FIRST PRINCIPLES CALCULATIONS
FOR LIQUIDS AND SOLIDS USING
MAXIMALLY LOCALIZED WANNIER
FUNCTIONS
A Dissertation
in Partial Fulfillment
of the Requirements for the Degree
DOCTOR OF PHILOSOPHY

by

Charles W. Swartz VI
Department of Physics
Temple University
May 2014

Thesis Examination Committee:
Dr. Xifan Wu, Temple University Physics Department, Chair
Dr. Peter Riseborough, Temple University Physics Department
Dr. Dieter Forster, Temple University Physics Department
Dr. Vincenzo Carnevale, Temple University Biology Department, External Examiner

ABSTRACT

The field of condensed matter computational physics has seen an explosion of applicability over the last 50+ years. Since the very first calculations with ENIAC
and MANIAC the field has continued to pushed the boundaries of what is possible;
from the first large-scale molecular dynamics simulation, to the implementation of
Density Functional Theory and large scale Car-Parrinello molecular dynamics, to
million-core turbulence calculations by Standford. These milestones represent not
only technological advances but theoretical breakthroughs and algorithmic improvements as well.
The work in this thesis was completed in the hopes of furthering such advancement, even by a small fraction. Here we will focus mainly on the calculation of
electronic and structural properties of solids and liquids, where we shall implement a
wide range of novel approaches that are both computational efficient and physically
enlightening. To this end we routinely will work with maximally localized Wannier
functions (MLWFs) which have recently seen a revival in mainstream scientific literature. MLWFs present us with interesting opportunity to calculate a localized
orbital within the planewave formalism of atomistic simulations. Such a localization
will prove to be invaluable in the construction of layer-based superlattice models,
linear scaling hybrid functional schemes and model quasiparticle calculations.
In the first application of MLWF we will look at modeling functional piezoelectricity in superlattices. Based on the locality principle of insulating superlattices, we
apply the method of Wu et al to the piezoelectric strains of individual layers under
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fixed displacement field. For a superlattice of arbitrary stacking sequence an accurate model is acquired for predicting piezoelectricity. By applying the model in the
superlattices where ferroelectric and antiferrodistortive modes are in competition,
functional piezoelectricity can be achieved. A strong nonlinear effect is observed
and can be further engineered in the PbTiO3 /SrTiO3 superlattice and an interface
enhancement of piezoelectricity is found in the BaTiO3 /CaTiO3 superlattice.
The second project will look at The ionization potential distributions of hydrated
hydroxide and hydronium which are computed within a many-body approach for
electron excitations using configurations generated by ab initio molecular dynamics.
The experimental features are well reproduced and found to be closely related to
the molecular excitations. In the stable configurations, the ionization potential is
mainly perturbed by solvent water molecules within the first solvation shell. On the
other hand, electron excitation is delocalized on both proton receiving and donating
complex during proton transfer, which shifts the excitation energies and broadens
the spectra for both hydrated ions.
The third project represents a work in progress, where we also make use of the
previous electron excitation theory applied to ab initio x-ray emission spectroscopy.
In this case we make use of a novel method to include the ultrafast core-hole electron dynamics present in such situations. At present we have shown only strong
qualitative agreement with experiment.
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CHAPTER 1

INTRODUCTION

The field of condensed matter computational physics has seen an explosion of applicability over the last 50+ years. Since the very first calculations with ENIAC and
MANIAC [1] the field has continued to pushed the boundaries of what is possible;
from the first large-scale molecular dynamics simulation [2], to the implementation of
Density functional theory [3] and Car-Parrinello molecular dynamics [4], to millioncore turbulence calculations by Standford [5]. These milestones represent not only
technological advances but theoretical breakthroughs and algorithmic improvements
as well.
The work in this thesis was completed in the hopes of furthering such advancement, even by a small fraction. Here we will focus mainly on the calculation of
electronic and structural properties of solids and liquids, where we shall implement a
wide range of novel approaches that are both computational efficient and physically
enlightening. To this end we routinely will work with maximally localized Wannier
functions (MLWFs) which have recently seen a revival in mainstream scientific literature [6]. MLWFs present us with interesting opportunity to calculate a localized
orbital within the planewave formalism of atomistic simulations. Such a localization
will prove to be invaluable in the construction of layer-based superlattice models,
1

linear scaling hybrid functional schemes and model quasiparticle calculations
This thesis was compiled from the work of two published papers [7, 8], two papers
currently in preparation [9, 10]. Because the topic are diverse we shall organize the
content as follows:
- Chapter 2 contains a review of most of the relevant theoretical background
involved with the work in this thesis. This will consist of not only a review of
the current literature but an outline of the theoretical underpinning of current
implementations. Chapter 2 starts with a brief review of the basics of the manybody formulation in condense matter physics and some of the most important
approximations. Next will be an introduction and review of Density Functional
Theory: it’s formulation, implementation, strengths, weakness, and algorithmic
cycle. At this point we will introduce the closely related concept of ab initio
molecular dynamics. This will lead us to the main theme of this thesis, Wannier
functions. We will discuss both the construction and implementation of these
functions and how they can be used in current atomistic simulations. Finally
we will go beyond the standard groundstate electronic structure calculations
and introduce a model GW calculation for liquid water electron excitation that
contains a large MLWF based component. We will see that such a model GW
calculation will greatly reduce the calculation time of current implementations.
- Chapter 3 contains work published in Physical Review B [7] in which we develop a scheme for modeling the piezoelectricity of polarization and height that
is based on MLWFs. This expansion will be parametrically fitted to a database
of 4-period superlattice calculations in order to construct a model for the piezoelectricity of arbitrarily stacked superlattices. Such a model will allow us to
explore tunable instabilities outside the realm of current experiment.
- Chapter 4 is composed of work that is published in Physical Review Letters [8]
2

as well as included in an additional manuscript, that was completed in collaboration with the Temple University’s Institute for Computational Molecular
Science, which is currently in preparation in [9]. Here we will make us of a recently developed model GW calculation to investigate the electronic structure
of aqueous ions (OH´ , H3 O` , and Cl´ ) in liquid water. Investigation in this
chapter will be aided with an implementation of a realspace projected density
of states that is able to capture the contribution of individual ions to the total
electronic structure.
- Chapter 5 we make use of the MLWF-based model GW calculation that was
empirically derived from liquid water to study the x-ray emission spectrum of
liquid water. This Chapter with present a novel methodology and preliminary
results that will be included in a forthcoming manuscript [9].

3

CHAPTER 2

THEORETICAL BACKGROUND

This chapter serves as a very brief review of some of the basic theoretical framework
of many-body condensed matter physics, as it applies to atomistic simulations, as well
as an introduction to some of the novel techniques that will be utilized throughout
this work. In order to provide a complete, quantum mechanical, description of matter
it is well known that one must consider a general system of interacting atoms [11].
In principle one could construct a Hamiltonian for Ne electronic coordinates, r “
tri , i “ 1, . . . , Ne u, and Na nuclear coordinates, R “ tRI , I “ 1, . . . , Na u, of the
form:
Ĥ “ ´

ÿ ~2
ÿ ~2
e2 ÿ ÿ
ZI ZJ
∇2I ´
∇2i `
2MI
2m
2 I“1 J‰K |RI ´ RJ |
i“1
I“1
`

ÿÿ
e2 ÿ ÿ
1
ZI
´ e2
, (2.1)
|RI ´ ri |
2 i“1 j‰i |ri ´ rj |
I“1 i“1

where the first two terms represents the nuclear and electronic kinetic energies, the
third and fourth terms represent the ion-ion and electron-electron interactions respectively, and the final term contains the coupling of the electronic and nuclear
coordinates in the electron-ion interactions. Interactions with external fields, and
4

relativistic corrections could also be added with the inclusion of more terms as will
be seen in Chapter 3.
Using the above Hamiltonian, one could then solve the time-dependent Schrödinger
equation [12],
HΨpR, r; tq “ i~

B
ΨpR, r; tq,
Bt

(2.2)

for the complete many body wavefunction ΨpR, r, tq. The many-body wavefunction
is a time-dependent function of all electronic and nuclear degrees of freedom (position
and possibly spin), and must always be antisymmetric with respect to the exchange
of electrons, as well as obey the spin statistics of the nuclei [13]. The individual
degrees of freedom are highly coupled due to the effects of the electron-electron, and
nuclei-nuclei interactions. These effects, know as correlation, require a two-particle
picture where an electron (nuclei) located at point r (R) will deter other electrons
(nuclei) from occupying the surrounding space. This two-particle, correlation, picture is not compatible with early attempts (i.e. Hartree-Fock [14]) to reduce equation
(2.2) into separated, independent electron, equations. However, without such a reduction a full analytical solution is impossible for all but the simplest cases and a
direct, brute-force, numerical solution for complex systems would require more computational power then currently available on today’s, and the foreseeable future’s,
fastest supercomputers. It is apparent that practical approximations and algorithmic
simplifications are therefore required to solve this problem.
2.0.1

The Adiabatic and Born-Oppenheimer Approximations

A particularly elegant approximation was developed by Born and Oppenheimer [15]
in an attempt to separate the nuclear and electronic coordinates. It is based on
the fact that the nuclei move much slower then electrons, due to their mass ratio of
1:1836, and works under the assumption that the electrons always remain in the same
5

stationary state and instantaneously follow the motion of the nuclei [16]. Born and
Oppenheimer proved that this approximation is valid by performing a perturbation
expansion of the many-body Hamiltonian in terms of the mass ratio of the electron
and the nuclei [15].
One can make use of this separation by first considering the electronic part of the
full many-body Hamiltonian, ĤE , for fixed nuclei,
Na
ÿ
~2 2
∇ ` Ĥe pr, Rptqq,
Ĥ “ ´
2MJ J
J“1

(2.3)

where it should be emphasised that the nuclear positions are time-dependent but
frozen when considering the motion of the electrons, i.e. R enter parametrically in
Ĥe . The total, time dependent wavefunction can then be expanded in terms of l
quantum states as:
Ψpr, R, tq “

8
ÿ

Φl pr, RqΘl pR, tq,

(2.4)

l“0

where Φl pr, Rq are the electronic eigenfuctions which are also stationary solutions to
the time-independent Schrödinger equation,
Ĥe Φl pR, rq “ En Φl pr, Rq,

(2.5)

and the Θl pR, tq are the nuclear eigenfunctions, which act as time-dependent expansion coefficients of the total wavefunction over the different quantum states. Substituting this expansion into the time-dependent Schrödinger equation, (2.2), leads to
the following set of coupled differential equations for the nuclear eigenfunctions,
«

ff
ÿ ~2
ÿ
B
´
∇2I ` En pRq Θn ` Cnl Θl “ i~ Θn ,
2MI
Bt
I
l

(2.6)

where
ż
Cnl “ ´

Φ˚n

«
ff
„ż

ÿ ~2
1 ÿ
2
˚
∇ Φl dr `
Φn pi~∇I q Φl dr i~∇I ,
2MI
MI I
I
6

(2.7)

is the non-adiabatic coupling operator [17]. The off-diagonal terms of Cnl represent
the mixing of different stationary states and the diagonal terms represent a very
small correction to the total electronic energy
As mentioned above, the work by Born and Oppenheimer forbids non-radiative
transitions and only a coupling with an external electromagnetic field can produce
electronic transitions, therefore the non-diagonal elements of the Cnl can also be
ignored in what is known as the adiabatic approximation. This leads to,
ff
ÿ ~2
B
2
∇I ` Cnn ` En pRq Θn “ i~ Θn .
´
2MI
Bt
I

«

(2.8)

It should be noted that because the electronic transitions are forbidden the time dependent motion of the nuclei does not effect the quantum state of this system. Therefore the infinite sum in (2.4), with time-dependent expansion coefficients Φl pr, Rq,
can be reduced to a single term, l “ n,
Ψpr, R, tq « Φn pr, RqΘn pR, tq.

(2.9)

This leaves us only to deal with the diagonal terms, which couple the electronic
adiabatic eigenfunctions to the nuclear eigenfunctions via the Laplacin,
Cnn

ÿ ~2 ż
“´
Φ˚n ∇2I Φn dr.
2MI
I

(2.10)

However this term can be shown to be proportional to the electron mass and therefore
only contributes less then 0.5% to the total energy in the worst cases [18]. Ignoring
this term and ignoring the off-diagonal mixing terms is collectively know as the
Born-Oppenheimer approximation.
The condition for neglecting the non-adiabatic couplings is as follows [13]:
~Ωv
m
ăă 1,
M |Eq pRq ´ En pRq|
7

(2.11)

where Ω is the maximum rotation frequency of the electronic wave function due to
nuclear motion and Eq pRq ´ En pRq represents the difference in adiabatic energies.
This condition is satisfied in most situations, except those with, for example, very
small energy gaps. As most system we will investigate will be composed of water or
large band gaps, Non-adiabatic cases are not considered in this work.
2.0.2

Classical Nuclei Approximation

Due to the fact that most atomic nuclei undergo exchange effects at very low temperatures [13] one could re-write the nuclear eigenfunctions, Θn pR, tq, as a Hartree-like
product of single nuclear wavepackets, such that
Θn “

Na
ź

ΘnI pR, tq,

(2.12)

I“1

where ΘN I pR, tq are the individual nuclear wavefunctions. Such a product expansion
allows us to rewrite the nuclear Schrödinger equation in (2.8) as single equations for
each ΘN I pR, tq that are coupled by the nuclear-nuclear interaction. Furthermore, due
to the large mass of the nuclei the individual quantum wavepackets are very localized
in real-space and can therefore be treated as classical particles. This is known as
the classical nuclei approximation and is accomplished by considering Ehrenfest’s
theorem [19] for the time derivative of exception values,
i~

dxAy
“ xrĤ, Âsy,
dt

(2.13)

which leads to the Newtonian-like equations for the expectations values.
M

d2 xRy
“ ´x∇En pRqy,
dt2

(2.14)

The above expectations values can be taken to the classical limit and treated as
the actual real-space coordinates of the classical particles by associating the exception values with the positions of the classical particle, xRy “ R and x∇En pRqy “
8

∇En pRq. Therefore one arrives at the equations of motion in the Born-Oppenheimer
and classical nuclei approximation,

M

d2 R
“ ´∇En pRq,
dt2

(2.15)

where En is know as the nth potential energy, or Born-Oppenheimer, surface. Here
one could, in principle, integrate these equations of motion to determine the trajectories of the classical nuclei. We will take a different approach in section 2.2, however
it should also be noted that the above equation can be used to optimize the geometry
of the system by setting the forces on the nuclei to zero such that,
∇En pRq “ 0.

(2.16)

From this equation we can see that the nuclear coordinates that minimize the BornOppenheimer potential energy surface are the optimized coordinates for the system.
We will make use of such techniques, albeit briefly, in Chapter 3.
Both the Born-Oppenheimer and the classical nuclei approximation are critical
to modern atomistic simulations of condensed matter physics and will be assumed
in the rest of this work. However a full quantum treatment of the nuclei can be seen
to have a relevant effect as shown recently in the path integral treatment of ab initio
molecular dynamics [20]. Future work on these topics should eventually incorporate
such techniques.
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2.1 Density Functional Theory
Although the Born-Oppenheimer approximation allows us to successfully uncouple
the electronic and nuclear coordinates by treating the nuclei parametrically there is
still the intractable task of solving the time independent Schrödinger equation from
(2.5). This is due to the fact that the adiabatic eigenfunctions have a dimensionality equal to the number of electrons, Ne . One approach to removing this extreme
complexity is found in Density Functional Theory (DFT) [21, 3, 22] where the main
variable in question, the Ne dimensional electronic eigenfunction, is replaced by a
3-dimensional electron density for the electrons,
ż
nprq “ N

ż
dr2

ż
dr3 . . .

drN Ψ˚ pr, r2 , r3 , . . . , rN qΨpr, r2 , r3 , . . . , rN q,

(2.17)

This was actually first attempted by Thomas-Fermi 1927 [23, 24] where all the
energy terms associated with the full electronic Hamiltonian were described in terms
of the local electron density as defined in the homogeneous electron gas,
E “ xΦ| ĥe |Φy “ xΦ| T̂ |Φy ` xΦ| Vˆext |Φy ` xΦ| Ûee |Φy ` EII
(2.18)
“ T rnprqs ` Vext rnprqs ` Uee rnprqs ` EII ,
where T̂ is the electronic kinetic energy operator, Ûee is the electron-electron operator,
V̂ext is the external potential operator generated by the fixed nuclei (and optionally
an external electric or magnetic field), and EII is the nuclei energy which is not
directly related to the electronic eigenfunction.
Although enlightening, this approach is too crude and cannot accurately recreate shell structures and molecular bonding properties [25]. Ultimately the failure of
this approach stems from the fact that the kinetic energy is in reality a non-local
operator, and therefore a local approach provides an incorrect description of kinetic
correlations. Furthermore, Thomas-Fermi theory works under the assumption that
10

the total energy can be described in terms of the electron density and is unique,
however it offers no proof of this [26]. Modern DFT was established in 1964 by
Hohenberg and Kohn [21], and later reformulated by Levy and Lieb [22], and continues where the Thomas-Fermi theory falls short, mainly, removing the non-local
nature of the many-body kinetic energy operator and proving that the energies of the
electronic Hamiltonian can in fact be described in term of a unique electron density.
Before proceeding it is useful to define some objects related to the electron density.
For a system of N indistinguishable particles the electron density can be generalized
to a one-particle density matrix, which is a function of all particle positions,
ż
1

γpr, r q “ N

ż
dr2

ż
drN Ψ˚ pr, r2 , r3 , . . . , rN qΨpr1 , r2 , r3 , . . . , rN q,

dr3 . . .

(2.19)

It is important to note that the diagonal components of the one-particle density
matrix define the particle density in (2.17), or γpr, rq “ nprq. One can also define
two other useful concepts, the pair-correlation function,
ż
1

gpr, r q “ N

ż
dr3 . . .

drN Ψ˚ pr, r1 , r3 , . . . , rN qΨpr, r1 , r3 , . . . , rN q,

(2.20)

which gives the joint probability of finding a particle and both r and r1 simultaneously,
and the generalization of the pair correlation function to indistinguishable particles,
the two-particle density matrix,
Γpr1 , r2 |r12 , r12 q

N pN ´ 1q
N
“
2

ż

ż
dr3 . . .

drN Ψ˚ pr1 , r2 , r3 , . . . , rN qΨpr11 , r12 , r3 , . . . , rN q.
(2.21)

The diagonal components of the two-particle density matrix are equal to the pair
correlation function, Γpr, r1 |r, r1 q “ gpr, r1 q.
Using the above particle density definitions Parr and Wang [27] showed that one

11

can rewrite the energy terms from (2.18) as follows,
ż
‰
~2 “ 2
~2 ÿ
2
T “ xΦ| T̂ |Φy “ ´
xΦ| ∇i |Φy “ ´
∇r1 γpr, r1 q r1 “r dr
2m i
2m
Vext “ xΦ| V̂ext |Φy “ xΦ|

ÿ

(2.22)

ż
Vext pri q |Φy “

nprqVext dr

(2.23)

i

1 ÿÿ
1
xΦ |
|Φy “
Uee “ xΦ| Ûee |Φy “
2 i i‰j
|ri ´ rj |

ĳ

Γpr1 , r2 |r12 , r12 q
drdr1
|r ´ r1 |

(2.24)

Borrowing from the concepts of Hartree-Fock theory the electron-electron interaction
potential Uee , in (2.18), can be separated into,
ĳ
ĳ
1
nprqnpr1 q
1
nprqnpr1 q
1
Uee “
drdr `
rg̃pr, r1 q ´ 1sdrdr1
1
1
2
|r ´ r |
2
|r ´ r |

(2.25)

“ EH ` ẼXC
where the first term is the Hartree term, EH , which is just the classical electrostatic
energy, the second term is the exchange-correlation term which is denoted as ẼXC
˜
and defined in terms of the pair correlation function g̃pr, r1 q (Note: the „ in EXC
and g̃ is used here to indicate that a term only contains the electron-electron energy
contribution, more elements will be added to these terms shortly). It should also
be noted that the exchange portion of the exchange-correlation term can be exactly
calculated in the Hartree-Fock theory using Slater determinants [28], however in the
interest of computational efficiency it is usual approximated in DFT, as we shall see
in later sections.
2.1.1

Hohenberg and Kohn Theorems

The two fundamental theorems of modern Density Functional Theory developed by
Hohenberg and Kohn [21] are as follows:
• Theorem 1: The external potential, Vext of a system of interacting particles
can be determined uniquely by the groundstate particle density n0 prq, up to a
12

constant shift. This Vext will fully determine the many-body Hamiltonian and
therefore all properties of the system for both excited and ground states.
• Theorem 2: For a system of interacting particles there exists a universal
functional for the total Energy described in terms of the particle density nprq,
ż
ż
‰
~2 “ 2
1
Ernprqs “ ´
∇r1 γpr, r q r1 “r dr ` nprqVext dr
2m
ĳ
1
nprqnpr1 q
`
drdr1 ` ẼXC rnprqs
2
|r ´ r1 |

(2.26)

where the T̂ and V̂ee are the many-body kinetic energy and the electron-electron
potential energy. Furthermore, the exact groundstate energy is the global minimum of this functional and the n0 prq that minimizes such a functional is the
exact groundstate particle density.
If the exact form of the groundstate, n0 prq, was know explicitly then the above
functional could be solved for exactly. However, the analytical form of n0 prq is known
only for highly simplified systems such as the homogeneous electron gas. Furthermore
even though the HK theorems tell us that there is in fact a groundstate electronic
density they provide no way to calculate this density. Even worse is the fact that we
have yet to determine how T rnprqs and ẼXC rnprqs depend on the electron density, due
to the fact the they are written in terms of the one-particle density matrix, γpr, r1 q in
(2.22) and the electron-electron contribution to the pair correlation function g̃prr1 q
in (2.23) and (2.24).
2.1.2

Kohn-Sham Equations

A way around this impasse was proposed by Kohn and Sham [3] where the fully
interacting problem is mapped onto a system of non-interacting orthonormal orbitals
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φi under the same Vext , with a total energy,
ż
Ernprqs “ Ts rnprqs ` EH rnprqs `

nprqVext dr ` EXC rnprqs,

(2.27)

where Ts is the kinetic energy of the non-interacting system. The electron density of
the non-interacting system is therefore given by,
nprq “

ÿ

fi |φi prq|2 ,

(2.28)

i

where fi is the occupation number for the ith state. Due to the first Hohneberg and
Kohn theorem this non-interacting density must therefore be exactly equal to the
fully interacting density in (2.17). With respect to these single particle states the
single particle density matrix can be re-written as
γpr, r1 q “

ÿ

φ˚ prqφpr1 q

(2.29)

i

and can be used to construct the non-interacting kinetic energy,

Ts rnprqs “ ´

~2 ÿ
fi xφi |∇2 |φi y.
2m i

(2.30)

It is very important to note that Ts is the kinetic energy of the non-interacting
system without the electron-electron interactions switched on. The true many-body
kinetic energy, T , would require a correction to the non-interacting kinetic energy,
∆T , such that T “ Ts ` ∆T . This non-trivial correction is produced by the kinetic
correlations of the fully interacting electrons and is typical added to the original ẼXC
via the adiabatic connection [29], were the correlation function is averaged over the
strength of the electron-electron interaction.
ż1
1

g̃λ pr, r1 qdλ

gpr, r q “
0
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(2.31)

Therefore one can define an adjusted exchange-correlation energy, EXC “ EX `
EC , with an adjusted correlation function, gpr, r1 q “ gX pr, r1 q`gC pr, r1 q, that contains
both the exchange and correlation contributions from splitting the electron-electron
interaction term in (2.26) and the averaged kinetic correlations,
ĳ
nprqnpr1 q
1
rgpr, r1 q ´ 1sdrdr1
EXC “
1
2
|r ´ r |
ĳ
1
nprqnpr1 q
“
rγXC pr, r1 qsdrdr1 ,
2
|r ´ r1 |

(2.32)

where,
γXC pr, r1 q “ npr1 qrgpr, r1 q ´ 1s

(2.33)

is defined as the exchange-correlation hole. The exchange-correlation hole represents
a charge depletion around an electron at r due to an electron at r1 .
This allows us to redefine the above global functional in (2.27) in terms of the
non-interacting states,

EKS rtψi us “ 2

ÿż

ˆ
3

d r ψi

i

e2
`
2

~2
´
2m

˙

ż
2

∇ ψi `

ż
d3 rd3 1r

d3 r Vext prqnprq

nprqnp1rq
` EXC rnprqs ` Eion ptRI uq, (2.34)
|r ´ 1r

where we shall again emphasis that EXC is the exchange and correlation term constructed from the splitting of the electron-electron interactions along with the difference between the full many-body interacting kinetic energy and the and the noninteracting kinetic energy (2.30). The exchange and correlation term contains all of
our ignorance in mapping a many-body interacting system onto single non-interacting
electrons states.
We can minimize (2.34) with respect to the electron density by way of the variational principle subjected to the constraint that the single particle orbitals are
15

orthonormal,
«
ˆż
˙ff
ÿ
δ
EKS rnprqs ´ Λij
φ˚i prq, φ˚i prqdr ´ δij
“ 0,
δnprq
ij

(2.35)

where Λ is the Lagrange multiplier and the variation of nprq is defined as,
δnprq “ δφ˚ prqφprq,

(2.36)

We therefore obtain the following Kohn-Sham single electron equations:
„ 2

ÿ
´~ 2
∇ ` Vext prq ` VH prq ` VXC prq ψi prq “
Λij prqψj prq
2m
j
ĤKS φi prq “

ÿ

Λij prqψj prq,

(2.37)

(2.38)

j

where Vext is external potential produced by the nuclei,

Vext “

e2 ÿ ZI ZJ
,
2 I‰J |RI ´ RJ |

(2.39)

VH is the Hartree potential,
ż
VH prq “ e

2

npr1 q
dr
,
|r ´ r1 |
3 1

(2.40)

and VXC is exchange and correlation potential which is defined by the functional
derivative of EXC ,
VXC prq “

δEXC rnprqs
.
δnprq

(2.41)

These Kohn-Sham equations can be transformed into the usage diagonal canonical
form by a unitary transformation of Λ such that,
ĥKS φi prq “ εi φi prq,
16

(2.42)

where εi are the Kohn-Sham eigenvalues, and ĥKS is the Kohn-Sham Hamiltonain
such that,

´~2 2
∇ ` V̂KS ,
“
2m
„

ĥKS

(2.43)

where V̂KS is the effective Kohn-Sham potential,
V̂KS “ Vext prq ` VH prq ` VXC prq.

(2.44)

If the form of EXC , and thus VXC , where known exactly then a solution to
the Kohn-Sham equations could be determined that minimized (2.34) to the exact
groundstate energy. Unfortunately the exact form of the EXC functional is unknown
and currently an active area of research, therefore more approximations will be required and are presented in Section 2.1.3. The effective Hamiltonian in the brackets
of (2.37) and the Kohn-Sham single electron states can be regarded as an eigenvalue
problem and can be solved in principle be solved by methods linear algebra, iterative
solvers, etc.
It should also be noted that the Kohn-Sham eigenvalues and Kohn-Sham orbitals
are mathematical constructions that, in principle, do not have a well-defined physical
meaning. However the Kohn-Sham orbitals are usually regarded as the single electron
states of the complete many-body wavefunctions. Reasons for such an interpretation
have been discussed in Ref. [30]. On the other hand, the Kohn-Sham eigenvalues are
more closely related to the total energy derivatives with respect to the occupation
numbers
i “

dEtotal
,
dni

(2.45)

and their total sum does not equal the total energy of the system, in fact it is an
over estimate [11].
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2.1.3

Exchange and Correlation: LDA, GGA, and beyond

As mentioned in the previous section, the mapping of the full many-body groundstate problem onto a reference system of independent electrons in the Kohn-Sham
equations would be exact if we knew the form of the EXC . This is mainly due to the
fact that an analytical description of the exchange-correlation hole in (2.33) is unknown for all but the simplest cases (i.e. the homogeneous electron gas [21, 31]). One
might argue that the pair-correlation function that defines the exchange-correlation
hole in (2.33) can be split into separate exchange and correlation parts and that the
exchange part could be treated exactly via Hartree-Fock. However, if we treat the exchange portion as exact we will be unable to compensate for errors introduced in the
approximation of the correlation term, therefore in practice we shall only use functionals that can treat both the exchange and correlation terms with approximately
equal accuracy.
Local Density Approximation
One of the first attempts to approximate the EXC functionals was given in the seminal
paper by paper by Kohn and Sham[3], it is know as the local density approximation (LDA). The basic idea is borrowed from early attempts by Thomas-Fermi in
which the exchange-correlation functional is approximated by a local or nearly local
functional of the density by considering the simplified system of the homogeneous
electron gas. In order for this to be accomplished, the exchange-correlation hole,
γXC , is redefined as a local functional of the homogeneous electron gas density,
“ `
LDA
γXC
“ nprq g h |r ´ r1 |, nprq q´1, s

(2.46)

where g h is the homogeneous gas correlation function, which only depends on the
distance between r and r1 because the electron gas is uniform. This is justified due to
the separating of the non-interacting kinetic energy and the Hartree terms, leaving
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only the smaller EXC to be approximated. The LDA treats the inhomogeneous
system as homogeneous on a local scale, using the accurately computed exchange and
correlation hole for the homogeneous electron gas system. This allows the exchangecorrelation energy to be re-written as [31],
ż
LDA
EXC
rnprqs

“

nprqLDA rnprqsdr

(2.47)

where LDA
XC is the average energy per electron at a given point in the homogeneous
electron gas, defined by,
1
XC rnprqs “
2

ż

LDA
γXC
pr, r1 q 1
dr ,
|r ´ r1 |

(2.48)

LDA
furthermore the average energy can be separated into LDA
` LDA
repreXC “ X
C

senting the contributions from the exchange and the correlation in the homogeneous
electron gas. The homogeneous gas is a well studied system where the exchange
portion is given by the Dirac expression [21],
3
X rnpr, r qs “ ´
4
1

ˆ ˙1{3
3
n1{3 prq,
π

(2.49)

and the correlation portion is given by Perdew and Zunger[32],
"
C rnprqs “

A ln rs ` B ` Crs ln rs ` Drs , rs ď 1,
?
rs ě 1,
γ 1 ` β1 rs ` β2 rs ,

(2.50)

where rs “ p3{4πnprqq1{3 is the inter-electron distance of the homogeneous electron
gas and the other parameters are fitted numerically and can be found int Ref. [32].
In order to integrate this into the Kohn-Sham equations an expression for the
LDA potential, VXC [11], needs to be determined as the functional derivative of
(2.47). This can be determined by the variation of EXC ,

ż „
BLDA
XC
LDA
δEXC rns “
drδnprq,
XC ` n
Bn r
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(2.51)

where the LDA potential is,

VXC


„
BLDA
XC
LDA
“ XC ` n
Bn r

(2.52)

Even with its seemingly simply nature the LDA exchange and correlation approximation works surprising well even in cases where the homogeneity of the system is
not well defined. Two reasons for this are, 1) the LDA and the exchange-correlation
hole obey the sum rule where the integral of NEX over all space is equal to ´1 and
2) even if the non-homogeneous nXC is not spherically symmetric they only thing
that matters is the spherical average of the hole, the differences tend to be averaged
out during the integration. Unfortunately, the LDA does have many weaknesses that
require the search for a better exchange-correlation functional; chief among these,
as related to water simulations is, the inability of LDA to correctly cancel the selfinteraction from the Hartree term [33]. The self-interaction arises from the Hartree
term’s non-vanishing nature, even as the electrons in the electron density go to 1.
In Hartree-Fock theory the self-interaction is exactly canceled by the exchange term
(which is exact in Hartree-Fock Theory). The second weakness comes from the overbinding of the hydrogen-bonds in water systems which will have highly inaccurate
bonds lengths in most of the systems we are interested in [34].
The generalized gradient approximation
A natural first step beyond the LDA is to realize that the inhomogeneous systems
will require gradient corrections as the density varies, this can be accounted for in
(2.51) by,
ż
GGA
EXC

nprqGGA
XC rnprq, ∇nprqsdr

“
ż
“

nprqLDA
XC rnprqsFXC rnprq, ∇nprqsdr,
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(2.53)

where FXC is an enhancement factor that will modify the homogeneous electron gas
description of EXC . The form of the enhancement factor has been explored in many
different forms leading to a invariable ’zoo’ of different EXC functionals (PW91 [35],
BLYP [36, 37], . . . ). In the majority of this research we will use the well-established
GGA functional developed by Perdew, Burke, Ernzerhof (PBE) [33] where, treating
the exchange and correlation separately, we have the exchange enhancement factor
is
FX “ 1 ` κ ´

κ
,
1 ` µs2 {κ

(2.54)

where κ is a s is the gradient of the density,
s“

|∇nprq|
.
p2kF nprqq

(2.55)

Where the correlation enhancement is a additive enhancement and is given by,
ż
EC “

“
‰
nprq LDA
prs , ζq ` Hprs , ζ, tq ,
C

(2.56)

with ζ “ pnÒ prq ´ nÓ prqq{nprq as the spin polairzation and,
t“

|∇nprq|
,
2φkT F nprqq

(2.57)

where φ “ pp1 ` ζq2{3 ` p1 ´ ζq2{3 q{2. This enhancement can be expressed as,
ˆ
„
˙
e2 3
β 2
1 ` At2
H “ γφ ln 1 ` t
,
ao
γ
1 ` At2 ` A2 t4

(2.58)

«
˜
¸
ff´1
β
´LDA
C
exp
´1
.
A“
2
γ
γφ3 ae

(2.59)

where,

o

The PBE exchange-correlation potential, VXC , can be defined in a similar fashion
to that of the LDA above, (2.51), however the gradient’s present in the expansion
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requires further variation,

ż „
BXC
BXC
δEXC rns “
XC ` n
` nprq
∇ drδnprq.
Bn
B∇nprq r

(2.60)

However, the term in the brackets is not consider the VXC as it is not a local potential,
therefore the most common approach is to construct a local potential using partial
integration of the form,

„
BXC
BXC
` nprq
∇ ,
δEXC rns “ XC ` n
Bn
B∇nprq r

(2.61)

however this does have the disadvantage of requiring higher derivatives of the density.
The GGA’s, in comparison to the LDA, improve the description of HydrogenBond forming systems and are therefore a much better candidate for liquid water
simulations, although there is still a degree of “over-binding” in which the first peak
of the radial distribution function (see section B) is still to high[38]. The GGA
also improve bond-lengths, bond-angles, and overall geometries[33]. Unfortunately
while they do increase the band gap with respect to LDA there is still a quantitative
disagreement of around «50%. This is manly due to the fact that the band gap is
related to the removal of an electron, a situation that is more appropriately handled
with a many-body excitation theory.
Hybrid functionals
As mentioned in the beginning of this section, the exchange term can be exactly
calculated in Hartree-Fock theory but is rarely used because of the accuracy mismatch
with the correlation term. As noted in Ref. [39] the lower limit (λ “ 0) of the
adiabatic connection in (2.31) produces an exact exchange hole. This leads one to
propose the inclusion of a fractional amount of the exact exchange from Hartree-Fock
theory, such that,
GGA
EXC “ EX ` p1 ´ aqpEX
´ EX q ` ECGGA ,

22

(2.62)

GGA
where EX is the exact exchange term and EX
and ECGGA are the exchange and

correlation terms from the GGA level. It is important to note that a in the above
equation is a mixing coefficient that should not be equal or close one as this will treat
the exchange and correlation at incompatible accuracy levels. For the particular
hybrid functional know as PBE0 [40], the mixing coefficient is a “ 1{4.
The use of hybrid functionals can further improve the performance of the GGA
especially in the softening of the Hydrogen Bonds and the energy gap. Unfortunately,
the calculation of the exact exchange remains a demanding task as the calculation
of the exchange integrals requires all space to be considered. Fortunately, we will
introduce a method in section 2.3 where the Kohn-Sham orbitals can be transformed
into localized Wannier functions that need not be considered over the entire space.
2.1.4

Solving the Kohn-Sham Equations

The problem of solving the Kohn-Sham equations can be simplified by considering
the external potential as infinitely periodic V pr ` Lq “ V prq. This turns out to be
a fairly valid approximation as the structure of most solids have an approximately
periodic nature. Even those that have an aperiodic nature can also be described
by a such periodic nature by imposing a mathematical periodicity such as liquids,
surfaces, and defects.
This is accomplished by defining a minimal unit cell [41], also called the WignerSeitz cell spanned by primitive lattice vectors, ai (i “ 1, 2, 3), and a finite number of
atoms that is repeated infinitely in all directions, the Bravais lattice. These primitive
vectors have translational symmetry such that any point on the lattice can expressed
as R “ n1 a1 ` n2 a2 ` n3 a3 where n1 , n2 , and n3 are integers. R is know as a Bravais
lattice vector. Within such a periodic structure Bloch’s theorem [42] allows us to
rewrite the independent Kohn-Sham wavefunctions as,
φnk prq “ eik¨R unk prq,
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(2.63)

where n and k label the individual bands and the reciprocal space wavevectors,
respectively. Here unk prq is the periodic part of the wavefunction and eik¨R is a
unitary transformation. It should be noted, and taken advantage of in section 2.3,
that we could have introduce and arbitrary phase factor as well.
Furthermore, from elementary Fourier analysis of periodic functions, f prq, can
be expressed as,
f prq “

ÿ

ek¨r f pkq.

(2.64)

n

One can also introduce a set of reciprocal primitive lattice vectors, bi (i “ 1, 2, 3),
which map the lattice points onto Fourier, or reciprocal space, by defining ai ¨bi “ 2π.
The reciprocal space representation of the unit cell, is know as the Brillouin zone
(BZ) and is an important concept that will be used later. Any point on reciprocal
lattice can therefore be expressed in terms of these reciprocal primitive lattice vectors
as G “ m1 b1 ` m2 b2 ` m3 b3 , known reciprocal lattice vectors. The wavevector can
also be expressed as k “ k1 b1 ` k2 b2 ` k3 b3 , which have physical meaning in terms
of Bragg diffraction. The reciprocal lattice vectors and wave-vectors can be used to
redefine the above periodic potential, or any periodic function, as [41],
V prq “

ÿ

eiG¨r V pGq.

(2.65)

G

These G vectors, in principle, run over the entire reciprocal space, presenting an
intractable problem that seems to to undermine our use of infinite periodic lattices.
However because of the periodic nature of the reciprocal lattice any k1 outside of the
first Brillouin zone can be refolded back into the first BZ by k1 “ k ` G. Therefore,
all k1 outside of the first BZ can be described by their first BZ counterparts.
It is important to stress that the use of periodic systems has the effect of simplifying the problem of considering all electrons and all electron interaction, brought on
by considering a repeating lattice, to an N electrons in the unit cell. The consider24

ation of only the 1st BZ k vectors also simplifies the problem, however in principle,
there are still an infinite number of k points in the first BZ. Because k-points have to
be described by discrete computer grids, finite points must be used. This is validated
by the fact that many k-points that reside close to another have similar properties.
In practice this number can be reduced even further by techniques that include 1)
considering systems that are symmetric with respect to k “ 0, the Γ point [11, 17]
(k and ´k) are equivalent) 2) considering larger supercells that make the wavefunction periodic (by forcing the phase factor in (2.63) to be unity) [41], therefore
requiring less k-points to describe the system and 3) Brillouin zone sampling such
as Monkhorst and Pack [43] that make use of, so-called, “special” k-points that can
reduce the number total k-points by symmetry.
This formalism is applicable even to disordered systems such as liquids. It is
clear that the periodic nature of the solid is not present here, however, when used in
conjunction with the supercell method we have a fictitious translational symmetry
that can be exploited. These system are usually treated in a Γ-point only approach
as well there requiring the integration of only one k-point, therefore treating the
nuclear and elctron degrees of freedom with equal perdiocity. However, there is a
downside to such an approach, long-range interactions such as the Hydrogen-Bond
network can give incorrect results if the supercell size is too small.
Plane-Wave Approach
By considering an expansion as in (2.65) of the periodic portion, unpkq , of the Bloch
wavefunction in (2.63) one can define the Kohn-Sham orbitals as a plane wave expansion [41],
8

1 ÿ
Cjk pGqeipk`Gq ¨ r,
φjk “ ?
Ω G
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(2.66)

where n labels the Kohn-Sham bands and Ω is the volume of supercell. The expansion
coefficients are the evaluated by the inverse Fourier transform,
1
CpGq “ ?
Ω

ż
ei´pk`Gq φik .

(2.67)

Ω

Within this expansion one can define the matrix elements of the Kohn-Sham Hamiltonian such as,
k
TG,G
1 “

~2
´~ k
xφG | ∇2 | φkG1 y “
|k ` G|δG,G1 ,
2m
2m

(2.68)

and,
KS
VG,G
1

“

xφkG

| V̂

KS

|

φkG1 y

1
“
Ω

ż
1

V prqe´ipG´G q¨r dr “ Ṽ KS pG ´ G1 q,

(2.69)

where Ṽ pG ´ G1 q is the inverse Fourier transform of the Kohn-Sham effective potential.
The above matrix elements can then be used to transform the Kohn-Sham Equation in (2.42) to a representation in reciprocal space,

ÿ „ ~2
2
1
|k ` G| δG,G1 ` Ṽ pG ´ G q cjk pG1 q “ jk Cjk CpG1 q
2m
G1

(2.70)

In principle this represents an N ˆN matrix where N Ñ 8. However this far from
possible to solve computationally so a suitable cut-off value is needed for the number
of G-vectors. Considering two facts from Fourier analysis, i) that larger G-vectors
represent an increasingly smaller spatial scale and ii) as the spatial scale is decreased
to a sufficiently small value functions tend to become linear, we can postulate that
as we increase the number of G-vectors reach a point in which further increment
provides no new information. This is usually expressed in terms of a cutoff-energy,
~2
|k ` G|2 ă Ecut ,
2m
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(2.71)

where all G-vectors below this threshold are consider (It should be mentioned that in
a single k-point formalism this represents a sphere). In practice this is a parameter
that need tuned to sufficient convergence before any serious production calculations
are to be preformed.
The use of the planewave expansion as many useful advantages, the chief among
these is that the kinetic energy operator is local, and thus diagonal, in reciprocal
space where as the local part of the effective potential is diagonal in real space. This
is an extremely useful development as we can easily evaluate each in their respective
spaces and efficiently transformed back and forth from real to reciprocal spaces by
Fourier transforms as will be discussed below. Also because the plane waves are not
localized to the nuclei as, some atomic orbital basis, they do not move through the
space thus eliminating the infamous Pulay forces [44].
Pseudopotential methods
Although the planewave expansion is a very attractive and computationally efficient
approach to solving the KS equations they do suffer from one serious drawback; In
order to accurately capture the rapidly varying nature of the wavefunctions close
to nuclei (the core electrons) an almost impossible number of expansion terms are
required (see Fig. 2.1). However, the observation can be made that the core electrons
are not involved in the chemical bonding process, as are the valence electrons, and
therefore are not critically required to be reproduced accurately. This enables us
to replace the core electrons with smooth, nodeless, wavefunctions that reduce the
number of PW required to accurately describe the system. These wavefunctions are
solutions of an effective pseudo-Hamiltonian where the true external potential, Vext
has been replaced with a pseudopotential[45, 46, 47], VP S . This effectively removes
the core electrons from our considerations in most of our DFT calculations. However,
we will need to go beyond this condition in Chap 5 where a more accurate description
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Figure 2.1: Pseudopotential and Pseudo-wavefuncitons as compared to the allelectron calculations spaces

of the core electrons is needed. In such cases a different approach can be taken in
order to keep the accuracy of the entire wavefucntion as all electron calculations, or
those that do not replace the core electrons, but still make use of the plane wave
expansion techniques.
One can mathematically illustrate the pseudopotential concept as defined in
Ref.[39, 48] by considering the single-particle Kohn-Sham equations for the core
and the valence separately,
ĤKS | φv y “ v | φv y

(2.72)

ĤKS | φc y “ c | φc y.

(2.73)

The valence wavefucntions can then be rewritten in terms of nodeless, smooth,
pseudo-wavefunctions, φPv S , and a osciallating function coming from the projection
of the pseudo-wavefunctions onto the space of the core electrons, xφc | φPv S y, such
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that,
| φv y “ | φPv S y `

ÿ

x φc | φPv S y | φc y.

(2.74)

c

Applying the Kohn-Sham Hamiltoian to the above pseudo-wavefucntions one can
obtain following modified version of the Kohn-Sham equations,
«

ff

ĤKS `

ÿ

pv ´ c q| φc y x φc | | φPv S y “ v | φPv S y,

(2.75)

c

where the new pseudo-Hamiltonain is defined,
PS
ĤKS
“ ĤKS `

ÿ

pv ´ c q| φc y x φc |.

(2.76)

c

This enables one to rescale the external potential as the pseudopotentail, V̂ P S
V̂ P S “ V̂ext `

ÿ

pv ´ c q| φc y x φc |.

(2.77)

c

This pseudopotential is an effective potential for the valence electrons which contains the screened nuclear potential of the core electrons and the exchange-correlation
effects between the valence and core electrons. The above form can be generalized,
by assuming spherically symmetric distributions as in Ref. [39, 49], to,

V̂

PS

8 ÿ
l
ÿ

prq “

vlP S |

lm y x lm | “

l“0 m“´l

8
ÿ

vlP S prqP̂l ,

(2.78)

l“0

where P̂l are projection operators onto different states of angler momentum l, the vlP S
is the pseudopotential for the lth angular momentum state and | lm y are the direct
product states of l and m (spherecial harmonics). This non-local pseudopotential will
add up the products of the l-dependent vlP S with the projection of the wavefunction
onto the different angular momentum components. This has the effect of smoothing
the potential and thus producing nodeless pseudo-wavefunctions.
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The expression in 2.77 can be simplified into long and short range contributions
by noting that there are on average only a few angular momentum states that are
occupied in the core region, up to lmax , those values above this cutoff effectively feel
the same interaction regardless of their l-value. Therefore we one can write,
V̂

PS

8
ÿ

“

PS
vloc
prqP̂l

lÿ
max

`

l“0

“ PS
‰
PS
vl prq ´ vloc
prq P̂l

l“0

(2.79)
PS
“ vloc
prqIˆ `

lÿ
max

∆vlP S prqP̂l ,

l“0

where the vlP S is the non-local, short ranged, portion of the pseudo potential asPS
sociated with the core electron region and the vloc
are the local, long-ranged, and

screened portion that are associated with the regions outside of the core electron
region. Normally the local, long ranged, portion of the pseudo-potential can be set
PS
PS
to equal one angular momentum higher then the lmax , vlocl
“ vl“l
. Fig 2.1 shows
max `1

some representative pseudopotentials and pseudo-wavefucntions. We can rewrite the
effective Kohn-Sham potential using 2.79, such that,
PS
V̂KS “ T̂s ` V̂H ` V̂XC ` vloc
prqIˆ `

lÿ
max

∆vlP S prqP̂l

(2.80)

l“0

The construction of viable pseudopotentials is a major step in preforming any
DFT or Molecular Dynamics calculations. The process starts by considering the
Kohn-Sham equations for all-electrons (core and valence) for those l-states up to
and including lmax . Due to their spherical nature these equations can be separated
into radial and angular components such that [39],
AE
φAE
i prq “ Rνl Ylm pθ, φq

(2.81)

where ν is the valence index and Ylm are the spherical harmonics. Modern pseudopotentials are then constructed by inverting the all-electron Schrödinger equation
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for the given electronic configuration [48]. Although not the only criteria [50] most
of this work will make use of norm-conserving pseudopotentials. There are four
essential properties of such peudo-wavefucntions associated with these:
1. As already mentioned the pseudo-wavefucntions should be smooth and nodeless
in both the core and the valance regions.
2. Outside a cutoff radius (r ą rc ) both the pseudo-wavefunction and the allAE
). Inside the rc this will
electron wavefunction must be equal (RlP S “ Rνl

obviously not be the case. Setting the form of RlP S inside rc is handled differently by a variety of norm-conserving pseduopotentials. We will discuss some
relevant cases below.
3. The eigenvalues of the pseudo-wavefunctions should match the all-electron
eigenvalues for all valence levels, Pl S “ AE
νl .
4. The norm of both the all-electron wavefucntion and the pseudo-wavefunction
should match inside the cutoff radius
ż rc

ż rc
|RlP S |2 dr

AE 2
|Rνl
| dr.

“

(2.82)

0

0

Two major parameterized forms of RlP S for inside the cutoff radius are described
below.

Troullier-Martins Pseudo-potentials

The Trollier and Martins pseudo-potentials [51]

were develop in order to ensure a smooth potential at the intersection of the pseudowavefucntion and the valence wavefucntion via the discontinuous derivative. They
accomplished this by defining the pseudo-wavefucntions inside the cut-off radius to
be,
RlP S “ rl epprq ,
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(2.83)

where pprq is polynomial expanded in powers of r2 such that,
pprq “ c0 ` c2 r2 ` c4 r4 ` c6 r6 ` c8 r8 ` c10 r10 ` c12 r12 .

(2.84)

The coefficients are determined by imposing the conditions of norm conservation,
continuity of the pseudo-wavefucntion at rc and a condition of zero curvature at the
origin.

RRKJ Pseudopotentials

Another popular pseudo-potential that we will use often in

this thesis is the RRKJ pseudo-potential proposed by Rappe and others [52]. Here
the fact that the dominant energy contribution at high G-vectors is due mainly to
the kinetic energy. Here the pseudo-wavefunctions inside the cut-off radius is defined
as,
RlP S

n
ÿ

“

αi jl pGi rq

(2.85)

i“1

where the jl pGi rq are spherical Bessel functions of order l that are functions of Gvectors determined by,
R1 prc q
jl1 pGi rq
“ AE
jl pGi rq
RAE prc q

(2.86)

which is derived from the logarithmic derivative of the pseudo-wavefunction above
and below the cutoff radius.
Self-Consistent Cycle
In this chapter we will briefly discuss the DFT electronic structure calculation algorithmic cycle, which will play a central role in all groundstate calculations. As has
been mentioned, solving the Kohn-Sham equations is a self-consistent problem as
shown in Fig. 2.2. Here we see that are trial electron, nin prq, is used to to determine
if the external potential, which then in turn is used in the Kohn-Sham equations.
After these have been solved (see below) the new electron density is calculated via
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(2.17), known as nout pRq, and the total E functional via (2.34). If the density and/or
energy only differs by a predefined threshold the calculation is complete. If not the
new density is alter, usually by some mixing scheme, and the cycle is repeated.
The solving of the Kohn-Sham equations is the most time-consuming part of the
overall cycle. The reciprocal space version of the Kohn-Sham equations, as in (2.70),
can be recast the include the form of the puesdo potential above as,

ÿ „ ~2
2
1
|k ` G| δG,G1 ` ṼKS pG ´ G q cjk pG1 q “ jk Cjk CpG1 q
2m
G1

(2.87)

where the effective potential can be split into two terms a local and non-local,
lÿ
max
“ PS
‰
VKS “ vloc
pr|Rq ` vH rnprqs ` VXC rnprqs I¯ `
δvlP S prqP̂l .

(2.88)

l“0

With the appropriate cutoff values for the planewave expansion in (2.71) this is
essentially an eigenvalue problem of the form Hφ “ φ and can, in principle, be
solved via the diagonlization of the Kohn-Sham Hamiltonian. What one is attempting to find is the lowest Ne {2 eigenstates, and eigenvalues, of the Hamiltonion which
corresponds to the total number of bands. Unfortunately standard linear algebra
techniques will not work here as fully diagonalizing scales as N 3 , which coupled with
the overall scalable of the DFT problem is, horribly inefficient. Furthermore, considering planeswaves normally require « 106 terms, the space required to store such a
problem is « 1012 which is clearly larger then conventional memory configurations.
However, it is possible to employ iterative schemes in which the determining
factor is the action of the Hamiltonian on a trail wavefunction (or wavefucntion expansion coefficients in reciprocal space). Therefore, we do not need to store the entire
Hamiltonian matrix. Such iterative schemes are in fact well know as seen in Ref [11].
Of the many schemes to choose from we shall us the Davidson iterative method [53]
in most of the groudstate calculations in thesis. The Davidson algorithm is derived
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Initial electron density: nin (r)

Calculate Kohn-Sham Potential
vKS (r) = Vext (r)VH [n(r)] + VXC [n(r)]

Calculate KS Orbitals: φi (r)

Davidson Hamiltonian Action

Orbitals
Converged?

Iterate electron density
nk (r) → nk+1 (r)

Iterate KS Orbitals
φk (r) → φk+1 (r)

No

Yes
Evaluate:
1. Electron Density: nout (r)
2. Total Energy: E[n(r)]

No

n(r), E[n(r)]
Converged?

Yes
Output:
1. Ground-state
Density:ngs (r)
2. Ground-state
Energy:Egs [n(r)]
3. Kohn-Sham Eigenvalues:
i
4. Forces

Figure 2.2: Flow chart for main self-consistent DFT cycle. Calculations start with
an initial (randomized) electron density nprq.
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from the Lanczos algorithm [54] but more efficient for diagonally dominated matrices.
With this algorithm one removes the diagonal (D) of the Kohn-Sham Hamiltonian
such that Dmn “ Hmm δmn and redefines the original Kohn-Sham eigenvalue problem
as
pH ´ Dqφi “ pi I ´ Dqφi

(2.89)

which can be inverted to the form,
φi “ pi I ´ Dq´1 pH ´ Dqφi .

(2.90)

It should be noted that pi I ´ Dq´1 is diagonal and that pH ´ Dq represents only the
off-diagonal terms. This new eigenvalue problem can then be solved iterative as in
Ref [11].
Further computational advantage can be found in realizing that the local part of
the potential (left hand side in (2.88)) is diagonal in each term’s respective local
space: the kinetic energy is local in reciprocal space, where as the Hartree potential
and exchange-correlation potentials are local in realspace. The benefit of representing
an operator as diagonal is that the action on the wavefunction can be obtained
by simple multiplication of the Hamiltonian and the wavefunction, which is clearly
beneficial in conjunction with the iterative Davidson method. The representation in
both the real and reciprocal spaces can be accomplished by use of the Fast Fourier
Transform (FFT), which scales as N log N where the evaluation of the local terms
in a non-local space is of the order N 2 . This allows modern DFT calculations to
repeatedly switch back and forth between real and reciprocal space via FFT and
inverse FFT. Fig. 2.3 shows the basic sequence of the transformation between the
real and reciprocal spaces.
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Reciprocal Space
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Te =

P

k

ω

PN P
j

G

(k+G)2 Cjk (G)
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j

n′ (G)=n(G)+ni (G)S(G)

fjk kφik (r)k2

VPloc
S (G)

VH (G)=4πn′ (G)/G2
n(r) ǫXC (r)dr

VXC [n(r),∇n′ (r)]
∇n′ (G)

n(r)
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P
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(V̂ loc φik )(G)+[V̂loc
(k)+(k+G)2 ]Cik (G)

Figure 2.3: Flow chart for the DFT Calculations, showing both real and reciprocal
spaces. Adapted from Ref [13]
1
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The calculation of the non-local pseudo-potential does not have the benefit of
being local in either real or reciprocal space and therefore cannot be represented by
a diagonal operator. In practice it is usually evaluated in the reciprocal space using
the form proposed by Kleinman and Bylander [55]. The final undiscussed term in the
energy is due to the parametric ion-ion interaction and is normally calculated within
the Ewald sum [11] formulation. It should also be noted that there is small subtly
in the calculation of the Hartree and local pseudo-potential and the Edwald sum in
Fig. 2.3. The reciprocal space representation of these potential terms diverges at
G “ 0, however this can be remedied by excluding the G “ 0 term and then taking
the limit as G Ñ 0.

37

2.2 Molecular Dynamics
In the previous section we presented a general overview of the methods, within
static Density Functional theory, by which the electron structure can be calculated.
This section will deal with the description of the geometric and molecular structure
with respect to time. As was noted in section (2), due to the Born-Oppenheimer
approximation [15] and the classical nuclei approximation [19], the nuclei are treated
as classical point particles and the electrons are seen as staying in their instantaneous
groundstate despite the nuclear motion. Therefore it was shown in (2.15) that the
motion of the nuclei can be represented by a set of Newtonian equations where the
force is dependent on the gradient of the total energy. Furthermore by making use
of the Hellmann-Feynman force theorem [56, 57, 58] the energy can be split into the
following,
d2 RI ptq
“ ´∇I xΦpRq |ĥe pRq |ΦpRqy ´ ∇I VIJ ,
MI
dt2

(2.91)

where ĥe represents the electronic Hamiltonian, which can be evaluated by methods
of the last section, and VIJ represents the ion-ion interaction potential given by,

VIJ pRq “

e2 ÿ ÿ ZI ZJ
.
2 I J |RI ´ RJ |

(2.92)

Due to the fact that these equations cannot typically be solved analytically it is
normally required to construct a numerical solution to above set of equations. The
most common algorithm, due to it’s stability over long simulations, is the Verlet
algorithm [59]. The Verlet algorithm is both symplectic and time-reversible leading
to small drifts in the total energy of the system over long time scales. The Verlet
algorithm [60] is constructed by considering the Talyor expansion of the position

38

Initial Configuration

Stop

Accumulate Statistics

Solve DFT Problem:
1. Groundstate Density: n0 (r)
2. Groundstate Energy: E0 [n0 r)]

t → t + ∆t

Calculate Forces:
M

d2 R
= −∇E[n0 (r)]
dt2

Update Atomic Positions

Figure 2.4: Flowchart for Born-Oppenheimer Molecule Dynamics. The electronic
ground state is calculated during each iteration of the simulation, forces are then
calculated using the Hellmann-Feynman theorem.
about t ` ∆t and t ´ ∆t,
∆t2
Fi
2m

(2.93)

2
9 I ptq ` ∆t Fi
RI pt ´ ∆tq « RI ptq ´ ∆tR
2m

(2.94)

9 I ptq `
RI pt ` ∆tq « RI ptq ` ∆tR

which can be added together to form,
RI pt ` ∆q “ 2RI ptq ` RI pt ´ ∆tq `

∆t2
Fi .
m

(2.95)

The error of the Verlet algorithm is on the order of p∆tq4 which makes it an excellent
choice in terms of error propagation.
Applying the Verlet algorithm to the Newtonian equations in (2.91) one can
construct a step-by-step prescription that involves solving the electron Shrödinger
equation and then using the total energy functional to determine the force on each
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nuclear coordinate and then finally using the Verlet algorithm to move the atomic
coordinates to new positions. This is known as Born-Oppenheimer molecular dynamics [61] and is presented in Fig. 2.4. It should be noted that in the BOMD
scheme the electron equation must be solved at every time step, requiring a very
computational efficient implementation [?].
2.2.1

Car-Parrinello Algorithm

Due to the high computational burden of solving the electronic problem at every
timestep alternative algorithms were sought. One such algorithm was develop by
Car and Parrinello in 1985 [4], originally to solve the static electronic structure
problem. However with the introduction of efficient iterative solvers this method as
fallen out of favor [63]. The Car-Parrinello algorithm is still a widely used approach
in the world of molecular simulations as a method that can maintain, for long time
scales, simulations with good adherents to the conservation of energy [17].
The Car-Parrinello approach is a unified approach considering both the electron
and nuclear degrees of freedom at the same time [60]. This is accomplished by adding
a fictitious kinetic energy of the elctrons for the dynamics of the kohn-sham orbitals,
Ke rφi pri qs “ µ

ÿ

ż
fi

|φ9 i prq|2 dr,

(2.96)

i

where µ is the fictitious electron mass and must be optimized for convergence. When
used in conjunction with nuclei motion the full dynamics of this fictitious system can
be expressed in the Lagrangian,
ÿ1
ÿ ż
2
2
9
9
MI RI ` µ fi |φprq|
L“
dr
2
i
I
´ EKS rφi prqspRq

ÿ

„ż
fi Λij



(2.97)

φ˚ prqφj prqdr ´ δij ,

ij

where the first two terms are the kinetic energy of the ions and (fictitous) electrons,
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respectively, the third terms is the total Kohn-Sham energy functional from the
previous section
~2 ÿ
fi
EKS rφi prqspRq “ ´
2m i
ÿ
`
iI

ż
fi

ż
φ˚i prq∇2 φprqdr

1
φ vext pr ´ Rqφi prqdr `
2
˚

` EXC rns `

ĳ

nprqnpr1
drdr1
1
|r ´ r |

(2.98)

1 ÿ ZI ZJ
,
2 IJ |RI ´ RJ |

and the last Λij term is the Lagrange multipliers used to enforce the orthonormality
of the orbitals.
Applying the usual Euler-Lagrange equations we obtain the following equations
of motion
: I “ ´ BEKS rφi prqspRq
MI R
BRI
µφ:i pr, tq “ ´

(2.99)

δEKS rφi prqspRq ÿ
` Λij φj pr, tq
δφ˚i prq
j

“ ´ĤKS φi pr, tq `

ÿ

(2.100)

Λij φj φj pr, tq

j

which are Newtonian-like equations for the acceleration of the ionic and electronic
coordinates, where the electronic coordinates are subjected to an orthogonality constraint. Here we can also define a conserved quantity know as the CP constant of
motion or Econt ,
Econt “ Te ` TI ` EKS ` EI ,

(2.101)

where Te and TI are the kinetic energy of the electrons and ions respectively, EKS is
the Kohn-Sham energy (Hartree, pseudo-potential, and exchange-correlation) and EI
is the energy associated with the nuclei-nuclei interaction (represented by the Ewald
sum). The conservation of Econt is one of many important checks to determine if
correct dynamics have been established.
41

The connection between the above orbitals φi and the original Kohn-Sham orbitals φKS from the work in section (2.1.2) can be established by considering the
stationary states of (2.100) which is equivalent to setting φ: “ 0,
ĤKS φprq “

ÿ

Λij φj prq,

(2.102)

j

and diagonalizing Λij , which is a symmetric matrix, using a unitary transformation
B such that B: ΛB “ E and φKS “ B: φ leads to the electronic time-independent
schrodinger equaiton,
KS
HKS φKS
n prq “ En φn

(2.103)

In a plane wave expansion using Bloch orbitals, as in (2.63), the CP equation of
motion for both the degrees of freedom in (2.100) are transformed,
µC:i pGq “ ´

:I “ ´
MI R

BEKS ptGu, tRuq ÿ
` Λij Cj pGq
BCi˚ pGq
j

(2.104)

BEKS ptGu, tRuq
BRI

(2.105)

In principle one could numerically integrate these equations using the above Verlet
and Verlet velocity algorithms in (2.93) and (2.94) and the imposed orthogonality
condition should hold. However, due to the numerical error that naturally arises
by such a discrete integration the orthogonality will eventually cease to to be valid.
Therefore it is desirable to have an iterative numerical orthonormalization procedure.
The well known SHAKE [64] and RATTLE [65] algorithms combine the integration of
the above CP electron equations, via the Verlet integrators, with orthonormalization
in an iterative approach that provides maximum efficiency Typical convergence can
be achieved within an average of 10 steps.
In this approach we apply the Verlet algorithm to the electrons but do not include
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the Λ orthonormal constraints,
C̄in`1 pGq “ 2Cin pGq ´ Cin´1 pGq ´

p∆tq2 ÿ
ĤKS pG, G1 qCin pGq
µ G1

(2.106)

where the C̄i pt ` ∆tq planewave coefficients that when summed in the planewave
formalism are not in general orthonormal. These equations are solved for each of
the G-vectors where the action of the Hamilottian on the orbitals is treated in a
similar manner to the DFT calculations such that different terms in the Hamiltonian
are evaluated in the their respective diagonal spaces (see Fig. 2.3). We then update
these new orbitals by correcting them with the Λ matrix [38, 17],

Cin`1 pGq

“

C̄in`1 pGq

N
ÿ

`

Xij Cjn pGq

(2.107)

j“1

where,
Xij “

p∆tq2
Λij .
2µ

(2.108)

In order to actually determine Xij one needs to impose the orthonormal conditions
that the matrix of all planewave coefficients for a particular G-vector, CpGq “
ř
i Ci pGq, is itself orthonormal,
rCn`1 pGqs: Cn`1 pGq “ I,

(2.109)

this can be then be cased into the form,
XX: ` XB ` B: X: “ I ´ A,

(2.110)

where Aij “ rcn`1
pGqs: cn`1
pGq, and Bij “ rcni pGqs: cin`1 pGq. The above can then be
i
i
solve iteratively by
Xn`1 “

‰
1“
I ´ A ` Xn pI ´ Bq ` pI ´ BqXn ´ pXn q2 ,
2
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(2.111)

with and initial guess such as Xo “ 12 pI ´ Aq and making use of effecient parallel
matrix multipcation algorithms such as Cannon’s algorithm [66]. The final, convereged, X is used in (2.107) to complete the process and determine the updated,
orthonormal CP orbitals.
The basic outline of a CP dynamics simulation is illustrated in Fig. 2.5. The
simulation must start from a previous well converged groundstate calculation from
a electronic structure formalism (i.e. DFT, Hartree-Fock, . . . ). It should be emphasised that the simulation will never re-calculate this groundstate as in the BOMD,
thus saving the computational time needed for electron minimization. The main
steps of the algorithm consists of computing the action of the Hamiltion wavefunctions, described in section (2.1.2), numerical integration of the equations of motion
and finally orthogonalization of the electronic orbitals. Due to (2.104) the numerical
integration should completed for each CP orbital and each G-vector in the plane
wave expansion.
The secret of the CP method is that the newly introduced fictitious kinetic energy keeps the electrons close to the Born-Oppenhimer potential energy surface by
allowing them to follow the motion of the nuclei. It should be noted that the fictitious electrons dynamics do not correspond to the real dynamics of the electrons in
any physical way and are only used a mathematical tool find the Born-Oppenhiemer
potential energy surface. Furthermore, because the CP orbitals are closer but not
exactly on the Born-Oppenhimer surface they do not represent solutions to the original Kohn-Sham equations. Any attempt to extract electronic information from a
CP molecular dynamics simulation requires one to take atomic position snapshots
from the trajectory and perform a new groundstate calculation on the individual
configuration in ordered to acheive convergence to the BO potential energy surface.
In a comparison of CPMD and BOMD, the direct treatment of the (fictitious)
electrons in CPMD, unfortunately, has a major influence on the maximum usable
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Figure 2.5: Flowchart for Car-Parrinello Molecule Dynamics
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timestep, ∆t. Typically the timescales in BOMD are much longer as compared to
CPMD, allowing for longer simulations runs [67, 17]. However the requirement
of the BOMD to re-minimize the energy at each step in the simulation can lead
to sizable drifts in the constant of motion which can be interrupted as incorrect
dynamics [17]. This is a major concern when attempting to model accurate 2030 ps H2 O simulations. Therefore during this project we will make exclusive use
of CPMD. Quantum-Espresso’s (A) standard version of CPMD also has the added
bonus that calculations using Wannier functions are already built into the existing
code infrastructure.
2.2.2

CPMD Parameters

The implementation of the CPMD algorithm requires one to select a few input parameters, chief among these is the fictitious mass µ. Such selections, although guided
by the physics of the system (see below), are validated by convergence tests, in which
the parameters are varied, or tuned, so that agreement with experiment is achieved.
Previous work [38, 8] by the those associated with our group made use of µ “ 300
a.u., however, as discussed in Ref [68], reducing µ has the effect of producing better
convergence and adherence to the Born-Opphemier surface. Therefore we will depart
from earlier works and use µ “ 150 a.u. in almost all of our calculations.
Another important input parameter is the integration time step dt. Although
convergence tests are still required, numerical guidelines and restrictions based on
the residual error of the Verlet algorithm can be established given a particular system.
In fact, a major advantage of the Verlet algorithm is that it can be used with multiple
time step algorithms and still produce reliable dynamics [69]. It order to see this one
needs to note that, as described in [13], the highest physically meaningful timestep,
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δtmax , is related to the G-vector cut-off energy Ecut and the fictitious mass µ by,
ˆ
δt

max

9

µ
Ecut

˙1{2
.

(2.112)

This indicates that a higher µ will allow us to consider a large time step. However
consideration of the highest frequency in the orbital spectrum is also required in the
determination of an appropriate µ. It can be shown that the fastest frequency can
be approximated as,
2
ωi,G,G
19

δ 2 EKS
.
δCi˚ pGqδCi pG1 q

(2.113)

Considering the fact that in the limit of large G-vectors this term is dominated by
the kinetic energy terms, it can be shown [13, 17] that in the large G-vector limit
the fictitious mass µ can be re-scaled to a larger value of δtprec . This can be described
mathematically as,
"
µprec pGq “

µ0
G ă Gmass
G
µ0 Gmass G ą Gmass

(2.114)

where Gmass is known as the electron mass cut-off and is given in Ry.
The introduction of the multiple time steps will allow faster, more efficiently
converged calculations however it also increases the average electron mass seen by
each nuclei [17]. This is coupled with the fact that using too larger of an Gmass
produces simulations that are slow to convergence. In order to find a compromise,
we select a Gmass “ 6Ry and a µ “ 150.0a.u as suggested in Ref. [68] which differs
from that of previous calculations used by others associated with our group who used
Gmass “ 6Ry. Results using these new parameters are presented in Chapter 5.
2.2.3

NVT with Nose-Hoover Thermostats

The simulations produced by a CP dynamics simulation are constructed from a
conservative Hamiltonian and therefore sample the microcanonical ensemble which
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is concerned with the N umber, V olume and Energy of the system (also known as
NVE). Such a sampling does not consider temperature as a fundamental variable.
However most real-world experiments with which we would like to compare our
results are conducted at a given, and stable, temperature. Therefore it is extremely
important to introduce some sort of of temperature control. In our calculations this
will be done by making use of Nosé Hoover chains [70].
Nosé Hoover chains are an extension to the original work of Nosé and Hoover
[71, 72] which used the introduction of a fictitious friction damping term, which was
parameterized by the temperature, into the CP equations of motion in [60], thus
allowing a simulation to sample the canonical, or N V T , ensemble. The fictitious
friction damping term, also know as a thermostat, was used to heat the degrees of
freedom. Unfortunately single thermostats have been shown to be non-ergodic in
small, and stiff systems [72] thus the need to extend the process and introduces a
chain of thermostats where one thermostat heats the next, which heats the next,
which eventually heats the system. This multiple thermostat chain will eventually
satisfy the ergodic condition.
In order to incorporate this into our system we used individual Nośe-Hoover
Chains for each of the nuclei (known as “Massive” Nosé-Hoover Chains) involved in
our simulations, such that ionic equations of motion are altered,
:I “ ´
MI R

δEKS rφi prqspRq
9 I,
´ MI ξ9I,1 R
δRprq

(2.115)

where ξI,1 is the first thermostat for the Ith atom chain. This thermostat is successively chained to P more thermostats (in principle this number could be extended)
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for each atom chain,
QI,1 ξ:I,1 “

«
ÿ

ff
9 2 ´ gkB T ´ QI,1 ξ9I,1 ξ9I,2
MI R
I

I

”
ı
2
QI,ν ξ:I,ν “ QI,ν´1 ξ9I,ν´1
´ kB T ´ QI,ν ξ9I,ν ξ9I,ν`1

(2.116)

ν “ 2, . . . , P ´ 1
”
ı
2
:
9
QI,P ξI,P “ QI,P ´1 ξI,P ´1 ´ kB T
where g “ 3Na ´ 3 is the number of independent degrees of freedom for the ions,
kB is Boltzman’s constant and T is the desired temperature (K). Within this nonHamiltonian approach the conserved quantity is,
NH
Econt
“ Te `TI `EKS `EI `

Na
P N
P
P ÿ
ÿ
ÿ
1 ÿ ÿa
2
QI,j ξ9I,j
` gj kB Tj ξ1,j `
kB Tj ξI,j , (2.117)
2 j“1 I“1
j“1
j“1 I“2

which is similar to the above quantity in (2.101) with the addition of the NoseHoover chain variables for each of the chains (which are again chained to each of the
atoms).
It is very important to note that while it is possible, and already implemented
in the our code package of choice Quantum-Espresso (A), we choose not to include
Nose-Hoover Chains for the electrons in our simulations. Mainly due to the difficulty
in implementing effective calculations within this scheme.
The original verlet algorithm implemented for integration of the NVT equations
of motions in (2.99) and (2.100) within Quantum-Espresso made use of a simple
9
finite element expansion of the ξ,
ξptq ´ ξpt ´ ∆tq
ξ9 “
.
∆t

(2.118)

However this approach can produce larger drifts in both the electronic kinetic energy
and the constant of motion in (2.117). Therefore, we will use a modification proposed
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by Li [38] in which an iterative approach is used to include a more correct finite
9
element expansion of ξ,
ξpt ` ∆tq ´ ξpt ´ ∆tq
,
ξ9 “
2∆t

(2.119)

which significantly reduces the drift in both the electronic kinetic energy and the
constant of motion.
2.2.4

Considerations for CPMD Simulations of H2 O solutions

As all of the molecular dynamics simulations in this thesis will involve water or
aqueous ions in solution, therefore a few words about the structural accuracy, in
terms of radial distribution functions, are in order. The radial distribution function
(B), RDF, presented in Fig, 2.6 for Oxygen-Oxygen atoms in liquid water calculated
in an NVT ensemble with a T “ 300 shows a degree of over-structuring as compared
to the results obtained using highly accurate X-ray and Neutron scattering [73].
This can be attributed to (1) the finite size effects of the supercell size and (2) the
neglect of the nuclear quantum effects, which was removed from consideration by the
classical nuclei approximation.
The use of the supercell approach in disordered systems imposes a periodicity
on the structure that is purely artificial but critical for our planewave expansion of
the KS and CP orbitals. In order to accurately describe a disordered system in a
supercell formalism one most construct a large enough supercell so that the effect
on adjacent images is minimized. This is known as the finite size effect and has
recently been addressed in Ref. [74] where they showed that the radial distribution
functions for Oxygen-Oxygen in liquid water molecular dynamics simulations start to
converged around 64 molecules in a supercell. Current work with 256 water molecules
are underway [68].
As mentioned above the lighter mass of the Hydrogen atoms introduces a greater
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Figure 2.6: Comparison of gOO prq RDF with
Experiments. CPMD Calculations carried with PBE exchange and correlation functional.
importance on the quantum effect. The experiments in Fig. 2.6 suggests that the
nuclear quantum effects weaken the hydrogen bond network by lower the first peak of
the RDF. An approach that formally incorporates nuclear quantum effects is Path Integral Molecular Dynamics (PIMD). The PIMD approach is currently a cutting-edge
technique that requires a larger amount of computational resources and is outside
the scope of this work. Fortunately, recent work [38] displayed in Fig. 2.6 it can
be shown that by increasing the NVT temperature one can artificially weaken the
H-bond network and therefore lower the first peak of the Oxygen-Oxygen radial
distribution function.
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2.3 Maximally Localized Wannier Functions
It is common practice in most physics-based approaches to the electronic structure
problem, which typically deal with bulk solid or liquids, to make use of orthonormal
planewave Bloch functions labeled as φnk where the k is inside the first BZ and n the
band number [42]. On the other hand, most chemistry-based approaches deal with
localized atomic or Gaussian functions as they are historically more concerned with
isolated molecules. From the stand point of computational efficiency, it is sometimes
desirable, to construct a basis that is both orthonormal and localized. This will not
only allow for faster algorithms for those procedures that require the consideration
of the entire space (namely the exact-exchange of Hartree Fock) but also, a more
localized assignment of the of chemical bonds [75]. To this end we will consider the
use of Wannier functions [76, 77, 78] in different aspects of the electronic structure
calculations.
Wannier functions, labeled as wnR where R is the lattice vector and n is the
band index, were first invented in 1937 by George Wannier [76] as real-space localized orbitals in the spirit of localized molecular orbitals used in quantum chemistry
applications [79, 80, 81, 82]. At their very basic, Wannier functions are a unitary
transformation of Bloch-like orbitals. Using the modern notation of Refs. [83, 6],
if we consider a single, isolated, Bloch orbital as in (2.63) it can be shown that the
explicit inclusion of an arbitrary phase factor, eiαn pkq , such that,
φnk prq “ eiαn pkq unk prqeik¨r ,

(2.120)

is valid as the Bloch orbital still satisfies rĤ, T̂R s “ 0 (where T̂R is the translation
operator). We can construct a Wannier representation form the above Bloch function
using the unitary transformation,
xφnR | wnR y “ eiαn pkq´ik¨R
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(2.121)

Figure 2.7: Left: Bloch orbitals (black lines) for single isolated band. The Blue
dots represent atoms and the green lines represent the eik¨r enevlope. Right: Wannier
Functions assoaucated with each of the k-values. Plot taken from Ref. [6].

such that the Wannier function is represented as,
| wnR

V
y“
p2πq3

ż
| φnk y eiαn pkq´ik¨R dk.

(2.122)

BZ

This situation is displayed in Fig 2.7 where the left hand side shows the Bloch
orbitals for a single isolated band at different k-points, and the right hand side shows
the respective Wannier orbital via the unitary transformation in (2.121). We can
clearly note that the choice of the arbitrary phase factor in (2.120) is inherited by the
Wannier function (2.122). This has a significant impact on the Wannier function,
creating an arbitrariness that, for some time, precluded attempts to use Wannier
functions in a electronic structure calculation [77].
For the more practical case of a multi-band structure, in addition to the integral
over all of the k-points in the 1st BZ, one has to sum over all N bands thus leading
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to a more general description [6],

| wnR

V
y“
p2πq3

ż

N
ÿ

pkq
Unm
| φmk y e´ik¨R dk,

(2.123)

BZ m“1

pkq

where Unm is an N ˆ N unitary matrix transforming Bloch orbitals to Wannier
pkq

functions. Unm is a more general replacement for the phase factor in the single band
case. It should be stressed that in this multi-band case it is possible still possible to
pkq

construct different Unm that will represent the same envelope function of the Bloch
functions (Fig. 2.7).
2.3.1

Wannier Localization

In order to make use of Wannier functions in the current electronic structure calculations we must therefore search for a localization criteria that removes the concept of
arbitrariness, much like Boyes localization criteria for molecular orbitals [79]. This
was originally done by Marzari and Vanderbilt [84] where they defined the spread of
the Wannier functions as,

S“

N
ÿ
“

‰
x wn0 |r2 | wn0 y ´ x wn0 |r| wn0 y2 ,

(2.124)

i

which is summed over all N occupied bands. This spread should be minimized
pkq

by varying Unm thereby localizing the Wannier functions. Such localized Wannier
functions are known as Maximally Localized Wannier Functions (MLWFs). In most
pkq

cases the minimization of Unm is a numerical procedure that can be carried out in a
variety of different ways. In this section we will make use of a numerical minimization
technique known as damped dynamics localization [85, 6]. However, it should be noted
that it is possible to construct analytical solutions to this minimization procedure
for a special class of hybrid Wannier functions where the Wannier functions are only
54

defined in one direction (with Bloch orbitals in the other two). This special case is
system dependent and therefore we will delay it’s introduction until Chapter 3.
In order to perform this for extended systems inside a simple cubic supercell of
length L one can consider Wannier overlap matrices [84] for each direction defined
as,
Mijl “ x wi |e´iGl ¨r | wj y.

(2.125)

Here we work within a planewave basis and expand the Wannier functions as,
ωi “

1 ÿ
Ci pGqeiG¨r ,
V G

(2.126)

which allows us to evaulate the overlap matrices,
Mijl “

1 ÿ ˚
C pGqCj pG ` Gl q.
V G i

(2.127)

One can also define a functional of such overlap matrices, Ω,
Ω“

N ÿ
3
ÿ

|Miil |2

i“1 l“1

(2.128)
“

N
ÿ
“

|Miix |2 ` |Miiy |2 ` |Miiz |2

‰

i“1

which is essentially the sum of all overlap in all three directions. It can then be
shown with a little algebra that each of the Wannier overlap matrices can be rewritten as [6],
ˆ
|Miil |2

“1´

2π
L

˙2

2π
L

˙2

“

‰
x wi |rl2 | wi y ´ x wi |rl | wi y2 ` pOqpL´4 q
(2.129)

ˆ
“1´

plq

Si ` pOqpL´4 q,
plq

where rl is the position operator in one of the three directions and Si is the spread
of the individual Wannier function in the lth direction. Taking all three direction
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together one can define,
ˆ
Si “

2π
L

˙2 ÿ
3

`

˘
1 ´ |M l ii|2 ,

(2.130)

l“1

which is the total spread of ith Wannier function and thus tells one how well the particular Wannier function is localized. We can then define a total spread by summing
over all the occupied Wannier functions
ˆ
S“

2π
L

˙2
p3N ´ Ωq ` OpL´4 q.

(2.131)

Therefore one can construct MLWFs that minimize the spread S or equivalently
maximize the Ω functional. Previous work completed this minimization as postprocessing technique by minimizing the spread in a reciprocal space representation [6,
83]. Originally the inclusion of Wannier functions in a non-post-processing, or an onthe-fly, capacity within MD simulations avoided the constraints of unitary on Upkq by
considering Upkq “ eiA in which A is optimized [85]. In this work we will construct
a Upkq by going a step further and considering the unitary nature of Upkq [38]. This
amounts to a damped dynamics for procedure for Upkq , that maximizes Ω,
: pkq “
QU

“ pkq : pkq
‰
dΩ
9 pkq ` λ d
´ γU
pU q U ´ 1 ,
pkq
pkq
dU
dU

(2.132)

where γ is a damping coefficient, Q is a mass-like parameter, λ is the Lagrange
multiplier, and τ is the timestep. It should be emphasised that the τ is a fictitious
variable that is used to indicate the current step in the iterative minimization process
in the above equation and is not related to the physical time of a simulation, t, used
in a molecular dynamics simulations. The form of (2.132) is very similar to the CP
algorithm in section 2.2.1 and is solved in similar manner.
Using the Verlet algorithm in (2.93) and imposing unitary conditions on Upkq ,
much like (2.109) and (2.110), we can iteratively determined a Upkq that directly
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minimizes the spread S in (2.131). This Upkq can then be used to construct updated
Wannier functions, given corresponding Bloch orbitals or even preexisting Wannier
functions. The latter will be exploited in th next section. Depending on the initial
overlap of the Wannier functions of Mijl in (2.125), and therefore Ω in (2.128), this
is a extremely efficient method that converges within a few seconds. When these
calculations are calculated on-the-fly each step in an molecular dynamics simulation
the Wannier overlap Mijl will change at each step of the overall dynamics and will
therefore need to be recalculated. This is why it is critical to have an efficient
algorithm for the localization.
In insulators the MLWFs can be interrupted as localized on chemical bonds [6]
such that the lth Cartesian coordinates of the electronic charge center is for the ith
Wannier function is defined as,
plq

ri “

“
‰
´L
Im lnpMiil q .
2π

(2.133)

This will prove useful in post-processing procedures by describing the degree of covalent character in bonds or by providing a classical correspondence to the location
of an electron [84]. However to fully harness the power of the above Wannier center one has to calculate this at each step during the calculation. The construction
of Wannier centers will be extremely useful in the in the upcoming linear scaling
method for PBE0 [40].
2.3.2

CP Dynamics with Wannier Functions

In certain portions of this work we will make use of Wannier functions as the primary
electronic orbitals in CP simulations. In order to do this we must make use of the
damped dynamics localization, as described above, in addition to main CP dynamics [38, 86]. As previously noted, each step in the CP simulation will destroy the
Wannier function localization so we therefore preform a damped dynamics Wannier
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localization at each step of the CP simulation. In order to to do this we replace the
CP orbitals with Wannier functions, wi , in the electronic CP equations of motion in
(2.100), or with Nose-Hoover chains as in section 2.2.3, which can then be discretized
according to the Verlet,
„

p∆tq2
δEKS ptq
w̄i “ 2wi ptq ´ wqipt ´ ∆tq `
´
` Λwi ptq .
µ
δwi˚

(2.134)

In general w̄i no longer satisfy the localization criteria and must therefore be corrected
with Upkq ,
wptq “

ÿ

pkq

Uij w̄j ptq

(2.135)

j

such that the transformed Wannier function now satisfy the localization criteria.
Fig. 2.8 shows how the wannier functions are incorporated into the into standard
Simulations.
2.3.3

PBE0 and Wannier Functions

As mentioned in section 2.1.3, a conventional means for implementing the exact
exchange in density functional theory is to employ a hybrid functional approximation
for exchange and correlation which mixes a portion of exact exchange into Exc ,
1
3
PBE0
Exc
“ Ex ` ExPBE ` EcPBE ,
4
4

(2.136)

where we have chosen to work with the Perdew-Burke-Ernzerhof (PBE0) hybrid
functional. It is important to note that Ex is the exact exchange and ExPBE and EcPBE
represent the PBE exchange and correlation [33], respectively. Upon variational
minimization of the ground state energy, with the above hybrid functional included,
we obtain the following set of Kohn-Sham-like equations (2.42),
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Figure 2.8: Flowchart for Car-Parrinello Molecule Dynamics with the damped
dynamics of the Wannier fucntions done “on the fly.”
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„

1 2
3 PBE
1
PBE
´ ∇ ` Vion prq ` VH prq ` Vx prq ` Vc prq ϕi prq ` Dxi prq “ εi ϕi prq,
2
4
4
(2.137)
where VH prq and Vion prq are the Hartree and ionic pseudopotentials, respectively,
and the VxPBE prq and VcPBE prq are the PBE exchange and correlation potentials. Dxi
is an orbital dependent term derived from the application of HF theory’s nonlocal
integral operator for exact exchange applied to the orbital ϕi such that,

Dxi

ÿż
“ ´2
j

1

ϕ˚j pr1 qϕi pr qϕj prq
.
dr
|r ´ r1 |
1

(2.138)

In the conventional scheme, each of the pair interactions in Dxi are usually evaluated
in reciprocal space by means of a Fast Fourier Transform (FFT). As is well known,
the FFT algorithm carries a computational cost of NF F T lnpNF F T q [11], where NF F T
is the size of the plane-wave grid. If we continue to work with the Bloch-like pseudowavefunctions tϕi u, which are delocalized throughout the entire supercell, then we
need to consider all orbital pairs throughout the entire supercell. This results in a requirement of N 2 FFTs and N 2 ˆNF F T lnpNF F T q computational time. This quadratic
scaling for the number of FFTs makes conventional plane-wave calculations very expensive for extended systems within the plane-wave-pseudopotential framework [38].
This has tremendous impact on systems that require large supercells, such as defect systems or quantum MD simulations. Even though studies suggest that hybrid
functionals provide a better description of structural and electronic properties in
molecular and insulting systems, a relatively limited number of simulations exist due
to this quadratic scaling, or those that do exist make use of a screening approximation, effectively eliminating long-range interactions [17].
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Figure 2.9: MLWFs in H2 O. Note the finite overlap of orbitals between the tagged
(green) Wannier function and the surrounding, interacting (blue) Wannier functions.
Graph from Ref. [87]

In order to remove this restriction for extended systems we employ a method
developed in Ref. [87]. This particular approach is based on maximally localized
Wannier functions (MLWFs), which are unitary transformations of the Bloch states
that leave the ground state invariant. Considering that the MLWFs are exponentially
localized and the exchange interaction between orbits is restricted to their orbital
overlap, it can be shown that the amplitude of their interaction decays rapidly with
increased distance (See Fig. 2.9). This has advantageous implications as it indicates
that each Wannier orbital exchanges with only a finite number of neighboring orbitals
(as opposed to the delocalized situation used above) and the number of interactions
does not increase with system size. This amounts to a procedure that is order N; it
scales linearly with system size.
By transforming the above Bloch orbitals, {ϕi }, into MLWFs, {ϕ̃i }, we can
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rewrite the orbital dependent Dxi prq in terms of these MLWFs,
«
ff
ÿ
δE
x
Dxi “
“ ´2 υii prqϕ̃i prq `
υij prqϕ̃j prq ,
δϕ˚i
i‰j

(2.139)

where υii is a self-interaction potential that partially cancels the self-interaction from
the Hartree potential, and υij is the pair-exchange potential giving the exchange
interaction from two different orbitals. They both satisfy the Poisson equations,

∇2 υii “ ´4π ρ˜ii ,

∇2 υij “ ´4π ρ˜ij ,

(2.140)

where ρ˜ij prq “ ϕ̃i prqϕ̃˚i prq.
It is important to note that the MLWFs are localized in real space and the exchange interaction, ρ˜ij , is only nonzero in the orbital overlap region. Considering
that each orbital only exchanges with a finite number of neighboring orbitals (which
as discussed above is independent of size) and that each Wannier orbital decays exponentially, the spacial region and the contributing {ϕ̃j } to the exchange interaction
for the tagged orbital ϕ̃i needed to solve the above Possion equations is significantly
smaller than the simulation cell (contrasted with above Bloch states which were delocalized throughout the supercell). This allows our system to scale as order N, as
mentioned above and shown in Fig 5.
Once the calculation of Dxi is completed, the remainder of the PBE0 ground state
can be calculated using standard electronic structure methods for the H PBE0 tϕ̃i prqu
Hamiltonian. We will choose to work with second-order Car-Parrinello damped dynamics as discussed below [4, ?]. After such a minimization of the orbitals, the exact
energy is obtained via the orbital pairs and their corresponding pair potential,

Ex “ ´2

ÿż

ϕ̃i prqϕ̃j prqυij prqdr.

ij
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(2.141)

The Possion equations in (2.140) are solved at each time step by discretizing
the Laplace operator onto 19 three dimensional grid points which has the effect
of reducing this problem to the linear matrix equation Ax “ b, where A is the
discretized Lapalce operator, x is the pair potential (vij or vii ) and b pair density
(ρ̃ij or ρ̃ii ). Such a linear system is solved by minimizing,
1
f pxq “ xT Ax ´ bT x ` c,
2

(2.142)

with respect to x, where c is a constant. We minimizing such a function using the
PARSEC Conjugate Gradient algorithm [88], which converges when the residual of
vij over the entire space is smaller then 10´6 a.u. This typically converges in around
10-20 steps.
The calculation of vij at the boundary and beyond is done by considering a
multipole expansion of the pair potential, such that,

vij prq “ 4π

ÿ
l,m

1
Yl,m pθ, ϕq
ql,m
,
2l ` 1
rl`1

(2.143)

where the pair centers are described by spherical harmonics Yl,m pθ, φq, and
ż
ql,m “

Y ˚ pθ1 , φ1 qpr1 ql ρ̃ij pr1 qdr1 .

A total of 6 l angular momentum values are used in the sum in (2.144).
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(2.144)

2.4 Electronic Excitations: Many-Body Perturbation and the GW
Approximation
Within Hohenberg-Kohn DFT the many-body Hamiltonian is determined to be a
functional of the electron density via the external potential and the first HK Theorem in section 2.1.1. The diagonlization of the many-body Hamiltonian produces the
complete spectrum wherein both ground and excited states can be expressed. Therefore, in principle, DFT has the potential to provide information about excited states.
Unfortunately the HK theorems tell us nothing about the actual analytical form of
the groundstate functional and numerical solutions for excited states severely underestimate fundamental properties such as the band-gap [89], so we must therefore look
elsewhere to accurately describe describe the excited states.
In this Chapter we will review, and make us of, the GW approximation developed
in Refs. [90, 91] and applied to practical materials in Ref. [92]. In particular this
method is an approximation made in the evaluation of the self energy operator Σ,
which will be introduced shortly, that avoids the calculation of two-particle green’s
functions. In this work we will make further use of Ref. [90] and work with the
static Coulomb Hole and Screened EXchange (COHSEX) approximation, which will
effectively allow use to separate the self energy operator into the energy independent
Coulomb Hole (COH) and the Screened EXchange (SEX) terms. Within this approximation we can make use of the MLWF-based evaluation of the exchange and an
empirically derived method for the calculation of the coulomb hole term in section
2.4.5 to greatly decrease the calculation time of current GW calculations.
2.4.1

Photoelectron Spectroscopy (PES)

In this work we choose to compare our computational results with experimental data
taken from the field of photoelectron spectroscopy. This field, pioneered by the likes
of Hertz, Thompson, and Einstein, has become a standard technique for determining
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a)

hω

b)

EK EK
e-
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hω

Figure 2.10: a) Direct Photoemission spectroscopy where and incident photon of
energy ~ω ejects an electron of energy EK . b) The opposite experiment, Inverse
Photoemission spectroscopy where an electron of energy Ek is introduced intot he
system therefore producing a photon of ~ω.
both electron binding energies and ionization potentials [93, 94, 95]. We will mainly
be concerned with UV and X-Ray incidence photons.
The two main approaches to PES are illustrated in Fig 2.10. Here we can see
that in (a) direct photoemission a photon, with energy ~ω, is added to a groundstate
system causing the system to eject electrons, via the photoelectric effect, with energy
Ek . The difference in the energy of the initial photon and the electron after ejection
can be used to measure the binding energy of the electron, i . However, in general,
this is a many body property and must therefore be expressed as,
i “ E0N ´ EiN ´1 ,

(2.145)

where E0N is the energy of the groundstate, ΨN
0 , before the removal of an electron,
´1
and EiN ´1 is the energy of the system after removal of the electron, ΨN
. The
i

fact that such a process must be treated as a many-body effect will, as we shall see,
complicate the calculations of such binding energies. In inverse photoemission the
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roles are reversed and an electron of Ek is introduced into the system that then ejects
a photon of energy ~ω. In this case the binding energy can be expressed as,
i “ EiN `1 ´ E0N .

(2.146)

where EiN `1 is the energy of the final state having N ` 1 electrons.
2.4.2

Quasiparticles and Greens Functions

In order to caluclate the electron binding energies mentioned above, we will take a
different approach then the mean field theories of DFT . In this case we will consider the full dynamic state of the fully-interacting particles. However we can still
recover a nearly-free electron picture by basing our approach on quasiparticles [90]
as opposed to the actual electron-hole pairs. Within the quasiparticle we picture we
consider the electron in addition to the coulomb-exclusion zone (or hole) generated
around the electron as a single entity (Fig. 2.11). The Coulomb hole surrounding an
electron reduces the effective charge of the quasiparticle and therefore introduces a
screened effect that is much weaker then the bare Coulomb interaction. This weak
screened interaction opens the door to a methodology that treats the quasiparticles as independent particles with a time-dependent perturbation. Due to fact the
PES experiments can introduce or remove an electron from the system, the second quantization of quantum mechanics which makes use of the field operators ψ̂prq
(annihilation) and ψ̂ : prq (creation) is required [96].
Within this second quantization the time-ordered Green’s functions Gprt, r1 t1 q is
the main variable of interest. The many-body green’s function contains all of the
same information as the groundstate electron density in DFT but it also contains
electron binding energies, from above, as well as there lifetimes, and in contrast to
DFT, it’s form is exactly know. The electron Green function Ge prt, r1 t1 q and the
Coulomb hole Green function Gh prt, r1 t1 q are defined by the probability amplitudes
66

ν

W

(a) Electrons

(b) Quasiparticles

Figure 2.11: Comparison of electron and Quasiparticle interaction. (a) shows
the interaction, V, between two independent electrons, (b) shows the W interaction
between two quasipaticles
i~Ge prt, r1 t1 q and i~Gh prt, r1 t1 q for the propagation of an electron, or hole, from pr1 , t1 q
to pr, tq in a many-body system. These two Green’s function are written collectively
as a quasiparticle as,
Gprt, r1 t1 q “Ge prt, r1 t1 q ´ Gh prt, r1 t1 q
ı
i N ”
: 1 1
“ ´ xΨ0 |T̂ ψ̂prtqψ̂ pr t q |ΨN
0 y,
~

(2.147)

where |ΨN
0 y represent the groundstate wavefunction with N electrons, and T̂ is the
time-ordering operator which arranges the correct time arguments. Here electron
propagation is described as (t ą t1 ) and the hole propagation is described as (t ă t1 ).
We can also express the electron density as,
:
N
nprtq “ xΨN
0 |ψ̂ prtqψ̂prtq|Ψ0 y “ ´i~Gprt, rt ` ηq,

(2.148)

where η is used to control the time order.
In this limited review of the application of the many-body Green’s function it will
be beneficial to work with the spectral representation of the single particle Green’s
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Function. In order to accomplish this we can take the Fourier transform of the single
particle Green’s function in (2.147) by considering stationary Green’s functions with
τ “ t ´ t1 , Gpr, r1 , τ q, such that,
«
Gpr, r1 , ωq “ lim

ηÑ0

ÿ
k

ÿ
fk prqfk˚ prq
gk prqgk˚ prq
`
~ω ´ pEkN `1 ´ E0N q ` iη
~ω ´ pEkN ´1 ´ E0N q ´ iη
k

ff

(2.149)
where f prq and gprq are quasiparticle amplitudes,
´1
|ψ̂prq|ΨN
fk prq “xΨN
0 y
k

(2.150)
N ´1
gk prq “xΨN
y.
0 |ψ̂prq|Ψk

This is also know as the Lehmann representation of the Green function.
Borrowing from the early works of Hedin [90] and review works [97, 98, 99, 100]
we claim without proof that the equation of motion for the fully interacting Green’s
(in the spectral representation) can written as,
ż
´
¯
1
1
~ω ´ ĥ0 prq Gpr, r ; ωq “ δpr ´ r q ` dr2 Σpr, r2 ; ωqGpr2 , r1 ; ωq

(2.151)

where is the single particle Hamiltonian operator, ĥ0 “ Ts ` Vext ` VH , and Σ is
known as the self-energy operator. The difficulty in the upcoming sections will be
centered on the evaluation of Σ as it is in general a non-local, energy dependent
operator that contains all the effects of the exchange and correlation in a many-body
system. It should be noted that for each quasiparticles the dynamical properties of
all other quasiparticles must be considered.
We can make use of the of the Lehmann representation in (2.149), inserting
it into the above equation of motion. This produces the well-known quasiparticle
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equation [90],

„
ż
ż
e2
npr1 q 1
~ 2
∇ ` Vext prq `
dr ψi prq ` dr1 Σpr, r1 ; ωqψi pr1 q “ i ψi prq
´
2m
4π0 |r ´ r1 |
(2.152)
where ψi prq are the quasiparticle wavefunctions and the i are the excitation energies.
The quasiparticle wavefunctions are not orthonormal but they do satisfy the closure
relation,
ÿ

ψi prqψi˚ pr1 q “ δpr ´ r1 q.

(2.153)

i

Even though (2.152) looks strikingly similar to the Kohn-Sham equations of
(2.37), the ψi prq and i should not be confused as single particle properties because
the calculation of Σ is not a mean-field approach and takes into consideration all the
dynamical properties of the many-body system. It is however interesting to note that
the Kohn-Sham equation can be recovered from this equation with the mean-field
approximation [14],
Σpr, r1 ; ωq « Vxc prqδpr ´ r1 q.

(2.154)

It is equation (2.152) that we will be primarily concerned with solving in the upcoming sections.
2.4.3

GW Approximation (GWA)

The solution of (2.152) hinges on the formulation of Σ, which in general is extremely
difficult to calculate even in the simplest of cases. In order to find a suitable approximation we will follow the work of Hybertsen and Louie and [92] and expand
the self-energy operator in a perturbation series in terms of the screened Coulomb
interaction, W . The first term of such an expansion is the convolution of the single
particle Green’s function and the screened Coulomb interaction. Keeping only the
first term in the Σ expansion is know as the GW Approximation (GWA).
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Within the GWA we can write the self-energy operator in the time-domain as,
ΣGW pr, r1 ; τ q “ i~Gpr, r1 ; τ qW pr, r1 , τ ` ηq,

(2.155)

with the spectral transform, within the Random Phase Approximation (RPA) [101,
102, 103], written as,
GW

Σ

i~
pr, r ; ωq “
2π

ż8

1

Gpr, r1 ; ω ` ω 1 qW pr, r1 ; ω 1 qeiδω dω 1 .

1

(2.156)

´8

Here the screened Coulomb interaction, W is defined as,
ż
1
W pr, r ; ωq “ ε´1 pr, r2 ; ωqvpr2 , r1 qdr2
(2.157)
ż
vpr, r1 q `

nind pr, r2 ; ωqvpr2 , r1 qdr2 ,

where vpr, r1 q is the bare Coulomb interaction which is screened by the dielectric
matrix ε. This screening effect induces a positive charge density around the electron
nind r, r2 ; ωq, in accordance with our quasiparticle picture in Fig 2.11, which serves
to repeal all other electrons. The dielectric matrix can be determined from,
ż
1

1

εpr, r ; ωqδpr ´ r q ´

vpr, r2 P pr2 , r1 ; ωqdr2 ,

(2.158)

where the P is the Polarization function describe as,
i~
P pr, r ; ωq “ ´
2m
1

ż
Gpr, r1 ; ω 1 qGpr, r1 ; ω 1 ´ ωqdω 1 .

(2.159)

In order to use the GWA in a practical sense we must start with a known Green’s
function[92]. Considering a non-interacting equation of motion,
”
ı
ÿ
~ω ´ ĥ0 prq G0 pr, r1 ; ωq “
φk prqφ˚k pr1 q “ δpr ´ r1 q
k
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(2.160)

where φk prq are single particle states such as those in the Kohn-Sham equations and
G0 pr, r1 ; ωq is the non-interacting Green’s function. It is important to note that the
quasiparticle wavefunctions can be constructed as linear combinations of the KohnSham orbitals, therefore if we can diagonalize the Hamiltonian in (2.152) in the
space of the Kohn-Sham orbitals we can then obtain the quasiparticle wavefucntions.
Within the Lehmann representation in (2.149) this can be written as,
ff
«
ÿ φk prqφ˚ prq
ÿ φk prqφ˚ prq
k
k
`
,
G0 pr, r1 ; ωq “ lim
ηÑ0
E
´

`
iη
E
´

´
iη
k
k
k
k

(2.161)

where E is the total energy of the system. The form of this Green’s function can be
used in place of the fully interacting G in (2.155) and (2.159).
Static Coulomb Hole and Screened EXchange Approximation (COHSEX)
Even within the GWA the calculation of the self-energy operator is still a formidable
task therefore in this work we shall make use of a further approximation by Hedin [90]
known as the static Coulomb hole and screened exchange (COHSEX). This approximation is performed by neglecting the energy dependence on Σ, ω “ 0 and splitting
the self-operator in a Coulomb hole term (COH) and a screened exchange (SEX)
term,
ΣCOHSEX “ ΣCOH pr, r1 q ` ΣSEX pr, r1 q

(2.162)

1
ΣCOH “ δpr ´ r1 q rW pr, r1 q ´ vpr, r1 qs ,
2

(2.163)

where,

is the Coulomb hole term that describes the quasiparticle interaction with the Coulomb
like potential felt by the quasiparticles, and

ΣSEX “ ´

occ.
ÿ

φn prqφ˚n pr1 qW pr, rq,

n
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(2.164)

is the exact Hartree-Fock exchange interaction but with a screened effect from W .
Here it is important emphasis that (2.163) and (2.164) are defined in terms of the
Kohn-Sham orbitals, φi prq, and not the actual quasiparticle wavefunctions ψi prq defined in (2.152). This is due to usage of the Kohn-Sham Green’s function G0 pr, r1 , Eq
in (2.161). The COHSEX approximation is valid so long as the difference in energy
of between the Kohn-Sham orbitals from the total energy, E ´ n is small compared
to the plasmon energy, which in water is around « 20eV .
2.4.4

Model dielectric and local field effects

Unfortunately, even within the COHSEX approximation full scale GW calculations
remain an impressive feat. One reason for this is that the matrix inversion of ,
associated with ΣCOH , scales as N 3 [100]. Therefore, due to the fact that we will
be working with large systems in this thesis we will choose a suitable model to
approximate the static dielectric function developed by Bechstedt [104, 105]. Here
the dielectric function can be modeled as,
«

ˆ

α rq, nprqs “ 1 ` p0 ´ 1q´1 ` α

q
qT F

˙2

3
`
4

ˆ

q2
kF qT F

˙2 ff´1
(2.165)

where kF and qT F are the Fermi and the Thomas-Fermi wavevectors which depend
on the local density nprq,
kF “p3π 2 nprqq1{3
qT F

2e
“
~

c

me KF
.
π

(2.166)

Previous work by out collaborators [105, 20] used the average density to calculate
these values. The Bechstedt model is an interpolation for  for the free electron gas at
low q, high q (Thomas-Fermi Theory), and the semiconductor case, 0 where q “ 0.
Here the value α is a parameter that can be fitted using a more advance full-RPA
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calculation with ω “ 0. In these calculations we will using the experiment value for
0 “ 1.8 for liquid water [106, 107], and fix the α value so that it recovers the well
known Penn model [108] when,
α“

3Eg
? ,
kF2 F

(2.167)

where,
1
F “1´
4

ˆ

Eg
Ef

˙
,

(2.168)

“ 0 .

(2.169)

EF “ 12 fF2 , and Eg is obtained from,
ˆ
penn p0q “ 1 `

~ω
Eg

˙2

This leads to a fixed value of α “ 2.14 for liquid water.
The expression for the screened interaction W pr, r1 q above can be altered in order
to account for local fields due to the inhomogeneity of the charge density [109] as,
W pr, r1 ; E “ 0q “

‰
1“ l
W pr ´ r1 , nprqq ` W l pr ´ r1 , npr1 qq
2

(2.170)

where W l is a local effect of the on the screened interaction in the same spirit as the
LDA (section 2.1.3). We adopt the approach of Ref. [20] and further write the W l
as,
1
W pr ´ r , nprqq “
p2πq3
l

ż

1

1

pq, nprqvpqqeiqpr´r q dq,

(2.171)

which can be used in the evaluation of (2.170) [20],
« 1{2 1
ff
1{2
1
ix1 |r´r |
ix2 |r´r1 |
vpr
´
r
1
e
e
W l pr ´ r1 , nprqq “
´
´
(2.172)
0
apx1 ´ x2 q|r ´ r1 |
x1
x2
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where,
x1,2 “

´b ˘

?
b2 ´ 4ac
2a

1
a “ ωp2
4
b“
c“

α

(2.173)
(2.174)
(2.175)

qT2 F
0
0 ´ 1

(2.176)
(2.177)

are parameters for the screened interaction. It should be stressed that the qT F and
the ωP are derived from the local density as shown in (2.166), where as the rest are
empirical parameters fitted from experiment: 0 “ 1.8 and α “ 2.14
2.4.5

Evaluating ΣCOHSEX

Non-homogeneous
Of the two terms in ΣCOHSEX the ΣSEX is by far the most demanding calculation
due to the fact that, in the previous section an efficient scheme for calculating  was
discussed. In section 2.3 we presented a practical use of MLWFs to evaluate the
exact exchange in an order-N scheme, here we will adapt such an approach in the
evaluation of the ΣSEX term. In order to evaluate the screened exchange term we
will make use of two subspaces of MLWFs functions, Nv with φv for the valence band
MLWFs and Nt “ Nv ` Nc with φi for the valence + conduction MLWFs. Here each
MLWF in the Nv will be “kicked-out” into Nt (e.q. interact with all other MLWF),
ż
1

1

ΣSEX pr, r qφi pr q “ ´

occ ż
ÿ

dr1 φ˚v pr1 qφi pr1 qW pr, r1 qφv prq

(2.178)

v

This equation as a similar form to that of the exact exchange in (2.138), so we can
therefore use methods developed from section 2.3.3 developed in [87] and evaluate
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ΣSEX in a similar manner.
The Coulomb Hole contribution (also within the space of the MLWFs out of a
manner of convenience) to the quasiparticle equation in (2.152) can be written as,
ż
ż
1
1
1
δpr ´ r1 q rW pr, r1 q ´ vpr, r1 qs φpr1 qdr1
dr ΣCOH pr, r qφi “
2
(2.179)
“VCOH prqφi prq
Applying our local field definition in (2.170) we can re-write VCOH in terms of the
dielectric matrix ,
VCOH

1
“
π

ż
`

˘
´1 rq; nprqs ´ 1 dq

(2.180)

where by inserting our model dielectric can be re-written as [104, 105, 20],

VCOH

e2
“´
2

ˆ

1
1´
0

˙1{2

c
„
´1{2
qT F
qT F
30
? 1`
α
αkF 0 ´ 1

(2.181)

In Fig. 2.12 we present an overview of the entire model GW calculation. The calculation of the electronic excitation spectrum is performed starting from the molecular dynamics trajectories produced in the Chapters 4 and 5. From these structures,
the DFT calculations are performed for both the valence and the valence + conduction subspaces. Within these subspaces MLWFs are generated using the damped
dynamics localization procedures in section 2.3. In all of our water based calculations with 64 water molecules we used 256 valence bands and 256 conduction
bands. Within these spaces the non-interacting Green’s function in (2.161) is defined. Within the subspaces of the MLWFs the Hamiltonian of the quasiparticle
equation in (2.152) is diagonalized and the quasiparticle states are determined as a
linear superposition.
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Main GW Calculation

Calculate Model
Dielectric α (q, n(r))
Initial MD Trajectories
Calculate ΣCOH
1. Average density, n: Homogenous
2. Actual denisity, n(r): Local

Valence Band
DFT Groundstate Calculation

Generate Valence
Band MLWFs, φv

Valence + Conduction Band
DFT Groundstate Calculation

Generate Valence + Conduction Band MLWFs, φi

Calculate ΣSEX

Diagonalize:
hφv |Ĥ0 + ΣCOHSEX |φi i

Calculate quasiparticle WF ψj ,
superposition of φi

Calculate Ei

Figure 2.12: Basic overview of the GWA calculations without local fields (local
field mode).
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CHAPTER 3

MODELING FUNCTIONAL
PIEZOELECTRICITY IN PEROVSKITE
SUPERLATTICES WITH COMPETING
INSTABILITIES

Multicomponent ABO3 perovskite superlattices(SLs) provide a very promising way
to design novel materials with multifunctional properties for device application [110,
111]. Bridged by the interfaces, distinct instabilities belonging to individual bulk
constituents are in strong competition with these artificial materials. Functional
properties such as polarization [110, 111, 112, 113, 114], piezoelectric [115, 116],
multiferroic [117, 118, 119], and dielectric responses are found to be highly sensitive
to the interactive instabilities, sometimes, resulting in unexpected enhanced functionalities.
Paraelectric(PE)/ferroelectric(FE) SLs with both antiferrodistortive(AFD) and
FE instabilities have attracted intense attention recently [111, 113, 120]. The zoneboundary nonpolar AFD mode associated with the oxygen octahedral rotation and
the zone-center polar FE mode are usually found to be exclusive to each other in bulk
perovskite. However in SLs of PbTiO3 (PT)/SrTiO3 (ST) and BaTiO3 (PT)/CaTiO3 (ST),
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first-principles calculations revealed that the AFD and FE can coexist with an interface reconstruction [111, 113]. In both cases, the competing AFD and FE modes
at interfaces are predicted to enhance the polarization, which is consistent with the
experimental observation [111, 121].
Clearly, for these insulating PE/FE SLs, both ionic and electronic interface effects
should be well localized. The local electrostatic property will only be different from
the bulk material within a few layers away from the interface under the fixed displacement field. Thus the interface dipoles can be accurately described by a truncated
cluster expansion(TCE) model developed by Wu et al. [122]; in which the electronic
states of interfaces are represented by the maximally localized Wannier functions.
Based on the above, SL design can be performed in the AFD/FE competing system, where the interface is expected to increase the overall FE. For quite some time,
the focus was to explore the functional polarization [111, 112, 113, 123, 124, 125].
Piezoelectricity [126, 127, 128, 129], another important functionality, describes the
coupling between polarization and strain. Its interface mechanism and SL design rule
have not yet been addressed in these intriguing systems with competing instabilities.
In this chapter, published in Physical Review B [7] we demonstrate that functional
piezoelectricity can be designed in the SLs through the AFD and FE competition
and its electric field dependence. We further apply our TCE model to the piezoelectric strain of the SLs in a fixed displacement field. In combination with a similar
treatment of Wannier based layer polarization, we arrive at an accurate model for
predicting the piezoelectric tensor for an arbitrary sequence of SL. In bulk ST, we
discover a strong nonlinear piezoelectric response originating from the completely
suppressed AFD in a large applied electric field. We use the model to demonstrate
that the electric field of this nonlinear piezoelectricity can be reduced to a much
smaller magnitude with an largely increased field tunability by changing the PT
fraction in PT/ST SLs. With this model, we are able to systematically study the
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interface effect on the piezoelectric response in both BT/CT and PT/ST SLs. In
BT/CT SLs, we find a novel interface enhancement of piezoelectricity.
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3.1 Model and Calculation Details
The first-principles calculations are carried out in two series of SLs, nPT/mST and
nBT/mCT, both with AFD and FE instabilities. These include the bulk PT, ST,
BT, CT and all period-four SLs(n ` m “ 4) stacked in the [001] direction. The
fixed in-plane lattice constant is chosen as a0 =7.275 bohr, the computed equilibrium
lattice constant for bulk cubic SrTiO3 . We assume the epitaxial growth of the SLs
on SrTiO3 which is consistent with the recent experiments [111, 115]. Both the
FE mode along [001] and the AFD mode associated with oxygen octahedral TiO6
rotation around [001] axis have been explicitly included in the sub-lattice structure
of P 4bm space-group symmetry. To this end, a 40-atom tetragonal supercell is
?
adopted with lattice vectors of length 2a0 in the [110] and [11̄0] directions and
[11̄0] directions and c « 4a0 along the [001] direction. We neglect the nanodomain
formation [130], which might be important for these systems.
We use density-functional theory implemented in the LAUTREC code package
[131] to perform structural relaxations and electron minimizations at fixed electric
displacement fields[131]. Local-density approximation (Section 2.1.3) is adopted and
plane-wave calculations are implemented in the projector augmented-wave framework [132]. We used a plane-wave cutoff energy of 80 Ry and a 4ˆ4ˆ1 MonkhorstPack k mesh.
Our model for piezoelectricity starts from the decomposition of the SLs into AO
and BO2 layers along [001] direction. This is acommplished through the use of
Wannier centers presented in section 2.3. However here they take a slightly different
form. Because we consider epitaxial growth along the z-direction we can consider
a hybrid Wannier function with Bloch like representation in the x and y direction
and a Wannier representation only in the z direction. In order to carry out such
a representation we adopt an approach outlined in Ref [133] which is based off of
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Figure 3.1: Sample schematic of DFT calculation system (2BT/2CT). Both epitaxial growth and constrained D-Field are in the [001] direction.

Ref [134, 135, 136, 137], where we relabel our reciprocal points k “ pkx , ky , kz q by
g “ pkx , ky q and k “ kz . This describes a string of J k-points along the z-direction
for a given g. For each g we will perform our hybrid-Wannier localization.
One dimensional Wannier functions that minimize the spread in (2.124) can be
directly associated with the eigenfunctions of the projected position operator, P xP
where Pnl “ |ψnk yxψnk | is the projection operator. In order to obtain these one
can use singular value decomposition of the overlap matrices found in (2.125) and
construct a global matrix Λ made of the product of the fully unitary overlap matrices
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M̃ ,
Λ“

J
ź

M̃ pkq .

(3.1)

k

The eigenvalues of such a matrix, λm , are related to the Wannier centers in the
z-direction by,
zm “ ´

V
Impln λm q,
2πA

(3.2)

where V is the cell volume and A is the plane area. This method for obtaining 1-D
wavefunctions is actually a non-iterative method using only small matrix diagonliaztion and therefore the methods of section 2.3.1 are not needed. See Refs [134, 6]
for more details.
With the Wannier center description of the SL it is then possible to describe
the individual layer polarization, pi pDq [133], and layer height hi pDq [113] (which
is directly related to piezoelectric strain ηi pDq). The modern theory of polarization [138] states that the polarization o crystal is the sum of the ionic and electron
contributions,
P“

1 ÿ
2e ÿ
Oτ Rτ ´
rm
V τ
V n

(3.3)

where the first term is the ionic contribution with charge Qτ at each Rtau and the
second term are Wannier centers with charge -2e located at each Wannier center, rm .
Decomposing this into the z-direction only,
pj “

1ÿ
2e ÿ
Qτ Rτ z ´
zm
S τ Pj
S mPj

(3.4)

where only those ionic charges, τ , and Wannier centers, m, contained within the
plane j are considered. Similar we can also define the layer height within the context
of Wannier centers such that,
hj pDq “

1
pz̄j`1 ´ z̄j´1 q
2
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(3.5)

where the z̄j`1 and z̄j´1 are the average [001] coordinates of all atoms in the j ` 1
and the j ´ 1 layers respectively.
For each fixed-D field, both Wannier-based layer polarization and the layer height
of each individual layer are computed from the relaxed electronic and ionic structure
respectively. Working with the constrained-D field framework [131], we defined a
new energy functional,
U pD, r, Rq “ EKS pr, Rq `

V
rD ´ 4πPpr, Rqs2
8π

(3.6)

where V is the volume of the supercell. Here the field is update just as in a fixed-E
calculation but with the difference that the field is update via E “ D ´ 4πP and
variation of the D-field. We employ longitudinal boundary conditions, equivalent to
a capacitor in an open circuit, which limits the force constant matrix to short range
interactions of a few neighbors.
We present the DFT calculated representatives (color graph symbols) of hj pDq
and pj pDq for BT/CT SLs in Fig. 3.2 and Fig. 3.3 and PT/ST SLs in Fig. 3.4
and Fig 3.5. As expected, the locality principle is satisfied on not only the layer
polarization [122] but layer height. As a result both hj pDq and pj pDq curves separate
into clusters depending on the nearest neighbor chemical environment. In can be
seen that pj pDq is mostly determined by the identity of nearest neighbors and has
a much weaker dependence on the second neighbors. Compared with pj pDq, hj pDq
shows a similar behavior with an even stronger localization. A clear local inversion
symmetry breaking is also present in hj pDq as well as pj pDq. As an example, the
inversion symmetry breaking introduced by the first neighbors has a large asymmetric
behavior for the hj pDq of TiO2 in the middle of the S(T)P sequence. This asymmetric
behavior becomes much weaker when the local inversion symmetry breaking occurs
only on the second neighboring layers in SS(T)SP.
In previous work [122], it has been shown that a TCE model accurately captures
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and polarization of TiO2 planes in BaTiO3 and CaTiO3 superlattices
Figure 3.2: Dependence of TiO2 (T) TOP: layer height BOTTOM: layer polarization (relative to the average of the TiO2 planes of bulk BaTiO3 and CaTiO3 ) on
chemical environment in BT/CT SLs. Symbols indicate calculated DFT values, solid
black lines are produced by TCE model.
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Figure 3.3: Dependence of AB (B,C) TOP: layer height BOTTOM: layer polarization (relative to the average of the AO planes of bulk BaTiO3 and CaTiO3 ) on
chemical environment in BT/CT SLs. Symbols indicate calculated DFT values, solid
black lines are produced by TCE model.
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Figure 3.4: Dependence of TiO2 (T) TOP: layer height BOTTOM: layer polarization (relative to the average of the TiO2 planes of bulk PbTiO3 and SrTiO3 ) on
chemical environment in PT/ST SLs. (e.g. PS(T)SP denotes the layer height or
layer polarization for a TiO2 layer with two ST and two PT as its first and second nearest neighbors respectively in the superlattices). Symbols indicate calculated
DFT values, solid black lines are produced by TCE model.
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Figure 3.5: Dependence of AB (P,S) TOP: layer height BOTTOM: layer polarization (relative to the average of the AO planes of bulk PbTiO3 and SrTiO3 ) on
chemical environment in PT/ST SLs. Symbols indicate calculated DFT values, solid
black lines are produced by TCE model.
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the dependence of pi pDq on its local compositional environments. The similar locality
of hj pDq indicates that hj pDq (as well as pj pDq) can be accurately described by the
TSE as
hl ptsuq “ J0 `

ÿ`

1 2
Jl,i si ` Jl,i
si

˘

i

`

ÿ`

2
1
s2i s2j
si s2j ` Jl,ij
Jl,ij si sj ` Jl,ij

˘

ij

ÿ
`

Jl,ijk si sj sk ` ....

(3.7)

ijk

pl ptsuq “ J0 `

ÿ`

1 2
Jl,i si ` Jl,i
si

˘

i

`

ÿ`

1
2
Jl,ij si sj ` Jl,ij
si s2j ` Jl,ij
s2i s2j

˘

ij

ÿ
`

Jl,ijk si sj sk ` ....

(3.8)

ijk

Our TCE model will include the cluster interaction of a layer with neighboring
layers up-to second nearest neighbor and therefore only include up to two-body interaction terms. As a result, all the truncated cluster terms are effectively included
in the compositional environment of the period-four SLs. All the computed pj pDq
and hj pDq will serve as a first-principles database for different neighbor configurations. The J terms are D-dependent effective cluster interaction coefficients and are
computed from the database. The “pseudo-spin” variable is defined as si “ 1, 0 and
is used to identity the ith AO layer as either PbO(BaO) or SrO(CaO) respectively.
We were able to take advantage of translation and spatial-inversion symmetry,
Jl,l`m pDq “ ´Jl,l´m p´Dq and Jl,l`m,l`n pDq “ ´Jl,l´m,l´n p´Dq, and thus define
Jm “ pJl,l´m ` Jl,l`m q{2, J˜m “ pJl,l´m ´ Jl,l`m q{2, Jmn “ pJl,l´m,l´n ` Jl,l`m,l`n q{2,
and J˜mn “ pJl,l´m,l´n ` Jl,l`m,l`n q{2. This distinction allows us to break both the
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layer height and layer polarization into symmetry-conserving and symmetry breaking parts, odd and even respectively. Our model for the layer height of AO layers is
of the form
p´q

hAO “ J ` J0 ` J1 ps1̄ ` s1 q ` J2 ps2̄ ` s2 q
` J01 ps1̄ s0 ` s0 s1 q ` J02 ps2̄ s0 ` s0 s2 q
` J1̄1 s1̄1 ` J12 ps2̄ s1̄ ` s1 s2 q
` J1̄2 ps1̄ s2 ` s2̄ s1 q ` J2̄2 ps2̄ s2 q , (3.9)
and
hAO “ J˜1 ps1̄ ´ s1 q ` J˜01 ps1̄ s0 ´ s0 s1 q
p`q

` J˜12 ps2̄ s1̄ ´ s1 s2 q ` J˜2 ps2̄ ´ s2 q ,

(3.10)

where the AO layers are labeled r¨ ¨ ¨ 3̄.2̄.1̄.0.1.2.3 ¨ ¨ ¨ s where 3̄ “ ´3. The 0th layer
represents the layer we are focusing on, i.e. the investigated layer, where as and
the 1, 2, 3 . . . and 1̄, 2̄, 3̄ . . . layers are those AO layers directly above and below, respectively, the main layer. The interaction coefficients of the form J , J0 , . . . , J01 , . . .
are even functions of D where as the coefficients of the form J˜1 , . . . , J˜01 , . . . are odd
functions of D.
The TiO2 layers have a layer height of the form (with K used instead of J to
represent the interaction coefficients),
p´q

hT iO2 “ K ` K1 ps1̄ ` s1 q ` K2 ps2̄ ` s2 q
` K12 ps2̄ s1̄ ` s1 s2 q ` K1̄1 s1̄1
` K2̄1 ps2̄ s1 ` s1̄ s2 q ` K2̄2 s2̄2 ,
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(3.11)

and
p`q

hT iO2 “ K̃1 ps1̄ ´ s1 q ` K̃ ps2̄ ´ s2 q
` K̃12 ps2̄ s1̄ ´ s1 s2 q ` K̃2̄1 ps2̄ s1 ´ s1̄ s2 q , (3.12)
where the layers are labeled r¨ ¨ ¨ 3̄.2̄.1̄.1.2.3 ¨ ¨ ¨ s and the central TiO2 layer (period) is the layer we are expanding around. The interaction coefficients of the
form K, K1 , . . . , K12 , . . . are even functions of D and the coefficients of the form
K̃1 , . . . , K̃12 , . . . are odd functions of D.
Each J and K are expressed as Taylor expansions in D (the order of which
is determined by the system in question) where the Taylor coefficients are fitted
via least-squares to the respective database (BTCT or PTST) of first principles
calculations. The actual length of the expansion will be discussed below. The form
of the layer polarization pAO and pT iO2 , for both AO and TiO2 layers, is exactly
the same as the layer height but with one important difference. The interaction
coefficients of the form J and K are odd functions of D where as the coefficients of
the form J˜ and K̃ are even functions of D. This is the exact opposite of the layer
height and is a reflection of the fact that the layer height is an even function of the
D-field where as the layer polarization is an odd function.
For the 4-period BaTiO3 /CaTiO3 systems we expressed our interaction coefficients as fifth-order Taylor expansions. The fitted interaction values can be seen in
C. For the 4-period PbTiO3 /SrTiO3 systems we expressed our interaction coefficients
as fifteenth-order Taylor expansions. The choice of such a high Taylor expansion order was influenced by the accuracy of our model in capturing the non-linearity in
Bulk STO. A seventh-order Taylor expansion insufficiently captured the non-linear
peak in Bulk STO. Though a fifteenth order was chosen in our model, a higher degree
can be shown to capture the peak with even more accuracy; although the computing
parameters and time are greatly increased The fitted interaction values can be seen
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in C.
The total supercell lattice constant is obtained from the sum of all the individual
ř
layer heights as hpDq “ i hi pDq and the piezoelectric strain of the SL can be
calculated by
ηpDq “

phpDq ´ hpD “ 0qq
.
hpD “ 0q

(3.13)

The electric equation of state of η as a function of electric field EpDq will be obtained
by numerical inversion. The electric field is computed by
EpP q “ DpP q ´ 4πP,

(3.14)

where the total polarization of the SL is given by
P pDq “ hpDq´1

ÿ

pj pDq.

(3.15)

j

It is then straightforward to compute the piezoelectric coefficient,
d33 “ Bη33 {BE.

(3.16)

Here we want to stress that the modeling of the individual layer hight hj pDq,
instead of the total height hpDq of the SL, is important for a more accurate piezoelectric model. This is because the piezoelectricity describes the derivative of the
strain with respect to the electric field, which is sensitive to the accuracy of the
strain model. Due to the short-range nature, the models of pj pDq and hj pDq can be
used to compute ηpDq and EpDq for an arbitrary sequence of SL. This enables us to
study the piezoelectricity resulting from the AFD/FE competition under an applied
electric field or at the interfaces systematically.
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Figure 3.6: TiO6 rotation as a function of D field for TiO6 octahedral in bulk ST,
strained bulk PT and strained bulk CT(shown in insert).

3.2 Piezoelectricity under applied electric fields
It is well established that AFD and FE will compete with each other in bulk ABO3 [120,
139, 140]. Under an applied electric field, the FE will be strengthened by the coupling
between the electric field and polar mode and the SL will be further polarized along
the field direction. It is thus expected that AFD will be suppressed with increased
field. Indeed in Fig. 3.6, we can see that the octahedral rotation is largely suppressed
with increased D magnitude in both bulk ST and strained bulk PT. Surprisingly at
D „ 0.4 C{m2 and D „ 0.6 C{m2 , the octahedral rotation will be completely suppressed resulting in a FE only phase. At ground state the bulk ST has a octahedral
rotation of 5.8˝ . This is consistent with the previous reported LDA result by N.
Sai and D. Vanderbilt (5.5˝ ) [141] which is larger than the zero-temperature experimental value of 2.1˝ [142]. This large overestimation has been found to due to
the underestimated theoretical lattice constant by LDA which tends to overestimate
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the AFD instability. It is also important to notice that the TiO6 rotation in bulk
PT is hidden and can not be observed experimentally. This is because the AFD
instability is completely suppressed in the metastable region before the spontaneous
polarization is reached (D » P “ 0.8 C{m2 ). In the PT/ST SLs, the spontaneous
polarization will be reduced and the AFD rotation will be recovered in the PT fraction. In contrast, octahedral rotations in strained bulk CT have a much weaker field
dependence. The TiO6 rotation in CT is only slightly decreased from 13˝ at D “ 0
as shown in the inset of Fig. 2 [113]. This is consistent with the much stronger AFD
than FE instability which results in the PE ground state for bulk CT. On the other
hand BT shows no AFD rotation at all for the whole field range. This is expected
from the fact that bulk BT highly resists AFD rotation with a robust FE ground
state.
Since ST is PE at ground state, the disappearance of the AFD instability occurs
in the stable region and indicates a physical phase transition driven by an applied
electric field. As a signature, one can clearly see an additional peak of d33 pEq in bulk
ST in Fig. 3.7(a). However, it occurs at a very high electric field(centered around
600 Mv/m). This is probably the reason why this phase transition has not been
addressed yet in the literature. The d33 pEq coefficient can be further decomposed
into the product of piezoelectric g tensor [127] and dielectric constant  as d33 pEq “
g33 33 [127], where g33 “ Bη33 {BD and 33 “ BE{BD [127]. In the dielectric constant
 of bulk ST, we identify a similar peak as shown in Fig. 3.7(b) which is responsible
for the anomaly observed in the d33 pEq coefficient.
In order to elucidate the physical nature of the peak in both piezoelectric and
dielectric response, we expand the internal energy as a function of displacement field
D and angle of oxygen octahedral rotation ϕ in the vicinity of phase transition. The
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Figure 3.7: (a) Dependence of d33 pEq piezoelectric coefficient on PTO fraction
in the nPT/mST SLs. (b) Dielectric response of bulk STO as a function of applied
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resulting effective Hamiltonian can be written as:
Uă “ U0 ` αD2 ` βD4 ` aϕ2 ` bϕ4 ´ γϕ2 D2

(3.17)

Uą “ U0 ` αD2 ` βD4 .

(3.18)

In the above Uă and Uą denote the energy below and above the phase transition
respectively. γ introduces the coupling between AFD and FE and is positive indicating the competing nature of the two modes. Below the phase transition where AFD
and FE coexist, the energy minimum requires that BU {Bϕ “ 0, which leads to
ϕ2 “

1
pγD2 ´ aq.
2b

(3.19)

It can be seen that ϕ “ 0 above the phase transition (pγD2 ´ aq ă 0) and ϕ ą 0
below the phase transition (pγD2 ´ aq ą 0) respectively which is consistent with our
computational results. By using Equ. (4) Uă can be reformulated as
Uă “ U0 ` αD2 ` βD4 `

1
pγD2 ´ aq2
4b

(3.20)

It is easy to see that U and BU {BD “ pΩ{4πqE are continuous during the phase
transition where Ω is the volume of the superlattice. However, B 2 U {BD2 “ pΩ{4πq´1
´1
is discontinuous, where ´1
ą ´ ă “ 2aγ{b. This is exactly what we see in Fig. 3(b).

Thus we can see that the additional peak in d33 pEq originates from the discontinuous
dielectric constant during the phase transition.
Under the fixed-D field, both the FE and AFD ordering is short-ranged. So
it should be understood that the D field is the fundamental variable that drives
the phase transition at which the threshold D field is reached. Keeping the above
concept in mind, we propose that D-field can be increased by a highly polarizable
PT component in the PT/ST SLs. As a result of the modified energetics of AFD and
FE, the above phase transition, as well as the piezoelectric anomaly, can be observed
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at a much lower electric field. We then use our developed model to test the above
idea. We set up a nPT/mST SL where n ` m “ 200 and gradually increase the
PT fraction from ST bulk n “ 0. It should be noticed that the interface effect is
small in this thick superlattice and can be neglected. The model prediction of the
piezoelectric coefficient is presented in Fig. 3(a). As expected, we can see that the
SLs become more polarized as the PT fraction is increased. The SL starts from a PE
state and becomes FE after the PT fraction in the SL is larger than „ 30%. As a
result of increased FE ordering, the piezoelectric coefficient is generally increased with
the anomalous increase corresponding to the phase transition in the ST component.
Furthermore, the center of this anomaly is gradually shifted to lower electric field
(centered at 55 mV/m for 60% PT fraction). In having increased polarizability from
a higher PT fraction in the SLs, the width of the piezoelectric anomaly also becomes
smaller indicating the greatly increased tunability of applied electric field.
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3.3 Piezoelectricity at interfaces
AFD and FE competition at interfaces is also found to be of critical importance for
its functional properties [111, 113]. Here, focusing on the piezoelectricity, we can
use our model to study the interface effect in both BT/CT and PT/ST systems. To
the above end, we set up the SL model of nPT/nST and nBT/nCT and gradually
increase n from dense interface limit (n “ 1) to the interface free limit (n “ 8
and here we neglect the possible formation of nanodomain [130] and free charge on
the interfaces). The model prediction of the d33 pEq is presented in Fig. 3.8 (the
predicted spontaneous polarizations Ps as a function of n are also plotted in the
inserts of Fig. 3.8 (a) and (b)). The d33 pEq from directed first-principles are also
given for comparison. One can see that our model is very accurate in reproducing
the first-principles results. In both systems the SL will have the largest Ps at the
dense interface limit (Ps = 0.187 C/m2 for 1BT1CT and 0.327 C/m2 for 1PT1ST).
The Ps will monotonically decrease until saturate at 0.21 C/m2 and 0.14 C/m2 for
nPT/nST and nBT/nCT in the interface-free limit. This is consistent with the
interface enhancement of polarization found in these materials. Surprisingly, we
see also an interface enhanced piezoelectricity in nBT/nCT where d33 pEq gains its
maximum magnitude at n “ 1. In contrast the nPT/nST SLs show the opposite
effect, where the nonlinear effect corresponding to the ST phase transition starts to
be observed when n “ 3.
The increased d33 pEq indicates the structural softening introduced by the interfaces. In FE materials, the structural softening can be found when the system
is approaching the FE/PE phase boundary e.g. with changing in-plane epitaxial
strain [117]. As a result, the dielectric and piezoelectric responses diverge in the
vicinity of phase boundary. Strikingly, in BT/CT SLs the polarization and piezoelectric response can be both increased by the interface which is crucial for SLs design
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for multifunctional properties.

3.4 Conclusions
In summary, we have developed an accurate model that can the predict of piezoelectric coefficient for an arbitrary sequence of SL using the first-principles results of
short-period SLs only. The predictive power of the model has been demonstrated in
the PT/ST and BT/CT systems in which AFD and FE are in strong competition.
Functional piezoelectricity can be designed in the PT/ST and BT/CT SLs under an
applied electric field or a function of interface density. The computational support
by the National Science Foundation through TeraGrid resources provided by NICS
under grant number [TG-DMR100121].
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CHAPTER 4

AB INITIO PHOTOEMISSION
SPECTROSCOPY OF SOLVATED IONIC
SOLUTIONS

In this chapter we will present computational techniques and analysis of the photoemission spectrum (introduced in section 2.4.1) for three different aqueous ions
solutions (1) hydroxide (OH´ ), (2) hyrdornium (H3 O` ) and (3) chlorine (Cl´ ). The
goal of this work is to produce a spectra using electronic structure methods beyond
standard ground-state based DFT, hence we will turn towards our model GW presented in section 2.4. The model dielectric in (2.4.4) is empirically derived from
liquid water and therefore well suited for the OH´ and H3 O` solutions. However,
the introduction of the Cl´ ion into a bulk water environment, at present, has an
unknown screening effect within the Cl´ solutions.
At the time of this writing, work continues on a full RPA [101, 102, 103] calculation for our extended Cl´ solutions that be can completed in a feasible time frame.
This is considered critical in order to justify (or invalidate) the use of the empirical water-based dielectric function for aqueous Cl´ solutions. For the Cl´ solutions
we will therefore also to turn to more conventional DFT electronic structure cal100

culations with different exchange and correlation functionals (namely PBE [33] and
PBE0 [40], with and without the inclusion of a van der Waals correction [143]) in
order to support the application of the model GW calculation to the Cl´ solutions.
The three ionic solutions considered here are part of a larger collaborative endeavour between our group and the Dept. Chemistry at Temple University. This
collaboration has proven very fruitful thus far, and it is our hope that it shall remain
so for the foreseeable future. Generation of the all of the Cl´ solutions could not
have been complete without the help of Arindam Bankura of the Temple University
Chemistry Department.
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4.1 Density of states and the integrated realspace projections
In these studies we will examine the total electronic structure of the above ionic
solutions as well as the individual contributions of the respective ions to the overall
electronic structure. In order to perform an analysis of the total electronic structure
we will look at the eigenstates generated by the general eigenvalue equation,
Ĥ|φi y “ i |φi y,

(4.1)

where Ĥ can either be the Kohn-Sham Hamiltonian in section (2.1.2) or the quasiparticle Hamiltonian in section (2.4), with |φi y and i representing either the Kohn-Sham
or quasiparticle wavefunctions and eigenvalues respectively. In either case we will
calculate the total density of states by averaging over a number of trajectories,

f pq “

C
ÿ

G
δpj ´ q

(4.2)

j

where a Gaussian function with a broadening of 0.03 Ry is used in place of the delta
function in the discrete case. Calculation of the DOS is straight forward and done
mainly as a post processing analysis. However determining the contribution of the
ionic states to the total DOS takes a more subtle approach, as the singular ionic
spectrum could be embedded within the main features of the bulk water DOS, as
seen in th experiments of Ref. [95].
Therefore, in order to determine such ionic contributions to the whole we will
work with real-space projections of the total DOS [146], which will not only allow
us to calculate the Ionization Potentials (IPs) of the singular ion embedded within
the main features of the bulk water DOS, it also allows us (in the OH´ and H3 O`
solutions) to assign molecular excitations to the ionic orbitals given their positions
within the bulk water DOS. This will be achieved by first projecting the planewave expanded orbital, |φi y, onto realspace and then, for each orbital, integrate the
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Figure 4.1: Description of Proton Transfer. In (a)-(c) we show the process of PT in
the H3 O` solution which is completed via the well-known Grotthuss mechanism[144,
145] where the (a) H9 O`
4 Eigen cation initiates the transfer of a proton along a
hydrogen bond to surrounding water in (b) the H5 O`
2 Zundel cation, an eventually
completing the cycle back to a new Eigen cation in (c). In (d)-(g) we show the
dynamical hypercoordination scenario proposed by Tuckerman et al [145] for the PT
in the OH´ solution, here the solution is dominated by (d) the H9 O´
5 anion, and the
PT is initiated in (e) by breaking one of the four accepting H-bonds, followed by a
proton exchange along the shortest H-bond in (f)-(g). In both cases O˚ is used to
signify the identity of the ion oxygen.
realspace orbital density, |φi prq|2 , within an integration sphere of radius rc around
the ion in question. Mathematically this is written as
Ωpq “

ÿż
i

dr|φi prq|2 δp ´ i q,

(4.3)

|r|ărc

where the sum runs over all orbitals and the delta function is again replaced by
a Gaussian function with a broaden factor of 0.03Ry. The rc is dependent on the
particular ion in question, for OH´ and H3 O` rc “ 1.5 Å [146], for the Cl´ solutions
rc “ 0.5 Å. These individual results are then averaged over a similar number of
trajectories as the above total DOS.
Unlike the Cl´ solution, which contains only one Cl´ ion and therefore only one
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Figure 4.2: Identification criteria for OH´ and H3 O` ions. Hydrogen’s within the
rc are defined as associated with the oxygen at the center. One associated hydrogen is
OH´ , two associated hydrogens (not shown) is H2 O, and three associated hydrogens
is H3 O` .Here the oxygen radius is defined as rc = 1.655 Å.
possible center for the integration sphere, the OH´ and the H3 O` solutions do not
present a simple identification of the center as the ions are composed of the same
atoms as bulk water. Furthermore the OH´ and the H3 O` ions regularly undergo
a process known as Proton Transfer (PT), outlined in Fig. 4.1, in which the proton
(bare H` ) can be transfered to (OH´ ) or from (H3 O` ) the ion. Such a transfer
changes the identity of the ion, and by extension, the center of the integration sphere.
These situations must be taken into account when performing (4.3).
To keep track of such identity changes during PT we implement a scheme as
in Fig. 4.2 where we draw a sphere of rO = 1.655 Å around each of the oxygen
atoms in a given configuration and count the hydrogens inside each sphere. Those
hydrogens inside each rO sphere are said to be assoicated with that oxygen. In
the OH´ solutions the oxygen found to have only one hydrogen associated with it is
considered the current OH´ ion and thus provides the center of integration the sphere
at O˚ , on the other hand for the H3 O` solutions, those oxygens that are associated
with three hydrogens are considered the current H3 O` ion, which also provides the
center of the integration sphere at O˚ . Consistency checks are preformed to make
sure that all hydrogens are associated with a oxygen, those configurations that have
unassociated hydrogens are considered to be in a PT event as seen in (b) and (f) of
Fig. 4.1. In less then 1% of configurations, hydrogen atoms were identified on the
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edge of two separate oxygen spheres making an absolute association difficult, such
configurations were also considered as PT events.
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4.2 Solvated Hydroxide OH´ and Hydroium H3 O`
The nature of the solvation structures of hydroxide (OH´ ) and hydronium (H3 O` )
aqueous solutions are of fundamental interest. It is the prerequisite to understand the
mechanism of PT through the autoprolysis process in water, which is behind diverse
phenomena in physics, chemistry and biology [145, 147, 148, 149, 150, 95, 151]. Photoemission spectroscopy (PES), as mentioned in section (2.4.1) has recently emerged
as an important experimental technique in elucidating the interactions between hydrated ions and surrounding water molecules [95, 94]. Theoretically, the ionization
potential (IP) is measured by the energy required to remove an electron from a
molecule with respect to the Fermi level. The state-of-art PES measurement is now
able to detect the spectra signals from solvated ions which has been successfully
used to determine the IPs of hydrated OH´ and H3 O` [95]. To have an insightful
understanding of the experiments, there is a critical need for theoretical modeling,
at the atomic scale, which can unambiguously connect the IP and its distributions
to its solvation structures.
Given the disordered structures of the liquids can be simulated by ab initio molecular dynamics (AIMD) [4, 152], the PES spectra can be computed by the electron
excitation theory such as Hedin’s GW self-energy approximation [90, 100]. However,
such a theoretical approach is not often applied to the study of the PES spectra
in ion solutions. The difficulty lies in the fact that the quasiparticle method scales
unfavorably with the system size [100]. On the other hand, a proper simulation of
disordered liquid structure requires a large supercell modeling. The computational
burden is even more severe when it is necessary to take into account the statistical
fluctuations of solvation structures both from the underlying H-bond network and
more drastically, from the structural diffusion of PT. As a compromise, the computationally efficient static density functional theory (DFT) [146] or the semiclassical
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approximation was used [95]. However, the static DFT designed for ground state
electron minimization strongly underestimates the IP as an electron excitation property [100, 146, 95]. Because of the same difficulty, the precise assignment of IPs for
these hydrated ions has not yet been accurately determined.
To address the above issues, in the current work, which was published in Physical Review Letters [8] we generate the liquid structures of solvated hydroxide and
hydronium in water by AIMD simulations and then compute the PES spectra within
many-body formalism for electron excitation. In particular, we adopt the methodology outlined in section 2.4 treating the inhomogeneous electronic screening of the
medium [109, 87, 153, 20], in which the maximally localized Wannier functions [6]
are used to greatly increase the computational efficiency. The IPs of hydrated hydronium and hydroxide are determined by the real-space projection of quasiparticle
density of states, described in the previous section on these solvated ion complexes.
We want to stress here that the IPs for both solvated ions are averaged over 100
configurations, weighted to include both PT and non-PT configurations, sampled
during the 25 ps equilibrium trajectory. PT configurations account for „ 10% of
the total OH´ configurations and „ 16% of the H3 O` configurations. The resulting
averaged IPs and their distribution are in quantitative agreement with experiments
in both position and broadening. The IPs of hydrated ions in liquid solutions are
associated with the molecular excitation, however, strongly influenced by the water
molecules in the first solvation shell. During the PT, the structural diffusion results
in a delocalzied defect eigenstate. As a result, the IPs of hydrated ions are broadened
and shift into the main feature of bulk water. To the best of our knowledge, this
is the first time that GW based quasiparticle theory has been applied to the PES
spectra of ion solutions. This approach will be also useful to study other important
liquids.
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OH− and H3O+ PES Calculation
Main CPMD Simulation
(OH− or H3 O+ )

Select Atomic Positions Snapshot, I
1. Total Simulation
2. Proton Transfer Subset
3. Non-Proton Transfer Subset
Electronic Structure:
1. Local field GW
2. Homogeneous field GW
3. DFT

Total Density of States
No
All Snapshot N -Average
1. Total Density of states

Yes
I = N?

Integrated Realspace Projections

2. Realspace projections

Figure 4.3: Flowchart for the PES Calculations. The calculation starts from the
aforementioned CPMD Simulations for both the OH´ and the H3 O` ionic solutions.
Random selection of an atomic position snapshot is then performed for the three
main subsets, form which the electronic structure, density of states and local realspace projected density of states is calculated. All DOS and lDOS from each subset
is averaged together separately.

4.2.1

Calculations Details

Ion solutions are generated by two equilibrated AIMD trajectories [4] containing
either one hydroxide or hydronium with 63 surrounding water molecules. A periodic
cubic cell corresponding to the experimental ambient density of water is used, ao =
23.5170 bohr. Both simulations are preceded by a 3 ps equilibrium run and then
continued over a 25 ps time scale within the canonical ensemble (2.2.3). An elevated
temperature of T “ 330K is used, which has been found to approximately capture
structural softening of H-bond in liquid water due to the quantum nuclear effect [38].
The atomic force is calculated by DFT using the PBE functional [33] with a kinetic
energy cutoff of 70 Ry. Electron excitation calculations are completed using the static
Coulomb hole and screened exchange (COHSEX) approach combined with electron
screening effects from the inhomogeneous medium within the Hybertsen-Louie ansatz
(2.4.4). All calculation are performed using the Quantum-Espresso code package (A).
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Figure 4.4: Structural data from H3 O` solution. TOP: Radial distribution function for three sub sets of configurations. Coordination numbers are as follows:
nδą0.4 “ 2.96,nδă0.2 “ 3.06 and nf ull “ 2.96. BOTTOM: O˚ index number and
number of donated H-Bonds. A change in index indicates a proton transfer event.
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Figure 4.5: Structural data from OH´ solution. TOP: Radial distribution function
for three sub sets of configurations. Coordination numbers are as follows: nδą0.5 “
4.02, nδă0.08 “ 3.26 and nf ull “ 4.03. BOTTOM: O˚ index number and number of
accepted H-Bonds. A change in index indicates a proton transfer event.
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An outline of the calculation is provided in Fig. 4.3.
In Fig. 4.4 and Fig. 4.5 we show the results of basic structural analysis on both
the H3 O` and OH´ solutions, respectively, where the top panels show the radial
distribution functions (B) for three different subsets: (1) during PT, (2) far from
PT, (3) overall. Configurations are considered to be in the middle of a PT event
when a single H` could not be associated with any oxygen molecules. Defining δ as
δ “ |RO˚ H ´ ROw H | (where RO˚ H and ROw H are the distances between a shared proton
and O˚ or a surrounding water molecule’s oxygen, respectively), those configurations
where the hydrated ion is not experiencing a PT (it’s stable configuration) can be
described by δ ą 0.4 Å and those configurations currently experiencing a PT can
be described by δ „ 0 Å. The minimum δ value for a particular O˚ is considered
most likely to produce a PT, and δ. The bottom panels of Fig. 4.4 and Fig. 4.5 show
both the number donated/accepted hydrogen bonds and in index of O˚ (ion oxygen)
as a function of time. From this we are able to determine when a configuration as
completed a PT event, and the structure of hydrogen bond network before and after
this event.
Taking both the top and bottom panels of Fig. 4.4 for the H3 O` solution into
consideration we can see that the most stable configuration is a three coordinated
structure. This is supported by the fact that, from the top panel, the coordination
number of δ ą 0.4 Å is around 3, as well as, from the bottom panel, that the
most common number of bonds donated is also three. In addition we can see that
there is no predefined hydrogen bond network structure rearrangement to facilitate
the PT event (i.e. the change of O˚ is not preceded by a change in the number of
donated hydrogen bonds). All of these points allow us to conclude that our simulation
describes the PT event as in (a) - (c) in Fig. 4.1.
On the other hand, for the OH´ solution in Fig. 4.5 the top panel shows us that
as δ Ñ 0 the coordination number drops from 4 to 3. Furthermore in the bottom
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panel of Fig. 4.5 we can see that during the times of rapid PT events, such as such
as 7-8 ps or 9-11 ps or 12-14ps, where the O˚ index rapidly changes, the number
of accepted HBonds is approximately three. From this qualitative argument we can
see that the concept of dynamical hypercoordination, defined in Fig. 4.1, where one
of the stable structure’s four hydrogen bonds is broken in order to facilitate a PT
event, is described by out current simulation.
In Fig. 4.6 we present our theoretical PES spectra of both ion solutions based on
quasiparticle density of states (QDOS). It can be seen that the overall PES spectra of
both hydronium and hydroxide solutions are dominated by three features belonging
to bulk water, which have 1b2 , 3a1 , and 1b1 characteristics with decreasing excitation
energy as shown in Fig. 4.7 (a), (b), and (c) respectively. The IP is associated with
the valence electron excitation of solvated ion in water. Although the IP is embedded
in the bulk water spectrum, it still can be identified by the realspace projection of
the QDOS onto the hydrated ions via section (4.1). The resulting IP distributions of
hydrated hydroxide and hydronium are also shown in the shaded areas of Fig. 4.6(a)
and (b) respectively. It can be seen that the main feature of the IP of hydrated OH´
is represented by a narrow distribution, whose peak centered at 9.99 eV and close
to the low energy edge of the 1b1 feature of bulk water. The spectra signal is much
less obvious in the 3a1 region and almost absent in the 1b2 region of bulk water. As
far as the IP of hydrated H3 O` is concerned, the only prominent feature is a broad
peak centered at 19.01 eV close to the high energy edge of 1b2 feature of bulk water.
Much less signal is found in 3a1 region and almost no signal is found in 1b1 region
of bulk water. Strikingly, current theory accurately reproduces the experimental
measurement [95], in which the IPs of hydrated hydroxide and hydronium are found
to be centered at „ 9.2 eV and „ 20 eV respectively. The spectra distribution
of solvated hydronium is also found to be much broader than that of hydroxide in
experiment [95]. In stark contrast, the previous studies based on DFT calculations
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Figure 4.6: Theoretical PES spectra (red line) for the (a) OH´ and (b) H3 O` ion
solutions. The shaded (blue) area indicates the IPs of hydrated OH´ and H3 O` .
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revealed that the IPs of solvated OH´ and H3 O` were located at „ 12 eV and „ 5 eV
respectively, which underestimated the experimental value over 50% [146]. This is
because DFT, as a ground state theory, strongly underestimates the optical band gap
properties. For a direct comparison with PES experiments, the electron excitation
process can be more appropriately described by the GW self-energy approximation.
4.2.2

Quasiparticle Assignment

The accurate quasiparticle predictions now enable a more precise assignment of the
IPs of hydrated ions. In Fig. 4.7, we present the representative quasiparticle wavefunctions (QWs) for the main features, which are located close to 1b1 region of bulk
water for hydrated OH´ and close to 1b2 region of bulk water for hydrated H3 O` .
The typical QWs of less prominent features are also shown in Fig. 4.7, whose energies
are in the 3a1 region of bulk water for both ion solutions. For comparison, the three
lowest IP energy states of the OH´ and H3 O` monomer are also presented. The similarity of the electron excitation in ion solutions and that in gas phases indicates that
the IPs should be attributed to molecular ionization, however, strongly perturbed
by the solvation structures of the surrounding water molecules.
Clearly, the main feature of the IP in hydrated hydroxide at 9.99 eV (Fig. 4.6)
should be assigned to the first valence electron excitation of OH´ monomer. This
is due to the resemblance of the electron excitations between the gas phase and the
liquid solution. In the aqueous solution, the typical QW of the main feature is a well
localized hydroxide defect state of clear lone pair character as shown in Fig. 4.7(g)
and (i). It originates from two degenerate 1π bonds of the OH´ monomer. The
degeneracy is broken by the disordered liquid structure and results in an excitation
distribution instead of one single ionization energy. It can be expected that the spectra distribution is largely dependent on the solvation structure and will be different
with or without PT. As described in Fig. 4.1, in the absence of PT our current AIMD
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Figure 4.7: QWs shown for gas phase (a)-(c) H2 O, (d)-(e) OH´ and (j)-(k) H3 O` .
Typical main feature 3a1 and 1b1 QWs displayed for hydrated OH´ in liquid solution
while (f)-(g) in a non-PT complex and (h)-(i) during a PT. Similar 1b2 and 3a1 QWs
displayed for hydrated H3 O` while (l)-(m) in the Eigen complex and (n)-(o) in the
Zundel complex.
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simulation finds that solvated hydroxide adopts the most stable configuration in such
a way that OH´ accepts four H-bonds with the possibility of donating one [145]. The
four water molecules donating H-bond are approximately in one plane. Consistently
this lone pair QW is mainly localized on the OH´ itself, however, with a significant
weight on the water molecules within the first solvation shell. Thus without PT, the
IP is mainly affected by the fluctuating first-shell solvation structure embedded in
the H-bond network of liquid water. During PT, the OH´ exchanges one proton with
neighboring water molecule. Intriguingly, the structural diffusion is accompanied by
a nontrivial change in the electronic state. The lone pair QW is now localized on both
proton donating and proton receiving molecules as shown in Fig. 4.7(i) instead of its
main localization on OH´ only before the PT in Fig. 4.7(g). The delocalized QW
facilitates its hybridization with surrounding water molecules. As a result, the IP
exhibits a blue shift towards the main feature of the bulk water spectra accompanied
by a broadened distribution as illustrated in Fig. 4.8(a).
In a similar scenario, we assign the main feature of the IP distribution of hydrated
hydronium to the second valence excitation of two degenerate p orbitals of H3 O`
monomer. The degeneracy is again broken by the disordered molecular environment.
Without PT, the excited QW has a similar characteristic of 1b2 of liquid water and
is mainly localized on the Eigen complex as shown in Fig. 4.7(l). In particular, a
large orbital amplitude is also found on the three water molecules along the direction
of donated H-bonds by H3 O` . The QW then decays rapidly to zero in the second
solvation shell and beyond. As a result, the excitation is a hydronium defect state
with 1b2 character that is localized on the H9 O`
4 complex, which is also the so-called
strongly solvated Eigen cation in the literature [154]. Not surprisingly, the locality
of the QW also swifts from the Eigen to the Zundal complex during PT as shown
in Fig. 4.7(l) and (n) respectively. Interestingly, a significant weight is also found
to be centered on the transferring proton connecting both the proton receiving and
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donating structures, which gives a unique signal for PT in the electronic structure.
In comparison to the PT process of hydrated OH´ , the delocalized H3 O` defect
state is much more easily be hybridized with solvent H2 O molecules. As a result, in
Fig. 4.8(b) we observe a red shift of the IPs into the 1b2 region of bulk water which
gets broadened simultaneously.
Interestingly, a comparison of the IPs between these two ion solutions reveals
that the main feature of hydrated H3 O` has a much broader distribution than that
of OH´ . We attribute it to the difference in orbital characters. For the hydrated
H3 O` excitation with 1b2 characteristic, the covalent orbital on an OH bond is easily
perturbed by the H-bond network of liquid water. On the other hand, the excitation
of hydrated OH´ is of lone pair character and only centered on oxygen atom which
will be much less effected by the embedded H-bond network. This is also consistent
with the observation that 1b1 is more narrowed than 1b2 peak in liquid water [63].
Besides the main features, the excitations of hydrated ions are also found in
Fig. 4.6(a) and (b) within the 3a1 region of bulk water for both solutions. However the
signals are much weaker and broadly distributed. Nevertheless, the IPs of hydrated
ions should still be assigned to the molecular excitation of the same 3a1 symmetry,
which are the second and first excitation of OH´ and H3 O` monomers respectively.
In Fig. 4.2.2(a) and (d), we present typical QW densities of 3a1 excitations as a
function of distance from the solvated OH´ and H3 O` respectively. For comparison,
the same quantities of the main feature are also shown in Fig. 4.2.2(b) and (c).
Clearly, in both ion solutions, the less prominent IPs of 3a1 character originate from
relatively delocalized QWs, in which a large orbital amplitude falls into the second
solvation shell and beyond. On the contrary, QWs of the main features of both
hydrated ions are strongly localized defect states within the first solvation shell.
As a result, the integrated charge approachs to unity rapidly with the increaseing
distance away from the ions. The delocalized QWs indicate a stronger hybridization
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Figure 4.8: Theoretical IP distributions for hydrated (a) OH´ and (b) H3 O` .
The red area indicates those configurations where the repective hydrated ion is not
experiencing a PT (δ ą 0.6 Å) and the blue area indicates those configurations
currently experiencing a PT (δ „ 0 Å).
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Figure 4.9: Typical QW densities (arb. u.) for hydrated OH´ characteristic
states, (a) 3a1 and (b) 1b1 , and hydrated H3 O` characteristic states, (c) 1b2 and (d)
3a1 , as a function of distance from O˚ . Inserts show the total integrated density.

with the water solution and result in the observed broader and weaker ion excitations.
Finally, we draw our attention to the energy range where the least IP signals
have been found. They are the 1b2 and 1b1 region of bulk water for hydrated OH´
and H3 O` respectively. Again, this can be understood by the symmetry of electron
excitation of both ions at the monomer level. The electronic configurations of OH´
and H3 O` ions are intrinsically different from that of a single water molecule. For
OH´ monomer, the three lowest allowed valence excitation are the two degenerated
excitation of 1b1 character, followed by one of 3a1 character, in which the 1b2 -like
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orbital in water is not allowed by symmetry. On the other hand, the three lowest
valence excitation in H3 O` ion are one with 3a1 character, followed by two degenerate
states with 1b2 character, in which the lone pair 1b1 -like orbital in water is forbidden.
These symmetry restrictions are also reflected in ion solutions and result in the
absence of electron excitation for hydrated ions in the above energy range.
4.2.3

Conclusions

In conclusion, the IP distributions of hydrated OH´ and H3 O` are studied by accurate quasiparticle theory. The excitations of solvated ions can be assigned to molecular electron excitation, however, strongly perturbed by the solvation structures.
Although the main features of IPs are determined by their stable configurations,
the proton transfer does introduce a change of position and distributions of electron
excitation in both hydrated ions. We suggest that the excitation change due to PT
can be detected by isotope effect in future PES measurements performed on solvated
H3 O` and D3 O` . Because of the quantum nuclear effect lowers the barrier of proton
transfer [155], the hydrated H3 O` will have a more broad and shifted IP distribution than that of D3 O` . Finally we comment that the leftover mismatch between
experiment and theory could be further reduced by more accurate liquid structures
considering both dispersion force [156, 157, 158] and self-interaction error correction [159, 160] and by including frequency dependence of excitation beyond static
GW [161, 162]. This work is supported by U.S. Department of Energy under Grant
No. DE-SC0008726. Computational support is provided by the National Energy
Research Scientific Computing Center.
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4.3 Solvated Chlorine Cl´ ions
The importance of aqueous solutions of solvated Chlorine ions (Cl´ ) to the diverse
fields of biology, geology, electrochemisty and even atmospheric chemistry cannot be
understated. While much work has been done to elucidate the nature of the solvation structure [163, 164, 165, 166] a complete picture that connects the micorscopic
structure to the electronic structure still remains elusive. While there are a few theoretical predictions for the electronic structure of solvated Cl´ ions [167, 168], full
scale first-principles calculations are complicated by the time-frame involved with
performing accurate, long-scale AIMD simulations, as well as the very nature of the
electronic structure calculations applied to anions. It can be made very clear that
standard DFT groundstate calculations are insufficient to accurately describe the
electronic structure of solvated Cl´ ions [159, 169].
Recent experimental studies using liquid microjet techniques have provided an
effective probe for the local electronic structure of ionic solutions [95, 94, 93]. These
experiments coupled with state-of-the-art computational simulations of the electronic
structure [159] have provided an ideal starting point to apply techniques developed
in sections (2.3), (2.4), and (4.1). In this section we will compute the solvation structure of aqueous Cl´ ions by a variety of different exchange-correlation functionals,
therefore improving upon the last section’s limited use of only the PBE functional,
and then compute the electronic structure using both conventional DFT and the
many-body Green’s function methods.
Unlike the previous section where we were mainly concerned with the IPs and
their connection to the solvation structure the goal of the current investigation will focus on the energy difference between the highest occupied molecular orbital (HOMO)
and the valence band maximum of water (VBM). This difference has been determined
experimental to be between 1.25 - 1.56 eV [93], and was also the focus of Ref. [159],
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Select Atomic Positions Snapshot, I
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Figure 4.10: Flowchart for the Cl´ PES Calculations. The calculation starts
from the aforementioned CPMD Simulations for four different exchange and correlation functions: PBE, PBE+TS-vdw, PBE0, PBE0+TS-vdw. Random section of
an atomic position snapshot is then performed form which the electronic structure,
density of states and local real-space projected density of states is calculated. All
DOS and lDOS from each functional are averaged together separately.

This current, unpublished work [9] is part of a larger, more comprehensive study of
both the solvation and electronic structures of aqueous ion solutions.
4.3.1

Calculation Details

The solvated Cl´ calculations will proceed in much the same fashion as the previous
section and are outlined in Fig. 4.10. Here we will start from one of four CPMD
simulations. Each calculation consisted of 63 water molecules and a single Cl´ ion
and was performed in a cubic box with ao = 23.4587 bohr, which is calculated from
the ambient density of liquid water. The NVT ensemble was implemented via massive
Nosé hoover chains [70] at elevated temperature of 330K in order to approximately
mimic nuclear quantum effects[38, 68]. All simulations where preceded by an initial
3ps equilibrium run and then further equilibrated for over 25ps using a time step
of 3.5 a.u., and an electronic mass of 150.0 a.u. with a Gmass cutoff of 6.0 a.u..
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Figure 4.11: Radial Distribution Functions for Cl´ Solutions, TOP: gClOprq , BOTTOM: gClHprq . Coordination numbers are given in Table 4.1

MD
Num.
nClH (2.9Å)
nClO (3.8Å)

PBE

PBE+vdW

PBE0

5.23
6.10

5.16
6.28

5.24
6.24

PBE0+vdW
5.48
6.54

Expt.
–
6.2-6.8

Table 4.1: Cl´ solution coordination number for both Cl-O and Cl-H for all MD
simulations.
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Atomic force was calculated using DFT, using a kinetic energy cut-off of 71 Ry,
with the following four exchange-correlation functional combinations: PBE [33] and
PBE0 [40] with and without a van der Waals correction [143].
Sample Radial distribution functions are provided in Fig. 4.11 with the corresponding coordination numbers in Table. 4.1. Here we can see that the results are
consistent with the recent neutron diffraction experiments in which for solutions less
then 2 M produced a coordination number between 6.2 - 6.8 [170]. It seems reasonable to conclude that, with structural results close to experimental data, the source
of any deviation of recently calculated Cl´ electronic structures from experiment is
related to the actual electronic structure calculations themselves [159]. In order to
validate such a conclusion we will make use of three different electronic structure
calculations.
From each of the these four molecular dynamics trajectories we will select over
100 different configuration snapshots and perform electronic structure calculations
using either a PBE, PBE0, or model GW (using the COHSEX, a model dielectric,
and local field approximations). Similar to the last section post-processing analysis
of our electronic structure calculations will begin by calculating the total density
of states. The need for the identification of those states associated with the CL´ is
crucial to calculating the energy difference, δE, between the HOMO of Cl´ and VBM
of water, therefore we also first perform an integrated density of states projection,
as in section (4.1).
The determination of exactly which state is the HOMO of the Cl´ ion is slightly
complicated to carry out in an automated way, as the standard three 3p orbitals can
be become slightly hybridized with the surrounding water molecules, as shown in
Fig. 4.12 (d), therefore introducing more then three orbitals with a non-zero density
in the region of the ion. This was not a concern with the OH´ and H3 O` solutions
as we were only concerned with the total distribution of realspace projections. In
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3s

Cl-

3p

a)

Gas Phase

b)

c)

d

Liquid Solution:

Figure 4.12: Gas and condensed phase orbitals for aqueous Cl´ . Gas phase 3s
and the triply degenerate 3p are represented in (a), where as (b) shows the same
orbitals in the condensed phase.

order to surmount this subtly an adaptive program was developed that would take
the integrated realspace projections for each orbital and initially search for the three
3p peaks, expanding it’s search if surrounding peaks, within a specified range, were
found to be at least 20% of the highest known peak. Once the identification process
was complete for all states the highest state included within identified set was named
the HOMO while the highest outside those identified set was name the VBM. Finally
the energy difference was calculated δE “ EHOM O ´ HV BM .
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4.3.2

Electronic Structure Results

In Fig. 4.13 we present the three electronic structure calculation for the PBE and
PBE+vdW calculations, where as Fig 4.14 shows the same electronic structure calculations but for the PBE0 and PBE0+vdw calculations. In all calculations we can
see two main features of the real space projected density of states, one associated
with the Cl´ 3s states (Fig. 4.12 (c)) situated in the region between the 2a1 and
1b2 water states and one associated with the triply degenerate Cl´ 3p states (Fig.
4.12 (b)) at the rightmost edge of the of the 1b1 water states. The degeneracy of
3p states is broken due to hybridization with water, however, much like the case of
the OH´ solutions, the distribution has a very narrow distribution indicating limited
hybridization with 1b1 water states.
The actual degree of this hybridization depends directly on the electronic structure calculation. In Fig. 4.13 and Fig. 4.14 that as we go from PBE, to PBE0,
to model GW calculations the main 3P peak moves outside of the main feature of
liquid water those producing less and less hybridization. In fact during the identification of the Cl´ HOMO with the model GW electronic structure over 65% present
of configurations found only three associated states with no secondary states due to
hybridization, this is compared with only 20-30% of the PBE and PBE0 electronic
structure methods.
Compared to the previous OH´ and H3 O` solutions which experienced electronic
structure changes in unison with structural diffusion due to proton transfer, we do not
see such a situation in the current Cl´ simulations. This can mainly be attributed
to the obvious lack of any proton transfer mechanism associated with aqueous Cl´ .
However it is interesting to note that even with the varying coordination numbers
in Table 4.1 the effects of the three different electronic structures appears to be
consistent for all four MD functionals.
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Figure 4.13: Total density of states (red) and realspace projected density of states
(blue) for Cl´ solutions with PBE and PBE+TS-vdW exchange and correlation
functionals.
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Figure 4.14: Total density of states (red) and realspace projected density of states
(blue) for Cl´ solutions with PBE0 and PBE0+TS-vdW exchange and correlation
functionals.
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MD
δE
PBE (eV)
PBE0 (eV)
GW (eV)

PBE

PBE+vdW

PBE0

-0.27
0.14
0.93

-0.11
0.29
0.96

-0.07
0.36
0.96

PBE0+vdW
-0.07
0.34
1.14

Table 4.2: Difference between Highest Occupied Molecular Orbital (HOMO) and the
Valence Band Maximum (VBM) of liquid water for different molecular and electronic
structures combinations. Experimental values: δE = 1.25 -1.56 eV [95, 94].

In order to compare our calculation results with experiments we compute the
energy difference of CL´ HOMO and VBM of water. Results are summarized in
Table 4.2. Here we can see that the best agreement with experiment is achieved with
the PBE0+vdW MD trajectories and the model GW electronic structure. However
it is important to note that all of the four MD trajectories show considerable improvement with the application of the GW electronic structure as compares to the
PBE and PBE0. The inclusion of the model GW calculation show considerable improvement to the computational results of Ref. [169, 159], however further theoretical
work is needed to bring the calculated δE with the experimental range.
Conclusions
In this offshoot of the previous solvated ions section we preformed a comprehensive
set of calculations in order to determine the energy difference between the HOMO
of aqueous Cl´ ions and that of VBM of liquid water. We approached this project
with three different electronic structure methods from the configurations generated
by four different exchange-correlation functionals. It was found that of the three
electronic structure methods that the recently introduced model GW calculation
improved upon previous calculations, with respect to experiment.
However, as mentioned in opening section of this Chapter, the results of the
model GW calculations can only be tentatively accepted at this time. The model
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dielectric used in section (2.4) was empirically based on bulk water, therefore it is
not yet know if the inclusion of the Cl´ will serious alter the model. Further work
must be performed in order to confirm or deny the use of our model GW to the case
of aqueous Cl´ ions, however if confirmed the results are very promising.
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CHAPTER 5

AB INITIO X-RAY EMISSION
SPECTROSCOPY

Recent work in Refs. [105, 153, 20] have successfully applied the model GW method
introduced in section 2.4 in the first principles calculation of the x-ray absorption
spectrum (XAS), of liquid water generated from ab initio molecular dynamics. In
such cases they were able to accurately reproduce experimental absorption spectra
despite the fact that the trajectories were based on a DFT through CP dynamics. The
success of such implementations opens the question as to whether the inverse decay
process known as, x-ray emission, can be accurately described by a similar process.
One of the immediate concerns however is that unlike the case of x-ray absorption,
where the excitation can be considered an instantaneous process, the previously
vacated core-hole of the excited water molecule in the x-ray emission process has
a finite, non-negligible, lifetime of around 3-4 fs [171, 172]. While this is too fast
for major rearrangements of the solvation shell, ultra fast molecular dissociation of
excited water molecules can happen in such a time scale [173].
The underlining principles behind the computational approach above are not, in
themslef, new ideas. Many studies have been performed over the last ten years[174,
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175, 176, 177, 178], using a similar approach: calculation of molecular trajectories,
construction of electronic structure, and finally calculation of transition probabilities. In this chapter, however, we will develop a novel method for the calculation
of the x-ray emission spectrum of liquid water based on the cp molecular dynamics
trajectories and using electronic structures generated from the model GW techniques
developed in section 2.4 Chap 4. With this GW based electronic structure we will
then be able to generate transition probabilities for the filling of the core-leve vacancy of the excited water molecule with a valence electron, this will be done using
Fermi’s Golden Rule [12]. A successful model of the XES of water will have to take
into account the above mentioned ultrafast molecular dissociation of the excited
water, therefore we will generate a second set of, short-lived, molecular dynamics
trajectories that contain an excited water molecule, this will be known as core-hole
molecular dynamics (CHMD). From these CHMD trajectories we will select a variety of configurations from which to calculate the electronic structures and transition
probabilities.
It should be stressed that this methodology is still a work in progress and many
more obstacles need to be surmounted in order to effectively use this in a practical
setting. Therefore in this chapter we will focus mainly on the methodology involved
with all aspects of the calculation and some preliminary results that will be expanded
upon in future work [10]. Even from such results a clear pattern as to the nature of
the XES spectrum emerges, from this we will be able to suggest future directions for
this ongoing research. However we will, at this point, shy away from taking a side
in the recent controversies in XAS and XES scientific literature described below.
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5.1 X-Ray Spectroscopy
The field of experimental x-ray spectroscopy has undergone a radical change over
the last 10 years with the introduction of third generation synchrotron radiation
sources [179] and the introduction of micro-jet techniques [180, 181]. Both have
allowed for the direct probing of the electronic structure of liquid water samples.
However with such new techniques has come much controversy mainly due to the
connection of the hydrogen bond network and the appearance of a split 1b1 peak in
the emission spectrum [176, 182], but also from the nature of the isotope effect [180,
181, 175]. It is the eventually goal of this work to help alleviate such controversies.
Applied to liquid water, X-Ray Spectroscopy can be divided into two inverse
processes as shown in Fig. 5.1: (a) X-Ray absorption spectroscopy where an incident
photon promotes a 1s O electron to the conduction band and (b) X-Ray emission
where the 1s O core vacancy is filled by an electron from within the valence band.
The process of excitation in XAS can be made to follow the traditional FranckCondon picture that applies to the majority of electronic spectroscopies. Here the
excitation is instantaneous and the configuration during the promotion can effectively
be considered as frozen. Furthermore, the near-edge XAS spectrum has three main
features [105] denoted as the pre-edge (535 eV), main-edge (537-538 eV) and postedge (540-541 eV) that correspond to the energy of of the incident photon.
Due to the fact that the XAS and XES processes are inexorably linked, the energy
of the incident photon in XAS has a direct effect on the evolution and structure of
the XES spectrum as the core-vacancy is initially created by the promotion of the 1s
O electronc̃iteEnemy1,Enemy2. Here we can see in Fig. 5.1 that if the (a) incident
photon has a sufficiently high energy (post-edge of the XAS spectrum) then the
1s O electron will be promoted to the continuum therefore effectively removing it
from interacting with the valence electrons and core-hole during the decay. This is
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IP

IP

Valence Band

Valence Band

(a)

(b)

Figure 5.1: Schematic diagram for (a) X-Ray Absorption Spectroscopy and (b)
X-Ray Emission Spectroscopy

known as Non-Resonant XES. On the other hand, if in (b), the incident photon does
not have sufficient energy to remove it to the continuum then the excited electron
will be prompted to the low-lying conduction band where it will interact with the
valence electrons and core-hole in what is known as Resonant XES [182]. In the
work presented below we will deal exclusive with Non-Resonant XES, thus avoiding
the complicated set-up of a Resonant XES calculation.

134

IP

IP
Valence Band

Valence Band
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(b)

Figure 5.2: Schematic diagram for (a) Non-Resonant X-Ray Emission Spectroscopy
and (b) Resonant X-Ray Emission Spectroscopy
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XES Calculation with Core-Hole Molecular Dynamics (CHMD)

a)

CPMD Simulation
1. Positions (t and t − dt)

Positions (t)

2. Velocities (t and t − dt)

b) Select Excited Oxygen, I
(core-hole pseudopotential)

3. Forces (t)

c)

d)
Positions (t − dt)
Velocities ( t, t − dt)
Forces (t)

GroundState
Calculation

Core-Hole
Molecular Dynamics

e) Select Core-Hole
MD snapshot, J

f) Electronic Structure
(Using GWA or DFT)

g)

XES Calculation
(Fermi Golden Rule)
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h) Chemical Average
(Each CHMD Step)

Yes

Yes
IT = NO xy ?

No
JT = NC H M D ?

Figure 5.3: Overview of the X-Ray Emission Spectrum calculations
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5.2 Calculation Details
The general overview of these calculations is presented in Fig. 5.3. As mentioned
above, we will begin this process in Fig. 5.3 (a) by equilibrating two different CPMD
simulations of liquid water. Each of these simulations with contain 64 water molecules
in a in cubic box of 23.510 bohr, corresponding to the ambient density of liquid water.
Both simulations are preceded by a 3 ps equilibrium run and then continued over a
20 ps time scale within the canonical ensemble (2.2.3). An elevated temperature of
T “ 330K is used, which has been found to approximately capture structural softening of H-bond in liquid water due to the quantum nuclear effect [38]. The atomic
force is calculated by DFT using a different functional for each of the simulations: 1)
the PBE functional [33] and 2) the PBE with van der Waals corrections [143] with
a kinetic energy cutoff of 70 Ry. All calculation are performed using the QuantumEspresso code package (A). These initial trajectories we will provide the base of
information needed in order to excite the oxygen atoms.
Selective excitation in Fig. 5.3 (b) is performed on trajectory snapshots from the
above simulations. In this process we shall consider that the initial excitation of
the core-electron was completed by a post-edge incident electron, therefore, promoting the electron to the continuum, and thus removing it from interaction with the
core-hole and the remaining valence electrons. This assumption is important as it
allows us to replace the excited oxygen’s electron pseudopotential (section 2.1.4)
with a ionized pseudopotential which was calculated with a 1s vacancy [105]. However, this naive replacement of the pseudopotential destroys the groundstate charge
density of the previous calculation, therefore in Fig. 5.3 (c) a new groundstate charge
density minimization is performed using the atomic positions from the ordinal MD
with the replacement of the excited oxygen’s pseudopotential with the new core-hole
pseudopotential.
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Once a new groundstate charge density for the core-hole system has been generated we can then switch on the CHMD in Fig. 5.3 (d). These CP based[4] dynamics
will run for approximately 15 fs and will be based on a similar system as the main
MD simulations, however they will sample the microcanonical (NVE) ensemble. Unfortunately, in addition to the implementation of the core-hole excitation through
pseudopotential replacement, the very nature of the Born-Oppenheimer approximation forbids radiant transitions [15]. Therefore, the simulation of the CHMD with the
core-hole pseudopotential using DFT based techniques will not allow for the decay of
the core-hole. Therefore we must turn to the calculation of transition probabilities
from accurate GW based electronic structures.
In order to do this we will first sample core-hole snapshots from the 15 fs trajectories and perform our model GW electronic structure calculation as in Fig. 5.3 (d).
This will provide the required wavefunctions needed to perform Fermi’s golden rule
for transition probabilities in Fig. 5.3 (e) [12],
σ“

ÿ

4π 2 α0 ~ω |xψi | x |ψf y|2 δ pω ´ ωi q

(5.1)

i

where the transition matrix is evaluated in the electric-dipole approximation from N
initial, valence electron, states |ψi y to the final, 1s O hole, |ψj y. Here both the final
and initial states are quasiparticle states. Due to the nature of the final 1s O those
states with a smaller p-character (such 1b2 and 3a1 ) will produce less intensity then
the p character dominate 1b1 states [179, 182].
However, before this calculation can be carried out, one small subtly must be
observed. The calculation of |ψi y and |ψi y were carried out in a pseudopotential
based approach, which, recalling from section 2.1.4, alters the wavefunction in the
location of the core electrons. Unfortunately this is not acceptable for (5.1) as the
final, 1s core states will be severely altered. Therefore we employ a method of
reconstruction from Ref [105] that is based of the original work by Bloöchl [132],
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where we construct a transformation from the pseudo-wavefunctions back to the allelectron wavefunctions. The sampling of the CHMD trajectories can continue on at
arbitrary intervals.
In order to take into consideration the random chemical nature of the water
molecular trajectories we will further perform a chemical average and core-level
shift [105, 20] of all excited oxygens spectrum as show in Fig. 5.3 (h). These averages will be performed over all 64 water molecules for each sampled snapshot of
the CHMD. Because of the intense computational burden of such calculations in
these preliminary results we will also make use of a cheap version of the model GW
calculation that does not take in to consider the local fields of (2.170) and uses
averaged values for the density in (2.166).
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5.3 Preliminary Results and Future work
In this section we shall briefly summarize the results achieved thus far, starting with
the comprehensive time evolution, in Fig. 5.3, using the Non-homogeneous version
of our model GW calculation mentioned above. From t “ 0f s we can see that the
spectrum is dominated by three peaks, which correspond to the 1b2 , 3a1 and 1b1
states presented in chapter 4. This is consistent with some of the earliest data on
water vapor XES [179]. As time evolves, we can see the collapse of the 1b1 peak
and emergence of a secondary 1b1 peak this secondary peak is also shown in Fig. 5.5
where we used the more expensive local field model GW.
At the time of this writing it is unknown what mechanism is responsible for the
collapse of the 3a1 peak and appearance of this secondary 1b1 peak. However, this
is consist with current experiments [179], where the prevailing thought is that the
evolution is associated with the rearrangement of the molecular orbitals due to the
ultrafast dissociation [173]. Further work, and a comprehensive analysis of of the
underlining orbitals structures is therefore required [9].
In order to associate these results with experiments in a quantitative way we
compare the width of our non-local GW spectra at different at different CHMD times
with the experiments of Ref. [179, 180]. Such a comparison is shown in Table 5.1,
and a crude comparison aligned and normalized with experiments is shown in .
While we see a fairly good comparison it should be noted that our core-hole lifetimes
are currently to large compared to the calculated values. Future work on how the
inclusion of more accurate functionals will effect this situation is also planned [9].
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Figure 5.4: Time evolution of x-ray emission spectra for both PBE and PBE+vdw
solutions using non-homogenous model GW
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Figure 5.5: Time evolution of x-ray emission spectra for both PBE and PBE+vdw
solutions using local field model GW
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Figure 5.6: Comparison of x-ray emission spectra with experiments

Time (fs)
EXC
PBE
PBE+vdW

3.39

4.66

5.66

7.62

3.56
2.84

4.93
4.87

5.01
–

3.19
5.98

Table 5.1: X-ray emission spectra width in eV. Experiment value: 5.77 eV [179]
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CHAPTER 6

CONCLUSIONS

In this thesis we have presented a wide range of topics dealing with the electronic and
structural description of liquids and solids. The goal of this work was to introduce
and implement a wide variety of physically accurate methodologies, that were both
computationally efficiency and practically feasible. This was primarily done through
the use of maximally localized Wannier functions, whose localized nature has aided
us not only in the calculation of non-local properties such as the exact exchange
but has also allowed us to establish a classical correspondence with the electron in a
chemical bond.
In Chapter 3 we presented a model of functional piezoelectricity in perovskite
superlattice with competing instabilities that was based on a layer decomposition of
a constrained D-field system. In such a system we made use of Wannier functions
in the description of the layer polarization and the layer height from which we were
able to empirically fit a truncated cluster expansion to a database of 4-sequence
superlattices. These expansions allowed use to calculate other tunable parameters
such as the electric filed, total polarization, total lattice height, dielectric response,
stress, strain, and piezoelectricity for arbitrary stacked superlattices of the same
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constituents. From this we were able to examine piezoelectricity under applied fields
has a function of composition and at the interfaces as a function of interface isolation.
The predictive power of the of these models could lead to the design of novel materials
that can utilize tunable enhancements.
In Chapter 4 we employed a newly developed model GW calculation in the description of the electronic spectrum of aqueous ionic solutions. This GW method
also utilized a MLWF-based approach in the calculation of the screened exchange
part of the self energy operator. This MLWF-based approach coupled with the use
of an empirically determined form of the dielectric matrix was used to greatly decrease the time needed in the calculation of the electronic structures. Furthermore
we implemented an integration scheme that would allows us to investigate the contribution of individual to the overall electronic spectrum. This allowed us to make
both molecular assignments and energy difference calculations.
In Chapter 5 we again made use of the MLWF-based model GW calculation that
was empirically derived from liquid water to study the x-ray emission spectrum of
liquid water. The initial design of this complex calculations was introduced as starting from an ab initio molecular dynamics sample that then undergoes instantaneous
excitation (removal) of an oxygen core electron, which leads to the dissociation of
the excited water molecule via ultrafast core-hole dynamics. From these dynamics
we were able calculate the GW electron structure and transition probabilities. While
not a finished product, the initial calculations produce a spectra that are in a loose
qualitative agreement with experimental trends and provides a jumping-off point for
future work.
The field of computational physics has come a long way in the last 100 years,
but there is still much more work to be done. Calculations considered impossible
10 years ago, are standard today. In order to continue this trend, advancements in
theory and implementation must keep pace with computer hardware development.
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It is our hope that this work contributes to that cause, even in the smallest way.
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APPENDIX A

COMPUTATIONAL RESOURCES AND TOOLS

This thesis was only possible through the support of supercomputing facilities such
as National Energy Scientific Computing center (NERSC), and the Extreme Science
and Engineering Discovery Environment (XSEDE) which are both a collection of
multiple supercomputers funded by such agencies as the Department of Energy and
the national science foundation. We also made use of computational support from
Temple’s own Institute for Computational Molecular Science (ICMS).

A.1 Clusters and Supercomputers
A.1.1

Edison Cray XC30 (NERSC)

The workhorse of the calculations in this thesis has been NERSC’s newest stateof-the-art petaflop system the Cray XC30 Edison. This new system has a peak
performance of 2.39 petaflops/sec and Edison’s newest Phase II development have
seen the addition of 10 times the number of original cores to a total of 124,800
“Ivy Bridge” 2.4 GHz cores. A total of 12 cores are situated on a single node
with 64 GB of DDR3 1866 MHz shared RAM. Nodes are connected via the High
Speed Aries Dragonfly topology with a scratch directory bandwidth of 140 GB/sec.
The impressive hardware coupled with it’s strong support of the Intel programing
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environment with the ultra fast Math Kernel libraries (MKL) have greatly reduced
wait times. For Example: a PBE0+vdw MD Simulation can complete «1 ps a day
as opposed to the 1 ps per week with other resources.
A.1.2

Hopper Cray XE6 (NERSC)

Prior to the completion of NERSC’s Edison, the flagship supercomputer at NERSC,
and the facility’s first petaflop spercomputer was the Cray XE6. It still remains
the NERSC’s largest machine with 153,216 compute cores. The cores a situated so
that each node carries two twelve core “MagnyCours” 2.1 GHz processors for a total
of 24 cores per node. Each node is equipped with 32 GB of DDR3 1333 MHz of
shared RAM. Nodes are connected through the Gemini 3D torus network with a
maximum band width of 8.3 GB/sec. The Hopper supports Intel, PGI, and GNU
Programing environments. The initial work on the Photoelectron spectroscopy in
this thesis made heavy use of the Hopper system
A.1.3

Kraken XT5 (XSEDE)

Another machine that was used extensively in the earlier part of this thesis work
was NICS’s Cray XT5 Kraken. A slightly older but still viable petaflop resource
that has recently be scheduled for decommission. The Kraken has 9,408 compute
nodes with two 2.6 GHz six-core AMD Opteron (Istanbul) processors, for a total of
112,896 cores, and a total of 16 GB of DDR3 1333 MHz shared RAM. The Kraken
also supports multiple programing environment such as the Hopper.
A.1.4

Owlsnest (Temple University)

Since 2011 Temple University has been running a moderate size cluster of it’s own
that has been a great testbed for new simulations and calculations. The cluster
is known as Owlsnest and is made up of a collection of different compute nodes
such as a conventional nodes, high-memory nodes, big memory nodes, multi-core
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nodes, and GPU nodes. The research contained in this thesis primarily used the
conventional nodes, which are made up of two six-core Intel Xeon “Westmere EP”
X5660 processors with 12 GB of shared RAM and a QDR infinibad interconnect, and
the GPU nodes, which contain 4 four-core Tesla C2050 with 3 GB of shared RAM
each and a QDR infinibad interconnect.

A.2 Software Packages
The calculations in the this thesis were carried out with two major software packages,
one-open source one proprietary, and are listed below. Each of these packages was
modified on a scale ranging from slightly to heavily in order to accomplish our goals.
A.2.1

Quantum Espresso

Almost all of the algorithms presented in this thesis have been implemented into the
standard distribution of QUANTUM-ESPRESSO [86], which is an open-source, modularly integrated package for electronic structure codes using DFT, plane-waves and
pseudopotentials of the norm-conserving, ultrasoft, and projector-augmented wave
variety. QUANTUM-ESPRESSO is well suited to massively parallel architectures,
with 5 levels of MPI parallelization and support for MPI/Open-MP hybridization.
In particular, we chose to work with the Car-Parrinello (CP) ab initio molecular
dynamics (MD) module.
The CP module is not only capable of performing MD in the microcanonical and
canonical ensembles (via Nosé-Hoover chained thermostats [70]), as well as variable
cell dynamics. It is also capable of performing electron and ionic minimizations using damped dynamics or conjugate-gradients for the ionic and electronic degrees of
freedom. Most importantly, the CP Module can generate MLWFs “on-the-fly” by
minimizing the spread functional. This “all-in-one” feature is ideal for the investigation of a wide variety of systems.
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The above CP module has been modified to include new subroutines that, after
an initial ground state calculation and determination of MLWFs in real space, will
efficiently solve the Possion equations in (2.140). This will be done by discretizing the
Laplace operator and solving the resulting linear system through minimization with
the Conjugate Gradient method. Similar subroutines will also be employed for the
nonself-consistent band gap calculation which requires one to solve the corresponding
Possion equation in (2.140). Current modifications have allowed for scalability up
to integer multiples of Nstates using QUANTUM ESPRESSO task groups feature
which allow use to consider several wavefunctions at one time. Recent work has
also be done to include the TS-vdw subroutines [143, 158, 68] and the BSE/GW
quasi-particle [20, 153] equations within the pre-existing code structure.
A.2.2

Lautrec

LAUTREC is a privately distributed electronic structure package designed and
implemented by Massimiliano Stengel [131]. It originally made use of both normconversing and ultra-soft pseudopotentials for both large and small scale DFT calculations and Car-Parrinello simulations, but now also incorporates PAW potentials.
This will primarily be used in the calculations that involve the constrained D-field
of the Superlattices in chapter 3.
A.2.3 Analysis programs and scripts
All original analysis and job creation and calculation management was done via
a combination of complied languages and scripting languages. The main compiled
languages used where FORTRAN90, FORTRAN2003, C, and C++. Such compiled
languages (in addition to a heavy dose of the fantastic scripting language Python,
see below) were used mainly in creation of analysis programs such as the calculation
of the Density of States, realspace projections, radial distribution functions, mean
squared displacement, piezoelectric model calculation etc. Use of standard libraries
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such LAPACK, ScLAPACK, and BLAS, where used throughout. When available use
of parallelization libraries such as the shared memory OpenMP and the distributed
memory MPI were used to increase the speed and efficiency of such calculations.
As most of the work involved in this thesis involved chaining a large amount of
calculations from compiled language and software package executables together the
use of interpreted scripting languages such as Python, Perl, and BASH as been indispensable. Such scripts were used to guide the calculation of the piezoelectric model
database, calculate the layer polarization and heights, run the both Photoemission
spectrum and the X-Ray Emission spectrum calculations. Furthermore the use of
such Python-specific third party modules such as NumPy, SciPy, and mpi4py have
greatly helped the rapid development of new scripts and calculations.
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APPENDIX B

MOLECULAR DYNAMICS STRUCTURAL
ANALYSIS

As addressed in recent works [38, 74, 73, 68], accurately simulated dynamics must,
at least in an approximate way, reproduce experimental structural findings such as
coordination number and salvation shell structures. Performing long scale molecular
dynamics simulations is a delicate endeavour that must be closely monitored to
ensure physically relevant results. From a structural viewpoint this requires that one
compare the radial distribution function (RDF), the related coordination number, and
the mean squared displacement (MSD) to experimental values. In this Appendix we
will look briefly at some techniques involved in evaluating each.

B.1 Radial Distribution Function
The RDF can be related to the pair correlation function in 2.20 for individual atoms.
In this context gpr, r1 q gives the joint probability that two atoms (as opposed to electrons in the original context of section 2.1) will be located at positions r and r1 at a
given time. Although we can generalize this concept to higher order, normally this
second order distribution function is adequate to calculate thermodynamics proper163

ties such as the equation of state, provided are sample is indeed ergodic. Since we
will mainly be dealing with the homogeneous and isotropic system of liquid water
we can make the simplification that the pair correlation function is sufficiently as
function of atoms distance gpr, r1 q “ gp|r ´ r1 |q “ gprq, in such cases we refer to the
pair correlation function as a Radial distribution functions (RDF).
The RDF can be determined by, using the notation of Ref [183], averaging the
number of atom-atom pairs inside a spherical shell with a width that varies from r
to r ` dr,
pprq
,
drÑ0 4πpNpairs {V qr 2 dr

gprq “ lim

(B.1)

where pprq is the average number of particles found in width dr, Npairs is the total number of atomic species dependent pairs. The determination of Npairs can be
divided into two subclasses, (1) when the atomic separation is determined by two
atoms of different species then Npairs “ N1 N2 where N1 and N2 are the number of
atoms form species one and species two, respectively, (2) when the atomic separation
is determined by two atoms of the same atomics species then Npairs “ N1 pN1 ´ 1q
where N1 is the number of atoms of the particular species in question (only one
species in this case). In liquid water, the RDF can be used in the determination of
the coordination number, which is the number of atoms that surround a random H2 O
atom, by integrating the 4πr2 pNpairs {V qgprqdr until the value of the first minma as
shown in Fig B.1.
The average number of particles found within the shell dr are can determined in
the continuous case by,
Nf
1 ÿ ÿ
pprq
Nf i jPN

1

ÿ
kPN2 ;k‰j
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δpr ´ rijk q,

(B.2)
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Figure B.1: Example radial distribution function and coordination number calculation. Here the coordination number is equal to 4

and the in the finite case as,
Nf
1 ÿ ÿ
pprq
Nf i jPN

1

ÿ

Nÿ
bins

kPN2 ;k‰j

n

dn pr; rijk q,

(B.3)

where Nf is the number of frames, N1 and N2 are the set of atomic species one
and two (may overlap), dn is a histogram (with Nbins total number of bins) which
replaces the delta function in the continuous case and determines the number of
atoms in between r and dr for each frame, and finally rijk is the distance between
the jth and kth atom in the ith frame. It is important to note that in the calculation
2
of rijk (in practice we use rijk
),

rijk

b
“ |xijk |2 ` |yijk |2 ` |zijk |2

(B.4)

one must consider periodic boundary conditions, such that for the x-coordinates,
#
|xk ´ xj |
if|xk ´ xj | ď a{2
|xijk | “
a ´ |xk ´ xj | otherwise
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(B.5)

where xj and xk are the x-coordinates for the jth and kth atoms in frame i and a is
the length of the supercell in the x-direction.
B.1.1

Mean Squared Displacement and the Diffusion Coefficient

In order analyze the fluidity of water simulations one can look to Frick’s law
which is a dynamic transport property relating mass flow to the density gradient,
Bρpr, tq
“ ´D∇ρpr, tq,
Bt

(B.6)

where ρpr, tq is the mass density in the continuous case and D is the diffusion coefficient. As we can see from the above equation, the diffusion coefficient is related to
the rate at which the fluid flows. Here we are manly concerned with the self-diffusion
of water molecules centered at the Oxygen sites, as opposed to the individual species
of Oxygen and Hydrogen. Within a discrete particle system,
N H2 O

ρpr, tq “

ÿ

δprptq ´ rpt ` dtqq,

(B.7)

j“1

where NH2 O is the total number of water molecules and r is the position of the water
molecules at time t and t ` dt.
We make use of the diffusion coefficient within our simulations by using the
Einstein relation,
CNH O
ÿ2

G
2

rrj ptq ´ rj pt “ 0qs

“ 6Dt ` bo ,

(B.8)

j

where the term in angle brackets is the mean-squared-displacement (MSD) which is
the squared displacement from positions at t “ 0 averaged over all time steps. Here
we can see that a plot of the MSD vs. time will produce a line with slope D and
intercept bo . Unfortunately long simulation times (100 ps or more) are needed for
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such a line to converge, so in the spirit of Ref. [38] we will use the plots of the mean
squared displacement as qualitative tool to determine, relatively, the fluidity among
our simulations.
Calculation of the MSD is performed by considering an “origin” time and then
averaging the squared displacement of all water molecules from their origin positions
over each time-step. It is important to note that we must ignore the periodic boundary wrap-around of the previous RDF section and use true displacements, as the
inclusion of the PBC will shorten displacements crossing the boundary.
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APPENDIX C

CLUSTER EXPANSION COEFFICIENTS FOR
PIEZOELECTRIC MODEL

As describe in the main text Chapter 3 below are the fitted Truncated Cluster Expansion valued use in the modeling of the layer polarization pj pDq and the layer
height hj pDq for both the BaTiO3 /CaTiO3 and the PbTiO3 /SrTiO3 superlattices.
It should be re-emphasised that each of the expansions of the layer polarization and
the layer height were broken up into even and odd terms and fitted to the experimental data accordingly. The model used for the BaTiO3 /CaTiO3 Superlattice utilaized
a poltnomial expansion up to 7th order where as the PbTiO3 /SrTiO3 used a polynomial expansion up to 15th order. The higher order of the PbTiO3 /SrTiO3 model
was justified by the non-linear spikes in the calcualted ranage of the piezoelectricty.
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Table C.1: Fitted interaction coefficients for the layer height, hAO , of the BTCT AO
planes.

0th
2th
4th
6th

J

3.56400
0.17890
-0.08993
0.32295

0.28741
0.19940
-0.68916
1.68845

J12

J1̄2

0th -0.00167
2nd 0.00893
4th 0.03373
6th -0.09693
J˜1
1st
3rd
5th
7th

J0

J1

J2

J01

-0.04282 0.00138 0.00633
0.07355 -0.00255 0.02175
0.00323 -0.03167 -0.09786
0.11671 0.01027 0.15850

J02

0.00275
0.00119
-0.08728
0.21452

J1̄1

0.00155
0.00579
0.14743
-0.69932

J2̄2

-0.00167 0.00069
0.00893 -0.00128
0.03373 -0.01583
-0.09693 0.00513
J˜01
J˜12

0.02261 -0.05497 0.00213
0.10197 -0.20130 -0.00808
0.09844 -0.09755 -0.18698
-1.15537 3.22568 0.94448

J˜2

0.00000
0.00000
0.00000
0.00000

Table C.2: Fitted interaction coefficients for the layer height, hT iO2 , of the BTCT
TiO2 planes.

0th
2th
4th
6th
1st
3rd
5th
7th

K

K1

K2

K12

3.56404
0.17860
-0.08692
0.28278

0.10361
0.15994
-0.33133
0.63598

-0.00105
0.01049
-0.05264
0.38184

-0.00078
0.01068
-0.07122
0.15156

K̃1

K̃2

K̃12

K̃2̄1

0.13269
0.13959
-0.20380
1.07274

-0.00158
-0.05209
0.06523
-0.17040

0.01340
0.01949
0.05165
0.34585

0.00366
-0.01456
-0.01707
-0.19523
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K1̄1

0.00686
0.06047
0.17188
-0.80541

K2̄1

0.00106
0.00421
-0.02026
-0.15549

K2̄2

0.00069
-0.00373
-0.06189
0.30761

Table C.3: Fitted interaction coefficients for the layer polarization, pAO , of the BTCT
AO planes.

1st
3rd
5th
7th
1st
3rd
5th
7th

J

J0

J1

J12

J1̄2

J2̄2

J2

J01

J02

J1̄1

2.19075 0.35188 -0.00931 0.00116 0.02447 0.00447
0.00113
-0.17119 -0.14406 0.03968 0.00281 -0.16177 -0.01911 -0.02323
0.74116 -0.07370 0.70359 -0.00347 0.18868 0.17947 -0.299978
-0.24565 -0.34657 -1.72299 0.03713 -2.03529 -1.66663
4.01612
-0.00311 -0.0311
-0.00212 -0.00212
0.00399 0.00399
0.63036 0.63036
J˜1
J˜01

0.00058
0.00140
-0.00174
0.01857
J˜12

0th -0.01686 0.04733 -0.00157
2nd -0.03790 -0.09216 -0.02002
4th 0.06715 0.29052 0.10911
6th 0.17034 -1.05338 -0.16223

J˜2

0.00000
0.00000
0.00000
0.00000

Table C.4: Fitted interaction coefficients for the layer polarization, pT iO2 , of the
BTCT TiO2 planes.

1st
3rd
5th
7th
0th
2nd
4th
6th

K

K1

K2

K12

1.52177
0.15502
-0.40782
0.82067

0.01787
0.08024
0.28117
-1.95496

-0.00548
-0.08950
0.27124
-0.65181

0.01184
0.09481
-0.32499
0.43881

K̃1

K̃2

K̃12

K̃2̄1

-0.11488
0.22317
-0.01311
-0.12117

0.01376
-0.03493
-0.02126
-0.20287

-0.01770
0.07286
0.00201
0.11466

-0.00002
-0.00777
-0.06562
0.27909
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K1̄1

-0.05987
0.02148
-0.20142
3.25881

K2̄1

-0.00427
0.05118
-0.25421
0.60790

K2̄2

-0.00016
0.04399
-0.36897
0.080947

Table C.5: Fitted interaction coefficients for the layer height, hAO , of the PTST AO
planes.

0th
2th
4th
6th
8th
10th
12th
14th
0th
2nd
4th
6th
8th
10th
12th
14th
1st
3rd
5th
7th
9th
11th
13th
15th

J

J0

J1

J2

J1̄1

J12

J1̄2

J2̄2

J01

J02

3.64387
0.08886
-0.01817 -0.00078
0.00155
0.00022
0.23511
0.10079
-0.08436 -0.00444 -0.00771
0.00045
0.59660
-0.80996
0.20339 -0.26170 -0.44703
0.11344
-13.17595
10.40095
4.60622 2.66828
0.50047 -0.62983
85.71152 -67.30075 -40.23867 -9.26644 11.63134 -2.03343
-252.53060 201.83876 132.12051 12.43706 -50.81810 19.51292
354.57031 -287.69285 -197.20544 -1.94367 81.76184 -43.05575
-193.01804 158.39759 112.01487 -5.74404 -47.30351 30.71746
-0.00005
-0.00699
0.44074
-6.07498
37.16017
-113.15597
168.05564
-97.13444
J˜1

-0.00043
0.01423
0.04540
-0.50446
-0.60295
10.20401
-23.56145
16.93107
J˜01

-0.00043
0.01423
0.04540
-0.50446
-0.60295
10.20401
-23.56145
16.93107
J˜12

0.04528
-0.01910
-0.00777
-0.10580
0.08259
0.08263
-1.35933
1.93034
-1.46835
4.77646
-6.67114
13.92872
12.12403 -11.35067 -62.62396
-87.46957
87.95618 143.18413
158.72424 -150.93334 -162.12123
-97.09871
86.21546
72.24226
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-0.00039
-0.00222
-0.13085
1.33414
-4.63322
6.21853
-0.97184
-2.87202
J˜2

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

Table C.6: Fitted interaction coefficients for the layer height, hT iO2 , of the PTST
TiO2 planes.

0th
2th
4th
6th
8th
10th
12th
14th
0th
2nd
4th
6th
8th
10th
12th
14th
1st
3rd
5th
7th
9th
11th
13th
15th

K

K1

K2

K̃2

K̃12

3.64386
0.02691
-0.00161
0.23449
-0.06573
0.02707
0.62321
0.18073
-0.74104
-13.59087
5.76695
7.83415
88.28272 -49.16188 -39.05664
-260.07667 156.16070 100.28534
365.14579 -225.20950 -129.05058
-198.73206 123.71390
66.02564

K12

0.00060
-0.00767
-0.05770
0.73879
-1.47097
-3.47402
14.03516
-11.92998
-0.00522
-0.06182
0.02126
5.98732
-43.42044
131.21835
-185.98953
101.77343

-0.01611
0.07192
1.38224
-10.89050
27.24168
-12.46431
-44.14326
48.24531

K̃2̄1

0.01764
0.00120
-0.09714
0.05753
-0.94329 -1.68498
5.81758 13.57883
-3.31482 -49.36807
-40.69182 88.83926
99.92461 -73.93327
-70.24347 20.28001
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K2̄1

0.00010
0.00062
0.00018
0.00542
0.03820 -0.00330
0.14963 -0.94627
0.33805
-1.59879
1.34695 -3.69831
4.96457 12.86676 16.63176
-3.38307 -51.73124 -37.06958
-7.66240 71.92358 40.65904
9.71795 -35.00917 -17.51016

K2̄2

K̃1

K1̄1

Table C.7: Fitted interaction coefficients for the layer polarization, pAO , of the PTST
AO planes.

1st
3rd
5th
7th
9th
11th
13th
15th
1st
3rd
5th
7th
9th
11th
13th
15th
0th
2nd
4th
6th
8th
10th
12th
14th

J

2.30724
-0.06596
-3.32062
52.00791
-287.81808
778.45974
-1036.19615
543.95756
J02

-0.00213
0.15200
-3.42461
30.72776
-134.87037
311.68651
-365.54702
171.86276
J˜1
0.02128
0.08925
0.31625
0.97595
-31.29034
131.58847
-219.66978
133.03580

J0

J1

J2

J01

J1̄1

J12

J1̄2

J2̄2

0.00996
-0.04371
-1.82579
9.45914
-8.39518
-38.27073
96.22183
-64.55368

-0.00057
-0.03917
0.73274
-6.23892
26.62433
-59.31477
66.27923
-29.36871

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

-0.14334
0.05845
-0.00070
0.00104
0.56357
-0.29507
0.01282
-0.14723
4.03072
1.69344
1.33854
-0.00204
-68.14816 -17.59319 -17.11802
10.17116
374.60641 105.75320
82.82322 -76.43826
-1011.25954 -317.67327 -196.03714 251.91455
1351.09762 461.80859 228.26877 -391.30784
-714.08143 -260.29327 -104.75284 232.68525
0.00428
-0.00391
-0.00391
-0.15457
0.03723
0.03723
2.92074
-0.86330
-0.86330
-20.29075
9.72962
9.72962
60.92921 -46.50858 -46.50858
-72.18667 108.44717 108.44717
0.35546 -122.73168 -122.73168
41.22380
53.90687
53.90687
J˜01
J˜12
J˜2
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-0.00035
0.00641
0.66927
-8.55901
41.41161
-98.01857
114.13439
-52.37642

Table C.8: Fitted interaction coefficients for the layer polarization, pT iO2 , of the
PTST TiO2 planes

1st
3rd
5th
7th
9th
11th
13th
15th
1st
3rd
5th
7th
9th
11th
13th
15th
0th
2nd
4th
6th
8th
10th
12th
14th

K

K1

K2

K12

K̃2

K̃12

K̃2̄1

1.53444
0.10165 -0.02364
0.00167
0.03111
-0.13732
0.11310
0.07047
1.64711
-1.86036 -0.28248 -1.50761
-18.17477
21.79846
3.66340
6.99064
87.84077 -104.12732 -23.28574 -10.33118
-217.54078 261.18908 64.40352 -9.83014
271.39660 -335.67036 -82.62680 42.75302
-135.41103 173.95181 40.49106 -32.65635
K2̄2

0.00810
-0.0608
0.86955
-9.47717
44.27840
-97.92986
101.29506
-38.53243
K̃1

0.09155
-0.16510
0.34749
-1.13885
7.87215
-28.58369
46.65415
-28.26860

-0.00091 -0.00026
0.00029
-0.01607
0.06177
0.00448
-0.40851
0.36036 -0.06000
3.63476 -3.77974
0.72132
-9.08315
8.40248 -7.34137
1.74314
2.05731 31.74353
21.82901 -26.98673 -58.74365
-21.94199 23.93751 39.25096
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K1̄1

K2̄1

-0.02827
0.00215
0.32289
-0.09686
1.17460
1.30886
-13.87954
-9.69553
51.39362
41.95564
-111.68508 -103.38333
142.80319 133.34473
-79.92759 -69.64864

