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ABSTRACT

CONSTRAINT PRECONDITIONING OF SADDLE POINT PROBLEMS

Scott Ladenheim

DOCTOR OF PHILOSOPHY

Temple University, May, 2015

Professor Daniel B. Szyld, Chair

This thesis is concerned with the fast iterative solution of linear systems of

equations of saddle point form. Saddle point problems are a ubiquitous class

of matrices that arise in a host of computational science and engineering appli-

cations. The focus here is on improving the convergence of iterative methods

for these problems by preconditioning. Preconditioning is a way to transform

a given linear system into a different problem for which iterative methods

converge faster.

Saddle point matrices have a very specific block structure and many pre-

conditioning strategies for these problems exploit this structure. The precon-

ditioners considered in this thesis are constraint preconditioners. This class of

preconditioner mimics the structure of the original saddle point problem.

In this thesis, we prove norm- and field-of-values-equivalence for constraint

preconditioners associated to saddle point matrices with a particular struc-

ture. As a result of these equivalences, the number of iterations needed for

convergence of a constraint preconditioned minimal residual Krylov subspace

method is bounded, independent of the size of the matrix. In particular, for

saddle point systems that arise from the finite element discretization of partial

differential equations (p.d.e.s), the number of iterations it takes for GMRES to

converge for theses constraint preconditioned systems is bounded (asymptoti-

cally), independent of the size of the mesh width. Moreover, we extend these

results when appropriate inexact versions of the constraint preconditioner are
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used.

We illustrate this theory by presenting numerical experiments on saddle

point matrices that arise from the finite element solution of coupled Stokes-

Darcy flow. This is a system of p.d.e.s that models the coupling of a free flow to

a porous media flow by conditions across the interface of the two flow regions.

We present experiments in both two and three dimensions, using different

types of elements (triangular, quadrilateral), different finite element schemes

(continuous, discontinuous Galerkin methods), and different geometries. In all

cases, the effectiveness of the constraint preconditioner is demonstrated.
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CHAPTER 1

INTRODUCTION

The focus of this thesis is on the iterative solution of large-scale linear

systems of equations of the form

Ax =

[
A BT

C −D

][
x1

x2

]
=

[
b1

b2

]
= b, (1.1)

where A ∈ Rn×n, B,C ∈ Rm×n and D ∈ Rm×m. This type of linear system

is called a saddle point system, and the coefficient matrix is called a saddle

point matrix.

These types of problem are ubiquitous in a host of science and engineer-

ing applications as they generally arise from energy minimization problems

subject to some type of linear constraint; see, e.g., [55]. We briefly list vari-

ous various application areas where these kinds of matrices arise, for instance

in optimization problems, where they are referred to as Karush-Kuhn-Tucker

(KKT) systems (see, e.g., [34, 42]), constrained least squares problems (see,

e.g., [28]), mixed finite element methods (see, e.g., [11]), as well as from the

finite element discretization of (coupled) fluid flow problems; see, e.g., [15, 23].

The saddle point matrices that arise in the above application areas are typi-

cally large, i.e., n+m ≈ 106 or larger, and also sparse, meaning a majority of

the entries of the matrix A are zero.

The fast numerical solution for these types of problem is an important

task, and a very active area of research; see for instance [6] and the references
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therein. Here, the focus is on improving the convergence of preconditioned

Krylov subspace methods, specifically the generalized minimal residual (GM-

RES) method [49], for the solution of (1.1). We consider a class of precondi-

tioners, called constraint preconditioners (see, e.g., [19, 36, 40, 44]), that are

indefinite and mimic the structure of the original saddle point problem.

In this thesis we prove norm-equivalence and field-of-values- (f.o.v.-) equiv-

alence between constraint preconditioners and saddle point matrices. As a re-

sult of these equivalences, constraint preconditioned minimal residual Krylov

subspace methods have convergence properties that are independent of the

size of the matrix. Thus, for a sequence of saddle point matrices (of increasing

size) corresponding to increasingly refined finite element discretizations of a

given partial differential equation (p.d.e.), the number of iterations it takes for

a constraint preconditioned Krylov subspace method to converge is bounded,

regardless of the mesh discretization size.

This thesis is structured as follows, in Chapter 2, several fundamental prop-

erties of saddle point matrices are reviewed, an overview of existing methods

for the solution of such problems is given, and some important concepts of

the finite element method and multigrid methods are presented. This chap-

ter introduces key conceptual ideas that are used throughout the thesis. The

solution overview includes direct methods, basic fixed point iterations, and

preconditioned Krylov subspace methods.

In Chapter 3, the theory concerning the convergence properties of con-

straint preconditioned GMRES is presented. The important consequence of

this theory is that a minimal residual Krylov subspace method applied to

constraint preconditioned saddle point systems converges in a number of iter-

ations that is bounded independently of the size of the matrix. In particular,

for saddle point matrices that arise from the finite element discretization of

certain p.d.e.s, the convergence of the constraint preconditioned operator is

optimal with respect to the mesh width.

In Chapter 4, the proposed preconditioning approach is used to solve saddle

point matrices arising from the finite element discretization of coupled Stokes-
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Darcy flow. We consider experiments in both two and three dimensions that

illustrate the theoretical results for a variety of geometries and two types of

discretization schemes. Concluding remarks are naturally given in the final

chapter.

Before proceeding, the following notation is introduced. Boldface is used to

denote vectors and calligraphic upper case letters denote block matrices with

standard upper case letters for the sub-blocks. The conjugate transpose of a

complex-valued matrix A is A∗, where the element of the matrix A∗ij = Āji.

For real-valued matrices A, a superscript T denotes the transpose AT , and

in this case ATij = Aji. A square matrix is Hermitian when A∗ = A, and is

symmetric when AT = A. A square matrix is skew-Hermitian when A∗ = −A
and skew-symmetric when AT = −A. A square matrix is positive definite

provided xTAx > 0 for all non-zero x, and positive semi-definite if xTAx ≥ 0

for all non-zero x .

The inner product between vectors x,y ∈ Rn is denoted by (x,y) and

the induced vector norm by ‖x‖ = (x,x)1/2. The standard Euclidean inner

product is given by

x∗y =
n∑
i=1

x̄iyi

and induces the 2-norm (Euclidean-norm) ‖ · ‖2 = (·, ·)1/2.

For a symmetric, positive definite matrix H, one can define an H-inner

product (x,y)H = x∗Hy and corresponding norm ‖ · ‖H = (·, ·)1/2
H . This

vector norm also induces the corresponding matrix norm

‖M‖H = max
v∈Rn\{0}

‖Mv‖H
‖v‖H

· (1.2)

The spectrum of a matrix A is the set of all its eigenvalues and is denoted

by

Λ(A) = {λ : Av = λv,v ∈ Rn\{0}}.

The spectral radius, ρ(A) = max
λ∈Λ(A)

|λ|, is the maximum modulus |λ| over all

eigenvalues in the spectrum Λ(A). The H-field of values, for a symmetric



4

positive definite matrix H, is the following set in the complex plane,

WH(A) =

{
z ∈ C : z =

x∗HAx

x∗Hx
, ∀x 6= 0

}
.

The standard field of values, or numerical range [57], is recovered by taking

H = I, where I is the identity matrix.

The condition number of a square matrix is denoted κ(A) = ‖A‖‖A−1‖.
For Hermitian (symmetric) positive definite matrices, ‖A‖ = λmax(A) and

‖A−1‖ = 1/λmin(A), where λmax(A) and λmin(A) denote the maximum

and minimum eigenvalues of A, respectively. Thus, for a Hermitian positive

definite matrix A, the condition number is κ(A) = λmax(A)/λmin(A).

Let x = (x1, . . . , xd)
T ∈ Rd. Scalar valued functions are denoted with lower

case letters, i.e., p(x), where p : Rd → R. Vector-valued functions are denoted

with boldface letters, i.e., u(x) = (u1(x), . . . , un(x)), where u : Rd → Rn. In

this thesis we will only consider the cases when d = 2, 3 and n = 2, 3.

Define the divergence operator applied to a vector-valued function u by

∇ · u =


∑d

j=1
∂
∂xj
u1

...∑d
j=1

∂
∂xj
un

 , (1.3)

where ∂
∂xj

denotes differentiation with respect to the variable xj.

The gradient operator of a vector-valued function is an n×d matrix whose

entries are defined by

(∇u)ij =
∂

∂xj
ui. (1.4)

In addition, we introduce the following set of function spaces and norms;

see, e.g., [23, 25]. The Lp(Ω) function space for scalar functions u is defined

as

LP (Ω) =

{
u : Ω→ R :

∫
Ω

up <∞
}
, (1.5)

which is equipped with the following norm

‖u‖Lp(Ω) =

(∫
Ω

up
)1/p

. (1.6)
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In this thesis, the focus is only for the case p = 2, i.e., for L2(Ω). The following

notation for the Sobolev space is defined as

H1(Ω) = {u : Ω→ R : ‖u‖2 <∞, ‖∇u‖2 <∞} , (1.7)

with corresponding norm

‖u‖H1(Ω) =
(
‖u‖2

L2(Ω) + ‖∇u‖2
L2(Ω)

)1/2

.

Lastly, the following fundamental definitions are introduced. These defini-

tions will be crucial in establishing bounds that are independent of the size of

the matrix on the norm of the GMRES residual for constraint preconditioned

saddle point systems. As a result of these bounds, the number of iterations for

GMRES to converge is also bounded independent of the size of the constraint

preconditioned system.

Definition 1.1. Two nonsingular matrices M,N ∈ Rn×n are H-norm equiv-

alent, M ∼H N , if there exist α0, β0 independent of n such that the following

holds for all x ∈ Rn\{0}

α0 ≤
‖Mx‖H
‖Nx‖H

≤ β0.

Definition 1.2. Two nonsingular matrices M,N ∈ Rn×n are H-field-of-values

equivalent, M ≈H N , if there exist α0, β0 independent of n such that the

following holds for all x ∈ Rn\{0}

α0 ≤
(MN−1x,x)H

(x,x)H
and ‖MN−1‖H ≤ β0.
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CHAPTER 2

SADDLE POINT PROBLEMS:

PROPERTIES AND

SOLUTION

This chapter serves as an introduction to saddle point matrices. Here, we

introduce fundamental factorizations and properties that are used throughout

the thesis. In addition, we give a brief overview of existing solution methods

for such problems. The chapter ends by reviewing the finite element method

and multigrid methods. The final two sections demonstrate how linear systems

arise from the discretization of a p.d.e. and introduces an important class of

solution methods for such problems.
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2.1 Basic properties

Let the (1,1)-block A ∈ Rn×n, of the saddle point coefficient matrix (1.1)

be nonsingular, then A admits the following factorizations[
A BT

C −D

]
=

[
I 0

CA−1 I

][
A 0

0 S

][
I A−1BT

0 I

]
(2.1a)

=

[
I 0

CA−1 I

][
A BT

0 S

]
(2.1b)

=

[
A 0

C S

][
I A−1BT

0 I

]
, (2.1c)

where S = −(D+CA−1BT ) is the Schur complement of A in the block matrix

A; see, e.g., [6, 28, 59]. Based on any of the above factorizations, it is easy to

see that the matrix A is nonsingular if and only if the Schur complement is

invertible. For an overview of the necessary and sufficient conditions for S−1

to exist, see [6]. For the situations considered in this thesis S−1 exists and we

have the following expression for the inverse

A−1 =

[
A−1 + A−1BTS−1CA−1 −A−1BTS−1

−S−1CA−1 S−1

]
· (2.2)

An important subset of the class of saddle point matrices is formed when

A is Hermitian positive definite, B = C is full rank, and D = 0 so that

A =

[
A CT

C 0

]
·

In this case, the Schur complemen S = −CA−1CT is nonsingular and neg-

ative definite. Note that by the factorization (2.1a), we have the following

congruence relation[
A 0

0 S

]
=

[
I 0

−CA−1 I

][
A CT

C 0

][
I −A−1CT

0 I

]
· (2.3)

By Sylvester’s law of inertia (see, e.g., [35]) it follows that the matrix A is

indefinite, admitting n positive eigenvalues corresponding to A and m negative
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eigenvalues corresponding to S. For further results on the spectra of saddle

point matrices see [6] and the references therein.

2.2 Overview of solution methods

There are two options for solving (1.1), namely, direct and iterative meth-

ods. Direct methods work by first computing a factorizationA =MN and the

solution x = N−1M−1b is computed by (easier) solves with the factors. Two

commonly used factorizations are the LU and QR factorizations [48, 57]. The

factors of the LU decomposition are a lower and upper triangular matrix for

which the solution is then computed by forward- and then back-substitution.

The QR factorization produces an orthogonal matrix Q, i.e., Q∗Q = I, and

an upper triangular matrix R. The solution can then be computed via back-

substitution and multiplication by Q∗.

Direct methods are valued for their ability to produce exact solutions, i.e.,

solutions that would be exact in the absence of round-off error, in a fixed

number of steps. In fact, there are very fast and advanced direct methods

that are able to exploit the sparsity of a given matrix, such as sparse direct

methods [20]. However, for large-scale linear systems, especially those arising

from the finite element discretization of p.d.e.s in three dimensions, fill-in of

the factorized matrices and the associated growth in memory storage make

these methods impractical.

A more economical alternative are iterative methods, which mitigate some

of the unavoidable complexity costs associated with direct methods. Starting

from an initial vector x0, iterative methods work by producing a sequence

of approximations {xm} that converge to the true solution. The method is

stopped and is said to have converged when an appropriate measure of the

error, i.e., e = xm − x, or the residual, rm = b −Axm is within a prescribed

tolerance of the solution.

The early development of modern iterative methods for general linear sys-

tems of equation were fixed point iterations based on splittings of the coefficient
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matrix, i.e.,

A =M−N . (2.4)

From this splitting, a stationary iterative method can be defined by the recur-

rence

xk+1 =M−1Nxk +M−1b (2.5a)

= (I −M−1A)xk +M−1b. (2.5b)

The second equality follows directly from N =M−A.

Two classical stationary iterations are the Jacobi method and Gauss-Seidel

method. The Jacobi method results from setting M = D, where D is the

diagonal of the matrix A. The Gauss-Seidel method results from takingM =

L where L is the lower triangular part of the matrix A.

The error, ek+1 = xk+1 − x, for this type of iterative method satisfies

ek+1 =M−1Nek = (M−1N )ke0. (2.6)

The necessary and sufficient conditions for such an iteration to converge are

that the spectral radius, ρ(M−1N ) < 1. The main advantages of these types

of iterative methods are the ease of implementation, as well as the fixed storage

cost at each iteration. However, the convergence of these types of methods is

linear in the convergence factor ρ(M−1N ), often making the speed of conver-

gence unsatisfactory.

Evolving out of these simple iterative methods, are the more modern Krylov

subspace methods, which offer the potential for super-linear convergence [14,

53, 54, 58]. Krylov subspace methods are some of the most popular and

widely-used iterative methods for the solution of large, sparse linear systems,

including those of the form (1.1). Let

Km(A,v) = span{v,Av,A2v, . . . ,Am−1v}, (2.7)

denote a Krylov subspace of dimension m. These subspaces are nested, i.e.,

Km ⊂ Km+1. Krylov subspace methods work by finding an approximate solu-

tion xm ∈ x0 +Km(A, r0) for which the corresponding residual rm = b−Axm
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satisfies the Petrov-Galerkin condition, that is,

rm ⊥ Lm, (2.8)

where Lm belongs to another set of nested subspaces and is commonly referred

to as the constraint space [48]. Note that any element of a Krylov subspace

can be identified with a polynomial of degree no greater than m − 1, i.e.,

xm = x0 + pm−1(A)r0, where pm−1(λ) ∈ Pm−1 := {p(λ) : p(λ) =
∑m−1

i=0 αiλ
i}

is the set of polynomials of degree no larger than m− 1. Consequently,

rm = b−A(x0 + pm−1(A))r0 (2.9a)

= (I −Apm−1(A))r0 (2.9b)

= qm(A)r0, (2.9c)

where qm(λ) ∈ Pm and q(0) = 1. This viewpoint is critical when establishing

bounds on the residual for various Krylov subspace methods.

Different Krylov subspace methods are then determined by the choice of

the nested subspaces Lm. For instance, when Lm = Km, one obtains the Full

Orthogonalization Method (FOM) [48]. Additionally, if A is symmetric posi-

tive definite (s.p.d.) the FOM algorithm simplifies to the Conjugate Gradient

(CG) method of Hestenes and Steiffel [32]. The CG algorithm also possesses

the highly desirable short-term recurrence property. Specifically, the basis vec-

tors of the Krylov subspace satisfy a three-term recurrence, implying that the

storage costs are fixed for each iteration of the algorithm. Additionally, the

convergence of CG is completely determined by the eigenvalues [28, 48] and

this property can be exploited for developing extremely effective precondition-

ing strategies.

Another customary choice is Lm = AKm, which is equivalent to the mini-

mal residual condition

‖rm‖2 = min
x∈x0+AKm

‖b−Ax‖2. (2.10)

This choice of constraint space leads to the class of minimal residual methods

for which the classical example is the Generalized Minimal Residual (GMRES)
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method of Saad and Schultz [49]. Again, simplifications can be made in the

case when the matrix is symmetric, though possibly indefinite, resulting in

another short-term recurrence method and this is the MINRES algorithm [43].

A necessary component of any Krylov subspace method is an algorithm

that constructs an orthogonal basis for Km(A, r0). This is accomplished by

the Arnoldi algorithm, given in Algorithm 1. At step j in the algorithm, the

vector Avj is orthogonalized against all previous vectors vi in a Gram-Schmidt

type procedure.

Algorithm 1 Arnoldi

1: Given initial residual r0, set β = ‖r0‖2 and v1 = r0/β.

2: for k = 1, . . . ,m do

3: w = Av1

4: for j = 1,. . . ,k do

5: hj,k = vTj w

6: w = w − vjhj,k

7: end for

8: hk+1,k = ‖w‖2

9: vk+1 = w/hk+1,k

10: end for

At the end of Algorithm 1, the basis vectors vj can be gathered into the

columns of the matrix Vm and the constants hj,k into the matrix H̄m. This

gives the classical Arnoldi relation

AVm = Vm+1H̄m = VmHm + hm+1,mvm+1e
T
m, (2.11)

where Vm ∈ Rn×m and H̄m ∈ Rm+1×m is an upper Hessenberg matrix. Note

that due to the orthogonality of Vm we have that V T
mAVm = Hm. For the case

when A is symmetric, the upper Hessenberg matrix Hm becomes a tridiagonal

matrix and is usually denoted Tm.

The Arnoldi relation also forms the basis for constructing approximate

solutions for Krylov subspace methods. Recall that at the mth step of a Krylov
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subspace method an approximate solution of the form xm = x0 + Vmy is

produced. Using (2.11), we have the equivalent formulation of the residual,

rm = b− Axm = r0 − AVmy = r0 − Vm+1H̄my. (2.12)

Therefore, using (2.11) and (2.12), we summarize in Table 2.1 the following

characterizations of the vector y depending on the choice of the constraint

space Lm in (2.8).

Lm = Km Lm = AKm

rm ⊥ Km(A, r0)

⇐⇒ V T
m+1rm = 0

⇐⇒ βe1 −Hmy = 0

⇐⇒ y = H−1
m (βe1)

‖rm‖2 = min
x∈x0+AKm

‖b− Axm‖2

⇐⇒ ‖rm‖2 = min
y
‖r0 − Vm+1H̄my‖2

⇐⇒ min
y
‖Vm+1(βe1 − H̄my)‖2

y = min ‖βe1 − H̄my‖2

Table 2.1: Characterization of the solution vectors, xm = x0 + Vmy, for FOM

and GMRES.

These characterizations then allow us to state the FOM and GMRES meth-

ods in Algorithm 2.

We now state two standard bounds on the convergence of the GMRES algo-

rithm. These bounds will be used in Chapter 3 to establish mesh-independent

convergence properties for the MINRES and GMRES algorithm when applied

to constraint preconditioned saddle point matrices.

The first bound has the form

‖rm‖2

‖r0‖2

≤ κ(X) min
qm∈Pm

max
λi∈Λ(A)

|q(λi)| (2.13)

This bound can be derived by assuming that the system matrix is diago-

nalizable, i.e., A = XΛX−1. Then, using the polynomial representation of the

GMRES residual, recall (2.9), we have that
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Algorithm 2 FOM/GMRES

1: Given initial residual r0, set β = ‖r0‖2 and v1 = r0/β.

2: for k = 1, . . . , convergence do

3: w = Av1

4: for j = 1,. . . ,k do

5: hj,k = vTj w

6: w = w − vjhj,k

7: end for

8: hk+1,k = ‖w‖2

9: vk+1 = w/hk+1,k

10: if GMRES then

11: Compute yGMRES
k = min ‖βe1 − H̄y‖2

12: else if FOM then

13: Compute yFOM = H−1
m (βe1)

14: end if

15: xk = x0 + Vkyk

16: end for
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‖rm‖2 ≤ min
qm∈Pm,
qm(0)=1

‖qm(A)‖2‖r0‖2

= min
qm∈Pm,
qm(0)=1

‖Xqm(Λ)X−1‖2‖r0‖2

= κ(X) min
qm∈Pm,
qm(0)=1

max
λi∈Λ(A)

|qm(λi)|‖r0‖2,

which is precisely the bound given in (2.13).

When κ(X) = 1 the convergence is determined completely by the spectrum.

This is true, in particular, for symmetric matrices. We remark that even if

the matrix is not diagonalizable, similar bounds can still be derived. In this

situation, the bounds are based on the Jordan decomposition A = XJX−1,

see for instance [24, 54].

The GMRES residual can also be bounded using the field of values. This

bound assumes that 0 6∈ W(A), hence, the minimal distance from the field of

values to the origin, denoted ν(W(A)) = min
z∈W(A)

|z|, is positive. The field of

values bound then takes the form

‖rm‖2 ≤
(
1− ν(W(A))ν(W(A−1))

)m/2 ‖r0‖2, (2.14)

see, e.g., [21, 38].

Obtaining sufficiently rapid convergence of a given Krylov subspace method

usually requires an additional crucial component, namely, preconditioning.

Preconditioning is a way to transform the original linear system into a different

system for which Krylov subspace method convergence faster. Specifically, a

preconditioner is an invertible operator P−1 that multiplies the original matrix

either on the right or left.

For normal problems, the bound in (2.13) implies that a good precondi-

tioner should cluster the eigenvalues so that the value |q(λi)| is small. In fact,

many preconditioning strategies attempt to cluster the eigenvalues. However,

for non-normal problems, the eigenvalues alone do not determine the conver-

gence of the problem.
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In the case of right preconditioning, this reformulates the original linear

system (1.1) into the following form

AP−1u = b u = Px. (2.15)

Thus, a right-preconditioned Krylov subspace method finds at the mth step,

um ∈ u0 +Km(AP−1, r0), such that

‖rm‖2 = ‖b− AP−1um‖2 = min
u∈u0+Km(AP−1,r0)

‖b− AP−1u‖2. (2.16)

By definition, we have that the residual satisfies

rm = b− AP−1um = b− Axm. (2.17)

Hence, right-preconditioned minimal residual methods minimize the same resid-

ual as standard, non-preconditioned methods.

Using the definition of the vector um in (2.15) and the fact that

P−1Km(AP−1, r0) = Km(P−1A,P−1r0),

we have the following characterization of right-preconditioned minimal residual

Krylov subspace methods for the vector xm. Find xm ∈ x0+Km(P−1A,P−1r0)

such that the norm of the residual is minimal over this affine space. We

conclude by noting that left-preconditioned minimal residual methods extract

approximate solutions from the same space as right-preconditioned ones, but

minimize the norm of the preconditioned residual, P−1rm; see, e.g., [48].

There are two fundamental block preconditioning techniques for the solu-

tion of (1.1), namely block diagonal and block lower triangular preconditioners

of the form

Pbd =

[
P1 0

0 P2

]
, (2.18a)

Plt =

[
P1 0

C P2

]
. (2.18b)
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Typically, P1 is chosen to approximate the (1,1) block of A and P2 is chosen

to approximate the Schur complement, i.e. P1 ≈ A and P2 ≈ −S, respectively.

These choices are motivated by the following two fundamental theorems proved

in [41].

Theorem 2.1. Let A be of the form (1.1) with D = 0, and the blocks of Pbd

such that P1 = A and P2 = −S = CA−1BT , then the matrix Tbd = P−1
bd A

satisfies Tbd(Tbd − I)(T 2
bd − Tbd − I) = 0.

Theorem 2.2. Let A be of the form (1.1) with D = 0, and the blocks of Plt

such that P1 = A and P2 = −S = CA−1BT , then the matrix Tlt = P−1
lt A

satisfies (Tlt − I)2 = 0.

The significant consequence of these two theorems is that in exact arith-

metic, a minimal residual Krylov subspace method applied to the nonsingular

preconditioned systems Tbd, Tlt, converges in three and two iterations, respec-

tively.

In practice though, computations are not done in exact arithmetic. Using

exact representations of both the A-block and Schur complement is typically

impractical and this motivates the use of more economical, inexact versions of

these blocks. Ideally, these cheaper, inexact versions of the preconditioner still

maintains the favorable convergence properties of the exact versions of the

preconditioner. We mention the following references for further theoretical

developments on block diagonal preconditioners [17, 52] and block triangular

preconditioners [37, 60] for the solution of (1.1).

2.3 The finite element method

Here, we briefly review the finite element method. The finite element

method is one of the most popular and widely used methods for numerically

solving a given p.d.e. For classical theoretical treatments of the method, see

for instance [9, 16]. For more modern texts, see for instance [27] where im-

plementation details are discussed, and [23, 59] for topics on the fast iterative
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solution and block preconditioning for matrices that arise from the finite ele-

ment discretization of p.d.e.s, respectively.

To simplify the exposition and introduce notation for subsequent sections,

we consider the solution of a Poisson problem with homogeneous Dirichlet

boundary conditions on a domain Ω with boundary ∂Ω, that is,

−∇ · (∇u) = f, in Ω, (2.19a)

u = 0, on ∂Ω. (2.19b)

The idea of the finite element method is to first partition or mesh the domain Ω

into simple smaller pieces, typically tetra- or hexahedrons. The characteristic

size of the elements in the discretized domain is called the mesh width and is

denoted by h. The next step is to construct an appropriate finite dimensional

solution space, corresponding to the discretized domain, i.e., V h ⊂ V , where

V is the infinite-dimensional solution space. The solution space V is precisely

defined shortly. The approximate finite element solution is constructed from

this finite dimensional space and the idea is that as the mesh width h → 0,

the approximate finite element solution converges to the true solution.

The finite element space V h is typically formed by associating to each

vertex, or node xi of the mesh, a locally supported basis function φi(x). This

type of nodal basis function can be defined as follows

φi(x) =

1 x = xi,

0 x = xj.

Therefore, any element of this finite element space V h can be expressed by a

linear combination of the basis functions, i.e.,

uh =
n∑
i=1

uiφi(x). (2.20)

In order to find the finite element solution, the original p.d.e. is trans-

formed into its weak or variational formulation. This is accomplished by first

multiplying the p.d.e. by test functions v which also satisfy the homogeneous
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boundary conditions, i.e., v|∂Ω = 0, and then integrating over the entire do-

main, yielding

−
∫

Ω

(∇ · (∇u))v dx =

∫
Ω

fv dx. (2.21)

Using the Green’s formula [25, p. 628], we have that

−
∫

Ω

(∇ · (∇u))v dx =

∫
Ω

∇u · ∇v dx−
∫
∂Ω

v(∇u · n) dS (2.22)

=

∫
Ω

∇u · ∇v dx, (2.23)

where the second equality follows from v|∂Ω = 0.

Introducing the following notation for the corresponding bilinear form and

linear functional defined above,

a(u, v) :=

∫
Ω

∇u · ∇v dx, (2.24)

(f, v) :=

∫
Ω

fv dx. (2.25)

The continuous weak problem is the following, find u ∈ V such that

a(u, v) = (f, v) ∀v ∈ V. (2.26)

Thus, solutions of the above weak problem only require the existence of first

order derivatives, rather than the existence of second order derivatives required

for the original p.d.e. The natural function space to search for solutions is then

V := H1
0 (Ω) = {v ∈ H1(Ω) : v = 0 on ∂Ω}, the Sobolev space introduced

in (1.7) with the condition that the functions have homogeneous boundary

conditions.

The discrete solution is then found by inserting the approximate solution,

uh into the above bilinear form and testing against all of the basis functions

in the finite element space V h, i.e.,

a(uh, φi) = (f, φi) for i = 1, . . . , n . (2.27)

The above equations are equivalent to the following linear system of equations

for the unknowns, also referred to as degrees of freedom (d.o.f.s) ui,

Au = f . (2.28)
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The entries of the matrix A and the vectors u, f , are

Aij =

∫
Ω

φiφj dx, ui = ui, and fi =

∫
Ω

fφi dx. (2.29)

The finite element solution uh is then obtained by solving this linear system for

the above vector u. Note that the dimension of the system matrix A is equal

to the number of d.o.f.s and increases as the mesh is refined. Moreover, due to

the basis functions being locally supported on the mesh, the resulting linear

system is sparse. In Chapter 4, the finite element solution for the Stokes-Darcy

system, a more complex set of coupled p.d.e.s is introduced.

2.4 Multigrid methods

As described in the previous section, a crucial step in any finite element

method is the solution of a linear system of equations for the variables of inter-

est. Here, we introduce a very important and powerful class of methods called

multigrid methods. These methods were originally developed for solving the

linear systems arising from the finite difference (or finite element) discretiza-

tion of p.d.e.s based on a hierarchy of meshes. For references on the classical

geometric multigrid method (MG) based on this hierarchy of grids, see, for

instance, [12, 30]. For more modern references on algebraic multigrid methods

(AMG), which are solvers based only on the structure of the matrix rather

than a hierarchy of refined meshes, see, for instance, [8, 26, 46]. Though orig-

inally developed for solving the linear systems from discretized p.d.e.s, these

methods are also extremely efficient and powerful preconditioners. In this

thesis, the focus is on the latter case, where multigrid methods are used as

preconditioners for the solution of linear systems by Krylov subspace methods.

The finite element method produces a sequence of linear systems of the

form of

Ahx = bh, (2.30)

where each system corresponds to a particular mesh in a hierarchy of in-

creasingly refined meshes. The solution of such matrices is often difficult for
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iterative solvers due to the dependence of the condition number κ(Ah) on the

mesh width, i.e., decreasing the mesh width induces a corresponding increase

in the conditioner number. Thus, a goal in the design of many preconditioners

P is that the condition number of the preconditioned system κ(AhP−1) does

not depend on the mesh width. Preconditioners with this property are said to

be optimal with respect to the mesh

Here, we describe a basic multigrid method, known as the V-cycle, that

converges independently of the mesh for elliptic problems of the form (2.19);

see, e.g., [7, 23, 59]. As a result, it can be shown that the V-cycle is an optimal

preconditioner with respect to the mesh width for the solution of (2.30). This

result is established using the concept of spectral equivalence, a special case

of f.o.v.-equivalence that is obtained by setting H = I in Definition 1.2. The

precise definition is given below.

Definition 2.1. Two nonsingular, symmetric matrices M,N ∈ Rn×n are spec-

trally equivalent if there exist positive constants α0, β0, independent of the mesh

width such that the following holds for all x ∈ Rn\{0}

α0 ≤
(MN−1x,x)

(x,x)
and ‖MN−1‖ ≤ β0 (2.31)

For symmetric problems in general, this definition establishes the important

result that an effective preconditioner is one which captures the spectra of the

original operator. In Chapter 3.2, spectral equivalence is used to establish the

optimality of inexact versions of constraint preconditioners for saddle point

problems.

To introduce the idea of a multigrid V -cycle, let x = (Ah)−1bh denote the

true solution and x̃ an approximation. Note that the error, e = x− x̃ satisfies

the following relation

Ahe = Ah(x− x̃) = (bh −Ahx̃) = r̃, (2.32)

where r̃ is corresponding residual. This says that the error satisfies an equation

of the form (2.30) but with the residual r̃ as the right hand side.
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The idea of multigrid methods is to incorporate information from all of the

grids to solve (2.30). First, consider the simple situation where the hierarchy of

grids consists of two grids only, a fine grid and a coarse grid. Let R : V h → V H

denote the restriction operator from the fine grid space to the coarse grid space,

and P : V H → V h denote the prolongation operator from the coarse grid space

to the fine grid space. The matrices on the fine grid and coarse grid are denoted

by Ah and AH := RAhP , respectively.

Multigrid methods work by first applying a stationary iterative method,

often a (weighted) Jacobi or Gauss-Seidel iteration, which is defined by the

choice of the matrixM in the splitting, recall equation (2.4). In this context,

the application of these iterative methods, see equation (2.5b), is called a

smoothing process. The nomenclature arises because such stationary iterations

are effective at reducing, or smoothing the highly oscillatory error components.

However, the smooth error components still remain. Thus, in order to improve

the smoothed fine-grid solution, some approximation of the error is added to

it. The next key ingredient of these methods is obtaining an approximation

to the error. The idea is to use the coarse grid to obtain this approximation,

where smooth error becomes more oscillatory.

The coarse grid error can be obtained by restricting the newly formed

residual r̃ to the coarse grid and then solving (2.32) with the restricted residual

and coarse grid matrix AH , i.e.,

AHeH = (RAhP )eH = Rr̃. (2.33)

The coarse grid error, eH = (AH)−1Rr̃ is then prolongated to the fine grid

PeH and added to the previously smoothed solution, x̃ = x̃ + PeH . The

subsequent iterate, x1 is then obtained by applying a smoothing iteration to

x̃. This smoothing iteration is defined by the matrix MT . The reason for

using MT is to ensure that the two-grid error propagation matrix defined by

this algorithm is symmetric with respect to the A inner product; see [23]. The

above outlined procedure is summarized in Algorithm 3.

The full multigrid V-cycle is obtained from the two-grid method by recur-
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Algorithm 3 Two-Grid Algorithm

1: Given Ah, bh, x0, and operators R,P .

2: for k=0,. . . , until convergence do

3: Pre-smooth: x̃ = (I −M−1Ah)xk +M−1bh.

4: Restrict the residual: rH = Rr̃ = R(bh −Ahx̃).

5: Solve for the coarse grid correction: eH = (AH)−1rH .

6: Prolongate the coarse grid error: eh = PeH .

7: Correct the smoothed approximation: x̃ = x̃ + eh.

8: Post-smooth: xk+1 = (I −M−TAh)x̃ +M−Tbh.

9: Check convergence.

10: end for

sively calling the two-grid method to solve for the coarse grid correction in

line 5 of Algorithm 3. The power of multigrid methods is that they are scal-

able, i.e., they offer the potential of solving a linear system of size n in O(n)

operations, and optimal with respect to the mesh width for elliptic problems,

i.e., they converge independently of the mesh width. For proofs of these result,

which use the notion of spectral equivalence, see for instance [23, 59].
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CHAPTER 3

CONSTRAINT

PRECONDITIONERS FOR

SADDLE POINT PROBLEMS

In this chapter we consider the solution of an important subclass of saddle

point systems (1.1). For this case, the blocks of the coefficient matrices are

such that A ∈ Rn×n is nonsingular, B = C ∈ Rm×n is of full rank, and D = 0,

i.e.,

Ax =

[
A CT

C 0

][
x

y

]
= b. (3.1)

Here, we establish results on the norm- and field-of-values-equivalence between

saddle point matrices (3.1) to constraint preconditioners of the form

Pcon =

[
P CT

C 0

]
. (3.2)

The focus here is on sequences of such matrices arising from the finite

element discretization of p.d.e.s, where the dimension of these large, sparse

matrices grows as the mesh width is decreased. It is assumed that each element
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of this sequence of matrices satisfies the following stability conditions

max
w∈Rn\{0}

max
v∈Rn\{0}

wTAv

‖w‖H‖v‖H
≤ c1, (3.3a)

min
w∈Rn\{0}

max
v∈Rn\{0}

wTAv

‖w‖H‖v‖H
≥ c2, (3.3b)

where c1, c2 are positive constants that are independent of the size of the ma-

trix (correspondingly, mesh width). These conditions, known as the Babuška-

Brezzi conditions [3, 10, 11], are necessary for the existence of a unique finite

element solution. Moreover, the above stability bounds are crucial for es-

tablishing results on the norm- and field-of-values-equivalence of constraint

preconditioners (3.2) to saddle point matrices (3.1).

3.1 Norm- and field-of-values-equivalences

Recall the fundamental Definitions 1.1 and 1.2 of norm- and field-of-values-

equivalence between two matrices M and N . A direct consequence of norm-

equivalence, i.e., M ∼H N are the following bounds

‖MN−1‖H ≤ β0, (3.4a)

‖NM−1‖H ≤ α−1
0 . (3.4b)

Moreover, H-norm-equivalence is an equivalence relation since it satisfies the

following three properties:

• reflexive , M ∼H M ,

• symmetric, M ∼H N ⇒ N ∼H M ,

• transitive, M ∼H N, N ∼H L⇒M ∼H L.

It is worth noting that f.o.v.-equivalence implies that the H-field of values

WH(MN−1) ⊂ C+. In addition, f.o.v.-equivalence is a stronger condition,

as M ≈H N ⇒ M ∼H N . However, f.o.v.-equivalence is not an equivalence

relation since it is not reflexive [39].
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The utility of these equivalences comes from the following two theorems;

see, e.g., [22, 29, 48].

Theorem 3.1. If M ∼H N and MN−1 is symmetric and indefinite with

respect to (·, ·)H , the MINRES algorithm applied to M with right preconditioner

N converges in a number of iterations independent of the dimension and the

residuals satisfy

‖rk‖H
‖r0‖H

≤ 2

(
β0 − α0

β0 + α0

)k/2
.

Theorem 3.2. If M ≈H N , the GMRES algorithm converges with respect to

(·, ·)H in a number of iteration independent of the dimension and the residuals

satisfy

‖rk‖H
‖r0‖H

≤
(

1− α2
0

β2
0

)k/2
.

In [39] the authors establish conditions for norm- and field-of-values-

equivalence between saddle point matrices of the form (3.1) to block diagonal

and block lower triangular preconditioners of the form

Pbd =

[
P1 0

0 P2

]
, Plt(ρ) =

[
P1 0

C ρP2

]
. (3.5)

The factor ρ is a scaling parameter for the (2, 2)-block of the block lower

triangular preconditioner and is required in establishing the f.o.v.-equivalence

of Plt [39].

Here, we extend these results, and establish the optimality of constraint

preconditioners. We do this by first proving the norm-equivalence, Pcon ∼H A
and then the stronger, f.o.v.-equivalence, Pcon ≈H A.

With the aid of the following definitions and lemmas (proved in [39]) we

show that the constraint preconditioner (3.2) is H-norm equivalent (and sub-

sequently H-f.o.v equivalent) to the operator A in (3.1), where

H =

[
H1 0

0 H2

]
(3.6)

and H1, H2 are symmetric positive definite (s.p.d.) matrices.

Recall the following general definition of the matrix norm.
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Definition 3.1. Let M ∈ Rm×n and H1 ∈ Rn×n, H2 ∈ Rm×m be two s.p.d.

matrices, then

‖M‖H1,H2 = max
v∈Rn\{0}

‖Mv‖H2

‖v‖H1

.

Note that if H1 = H2 = H we recover the matrix norm defined in (1.2).

Moreover, we have the following useful set of equalities

‖H−1/2
2 MH

−1/2
1 ‖2 = ‖M‖H1,H

−1
2

= ‖MH−1
1 ‖H−1

1 ,H−1
2

= ‖H−1
2 M‖H1,H2 . (3.7)

Additionally, given a s.p.d. matrix H3, then the following matrix norm in-

equality holds

‖MN‖H3,H1 ≤ ‖N‖H3,H2‖M‖H2,H1 . (3.8)

The following lemmas are stated without proof, for complete details, see [39].

Lemma 3.1. Let (3.3) hold, then H ∼H−1 A and H−1 ∼H A−1, and in

particular

‖H−1A‖H = ‖AH−1‖H−1 ≤ c1, (3.9a)

‖A−1H‖H = ‖HA−1‖H−1 ≤ c−1
2 . (3.9b)

Lemma 3.2. Let (3.3) hold and assume P ∼H−1 H, then

P ∼H−1 A and P−1 ∼H A−1.

Lemma 3.3. Let (3.3) hold then ‖A‖H1,H
−1
1
≤ c1, ‖C‖H1,H

−1
2
≤ c1.

Lemma 3.4. Let (3.3) hold. If there exists c3 > 0 independent of n such that

min
w∈Rn\{0}

max
v∈Rn\{0}

wTAv

‖w‖H1‖v‖H1

≥ c3,

then S = CA−1CT , the negative Schur complement, satisfies S ∼H−1
2
H2 and

H−1
2 ∼H2 S−1. Hence there exists positive c4 independent of n such that

‖S−1‖H−1
2 ,H2

≤ c4.

It is worth noting that if A is replaced by an approximation, Ã, then the

previous lemma still holds for the corresponding approximate Schur comple-

ment, S̃ = CÃ−1CT .
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Lemma 3.5.

‖M‖H1,H
−1
2

= ‖MT‖H2,H
−1
1
.

The theorem and proof of the norm-equivalence of constraint precondition-

ers (3.2) to saddle point matrices (3.1) is given below.

Theorem 3.3. Let Pcon be defined as in (3.2), H be as in (3.6) and let (3.3)

and the hypotheses of Lemma 3.4 hold. If P ∼H−1
1
H1, then Pcon ∼H−1 A and

P−1
con ∼H A−1.

Proof. We prove that Pcon ∼H−1 A since P−1
con ∼H A−1 follows similarly.

By Lemma 3.2 we need only show that Pcon ∼H−1 H because then by tran-

sitivity the result is proven. To prove the above equivalence we bound both

‖H−1/2PconH−1/2‖2 and ‖H1/2P−1
conH

1/2‖2. By the assumption that P ∼H−1
1
H1

we know there exists β1 such that ‖PH−1
1 ‖H−1

1
≤ β1. Now consider

H−1/2PconH−1/2 =

[
H
−1/2
1 PH

−1/2
1 H

−1/2
1 CTH

−1/2
2

H
−1/2
2 CH

−1/2
1 0

]
. (3.10)

We can bound the 2-norm of the above matrix as follows

‖H−1/2PconH−1/2‖2 ≤ ‖H−1/2
1 PH

−1/2
1 ‖2 + ‖H−1/2

2 CH
−1/2
1 ‖2 + ‖H−1/2

1 CTH
−1/2
2 ‖2

= ‖H−1
1 P‖H1 + ‖C‖H1,H

−1
2

+ ‖CT‖H2,H
−1
1

≤ β1 + c1 + c1.

The first inequality is a result of expressing the block matrix as a sum of three

matrices. The equality in the second line is obtained using (3.7). Lastly, the

final bound comes from (3.3) and the fact that ‖H−1
1 P‖H1 = ‖PH−1

1 ‖H−1
1
≤ β1.

Using (2.2), the inverse of Pcon is

P−1
con =

[
P−1 + P−1CTS−1CP−1 −P−1CTS−1

−S−1CP−1 S−1

]
,

and therefore

H1/2P−1
conH

1/2 =

[
H

1/2
1 (P−1 + P−1CTS−1CP−1)H

1/2
1 −H1/2

1 (P−1CTS−1)H
1/2
2

−H1/2
2 (S−1CP−1)H

1/2
1 H

1/2
2 S−1H

1/2
2

]
.
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Hence, ‖H1/2P−1
conH

1/2‖2 can be bounded by bounding the following five terms

(I) = ‖H1/2
1 P−1H

1/2
1 ‖2,

(II) = ‖H1/2
1 P−1CTS−1CP−1H

1/2
1 ‖2,

(III) = ‖H1/2
1 P−1CTS−1H

1/2
2 ‖2,

(IV ) = ‖H1/2
2 S−1CP−1H

1/2
1 ‖2,

(V ) = ‖H1/2
2 S−1H

1/2
2 ‖2.

Note that

(I) = ‖P−1H1‖H1 ≤ α−1
1

and

(V ) = ‖S−1‖H−1
2 ,H2

≤ c4.

Further note that

(II) = ‖H1/2
1 P−1H

1/2
1 H

−1/2
1 CTH

−1/2
2 H

1/2
2 S−1H

1/2
2 H

−1/2
2 CH

−1/2
1 H

1/2
1 P−1H

1/2
1 ‖2

≤ ‖H1/2
1 P−1H

1/2
1 ‖2‖H−1/2

1 CTH
−1/2
2 ‖2‖H1/2

2 S−1H
1/2
2 ‖2‖H−1/2

2 CH
−1/2
1 ‖2‖H1/2

1 P−1H
1/2
1 ‖2

≤ α−1
1 c1c4c1α

−1
1 .

The terms (III) and (IV ) are then bounded in a similar manner.

With the aid of the previous theorem we can show the following result on

the H-f.o.v.-equivalence of the constraint preconditioner Pcon to A.

Theorem 3.4. Let A,Pcon be defined as in (3.1), (3.2), respectively. Further-

more let (3.3) and Lemma 3.4 hold. Let

H =

[
ρH1 0

0 H2

]
.

If A ≈H−1
1
P , then there exists ρ0 > 0 such that A ≈H−1 Pcon for all ρ ≥ ρ0

provided ‖AP−1 − I‖H−1
1
≤ ρ−1

0 .

Proof. Since A ≈H−1
1
P there exists α0, β0 such that for all x 6= 0,

α0 ≤
〈AP−1x,x〉H−1

1

〈x,x〉H−1
1

and ‖AP−1‖H−1
1
≤ β0.
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Moreover, f.o.v.-equivalence implies norm-equivalence so we have thatA ∼H−1
1
P

and due to (3.3), A ∼H−1
1

H1. Thus, by transitivity of norm-equivalence,

P ∼H−1
1
H1. By Theorem 3.3, ‖AP−1

con‖H−1 is bounded from above. The only

remaining piece is to show the existence of a lower bound for all x 6= 0

αxTH−1x ≤ xTH−1AP−1
conx. (3.11)

We have that

H−1AP−1
con =[

ρH−1
1 (AP−1 − AP−1CTS−1CP−1 + CTS−1CP−1) ρH−1

1 (AP−1 − I)CTS−1

0 H−1
2

]
.

Therefore, when x =
[
xT1 , x

T
2

]T
, the product xTH−1AP−1

conx is

ρ(xT1H
−1
1 AP−1x1 + xT1H

−1
1 (I − AP−1)CTS−1CP−1x1)

+ ρxT1H
−1
1 (AP−1 − I)CTS−1x2 + xT2H

−1
2 x2.

As xT2H
−1
2 x2 = ‖x2‖H−1

2
, we establish the desired bound (3.11) by bounding

the following three pieces from below

(I) = xT1H
−1
1 AP−1x1,

(II) = xT1H
−1
1 (I − AP−1)CTS−1CP−1x1,

(III) = xT1H
−1
1 (AP−1 − I)CTS−1x2.

By the f.o.v.-equivalence A ≈H−1 P , (I) ≥ α0‖x1‖2
H−1

1

. In order to bound piece

(II) from below, first consider the bound on the following absolute value

|xT1H−1(I−AP−1)CTS−1CP−1x1| ≤ ‖I−AP−1‖H−1
1
‖CTS−1CP−1‖H−1

1
‖x1‖2

H−1
1
.

From (3.7) we have

‖CTS−1CP−1‖H−1
1

= ‖H−1/2
1 CTS−1CP−1H

1/2
1 ‖2

≤ ‖H−1/2
1 CTH

−1/2
2 ‖2‖H1/2

2 S−1H
1/2
2 ‖2‖H−1/2

2 CH
−1/2
1 ‖2‖H1/2

1 P−1H
1/2
1 ‖2

≤ c2
1c4α

−1
1 .
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Choosing ‖I−AP−1‖H−1
1
≤ ρ−1, we obtain the desired mesh-independent lower

bound for (II) by negating the absolute value. Lastly, for piece (III) we have

that

|xT1H−1
1 (AP−1)CTS−1x2|

≤ ‖(AP−1 − I)CTS−1‖H−1
2 ,H−1

1
‖x1‖H−1

1
‖x2‖H−1

2

≤ ‖CTS−1‖H−1
2 ,H1

‖AP−1 − I‖H−1
1 ,H−1

1
‖x1‖H−1

1
‖x2‖H−1

2

≤ ‖S−1‖H−1
2 ,H2

‖CT‖H2,H
−1
1
‖AP−1 − I‖H−1

1
‖x1‖H−1

1
‖x2‖H−1

2

≤ c1c4‖AP−1 − I‖H−1
1
.

And since ‖AP−1−I‖H−1
1
≤ ρ−1 we obtain a mesh-independent bound for (III).

Combining these bounds together, we obtain a lower bound of the following

form

(ρa1 + a2)‖x1‖2
H−1

1
− a3‖x1‖H−1

1
‖x2‖H−1

2
+ ‖x2‖2

H−1
2
, (3.12)

where a1 = α0, a2 = c2
1c4α

−1
1 and a3 = c1c4. By selecting the constant

ρ0 = (1 + a2
3 − 2a2)/2a1, (3.12) simplifies to

1 + a2
3

2
‖x1‖2

H−1
1
− a3‖x1‖H−1

1
‖x2‖H−1

2
+

1

2
‖x2‖2

H−1
2

=
1

2

(
‖x1‖2

H−1
1

+ ‖x2‖2
H−1

2

)
+
a2

3

2
‖x1‖2

H−1
1
− a3‖x1‖H−1

1
‖x2‖H−1

2
+

1

2
‖x2‖2

H−1
2
,

=
1

2

(
‖x1‖2

H−1
1

+ ‖x2‖2
H−1

2

)
+
(a3

2
‖x1‖H−1

1
− ‖x2‖H−1

2

)2

,

≥ 1

2

(
‖x1‖2

H−1
1

+ ‖x2‖2
H−1

2

)
.

This shows we have the desired lower bound of the form α‖x‖2
H−1 with α = 1/2.

3.2 Inexact constraint preconditioning

The theory of the previous section established mesh-independent GMRES

convergence for constraint preconditioned saddle point systems using direct

methods, i.e., exact solves, for the block solves. For a sufficiently resolved
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numerical solution, small mesh widths are required, and the corresponding

linear systems grow in size. For these large-scale computations, particularly

problems arising from the discretization of p.d.e.s in three-dimensions, exact

solves become prohibitively expensive and are therefore impractical. This

requires replacing exact solves with faster, more economical inexact methods

that ideally maintain the previously established mesh independent convergence

of GMRES. In order to ensure that this property is maintained, we replace the

exact block solves with P by iterative methods preconditioned with spectrally

equivalent multigrid operators; see Definition 2.1 in Chapter 2.4.

Thus, the situation under consideration is replacing P by some P̃ , giving

an inexact constraint preconditioner of the form

P̃con =

[
P̃ CT

C 0

]
. (3.13)

Here, we consider an operator P̃ that corresponds to the solution of A by a

Krylov subspace method preconditioned with a spectrally equivalent multigrid

preconditioner.

Note that by Definition 2.1, if P̃ is spectrally equivalent to A, then there

exist mesh-independent constants, α, β such that for all x 6= 0

α ≤ (AP̃−1x,x)

(x,x)
and ‖AP̃−1‖ ≤ β. (3.14)

The following theorem, the inexact analogue of Theorem 3.4, is shown for

the inexact constraint preconditioner defined in (3.13).

Theorem 3.5. Let A, P̃con be defined as in (3.1), (3.13), respectively. Addi-

tionally, let (3.3) and the hypotheses of Lemma 3.4 hold but with A replaced

by P̃ . Let

H =

[
ρH1 0

0 H2

]
.

If P̃ satisfies the bounds (3.14), then the results of Theorem 3.4 remain true

with P = P̃ .



32

Proof. Recall that in the proof of Theorem 3.4 we first established an upper

bound on ‖AP̃−1
con‖H−1 by appealing to Theorem 3.3. This theorem can still

be applied in the inexact case due to the upper bound, ‖AP̃‖H−1
1
≤ β, from

(3.14).

The second part of the proof established the necessary lower bound for

field-of-values-equivalence. This required bounding three different pieces from

below. The line of argument in this proof is essentially the same with only

a few differences. First, the existence of lower bounds for xT1H
−1
1 AP̃−1x1

comes from (3.14). The next important difference concerns the bounds on the

approximate Schur complement, S̃ = −CP̃−1CT , which are taken care of by

the approximate version of Lemma 3.4 that holds. Therefore, for the inexact

solves we still have mesh-independent f.o.v.-equivalence.

The important consequences of this theory is that exact representations

of the block inverses are not required in order to maintain the desired mesh-

independent convergence properties of constraint preconditioned GMRES. In

fact, all that is necessary is that a spectrally equivalent method for the matrix

P̃ be used in the preconditioner. This allows a great deal of flexibility in the

types of methods that can be used as preconditioners while still maintaining

mesh-independent convergence. For instance, P̃ could be a multigrid method

itself, or a call to an iterative method with an optimal multigrid preconditioner.

In Chapter 4, inexact versions of the considered preconditioners for the solution

of the coupled Stokes-Darcy system are presented.
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CHAPTER 4

CONSTRAINT

PRECONDITIONING OF THE

COUPLED STOKES-DARCY

SYSTEM

In this chapter, we present numerical results that illustrate the theory of

Chapter 3. We consider the solution by preconditioned GMRES of the saddle

point system that arises from the finite element discretization of the coupled

Stokes-Darcy system. This is a set of p.d.e.s that models the coupling of a

freely flowing fluid, governed by the Stokes equations, to a porous media flow,

governed by the Darcy equations, via conditions across the interface of the two

flow regions.

We present numerical experiments in both two and three dimensions. The

considered 2D experiments are for tetrahedral elements and we consider two

types of discretization schemes in the Darcy region, namely, standard con-

tinuous finite elements (conG), where the finite element basis functions are

continuous, and discontinuous Galerkin (DG) methods, where the finite ele-

ment basis functions are discontinuous across elements. We compare exact

implementations of two versions of the constraint preconditioner against stan-
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dard block diagonal and block lower triangular preconditioners.

The numerical experiments in 3D are implemented using the deal.II finite

element library with hexahedral elements [4]. The numerical experiments have

been performed using the high performance computing cluster, Owl’s Nest, at

Temple University [1]. The computations were done in serial and on highmem

nodes where the processor is a 2x Intel Xeon X5677. We consider flow in several

domains with differing geometries and varying the permeabilities in the Darcy

region. Due to the size of the matrices considered, it is not practical to use

exact versions of the considered preconditioners, thus, inexact versions of the

preconditioner are introduced.

4.1 The coupled Stokes-Darcy system

Consider fluid flowing in a domain Ω = Ω1 ∪ Ω2; see Figure 4.1. For

simplicity, in this thesis we consider the case where Ω is a rectangle in 2D and

a rectangular prism in 3D, but most of what we say equally applies to other

geometries. The flow in Ω1 is modeled by the Stokes equations

−∇ · (2νD(u1)− p1I) = f1, in Ω1, (4.1a)

∇ · u1 = 0, in Ω1, (4.1b)

u1 = 0, on Γ1 := ∂Ω1 \ Γ12. (4.1c)

The velocity and pressure in Ω1 are denoted by u1, p1, respectively. The

coefficient ν > 0 is the kinematic viscosity, the function f1 is an external force

acting on the fluid, I is the identity matrix, and D(u1) = 1
2
(∇u1 + ∇uT1 ) is

the rate of strain tensor which describes how the fluid deforms in response to

stress. Lastly, Γ1 is the boundary of the domain Ω1 excluding the interface

Γ12.
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Γ2D

Γ2N Γ2N

Γ1

Ω2

Ω1

Γ12

Figure 4.1: The domain Ω = Ω1∪Ω2. The Stokes flow region is Ω1. The Darcy

region is Ω2. The Stokes boundary (excluding the interface) Γ1 is colored blue.

The interface Γ12 is colored red. The Darcy boundary is composed of Dirichlet

(Γ2D) and Neumann (Γ2N) parts.

The flow in Ω2 is modeled by Darcy’s Law

−∇ ·K∇p2 = f2, in Ω2, (4.2a)

−K∇p2 = u2, in Ω2, (4.2b)

p2 = gD, on Γ2D, (4.2c)

K∇p2 · n2 = gN , on Γ2N . (4.2d)

The velocity and pressure in Ω2 are denoted u2, p2, respectively and the func-

tion f2 is an external force acting on the fluid. The functions gD and gN

are prescribed on the portions of the boundary corresponding to the Dirich-

let (Γ2D) and Neumann (Γ2N) boundary conditions, respectively, so that the

Darcy boundary is Γ2 := ∂Ω2 \ Γ12 = Γ2D ∪ Γ2N . The vector n2 denotes the

outward unit normal vector to Γ2N . The symmetric positive definite matrix K

represents the hydraulic conductivity of the fluid and describes how well flow

moves through a particular point of the porous media. For isotropic flow we

have that the hydraulic conductivity matrix is a scaled identity matrix with
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scaling factor κ, i.e., K = κI.

Let n12, τ 12, denote the unit normal vector directed from Ω1 to Ω2 and

unit tangential vector to the interface, respectively. The model is completed

by specifying the following coupling (interface) conditions between the two

domains

u1 · n12 = −K∇p2 · n12, (4.3a)

(−2νD(u1)n12 + p1n12) · n12 = p2, (4.3b)

u1 · τ 12 = −2νG(D(u1)n12) · τ 12, (4.3c)

where (4.3a) ensures mass conservation across the interface, (4.3b) ensures the

balance of of normal forces across the interface, and (4.3c) is the Beavers-

Joseph-Saffman (BJS) law. The BJS law, which was determined experimen-

tally, states that the tangential velocity of the fluid is proportional to the shear

(tangential) stress. The proportionality constant G, called the BJS constant,

is experimentally determined and depends on the material properties of the

porous medium; see [5, 50]. The third condition is essential to complete the

model. This is due to the Stokes equations having second order derivatives for

the velocity variable and first order derivatives for the pressure variable, while

the opposite is true in the Darcy domain, that is, the velocity contains first

order derivatives and the pressure contains second order derivatives; see [18].

4.2 Finite element solution of the coupled

Stokes-Darcy system

We consider the solution of the fully coupled set of p.d.e.s by the finite

element method; recall Chapter 2.3. Thus, the original set of p.d.e.s given by

(4.1) and (4.2) must be transformed into its weak, or variational form. This

is done by multiplying the p.d.e.s by appropriate test functions, integrating

over the domain, using Green’s formulas [25, p. 628] (integration by parts),

and incorporating the boundary and interface conditions, which then defines
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the corresponding bilinear forms for the weak problem. In this case, the choice

of the function spaces were the velocity and pressures are found is now very

important.

To introduce the function spaces where the weak solutions of the coupled

Stokes-Darcy problem are to be found, let

X1 = {v1 ∈ (H1(Ω1))2 : v1 = 0 on Γ1}, Q1 = L2(Ω1),

be the Stokes velocity and pressure spaces, respectively, and let

Q2 = {q2 ∈ H1(Ω2) : q2 = 0 on Γ2D},

be the Darcy pressure space. Let X = X1 × Q2 and Q = Q1. Associated to

these spaces are the corresponding norms (see, e.g., [13, 18])

‖(u1, p2)‖X =
(
κ‖p2‖2

H1(Ω2) + 2ν‖D(u1)‖2
L2(Ω1)

)1/2

, (4.4a)

‖p1‖Q = ‖p1‖L2(Ω1). (4.4b)

The weak formulation of the coupled Stokes-Darcy problem (4.1), (4.2),

(4.3), is to find u1 ∈ X1, p1 ∈ Q1, and p2 ∈ Q2 such that

a((u1, p2), (v1, q2)) + b∗(p1, (v1, q2)) = f(v1, q2) ∀v1 ∈ X1, ∀q2 ∈ Q2, (4.5a)

b((u1, p2), q1) = 0 ∀q1 ∈ Q1, (4.5b)

where

a((u1, p2), (v1, q2)) = aΩ1(u1,v1) + aΩ2(p2, q2) + aΓ12((u1, p2), (v1, q2)), (4.6)

b((u1, p2), q1) = −
∫

Ω1

(∇ · u1)q1 dx, (4.7)

and

aΩ1(u1,v1) = 2ν

∫
Ω1

D(u1) : D(v1) +
1

G

∫
Γ12

(u1 · τ12)(v1 · τ12),

aΩ2(p2, q2) =

∫
Ω2

K∇p2 · ∇q2,

aΓ12((u1, p2), (v1, q2)) =

∫
Γ12

(p2v1 − q2u1) · n12.
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Lastly,

f(v1, q2) =

∫
Ω1

f1 · v1 +

∫
Ω2

f2q2 +

∫
Γ2N

gNq2. (4.9)

The following lemma, proved in [13, 18], is used to establish the well-posedness

of the weak problem (4.5) for continuous finite elements.

Lemma 4.1. Let a(·, ·) be defined as in (4.6) and b(·, ·) as in (4.7) with func-

tion spaces X and Q , then the following hold.

1. a(·, ·) is continuous on X×X, that is, there exists a positive constant c1

such that

|a((u1, p2), (v1, q2))| ≤ c1‖(u1, p2)‖X‖(v1, q2)‖X ,

2. a(·, ·) is coercive on X, that is, there exists a positive constant c2 such

that

a((u1, p2), (u1, p2)) ≥ c2‖(u1, p2)‖2
X ,

3. b(·, ·) is continuous on X × Q and satisfies the inf-sup condition, that

is, there exists a positive constant β such that ∀q1 ∈ Q, ∃(u1, q2) ∈ X,

(u1, q2) 6= 0, such that

b((u1, q2), q1) ≥ β‖(u1, q2)‖X‖q1‖Q.

The existence and uniqueness of the weak problem (4.5) then follows from

Lemma 4.1 and the theory of Brezzi-Fortin [10, 11].

For proofs that the bilinear forms and linear functionals in (4.5) satisfy the

necessary and sufficient conditions to apply the Brezzi-Fortin theory when the

Darcy-domain is discretized with a DG method; see [45].

To find the discrete solution, the next step is to select appropriate finite

element spaces, that is, choose Xh
1 ⊂ X1, Qh

1 ⊂ Q1 that satisfy discrete ver-

sions of the above continuity, coercivity, and inf-sup conditions for the Stokes

velocity and pressure in addition to selecting Qh
2 ⊂ Q2 for the finite Darcy

pressure space.
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For example one could choose MINI finite element spaces [2, 15] or Taylor-

Hood elements [23, 56] for Xh
1 , Q

h
1 . The discrete pressure space for the Darcy

domain Qh
2 consists of piecewise continuous polynomials.

The derivation of this weak form of the coupled Stokes-Darcy problem has

been done here only for continuous finite element spaces. Should the Darcy

domain be discretized using a DG method, then the Darcy pressure space

changes, as well as the bilinear form aΩ2 ; see [15] for further details.

The linear system is derived as follows. The discrete velocity and pressure

solutions are assumed to be a linear combination of the basis functions for the

finite element spaces, Xh
1 , Q

h
1 , and Qh

2 , i.e.,

uhΩ1
(x) =

nu∑
i=1

ujφj(x), (4.10)

phΩ1
(x) =

np1∑
i=1

p1,jψ1,j(x), (4.11)

phΩ2
(x) =

np2∑
i=1

p2,jψ2,j(x), (4.12)

where nu, np1 , and np2 , denote the number of Stokes velocity d.o.f.s, Stokes

pressure d.o.f.s, and Darcy pressure d.o.f.s, respectively.

The linear system for the above velocity and pressure coefficients is ob-

tained by substituting the above functions into the corresponding bilinear

forms of problem (4.5) and testing against each of the basis functions. If

we enumerate the Darcy pressure degrees of freedom first, the Stokes velocity

degrees of freedom second, and the Stokes pressure degrees of freedom third,

then the fully coupled, discrete version of (4.5) is the following linear system

of equations

Ax =


AΩ2 ATΓ12

0

−AΓ12 AΩ1 BT

0 B 0



pΩ2

uΩ1

pΩ1

 =


f2,h

f1,h

gh

 = b. (4.13)

Here, AΩ2 is the discrete version of aΩ2(·, ·), AΩ1 the discrete version of aΩ1(·, ·),
B is the discrete version of b(·, ·), and AΓ12 is the discrete version of aΓ12(·, ·).
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Setting

A =

[
AΩ2 ATΓ12

−AΓ12 AΩ1

]
, C =

[
0 B

]
,

and recalling (3.1), it is easy to see that the system of equations (4.13) is of

saddle point form

A =

[
A CT

C 0

]
.

We remark that if the continuous Galerkin method is used to solve for

the flow in both the Stokes and Darcy regions, then the matrices AΩ1 , AΩ2

are both symmetric and positive definite. However, due to the interface block

AΓ12 , the (1, 1) block A of the saddle point matrix A is non-symmetric. It

is possible though to scale the second row of the block matrix A in (4.13)

by −1 to obtain a symmetric but still indefinite matrix A. Additionally, if

one models the flow in the Darcy region with a non-symmetric discontinuous

Galerkin method, as proposed in [15], the matrix AΩ2 is not symmetric and

the fully coupled system can not be made symmetric.

4.3 Preconditioning the coupled Stokes-Darcy

system

To determine the discrete Stokes velocity, Stokes pressure, and Darcy pres-

sure we solve the large, sparse, and non-symmetric saddle point matrix A with

preconditioned GMRES [49]. We consider the following preconditioners

P+ =


AΩ2 0 0

0 AΩ1 0

0 0 Mp

 , PT1(ρ) =


AΩ2 0 0

0 AΩ1 0

0 B −ρMp

 ,

PT2(ρ) =


AΩ2 0 0

−AΓ12 AΩ1 0

0 B −ρMp

 , PC(ρ) =


AΩ2 ATΓ12

0

−AΓ12 AΩ1 0

0 B −ρMp

 .
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These preconditioners were considered in [13] and are standard block diag-

onal and block triangular preconditioners. The matrix Mp in the (3, 3)-block

of each of the above preconditioners is the pressure mass matrix. This cor-

responds to a mass matrix for the Stokes pressure space, i.e., a discretization

of the bilinear form (ψ1,j, ψ1,i)Ω1 . The reason for this matrix to be included

in each of the preconditioners is that the pressure mass matrix is spectrally

equivalent to the Schur complement S = BA−1
Ω1
BT of the Stokes sub-matrix;

see, e.g., [13, 23]. Moreover, utilizing the theory established in [39], Cai, Mu,

and Xu [13], showed norm-equivalence between the above preconditioners and

the system matrix A. Thus, the preconditioned operator P−1A, has a spec-

trum that is bounded independently of the mesh width of the finite element

discretization.

However, constraint (indefinite) preconditioners of the form (3.2) (see, e.g.,

[36, 44, 51]) were not addressed in [13]. The following two indefinite precon-

ditioners are proposed for the solution of the coupled Stokes-Darcy system.

PconD
=


AΩ2 0 0

0 AΩ1 BT

0 B 0

 ,PconT
=


AΩ2 0 0

−AΓ12 AΩ1 BT

0 B 0

 .
Appealing to Theorems 3.3 and 3.4, which respectively establish norm- and

f.o.v.-equivalence for constraint preconditioners, the above two constraint pre-

conditioners are shown to be f.o.v.-equivalent to the system matrix A.

By construction, the fully coupled operator A satisfies the the Babuška-

Brezzi conditions (3.3a)-(3.3b). Moreover, for the exact versions of the con-

straint preconditioner, the matrix P in the (1, 1)-block is both norm- and

f.o.v.-equivalent to the matrix A. In addition, the operator A satisfies the

conditions of Lemma 3.4. Therefore, we can apply Theorem 3.4 and conclude

that the constraint preconditioner Pcon is both norm- and f.o.v.-equivalent to

the operator A.

In order to visually illustrate Theorem 3.4 we computed the field-of-values

for two small-scale matrices, corresponding to mesh widths h = 2−3, 2−4, using
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Figure 4.2: Plots of the preconditioned H-field-of-values, WH(AP−1
con) for two

mesh widths h = 2−3, 2−4. The second figure is magnified near the origin to

show that the field-of-values is contained in C+. The dimension of the coupled

Stokes-Darcy matrices here are n = 521 and n = 2065.

the fv function in the matrix computation toolbox package [33]. The matrix

used for this computation was the discrete coupled Stokes-Darcy operator

from problem (4.15). The results are shown in Figure 4.2. Observe that the

H-field-of-values, where H is the discretized norm corresponding to (4.4), are

contained in the right hand side of the complex plane, i.e., WH(AP−1
con) ⊂ C+.

Moreover, as the mesh is refined, the f.o.v. stays bounded.

In Figure 4.3, the computed spectra of Λ(A), Λ(AP−1
conD

), and Λ(AP−1
conT

)

are displayed (as blue circles, red stars, and black squares respectively).
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Figure 4.3: Spectra of Λ(AP−1
coni

) for i = D,T. The blue circles are the eigenval-

ues of A, the red stars are the eigenvalues of AP−1
conD

, and the black squares are

the eigenvalues of AP−1
conT

. The dimensions of the Darcy-conG and Darcy-DG

matrices are respectively, n = 521 and 2065, and n = 1217 and 4865.

Figures 4.3a and 4.3b correspond to the case when the Darcy domain is dis-

cretized with continuous finite element spaces. Figures 4.3c and 4.3d display

the same information but correspond to the case when the Darcy domain is

discretized using a non-symmetric DG method. The underlying problem these

discrete operators represent is from Problem (4.15). The mesh widths con-

sidered for both the Darcy-conG and Darcy-DG problems are h = 2−3, 2−4.

Observe that in both cases the spectra are bounded as the mesh is refined.
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4.4 Numerical Results

4.4.1 2D Test Problem: trigonometric solution

Here, we consider a simple test case for a coupled Stokes-Darcy system

with the following velocity and pressure solution
u1(x, y) =

[
− cos

(π
2
y
)

sin
(π

2
x
)

+ 1.0, sin
(π

2
y
)

cos
(π

2
x
)
− 1.0 + x

]T
,

p1(x, y) = 1− x,

p2(x, y) =
2

π
cos
(π

2
x
)

cos
(π

2
y
)
− y(x− 1).

(4.14)

The boundary conditions (see Figure 4.1) are chosen to be compatible with

the above solution. This problem is solved on a triangular mesh. For the

Stokes velocity and pressure basis functions we use MINI finite elements and

piecewise linear elements, respectively [2]. For the Darcy pressure basis func-

tions we consider piecewise linear elements for the continuous Galerkin case

and discontinuous polynomials of degree two for the discontinuous Galerkin

case.

We solve the discrete linear system using preconditioned GMRES with the

considered preconditioners. The stopping criterion for the algorithm is when

the relative residual, ‖rk‖2/‖r0‖2 < 10−8. A plot of the exact solution and the

computed solution where the Darcy domain is discretized by a second order

DG method and using the preconditioner PconD
is given in Figure 4.4.

Figure 4.5 contains a semilog plot of the decrease in the norm of the rela-

tive residual against the number of iterations. The iteration counts and CPU

time in seconds for increasingly refined meshes are given in Table 4.1, where

the preconditioners P− and PT1 are left out since the number of iterations

for convergence and CPU timings are nearly identical to P+ and PT2 , respec-

tively. Observe that the number of iterations to converge for both versions of

the constraint preconditioner does not increase as the mesh is refined, as ex-

pected from Theorem 3.4. Moreover, it takes under ten iterations, regardless

of the size of the system matrix, for GMRES to converge for both versions of
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the constraint preconditioner. Additionally, the CPU times of both constraint

preconditioners are more competitive than the other considered precondition-

ers.

(a) Exact solution (b) Approximate solution Darcy-DG

Figure 4.4: Exact and approximate solution computed with PconD
for Problem

(4.14) with Darcy-DG and h = 2−4.
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Figure 4.5: Residual convergence of the preconditioned GMRES algorithm for

Problem (4.14) with a mesh discretization of h = 2−8 and h = 2−7, respectively.

Table 4.1: Number of iterations and CPU times for convergence of Problem

(4.14) with κ = 1, ν = 1.

(a) Darcy -conG

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 521 74 (0.12) 41 (0.04) 33 (0.03) 7 (0.01) 4 (0.01)
2−4 2065 87 (0.29) 45 (0.12) 33 (0.09) 7 (0.03) 4 (0.02)
2−5 8225 95 (1.24) 45 (0.51) 32 (0.36) 7 (0.14) 4 (0.16)
2−6 32833 105 (6.62) 48 (2.98) 26 (1.69) 7 (0.77) 4 (1.01)
2−7 131201 110 (41.4) 50 (18.3) 20 (7.80) 7 (4.25) 4 (6.36)
2−8 524545 111 (210) 50 (89.6) 14 (25.9) 7 (22.5) 4 (42.6)

(b) Darcy-DG

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 1217 74 (0.21) 41 (0.09) 33 (0.07) 7 (0.02) 4 (0.01)
2−4 4865 88 (1.03) 45 (0.44) 34 (0.33) 7 (0.08) 4 (0.05)
2−5 19457 95 (5.94) 45 (2.79) 31 (1.98) 7 (0.51) 4 (0.33)
2−6 77825 105 (35.3) 48 (14.4) 24 (7.57) 7 (2.72) 4 (1.65)
2−7 311297 110 (188) 50 (79.0) 20 (33.2) 7 (14.0) 4 (7.94)
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4.4.2 2D Test Problem: robustness with respect to

physical parameters

Here, we consider a coupled Stokes-Darcy problem with the following poly-

nomial velocity and pressure solution
u1(x, y) = [y2 − 2y + 1 + ν(2x− 1), x2 − x− (y − 1)2ν]

T
,

p1(x, y) = 2ν(x+ y − 1) +
1

3κ
− 4ν2,

p2(x, y) =
1

κ

(
x(1− x)(y − 1) +

y3

3
− y2 + y

)
+ 2νx.

(4.15)

In this case, K = κI. The boundary conditions (see Figure 4.1) are again

chosen to be compatible with the above solution. We solve this problem on a

triangular mesh using MINI finite elements and piecewise linear elements for

the Stokes velocity and pressure basis functions, respectively. Again, two types

of Darcy pressure basis functions are considered, piecewise linear elements for

the conG case and discontinuous polynomials of degree two for the DG case.

Here, we independently vary both the permeability of the porous media κ and

the viscosity ν over a range of progressively lower values. This is to illustrate

the robustness of the two constraint preconditioners with respect to these

physical parameters.

κ = 1 and ν = 1

We first consider the case when κ = 1 and ν = 1. Figure 4.6 is a semilog

plot of the reduction of the relative residual against the number of iterations.

Table 4.2 contains the iteration counts and CPU times for this problem. Ob-

serve that regardless of the type of discretization scheme used, the constraint

preconditioners outperform the other proposed standard block diagonal and

block lower triangular preconditioners with respect to both iteration count and

CPU timings. Additionally, the iteration counts for the constraint precondi-

tioners are bounded as the mesh is refined, further illustrating Theorem 3.4.
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Figure 4.6: Residual convergence of the preconditioned GMRES algorithm for

Problem (4.15) with κ = 1 and ν = 1. The corresponding mesh widths are

h = 2−8 and h = 2−7, respectively.

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 521 80 (0.12) 46 (0.04) 37 (0.03) 7 (0.01) 4 (0.01)
2−4 2065 89 (0.27) 53 (0.13) 39 (0.09) 7 (0.02) 3 (0.02)
2−5 8225 104 (1.26) 54 (0.64) 36 (0.42) 7 (0.16) 3 (0.12)
2−6 32833 113 (7.81) 57 (3.70) 31 (2.02) 7 (0.93) 3 (0.71)
2−7 131201 119 (40.3) 61 (19.9) 26 (8.70) 7 (4.63) 3 (4.04)
2−8 524545 121 (288) 60 (126) 18 (36.2) 7 (28.2) 3 (26.0)

(a) Darcy -conG

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 1217 72 (0.21) 41 (0.09) 33 (0.07) 7 (0.02) 4 (0.01)
2−4 4865 86 (1.08) 46 (0.51) 35 (0.39) 7 (0.09) 3 (0.04)
2−5 19457 93 (5.96) 47 (2.82) 32 (2.00) 7 (0.49) 3 (0.25)
2−6 77825 101 (35.2) 50 (19.4) 28 (11.2) 7 (3.48) 3 (1.66)
2−7 311297 107 (221) 53 (99.5) 23 (43.7) 7 (16.3) 3 (7.41)

(b) Darcy-DG

Table 4.2: Number of iterations and CPU times for convergence of Problem

(4.15) with κ = 1, ν = 1.
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Varying the permeability

Consider the solution by preconditioned GMRES of the matrix arising from

the finite element discretization of the Stokes-Darcy system with the solution

given by Problem (4.15). We again compare the number of iterations and

CPU timings for each of the proposed preconditioners as the permeability κ is

decreased. Table 4.3 contains the convergence information for the Darcy-conG

case and Table 4.4 contains the convergence information for the Darcy-DG

case. Observe that the number of iterations for each preconditioner increases

as κ is decreased. Thus, decreasing κ can be viewed in some sense as making

the problem more difficult for the considered preconditioners. Further observe

that in terms of iteration counts the two considered constraint preconditioners

are always superior. The constraint preconditioners are also superior in terms

of CPU times for the Darcy-DG case. In the Darcy-conG case, the fully coupled

block lower triangular preconditioner PC provides the best times for low values

of κ, however, the constraint preconditioners are still close competitors.

Varying the viscosity

Again, we consider the solution of Problem (4.15) but in this section we

compare the effect that varying the viscosity ν has on the number of iterations

and CPU timings for each of the proposed preconditioners. Table 4.5 contains

the convergence information for the Darcy-conG case and Table 4.6 contains

the convergence information for the Darcy-DG case.

Observe again that as ν is decreased, the number of iterations to converge

for each of the considered preconditioners increases. Decreasing ν also corre-

sponds to making the problem more challenging for the iterative solvers. The

two constraint preconditioners are again superior in terms of iteration counts.

The CPU timings are also superior for the two constraint preconditioners as ν

is decreased for the Darcy-DG problem. The CPU timings for the constraint

preconditioners Darcy-conG case are superior for ν = 10−1, 10−2. For the

smaller values ν = 10−3, 10−4 the CPU timings for PC are better.
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Table 4.3: Number of iterations and CPU times for convergence of Problem

(4.15) with Darcy-conG, varying κ, and fixed ν = 1.

(a) κ = 10−1

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 521 82 (0.12) 46 (0.04) 37 (0.03) 9 (0.01) 5 (0.01)
2−4 2065 102 (0.33) 54 (0.13) 38 (0.09) 9 (0.03) 5 (0.02)
2−5 8225 112 (1.50) 56 (0.65) 35 (0.40) 9 (0.18) 5 (0.16)
2−6 32833 122 (8.32) 59 (3.70) 28 (1.73) 9 (1.08) 5 (0.98)
2−7 131201 127 (45.5) 63 (21.9) 23 (8.07) 9 (5.99) 5 (6.35)
2−8 524545 128 (358) 63 (131) 15 (30.4) 9 (35.1) 5 (37.4)

(b) κ = 10−2

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 521 91 (0.15) 48 (0.04) 41 (0.04) 13 (0.01) 7 (0.01)
2−4 2065 121 (0.41) 60 (0.15) 46 (0.11) 14 (0.05) 7 (0.03)
2−5 8225 134 (1.89) 62 (0.76) 43 (0.50) 15 (0.29) 7 (0.21)
2−6 32833 145 (10.5) 65 (3.92) 38 (2.19) 15 (1.64) 7 (1.24)
2−7 131201 157 (55.2) 69 (21.0) 31 (9.26) 15 (8.71) 7 (7.96)
2−8 524545 142 (306) 63 (119) 23 (41.73) 15 (45.4) 7 (65.0)

(c) κ = 10−3

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 521 94 (0.15) 49 (0.04) 42 (0.04) 15 (0.01) 8 (0.01)
2−4 2065 126 (0.43) 62 (0.16) 46 (0.11) 20 (0.07) 11 (0.05)
2−5 8225 152 (2.29) 68 (0.82) 41 (0.46) 22 (0.45) 11 (0.33)
2−6 32833 169 (12.1) 72 (4.68) 35 (2.16) 23 (2.60) 12 (2.13)
2−7 131201 185 (74.0) 77 (25.3) 30 (9.29) 23 (13.7) 12 (13.1)
2−8 524545 195 (526) 80 (174) 25 (48.0) 23 (78.4) 12 (73.8)

(d) κ = 10−4

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 521 95 (0.15) 50 (0.04) 42 (0.04) 15 (0.01) 8 (0.01)
2−4 2065 131 (0.45) 65 (0.17) 46 (0.11) 29 (0.10) 15 (0.06)
2−5 8225 163 (2.36) 77 (0.93) 41 (0.45) 35 (0.67) 18 (0.50)
2−6 32833 202 (17.6) 86 (5.83) 34 (2.19) 37 (4.64) 19 (3.71)
2−7 131201 231 (109) 95 (31.8) 27 (8.45) 38 (23.5) 20 (22.4)
2−8 524545 251 (864) 101 (189) 21 (34.6) 38 (123) 19 (114)
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Table 4.4: Number of iterations and CPU times for convergence of Problem

(4.15) with Darcy-DG, varying κ, and fixed ν = 1.

(a) κ = 10−1

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 1217 76 (0.22) 42 (0.09) 33 (0.07) 9 (0.02) 5 (0.01)
2−4 4865 92 (1.09) 48 (0.50) 34 (0.36) 9 (0.10) 5 (0.06)
2−5 19457 100 (7.00) 49 (3.28) 31 (2.16) 9 (0.70) 5 (0.42)
2−6 77825 110 (42.0) 52 (17.7) 26 (9.25) 9 (3.84) 5 (2.25)
2−7 311297 113 (237) 55 (104) 20 (37.0) 9 (18.6) 5 (10.1)

(b) κ = 10−2

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 1217 83 (0.25) 44 (0.10) 37 (0.09) 13 (0.03) 7 (0.2)
2−4 4865 110 (1.38) 53 (0.58) 39 (0.43) 14 (0.16) 8 (0.10)
2−5 19457 123 (8.14) 55 (3.83) 38 (2.63) 15 (1.12) 7 (0.56)
2−6 77825 132 (46.2) 57 (18.6) 33 (10.8) 15 (5.75) 7 (2.73)
2−7 311297 140 (268) 61 (104) 28 (47.9) 15 (30.0) 7 (13.3)

(c) κ = 10−3

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 1217 86 (0.26) 45 (0.10) 38 (0.09) 15 (0.04) 8 (0.02)
2−4 4865 115 (1.51) 56 (0.66) 40 (0.47) 21 (0.24) 12 (0.14)
2−5 19457 143 (10.8) 62 (4.22) 37 (2.53) 23 (1.67) 12 (0.92)
2−6 77825 159 (64.2) 66 (21.9) 33 (10.7) 23 (8.47) 12 (4.37)
2−7 311297 167 (329) 69 (118) 29 (49.4) 23 (44.4) 12 (22.3)

(d) κ = 10−4

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 1217 85 (0.26) 46 (0.11) 39 (0.09) 15 (0.04) 8 (0.02)
2−4 4865 117 (1.55) 59 (0.69) 41 (0.48) 31 (0.40) 16 (0.20)
2−5 19457 149 (10.3) 71 (4.54) 38 (2.48) 37 (2.56) 20 (1.41)
2−6 77825 195 (81.2) 82 (31.0) 33 (12.0) 38 (16.6) 20 (8.57)
2−7 311297 218 (486) 88 (141) 27 (43.3) 38 (69.0) 20 (33.6)
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Table 4.5: Number of iterations and CPU times for convergence of Problem

(4.15) with Darcy-conG, varying ν, and fixed κ = 1.

(a) ν = 10−1

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 521 89 (0.15) 39 (0.04) 37 (0.03) 9 (0.01) 5 (0.01)
2−4 2065 105 (0.38) 47 (0.13) 41 (0.11) 9 (0.04) 5 (0.03)
2−5 8225 111 (1.51) 49 (0.59) 39 (0.46) 9 (0.18) 5 (0.17)
2−6 32833 121 (8.15) 54 (3.55) 35 (2.28) 9 (0.96) 5 (1.24)
2−7 131201 125 (43.8) 55 (18.4) 31 (10.7) 9 (5.19) 5 (7.59)
2−8 524545 129 (303) 57 (104) 24 (44.1) 9 (28.8) 4 (43.3)

(b) ν = 10−2

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 521 113 (0.19) 50 (0.05) 37 (0.03) 12 (0.02) 7 (0.01)
2−4 2065 150 (0.57) 66 (0.19) 43 (0.11) 13 (0.05) 7 (0.04)
2−5 8225 162 (2.49) 69 (0.90) 40 (0.49) 14 (0.27) 7 (0.27)
2−6 32833 162 (12.1) 70 (4.73) 37 (2.41) 14 (1.53) 7 (1.65)
2−7 131201 165 (61.8) 71 (23.8) 32 (10.8) 14 (8.12) 7 (10.1)
2−8 524545 169 (368) 73 (159) 28 (56.2) 14 (49.6) 7 (73.4)

(c) ν = 10−3

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 521 137 (0.24) 73 (0.08) 45 (0.04) 15 (0.01) 8 (0.01)
2−4 2065 237 (1.15) 117 (0.42) 50 (0.14) 20 (0.07) 11 (0.06)
2−5 8225 270 (5.50) 134 (2.14) 46 (0.58) 22 (0.42) 12 (0.40)
2−6 32833 282 (27.1) 138 (11.6) 42 (3.11) 23 (2.75) 12 (3.00)
2−7 131201 266 (114) 137 (50.2) 37 (12.4) 23 (13.5) 12 (18.5)
2−8 524545 261 (732) 137 (282) 32 (54.6) 23 (65.3) 12 (106)

(d) ν = 10−4

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 521 146 (0.28) 78 (0.09) 50 (0.05) 15 (0.01) 8 (0.01)
2−4 2065 341 (2.11) 170 (0.72) 59 (0.18) 28 (0.10) 15 (0.08)
2−5 8225 459 (13.3) 231 (4.71) 58 (0.78) 34 (0.71) 18 (0.72)
2−6 32833 487 (59.0) 246 (22.7) 52 (3.44) 37 (4.03) 20 (4.74)
2−7 131201 485 (273) 235 (125) 46 (18.2) 38 (24.2) 20 (32.7)
2−8 524545 479 (1649) 234 (537) 42 (70.7) 3 (111) 20 (193)
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Table 4.6: Number of iterations and CPU times for convergence of Problem

(4.15) with Darcy-DG, varying ν, and fixed κ = 1.

(a) ν = 10−1

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 1217 89 (0.27) 39 (0.08) 37 (0.08) 9 (0.02) 5 (0.01)
2−4 4865 105 (1.27) 46 (0.50) 41 (0.44) 9 (0.11) 5 (0.06)
2−5 19457 112 (7.04) 49 (2.98) 39 (2.38) 9 (0.67) 5 (0.37)
2−6 77825 121 (40.1) 54 (16.3) 34 (10.4) 9 (3.39) 5 (1.95)
2−7 311297 125 (251) 55 (94.8) 31 (54.8) 9 (18.9) 5 (10.2)

(b) ν = 10−2

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 1217 116 (0.36) 52 (0.12) 37 (0.08) 13 (0.03) 7 (0.02)
2−4 4865 152 (2.01) 67 (0.74) 43 (0.46) 14 (0.16) 8 (0.09)
2−5 19457 164 (10.9) 69 (4.25) 40 (2.44) 14 (0.97) 7 (0.55)
2−6 77825 163 (56.0) 70 (21.7) 37 (11.5) 14 (5.51) 7 (2.62)
2−7 311297 165 (319) 71 (118) 33 (58.4) 14 (27.1) 7 (13.0)

(c) ν = 10−3

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 1217 135 (0.43) 72 (0.18) 45 (0.10) 15 (0.03) 8 (0.02)
2−4 4865 249 (4.05) 124 (1.61) 50 (0.55) 22 (0.26) 12 (0.14)
2−5 19457 284 (23.6) 137 (9.95) 46 (3.09) 23 (1.61) 12 (0.97)
2−6 77825 285 (121) 138 (52.7) 42 (15.5) 23 (10.2) 12 (5.06)
2−7 311297 273 (669) 137 (233) 38 (60.7) 23 (43.7) 12 (21.1)

(d) ν = 10−4

h DOF P+ PT2(0.6) PC(0.6) PconD
PconT

2−3 1217 142 (0.47) 77 (0.20) 51 (0.12) 15 (0.03) 8 (0.02)
2−4 4865 350 (6.51) 181 (2.61) 59 (0.67) 31 (0.36) 16 (0.19)
2−5 19457 481 (45.7) 231 (17.4) 58 (3.55) 38 (2.54) 20 (1.37)
2−6 77825 511 (218) 246 (85.4) 52 (15.4) 38 (13.6) 21 (7.21)
2−7 311297 485 (1285) 246 (481) 46 (76.8) 38 (72.1) 21 (40.5)
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4.4.3 3D: Inexact Preconditioning

In the following sections, we consider several 3D experiments that have

been computed on hexadral meshes with continuous finite element basis func-

tions in both the Darcy and Stokes domains. The numerical implementation

uses the deal.II finite element library [4].

In order to consider the solution of large matrices that arise from the finite

element discretization of such 3D problems, inexact versions of the precondi-

tioners must be used. This means that inner block solves are now computed

by another iterative method that is preconditioned with a spectrally equiv-

alent multigrid method. In this case, the action of the preconditioner is no

longer fixed at each iteration and so a flexible Krylov subspace method, in

particular flexible GMRES (FGMRES) [47], which allows for the precondi-

tioner to change at each inner iteration is used as the Krylov solver. Here, we

describe the inexact implementations of the following three preconditioners,

P̃+, P̃T1(ρ), and P̃conD
, which we consider in the solution of the 3D numerical

experiments.

Recall that for the continuous finite element basis functions, the matrices

AΩi
are s.p.d. Thus, for the inexact implementation of P̃+, we consider a

preconditioner of the form

P̃−1
+ =


Ã−1

Ω2
0 0

0 Ã−1
Ω1

0

0 0 M−1
p

 ,
where the action of the matrix Ã−1

Ωi
is computed by a call to the conjugate

gradient method [32] preconditioned with a spectrally equivalent multigrid

V-cycle. The inverse of the mass matrix M−1
p is trivial to compute as mass

matrices corresponding to first order continuous finite element basis functions

are diagonal matrices.

The inexact version of the block lower triangular preconditioned is derived
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by applying the factorization (2.1b) to P̃T1(ρ), giving

P̃T1(ρ) =


I 0 0

0 I 0

0 BÃ−1
Ω1

I



ÃΩ2 0 0

0 ÃΩ1 0

0 0 −ρMp

 .
Thus, the inverse is

P̃T1(ρ)−1 =


Ã−1

Ω2
0 0

0 Ã−1
Ω1

0

0 0 −ρM−1
p



I 0 0

0 I 0

0 −BÃ−1
Ω1

I

 .
The action of this matrix on a vector is given by

P̃T1(ρ)x =


Ã−1

Ω2
0 0

0 Ã−1
Ω1

0

0 0 −ρM−1
p



I 0 0

0 I 0

0 −BÃ−1
Ω1

I



x1

x2

x3



=


Ã−1

Ω2
x1

Ã−1
Ω1
x2

−ρM−1
p (x3 −BÃ−1

Ω1
x2)

 ·
For the inexact version of this block lower triangular preconditioner, the ac-

tions of Ã−1
Ωi

are again replaced by a calls to the conjugate gradient algorithm

with spectrally equivalent multigrid V-cycle preconditioners. Compared to

P̃+, the cost for applying P̃T1 is an additional matrix-vector product with B.

Lastly, in order to apply the constraint preconditioner inexactly and in

a manner consistent with Theorem 3.5, we utilize the block structure of the

preconditioner, recall that

P−1
conD

=


A−1

Ω2
0

0

[
AΩ1 BT

B 0

]−1

 . (4.16)

Thus, the action of P−1
conD

amounts to two independent block solves, one

with the Darcy operator and the other with the Stokes operator. The inexact
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version of this preconditioner ignores the coupling between the two problems.

The motivation of this inexact version of the constraint preconditioner is that

we can use existing fast solvers for the two sub-problems.

The action of the Darcy and Stokes operators are represented by multigrid

preconditioned short-term recurrence Krylov subspace methods. Specifically,

the action of the inverse of the Darcy operator A−1
Ω2

, is replaced by calls to

the preconditioned conjugate gradient method with a spectrally equivalent

multigrid V-cycle.

The Stokes operator [
AΩ1 BT

B 0

]−1

,

is symmetric and indefinite. Thus, the action of this matrix is implemented

with a call to the preconditioned MINRES method [43]. The preconditioner

in this case is a block diagonal preconditioner of the form

P−1 =

[
Ã−1

Ω1

M̃−1
p

]
,

where ÃΩ1 (essentially the representation of a vector Laplacian operator) is a

multigrid V-cycle, and Mp is the pressure-mass matrix.

Each of the considered preconditioners requires a stopping criterion for

the inner iterative method. In each of the following numerical experiments

the inner method is stopped when the relative residual has dropped below a

tolerance of 10−2. It is possible to have inner solves with increased accuracy

but this just increases the total solve time of the method. Moreover, we found

this lax tolerance to be sufficient for the following numerical experiments.
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4.4.4 3D Test Problem: cube domain

Here, we consider coupled Stokes-Darcy flow in a three dimensional cube,

Ω = [0, 2]3, see Figure 4.7, with the following prescribed solution
u1(x, y, z) = [0, 0,−1]T ,

p1(x, y, z) = z − 1,

p2(x, y, z) = z − 1.

(4.17)

x

y

z

Γ2D

Ω1

Γ12

Ω2

Γ1

Γ2NΓ2N

Figure 4.7: The cube computational domain. The interface between the Stokes

and Darcy regions Γ12 is colored red. The boundary of the Stokes domain Γ1

is colored blue. Dirichlet boundary conditions are enforced on all five sides of

Γ1. On the four lateral sides of the Darcy boundary denoted Γ2N and colored

green we enforce Neumann boundary conditions. Finally, the bottom of the

Darcy boundary colored in grey and denoted Γ2D is the Dirichlet portion of

the boundary.

In this case, the system parameters are set to be κ = ν = 1. On the five

faces of the Stokes boundary, Dirichlet boundary conditions are prescribed

to match the velocity solution. On the four lateral faces of the the Darcy

boundary, Neumann boundary conditions are enforced. Note that for this

solution, the Neumann boundary conditions are homogeneous as ∇p2 ·n2 = 0.
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We solve this problem numerically on a hexadral mesh using the software

package deal.II [4]. For the Stokes velocity and pressure basis functions

we consider biquadratic and bilinear finite elements, respectively. This is the

familiar Taylor-Hood pair and is inf-sup stable [56]. For the Darcy pressure

basis functions we consider continuous biquadratic elements.

We solve the discrete linear system using the inexact versions of the fol-

lowing three preconditioners, P+, PT1(0.6) and PconD
. The inexact versions

of these preconditioner are not fixed at each iteration and for this reason

we use FGMRES [47]. The stopping criterion is when the relative residual,

‖rk‖2/‖r0‖2 < 10−6. The results of this experiment are reported in Table 4.7.

h elements DOF P+ PT1(0.6) PconD

2−1 64 1695 39 (13.7) 39 (13.7) 6 (5.07)
2−2 512 10809 44 (112) 43 (111) 6 (77.1)
2−3 4096 76653 43 (1294) 41 (1262) 6 (858)
2−4 32768 576213 42 (16449) 41(16256) 5 (18979)

(a) κ = 1

h elements DOF P+ PT1(0.6) PconD

2−1 64 1695 86 (29.5) 107 (35.7) 10 (8.49)
2−2 512 10809 87 (227) 115 (294) 10 (111)
2−3 4096 76653 84 (2524) 112 (3420) 9 (1260)
2−4 32768 576213 84 (33095) 104 (41619) 9 (32026)

(b) κ = 10−1

h elements DOF P+ PT1(0.6) PconD

2−1 64 1695 970 (317) 1470 (495) 23 (17.2)
2−2 512 10809 1294 (3237) 2057 (5348) 22 (255)
2−3 4096 76653 1500 (43235) 2053 (62647) 20 (2822)
2−4 32768 576213 * * 19 (71862)

(c) κ = 10−2

Table 4.7: Table of FGMRES iterations and CPU time in seconds for Problem

(4.17) with inexact preconditioners. Varying κ with fixed ν = 1. A ∗ indicates

the maximum run time of 24 hours was reached.

Observe that as the mesh is uniformly refined the number of FGMRES
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iterations to converge with the constraint preconditioner remains bounded. In

addition, the constraint preconditioner is competitive in its CPU timings. We

also remark that sparse direct solvers were competitive until the third level of

refinement and ran out of memory for the matrix of size 576213.

(a) Cube Pressure Solution (b) Pressure and Velocity Solution

(c) Velocity and streamlines

Figure 4.8: Inexact preconditioned GMRES solution obtained using PconD
.

The mesh width is h = 2−4 and the system size is n = 576213.

4.4.5 3D Test Problem: rectangular prism domain

In this set of numerical experiments, we consider coupled Stokes-Darcy

flow in a rectangular box, [0, 0.05] × [0, 0.05] × [0, 0.25], see Figure 4.9. The

plane z = 0.10, colored red, is the interface Γ12 between the Stokes and Darcy

domains. The domain considered here has a more elongated free flow region
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compared to that of the porous flow region. At the top of the Stokes bound-

ary, colored yellow and denoted Γ1,D we prescribe a constant inflow velocity

along the z-direction, i.e., u1 = (0, 0,−0.1)T . On the four lateral walls of the

Stokes boundary, colored blue, we prescribed no slip or zero-velocity boundary

conditions. In the Darcy domain, the velocity is fixed to be zero at the four

lateral walls of the boundary, which are colored green and denoted by Γ2N .

At the bottom of the Darcy boundary denoted by Γ2D and colored grey, the

value of the Darcy pressure is fixed at zero.

We consider the solution of the discrete Stokes-Darcy operator and com-

pare the inexact versions of the three preconditioners, P+,PT1(0.6) and PconD
.

Here, we vary the permeability of the porous medium over the following range

of values κ = {10−2, 10−3, 10−4}. We again compare iteration counts and CPU

timings. These experiments were inspired by those in [31] and also illustrate

how the proposed constraint preconditioned solver is able to reproduce the

expected linear increase in the pressure drop, the difference between the pres-

sure at the top and bottom of the Darcy domain, as the permeability κ is

decreased.

The convergence information is contained in Table 4.8. Observe that in

terms of iteration counts, the inexact constraint preconditioner is superior.

However, for this problem, the timings for the inexact block diagonal pre-

conditioner is superior. For this problem, the size of the Stokes region, and

consequently, the Stokes sub-matrix is far larger in size compared to the Darcy

operator. Thus, more time is spent in the MINRES solution of the larger Stokes

problem, increasing the time for the considered constraint preconditioner.

Various plots from the inexact constraint preconditioned solutions for the

considered values of κ are given in Figure 4.10. The plots are slices of the

velocity magnitude and the Darcy pressure. The velocity magnitude slices

serve to illustrate the parabolic flow profile in the Stokes flow region. The

Darcy pressure solution illustrates the gradual drop in pressure across the

Darcy region. The pressure in the Stokes domain is colored blue as we only

plot the Darcy pressure in this case. Lastly, the plot that shows the expected
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linear drop in pressure across the Darcy domain as κ is decreases is given in

Figure 4.11.

z

x

y

Γ2D

Ω1

Γ12

Ω2

Γ1,DΓ1,0

Γ2N

Figure 4.9: The rectangular prism computational domain. The interface be-

tween the Stokes and Darcy regions Γ12 is colored red. The boundary of the

Stokes domain is comprised of two portions. The first piece Γ1,0 consisting

of the four lateral sides of the Stokes boundary, is colored blue and denotes

where the velocity is zero. The second piece Γ1,D at the top of the Stokes

boundary is colored yellow and denotes the inflow boundary condition. The

Darcy boundary consists of Neumann boundary conditions on the four lateral

sides colored green and denoted by Γ2N . The Dirichlet portion of the Darcy

boundary, denoted Γ2D is the bottom of the rectangular prism and is colored

grey.

4.4.6 3D Test Problem: discontinuous permeability field

In this section, we again consider numerical experiments for the coupled

Stokes-Darcy system in a cube domain; see Figure 4.12. However, in this sit-

uation the permeability of the porous medium consists of two values, κ1 and

κ2. The value κ2 is the value inside of the sphere Br(xc) (colored black) that

is centered at the point xc = (1, 1, 0.5)T of radius r = 0.25 and outside of this
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h elements DOF P+ PT1(0.6) PconD

2−1 200 5879 38 (44.8) 32 (39.3) 5 (57.1)
2−2 1600 37489 40 (441) 36 (408) 5 (1190)
2−3 12800 265277 44 (5978) 38 (5307) 5 (14146)

(a) κ = 10−2

h elements DOF P+ PT1(0.6) PconD

2−1 200 5879 42 (51) 38 (48.2) 6 (69.4)
2−2 1600 37489 46 (515) 43 (494) 6 (706)
2−3 12800 265277 48 (6636) 46 (6448) 6 (10717)

(b) κ = 10−3

h elements DOF P+ PT1(0.6) PconD

2−1 200 5879 53 (65.5) 49 (63.9) 9 (96.2)
2−2 1600 37489 64 (737) 65 (782) 9 (953)
2−3 12800 265277 66 (9385) 72 (10371) 9 (15249)

(c) κ = 10−4

Table 4.8: Table of FGMRES iterations and time in seconds for flow in the

rectangular prism domain with the considered inexact preconditioners.
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(a) Velocity magnitude slice, κ = 10−2 (b) Darcy pressure, κ = 10−2

(c) Velocity magnitude slice, κ = 10−3 (d) Darcy pressure, κ = 10−3

(e) Velocity magnitude slice, κ = 10−4 (f) Darcy pressure, κ = 10−4

Figure 4.10: 3D Prism solutions. The plots show slices of the coupled Stokes-

Darcy velocity magnitude and the Darcy pressure. The size of the system

matrix for this problem is n = 265277 corresponding to a mesh width of

h = 2−3.
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Figure 4.11: Log-log plot of the drop in pressure ∆p in the Darcy domain

against the decrease of κ.

sphere, the value is κ1. The boundary conditions are the same as in Prob-

lem (4.17). Here, we consider the following set of pairs for the discontinuous

permeability values (κ0, κ1) = {(10−2, 10−5), 10−3, 10−6), (10−4, 10−7)}.
The number of iterations for the relative residual to converge to the tol-

erance ‖rk‖2/‖r0‖2 < 10−6 and CPU timings are given in Table 4.9. Observe

that as the permeabilities decrease the inexact constraint preconditioner be-

comes more competitive. In fact, for the low permeability range, the number

of outer iterations drastically increases for both the block diagonal and block

lower triangular preconditioners, whereas the number of iterations remains

bounded for the constraint preconditioner. These experiments also highlight

the inherent difficulty each preconditioner has for solving these more chal-

lenging problems as the time for each solver increases for smaller values of κ.

In order to solve these more challenging problems for smaller mesh widths,

parallel calculations are needed. Plots of the Darcy velocity and pressure are
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given in Figure 4.13. Observe how the fluid bends around the impermeable

enclosure as well as the gradual pressure drop from the top to the bottom of

the Darcy domain.

x

y

z

Γ2D

Ω1

Γ12

Ω2

Γ1

Γ2NΓ2N

Figure 4.12: The cube computational domain with a discontinuous permeabil-

ity field in the Darcy region. The interface between the Stokes and Darcy

regions Γ12 is colored red. The boundary of the Stokes domain Γ1 is colored

blue. Dirichlet boundary conditions are enforced on all five sides of Γ1. On the

four lateral sides of the Darcy domain denoted Γ2N and colored in green we

enforce Neumann boundary conditions. Finally, on the bottom portion of the

Darcy domain denoted Γ2D and colored grey we enforce Dirichlet boundary

conditions.



66

(a) Darcy velocity and pressure (κ1, κ2) =

(10−2, 10−5)

(b) Darcy velocity and pressure (κ1, κ2) =

(10−3, 10−6)

(c) Darcy velocity and pressure (κ1, κ2) =

(10−4, 10−7)

Figure 4.13: 3D discontinuous permeability solutions. The plots show the

slices of the coupled Stokes-Darcy velocity magnitude and the Darcy pressure.

The size of the system matrix for this problem is n = 76653 corresponding to

a mesh width of h = 2−3.
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h elements DOF P+ PT1(0.6) PconD

2−2 512 10809 111 (330) 127 (381) 22 (250)
2−3 4096 76653 114 (3725) 136 (4537) 21 (3051)

(a) (κ1, κ2) = (10−2, 10−5)

h elements DOF P+ PT1(0.6) PconD

2−2 512 10809 221 (636) 249 (745) 55 (566)
2−3 4096 76653 250 (7725) 293 (9179) 53 (7132)

(b) (κ1, κ2) = (10−3, 10−6)

h elements DOF P+ PT1(0.6) PconD

2−2 512 10809 366 (1105) 362 (1108) 122 (1189)
2−3 4096 76653 513 (15770) 570 (17803) 135 (16665)

(c) (κ1, κ2) = (10−4, 10−7)

Table 4.9: Table of FGMRES iterations and CPU time in seconds for the

discontinuous permeability field problem with inexact preconditioners. A ∗
indicates the maximum run time of 24 hours was reached.
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CHAPTER 5

CONCLUSIONS

In this thesis, we have considered the preconditioned iterative solution of

large, sparse, saddle point problems. The major theoretical contribution of this

thesis is the result on f.o.v.-equivalence between exact and inexact versions of

constraint preconditioners to saddle point matrices of the form (3.1). The

theory is relevant for saddle point matrices that arise in the finite element

discretization of certain p.d.e.s. The important consequence being that, under

certain conditions, the GMRES algorithm applied to constraint preconditioned

saddle point problems converges in a number of iterations that is independent

of the mesh width. Thus, this type of preconditioner is optimal with respect

to the mesh width.

In addition to the theoretical results on constraint preconditioners, we per-

formed a variety of numerical experiments on the saddle point system that

arises from the finite element discretization of the coupled Stokes-Darcy prob-

lem. These experiments were performed for a variety of geometries, in both

two and three dimensions, for two discretization schemes (continuous and dis-

continuous Galerkin methods), as well as a test problem with a discontinuous

permeability field. In each of the considered cases, and as expected from

the proven theoretical results, the number of iterations for constraint precon-

ditioned GMRES (FGMRES for inexact versions of the preconditioners) to

converge was bounded. Moreover, the CPU timings of the constraint precon-
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ditioned GMRES algorithm in the considered numerical experiments were as

competitive, or better than standard block diagonal and block lower triangular

preconditioners. In fact, for more difficult problems, in particular for the large-

scale 3D problems with small permeabilities in the Darcy region, the constraint

preconditioner was more effective than the other considered preconditioners.

The proposed inexact version of the constraint preconditioner also intro-

duces an interesting paradigm for the solution of coupled problems. This

inexact version of the constraint preconditioner essentially ignores the cou-

pling, i.e., AΓ12 , and in some sense can be viewed as a decoupled Stokes-Darcy

operator. The effectiveness of this preconditioner then amounts to being able

to accurately solve the individual Darcy and Stokes problem quickly with

iterative methods. With fast inner iterative solves for these problems, this de-

coupled constraint preconditioner offers a method that converges in only a few

outer iterations, even for extremely large-scale problems in 3D. It would also

be natural to apply this decoupled preconditioning approach for other inter-

esting coupled multi-physics problems that exhibit a similar structure to the

systems considered here. Another natural extension for this research would

be for coupled Navier-Stokes-Darcy flow where the non-linear convection term

now plays an important role in the governing equations and solution.

It has been demonstrated, both in theory and in the considered numerical

experiments, that constraint preconditioners are a viable and powerful precon-

ditioning method for saddle point problems. At first, it may seem unnatural

to precondition a saddle point problem with another saddle point problem.

However, these indefinite, constraint preconditioners are extremely effective

and can be more economical, both in terms of iteration count and CPU time

than other standard block diagonal and block lower triangular preconditioners,

especially for challenging large-scale 3D problems of interest.
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