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ABSTRACT

ACCURATE LANGEVIN INTEGRATION METHODS FOR

COARSE-GRAINED MOLECULAR DYNAMICS WITH LARGE TIME

STEPS

Joshua D. Finkelstein

DOCTOR OF PHILOSOPHY

Temple University, August, 2020

Professor Benjamin Seibold, Chair

The Langevin equation is a stochastic differential equation frequently used

in molecular dynamics for simulating systems with a constant temperature.

Recent developments have given rise to wide uses of Langevin dynamics at

different levels of spatial resolution, which necessitate time step and friction

parameter choices outside of the range for which many existing temporal

discretization methods were originally developed. We first study the GJ–F,

BAOAB and BBK numerical algorithms, originally developed for atomistic

simulations, on a coarse-grained polymer melt, paying close attention to the

large time step regime. The results of this study then inspire our search for new

algorithms and lead to a general class of velocity Verlet-based time-stepping

schemes designed to perform well for all parameter regions, by ensuring that

they faithfully reproduce statistical quantities for the case of a free particle

and harmonic oscillator. This family of methods depends on the choice of a

single free parameter function and we explore some of the methods defined

for certain choices of this parameter on realistic coarse-grained and atomistic

molecular systems relevant in material and bio-molecular science. In addition,

we provide an equivalent splitting formulation of this one-parameter family

which allows for enhanced insight into the hidden time scaling induced by the

choice of the free parameter in the Hamiltonian and stochastic time scales.
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CHAPTER 1

INTRODUCTION

Molecular dynamics (MD) is a method used in the computer simulation

of atoms and molecules that attempts to describe their time evolution using

dynamical equations of motion obtained from classical or quantum mechanics.

MD plays a central role in vast areas of new applied and theoretical scientific

research. These include, but are not limited to, the discovery of new drugs,

the understanding of protein dynamics and folding, the modeling of explosives

and nuclear reactions and the discovery and modeling of new materials. A

central obstacle in using MD simulations for quantitative predictions in ma-

terial science and molecular biology is the presence of a wide range of time

scales that are not well-separated. To investigate phenomena in such systems

that occur over these large time scales, while accurately resolving smaller time

scales, a large number of integration steps is often required. For example, for

simulations that are run in full atomistic detail, the size of the integration time

step is constrained by the fastest physical time scales and is typically on the

order of a femtosecond (1 fs = 10−15 s). So, to reach long enough time scales

of interest then requires an extremely large number of these small integration

steps, which is of course computationally inefficient.

A Langevin integrator, or Langevin thermostat, is a simple and efficient way

of simulating constant temperature conditions and is achieved by numerically

integrating a governing equation of motion, known as the Langevin equation.



2

We think of a thermostat as a way of coupling the system of interest, S,

to its surrounding environment, often called a heat reservoir or heat bath.

This coupling is done in such a way that it allows for the free exchange of

heat/energy, thus bringing S into thermal equilibrium with its environment.

In a Langevin thermostat, this coupling is achieved by introducing randomness

and friction in order to model the random insertion and deletion of energy

into and out of S from the surrounding environment. Or more precisely, the

collective effect of the surroundings on S, is collapsed into a single friction

parameter, typically denoted by γ, which then couples the two systems. In

the particular case where S is some molecular system immersed in a solvent,

the solvent can then be considered as the surrounding environment, and in

this case, a Langevin thermostat is an easy way to implicitly represent the

solvent particles. This implicit solvent description was the original motivation

behind Paul Langevin’s landmark paper in 1908 [34]. In fact, in this same vein,

one can more generally consider the Langevin equation as a coarse-graining

procedure which replaces discarded microscopic detail with Gaussian noise and

friction, as is the case in hydrodynamics. Thus a Langevin thermostat can be

used to describe a molecular system in the presence of a heat bath or a system

having some microscopic detail that has been coarse-grained away.

A large focus of this thesis will be on how well the Langevin integration

methods we examine and develop work with coarse-grained (CG) molecular

models. An established and well-known coarse-grained model [67, 68] is used

for this purpose. In such models, the atomistic description of the system is

reduced to a description of much lower dimension. Since improvements in

computer hardware (e.g., processor or memory speed) are being introduced

more and more slowly, MD models that can run at speeds faster than atom-

istic models will continue to become more useful. As CG models become more

commonplace, there is a need to systematically understand the numerical per-

formance and the limitations of current temporal integration schemes on CG

systems, avoiding the reliance on rules of thumb that were derived primarily

for non-CG or atomistic simulations.
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In this thesis we conduct substantial numerical experiments to understand

how accurate the G–JF [23] and certain other Langevin integration methods

[8,37] (to be described in Chapter 3) are when used on realistic coarse-grained

systems. In particular, do these methods maintain the same level of accuracy

when large time steps are used as when small time steps are used in the

region of parameter space applicable to CG simulations? The results showing

overall good performance for the GJ–F method in Chapter 3, will then serve

as a motivation to search for all velocity Verlet-based Langevin methods, of a

particular form, with similar properties. This results in a new one-parameter

family of methods that exhibit the correct limiting mean-square of position for

a free particle and harmonic oscillator, of which GJ–F is a member. This is

undertaken in Chapter 4. Then, within Section 4.3.5, this family is shown to be

generated by a Verlet-type splitting, which allows for several additional insights

to be given that were not immediately apparent from the explicit update rule

format derived initially. Additional numerical tests are presented in Section 4.4

for a small collection of free parameter choices and the accuracy for systems

of interest to the bio-molecular and materials science communities is explored.

These numerical simulations required the use of High-Performance Computing

(HPC) resources and and were carried out on the Temple University Owlsnest

HPC cluster, in total logging over 6 million core hours.

For scientists that use computational chemistry in their research, a number

of widely-used software packages, such as LAMMPS [59], NAMD [57], GRO-

MACS [60] to name a few, are available. The corresponding publications for

these software packages have tens of thousands of citations each, demonstrat-

ing their utility within the scientific community. Each software package utilizes

their own numerical schemes for the Langevin equation which scientists and

practitioners must then select. It may be the case that some users are unaware

of the methods’ various limitations, or of in which situations one method is

better than another. For instance, the default Langevin method in NAMD

is shown to yield inaccurate results in certain regions of parameter space in

Chapter 3. Even in LAMMPS, the default Langevin simulation algorithm [64]
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relies on the assumption γ∆t � 1. This increases the likelihood of mistakes

and/or erroneous results or conclusions. The work done in this thesis hopes to

provide clarity by attempting to answer the oft-posed question by practitioners

and computational scientists, “Which Langevin method should we use?”.

1.1 Literature Overview

The existing body of work on Langevin integration methods is broad and

spans many decades. Numerical methods developed in both the 1970s and

1980s are in fact still in use today. This is a testament to their simplistic, yet

effective, nature and toward the enduring staying power of the Verlet algorithm

[79]. This algorithm will be discussed more depth in Section 2.2.2, though

the mention of it illuminates an important point. In MD, as the number

of particles, N , increases, it becomes prohibitively expensive to have more

than a single force evaluation per time step, with complexity typically scaling

like O(N2). Even for the simulations done in this thesis, force evaluations

(along with the updates to complimentary data structures such as neighbor

lists) alone could consume as much as 40% of compute time. This is a major

restriction, as many standard stochastic numerical methods require multiple

force evaluations or involve higher order derivatives of the potential energy

function [3, 9, 32, 48]. This makes the task of numerical integration far more

delicate than simply applying standard algorithms.

The main focus of these early methods (and some more recent methods),

was on the accuracy of trajectories. Therefore it was common to construct

methods which extend deterministic methods such as the Verlet algorithm.

This was done in the development of the Brünger-Brooks-Karplus method [8],

also known as BBK. With BBK, the Verlet method was simply generalized to

include the stochastic forces present in the Langevin equation. The Schneider-

Stoll (SS) [64] method also attempts to extend the Verlet algorithm by in-

forming the approximation made with continuous time Langevin dynamics

properties. Both SS and BBK are used widely today in the software packages
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LAMMPS, NAMD and OpenMM [15]. The other common approach to pro-

duce accurate trajectories was to exactly integrate the Langevin equation and

then use approximations of various orders to define the numerical trajectory.

The van Gunsteren and Berendsen (vGB) [77] method is a significant example

of this. We also remark that these methods are all limited by the assumption

that γ∆t� 1, which will be discussed at length in the following chapters.

An interesting analysis of early methods, including the BBK, vGB and

SS methods, given by Pastor et al. [54] in 1988, takes a similar approach

to the ideas presented in Chapter 3 of this thesis. Starting from a generic

integration scheme using undefined coefficients, the imposition of conditions

such as exactness for a constant force and correct diffusive behavior lead to the

determination of these unknown coefficients. However, the proposed generic

form presented in this paper is not general enough to lead to the conclusions

we find in the work done here and illustrated in Chapter 3.

Also in the 80s,deterministic methods for Langevin dynamics were intro-

duced through the landmark papers of Nose [52] and Hoover [27]. These ideas

depend upon the introduction of extra (non-physical) dimensions to phase

space, which are then coupled to the actual system of interest. The method

of Nose-Hoover chains was developed later by Klein and coworkers [44] which

applies an iterative chain of Nose-Hoover thermostats to each fictitious degree

of freedom. These methods have enjoyed wide-spread use in the computational

chemistry community and appear in industry standard software packages such

a LAMMPS. The methods however depend upon the introduction of poten-

tially several non-physical parameters that must be chosen by the user. It

has also been shown that Nose-Hoover chains are not ergodic for simple sys-

tems [35]. That being said, these deterministic methods have been extended

in recent years to combine both stochastic and deterministic techniques [36]

which correct this issue of ergodicity.

The 1990s ushered in a new way of constructing Langevin methods which

avoided direct integration of the Langevin equation and attempted instead

to approximate the Fokker-Planck operator (see Section 2.4.1). This opera-



6

tor controls the evolution of the phase space probability density; so, accurate

approximations would then hopefully lead to methods that generate accurate

steady state distributions, in turn, yielding methods that produce accurate sta-

tistical averages. Such methods are less concerned with generating trajectories

accurate to a particular order. In the early 90s, integration of Hamiltonian sys-

tems via the splitting of the phase space propagator using a Trotter [74] or

Strang [71] splitting, saw the construction of many new algorithms [72,76,81]

with varied degrees of accuracy. It was shown that many different known

symplectic algorithms could be recast within this splitting formalism.

Naturally, this splitting approach was then extended to the Langevin dy-

namics with the goal of approximating the Fokker-Planck operator. This op-

erator could be split in many different ways and these different orderings were

the subject of several papers in the 2000s [5, 10, 37, 38, 42, 47, 61]. In 2004,

Mannella [42] sought to derive a method by accurately reproducing the cor-

rect distributions. Mannella proposed a leap-frog, or Verlet splitting, based

method using the same undetermined coefficients idea. Although, as with [54],

the initial proposed form for the numerical scheme used was not general enough

to derive the family of methods developed in this thesis, illustrating a contri-

bution of the work in Chapter 4. In [5], the Fokker-Plank operator was split

into a Hamiltonian and stochastic part. The stochastic portion was solved

exactly and the Hamiltonian portion was solved using high order symplectic

methods.

Other attempts at more accurate (non-splitting) numerical methods, both

in terms of distributions and trajectories, of the Langevin equation continued

during 2000s. This was achieved by utilizing different approximations of a

direct integration of the Langevin equation [55,70,78] and using concepts from

the field of stochastic numerics, such as partitioned Runge-Kutta methods

[9,14,49] to approximate the continuous time trajectories. There have also been

several investigations which explore accept-reject Monte-Carlo type algorithms

for running Langevin dynamics [6], though these have not been widely adopted

in the computational chemistry community due to the rather high rejection
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rate often seen in practice [10,39].

In 2012, it was Leimkuhler and Matthews [37, 38] that introduced a new

family of splitting methods for the Langevin equation, building on previous

work [73]. This family consisted of three splitting operators, labeled A, B and

O, that could be combined in different orderings, leading to an entire (infinite)

family of splitting algorithms. Among this family described by Leimkuhler and

Matthews, the BAOAB method is the one characterized by the smallest con-

figurational (position only) sampling error. The BAOAB method exhibits the

exact configurational mean, variance and co-variance of the harmonic oscilla-

tor. This important property was not known to be reproduced in any previous

numerical method for the Langevin equation and so became the starting point

for this research.

The key insight made in this thesis was gleaned from the Langevin method

of Grøbech-Jensen and Farago (G–JF) presented in [23] in 2013. At the time of

its publication, and according to the authors, the GJ–F method was the only

known Langevin method exhibiting the theoretically correct mean-square of

position for a free particle and harmonic oscillator in equilibrium, independent

of any modeling parameters. Although such simple cases are not encountered

in realistic MD simulations, there are intuitive reasons why one might expect a

numerical method getting these simple scenarios correct to perform well over-

all. For instance, harmonic forces are used to describe the forces of bonds

and angles in MD simulations and can be good approximations for certain

intermolecular force terms as well. In the case of CG molecular models, to be

discussed further in Section 2.6, it is desirable to use numerical methods which

are independent of the modeling parameters chosen in a Langevin simulation.

This is due to the wide range of parameter values potentially applicable in

a given CG simulation. The natural question then arises, do methods giving

exact limiting behavior for a free particle and a harmonic oscillator in equilib-

rium, actually work better? Is the GJ–F method truly the only such method,

and if not, can we find all remaining ones?
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CHAPTER 2

BACKGROUND MATERIAL

2.1 Hamiltonian systems

2.1.1 Hamilton’s equations of motion

Our theoretical starting point will be brief recap of some basic ideas from

classical mechanics. We start by assuming the existence of a potential energy

U , a function of the position of the system’s N particles, x, and a function H
called the Hamiltonian or energy, that is defined by

H =
1

2
vTMv + U(x) , (2.1)

for x, v ∈ R3N and M a diagonal matrix of masses. The position and velocity

satisfy the differential equation

ẋ = ∇vH

v̇ = −M−1∇xH .
(2.2)

Alternatively, in the case that we use momentum p = Mv, instead of v,

Eq. (2.1) can be rewritten as H = 1
2
pTM−1p + U(X) and Eq. (2.2) can be

conveniently expressed in matrix notation via[
ẋ

ṗ

]
=

[
0 I

−I 0

][
∇xH
∇pH

]
= J · ∇H . (2.3)
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This Hamiltonian formalism is equivalent to the standard formulation of New-

tonian mechanics and can be found in any standard treatment on the sub-

ject [75]. For a single particle in one-dimension, a standard example for U

is a harmonic potential, U(x) = κ
2
x2, which results in a linear forcing term:

F (x) = −κx. Harmonic potentials are used in this thesis to model chemical

bonds and the angles between bonds in numerical simulations. In the case

of a multi-particle system, an extremely important practical example is the

Lennard-Jones potential. Given any two particles xi and xj, we define:

ϕ(xi, xj) = 4εij

((
σij
rij

)12

−
(
σij
rij

)6)
, (2.4)

where rij = |xi−xj| and both εij and σij are parameters dependent on the type

of particles xi and xj. The Lennard-Jones potential energy for an N -particle

system is defined to be

U(x1, ..., xN) =
N∑
i<j

ϕij(rij) . (2.5)

It is sometimes the case that exponents other than 12 and 6 are used in

Eq. (2.4). For this reason, we call the potential energy given in Eq. (2.4) the

12-6 Lennard Jones potential. The CG models employed in our numerical

simulations also use powers of 9 and 6, in which case Eq. (2.4) is termed the

9-6 Lennard Jones potential.

2.1.2 The classical phase space propagator

The 6N -dimensional space of position and velocity (or momentum) for

the Hamiltonian system of Eq. (2.2) is called phase space. The solution of

Hamilton’s equations of motion thus seeks to find the trajectory in phase

space along which the system evolves a given initial datum. We now construct

a formal representation for this trajectory. Let ϕ ∈ C∞(R6N) be a phase

space observable and suppose that (x(t), v(t)) satisfies Hamilton’s equations

of motion in Eq. (2.2). Then the time evolution of ϕ along the trajectory of
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Figure 2.1: A plot of the harmonic and 12-6 Lennard-Jones potential energy

functions in reduced units. Both potential energy functions will be used ex-

tensively, in both computational and analytical considerations, in the later

sections.

an N -particle Hamiltonian system is

dϕ

dt
= ∇xϕ · ẋ+∇vϕ · v̇

=
3N∑
i=1

ϕxi
dxi
dt

+
3N∑
i=1

ϕvi
dvi
dt

=
3N∑
i=1

1

mi

∂H
∂vi

∂ϕ

∂xi
−

3N∑
i=1

1

mi

∂H
∂xi

∂ϕ

∂Vi

=

( 3N∑
i=1

1

mi

∂H
∂Vi

∂

∂xi
−

3N∑
i=1

1

mi

∂H
∂xi

∂

∂Vi

)
ϕ

=: Lϕ .

(2.6)

As a nod to the importance of L, the adjoint of this linear partial differential

operator is often called the Liouville operator, or the Liouvillian. This calcula-

tion shows that in the context of Hamiltonian systems, one has the differential

operator equality

d

dt
= L , (2.7)
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which in particular implies the extremely convenient relation:

dk

dtk
= (L)k . (2.8)

A Taylor series for ϕ along a solution of Eq. (2.2) at time t can, at least

formally, be written as

ϕ((x(t), v(t))) = ϕ((x0, v0)) +
∞∑
k=1

∂k

∂tk

∣∣∣∣
t=0

ϕ((x(t), v(t))
tk

k!
(2.9)

= ϕ((x0, v0)) +
∞∑
k=1

(tL)k

k!
ϕ((x0, v0)) (2.10)

=

( ∞∑
k=0

(tL)k

k!

)
ϕ((x0, v0)) (2.11)

=: etLϕ((x0, v0)) , (2.12)

so that ϕ((x(t), v(t))) = (etLϕ)((x0, v0)). Setting ϕ to be the identity operator

yields the formal solution for a Hamiltonian system:

(x(t), v(t)) = etL(x0, v0) . (2.13)

The operator etL is called the classical phase space propagator.

2.2 Integration of Hamiltonian mechanics

2.2.1 Symplectic methods

A key property of Hamiltonian dynamics is that it is symplectic. For this

subsection we use the momentum formulation of Hamiltonian mechanics as in

Eq. (2.3), which leads to the resulting expressions being independent of mass.

This discussion is mainly taken from [39].

Definition 2.2.1 A 1-form is a family of mappings α : Rm → R defined for

each point x ∈ Rm. If a : Rm → Rm, the 1-form associated to this vector is

α(x)(ξ) := a(x)T · ξ .
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Definition 2.2.2 A differential of a scalar-valued function g : Rm → R is a

1-form, defined for each point in phase space by

dg(x, p)(ξ) = ∇g(x, p)T · ξ .

We think of the differential 1-form above as simply the derivative of g in the

direction of ξ. A simple example of a differential 1-form is the coordinate

differential

dxi(ξ) = ξi . (2.14)

Definition 2.2.3 The wedge product of two 1-forms, α and β, is defined at

each point of phase space (x, p) as the mapping

α ∧ β(ξ, η) := α(ξ)β(η)− α(η)β(ξ) (2.15)

The wedge product of coordinate differentials for position and the correspond-

ing momentum is

dxi ∧ dpi(ξ, η) = dxi(ξ)dpi(η)− dxi(η)dpi(ξ) (2.16)

= ξiηi+3N − ξi+3Nηi , (2.17)

where N is the number of particles in the system. The intuitive thinking

here is that the wedge product returns the area of the projections onto the 2-

dimensional (qi, pi) plane. Indeed, the formula in Eq. (2.16) is the determinant

of the 2×2 matrix of vectors ξ and η projected onto this plane. The symplectic

2-form is then defined to be the sum of these projections:

ψS(ξ, η) :=
3N∑
i=1

dxi ∧ dpi(ξ, η) = ξTJη , (2.18)

with ξ, η ∈ R6N and J as in Eq. (2.3). A mapping is called symplectic if it

preserves the symplectic 2-form, ψS. In the context of Hamiltonian dynamics,

it can be shown [39] the flow map, Φt, is symplectic if and only if

J =
∂Φt

∂x

T

J
∂Φt

∂x
. (2.19)
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Let Φ∆t : R6N → R6N be the update map for a given numerical method

to integrate Eq. (2.2), that is Φ∆t(xn, vn) = (xn+1, vn+1). Then Φ∆t is said

to be symplectic if it satisfies Eq. (2.19). Symplectic methods have the addi-

tional property that the numerical integrators themselves possess a conserved

quantity, which is often called the perturbed or shadow Hamiltonian, H∆t. In

general, the perturbed Hamiltonian and the true Hamiltonian are related via

H∆t = H + ∆tpH(p)
∆t + ∆tp+1H(p+1)

∆t + · · · ,

with p being the order of the numerical method, and the coefficients of pow-

ers of ∆t being correction terms dependent upon the choice of the numerical

method. The existence of this conserved quantity H∆t is key for the usefulness

of these methods in MD. Numerical methods that are not symplectic, develop

a systematic drift in energy over the course of a simulation. This is an unac-

ceptable artifact as thermodynamic and statistical mechanical quantities the

MD simulation seeks to calculate depend strongly on the internal energy of

the system. Taking the determinant on both sides of Eq. (2.19) shows that:

1 = det(∂Φ∆t

∂x

T
) det(J) det(∂Φ∆t

∂x
) = det(∂Φ∆t

∂x
)2 , (2.20)

which implies that | det(∂Φ∆t

∂x
)| = 1. Thus symplectic methods are indeed

quite special. This is a major reason why many integration schemes typically

used for stochastic differential equations do not reduce to symplectic methods,

ruling them out entirely as viable choices for constant temperature molecular

dynamics. A more detailed discussion on symplectic methods can be found

in [39,75].

2.2.2 The Verlet algorithm

Suppose that x(t) denotes the position of a single particle in three-dimensional

space with mass m at time t with the particle subjected to a force F(t). New-

ton’s second law tells us that F = ma = mẍ. A central difference approxi-

mation to integrate this second-order equation numerically from t to a time
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t+ ∆t will yield

x(t+ ∆t)− 2x(t) + x(t−∆t)

∆t2
=

1

m
F (t) , (2.21)

resulting in

x(t+ ∆t) = 2x(t)− x(t−∆t) +
∆t2

m
F (t) . (2.22)

This simple and näive approximation turns out to be extremely good and is in

fact a locally fourth order symplectic method. Thus over a time interval [0, T ]

with T = N∆t, the algorithm for time tn+1 = (n+ 1)∆t, 0 ≤ n ≤ N − 1 is

xn+1 = 2xn − xn−1 +
∆t2

m
Fn . (2.23)

This numerical approximation is known as the Verlet algorithm [79]. It was

first published in 1967 and has enjoyed widespread use since. In fact, it is still

the most widely used method for integrating Hamilton’s equations of motion

some 50–60 years later.

The Verlet method was originally defined as a position-only method and

therefore no mention of velocities or momenta is made. This is an interesting

observation and leads one to realize that velocity is actually not necessary

for the time integration of Hamiltonian systems, it is an auxiliary variable.

However, it is often desirable to introduce velocity or momentum into MD

simulations since many physical steady state and dynamical quantities depend

on velocity. This creates ambiguity in its definition in discrete time. A common

choice for the velocity variable is the central difference approximation

vn =
xn+1 − xn−1

2∆t
. (2.24)

Introducing vn into Eq. (2.23) yields the velocity Verlet method:

xn+1 = xn + ∆tvn +
∆t2

m
fn , (2.25)

vn+1 = vn +
∆t

2m
(fn + fn+1) . (2.26)
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Note how this method is not implicit and that there is actually only one

force evaluation per time step since fn+1 is reused in the next step. This

again illustrates an important reason why Verlet is the gold standard in MD.

The velocity Verlet method will be the basis of our extension to Langevin

integration methods in the later chapters.

2.2.3 Splitting the classical propagator

The velocity Verlet method can be derived in several other ways and we

present an alternative derivation that will be useful for work in later sections.

Our discussion in Section 2.1 introduced the phase space propagator, etL, and

allowed us to write down a formal solution for the position of the system of

particles:

x(t) = etLx(0) . (2.27)

We saw that if H is the Hamiltonian of the system, then L is given by the

differential operator:

L =
3N∑
i=1

1

mi

∂H
∂vi

∂

∂xi
− 1

mi

∂H
∂xi

∂

∂vi
. (2.28)

Breaking L up into the sum L = LA + LB with

LA =
3N∑
i=1

1

mi

∂H
∂vi

∂

∂xi
(2.29)

LB = −
3N∑
i=1

1

mi

∂H
∂xi

∂

∂vi
, (2.30)

will turn out to be quite useful even though it is not the case that etL =

etLAetLB . The Baker-Campbell-Hausdorff formula can be used to give the

exact relation between the multiplication etLAetLB and etL. If etLAetLB = eZ ,

then Z is not given by tLA + tLB but is actually given by:

Z = t(LA + LA) +
t2

2
[LA,LB] +

t3

12
([LA, [LA,LB]]− [LB, [LA,LB]]) + · · · ,

(BCH)
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where [LA,LB] = LALB − LBLA is the commutator. An immediate conse-

quence of this formula is that if [LA,LB] = 0, that is if the operators com-

mute, it is in fact true that etL = etLAetLB . Therefore one can think of the

higher order terms as representing the error incurred by the approximation

etL ≈ etLAetLB due to the lack of commutativity. The BCH formula becomes

enormously complicated after only a few terms and consequently isn’t very

practical for the development of numerical schemes. That being said, other

theorems exist which are more useful in this respect. A well-known result of

Strang [71] states that if t = N∆t,

etL = etLA+tLB = lim
N→∞

(
e(t/2N)LBe(t/N)LAe(t/2N)LB

)N
= lim

N→∞

(
e(∆t/2)LBe∆tLAe(∆t/2)LB

)N
,

(2.31)

where t/N = ∆t. Or even more explicitly, Strang tells us that,

etL = etLA+tLB =
(
e(∆t/2)LBe∆tLAe(∆t/2)LB

)N
+O(N∆t3) , (2.32)

implying that the single step update, i.e., choosing N = 1, satisfies:

e∆tL = e(∆t/2)LBe∆tLAe(∆t/2)LB +O(∆t3) . (2.33)

This particular symmetric ordering of solution operators is termed a Strang

splitting. This can be intuitively thought of as taking a half time step for the

v dynamics, a full time step for the x dynamics and a final half time step for

the v dynamics. The next question is, how do etLA and etLB actually act on

phase space functions? Let ϕ ∈ R6N be a phase space observable. One must

recognize that the operator LA corresponds to a Hamiltonian system with zero

force, i.e.,:

ẋ = v (2.34)

v̇ = 0 (2.35)

which clearly has solution (x(t), v(t)) = (x(0) + tv(0), v(0)), therefore

(etLAϕ)(x, v) = ϕ(x+ tv, v) . (2.36)
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The etLB operator is the solution operator for the the dynamical system

ẋ = 0 (2.37)

v̇ = −M−1∇U(x) (2.38)

so that

(etLBϕ)(x, v) = ϕ(x, v − tM−1∇U(x)) . (2.39)

Therefore, when ϕ is the identity operator, over a time step ∆t, the solution

operators lead to the exact updates

e∆tLA(x, v) = (x+ ∆tv, v) , (2.40)

e∆tLB(x, v) = (x, v −∆tM−1∇U(x)) . (2.41)

Using this, it can then be shown from a direct calculation that the Strang

splitting e(∆t/2)LBe∆tLAe(∆t/2)LB is exactly the velocity Verlet method. The

update at time tn+1 when tn = n∆t is:

vn+1/2 = vn −
∆t

2
M−1∇U(xn)

xn+1 = xn + ∆tvn+1/2

vn+1 = vn+1/2 −
∆t

2
M−1∇U(xn+1) .

(2.42)

which when written out as an explicit update for xn+1 and vn+1 yields Eq. (2.25).

Eq. (2.42) is known as the splitting formulation of velocity Verlet.

2.3 Statistical mechanics and the canonical en-

semble

The theoretical underpinning of MD rests within the field of statistical

mechanics. Rather than describe all of the details here, We simply refer the

reader to standard texts on the subject [46, 75]. When constant temperature,

particle number and volume conditions are satisfied, we say the system is in
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the canonical ensemble. The important fact here is that for molecular systems

in a canonical ensemble, the state of the system is distributed over phase space

according to the distribution:

ρ(x, v) ∝ e−H(x,v)/kbT , (2.43)

where kb is Boltzmann’s constant, T is the equilibrium temperature and H is

the Hamiltonian for the molecular system. We typically write β = 1/kbT and

when ρ is integrable, the normalizing constant

Q =

∫
e−βH(x,v) dx dv (2.44)

is called the partition function, and is an extremely important quantity. Impor-

tant thermodynamic quantities such as energy, free-energy, pressure, entropy,

to name a few, can all be derived from the partition function. The function ρ

is often written as:

ρ(x, v) =
1

Q
e−βH(x,v) . (2.45)

and is called the Boltzmann-Gibbs or canonical distribution. Due to the struc-

ture of H, it is possible to integrate ρ out over velocity space to obtain the

marginal density for position. This is usually written as:
1

Z
e−βU(x).

2.4 The Langevin equation

An N -particle molecular system with a classical potential energy U , im-

mersed in a heat bath with the constant temperature T , can be modeled by

the Langevin equation:

dX = V dt ,

dV = −M−1∇U(X)dt− γV dt+ σM−1/2dWt .
(2.46)

Here σ =
√

2kbTγ is the noise coefficient and a consequence of the fluctuation-

dissipation theorem, kb is Boltzmann’s constant, γ is the (spatially indepen-

dent) collision rate parameter (measured in units of fs−1),M ∈ R3N×3N a diag-

onal mass matrix, Wt is 3N -dimensional Brownian motion. Looking closely at
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Eq. (2.46), it is apparent that the Langevin equation can simply be thought of

as Hamiltonian dynamics with dissipation and random forcing. The Langevin

equation is a stochastic differential equation (SDE), so we use capital letters

to remind ourselves that position and velocity are stochastic processes.

For the simple case of a Brownian particle in a fluid, that is when ∇U ≡ 0,

γ represents the rate of collision of the Brownian particle with bath particles.

Thus the dimensionless quantity γ∆t gives a measure as to how many collisions

occur over the length of the time step ∆t. In this simplified setting, it naturally

follows that γ1∆t1 = γ2∆t2 should imply the exact same physics. That is, it

is the number γ∆t that determines the strength of the interaction between

the system and the heat bath and is the fundamental quantity of the discrete-

time and continuous-time dynamics. Using the Ito calculus, one can represent

Eq. (2.46) in an integral form. The convenient thing here being that certain

properties of the Langevin equation can be deduced.

For U sufficiently smooth, we can compute an integral formulation of

Eq. (2.46). Indeed this is not a big restriction as simulations in practice stay a

fixed distance away from singular points of the potential energy [37]. In such

a case, we can simply approximate U sufficiently closely by a smooth function.

This allows for the application of the multi-variate Ito formula to the func-

tion V eγt to solve for the velocity process, V (t). Then, integrating V from a

time t0 to a time t and switching the order of integration yields the integral

representation of Eq. (2.46):

X(t) = X(t0) +
1

γ
(1− e−γ(t−t0))V (t0) +M−1

∫ t

t0

(1− e−γ(t−s))∇U(Xs) ds

+
σ

γ
M−1/2

∫ t

t0

(1− e−γ(t−s)) dWs ,

V (t) = e−γ(t−t0)V (t0)−M−1

∫ t

t0

e−γ(t−s)∇U(Xs) ds+ σM−1/2

∫ t

t0

e−γ(t−s) dWs ,

(2.47)

for times t0 < t and time t0 ≥ 0. As discussed in the introduction, earlier

publications had sought to use this integral representation to more easily con-
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struct numerical solutions of the Langevin equation. The approach taken in

this thesis will be to approximate Eq. (2.47) in such a way that key limiting

and equilibrium properties are attained.

2.4.1 Infinitesimal generator

As in Section 2.1, we aim to solve the Langevin equation numerically so

that we can compute averaged values of phase space functions representing

thermodynamic or dynamic quantities of interest for a given molecular sys-

tem under study. Toward this end, we start this section with the following

definition:

Definition 2.4.1 Let Xt be a stochastic process. If f is sufficiently smooth,

Xt = x and ∆t > 0, then

Lf(x) := lim
∆t↓0

E(f(Xt+∆t)|Xt = x)− f(x)

∆t
(2.48)

is called the infinitesimal generator for the stochastic process Xt.

If Xt ∈ Rn is a process satisfying the SDE, dXt = a(Xt) dt + σ(Xt) dWt, a

Taylor expansion for f and the fact that (dXt)
2 = (σσT/2) dt in distribution

can be used to show that L is given by the linear partial differential operator

Lf(x) =

(∑
i

ai(x)
∂

∂xi
+
∑
i,j

(σσT )ij(x)
∂2

∂xi∂xj

)
f(x) . (2.49)

In the case of the Langevin equation in Eq. (2.46), the infinitesimal generator

is given by:

Lf(x) =

(
(v,−γv −∇ 1

m
U(x)) · ∇+

σ2

2
∆x

)
f(x) (2.50)

=

(∑
i

vi
∂

∂xi
−
∑
i

M−1∇xiU(x)
∂

∂vi
−
∑
i

γvi
∂

∂vi
+
σ2

2
∆x

)
f(x) .

(2.51)

If u = E(f(Xt)|Xs = x), then for t > s, u satisfies the partial differential

equation

∂

∂t
u = Lu , u(x, s) = f(x) , (2.52)
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whereby the same formal argument given in Section 2.2.3 for the solution oper-

ator, the operator eLt formally solves this equation and describes the evolution

of phase space averages over time. Although the calculation of averaged quan-

tities is what we seek in equilibrium MD simulations, it is in fact far more

convenient to sample phase space trajectories for this purpose.

2.4.2 The Fokker-Planck equation

In constant temperature equilibrium molecular dynamics we want to use

numerical techniques to sample trajectories in phase space. We now construct

a partial differential equation, known as the Fokker-Planck equation, which

governs the evolution of the phase space probability density ρ(x, v, t). Let f

be a smooth test function over phase space. Then∫
f(x, v)ρt(x, v, t) dx dv =

∂

∂t
E(f(Xt)|Xs = x) (2.53)

= E(Lf(Xt)|Xs = x) (2.54)

=

∫
Lf(x, v)ρ(x, v, t) dx dv (2.55)

=

∫
f(x, v)L∗ρ(x, v, t) dx dv , (2.56)

from which one gets the Fokker-Planck equation:

∂

∂t
ρ(x, v, t) = L∗ρ(x, v, t) . (2.57)

The operator L∗ is obtained by simply performing integration by parts on L
above, allowing this adjoint operator to then act on the phase space density

ρ. So, the phase space distribution (again) formally evolves according to

ρ(x, v, t) = etL
∗
ρ(x, v, 0) . (2.58)
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Carrying out the calculation leads explicitly to

L∗ρ(x, v, t) =

(
−
∑
i

vi
∂

∂xi
+
∑
i

M−1∇xiU(x)
∂

∂vi

+
∑
i

γ
∂

∂vi
vi +

σ2

2
∆x

)
ρ(x, v, t)

= −(LA + LB + LO)ρ(x, v, t)

= (L∗A + L∗B + L∗O)ρ(x, v, t) .

(2.59)

Here, LA and LB are as defined in Section 2.2.3 within the context of Hamilto-

nian dynamics, that is to say, et(LA+LB) is the classical phase space propagator.

We have also made the definition of LO to be the multi-dimensional Ornstein-

Uhlenbeck operator [10,69]:

LO := −
∑
i

∂

∂vi
γvi −

σ2

2
∆x . (2.60)

In the physics literature [69], the operator L∗ is known as the Langevin Liou-

ville operator, or the Langevin Liouvillian. Individually, these operators act

on delta distributions, δ(X,V ), by

e∆tL∗Aδ(X,V )(x, v) = e−∆tLAδ(X,V )(x, v)

= δ(X,V )(x−∆tv, v) ,

e∆tLB∗δ(X,V )(x, v) = e−∆tLBδ(X,V )(x, v)

= δ(X,V )(x, v + ∆tM−1∇U(x)) ,

e∆tL∗Oδ(X,V )(x, v) =
1√

(2π)n det(Σ)

× exp

(
− 1

2
(v − e−γ∆tV )TΣ−1(v − e−γ∆tV )

)
.

(2.61)

with Σ = kbT (1− e−2γ∆t) In×n. So given an initial X and V at time t, we can

use each operator in Eq. (2.61) to generate a sample phase space point at time
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t+ ∆t consistent with the correct distribution in Eq. (2.61) using:

A : (X, V ) −→ (X + ∆tV, V ) (2.62)

B : (X, V ) −→ (X, V −∆tM−1∇U(X)) (2.63)

O : (X, V ) −→ (X, e−γ∆tV +
√
kbT (1− e−2γ∆t)M−1/2ξ) (2.64)

Stringing these operators in various orderings, such as repeated Strang split-

tings for instance, results in a sampled phase space trajectory for the given

system and is the idea behind the various Langevin dynamics splitting meth-

ods that have been proposed over the years. The particular splitting of L∗

into L∗A,L∗B and L∗O presented above is the idea behind the Leimkuhler–

Matthews ABO family of splitting methods mentioned in the introduction.

Other ways of splitting L∗ exist and are the basis for other types of splitting

methods [10, 61, 69]. In the physics and chemistry literature, the operators in

Eq. (2.62) are typically denoted e∆tLA , e∆tLB and e∆tLO , respectively. There-

fore in order to be consistent with existing literature [69], we shall henceforth

refer to the operators in Eq. (2.62) using the notation

e∆tLA(X, V ) := (X + ∆tV, V ) (2.65)

e∆tLB(X, V ) := (X, V −∆tM−1∇U(X)) (2.66)

e∆tLO(X, V ) := (X, e−γ∆tV +
√
kbT (1− e−2γ∆t)M−1/2ξ) (2.67)

with ξ ∼ N(0, I).

2.5 Configurational quantities

2.5.1 Ergodicity

In MD, it is not the trajectories themselves generated by (2.46) that are of

interest, but rather an accurate sampling of the equilibrium distribution over

phase space. We say that the stochastic process (Xt, Vt) is ergodic for t > 0,
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if given a phase space observable f , it is true that∫
f(x, v)ρ(x, v) dx dv = lim

t→∞

1

t

∫ t

0

f(Xt, Vt) dt . (2.68)

In words, this means the averages of observables over phase space are equal to

the time average of the observable over a single trajectory. It is well-known that

Langevin dynamics in continuous time is ergodic [39]. Powerful mathematical

concepts such as the fact that Eq. (2.46) satisfies Hormander’s condition, leads

to a rigorous proof [39] of this fact, but this is not the focus of the thesis and

so is not pursued. The notion of ergodicity will be the rationale used for

the calculation of statistical quantities in our simulations. For example, when

we calculate the radial distribution function (discussed in the next section),

we numerically compute this function at each time step and then calculate

the time average of this over the length of the simulation. This will be used

extensively when looking at numerical results.

For realistic MD potentials, such as a Lennard-Jones interaction force,

the solution to (2.46) needs to be approximated numerically. The fidelity to

which numerical schemes reproduce the Boltzmann-Gibbs distribution µ will

be of high interest. It is the hope that infinite time-averaged observables

obtained from these numerical schemes would reproduce correct statistical

averages with respect to µ. However, even with ergodicity typically assumed in

discrete time for a given numerical scheme, the steady states produced by these

schemes will in general differ from µ, and could depend on the choices of friction

parameter γ and time step ∆t. Therefore when analyzing numerical methods

in the forthcoming chapters, we expect two distinct sources of error in the

calculation of distributions and observables: use of a finite trajectory instead

of an infinite one and the error due to the numerical scheme’s steady state

distribution differing from the canonical distribution. We attempt to control

for the finiteness of trajectories by averaging each time-averaged observable

over a certain number of parallel simulations.
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2.5.2 Radial distribution functions

We now describe a key quantity used in practice, specifically with liquid

phase simulations, called the radial distribution function (RDF). A large part

of its usefulness is due to the fact that the RDF can be determined experi-

mentally, for example by X-ray or neutron scattering, thus yielding a way to

measure deviation of numerical simulation from physical reality. Several of the

numerical experiments conducted in this work involve measuring the accuracy

of the radial distribution function generated for various numerical schemes.

Given an N -particle (classically described) fluid at a fixed temperature T

and volume V , the probability that the system be located in an infinitesimal

configurational space volume element [x1, x1 + dx1]× · · · [xn, xn + dxn], where

n ≤ N , is

Pn(x1..., xn) =
1

Z

∫
e−βU(x1,...,xn,xn+1,...,xN ) dxn+1 ... dxN . (2.69)

We then conclude that the probability, ρ(n), when the order of the particles is

irrelevant is

ρ(n) := Pn
N !

(N − n)!
. (2.70)

The correlation function g(n)(x1..., xn) is defined by

ρ(n) = ρn · g(n) ,

where ρ = N/V , the mass density of the substance. Note that if g(n) ≡ 1, then

as given in (2.70), the probability of finding n (unordered) particles in the

volume element dx = [x1, x1 +dx1]×· · ·× [xn, xn+dxn], with n ≤ N is simply

the probability of finding a single particle (i.e., its density, ρ) in each box. That

is, the particle locations are entirely independent. Thus g(n) can be thought of

as a correction factor for how dependent particle positions are, hence the name

correlation function. We are often interested in the pair-correlation function,
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g(2)(x1, x2):

g(2)(x1, x2) =
V 2

N2

N !

(N − 2)!

1

Z

∫
e−βU(x1,...,xN ) dx3 ... dxN (2.71)

=
V 2(N − 1)

NZ

∫
e−βU(x1,...,xN ) dx3 ... dxN . (2.72)

In an isotropic homogeneous substance, one expects any probabilities to de-

pend only the relative position between two particles. To that end introduce

the coordinates:

X =
1

2
(x1 + x2) (2.73)

x = x1 − x2 (2.74)

and define the average of g over these coordinates

g̃(x) =
1

V

∫
Ω(V )

g(2)(x,X) dX , (2.75)

for Ω(V ) the domain of volume V . Changing x to polar coordinates and

integrating over the angular coordinates yields the radial distribution function:

g(r) : =

∫ ∫
g̃(r, θ, ϕ) sin(θ) dθ dϕ (2.76)

=

∫ π

0

∫ 2π

0

V 2(N − 1)

NV Z

∫
Ω(V )

e−βU(x1,...,xN ) dx3 ... dxN sin θ dθ dϕ

(2.77)

=
(N − 1)

ρ

∫ π

0

∫ 2π

0

∫
Ω(V )

1

Z
e−βU(x1,...,xN ) dx3 ... dxN sin θ dθ dϕ .

(2.78)

One can then in turn interpret ρg(r)dr to be the probability of finding a certain

type of particle a distance r radially away from a central atom at r = 0.

It is noteworthy that for pairwise potential energy functions, such as Lennard-

Jones, all thermodynamic quantities can be described in terms of the RDF.

Since a major goal of MD is to compute thermodynamic quantities of inter-

est [46], it is then natural to probe how accurately the numerical schemes

contained in this thesis reproduce this important statistical quantity.
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2.6 Coarse-graining

In molecular dynamics, the technique of coarsening the spatial resolution

is known as coarse-graining. Here we try to reduce the dimension of the phys-

ical/chemical system in order to aid in the reduction of simulation run time.

We now give a more in-depth discussion of the topic. Many methods for

coarse-graining, typically dependent on the system under investigation, can be

found in the chemistry and physics literature [43, 58, 67]. In essence, coarse-

grained models seek a change (often linear) to lower dimensional coordinates,

for instance a matrix Φ : RN → Rm with m < N , and lead to a probabil-

ity consistency condition between the CG and atomistic configurational space

probability densities, denoted ρCG and ρ respectively. That is, if we assume a

canonical ensemble for the CG system and the existence of a CG potential en-

ergy, we require the probabilities in CG coordinates match the corresponding

probabilities in atomic coordinates:

1

ZCG
e−βUCG(X) = ρCG(X)

= ρ(Φ−1(X))

=
1

Z

∫
Φ−1(X)

e−βU(x) dx ,

(2.79)

where R are the CG coordinates and r are the atomistic coordinates, i.e.,

R = Φr, r ∈ RN . Solving for UCG results in

UCG(X) = −kbT ln

(∫
Φ−1(X)

e−βU(x) dx

)
. (2.80)

The function UCG is known as a potential of mean force — the discarded

degrees of freedom mapping to X are “averaged over”, i.e., integrated out, in

Eq. (2.80) and −∇UCG(X) represents the effective force felt by the coarse-

grained system at position X. It is practically impossible to derive an exact

expression for UCG for realistic molecular systems and is instead approximated

in various ways. It is often written as a sum of non-parameterized bonded and

non-bonded classical atomic potentials [67] (such as Lennard-Jones potentials)
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or tabulated numerically [56]. Unknown parameters are then parameterized

either using system specific information, such as radial distribution functions

[31, 67] (as is done with the CG model used in this thesis), or a least-squares

fitting of averaged forces is carried out [30]. A consequence of the averaging

done in Eq. (2.80) is that UCG is often less rough than U , allowing the coarse-

grained system to more rapidly explore phase space as the potential energy

wells are fewer and less deep (see Fig. 2.2). Furthermore, this flatter energy

landscape for the CG system reduces (in frequency and magnitude) the fastest

oscillations present in the atomic system, thereby allowing generally larger

time steps, ∆t, to be taken. Atomistic MD typically allows for ∆t on the

order of 1 fs. However in the CG examples shown later in Section 4.4, ∆t

may be up to one to two orders of magnitude larger than time steps typically

chosen for atomistic MD simulations. This fact, coupled with the reduction

in dimension, also provides for each time step to often take less computation

time, hence producing an overall significant speed up in computation. One

is then able to perform longer time scale simulations within more reasonable

compute times.
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Figure 2.2: A graphic depiction of the typical coarse-graining process in com-

putational chemistry [33]. The top of the figure shows the coarse-grained map-

ping. Atoms from the all-atom description are grouped together into larger

super particles, like those in the top right. The bottom of the figure shows

how the energy landscape is transformed by the CG process into one that is

flatter and less rugged.
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CHAPTER 3

A COMPARISON OF

EXISTING METHODS ON A

CG POLYMER MELT

3.1 Introduction

When conducting constant temperature simulations, suitable friction pa-

rameters, which control in large part the dynamical properties of the system,

must be chosen beforehand. For example, in Langevin dynamics the parameter

γ in Eq. (2.46) can be selected empirically so that the diffusion rate of small

molecules matches known experimental values. Doing so in atomistic simu-

lations tends to result in γ values where O(10−6 fs−1) ≤ γ ≤ O(10−3 fs−1).

On the other hand, in CG simulations, due to the averaging conducted over

the discarded degrees of freedom to construct the CG potential energy, as was

seen in Section 2.6, the resulting CG potential is less rough than its atom-

istic counterpart; and this flatter energy landscape results in a significantly

different diffusivity compared to atomistic simulations or real systems. This

may hinder the accurate computation of dynamic properties such as diffusion

rates and transport coefficients [13,19], and therefore choosing γ-values larger

than in the atomistic case may be warranted [63] (assuming of course that γ
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does not significantly influence the steady-state distribution). Hence, coarse

graining may warrant both larger friction values γ and larger time step values

∆t; and consequently, the important dimensionless quantity γ∆t can be found

to be significantly larger than in atomistic simulations.

In this chapter of the thesis we examine a couple of the methods used

by practitioners to numerically solve the Langevin equation, principally the

quite recent BAOAB and G–JF methods, with particular concern toward their

respective sampling properties in CG simulations. A theoretical connection

between the two methods discovered in the course of this research, is eventually

discussed in Section 4.3.5. To compare the two schemes with a representative

of more traditional integration methods, our analysis also includes the well-

established BBK seen earlier. Among the various splitting formulations of

BBK [39] we chose one (indicated here as BBK∗) that performs well for the

system under study: comparisons to the classical formulation are also made.

Several numerical studies have been conducted on the accuracy of these

integrators in atomistic simulations (e.g. see [24, 65]). However as previously

stated, CG models allow for much larger integration time steps. The key

question that arises then is: how large can the time step ∆t be made without

introducing unacceptable levels of error into averaged static and dynamic quan-

tities? In [4], G–JF is used to simulate a CG lipid bi-layer in implicit solvent

and averaged energy terms (both potential and kinetic) are examined: how-

ever, the system was simulated for relatively short MD trajectories (<50,000

steps) and configurational sampling was not examined. Also included in that

study was the Schneider-Stoll method, the default option in LAMMPS and

ESPResSo [41]. We elected not to include this integrator in our work, because

small γ∆t values are explicitly required to be small in its derivation. Our

present work considers a wide range of values for γ∆t. Prior to work done

in this chapter, we were unaware of any CG simulation studies done using

BAOAB.

There are several choices of CG-model resolutions to choose from: a recent

survey of several CG models [62] suggested that an adequate representation of
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the phase behavior seen in atomistic simulations is given by models of polyethy-

lene chains with three or four methylene groups (or heavy atoms to be more

general) per CG particle. The model by Klein and coworkers [66,67], the MAR-

TINI [43] and Salerno-Grest [62] models are significant examples of this level of

resolution, and many other CG models featuring a wide-variety of resolutions

applied to a broad range of systems also exist (e.g see [7,12,20,25,31,51,53]).

It is also recognized that technological requirements will motivate further ef-

fort to develop accurate CG models at lower levels of resolution (mapping into

fewer CG particles for the same system). Transitioning into such models affects

significantly the balance between Hamiltonian, stochastic and inertial terms

in the equations of motion, and likely requires the use of existing Langevin

methods outside of their typical range of parameter values.

In fact, Langevin parameters near the high-friction limit are of particular

concern. Here, the acceleration may be neglected and the second-order inte-

grator can safely be substituted with a first-order one for improved numerical

stability. However, due to large differences in how existing CG models are

formulated, as well as differences between potential energy terms in the same

model, it is far from unusual to see applications of a Langevin thermostat that

approach this region at least transiently. Unfortunately, any resulting biases

in sampling are often difficult to detect due to the heterogeneous nature of the

physical systems examined, or its proximity to a phase transition. These more

“difficult” scenarios are precisely the types of systems worth investigating with

MD.

In this chapter, we use as a benchmark a polyethylene melt system (C48)

modeled with three methylene groups per CG particle for numerical compar-

isons. All three schemes, BAOAB, BBK and G–JF, were compared for a

wide-range of friction parameter values and time step sizes by examining rel-

evant statistical quantities from the simulations. The key finding of the study

is that in the high-friction (γ ≈ .1 fs−1) regime, the G–JF method performs

measurably better than BAOAB and BBK in reproducing molecular diffusiv-

ity and configurational distributions. The results obtained provide indications
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that Langevin integrators with similar properties to G–JF should be consid-

ered for use in CG simulations that aim to preserve dynamic properties and

stationary distributions equally accurately. Though, diffusivity notwithstand-

ing, BAOAB and G–JF sample equally well the configurational distributions

of the system considered here. We conclude that care must indeed be exercised

when using Langevin integration methods for coarse-grained models or when

in a large γ∆t regime.

3.2 The Einstein relation

This subsection, and the next, reviews the basic theoretical facts for a free

particle and a harmonic oscillator in equilibrium. These results are not original

to this thesis work. The simplest possible case for Eq. (2.46) is when F ≡ 0 for

a single particle, i.e., free diffusion. Albeit simple, it is insightful to understand

Langevin dynamics in this limiting case. For free diffusion of a single particle

in one dimension, Eq. (2.46) reduces to

dX = V dt ,

dV = −γV dt+ σm−1/2dWt ,

which can be solved analytically. The velocity Vt is an Ornstein-Uhlenbeck

process and has solution:

Vt = e−γtV0 +
σ√
m

∫ t

0

e−γ(t−s)dWs . (3.1)

The particle position, Xt, is then the integral of Eq. (3.1):

Xt = X0 + 1
γ
(1− e−γt)V0

+
σ√
m

∫ t

0

(∫ u

0

e−γ(u−s)dWs

)
du .

(3.2)
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Equation (3.2) can then be used to find the mean-square of position. Assuming

E(Xt) = 0,

E(X2
t ) = E(X2

0 ) + 2

=0︷ ︸︸ ︷
E(X0)E

(∫ t

0

Vu du

)
+ E

(∫ t

0

Vu du

)2

= E(X2
0 ) +

1

γ2
(1− e−γt)2E(V 2

0 ) + 2D

(
t− 2

γ
(1− e−γt) +

1

2γ
(1− e−2γt)

)
,

where D := kbT/mγ is the diffusion coefficient. The large time asymptotic

behavior of the mean-square position for mean zero initial position is then

E(X2
t ) ∼ 2Dt . (3.3)

This is a fundamental result in statistical physics and is known as the Einstein

diffusion relation. If Xt ∈ Rn, the same calculation done in this section can be

easily generalized to E(|Xt|2), to get the large time mean-square asymptotic

behavior of an n-dimensional particle:

E(|Xt|2) ∼ (2n)Dt .

The velocity auto-correlation function and the covariance can also be computed

from (3.1) and (3.2). These quantities are displayed in Table 3.2.

3.3 The harmonic oscillator

Recall that when µ is integrable over phase space, the equilibrium phase

space distribution for the Langevin equation Eq. (2.46) is given by

µ(dx dv) =
1

Q
exp

(
−βH(x, v)

)
dx dv . (3.4)

with Q the partition function. In particular, for a single one-dimensional

particle, when U is quadratic, i.e. of the form U(x) = κ
2
x2, it is seen that the

steady-state distribution is given by

ρ(x, v) ∝ e−(kbT )−1( 1
2
mv2+ 1

2
κx2) , (3.5)

so that (X, V ) is a bi-variate Gaussian with E(X2) = kbT
κ

, E(XV ) = 0 and

E(V 2) = kbT
m

in equilibrium.
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3.4 The BAOAB, BBK and G–JF methods

The starting point of this thesis was to better understand the three dif-

ferent, and widely used, Langevin integration schemes: G–JF, BAOAB, and

BBK, on a CG polymer melt. Both G–JF and BAOAB are included as op-

tions in LAMMPS and NAMD, respectively [1, 2]. The G–JF thermostat is a

stochastic two-stage partitioned Runge-Kutta method [3,9] and was shown to

have highly desirable configurational properties [23]; particularly, the Einstein

diffusion relation holds exactly and the equilibrium configurational averages

for the harmonic oscillator are independent of both the time step ∆t and the

friction parameter γ.

The BAOAB method is but one of many splitting schemes obtained by

composing the solution operators in various orderings which evolve the A, B

and O portions of the Langevin vector field (2.46):(
dX

dV

)
=

(
V

0

)
︸ ︷︷ ︸
A

dt+

(
0

−M−1∇U(X)

)
︸ ︷︷ ︸

B

dt+

(
0

−γV dt+ σM−1/2dW

)
︸ ︷︷ ︸

O

. (3.6)

Considered as independent dynamical problems, the evolution of each lettered

part of the vector field will be given by how the Fokker-Planck solution operator

evolves a sample phase space point (X, V ) over a time ∆t. Recall that this

was given in Section 2.2.3 and that these operators are given by

e∆tLA(X, V ) = (X + ∆tV, V ) (3.7)

e∆tLB(X, V ) = (X, V −∆tM−1∇U(X)) (3.8)

e∆tLO(X, V ) = (X, e−γ∆tV +
√
kbT (1− e−2γ∆t)M−1/2ξ) (3.9)

for ξ ∼ N(0, I). BAOAB is the result of taking half steps for B and then the

A, a full step for O and then half steps again for A and then B. Or, using the

operator notation established in Eq. (2.61) this can be written as:

e
∆t
2
LBe

∆t
2
LAe∆tLOe

∆t
2
LAe

∆t
2
LB . (3.10)
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Similar to G–JF, BAOAB also reproduces exact sampling for the harmonic

oscillator. Moreover, it possesses an additional favorable configurational sam-

pling property, termed “super-convergence” [38]: when γ is sufficiently large,

the leading order error terms of averaged phase space quantities will exhibit a

4th order error scaling in ∆t for typical time step values, thereby yielding more

accurate averages with the same computational effort. These two properties

provide some motivation as to why BAOAB is of interest to practitioners. We

remark that the arrangement BAB would lead to the velocity-Verlet method,

as seen in Section 2.2.3.

BBK has been a well-known Langevin discretization method for the last

three decades and is the default Langevin integrator in the popular MD suite,

NAMD [2]. Similar to BAOAB, BBK is also a splitting method. A contribution

of this research will be seen in the next chapter where we show that G–JF can

also be given as a splitting method as well. The BBK method is weakly

first order accurate [54] and in the free particle case reproduces the Einstein

relation. However, exact equilibrium statistics of position are not recovered in

the case of the harmonic oscillator, in contrast to G–JF and BAOAB.

Helpful for the forthcoming calculations will be to set a := (1−γ∆t/2)(1+

γ∆t/2)−1 and b := (1 + γ∆t/2)−1, with ∆t being the time step used for

discretization. Note that, one has

a =
1− γ∆t/2

1 + γ∆t/2
= e−γ∆t +O((γ∆t)3) ,

which leads to an = e−γt +O((γ∆t)2) when n∆t = t. The quantities a and an

appear several times in the subsequent paragraphs and sections.

We start by displaying the explicit update rules of the numerical schemes

described so far. For a fixed time step ∆t > 0 and initial configuration of

(X0, V0), the position and velocity at time t = n∆t for each scheme are dis-

played below. Define σ̃ =
√
kbT (1− e−2γ∆t). Then, the G–JF update rule
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is:

Xn = Xn−1 + b∆tVn−1 −
b∆t2

2
M−1∇U(Xn−1) +

bσ∆t3/2

2
M−1/2ξn−1 ,

Vn = aVn−1 −
∆t

2
M−1(a∇U(Xn−1) +∇U(Xn)) + bσ

√
∆tM−1/2ξn−1 ,

(3.11)

the BAOAB method is:

Xn = Xn−1 +
∆t

2
(1 + e−γ∆t)Vn−1 −

∆t2

4
(1 + e−γ∆t)M−1∇U(Xn−1)

+
σ̃∆t

2
M−1/2ξn−1 ,

Vn = e−γ∆tVn−1 −
∆t

2
M−1(e−γ∆t∇U(Xn−1) +∇U(Xn)) + σ̃M−1/2ξn−1 ,

(3.12)

and lastly, the BBK method is:

Xn = Xn−1 + ∆t(1− γ∆t/2)Vn−1 −
∆t2

2
M−1∇U(Xn−1) +

σ∆t3/2

2
M−1/2ξn−1 ,

Vn = aVn−1 −
b∆t

2
M−1(∇U(Xn−1) +∇U(Xn)) +

bσ
√

∆t

2
M−1/2(ξn−1 + ξn) .

(3.13)

In its original formulation [8], the BBK numerical scheme is given for only

the position, leaving some ambiguity as to how the velocities are defined (just

like the Verlet method). In fact, this ambiguity is inherent to all Verlet-based

Langevin integration methods, only the positions are uniquely defined [22].

Using the second order approximation Vn ≈ (Xn+1−Xn−1)/2∆t, the splitting

formulation of BBK for both position and velocity is obtained (e.g. as seen in

[29]). This is the same substitution one employs in transforming the position-

only Verlet integrator to velocity Verlet:

Vn−1/2 = Vn−1 +
∆t

2
M−1

(
−∇U(Xn−1)− γMVn−1 + σ√

∆t
M 1/2ξn−1

)
,

Xn = Xn + ∆tVn−1/2 ,

Vn = Vn−1/2 +
∆t

2
M−1

(
−∇U(Xn)− γMVn + σ√

∆t
M 1/2ξn

)
.

(3.14)
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It is then a simple exercise to derive (3.13) from (3.14). In particular, this

method requires two independent random variables ξn−1 and ξn where ξn is

then re-used in the next step. However, [39] suggests the use of several vari-

ations of BBK which vary in how these random variables are selected. One

such variation, which we denote by BBK∗, is obtained by taking ξn−1 = ξn in

(3.14), and not conducting any re-use in the next step. This BBK∗ variant is

not equivalent to the original version of BBK; and in fact, numerical tests indi-

cated better all-around performance with our particular CG molecular system

of interest in the commonly used regime of γ∆t ≤ .01 (see Figs. 3.8 and 3.9).

3.5 The free particle and harmonic oscillator

for these methods

Although, in general, statistical averages generated by numerical approx-

imations of (2.46) cannot be derived analytically, exact formulas for mean,

variance and correlation can be calculated in the flat and harmonic potential

case, which is enough to characterize any stationary distribution when starting

with Gaussian initial conditions.

In this section we summarize the key statistical properties for each of the

three schemes in one dimension. This section attempts to highlight some key

structural differences (and similarities) of the three schemes. Some schemes

reproduce certain statistical quantities exactly whereas others reproduce such

quantities only approximately.

We consider the standard examples of a single particle diffusing in a heat

bath, and a standard harmonic oscillator, modeling for instance a covalent

bond between two particles. In these cases, we can directly compare statistical

quantities generated by the numerical schemes with those generated by the

true analytical solution of (2.46). Though simplistic, these examples illustrate

some important properties. Most of the calculations for these examples have,

in parts, been previously exposited [9,23,38,38,54,80].
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Consider a potential function of the form U(x) = κx2/2, with κ > 0, so

that H(x, v) = mv2/2 + κx2/2, and (2.46) becomes

dX = V dt ,

dV = −κm−1Xdt− γV dt+ σm−1/2dWt .
(3.15)

The following calculations show that the variance of position for the BAOAB

and G–JF integrators is independent of γ and ∆t. This is not true for BBK. For

the linear system (3.15), stationary distributions can be analytically derived

for the three methods, denoted by µBAOAB, µBBK∗ , and µG–JF, respectively. We

re-write (3.11) applied to (3.15) into matrix form:[
Xn

Vn

]
=

[
1− bκ∆t2

2m
b∆t

−∆tκb
m

(1− ∆t2κ
4m

) a− ∆t2κb
2m

][
Xn−1

Vn−1

]
+

 bσ∆t3/2

2
√
m

bσ
√

∆t√
m

(1− ∆t2κ
4m

)

 ξn .
This is a two-dimensional ergodic Markov chain with a unique stationary mea-

sure, µG–JF. We can then calculate a corresponding matrix equation for X2
n,

V 2
n and XnVn. Taking expectations on both sides of this equation, and send-

ing n → ∞, yields a subsequent 3 × 3 linear system for E(X2
∞), E(V 2

∞) and

E(X∞V∞), the vector of steady-state averages. Solving the resultant linear

system yields the G–JF stationary distribution:

µG–JF(dx dv) ∝ exp

(
− β

(
mv2

2(1− ∆t2κ
4m

)
+
κx2

2

))
dx dv .

Using (3.12) and (3.13) one can derive analogous linear equations and expres-

sions for BBK∗ and BAOAB, as follows.

• BBK∗:[
Xn

Vn

]
=

[
1− ∆t2κ

2m
∆t(1− γ∆t

2
)

−∆tbκ
m

(
1− ∆t2κ

4m

)
a(1− ∆t2κ

2m
)

][
Xn−1

Vn−1

]
+

 σ∆t3/2

2
√
m
ξn−1

σb
√

∆t√
m

(1− ∆t2κ
4m

)ξn−1


(3.16)

and

µBBK∗(dx dv) ∝ exp

(
−
(

1

2
[x v]Σ−1[x v]T

))
dx dv ,
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where

Σ = β

[
1
κ

(
1 + γ2∆t4

16m(1−∆t2κ/4m)

)
γ∆t2

4m

γ∆t2

4m
1−∆t2κ/4m

m

]
(3.17)

is the covariance matrix.

• BAOAB:[
Xn

Vn

]
=

[
1− (1 + e−γ∆t)∆t2κ

4m
(1 + e−γ∆t)∆t

2

−(1− ∆t2κ
4m

)(1 + e−γ∆t)∆tκ
2m

e−γ∆t(1− ∆t2κ
4m

)

][
Xn−1

Vn−1

]

+

 ∆t
2

√
kbT
m

(1− e−2γ∆t)

(1− ∆t2κ
4m

)
√

kbT
m

(1− e−2γ∆t)

 ξn ,
(3.18)

and

µBAOAB(dx dv) ∝ exp

(
− β

(
mv2

2(1−∆t2κ/4m)
+
κx2

2

))
dx dv .

The variances and covariances for position and velocity are listed in Table 3.1.

These expressions show the dependence on the dimensionless quantity γ∆t and

the time step ∆t. In particular, both BAOAB and G–JF produce the exactly

correct configurational variance and co-variance.

Method 〈X2
n〉∆t,γ 〈V 2

n 〉∆t,γ 〈XnVn〉∆t,γ

Exact kbT
κ

kbT
m

0

G–JF kbT
κ

kbT
m

(1−∆t2κ/4m) 0

BBK∗ kbT
κ

(
1 + γ2∆t4

16m(1−∆t2κ/4m)

)
kbT
m

(1−∆t2κ/4m) kbTγ∆t2

4m

BAOAB kbT
κ

kbT
m

(1−∆t2κ/4m) 0

Table 3.1: Numerical stationary averages, as functions of ∆t and γ, for the

three numerical methods applied to the one-dimensional harmonic oscillator.

Both G–JF and BAOAB are exact for mean-square of position, while BBK∗ is

not. It is second order in γ∆t.



41

Diffusive Behavior of the Numerical Schemes

We set κ = 0 in (3.16)–(3.18) to obtain the update rules for each numerical

scheme in the zero potential case. A key quantity of interest is the mean square

displacement for the particle position. For BBK∗,

Xn = Xn−1 + ∆t(1− γ∆t/2)Vn−1 +
σ∆t

2
√
m
ξn−1 ,

Vn = aVn−1 +
bσ
√

∆t√
m

ξn−1 .

(3.19)

Given a fixed time step size ∆t > 0, iterate the above recursive formula back-

wards to write the position as a finite sum of independent Gaussians and the

initial conditions:

Xn = X0 +
(1− γ∆t

2
)∆t(1− an+1)

1− a
V0 +

σ∆t√
m

n−1∑
k=0

ξk

(
a(1− ak+1)

1− a
+

1

2

)
.

Therefore,

V(Xn) = V(X0) + (1− γ∆t/2)2∆t2
(

1− a(n+1)

1− a

)2

V(V0)

+ 2D

(
t− 2

γ
(1− an)(1− γ∆t/2)2 +

1

2γ
(1− a2n)(1− γ∆t/2)4

)
.

where t = n∆t. Sending n→∞ shows that the scheme preserves the Einstein

diffusion relation in the limit. As with BBK∗, G–JF preserves the Einstein

diffusion relation in the long time limit as well. The position and its variance

at time t = n∆t are:

Xn = X0 +
b∆t(1− an+1)

1− a
V0 +

σb∆t3/2√
m

n−1∑
k=0

ξk

(
(1− ak+1)b

1− a
+

1

2

)
,

V(Xn) = V(X0) +
b2∆t2(1− a(n+1))2

(1− a)2
V(V0)

+ 2D

(
t− 2

γ
(1− an)a+

1

2γ
(1− a2n)a2

)
,

which has the same limiting behavior as in [23]. Additionally, both BBK∗ and

G–JF generate the correct steady-state behavior for velocity. For a fixed time
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step ∆t, the BAOAB scheme approximates thermal diffusion via:

Xn = Xn−1 +
∆t

2
(1 + e−γ∆t)Vn−1 +

∆t

2

√
kbT (1− e−2γ∆t)

m
ξn−1

Vn = e−γ∆tVn−1 +

√
kbT (1− e−2γ∆t)

m
ξn−1 .

An important distinction here is that Vn+1 is given by the exact Ornstein-

Uhlenbeck flow (in law), whereas the velocity updates are only approximate

for BBK∗ and G–JF. As done with BBK∗ and G–JF, by iterating backwards,

we can write the position as a finite sum of independent identically distributed

random variables:

Xn = X0 +
∆t

2

(
1 + e−γ∆t

1− e−γ∆t

)
(1− e−γt)V0

+
∆t

2

kbT

m
(1− e−2γ∆t)

n−1∑
k=0

ξk

(
1 + e−γ∆t

1− e−γ∆t
(1− e−γ∆t(k+1)) + 1

)
.

(3.20)

Then V(Xn) is

V(X0) +
γ∆t

4

(
1 + e−γ∆t

1− e−γ∆t

)2

(1− e−γt)2V(V0)

+ 2D

(
γ∆t

2

(1 + e−γ∆t)2

1− e−2γ∆t
t− γ∆t2

2

(1− e−2γ∆t)(1 + e−γ∆t)

(1− e−γ∆t)3
(1− e−γt)e−γ∆t

+
1

2γ
(1− e−2γt)e−2γ∆t

)
.

This appears to be vastly different than the other schemes, but one can check

that (3.3) is recovered when sending γ∆t→ 0. So whenever γ and ∆t are fixed

such that γ∆t is sufficiently small, limn→∞V(Xn)/n∆t ≈ 2D, and BAOAB

produces an acceptable approximation to the correct diffusive behavior. More

exactly, the time evolution of the variance for BAOAB at large times evolves

according to 2D̃t where

D̃ = D

(
γ∆t

2

(1 + e−γ∆t)2

1− e−2γ∆t

)
,

is the effective BAOAB diffusion coefficient, showing how the calculated dif-

fusion for BAOAB deviates from theory when γ∆t is sufficiently large. The
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Method 〈X2
n〉∆t,γ 〈V 2

n 〉∆t,γ
Exact ∼ 2Dn∆t kbT/m

G–JF (1− an)D an kbT
m

BBK∗ ∼ 2Dn∆t kbT/m

BAOAB ∼ (γ∆t)
(

1+e−γ∆t

1−e−γ∆t

)
Dnh kbT/m

Method 〈XnVn〉∆t,γ C∆t,γ(n∆t)

Exact (1− e−γ∆tn)D e−γn∆t kbT
m

G–JF (1− an)D an kbT
m

BBK∗ (1− an)D
(
1 + γ∆t

2

)
an kbT

m

BAOAB (1− e−γ∆tn)D
(
γ∆t

2
1+e−γ∆t

1−e−γ∆t

)
e−γ∆tn kbT

m

Table 3.2: The analytic and numerical schemes’ averages in the case of

Brownian motion (Einstein diffusion) with δ0–distributed X0 and Maxwell-

Boltzmann-distributed V0. The averages for the numerical schemes are given

as functions of ∆t and γ. Both G–JF and BBK∗ are exact for position vari-

ance, while BAOAB is not. C∆t,γ(n∆t) is the velocity autocorrelation function

of the numerical scheme with time step ∆t and friction parameter γ at time

n∆t.

quantity inside the parentheses tends to 1 as γ∆t → 0 but exhibits linear

behavior as γ∆t is increased. Key statistical quantities for each numerical

scheme are tabulated in Table 3.2 for simple initial conditions. In fact, among

all methods within the aforementioned A,B,O family of splitting schemes,

when a single random sample per time step is desired, the incorrect diffusive

behavior elucidated above is universal. In the free particle case, B induces the

identity operator, so that the number of possible lettered combinations reduce

to AO, OA and AOA. A quick calculation reveals that none of these methods

reproduces the Einstein relation.
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3.6 CG Polyethylene study

Polyethylene is a hydrocarbon chain and the most manufactured plastic

in the world. It is well-studied and often used as a benchmark problem due

to its chemical simplicity. A physical sample of polyethylene is a mixture

of polymers of ethylene (which has chemical formula CH3—CH3) of various

lengths. In reality, a sample of polyethylene will have some distribution of

polymer chain lengths, however as is standard in computational studies, we

use here a collection of 128 polyethylene chains of fixed length with chemical

formula C48H98. This system was simulated at a fixed temperature of 450 K

(i.e., well above the melting point) in a box with side lengths of 58.065 Å and

periodic boundary conditions. This resulted in a density of 0.4415 amu/Å
3

=

0.7331 g/ml. We used the Shinoda–Devane–Klein (SDK) CG model for the

polymer melt obtained directly from liquid-phase physical properties [67]. The

hydrocarbon chains are modeled in CG resolution, where the −CH2CH2CH2−
and CH3CH2CH2− chemical groups are mapped to spherical “beads”, called

CM and CT, respectively [67]. Compared to atomistic resolution, this reduces

the system from a total of 18,432 atoms to 2,048 CG beads, thus the CG system

is nearly a factor of 10 smaller. Initial positions of the CM and CT particles

are taken from their respective centers-of-mass, and interact according to the

following CG potential energy:

U =
∑

a∈angles

κa(θ − θ0)2 +
∑

b∈bonds

kb(r − r0)2 + U
(α,β)
LJ ,

where (α, β) = (CT,CT), (CT,CM) or (CM,CM) and U
(α,β)
LJ is the 9–6 Lennard-

Jones potential [67]

ULJ(rij) =
N∑
i 6=j

27

4
εα,β

((
σα,β
rij

)9

−
(
σα,β
rij

)6)
· 1{rij<δ} ,

with εCT,CT = 0.42 kcal/mol and σCT,CT = 4.506 Å for the CT−CT interac-

tion, εCT,CM = 0.444 kcal/mol and σCT,CM = 4.5455 Å for the CT−CM inter-

action, and εCM,CM = 0.469 kcal/mol and σCM,CM = 4.585 Å for the CM−CM
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Figure 3.1: Graphical representation of the polymer melt inside the unit cell

(blue): 128 CG C48 polyethylene chains. This rendering was made using VMD

after an initial thermalization run.

interaction. Here δ represents the Lennard-Jones cut-off distance of 15 Å. The

function 1{rij<δ} is defined to be 1 for all pairs i, j satisfying rij < δ and 0

otherwise. The CM−CM bonds have force field constant κb = 6.16 kcal/mol

and equilibrium length r0 = 3.64 Å, and the CM−CT bonds have force con-

stant κb = 6.16 kcal/mol and equilibrium length r0 = 3.65 Å. The force field

parameters for the CM−CM−CM and CM−CM−CT angles were the same

value: κa = 1.19 kcal/mol·rad2, equilibrium angles were set at θ0 = 173◦ and

θ0 = 175◦, respectively.

To construct a reference ensemble, we first identified a value for the inte-

gration time step that was guaranteed not to introduce artifacts. The fastest

CG bond oscillation is of the type CM−CM. The mass of a CM particle is
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42.7097 amu, giving a frequency of oscillation between two CM particles of

νbond =
1

2π

√
0.03175286

µ
fs−1 = 0.00613710132 fs−1

with reduced mass µ = 21.35485 amu and a numerical units conversion factor

of 0.002577344. So, the CG bond oscillation period is 1/νbond ≈ 162.94 fs.

Thus a time step of 5 fs resolves well the time evolution of the CG bond

vibration forces, more than 30 time steps per oscillation. Meanwhile, the

Lennard-Jones forces have a characteristic frequency of about

νLJ = τ−1 =

√
ε

mσ2
≈ 1

2205
fs−1 ,

showing that the LJ forces are extremely well-resolved for all choices of time

step. Both νbond and νLJ suggest that our choice of ∆t = 5 fs is suffi-

ciently small. We used the molecular dynamics engine LAMMPS [59], and

implemented the integrators described in this chapter into LAMMPS using

its Python interface (fix python/move) to the underlying data structures.

The BAOAB, BBK and BBK∗ integrators are not available as packages in

LAMMPS and were instead implemented using this Python interface. Al-

though a G–JF option is available for the langevin fix command, the version

of LAMMPS at the time of this research did not implement G–JF in same way

as given in [23]. Instead, it used uniform random variables to approximate the

Gaussian noise, in an effort to increase computational speed. However, such

an approximation is only valid for small enough time steps [14]. We are in-

stead interested in the large time step regime, and so implemented the original

version of G–JF with Gaussian noise based on equations (20) and (21) in [23].

For each choice of γ and ∆t, 100 independent simulations were run to reduce

the error associated to finite length simulations in approximating phase space

averages. Each simulation was performed from an identical spatial configura-

tion for approximately 250 ns. This starting configuration was obtained by an

initialization run using LAMMPS’ fix npt command, which implements an

MTK thermostat/barostat [45], for 100 ns with a temperature of 450 K and

pressure set to 1 bar. This is done to set the equilibrium unit cell dimensions.
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3.7 Simulation results

The goal of this study is to understand how faithfully the different integra-

tors reproduce relevant statistical averages of the coarse-grained model, most

particularly in the regime of large time steps and γ values. To that end, nu-

merical experiments were performed using a range of friction parameters and

time steps. We examined the cases of γ = 10−n, n = 1, 2, 3, 4 and ∆t = 5n,

n = 1, ..., 7 in units of fs−1 and fs, respectively.

In applications of Langevin dynamics with atomistic models, friction rate

parameters of the order of .01 fs−1 and less are typically used, as they give

a reasonable approximation of the experimental diffusion coefficients of small

molecules. Indeed in [8], the authors used BBK in an atomistic water simu-

lation as their benchmark test, and γ was chosen quite small, 0.0000196 fs−1.

In [38], the BAOAB method was tested and compared to other integrators

based on its performance on an atomistic alanine dipeptide molecule in water

with γ = 0.001 fs−1.

As stated previously in Section 2.6, a higher friction rate γ may be needed

for CG simulations. Alternatively, high friction rates are also used simply

to improve numerical stability of MD simulations near particular conditions

(for example, near phase transitions). Therefore, we consider here a relatively

broad range of γ values, 0.0001 fs−1 to 0.1 fs−1: given the choice of integration

time step ∆t used in the following, the upper end of this interval results in

values of γ∆t larger than 1.

For smaller γ values, i.e., γ ≤ 0.001 fs−1, the three integrators become

numerically unstable around ∆t ≈ 38 fs. Hence, 35 fs was chosen as the upper

bound for our range of time step values. This stability limit for G–JF and

BAOAB increases significantly for the largest choice of γ = 0.1 fs−1 to slightly

more than 50 fs. In contrast, this larger value for γ seemed to not have as

much of an effect on BBK∗ — simulations still exhibited instability at 40 fs.
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3.7.1 Diffusivity

To characterize diffusion, the mean-square displacement (MSD) of indi-

vidual molecules was computed as a function of the simulation time. After

each time step in the simulation, we computed the MSD of the center-of-mass

for each polymer chain over from its reference position, using the LAMMPS

command compute msd, and then averaged this result over all chains, i.e., we

computed:

D∆t(tk) :=
1

N

N∑
i=1

|XCM
i (tk)−XCM

i (0)|2 ,

where tk = k∆t, 1 ≤ k ≤ N , and XCM
i represents the center of mass position

for the i-th polymer chain (i = 1, .., 128). The center-of-mass drift of the entire

system was subtracted from the MSD data at each time step before comput-

ing the MSD. The resulting MSD data was then block-averaged [18] over the

100 independent runs for each choice of γ and ∆t, yielding 5000 independent

samples (each block was taken long enough to allow for correlations to die

off). This was done for each of the three integrators. The MSD was observed

to be linear with respect to time within statistical error. These linear plots

were fitted with regression lines and the means of the slopes of these lines are

plotted as a function of the time step ∆t in Fig. 3.2.

As discussed earlier, the diffusion coefficient for BAOAB in the case of

the one-dimensional single particle with zero net external potential does not

adhere to the Einstein diffusion relation (see Table 3.2). In that same spirit,

the diffusion coefficient increases linearly in the upper left plot of Fig. 3.2 as

∆t (and thus γ∆t) increases. The computed diffusion coefficients for the G–JF

and BBK∗ integrators are relatively unchanged as a function of the time step,

again, in line with the behavior in the simple one-dimensional case. This is

a desirable property, as it provides evidence that using larger time steps with

G–JF and BBK does not corrupt the system’s diffusive behavior for any choice

of γ. For γ ≤ 0.01 fs−1, all integrators exhibit statistically similar diffusive

behavior, giving confidence that the choice of integrator should not influence
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Figure 3.2: Diffusion coefficients (with units of Å2/ns) were calculated from

numerical simulation for different γ values as a function of the time step ∆t.

The plot in the upper left displays the same kind of linear behavior for BAOAB

as the method exhibits in the one-dimensional free particle. In the remaining

cases, all three methods produce the same calculated slopes within statistical

error as a function of ∆t.
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diffusion in this regime.

We would like to stress the fact that in this study, we observe only classical

diffusion, unlike some previous studies. In [56] and [62], polymer melts with CG

particles composed of three CH2 monomers, as considered here, were studied.

Sub-diffusion was observed for the quantity D∆t for simulation times up to

and exceeding our simulation time of 250 ns (although the polymer lengths

were at least double ours). Therefore we initially considered the possibility

of anomalous diffusion during our simulation, however no such power law was

observed. Further examination of error residuals with MSD data and regression

lines did not provide evidence of non-linear relationships between MSD and

simulation time.

3.7.2 Configurational averages

Radial distribution functions

To estimate the accuracy of each integration scheme, the calculated radial

distribution functions were studied. In order to discriminate the distributions

of inter-molecular contacts from intra-molecular ones, we restricted the com-

putation of the RDF to pairs of particles from distinct chains. The CM—CM

distributions are here examined because the system is mainly made up of CM

particles so that this RDF is the most fully sampled.

For each friction parameter γ and time step ∆t, the RDF for the inter-

molecular CM−CM particle pairing was calculated every 1000 time steps, and

these calculated distributions were then averaged over time. This was done

for each of the 100 independent simulations, followed by a final averaging over

these 100 simulations in order to reduce sampling error.

Lacking analytical expressions for the true RDF, computations conducted

with time step ∆t = 5 fs are used as a reference solution. Given how small

∆t = 5 fs is relative to the bond oscillation periods, it is reasonable to assume

that the true intermolecular CM−CM RDF for the CG system will be well-

approximated by the one calculated for ∆t = 5 fs (see Fig. 3.6). For each γ
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Figure 3.3: Here we plot g0.01
G–JF(r). For this choice of γ, gγG–JF(r), gγBAOAB(r)

and gγBBK∗(r). were visually indistinguishable.

value, we calculate the reference RDF’s: gγG–JF(r), gγBAOAB(r) and gγBBK∗(r).

Then the L2 relative differences between the reference RDFs and the RDFs

obtained for the other choices of ∆t, denoted here as gγ,∆tG–JF(r), gγ,∆tBAOAB(r) and

gγ,∆tBBK∗(r), are computed and plotted as functions of ∆t. These results are

displayed in Figure 3.4. Given both γ and ∆t, this relative error for a given

method is defined to be:

rel. error =
||gγmethod(r)− gγ,∆tmethod(r)||L2

||gγmethod(r)||L2

.

In the large γ regime, BBK∗ exhibits more and more deviation from its

baseline RDF as ∆t is increased, while the other two methods remain un-

changed. For ∆t = 35 fs, the BBK∗ error is larger than that of BAOAB and

G–JF by an order of magnitude. If one considered here the original BBK for-

mulation, the resulting error would be smaller than BBK* (Fig. 3.8), but still

significantly larger than BAOAB and G–JF. When γ ≤ 0.01 fs−1, all three

integrators (BAOAB, BBK∗ and G–JF) perform almost identically. This fact

should be useful to the practitioner working in the small γ regime when trying

to strike a balance between diffusivity and adherence to the canonical dis-
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Figure 3.4: Relative error of radial distribution functions for the three nu-

merical schemes for four different values of γ. For the largest γ value, we

notice minimal change in error as the time step is increased for G–JF and

BAOAB; but a more significant error for BBK∗. Although outside the range

of the panel (a), for the largest integration step, we recorded an error of ap-

proximately 0.75% in the RDF, which can make an impact on the quality of

results. For smaller choices of γ, we observe behavior consistent with Hamil-

tonian dynamics: an increasing time step leads to increased error.
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tribution. Note also that for BBK*, this is a distinguishing property of the

formulation used in this paper: the original BBK formulation has a larger

error in this regime (Figs. 3.8 and 3.9). Some intuition is available. If we

consider the harmonic potential, the mean square position for BBK is given

by kbTκ
−1(1− ∆t2κ

4m
)−1; therefore in the simple linear case, the configurational

statistics depend only on the size of the time step, much like what is seen in

Fig 3.8.

The divergence of the BBK∗ RDF from the other RDFs when γ is largest,

led us to question what happens when an intermediate γ value is used. Fig-

ure 3.5 displays these results. A smooth transition of error occurs between

γ = .01 fs−1 and γ = .1 fs−1. This suggests that the BBK∗ RDF exhibits a

γ∆t dependence that is not present in the other RDFs—which is not surpris-

ing, given that a similar behavior occurs in the simple 1-d harmonic oscillator

case. Again, we stress that in most atomistic applications, γ is simply not

large enough for the γ∆t dependence to be noticeable. However, this may no

longer be the case for CG dynamics where the larger γ regime becomes more

relevant.

Bond angle distribution

Another configurational quantity of interest for polymer chains is the bond

angle distribution. The bond angle distribution function Pθ measures the prob-

ability that the directions from a central atom to two of its neighbors form an

angle θ. Many properties of polymer melts, as well as their transition between

liquid and solid phases, are determined by the propensity of the polymer chains

to align. Failing to accurately reproduce the angle distribution can dramat-

ically influence the accuracy of the simulation’s thermodynamic properties.

Of the two possible triplets CM—CM—CT and CM—CM—CM, the latter

was the best sampled and so was more amenable to statistical inference. For

larger γ, G–JF and BAOAB produce minimal to no variation in error as ∆t is



54

10 20 30
0

0.2

0.4

0.6

0.8

1
·10−2

∆t [fs]

L
2

re
la

ti
ve

er
ro

r

RDF

γ = 10−2 fs−1

γ = 10−1.75 fs−1

γ = 10−1.5 fs−1

γ = 10−1.25 fs−1

γ = 10−1 fs−1

10 20 30
0

0.2

0.4

0.6

0.8

1
·10−2

∆t [fs]

Bond angle

Figure 3.5: Relative L2 error for radial and bond angle distribution functions

for the BBK∗ method as γ varies between 10−2 fs−1 and 10−1 fs−1, taking

on the values 10−2, 10−1.75, 10−1.5, 10−1.25, 10−1 fs−1. We see a smooth transi-

tion as γ becomes smaller, not an abrupt phase transition, further suggesting
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Figure 3.6: A plot of P .01
G–JF(θ), the bond angle distribution of a CM–CM–CM

triplet when γ = .01 fs−1 and ∆t = 5 fs. The bond angle distribution function

measures the probability that the directions from a central CM atom to two

of its neighbor CM atoms forms an angle θ.
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Figure 3.7: Relative error of the bond distribution for the three numerical

schemes when γ = 0.1 fs−1, 0.01 fs−1, 0.001 fs−1, 0.0001 fs−1. Minimal change

in error occurs when the time step is increased for G–JF and BAOAB, but for

BBK∗ it is much larger. At 35 fs, BBK∗ experiences an almost 1% error in its

bond angle distribution. Convergence to Verlet is seen in the bottom row.
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increased. Figure 3.7 displays these results. BBK∗ again exhibits systematic

errors for larger γ values. The top row in Fig. 3.7 indicates a large relative

distortion of the bond angle distribution for BBK∗. This evidence may lead

one to use caution in applying BBK∗ to liquid phase CG systems with larger γ

values, especially since this behavior for BBK∗ is also observed with the CM—

CM intermolecular RDF. For smaller γ, that is as the system gets closer to pure

Hamiltonian dynamics, again all three integrators perform similarly, indicating

no significant preference of integrator for this regime. Table 3.1 showed that

in a harmonic potential, the configurational statistics were dependent on γ∆t

for BBK∗. So it is not unreasonable to expect that a similar γ∆t dependence

for other configurational quantities may occur in more complicated situations

when using BBK∗, as seen in our simulations.

We observe very good agreement of BBK∗ with G–JF and BAOAB for

γ ≤ .01 fs−1 in Figures 3.4 and 3.7. However, for all choices of γ, the original

BBK exhibits a clear trend: the relative error increases as the time step ∆t is

increased.

3.8 Conclusion

The computational results in this chapter indicate that G–JF is the only

integrator among those considered here that describes equally well configura-

tional distributions and diffusive behavior over all γ choices and BBK∗/BBK

perform poorly for the largest choice of γ. BAOAB samples equally well the

configurational distributions, but exhibits a spurious dependence of the diffu-

sivity on the dimensionless quantity γ∆t. These conclusions have implications

for CG MD simulations and the evidence presented here supports the use of

the G–JF thermostat for CG simulations.



57

10 20 30
0

0.2

0.4

0.6

0.8

1
·10−2

L
2

re
la

ti
ve

er
ro

r

γ = .1 fs−1

10 20 30
0

0.2

0.4

0.6

0.8

1
·10−2

γ = .01 fs−1

BBK
BBK*

10 20 30
0

0.2

0.4

0.6

0.8

1
·10−2

∆t fs

L
2

re
la

ti
ve

er
ro

r

γ = .001 fs−1

10 20 30
0

0.2

0.4

0.6

0.8

1
·10−2

∆t fs

γ = .0001 fs−1

Figure 3.8: A comparison of the radial distribution function errors for BBK

and BBK∗.



58

10 20 30
0

0.5

1

1.5

2
·10−2

L
2

re
la

ti
ve

er
ro

r

γ = .1 fs−1

10 20 30
0

0.5

1

1.5

2
·10−2

γ = .01 fs−1

BBK
BBK*

10 20 30
0

0.5

1

1.5

2
·10−2

∆t fs

L
2

re
la

ti
ve

er
ro

r

γ = .001 fs−1

10 20 30
0

0.5

1

1.5

2
·10−2

∆t fs

γ = .0001 fs−1

Figure 3.9: A comparison of the bond angle distribution function errors for

BBK and BBK∗.
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CHAPTER 4

ONE PARAMETER FAMILY

WITH A SINGLE NOISE

TERM

4.1 Introduction

The conclusion reached in Chapter 3, along with the intuition obtained

from Section 2.6, motivates us to seek numerical Langevin methods whose sta-

tistical properties are independent of both γ and ∆t. Indeed, the standard

Langevin integration algorithm BBK, itself an oft-used numerical method for

MD, was shown numerically to be unsatisfactory for large γ∆t in the previous

chapter. Similarly shown in Chapter 3, the more recent BAOAB, currently

implemented in both OpenMM and NAMD, also produces inaccuracies in the

diffusive time scale when γ∆t is sufficiently large. In this present chapter,

we attempt to correct these shortcomings by constructing a general class of

velocity-Verlet based Langevin methods whose statistical properties are, as

much as possible, independent of both γ and ∆t. These efforts lead to the

construction of a new one-parameter family of Langevin integration methods

and offer some interesting insights into how the members of this family are

related to one another using splitting techniques. Connections to the BAOAB
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method are also made. We then explore how some of the methods obtained

from this family by several different choices of the free parameter compare to

one another and investigate how these choices influence calculated thermody-

namic quantities in realistic coarse-grained and atomistic simulations.

We start by looking to investigate a generic single-noise term numerical

method for Eq. 2.46. Over a discretization of the time interval [0, t] with

t = N∆t, consider the generic method

Xn+1 = c1Xn + c2Vn + c3Fn + c4ξn ,

Vn+1 = c5Vn + c6Fn + c7Fn+1 + c8ξn ,
(4.1)

where the coefficients ck are functions of ∆t and γ (we assume mass and

temperature are fixed parameters of the system), and ξn ∼ N (0, 1) for each

0 ≤ n ≤ N − 1. We assume that X0, V0 are also Gaussian (or Dirac δ–

distributed) random variables since this is typically the case in simulations.

For a single particle in one-dimensional space, the choices

c1 = 1 , c2 = b∆t , c3 =
b∆t2

2m
, c4 =

b∆t

2

√
2kbTγ∆t

m
,

c5 = a , c6 =
∆t2

2m
a , c7 =

∆t2

2m
, c8 = b

√
2kbTγ∆t

m

(4.2)

reproduce the G–JF method, where again, a = (1− γ∆t/2)(1 + γ∆t/2)−1 and

b = (1 + γ∆t/2)−1. Writing out the splitting method BAOAB as presented

in Eq. (3.10) as an explicit update rule will result in a method of the same

general form as in Eq. (4.1). The coefficients are given by

c1 = 1, c2 =
∆t

2
(1 + e−γ∆t), c3 =

∆t2

4m
(1 + e−γ∆t), c4 =

∆t

2

√
kbT

m
(1− e−2γ∆t),

c5 = e−γ∆t, c6 =
∆t2

2m
e−γ∆t, c7 =

∆t2

2m
, c8 =

√
kbT

m
(1− e−2γ∆t)

(4.3)

The fact that Eq. (4.2) and Eq. (4.3) hold is partially responsible for the

form proposed in Eq. (4.1). We sought other methods sharing the statistical

properties of BAOAB and G–JF and therefore made the reasonable assumption
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that these other methods could be written in the particular form given in

Eq. (4.1). With these coefficients, the single step velocity update for BAOAB is

seen to be equal to the true velocity evolution over a time ∆t as seen in Eq. 2.47

except that the force integral is approximated by a trapezoidal approximation:

−
∫ tn+1

tn

e−γ(tn+1−s) dU

dX
(Xs) ds ≈

∆t

2

(
e−γ∆tFn + Fn+1

)
.

In particular, When no force is present, the single step velocity update for

BAOAB is equal to the true velocity evolution over ∆t given by the operator

e∆tLO .

4.2 The GJ methods

During the course of this research, it was discovered by the author that the

main result of Section 4.3 was independently derived by Grønbech-Jensen [22].

In this work, a slightly more general collection of Langevin methods (indepen-

dent of velocities) with a single free parameter was presented. However, the

trajectories described by the collection of methods presented in this thesis and

those of [22] are in fact equal. Because [22] was published first, we denote

all methods generated by the one-parameter family derived in Section 4.3 as

GJ methods. For concrete calculations, we consider the following choices of

this single parameter, c, which were proposed in [22]: c = 1−γ∆t/2
1+γ∆t/2

, c = e−γ∆t,

c = 1 − γ∆t, c = (1 + γ∆t)−1 and c = (1 + γ∆t/2)−2. These choices gener-

ate the GJ–I, GJ–II, GJ–III, GJ–V and GJ–VI methods, respectively. Both

GJ-I and GJ-II can be viewed as numerical methods within the the framework

of [22] but are in fact equivalent to the previously discovered G–JF method

and the VRORV method [69]. Based on the current existing literature, we

were unaware of any studies that have looked at the numerical accuracy of

the VRORV method on realistic coarse-grained or atomistic condensed-phase

systems. Explicitly, the methods studied in this chapter are:
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• GJ–I (GJ–F)

Xn = Xn−1 + b∆tVn−1 +
b∆t2

2m
Fn−1 + b

√
kbT∆t

2mγ
ξn−1 ,

Vn = aVn−1 +
∆t2

2m
(aFn−1 + Fn) + b

√
2kbTγ∆t

m
ξn−1 ,

(4.4)

where a and b are the variables used in the original derivation of the

GJ–F method (see Chapter 3)

a =
1− γ∆t/2

1 + γ∆t/2
, b =

1

1 + γ∆t/2
. (4.5)

• GJ–II (VRORV)

Xn = Xn−1 +

√
∆t

2γ
(1− e−2γ∆t)Vn−1 +

∆t

2mγ
(1− e−γ∆t)Fn−1

+

√
kbT∆t

2mγ
(1− e−γ∆t)ξn−1 ,

Vn = e−γ∆tVn−1 +

√
∆t

2γm2

1− e−γ∆t

1 + e−γ∆t
(e−γ∆tFn−1 + Fn)

+

√
kbT

m
(1− e−2γ∆t) ξn−1 ,

(4.6)

• GJ–III

Xn = Xn−1 + ∆t

√
1− γ∆t

2
Vn−1 +

∆t2

2m
Fn−1 + ∆t

√
kbTγ∆t

2m
ξn−1 ,

Vn = (1− γ∆t)Vn−1 +
∆t

2m

√
1

1− γ∆t/2
((1− γ∆t)Fn−1 + Fn)

+

√
2kbTγ∆t

m

(
1− γ∆t

2

)
ξn−1 ,

(4.7)
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• GJ–V

Xn = Xn−1 + ∆t

√
1 + γ∆t

2

1 + γ∆t
Vn−1 +

∆t2

2m
Fn−1 +

∆t

1 + γ∆t

√
kbTγ∆t

2m
ξn−1 ,

Vn =
1

1 + γ∆t
Vn−1 +

∆t

2m

√
1

1 + γ∆t/2

(
1

1 + γ∆t
Fn−1 + Fn

)
+

1

1 + γ∆t

√
2kbTγ∆t

m
(1 + γ∆t/2) ξn−1 ,

(4.8)

• GJ–VI

Xn = Xn−1 +

√
∆t

2γ
(1− b4)Vn−1 +

∆t

2mγ
(1− b2)Fn−1

+

√
kbT∆t

2mγ
(1− b2)ξn−1 ,

Vn = b2Vn−1 +

√
∆t

2γm2

1− b2

1 + b2
(b2Fn−1 + Fn) +

√
kbT

m
(1− b4) ξn−1 ,

(4.9)

4.3 Derivation

Starting from the general form in Eq. (4.1), we now consider important

special situations, the flat potential and Harmonic oscillator, and successively

derive what the coefficients ck in Eq. (4.1) must be (as functions of ∆t and γ)

in order for the numerical method to generate exact solutions, or as accurate

as possible statistics. We stress that we do not derive some possible schemes

that yield the desired properties, but rather derive all methods of the form

Eq. (4.1) that generate the imposed properties.

4.3.1 The free particle

We now search for conditions on the coefficients which will ensure that the

methods developed satisfy the Einstein diffusion relation for a free particle
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exactly. In the free particle case, Eq. (4.1) reduces to

Xn+1 = c1Xn + c2Vn + c4ξn ,

Vn+1 = c5Vn + c8ξn .
(4.10)

This can then be written out as a sum of independent Gaussians:[
Xn+1

Vn+1

]
=

[
c1 c2

c5

][
Xn

Vn

]
+

[
c4

c8

]
ξn

=

[
c1 c2

c5

]n+1 [
X0

V0

]
+

n∑
k=0

[
c1 c2

c5

]k [
c4

c8

]
ξn−k .

(4.11)

Further simplification gives

[
X ′n+1

V ′n+1

]
=

[
cn+1

1

cn+1
5

][
X ′0

V ′0

]
+

n∑
k=0

[
ck1

ck5

][
c′4

c′8

]
ξn−k , (4.12)

with the primed coordinates resulting from multiplying Eq. (4.11) on the

left by the change of basis matrix P−1 obtained via the diagonalization:[
c1

c5

]
=

[
1 c2

c1−c5

1

][
c1 c2

c5

][
1 − c2

c1−c5

1

]
= P−1

[
c1 c2

c5

]
P .

From Eq. (4.12) we then calculate the mean square of displacement:

E[(X ′n+1 −X ′0)2] = (cn+1
1 − 1)2E[(X ′0)2] + (c′4)2

n∑
k=0

(c2
1)k , (4.13)

where c′4 = c4 + c2c8/(c1 − c5). For a fixed ∆t and γ, in the limit n→∞, the

quantity in Eq. 4.13 converges to a shifted geometric series, and the only way to

obtain a strict linear growth (in n) for n→∞ is that c1(∆t, γ) = 1 identically.

Moreover, since the Einstein relation is independent of the coordinate system

used, we shall then require that

2D∆t = lim
n→∞

E[(X ′n+1 −X ′0)2]

n+ 1
= (c′4)2

=

(
c4 +

c2c8

1− c5

)2 (4.14)

hold, for D := kbT/mγ the diffusion coefficient.
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4.3.2 Harmonic potential

In the case of a harmonic potential for a single particle in one-dimension,

the forcing in Eq. (2.46) is given by F (x) = −κx, where κ > 0 is an arbitrary

“spring constant”. Eq. (4.1) then becomes

Xn+1 = c1Xn + c2Vn − c3κXn + c4ξn ,

Vn+1 = c5Vn − c6κXn − c7κXn+1 + c8ξn .
(4.15)

The scheme coefficients c1, . . . , c8 are allowed to depend on the time step ∆t

and the friction parameter γ, but not on the spring constant κ. Then Eq. (4.15)

can easily be re-written as a fully explicit update rule[
Xn+1

Vn+1

]
=

[
c1 − c3κ c2

−(c6 + c1c7 − c3c7κ)κ c5 − c2c7κ

][
Xn

Vn

]
+

[
c4

c8 − c4c7κ

]
ξn

=

[
a11 a12

a21 a22

][
Xn

Vn

]
+

[
b1

b2

]
ξn

= A

[
Xn

Vn

]
+ b · ξn

(4.16)

In a canonical ensemble, the steady state averages of Eq. (2.46) for a harmonic

potential are: E[X2] = kbT
κ

, E[V 2] = kbT
m

and E[XV ] = 0. We wish to have

accurate configurational averages and so will require that our scheme reproduce

the correct steady-state for Xn, yielding the matrix recurrence relation for

Xn = [E[X2
n],E[XnVn],E[V 2

n ]]T :

Xn+1 = SXn + d , (4.17)

where

S =


a2

11 2a11a12 a2
12

a11a21 a11a22 + a12a21 a12a22

a2
21 2a21a22 a2

22

 and d =


b2

1

b1b2

b2
2

 .
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Letting n→∞ in Eq. (4.17) yields the steady state equation: Xss = SXss+d,

where

Xss = truth + numerical error = [kbT/κ, 0, kbT/m]T + ε

= [kbT/κ, ε1, kbT/m+ ε2]T ,

and we assume an error ansatz of the form ε1 =
∑∞

ν=αMνκ
ν and ε2 =∑∞

ν=β Nνκ
ν with α and β undetermined and Mν , Nν allowed to be functions of

∆t and γ. Moreover, we make the additional assumption that α, β ≥ 1; this en-

sures the reasonable requirement that as the frequency becomes infinitely slow

(i.e., the force constant κ approaches 0), the forcing becomes more resolved

for any fixed ∆t, so that the error approaches zero. Matching coefficients of

κν for each ν = 0, 1, 2, 3... on both sides of the steady-state equation

(I − S)Xss = d (4.18)

results in the infinite system of equations for each component of the vector

equation in Eq. (4.18):

...

κν : 2Mν−1c2c3 − 2Mνc1c2 −Nν(c2)2 = 0

...

κ2 : 2M1c2c3 − 2M2c1c2 −N2(c2)2 = 0

κ1 : −kbT (c3)2 + 2M0c2c3 − 2M1c1c2 −N1(c2)2 = 0

κ0 : 2c1c3kbT −N0(c2)2 − 2M0c1c2 − (c2)2 kbT
m

= (c4)2

κ−1 : kbT (1− (c1)2) = 0

(4.19)
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...

κν : Mν−1(c3c5 + c2(c6 + c7) + c1c2c7) +Mν(1− c1c5)

−Nνc2c5 +Nν−1(c2)2c7 − 2Mν−2c2c3c7 = 0

...

κ3 : M2(c3c5 + c2(c6 + c7) + c1c2c7) +M3(1− c1c5)

−N3c2c5 +N2(c2)2c7 − 2M1c2c3c7 = 0

κ2 : M1(c3c5 + c2(c6 + c7) + c1c2c7) +M2(1− c1c5)

−N2c2c5 +N1(c2)2c7 + (c3)2c7kbT − 2M0c2c3c7 = 0

κ1 : M0(c3c5 + c2(c6 + c7) + c1c2c7) +M1(1− c1c5)

−c3kbT (c6 + c7)−N1c2c5 + (c2)2c7(N0 + kBT
m

)

−c1c3c7kbT = −(c4)2c7

κ0 : M0(1− c1c5) + c1kbT (c6 + c7)− c2c5(N0 + kbT
m

) = c4c8

(4.20)
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...

κν : 2Mν−1c5(c6 + c7)− 2Mν−2(c2c7(c6 + c7) + c3c5c7)

−Nν−2(c2)2(c7)2 +Nν(1− (c5)2) + 2Mν−3c2c3(c7)2

+2Nν−1c2c5c7 = 0

...

κ3 : 2M2c5(c6 + c7)− 2M1(c2c7(c6 + c7) + c3c5c7)

−N1(c2)2(c7)2 +N3(1− (c5)2)− (c3)2(c7)2kbT

+2M0c2c3(c7)2 + 2N2c2c5c7) = 0

κ2 : 2M1c5(c6 + c7)− 2M0(c2c7(c6 + c7) + c3c5c7)

−(c2)2(c7)2(N0 + kBT
m

) +N2(1− (c5)2)

+2N1c2c5c7 + 2c3c7kBT (c6 + c7) = c2
4c

2
7

κ1 : 2M0c5(c6 + c7) +N1(1− (c5)2)

−kBT (c6 + c7)2 + 2c2c5c7(N0 + kBT
m

) = −2c4c7c8

κ0 : (1− (c5)2)(N0 + kbT
m

) = (c8)2

(4.21)

From these systems of equations, we can explicitly determine the form of the

error ansatz:

∞∑
ν=0

Mν = M1κ+M2κ
2 +M2κ

3

(
c3c5 − c2c6

1 + c5

) ∞∑
ν=0

(
c3c5 − c2c6

1 + c5

)ν
κν

= M1κ+M2κ
2

(
1

1−
(
c3c5−c2c6

1+c5

)
κ

)
,

(4.22)



69

and using the system of equations in Eq. (4.19) allows one to solve for Nν when

ν ≥ 2:

∞∑
ν=0

Nνκ
ν = N1κ+

2

c2

∞∑
ν=2

(c3Mν−1 −Mν)κ
ν

= N1κ+
2

c2

(
c3M1κ

2 − (1− c3κ)M2κ
2

[
1

1−
(
c3c5−c2c6

1+c5

)
κ

])
= N1κ+

(
2c3M1

c2

− 2M2

c2

)
κ2 +

(
2c3M2

c2

[
1

1−
(
c3c5−c2c6

1+c5

)
κ

])
κ3 ,

(4.23)

where convergence is guaranteed whenever
∣∣ c3c5−c2c6

1+c5
· κ
∣∣ < 1. For γ and ∆t

fixed, this inequality holds for all κ if and only if c3c5 = c2c6. Realistic simula-

tions generally involve potential energies with many harmonic terms of various

strengths for bonds and angles; an integrator which produces correct statistics

for all these modes simultaneously is therefore desirable. In principle though,

as long as this inequality holds for small enough ∆t→ 0, the ansatz made

above is valid. However, we keep in mind that we want to chose ∆t as large as

possible to take advantage of coarse-graining techniques. These considerations

motivate us to require that c3c5 = c2c6, which also turns out to be necessary

in the limit γ → 0 (see discussion following Eq. (4.28)). Then in this case, the

error ansatz is always valid and the error expansions simplify to low-degree

polynomials in κ.

I will give a brief description of how solve these equations. Using the

equations in Eqs. (4.19) to (4.21), it is not hard (although tedious) to show

M0 = M1 = M2 = N0 = N2 = N3 = 0. To show M1 = 0, take the κ equation

in (4.19) and solve for N1 = −kbT (c3)2/(c2)2 − 2M1/c2. Then substitute this

into the κ equation in (4.20), and using c3c5 = c2c6, find that M1 = 0 and

N1 = −kbT (c3)2/(c2)2. Next, use the κ2 equation in (4.19) to find M2 in

terms of N2 and show that N2 = 0 by subtracting (c8)2 times the 0-th order

equation in (4.19) from then κ2 equation in (4.21). Now use this information

and replace N2 in the κ2 equation in (4.19). So, it must be that M2 = 0 as

well. Lastly, using this information, and looking at the κ3 equation in (4.21),
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we get N3 = 0. Recapitulating, M0 = M1 = M2 = N0 = N2 = N3 = 0. This

result along with Eq. (4.14) and the equations Eqs. (4.19) to (4.21), yield the

following constraints which can be derived in a way similar to that of the error

ansatz coefficients:

c1 = 1 , c2 =

√
∆t

2γ
(1− (c5)2) , (4.24)

c3 =
∆t

2mγ
(1− c5) , (c4)2 = 2c3kbT − kbT

m
(c2)2 , (4.25)

c7 = c6/c5 , c8 =

√
kbT

m
(1− (c5)2) . (4.26)

An immediate consequence of this calculation is that, assuming c2c5 = c3c6, we

recognize that some steady-state velocity error must be accepted, confirming,

at least in the case of methods of the form in Eq. (4.1), the claim made in

[23]; no Langevin integrator can correctly reproduce the limiting steady-state

distribution of both position and velocity for a harmonic oscillator. However,

in a later section, Section 4.3.4, we describe a workaround to this drawback

via the use of a half-step velocity.

Now using c7 = c6/c5 and c2c5 = c3c6, one gets that c7 = c6/c5 = c3/c2, so

that the previous relations in Eqs. (4.24) to (4.26) allows us to write down a

family of numerical schemes for Eq. (2.46) using only a single parameter we

choose to call c:

Xn = Xn−1 +

√
∆t

2γ
(1− c2)Vn−1 +

∆t

2mγ
(1− c)Fn−1 +

√
kbT∆t

2mγ
(1− c) ξn−1 ,

Vn = cVn−1 +

√
∆t

2γm2

1− c
1 + c

(cFn−1 + Fn) +

√
kbT

m
(1− c2) ξn−1 .

(4.27)

Here, as before, ξn ∼ N (0, 1) for all n represent re-scaled Brownian increments.

Indeed, using the coefficients defined in Eq. (4.27), one can confirm that the

steady-state distribution for the harmonic potential is as claimed. In Fig. 4.1

we show c as a function of γ∆t for the different GJ methods. This plot moti-

vates our choices for the different γ value choices in our numerical tests; only
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when γ∆t > .01 do we expect to see the significant differences between the

various GJ methods. When γ∆t� 1, we expect nearly identical performance.

4.3.3 Further conditions imposed on the parameter c

To ensure that the schemes developed here become symplectic when the

noise is turned off, i.e. when γ = 0, additional restrictions on c must be added.

The family of methods defined in Eq. (4.27) being symplectic means that the

non-linear update map Φ, given by

Φ(X, V ) =

[
X + c̃2V − c̃3

dU
dX

(X)

c̃5V − c̃6
dU
dX

(X)− c̃7
dU
dX

(X + c̃2V − c̃3
dU
dX

(X))

]
,

has a Jacobian matrix satisfying the equation J = ∂Φ
∂x

T
J ∂Φ
∂x

with the tilde

coefficient functions being defined as c̃k(∆t) := limγ→0 ck(γ,∆t) and

J =

[
1

−1

]
.

For a particle with two-dimensional phase space, this condition is equivalent

to det(∂Φ
∂x

) = 1. Writing this out gives

1 =

(
1− c̃3

d2U

dX2
(X)

)(
c̃5 − c̃2c̃7

d2U

dX2

(
X − c̃3

dU

dX
(X) + c̃2V

))
+ c̃2c̃6

d2U

dX2
(X) + c̃2c̃7

d2U

dX2
(X − c̃3

dU

dX
(X) + c̃2V )(1− c̃3

d2U

dX2
(X)) .

(4.28)

When U is taken as a harmonic oscillator potential, then 1 = (1 − c̃3κ)(c̃5 −
c̃2c̃7κ) + c̃2(c̃6 + c̃7(1− c̃3κ))κ. This equation is required to hold for all κ and

by matching coefficients of powers of κ, we find that c̃5 = 1 and c̃2c̃6 = c̃3c̃5.

We only need enforce that limγ→0 c5 = 1 since the latter condition was in

fact already assumed in our construction in Section 4.3.2. By considering the

coefficients in Eq. 4.27 we can pinpoint the order with which c should converge
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as γ → 0. We assume that c has a Taylor expansion at (γ,∆t) = (0, 0):

c(γ,∆t) = 1 +
∂c

∂γ

∣∣∣∣
(0,0)

γ +
∂c

∂∆t

∣∣∣∣
(0,0)

∆t+
∂2c

∂γ2

∣∣∣∣
(0,0)

γ2

+
∂2c

∂γ∂∆t

∣∣∣∣
(0,0)

γ∆t+
∂2c

∂∆t2

∣∣∣∣
(0,0)

∆t2 +
∑
|α|>2

1

α!
Dαc

∣∣
(0,0)

∆tα1γα2

(4.29)

for multi-index α = (α1, α2). To obtain an acceptable numerical method for

pure Hamiltonian dynamics, we clearly need to ensure that c̃4 = c̃8 = 0,

i.e. the noise turns off. To obtain something non-degenerate for the position,

either c̃2 6= 0 or c̃3 6= 0 is needed. All of these reduce to the condition that

1−c = O(γ) when ∆t is held fixed. It is then not hard to see that this condition

implies c̃6, c̃7 6= 0 must also hold. By requiring that in the limit γ → 0, the

methods of the form in Eq. 4.27 reduce to velocity Verlet, examination of c3

tells us that Eq. 4.29 becomes c = 1− γ∆t+
∑

i≥2

∑
j≥0 cijγ

i∆tj.

We further narrow down appropriate choices for c by considering conver-

gence for a method of the type Eq. 4.27 in the free particle case. More

precisely, for a fixed final time tf > 0 and fixed γ > 0 we require any scheme

of the form in Eq. 4.27 to converge strongly to the solution at time tf = n∆t

given by Eq. 2.47 in the following sense [32]:

lim
∆t→0

E|Xn −X(tf )| = 0 . (4.30)

Using Eq. 4.11, we write out the position for a generic Langevin scheme of

the form in Eq. 4.1 for a free particle in one-dimension at time tf = n∆t:

Xn = X0 + c2
1− cn

1− c
V0 +

n∑
k=1

(
c2c8

1− c
(1− ck) + c4

)
ξn−k

= X0 + c2
1− cn

1− c
V0 +

c2c8√
∆t(1− c)

n−1∑
k=0

(1− cn−k)
√

∆t ξk +
c4√
∆t

n−1∑
k=0

√
∆t ξk ,
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so that E|Xn −X(tf )| = E|A+B + C| where

A =

(
c2

1− cn

1− c
− 1

γ
(1− e−γtf )

)
V0 ,

B =
c2c8√

∆t(1− c)

n−1∑
k=0

(1− cn−k)
√

∆t ξk −
σ√
mγ

∫ tf

0

(1− e−γ(t−s)) dWs ,

C =
c4√
∆t

n−1∑
k=0

√
∆t ξk .

Examination of the coefficient c4 in Eq. 4.27, shows that c = 1−γ∆t+O(∆t2)

implies C → 0 as ∆t→ 0 since the sum in C converges in L2 to the Brownian

motion at time tf , Wtf . This choice for c also implies A→ 0, since

cn =

(
1− γtf

n
∆t+O(n−2)

)n
−→ e−γtf as ∆t→ 0 ,

and

c2

1− c5

=

√
∆t

2γ

1 + c5

1− c5

=
1

γ

√
1 +O(∆t)

1 +O(∆t)
−→ 1

γ
as ∆t→ 0 .

The coefficient in front of the sum in B converges

c2c8√
∆t(1− c)

=

√
kbT

2mγ
(1 + c) −→ σ√

mγ
,

and
n−1∑
k=0

(1− cn−k)
√

∆t ξk −→
∫ tf

0

(1− e−γ(t−s)) dWs
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in L2 since

n−1∑
k=0

(1− cn−k)
√

∆t ξk

=
n−1∑
k=0

(1− e−γ∆t(n−k)(1 +O(∆t2))n−k)
√

∆t ξk

=
n−1∑
k=0

(
1− e−γ(tf−sk)

(
1 +

n−k∑
j=1

(
n− k
j

)
O(∆t2)j

))√
∆t ξk

=
n−1∑
k=0

(1− e−γ(tf−sk))
√

∆t ξk

−
n−1∑
k=0

(
e−γ(tf−sk)

( n−k∑
j=1

(
n− k
j

)
O(n−2j)

))√
∆t ξk

(4.31)

where the latter term has the mean-square behavior

n−1∑
k=0

e−2γ(tf−sk)

( n−k∑
j=1

(
n− k
j

)
O(n−2j)

)2

∆t

≤ O(n−2)
n−1∑
k=0

e−2γ(tf−sk)∆t −→ 0 as ∆t→ 0 ,

(4.32)

because the sum of binomial coefficients inside the square is bounded by an

O(n−1) term. With this choice for c, it holds that lim∆t→0 E|Xn −X(tf )| = 0

and these considerations motivate the requirement that

c = 1− γ∆t+
∑
i≥2

∑
j≥2

cijγ
i∆tj . (4.33)

This is almost the same as forcing c = e−γ∆t up to second order terms as a func-

tion of γ∆t only, which is not unexpected considering the integral expression

in Eq. 2.47.

Theorem 1 Let F denote the collection of Langevin integration methods of
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the form

Xn = Xn−1 +

√
∆t

2γ
(1− c2)Vn−1 +

∆t

2mγ
(1− c)Fn−1 +

√
kbT∆t

2mγ
(1− c)ξn−1 ,

Vn = cVn−1 +

√
∆t

2γm2

1− c
1 + c

(cFn−1 + Fn) +

(√(
kbT

m

)
(1− c2)

)
ξn−1 ,

(4.34)

indexed by c and subjected to the following constraints: 1. |c| < 1 for all

γ,∆t > 0 and 2. limγ→0+ c = 1. Then for any numerical method f of F :

1. Fn = −κXn for all n with κ > 0 implies

lim
n→∞


E[X2

n]

E[XnVn]

E[V 2
n ]

 =


kbT
κ

0
kbT
m

(1− ∆t2κ
4m

)

 ,

or equivalently, that the steady-state distribution for the numerical method

f is

µ∞(dx dv) = exp

(
− x2

2kbT
κ

− v2

2kbT
m

(1− ∆t2κ
4m

)

)
dx dv

= exp

(
− β

(
κ
x2

2
+m

v2

2(1− ∆t2κ
4m

)

))
dx dv

(4.35)

2. Fn ≡ 0 for all n implies,

2Dn∆t ∼ E[(Xn −X0)2] ,

for D = kbT
mγ

the diffusion coefficient. That is, f reproduces the Einstein

diffusion relation.

Moreover, if c = 1− γ∆t+
∑

i≥2

∑
j≥2 cijγ

i∆tj , then f converges strongly

in the case of a free particle and reduces to velocity Verlet in the limit γ → 0.

It can be readily verified that the previously defined function a from Chapter 3

satisfies the required constraints and that choosing c = a results in the G–JF
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method. Therefore G–JF is a member of F . We again stress that BAOAB is

not a member of F due to the fact it does not respect the Einstein relation

for all choices of γ [17]. In fact one can view the GJ–II, or the VRORV

method [69], as the correction to BAOAB one needs to make to make it a

member of f as it involves the exponential.

4.3.4 Half-step velocity

Back in Chapter 3, we saw in Table 3.1 that neither G–JF nor BAOAB pro-

duce the correct velocity statistics for the harmonic potential. Two very recent

papers [16, 21] extend the G–JF method (the resulting variants being called

GJF–2GJ and GJF–F, respectively) by updating velocities on the half-step

instead of at integral increments of the time step ∆t. The authors show that

this slight modification allows for both correct position and velocity statistics

in the case of a one-dimensional harmonic oscillator. Moreover, the trajecto-

ries in both methods are the same as in G–JF and in fact for GJF–2GJ, no

modification to an already implemented G–JF algorithm is necessary. This is

due to the velocity update, Vn+1, being constructed from the same Xn+1 and

Xn as the original G–JF, so one can compute half-step velocities either during

the simulation or in post-processing.

The GJF–2GJ and GJF–F corrections alleviate a known issue: because

temperature statistics are calculated in most MD software packages by us-

ing averaged kinetic energies from the variance of atomic velocities, numerical

schemes with inaccurate velocity statistics yield a biased estimate of the re-

sulting temperature at finite ∆t. This bias is independent of whether the

correct canonical ensemble is sampled, and it turns out to be an illustration of

a more general point. Discretization of time is the true culprit in the warping

of velocity statistics, and ultimately stems from the fact that velocity is in-

herently an auxiliary variable in the Langevin description [22]. In these cases,

adherence to equipartition of the velocity variance should not be used as the

main criterion to whether the system has correct temperature. Instead, the
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practitioner should estimate the system’s temperature by less direct routes,

such as computing diffusion profiles (the approach taken here) or steady-state

positional distributions. Although the latter is typically a difficult task for

realistic systems, methods such as the one in [11] can be used with any inte-

grator to implement a temperature calculation using only positional degrees

of freedom.

We were able to successfully extend this idea of half-step velocities to the

class of methods defined in Eq. (4.27). This was simultaneously shown by

Grønbech-Jensen [22]. Even more, Grønbech-Jensen showed that it was the

half-step velocity that was actually the optimal choice, and not the on-site

(i.e. integral time step) velocity. Our extension of the on-site velocity family

in Eq. (4.27) to half-step velocities is given by

Xn+1 = Xn + c∆t
√
αVn−1/2 +

∆t(1− c)
mγ

Fn +

√
kbT∆t

2mγ
(1− c)(ξn + ξn−1) ,

Vn+1/2 =
Xn+1 −Xn√

α∆t
,

(4.36)

where α = 1
γ∆t

(1− c). Algebraic manipulation of Xn+1 in Eq. (4.27) to include

Xn and Xn−1 leads to the form in Eq. (4.36). One can view the quantity
√
α

as a scaling factor for the standard central difference velocity approximation

at the half-step,

Vn+1/2 =
Xn+1 −Xn

∆t
. (4.37)

The scaling factor
√
α is then chosen so that Vn+1/2 has the correct harmonic

oscillator kinetics, which can readily be checked. Note that the position tra-

jectory in Eq. (4.36) is exactly the same as Eq. (4.27). We remark that for

the GJ–III method, α = 1, this fact was the primary motivation for its con-

struction. The formulation given in Eq. (4.27) is more straightforward for the

implementation into LAMMPS since molecular dynamics is traditionally run

and analyzed using both position and velocity at integral multiples of the time
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step. It remains unclear how some dynamic quantities, for instance correla-

tion or auto-correlation functions, e.g. E(QnVn+k), should be defined when

utilizing a staggered time grid for positions and velocities. Even more impor-

tantly however, independent of the definitions of velocity in [22], the schemes

all yield the exact same trajectories (the velocity is only an auxiliary variable).

So the choice between Eq. (4.27) vs. Eq. (4.36) is irrelevant for the purpose of

understanding configurational (position-only) sampling.

4.3.5 Splitting formulation for the one-parameter fam-

ily

An adaptation of the splitting formulation laid out in [69] can be used to

construct a new and equivalent formulation to the family of methods provided

in Eq. (4.27). The splitting is given by

Vn+1/4 = Vn −
d ·∆t
2m
∇U(Xn) ,

Xn+1/2 = Xn +
d ·∆t

2
Vn+1/4 ,

Vn+3/4 = cVn+1/4 +
√
kbT (1− c2)m−1 ξn ,

Xn+1 = Xn+1/2 +
d ·∆t

2
Vn+3/4 ,

Vn+1 = Vn+3/4 −
d ·∆t
2m
∇U(Xn+1) ,

(4.38)

where one has

d =

√
2

γ∆t

1− c
1 + c

. (4.39)

The equivalence can be seen by writing out the explicit update rule given by

Eq. (4.38) and comparing the result with Eq. (4.27). The quantity d acts as

a time rescaling in the Hamiltonian dynamics, and so d∆t may be considered

as the effective time step for the conservative dynamics. From the exposition

in Eq. (4.38), the free parameter function c of γ∆t can then be seen to be the

approximation made to the exponential in the exact stochastic velocity flow

Vn+1 = e−γ∆tVn +
√
kbTm−1(1− e−2γ∆t) ξn . (4.40)
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Figure 4.1: A plot of c for the different methods described in [22]: GJ-I, GJ-II,

GJ-III, GJ-V, GJ-VI and the new method implicitly defined via Eq. (4.45),

GJ–FSF. When γ∆t � 1, the methods described in Eq. (4.27) have nearly

identical coefficients ck, meaning it will not make much of a difference which

method is used. We expect to see the largest differences between the non-GJ–F

methods when γ∆t > .1, again, a realistic parameter regime for coarse-grained

simulations.

This was indeed the key insight made, we recognized that the free parameter

was actually this approximation to the Ornstein-Uhlenbeck flow.

Now comparing Eq. (4.40) with the stochastic update in Eq. (4.38), we can

see that if there exists a ∆t∗ such that c = e−γ∆t∗ , or equivalently d∗ such

that c = e−γd
∗∆t, then we can view c as imposing an effective time step in

the stochastic dynamics. For example, let’s look at the GJ–F method. When

c = a and 0 < γ∆t < 2, one computes this effective stochastic time step ∆t∗

to be

e−γ∆t∗ = a =⇒ ∆t∗ = −1

γ
ln(a) . (4.41)

Alternatively, if we choose c = e−γ∆t, the VRORV method devised in [69]

is recovered and ∆t = ∆t∗. Thus we interpret the splitting solution opera-

tors as being re-scaled time step versions of the generators of the Leimkuhler
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Figure 4.2: A plot of d for the different methods described in [22]: GJ-I, GJ-II,

GJ-III, GJ-V, GJ-VI and the new method implicitly defined via Eq. (4.45).

Aside from GJ–I and GJ–III, the values of d only substantially differ from

each other inside the interval .1 ≤ γ∆t ≤ 10, a region of parameter space

potentially relevant to coarse-grained simulations.

Matthews ABO family. This interpretation provides a link between the split-

ting formulation and all possible velocity Verlet-based Langevin integration

methods (of the form considered in this thesis) which yield correct large time

configurational statistics for a free particle and harmonic oscillator. In expo-

nential operator parlance, the system is evolved over a time ∆t by

e
d∆t

2
LBe

d∆t
2
LAe∆t∗LOe

d∆t
2
LAe

d∆t
2
LB , (4.42)

in contrast, for example, to the evolution prescribed with BAOAB as in Eq. (3.10):

e
∆t
2
LBe

∆t
2
LAe∆tLOe

∆t
2
LAe

∆t
2
LB . (4.43)

As illustrated here, allowing the operators to only be approximate, and not

requiring exactness, enables a structural gain — namely correct (limiting)

free particle and harmonic oscillator statistical behavior. This procedure can

likely be generalized to other exact splittings in different orderings, which

could possibly help to “repair” these methods by affording them the necessary
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flexibility to realize the desired statistical properties. It is worth remarking

that if we select c such that d = 1 in Eq. (4.42), the original G–JF, or GJ–I,

method is recovered. So we can consider G–JF to be almost the same method

as BAOAB except that the stochastic update in G–JF has a scaled time step

dependent on γ∆t. This is in contrast to the remarks given in the appendix

of [40], which, when 0 < γ∆t < 2, shows that G–JF and BAOAB are actually

same method (i.e. they yield identical trajectories and velocities for the same

noise) for two different choices of γ. This idea can be generalized to include

the entire one-parameter family in Eq. (4.27). In this spirit, we equivalently

view the splitting method in Eq. (4.42) to actually be the BAOAB method

with a time step d∆t and a now re-scaled γ, with the scaling factor d∗/d, i.e.

e
d∆t

2
LBe

d∆t
2
LAe(d∗/d)(d∆t)LOe

d∆t
2
LAe

d∆t
2
LB , (4.44)

where d∗ is such that ∆t∗ = d∗∆t. Eq. (4.44) then has the standard split-

ting interpretation where each portion of the split vector field in Eq. (3.6)

is advanced by the same amount of time, however, in doing this we make the

trade-off that we change the physics of the problem by re-scaling γ, which may

or may not be acceptable. The scaling factor d∗/d and effective stochastic time

step ∆t∗ are shown in Table 4.1 for each method. In this sense, all members

of Eq. (4.27) are mathematically equivalent to BAOAB for some re-scaled γ

within an appropriate domain for γ∆t.

The splitting formulation shows that GJ–F can be viewed as the result of

starting with BAOAB but then scaling the stochastic time step ∆t by d∗, and

GJ–II can be viewed as the result of starting with BAOAB but rescaling time

for the conservative part of the dynamics. A similarly interesting question is

then, can we find a method, i.e., a function c of γ and ∆t, so that d∗/d = 1 in

Eq. (4.44), yielding a method which scales time equally in both the stochastic

and deterministic parts of the dynamics. In fact setting d∗/d = 1 reduces to

the following if we assume c = c(γ∆t):

1

2
(ln c)2 1 + c

1− c
= γ∆t . (4.45)
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method ∆t∗ γ scaling factor, d∗/d valid interval

GJ–I −γ−1 ln
(1−γ∆t/2

1+γ∆t/2

)
−(γ∆t)−1 ln

(1−γ∆t/2
1+γ∆t/2

)
0 < γ∆t < 2

GJ–II ∆t
(

2
γ∆t

1−e−γ∆t

1+e−γ∆t

)−1/2
0 < γ∆t

GJ–III −γ−1 ln(1− γ∆t) −(γ∆t)−1 ln(1− γ∆t)
√

1− γ∆t/2 0 < γ∆t < 1

GJ–V γ−1 ln
(
1 + γ∆t

)
(γ∆t)−1 ln(1 + γ∆t)

√
1 + γ∆t/2 0 < γ∆t

GJ–VI 2γ−1 ln
(
1 + γ∆t/2

) √
2
γ∆t

ln(1 + γ∆t/2)
√

(1+γ∆t/2)2+1
(1+γ∆t/2)2−1

0 < γ∆t

Table 4.1: The effective stochastic time step ∆t∗ and the γ scaling factor

making each method mathematically equivalent to BAOAB. The γ-scaling

factor is plotted for each method in Fig. 4.3.

10−2 10−1 100 101 102

0.5
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1.5

2

γ∆t

d
∗ /
d

γ-scaling factor

GJ-I GJ-II GJ-III
GJ-V GJ-VI GJ–FSF

Figure 4.3: A plot of the factor needed to scale γ by so that each method is

mathematically equivalent to BAOAB. The figure suggests all the GJ methods

are practically the same as BAOAB when γ∆t < .1. GJ–I and GJ–III have

vertical asymptotes at γ∆t = 2 and γ∆t = 1 respectively. The new method

defined implicitly via Eq. (4.45) satisfies d∗/d = 1; the time scaling induced by

this c value scales time in the stochastic and conservative dynamics equally.
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Then c is invertible when γ∆t > 0 and can be defined implicitly. The function

c has inverse f(c) := 1
2
(ln c)2 1+c

1−c when 0 < c < 1. We call the method defined

by this choice of c the GJ–FSF method, the acronym FSF standing for the

names Finkelstein, Seibold and Fiorin. For γ > 0 and simulation time step

∆t,

e
d∆t

2
LBe

d∆t
2
LAe(d∆t)LOe

d∆t
2
LAe

d∆t
2
LB (GJ–FSF)

e
∆t
2
LBe

∆t
2
LAe∆tLOe

∆t
2
LAe

∆t
2
LB (BAOAB)

Expanding on this idea, we can further exhibit that some methods of

Eq. (4.27) are indeed equivalent if we are willing to use both different fric-

tion values and different time steps, as an example, we examine GJ–I and

GJ–III. Select a time step ∆t and friction value γ for use with GJ–I. Then the

effective stochastic time step for GJ–I is d∗∆t = ∆t∗ is as in Eq. (4.41) and

the GJ–I method is given by the splitting:

e
∆t
2
LBe

∆t
2
LAe∆t∗LOe

∆t
2
LAe

∆t
2
LB . (4.46)

For a time step ∆s and friction value Γ, the GJ–III method is

e
d(Γ,∆s)∆s

2
LBe

d(Γ,∆s)∆s
2

LAed
∗(Γ,∆s)∆sLOe

d(Γ,∆s)∆s
2

LAe
d(Γ,∆s)∆s

2
LB , (4.47)

Setting the A and B operators equal in Eqs. (4.46) and (4.47) leads to the

equation d(Γ,∆s)∆s = ∆t, and in turn yields the quadratic equation: 0 =

∆s2+Γ∆t2

2
∆s−∆t2. Making theO operators equal to one another in Eqs. (4.46)

and (4.47) leads to 1 − Γ∆s =
(1−γ∆t/2

1+γ∆t/2

)
. These equations can be simultane-

ously solved, and we find that

Γ =
1√

1 + γ∆t/2
γ, and ∆s =

1√
1 + γ∆t/2

∆t . (4.48)

In summary, given a simulation time step ∆t and friction value γ such that

0 < γ∆t < 2, the GJ–I method is mathematically equivalent to the GJ–III

method if here we use a time step of ∆s and a friction value of Γ as shown in

Eq. (4.48). Similar calculations can be made to show that G–JF is equivalent to
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GJ method ∆s/∆t Γ/γ Γ∆s

GJ–II
√
− 1
γ∆t

ln(a)
√
− 1
γ∆t

ln(a) − ln(a)

GJ–III 1√
1+γ∆t/2

1√
1+γ∆t/2

γ∆t
1+γ∆t/2

GJ–V 1√
1−γ∆t/2

1√
1−γ∆t/2

γ∆t
1−γ∆t/2

GJ–VI
√

2
γ∆t

(a−1/2 − 1)
√

2
γ∆t

(a−1/2 − 1) 2(a−1/2 − 1)

Table 4.2: The scaling factors of γ and ∆t which yield ∆s and Γ such that

the method in the first column is equivalent to G–JF. All quantities are valid

whenever 0 < γ∆t < 2. The scaling factors above are plotted as functions of

γ∆t in Fig. 4.4. As before, we define a = 1−γ∆t/2
1+γ∆t/2

.

the remaining GJ methods when 0 < γ∆t < 2 and these results are displayed

in Table 4.2. Plots of the ∆t and γ scaling factors are shown in Fig. 4.4. Thus

when we are free to treat γ as a tunable (non-physical) parameter, all explicit

GJ methods treated in this thesis are equivalent to one another.

4.3.6 Scaling of frequencies and linear stability

Another interpretation of the time scaling discussed so far was also given

as a part of the just mentioned independent research of Grønbech-Jensen [22].

There it stressed not that d is a time step dilation, but a frequency dilation.

It is then shown that an overdamped harmonic oscillator with a specified

frequency Ω0 will have the stability criterion

(Ω0∆t)2 < 4d−2 . (4.49)

We can easily re-frame this to fall within the discussion presented in Sec-

tion 4.3.5 by simply making the observation that this is clearly equivalent

to:

(Ω0(d∆t))2 < 4 . (4.50)

Thus given a time step ∆t to be used for a simulation, the linear stability of

each possible method in the family Eq. (4.27), will actually satisfy the standard
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Figure 4.4: The scaling factors for the time step, ∆t, and dimensionless quan-

tity, γ∆t, which make each GJ method equivalent to the GJ–I (G–JF) method.

Comparisons are only valid in the interval 0 < γ∆t < 2.

Verlet stability criterion if we take into account the effective time step d∆t.

As is also explained in [22], when kbT = 0, the effective discrete-time

frequency of an underdamped harmonic oscillator, ΩV , is given to be

tan(ΩV ∆t) = d · Ω0∆t ·

√
1−

(
dΩ0∆t

2

)2

−
(
d γ∆t

2Ω0∆t

)2

1−
(
dΩ0∆t

2

)2 . (4.51)

So the dominant portion of the scaling factor for harmonic oscillator frequen-

cies at zero temperature is exactly the time step scaling factor d shown in

Eq. (4.38). The reinterpretation of Eq. (4.51) so that it is the time step that

is scaled instead of the frequency, allows the connections of Section 4.3.5 to

made. In addition, we’d like to also highlight explicitly that this frequency

analysis of Grønbech-Jensen applies only to harmonic oscillators, whereas the

time scaling displayed by our splitting formulation treats non-linear potential

energies as well.
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4.4 Numerical results

Since a thorough linear analysis has been conducted on the GJ methods

[22, 23], we now attempt to analyze these methods on highly non-linear and

realistic test cases numerically. For this we chose an assortment of coarse-

grained and atomistic systems which represent typical applications in biology

and materials science. In particular, these are systems with both high and low

degrees of anisotropy. All methods are implemented directly into LAMMPS

as Python call-back functions. Two separate CG test cases and one atomistic

test case are examined. All CG simulations were performed using the CG

model described in [67,68] for organic molecules with the same implementation

protocol used in [17]. A visualization of the new systems considered here is

presented in Fig. 4.5.

CG PE melt CG lipid bi-layer PPTA crystal

Shortest period 162.9 fs 110 fs 9.2 fs

Reference simulation ∆t 5.0 fs 5.0 fs .25 fs

Time steps per period 32.4 22.0 36.8

Table 4.3: The fastest covalent bond oscillations in each system. Reference

calculations are then made by choosing ∆t sufficiently small to well enough

resolve each time scale.

4.4.1 CG polyethylene melt

As in Chapter 3, we study a CG polyethylene melt, an often simulated

homogeneous and isotropic system. We again used a total of 128 coarse-grained

polyethylene chains, which were now simulated for approximately 200 ns at a

fixed temperature of 450 K in a periodic box with side lengths of 58.065 Å,

yielding a density of 0.4415 amu/Å
3

= 0.7331 g/ml. Recall from Chapter 3

that the CG procedure maps —CH2CH2CH2— and CH3CH2CH2— groups

to spherical “beads”, called CM and CT, respectively [67]. The CM and CT
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(a) CG POPC lipid bi-layer and water system after equilibra-

tion.

(b) The atomistic PPTA crystal.

Figure 4.5: Graphical rendering of the systems studied using VMD [28]. The

unit cells for each simulation are depicted with the blue box.
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particles interact according to a potential energy:

U =
∑

a∈angles

ka(θ − θ0)2 +
∑

b∈bonds

kb(r − r0)2 + ULJ , (4.52)

where ULJ is a sum over all pairs of 9–6 Lennard-Jones interaction potentials.

The same parameter values as in Section 4.4.1 were used. Diffusion coefficients,

radial distribution functions and bond-angle distribution functions were again

calculated for the choices γ = .1 fs−1 and γ = .01 fs−1. This is selection of

γ values leading to the region of parameter space potentially relevant for CG

simulations (outside the standard γ∆t � 1 regime) and where the methods

significantly differ, .1 ≤ γ∆t ≤ 10, as illustrated in Fig. 4.1.

The plots exhibited in Figs. 4.6 to 4.8 show how all methods provide statis-

tically equal numerical performance of both time-dependent (diffusivity) and

configurational properties (radial and bond angle distribution functions). Fig-

ure 4.6 illustrates that the calculated diffusivity does not appear to change as

a function of ∆t, an important observation if large time steps are desired. This

figure also shows a marked apparent difference in the maximally stable time

step observed for several of the methods: for instance, the maximum time step

for GJ-II appears approximately triple that of GJ–I, and the maximum time

step for GJ–III is approximately half that of GJ–I. However, once the time

step scaling is accounted for in Figs. 4.6 and 4.8, we can see this is simply

a result of the artificial time scaling in the Hamiltonian dynamics that was

described in Section 4.3.5.

The analysis in Section 4.3.5, and the fact that all methods yield correct

harmonic oscillator configurational sampling, suggests that all methods should

behave similarly. However, in the γ = .1 fs−1 plots of Figs. 4.7 and 4.8, we

notice better accuracy for the GJ–I and GJ–III methods than all the others for

large time steps. One has to keep in mind that the results of Section 4.3.5 do

not apply for all γ∆t values. In particular, for GJ-I and GJ–III, the analysis

only holds for 0 < γ∆t < 2 and 0 < γ∆t < 1 respectively, which is not always

the case in the γ = .1 fs−1 simulations.
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Figure 4.6: These figures show the calculated diffusion coefficient for γ = .1

fs−1 of the CG polyethylene melt (c.f. Fig. 2 in [17]) as a function of the

simulation time step, ∆t and as a function of the effective, or scaled, time step

d∆t. The diffusion coefficient for each method appears to be independent of

the time step, an encouraging outcome if large time steps are desired.

According to the γ = .01 fs−1 plot of Fig. 4.6, when smaller γ values

are taken the methods yield indistinguishable results. In this case, because

γ∆t < 1, this is consistent with the analysis in Section 4.3.5, and all methods

can be viewed as being equivalent to the BAOAB method using a γ∆t value

on the order of .1 fs−1 per Fig. 4.3. In this regime, we expect the radial and

bond angle distribution functions to not differ very significantly.

4.4.2 CG lipid bi-layer

In the second test case, we constructed a CG representation of a 1-palmitoyl-

2-oleoyl-sn-glycero-3-phosphocholine (POPC) lipid membrane in water. POPC

is a phospholipid naturally found in the membranes of all known eukaryote

cells. The CG mapping was again constructed using that which was provided

by Shinoda et al. [67,68]. The bi-layer system was significantly larger than the

polyethylene system and was composed of 288 CG lipids and 2,973 CG water

beads, for a total of 7,581 CG particles. The CG mapping sends an atomistic
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Figure 4.7: This figure shows the relative errors for the CM–CM radial dis-

tribution function, gCM–CM(r), and the CM–CM–CM bond angle distribution

function, Pθ, for the cases when γ = .1 fs−1 and γ = .01 fs−1 as a function of

the simulation time step ∆t.
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Figure 4.8: These are the same plots as in Fig. 4.7 except quantities are now

plotted against the scaled time step d∆t, not the simulation time step ∆t. GJ–

I and GJ–III provide the most accuracy when in the large time step regime

for γ = .1 fs−1.
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POPC lipid molecule with 134 atoms to its CG representation of 16 CG beads

and 3 water molecules to a single CG water bead — yielding a reduction in

size from 65,349 atoms to 7,581 CG particles. This system was placed in a

periodic box with dimensions 96.19 × 96.19 × 66.61 Å3 and the temperature

was fixed at 303 K for the length of the simulation after an initial constant

temperature and constant pressure equilibration run of 10 ns. Average energies

and radial distribution functions were calculated for the CG lipid molecules

using 20 independent simulations for each γ and ∆t pair. Each simulation

was approximately 200 ns. Table 4.4 describes the CG mapping and a visual

diagram of the POPC coarse-grained mapping is shown in Fig. 4.9 The CG

Atomic representation CG bead Atomic representation CG bead

(H2O)3 W —(PO4)3−— PH

—CH2CH2CH2— CM —CH2CH—CH2— GL

CH3CH2— CT2 —CH2CH2—N—(CH3)3 NC

—HC=CH—(cis) CMD2 —CH2CO2— (sn-2 chain) EST1

—CH2CO2— (sn-1 chain) EST2

Table 4.4: Description of the CG mapping as described in [68]. This table is

visually described in Fig. 4.9. There, the fully atomistic description is shown

underneath a chain of overlaying spheres. Each sphere shows the grouping of

atoms into their coarse-grained particle.

potential energy function was the same as the one for the CG polyethylene

system in Chapter 3. Details on the choice of bond and angle coefficients used

are shown in Tables 4.5 and 4.6. The Lennard-Jones force-field terms were

quite numerous and and can be found in [68].

The bi-layer system involved many more distinct CG particles than the CG

polyethylene system. Instead of considering RDFs for specific particle pairs, as

is done with polyethylene, here we look at an RDF error which is averaged over

all the RDFs of each CG particle pair. For each γ and ∆t pair, and for each
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bond pair kb [kcal/mol/Å2] r0 [Å]
NC-PH 4.80 4.25
PH-GL 12.00 3.52

GL-EST1 30.00 2.88
GL-EST2 8.40 3.48
EST1-CM 4.70 3.55
EST2-CM 5.10 3.61
CM-CM 6.16 3.64
CM-CT2 9.0 3.13

CM-CMD2 8.00 3.03
CM-CT 6.16 3.65

Table 4.5: Force-field bond stiffness parameters for the coarse-grained POPC

model [68].

angle pair kθ [kcal/mol/rad2] θ0 [degree]
NC-PH-GL 3.100 112.0

PH-GL-EST1 1.400 124.0
PH-GL-EST2 2.000 138.0
GL-EST1-CM 0.800 168.0
GL-EST2-CM 0.800 172.0

EST1-GL-EST2 1.000 95.0
EST1-CM-CM 1.000 178.0
EST2-CM-CM 1.000 178.0
CM-CM-CM 1.190 173.0

CM-CM-CMD2 1.900 161.0
CM-CM-CT2 1.600 172.0

CM-CMD2-CM 6.000 110.0

Table 4.6: CG force-field angle bending parameters for the coarse-grained

POPC model [68].
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Figure 4.9: CG POPC molecule as seen in [68]. The spheres overlaying the

background molecular structure are the CG particles.
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Figure 4.10: The top plot shows the average potential energy of the CG lipid

bi-layer system for γ = .1 fs−1 as a function of the simulation time step ∆t.

These energies were first time averaged during each simulation and then aver-

aged again over all independent runs. The average potential energy remains

constant even with seemingly large time steps. The G–JF method, again, has a

maximum time step of only approximately 50 fs when γ = .1 fs−1. The bottom

plot shows Rγ as a function of d∆t, the scaled time step. As ∆t is increased

to the stability limit of the method, Rγ remains approximately constant.
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Figure 4.11: This figure shows the average potential energy of the CG lipid

bi-layer system as well as Rγ as a function of the scaled time step, d∆t. All

the GJ methods appear to behave similarly except for GJ–III. We notice a

significantly lower error in the radial distribution functions when compared to

the other GJ methods.
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Figure 4.12: Chemical structure of a monomer unit of an atomistic PPTA

chain as seen in [50]. Each unit contains a total of 28 atoms.

of the 20 independent simulations of each γ and ∆t pair, we constructed the

intermolecular RDF between the lipid molecule CG particles i and j, g
(γ,∆t)
i,j,n (r),

where n is the n-th independent simulation. Averaging over all n gives:

g
(γ,∆t)
i,j (r) :=

1

# simulations

# simulations∑
n=1

g
(γ,∆t)
i,j,n (r) .

Then using ∆t = 5 fs as a reference calculation, we computed the relative error

for each time step:

εγi,j(∆t) :=
||g(γ,3)

i,j (r)− g(γ,∆t)
i,j (r)||2

||g(γ,3)
i,j (r)||2

.

Averaging over all pairs i, j yields the averaged error:

Rγ(∆t) :=
1

# pairs

∑
i,j

εγi,j(∆t) .

The function Rγ of the time step ∆t, for γ = .1 fs−1, is seen in bottom plot

of Fig. 4.10. Here we observe that, for γ = .1 fs−1, all methods yield similar

error behavior as ∆t is varied. But it is again also observed that there is an

apparent shift in maximal time step for the different methods. However, when

Rγ is plotted against the scaled time step d∆t, as shown in Fig. 4.11, almost all

methods yield equivalent Rγ behavior when d∆t is varied, the exception being

the GJ–III method. We notice a significantly smaller error in Rγ that appears

to be independent of the time step. All methods yield the same average energy

behavior; the energy plot in Fig. 4.11 indicates independence of the time step.
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Thus, even in a complicated coarse-grained model, the GJ methods are quite

accurate for large time step simulations with GJ–III displaying the highest

accuracy.

4.4.3 Atomistic poly(p-phenylene terephthalamide) (PPTA)

crystal

In addition to the coarse-grained systems, it is important for applications to

understand the accuracy of these methods when doing atomistic simulations.

Indeed, if the goal is to convince practitioners and code developers that the

family methods we construct should be used in software, we must demonstrate

that they are accurate when used for traditional MD simulations too. Oth-

erwise, we risk adding to the confusion by advocating Langevin thermostats

which require the user to understand and be knowledgeable of extra details.

Toward this end, we study an anisotropic condensed-phase atomistic crys-

tal. This is particularly well-suited as a benchmark problem; it contains very

stiff bonds which restrict the size of time step and pressures are dispersed differ-

ently in different directions more easily allowing us to see numerical artifacts.

For this we prepared 32 chains of atomistic poly(p-phenylene terephthalamide),

or PPTA, in a box of dimension 29.46×29.02×52.46 Å3 with periodic boundary

conditions in a crystalline lattice. Each chain had four repeat units (as pictured

in Fig. 4.12), yielding a total of 3,584 atoms. To obtain the correct dimensions

for the unit cell, the crystal was initially equilibrated in constant temperature

and constant pressure conditions using a Nose-Hoover [45] barostat/thermo-

stat for 20 ns. Simulations were then carried out on the equilibrated system

at a constant temperature of 300 K for 50 ns. Atoms were defined to interact

according to the potential energy:

U = ULJ + Ucoul +
∑

a∈angles

ka(θ − θ0)2

+
∑

b∈bonds

kb(r − r0)2 +
∑

d∈dihedrals

kd
(
1 + cos(ndϕ− ϕ0)

)
,
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where ULJ and Ucoul are 12–6 Lennard-Jones and Coulomb potentials, which

were gradually switched off together with their derivatives between 8 and 12

Å. Coulomb interactions beyond 12 Å were treated using the Particle-Particle-

Particle-Mesh (PPPM) method [26].

In the case where diffusion is negligible or not of interest, such as with

a crystal, practitioners may use Langevin dynamics as a sampling tool and

be comfortable with a larger γ value in the hopes of obtaining more accurate

averaged quantities, an increased time step or better sampling. This motivates

an important question: Do any of the methods studied here actually result

in better sampling or accuracy than what can be obtained from the already

established G–JF method when γ∆t is not small?

To compare these methods, the crystal’s pressure tensor was studied; an

important quantity of interest in material science describing how loads on

the material are dispersed. This is especially relevant for this example as

PPTA is a main ingredient in body armor. The tensor is a steady-state, time-

independent, property and we expect it to be independent of the choice for γ.

Based on the previous discussion in Section 4.3.5, all methods are equivalent

to BAOAB for different choices of γ (within the appropriate γ∆t domain of

validity). Therefore we expect identical pressure tensor behavior for these

methods, once the time step scaling is appropriately accounted for.

The tensor components were computed with LAMMPS via the fix ave/-

time command which, for a given simulation, computes a time average of the

quantity:

pij =
1

V

( N∑
k=1

mkVkiVkj +
N∑
k=1

XkiFkj

)
,

with mk, Xk, Vk and Fk representing the mass, position, velocity and force of

the k-th particle, respectively. The first sum is the kinetic component and

the second sum is the virial component. These quantities were subsequently

averaged over 20 independent simulations for each choice of γ and ∆t to obtain

more converged plots and correct for the finiteness of the simulated trajecto-

ries. For a fixed ∆t and γ, we denote the pressure tensor for the PPTA crystal
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as pγ(∆t). For γ = 1 fs−1, that is when 1 ≤ γ∆t < 10, it appears that the

methods yield entirely different error scaling as ∆t is varied. However, when

the errors are plotted against the scaled time step d∆t, all methods actually

show identical L2 error scaling. This is illustrated in Fig. 4.14 and indeed

confirms our expectations. In terms of accuracy, all methods produce statis-

tically identical results, thus indicating no clear preference for the choice of c

and showing that the set of GJ methods behave just as well as the established

GJ–F method in this atomistic setting.

A small remark on the half-step velocity formulations is warranted here. In

the linear case, the family of methods using on-site velocities introduces a ∆t2

error into the velocity (c.f. Section 4.3). This error is absent from the half-time

step velocity version in Eq. (4.36) which leads to accurate kinetics. We expect

similar behavior in the non-linear case and in fact observe this numerically;

the pressure tensor error is dominated by the kinetic term, use of the half-step

velocities for the GJ–F method make this readily apparent. A plot of the

pressure tensor error comparing G–JF and its half-step velocity version, GJF–

2GJ, is given in Fig. 4.13. Further insights could have been made by comparing

with the half-step velocity versions of the remaining methods, but due to

technical challenges this was not achievable in the limited time remaining. The

internal data structures for LAMMPS are not easily compatible with a half

time step velocity, again, since the full-step velocity formulation is traditionally

used in MD.

4.5 Some additional insights

The time-scaling function d can perhaps be understood in a physical con-

text. When discretizing time, if we want to preserve both correct position

mean-square behavior for the free particle and harmonic oscillator behavior,

we must accept a rescaling of time as the penalty for doing so. This is loosely

analogous for example to what happens in the coarse-graining procedure de-

scribed earlier. The discarding of atomistic degrees of freedom often results in
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Figure 4.13: A comparison of the PPTA pressure tensor error for the GJ–F

and GJ–2GJ methods. The plots suggests a clear domination of error by the

kinetic term since the trajectories for the two methods are equal. However,

the log scale plot reveals a second order convergence for the virial term as well;

the GJ–2GJ method simply having a smaller error constant.

an altered time scale with a significant speed up in diffusivity of the coarse-

grained systems. This rescaling is in general different for the Hamiltonian and

stochastic time scales and therefore results in numerical schemes that evolve

the Hamiltonian dynamics and stochastic dynamics with distinct time scales.

It is through this lens that we can imagine a sense in which the G–JF method

is the optimal choice among all methods in the one-parameter family. It is the

only method in the family that does not result in an altered time scale in the

Hamiltonian dynamics since d = 1 for all choices of γ and ∆t.

The rescaling of the time for the stochastic dynamics is usually less of

a concern as the introduction of these forces is arguably artificial, with the

parameter γ as the sole parameter to model a complex phenomenon. Generally,

the time scale of the Hamiltonian is most important. However when γ does

have a physical meaning, the equivalencies described in Section 4.3.5 would

not hold. In which case we can then interpret each numerical scheme in the

family of methods as a splitting scheme which evolves the dynamics using two

different time steps for the conservative and stochastic parts of the vector field.
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Figure 4.14: The calculated pressure tensor error for the PPTA crystal is shown

here for γ = 1 fs−1. The L2 norm of the vector pγ = [pxx, pyy, pzz, pxy, pxz, pyz]

is computed as a function of ∆t and compared with the vector pγ(.25 fs). In

the top plot, error against the actual time step set for the simulation run is

shown. The bottom plot illustrates error vs. the time step scaled by d. The

loglog plot shows clear second order behavior in d∆t primarily due to the error

in the kinetic term.

It should be stressed again that the equivalencies derived in the previous

section require that γ∆t satisfy certain size constraints, which depend on the



103

specific scheme. In Fig. 4.14, the GJ–III method yields nearly identical results,

even though equivalencies are not valid when γ∆t > 1, suggesting that some-

how these equivalencies are preserved even when γ∆t is outside this interval

of validity. In Figs. 4.8 and 4.11, the GJ–III remains extremely accurate when

large time steps are used, outside the region of γ∆t values where equivalencies

are valid. In fact this region of parameter space results in non-physical tra-

jectories since C < 0 here. So it is intriguing that GJ–III still obtains highly

accurate distributions.
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CHAPTER 5

CONCLUSION AND

OUTLOOK

In first part of this thesis, our numerical simulations allowed us to con-

clude that the choice of method and value of γ∆t does indeed play a role in

the accuracy of coarse-grained simulations and that practitioners should exer-

cise care when using a coarse-grained model for a polymer melt. In particular,

we found the G–JF method to perform the best overall. Such a comparison,

in the case of a coarse-grained polymer melt, had not been previously carried

out. Following this, we systematically derived a new general class of Langevin

integration methods where each method of the class satisfies the Einstein dif-

fusion relation, produces optimal harmonic oscillator statistics and reduces to

velocity Verlet in the zero-friction limit. This result was discovered indepen-

dently by Grønbech–Jensen [22] and resulted in this family being named the

GJ family. There, Grønbech–Jensen proposed a collection of methods GJ–I

though GJ–VI which we then examined in detail. In realistic macromolecular

systems, these selected GJ methods show favorable performance well outside

the parameter regime γ∆t� 1, one that is possibly relevant for coarse-grained

simulations. In this regime of non-small γ∆t, the distributions, pressures, and

diffusivity studied in the examples of this thesis show clear evidence that large

time steps do not appreciably corrupt numerical accuracy. This is especially
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true for the GJ–III method, which consistently exhibits the smallest errors in

the radial distribution functions for large time steps in both coarse-grained

example systems. Moreover, when γ∆t is small, the qualitative and quantita-

tive arguments provided by the splitting formulation, suggested that the GJ

methods are effectively equivalent. These results should reassure the practi-

tioner and end-user of MD software codes, that the GJ methods are reliable

and accurate for standard atomistic molecular dynamics, and work equally as

well, when large friction and large time steps are desired. We believe the theo-

retical results are convincing enough to warrant inclusion of the one-parameter

family into MD simulation packages, where the user need only specify which

parameter function c should be used, giving the practitioner peace of mind

that accurate sampling will be achieved in all regions of parameter space for

γ∆t.

The splitting formulation nicely illustrated the time scaling induced by the

choice of parameter which was observed in our numerical calculations. This

time scaling is not uniform and is, in general, different for the conservative

and stochastic dynamics of the numerical methods. Since we typically view

the stochastic time scale as the one being defined by the diffusive time scale,

which by construction is the same for all methods of a given system and choice

of γ, a physical interpretation for what the time scale of the stochastic dy-

namics means here remains unclear. An in-depth analysis, both analytical

and numerical, of general potential energy functions shows that the effective

scaling of the time-domain in each scheme is not only valid in the harmonic

approximation, as described in [22], but is a fundamental property of any po-

tential energy function. A new method in this one-parameter family, GJ-FSF,

which scales both the deterministic and stochastic time scales equally, was also

introduced.

There are several directions that can be taken for continuing the research

in this dissertation. The ansatz which led to the one-parameter family is in

fact not the most physically reasonable choice. Going back to Eq. (2.47), it

is actually the case that the noise in position and velocity is correlated, which
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suggests an ansatz of a different form,

Xn+1 = c1Xn + c2Vn + c3Fn + c4ξn + c5ηn ,

Vn+1 = c6Vn + c7Fn + c8Fn+1 + c9ξn ,

for ξn and ηn independent unit Gaussians. In particular, Eq. (2.47) suggests

at most two noise terms, and not more, would provide for the correct physics.

Preliminary calculations suggest that the only way to obtain the correct mean

square of position limiting behavior for a free particle and harmonic oscillator

is if c5 = 0. This is an interesting observation and leads us closer to the

conclusion that in fact all explicit, single-force evaluation, velocity Verlet-

based Langevin methods can be described by the family derived in this thesis

and even suggests that different splittings such as

e
∆t∗

2
LOe

d∆t
2
LBed∆tLAe

d∆t
2
LBe

∆t∗
2
LO , (5.1)

and

e
d∆t

2
LBe

∆t∗
2
LOed∆tLAe

∆t∗
2
LOe

d∆t
2
LB . (5.2)

yield no extra benefit. In addition to the practical benefit of the one-parameter

family of methods, we also envision an extension of the analysis done by

Leimkuhler and Matthews on their ABO family, which would now include

the approximate O operator, Õ, defined by the choice of the free parameter

c. The splitting formalism was key to many of the analytical claims made

by Leimkuhler and Matthews and we therefore predict a formal mathematical

analysis can be attempted on the methods developed in this thesis and on

splittings of different orderings such as those in Eqs. (5.1) and (5.2).
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