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ABSTRACT

This thesis proposes novel methods to address specific challenges in analyzing the

frequency- and time-domain properties of nonstationary time series data motivated

by the study of electrophysiological signals. A new method is proposed for the simul-

taneous and automatic analysis of the association between the time-varying power

spectrum and covariates. The procedure adaptively partitions the grid of time and

covariate values into an unknown number of approximately stationary blocks and

nonparametrically estimates local spectra within blocks through penalized splines.

The approach is formulated in a fully Bayesian framework, in which the number and

locations of partition points are random, and fit using reversible jump Markov chain

Monte Carlo techniques. Estimation and inference averaged over the distribution of

partitions allows for the accurate analysis of spectra with both smooth and abrupt

changes. The new methodology is used to analyze the association between the time-

varying spectrum of heart rate variability and self-reported sleep quality in a study

of older adults serving as the primary caregiver for their ill spouse.

Another method proposed in this dissertation develops a unique framework for

automatically identifying bands of frequencies exhibiting similar nonstationary be-

havior. This proposal provides a standardized, unifying approach to constructing

customized frequency bands for different signals under study across different settings.

A frequency-domain, iterative cumulative sum procedure is formulated to identify

frequency bands that exhibit similar nonstationary patterns in the power spectrum

through time. A formal hypothesis testing procedure is also developed to test which,

if any, frequency bands remain stationary. This method is shown to consistently esti-

mate the number of frequency bands and the location of the upper and lower bounds

defining each frequency band. This method is used to estimate frequency bands useful

in summarizing nonstationary behavior of full night heart rate variability data.
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CHAPTER 1

INTRODUCTION

The frequency-domain properties of many biomedical time series signals, such

as heart rate variability (Hall et al., 2004) and electroencephalography (Klimesch,

1999), have been found to contain valuable information and are often characterized

through the power spectrum. As a result, many biomedical studies collect and analyze

time series signals from multiple participants to better understand how power spectra

relate to clinical and behavioral variables.

However, there are important considerations in analyzing experimental data in

this manner associated with the inherent nature of the time series and limitations in

the data. The dynamic nature of most biological processes means that these time

series are rarely stationary, and power across frequencies may vary with time. Also,

power at frequencies in close proximity to each other are not always distinguishable,

since finite time series data cannot fully characterize the power spectrum, which is

defined over a continuous range of frequencies. Practitioners have developed ad-hoc

solutions to overcome some of these limitations, but there is a need for statistical

methodology that can account for these data characteristics in a holistic manner.

This dissertation offers new methodology, motivated by the study of biomedi-

cal time series signals, that can be used to better summarize the frequency-domain

properties of nonstationary time series and understand the association between the

time-varying spectrum and covariates. The primary motivating study seeks to under-

stand the dynamic relationship between psychological stress and self-reported sleep

quality in older adults who are the primary caregiver for their spouse. In this study,
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heart rate variability (HRV) is observed during a night of sleep. HRV is a measure of

the variability in time elapsed between consecutive heart beats. The power spectrum

of HRV provides noninvasive, indirect measures of autonomic nervous system activity

(Malik et al., 1996) and has been used in this capacity to obtain objective measures

of stress and arousal (Hall et al., 2004). Participants also completed a self-reported

questionnaire used to compute the Pittsburgh Sleep Quality Index (PSQI) (Buysse

et al., 1989), a clinically validated summary measure of sleep quality.

First, a method for automatic estimation of the association between the time-

varying spectrum and covariate is introduced, which is referred to as conditional

adaptive Bayesian spectrum analysis, or CABS. A covariate-indexed locally-stationary

model is presented, in which spectra are nonparametric functions of frequency, covari-

ate, and time. The model is formulated in a Bayesian framework where the number

and location of time and covariate partition points are random variables and fit using

reversible-jump Markov chain Monte Carlo (RJMCMC) techniques. The method is

applied to the motivating study data in order to quantify the association between the

time-varying spectrum of HRV and PSQI. In doing so, we aim to better understand

the dynamic relationship between stress levels and sleep quality.

Another method introduced in this dissertation offers a quantitative framework

for frequency band estimation that best preserves the nonstationary dynamics of a

given time series. A frequency-domain, cumulative sum (CUSUM) test statistic is

introduced along with an iterative algorithm that optimally partitions the frequency

space into bands containing similar nonstationary dynamics. Another test statistic is

also offered to determine which frequency bands, if any, remain “stationary” in the

sense that the power spectrum is constant through time. We refer to this methodology

as empirical band analysis, or EBA, since it offers a data-driven approach to frequency

band estimation, with strong theoretical justification, that provides a parsimonious

representation of the frequency-domain characteristics of the underlying time series.
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The EBA algorithm is applied to the full night HRV series for a participant from the

motivating study in order to determine the appropriate number of frequency bands

and endpoints for a given participant.
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CHAPTER 2

MOTIVATING STUDY

Older adults who are the primary caregiver for their ill spouse often experience

significant mental and emotional stress, and are likely to develop some form of sleep

disturbance that can negatively impact health and functioning (McCurry et al., 2007).

A goal of the AgeWise Caregiver Study conducted at the University of Pittsburgh

was to gain a better understanding of the association between stress and sleep in

older adults who were the primary caregiver for their ill spouse.

2.1 AgeWise Caregiver Study

Each participant served as the primary caregiver for their spouse who was suffering

from a progressive dementing illness such as Alzheimers or advanced Parkinsons dis-

ease. Participants were studied during a night of in-home sleep through ambulatory

polysomnography (PSG), which is the comprehensive recording of electrophysiologi-

cal changes during sleep. The PSG used in the study included an electrocardiograph

(ECG) to monitor heart activity. The ECG was used to locate the timing of heart

beats, which were then differenced, detrended, linearly interpolated, and resampled

at 1 Hz to compute a HRV series.

Study participants also completed a self-reported questionnaire used to formulate a

PSQI score (Buysse et al., 1989). The PSQI score is a popular clinical measure of self-

reported sleep disturbances and of how these disturbances affect daily functioning over

a one-month period. PSQI scores can range in value from 0-21; larger scores represent

more disturbed sleep, with scores of 6 or larger typically taken as an indicator of
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clinically disturbed sleep. In our sample, which considers data from 30 men and

women 60-89 years of age, PSQI scores ranged from 1-13 and had a mean of 7.

During the night, the body cycles through two types of sleep: non-rapid eye

movement (NREM) sleep, which contains deep sleep, and rapid eye movement (REM)

sleep, in which dreaming typically occurs. In healthy individuals, the spectrum of

HRV is expected to change as subjects move from NREM to REM. Disruptions in

these patterns have been observed under stress and represent a mechanism through

which stress may negatively affect health and functioning (Hall et al., 2004).

2.2 Joint Modeling of the HRV Power Spectrum and PSQI

The first component of this dissertation introduces new methodology for an anal-

ysis of the association between the time-varying spectrum of HRV and PSQI to quan-

tify how the dynamics of HRV spectra during the transition from NREM to REM

are associated with sleep quality. For this analysis, we isolated a 10 minute long

epoch of HRV for each participant during the 5 minutes before and 5 minutes after

the first onset of REM sleep. HRV time series and PSQI scores for two subjects are

displayed in Figure 2.1 to illustrate study data. HRV time series and PSQI scores for

all participants can be found in Appendix A.

2.3 HRV Power Spectrum Frequency Band Estimation

In order to summarize the characteristics of the HRV power spectrum, and avoid

issues with power resolution among neighboring frequencies, practitioners often par-

tition the frequency space into bands and create summary measures of power within

bands. The standard frequency bands used in the scientific literature to summarize

the power spectrum of HRV are very low frequency (VLF) (≤ 0.04 Hz), low frequency

(LF) (0.04-0.15 Hz), and high frequency (HF) (0.15-0.4 Hz) (Malik et al., 1996). How-
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ever, these frequency bands have largely been developed through manual inspection

by noting prominent oscillatory patterns in the data and forming frequency bands

that account for these dominant waveforms.

Figure 2.1:
Demeaned heart rate variability time series 5 minutes before and 5 min-
utes after the first onset of REM sleep for two study participants. PSQI
scores for the participants are 1 and 11, respectively, indicating worsening
sleep quality.

The next component of this dissertation introduces a data-driven approach to

determining frequency bands that best preserve nonstationary dynamics of the un-

6



derlying time series. For this analysis, we use an individual participant’s full night

HRV series (see Figure 2.2) in order to estimate frequency bands that contain similar

nonstationary dynamics and compare these bands to the standard frequency bands

used in the scientific literature in analyzing this particular HRV series.

2 4 6 8

−
40

0
−

20
0

0
20

0
40

0
60

0
80

0
10

00

Subject 31

Time (hrs)

m
s

Figure 2.2:
Demeaned full night heart rate variability time series for an individual
study participant.
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CHAPTER 3

METHODOLOGICAL BACKGROUND

To motivate the new methodology, a brief explanation of techniques for estimating

the power spectrum of a single time series is provided.

3.1 Stationary Time Series

For a zero-mean stationary time series, {Xt}, t = 0,±1,±2, . . . , the frequency

domain characteristics can be obtained from its spectral representation (Cramér ,

1942),

Xt =

∫ 1/2

−1/2
A(ω) exp(2πitω)dZ(ω), (3.1-1)

where A(ω), known as the transfer function, is a complex-valued function that

is periodic A(ω) = A(ω + 2π) and Hermitian A(ω) = A(−ω), and where Z(ω) is a

zero-mean orthogonal process such that

cov [dZ(ω), dZ(ω′)] =


0 if ω 6= ω′

dω otherwise.

(3.1-2)

The power spectrum of the series is then defined as

f(ω) = |A(ω)|2 =
∞∑

k=−∞

γk exp(−2πiωk), ω ∈ R, (3.1-3)

where γk = cov(Xt, Xt+k) is the autocovariance function of {Xt}. We can also recover

γk by applying the inverse Fourier transform
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γk =

∫ 1/2

−1/2
f(ω) exp(2πiωk)dω. (3.1-4)

Note that the variance of the time series, γ0, can be found to be

γ0 =

∫ 1/2

−1/2
f(ω)dω. (3.1-5)

In other words, the power spectrum can be interpreted as the decomposition of the

variance over frequencies (Wei , 2006) and is the primary tool used to describe the

frequency-domain properties of stationary time series.

3.1.1 Periodogram Estimator

Suppose that {Xt} has a bounded positive power spectrum. Given a realization,

x1, . . . , xT , the periodogram at frequency ω is

Y (ω) =
1

T

∣∣∣∣∣
T∑
t=1

xt exp(−2πiωt)

∣∣∣∣∣
2

. (3.1-6)

While the periodogram is an unbiased estimator of the true spectrum, the asymp-

totic variance does not tend to zero as sample size, T , increases (Wei , 2006), so

smoothed estimators that share information across frequencies are considered in the

following sections.

3.1.2 Bayesian Penalized Spline Estimator

Efficient estimators can be obtained by utilizing the large sample distribution of

the periodogram (Pawitan and O’Sullivan, 1994). Let n = bT/2c−1 and ωk = k/T for

k = 1, . . . , n be the Fourier frequencies. Whittle (1957) showed that under appropriate

conditions, for large T , the likelihood of x = (x1, . . . , xT )′ given f = [f(ω1), . . . , f(ωn)]′

9



can be approximated by

p(x|f) ≈ (2π)−n/2
n∏
k=1

exp {−[log f(ωk) + Y (ωk)/f(ωk)]} . (3.1-7)

Since f is a positive function, to enable unconstrained estimation, the spectrum is

modeled on the logarithmic scale (Wahba, 1980). We consider a Bayesian penalized

spline model for f ; a thorough discussion of penalized spline models and their Bayesian

formulation can be found in Ruppert et al. (2003). Linear splines are used as they have

been found to be more accurate in capturing changes in the power spectra compared

to higher order splines (Rosen et al., 2012). The log spectrum is modeled as

log f(ω) ≈ α +
B∑
b=1

βb cos(2πbω). (3.1-8)

The functions cos(2πbω) are the Demmler-Reinsch basis for linear, periodic, even

splines when data are observed on an evenly spaced grid (i.e. the Fourier frequencies)

(Schwarz and Krivobokova, 2016). We define the n×B matrix of the basis functions

evaluated at the Fourier frequencies as Z where {Z}i,b = cos(2πbωi). Prior distri-

butions are assumed on the coefficients such that β = (β1, . . . , βB)′ ∼ N(0, τ 2DB),

where DB = diag({2πb}−2), which is independent of α ∼ N(0, σ2
α). The smoothing

parameter τ controls the roughness of the log spectrum such that, as τ → 0, the log

spectrum tends to a constant function of frequency with probability 1. A uniform

prior is placed on τ 2 such that p(τ 2) = 1/τ 2. The hyperparameter σ2
α is set to be a

large, fixed number.

A two-step sampling scheme for the parameters α,β, and τ 2 using MCMC methods

can be constructed as follows (Rosen et al., 2012).

1. Given a realization of the log periodogram, log(Y) = {log[Y (ω1)], . . . , log[Y (ωn)]}′,

and basis functions Z, α and β are sampled jointly in a Metropolis-Hastings

10



(M-H) step from

p(α,β|τ 2, log(Y),Z) ∝ exp

{
−

n∑
k=1

[α + z′kβ + exp(log[Y (ωk)]− α− z′kβ)]

− α

2σ2
a

− 1

2τ 2
β′D−1B β

}
,

(3.1-9)

where z′k is the kth row of Z.

2. τ 2 is sampled from the inverse gamma distribution with density

p(τ 2|β) ∝ (τ 2)−B/2 exp

(
− 1

2τ 2
β′D−1B β

)
. (3.1-10)

3.1.3 Multitaper Estimator

Another way to overcome the limitations of the periodogram estimator is to ap-

ply orthonormal tapers to the data, estimate the power spectrum using each of the

tapered datasets to generate multiple single taper estimators, and then average the

estimates to obtain the final estimator of the power spectrum. This approach is known

as multitaper spectral estimation (Thomson, 1982), has better bias and variance prop-

erties in finite samples compared to the periodogram estimator, and is asymptotically

consistent (Percival and Walden, 1993).

Let the kth single taper estimator for the power spectrum be defined as

f̂ (k)(ω) =

∣∣∣∣∣
T∑
t=1

v
(k)
t Xt exp(−2πiωt)

∣∣∣∣∣
2

for k = 1, . . . , K (3.1-11)

where v(k) =
[
v
(k)
1 , v

(k)
2 , . . . , v

(k)
T

]′
is the kth data taper. Then let the multitaper

11



estimator be the average of the K single taper estimates

f̂ (mt)(ω) =
1

K

K∑
k=1

f̂ (k)(ω). (3.1-12)

We propose the use of orthonormal sinusoidal tapers of the form

v
(k)
t =

√
2

T + 1
sin

πkt

T + 1
(3.1-13)

for k = 1, . . . , K and t = 1, . . . , T . These sinusoidal tapers are more computationally

efficient than the Slepian tapers proposed in Thomson (1982), which require numerical

eigenvalue decomposition to construct the tapers, and can achieve similar spectral

concentration with significantly less local bias (Riedel and Sidorenko, 1995). Another

advantage of using sinusoidal tapers is that the bandwidth, 2W , which is the minimum

separation in frequency between approximately uncorrelated spectral estimates, can

be fully determined by setting the number of tapers, K, appropriately (Walden et al.,

1995). Specifically,

2W =
K + 1

T + 1
. (3.1-14)

3.2 Nonstationary Time Series

A model for the spectrum analysis of nonstationary time series can be defined

by allowing the transfer function in the Cramér spectral representation to vary with

time (Priestley , 1965). A time-varying transfer function A(u, ω) is a function of

scaled time u ∈ [0, 1] and frequency ω ∈ R such that for every scaled time point u,

A(u, ω) = A(u, ω + 2π) and A(u, ω) = A(u,−ω). We consider the class of locally

stationary time series of length T such that Xt(t = 1, . . . , T ) can be represented as

Xt =

∫ 1/2

−1/2
A(t/T, ω) exp(2πitω)dZ(ω) (3.2-15)
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for a time-varying transfer function A and an orthogonal process Z. The primary

measure of interest is the time-varying spectrum

f(u, ω) = |A(u, ω)|2. (3.2-16)

This natural extension of the stationary power spectrum provides information about

the variability due to oscillations at frequency ω around time uT .

It should be noted that this class of locally stationary time series differs slightly

from the class originally proposed by Dahlhaus (1997). In order to encompass common

parametric models for finite T , Dahlhaus (1997) defined locally stationary time series

through a series of time-varying transfer functions that converge to A(u, ω). Since we

are concerned with nonparametric estimation, we define locally stationary time series

directly through A(u, ω) in a manner similar to Guo et al. (2003). Additionally, both

Dahlhaus (1997) and Guo et al. (2003) require A(u, ω) to be continuous in both u

and ω so that temporal smoothing can be used obtain consistent estimators. Here,

we consider the more flexible model of Adak (1998), where A(u, ω) is continuous as a

function of ω, but can be discontinuous as a function of u. This flexibility allows for

modeling abrupt temporal changes that occur in many real applications, including

our motivating application, where the spectrum of HRV can change abruptly when

transitioning between different sleep stages.

3.2.1 Piecewise Stationary Approximation

A locally stationary time series can be can be approximated by a piecewise sta-

tionary process

Xt ≈
m∑
j=1

X
(j)
t δj,m(t) (3.2-17)

where δj,m(t) = 1 if t/T ∈ (ξj−1,m, ξj,m] and is zero otherwise, ξm = (ξ0,m, . . . , ξm,m)′

form a partition of [0,1] into approximately stationary segments, and X
(j)
t are sta-
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tionary processes (Adak , 1998).

Let Tj be the number of observations in the jth segment. Also let nj = bTj/2c−1

and ωkj = k/Tj for k = 1, . . . , nj be the Fourier frequencies for the jth segment, and

let Yj(ω) be the local periodogram within the jth segment. The likelihood can then

be approximated by a product of local Whittle likelihoods

L(f1,m, . . . , fm,m|x, ξm) ≈
m∏
j=1

(2π)−nj/2
nj∏
k=1

exp{−[log fj,m(ωkj) + Yj(ωkj)/fj,m(vkj)]}. (3.2-18)

3.2.2 Locally Stationary Estimators

Following Rosen et al. (2012), the stationary Bayesian estimator from Section 3.1

can be extended to this nonstationary setting by placing priors on the number of

segments, m, and the partition, ξm, in addition to using the priors for the stationary

log spectrum for each segment. This allows the number and location of partition

points to be adaptively estimated from the data, so both smooth and abrupt changes

to the spectrum can be captured by averaging over the posterior distribution of the

segmentation. A discrete uniform prior is used for the number of segments such that

Pr(m = k) = 1/M for k = 1, . . . ,M for some maximum M . Given the number of

segments, a constrained uniform prior is placed on each segment end point to ensure

at least tmin observations are contained within each of the segments:

Pr(ξm|m) =
m−1∏
j=1

Pr(ξj,m|ξj−1,m,m) (3.2-19)

where Pr(ξj,m = t|m) = 1/pj,m and pj,m is the number of possible locations for the

endpoint of the jth segment subject to the constraint that at least tmin observations

are contained in each of the segments. This constraint ensures a good approximation

to the likelihood within each approximately stationary segment.
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The multitaper estimator from Section 3.1 can also be extended to the nonstation-

ary setting by applying the stationary multitaper estimator locally on each segment,

X
(j)
t for j = 1, . . . ,m, such that

f̂ (mt)(u, ω) =
m∑
j=1

f̂
(mt)
j (ω)δj,m(t) (3.2-20)

where f̂
(mt)
j (ω) is the multitaper estimator for segment X

(j)
t . A computationally

efficient alternative to the data-driven approximation of ξm and m outlined above is

to use equally sized and spaced intervals such that ξm = (0, 1/m, 2/m, . . . , 1)′ with m

chosen appropriately. For example, Malik et al. (1996) recommends using 2-5 minute

time intervals for the piecewise stationary approximation for studying HRV series.
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CHAPTER 4

CONDITIONAL ADAPTIVE BAYESIAN

SPECTRAL ANALYSIS

4.1 Introduction

The frequency-domain properties of many biological time series signals, such as

heart rate variability (HRV) and electroencephalography (EEG), have been found to

contain valuable information. As a result, many biomedical studies collect and analyze

time series signals from multiple subjects to better understand how power spectra

relate to clinical and behavioral variables. The dynamic nature of most biological

processes means that these time series are rarely stationary. A method that can

quantify the association between time-varying spectra and study covariates is needed

to properly reflect the temporally-evolving nature of the relationship and to better

understand dynamic biological processes.

The motivating study for this article seeks to quantify the association between

psychological stress and self-reported sleep quality in older adults who are the pri-

mary caregiver for their spouse. In this study, HRV is observed during a night of

sleep. HRV is a measure of the elapsed time between consecutive heart beats and

its power spectrum provides objective measures of stress and arousal (Hall et al.,

2004). Participants also completed a self-reported questionnaire, which was used to

compute the Pittsburgh Sleep Quality Index (PSQI) (Buysse et al., 1989), a clin-

ically validated summary measure of sleep quality. In quantifying the association

between the time-varying spectrum of HRV and PSQI, we aim to better understand
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the dynamic relationship between stress levels and sleep quality.

In the clinical and biological literature, such data are commonly analyzed using

an ad hoc, four stage procedure. In the first stage, time series are partitioned into

prespecified, equally-spaced intervals (e.g. two minute epochs). In the second stage,

collapsed measures within prespecified frequency bands that quantify specific char-

acteristics of heart rate variability are computed for each interval (Burr , 2007). For

example, normalized high frequency (HFnu), which is inversly related to experimen-

tal stress (Hall et al., 2004), is calculated as the total power from high frequencies

(0.15-0.4 Hz) divided by total power from high and low frequencies (0.04-0.4 Hz). In

the third stage, interval specific measures are averaged across time to obtain time-

invariant measures for each subject. Finally, in the last stage, the association between

these temporally averaged measures and clinical and behavioral variables are assessed

using standard tools such as Pearson’s correlations and ANOVA (Malik et al., 1996;

Hall et al., 2004). There are several serious drawbacks to this ad hoc approach. First,

time series are segmented a priori into intervals without regard for the dynamics of

the series. Second, averaging spectral measures of a given subject over time intervals

inhibits the ability to assess dynamic relationships between spectral measures and

other study variables. Lastly, the final stage treats the estimated spectral measures

as known parameters, thus ignoring the variability accumulated through the multiple

stages of the estimation procedure and leading to inaccurate inference.

In the statistics literature, many models and methods for the spectral analysis of

nonstationary time series have been studied. These include methods with piecewise

stationary estimators (Adak , 1998; Ombao et al., 2005; Davis et al., 2006), methods

that smooth across time to obtain slowly varying estimators (Dahlhaus , 1997; Guo

et al., 2003; Qin and Wang , 2009), and methods that provide estimators that can

adapt to both abrupt and slowly varying temporal dynamics (Rosen et al., 2012; Yang

et al., 2016). These methods follow traditional time series analysis that focus on ana-
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lyzing a single time series, while methods for the analysis of a collection of time series

from multiple subjects whose spectra are associated with study covariates are few

and preliminary. In the stationary setting, parametric (Diggle and Al Wasel , 1997)

and semi-parametric approaches (Krafty et al., 2011) for the analysis of replicated

time series have been explored. In the nonstationary setting, Qin et al. (2009) intro-

duces a semi-parametric approach that nonparametrically smooths across time and

assumes a parametric linear relationship between log-spectra and covariates. Fiecas

and Ombao (2016) propose a nonparametric approach to estimating the time- and

covariate-varying spectrum that circumvents the parametric assumptions of Qin et al.

(2009) by smoothing across covariate. However, the approaches of both Qin et al.

(2009) and Fiecas and Ombao (2016) are formulated for spectra that evolve contin-

uously and smoothly as functions of both time and covariate. In many applications,

the spectral properties of a time series may also change suddenly. For instance, in

our motivating study, there might be smooth trends in HRV spectra throughout the

night, but abrupt changes are expected when the body transitions between different

sleep stages. To the best of our knowledge, there currently are no formal statistical

methods that allow for the analysis of associations between covariate and time-varying

power spectra that can capture both abrupt and slowly varying changes with respect

to time and covariate.

This article proposes a method for simultaneous and automatic estimation of

the association between the time-varying spectrum and covariate, which we refer to

as conditional adaptive Bayesian spectrum analysis, or CABS. A covariate-indexed

locally-stationary model is presented, in which, similar to Fiecas and Ombao (2016),

spectra are nonparametric functions of frequency, covariate, and time. Unlike Fiecas

and Ombao (2016), the proposed model allows for discontinuous changes in time and

covariate. The model is formulated in a Bayesian framework where the number and

location of time and covariate partition points are random variables and fit using
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reversible-jump Markov chain Monte Carlo (RJMCMC) techniques. CABS provides

a flexible and adaptive estimator of the time- and covariate-varying spectrum that

broadens the existing scope of processes and scientific questions that can be addressed

in three important ways. First, the approach uses the data to determine the appropri-

ate number and location of time and covariate partition points rather than requiring

a prespecified segmentation scheme for the locally-stationary model. Second, by aver-

aging over the posterior distribution of the number and locations of time and covariate

partition points, the estimator can recover both smooth and abrupt changes in the

spectrum across time and covariate. Finally, the sampling procedure naturally en-

ables inference on any function of the time and covariate-varying spectrum, including

collapsed measures through time, and the location and magnitude of abrupt changes,

both of which are of importance in applied analyses.

4.2 Methodology

In Chapter 3, relevant concepts are provided relating to spectral analysis of a sin-

gle time series. However, a large number of biomedical experiments collect time series

in conjunction with covariates from multiple subjects. We use L to denote the number

of subjects and let X`t and w` represent the time series and covariate from the `th

subject, respectively. In this setting, researchers are interested in understanding how

covariates may modulate spectral characteristics of the biomedical signal under study.

Therefore, a new modeling framework is required that allows spectral characteristics

to vary across both time and covariates. We now propose a method to analyze associ-

ations between covariates and time-varying spectra from replicated time series. First,

we provide a definition for the covariate-indexed time-dependent spectrum. Then, a

flexible and adaptive estimation procedure is constructed that captures both smooth

and abrupt changes in the spectrum across both time and covariate dimensions.
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4.2.1 Covariate-Indexed Time-Dependent Spectrum

To extend the locally stationary model for a single time series to the covariate

dependent setting, we utilize a Cramér representation in which the transfer function

depends not only on time and frequency, but also on covariate. Without loss of

generality, we assume covariate values have been scaled so that w ∈ [0, 1]. A collection

of covariate-indexed locally stationary time series X`t(t = 1, . . . , T, ` = 1, . . . , L) with

covariates w` are defined as

X`t =

∫ 1/2

−1/2
A(t/T, w`, ν) exp(2πitν)dZ`(ν)

where Z` are independent and identically distributed orthogonal processes andA(u,w, ν)

is a complex-valued function of scaled time u ∈ [0, 1], covariate w ∈ [0, 1], and fre-

quency ν ∈ R such that A(u,w, ν) = A(u,w, ν + 2π) and A(u,w, ν) = A(u,w,−ν).

The covariate-indexed time-dependent spectrum is then defined as

f(u,w, ν) = |A(u,w, ν)|2.

The focus of most applications is on how f depends on the covariate w. For example,

in our motivating study, the primary question of interest is on how time-varying

power spectra depend on sleep quality. We assume that A, and subsequently the

spectrum f , are continuous functions of frequency ν, but that they can have a finite

number of discontinuities as functions of scaled time u and of the covariate w. This

flexibility allows for modeling abrupt changes in time (such as when transitioning

between different sleep states) and covariate (such as changes experienced when a

covariate passes a clinically significant threshold).

20



4.2.2 Covariate-Indexed Piecewise Stationary Model

Similar to the locally stationary model discussed in Section 3.2, the covariate-

indexed locally stationary model can be approximated by piecewise stationary pro-

cesses. Whereas the time dimension was partitioned into approximately stationary

segments for the locally stationary model, the plane of time-covariate values is now

partitioned into stationary blocks. After re-scaling time and covariate values to be

between 0 and 1, a partition of the time and covariate space into m time-based

segments and p covariate-based segments is denoted by ξm = (ξ0,m, . . . , ξm,m)′ and

ψp = (ψ0,p, . . . , ψp,p)
′ where ξj,m is the unknown location of the end of the jth time

segment and ψg,p is the unknown location of the end of the gth covariate segment.

Conditional on m, p, ξm, and ψp,

X`t ≈
m∑
j=1

X
(j,g)
`t δj,g,m,p(t, w`)

where for j = 1, . . . ,m and g = 1, . . . , p, the processes X
(j,g)
`t are stationary with power

spectrum fj,g,m,p(ν), and δj,g,m,p(t, w`) = 1 if t ∈ (ξj−1,m, ξj,m] and w` ∈ (ψg−1,p, ψg,p]

and is zero otherwise. See Figure 4.1 for an illustration of a partition of the time and

covariate space.

Given a partition of the time and covariate space, (ξm, ψp), and letting Yj,`(ν) be

the local periodogram for the `th subject within time block j, the likelihood can be

approximated by a product of Whittle likelihoods

L(f1,1,m,p, . . . , fm,p,m,p|x, ξm,ψp) ≈
L∏
`=1

m∏
j=1

(2π)−nj/2
nj∏
k=1

× exp{−[log fj,g`,m,p(νkj) + Yj,`(νkj)/fj,g`,m,p(νkj)]}.
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Figure 4.1:
Illustration of a partition of the time (t) and covariate (w) space
into 3 time segments, (ξ1,3, ξ2,3, ξ3,3) and 4 covariate segments
(ψ1,4, ψ2,4, ψ3,4, ψ4,4), and the power spectra for all 12 segments making
up the partition.

4.2.3 Priors

For a given number of time segments m and covariate segments p the following

set of priors are used.

1. Priors on the log spectra log fj,g,m,p(ν), j = 1, . . . ,m, g = 1, . . . , p, are assumed

to be independent and are as specified in Section 3.1.

2. Prior on the time partition ξm is as specified in Section 3.2. A similar prior is

placed on the covariate partition ψp:

Pr(ψp|p) =

p−1∏
g=1

Pr(ψg,p|ψg−1,p, p) (4.2-1)

where Pr(ψg,p = w|p) = 1/pg,p and pg,p is the number of possible locations for

the endpoint of the gth segment and equals the number of unique covariate
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values greater than the endpoint for the (g − 1)th segment, ψg−1,p, less the

number of remaining segments, p− g.

The prior for the number of time segments m is as specified in Section 3.2, and

a similar discrete uniform prior is placed on the number of covariate segments p:

Pr(p = g) = 1/Mp for g = 1, . . . ,Mp for some maximum Mp to complete the prior

specification.

4.2.4 Sampling Scheme

Each MCMC iteration conducts two types of moves, within-model moves and

between-model moves, that may alter the time and covariate partitions separately

and in turn. A description of the sampling scheme is given here while technical

details are provided in Appendix B. We adopt the notation where superscripts c and

p denote current and proposed parameter values, respectively.

4.2.4.1 Within-Model Moves

Given the current partition of the time and covariate space, (ξmc , ψpc), a single

time partition point, ξk∗,mc , is proposed to be relocated. Across all covariate segments,

the corresponding basis function coefficients in the pair of adjacent time segments

impacted by the relocation of the time partition point, (βk∗,i,βk∗+1,i) for i = 1, . . . , pc,

are updated. These two steps are jointly accepted or rejected in an M-H step. The

smoothing parameters are then updated in a Gibbs step according to Equation (3.1-

10). Then, the same process is carried out to consider relocation of one of the covariate

partition points, ψj∗,pc . The impacted basis functions, (βi,j∗,βi,j∗+1) for i = 1, . . . ,mc,

are updated and accepted or rejected in a similar M-H step followed by a similar

update to the smoothing parameters.
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4.2.4.2 Between-Model Moves

The number of time segments is either proposed to increase by 1 (mp = mc + 1)

or decrease by 1 (mp = mc − 1).

• If a birth is proposed (mp = mc + 1), a time segment is selected for splitting

and an additional partition point is selected from within this segment. For each

of the covariate segments, two new smoothing parameters are created from

the current single parameter. Then, new sets of basis function coefficients are

drawn conditional on the new smoothing parameters and the move is accepted

or rejected in an M-H step.

• If a death is proposed (mp = mc − 1), a time partition point is selected for

removal. For each of the covariate segments, a single smoothing parameter is

formed from the two currently adjacent smoothing parameters. Similarly, new

sets of basis function coefficients are drawn conditional on the new smoothing

parameters and the move is accepted or rejected in an M-H step.

This process is then repeated similarly for the covariate partition resulting in a

potential birth (pp = pc + 1) or death (pp = pc − 1) in the number of covariate

segments.

4.3 Simulated Examples

To better illustrate the proposed methodology and the flexibility of our approach

to capture both smooth and abrupt changes, we present results from a simulated

piecewise AR process and a simulated slowly-varying AR process modulated by a co-

variate. The model is fit to each simulated data using 10,000 total iterations with the

first 2,000 used as a burn-in. The maximum number of time and covariate segments

is set to Mm = Mp = 10, tmin is set to 40, and the number of spline basis functions

is set to B = 7.
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Figure 4.2:
Two realizations of the covariate modulated piecewise AR process, where
w` ≤ 0.5 (left) and w` > 0.5 (right).

4.3.1 Piecewise AR Process

We consider a collection of L = 8 conditional piecewise AR processes of length

T = 1000 with covariates w` = (`− 1)/(L− 1) for ` = 1, . . . , L where

x`t =


−φ`x`t−1 + ε`t, for 1 ≤ t ≤ 500,

+φ`x`t−1 + ε`t, for 501 ≤ t ≤ 1000,

φ` =


0.5 for 0 ≤ w` ≤ 0.5

0.9 for 0.5 < w` ≤ 1,

and ε`t
iid∼ N(0, 1). The spectrum has a single abrupt change in time, a single abrupt

change in the covariate, and is stationary otherwise. Figure 4.2 presents two of the

simulated time series process, one for w` ≤ 0.5 and one for w` > 0.5

The posterior distribution of the number and locations of segments can be used

to evaluate the presence and location of abrupt changes. The posterior probability

for m = 2 time segments is estimated as 99.66% (see Figure 4.5), and the posterior

probability for p = 2 covariate segments is 99.96%. The posterior mean for the time

and covariate partition points are ξ̂1,2 = 501 and ψ̂1,2 = 0.4286. The covariate value
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(a) (b)

(c) (d)

Figure 4.3:
The first row contains the true time-varying spectra for the covariate
modulated piecewise AR process, where w` ≤ 0.5 (a) and w` > 0.5 (b).
Plots (c) and (d) contain the corresponding estimated time-varying spec-
tra conditional on two covariate segments.

of 0.4286 represents the largest realized value less than the true partition point of 0.5.

The covariate-indexed time-varying spectrum is a 3-dimensional hypersurface,

which presents challenges for visualization. However, when an analysis of the parti-

tion points indicates that the process is stationary within distinct covariate segments,

the spectrum can be plotted as time-frequency surfaces for each covariate segment.

Figure 4.3 displays the true and estimated time-varying log spectrum conditional on

two covariate segments. Both the partition parameter estimates and the log spectra

estimates shown here closely approximate the true parameter values and log spectra

for this piecewise AR process.
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Figure 4.4:
Two realizations of the covariate-modulated slowly-varying AR process,
where w` ≤ 0.5 (left) and w` > 0.5 (right).

4.3.2 Slowly Varying AR Process

In this section, we consider a collection of L = 8 slowly-varying AR processes of

length T = 1000 that are modulated by covariates w` = (`−1)/(L−1) for ` = 1, . . . , L

where

x`t = φ`tx`t−1 + ε`t,

φ`t =


−0.5 + t/1000 for 0 ≤ w` ≤ 0.5

−0.9 + 9t/5000 for 0.5 < w` ≤ 1,

and ε`t
iid∼ N(0, 1). In this example, for a given covariate value, spectra change

smoothly over time. See Figure 4.4 for realizations of this process for w` ≤ 0.5

and for w` > 0.5.

Figure 4.5 contains the posterior distribution for the number of time segments for

the slowly-varying AR process. Note that more time segments are proposed compared

to the piecewise AR process as we are using a piecewise model approximation to the

slowly varying process. Additionally, Figure 4.6 shows how the distribution of time

partition points changes from one iteration to the next for iterations with five and six
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Figure 4.5:
Posterior probabilities for the number of time segments for the piecewise
AR process (left) and the slowly-varying AR process (right).

Figure 4.6:
Time-varying distribution of time partition points for iterations with five
(left) and six (right) time segments.

time segments. Our proposed approach can recover slowly varying processes because

the spectral estimator averages over the possible locations of the time partition points

reflected in the posterior distribution (see Figure 4.6). By contrast, the distribution of

the time partition point for the piecewise AR process is tightly packed around the true

partition point, so we are averaging across a much smaller range of possible partition

points. The model again estimates two covariate segments with a covariate partition

point at the largest realized value less than 0.5, and Figure 4.7 displays the true and

estimated time-varying log spectra conditional on the two covariate segments.
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(a) (b)

(c) (d)

Figure 4.7:
The first row contains the true time-varying spectra for the covariate-
modulated slowly-varying AR process, where (a) w ≤ −0.5 and (b) w >
0.5. Plots (c) and (d) contain the corresponding estimated time-varying
spectra conditional on two covariate segments.

4.4 Application to AgeWise Caregiver Study

We now present analytical results of applying the proposed method to the moti-

vating study described in Chapter 2, which consists of HRV data for the 5 minutes

before and 5 minutes after entering the first period of REM sleep and associated PSQI

scores from L = 30 study participants.
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4.4.1 Time-Varying Spectra

The proposed procedure identified one clear temporal partition with the proba-

bility of m = 2 estimated as 99.99%. The one partition point occurs 2.3 minutes

before the onset of REM with a probability of 99.80%. In our study, sleep stag-

ing was determined by trained technicians who inspected the electroencephalogram

(EEG) following established guidelines (Iber et al., 2007). Consequently, our results

indicate that changes in autonomic nervous system activity, as measured by HRV,

precede neurological changes, as measured by EEG. This finding is not completely un-

expected, as preliminary results have been reported in which modifications in cardiac

vagal activity precede changes in EEG power spectrum (Jurysta et al., 2003).

With regards to PSQI, the procedure separated the data into 4 segments: PSQI

from 1–3, 4–6, 7–10 and 11–13. Recalling that PSQI greater than 6 is typically

indicative of clinically disturbed sleep, we refer to these groups as excellent, good,

fair and poor sleep quality, respectively. Figure 4.8 presents the estimated time-

varying log spectra for subjects in the two extreme groups: excellent and poor sleep

quality. There are two noticeable differences between these two time-varying spectra.

First, power in low frequencies (LF) from 0.04-0.15 Hz increases between NREM and

REM for participants with excellent sleep quality, but decreases for poor sleep quality.

Second, the change in power from NREM to REM for high frequencies (HF) between

0.15-0.40 Hz is less drastic for participants with poor sleep quality than it is for those

with excellent sleep quality.

Relative power within these HF and LF bands is used by researchers as measures

of autonomic nervous system activity, which is believed to play an important role in

the rejuvenating properties of sleep (Vanoli et al., 1995). Consequently, differences

in the dynamics of HF and LF power between people with excellent and poor sleep

quality may explain how poor sleep is associated with ill-health. A favorable property

of the proposed method is that the RJMCMC provides a means to estimate and
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Figure 4.8:
Estimated time-varying log spectra for the 5 minutes before and 5 minutes
after the first period of rapid eye movement sleep for PSQI scores 1-3 and
11-13 respectively.

conduct inference on any function of the covariate-indexed time-varying spectrum. In

the following subsection, we use this ability to conduct inference on the association

between PSQI and these collapsed measures.

4.4.2 Collapsed Measures

The parasympathetic branch of the autonomic nervous system is responsible for

bodily activities that occur while at rest and its modulation is inversely related to

stress and arousal. The amount of HF power relative to the amount of combined power

from HF and LF bands, which is referred to as normalized-HF (HFnu), provides a

measure of parasympathetic modulation (Malik et al., 1996). From the covariate-

indexed time-varying spectrum, we can define HFnu as a function of PSQI and time

HFnu(u,w) =

[∫ 0.40

0.15

f(u,w, ν)dν

]/[∫ 0.40

0.04

f(u,w, ν)dν

]
.

Figure 4.9 displays estimated HFnu, from which it can be seen that there is a decrease

in HFnu from NREM to REM in those with good to fair sleep quality, but an increase

for those with poor sleep quality.

To explore this dynamic relationship closer and to conduct inference, in Figure
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Figure 4.9:
HFnu through time as subjects move from NREM to REM as well as
across PSQI scores.

4.10 we display estimated HFnu individually for those with good sleep quality (PSQI

1–3) and for those with poor sleep quality (PSQI 11–13) as a function of time along

with 95% point-wise credible intervals. These plots show that HFnu is significantly

higher across the entire period of observation for those with good sleep quality as com-

pared to those with poor. This finding indicates that people with poor sleep quality

do not exhibit the expected fluctuations in autonomic nervous system arousal that are

seen during sleep in individuals with good sleep quality. The plot also shows that the

decrease in HFnu from NREM to REM in participants with good sleep quality and

the increase in those with poor sleep quality are statistically significant. In healthy

individuals, one expects parasympathetic activity to decrease during REM, in which

dreaming, eye movement and body movement commonly occur [Vanoli et al. (1995)].

Our results suggest that not only do individuals with poor sleep quality exhibit in-

creased autonomic nervous system arousal during sleep, but the dynamics of their

parasympathetic activity across sleep periods differs from good sleepers, representing

two potential pathways through which poor sleep quality may be linked to ill-health

and functioning.
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Figure 4.10:
95% credible intervals for normalized high frequency (HFnu) for PSQI
scores 1-3 and 11-13 respectively.

4.5 Concluding Remarks

This proposal offers a method for simultaneous and automatic analysis of the

association between the time-varying spectrum and study covariates. A locally sta-

tionary model indexed by time and covariate is formulated with smooth estimation

of the local spectra. The MCMC estimation procedure allows the time and covariate

indices to vary from one iteration to the next for adaptive estimation of the time and

covariate-varying spectrum. The Bayesian formulation and estimation procedure also

allow for the estimation of abrupt or smooth changes in the spectrum by averaging

over MCMC iterations as shown in the simulation setting. This approach is motivated

by and used to analyze the association between the time-varying spectrum of heart

rate variability and self-reported sleep quality in older adults who are the primary

caregiver for their ill spouse. The analysis provides insight on the dynamic relation-

ship between autonomic arousal, a physiological marker of stress, and sleep, which

can guide the design of behavioral interventions to enhance the lives of caregivers.

Here we propose one of the first approaches to analyzing power spectrum of repli-

cated nonstationary time series indexed by a set of covariates and is not meant to be

plenary. The power spectra of replications with similar covariate values may exhibit
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variability (Krafty et al., 2011; Krafty , 2016) so a topic of future research would be

to incorporate within-group spectral variability into the modeling framework. Fur-

ther, this approach allows for analysis of replicated, univariate time series. In many

applications, interest lies in how covariates are associated with power spectrum of mul-

tivariate time series. For instance, spectral analysis of HRV and EEG show how the

dynamic coupling of the heart and brain are connected to clinical outcomes (Rothen-

berger et al., 2015). An extension to the multivariate setting is also a topic of future

research.

With these goals in mind, we seek to establish a functional principal component

analysis (FPCA) method for assessing the modes of variability in the time-varying

spectrum that is localized in both time and frequency. Localization allows us to iden-

tify orthogonal basis functions with localized support regions in time and frequency

that explain most of the variance, which can improve interpretability compared to rep-

resentations without localization (Chen and Lei , 2015). Additionally, new methods

can be developed to estimate the association between these measures and covariates,

which has a wide range of applications in biomedical studies.
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CHAPTER 5

EMPIRICAL BAND ANALYSIS

5.1 Introduction

The frequency-domain properties of many biomedical time series signals have been

found to contain valuable information and are often characterized through the power

spectrum. While the power spectrum is defined over a continuous range of frequencies,

time series data contain only a finite number of observations, and as a result, power

at frequencies in close proximity to each other are not always distinguishable. Prac-

titioners overcome this technical difficulty by partitioning the frequency space into

frequency bands and creating collapsed measures of power within bands. Some ex-

amples of biomedical signals where frequency bands have been developed and found

to contain interpretable physiological information are heart rate variability (HRV)

(Hall et al., 2004), electroencephalography (EEG) (Klimesch, 1999), gait variability

(Moore et al., 2008), and center-of-pressure trajectory (Cabeza-Ruiz et al., 2011).

In the scientific literature, standard frequency bands used for analysis have largely

been developed through manual inspection of time series data. This is accomplished

by noting prominent oscillatory patterns in the data and forming frequency bands

that largely account for these dominant waveforms. For example, frequency-domain

analysis of HRV data began in the late 1960s (Billman, 2011) and led to the develop-

ment of three primary frequency bands used to summarize power spectra: very low

frequency (VLF) (≤ 0.04 Hz), low frequency (LF) (0.04-0.15 Hz), and high frequency

(HF) (0.15-0.4 Hz) (Malik et al., 1996). Within these frequency bands, collapsed mea-

sures of power are used to summarize the frequency-domain properties of the data
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and provide a basis for comparison across studies. However, fixed bands that are not

allowed to vary across subjects, covariates, experimental variables, or other settings

may not adequately summarize the power spectrum under all settings. For example,

Klimesch et al. (1998) shows that in the study of EEG signals, different frequency

bands within the fixed alpha band (8-13 Hz) reflect quite different cognitive processes.

This indicates that the number of frequency bands needed to adequately summarize

the power spectrum may be influenced by experimental factors. Doppelmayr et al.

(1998) also notes that the endpoints for the alpha frequency band may vary from sub-

ject to subject and proposes a data-adaptive definition for the alpha frequency band

that allows for variation across subjects. Both of these examples illustrate the need

for a standardized, quantitative approach to frequency band estimation that provides

a data-driven determination of the number of frequency bands and their respective

endpoints.

In the applied harmonic analysis and signal processing literature, time-frequency

analysis of time-dependent signals has been a major focus over the last 50 years. Flan-

drin (1998) provides an introduction to many of the algorithms and corresponding

theories developed and applied in this space, including the short-time Fourier trans-

form, continuous wavelet transform, and Wigner-Ville distribution. These methods

allow practitioners to estimate the time-varying behavior of oscillatory components of

time series data, which can be used to understand prominent frequency components

of a signal at any given point in time. More specialized methods have also been de-

veloped to estimate the time-varying amplitudes and frequencies of the ‘elementary’

oscillations of a signal (Huang et al., 1998; Wu and Huang , 2009; Daubechies et al.,

2016). While these methods provide a quantitative approaches to time-frequency

analysis, only a few of the proposals in this space address the need for quantita-

tive frequency band estimation. Tiganj et al. (2012) develops an online algorithm

for estimating a single prominent time-varying frequency band, but the simple lo-
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cal band-limited model is not appropriate for signals possibly comprised of multiple

band-limited signals. More recently, Cohen et al. (2016) provides an algorithm for

multiple frequency band estimation assuming the signal is composed of multiple, un-

correlated, cyclostationary bandpass processes. Cyclostationary processes are such

that their mean and covariance functions are periodic with respect to time (Gardner

et al., 2006) and arise in a wide array of applications (e.g. telemetry, radar, sonar,

radio astronomy, etc.). However, cyclostationarity may not be a reasonable assump-

tion in the study of biomedical signals where aperiodic nonstationary patterns may

also exist.

Time-frequency analysis has also been studied in the statistical literature in the

context of evolutionary power spectra Priestley (1965) and locally stationary pro-

cesses Dahlhaus (1997). However, many of the proposals in the statistical literature

have largely been focused on temporal localization rather than frequency localization.

For example, temporal change point detection in the power spectrum for nonsta-

tionary time series has been widely studied (Adak , 1998; Ombao et al., 2005; Davis

et al., 2006; Kirch et al., 2015). Recent proposals seek to identify temporal changes

as well as the specific spectral characteristics responsible for those changes, such

as the auto-spectra and cross-spectra (Preuss et al., 2015) and frequency bands of

auto-spectra and cross-coherences (Schröder and Ombao, 2016). For example, the

FreSpeD algorithm of Schröder and Ombao (2016) detects temporal change points

and allows for identified change points to be directly attributed to behavior within

or between specific frequency bands. This is tremendously useful to practitioners

studying biomedical signals who want to determine which frequency band (or bands)

are responsible for specific temporal changes in the power spectrum. However, in

this method frequency bands are determined by the user’s desired frequency resolu-

tion, resulting in many equally sized and spaced frequency bands. It is possible that

a more parsimonious segmentation of the frequency space may exist and provide a
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more appropriate summarization of the power spectrum.

In this article, we introduce a quantitative framework for estimating both the

number of frequency bands and their endpoints that best preserves the nonstationary

dynamics of the underlying power spectrum. Assuming the time series is piecewise sta-

tionary, the method first estimates local power spectra using the multitaper method

introduced by Thomson (1982) and further detailed in Percival and Walden (1993).

We then introduce a frequency-domain, cumulative sum (CUSUM) test statistic that

can be used to detect changes in nonstationary behavior across frequencies. An iter-

ative algorithm is then provided, which uses this test statistic to optimally partition

the frequency space into bands containing similar nonstationary dynamics. This al-

gorithm is shown to provide consistent estimation of both the number of bands and

their respective endpoints. Finally, another test statistic is offered to determine which

frequency bands, if any, remain “stationary” in the sense that the power spectrum

is constant through time. We refer to the methodology presented in this article as

empirical band analysis (EBA) since it offers a data-driven approach to frequency

band estimation, with strong theoretical justification, that provides a parsimonious

representation of the time-varying frequency-domain characteristics of the underlying

time series.

5.2 Methodology

5.2.1 Frequency-banded Power Spectrum

In order to characterize the nonstationary dynamics of the time-varying power

spectrum, we introduce the demeaned time-varying power spectrum,

g(u, ω) = f(u, ω)−
∫ 1

0

f(u, ω)du, (5.2-1)
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which represents the nonstationary behavior of the power spectrum beyond a simple

level shift. We will assume g(u, ω) admits a partition of the frequency space such

that

g(u, ω) =



g1(u) for ω ∈ (0, ω1)

g2(u) for ω ∈ [ω1, ω2)

...

gp(u) for ω ∈ [ωp−1, 0.5).

(5.2-2)

This structure implies the existence of frequency bands where the nonstationary dy-

namics of the underlying power spectrum among frequency components within each

band are the same, aside from a level shift. In this case, a parsimonious segmen-

tation of the frequency space exists, and the goal of our analysis is to estimate the

number of frequency bands, p, and the associated partition of the frequency space,

ωp = [ω1, ω2, . . . , ωp−1]
′.

5.2.2 Frequency-domain CUSUM Test Statistic

A natural way to identify potential partition points in the frequency space that

separate frequency bands containing different nonstationary dynamics is to take the

sum of squared differences between spectral estimators from neighboring frequencies,

or frequency bands. We introduce two such CUSUM statistics that can be used to

search the frequency space in either direction for potential partition points.

For each time segment, b = 1, . . . , B, let NB = bTB/2c − 1 and ωk = k/TB for

k = 1, . . . , NB be the Fourier frequencies. Define the forward and backward test

statistics

Q+(ω0, δ) =
B∑
b=1

[
ĝ(b/B, ω0 + δ)− ḡ[ω0,ω0+δ)(b/B, ·)

]2
(5.2-3)

Q−(ω0, δ) =
B∑
b=1

[
ĝ(b/B, ω0 − δ)− ḡ(ω0−δ,ω0](b/B, ·)

]2
(5.2-4)
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for ω0±δ ∈ (ω1, . . . , ωNB) and δ > 0 where ĝ(b/B, ω) = f̂ (mt)(b/B, ω)−B−1
∑B

b=1 f̂
(mt)(b/B, ω)

is the estimator of the demeaned time-varying power spectrum and ḡ[ω0,ω0+δ)(b/B, ·)

is the average of the demeaned time-varying power spectrum estimates for ω ∈

[ω0, ω0 + δ). In practice, you can consider fixing ω0 and varying δ in order to detect

changes in the frequency space. We expect Q+(ω0, δ) and Q−(ω0, δ) to be “large”

when a partition point of the frequency space exists at ω0 + δ or ω0 − δ respectively.

To illustrate this point, we consider the behavior of the test statistics in the special

case where only one partition point exists.

Theorem 5.1 (Stochastic boundedness). Let the demeaned time-varying power spec-

trum for piecewise stationary time series, Xt, t=1,. . . ,T, consist of two frequency

bands such that

g(u, ω) =


g1(u) for ω ∈ [0, ω∗)

g2(u) for ω ∈ [ω∗, 0.5]

for u ∈ [0, 1]. Also let TB−1K−1 → ∞, B → ∞, and K → ∞, where B is the

number of stationary segments, and K is the number of tapers used to estimate the

power spectrum. Then we have

Q+(ω0, δ) =


Op(K

−1/2) for ω0 < ω0 + δ < ω∗

B
(
ω∗−ω0

δ

)2 ∫
[g2(u)− g1(u)]2 du+Op(K

−1/2) for ω0 < ω∗ ≤ ω0 + δ,

and

Q−(ω0, δ) =


Op(K

−1/2) for ω∗ < ω0 − δ < ω0

B
(
ω0−ω∗
δ

)2 ∫
[g2(u)− g1(u)]2 du+Op(K

−1/2) for ω0 − δ ≤ ω∗ < ω0.

Note that the deterministic components of Q+(ω0, δ) and Q−(ω0, δ) are maximized

when ω0 + δ = ω∗ and ω0 − δ = ω∗ respectively given that ω0 is set to be sufficiently

small or large respectively (see Figure 5.1). Considering this asymptotic behavior
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leads to the following potential estimators for the frequency partition point: ω̂∗ =

ω0 + arg max
δ

Q+(ω0, δ), and ω̂∗ = ω0 − arg max
δ

Q−(ω0, δ) for ω0 set appropriately.
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Figure 5.1:
Deterministic component of Q+(0, δ) and Q−(0.5, δ) for ω∗ = 0.2, B = 100
and

∫
[g2(u)− g1(u)]2 du = 1.

Furthermore, we can construct a significance test under the null hypothesis that

only one frequency band exists (i.e. no frequency partition points exist) in order to

determine the significance of an estimated frequency partition point, ω̂∗ based on the

forward and backward test statistics.

Theorem 5.2 (Null distribution). Let H0 : g(u, ω) = g0(u) for ω ∈ [ω0, ω0 + δ] be

true and again let TB−1K−1 →∞, B →∞, and K →∞. Then we have

Q+(ω0, δ) = Z+
ω0,δ,B

[1 + op(1)] and Q−(ω0, δ) = Z−ω0,δ,B
[1 + op(1)]

uniformly in ω0 and δ where Z+
ω0,δ,B

∼
∑B

b=1 σ
2+
ω0,δ,b

χ2
1,b and Z−ω0,δ,B

∼
∑B

b=1 σ
2−
ω0,δ,b

χ2
1,b,

χ2
1,b b = 1, . . . , B are i.i.d. χ2

1 random variables, and σ2+
ω0,δ,b

and σ2−
ω0,δ,b

are the variances

of ĝ(b/B, ω0 +δ)− ḡ[ω0,ω0+δ)(b/B, ·) and ĝ(b/B, ω0−δ)− ḡ(ω0−δ,ω0](b/B, ·) respectively.

Theorem 5.2 shows that the forward and backward test statistics are distributed as
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the sum of scaled χ2
1 random variables when only one frequency band exists. We then

can approximate the coefficients, σ2+
ω0,δ,b

and σ2−
ω0,δ,b

, and then approximate the CDF of

the distribution using the Satterhwaite-Welch method (Welch, 1938; Satterthwaite,

1946) to obtain p-values for given test statistic values (see Appendix E for details). We

can also determine the distribution of the forward and backward test statistics under

the specific alternative that two frequency bands exist, and the starting frequency,

ω0, and ending frequency, ω0 + δ or ω0− δ respectively, are not in the same frequency

band (see Theorem 5.3).

Theorem 5.3 (Alternative distribution, two bands). Let the demeaned time-varying

power spectrum consist of two frequency bands, and let TB−1K−1 → ∞, B → ∞,

and K →∞ as in Theorem 5.1. Then we have

Q+(ω0, δ) = Z+
ω0,δ,B

[1 + op(1)] for ω0 < ω∗ ≤ ω0 + δ,

and

Q−(ω0, δ) = Z−ω0,δ,B
[1 + op(1)] for ω0 − δ ≤ ω∗ < ω0,

uniformly in ω0 and δ where Z+
ω0,δ,B

∼
∑B

b=1 σ
2+
ω0,δ,b

χ2
1,b and Z−ω0,δ,B

∼
∑B

b=1 σ
2−
ω0,δ,b

χ2
1,b,

χ2
1,b, b = 1, . . . , B, are i.i.d. noncentral χ2

1 random variables with noncentrality pa-

rameters

λ+ω∗,ω0,δ,b
=

(
1

σ2+
ω0,δ,b

)(
ω∗ − ω0

δ

)2

[g2(b/B)− g1(b/B)]2

and

λ−ω∗,ω0,δ,b
=

(
1

σ2−
ω0,δ,b

)(
ω0 − ω∗

δ

)2

[g2(b/B)− g1(b/B)]2 ,

and σ2+
ω0,δ,b

and σ2−
ω0,δ,b

are the variances of ĝ(b/B, ω0 + δ) − ḡ[ω0,ω0+δ)(b/B, ·) and

ĝ(b/B, ω0 − δ)− ḡ(ω0−δ,ω0](b/B, ·) respectively.

Note here that the only difference in the distribution of the test statistics for the

one frequency band and two frequency band settings is in the noncentrality parameter,
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λ, for the χ2 random variables associated with each stationary segment. When only a

single frequency band exists, λ = 0 resulting in a ‘central’ χ2 distribution. However,

when two frequency bands are present, the noncentrality parameters increase in pro-

portion to the squared difference in the demeaned time-varying power spectrum be-

tween the two bands and the inverse of the variance of ĝ(b/B, ω0+δ)−ḡ[ω0,ω0+δ)(b/B, ·)

and ĝ(b/B, ω0 − δ)− ḡ(ω0−δ,ω0](b/B, ·) respectively.

Since the multitaper power spectrum estimator introduced in Chapter 3 is both

consistent and asymptotically independent across frequencies (Percival and Walden,

1993), it can be shown that the demeaned time-varying power spectrum estimator

also carries these qualities (see Appendix D) and accordingly the variances, σ2+
ω0,δ,b

and

σ2−
ω0,δ,b

, tend to zero. This means that the noncentrality parameters tend to infinity,

resulting in divergence between the null and alternative distributions described above

and an asymptotic power of 1 (see Corollary 5.4). Proof is available in Appendix D.

Corollary 5.4 (Power). Under the settings described in Theorem 5.3, Q+(ω0, δ) and

Q+(ω0, δ) converge in probability to infinity, i.e. for all q > 0, P (Q+(ω0, δ) > q)→ 1

and P (Q−(ω0, δ) > q)→ 1.

5.2.3 Iterative EBA Algorithm

The forward and backward test statistics and corresponding significance tests

introduced in Section 5.2.2 are shown to provide consistent estimation of a single

frequency partition point over a particular range of frequencies. We extend this

framework to detect multiple frequency partition points by introducing an iterative

search algorithm which uses the forward and backward test statistics to efficiently

explore the frequency space and identify all frequency partition points.

The search algorithm begins by searching across all frequencies for possible parti-

tion points, first using the forward test statistic, then using the backward test statistic

as in Section 5.2.2. Any partition points are tested for significance against the null
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distribution defined in Theorem 5.2 and are added to the set of frequency parti-

tion points if the corresponding p-value is sufficiently small. This results in up to

two partition points being added to the set of partition points, if both the forward

and backward test statistics identify significant partition points. The algorithm then

proceeds by repeating this forward and backward search over each segment of the fre-

quency partition and adding significant partition points accordingly. The algorithm

stops when the forward and backward sweeps have been conducted on every segment

of the existing partition and none of the estimated partition points are found to be

significant. Algorithm 1 provides pseudo code for implementing the iterative search

procedure, which can estimate both the number of frequency bands and the partition

points defining the frequency bands.

By iteratively partitioning the frequency space and searching over each segment of

the partition using the forward and backward test statistics, we can achieve consistent

estimation of both the number of partition points, p, and the partition points defining

the frequency bands, ωp. A step-by-step illustration of the search algorithm using a

simulated example dataset is also available in Appendix F to further demonstrate the

operating characteristics of the algorithm.

5.2.4 Test For Local Stationarity

Using the iterative EBA search algorithm, we are able to identify the frequency

bands that best preserve the nonstationary dynamics of the time series. In other

words, among all frequencies within a given frequency band, the power spectrum is a

constant function across frequencies. It is natural to then ask the question which, if

any, of the frequency bands are such that the power spectrum is a constant function

of both frequency and time. Here, we introduce another test statistic to address this

question. More specifically, for a given frequency band, [ω0, ω0 + δ), we want to test

the hypothesis H0 : f(u, ω) = f0(u) = f0 for ω ∈ [ω0, ω0 + δ) and u ∈ [0, 1]. Note that
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Algorithm 1: EBAsearch

Data: Demeaned time-varying power spectrum estimates, ĝ(b/B, ωk), for
b = 1, . . . , B and ωk = k/TB for k = 1, . . . , NB = bTB/2c − 1, and
significance level for hypothesis testing, α.

Result: Estimated number of partition points, p̂, and estimated partition
points, ω̂p = [ω̂1, ω̂2, . . . , ω̂p̂−1]

′.
p̂← 1
ω̂ ← [ω1, ωNB ]′

i← 1
while i ≤ p̂ do

p0 ← p̂

### forward search

ω̂∗ ← ω̂i + arg max
δ

Q+(ω̂i, δ) for {δ : ω̂i + δ ≤ ω̂i+1}

Q∗ ← Q+(ω̂i, ω̂
∗ − ω̂i)

approximate p-value, P (Q+
H0
> Q∗), following Appendix E

if P (Q+
H0
> Q∗) ≤ α then

add ω̂∗ to ω̂ such that the partition points are ordered from smallest to
largest
p̂← p̂+ 1

end

### backward search

ω̂∗ ← ω̂i+1 − arg max
δ

Q−(ω̂i+1, δ) for {δ : ω̂i+1 − δ ≥ ω̂i}

Q∗ ← Q−(ω̂i+1, ω̂i+1 − ω̂∗)
approximate p-value, P (Q−H0

> Q∗), following Appendix E

if P (Q−H0
> Q∗) ≤ α then

add ω̂∗ to ω̂ such that the partition points are ordered from smallest to
largest
p̂← p̂+ 1

end

if p̂ = p0 then
i← i+ 1

end

end
return p̂ and ω̂p = ω̂ \ [ω1, ωNB ]′
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this hypothesis can be characterized in terms of the demeaned time-varying power

spectrum as H0 : g(u, ω) = g0(u) = 0 for ω ∈ [ω0, ω0 + δ) and u ∈ [0, 1]. Assuming

this to be true, a natural test statistic is the sum of squared values of ḡ[ω0,ω0+δ)(b/B, ·)

across time,

QS(ω, δ) =
B∑
b=1

ḡ2[ω0,ω0+δ)
(b/B, ·). (5.2-5)

When the power spectrum for a given frequency band does not vary through time,

then ĝ(u, ω) should be close to zero and thus QS(ω, δ) should take on “small” values.

Theorem 5.5 provides the distribution of this test statistic when the power spectrum

is constant through time for a given frequency band.

Theorem 5.5 (Stationary null distribution). Let H0 : g(u, ω) = g0(u) = 0 for ω ∈

[ω0, ω0 + δ) be true and again let TB−1K−1 → ∞, B → ∞, and K → ∞. Then we

have

QS(ω0, δ) = ZS
ω0,δ,B

[1 + op(1)]

uniformly in ω0 and δ where ZS
ω0,δ,B

∼
∑B

b=1 σ
2S
ω0,δ,b

χ2
1,b, χ

2
1,b b = 1, . . . , B are i.i.d. χ2

1

random variables, and σ2S
ω0,δ,b

are positive coefficients depending on ω0, δ and b.

We can approximate the coefficients, σ2S
ω0,δ,b

, and then obtain approximate p-values

in the same manner as for the forward and backward test statistics (see Appendix E

for details).

5.3 Simulations

In order to evaluate the performance of the EBA search algorithm in finite samples,

we consider two simulation settings,

f1(u, ω) = 1 for ω ∈ (0, 0.5), (5.3-6)
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and

f2(u, ω) =


5− 4u for ω ∈ (0, 0.15)

1 for ω ∈ [0.15, 0.35)

1 + 4u for ω ∈ [0.35, 0.5),

(5.3-7)

for u ∈ [0, 1]. For the first setting, we want to demonstrate that the EBA search algo-

rithm doesn’t produce an unreasonable number of false positives when no frequency

partition points exist. For the second setting, we also want to demonstrate accurate

estimation of the number of frequency bands and the corresponding frequency parti-

tion. The multitaper spectrum estimates for individual realizations of these processes

are available for illustration in Figure 5.2.
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Figure 5.2:
Log multitaper estimates of the time-varying power spectrum for single
realizations of f1(u, ω) (a) and f2(u, ω) (b).

In order to evaluate accuracy in estimating the number of frequency bands, we

directly compare the distribution of the estimated number of frequency bands, p̂, for

many replications to the true values, p1 = 1 and p3 = 3. We will use the Rand index

(Rand , 1971) to summarize the similarity between the estimated frequency partition,

ω̂, and the true partitions, ω1 = []′ and ω2 = [0.15, 0.35]′. Let a be the number of pairs
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of Fourier frequencies in the same frequency band in ω̂ and the same frequency band

in ω and b be the number of pairs of Fourier frequencies in different frequency bands in

ω̂ and different frequency bands in ω, then the Rand index, R(ω̂,ω) = (a+ b)/
(
NB
2

)
,

where NB = bTB/2c − 1 is the number of Fourier frequencies. The Rand index can

take on values from 0 to 1 with values close to 1 indicating good estimation of the

true frequency partition. We consider performance under different combinations of

settings for the total length of the time series, T , the number of blocks assumed to

be stationary, B, and the number of tapers used to estimate the power spectrum, K

(see Table 5.1).

Settings f1(u, ω) f2(u, ω)
T TB−1 K p̂1 R(ω̂1,ω1) p̂2 R(ω̂2,ω2)

50000
3 1(0) 1(0) 1(0) 0.336(0.000)

500 9 1(0) 1(0) 3(0) 0.792(0.152)
19 1(0) 1(0) 3(0) 0.841(0.064)

100000

3 1(0) 1(0) 1(0) 0.336(0.000)
500 9 1(0) 1(0) 3(0) 0.849(0.086)

19 1(0) 1(0) 3(1) 0.850(0.043)
3 1(0) 1(0) 1(0) 0.338(0.000)

1000 9 1(0) 1(0) 3(0) 0.847(0.106)
19 1(0) 1(0) 3(0) 0.872(0.075)

500000

3 1(0) 1(0) 2(0) 0.683(0.073)
500 9 1(0) 1(0) 3(0) 0.900(0.036)

19 1(0) 1(0) 3(0) 0.866(0.011)
3 1(0) 1(0) 1(1) 0.338(0.368)

1000 9 1(0) 1(0) 3(0) 0.913(0.060)
19 1(0) 1(0) 3(0) 0.913(0.027)
3 1(0) 1(0) 1(0) 0.340 (0.000)

5000 9 1(0) 1(0) 3(0) 0.892(0.091)
19 1(0) 1(0) 3(0) 0.916(0.056)

Table 5.1:
Median(IQR) for the estimated number of frequency bands, p̂, and Rand
index values for R = 100 replications.

It is important to note that a Bonferroni correction is used in identifying signif-

icant partition points such that α = 0.05/NB since all the Fourier frequencies are

effectively being tested simultaneously. This correction encourages more parsimo-
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nious estimation of the frequency bands and controls the family-wise error rate at

level α. For the first simulation setting, Table 5.1 indicates the majority of replica-

tions across all settings correctly estimate only one frequency band. For the second

setting, the performance generally improves as TB−1 and K increase so long as K

is set appropriately to maintain a reasonable bandwidth (see Equation 3.1-14). The

improvement in performance can be seen in both the estimated number of partition

points and the estimated partition through the distribution of Rand index values.

5.4 Analysis of Heart Rate Variability

Heart rate variability (HRV) is a measure of the elapsed time between consecu-

tive heart beats and its power spectrum provides objective measures of stress and

arousal (Hall et al., 2004). Researchers study changes in the power spectrum of HRV

during sleep to better understand physiological changes in the body throughout the

night. During sleep, the body cycles through two types of sleep: non-rapid eye move-

ment (NREM) sleep, which contains deep sleep, and rapid eye movement (REM)

sleep, in which dreaming typically occurs. In healthy individuals, the spectrum of

HRV is expected to change as a person cycles between NREM and REM as they are

characterized by different levels of stress and arousal.

In order to estimate the time-varying power spectrum of HRV, Malik et al. (1996)

suggests dividing the full night HRV data into 2-5 minute segments and estimating the

power spectrum separately within each of these segments. The standard frequency

bands used in the scientific literature to summarize the power spectrum of HRV are

very low frequency (VLF) (≤ 0.04 Hz), low frequency (LF) (0.04-0.15 Hz), and high

frequency (HF) (0.15-0.4 Hz). For our analysis, we have obtained full night HRV

data sampled at 1Hz for a selected individual from a sleep study conducted at the

University of Pittsburgh of older adults who were the primary caregiver for their

ill spouse. Figure 5.3a displays the multitaper power spectrum estimates for the
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full night HRV data for the chosen individual using 5 minute intervals along with the

traditional frequency bands. While the traditional frequency bands roughly categorize

frequencies with different time-varying characteristics, it appears that the number of

bands and their associated endpoints may not be very appropriate for summarizing

the time-varying dynamics of the power spectrum of this particular data set. For

example, the majority of power within the HF band appears to be concentrated

within a much narrower band of frequencies. Additionally, the frequency components

within the LF band don’t appear to exhibit the same time-varying characteristics for

all frequencies. Perhaps the LF band could be further partitioned into more frequency

bands to provide more homogeneous frequency groupings.
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Figure 5.3:
Multitaper power spectrum estimates (5 minute intervals) with traditional
frequency bands (a) and estimated frequency bands using the iterative
EBA search algorithm (b).

In order to see if a partition of the frequency space exists that can better preserve

the nonstationary dynamics of the time series, we apply the iterative EBA search

algorithm (see Figure 5.3b). Note that 8 frequency bands are estimated using the
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EBA algorithm, which supports the notion that more frequency bands are needed to

summarize the time-varying power spectrum appropriately. Additionally, the EBA

algorithm captures that narrow band of power concentrated in the HF band. Overall,

the EBA algorithm provides more homogeneous groupings of frequency components

that exhibit similar time-varying dynamics compared to the traditional frequency

bands for this particular dataset.

We can also use the test statistic from Section 5.2.4, QS(ω0, δ), to determine

which, if any, frequency bands identified by the EBA algorithm exhibit a constant

power spectrum through time. Using the full night HRV data, all of the frequency

bands are found to exhibit time-varying dynamics as the p-values associated with

QS(ω0, δ) are sufficiently small (see Table 5.2). Given that the body experiences

varying levels of stress and arousal during NREM and REM sleep, we expect to see

time-varying behavior in the frequency bands across the full night. However, we may

see constant behavior in the frequency bands through time if we isolate a portion of

the full night data where the individual is largely in either REM or NREM sleep.

Figure 5.4 displays the estimated power spectrum during the second period of NREM

onset, which lasted about 90 minutes for this individual. During this portion of the

night, the individual spends the majority of time in various stages of NREM sleep with

brief interruptions of wakefulness. If we then calculate the demeaned time-varying

power spectrum estimates and test statistics only using this portion of the night, we

can get approximate p-values to determine if any frequency bands exhibit a constant

power spectrum during only this period.

Interestingly, the p-values for the three frequency bands concentrated in the HF

band are sufficiently large, thus failing to reject the hypothesis that the power spec-

trum is constant in this time period. In Figure 5.4, short bursts of low frequency

power can be seen that correspond to periods of wakefulness and disrupt the behav-

ior of the low frequency bands. However, bands containing higher frequencies between
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Band Full night NREM2
[0.000, 0.010) < 0.001 < 0.001
[0.010, 0.040) < 0.001 0.0111
[0.040, 0.090) < 0.001 0.0108
[0.090, 0.220) < 0.001 < 0.001
[0.220, 0.253) < 0.001 0.9367
[0.253, 0.273) < 0.001 0.6317
[0.273, 0.296) < 0.001 0.2361
[0.296, 0.500) < 0.001 < 0.001

Table 5.2:
Approximate p-values for each frequency band to test H0 : g(u, ω) = 0 for
the full night and during the second period of NREM onset.

0.22 and 0.296 Hz are unaffected by the brief periods of wakefulness. This finding is

supported in the scientific literature, as power in the HF band relative to the total

power in the LF and HF bands, known as normalized-HF (HFnu) has been shown

to be inversely related to stress and arousal (Malik et al., 1996). Since power in the

three bands containing the majority of HF power remain constant, HFnu is largely

influenced by changes in LF band power for this time period. During the brief periods

of wakefulness where stress and arousal are higher, LF power increases, causing HFnu

to decrease.

5.5 Concluding Remarks

The EBA framework introduced in this article offers a quantitative approach to

identifying frequency bands that best preserve the nonstationary dynamics of the

underlying time series. This framework provides consistent estimation of both the

number of frequency bands and their corresponding endpoints through the use of sen-

sible forward and backward test statistics within in an iterative search algorithm. We

have focused on estimation of frequency bands for a single nonstationary time series,

but this framework can be extended to address other interesting frequency-domain

dimension reduction tasks. For example, estimation of frequency bands for replicated
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stationary time series could be employed to group frequencies with similar variability

across replicates. This framework could also be extended to the multivariate setting

in order to identify frequency bands that can best characterize the variability in the

coherence among the pairwise combinations of the individual series.
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Figure 5.4:
Sleep stage (top) and multitaper power spectrum estimates with esti-
mated frequency bands using the EBA search algorithm (bottom) for the
second period of NREM. Stage 4 is awake and stages 16-18 are different
stages of NREM.
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APPENDIX A

AGEWISE CAREGIVER STUDY DATA

Demeaned heart rate variability (HRV) time series for each subject considered in

this study are included here. As mentioned in the article, each participant served as

the primary caregiver for their spouse who was suffering from a progressive dementing

illness such as Alzheimers or advanced Parkinsons disease. We isolated a 10 minute

long epoch of HRV during the 5 minutes before and 5 minutes after the first onset of

REM sleep. Pittsburgh Sleep Quality Index scores are also reported as a self-reported

measure of sleep disturbances and of how these disturbances affect daily functioning

over a one-month period.
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Figure A.1:
Demeaned HRV time series for subjects 1-6. Each series consists of the
5 minutes before and 5 minutes after the first onset of REM sleep.
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Figure A.2:
Demeaned HRV time series for subjects 7-12. Each series consists of the
5 minutes before and 5 minutes after the first onset of REM sleep.
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Figure A.3:
Demeaned HRV time series for subjects 13-18. Each series consists of the
5 minutes before and 5 minutes after the first onset of REM sleep.
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Figure A.4:
Demeaned HRV time series for subjects 19-24. Each series consists of the
5 minutes before and 5 minutes after the first onset of REM sleep.
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Figure A.5:
Demeaned HRV time series for subjects 25-30. Each series consists of the
5 minutes before and 5 minutes after the first onset of REM sleep.
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APPENDIX B

SAMPLING SCHEME DETAILS

Let the time-covariate plane of values be partitioned into m time-based segments

and p covariate-based segments and denoted by ξm = (ξ0,m, . . . , ξm,m) and ψp =

(ψ0,p, . . . , ψp,p) respectively. Also let τ 2
m,p be them×pmatrix of smoothing parameters

and βm,p be the m× p array of spline coefficients such that {τ 2}i,j is the smoothing

parameter and {β}i,j is a vector of unknown coefficients for the block defined by

the ith time-based segment and jth covariate-based segment for i = 1, . . . ,m and

j = 1, . . . , p. As previously mentioned, every iteration of the MCMC estimation

procedure evaluates the following moves in order:

1. Time-based between-model move

2. Time-based within-model move

3. Covariate-based between-model move

4. Covariate-based within-model move

where the details of each move are contained in the following sections.

1. Time-Based Between-Model Moves

Let θm,p = (τ 2
m,p,βm,p), and suppose the MCMC estimation is currently at

(mc, pc, ξcmc ,ψ
c
pc ,θ

c
mc,pc). Since we are considering a move in the time-based segmenta-

tion, all of the densities are conditional on (pc,ψc
pc) which have been suppressed here
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for ease of notation. We propose a move to (mp, pc, ξpmp ,ψ
c
pc ,θ

p
mp,pc) by drawing from

a proposal density q(mp, ξpmp ,θ
p
mp,pc|mc, ξcmc ,θ

c
mc,pc) and accepting with probability

αm = min

{
1,
p(mp, ξpmp ,θ

p
mp,pc |x)× q(mc, ξcmc ,θ

c
mc,pc |mp, ξpmp ,θ

p
mp,pc)

p(mc, ξcmc ,θ
c
mc,pc|x)× q(mp, ξpmp ,θ

p
mp,pc|mc, ξcmc ,θ

c
mc,pc)

}
.

The proposal density can be constructed as

q(mp, ξpmp ,θ
p
mp,pc |mc, ξcmc ,θ

c
mc,pc)

= q(mp|mc)× q(ξpmp|mp,mc, ξcmc ,θ
c
mc,pc)

× q(τ 2p
mp,pc|ξ

p
mp ,m

p,mc, ξcmc ,θ
c
mc,pc)

× q(βpmp,pc |τ
2p
mp,pc , ξ

p
mp ,m

p,mc, ξcmc ,θ
c
mc,pc).

So we have that mp is drawn first, followed by ξpmp , τ
2p
mp,pc , and then βpmp,pc .

(a) Let M be the maximum number of time-based segments allowed and mc
2min be

the current number of segments that contain at least 2tmin observations. Then

we have

q(mp = k|mc) =


1, if k = mc − 1 and mc = M or mc

2min = 0,

1, if k = mc + 1 and mc = 1,

1/2, otherwise.

(b) Given mp, a new time-based partition, smoothing parameters, and coefficients

are proposed as follows.

i. Birth (mp = mc + 1)

A. A partition,
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ξpmp = (ξc0,mc , . . . , ξ
c
k∗−1,mc , ξ

p
k∗,mp , ξ

c
k∗,mc , . . . , ξ

c
mc,mc),

is proposed by first randomly selecting a segment j = k∗ for splitting

among segments containing at least 2tmin observations. Then a point

t∗ is randomly selected subject to the constraint ξck∗−1,mc + tmin ≤ t∗ ≤

ξck∗−1,mc − tmin. The resulting proposal density is

q(ξpmp |mp,mc, ξcmc) =
1

mc
2min

× 1

ξck∗,mc − ξck∗−1,mc − 2tmin + 1

B. New smoothing parameters across all covariate-based segments

τ 2p
j = (τ 2c1,j, . . . , τ

2c
k∗−1,j, τ

2p
k∗,j, τ

2p
k∗+1,j, τ

2c
k∗+1,j, . . . , τ

2c
mc,j)

′

for j = 1, . . . , pc are proposed following Rosen et al. (2012) as

τ 2pk∗,j = τ 2ck∗,j ×
uj

1− uj
,

τ 2pk∗+1,j = τ 2ck∗+1,j ×
1− uj
uj

,

where uj is drawn from a standard uniform distribution.

C. New vectors of coefficients across all covariate-based segments

βpj = (βc1,j, . . . ,β
c
k∗−1,j,β

p
k∗,j,β

p
k∗+1,j,β

c
k∗+1,j, . . . ,β

c
mc,j)

′

for j = 1, . . . , pc are proposed by drawing pairs of vectors βpk∗,j and

βpk∗+1,j) from normal approximations to their posterior conditional dis-

tributions p(βpk∗,j|x
p
k∗,j, τ

2p
k∗,j,m

p, pc) and p(βpk∗+1,j|x
p
k∗+1,j, τ

2p
k∗+1,j,m

p, pc)

where xpk∗,j and xpk∗+1,j represent the subsets of all replicated time se-

ries belonging to covariate-based segment j and time-based segment

64



k∗ and k∗ + 1 respectively (see Equation 3.1-9). As an example, βpk∗,j

is drawn from N(βmax
k∗,j ,Σ

max
k∗,j ) where,

βmax
k∗,j = arg max

βp
k∗,j

p(βpk∗,j|x
p
k∗,j, τ

2p
k∗,j,m

p, pc) and

Σmax
k∗,j =

{
−[∂2 log p(βpk∗,j|x

p
k∗,j, τ

2p
k∗,j,m

p, pc)]

/[∂βpk∗,j∂β
p′

k∗,j]|βpk∗,j=βmax
k∗,j

}−1
.

The acceptance probability for the birth move is αm = min(1, Am),

where

Am =
p(x|ξpmp ,θ

p
mp,pc ,m

p)p(ξpmp ,θ
p
mp,pc|mp)p(mp)

p(x|ξcmc ,θcmc,pc ,mc)p(ξcmc ,θ
c
mc,pc |mc)p(mc)

×
p(mc|mp)

∏
j p(β

c
k∗,j)

p(mp|mc)p(ξpk∗,mp |mp,mc)
∏

j p(uj)p(β
p
k∗,j)p(β

p
k∗+1,j)

×
∏
j

∣∣∣∣∣∂(τ 2pk∗,j, τ
2p
k∗+1,j)

∂(τ 2ck∗,j, uj)

∣∣∣∣∣ ,
where p(uj) = 1 and the Jacobian is

∣∣∣∣∣∂(τ 2pk∗,j, τ
2p
k∗+1,j)

∂(τ 2ck∗,j, uj)

∣∣∣∣∣ =
2τ 2ck∗,j

uj(1− uj)
= 2

(
τ 2pk∗,j + τ 2pk∗+1,j

)2
,

for j = 1, . . . , pc. If the move is accepted, then mc = mp, ξcmc = ξpmp ,

and θcmc,pc = θpmp,pc .

ii. Death (mp = mc − 1)

A. A partition,
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ξpmp = (ξc0,mc , . . . , ξ
c
k∗−1,mc , ξ

c
k∗+1,mc , . . . , ξ

c
mc,mc),

is proposed by randomly selecting one of the mc − 1 partition points

to drop with each one being equally likely, so that

q(ξpmp |mp,mc, ξcmc) =
1

mc − 1
.

B. New smoothing parameters across all covariate-based segments

τ 2p
j = (τ 2c1,j, . . . , τ

2c
k∗−1,j, τ

2p
k∗,j, τ

2c
k∗+2,j, . . . , τ

2c
mc,j)

′

for j = 1, . . . , pc are proposed by reversing corresponding smoothing

parameter proposal step for the birth move [see Step 1 (b) i B].

τ 2pk∗,j =
√
τ 2ck∗,jτ

2c
k∗+1,j

C. New vectors of coefficients across all covariate-based segments

βpj = (βc1,j, . . . ,β
c
k∗−1,j,β

p
k∗,j,β

c
k∗+2,j, . . . ,β

c
mc,j)

′

for j = 1, . . . , pc are proposed by drawing from a normal approximation

to its posterior distribution as detailed in the corresponding coefficient

proposal step for the birth move [see Step 1 (b) i C]. The acceptance

probability is the inverse of the acceptance probability from the birth

move. If the move is accepted, then mc = mp, ξcmc = ξpmp , and θcmc,pc =

θpmp,pc .
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2. Time-Based Within-Model Moves

For this move, we first propose to relocate an existing time-based partition point

and update the basis function coefficients across all covariate-based segments accord-

ingly. These two steps are jointly accepted or rejected in an M-H step. Afterwards,

smoothing parameters are updated in a Gibbs step.

(a) Let θ = (τ 2,β), and suppose the MCMC estimation is currently at (ξc,ψc,θc).

We propose a move to (ξp,ψc,θp) as follows.

i. Randomly select a partition point, ξk∗ to relocate from m − 1 possible

partition points so that

p(j = k∗) = 1/(m− 1).

A new position on the interval [ξk∗−1, ξk∗+1] is then selected from a mixture

distribution, following Rosen et al. (2012), so that

p(ξpk∗ = t|j = k∗) = πq1(ξ
p
k∗ = t|ξck∗) + (1− π)q2(ξ

p
k∗ = t|ξck∗),

where q1(ξ
p
k∗ = t|ξck∗) = 1/(ξck∗+1 − ξck∗−1 − 2tmin + 1) for ξck∗−1 + tmin ≤ t ≤
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ξck∗+1 − tmin, and

q2(ξ
p
k∗ = t|ξck∗) =

0, if |t− ξck∗ | > 1,

1/3, if |t− ξck∗ | ≤ 1 , ξck∗+1 − ξck∗ 6= tmin,

and ξck∗ − ξck∗−1 6= tmin

1/2, if t− ξck∗ ≤ 1 , ξck∗+1 − ξck∗ = tmin,

and ξck∗ − ξck∗−1 6= tmin

1/2, if ξck∗ − t ≤ 1 , ξck∗+1 − ξck∗ 6= tmin,

and ξck∗ − ξck∗−1 = tmin

1, if t = ξck∗ , ξ
c
k∗+1 − ξck∗ = tmin,

and ξck∗ − ξck∗−1 = tmin

Note that q1(ξ
p
k∗ = t|ξck∗) allows for bigger jumps to explore the parameter

space more efficiently, while q2(ξ
p
k∗ = t|ξck∗) moves at most one time point

from the previous partition point. The parameter π allows for users to

adjust the estimation procedure to find an appropriate balance between

acceptance rates and efficient exploration of the parameter space.

ii. New vectors of basis function coefficients across all covariate-based seg-

ments are proposed, βi,j for i = k∗, k∗ + 1 and j = 1, . . . , pc, from an

approximation to
∏

i,j p(βi,j|x
p
i,j, τ

2
i,j), as in the corresponding coefficient

proposal step for the birth move [see Step 1 (b) i C]. The proposal density

is then evaluated at the proposed and current values for the coefficients,

∏
i,j

q(βpi,j|x
p
i,j, τ

2
i,j) and

∏
i,j

q(βci,j|xci,j, τ 2i,j).
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and the move is accepted with probability

αm = min

{
1,

∏
i,j p(x

p
i,j|β

p
i,j)p(β

p
i,j|τ 2i,j)q(β

c
i,j|xci,j, τ 2i,j)∏

i,j p(x
c
i,j|β

c
i,j)p(β

c
i,j|τ 2i,j)q(β

p
i,j|x

p
i,j, τ

2
i,j)

}
.

If the move is accepted, then ξck∗ = ξpk∗ , and (βck∗,j,β
c
k∗+1,j) = (βpk∗,j,β

p
k∗+1,j)

for j = 1, . . . , pc.

(b) Draw new smoothing parameters across all covariate-based segments from

∏
i,j

p(τ 2
i,j|βi,j)

for i = k∗, k∗+1 and j = 1, . . . , pc. Where the density for p(τ 2|β) is proportional

to Equation (3.1-10).

3. Covariate-Based Between-Model Moves

The target and proposal densities for moves made in the covariate-based seg-

ments are conditional on (mc, ξcmc), so that notation has been dropped. The struc-

ture of the moves are similar to those made in the time-based segments, so much

of the additional explanations provided in Steps 1 and 2 will not be reproduced.

Again, let θm,p = (τ 2
m,p,βm,p), and suppose the MCMC estimation is currently at

(pc,ψc
pc ,θ

c
mc,pc). We propose a move to (pp,ψp

pp ,θ
p
mc,pp) by drawing from a proposal

density q(pp,ψp
pp ,θ

p
mc,pp |pc,ψc

pc ,θ
c
mc,pc) and accepting with probability

αp = min

{
1,
p(pp,ψp

pp ,θ
p
mc,pp |x)× q(pc,ψc

pc ,θ
c
mc,pc|pp,ψ

p
pp ,θ

p
mc,pp)

p(pc,ψc
pc ,θ

c
mc,pc |x)× q(pp,ψp

pp ,θ
p
mc,pp |pc,ψc

pc ,θ
c
mc,pc)

}
.

For the proposal density, we draw pp first, followed by ψp
pp , τ

2p
mc,pp , and then βpmc,pp

as follows.
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(a) Let Mp be the maximum number of covariate-based segments allowed and pc2min

be the current number of segments that contain at least 2wmin realizations.

Then we have

q(pp = k|pc) =


1, if k = pc − 1 and pc = Mp or pc2min = 0,

1, if k = pc + 1 and pc = 1,

1/2, otherwise.

(b) Given pp, smoothing parameters and coefficients are proposed as follows.

i. Birth (pp = pc + 1)

A. A partition,

ψp
pp = (ψc0,pc , . . . , ψ

c
k∗−1,pc , ψ

p
k∗,pp , ψ

c
k∗,pc , . . . , ψ

c
pc,pc),

is proposed by randomly selecting a segment j = k∗ for splitting among

segments containing at least 2wmin realizations. Then a point w∗ is ran-

domly selected subject to the constraint that the resulting covariate-

based segments contain at least wmin realizations in each segment. Let

rk∗ be the number of distinct covariate values in segment k∗. The

resulting proposal density is

q(ψp
pp |pp, pc,ψc

pc) =
1

pc2min

× 1

rk∗ − 2wmin + 1

B. New smoothing parameters across all time-based segments

τ 2p
j = (τ 2cj,1, . . . , τ

2c
j,k∗−1, τ

2p
j,k∗ , τ

2p
j,k∗+1, τ

2c
j,k∗+1, . . . , τ

2c
j,pc)
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for j = 1, . . . ,mc are proposed as

τ 2pj,k∗ = τ 2cj,k∗ ×
uj

1− uj
,

τ 2pj,k∗+1 = τ 2cj,k∗+1 ×
1− uj
uj

,

where uj is drawn from a standard uniform distribution.

C. New vectors of coefficients across all time-based segments

βpj = (βcj,1, . . . ,β
c
j,k∗−1,β

p
j,k∗ ,β

p
j,k∗+1,β

c
j,k∗+1, . . . ,β

c
j,pc)

for j = 1, . . . ,mc are proposed by drawing pairs of vectors βpj,k∗ and

βpj,k∗+1) from normal approximations to their posterior conditional dis-

tributions as detailed in the corresponding time-based birth move co-

efficient proposal step [see Step 1 (b) i C]. The acceptance probability

for the birth move is αp = min(1, Ap), where

Ap =
p(x|ψp

pp ,θ
p
mc,pp , p

p)p(ψp
pp ,θ

p
mc,pp |pp)p(pp)

p(x|ψc
pc ,θ

c
mc,pc , p

c)p(ψc
pc ,θ

c
mc,pc |pc)p(pc)

×
p(pc|pp)

∏
j p(β

c
j,k∗)

p(pp|pc)p(ψpk∗,pp |pp, pc)
∏

j p(uj)p(β
p
j,k∗)p(β

p
j,k∗+1)

×
∏
j

∣∣∣∣∣∂(τ 2pj,k∗ , τ
2p
j,k∗+1)

∂(τ 2cj,k∗ , uj)

∣∣∣∣∣ ,
where p(uj) = 1 and the Jacobian is

∣∣∣∣∣∂(τ 2pj,k∗ , τ
2p
j,k∗+1)

∂(τ 2cj,k∗ , uj)

∣∣∣∣∣ =
2τ 2cj,k∗

uj(1− uj)
= 2

(
τ 2pj,k∗ + τ 2pj,k∗+1

)2
,

for j = 1, . . . ,mc. If the move is accepted, then pc = pp,ψc
pc = ψp

pp ,

and θcmc,pc = θpmc,pp .
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ii. Death (pp = pc − 1)

A. A partition,

ψp
pp = (ψc0,pc , . . . , ψ

c
k∗−1,pc , ψ

c
k∗+1,pc , . . . , ψ

c
pc,pc),

is proposed by randomly selecting one of the pc− 1 partition points to

drop, so that

q(ψp
pp |pp, pc,ψc

pc) =
1

pc − 1
.

B. New smoothing parameters across all time-based segments

τ 2p
j = (τ 2cj,1, . . . , τ

2c
j,k∗−1, τ

2p
j,k∗ , τ

2c
j,k∗+2, . . . , τ

2c
j,pc)

for j = 1, . . . ,mc are proposed similar to step 1 (b) ii B:

τ 2pj,k∗ =
√
τ 2cj,k∗τ

2c
j,k∗+1

C. New vectors of coefficients across all time-based segments

βpj = (βcj,1, . . . ,β
c
j,k∗−1,β

p
j,k∗ ,β

c
j,k∗+2, . . . ,β

c
j,mc)

for j = 1, . . . ,mc are proposed by drawing from a normal approxi-

mation to its posterior distribution as detailed in the corresponding

time-based birth move coefficient proposal step [see Step 1 (b) i C].

The acceptance probability is the inverse of the acceptance probability

from the birth move. If the move is accepted, then pc = pp,ψc
pc = ψp

pp ,

and θcmc,pc = θpmc,pp .
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4. Covariate-Based Within-Model Moves

For this move, we first propose to relocate an existing covariate-based partition

point and update the basis function coefficients across all time-based segments accord-

ingly. These two steps are jointly accepted or rejected in an M-H step. Afterwards,

smoothing parameters are updated in a Gibbs step.

(a) Let θ = (τ 2,β), and suppose the MCMC estimation is currently at (ξc,ψc,θc).

We propose a move to (ξc,ψp,θp) as follows.

i. Randomly select a partition point, ψk∗ to relocate from p − 1 possible

partition points so that

p(j = k∗) = 1/(p− 1).

A new position on the interval [ψk∗−1, ψk∗+1] is then selected from a mixture

distribution similar to the corresponding time-based within-model move

step [see Step 2 (a) i], so that

p(ψpk∗ = w|j = k∗) = πpq1(ψ
p
k∗ = w|ψck∗) + (1− πp)q2(ψpk∗ = w|ψck∗),

where q1(ψ
p
k∗ = w|ψck∗) = 1/(rk∗ + rk∗+1 − 2wmin + 1), and
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q2(ψ
p
k∗ = w|ψck∗) =

0, if w < ψc−k∗ or w > ψc+k∗ ,

1/3, if w ∈ (ψc−k∗ , ψ
c
k∗ , ψ

c+
k∗ ) , rk∗+1 6= wmin,

and rk∗ 6= wmin

1/2, if w ∈ (ψc−k∗ , ψ
c
k∗) , rk∗+1 = wmin,

and rk∗ 6= wmin

1/2, if w ∈ (ψck∗ , ψ
c+
k∗ ) , rk∗+1 6= wmin,

and rk∗ = wmin

1, if w = ψck∗ , rk∗+1 = wmin,

and rk∗ = wmin

where ψc−k∗ is the largest distinct covariate value less than ψck∗ , ψ
c+
k∗ is the

smallest distinct covariate value greater than ψck∗ , and rk∗ and rk∗+1 are

the number of realizations in covariate-based segment k∗ and k∗ + 1 re-

spectively.

ii. New vectors of basis function coefficients across all time-based segments are

proposed, βi,j for i = 1, . . . ,mc and j = k∗, k∗+ 1, from an approximation

to
∏

i,j p(βi,j|x
p
i,j, τ

2
i,j), as detailed in the corresponding time-based birth

move coefficient proposal step [see Step 1 (b) i C]. The proposal density is

then evaluated at the proposed and current values for the coefficients, and

the move is accepted with probability

αp = min

{
1,

∏
i,j p(x

p
i,j|β

p
i,j)p(β

p
i,j|τ 2i,j)q(β

c
i,j|xci,j, τ 2i,j)∏

i,j p(x
c
i,j|β

c
i,j)p(β

c
i,j|τ 2i,j)q(β

p
i,j|x

p
i,j, τ

2
i,j)

}
.
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If the move is accepted, then ψck∗ = ψpk∗ , and (βcj,k∗ ,β
c
j,k∗+1) = (βpj,k∗ ,β

p
j,k∗+1)

for j = 1, . . . ,mc.

(b) Draw new smoothing parameters across all time-based segments from

∏
i,j

p(τ 2
i,j|βi,j)

for i = 1, . . . ,mc and j = k∗, k∗ + 1. Where the density for p(τ 2|β) is propor-

tional to Equation (3.1-10).
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APPENDIX C

CONVERGENCE DIAGNOSTICS

Reversible jump Markov chain Monte Carlo techniques proposed in this paper

allow for parsimonious estimation of the posterior distribution for the time and co-

variate partition. However, allowing the model size to vary creates multiple parameter

subspaces of differing dimensionality and makes convergence assessment significantly

more difficult (Green, 1995). A proposal by Brooks and Giudici (2000) extends the

idea of monitoring the variance across chains with overdispersed starting points pro-

posed by Gelman and Rubin (1992) to include monitoring of the variance across mod-

els for a scalar summary of parameters that retain a coherent interpretation across

iterations and across models. Castelloe and Zimmerman (2002) then extended this

idea in two important ways: 1) the decomposition of the variance was more appropri-

ately constructed as an unbalanced ANOVA weighted by the number of visits to each

model, and 2) the technique is extended to the multivariate setting through the use of

conservative, “worst-case” scalar functions. Accordingly, we adopt the methodology

of Castelloe and Zimmerman (2002) and provide an outline of the procedure adapted

for our methodology and the resulting diagnostics on the AgeWise Caregiver Study

application.

First, we construct a vector of parameters retaining the same interpretation across

models for our replicated time series setting. In this setting, model is determined by

the number of time and covariate segments as this determines the number of param-

eters required for model fitting. One way to accomplish this is by identifying the
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finest possible grid of the time and covariate space and noting the set of parameter

estimates at each possible combination of time and covariate values. For example,

if you have 20 replicated time series of length T=500 each having unique covariate

values, then the finest grid would result in 500 × 20 = 10000 sets of parameter esti-

mates (β̂, τ̂)ij for i = 1, . . . , 500 and j = 1, . . . , 20. Recall that β is a B dimensional

vector of coefficients for the smoothing spline estimator of the log spectrum and τ is

the corresponding smoothing parameter. While the number and location of partition

points may change from one iteration to the next, this finest grid of estimates can be

updated accordingly without changing dimension, thus retaining a coherent interpre-

tation across models. This can be represented as a set of B + 1 matrices, and matrix

summary measures can be applied to get a set of B + 1 summary measures, θB×1.

The convergence assessment begins by running C > 1 chains of the RJMCMC

sampler, each with T iterations and overdispersed starting values. Then, successive

and overlapping batches of increasing length are analyzed for each chain. Let θ(t)c

denote the vector of summary measures from chain c at iteration t and [(θ
(qb+1)
1 , . . . ,

θ
(2qb)
1 ), . . . , (θ(qb+1)

c , . . . , θ(2qb)c )] denote one batch of size qb for a fixed batch size b and

q = 1, . . . , bT/(2b)c. For each batch, calculate the following variance decomposition

estimates (Castelloe and Zimmerman, 2002):

V̂ (θ) =
1

CT − 1

C∑
c=1

M∑
m=1

Rcm∑
r=1

(θrcm − θ̄
.
..)(θ

r
cm − θ̄

.

..)
′ (C.1)

Wc(θ) =
1

C(T − 1)

C∑
c=1

M∑
m=1

Rcm∑
r=1

(θrcm − θ̄
.
c.)(θ

r
cm − θ̄

.
c.)
′ (C.2)

Wm(θ) =
1

CT −M

C∑
c=1

M∑
m=1

Rcm∑
r=1

(θrcm − θ̄
.
.m)(θrcm − θ̄

.

.m)′ (C.3)

WmWc(θ) =
1

C(T −M)

C∑
c=1

M∑
m=1

Rcm∑
r=1

(θrcm − θ̄
.
cm)(θrcm − θ̄

.
cm)′ (C.4)

where M is the total number of distinct models visited across all chains, Rcm is the
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total times model m occurred in chain c, and

R.m =
C∑
c=1

Rcm (C.5)

θ̄
.
cm =

1

Rcm

Rcm∑
r=1

θrcm (C.6)

θ̄
.
c. =

1

T

M∑
m=1

Rcm∑
r=1

θrcm (C.7)

θ̄
.
.m =

1

R.m

C∑
c=1

Rcm∑
r=1

θrcm (C.8)

θ̄
.
.. =

1

CT

C∑
c=1

M∑
m=1

Rcm∑
r=1

θrcm. (C.9)

Finally we calculate two multivariate potential scale reduction factors (MPSRF) as

MPSRF1(θ) = maximum eigenvalue of [Wc(θ)]−1V̂ (θ) (C.10)

MPSRF2(θ) = maximum eigenvalue of [WmWc(θ)]−1Wm(θ). (C.11)

These multivariate PSRFs are greater than or equal to the largest PSRF for any

individual component of θ (Castelloe and Zimmerman, 2002), which makes them con-

servative in their assessment of convergence. The convergence assessment procedure

relies on identifying q0 such that for q ≥ q0, the following conditions are met:

1. MPSRF
(q)
1 (θ) and MPSRF

(q)
1 (θ) have settled close to a value of 1.

2. Max eigenvalues of V̂ (q)(θ) andW
(q)
c (θ) have settled approximately to a common

value.

3. Max eigenvalues of W
(q)
m (θ) and WmW

(q)
c (θ) have settled approximately to a

common value.

Once q0 has been identified, we discard the first q0b iterations from each chain and

pool the remaining iterations together for inference.
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(a) (b)

(c) (d)

Figure C.1:
Convergence diagnostic plots for AgeWise Caregiver Study application.
The maximum eigenvalue series are very close to each other and appear
as one in these plots.

Figure C.1 contains the convergence diagnostic plots for the AgeWise Caregiver

Study application for C=5 chains of length T=50,000 with overdispersed starting

values and a batch size of b=10. Note that the MPSRFs settle down close to one

and the maximum eigenvalues for the corresponding inputs settle down to common

values after q0 = 1500. Hence, for the application results described in the paper, we

have discarded the first 1500× 10 = 15, 000 iterations from all chains and pooled the

remaining iterations for inference.
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APPENDIX D

PROOFS

Proof for Theorem 5.1

Recall that T is the total length of the piecewise stationary time series, Xt, B is

the number of equally sized stationary segments, TB is the number of observations in

each stationary block, and K is the number of tapers used in the multitaper spectral

estimator. For each segment, b = 1, . . . , B, let NB = bTB/2c − 1 and ωk = k/TB for

k = 1, . . . , NB be the Fourier frequencies. Here we prove the result for the forward

test statistic, Q+(ω0, δ), as the corresponding proof for the backward test statistic

follows similarly.

For TB−1K−1 → ∞, we have that f̂ (mt)(u, ω)
d−→ f(u, ω)

χ2
2K

2K
(Thomson, 1982;

Percival and Walden, 1993), and accordingly f̂ (mt)(u, ω) = f(u, ω) + Op(K
−1/2) as

K → ∞ due to the asymptotic scaled χ2
2 distribution of the single taper spectral

estimates and the orthogonality requirement on the data tapers. If we also allow

B → ∞, then we have that ĝ(b/B, ω) = f̂ (mt)(b/B, ω) − B−1
∑B

b=1 f̂
(mt)(b/B, ω),

the estimator of the demeaned time-varying power spectrum, can well approximate

g(u, ω) = f(u, ω)−
∫ 1

0
f(u, ω)du such that ĝ(u, ω) = g(u, ω) +Op(K

−1/2).

Given the asymptotic behavior of the demeaned time-varying power spectrum

estimator, the forward test statistic,

Q+(ω0, δ) =
B∑
b=1

[
ĝ(b/B, ω0 + δ)− ḡ[ω0,ω0+δ)(b/B, ·)

]2
,
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can then be expressed as

Q+(ω0, δ) =
B∑
b=1

g(b/B, ω0 + δ)−N−1[ω0,ω0+δ)

∑
ω′∈[ω0,ω0+δ)

g(b/B, ω′) +Op(K
−1/2)

2

=
B∑
b=1

g(b/B, ω0 + δ)−N−1[ω0,ω0+δ)

∑
ω′∈[ω0,ω0+δ)

g(b/B, ω′)

2

+Op(K
−1/2)

where N[ω0,ω0+δ) is the number of Fourier frequencies in the interval [ω0, ω0 + δ). In

the special case where the demeaned time-varying power spectrum consists of two

frequency bands such that

g(u, ω) =


g1(u) for ω ∈ [0, ω∗)

g2(u) for ω ∈ [ω∗, 0.5],

we need to consider the behavior of the forward test statistic for different values of ω0

and δ. We fix ω0 to be the smallest possible Fourier frequency, 1/TB, and vary δ from

1/TB to (NB − 1)/TB in order to test for partition points across all possible Fourier

frequencies greater than 1/TB. For ω0 < ω0 + δ < ω∗, all of the power spectrum

components belong to the same frequency band such that g(u, ω) = g1(u), and the

forward test statistic becomes

Q+(ω0, δ) =
B∑
b=1

g1(b/B)−N−1[ω0,ω0+δ)

∑
ω′∈[ω0,ω0+δ)

g1(b/B)

2

+Op(K
−1/2)

=
B∑
b=1

[
g1(b/B)−

N[ω0,ω0+δ)

N[ω0,ω0+δ)

g1(b/B)

]2
+Op(K

−1/2)

=
B∑
b=1

[g1(b/B)− g1(b/B)]2 +Op(K
−1/2)

= Op(K
−1/2).

For ω0 < ω∗ ≤ ω0 + δ, some of the spectral components belong to the first frequency
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band and the remaining components belong to the second band such that g(u, ω+δ) =

g2(u) and the average of the spectral components for frequencies less than ω0 + δ

possibly contain components from both g1(u) and g2(u). Therefore the forward test

statistic becomes

Q+(ω0, δ) =
B∑
b=1

g2(b/B)−N−1[ω0,ω0+δ)

 ∑
ω′∈[ω0,ω∗)

g1(b/B) +
∑

ω′∈[ω∗,ω0+δ)

g2(b/B)


2

+Op(K
−1/2)

=
B∑
b=1

{
g2(b/B)−

[
N[ω0,ω∗)

N[ω0,ω0+δ)

g1(b/B) +
N[ω∗,ω0+δ)

N[ω0,ω0+δ)

g2(b/B)

]}2

+Op(K
−1/2)

=
B∑
b=1

{[
1−

N[ω∗,ω0+δ)

N[ω0,ω0+δ)

]
g2(b/B)−

[
N[ω0,ω∗)

N[ω0,ω0+δ)

]
g1(b/B)

}2

+Op(K
−1/2)

=
B∑
b=1

{[
N[ω0,ω∗)

N[ω0,ω0+δ)

]
g2(b/B)−

[
N[ω0,ω∗)

N[ω0,ω0+δ)

]
g1(b/B)

}2

+Op(K
−1/2)

=

[
N[ω0,ω∗)

N[ω0,ω0+δ)

]2 B∑
b=1

{g2(b/B)− g1(b/B)}2 +Op(K
−1/2),

and as B →∞, we get the final result

Q+(ω0, δ) = B

(
ω∗ − ω0

δ

)2 ∫
[g2(u)− g1(u)]2 du+Op(K

−1/2).

Proof for Theorem 5.2

For TB−1K−1 → ∞, we have that f̂ (mt)(u, ω)
d−→ f(u, ω)

χ2
2K

2K
(Thomson, 1982;

Percival and Walden, 1993). If we also allow B and K to tend to infinity, then

f̂ (mt)(u, ω) converges in distribution to a Gaussian distribution with expected value,

f(u, ω), and variance, f 2(u, ω)/K. Since our estimator for the demeaned time-varying

power spectrum is a linear combination of the multitaper estimates, it also follows a
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Gaussian distribution with expected value

E [ĝ(b/B, ω)] = E

[
f̂ (mt)(b/B, ω)−B−1

B∑
b′=1

f̂ (mt)(b′/B, ω)

]

= f(b/B, ω)−B−1
B∑
b′=1

f(b′/B, ω),

and variance

Var [ĝ(b/B, ω)] = Var

[
f̂ (mt)(b/B, ω)−B−1

B∑
b′=1

f̂ (mt)(b′/B, ω)

]

=

(
1− 1

B

)2

Var
[
f̂ (mt)(b/B, ω)

]
+B−2

B∑
b′=1
b′ 6=b

Var
[
f̂ (mt)(b′/B, ω)

]

=

(
1− 2

B

)
f 2(b/B, ω)

K
+B−2

B∑
b′=1

f 2(b′/B, ω)

K
.

We can estimate the mean and variance terms above by plugging in the corresponding

estimates for the time-varying power spectrum, f̂(u, ω). We now consider the forward

test statistic,

Q+(ω0, δ) =
B∑
b=1

[
ĝ(b/B, ω0 + δ)− ḡ[ω0,ω0+δ)(b/B, ·)

]2
,

and note that ĝ(b/B, ω0 +δ)− ḡ[ω0,ω0+δ)(b/B, ·) is again a linear combination of Gaus-

sian random variables and follows a Gaussian distribution. Under the null hypothesis,

g(u, ω) = g0(u) for ω ∈ [ω0, ω0+δ], and accordingly E
[
ĝ(b/B, ω0 + δ)− ḡ[ω0,ω0+δ)(b/B, ·)

]
=
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g0(b/B)− g0(b/B) = 0, and

Var
[
ĝ(b/B, ω0 + δ)− ḡ[ω0,ω0+δ)(b/B, ·)

]
= Var [ĝ(b/B, ω0 + δ)]− 2Cov

{
ĝ(b/B, ω0 + δ), ḡ[ω0,ω0+δ)(b/B, ·)

}
+ Var

[
ḡ[ω0,ω0+δ)(b/B, ·)

]
= Var [ĝ(b/B, ω0 + δ)]

− 2N−1[ω0,ω0+δ)

∑
ω′∈[ω0,ω0+δ)

Cov {ĝ(b/B, ω0 + δ), ĝ(b/B, ω′)}

+N−2[ω0,ω0+δ)

∑
ω′1∈[ω0,ω0+δ)

∑
ω′2∈[ω0,ω0+δ)

Cov {ĝ(b/B, ω′1), ĝ(b/B, ω′2)}

= σ2+
ω0,δ,b

.

This means that the forward test statistic, Q+(ω0, δ), can be expressed as the sum

of independent scaled χ2
1 random variables assuming the stationary segments are

independent. The proof for the backward test statistic follows similarly.

Proof for Theorem 5.3

Following the same approach as in the proof for Theorem 5.2, we consider the

forward test statistic,

Q+(ω0, δ) =
B∑
b=1

[
ĝ(b/B, ω0 + δ)− ḡ[ω0,ω0+δ)(b/B, ·)

]2
,

and note that ĝ(b/B, ω0 + δ) − ḡ[ω0,ω0+δ)(b/B, ·) is a linear combination of Gaussian

random variables and follows a Gaussian distribution. Under the alternative hy-

pothesis that two frequency bands exists such that, g(u, ω) = g1(u) for ω ∈ [0, ω∗)

and g(u, ω) = g2(u) for ω ∈ [ω∗, 0.5], the mean and variance of ĝ(b/B, ω0 + δ) −
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ḡ[ω0,ω0+δ)(b/B, ·) become

E
[
ĝ(b/B, ω0 + δ)− ḡ[ω0,ω0+δ)(b/B, ·)

]
= g2(b/B)−

[
N[ω0,ω∗)

N[ω0,ω0+δ)

g1(b/B) +
N[ω∗,ω0+δ)

N[ω0,ω0+δ)

g2(b/B)

]
=

[
1−

N[ω∗,ω0+δ)

N[ω0,ω0+δ)

]
g2(b/B)−

[
N[ω0,ω∗)

N[ω0,ω0+δ)

]
g1(b/B)

=

[
N[ω0,ω∗)

N[ω0,ω0+δ)

]
g2(b/B)−

[
N[ω0,ω∗)

N[ω0,ω0+δ)

]
g1(b/B)

=

[
N[ω0,ω∗)

N[ω0,ω0+δ)

]
[g2(b/B)− g1(b/B)]

=

(
ω∗ − ω0

δ

)
[g2(b/B)− g1(b/B)]

= µ+
ω∗,ω0,δ,b

,

and

Var
[
ĝ(b/B, ω0 + δ)− ḡ[ω0,ω0+δ)(b/B, ·)

]
= Var [ĝ(b/B, ω0 + δ)]− 2Cov

{
ĝ(b/B, ω0 + δ), ḡ[ω0,ω0+δ)(b/B, ·)

}
+ Var

[
ḡ[ω0,ω0+δ)(b/B, ·)

]
= Var [ĝ(b/B, ω0 + δ)]

− 2N−1[ω0,ω0+δ)

∑
ω′∈[ω0,ω0+δ)

Cov {ĝ(b/B, ω0 + δ), ĝ(b/B, ω′)}

+N−2[ω0,ω0+δ)

∑
ω′1∈[ω0,ω0+δ)

∑
ω′2∈[ω0,ω0+δ)

Cov {ĝ(b/B, ω′1), ĝ(b/B, ω′2)}

= σ2+
ω0,δ,b

.

This means that the forward test statistic, Q+(ω0, δ), can be expressed as the sum

of independent scaled noncentral χ2
1 random variables with noncentrality parameters,

λω∗,ω0,δ,b =

(
µ+
ω∗,ω0,δ,b

σ+
ω0,δ,b

)2

assuming the stationary segments are independent. The proof for the backward
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test statistic follows similarly.

Proof for Corollary 5.4

As TB−1K−1 → ∞ and K → ∞, Var [ĝ(b/B, ω)] → 0 (see proof for Theorem

5.2) and Cov{ĝ(b/B, ω), ĝ(b/B, ω + ν)} → 0 for all ω, ω + ν ∈ (0, 0.5) (see Appendix

E). This asymptotic consistency and independence of the demeaned time-varying

power spectrum estimates results in σ2+
ω0,δ,b

→ 0. Accordingly, for the two frequency

band setting, the noncentrality parameter for the noncentral χ2 distribution from

Theorem 5.3, λω∗,ω0,δ,b =

(
µ+
ω∗,ω0,δ,b

σ+
ω0,δ,b

)2

→ ∞. Since the noncentrality parameter

tends to infinity, we can approximate the noncentral χ2 distribution using a Gaussian

distribution with mean

E
[
χ2
1 (λω∗,ω0,δ,b)

]
= 1 + λω∗,ω0,δ,b = 1 +

(
µ+
ω∗,ω0,δ,b

σ+
ω0,δ,b

)2

and variance

Var
[
χ2
1 (λω∗,ω0,δ,b)

]
= 2 + 4λω∗,ω0,δ,b = 2 + 4

(
µ+
ω∗,ω0,δ,b

σ+
ω0,δ,b

)2

.

The forward test statistic then becomes a linear combination of independent Gaus-

sian random variables such that

Q+(ω0, δ)
d−→

B∑
b=1

σ2+
ω0,δ,b

Zω∗,ω0,δ,b

where Zω∗,ω0,δ,b for b = 1, . . . , B are independent Gaussian random variables with

mean and variance as above. Accordingly, the forward test statistic is asymptotically
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Gaussian distributed with mean

E[Q+(ω0, δ)] =
B∑
b=1

σ2+
ω0,δ,b

1 +

(
µ+
ω∗,ω0,δ,b

σ+
ω0,δ,b

)2


=
B∑
b=1

σ2+
ω0,δ,b

+
B∑
b=1

µ2+
ω∗,ω0,δ,b

=
B∑
b=1

σ2+
ω0,δ,b

+
B∑
b=1

(
ω∗ − ω0

δ

)2

[g2(b/B)− g1(b/B)]2

and variance

Var[Q+(ω0, δ)] =
B∑
b=1

σ4+
ω0,δ,b

2 + 4

(
µ+
ω∗,ω0,δ,b

σ+
ω0,δ,b

)2


= 2
B∑
b=1

σ4+
ω0,δ,b

+ 4
B∑
b=1

σ2+
ω0,δ,b

µ2+
ω∗,ω0,δ,b

= 2
B∑
b=1

σ4+
ω0,δ,b

+ 4
B∑
b=1

σ2+
ω0,δ,b

(
ω∗ − ω0

δ

)2

[g2(b/B)− g1(b/B)]2.

Recall that σ2+
ω0,δ,b

→ 0 as TB−1K−1 → ∞ and K → ∞. If we also allow B → ∞,

then we have

E[Q+(ω0, δ)] =
B∑
b=1

σ2+
ω0,δ,b

+
B∑
b=1

(
ω∗ − ω0

δ

)2

[g2(b/B)− g1(b/B)]2

→ B

(
ω∗ − ω0

δ

)2 ∫ 1

0

[g2(u)− g1(u)]2du

→∞

and

Var[Q+(ω0, δ)] = 2
B∑
b=1

σ4+
ω0,δ,b

+ 4
B∑
b=1

σ2+
ω0,δ,b

(
ω∗ − ω0

δ

)2

[g2(b/B)− g1(b/B)]2

→ 0.
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Therefore, P (Q+(ω0, δ) > q) → 1 for any q > 0. The proof for the backward test

statistic follows in a similar fashion.

Proof for Theorem 5.5

Recall from the previous section that our estimator for the demeaned time-varying

power spectrum asymptotically follows a Gaussian distribution. Assuming g(u, ω) =

g0(u) = 0 for ω ∈ [ω0, ω0 + δ) and u ∈ [0, 1], f(u, ω) = f0(u) = f0 and the expected

value and variance of the Gaussian distribution become

E [ĝ(b/B, ω)] = E

[
f̂ (mt)(b/B, ω)−B−1

B∑
b′=1

f̂ (mt)(b′/B, ω)

]

= f0 −B−1
B∑
b′=1

f0

= 0,

and

Var [ĝ(b/B, ω)] = Var

[
f̂ (mt)(b/B, ω)−B−1

B∑
b′=1

f̂ (mt)(b′/B, ω)

]

=

(
1− 1

B

)2

Var
[
f̂ (mt)(b/B, ω)

]
+B−2

B∑
b′=1
b′ 6=b

Var
[
f̂ (mt)(b′/B, ω)

]

=

(
1− 2

B

)
f 2
0

K
+B−2

B∑
b′=1

f 2
0

K

=

(
1− 1

B

)
f 2
0

K
,

respectively. Averaging ĝ(u, ω) over all frequencies in the frequency band, ω ∈

[ω0, ω0 + δ), then also follows a Gaussian distribution with expected value of 0 and
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variance

Var

 1

N[ω0,ω0+δ)

∑
ω′∈[ω0,ω0+δ)

ĝ(b/B, ω′)


=

1

N2
[ω0,ω0+δ)

∑
ω′1∈[ω0,ω0+δ)

∑
ω′2∈[ω0,ω0+δ)

Cov {ĝ(b/B, ω′1), ĝ(b/B, ω′2)}

= σ2S
ω0,δ,b

,

where N[ω0,ω0+δ) is the number of distinct Fourier frequencies in [ω0, ω0 + δ). This

means that the stationary test statistic, QS(ω0, δ), can be expressed as the sum of

independent scaled χ2
1 random variables assuming the stationary segments are inde-

pendent.
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APPENDIX E

APPROXIMATING THE NULL

DISTRIBUTIONS

In order to estimate σ2+
ω0,δ,b

,σ2−
ω0,δ,b

, and σ2S
ω0,δ,b

in practice, we need to derive an

approximation to the covariance between the demeaned time-varying power spectrum

estimates, ĝ(u, ω), which can be expressed as

Cov{ĝ(b/B, ω), ĝ(b/B, ω + ν)}

= Cov{f̂ (mt)(b/B, ω)−B−1
B∑
b′=1

f̂ (mt)(b′/B, ω), f̂ (mt)(b/B, ω + ν)

−B−1
B∑
b′=1

f̂ (mt)(b′/B, ω + ν)}

= (1− 2B−1)Cov{f̂ (mt)(b/B, ω), f̂ (mt)(b/B, ω + ν)}

+B−2Cov{
B∑
b′=1

f̂ (mt)(b′/B, ω),
B∑
b′=1

f̂ (mt)(b′/B, ω + ν)}

= (1− 2B−1)Cov{f̂ (mt)(b/B, ω), f̂ (mt)(b/B, ω + ν)}

+B−2
B∑
b′=1

Cov{f̂ (mt)(b′/B, ω), f̂ (mt)(b′/B, ω + ν)},

assuming the B stationary segments are independent. Thomson (1982) shows that

for frequencies away from 0 and 1/2, assuming f(u, ω) ≈ f(u, ω + ν) for small ν, the
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covariance between multitaper estimates can be expressed as

Cov{f̂ (mt)(b/B, ω), f̂ (mt)(b/B, ω + ν)} ≈ f 2(u, ω)

K2

K−1∑
k=0

K−1∑
`=0

∣∣∣∣∣
N∑
t=1

vkb (t)v`b(t)e
i2πνt

∣∣∣∣∣
2

,

where [vkb (1), . . . , vkb (T )]′ is the kth sinusoidal taper from the bth time segment (see

Equation 3.1-13). Riedel and Sidorenko (1995) and Walden et al. (1995) both note

that the covariance is negligible for ν ≥ 2W ≡ (K + 1)/(TB + 1), which is the band-

width for the multitaper estimator using sinusoidal tapers. Hence, we can estimate

the covariance among multitaper spectral estimates as

Ĉov{f̂ (mt)(b/B, ω), f̂ (mt)(b/B, ω + ν)} =
(
f̂ (mt)(u,ω)

K

)2∑K−1
k=0

∑K−1
`=0

∣∣∣∑N
t=1 v

k
b (t)v`b(t)e

i2πνt
∣∣∣2 for 0 ≤ ν < (K + 1)/(TB + 1)

0 for ν ≥ (K + 1)/(TB + 1),

and use this approximation accordingly to estimate the covariance between the de-

meaned time-varying spectral estimates required to estimate σ2+
ω0,δ,b

, σ2−
ω0,δ,b

, and σ2S
ω0,δ,b

.

There are many approximations available for the distribution of the sum of in-

dependent, scaled χ2 random variables, but we use the Satterthwaite-Welch method

(Welch, 1938; Satterthwaite, 1946) to obtain approximate p-values for given values

of the test statistic as it is computationally efficient.
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APPENDIX F

ILLUSTRATED EXAMPLE FOR EBASEARCH

ALGORITHM

In this section, we provide a step-by-step illustration of the EBA search algorithm

on a simulated example data set. Consider a nonstationary time series, Xt consisting

of three frequency bands such that

f(u, ω) =


5− 4u for ω ∈ (0, 0.15)

1 for ω ∈ [0.15, 0.35)

1 + 4u for ω ∈ [0.35, 0.5),

(F.1)

and suppose we obtain a realization of the time series and multitaper estimates of

the time-varying power spectrum, f̂ (mt)(u, ω) (see Figure F.1). We can then esti-

mate the demeaned time-varying power spectrum as ĝ(b/B, ω) = f̂ (mt)(b/B, ω) −∑B
b′=1 f̂

(mt)(b′/B, ω), which will be the necessary input for the EBAsearch algorithm.

Step 1: Search for partition point using forward test statistic, Q+(ω0, δ).

By setting ω0 sufficiently small and varying δ, we can plot the test statistic as a

function of ω0 + δ (see Figure F.2). Note that the test statistic has two local maxima

around the true partition points, but the overall maximum is attained for ω̂∗ = ω0 +

arg max
δ

Q+(ω0, δ) = 0.364. We then use the Satterthwaite-Welch approximation to

the CDF to obtain a p-value for the maximum value of the test statistic, Q+(ω0, ω̂
∗−

ω0), which confirms that this is indeed a significant partition point.
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Figure F.1:
Log multitaper power spectrum estimates, f̂ (mt)(u, ω), for simulated ex-
ample with three frequency bands.

Step 2: Search for partition point using backward test statistic, Q−(ω0, δ).

Since we have discovered a significant partition point at frequency ω∗ = 0.364 using

the forward statistic, we then set ω0 = 0.364 for the backward test statistic and

search for a partition point for frequencies below 0.364 (see Figure F.3). The overall

maximum is attained for ω̂∗ = ω0 − arg max
δ

Q−(ω0, δ) = 0.139. We then use the

Satterthwaite-Welch approximation to the CDF to obtain a p-value for the maximum

value of the test statistic, Q−(ω0, ω0− ω̂∗), which confirms that this is indeed another

significant partition point.

Step 3: Update partition with new partition points. Adding the two

significant partition points to the frequency space partition results in p̂ = 3 estimated

frequency bands defined by the partition, ω̂3 = [0.139, 0.364]′.

Step 4: Repeat Steps 1-3 on each segment of the partition. We now

apply the forward and backward test statistics in the same manner as above to search

for additional frequency partition points on each separate interval, ω ∈ (0, 0.139),

ω ∈ [0.139, 0.364), and ω ∈ [0.364, 0.5). Then p̂ is updated accordingly and any
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Figure F.2:
(a) Shows the values of the forward test statistic, Q+(ω0, δ), as a function
of ω0 + δ for ω0 = 0. (b) Shows the estimated partition point, ω̂∗ =
ω0 + arg max

δ
Q+(ω0, δ) = 0.364, as an overlay on the plot of the time-

varying power spectrum estimates.

new significant partition points are added to ω̂p̂. For our specific example, all of the

additional partition points tested were found not to be significant.

Step 5: Repeat Step 4 until no significant partition points are found

in any segment of the existing partition. Since we did not find any additional

significant partition points after initially discovering the first new partition points,

we conclude our search and the algorithm stops. For this example, the EBA search

algorithm correctly identified the number of frequency bands, p = 3, and provided a

close estimate of the true partition ω3 = [0.15, 0.35]′.
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Figure F.3:
(a) Shows the values of the backward test statistic, Q−(ω0, δ), as a func-
tion of ω0 − δ for ω0 = 0.364. (b) Shows the estimated partition point,
ω̂∗ = ω0 − arg max

δ
Q−(ω0, δ) = 0.139, as an overlay on the plot of

the time-varying power spectrum estimates along with the first partition
point discovered.
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