach14 in infrared regime.
The ratio of the DSWM fourth-order hyperpolarizability coefficient to DFWM secondorder hyperpolarizability, was calculated and discussed as a function of different
wavelengths and intensities. The results corroborate the discussion in Refs. [16] and [17]
that the negative contribution to higher-order refractive index may only appear at
frequencies above the corresponding multi-photon resonance pole. The results are
expected to be instrumental in resolving the current HOKE controversy and to contribute
considerably to development of predictive models for the dynamics of femtosecond laser
filamentation.
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CHAPTER 4
SIGN INVERSION OF NONLINEAR OPTICAL RESPONSE FOR
NITROGEN UPON IONIZATION
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4.1

Overview
This chapter

reports the calculations of the static and dynamic

hyperpolarizabilities for nitrogen radical cation in doublet state. The electronic
contributions were computed analytically using density functional theory and multiconfigurational self-consistent field method with extended basis sets for non-resonant
excitations. The open-shell electronic system of nitrogen radical cation provides
negative second-order optical nonlinearity, suggesting that the hyperpolarizability
coefficient,  (2) , in the non-resonant regime is mainly composed of combinations of
virtual one-photon transitions rather than two-photon transitions. To investigate the
effect of inter-nuclear bond distance on second-order hyperpolarizability, the secondorder optical properties of nitrogen radical cation have been calculated as a function
of bond length starting with the neutral molecular geometry (S 0 minimum) and
stretching the N-N triple bond, reaching the ionic D0 relaxed geometry all the way
toward the dissociation limit. Finally, the linear polarizability of nitrogen radical
cation at neutral and optimized geometries is studied at the UV-Visible and IR
regime. The results indicate the presence of a resonance like structures at wavelength
~430 nm for the ion at neutral geometry, while the resonance is shifted toward lower
wavelengths for the ion at optimized geometry.

4.2

Introduction
The polarizability and hyperpolarizability of a medium exposed to an intense laser

field has been a subject of broad interest toward understanding various linear and
nonlinear optical processes.1-3 Many experimental and theoretical studies on the optical
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nonlinearities have been performed to explore the relation between the nonlinear optical
properties, and electronic structure and to design new multifunctional materials.4,5
Accurate modeling of high-intensity laser pulse propagation in a medium requires
accurate knowledge of the optical response. For laser intensity well below the atomic
ionization threshold the response of an isotropic medium to an applied electric field is
defined by the induced polarization P  t  , described as a perturbation expansion over odd
powers of the electric field strength, P  t    (1) E  t    (3) E 3  t    (5) E 5  t  

, where

the  refers to the susceptibility and E  t  is the slowly varying electric field amplitude.6
Consequently, the intensity-dependent index of refraction can be expressed as:
n  I   n0  n2 I  n4 I 2 

, where I is the laser intensity and n2 j coefficients are related

to the  (2 n 1) susceptibilities. This simple approach for the polarization provides a
conventional description of nonlinear optics. For example, the third-order term in the
Taylor expansion of the polarization  (3) E 3  t  , gives rise to the optical Kerr effect,
leading to an increase of the refractive index with intensity and resulting in the selffocusing phenomenon. Subsequently, the higher-order terms,  (5) E 5  t  , etc. are
responsible for higher-order Kerr effects (HOKE).7-9 Recently, these higher-order effects
were proposed to provide a negative contribution to the nonlinear index of refraction and
thus to play a decisive role in laser filament stabilization.10-12
Laser filamentation is formed by the arrest of the pulse collapse by strong-field
ionization, leading to a dynamic balance between Kerr self-focusing and defocusing
effects. The process of filamentation is initiated through the intensity-dependent index of
refraction and accompanies the passage of intense laser radiation through a medium.
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When the laser beam power exceeds the medium-specific critical value, Kerr lensing
overcomes diffraction effects, causing the laser beam to self-focus.13,14 Once strong-field
ionization occurs, the negative response of the free electrons typically dominates the
nonlinear response of the bound electrons, stabilizing the filament. Much of the dynamics
of self-phase modulation and self-focusing takes place prior to the onset of ionization,
thus the nonlinear bound-electron response in the perturbative regime is of considerable
interest.
Knowledge of the sign of the nonlinear Kerr index is crucial for applications in
nonlinear optics and quantum optics since it determines the stabilization of the
propagation of ultrashort laser pulses. A positive value causes self-focusing of an incident
beam, while a negative value leads to self-defocusing.15 Furthermore, the sign of n2 can
be used to determine the photon-transition mechanism in the nonlinear response of
centro-symmetric molecules.16 Positive sign of n2 indicates that optical nonlinearity is
dominated by virtual two-photon processes; while negative sign indicates that
contribution from combinations of virtual one-photon transitions exceed that from the
two-photon terms.16
The higher-order Kerr indices were measured for Ar, N2, and O2, and the results
were interpreted as saturation of the Kerr effect at intensities of 25, 34, and 43 TW cm-2
respectively, where the intensity values for the major components of air are well below
the threshold for ionization17. Hence, the higher-order Kerr indices were proposed to
present a negative contribution to the nonlinear refractive index and corresponding
second-order hyperpolarizability.11,18 The results initiated a debate about the significance
and interpretation of the higher-order terms in the polarization expansion, which is not
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fully settled yet. Numerical-simulation works have investigated the influence of the
quadratic nonlinear response on the propagation dynamics in gases and the results show
qualitative agreement with experiments.19 In previous investigations20,21 we reported the
fourth-order hyperpolarizability coefficients of noble gases in the non-resonant regime
and disproved the contribution of Kerr effect in the defocusing mechanism.
When molecules are placed in strong electromagnetic fields, such as the electric
field of a laser, they not only undergo electronic excitation and internal conversion but
also may ionize, which changes their optical properties considerably. To control and
predict the outcomes of laser-matter interaction, knowledge of the optical properties of
the various transient species involved in the excitation process is required. For example,
recent measurements in strong-field laser chemistry of organic molecules22-25 suggest that
the formation of radical cations plays a major role in the laser-matter interaction. It is
deduced that processes in the manifold of excited states of the ion are as important as
those occurring in the neutral manifold before ionization. These processes are governed
by the optical properties of the nascent species immersed in the laser field. Thus, to
understand and predict the outcomes of strong-field laser-molecule interaction, one needs
to know the radical cation (hyper)polarizability, as well as that of the neutral molecules.
In the process of laser filamentation in air, ions of N 2 and O2 are generated and
their nonlinear optical properties may be expected to differ substantially from those of
neutral species. Although several studies have been performed to investigate the
nonlinear optical responses of these molecules, 26-29 much less have been reported for their
ions, in part due to challenges in the numerical analysis of optical responses exhibited for
open-shell systems30-32 which are not encountered in closed-shell systems. For example,
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in molecular oxygen, the open shell nature of the electronic structure leads to
counterintuitive organization of its lowest excited states. The electron correlations were
shown to play a critical role in this case, and competition of static and dynamic
correlations further complicates the picture. As a result, the nonlinear optical properties
of oxygen molecule have been subjected to intense debate. 33,34 Some open-shell systems
exhibit a negative Kerr effect in the non-resonant regime: radical anion states of
pentalene,28 tetrathiafulvalene (TTF),35 and tetrathiapentalene (TTP)36. The radical anion
in pentalene has negative sign for  (2) while the neutral and dianion pentalene exhibit
positive sign of second-order optical responses,37 suggesting that the nonlinear optical
properties can be controlled by manipulating the charges of the molecules 38. Such
systems are also expected to be candidates for controllable nonlinear optical
materials.28,39 In parallel development, the second hyperpolarizability of H 4 compound
has been calculated at the full configuration interaction (FCI) level to describe its relation
with the geometry and the diradical characters (the occupation numbers of the lowest
unoccupied natural orbital (LUNO) + i). Their findings suggest that in the systems of
study, the second-order hyperpolarizability exhibits the largest value with the
intermediate and small diradical character. These investigations provide a guideline for
controlling the nonlinear optical properties of molecules. 5 Recently, the origin of the
enhancement of  (2)

values for open-shell singlet transition-metal compounds,

dichromium (II) and dimolybdenum (II), with various bond lengths were explored as a
function of the diradical characters of d  , d  and d  orbitals by the finite field (FF)
approach using the spin unrestricted coupled cluster method. The systems exhibit
enhanced

 (2)

values in the

intermediate diradical character region. 40 The
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hyperpolarizability of p-quinodimethane derivatives with low diradical characters have
been evaluated using various methods. The investigation indicate that the determination
of second hyperpolarizability with CCSD method is in close agreement with the
CCSD(T) reference values and the use of MP2 level of theory performs well in the case
of the closed-shell compounds but not for open-shell systems.41 Further investigations on
p-quinodimethane open-shell molecule were

implemented to demonstrate the

performance of an approximate spin-projected (ASP) spin-unrestricted density functional
theory (UDFT), through examining the diradical character dependence of static
polarizability and second-order hyperpolarizability, using several exchange (XC)
functionals. The conclusion was that the ASP-long-range corrected (LC) UBLYP method
provides reliable  and  (2) properties in agreement with UCCSD(T) reference
method.42 In separate studies, the impact of intermolecular interactions on the third-order
nonlinear optical properties has been elucidated for open-shell phenalenyl radicals with
different intermolecular distances using a LC-UDFT method. These investigations
suggest that in phenalenyl dimer the diradical character and the second-order
hyperpolarizability strongly depends on the intermolecular distance; the larger the
intermolecular distance is, the larger the diradical character becomes and around the
equilibrium bond distance that corresponds to an intermediate diradical character, the
second-order hyperpolarizability is maximized.43
In this chapter the static and dynamic second-order hyperpolarizability for N2
radical cation in non-resonant regime is considered. The calculations were performed
using the density functional theory (DFT) as well as multi-configurational self-consistent
field (MCSCF) methods. The iterative calculation of the wavefunction using the MCSCF
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treatment accounts for electron correlation effects and reduces spin contamination.44,45 A
systematic basis set investigation is carried out to determine the static second-order
hyperpolarizability. The nonlinear optical processes considered in the present study
include the static, electric-field-induced second harmonic generation (ESHG), and DCKerr effects. The approximate relation between ESHG, DC-Kerr and static second-order
hyperpolarizability, discussed in Chapter 2 is used to calculate the corresponding
degenerate four-wave mixing (DFWM) optical properties. Finally, the calculated DFWM
is used to obtain the frequency-dependent quadratic nonlinear refractive index n2 . The
second-order optical responses are also studied as a function of bond length to investigate
the effect of internuclear distance on second-order hyperpolarizability. Finally, the linear
polarizability of nitrogen radical cation at neutral and optimized geometries is studied in
the UV-Visible and IR regime to analyze the correlation between bond length of the ion
and the wavelength at which the resonance occurs.

4.3

Computational Details
The response of an atom or molecule to applied electric field F can be

approximated as,
1
  F F
2!
1 (2)
1 (3)
1 (4)
  F F F   
F F F F   
F F F F F  ....
3!
4!
5!

   ( F , t ) ˆ   ( F , t)       F 
0



(4.1)

where the subscripts (λ, μ, etc.) relate to the Cartesian coordinates in atomic or molecular
axes on which the external field is projected. When a time-dependent electric field,
F  F0  F cos t  , is applied, the expansion (4.1) is written as,
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1
  0    (0;0) F0     (- ;  ) F cos(t )    (0;0, 0) F0  F0
2
1
   (0;  , - ) F F    (-;0,  ) F0  F cos(t )
4
1
   (-2 ;  ,  ) F F cos(2t )
4
1 (2)
1 (2)
   (0;0, 0, 0) F0  F0 F0    
(-;  , 0, 0) F F0 F0  cos(t )
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1 (2)
  
(- ;  , - ,  ) F F F cos(t )
8
1 (2)
  
(-2 ;  ,  , 0) F F F0  cos(2t )
4
1 (2)
1 (2)
  
(0;  , - , 0) F F F0    
(-3;  ,  ,  ) F F F cos(3t ) 
4
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(4.2)

where the frequency dependent second-order hyperpolarizability coeffiecients are defined
DC  Kerr
as: DC-Kerr,  
( )    (; , 0, 0) , electric field-induced second harmonic

generation,

ESHG
 
( )    (2; , , 0) ,

THG
 
( )    (3; , ,  ) ,

and

third

degenerate

harmonic
four

wave

generation,
mixing,

DFWM
 
( )    (; , ,  ) .

To address possible comparisons with experimental response of the medium, the
mean hyperpolarizability coefficient is defined as, 2

 ll(2) 

1
(2)
(2)
(2)
  
  
);
 ( 
15 

 ,   x, y, z

(4.3)

When the medium is an ensemble of randomly-oriented molecules, the second-order
nonlinear optical property is determined by the scalar component of the tensor,  (2) ,
given by the isotropic average second-order hyperpolarizability.2 For linear molecule

 xxyy   xyyx   xyxy   xxxx , and the tensor components of  ll(2) is reduced to
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 ll(2) 

subsequently,

1
(8 xxxx  2 xxzz  2 zzxx  2 zxxz  2 xzzx  2 xzxz  2 zxzx  3 zzzz )
15
in

the

static

regime

the

isotropic

average

of

(4.4)

second-order

hyperpolarizability for linear molecules is simplified as

 ll(2) 

1
(8 xxxx  12 xxzz  3 zzzz )
15

(4.5)

In a dilute gas consisting of linear molecules (like air), the dominant second-order
molecular nonlinearity lies along the inter-atomic axis, specified as z for convenience,
(2)
thus only  zzzz
needs to be considered and the molecular re-orientation due to strong

fields is neglected. When the contributions of randomly oriented linear molecules are
averaged over all possible angles relative to the z-axis,16 the net contribution is only

1 (2)
 zzzz . Thus, we confine our attention to the longitudinal components of  (2) ( ) , i.e.,
5
(2)
 zzzz
( ) , for the nitrogen radical cation.

Description of the frequency-dependent second-order optical properties requires the
use of sufficiently large one-particle basis sets and high level treatment of electron
correlation. In this chapter, the nonlinear optical properties for nitrogen radical cation
were calculated using MCSCF46 linear47 and quadratic48 response functions as
implemented in DALTON49 program. In perturbational response theory the interaction
between a molecular system and a general time-dependent field is examined in order to
determine the linear, quadratic, and cubic response functions for the molecular system.
The calculations were also performed with PBE0 (Perdew, Burke and Ernzerhof) and
mPW1PW91 (Perdew-Wang exchange as modified by Adamo and Barone combined
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with PW91 correlation, where PW91 comes from the exchange component of Perdew
and Wang’s 1991 functional) density functional methods as implemented in Gaussian50
09. The second-order hyperpolarizability values in density functionals are calculated
using analytic derivatives.
In MCSCF method, the configuration spaces are suggested to be chosen based on
the MP2 (second-order Møller–Plesset perturbation theory) natural orbital (NO)
occupation numbers, in which the MP2 NO's are used as an initial guess.51 Table 4.1
reports the MP2 NO occupation numbers for nitrogen molecule. Since perturbation
theory on UHF reference wavefunction (MP2 method) doesn’t work for open-shell
systems in the DALTON program, thus we approximate the occupation of NOs to
nitrogen molecule. The core orbitals have MP2 NO occupancies close to two, while the
deviations from two become more pronounced for the valence orbitals. The unoccupied
orbitals have small occupancies, in which the electron occupations decrease toward zero.
Occupations lower than 0.005 are not contained in the active space, 52 and the use of large
gaps in the MP2 NO occupation numbers has been suggested as a means to choose
configuration spaces.51 For core and valence orbitals, deviations in the occupancy from
two can usually be used to determine which orbitals should be inactive. The occupation
of NO’s suggests that a reasonable configuration choice for nitrogen radical cation is nine
electrons in active spaces (four  g , two  u , one  g , two  u , and one  g ). This active
space is sufficient to describe the nonlinear optical properties since it includes all the
valence and lone pair orbitals from which the electron is most likely to be removed
during ionization.
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The two widely used DFT based methods, PBE0 and mPW1PW91 hybrid
functionals are also employed in present study. The PBE0 is a hybrid functional which
replaces one quarter of PBE exchange with HF exchange, offering a better description of
electron-electron interactions by introducing a nonlocal exact exchange potential that is
mixed with DFT approximate exchange.53 These hybrid functionals balance the
overestimation and underestimation of the quantities calculated with HF and DFT
exchanges. The remarkably good performance of PBE0 and mPW1PW91 in
hyperpolarizability calculations has been suggested in previous investigations.54-57 It was

Table 4.1. MP2 Natural orbital occupation numbers larger than 0.0001 in N 2 molecule.
Orbital
number

g

u

u

g

u

g

g

u

1

1.9990 1.8769 1.8769

0.0057

1.9990

0.1158

0.1158 0.0014

2

1.9831 0.0042 0.0042

0.0004

1.7950

0.0015

0.0015 0.0001

3

0.1871 0.0005 0.0005

0.0002

0.0125

0.0005

0.0005

4

0.0057 0.0004 0.0004

0.0014

0.0002

0.0002

5

0.0044 0.0003 0.0003

0.0008

0.0002

0.0002

6

0.0016 0.0002 0.0002

0.0004

0.0001

0.0001

7

0.0005 0.0001 0.0001

0.0002

8

0.0004

0.0001

9

0.0003

0.0001

10

0.0002

11

0.0002

12

0.0002
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shown that the density functional methods can reproduce the  ll(2) , values calculated at
high-level electron correlation treatment for various small molecules. 58 Among the
frequently used hybrid functionals, the PBE0 method has been found to reproduce well
the sign of second-order hyperpolarizability for radical cations calculated by higher-order
electron-correlation methods.36 Although, the exact expectation value for S2 (where S is
the spin operator) is 0.75 for an ionic molecule with multiplicity of 2, the present PBE0
calculations give S2 value 0.7549 and for mPW1PW91 the expectation value of S2 is
calculated to be 0.7550. This value does not depend on the basis set used. The spin
contamination for both methods is approximated to be 0.6%.

4.4

Results and Discussion

4.4.1 Basis Set Study
Extended one-particle basis sets augmented with diffuse and polarization
functions are necessary for providing accurate second-order hyperpolarizability
coefficients. Screening of the valence electrons by the core electrons becomes less
effective in smaller molecules, so more functions are required to represent the valence
electrons. Here, the series of correlation consistent basis sets x-aug-cc-pVXZ,59,60
proposed by Dunning have been employed. Furthermore, f functions are crucial for the
second-order hyperpolarizability calculations of atoms and linear molecules.27,61 Thus
accurate results cannot be expected from the double-zeta basis sets, x-aug-cc-pVDZ
(augmented correlation-consistent polarized valence double-zeta). The basis set study is
initiated with extending the basis set suggested by Hättig61 (t-aug-cc-pVTZ) for static and
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dynamic second-order hyperpolarizability calculations in nitrogen molecule. The basis set
is expanded by adding polarization functions i.e., aug-cc-pVQZ (which is comprised of
(6s5p4d3f2g) contracted Gaussian type functions (GTF) for each nitrogen atom), aug-ccpV5Z (composed of (7s6p5d4f3g2h) GTF for each nitrogen atom), and aug-cc-pV6Z
(composed of (8s7p6d5f4g3h2i) GTF for each nitrogen atom), as well as diffuse
functions i.e., x-aug-cc-pVQZ and x-aug-cc-pV5Z (x=d, t, q). Since the basis sets
augmented with diffuse functions (x-aug-cc-pVQZ and x-aug-cc-pV5Z (x=d, t, q)) have
not been defined for first-row atoms in g09 quantum chemistry package, we added the
double, triple, and quadruple diffuse functions to the aug-cc-pVQZ and aug-cc-pV5Z
substrates in which the diffuse functions are chosen as extensions of the most diffuse
functions (most diffuse functions correspond to the last two exponents of each angular
momentum). Table 4.2 gives an example of forming the d-aug-cc-pVQZ basis set from
aug-cc-pVQZ substrate for first-row atoms. For simplicity, only the last three most
diffuse functions of each angular momentum, for aug-cc-pV5Z basis set, are represented.
The neutral geometry for N2 radical cation, attributed to vertical ionization, is
taken from N2 molecule experimental bond length62 (Re=2.074 32 a0). The optimized
geometry of the ion, corresponds to adiabatic ionization, is calculated at B3LYP/631G(d) level of theory (Re=2.11098 a0).
Figure 4.1 contains the electronic contributions of the static second-order
(2)
(0;0,0,0) tensor component, obtained at MCSCF and DFT
hyperpolarizability,  zzzz

levels, using various basis sets, for nitrogen radical cation. The comprehensive data for
(2)
(2)
(0;0,0,0) and  xxzz
(0;0,0,0) tensor components, as well as the isotropic static
the  xxxx
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Table 4.2. Most diffuse functions of each angular momentum in aug-cc-pV5Z and d-augcc-pV5Z basis sets for first-row atoms. The table exemplifies extending the aug-cc-pV5Z
basis set to form d-aug-cc-pV5Z, by adding diffuse functions to each angular momentum.
aug-cc-pV5Z
angular momentum

d-aug-cc-pV5Z
coefficients

angular momentum coefficients

0.3504000
s

0.3504000

0.1397000

0.1397000
s

p

0.0518000

0.0518000

0.2686000

0.0192071

0.1067000

0.2686000

0.0369000

0.1067000
p

d

0.7070000

0.0369000

0.2760000

0.0127611

0.0971000

0.7070000

1.2040000

0.2760000
d

f

g

0.4930000

0.0971000

0.1920000

0.0341609

2.5110000

1.2040000

0.9420000

0.4930000
f

0.4360000

0.1920000

1.7680000

0.0747748

0.7880000

2.5110000

h
0.9420000
g
0.4360000
0.2018004
1.7680000
h

0.7880000
0.3512126
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second-order hyperpolarizability, as a function of basis set are shown in Figure 4.2. The
hyperpolarizability coefficients presented in Figure 4.2 indicate that the longitudinal
(2)
component of  zzzz
plays a more significant role in isotropic average second-order

hyperpolarizability, in comparison with transverse or longitudinal/transverse components,
which is consistent with the discussion in Section 4.3. As was found by Woon and
Dunning59,60 the polarizability and hyperpolarizability values converge slowly in XZ if
the augmentation level is low, reflecting the important role of diffuse functions for these
properties.

(2)
(0;0,0,0) for nitrogen radical
Figure 4.1. Static second-order hyperpolarizability  zzzz

cation at neutral and optimized geometries as a function of basis set. All values are given
in 103 a.u. (1.0 a.u. of second-order hyperpolarizability = 6.235378×10-65 C4 m4 J-3).
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(2)
(2)
(0;0,0,0) ,  xxzz
(0;0, 0, 0) and
Figure 4.2. Static second-order hyperpolarizability  xxxx

 ll(2) (0;0,0,0) as a function of basis set for nitrogen radical cation at neutral geometry. All
values are given in 103 a.u.
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For the PBE0 method, an acceptable convergence is obtained at the triplyaugmented diffuse functions in QZ series (t-aug-cc-pVQZ basis set). The differences of
second-order hyperpolarizability values computed using t-aug-cc-pVQZ, from the
coefficients calculated with aug-cc-pVQZ, d-aug-cc-pVQZ, and q-aug-cc-pVQZ basis
sets are approximated to be 4% in the static regime. In PBE0 method, for a fixed 5Z
polarization function (x-aug-cc-pV5Z) when the augmentation with diffuse functions, x,
is increased, the results are approximately the same. Similarly, in mPW1PW91 and
MCSCF methods adding different levels of polarization functions and augmentation
series, the results of second hyperpolarizability coefficients are practically the same.
Thus, for further calculations of electronic contributions to the dynamic second-order
hyperpolarizabilities in nitrogen radical cation, the t-aug-cc-pVQZ and t-aug-cc-pV5Z
basis sets are adopted which give reasonable balance between computation time and
accuracy.

4.4.2 Benchmark the Performance of DFT Functionals and the MCSCF Level of
Theory
Before proceeding to compute the second-order optical responses for N2 radical
cation, it is important to benchmark the performance of DFT functionals and the MCSCF
method for calculation of optical responses. Given that, there are no experimental
measurements reported for nonlinear optical properties of N 2 radical cation, the total
energy and the polarizability coefficients as a function of the basis set were analyzed for
DFT and MCSCF methods and compared with coupled-cluster single, double with a
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Table 4.3. Energy and linear static polarizability for N2 radical cation at optimized and
neutral geometries, calculated at the PBE0, mPW1PW91 density functional methods, and
MCSCF model, using a series of correlation consistent basis sets. The calculations are
compared with CCSD(T)/aug-cc-pvQZ level of theory.
<α> (a.u.)

Energy (Hartree)
a

b

a

b

PBE0
aug-cc-pvQZ

-108.8718266

-108.8723777

15.7487

15.0985

d-aug-cc-pvQZ

-108.8719030

-108.8724535

15.7497

15.0992

t-aug-cc-pvQZ

-108.8719213

-108.8724715

15.7480

15.0977

q-aug-cc-pvQZ

-108.8719303

-108.8724801

15.7482

15.0980

aug-cc-pv5Z

-108.8738436

-108.8744159

15.7576

15.1054

d-aug-cc-pv5Z

-108.8738541

-108.8744265

15.7581

15.1060

t-aug-cc-pv5Z

-108.8738578

-108.8744302

15.7583

15.1063

aug-cc-pv6Z

-108.8741922

-108.8747670

15.7597

15.1076

mPW1PW91
aug-cc-pvQZ

-108.9620808

-108.9626967

16.0871

15.3354

d-aug-cc-pvQZ

-108.9621480

-108.9627633

16.0896

15.3373

t-aug-cc-pvQZ

-108.9621622

-108.9627773

16.0881

15.3361

q-aug-cc-pvQZ

-108.9621697

-108.9627843

16.0881

15.3362

aug-cc-pv5Z

-108.9640347

-108.9646752

16.1085

15.3539

d-aug-cc-pv5Z

-108.9640468

-108.9646876

16.1086

15.3540

t-aug-cc-pv5Z

-108.9640506

-108.9646916

16.1090

15.3543

aug-cc-pv6Z

-108.9643829

-108.9650265

16.1082

15.3539

a

the results are taken from optimized geometry.

b

the results are taken from neutral geometry.
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Table 4.3. (Continued) Energy and linear static polarizability for N2 radical cation at
optimized and neutral geometries, calculated at the PBE0, mPW1PW91 density
functional methods, and MCSCF model, using a series of correlation consistent basis
sets. The calculations are compared with CCSD(T)/aug-cc-pvQZ level of theory.
<α> (a.u.)

Energy (Hartree)
a

b

a

b

MCSCF
aug-cc-pvQZ

-108.6397860

-108.6384271

13.6369

13.5948

d-aug-cc-pvQZ

-108.6398306

-108.6384720

13.6393

13.5966

t-aug-cc-pvQZ

-108.6398531

-108.6384937

13.6380

13.5955

q-aug-cc-pvQZ

-108.6398618

-108.6385019

13.6384

13.5960

aug-cc-pv5Z

-108.6412845

-108.6399448

13.6376

13.5962

d-aug-cc-pv5Z

-108.6412917

-108.6399522

13.6390

13.5976

t-aug-cc-pv5Z

-108.6412939

-108.6399544

13.6398

13.5983

aug-cc-pv6Z

-108.6414657

-108.6401290

13.6402

13.5986

12.5315

12.9203

CCSD(T)
aug-cc-pvQZ

-108.8316898

-108.830979

a

the results are taken from optimized geometry.

b

the results are taken from neutral geometry.
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perturbative triples correction (CCSD(T)) in order to inspect possible errors in secondorder hyperpolarizability calculations. The corresponding results were collected in Table
4.3. As can be seen, there is reasonably good agreement among the methods. The results
of the calculations indicate that the agreement between the MCSCF method and
CCSD(T) level of theory is ~5%. To the best of our knowledge, the only experimental
result on the N2 cation polarizability is the value of (16.1±0.4) a03 inferred indirectly from
spectroscopy of N2 molecular Rydberg states.63 In a parallel study, the second-order
hyperpolarizability of N2 neutral molecule, calculated using DFT method, MCSCF model
were benchmarked with experimental measurements64. The corresponding results are
collected in Table 4.4. As seen, the MCSCF approach reproduces the experimental
measurement of second-order hyperpolarizability coefficient 64 with reasonable accuracy.

Table 4.4. Benchmark comparison of the static second-order hyperpolarizability
coefficient calculated at PBE0, mPW1PW91 and MCSCF levels of theory, with
experimental measurements64 for N2 molecule. The calculations are performed at the
equilibrium bond distance RNN =1.0977 a.u.

d-aug-cc-pvQZ
a

PBE0

mPW1PW91

MCSCF a

Experiment

1057.6

1040.0

903.3

917 ± 5

The d-aug-cc-pvQZ basis set is reported to be an appropriate basis set for optical

property calculations of N2 molecule.65 The active space is selected to be 10 electrons in
4  g , 3  u , 2  g , 3  u , 1  g orbitals.
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4.4.3 Frequency-Dependent DC-Kerr and ESHG Second-Order Hyperpolarizabilities for Nitrogen Radical Cation
Tables 4.5 and 4.6 contain the DC-Kerr,

 (2) (; ,0,0) , and ESHG,

 (2) (2; , ,0) , second-order hyperpolarizability coefficients for the N2 radical cation
respectively, calculated using DFT and MCSCF methods with t-aug-cc-pvQZ and t-augcc-pv5Z basis sets, in the wavelength range from near-infrared (NIR) to λ =∞.
Comparison of the second-order optical responses for nitrogen radical cation, produced
upon vertical ionization with the cation produced upon adiabatic transition, indicates the
dispersive behavior of the second-order optical properties when increasing the N-N bond
length from the neutral geometry to the relaxed geometry. The DC-Kerr and ESHG
values calculated with DFT method reproduce the magnitude and the sign of the secondorder optical responses calculated at the MCSCF level, a high-order electron correlation
method, as has been previously predicted. 36 The DC-Kerr and ESHG coefficients at
neutral and optimized geometries, calculated with t-aug-cc-pV5Z basis set, are displayed
in Figure 4.3, as well.
The origin of the negative sign66 in second hyperpolarizability can be understood
from the perturbative formula for  (2) . The second-order hyperpolarizability can be
partitioned into three contributions37,38  ( I )( II )( III )   ( I )   ( II )   ( III ) where,
( n 0 )2 ( nn ) 2
En 03
n 1

 (I )  

( n 0 ) 4
3
n 1 En 0

 ( II )  

160

(4.6)

(4.7)

(2)
(; ,0,0)
Table 4.5. Dispersion of the DC-Kerr second-order hyperpolarizability  zzzz

for nitrogen radical cation at neutral and optimized geometries. Comparison of MCSCF
with DFT at frequency  using t-aug-cc-pvQZ and t-aug-cc-pv5Z basis sets. All values
are given in 103 a.u.
Frequency (a.u.)

PBE1PBE
a

mPW1PW91

b

a

MCSCF

b

a

b

Cation at neutral geometry
0.0414

-14.806

-14.941

-15.921

-16.076

-15.198

-15.390

0.0379

-14.050

-14.175

-15.091

-15.233

-14.446

-14.627

0.0350

-13.514

-13.633

-14.503

-14.638

-13.914

-14.085

0.0325

-13.110

-13.223

-14.060

-14.188

-13.511

-13.676

0.0303

-12.792

-12.902

-13.712

-13.836

-13.195

-13.356

0.0227

-11.939

-12.039

-12.780

-12.891

-12.346

-12.493

0

-11.470

-11.056

-11.712

-11.813

-11.373

-11.505

Cation at optimized geometry
0.0414

-12.205

-12.311

-13.110

-13.231

-12.603

-12.734

0.0379

-11.624

-11.723

-12.473

-12.585

-12.029

-12.152

0.0350

-11.210

-11.304

-12.019

-12.126

-11.619

-11.737

0.0325

-10.896

-10.986

-11.676

-11.778

-11.308

-11.422

0.0303

-10.650

-10.737

-11.406

-11.504

-11.064

-11.174

0.0227

-9.983

-10.063

-10.678

-10.767

-10.403

-10.505

0

-9.219

-9.290

-9.838

-9.920

-9.639

-9.730

a

the results are taken using t-aug-cc-pvQz basis set.

b

the results are taken using t-aug-cc-pv5z basis set.
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 ( III ) 

( n 0 ) 2 ( mn ) 2
.
En 0 2 Em 0
m , n 1



(4.8)

m n

Here, n 0 denotes the transition dipole moment between the ground and the nth excited
states, mn represents the transition dipole moment between the mth and the nth excited
states, nn indicates the difference of dipole moments between the ground and the nth
excited states, and the En 0 is the transition energy given by En  E0 . Here, Eqs. (4.6) and
(4.8) apparently contribute the positive sign of second-order hyperpolarizability, while
Eq. (4.7) represents the negative contribution of second-order hyperpolarizability. For
symmetric systems where nn  0 , the contribution of Eq. (4.6) vanishes; in such cases if

 ( II )   ( III ) then the total second-order hyperpolarizability will be negative in sign.
Although sum-over-states approach allows for a transparent post-factum explanation, it is
impractical for obtaining numerical values of hyperpolarizability coefficients because one
needs to apply highly excited states manifolds for converging the series. To provide
meaningful and physically plausible descriptions of so many states, one needs to include
infinite configuration spaces67 and this is impractical. Thus, for analysis of the present
results using Eqs. (4.6) – (4.8), we do not calculate the manifolds of highly excited states.
In present calculations, based on the Eqs. (4.6) – (4.8), the negative sign of second-order
hyperpolarizability for nitrogen radical cation might be explained as a consequence of
strong virtual excitation between the ground and the excited states as compared with the
transitions between the excited states.

162

(2)
(2; , ,0)
Table 4.6. Dispersion of the ESHG second-order hyperpolarizability  zzzz

for nitrogen radical cation at optimized and neutral geometry. Comparison of MCSCF
with DFT at frequency  using t-aug-cc-pvQZ and t-aug-cc-pv5Z basis sets. All values
are given in 103 a.u.
Frequency (a.u.)

PBE1PBE
a

mPW1PW91

b

a

MCSCF

b

a

b

Cation at neutral geometry
0.0414

-35.453

-35.948

-39.238

-39.835

-35.867

-36.456

0.0379

-27.193

-27.523

-29.769

-30.160

-27.552

-27.969

0.0350

-22.876

-23.130

-24.895

-25.193

-23.234

-23.568

0.0325

-20.196

-20.408

-21.895

-22.142

-20.561

-20.846

0.0303

-18.370

-18.554

-19.862

-20.076

-18.742

-18.996

0.0227

-14.370

-14.500

-15.443

-15.590

-14.764

-14.950

0

-11.470

-11.056

-11.712

-11.813

-11.373

-11.505

Cation at optimized geometry
0.0414

-26.870

-27.211

-29.591

-30.002

-26.960

-27.320

0.0379

-21.259

-21.498

-23.200

-23.484

-21.488

-21.754

0.0350

-18.196

-18.386

-19.756

-19.979

-18.492

-18.709

0.0325

-16.246

-16.407

-17.580

-17.767

-16.580

-16.768

0.0303

-14.895

-15.037

-16.079

-16.244

-15.253

-15.421

0.0227

-11.870

-11.972

-12.743

-12.859

-12.271

-12.398

0

-9.219

-9.290

-9.838

-9.920

-9.639

-9.730

a

the results are taken using t-aug-cc-pvQz basis set.

b

the results are taken using t-aug-cc-pv5z basis set.
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Figure 4.3. Dispersion curves for DC-Kerr and ESHG optical processes in nitrogen
radical cation at (a) neutral geometry and (b) optimized geometry. The calculations were
performed using t-aug-cc-pv5Z basis set.
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4.4.4 Dispersion of DFWM Coefficient and Quadratic Nonlinear Index of
Refraction for Nitrogen Radical Cation
Here, the relation proposed in the previous study20 is followed; which enables the
calculation of the degenerate four-wave mixing (DFWM) with considerably reduced
error, using the static, DC-Kerr and ESHG second-order hyperpolarizability coefficients,
1
3

1
3

 (2) (;, ,  )   (2) (2;, ,0)   (2) ( ; ,0,0)   (2) (0;0,0,0)

(4.9)

Expression of Eq. (4.9) is used to calculate the DFWM and correspondingly to obtain the
quadratic nonlinear refractive68,69 index n2 (see Figures 4.4 and 4.5).

cm2
(2)
n2 (
)  8.28 1023  DFWM
(a.u.)
W

(4.10)

The values of n2 as a function of wavelength confirm the negative sign of the Kerr
coefficient in below resonance frequencies.
Figures 4.4 and 4.5 clearly show that the values calculated with DFT (PBE0 and
mPW1PW91) and MCSCF methods are in close agreement with each other. The present
results corroborate the fact that the amplitude of the second-order optical responses is
expected to change by modulating the spin and /or the charge of the system.

4.4.5 Sign of DFWM Coefficient and Photon Absorption
The negative sign of DFWM optical response and correspondingly the quadratic
nonlinear index of refraction for nitrogen radical cation in the non-resonant regime,
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indicates that the contribution from a one-photon resonance dominates those from the
two-photon resonance.16
In symmetric molecules with zero permanent dipole moments at least a threestate model including the ground state is needed in order to corporate both the two
photon transitions, responsible for TPA, and one photon transitions. In atoms, in S
quantum state, and symmetric molecules the ground state wavefunction is of even
symmetry and excited electronic states are restricted to have even or odd symmetry.
The electric dipole operator  has odd symmetry so that for the transition dipole
moment between two states m and n is defined as,

mn   m er  n .

(4.11)

The non-zero transition dipole moments requires a change in the symmetry between the
wavefunctions of the two states, i.e., one state has to have even spatial symmetry (gerade)
and the other odd spatial symmetry (ungerade). A three-level model has been explored
based on the general SOS formalism of Orr and Ward70. The SOS model suggests the
contribution of one and two photon transitions to the nonlinearity n2 are proportional to

10

4

2

2

and 10 21 , respectively. Based on the SOS model the sign of the non-resonant

nonlinearity is determined by the ratio of four parameters,71
2

21 10
2

10 20

(4.12)

where the 10 relates to the energy of the odd symmetry above the ground state and 20
corresponds to the energy of the even symmetry above the ground state, 10 is the
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electric dipole transition between the ground state and the first excited state and 21
denotes the transition between first excited state and the second excited state.71,72. If the
ratio given by Eq. (4.12) is greater than unity, the sign of the non-resonant nonlinearity is
positive and the two photon contributions to the non-resonant n2 exceed those due to one
photon transitions. On the other hand, if the ratio is less than unity, the sign of n2 is
negative and the non-resonant optical nonlinearity is dominated by one photon
contributions. This model has previously been successfully applied to the explanation of
the nonlinearity, including its sign in the non-resonant regime, for linear organic
molecules such as CS2, and conjugated polymers. 73,74

4.4.6 Bond Length Dependence of Second-Order Hyperpolarizability for Nitrogen
Radical Cation
Figure

4.6

displays

the

bond

length

dependence

of

second-order

hyperpolarizability using MCSCF method following t-aug-cc-pvQZ and t-aug-cc-pv5Z
basis sets. The  (2) ionic property is calculated at eight distances around Re in order to
determine the change of second-order optical responses versus the bond length.
Inspection of the data in Figure 4.6 indicates as the bond length of N2 radical cation
increases, the second-order hyperpolarizability initially decreases by almost a factor of 4
from the bond length of 1.1 Å to 1.3 Å and then increases slowly with further increase in
bond length. The second-order hyperpolarizability calculated with two basis sets are in
close agreement with each other, as shown in Figure 4.1 for two optimized and neutral
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Figure 4.4. Dispersion curves for DFWM optical process in nitrogen radical cation at (a)
neutral geometry and (b) optimized geometry. DFWM coefficients are computed using
Eq. (4.9) as suggested in previous work20. The second-order optical responses used in Eq.
(4.9) are calculated with t-aug-cc-pV5Z basis set.
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Figure 4.5. Dispersion curves for quadratic nonlinear index of refraction for nitrogen
radical cation at (a) neutral geometry and (b) optimized geometry. The quadratic
nonlinear index of refraction is calculated using Eq. (4.10). The DFWM second-order
optical responses, inserted in Eq. (4.10) are calculated using Eq. (4.9). The t-aug-ccpV5Z basis set is applied for the second-order optical responses used in Eq. (4.9).
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geometries. The curves in Figure 4.6 clearly represent the dispersive behavior of  (2) for
nitrogen radical cation versus the bond length. To represent the dependence of the
second-order hyperpolarizability to the bond length, an expression that is obtained with
third order polynomial fit and corresponds to the red curve (t-aug-cc-pV5Z basis set) is
derived as,

 (2)   0(2)  18.59 105 ( R  Re )  13.09 105 ( R  Re )2  30.54 104 ( R  Re )3

(4.13)

The uncertainty of first, second, and third coefficients in expression (4.13) is
approximated to be within 6% as has been estimated from the least squares approach.
The static second-order hyperpolarizability calculated for the ion, -11.5×103, is
one order of magnitude larger than that calculated for the neutral molecule, 1.17×10 3 a.u.
using the same level of theory (MCSCF/t-aug-cc-pV5Z); in addition, there is a crossover
from positive to negative second-order hyperpolarizability for nitrogen and its radical
cation. The change in hyperpolarizability upon ionization depends on two competing
factors.56 First, when one of the electrons contributing to the (hyper)polarizability is
removed from the neutral molecule, the overall response of electron system to the
external field is expected to become proportionally smaller because of lower electron
density. On the other hand, the electronic excitation energies in the ion are typically
smaller than those in the neutral molecule75,76 resulting in enhanced linear and nonlinear
responses due to the energy difference term in the calculation of hyperpolarizability. The
increase in magnitude of second-order optical responses for nitrogen radical cation in
comparison with nitrogen molecule is due to the decrease in electronic excitation
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(2)
(0;0,0,0) , for nitrogen radical
Figure 4.6. Static second-order hyperpolarizability  zzzz

cation vs bond length. The calculations were performed at MCSCF level using t-aug-ccpvQZ and t-aug-cc-pv5Z basis sets.

energies, which reflect the response of the electron hole to the field. This compensates for
the decrease in the number of electrons and results in an increase in the
hyperpolarizability response.
The dramatic increase, rather than decrease in the (hyper)polarizability along the
z-axis upon ionization should have significant implications for the coupling of the cations
with the laser field. The large polarizability of the ground electronic state results in a
large dynamic Stark shift in the applied electric field. The large Stark shift of the ground
electronic state should exponentially increase the probability of nonadiabatic electronic
transitions to the excited state manifold. 22,23 Thus, when a system becomes more
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polarizable upon ionization, the probability of its further nonadiabatic excitation will
exponentially increase. The present results indicate the enhanced role of excitations in
polarization response of nitrogen cation as compared with that of the neutral
molecule.27,61 The calculations establish the negative contribution to the index of
refraction for nitrogen radical cation which may contribute to filamentation mechanism.
The findings are important for predictive models for the dynamics of femtosecond laser
filamentation.

4.4.7 Linear Polarizability from UV-Visible to IR Regime
Figures 4.7 and 4.8 display the dispersion of linear polarizability versus
wavelength ranging from UV-Visible to IR for nitrogen radical cation at neutral and
optimized geometries. Comparison of the two figures shows an increase in polarizability
values of nitrogen radical cation at adiabatic ionization in comparison with cation at
vertical ionization. Similar the case for nonlinear (hyper)polarizability, the linear
polarizability coefficients calculated with DFT method reproduce the magnitude and the
sign of the second-order optical responses calculated at the MCSCF level, a high-order
electron correlation method. A resonance like structure for nitrogen radical cation at
neutral geometry is observed around 430 nm and is shifted toward lower wavelength of
~410 nm for optimized geometry. Overall the linear polarizability of nitrogen radical
cation at adiabatic ionization in the UV wavelength of 150 nm increases by a factor of ~2
in comparison with the value at vertical ionization. Reaching longer wavelengths the
polarizability coefficients converge to each other within a reasonable approximation.
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Figure 4.7. Dispersion of linear polarizability  zz ( ) , for nitrogen radical cation at
neutral geometry versus wavelength. The t-aug-cc-pvQZ basis set was used for the
calculations. The inset represents the dispersion of polarizability from 600 nm all the way
to 2000 nm.
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Figure 4.8. Dispersion of linear polarizability  zz ( ) , for nitrogen radical cation at
optimized geometry versus wavelength. The t-aug-cc-pvQZ basis set was used for the
calculations. The inset represents the dispersion of polarizability from 600 nm all the way
to 2000 nm.
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4.5

Summary and Conclusions
The second-order optical responses for nitrogen radical cation at neutral and

relaxed geometries were presented in the static and dynamic non-resonant regime, using
DFT method and MCSCF response theory. Comprehensive basis set studies were
performed using sequences of correlation-consistent basis sets and expanding the basis
sets by augmenting with diffuse functions. The calculated DC-Kerr, ESHG and static
second-order hyperpolarizability coefficients were used to obtain the dispersion of
DFWM coefficient at wavelengths range from near-infrared (NIR) to λ =∞ using an
equation proposed in our previous work20. Subsequently, the quadratic nonlinear index of
refraction n2 was calculated to test the applicability of HOKE hypothesis in nitrogen
radical cation. The DF calculations confirm the  (2) values calculated with MCSCF
response theory. The dominant one-photon transitions, rather than two-photon transitions,
in non-resonant regime presumably produce the negative third-order optical nonlinearity.16
Comparison of  (2) for nitrogen molecule27,61 and nitrogen upon vertical and
adiabatic ionization, indicates an enhanced role of excitations in the polarization response
of ion as compared with the neutral molecule. The variation in the magnitude and sign of

 (2) from N2 neutral molecule to radical cation provides the potential for controlling the
optical properties by controlling the spin of the systems.
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CHAPTER 5
QUADRATIC AND QUARTIC NONLINEAR OPTICAL
RESPONSES OF MULTIPLY IONIZED NOBLE GASES:
QUANTUM STATE SYMMETRIES AND WAVELENGTH
DISPERSIONS

181

5.1

Overview
Dynamic second-order hyperpolarizabilities of atomic noble gases and their

multiply ionized plasmas computed within multi-configurational self-consistent field
cubic response theory are discussed in this chapter. The fourth-order hyperpolarizability
coefficients for sextuply ionized species were calculated as well, using the auxiliary static
electric field approach described in Chapters 2 and 3. The ab initio calculations,
performed at wavelengths ranging from 100 nm to the red of the first multi-photon
resonance all the way toward the static regime, indicate that the second-order
hyperpolarizability coefficients decrease when the electrons are removed from the
systems, in qualitative agreement with Kramers-Kronig calculations. As the atoms reach
higher ionization states, the second-order hyperpolarizability responses as a function of
wavelength, become less dispersive. The sign of the optical response at each ionization
stage depends on the initial value of hyperpolarizability of the corresponding neutral
atom and the spin of the quantum states defined for the ionized species. For the case of
Ne+3 and Ne+4 the nonlinear responses, in low-spin states (2Pu, and 1Sg, respectively) are
positive and the hyperpolarizability coefficients undergo a sign change in high-spin states
(4Su, and 3Pg). The second-order optical responses for doubly, triply, and quadruply
charged Ar and Kr do not undergo a sign change using different state symmetries.
Analysis of the data for second- and fourth-order hyperpolarizability coefficients reveals
a sign change from positive DFWM to negative DSWM coefficient for Ne +6. In contrast,
for Ar+6 and Kr+6 a crossover is observed from negative DFWM to positive DSWM
coefficients.
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5.2

Introduction
The nonlinear response of a medium to an intense laser pulse plays an important

role in a variety of phenomena including high-harmonic generation,1,2 attosecond pulse
formation,3,4 and filamentation5-7. The effect of the external electric field on a medium
may be given by the induced polarization. For many materials the induced polarization P
is found to be proportional to the electric field F at frequency  and can be expanded in
a power series8 as,
P( )   (1) ( ) F ( )   (3) (; 1 , 2 , 3 ) F ( )

3

(5.1)
  (; 1 , 2 , 3 , 4 , 5 ) F ( )  ....
5

(5)

where  is the electric susceptibility of the material,



j

  ,  j    and   0 .

j

Equation (5.1) implies the power expansion of the intensity-dependent refractive index in
the intensity I of the laser field as: n  I   n0  n2 I  n4 I 2 

, where n2 j coefficients are

related to the  (2 n 1) susceptibilities.
The nonlinear phenomena of Kerr self-focusing and self-phase modulation are
described by the third-order nonlinear coefficient,  (3) of the expansion (5.1). Kerr selffocusing, which results from the increase in net refractive index with increasing laser
intensity, is a key ingredient in the standard model of femtosecond laser filamentation
describing the collapse of the pulse.9 Laser filamentation results in coherent ultrabroadband radiation ranging from the ultraviolet (UV) to the far infrared (IR), with pulses
as short as a few optical cycles being formed at long distances (from the meter to
kilometer scale).10 A self-guided light pulse or filament is formed by a dynamic balance
between self-focusing and defocusing effects induced by strong field ionization. 11 Plasma
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formation resulting in a negative index of refraction is the standard mechanism
considered for the arrest of the pulse collapse. 12 Once ionization occurs, the response of
the free electrons typically dominates that of the bound electrons. However, much of the
dynamics of self-phase modulation and self-focusing takes place prior to the ionization
onset and so the bound electron response in that regime is of considerable interest. 13
Alternatively, a negative fifth-order nonlinear susceptibility  (5) has been proposed to be
non-negligible and responsible for defocusing the laser pulse filamentation in the gas
phase, which results in the higher-order Kerr effect (HOKE).14
Analysis of transient birefringence measurements15 of the air components resulted
in the introduction of HOKE via the higher-order nonlinear susceptibilities  ( N ) , to
account for negative slope in the susceptibility as a function of intensity at regions well
below the threshold for ionization. 16 The results initiated a controversial debate about the
significance and interpretation of the higher-order Kerr terms in the power series
expansion of Eq. (5.1). Various measurements, 17-19 ab initio and perturbative
calculations,20-23 solving time-dependent Schrödinger equation (TDSE)12, and Kramers–
Kronig (KK) transform of multiphoton-ionization rates24,25,17 have been applied to
calculate the higher-order coefficients  ( N ) in the power series expansion of Eq. (5.1).
Numerically integrating the TDSE12 predicts a strong negative response in the
susceptibility as a function of intensity, in qualitative agreement with experiments 15.
Earlier studies of the KK formalism, 24,25 predicted a saturation and a sign inversion of the
nonlinear index of refraction at intensities below the threshold for ionization for noble
gases, in agreement with the HOKE hypothesis. However, recent measurements along
with the KK calculations indicate the nonlinear electronic response depends quadratically
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on the laser field strength up to the ionization threshold, 17 where the latter is defined as
the point at which free electrons start to measurably perturb the refractive index. 17
Recently, we calculated the contribution of the higher-order susceptibility terms in the
power series expansion using ab initio methods.20-22 Our approach was applied to atomic
argon,20 and all noble gases,21 as well as nitrogen radical cation;22 the results disproved
the contribution of Kerr effect in the defocusing mechanism and suggested that the
mechanism of saturation presumably arises from the generation of free electrons, in
agreement with recent measurements17,26 and KK theoretical predictions17.
Understanding the optical properties of open-shell and closed-shell systems has
achieved considerable attention27-29 for molecular applications such as, making materials
for photonic applications including optical switching devices, 30 three-dimensional optical
data storage,31 and biomedical imaging using second-harmonic generation32. In this
regard, quantum sum rules have been applied to calculate and control the absolute
maximum values of off-resonant electronic nonlinear susceptibility (  and  (2) ) that is
allowed by quantum mechanics.33 The calculations demonstrated that the maximum
nonlinear response depends on the first excited state transition energy and the number of
electrons in the system which is consistent with observations of second-harmonic
generation for  and several sets of measurements for  (2) in a series of molecules.34
Ab initio calculations of the nonlinear optical properties of atomic noble gases
indicate the importance of using sufficiently large one-particle basis sets and applying
high level treatment of electron correlation methods. 35-38 The calculations of second-order
optical response for Ne atom indicate that the coupled cluster singles and doubles
(CCSD) electron correlation method along with the t-aug-cc-pV5Z basis set provides
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very good agreement between the theory and experiment.39 These investigations were
followed by calculations of fourth-order nonlinear response wherein a basis set
investigation was carried out for dynamic fourth-order hyperpolarizability of atomic
noble gases, suggesting that the t-aug-cc-pV5Z40,41 basis set with the CCSD cubic
response function provides a reasonable balance between computational time and
accuracy.20,21
In this chapter, the multi-configurational self-consistent field (MCSCF) method,
implemented in DALTON quantum chemistry package, 42 is used to calculate the
quadratic nonlinear responses for multiply ionized noble gas atoms. Various active spaces
are employed for computations of DFWM at 800 nm for each ionized species to
determine convergence of the calculations. The variation of the dynamic second-order
hyperpolarizability as a function of ionization state for noble gas atoms is considered at
wavelength ranging from UV to IR in order to ascertain the effects of spin states and
ionization stages on nonlinear optical responses. In addition, the coefficients of fourthorder nonlinear optical response as a function of wavelength for sextuply ionized species
were calculated, within coupled cluster singles and doubles (CCSD) cubic response
theory, in UV and IR regime.

5.3

Theoretical Methodology

5.3.1 Computational Details
The open-shell electronic system of the noble-gas ions precludes the calculation of
the dynamic nonlinear response using the coupled-cluster (CC) theory43 in the DALTON
quantum chemistry package42. To overcome this limitation, the MCSCF level of theory is
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applied for the calculations, which is expected to provide similar accuracy as the standard
model of CCSD and is capable of addressing dynamic (hyper)polarizability coefficients.
The performance of MCSCF method for calculations of second-order nonlinear optical
responses in an open-shell system was tested previously. 20 The second-order
hyperpolarizability coefficients of neutral atomic noble gases and the sextuply ionized
species are calculated with the MCSCF method, as well as the CCSD approach to further
benchmark the applicability of the MCSCF model for nonlinear optical response
calculations, since the nonlinear response calculation of neutral and sextuply ionized
species is within the limits of applicability of CCSD.
The auxiliary field approach, developed in previous studies20,21 and discussed in
Chapter 2 of this dissertation, is employed to calculate the fourth-order nonlinear
coefficients of sextuply ionized noble gases in the wavelength range from 100 nm to the
red side of the lowest order multi-photon resonance all the way toward the static regime.
In previous studies20,21 the basis set effects on the optical response calculations were
investigated to provide some benchmark for convergence. Here, the optical responses for
multiply ionized noble gases are calculated with the basis sets selected in Refs. [20] and
[21]. Thus, t-aug-cc-pV5Z is used throughout the calculations.

5.3.2 Frequency-Dependent Second-Order Hyperpolarizability
The response of an atom or molecule to a time-dependent electric field,

F  F0  F cos t  is approximated following the expansion of the induced dipole moment
as a function of instantaneous field magnitude, 44
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1
2
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(5.2)

where the subscripts (λ, μ, etc.) relate to the Cartesian coordinates in atomic or molecular
axes on which the external field is projected. Many known nonlinear optical effects such
DC  Kerr
as DC-Kerr,  
( )    (; ,0,0) , electric field-induced second-harmonic

generation,

ESHG
 
( )    (2; , ,0) ,

and

degenerate

four

wave

mixing,

DFWM
 
( )    (; , ,  ) are associated with the second-order hyperpolarizability

(2)
coefficients  
( ) . Applying the time-dependent electric field to the higher-order

nonlinear terms, the fourth-order hyperpolarizability coefficients are obtained as:
1 (4)
  (0;0, 0, 0, 0, 0) F0  F0 F0  F0 F0
120
1 (4)
  
(0;0, 0, 0, - ,  ) F0  F0 F0  F F
24
1 (4)
  
(-2;  ,  , 0, 0, 0) F0  F0 F0  F F cos(2t )
24
1 (4)
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24
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1 (4)
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1 (4)
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(5.3)

(4)
In Eq. (5.3) the coefficient  
 (; , , , ,  ) refers to the degenerate six-

wave mixing (DSWM) optical process, which is of our primary interest among all other
fourth-order hyperpolarizability coefficients as it determines the higher-order nonlinear
contribution to the optical Kerr effect. The details for calculating the DSWM are
explained in detail in Chapters 2 and 3.

5.3.3 Isotropic Average Second-Order Hyperpolarizability
To address possible comparisons with experimental response of the medium, the
mean hyperpolarizability coefficients are considered. When the medium is an ensemble
of randomly-oriented molecules, the second-order nonlinear optical response is
determined by the scalar component of the tensor,  (2) , given by the isotropic average
second-order hyperpolarizability45,
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 ll(2) 

1
(2)
(2)
(2)
( 
  
  
);

15 

 ,   x, y, z

(5.4)

While various tensor indices contribute to the average isotropic value of the
hyperpolarizability coefficients, in an ensemble of atomic gas with S symmetry this
averaging is simplified as:
(2)
 ll(2)   zzzz
.

(5.5)

Similarly, the higher-order optical responses is determined as follows,
(4)
 ll(4)   zzzzzz
.

(5.6)

5.3.4 Quantum-State Symmetries for Ionized Atoms
An atomic state can have even or odd symmetry. Specifically, for a single
configuration orbital occupation, the parity is determined by

 l , where the sum is over
i

i

all unpaired electrons and li is the orbital angular momentum of the ith electron. Hence
the 2s22p3 occupation of a triply ionized noble gas atom gives rise to three odd parity
states 4Su, 2Du, and 2Pu, whereas the 2s22p4 (or 2s22p2) occupation of a doubly (or
quadruply) ionized noble gas atom yields even parity 3Pg, 1Dg, and 1Sg states.46,47 These
state symmetries are obtained based on Pauli’s principle, where half-integer spin (s=1/2,
3/2, …) requires an anti-symmetric wavefunction and integer spins (s=0,1,…) are
described by symmetric wavefunctions.48 For the case of atomic noble gases, where the
ground states symmetries are defined as S, the average values of nonlinear optical
properties are determined using Eqs. (5.5) and (5.6). For the ionized atoms with P ground
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state symmetry the (hyper)polarizability depends on the absolute value of the orbital
angular momentum quantum number M L , and thus separate calculations are needed for

M L  0 and M L  1 states.49 The mean (hyper)polarizability for a P-state is defined
by49,
1
3

(n)
 ave
 ( ( n )   ( n ) )
0

1

(5.7)

where the numerical subscripts specifies the values of M L and correspond to different
components of the hyperpolarizability, and n refers to the order of nonlinearity. In this
chapter, the calculations of nonlinear optical properties focus on neutral atoms and
atomic ions, associated with the S and P symmetries. The properties corresponding to the
D symmetry are not considered because, to the best of our knowledge, the expression for
the average second- and fourth-order hyperpolarizability coefficients for a D-state has not
been reported in the literature.

5.3.5 Configuration Spaces in Multi-Configuration Self-Consistent Field Method
In MCSCF50 response theory51, the configuration spaces are chosen based on the
MP2 (second-order Møller–Plesset perturbation theory) natural orbital (NO) occupation
numbers, in which the MP2 NO's are used as an initial guess52. The core orbitals have
MP2 NO occupancies close to two, while the deviations from two become more
pronounced for the valence orbitals. The unoccupied orbitals have small occupancies and
the electron occupations decrease toward zero.52 It has been suggested that the
occupations lower than 0.005 are typically excluded from the active space. 53 For core and
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valence orbitals, deviations in the occupancy from two can usually be used to determine
which orbitals should be inactive.54,55
Figures 5.1 – 5.4 display the MP2 NO occupations for neutral He, Ne, Ar and Kr
atoms and their ionic species. Since perturbation theory on UHF reference wavefunction
(MP2 method) doesn’t work for open-shell systems (in the case of present study this
corresponds to atoms/ions with P symmetries) in the DALTON program, the S symmetry
is considered for the calculations of NO occupations for doubly, quadruply and sextuply
ionized systems as well as neutral atomic species. The occupation of NOs suggests that a
reasonable active space for He is two electrons in two s orbitals and one p orbital (2,5)
(see Figure 5.1). The designation (n,m) used here represents an active space of n electrons
in m orbitals. For the case of Ne, occupations of natural orbitals suggest the choice of
eight electrons in three s and two p orbitals (8,9) as the active spaces (see Figure 5.2).
The calculations were also performed with different choices of active spaces, i.e., (8,12)
and (8,17) to determine the convergence of the DFWM nonlinear optical responses with
different active spaces at MCSCF method. Similarly, the values of natural orbitals
occupation numbers for neutral Ar atom suggest a choice of eight electrons in two s, two
p and one d orbitals (8,13) as the active space (see Figure 5.3). We also performed the
calculations with the active spaces enlarged to three s orbitals (8,14) or four s orbitals
(8,15). Subsequently, for Kr neutral atom the occupation numbers of natural orbitals
suggest that eight valence electrons should be portioned into two s, two p and one d
orbitals (8,13) to form the active space (see Figure 5.4). Furthermore, an extended active
space including eight electrons in two s, two p and two d orbitals (8,18) is tested for the
case of Kr.
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Figure 5.1. The natural orbital occupation numbers for He atom. The occupation
numbers higher than 0.001 are shown. The calculations were performed at MP2 level of
theory using t-aug-cc-pV5Z basis set.
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Figure 5.2. The natural orbital occupation numbers for Ne atom and its ionized species.
The occupation numbers higher than 0.001 are shown. The calculations were performed
at MP2 level of theory using t-aug-cc-pV5Z basis set.
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Figure 5.3. The natural orbital occupation numbers for Ar atom and its ionized species.
The occupation numbers higher than 0.001 are shown. The calculations were performed
at MP2 level of theory using t-aug-cc-pV5Z basis set.
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Figure 5.4. The natural orbital occupation numbers for Kr atom and its ionized species.
The occupation numbers higher than 0.001 are shown. The calculations were performed
at MP2 level of theory using t-aug-cc-pV5Z basis set.
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5.4

Results and Discussion

5.4.1 Benchmarking the Selected Active Spaces
The objective of this Section is to benchmark the performance of MCSCF method
for the calculation of second-order nonlinear optical responses of multiply ionized noble
gases by comparing the DFWM coefficients at 800 nm calculated with the MCSCF
method with those computed with CCSD theory. This comparison is performed for
neutral atomic noble gases and the sextuply ionized species, which are within the limits
of applicability of CCSD. A second objective concerns the DFWM coefficient for each
ionized species at 800 nm as determined using different active spaces to analyze the
convergence of the second-order nonlinear responses with different active spaces in the
MCSCF method.56
Figure 5.5 shows the DFWM coefficient at 800 nm for He atom, calculated with
MCSCF and CCSD methods and the DFWM coefficient for singly ionized He computed
with MCSCF model. Comparison of the calculated coefficients indicates that the DFWM
values of He atom, calculated with CCSD and MCSCF are approximately the same.
Thus, further calculations for He+1 is followed by the same active space in such oneelectron system. The figure also displays the decrease of nonlinear response for singly
ionized He in comparison with the response for neutral atom.
Figure 5.6 summarizes the results of second-order hyperpolarizability coefficients
for Ne and its multiply ionized species at 800 nm, studied with different active spaces. As
mentioned in Section 5.3.5, the occupation numbers of natural orbitals for Ne atom,
suggest that three s and two p orbitals (8,9) are appropriate to form the active space.
Calculations with enlarged active space (i.e., (8,12) with inclusion of eight electrons in
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three s orbitals and three p orbitals, and/or (8,17) with inclusion of eight electrons in three
s, three p, and one d orbitals) give rise to an agreement between MCSCF and CCSD
values within ~2%. As mentioned in Section 5.3.5 the orbital occupations lower than
0.005 is suggested to be excluded from the active space, 53 however, for the cases studied
here, some orbital occupation numbers are lower but close to 0.005. Given that selecting
active spaces in a molecule/atom depends on various parameters, 53 we tested different
active spaces for each atom/ionized atom by adding or subtracting orbitals that have
occupations close to each other and close to 0.005. Note that large gaps in the occupation
numbers are used as a means to choose which orbitals are not required to be included in
the active spaces. The agreement among MCSCF, CCSD models and experimental
measurement57 for neutral Ne atom, suggests that for singly ionized Ne setting seven
electrons in the active spaces (7,17), (7,13), and (7,8) may be appropriate for secondorder nonlinear optical calculations. Comparison of the second-order hyperpolarizability
coefficients for Ne+1, calculated with different active spaces reveals the DFWM values
are consistent within ~5%. For doubly ionized Ne, the calculations is persisted with
partitioning six electrons in s and p orbitals (6,12), as well as setting four electrons in the
same active space (4,12) or four electrons in three s and two p orbitals (4,9), to
investigate the role of valance electrons associated in the active spaces on the DFWM
values. For doubly ionized Ne, the results of DFWM coefficients with different active
spaces are similar. For triply ionized Ne the active spaces of (5,4), (5,7), and (3,12) were
employed and the corresponding DFWM values specify slight differences. Similarly, for
Ne+4, partitioning four electrons in the active spaces of (4,9) and (4,12) give the DFWM
values in agreement with each other. For the case of Ne+5, leaving three electrons in one
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s, one p, and one d orbital (3,9), and/or portioning three electrons in one s, two p, and one
d orbitals (3,12), and/or selecting three electrons in two s, two p, and one d orbitals (3,13)
results in a small negative sign of DFWM at 800 nm in consistent with each other.
Similarly, for the case of sextuply ionized Ne, leaving two electrons in one s and one p
orbital (2,4) or two electrons in two s, two p and one d orbitals (2,13) results in DFWM
values that are in close agreement with each other and with CCSD calculations.
Figure 5.7 reveals the DFWM values calculated at 800 nm for neutral argon and
the corresponding multiply ionized species. For the case of Ar, as discussed in Section
5.3.5, the occupations of natural orbitals suggest using eight electrons in two s, two p and
one d orbitals (8,13). The enlarged active spaces (8,14) and/or (8,15) were considered as
well. The corresponding results indicate a good agreement among different active spaces

Figure 5.5. The values of the DFWM coefficients for neutral He atom and the singly
ionized species, He+1 at 800 nm. For neutral atom, the calculations were performed using
CCSD and MCSCF methods and for singly ionized species the calculations were
performed with MCSCF model. All calculations were accomplished using t-aug-cc-pV5Z
basis set.
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in MCSCF method, which are also consistent with CCSD calculations and the
experimental measurements,57,58 confirming the appropriate choice of active space. For
neutral argon, the difference of DFWM at 800 nm calculated with MCSCF method using
various active spaces and DFWM calculated with the CCSD level is estimated to be less
than 1%. Subsequently, further calculations of singly ionized Ar are performed by
distributing seven electrons in the same size active space used for the neutral calculation,
wherein the DFWM hyperpolarizability coefficients calculated with different active
spaces suggest the values are consistent within ~1%. For doubly ionized argon the
calculations are performed by distributing six electrons in two s, one p, and one d orbitals
(6,10) and employing the same numbers of electrons in extended active spaces (6,12) and
(6,13). The corresponding results reveal the values of DFWM coefficients vary within
~10% depending on the active space used in the calculations. Similarly, for the case of
triply ionized argon, the calculations were carried out with five electrons in the same
active space (5,10) and (5,13) and the results were agreed to within ~5%. For Ar+4 the
calculations were accomplished by taking four electrons in two s, two p, and one d
orbitals (4,13) and/or expanding the active space by adding one s orbital (4,14) or
appending one s and one p orbitals (4,17). Interestingly, the DFWM values were roughly
independent of the choice of active space and the results were within ~1%. The
calculations for Ar+5 reveal that the DFWM values for active spaces (3,11) and (3,13)
differ by ~5%. For sextuply ionized argon, the analysis of active spaces was implemented
by putting two electrons in the same active space as Ar +5, and diminishing the active
space to one s and one p orbital (2,4) to determine the correlation between the magnitude
of DFWM coefficient and the size of active space. The calculations for Ar+6 reveal
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agreement among the results of different active spaces, as well as MCSCF and CCSD
calculations; the difference of the DFWM coefficient between MCSCF and CCSD
method was ≤3%.
Figure 5.8 displays the calculations for Kr and its multiply ionized species at 800
nm. The occupation numbers of natural orbitals for Kr atom, suggest assignment of the
eight electrons to two s, two p, and one d orbitals (8,13) and/or enlarging the active space
by adding one set of d orbitals (8,18), as discussed in 5.3.5. The difference of DFWM at
800 nm calculated with two active spaces for neutral Kr atom is ≤1% and the difference
between the coefficients calculated using MCSCF model and CCSD method is less than
~3%, which confirms the appropriate choice of active spaces. Therefore, the calculations
for Kr+1 are accompanied by distributing the seven electrons in the same active space as
the neutral atom; the corresponding DFWM coefficients are within 3%. For doubly
ionized Kr the size of active space is decreased by distributing the six electrons into one
s, one p, and one d orbitals (6,9), and/or increasing the active space by incorporating one
more s orbital (6,10) or including one more s and one more set of p orbitals (6,13). The
DFWM values obtained from CAS (6,9) and CAS (6,10) are approximately the same and
they differ from the values calculated with CAS (6,13) by ~5%. The calculations for Kr +3
are proceeded by distributing the five electrons in the same active spaces as Kr +2, as well
as using an active space consisting of three s, one p, and one d orbitals (5,11) and/or three
s, two p, and one d orbitals (5,14) to determine the convergence of the second-order
hyperpolarizability coefficients in this ionized system. The results were similar (~1%)
and the only considerable difference was observed for CAS (5,14) where the DFWM
coefficient differs from CAS (5,9), (5,10), and (5,11) by 3%, 6%, 5%, respectively.
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Figure 5.6. The dispersion of the DFWM coefficients for Ne atom and the corresponding
multiply ionized species at 800 nm, versus different active spaces. For neutral atom and
sextuply ionized Ne, the calculations were performed using CCSD and MCSCF methods
and for the rest of the ionized species the calculations were performed with MCSCF
model. All calculations were accomplished using t-aug-cc-pV5Z basis set.
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Figure 5.7. The dispersion of DFWM coefficients for Ar atom and the corresponding
multiply ionized species at 800 nm, versus different active spaces. For neutral atom and
sextuply ionized Ar, the calculations were performed using CCSD and MCSCF methods
and for the rest of the ionized species the calculations were performed with MCSCF
model. All calculations were accomplished using t-aug-cc-pV5Z basis set.
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Figure 5.8. The dispersion of DFWM coefficients for Kr atom and the corresponding
multiply ionized species at 800 nm, versus different active spaces. For neutral atom and
sextuply ionized Kr, the calculations were performed using CCSD and MCSCF methods
and for the rest of ionized species the calculations were performed with MCSCF model.
All calculations were accomplished using t-aug-cc-pV5Z basis set.
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Similarly, the calculations for Kr+4 using different active spaces (4,9), (4,10), and (4,11),
as well as the DFWM coefficients for Kr+5 computed by applying CAS (3,13) and (3,17)
are approximately the same (see inset in Figure 5.8). Finally, the calculations for sextuply
ionized Kr were evaluated by comparing the CCSD method values with the values
obtained from two versions of active spaces in MCSCF method, the divergence is within
~5% as shown in Figure 5.8. The deviations of DFWM values obtained with different
active spaces throughout the calculations for neutral and ionized species are ≤ 5%.

5.4.2 Second-Order Optical Responses at Different Quantum State Symmetries
As discussed in Section 5.3.4, an atom can possess various state symmetries
depending on the configuration of the valence orbital occupations. In present study,
different symmetries allowed by quantum mechanics are investigated to inspect the effect
of spin multiplicity on the DFWM optical responses. We initially consider the
symmetries for Ne+n (1 ≤n ≤ 6), subsequently generalize the results to all ionized noble
gases that have the same valence electronic configurations. For atoms/ions such as Ne
and Ne+6 (with valence electronic configurations 2s2 2p6 and 2s2, respectively) only one
symmetry is defined; 1Sg, whereas for the ions of Ne+2, Ne+3, and Ne+4 (with valence
electronic configuration 2s2 2p4, 2s2 2p3, and 2s2 2p2, respectively) more than one
symmetry can be defined. For Ne+2 and Ne+4 the ground state symmetries are defined as
3

Pg and 1Sg, while for Ne+3 the symmetries are labeled 2Pu and 4Su.
Figures 5.9 – 5.11 display the   (; , ,  ) optical response for ionized

Ne, Ar, and Kr at 800 nm, including defined symmetries for each ionized species. As can
be seen in Figure 5.9, the magnitude and sign of nonlinear optical response for Ne +n
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depends on the state symmetry applied in the calculations. For Ne+2, the optical response
is positive at both symmetries and the calculated values are in close agreement with each
other. In contrast, for the case of Ne+3 the nonlinear response coefficients exhibit positive
and negative signs depending on the symmetry of the system. The high–spin state (4Su)
has a negative sign of   (; , ,  ) and the low-spin state (2Pu) holds a positive
sign of DFWM coefficient. The same trend is observed for quadruply charged Ne ion,
where the high-spin state (3Pg) corresponds to negative value of DFWM response and
low-spin state (1Sg) results in positive nonlinear response. These calculations suggest that

Figure 5.9. The dispersion of DFWM coefficients for neutral Ne atom and the
corresponding multiply ionized species at 800 nm, calculated by employing different
allowed symmetries for each species. The calculations were performed using CAS (8,12),
CAS (5,7), CAS (4,12), CAS (3,12), CAS (4,13), CAS (3,13), and CAS (2,4) for Ne,
Ne+1, Ne+2, Ne+3, Ne+4, Ne+5, and Ne+6, respectively.
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nonlinear optical responses may be controlled via manipulating the spin state of the
system e.g., adaptive pulse shaping techniques that can interplay between the electronic
structure characteristics and the laser pulse parameters (duration, intensity, frequency,
etc.).
For the cases of multiply charged Ar and Kr, the sign of the nonlinear optical
response does not change by varying the symmetry of the system (see Figures 5.10 and
5.11), which may be due to negligible energy differences between two symmetries in
ionic species of Ar and Kr. In contrast, for Ne+n, 2 ≤ n≤ 4, the energy differences between

Figure 5.10. The dispersion of DFWM coefficients for Ar and the corresponding
multiply ionized species at 800 nm, calculated by employing different symmetries for
each species. The calculations were performed using CAS (8,14), CAS (7,14), CAS
(6,10), CAS (5,13), CAS (4,13), CAS (3,13), and CAS (2,13) for Ar, Ar +1, Ar+2, Ar+3,
Ar+4, Ar+5, and Ar+6, respectively.
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two symmetries is remarkable. For doubly ionized Ar, the absolute values of DFWM
second-order nonlinear coefficients at high- and low-spin states vary from ~52 to ~61
a.u., respectively. Moreover, for triply ionized Ar the value of the   (; , ,  )
coefficient at 800 nm shifts from ~12 for the ion at high spin-state, to ~18 a.u. for the ion
at low-spin state. For Ar+4 the DFWM coefficient at 800 nm slightly varies from the
value of ~2.8 a.u. for the ion with 3Pg symmetry, to 2.4 a.u. for the ion with 1Sg symmetry
(see Figure 5.10). Comparison of the nonlinear coefficients of Kr ions at 800 nm,
obtained using different state symmetries demonstrates a change in DFWM of doubly
ionized Kr from ~156 a.u. to ~126 a.u for the ion with 3Pg and 1Sg symmetries,
respectively. For triply ionized Kr this value varies from ~37a.u. to ~40 a.u. for high and
low spin-states, respectively. Finally for Kr+4 the DFWM second-order nonlinear
coefficient is separated from ~9 a.u. for the ion with 3Pg symmetry, to ~8 a.u. for the ion
with 1Sg symmetry (see Figure 5.10).

5.4.3 Dispersion of the DFWM for Multiply Ionized Noble Gases in a Frequency
Range from UV to IR
Given that the preliminary MCSCF calculations of multiply ionized Ar at
wavelength of 270 nm showed a reasonable agreement with both measurement 59,60 and the
TDSE

calculations,

the

present

methodology

is

validated.

The

second-order

hyperpolarizability coefficients for multiply ionized noble gases are calculated as a function
of wavelength ranging from 100 nm away from the lowest order multi-photon absorption
resonance all the way to static limit 56 using the approach outlined in Section 5.3. Note that
for the calculations performed in this section and discussed in Figures 5.12 – 5.15, as well
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as the calculations employed to benchmark the active spaces (Section 5.4.1), the state
symmetry of the ions holding less energy and higher spin multiplicity, 48 are considered.
Having established that the MCSCF calculations for DFWM at 800 nm,
benchmarked with various active spaces, are converged (Figures 5.5 – 5.8), the calculations
proceed to determine the static, DC-Kerr, DFWM and ESHG optical responses in a wide
range of frequencies ranging from 100 nm above the lowest order multi-photon absorption
resonance all the way to the static regime.

Figure 5.11. The dispersion of DFWM coefficients for Kr and the corresponding
multiply ionized species at 800 nm, calculated by employing different symmetries for
each species. The calculations were performed using CAS (8,13), CAS (7,13), CAS
(6,10), CAS (5,10), CAS (4,9), CAS (3,13), and CAS (2,9) for Kr, Kr +1, Kr+2, Kr+3, Kr+4,
Kr+5, and Kr+6, respectively.
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Figures 5.12 – 5.15 display the variation of DFWM coefficients versus wavelength for
multiply charged noble gases obtained from CAS (2,5) for He, CAS (1,5) for He +1, CAS
(8,12) for Ne, CAS (5,7) for Ne+1, CAS (4,12) for Ne+2, CAS (3,12) for Ne+3, CAS (4,13)
for Ne+4, CAS (3,13) for Ne+5, CAS (2,4) for Ne+6, CAS (8,14) for Ar, CAS (7,14) for Ar+1,
CAS (6,10) for Ar+2, CAS (5,13) for Ar+3, CAS (4,13) for Ar+4, CAS (3,13) for Ar+5, CAS
(2,13) for Ar+6, CAS (8,13) for Kr, CAS (7,13) for Kr +1, CAS (6,10) for Kr+2, CAS (5,10)
for Kr+3, CAS (4,9) for Kr+4, CAS (3,13) for Kr+5, and CAS (2,9) for Kr+6 as benchmarked
in Section 5.4.1, where it was shown the DFWM for each ionized species calculated with
different active spaces are reproduced within ~5%. The other optical properties such as
DC-Kerr and ESHG as a function of wavelength are shown in Tables 5.1 – 5.4.
Comparison of the DFWM coefficients calculated for multiply ionized noble
gases indicates a general decrease in the optical response of ionized species in
comparison with neutral systems. This trend may be rationalized as a manifestation of
two related effects. Upon ionization, the number of electrons responding to the optical
field is decreased and thus decreases polarizability. In addition, when a system is ionized,
the screening effect of the electrons is reduced, thus the remaining electrons are bound
tighter to the nucleus, becoming less responsive to external fields.
Single ionization of He decreases the DFWM nonlinear optical response by a
factor of 33 as compared with that of neutral He atom (see Figure 5.12). For the case of
Ne, the DFWM optical response of singly charged system is decreased by a factor of ~11
in comparison with neutral atom, and this decrease reaches two orders of magnitude for
sextuply ionized Ne. Surprisingly, the decrease of the DFWM value with the progressive
ionization stages in Ne is not monotonic: ionizing the system up to quadruple state
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decreases the quadratic Kerr coefficient, then for quintuple and sextuple charged Ne ions
the Kerr effect increases (see Figure 5.13). Removing one electron from neutral Ar atom
decreases the DFWM optical response by a factor of ~6 in comparison with atomic
argon, at each sequential ionization state the nonlinear properties decreases uniformly; for
sextuply ionized species the DFWM coefficient is two orders of magnitude smaller than
that of the neutral atomic argon (see Figure 5.14). Similarly, for Kr +1 the DFWM optical
response, decreases by a factor of 5 in comparison with that of the neutral atom;
removing six electron from the neutral atom, the DFWM coefficient diminishes by two
orders of magnitude in comparison with Kr atom (see Figure 5.15). Note that the
quadratic nonlinear index of refraction relates to DFWM through61,

n2 (

cm2
(2)
)  8.28 1023  DFWM
(a.u.) .
W

(5.8)

So the discussions based on DFWM coefficient corresponds to the n2 quadratic nonlinear
index of refraction and Kerr effect, as they are linearly related. 22

Figure 5.12. The dispersion of DFWM for He and He+1 versus wavelength. The
calculations were performed using CAS (2,5) for He and CAS (1,5) for He +1.
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In Figures 5.12 – 5.15, the decrease in index of refraction for singly ionized noble
gases, as compared with their neutral atoms, can be attributed to the differences in the
ionization potentials (IP). The IP for helium, neon, argon and krypton are 24.6, 21.5,
15.7, 14.0 eV, respectively, and the IP rises to 54.4, 44.4, 27.6, and 24.2 eV for the
corresponding singly ionized species. Thus, a smaller number of infrared photons are
required to effect multiphoton ionization of neutral noble gas atoms, in comparison with
their singly ionized species. The increase in ionization potential has to reduce the
resulting nonlinear refractive index values, which can be explained based on the
argument in Kramers-Kronig (KK) formalism62,63 indicating that the nonlinear refraction
coefficient n2k is related to the (k+1) number of photons required to reach the ionization
potential, as illustrated by the transition from krypton to helium neutral atoms, where the

n2 at 800 nm for He is calculated to be 3.64×10-9 cm2/TW and for Kr the n2 increases to
2.46×10-7 cm2/TW.
The phenomenological calculations based on the nonlinear KK relations 24 also
predict a reduction of n2 (quadratic nonlinear index of refraction) for Ar upon single
ionization. However, the decrease predicted by KK calculations is less than the one
predicted with MCSCF model. The underestimate of the nonlinear index of refraction in
KK formalism in comparison with the ab initio calculations has also been seen for n2 in
neutral noble gas atoms.24,64 The discrepancy may be attributed to the use of strong-field
ionization rates for the absorption spectra  K employed in the KK approach.
Comparison of the DFWM coefficients for multiply ionized neon, argon, and krypton,
demonstrates the characteristic features similar to that of the helium example. Analysis of
Figures 5.12 – 5.15 indicates the quadratic nonlinear Kerr terms as a function of
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wavelength become less dispersive as the atom reaches higher ionization states. Among
the atoms investigated, helium is the least complex and is a good example for
comparison. According to the calculations, the infrared limit of Kerr coefficient for He is

n2     =3.54×10-9 cm2/TW, which increases by a factor of ~1.7 at 200 nm, in
agreement with reported experimental measurements. 61 For He+1, the Kerr coefficient in
the infrared regime is calculated to be n2     =1.07×10-10 cm2/TW, and enhances by
a factor of ~1.3 reaching to 1.38×10-10 cm2/TW at 145 nm. Note the shortest wavelength
in both cases is approximately 100 nm above the two-photon absorption resonance. The
analysis of neutral neon atom in the static limit, indicates a value n2 =8.98×10-9 cm2/TW,
and at UV wavelength of 215 nm, the quadratic nonlinear index of refraction increases to
1.63×10-8 cm2/TW. For Ne+n 1 ≤ n ≤ 6, n2 is calculated to be 8.02×10-10 for Ne+1,
1.32×10-10 for Ne+2, -4.99×10-11 for Ne+3, -9.96×10-12 for Ne+4, -9.21×10-12 for Ne+5,
1.15×10-11 for Ne+6 cm2/TW. The investigation of neutral argon atom in the static regime
reveals n2 =9.62×10-8 cm2/TW, and the Kerr coefficient at 260 nm wavelength increases
by a factor of ~2.5. For multiply ionized argon Ar +n (n=1,2,3,4,5,6), the quadratic
nonlinear Kerr effect in the static regime reaches 1.65×10-8, 4.23×10-9, 1.01×10-9,
1.98×10-10, -4.62×10-11, -2.69×10-10 cm2/TW respectively, which increases by the factors
of 1.17 – 2 at wavelengths 120 nm – 190 nm, depending on the ionization stage. The
same trend is observed for Kr neutral atom and the corresponding ionized species. The
infrared limit for Kr atom is n2     =2.22×10-7 cm2/TW, which increases by a factor
of 2 at 325 nm. For multiply ionized krypton, Kr +n (1 ≤ n ≤ 6), the dispersions of n2 from
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Figure 5.13. The dispersion of DFWM for Ne and it’s multiply ionized species versus
wavelength. The calculations were performed using CAS (8,12), CAS (5,7), CAS (4,12),
CAS (3,12), CAS (4,13), CAS (3,13), and CAS (2,4) for Ne, Ne +1, Ne+2, Ne+3, Ne+4, Ne+5,
and Ne+6, respectively.
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Figure 5.14. The dispersion of DFWM for Ar and it’s multiply ionized species versus
wavelength. The calculations were performed using CAS (8,14), CAS (7,14), CAS
(6,10), CAS (5,13), CAS (4,13), CAS (3,13), and CAS (2,13) for Ar, Ar +1, Ar+2, Ar+3,
Ar+4, Ar+5, and Ar+6, respectively.
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Figure 5.15. The dispersion of DFWM for Kr and it’s multiply ionized species versus
wavelength. The calculations were performed using CAS (8,13), CAS (7,13), CAS
(6,10), CAS (5,10), CAS (4,9), CAS (3,13), and CAS (2,9) for Kr, Kr +1, Kr+2, Kr+3, Kr+4,
Kr+5, and Kr+6, respectively.
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static limit to UV regime (wavelength 250 nm – 170 nm) decreases by factors of 1.7 –
1.07, depending on the ionization stage.
The calculations of nonlinear index of refraction presented in this chapter support
the mechanism of generation of free electrons for saturation, as was proposed
previously.17,20,21,24 When a system is ionized, a number of ions are replaced by neutral
atoms; given that the index of refraction in each ionization stage decreases in comparison
with neutral atoms, the depletion of the neutral atoms is suggested as the main cause for
saturation. The calculations presented in this chapter can be used for predictive models
for the dynamics of femtosecond laser filamentation and plasma generations.

Table 5.1. DC-Kerr and ESHG second-order hyperpolarizability coefficients for singly
ionized He, calculated at the MCSCF level using the t-aug-cc-pV5Z basis set. All values
are reported in atomic units (a.u.).
Frequency
(a.u.)

 (4) (; , 0, 0)
(a.u.)

 (4) (2; ,  , 0)
(a.u.)

200
400
500
600

0.2276
0.1139
0.0911
0.0759

54.274
45.303
44.372
43.891

96.588
51.026
47.809
46.198

800
1000
1500
2000
∞

0.0569
0.0455
0.0303
0.0227
0

43.408
43.188
42.971
42.896
42.800

44.663
43.979
43.316
43.090

Wavelength
(nm)
He+1
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Table 5.2. DC-Kerr and ESHG second-order hyperpolarizability coefficients for multiply
ionized Ne, calculated at the MCSCF level using the t-aug-cc-pV5Z basis set. All values
are reported in atomic units (a.u.).
Wavelength
(nm)

Frequency
(a.u.)

 (4) (; , 0, 0)
(a.u.)

 (4) (2; ,  , 0)
(a.u.)

0.2936
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.02276
0

11.37
10.65
9.915
9.787
9.743
9.723
9.699
9.696
9.690

16.49
13.08
10.40
9.992
9.857
9.795
9.728
9.717

0.3251
0.2276
0.1139
0.0759
0.0569
0.04552
0.0303
0.02276
0

1.737
1.669
1.621
1.612
1.609
1.607
1.606
1.605
1.602

1.972
1.799
1.653
1.626
1.617
1.612
1.608
1.607

0.36416
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.02276
0

-1.092
-0.754
-0.637
-0.618
-0.611
-0.608
-0.605
-0.604
-0.603

-7.645
-1.225
-0.713
-0.649
-0.628
-0.619
-0.610
-0.607

Ne+1 (2Pu)
155
200
400
600
800
1000
1500
2000
∞
Ne+2 (3Pg)
140
200
400
600
800
1000
1500
2000
∞
Ne+3 (4Su)
125
200
400
600
800
1000
1500
2000
∞
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Table 5.2. (Continued) DC-Kerr and ESHG second-order hyperpolarizability coefficients
for multiply ionized Ne, calculated at the MCSCF level using the t-aug-cc-pV5Z basis
set. All values are reported in atomic units (a.u.).
Wavelength
(nm)

Frequency
(a.u.)

 (4) (; , 0, 0)
(a.u.)

 (4) (2; ,  , 0)
(a.u.)

0.3793
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.02276
0

-0.2363
-0.1528
-0.1278
-0.1236
-0.1221
-0.1215
-0.1209
-0.1206
-0.1203

-2.2002
-0.2510
-0.1440
-0.1303
-0.1258
-0.1238
-0.1219
-0.1212

0.3958
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.02276
0

-0.1900
-0.1310
-0.1158
-0.1133
-0.1124
-0.1120
-0.1116
-0.1115
-0.1113

-2.6851
-0.1898
-0.1257
-0.1147
-0.1140
-0.1134
-0.1122
-0.1118

0.4138
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.02276
0

0.2279
0.1600
0.1440
0.1413
0.1403
0.1399
0.1395
0.1393
0.1391

1.0021
0.2171
0.1545
0.1457
0.1428
0.1414
0.1401
0.1397

Ne+4 (3Pg)
120
200
400
600
800
1000
1500
2000
∞
Ne+5 (2Pu)
115
200
400
600
800
1000
1500
2000
∞
Ne+6 (1Sg)
110
200
400
600
800
1000
1500
2000
∞
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Table 5.3. DC-Kerr and ESHG second-order hyperpolarizability coefficients for multiply
ionized Ar, calculated at the MCSCF level using the t-aug-cc-pV5Z basis set. All values
are reported in atomic units (a.u.).
Wavelength
(nm)

Frequency
(a.u.)

 (4) (; , 0, 0)
(a.u.)

 (4) (2; ,  , 0)
(a.u.)

0.2395
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.0227
0

278.6
269.0
214.5
206.1
203.9
202.1
200.8
200.4
199.8

658.5
572.2
249.0
219.7
212.4
206.7
202.8
201.5

0.2758
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.0227
0

65.68
60.48
53.28
52.09
51.75
51.48
51.29
51.23
51.15

126.9
86.74
57.95
54.03
52.98
52.16
51.59
51.40

0.3139
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.0227
0

13.50
13.06
12.45
12.31
12.27
12.25
12.23
12.22
12.21

35.26
24.48
14.10
12.51
12.38
12.32
12.26
12.24

Ar+1 (2Pu)
190
200
400
600
800
1000
1500
2000
∞
Ar+2 (3Pg)
165
200
400
600
800
1000
1500
2000
∞
Ar+3 (4Su)
145
200
400
600
800
1000
1500
2000
∞

220

Table 5.3. (Continued) DC-Kerr and ESHG second-order hyperpolarizability coefficients
for multiply ionized Ar, calculated at the MCSCF level using the t-aug-cc-pV5Z basis
set. All values are reported in atomic units (a.u.).
Wavelength
(nm)

Frequency
(a.u.)

 (4) (; , 0, 0)
(a.u.)

 (4) (2; ,  , 0)
(a.u.)

0.3371
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.0227
0

2.607
2.516
2.432
2.415
2.408
2.405
2.402
2.402
2.401

3.050
2.674
2.493
2.443
2.424
2.416
2.407
2.405

0.3501
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.02276
0

-0.944
-0.887
-0.639
-0.594
-0.578
-0.571
-0.564
-0.562
-0.559

-3.895
-2.824
-0.830
-0.668
-0.618
-0.596
-0.575
-0.568

0.3793
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.02276
0

-5.385
-3.835
-3.379
-3.303
-3.277
-3.265
-3.253
-3.250
-3.244

-8.628
-5.675
-3.674
-3.425
-3.344
-3.308
-3.272
-3.260

Ar+4 (3Pg)
135
200
400
600
800
1000
1500
2000
∞
Ar+5 (2Pu)
130
200
400
600
800
1000
1500
2000
∞
Ar+6 (1Sg)
120
200
400
600
800
1000
1500
2000
∞
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Table 5.4. DC-Kerr and ESHG second-order hyperpolarizability coefficients for multiply
ionized Kr, calculated at the MCSCF level using the t-aug-cc-pV5Z basis set. All values
are reported in atomic units (a.u.).
Wavelength
(nm)

Frequency
(a.u.)

 (4) (; , 0, 0)
(a.u.)

 (4) (2; ,  , 0)
(a.u.)

0.18208
0.1139
0.0759
0.0569
0.0455
0.0303
0.0227
0

675.9
573.5
542.3
531.9
527.2
522.7
521.1
519.1

1291
710.1
593.4
559.1
544.2
530.0
525.2

0.2069
0.1139
0.0759
0.0569
0.0455
0.0303
0.0227
0

186.6
162.1
156.9
154.4
153.3
152.5
151.2
150.9

292.9
183.2
165.4
159.0
157.2
154.8
153.9
152.9

0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.02276
0

40.82
37.39
36.75
36.53
36.43
36.33
36.30
36.26

49.20
39.69
37.77
37.10
36.79
36.49
36.39

Kr+1 (2Pu)
250
400
600
800
1000
1500
2000
∞
Kr+2 (3Pg)
220
400
600
800
1000
1500
2000
∞
Kr+3 (4Su)
200
400
600
800
1000
1500
2000
∞
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Table 5.4. (Continued) DC-Kerr and ESHG second-order hyperpolarizability coefficients
for multiply ionized Kr, calculated at the MCSCF level using the t-aug-cc-pV5Z basis
set. All values are reported in atomic units (a.u.).
Wavelength
(nm)

Frequency
(a.u.)

 (4) (; , 0, 0)
(a.u.)

 (4) (2; ,  , 0)
(a.u.)

0.2395
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.0227
0

9.561
9.551
9.301
9.232
9.206
9.192
9.179
9.173
9.168

9.958
9.948
9.497
9.341
9.270
9.235
9.198
9.184

0.2528
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.0227
0

-1.508
-1.316
-0.852
-0.784
-0.761
-0.751
-0.741
-0.738
-0.733

-8.741
-4.670
-1.142
-0.895
-0.821
-0.788
-0.757
-0.747

0.2677
0.2276
0.1139
0.0759
0.0569
0.0455
0.0303
0.0227
0

-8.323
-7.710
-6.696
-6.530
-6.473
-6.447
-6.422
-6.413
-6.402

-16.76
-12.04
-7.349
-6.798
-6.620
-6.540
-6.463
-6.436

Kr+4 (3Pg)
190
200
400
600
800
1000
1500
2000
∞
Kr+5 (2Pu)
180
200
400
600
800
1000
1500
2000
∞
Kr+6 (1Sg)
170
200
400
600
800
1000
1500
2000
∞
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5.4.4 DSWM for Sextuple Ionized Ne, Ar and Kr Using CCSD Model
Given that the CCSD level of theory is used for atoms in 1Sg state and closed-shell
molecules, the fourth-order hyperpolarizability coefficients are calculated for sextuply
ionized neon, argon, and krypton, using the CCSD wavefunction and the approach
described in Chapters 2 and 3. The external electric fields employed for present
calculations vary from 1.5×10-1 to 2.5×10-1 e-1a0-1 Eh (that is, 7.71 – 12.85 V/Å), and the
wavelengths investigated range from 100 nm above the resonance all the way to the static
regime. The accuracy of CCSD model for calculating the optical properties, as well as the
details for approximating the DSWM coefficient from the DFWM, DC-Kerr, and static
fourth-order hyperpolarizability were discussed in previous works. 20,21 Following
equation indicates the relation among the DFWM, DC-Kerr, and static fourth-order
hyperpolarizability coefficients that reflects the DSWM value,

 ll(4) (; , , , ,  )  3 ll(4) (; , , ,0,0)
3 (; ,0,0,0,0)   (0;0,0,0,0,0)
(4)
ll

(5.9)

(4)
ll

Figure 5.16 display the logarithm of fourth-order hyperpolarizability calculations
for sextuply ionized Ne, Ar and Kr. The calculations show that for each ionized species
the value of fourth-order hyperpolarizability coefficients increase by one order of
magnitude

in comparison with corresponding

second-order

hyperpolarizability

coefficients. Analysis of the data for second- and fourth-order hyperpolarizability
coefficients reveals a sign change from positive DFWM to negative DSWM coefficient
for Ne+6. In contrast, for Ar+6 and Kr+6 a crossover is observed from negative DFWM to
positive DSWM coefficients.
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Figure 5.16. The dispersions of (a) DC-Kerr, (b) ESHG, (c) DFWM, and (d) DSWM
fourth-order hyperpolarizability versus wavelength for Ne+6, Ar+6, and Kr+6. All the
dispersion curves are displayed in logarithmic scale. For Ne+6 the dispersions of fourthorder hyperpolarizability coefficients have negative signs. All the calculations were
performed at CCSD/t-aug-cc-pv5Z basis set.

5.5

Summary and Conclusions
An ab initio, MCSCF method has been used to calculate the dynamic second-

order hyperpolarizability coefficients of atomic noble gases and their positively charged
ions for the wavelengths ranging from 100 nm to the red of the lowest order multi-photon
resonance all the way to the static regime. The nonlinear response coefficients for each
ionized species at 800 nm that were calculated using different active spaces determined
the convergence of the DFWM with different active spaces within ~5%. For neutral and
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sextuply ionized species the calculations were performed at CCSD level, as well. The
agreement between the MCSCF- and CCSD-calculated coefficients further validated the
applied methodology for calculation of nonlinear responses of multiply ionized noble
gases.
The nonlinear optical responses for multiply ionized noble gases were
investigated as a function of state symmetries. The outcome of the state symmetry is most
pronounced for Ne ions, wherein the nonlinear responses of Ne +3 and Ne+4 in low-spin
states change sign in comparison with those in high-spin states, while this is not the case
for triply and quadruply ionized Ar and Kr.
The calculated second-order hyperpolarizability coefficients were used to obtain
the dispersions of the quadratic nonlinear index of refraction. The study of second-order
nonlinear response coefficients (and/or nonlinear refractive index) versus wavelength,
revealed that the magnitude and the dispersion of the nonlinearity decreases when the
electrons are progressively removed from the systems. For singly ionized He and Ar
noble-gas atoms, the results obtained are in qualitative agreement with Kramers-Kronig
based calculations24.
The fourth-order optical responses for sextuply ionized Ne, Ar, and Kr were
calculated at wavelengths ranging from ~100 nm above the resonance all the way to the
static regime, using coupled cluster electron-correlated wavefunction. The calculations
reveal a sign change from positive DFWM to negative DSWM coefficient for Ne +6. In
contrast, for Ar+6 and Kr+6 the sign of nonlinear optical responses change from negative
for DFWM to positive for DSWM coefficients.
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The results are pertinent to modeling of femtosecond laser filamentation and
especially to nonlinear optical properties of filament wake channels. The predicted
modifications of the nonlinear optical response will accompany the changes in linear
polarizability of the medium, due to the emergence of free electrons. In this capacity, the
present calculations are important for developing predictive models for description and
control of the filamentation dynamics. The results are of value for predictive models of
high-harmonic generation in multiply ionized plasma at X-ray photon energies.60
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CHAPTER 6
COMBINING AB INITIO CALCULATIONS AND PUMP-PROB
SPECTROSCOPY TO INTERPRET AND CONTROL THE
DISSOCIATION DYNAMICS, FOR ACETOPHENONE AND THE
SUBSTITUTED DERIVATIVES IONIZED IN THE STRONG
FIELD REGIME
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6.1

Overview
In this chapter, the electronic excited states for the acetophenone radical cation

and the substituted derivatives were calculated using ab initio methods, and compared
with experimental measurements. The calculations support the strong-field measurement
of alkyl phenyl ketone molecules and reveal an electronic resonance at 1370 nm in the
radical cations upon measuring mass spectra as a function of excitation wavelength from
1240 nm – 1550 nm. Calculations, performed for acetophenone and propiophenone
radical cations, show the presence of a bright state, D2, 0.87 eV and 0.88 eV,
respectively, above the ground-state D0 minimum supporting the existence of a onephoton transition from the ground ionic to a dissociative excited ionic state, where motion
of the acetyl group from a planar to nonplanar structure within the pulse duration enables
the otherwise forbidden transition. The potential energy surfaces and the conical
intersection for the acetophenone radical cation have been explored using multiconfiguration self-consistent field ab initio method to propose a photo-dissociation
mechanism for the molecule when undergoes a strong laser irradiation. The Calculations
suggest that a D2 → D0 radiationless transition precedes dissociation on D0 state of the
acetophenone radical cation. Upon population transfer to the D 2 surface the wavepacket
motion is directed towards a three-state conical intersection (D0/D1/D2) that facilitates the
photodissociation by converting electronic to vibrational energy on the D 0 surface.
Classical trajectory calculations reveal the wavepacket reaches the geometry with largest
transition probability at the dihedral angle of 90°, in approximately 320 fs. The
wavepacket trajectory calculations aim to support the mechanism wherein the probe pulse
excites a wavepacket on the ground surface D0 to the excited D2 surface at a delay of 325
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fs, resulting in dissociation to the benzoyl ion. Calculations of the ten lowest lying ionic
surfaces and the dipole couplings between the ground ionic surface D0 and the nine
excited states were employed to interpret the time-resolved measurements of the
acetophenone radical cation prepared via adiabatic ionization with strong field 1270 nm
pump pulse and probed with a weak 790 nm pulse as a function of intensities. At low
probe pulse intensities, the parent ion on the D1 and/or D2 surfaces can decay through the
conical intersection to form the benzoyl ion. While at high probe intensities, the
acetophenone radical cation can be excited from D1 and/or D2 state to the D3, D4, D5,
and/or D6 surfaces via a two-photon excitation to form the phenyl, acylium, and
butadienyl small fragment ions. In parallel, the hydroxy-substituted alkyl phenyl ketones
2’-, 3’- and 4’- (ortho, meta and para) hydroxyacetophenone radical cations were studied
theoretically using density functional theory to explain the experimental measurements
showing the intensity of the fragment ions for 2’- and 3’-hydroxyacetophenone, remained
unchanged as a function of excitation wavelength ranging from 1200 – 1500 nm, while,
4’-hydroxyacetophenone exhibited depletion of the parent molecular ion with
corresponding enhanced formation of the benzoyl fragment ion upon excitation with
1370 nm as compared to other excitation wavelengths. The calculations suggest that
dissociation occurs when the acetyl group in 4’-hydroxyacetophenone radical cation
twists out of plane with respect to the phenyl ring, enabling a one-photon transition
between the ground cation state D0 and the excited cation state D2 to occur. The density
functional calculations also suggest that the lack of dissociation in the wavelengthresolved strong field excitation measurements for 2’- and 3’-hydroxyacetophenone arises
because both isomers have a barrier to rotation about the carbon-carbon bond connecting
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the phenyl and acetyl groups. Similar measurements performed on methylacetophenone
isomers indicate that the depletion of the parent molecular ion is enhanced as the methyl
substituent is moved from the 2’ to 3’ to 4’ position on the phenyl ring with respect to the
acetyl group. The phenyl-acetyl dihedral angle is the relevant coordinate enabling
excitation to the dissociative D2 state. The calculations on the radical cation of 2’methylacetophenone show two stable geometries with dihedral angles of 7 degrees and
63 degrees between the phenyl and acetyl groups. The barrier to rotation for the 2’ isomer
limits population transfer to the D2 state. In contrast, calculations on the radical cations of
3’- and 4’-methylacetophenone reveal no rotational barrier to prevent population transfer
to the excited state, which is consistent with the enhanced dissociation yield in
comparison with the 2’ substitution. The enhanced dissociation of the 4’ isomer as
compared to the 3’ isomer is attributed to its lower moment of inertia about the dihedral
angle. These studies help elucidate the effects of substituents on the torsional motion of
radical cations and illustrate the potential for controlling molecular dissociation through
addition of substituents.

6.2

Introduction
Strong field chemistry research has led to advances in understanding bond

dissociation rates1 and mechanisms2 in radical cations, as well as dynamic Stark shifting
of excited states,3 and Coulomb explosion4. Radical cations (M•+), produced through
strong laser field, play important roles in chemical, physical, and biological processes.
For example, the formation of radical cations of DNA nucleobases 5 and/or carotenoids6
after radiation damage represent important photo-protection mechanisms. The radical
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cation of methyl viologen has been investigated as a means to devise new molecular
switches.7 Radical cation intermediates have also been proposed to play an important role
in strong field control2 and for interpreting tomographic imaging of CO2 using high
harmonic generation.8 Controlling chemical reactions in the strong field regime is due to
the role of radical cation excited states in the dynamics of molecular dissociation. 9
When a molecule interacts with a strong field laser pulse (>10 13 W cm-2), the
radical cation can be produced via multiphoton and/or tunnel ionization, 10-14 populating
one or more electronic states. The multiphoton ionization processes occurring in strong
field photodissociation/ionization experiments using 800 nm and shorter laser
wavelengths, can make mechanistic interpretation of substituent effects in polyatomic
systems difficult. The mechanism may be obscured by the population of multiple
vibronic states in the cation, and such excited states often result in a high degree of
molecular dissociation through various pathways. In contrast, when the excitation and
ionization in the IR regime suppresses the electrostatic field in a molecule an electron can
tunnel through the potential barrier, leaving the cation in the ground electronic state with
little vibrational excitation, and this adiabatic ionization typically decreases
fragmentation.14 The tunnel ionization mechanism produces a ground ionic “launch” state
in the radical cation that can be further excited to probe the low-lying cationic energy
states, thus enabling more straightforward interpretation of the resulting fragmentation
dynamics. Note, even under adiabatic ionization conditions, multiple radical cation
electronic states may be populated because electrons can tunnel out of multiple different
orbitals. For example the photoelectron spectra of acetophenone report the possibility of
three low-lying electronic excited states15 at 9.37 eV, 9.55 eV, and 9.77 eV, which are
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interpreted as states corresponding to the removal of an electron from the acetyl nonbonding (n) orbital (forming the ionic ground state), the  orbital localized on the
phenyl, and the delocalized  orbital that is caused by the interaction of the phenyl 
orbital and the acetyl  orbital, respectively16,17.
Using quantum control calculations, molecular properties can selectively be
manipulated and switched. Generally, the chemical properties of a molecule are governed
by the valence electrons. In the strong field regime, laser intensities of 10 12 − 1015 W cm-2
achieve electric fields on the order of binding the electrons to the nuclei of a molecule
and can easily remove an electron, generating a radical cation that may be amenable to
subsequent control with additional laser pulses. 18,19 Several strategies have been proposed
to understand and control20 the electronic dynamics through the addition of chemical
substituents at particular sites on the molecule, 21-23 or manipulating laser parameters, for
example, the phase, the shape, and/or the time delay between the pump and the probe
laser pulse. In fluoro- and methoxy-substituted phenols, the substitution pattern on the
phenyl ring was found to determine the adiabatic ionization energy and vibrational
energy levels.24
The importance of ionic resonances has been debated in the literature, 25-27 with
recent works highlighting the importance of wavepacket motion across resonances in
determining molecular fragmentation patterns. 2,28 Electronic resonances have been shown
to be of central importance for interpreting coherent control measurements of
fragmentation of halogenated methane molecules2,29,30. While experimental work has
made a strong case for the role of ionic resonances in molecular fragmentation with
intense ultrafast laser pulses, there has been less detailed theoretical work to support the
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interpretation of these experiments, therefore it has been difficult to interpret measured
quantities in terms of time-dependent structures such as bond lengths and angles as a
function of time for a given set of electronic states. Molecular ionization, by a strong
field ultrafast laser pulse, is accompanied by the wavepacket motion on ionic potential
energy surfaces (PESs) of the molecule since the equilibrium configuration of the ion
generally differs from that of the neutral. These wavepacket dynamics in the ionic PES
can have a significant effect on the fragmentation of the molecule, particularly if there are
low-lying ionic states that are accessible from the ground state of the ion with subsequent
laser pulse (via single-photon absorption in the visible or near infrared region 1.5 – 3 eV).
Calculations performed to investigate the dynamics of the excited cationic states of
azobenzene, suggesting the formation of a wavepacket on a lower cationic surface
initiates vibrational motion along the reaction coordinate. In subsequent work, a pumpcontrol-probe scheme was also investigated as a means to manipulate the halomethane
wavepacket.31 Simulations and calculations qualitatively supported the control of the
wavepacket on the excited state potential energy surfaces, in particular, the importance of
one-photon ionic resonances for the dissociation of the molecule.
Understanding the wavepacket dynamics and dissociation mechanisms, as well as
photophysical and photochemical behavior of an excited molecule/ion requires accurate
mapping of the potential energy surfaces (PESs).32,33 Exploring the PESs along one or
more relevant nuclear coordinates reveals the geometries of the radical cation that are
amenable to further excitation. Though, the calculation of excited-state dynamics for
radical cations represent a challenging field of study, in part, due to their open shell and
multiconfigurational characters.34 One important feature of the ionic PESs is a conical
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intersection (CI), where two or more PESs intersect and become energetically degenerate.
Ultra-fast relaxation from the excited state, on the other hand, occurs through
energetically accessible CIs with the ground state, in which a time-dependent wavefunction can transfer from one surface to the other. Nuclear and electronic modes may
couple when the electronic configuration is a function of nuclear motion, thus leading to
nonadiabatic processes. The efficiency of a radiationless transition between two states
depends on the derivative coupling vector between the states, rather than the transition
dipole magnitude and the Franck-Condon factor that determines the probability of a
radiative transition, and derivative coupling vector is inversely proportional to the energy
difference between the two states. At the conical intersection, the energy difference is
approximated to be zero, and the derivative coupling diverges, providing the most
efficient way for radiationless transitions between states. 35,36 The radiationless decay
events are therefore outside of Born-Oppenheimer (BOA) approximation, and are termed
nonadiabatic transitions.33 Conical intersections play a fundamental role in the interaction
of light with molecular systems including biological molecules, proteins, and DNA
macromolecules37. For instance, strong-field ionization measurements of the radical
cation of uracil, supported by theoretical studies, 38 suggest that dissociation of the
molecular ion proceeds in a stepwise manner on the ground electronic surface of the
radical cation. The ab-initio calculations suggest that a rapid radiationless decay process
transforms the electronic energy to vibrational energy on the ground ionic surface
producing the small fragments.
Several ab initio electronic structure methods have been shown to effectively
characterize the excited electronic states of radical cations. Multi-configurational self-
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consistent field (MCSCF)39 and multi-reference configuration interaction (MRCI)40
methods are the most successful to date. Complete active space-based second-order
perturbation theory (CASPT2)41 can only be used routinely with implementation of
analytic gradients. Methods based on time-dependent density functional theory (TDDFT)
appear to be inadequate42 due to a qualitatively incorrect description of the energy
surfaces in the vicinity of CIs. Recently, equation of motion-ionization-potential-coupled
cluster single and doubles (EOM-IP-CCSD) was reported as a promising method for
calculating excited electronic states and locating the CIs in cytosine radical cation43 and
benzene dimer radical cation44. EOM-IP-CCSD is known as a versatile electronic
structure approach for open-shell systems in which the properties are calculated using
EOM wave function, which allows one to describe many multi-configurational wave
functions within a single-reference formalism. The IP-CCSD method relies on N-electron
closed-shell references and is, therefore, free from the symmetry breaking and spin
contamination problems that are ubiquitous in open-shell calculations.45
The calculations presented in this chapter aim to provide a detailed picture of the
fragmentation dynamics for experimental measurements of acetophenone and the
substituted derivatives when the molecules undergo photo-ionization. The measurement 46
relies on tunnel ionization to selectively create ions in the ground state using frequencyresolved, strong-field, near-infrared (NIR) excitation and on mass spectrometry to detect
ion excitation to dissociative states with nearly unit probability. This wavelength
scanning method was extended to propiophenone47, hydroxyacetophenone isomers48, and
methylacetophenone.49 Here, we determine whether a one-photon resonance in the
ground electronic state of the ion can be accessed in the excited state manifold using ab
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initio calculations performed at a high level of theory, equation of motion-ionization
potential-coupled cluster singles and doubles (EOM-IP-CCSD).34 The calculations for a
series of the radical cations of acetophenone, propiophenone, methyl acetophenone and
hydroxyl acetophenone are performed to ascertain the effects of molecular structure
(Figure 6.1) on the existence of a dissociative resonance in radical cations. The CI points
are investigated on the PESs of acetophenone radical cation. The nonradiative decay
mechanism for acetophenone radical cation is proposed by calculating the relevant
potential energy surfaces using multi-configurational self-consistent field (MCSCF)50
method. Subsequent studies of acetophenone radical cation are focused on wavepacket
trajectory calculations to support the mechanism wherein the probe pulse excites a
wavepacket51 on the ground surface D0 to the excited D2 surface at a delay of 325 fs,
resulting in dissociation to the benzoyl ion. The dynamics of acetophenone radical
cation52 are interpreted with the assistance of ab initio calculations of the ten lowest lying
electronic surfaces and associated dipole coupling elements to identify possible
dissociation mechanisms governing both sets of coupled transient dynamics. For 2’-, 3’-,
and

4’-methylacetophenone

and

hydroxyacetophenone

the

electronic

structure

calculations were performed to determine the nuclear configurations corresponding to the
energy minima of the neutral molecules and radical cations, as well as to map out the
cationic ground state potential energy surfaces along the phenyl-acetyl torsional
coordinate. The results are rationalized in the context of high accuracy quantum
calculations of the excited electronic states of the ions.
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Figure 6.1. The molecular structure for a) acetophenone, b) propiophenone, c)
methylacetophenone isomers, and d) hydroxyacetophenone isomers.

6.3

Calculations
Doublet ionic states for acetophenone were calculated using the multi-

configurational self-consistent field (MCSCF)50 method. Specifically, a state-averaged,
complete-active-space self-consistent-field (SA-CASSCF) calculation using an active
space of nine electrons in nine orbitals (9,9) was used. The designation (n,m) is used here
for an active space of n electrons in m orbitals. The 5292 reference configurations are
generated from this active space in the CASSCF calculation of acetophenone radical
cation. The active orbitals included six  orbitals from benzene and carbonyl, one lone
pair orbital from the oxygen atom, and two  orbitals for C-CH3 bond. These orbitals are
shown in Figure 6.2. This active space is sufficient to describe the low-lying ionic states
since it includes all the valence and lone pair orbitals from which the electron is most
likely to be removed during ionization. The inclusion of the  orbitals (one bonding and
one antibonding) in the active space guarantees that the dissociation process can also be
described adequately. The cc-pVDZ53 basis set was used for these calculations. To
explore the potential energy surface, relaxed reaction path scans for the ground ionic state
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were carried out at the B3LYP/6-31G(d) level of theory, starting with the D0 minimum
geometry and stretching the C-CH3 single bond. The optimized geometries at each point
were used for single point calculations of ground ionic, first, and second ionic excited
states (D0, D1 and D2 respectively) at the CASSCF/cc-pVDZ level. Conical intersections
were located using SA-CASSCF and the algorithm54 implemented in GAMESS55. The
minimum on the D0/D1 conical intersection seam was located, while searching for the
minimum on the D1/D2 conical intersection revealed a three-state conical intersection
among D0/D1/D2.
The ground and excited state energies for acetophenone radical cation as a
function of dihedral angle were calculated at the EOM-IP-CCSD/6-311+G(d) level of
theory, as well. The transition dipole coupling between the ground state D 0 and the
excited states as a function of dihedral angle was calculated at the EOM-EE-CCSD/631+G(d) level. The transition dipole moment between two states is described by

 i   j , where  i and  j are the wave functions of ith and jth states and µ denotes the
dipole moment operator. In EOM-IP-CCSD the excited state properties and
corresponding energy eigenvalues are calculated based on N-electron coupled-cluster
closed-shell reference wave function and ionizing the system to describe N-1-electron
wave function. In EOM-EE-CCSD the excited state eigenvalues of the N-electron wave
function are described based on the N-electron correlated ground state coupled-cluster
singles and doubles reference wave function.
For the case of propiophenone radical cation, the geometry optimization was
performed using the B3LYP/6-31G(d) approach and the ground and excited ionic states
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at neutral and optimized geometries were calculated applying the EOM-IP-CCSD34
method with the 6-311+G(d) basis set.
The

electronic

structure

calculations

for

hydroxyacetophenone

and

methylacetophenone isomers were performed using density functional theory (DFT)
approach. The B3LYP/6-311++G(d,p) level of theory was used for all geometry
optimizations. The same level of theory was employed to explore the ground state PESs
of the 2’-, 3’-, and 4’-hydroxyacetophenone radical cations in the phenyl-acetyl torsional
coordinate. Although the effect of spin contamination is minimized in DFT approach
thus, it is expected to be a suitable method for calculating the ground state energy of
radical cations. However, the exchange correlation energy (XC) that must be given in
terms of electron density  (r ) is approximated, and the results are only as good as the
approximation used.56,57 The B3LYP hybrid functional used in this study includes a
fraction of the Hartree-Fock (HF) exchange. The resulting error in the potential energy
surfaces calculated with B3LYP method is expected to be ~0.1 eV based on the error
between the experimental and calculated values of the ionization potentials reported in
Figure 6.17.
The CASSCF calculations were carried out using the GAMESS suite of
program58 while the constrained optimizations and the electronic structure calculations
with DFT method were performed using the GAUSSIAN59 series of programs. The
EOM-IP-CCSD calculations were carried out using either QCHEM60 or GAMESS58 and
EOM-EE-CCSD calculations were accomplished with GAUSSIAN59 suite of program.
Visualization was rendered with MACMOLPLT 55 or MOLDEN.
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Figure 6.2. The orbitals used in the active space in the CASSCF calculations. (a) Orbitals
that are occupied in D0. (b) Orbitals that are unoccupied in D0. The geometry shown is for
C-CH3 bond distance of 1.7 Å.
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6.4

Results and Discussions

6.4.1 Mass Spectra of Acetophenone, Propiophenone, Hydroxyacetophenone
Isomers, and Methylacetophenone Isomers in Strong Field Regime
Acetophenone and propiophenone were subjected to strong-field ionization in the
wavelength range of 1240 nm to 1550 nm. Propiophenone, containing a phenyl ring
coupled to a carbonyl group functionalized with an ethyl group, is most chemically
similar to acetophenone. Mass spectra were recorded as a function of excitation
wavelength and intensity for these molecules. Figure 6.3 shows the raw mass spectra of
acetophenone and propiophenone at an intensity of 6.0×1013 W cm-2 as a function of the
excitation wavelengths. The mass spectra of the propiophenone display similar
wavelength dependence as the acetophenone (see Figure 6.3). At 1250 nm both alkyl
phenyl ketones have predominantly benzoyl and parent ion peaks in the mass spectra,
while at 1370 nm the parent ion is significantly reduced and the benzoyl ion increases. At
1440 nm the mass spectra of the alkyl phenyl ketones display a fragmentation distribution
similar to that observed at 1250 nm, albeit with slightly less parent molecular ion. The
yields of lower mass fragments of the alkyl phenyl ketones is small at all of the
wavelengths investigated, which is consistent with the low degree of fragmentation
typically observed in tunnel ionization. 46
Similarly, the mass spectra of 2’-, 3’-, and 4’-hydroxyacetophenone upon
ionization with 65 fs pulses at 1200 nm and 1370 nm at an intensity of 5.5×1013 W cm-2
is resorded. At 1200 nm, the parent molecular ion is the major peak in the mass spectrum
and little fragmentation is observed, suggesting that tunnel ionization is the dominant
mechanism. Ionizing these molecules with 800 nm was found to produce significantly
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higher yields of small mass fragments below m/z = 93 consistent with multiphoton
ionization excitation to high lying electronic states that leads to multiple dissociation
channels, as seen in related studies. 46,49 At 1370 nm excitation, the parent molecular ion
is still the major peak in the mass spectra of 2’- and 3’-hydroxyacetophenone. In contrast,
the benzoyl ion is the major peak in the spectrum of 4’-hydroxyacetophenone excited
with 1370 nm, while the parent ion yield is depleted. This behavior is consistent with that
of acetophenone and its derivatives,47,49 where the benzoyl formation is attributed to a
one-photon excitation from the ground cationic state D0 to the second cationic excited
state D2. For all isomers, the mass spectral patterns do not change significantly as a
function of laser intensity at a given excitation wavelength. The details of the
experiments and the mass spectra measurments can be found in Ref. [48].

Figure 6.3. Mass spectra as a function of excitation wavelength for (a) acetophenone and
(b) propiophenone. The excitation wavelengths represented in the colored mass spectra at
blue, green, and red are 1250, 1370, and 1440 nm, respectively. All mass spectra were
taken with a 60 fs pulse at ∼6.0 × 1013 W cm−2.
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Similarly, the mass spectra of 2’-methylacetophenone ionized with 800 nm and
1240 nm at a laser intensity of 5×1013 W cm-2 were recorded. The mass spectrum at 800
nm shows a higher yield of small fragment ions (m/z < 91), with the benzoyl ion (m/z
119) as the dominant peak. In contrast, at 1240 nm, the dominant peak is the parent ion
(m/z 134) and a significantly reduced yield of small fragments is observed. For details of
the experiments one can refer to Ref. [49]. The results can be understood by considering
the respective ionization mechanisms at both wavelengths. The Keldysh parameter at 800
nm is 1.14, indicating a higher contribution from multiphoton ionization as compared to
1240 nm, where the lower Keldysh parameter of 0.73 results in a higher contribution
from tunnel ionization. Recently, nonresonant strong field excitation at 800 nm of
methyl-substituted acetophenone molecules has revealed fragmentation patterns
characteristic of a multiphoton ionization mechanism. 61

6.4.2 Mass Spectral Response of the Benzoyl and Parent Ions as a Function of
Excitation Wavelength for Acetophenone, Propiophenone, Hydroxyacetophenone
Isomers, and Methylacetophenone Isomers
A plot of the ion intensities for the parent and fragments of acetophenone and
propiophenone in the range of 1240 nm − 1550 nm is shown in Figure 6.4. At a fixed
laser intensity, the acetophenone and propiophenone parents and benzoyl-fragment ions
exhibit an anticorrelation in their relative yields as a function of excitation wavelength
from 1240 nm to 1550 nm. At an excitation wavelength of 1240 nm, the acetophenone
molecular ion is the most abundant peak, whereas the propiophenone molecular ion has
an approximately equal intensity to the benzoyl fragment ion. The benzoyl yield is
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maximal and the parent ion signal is minimal at 1370 nm for both molecules. At longer
excitation wavelengths >1400 nm, the benzoyl ion and parent ion yields return to nearly
equal intensity. The signal intensities of the lower-mass fragments of acetophenone
remain constant over the tuning range (see Figure 6.4). The lower-mass fragments of
propiophenone respond similarly to the corresponding acetophenone fragments and are
not shown.
To explore the wavelength dependence of the dissociation of the radical cation of
acetophenone using strong field near infrared radiation, the wavelength-resolved
measurement was repeated on a homologous molecule propiophenone (Figure 6.4), and
acetophenone substituted derivatives that included hydroxyacetophenone isomers (Figure
6.5 (a), (b), and (c)), and methylacetophenone isomers (Figure 6.5 (d), (e), and (f)). The
similar wavelength dependence of the parent and benzoyl fragment ion yields for both
acetophenone and propiophenone, in particular with respect to fragmentation into the
benzoyl ion near 1370 nm, supports the hypothesis that there is a one-photon resonance
in the alkyl phenyl ketones that leads to benzoyl formation, as discussed previously. 46 In
the 1240 nm to 1550 nm excitation wavelength range studied here, acetophenone and
propiophenone are proposed to undergo tunnel ionization to populate the ground ionic
surface. This population then serves as a launch state for subsequent photochemical
reaction.
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Figure 6.4. Normalized, integrated ion intensities for parent, benzoyl, and small
fragments in the alkyl phenyl ketones. The parent ions of acetophenone and
propiophenone are denoted by the solid and dashed red lines, respectively. The benzoyl
ions of acetophenone and propiophenone are presented by the solid and dashed dark blue
lines, respectively. The phenyl, acetyl, and methyl ion fragments that originated from
acetophenone are shown by green, cyan, and purple lines, respectively; the yields of the
same fragment ions from propiophenone were similar as a function of wavelength (not
shown). The ion yields are normalized to that of the respective benzoyl ion at 1370 nm.
All measurements were performed at an intensity of ~6×1013 W cm-2 with a pulse
duration of 60 fs.
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The normalized yields of the parent and benzoyl ions upon excitation with 1200
nm –1500 nm are plotted in Figure 6.5 for (a) 2’-, (b) 3’- and (c) 4’hydroxyacetophenone at a laser intensity of ~5.5×1013 W cm-2 and pulse duration of 65
fs. The yields of the fragment ions at m/z = 15 (methyl), 43 (acetyl), and 94
(hydroxyphenyl) amu are not shown because they do not change with excitation
wavelength and their integrated ion intensity contributes less than 5% of the overall ion
yield for all isomers. The ion yields of the parent and benzoyl ions for 2’- and 3’hydroxyacetophenone are insenstive to the excitation wavelength across the entire tuning
range, with the parent molecular ion accounting for >80% of the total ion yield,
approximately ten times greater than the benzoyl ion yield. Figure 6.5(c) reveals that the
parent and benzoyl ion yields of 4’-hydroxyacetophenone remain unaffected at excitation
wavelengths shorter than 1300 nm. As the wavelength increases above 1300 nm, the
parent ion yield decreases and the benzoyl ion yield increases, reaching the minimum
parent and maximum benzoyl ion yield at 1370 nm. At longer wavelengths, the parent
and benzoyl ion yields return to similar values seen at 1200 nm. The similarity of the
fragmentation yield versus excitation wavelength for 4’-hydroxyacetophenone with that
for acetophenone47 and some of its derivatives49 suggests that the photodissociation
mechanism may be similar. While, the lack of a feature in the mass spectral responses of
2’- and 3’-hydroxyacetophenone as a function of excitation wavelength shown in Figures
6.5 (a) and (b) suggest that these isomers do not undergo the mechanism of
photodissociation as acetophenoen.
For 2’-, 3’- and 4’-methylacetophenone the yields of the benzoyl and parent ions
(normalized to the maximum observed benzoyl ion yield) as a function of excitation
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wavelength and at a laser intensity of ~5×1013 W cm-2 are plotted in Figure 6.5(d), (e),
and (f). The ion yields are not sensitive to the excitation wavelength for wavelengths
shorter than 1300 nm, with the parent molecular ion dominating the mass spectrum. At
wavelengths longer than 1300 nm, the benzoyl ion yield increases and the parent ion
yield decreases until the maximum benzoyl and minimum parent ion yields are observed
at ~1370 nm. As the excitation wavelength is increased further, the benzoyl and parent
ions return to a yield similar to that measured at wavelengths shorter than 1300 nm.
Based on prior measurements of the acetophenone and propiophenone molecules, 47 the
frequency dependent fragmentation suggests the presence of a resonance between the
ground cationic state and a dissociative cationic state leading to selective formation of the
benzoyl fragment ion. The resonance in acetophenone and propiophenone was also
centered around 1370 nm, suggesting that methyl substitution on the phenyl ring does not
affect the energy spacing of the low-lying cationic states.

6.4.3 Tunneling versus Multiphoton Ionization in Strong Field Regime
To distinguish tunnel ionization from multiphoton ionization in the initial reaction
step, the Keldysh parameter  may be utilized.62,63 This parameter is defined as the ratio
of the laser frequency 0 to a characteristic tunneling frequency t that depends on the
ionization potential and the laser field magnitude.
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Figure 6.5. The mass spectral response of the benzoyl and parent ions as a function of
excitation wavelength for 2’- (a), 3’-(b), and 4’- (c) hydroxyacetophenone, as well as (d)
2’-, (e) 3’- and (f) 4’-methylacetophenone. All ion yields are normalized to the benzoyl
ion at 1370 nm. The laser intensity and pulse duration for hydroxyacetophenone isomers
are maintained at ~5.5×1013 W cm-2 and 65 fs, respectively, across the tuning range. The
error bars at 1240 nm in (c) reflect the measured error in the ion yields and are typical for
all experiments. The laser intensity for all scans in methylacetophenone isomers was
5×1013 W cm-2. The vertical dashed line in (d), (e), and (f) plots shows the position of the
ionic resonance centered at 1370 nm. The error bars in (d) are shown for the parent and
benzoyl ion yield at 1240 nm.
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where IP is the ionization potential, E0 is the laser field magnitude, me is the electron mass
and e is the electron charge. If   1 , multiphoton ionization is the dominant
mechanism, and if   1, field ionization (combination of tunneling and barrier
suppression ionization) dominates, as illustrated in Figure 6.6. Multiphoton ionization in
the strong field regime typically populates a number of cation electronic states e0 , e1 ,
e2 … due to ladder climbing.61 These states can relax through internal conversion to

produce vibrationally hot molecules that can undergo a high degree of fragmentation.
Although lowering the intensity of the excitation pulse that initiates multiphoton
ionization can help minimize ladder climbing, this also decreases the observed ion signal.

Figure 6.6. A depiction of the distribution of electronic states in a molecule after
multiphoton ionization (MPI) and tunnel ionization.
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In the adiabatic limit, tunnel ionization leaves the molecule in its ground radical cation
state e0

with little excess vibrational energy. In the experiments discussed in this

chapter, the calculated values of the Keldysh parameters for acetophenone range from
0.59 (at the laser wavelength of 1550 nm) to 0.73 (at the laser wavelength of 1240 nm).
The observed increased yield of parent molecular ion as compared to excitation at 800
nm (in the multiphoton regime) shows the importance of using tunnel ionization to
produce a large population in the cationic ground state.

6.4.4 Electronic Energy States for Acetophenone Radical Cation
Ab initio calculations were performed to interpret the resonance feature and the
pulse duration dependence of the benzoyl/parent ratio. Electronic structure calculations of
the radical cation show that the energy difference between the ground and first bright
excited ionic state at the equilibrium geometry of the ion is 0.87 eV, which is in very
good agreement with the measured resonance at 0.90 eV. The excited-state energy
diagrams are summarized in Figure 6.7. The calculations show that the molecule, upon
vertical ionization, is initially planar and the spacing between the electronic states is very
small, furthermore, selection rules dictate that transitions from the ground D 0 state to
either D1 or D2 states are forbidden. Once the molecule is ionized the acetyl group
initiates an out of plane torsional rotation with respect to the phenyl ring within the
duration of the pulse. This torsional motion causes the gap between D 0 and the higher
ionic states to increase and transforms the D0 to D2 transition from forbidden to allowed.
The oscillator strengths for the transitions D0 to D1 and D0 to D2 are 0.002 and 0.046,
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respectively, at the minimum in the D0 potential energy surface (see cation equilibrium
geometry in Figure 6.7). In the ground ionic state the unpaired electron is on the phenyl
ring while in D2 it is on the carbonyl group. As the C-CH3 bond of the parent ion
stretches leading to dissociation, the energy of D 0 increases but the energy of D2
decreases, (the details are explained in Section 6.4.5). The energy absorbed in the D0 →
D2 excitation presumably transforms to vibrational energy in the dissociative coordinate
leading to eventual formation of the benzoyl fragment ion. The dissociation energy of CCH3 to produce methyl radical and phenyl cation has been calculated 15 to be 0.82 eV,
thus the photon energy deposited in D2 is sufficient to lead to dissociation.

6.4.5 Electronic Energy States versus Phenyl-Acetyl Torsional Coordinate and the
C-CH3 Bond Length Coordinate for Acetophenone Radical Cation
At a resonant wavelength, the population of the ground ionic state can be
selectively transferred to an excited electronic state of the ion to undergo dissociation
provided that there is a non-zero oscillator strength coupling the two states and that the
excited state leads to bond cleavage. In the case of acetophenone, dissociation was
observed to occur exclusively to the benzoyl ion fragment upon excitation from the D 0
state to the D2 state.46 The yield of the smaller fragment ions displayed no wavelength
dependence as they were presumably created through another mechanism. The similarity
of the wavelength-dependent response for acetophenone and propiophenone (Figure 6.4)
suggests that the excited state that is responsible for the resonance resides mainly on the
benzoyl portion of the molecules rather than the alkyl functionality. Therefore the same
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Figure 6.7. Energy level diagram of the ground ionic and excited ionic states in
acetophenone calculated at two geometries, the S0 minimum (minimum of the neutral
ground state) and the D0 minimum (minimum of the ionic ground state). Ground and
excited states for the acetophenone ion were calculated at the EOMIP-CCSD/6-311+G(d)
level of theory. Equilibrium geometries of the neutral and the cation are shown.

low-lying excited ionic state is proposed to be involved in the one-photon resonance in
both molecules.
To elucidate the dissociation mechanism of the acetophenone molecular cation,
portions of the potential energy surfaces for the three lowest-lying doublet states were
calculated. Figure 6.8 displays the energy as a function of torsional angle. As noted in
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Section 6.4.4, the vertical excitation leads to 0º torsional angle that subsequently rotates
to 44º to reach a minimum on the D0 where subsequent excitation can occur. Higherenergy excited ionic states were also investigated but were found to be out of range for a
one photon excitation. We anticipate that one photon processes are important because
tunnel ionization occurs at the peak of the pulse, predominantly populating the D 0
surface.46 The system then evolves in the torsional coordinate acquiring oscillator

Figure 6.8.The potential energy surfaces of the acetophenone radical cation calculated as
a function of the phenyl-acetyl dihedral angle for the three lowest-lying doublet states D0,
D1, and D2. Geometries are obtained from a constrained optimization on D 0 at the MP2/631G(d) level, and energies of D0, D1 and D2 at these geometries are calculated at the
EOM-IP-CCSD/6-311+G(d) level. The red, green, and blue represent the energies of the
D0, D1, and D2 surfaces, respectively.
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strength to reach the excited D1 and D2 states. The time required to reach the minimum
on the D0 state is approximately 600 fs period / 4 = 150 fs. 47 After ionization at the peak
of the laser pulse, the intensity subsides on a time scale of 60 fs FWHM / 2 ~ 30 fs, and
therefore D1 and D2 are the only states found to be within range of a one-photon
absorption in the lower intensity tail of the pulse. Upon vertical ionization the parent ion
has the planar geometry of the neutral molecule and calculations of the ionic states at the
S0 geometry indicate that the three ionic states are close in energy. These states originate
by removal of the electron either from the  benzene ring (giving rise to two A'' states,
D1 and D2) or from the lone pair on oxygen (producing the A' state, D 0). As discussed in
Section 6.4.4, the calculations revealed that the oscillator strength, for the ion at neutral
geometry, between the states involved is zero. Oscillator strength is proportional to the
energy difference of the two states involved, 64 thus a small energy gap between two states
will lead to a smaller oscillator strength decreasing the probability for the transition to
occur, but not making it forbidden. As the energy gaps increase when the ion evolves
toward equilibrium geometry, the oscillator strengths for the transitions D0 to D1 and D0
to D2 reach the value of 0.002 and 0.046, respectively, at the D 0 minimum in the potential
energy surface.
To determine which states are involved in the dissociation of the methyl group in
acetophenone, the potential energy surfaces of the three lowest-lying doublet states were
calculated as a function of the C-CH3 bond as shown in Figure 6.9, with all other nuclear
coordinates held fixed. The MCSCF calculations indicate that as the C-CH3 bond length
of the parent ion elongates, the energy of D0 increases, while the energy of D1 and D2
decrease to reach a minimum at 1.69 Å. Further elongation to 2.5 Å reveals that the
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energy of the D1 and D2 increases approximately by 4 eV while the D0 state increases by
0.5 eV in energy. Therefore direct dissociation on the D 2 surface will not occur, while
dissociation on the D0 surface is energetically possible.

Figure 6.9. The potential energy surfaces of the acetophenone radical cation calculated as
a function of the C-CH3 bond length for the three lowest-lying doublet states D0, D1, and
D2. Geometries are obtained from a constrained optimization on D 0 at the B3LYP level,
and energies of D0, D1 and D2 at these geometries are calculated at the SA-CASSCF
level. The red, green, and blue represent the energies of the D 0, D1, and D2 surfaces,
respectively.
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6.4.6 Energies and Geometries for the Three-State Conical Intersections
Dissociation is often mediated by nonradiative passage from an excited state to a
lower energy state.65-67 Therefore we explored the potential energy surfaces for the D 0, D1
and D2 states to locate conical intersections that can mediate such nonradiative relaxation.
Additional calculations at MCSCF/cc-pVDZ level of theory reveal conical intersections
near torsional angles of 1º and 22º degrees. Figure 6.10 shows the ground and excitedstate energies in the acetophenone radical cation versus the geometry changes at the S 0
minimum, D0 minimum, D0/D1 conical intersection found at 22º, and D0/D1/D2 conical
intersection found at 1º. The wavepacket nonradiatively relaxes into the D 0 state either
directly through the D0/D1/D2 conical intersection, or stepwise through two individual
two-state conical intersections. The minimum on the D0/D1 seam was located at 22º, and
the minimum on the D2/D1 seam at 1º leads to the D0/D1/D2 conical intersection. The
presence of the D0/D1/D2 conical intersection indicates that the D2/D1 and D1/D0 seams
are easily accessible and facilitate nonadiabatic transitions. The torsional angle of the
acetyl group is the critical coordinate in both the one photon excitation to the D2 state and
the radiationless relaxation back to the D0 state. The C-CH3 bond length shortens to 1.50
Å for both conical intersection points (D0/D1/D2 and D0/D1).
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Figure 6.10. Energy level diagram of the ground ionic and excited ionic states in
acetophenone as a function of geometry. The zero of energy is set to the energy of the
optimized ground state. Conical intersections for the D0/D1/D2 and D0/D1 states are
shown as well as the equilibrium geometries of the neutral and the cation. The red, green,
and blue represent the energies of the D0, D1, and D2 states, respectively; the yellow
denotes that D0 and D1 energies are equal. The curved orange arrow denotes tunnel
ionization from S0 to D0 and the straight orange arrow denotes a one-photon transition
from D0 to D2. The ground and excited states for the acetophenone ion at the conical
intersection points, D0/D1/D2 and D0/D1, were calculated at the MCSCF/cc-pVDZ level
of theory while the energies at S0 minimum and D0 minimum are calculated at the EOMIP-CCSD/6-311+G(d) level.
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6.4.7 Mechanism for Dissociation of the Carbonyl-Methyl Bond in the
Acetophenone Parent Ion
The proposed mechanism for the dissociation of the carbonyl-methyl bond in the
acetophenone parent ion is summarized in Figure 6.11. Tunnel ionization (step 1) creates
the parent molecular ion in the neutral geometry (structure A) and prepares a launch state
in D0. Within the ionizing pulse duration the molecular ion relaxes to its equilibrium
geometry through a torsional motion on the ground D0 state (step 2) finding a minimum
when the torsional angle reaches 44o (structure B). This geometry allows for the
absorption of a 0.9 eV photon which transfers population from the D 0 surface to the PES
of the bright D2 state (step 3). Once the transition is completed the wavepacket travels
down the D2 potential energy surface (step 4) towards a conical intersection where the
initial 0o angle of the vertical transition state accessed upon tunnel ionization. The
wavepacket then proceeds to the ground ionic surface at the 1 o torsional angle through a
conical intersection involving the D0, D1, and D2 states following a radiationless decay
mechanism (step 5). In the ground ionic state, the electronic energy is converted to
methyl-carbonyl vibrational energy due to anharmonic couplings (step 6), to form
structure C. This kinetic energy can then be used to dissociate the cation, as the 0.9 eV of
energy absorbed exceeds the 0.82 eV needed to dissociate the methyl-carbonyl bond.15
The dissociation of the uracil radical cation in strong field experiments 66,68 was also
consistent with such a radiationless decay mechanism where in the excited state
electronic energy is converted to vibrational energy on the ground ionic state.
Quantum chemistry calculations performed on the parent molecular ion of
propiophenone show the energy gap between the ionic ground state D0 and the first bright
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Figure 6.11. The proposed mechanism of benzoyl formation via tunnel ionization and a
one-photon absorption. The first panel shows the mechanism along the C-CH3 bond
length and the second panel depicts the mechanism along the C-CH3 dihedral angle. The
figure is numerically annotated to aid in the interpretation of the mechanism. The curved
orange arrow signifies formation of the parent molecular ion and the straight orange
arrow signifies the resonant one-photon transition to D2. Curves were constructed from
data points in Figures 6.12 and 6.13.
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excited state D1 at the equilibrium geometry is 0.88 eV. This value is in agreement with
measured resonance at 0.9 eV. The calculations showed that upon tunnel ionization the
molecular ion emerges in the planar neutral geometry. The geometry optimization
calculation reveals that the acetyl group initiates out-of-plane torsional rotation with
respect to the phenyl ring, which is very similar to the acetophenone case. This suggests
that the mechanism of dissociation of the propiophenone parent ion will be similar to that
of the acetophenone parent ion.

6.4.8 Dynamics of Tunnel Ionization for the Acetophenone Parent Ion
In this section the dynamics of tunnel ionization followed by a one-photon
transition which should be reflected in the shape and width of the mass-spectral
resonance feature, are discussed. In this case the wavelength-dependent dissociation of
the parent ion initially in the ground state to the benzoyl fragment can be modeled as a
first-order unimolecular decay initiated by the absorption of a photon. Dipole transitions
between D0 and either D1 or D2 are initially forbidden by the selection rules in this
geometry (c.f., the discussion accompanying Figure 6.8). As the ion evolves toward
equilibrium geometry, the D0-D2 energy gap grows larger and simultaneously the
corresponding transition dipole matrix element acquires some nonzero value, thus
enabling a one-photon transition. The wavelength-dependent D0-D2 transformation
leading to dissociation of the parent ion can be modeled in the following way. Let the
evolution of the transition dipole be given by  (t ) and the D0-D2 energy distance by

 AB (t ) . These functions are expected to change considerably within the duration of the
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laser pulse envelope E  t  , whose characteristic timescale is much longer than the cycle
duration 2  . Then, the build-up of the benzoyl fragment ion B at the expense of the
parent ion A may be approximated as,





dB i

  t  E  t  exp it  i  dt AB  t  A .
dt 2

(6.2)

If the evolving transition frequency  AB  t  reaches the resonance with the laser carrier
frequency within the pulse duration, considerable amplitude transfer occurs, leading to
depletion of the parent ion. This process is seen in Figure 6.4, where, for example,
A1370nm << A1240nm (A1370 and A1240 refer to the amount of parent ion at 1370 nm and 1240
nm, respectively). The relation between the final yields of the benzoyl fragment and the
parent ion is determined by the ratio B   

2

A    . At the onset of the depletion
2

process, the frequency dependence of this ratio can be estimated as the transition
probability,

1
P  2
4



 dt  t  E t  exp it  i  dt t  
AB

2

,

(6.3)

0

where the tunnel ionization is assumed to occur at the peak of the pulse, at t  0 . Let us
consider a Gaussian pulse shape E  t   E0 exp   t 2  2  (  is the pulse duration) and
simplify the evolution of the transition dipole and the transition frequency by a threshold
function

  t   0  t  t0  ; AB  t   0  t  t0  , where t0 signifies the described

geometry-evolution delay between the moment when a ground-state ion is produced by

266

tunnel ionization and the moment when it becomes available to one-photon excitation
process. Then, Eq. (6.3) is evaluated as,


P 
16

2

2

0

2

 1

t i

E exp    2 2  erfc  0    ,
 2

 2 
2
0

(6.4)

where     0 . Equation (6.4) reveals that the efficiency of this dissociation
mechanism is linearly proportional to the laser pulse intensity, while the expected width
of the mass-spectral resonance feature is determined by both the pulse duration and the
shape of the potential energy surfaces embodied by the parameter t0 . Note that in this
approximation P is symmetric with respect to    . However, if smoother
dependence of   t  and  AB  t  is implemented, asymmetry is expected to emerge in
Eq. (6.4), because transition frequencies AB  0 with nonzero values of  will become
available. As a result, the laser field frequency having a certain negative value of the
detuning,  , will be more likely to cause a transition than the laser field frequency
having a positive detuning of the same magnitude. Thus, the red-shift side of the massspectral peak is expected to be wider than the blue-shift side, which would be expected
correspond to the experimental curves in Figure 6.4. Finally, when comparing with the
experiment, P should be convoluted with 25 meV rovibrational distribution anticipated
from the Boltzmann distribution of the ground-state neutral at room temperature.
The dependence of the mass-spectral resonance feature on the laser pulse duration
exemplified in Figure 6.12 is in good agreement with experimental observation, 46 where
change of the laser pulse duration from 60 fs to 120 fs resulted in the change of the full
width at half maximum (FWHM) of the mass-spectral resonance feature of the benzoyl
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fragment from 70 meV to 50 meV. This correspondence between the pulse duration and
the resolution of the molecular response feature is an additional confirmation of the onephoton character of the resonant fragmentation process. Note, however, that the data for
the longer pulse shown in Ref. [46] reveals significant depletion of the parent ion. In this
case, evolution of the amplitude A should be taken into account, and an equation for A
should be considered alongside Eq. (6.2). As a result, the exact shape of the mass-spectral
resonance curve will deviate from that of Eq. (6.4) and can only be obtained as a result of
numerical integration of the coupled equations for B and A.

Figure 6.12. Normalized fragmentation outcome as a function of the carrier frequency
detuning from the resonance for two different values of the pulse duration  , as modeled
by Eq. (6.4): the green curve:   60 fs; the red curve:   120 fs. The geometry
conversion delay parameter is fixed at t0  30 fs.
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6.4.9 Strong Field Adiabatic Ionization Prepares a Launch State for Coherent
Control
In this section classical wavepacket trajectory calculations are employed to model
the wavepacket dynamics of the acetophenone molecular ion, wherein a strong field nearinfrared femtosecond pulse (1150−1500 nm) produces acetophenone radical cation in the
ground electronic state, and a weak 790 nm probe pulse excites a wavepacket on the
ground surface D0 to the excited D2 surface at a delay of 325 fs, resulting in dissociation
to the benzoyl ion. As mentioned in Section 6.4.4, the dihedral angle is the main
coordinate changing after the creation of the molecular ion at 0° dihedral angle, with the
wavepacket moving toward the energy minimum at 44°. Figure 6.13(a) displays the
energies of the D0, D1, and D2 surfaces as well as dipole strength couplings between D0,
D1 and D2 ionic states ( 01 and 02 ) as a function of the dihedral angle with all other
internal coordinates optimized. The dipole coupling calculations show that population
transfer from D0→D1 can contribute to the coupling between the parent and benzoyl ion
transients, in addition to the D0→D2 population transfer. The proposed mechanism of
benzoyl ion formation at the pump wavelengths of 1270 and 1500 nm is illustrated on the
potential surfaces in Figure 6.13(a). Adiabatic ionization with a 1270 nm pump pulse
launches a torsional wavepacket that propagates along the D 0 surface from the initial
dihedral angle of 0° toward 180°, as shown by the light blue dashed line. The D 0 to D1
and/or D2 dipole coupling increases with increasing dihedral angle from the minimum at
0°, allowing the time-delayed probe pulse (magenta arrow of length 1.6 eV) to transfer
population to the D1 and/or D2 surfaces most efficiently at a dihedral angle of 90°. Once
population is transferred to the D1 and/or D2 surfaces, the wavepacket propagates to a
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dihedral angle of 180° (light blue dashed line), where a conical intersection seam among
D0/D1/D2 facilitates dissociation to the benzoyl ion. Thus, the first maximum in the
benzoyl ion yield and the concurrent minimum in the parent ion yield at a pump−probe
delay of ∼325 fs correspond to the time required for the centroid of the wavepacket to
reach 90°. As the dihedral angle increases past 90°, the coupling between D0 and D2 (and
corresponding benzoyl ion yield) decreases until the minimum benzoyl/maximum parent
ion yields observed at ∼650 fs,51 corresponding to the forbidden transition at 180°.
Continued oscillation of the D0 wavepacket produces maximum population transfer every
time the dihedral angle reaches 90°, with two recurrences as shown in Figure 6.13(b). To
test the proposed mechanism, wavepacket trajectory calculations were performed using
the D0 surface in Figure 6.13(a). Based on the method of Zewail, 69 the evolution of the
dihedral angle of the wavepacket centroid is determined by the classical equations of
motion,

F  a2 
I

d
dV ( )

,
dt
d

(6.5)

where  and I are the reduced mass and the reduced moment of inertia for the torsional
motion respectively,  is the angular velocity,  is the dihedral angle, V ( ) is the D0
surface in Figure 6.13(a). Equation 6.5 can be written in following form,
d
1 dV ( )


dt
I d

(6.6.1)

d d
1 dV ( )

.
dt dt
I d

(6.6.2)
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Figure 6.13. (a) calculated potential energy surfaces D0 (dark red), D1 (green), and D2
(dark blue) along with the dipole strengths 01 (green) and 02 (purple) filled curves as a
function of dihedral angle. The pale blue dashed lines indicate wavepacket motion on the
D0, D1 and D2 surfaces, the curved orange arrow denotes tunnel ionization by the pump
pulse and the pink arrow indicates one-photon excitation by the 790 nm probe pulse. The
mechanism of benzoyl ion formation is depicted with numerical labels to aid in
interpretation (b) Calculated wavepacket trajectory (black) superimposed on the parent
(red ×) and benzoyl (blue +) transient signals.
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Multiplying both sides of Eq. (6.6.2) by

d
results in,
dt

d d d
1 dV ( ) d

,
dt dt dt
I d dt

(6.7)

where the left side of Eq. (6.7) is equal to,

d d d 1 d d  2

( )
dt dt dt 2 dt dt

(6.8)

and Eq. (6.8) is obtained from
d
u
dt

(6.9)

du 1 d (u 2 )
u

.
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Substituting the left side of Eq. (6.7) by Eq. (6.8) and taking the integral from Eq. (6.7)
results in,
1 d d

1 dV ( (t ))
dt 
dt

 2 dt ( dt ) dt    I
2
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( )   V ( (t ))  V ( (0)) 
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I
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d
2

V  (0)   V  (t )  .
dt
I

Equation (6.10) was solved using the numerical integrator ode45 in MATLAB, with the
initial value of  (0)  104 radian and a reduced moment of inertia of 5.22 × 10−46 kg m2.
The calculated dihedral angle as a function of time is plotted as the thick black line in
Figure 6.13(b), along with the transient signals of the parent ion (red ×) and benzoyl ion
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(blue +). The trajectory calculation reveals the wavepacket reaches the geometry with
largest transition probability to the dissociative D 2 state (at the dihedral angle of 90 o) in
approximately 320 fs, where probe−pulse excitation most effectively depletes the
population on the bound D0 state. This time delay is in agreement with the experimentally
measured51 minimum in the parent yield and maximum in the benzoyl ion at a time delay
of 325 fs. The minimum of the benzoyl ion yield and recurrence in the parent ion yield
occur at 650 fs delay, in good agreement with the trajectory prediction of the calculated
torsional angle reaching ∼180° at 650 fs.
The fragmentation dynamics at 1370 nm pump are distinctly different than all of
the other pump wavelengths investigated in the near-IR from 1150 − 1500 nm (for details
of the experiments refer to Ref. [51]). To rationalize the 1370 nm pump transients, the
previously reported46 one-photon transition between the D0 and D2 surfaces of the
acetophenone radical cation that occurs within the duration of the 1370 nm pulse is
considered. As discussed in Section 6.4.2, the experiment revealed a systematic increase
in the ratio of benzoyl to parent ion yields upon increasing the excitation wavelength
beyond 1320 nm, which is maximized at 1370 nm. The benzoyl ion forms after
wavepacket propagation on the D2 surface reaches the conical intersection seam at 180°.
The transition from D2 to D0 provides sufficient energy on the D0 surface to break the
methyl bond and form the benzoyl ion. According to Figure 6.13(b), the minimum of the
D0 surface at a dihedral angle of 44° (where the 1370 nm transition occurs) is reached
after 250 fs of wavepacket evolution. Overall the experimental evidences support the
hypothesis that the one-photon excitation for a 1370 nm pump pulse transfers most of the
D0 wavepacket to the D2 surface within the pump pulse duration. The marked depletion
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of the parent ion reflects the death of the D0 wavepacket and the birth of a wavepacket on
the D2 surface. The wavepacket oscillating on the D2 surface will encounter a conical
intersection that leads to depletion of the majority of the wavepacket and dissociation to
form the benzoyl ion. However, a small fraction of the wavepacket remains on the D 2
surface and is subsequently excited to higher lying states, producing an additional
antiphase oscillation in the phenyl and benzoyl ion transients. This circumstance indicates
that excitation of acetophenone with 1370 nm results in nonadiabatic dynamics due to
depletion of the D0 wavepacket.

6.4.10 Controlling the Dissociation Dynamics of Acetophenone Radical Cation
through Excitation of Ground and Excited State Wavepackets
In this section the calculations of ten lowest lying ionic surfaces and the dipole
coupling between the ground ionic surface D0 and the subsequent nine excited states for
acetophenone radical cation are presented to elucidate the dissociation pathways and
deduce the potential dissociation mechanisms that occur in a strong field 1270 nm,
5×1013 W cm-2 pump pulse and a weak field 790 nm probe pulse with intensities52
ranging from 3.6 ×1010 − 5.6 ×1012 W cm-2. Figure 6.14(a) plots the potential energy
surfaces of D0 through D9 in acetophenone radical cation as a function of dihedral angle.
The shaded regions at -180o, 0o, and 180o denote conical intersections among the D0, D1,
and D2 states identified and discussed in Sections 6.4.6 and 6.4.7. Upon vertical
ionization (S0 minimum, 0o dihedral angle), the first nine electronic states of
acetophenone radical cation lie 0.03, 0.14, 2.85, 2.91, 3.18, 3.72, 4.36, and 4.82 eV above
the D0 state. At a dihedral angle of 90 o, the excited state energies lie 0.99, 1.29, 3.45,
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3.86, 4.06, 4.17, 5.22, and 6.17 eV above D0. For reference, the photon energy of the 790
nm probe (1.55 eV) is shown. The probe photon energy is higher than that needed to
excite from the D0 to the D1 or D2 surfaces at any geometry; a one-photon excitation out
of D0 with this probe wavelength has been shown to initiate dissociation to form the
benzoyl fragment ion in Section 6.4.7. The locations of the higher-lying surfaces show
that a two-photon or higher-order process is required to excite population from the D0,
D1, and D2 surfaces to the D3 or higher surfaces. Figure 6.14(b) displays the dipole
strengths for the couplings D0→Dn, n = 1,…9 as a function of dihedral angle. Linear least
motion path analysis (LLM) was performed to connect the geometry of the S 0 minimum
(vertical transition) to the geometry of the D 0 minimum (adiabatic transition), where
these two geometries were obtained from the MP2/6-31G(d) method. The couplings
D0→D1 and D0→D2 are the strongest transitions. The dipole strengths coupling D 0→Dn,
n = 3,...9 at most dihedral angles are smaller than the couplings between the ground and
the first two excited states by a factor of ~5, but are not negligible. These calculations
suggest that excitation to both the D1 and D2 states may be involved in the formation of
the benzoyl fragment at a dihedral angle of ~90 o because the couplings are of the same
magnitude. Note, however, that the dipole calculations at the EOM-EE-CCSD/6-31+G(d)
level are distinct from the PES calculations at the EOM-IP-CCSD/6-31+G(d) level.
Although the similar dipole strengths calculated for D0→D1 and D0→D2 suggest apparent
mixing of the D1 and D2 states at a dihedral angle of 90 o, this may be an artifact of
employing the less accurate EOM-EE-CCSD method. At the EOM-IP-CCSD level, the
D1 and D2 states are clearly well separated at 90o. Furthermore, the greater energy
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detuning from resonance for the D0→D1 transition suggests that the D0→D2 transition
plays a more significant role.
A proposed mechanism for the excitation from the D 1 and/or D2 surfaces to one or
more higher lying excited surfaces of the radical cation leads to the formation of the
small fragment ions. The acetophenone radical cation PESs in Figure 6.14(a) show that

Figure 6.14. (a) Energy levels of the acetophenone ground ionic state D 0 and the lowest 9
excited states D1 through D9. Each potential energy surface is denoted by color according
to the labels on the right hand side of the plot. The 790 nm photon energy is indicated by
the pink arrow. (b) Dipole coupling strengths between the ground ionic state D 0 and the
excited states D1 through D9 for acetophenone radical cation. The abbreviation “a.u.”
denotes atomic units. In both plots, circles denote the calculated energies or dipole
elements and the solid lines denote spline fits of the data.
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two 790 nm photons are needed for a transition from the D 1 and/or D2 surfaces to the
higher lying surfaces D3, D4, D5, and D6 at all dihedral angles.
Figure 6.15 presents a schematic picture of the proposed excitation and
dissociation pathway leading to formation of benzoyl fragment ion, as well as the phenyl,
butadienyl, and acylium small fragment ions. Parent ion on the D1 and/or D2 surfaces can
either decay through the conical intersection to form the benzoyl ion (corresponding to
the theoretical investigations discussed in Section 6.4.7) or be excited via a two-photon
excitation to the D3, D4, D5, and/or D6 surfaces. This 3.1 eV excitation energy is
sufficient to overcome the dissociation barrier of 2.02 eV above the IP to form the
acylium ion, and can overcome the dissociation barrier of 3.22 eV to form the phenyl ion
if the D1/D2 wavepacket has at least 0.12 eV of excess energy above the IP. 15 The
proposed dissociation pathway is consistent with the experiments that revealed at low
probe pulse intensities, the only observed transient dynamics involve the previously
observed51 180o out of phase oscillations between the parent and benzoyl transient ion
signals. While at high probe intensities, an additional set of wavepacket dynamics
coupling the benzoyl transient signal to the phenyl, acylium, and butadienyl ion signals is
observed52.
Two possible mechanisms can give rise to the dissociation pathways descried in
the preceding paragraph. The first mechanism “A” shown in Figure 6.16(a) proposes
preparation of wavepackets on the D1 and/or D2 surfaces by the pump pulse, in addition
to the wavepacket on D0 state. This assumption is consistent with previously observed
population of multiple ionic states via adiabatic tunneling from molecular orbitals lying
as much as 3.5 eV below the HOMO.70-73 In acetophenone, the energy gap of only 0.4 eV
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Figure 6.15. Upper panel: schematic illustrations of acetophenone showing the
dissociation pathways to produce the fragment ions. Lower panel: proposed dissociation
scheme to form the phenyl, butadienyl, and acylium ions. Parent molecular ion in the D1
and or D2 excited electronic states is expected to encounter the conical intersection and
dissociate into benzoyl ion (black dashed line). If this excited state parent ion absorbs two
790 nm probe photons, it can be excited to the D 3, D4, D5, and/or D6 surfaces (pink
arrows). This highly excited parent ion then dissociates to form the small fragment ions.

278

separating the HOMO from the HOMO-2 likely facilitates tunneling from multiple
orbitals.17 (1) Tunnel ionization (orange curved arrow) prepares a wavepacket on the D1
and/or D2 electronic states, which oscillates in its electronic potential. (2) When the
wavepacket reaches a bright geometry (here illustrated at the turning point on the D 2
surface), two-photon absorption by the 790 nm probe pulse (3) excites the ion to the D3 −

Figure 6.16. Calculated spline fits of the electronic PESs D0 through D6 showing two
possible mechanisms that may drive the dissociation dynamics depicted in Figure 6.15.
The pale blue wavepacket dynamics are illustrated on these PESs. The orange curved
arrows denote the pump pulse and the pink straight arrows denote the probe pulse. (a)
Mechanism “A” begins with the pump pulse preparing a second wavepacket on the D 1
and/or D2 surfaces. (b) Mechanism “B” begins with the D0 wavepacket dynamics
depicted in Figure 6.13(a).
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D6 surfaces. Propagation on the highly excited state surface(s) then leads to (4) formation
of the phenyl, butadienyl, and acylium fragment ions. In the second mechanism “B”
shown in Figure 6.16(b), we propose that all dynamics come from the wavepacket
initially launched on the D0 surface by the pump pulse. The excitation proceeds as
follows: (1) The initially formed D0 wavepacket propagates along the potential surface
until (2) it is excited to D1/D2 by one probe photon from the leading edge of the probe
pulse. (3) As the wavepacket propagates down the D1/D2 surfaces towards the conical
intersection, (4) within the duration of the probe pulse (~70 fs), the wavepacket has some
probability of undergoing a two-photon excitation to the manifold encompassing the D3 −
D6 surfaces. (5) Propagation on the D3 − D6 surfaces leads to (6) dissociation into the
small fragments. In both mechanisms, any wavepacket remaining on the D 1 or D2
surfaces after the probe pulse is over is expected to decay through the conical intersection
to form the benzoyl ion.
Both the requirement of two-photon probe excitation to form the small fragments
and the lack of knowledge about couplings among the excited states in acetophenone
radical cation make it difficult to determine which of the two mechanisms outlined above
is responsible for the observed52 transient dynamics. Mechanism A suggests that the two
sets of wavepacket dynamics may be completely independent from each other. The
investigations can lead to improve control schemes for selective dissociation of the
acetophenone radical cation.
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6.4.11 Electronic Structure Calculations for Isomers of Hydroxyacetophenone and
Methylacetophenone Parent Ions
Here, the effect of the position of hydroxyl substitution on the photodissociation
of acetophenones is investigated to further test the effect of torsional motion on the
dissociation yield during near infrared, strong field excitation. Figure 6.17 displays the
structures of hydroxyacetophenone isomers at neutral and optimized geometries, the
experimental and calculated ionization potentials, and the energy difference between
vertical and adiabatic ionizations. The DFT calculations indicate that the difference in OH bond length for ions of 2’-, 3’- and 4’-hydroxyacetophenone at neutral and optimized
geometries is 0.047, 0.010, and 0.007 Å respectively. The significant change in length of
the O-H bond between the neutral and optimized geometries in 2’-hydroxyacetophenone
(0.047 Å) suggests that increased hydrogen bonding between the hydroxyl hydrogen and
carbonyl oxygen at the optimized geometry restricts the phenyl-acetyl dihedral angle to
0o.
Figure 6.18 displays the calculated cationic ground state potential energy surfaces
as a function of torsional angle and optimized cationic geometries of each isomer. Figure
6.18(a) shows that in 2’-hydroxyacetophenone, a large barrier of 700 meV due to the
hydrogen bonding interaction prevents torsional motion along the phenyl-acetyl dihedral
angle coordinate. This barrier limits access to geometries where the D 0 to D2 transition
dipole is allowed. In principal, adiabatic tunnel ionization imparts little excess energy to
the molecular ion and limits the internal energy available for the wavepacket to overcome
energy barriers on the surface. Thus, the combination of tunnel ionization and a large
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potential energy barrier to access a bright geometry explains why no enhanced
dissociation to the benzoyl ion is observed in 2’-hydroxyacetophenone.
In the case of 3’-hydroxyacetophenone, calculations reveal that the geometry
optimization beginning from coordinates of the neutral geometry converges to the local
minimum at a 5˚ dihedral angle instead of to its global minimum at 150˚ as shown in
Figure 6.18(b). We propose that the lack of enhanced dissociation at 1370 nm indicates
that the transition to the dissociative excited state is not accessed. The barrier to rotation
is 120 meV after vertical excitation of 3’-hydroxyacetophenone. As with the 2’ isomer,
this rotational barrier is evidently higher than any excess vibrational energy imparted
during tunnel ionization.
The excitation wavelength mass spectral responses of 4’-hydroxyacetophenone48
are similar to those of acetophenone; this is presumably due to similar potential energy
surfaces, which allow the dissociation process shown in Figure 6.11 to take place. Both
molecules exhibit no barrier to torsional motion when starting from the neutral geometry
with a zero degree dihedral angle. The global minimum of the 4’-hydroxyacetophenone
surface at 35 degrees is not far from the global minimum of the acetophenone surface at
44 degrees. The one-photon transition between the cationic ground and excited states is
symmetry forbidden at a 0 degree dihedral angle in acetophenone and increases to 0.046
at 44 degrees, as disscussed in Section 6.4.4. The dissociative resonance in 4’hydroxyacetophenone at 1370 nm suggests that the oscillator strength as a function of
dihedral angle is similar to that of acetophenone.
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Figure 6.17. Structures of 2’-, 3’- and 4’-hydroxyacetophenone radical cations at neutral
and optimized geometries with calculated and experimental17,74,75 values of vertical
ionization potentials (IPcalc. and IPexp. respectively). The energy difference at vertical and
adiabatic ionizations, and the dihedral angle between phenyl and acetyl planes for each
isomer is presented.

283

Figure 6.18. The ground ionic potential energy surfaces as a function of phenyl-acetyl
dihedral angle for 2’-(a), 3’-(b), and 4’-(c) hydroxyacetophenone. The respective
optimized geometries for each molecule are included with the black arrow pointing
toward the optimized phenyl-acetyl dihedral angle. The surfaces were calculated at the
B3LYP/6-311++G(d,p) level of theory.
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The existence of a rotational barrier in 3’ hydroxyacetophenone, but not in 4’hydroxyacetophenone, can be explained based on electron delocalization in the respective
molecular ions. In order to visualize the electron charge distributions, the electron density
was calculated at the B3LYP/6-311++G(d,p) level of theory and the electrostatic
potential was mapped onto the resulting electron density surface. The electrostatic
potential at a given point in space reflects the potential energy of a positive test charge at
that location, a negative value denotes a high electron density (i.e., the positive test
charge experiences an attractive potential) and a positive value denotes low electron
density (i.e., the test charge is repelled). 76 Figures 6.19(a) and 6.19(b) show the mapped
electrostatic potentials for the neutrals, ions, and differences between them for 3’- and 4’hydroxyacetophenone, respectively, with positive electrostatic potential (blue) denoting
electron deficient regions and negative electrostatic potential (red) denoting electron rich
regions. The difference in electrostatic potentials between the neutrals and ions indicates
greater electron deficiency on the phenyl ring for both isomers, indicating that ionization
removes the electron from the phenyl ring. The subsequent electron delocalization is
shown by the resonance structures in Figures 6.19(c) and (d) for 3’- and 4’
hydroxyacetophenone, respectively. The local energy minimum at the (nearly) planar
geometry in 3’-hydroxyacetophone appears to arise from electron donation by hydroxy
group through the electron-deficient phenyl ring to the acetyl group in Figure 6.19(c).
This electron delocalization into the acetyl group inhibits rotation away from the planar
geometry. In contrast, the analogous resonance forms of 4’-hydroxyacetophenone in
Figure 6.19(d) do not result in electron delocalization through the acetyl group, so no
rotational barrier is expected to arise.
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Figure 6.19. Illustration of charge distributions ((a), (b)) and resonance forms ((c), (d))
contributing to the radical cations of (a), (c) 3’-hydroxyacetophenone and (b), (d) 4’hydroxyacetophenone. Electrostatic potentials (Hartree) for the neutral, ion (upon vertical
ionization) and difference between them are mapped on a 0.005 e-/Bohr3 electron density
surface. The numbers on the left hand side of the scale bar correspond to the electrostatic
potentials of the neutral and ion, while the numbers on the right hand side of the scale bar
correspond to the difference. The calculations are performed on B3LYP/6-311++G(d,p)
level of theory.
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The calculations disscussed in Sections 6.4.5 through 6.4.9, propose that the time
allowed for rotation about the phenyl-carbonyl torsional angle in acetophenne correlates
to the amount of dissociation observed. Thus, the dissociation yield should be
proportional to the duration of the laser pulse. In this scenario, the peak of the laser pulse
will tunnel ionize the molecule, inducing the wavepacket to propagate along the torsional
coordinate toward the bright region on the D0 surface. The latter portion of the pulse
excites the system from the D0 surface to the D2 surface, leading to subsequent
dissociation. In this mechanism, longer duration excitation pulses containing the resonant
wavelengths provide the wavepacket with more time to access the bright region and
enhance dissociation. This hypothesis was tested by investigating a series of three
methyl-substituted acetophenones wherein the reduced moment of inertia about the
torsional mode decreased as the methyl substituent was moved from the 2’, or 3’, to the
4’ position with respect to the acetyl group. The dissociation increased as the reduced
moment of inertia decreased. In accord with the torsional motion hypothesis, the
decreasing moment of inertia allows more rotation about the torsional axis for a given
pulse duration, bringing more of the wavepacket into the bright region for the one photon
transition to the D2 state.
Inspection of Figure 6.5(d), (e), and (f) shows that the depletion of the
methylacetophenone molecular ion at 1370 nm is more pronounced as the methyl group
position changes from ortho to meta to para with respect to the acetyl group. The trend in
parent ion depletion as a function of methyl substitution position is explained in terms of
the calculated neutral and optimized geometries and energies of the ground state radical
cations, shown in Figure 6.20. For 2’-methylacetophenone radical cation the calculations
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reveal two ground state stable geometries, where a local minimum has a torsional angle
of 7 degrees (Figure 6.20(a)), and the global minimum has a torsional angle of 63
degrees, (Figure 6.20(b)). For comparison, the ion at the neutral geometry is shown in
Figure 6.20(c). The locally optimal geometry in Figure 6.20(a) arises from a favorable
interaction between a hydrogen atom from the ortho methyl group and the carbonyl
oxygen, as indicated by the dotted blue line, where the distance between the methyl
hydrogen and carbonyl oxygen is only 2.1 Å. While the longer distances in Figures
6.20(b) and 6.20(c) suggest that the strength of the interaction is negligible at these
geometries. The presence of two stable geometries indicates the existence of a barrier to
rotation between the phenyl and acetyl groups, which inhibits motion along the torsional
coordinate. This slowing of the torsional wavepacket motion following ionization
suppresses excitation to the D2 state because the molecule is less likely to reach the
geometry with a large transition dipole moment that promotes the one-photon excitation
within the duration of the excitation pulse. Slower motion of the torsional wavepacket in
2’-methylacetophenone as compared to the 3’ and 4’ isomers is also expected based on
the difference between the vertical and adiabatic ionization energies (E neut-Eopt). The
value of Eneut-Eopt increases as the position of the methyl changes from ortho to meta to
para (Figure 6.20). The larger values of E neut-Eopt for 3’- and 4’-methylacetophenone are
similar to that of acetophenone, suggesting that the torsional wavepacket in these isomers
gains kinetic energy more quickly than 2’, allowing these molecules to access the bright
geometry within the excitation pulse duration. In contrast, the energy gap in 2’methylacetophenone is about 0.1 eV smaller which makes the wavepacket traverse more
slowly in the torsional coordinate so that it is less likely to reach the bright geometry
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Figure 6.20. Geometries of 2’-, 3’- and 4’-methylacetophenone, including the dihedral
angles between phenyl ring and acetyl group, the oscillator strengths from the ground
ionic state to D2 state, the distance between the methyl hydrogen and carbonyl oxygen for
2’-methylacetophenone isomer illustrated by the blue dotted lines, and the energy
difference between the neutral and the optimized geometries on the cationic ground state
surface (Eneut-Eopt). (a) Local minimum in the radical cation of 2’-methylacetophenone
with an interaction between methyl hydrogen and carbonyl oxygen. (b) Global minimum
for the radical cation of 2’-methylacetophenone. (c) Neutral geometry of 2’methylacetophenone. (d) 3’-methylacetophenone at optimized geometry. (e) 4’methylacetophenone at optimized geometry.
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within the duration of the excitation pulse. The amount of benzoyl production and parent
depletion is also expected to depend on the oscillator strengths between D 0 and D2. The
oscillator strengths at the optimized geometries increase as the methyl substitution
changes from ortho (7 degrees) to meta to para. The larger oscillator strengths for 3’- and
4’-methylacetophenone suggest a stronger coupling between D 0 and D2, resulting in more
parent ion depletion and contributing to the deeper lineshapes in Figure 6.5 (d), (e), and
(f). Finally, the enhanced depletion of the parent ion in 4’-methylacetophenone as
compared to 3’-methylacetophenone can be explained in terms of its smaller moment of
inertia, allowing the torsional wavepacket motion to proceed more quickly towards the
critical geometry. In all three isomers, the axis of rotation is along the C(phenyl)C(acetyl) bond. Thus, when the methyl group is in the 2’ or 3’ position, the moment of
inertia is significantly larger because the methyl group is not on the rotational axis. The
larger moment of inertia for the 2’ and 3’ isomers slows the rotation as compared to when
the methyl group is in the 4’ position. Note that the moment of inertia for the 4’ isomer is
nearly the same as that for acetophenone. The similar moment of inertia in 4’methylacetophenone explains why its spectral response is practically identical to that of
acetophenone46 when using a 60 fs pulse. In contrast, the slower rotation of 3’methylacetophenone decreases the fraction of the wavepacket accessing the bright region
within the duration of the pulse, resulting in less depletion of the parent molecular ion.
The calculations presented in this section are useful for understanding the role that
substitution on the phenyl ring plays in the strong field dissociation of radical cations of
alkyl phenyl ketones.
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6.5

Summary and Conclusions
An excited state ionic resonance for acetophenone has been directly measured in

the strong field regime. The signature of the resonance is extracted from the near-infrared
wavelength dependent mass spectral response of the benzoyl fragment and parent ion
signal after tunnel ionization. The yields of other fragment ion signals were independent
of the excitation wavelength. The resonance is consistent with a one-photon transition
from a ground ionic state to an excited dissociative state. To explore the resonance
feature in acetophenone, quantum-chemical calculations were performed, which
supported the presence of the corresponding excited state within a one-photon transition
from the ground ionic state, D0, to a bright excited ionic state, D2, (0.87 eV), where
rotation of the acetyl group from a planar to non-planar structure within the pulse
duration enables the otherwise forbidden transition of the acetophenone cation.
The excited state electronic resonances have been observed in a pair of alkyl
phenyl ketones (acetophenone and propiophenone), as revealed by the control of the
fragmentation of the molecule as a function of excitation wavelength. Supporting
calculations help to elucidate the ionization/dissociation mechanism. Following
population of the ground ionic state by tunnel ionization, population transfer to the D 2
state occurs, if the pulse contains resonant photons. The propagation of the wavepacket
along the D2 surface leads to the three-state conical intersection (D2/D1/D0) that gives rise
to nonradioactive decay mechanism following by dissociation along the C-CH3 bond
coordinate. The energy gap for D0 − D2 in propiophenone was calculated to be 0.88 eV,
suggesting that the mechanism of dissociation of the propiophenone parent ion is similar
to that of the acetophenone parent ion.
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Classical wavepacket trajectory calculations were employed to model the
wavepacket dynamics of the acetophenone molecular ion. The trajectory calculation
reveals the wavepacket reaches the geometry with largest transition probability to the
dissociative D2 state (at the dihedral angle of 90°) in approximately 320 fs, where probe−
pulse excitation most effectively depletes the population on the bound D0 state. This time
delay is in agreement with the experimentally measured minimum in the parent yield and
maximum in the benzoyl ion at a time delay of 325 fs.
Supporting high level calculations of the ten lowest PESs in the acetophenone
radical cation as a function of phenyl-acetyl dihedral angle, along with the corresponding
dipole strength elements out of the ground ionic state, enabled to elucidate the potential
dissociation mechanisms that occur in a strong field 1270 nm, 5×1013 W cm-2 pump pulse
and a weak field 790 nm probe pulse with intensities ranging from 3.6 ×1010 − 5.6 ×1012
W cm-2. The dissociation mechanism driven from the calculations propose that the parent
ion, that arises from a tunnel ionization following one-photon excitation from the D0
surface to the D1 and/or D2 surfaces, can either decay through the conical intersection at
0o dihedral angle to form the benzoyl ion, or be excited via a two-photon excitation to the
D3, D4, D5, and/or D6 surfaces at all dihedral angles to overcome the dissociation barrier
and form the phenyl, butadienyl, and acetyl small fragment ions.
Strong field excitation mass spectrometry from 1200 nm to 1500 nm for
hydroxyacetophenone isomers reveals that the location of substitution on the phenyl ring
significantly changes the wavelength-resolved fragmentation response. For 4’hydroxyacetophenone, a correlated decrease in the parent ion intensity and increase in the
benzoyl ion intensity was measured as a function of excitation wavelength in the vicinity
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of 1370 nm. This response of 4’-hydroxyacetophenone was found to be similar to the
resonant dissociation measured in unsubstituted acetophenone. DFT calculations applied
to investigate the ground ionic energies as a function of the phenyl-acetyl dihedral angle,
revealed no rotational barrier between the neutral and optimal geometry on the ground
ionic surface of 4’-hydroxyacetophenone, which enabled the wavepacket to access the
bright region. The lack of wavelength-dependent dissociation in 2’- and 3’hydroxyacetophenone is attributed to large barriers to rotation about the torsional mode
on the ground state potential energy surfaces, which prevents access to the bright
geometry. These results build on the preparation of an electronically cold launch state via
tunnel ionization as a tool for examining the electronic properties of radical cations and
demonstrate the potential for controlling radical cation dissociation by adding substituent
groups.
The case of methyl-substituted acetophenone derivatives was found to be similar
to that of acetophenone and propiophenone, indicating the presence of a resonance
between the D0 launch state and the dissociative D2 state of the radical cation. The
similarity of resonance position indicates that methyl substitution does not significantly
alter the energies of the low-lying cationic states. The depletion of the parent molecular
ion upon resonant excitation as a function of the position of the methyl substitution on the
phenyl ring increases from ortho to meta to para. The trend was explained by the effect
of the substitution position on the motion of the torsional wavepacket. Calculations of the
dihedral angles and ground state energies of the neutral and optimized geometries for
each isomer reveal the presence of a favorable interaction between the methyl hydrogen
and carbonyl oxygen in the ortho isomer that limits torsional motion which hinders
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access to the bright geometry. In addition, the meta isomer has a larger moment of inertia
in comparison with the para isomer, slowing the torsional motion to the bright geometry.
Overall, the calculations presented in this chapter may be used to design control
strategies for selective bond-breaking in acetophenone radical cation and substituted
derivatives, as well as provide a roadmap to design control schemes for other molecules.
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