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ABSTRACT

OPTIMAL REDUCED SIZE CHOICE SETS WITH OVERLAPPING

ATTRIBUTES

Ke Huang

DOCTOR OF PHILOSOPHY

Temple University, July, 2015

Professor Pallavi Chitturi, Chair

Discrete choice experiments are used when choice alternatives can be de-

scribed in terms of attributes. The objective is to infer the value that respon-

dents attach to attribute levels. Respondents are presented sets of profiles

based on attributes specified at certain levels and asked to select the profile

they consider best. When the number of attributes or attribute levels becomes

large, the profiles in a single choice set may be too numerous for respondents

to make precise decisions. One strategy for reducing the size of choice sets is

the sub-setting of attributes. However, the optimality of these reduced size

choice sets has not been examined in the literature. We examine the optimal-

ity of reduced size choice sets for 2n experiments using information per profile

(IPP) as the optimality criteria. We propose a new approach for calculating

the IPP of designs obtained by dividing attributes into two or more subsets

with one, two, and in general, r overlapping attributes, and compare the IPP
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of the reduced size designs with the original full designs. Next we examine

the IPP of choice designs based on 3n factorial experiments. We calculate the

IPP of reduced size designs obtained by sub-setting attributes in 3n plans and

compare them to the original full designs.
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CHAPTER 1

INTRODUCTION

Conjoint analysis and discrete choice experiments are widely used method-

ologies for measuring and analyzing the preferences or choices of respondents.

The contribution by Luce and Tukey (1964) is viewed as the origin of con-

joint analysis. Since its introduction, conjoint analysis has been researched

and used in many different applications. (For reviews see Green and Srini-

vasan, 1990; Wittink and Cattin, 1989; Wittink et al., 1994). In a conjoint

task, respondents typically sort, rank or rate a set of profiles. These profiles

are experimentally designed and are described by multiple factors (attributes)

and their levels. The results from conjoint analysis provide insights into how

respondents evaluate certain attributes of interest.

Discrete choice experiments are a method related to conjoint analysis and

are also called choice based conjoint (CBC). This method involves the design

of profiles on the basis of attributes specified at certain levels. However, in-

stead of ranking or rating all profiles, as is usually done in a conjoint analysis
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task, respondents are asked to repeatedly choose one alternative from different

sets of profiles presented to them. Probabilistic choice models such as multi-

nomial logit or probit models are applied to the choice data arising from such

experiments. An early article describing the advantages of this approach for

conjoint analysis was by Louviere and Woodworth (1983).

The advantage of discrete choice experiments over traditional conjoint

analysis is that data collection involves simulated decisions (or hypothetical

choices) thus providing a more realistic and simpler task for respondents than

rankings or ratings. In recent years this method has become increasing popular

as a way to more directly study choice (Batsell and Louviere, 1991). Consider

a rail transportation example. We can consider four attributes that describe

train service: fares, frequency, routes and security, and two levels: the current

level (0) and an improved level (1) for each attribute i.e. current fares and a

10% reduction in fares, current frequency of service or higher frequency, cur-

rent train routes or an increased number of routes, and current level of security

or improved security.

If asked to choose the level of each attribute separately, respondents will

naturally select the improved level for each attribute. However, due to budget

constraints, it may not be feasible to expend resources on all four attributes.

Rail authorities need to know which of these attributes are most important

for the quality of life of citizens of the area. They can then make informed

decisions about where resources should be concentrated. In such an environ-

ment, respondents are required to make tradeoffs and these tradeoffs cannot
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be determined by asking about each attribute separately.

For this purpose, we can create ‘transportation profiles’ of the character-

istics of transportation and ask the respondent to make a choice. If a profile

has all four attributes at the improved (higher) level (1111), it will ‘dominate’

other profiles that have one or more attributes at the current (lower) level and

respondents will always choose the dominating profile. If we present a choice

set with the profiles {1111, 0111, 1011, 1101}, the first profile dominates the

others and the respondent’s choice is trivially made. Similarly, if we present

a choice set with the profiles {0011, 0111, 1011, 1101}, the first profile is dom-

inated and will not be selected. For this reason, choice sets should have no

dominating or dominated profiles. Such choice sets are called Pareto Opti-

mal (PO) choice sets. Provided there are no such dominating or dominated

profiles, different respondents will select different profiles and we can gain an

insight into the relative importance of these factors.

Raghavarao and Wiley (1998) generalized non-dominating (PO) subsets.

For an sn experiment with n attributes each at s levels denoted by 0, 1, . . . , s−

1, assuming (x1, x2, . . . , xn) is a profile of the n attributes, the choice sets

Sl = {(x1, x2, . . . , xn)|
∑

xi = l}, l = 0, 1, . . . , n(s−1), are PO. For example, in

the rail transportation example described above, S2 = {1100, 1010, 1001, 0110,

0101, 0011} is a PO choice set. Since the levels in each profile of the choice set

sum to two, there are no dominating or dominated profiles in the choice set S2.

They also note that any subset of a PO subset is itself a PO subset. To compare

designs, Information Per Profile (IPP) can be used as an optimality criteria.
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Raghavarao and Zhang (2002) provide optimal designs for 2n experiments with

n attributes each at two levels when n = m2 or n = m(m + 2) using IPP as

the optimality criteria.

1.1 Reducing Choice Set Sizes

In choice experiments the investigator organizes profiles into systematically

constructed choice sets, where the profiles are designed on the basis of all

attributes. When the number of attributes or attribute levels becomes large,

the profiles in a single choice set may be too numerous for respondents to

make precise decisions. There is a limit to how much information respondents

can process without becoming confused or overloaded. For example, in a 35

factorial plan with five factors at three levels each, three choice sets (S2, S3,

and S4) and a total of 90 profiles are needed to estimate all main effects and

all two-way interactions. Furthermore, if the investigator is only interested in

certain factors and interactions, it may be unnecessary to go over all profiles.

Several strategies have been developed for reducing the number of profiles

and choice sets. Smaller subsets may be generated by sub-setting larger sub-

sets. Smaller choice sets and a reduced number of alternatives may be achieved

by sub-setting based on overlapping attributes and/or levels. They may also

be generated using fractional designs and cyclic designs. Designs have been

developed in which only a subset of two-way interactions are estimated for 2n

and 3n experiments (Chen and Chitturi, 2012). Note that these procedures
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may be used to create choice sets of the same size across the choice experiment,

or of varying size. Experiments with same choice sets sizes are common, but

studies with varying choice sets sizes may be found (Koelemeijer and Oppewal,

1999; Oppewal et al., 1994, 2000).

In sub-setting attributes into overlapping sets, we divide the total number

of attributes into subsets T1, T2, . . . , Tm such that Ti and Ti+1 are non-disjoint

for i = 1, 2, . . . , (m − 1). That is, Ti and Ti+1 are linked by the overlap of

at least one attribute. For example, in a 27 experiment, the seven attributes

A1, A2, . . . , A7 can be divided into two overlapping subsets of four attributes

each:

T1 = A1, A2, A3, A4, (1.1)

T2 = A4, A5, A6, A7. (1.2)

We form separate main-effects plans based on the attributes in each subset Ti.

All main effect contrasts are estimable and since Ti and Ti+1 are non-disjoint,

we can test the difference of main effects of any two attributes. A limitation

of this approach is that we can only estimate two-factor interactions if both

attributes are in the same set Ti. Therefore, not all two-factor interactions are

estimable.

In a 27 experiment, three choice sets S1, S2, and S3 with a total of 63

profiles are needed to estimate all main effects and all two-way interactions. If

we divide the seven attributes into two overlapping subsets T1 and T2 of four
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attributes each, we can use the 24 design twice, once with attributes A1, A2, A3

and A4, and once with attributes A4, A5, A6 and A7. In a 24 experiment, three

choice sets S1, S2, and S3, with a total of 14 profiles are needed to estimate

all main effects and all two-way interactions. Thus the combined design has

2 × 14 = 28 profiles instead of 63. All main effects are estimable, but only

those two-factor interactions are estimable for which both attributes are in

the same set Ti. For example, the interaction A1A2 is estimable, but A1A7 is

non-estimable. In this example, the subsets T1 and T2 are linked by a single

attribute A4, but subsets may be linked by the overlap of more than one

attribute. Schwabe et al. (2003) and Grossmann et al. (2002) also consider

the problem of sub-setting by attributes.

IPP, as an optimality criterion, has been defined for choice designs based

on 2n experiments. The IPP of designs obtained by sub-setting attributes into

overlapping subsets has not been examined in the literature. In chapter 3 we

develop a new approach for obtaining the IPP for smaller designs obtained by

sub-setting attributes based on PO sets Sl and Sl+1 and compare the IPP of

full designs with the reduced size designs. We also discuss the calculation of

IPP for sub-setting designs based on PO sets Sl and Sn−l. We define the IPP

for choice designs based on 3n experiments in chapter 4. Finally, we obtain

the IPP of smaller designs obtained by sub-setting a 3n plan, and compare the

IPP of the full designs and smaller designs.
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CHAPTER 2

LITERATURE REVIEW

As an approach to multiattribute utility measurement, conjoint analysis

evolved from the theory of conjoint measurement (Luce and Tukey 1964) in

mathematical psychology. Based on this theory, some psychometricians (Car-

roll, 1969; Kruskal, 1965; Young, 1969) developed a variety of nonmetric mod-

els for computing part-worths from respondents’ preference orderings across

mutliattributed stimuli, such as descriptions of products or services. In the

early 1970s conjoint analysis has received considerable attention as a ma-

jor set of techniques for measuring buyer’s trade-offs among multiattributed

products and services (Green and Rao, 1971; Johnson, 1974; Srinivasan and

Shocker, 1973). With the availability of computer software for implementing

the methodology conjoint analysis was widely applied in many fields of social

sciences and applied sciences in the 1980s. Conjoint analysis is by far one of

the most popular statistical techniques for analyzing consumer trade-offs.



8
2.1 Conjoint analysis

The basic idea of conjoint analysis is to handle situations in which deci-

sion makers have to deal with options that simultaneously vary across two

or more attributes. In a conjoint study, decision makers solve the problem

of how to trade off the possibility that option A is better than option B on

attribute x while B is better than A on attribute y, and various extensions of

these conflicts. Through analyzing a series of trade-offs made by participants,

researchers can determine the relative importance of component attributes.

Traditionally in such experiments, a product or service is described in terms

of attributes. Each attribute consists of a number of levels. Participants are

shown sets of combinations of levels from all attributes and asked to choose one

they like best. These combinations are also called profiles. They are designed

similar enough to be close substitutes and dissimilar enough so participants

can clearly choose a preference.

For example, a cell phone service may have attributes such as plan, price,

minutes, data and so on. Assume the attribute plan has three levels: family

plan, individual plan, and mobile share plan. When a consumer chooses a

service, he has to make a decision among price levels, minutes levels, and data

levels such as individual plan $69.99/mo with 3 GB data and 450 minutes talk,

family plan $79.99/mo with 300 MB data and 550 minutes talk for two lines,

or mobile share with unlimited talk and text plan $40/mo with 1 GB data

plus $45 cost for each smart phone. Based on consumers’ behavior researchers
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can value the elements composing the product or service, and use these valua-

tions to create models estimating market share, revenue, and even design new

products.

Conjoint analysis first took the form of Full Profile studies and was used

to investigate a small set of attributes (typically 4 or 5). Respondents were

asked to rank or rate profiles. The utilities for the levels can be estimated

by relatively simple dummy variable regression analysis. Such designs lim-

ited the effectiveness and flexibility of conjoint analysis to some extent. In

order to avoid overloading information on respondents the number of applica-

ble attributes was heavily restricted. Also ranking or rating large number of

profiles was less feasible in real life situations. Considering such limitations,

some approaches of data collection were introduced to solve the problem of

a large number of attributes in the ‘80s, such as hybrid techniques (Green

et al., 1981), adaptive conjoint analysis (Johnson, 1987), and self-explicated

preference-data collection (Srinivasan, 1988). Including full profile techniques,

these approaches became the main data collection procedures used for con-

joint analysis. Extending the application of multinomial logit model to con-

joint analysis Louviere and Woodworth (1983) proposed experimental designs

in which only a choice task was used. This approach improved the implemen-

tation of conjoint analysis in real life and became the basis of choice-based

conjoint and discrete choice analysis.
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2.2 Choice-based conjoint analysis

The choice-based conjoint (CBC) model was an important technical devel-

opment in conjoint analysis during the ‘80s. It is also referred to as discrete

choice experiments. Instead of ranking various product or service profiles pre-

sented one at a time on a likelihood-of purchase scale, respondents typically

see profile descriptions of two or more explicit competitors which vary on one

or more attributes, and are asked to pick their most preferred profile from

the set. Alternatively, respondents may allocate 100 points across the set of

profiles reflecting one’s relative strength of preference.

After the econometrician McFadden (1974) suggested analyzing choice data

using the multinomial logit model, this method was soon recognized and

adopted by a number of marketing researchers. Some of them extended and

developed its applications (Gensch and Recker, 1979; Batsell and Lodish, 1981;

Mahajan et al., 1982). Louviere and Woodworth (1983) were among the first to

discuss experimental designs that provided a theoretical foundation for choice-

based conjoint analysis. They emphasized that sets of concepts shown to re-

spondents should be constructed using experimental designs, choice sets should

contain an option such as “none of these”, and employing multinomial logit

model estimation of parameters should be considered in aggregate. Since the

efficiency of experimental designs for multinomial logit was not as straightfor-

ward as that for traditional linear models and their designs, design efficiency

became a topic of research (Kuhfeld et al., 1994; Bunch et al., 1996; Huber and
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Zwerina, 1996). General rules for designing CBC experiments were proposed

by Carter, Dubelaar and Wiley (2001) .

• Word survey instruments simply and in a straight-forward manner.

• Keep choice tasks as realistic and natural as possible.

• Make choices credible.

• Aim to “balance” the number of: (1)choice sets; (2)choices; (3)attributes;

and (4)attribute levels, to avoid respondent overload.

• Ensure respondents understand the different product/service attributes

and levels.

• Make the choice context explicit and thereby encourage realism.

• Do not set implausible attribute levels.

• Avoid including alternatives that “dominate” others because they are

“better” on all benefit and cost criteria.

• Keep alternatives constant (i.e., not changing attributes or attribute

levels of choices within the survey instrument).

• Include a “none of these” alternative (i.e., enabling the respondent to

indicate that none of the alternatives in the specific choice set would be

chosen).
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• Ask respondents to indicate their most recent actual choice of the prod-

uct or service being surveyed.

In the case of valuation studies, CBC experiments typically involve eco-

nomic choices in which the attributes may consist of benefits and/or costs. Re-

searchers are interested in investigating respondents’ trade-off behaviors, i.e.,

giving up one benefit, or incurring a cost, to secure another benefit. Benefits

and costs may be defined in economic terms as follows: a benefit is something

for which preference monotonically increases with increasing attribute level;

a cost is something for which preference increases with decreasing attribute

level. By examining alternatives in choice sets, researchers may infer the val-

ues respondents attach to changes in benefits and costs relative to the values

respondents attach to changes in other attributes. For example, an investiga-

tor may want to study the relative importance consumers put on attributes

like screen size, screen format, brand and price in selecting a television.

The advantage of choice-based conjoint analysis is not just in simplifying

the respondent’s task in the data collection procedure, but also providing a

way to deal with interactions among attributes. By pooling or borrowing in-

formation across respondents, choice-based conjoint models offer the feasibility

to quantify interactions, while most conjoint methods are based on the “main

effects only” assumption that ignores the existence of attribute interactions.

The number of attributes is a main limitation for conjoint analysis. Green

and Srinivasan (1990) recommended six to ten as the maximum number of at-
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tributes for typical data collection procedures in traditional conjoint analysis.

The problem is not fully resolved under CBC analysis. When the number of

attributes and levels increases, the number of potential profiles increases expo-

nentially. However the unique ability to deal with interactions made CBC anal-

ysis increasingly popular and widely employed. In recent years, this model has

emerged as a major statistical technique used in many social sciences and ap-

plied sciences including marketing (Kamakura and Srivastava, 1984; Johnson

and Olberts, 1991), tourism (Haider and Ewing, 1990), geography (Oppewal

et al., 1997; Waerden et al., 1993), health (Propper, 1995) and environmental

science (Adamowicz et al., 1998).

2.3 Pareto Optimal choice set

Pareto optimality (or Pareto efficiency) states an allocation of resources in

which it is impossible to make any one individual better off without making

at least one individual worse off. This concept was pioneered by Vilfredo

Pareto (an Italian economist) in his studies of economic efficiency and income

distribution. If a change of allocation makes at least one individual better off

without making any other individual worse off, such a case is called a Pareto

improvement. In a Pareto optimal allocation, no further Pareto improvement

can be made. Although the notion does not necessarily result in a socially

desirable distribution of resources, Pareto optimality was efficiently employed

to analyze the selection of alternatives in other similar fields.
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Consider a valuation study in which we are interested in three attributes

and each attribute has two levels. Profiles are combinations of 0 and 1, here 0 or

1 represents each attribute is at its low or high levels. If respondents are shown

a choice set with three profiles, {111, 101, 011}, the choice is apparent since

the first one dominates the other two. Similarly in choice set {110, 011, 001},

the third choice is not competitive because it is dominated. A simple example

was provided by Raghavarao and Wiley (1998) to illustrate the implication of

having dominating or dominated alternatives in a set. Suppose a consumer

faces the choice between a $9,000 car with 25 miles/gal, and a $10,000 car with

32 miles/gal. If the consumer picks the first choice, it may be inferred that he

values a $1000 saving more than 7 additional miles/gal, assuming other things

equal. On the other hand, choice of the other alternative might mean that

the value of saving of fuel is more than the increment in price. However when

given the choice between a $9,000 car with 32 miles/gal and a $10,000 car

with 25 miles/gal, most consumers would choose the first combination. Under

such a case we can not obtain relative values of cost versus fuel consumption.

Therefore, researchers prefer choice sets without dominating or dominated

profiles.

Wiley (1978) was first to realize the importance of Pareto optimal choice

sets in choice experiments. Formally, assume S is the set of all possible profiles

then subset T of S is said to be a Pareto optimal (PO) subset if for every two

distinct profiles (x1, x2, . . . , xm), (y1, y2, . . . , ym) ∈ T , there exist subscripts i
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and j (i ̸= j) such that xi < yi and xj > yj. In other words, this definition

indicates that no profile dominates another in PO sets.

Based on Wiley’s work, many researchers did studies on the comparison

of PO versus non-PO designs (Johnson et al., 1986; Huber and Hansen, 1986;

Green et al., 1988). Although different results were drawn from their research,

PO sets were still suggested as a good practice in CBC experiments. Krieger

and Green (1991) extended this idea and proposed the concept of orthogonal

and PO subsets. Raghavarao and Wiley (1998) generalized non-dominating

(PO) subsets. For an sn experiment with n attributes each at s levels denoted

by 0, 1, . . . , s−1, assuming (x1, x2, . . . , xn) is a profile of the n attributes, then

the choice sets Sl = {(x1, x2, . . . , xn)|
∑

xi = l}, l = 0, 1, . . . , n(s− 1), are PO.

They note that any subset of a PO subset is itself a PO subset.

2.4 Models

Consider a CBC experiment with n attributes each at s levels. Respondents

are shown sets of profiles which are combinations of levels from all attributes.

A choice set is a subset of k profiles, k ≤ sn. The respondents’ task is to select

their preference from each choice set presented to them. Assume yx1x2...xn is

the proportion of profile (x1, x2, . . . , xn) picked by respondents from a given

choice set Sl. Then yx1x2...xn can be modeled by the equation
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yx1x2...xn = µ+
n∑

i=1

αAi
xi

+
n∑

i,j=1
i̸=j

αAiAj
xixj

+
n∑

i,j,k=1
i ̸=j ̸=k ̸=i

αAiAjAk
xixjxk

+ · · ·+ αA1A2...An
x1x2...xn

+ ex1x2...xn (2.1)

where µ is the general mean, αAi
xi

is the effect of attribute (or factor) Ai at xi

level, α
AiAj
xixj is the effect of attributes Ai and Aj at xi and xj levels, respectively,

. . . , and ex1x2...xn is the random error.

The proportion, yx1x2...xn , could be the outcomes of a probit process (Haus-

man and Wise 1978). However, most of time the Y ′s of Eq.(2.1) are logits

modeled by the multinomial logit random utility model (McFadden 1974).

Generally such logits are described as the log-odd of the ratio of choice pro-

portions for profiles in the choice sets to a common, base profile that appears

in each choice set (Dhar 1997; Haaijer et al. 2001). Here the base profile

represents “no choice”, status quo, or delayed choice.

2.4.1 Fit of the model

Since a unique feature of the CBC model is to measure interactions among

attributes, the tests of lack-of-fit and significance for models and model param-

eters are required in the estimation procedure. Raghavarao and Wiley (2006)

provided a model for sequential testing. The hypothesis that the model fits

the data could be tested by

SS[Y = Xβ] = Y ′S−1Y − b′(X ′S−1X)b (2.2)
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In the test, Eq.(2.1) can be rewritten as Y = Xβ+ε, where ε is a P ×1 vector

of errors with E(ε) = 0 and V ar(ε) = E(εε′) = S, P is the number of profiles

tested, X is the design matrix constructed by the selected profiles, and β is

the vector of unknown parameters that is to be estimated. The test statistic is

distributed as a central χ2 distribution with (P −q) degrees-of-freedom, where

q is the number of independent β parameters.

SS[Cβ = 0] = b′C ′(C(X ′S−1X)−1C ′)−1Cb (2.3)

Eq.(2.3) shows a general way to test the hypothesis Cβ = 0 given the fit of

the model. This test has a central χ2 distribution with d degrees-of-freedom,

where d is the full row rank of the matrix C.

2.5 Sequential CBC experiments

Raghavarao and Wiley (1998) provided connected main effects plans for

symmetric and asymmetric designs. Generalizing the results for 2n experi-

ments by Zhang (2001), they proposed rules of constructing choice sets to

estimate main effects, two-way and three-way interactions (2006).

Theorem 2.1. (a) We can estimate all nmain = n(s− 1) contrasts of main

effects by using two consecutive choice sets Sl and Sl+1, where (s− 2) ≤

l ≤ (n− 1)(s− 1).

(b) We can estimate all ntwoway = n(n−1)(s−1)2/2 contrasts of two-factor
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interactions by using three consecutive choice sets Sl, Sl+1 and Sl+2,

where 2(s− 2) ≤ l ≤ (n− 2)(s− 1).

(c) We can estimate all nthreeway = n(n − 1)(n − 2)(s − 1)3/6 contrasts of

three-factor interactions by using four consecutive choice sets Sl, Sl+1,

Sl+2 and Sl+3, where 3(s− 2) ≤ l ≤ (n− 3)(s− 1).

Generally, if l is assigned in the middle of its range choice sets will contain

many profiles, while fewer profiles will be generated if l takes a value in the

beginning or end of the range l = 0, . . . , n(s− 1). In their paper Raghavarao

and Wiley (2006) also provided a table to list minimum and maximum values

for l in Sl for estimating all main effects, two-way, and three-way interactions,

for 3 ≤ n ≤ 7, 2 ≤ s ≤ 5.

2.5.1 Sequential testing strategies

Based on the above rules for generating PO choice sets and testing models

mentioned in section 2.4, the general sequential procedure of CBC experiments

is:

1. First, collect data only considering main effects. Eq.(2.2) is used to test

the lack-of-fit for a main effects model. If the model fits, conclusions

will be drawn on main effects and then Eq.(2.3) is applied to test the

significance of the model parameters.

2. If lack-of-fit for the main-effects model is significant, more choice sets will
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be considered during the data collection so that main effects and two-

way interactions could be estimated. Do a lack-of-fit test on the data to

check the main effects and two-way interaction model. If the model fits,

conclusions will be drawn on main effects and two-way interactions.

3. If the model still fails in the second step, we continue to update the

data by adding more choice sets in data collection so that main effects,

two-way and three-way interactions could be estimated. No lack-of-fit

test is needed in this step. Based on data from the three steps, we draw

conclusions on main effects, two-way and three-way interactions.

Raghavarao and Wiley (2006) recommended a unified level for individual

contrasts testing at any of three steps, denoted by α2. Assume α1 is the level of

the lack-of-fit test, if none of the main effects, two- and three-way interactions

are significant, the probability of finding at least one significant contrast is

(1− α1){1− (1− α2)
nmain}+ α1(1− α1){1− (1− α2)

nmain+ntwoway}

+ α2
1{1− (1− α2)

nmain+ntwoway+nthreeway}.
(2.4)

This probability should be under the control of the nominal investigation error

rate α = 0.05. In that paper, possible values for α2 were given for different s

and n values.
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2.6 Connected main effects PO designs and

IPP

Raghavarao and Wiley (1998) proposed a general setting with any number

of levels for the attributes and obtained connected main effects plans. They

further showed that the design based on S⌊n
2
⌋ and S⌊n

2
⌋+1 is a connected main

effects plan, where ⌊l⌋ is the integral part of l.

Raghavarao and Zhang (2002) applied the above results to 2n plans. They

proved that the design for a 2n experiment, based on two PO subsets Sl and

Sk is a connected main effects plan (l ̸= k, 0 < l, k < n). Given the model

yi = µ+
n∑

j=1

xijβj + ei (2.5)

where yi is the response to the ith profile, i = 1, . . . , s, µ is the general mean,

βj is the main effect of the jth attribute, xij is the level of the the jth attribute

in the ith profile, and the ei’s are independently and identically distributed

with mean zero and variance σ2.

Assume D =

[
1s X

]
is the design matrix, where X is the s× n matrix

whose (i, j)th element is xij and 1s is a s-dimensional vector of ones. The

information matrix A could be computed by

A = D′D =

 a0 a11
′
n

a11n (a0 − a2)In + a2Jn

 , (2.6)
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where In is the n×n identity matrix, Jn is the n×n matrix of all ones. In the

case of two PO subsets Sl and Sk, a0 the total number of profiles is defined as

a0 =
(
n
l

)
+
(
n
k

)
,

a1 =
2l − n

n

(
n

l

)
+

2k − n

n

(
n

k

)
, (2.7)

a2 =
(n− 2l)2 − n

n(n− 1)

(
n

l

)
+

(n− 2k)2 − n

n(n− 1)

(
n

k

)
. (2.8)

The information matrix of main effects after eliminating µ is

Cm = (a0 − a2)In + (a2 −
a1

2

a0
)Jn. (2.9)

Since we have many choices for connected main effects plans in the range

0 < l, k < n(l ̸= k), we would like to find an optimal one. Moreover, all these

connected main effects plans consist of different number of profiles. Hence the

concept information per profile (IPP) was developed as an optimality criterion

to test designs with different number of profiles. We define IPP (θ) as the

reciprocal of the average variance of estimated main effects divided by the

number of profiles used in the study. Then θ is

θ =
n

a0trace(C−1
m )

(2.10)

where C−1
m is given by
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C−1
m =

1

a0 − a2

[
In −

a0a2 − a21
a0(a0 − a2) + n(a0a2 − a21)

Jn

]
(2.11)

for any connected main effects plan composed of PO subsets Sl and Sk.

Based on the value of IPP (θ), Raghavarao and Zhang (2002) also found

the best PO sets for a 2n experiment under different situations.

Theorem 2.2. The design based on S⌊n
2
⌋ and S⌊n

2
⌋+1 has maximum IPP among

designs based on Sl and Sl+1.

θ =
n

a0trace(C−1
m )

=
2(l + 1)(n− l)

n(n+ 1)
(2.12)

For designs based on Sl and Sn−l, l = 1, . . . , n− 1, without loss of generality,

take l ≤ ⌊n
2
⌋

θ =
n

a0trace(C−1
m )

=
(1− z)(1 + (n− 1)z)

1 + (n− 2)z
(2.13)

where z = a2
a0

= (n−2l)2−n
n(n−1)

, as a function of l, decreases with respect to l. θ, as

a function of z, decreases on z ≥ 0 and increases on z ≤ 0.

2.7 Smaller Choice Set Sizes

The number of attributes or attribute levels is a problem impeding the effi-

ciency of implementation for CBC designs. Respondents are easily overloaded

when facing numerous profiles. Reducing the number of profiles in choice sets
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is an effective way to implement CBC studies with large number attributes

or attribute levels. Raghavarao and Wiley (2006) provided several strategies

for reducing the sizes of choice sets. They considered the case with same

size choice sets. Other researchers (including Koelemeijer and Oppewal 1999,

Oppewal et al. 1994, 2000) contributed their works on studies with varying

choice sets sizes.

Subsetting choice sets is the simplest way to form smaller sets from large

ones. In this approach we divide each choice set into smaller sets of required

size and then conduct the study. However, increasing the number of choice sets

to reduce choice set size limits the application of this method, especially when

the design has a large number of attributes or attribute levels. Raghavarao

and Wiley (2006) listed the smallest numbers of profiles for a given number

of attributes and levels required to estimate the maximum possible order of

interactions.

Sub-setting attributes into overlapping sets is another approach for con-

structing smaller PO choice sets. By dividing all attributes into subsets

T1, T2, . . . , Tj and linking adjacent nondisjoint subsets Ti and Ti+1 (i = 1, 2, . . . , j−

1) by the overlap of at least one attribute, we generate separate main-effect

plans based on the attributes in each subset Ti. Nondisjoint subsets Ti and

Ti+1 make it possible to test the difference of main effects of any two attributes.

For example, in a 25 experiment, five attributes could be divided into two over-

lapping subsets, T1 = {A1, A2, A3} and T2 = {A3, A4, A5}. However, with this



24
approach not all two-factor interactions could be estimated, only two-factor

interactions of attributes in the same subset Ti are estimable.

Similar to the above approach, we also can reduce the size of choice sets by

decreasing the number of attribute levels. Dividing all s levels {0, 1, . . . , s−1}

into subsets U1, U2, . . . , Uf , PO choice sets for n attributes could be constructed

by using the levels of Ui for each attribute for i = 1, 2, . . . , f , where Ui and

Ui+1 are nondisjoint for i = 1, 2, . . . , (f − 1). For example, a 54 experiment

could be run as two 34 experiments: one with levels {0, 1, 2}, the other with

levels {2, 3, 4}. We should note there is no reason subsets can be linked by

only a single level.

BIBDs bring unexpected benefits in smaller designs. Consider a BIBD

with parameters v = m, b, k, r, λ and its complement BIBD v′ = m, b′ = b,

k′ = v − k, r′ = b − r, λ′ = b − 2r + λ. A choice set S∗
k of b profiles could

be created from the first design, where the ith profile corresponds to the ith

block, with the symbol present interpreted as the high level, and absent as the

low level of that attribute. A similar approach could be used to form S∗
m−k.

The IPP for designs based on S∗
k and S∗

m−k is the same as the IPP for designs

based on Sk and Sm−k.

Raghavarao and Wiley (2006) also recommended a cyclic procedure for

forming main-effect plans. A main-effect plan in s PO choice sets of size s

might be generated using the following strategy.
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1. Construct the first row as (0, s − 1, 1, s − 2, . . .) and cyclically permute

to get the first choice set of size s with 0 on the diagonal.

2. Change 0 of the first set to 1 to get the second choice set, 2 to get the

third one, . . . and s− 1 to get the sth choice set.

Moreover, two-way interactions might be estimated for s3 choice sets of size at

most (s− 1) created by a cyclic construction strategy (Raghavarao and Wiley

2006).



26

CHAPTER 3

SUB-SETTING ATTRIBUTES

INTO OVERLAPPING SETS

FOR A 2n PLAN

PO choice sets are essential and important in a CBC experiment. However,

with an increasing of number of attributes or attribute levels, it is difficult to

implement designs in a CBC study since they may have too many profiles.

Therefore, practitioners are interested in finding effective ways to reduce the

number of profiles and choice sets. Raghavarao and Wiley (2006) provided

strategies to make smaller designs. In this chapter we focus on the method of

sub-setting attributes into overlapping sets of attributes based on a 2n plan.
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3.1 Sub-setting attributes into overlapping sets

with PO sets Sl and Sl+1

First we consider connected main effects plans based on two PO subsets Sl

and Sl+1. Starting with the simplest case, we consider sub-designs with one

or two overlapping attributes.

3.1.1 2n plan subset into 2 sets

Given a 2n experiment, assume r is the number of overlapping attributes;

q is the number of non-overlapping attributes in each subset, q = n−r
2
; and

j = r + q is the total number of attributes in each subset. In Theorem 3.1

and Theorem 3.2, we consider the simplest cases of one overlapping attribute

when n is odd, and two overlapping attributes when n is even respectively.

For example, a 27 experiment can be subset into two 24 designs with one

overlapping attribute; while a 28 experiment can be subset into two 25 designs

with two overlapping attributes.

Theorem 3.1. Subset the attributes of a 2n design into two sets with r over-

lapping attributes. When n is odd, r = 1, and each sub-design is based on Sl

and Sl+1, the combined design has IPP

θ(l) = 4n
(2+7q)(1+q)(2+q)

[−l2 + ql + (1 + q)]. (3.1)

IPP θ(l) is maximized when l = ⌊ q+1
2
⌋.
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Proof : When n is odd and r = 1, each 2j experiment has information matrix

A = D′D =

 a0 a11
′
j

a11j (a0 − a2)Ij + a2Jj

 , (3.2)

where a0 =
(
j
l

)
+
(
j
k

)
,

a1 =
2l − j

j

(
j

l

)
+

2k − j

j

(
j

k

)
,

and

a2 =
(j − 2l)2 − j

j(j − 1)

(
j

l

)
+

(j − 2k)2 − j

j(j − 1)

(
j

k

)
.

The information matrix of main effects after eliminating µ is

C(i)
m = (a0 − a2)Ij + (a2 −

a1
2

a0
)Jj.

where i = 1, 2 indicates the sub-design.

Altan and Raghavarao (1996) provided a way to create the C-matrix for

nested designs to estimate the treatment effects after eliminating the block,

row and column effects. Based on this method, we generate the information

matrix of main effects after eliminating µ for a 2n experiment with two sub-

designs
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Cm =



C
(1)
11 0 C

(1)
13

0 C
(2)
22 C

(2)
23

C
(1)
31 C

(2)
32 C

(1)
33 + C

(2)
33


. (3.3)

Rewriting according to the definitions of a0, a1, and a2, we have

Cm =



(a0 − a2)Iq + (a2 − a12

a0
)Jqq 0qq (a2 − a12

a0
)Jq1

0qq (a0 − a2)Iq + (a2 − a12

a0
)Jqq (a2 − a12

a0
)Jq1

(a2 − a12

a0
)J1q (a2 − a12

a0
)J1q 2[(a0 − a2)I1 + (a2 − a12

a0
)J11]


.

In order to calculate C−1
m , we simplify the above matrix and let


A = a0 − a2

B = a2 − a12

a0

then

Cm =


I2 ⊗ (AIq +BJqq) J21 ⊗BJq1

J12 ⊗BJ1q 2[AI1 +BJ11]

 .
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Assume C−1
m =


X Y

Z T

, we have

X = {I2 ⊗ (AIq +BJqq)− [ B2

2(A+B)
]J22 ⊗ Jqq}−1

T = 1
2A
[I1 − B

A+(1+q)B
J11]

It is easy to get trace(T ) = 1
2A
[1− B

A+(1+q)B
].

Next we try to find the trace of X. First we consider a general case of the

inverse of


aIq + bJqq cJqq

cJqq aIq + bJqq

 .

Assume


aIq + bJqq cJqq

cJqq aIq + bJqq




αIq + βJqq γJqq

γJqq αIq + βJqq

 =


Iq 0

0 Iq


We can get
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aαIq + (bα+ αβ + bqβ + cqγ)Jqq = Iq

aγ + bqγ + cα + aqβ = 0

cα + cqβ + aγ + bqγ = 0

aαIq + (bα+ aβ + bqβ + cqγ)Jqq = Iq

=⇒



α = 1
a

β = ac2q−(a2b+ab2q)
(a2+abq)2−(acq)2

γ = a2c
(acq)2−(a2+abq)2

For our matrix X, we know



a = A

b = B − B2

2(A+B)

c = − B2

2(A+B)

Based on the above results, we estimate parameters in the inverse of matrix

X as
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α = 1
A

β = − B
2A
[ 1
A+(1+q)B

+ 1
A+qB

]

γ = B2

2A(A+qB)[A+(1+q)B]

Thus we get

trace(X) = 2q(α+ β)

= q
A
[2− B

A+(1+q)B
− B

A+qB
]

So the trace of the inverse of the C-matrix of a 2n experiment will be

trace(C−1
m ) = trace(X) + trace(T )

= 1
2A
[(1 + 4q)− (1+2q)B

A+(1+q)B
− 2qB

A+qB
]

= 1
2(a0−a2)

[(1 + 4q)−
(1+2q)(a2−a1

2

a0
)

(a0−a2)+(1+q)(a2−a1
2

a0
)
−

2q(a2−a1
2

a0
)

(a0−a2)+q(a2−a1
2

a0
)
]

where a0, a1, and a2 are defined by each subset 2j experiment.

Now we can consider the IPP of the 2n experiment when n is odd and r = 1
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θ(l) = n
2a0trace(C

−1
m )

= 4n
(2+7q)(1+q)(2+q)

[−l2 + ql + (1 + q)].

Since q has been determined at the beginning of sub-setting a higher level 2n

experiment, it can be treated as a constant. Then the IPP (θ) is a quadratic

function, where l = ⌊ q+1
2
⌋ maximizes θ(l).

Example 3.1.

Consider a 25 experiment with five factors A, B, C, D, E at two levels each.

We can subset the attributes into two sets (A,B,C) and (D,E,C) with one

overlapping attribute and use the 23 design twice. For set (A,B,C), we have

choice sets S1 = {100, 010, 001} and S2 = {110, 101, 011}. The information

matrix A is

A = D′D =



6 0 0 0

0 6 −2 −2

0 −2 6 −2

0 −2 −2 6


,

and the C-matrix from this set is given by

C(1)
m =


6 −2 −2

−2 6 −2

−2 −2 6

 .
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A similar procedure for set (D,E,C), gives the C-matrix

C(2)
m =


6 −2 −2

−2 6 −2

−2 −2 6

 .

Then the C-matrix for this 25 experiment will be

Cm =



C
(1)
11 0 C

(1)
13

0 C
(2)
22 C

(2)
23

C
(1)
31 C

(2)
32 C

(1)
33 + C

(2)
33



=



6 −2 0 0 −2

−2 6 0 0 −2

0 0 6 −2 −2

0 0 −2 6 −2

−2 −2 −2 −2 12


.

Its inverse is computed as
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C−1
m =

1

32



7 3 1 1 2

3 7 1 1 2

1 1 7 3 2

1 1 3 7 2

2 2 2 2 4


.

Then the IPP of the combined experiment is

θ = n
2a0trace(C

−1
m )

= 5
12×1

= 0.4167.

Theorem 3.2. Subset the attributes of a 2n design into two sets with r over-

lapping attributes. When n is even, r = 2, and each sub-design is based on Sl

and Sl+1, then the combined design has IPP

θ(l) = 6n
(6+10q)(2+q)(3+q)

[−l2 + (1 + q)l + (2 + q)]. (3.4)

IPP θ(l) is maximized when l = ⌊ q+2
2
⌋.

Proof : When n is even and r = 2, the information matrix of main effects

after eliminating µ for a 2n experiment with two sub-designs is
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Cm =


I2 ⊗ [(a0 − a2)Iq + (a2 − a12

a0
)Jqq] J21 ⊗ (a2 − a12

a0
)Jq2

J12 ⊗ (a2 − a12

a0
)J2q 2[(a0 − a2)I2 + (a2 − a12

a0
)J22]

 .

Assume C−1
m =


X Y

Z T

, and following a similar procedures as the above

r = 1 case, we deduce the trace of the inverse of the C-matrix

trace(C−1
m ) = trace(X) + trace(T )

= 1
A
[(1 + 2q)− (1+q)B

A+(2+q)B
− qB

A+qB
]

= 1
(a0−a2)

[(1 + 2q)−
(1+q)(a2−a1

2

a0
)

(a0−a2)+(2+q)(a2−a1
2

a0
)
−

q(a2−a1
2

a0
)

(a0−a2)+q(a2−a1
2

a0
)
]

The IPP of the 2n experiment when n is even and r = 2 can be expressed

by

θ(l) = n
2a0trace(C

−1
m )

= 6n
(6+10q)(2+q)(3+q)

[−l2 + (1 + q)l + (2 + q)]

Here q is treated as a constant, the IPP (θ) has maximum value when l =

⌊ q+2
2
⌋.
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Example 3.2.

We can subset the attributes of a 26 experiment with six factors A, B,

C, D, E, F into two sets (A,B,E, F ) and (C,D,E, F ) with two overlapping

attributes and use the 24 design twice. For set (A,B,E, F ), we get choice sets

S2 = {1100, 1010, 0110, 0101, 0011, 1001} and S3 = {0111, 1011, 1101, 1110}.

The C-matrix of this set is

C(1)
m =



9.6 −2.4 −2.4 −2.4

−2.4 9.6 −2.4 −2.4

−2.4 −2.4 9.6 −2.4

−2.4 −2.4 −2.4 9.6


.

The C-matrix of set (C,D,E, F ) equals

C(2)
m =



9.6 −2.4 −2.4 −2.4

−2.4 9.6 −2.4 −2.4

−2.4 −2.4 9.6 −2.4

−2.4 −2.4 −2.4 9.6


.

Then the C-matrix for a 26 experiment obtained by dividing attributes into

two subsets is
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Cm =



9.6 −2.4 0 0 −2.4 −2.4

−2.4 9.6 0 0 −2.4 −2.4

0 0 9.6 −2.4 −2.4 −2.4

0 0 −2.4 9.6 −2.4 −2.4

−2.4 −2.4 −2.4 −2.4 19.2 −4.8

−2.4 −2.4 −2.4 −2.4 −4.8 19.2



.

Its inverse is computed as

C−1
m =

1

72



10 4 2 2 3 3

4 10 2 2 3 3

2 2 10 4 3 3

2 2 4 10 3 3

3 3 3 3 6 3

3 3 3 3 3 6



.

Then the IPP of the combined experiment is

θ = n
2a0trace(C

−1
m )

= 6
20× 13

18

= 0.4154.
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3.1.2 2n plan subset into 2 sets for general cases

In the previous section we assumed r takes values 1 and 2, but there is no

reason it cannot take other values. So to extend to a general case, given a 2n

experiment, we assume r is the number of overlapping attributes. If n mod 2

is nonzero then r = n mod 2. If n mod 2 is zero, we define r = r′ + t, where t

is integer between 0 and (n−2) and satisfies the inequality 2
( j+1

⌊ j
2
⌋+1

)
<
(

n+1
⌊n
2
⌋+1

)
,

and r′ = (n − t) mod 2. Let q be the number of non-overlapping attributes

in each subset, q = n−r
2
, and j = r + q be the number of attributes in each

subset. For example, a 28 experiment can be subset to two 25 designs with

t = 1 or two 26 designs with t = 3.

Theorem 3.3. When the attributes of a 2n design are subset to two sets with

r overlapping attributes, and each sub-design is based on Sl and Sl+1, then the

combined designs has IPP

θ(l) = 2n(r+1)
[(r+1)(r+3q)+q](r+q)(r+q+1)

[−l2 + (r + q − 1)l + (r + q)]. (3.5)

IPP θ(l) is maximized when l = ⌊ r+q
2
⌋.

Proof : For the general case, the information matrix of main effects after

eliminating µ is

Cm =


I2 ⊗ [(a0 − a2)Iq + (a2 − a12

a0
)Jqq] J21 ⊗ (a2 − a12

a0
)Jqr

J12 ⊗ (a2 − a12

a0
)Jrq 2[(a0 − a2)Ir + (a2 − a12

a0
)Jrr]

 . (3.6)
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Assume C−1
m =


X Y

Z T

, the trace of inverse of the C-matrix of a given 2n

experiment is

trace(C−1
m ) = trace(X) + trace(T )

= 1
2A
[(r + 4q)− (r+2q)B

A+(r+q)B
− 2qB

A+qB
]

= 1
2(a0−a2)

[(r + 4q)−
(r+2q)(a2−a1

2

a0
)

(a0−a2)+(r+q)(a2−a1
2

a0
)
−

2q(a2−a1
2

a0
)

(a0−a2)+q(a2−a1
2

a0
)
]

where a0, a1, and a2 are defined by each subset 2j experiment.

The IPP of the 2n experiment is

θ(l) = n
2a0trace(C

−1
m )

= 2n(r+1)
[(r+1)(r+3q)+q](r+q)(r+q+1)

[−l2 + (r + q − 1)l + (r + q)]

where r and q are constants and determined at the beginning of sub-setting

a higher level 2n experiment. Therefore the IPP (θ) is maximum when l =

⌊ r+q
2
⌋.

Example 3.3.

Based on the sub-setting rule we can subset a 28 experiment into either two

25 designs or two 26 designs. If we take t = 1, the attributes of a 28 experiment
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with factors A,B,C,D,E, F,G,H at two levels each can be subset into two

sets (A,B,C,G,H) and (D,E, F,G,H) with two overlapping attributes and

a 25 design is used twice. The C-matrix for each subset (i = 1, 2) is

C(i)
m =



20 −4 −4 −4 −4

−4 20 −4 −4 −4

−4 −4 20 −4 −4

−4 −4 −4 20 −4

−4 −4 −4 −4 20


.

Then the C-matrix for a 28 experiment subset into two 25 designs is

Cm =



20 −4 −4 0 0 0 −4 −4

−4 20 −4 0 0 0 −4 −4

−4 −4 20 0 0 0 −4 −4

0 0 0 20 −4 −4 −4 −4

0 0 0 −4 20 −4 −4 −4

0 0 0 −4 −4 20 −4 −4

−4 −4 −4 −4 −4 −4 40 −8

−4 −4 −4 −4 −4 −4 −8 40



.

Its inverse is presented as
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C−1
m =

1

144



10 4 4 2 2 2 3 3

4 10 4 2 2 2 3 3

4 4 10 2 2 2 3 3

2 2 2 10 4 4 3 3

2 2 2 4 10 4 3 3

2 2 2 4 4 10 3 3

3 3 3 3 3 3 6 3

3 3 3 3 3 3 3 6



.

Then the IPP of the combined experiment is

θ = n
2a0trace(C

−1
m )

= 8
40× 1

2

= 0.4.

If t = 3 is considered, we can subset the attributes of a 28 experiment into sets

(A,B,E, F,G,H) and (C,D,E, F,G,H) with four overlapping attributes and

use the 26 design twice. The C-matrix for each subset (i = 1, 2) is
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C(i)
m = −40

7



−6 1 1 1 1 1

1 −6 1 1 1 1

1 1 −6 1 1 1

1 1 1 −6 1 1

1 1 1 1 −6 1

1 1 1 1 1 −6



.

Then the C-matrix for a 28 experiment subset into two 26 designs is

Cm = −40

7



−6 1 0 0 1 1 1 1

1 −6 0 0 1 1 1 1

0 0 −6 1 1 1 1 1

0 0 1 −6 1 1 1 1

1 1 1 1 −12 2 2 2

1 1 1 1 2 −12 2 2

1 1 1 1 2 2 −12 2

1 1 1 1 2 2 2 −12



.

Its inverse is expressed as
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C−1
m =

1

400



16 6 4 4 5 5 5 5

6 16 4 4 5 5 5 5

4 4 16 6 5 5 5 5

4 4 6 16 5 5 5 5

5 5 5 5 10 5 5 5

5 5 5 5 5 10 5 5

5 5 5 5 5 5 10 5

5 5 5 5 5 5 5 10



.

Then the IPP of the combined experiment is

θ = n
2a0trace(C

−1
m )

= 8
70× 13

50

= 0.4396.

3.1.3 2n plan subset into m sets

In this section we extend our theorem to the more general case ofm subsets.

Given a 2n experiment, we want to subset the attributes into m sets. Assume

r is the number of overlapping attributes. If n mod m is nonzero then r = n

mod m. If n mod m is zero, we define r = r′ + t, where 0 < t < n −m and

satisfies the inequality m
( j+1

⌊ j
2
⌋+1

)
<
(

n+1
⌊n
2
⌋+1

)
, and r′ = (n− t) mod m. Assume
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q is the number of non-overlapping attributes in each subset, q = n−r

m
, and

j = r + q is the number of attributes in each subset. For example, for a 29

experiment, we can subset it as three 25 designs with t = 1 or four 23 designs.

Theorem 3.4. When the attributes of a 2n design are subset to m sets with r

overlapping attributes, and each sub-design is based on Sl and Sl+1, then the

combined design has IPP

θ(l) = 4n(r+1)
{(r+1)[2r+m(m+1)q]+m(m−1)q}(r+q)(r+q+1)

[−l2 + (r + q − 1)l + (r + q)].

(3.7)

IPP θ(l) is maximized when l = ⌊ r+q
2
⌋.

Proof : For more general cases, the C-matrix of a 2n experiment divided into

m sets is expressed as

Cm =


Im ⊗ [(a0 − a2)Iq + (a2 − a12

a0
)Jqq] Jm1 ⊗ (a2 − a12

a0
)Jqr

J1m ⊗ (a2 − a12

a0
)Jrq m[(a0 − a2)Ir + (a2 − a12

a0
)Jrr]

 . (3.8)

Assume C−1
m =


X Y

Z T

, and similar to the two-subset case, we deduce

the trace of the inverse of the C-matrix as
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trace(C−1
m ) = trace(X) + trace(T )

= 1
mA

[(m2q + r)− m(m−1)qB
A+qB

− (r+mq)B
A+(r+q)B

]

= 1
m(a0−a2)

[(m2q + r)−
m(m−1)q(a2−a1

2

a0
)

(a0−a2)+q(a2−a1
2

a0
)
−

(r+mq)(a2−a1
2

a0
)

(a0−a2)+(r+q)(a2−a1
2

a0
)
].

The IPP of a 2n experiment with m subsets is

θ(l) = n
ma0trace(C

−1
m )

= 4n(r+1)
{(r+1)[2r+m(m+1)q]+m(m−1)q}(r+q)(r+q+1)

[−l2 + (r + q − 1)l + (r + q)],

where a0 is calculated by each subset design, and m, r, q are constants de-

termined at the beginning of sub-setting the 2n experiment. As a quadratic

function of l, the IPP (θ) is maximized when l = ⌊ r+q
2
⌋.

Example 3.4.

There is no reason that a high level experiment can only be subset into two

subsets. Therefore for the more general case, we can subset, for example, a 29

experiment into either three 25 designs or four 23 designs. If we take t = 1,

the attributes of a 29 experiment with factors A,B,C,D,E, F,G,H, I at two

levels each can be subset into three sets (A,B,G,H, I), (C,D,G,H, I), and

(E,F,G,H, I) with three overlapping attributes and a 25 design is used thrice.

The C-matrix for each subset (i = 1, 2, 3) is
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C(i)
m =



20 −4 −4 −4 −4

−4 20 −4 −4 −4

−4 −4 20 −4 −4

−4 −4 −4 20 −4

−4 −4 −4 −4 20


.

Then the C-matrix for a 29 experiment subset into three 25 designs is

Cm =



20 −4 0 0 0 0 −4 −4 −4

−4 20 0 0 0 0 −4 −4 −4

0 0 20 −4 0 0 −4 −4 −4

0 0 −4 20 0 0 −4 −4 −4

0 0 0 0 20 −4 −4 −4 −4

0 0 0 0 −4 20 −4 −4 −4

−4 −4 −4 −4 −4 −4 60 −12 −12

−4 −4 −4 −4 −4 −4 −12 60 −12

−4 −4 −4 −4 −4 −4 −12 −12 60



.

Its inverse is presented as
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C−1
m =

1

288



18 6 3 3 3 3 4 4 4

6 18 3 3 3 3 4 4 4

3 3 18 6 3 3 4 4 4

3 3 6 18 3 3 4 4 4

3 3 3 3 18 6 4 4 4

3 3 3 3 6 18 4 4 4

4 4 4 4 4 4 8 4 4

4 4 4 4 4 4 4 8 4

4 4 4 4 4 4 4 4 8



.

Then the IPP of the combined experiment is

θ = n
2a0trace(C

−1
m )

= 9
60× 132

288

= 0.3273.

If we consider 23 experiments as sub-designs, we can subset the attributes

of a 29 experiment into sets (A,B, I), (C,D, I), (E,F, I), and (G,H, I) with

only one overlapping attributes and use a 23 design four times. The C-matrix

for each subset (i = 1, 2, 3, 4) is
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C(i)
m =


6 −2 −2

−2 6 −2

−2 −2 6

 .

Then the C-matrix for a 29 experiment subset into four 23 designs is

Cm =



6 −2 0 0 0 0 0 0 −2

−2 6 0 0 0 0 0 0 −2

0 0 6 −2 0 0 0 0 −2

0 0 −2 6 0 0 0 0 −2

0 0 0 0 6 −2 0 0 −2

0 0 0 0 −2 6 0 0 −2

0 0 0 0 0 0 6 −2 −2

0 0 0 0 0 0 −2 6 −2

−2 −2 −2 −2 −2 −2 −2 −2 24



.

Its inverse is presented as
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C−1
m =

1

64



13 5 1 1 1 1 1 1 2

5 13 1 1 1 1 1 1 2

1 1 13 5 1 1 1 1 2

1 1 5 13 1 1 1 1 2

1 1 1 1 13 5 1 1 2

1 1 1 1 5 13 1 1 2

1 1 1 1 1 1 13 5 2

1 1 1 1 1 1 5 13 2

2 2 2 2 2 2 2 2 4



.

Then the IPP of the combined experiment is

θ = n
2a0trace(C

−1
m )

= 9
24× 108

64

= 0.2222.

3.2 Comparison of IPP for 2n plans

IPP is used as an optimality criterion to compare designs with different

number of profiles. Table 3.1 shows the comparison of IPP values between the

original PO designs and the designs obtained by sub-setting attributes into

two subsets along with the number of profiles, a0, in each design.
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Table 3.1: Comparison of IPP

2n design
Original Full Design Sub-setting Design

a0 IPP a0 IPP
25 20 0.6000 12 0.4167
26 35 0.5714 20 0.4154
27 70 0.5714 20 0.3652
28 126 0.5556 40 0.4000
29 252 0.5556 40 0.3600

Table 3.1 shows that for a given 2n experiment, the IPP of designs obtained

by sub-setting is smaller than that of the full design. Does this mean that the

subsetting method should not be used? To answer this question we calculated

the IPPs of overlapping attributes under the original design and the subset-

ting design. The results are listed in Table 3.2. Although designs from the

subsetting method have smaller IPP overall, the overlapping attributes have

higher IPP.

Table 3.2: The IPP of overlapping attributes

2n design Full Design Sub-setting Design

25 0.6000 0.6667
26 0.5714 0.6000
27 0.5714 0.6000
28 0.5556 0.6000
29 0.5556 0.6000

The key point of the subsetting method is to subset a higher level exper-

iment into two or more lower level experiments. In this procedure we must

trade off some information to achieve the goal of reducing the number of pro-

files. Under such situations, we recommend that investigators assign attributes

they are most interested in to be the overlapping factors. Not only can they
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estimate all main effects and all two factor interactions inclusive of the over-

lapping factors, but the overlapping attributes also have higher IPP. In reality,

practitioners can choose designs with higher IPPs or with a small number of

profiles based on their requirements.

3.3 Sub-setting attributes into overlapping sets

with PO sets Sl and Sj−l

So far we have considered connected main effects plans based on two PO

subsets Sl and Sl+1. Next we consider connected main effects plans of sub-

designs based on PO sets Sl and Sj−l for l = 1, . . . , j − 1. Given a 2n experi-

ment, we want to subset the attributes into m sets. Assume r is the number

of overlapping attributes. If n mod m is nonzero then r = n mod m; if n

mod m is zero, we define r = r′ + t, where 0 < t < n − m and satisfies the

inequality m
( j+1

⌊ j
2
⌋+1

)
<
(

n+1
⌊n
2
⌋+1

)
, and r′ = (n − t) mod m. Assume q is the

number of non-overlapping attributes in each subset, q = n−r
m

, and j = r + q

is the number of attributes in each subset.

Theorem 3.5. When the attributes of a 2n design are subset into m sets with

r overlapping attributes, and each sub-design is based on Sl and Sj−l, then the

combined design has IPP

θ(l) = n(1− w)[(m2q + r)− m(m−1)qw
1+(q−1)w

− (r+mq)w
1+(r+q−1)w

]−1, (3.9)
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where w = a2

a0
= (r+q−2l)2−(r+q)

(r+q)(r+q−1)
.

Proof :

Based on PO sets Sl and Sj−l, each subset 2j experiment has a0 = 2
(
r+q
l

)
,

a1 = 0, and a2 = 2[(r+q−2l)2−(r+q)]
(r+q)(r+q−1)

(
r+q
l

)
. The trace of the inverse of the C-

matrix of the 2n design is

trace(C−1
m ) = 1

m(a0−a2)
[(m2q + r)− m(m−1)qa2

(a0−a2)+qa2
− (r+mq)a2

(a0−a2)+(r+q)a2
],

where a0, a1, and a2 are defined by each subset 2j experiment. Using the

formula of IPP,

θ(l) = n
ma0trace(C

−1
m )

,

the theorem is proved.

Example 3.5.

Consider a 2n plan based on two PO sets Sl and Sj−l. For example,

given a 29 experiment, we can subset the attributes A,B,C,D,E, F,G,H, I

into two sets (A,B,C,G,H, I) and (D,E, F,G,H, I) with three overlapping

attributes and use the 26 design twice. For each set (A,B,C,G,H, I) or

(D,E, F,G,H, I), we get choice sets S2 = {110000, 101000, 100100, 100010,

100001, 011000, 010100, 010010, 010001, 001100, 001010, 001001, 000110, 000101,

000011} and S4 = {111100, 111010, 111001, 110110, 110101, 110011, 101110,
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101101, 101011, 100111, 011110, 011101, 011011, 010111, 001111}. The C-matrix

of each subset (i = 1, 2) is

C(i)
m =



30 −2 −2 −2 −2 −2

−2 30 −2 −2 −2 −2

−2 −2 30 −2 −2 −2

−2 −2 −2 30 −2 −2

−2 −2 −2 −2 30 −2

−2 −2 −2 −2 −2 30



.

Then the C-matrix for a 29 experiment subset into two 26 designs based

on PO sets Sl and Sj−l is

Cm =



30 −2 −2 0 0 0 −2 −2 −2

−2 30 −2 0 0 0 −2 −2 −2

−2 −2 30 0 0 0 −2 −2 −2

0 0 0 30 −2 −2 −2 −2 −2

0 0 0 −2 30 −2 −2 −2 −2

0 0 0 −2 −2 30 −2 −2 −2

−2 −2 −2 −2 −2 −2 60 −4 −4

−2 −2 −2 −2 −2 −2 −4 60 −4

−2 −2 −2 −2 −2 −2 −4 −4 60



.

Its inverse is expressed as
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C−1
m =

1

8320



283 23 23 3 3 3 13 13 13

23 283 23 3 3 3 13 13 13

23 23 283 3 3 3 13 13 13

3 3 3 283 23 23 13 13 13

3 3 3 23 283 23 13 13 13

3 3 3 23 23 283 13 13 13

13 13 13 13 13 13 143 13 13

13 13 13 13 13 13 13 143 13

13 13 13 13 13 13 13 13 143



.

Then the IPP of the combined experiment is

θ = n
2a0trace(C

−1
m )

= 9
60× 2127

8320

= 0.5867.
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CHAPTER 4

SUB-SETTING ATTRIBUTES

IN A 3n PLAN

4.1 Introduction

So far we have examined the IPP for full designs and sub-designs based on

2n experiments. In this chapter we extend our method to 3n experiments with

n factors at three levels each.

Raghavarao and Wiley (1998) proposed that we can estimate all nmain =

n(s− 1) contrasts of main effects by using two consecutive choice sets Sl and

Sl+1, where (s− 2) ≤ l ≤ (n− 1)(s− 1). This theorem also indicates that any

design based on two PO subsets Sl and Sl+1 ((s− 2) ≤ l ≤ (n− 1)(s− 1)) is a

connected main-effect plan. Zhang (2001) obtained the PO design matrix for

a 3n experiment with a total number of s profiles. Given the model
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yi = µ+
n∑

j=1

x1
ijβ

1
j +

n∑
j=1

x2
ijβ

2
j + ei (4.1)

where yi is the response to the ith profile, i = 1, . . . , s, µ is the general mean,

β1
j and β2

j are the linear and quadratic effects of the jth attribute, (x1
ij, x

2
ij) =

( 1√
2
, 1√

6
) if the level of the jth attribute in ith profile is 0; (x1

ij, x
2
ij) = (0, −2√

6
)

if the level of the jth attribute in ith profile is 1; (x1
ij, x

2
ij) = (−1√

2
, 1√

6
) if the

level of the jth attribute in ith profile is 2, and e′is are independently and

identically distributed with mean 0 and variance σ2.

Assume D3 =

[
1s X3

]
is the design matrix, where X3 is the s × 2n

matrix whose (i, 2j − 1)th element is x1
ij, (i, 2j)th element is x2

ij, and 1s is a

s-dimensional vector of ones. The information matrix A of a 3n experiment

can be computed by

A = D′
3D3 =

 t 1′n ⊗ α′

1n ⊗ α In ⊗ (P1 − P2) + Jn ⊗ P2

 , (4.2)

where t = s is the total number of profiles, In is the n× n identity matrix, Jn

is the n× n matrix of all ones,

α =

(
1√
2
(t0 − t2)

1√
6
(t0 − 2t1 + t2)

)
, (4.3)

P1 =

 1
2
(t0 + t2)

1√
12
(t0 − t2)

1√
12
(t0 − t2)

1
6
(t0 + 4t1 + t2)

 , (4.4)
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P2 =

 1
2
(t00 − 2t02 + t22)

1√
12
(t00 − 2t01 + 2t12 − t22)

1√
12
(t00 − 2t01 + 2t12 − t22)

1
6
(t00 − 4t01 + 6t02 − 4t12 + t22)

 ,

(4.5)

t0, t1, and t2 represent the total number of profiles with levels 0, 1, and 2 for

attribute Ai, and t00, t01, t02, t11, t12, and t22 are counted as the total number

of profiles with level combinations (0, 0), (0, 1), (0, 2), (1, 1), (1, 2), and (2, 2)

for attributes (Ai, Aj), i ̸= j.

The information matrix of main effects after eliminating µ is

Cm = In ⊗ (P1 − P2) + Jn ⊗ (P2 −
αα′

t
). (4.6)

Since we can count the number of profiles in PO subset Sl for a 3n experiment

by

anl =

⌊ l
2
⌋∑

i=0

(
n

i

)(
n− i

l − 2i

)
,

in the case of two PO subsets Sl and Sl+1 (1 ≤ l ≤ 2n− 2), the values of t can

be defined as

t = anl + anl+1,

t0 = an−1
l + an−1

l+1 ,
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t1 = an−1
l−1 + an−1

l ,

t2 = an−1
l−2 + an−1

l−1 ,

t00 = an−2
l + an−2

l+1 ,

t01 = an−2
l−1 + an−2

l ,

t02 = an−2
l−2 + an−2

l−1 ,

t11 = an−2
l−2 + an−2

l−1 ,

t12 = an−2
l−3 + an−2

l−2 ,

and

t22 = an−2
l−4 + an−2

l−3 .

Then the IPP (θ) for estimating single degrees of freedom contrast is

θ3 =
2n

t · trace(C−1
m )

(4.7)

for any connected main-effects plan composed of PO subsets Sl and Sl+1.
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We use R to calculate the IPP of 3n designs for different values of l and

l + 1, the results are in Table 4.1.

Example 4.1.

For example, given a 33 experiment, if we take l = 1, the choice sets of the

design are S1 = {100, 010, 001} and S2 = {200, 020, 002, 110, 101, 011}. Then

the C-matrix of the design is

Cm =



2.1111 1.1547 −0.8889 −0.5774 −0.8889 −0.5774

1.1547 3 −0.5774 0 −0.5774 0

−0.8889 −0.5774 2.1111 1.1547 −0.8889 −0.5774

−0.5774 0 1.1547 3 −0.5774 0

−0.8889 −0.5774 −0.8889 −0.5774 2.1111 1.1547

−0.5774 0 −0.5774 0 1.1547 3



.

Its inverse is

C−1
m =



1.3333 −0.1925 0.8333 0.0962 0.8333 0.0962

−0.1925 0.4444 0.0965 −0.0556 0.0965 −0.0556

0.8333 0.0962 1.3333 −0.1925 0.8333 0.0962

0.0962 −0.0556 −0.1925 0.4444 0.0962 −0.0556

0.8333 0.0962 0.8333 0.0962 1.3333 −0.1925

0.0962 −0.0556 0.0962 −0.0556 −0.1925 0.4444



.
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The IPP of the 33 experiment with l = 1 is

θ3 = 2n
t·trace(C−1

m )

= 2×3
9×1.7777×3

= 0.125.

If instead l = 3 is considered, we have choice sets S3 = {111, 102, 120, 210, 201,

012, 021} and S4 = {220, 202, 022, 121, 112, 211}. The C-matrix of the design

is

Cm =



3.8462 −0.6662 −1.6538 0.1998 −1.6538 0.1998

−0.6662 4.6154 0.1998 0.1154 0.1998 0.1154

−1.6538 0.1998 3.8462 −0.6662 −1.6538 0.1998

0.1998 0.1154 −0.6662 4.6154 0.1998 0.1154

−1.6538 0.1998 −1.6538 0.1998 3.8462 −0.6662

0.1998 0.1154 0.1998 0.1154 −0.6662 4.6154



.

Its inverse is
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C−1
m =



0.7614 0.0590 0.5739 0.0230 0.5739 0.0230

0.0590 0.2235 0.0230 −0.0057 0.0230 −0.0057

0.5739 0.0230 0.7614 0.0590 0.5739 0.0230

0.0230 −0.0057 0.0590 0.2235 0.0230 −0.0057

0.5739 0.0230 0.5739 0.0230 0.7614 0.0590

0.0230 −0.0057 0.0230 −0.0057 0.0590 0.2235



.

The IPP of the 33 experiment with l = 3 is

θ3 = 2n
t·trace(C−1

m )

= 2×3
13×0.9849×3

= 0.1562.

4.2 3n plan subset into m sets

Next, we generate smaller designs for a 3n plan by sub-setting attributes

into overlapping sets of attributes, and calculate the IPP based on connected

main effects plans with two PO subsets Sl and Sl+1.

Given a 3n experiment, subset the attributes into overlapping sets and

assume r is the number of overlapping attributes. If n mod m is nonzero then

r = n mod m; if n mod m is zero, we define r = r′+t, where 0 < t < n−m and

satisfies the inequality m
( j+1

⌊ j
2
⌋+1

)
<
(

n+1
⌊n
2
⌋+1

)
, and r′ = (n− t) mod m. Assume
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q is the number of non-overlapping attributes in each subset, q = n−r

m
, and

j = r + q is the number of attributes in each subset.

We have the C-matrix for a 3n design obtained by sub-setting attributes

into m sets with r overlapping attributes

Cm =



Iq ⊗ (P1 − P2) + Jq ⊗ (P2 − αα′

t
) 02q2q · · · 02q2q Jqr ⊗ (P2 − αα′

t
)

02q2q Iq ⊗ (P1 − P2) + Jq ⊗ (P2 − αα′

t
) 02q2q Jqr ⊗ (P2 − αα′

t
)

...
...

. . .
...

...

02q2q 02q2q · · · Iq ⊗ (P1 − P2) + Jq ⊗ (P2 − αα′

t
) Jqr ⊗ (P2 − αα′

t
)

Jrq ⊗ (P2 − αα′

t
) Jrq ⊗ (P2 − αα′

t
) · · · Jrq ⊗ (P2 − αα′

t
) m[Ir ⊗ (P1 − P2) + Jr ⊗ (P2 − αα′

t
)]



.

It is simplified as

Cm =


Im ⊗ [Iq ⊗ (P1 − P2) + Jq ⊗ (P2 − αα′

t
)] Jm1 ⊗ [Jqr ⊗ (P2 − αα′

t
)]

J1m ⊗ [Jrq ⊗ (P2 − αα′

t
)] m[Ir ⊗ (P1 − P2) + Jr ⊗ (P2 − αα′

t
)]

 .

Then based on the IPP definition, we get

θ3 =
2n

mt · trace(C−1
m )

, (4.8)

where the values of t are calculated by each sub-design 3j experiment.

The R function is available to calculate the IPP of a smaller design obtained

by sub-setting 3n experiments.
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Example 4.2.

Consider a 37 experiment with seven factors A,B,C,D,E, F,G at three

levels each. We can subset the attributes into three sets (A,B,G), (C,D,G),

and (E,F,G) with one overlapping attribute and use the 33 design thrice. The

C-matrix for each subset (i = 1, 2, 3) with l = 3 is

C(i)
m =



3.8462 −0.6662 −1.6538 0.1998 −1.6538 0.1998

−0.6662 4.6154 0.1998 0.1154 0.1998 0.1154

−1.6538 0.1998 3.8462 −0.6662 −1.6538 0.1998

0.1998 0.1154 −0.6662 4.6154 0.1998 0.1154

−1.6538 0.1998 −1.6538 0.1998 3.8462 −0.6662

0.1998 0.1154 0.1998 0.1154 −0.6662 4.6154



.

Then the C-matrix for a 37 experiment subset into three 33 designs is

Cm =



3.8461 −0.6661 −1.6538 0.1998 0 0 0 0 0 0 0 0 −1.6538 0.1998

−0.6661 4.6153 0.1998 0.1153 0 0 0 0 0 0 0 0 0.1998 0.1153

−1.6538 0.1998 3.8461 −0.6661 0 0 0 0 0 0 0 0 −1.6538 0.1998

0.1998 0.1153 −0.6661 4.6153 0 0 0 0 0 0 0 0 0.1998 0.1153

0 0 0 0 3.8461 −0.6661 −1.6538 0.1998 0 0 0 0 −1.6538 0.1998

0 0 0 0 −0.6661 4.6153 0.1998 0.1153 0 0 0 0 0.1998 0.1153

0 0 0 0 −1.6538 0.1998 3.8461 −0.6661 0 0 0 0 −1.6538 0.1998

0 0 0 0 0.1998 0.1153 −0.6661 4.6153 0 0 0 0 0.1998 0.1153

0 0 0 0 0 0 0 0 3.8461 −0.6661 −1.6538 0.1998 −1.6538 0.1998

0 0 0 0 0 0 0 0 −0.6661 4.6153 0.1998 0.1153 0.1998 0.1153

0 0 0 0 0 0 0 0 −1.6538 0.1998 3.8461 −0.6661 −1.6538 0.1998

0 0 0 0 0 0 0 0 0.1998 0.1153 −0.6661 4.6153 0.1998 0.1153

−1.6538 0.1998 −1.6538 0.1998 −1.6538 0.1998 −1.6538 0.1998 −1.6538 0.1998 −1.6538 0.1998 11.5384 −1.9985

0.1998 0.1153 0.1998 0.1153 0.1998 0.1153 0.1998 0.1153 0.1998 0.1153 0.1998 0.1153 −1.9985 13.8461



.
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Its inverse is

C−1
m =



0.4715 0.0470 0.2840 0.0109 0.1448 0.0060 0.1448 0.0060 0.1448 0.0060 0.1448 0.0060 0.1912 0.0076

0.0470 0.2228 0.0109 −0.0063 0.0060 0.0003 0.0060 0.0003 0.0060 0.0003 0.0060 0.0003 0.0076 −0.0018

0.2840 0.0109 0.4715 0.0470 0.1448 0.0060 0.1448 0.0060 0.1448 0.0060 0.1448 0.0060 0.1912 0.0076

0.0109 −0.0063 0.0470 0.2228 0.0060 0.0003 0.0060 0.0003 0.0060 0.0003 0.0060 0.0003 0.0076 −0.0018

0.1448 0.0060 0.1448 0.0060 0.4715 0.0470 0.2840 0.0109 0.1448 0.0060 0.1448 0.0060 0.1912 0.0076

0.0060 0.0003 0.0060 0.0003 0.0470 0.2228 0.0109 −0.0063 0.0060 0.0003 0.0060 0.0003 0.0076 −0.0018

0.1448 0.0060 0.1448 0.0060 0.2840 0.0109 0.4715 0.0470 0.1448 0.0060 0.1448 0.0060 0.1912 0.0076

0.0060 0.0003 0.0060 0.0003 0.0109 −0.0063 0.0470 0.2228 0.0060 0.0003 0.0060 0.0003 0.0076 −0.0018

0.1448 0.0060 0.1448 0.0060 0.1448 0.0060 0.1448 0.0060 0.4715 0.0470 0.2840 0.0109 0.1912 0.0076

0.0060 0.0003 0.0060 0.0003 0.0060 0.0003 0.0060 0.0003 0.0470 0.2228 0.0109 −0.0063 0.0076 −0.0018

0.1448 0.0060 0.1448 0.0060 0.1448 0.0060 0.1448 0.0060 0.2840 0.0109 0.4715 0.0470 0.1912 0.0076

0.0060 0.0003 0.0060 0.0003 0.0060 0.0003 0.0060 0.0003 0.0109 −0.0063 0.0470 0.2228 0.0076 −0.0018

0.1912 0.0076 0.1912 0.0076 0.1912 0.0076 0.1912 0.0076 0.1912 0.0076 0.1912 0.0076 0.2537 0.0196

0.0076 −0.0018 0.0076 −0.0018 0.0076 −0.0018 0.0076 −0.0018 0.0076 −0.0018 0.0076 −0.0018 0.0196 0.0744



.

Then the IPP of the combined experiment with l = 3 is

θ = 2n
mt·trace(C−1

m )

= 2×7
39×((0.4715+0.2228)∗6+(0.2537+0.0744))

= 0.0799.

4.3 Comparison of IPP for 3n plans

Table 4.1 shows the IPP values of the original full PO designs with 3 ≤

n ≤ 7 and 1 ≤ l ≤ 2n − 2. When l = n − 1 or l = n, the IPP has maximum

value for a 3n design. The same rule is applicable for the IPP calculation of the

designs obtained by sub-setting. When l = j − 1 or l = j in each sub-design
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3j experiment, the IPP of combined design has maximum value.

Table 4.1: The IPP of 3n plans based on Sl and Sl+1

3n
\
l 1 2 3 4 5 6 7 8 9 10 11 12

33 0.1250 0.1562 0.1562 0.1250
34 0.0989 0.1374 0.1554 0.1554 0.1374 0.0989
35 0.0789 0.1186 0.1426 0.1533 0.1533 0.1426 0.1186 0.0789
36 0.0641 0.1026 0.1287 0.1444 0.1519 0.1519 0.1444 0.1287 0.1026 0.0641
37 0.0529 0.0893 0.1158 0.1338 0.1453 0.1507 0.1507 0.1453 0.1338 0.1158 0.0893 0.0529

Table 4.2 lists the comparison of IPP values of the original full PO designs

and the sub-setting designs, with two subsets and one or two overlapping

attributes. The t and mt∗ indicate the total number of profiles for a full and

sub-design respectively, l and l∗ display the summation of attribute levels of

each profile in given choice sets of the full PO design and the sub-design.

Table 4.2: Comparisons of IPP for 3n plans

3n design
Original Full Design Sub-setting Design

t l IPP mt∗ l∗ IPP
35 96 4 0.1533 26 2 0.1080
36 267 5 0.1519 70 3 0.1162
37 750 6 0.1507 70 3 0.1045
38 2123 7 0.1499 192 4 0.1110
39 6046 8 0.1491 192 4 0.1016
310 17303 9 0.1486 534 5 0.1078

The IPP of designs obtained by sub-setting is comparable to that of the

full design, but associated with a smaller number of profiles. As the num-

ber of attributes increases, the total number of profiles in the sub-designs

become significantly smaller than the original design. These results illustrate

the advantages of forming a small design as a way to deal with large num-

ber of attributes or attribute levels without losing much information. From
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our results, practitioners can choose the optimal design based on IPP values

according to their requirements.
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CHAPTER 5

CONCLUSION

Choice-based conjoint experiments are widely used methodologies for mea-

suring consumer preferences. However, when the number of attributes or at-

tribute levels becomes large, the profiles in a single choice set may be too

numerous for respondents to make precise decisions. A popular and easy to

implement strategy for reducing the size of choice sets is the sub-setting of

attributes. However, the optimality of reduced size choice sets obtained by

sub-setting attributes has not been examined in the literature. In this pa-

per we examined the optimality of reduced size choice sets for 2n experiments

using information per profile (IPP) as the optimality criteria. We proposed

a new approach for calculating the IPP for designs obtained by dividing at-

tributes into m subsets with r overlapping attributes, and compared the IPP

of the reduced size designs with that of the original full designs. We showed

that experimenters must trade off some information in order to obtain reduced

choice set sizes. We recommend that investigators assign the attributes they
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are most interested in to be the overlapping factors. Using this approach, they

can estimate all main effects and all two factor interactions inclusive of the

overlapping factors, and the overlapping attributes also have higher IPP. Next,

we examined the IPP of choice designs based on 3n factorial experiments. We

calculated the IPP of reduced size designs obtained by sub-setting attributes

in 3n plans and compared them to the original full designs. Based on our

results, practitioners can choose designs with higher IPP or a smaller number

of profiles based on their requirements.
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